Some problems in Abstract
Stochastic Differential Equations on
Banach spaces

UNIVERSITY OF

OXFORD

P V Crewe
St John’s College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy in Mathematics

Michaelmas Term 2011






Acknowledgements

There are many people and groups to thank for their help and support in the
course of writing this thesis, but principal among them is my supervisor Charles
Batty. I remember my first Oxford tutorial in Charles’ office more than seven years
ago (that first problem sheet was a rather poor effort) and through the course of two
degrees and countless tutorial and supervision sessions Charles has been an unstinting
source of support and inspiration.

Outside of mathematics, much of my life at university has been dominated by
rowing in one way or another. I arrived at St. John’s in 2004 as a skinny, unfit,
eighteen year old with little sporting background but thanks to St. John’s College
Boat Club and later the Oxford University Lightweight Rowing Club I have rowed
on some of the most beautiful stretches of water in Europe and along side some of
the fastest crews in Britain. I have won Blades in the top division of Summer VIIIs
and raced two Lightweight Boat Races against Cambridge, the second as the winning
President. To everyone who coached, coxed or rowed with me in that time, you are
the people who made every pre-dawn start, every hour on the erg and every outing
with ice growing on the riggers worth it. Also, thanks again to Charles, not just for
tolerating my rowing habit, but for taking an active interest, for supporting from the
riverbank and for trusting me to manage my work when other supervisors might have
taken a dim view of the hours involved.

In the summer of 2010 I was invited to the Delft University of Technology, by
Professor Jan van Neerven. As well as for being the source of much of the work that
inspired this thesis, I'd like to thank Jan, together with Mark Veraar, Sonja Cox and
the rest of the group at Delft for interesting and useful discussions and for being such
gracious hosts.

Finally, thanks to Junaid, Matt, David and Felix for making the functional analysis

office a place I wanted to work and to my family for being there when I needed them.






Abstract

This thesis studies abstract stochastic differential equations on Banach
spaces. The well-posedness of abstract stochastic differential equations
on such spaces is a recent result of van Neerven, Veraar and Weis, based
on the theory of stochastic integration of Banach space valued processes

constructed by the same authors.

We study existence and uniqueness for solutions of stochastic differential
equations with (possibly infinite) delay in their inputs on UMD Banach
spaces. Such problems are also known as functional differential equations
or delay differential equations. We show that the methods of van Neerven
et al. extend to such problems if the initial history of the system lies in a
space of a type introduced by Hale and Kato. The results are essentially
of a fixed point type, both autonomous and non-autonomous cases are

discussed and an example is given.

We also study some long time properties of solutions to these stochastic
differential equations on general Banach spaces. We show the existence
of solutions to stochastic problems with almost periodicity in a weak or
distributional sense. Results are again given for both autonomous and
non-autonomous cases and depend heavily on estimates for R-bounds of
operator families developed by Veraar. An example is given for a second

order differential operator on a domain in R?.

Finally we consider the existence of invariant measures for such problems.
This extends recent work of van Gaans in Hilbert spaces to Banach spaces

of type 2.
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Chapter 1

Introduction

1.1 Background

The subject of this thesis is abstract stochastic differential equations on Banach spaces
and some natural extensions to the well posedness results of van Neerven, Veraar and
Weis in [69] and related papers. Given existence and uniqueness of solutions to a
new class of equations, it is natural to ask in what ways can we perturb the problem
while preserving well posedness, or if solutions to this new class of problems exhibit
interesting properties that have been studied in related systems.

Abstract stochastic differential equations are a powerful tool to study stochastic

partial differential equations. Consider a problem on a domain O C R¢

0

576 6) = (L(tu(t, ) (€) + F (1€ u(t, ) + 3 ga(t: & u(t,©)OWa(t),  (11)

n=1

with some initial and boundary conditions, where L(t) is a family of differential
operators and (W,,) is a sequence of independent Brownian motions. Examples include
stochastic heat and wave equations. It is often the case that (1.1) can be put in the

form of an abstract Cauchy problem
dU(t) = [A(t)u(t) + F(t,U(t))| dt + G(t,U(t)) dW(t) (1.2)

on some Banach space F of functions, where W is a cylindrical Brownian motion on
an associated Hilbert space H (our model of “space-time white noise”). The hope is
that then (1.2) can be studied using the techniques of operator theory and evolution
equations. This approach can give insight into many qualitative properties of the
problem (1.1), such as well-posedness (existence and uniqueness of solutions in various

senses), regularity (continuity, smoothness, differentiability and more abstract notions
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which lie between these well known properties) and asymptotics (long term rates of
growth and decay, as well as global behaviours such as almost periodicity, ergodicity
and invariant measures).

Operator theoretic techniques and abstract Cauchy problems were developed in
the first half of the 20*® century as a tool for studying partial differential equations.

A key notion is that the solution of a well-posed linear homogeneous problem

dt - (1.3)
u(0) =zek,

is of the form wu(t) = S(t)x for some family S(¢) of linear operators on the Banach

space E. S(t) is called a semigroup in view of the fact that
S0)x=x and S+ s)x=S5(t)S(s)x

for all x € E. In a strictly algebraic sense, any operator semigroup S(t) is a represen-
tation of the same semigroup (R, +), however, such language will not feature again
in this thesis. In general the map ¢ — S(t) is not continuous with respect to the
norm on L£(E), but if (1.3) has continuous solutions for any initial condition z € E
then the map ¢t — S(t)x = wu(t) is continuous for all x € E and S(t) is said to be
continuous in the strong operator topology, or a Cy-semigroup. The operator A in
(1.3) is called the generator of S(¢) and we shall see (Theorem 2.5) that generation
of a strongly continuous semigroup characterises well-posedness of (1.3).

Strongly continuous semigroups are the building blocks of solutions to more com-
plicated problems. A problem is called semi-linear if it is composed of a linear part
which is “large” and dominates the behaviour together with a non-linear part which

is “small” in some relative sense. Consider the problem

—u(t) = Au(t) + F(tu(t), t>0 (1.4)

u(0) =z € k.

Under the assumption that we can solve the linear problem (1.3) (i.e. that we have

knowledge of the semigroup S(t) generated by A) and that F is sufficiently well



behaved, the solution of (1.4) is given by the variation of parameters formula
t
u(t) = S(t)x +/ S(t—s)F(s,u(s))ds, t>0. (1.5)
0

Typically the solution u(t) to the integral equation (1.5) is then shown to exist by
fixed point methods in some suitable space and this solution is considered to solve

(1.4) in a mild sense.

1.1.1 Stochastic integration

In this thesis we are interested in problems such as (1.2) where there is an additional
random perturbation by some space-time white noise term, which may or may not
depend on the state u(t) of the system. To make sense of such problems in an infinite

dimensional setting it is necessary to understand the associated integral equation
t t
u(t) = S(t)x—i—/ S(t—s)F(s,u(s)) ds+/ S(t—s)G(s,u(s))dW(s), t>0, (1.6)
0 0

and hence we need a theory of stochastic integration for functions taking values in
infinite dimensional spaces.

Since the classical Ito integral extends in a natural way to Hilbert spaces, abstract
stochastic problems such as (1.2) have been studied by semigroup methods on Hilbert
spaces since the 1970s. Original papers on the subject include Curtain and Falb [26]
and Dawson [35] and [36], but the field reached some maturity with the work of Da
Prato et al. in the 1980s, [29], [30] and [33]. One of the most significant developments
of this period is the factorisation method of [29]|, which formed the basis for most
future study of regularity for stochastic equations and which generalises readily to
Banach spaces.

Some of the early moves to handle equations such as (1.2) in a wider class of spaces
were by Brzezniak, [20] and [21] in the mid 1990s, where the stochastic integral is
extended from a Hilbert space setting to Banach spaces of martingale type 2. In
the early 2000s the theory developed further, with stochastic integrals in arbitrary
Banach spaces constructed for the first time. Initially, existence and uniqueness of
equations with constant noise terms G(t,u(t)) = G € L(H, E) were considered on
separable spaces by Brzezniak and van Neerven [23], making sense of the stochastic

convolution

/t S(t—s)GdAW (s)
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by embedding E in a larger Hilbert space and using Hilbert space methods. Equations
with arbitrary deterministic inhomogeneous terms G(t) came next in work of van
Neerven and Weis [70], who constructed a theory of integration intrinsically in the
Banach space E and obtained a characterisation of functions ¢ : [0,7] — L(H, E),
with any Banach space F, for which

/ " () AW (s)

is well defined. It is in this paper that stochastic integration is first expressed in terms
of v-radonifying operators. The theory is detailed in Chapter 3, but the main feature
is that stochastically integrable functions ¢ : [0,7] — L(H, F) form a Banach space,
written as v(L*(0,T; H), E), and the norm || - ||, on this space gives a two sided Ito

type isometry for the stochastic integrals

2
< cllo|. (1.7)

ol <] [ o) awie

Multiplicative noise terms, (i.e. equations where G depends on U(t)) and the as-
sociated theory of stochastic integration for integrands that are themselves random
processes were a significantly greater challenge. In [68], van Neerven, Veraar and Weis
complete the search for a good theory of stochastic integration on Banach spaces by
building an integral for processes ® : [0,T] x Q — L(H, F). To do this they introduce
a new Brownian motion on a different probability space and use a “decoupling inequal-
ity” of Garling [44] in order to reduce the problem to that of deterministic integrands.
Garling’s inequality requires the restriction to spaces with the UMD property, a class
which includes LP for 1 < p < oo, but through certain tricks, one sided estimates are
still available in a slightly larger class that includes L'. Once again the result is a
Banach space of integrable processes along with a two sided It6 isometry of the form
of (1.7).

In the paper [69], the same authors apply this theory to existence, uniqueness
and regularity of (1.2). Fixed point methods are used in a precisely chosen space of
continuous processes, the semigroup is assumed to be analytic and the factorisation
method of Da Prato [29] is used heavily in the course of highly sophisticated estimates
on a fixed point operator. In [86], Veraar studies the associated non-autonomous
problem (that is, where A(t) is a family of operators which change with time, rather

than being a fixed operator A) on a scale of spaces that is slightly restricted in order



to give a larger class of integrable processes. Further discussion of the methods used
appears in Section 4.1.

Hence we approach this thesis with a well developed theory of stochastic integra-
tion in place and existence and uniqueness of solutions to (1.2) firmly established. It
is natural then to ask whether related problems which have been studied on Hilbert
spaces or in the context of deterministic evolution equations also extend to this new

setting. We show in the following chapters that several such extensions are possible.

1.1.2 Delay equations

An active field of research in engineering, materials science, biology and financial
mathematics is stochastic delay equations. These problems, also known as functional
differential equations, are ones in which the evolution of the system depends not just
on the current state, but also on the past states of the system in some way. If the
system looks back only a finite time into the past then such equations can be modelled
with semigroup methods by lifting the problem from E up to a new problem on a
space of functions from the past into £. Such methods are detailed in [39, Section
VI.6] and the book of Batkai and Piazzera [11]. The earliest systematic investigation
of equations with delay was by Volterra in the early 20" century, but the use of
semigroup methods on appropriate function spaces dates to Krasovskii [56]. The
general theory was first formulated in the modern form by Hale in the 1960s and
became well established with the book [49], with the non- and semi-linear version
coming later by Webb [88].

