
Density Functional Theory Studies of
Solid Density Plasmas

Patrick Hollebon
Trinity College, Oxford

Supervised by Dr. Sam M Vinko & Prof. Justin S Wark

A thesis submitted for the degree of
Doctor of Philosophy

Trinity Term 2019



Abstract

In warm dense matter (WDM) and dense plasma physics, Density Functional
Theory (DFT) has become a standard approach over the past many years for
simulating transport properties, equations of state, interpreting experimental
measurements and many other applications. The main chapters, two to four,
of this thesis cover original work by the author on three topics: excited state
pseudopotentials, time-dependent DFT (TDDFT) and many-body theory.

For an excited state pseudopotential, a specific excited ion core configura-
tion is generated by externally imposing a set of occupation numbers in the
same way as can be rigorously done for a non-interacting electron system. In
chapter 2 results and a physical argument are presented seeking to justify this
process when generating excited configurations of bound electron systems.

Those electrons that might be considered as ‘free’ within a plasma ex-
hibit not only single-particle excitations, as one might label with a set of
single-particle occupation numbers, but also significant collective behaviour
i.e. plasmons. TDDFT linear-response theory is applied in chapter 3 as a
rigorous means of modelling the general dynamic and wavelength-dependent
response properties, and fluctuations, for quantum plasma systems. With help
from the Langreth rules a fluctuation-dissipation relation for the electron dy-
namic structure factor is derived. Finally, the dynamic structure factor is
computed for compressed Beryllium and CH plasma, with favourable compar-
ison to experimental data and simulations by previous authors.

In chapter four the free-free opacity of solid density Al plasma is consid-
ered. Both the tensor nature of the dielectric function, in the form of local
field corrections, and an accurate description of bound-state properties, in the
form of correct binding energies, are required to reproduce experimental room
temperature measurements. Commonly used exchange-correlation functionals
are insufficient for predicting the energy gap between bound states and the
continuum in a linear response theory context. To this end, the author has
implemented and demonstrated finite-temperature many-body quasi-particle
calculations in the Abinit code. These many-body calculations are expensive
however they are a potential future source of accurate theoretical predictions,
covering a wide range of plasma conditions to which other, perhaps simpler
models might be benchmarked.
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1

Introduction

The content of this thesis represents a modest contribution to the study and

simulation of dense plasmas for which quantum mechanical effects cannot be

neglected. Specifically, this thesis focuses on the use of Density Functional

Theory (DFT) as a means to solve the many-body Shrödinger equation in an

ab initio manner within a consistent and clear set of approximations. DFT has

been and continues to be, widely applied to the study of warm dense matter

(WDM) and dense plasma physics. Within this thesis, I hope to have informed

on what are perhaps some of the less well-known applications of DFT in this

field, such as excited core pseudopotentials, time-dependent DFT (TDDFT)

perturbation theory, and many-body theory quasi-particle calculations. Whilst

each of these is accompanied by a rich and detailed body of literature, in

this thesis, I hope to have provided some specific insight into their use and

implementation in WDM and dense plasma conditions.

1.1 Warm dense matter and dense plasmas

Dense plasmas and WDM lie at the intersection of condensed matter and

plasma physics, both of which bring with them their own approaches and

1



1. INTRODUCTION 2

techniques for describing physical systems. Approaching solid density (∼ 1 g

cm−3) several factors come into play that might otherwise be considered negli-

gible in ideal plasma conditions. Fermionic exchange symmetry leads to Pauli

repulsion between electrons, preventing matter from collapsing and providing

the bulk spatial extent of the matter we experience every day [1]. Following

on from the associated exchange symmetries of identical particles, thermody-

namic quantities require either Fermi-Dirac or Bose-Einstein statistics, with

the deviation of both from the classical canonical ensemble becoming more

significant with increasing particle density and lower temperature.

Fundamentally we are dealing with a many-body problem of charged parti-

cles interacting via the Coulomb force. In plasma physics, we typically quantify

the strength of these interactions in terms of the coupling parameter, defined

as the ratio of potential to kinetic energy, for electron-electron, ion-electron,

and ion-ion interactions. The exact value of particle-particle coupling is a com-

plex function of density and temperature: reducing inter-particle separation

increases the associated Coulomb interaction and collision rates, which must,

in turn, compete with the ability of the plasma to screen charged particles. The

eventual formation of correlated, bound, and quasi-bound groups of particles

also reveal the quantised nature of energy eigenstates, such as the emergence

of the familiar atomic shell structure, as well as phonons and bound-electron

hole states in the condensed matter limit

At what point then that classical physics fails as a sufficient description of

a plasma is a pertinent question, but one that is also best answered by con-

sidering instead the classical limit of the more accurate quantum theory. In

the high-temperature limit, we expect particles to become asymptotically free,

such that the discreet ‘quanta’ separating successive energy eigenvalues should

become negligible. Furthermore, we might hope in the high-temperature limit

that thermal statistical uncertainty vastly outweighs the uncertainty associ-
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ated with a wavefunction - provided of course we have enough particles to

make a thermal ensemble valid.

Density also plays a crucial role and it is in the low-density limit that

classical, ideal plasma models are most often used. Of course, the reason this

is acceptable is that we are able to ‘renormalise’ strong electron-nuclei corre-

lations into quasi-particles - ions - with the remaining electron-electron and

electron-ion coupling weak enough to warrant a classical treatment. With in-

creased density, free electrons spend greater time in the vicinity of, or even

within, the ion core such that a structureless, point-particle description of the

latter becomes insufficient. The lifetime and energy of bound states within the

ion are significantly affected by the presence of free electrons [2, 3], such that

both free and bound states ought to be modelled in a self-consistent manner,

complete with their dynamic interactions and a proper account of global ex-

change symmetry owing to all electrons in the plasma being indistinguishable.

What complicates dense plasmas and WDM compared to the high-density,

condensed matter limit is the general need to deal with multiply excited states

including both equilibrium (temperatures of up to tens of eV for WDM) and

non-equilibrium conditions. We are thus left in the awkward position that we

cannot rely entirely on the approximations of classical mechanics and weak

coupling as might befit ideal plasmas, but neither can we limit ourselves to

the study of the ground state and low lying excited states as encountered in

condensed matter. Despite, or possibly because of, this challenge multiple

theoretical techniques and approaches have of been developed and deployed to

modelling this regime [4]. Together with increasing our understanding of WDM

and dense plasma conditions, DFT calculations are valuable tools for informing

approaches to higher temperature Hot Dense Matter (HDM) conditions in

which one might hope there will some transition towards classical physics

and/or other approximations associated with the decreasing coupling strength.
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DFT is particularly advantageous in that it can be applied all the way down to

the ground-state condensed matter level (for which it was initially derived [5,6])

and may, therefore, aid in providing a consistent understanding of matter from

the ground state right through to HDM conditions.

With regards to their physical realisation on earth, the dense conditions

studied in this thesis are most commonly encountered in high powered laser-

plasma experiments. The latter being a central component of, to name just

a few applications, the development of inertial confinement fusion (ICF) as

a practical energy source [7–10]; the study of materials under extreme con-

ditions [10–12]; and even replicating here on earth the astrophysical condi-

tions encountered within stars and giant planets [13–17]. X-ray Free Electron

Lasers (XFEL’s) compliment high powered, optical laser systems, as a plat-

form with which to study electronic processes in dense plasmas over femtosec-

ond timescales such that solid density targets may be irradiated and probed

isochorically before the target has time to expand [18–22]. The precision to

which narrowband XFEL radiation may be tuned, together with spectroscopic

measurements of line radiation, allow for a precise determination of ionisation

energies, collision rates, absorption coefficients and charge state distributions

under accurately known conditions of [solid] density. As such, they serve as

an excellent tool for validating the fundamental predictions of quantum me-

chanical plasma models, such as those of DFT, under well characterised exper-

imental conditions. Optical laser systems are often better suited for specific

applications of dense plasmas [23–26]; however XFEL generated, isochorically

heated, plasmas free of significant density or temperature gradients are essen-

tial for testing and constructing models before they are used to interpret data

measured under conditions that are not a-prior known, or otherwise indepen-

dently well constrained.
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1.2 Density Functional Theory.

As stated earlier, from a fundamental - if slightly crass - point of view WDM

and solid density plasmas are ‘just’ many-body Coulomb systems. With a lit-

tle more attention to detail, we are specifically dealing with moderate to high

coupling strength, though crucially this can vary significantly across distance

scales and particle species, from the tightly bound electrons in the ion-core to

the long distance ion-ion correlations in liquid metals and eventually phonons

in the cold limit. Such systems are routinely dealt with in a quantum mechan-

ical manner within condensed matter physics, albeit generally at much lower

temperatures, and so it is natural to look in that direction for a quantum treat-

ment of dense plasmas. DFT [5,6] is one of the most powerful and widely used

techniques to solve the quantum mechanical many-body problem. As such,

from its original formulation as a ground state theory DFT has developed into

an important tool for providing numerical simulations of WDM and solid den-

sity plasma, both in terms of finite-temperature equilibrium properties [27]

and excited states [28].

The central aim of DFT is to map the 3N dimensional problem of the

quantum mechanical N-body system, to a functional minimisation problem in

terms of the position dependent electron density. The Hohenberg-Kohn the-

orems [5], together with Mermin’s finite temperature extension [27], establish

the free-energy Ω, total energy E, kinetic energy T , electron interaction energy

Vee, and entropy S to all be universal functionals of the equilibrium density ρ

alone.

Ω [ρ(r)] = E [ρ(r)]− TS[ρ]

Ω [ρ(r)] = T [ρ] + Vee[ρ] +

∫
d3r Vext(r)ρ(r)− TS[ρ]

(1.1)

Where an external potential Vext couples to the electron density and the
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temperature of the system is T (not to be confused with the kinetic energy

T [ρ]). The equilibrium expectation value for the electron density ρ(r) is then

that which minimises the free-energy functional Ω. In turn, the external po-

tential can be determined by knowledge of the temperature, density ρ, and

universal functional forms. If we know the form of the bare electron-electron

Coulomb interaction, this means the entire Hamiltonian, along with all prop-

erties of the system, can be expressed as a functional of ρ and the temperature

T .

Having access to physically accurate expressions for the universal function-

als would then effectively render the N-body problem moot, as minimising a

functional subject to a 3-dimensional scalar field ρ is a computationally rela-

tively straightforward problem. The search for ever more accurate expressions

for these functionals continues [29–33], but for now, DFT calculations have

been primarily performed using functionals derived from the properties of uni-

form, or almost so, electron systems. Meanwhile, whilst the calculation of

general system properties can in principle be formulated in terms of the den-

sity, current-density and temperature [28], practical calculation of excited state

properties using DFT is not without its own challenges, as will be explored in

later chapters.

An alternative approach to directly minimising equation 1.1 is provided

by the Kohn-Sham equations. First equation 1.1 is rearranged slightly to

formulate the free energy in terms of the equivalent functionals for the non-

interacting system, denoted by the subscript s :

Ω [ρ(r)] = Ts[ρ] + VHartree[ρ] +

∫
d3r Vext(r)ρ(r)− TSs[ρ] + Exc[ρ] (1.2)

Where the so called exchange-correlation term Exc is simply defined as
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the difference between the actual free-energy functional Ω and the functional

corresponding to a system subject only to the mean-field, Hartree approxima-

tion to the Coulomb interaction. Expressing the electron density in terms of

a set of wavefunctions ψKS
n and occupation numbers fn, the Euler-Lagrange

equations associated with minimising 1.2 become the Kohn-Sham equations:

[
−h̄2

2me

∇2 + veff

] ∣∣ψKS
n

〉
= εKS

n

∣∣ψKS
n

〉
ρ(r) =

∑
n

fn(εn − µ)|ψn(r)|2, veff = vHartree + vext +
δExc[ρ]

δρ(r)

(1.3)

Where f is the Fermi-Dirac distribution and µ is the chemical potential of

the system. The exchange-correlation term now plays the role of an effective

external potential determined by the equilibrium electron density ρ. The pri-

mary advantage of the Kohn-Sham approach is that the non-interacting com-

ponents of the kinetic energy, Ts, and entropy Ss are treated exactly. We now

need only find an approximate functional Exc for the difference between the

true free energy functional and that for a system within the Hartree approx-

imation. The trade-off for the improved accuracy of the Kohn-Sham method

is its increased computational time compared to directly minimising equation

1.1 using explicit functionals of the density - what is referred to as orbital-free

DFT. The increased computational cost becomes ever apparent at higher tem-

peratures with more and more orbitals being partly occupied by the tail of the

Fermi-Dirac distribution. Orbital-free methods, therefore, remain of great use

when studying very high temperature, or very large, systems [32,34–38]. The

DFT calculations performed and presented by the author in this thesis are all

of the Kohn-Sham forms, thereby benefiting from the associated increase in ac-

curacy yet keeping within practical time-frames through the use of parallelised

code and application of high-performance supercomputing clusters.
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It should be stressed that unlike the equilibrium density ρ and total free-

energy Ω, the Kohn-Shan states ψKS and energies EKS do not have a reliable

physical interpretation beyond satisfying equations 1.3. DFT is, therefore,

most readily applied to calculating properties with known expression in terms

of the two former quantities, rather than those typically written in terms of

the wavefunction itself of the system. Thermodynamic electronic properties

such as pressure, heat capacity, and the forces on an ion within the Born-

Oppenheimer approximation fall nicely within this category, whilst quantities

such as electronic conductivity may require more careful treatment. Despite

their questionable physical relevance, the Kohn-Sham orbitals do however pro-

vide a convenient basis set with which to calculate response functions - includ-

ing the conductivity - as will be seen in later chapters.

1.3 The exchange-correlation term.

Ultimately any DFT calculation is limited by the available approximations to

the free-energy functional. Within the Kohn-Sham method applied throughout

this thesis, this amounts to finding expressions for the exchange-correlation

term Exc. Unfortunately, DFT itself does not provide any such expressions

for Exc and we must look to other methods, such as many-body theory, to

guide us. Starting with the exchange interaction, which is without classical

analogue, consider an electron at a point r. We know that an electron does

not experience a Coulomb interaction with itself, that is to say that even if

there is an amplitude for the electron to be at some other point r′ the there

is no Coulomb interaction between points r and r′. However, such a term is

present in the Hartree interaction and must be subtracted off. Furthermore,

for a system containing multiple electrons the requirement of anti-symmetry

for the wavefunction leads to a Pauli repulsion ‘force’ between the electron at r



1. INTRODUCTION 9

and the remaining electrons in the system, essentially reducing the probability

for another electron to be within a given distance from r and resulting in an

exchange hole ‘kicking out’ the other electrons. The positions of the electrons

are now correlated with each other. Note that whilst these correlations affect

the Coulomb energy, they are not caused by the Coulomb interaction itself

but are strictly a consequence of exchange symmetry.

In addition to exchange, the Coulomb interaction itself results in corre-

lations between particles in much the same way as it does in classical me-

chanics. Whereas the Hartree term considers interactions only in terms of the

mean electron density, clearly the repulsive force between two negative charges

will affect the joint probability for two electrons to be separated by a given

distance and thus affecting the overall Coulomb energy. The effect of correla-

tions induced by the Coulomb interaction itself is, perhaps a little confusingly,

referred to as the correlation energy contribution to the total energy.

Arguably the two most widely used approximations for the exchange-

correlation term are the Local Density Approximation (LDA) [39] and the

class of Generalised Gradient Approximations (GGA) [40]. The former is

the result of applying point-wise in space an expression for the exchange-

correlation energy of a uniform electron gas as a function of the local density.

The class of GGA functionals are then calculated as corrections for small in-

homogeneities and gradients in electron density. Whilst there exists an exact

analytic expression for the exchange-energy of a uniform electron gas [41], the

correlation energy contribution is typically taken from analytic fits to path

integral Monte Carlo simulations or analytic expression for known limiting

cases. Recent developments have been made towards generating and imple-

menting temperature dependent exchange-correlation functionals to supple-

ment the more commonly used zero temperature forms [32, 42–46]. However,

the zero temperature exchange-correlation functionals have proven to be both
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useful and accurate in predicting the properties of WDM and dense plasmas

within the wider community. The exchange-correlation functionals used within

this thesis will be in their zero temperature forms. However, in chapter four

an alternative approach to treating exchange-correlation effects will be inves-

tigated which is both temperature dependent, as well as allows us to sidestep

some of the wider difficulties with available exchange-correlation functionals.

1.4 Structure of the thesis

The remainder of this thesis is split into three main chapters. The following

chapter will consist of relatively standard equilibrium DFT calculations, but

with the additional feature that we will be using so-called excited state pseu-

dopotentials. Whilst the Kohn-Sham equations 1.3 are without a doubt easier

to solve than the Schrödinger equation itself, sophisticated numerical tech-

niques are required for accurate and efficient computational schemes. Pseu-

dopotentials are a key tool in this regard and in this thesis, we will investigate

their ability to represent the interaction between an ion in an excited state

and the surrounding plasma. The next chapter will also familiarise the reader

with the general procedure for performing a DFT calculation.

