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Abstract
We introduce and study two new classes of branching and fragmenting particle
systems in biology. The first class of branching particle systems with interactions
model spatially-structured populations with density-dependent birth and death
mechanisms. Our spatial model describes spatially heterogeneous populations
using point measures, considering birth and death rates based on spatial position
and local population density. Notably, our model includes a juvenile phase,
where offspring mature with a density-dependent probability. This results in
novel scaling limits: an interacting superprocess, a nonlocal partial differential
equation (PDE), and a classical PDE (in which the diffusion term is nonlinear).
Furthermore, using a lookdown representation, we retain information about
genealogies and, in the case of deterministic limiting models, use this to deduce
the backwards in time motion of the ancestral lineage of a sampled individual.
We observe that knowing the history of the population density is not enough to
determine the motion of ancestral lineages in our model.

In our second class of models, motivated by using cell-free DNA (cfDNA) as
a biomarker, we capture three mechanisms governing cfDNA fragmentation in
the bloodstream. Our Markovian model, FRIME (Fragmentation, Immigration,
and Exit), allows the simulation of cfDNA fragment profiles by sampling from its
stationary distribution. We validate the model by comparing simulated profiles
with mitochondrial and genomic cfDNA fragments, finding consistency with
experimental observations. We employ probabilistic tools and the theory of
fragmentation processes to establish the first moments of FRIME processes math-
ematically. This simulation framework improves our computational understanding
of DNA fragmentation dynamics in the bloodstream and has the potential to
underpin tools for the analysis of liquid biopsy data.
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Abstract

We introduce and study two new classes of branching and fragmenting particle systems in
biology. The first class of branching particle systems with interactions model spatially-
structured populations with density-dependent birth and death mechanisms. Our spatial
model describes spatially heterogeneous populations using point measures, considering
birth and death rates based on spatial position and local population density. Notably,
our model includes a juvenile phase, where offspring mature with a density-dependent
probability. This results in novel scaling limits: an interacting superprocess, a nonlocal
partial differential equation (PDE), and a classical PDE (in which the diffusion term
is nonlinear). Furthermore, using a lookdown representation, we retain information
about genealogies and, in the case of deterministic limiting models, use this to deduce
the backwards in time motion of the ancestral lineage of a sampled individual. We
observe that knowing the history of the population density is not enough to determine
the motion of ancestral lineages in our model.

In our second class of models, motivated by using cell-free DNA (cfDNA) as a biomarker,
we capture three mechanisms governing cfDNA fragmentation in the bloodstream. Our
Markovian model, FRIME (Fragmentation, Immigration, and Exit), allows the simulation
of cfDNA fragment profiles by sampling from its stationary distribution. We validate the
model by comparing simulated profiles with mitochondrial and genomic cfDNA fragments,
finding consistency with experimental observations. We employ probabilistic tools and
the theory of fragmentation processes to establish the first moments of FRIME processes
mathematically. This simulation framework improves our computational understanding
of DNA fragmentation dynamics in the bloodstream and has the potential to underpin
tools for the analysis of liquid biopsy data.
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1
Introduction

1.1 Two perspectives of mathematical genetics

The history of our understanding of genetics is a remarkable journey that begins with

ancient observations of heredity and culminates with the burgeoning field of genomics today.

Along this journey, mathematics has played a significant role in providing qualitative

and quantitative descriptions of biological phenomena by modelling the dynamics of

genes at both population and microscopic scale.

Early human societies recognised the phenomenon of heredity through the adage "like

father, like son." However, it wasn’t until the mid-19th century that an Augustinian friar

named Gregor Mendel conducted groundbreaking experiments on pea plants, uncovering

the fundamental laws of inheritance. He proposed the Law of Segregation, the Law

of Independent Assortment, and the Law of Dominance, demonstrating how traits are

inherited from parents by offspring. In the early 20th century, R.A. Fisher’s work in

statistics and mathematical genetics provided probabilistic models for the way in which

the frequencies of different types of genes spread through a population. For example, the

Wright-Fisher model developed independently by S. Wright and R.A. Fisher provides

insights into genetic variation within populations by describing the change in allele (variants

of genes resulting in different biological characteristics) frequencies in a population over

generations due to the randomness associated with birth and death events. This model
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considers the process of random sampling of alleles during birth and death events and can

for example predict the probability of fixation or loss of alleles. It has been extensively

used to study the effects of genetic drift, migration, and selection on genetic diversity

in populations. On the other hand, the Fisher-KPP equation

∂u/∂t = ∆u+ ru(1 − u),

with u being the frequency of a genetic type at time t and spatial location x, describes

the spatial spread of invasive species, biological invasions, and the front propagation of

beneficial or harmful genetic mutations in populations. These models inspired numerous

directions of research in mathematical genetics for decades to come, where branching and

interacting particle processes play an essential role in modelling the spread of genetic

types across space and generations [Mor58; Bru+07; BEV10]. Furthermore, the Fisher-

KPP equation can be seen as a scaling limit of individual based models in the spirit of

Wright-Fisher models. To produce tractable descriptions of the evolution of traits at

population scales, one often passes from individual-based models to a scaling limit to

recover information about macroscopic phenomena through solutions to partial differential

equations [McK67; KX99; EVY20].

With the discovery of DNA and the advent of genome-sequencing technologies, the

study of genes can now be conducted within the human body, in contrast to the scale

on which population geneticists typically work. The double helix structure of the DNA

proposed by F. Crick and J. Watson in 1953, followed by the deciphering of the genetic code,

revealed how human biology can be understood through the lens of polymer dynamics. In

particular, the theory of fragmentation processes can be applied to understand the kinetics

of DNA depolymerisation [ZM85; BK00]. Furthermore, Next-Generation-Sequencing

techniques enable efficient sampling and sequencing of DNA, offering the possibility of

personalised medicine via the statistical analysis of genomic data through, for example,

Genome-Wide Association Studies or Single-Cell Genomics. As a result, the mathematics

of genetics in this new era focuses on the fusion of statistical modelling, computational

methodologies and biological interpretation.

In this thesis, we will present examples of how the mathematics of branching and

fragmenting particle systems can help understand genetics from both perspectives. In the
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first project, we study a new class of branching particle systems with local regulation at

the population scale to uncover novel scaling limits in which, as an approximation, we

investigate the dynamics of ancestral lineages. In the second project, we study a new

class of fragmenting particle systems to simulate and analyse cfDNA fragment profiles in

the bloodstream that are sampled through the nascent nanopore sequencing technology.

These works have resulted in a 102 page paper submitted to the Electronic Journal of

Probability (see https://arxiv.org/abs/2305.14488) and another paper submitted to

PLoS computational biology (see https://www.biorxiv.org/content/10.1101/2023.

07.06.547953v1), and this thesis will present both of them in a coherent manner in

the framework of interacting particle systems.

1.2 Research Overview

The first part of this thesis uses the mathematical theory of branching particle systems

with local interaction to address questions on genealogies in population genetics. This

is joint work with Alison Etheridge and Ian Letter at the University of Oxford, Tom

Kurtz at the University of Wisconsin-Madison, and Peter Ralph at the University of

Oregon. First, we introduce a broad class of spatial models to describe how spatially

heterogeneous populations live, die, and reproduce. A novelty of our model is that

we explicitly incorporate juvenile phase with the reproductive cycle. We then apply

mathematical tools such as the theory of weak convergence to discover three different

scaling limits of our population. In particular, to retain information about genealogies

of our population models at large scales, we employ a lookdown representation and, in

the case of deterministic limiting models, deduce the backwards in time motion of the

ancestral lineage of a sampled individual. We observe that knowing the history of the

population density is not enough to determine the motion of ancestral lineages in our

model, and furthermore, the ancestral lineages can behave wildly differently from those in

the Fisher-KPP model. Our work is a first rigorous attempt to model mathematically

how a juvenile phase impacts the long term evolution of a population. This approach not

only introduces a new class of nonlinear diffusions as possible models for evolutionary

3

https://arxiv.org/abs/2305.14488
https://www.biorxiv.org/content/10.1101/2023.07.06.547953v1
https://www.biorxiv.org/content/10.1101/2023.07.06.547953v1


biologists to study the dynamics of population spread, but it also provides geneticists with

a new framework in which they can trace genealogies for spatially-structured populations.

The second part of this thesis is an interdisciplinary collaboration with Phil Xie at the

Ludwig Institute of Cancer Research at Oxford, Salvador Chulián and Victor M. Pérez-

García at the Mathematical Oncology Lab (MOLAB) at the University of Castille-La

Mancha to translate Monte Carlo simulation techniques and the theory of fragmentation

processes into novel clinical analysis of cell-free DNA fragment profiles. Cell-free circulating

DNA (cfDNA) are short sections of DNA that are released by cells undergoing stress

or other damaging or pathological events. In the human bloodstream, cfDNAs undergo

degradation by enzymes (DNase) through which they are broken into smaller pieces.

Finally, they are cleared out constantly through the urinary system. Recently, oncologists

have started to use a static snapshot of the cfDNA length distribution, also known as

the cfDNA fragment profile, to infer the presence of cancer DNA. However, biologists

have little understanding of how the dynamics of cfDNA fragmentation affect the overall

fragment length profile. To address this issue, this thesis will present a Markovian

model that captures the three leading mechanisms governing cfDNA fragmentation in

the bloodstream: FRagmentation, IMmigration, and Exit (FRIME). The FRIME model

enables the simulation of cfDNA fragment profiles by sampling from the stationary

distribution of Markov processes. Simulation results are compared with mitochondrial

and genomic cfDNA fragment profiles, demonstrating consistency with experimental

and clinical observations. Finally, mathematical expressions that fit well with simulated

FRIME profiles can be proved rigorously with techniques similar to those employed

in the first research project. The FRIME simulation framework is a significant step

towards understanding DNA fragmentation dynamics in the bloodstream, uncovering

potential physico-chemical differences between mitochondrial and genomic cfDNA, and

aiding the analysis of liquid biopsy data.

The following sections will introduce the model used in each project in further detail,

and highlight the main results to be established in later chapters.
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1.2.1 Scaling Limits and Ancestral Lineages of Branching Par-
ticle Systems with Local Regulations

Spatial Model. We are interested in the evolution of biological populations at large

temporal and spatial scales when the birth and death rates of individuals are locally

regulated through forces such as competition. Furthermore, we want to investigate how

the introduction of a juvenile stage will impact the overall dynamics. To do so, we think of

the population as evolving in continuous time and giving birth to one offspring at a time.

We denote the population by X, and assign a mass of 1
N

to each individual. First consider

birth rates, defined by a nonnegative function γ(x,m) : Rd × R≥0 → R≥0 of location x

and local population density m. Local population density is defined as the convolution of

X/N with a smooth (non-negative, integrable) kernel ργ(·). We write this convolution as

ργ∗X/N . Then, when the state of the population is X, an individual at location x gives

birth to a single juvenile offspring at rate γ(x, ργ∗X(x)/N). The location of the juvenile is

determined by a multivariate Gaussian, with mean b⃗(x)/θ and covariance matrix C(x)/θ.

Similarly, the establishment probability of an offspring at location y is is r(y, ρr ∗

X(y)/N), where r(y,m) : Rd × R≥0 → [0, 1] and again ρr ∗X is the convolution of

X/N with the smooth kernel ρr.

We shall write µθ(x,X/N) for the per-capita death rate of mature individuals in

the population, and define it to be

µθ(x) = max
{

0, r(x, ρr∗X(x)/N)γ(x, ργ∗X(x)/N) − 1
θ
F (x, ρF ∗X(x)/N)

}
,

where this equation defines F (x,m) : Rd × R≥0 → R, and ρF is again a smooth kernel.

Finally, we assume that the mollifiers ργ, ρr, ρF are parameterised by the interaction

distances εγ, εr, εF , which are bounded above by some ε > 0.

With the notations above, we can define our pre-limit model to be the process with

mass scaled by N and time scaled by θ,

(
ηNt
)
t≥0

:=
(
X(θt)/N

)
t≥0
,

and characterise it through a martingale problem, see Definition 2.4.
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Scaling Limits. Under mild regularity assumptions given by Assumption 2.8, we show

that when we send θ(N) → ∞, N → ∞ in such a way that θ/N → α > 0 and fix the

mollifiers ργ, ρr, ρF , our re-scaled models converge to a superprocess with a generator that

depends on the local population density, see Theorem 2.10. In particular, the incorporation

of a juvenile stage leads to a much wider class of superprocess models which we call

non-linear superprocesses with all parameters dependent on local density.

On the other hand, if θ/N → 0, our model converges to a weak solution to a non-

local partial differential equation that depends on εγ, εr, εF . Furthermore, we prove

that in some important special cases, by sending ε → 0, the weak solutions to the

non-local partial differential equations converge to weak solutions to classical partial

differential equations, see Proposition 2.15.

Finally, in the special case in which the limit is a classical reaction-diffusion equation,

we show how to simultaneously scale ε with θ,N in such a way that we have ‘one-step’

convergence to the pde limit, see Theorem 2.21.

Lookdown Representation. The lookdown representation of our spatial model in-

corporates an extra level process, so the i-th particle has a spatial location xi and an

associated level ui ∈ [0, N ]. The particle system is now characterised by the measure

ξN = ∑
i δxi,ui

, and we choose the dynamics of the particles carefully such that the

corresponding scaled spatial projection of ξt, denoted as ηt(·) = 1
N
ξt(· × [0, N ]) has the

same distribution as the spatial model (ηNt )t≥0 described above.

Specifically, a particle at location x and level u, at rate 2θ(1 − u/N)γ(x, η), produces

an offspring that disperses according to the kernel qθ(x, dy) (same as the spatial model).

A new level u1 is sampled uniformly from [u,N ], and the parent and the offspring are

assigned (in random order) to the levels {u, u1}. Finally, each individual level evolves

according to the ODE u̇ = cθ(x, η)u2 − bθ(x, η)u, where

bθ(x, η) := θ
(
γ(x, η)

∫
Rd
r(y, η)qθ(x, dy) − µθ(x, η)

)
,

and

cθ(x, η) := θ

N
γ(x, η)

∫
Rd
r(y, η)qθ(x, dy).
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A detailed explanation of this model can be found in Section 5.1.1, and in Defini-

tion 5.1, we characterise the lookdown representation of the model as a solution to

a Martingale Problem.

Ancestral Lineages. The lookdown representation provides us with methods to trace

individual lines of descent as diffusion processes even in the infinite density limit. In

Section 5.1.2, with the use of the lookdown representation, we explicitly construct lines of

descent in the pre-limit model, and in Proposition 5.6 provide an explicit expression for

lines of descent in the limiting case. As an application, we obtain an explicit expression

for the dynamics of ancestral lineages within travelling wave solutions to deterministic

semilinear PDEs, see Theorem 2.24. As a corollary, we identify two populations with

identical stationary profiles but distinct dynamics for the lines of descent, illustrating

the importance of proving joint convergence of spatial dynamics and genealogies, see

Section 2.3.4. Moreover, this phenomenon can only be observed if the two populations have

different establishment rates, highlighting the significance of a juvenile stage in our model.

1.2.2 FRIME - A Markov Model for cfDNA Fragment Profiles

FRIME Model. Since cfDNA production and digestion occur very quickly, we model

the length frequency profile of mt-cfDNA fragments as the long-term equilibrium measure

of a Markov model that encompasses fragmentation, immigration, and exit mechanisms.

We study the Fragmentation processes with Immigration and Exit (FRIME processes),

with parameters (CF , αF , a, b, ℓ, L, E , CI), denoted as (FIX(t))t≥0, which satisfies the

following properties:

• The process starts off with a fragment with length xi(0) ∼ U(0, L), the uniform

distribution between [0, L].

• Fragments of length x, at rate CFxαF , fragment into two pieces of length xr and

x(1 − r), where r ∼ Beta(a, b). Both fragments remain in the system and evolve

independently.

• Fragments of length x < BE leave the system at a size-dependent rate E(x). All

fragments with length below ℓ leave the system instantaneously.
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• New fragments immigrate into the system as a Poisson process with intensity CI .

The length z of a new fragment is independently distributed as z ∼ U(0, L).

A detailed discussion of the biological basis of the FRIME model can be found in

Section 6.2.1, and the algorithm used to simulate FRIME profiles is presented in 6.2.4.

Furthermore, the FRIME process can be constructed rigorously as a Markov Process

with Immigration, as presented in Definition 7.4.

Numerical Simulation and Clinical Analysis The FRIME model suggests multiple

hypotheses on cfDNA biology. Numerical simulations of FRIME processes identify the

exit mechanism as the determining factor for the existence and position of a fragmentation

profile peak, see Section 6.3.2. This suggests a previously unknown insight that the

removal mechanism of mitochondrial cfDNA may be size-dependent, and such dependence

could explain the existence of a fragment peak in the cfDNA profile.

Statistically, we show that clinical cfDNA fragment profiles exhibit linear decay in

the log-log scale, see Section 6.3.1, and demonstrate that simulated profiles from the

FRIME model can fit both mitochondrial and genomic cfDNA fragment profiles from

clinical data, see Section 6.3.4. In particular, the best-fitting coefficients for mtDNA and

gDNA fragment profiles are different (see Section 6.3.5), which strongly suggests potential

physico-chemical differences in the two distinct types of DNA.

Mathematical Theory of FRIME Processes The numerical results from Monte Carlo

simulations of FRIME processes are well supported by mathematical theory. In Section 7.1,

we defined the measure-valued FRIME process (FIX(t))t≥0 rigorously as a Markov Process

with Immigration of the type introduced in [Haa05]. By a colouring scheme presented in

Definition 7.2, the FRIME process can be coupled with, and stochastically dominated

by, the Fragmentation with Immigration process introduced in the same paper. This

allows one to translate results on stationarity for Fragmentation with Immigration process

into that for the FRIME process, see Section 7.2. Finally, by finding the hydrodynamic

limit of a specific class of FRIME processes, we prove that the expected evolution of a
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FRIME process (µt)t≥0, defined through the characterisation(∫
f(x)µt(dx)

)
t≥0

= (E[⟨f, FIX(t)⟩])t≥0

for all f ∈ C([0, L]), satisfies a fragmentation with immigration and exit equation of the form

∂

∂t

∫
f(x)µ∞

t (dx) =CF
∫
xαEr [{f(x(1 − r)) + f(xr) − f(x)}]µ∞

t (dx)

−
∫

E(x)f(x)µ∞
t (dx) + CI/L

∫ L

0
f(z)dz,

where Er[g(r)] is short hand for the integral expression

Er[g(r)] =
∫ 1

0
g(r) Γ(a+ b)

Γ(a)Γ(b)r
a−1(1 − r)b−1dr.

If we assume that the solution µ∞
t (dx) has a density, i.e. µ∞

t (dx) = ut(x)dx, then

the density ut(x) solves the equation

∂

∂t
ut(x) = CFx

α

{
Er
[
ut (x/(1 − r))

(1 − r)α+1 + ut (x/r)
rα+1

]
− ut(x)

}
− E(x)ut(x) + CI/L.

By studying its stationary solutions, we can establish mathematical expressions that

best fit the FRIME fragment profiles established from numerical simulations. See

Section 7.3 for a detailed derivation.

1.3 Structure of the Thesis

Chapter 2 introduces the spatial model for locally-regulated populations in detail and

presents some of our main results for the model (Theorems 2.10, 2.21, and 2.24) in

Section 2.2. Next, in Section 2.3, we discuss a few striking results regarding the behaviour

of genealogies in travelling waves, the appearance of periodic “clumps” in seemingly

homogeneous population models, and identifiability of the underlying dynamics from a

stationary population profile. In Section 2.4, we provide heuristic explanations of why the

theorems ought to be true, and some key ideas behind them. The results are illustrated

with individual-based simulations, made using SLiM [HM19], but these are provided for

visualization and we do not embark on numerical study.

Chapter 3 proves two different scaling limits of our models, and shows how certain

limits characterised as solutions to nonlocal partial differential equations can be further

scaled to obtain solutions of classical partial differential equations.
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Chapter 4 gives, in an important class of special cases, the more difficult proof of

convergence when interaction distances simultaneously go to zero as we pass to the limit.

Chapter 5 covers the lookdown representation of our spatial model, and explains how

it allows us to mathematically trace the dynamics of ancestral lineages.

Chapter 6 introduces the FRIME model in a computational biology context and

discusses its impact on biology through simulation and statistical tests. In Section 6.2,

we describe the biological factors that determine the dynamics of cfDNA and propose

the FRagmentation with IMmigration and Exit (FRIME) framework, along with an

algorithm to implement it. In Section 6.3, we use the FRIME framework to simulate

the distribution of cfDNA fragment lengths and test various biological assumptions by

adjusting the parameters of the model. We then compare our simulated results with real-

world cfDNA data obtained using state-of-the-art sequencing techniques. In Section 6.4,

we explore the biological implications of our results.

Chapter 7 puts the study of the FRIME process on a firm mathematical footing. We

define the FRIME process rigorously in Section 7.1. We prove existence of stationary

distributions of FRIME processes in Section 7.2, and, in Section 7.4, we relate the

stationary distribution to solutions of a class of partial differential equations.

Finally, the thesis ends with the concluding Chapter 8 which discusses some potential

future research questions and some final remarks.

Section A.1 of the Appendix A explains the Markov Mapping Theorem essential to

the lookdown construction. Section A.2 proves some technical lemmas on probability

kernels. Sections B.1 and B.2 include supplementary simulations and clinical data

analysis results on the FRIME model.
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2
Branching Particle Systems with Local

Regulation: Model & Heuristics

2.1 Introduction

As one takes a journey, long or short, the landscape changes: forests thicken or thin

or change their composition; even in flat plains springtime grasslands host intergrading

mosaics of different types of flowers. The aim of this chapter is to introduce and study a

broad class of mechanistic spatial models that might describe how spatially heterogeneous

populations live, die, and reproduce. Questions that we (start to) address include: How

does population density change across space and time? How might we learn about the

underlying dynamics from genealogical or genetic data? And, how does genetic ancestry

spread across geography when looking back through time in these populations?

Reproduction of individuals naturally leads to spatial branching process models,

including branching random walk, branching Brownian motion, and the Dawson-Watanabe

superprocesses. However, as a result of the branching assumption (once born, individuals

behave independently of one another), a population evolving according to any of these

models will either die out or grow without bound and, in so doing, can develop clumps

of arbitrarily large density and extent. Our starting point here is an individual-based

model of a single species in continuous space in which birth, death, and establishment
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may all depend on local population density as well as on spatial location, allowing for

stable populations through density-dependent feedback.

Although it is often mathematically convenient to assume that individuals follow

Brownian motion during their lifetime, in our model, offspring are thrown off according to

some spatial distribution centred on the location of the parent and do not subsequently

move. This is particularly appropriate for modelling plant populations, in which this

dispersal of offspring around the parent is the only source of spatial motion.

Often models do not distinguish between juveniles and adults, so, for example, the

number of adults produced by a single parent is determined only by the degree of crowding

at the location of the parent. Although we shall similarly only follow the adult population,

in formulating the dynamics of the models we shall distinguish between production

of juveniles, which will depend upon the location of the adult, and their successful

establishment, which will depend on the location in which a juvenile lands. The result is

that not only the absolute number, but also the spatial distribution around their parent,

of those offspring that survive to adulthood will depend upon the local population density.

We shall consider three different classes of scaling limits for our model. The first yields

a class of (generalised) superprocesses in which coefficients governing both the spatial

motion and the branching components of the process can depend on local population

density; the second is a corresponding class of deterministic non-local differential equations;

and the third are classical PDEs. We measure local population density around a point by

convolving with a smooth kernel ρ(·), which may differ for the two stages of reproduction.

When the limiting population process is deterministic, it is a (weak) solution of an

equation of the form

∂tφt(x) = r (x, φt) B∗
[
φt(·)γ

(
·, φt

)]
(x) + φt(x)F (x, φt) , (2.1)

where φt(x) can be thought of as the population density at x (although the limit may be a

measure without a density), and B∗ is (the adjoint of) a strictly uniformly elliptic second

order differential operator, typically the Laplacian. The dependence of each of the terms

r, γ, and F on φ is only through the local density at x, e.g., F (x, φ) = F (x, ρ∗φ(x)).

We shall be more specific about the parameters below.
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By replacing ρ by ρϵ(·) = ρ(·/ϵ)/ϵd, we can also scale the “width” of the region over

which we measure local population density. When the population follows (2.1), we expect

that if we take a second limit of ϵ → 0, thus scaling the kernels appearing in r, γ, and F

and making interactions pointwise, we should recover a nonlinear PDE. We verify that

this is indeed the case in two important examples: a special case of the porous medium

equation with a logistic growth term, in which the limiting equation takes the form

∂tφ = ∆(φ2) + φ(1 − φ); (2.2)

and a wide class of semi-linear PDEs of the form

∂tφ = B∗φ+ φF (φ), (2.3)

which includes the Fisher-KPP equation and the Allen-Cahn equation. Equations of this

form have been studied extensively in the context of spatial ecology (see for instance [LL23]

and [CC04]) and in many other fields; for instance, [GG22] derive a stochastic version

of (2.3) to describe abundances of mutant bacteria strains along the human gut, while

[LBS22] study the effects of nonlinear diffusion on long-term survival of a lattice-based

interacting particle system. However, we do not study the effect of movement of adults,

which can additionally affect the limiting equations: see for instance [Hol+94] or [PB23].

It is of interest to understand under what conditions we can replace the two-step limiting

process described above by one in which we simultaneously scale the kernels and the other

parameters in our population model to arrive at the PDE limit. This is mathematically

much more challenging, but we establish such one-step convergence in cases for which the

limit is a classical reaction-diffusion equation of the form (2.3) with B = ∆, and ρ is a

Gaussian density. We allow a wide class of reaction terms, F , so that the Fisher-KPP

equation (that is equation (2.3) with B = ∆ and F (φ) = 1 − φ) emerges as a special case.

Such results on (one-step) convergence to reaction-diffusion equation limits have

been achieved for a variety of interacting particle systems. Following the now classical

contributions of [DFL86; DP06; Oel85], much of this work has focused on lattice based

models with one particle per site, or on systems with a fixed number, N , of interacting

diffusions as N → ∞. For systems of proliferating particles, as considered for example
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by [Oel89; FLO19; FH21], an additional challenge (also apparent in our models), is the

control of concentration of particles. We follow [Oel89; FLO19] in considering ‘moderate

interactions’, meaning that the number of individuals in the neighbourhood over which

we measure local population density tends to infinity, whereas [FH21] also consider the

situation in which that number remains finite. We refer to [FH21] for a more thorough

literature review, but note that both our model and scaling differ from those considered

in the body of work discussed there: whereas in those settings, the only scalings are

the number of particles in the system and the size of the neighbourhood over which

individuals interact with one another, in keeping with the vast literature on continuous

state branching models, we also scale time and so must ensure that births are adequately

compensated by deaths to prevent the population from exploding.

The history of a natural population is often only accessible indirectly, through patterns

of genetic diversity that have been laid down; from genetic data, one can try to infer

the genealogical trees that relate individuals in a sample from the population, and these

have been shaped by its history [see e.g., NA93; Kel+19]. It is therefore of interest to

establish information about the distribution of genealogical trees under our population

model, which we do with a lookdown construction. Lookdown constructions were first

introduced in [DK96] to provide a mechanism for retaining information about genealogical

relationships between individuals sampled from a population evolving according to the

Moran model when passing to the infinite population limit. Since then, they have been

extended to a wide range of models. Of particular relevance to our work here are the

papers of [KR11] and [EK19], in which lookdown constructions are provided for a wide

variety of population models, including spatially structured branching processes.

In general, even armed with a lookdown construction, calculation of relevant statistics

of the genealogy remains a difficult question. However, in special circumstances, some

progress can be made. As an illustration, we shall consider a scenario that has received

a great deal of attention in recent years, in which a population is expanding into new

territory as a travelling wave. In Section 2.3.2 we shall describe the motion of a single

ancestral lineage relative to three different (deterministic) wavefronts across R1.
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Most work on the topic of “waves” of expanding populations has focused on models

that caricature the classical Fisher-KPP equation with a stochastic term, i.e.

dw =
(
∆w + sw(1 − w)

)
dt+

√
α(w)
N

W (dt, dx),

where W is space-time white noise, and N is a measure of the local population density.

The coefficient α(w) is generally taken to be either w, corresponding to a superprocess

limit, or w(1 −w) giving a spatial analogue of a Wright-Fisher diffusion. Starting with the

pioneering work of [Bru+06], a considerable body of evidence has been amassed to underpin

the conjecture that for this, and a wide class of related models, genealogies converge on

suitable timescales in the infinite density limit to a Bolthausen-Sznitman coalescent. This

reflects the fact that, for this equation, ancestral lineages become trapped in the wavefront,

where the growth rate of the population is highest. Once there, they will experience rapid

periods of coalescence corresponding to significant proportions of individuals in the front

being descended from particularly reproductively successful ancestors.

If one replaces the logistic growth term of the classical Fisher-KPP equation with a

nonlinearity that reflects cooperative behaviour in the population, such as

wF (w) = w(1 − w)(Cw − 1), (2.4)

then, for sufficiently large C (strong cooperation), the nature of the deterministic wave

changes from “pulled” to “pushed”, [BHK18; BHK21], and so the genealogies will be

quite different from the Fisher-KPP case. For example, [EP22] show that for a discrete

space model corresponding to this nonlinearity with C > 2, after suitable scaling, the

genealogy of a sample converges not to a Bolthausen-Sznitman coalescent, but to a

Kingman coalescent. The reason, roughly, is that ancestral lineages settle to a stationary

distribution relative to the position of the wavefront which puts very little weight close to

the ‘tip’ of the wave, so that when ancestral lineages meet it is typically at a location in

which population density is high, where no single ancestor produces a disproportionately

large number of descendants in a short space of time.

The shape of the wave is not determined solely by the reaction term. For example, as

a result of the nonlinear diffusion, for suitable initial conditions, the solution to the one-

dimensional porous medium equation with logistic growth (2.2) converges to a travelling
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wave with a sharp cut-off; i.e., in contrast to the classical Fisher KPP equation, the solution

at time t vanishes beyond x = x0 + ct for some constant wavespeed c > 0 [KR04]. As a

first step towards understanding what we should expect in models with nonlinear diffusion,

one can ask about the position of an ancestral lineage relative to the wavefront in the

deterministic models. In Section 2.3.2 we shall see that in our framework, even with logistic

growth, the nonlinear diffusion corresponding to the porous medium equation results in a

stationary distribution for the ancestral lineage that is concentrated behind the wavefront,

leading us to conjecture that in the stochastic equation the cooperative behaviour captured

by the nonlinear diffusion will also result in a qualitatively different pattern of coalescence

to that seen under the stochastic Fisher-KPP equation. Indeed, we believe that it should

be feasible to show that in an appropriate limit one recovers a Kingman coalescent.

2.2 Model and main results

Our model is one of individuals distributed across a continuous space which we shall take

to be Rd. For applications, d = 1 or d = 2 (or even d = 3 for cells within the body),

but our main results apply more generally. At time zero, the population is distributed

over a bounded region, with O(N) individuals per unit area in that region, so the total

number of individuals will also be O(N). The population changes in continuous time,

and we encode the state of the population at time t by a counting measure X(t), which

assigns one unit of mass to the location of each individual.

Population dynamics are controlled by three quantities, birth (γ), establishment (r),

and death (µ), each of which can depend on spatial location and local population density

in a way specified below. Each individual gives birth at rate γ to a single (juvenile)

offspring, which is dispersed according to a kernel q(x, ·) away from the location x of the

parent. We assume that q is the density of a multivariate Gaussian, allowing a nonzero

mean and anisotropic variance. Both the mean and covariance of q can change across

space, but do not depend on population density. The offspring does not necessarily

survive to be counted in the population: it “establishes” with probability r, or else it

dies immediately. Independently, each individual dies with rate µ.
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We aim to capture universal behaviour by passing to a scaling limit. Specifically, we

shall take the “density”, N , to infinity, and also scale time by a factor of θ = θ(N), in such

a way that defining ηN(t) = X(θt)/N , the process {ηN(t)}t≥0 will converge to a suitable

measure-valued process as N and θ tend to infinity, with the nature of the limit depending

on how they tend to infinity together. Evidently, we also need to scale the dispersal kernel if

we are to obtain a nontrivial limit, for which we use qθ(x, ·), the density of the multivariate

Gaussian obtained by multiplying the mean and variance components of q(x, ·) by 1/θ.

Birth, establishment, and death can depend on the location of the individual and

the local population density. Since we would like the population density to scale with

N , these are functions of X/N , i.e., the counting measure with mass 1/N placed at

the location of each individual. First consider birth rates, defined by a nonnegative

function γ(x,m) : Rd × R≥0 → R≥0 of location x and local population density m. Local

population density is defined as the convolution of X/N with a smooth (non-negative,

integrable) kernel ργ(·). We write this convolution as ργ∗X/N . Then, when the state of

the population is X, an individual at location x gives birth to a single juvenile offspring

at rate γ(x, ργ ∗X(x)/N). Similarly, the establishment probability of an offspring at

location y is is r(y, ρr∗X(y)/N), where r(y,m) : Rd × R≥0 → [0, 1] and again ρr∗X is

the convolution of X/N with the smooth kernel ρr.

We shall write µθ(x,X/N) for the per-capita death rate of mature individuals in the

population. In order for the population density to change over timescales of order θ, we

should like the net per capita reproductive rate to scale as 1/θ. In classical models, in

which r, γ, and µ are constant, this quantity is simply rγ−µ. Here, because production of

juveniles and their establishment are mediated by population density measured relative to

different points, the net reproductive rate will take a more complicated form. In particular,

the total rate of production of mature offspring by an individual at x will be

γ
(
x, ργ∗X(x)/N

) ∫
r
(
y, ρr∗X(y)/N

)
qθ(x, dy). (2.5)

Nonetheless, it will be convenient to define the death rate µθ in terms of its deviation

from rγ. To this end, we define the death rate of an individual at x to be

µθ(x) = max
{

0, r(x, ρr∗X(x)/N)γ(x, ργ∗X(x)/N) − 1
θ
F (x, ρF ∗X(x)/N)

}
, (2.6)
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where this equation defines F (x,m) : Rd × R≥0 → R, and ρF is again a smooth kernel.

The function F is nearly the net per capita reproductive rate, scaled by θ, and would

be equal to it in a nonspatial model; but, as can be seen from (2.5), differs because an

offspring’s establishment probability is measured at their new location rather than that

of their parent. For the most part, we work with F instead of µθ.

So, each of the three demographic parameters r, γ, and F , depends on local density,

measured by convolution with a smooth kernel, each of which can be different. As a result,

death rate depends (in principle) on population densities measured in three different ways,

so that we could write µθ(x) = µθ(x, ργ ∗X(x)/N, ρr∗X(x)/N, ρF ∗X(x)/N). This may

seem unnecessarily complex. However, not only is it natural from a biological perspective,

it also turns out to be convenient for capturing nontrivial examples in the scaling limit.

Remark 2.1 Although this model allows fairly general birth and death mechanisms, there

are a number of limitations. Perhaps most obviously, to simplify the notation individuals

give birth to only one offspring at a time, although this restriction could be easily lifted [as

in Section 3.4 of EK19]. Furthermore, individuals do not move during their lifetime, and

the age of an individual does not affect its fecundity or death rate. Finally, there is no

notion of mating (although limitations on reproduction due to availability of mates can

be incorporated into the birth rate, γ), so the lineages we follow will be uniparental. For

these reasons, the model is most obviously applicable to bacterial populations or selfing

plants, although we do not anticipate that incorporation of these complications will change

the general picture.

For each N and θ, we study primarily the process with mass scaled by N and time scaled

by θ,

(
ηNt
)
t≥0

:=
(
X(θt)/N

)
t≥0
,

which takes values in the space of càdlàg paths in MF (Rd) (the space of finite measures

on Rd endowed with the weak topology). In fact ηNt will be a purely atomic measure

comprised of atoms of mass 1/N .
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Notation 2.2 Expressions like γ(x, ργ∗η(x)) will appear repeatedly in what follows. To

make formulae more readable, we overload notation to define

γ(x, η) := γ(x, ργ∗η(x)),

and similarly write r(x, η) for r(x, ρr∗η(x)), F (x, η) for F (x, ρF ∗η(x)), and µθ(x, η) for

the expression of equation (2.6). When convenient, we may also suppress the arguments

completely, writing simply γ, r, F , and µθ for these quantities.

Terminology 2.3 In our prelimiting model, the population is represented by a point

measure in which each individual is assigned a mass 1/N . We use the term “population

density” for this process, as it is supposed to measure population size relative to a nominal

occupancy of N individuals per unit area. There is no implication that the measure

representing the population is absolutely continuous with respect to Lebesgue measure;

indeed in the prelimit it is certainly not.

In summary, at each time t, ηNt is purely atomic, consisting of atoms of mass 1/N

(which are the individuals). At instantaneous rate θγ(x, ηNt )NηNt (dx) an offspring of

mass 1/N is produced at location x; it disperses to a location y offset from x by an

independent Gaussian random variable with mean b⃗(x)/θ and covariance matrix C(x)/θ,

and once there establishes instantaneously with probability r(y, ηNt ), or else dies. At

instantaneous rate θµθ(x, ηNt )NηNt (dx) an individual at location x dies. Note that the

process
(
ηNt
)
t≥0

, which records numbers and locations of adult individuals, is just a scaled

spatial birth and death process. If, for example, we insist that γ(x,m) is bounded, then

existence (and in particular non-explosion) is guaranteed by comparison with a pure

birth process. We do not dwell on this, as we shall require more stringent conditions

if we are to pass to the limit as θ and N tend to infinity.

It is convenient to characterise the process as a solution to a martingale problem. We

write C∞
b (Rd) for the space of bounded smooth functions on Rd, and, where convenient,

we write ⟨f, η⟩ =
∫
Rd f(x)η(dx).
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Definition 2.4 (Martingale Problem Characterisation) For each value of N and

θ, and each purely atomic ηN0 ∈ MF (Rd) with atoms of mass 1/N , (ηNt )t≥0 is the (scaled)

empirical measure of a birth-death process with càdlàg paths in MF (Rd) for which, for

all f ∈ C∞
b (Rd), writing qθ(x, dy) for the Gaussian kernel with mean x + b⃗(x)/θ and

covariance C(x)/θ,

MN
t (f) := ⟨f, ηNt ⟩ − ⟨f, ηN0 ⟩

−
∫ t

0

{〈(∫
θ
(
f(z)r(z, ηNs ) − f(x)r(x, ηNs )

)
qθ(x, dz)

)
γ(x, ηNs ), ηNs (dx)

〉

+
〈
f(x)F (x, ηNs ), ηNs (dx)

〉}
ds

(2.7)

is a martingale (with respect to the natural filtration), with angle bracket process
〈
MN(f)

〉
t

= θ

N

∫ t

0

{〈
γ(x, ηNs )

∫
f 2(z)r(z, ηNs )qθ(x, dz), ηNs (dx)

〉

+
〈
µθ(x, ηNs )f 2(x), ηNs (dx)

〉}
ds.

(2.8)

The angle bracket process (or, “conditional quadratic variation”) is the unique previsible

process making (MN (f)t)2 − ⟨MN (f)⟩t a martingale with respect to the natural filtration.

It differs from the usual quadratic variation (usually denoted [MN(f)]t) because the

process has jumps; for the (continuous) limit the two notions will coincide. The use of

angle brackets for both integrals and this process is unfortunately standard but should

not cause confusion, since the angle bracket process always carries a subscript for time.

The form of (2.7) and (2.8) is explained in Section 2.4. Note that since (juvenile)

individuals are produced at rate Nγη, but each has mass 1/N , these factors of N cancel

in (2.7). Under our scaling, N and θ = θ(N) will tend to infinity in such a way that

α := limN→∞ θ(N)/N exists and is finite. From the expression (2.8) it is easy to guess

that whether the limiting processes will be deterministic or stochastic is determined

by whether α is zero or nonzero.

It is convenient to record some notation for the generator of the diffusion limit of

a random walk with jump distribution determined by qθ(x, dy).

Definition 2.5 (Dispersal generator) As above, we define the dispersal kernel, qθ(x, dy),

to be the density of a multivariate Gaussian with mean b⃗(x)/θ and covariance matrix
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C(x)/θ (although often we omit the dependence of b⃗ and C on x). Furthermore, we define

for f ∈ C∞
b (Rd),

Bf(x) = 1
2
∑
ij

C(x)ij∂xi
∂xj

f(x) +
∑
i

b⃗(x)i∂xi
f(x) (2.9)

and denote the adjoint of B by

B∗f(x) = 1
2
∑
ij

∂xi
∂xj

(C(x)ijf(x)) −
∑
i

∂xi
(f(x)⃗b(x)i)

= 1
2
∑
ij

Cij(x)∂xi
∂xj

f(x) + 1
2
∑
i

∑
j

∂xj
Cij(x) − b⃗i(x)

 ∂xi
f(x)

+
1

2
∑
ij

∂xi
∂xj

Cij(x) −
∑
i

∂xi
b⃗i(x)

 f(x).

Remark 2.6 B is defined so that

θ
∫

(f(y) − f(x)) qθ(x, dy) → Bf(x) as θ → ∞.

Remark 2.7 An equivalent way to describe the model would be to say that when the state

of the population is η, an individual at x gives birth at rate

θγ(x, η)
∫
r(y, η)q(x, dy),

and that offspring disperse according to the kernel

qmθ (x, η, dy) := r(y, η)qθ(x, dy)∫
r(z, η)qθ(x, dz)

.

Clearly, the random walk driven by this dispersal kernel is biased towards regions of higher

establishment probability. For comparison with future results, it is interesting to write

down the limiting generator:

lim
θ→∞

θ
∫

(f(y) − f(x))qmθ (x, η, dy) = B [f(·)r(·, η)] (x) − f(x)B [r(·, η)] (x)
r(x, ηN) . (2.10)

In the simplest case of unbiased isotropic dispersal (i.e., b⃗ = 0 and C = 2I), B = ∆, and

so (2.10) is equal to

∆f(x) + 2∇f(x) · ∇ log r(·, ρr∗η(·))(x).

One might guess that the spatial motion described by following the ancestral lineage of

an individual back through time would be described (in the limit) by the adjoint of this

generator. However, we will see in Section 2.2.2 that this is not in fact the case.
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In order to pass to a scaling limit, we will need to impose some conditions on the

parameters of our model.

Assumptions 2.8 We shall make the following assumptions on the parameters of our

model.

Dispersal generator: We assume that

1. b⃗(x) and C(x) are α-Hölder continuous for some α ∈ (0, 1] and uniformly bounded

in each component, and

2. the operator B is uniformly strictly elliptic, i.e., infx infy:∥y∥=1
∑
ij yiC(x)ijyj > 0.

Reproduction parameters: We assume that

3. The function F (x,m) satisfies

(a) F (x,m) is locally Lipschitz in m;

(b) F (x,m) is uniformly bounded above (but not necessarily below);

(c) for each fixed m, supx∈Rd supk≤m |F (x, k)| < ∞;

4. The functions r(x,m), γ(x,m) have bounded first and second derivatives in both

arguments;

5. γ(x,m) is uniformly bounded;

6. For each f ∈ C2
b (Rd), there is a Cf such that

|γ(x, η)θ
∫

(r(y, η)f(y) − r(x, η)f(x))qθ(x, dy)| ≤ Cf (1 + |f(x)|)

for all x ∈ Rd and η ∈ MF (Rd). Furthermore, Cf only depends on the norm of the

first two derivatives of f , i.e.,

Cf = C(sup
x

sup
∥z∥=1

max(
∑
i

zi∂xi
f(x),

∑
ij

zizj∂xixj
f(x))).
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To keep expressions manageable, we shall also assume that

µθ(x) = r(x, η)γ(x, η) − 1
θ
F (x, η),

that is, this expression is non-negative so that there is no need to take the maximum with

zero in (2.6). (This is anyway true for sufficiently large θ.)

Since we take bounded f , for most situations the bound Cf (1 + |f(x)|) in Condition 6

above can be safely replaced simply by Cf ; however, this will be useful in certain situations

where we consider a sequence of f with increasing upper bounds. We now give two concrete

situations in which Condition 6 is satisfied. The proof is in Section 3.1.

Lemma 2.9 Assume that Conditions 2.8 are satisfied, except for Condition 6. If either

1. |∂xi
r(x, η)| and |∂xixj

r(x, η)| are uniformly bounded for x ∈ Rd, η ∈ MF (Rd);

2. or, m2γ(x,m) is uniformly bounded and there exists C < ∞ such that for θ

sufficiently large, and all x ∈ Rd, η ∈ MF (Rd),

θ
∫ (

ρr∗η(y) − ρr∗η(x)
)
qθ(x, dy) ≤ Cργ∗η(x),

and

θ
∫ (

ρr∗η(y) − ρr∗η(x)
)2
qθ(x, dy) ≤ C(ργ∗η(x))2,

then Condition 6 is also satisfied.

The purpose of the conditions that we have placed on the reproduction parameters is

to ensure that the net per capita reproduction rate (before time scaling) is order 1/θ. As

remarked above, because of the non-local reproduction mechanism, it no longer suffices to

assume that r(x, η)γ(x, η) − µθ(x) is of order 1/θ. Perhaps the simplest example in which

we can see this is the case where γ ≡ 1 and F ≡ 0, so that µθ = r, and η = δx (i.e., the

population has all individuals at a single location), so that ρr∗η(y) = ρr(y). In this case,

the mean rate of change of the total population size is
∫

(r(y, ρr(y)) − r(x, ρr(x)))qθ(x, dy);

the first condition of Lemma 2.9 would ensure this is of order 1/θ.

If r(x,m) is independent of m, then the conditions are easy to satisfy; they just require

some regularity of r as a function of x. Condition 1 of Lemma 2.9 is also satisfied if
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Figure 2.1: Snapshots of two simulations, with small α = θ/N (left) and large α = θ/N
(right). Simulations are run with a Fisher-KPP-like parameterization: birth and establishment
are constant, while death increases linearly with density, at slope 1/θ. Left: α = 0.1. Right:
α = 10. Other parameters were the same: dispersal and interactions distance were set to 1, and
the equilibrium density is 10 individuals per unit area.

for example ∥∇ρr∥ ≤ Cρr and m∂mr(x,m), m2∂mmr(x,m) are bounded. This is the

case, for instance, if ρr decays exponentially. On the other hand, it might seem more

natural to take ρr to be a Gaussian density with parameter σr, say. Then, as we check in

Lemma A.5, Condition 2 of Lemma 2.9 is satisfied if ργ is also Gaussian with parameter

σγ and σγ > σr. For large enough θ, this condition guarantees that σr + 1/θ < σγ , so that

the establishment probability of a juvenile is controlled by individuals that are already

‘felt’ by the fecundity-regulating kernel ργ at the location of their parent.