Suppose we are given a problem of the form

%u(t) — Au(t) + F(t ), t>0,

u(0) =z €k, (1.8)

Uy = f : [—1,0] — E,
where A is the generator of a Cy-semigroup and F : R, x L'(-1,0;E) — F is
sufficiently well behaved. Here u; : [—1,0] — E is the history function of u at a time
t > 0, defined by w;(s) = u(t 4+ s) for —1 < s < 0 (alternatively, one can think of w,

as just the restriction of u to the interval [t — 1,¢] and then shifted by ¢ to the left).
Essentially the idea is to introduce a new operator A on the space F x L'(—1,0; E)



which generates a new “delay semigroup” S(t). The problem is thereby reduced to
one of the form of (1.4) or (1.5) on the space E x L'(—1,0; F).
The hope in starting this project was to show that stochastic delay differential

equations of the form

dU(t) = |Ault) + F(t,U)| dt + G, U,) dw (t), ¢ >0,
U®©) =X, (1.9)
U, =9,

can be well posed on general UMD Banach spaces, following in the footsteps of the
work of van Neerven et al. [68], [69]. An immediate problem is that while the paper
[69] requires the semigroup S(t) to be analytic in order to obtain results, the delay
semigroup S(t) is never analytic. Since we cannot apply the results of [69] directly, we
instead set out to replicate the fixed point arguments therein to show well posedness
of (1.9) from first principles.

There already exists a body of literature devoted to working with delay equations
by fixed point methods, and that is in the study of equations with infinite delay.
Infinitely delayed equations, in contrast to finite delay models such as (1.8), evolve
based on the entire history of the system and hence never “forget” prior states. Be-
cause of this, the precise phase or history space of functions (—oo0,0] — E in which
the initial data lives takes on additional importance in relation to questions of well-
posedness and regularity. The first general result to give an axiomatic description of
admissible history spaces is by Hale and Kato [50], but most modern work such as
[52] uses the terminology from the book of Hino [53].

Stochastic delay equations are studied in Hilbert spaces by Liu in [60] and [61]
and in Banach spaces of type 2 by Cox and Gorajski [25]. Another approach taken by
Riedle [76] and van Neerven and Riedle [77] is to consider stochastic delay equations
with the history space C'([—1,0]; E'), wherein the solutions lie not in C'([—1, 0]; E) but
in the bi-dual of this space.

The problem studied in Chapter 4 is to extend the well-posedness results of [69]
and [86] to abstract semi-linear stochastic delay equations with infinite delay on gen-
eral UMD spaces with initial data living in a history space of the form of Hale and

Kato ([50], [53]).



1.1.3 Almost periodicity and invariant measures

Another natural extension to the results of [69] is to ask if, and under what conditions,
solutions exists with various long time properties. Two properties which we investigate
in Chapters 5 and 6 are almost periodicity and invariance of measures.

Almost periodic functions were first defined and studied by Bohr in the 1920s [18§]
as the closure of the trigonometric polynomials with respect to the uniform norm on
R. Several equivalent definitions soon followed and the most common today is that
of Bochner [16], which says, essentially, that a function f: R — E is almost periodic
if for any € > 0, f comes within ¢ of being periodic if one looks at sufficiently long
“almost periods”. Almost periodic processes abound in nature with applications from
planetary motion to signal processing, where their usefulness stems from being far
more flexible than purely periodic functions. The existence of an almost periodic
solution to a given problem is a well studied question in the theory of evolution
equations.

Two common approaches to the problem are either to assume spectral properties of
the generator A, typically some condition on the countability of o(A)NiR [6, 12], or to
assume some dissipativity condition on the semigroup [31]. When studying stochastic
equations there is the problem of how to interpret almost periodicity for random
processes. It is clear that we cannot expect almost periodicity to hold for stochastic
problems in a pathwise sense, i.e. we cannot expect almost periodicity of the map
t — U(t,w) for all w € 2 as the Brownian motion W (t) is almost surely not almost
periodic. We can however ask about almost periodicity of the distribution of U(t) or,
equivalently, of the associated measures Py (¢, dz) in the topology of convergence in
measure.

The approach we take in Chapter 5 differs from previous approaches to stochastic
almost periodicity such as [31] which relied heavily on Hilbert spaces techniques.
We instead follow the approach of [64], where almost periodic solutions of non-
autonomous deterministic problems are studied. The extension of this method to
stochastic problems on Banach spaces rests heavily on the R-boundedness estimates
for semigroups and evolutions families of [54].

In following the approach of [64] we inherit the assumption that the evolution
families used be almost periodic jointly in both variables, i.e. that for any 7, T oo,
the sequence

(P(t+Tn, s+ 7)) (1.10)

1



has a subsequence which converges uniformly for bounded (¢t — s). As an aside at
the end of Chapter 5 we develop the theory of such families by finding new checkable
conditions for this property on families of operators A(t) which satisfy conditions given
by Acquistapace and Terreni [1| (such families are a non-autonomous analogue of
analytic semigroups and appear widely in applications). There is a body of literature
which studies almost periodicity of evolution families (for example [7], [9], [10] and
[63]), typically assuming almost periodicity of the map ¢ — R(A, A(t)) and showing
almost periodicity of associated Green’s functions by way of Yosida approximations
and then of solutions to associated Cauchy problems. Our approach differs in that we
assume almost periodicity of the map ¢t — A(¢) directly (in a suitable topology) and
show from these that the evolution family generated is almost periodic in the sense of
(1.10). The result is proved by going back to the original construction of Acquistapace
and Terreni and showing almost periodicity painstakingly, term by term.

Another long term property of stochastic evolution equations is the existence of

invariant measures. A problem
dU(t) = |Au(t) + F(t, U(t))] dt + G(t,U(t))dW(t), t=>0, (1.11)

has an invariant measure if there exists a probability measure p on E such that if
U(0) has distribution g then so does U(t) for all ¢ > 0. Invariant measures for
stochastic problems are analogous to stationary solutions of deterministic problems
and are strongly related to other important notions such as ergodicity. Again, invari-
ant measures have been much studied on Hilbert spaces [28], [34], [40] and [42]. Most
papers on the subject follow one of two methods considered in [28], either assuming a
dissipativity condition on the Yosida approximations of the generator A or requiring
compactness of the semigroup S(t). Brzezniak in [22] shows the existence of invariant
measure on Banach spaces of martingale type 2 using a variant of the former method,
whereas works based on the latter such as [14] and [41] do so by first showing tight-
ness of certain families of measures using a compactness argument. By a theorem of
Krylov and Bogoliubov (Theorem 6.3), under the right conditions, tightness of these
families is equivalent to the existence of the desired invariant measure.

In [14], van Gaans et al. consider invariant measures for delay equations on Hilbert
spaces. They show that invariant measures for (1.11) exist on a Hilbert space even if
the semigroup S(¢) generated by A is only eventually compact. The result then follows
using the fact (Theorem 2.19) that if S(¢) is an immediately compact semigroup and



S(t) is the associated (finite) delay semigroup, then S(t) is compact for t > 1. We
show in Chapter 6 that this method extends to delay problems (with finite delay) on
Banach spaces of type 2.

1.2 Overview

This thesis is structured as follows. In Chapter 2 we provide a basic introduction to
evolution equations and specifically to abstract Cauchy problems on Banach spaces
and their solutions in terms of Cy-semigroups. A special class, the analytic semigroups
are recalled in Section 2.2.3 and some properties are listed that will be important
later. Results in the sequel are largely concerned with inhomogeneous problems, and
so perturbations by non-linear Lipschitz continuous terms are outlined in Section
2.2.4 together with the variation of parameters formula which becomes the main tool
for their handling. In several cases in later chapters we also give versions of our
results for problems driven by a non-autonomous linear part, and so in Section 2.3
we describe strongly continuous evolution families which play a role analogous to
semigroups in such problems. Acquistapace and Terreni gave conditions under which
operators A(t) will generate such a family and these are included. Finally in Section
2.4 we introduce delayed differential equations and show the relation between delay
equations and Cauchy problems. The theory of such problems is rather different
depending on whether the delay in question is finite or infinite, the former admitting
the notion of a delay semigroup while the latter requires more attention be placed on
the history or phase space of initial data. Both are briefly outlined.

In Chapter 3 we include preliminary material related to probability theory and
the stochastic integral of van Neerven, Veraar and Weis ([43] and [68]). We start
with basic definitions of measurability and random variables on Banach spaces in
Section 3.1. Many important geometric properties of Banach spaces turn out to be
characterised by whether or not certain inequalities hold on expectations of sums of
random variables. Properties such as the type and co-type of spaces and the UMD
property are given in this way and play a key role in stochastic integration. Next
we define the space (H, E) of bounded operators from a Hilbert space to F, which
will turn out to characterise stochastic integrability, before moving on in Section 3.4
to giving the main theorems on the existence and manipulation of the stochastic

integral of van Neerven, Veraar and Weis. Finally we recall the notions of R- and



~v-boundedness for families of operators. These will turn out to play a key role as
multipliers for stochastically integrable processes.

Our new results start in Chapter 4 where we follow the methods of [69] and [86]
to give existence and uniqueness results for (infinitely) delayed evolution equations
on UMD Banach spaces. In Section 4.2 we consider the non-autonomous problem on
spaces of type 2 before moving on to the main result of the chapter, well-posedness
of infinite delay equations on general UMD spaces. Section 4.4 is devoted to an
application of this result to a stochastic heat equation in a material with memory.

Chapter 5 is concerned with existence of almost periodic solutions to stochastic dif-
ferential equations on Banach spaces. We start by recalling some background results
on almost periodic functions and R-boundedness for semigroups before presenting
conditions under which such solutions will exist in both the autonomous (Section
5.3) and non-autonomous (Section 5.4) cases.

At this point we take an aside from stochastic differential equations briefly to
consider almost periodicity of evolution families in the sense of (1.10) which satisfy
the conditions of Acquistapace and Terreni. The existence of such families is assumed
in the previous section, so in Section 5.5 we give new checkable conditions on the
operators A(t), under which the evolution family generated will be almost periodic
in the required sense. Finally we provide an example of such an operator family
and show that almost periodic solutions (in distribution) exist for the stochastic
differential equation in question.