In the third chapter, we will examine time-dependent DFT as a means to

calculate electronic response properties in dense plasma environments. Lin-

ear response theory is used to calculate key plasma properties, such as the

dielectric function, as well as time-dependent correlation functions for the

unperturbed system via the fluctuation-dissipation theorem. The latter quan-

tities are routinely measured in the course of X-ray Thomson scattering, a

widespread experimental technique for diagnosing plasma conditions within

WDM physics. The results of chapter three are compared to experimental

data published by other groups obtained at the Linear accelerator Coherent
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Light Source (LCLS) X-Fel and the National Ignition Facility (NIF), both in

California.

A consequence of the method utilised in chapter three is the need to cal-

culate all elements of the dielectric tensor - or rather up to given plane wave

basis cutoff determined by the accuracy required. The majority of these ele-

ments are not directly measured via spectroscopy or X-ray Thomson scattering

experiments. The content of chapter three then leads naturally onto the sub-

ject of chapter four; how the entire dielectric tensor can be used to generate

predictions of response properties whilst correcting for the present limitations

of time-dependent DFT using many-body theory. The chapter culminates

by bringing together equilibrium DFT, time-dependent DFT, and many-body

theory to calculate the opacity in solid density Aluminium from room temper-

ature to WDM conditions.

The final chapter provides an overall summary of the work presented here

and possible future research directions. The content of this thesis relative to

current developments and research directions in the wider community of WDM

and plasma physics is also discussed.

1.5 Contributions and publications of the au-

thor

The author is responsible for all DFT simulations presented in this thesis unless

indicated otherwise, for which the author used the Abinit code [47]. Further-

more, the Projector Augmented Wave pseudopotentials used throughout this

thesis during DFT simulations have all been custom generated by the author

using the Atompaw package [48].

Selected results from chapter 4 have been converted into a paper and ac-



1. INTRODUCTION 12

cepted for publication in Physical Review E, there is also a shortened pre-print

currently uploaded to Arxiv. All changes to the Abinit source code necessary

to perform the finite-temperature, many-body calculations of chapter 4 are

the result of the author’s own work. A more user-friendly version of this code

is in the midst of preparation and may be submitted for proposed inclusion

within the overall Abinit project in the near future. The contents of chapter 2

have also been written up by the author and submitted to Physical Review E,

though it was rejected on the basis of insufficient impact. A modified version

of that manuscript is currently being drafted for re-submission to a different

journal.

In addition to the theoretical results presented in this thesis, the author

was also responsible for calculations required to determine spectrometer align-

ment as well as general data collection duties during an LCLS experiment

in April 2014. Results from this experiment have been published twice in

Physical Review Letters [22, 49], both of for which the author of this thesis

is listed as a co-author. Unpublished experimental work by the author in-

cludes opacity measurements taken at both the DESY FLASH facility located

in Hamburg, Germany during March of 2014 as well as measurements taken

using the Elettra-Sincrotrone Trieste FERMI laser facility near Trieste, Italy

during May of 2015. In both cases, the author was involved in the experimental

setup, alignment, and data collection, along with the additional responsibil-

ity of programming of motorised stages for use within the FLASH vacuum

chamber.

Finally, the content of this thesis has been variously presented by the author

in both posters and slide formats at numerous conferences and seminars. These

include the American Physical Society (APS) Plasma Physics Meeting as well

as at user meetings for the Central Laser Facility, National Ignition Facility

and European X-FEL facility. Additionally, the author presented select results
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from chapter 4 in seminars taking place at the University of Rostock, Germany

and at the Center for Free-Electron Science located in Hamburg, Germany.



2

Excited Core Pseudopotentials

2.1 Introduction

DFT offers a powerful, and in principle exact, means of solving the quantum-

mechanical many-body problem in the presence of an external potential. For

atoms, molecules, condensed matter, and plasma this external potential will

inevitably include those of charged nuclei and/or ions. It is a physically in-

tuitive and computationally helpful picture if we can separate the motion of

electrons bound to ions from those that make up the surrounding electron gas

that permeates both plasmas and metal, and if within at least some approx-

imation we might reduce the impact of their mutual interaction to that of

static external potentials when dealing separately with the two systems. The

natural question is then: under what circumstances, and with what means,

can we make these approximations?

For this thesis, the first approximation we will take is to model the nuclei

as classical particles with well-defined position and momentum.1 On the other
1This, I distinguish from the Born-Oppenheimer approximation in which electrons are

assumed to equilibrate, and correlations in electron density fluctuations to decay, over
timescales much shorter than the ionic motion. A complete description of the dynamic
motion of ions in a heated electron system does require modelling beyond the Born-
Oppenheimer approximation such that correlations in electron density fluctuations might
persist during the motion of, and therefore may do work upon, nuclei/ions such that the

14
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hand quantum mechanics will be essential in describing the interaction between

the combined electron + nucleus system that is an ion, and the surrounding

medium. For example, Pauli repulsion prohibits surrounding electrons (va-

lence) from occupying the same Hilbert space as bound electrons incorporated

into the ion potential (core electrons), a strictly quantum effect that cannot

be exactly replicated with any local potential. In addition, bound electrons,

in general, respond to changes in physical surroundings, and so an accurate

modelling of the quantised nature of atomic orbitals is needed if we are to

justify any single ion pseudopotential as one that is accurate across multiple

chemical environments.

Calculations without pseudopotentials are generally more computationally

costly than those with them [52]. For one, incorporating tightly bound elec-

trons into the pseudopotential core removes them from simulations of bulk

systems containing multiple ions, thus reducing the number of states that

need to be calculated. Furthermore, well-constructed pseudopotentials ought

to reduce the computational cost for codes using plane-wave basis sets to rep-

resent Kohn-Sham wavefunctions in the vicinity of the ion core. In the latter

region, single-electron wavefunctions exhibit short-wavelength spatial oscilla-

tions, known as Friedel oscillations, arising from the requirements of wavefunc-

tion orthogonality in the presence of a high density of localised bound states,

and as a result require a higher number of plane waves to represent. To deal

latter are heated up. Conversely, energy exchange in the opposite direction requires elec-
trons to evolve non-adiabatically under a time-dependent potential arising from moving ions.
The consequences for nuclei and ion motion beyond the Born-Oppenheimer approximation
has been studied phenomenologically via Langevin DFT-MD simulations [50], whilst the
associated time evolution of an evolving electron system might in principle be examined
using real-time TDDFT [51] in conjunction with Ehrenfest molecular dynamics. For the
majority of this thesis, the Born-Oppenheimer approximation will be taken as we will be
only interested in obtaining the static, equilibrium, nuclei/ion configurations rather than
studying the dynamic coupling between electrons and nuclei. An exception to this will be
during chapter 3 where I draw attention to the power of TDDFT linear response theory to
calculate the full tensor response properties of a plasma, and how this might in future be
applied to understanding dynamic electron-nuclei coupling.
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with this computational hurdle, pseudopotentials are typically constructed to

produce artificial, ‘soft’ (i.e. requiring fewer plane waves to represent) va-

lence wavefunctions close to the nuclei, whilst still reproducing the scattering

properties of the true ion system at large distances. Such potentials do not

reproduce exactly the results of a true all-electron calculation and instead rely

on the properties of interest being primarily sensitive to valence electron be-

haviour outside the core region where, for example, chemical bonds are formed.

With the content of this section in mind, the accuracy of a given pseu-

dopotential can be queried on two fronts:

(1) How well does the pseudopotential reproduce the combined effects of wave-

function orthogonality plus Coulomb interaction between core and valence

electrons in the isolated atom?

(2) To what extent can we assume the core electrons, and thus the pseudopo-

tential, to be unaffected by changes in the physical and chemical environment?

This latter point is referred to as the frozen-core approximation and will be

discussed at length in this chapter.

2.2 Projector Augmented Wave Potentials

The Projector Augmented Wave (PAW) pseudopotentials [53] used through-

out this thesis have the unique advantage that, if constructed correctly, the

correct scattering properties of valence electrons (in the sense of resembling

those obtained using an all-electron, non-pseudopotential calculation) can be

recovered at any distance from the nucleus. Rather than replacing the true in-

teraction with a ‘soft’ scattering pseudopotential, PAW potentials instead map
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the Kohn-Sham wavefunctions onto smooth pseudised functions ˜|Φ〉n with a

transformation of basis T :

|Φn〉 = T
∣∣∣Φ̃n

〉
=

[
1 +

∑
R

T̂R

] ∣∣∣Φ̃n

〉
.

This transformation differs from the identity only within a PAW sphere of

radius rc centred on each ion position R. The ion-centred transformations

T̂R are expressed in terms of; a smooth basis set within the PAW sphere φ̃i,

projector functions p̃i, and the target atomic wavefunctions φi that we wish to

soften or ‘pseudise’:

|Φn〉 =
∣∣∣Φ̃n

〉
+
∑
R

∑
i

(φR
i − φ̃R

i )
〈
p̃Ri

∣∣∣Φ̃n

〉
(2.1)

Provided both φ̃i and φi individually form complete sets, this basis trans-

formation can then be inverted to reveal the true, rapidly varying Friedel oscil-

lations of the Kohn-Sham states close to the core. A PAW potential achieves

its computational gain primarily through this basis transformation, as such

one can in principle avoid the frozen core approximation altogether and create

all-valence PAW potentials not present in other pseudopotential schemes. The

effect of pseudisation on the 3s wavefunction in ground-state Al is shown as

an example in Fig. 2.1 together with the corresponding projector function.

Observe that the pseudised function contains one less turning point than the

true atomic state.

The main DFT calculation, or bulk simulation, then acts to solve the Kohn-

Sham equation in this new basis:

T †HKST
∣∣∣Φ̃n

〉
= EKST

†T
∣∣∣Φ̃n

〉
(2.2)
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Figure 2.1: Comparison of 3s state and its pseudised equivalent for a ground-
state Al atom. Note that for numerical stability it is best to keep both wave-
functions and projector functions to the same order of magnitude.

Note that the operator T is not required to be unitary. With a suitable T , the

resulting pseudised wavefunctions in the bulk calculation should require fewer

plane-waves to represent. In order to accelerate the convergence in representing

Φ̃n with a finite size basis set (as is unavoidable in any real computation),

the target wavefunctions φi are typically bound and scattering eigenstates

of the isolated atomic system, though other choices of targets are of course

permitted. The standard choice stems from the zeroth order prediction that

the bulk Kohn-Sham states Φn can, at least for the tightly bound states, be

approximated by superimposing the atomic wavefunctions about each ion in

the bulk. However, when designing a new PAW potential the number and

nature of the target wavefunctions used should be converged and validated

respectively through reproducing key bulk properties such as crystal structures

and lattice spacing.

Testing the completeness of a PAW transformation and its impact on elec-

tron behaviour outside of the transformation sphere can be quickly done at

the isolated atom/ion stage through examining the logarithmic derivatives of
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matching 
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phase shift of 
scattered waves 
match those for 

true potential

Figure 2.2: Atomic bound states such as those of Hydrogen (left) exhibit rapid
spatial oscillations known as Friedel oscillations in the vicinity of the potential
minimum centred at the nucleus. Pseudopotentials produce smoother wave-
functions within a certain radius rc. A standard check that r > rc is essentially
unchanged is to compare scattering phase shifts at r = rc for incoming and out-
going states (right), thus determining the boundary conditions for the r > rc
space.

bound and scattering states. Consider plane waves of wavevector k incident

on an isolated atom as shown in Fig. 2.2. Taking advantage of the spheri-

cal symmetry of the scattering potential we can reduce the isolated ion/atom

problem to solving the radial Kohn-Sham Shrödinger equation:

d2Rl

dr2
+

2

r

Rl

r
+

[
k2 − VKS(r)−

l(l + 1)

r2

]
Rl = 0. (2.3)

Where the Kohn-Sham solutions are then expressible in terms of the spherical

harmonics:

ψKS(r, θ, φ) = Rl(r)Ylm(θ, φ). (2.4)

Following from the fact that the PAW transformation T differs from the iden-

tity only within the PAW spheres surrounding each nuclei, the scattered wave-

function of both the actual Kohn-Sham atom system and its PAW transformed
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equivalent ought to be identical for r > rC as illustrated in Fig. 2.2. To check

this we can perform a partial wave analysis of the outgoing states in Fig. 2.2,

decomposing them into their angular momentum components and comparing

the radial solutions Rl obtained from both Eqn. 2.3 and the equivalent PAW

transformed Hamiltonian, Eqn. 2.2. By construction the Kohn-Sham poten-

tial is left unchanged for r > rC , we therefore need only check for identical

boundary conditions at r = rC (the boundary conditions at infinity remain

identical) through comparison of the logarithmic derivatives:

d lnRl

dr

∣∣∣∣
rC

=
1

Rl

dRl

dr

∣∣∣∣
rC

. (2.5)

Plots of the logarithmic derivatives as a function of the incoming plane wave

kinetic energy E = k2

2m
are shown in Fig. 2.3 for different angular momentum

l. A failure of logarithmic derivatives to match is generally indicative that

the PAW transformation is incomplete, or possibly numerically unstable. On

the other hand, an agreement does not on its own guarantee the potential is

accurate.

To enforce core-valence orthogonality we need only remove the core wave-

functions from the space spanned by the PAW transformation T , removing

them from the space of solutions to the bulk Hamiltonian of Eqn. 2.2. To-

gether with our use of a Fermi-Dirac occupation distribution, this allows for an

accurate treatment of Pauli repulsion effects responsible for preventing elec-

trons from crashing into the nuclei and, ultimately, the spatial extent and

structure of matter. That said, this in no way guarantees we have a complete

description of the effects of many-body exchange-symmetry, much of which

has been moved into the exchange-correlation functional. During the bulk

calculation, exchange-correlation should in principle be a functional of the

combined core-plus-valence electron density. The associated core charge con-
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Figure 2.3: Example comparison of the radial logarithmic derivatives (see Eqn.
2.5) for a ground state Al atom. Scattering from the all-electron potential and
PAW transformed equivalent are superimposed for incoming/outgoing Bessel
functions of angular momentum l = 0, 1, 2, note that the two are essentially in-
distinguishable. The x-axis indicates the energy in atomic units of each Bessel
function in the limit of r → ∞ (negative energies indicate asymptotically
bound Bessel functions).

tribution to the non-linear exchange-correlation functional is, however, often

neglected and did not have a significant effect on the results presented in this

thesis. Orthogonality, for the most part, kicks out the valence electrons from

the tightly bound core, restricting the role of local and semi-local expressions

for the exchange-correlation functional in that region. Of greater influence, af-

ter the accurate and stable numerical generation of the PAW transformation,

is the extent to which the frozen core approximation holds and can be relied

on in differing chemical environments.

2.3 Excited core potentials

The core of an ion may be placed into an excited configuration state by enforc-

ing a vacancy for one of the core state occupation numbers and either removing

the electron from the system entirely or placing it in an outer valence state to
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preserve the overall charge. Pseudopotentials that describe the interaction of

excited cores with their surroundings are particularly useful for performing so-

called delta self-consistent field (∆scf) calculations of an ion embedded within

an infinite periodic system. The ∆scf approach requires two DFT calculations,

one in which some number of the Kohn-Sham orbitals have been forced to be

unoccupied, and another under equilibrium conditions. The difference in total

energy between the two is then taken as an approximation for the ionisation,

or excitation energy, of the equilibrium system. The nature of the Kohn-Sham

orbitals leaves imposing arbitrary, non-thermal occupation numbers as with-

out a clear physical meaning. Nonetheless, for finite size systems at least, the

∆scf approach has proven to be useful in predicting the excitation spectra of

molecules, clusters and mesoscopic systems. A discussion of the reasons why it

works under these conditions is provided by Onida [54], with emphasis placed

on the similarity between Kohn-Sham states and more ‘physical’ single parti-

cle wavefunctions as might be obtained from a quasiparticle calculation (see

Chapter 4). Furthermore, Onida argues that the response to the sudden pres-

ence of an electron-hole in a finite system can, for the most part, be described

by the Hartree term alone. The questionable use of what is almost always an

equilibrium exchange-correlation functional during the excited configuration

DFT calculation is thus of relatively small consequence.

Unlike a finite system, our ions will be embedded within and interacting

with, an extended effectively infinite plasma environment. Nonetheless, for

deeply bound core electrons we might reasonably expect a physically mean-

ingful set of single-particle wavefunctions to be well localised and forming a

finite size system. Unfortunately Kohn-Sham states in a periodic system will

always form extended Bloch states as the Kohn-Sham potential, by virtue of

it being a density functional, will exhibit the same symmetries as the density
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Figure 2.4: Cartoon of the equilibrium electron density from a DFT calcula-
tion for 3 nuclei (left). In reality, the physical system is in one of the many
possible electronic configurations that compose the thermal ensemble. Excited
core pseudopotentials allow for individual ion charge configurations to be con-
sidered, whilst the valence electron density remains a thermal average quantity
(right).

itself.2 The Kohn-Sham alone, therefore, do not demonstrate the transition to

localised single electron orbitals as featured in a Mott-Hubbard transition. In

the interest of describing realistic excited state densities, it is then arguably

more meaningful to replace low lying core electron states in an all-electron

DFT calculation with ion centred, frozen core wavefunctions from an isolated

atom calculation. In this manner, one can impose separate, excited state

configurations for each individual ions, for example, to model the ionisation

process within the ∆scf approximation as a process that involves a single ion

rather than the partial ionisation of all ions in the plasma.