2.2.1 Scaling limits of the population process

Our main results depend on two dichotomies: Is the limiting process deterministic or a

(generalized) superprocess? And, are interactions pointwise in the limit or nonlocal? See

Figure 2.1 for snapshots of the population from direct simulation of the process using SLiM

[HM19] illustrating this first dichotomy. Below we have results for deterministic limits with

pointwise and nonlocal interactions, and for superprocess limits with nonlocal interactions.
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Scaling limits with nonlocal interactions: Recall that the process (ηNt )t≥0 takes

its values in the space D[0,∞)(MF (Rd)) of càdlàg paths on MF (Rd). We endow MF (Rd)

with the topology of weak convergence and D[0,∞)(MF (Rd)) with the Skorohod topology.

A sequence of processes taking values in D[0,∞)(MF (Rd)) is said to be tight if the

corresponding sequence of distributions is tight, i.e., that any infinite subsequence has

a weakly convergent subsubsequence. Our first main result establishes tightness of our

rescaled population processes in the case in which interactions remain nonlocal under the

scaling, and characterises limit points as solutions to a martingale problem.

Theorem 2.10 Let (ηNt )t≥0 be as defined in Definition 2.4 and assume that as N → ∞,

θ(N) → ∞ in such a way that θ(N)/N → α. (However, the kernels ρr, ργ, and

ρF remain fixed.) Suppose that Assumptions 2.8 hold and, further, that {ηN0 }N≥1 is

a sequence of purely atomic measures, with ηN0 comprised of atoms of mass 1/N , which

is tight in MF (Rd). Also assume there exists a nonnegative f0 ∈ C(Rd) with uni-

formly bounded first and second derivatives (i.e., with supx sup∥z∥=1
∑
i ∂xi

f0(x)zi and

supx sup∥z∥=1
∑
ij ∂xixj

f0(x)zizj both finite) and f0(x) → ∞ as |x| → ∞ for which

⟨f0(x), ηN0 (dx)⟩ < C < ∞ for some C independent of N . Then the sequence of processes

(ηNt )t≥0 is tight, and for any limit point (ηt)t≥0, for every f ∈ C∞
b (Rd),

Mt(f) := ⟨f(x), ηt(dx)⟩ − ⟨f(x), η0(dx)⟩

−
∫ t

0

〈
γ(x, ηs)B (f(·)r(·, ηs)) (x) + f(x)F (x, ηs), ηs(dx)

〉
ds

(2.11)

is a martingale (with respect to the natural filtration), with angle bracket process

⟨M(f)⟩t = α
∫ t

0

〈
2γ (x, ηs) r (x, ηs) f 2(x), ηs(dx)

〉
ds. (2.12)

If α = 0 the limit is deterministic.

Recall when interpreting (2.11) that, for instance, r(x, ηs) = r(x, ρr∗ηs(x)), and so

B(fr)(x) = B(f(·)r(·, ρr∗ηs(·)))(x). The proof of this theorem appears in Section 3.2.

Theorem 2.10 provides tightness of the rescaled processes. If the limit points are

unique, then this is enough to guarantee convergence.
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Corollary 2.11 Under the assumptions of Theorem 2.10, if the martingale problem

defined by equations (2.11) and (2.12) has a unique solution, then (ηNt )t≥0 converges

weakly to that solution as N → ∞.

When α > 0, the limit points can be thought of as interacting superprocesses. For example,

when r and γ are constant, and F (x, ηs) = 1 − ρF ∗ηs(x), we recover a superprocess with

nonlinear death rates corresponding to logistic growth [Eth04] that is a continuous limit of

the Bolker-Pacala model [BP97; BP99]. We are not aware of a general result to determine

when we will have uniqueness of solutions to the martingale problem of Theorem 2.10 when

α > 0. However, the Dawson–Girsanov transform tells us that we have uniqueness in this

special case of the superprocess with nonlinear death rates, and Perkins stochastic calculus

(and its adaptation to a lookdown setting) provides uniqueness for cases with interactions

in the dispersal mechanism of the superprocess. We refer to [Daw93; Per92], and [DK99]

for approaches to showing that these sorts of martingale problems are well-posed.

For the deterministic case of α = 0, the limiting process is a weak solution to a

nonlocal PDE. We next describe some situations in which more is known about uniqueness

and whether the solution is close to the corresponding local PDE. First, recall the

following notion of solution to a PDE.

Definition 2.12 (Weak solutions) We say that (ηt)t≥0, with ηt ∈ MF (Rd), is a weak

solution to the PDE

∂tφ = rB∗(γφ) + φF (2.13)

(where r, γ and F can all be functions of φ) if, for all f ∈ C∞
b (Rd),

d

dt
⟨f, ηt⟩ = ⟨γB(rf) + fF, ηt⟩.

The notation φ is meant to be suggestive of a density, and recall that equation (2.13) has

made dependencies on x and φ implicit; written out more explicitly, (2.13) is

∂tφt(x) = r (x, ρr∗φt(x)) B∗
[
φt(·)γ

(
x, ργ∗φt(·)

)]
(x) + φt(x)F (x, ρF ∗φt(x)) .

Because Theorem 2.10 only tells us about weak convergence, in the case α = 0 we can

only deduce that any limit point ηt is a weak solution to this nonlocal PDE.
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Specialising the results of [KX99] to the deterministic setting provides general conditions

under which we have existence and uniqueness of solutions to (2.13) which have an L2-

density with respect to Lebesgue measure. Recall that the Wasserstein metric, defined by

ρ(ν1, ν2) = sup
{∣∣∣∣ ∫ fdν1 −

∫
fdν2

∣∣∣∣ : sup
x

|f(x)| ≤ 1, |f(x) − f(y)| ≤ ∥x− y∥
}
,

determines the topology of weak convergence on MF (Rd). We write r(x, η)γ(x, η)C(x) =

J(x, η)J(x, η)T , and β(x, η) = r(x, η)γ(x, η)
(⃗
b(x) + 2C(x)∇ log r(x, η)

)
(quantities that

will appear in Proposition 5.6). If J , β, and F are bounded and Lipschitz in the sense that

|J(x1, ν1)−J(x2, ν2)|, |β(x1, ν1)−β(x2, ν2)|, |F (x1, ν1)−F (x2, ν2)| ≤ C(∥x1−x2∥+ρ(ν1, ν2))

(2.14)

for some C > 0, the methods of [KX99] show that if the initial condition η0 for our

population process has an L2 density, then so does ηt for t > 0. Although the necessary

estimates (for which we refer to the original paper) are highly nontrivial, the idea of the

proof is simple. Take a solution to the equation and use it to calculate the coefficients

r, γ and F that depend on local population density. Then η solves the linear equation

obtained by regarding those values of r, γ and F as given. It remains to prove that

the solution to the linear equation has a density which is achieved by obtaining L2

bounds on its convolution with the heat semigroup at time δ and letting δ → 0. We

also have the following uniqueness result.

Theorem 2.13 (Special case of [KX99], Theorem 3.5) Suppose J , β, and F are

bounded and Lipschitz in the sense of (2.14). If η0 has an L2(Rd)-density, then there exists

a unique L2(Rd)-valued solution of (2.13) in the sense of Definition 2.12.

Remark 2.14 [KX99] considers an infinite system of stochastic differential equations for

the locations and weights of a collection of particles that interact through their weighted

empirical measure, which is shown to be the unique solution to a stochastic PDE. As

we shall see through our lookdown representation in Section 5.1, the solution to our

deterministic equation can be seen as the empirical measure of a countable number of

particles (all with the same weight) which, in the notation above, evolve according to

X(t) = X(0) +
∫ t

0
β
(
X(s), ηs

)
ds+

∫ t

0
J
(
X(s), ηs

)
dW (s)

(with an independent Brownian motion W for each particle).
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Two-step convergence to PDE: Although the coefficients at x in (2.13) are nonlocal,

we can choose our kernels ργ, ρr, and ρF in such a way that they depend only on the

population in a region close to x, and so we expect that under rather general conditions

solutions of the nonlocal PDE will be close to the corresponding classical PDE. The

following propositions provide two concrete situations in which this is true. In the first,

the PDE is a reaction-diffusion equation, and in the proof in Section 3.3.1 we borrow

an idea from [Pen17] to express the solutions to both the nonlocal equation and the

classical PDE through a Feynman-Kac formula.

Proposition 2.15 Let ρϵF (x) = ρF
(
x/ϵ)/ϵd. Assume φ0 ∈ L2(Rd) is a positive, uniformly

Lipschitz, and uniformly bounded function. Suppose that φϵ ∈ L2(Rd) is a weak solution

to the equation

∂tφ
ϵ = B∗φϵ + φϵF (ρϵF ∗ φϵ), x ∈ Rd, t > 0, (2.15)

with initial condition φ0(·), and that φ is a weak solution to the equation

∂tφ = B∗φ+ φF (φ), x ∈ Rd, t > 0, (2.16)

also with initial condition φ0(·). Suppose further that F is a Lipschitz function which is

bounded above, and that b⃗(x) and C(x), the drift and covariance matrix of B, satisfy the

conditions of Assumptions 2.8. Finally, assume that B∗ is a generator of a Markov process.

Then, for all T > 0 there exists a constant K = K(T, ∥φ0∥∞) < ∞ and a function δ(ϵ)

(dependent on ρF ) with δ(ϵ) → 0 as ϵ → 0, such that, for all 0 ≤ t ≤ T , and ϵ small

enough,

∥φt(·) − φϵt(·)∥∞ ≤ Kδ(ϵ).

In particular, as ϵ → 0, we have that φϵ converges uniformly in compact intervals of time

to φ.

Remark 2.16 When we assume that B∗ is a generator of a Markov process, we are

imposing that
1
2
∑
ij

∂xi
∂xj

Cij(x) −
∑
i

∂xi
b⃗i(x) = 0. (2.17)

In words, at each point x in space, the total change on coefficients of the mean drift b⃗ due

to perturbation in spatial location must equal to that of the covariance matrices.
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Remark 2.17 Note that Theorem 2.13 guarantees uniqueness of solutions to equa-

tion (2.15).

Our second example in which we know solutions to the nonlocal PDE converge to

solutions of the local PDE as interaction distances go to zero is a nonlocal version of

a porous medium equation with logistic growth. That is, we consider non-negative

solutions to the equation

∂tψ
ϵ = ∆

(
ψϵ ρϵγ ∗ ψϵ

)
+ ψϵ

(
1 − ρϵγ ∗ ψϵ

)
. (2.18)

The case without the reaction term (and with Rd replaced by a torus) is considered

by [LM01] who use it as a basis for a particle method for numerical solution of the

porous medium equation. Of course this does not quite fit into our framework, since in

the notation of our population models this would necessitate γ(x,m) = ρϵ∗m which is

not bounded. However, this can be overcome by an additional layer of approximation

(c.f. our numerical experiments of Section 2.3.1) and we do not allow this to detain us

here. Existence and uniqueness of solutions to (2.18) can be obtained using the approach

of [LM01], so we should like to prove that as ϵ → 0 we have convergence to the solution

to the porous medium equation with logistic growth:

∂tψ = ∆
(
ψ2
)

+ ψ (1 − ψ) . (2.19)

Notation 2.18 We use ⇀ to denote weak convergence in the sense of analysts; that is,

ψϵ ⇀ ψ in L1 means
∫
ψϵvdx →

∫
ψvdx for all v ∈ L∞.

We write L2
t (H1) for functions for which the H1 norm in space is in L2 with respect to

time, i.e. ∫ T

0

∫ {
ψt(x)2 + ∥∇ψt(x)∥2

}
dxdt < ∞,

and Ct(L1) will denote functions for which the L1 norm in space is continuous in time.

Proposition 2.19 Suppose that we can write ργ = ζ ∗ ζ̌, where ζ̌(x) = ζ(−x) and

ζ ∈ S(Rd) (the Schwartz space of rapidly decreasing functions). Furthermore, suppose

that ψϵ0 ≥ 0 is such that there exist λ ∈ (0, 1) and C ∈ (0,∞) (independent of ϵ) such that∫
exp(λ∥x∥)ψϵ0(x)dx < C, and sup

ϵ

∫
ψϵ0| logψϵ0|dx < ∞,
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with ψϵ0 ⇀ ψ0 as ϵ → 0. Then writing ψϵ for the solution to (2.18) on [0, T ] × Rd with

initial condition ψϵ0, ψϵ ⇀ ψ as ϵ → 0 where ψ ∈ L2
t (H1) ∩ Ct(L1),

∫
ψ| logψ|dx < ∞,

and ψ solves (2.19) on [0, T ] × Rd.

The example that we have in mind for the kernel ργ is a Gaussian kernel. For the

proof, see Section 3.3.2.

Remark 2.20 Although it seems hard to formulate an all-encompassing result, Proposi-

tions 2.15 and 2.19 are by no means exhaustive. When the scaling limit is deterministic,

one can expect analogous results under rather general conditions. However, when the limit

points are stochastic, they resemble “nonlinear superprocesses” and so one cannot expect a

density with respect to Lebesgue measure in d ≥ 2. It is then not reasonable to expect to

be able to make sense of the limit if we scale the kernels in this way. Moreover, in one

dimension, where the classical superprocess does have a density with respect to Lebesgue

measure, the form of (2.11) suggests that even if one can remove the local averaging from

γ, it will be necessary to retain averaging of r in order to obtain a well-defined limit.

One-step convergence to PDE: Theorem 2.10, combined with Proposition 2.15

or 2.19 implies that we can take the limit N → ∞ followed by the limit ϵ → 0 to obtain

solutions to the PDE (2.16). However, it is of substantial interest to know whether we can

take those two limits simultaneously. The general case seems difficult, but we prove such

“diagonal” convergence in the following situation. The proof is provided in Section 4.

Theorem 2.21 (Convergence to a PDE) Let (ηNt )t≥0 be as defined in Definition 2.4

with r(x,m) ≡ 1 ≡ γ(r,m), F (x,m) ≡ F (m), ρϵF a symmetric Gaussian density with

variance parameter ϵ2, and B = ∆/2. Further suppose that F (m) is a polynomial with

F (m)1m≥0 bounded above. Assume that ⟨1, ηN0 ⟩ is uniformly bounded, and that for all

x ∈ Rd and k ∈ N,

lim sup
ϵ→0

E
[
ρϵF ∗ η0(x)k

]
< ∞,

and

lim sup
ϵ→0

∫
E
[
ρϵF ∗ η0(x)k

]
dx < ∞.
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Finally assume that N → ∞, θ → ∞ and ϵ → 0 in such a way that

1
θϵ2 + θ

Nϵd
→ 0. (2.20)

Then the sequence of D[0,∞)(MF (Rd))-valued stochastic processes
(
ρϵF ∗ ηNt (x)dx

)
t≥0

converges weakly to a measure-valued process with a density φ(t, x) that solves

∂tφ(t, x) = 1
2∆φ(t, x) + φ(t, x)F (φ(t, x)). (2.21)

Remark 2.22 In fact, our proof goes through without significant change under the

conditions that F (m)1m≥0 is bounded above (but not necessarily below), and that for

all m,n ∈ [0,∞)

|F (m)| ≤
k∑
j=1

ajm
j, and |F (n) − F (m)| ≤ |n−m|

k′∑
j=1

bj

(
nj +mj

)
,

for some non-negative constants {aj}kj=0, {bj}k
′
j=0. We take F to be polynomial to somewhat

simplify notation in the proof.

2.2.2 Ancestral lineages in the scaling limit

Now that we have established what we can say about how population density changes

with time, we turn to results on ancestral lineages, i.e., how genealogical ancestry can

be traced back across the landscape. Informally, a lineage (LNt )t≥0, begun at a spatial

location LN0 = x where there is a focal individual in the present day can be obtained

by, for each time t, setting LNt to be the spatial location of the individual alive at time

t before the present from whom the focal individual is descended. Since in our model

individuals have only one parent, this is unambiguous. Although we did not explicitly

retain such information, it is clear that for finite N , since individuals are born one at a

time, one could construct the lineage (LNt )Tt=0 given the history of the population (ηNt )Tt=0,

for each starting location to which ηNT assigns positive mass. It is less clear, however, how

to formally retain such information when we pass to the scaling limit.

The lookdown construction in Section 5.1 will enable us to recover information about

ancestry in the infinite population limit. Roughly speaking, each particle is assigned

a unique “level” from [0,∞) that functions as a label and thus allows reconstruction
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of lineages. The key to the approach is that levels are assigned in such a way as to

be exchangeable, so that sampling a finite number, k say, of individuals from a given

region is equivalent to looking at the individuals in that region with the k lowest levels.

Moreover, as we pass to the infinite population limit, the collection of (individual, level)

pairs converges, as we show in Theorem 5.4. See [EK19] for an introduction to these ideas.

In particular, even in the infinite population limit, we can sample an individual from a

region (it will be the individual in that region with the lowest level) and trace its line

of descent. This will allow us to calculate, for each x and y ∈ Rd, the proportion of the

population at location x in the present day population that are descended from a parent

who was at location y at time t in the past. To make sense of this in our framework,

in Section 5.2.2, we justify a weak reformulation of this idea.

We are interested in two questions. First, when is the motion of an ancestral lineage,

given complete knowledge of the population process, a well-defined process? In other

words, is knowledge of the process (ηt)Tt=0 that records numbers of individuals but not

their ancestry sufficient to define the distribution of (Lt)Tt=0? Second, does the process

have a tractable description?

We focus on the simplest situation, that in which the population process is deterministic.

However, the results here apply when the population process solves either a nonlocal or a

classical PDE. There will be no coalescence of ancestral lineages in the deterministic limit,

but understanding motion of single lineages is useful in practice, and our results can be

seen as a first step towards understanding genealogies for high population densities.

Proofs of results in this section are found in Section 5.2.

Definition 2.23 (Ancestral lineage) Let (φt(x))0≤t≤T denote the density of the scaling

limit of our population model, solving (2.13), and let y be a point with φT (y) > 0. We

define (Ls)Ts=0, the ancestral lineage of an individual sampled from the population at y

at time T , by setting L0 = y and Ls to be the position of the unique ancestor of that

individual at time T − s. We define (Qs)s≥0 to be the time inhomogeneous semigroup

satisfying

Qsf(y) := Ey[f(Ls)].
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Our next result identifies the ancestral lineage as a diffusion by characterizing its genera-

tor.

Theorem 2.24 For φ : Rd → R, define

Lφf = r

φ
[B∗(γφf) − fB∗(γφ)] (2.22)

= rγ

1
2
∑
ij

Cij∂xixj
f +

∑
j

m⃗j∂xj
f

 , (2.23)

where m⃗ is the vector

m⃗j =
∑
i

Cij∂xi
log(γφ) +

∑
i

∂xi
Cij − b⃗j.

Then the generator of the semigroup Qs of Definition 2.23 is given by ∂sQsf(y) =

LφT −s
Qsf(y).

Remark 2.25 As usual, to make the generator readable, we’ve written it in concise

notation, omitting the dependencies on location and population density, which itself

changes with time. When interpreting this, remember that everything depends on location

and density at that location and time – for instance, “r” is actually r(x, φ(x)) (in the

classical case), or r(x, ρr∗η(x)) (in the nonlocal case).

Moreover, we haven’t proved any regularity of the population density process φ, so, as

written, the generator (2.22) may not make sense. Instead, it should be interpreted in a

weak sense which is made precise in Section 5.2.2.

Corollary 2.26 In addition to the assumptions of Theorem 2.24, if the covariance of the

dispersal process is isotropic (i.e., C = 2σ2I), then

Lφf = rγ
(
σ2∆f +

(
2σ2∇ log(γφ) − b⃗

)
· ∇f

)
. (2.24)

(However, b⃗ can still depend on location.)

In other words, the lineage behaves as a diffusion driven by Brownian motion run

at speed σ2 multiplied by the local per-capita production of mature offspring (rγ) in a

potential tilted by migration bias ((φsγ)2 exp(−b⃗ · x/σ2), whose gradient appears in the

drift term of the generator). In particular, lineages are drawn to regions of high fecundity

(production of juveniles), but their speed is determined by the rate of production of

mature offspring. This can be compared to Remark 2.7.
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Corollary 2.27 In addition to the assumptions of Corollary 2.26, if the population process

is stationary (so φt ≡ φ), and b⃗(x) = ∇h(x) for some function h, then Y is reversible

with respect to

π(x) = γ

r
φ(x)2e−h(x)/σ2

. (2.25)

Long-term fitness of an individual is proportional to the fraction of lineages from

the distant future that pass through the individual, and hence the total long-term

fitness at a location is proportional to the stationary distribution of Y there, if it exists.

Therefore, if π is integrable then the per-capita long-term fitness of an individual at

x is proportional to π(x)/φ(x).

Corollary 2.28 In addition to the assumptions of Corollary 2.26, suppose that the

population process is described by a travelling wave with velocity c, i.e., the population has

density φ(t, x) = w(x− tc) where w solves

rB∗(γw) + wF + c · ∇w = rσ2∆(γw) − b⃗ · ∇(γw) + c · ∇w = 0.

Then the semigroup Qs of the motion of a lineage in the frame that is moving at speed c is

time-homogeneous with generator

Lf = σ2rγ (∆f + 2∇ log(γw) · ∇f) + (c − rγb⃗) · ∇f. (2.26)

2.3 Examples and applications

We now discuss some consequences of these results.

2.3.1 Beyond linear diffusion

Equation (2.13) is a nonlocal version of a reaction-diffusion equation; the diffusion is

nonlinear if γ depends on population density: in other words, if the diffusivity of the

population depends on the population density. Passing to the classical limit, we recover

equations like (2.19). Such equations are widely used in a number of contexts in biology in

which motility within a population varies with population density. For example, density

dependent dispersal is a common feature in spatial models in ecology, eukaryotic cell
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biology, and avascular tumour growth; see [She10] and references therein for further

discussion. In particular, it has been suggested as a model for the expansion of a certain

type of bacteria on a thin layer of agar in a Petri dish [Coh+99]. We shall pay particular

attention to the case in which the equation can be thought of as modelling the density of

an expanding population. We focus on the monostable reaction of (2.19).

Comparing with (2.13), we see that to set up a limit in which the population density φ

follows the porous medium equation with logistic growth of (2.19), we need r = 1, γ = φ,

and F = 1−φ. Consulting equation (2.6), this implies that µθ = max
(
0, (1+1/θ)φ−1/θ

)
.

In other words, establishment is certain and birth rates increase linearly with population

density, but to compensate, death rates increase slightly faster (also linearly). Alert readers

will notice that the condition from Assumptions 2.8 that γ(x,m) be uniformly bounded

is violated. This can be corrected by use of a cut-off, and in fact the downwards drift

provided by the logistic control of the population size prevents m from getting too big. In

practice the simulations shown in Figure 2.2 take discrete time steps of length dt (with dt

suitably small), and have each individual reproduce and die with probabilities, respectively,

pbirth(m) =
(
1 − e−mdt

)
pdeath(m) =

(
1 − e−(m(1+1/θ)−1/θ)dt

)
,

where m is the local density at their location. This makes γ(x,m) = pbirth(m)/dt ≈ m and

F (x,m) = θ(γ(x,m) − µ(x,m))/dt ≈ 1 −m.

Birth and death rates are equal at density m = 1, corresponding to an unscaled density

of N individuals per unit area.

In one dimension, equation (2.19) has an explicit travelling wave solution

wP (t, x) :=
(
1 − e

1
2 (x−x0−t)

)
+
. (2.27)

Notice that the wave profile has a sharp boundary at x = x0 + t. There are also travelling

wave solutions with c > 1 [GK05], which lack this property. However, for initial conditions

that decay sufficiently rapidly at infinity, such as one might use in modelling a population

invading new territory, the solution converges to (2.27) [KR04]. In Figure 2.2 we show

simulations of the individual based model described above, which display travelling wave

solutions qualitatively similar to solutions of (2.19), with better agreement for smaller

θ/N (but in both cases, N is reasonably large).
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Figure 2.2: Simulated populations under a porous medium equation with logistic growth (2.19)
in d = 1, θ/N small in the top, large in the bottom figure. Values of θ in top and bottom figures
are 1 and 100, respectively, and both have N set so that the density is roughly 100 individuals
per unit of habitat (as displayed on the vertical axis). See text for details of the simulations.

2.3.2 Ancestry in different types of travelling waves

Although it remains challenging to establish the distribution of genealogical trees relating

individuals sampled from our population model, as described in Section 2.1, we can gain

some insight by investigating the motion of a single ancestral lineage. Here we do that in

the context of a one-dimensional population expanding into new territory as a travelling

wave. We focus on three cases in which we have explicit information about the shape of

the travelling wave profile: the Fisher-KPP equation, a special case of the Allen-Cahn

equation with a bistable nonlinearity, and the porous media equation with logistic growth,

equation (2.19). We work here in one dimension, and take σ2 = 1 and b⃗ = 0.

Fisher-KPP equation: Consider the classical Fisher-KPP equation,

∂tφ = ∂xxφ+ φ(1 − φ). (2.28)

Even though we do not have an explicit formula for the wave shape in this case, our methods

provide information about ancestral lineages. The equation has non-negative travelling

wave solutions of speed c for all c ≥ 2, but, started from any compact perturbation
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of a Heaviside function, the solution will converge to the profile wF with the minimal

wavespeed, c = 2 [KPP37; FM77; Bra83]. No matter what initial condition, for any

t > 0 the support of the solution will be the whole real line. In this case, we must have

r = γ = 1, and F (x,m) = 1 − m so µθ(x,m) = 1 + (m − 1)/θ. By Corollary 2.28, the

generator of the motion of an ancestral lineage is

LFf = ∂xxf + 2∂xw
F

wF
∂xf + 2∂xf. (2.29)

Near the tip of the wave (for x large), wF (x) ∼ e−x, so (2.29) implies that the motion

of a lineage is close to unbiased Brownian motion. On the other hand, in the “bulk”, a

lineage behaves approximately as Brownian motion with drift at rate two to the right.

This implies that ancestral lineages are pushed into the tip of the wave, and there is

no stationary distribution, so that long-term dynamics of genetic inheritance depend

on the part of the wave not well-approximated by a smooth profile, in agreement with

the previous results referred to in Section 2.1.

Allen-Cahn equation: Now take the Allen-Cahn equation:

∂tφ = ∂xxφ+ φ(1 − φ)(2φ− 1 + s), (2.30)

for a given s ∈ (0, 2). Once again we have taken r = γ = 1, but now the reaction term

F (x,m) = (1−m)(2m−1+s) is bistable. This equation can be used to model the motion

of so-called hybrid zones in population genetics; see, for example, [Bar79], [Goo18], and

[EGL22]. This equation has an explicit travelling wave solution with speed s and shape

wA(x) = (1 + ex)−1,

i.e., ϕt(x) = wA(x− st) solves (2.30). Substituting wA in place of wF in (2.29), we find

that the generator of an ancestral lineage relative to the wavefront is now,

LAf = ∂xxf + 2∂xw
A

wA
∂xf + s∂xf

= ∂xxf − 2 ex

1 + ex
∂xf + s∂xf,
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so lineages in the tip are pushed leftwards into the bulk of the wave at a rate s−2ex/(1+ex).

The density of the speed measure for this diffusion is

mA(x) ∝ esx(1 + ex)−2,

which is integrable, and so determines the unique stationary distribution. Thus the

position of the ancestral lineage relative to the wavefront will converge to a stationary

distribution which is maximised away from the extreme tip of the wave. This is consistent

with [EP22], who consider an analogous stochastic population model, although the stronger

result there (that the genealogy of a sample from behind the wavefront is approximately

a Kingman coalecsent) requires the stronger condition s < 1.

Porous Medium equation with logistic growth: Finally, consider equation (2.19).

Setting x0 = 0 (for definiteness) and substituting the form of wP from equation (2.27)

into Corollary 2.28, with c = 1, γ(x,m) = m, r(x,w) = 1, and F (x,m) = (1 − m),

the generator of the diffusion governing the position of the ancestral lineage relative

to the wavefront is, for x < 0,

LPf = wP
(
∂xxf + 2∂x((w

P )2)
(wP )2 ∂xf

)
+ ∂xf

=
(
1 − e

1
2x
)
∂xxf − 2e 1

2x∂xf + ∂xf.

The speed measure corresponding to this diffusion has density

mP (ξ) ∝ 1
2(1 − eξ/2) exp

(∫ ξ

η

{
1 − ex/2

1 − ex/2

}
dx

)
∝ eξ

(
1 − eξ/2

)
, for ξ < 0

and mP (ξ) = 0 for ξ ≥ 0, which is integrable and so when suitably normalised gives the

unique stationary distribution. Notice that even though we have the same reaction term

as in the Fisher-KPP equation, with this form of nonlinear diffusion, at stationarity the

lineage will typically be significantly behind the front, suggesting a different genealogy.

It is interesting to compare the stationary distribution we have obtained here to the

expression that we’d get by setting b⃗ = −c and using Corollary 2.27, i.e., by giving each

offspring a mean displacement that offsets the motion of the wave. In the Fisher-KPP and
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Allen-Cahn cases above, we get the same expressions, but this is only the case because

r ≡ γ ≡ 1 in both. For the porous medium equation with b⃗ = 1 we have B∗ = ∆ + ∇

and so the equation solved by the population density is

∂tφ = ∆φ+ 2φ∇φ+ φ(1 − φ),

which has a traveling wave solution of the same shape but moving at half the speed,

φ(x, t) = wP (x − t/2), and a stationary distribution of the lineage relative to the

wavefront of π(ξ) ∝ e3ξ/2(1 − eξ/2)3.

2.3.3 Clumping from nonlocal interactions

Simulating these processes and exploring parameter space, one sooner or later comes upon

a strange observation: with certain parameter combinations, the population spontaneously

forms a regular grid of stable, more or less discrete patches, separated by areas with nearly

no individuals, as shown in Figure 2.3. The phenomenon is discussed in Section 16.10

of [HM22], and has been described in similar models, e.g., by [Bri90; Sas97; HL04;

YRS01], and [Ber+09]. For example, if the density-dependent effects of individuals

extend farther (but not too much farther) than the typical dispersal distance, then

depending on the interaction kernel new offspring landing between two clumps can

effectively find themselves in competition with both neighbouring clumps, while individuals

within a clump compete with only one.

More mathematically, consider the case in which B = σ2∆ and all parameters are

spatially homogeneous, so that r(x, η) = r(ρr ∗η(x)), and similarly for γ and F . If

φ0 is such that F (φ0) = 0 and F ′(φ0) < 0, then the constant solution φ ≡ φ0 is a

nontrivial equilibrium of (2.1). However, this constant solution may not be unique, it

may be unstable, and a stable solution may have oscillations on a scale determined

by the interaction distance.

To understand the stability of the constant solution φ ≡ φ0, we linearise (2.1) around

φ0: let φt(x) = φ0 + ψt(x), and (informally) r(x) ≈ r(φ0) + r′(φ0)ρr ∗ψ(x). Writing

r0 = r(φ0) and r′
0 = r′(φ0), with analogous expressions for γ and F ,

∂tψ ≈ σ2φ0r0γ
′
0∆ργ∗ψ + σ2r0γ0∆ψ + φ0F

′
0ρF ∗ψ.
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Letting f̂(u) =
∫
e2πiuxf(x)dx denote the Fourier transform,

∂tψ̂(u) ≈
{
−4π2u2σ2φ0r0γ

′
0ρ̂γ(u) − 4π2u2σ2r0γ0 + φ0F

′
0ρ̂F (u)

}
ψ̂(u). (2.31)

In the simplest case, in which γ is constant, so γ′
0 = 0, this reduces to

∂tψ̂(u) ≈
(
−4π2u2σ2r0γ0 + φ0F

′
0ρ̂F (u)

)
ψ̂(u). (2.32)

If we take ρF = pϵ2 , then ρ̂F (u) = exp(−2πϵ2u2) and (recalling that F ′
0 < 0) the

term in brackets is always negative, and we recover the well-known fact that in this

case the constant solution is stable. If, on the other hand, ρ̂F changes sign, there

may be values of u for which the corresponding quantity is positive. For example, if

d = 1 and ρF (x) = 1[−ϵ,ϵ](x)/2ϵ, then ρ̂F (u) = sin(2πϵu)/(2πϵu), which is negative for

u ∈ (1/(2ϵ), 1/ϵ) (and periodically repeating intervals). Setting v = ϵu, the bracketed

term on the right hand side of (2.32) becomes

φ0F
′
0

1
2πv sin(2πv) − 4π2σ

2

ϵ2 v
2r0γ0,

and we see that if σ2/ϵ2 is sufficiently small, there are values of v for which this is positive.

In other words, in keeping with our heuristic above, if dispersal is sufficiently short

range relative to the range over which individuals interact, there are unstable frequencies

that scale with the interaction distance ϵ. In two dimensions, replacing the indicator

of an interval by that of a ball of radius ϵ, a similar analysis applies, except that the

sine function is replaced by a Bessel function.

Now suppose that γ is not constant. Then, from (2.31), if we take ργ = ρF = p2
ϵ ,

∂tψ̂(u) = e−2π2ϵ2u2 {−σ2φ0r0γ
′
04π2u2 − σ2r0γ04π2u2e2π2ϵ2u2 + φ0F

′
0

}
ψ̂(u).

If we make the (reasonable) assumption that γ′
0 < 0, then we see that even when the

Fourier transform of ρ does not change sign, there may be parameter values for which the

constant solution is unstable. As before, we set v = ϵu. The term in brackets becomes

4π2σ
2

ϵ2 v
2r0

(
−φ0γ

′
0 − γ0e

2π2v2)+ φ0F
′
0,

and, provided −φ0γ
′
0/γ0 > 1, for sufficiently small v the term in round brackets is

positive. We now see that if σ2/ϵ2 is sufficiently large, the equilibrium state φ ≡ φ0 is
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Figure 2.3: Left: A snapshot of individual locations in a two-dimensional simulation in which
the constant density is unstable and a stable, periodic pattern forms. Right: Population density
in an expanding wave in a one-dimensional simulation forming a periodic pattern; each panel
shows the wavefront in three periods of time; within each period of time the wavefront at earlier
times is shown in blue and later times in pink. In both cases, γ(m) = 3/(1 + m), µ ≡ 0.3, and
r ≡ 1; dispersal is Gaussian with σ = 0.2 and density is measured with ργ(x) = p9(x), i.e., using
a Gaussian kernel with standard deviation 3.

unstable. As before, the unstable frequencies will scale with ϵ and for given F , r and

γ, whether or not such unstable frequencies exist will be determined by σ2/ϵ2, but in

this case of Gaussian kernels, it is interaction distance being sufficiently small relative

to dispersal that will lead to instability.

2.3.4 Lineage motion is not uniquely determined by popula-
tion density

It is natural for applications to wonder about identifiability: when can the observed

quantities like population density or certain summaries of lineage movement uniquely

determine the underlying demographic parameters? Consider a deterministic, continuous

population generated by parameters γ, r, and F , with b⃗ = 0 and C = 2I. Suppose

it has a stationary profile w(x), that must satisfy

r∆(γw) + Fw = 0.
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It is easy to see that w does not uniquely specify γ, F , and r: let λ(x) be a smooth,

nonnegative function on Rd, and let r̃(x,m) = λ(x)r(x,m) and F̃ (x,m) = λ(x)F (x,m)

(and, let γ̃ = γ). Since µ = rγ − F/θ, this corresponds to multiplying both establishment

probabilities and death rates by λ. Then the population with parameters γ̃, r̃, and F̃

has the same stationary profile(s) as the original population.

Can these two situations be distinguished from summaries of lineage movement?

The first has lineage generator

f 7→ Lf = rγ (∆f + 2∇ log(γw) · ∇f) ,

while the second has lineage generator f 7→ λ(x)Lf(x). In other words, although the

stationary profile of the population is unchanged when we scale local establishment and

death by λ, the motion of lineages is sped up locally by λ. This corresponds to making

areas with λ > 1 more “sink-like” and λ < 1 more “source-like”: if λ(x) > 1, then at x

both the death rate and probability of establishment of new individuals are higher. As

a result, lineages in the second model spend more time in areas with λ < 1, i.e., those

areas have higher reproductive value, something that is, in principle, discernible from

genetic data (because, for instance, making reproductive value less evenly distributed

reduces long-term genetic diversity).

2.4 Heuristics

In this section we perform some preliminary calculations and use them to provide heuristic

arguments for our main results, to build intuition before the formal proofs.

2.4.1 The population density

We reiterate that in our prelimiting model, the population is represented by a point measure

ηN in which each individual is assigned a mass 1/N . We use the term “population

density” for this process, as it is supposed to measure population size relative to a

nominal occupancy of N individuals per unit area, but it is not absolutely continuous

with respect to Lebesgue measure.
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We write PN for the generator of the scaled population process ηN of Definition 2.4

acting on test functions of the form G(⟨f, η⟩), where f ≥ 0 is smooth and bounded

on Rd and G ∈ C∞([0,∞)). Recall that θ = θ(N) → ∞ as N → ∞ in such a

way that θ(N)/N → α.

A Taylor expansion allows us to write

PNG(⟨f, η⟩) = G′(⟨f, η⟩) lim
δt↓0

1
δt
E [⟨f, ηδt⟩ − ⟨f, η⟩| η0 = η]

+ 1
2G

′′(⟨f, η⟩) lim
δt↓0

1
δt
E
[(

⟨f, ηδt⟩ − ⟨f, η⟩
)2
∣∣∣∣ η0 = η

]
+ ϵN(f,G, η), (2.33)

where the terms that make up ϵN (f,G, η) will be negligible in our scaling limit (at least if

G′′′ < ∞).

Mean measure

Recall that in our parameterization only death rates µθ and the dispersal kernel qθ depend

on θ. For a suitable test function f , we find

PN⟨f, η⟩ = lim
δt↓0

1
δt
E [⟨f, ηδt⟩ − ⟨f, η⟩| η0 = η]

= θ
∫ ∫

f(z)r(z, η)qθ(x, dz)γ(x, η)η(dx) − θ
∫
f(x)µθ(x, η)η(dx).

(2.34)

The first term is the increment in ⟨f, η⟩ resulting from a birth event (recalling that we

don’t kill the parent) integrated against the rate of such events, and the second reflects

death events. The factor of θ appears from the time rescaling. In both terms, the rate of

events has a factor of N (because events happen at a rate proportional to the number of

individuals, whereas η has mass 1/N for each individual) which is offset by the fact that

the birth or loss of a single individual at the point y, say, changes ⟨f, η⟩ by f(y)/N .

We use the fact that
∫
qθ(x, dz) = 1 to rewrite (2.34) as∫ (∫

θ (f(z)r(z, η) − f(x)r(x, η)) qθ(x, dz)
)
γ(x, η)η(dx)

+
∫
f(x)θ

(
r(x, η)γ(x, η) − µθ(x, η)

)
η(dx).

(2.35)

We have defined µθ so that the second term is simple:

θ
(
r(x, η)γ(x, η) − µθ(x, η)

)
= F (x, η).
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Furthermore, recall from Remark 2.6 that∫
θ
(
r(z, η)f(z) − r(x, η)f(x)

)
qθ(x, dz) θ→∞−→ B

(
r(·, η)f(·)

)
(x). (2.36)

In particular, if dispersal is determined by a standard multivariate Gaussian with mean

zero and covariance 2σ2I/θ, then B = σ2∆, where ∆ denotes the Laplacian.

In summary, equation (2.35) converges to∫
γ(x, η)B

(
f(·)r(·, η)

)
(x)η(dx) +

∫
f(x)F (x, η)η(dx), (2.37)

which explains the form of the martingale of Theorem 2.10.

Quadratic variation

We now look at the second order term in (2.33), which will converge to the quadratic

variation of the limiting process. An individual at location x gives birth to a surviving

offspring at y at rate

γ(x, η)r(y, η)qθ(x, dy),

and since this increments ⟨f, η⟩ by f(y)/N , the contribution to the quadratic variation

from birth events, which occur at rate θ per individual (so, rate Nθ|η| overall), is∫
Nθγ(x, η)

∫ 1
N2f

2(y)r(y, η)qθ(x, dy)η(dx).

Similarly, the increment in ⟨f, η⟩ resulting from the death of an individual at x is −f(x)/N ,

and so combining with the above, the second order term in the generator takes the form

G′′(⟨f, η⟩)1
2Nθ

{∫
γ(x, η)

∫ 1
N2f

2(y)r(y, η)qθ(x, dy)η(dx) +
∫
µθ(x, η) 1

N2f
2(x)η(dx)

}
= 1

2G
′′(⟨f, η⟩) θ

N

∫ {
γ(x, η)

∫
f 2(y)r(y, η)qθ(x, dy) + f 2(x)µθ(x, η)

}
η(dx).

Since
∫
f 2(y)r(y, η)qθ(x, dy) → f 2(x)r(x, η) and rγ + µθ = 2rγ − F/θ → 2rγ as θ →

∞, this converges to

α

2G
′′(⟨f, η⟩)

〈
2r(x, η)γ(x, η), η(dx)

〉
.

An entirely analogous argument shows that if G′′′ is bounded, then the term ϵθ,N (f,G, η)

in (2.33) will be O(θ/N2).
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If we hold ργ, ρr, ρF fixed, then by taking θ/N → 0, the second order term in the

generator will vanish and we expect a deterministic limit, for which ∂t⟨f, ηt⟩ is equal

to (2.37). In other words, the limit is a weak solution to the deterministic equation

∂tφt(x) = r(x, φt)B
(
γ(·, φt)φt(·)

)
(x) + F (x, φt)φt(x) (2.38)

in the sense of Definition 2.12, where φt is the density of ηt, if it has a density. On

the other hand, if N = αθ for some α > 0, the second order term remains, and we

expect a “generalised superprocess” limit. The limiting quadratic variation is exactly

as seen in Theorem 2.10.

One-step convergence: In order to pass directly to a classical PDE limit in Theo-

rem 2.21 we impose the stronger condition that θ/Nϵd → 0 and also require that θϵ2 → ∞.

Recall that in this case, we take ρϵF to be a symmetric Gaussian density with variance ϵ2.

The condition θϵ2 → ∞ ensures that ϵ2 is large enough relative to 1/θ that the regularity

gained by smoothing our population density by convolution with ρϵ is preserved under

the dynamics dictated by qθ. To understand the first condition, note that we are aiming

to obtain a deterministic expression for the limiting population density. It is helpful to

think about a classical Wright-Fisher model (with no spatial structure and just two types,

say). We know then that if the timescale θ is on the same order as population size N , we

see stochastic fluctuations in the frequencies of the two types in the limit as N → ∞; to

obtain a deterministic limit, we look over timescales that are short relative to population

size. In our setting, the total population size is replaced by the local population size, as

measured by convolution with ρϵ, which we expect to be of order Nϵd, and so in order

to ensure a deterministic limit we take θ/(Nϵd) → 0.

2.4.2 Motion of ancestral lineages

Although our proof of Theorem 2.24 uses an explicit representation in terms of the

lookdown process, the result can be understood through informal calculations. Suppose

that we have traced a lineage back to an individual at location y at time t. Looking

further back through time, at the time of the birth of that individual, the lineage will jump
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to the location of the parent of the individual. Now, the rate at which new individuals

are born to parents at x and establish at y is

θNηNt (dx)γ(x, ηNt )qθ(x, dy)r(y, ηNt ).

Suppose that ηN did have a density (in the prelimit it does not), say ηNt (dx) = φNt (x)dx.

Informally, since the number of individuals near y is NφNt (y)dy, the probability that a

randomly chosen individual near y is a new offspring from a parent at x in [t, t+ dt) is

θφNt (x)γ(x, ηNt )r(y, ηNt )
φNt (y)

qθ(x, dy)
dy

dxdt. (2.39)

Leaving aside questions of whether a lineage can be treated as a randomly chosen individual,

we define a continuous-time jump process whose transition rates, conditional on (φNt )Tt=0,

are given by (2.39). Because we are tracing the lineage backwards in time we make the

substitution s = T − t and write (LNs )Ts=0 for the location of a lineage that moves according

to these jump rates. Then, abusing notation to write qθ(x, y) for the density of qθ(x, dy),

E[f(LNs+ds) − f(y) | LNs = y]

= ds θ
∫

(f(x) − f(y)) φ
N
T−s(x)γ(x, ηNT−s)r(y, ηNT−s)

φNT−s(y) qθ(x, y)dx.
(2.40)

(Note that this integral is with respect to x.) Referring back to Remark 2.6, a quick

calculation shows that as N → ∞,

θ
∫ (

f(x) − f(y)
)
g(x)qθ(x, y)dx

= θ
∫ {

(f(x)g(x) − f(y)g(y)) − f(y)(g(x) − g(y))
}
qθ(x, y)dx

→ B∗(fg)(y) − f(y)B∗g(y).

Applying this to (2.40) with g = φT−sγ, this suggests that the generator of the limiting pro-

cess is

Lsf = r

φT−s
{B∗(γφT−sf) − fB∗(γφT−s)} . (2.41)

This agrees with Theorem 2.24.
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3
Branching Particle Systems with Local
Regulation: 2-Step Convergence Proof

In this chapter we present formal proofs of the first two of our three scaling limits. In

Subsection 3.2 we prove Theorem 2.10, to obtain (both stochastic and deterministic) limits

in which interactions between individuals in the population are nonlocal. In Subsection 3.3

we show how, in two important examples in which the nonlocal limit is respectively a

deterministic solution to a non-local equation of reaction-diffusion type and a deterministic

solution to a nonlocal porous medium equation with an additional logistic growth term,

one can pass to a further limit to obtain a classical PDE.

3.1 Preliminaries

Below we will have frequent use for the quantity

Bθ
f (x, η) = θ

∫
Rd

(f(y)r(y, η) − f(x)r(x, η))qθ(x, dy). (3.1)

First, we prove Lemma 2.9.