Our final chapter looks at the existence of invariant measures for stochastic evo-
lution equations with finite delay. We present the main tool, the Krylov-Bogoliubov
Theorem (Theorem 6.3) before working our way to invariant measures for delay equa-
tions by first showing existence for equations driven by compact semigroups, then
eventually compact semigroups and finally passing from this case to delay problems
using the fact that delay semigroups are eventually compact. Once again a stochastic

heat equation in a material with memory provides an example in Section 6.6.
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1.3 Notation

We adopt the following conventions:

e All Banach spaces are real unless otherwise specified.
e Banach spaces are usually F, F', etc. Hilbert spaces are H, K, etc.

e (02, .#,P) is assumed throughout to be a complete probability space equipped

with a filtration {L%}DO.

e Unless otherwise stated, vector and operator valued integrals should be read as

Bochner integrals.

e The space L°(Q); E) denotes the space of strongly measurable E-valued random

variables on €, equipped with the topology of convergence in probability.

e The space of bounded linear operators from E to F is denoted L(E, F'), or L(E)
in the case that £/ = F.

o We use a <, b for the situation where there exists a constant C' (depending on
p) such that a < Cb.

o We use a ~, bfora <, b S, a.

e Lower case u,v,...,z are usually vectors in a Banach space F, whereas upper

case U, V..., Z represent F-valued random variables.
e (x,x*) represents the action of functional z* € E* on vector = € E.
e Inner products in Hilbert spaces are denoted [h, g|y for h,g € H.

e By is the Borel g-algebra on E.

11
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Chapter 2

Deterministic Preliminaries

2.1 Introduction

This chapter contains background material on Cauchy problems, Cy-semigroups and
delay equations. Background on probability theory and stochastic integration will
follow in Chapter 3. We introduce the classes of problems known as evolution equa-
tions and Cauchy problems and recall the notion of operator semigroups as solutions
of homogeneous time-autonomous problems and an evolution families solving the
non-autonomous case. Special classes of each, analytic semigroups and Acquistapace-
Terreni evolution families respectively will be important in our results of chapters 4
and 5, so are defined here. We also consider briefly perturbed problems of each type
and show how perturbations can be used to solve problems depending on delayed
inputs, or equivalently on the history of the system. Finally we recall some theory of

equations with infinite delay and show the importance of the notion of history spaces.

2.2 Evolution equations in Banach spaces

Suppose we are interested in studying a system, perhaps arising in physics, biology
or finance that evolves along a continuous ‘time’ parameter ¢ € R in some state space
E. Such systems are often described in terms of the change of the state u(t) of the
system with respect to time,

du

5 (8 =t ult). (2.1)

We call this most general class of problems ewvolution equations. By considering a

higher order system as a first order system on a product space (see [39, Section
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VI1.3]), it is no loss of generality to assume for the remainder of this thesis that all
systems will be first order.
If we have an evolution equation such as (2.1) and an initial value u(s) = z, at

time s, then the solution wu(t) is of the form
u(t) = F(t,s,xs), t>s

for some map F : R?> x E — E. We say such a system determines a flow F if it

satisfies the functional equation

{ F(t,s,x) =F(t,r,F(rs 1)), s<r<t (2.2)

F(s,s,x) ==«
for all x in the state space. This condition is essentially the idea that running the
system from time s to time r, then taking the result F'(r, s, z5) and running the system
with this initial condition from time r until ¢ is the same as letting the system run all
the way from s to t. The system is said to be autonomous if F(t,s,z) depends only

on the value of ¢ — s, and in this case we write F'(¢t,x) = F(¢,0,x).

2.2.1 Cauchy problems

Evolution equations such as (2.1) are usually studied on infinite dimensional Banach

spaces. A typical example is the n-dimensional heat equation.

Example 2.1. Let O be an open bounded domain of R™ with Lipschitz boundary

and consider the following heat equation on O

( Ou
_ — >
BT (t) = Au(t), t>0

u(t)|,, =g € Ir(d0) (23)

| w(0) =7erro).

Here it is natural to consider the problem not as a partial differential equation on a
subset of R, but as an ordinary differential equation on the Banach space LP(Q).
The Laplacian A is a closed and densely defined operator on a subspace D(A) C
{u e W*P(0O) : “’ao = g} satisfying the boundary condition.

14



We call an autonomous, homogeneous, linear evolution equation such as (2.3) an
abstract Cauchy problem. In general, if E is a Banach space and A is a (typically)
unbounded linear operator with domain D(A) C E, then the equation

%(t) = Au(t), t>0
(2.4)
u0) =zxe€ekl
is said to be an abstract Cauchy Problem. For a comprehensive introduction to the
theory of Cauchy problems we refer to [39]. Since (2.4) is linear and autonomous,
by (2.2) we would expect solutions to take the form of families (S(t));>0 C L(E)

satisfying the functional equation

{ S(t+s)zg = S(t)S(s)xo, s,t>0 (2.5)

S(O)l‘o = 29
for all zp € E. A family (S(t))i>0 satisfying (2.5) is called a semigroup.

2.2.2 (jy-semigroups

Definition 2.2. Let £ and F' be Banach spaces. A function S : Ry — L(E,F)
is said to be strongly continuous (or equivalently, continuous in the strong operator
topology) if the function S(-)x — F is continuous for every x € FE. A strongly

continuous semigroup S : R, — L(F) is called a Cy-semigroup.

Definition 2.3. Given a Cy-semigroup (S5(¢)):>0 on a Banach space E, we define an
(unbounded) linear operator, the generator A of (S(t))i>o by
1
Az = ltli%l n (S(t)z — z) (2.6)
where this exists. The domain D(A) of A is the subspace of all x € E for which the

limit exists.

Since the operator A is (in general) unbounded, there is a question of how to
interpret the problem (2.4) for = ¢ D(A). It is necessary to introduce the concepts

of classical and mild solutions.

Definition 2.4. A function u : R, — E is said to be a classical solution of (2.4) if
u(t) € D(A) for all t € Ry and u(t) satisfies (2.4). On the other hand, u(t) is said to
be a mild solution of (2.4) if for all t > 0

/Otu(s) ds € D(A) and A/Otu(s) ds = u(t) — z.
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We can now give the following theorem which connects Cy-semigroups to abstract
Cauchy problems. See [5, Theorem 3.1.12].

Theorem 2.5. Let (A, D(A)) be a closed operator on a Banach space E. The fol-

lowing are equivalent:

(1) For all x € E there exists a unique mild solution to (2.4).
(2) The operator A is the generator of a Cy-semigroup (S(t))i>o-

(3) The resolvent set p(A) # () and for all x € D(A) there exists a unique classical
solution of (2.4).

In this case the (classical or mild) solution is given by u(t) = S(t)x for t > 0.

2.2.3 Analytic Cy-semigroups

In Chapter 4 we will need restrictions on the regularity (smoothness) of the semigroup,
specifically estimates on the map ¢t — (—A)"S(t)x for x € E. We will require that
the semigroup generated by (A, D(A)) is analytic.

If Ais a closed operator with (0,00) C p(A) and ||R(A, A)|| < ﬂf—)\ forall A € (0, c0)
then we can define fractional powers (—A)” of A as follows. For n > 0 define (—A)™"
by .

(—A)™ = 50 F(—)\) TR(A,A)dA
where I is a piecewise smooth path in some sector &' C p(A) running from coe™® to
ooe® for some § > 0. (—A)~" is injective for every n > 0, so we define (—A)" as the
inverse of (—A)™" with domain D((—A)") = range((—A)~"). The space D((—A)")

becomes a Banach space (written E,) when endowed with the graph norm ||z

B, ‘=
|(—A)"z|| g+ ||x||g. For further details on fractional powers and proof of these results
we refer to [39, Section IL.5¢|.

Remark 2.6. Analytic semigroups are an analogue of holomorphic functions and thus
live naturally on complex Banach spaces. We complexify our real space E in order to
make this definition. Take E¢ = E @ iE with scalar multiplication

(a+ib)(z +iy) = (ax — by) +i(bx + ay), a,bER, x,y€ FE.

We will define analytic semigroups on a complex Banach space, then if this space is
the complexification EC of a real space E we will take an analytic semigroup on the

real space to be the restriction of the semigroup to the (real) subspace E of E*.
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Definition 2.7. A closed linear operator (A, D(A)), densely defined on a complex
Banach space E is said to be sectorial (of angle 0) if there exists 6 € (0, 5] such that

the open sector
s
Yrigi= {)\ e C:|argN)| < 5 + 9} \ {0}

is contained in the resolvent p(A) and if for each e € (0,60) there exists a constant
M, > 1 such that

M. —
IROLA)| < 757 for all A€ D0\ {0,

Definition 2.8. A family of operators (5(2)).cx,u{0} is called an analytic semigroup
(of angle 6 € (0, 5]) if

(1) S(0) =1 and S(w+ z) = S(w)S(z) for all w, z € Xy;
(2) the map z — S(z) is analytic in Xp;
(3) [|S(z)r —z|| > 0forall z € Eas z — 0 for z € Xy with 0 < ¢ < 6.

If in addition ||[S(2)|| is bounded on Xy for every 0 < 6 < 6 we say S(z) is a
bounded analytic semigroup. We define the generator A of S(¢) in a similar fashion

to Definition 2.3, taking the limit instead as z — 0 over z € Y.

Theorem 2.9 (See Theorem I1.4.6 of [39]). For an operator (A, D(A)) on a complex

Banach space E the following are equivalent.
(1) A is sectorial of angle § € (0,%);
(2) A generates a bounded analytic semigroup (S(z)).cx,u0} of angle 6;

(3) A generates a bounded Cy-semigroup (S(t))e>o on E such that S(t)E C D(A) for
allt > 0 and for n =1, and hence all n € [0,1], there exists a constant C,, > 0

such that o
n
)”[,(E,En) = 7

|S(t t>0. (2.7)

In this case the semigroup S(z) can be given for z € Xy by Cauchy’s formula

S(z) = L/Fe‘“’R(/VL, A)dp, (2.8)

27

where I' is a piecewise smooth path in some sector Xpi , s running from ooe™® to coe'®
2

for some § € (3,5 +0).
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We call (2.7) the analytic semigroup property. It is a major tool that we will use

regularly to estimate various integrals.

Remark 2.10. If A generates a Cp-semigroup (S(t))>0 on a real space E then (the nat-
ural extension of) A also generates a Co-semigroup (S€(t))>o on the complexification
EC. In this case E is SC(t)-invariant as a (real) subspace of E€ with S¢(¢)|x = S(¢)
and hence property (3) of Theorem 2.9 is inherited by S(¢). This justifies effectively

taking (3) to be the definition of an analytic Cy-semigroup on a real Banach space.

2.2.4 Perturbations and inhomogeneous problems

We now consider the inhomogeneous Cauchy problem. Inhomogeneous problems will
occur throughout this thesis when we consider either delay terms or noise terms in
our problem. Let f € L'(0,T; F) and consider the problem

%(t) — Au(t) + f(t), te€[0,T]
p (2.9)
w(0) =z €kE.

Following Definition 2.4, a function u € C([0,T]; E) is a mild solution of (2.9) if
t
/ u(s)ds € D(A), t>0
0
and . .
u(t) = x—l—A/ u(s)ds—i—/ f(s)ds
0 0
for all t € [0, 7.

Proposition 2.11. (See [5, Proposition 3.1.16]). Let A be the generator of a Cy-
semigroup (S(t)) on E, then for every f € L'(0,T; E) the problem (2.9) has a unique

mild solution given by the so called variation of parameters formula

u(t):S(t)af+/0 S(t—s)f(s)ds, te€][0,T].

We are also interested in the case where the inhomogeneity depends on u(t). In

this case we will need the Banach fixed point Theorem.