It is not readily apparent whether a physically meaningful pseudopoten-
2This may sound a little strange seeing as the Hohenberg-Kohn theorems demonstrate

that the density determines the external potentials which, together with knowledge of the
bare electron-electron interaction term, determines all properties of the system including
single-particle wavefunctions. The rationale is that any physical measurement described
using correlation functions must still be gauge invariant following a shift of spatial coordi-
nates by a lattice vector. Therefore the Hohenberg-Kohn [Mermin] functional, along with
its functional derivatives, remains sufficient for describing any physical measurement
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tial can actually be constructed to describe the interaction between the sur-

rounding plasma and a specific ion charge configuration. All-electron DFT

calculations provide a thermal, mean electron density (Fig. 2.4, left), for what

is in actuality a thermal ensemble including a number of different ion charge

states (Fig. 2.4, right). Both the ∆scf calculations and the study of plasma

properties beyond mean ionisation models require calculations of the type

shown on the right in Fig. 2.4. What would then be convenient, and also in

line with the frequent neglect of non-linear exchange-correlation corrections,

would be to show that the interaction between core and valence electrons can

be adequately described by the Hartree interaction (plus the requirement of

wavefunction orthogonality) alone. If this is the case, it lends credibility to

modelling a plasma in the presence of arbitrary ion charge states using excited

core potentials without having to worry about the complicated problem of

modelling exchange and correlation contributions to the interaction between

a finite temperature, equilibrium sea of valence electrons and the individual,

non-thermal average charge state ions.

From a many-body theory perspective (discussed more in chapter 4) we

can qualitatively, if not quantitatively, consider the importance of beyond

Hartree mean-field corrections to the interaction between core and valence elec-

trons. We can characterise density fluctuations and response times of the core

electrons using the Bohr frequencies corresponding to inner shell transitions,

and use the plasma frequency to characterise the response of the surrounding

plasma. For tightly bound electrons, we might expect any oscillations between

core states that results in significant polarisation to occur within timescales

much shorter than the time taken for the surrounding plasma to respond.

Bound states, on the other hand, will respond quickly, becoming polarised by

the motion of free electrons. For low lying states in the continuum the single-

electron wavelength extends across multiple unit cells, and on such length
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scales bound state polarisation is screened out by free electrons collectively

responding at the plasma frequency. Thus, the impact of the bound state re-

sponse on the behaviour of free electrons at low energy or momentum k might

be expected to be small on time timescales greater than a plasma oscillation
1

ωp(k)
. The above suggests there is a tentative physical argument to be made,

under the appropriate conditions, for neglecting the response of free electrons

to the motion of bound electrons and vice versa, allowing us to deal with

their interaction at the mean field Hartree level alone. Such an approximation

might be valid but is extremely difficult to justify without directly evaluating

the many-body interaction between core and valence electrons. Unlike the

Coulomb correlation energy contribution, the bound-free exchange energy is

dependent only on the spatial overlap between bound and free states. Given

the effect of core-valence orthogonality to effectively expel free electron states

from the ion core, i.e. the Pauli exclusion principle, one might reasonably

expect that in some limit of there being a clear distinction between ‘bound’

and ‘free’ electrons the core-valence exchange contribution should also vanish.

2.4 Testing and validating an excited core PAW

potential

Putting aside the exact physical interpretation of excited core pseudopoten-

tials for now, a key question to ask ourselves is what calculations or tests are

available to convince ourselves we have generated one correctly and is it sat-

isfying the two questions presented in the introduction to this chapter? The

remainder of this chapter will be focused on addressing this, as demonstrated

for the example case of core-excited Na in solid density conditions. We choose

Na due to its low Z number permitting computationally cheap, all-electron
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DFT calculations (to follow) whilst still possessing tightly bound core K and

L shells at solid density.

The choice of the PAW potential scheme formally addresses the first ques-

tion provided that the basis set φR
i is complete, other than the usual exclusion

of core wavefunctions. Practically speaking a sufficient size of basis set re-

quired depends on the physical quantity of interest, e.g. GW calculations

require typically at least 2 basis functions per angular momentum in addition

to the occupied valence states. The frozen-core assumption, however, requires

additional consideration for excited core pseudopotentials compared to the

those for the ground state. Specifically, the latter possess a certain advan-

tage that becomes apparent when we consider the surrounding plasma as a

perturbation acting on the isolated atom core states: perturbations that mix

two different states of equal occupation number do not actually change the to-

tal electron density. This cancellation of the effects of the surroundings does,

however, not hold for general, excited state configurations. Compared to the

ground state, relaxing the core in excited configurations may have a greater

effect on valence behaviour as not only are the core wavefunctions altered but

any mixing between states of unequal occupation will affect the core density

too and in turn, the Coulomb potential experienced by valence states.

Standard PAW potential construction procedures in the generation of ex-

cited core potentials; checking scattering properties via logarithmic derivatives,

and ensuring both wavefunction and projector functions are numerically sen-

sible. Atompaw [48] is used here and throughout this thesis to generate PAW

potentials, the first step for which is to perform an all-electron DFT calculation

of the isolated Na atom. The Kohn-Sham wavefunctions of the ground-state

isolated, atom are plotted in Fig. 2.5 together with those from a Hartree-

Fock calculation using R.D. Cowan’s code [55]. Their mutual similarity and

recognisably atomic features reflect the previously mentioned point that the
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Figure 2.5: Comparison of Kohn-Sham wavefunctions (crosses, +) and
Hartree-Fock equivalents (solid line, -) for an isolated ground state Na atom.
Whilst it is difficult to assign a clear physical meaning to the Kohn-Sham
states in many cases; such as for this finite size, isolated-atom system; they do
closely resemble individual particle wavefunctions obtained from other tech-
niques such as Hartree-Fock.

Kohn-Sham orbitals closely resemble single particle wavefunctions found using

other approaches, such as Hartree-Fock, in which they hold a clear physical

meaning.

The all-electron PAW potential is then used to compute the electronic

structure for bcc, solid density Na at electron temperatures corresponding to

an integer number of electrons thermally ionised out of the L-shell. Fig. 2.6

shows the corresponding temperatures and number of L-shell holes up to a

total ionisation degree of +5 (recall that solid density, bcc Na has a ground

state ionisation of +1).

Excited state frozen core PAW potentials are then generated in a near iden-

tical manner to the ground state, but with the additional imposition of excited

state (i.e., partially filled) occupation numbers in the L-shell. Charge neutral-

ity is preserved by placing an appropriate amount of electrons in the higher
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Figure 2.6: Plot of electron temperature versus number of L-shell holes for
the all-electron calculation, used to determine the number of core holes to be
imposed in the frozen-core calculation.

Kohn-Sham orbitals, the occupation numbers of which are free to vary to ob-

tain the lowest ground state energy given the excited core configuration. Fig.

2.7 shows the isolated-atom single-particle states from both Kohn-Sham and

Hartree-Fock calculations for the highest excited state of Na considered. Both

approaches show near identical radial contraction of the atomic wavefunctions.

Once the excited state, frozen core potentials have been generated, bulk

bcc Na calculations are performed and the resulting density of states compared

with the equivalent all-electron calculation. Both frozen-core and all-electron

calculations are performed at consistent electron temperatures. Fig. 2.8 illus-

trates the near identical frozen-core and all-electron calculations in the ground

state. The excellent agreement remains as higher temperatures and ionisation

states are considered in Fig. 2.9.

Angular momentum decomposition +3 and +4 core ionised Sodium is pro-

vided in Fig. 2.10 and 2.10 respectively. The tetrahedron method used to gen-

erate these produces noticeably more spikes in the density of states. Nonethe-

less one can clearly see how states with angular momentum quantum numbers
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Figure 2.7: Same as Fig. 2.5 but for an excited configuration (shown in the
inset). The radial contraction compared to Fig. 2.5 is reproduced by both
Kohn-Sham (crosses, +) and Hartree-Fock states (solid lines, -).
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Figure 2.8: Ground state density of states calculation for bulk bcc Na. Both
all-electron and frozen-core pseudopotentials produce almost identical results.

L=0, 1 and 2 form separate, broad atomic like peaks. Thus supporting the

consistency of frozen core PAW potentials with all-electron calculations in
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Figure 2.9: Density of states for a finite-temperature, ionised bcc Na crystal.
The temperature chosen corresponds to integer numbers of electrons thermally
ionised from the 5 lowest lying Kohn-Sham orbitals that compose the K and
L shells in the all-electron calculation. Both frozen-core and all-electron pseu-
dopotentials continue to give consistent density of states predictions.

predicting these structures, previously seen in DFT calculations using excited

frozen core Aluminium PAW potentials [56].

DFT calculations in the bulk Na lattice were performed using the Abinit

code [57], with the PBE generalised gradient expansion for the exchange-

correlation energy [40]. An accurate sampling of the bcc Brillouin zone is

achieved using shifted 32x32x32 Monkhorst pack grids [58] for charge states

up to +2 electrons ionised out of the core K and L shells. 16x16x16 grids were

used for +3 and +4 core ionised potentials due to the otherwise impractical

amount of RAM needed to represent the increasing number of occupied bands.

All density-of states results have been converged with respect to the number of

electron bands and auxiliary state plane wave basis set. A continuous density

of states was generated by using a Gaussian smearing function of full width

half maximum 0.1 eV for each k point, except for the angular momentum

projected density of states, for which the tetrahedron method is used. Note
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Figure 2.10: Angular momentum decomposed density of states for l=0, 1, 2 at
Te = 29.1 eV, corresponding to 3 L-shell holes. The broad peaks reproduced by
both all-electron and frozen-core potentials in Fig. 2.9 c) resemble rebinding
s, p, and d states, consistent with the beginning of M-shell rebinding as has
previous been observed using excited core Al pseudopotentials [56].

that in order to achieve convergence in the total energy of 0.5 eV all-electron

potentials required a plane wave basis cut off energy over 6 times higher than

that for frozen core potentials (15 Hartree compared to 100 Hartree), resulting

in much longer calculation times for the all-electron approach.

2.5 Summary

Within this chapter a means of testing the consistency of excited core pseu-

dopotentials with finite temperature, all-electron results has been proposed

and performed for Na pseudopotentials. Both approaches predict the same

general valence structure supporting the freezing of excited core states occu-

pations as a sound approximation. This agreement has been explicitly demon-

strated for pseudo potentials designed to reproduce thermally excited cores,
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Figure 2.11: Similar to Fig. 2.10 but for Te = 44.7 eV, corresponding to 4
L-shell holes. Compared to Fig. 2.10 the M shell like peaks are now almost
entirely of a single angular momentum quantum number l.

however, the fact that the response of excited core states to being placed in a

bulk plasma environment does not appear to influence valence behaviour has

consequences beyond this. Pseudopotentials for general, excited core config-

urations also rely on the freezing of core states to be a valid assumption. As

previously mentioned in this chapter, it is the application of excited state pseu-

dopotentials to generic excited core configurations that hold the most potential

in terms of modelling the properties of dense plasmas - allowing for explicit

excited states to be considered rather than just ensemble average quantities

and for the treatment of plasmas out of thermal equilibrium.

An example of where excited core pseudopotentials have been applied to

dense plasmas is in the modelling of ionisation energies measured in solid den-

sity, XFEL heated Al [56]. An isochorically heated Al sample was produced at

solid density for which the ion charge state distribution was well constrained

via spectroscopic measurements. Producing and probing such systems in this
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manner, over femtosecond timescales and in well-characterised plasmas condi-

tions, are particularly advantageous to experimentally investigate the influence

of a distribution of ion charge states, and the capability of excited core poten-

tials to model them.

Furthermore, it is worth noting that appropriate, excited potentials have

been constructed by directly enforcing the desired core state occupancies dur-

ing the isolated atom stage of PAW potential construction. The isolated atom

DFT calculation does not make use of finite temperature DFT. Instead, excited

occupations are directly enforced on core states only, allowing the remaining

valence states to achieve their lowest energy occupation (subject to overall

charge neutrality). As a result, the number of isolated atom Kohn-Sham

orbitals to be computed remains low, and the PAW potential construction

process is quick. The ultimate aim is to generate pseudopotentials for general

core occupations and will involve directly enforcing excited occupation num-

bers on core atomic Kohn-Sham orbitals (even if the atomic valence states

were thermally occupied). Therefore the fact that we’ve demonstrated this

less than rigorous means of creating excited core states to be consistent with

a more rigorous all-electron, finite temperature results is reassuring. Note

that the exact value of the imposed core occupation numbers on the isolated

atom during the pseudopotential generation process does not significantly af-

fect agreement with all-electron results. What matters is an overall ionisation

consistent equal to the thermal expectation value of the all-electron calcula-

tion. This is to be expected for small overlap between valence electrons and

spherically symmetric core charge by virtue of simple electrostatics.



3

Ab initio calculation of linear

response properties

3.1 Introduction

A complete description of a plasma, or any statistical system, requires more

than just the thermodynamic mean values for the density, temperature, ionisa-

tion or any other state variable. Of both practical and conceptual importance

is the manner in which these quantities respond to perturbations, as is - re-

lated in quite a beautiful manner [59] - the fluctuation and the distribution

of these variables in time and space [60–63]. We might be interested, for ex-

ample, in how the plasma responds to high power laser beams, X-ray pulses,

compression, etc. We might also ask how one physical quantity ‘responds to’,

or more generally can be considered correlated with, the statistical variation of

another - for example the correlation between the local instantaneous electron

current and electric field strength.

In the previous chapter, excited core pseudopotentials were discussed as

a means to both explicitly model ion charge distributions and to calculate

properties of their response (specifically the threshold ionisation energy) to

34
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X-rays. The physical accuracy of this picture, though not completely account-

ing for all many-body exchange and correlation effects, was discussed, along

with the delta self-consistent field method and its specific application to finite

size systems. From there it was proposed that, for the purposes and condi-

tions explored in this thesis, we can generate physically meaningful excited-ion

states by enforcing occupation numbers on isolated-ion, single-particle (Kohn-

Sham) wavefunctions, to which the remaining conduction electrons respond

instantaneously. On the contrary, whilst a system of interacting, but other-

wise free, electrons can be modelled as independent quasi-particles for some

purposes [64], the behaviour of collective excitations i.e. plasmons cannot be

described within a single-electron picture alone. Furthermore, free electrons

can be expected to equilibrate on timescales much shorter than ion charge

states and thus a fully dynamic treatment of excitations within a correlated

electron system needs to be considered.

A simple, yet ubiquitous, model for describing electrons in a solid or dense

plasma comes way of modelling them as a free-electron gas for which the

Coulomb interaction amongst the electrons and with surrounding ions is in

effect averaged out to produce a uniform positively charged background. This

approximation, also known as a Random Phase Approximation (RPA), yields

for the long-wavelength response a particularly simple dielectric function [65]:

ε = 1−
ω2
p

ω2
(3.1)

Where ω2
p = 4πnee2

mε0
, ne is the density of electrons, m is their mass and all other

quantities have their standard meaning. In order to describe real metals and

plasmas we need to also consider scattering events that act to damp electronic

current. In its simplest form we can model this process within the relaxation-

time approximation leading to the familiar Drude dielectric function, where
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Γ = 1
∆t

and ∆t is the typical time between collisions [65]:

ε = 1−
ω2
p

ω(ω + iΓ)
(3.2)

Eqn. 3.2 does not need any quantum mechanics in its derivation and is reason-

ably accurate in describing the low-frequency response of metals if classical es-

timates for the collision frequency are used. Infamously, a naive semi-classical

derivation of the relaxation-time parameter using both the Fermi velocity of

free electrons and the typical distance between scattering objects (ions) in a

typical metal leads to a scattering rate too large by an order of ∼100. On

the other hand, a purely classical consideration of the motion of electrons is

incompatible with the measured electronic specific heat of metals at low tem-

peratures [65]. Consequently, in the condensed matter limit the calculation

of the relaxation time parameter (and more generally speaking the collision

operator within the Boltzmann equation [66]) requires a thorough, quantum

mechanical treatment of the wavelike nature of electrons and their interac-

tion with phonons in a solid such as that provided by the Bloch-Grüneisen

equation [66]. In the high-temperature limit one might hope that classical

models become more applicable, with the weakened coupling and reduced role

of quantum degeneracy effects, however, this limit needs to be established

starting from a quantum mechanical description. Practically speaking laser-

produced plasmas start in a condensed matter phase before transitioning to

WDM, and thus an accurate description of properties in the former phase is

also of considerable use.

The description of response functions in the following section opens the

way towards considering more general correlation functions of the equilibrium

system. Thus far, correlation functions have not had a prominent role to

play in this thesis and in many ways, DFT works to replace these quanti-
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ties with the, what on first glance might seem somewhat physically opaque,

exchange-correlation functional. They are however fundamental quantities in

statistical theories of many-body systems, such as the Green’s function meth-

ods described in the next chapter, as well as serving as useful tools (to the

author anyway) for physically visualising the processes that occur in fluctu-

ating and perturbed many-body systems. For these reasons, whilst one can

simulate these processes from the Hohenberg-Kohn[-Mermin] theorems and

their time-dependent generalisations alone, it may also be helpful to revisit

some of this chapter with either the contents of chapter 4 in mind or to gain

some initial familiarity with the basic concept of quasi-particles, interacting

electron-hole pairs, and many-body correlation and exchange effects in both

condensed matter and WDM systems [64,67,68]. Without this it can become

difficult, both conceptually and mathematically rigorously, to understand the

limitations of any given approximation to the exchange-correlation functional,

and how this may translate to errors in both the calculated response function

and the description of fluctuations.