Proof [of Lemma 2.9] Here, we need to prove that |γ(x, η)Bθ
f (x, η)| is bounded, uniformly
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over x and η. First suppose that Condition 1 of Lemma 2.9 is satisfied. We write

r(y, η)f(y) − r(x, η)f(x) = r(y, η)(f(y) − f(x)) + (r(y, η) − r(x, η))f(x)

= r(y, η)
∑

i

(y − x)i∂xi
f(x) +

∑
ij

(y − x)i(y − x)j∂xixj
f(z1)


+ f(x)

∑
i

(y − x)i∂xi
r(x, η) +

∑
ij

(y − x)i(y − x)j∂xixj
r(z2, η)


=
r(x, η) +

∑
j

(y − x)j∂xj
r(z3, η)

(∑
i

(y − x)i∂xi
f(x)

)

+ r(y, η)
∑
ij

(y − x)i(y − x)j∂xixj
f(z1)

+ f(x)
∑

i

(y − x)i∂xi
r(x, η) +

∑
ij

(y − x)i(y − x)j∂xixj
r(z2, η)

 ,
for some zi = κix + (1 − κi)y. Integrating this against q(x, dy), we get that∣∣∣∣∣θ

∫
(r(y, η)f(y) − r(x, η)f(x)) qθ(x, dy)

∣∣∣∣∣
≤
∣∣∣∣∣∑

i

(r(x, η)∂xi
f(x) + f(x)∂xi

r(x, η)) θ
∫

(y − x)iqθ(x, dy)
∣∣∣∣∣

+
∣∣∣∣∣f(x)θ

∫ ∑
ij

∂xixj
r(z2, η)(y − x)i(y − x)jqθ(x, dy)

∣∣∣∣∣
+
∣∣∣∣∣θ
∫ ∑

ij

(y − x)i(y − x)j
(
∂xi
f(x)∂xj

r(z3, η) + r(y, η)∂xixj
f(z1)

)
qθ(x, dy)

∣∣∣∣∣.
Since qθ(x, dy) is the density of a Gaussian with mean b⃗(x)/θ and covariance C(x)/θ, and

both b⃗(x) and C(x) are uniformly bounded, so that θ
∫

(y−x)iqθ(x, dy) is bounded as well.

Furthermore, a change of variables that diagonalizes C(x) shows for any g : Rd → Rd+d,

that if Cg = supy sup∥z∥=1
∑
ij g(y)ijzizj and λ∗ = supy sup∥z∥=1

∑
ij C(y)ijzizj then

θ
∫ ∑

ij

g(y)ij(y − x)i(y − x)jqθ(x, dy) ≤ Cgλ∗.

Condition 1 gives uniform bounds on the derivatives of r(x, η) = r(x, ρr ∗ η(x)) in this

expression and so, provided f also has uniformly bounded first and second derivatives,

we have a bound of the form

|Bθ
f | ≤ K1 +K2|f(x)|,

48



for suitable constants K1, K2 that depend only on the derivatives of f .

Now suppose instead that Condition 2 of Lemma 2.9 is satisfied. First note that

|Bθ
f | =

∣∣∣∣θ ∫
Rn

{
f(y)r

(
y, ρr∗η(y)

)
− f(x)r

(
x, ρr∗η(x)

)}
qθ(x, dy)

∣∣∣∣
≤
∣∣∣∣θ ∫

Rn

{
f(y)r

(
y, ρr∗η(y)

)
− f(x)r

(
x, ρr∗η(y)

)}
qθ(x, dy)

∣∣∣∣ (3.2)

+
∣∣∣∣θ ∫

Rn

{
f(x)r

(
x, ρr∗η(y)

)
− f(x)r

(
x, ρr∗η(x)

)}
qθ(x, dy)

∣∣∣∣ .
(Note the extra term introduced here, r(x, ρr ∗η(y)), has the two arguments to r “at

different locations”, contrary to the usual pattern.)

Writing K3 = supx,m maxi |∂xi
f(x)r(x,m)| and K4 = supx,m maxi,j |∂xixj

f(x)r(x,m)|,

the first term is bounded exactly as above. For the second,

r(x, ρr∗η(y)) − r(x, ρr∗η(x))

= (ρr∗η(y) − ρr∗η(x))r′(x, ρr∗η(x)) + 1
2(ρr∗η(y) − ρr∗η(x))2r′′(x,m),

where m = κ′ρr ∗ η(x) + (1 − κ′)ρr ∗ η(y) for some 0 ≤ κ′ ≤ 1, and we have used

r′ and r′′ to denote the first and second derivatives of r(x,m) with respect to the

second argument. So, writing K5 = ∥r′∥∞ and K6 = ∥r′′∥∞, the second term in (3.2)

is bounded by f(x) multiplied by

K5

∣∣∣∣θ ∫
Rd

(ρr∗η(y) − ρr∗η(x))qθ(x, dy)
∣∣∣∣+K6

∣∣∣∣θ ∫
Rd

(ρr∗η(y) − ρr∗η(x))2qθ(x, dy)
∣∣∣∣ .

Under Condition 2 of Assumptions 2.8, this is bounded by a constant times ργ∗η(x) +

(ργ∗η(x))2 and supxm2γ(x,m) is bounded, so therefore |γ(x, η)Bθ
f (x, η)| ≤ K7 +K8f(x),

where K7 comes from K3, K4, and the supremum of γ, while K8 comes from K5, K6, and

the supremum of m2γ(x,m). □

3.2 Proof of Theorem 2.10: convergence for the non-
local process

In this section we prove Theorem 2.10. This would be implied by convergence of

the lookdown process (see [KR11] and [EK19]); however in our setting, because the

parameters in the lookdown process depend on the empirical distribution, we actually
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use tightness of the sequence of population processes in the proofs of tightness for the

corresponding lookdown processes.

Proof [Proof of Theorem 2.10.] The proof follows a familiar pattern. First we extend Rd

to its one-point compactification Rd and establish, in Lemma 3.2, compact containment

of the sequence of scaled population processes in MF (Rd) (for which, since we have

compactified Rd, it suffices to consider the sequence of total masses); armed with this,

tightness of the population processes in D[0,∞)(MF (Rd)) follows from tightness of the

real-valued processes (H(ηt))t≥0 for a sufficiently large class of test functions H, which we

establish through an application of the Aldous-Rebolledo criterion in Lemma 3.3. These

ingredients are gathered together in Proposition 3.4 to deduce tightness of the scaled

population processes in the larger space D[0,∞)(MF (Rd)).

We then characterise limit points as solutions to a martingale problem in Lemma 3.6;

finally in Lemma 3.7 we check that in the process of passing to the limit, no mass ‘escaped

to infinity’, so that in fact the limit points take values in D[0,∞)(MF (Rd)). □

As advertised, we work with the one-point compactification of Rd and consider (ηNt )t≥0

as a sequence of MF (Rd)-valued processes. Since, for each K > 0, {η : ⟨1, η⟩ ≤ K}

is a compact set in MF (Rd), we shall focus on controlling (⟨1, ηNt ⟩)t≥0. The key is

that Assumptions 2.8 are precisely chosen to guarantee boundedness of the net per-

capita reproduction rate.

Lemma 3.1 Under Assumptions 2.8, for all f ∈ C2
b (Rd) with uniformly bounded first

and second derivatives, and all T > 0, there exists a C = C(f, T ) < ∞, independent of

N , such that

E[⟨f, ηNt ⟩] ≤ CE[⟨1, ηN0 ⟩] (3.3)

for all N ≥ 1.

Proof Consider the semimartingale decomposition from equation (2.7):

⟨f, ηNt ⟩ = ⟨f, ηN0 ⟩ +
∫ t

0

∫
Rd

{
γ(x, ηNs )Bθ

f (x, ηNs ) + f(x)F (x, ηNs )
}
ηNs (dx)ds+MN

t (f),
(3.4)

where MN
t (f) is a martingale and Bθ

f is defined in (3.1). First note that Condition 6 of

Assumptions 2.8 stipulates that |γBθ
f | is uniformly bounded by a contant times 1 + f ,
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and so recalling that F is bounded above, we conclude that under Assumptions 2.8

γ(x, η)Bθ
f(x, η) + f(x)F (x, η) ≤ Cf(1 + f(x)) for some Cf .

Now, taking expectations in (3.4),

E
[
⟨f, ηNt ⟩

]
≤ E

[
⟨f, ηN0 ⟩

]
+ Cf

∫ t

0
E
[
⟨1 + f, ηNs ⟩

]
dt. (3.5)

The bound (3.3) then follows by first applying Gronwall’s inequality in the case f = 1, which

yields

E
[
⟨1, ηNt ⟩

]
≤ eCtE

[
⟨1, ηN0 ⟩

]
,

with C independent of N , and then substituting the resulting bound on E
[
⟨1, ηNs ⟩

]
into

the expression above. □

With a bound on per-capita net growth rate in hand, bounds on the expectation of

the supremum of the total population size over a finite time interval also follow easily.

Lemma 3.2 (Compact containment for the population process) Under the assump-

tions of Theorem 2.10, for each T > 0, there exists some constant CT , independent of N ,

such that

E
[

sup
0≤t≤T

⟨1, ηNt ⟩
]

≤ CTE[⟨1, η0⟩]. (3.6)

In particular, for any δ > 0, there exists Kδ > 0 such that

lim sup
N→∞

P
{

sup
s∈[0,T ]

⟨1, ηNs ⟩ > Kδ

}
≤ CT
Kδ

< δ. (3.7)

Proof First note that by Lemma 3.1, E[⟨1, ηNt ⟩] ≤ E[⟨1, ηN0 ⟩]eCt for some C (independent

of N). Now, let MN∗
t (f) = sup0≤s≤tM

N
t (f), and as before let ⟨MN(f)⟩t be the angle

bracket process of MN
t (f). The Burkholder-Davis-Gundy inequality says that there is a

K for which E
[
MN∗

t (1)
]

≤ KE[
√

[MN(1)]t], where [MN (1)]t is the quadratic variation of

MN(1). Furthermore, as discussed by [HJ22], the expectation of the quadratic variation

of a local martingale is bounded by a (universal) constant multiple of the expectation of

its angle bracket process [BJY86, Item (4.b’), Table 4.1, p. 162]. Now, since
√
x ≤ 1 + x,
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in the notation of Lemma 3.1, there is a C ′ such that

E
[
MN∗

t (1)
]

≤ C ′
(
1 + E

[〈
MN(1)

〉
t

])
= C ′

(
1 + θ

N
E
[∫ t

0

〈{
γ(x, ηNs )

∫
Rd
r(y, ηNs )qθ(x, dy) + µθ(x, ηNs )

}
, ηNs (dx)

〉
ds
])

= C ′
(

1 + E
[ ∫ t

0

〈{2θ
N
γ(x, ηNs )r(x, ηNs )

+ γ(x, ηNs )
N

Bθ
1(x, ηNs ) − 1

N
F (x, ηNs )

}
, ηNs (dx)

〉
ds
])
.

We have not assumed that F is bounded below, but to see that the term involving

−F does not cause us problems, we rearrange equation (3.4) with f = 1 to see that

E
[∫ t

0

〈
− F (x, ηNs ), ηNs (dx)

〉
ds
]

= E[⟨1, ηN0 ⟩] − E[⟨1, ηNt ⟩]

+ E
[∫ t

0

〈
γ(x, ηNs )Bθ

1(x, ηNs ), ηNs (dx)
〉
ds
]
,

(3.8)

which is bounded since γ(x, η) and Bθ
1(x, η) are both bounded and ⟨1, ηt⟩ ≥ 0. Since

θ/N → α < ∞, combining constants, we obtain that for some C ′′,

E
[
MN∗

t (1)
]

≤ C ′ + C ′′E[⟨1, ηN0 ⟩]etC .

Taking suprema and expectations on both sides of equation (3.4), then again using the

fact that γ(x, η)Bθ
1(x, η) + F (x, η) ≤ C,

E
[

sup
0≤s≤T

⟨1, ηNs ⟩
]

≤ E[⟨1, ηN0 ⟩] + E
[

sup
0≤t≤T

∫ t

0

〈{
γ(x, ηNs )Bθ

1(x, ηNs ) + F (x, ηNs )
}
, ηNs (dx)

〉
ds

]
+ E[MN∗

t (1)]

≤ E[⟨1, ηN0 ⟩] + CE
[∫ T

0
sup

0≤s≤t
⟨1, ηNs ⟩dt

]
+ C ′ + C ′′E[⟨1, ηN0 ⟩]etC .

Once again applying Gronwall’s inequality,

E
[

sup
0≤s≤T

⟨1, ηNs ⟩
]

≤ C ′′′
(
1 + E[⟨1, ηN0 ⟩]

)
e2TC .

For any T , the quantity on the right is bounded above by a constant C(T ) independent

of N . As a result, for any K > 0,

lim sup
N→∞

P
[

sup
0≤s≤T

⟨1, ηNs ⟩ ≥ K

]
≤ C(T )

K
.

□

Our next task is to show tightness of (⟨f, ηNt ⟩)t≥0 for f ∈ C∞
b (Rd).
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Lemma 3.3 (Tightness of (⟨f, ηN
t ⟩)t>0) For each f ∈ C∞

b (Rd), the collection of

processes (⟨f, ηNt ⟩)t≥0 for N = 1, 2, . . . is tight as a sequence of càdlàg, real-valued processes.

Proof The Aldous-Rebolledo criterion (Theorem A.6) applied to the semimartingale

representation of ⟨f, ηNt ⟩ of equation (3.4), tells us that it suffices to show that for

each T > 0, (a) for each fixed 0 ≤ t ≤ T , the sequence {⟨f, ηNt ⟩}N≥1 is tight, and

(b) for any sequence of stopping times τN bounded by T , and for each ν > 0, there

exist δ > 0 and N0 > 0 such that

sup
N>N0

sup
t∈[0,δ]

P
{∣∣∣∣∫ τ+t

τ

∫
Rd

{
γ(x, ηNs )Bθ

f (x, ηNs ) + f(x)F (x, ηNs )
}
ηNs (dx)ds

∣∣∣∣ > ν
}
< ν, (3.9)

and sup
N>N0

sup
t∈[0,δ]

P
{∣∣∣⟨MN(f)⟩τ+t − ⟨MN(f)⟩τ

∣∣∣ > ν
}
< ν. (3.10)

Tightness of ⟨f, ηNt ⟩ for fixed t follows from Lemma 3.1 and Markov’s inequality, so

we focus on the remaining conditions.

The proof of Lemma 3.1 provides a uniform bound on γBθ
f , but we only know that F

is bounded above. However, by assumption, for each fixed value of m, supk≤m |F (x, k)|

is uniformly bounded as a function of x. Noting that ρF ∗η ≤ ⟨1, η⟩∥ρF∥∞, we can use

Lemma 3.2 to choose N0 and K such that if N > N0, then

P
{

sup
0≤s≤T

⟨1, ηNs ⟩ ≥ K

}
< ν/2,

we now choose δ1 so that

δ1∥f∥∞ sup
{

sup
x

|F (x, k)| : k ≤ K∥ρF∥∞
}
< ν/4, sup

x,η
γ(x, η)Bθ

f ( η)δ1 < ν/4,

so that (3.9) is satisfied with δ = δ1.

Similarly,

∣∣∣⟨MN(f)⟩τ+t − ⟨MN(f)⟩τ
∣∣∣

=
∣∣∣∣ ∫ τ+t

τ

θ

N

∫
Rd

{
γ(x, ηNs )

∫
Rd
f 2(y)r(y, ηNs )qθ(x, dy) + µθ(x, ηNs )f 2(x)

}
ηNs (dx)ds

∣∣∣∣
=
∣∣∣∣ ∫ τ+t

τ

θ

N

∫
Rd

{
γ(x, ηNs )

(
2f 2(x)r(x, ηNs ) +Bθ

f2(x, ηNs )
)

− f 2(x)F (x, ηNs )
θ

}
ηNs (dx)ds

∣∣∣∣,
and so using the fact that θ/N → α < ∞, an argument entirely analogous to that for

(3.9) yields a δ2 for which (3.10) is satsified. Taking δ = min{δ1, δ2}, the result follows.
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□

We collect the implications of the last two lemmas into a proposition.

Proposition 3.4 (Tightness of (ηN
t )t≥0) The collection of measure-valued processes

{(ηNt )t≥0 : N ≥ 1} is tight in D[0,∞)(MF (Rd)).

Proof Theorem 3.9.1 in [EK86] says that if the collection of E-valued processes satisfies

a compact containment condition (for any ϵ > 0 and T > 0, there is a compact set such

that the processes stay within that set up to time T with probability at least 1 − ϵ), then

the collection is relatively compact (which is equivalent to tightness since we are working

on a Polish space) if and only if {(f(ηNt ))t≥0 : N ≥ 1} is relatively compact for all f in a

dense subset of Cb(E) under the topology of uniform convergence in compact sets.

Since {ν : ⟨1, ν⟩ ≤ K} is compact in MF (Rd), Lemma 3.2 gives compact containment.

Lemma 3.3 shows that the real-valued processes ⟨f, ηNt ⟩ are relatively compact for all

f ∈ C∞
b (Rd). Since by the Stone-Weierstrass theorem, the algebra of finite sums and

products of terms of this form is dense in the space of bounded continuous functions

on MF (Rd), and tightness of ⟨f, ηNt ⟩ extends to sums and products of this form by

Lemma A.7, we have relative compactness in D[0,∞)(MF (Rd)). □

We wish to characterise the limit points of {(ηNt )t>0}N≥1 as solutions to a martingale

problem with generator P∞ which we now identify. Most of the work was done in

Section 2.4. First, we record an equivalent formulation of the martingale problems, which

were essentially laid out in Subsection 2.4.1.

Lemma 3.5 For G ∈ C∞(R) with ∥G′′′∥∞ < ∞, and f ∈ C∞
b (Rd), define the function Gf

by Gf (η) := G(⟨f, η⟩). Let PN be the generator given by

PNGf (η) := θN

〈
γ(x, η)

∫
(G(⟨f, η⟩ + f(z)/N) −G(⟨f, η⟩)) r(z, η)qθ(x, dz)

+ (G(⟨f, η⟩ − f(x)/N) −G(⟨f, η⟩))µθ(x, η), η(dx)
〉
.

(3.11)

The process (ηNt )t≥0 of Definition 2.4 is the unique solution to the (PN , η0)-martingale

problem, i.e., for all such test functions

Mt := Gf (ηNt ) −Gf (ηN0 ) −
∫ t

0
PNGf (ηNs )ds
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is a martingale (with respect to the natural σ-field).

Furthermore, let P∞ be the generator given by

P∞Gf (η) := G′(⟨f, η⟩)
〈
γ(x, η)B (f(·)r(·, η)) (x) + f(x)F (x, η), η(dx)

〉
+ αG′′(⟨f, η⟩)

〈
γ (x, η) r (x, η) f 2(x), η(dx)

〉
.

(3.12)

A process (η∞
t )t≥0 satisfies the martingale characterization of equations (2.11) and (2.12)

if it is a solution to the (P∞, η∞
0 )-martingale problem, i.e., for all such test functions

Mt := Gf (η∞
t ) −Gf (η∞

0 ) −
∫ t

0
P∞Gf (η∞

s )ds

is a martingale (with respect to the natural σ-field).

Lemma 3.6 (Characterisation of limit points) Suppose that (ηN0 )N≥1 converges weakly

to η0 as N → ∞. Then any limit point of {(ηNt )t≥0}N≥1 in D[0,∞)(MF (Rd)) is a solution

to the martingale problem for (P∞, η0).

Proof We use Theorem 4.8.2 in [EK86]. First observe that the set of functions {Gf (η) :=

G(⟨f, η⟩), G ∈ C∞(R), ∥G′′′∥∞ < ∞, f ∈ C∞
b (Rd)} is separating on MF (Rd). Therefore,

it suffices to show that for any t > 0 and τ > 0 that

lim
N→∞

E
[(
Gf (ηNt+τ ) −Gf (ηNt ) −

∫ t+τ

t
P∞Gf (ηNs )ds

) k∏
i=1

hi(ηNti )
]

= 0 (3.13)

for all k ≥ 0, 0 ≤ t1 < t2 < . . . , tk ≤ t < t+τ , and bounded continuous functions h1, . . . , hk

on MF (Rd). Since (ηNt )t≥0 is Markov, the tower property gives that, for each N ,

E
[(
Gf (ηNt+τ ) −Gf (ηNt ) −

∫ t+τ

t
PNGf (ηNs )ds

) k∏
i=1

hi(ηNti )
]

= 0. (3.14)

Therefore, it suffices to show that

lim
N→∞

E
[∫ t+τ

t

∣∣∣PNGf (ηNs ) − P∞Gf (ηNs )
∣∣∣ ds k∏

i=1
hi(ηNti )

]
= 0, (3.15)

and, again using the tower property, since the functions hi are bounded, this will follow if

lim
N→∞

E
[∫ t+τ

t

∣∣∣PNGf (ηNs ) − P∞Gf (ηNs )
∣∣∣ ds∣∣∣∣Ft

]
= 0 (3.16)

(where {Ft}t≥0 is the natural σ-field).
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We rewrite PNGf (ηNs ) using a Taylor series expansion up to third order for G
(
⟨f, η⟩ ±

f(y)/N
)

around G(⟨f, η⟩). As in Section 2.4 (except that now we are more explicit

about the error term), we find

PNGf (η) :=G′(⟨f, η⟩)
∫
Rd
θ
〈
γ(x, η)

∫
Rd
f(y)r(y, η)qθ(x, dy) − f(x)µθ(x, η), η(dx)

〉
+ 1

2
θ

N
G′′(⟨f, η⟩)

∫
Rd

〈
γ(x, η)

∫
Rd
f 2(y)r(y, η)qθ(x, dy) + f 2(x)µθ(x, η), η(dx)

〉
+ 1

6
θ

N2

〈
G′′′(w)γ(x, η)

∫
Rd
f 3(y)r(y, η)qθ(x, dy) −G′′′(v)f 3(x)µθ(x, η), η(dx)

〉
(3.17)

for some w, v ∈ [⟨f, η⟩ − ∥f∥∞/N, ⟨f, η⟩ + ∥f∥∞/N ].

Combining with equation (2.37), and the fact that µθ(x, η) → r(x, η)γ(x, η) as θ →

∞, we have pointwise convergence:

lim
N→∞

|PNG(⟨f, η⟩) − P∞G(⟨f, η⟩)| = 0. (3.18)

To conclude convergence of the expectation, we would like to apply the Dominated

Convergence Theorem in (3.15). Recall that f andG and their derivatives are bounded, and

γ(x, η) is bounded independent of θ. Since θ/N2 → 0, rearranging as in (2.35) and using

the convergence of (2.36), we deduce that we can dominate
∣∣∣PNGf (ηNs ) − P∞Gf (ηNs )

∣∣∣ by

a constant multiple of ⟨1 + |F (x)|, ηs(dx)⟩. Since F is bounded above, there is a constant

K such that |F | ≤ K − F so that, exactly as in equation (3.8), we can check that

E
[ ∫ t+τ

t

〈
|F (x, ηNs )|, ηNs (dx)

〉
ds
∣∣∣∣Ft

]
< ∞,

which concludes our proof. □

The last step in the proof of Theorem 2.10 is to check that any limit point (ηt)t≥0

of {(ηNt )t≥0}N≥1 actually takes its values in MF (Rd), that is, “no mass has escaped to infin-

ity”.

Lemma 3.7 Under the assumptions of Theorem 2.10, let (ηt)t≥0 be a limit point of

{(ηNt )t≥0}N≥1. For any δ > 0, and any T > 0,

P
[

sup
t∈[0,T ]

ηt
(
{∥x∥ > R}

)
> δ

]
→ 0 as R → ∞.
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Proof [Sketch] Take f0(x) as in the statement of Theorem 2.10, i.e., f0 is nonnegative,

grows to infinity as x → ∞, has uniformly bounded first and second derivatives, and has

⟨f0, η
N
0 ⟩ uniformly bounded in N . We take a sequence of test functions fn that increase to

the function f0 and having uniformly bounded first and second derivatives, so that there is

a (single) C from Condition 6 of Assumptions 2.8 such that γ(x, η)Bθ
fn

(x, η) ≤ C(1+fn(x))

for all x, η, and fn. Then, just as we arrived at equation (3.5),

E[⟨fn(x), ηNt (dx)⟩] ≤ E[⟨fn(x), ηN0 (dx)⟩] + C
∫ t

0
E
[〈
fn(x), ηNs (dx)

〉]
ds,

with the same constant for all n and all N . Gronwall’s inequality then implies that

E[⟨fn, ηNt ⟩] ≤ C ′ for some C ′ independent of n, N , and t ∈ [0, T ]. By first taking N → ∞

and then n → ∞, we find that E[⟨f0, ηt(dx)⟩] ≤ C ′ for t ∈ [0, T ], and since f0 → ∞ as

|x| → ∞, an application of Markov’s inequality tells us that for any δ > 0,

P
{
ηt({x : ∥x∥ > R}) > δ

}
≤ E[⟨f0, ηt⟩]

inf{x:∥x∥≥R} f0(x) → 0 as R → ∞.

We have now established control for arbitary fixed time t > 0. To control the

whole process, we must show that E[supt≤T ⟨fn, ηNt ⟩] < K ′ for some K ′ independent of

n,N . To do so, we adopt the same BDG-inequality techniques used to prove Lemma

3.2, but applied to MN∗
t (fn), to give

E
[

sup
0≤s≤T

⟨fn, ηNs ⟩
]

≤ C ′′′
(
1 + E[⟨fn, ηN0 ⟩]

)
e2TC .

for constant C,C ′′′ independent of n,N . Since E[⟨fn, ηN0 ⟩] also has a uniform bound over

n, we have established the uniform control required for this proof.

□

3.3 Convergence of some nonlocal equations to clas-
sical PDEs

It is natural to conjecture that when the limit of the rescaled population process that we

obtained in the previous section solves a nonlocal PDE, if we further scale the kernels ρr, ργ ,

and ρF by setting ρϵ(·) = ρ(·/ϵ)/ϵd, as ϵ → 0, the corresponding solutions should converge

to a limiting population density that solves the corresponding “classical” PDE. We verify

57



this in two examples; in the first the nonlocal equation is a reaction-diffusion equation

with the “nonlocality” only appearing in the reaction term; in the second the nonlocal

PDE is a special case of a nonlinear porous medium equation. These, in particular,

capture the examples that we explored in Section 2.3.2.

3.3.1 Reaction–diffusion equation limits

In this subsection we prove Proposition 2.15. The conditions of the proposition are

in force throughout this subsection. In particular, B∗ is assumed to be a Markovian

generator. The proof rests on a Feynman-Kac representation. We write (Zt)t≥0 for

a diffusion with generator B∗ and denote its transition density by ft(x, y). The first

step is a regularity result for this density.

Lemma 3.8 Fix T > 0. There exists a constant K = K(T ) > 0 such that, for any

x, y ∈ Rd and t ∈ [0, T ], ∫
|ft(x, z) − ft(y, z)|dz ≤ ∥x− y∥√

t
K. (3.19)

Proof We first use the Intermediate Value Theorem to obtain the bound∫
|ft(x, z) − ft(y, z)|dz ≤

∫
∥x− y∥∥∇ft(w, z)∥dz

where ∇ acts on the first coordinate only and w is in the line segment [x, y] joining

x to y. Under our assumptions on b and C, equation (1.3) of [She91], gives existence

of constants λ = λ(T ) > 0 and K such that,

∥∇ft(w, z)∥ ≤ K√
t
pλt(w, z),

where ps(x, y) is the Brownian transition density. Hence,∫
|ft(x, z) − ft(y, z)|dz ≤ K

∥x− y∥√
t

∫
pλt(w, z)dz = K

∥x− y∥√
t

.

□

Lemma 3.9 Fix T > 0. Let x, y ∈ Rd, t ∈ [0, T ], and denote by (Zy
t )t≥0 and (Zx

t )t≥0

independent copies of the diffusion (Zt)t≥0 starting from y and x respectively. There exists

a constant K = K(T ) > 0 such that,

E[∥Zy
t − Zx

t ∥] ≤ K(
√
t+ ∥y − x∥).
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Proof First we write,

E[∥Zy
t − Zx

t ∥] =
∫ ∫

∥u− v∥ft(y, u)ft(x, v)dudv.

Under our regularity assumptions on C, b, using equation (1.2) of [She91], there exist

constants K, λ = λ(T ) > 0 for which,

ft(y, u) ≤ Kpλt(y, u).

It then follows that,

E[∥Zy
t − Zx

t ∥] ≤
∫ ∫

∥u− v∥K2pλt(y, u)pλt(x, v)dvdu = K2E[∥By
λt −Bx

λt∥], (3.20)

where (By
t )t≥0 and (Bx

t )t≥0 are independent Brownian motions starting at y and x

respectively. Using the triangle inequality, and writing (B0
t )t≥0 for a Brownian motion

started from the origin,

E[∥By
λt −Bx

λt∥] ≤ ∥y − x∥ + E[∥B0
2λt∥] ≤ ∥y − x∥ + C

√
t. (3.21)

Substituting (3.21) in (3.20) gives the result. □

We use the representations of the solutions to equations (2.16) and (2.15) respectively:

φt(x) = Ex
[
φ0(Zt) +

∫ t

0
φs(Zs)F (φs(Zs))ds

]
, (3.22)

φϵt(x) = Ex
[
φ0(Zt) +

∫ t

0
φϵs(Zs)F (ρϵF ∗ φϵs(Zs))ds

]
, (3.23)

from which

φt(x) − φϵt(x) = Ex
[∫ t

0

(
φs(Zs)F

(
φs(Zs)

)
− φϵs(Zs)F

(
ρϵ ∗ φϵs(Zs)

))
ds
]
, (3.24)

where Ex denotes expectation for Z with Z0 = x. The key to our proof of Proposition 2.15

will be to replace F (φs(Zs)) by F (ρϵF ∗ φs(Zs)) in this expression. We achieve this

through three lemmas.

First we need a uniform bound on φ and φϵ.

Lemma 3.10 For any T > 0 there exists M = M(T, ∥φ0∥) > 0 such that, for all

0 ≤ t ≤ T :

max{∥φt(·)∥∞, ∥φϵt(·)∥∞} < M.
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Proof Using that φ0 and F are bounded above, from the representation (3.22), we have

φt(x) ≤ ∥φ0∥∞ +KE
[ ∫ t

0
φs(Zs)ds

]
.

Taking supremum norm on both sides, and applying Gronwall’s inequality,

∥φt(·)∥∞ ≤ ∥φ0∥∞ exp (KT ) .

Similarly, ∥φϵt(·)∥∞ ≤ ∥φ0∥∞ exp (KT ). □

We also need a continuity estimate for φ.

Lemma 3.11 Let T > 0. There exists a constant K = K(T, ∥φ0∥∞) > 0 and δ0 =

δ0(T, ∥φ0∥∞) > 0 such that for all 0 < δ < δ0 and 0 ≤ t ≤ T ,

∥x− y∥ < δ3 ⇒ |φt(x) − φt(y)| < Kδ.

Proof First we need some notation. Fix T > 0 and write M for the corresponding

constant from Lemma 3.10. Let ∥F∥M = supm∈[0,M ] |F (m)|. We reserve K̂ for the constant

on the right hand side of equation (3.19) and K̃ for the constant in Lemma 3.9, and

write Kφ0 for the Lipschitz constant of φ0. Set

δ0 = min
( 1

∥F∥2
M

,
1

Me
(
2∥F∥M + K̂

) , 1
K̃Kφ0 + 2∥F∥MM

, 1
)
.

In what follows we take 0 < δ < δ0.

We first prove that the result holds if t < δ2. As before let Zx
t and Zy

t be independent

copies of the diffusion Zt starting at x and y respectively. From our representation

(3.22) and Lemma 3.10, we can write:

|φt(x) − φt(y)| ≤
∣∣∣Ex[φ0(Zt)] − Ey[φ0(Zt)]

∣∣∣+ 2∥F∥MMt

≤ E[|φ0(Zx
t ) − φ0(Zy

t )|] + 2∥F∥MMt

≤ Kφ0E[∥Zx
t − Zy

t ∥] + 2∥F∥MMt

≤ K̃Kφ0(
√
t+ ∥y − x∥) + 2∥F∥MMt

≤ K̃Kφ0(δ + δ3) + 2∥F∥MMδ2 ≤ (K̃Kφ0 + 1)δ,
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where we have used Lemma 3.9 in the fourth inequality and the definition of δ0 in the last in-

equality.

Suppose now that δ2 < t. We will follow the pattern in Lemma 2.2 of [Pen17].

First, note that by the Feynman-Kac formula we have an alternative representation

for φt(x): for any t′ < t,

φt(x) = Ex
[
φt−t′(Zt′) exp

( ∫ t′

0
F (φt−s(Zs))ds

)]
.

Therefore, setting t′ = δ2 and using Lemma 3.10, for all z,

e−δ2∥F∥MEz
[
φt−δ2(Zδ2)

]
≤ φt(z) ≤ eδ

2∥F∥MEz
[
φt−δ2(Zδ2)

]
.

We can then deduce that

φt(x) − φt(y) ≤ eδ
2∥F∥MEx

[
φt−δ2(Zδ2)

]
− e−δ2∥F∥MEy

[
φt−δ2(Zδ2)

]
= eδ

2∥F∥M

(
Ex
[
φt−δ2(Zδ2)

]
− Ey

[
φt−δ2(Zδ2)

])
+
(
eδ

2∥F∥M − e−δ2∥F∥M

)
Ey
[
φt−δ2(Zδ2)

]
≤ eδ

2∥F∥M

(
Ex
[
φt−δ2(Zδ2)

]
− Ey

[
φt−δ2(Zδ2)

]
) +M

(
eδ

2∥F∥M − e−δ2∥F∥M

)
.

(3.25)

To bound the differences of the expected values in the last equation note that, by

using again Lemma 3.10,

Ex
[
φt−δ2(Zδ2)

]
− Ey[φt−δ2(Zδ2)

]
=
∫
φt−δ2(z)(fδ2(x, z) − fδ2(y, z))dz

≤ M
∫ ∣∣∣fδ2(x, z) − fδ2(y, z)

∣∣∣dz
≤ MK̂

∥x− y∥
δ

≤ MK̂δ2,

where we have used Lemma 3.8 and that ∥x − y∥ < δ3. Substituting in (3.25),

φt(x) − φt(y) ≤ eδ
2∥F∥M

(
MK̂δ2 +M −Me−2δ2∥F∥M

)
≤ eδ

2∥F∥M

(
MK̂δ2 + 2Mδ2∥F∥M

)
≤ e

(
MK̂ + 2M∥F∥M

)
δ2 ≤ δ,
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where the last two inequalities follow from the definition of δ. Interchanging x and y

yields the same bound for φt(y) − φt(x), and the result follows. □

We proceed to control the difference between F (φ) and F (ρϵF ∗ φ). Note first

that since ρF ∈ L1,

I(ϵ) :=
∫

{∥y∥>ϵ3/4}
ρϵF (y)dy =

∫
{∥y∥>ϵ−1/4}

ρF (y)dy → 0 as ϵ → 0.

Lemma 3.12 Let T > 0. There exists a constant C = C(T, ∥φ0∥∞) > 0 such that, for

all 0 ≤ t ≤ T , for all ϵ small enough,

∥φt(·) − ρϵF ∗ φt(·)∥∞ ≤ C(I(ϵ) + ϵ1/4). (3.26)

Furthermore, there is a constant C̃(T, ∥φ0∥∞) = C̃ such that, for all 0 ≤ t ≤ T ,

∥F (φt(·)) − F (ρϵF ∗ φt(·))∥∞ ≤ C̃
(
I(ϵ) + ϵ1/4

)
. (3.27)

Proof Let ϵ < δ4
0, with δ0 from Lemma 3.11. Then,

|φt(x) − ρϵF ∗ φt(x)| ≤
∫

∥x−y∥>ϵ3/4
ρϵF (x− y)|φt(y) − φt(x)|dy

+
∫

∥x−y∥≤ϵ3/4
ρϵF (x− y)|φt(y) − φt(x)|dy

≤ 2M
∫

∥x−y∥>ϵ3/4
ρϵF (x− y)dy +

∫
∥x−y∥≤ϵ3/4

ρϵF (x− y)Kϵ1/4dy

≤ 2MI(ϵ) +Kϵ1/4,

where we used the estimates of Lemma 3.10 and Lemma 3.11. This proves (3.26).

For (3.27), let LM be the (uniform) Lipschitz constant of F on [0,M ], with M still

taken from Lemma 3.10. Then,

∥F (φt(·)) − F (ρϵF ∗ φt(·))∥∞ ≤ LM∥φt(·)) − (ρϵF ∗ φt(·))∥∞

≤ LM(2MI(ϵ) +Kϵ1/4),

which proves (3.27). □

Proof [of Proposition 2.15] Let ϵ be small enough that Lemma 3.12 holds. We use

the notation δ̂(ϵ) for the quantity on the right hand side of (3.27). Then from the
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representation (3.24) and Lemma 3.12 we can write,

|φt(x) − φϵt(x)|

≤ Ex
[∫ t

0

∣∣∣∣φs(Zs)F (ρϵF ∗ φs(Zs)) − φϵs(Zs)F
(
ρϵF ∗ φϵs(Zs)

)∣∣∣∣ds]+Mtδ̂(ϵ)

≤ Ex
[∫ t

0

∣∣∣F (ρϵF ∗ φϵs(Zs))
∣∣∣ · ∣∣∣φϵs(Zs) − φs(Zs)

∣∣∣ds]
+ Ex

[∫ t

0
|φs(Zs)|

∣∣∣F (ρϵF ∗ φϵs(Zs)) − F (ρϵF ∗ φs(Zs))
∣∣∣ds]+Mtδ̂(ϵ)

≤ ∥F∥M
∫ t

0
∥φϵs(·) − φs(·)∥∞ds+MLM

∫ t

0
∥ρϵF ∗ φϵs(·) − ρϵF ∗ φs(·)∥∞ds+Mtδ̂(ϵ)

≤ (∥F∥M +MLM)
∫ t

0
∥φϵs(·) − φs(·)∥∞ds+Mtδ̂(ϵ),

where the second inequality is the triangle inequality, and the third is Lemma 3.10. An

application of Gronwall’s inequality then yields,

∥φϵt(·) − φt(·)∥∞ ≤ Mtδ̂(ϵ) exp(t(∥F∥M +MLM))

≤ MTδ̂(ϵ) exp(T (∥F∥M +MLM)),

giving the result, since δ̂ → 0 as ϵ → 0. □

3.3.2 Porous Medium Equation

In this subsection we prove Proposition 2.19. To ease notation, we present the proof in

d = 1 (although we retain the notation ∇). However, to recall the dependence on ϵ we write

ρϵ for ργ. It should be clear that it extends almost without change to higher dimensions.

Recall that we are concerned with non-negative solutions to the equation (2.18):

∂tψ
ϵ
t(x) = ∆ (ψϵt ρϵ ∗ ψϵt) (x) + ψϵt(x) (1 − ρϵ ∗ ψϵt(x)) ,

and we assume that ρ = ζ ∗ ζ̌ with ζ a rapidly decreasing function and ζ̌(x) = ζ(−x).

The example we have in mind is ζ (and therefore ρ) being the density of a mean zero

Gaussian random variable. We shall prove that under the assumptions of Proposition 2.19,

as ϵ → 0, we have convergence to the solution to the porous medium equation with

logistic growth, equation (2.2):

∂tψt(x) = ∆
(
ψ2
t

)
(x) + ψt(x) (1 − ψt(x)) .
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We work on the time interval [0, T ]. We will require a lower bound on
∫
ψϵt(x) logψϵt(x)dx

which we record as a lemma.

Lemma 3.13 Suppose that there exists λ ∈ (0, 1) and C < ∞, both independent of ϵ,

such that
∫

exp(λ|x|)ψϵ0(x)dx < C. Then there exists a constant K < ∞, independent of

ϵ, such that
∫
ψϵt(x) logψϵt(x)dx > −K for all t ∈ [0, T ].

Proof First observe that, since x log x is bounded below,
∫ 1

−1 ψ
ϵ
t(x) logψϵt(x)dx is bounded

below, and recall that ψϵt(x) ≥ 0.

Now consider

d

dt

∫
exp(λx)ψϵt(x)dx =

∫
exp(λx)∆

(
ψϵt ρ

ϵ∗ψϵt
)
(x)dx+

∫
exp(λx)ψϵt(x)

(
1−ρϵ∗ψϵt(x)

)
dx

=
∫

(λ2 − 1) exp(λx)ψϵt(x)ρϵ∗ψϵt(x)dx+
∫

exp(λx)ψϵt(x)dx ≤
∫

exp(λx)ψϵt(x)dx, (3.28)

and so, by Gronwall’s inequality,
∫

exp(λx)ψϵt(x)dx is uniformly bounded on [0, T ]. In

particular, combining with the Mean Value Theorem, we find
∫ x+1

x
ψϵt(y)dy ≤ C exp(−λx),

where the constant C is independent of x ≥ 1. A fortiori,
∫ x+1

x
ψϵt(y)1ψϵ

t (y)≤1dy ≤ C exp(−λx). (3.29)

Now the function ψ 7→ 10≤ψ≤1ψ| logψ| is concave, and so using Jensen’s inequality

and (3.29),
∫ x+1

x
ψϵt(y)| logψϵt(y)|1ψϵ

t (y)≤1dy ≤ C ′x exp(−λx).

Evidently a symmetric argument applies for x ≤ −1. Summing over x, and using that

ψ logψ ≥ −ψ| logψ|1ψ≤1, we find
∫
ψϵt(x) logψϵt(x)dx ≥ −C ′′

∞∑
x=1

x exp(−λx) > −K > −∞,

as required. □
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Proof [Proof of Proposition 2.19] Note that

∫
ψϵt(x) ρϵ ∗ ψϵt(x)dx =

∫ ∫ ∫
ψϵt(x)ψϵt(x− y)ζϵ(y − z)ζ̌ϵ(z)dzdydx

=
∫ ∫ ∫

ψϵt(x̃− z̃)ψϵt(x̃− ỹ)ζϵ(ỹ)ζϵ(z̃)dz̃dỹdx̃ =
∫

(ζϵ ∗ ψϵt(x))2 dx,

where we have set x̃ = x − z, ỹ = y − z, z̃ = −z. Now note that

d

dt

∫
ψϵt(x)dx =

∫
∆
(
ψϵt ρ

ϵ ∗ ψϵt
)
(x)dx+

∫
ψϵt(x)

(
1 − ρϵ ∗ ψϵt(x)

)
dx

=
∫
ψϵt(x)dx−

∫ (
ζϵ ∗ ψϵt(x)

)2
dx.

Thus, Gronwall’s inequality implies that
∫
ψϵt(x)dx is uniformly bounded above in ϵ and

t ∈ [0, T ]. Note that this also then gives a uniform bound on the rate of change of∫
ψϵt(x)dx, and since we are working on [0, T ] this will be enough to give continuity in

time of the L1 norm of the limit when we pass to a convergent subsequence. Now consider

d

dt

∫
ψϵt logψϵtdx =

∫
(1 + logψϵt)

[
∆
(
ψϵt ρ

ϵ ∗ ψϵt
)

+ ψϵt
(
1 − ρϵ ∗ ψϵt

)]
dx

=
∫

(1 + logψϵt) × (3.30)[
∇
(
ψϵt ∇(ρϵ ∗ ψϵt) + ∇ψϵt ρϵ ∗ ψϵt

)
+ ψϵt

(
1 − ρϵ ∗ ψϵt

)]
dx

=
∫ − ∇ψϵt

ψϵt

(
ψϵt ∇(ρϵ ∗ ψϵt) + ∇ψϵt ρϵ ∗ ψϵt

)
(3.31)

+(1 + logψϵt)ψϵt(1 − ρϵ ∗ ψϵt)
dx

= −
∫

(∇(ζϵ ∗ ψϵt))
2 dx−

∫
(∇ψϵt)2ρ

ϵ ∗ ψϵt
ψϵt

dx

+
∫ [

ψϵt + ψϵt logψϵt
(
1 − ρϵ ∗ ψϵt

)
− ψϵt ρ

ϵ ∗ ψϵt
]
dx

= −
∫

(∇(ζϵ ∗ ψϵt))
2 dx−

∫
(∇ψϵt)2ρ

ϵ ∗ ψϵt
ψϵt

dx−
∫

(ζϵ ∗ ψϵt)2dx

+
∫ [

ψϵt + ψϵt logψϵt
(
1 − ρϵ ∗ ψϵt

)]
dx. (3.32)

The first three terms are negative; and we already saw that the L1 norm of ψϵt is uniformly

bounded. Moreover, since ψϵt logψϵt is uniformly bounded below and
∫
ρϵ(x)dx = 1,

−
∫
ψϵt logψϵt ρϵ ∗ ψϵtdx ≤ C

∫
ρϵ ∗ ψϵtdx = C

∫
ψϵtdx.
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From this and (3.32), we see immediately that
∫
ψϵt logψϵtdx is uniformly bounded above

in ϵ and t ∈ [0, T ]. Combining with Lemma 3.13, we deduce that we have a uniform bound

on
∫
ψϵs(x)| logψϵs(x)|dx. From (3.32), this in turn means that both

∫ t
0
∫
(ζϵ ∗ ψϵs(x))2dxds

and
∫ t

0
∫ (

∇(ζϵ ∗ ψϵs(x))
)2
dxds are uniformly bounded in ϵ and t ∈ [0, T ].

We shall next show that ζϵ ∗ ψϵt solves (2.2) up to a remainder of order ϵ. To

simplify derivations, we now subsume the integral over time, and control our integrals

over space as if we have point-wise estimates. In reality, readers should understand the

following inequalities as bounds on the functions integrated over time. See Remark

3.14 for further discussions.

Note that
∫

∆ ((ρϵ ∗ ψϵt)ψϵt)ϕdx = −
∫

∇(ρϵ ∗ ψϵt)ψϵt ∇ϕdx−
∫
ρϵ ∗ ψϵt ∇ψϵt ∇ϕdx. (3.33)

We would like to show that this is close to
∫
(ζϵ ∗ ψϵt)2∆ϕdx. For the first term

∫
∇(ρϵ ∗ ψϵt)ψϵt ∇ϕdx =

∫ ∫ ∫
∇ψϵt(x− y)ζϵ(y − z)ζ̌ϵ(z)ψϵt(x)∇ϕ(x)dzdydx

=
∫ ∫ ∫

∇ψϵt(x̃− ỹ)ζϵ(ỹ)ζϵ(z̃)ψϵt(x̃− z̃)∇ϕ(x̃− z̃)dz̃dỹdx̃

=
∫

(∇ζϵ ∗ ψϵt) (ζϵ ∗ (ψϵt∇ϕ)) dx

= 1
2

∫
∇((ζϵ ∗ ψϵt)2) ∇ϕdx

+
∫

∇(ζϵ ∗ ψϵt) [ζϵ ∗ (ψϵt ∇ϕ) − ∇ϕ (ζϵ ∗ ψϵt)] dx. (3.34)

Here we applied the same substitution for x̃, ỹ and z̃. By the Intermediate Value Theorem,

∣∣∣∣∫ [ψϵt(x− y)∇ϕ(x− y)ζϵ(y) − ∇ϕ(x)ψϵt(x− y)ζϵ(y)] dy
∣∣∣∣ ≤ C∥∆ϕ∥∞

∫
ψϵt(x−y)|y|ζϵ(y)dy.