Theorem 2.12 (Banach, [8]). Let (M,d) be a non-empty complete metric space and
let & : M — M be a contraction mapping, i.e. there exists ¢ € (0,1) such that

d(®(z), 2(y)) < c-d(z,y)
for all x,y € M. Then there exists a unique fixed point x € M such that

O(z) = .
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Theorem 2.13. Suppose A is the generator of a Cy-semigroup (S(t)) such that
1S#)]| < Me ™ for some A > 0 and M > 0 and F : [0,T] x E — E is contin-
uwous, Lipschitz continuous on E and of linear growth, that is, there exists Ly, Cp > 0
such that for all z,y € E

|F(t,x) = F(t,y)|| < Lellz =yl and ||F(t,2)|| < Cr(1+ []]).

Then the problem

%(t) = Au(t) + F(t,u(t)), te0,T]
(2.10)
u(()) =x € F.

has a unique mild solution given by
u(t) = S(t)x + /OtS(t —$)F(s,u(s))ds, te][0,T].
Sketch proof. Let Ty < T and define the fixed point operator ® on C([0, Tp]; E) by
O (u)(t) = S(t)zo + /Ot S(t— s)F(s,u(s))ds.

We claim that @ is a strict contraction for small enough Ty. Let u,v € C([0,Tp); E)
and fix ¢ € [0, Tp], then

@) (t) — @(v)(t)|| < /0 |5t = s)[F(s,u(s)) — F(s,v(s))]|| ds

< M/O N9 (s, uls)) — F(s,o(s))|| ds
< MLg

(1—e) sup |[lu(t) —v(t)].
t€[0,T0]

Now MLe(1 — ¢720) — 0 as T | 0, hence for small enough T, > 0, ® is a strict

contraction. Therefore by Theorem 2.12 there exists a unique u(t) € C([0,Tp); E)
such that

u(t) = S(t)x + /Ot S(t — s)F(s,u(s))ds for all t € [0, Tp).

The existence of a fixed point on the whole interval [0, 7] follows inductively by con-
sidering the above problem on the intervals [Ty, 270, ..., [mTy, T]. The u(t) thus
constructed is the unique mild solution following the method in the proof of Propo-
sition 2.11 [5, Proposition 3.1.16]. O
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2.3 Non-autonomous Cauchy problems

We also consider non-autonomous problems, that is, problems where the unbounded

operator A is replaced with a time indexed family (A(t)).

Sty = A, < 0.7),
(2.11)

u(s) =z e€kE.
In a manner similar to Theorem 2.5, we would like to describe solutions to (2.11)
in terms of a family of operators (P(t,s))o<s<t<r such that u(t) = P(t, s)x for each

rzeFand 0<s<t<T.

Definition 2.14. A family (P(t,s))

evolution family if

o<s<t<T C L(E) is called a strongly continuous

(1) P(s,s)=1forall0<s<T.
(2) P(t,s) = P(t,r)P(r,s) forall 0 < s <r<t<T.

(3) The mapping (t,s) — P(t,s) : {(t,s) € R*: 0 < s <t < T} — L(E) is strongly

continuous.

o<screp SOIVes (2.11) if there exists a family (Y;)o<s<r of dense

We say that (P(t,s))

subspaces of E such that ]B(t, s)Y; CY, C D(A(t)) for every 0 < s <t < T and the
function u(t) = P(t,s)z is in C'([s,00); E) with u(t) € D(A(t)) and u/(t) = A(t)u(t)
forall x € Yy and s <t < T. In this case we say that A(t) generates the evolution
family (P(t,s))

0<s<t<T"
We will consider a particular class of evolution families that are analogous to
analytic semigroups from Section 2.2.3. As above, when on a real vector space E the

following is understood to refer to the complexification of the objects concerned.

Definition 2.15 (see [3]). Let (A(t), D(A(t))) be a family of closed, densely defined
linear operators on Banach space E. A(t) satisfies the Acquistapace-Terreni (AT)

condition if
(AT1) There exist constants N > 0 and 6 € (0,7) such that for all 0 < ¢ < T,
Sivs U{0} C p(A(1)) and

N
L+ Al
for all A € Xpyx U {0}, as defined in Definition 2.7.

[ROA@®)]| <
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(AT2) There exist constants L > 0 and p,v € (0,1] with 4+ v > 1 such that for all
A€ Ypyn and s,t € [0,7]

A RO, A®) (A1) = A(s) )| < LIt — s (|A] + 1)

The first condition (AT1) is essentially that the family A(¢) are uniformly sectorial,
hence by Theorem 2.9, A(t) generates a bounded analytic semigroup (eSA(t))S>O for

each t € [0,T]. We define the real interpolation space E} = E! , := (E, D(A(1)))n2

as follows.

Definition 2.16 (See [82] Section 1.6.5). Let A be the generator of a Cy semi-
group S(t). For 0 <n < 1 and 1 < p < oo we define the real interpolation space
(E,D(A(t))),, as the set of x € E such that

bty = ([ [ lstor - o] 22)° 212

is finite. Similarly, we define the space (E, D(A)), « as those x € E such that

|zl|lp: . = sup s7|S(s)z — x| < oo. (2.13)
€

s€(0,00

The following result, [86, Theorem 2.1] (or originally [3, Theorem 2.3|), is the

analogue of Theorem 2.9 for non-autonomous problems satisfying (AT).

Theorem 2.17. If condition (AT) of Definition 2.15 holds, then there exists a unique
vescier Which solves (2.11), that is
u(t) := P(t,s)xr € D(A(t)) and u/'(t) = A(t)u(t)_]?or al0 < s <t <T. More-
over, t — P(t,s) is (norm) continuous for 0 < s <t < T and there exists C > 0
such that

strongly continuous evolution family (P(t,s))

HP(t,s)xHEz < C(t—s)"7|z] Es (2.14)

forall0<s<t<T and0<0<n<l1.

2.4 Delay equations and history spaces

2.4.1 Delay equations with finite delay

There are essentially two distinct theories of delay equations for finite delay, depending
on whether the history space is taken to be of the type C(|—1,0]; £) or LP(—1,0; E).

In this thesis we will consider only the latter to avoid confusion. The continuous
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theory is outlined in [39, Section VI.6] whereas the L? theory is extensively studied in
[11]. We assume without loss of generality (by rescaling as necessary) that all finite
delays are of duration 1.

Let E be a Banach space, then for a function u : [—-1,00) — E we define the

history function of v at time ¢ > 0 by the map
ug: [—1,0] = E5  u(s) = u(s +t).

Intuitively, we associate with each positive time ¢ the function u; which represents
the action of u in the previous unit time interval. In the L? theory of delay equations
we take LP(—1,0; E) for some p > 1 as the space in which history functions live, so
for u(t) € LP(—1,T; F) we have a map t — wu,; : [0,7] — LP(—1,0; E).

Consider the delayed Cauchy problem

( %(t) = Au(t) + F(t,u(t),w), te]l0,T],

u(0) =x €k, (2.15)

\ uy = fe€LP(—1,0;F).

Here A is the generator of a Cy-semigroup and F is continuous and Lipschitz on

LP(—1,0; E). In order to study (2.15), we can transform the delay equation (2.15) into

the form of an undelayed Cauchy problem on the product space £ := Ex LP(—1,0; E).
Define the delay operator A on £ by

A= (61 dﬁ) with domain D(A) := {(;) € D(A) x W'P(=1,0; E) : f(0) (;jﬁ)

and introduce a new inhomogeneous term F : [0, 7] x £ — & by

G-

This allows us to rewrite (2.15) as a new inhomogeneous problem of the form (2.10)

on the space £

(2.17)



A generates the delay semigroup S(t) on & given by

S(#) = <S§f> £t> (2.18)

where

o 0 t+s<0 | flt+s) t+s<0
(Siz)(s) .—{ S(t+ )z t+s>0 and  (Lf)(s) .—{ 0 f1s>0
Then (by e.g. [11, Corollary 3.7| or [14, Theorem 3.2|) S(t) is strongly continuous
and hence (2.17) has a unique mild solution (u(t),v(t))" € LP(0,T;E) by Theorem
2.13. Solutions to (2.15) and (2.17) are related by the following theorem.

Theorem 2.18 (See Theorem 3.12 of [11]).

(1) If u(t) is a solution of (2.15), then t — (u(t)) is a solution of (2.17).

Uy

(2) If t — (Zég) is a solution of (2.17) then v(t) = uy for allt € [0,T] and u(t) is

a solution of (2.15).

In the sequel (in particular in Chapter 6) we will be interested in compact semi-
groups. A semigroup S(t) on E such that S(t) is a compact operator for all ¢ > 0 is
said to be immediately compact, or just compact. If S(t) is compact for all ¢ > ¢, for
some ty > 0 then S(t) is said to be eventually compact. We have the following useful

result about compactness for delay semigroups.

Theorem 2.19 (Theorem A.4 of [14], also appears in [11]). Suppose A generates an
immediately compact semigroup S(t) on E, then the delay semigroup S(t) on &€ given
by (2.18) is compact for all t > 1.

2.4.2 Infinite history spaces

In systems with infinite delay, that is where evolution is determined by the entire
history of the system from —oo to ¢, well-posedness becomes a more subtle question.
In the case of finite delay, we have delay semigroups as in (2.17) and the problem
is amenable to general semigroup theory, however for infinite delay problems the
semigroup (2.18) is not strongly continuous in general. In fact the map ¢ +— u, is not
continuous in general for u; taken in an arbitrary space of functions (—o0,0] — E

and continuous u : (—o0,T| — E.
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The principal difference between the two cases is that an infinite delay problem
never “forgets” the initial data which may not be as regular as the output of the
system, whereas after ¢ = 1 a finite delay problem is determined entirely by the prior
output of the system and hence inherits certain regularity properties from S(t). The
theory of well-posedness for infinitely delayed evolution equations with data from a
general Banach space of functions (—oo,0] — E was first put on a firm axiomatic
footing by Hale and Kato in [50]. They introduced a series of axioms on a space %

of functions ¢ : (—oo, 0] — E under which the system

du
= =Au() + F(t,w), t€0,T],

(2.19)
uo(s) = &(s), s € (—00,0],

is well posed for any ¢ € Z. Here u, is defined on all of (—o0, 0] by
u : (—00,0] = E;  w(s) = u(t + s)

and we note that since u(t) will be continuous for ¢ > 0, u;(0) is well defined and
hence it is no loss of generality to write F'(,u,;) rather than F(¢,u(t),u;). We say
that a function u : (—oo,T| — E is a mild solution of (2.19) if u(s) = ¢(s) for s <0
and for all ¢ € [0, 7] we have fotu(s) ds € D(A) and

t t
u(t) = A/ u(s) d5+/ F(s,us)ds.
0 0
The following notation is now standard, and dates to the book [53] of Hino.