The remainder of this chapter starts with a description of how time-dependent

DFT can be used to predict linear response properties, focusing primarily on

the dielectric function of a plasma. The fluctuation-dissipation theorem is

then applied to describe density correlations in WDM systems, specifically

compressed Beryllium and CH plasma. Such correlations are typically quanti-

fied in terms of the dynamic structure factor (DSF), a key theoretical quantity

in many-body theories, but also directly related to X-Ray Thomson Scattering

(XRTS) measurements widely used to determine experimental conditions when

studying plasma and WDM in the lab. The results are compared with pub-

lished experimental data and theoretical calculations, with good agreement.

Specific attention is paid to the electronic contribution in order to support

the (modified by the author) linear response component of Abinit code, whilst
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the ion-ion spatial correlations are dealt with in a more approximate way. In

the following chapter, the theory expounded upon here is applied to modelling

the opacity of Al plasma across a wide frequency range, thereby incorporating

in a consistent manner the response of both free electrons and the ion core,

the latter in a slightly more rigorous manner than that used in the previous

chapter.

3.2 Response function formalism

We start with the definition of the [inverse] dielectric function as the change in

a potential field within a system δVint when an external source of said potential

δVext is applied:

ε−1 =
δVint
δVext

(3.3)

Rather than dealing with the internal potential itself, it is convenient to

describe the response in term of the density or current, both of which can be

taken to couple linearly to the applied potential for small perturbations. If the

unperturbed system satisfies a time-independent Hamiltonian, the response at

time t to a perturbation applied at time t′ can be written as a function of the

time difference t − t′. Keeping the spatial dependence arbitrary, this means

that the density response δρ to an applied potential can be written in the

form [41]:

δρ(r, t) =

∫
V

∫ t

−∞
χ(r, r′, t− t′) δvext(r

′, t′) dt d3r′. (3.4)

Fourier transforming with respect to r, r′, and t− t′ we find:

δρ(q, ω) =

∫
Vq

χ(q, q′, ω) δvext(q
′, ω) d3q′. (3.5)
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For the special case of periodic boundary conditions it is helpful to rewrite

the previous equation in the form:

δρG(q, ω) =
∑
G′

χGG′(q, ω) δvext G′(q, ω). (3.6)

Here, G and G′ are reciprocal lattice vectors and q lies within the first

Brillouin zone of the system. The density and current response functions

form the basis for defining further key quantities such as the inverse dielectric

function ε−1 [69]:

ε−1
GG′(q, ω) = 1 + VCχ

ρρ
GG′(q, ω)

= 1 +
4π

ω2
χjj
GG′(q, ω)

(3.7)

Where VC = 4π
(G+q)2

is the Coulomb interaction kernel, χρρ indicates the

density response to a perturbation coupling to the density, and χjj the current

response to a perturbation coupling to the current.

Note that the Fourier transform from time to frequency space is defined

with a small, positive, imaginary component +iη for the frequency. Mathe-

matically this is necessary to properly define the Fourier transform when the

quantity responding to the perturbation does not converge with time. Physi-

cally speaking, this accounts for the fact that our measurement of the response

covers a finite period of time after the perturbation was introduced. Of course,

we hope that the exact value of η parameter does not drastically affect our

predictions and so that the limit of η → 0 may ultimately be taken.

The above has all been standard linear response theory covering a wide

variety of systems. It is important however to note that for our purposes the

limit of η needs to be handled with care, specifically in its value relative to the

smallest energy gap between states of differing occupation ∆ε. In practice,

all of the DFT calculations here will be performed for a finite number of

states determined by the size of the simulation box and the finite number
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of points sampling the Brillouin zone. As a result, the continuum limit is

never reached and the gap between successive eigenvalues remains numerically

finite. The technical limitations of a finite system size are only apparent over

timescales comparable to ∼ 1
∆ε

. Therefore, in order for us to observe non-

reversible dissipative behaviour, we need to cut off our measurement after a

time 1
η
<< 1

∆ε
.

For real, macroscopic systems the 1
∆ε

timescale associated with ergodicity

far outstrips any actual measurement time. If the measured system is simply

one component coupled to a much larger system, let’s call the environment,

a finite measurement time satisfying these criteria manifests as irreversible

dissipation into the environment, a.k.a. damping. A finite number for η is

therefore sometimes used, and its exact value justified, on the basis that it

accounts for this damping process. This can work at a phenomenological

level by introducing a broadening in frequency space, however, the resulting

relaxation time approximation for the dynamic response violates key sum rules

for response functions. When damping is accounted for correctly within the

theory this broadening arises regardless, and a finite value of η should only

be interpreted as representing a finite measurement time. For example, the

familiar Drude dielectric function including all of these contributions becomes:

ε = 1−
ω2
p

(ω + iη)(ω + iη + iΓ)
(3.8)

Where iΓ is distinguished from iη as a physical damping term arising from

scattering off of ions and electrons, rather than from the nature of the mea-

surement process itself.

The above discussions of η apply not only to response properties but

also to calculations of fluctuations within a finite timescale. The fluctuation-

dissipation theorem (FD) for general systems was elegantly derived by Kubo
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[59] for both classical and quantum systems. The dynamic structure factor is

defined as the Fourier transform of the density fluctuations correlation func-

tion:

SGG′(q, ω) =
∫

〈∆ρ(r, t)∆ρ(r′, t′)〉 ei(q+G).reiG
′.r′eiω(t−t′)

d3r d3r′d(t− t′)

= 〈∆ρ∆ρ〉>GG′ (q, ω)

(3.9)

Kubo relates S to the retarded density-density response function describing

the density response at (r′, t′) to a perturbation of the density (say due to

coupling with an external field) at (r, t):

χR
GG′(q, ω) =

∫
i

h̄
Θ(t− t′) 〈∆ρ(r, t)∆ρ(r′, t′)〉 ei(q+G).reiG

′.r′eiω(t−t′)

d3r d3r′d(t− t′)

= 〈∆ρ∆ρ〉RGG′ (q, ω)

(3.10)

Where Θ(x) is the Heaviside function. Kubo finds:

〈∆ρ∆ρ〉>GG′ (q, ω) =
[

ImχR
GG′(ω)

1− e−βω

]
(3.11)

Conversely we can also define the advanced density response function by

making the replacement Θ(x) → Θ(−x)1. In which case η then needs to

change sign to indicate that ∆ρ(r, t) occurs a finite, albeit long, time before

∆ρ(r′, t′), with the result:
1There is also an additional density correlation function 〈∆ρ∆ρ〉<GG′ (q, ω) in which the

order of the operators ∆ρ(r, t) and ∆ρ(r′, t′) is flipped. For systems in equilibrium the
general correlation functions 〈AB〉> and 〈AB〉< are related by detailed balance and so
there is no real need to complicate the discussion by introducing them here
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χ
R/A
GG′ (q, ω) = χGG′(q, ω ± iη) (3.12)

Unless otherwise indicated any response function from here on without a super-

script, such as χ or ε, should be understood as the retarded quantity. Similar

to Eqn. 3.11, we can also calculate the electric potential fluctuations:

〈∆V∆V 〉>GG′ (q, ω) =
[

Imε−1
GG′(ω)

1− e−βω

]
(3.13)

As with the linear response, the result for the frequency-resolved Fourier

transform of ∆ρ in time is in part dictated by how long we choose to wait and

whether the system can undergo a full ergodic cycle allowing for ∆ρ to repeat

on itself. Whereas in Newtonian mechanics we are perhaps more used to treat-

ing the diffusive motion of a particle in empty space, the frequency/energy-

resolved phase space means we must be careful when simultaneously taking the

size of our system and the measurement time to infinity. The appearance of

non-oscillating, diffusive (ω → 0) fluctuations is contingent on this correctly

handling of this limit and any physical, collision driven, diffusive processes

should be accounted for in the calculation of χ directly rather than via η.

Finally, note that Eqn. 3.11 and 3.13 are exact for an equilibrium system.

It does not depend on the fluctuations ∆ρ(r, t) being small, and is limited only

by the accuracy in obtaining χ. Higher order response functions are instead

related to higher order correlations [70], describing the shape of the statistical

distribution of ∆ρ(r, t) in addition to the variance described by Eqn. 3.11 and

3.13.
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3.3 Time-dependent DFT

Far from being only a theory of ground state and equilibrium properties, time

dependent DFT (TDDFT) rigorously extends the Hohenberg-Kohn theorems

to systems under the influence of a time-dependent external potential, ∆vext(t)

[71, 72]. The resulting time-dependent Kohn-Sham equation is then:

[
−h̄2

2me

∇2 + vHartree + vxc [n(r, t′ ≤ t)] + ∆vext(r, t)
] ∣∣ψKS

n

〉
= i

∂

∂t

∣∣ψKS
n

〉
(3.14)

Where the exchange-correlation term vxc is a functional of the entire his-

tory of the electron density up to the present time t. Real-time TDDFT

involves directly evolving Eqn. 3.14 in time whilst paying careful attention to

the propagation of errors associated with numerical schemes and maintaining

unitary evolution. An alternative approach not without its own limitations is

available if, as is often the case, we are primarily interested in the linear re-

sponse only. Consider first the simpler case of the linear response properties of

a non-interacting system. Time-dependent perturbation theory then provides

us with the density response to a perturbation coupling linearly to the density

as [41]:

χ0 ρρ
GG′ (ω,q) =

∑
n,m

[f(εKS
m )− f(εKS

n ]
〈
ψKS
m

∣∣ei(G+q).r
∣∣ψKS

n

〉 〈
ψKS
n

∣∣ei(G′+q).r
∣∣ψKS

m

〉
ω + iη + εKS

n − εKS
m

.

(3.15)

From now on I will drop the superscripts ρρ, and the response functions

χ0 and χ should be interpreted as those of the density-density variety unless

otherwise stated. Whilst the Kohn-Sham reference system consists of non-

interacting particles, the physical system itself is of course interacting and as

such we cannot use Eqn. 3.15 on its own. Eqn. 3.14 indicates that we also

need to account for changes to the Hartree and exchange-correlation potentials
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that result from the perturbed electron density. The proper first-order density

response function χ is then correctly expressed as:

χ =
∂ρ

∂vext
= χ0

[
1 +

∂vKS

∂ρ

∂ρ

∂vext

]
= χ0 [1 +Kχ]

=
χ0

1−Kχ0

(3.16)

Where: K = ∂
∂ρ
[vHartree + vxc] = VC + ∂vxc

∂ρ
. The frequency dependence

and tensor nature of these quantities has been suppressed for brevity. Once

we have access to the density response function we can easily calculate the di-

electric function and corresponding optical properties in terms of the Coulomb

interaction VC using:

ε−1 =
∂vint
∂vext

= 1 + VCχ

⇒ ε =
1

1 + VCχ

(3.17)

As with time-independent DFT, the usefulness of Eqn. 3.16 and 3.17 relies

upon accurate models for exchange-correlation effects, this time through the

exchange-correlation kernel ∂vxc/∂ρ. Unlike in equilibrium DFT, the proper

expression for the latter must be time-dependent in order to account for the

systems dynamics and relaxation following a density perturbation δρ. Much

ongoing research is focused on the development and application of new time-

dependent kernels. Static, adiabatic, kernels based on the LDA and GGA have

seen application in warm dense matter and plasma physics, as has the widely

used Random Phase Approximation (RPA) for which the term ∂vxc/∂ρ is

simply neglected, leading to the much simpler RPA expression for the dielectric

function:
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ε = 1− VCχ
0 (3.18)

The RPA comes across as quite a severe approximation, neglecting the

very exchange-correlation effects that time-independent DFT is supposed to

make more manageable. Following multiple past calculations in the literature,

the impact of any of the available (almost always static) approximations for

the exchange-correlation kernel on predicted absorption coefficients and other

such quantities related to the dielectric function has been the subject of con-

siderable discussion. In some cases, including an LDA or GGA kernel resulted

in worse predictions for the optical absorption when compared to the RPA,

whilst calculations of electron stopping powers and dynamic structure factors

appear to benefit inclusion of the exchange-correlation effects (see [54] and

references therein).

To better illustrate the limitations of the RPA, and what accurate exchange-

correlation kernels might help to describe in dense plasmas and WDM, it is

helpful to expand the RPA density response in terms of the non-interacting

response:

χ = χ0 + χ0VCχ
0 + χ0VCχ

0VCχ
0 + ... (3.19)

From Eqn. 3.19 we see that the RPA does account for the Coulomb interaction

up to infinite order in e2. The crucial limitation, however, is that the electron

density is treated as a structure-less charged fluid such that the mean equili-

brated density is the source of interactions for each VC . As a result, each of

these Coulomb scattering events involves both the thermodynamic and quan-

tum mechanical expectation value for the density, meaning that information

regarding the exact electron configuration of the plasma is lost. For simplicity

consider the excitations of particle-hole e-ē pairs by an external electric po-
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tential γ in a uniform electron gas. In terms of Feynman diagrams, the RPA

density response is:

γ γ
χRPA =

γ

e

ē

γ
+ + ...

(3.20)

Following from the discussion in chapter 1, the Hartree potential (and by

extension the RPA) does not describe the dynamic plasma response to particle

motion referred to as the correlation term. The motion of electrons and holes

in diagram 3.20, therefore, ought to include this response both individually

and, because they are produced in pairs, to the creation of the other. The

individual contribution will be considered in more depth in the next chapter.

Electron-hole interactions meanwhile can be expected to become increasingly

important at length scales over which the plasma is unable to screen.

In the context of DFT perturbation theory, and this thesis in general,

the RPA will refer to, unless otherwise stated, the above approximations in

which electron-electron scattering during the response function calculation is

ignored. Note that in this approximation, the initial DFT calculation that

provides the input wavefunctions and energies for Eqn. 3.15 still makes use of

an exchange-correlation energy functional, within which electron-electron col-

lisions are implicitly taken into account. This is a somewhat different meaning

for the RPA than that used in other areas of plasma physics, where it denotes

additional approximations regarding not only electron-electron collisions but

also electron-ion collisions. Fortunately, the power of multi-centred DFT cal-

culations is that including ion-electron scattering in the equilibrium calculation
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is simply a matter of solving the Kohn-Sham equations for a given set of ion

positions. When calculating response functions in multi-centred DFT calcu-

lation we must take care to account not only for the diagonal elements of

a response tensor but also for any off-diagonal terms coupling perturbation

and response at different wavevectors. Within the RPA approximation, the

only source for these off-diagonal terms comes from the inhomogeneous ion

distribution that introduces an explicit position dependence to our response

functions, rather than being solely a function of the distance between applied

perturbation and measured response.

Measurements for bulk properties of matter require averaging over the en-

tire system, as a result, it is the diagonal elements of χ and other response

functions that ultimately determine what is observed. Looking back at the

expansion in Eqn. 3.19 we can see that the off-diagonal elements of χ0 do in

fact contribute to the diagonal elements of χ via scattering events to arbitrary

order (more specifically, controlled by the number of elements computed in the

tensor) resulting from the spatial distribution of ions. By contrast in other

plasma physics literature, normally those that do not include TDDFT calcu-

lations, the RPA refers to the rather more severe approximation of completely

neglecting all off-diagonal elements, both the electron-electron and electron-ion

collisions contributions.

A final consequence for all calculations that use the DFT-RPA expression

for the response kernel (see Eqn. 3.18), or indeed any kernel K that is not ex-

plicitly frequency-dependent, is that the poles of χ(ω) are located at energies

corresponding to the differences of Kohn-Sham eigenvalues. It is well known

that the differences of Kohn-Sham eigenvalues, especially in bulk systems, are

often a poor prediction for energy gaps resulting in the so-called ‘band-gap’

problem of DFT. This arises in large part because the Kohn-Sham equations,

for an exchange-correlation potential that is an explicit functional of density
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only, provides the same external potential for all states and is thus unable to

correct for the self-interaction term by which an electron erroneously experi-

ences its own Coulomb interaction via the Hartree term. As a result, we should

not at this point expect the RPA opacity to accurately predict the threshold

energies for bound-free or bound-bound absorption features.

This erroneous interaction would in principle be removed via the inclu-

sion of the frequency-dependent, exact-exchange contribution to TDDFT ker-

nel [73]. Alternatively once can use explicitly orbital-dependent exchange-

correlation potentials, such as the HSE functional [74,75], which include some

fraction of exact exchange [76], thus expanding the dependence of the single-

particle equations to include quantities other than the density alone. The

latter marks a departure from the original non-interacting Kohn-Sham refer-

ence system by explicitly including within the Hamiltonian some fraction of

the Coulomb interaction between individual single-particle states, in addition

to an orbital independent potential provided by a chosen exchange-correlation

density functional. The logical extension of this effort to correct single-particle

energies, and that does not rely on any fraction of a prior chosen exchange-

correlation potential, can be found in self-consistent many-body theory calcu-

lations for the single-particle wavefunctions. Fully self-consistent calculations

are computationally extremely demanding, and in the next chapter, I will in-

stead use the relatively cheap DFT-RPA calculation of the response function

discussed in this chapter as a starting point to construct finite-temperature

single-particle equations yielding experimentally accurate single-particle ener-

gies and associated band-gaps.