Since ζ ∈ S(R), the integral in (3.34) is O(ϵ) independent of x.

Similarly, the integral
∫

|ζϵ ∗ (ψϵt ∇ϕ)(x) − ∇ϕ (ζϵ ∗ ψϵt)(x)| dx is bounded above by

∣∣∣∣∫ ∫
[ψϵt(x− y)∇ϕ(x− y)ζϵ(y) − ∇ϕ(x)ψϵt(x− y)ζϵ(y)] dydx

∣∣∣∣
≤ C∥∆ϕ∥∞

∫ [∫
ψϵt(x− y)dx

]
|y|ζϵ(y)dy,

which is again O(ϵ). In other words, the function ||ζϵ ∗ (ψϵt ∇ϕ) − ∇ϕ (ζϵ ∗ ψϵt)||L2 = O(ϵ).

66



To bound the last term in Equation (3.34), we apply the Cauchy-Schwarz inequality:
∫

|∇(ζϵ ∗ ψϵt) [ζϵ ∗ (ψϵt ∇ϕ) − ∇ϕ (ζϵ ∗ ψϵt)]| dx

≤ ||∇(ζϵ ∗ ψϵt(x))||L2||ζϵ ∗ (ψϵt ∇ϕ) − ∇ϕ (ζϵ ∗ ψϵt)||L2 = O(ϵ). (3.35)

Similarly, for the second term in (3.33),∫
(ρϵ ∗ ψϵt) ∇ψϵt ∇ϕdx =

∫ ∫ ∫
ψϵt(x− y)ζϵ(y − z)ζ̌ϵ(z)∇ψϵt(x)∇ϕ(x)dzdydx

=
∫ ∫ ∫

ψϵt(x̃− ỹ)ζϵ(ỹ)ζϵ(z̃)∇ψϵt(x̃− z̃)∇ϕ(x̃− z̃)dz̃dỹdx̃

=
∫

(ζϵ ∗ ψϵt) (ζϵ ∗ (∇ψϵt ∇ϕ)) dx

= 1
2

∫
∇((ζϵ ∗ ψϵt)2) ∇ϕdx

+
∫

(ζϵ ∗ ψϵt) [ζϵ ∗ (∇ψϵt ∇ϕ) − ∇ϕ (∇ζϵ ∗ ψϵt)] dx, (3.36)

which is controlled in the same way as (3.34): using the Intermediate Value Theorem,
∣∣∣∣∫ [∇ψϵt(x− y)∇ϕ(x− y)ζϵ(y) − ∇ϕ(x)∇ψϵt(x− y)ζϵ(y)] dy

∣∣∣∣
≤ C∥∆ϕ∥∞

∣∣∣∣∫ ∇ψϵt(x− y)yζϵ(y)dy
∣∣∣∣ , (3.37)

which again is O(ϵ). With the same Cauchy-Schwarz argument, we can give a bound

on the last term of Equation (3.36). To conclude, the calculations above yield both a

uniform (in ϵ) bound on ζϵ ∗ ψϵt in L1 ∩ L2
(
[0, T ] × R

)
, and that

∫
ψϵt(x)ϕ(x)dx−

∫
ψϵ0(x)ϕ(x)dx =

∫ t

0

∫
(ζϵ ∗ ψϵs(x))2∆ϕ(x)dxds

+
∫ t

0

∫
ζϵ ∗ ψϵs(x) (1 − ζϵ ∗ ψϵs(x))ϕ(x)dxds+ O(ϵ) (3.38)

(for sufficiently regular ϕ). Since
∫
ψϵt(x)ϕ(x)dx −

∫
ζϵ ∗ ψϵt(x)ϕ(x)dx is order ϵ, if we

replace ψϵ by ζϵ ∗ψϵ on the left hand side, then (3.38) says that ζϵ ∗ψϵ solves (2.19) weakly

up to order ϵ. Therefore, ζϵ ∗ ψϵ converges weakly to ψ in L1, where ψ is the (unique)

solution to equation (2.19) and, so, therefore, does ψϵ. □

Remark 3.14 We have only shown bounds and controls of our functions over integrals

over time, not pointwise at every time spot. Therefore, we have really shown convergence

among PDE solutions that are weak in both time and space.
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4
Branching Particle Systems with Local

Regulation: Simultaneous Convergence Proof

4.1 Overview

In this chapter we prove Theorem 2.21, which proves convergence in the case that the

width of the interaction kernel ρF simultaneously scales along with the parameters θ and

N , in the special case in which r ≡ 1 ≡ γ, qθ(x, dy) is isotropic with zero mean, the kernel

ρF is Gaussian, and the scaling limit is a reaction-diffusion equation.

To simplify notation, in this section we shall write

ρϵ ∗ η(x) = ρϵF ∗ η(x) = ⟨pϵ2(x, y), η(dy)⟩,

where pt(x, y) denotes the heat semigroup. The assumptions of Theorem 2.21 will be

in force throughout, in particular,

ϵ2θ → ∞, and θ

Nϵd
→ 0. (4.1)

That N, θ → ∞ and ϵ → 0 simultaneously will be implicit, so for example if we write

limϵ→0, it should be understood that θ,N → ∞ in such a way that (4.1) is satisfied.

Moreover, where there is no risk of confusion, except where it is helpful for emphasis,

we suppress dependence of η on N .
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The first part of the proof mirrors that of Theorem 2.10: in Subsection 4.2 we establish

bounds on the moments of ρϵ ∗ ηt(x) that are sufficient to imply tightness and then apply

standard results on convergence of Markov processes from [EK86]. The challenge comes in

identifying the limit points. This is much more intricate than the case in which we do not

scale the interaction kernel, as weak convergence will no longer be sufficient to guarantee

the form of the nonlinear terms in the limiting equation. Identification of the limit will rest

on regularity inherited from continuity estimates for a random walk with Gaussian jumps

which we prove in Subsection 4.3, before identifying the limit points in Subsection 4.4.

4.2 Moment bounds for ρϵ ∗ η

Let us write Lθf(x) := θ
∫
(f(y) − f(x))qθ(x, y)dy where qθ is a Gaussian kernel of mean

0 and variance 1/θ. We note that Lθ is the generator of a continuous (time and space)

random walk, which makes jumps of mean 0 and variance 1/θ at rate θ. In what follows

we write ψϵ,xt (y) for the solution of

∂tψ
ϵ,x
t = Lθψϵ,xt , (4.2)

with initial condition ψϵ,x0 (y) = ρϵ(y − x) = pϵ2(x, y).

To see why ψϵ,xt is useful, first note that for any time-dependent function ϕt(x)

with time derivative ϕ̇t(x) = ∂tϕt(x),

⟨ϕt(x), ηt(dx)⟩ = ⟨ϕ0(x), η0(dx)⟩ +Mt(ϕ) +
∫ t

0

〈
Lθϕs(x) + ϕ̇s(x), ηs(dx)

〉
ds

+
∫ t

0

〈
ϕs(x)F (x, ηs), ηs(dx)

〉
ds, (4.3)

where Mt(ϕ) is a martingale (with respect to the natural filtration) with angle bracket

process given by (2.8) with f replaced by ϕs(·). So, taking ϕs(·) = ψϵ,xt−s(·) for 0 ≤ s ≤ t,

ρϵ ∗ ηt(x) = ⟨ψϵ,x0 (y), ηt(dy)⟩

= ⟨ψϵ,xt (y), η0(dy)⟩ +
∫ t

0

〈
ψϵ,xt−s(y)F

(
ρϵ ∗ ηs(y)

)
, ηs(dy)

〉
ds+Mt(x), (4.4)

where Mt(x) has mean zero and a second moment we can easily write down.
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Lemma 4.1 Fix t > 0, let (Π(s))s≥0 be a rate one Poisson process, and let T (t) = Π(θt)/θ.

Then

ψϵ,xt (y) = E
[
pϵ2+T (t)(x, y)

]
,

and, moreover, since under our assumptions θϵ2 is bounded below, there is a C independent

of ϵ or t such that

∥ψϵ,xt ∥∞ ≤ C

(ϵ2 + t)d/2 .

Proof The first claim is immediate from the definition of the random walk with generator

Lθ.

For the second claim, first define τ(t) = T (t) − t. Since if τ(t) ≥ −(ϵ2 + t)/2,

then 1/(ϵ2 + T (t)) ≤ 2/(ϵ2 + t), while ϵ2 + T (t) ≥ ϵ2 always, partitioning over {τ(t) ≥

−(ϵ2 + t)/2} and its complement,

∥ψϵ,x∥∞ = E

 1(
2π(ϵ2 + T (t))

)d/2


≤ C

(ϵ2 + t)d/2 + C

ϵd
P
{
τ(t) < −(ϵ2 + t)/2

}
. (4.5)

Now, observe that since E[e−Π(θt)] = exp(−θt(1 − e−1)), by Markov’s inequality,

P
{
τ(t) < −ϵ2 + t

2

}
= P

{
e−Π(θt) > e−θ(t−ϵ2)/2

}

≤
E[exp

(
− Π(θt)

)
]

exp
(

− θ(t− ϵ2)/2
)

= exp(−θt(1 − e−1))
exp(−θ(t− ϵ2)/2)

= exp
{

−χθt− θϵ2

2

}
, (4.6)

where χ = 1/2 − e−1 > 0. The second term in (4.5) is therefore bounded by

C
(

1 + t

ϵ2

)d/2
e−χθt 1

(ϵ2 + t)d/2 e
−ϵ2θ/2.

Now observe that the derivative (with respect to t) of e−χθt(1 + t/ϵ2)d/2 is(
d

2ϵ2 −
(

1 + t

ϵ2

)
χθ

)(
1 + t

ϵ2

)d/2−1
e−χθt,
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which is negative if θ(ϵ2 + t) > d/2χ. At the maximum, (1 + t/ϵ2) = d/(2χθϵ2), and

so this quantity is bounded uniformly over not only t but also ϵ (since we’ve assumed

that θϵ2 is bounded below). Therefore, we have the bound

1
ϵd
P
{
τ(t) < −(ϵ2 + t)/2

}
≤ C

(ϵ2 + t)d/2 e
−ϵ2θ/2. (4.7)

Substituting this into (4.5) yields the result. □

Lemma 4.2 Let {Ft}t≥0 denote the natural filtration. Under the assumptions of The-

orem 2.21, for each T ∈ [0,∞), and k ∈ N, there exist constants C = C(k, T ) and

C̃ = C̃(k, T ), independent of ϵ, such that for all x ∈ Rd and all u, t ∈ [0, T ] with u < t,

E
[ (
ρϵ ∗ ηt(x)

)k∣∣∣∣Fu

]
≤ C⟨ψϵ,xt−u(z), ηu(dz)⟩k + C

θ

Nϵd
⟨ψϵ,xt−u(z), ηu(dz)⟩; (4.8)

and

E
[ ∫ t

u
⟨ψϵ,xt−s(z), ηs(dz)⟩k−1

〈
ψϵ,xt−s(z)|F (ρϵ ∗ ηs(z))|, ηs(dz)

〉
ds
∣∣∣∣Fu

]
≤ C̃⟨ψϵ,xt−u(z), ηu(dz)⟩k + C̃

θ

Nϵd
⟨ψϵ,xt−u(z), ηu(dz)⟩; (4.9)

where the function ψϵ,xt (·) was defined in (4.2). In particular, under the assumptions of

Theorem 2.21, the expected values of the quantities on the right hand side of (4.8) and (4.9)

are both integrable with respect to Lebesgue measure.

Proof To simplify our expressions, we shall consider the case u = 0, but the proof

goes through unchanged for other values of u.

We proceed by induction. Taking expectations in (4.4), using that F is bounded above,

and applying Gronwall’s inequality to ⟨ψϵ,xt−s, ηs⟩ we obtain E[⟨ψϵ,x0 , ηt⟩] ≤ CE[⟨ψϵ,xt , η0⟩],

which implies (4.8) in the case k = 1. Moreover, rearranging (4.4) we find

−
∫ t

0

〈
ψϵ,xt−s(y)F (ρϵ∗ηs(y), ηs(dy)

〉
ds = ⟨ψϵ,xt (y), η0(dy)⟩−⟨ψϵ,x0 (y), ηt(dy)⟩+Mt(x), (4.10)

and taking expectations again, since ⟨ψϵ,x0 , ηt⟩ > 0, and M0(x) = 0, this yields

E
[

−
∫ t

0
⟨ψϵ,xt−s(y)F (ρϵ ∗ ηs(y)), ηs(dy)⟩ds

∣∣∣∣F0

]
≤ ⟨ψϵ,xt (y), η0(dy)⟩.
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Since F is bounded above, there exists a constant K such that |F | ≤ K − F and so

combined with the bound on E[⟨ψϵ,x0 (y), ηt(dy)⟩] just obtained, this in turn yields

E
[ ∫ t

0

〈
ψϵ,xt−s(y)|F (ρϵ ∗ ηs(y))|, ηs(dy)

〉
ds
∣∣∣∣F0

]
≤ C̃⟨ψϵ,xt (y), η0(dy)⟩,

which is (4.9) in the case k = 1.

Now suppose that we have established (4.8) and (4.9) for all exponents j < k. First we

apply the generator PN of our scaled population process to functions of the form ⟨f, η⟩k.

Recalling that each jump of the process involves the birth or death of a single individual, and

so increments ⟨f, η⟩ by ±f/N at the location of that individual and that r ≡ γ ≡ 1, we find

PN
(

⟨f, η⟩k
)

=
〈 ∫

θN
k∑
j=1

(
k

j

)
f(y)j
N j

⟨f, η⟩k−jqθ(x, dy), η(dx)
〉

+
〈
θN

(
1 − F (ρϵ ∗ η(x))

θ

) k∑
j=1

(
k

j

)
(−1)j f(x)j

N j
⟨f, η⟩k−j, η(dx)

〉
. (4.11)

Mimicking what we did above, we set f(·) = ψϵ,xt (·) and write

E
[
⟨ψϵ,x0 , ηt⟩k

∣∣∣∣F0

]
= ⟨ψϵ,xt (y), η0(dy)⟩k + E

[ ∫ t

0
PN

(
⟨ψϵ,xt−s(y), ηs(dy)⟩k

)
ds

−
∫ t

0
⟨kψ̇ϵ,xt−s(y), ηs(dy)⟩

〈
ψϵ,xt−s(y), ηs(dy)

〉k−1
ds
∣∣∣∣F0

]
. (4.12)

Since ψ̇ϵ,xs = Lθψ
ϵ,x
s , the j = 1 terms from PN(⟨ψϵ,xt−s(y), ηs(dy)⟩k) combines with the

last term in (4.12) to yield∫ t

0
k⟨ψϵ,xt−s, η⟩k−1⟨F (ρϵ ∗ ηs(y))ψϵ,xt−s(y), ηs(dy)⟩ds.

As for the remaining terms, using (from Lemma 4.1) that sups ∥ψϵ,xs (·)∥∞ = C/ϵd, Nϵd > 1,

and our inductive hypothesis, we find

E
[〈 ∫ t

0
θN

k∑
j=2

(
k

j

)∫ ψϵ,xt−s(z)j
N j

⟨ψϵ,xt−s, ηs⟩k−jqθ(y, dz), ηs(dy)
〉
ds

+
〈 ∫ t

0
θN

k∑
j=2

(
k

j

)
ψϵ,xt−s(y)j
N j

⟨ψϵ,xt−s, ηs⟩k−j(−1)j
(

1 − F (ρϵ ∗ ηs(y))
θ

)
, ηs(dy)

〉
ds

∣∣∣∣F0

]

≤ CE
[〈 ∫ t

0

k∑
j=2

θ

Nϵd

( 1
(Nϵd)j−2

)〈
ψϵ,xt−s(y)

(
2+ |F (ρϵ ∗ ηs(y))|

θ

)
, ηs(dy)

〉
⟨ψϵ,xt−s, ηs⟩k−jds

∣∣∣F0

]

≤ C ′ θ

Nϵd

k−1∑
j=1

⟨ψϵ,xt (y), η0(dy)⟩j ≤ C ′′ θ

Nϵd

(
⟨ψϵ,xt (y), η0(dy)⟩k + ⟨ψϵ,xt (y), η0(dy)⟩

)
.
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Combining this with (4.11) and (4.12), using once again the fact that F is bounded above,

we find

E
[
⟨ψϵ,x0 , ηt⟩k

∣∣∣∣F0

]
≤ ⟨ψϵ,xt (y), η0(dy)⟩k + C̃E

[ ∫ t

0
⟨ψϵ,xt−s(y), ηs(dy)⟩kds

∣∣∣∣F0

]
+ C ′′ θ

Nϵd

(
⟨ψϵ,xt (y), η0(dy)⟩k + ⟨ψϵ,xt (y), η0(dy)⟩

)
,

and (4.8) follows from Gronwall’s inequality. Rearranging exactly as in the case k = 1, we

recover (4.9) and the inductive step is complete. □

We shall also need the following consequence of the bounds that we obtained in

Lemma 4.2:

Corollary 4.3 Under the assumptions of Theorem 2.21, for each k ≥ 1, T > 0, there is

a C(k, T ) such that

E
[〈

(ρϵ ∗ ηt)k, ηt
〉]
< C(k, T ) < ∞, for all t ∈ [0, T ]. (4.13)

Proof [Sketch] First observe that if A ∈ (0, 1), then

pAϵ2(x, y) = 1
Ad/2pϵ2(x, y) exp

(
− ∥x− y∥2

2ϵ2

( 1
A

− 1
))

≤ 1
Ad/2pϵ2(x, y). (4.14)

Now consider

E
[
⟨ρϵ ∗ ηt(x), ηt(dx)⟩

]
= E

[ ∫ ∫
pϵ2(x, z)ηt(dz)ηt(dx)

]
= E

[ ∫ ∫ ∫
pϵ2/2(x, y)pϵ2/2(y, z)dyηt(dz)ηt(dx)

]
= E

[ ∫ (
pϵ2/2 ∗ ηt(y)

)2
dy
]

≤ C
∫
E
[(
ρϵ ∗ ηt(x)

)2]
dx,

where we used (4.14) in the last line. Using Lemma 4.2 and our assumptions on η0,

this quantity is finite.

To illustrate the inductive step, now consider

E
[
⟨ρϵ ∗ ηt(x)2, ηt(dx)⟩

]
= E

[ ∫ ∫ ∫
pϵ2(x, z1)pϵ2(x, z2)ηt(dz1)ηt(dz2)ηt(dx)

]
= E

[ ∫
· · ·

∫
pϵ2/2(x, y1)pϵ2/2(x, y2)pϵ2/2(y1, z1)pϵ2/2(y2, z2)ηt(dz1)ηt(dz2)dy1dy2ηt(dx)

]
.

(4.15)
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We use the identity

pϵ2/2(x, y1)pϵ2/2(x, y2) = pϵ2(y1, y2)pϵ2/4

(
x,
y1 + y2

2

)

to rewrite (4.15) as

E
[ ∫ ∫

pϵ2/2 ∗ ηt(y1) pϵ2/2 ∗ ηt(y2) pϵ2/4 ∗ ηt
(y1 + y2

2
)
pϵ2(y1, y2)dy1dy2

]
≤ E

[ ∫ ∫ {(
pϵ2/2 ∗ ηt(y1)

)3
+
(
pϵ2/2 ∗ ηt(y2)

)3
+
(
pϵ2/4 ∗ ηt

(y1 + y2

2
))3

}
pϵ2(y1, y2)dy1dy2

]
,

where we have used that for any non-negative real numbers β1, β2, β3, β1β2β3 ≤ β3
1 +β3

2 +β3
3 .

For the first two terms in the sum we integrate with respect to y2 and y1 respectively to

reduce to an expression of the form considered in Lemma 4.2. For the final term, the

change of variables z1 = y1 +y2, z2 = y1 −y2 in the integral similarly allows us to integrate

out the heat kernel, and we conclude that the result holds for k = 2.

We can proceed in the same way for larger values of k, using repeatedly that

pt1(x, y1)pt2(x, y2) = p t1t2
t1+t2

(
x,
t2y1 + t1y2

t1 + t2

)
pt1+t2(y1, y2)

to write
k∏
j=1

pτ (y, yj) =
k∏
j=2

p jτ
j−1

(
yj, Yj−1

)
p τ

k
(y, Yk)

where

Y1 = y1, Yj = j − 1
j

Yj−1 + 1
j
yj, for j ≥ 2.

Writing pϵ2(x, zj) =
∫
pϵ2/2(x, yj)pϵ2/2(yj, zj)dyj and using the above with τ = ϵ2/2, this

yields

〈(
ρϵ∗ηt(x)

)k
, ηt(dx)

〉
=
∫

· · ·
∫ k∏

j=2
pϵ2j/2(j−1)(yj, Yj−1)

k∏
i=1

pϵ2/2∗ηt(yi)pϵ2/2k∗ηt(Yk)dy1 . . . dyk

≤
∫

· · ·
∫ k∏

j=2
pϵ2j/2(j−1)(yj, Yj−1)

{ k∑
i=1

(
pϵ2/2∗ηt(yi)

)k+1
+
(
pϵ2/2k∗ηt(Yk)

)k+1
}
dy1 . . . dyk,

and once again we can change variables in the integrals and use (4.14) to bound this by a

constant multiple of
∫
E
[(
ρϵ ∗ ηt(x)

)k+1]
dx, and the inductive step is complete. □
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Corollary 4.4 (Tightness of {(ρϵ ∗ ηN
t (x)dx)t≥0}) Under the assumptions of Theo-

rem 2.21, the sequence of measure valued processes {ρϵ ∗ ηNt (x)dx}t≥0 (taking values in

D[0,T ](MF (Rd))) is tight.

Proof

First observe that the proof, from Lemma 3.2, that E[sup0≤t≤T ⟨1, ηNt ⟩] is bounded goes

through unchanged, and since ⟨1, ρϵ ∗ ηNt (x)dx⟩ = ⟨1, ηNt ⟩, compact containment follows.

As in the nonlocal case, it suffices to prove that for T > 0, and any f ∈ C∞
b (Rd)

with bounded second derivatives and
∫

|f(x)|dx < ∞, the sequence of real-valued

processes
{( ∫

f(x)ρϵ ∗ ηNt (x)dx
)
t≥0

}
N≥1

is tight. Let us temporarily write XN
f (t) for∫

f(x)ρϵ ∗ ηNt (x)dx and set

w′
(
XN
f , δ, T

)
= inf

{ti}
max
i

sup
s,t∈[ti−1,ti)

∣∣∣XN
f (t) −XN

f (s)
∣∣∣,

where {ti} ranges over all partitions of the form 0 = t0 < t1 < · · · < tn−1 < T ≤ tn with

min1≤i≤n(ti − ti−1) > δ and n ≥ 1. Using Corollary 3.7.4 of [EK86], to prove tightness

of the sequence of real-valued processes XN
f it suffices to check compact containment of

the sequence {
∫
f(x)ρϵ ∗ ηNt (x)dx}N≥1 at any rational time t and that for every ν > 0

and T > 0, there exists δ > 0 such that

lim sup
N→∞

P
[
w′
(
XN
f , δ, T

)
> ν

]
< ν.

Evidently this will follow if we can show that this condition is satisfied when we replace

the minimum over all partitions with mesh at least δ in the definition of w′, by the

partition into intervals of length exactly δ.

We have

∣∣∣⟨ρϵ ∗ f, ηNt ⟩ − ⟨ρϵ ∗ f, ηNs ⟩
∣∣∣ ≤

∣∣∣∣∫ t

s

〈
θ
∫ (

ρϵ ∗ f(y) − ρϵ ∗ f(x)
)
qθ(x, dy), ηNu (dx)

〉
du

∣∣∣∣
+
∫ t

s

〈
|F
(
ρϵ ∗ ηNu (x)

)
|ρϵ ∗ |f |(x), ηNu (dx)

〉
du+ 2 sup

0≤u≤T
|M̂N(f)u|, (4.16)

where M̂N(f) is the martingale of (3.4) with the test function f replaced by ρϵ ∗ f . We

control each of the three terms on the right hand side separately.
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By the Intermediate Value Theorem, using Tt to denote the heat semigroup, there

exists s ∈ (0, 1/θ) such that

∣∣∣∣θ ∫ (
ρϵ ∗ f(y) − ρϵ ∗ f(x)

)
qθ(x, dy)

∣∣∣∣ =
∣∣∣∣θ(Tϵ2+1/θf(x) − Tϵ2f(x)

)∣∣∣∣
= |∂sTϵ2+sf(x)| = |Tϵ2+s∆f(x)| ≤ ∥∆f∥∞.

The first term in (4.16) is therefore bounded by

∥∆f∥∞|t− s| sup
0≤u≤T

⟨1, ηNu ⟩.

We follow the approach of Lemma 3.2. Consulting (2.8), the angle bracket pro-

cess of M̂N(f) satisfies E[⟨M̂N
f ⟩T ] ≤ C(θ/N)

∫ T
0 E[⟨1, ηs⟩]ds ≤ C ′θ/N for some con-

stants C and C ′. Now, using the Burkholder-Davis-Gundy inequality and [BJY86],

E[sup0≤u≤T |M̂N(f)u|2] ≤ C ′′E[⟨M̂N(f)⟩u], and so using Markov’s inequality,

lim sup
N→∞

P
[
2 sup

0≤u≤T
|M̂N(f)u| >

ν

3

]
≤ lim sup

N→∞

36
ν2C

′′E
[
⟨M̂N(f)⟩T

]
≤ lim sup

N→∞

36
ν2
C ′C ′′θ

Nϵd
= 0.

(4.17)

Now consider

E
[( ∫ t

s

〈
ρϵ ∗ |f |(x)

∣∣∣F(ρϵ ∗ ηNu (x)
)∣∣∣, ηNu (dx)

〉
du
)2]

= 2E
[ ∫ t

s

〈
ρϵ∗|f |(x)

∣∣∣F(ρϵ∗ηNu (x)
)∣∣∣, ηNu (dx)

〉 ∫ t

u

〈
ρϵ∗|f |(x)

∣∣∣F(ρϵ∗ηNr (x)
)∣∣∣, ηNr (dx)

〉
drdu

]
.

(4.18)

Since F is polynomial, we use the approach of Corollary 4.3, the tower property, and

Lemma 4.2, to bound this in terms of sums of terms of the form

E
[ ∫ t

s
(t− u)

∫
ρϵ ∗ |f |(x)ρϵ ∗ ηNu (x)jdx

∫
ρϵ ∗ |f |(y)ρϵ ∗ ηNu (y)kdydu

]
.

Now observe that, again using Lemma 4.2, since for nonnegative a and b, ajbk ≤ aj+k+bj+k,

E
[∫ ∫

ρϵ ∗ |f |(x)ρϵ ∗ ηNu (x)jρϵ ∗ |f |(y)ρϵ ∗ ηNu (y)kdxdy
]

≤ E
[∫ ∫

∥f∥∞ρϵ ∗ ηNu (x)j+kρϵ ∗ |f |(y)dxdy +
∫ ∫

ρϵ ∗ |f |(x)∥f∥∞ρϵ ∗ ηNu (y)j+kdxdy
]

≤ C
∫

|f |(x)dx.
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Thus the quantity (4.18) is bounded by C(t − s)2 for a new constant C which we can

take to be independent of s, t and ϵ. Markov’s inequality then gives

P
[
∥f∥∞

∫ t

s

〈∣∣∣F(ρϵ ∗ ηNu (x)
)∣∣∣, ηNu (dx)

〉
du ≥ ν

3

]
≤ C

(t− s)2

ν2 .

A union bound gives that

P
[

max
i

∥f∥∞

∫ ti

ti−1

〈∣∣∣F(ρϵ ∗ ηNu (x)
)∣∣∣, ηNu (dx)

〉
du ≥ ν

3

]
≤ C

Tδ

ν2 . (4.19)

Now using Markov’s inequality, we can choose K so that

P
[
∥∆f∥∞ sup

0≤t≤T
⟨1, ηNt ⟩ > K

]
<
ν

3 ,

and so choosing δ so that Kδ < ν/3 in this expression and Cδ < ν3/3T in (4.19),

combining with (4.17), the result follows. □

4.3 Continuity estimates for ρϵ ∗ η

To identify the limit point of any convergent subsequence of {ρϵ ∗ ηN (x)}, we will require

some control on the spatial continuity of the functions ρϵ ∗ ηN(x). This will be inherited

from the regularity of the transition density of the Gaussian random walk with generator

Lθ, which in turn follows from its representation as that of a Brownian motion evaluated at

the random time T (t) defined in Lemma 4.1. Our approach will be to approximate ψϵ,xt (·)

by pϵ2+t(x, ·), and to control the error that this introduces we need to control T (t) − t.

Lemma 4.5 In the notation of Lemma 4.1, for any A > 1,

P
{
T (t) − t > A(ϵ2 + t)

}
≤ exp

(
−θA

4
(
ϵ2 + t

))
.

Proof This is just a Chernoff bound. With Π a rate one Poisson process as in

Lemma 4.1, for any A > 1,

P
{
T (t) − t > A(ϵ2 + t)

}
= P

{
Π(θt) > θ

(
t+ A(ϵ2 + t)

)}
≤ E [exp (αΠ(θt))]

exp
(
αθ
(
t+ A(ϵ2 + t)

))
= exp

(
θt
(
eα − 1

)
− αθ

(
t+ A(ϵ2 + t)

))
≤ exp

(
θt
(
eα − α− 1 − Aα

2
)

− Aα

2 θ(ϵ2 + t)
)
.
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Now set α = 1/2. Since A > 1, eα − α− 1 − Aα/2 < 0 and the result follows. □

As advertised, we wish to control the difference between ψϵ,xt (y) and pϵ2+t(x, y).

Lemma 4.6 In the notation of Lemma 4.1, there exists a C < ∞ such that

|ψϵ,xt (y) − pϵ2+t(x, y)| ≤ C

(ϵ2θ)1/2p6(ϵ2+t)(x, y) + C

(ϵ2 + t)d/2 exp(−ϵ2θ/2). (4.20)

Proof Still using the notation of Lemma 4.1, we partition into three events according

to the value of τ(t). Let A1 = {τ(t) < −(ϵ2 + t)/2}, A2 = {τ(t) > 2(ϵ2 + t)}, and A3

the remaining event, {−(ϵ2 + t)/2 ≤ τ(t) ≤ 2(ϵ2 + t)}. Then,

|ψϵ,xt (y) − pϵ2+t(x, y)| =
∣∣∣E [pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)

]∣∣∣
≤ E

[
(1A1 + 1A2 + 1A3)

∣∣∣pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)
∣∣∣] .

For the first term, note that if a < b then

|pa(x, y) − pb(x, y)| = 1
(2π)d/2

∣∣∣∣ 1
ad/2 e

−∥x−y∥2/2a − 1
bd/2 e

−∥x−y∥2/2b
∣∣∣∣

= 1
(2πa2)d/2 e

−∥x−y∥2/2b
∣∣∣∣∣e−∥x−y∥2( 1

2a
− 1

2b) −
(
a

b

)d/2
∣∣∣∣∣

≤ C

(
b

a

)d/2

pb(x, y),

where the inequality follows because both terms under the absolute value are less than

1. Since, on the event A1, τ(t) < 0, we can apply this with a = ϵ2 + t + τ(t) and

b = ϵ2 + t, and, using the bound (4.6),

E [1A1 |pa(x, y) − pb(x, y)|] ≤ C

(
ϵ2 + t

ϵ2

)d/2

pϵ2+t(x, y)P
{
τ(t) < −ϵ2 + t

2

}

≤ C
1
ϵd
P
{
τ(t) < −ϵ2 + t

2

}

≤ C

(ϵ2 + t)d/2 exp
(

−θϵ2

2

)
.

For the third term, we will first collect some facts. Observe that on the event A3,

ϵ2 + t + τ(t) is between (ϵ2 + t)/2 and 3(ϵ2 + t), and for any s in this interval,

p2s(y) ≤
(

6(ϵ2 + t)
ϵ2 + t

)d/2

p6(ϵ2+t)(x, y)

= 6d/2p6(ϵ2+t)(x, y). (4.21)
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Moreover, since ue−u ≤ e−1 for all u ≥ 0,

∥x− y∥2

s
ps(x, y) = 4

(2πs)d/2 e
− ∥x−y∥2

4s
∥x− y∥2

4s e− ∥x−y∥2
4s

≤ Cp2s(x, y). (4.22)

Now, by the Intermediate Value Theorem,∣∣∣pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)
∣∣∣ = |τ(t)|

∣∣∣∣∣∂ps(x, y)
∂s

∣∣∣∣∣ (4.23)

for some s between ϵ2 + t + τ(t) and ϵ2 + t. Since

∂sps(x, y) = ∂s

(
1

(2πs)d/2 exp
(

−∥x− y∥2

2s

))

= − d

2sps(x, y) + ∥x− y∥2

2s2 ps(x, y),

applying the inequality (4.22), using the fact that ps(x, y) ≤ 2d/2p2s(x, y), and then (4.21),

we have that for any s ∈ ((ϵ2 + t)/2, 3(ϵ2 + t)),∣∣∣∣∣ ∂∂sps(x, y)
∣∣∣∣∣ ≤ C

s
p2s(x, y) ≤ C

ϵ2 + t
p6(ϵ2+t)(x, y).

Therefore, recalling that E[τ(t)2] = t/θ, substituting into (4.23),

E
[
1A3

∣∣∣pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)
∣∣∣] ≤ C

ϵ2 + t
p6(ϵ2+t)(x, y)E [|τ(t)|]

≤ C

ϵ2 + t
p6(ϵ2+t)(x, y)E

[
τ(t)2

]1/2

=
(

Ct

θ(ϵ2 + t)2

)1/2

p6(ϵ2+t)(x, y)

≤ C√
θϵ2

p6(ϵ2+t)(x, y),

where the last inequality follows from 2ϵ2t ≤ (ϵ2 + t)2.

Finally, on the event A2 = {τ(t) > 2(ϵ2 + t)}, we simply use∣∣∣pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)
∣∣∣ ≤ C

(ϵ2 + t)d/2 ,

so that

E
[
1A2

∣∣∣pϵ2+t+τ(t)(x, y) − pϵ2+t(x, y)
∣∣∣] ≤ C

(ϵ2 + t)d/2P
{
τ(t) > 2(ϵ2 + t)

}
,

and apply Lemma 4.5 with A = 2. □

The last result will be useful when combined with the next bound for the heat kernel.
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Lemma 4.7 Let s > 0, and x, y, z ∈ Rd. The following estimate holds:

|ps(x, z) − ps(y, z)| ≤ C∥x− y∥√
s

(p2s(x, z) + p2s(y, z)) ,

where the constant C does not depend on x, y, z or s.

Proof

Expanding the difference of two squares,

e− ∥y−z∥2
2s − e− ∥x−z∥2

2s =
(
e− ∥y−z∥2

4s − e− ∥x−z∥2
4s

)(
e− ∥y−z∥2

4s + e− ∥x−z∥2
4s

)
.

Now, thinking of the first term in brackets as a function of a single variable x on the

line segment [y, z] connecting y to z, we can apply the Intermediate Value Theorem

and take the modulus to bound this expression by

∥y − x∥
(

2∥w − z∥
4s exp

(
−∥w − z∥2

4s

))
(4πs)d/2 (p2s(y, z) + p2s(x, z))

for some w ∈ [y, z]. Using the fact that xe−x2 is uniformly bounded, we can bound the

first bracket in the last equation by C/
√
s, and the result follows. □

We now have the ingredients that we need to write down a continuity estimate for ρϵ∗η.

We fix δ > 0 and suppose that s > δ. Let us write ϵ̂(δ, ϵ, θ) := 1
(ϵ2+δ)d/2 e

−ϵ2θ/2, and note

that under the assumption that ϵ2θ → ∞, for each fixed δ > 0, limϵ→0,θ→∞ ϵ̂(δ, ϵ, θ) = 0.

80



Using the semimartingale decomposition (4.4), and Lemma 4.6, we have

|ρϵ ∗ ηs(y) − ρϵ ∗ ηs(w)| = |⟨pϵ2(y, z) − pϵ2(w, z), ηs(dz)⟩|

≤
〈
|pϵ2+s(y, z) − pϵ2+s(w, z)|, η0(dz)

〉
+
∫ s−δ

0

〈
|ps−r+ϵ2(y, z) − ps−r+ϵ2(w, z)|||F (ρϵ ∗ ηr(z)|, ηr(dz)

〉
dr

+
〈

C

(θϵ2)1/2

(
p6(ϵ2+s)(y, z) + p6(ϵ2+s)(w, z)

)
+ Cϵ̂(δ, ϵ, θ), η0(dz)

〉
+
∫ s−δ

0

〈{ C

(ϵ2θ)1/2 |p6(s−r+ϵ2)(y, z) + p6(s−r+ϵ2)(w, z)| + ϵ̂(δ, ϵ, θ)
}

|F (ρϵ ∗ ηr(z)|, ηr(dz)
〉
dr

+
∫ s

s−δ

〈
|ψϵ,ys−r(z) + ψϵ,ws−r(z)||F (ρϵ ∗ ηr(z)|, ηr(dz)

〉
dr + |Ms(y)| + |Ms(w)|

≤
〈∥y − w∥√

s+ ϵ2

(
p2(s+ϵ2)(y, z) + p2(s+ϵ2)(w, z)

)
, η0(dz)

〉
+
∫ s−δ

0

〈 ∥y − w∥√
s− r + ϵ2

(
p2(s−t+ϵ2)(y, z) + p2(s−r+ϵ2)(w, z)

)
|F (ρϵ ∗ ηr(z)|, ηr(dz)

〉
dr

+
〈

C

(θϵ2)1/2

(
p6(ϵ2+s)(y, z) + p6(ϵ2+s)(w, z)

)
+ Cϵ̂(δ, ϵ, θ), η0(dz)

〉
+
∫ s−δ

0

〈{ C

(ϵ2θ)1/2 (p6(s−r+ϵ2)(y, z) + p6(s−r+ϵ2)(w, z)) + ϵ̂(δ, ϵ, θ)
}

|F (ρϵ ∗ ηr(z)|, ηr(dz)
〉
dr

+
∫ s

s−δ

〈
|ψϵ,ys−r(z) + ψϵ,ws−r(z)||F (ρϵ ∗ ηr(z)|, ηr(dz)

〉
dr + |Ms(y)| + |Ms(w)|.

(4.24)

Although this expression is lengthy, we have successfully isolated the terms involving

∥y − w∥, which will control the regularity as we pass to the limit. Asymptotically, we

don’t expect the martingale terms to contribute, since their quadratic variation scales

with θ/(Nϵd); under the assumption that ϵ2θ → ∞, for any fixed δ > 0, the terms arising

from approximating the transition density ψϵ,·s−r(·) of the Gaussian walk by ps−r+ϵ2(·, ·)

at times with s − r > δ will tend to zero; and the moment bounds of Lemma 4.2 will

allow us to control the integral over [s− δ, s]. There is some technical work to be done

to rigorously identify the limit points of ρϵ ∗ ηN , but it really amounts to applying the

tower property and our moment bounds from Lemma 4.2 and Corollary 4.3.
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4.4 Identification of the limit

We now turn to the identification of the limit points of the sequence
{(
ρϵ∗ηNt (x)dx

)
t≥0

}
N≥1

.

We would like to show that any limit point solves (2.21) in the limit, i.e.,

⟨f(x), φ(t, x)dx⟩ =
∫ t

0

〈1
2∆f(x) + f(x)F (φ(s, x)), φ(s, x)dx

〉
ds. (4.25)

Since ⟨f, ρϵ ∗ ηNt (x)dx⟩ = ⟨ρϵ ∗ f(x), ηNt (dx)⟩, and the limit is deterministic, this will follow

if we can show that each of the terms in the semimartingale decomposition (2.7), with the

test function f replaced by ρϵ ∗ f(·), converges to the corresponding term in (4.25).

The linear term is straightforward. Write T· for the heat semigroup, so that ρϵ ∗f(x) =

Tϵ2f(x). By a Taylor expansion,
∫ t

0

〈
LθTϵ2f, η

N
s (dx)

〉
ds =

∫ t

0

〈1
2∆Tϵ2f(x), ηNs (dx)

〉
+ O

(1
θ

)
=
∫ t

0

〈1
2∆f(x), ρϵ ∗ ηNs (x)dx

〉
ds+ O

(1
θ

)
.

Thus, from weak convergence we can deduce that under our scaling, for any (weakly)

convergent subsequence {ρϵ ∗ ηN(x)dx}N≥1,∫ t

0

〈
LθTϵ2f, η

N
s (dx)

〉
ds →

∫ t

0

〈1
2∆f(x), φ(s, x)dx

〉
ds.

The nonlinear term in the semimartingale decomposition is more intricate. It takes the

form

E
[ ∫ t

0

〈
Tϵ2f(y)F

(
ρϵ ∗ ηs(y)

)
, ηs(dy)

〉
ds
]

and we should like to show that this converges to
∫ t

0

∫
f(y)F (φ(s, y))φ(s, y)dyds.

We proceed in stages. First we should like to transfer the heat semigroup from Tϵ2f onto

ηs. Since f is smooth, this will follow easily if we can show that

E
[ ∫ t

0

〈
Tϵ2f(y)F

(
ρϵ ∗ ηs(y)

)
, ηs(dy)

〉
ds
]

∼ E
[ ∫ t

0

〈
Tϵ2f(y)F

(
ρϵ ∗ ηs(y)

)
, ρϵ ∗ ηs(y)dy

〉
ds
]
.

This is the content of Proposition 4.8.
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Proposition 4.8 Under the conditions of Theorem 2.21,

lim
ϵ→0

E
[∣∣∣∣ ∫ t

0

〈
Tϵ2f(y)F (ρϵ ∗ ηs(y)), ηs(y)

〉
−
〈
Tϵ2f(y)F (ρϵ ∗ ηs(y)), ρϵ ∗ ηs(y)dy

〉
ds

∣∣∣∣] = 0.

(4.26)

Proof In fact we are going to fix δ > 0, with t > δ, and show that the expression on

the left hand side of (4.26) is less than a constant times δ, with a constant independent

of δ, N , and ϵ. Since δ is arbitrary, the result will follow.

We first note that,

⟨Tϵ2f(y)F (ρϵ ∗ ηs(y)), ρϵ ∗ ηs(y)dy⟩ − ⟨Tϵ2f(y)F (ρϵ ∗ ηs(dy)), ηs(dy)⟩

= ⟨
∫
Tϵ2f(y)F (ρϵ ∗ ηs(y))ρϵ(y − w)dy, ηs(dw)⟩ − ⟨Tϵ2f(w)F (ρϵ ∗ ηs(w)), ηs(dw)⟩

= ⟨
∫ {

Tϵ2f(y)F (ρϵ ∗ ηs(y)) − Tϵ2f(w)F (ρϵ ∗ ηs(w))
}
ρϵ(w − y)dy, ηs(dw)⟩.

Let us denote the integral against dy in the last expression by I, that is

I :=
∫

{Tϵ2f(y)F (ρϵ ∗ ηs(y)) − Tϵ2f(w)F (ρϵ ∗ ηs(w))}ρϵ(w − y)dy,

and note that |I| is bounded by
∫ {

|F (ρϵ ∗ ηs(y)) − F (ρϵ ∗ ηs(w))|Tϵ2f(y) + F (ρϵ ∗ ηs(w))|Tϵ2f(y) − Tϵ2f(w))|
}
ρϵ(w − y)dy

≤
∫

∥f∥∞

∣∣∣F (ρϵ ∗ ηs(y)) − F (ρϵ ∗ ηs(w))
∣∣∣ρϵ(w − y)dy + Cϵ∥f ′∥∞|F (ρϵ ∗ ηs(w))|, (4.27)

where we have used that
∫

|Tϵ2f(y) − Tϵ2f(w)|pϵ2(w, y)dy ≤ ∥f ′∥∞

∫
|y − w|pϵ2(w, y)dy.

Now recall that F is a polynomial of degree n, and so there exist real numbers bk such

that F (a) − F (b) = (a − b)∑n−1
k=1 bka

kbn−1−k and so

|F (ρϵ∗ηs(y))−F (ρϵ∗ηs(w))| ≤ |ρϵ∗ηs(y)−ρϵ∗ηs(w)|
n−1∑
k=1

|bk|
(
ρϵ ∗ ηs(y)n−1 + ρϵ ∗ ηs(w)n−1

)
.

Combining the above, we have reduced the problem to showing that for any k ≥ 0,

lim
ϵ→0

E
[ ∫ t

0

〈 ∫
|ρϵ∗ηs(y)−ρϵ∗ηs(w)|

(
ρϵ ∗ ηs(y))k + ρϵ ∗ ηs(w)k

)
pϵ2(w, y)dy, ηs(dw)

〉
ds
]

= 0.

(4.28)
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We are going to use the estimate (4.24). First note that by Lemma 4.2 the contribution

to (4.28) from the integral over the time interval [0, δ] is O(δ). We focus instead

on the interval (δ, t].

The first term in (4.24) gives

∫ t

δ
E
[〈 ∫ 〈∥y − w∥√

s+ ϵ2

(
p2(s+ϵ2)(y, z) + p2(s+ϵ2)(w, z)

)
, η0(dz)

〉
(
ρϵ ∗ ηs(y)k + ρϵ ∗ ηs(w)k

)
pϵ2(w, y)dy, ηs(dw)

〉]
ds.