Definition 2.20. Let Z be a space of functions (—oo0,0| — FE equipped with a

semi-norm || - ||. We will say that % is a history space if 9 satisfies

(AO) There exists a constant H > 0 and functions K, M : Ry — R, where K is
continuous and M locally bounded, such that if ¢ : (—o0,0 +T) — E for
T > 0 is continuous on [o,0 4+ T') and ¢, € A, then for every t € [0,0 +T) the
following hold:

(i) ¢ e (2.20)
(i) (o)l < Hl[dellz; (2.21)
(@) iorlls < K(t—0) sup [l6(s)l| + M(t = 0)l|d . (2.22)
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(A1) For the function ¢ in (A0), the map t — ¢, is a ZA-valued continuous function
on [o,0+T).

We identify functions indistinguishable under || - ||, and then require that
(B) The normed space % formed by this identification is complete.

It follows from (2.20) and (2.22) that if ¢ : (—00,0] — E is continuous with

compact support then ¢ € Z and
16l < K(a) sup lo(s)]l (2.23)
se|—a,

for all a > 0 such that supp(¢) C [—a,0].

If ¢ : (—o0,T] — E is continuous on [0, 7] with ¢, € £ for ¢ € [0, T] then the pair
(p(t), ¢¢) is well defined. In this case and where there is no ambiguity we identify ¢,
with (¢(t)7 (bt)

Theorem 2.21. Suppose that A generates a Cy-semigroup (S(t)) with [|S(t)]| <
Me™ for some A\ > 0 and M > 0 and that F : [0,T] x 8 — E is continuous
and uniformly Lipschitz in the second variable. Then (2.19) has a unique mild solu-

tion u: (—o0,T] — E for every initial history ¢ € A.

Proof. The proof of Theorem 2.21 follows the same pattern as that of Theorem
2.13. We introduce a fixed point operator L on the complete metric space {u €
C([0,To]; E) : u(0) = ¢(0)} and show that for small enough Ty < T, L becomes a
strict contraction. For u : [0,7] — E with u(0) = ¢(0) we write u for the extension
of u by ¢ to (—o0, To] = E, so

¢(t)7 —00 <t S 07
ult), 0<t<T

L(u)(t) = S(t)p(0) + i S(t — s)F(s,us)ds.

Let u,v € C([0, Tp]; E) with u(0) = v(0) = ¢(0) and fix ¢ € [0, Ty], then

| L(u)(t) — L(v)(®)|| < /O |S(t = s)[F(s, us) — F(s,0,)] || ds

t
< M/ N9 (s, @) — F(s,5)|| ds
0

ML -~
< P(1—e?) sup ||ay — 0l (2.24)
t€[0,T0]
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Now since u(s) = v(s) = ¢(s) for s <0, u; — vy has compact support in [—t,0] and
(2.23) gives

[ty — vl 5 < K(t) sup |[[ue(s) — (s
s€[—t,0]

< sup K(r)|lu(r) —v(r)]]
rel0,t]
which together with (2.24) shows that L is a strict contraction for small enough 7.

The result now follows as in the proof of Theorem 2.13. O]
Example 2.22. Let E be a Banach space and 4 be one of the following

(1) The space BUC((—o0,0]; E) of all bounded uniformly continuous functions from
(—00,0] to E with the sup norm

6l = sup ()]

(2) The space CY((—o0,0], E) of all continuous functions ¢ : (—oo,0] — E such that

L&y 0 as s — —o0, with the norm

g(s)

o Il
ol = sup 172

s<0

where g : (—o0,0] — [1,00) is such that

(a) g(s) = 0o as s = —o0;

(b) supysgsup,<, g;t(t;) <00

(3) The space E x Lb ((—oo, 0], E) of pairs (x, ¢) of equivalence classes of measurable

functions ¢ : (—oo, 0] — E together with a vector € E for which the norm

ol = ([ 0 g<s>u¢<s>upds); + e

—0o0

is finite. The weight g is a function ¢ : (—o0, 0] — (0, 00) such that

(a) g is locally Lebesgue integrable, i.e. integrable on every interval [—r, 0];

(b) there exists a non-negative and locally bounded function G on (—o0, 0] such

that g(s+t) < G(s)g(t) for all s <0 and almost all t < 0.
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Then £ satisfies axioms (A0), (A1) and (B) of Definition 2.20, and Theorem 2.21
applies.

Proof. See [53, Theorems 1.3.6 and 1.3.8]. O

Remark 2.23. Let % be a history space of functions ¢ : (—o00,0] — E and A be
the generator of a uniformly bounded analytic semigroup on E with 0 € p(A). For
n € [0,1] we define the space %, by

By = {(~A) 00 6 B)
where ((—A)7"® ¢)(t) = (—A)7"¢(t). We endow %, with the norm
19z, = (=A)" @ ¢ll»

then B, is easily seen to also be a history space [52].
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Chapter 3

Stochastic Preliminaries

In this chapter we recall the background material necessary to construct a theory
of stochastic integration on a wide class of Banach spaces. We start in 3.1 with
various notions of measurability for vector and operator valued functions and discuss
Gaussian random variables and Brownian motion on Banach spaces. We discuss
how the behaviour of certain families of random variables can be used to characterise
geometric properties of Banach spaces in 3.2; it will turn out that this characterisation
allows the formulation of many of the theorems that appear later. We round up the
chapter by constructing the stochastic integral in 3.4 which powers the remainder of

the work.

3.1 Measurability and random variables

We introduce here the basic probabilistic tools needed later, as well as definitions of

the various notions of measurability.

3.1.1 Measurability

Let (S, X, 1) be a measure space and consider functions ¢ from S into a metric space

(E,d). We recall several related notions of measurability of ¢.
Definition 3.1. Let ¢ : S — F

(1) ¢ is said to be Borel measurable if the pre-image of any Borel set is measurable,
that is, for any Borel set B C F we have ¢~'(B) € X.

(2) ¢ is p-simple if it is a finite linear combination of functions of the form 1p ® x
for B € X with u(B) < oo and z € E.
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(3) ¢ is p-strongly measurable if ¢ is the almost everywhere pointwise limit of a

sequence of simple functions ¢, : S — E.

Where the measure p is clear and there is no ambiguity we refer simply to simple and

strongly measurable functions.

The following result gives a criterion for a function ¢ : S — FE to be strongly

measurable.

Proposition 3.2 (Pettis’ measurability theorem). Let E be a metric space and sup-
pose I' C C(FE;R) is a set of continuous real valued functions which separates points
of E, that is, for distinct x,y € E, there exists f € I" such that f(z) # f(y). For a
function ¢ : S — E the following are equivalent:

(1) ¢ is strongly measurable;

(2) ¢ is Borel measurable and takes values in a separable closed subspace of E almost

surely (¢ is essentially separably valued);
(8) ¢ is essentially separably valued and f o ¢ is Borel measurable for every f € T';

(4) there exists a sequence of countably valued Borel measurable functions (¢p,) such

that d(¢(s), pn(s)) — 0 uniformly for s € S as n — oo.
Proof. [84, Propositions 1.1.9 and 1.1.10]. ]

By a simple diagonalisation argument it follows that the pointwise limit of a
sequence of strongly measurable functions is strongly measurable. We now assume

that F is a Banach space and make the following further definitions.
Definition 3.3.

(1) A function ¢ : S — E is said to be weakly measurable if (¢,z*) : S — R is

measurable for all z* € E*;

(2) if F' is another Banach space then an operator valued function ¢ : S — L(E, F)
is said to be E-strongly measurable if the function ®(-)z : S — F is strongly

measurable for each x € F.
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By applying the Pettis measurability theorem with I' = E* we see that ¢ : S — F
is strongly measurable if and only if ¢ is weakly measurable and essentially separably
valued. If & : S — L(E,F) is E-strongly measurable and f : S — FE is strongly
measurable then ® f : S — F' is also strongly measurable.

We will often want to consider the space of strongly measurable functions, which

we define as follows.

Definition 3.4. Let (S, X, u) be a finite measure space and let ¢ be a p-equivalence
class of functions from S to E. We say ¢ is strongly measurable if there is a version
of ¢ which is strongly measurable. If x is a finite measure we define L°(S, F) as the
space of all strongly measurable equivalence classes of functions ¢ : S — E. L(S, E)

is a complete metric space when endowed with the metric

a6, ) = / A((s).0(s)) A 1dpu(s)

and this topology coincides with the topology of convergence in measure (or conver-

gence in probability if p(S) = 1).

Definition 3.5. If (2,.%,P) is a probability space, then a strongly measurable func-
tion X : Q0 — F is called a random wvariable. The Borel probability measure Px on
E defined by Px(B) = P{X € B} for Borel subsets B € By is called the distribution
of X.

Definition 3.6. For an E-valued random variable X on (2, % P), if X : Q@ — E is
Bochner integrable then the expectation E(X) of X is defined by

E(X) ::/QX(w) dP(w).

We will usually follow the convention that random variables are denoted by upper
case Roman letters, as in Definition 3.5. The next result on E-valued random variables

that will be needed later. For more details and proofs we recommend the survey [65].

Proposition 3.7. Any E-valued random variables is tight, that is, if X : Q@ — E is
a random variable, then for every ¢ > 0 there exists a compact set K. C E such that
P{XeK}>1—e.

We say a family X (t), t € I of random variables is uniformly tight if for any € > 0
there exists a compact set K C E such that P{X(¢) € K} >1—eforallt € .
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3.1.2 Gaussian random variables

Gaussian random variables are the foundation of the Brownian motion model of space-
time white noise, so it is necessary to understand how they generalise to Banach

spaces. Let (£2,.%#,P) be a probability space and E be a Banach space.

Definition 3.8. A real valued random variable 7 is said to be Gaussian (or normal)

of mean m and variance o2 if for all Borel sets B C R

1
e sy = L [y

Definition 3.9. A strongly measurable function v : Q — F is a Gaussian random

variable on F if for all functionals x* € E*, (v, 2*) is a Gaussian random variable on

R. We define the mean m € E and covariance operator QQ € L(E*, E) of v by

m = K
Q" :=E[(y —m,a")(y —m)]. (3.1)

Both the mean and covariance operator exist, and in fact all p'* moments of v are
finite. This follows from Fernique’s Theorem, [59, Corollary 2.6.1] which says that
Eedlhll < 0o for a > 0.

Definition 3.10. An operator A € L(E*, E) is said to be positive if (Az*, x*) > 0
for all * € E* and symmetric if (Ax*,y*) = (x*, Ay*) for all z*, y* € E*.

It is clear that @ is both positive and symmetric. We say that v has distribution
N(m, Q). Conversely an operator Q € L(E*, F) is called a covariance operator if
there exists an F-valued Gaussian random variable such that @ satisfies (3.1).

Let (7,) be an independent identically distributed sequence of Gaussian random

variables on R (a Gaussian sequence) and (z,,) a sequence in E. The series

St

converges almost surely if and only if it converges in probability and if and only if it
converges in LP(Q, E) for some (and hence all) p € [1,00). The limit in each case is
a Gaussian random variable [59, Theorems 2.1.1 and 2.2.1| on E.

For a centred (mean 0) Gaussian random variable -, a version of the Kahane-
Khinchine inequalities (see 3.15) holds [59, Corollary 3.4.1], that is, for all p, ¢ € [1, 00)

we have

E7]P)7 g (El7])7. (3.2)
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A consequence is that if (v,) is a sequence of F-valued Gaussian random variables
and v : 2 — F is a random variable with lim, .., 7, = 7 in probability, then ~ is
Gaussian and lim, o, 7, = v in LP(Q, E) for all p € [1, 00).