The latter calculations will be computationally expensive, but the exten-

sion of ‘DFT + many-body corrections’ to finite temperatures provides an im-

portant means to check and validate the cheaper, but a priori parameterised,

treatments of exchange-correlation such as those used in hybrid-functionals
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and advanced exchange-correlation kernels. In particular, by starting with

a reasonably accurate calculation of the dielectric response using DFT-RPA,

one can consider perhaps more exotic conditions not well captured by the

usual parameterisation of exchange-correlation effects within functionals. The

next chapter will also make clear the connection with the vast amount of

work already done in many-body theory and provides a route to calculating

other physical properties of interest such as particle lifetimes and spectral line

widths. For now, however, the next section of this chapter will examine some

intricacies and peculiarities that arise when using TDDFT linear response the-

ory to extract the dielectric function ε of plasmas and metals.

3.4 Intricacies for plasmas and metals

An important limit when considering plasmas and metals is the long-wavelength,

low-frequency response that characterises the dc conductivity of a system.

More generally we will also interested in long-wavelength response at finite

frequencies. In particular, with the typical length scale of inhomogeneities

in solid density systems being of order < 0.1 nm, this limit covers radiation

at frequencies up to at least the XUV range and below (λ > 5nm).2 The

conductivity and dielectric function are of course related by:

ε(ω) = 1 +
iσ(ω)

ω + iη

⇓

σdc = lim
ω→0

σmac(ω) = lim
ω→0

[εmac(ω)− 1](ω + iη)

(3.21)

Where the macroscopic dielectric, εmac(ω) = 1/[ε−1
00 (q → 0, ω)], defines the

ratio of applied field to internal field whilst the former is adjusted to keep
2High energy transitions involving bound states are also typically covered by this limit

due to the highly localised nature of the core ion core.
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the external field fixed. This encompasses, for example, the point to point

conductivity response when a fixed potential difference is applied to the sys-

tem. Note that it is the off-diagonal elements that couple the different Fourier

components that is responsible for the difference between εmac and ε00 , these

required to distinguish between the ‘local-field’ experienced by a charge in the

plasma from that of the average. The ‘corrections’ to the macroscopic dielec-

tric function that result from correcting accounting for its tensor nature are

referred to as Local Field Corrections (LFC). Only in homogenous systems

(which, for a given ion configuration, will not be the case for us) do the effects

of LFC completely vanish. DFT calculations for the dynamic conductivity of

plasmas and warm dense matter have long been performed by applying the

Kubo-Greenwood formula for the long-wavelength conductivity [77]:

σ00(ω,q → 0) =
2π

3V

∑
i,j=1

3∑
α=1

(f(εKS
i,k )− f(εKS

j,k ))

εKS
i,k − εKS

j,k

|
〈
ψKS
j,k

∣∣∇α

∣∣ψKS
i,k

〉
|2

ω + iη + εKS
n − εKS

m

(3.22)

The matrix elements featured in Eqn. 3.22 may be identified with the long-

wavelength limit of those in Eqn. 3.15 by apply the so-called k.p perturbation

theory:

〈
ψKS
m

∣∣eq.r∣∣ψKS
n

〉
=

〈
ψKS
m

∣∣ [1 + q.r + ...]
∣∣ψKS

n

〉
= q.

〈
ψKS
m

∣∣r∣∣ψKS
n

〉
+O(q2)

= q.
〈
ψKS
m

∣∣∣∣ [H, r]
εm − εn

∣∣∣∣ψKS
n

〉
+O(q2)

= q.
〈
ψKS
m

∣∣∇∣∣ψKS
n

〉
εm − εn

+O(q2)

(3.23)
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Compare this with the expression for the long-wavelength limit conductivity

obtained from 3.15 if LFC contributions are ignored:

σmac(ω,q → 0) =
∑
n,m

ω + iη

(εm − εn)

f(εKS
m )− f(εKS

n )

(εm − εn)

|
〈
ψKS
m

∣∣∇∣∣ψKS
n

〉
|2

ω + iη + εKS
n − εKS

m

(3.24)

Eqn. 3.22 and 3.24 are identical if either of the limits η → 0 or ∆ε → 0

is taken first, however Eqn. 3.24 becomes numerically unstable in the latter

limit especially if the Lorentzian frequency dependence is replaced with more

computationally preferable functions. Indeed, the Abinit code provides con-

siderable speed advantages if the spectral function χs is first calculated by

considering only the imaginary component of Eqn. 3.15 with the Lorentzian

replaced by either Gaussian functions or finite triangle elements. From χs

Abinit calculates the full response function via a Hilbert transformation:

χ0(ω) =

∫ ∞

−∞

χS(ω′)

ω − ω′ + iδ
dω′ , χS(ω) = Im(χ0) sign(ω) (3.25)

This approach is suitable when the energy difference ∆ε is finite, such as

for insulators and finite wavelength transitions in metals. For our purposes

of calculating the long-wavelength response in plasmas and metals, I have

re-written the Abinit code to use Eqn. 3.22 to calculate the real part of the

conductivity in the long-wavelength limit. The full complex value of ε00(ω,q →

0) is then recovered through the transformation:

ε00(ω) = 1 +
i

ω

∫ ∞

0

Re σ00(ω′)

[
1

ω − ω′ − iδ
− 1

ω + ω′ + iδ

]
dω′ (3.26)

Note that the limit of δ → 0 is not subject to the same physical concerns as η

discussed in the previous section, as the transformation serves only as a way
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to regain the full complex response function of Eqn. 3.22. The replacement

of the long-wavelength dielectric response by Eqn. 3.26 was seen to cure any

instabilities arising from the vanishing energy gap in conducting systems. In

particular whilst a finite value of η does follow physically speaking from the

finite time of the measurement, the practical limitations of only being able to

calculate a finite number of wavefunctions means that the value for η in any

simulation must be considerably larger than that associated with the actual

measurement time if we are to at least qualitatively replicate dissipative be-

haviour. The choice of exact value for η, or alternatively the ‘smearing’ width

of a Gaussian used to replace any Lorentzian function, is a delicate issue for

ab-initio DFT simulations. On the one hand, an excessively large parameter

obscure the physical frequency dependence of the response function whilst on

the other, too small a value will not replicate the correct, continuous density

of states. In practice, this choice of parameter should be chosen based both

on what is physically expected for the system and the sensitivity of the result

to changes in both smearing parameter and number of state calculated.

Within this thesis, an alternative approach to either Gaussian or Lorentzian

smearing has been followed by using finite triangle elements which lack the

tails and wings of the former functions. Following from the discussion of ref-

erence [78] regarding the dc conductivity, whilst the limit of η → 0 faster

than the energy gaps of the system leads to unphysical frequency spikes in the

conductivity, the integrated conductivity between 2 frequencies is a physically

meaningful quantity that converges regardless of the order of limits. The re-

placement of the Lorentzian in Eqn. 3.22 by triangle functions amounts to

constructing a histogram of the spectrum along a frequency grid determined

by the width of the triangle element functions. The spectral weight associated

with each bin may then be converged with respect to simulation parameter,

whilst the bin-spacing/triangle-width, η, provide an associated error. Cru-
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Figure 3.1: Illustrative diagram for the contributions to the response function
of a free-electron like system subject to periodic boundary conditions. As well
as standard intraband and interband terms, we must also take into account the
possibility of cross-terms especially when considering super-cell simulations of
low-temperature free-electron like materials, for which the Fermi surface may
lie close to the conduction band interception with the boundary of the (super-
cell) Brillouin zone.

cially, this does not contain the far off-resonant features that come with both

Gaussian and Lorentzian smearing, meaning that we are free to consider re-

sponse functions over frequency scale for which they vary by multiple orders

of magnitude.

A final consequence when dealing with plasmas and metals is the possible

presence of intra-band and cross-terms contributions to the dielectric function

as shown in Fig. 3.1. Note that as the reduced Brillouin zone is technically con-

structed via band translations rather than band folding, inter-band transitions

can only compensate for ignoring intra-band and cross-terms if the simulation

cell is sufficiently large, and the nuclei structure factor sufficiently disordered,

that the macroscopic current across the super-cell is negligible owing to An-

derson localisation confining each electron state to within a super-cell. In the
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author’s simulations presented here, these contributions are accounted for by

calculating the dielectric function at finite momentum transfer q, for which the

Abinit code automatically includes all of the above contributions, and extrap-

olating the plasma frequency to the q = 0 limit. The low-frequency dielectric

function is fitted to a plasmon-pole form:

ε−1(q, ω) = 1 +
(ω0

p)
2

ω(ω + iνq)− (ωq
p)2

, (3.27)

Any discrepancy between the finite momentum q fit values for ω0
p and ωq→0

p ,

the latter via the Bohm-Gross relation, and the values obtained for q = 0 was

then inserted directly as an additional term for the q = 0 response. In this

manner we are able to satisfy the f-sum rule, whilst also treating the intraband

conductivity not simply as a Dirac-delta pole term, as is technically the case

for a perfect [super] lattice, but with a relaxation time parameter, ν consistent

with those interband terms that do contribute to a finite dc conductivity owing

to disorder within our simulation cell.

In the long-wavelength limit, these contribute to the pole at ω = 0 as shown

schematically in Fig. 3.1. A correct treatment of this limit is then essential

for the determination of the plasma frequency and low-frequency response of a

system. Here I have determined the strength of the pole at ω = 0 by evaluating

the dielectric function at finite q and numerically taking the q → 0 limit. At

long wavelengths and low frequencies below transitions involving bound states

the imaginary part of the inverse dielectric function is well approximated by

the single plasmon pole approximation:

ε−1(q, ω) = 1 +
(ω0

p)
2

ω(ω + iνq)− (ωq
p)2

, (3.28)

The plasma frequency ωq
p and broadening νq are in general q-dependent. I

find the dielectric response at low frequencies to be well fitted by this functional
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Figure 3.2: Calculated dc conductivity for warm dense Al at solid density
compared to the work of references [79] and [80]. The dc conductivity was
not the primary focus of the authors Al calculations, discussed more in the
following chapter, rather convergence of simulation parameter was concerned
with the frequency dependent opacity. The calculations performed by the
author are nonetheless consistent with previous work.

form for all conditions studied. The q → 0 plasma frequency, and thus the

pole at ω = 0, was then obtained by fitting for ω0
p as well as by extrapolating

our calculated Bohm-Gross relation for ωq
p to q = 0. The same values were

obtained by both methods.

Using this approach, the dc conductivity for warm dense Al was calculated

and compared to previous DFT calculations as shown in Fig. 3.2. Simulations

using the PBE-GGA exchange-correlation functional for a 32-atom unit cell,

with a 2 x 2 x 2 k-point grid sampling the Brillouin zone, are seen to lead to

a dc conductivity consistent with the results of previous authors [79, 80].

3.5 The dynamic structure factor

The above method has yielded the response function of a system including

the role of LFC. In doing so it has simultaneously computed other elements
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of the response function other than the long-wavelength limit relevant for

optical properties optical properties. As mentioned earlier in this chapter,

these remaining elements are however directly relevant to XRTS measurements

of the DSF [81], which can in turn be related to the dielectric function or

density response function via the fluctuation-dissipation theorem (Eqn. 3.11).

Thus far the calculated response function has not included nuclei motion.

We can include this contribution by coupling the electron density response to

nuclei motion in Eqn. 3.16:

χtotal
ee =

χee

1− VCZχiiVCχee

= χee + χeeVCZχiiVCχee + χeeVCZχiiVCχeeVCZχiiVCχee + ...

(3.29)

The term VCZχ
ii acts as an effective vertex term, coupling the electronic

response back and forth with the nuclei. Note that just as the electronic term

χee does not involve nuclei motion, neither should χiiinclude the relaxation of

the electron density to nuclei motion. Instead, if the response function of a

single nucleus without including the motion of others is χ0
nn, then the response

function for their collective motion is:

χnn =
χ0
nnSnn

1 + ZVCχ0
nnSnn

(3.30)

Where χ0
nn is the density response of a single nuclei (with starting position

and velocity taken from an MD simulation) moving in the potential of a static

electron density, and the instantaneous nuclei structure factor Snn is given by:

Snn GG′ =
1

N

N∑
i,j

eiG.rieiG
′.rjδ(q) (3.31)
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Rather than substitute Eqn. 3.29 into Eqn. 3.11, we can show a more general

relationship if we now apply the Langreth rules [82] for correlation functions

along a closed-time contour. For the triple product of correlation functions

one has:

(ABC)< = ARBRC< + ARB<CA + A<BACA (3.32)

Applying this to the second term in the expansion of Eqn. 3.29 we have:

Stotal
ee = See + χR

eeVCχ
R
nnVCSee

+ χR
eeVCSnnVCχ

A
ee + SeeVCχ

A
nnVCχ

A
ee + ...

= See + (ε−1
ee − 1)R(ε−1

nn − 1)RSee

+ (ε−1
ee − 1)RSnn(ε

−1
ee − 1)A + See(ε

−1
nn − 1)A(ε−1

ee − 1)A + ...

(3.33)

The Langreth rules hold regardless of the details in the thermodynamic av-

eraging. Eqn. 3.33 can, therefore, be applied even to generic non-equilibrium

ensembles provided that suitable expressions for Snn and χ are available. For

a two-temperature system in which the nuclei motion and electron systems are

not together in equilibrium, it a case of substituting in for χ and S their corre-

sponding quantities calculated separately for the electron and nuclei systems

at differing temperatures.

Eqn. 3.33 is a very general expression that can be applied to both equilib-

rium and non-equilibrium conditions. It is close to, but not quite the same as

Chihara’s decomposition for the dynamic structure factor [83]:

See(q, ω) = See 0(q, ω) +

[
|ρb(q) + ρsc(q)|2

Z
Snn(q, ω)

]
(3.34)

Here, See 0(q, ω) describes the dynamic fluctuations in density arising from
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electron motion alone whilst the remaining term accounts for the combination

of bound electrons ρb and a screening cloud, ρsc of free electrons that follow

the nuclei motion, Snn(q, ω). Eqn. 3.34 was derived by Chihara in a similar

manner to the above by following linear response theory arguments. As an

additional step, See 0(q, ω) is in practice typically split into two contributions

describing correlations amongst free electron and bound electrons separately

such that appropriate models may be used accordingly [84, 85]:

See(q, ω) = See 0
free(q, ω) + See 0

bf (q, ω) +

[
|ρb(q) + ρsc(q)|2

Z
Snn(q, ω)

]
(3.35)

We can identify the first two terms of Eqn. 3.35 with the first term in the

expansion of Eqn. 3.33. As has been stated multiple times in this thesis, DFT

combined with efficient PAW potentials allows for a consistent approach to

be applied to both free and bound electrons, and in fact without any strict

distinction between the two (except of course those bound to the core of pseu-

dopotential). As such the electronic only contribution to the dynamic structure

factor can be calculated from a first principles perspective. This ability be-

comes increasingly important when dealing with strongly coupling effects for

which ionisation potential depression and the occurrence of ‘hopping states’

blurs the distinction between bound and free [2, 86].

The remaining terms describing electron density correlations mediated by

nuclei motion differ between Eqn. 3.33 and 3.35. Note that Eqn. 3.33 also

contains frequency-dependent tensor products, whilst the electron density fol-

lowing nuclei motion is notably frequency independent in the Chihara decom-

position. In reality, of course, the electron-nucleus coupling is a dynamic pro-

cess and so to recover Eqn. 3.35 we examine the limit that electrons respond

adiabatically to a change in ion positions - i.e. the Born-Oppenheimer ap-
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proximation. Specifically, there are two important physical assumptions here,

one is that ion motion can be treated as a slow perturbation on the timescale

of electron response and the second, which does not necessarily follow from

the first, is that the electron system is uncorrelated with ion velocities over

this timescale as well. We can justify the latter if the specific pure state of

the electronic system, as taken from a thermal ensemble of initial states, does

not persist on the timescale of ion motion, that is to say, the electrons ‘re-

equilibrate’ on such a timescale. This then removes the terms in Eqn. 3.33

featuring both See and χnn, i.e. those describing stochastic contributions to

the nuclei motion due to dynamic electron collisions. Once these limits are

taken the nuclei contribution in Eqn. 3.33 reduces to:

Stotal
ee ≈ See + χR

eeVCSnnVCχ
A
ee + χR

eeVCχ
R
nnVCχ

R
eeVCSnnVCχ

A
ee

+ χR
eeVCSnnVCχ

A
eeVCχ

A
nnVCχ

A
ee + ...

(3.36)

Rather than actually evaluate Eqn. 3.36 it is of course much simpler to use

the fact that Born-Oppenheimer DFT-MD simulations automatically calculate

changes in the electron density due to nuclei motion within the adiabatic

approximation and we may, therefore, replace the nuclei contribution in Eqn.

3.36 with a simple Fourier transform of the mean electron density in time and

space of the course of an MD simulation. Naturally, this is the manner in

which the nuclei contribution to the dynamic structure factor is frequently

calculated in practice.

One key practicality of the Chihara formula lies in the simplicity with which

it is to change nuclei structure factors. This is because the nuclei contribution

has been reduced to simple scalar products in Fourier space rather than the

full tensor treatment above, in which case the bound density and screening
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cloud become convolutions with the nuclei positions in real space. Whilst

calculating the full dynamic structure factor via Eqn. 3.33 is expensive, we can,

however, consider the effect of terms beyond the adiabatic Born-Oppenheimer

approximation by performing a similar deconvolution approach. I will restrict

the corrections to Eqn. 3.36 to the terms of order V 2
C , the terms to consider

are

⇒ χR
eeVCχ

R
nnVCSee + χR

eeVCSnnVCχ
A
ee + SeeVCχ

A
nnVCχ

A
ee (3.37)

For each individual MD snapshot the nuclei structure factor Snn is in general

a tensor. However, when the thermodynamic limit is taken in both time and

space, it stands to reason that no particular position in the plasma can be

special and so Snn reduces to a function of separation distance in real space. I

will call these components of Snn the homogeneous terms, as they are the only

non-zero components when the thermodynamic averaging is translationally

invariant.