We “borrow” from the exponential term to see that ∥y − w∥pϵ2(w, y) ≤ Cϵp2ϵ2(w, y)

and so bound this by

C
∫ t

δ

ϵ√
s+ ϵ2

E
[〈 ∫ 〈(

p2(s+ϵ2)(y, z) + p2(s+ϵ2)(w, z)
)
, η0(dz)

〉
(
ρϵ ∗ ηs(y)k + ρϵ ∗ ηs(w)k

)
p2ϵ2(w, y)dy, ηs(dw)

〉
ds
]
. (4.29)

The four terms in the product are taken separately, according to the combinations

of w and y appearing. First,
∫ t

δ

ϵ√
s+ ϵ2

E
[〈 ∫ 〈

p2(s+ϵ2)(y, z), η0(dz)
〉
ρϵ ∗ ηs(y)kp2ϵ2(w, y)dy, ηs(dw)

〉]
ds

can be rewritten as

∫ t

δ

ϵ√
s+ ϵ2

E
[ ∫ ∫ 〈

p2(s+ϵ2)(y, z), η0(dz)
〉
ρϵ ∗ ηs(y)kpϵ2(x, y)ρϵ ∗ ηs(x)dydxds

]
≤
∫ t

δ

ϵ√
s+ ϵ2

E
[ ∫ ∫ 〈

p2(s+ϵ2)(y, z), η0(dz)
〉(
ρϵ∗ηs(y)k+1+ρϵ∗ηs(x)k+1

)
pϵ2(x, y)dydx

]
ds,

and using Lemma 4.2 and the tower property, and integrating with respect to s, under

our assumptions on η0, this is bounded by

Cϵ
∫ t

δ

1√
s+ ϵ2

E
[ ∫ ∫ 〈

p2(s+ϵ2)(y, z), η0(dz)
〉

(
ρϵ ∗ η0(y) + ρϵ ∗ η0(y)k+1 + ρϵ ∗ η0(x) + ρϵ ∗ η0(x)k+1

)
pϵ2(x, y)dydx

]
ds

≤ C ′ϵ
∫ t

δ

1
(s+ ϵ2)d/2ds.

For fixed δ, this bound tends to zero as ϵ → 0. The term involving
〈
p2(s+ϵ2)(w, z), η0(dz)

〉
ρϵ∗

ηs(w)k is handled similarly.
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On the other hand
〈 ∫

⟨p2(s+ϵ2)(y, z), η0(dz)⟩ρϵ ∗ ηs(w)kp2ϵ2(w, y)dy, ηs(dw)
〉

≤ C

(s+ ϵ2)d/2 ⟨1, η0⟩
〈
ρϵ ∗ ηs(w)k, ηs(dw)

〉
,

and since ⟨1, η0⟩ is uniformly bounded we apply Corollary 4.3 to obtain a bound on the

contribution to (4.29) from this term of the same form as the others.

Now consider the contribution to the left hand side of (4.28) from the second term

in (4.24). Since F is a polynomial, it is bounded by a sum of terms of the form∫ t

δ

∫ s−δ

0

〈 ∫ ∥y − w∥√
s− r + ϵ2

〈(
p2(s−r+ϵ2)(y, z) + p2(s−r+ϵ2)(w, z)

)
ρϵ ∗ ηr(z)j, ηr(dz)

〉
ρϵ ∗ ηs(y)kpϵ2(y, w)dy, ηs(dw)

〉
drds

≤ Cϵ
∫ t

δ

∫ s−δ

0

1√
s− r + ϵ2

〈 ∫ 〈(
p2(s−r+ϵ2)(y, z) + p2(s−r+ϵ2)(w, z)

)
ρϵ ∗ ηr(z)j, ηr(dz)

〉
ρϵ ∗ ηs(y)kp2ϵ2(y, w)dy, ηs(dw)

〉
drds,

where as usual we have “borrowed” from the exponential term in p2
ϵ(y, w) to replace

∥y − w∥ by a constant times ϵ.

Once again, our approach is to rearrange terms so that we can apply Lemma 4.2

or Corollary 4.3 to obtain a bound on the contribution to (4.28) from these terms of

the form Cϵ (where C may depend on δ but not ϵ).

For example, using the Chapman-Kolmogorov equation to rewrite∫ 〈〈
p2(s−r+ϵ2)(y, z)ρϵ ∗ ηr(z)j, ηr(dz)

〉
ρϵ ∗ ηs(y)kp2ϵ2(y, w), ηs(dw)

〉
dy

as ∫ ∫ 〈
p2(s−r+ϵ2)(y, z)ρϵ ∗ ηr(z)j, ηr(dz)

〉
ρϵ ∗ ηs(y)kpϵ2(y, x)ρϵ ∗ ηs(x)dxdy,

and using Lemma 4.2 and the tower property, we are led to control terms of the form

E
[ ∫ 〈

p2(s−r+ϵ2)(y, z)ρϵ ∗ ηr(z)j, ηr(dz)
〉
ρϵ ∗ ηr(y)k+1dy

]
.

This, in turn, is at most

E
[〈
ρϵ ∗ ηr(z)j+k+1, ηr(dz)⟩

]
+ E

[ ∫ ∫
p2(s−r)(y, x)ρϵ ∗ ηr(x)ρϵ ∗ ηr(y)j+k+1dydx

]
≤ E

[〈
ρϵ ∗ ηr(z)j+k+1, ηr(dz)⟩

]
+ 2

∫
E
[
ρϵ ∗ ηr(x)j+k+2

]
dx,
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which is bounded by Lemma 4.2.

We now turn to the contribution arising from the martingale terms in (4.24):

E
[ ∫ t

δ

〈 ∫ (
|Ms(y)| + |Ms(w)|

)(
ρϵ ∗ ηs(y)k + ρϵ ∗ ηs(w)k

)
pϵ2(w, y)dy, ηs(dw)

〉
ds
]
.

Since ψϵ,xt−s(y) = E[pT (t−s)+ϵ2(x, y)], rearranging (4.4) we see that we can pull a convolution

with pϵ2/2 out of our expressions for Ms(y) and Ms(w) and so all the manipulations that

we used to control terms above with still be valid. To deal with the two terms in the

product involving |Ms(y)|, we write the first as
∫

|Ms(y)|ρϵ ∗ ηs(y)k+1dy and then use

Hölder’s inequality, Lemma 4.2, and the fact that E
[
|Ms(y)|2

]
is O

(
θ/(Nϵd)

)
to see that

the contribution from this term tends to zero in the limit. For the second, we use the idea

of the proof of Corollary 4.3 to reduce to a form to which we can apply Hölder’s inequality.

Control of the terms arising from approximating ψϵ,x by the heat kernel follows

in an entirely analogous way.

Combining the above, we see that given δ > 0,

lim
ϵ→0

E
[∣∣∣∣ ∫ t

0

〈
Tϵ2f(y)F (ρϵ∗ηs(y)), ηs(y)

〉
ds−

∫ t

0

〈
Tϵ2f(y)F (ρϵ∗ηs(y)), ρϵ∗ηs(y)dy

〉
ds
∣∣∣∣] < Cδ,

where the constant C is independent of δ. Since δ was arbitrary, the proof is complete. □

Since f is smooth, T 2
ϵ f − f is O(ϵ), with an application of the triangle inquality,

lim
ϵ→0

E
[∣∣∣∣ ∫ t

0

〈
Tϵ2f(y)F (ρϵ ∗ ηs(y)), ηs(y)

〉
ds−

∫ t

0

〈
f(y)F (ρϵ ∗ ηs(y)), ρϵ ∗ ηs(y)dy

〉
ds
∣∣∣∣] < Cδ,

now follows immediately. Thus to complete the characterisation of the limit, it remains

to show that if we take a convergent subsequence
{(
ρϵ ∗ ηNt (dx)

)
t≥0

}
converging to

a limit point
(
φ(t, x)dx

)
t≥0

, then
∫ t

0

∫
f(x)ρϵ ∗ ηs(x)F (ρϵ ∗ ηNs (x))dxds →

∫ t

0

∫
f(x)φ(s, x)F (φ(s, x))dxds.

Since F is a polynomial, we consider powers of ρϵ ∗ η. To illustrate the approach, we first

prove that ∫ t

0

∫
f(x)ρϵ ∗ ηNs (x)2dxds →

∫ t

0

∫
f(x)φ(s, x)2dxds. (4.30)

The convergence of higher powers will follow in an entirely analogous manner, but

with more complex expressions.
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The approach is standard. We fix τ > 0 and, in keeping with our notation ρϵ, in this

subsection, use ρτ to denote the symmetric Gaussian kernel with variance parameter τ 2.

Our strategy is to show that, up to an error that tends to zero as τ → 0,
∫ t

0

∫
f(z)ρϵ ∗ ηs(z)2dzds ∼

∫ t

0

∫ ∫
f(z)(ρϵ ∗ ηs)(z)ρτ (z − y)(ρϵ ∗ ηs)(y)dzdyds. (4.31)

Analogously, also up to an error that vanishes as τ → 0,
∫ t

0

∫
f(z)φ(s, z)2dzds ∼

∫ t

0

∫ ∫
f(z)φ(s, z)ρτ (z − y)φ(s, y)dzdyds. (4.32)

On the other hand, weak convergence of ρϵ ∗ η (plus continuity of the mapping (z, y) →

f(z)ρτ (z − y)) gives that
∫ t

0

∫ ∫
f(z)(ρϵ∗ηs)(z)ρτ (z−y)(ρϵ∗ηs)(y)dzdyds →

∫ t

0

∫ ∫
f(z)φ(s, z)ρτ (z−y)φ(s, y)dzdyds.

(4.33)

Since τ is arbitrary, the convergence (4.30) will follow.

Proposition 4.9 Under the conditions of Theorem 2.21, we have that along any conver-

gent subsequence,

lim sup
ϵ→0

E
[∣∣∣∣ ∫ t

0

∫
f(y)ρϵ ∗ ηs(y)2dyds

−
∫ t

0

∫ ∫
f(z)(ρϵ ∗ ηs)(z)ρτ (z − y)(ρϵ ∗ ηs)(y)dzdyds

∣∣∣∣] ≤ Cτ, (4.34)

where C is independent of τ .

Proof First note,
∫ t

0
E
[∣∣∣⟨f(y), (ρϵ ∗ ηs(y))2)dy⟩ −

∫ ∫
f(y)(ρϵ ∗ ηs)(z)ρτ (z − y)(ρϵ ∗ ηs)(y)dzdy

∣∣∣] ds
≤ ∥f∥∞

∫ ∫ t

0
E
[∫

{|(ρϵ ∗ ηs)(y) − (ρϵ ∗ ηs)(z)| ρτ (z − y)dz} (ρϵ ∗ ηs)(y)
]
dsdy. (4.35)

Now proceed exactly as in the proof of Proposition 4.8. The only distinction is that

|pϵ2(y, z)−pϵ2(w, z)| is replaced by |pτ (y, z)−pτ (w, z)| and the estimate ∥y−w∥pτ2(y, w) ≤

Cτp2τ2(y, w) replaces the corresponding statement with ϵ2 replacing τ 2 in our previous

argument. □
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The extension of Proposition 4.9 to higher moments is straightforward, if notationally

messy. For fixed (but arbitrary) τ , one shows that

lim sup
ϵ→0

E
[∣∣∣∣ ∫ t

0

∫
f(y)ρϵ ∗ ηNs (y)kdyds

−
∫ t

0

∫
· · ·

∫
f(y1)ρϵ ∗ ηNs (y1)

k∏
i=2

ρτ (yi − yi−1)ρϵ ∗ ηNs (yi)dyk . . . dy1ds

∣∣∣∣] ≤ Cτ,

as well as a corresponding statement with ρϵ ∗ ηNs (x) replaced by φ(s, x) and then uses

weak convergence to see that, up to an error of order τ , any limit point of the sequence

{ρϵ ∗ ηN(x)dx} solves (the weak form of) equation (2.21). Since τ was arbitrary, the

proof of Theorem 2.21 is complete.
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5
Branching Particle Systems with Local
Regulation: Lookdown Representation

5.1 The lookdown process

Our characterisation of the motion of lines of descent (from which we establish that of

ancestral lineages) when we pass to the scaling limit in our model will be justified via

a lookdown construction. In this section we present such a construction for the general

population model of Definition 2.4. It will be in the spirit of [KR11]. The general set-up

is as follows. Each individual will be labelled with a “level”, a number in [0, N ]. We

will still encode the process embellished by these levels as a point measure: if the ith

individual’s spatial location is xi and level is ui, then we will write

ξN =
∑
i

δxi,ui
,

which is a measure on Rd × [0, N ]. Note that each individual contributes mass 1 to the

measure, not 1/N as above. If we assign mass 1/N to each individual and ignore the levels

we will recover our population model. Moreover, at any time, the levels of individuals

in a given spatial region will be exchangeable and conditionally uniform on [0, N ]: in

particular, choosing the k individuals with the lowest levels in that region is equivalent to

taking a uniform random sample of size k from the population in the region. However, this

exchangeability is only as regards the past: an individual’s level encodes information about
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their future reproductive output, since individuals with lower levels tend to live longer,

and have more offspring. For more explanation of the set-up and how this is possible, see

[KR11] and [EK19] (and note that our N corresponds to the λ of those papers). The power

of this approach is that we can pass to a limit under the same scalings as described in

Theorem 2.10, and the limiting “spatial-level” process will still be a point measure, and so

we explicitly retain the notion of individuals and lineages in the infinite-population limit.

5.1.1 Lookdown representation of the model of Definition 2.4

For the remainder of this section, when there is no risk of ambiguity we shall suppress

the superscript N on the processes η and ξ.

In this subsection, we’ll define the process (ξt)t≥0 in terms of the dynamics of labelled

particles, and write down its generator. The dynamics depend on the spatial locations of

particles, and in this section ηt is the corresponding spatial measure, i.e.,

ηt(·) = 1
N
ξt(· × [0, N ]).

A nontrivial consequence of the way we define ξt will be that this process has the same

distribution as the process (ηt)t≥0 of Definition 2.4. (This provides our justification

for using the same notation for both.)

Following [EK19], we build the generator step by step from its component parts.

Suppose that the initial population is composed of O(N) particles with levels uni-

formly distributed on [0, N ], and that the current state of the population is ξ, with

spatial projection η.

An individual at spatial location x with level u produces one juvenile offspring at rate

2θ
(

1 − u

N

)
γ(x, η),

which disperses to a location relative to x drawn from the kernel qθ(x, ·). Averaging over

the uniform distribution of the level u, we recover the birth rate θγ(x, η). This juvenile

– suppose its location is y – either survives, with probability r(y, η), or immediately

dies. (As before, “maturity” is instantaneous.) If it survives, a new level u1 is sampled

independently and uniformly from [u,N ], and the parent and the offspring are assigned
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in random order to the levels {u, u1}. This random assignment of levels to parent and

offspring will ensure that assignment of individuals to levels remains exchangeable.

Evidently this mechanism increases the proportion of individuals with higher levels.

To restore the property that the distribution of levels is conditionally uniform given

η, we impose that the level v of an individual at location x evolves according to

the differential equation

v̇ = −θ v
N

(N − v) γ(x, η)
∫
Rd
r(y, η)qθ(x, dy).

Since v ∈ [0, N ], this moves levels down; see [EK19], Section 3.4 for a detailed explanation.

Levels never cross below 0, while particles whose levels move above N are regarded as

dead (and are removed from the population). Therefore, in order to incorporate death,

the level of the individual at location x with level u moves upwards at an additional

rate θµθ(x, η)u. Since levels are uniform, it is easy to check that if µθ were constant,

this would imply an exponential lifetime for each individual; see [EK19], Section 3.1

for more general justification.

Putting these together, the level u of an individual at x evolves according to:

u̇ = −θ u
N

(N − u) γ(x, η)
∫
Rd
r(y, η)qθ(x, dy) + θµθ(x, η)u. (5.1)

We shall write

bθ(x, η) := θ
(
γ(x, η)

∫
Rd
r(y, η)qθ(x, dy) − µθ(x, η)

)
,

which captures the local net difference between reproduction and death, and

cθ(x, η) := θ

N
γ(x, η)

∫
Rd
r(y, η)qθ(x, dy), (5.2)

which captures the local rate of production of successful offspring. Recall from equa-

tion (2.6) that F (x, η) = θ(r(x, η)γ(x, η) − µθ(x, η)), and so

bθ(x, η) = θγ(x, η)
∫
Rd

(r(y, η) − r(x, η)) qθ(x, dy) + F (x, η). (5.3)

Under Assumptions 2.8, as θ → ∞,

bθ(x, η) → γ(x, η)Br(x, η) + F (x, η), (5.4)

91



and cθ(x, η) will tend to αγ(x, η)r(x, η).

We can then rewrite the differential equation governing the dynamics of the level

of each individual as

u̇ = θγ(x, η)
∫
Rd
r(y, η)qθ(x, dy)

{
− u

N
(N − u) + u

}
− bθ(x, η)u

= cθ(x, η)u2 − bθ(x, η)u. (5.5)

Now, we can write down the generator for (ξt)t≥0, the lookdown process. In what follows,

we will write sums (and, products) over “(x, u) ∈ ξ” to mean a sum over the (location,

level) pairs of each individual in the population. Test functions for ξ will take the form

f(ξ) =
∏

(x,u)∈ξ
g(x, u) = exp

(∫
log g(x, u)ξ(dx, du)

)
, (5.6)

where g(x, u) is differentiable in u and smooth in x. We will also assume that 0 ≤ g(x, u) ≤

1 for all u ∈ [0, N ], and g(x, u) ≡ 1 for u ≥ N . In the expressions that follow, we shall

often see one or more factor of 1/g(x, u); it should be understood that if g(x, u) = 0,

then it simply cancels the corresponding factor in f(ξ).

First consider the terms in the generator that come from birth events. When a birth

successfully establishes, a new level is generated above the parent’s level, and this new

level is assigned to either the offspring or the parent. Since the probability of each is

1/2, the contribution of birth to the generator maps f(ξ) to

f(ξ)
∑

(x,u)∈ξ
2 θ
N
γ(x, η)

∫ N

u

∫
Rd

(
1
2

{
g(y, u1) + g(y, u)g(x, u1)

g(x, u)

}
− 1

)
r(y, η)qθ(x, dy)du1

(5.7)

= f(ξ)
∑

(x,u)∈ξ
2γ(x, η)

{
1

2N

∫ N

u
g(x, u1)du1

θ
∫
Rd(g(y, u) − g(x, u))r(y, η)qθ(x, dy)

g(x, u)

+ θ

N

∫ N

u

∫
Rd

(
g(y, u1) + g(x, u1)

2 − 1
)
r(y, η)qθ(x, dy)du1

}
.

(5.8)

In (5.7), u1 is the new level and y is the offspring’s location, and so the two terms in

the integral correspond to the two situations: in the first, we have added an individual

at (y, u1), while in the second, we replace an individual at (x, u) by one at (x, u1) and

another at (y, u). We’ve rewritten it in the form (5.8) because each of the two pieces

naturally converges to a separate term in the limit.
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The remaining term in the generator is due to the motion of particles’ levels. Reading

off from (5.5), it takes the form

f(ξ)
∑

(x,u)∈ξ

(
cθ(x, η)u2 − bθ(x, η)u

) ∂ug(x, u)
g(x, u) . (5.9)

We can now define the spatial-level process explicitly as a solution to a martingale

problem, whose generator is just the sum of (5.8) and (5.9). We need some notation.

Write C = C(Rd × [0,∞)) for the counting measures on Rd × [0,∞) and CN for the subset

consisting of counting measures on Rd × [0, N ].

Definition 5.1 (Martingale Problem Characterisation) For given positive values

of N and θ, define the generator AN by

ANf(ξ)

= f(ξ)
∑

(x,u)∈ξ
2γ(x, η)

 1
2N

∫ N

u
g(x, u1)du1

θ
∫
Rd(g(y, u) − g(x, u))r(y, η)qθ(x, dy)

g(x, u)

+ θ

N

∫ N

u

∫
Rd

(
g(y, u1) + g(x, u1)

2 − 1
)
r(y, η)qθ(x, dy)du1


+ f(ξ)

∑
(x,u)∈ξ

(
cθ(x, η)u2 − bθ(x, η)u

) ∂ug(x, u)
g(x, u) ,

(5.10)

where f(ξ) = ∏
(x,u)∈ξ g(x, u) is as defined in (5.6), and η(·) = ξ(· × [0, N ])/N as before.

Given ξ0 ∈ CN , we say that a D[0,∞)(CN )-valued process (ξt)t≥0 is a solution to the (AN , ξ0)

martingale problem if f(ξt) − f(ξ0) −
∫ t

0 A
Nf(ξs)ds is a martingale (with respect to the

natural filtration) for all test functions f as defined above.

The martingale problem for finite N has a unique solution. Next we state the limiting

martingale problem, for which we do not necessarily have uniqueness. As before, the

parameter α will correspond to limN→∞ θ(N)/N . Whereas for finite N , conditional on the

population process ηNt , the levels of particles are independent and uniformly distributed

on [0, N ], in the infinite population limit, conditional on ηt, the process ξt is Poisson

distributed on Rd × [0,∞) with mean measure ηt × λ, where λ is Lebesgue measure.
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Definition 5.2 (Martingale Problem Characterisation, scaling limit) Fix α ∈ [0,∞),

and define test functions f by f(ξ) = ∏
(x,u)∈ξ g(x, u) with g differentiable in u, smooth

in x, satisfying 0 ≤ g(x, u) ≤ 1 and such that there exists a u0 with g(x, u) = 1 for all

u > u0. Then, define the operator A on such test functions by

Af(ξ) = f(ξ)
∑

(x,u)∈ξ
γ(x, η)B(g(·, u)r(·, η))(x) − g(x, u)Br(x, η)

g(x, u)

+ f(ξ)
∑

(x,u)∈ξ
2αγ(x, η)r(x, η)

∫ ∞

u
(g(x, u1) − 1)du1

+ f(ξ)
∑

(x,u)∈ξ

(
αγ(x, η)r(x, η)u2 − {γ(x, η)Br(x, η) + F (x, η)}u

) ∂ug(x, u)
g(x, u) .

(5.11)

We say that a D[0,∞)(C)-valued process (ξt)t≥0 is a solution to the (A, ξ0) martingale problem

if it has initial distribution ξ0 and f(ξt) − f(ξ0) −
∫ t

0 Af(ξs)ds is a martingale (with respect

to the natural filtration) for all test functions f as defined above.

The lookdown processes have been carefully constructed so that observations about the

past spatial positions of individuals in the population do not give us any information about

the assignment of individuals to levels. In other words, the dynamics of the lookdown

process preserve the conditionally uniform (or in the limit, conditionally Poisson) structure –

if started with uniform levels, levels are uniform at all future times. Moreover, if we average

over levels in the expression for the generator (equation (5.10) or (5.11)) we recover the

generator for the population process. Once this is verified (along with some boundedness

conditions) the Markov Mapping Theorem (Theorem A.1; also see [EK19]) tells us that

by “removing labels” from the lookdown process ξ we recover the population process η.

To make this precise, define the spatial projection maps κN : M(Rd× [0, N ]) → M(Rd)

by κN(ξN)(·) = ξN(· × [0, N ])/N , and κ : M(Rd × [0,∞)) → M(Rd) by κ(ξ)(·) =

limu0→∞ ξ(· × [0, u0])/u0. We will also need an inverse notion: for a measure ξN on

Rd × [0, N ] and a σ-field F , we say that ξN is conditionally uniform given F if κN(ξ)

is F-measurable and for all compactly supported f ,

E[e−⟨f,ξ⟩ | F ] = e−⟨HN
f ,κN (ξ)⟩, (5.12)
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where

HN
f (x) = −N log 1

N

∫ N

0
e−f(x,u)du.

In other words, the [0, N ] components of ξ are independent, uniformly distributed on

[0, N ], and independent of κN(ξ). Similarly, for a measure ξ on Rd × [0,∞) we say

that ξ is a conditionally Poisson random measure given F if κ(ξ) is F-measurable

and for all compactly supported f ,

E[e−⟨f,ξ⟩ | F ] = e−⟨
∫∞

0 (1−e−f(x,u))du,κ(ξ)(dx)⟩. (5.13)

In other words, ξ is conditionally Poisson with Cox measure κ(ξ) ×λ, where λ is Lesbegue

measure.

Proposition 5.3 If η̃N is a solution of the martingale problem of Definition 2.4 with

initial distribution ηN0 then there exists a solution ξN of the (AN , ξN0 )-martingale problem

of Definition 5.1 such that ηN = κN ◦ ξN has the same distribution on DMF (Rd)[0,∞)

as η̃N . Furthermore, for each t, ξNt is conditionally uniform given FηN

t in the sense of

(5.12).

Similarly, if η̃ is a solution of the limiting martingale problem of Theorem 2.10

with initial distribution η0 then there exists a solution ξ of the martingale problem of

of Definition 5.2 such that η = κ ◦ ξ has the same distribution on DMF (Rd)[0,∞) as η̃.

Furthermore, ξt is conditionally Poisson given Fη
t in the sense of (5.13).

Now we can present the main convergence theorem that is analogous to Theorem 2.10

for the population process.

Theorem 5.4 Let (ξNt ) satisfy Definition 5.1 and assume that as N → ∞, θ → ∞ in

such a way that θ/N → α. Let ηN0 = κ(ξN0 ) and suppose also that ηN0 → η0 in MF (Rd),

and that for each N , ξN0 is conditionally uniform given ηN0 in the sense of (5.12). Then,

(ξNt )t≥0 has a subsequence which converges in distribution as N → ∞ to a measure-valued

process (ξt)t≥0 with ξt conditionally Poisson given ηt = κ(ξt) for each t in the sense of

(5.13), that is a solution to the martingale problem of Definition 5.2.

Both results are proved in Section 5.2.
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5.1.2 Explicit construction of lines of descent

The main interest in using a lookdown construction for our population processes is that

it allows us to retain information about the relatedness of individuals as we pass to the

infinite population limit. In order to exploit this, in this section we write down stochastic

equations for the locations and levels of individuals in the prelimiting lookdown model.

We will then be able to pass to the scaling limit. This provides an explicit description

of the solution to the limiting martingale problem of Definition 5.2 which will enable

us to identify all individuals in the current population that are descendants of a given

ancestor at time zero. In theory at least, this allows us to recover all the information

about genealogies relating individuals sampled from the present day population. This idea

draws on the notion of “tracers”, popular in statistical physics and used in population

genetics by a number of authors including [HN08], [DF16], and [BEK21].

We will construct the process using a Ulam-Harris indexing scheme. First, we assign

each individual alive at time 0 a unique label from N. Suppose an individual with label a

and level u reproduces, and as a result there are two individuals, one with level u and one

with a new level u1 > u. The parent individual, previously labeled a, might be assigned

either level. We will track chains of descendant individuals forwards through time by

following levels, rather than individuals, and will call this a line of descent. So, after

reproduction, we give a new label to only the individual that is given the new level u1,

retaining the label a for the individual with the old level u. In this way, at each birth

event, a unique label is assigned to the resulting individual with the higher level, and

the label of an individual may change throughout its lifetime.

Concretely, then: for each label a in I = ⋃
k≥1 Nk, let Πa be an independent Poisson

process on [0,∞)2 × Rd × {0, 1}. The mean measure of each Πa is a product of Lebesgue

measure on [0,∞)2, the density of the standard Gaussian on Rd, and (δ0 + δ1)/2 on {0, 1}.

It will also be convenient to suppose that for each label a we have an enumeration of the

points in Πa, so we may refer to “the jth point in Πa”, although the precise order of this

enumeration is irrelevant. If (τ, v, z, κ) is the jth point in Πa, then τ will determine a

possible birth time, v will determine the level of the offspring, z will determine the spatial

displacement of the offspring relative to the parent, κ will be used to determine whether
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parent or offspring is assigned the new level, and the new label produced will be a⊕ j, i.e.,

the label a with j appended (so, if a = (a1, . . . , ak) then a⊕j = (a1, . . . , ak, j)). Each label

a has a birth time τa, when it is first assigned, and a (possibly infinite) death time σa, when

its level first hits N . For any τa ≤ t ≤ σa we denote by Xa(t) and Ua(t) the spatial location

and level of the individual carrying label a at time t, respectively. Furthermore, define

ηNt = 1
N

∑
a:τa≤t<σa

δXa(t) and ξNt =
∑

a:τa≤t<σa

δ(Xa(t),Ua(t)).

Now, since we have defined labels so that the level does not jump, Ua satisfies (5.5)

for τa ≤ t ≤ σa, i.e.,

Ua(t) = Ua(τa)

+
∫ t

τa

(
cθ(Xa(s), ηs)Ua(s)2 − bθ(Xa(s), ηs)Ua(s)

)
ds,

(5.14)

and, of course, σa = inf{t ≥ τa : Ua(t) > N}.

Potential reproduction events occur at times τ for each point (τ, v, z, κ) ∈ Πa with

τa ≤ τ < σa. (We say “potential” since if the level of the resulting offspring is greater

than N , the event does not happen.) If this is the jth point in Πa, the potential

new label is a ⊕ j, the birth time is τa⊕j = τ , and the spatial displacement of the

potential offspring is y(X(τ−), z), where

y(x, z) := 1
θ
b⃗(x) + 1√

θ
K(x)z,

and K(x)KT (x) = C(x).

Next we must choose the new level created at the birth event. We would like an indi-

vidual with level u and at spatial position x to produce offspring at y at instantaneous rate

2
(

1 − u

N

)
θγ(x, η)r(x+ y, η). (5.15)

To do this we will associate the point (τ, v, z, κ) ∈ Πa with level u+ vℓ, where ℓ is chosen

so that the rate of appearance of points in Πa with level below N , that is points with

vℓ < N − u, is given by (5.15). Since the mean measure of Πa is Lebesgue measure

in the t and v directions, we must take

ℓ(x, y, η) = N − u

2(1 − u/N)θγ(x, η)r(x+ y, η) = 1
2N−1θγ(x, η)r(x+ y, η) , (5.16)
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and, using this, the (potential) new level is

Ua⊕j(τ) = Ua(τ) + vℓ
(
Xa(τ−), y(Xa(τ−), z), ητ−

)
. (5.17)

If Ua⊕j(τ) < N , the new individual labeled a ⊕ j is produced, and κ determines which

label, a or a ⊕ j, is associated with the new location, so

Xa⊕j(τ) = Xa(τ−) + (1 − κ)y
(
Xa(τ−), z

)
.

On the other hand if Ua⊕j(τ) ≥ N , then Xa is unchanged and Xa⊕j is undefined, so

Xa(τ) = Xa(τ−) + κy(Xa(τ−), z)1Ua⊕j(τ)<N . (5.18)

Recall that the parental individual always retains their spatial location, so that κ = 1

corresponds to the parent being assigned a new level, and our line of descent switching to

the offspring. Combining these observations, Xa, for τa ≤ t < σa, solves the equation

Xa(t) =Xa(τa)

+
∫

[τa,t)×[0,∞)×R×[0,1]
y(Xa(τ−), z)κ1Ua(τ)+vℓ(Xa(τ−),y(Xa(τ−),z),ητ−)<NdΠa(τ, v, z, κ).

Although we have described the evolution of a line of descent only for a given label (i.e.,

for τa ≤ t < σa), we can extend the definition to times 0 ≤ t < σa by setting Xa(t) equal

to X[a]t(t), where [a]t is the label of the ancestor of label a alive at time t, and similarly

for Ua(t). It is then straightforward, albeit tedious, to write down the time evolution of

(Xa(t), Ua(t)) for all time back to t = 0 in terms of the driving Poisson processes.

Remark 5.5 Although we have a single construction that couples the processes across all

N , unlike in [KR11] the actual trajectories, Xa(·), do not necessarily coincide for different

values of N , since they are affected by the whole population process. However, this does

suggest approximating the genealogies in the infinite density limit by simulating up until a

sufficiently high level that we have a good approximation to the population process.
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5.1.3 Limiting processes for lines of descent

The previous section constructed the lookdown process using the same underlying Poisson

processes {Πa}a∈I for different values of N . As a result, if the spatial projections η

converge, then individual lines of descent converge pointwise as N → ∞. To see this,

first note that if the Poisson processes are fixed then the set of events with which a given

label a ∈ I is associated is also fixed – this is the sequence (τk, vk, zk, κk) associated

with the label a. To conclude that the lines of descent converge, first, we clearly need

that the spatial projections η converge. Supposing that they do, consider how a line

of descent (Xa(t), Ua(t)) evolves. It throws off a new line of descent at a higher level

when there is a point (τ, v, z, κ) in Πa with τ > τa and

v < 2

(
N − Ua(τ)

)
N

θγ(Xa(τ−), ητ−)r
(
Xa(τ−) + y

(
Xa(τ−), z

)
, ητ−

)
. (5.19)

Since the mean measure of the v coordinate is Lebesgue measure, θ/N → α, and

qθ(x, dy) → δx(dy), this corresponds in the limit to new lines of descent being thrown

off according to a Poisson process with intensity

2αγ(Xa(t), ηt)r(Xa(t), ηt)dt× du.

Now consider the location of the line of descent: at each birth event, with probability

one half the line of descent jumps to Xa(t) + y. Taking g to be a suitable test function

on Rd, and rewriting (5.19), when the level is u and the state of the population is η, the

generator of the spatial motion of the line of descent applied to g(x) is(
1 − u

N

)
γ(x, η)θ

∫
Rd
r(x+ y, η)(g(x+ y) − g(x))qθ(x, dy)

=
(

1 − u

N

)
γ(x, η)

{
θ
∫
Rd

(r(x+ y, η)g(x+ y) − r(x, η)g(x))qθ(x, dy)

− θ
∫
Rd

(r(x+ y, η) − r(x, η))g(x)qθ(x, dy)
}

→ γ(x, η) (B(rg)(x) − g(x)B(r)(x)) , as N, θ → ∞.

Notice that the factors of 2 have cancelled, and that the result is independent of u.

Also recall that r(x, η) depends on η only through ρr∗η(x), which is guaranteed to be

smooth, so that B(r) and B(gr) are well-defined.
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We write out the differential operator above in more detail. Recall that Bg(x) =∑
i b⃗i∂ig(x) + 1

2
∑
ij Cij∂ijg(x), and for the moment write r(x) for r(x, η), b⃗(x) = b⃗,

and C(x) = C so that

B(rg)(x) − g(x)B(r)(x) = r(x)
∑
i

b⃗i∂ig(x) +
∑
ij

∂ir(x)Cij∂jg(x) + r(x)1
2
∑
ij

Cij∂ijg(x)

= r(x)
(⃗b+ C∇ log r(x)

)
· ∇g(x) + 1

2
∑
ij

Cij∂ijg(x)
 . (5.20)

The only thing that remains is to describe how the levels change, but this is immediate

from applying limit (5.4) to equation (5.5).

We summarize the results in a proposition.

Proposition 5.6 (Line of descent construction) Define J(x, η) and β(x, η) by

r(x, η)γ(x, η)C(x) = 2J(x, η)J(x, η)T

β(x, η) = r(x, η)γ(x, η)
(⃗
b(x) + C(x)∇ log r(x, η)

)
.

Associate with each label a ∈ I = ∪k≥1Nk an independent d-dimensional Brownian motion

Wa and an independent Poisson process Ra on [0,∞)2 with Lebesgue mean measure, and

with points ordered in some way. Given η0 ∈ MF (Rd), let (xi, ui) be the points of a

Poisson process on Rd × [0,∞) with mean measure η0 × λ (the product of η0 and Lebesgue

measure). For each i, begin a line of descent with label i, location Xi(0) = xi, level

Ui(0) = ui, and birth time τi = 0.

Write τa for the birth time of the label a and σa = limu0→∞ inf{t ≥ 0 : Ua(t) > u0} the

time the level hits ∞. Finally, write ηt = limu0→∞
1
u0

∑
a:τa≤t<σa ; Ua(t)<u0 δXa(t).

Suppose the spatial locations and level of each line of descent a solve, for τa ≤ t < σa,

Xa(t) = Xa(τa) +
∫ t

τa

β(Xa(s), ηs)ds+
∫ t

τa

J(Xa(s), ηs)dWa(s)

Ua(t) = Ua(τa) +
∫ t

τa

(
αγ(Xa(s), ηs)r(Xa(s), ηs)Ua(s)2

−
{
γ(Xa(s), ηs)Br(Xa(s), ηs) + F (Xa(s), ηs)

}
Ua(s)

)
ds.

(5.21)

In other words, the evolution of the line of descents at time t depend on local density at

its spatial location, measured by convolutions against the collection of lineages ηt.
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Each point in each Ra denotes a potential birth time for a: if the jth point in Ra is

(τ, v), with τa ≤ τ < σa, then a new line of descent with label a⊕ j is produced, with birth

time τa⊕j = τ , location Xa⊕j(τ) = Xa(τ), and level

Ua⊕j(τ) = Ua(τ) + v

2αγ(Xa(τ), ητ )r(Xa(τ), ητ )
, (5.22)

if this is finite.

We write (η̃s)s≥0, (ξ̃s)s≥0 to be solutions to the martingale problems of Theorems 2.10

and 5.4, respectively. For any solution to the equations above, and for any fixed time

t ≥ 0,

ηt = lim
u0→∞

1
u0

∑
a:τa≤t<σa ; Ua(t)<u0

δXa(t) and ξt =
∑

a:τa≤t<σa

δ(Xa(t),Ua(t))

has the same distribution as η̃t, ξ̃t.

In particular, note that if α = 0, no new lines of descent are produced. More precisely,

comparing with (5.16), they are produced, but “at infinity”, and their trace is seen in the

spatial motion of the line of descent which results from the production of these lineages.

Proof [of Proposition 5.6] The fact that a solution to the system of equations (5.21) is

a solution to the martingale problem of Theorem 5.4 is an application of Itô’s theorem.

Furthermore, in Proposition 5.3 we showed that the conditional Poisson property of ξ0 is

preserved (i.e., holds for ξt for all t), and so for arbitrary t > 0, ηt almost surely exists

and has the same distribution as η̃t, ξ̃t. □

Remark 5.7 Although we know that ηt exists almost surely for fixed time t > 0, additional

work is needed to ensure this holds simultaneously for all t ≥ 0, such that

(η(t))t≥0, (Xa(t))t≥0, (Ua(t))t≥0

are well-defined as stochastic processes. To do so, we first note that in the pre-limit, i.e.

for finite n > 0, the processes

(ηn(t))t≥0, (Xn
a (t))t≥0, (Un

a (t))t≥0

are all well-defined, and in particular, by the first half of Proposition 5.3 and Theorem 2.10,

(ηn(t))t≥0 converges in distribution along subsequences to the process (ηn(t))t≥0. Therefore,
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by the Skorokhod’s representation theorem, there exists a common probability space

(Ω1,P1,F1) and a subsequence (nk)k≥1 such that (ηnk(t))t≥0 → (η(t))t≥0 almost surely as

measure-valued stochastic processes.

Next, the processes (Xnk
a (t), Unk

a (t))t≥0 defined through Equations (5.14), (5.18) (with

implicit dependence on N through σa) are tight given the control over the processes

{(ηnk(t))t≥0 : nk ≥ 0}, and once again there exists a sub-subsequence {nkj
: j ≥

1} and a further Skorokhod embedding (Ωa,Pa,Fa) such that (X
nkj
a (t), U

nkj
a (t))t≥0 →

(Xa(t), Ua(t))t≥0 almost surely as stochastic processes. In particular, (η(t))t≥0 is well-

defined in (Ωa,Pa,Fa) ⊃ (Ω1,P1,F1) so Equation (5.21) is well-defined.

Finally, (ξ(t))t≥0 is well-defined in the product space ∏a Ωa with the product measure.

Proofs of further results on ancestral lineages are in Section 5.2.

Remark 5.8 The process we consider is similar to the state-dependent branching processes

of [KR11], so one might expect that the proofs there would carry over with little change.

However, there is an important difference: Recall that the level Ua(t) of a line of descent

evolves as

u̇ = cθ(x, η)u2 − bθ(x, η)u, (5.23)

where bθ(x, η) and cθ(x, η) are defined in (5.3) and (5.2) respectively. Note that cθ(x, η) ≥ 0,

while bθ(x, η) may take either sign. Assumptions 2.8 imply that cθ(x, η) is bounded, while

bθ(x, η), because of F (x, η), is bounded above but not necessarily below. In [KR11], bθ was

bounded above and cθ was bounded away from zero, so they noted that if Ua(t) ≥ bθ/cθ

for some label a, that line of descent would only move upwards from that time onwards.

Furthermore, coefficients did not depend on the state of the process (i.e., on η), thus

allowing the processes to be jointly and simultaneously constructed for all values of N ,

with a pointwise embedding of (ξNt )t≥0 within (ξM )t≥0 for bθ/cθ < N < M . In other words,

individuals with levels above N > bθ/cθ at time t0 do not affect (ξNt )t≥t0, thus allowing

a comparison of the number of lines of descent below level u0 to a branching process.

Although we have provided a joint construction of ξN for all N in Section 5.1.2, it does

not have this monotonicity: for one thing, bθ and cθ depend on the population process η

and so all individuals can affect all other ones (even those with lower levels). Furthermore,
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in the deterministic case θ/N , and hence c, converges to zero, and so lines of descent

with arbitrarily high level may drift back downwards. Indeed, this must be the case if the

population persists, since in the deterministic case there is no branching.

5.2 Proofs of results for the lookdown process and
ancestral lineages

Now we turn to results about the lookdown process, first establishing the basic connection

between the population process ηN and the lookdown process ξN , Proposition 5.3, and

then in the next section, convergence of the lookdown process itself.

Proof [of Proposition 5.3] This proposition is the content of the Markov Mapping Theorem,

reproduced from [EK19] as Theorem A.1, applied to our situation. The function γ of

that theorem is what we have called κ above, and the kernel α of that theorem is the

transition function that assigns levels uniformly on [0, N ] (in the first case) or as a Poisson

process with Lesbegue intensity (in the limiting case). We need a continuous ψN(ξ) ≥ 1

such that |ANf(ξ)| ≤ cfψ
N(ξ) for all f in the domain of AN (and similarly a function ψ

for A). We also need that applying the lookdown generator to a function and averaging

over levels is equivalent to applying the population process generator to the function

whose dependence on levels has been averaged out, a condition which we precisely state,

and verify, in Lemmas A.2 and A.3 of the Appendix.

For finite N , taking f(ξ) of the form (5.6), we can use

ψN(ξ) = ⟨C(1 + u|F (x, η)|), ξ(dx, du)⟩

for an appropriate constant C. For the scaling limit, recall that the test functions

f are of the form f(ξ) = ∏
(x,u)∈ξ g(x, u) with g(x, u) = 1 for u ≥ u0, and consult-

ing (5.11), we see that most terms in Af(ξ) can be bounded as above by constant

multiples of ⟨1, η⟩. However, the term involving F is, as usual, more troublesome. Since

0 ≤ f(ξ)/g(x, u) ≤ 1 for any (x, u) ∈ ξ,
∣∣∣f(ξ)

∑
(x,u)∈ξ

F (x, η)u∂ug(x, u)
g(x, u)

∣∣∣ ≤ ∥∂ug∥∞
∑

(x,u)∈ξ
|F (x, η)u1u≤u0|

≤ ∥∂ug∥∞e
u0

∑
(x,u)∈ξ

|F (x, η)ue−u|.
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The first line would be just what we want, except that ψ(ξ) cannot depend on f , and

hence neither on u0. So, the second line provides us with the required bound: we absorb

∥∂ug∥∞e
u0 into cf and take ψ(ξ) = 1 + ⟨1 + F (x, η)ue−u, ξ(dx, du)⟩. □

5.2.1 Tightness of the Lookdown Process

Now we turn to the main theorem on convergence of the lookdown process, Theorem 5.4,

whose proof follows a similar pattern to that of convergence for the population pro-

cesses in Section 3.2.

We first give a description of the lookdown process ξN in terms of the lines of descent

introduced in Section 5.1.2. Each line of descent gives birth to lines at higher levels

at rate 2(N − u)cθ(x, η), and each such new line chooses a level uniformly from [u,N ],

a spatial location y from the kernel

qm(x, dy, η) = r(y, η)q(x, dy)∫
Rd r(y, η)q(x, dy) , (5.24)

and the two lines swap spatial locations with probability 1/2; the level of each line of

descent evolves according to equation (5.23).

It is evident from the description of the process (or, by differentiating in Definition 5.1)

that

⟨f, ξNt ⟩ =⟨f, ξN0 ⟩ +M f
t

+
∫ t

0

〈
cθ(x, ηNs )

∫ N

u

∫
Rd

(f(y, u1) + f(x, u1) + f(y, u) − f(x, u)) qm(x, dy, ηNs )du1

+
(
cθ(x, ηNs )u2 − bθ(x, ηNs )u

) d

du
f(x, u), ξNs (dx, du)

〉
ds,

(5.25)

where M f is a martingale with angle bracket process

〈
M f

〉
t

=
∫ t

0

〈
cθ(x, ηNs )

∫ N

u

∫
Rd

[
f(y, u1)2

+ (f(x, u1) + f(y, u) − f(x, u))2
]
du1q

m(x, dy, ηNs ), ξNs (dx, du)
〉
ds.

(5.26)

Remark 5.9 In addition to tightness of the measure-valued processes ξN , the bounds used

in the proofs below also imply tightness of the number of lines of descent and the number
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of births below a fixed level, and of the motion of individual lines of descent. In other

words, the limiting “line of descent” construction of Section 5.1.2 holds.

Proof [Proof of Theorem 5.4] As in Section 3.2, the theorem will follow from tightness

and characterization of the limit points. This time, the processes ξN take values in

M(Rd × [0,∞)), the space of locally finite measures on space × levels. (They will in fact

be point measures, including the limit, but that is a consequence of this theorem.) Again,

tightness follows from a compact containment condition, tightness of one-dimensional

distributions, and an application of [EK86] Theorem 3.9.1.

Lines of descent can escape to infinite level in finite time, and so we endow M(Rd ×

[0,∞)) with the vague topology “in the level coordinate”, induced by test functions on

Rd × [0,∞) of the form g(x)h(u), where g ∈ Cb(Rd) is bounded and continuous and

h ∈ Cc([0,∞)) is compactly supported (following, e.g., [EK19], Condition 2.1). In several

places below we require a dense subset of Cb(M(Rd × [0,∞))), the bounded, continuous

functions on M(Rd× [0,∞)). The functions ξ 7→ exp(−⟨f, ξ⟩) with f ≥ 0 do not form not

a dense subset of Cb(M(Rd × [0,∞))), but they do separate points and vanish nowhere,

i.e., for any ξ1 and ξ2 there is an f with exp(−⟨f, ξ1⟩) ̸= exp(−⟨f, ξ2⟩), and a g such

that exp(−⟨g, ξ1⟩) ̸= 0. Therefore, by the Stone-Weierstrass theorem, the algebra they

generate is dense in Cb(M(Rd× [0,∞))) (with respect to uniform convergence on compact

subsets). Topologized in this way, the space M(Rd × [0,∞)) is completely metrizable,

and we may choose a countable set of nonnegative fk, each supported on Rd × [0, uk]

for some uk < ∞, such that a subset K ⊂ M(Rd × [0,∞)) is relatively compact if and

only if supξ∈K⟨fk, ξ⟩ < ∞ for each k. (To see this, use Theorem A.2.3 of [Kal97] and the

first argument made in the proof of Lemma A.7.) Below, Lemma 5.12 proves exactly

this, and therefore compact containment. Here we have compactified Rd for convenience

(since it turned out to be straightforward to show that mass does not escape to infinity

in space); however, we need to use the vague topology “in the level direction” because

levels may escape to infinity in finite time in the limit.