Finally in this section we recall the notion of a Gaussian process.

Definition 3.11. If 7 is an indexing set and ¢ is a mapping from Z x ) to E, then

¢ is a Gaussian process if for any n € N and iy, 4o, ...,%, € Z, the n-tuple

(&(@1), -, €(in))
is an E™-valued Gaussian random variable.

Example 3.12 (Brownian motion [38]). A real Brownian motion on (£2,.%#,P) is a

family B(t) of square integrable random variables such that for 0 < s <t

2. B(t) — B(s) is a Gaussian random variable of mean 0 and variance (t — s);
3. B(t) has independent increments;
4. the map t — B(t) is almost surely continuous on ¢t € R.

A real Brownian motion B(t) is a Gaussian process on R.

3.2 Geometric properties of Banach spaces

There are many related but distinct notions characterising Banach spaces into various
types (usually falling in the range [1,2]) and co-types (usually in [2, 00]) which find
much use in functional analysis. Among these are concepts such as martingale type
or Fourier type, but for our purposes we are interested in the properties usually
referred to simply as type and co-type. In older literature this notion appears as both
Rademacher type and Gauss type spaces, but in fact, as we shall note, these two

properties are equivalent. For a discussion of the development of these concepts see
[75, Section 6.1].
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3.2.1 Type and co-type of Banach spaces

For this section, let (€2,.%,P) be a probability space, E be a Banach space and
I1<p<2<g< oo

Definition 3.13. A sequence (r,) of independent identically distributed random
variables on (2, .#,P) with

is called a Rademacher sequence.

By way of motivation we recall the Khintchine inequality on the real line and the

Khintchine-Kahane inequality on a general Banach space.

Proposition 3.14 (Khintchine inequality, 1923). Fors € (0,00), n € N, &,...,&, €

R and a Rademacher sequence (ry) the following holds

(E\ me\) =, (Xij )" (33)

Proposition 3.15 (Khintchine-Kahane inequality, 1964). For s € (0,00), n € N,

x1,...,%, € E and a Rademacher sequence (ry) the following holds

1 1
n s s n 2 2
(EH Zxkrk ) ~. (EH Z TETE > ) (3.4)
k=1 k=1

This second result is weaker than the first, as the expectation still occurs on the
right hand side. It is desirable to have a version of (3.3) which holds when the real

numbers & are replaced by vectors xy in a Banach space E. Unfortunately one or both
directions of (3.3) may fail if vectors are used instead. This motivates the following

definitions of spaces in which one or other inequality of (3.3) holds.

Definition 3.16. E is said to have type p € [1,2] (or Rademacher type p) if for some
(and hence all) s € (0,00) there exists a constant C, > 1 such that

(EHixkrk S)S < C’S’I,(zn:kaHp); (3.5)
k=1 k=1

for any n € N and finite subset {z1,...,z,} C F. Similarly, £ is said to be of co-type

q € [2,00) (or Rademacher co-type q) if there exists ¢, , > 1 such that

1
n 1 n s s
<Z ”kaq) "<y (EH >y ) (3.6)
k=1 k=1

with the standard modification if ¢ = oo.

34



It follows from (3.4) that these inequalities do not depend on the choice of s, so

we will usually take s = 2 in the above for simplicity.

Proposition 3.17 (Properties of type and co-type, see |75] Section 6.1.7).
(1) If 1 < p <p <2 then all type p' spaces are also type p.

(2) Similarly, for 2 < ¢ < q < oo, all co-type ¢’ spaces are also co-type q.
(3) The space L™(R) is of type min{r,2} and co-type max{r,2}.

(4) For a non-trivial measure space (S, X, u) andr € [p,00), E has type p if and only
if L™(S; E) has type p.

(5) Similarly for r € [1,q|, E has co-type q if and only if L"(S; E) has co-type q.

(6) Closed subspaces of a Banach space preserve both type and co-type, while taking

quotients preserves only type in general.
(7) Every Banach space has type 1 and co-type oo with constants Cs1 = 500 = 1.

(8) A Banach space is isomorphic to a Hilbert space if and only if it has type 2 and
co-type 2 (Kwapieni’s theorem).

Following (7), E is said to have non-trivial type if p > 1 and finite co-type if
q < Q.

If the Rademacher sequences (r,) in Definition 3.16 are replaced with sequences
(7.) of Gaussian random variables then Proposition 3.17 still holds. These spaces
were historically referred to as Gauss type and Gauss co-type, however it was shown
by Hoffmann-Jgrgensen and Maurey and Pisier that in fact Rademacher type = Gauss
type and Rademacher co-type = Gauss co-type. See [75, Section 6.1.7| for details.

3.2.2 UMD spaces

We now discuss a class of spaces introduced by Burkholder [24] known as UMD spaces,

or spaces with the unconditional property for martingale differences.
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Definition 3.18. A sequence (D,,) of E-valued random variables on a filtered prob-
ability space (Q,.#,{.%,},P) is said to be adapted (to the filtration {#,}) if D, is
F,-measurable for each n € N. D, is called a martingale difference sequence if each

D,, is Bochner integrable and
E(Dy41|#,) = 0 for all n,

where E(-|.%,) is conditional expectation with respect to the sub-o-algebra %, as
defined in [90, Chapter 9|. (D,,) is called a Paley- Walsh martingale difference sequence
if it is a martingale difference sequence for a filtration {G,} defined by Gy = {0, 2}

and G, = o(r, : k=1,...,n) where (r,) is a Rademacher sequence.

The name ‘martingale difference sequence’ arises from the case where D,, = M,, —

M,,_; for a martingale (M,,).

Definition 3.19. A Banach space E is said to be a UMD space if for some (and
hence every) p € (1,00), there exists a constant g, > 1 such that for every finite,
p-integrable, E-valued, martingale difference sequence (D,)"_, on a filtered space
(,.7,{%,},P) and every sequence (g,)Y_, € {—1,1}" we have

N » N »
(EHZenDn p) < By (EHZDn p) . (3.7)
n=1 n=1

It was shown by Maurey that it is enough to have (3.7) for just Paley-Walsh

sequences (D,,). The independence of the UMD property from the choice of p € (1, 00)
in Definition 3.19 is shown in [24]

Proposition 3.20 (Properties of UMD spaces, see [75] Section 6.1.10).

(1) If E is a UMD space then so is F' for every closed subspace or quotient space F
of E.

(2) E is a UMD space if and only if E* is UMD.
(8) If E is UMD then E is super-reflexive and of non-trivial type.

(4) E is UMD if and only if LP(S,E) is UMD for every o-finite measure space
(S, X, p) and p € (1, 00).

On the other hand, Pisier constructed a super-reflexive space which is not UMD,

so the converse of (3) is false.
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3.3 The space of v-radonifying operators

We now begin recalling the construction of the stochastic integral, as developed by van
Neerven et al. in [70] and then [68]. The key tool will be characterising stochastically

integrable functions in terms of v-radonifying operators.

Definition 3.21. A linear operator R : H — F from a separable Hilbert space
H into a Banach space F is said to be y-radonifying if for some (and hence every)

orthonormal basis (h,,) of H and every standard Gaussian sequence (7,,) on (92,.%,P),

io: YnBRhn
n=1

converges in L?(Q; F). The space of all y-radonifying operators is written v(H, E),

1

o 2 2

IRl = (EHZ%Rhn ) .
n=1

This norm is shown to be independent of the choice of orthonormal basis (h,) and

the sum

and is a Banach space with respect to the norm

the sequence (7,) in the survey article [65, Section 3| of van Neerven.
Example 3.22.

(1) If E is also a Hilbert space, then y(H, E) = Lo(H, E), the space of Hilbert-
Schmidt operators from H to E ([32] or [86, Section 2.3]).

(2) Suppose R, S € L(H, E) and
|R*a*||g < ||S*a*||p  for all z* € E*.

If S € y(H, E) then we also have R € v(H, E) and ||R|ym,r) < ||S|ym,E) (see
[65, Theorem 9.3]).

(3) If E = LP(S) for some o-finite measure space S, then v(H, F) is characterised by

the following Lemma.

Lemma 3.23 (Lemma 2.1 of [69]). Let (S, X, u) be a o-finite measure space and let
1 <p < oo. For an operator R € L(H, L*(S)) the following are equivalent:

(1) R € ~(H, LF(S)).
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(2) For some (and hence all) orthonormal bases (h,) of H, the function

(> 1an )
n=1
belongs to LP(S).

(8) There exists a function g € LP(S) such that for all h € H we have |(Rh)(s)| <

g($)||h||g p-almost everywhere.

(4) There exists a function k € LP(S;H) such that (Rh)(s) = [k(s),h]g p-almost

everywhere.

In this case we have

oo

(Z|Rhn|2)§

n=1

< llgllzr(s)-
L7(S)

| Rllya,Leesy) ~p 1kl Lres,my =

We will usually be concerned with the case v(#, E), where H is a Hilbert space
of the form L?(I; H) for another Hilbert space H and an interval I C R. In order
to estimate y-norms it will be useful to have a Fubini type theorem to interchange ~
and LP type norms. The next result, known as the y-Fubini isomorphism, is a tool

that will be used repeatedly.

Proposition 3.24 (Proposition 2.6 of [68]). Let (S, X, u) be a o-finite measure space
and let p € [1,00), then the map F, : LP(S;fy(H, E)) — E(H, LP(S; E)) defined by

(B(6)h)(s) = dls)h, seShel
defines an isomorphism from LP(S;fy(H, E)) onto fy(H, LP(S; E))
Note that in the case E' = R, then v(H, F) is just H, so we have
LP(S; H) ~ ~(H, LP(S)). (3.8)
In the delayed context, we will also need the following immediate corollary.

Corollary 3.25. If (S, X, u) is a o-finite measure space and p € [1,00), then the
map G : LP(S;7(H,E)) x v(H,E) — L(H,LF(S; E) x E) defined by

G, (6. ) = (6()h. Rh)

is an isomorphism from LP(S;’y(H, E)) x v(H, E) onto 'y(H, LP(S; E) x E)
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3.4 Construction of the stochastic integral

Now we define the stochastic integral, following the method of van Neerven et al. in
[68].

Definition 3.26. Let H be a separable Hilbert space. An H-cylindrical Brownian
motion on the filtered space (Q, .7, (%#),P) is a family (W(t)),. of bounded linear

>0
operators from H to L?(2) which satisfies

(1) Wh := (W(t)h)
for each h € H;

>0 18 a real valued scaled Brownian motion on (Q, F(F), P)

(2) E(W(s)g- W(t)h) = (s At)[g, hly for all s,¢ >0 and g,h € H;
(3) the family {W(t)h:t>0,h € H} is jointly Gaussian.

W (t)h is a standard Brownian motion if and only if |||z = 1. Note that condition
(3) is often not included in definitions in the literature, but is frequently assumed
implicitly in arguments that follow. Since (3) does not obviously follow from (1) and
(2) we include it explicitly.