Shomog
G−G (q, ω) =

∫
〈∆ρ(r, t)∆ρ(r′, t′)〉 eiq.reiG.(r−r′)eiω(t−t′)

d3r d3r′d(t− t′)

= 〈∆ρ∆ρ〉< (G, ω) δ(q)

(3.38)

From this we can see that the homogeneous terms are similar to diagonal

elements but with the second G index multiplied by −1, the Dirac delta func-

tion meanwhile arises from our restriction to periodic boundary conditions.

As we do need to take the thermodynamic limit eventually, it is the homo-

geneous terms of Stotal
ee that correspond to the physically measured quantities

in XRTS scattering experiments. However for any given MD snapshot the in-

homogneous terms of the structure factors and response tensors in Eqn. 3.37
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will be correlated between electrons and nuclei and thus they may provide a

non-vanishing contribution to the measured, homogeneous, components of the

total structure factor. In order to make a connection with the Chihara for-

mula, in which only the homogeneous terms explicitly appear, we can define

an effective, bound-plus-screening density by deconvolving the second term in

Eqn. 3.37 with respect to the homogeneous nuclei-nuclei structure factor, or

in Fourier space:

ρb+s(G, ω,q) = χR
eeVCSnnVCχ

A
ee

Shomog
nn (G, ω)

δ(q) (3.39)

Similar quantities can be defined for the remaining terms in equation 3.38

by deconvolving with either the electronic or nuclei structure factors. On the

other hand, it is often sufficient in fitting experimental data to approximate the

nuclei structure factor as a Dirac-delta in frequency space. For the calculations

in this thesis I will limit myself to this approximation3. The first and third

terms in Eqn. 3.33 may be identified with the Chihara formula’s electronic and

nuclei ‘drag’ terms respectively. One of the other great challenges of TDDFT

calculations for the dynamic structure factor lies in applying it to sufficiently

many snapshots from an MD simulation and in a sufficiently large box that an

accurate nuclei structure factor Snncan be obtained. For these reasons, future

work may need to consider defining effective terms such as Eqn. 3.39 from

first principles perspective for which changes in the homogenous terms of the

nuclei structure factor can be easily accounted for.
3Of course a description of ion dynamics would be preferable, and so I will mention briefly

here that an approximate description of χ0
nn can be made by treating the nuclei as classical

particles moving under a potential obtained by expanding the electron density about the
nuclei.
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3.6 Application to XRTS measurements in CH

and Be plasma.

The previous section has detailed how ab initio calculations of the full tensor

density response function may be utilised to simulate, and construct mod-

els for, inter-particle correlations and energy exchange including the role of

LFC and strong electron-nuclei coupling. In practice, DFT is more widely

used to obtain the elastic scattering component by Fourier transforming in

space and time the electron density obtained via MD simulations within the

Born-Oppenheimer approximation. The subsequent adiabatic change in the

electron density with shifting nuclei positions is equivalent to the contribution

of Reε−1
ee (ω → 0) to the third term in Eqn. 3.33. As mentioned previously,

this is a sufficient approximation when the nuclei motion occurs at frequencies

∼ ωn much lower than electron response; Reε−1
ee (ωn) ≈ Reε−1

ee (ω → 0); and

below the collective excitation energies of the electron system; Imε−1
ee (ωn) ≈ 0,

See(ωn) ≈ 0.4 Unlike the approach of the previous section, simply Fourier

transforming the total electron density does not on its own provide for any

easy distinction between bound electrons and the screening cloud contributing

to the elastic feature. Of course, in terms of the reproducing the observed total

dynamic structure factor such a decomposition is unnecessary and DFT may

thus be considered to be advantageous in the sense that both contributions are

treated on an equal footing. The benefits of a full response function decompo-
4A questionable difference however is the manner in which the long-wavelength limit

is dealt with. In evolving the system with Born-Oppenheimer molecular dynamics, the
electrons instantaneously equilibrate to the new nuclei positions such that there is no process
for the nuclei system to dissipate energy into and heat up the electrons. The dissipative
component of the electron response Imε−1

ee , for free electrons anyway, might be expected to
vanish at ω = 0 for finite momentum transfer however in the long-wavelength limit q → 0
the absorption process could be identified with an acceleration of the electron system as a
whole. Physically then, this contribution to Eqn. 3.33 could be identified by the dissipation
of energy into the electron system if all nuclei were suddenly accelerated uniformly in a
given direction.
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sition, on the other hand, is in it being able to distinguish these contributions

so that we might inform and guide theory when such an ecumenical approach

to electron behaviour is less practical or otherwise unavailable.

More recently, DFT has also begun to be applied to calculating the elec-

tronic contribution to the dynamic structure factor via the fluctuation-dissipation

theorem [80,87–90]. Close to the time that the work of this chapter was being

completed by the author, simulations using real-time TDDFT combined with

Ehrenfest molecular dynamics5 were published in which the dynamic struc-

ture factor of Beryllium plasma was calculated without the need to apply

a decomposition into bound and free states as inputs for the Chihara for-

mula by Baczewski et al. [51]. In their work, the density response function of

the electron system is calculated in real-time whilst the nuclei simultaneously

moved in response to the perturbed, non-equilibrium electron system, from

the response function the dynamic electron structure factor is obtained via

the fluctuation-dissipation theorem.

The procedure of reference [51] is similar to that followed in the previous

section, with the exception that the extension to differing ion and electron

temperatures is perhaps less clear. The fluctuation-dissipation theorem arises

from considerations of detailed balance for a system in equilibrium, and whilst

relations between the different definitions of the density-density correlation

functions exist for non-equilibrium systems, they do not satisfy the same sim-

ple formula 3.11. Consequently Eqn. 3.11 may only be applied to the electron

density response, even if it includes nuclei coupling via Ehrenfest dynamics,

if the electron system remains in equilibrium during the time t of the corre-
5Within Ehrenfast dynamics, nuclei are treated classically and the forces on them calcu-

lated via the Hellmann-Feynman theorem just as with Born-Oppenheimer dynamics. How-
ever in this case, rather than solving the time-independent Shrödinger equation at each
time step, the electronic system is instead evolved dynamically simultaneously with the nu-
clei motion. Within DFT simulations the electronic evolution is usually described within
real-time, TDDFT [91].
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lation 〈ρ(t)ρ(0)〉. Note that the Langreth rules used in deriving Eqn. 3.33

hold regardless of the averaging procedure, and thus regardless of whether the

electron-nuclei systems are together in equilibrium.

In Fig. 3.4 the dynamic structure factor measured in warm dense Beryllium

[92] is shown together with the simulations of reference [51] and those of this

author following convolution with the XRTS source profile. The electronic-only

contribution to the dynamic structure factor has been calculated following the

procedures of the previous sections. Rather than computing the contribution

due to nuclei motion using the full response function tensor as in the previous

section, the Born-Oppenheimer approximation was made and the combined

screening cloud plus bound electron density computed by simply shifting a

single Beryllium nucleus and Fourier transforming the density change (Fig.

3.3). This approach is similar in essence to the deconvolution procedure used

in reference [89] for extracting the screening charge and bound state density

from molecular dynamics simulations. As the principal aim was to examine

the codes ability to reproduce the electronic contribution, the nuclei-nuclei

structure factor was not itself calculated but instead a value taken from the

results of reference [89]. The same approach was used to obtain a predicted

dynamic structure factor for dense CH plasma under the conditions of reference

[23], with the nuclei-nuclei structure factor taken to be ∼ 1 as befits the large

k vector probed k = 6.1Å−1. Most interestingly, this approach is also able to

reproduce the observed measurements reasonably well (see Fig. 3.5).

The simulations presented here were part of a somewhat speculative test,

in that they were to check the ability of the Abinit code to accurately predict

the dielectric function at the short wavelengths probed by these experiments.

To this end, the Berylium measurements were chosen as a dataset already

shown to be reproducible with using other TDDFT codes. The CH measure-

ments meanwhile, stand out in that the authors of reference [23] were only
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able to reproduce their experimental data with a Carbon ionisation state of

+5, a number inconsistent with any of the Stewart-Pyatt [93], Thomas-Fermi

or modified Ecker-Kroll [94, 95] ionisation potential depression (IPD) models

commonly applied to dense plasmas. Note, however, that subsequent IPD

models have since been proposed in which the Hydrogen nuclei may have led

to a thus far unaccounted for contribution to the screening length, resulting

in +5 ionisation states.

Whilst it is interesting to note that reasonably good agreement with the CH

data can be achieved using the author’s DFT simulations, the calculations were

too expensive to fully cover the not inconsiderable density and temperature

gradients predicted to occur during the experiment. As such a full analysis

is beyond the remit of this work, as is a complete study of the sensitivity

of the simulations to variations in temperature, density, and the nuclei-nuclei

structure factor. TDDFT calculations for the full response tensor are expensive

and in practice, their application to interpreting XRTS data will likely need to

be limited to cases where other approaches fail, or to the generation of model

parameters for further simulations as suggested in the previous section. The

alternative approach of using real-time TDDFT to perform calculations for a

specific k vector does represent better scalability in terms of both system size

and temperature, furthermore, any non-linear response is automatically taken

into consideration. However, it should be noted that the linear response limit

of real-time simulations needs to be taken with some care (see supplementary

material of reference [51]) and whilst the non-linear response does provide

access to higher-order density correlation functions, it does not contribute to

the two-point dynamic structure factor of Eqn. 3.9.
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Figure 3.3: Illustration of the technique used to calculate the combined, bound-
plus-screening term, |ρb(q) + ρsc(q)|2 contribution in Eqn. 3.34. Two DFT
calculations of the electron density ρ and ρ′ are performed, differing by a shift
∆R in the position of a single nucleus. The resulting change in density ∆ρ is
Fourier transformed to obtain the form factor |ρb(q) + ρsc(q)|2 of the electron
density correlated with that specific nucleus.

3.7 Discussion and conclusions

In this chapter, TDDFT has been applied to calculating response properties

and density fluctuations in WDM systems. By considering linear response the-

ory, the varying degrees to which practical TDDFT calculations may describe

time-dependent exchange-correlation effects were discussed, with particular re-

gard to metals, WDM and dense plasma systems. Furthermore, the work here

moves beyond the commonly used Kubo-Greenwood formula by involving a

calculation of the full dielectric tensor response and a correct description of

macroscopic quantities via its inverse.

Additional complexities have been noted and tackled regarding the long-

wavelength limit of the response function, namely intra-band transitions and

the handling of the thermodynamic limit for ionised electron states that, unlike

those bound to the core, can be expected to have a continuous density of states

above a certain energy.

The approach described herein and implemented within the Abinit code

has, in what is both an advantage and disadvantage, that multiple tensor el-

ements are involved in the correct treatment of LFC effects. Consequently,
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Figure 3.4: Dynamic structure factor calculations and measurements in the
non-collective regime for Berylium plasma compressed to 3 times solid density.
The authors’ Abinit implementation is in good agreement with experiment [92]
and previous, real-time TDDFT calculations [51] following convolution with
the experimental source function.

the fluctuation-dissipation theorem was applied to extract equilibrium density

fluctuations across multiple wavelengths. TDDFT a clear advantage in mod-

elling the dynamic structure factor for XRTS experiments in that a calculation

may be done from first principles without the usual decomposition into bound

and free electrons. To establish this point, an expression for the total dy-

namic structure factor in terms of quantities taken from DFT MD snapshots

was derived that is applicable to two temperature electron-ion systems and,

in a more general form, non-equilibrium systems. Furthermore, in looking to

regain the form of the Chihara expression, a natural criterion for decompos-

ing the electronic-only response function and structure factor was found, with

which an effective number of bound electrons may be defined and extracted

from DFT MD simulations.

Finally, the author’s modified version of the Abinit code has been applied

here to calculating the dc conductivity in warm, dense Al as well as the dy-
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Figure 3.5: Dynamic structure factor of dense CH plasma at k = 6.71 for
〈T 〉 = 110eV, 〈ρ〉 = 6.74 g cm−3 . The measured (blue) and predicted results
using the Chihara formula (red)are plotted from reference [23] along with
simulations by the author (yellow and purple).

namic structure factor for dense Be and CH plasma. Agreement between the

results presented in this chapter, experiment, and theoretical predictions by

other authors, supports the implementation here of a linear response code

applicable to studying WDM and dense plasma conditions. In the following

chapter, this will be further applied to studying the optical properties of warm,

dense Al across a wide frequency range, for which the behaviour of both bound

and ionised electrons must be taken into account consistently together.



4

Al free-free opacity: from room

temperature to warm dense

matter

4.1 Introduction

Perhaps no property of an object is more immediately apparent in our everyday

life than its opacity - whether we can, in fact, see it or not is a question testing

our fundamental understanding of the interaction of light with matter. From a

practical perspective, it is central to modelling the interaction of a laser with,

the transport of radiation within, and the subsequent evolution of, a system,

as well as for diagnosing the conditions there-in through the interpretation

of spectroscopic data. In measuring the opacity we are probing the dielectric

function of the system which, following the content of the previous chapter,

provides a description of a systems response properties more generally. As

such, opacity investigations are a key method for constraining ab-initio models,

together with the approximations therein, that seek to describe the complex

response properties of correlated many-body systems [26, 51, 96–98].

69
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Warm dense matter and solid density plasmas pose significant hurdles both

experimental and theoretical to our understanding of opacity [99–104]. Creat-

ing and manipulating these systems under well-defined conditions of temper-

ature and density, as well as their characterisation, is a challenging task for

the experimentalist. The ubiquitous nature of light-matter interaction makes

actually testing an opacity theory particularly challenging. Careful attention

needs to be paid to any implicit use of models during the measurement process

that may in fact conflict with the theory being tested, for example interpreting

bremsstrahlung radiation as a diagnostic for the temperature of free electrons is

implicitly reliant on models for the scattering time of free electrons [104]. Run-

ning this particular process backwards we can see that inverse bremsstrahlung

describes the absorption of radiation by a free electron in the presence of a

surrounding scattering potential [105, 106]. As such it is potentially inconsis-

tent to, for example, use a bremsstrahlung model to diagnose temperature to

be input into a different model for the calculation of the opacity.

The processes of brehmsstrahlung and inverse bremsstrahlung (IB) de-

scribe the emission and absorption of a photon respectively by a free charged

particle, via scattering events with the surrounding system. In the plasmas en-

vironments considered here the primary mechanism for free electrons to absorb

or emit photons is through scattering via ions, as illustrated in the following

Feynman diagram:

γ

ion

e−

ion

γ

e− (4.1)

The ordering of photon absorption and scattering event is, of course, in-
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vertible, and the time-reversed procedure describes that of bremsstrahlung

emission. A quantum mechanical treatment for the absorption rate of Diag.

4.1 was provided by Ron and Tzoar [107], followed by corrections for multi-

photon contributions [108], relativistic effects [109], electron degeneracy [110]

and collective phenomena [111]. For the case of scattering from stationary ions

one finds that the absorption coefficient α, defined as the fractional intensity

loss per unit length, is given by [100]:

α(ω) =
ne2

3π2m2ω3c

∫
d3p

∫ ∞

0

dq q4
V 2(q)

|ε(q, ω)|2
S(q)[

f(Ep− q
2
)− f(Ep+ q

2
)
]
δ

(
h̄ω − h̄2

m
p.q

) (4.2)

The form of the above is greatly reminiscent of Fermi’s golden rule: transi-

tions occur when fluctuations in the plasma couple together two electron states

at energies Ep− q
2

and Ep+ q
2

where the momentum space
∫
d3p populated uni-

formly by free electrons integrated over. The matrix element for the coupling is

proportional to a fluctuating electric field arising from [dynamically screened]

density fluctuations in the plasma. When squared this contribution becomes

the last two terms on the first line of Eqn. 4.2, and the Dirac delta expresses

the overall conservation of energy in the process.

If the effect of scattering is to produce only small deviations from free-

electron behaviour then the system may be considered to be weakly coupled.

In which case, the first-order Born approximation for scattering that Diag. 4.1

amounts to may be sufficient to describe the absorption process. Evaluating

higher-order scattering diagrams would allow us to account for stronger cou-

pling. Whilst processes like Diag. 4.1 would still feature as components of

higher-order diagrams, the incoming and outgoing states of the process would

no longer correspond to free-electrons, and instead be the product of multiple
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‘collision events’ with the surrounding plasma. This can be illustrated in what

for now will be a very schematic manner by replacing the electrons in Diag.

4.1 by ‘dressed electrons’ satisfying a Dyson equation:

‘dressed’ e−
=

e−
+

e− e−
Scattering

events

(4.3)

In which case the electron-ion scattering process in Diag. 4.1 can in fact be

included amongst these scattering events, and the absorption process reduces

to:

γ

e−
(4.4)

Note that Diag. 4.4 implies that the distribution function for incoming and

outgoing states should be that of dressed particles not of free particles function

as shown in Diag. 4.1 and Eqn. 4.2. With stronger electron-ion coupling it

becomes increasingly non-physical to assume asymptotic free-electron states

and instead we must look to describing these ‘dressed’ electrons consistently

with the surrounding ion distribution, ultimately leading to the formation of

bound and semi-bound electron-ion pairs.