In order to apply [EK86] Theorem 3.9.1 we require that {(F (ξNt ))t≥0}N is tight as a

sequence of real-valued càdlàg processes, for all F in a subset of Cb(M(Rd × [0,∞))) that

is dense with respect to uniform convergence on compact subsets. Lemma 5.13 shows that
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{⟨f, ξNt ⟩}N is a tight sequence for any f : Rd × [0,∞) → R with compact support in the

level direction. Since as above the algebra generated by the functions ξ 7→ e−⟨f,ξ⟩ is dense

in Cb(M(Rd × [0,∞))), it suffices to show that tightness for the processes ⟨f, ξNt ⟩ extends

to finite sums and products of these processes, which is shown in Lemma A.7. The fact

that martingale properties are preserved under passage to the limit is straightforward, and

can be proved in a way analogous to Lemma 3.6; we omit the proof. Finally, we must show

that the limiting lookdown process ξ projects to the limiting process η, i.e., a solution

of the martingale problem in Theorem 2.10. Let Nk → ∞ be a sequence along which

ξNk converges. By Theorem 2.10, there is a subsequence Nk(j) along which the projected

population processes ηNk(j) converge, and the limit solves the martingale problem. Thus

any limit point of ξN projects to a population process η solving the martingale problem

of Theorem 2.10. □

What we need for compact containment will come from the following Lemma. The

generality is unimportant – for concreteness one may take h(u) = e−u.

Lemma 5.10 Let h be a positive, continuous, nonincreasing, differentiable function on

[0,∞) such that
∫∞

0
∫∞
u h(v)dvdu,

∫∞
0 u2|h′(u)|du, and

∫∞
0 h(u)2du are all finite. Suppose

that Assumptions 2.8 hold, and that θ/N → α and ξN0 → ξ0 weakly as N → ∞, where

each ξN0 is conditionally uniform given ηN0 in the sense of (5.12) and ξ0 is conditionally

Poisson given η0 in the sense of (5.13). Then for any T there exists a constant K(T )

such that for all M > 0,

lim sup
N→∞

P
{

sup
0≤t≤T

⟨h, ξNt ⟩ > M

}
<
K(T )
M

.

We postpone the proof of this Lemma until we have shown how it yields compact

containment. First, we show that this implies compact containment of the processes

(⟨f, ξNt ⟩)0≤t≤T for arbitrary compactly supported f .

Lemma 5.11 Suppose f ∈ C(Rd × [0,∞)) and there is a uf such that if u ≥ uf then

supx f(x, u) = 0. Under the assumptions of Lemma 5.10, for any T there exists a constant

K(f, T ) such that for all M > 0,

lim sup
N→∞

P
{

sup
0≤t≤T

⟨f, ξNt ⟩ > M

}
<
K(f, T )
M

.
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Proof [of Lemma 5.11] Let h be as in Lemma 5.10, so there is a cf < ∞ such that

f(x, u) ≤ cfh(u) for all x and u. Therefore, ⟨f, ξ⟩ ≤ ⟨h, ξ⟩, and so by Lemma 5.10,

lim sup
N→∞

P
{

sup
0≤t≤T

⟨f, ξNt ⟩ > M

}
≤ lim sup

N→∞
P
{

sup
0≤t≤T

⟨h, ξNt ⟩ > M/cf

}
<
K(T )cf
M

.

□

Lemma 5.12 (Compact containment for ξ) Let f1, f2, . . . be a sequence of functions

each satisfying the conditions of Lemma 5.11. Under the assumptions of Lemma 5.10, for

any T and δ > 0 there exists a sequence (C1, C2, . . .) of finite constants such that

lim sup
N→∞

P
{

sup
0≤t≤T

⟨fk, ξNt ⟩ > Ck for some k ≥ 1
}
< δ. (5.27)

In other words, the processes ξN stay in the set

{
ξ ∈ M(Rd × [0,∞)) : ⟨fk, ξ⟩ ≤ Ck for all k ≥ 1

}
,

for all 0 ≤ t ≤ T with uniformly high probability, a set which (as discussed in the proof

of Theorem 5.4) is relatively compact for an appropriate choice of {fk}k≥1.

Proof [of Lemma 5.12] By a union bound,

P
{

sup
0≤t≤T

⟨fk, ξNt ⟩ > Ck for some k ≥ 1
}

≤
∑
k≥1

P
{

sup
0≤t≤T

⟨fk, ξNt ⟩ > Ck

}
,

so (5.27) follows by taking Ck = 2k−1K(fk, T )/δ and using Lemma 5.11. □

Finally, we prove the key lemma.

Proof [of Lemma 5.10] Applied to f(x, u) = h(u), the martingale representation (5.25) is

⟨h, ξNt ⟩ = ⟨h, ξN0 ⟩ +Mh
t

+
∫ t

0

〈
2cθ(x, ηNs )

∫ N

u
h(v)dv, ξNs (dx, du)

〉
ds

+
∫ t

0

〈 (
cθ(x, ηNs )u2 − bθ(x, ηNs )u

)
h′(u), ξNs (dx, du)

〉
ds,

where Mh
t is a martingale with angle bracket process

〈
Mh

〉
t

=
∫ t

0
⟨2cθ(x, ηNs )

∫ N

u
h(v)2dv, ξNs (dx, du)

〉
ds.
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Now, note that 0 ≤ cθ(x, ηNx ) ≤ Ca < ∞ and bθ(x, ηNs ) ≤ Cb < ∞, and we have assumed

that h′(u) ≤ 0 (since h is nonincreasing), so we may bound

⟨h, ξNt ⟩ ≤ ⟨h, ξN0 ⟩ +Mh
t

+
∫ t

0

〈
2Ca

∫ ∞

u
h(v)dv +

(
Cau

2 + Cbu
)

|h′(u)|, ξNs (dx, du)
〉
ds.

(5.28)

Now, since ξNt is conditionally uniform given ηNt in the sense of (5.12), we know that

for compactly supported f , E[⟨f, ξNt ⟩] = E[⟨f̃N , ηNt ⟩], where f̃N(x) =
∫N

0 f(x, u)du. By

our assumptions on h, we know that
∫ ∞

0

(
2Ca

∫ ∞

u
h(v)dv +

(
Cau

2 + Cbu
)

|h′(u)|
)
du < C

for some C < ∞, and so (by dominated convergence)

E
[
⟨h, ξNt ⟩

]
≤ E

[
⟨h, ξN0 ⟩

]
+ C

∫ t

0
E
[〈

1, ηNs
〉]
ds,

which we know by Lemma 3.1 is bounded by C0e
C1t for some other constants C0 and C1.

Now consider the maximum. By (5.28), using that the integrand is nonnegative,

sup
0≤t≤T

⟨h, ξNt ⟩ ≤ ⟨h, ξN0 ⟩ + sup
0≤t≤T

Mh
t

+
∫ T

0

〈
2Ca

∫ ∞

u
h(v)dv +

(
Cau

2 + Cbu
)

|h′(u)|, ξNs (dx, du)
〉
ds.

As in the proof of Lemma 3.2, the Burkholder-Davis-Gundy inequality, [BJY86], and

the fact that
√
x ≤ 1 + x for x ≥ 0 tells us that there is a C ′ such that

E
[

sup
0≤t≤T

Mh
t

]
≤ C ′

(
1 + E

[
⟨Mh⟩T

])
≤ C ′

(
1 +

∫ T

0
E
[
⟨2cθ(x, ηNs )

∫ ∞

u
h(v)2dv, ξNs (dx, du)

〉]
ds

)

≤ C ′
(

1 + 2Ca
∫ ∞

0
h(v)2dv

∫ T

0
E
[
⟨1, ξNs (dx, du)

〉]
ds

)
≤ C2e

C1T ,

for a constant C2 which is finite by our assumption that
∫∞

0 h(v)2dv < ∞.

Therefore,

E
[

sup
0≤t≤T

⟨h, ξNt ⟩
]

≤ E
[
⟨h, ξN0 ⟩

]
+ (C2 + C0/C1)eC1T ,
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and so

P
{

sup
0≤t≤T

⟨h, ξNt ⟩ > K

}
≤

E
[
⟨h, ξN0 ⟩

]
+ (C2 + C0/C1)eC1T

K
.

□

Lemma 5.13 Let f be a bounded, continuous real-valued function on Rd × [0,∞) with

uniformly bounded first and second derivatives for which there exists a u0 such that if

u > u0 then f(x, u) = 0. Then, the sequence of real-valued processes (⟨f, ξNt ⟩)t≥0 for

N ≥ 1 is tight in D[0,∞)(R).

Proof [of Lemma 5.13] Again, we use the Aldous-Rebolledo criterion. Tightness of ⟨f, ξt⟩

for a fixed t follows from Lemma 5.11, so we need only prove conditions analogous to

(3.9) and (3.10) applied to the martingale representation of equations (5.25) and (5.26).

Rewriting (5.25) with cθ = cθ(x, ηs),

⟨f, ξt⟩ = ⟨f, ξ0⟩ +M f
t +

∫ t

0

〈
cθ

∫ N

u

∫
(f(y, u1) + f(x, u1))qm(x, dy, η)du1

+ cθ(N − u)
∫ t

0
(f(y, u) − f(x, u))qm(x, dy, η) + (cθu2 − bθu) d

du
f, ξs

〉
ds.

The bounds analogous to (3.9) and (3.10) follow as in the proof of Lemma 3.3: for

instance, observe that using that cθ ≤ Ca for some Ca, the predictable part of this

semimartingale decomposition is bounded by
〈

2Ca∥f∥∞uf + (1 − u/N)γBθ
f + (Cau2 − bθu) d

du
f, ξs

〉
,

the last term of which is bounded by

⟨Cau2
f + sup

x
|bθ(x, ηs)|uf∥

d

du
f∥∞⟩,

which can be bounded as we did for (3.9). □
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5.2.2 Motion of ancestral lineages

In this section we prove Theorem 2.24. The argument follows directly from the dis-

cussion in Section 5.1.3.

Proof [of Theorem 2.24] For brevity, in the proof we write γ(x) or γ for γ(x, η).

Here we have taken the high-density, deterministic limit (so, θ,N → ∞ and θ/N → 0).

We first proceed informally, as if the limiting process has a density φt(x) at location x and

time t (which it may not), and follow this with an integration against test functions to

make the argument rigorous. Let Y denote the spatial motion followed by a single line of

descent. Above equation (5.20), we showed that Y is a diffusion with generator at time s

LY
s g(x) = γ(x, ηs)(B(r(·, ηs)g(·))(x) − g(x)Br(x, ηs)).

The diffusion is time-inhomogeneous if the density is not constant in time. Let φt(x) be

the limiting density, which is a weak solution to (2.1), ∂tφt = rB∗[φtγ] + φtF . Formally,

the intensity of individuals at y at time t that are descended from individuals that

were at x at time s (with s < t) is

φs(x)Es,x
[
exp

(∫ t

s
(F + γBr)(Yu)du

)
1Yt=y

]
dy, (5.29)

where the subscript s, x in the expectation indicates that Ys = x. To see why this should

be true, suppose that an ancestor at time s has level v. Conditional on its spatial motion

{Yu}s≤u≤t, its level at time t will be v exp(−
∫ t
s (F + γBr)(Yu)du). This will be less than

a given level λ if v < λ exp(
∫ t
s (F + γBr)(Yu)du). The intensity of levels at y that are

descended from individuals at x can therefore be obtained as the limit as λ → ∞ of 1/λ

times the number of levels at x at time s with u < λ exp(
∫ t
s (F +γBr)(Yu)du) and for which

the corresponding individual is at y at time t, which is precisely the quantity in (5.29).

By our construction in Section 5.1.3, when we integrate (5.29) with respect to x

we recover φt(y)dy. Consider an individual sampled at location y at time t, and write

p(t, s, y, x) for the probability density that their ancestor at time s was at x. As a

consequence of (5.29), still formally,

p(t, s, y, x) = φs(x)
φt(y)Es,x

[
exp

(∫ t

s
(F + γBr)(Yu)du

)
1Yt=y

]
for s < t. (5.30)
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To make (5.30) meaningful, we multiply by suitable test functions f and g and integrate.∫ ∫
f(y)φt(y)p(t, s, y, x)g(x)dydx

=
∫
g(x)φs(x)Ex,s

[
exp

(∫ t

s
(F + γBr)(Yu)du

)
f(Yt)

]
dx.

Writing T̂t,s for the time-inhomogeneous semigroup corresponding to the motion of

ancestral lineages backwards in time (that is, T̂t,sf(y) =
∫
p(t, s, x, y)f(x)dy), we can write

this as∫
f(y)φt(y)T̂t,sg(y)dy =

∫
g(x)φs(x)Es,x

[
exp

(∫ t

s
(F + γBr)(Yu)du

)
f(Yt)

]
dx. (5.31)

Next, we will differentiate this equation with respect to t. There are two terms in the

product on the left-hand side that depend on t, so if we use that ∂tφt = rB∗[φtγ] +

φF (in a weak sense), and write Lu for the generator of T̂t,s at time t = u so that

∂tT̂t,sg(y)
∣∣∣∣
t=s

= Lsg(y), then

d

dt

∫
f(y)φt(y)T̂t,sg(y)dy

∣∣∣∣
t=s

=
∫
f(y) {φs(y)Lsg(y) + [r(y)B∗(γφs)(y) + φs(y)F (y)] g(y)} dy.

As for the right-hand side, since Ys = x under Ex,s,

d

dt
Ex,s

[
exp

(∫ t

s
(F + γBr)(Yu)du

)
f(Yt)

] ∣∣∣∣∣∣
t=s

= [F (x) + γ(x)Br(x)] f(x) + LY
s f(x).

Therefore, the derivative of (5.31) (with respect to t, evaluated at t = s) is∫
f(y) {φs(y)Lsg(y) + (r(y)B∗(γφs)(y) + φs(y)F (y)) g(y)} dy

=
∫
g(x)φs(x)

(
LY
s f(x) + [F (x) + γ(x)Br(x)] f(x)

)
dx

=
∫
f(x)

(
(LY

s )∗(φsg)(x) + [F (x) + γ(x)Br(x)]φs(x)g(x)
)
dx,

where (LY
s )∗ is the adjoint of LY

s . Since f was arbitrary,

Lsg = 1
φs

[
(LY

s )∗(φsg) + γφsgB(r) − rgB∗(γφs)
]
.

(Note that the φsFg terms have cancelled.) Since the adjoint of LY
s is

(LY
s )∗f = rB∗(γf) − γfBr,

111



we can rewrite the generator of a lineage as

Lsg = r

φs
[B∗(γφsg) − gB∗(γφs)] .

This is equation (2.22).

To simplify to equation (2.23), first define Df(x) = 1
2
∑
ij Cij∂ijf(x), and so the adjoint

of D is

D∗f(x) = 1
2
∑
ij

∂ij(Cijf(x)).

Note that D∗ satisfies the following identity:

D∗(fg) = 1
2
∑
ij

{g∂ij(Cijf) + 2f∂i(Cij)∂j(g) + 2Cij∂i(f)∂j(g) + Cijf∂ijg}

= gD∗f + f c⃗ · ∇g + (C∇f) · ∇g + fDg,

where c⃗j = ∑
i ∂jCij. So, with f = γφs,

Lsg = r

φs

[
D∗(γφsg) − ∇ · (γφsg⃗b) − gD∗(γφs) + g∇ · (γφs⃗b)

]
= r

φs

[
γφsDg + γφsc⃗ · ∇g + (C∇(γφs)) · ∇g − γφs⃗b · ∇g

]
= rγ

[
Dg + c⃗ · ∇g + (C∇ log(γφs)) · ∇g − b⃗ · ∇g

]
,

which is equation (2.23). □

Proof [of Corollary 2.27] For the moment, we will write r(x) for r(x, η) and γ(x) for

γ(x, η). First note that since in this case the semigroup does not depend on time,

we can write L = Ls, and

Lf = σ2rγ
(
∆f + ∇(2 log(γφ) − h/σ2) · ∇f

)
.

Now, observe that
∫
Rd
eH(x)f(x)(∆ + ∇H(x) · ∇)g(x)dx = −

∫
Rd
eH(x) {∇f(x) · ∇g(x)} dx,

so that by choosing H(x) = 2 log(γ(x)φ(x)) − h(x)/σ2 and

π(x) = eH(x)/(σ2r(x)γ(x)) = γ(x)φ(x)2e−h(x)/σ2

σ2r(x) ,
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we have that
∫
Rd
π(x)f(x)Lg(x)dx = −

∫
Rd
eH(x)∇f(x) · ∇g(x)dx.

Since this is symmetric in f and g, the process Y is reversible with respect to π; the

constant factor of σ2 does not affect the result. □
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6
FRIME - A Markov Model for Cell-free DNA

Fragmentomics

6.1 Introduction

Cell-free DNA (cfDNA) is extracellular DNA present in biofluids, particularly blood, that

originates mainly from dying cells as part of normal cellular turnover or pathological

processes, including cancer [HAS20]. Assays, such as PCR and sequencing, can detect

cfDNA in the bloodstream, providing clinicians with molecular information on the cell-of-

origin. This created a new field called “liquid biopsy", which is more accessible and less risky

than traditional biopsies, which require invasive procedures that may cause complications

such as infection, bleeding, or pain. The decreasing cost of sequencing technologies has

made cfDNA a promising material for prenatal genetic diagnosis, early cancer detection,

and cancer treatment decision-making [Lo+21]. Currently, over 1000 clinical trials are

exploring the potential of cfDNA, and there are a few FDA-approved tests [Cis+22].

Apart from being low-risk and easier to obtain, cfDNA can provide real-time monitoring

of the disease status, allowing for prompt therapy adjustments. However, several challenges

must be addressed before cfDNA can become a standard clinical tool. These include the

need for further validation of the methods used for cfDNA detection, identification of the

most appropriate clinical applications, optimization of the cost-effectiveness of cfDNA
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analysis and an improved understanding of the processes behind cfDNA generation

and dynamics [Rol+20].

There are many molecular features in cfDNA data, such as DNA mutation, copy number

variation [Ada+17], DNA methylation [Liu+20], and histone modifications [Sad+21].

When focusing on the oncological applications of cfDNA, identifying pathological signals

from physiological activities in cfDNA is non-trivial. This is because tumor-derived

cfDNA usually makes up less than 10% of plasma cfDNA even at late tumor stages

[MNT17], resulting in low signal-to-noise ratio. Sometimes, tumor cfDNA cannot be

detected despite using highly sensitive methods such as digital PCR [Bet+14]. Strategies

to overcome this problem include enriching for tumor-derived DNA [Mou+18], as well

as combining multi-modal information to increase the number of tumor-specific features

that can be captured or analyzed [Sie+21; Pen+21].

CfDNA fragment length profile is one of the keys in both strategies. It has been

demonstrated in mice xenograft models and cancer patients that tumor-derived cfDNA are

in general shorter and more fragmented [Und+16; Mou+18], therefore selecting for short

DNA fragments between 90-150 base pairs (bp) can enrich tumor signals. The short-to-long

fragment ratio has also been proposed to be a diagnostic marker [Cri+19]. Yet, studies so

far have been focusing on fragment sizes under approximately 200bp, and fragment length

profiles beyond this have not been thoroughly described. Moreover, how to best integrate

the fragmentation profile with other multi-modal information remains an open question.

Currently, cfDNA data is commonly perceived by biologists as a fixed snapshot, with

testing for specific markers of interest, such as mutation frequency. Nevertheless, cfDNA

is part of a dynamic equilibrium similar to other biological processes, constantly being

generated, broken down, and eliminated from the body. Although the kinetics (rate of

change in concentration) of cfDNA can potentially be analyzed during tumor resection

[Die+08] or caesarean section [Yu+13], these approaches are not practical for diagnostic

or molecular characterization purposes.

Fragmentation patterns have been proposed to have a high potential of containing

information of clinical relevance in what it is currently being referred to as cfDNA

fragmentomics. Further insights into the fragmentomics of plasma cfDNA may shed light
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on the origin and fragmentation mechanisms of cfDNA during pathological processes in

diseases and enhance our ability to take the advantage of plasma cfDNA as a molecular

diagnostic tool. This includes extracting information from fragment length, end motifs,

jagged ends, preferred end coordinates, as well as nucleosome footprints, open chromatin

region, and gene expression inferred by the cfDNA fragmentation pattern across the

genome [Qi+23; Liu22; Mou+21].

However to unveil the cfDNA properties, including that of fragmentation patterns, as a

potential biomarker for early diagnosis, diagnosis and prognosis, it is crucial to characterize

the intrinsic kinetics of cfDNA within the organism. This is so especially when using

cfDNA analysis as longitudinal diagnostic tool for monitoring the course of treatment

[KL18]. Consequently, computational models that capture the dynamics of cfDNA may

serve as a valuable tool to extract biological insights from the static cfDNA data.

Mathematicians and physical chemists have used fragmentation equations to model

the degradation of polymers [ZM85; EBE81]. Fragmentation equations are differential

equations that describe how the concentration of fragments at different length scales

changes over time. However, these equations did not account for the biological noise that

occurs naturally or the advent of DNA sequencing technology. While fragmentation with

immigration processes have been studied [BK00; Haa05], no mathematical or computational

model has been built including an exit mechanism to study the effect of cfDNA clearance

mechanisms on the fragment profile. Simple approaches have estimated basic averaged

kinetic parameters for different processes [KL18] but without incorporating the complexities

of fragmentation processes. Recent studies based on non-dynamical approaches have

correlated tumor detection size with circulating tumor DNA shedding [Ava+20] and

developed a mathematical equation relating the distribution profile of a stochastically

fragmented DNA sample to the probability that a DNA fragment within that sample

can be amplified by any PCR assay of arbitrary length [Joh+22]. Finally, data analytic

mathematical and machine learning methods have been used extensively to analyze cfDNA

fragmentation datasets [Ren+22; Zho+23; Mos+23]. Nevertheless, those approaches

have not incorporated mechanistically the dynamical interplay of the different processes

playing a role in the fragmentation dynamics.
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CfDNA samples collected before and after treatment can provide an expanded view of

the genetic response of a patient’s tumor, including the dynamic changes in the mutational

landscape as well as the heterogeneity that develops due to the selective pressure of

therapy. In addition, it is clear that the potential of cfDNA analyses is enhanced when

combined with results obtained from tissue biopsies and integrated with mathematical

modelling of tumor evolution [Kha+18].

Therefore, simulation-based computational frameworks are required to gain a deeper

understanding of the biological processes that occur during DNA fragmentation and to

provide a more robust clinical analysis, and thus develop biomarkers, of sequenced

cfDNA fragment profiles.

In this study, we develop a mathematical/computational stochastic Markovian model

and propose that the dynamic behaviour of cfDNA can be retrieved from the fragment

length distribution of cfDNA, obtained from sequencing. When a long DNA molecule is

cleaved by DNase, the resulting shorter molecules remain in the system, which would be fur-

ther split into even smaller molecules. When the system reaches dynamic equilibrium, the

abundance of molecules of each size would be dependent on the fragmentation behaviour.

The structure of this chapter is as follows: In the Methods section, we describe the

biological factors that determine the dynamics of cfDNA and propose the FRagmentation

with IMmigration and Exit (FRIME) framework, along with an algorithm to implement

it. In the Results section, we use the FRIME framework to simulate the distribution

of cfDNA fragment lengths and test various biological assumptions by adjusting the

parameters of the model. We then compare our simulated results with real-world cfDNA

data obtained using state-of-the-art sequencing techniques. In the Discussion section, we

explore the biological implications of our results. Our simulations elucidate the shape of

the entire cfDNA fragmentation profile, including the fragment counts of high molecular

weight fragments. Moreover, our study identifies a difference in fragmentation kinetics

between genomic and mitochondrial cfDNA, revealing new insights into how cfDNA is

metabolized. We also provide a novel framework to study the dynamic parameters of

cfDNA from existing data, which may improve analytic strategies. By shedding light on
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the underlying biological mechanisms of cfDNA fragmentation, our study contributes to

the development of cfDNA as a noninvasive biomarker in clinical settings.

6.2 Materials and methods

6.2.1 Biological determinants of cfDNA dynamics

Various pathways of cell death, degradation, and regulated extrusion, partial or complete

genomes of various origins (e.g., host cells, fetal cells, and infiltrating viruses and microbes)

contribute to the shedding into human body fluids, most notably blood, of segmented

cell-free DNA (cfDNA) molecules [Gra+20]. Active and passive release and elimination

mechanisms contribute to the composition of cfDNA. In this chapter we assumed these

macromolecules to be continuously produced, metabolized, and removed from blood

through the interplay of the following processes:

Production. CfDNA originates mainly from dying cells, which can be part of normal

cellular turnover or pathological processes such as cancer [HAS20]. When cells die,

mitochondrial and genomic DNAs are released into the bloodstream. There are variations

in blood cfDNA levels among patients with different tumor types and stages. In general

patients with benign lesions or with early-stage cancer have lower amounts of cfDNA

compared to patients with advanced or metastatic tumors of comparable size, which could

be a result of the increased cell turnover and metabolic properties of progressing cancer

[Kus+19]. It has been found that cfDNA levels are correlated with metabolic disease

volume, estimated with 18F-labelled fluorodeoxyglucose positron emission tomography,

in some cancers. In our modelling framework, cfDNA input mechanisms, whatever their

origin, are incorporated as an input term feeding large fragments sizes into the system.

Fragmentation rate. CfDNA can be digested both intracellularly during cell death and

extracellularly through different processes. The fragmentation rate of cfDNA depends on

the DNase activity, which can differ across different body fluids [NYK93], health conditions

[Tam+06], and individuals. In the context of plasma cfDNA, it is digested extracellularly

by circulating DNases that break partially digested cfDNA into even smaller fragments.
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Fragmentation pattern. Healthy and diseased cells exhibit a structured genomic DNA

arrangement, with nucleosomes tightly binding most of the DNA except for short linker

stretches [Iva+15]. DNases selectively digest the linker DNA, creating a periodic pattern

of fragment sizes, where each peak corresponds to DNA associated with nucleosomes.

This pattern is referred to as a nucleosomal pattern. In contrast, mitochondrial DNA is

not bound by nucleosomes and lacks a nucleosomal fragmentation pattern.

Elimination. The elimination mechanisms of circulating cfDNA are not fully understood.

Nucleosome-bound cfDNA is thought to mainly be cleared by the liver, whereas naked

single-stranded DNA may be cleared through the kidney in a size-dependent manner

[Kus+19]. Since the concentration of cfDNA is more or less in a dynamic equilibrium, it

can also be inferred that elimination of cfDNA is concentration-dependent. The reported

half-life of cfDNA is between 0.25 to 2 hours [Yu+13; Die+08].

6.2.2 Technical determinants of cfDNA fragmentation data

There are multiple factors that may cause a systematic bias in cfDNA fragment lengths

readings, including the choice of cfDNA extraction kit [Dev+14], single-stranded versus

double-stranded library preparation [Sny+16], and most notably, short-read versus long-

read sequencing platform. Short-read sequencing platforms are designed for short DNA

molecules, and are not ideal for our study for a few reasons. Firstly, the sequencing length

is not guaranteed to cover the entire DNA molecule, and fragment length is inferred

from the reference genome after sequence alignment. Thus, fragment length inference is

affected by alignment errors as well as host-specific genetic variations. Secondly, there is

a fragment length bias in short-read sequencing, where large DNA fragments are captured

very inefficiently. This may be an effect of PCR during library preparation or the sequencer

itself [Goh+19]. On the other hand, long-read sequencing is capable of directly measuring

the fragment length by reading through the whole DNA molecule. It can also capture

large DNA fragments efficiently with a modest size bias [Yu+23].
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6.2.3 Computational model

To model the dynamics of cell-free DNA fragments in the bloodstream, we propose the

FRIME framework which integrates the mechanisms mentioned above into a continuous

time Markov process.

See Fig 6.1 for a schematic diagram of the process.

FRagmentation mechanisms. CfDNA fragmentation is known to occur through

DNase digestion, however it remains unclear how exactly these biomolecules are broken

down and how the reaction rate of cfDNA digestion depends on their size. Reaction rates

of other polymers are known to be proportional to polymer sizes raised to some power

[BEE78]. Similar results can also be deduced mathematically under the Zimm chain model

which considers random movement of polymers [DEE88]. In this chapter we consider

different types of fragmentation rate and test their outcomes against human data to see

which one provides a faithful description of the observed phenomenology. Such comparison

with clinical data can help us find possible biological mechanisms for cfDNA digestion.

We also assume that a fragment of length x reacts with an enzyme at a rate

CFx
αF . Upon reaction, the fragment breaks into two pieces of length xr, x(1 − r),

where r ∼ Beta(a, 1). In this chapter, we will call the random variable r the frag-

mentation ratio, and the parameters CF , αF will be referred as the fragmentation speed

and fragmentation power respectively.

The case of αF < 0 corresponds to an increase of fragmentation rate with shorter

fragment lengths. This corresponds to the hypothesis that the reaction rate of cfDNA

polymers are limited by diffusion, and longer cfDNA polymers diffuse slower than shorter

polymers due to their size and possible secondary structures.

The case αF > 0, conversely, assumes that fragmentation rate increases with longer

fragment length. This scenario corresponds to cfDNA digestion by surface exposure, where

the rate would be proportional to the number of available reaction sites.

The parameter a determines the distribution of the fragmentation ratio r. When

a = 1, the fragmentation ratio r is given by a Beta(1,1) distribution, and is thus uniformly

distributed in [0, 1]. Biologically, this would correspond to the situation where cfDNA is
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digested by endonucleases, i.e. fragments cut points are equally likely to be anywhere.

When a ≫ 1, the fragmentation ratio r is biased to values close to 1. This last situation

would be where the dominant fragmentation mechanism is digestion by exonucleases,

i.e. fragments are cut near the edges. It is known that the major intracellular and

extracellular DNases responsible for cutting cfDNA are not exonucleases[HAS20; Han+20],

thus in this chapter we chose a = 1. As described in the paragraph Fragmentation pattern,

genomic DNA is nucleosome-protected, and fragmentation is not uniform. However, we

still assumed uniform cutting on a nucleosomal scale.

Finally, in Fig B.3 in the appendix, we will show that the fragmentation profiles

simulated with r ∼ Beta(a, a) do not resemble clinical data. Therefore, we will not study

in detail the case where r ∼ Beta(a, a) for a ̸= 1.

IMmigration mechanisms. We assume that the maximum possible length of an

immigrated fragment is L, that would be equal to or smaller than the size of a full DNA

molecule. Fragments of sizes between [0, L] immigrate into the system with rate CI . As

we have no prior knowledge of the length distribution of freshly released cell-free DNA,

the lengths of new fragments are assumed to be uniformly distributed in the interval

[0, L]. The parameter CI is chosen to denote the Immigration speed.

An alternative is to assume uniform cutting by intracellular DNases of DNA before

entering the bloodstream. This scenario would result in more short fragments than long

fragments, and could be modelled by imposing that the typical immigrant has length

x = Lr, where r ∼ Beta(1, n). The stationary fragment distribution profiles under such

an assumption are also studied in this chapter and described in detail in Figure B.3.

Exit mechanisms. We considered three different classes of exit mechanism: a constant

exit rate (CON), Power decay with No Boundary (PNB), and a Power decay exit model

with a Fixed Boundary (PFB).

For the CON model, we assumed that fragments of all sizes exit at the same rate CE.

This implies that the cfDNA clearance mechanism is agnostic to cfDNA size. The PNB

model corresponds to the assumption that fragments of length x exit the system at a

rate proportional to xαE with αE < 0. That functional dependence describes situations
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in which all fragments leave the system but smaller fragments are easier to release from

circulation. Finally, the PFB model is based on the assumption that only fragments

smaller than BE exit the system and do so at a rate proportional to xαE − BαE
E . This

modelling scenario is in-line with the the renal clearance hypothesis, in which only short

cell-free DNA fragments can pass through the glomerular capsules and be cleared.

In the following sections of this chapter, the parameter αE is referred as the exit power

and the parameter BE as the exit boundary. A summary of all three exit mechanisms to

be studied in this chapter can be found in Table 6.1. One of our goals in this chapter is

to study which mechanism is more likely to be the one responsible for cfDNA clearance.

Exit Mechanism E(x)
CON CE
PNB L−αExαE , αE < 0
PFB L−αE max{xαE −BαE

E , 0}

Table 6.1: Functional dependencies of the exit rates E(x) on the fragment sizes x for
the different exit mechanisms considered in this chapter.

FRIME Process and equilibrium measure. To model the cfDNA fragmentation

profile, we study a Markov model with the above fragmentation, immigration, and exit

mechanisms. Fragment profiles are sampled from the equilibrium measure of the model.

More specifically, Monte Carlo simulations were run for a continuous-time Markov Chain

(FRIME process) satisfying the following properties:

• The process starts off with a fragment with length xi(0) ∼ U(0, L).

• Fragments of length x at rate CFxαF fragment into two pieces of length xr and

x(1 − r), where r ∼ Beta(a, 1). Both fragments remain in the system and evolve

independently.

• Fragments of length x < BE leave the system at rate E(x).

• New fragments immigrate into the system as a Poisson process with intensity CIL.

The length z of a new fragment is given by the uniform distribution on [0, L].
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Figure 6.1: Schematic diagram of the FRIME process of the distribution of cfDNA
fragments with length x. The FRagmentation mechanisms included the effect of: 1)
fragmentation speed CF and fragmentation power αF (negativity and positivity related to
shorter and longer fragment lengths, respectively); 2) the cut location, with a = 1 as uniform
cuts, and a ≫ 1 as cuts near the edges; 3) the fragmentation ratio r, which followed a distribution
Beta(a, 1) for any possible fragment of length L. The IMmigration processes were modelled by
an immigration speed CI . For the Exit mechanisms we considered three different possibilities.
First a constant exit rate (CON, with CE as the constant), next a Power decay with No
Boundary (PNB, with αE as the exit rate), and finally a Power decay exit with Fixed Boundary
(PFB, with αE as the exit rate and BE as the boundary). Icons used are originally from
https://bioicons.com, with license https://creativecommons.org/licenses/by/3.0/.
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6.2.4 Algorithm

The following algorithm was used to generate one simulation of a stationary profile of

the FRIME process for the numerical results.

1. Generate x0 ∼ U(0, L). Assign L = [x0]. Assign Lhist = L. Assign d = 1, T =

0, Nstep = 0 and pick a suitable value for Tscale.

2. While d > κ :

(a) Nstep+ = 1

(b) While T < Nstep ∗ Tscale:

i. Generate timm ∼ Exp(CIL), tfrag ∼ Exp(∑x∈L CFx
αF ) and tE ∼ Exp(∑x∈L E(x))

ii. Assign tmin = min(timm, tfrag, texit). Assign T = T + tmin.

• If tmin = tfrag, sample xfrag ∈ L, such that the probability of sampling

xi is proportional to xαF
i .

Generate r ∼ Beta(a, 1).

Assign L = L − [xfrag] + [rxfrag, (1 − r)xfrag]

• If tmin = timm, generate xnew ∼ U(0, L). Assign L = L + [xnew].

• If tmin = tE, sample xE ∈ L, such that the probability of sampling xi
is proportional to E(xi).

Assign L = L − [xE].

(c) Assign Lhist = Lhist + L. Assign d = KSDist(L,Lhist/Nstep).

In step 1, the initial conditions of the FRIME process are set up. The list L is the current

fragment length distribution and the list Lhist is the list of fragment lengths throughout

the history of the simulation. To ensure reproducibility of numerical experiment results,

an initial seed of 42 is set to generate random numbers with numpy packages.

In the while loop, T corresponds to the current time step of the algorithm, and is

updated whenever a new event is simulated. Nstep is the number of time steps taken,

which correspond to the number of times the fragment list L is updated. The fragment

list is updated at intervals of Tscale. The value of Tscale is picked to be sufficiently large
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to ensure at least 10 − 100 immigration and fragmentation events between updates. κ is

the threshold of tolerance for the metric d, which is the Kolmogorov-Smirnov distance

between the current fragment list L and the historical average Lhist/Nstep.

In step 2(a), the next immigration, fragmentation and exit times timm, tfrag, tE are

generated and in step 2(b) the present time T is updated to T + min{timm, tfrag, tE} by

the theory of competing exponentials. The fragment list L is also updated by different

mechanisms according to which simulated event comes first.

In step 2(c), the present fragment profile is loaded into the historical fragment list,

and the Kolmogorov-Smirnov distance between the current fragment list L and the

historical average Lhist/T is computed and stored. The process terminates when d is

smaller than some preset tolerance threshold κ > 0.

Note that T is an auxiliary variable and does not reflect biological time; it is independent

of the stationary profile of a FRIME process. Furthermore, because we only count fragment

lengths when around 100+ fragments are immigrated, we ensure that both L,Lhist/Nstep

contain a mixture of sub-fragments. In particular, for a typical simulation, L would

contain the mixture of the evolution of more than 1000 immigrated fragments, and contain

at least 10,000 fragments. Therefore, by law of large number, one can suppose that upon

re-scaling and for large enough T , both L,Lhist/Nstep are close to data sampled from

the stationary distribution of the underlying FRIME process.

On the other hand, to produce simulated fragment profiles for comparison with clinical

data, we do not use κ as a threshold, but simply terminate the update of L after 106

fragmentation/immigration/exit mechanisms have occurred.

6.2.5 Computing machines and software

All simulations and clinical data analysis were run on Python 3.9.12 on a MacBook Air M2

2022 with 8GB Memory and the Apple M2 Chip with operating system macOS Ventura

13.3.1. Python packages required for the simulations are Numpy version 1.23.4, Scipy

version 1.7.3, Matplotlib version 3.5.1, Sklearn version 1.1.3, Seaborn version 0.11.2 and

Pandas version 1.4.2. Simulations of FRIME processes were computationally light; all
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simulations were run within 3 hours. Clinical data analysis took less than 2 hours. All

codes for this chapter are accessible on https://github.com/thltsui/cfDNA-FRIME.

6.2.6 Data availability and preprocessing

Published cfNano data from Katsman et al. [Kat+22b] were used in this study, comprising

cfDNA Nanopore long-read sequencing data from 7 healthy control subjects and 6 lung

adenocarcinoma patients. Shallow sequencing was done at about 0.2× genome coverage

and varies across samples. Anonymised sequence alignment files in BAM format were

downloaded from [Kat+22a].

Alignment and data pre-processing have been previously described in the original

publication. Fragment lengths in base pairs were extracted from properly mapped reads

using samtools version 1.8 by excluding unmapped reads, non-primary alignment reads,

and supplementary alignment reads. Fragment length information is then aggregated to

obtain the number of fragments for each unique length in genomic DNA (gDNA) and

mitochondrial DNA (mtDNA). We considered gDNA and mtDNA separately because

they exhibit very different fragmentation profiles, as the former is nucleosome-bound

and has a multi-peak nucleosomal pattern, while the latter is not nucleosome-bound

and only has one peak.

6.2.7 Model fitting and comparison

Numerical experiment. To study the effect of each parameter of the FRIME model

on its stationary profile, numerical experiments were run where one parameter of interest

was assigned multiple values with all other parameters fixed.

For each parameter regime, a stationary profile was generated by running 50 simulations

with different seeds. For all experiments, we set L = 1, κ = 0.05. The sample average,

lower quartile and upper quartile of fragment count across samples at each length scale

were plotted. The simulated data were also compared to model-specific expected fragment

counts derived analytically in Chapter 7. From now on, we will call such model-specific

mathematical expressions as the best fit curves for our models.

For a detailed derivaation of these expected fragment count, refer to Section 7.4.
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Model Extra Assumptions Expected Fragment Counts at Stationarity
CON a = 1 C1(CFxαF + CE)− αF +2

αF

PNB a = 1, αF = 1 C3z
−αE (CF z1−αE + 1)

3−αE
αE−1

PFB a = 1, x > BE C2x
−(αF +2)

Table 6.2: Expected fragment counts for fragment profiles under different exit
mechanisms. For each model above, the expected number of fragments as a function of
fragment length for the stationary distribution of the FRIME process is given under extra
assumptions. For the CON model, we assumed that the fragmentation ratio was uniformly
distributed, i.e. a = 1. For the PFB model, the best fit curve only applies on the region
x > BE and only if the fragmentation ratio is uniform. For the PNB model, the best fit curve is
applicable if the fragmentation power is αF = 1.

FRIME simulation fitting. To test how well the FRIME model fits clinical data, sta-

tionary profiles from simulated FRIME processes were compared to clinical mitochondrial

DNA (mtDNA) fragment profiles from [Kat+22a].

As fragments longer than 104bp are scarce, and sequencing accuracy for very long

fragments is low, all fragments longer than 104 in clinical data were discarded. FRIME

processes were simulated with maximum length L = 104. Furthermore, since cfDNAs

are digested through endonuclease, we take a = 1 for our simulations.

Four clinical mitochondrial cell-free DNA fragment profiles sequenced by nanopore

technology with more than 500 fragment counts were analyzed in detail. These fragment

profiles were tested against simulated fragment profiles from the FRIME model using

the Kolmogorov-Smirnov test. The simulated fragment profiles were sampled after

running a FRIME process under specific parameter regimes for 106 fragmentation /

exit/ immigration events.

The genomic cell-free DNA fragment profile for sample ISPRO.bc05 was analyzed,

which has the highest sequencing depth among healthy control samples. To adjust for

the cyclical fragmentation pattern of genomic DNA (gDNA) data, fragment counts were

aggregated according to nucleosomal bins (see Figure B.2 for details). Because there are

fewer than 10 relevant nucleosomal bins for our data analysis, the similarity between

simulated FRIME profiles and the genomic cfDNA fragment profile was evaluated through

a χ2 goodness of fit test and not a Kolomogorov-Smirnov test (used for continuous

data). See Figure B.1 for further details.
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PFB model fitting. Note that in Table 6.2, the best-fit curve for the PFB model is

the simplest among the three options. Furthermore, the PFB model is useful for a huge

range of αF , while the PNB model is only applicable for αF = 1. Therefore, a total of

13 mitochondrial and genomic cell-free DNA fragment profiles in [Kat+22a] were fitted

with the PFB model. Specifically, the tail distributions of the these fragment profiles are

fitted with the best fit curve of the form Cxβ. For further details on how the best fit

coefficients are estimated with interpolation methods, refer to paragraph Interpolation

method to account for high 0 counts in Appendix B.1.
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6.3 Results

6.3.1 CfDNA fragment profile exhibits a peak and a linear decay
trend under log-log scale

During initial data exploration, we observed that the cell-free mtDNA fragment profile

generated from Nanopore long-read sequencing exhibits a linear decay trend under log-log

scale. While the gDNA fragment profile has a cyclical, nucleosomal pattern, the linear trend

remains true for gDNA if fragment counts are averaged over nucleosomal bins. The findings

were illustrated using a selected sample in Fig 6.2. Furthermore, a clear peak in fragment

count was observed for all mitchondrial and genomic cfDNA fragment profiles around

100-200bp. Plots for the full set of data can be found in Fig B.7, Fig B.8 and Fig B.9.
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Figure 6.2: Fragment size profiles of a selected sample ISPRO.bc01 in linear and
log-log scale. (A) Count per 10bp plotted against mtDNA fragment size shown in linear (top)
and log-log scale (bottom). A straight line is fitted against interpolated counts in log-log scale,
and is then plotted as a black dashed line in both linear and log-log scale. (B) Count per 1000
fragment plotted against gDNA fragment size, shown in linear (top) and log-log scale (bottom).
The actual count is shown in blue, whereas the average count for each nucleosomal bin is shown
in pink. A best-fit straight line for the average count is plotted in red for log-log scale.
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6.3.2 Exit mechanism determines existence and position of
fragmentation profile peak

To study the stationary fragment distribution as a function of fragment size, numerical

experiments were run for different parameter values for each of the three classes of

exit mechanisms described in the Section 6.2.3. Some results for specific parameter

values are shown in Fig 6.3.

The results in Fig 6.3 showed relevant trends and features of the different models/exit

mechanisms considered. Firstly the CON model led to a monotonic decrease of the

fragment count with the fragment size and did not exhibit a peak in fragment count

ubiquitous in clinical cfDNA profiles.

The PFB model showed a peak in the dependence of the fragment count with size.

When the boundary played a substantial role, in this case αE ≤ −1, the peak was obtained

on the boundary BE, and within the interval [0, BE] for larger αE values. For a theoretical

justification of the result, refer to Section 7.4.2.

Finally, the PNB model displayed a peak number of counts within the interval. The

peak moved to smaller fragment counts and was more pronounced as the parameter αE
grew. We note that the log-log plots showed that the tail-distributions for PFB profiles were

linearly decreasing in a broad range of small to medium fragment sizes. However, profiles

obtained using the CON and PNB models did not exhibit linearity in the log-log plots.

The presence of peaks and the shape of the tail distribution in the log-log plots for

the PFB model simulations are consistent with the previous data exploration. Thus, in

the following, we perform the subsequent analyses focusing only on the PFB model.
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Figure 6.3: Simulated distribution of fragment sizes for different exit mechanisms.
Stationary distributions of fragment sizes obtained from simulations of the FRIME process for
parameter values CI = 500, CF = 2, αF = 1, a = 1, κ = 0.05. 50 points were plotted for each
configuration. Each point corresponds to the fragment count per unit length over an interval of
length 0.02. Different choices of the exit function were taken and 50 simulations run for each
choice of exit function. The plots in the left column are in normal scale, while the plots in the
right column are in log-log scale. (A) CON model with exit functions E(x) = 1 (blue circles), 2
(orange crosses), 3 (red stars). (B) PFB model, E(x) = xαE − BαE

E , with αE = -2 (blue circles),
-1 (orange crosses), -0.25 (red stars). Parameter BE was taken to be equal to 0.4. The vertical
line was plotted at the exit boundary BE = 0.4. (C) PNB model, E(x) = x−2, (blue circles),
x−1 (orange crosses), x−0.25 (red stars). Shaded regions were plotted using upper and lower
quartile fragment count across all simulations. Best fit lines were also plotted for comparison for
the CON and PNB model.
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6.3.3 Fragmentation mechanism determines tail distribution of
fragment profile for PFB model

Fragmentation ratio and fragmentation power. To study the effect of the frag-

mentation mechanism on the stationary fragment profile, numerical experiments were

performed for three different fragmentation ratios and three different fragmentation

power rates, as seen in Fig 6.4.
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Figure 6.4: Simulated fragment profiles with different fragmentation ratios and
fragmentation power rates. 50 simulations were run for each fragmentation mechanism. 50
points were plotted for each configuration corresponding to average fragment density at intervals
sampled in range [0, 1] of length 0.02. Shaded regions were plotted using upper and lower quartile
fragment count across all simulations. PFB best fit lines were also plotted for comparison in panel
(B) with blue-dashed, orange point-dashed and red-solid lines respectively for αF ∈ {−1, 0, 1}.
All plots were in log-log scale. (A) The fragmentation ratios were r ∼ Beta(1, 1), Beta(20, 1),
Beta(50, 1) respectively for blue-circled, orange-crossed and red-starred dots. Fixed parameters
were (CI = 20, CF = 1, αF = 1, E(x) = x−2 − 0.2−2, κ = 0.05). (B) Fragmentation powers
were αF ∈ {−1, 0, 1} respectively for blue-circled, orange-crossed and red-starred dots. Fixed
parameters were (CI = 20, CF = 1, r ∼ Beta(1, 1), E(x) = x−2 − 0.2−2, κ = 0.05).