Equivalently, and rather more elegantly, an H-cylindrical Brownian motion can
be defined as an isonormal process W : L*(Ry; H) — L?(2). See the survery [65] for
details.

Example 3.27.

o0

(1) If H is a separable Hilbert space with orthonormal basis (h,) and (W®™)™ is a

n=1

sequence of independent real Brownian motions, then
W(t)h =Y W) [h,hylg, heH
n=1

defines an H-cylindrical Brownian motion.

(2) In the case where H = L?*(D) where D is an open subset of R? then an L?(D)-
cylindrical Brownian motion is the model for ‘space-time white noise’ on R, x D.
This explains why H-cylindrical Brownian motion appears naturally in stochastic

partial differential equations.
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For h € H and x € E we write h @ v € L(H, E) for the operator defined by
(h®@x)g = [h,glur, g€H. (3.9)

For 0 < a < b < 0o and an .%,-measurable subset A C (Q, the stochastic integral of
the indicator process Ligprgxa @ (h ® ) : [0,00) x Q — L(H, E)) is defined as

/t Lapxa ® (h@x)dW := 14 (W (bAt)h — W (a At)h)z. (3.10)

Note that this integral is of Itd type and is an .#;-adapted martingale by the definition
of W (Definition 3.26). By linearity, this definition extends to adapted step processes
® :[0,00) x Q — L(H, E) which take values in the finite rank operators.

In order to extend this definition to a more general class of processes, recall the
definition of an H-strongly measurable process (Definition 3.3). We first define the
stochastic integral for deterministic functions @ : [0,00) — L(H, E) and then extend
this to random processes © : [0,7] x Q — L(H, E).

Definition 3.28. An H-strongly measurable function ¢ : [0,00) — L(H, F) is said
to be stochastically integrable with respect to W (t) if there exists a sequence ¢, :
[0,00) — L(H, E) of adapted step functions which take values in the finite rank
operators and a pathwise continuous process ¢ : [0,00) x Q@ — FE such that the

following two conditions hold:

(1) ¢,h converges to ¢h in measure on [0,00) x Q as n — oo for all h € H,

t
(2) t— / ¢n dW converges to ¢ in measure on Cy([0,00); E) as n — o0.
0

In this case ( is well defined independently of the choice of ¢, as an element of
L°(€2; Cy([0,00); E)) and is called the stochastic integral of ¢ with respect to W. We

write

¢(t) = / o(s) AW (s).

Proposition 3.29 (Theorem 4.2 of [70]). Let H be a separable Hilbert space. For an
H -strongly measurable function ¢ : [0,00) — L(H, E) the following are equivalent:

(1) ¢ is stochastically integrable;
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(2) for all x* € E* the function ¢*x*(t) := ¢(t)*z* is in L*(0,00; H) and there exists

a pathwise continuous process & : [0,00) x Q — E such that

= / o(s) " dW (s) almost surely, for all z* € E*;
0

(3) for all x* € E* the function ¢*z* is in L*(0,00; H) and there exists an operator
R € v(L*(0,00; H), E) such that for all f € L*(0,00; H) and z* € E* we have

(Bt = [ 15(s),ofe) ot
0
We say that ¢ is the representation of R.

In this case & 1s uniquely determined and
t
= / ¢(s)dW (s) almost surely for all t € [0, 00).
0

The process & is a martingale adapted to the filtration {%,} with continuous p™ mo-

ments for allp €1, oo), and for all p € [1,00) we have

]E P H/ d)dWH = IRl z2(0,00:m0),)-  (3.11)

te[0,00)

t€[0,00)

Moreover, for each p € [1,00), the convergence of fg ¢ AW to ¢ in Definition 3.28
(2) is in LP(Q; E).

For functions ¢, : R — L(H, E) we have a stochastic dominated convergence
theorem. See [70, Theorem 6.2].

Theorem 3.30 (Dominated Convergence Theorem). Let ¢,, : (0,00) — L(E, H) be
a sequence of stochastically integrable functions and suppose there exists a function
¢:(0,00) = L(H, E) with ¢*z* € L*(0,00; H) for all x* € E* such that

lim OO||¢Z (t)z" — o™ (t :UHHdt—Oforallx S

n—oo 0

Assume also that there ezists a stochastically integrable function : (0,T) — L(H, E)
such that for all x* € E* and all n € N we have

/Om|gb2(t)x* Zdtg/oooy

Then ® is stochastically integrable and

lim EH /OOO (6n(t) — 6(1)) dW(t)Hp =0 for all p € [1, 00).

n—oo

2

2 dt.

b (t)a”
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Corollary 3.31 (Uniform Dominated Convergence). Suppose ¢, (t,s) : R x (0,00) —

L(H, E) is a sequence of stochastically integrable functions with

lim sup /00 Hgbj;(t, s)x*Hst =0 for all z* € E*
0

and there exists a stochastically integrable function ¢ : (0,00) — L(H, E) with

oo 9 oo
sup/ Wt s)at ||, dt < / {
ter Jo 0

Then Theorem 3.30 holds uniformly fort € R, so

2
Hds.

b (s)a”

lim sup]EH /000 Onlt, s) dW(s)Hp =0 for all p € [1,00).

Proof. This essentially follows from the proof of [70, Theorem 6.2] with uniform con-

vergence in ¢ € R coming from Proposition 3.29 (3) and Example 3.22 (2). O

To extend the stochastic integral to adapted processes ® : [0, 7] x Q — L(H, E) it
is necessary to assume something about the Banach space E. The following result of
Garling [44] characterises UMD spaces (as defined above in 3.2.2) as those in which
the decoupling inequality holds.

Let (W(t)) be another H-cylindrical Brownian motion on a new filtered space
(?2, ,;57:, (%), ﬁ”), independent of (gft) We define the decoupled mtegml of an elemen-
tary adapted process Ligpxa ® (h® ) : [0,T] x Q — E for A € %, with respect to

W as follows
t —_— —~ —~
/ Lspen @ (h® 2) dW = 14 (W(b A t)h — W(a A t)h).
0
This stochastic integral forms a random variable in L (Q; Lr ((NZ, E)) We write E for
expectation with respect to P.

Lemma 3.32. Let H be a non-zero separable real Hilbert space and fix p € (1,00).

The following are equivalent:
(1) E is a UMD space;

(2) there exists a constant Cy, g > 0 such that for every elementary adapted (to {.%#})
process ® : [0,T] x Q — L(H, E)
< E sup H /
t€[0,1]

IE sup H/
t€[0,T)
<CpEIE ]E sup H/ s) dIW (s H)

t€[0,T]
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We now give an analogue to Proposition 3.29 for arbitrary adapted processes
¢ :[0,7] x Q2 — L(H,E). We say a process ® : [0,T] x Q — L(H, F) is adapted
(to the filtration { % }1>0) if ®(t) is H-strongly measurable with respect to .%; for all
te0,7].

Theorem 3.33 (Proposition 3.6 of [68]). Let E be a UMD space and fiz p € (1,00).
For an H-strongly measurable and adapted process ® : [0,T] x Q — L(H,E), the

following are equivalent:

(1) ® is an LP-stochastically integrable process with respect to W (t). That is, there

exists a sequence (®,,) of elementary adapted processes such that

(a) for all h € H, lim ®,h = ®h in measure on [0,T] x Q;
n— oo
(b) there exists ¢ € LP(Q;C([0,T); E)) such that

)= lim | @(s)dW(s) in LP (2, C([0,T); E));

n—o0 0

(2) for all x* € E* the process ®*x* is in LP(Q;LQ(O,T;H)) and there exists a
pathwise continuous process & € LP (Q; c([0,TY; E)) such that

(€() 1) = / B(s)a" AW (s) in L C[0.T)).

(3) for all z* € E*, the function ®(w,-)*z* is in L*(0,T; H) for almost all w € Q
and ® represents an element R € LP(Q;~v(L*(0,T; H); E)), that is, for all f €
L*(0,T; H) and z* € E* we have

T
(Rf,z") :/0 [f(t), ®(t) x| dt almost surely;

(4) for almost allw € U, the function ®,, := ®(w, -) is stochastically integrable (in the
sense of Definition 3.28) with respect to an independent H-cylindrical Brownian
motion W(t) and

T —
W / O (w, s) dW (s)
0
defines an element of LP(€; LP(Q; E)).

In this case the random wariables ¢ and & are uniquely determined and equal in
LP(Q; E). The random variable R is in LP(Q;~v(L*(0,T; H), E)), and moreover

IE sup ”/ s)dW (s H > IE sup H/ s) AW (s H) ~ B||R||(120.1:8).)-
t€[0,T] t€[0,T
(3.12)
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We will refer to the final line (3.12) the It6 isometry.
If E/ is a Banach space of type 2 then there is a convenient subspace of integrable

processes which greatly simplifies dealing with the stochastic integral on these spaces.

Corollary 3.34 (Corollary 3.10 of [68]). Let E be a UMD space of type 2 and
let p € (1,00). Then for every H-strongly measurable and adapted process & €
L (Q; L*(0,T;~(H, E))), ® is LP-stochastically integrable with respect to W, and

p < P
~Pp EH(I)HL?(O,T:'y(H,E))'

E sup H/th)(s) dW (s)

te[0,7

Corollary 3.34 also holds if UMD space of type 2 is replaced with Martingale type

2 spcae. See for example [20].

3.5 R and 7y-bounded families of operators

In generalising various types of multiplier theorem from Hilbert spaces to Banach
spaces (for example, [89] or the Fourier multiplier theorems 1.6 and 1.10 on pages
74-76 of [57]) it is often necessary to replace the notion of uniform boundedness of a

family of operators with a stronger condition, that of R-boundedness.

Definition 3.35. Let (1,) be a Rademacher sequence on (§2,.%,P) and let E and F’
be Banach spaces. A family of bounded linear operators .7 C L(E, F') is said to be
R-bounded if there exists M > 0 such that

)\ 2

E)

N ) 3 N
<EH Z’rnTnxn F> <M (]EH Z TnTn
n=1 n=1

for all N > 1 and all finite sequences (7,,)Y_; C 7 and (z,))_; C E. The least such
M is called the R-bound of .7 and is written R(.7).

By the Kahane-Khinchine inequalities, Proposition 3.15, the exponent 2 can be
replaced by any p € [1,00) (however, possibly with a different constant R,(.7)).

Definition 3.36. If the Rademacher sequence in Definition 3.35 is replaced by a
Gaussian sequence (7,) then we obtain the related notion of «-boundedness. The
least constant in this case is called the y-bound of 7 and is denoted v(.7). Again,
the 2 may be replaced with any p € [1, 00).
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Every R-bounded family 7 C L(F, F) is y-bounded with v(7) < R(7). If E
has finite co-type then R and y-boundedness are equivalent and there exists C' > 0
such that R(.7) < Cv(.7). If E and F are Hilbert spaces then both notions are the
same as uniform boundedness and R(.7) = y(.7) = suppec o |1

The importance of y-bounded families comes from the fact that they act as point-
wise multipliers on spaces of stochastically integrable processes, as we shall see in

following lemma.