Obtaining a self-consistent solution for the dressed 1-particle propagators

in diagram 4.3 is, in general, a non-trivial task. The complete expression for the

scattering contribution is a function of the dressed behaviour of 2-particle prop-

agators, which are in turn found as solutions to their own Dyson equation with

a scattering contribution in terms of the dressed motion of 3-particles [67,68].

This chain of equations, referred to as the Martin-Shwinger hierarchy, extends
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upwards to infinity forming a quantum mechanical analogue to the classi-

cal Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) hierarchy of statisti-

cal physics. In practice, this is truncated by considering only a finite subset

of Feynman diagrams within the scattering ‘blob’ of Diag. 4.3, such as only

those up to a given order of e2. Together with the rigorous mathematical ma-

chinery of Green’s functions, this description of strongly interacting systems

in terms of dressed n-particle states, collision events, and Dyson equations has

long been widely applied to describing warm dense matter and dense plas-

mas [67, 68, 112–117]. The IB approach for calculating the opacity is quite a

natural extension of the physical picture. IB models are certainly appealing

within the ‘ideal’ plasma limit of high temperatures and low densities, where

the separate and uncorrelated small-angle scattering of free electrons off of

Debye screened (or some quasi-degenerate version thereof) ions, spatially dis-

tributed in agreement with model ion-structure factors, is the dominating ab-

sorption process. Contrast this, however, with the solid density limit. Multiple

scattering between ions leads to a band structure, effective mass, and a di-

electric response function possessing symmetries reflecting the quasi-periodic,

strongly coupled ion distribution. The distinction between bound and free

electrons becomes increasingly unclear in dense plasma conditions [118] and

even in the condensed phase, the response of bound electrons is known to affect

the absorption properties at free-free transition frequencies [97].

Multi-centred DFT-MD simulations have the advantage that the ‘dress-

ing’ of electrons via scattering off multiple ions is accounted for to essentially

infinite order (subject to periodic boundary conditions in this case) by the

solution to the Kohn-Sham equation. The ion-ion structure factor is calcu-

lated and accounted for explicitly via quantum molecular dynamics within the

Born-Oppenheimer approximation, providing us with an ensemble of spatial

ion configurations. Projector Augmented Wave potentials introduced in chap-
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ter 2 reduce the computational load of bound or semi-bound valence states in

the bulk DFT calculation and allowing us to include their dynamic response on

an equal computational footing with free electrons. Finally, many-body corre-

lations and exchange interactions are computationally cheap to incorporate in

the initial DFT calculation, if only approximately, via an exchange-correlation

functional.

From the content of the previous chapter we now know that whilst DFT is

powerful, there remain considerable issues with presently available exchange-

correlation kernels when dealing with dynamic response properties such as,

perhaps most crucially, the band-gap problem. It is with a certain amount of

irony then, that for the next section, we move full circle back to the scattering

picture fostered by the IB approach as we consider many-body theory cor-

rections to DFT calculations using some of the available exchange-correlation

functionals.

Before diving into the theoretical details of how to calculate the opacity

using DFT plus many-body theory, and the potential advantages over other

approaches, the experimentalist within us should note that whilst the free-free

absorption process is difficult to investigate experimentally in dense plasmas

the same process occurs constantly during our everyday lives in metals. As

such simple metals are a valuable test-bed for electronic structure codes mod-

elling dynamic properties of free electrons, and can generally be prepared in

well-defined density and temperature conditions for experiments. The work

and calculations I present in this chapter will be for solid density Al in both

room temperature and warm dense matter conditions up to 15 eV. Being a

simple metal with regular application as a spectral filter in the XUV range,

it perhaps surprising that until recently there has been a noticeable discrep-

ancy in the Al free-free absorption measurements between arguably the two

most widely used opacity databases - those published by CXRO [123] and the
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Figure 4.1: Comparison of previous experimental results by Gullikson et al.
[119], Birken et al. [120], Henke et al. [121] and Keenan et al. [122] for the free-
free opacity of ground state Al. Also plotted is the free-free opacity obtained
using a relaxation time (Drude) model. Note that the latter completely fails
to account for the absorption plateau between the plasma frequency at 15eV
and the onset of L-edge absorption at 72eV.

Henke tables [121] (see Fig. 4.1. This discrepancy prompted new measure-

ments, not performed by this author, using the Artemis laser facility [124] at

the Rutherford Appleton Laboratory to measure the free-free opacity in Al

(Fig. 4.2). High harmonics in the XUV range from 20 to 60 eV were gen-

erated and selected for incidence on stepped Al targets (Fig. 4.3). The use

of stepped targets allowed for a clean measurement of the Al opacity through

comparison of the measured transmission through targets of varying thick-

ness. In this manner, the contribution due to oxide layers and other surface

contaminants can be separately measured and accounted for as a systematic

absorption contribution that we assume to be independent of target thickness.

These latest measurements will serve as the benchmark for my theoretical

simulations here. As such the results of this chapter serve two purposes. First,

they serve to demonstrate and provide detailed calculations for the opacity in
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Figure 4.2: Setup for the Artemis experiment measuring free-free opacity in
ground state Al, undertaken prior to the authors’ DPhil (reproduced with
permission from S. M. Vinko).

Step target (mono-deposition)

mm

mm

4.60.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

3.4

0.0

0.5

1.0

1.5

2.0

2.5

3.0

2 Point Profile

um

mm

-0.80

-0.60

-0.40

-0.20

0.00

0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50

Rq 0.28 um
Ra 0.24 um
Rt 0.88 um
Rp 0.09 um
Rv -0.79 um

UserNote1: 

Note: 

Date: 03/14/2011

Magnification: 1.38Measurement Mode: VSI

Time: 13:51:47Title: 

UserNote2: 

UserNote3: 

Aluminium step target

-922

847

700

500

300

100

-100

-300

-500

-700

nm

Date: 03/11/2011
Time: 10:14:59

Title: 
Note: 

3-Dimensional Interactive Display

Ra: 343.32 nm

Rq: 389.65 nm

Rt: 1.77 um

Magnification: 1.38

Measurement Mode: VSI

Sampling: 7.15 um

Array Size: 640 X 480

Surface Stats:

Measurement Info:

Step thickness (average)

- 100 nm

- 316 nm

- 557 nm

- 809 nm

- 1166 nm

Figure 4.3: Microscopic picture of the novel step target design used in the
Artemis experiment (reproduced with permission from S. M. Vinko).

WDM that are consistent with accurate absorption measurements in defined

conditions. Second, as we will see they offer new insight into the opacity of

ground state metals illustrating the importance of so-called local field correc-

tions (LFC) to the dielectric function and quasi-particle corrections to bound

state energies. These corrections will be shown to be necessary to reproduce

the Artemis results, previous work on Al that aimed to reproduce the CXRO

database in the cold limit may have provided a misleading impression that de-

tailed multi-centred DFT calculations including LFC and quasi-particle cor-

rections such as the ones presented here were not necessary to describe the

opacity in ground state metals.

It is in within this context that I present in this chapter the opacity of solid
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density Al from the ground state through to WDM conditions modelled from

first principles using a combined DFT plus many-body theory approach.

4.2 Self-energy G0W0 corrections

Just as actual DFT exchange-correlation functionals hinge on approximating

the complex, quantum mechanical, processes in many-body systems by com-

parison to simpler cases (such as the uniform electron gas); practical many-

body theory calculations require their own approximations in order to truncate

the previously mentioned Martin-Shwinger hierarchy of equations describing

correlations between increasing numbers of particles within a statistical sys-

tem.1 Within condensed matter physics it is the GW approximation, discussed

in more detail later, that is the typical go-to approximation for correcting DFT

band-gap energies. These many-body approaches replace the DFT exchange-

correlation functional with an equivalent self-energy term Σ analogous to the

scattering event ‘blob’ of Diag. 4.3 that arises in the context of IB calcula-

tions. Whether the DFT calculation is used as a seed for a self-consistent

many-body calculation or the latter is treated as a first-order correction to

DFT is indicated by appropriate subscripts. For example, the calculations of

this chapter are of the G0W0 variety where the subscripts indicate that the

DFT-calculated (i.e. zeroth order in our corrections) single-particle Greens

function G and screened Coulomb potential, to be introduced later, W is used

to compute the many-body self-energy.

Advanced numerical schemes implementing the DFT + G0W0 approach

are already available and have been widely applied to condensed matter sys-

tems. On the other hand, very few DFT + G0W0 have been performed using
1As an aside, this hierarchy can also be expressed in terms of a single, closed functional-

differential equation for the 1-particle Green function [68], though this is not particularly
useful for the calculations in this thesis.
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finite temperature many-body theory [125], as a result, it has been necessary

for the author to implement such a capability within a plane-wave DFT code

for which Abinit [47] was chosen. Many-body theory has however been exten-

sively applied to describe both the equilibrium and non-equilibrium evolution

of finite-temperature interacting systems, including under WDM conditions.

The key object we require is the Kadanoff-Baym contour, also referred to as

the extended Keldysh contour, as shown in Fig. 4.4. This allows for an ele-

gant expression of the time-dependent expectation value of an operator Ô(t)

in terms of the complex time evolution operator: Û(t, t′):

O(t1) = Tr
[
ρ̂(t1)Ô

]
= Tr

[
ρ̂(t0) Û(t1, t0) Ô Û(t0, t1)

] (4.5)

Where t1 is after t0 such that Û(t0, t1) and Û(t1, t0) evolve a ket forwards and

backwards in time respectively. As per the usual in Green’s function based

quantum mechanics, it is convenient to extend the time evolution operators

to complex arguments; the forward operator being analytically continuable to

the upper half plane and the backwards operator to the lower half. Adding an

infinitesimal imaginary component to these operators the expectation value of

Ô(t) becomes:

O(t1) = Tr
[
ρ(t0) Û(t1 − i0, t0 − i0) Ô Û(t0 + i0, t1 + i0)

]
=

1

Z(β)
Tr

[
Û(t0 − iβ, t0) Û(t1 − i0, t0 − i0) Ô Û(t0 + i0, t1 + i0)

] (4.6)

Where in the final line, the density matrix at t0 has been assumed to be that

of thermal equilibrium at a temperature T = 1/(βkB) thereby possessing the

partition function Z(β). Defining a Kadanoff-Baym contour ordering operator

TKB we then have:
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Figure 4.4: Contour illustrating the time evolution of the wavefunction in
equation 4.7. Branches C1 and C2 describe causal and anti-causal evolution,
or alternatively can be viewed as the evolution of the ket and bra respectively
from time t0 to t1. Branch C3 provides the initial thermal ensemble of states
at t0. Under equilibrium starting conditions and for system Hamiltonians that
are not explicitly time-dependent, i.e. the conditions relevant to this work,
both g> and g< are related via detailed balance considerations.

O(t1) =
1

Z(β)
Tr TKB

[
Û(t0 − iβ, t0)Ô(t1)

]
(4.7)

In a similar manner we may express the single particle Kadanoff-Baym

Greens function as:

G(r1, t1; r2, t2) =
1

Z(β)
Tr TKB

[
Û(t0 − iβ, t0)ψ̂

†(r2, t2)ψ̂(r1, t1)
]

(4.8)

Note that for real times the single particle Green’s function, as well as n-

point correlation functions in general, will differ in their analytic behaviour and
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physical interpretation depending on the precise ordering along the Kadanoff-

Baym contour as shown in Fig. 4.4. For real times, 4 different Green’s func-

tions can be defined:

Gc =
1

Z
Tr e−βH0Tc

[
S(t0 − iβ, t0)ψ̂+ψ̂+

]
Gc̄ =

1

Z
Tr e−βH0Tc

[
S(t0 − iβ, t0)ψ̂−ψ̂−

]
G< =

1

Z
Tr e−βH0Tc

[
S(t0 − iβ, t0)ψ̂+ψ̂−

]
G> =

1

Z
Tr e−βH0Tc

[
S(t0 − iβ, t0)ψ̂−ψ̂+

]
(4.9)

The utility of Fig. 4.4 and Eqn. 4.9 is their combined ability to express

time ordered, retarded and advanced Green’s functions in a manner suitable

for perturbation theory.

The above expressions are quite general and suitable for describing the

evolution of a system in thermal equilibrium at t0. At this point, we look for

a means to perturbatively expand the time evolution operator in terms of the

non-Hartree electron-electron interaction that is responsible for the exchange-

correlation term in DFT. Unfortunately, the partition function in the denomi-

nator complicates the calculation unless we are prepared to calculate a quotient

of Feynman diagrams. There are two ways around this problem. One is to

introduce the electron-electron interaction adiabatically and set t0 → −∞,

the initial partition function can then be taken as that for the non-interacting

system.2 The other is to calculate correlation functions for points t1 and t2

along the imaginary time contour C3 following Matsubara’s method, and then

to analytically continue the result to the real axis. In this chapter, I have fol-

lowed the latter approach which avoids directly dealing with the various Green
2The more general case of a non-adiabatic perturbation is dealt with using the full

Kadanoff-Baym equations and their extension to the inclusion of initial correlations by
Semkat et al [126].
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function orderings shown in Fig. 4.4 and their complex analytic behaviours.

The intention is to use DFT Kohn-Sham eigenstates to build a starting

Green’s function G0(x,x’; ε) , we then turn to many-body theory to provide

us with some approximate expression for Σ(x,x”; ε) in terms of G0(x,x’; ε)

and solve for the new Green’s function G1(x,x’; ε). This procedure can then

be iterated to self consistency determine to correct interaction Green’s function

G(x,x’; ε).

Formally speaking the exact expression for Σ(x,x”; ε) is coupled to the

3-point Green’s function, and so on ad-infinitum leading to a hierarchy of

equations analogous to the classical BBGKY hierarchy. In practice we curtail

this chain of equations by proposing an approximate equation for the motion

for an n-point function, or alternatively restricting the the Coulomb interaction

to finite order of e2. In this thesis I will be working within the so-called DFT

+ G0W0 approximation:

Σ(r, t; r’, t′) ≈ iG0(r, t; r’, t′)W0(r, t; r’, t′). (4.10)

W0(r, t; r’, t′) = ε−1(r, t; r’, t′)VC(r − r’). (4.11)

Where W is a dynamically screened Coulomb potential.

= +
Σ

(4.12)

In addition, this will be a non-self consistent approximation. The screened

Coulomb interaction W0 is to be taken from an initial TDDFT calculation and

used to calculate the interacting Green’s function G(x,x’; ε), but we do not

follow up with additional iterative calculations of W , Σ and G.

Physically we may interpret this with the aid of the Feynman diagrams

shown in Fig. 4.5. The self-energy term describes the dynamic potential felt
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by an electron moving from point to point, as due to the plasma response to

said motion. Additionally, the electron experiences the potential due to static

and dynamic charge density correlations in the plasma as a correction to the

mean-field Hartree approximation.

The importance of vertex corrections to the self-energy operator will not be

investigated in this thesis, in part due to the computational expense of solving

the Bethe-Salpeter equation and limited ability of current exchange-correlation

kernels to accurately account for electron-hole interaction. Fortunately, the

G0W0 approximation already provides a very good prediction for energy gaps

in condensed matter systems compared to Kohn-Sham eigenvalues. Vertex

corrections using the LDA exchange-correlation kernel do not generally pro-

vide much better results than G0W0 calculations, whilst in the warm dense

matter regime multiple recent studies have found either the RPA or LDA ker-

nel provides calculations for the dielectric function in good agreement with

experimental results - band gap problems notwithstanding.

The advantages of fully self-consistent calculation in the absence of ver-

tex corrections have been discussed and criticised at length in the condensed

matter regime [54]. Regardless, G0W0 already provides a substantial improve-

ment over the Kohn-Sham eigenvalues and it should be stressed that for the

purpose of this work we are interested in correcting binding energies differing

by up to 10 eV from their experimental values. At the time of writing, very

few finite temperature DFT + GW calculations have been published at any

level of approximation. The effects of quasi-particle self-consistency, as well as

vertex corrections, are of course topics worthy of further study and considera-

tion in warm dense matter systems. However, the several orders of magnitude

more precise sub-eV G0W0 calculations commonplace with condensed matter

systems are perhaps overkill in a regime where density/temperature gradients,

breakdowns of the Born-Oppenheimer approximation, and non-equilibrium
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conditions are all possibilities as well.

When calculating the self energy it is convenient to separate contributions

due to exchange and correlation: Σ = ΣX + ΣC . Where ΣX is the finite

temperature exchange energy term. For single shot G0W0 corrections we only

require the diagonal elements of the self energy. In the Matusbara formalism

we can express ΣC(z) for points z = (2n + 1)πi along the imaginary axis in

terms of the dielectric function at frequencies ωm = 2mπi [68]:

ΣC
nn(iνn′) =

iT

2π

∑
GG′,m,iωn

[Mmn
G (k)]∗Mmn

G′ (k)WC
GG′(ω)

iνn′ + iωn − εKS
m (k) , (4.13)

where the Kohn-Sham matrix elements are Mmn
G =

〈
ψKS
m (k)

∣∣eiGr
∣∣ψKS

n (k)
〉
,

the screened Coulomb interaction is given by WC
GG′(ω) = (ε−1

GG′(ω) − 1)V C
GG′ ,

and where we have set the chemical potential µ = 0 for convenience. The

retarded self-energy Σ(ω + i0+) is then obtained by analytical continuation

from the upper-half plane to the real axis as shown in Fig. 4.5. Here, this is

achieved numerically by fitting to a Padé approximant. In condensed matter

systems this method of numerical analytic continuation is normally considered

to be a less accurate, but quicker, alternative to the contour deformation

method [127]. We find it to be sufficient for its primary purpose here, that of

correcting the position of the L-edge.