In Fig 6.4(A), several fragmentation profiles with different fragmentation ratios

were explored. A larger value in the first coefficient a of the Beta(a, 1) distribution

(corresponding to exonuclease hypothesis, see Fragmentation mechanisms in Computational

model) leads to a steeper decay in the fragment profile tail distribution. In particular

when a = 1, the fragment profile under the log-log scale is linear.
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For the fragmentation profile corresponding to r ∼ Beta(1, 1), the PFB best fit

expression of the form Cx−αF −2 lies within the shaded region, (see Fig 6.4(B)). This

corresponds to a linear decrease under the log-log scale. Mathematically, if we denote

by βPFB the slope of the best-fit line in log-log scale, then

βPFB = −αF − 2. (6.1)

For fragmentation profiles where r ∼ Beta(n, n) for large n, refer to Fig B.4.

Fragmentation speed and immigration speed. To study the effect of fragmentation

speed on the stationary fragment profile, numerical experiments were performed for three

different fragmentation and three different immigration speeds, namely CF and CI . The

fragmentation speeds were chosen as CF ∈ {1, 2, 4} with fixed CI = 400. Similarly, the

immigration rates were chosen as CI = 100, 200, 400 with fixed CF = 1.
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Figure 6.5: Simulated fragment profiles with different fragmentation and immigration
speeds. 50 simulations were run for each fragmentation mechanism. 50 points were plotted
for each configuration corresponding to average fragment density at [0,0.02], ...[0.98,1]. Shaded
regions were plotted using upper and lower quartile fragment count across all simulations. The
small plots were the tail distribution but in log-log scale. (A) The immigration rates were CI =
100, 200, 400 for blue circles, orange crosses, and red stars respectively. Fixed parameters were
CF = 1, αF = 1, r ∼ Beta(1, 1), E(x) = x−2 − 0.4−2, κ = 0.05. (B) The fragmentation speeds
were Cf = 1, 2, 4 for blue circles, orange crosses, and red stars respectively. Fixed parameters
were CI = 400, αF = 1, r ∼ Beta(1, 1), E(x) = x−2 − 0.4−2, κ = 0.05.

The fragment profiles under the log-log scale are parallel to each other. The fragment

profiles are scaled at the ratio CI/CF , where CI is the immigration rate and CF is

the fragmentation speed.
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For fragment profiles with non-uniform immigration distribution (e.g. Exponential,

Normal distributions), refer to Fig B.3.

6.3.4 Simulated FRIME profiles fit clinical data

To check how well the FRIME model fits mtDNA clinical data, FRIME processes with

different parameters were simulated and compared to the mtDNA fragment profile of

the 4 samples ISPRO.S1, ISPRO.bc01, ISPRO.bc03 and ISPRO.bc05 from the nanopore

study found in [Kat+22a]. The 4 samples were chosen according to the criteria de-

scribed in Section 6.2.7.

For each of the 4 mtDNA fragment profiles, there are parameter regimes which produce

simulated fragment profiles with p-values larger than 0.1 under the Kolmogorov-Smirnov

test, see Table 6.3. As the p-values are larger than 0.1, the simulated fragment profiles

cannot be considered statistically different from clinical data. See Fig 6.6(A-B) for an

example of a simulated FRIME process that fits well with clinical data.

id CF αF CI αE Model BE dKS p
ISPRO.S1 106 -1.0 11.0 2.05 PNB N/A 0.022 0.287
ISPRO.bc01 103 0.36 10.0 2.5 PFB 115 0.049 0.345
ISPRO.bc03 105 -0.5 10.0 2.10 PNB N/A 0.046 0.261
ISPRO.bc05 7.5 × 105 -0.78 8.0 2.10 PNB N/A 0.048 0.216

Table 6.3: Parameters of mtDNA best fit of the clinical datasets with FRIME
processes. Simulated FRIME processes were run for 106 events with a fixed initial seed for
generating FRIME events. The fragmentation ratio was fixed to be uniform, i.e. r ∼ Beta(1, 1),
and new fragment lengths were distributed as U(0, L), with L = 104. The column id corresponds
to the id of the patient whose mtDNA fragment profile was studied. The constant CF is the
fragmentation speed of the FRIME process and αF is the fragmentation power. The constant CI

measures the immigration speed. The constant BE is the exit boundary and αE the exit power.
For the PNB model, the exit function is of the form L−αE xαE ; for the PFB model, the exit
function is of the form L−αE (xαE − BαE

E ). The value dKS is the Kolmogorov-Smirnov distance
between the simulated fragment distribution selected (best fit) and the clinical mtDNA data.
The value p refers to the p-value in the Kolmogorov-Smirnov test.

Similarly, simulated FRIME profiles are statistically close to genomic cfDNA fragment

profiles when adjusted for nucleosomal cycles. Under the binning outlined in Fig B.2,

simulated FRIME profiles and gDNA profiles are statistically similar (see Fig 6.6(C-

E) for an example).
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Figure 6.6: Fitting clinical data for sample ISPRO.bc05 with the FRIME model.
mtDNA - The mtDNA fragment profile for sample ISPRO.bc05 in the nanopore study was
compared to a simulated FRIME profile. The simulated profile was generated by running a
FRIME model with parameters CF = 106, CI = 11, E(x) = L2.05x−2.05, αF = −1, L = 104,
r ∼ Beta(1, 1), with seed = 42 until 106 events had occurred. Fragment lengths were rounded
to the nearest integer and plotted against clinical data. (A) The cumulative fragment count for
the mtDNA profile of sample ISPRO.bc05 was plotted as the blue line. The mean cumulative
fragment count for the simulated FRIME profile was plotted as the red line, and the shaded
region was plotted using 10th and 90th percentile fragment count across all simulations. The
difference between the two cumulative counts was plotted as the orange line. (B) The fragment
count (per 1000 fragments) for the mtDNA profile of sample ISPRO.bc05 was plotted as a
histogram in blue colour. The fragment count (per 1000 fragments) for the simulated FRIME
profile was plotted as a histogram in red colour. Fragment length was measured in base pairs.
gDNA - The gDNA fragment profile for sample ISPRO.bc05 was compared to a simulated
FRIME profile. The simulated profile was generated by running a FRIME model with parameters
CF = 2.5, CI = 10, E(x) = L2(x−2 − 167−2), αF = 1.2, L = 104, r ∼ Beta(1, 1) until 106 events
occurred. Fragment lengths were rounded to the nearest integer and plotted against clinical
data. (C) The cumulative fragment count for the gDNA profile of sample ISPRO.bc05 was
plotted with the blue area. The cumulative fragment count for the simulated FRIME profile was
plotted as a black line. The x-axis is under the log scale. (D) The fragment count for the gDNA
profile of sample ISPRO.bc05 was plotted as a histogram in blue colour. The fragment count
for the simulated FRIME profile was plotted as a histogram in red colour. Fragment length is
measured in base pairs and the x-axis is under the log scale. (E) The number of fragments in
the region [0, 250], [250, 420], [420, 620], [620, 820], ..., [1220, 1420] for both profiles were plotted
as histograms. The simulated profile was plotted in red and the fragment profile for the gDNA
profile of sample ISPRO.bc05 was plotted in blue.
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6.3.5 Differences in PFB best-fit lines for gDNA and mtDNA
profiles

The tail distribution of gDNA fragmentation profiles for all 13 samples in [Kat+22a]

were fitted with the PFB best-fitting expression of the form Cxβ. Similarly, the mtDNA

fragment profiles for 9 samples in [Kat+22a] were fitted. The PFB best fit lines align

with the overall pattern for all of the 9 mtDNA and 13 gDNA fragment profiles.

Best-fit statistics for mtDNA data. For mtDNA data, the parameter βmtDNA (slope

of the best-fitting line under log-log scale) has an average value of −1.56 with range between

[−2.5,−0.69]. According to Equation (6.1), this corresponds to a negative fragmentation

power αF of around -0.5. See Fig 6.7 for the best fit expressions of 6 mtDNA profiles.

See Fig B.7, Fig B.8 for the best-fit curves for all profiles.
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Figure 6.7: Cell-free mtDNA fragment profile with PFB best fit line. Mitochon-
drial DNA fragment profiles for samples ISPRO.S1, ISPRO.bc01, ISPRO.bc02, ISPRO.bc03,
ISPRO.bc04, ISPRO.bc05 from nanopore studies are plotted as bar charts in blue on the top
panels after linear interpolation at intervals of 10bp. Best fit curves of the expression Cxβ are
plotted as black dot-dashed lines. The coefficients of the best fit curve are given by a linear fit
under the log-log scale on the counts of fragments longer than 140bp. A black vertical line at
140bp indicating the fixed boundary is also plotted on each profile. Both x and y axes are in
linear scale.
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Best-fit statistics for gDNA data. For gDNA data, the parameter βgDNA has an

average value of −3.32 with range between [−4,−2.5]. According to Equation (6.1), this

corresponds to a positive fragmentation power αF of around 1. See Fig 6.8 for the best fit

expressions of 6 gDNA profiles. See Fig B.9 for the best-fit curves for all profiles.
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Figure 6.8: Cell-free gDNA fragment profile with PFB best fit line. Genomic DNA
fragment profiles for samples ISPRO.S1, ISPRO.bc01, ISPRO.bc02, ISPRO.bc03, ISPRO.bc04,
ISPRO.bc05 from nanopore studies are plotted as bar charts in pink. The coefficients C, β are
estimated to plot the best fit curves of the form Cxβ in black. The coefficients of the best fit
curve are given by a linear fit under the log-log scale after binning the data. The y-axis is in
log-scale.

6.4 Discussion

In this chapter, we have proposed a Markov process (FRIME process) as a model for

cfDNA production, digestion and clearance in the bloodstream. Under the FRIME

model, we can examine how different assumptions on fragmentation, immigration, and

exit mechanisms affect stationary fragment profiles and compare them to clinical data.

The results suggest possible cfDNA fragment profiles as the equilibrium measure of a

FRIME process. Using the FRIME model, we can examine how different assumptions on

fragmentation, immigration and exit mechanisms produce stationary fragment profiles

and compare them against real clinical data. As a result, we can deduce possible cfDNA

digestion and clearance mechanisms that are impossible to study under an experimental

setting. We now draw the following biological insights from our results.
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6.4.1 Implications

Removal mechanism of mitochondrial cell-free DNA is size-dependent and

explains the existence of fragment peak. We considered the cases of size-independent

exit (CON), size-dependent exit with no boundary (PNB), and with fixed boundary (PFB).

We show that size-independent exit results in no peak in the absence of other factors

such as protein protection. On the other hand, a size-dependent removal mechanism

of cfDNA is sufficient to explain the existence of a peak in fragment sizes. Circulating

mtDNA, unlike gDNA, is not nucleosome-bound, but exhibits a single peak at around

100-150bp in the fragment profile, which is variable across individuals. The peak can

be due to failure to capture ultra-short fragments during sequencing, or protection by

protein. However, both cases should result in a peak at a same fragment length scale

across individuals, which is not the case. We therefore propose that the existence of a

modal fragment size in mitochondrial cfDNA can be explained by its removal mechanism,

where shorter fragments are removed faster than longer fragments.

The tail distribution of cfDNA fragment profile provides rich information

when examined on a log-log scale. In the initial data exploration, we observe

that cfDNA fragment profiles exhibit a linear decay trend under log-log scale. In the

subsequent modelling of the exit mechanism, we show that only the PFB model has

a log-log linear tail distribution, i.e. to the right of the exit boundary. Furthermore,

we examine the effect of endonuclease and exonuclease activity on the fragment profile.

Log-log linearity is preserved only when all positions have the same chance of being cut

(i.e. endonuclease model). In addition, we show that the slope of the tail distribution

is determined by the fragmentation power, which reflects the effect of DNA length on

reaction kinetics. Therefore, log-log linearity is a very unique property that can only be

met by a few mechanisms in the FRIME model, which suggests cfDNAs degrade through

endonuclease and are cleared only when they become small.
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Fully nucleosome-bound cell-free DNA is rarely removed from circulation.

While there are periodic peaks in genomic cfDNA data, we observe that the fragment

distribution binned in nucleosomal units is linear on a log-log scale, until the first

nucleosome. From our simulations, this suggests that genomic cfDNA has an exit

boundary at around the size of 1 or few nucleosome(s), above which the clearance

rate is 0 (corresponding to the PFB model), or very small compared to the fragmentation

rate (corresponding to the PNB model with small αE). We hypothesize that short gDNA,

especially those shorter than 167bp, may no longer maintain a stable complex with

histone proteins, which leads to a change in physical properties and clearance rate. Our

result seems to contradict previous mice experiments, which have shown that the liver

is capable of clearing, or at least trapping, circulating mononucleosomes and chromatin

with radiolabelled histones [GTM96; Du +99]. However, we argue that previous studies

only radiolabelled the histone component, and it is unknown whether the nucleosomes

are cleared from the circulation as an intact unit with the DNA, so the experiment could

not account for the rate of clearance of cfDNA shorter than 167bp.

mtDNA and gDNA undergo different size-biased fragmentation mechanisms.

Parameter inference of the tail distribution from clinical data using PFB model shows

that mtDNA and gDNA have a systematically different slopes, as shown in Fig B.6. The

fragmentation power αF can be derived from the slope, and is negative for mtDNA and

positive for gDNA. Hence for each molecule, smaller mtDNA fragments react faster than

longer mtDNA fragments. Meanwhile, gDNA exhibits the opposite reaction kinetics, and

longer fragments react faster than smaller fragments. This suggests that the degradation

rate of mtDNA may be diffusion-limited. Smaller fragments react faster because they

have a higher diffusion rate than longer ones, which increases the chance of colliding

with a DNase. On the other hand, although mtDNA and gDNA are chemically identical,

gDNA forms a stable complex with histone proteins. This provides an explanation for the

positive αF , which suggests that gDNA fragmentation is limited by surface area instead

of diffusion. The longer the DNA molecule, the higher the availability of fragmentation

sites, hence higher chance of reacting with a DNase. Taken together with the discussion
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on the clearance mechanism of nucleosome-bound cfDNA, we propose a unifying model

where nucleosome-bound cfDNA are not free-floating in circulation, but may have low

solubility and form aggregates or phase-separated droplets. This mesoscale organization

may sequester the nucleosomes, making them difficult for the body to remove, and cfDNA

fragmentation only happens at the contact surface with plasma. This is supported by

the existing literature on cell-surface bound DNA, where high molecular weight DNA

is found on surfaces of blood cells [Lak+04].

The FRIME model suggests the interpretation of cfDNA concentration as

biomarker of tumor. Plasma cfDNA concentration alone is able to predict patient

prognosis in multiple cancer types [Dzi+22; Fer+19; Che+21] and correlates well with

overall tumor burden [Dzi+22]. Therefore, one hypothesis is that the increased plasma

cfDNA comes from increased production. However, the literature also claimed that

the DNase activity in cancer patients may be reduced, contributing to higher cfDNA

concentration [Tam+06]. The factors contributing to cfDNA concentration have not been

quantitatively studied holistically. From Fig 6.5, we show that under the FRIME model,

when the cfDNA fragmentation kinetics remain unchanged, the rate of production of

cfDNA is directly proportional to the total amount of fragments in a patient’s bloodstream.

This explains the linear correlation between cfDNA concentration and tumor burden. On

the other hand, when the cfDNA production rate is unchanged, the fragmentation speed is

inversely proportional to cfDNA fragment counts. The FRIME model, therefore, provides

a numerical framework for interpreting the concentration of plasma cfDNA.

Best fit coefficients in log-log scale can serve as potential biomarkers. We

show in Fig B.7, Fig B.8 that all fragment profiles in our study have an excellent fit

under the PFB model visually. However, there are variations among individuals in the

slope of linearity for such trends. We believe this to be a potential biomarker for diseases.

Although we do not have enough data to fully examine this hypothesis, preliminary

analysis suggests that best-fit gDNA coefficients of patients with lung adenocarcinoma

have higher variance than healthy patients. For further detail, refer to Fig B.6.
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6.4.2 Limitation and Future Work

We have generated several testable hypotheses from our FRIME model, including the

exit mechanisms, physical and chemical kinetic properties for nucleosome-bound and

free-floating cfDNA. We hope these ideas can be tested with in vitro and in vivo

experiments in future. Apart from drawing biological insights, we are also able to

infer different model parameters for individual patients, which are related to their cfDNA

fragmentation and production rates, which may be more meaningful parameters than

cfDNA concentration alone.

However, one of the biggest limitations here is the lack of high depth long read cfDNA

sequencing data. Most of the published cfDNA sequencing data were obtained using

short-read sequencing platforms, which are very inefficient in capturing DNA molecules

beyond 1 kb, thus not suitable for comparing with our model. At the time of our

study, only 1 long read cfDNA sequencing dataset was available without restrictions

[Kat+22a]. Unfortunately, shallow sequencing was done for this dataset. We set a cutoff

of at least 5000 mtDNA molecules being sequenced in order to statistically compare

with our simulation, and only 4 samples pass this cutoff. With more clinical long read

sequencing data we will be able to evaluate whether the fitted model parameters from the

fragmentation profile are good biomarkers. Another limitation is that we are not able

to reach a definite conclusion about the mode of the cfDNA exit mechanism. Although

we obtain a good fit using the PNB model statistically under the FRIME framework,

it cannot be guaranteed that the solution is the best fit.

Finally, our model inferred parameters are based on a time variable t set out in our

algorithm with no biological meaning. For example, we may infer that a clinical profile

can be simulated with x fragmentation events happen per unit time, but further work

needs to be done to translate this into the commonly used units for DNase activity.

Commonly used assays of DNase activity involve comparing samples to a reference with

known activity [Sin+94; NYK93], which is often specified by the manufacturers as the

amount of enzyme required to completely degrade 1 µg of plasmid DNA in the 10 minutes

at optimal working conditions. We propose that a simulation can be performed to convert

our auxiliary time unit to the degradation assay units, see Section 8.1.2.
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7
FRIME - A Mathematical Perspective

7.1 Definition of the FRIME Processes

In this section, we introduce the mathematical formulation of Fragmentation with Immigra-

tion and Exit (FRIME) processes and compare them with fragmentation with immigration

processes first introduced in [Haa05].

We first recall the definition of a self-similar fragmentation process and introduce

the notion of an (αF , a, b)-fragmentation process with finite dislocation measure. We

then construct a fragmentation with exit process from an (αF , a, b)-fragmentation pro-

cess through a colouring scheme. Finally, define the FRIME process explicitly as a

fragmentation process with Immigration.

7.1.1 Self-Similar Fragmentation Processes with Exit

We use D to denote the state space

D = {s = (sj)j≥1 : s1 ≥ s2 ≥ ... ≥ 0, lim
j→∞

sj = 0}, (7.1)

which, under the right topology, can be identified with the set of Radon counting measures

on (0,∞) with bounded support endowed with the topology of vague convergence through

the homeomorphism

s ∈ D 7→
∑
j≥1

δsj
1sj>0.
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In particular, we define D1 to be the subset of D such that ∑j≥1 sj ≤ 1. We call α ∈ R the

index of self-similarity, c ≥ 0 an erosion coefficient and ν a dislocation measure on the set

D1 that integrates 1 − s1. Furthermore, we restrict ourselves to finite dislocation measures.

We now recap the notion of a standard (α, c, ν)-fragmentation first defined in [Ber02].

Self-Similar Fragmentation Processes: Under the (α, c, ν)-fragmentation process,

a fragment with mass m splits into fragments with masses ms, s ∈ D1, at rate mαν(ds),

and undergoes a continuous erosion in size by a factor of e−ct after a time t ≥ 0.

The subfragments then evolve independently from all other fragments with the same

dynamics described above.

We now define the (CF , αF , a, b)-fragmentation process.

Definition 7.1 The (CF , αF , a, b)-fragmentation process, denoted by (FCF ,αF ,a,b(t))t≥0, is

an (αF , 0, ν)-fragmentation process, where a fragment of length x, at rate CFxαF , splits

into fragments of lengths xr and x(1 − r), with r ∼ Beta(a, b). Specifically, ν has support

on the set {(r, 1 − r, 0, 0, ...) : r ∈ (0, 1)} ⊂ D1 with density

dν((r, 1 − r, 0, 0, ...)) = CF
1

B(a, b)r
a−1(1 − r)b−1dr. (7.2)

We now introduce a colouring scheme to construct a fragmentation with exit process.

This colouring scheme will also serve as a coupling argument for upcoming proofs.

Definition 7.2 We consider a (CF , αF , a, b)-fragmentation process with an initial frag-

ment of length x0 ∼ Uni[0, L]. We colour the fragment red if x > ℓ, and blue otherwise.

Whenever a fragmentation event occurs, fragments with size larger than ℓ inherit the

same colour as their parent fragment, while fragments smaller than ℓ are immediately

coloured blue. As the process evolves, red fragments of length x turn into blue fragments

independently at an exponential rate with parameter E(x).

We call the collection of red fragments the (CF , αF , a, b, ℓ, L, E)-fragmentation with exit

process, and denote it (FCF ,αF ,a,b,ℓ,L,E
X (t))t≥0.

143



Remark 7.3 In particular, we only consider three types of exit function E(x), the constant

(CON) model, the power exit with fixed boundary (PFB) model and the power exit with

no boundary (PNB) model. For the CON model, E(x) = CE. For the PNB model,

E(x) = L−αExαE , αE < 0. For the PFB model, E(x) = L−αE max{xαE −BαE
E , 0}.

Self-similar fragmentation with immigration processes have been studied extensively in

[Haa05]. However, because the exist function E(x) is very general, the fragmentation with

exit process cannot be considered as a self-similar fragmentation process. For example,

when αE = −1, αF = 1, the rate of exit is inversely proportional to length and the rate of

fragmentation is proportional to fragment size. It would then be impossible to see exit as

dusting from fragmentation events.

When the parameters are clearly understood, we will suppress the parameters and

denote the process as (FX(t))t≥0. Note that from the construction of the processes, we

can infer immediately that the set of red fragments FX(t) is a subset of the whole process

F (t) at all time t > 0, and so FX(t) is stochastically dominated by F (t).

Finally, we denote the set of continuous functions on the interval [ℓ, L] as C([ℓ, L])

for any function f ∈ C([ℓ, L]), we define

⟨f, FX(t)⟩ :=
N(t)∑
i=1

f(xi) (7.3)

to be the sum of the function f over all fragment lengths at time t.

7.1.2 FRIME Process as a Fragmentation Process with Im-
migration

We now characterise the FRIME process as a Fragmentation Process with Immigration.

Fragmentation Processes with Immigration: We introduce the notion of an X-

process with immigration. A comprehensive construction of these processes is formulated in

[Haa05].

We let R denote the set of Radon point measures on (0,∞) and equip it with the

topology of vague convergence. We say that an R-valued Markov process satisfies the
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superposition property if for all u,v ∈ R, the sum of two independent processes X(u), X(v)

starting from u,v respectively, is distributed as X(u+v).

We also consider I, a nonnegative σ-finite measure on R, and let ((s(vi), vi), i ≥ 1) be

the atoms of a Poisson measure with intensity I(ds)dt, t ≥ 0. Here s(vi) = (s1(vi), s2(vi), ...)

corresponds to the list of fragments with length s1(vi), s2(vi), ... that immigrate into

the system at time vi > 0.

Then, the process

XI(u)(t) := X(u)(t) +
∑
vi≤t

X(s(vi))(t− vi), (7.4)

where the X-processes on the RHS evolve independently, is called the X-process with

immigration starting from u with immigration measure I(ds).

Characterisation of FRIME Processes: With the above terminology, we can define

a FRIME process as an FX-process with immigration. We consider an immigration

measure I(ds) which only has support on the set of Dirac measures, i.e. only one fragment

immigrates into the system per immigration event. In this case, we can simplify I(ds) to

I(ds) =
∫ ∞

0
CIpI(s)δ(s,0,0,...)(ds)ds, (7.5)

where CI is the intensity of the immigration process, and pI(s) is the probability density

for the length of an immigrated fragment. In this chapter, we will often consider I(ds) =

CI/L1s∈[0,L]ds, i.e. uniformly distributed immigration.

Consequently, the atoms ((snew(vi), vi), i ≥ 1) of the Poisson measure with intensity

I(ds)dt corresponds to the immigration process with one fragment of length snew(vi)

immigrating into the system at time vi.

Under these assumptions, we can define a FRIME process rigorously.

Definition 7.4 The (CF , αF , a, b, ℓ, L, E , CI , pI)-Fragmentation with Immigration and

Exit (FRIME) Process with initial state µ0, denoted as (FCF ,αF ,a,b,ℓ,L,E,CI ,pI
IX (t))t≥0 in

this chapter, is an FCF ,αF ,a,b,ℓ,L,E
X -process with immigration starting from a sequence of

fragments µ0, with immigration measure I(ds) = CIpI(s)ds.
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From now on, for simplicity we will suppress our parameters and use the notation

FIX(t) for the FRIME process, and the notation FI(t) for the associated fragmentation

with immigration process without exit mechanism.

7.2 Stationary Profile of the FRIME Process

In [Haa05], Haas identified conditions for an X-process with immigration to possess

a stationary distribution.

Lemma 7.5 (Stationary Distribution of X-processes with Immigration) For an

X-process with immigration defined in (7.4), we define the random variable

UXI
stat :=

∑
ti≥0

Xs(ti)(ti), (7.6)

where (s(ti), ti) are the atoms of a Poisson measure with intensity I(ds)dt.

If UXI
stat ∈ R almost surely, then its distribution L(UXI

stat) is a stationary distribution

for (XI(t))t≥0, and for any random u such that Xu(t) → 0 in probability as t → ∞,

XI(u)(t) → UXI
stat

in distribution.

Proof See Lemma 5 in [Haa05]. An illustration of the stationary distribution can be

found in Fig 7.1. □
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Figure 7.1: Illustration of the stationary profile of a FRIME process Fragments
immigrate into the system at s1, s2, s3 according to a Poisson point process with intensity CIL.
Fragmentation events occurs independently on each immigrated fragment. Since the immigration
process is Poisson and thus reversible, the long term equilibrium for a FRIME process must be
the infinite sum of the contributions of subfragment lengths by all past immigrants.

Furthermore, Haas established the existence of the stationary random variable UFI
stat for

an (α, c, ν)-fragmentation processes with immigration measure I(ds) (see [Haa05] Theorem

7,8,9).

If we consider the specific case of (CF , αF , a, b)-fragmentation processes where the

immigration measure satisfies I(ds) = CIpI(s)ds, we have the following statements

on the existence of UFI
stat:

• For α < 0, the stationary state UFI
stat ∈ ℓp a.s. for all p > 1 + α if∫

s≥1
s−αpI(s)ds < ∞. (7.7)

• For α = 0, the stationary state UFI
stat ∈ ℓp for all p > 1 with probability one if∫

s≥1
log(s)pI(s)ds < ∞. (7.8)

• For α > 0, the stationary state UFI
stat ∈ ℓp for all p > 1 + α/(γ ∧ 1) almost surely if∫

s≥1
sγpI(s)ds < ∞. (7.9)
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Existence of Stationary Distribution for FRIME Processes: By the coupling

argument implicit in Definition 7.2, we know that the (CF , αF , a, b, ℓ, L, E)-fragmentation

with exit process is stochastically dominated by the associated (CF , αF , a, b)-fragmentation

process. Therefore, the stationary states for their corresponding processes with immigration

satisfy

UFI
stat :=

∑
ti≥0

F s(ti)(ti) ≫
∑
ti≥0

F
s(ti)
X (ti) = UFIX

stat (7.10)

As a result, under Condition (7.7),(7.8) and (7.9), the stationary state for the

FRIME process satisfies UFIX
stat ∈ ℓp a.s.. By Lemma 7.5, the FRIME process also

has a stationary distribution.

7.3 Sample Mean and Hydrodynamic Limit of FRIME
Processes

In this section, we will apply the law of large numbers to equate the infinite sample

mean of a FRIME process with its hydrodynamic limit. We will also show that the

hydrodynamic limit is given by a fragmentation with immigration and exit equation.

7.3.1 Law of large numbers for FRIME processes

We now consider n independent and identically distributed FRIME processes (F (i)
IX(t))t≥0, i =

1, .., n with initial state µ0. For all continuous functions f ∈ C([ℓ, L]) on the interval

[ℓ, L], we define the random variable

⟨f, F (i)
IX(t)⟩ :=

∑
x∈F (i)

IX(t)

f(x) (7.11)

to be the sum of f over lengths of all fragments at time t for the i-th FRIME process.

Note that the random variables ⟨f, F (i)
IX(t)⟩, i = 1, ..., n are real-valued, independent

and identically distributed. Therefore, by the Strong Law of Large Numbers, the empirical

average of n i.i.d samples of FRIME processes will converge to the expected value of

another related FRIME process, i.e. almost surely,

lim
n→∞

1
n

n∑
i=1

⟨f, F (i)
IX(t)⟩ = E⟨f, F (1)

IX (t)⟩. (7.12)
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Therefore, to understand the mean of the FRIME process, it suffices for us to

understand the limit of 1
n

∑n
i=1 F

(i)
IX(t) under the weak topology.

Note that for two independently-evolving fragmentation with exit processes (without

immigration) satisfying F µ
X(t) = µ, F ν

X(t) = ν at time t, for all s > 0

F µ
X(t+ s) + F ν

X(t+ s) =d F µ+ν
X (t+ s), (7.13)

where (F µ+ν
X (t+ s))s≥0 is an independent fragmentation with exit process that satisfies

F µ+ν
X (t) = µ+ν. Furthermore, note that the sum of n independent Poisson point processes

of intensity CI has the same distribution as a Poisson point process of intensity nCI .

Therefore, by the superposition property, the sum of n i.i.d (CF , αF , a, b, ℓ, L, E , CI , pI)-

FRIME process is again a FRIME process, albeit with a new immigration rate of nCI .

Explicitly, the process is a (CF , αF , a, b, ℓ, L, E , nCI , pI)-FRIME process, with all but one

parameters being identical to those of the original FRIME process, and a new immigration

rate of nCI . Similarly, the initial state of this new process is nµ0.

As a result, the mean of a FRIME process is the hydrodynamic limit when we scale

intensity of immigration by a factor of n, initial state by a factor of n, and the mass

of a fragment by a factor of 1/n.

7.3.2 Hydrodynamic Limit of FRIME Processes

Prelimit Model: For a (CF , αF , a, b, ℓ, L, E , CI , pI)-FRIME process FIX(t), we write

F n
IX(t) for the (CF , αF , a, b, ℓ, L, E , nCI , pI)-FRIME process with n times the immigration

intensity and n times the initial state. Similarly, we write µnt to be the re-scaled empirical

distribution of fragment lengths at time t such that each fragment has a mass of 1/n, i.e.

µnt := 1
n

∑
x∈Fn

IX(t)
δx.

For each f ∈ C([ℓ, L]), we define Xn,f
t to be the real-valued projection of µnt through f ,

i.e.

Xn,f
t := 1

n

∑
xi∈Fn

IX(t)
f(xi) =

∫
f(x)µnt (dx). (7.14)
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Identifying the Limit: We evaluate the evolution of Xn,f
t :=

∫
f(x)µnt (dx) for all f ∈

C([ℓ, L]).

To simplify our calculation, we use the notation

Er[g(r)] =
∫ 1

0
g(r) Γ(a+ b)

Γ(a)Γ(b)r
a−1(1 − r)b−1dr (7.15)

to denote the mean of a function g(r) under the Beta(a, b) distribution.

lim
δt→0

E
[
Xn,f
t+δt −Xn,f

t

δt

∣∣∣∣∣µnt = ν

]

=
∫ L

ℓ
CFx

αF Er
[
f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x)

n

]
× nν(dx)

+ nCI

∫ L

ℓ

f(x)
n

pI(x)dx−
∫ L

ℓ
E(x)f(x)

n
× nν(dx)

=
∫ L

ℓ
CFx

αF Er
[
f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x)

]
ν(dx)

+ CI

∫ L

ℓ
f(x)pI(x)dx−

∫ L

ℓ
E(x)f(x)ν(dx).

(7.16)

Similarly,

lim
δt→0

E
[

(Xn,f
t+δt −Xn,f

t )2

δt

∣∣∣∣∣µnt = ν

]

=
∫ L

ℓ
CFx

αF Er
[

(f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x))2

n2

]
× nν(dx)

+ nCI

∫ L

ℓ

f 2(x)
n2 pI(x)dx+

∫ L

ℓ
E(x)f

2(x)
n2 × nν(dx)

= 1
n

∫ L

ℓ
CFx

αF Er
[
(f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x))2

]
ν(dx)

+ 1
n
CI

∫ L

ℓ
f 2(x)pI(x)dx+ 1

n

∫ L

ℓ
E(x)f 2(x)ν(dx)

(7.17)

In other words, (µnt )t≥0 is a solution to the following martingale problem:

For all f ∈ C(ℓ, L),

Mn,f
t :=

∫
f(x)µnt (dx) −

∫
f(x)µn0 (dx)

−
∫ t

0

{∫ L

ℓ
CFx

αF Er
[
f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x)

]
µns (dx)

+ CI

∫ L

ℓ
f(x)pI(x)dx−

∫ L

ℓ
E(x)f(x)µns (dx)

}
ds

(7.18)
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is a martingale, with quadratic variation

⟨Mn,f
t ⟩ = 1

n

∫ t

0


∫ L

ℓ
CFx

αF Er
[
(f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x))2

]
µns (dx)

+ CI

∫ L

ℓ
f 2(x)pI(x)dx+

∫ L

ℓ
E(x)f 2(x)µns (dx)

ds.
(7.19)

As n → ∞, the quadratic variation term ⟨Mn,f
t ⟩ → 0. Assuming tightness, we

have Mn,f
t → 0. As a result, the real-valued process (Xn,f

t )t≥0 converges in the Sko-

rokhod topology to a deterministic process (X∞,f
t )t≥0 := (

∫
f(x)µ∞

t (dx))t≥0, which

solves the FRIME equation

∂

∂t

∫
f(x)µ∞

t (dx) =CF
∫ L

ℓ
xαF Er

[
f(xr)1xr≥ℓ + f(x(1 − r))1x(1−r)≥ℓ − f(x)

]
µ∞
t (dx)

−
∫ L

ℓ
E(x)f(x)µ∞

t (dx) + CI

∫
f(z)pI(z)dz,

(7.20)

with initial condition µ∞
0 (dx) = 1[ℓ,L](x) 1

L−ℓdx.

Remark 7.6 The equation without the exit term −
∫ L
ℓ E(x)f(x)µ∞

t (dx) has been studied

as the fragmentation with immigration equation in [Haa05] Equation (E).

7.4 Solutions to the FRIME equations

We now consider more explicit expressions for solutions to the FRIME equation (7.20).

7.4.1 Density solution to FRIME equations

We assume that the solution µ∞
t (dx) is differentiable in space and time, i.e. there

exists a function ut(x) : [0,∞) × [ℓ, L] 7→ R differentiable in t and continuous in x

such that µ∞
t (dx) = u∞

t (x)dx.

Furthermore, recall that for r ∼ Beta(a, b), the ratio r̃ := 1 − r is distributed

as Beta(b, a). For simplicity, we once again use the notation presented in Equation

(7.15) and similarly, we write

Er̃[g(r̃)] =
∫ 1

0
g(r̃) Γ(a+ b)

Γ(a)Γ(b) r̃
a−1(1 − r̃)b−1dr̃ =

∫ 1

0
g(r) Γ(a+ b)

Γ(a)Γ(b)r
b−1(1 − r)a−1dr. (7.21)
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Applying Fubini’s theorem and substituting s = r−1, we have
∫ L

ℓ
f(x)

{
∂

∂t
ut(x) + CFx

αF + E(x) − CIpI(x)
}
dx

=CFEr
[∫ L

ℓ
xαF f(xr)1xr≥ℓut(x)dx

]
+ CFEr

[∫ L

ℓ
xαF f(x(1 − r))1x(1−r)≥ℓut(x)dx

]

=CFEr
[∫ L

ℓ
xαF f(xr)1r≥x−1ℓut(x)dx

]
+ CFEr̃

[∫ L

ℓ
xαF f(xr̃)1r̃≥x−1ℓut(x)dx

]

=CFEr
[
r−α−1

∫ rL

ℓ
yαF f(y)ut(y/r)dy

]
+ CFEr̃

[
r̃−α−1

∫ r̃L

ℓ
yαF f(y)ut(y/r̃)dy

]

=CF
∫ 1

0

{
r−α−1

∫ rL

ℓ
yαF f(y)ut(y/r)dy

}
×
{
ra−1(1 − r)b−1 + rb−1(1 − r)a−1

B(a, b)

}
dr

=
∫ L

ℓ
CFy

αF

{∫ 1

y/L
r−(α−1) r

a−1(1 − r)b−1 + rb−1(1 − r)a−1

B(a, b) ut(y/r) × r−2dr

}
f(y)dy

=
∫ L

ℓ
CFy

αF

{∫ L/y

1

1
B(a, b)s

α−a−b+1
(
(s− 1)b−1 + (s− 1)a−1

)
ut(ys)ds

}
f(y)dy.

(7.22)

As a result, we have established µ∞
t (dx) as a weak solution to the Equation

∂

∂t
ut(x) =CFxαF


∫ L/x

1

sα−a−b+1
(
(s− 1)b−1 + (s− 1)a−1

)
B(a, b) ut(xs)ds− ut(x)


− E(x)ut(x) + CIpI(x),

(7.23)

with initial condition u0(x) = 1
L−ℓ on [ℓ, L].

In particular, if we consider uniform fragmentation processes with a = b = 1, the

fragmentation ratio is uniform, i.e. r ∼ Uni[0, 1], and ut(x) solves

∂

∂t
ut(x) = CFx

αF

{
2
∫ L/y

1
sα−1ut (xs) ds− ut(x)

}
− E(x)ut(x) + CIpI(x), (7.24)

with initial condition u0(x) = 1
L−ℓ on [ℓ, L].

Remark 7.7 One can also construct Equation (7.24) by considering ut(x) as the mass of

fragments with length x at time t. The integral term on the R.H.S. of (7.24) corresponds

to the increase in mass at length x due to fragmentation of larger fragments. The −ut(x)

term corresponds to loss of mass at length x due to fragmentation. The last two terms

correspond to fragments exiting the system at size-dependent rate E(x), and new fragments

immigrating into the system with a size-dependent rate CIpI(x).
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7.4.2 Stationary solution to FRIME equations

Since the mean measure of the FRIME process can be expressed as a solution to the

FRIME Equation in (7.20), and its density (if it exists) satisfies the density equation

(7.23), one can study the stationary distribution of the FRIME process with the sta-

tionary solution to (7.23).

Let S(x) be a stationary solution to (7.23), then for x ∈ [ℓ, L],

CFx
αF

B(a, b)

∫ L/x

1
sα−a−b+1

(
(s− 1)b−1 + (s− 1)a−1

)
S(xs)ds+CIpI(x) = (CFxαF +E(x))S(x).

(7.25)

Furthermore, at stationarity, the rate of mass increase for fragments with size L due

to immigration (CIpI(L)) must offset the rate of mass loss for fragments with size L

due to exit (E(L)S(L)) and fragmentation (CFLαF ). Therefore, S(x) must satisfy the

boundary condition S(L) = CIpI(L)
CFL

αF +E(L) .

We first consider the case where a = b = 1. If we substitute z = xs, Equation (7.25) be-

comes

2CF
∫ L

x
zα−1S(z)dz + CIpI(x) = (CFxαF + E(x))S(x),

and taking the derivative with respect to x on both sides, we have

−2CFxα−1S(x) + CIp
′
I(x) = (αCFxα−1 + E ′(x))S(x) + (CFxαF + E(x))S ′(x),

and therefore

S ′(x) + E ′(x) + (αF + 2)CFxα−1

CFxαF + E(x) S(x) = CIp
′
I(x)

CFxαF + E(x) . (7.26)

By the variation of parameters method for first order linear differential equations,

S(x) = A1 exp(−P (x)) + A2 exp(−P (x))
∫ x

ℓ

CIp
′
I(z)

CF zαF + E(z) exp(P (z))dz, (7.27)

where A1, A2 > 0 are constants determined by the boundary conditions and the integrating

factor P (x) is given by

P (x) =
∫ x

ℓ

E ′(z) + (αF + 2)CF zα−1

CF zαF + E(z) dz. (7.28)
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Finally, at stationarity, the net mass of fragments with length between [L − dx, L]

immigrating into the system must be equal to the net mass of fragments with length

between [L − dx, L] leaving the system through fragmentation, so S(x) must satisfy

the boundary condition

S(L)CFLαF + E(L) = CI . (7.29)

We now consider the shape of the stationary profile for various scenarios of exit mecha-

nisms.

No Exit Mechanism: We consider the case where there is only a killing boundary,

i.e. E(x) = 0 for x ≥ ℓ and all fragments with length smaller than ℓ dies instan-

taneously. In this case,

P (x) =
∫ x

ℓ
(αF + 2)z−1dz = (αF + 2) log(x) + C1, (7.30)

so exp(P (x)) = C2x
(αF +2), and

S(x) = A1x
−(αF +2) + A2x

−(αF +2)
∫ x

ℓ

CI
CF

p′
I(z)z2dz, (7.31)

where A1, A2 are some constants determined by the boundary condition.

If we further assume that immigrating fragments are uniformly distributed in [ℓ, L],

the probability density function for the immigration length satisfies pI(z) = 1
L−ℓ1[ℓ,L](z).

As a result, the stationary profile satisfies S(x) = Ax−α−2. Finally, using the boundary

condition we have CIdx = AL−αF −2 × CFL
αF dx, and so A = CI

CF
L2.

To conclude, the stationary profile is of the form

S(x) = CI
CF

L2x−α−2. (7.32)

The same result was established in [Haa05] in full and in [BK00] for the special case

where α = 1.
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Constant Exit Rate: (CON) We may also consider the case where E(x) ≡ CE. Then

P (x) =
∫ x

ℓ

(αF + 2)CF zαF −1

CF zαF + CE
dz = αF + 2

αF
log(CFxαF + CE) + C, (7.33)

and so

S(x) = A1(CFxαF + CE)− αF +2
αF + A2(CFxαF + CE)− αF +2

αF

∫ x

ℓ
CIp

′
I(z)(CF zαF + CE)

2
αF dz,

(7.34)

where C1, A1, A2 > 0 are some constants.

If we consider uniform immigration, then p′
I(z) ≡ 0, so the stationary profile is of the

form

S(x) = A(CFxαF + CE)− αF +2
αF , (7.35)

with derivative

S ′(x) = −αF + 2
αF

A(CFxαF + CE)− 2αF +2
αF CFx

αF −1 < 0. (7.36)

The stationary profile is therefore strictly decreasing and exhibitis no peak.

Power Law with Fixed Boundary (PFB): If we consider αF = 1, L = 1 and take

the exit function as E(x) = max{xαE − BαE
E , 0}, then for x < BE,

logS(x) = C1 −
∫ x

ℓ

3CF + αEz
αE−1

zαE + CF z −BαE
E

dz, (7.37)

where C1 is some constant. A peak is formed at position p < BE only if d
dx

logS(x) < 0 for

x ∈ [p,BE].

In Figure 6.3, CF = 1, BE = 0.4. Therefore,

d

dx
logS(x) = 3 + αEx

αE−1

xαE + x− 0.4αE
.

The expression on the right has a root at x = 1
3|αE |

1
|αE | . In particular, the root is

smaller than 0.4 if and only if |αE| < 1.097. This aligns with the observation that in the

PFB panel in Figure 6.3 in Chapter 6, the peak of the fragmentation profile is clearly

to the left of the exit boundary when αE = −0.25.
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Power Law with No Boundary (PNB): If we consider α = 1, and consider the

exit function E(x) = L−αExαE . In that case,

logS(x) = C1 −
∫ x

ℓ

3CF + L−αEαEz
αE−1

zαEL−αE + CF z
dz, (7.38)

so S(x) = C2x
−αE (CFLαEx1−αE + 1)

3−αE
αE−1 , where C1, C2 are constants determined by

the boundary condition.

This gives the best fit line that is very close to simulated data in Figure 6.3 in Chapter 6.

Linear Model: Here we assume that E(z) = CE − mEz and mE ≠ CF for all z ≤

BE := CE

mE
. If we take α = 1, then

P (x) =
∫ x

ℓ

3CF −mE

CE + (CF −mE)zdz = −3CF −mE

CF −mE

log(CE + x(CF −mE)) + C1, (7.39)

for some constant C1,

S(x) =A1(CE + x(CF −mE))
3CF −mE
CF −mE

+ A2(CE + x(CF −mE))
3CF −mE
CF −mE

∫ x

ℓ

CIp
′
I(z)

CF zαF + E(z)(CE + z(CF −mE))− 3CF −mE
CF −mE dz,

(7.40)

where A1, A2 > 0 are positive constants.

If we assume uniform immigration, i.e. pI(x) = 1, then, for some constant positive factor

A > 0,

S(x) = A×
(
BE + x

(
CF
mE

− 1
))(mE−3CF )/(CF −mE)

(7.41)

which increases with x in [0, BE] only if mE > 3CF . In particular, when mE = 2CF ,

the stationary profile S(x) decreases linearly from 0 to BE, and when mE = 3CF , the

stationary profile S(x) is roughly constant in [0, BE]. This aligns with the observation that

BE and the mode of the length frequencies coincide whenever mE > 3CF , see Figure B.5.
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8
Conclusion

In this thesis, we have shown how the mathematical theory of branching and fragmenting

particle systems can provide the biology community with novel qualitative insights.