4.3 Results

The ab-initio calculations for each regime consist of three steps. First, a multi-

centred Kohn-Sham DFT [5, 6, 27] simulation is performed using Projector

Augmented Wave (PAW) [53, 129] pseudopotentials with 1s electrons frozen

in the core. Up to 1500 bands are calculated in 32 atom unit cells with a

2 × 2 × 2 k-point grid Brillouin zone sampling and a plane-wave cutoff of
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Analytical continuation via Padé 
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⌃C(⌫n = (2n+ 1)⇡i)
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Figure 4.5: Illustrative diagram for the method used to calculate G0W0 correc-
tions to the Kohn-Sham eigenvalues. Diagrams for the self energy Σ are shown
in terms of the Kohn-Sham Green’s function G0. The corrected energy eigen-
values are obtained by considering the spectral function A(ω) (see Fig. 4.6),
for which the self energy (Eqn. 4.13) is first analytically continued from the
fermionic Matusbara frequencies νn to the real axis using a Padé approximant.

400 eV. An ensemble of ion positions is obtained by evolving the system in time

for 3 ps in the Born-Oppenheimer approximation whilst coupled to a Nosé-

Hoover thermostat. Second, Time-Dependent DFT (TDDFT) [71,90] is used

to calculate the first-order density response function within the RPA, and thus

the dielectric function of the system [41] for selected ion spatial configurations

from the last 1 ps of evolution. Finally, the calculated dielectric function is

used to compute the first order, finite temperature G0W0 corrections to the

Kohn-Sham energy levels for bound L-shell states and low lying continuum

states, thereby addressing the infamous band-gap problem [54]. Here, this

step corrects the position of the L-edge. The G0W0 corrected quasi-particle

energies are then used to compute the final dielectric function. Whilst GW is

frequently used in the ground state to correct band gaps to sub-eV accuracy, a

detailed study of finite temperature many-body effects on the structure within
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2p Continuum 
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Figure 4.6: Plot showing contributions to the T = 15 eV spectral function
from L-shell and lowest energy continuum state. By fitting the main peaks to a
Lorentzian both the energy and lifetime of each quasi-particle may in principle
be calculated. However, the suitability of both the Padé approximant [128]
and the GW approximation itself [117] to accurately describe complex satellite
features in the spectral function has been questioned. With this in mind, and
given that it is primarily the eigenvalues rather than lifetimes of quasi-particles
that G0W0 approximation has been successfully applied to, only the energy
corresponding to the peaks of the spectral functions is used.

the continuum is beyond the scope of this thesis.

In Fig. 4.7 the calculated opacity for cold Aluminium is plotted alongside

previous theoretical calculations, whilst in Fig. 4.8 the calculated opacity

is compared to the Artemis data and past experimental results [119–122].

Ab initio calculations agree reasonably well with the Artemis data as well as

being consistent with measurements by Henke et al. and Birken et al. The

contribution of both LFC and GW corrections are significant at frequencies

above the plasma frequency. LFC increases the opacity in the intermediate

region (15 eV < ω < L-edge) whilst decreasing absorption above the L-edge.

Notably, the Cooper minimum feature present in both the Gullikson data

and average-atom simulations [103] at ω ≈ 20 eV does not appear in these

calculations or the supporting experimental data. It should be noted that

experimental error bars were not quoted alongside the measurements of Henke
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AA

Figure 4.7: Opacity for room temperature Al calculated using DFT at different
levels of approximation, as compared to the low temperature limit of previous
average-atom simulations [103] and IB models [100].

et al., Gullikson et al., or Birken et al. and so the extent of deviation for these

data sets from our model cannot be absolutely determined.

Above the L-edge, the ab initio calculations appear to underestimate the

opacity by about a factor of 2. The exact reason for this is not immediately

clear, though it appears to be a consequence of the G0W0 corrections. Whether

this discrepancy is removed following self-consistent quasiparticle calculations

or with the inclusion of electron-hole interactions is beyond the scope of this

work. In the free-free regime the inclusion of LFC and applying G0W0 correc-

tions are necessary to reproduce the experimental data, the influence of both

of which is shown in Fig. 4.8 b. The importance of including both of these ef-

fects should not be underestimated as indeed the neglect of these actually leads

our model to (presumably coincidentally) better fit the Gullikson et al. data.

Here lies find a clear warning for the consequences of approximations made on
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Figure 4.8: Opacity for room temperature Al compared to the new Artemis
measurements and previously published experimental results. The inclusion
of LFC and G0W0 corrections (also see Fig. 4.7) brings our calculations closer
in line with both the Artemis data and the measurements of Henke et al. [121]

premature conclusions of the accuracy of both models and measurements. As

a result whilst the model thus far appears to match the latest free-free opacity

measurements favourably, future work should include self-consistent quasipar-

ticle calculations as well as the inclusion of exciton effects - the influence of

both of which may turn out to be important.

In Fig. 4.9 the calculations are extended into the warm dense matter

regime, showing the predicted opacity for equilibrium, solid density Al at

T =1, 5, 10 and 15 eV. In moving from room temperature to T = 1 eV

the free-free opacity increases considerably. This is in contrast to previous

average-atom [103] and IB calculations [100], as shown in Fig. 4.10 and 4.11

respectively. In addition, the recently published (at the time of writing) mea-

surements by Kettle et al. [102] are included. For the latter, experimental

conditions were estimated to be Te ≈ 1 eV based on their modelling, how-
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[~        ]

Figure 4.9: Calculated opacity for equilibrated warm dense Al up to T = 15
eV along with the single data point of Kettle et al. [102]. The free-free opacity
increases considerably upon melting in part due to LFC for the T = 1 eV case.

ever a separate experimental determination was not available. Kettle et al.

observed no significant change in opacity compared to ambient conditions,

though it should be noted that their cold measurements do differ significantly

from both the simulation and Artemis measurements presented here.

Calculations performed using room temperature ion configurations, but

with the electrons heated to 1eV, suggest a breakdown of the lattice struc-

ture to be responsible for the sudden increase in free-free absorption at T =

1 eV. This may explain why such an increase was not predicted by the pre-

vious IB theory (in which the role of ion-ion correlations was only estimated)

or average-atom calculations. A key difference between the latter and the

author’s calculations is the use here of periodic supercells; well suited to rep-

resenting the periodic Al fcc lattice in the cold limit, and capable of dealing

with non-spherically symmetric ion distributions. The discrepancies between

these three models suggest the ion distribution, boundary conditions and sym-

metries of the system may have a significant impact on the absorption in WDM
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,
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Figure 4.10: Comparison of the calculated opacity for warm dense Al with
the average-atom (AA) calculations of Shaffer et al. [103]. Note that the
calculations of reference [103] do not predict any substantial changes in the
opacity until a temperature of 5 eV is reached, with the opacity at T = 1 eV
essentially unchanged from that of T = 0.1 eV.

at low temperatures.

For ω < 35 eV the temperature dependence of the opacity is consistent with

plasmon broadening. For 35 < ω < 60 eV only a relatively weak temperature

dependence is predicted with the exception of the 2s-2p resonance (ω ≈ 42 eV)

owing to thermal ionisation of the L shell at the highest temperatures. Closer

to the L-edge, significant pre-edge features develop as low lying continuum

states are thermally depopulated. This should be distinguished from changes

in the continuum lowering which remains relatively constant - only changing

by ≈ 4 eV for the highest temperature of T = 15 eV.

Large-scale DFT, and in particular G0W0, calculations are expensive, espe-

cially at higher temperatures. As such, there is a clear incentive to establish in

what conditions simpler models, such as IB calculations, may be safely used.
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Figure 4.11: Comparison of our calculated opacity with the Inverse
Bremsstrahlung (IB) model of reference [100] at high temperatures. Our re-
sults appear to be approaching the general form of the IB model, and match
it particularly well below the 2s-2p resonant transition.

In Fig. 4.11 we plot our finite temperature calculations along with the IB

model of [100]. The latter used a frozen core pseudopotential and therefore

cannot be expected to replicate the 2s-2p bound-bound transition or L-edge

features present in the work here. Nonetheless, the IB calculations closely

agree with the results for ω < 25 eV at T = 1 eV where the opacity is domi-

nated by the plasmon feature, and at higher temperatures our calculations do

indeed appear to be approaching an IB like opacity - particularly below the

2s-2p feature. Incidentally, in that frequency range the results for T = 15 eV

very closely follow the IB opacity for T = 10 eV.

4.4 Conclusions

This chapter presents calculations for the opacity in Al from the plasma fre-

quency up to the L-edge, under conditions of solid density and temperatures

from room temperature up to T = 15 eV. Room temperature calculations indi-
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cate significantly higher free-free opacity than the measurements of Gullikson

et al. [119] used in the CXRO database [123], but remain consistent with the

results of references [121, 122] and unpublished measurements at the Artemis

facility. The simulations presented here are unique in that they combine DFT

with finite-temperature many-body theory calculations under WDM condi-

tions, exhibiting clear deviation from previous average-atom and IB models

at finite temperatures. The influence of LFC and corrections to the L shell

binding energy on the resulting opacity has been shown with both having

significant effects, especially at lower temperatures. The author has imple-

mented a finite-temperature G0W0 code within Abinit, with the potential to

model continuum lowering effects in WDM and dense plasma conditions from

first principles. Whilst changes in continuum lowering for the relatively low

temperatures and charge states considered here are expected to be small, the

fact that we nonetheless appear to be obtaining sensible L-edge positions bodes

well for potential future applications of finite temperature G0W0 in dense plas-

mas.



5

Conclusions and future work

Within this thesis, I have described how and why DFT can be used to guide

our understanding of the properties of warm dense matter and dense plasma.

The advantage of DFT lies is its ability to reduce the complex behaviour of

an interacting many-body wavefunction to a description of the density, and

possibly current, alone. For these reasons, both Kohn-Sham and orbital-free

density functional theory are now widely applied to study dense plasmas and

warm dense matter conditions. However, the complete application of DFT in

its time-dependent form has recently seen rapid growth in the field of warm

dense matter and dense plasmas. In this thesis, I have therefore sought to

explore and inform on how DFT techniques might be tailored for specific

application to warm dense matter systems.

Chapters two to four of this thesis may loosely be associated with the study

of bound electrons, free electrons, and unified treatment of both. Specifically,

whilst DFT contains no a priori distinction between bound and free electrons,

nor does such a distinction have any bearing on the immediate goal of obtaining

the correct mean electron density, each of the three main chapter topics find

their most obvious application in dealing with properties of the corresponding

sub-population of states in the system. Here I will briefly summarise each

92
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chapter in this context and provide discussion for future research directions.

In chapter 2, the merits of excited core pseudopotentials as a method of

explicitly modelling the distribution of ion charge states in plasma was dis-

cussed. Standard finite temperature, all-electron DFT calculations do not

provide easy access to properties arising from individual charge state configu-

rations - although the Hohenberg-Kohn theorems establish the information is

there.

The nature of Kohn-Sham orbitals makes imposing arbitrary occupation

numbers as a means to enforce a given charge state distribution, to be of

unclear immediate physical meaning. However, in chapter 2 I have taken

steps to justify the excited frozen-core pseudopotentials as a way to obtain

meaningful results for arbitrary occupation numbers. This was done first by

establishing that the frozen-core approximation continues to hold for ther-

mally excited core states by comparing the resulting density of states with

those from an all-electron calculation. Second, it was argued from a many-

body theory that the interaction between core and valence states is sufficiently

well described through the Hartree interaction, along with wavefunction or-

thogonality, alone. Following this line of thought, we can then decompose our

treatment of exchange-correlation effects to the core and valence electron sys-

tems separately. This would mean that a self-consistent combined treatment

of the two systems, which need not be in equilibrium with each other but at

this point in the argument must separately be in equilibrium if we are to use

DFT to describe both, is determined via their mutual Hartree interaction and

orthogonality conditions.

The density of states comparison demonstrates core-valence exchange-correlation

interactions to be negligible for thermal occupations, and the linear nature of

the Hartree interaction with respect to occupation number suggests, but does

not prove, this also holds when the core and valence systems are not in equi-
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librium. The final step towards arguing for arbitrary, non-equilibrium core

configurations comes via the success the delta self-consistent field method has

had in describing excitations in finite size systems, of which the frozen ion core

is an example of, using equilibrium DFT exchange-correlation functionals.

Excited PAW potentials offer a computationally simple method to study

how the presence of a full distribution of ion charge states impacts physical

properties when a clear distinction between core and valence states can be

made. In allowing one to explicitly model the distribution of charge, excited

PAW potentials can aid us in examining what role the local micro-field plays

in influencing measurements, such as spectral lines and ionisation energies,

that probe a plasma system on the length scale of individual ions and their

immediate surroundings. Furthermore, being able to explicitly model charge

distributions also opens up a means to study how microscopic charge state

disorder couples to macroscopic transport properties. There exists extensive

research regarding the localisation of wavefunctions and the occurrence metal-

to-insulator Anderson phase transitions within disordered condensed matter

systems. Using excited core potentials, we can address whether similar phe-

nomena can occur driven by on-site charge state disorder in XFEL or laser-

produced plasmas, and on an ultrafast timescale before significant ion motion

leads to additional, structural disorder by breaking lattice symmetry.

In chapter 3, time-dependent DFT was extensively discussed as a means to

obtain general response properties of plasmas and metals. Unlike bound states,

free electrons exhibit complex collective behaviour in addition to single-particle

excitations. As such, generating excited configurations by simply imposing oc-

cupation numbers in the manner of excited pseudopotential construction is of

less immediate physical meaning. The extension of DFT to time-dependent

linear response theory allows for physical quantities such as excitation energies

and density fluctuations to be calculated without assigning a physical meaning
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to the Kohn-Sham states themselves, allowing for direct access to the dynamic

properties of strongly correlated electron systems. By applying the Langreth

rules in conjunction with the fluctuation-dissipation theorem and standard

linear response theory manipulation, an expression for the electron-density

dynamic structure factor was derived including contributions from both elec-

tronic and nuclei motion. In particular, the tensor nature of both response

functions and structure factors was seen to be important in producing the

Chihara decomposition. The work of this section suggests a decomposition

into homogenous and inhomogeneous terms may aid in separating the contri-

butions from electronic and nuclei motion respectively.

From a technical point of view, special attention was paid to the handling

of the continuum limit when modelling free-electron like systems using a fi-

nite number of states. The common methodology of inserting DFT states into

the Kubo-Greenwood formula along with replacing a Dirac delta pole with a

finite width Gaussian was discussed and critiqued. In chapter 3, I have pre-

sented results that move beyond some of these approximations, accounting for

local field corrections to macroscopic properties and handling the continuum

limit using a method that avoids artificial structure arising from the wings of

Gaussian or Lorentzian functions. Technical details regarding the interband

and intraband contributions have been explained, together with the associated

consequences for the plasma frequency, and a method of extrapolating to the

correct plasma frequency using the Bohm-Gross formula is also suggested.

In chapter 4 the free-free opacity in ground-state and warm, solid density,

Al was modelled by combining the response function formalism of chapter 3

with a Green’s function many-body theory treatment of exchange-correlation

effects. The latter provides an ab-initio means with which to correct the

well-known band-gap problem in DFT using the finite temperature G0W0 ap-

proximation for the self-energy. Such a calculation, whilst commonplace in
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the ground-state condensed matter limit, has not previously been applied to

correcting DFT results in warm dense matter conditions and the work of this

chapter represents a significant contribution to the theoretical prediction of

bound-state energies in dense plasmas and under warm dense matter condi-

tions. Consequently, it was necessary to write and implement a finite temper-

ature many-body theory code within the Abinit DFT code, a version of which

will in the future be made available to other Abinit users.

Future work may concern either alternative computational approaches to

the Padé method and/or approximations to the self-energy beyond the GW

approximation. The author’s many-body theory code has been sufficient for

calculating continuum lowering effects in the cold limit and in WDM condition,

however, the description of the spectral function in general such as satellite

states and finite-lifetimes remains incomplete. Though DFT+G0W0 calcula-

tions will likely remain computationally expensive, calculations for a single

ion situated with suitable periodic boundary conditions may prove useful for

simulating solid density, XFEL produced plasmas probed over timescales too

short for significant ion motion to take place.

The theoretical results of chapter 4 were compared favourably to experi-

mental measurements of the free-free opacity in ground state Aluminium con-

ducted using the Artemis facility at the Rutherford Appleton Lab. Crucially

both bound state behaviour, via many-body corrections to the binding energy,

and a proper account of the tensor nature of free-free linear response proper-

ties, via local field corrections, had a significant impact on the calculations at

lower temperatures. A short paper describing the experimental and theoretical

details is available on arxiv, with a more in-depth and extended manuscript

having been accepted to a peer-reviewed journal, and will be published in due

course.
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