For population geneticists, we have created a new framework to study genealogy and

population dynamics for a wide class of spatially-structured populations. For oncologists,

we have shown in our clinical data analysis that the FRIME model highly resembles

real life data with a few simple hypotheses, and can be used to draw inferences from

mtDNA fragment profiles. Although gDNA fragment profiles have an inherent cyclical

nature, once we adjust our fragment profile by binning data, i.e. by effectively measuring

fragment lengths in units of nucleosomes, the gDNA fragment profile also fits into the

FRIME model and the log-log linearity model. We believe that our model reveals insights

about cfDNA kinetics that would otherwise be unethical to measure in patients. We

look forward to the general application of the FRIME model in other means of liquid

biopsy as well, such as circulating RNA and proteins.
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8.1 Further Research Questions

8.1.1 Lookdown Representation and an analogue of the Wright-
Malécot formula

With the description of ancestral lineages in Theorem 2.24, we can attempt a similar

argument to find the probability that the ancestral lineages of individuals sampled at y and

z at time t coalesce in an infinitesimal neighbourhood of the point x and time 0. Once again

we work formally (with the understanding that integration against suitable test functions

will be required to make a more rigorous statement) and we proceed by finding the intensity

of individuals at y and z that are descended from parent-child pairs originating from

reproduction events in the time interval [0, δt) in which the parent was at x at time zero.

This time we need 1/N2 times the number of pairs (Uτ ′ , Uτ ) corresponding to a parent

that is at x at time 0, and an offspring born in the infinitesimal time interval [0, δt), for

which Uτ ′ exp(
∫ t

0 b(Y (1)
s )ds) < N , Y (1)

t = y; and Uτ exp(
∫ t

0 b(Y (2)
s )ds) < N , Y (2)

t = z, or

the symmetric event in which Y
(1)
t = z and Y

(2)
t = y, where Y (1) is the spatial position

of the parent and Y (2) is the spatial motion of the offspring. Recalling from (5.22) that

Uτ = Uτ ′ +v/(2αγ(x,Ξ0)r(x,Ξ0)), where (s, v) ∈ ξτ for some s ∈ [0, δt), formally, knowing

{Ξs}0≤s≤t, the intensity that we seek takes the form

Ξ0(x)2αγ(x,Ξ0)r(x,Ξ0)Ex
[
exp

( ∫ t

0
b(Y (1)

s ,Ξs)ds+
∫ t

0
b(Y (2)

s ,Ξs)ds
)

1
Y

(1)
t =y1Y (2)

t =z

]
dydz.

To recover the (density for the) probability of coalescence for sampled individuals, we

divide by Ξt(y)Ξt(z).

With this we can present a framework to obtain the genealogies of a sample in

the population. Recall our notation α = limN θ(N)/N from §2.2. If we consider the

stochastic equation with α close to 0, then it is easy to believe that the evolution of the

population will be approximated by the deterministic limit and, correspondingly, the

motion of ancestral lineages will be close to that found for the deterministic limit in

our calculations above. In that notation, the probability of coalescence of the ancestral

lineages at x at time 0 is approximately

2αγ(w(x))r(w(x))
w(x) p(t, y, x)p(t, z, x)dtdx.
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On the contrary, if α is so large that on timescales of order α−1 the ancestral lineages

have reached stationarity, then tracing back in time, we expect that the rate of pairwise

coalescence will be approximately
∫
α

2c(w(x))
w(x) m(x)2dx, (8.1)

where m is the stationary distribution. We observe that this approximation does not

work for the classical Fisher-KPP equation, for which the integral in (8.1) diverges. In

that setting, lineages are forced into a front of width approximately logα−1, within

which they behave approximately as Brownian motion. The population size there is

too small to ignore fluctuations, and indeed over timescales of the order of (logα−1)3

we expect to see fluctuations in which a significant proportion of the population in

the front is descended from a single individual. By contrast, in the case of the porous

medium equation with logistic growth, the expression in (8.1) converges. We conjecture

that in that setting, on timescales of order α−1, as α → 0, the genealogy of a sample

from a population expanding according to the porous medium equation with logistic

growth (and indeed many other reaction diffusion equations with nonlinear diffusion)

will converge to the Kingman coalescent.

To give a proper proof of the last results we would need to control the approximations

made; namely, how fast we have convergence to Y and Ξ in the particle system and how

close the stochastic front is to the deterministic for α close to 0. The rate of convergence

of Y can be disentangled from the estimates in §3.2 and the rate of convergence to Ξ can

be similarly deduced, at least in the case of semi-linear heat equations. This says that,

in theory, by controlling how fast the stochastic front approximate the deterministic we

should be able to fill in the details in the last computations, in a similar vein to what is

done in [EP22]. The novelty would not only include the ability to be able to work with a

large family of equations, but also that we only need to control rates of convergence and

not the derivative of the population profiles. This idea will be pursued in the future.
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8.1.2 FRIME - Fast Implementation and Fragmentation Rate
Inference

The algorithm presented in §6.2.4 has two main limitations. First, it relies on calculations

of Kolmogorov-Smirnov distances on the fly to determine convergence. Furthermore, it

relies on the use of an auxiliary time variable t which has no biological interpretation.

As a result, we cannot a priori determine the level of uncertainty before running our

simulations. We also cannot relate the parameters CI , CF with existing notion of DNA

fragmentation rates used in the biology community.

We will now propose a new approach to simulate stationary profiles, and demonstrate

how that can help us relate our parameters to biological measurements.

Recall that the stationary profile of a FRIME process can be constructed according

to Equation (7.6), i.e.
∑
ti≥0

F
s(ti)
X (ti) = UFIX

stat ,

where FX is the fragmentation with exit process, ti : i ≥ 1 are sampled from a Poisson point

process with intensity CI , and UFIX
stat is the stationary distribution of the FRIME process.

By construction, all fragments with length smaller than ℓ will exit the system

immediately, so the fragmentation with exit process (FL
X(t))t≥0 starting with a fragment

of length L satisifies limt→∞ FL
X(t) = 0 a.s.. Furthermore, by the Borel-Cantelli Lemma,

if we can establish that
∞∑
i=1

P(F s(ti)
X (ti) ̸= 0) < ∞,

then we can conclude that there exists almost surely some threshold T < ∞ such

that F s(ti)
X (ti) = 0 for all ti > T . In other words, we only need to simulate a finite

number of immigrated fragments and their descendants to determine the stationary

profile of a FRIME process.

Note however that this threshold T is not fixed for different realisations of FRIME. In

practice, we may want to fix some T̃ a priori, and only simulate fragments immigrated

into the system at T̃ unit of time ago, i.e. we compute the approximate stationary profile

Ũ
FIX

stat :=
∑
ti≤T̃

F
s(ti)
X (ti).
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For our algorithm to be efficient and effective, we must pick some reasonably small T̃

such that Ũstat is close to the true Ustat. One way to pick this T is to refer to results

in Ex.3. [Haa21] which controls the decay rate of the largest fragment for a Beta

fragmentation processes. For example, the extinction time ζ for a binary fragmentation

process with α = −1, a = 1, b = 1 satisfies

P(ζ > t) ≈ exp(−t)t2.

Therefore, to ensure our simulation produce a good estimated stationary profile, we

should pick Tϵ such that

E

∑
ti≥T

1
F

s(ti)
X (ti)

̸= 0
 = CI

∫ ∞

Tϵ

exp(−t)t2dt < ϵ. (8.2)

This choice can be further improved if we also consider the effect of exit mechanism.

Finally, the same estimate on the size of a largest fragment can help us infer the real

biological fragmentation rate. Experimentally, oncologists mix cell-free DNA fragments

into DNAse and record the time until the length of all fragments are below a detection

threshold (approximately 1-10 b.p.). By tuning parameters of our simulation with observed

data, we can utilise the above estimates to infer parameters of CF and CI . This will provide

the biology community with new biomarkers that have potentials in identifying cancers.

8.1.3 FRIME - A Branching Particle System Perspective

Finally, note that the calculations for uniform FRIME processes make use of the Poissonian

properties of fragmentations. However, calculating the variance of fragment sizes will

require a new method.

We can associate a FRIME process with a dyadic branching particle system with

state-dependent deaths. The construction laid out here is similar to that in [CR21].

First, we consider fragments with length x ∈ [0,∞]. We then let X := {x1, .., xN} be

the lengths for a collection of fragments. We will consider the empirical measure of the form

L(X) :=
∑
x∈X

δℓx ,

where ℓx := − log(x).
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Recall that a fragment of length x at rate CFxα fragments into two sub-fragments

x1, x2 with lengths xr and x(1 − r) respectively, where r ∼ Beta(a, b).

Correspondingly, a particle at location ℓx in L(X) at rate CF exp(−αℓx) split into two

particles ℓx1 and ℓx2 , whose locations are now ℓx1 − log r and ℓx1 − log(1 − r) respectively.

Note that when r ∼ Uni[0, 1], we have correlated exponential jumps.

Similarly, at some rate R(ℓx), ℓx dies and goes to some cemetery state δ.

Finally, with rate CI , a particle immigrates into the system and its position is at

ℓxi
∼ J for some non-negative random distribution J . Here exp(−J) corresponds to

the distribution of an immigrating fragment.

We believe further studies and potential applications of many-to-few lemmas on this

system will help study higher moments of fragment sizes.

Figure 8.1: Illustration of FRIME process in log scale, α = 0.5 This figure shows the
evolution in time of fragment sizes under the length transformation x → − log(x). As the particle
systems evolves, the largest fragment decays as t−β.

8.2 Final Remarks

There is still a long way to go before the mathematics established in this thesis can deliver

truly transformative impact. We are still at the nascent age of genomics. There are only

few spatially-structured genetic databases at a population level for biologists to verify and
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apply the mathematics of lookdown representations. Further studies in cell-free DNA are

needed to verify the biological assumptions underlying the FRIME framework.

Having said that, there are avenues where the mathematics presented here can make

huge transformative impact. One such exciting field is spatial transcriptomics. Spatial

transcriptomics is a cutting-edge technique in the field of genomics that enables researchers

to study gene expression patterns within intact tissue samples while preserving their

spatial information. Traditional transcriptomics methods typically involve isolating RNA

from bulk tissue and analyzing gene expression levels averaged across all the cells within

the sample. However, this approach overlooks the fact that cells within a tissue exhibit

remarkable diversity and specialization, each performing unique functions based on their

specific location within the tissue. Spatial transcriptomics seeks to overcome this limitation

by providing a spatially resolved view of gene expression within the tissue. It allows

researchers to observe which genes are expressed and at what levels in different regions or

specific cell types of interest, providing valuable insights into the underlying biological

processes and cellular interactions within the tissue.

The mathematics of population genetics can provide valuable insights and analytical

tools for studying spatial transcriptomics. For example, the tools we used to analyse

ancestral lineage dynamics can help researchers identify whether observed spatial pat-

terns are due to genetic drift-like processes or other factors such as cell migration or

developmental gradients. Similarly, spatial transcriptomics can reveal spatially defined

subpopulations of cells with unique gene expression profiles. By applying our analysis

on clustering phenomena and density-dependent regulation to spatial transcriptomics

data, researchers can identify and characterize these subpopulations, unraveling the

cellular heterogeneity within tissues.

Another exciting field where our mathematics can be helpful is nuclear engineering.

The field of nuclear engineering is witnessing remarkable advances in next-generation

reactor design, offering promising solutions for sustainable energy through technologies

like small modular reactors. These advances rely on the mathematics of radiation

transport, specifically the Boltzmann transport equation (BTE). To accurately predict

radiation-matter interactions in complex environments such as nuclear reactors with
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the BTE, Monte Carlo methods and branching particle systems are often employed.

Despite their historical association with the civil nuclear era, these mathematical theories

have evolved independently and found applications in population genetics (superprocess

theory) and Bayesian statistics (Markov Chain Monte Carlo methods). Meanwhile,

engineers have developed their own methods (e.g. Russian roulette and weight windows)

to address challenges in reactor simulations. However, knowledge exchange between

nuclear engineering and mathematical research communities has been limited, hindering

interdisciplinary progress. Neutron clustering is a phenomenon observed in Monte Carlo

simulations where, to maintain a stable particle count, some particles are randomly killed

during fission events. Such models with killing, known as Fleming-Viot models (or Moran

model), have been well understood by probabilists in the context of genetic drift. In

particular, it is shown that critical branching particle systems exhibit clustering (the pain in

the torus) contrary to the intuition of population geneticists. To circumvent this issue, new

models including the spatial Lambda-Fleming-Viot (SLFV) process [BEV10] or branching

particle systems with local interactions are proposed. The same clustering phenomenon

troubles the nuclear physics community when it comes to fission source convergence. In

short, algorithms to evaluate the criticality of nuclear reactor designs tend to underestimate

the criticality due to clustering phenomenon. Furthermore, in decoupled heterogeneous

media, such as reactors with fissile materials separated by water, events in the core take a

long time to propagate, further complicating convergence assessment. Quantifying and

predicting spatial correlations and clustering in heterogeneous environments is therefore

crucial for improving the reliability of nuclear reaction simulations and enhancing the

safety of existing and future reactors. In the future, I hope to facilitate cross-fertilization

of ideas and methodologies from stochastic modelling of biological systems and nuclear

physics to solve the above problems.

To conclude, the mathematics of branching and fragmenting particle systems can and

will produce transformative research relevant to multiple scientific disciplines. I look

forward to the day where the mathematics presented in this thesis serves as a basis or

inspiration for outstanding scientific research to come.
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A
Appendix

A.1 Markov Mapping Theorem

The following appears as Theorem A.2 in [EK19], specialized slightly here to the case

that the processes are càdlàg and have no fixed points of discontinuity. For an S0-

valued, measurable process Y , F̂Y
t denotes the completion of the σ-algebra generated

by Y (0) and {
∫ r

0 h(Y (s))ds, r ≤ t, h ∈ B(S0)}. Also, let DS[0,∞) denote the space

of càdlàg, S-valued functions with the Skorohod topology, and MS[0,∞) the space of

Borel measurable functions from [0,∞) to S, topologized by convergence in Lesbegue

measure. For other definitions see [EK19].

Theorem A.1 (Markov Mapping Theorem) Let (S, d) and (S0, d0) be complete, sep-

arable metric spaces. Let A ⊂ Cb(S) × C(S) and ψ ∈ C(S), ψ ≥ 1. Suppose that for each

f ∈ D(A) there exists cf such that

|Af(x)| ≤ cfψ(x), x ∈ A,

and define A0f(x) = Af(x)/ψ(x).

Suppose that A0 is a countably determined pre-generator, and suppose that D(A) =

D(A0) is closed under multiplication and is separating. Let γ : S → S0 be Borel measurable,

and let α be a transition function from S0 into S (y ∈ S0 → α(y, ·) ∈ P(S) is Borel
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measurable) satisfying
∫
h ◦ γ(x)α(y, dx) = h(y) for y ∈ S0 and h ∈ B(S0), that is,

α(y, γ−1(y)) = 1. Assume that ψ̃(y) ≡
∫
S ψ(z)α(y, dz) < ∞ for each y ∈ S0 and define

C = {
∫
S
f(z)α(·, dz),

∫
S
Af(z)α(·, dz) : f ∈ D(A)}. (1.1)

Let µ0 ∈ P(S0) and define ν0 =
∫
α(y, ·)µ0(dy).

(a) If Ỹ satisfies
∫ t

0 E[ψ̃(Ỹ (s))]ds < ∞ for all t ≥ 0 and Ỹ is a solution of the martingale

problem for (C, µ0), then there exists a solution X of the martingale problem for

(A, ν0) such that Ỹ has the same distribution on MS0 [0,∞) as Y = γ ◦X. If Y and

Ỹ are cádlág, then Y and Ỹ have the same distribution on DS0 [0,∞).

(b) For t ≥ 0,

P{X(t) ∈ Γ | F̂Y
t } = α(Y (t),Γ), for Γ ∈ B(S).

(c) If, in addition, uniqueness holds for the martingale problem for (A, ν0), then

uniqueness holds for the MS0 [0,∞)-martingale problem for (C, µ0). If Ỹ has sample

paths in DS0 [0,∞) then uniqueness holds for the DS0 [0,∞)-martingale problem for

(C, µ0).

(d) If uniqueness holds for the martingale problem for (A, ν0) then Y is a Markov process.

In our application, we have taken S to be the space of locally finite counting measures

on Rd × [0, N) or on Rd × [0,∞), and S0 the space of finite measures on Rd. Then, A

corresponds to the generator for the lookdown process (i.e., either AN or A), and C

corresponds to the generator for the spatial population process (i.e., either PN or P).

The “γ” of the theorem is our spatial projection operator that we have called κN or κ,

and the “α” of the theorem will be named ΓN or Γ below. Finally, “X” of the theorem

is our lookdown process, ξ, and “Y ” is our spatial process, η.
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A.1.1 Lookdown Generators

In this section we verify one of the conditions of the Markov Mapping Theorem, namely,

that “integrating out levels” in the generator of the lookdown process we obtain the

generator of the projected process. In the notation of the theorem, we are verifying

that C defined in (1.1) is in fact PN (if defined with AN) or P∞ (if defined with A).

We will work with test functions of the form

f(ξ) =
∏

(x,u)∈ξ
g(x, u) = exp (⟨log g, ξ⟩) , (1.2)

where 0 ≤ g ≤ 1 and g(x, u) = 1 for all u ≥ ug for some ug < ∞. Furthermore,

recall that κN(ξ)(·) = ξ(· × [0, N))/N is the “spatial projection operator”, and define

the transition function ΓN : MF (Rd) → M(Rd × [0, N)) so that for η ∈ MF (Rd),

if ĝN(x) =
∫N

0 g(x, u)du/N , then

FN
g (η) :=

∫
f(ξ)ΓN(η, dξ)

= exp
(
N

〈
log 1

N

∫ N

0
g(x, u)du, η(dx)

〉)
= exp (N ⟨log ĝN(x), η(dx)⟩) ,

i.e., ΓN assigns independent labels on [0, N ] to each of the points in η. It follows from

Lemma 3.5 that for test functions of this form the generator of ηNt is

PNFN
g (η) = FN

g (η)Nθ
〈
γ(x, η)

∫
r(z, η) (ĝN(z) − 1) qθ(x, dz)

+ µθ(x, η)
(

1
ĝN(x) − 1

)
, η(dx)

〉
.

(1.3)

(Note that f here differs from the f used in Lemma 3.5 so as to agree with stan-

dard usage in the literature on lookdown processes.) The generator of ξNt is AN ,

defined in equation (5.10).

Lemma A.2 For all finite counting measures η on Rd, if f is of the form (1.2), then
∫
ANf(ξ)ΓN(η, dξ) = PNFN

g (η). (1.4)
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For the limiting process, recall that κ(ξ)(·) = limu→∞ ξ(· × [0, u))/u is the “spatial

projection operator”, and define the probability kernel Γ : MF (Rd) → M(Rd × [0,∞))

so that for η ∈ MF (Rd), defining g̃(x) =
∫∞

0 (g(x, u) − 1)du,

Fg(η) :=
∫
f(ξ)Γ(η, dξ)

= exp
(〈 ∫ ∞

0
(g(x, u) − 1)du, η(dx)

〉)
= e⟨g̃(x),η(dx)⟩.

i.e., Γ(η, ·) is the distribution of a conditionally Poisson process with intensity a product

of η and Lebesgue measure. It again follows from Lemma 3.5 that for test functions

of this form the generator of ηt is

P∞Fg(η) = Fg(η)
〈
γ(x, η)B(g̃(·)r(·))(x) + F (x, η)g̃(x) + αγ(x, η)r(x, η)g̃2(x), η(dx)

〉
.

(1.5)

The generator of ξt is A, defined in equation (5.11).

Lemma A.3 For all η ∈ MF (Rd), if f is of the form (1.2), then
∫
Af(ξ)Γ(η, dξ) = P∞Fg(η). (1.6)

Proof [of Lemma A.2] First, break the generator AN into three parts,

AN1 f(ξ) = f(ξ)
∑

(x,u)∈ξ
2cθ(x, η)

∫ N

u

1
2
g(x, v1)
g(x, u)

∫
Rd

(g(y, u) − g(x, u))qmθ (x, dy, η)
dv1,

AN2 f(ξ) = f(ξ)
∑

(x,u)∈ξ
2cθ(x, η)

∫ N

u

1
2

∫
Rd

(
g(y, v1) + g(x, v1)

2 − 1
)
qmθ (x, dy, η)

dv1,

AN3 f(ξ) = f(ξ)
∑

(x,u)∈ξ

(
cθ(x, η)u2 − bθ(x, η)u

) ∂ug(x, u)
g(x, u) ,

where qm was defined in equation (5.24), so that

ANf(ξ) = AN1 f(ξ) + AN2 f(ξ) + AN3 f(ξ).

We now integrate each piece against ΓN . First note that by the product form of f ,
∫
f(ξ)

∑
(x,u)∈ξ

ℓ(x, u)
g(x, u)ΓN(η, dξ) = FN

g (η)
〈

1
NĝN(x)

∫ N

0
ℓ(x, u)du,Nη(dx)

〉
.

168



Therefore,∫
AN

1 f(ξ)ΓN (η, dξ)

= F N
g (η)

〈
cθ(x, η)
ĝN (x)

∫ N

0

{∫ N

u

(
1
2g(x, v1)

∫
Rd

(g(y, u) − g(x, u))qm
θ (x, dy, η)

)
dv1

}
du, η(dx)

〉

= F N
g (η)

〈
cθ(x, η)
ĝN (x)

{∫
Rd

{∫ N

0

∫ N

u

g(x, v1)(g(y, u) − g(x, u))dv1du

}
qm

θ (x, dy, η), η(dx)
〉

.

For the second generator, we have∫
AN

2 f(ξ)ΓN (η, dξ)

= F N
g (η)

〈
cθ(x, η)
ĝN (x)

∫ N

0
g(x, u)

{∫ N

u

(∫
Rd

(
g(y, v1) + g(x, v1)

2 − 1
)

qm
θ (x, dy, η)

)
dv1

}
, η(dx)

〉

= F N
g (η)

〈
cθ(x, η)
ĝN (x)

∫
Rd

{∫ N

0

∫ N

u

g(x, u) (g(y, v1) + g(x, v1) − 2) dv1du

}
qm

θ (x, dy, η), η(dx)
〉

.

For the third generator we have that∫
AN3 f(ξ)ΓN(η, dξ)

= FN
g (η)

〈
1

ĝN(x)

∫ N

0

(
cθ(x, η)u2 − bθ(x, η)u

)
∂ug(x, u)du, η(dx)

〉

= FN
g (η)

〈
1

ĝN(x)

∫ N

0
(bθ(x, η) − 2cθ(x, η)u) (g(x, u) − 1)du, η(dx)

〉
.

Note that 2
∫N

0
∫N
u g(x, v1)g(y, u)dv1du = N2ĝN(x)ĝN(y), and so∫ N

0

∫ N

u
g(x, v1)(g(y, u) − g(x, u))dv1du+

∫ N

0

∫ N

u
g(x, u) (g(y, v1) + g(x, v1) − 2) dv1du

= N2ĝN(x)(ĝN(y) − 2) + 2
∫ N

0
ug(x, u)du.

Combining the last equations, and using the fact that Ncθ(x, η) − bθ(x, η) = θµθ(x, η),
we have∫ AN1 f(ξ) + AN2 f(ξ) + AN3 f(ξ)

ΓN(η, dξ)

= FN
g (η)

〈
cθ(x, η)N2

∫
Rd

(ĝN(y) − 2)qm(x, dy, η) + 1
ĝN(x)cθ(x, η)

∫ N

0
2udu

+ 1
ĝN(x)bθ(x, η)

∫ N

0
(g(x, u) − 1)du, η(dx)

〉

= FN
g (η)

〈
cθ(x, η)N2

∫
Rd

(ĝN(y) − 1)qm(x, dy, η) +N2cθ(x, η)
(

1
ĝN(x) − 1

)

+Nbθ(x, η)
(

1 − 1
ĝN(x)

)
, η(dx)

〉

= FN
g (η)N

〈
Ncθ(x, η)

∫
Rd

(ĝN(y) − 1)qm(x, dy, η) + θµθ(x, η)
(

1
ĝN(x) − 1

)
, η(dx)

〉
.
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This matches equation (1.3), as desired, because Ncθ(x, η)qm(x, dy, η) = θγ(x, η)qθ(x, dy).

□

Before proving Lemma A.3, we recall an important equality for conditionally Poisson

point processes ([KR11] Lemma A.3).

Lemma A.4 If ξ = ∑
i δZi

is a Poisson random measure with mean measure ν, then for

ℓ ∈ L1(ν) and g ≥ 0 with log g ∈ L1(ν),

E

∑
j

ℓ(Zj)
∏
i

g(Zi)
 =

∫
ℓgdνe

∫
(g−1)dν . (1.7)

Proof [of Lemma A.3] By Lemma A.4,∫
f(ξ)

∑
(x,u)∈ξ

ℓ(x, u)
g(x, u)Γ(η, ξ) = Fg(η)

〈∫ ∞

0
ℓ(x, u)du, η(dx)

〉
.

Comparing this to the definition of A (equation (5.11)), we see that∫
Af(ξ)Γ(η, dξ) = Fg(η)

〈∫ ∞

0
(ℓ1(x, u) + ℓ2(x, u) + ℓ3(x, u))du, η(dx)

〉
,

where

ℓ1(x, u) = γ(x, η) (B(g(·, u)r(·, η))(x) − g(x, u)Br(x, η))

= γ(x, η) (B((g(·, u) − 1)r(·, η))(x) − (g(x, u) − 1)Br(x, η))

and

ℓ2(x, u) = 2g(x, u)αγ(x, η)r(x, η)
∫ ∞

u
(g(x, v) − 1)dv

and

ℓ3(x, u) =
(
αγ(x, η)r(x, η)u2 − {γ(x, η)Br(x, η) + F (x, η)}u

)
∂ug(x, u).

First note that since B acts on space, it commutes with the integral over levels, and so∫ ∞

0
ℓ1(x, u)du = γ(x, η) (B(g̃(·)r(·, η))(x) − g̃(x)Br(x, η)) ,

since g̃(x) =
∫∞

0 (g(x, u) − 1)du. Next,∫ ∞

0
ℓ2(x, u)du = αγ(x, η)r(x, η)2

∫ ∞

0
g(x, u)

∫ ∞

u
(g(x, v) − 1)dvdu.
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Finally, integrating by parts,
∫ ∞

0
ℓ3(x, u)du = −αγ(x, η)r(x, η)

∫ ∞

0
2u(g(x, u) − 1)du

+ {γ(x, η)Br(x, η) + F (x, η)}g̃(x)

Now, note that
∫ ∞

0
g(x, u)

∫ ∞

u
(g(x, v) − 1)dvdu−

∫ ∞

0
u(g(x, u) − 1)du

=
∫ ∞

0
g(x, u)

∫ ∞

u
(g(x, v) − 1)dvdu−

∫ ∞

0

∫ ∞

v
(g(x, u) − 1)dudv

=
∫ ∞

0
(g(x, u) − 1)

∫ ∞

u
(g(x, v) − 1)dvdu

= g̃(x)2/2.

Adding these together, we get that
∫ ∞

0
(ℓ1(x, u) + ℓ2(x, u) + ℓ3(x, u))du

= γ(x, η)B(g̃(·)r(·, η))(x) + F (x, η)g̃(x) + αγ(x, η)r(x, η)g̃(x)2,

which agrees with (1.5), as desired. □

A.2 Technical Lemmas on Probability Kernels

A.2.1 Constraints on kernel widths

Lemma A.5 Suppose the first three conditions of Assumptions 2.8 hold, and furthermore

the kernels ρr = pϵ2r and ργ = pϵ2γ are each Gaussian with standard deviations ϵr and ϵγ

respectively. Let λ = supx supy:∥y∥=1 y
TC(x)y be the largest eigenvalue of C(x) across all

x. If ϵ2
r + 2λ

θ
< ϵ2

γ, then there is a C < ∞ such that for all x ∈ Rd, η ∈ MF (Rd),
∣∣∣∣θ ∫

Rd
(ρr∗η(y) − ρr∗η(x))qθ(x, dy)

∣∣∣∣ ≤ Cργ∗η(x) (1.8)

and

θ
∫
Rd

(ρr∗η(y) − ρr∗η(x))2 qθ(x, dy) ≤ C (ργ∗η(x))2 . (1.9)
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Note that the right hand side of each is the average density over a wider region (since

ϵγ > ϵr). The key assumption here is that the spatial scale over which local density affects

birth rate is larger than the scale over which it affects establishment. In the simple case

of b⃗ = 0 and C = σ2I, the condition is simply that ϵ2
r + 2σ2/θ < ϵ2

γ. This gives a yet

more concrete situation in which Condition 2 of Lemma 2.9 holds.

Proof [of Lemma A.5]

First we prove (1.8). Recall that ρr∗η(x) =
∫
pϵ2r(x− w)η(dw), where pt is the density

of a Gaussian with mean 0 and variance t, so that applying Fubini, (1.8) is∣∣∣∣∫
Rd
θ
∫
Rd

(pϵ2r(y − w) − pϵ2r(x− w))qθ(x, dy)η(dw)
∣∣∣∣ .

Write ps,x(·) for the density of a Gaussian with mean s⃗b(x) and covariance ϵ2
rI + sC(x),

so that
∫
pϵ2r(y − w)qθ(x, dy) = p1/θ,x(w − x). It therefore suffices to show that for all

x and w ∈ Rd, there exists K such that∣∣∣∣θ ∫
Rd

(pϵ2r(y − w) − pϵ2r(x− w))qθ(x, dy)
∣∣∣∣ = θ

∣∣∣p1/θ,x(w − x) − p0,x(w − x)
∣∣∣ ≤ Kpϵ2γ (w − x).

However, θ(p1/θ,x(z) − p0,x(z)) = ∂sps,x(z) for some 0 ≤ s ≤ 1/θ. Write Γ(s, x) =

ϵ2
rI + sC(x), so that

ps,x(z) = 1
(2π|Γ(s, x)|)d/2 exp

(
−1

2(z − s⃗b(x))TΓ(s, x)−1(z − s⃗b(x))
)
,

and note that if λi are the eigenvalues of C(x) then |Γ(s, x)| = ∏
i(ϵ2

r + sλi), and

∂s|Γ(s, x)| = ∑
i λi|Γ(s, x)|/(ϵ2

r + sλi). Therefore,

∂sps,x(z) =
(⃗
b(x)TΓ(s, x)−1(z − s⃗b(x)) + (z − s⃗b(x))TΓ(s, x)−1C(x)Γ(s, x)−1(z − s⃗b(x))

−
∑
i

λi
ϵ2
r + sλi

)
ps,x(z),

where zT is the transpose of z. This implies that

θ
∫
Rd(pϵ2r(y − w) − pϵ2r(x− w))qθ(x, dy)

pϵ2γ (x− w). = h(x− w)ek(x−w),

where h(z) and k(z) are quadratic polynomials in z whose coefficients depend on s

and x but are uniformly bounded, and

k(z) = 1
2ϵ2
γ

∥z∥2 − 1
2(z − s⃗b(x))TΓ(s, x)−1(z − s⃗b(x)),
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Since infz zTΓ(s, x)−1z/∥z∥2 = 1/(sλ(x) + ϵ2
r), where λ(x) = sup zTC(x)z/∥z∥2 is the

largest eigenvalue of C(x), this is negative for all z outside a bounded region, and so

equation (1.8) follows from the assumption that ϵ2
r + 2 supx λ(x)/θ < ϵ2

γ. (Note that

we do not yet need the factor of 2.)

Next we prove equation (1.9), in a similar way. Again applying Fubini,

θ
∫
Rd

(ρr∗η(y) − ρr∗η(x))2 qθ(x, dy)

=
∫
Rd

∫
Rd
θ
∫
Rd

(pϵ2r(y − w) − pϵ2r(x− w))(pϵ2r(y − v) − pϵ2r(x− v))qθ(x, dy)η(dv)η(dw),

and so as before, equation (1.9) will follow if the integrand is bounded by Kpγ(x −

w)pγ(x− v). Now, let Y1, Y2, and Z be independent d-dimensional Gaussians with mean

zero, where Y1 and Y2 have covariance ϵ2
rI, and Z has covariance C(x). Write ps,t,x(·, ·)

for the joint density of Y1 +
√
sZ + s⃗b(x) and Y2 +

√
tZ + t⃗b(x). Then, observe that

θ
∫
Rd

(pϵ2r(y − w) − pϵ2r(x− w))(pϵ2r(y − v) − pϵ2r(x− v))qθ(x, dy)

= θ
(
p1/θ,1/θ,x(x− w, x− v) − p0,1/θ,x(x− w, x− v)

− p1/θ,0,x(x− w, x− v) + p0,0,x(x− w, x− v)
)

= ∂sps,1/θ,x(x− w, x− v) − ∂tp0,t,x(x− w, x− v),

for some 0 ≤ s, t ≤ 1/θ. As before,

θ
∫
Rd(pϵ2r(y − w) − pϵ2r(x− w))(pϵ2r(y − v) − pϵ2r(x− v))qθ(x, dy)

pϵ2γ (x− w)pϵ2γ (x− v) = h(x− w, x− v)ek(x−w,x−v),

where h(z1, z2) is a polynomial with uniformly bounded coefficients and

k(z1, z2) = (∥z1∥2 + ∥z2∥2)/(2ϵ2
γ) − 1

2[z1, z2]TΓ(s, t, x)−1[z1, z2],

where [z1, z2] is the R2d vector formed by concatenating z1 and z2, and Γ(s, t, x) is the block

matrix

Γ(s, t, x) =
[
ϵ2
rI + sC(x)

√
stC(x)√

stC(x) ϵ2
rI + tC(x)

]
.

If C(x)u = au for some a ∈ R, then [u
√
s, u

√
t] is an eigenvector of Γ(s, t, x) with

eigenvalue ϵ2
r + (s+ t)a, and [u

√
t,−u

√
s] is an eigenvector of Γ(s, t, x) with eigenvalue
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0. This implies the largest eigenvalue of Γ(s, t, x) is equal to ϵ2
r + (s+ t)λ(x), where λ(x)

is again the largest eigenvalue of C(x). Therefore, if s + t ≤ 2/θ,

(∥z1∥2 + ∥z2∥2)/ϵ2
γ − [z1, z2]TΓ(s, t, x)−1[z1, z2]

≤ (∥z1∥2 + ∥z2∥2)
(

1
ϵ2
γ

− 1
ϵ2
r + 2λ(x)/θ

)
,

which is negative by assumption. Therefore, there is a K such that∣∣∣∂sps,1/θ,x(x− w, x− v) − ∂tp0,t,x(x− w, x− v)
∣∣∣

pϵ2γ (x− w)pϵ2γ (x− v) ≤ K

for all θ > 1 and all x, v, and w ∈ Rd, proving equation (1.9) and hence the lemma. □

A.2.2 Tightness of processes

Here we record, for completeness, the fact used above that tightness for a family of

processes, if determined by the Aldous-Rebolledo criterion, extends to sums and products

of those processes. We first record for reference one version of the Aldous-Rebolledo

criteria for tightness of a sequence real-valued processes (as it appears in Theorem 1.17

of [Eth00]; see also Theorem 4.13 of [JS13]):

Theorem A.6 ([Reb80]) Let {Y (n)}n≥1 be a sequence of real-valued processes with

càdlàg paths. Suppose that the following conditions are satisfied.

1. For each fixed t ∈ [0, T ], {Y (n)
t }n≥1 is tight.

2. Given a sequence of stopping times τn, bounded by T , for each ϵ > 0 there exists

δ > 0 and n0 such that

sup
n≥n0

sup
θ∈[0,min(δ,T−τn)]

P
{∣∣∣Y (n)

τn+θ − Y (n)
τn

∣∣∣ > ϵ
}

≤ ϵ.

Then the sequence {(Y (n)
t )Tt=0}n≥1 is tight.

Lemma A.7 Let {X(n)}n≥1 and {Y (n)}n≥1 be sequences of jointly defined real-valued

processes with càdlàg paths satisfying the conditions of Theorem A.6. Then {X(n)Y (n)}n≥1

and {X(n) + Y (n)}n≥1 also satisfy the conditions of Theorem A.6.
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By “jointly defined” we mean that X(n) and Y (n) are defined on the same probability

space, so that the products and sums make sense.

Proof [of Lemma A.7] The proof for X(n) + Y (n) is similar to but more straightforward

than for X(n)Y (n), so on only prove the Lemma for the latter. First, note that for

any ϵ > 0, by tightness of X(n)
t and Y

(n)
t there is a K such that P{X(n)

t >
√
K} and

P{Y (n)
t >

√
K} are both less than ϵ/2, and hence

P{X(n)
t Y

(n)
t > K} ≤ P{X(n)

t >
√
K} + P{Y (n)

t >
√
K} ≤ ϵ.

Therefore, X(n)
t Y

(n)
t is tight.

Next, note that for 0 ≤ τn ≤ T ,

sup
0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θY

(n)
τn+θ −X(n)

τn
Y (n)
τn

∣∣∣
≤ sup

0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θ

∣∣∣ ∣∣∣Y (n)
τn+θ − Y (n)

τn

∣∣∣+ ∣∣∣X(n)
τn+θ −X(n)

τn

∣∣∣ ∣∣∣Y (n)
τn

∣∣∣
≤ sup

0≤t≤T

∣∣∣X(n)
t

∣∣∣ sup
0≤θ≤min(δ,T−τn)

∣∣∣Y (n)
τn+θ − Y (n)

τn

∣∣∣+ sup
0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θ −X(n)

τn

∣∣∣ sup
0≤t≤T

∣∣∣Y (n)
t

∣∣∣ ,
so that for any C,

P
{

sup
0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θY

(n)
τn+θ −X(n)

τn
Y (n)
τn

∣∣∣ > ϵ

}

≤ P
{

sup
0≤t≤T

∣∣∣X(n)
t

∣∣∣ > C

}
+ P

{
sup

0≤θ≤min(δ,T−τn)

∣∣∣Y (n)
τn+θ − Y (n)

τn

∣∣∣ > ϵ/C

}

+ P
{

sup
0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θ −X(n)

τn

∣∣∣ > ϵ/C

}
+ P

{
sup

0≤t≤T

∣∣∣Y (n)
t

∣∣∣ > C

} (1.10)

Now, since max0≤t≤T X
(n)
t is tight (and likewise for Y ) (see, e.g., Remark 3.7.3 in

[EK86]), we may choose a C ≥ 4 for which

P
{

sup
0≤t≤T

∣∣∣X(n)
t

∣∣∣ > C

}
≤ ϵ

4 .

Similarly, by assumption we can choose a δ for which

P
{

sup
0≤θ≤min(δ,T−τn)

∣∣∣X(n)
τn+θ −X(n)

τn

∣∣∣ > ϵ/C

}
≤ ϵ

C
.

If we choose C and δ that do this for both X(n) and Y (n), then each of the terms

in equation (1.10) are bounded by ϵ/4, and condition (2) is satisfied for the product

process. □
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B
FRIME - Appendix

B.1 Data pre-processing techniques

Interpolation method to account for high 0 counts To fit the PFB best-fitting

curve to both mitochondrial and genomic fragment profile, we fitted log fragment count

against log fragment length according to a linear model. However, long fragments are

sparse and rare in our dataset, so the count of fragments with exactly x base pairs can be

0 if x is large. As a result, under the log scale, the log count becomes negative infinity.

To adjust for this sparsity, we plotted the cumulative fragment count against fragment

length, then interpolated the count at intervals of 10 bp to give the average fragment

count per unit length. We then apply the linear model on the adjusted log fragment

counts. Details of the method can be found in the github repository.

Evolution to stationarity To evaluate how well the stationary distribution of FRIME

processes fit clinical data, we stop a simulated FRIME process after every 10,000 events.

We then conduct a Kolomogorov-Smirnov two-sample test on the simulated fragment

profile and the clinical data for mtDNA fragment profile. For gDNA fragment profile,

we conduct a χ2-two-sample test on the total fragment counts in the bins (0, 250], (250,

420], (420, 620], (620, 820]. We observe that the p-values are low initially when the

FRIME process has not reached stationarity, and the p-value is consistently above 0.05

after many events. See Figure B.1.
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B.2 Supplementary Figures

(A) (B)

Figure B.1: Evolution of p-value under KS test on FRIME simulations We ran
two FRIME simulations and compared them against the mtDNA fragment profile and gDNA
fragment profile for sample ISPRO.bc05 under the two-sample Kolmogorov-Smirnov test. (A)
A FRIME process with parameters CF = 7.5 ∗ 105, αF = −0.78, L = 104, CI = 8, E(x) =
L2.10x−2.10, r ∼ Beta(1, 1) is run for 105 events. After every 104 events, the fragment profile of
the process is compared against the mtDNA fragment profile under the Kolmogorov-Smirnov
test. The p-value of the result is plotted in the graph. (B) A FRIME process with parameters
CF = 2.5, αF = 1.2, L = 104, CI = 10, E(x) = L2x−2, r ∼ Beta(1, 1) is run for 105 events. After
every 104 events, the fragment profile of the process is compared against the gDNA fragment
profile under the χ2 two-sample test. The p-value of the result is plotted in the graph.

Figure B.2: Genomic DNA data on log-log scale, showing the first 9 partitions To
study gDNA data, we binned the fragment counts according to specified nucleosomal bins. This
binning is used to account for the cyclical nature of genomic cfDNA fragment profiles. The
nucleosomal bins are defined manually as (0, 250], (250, 420], (420, 620], (620, 820], and every
200bp onward. The binning strategy has been visually confirmed to be reasonable.
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(A) (C)

(B)

Figure B.3: FRIME profile with exponential and normal distributed immigration
mechanism Stationary distributions of fragment sizes obtained from simulations of the FRIME
process with immigration and fragmentation parameter values CI = 500, CF = 1, αF = 1, a = 1,
PFB exit mechanism with parameters αE = −2, BE = 0.4, and simulation threshold κ = 0.05.
50 points were plotted for each configuration. Each point corresponds to the fragment count
per unit length over an interval of length 0.02. Different choices of the immigration function
were taken and 50 simulations run for each choice of immigration function. Shaded regions
were plotted using upper and lower quartile fragment count across all simulations. (A) EXP
model with immigrating length z ∼ Exp(λ) where λ = 0.1 (dots), 0.5 (×), 0.7 (stars). (B) The
simulated fragment profiles look sufficiently linear under the log-log scale. (C) NORM model
with immigrating length z ∼ N(µ, 0.1µ) with µ = 0.5 (dots), 0.7 (×) ,0.9 (stars). The simulated
fragment profiles clearly exhibit a peak at the mean fragment length size.

(A) (B)

Figure B.4: FRIME profile with strong fragmentation around mid-point Stationary
distributions of fragment sizes obtained from simulations of the FRIME process with uniform
immigration and fragmentation parameter values CI = 100, CF = 1, αF = 1, PFB exit mechanism
with parameters αE = −2, BE = 0.2, and simulation threshold κ = 0.05. 50 points were plotted
for each configuration. Each point corresponds to the fragment count per unit length over
an interval of length 0.02. Three different choices of the fragmentation ratios were taken and
50 simulations run for each choice of fragmentation ratio. Shaded regions were plotted using
upper and lower quartile fragment count across all simulations. Right panel is normal scale,
left panel is log-log scale. (A) Fragmentation ratio r ∼ Beta(a, a) with a = 1 (dots), 100 (×),
1000 (stars). For large a, fragments tend to be split into two roughly equal proportions. The
simulated fragment profiles exhibit big drops and flat decays. (B) In log-log scale, the fragment
profiles for large values of a look like steps.
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Figure B.5: FRIME profile with different linear exit mechanism Stationary distributions
of fragment sizes obtained from simulations of the FRIME process with uniform immigration
and fragmentation parameter values CI = 500, CF = 1, αF = 1, a = 1, b = 1 and simulation
threshold κ = 0.05. 50 points were plotted for each configuration. Each point corresponds to
the fragment count per unit length over an interval of length 0.02. Different choices of the
immigration function were taken and 50 simulations were run for each choice of immigration
function. Shaded regions were plotted using upper and lower quartile fragment count across
all simulations. The simulations were run with linear exit mechanism E(x) = BEmE − mEx,
where BE = 0.4 and mE = 2 (blue), 3 (orange), 4 (green). A vertical line at BE = 0.4 was
plotted in black. A best-fit line of 100x3 was plotted in red in the region x > 0.4. Note that
when mE = 4 > 3CF , the peak coincides with 0.4 and when mE = 2 < 3CF , the peak is to the
left of 0.4.
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Figure B.6: gDNA best fit coefficients distribution plot. The best-fit coefficients for
linearity in log-log scale were plotted as a scatter plot. The x-axis is the gDNA slope, and the
y-axis is the gDNA intercept. Healthy patients are in blue and patients with lung adenocarcinoma
is in pink. The scatter plot suggests that the data for patients with lung adenocarcinoma has
higher variability.
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Figure B.7: Mitochondrial cfDNA fragment profiles with best fit curve. Mitochondrial
DNA fragment profiles for all samples from nanopore studies are plotted out as bar charts in
blue on the top panels. Best fit curves of the expression Cxβ are plotted as black dot-dashed
lines (-.). The coefficients of the best fit curve are given by a linear fit under the log-log scale
on the counts of fragments longer than 140bp. A black vertical line at 140bp is also plotted on
each profile. The cumulative fragment count for all fragment profiles were plotted out as bar
charts in blue. Black lines plotted on top of the bars were linear interpolation of the cumulative
fragment count at intervals of 10bp.
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Figure B.8: Mitochondrial cfDNA fragment profiles with best fit curve, log-log scale.
Mitochondrial DNA fragment profiles for all samples from nanopore studies are plotted out.
Best fit curve of the expression Cxβ is also plotted out. The coefficients of the best fit curve are
given by a linear fit under the log-log scale on the counts of fragments longer than 140bp. A
black vertical line at 140bp is also plotted on each profile. Both axes are in log scale.
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Figure B.9: Genomic cfDNA fragment profiles with best fit curve. Genomic DNA
fragment profiles for all samples from nanopore studies are plotted out as bar charts in pink.
Best fit curves of the expression Cxβ are also plotted out. The coefficients of the best fit curve
are given by a linear fit under the log-log scale after binning the data. The x-axis is in log-scale.
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