Lemma 3.37 (Lemma 2.9 of [69]). Let E, F be Banach spaces and suppose that E
does not contain a copy of co. Let H be a separable Hilbert space and T' > 0. Suppose
M :(0,T) — L(E,F) satisfies:

(1) for all x € E, the function M(-)x : (0,T) — F is strongly measurable;

(2) the range M = {M(t) € L(E,F) :t € (0,T)} is y-bounded in L(E,F).

Then for all step functions ® : (0,T) — L(H, E) which take values in the finite rank
operators we have

| M®||ycz20.1m),0) < VM)PRly(200,7:0),B)-

Here (M®)(t) = M(t)®(t). The mapping ® — MP has a unique extension to a
bounded operator from v(L*(0,T; H), E) toy(L*(0,T; H), F) of norm at most y(M).

We now give two examples of R~ (and hence, 7-) bounded families that crop up

later.

Lemma 3.38 (Proposition 2.5 of [89]). Let E' and F' be Banach spaces. If S : [0, T] —
L(E,F) is differentiable on (0,T) and S'(t) is uniformly Bochner integrable, then the
family

Ts={S(t):t€(0,7)}

is R-bounded in L(E, F'), with

R(Z5) < ||S0)] +/0 150 dt.

The next Lemma refers to the abstract Sobolev space E, = D((—A)%) together
with the graph norm ||z||g, = ||z|| + ||[(—A)%z| for € D((—A)%).
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Lemma 3.39 (Proposition 4.1 of [69]). If S(t) is an analytic Cy-semigroup on a
Banach space E, then for all a € [0,1) and € > 0 the family

Ts = {t"""S(t) € L(E,E,) : t € [0,T]}
is R-bounded in L(E, E,), with R-bound of order O(T¢) as T ] 0.

Proof. Define N : [0,T] — L(E,E,) by N(t) = t*™S(t). N(t) is continuously
differentiable on (0,7) and by the product rule N'(¢) = (a+¢&)t*™15(¢) + t*= AS(¢)
where A is the generator of S(t). Now by (2.7) of Theorem 2.9,

[N g,y < CET for t € (0,7),

and so Lemma 3.38 gives

T
R(%)g/o [N o, At < CT=. O
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Chapter 4

Stochastic delay problems

4.1 Introduction

In this section we build on the work of van Neerven et al., particularly [69] and [86],
by extending their primary results on the well posedness of two classes of stochastic
differential equations with multiplicative noise term to equations based on a (possibly
infinite) delay. We will give two theorems, the first concerning non-autonomous delay
problems on UMD spaces of type 2 (for example, an L? space for p > 2) and the
second for an autonomous problem on general UMD spaces (which include LP for
p € (1,00)). The theory in the later case is rather more sophisticated, leading to the
restriction to autonomous problems.

In both theorems that follow we adopt the strategy taken by van Neerven, Veraar,
et al. in [86] and [69] but replace the dependence on the current state X (t) of the
system with dependence on the entire history X; of the system up time ¢, which lies
in a space of the type Z introduced in Definition 2.20. This causes the principal new
difficulty, that of relating the various fixed-point space norms to those on the history
space. In the type 2 spaces we allow the full range of abstract history spaces defined
in Definition 2.20, however in UMD spaces we restrict to a class of weighted LP spaces
in order to achieve this.

The key difference between the two results in this section is the restriction in the
first instance to UMD spaces of type 2 (see Definition 3.16). In a type 2 Banach space
there is an easy subspace of integrable processes that is sufficient for our purposes.
By Proposition 3.34, for an H-strongly measurable and adapted process ® : [0, 7] x
Q — v(H, F) which is in L*((0,T) x Q;~(H, F)) we can define (see section 3.4) the

stochastic integral

/0 " B(s) IV (s)
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as a limit of integrals of adapted step processes and there exists a constant C', inde-

pendent of ® such that

N

T 2
(EH/ ®(s) dW(S)H ) < @] 20,1y x0 (11, ) -
0

However, if F is an arbitrary UMD space of type 7 € (1,2) then the picture is not
so simple. Stochastic integrability in UMD spaces is characterised by Theorem 3.33.
An H-strongly measurable and adapted process ® : [0,7] x Q — v(H, E) is stochas-
tically integrable if @ is a representation of an operator R € L*(Q;v(L*(0,T; H), F))
satisfying certain conditions and in this case the best we can say is that there exists

a constant C such that

T 2
]EH/O CI)(S)dW(S)H SCEHRHi(m(O,T;H),E)'

The difficulty in proving existence results in general UMD spaces is in finding a correct
space of continuous processes in which to apply a fixed point theorem. Any such space
V' would need the property that for U € V, both the deterministic and stochastic

convolutions,
/0 S(t—s)F(s,U(s))ds, and /0 S(t—s)G(s,U(s))dW(s), tel0,T]

respectively lie in V' under suitable Lipschitz conditions on F and G. The problem
that van Neerven et al. overcome in [69] is that, by [67, Theorem 3|, if f(u) is
stochastically integrable for every stochastically integrable process u and Lipschitz
function f : EF — FE, then E will be isomorphic to a Hilbert space. They resolve
this issue by introducing the stronger notion of L%—Lipsehitz functions and require
only that the stochastic convolution is in V' for maps GG with this property. Under
the assumption that F' and G are Lipschitz and Li—Lipsehitz in the second variable
respectively, the problem reduces to finding a space V' such that ¢ € V implies

t /OtS(t —5)¢(s)ds, and t — /OtS(t —s)p(s)dW(s), te[0,T]

are in V. The fixed point space proposed by van Neerven et al. is defined in Section
4.2.3, but is essentially the intersection of the adapted processes in LP(£2; C([0,T]; E))
with a weighted version of the space L?((0,T) x Q;+(L*(0,T; H), E)).
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4.2 Non autonomous delay equations

The first problem we consider is the following non-autonomous infinite delay equation

on a UMD Banach space of type 2, following the approach of [86].

dU(t) = (A@QU() + F(t,Uy)) dt + G(t, Up) dW (t), t € [0, To),
U(0) =X:Q— E, (4.1)
Uy =&:(—00,0] xQ— E.

4.2.1 Hypotheses

We assume that A(t) satisfies the condition (AT) and make the following additional
assumptions on F, A, F, G and the constants n,0p,0c > 0 and p > 2:

(H1) E is a UMD Banach space of type 2 and the operators A(t) on E for ¢ € [0, Ty
have constant domains D(A(t)) = D(A(0)) := E; with uniformly equivalent

graph norms.

(H2) The constants n > 0, 0r, 0 € [0, ), for v as in (AT2), and p > 2 are such that
n+ zln < min{l — 0p, 3 — 0, n0}-

(H3) The history space # of pairs (x, ¢) for x € E and functions ¢ : (—o0,0] — FE is
of the form defined in Definition 2.20 and for n € [0, 1] we define the space %,
by

By = A{(=A())"9() : ¢ € B}
with norm

191z, = [[(=AC)"() -

Then %, is a history space by the uniform equivalence of graph norms for A(¢)
and Remark 2.23.

(H4) The function F : [0,Tp] x Q x %, — E is such that (—A(-)) %" F is Lipschitz
continuous of linear growth in its third variable, uniformly on [0, 7] x €. That

is, there exist constants Lp and Cp such that for all ¢t € [0,75], w € © and
¢ € By

[(=A®)) " (F(t,w,0) = F(t,w,9))||; < Lrllé = ¢,
[(=A®) " F(t,w,9)]|, < Cr(1 + 16]l4,).
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Moreover, the function (¢,w, ¢) — (—A(t)) %7 F(t,w, ¢) is strongly measurable
and adapted.

(H5) The function G : [0,7p] x Q x %, — ~(H, E) is such that (—A(-))%G is
Lipschitz continuous of linear growth in its third variable, uniformly on [0, 7] x
Q). That is, there exist constants Lg and Cg such that for all ¢ € [0, Ty], w € Q2
and ¢,¢ € %,

H(—A(zs>>-9@(a<tw ¢>— Gt )|, o) < Lalld = ¥l
[(=AM) Gt w0, )| 1.5 < Ca(l +[|8ll2,)-

Moreover, the function (¢,w,¢) — (—A(t)) "% G(t,w, ¢) is strongly measurable
and adapted.

(H6) The initial history data (U(0),U,) = (X, ®) € LP(Q, Fo, B,).

4.2.2 Convolution estimates

It will be necessary to use several convolution estimates from [86]. We give statements
here without proof for brevity.

Suppose (A(t), D(A(t)))
(AT) and generating an evolution family (P(t,s))o<s<t<r. For a semigroup (S(%)):>0

10 is a family of operators on E satisfying the condition

or an evolution family (P(%,s))o<s<: we will write the deterministic and stochastic
convolutions with the functions F' : [0,7y] — E and G : [0, Ty] — v(H, E) respectively

as
¢ t
Py F(t) = / P(t, s)F(s)ds, and P o G(t) = / Pt 5)G(s) AW (s).  (4.2)
0 0
and similarly for S with P(¢,s) replaced by S(t — s).

Lemma 4.1 (Lemma 2.3 of [86]). Assume (AT) and (H1). Letn € (0,10] and 6, A > 0
be such that 0 + A < n, then there exists C' > 0 such that for all 0 <r < s <t <T
and all x € Ey

[P(t,r)x — P(s,7)zllg; < Clt — s*|x] g

Moreover, if n € [0,1m0) then P(-,7) is strongly continuous on E}, that is, P(-,r)x €
C([r, T); Ey) for every x € Ej.
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Proposition 4.2 (Proposition 3.2 of [86]). Assume (AT) and (H1). Let 6 € [0, p)
(where v is as in (AT)), p € (1,00], 6 € [0,1) and A € (0,1) be such that )\—1-54—% <
min{l — 0}, m}. Then there exists Cp > 0 with limp)oCr = 0 such that for all
¢:[0,T] = E such that (—A)~%¢ € LP(0,T; E),

HP * ngc*([O,T};Ea) < CTH(_A>_0¢||LP(07T;E)'

Proposition 4.3 (Theorem 4.1 of [86]). Assume (AT) and (H1). Let 6 € [0, A
%), p € (2,00) and §,\ > 0 be such that 6 + A —l—i < min{% —0,m0}. If the
map (—A)~°® : [0,T] x Q — ~(H, E) is H-strongly measurable and adapted with
(—A)7P® € LP(Q; L>°(0,T;~v(H, E))) almost surely, then the stochastic convolution

P o ® exists in Es and is \-Holder continuous such that

1P & @[ L0cn o my < CrEI(=A)

([0,T);Es)) HLOO(OT'y H,E))

for some constant Cp > 0 independent of ® with Cr — 0 as T | 0.

4.2.3 Well posedness and regularity results

Definition 4.4. Assume (AT) and (H1) - (H6). An E,-valued process (U(t))ie(—oo,1]
is a mild solution of (4.1) if

(1) U(t) for t € [0, Tp] is strongly measurable, adapted to .%; and in L?(0, Tp; E,) a.s.,
(2) U(t) = ®(t) a.s. for t € (—o0,0],
(3) for all ¢ € [0, Ty],
Ult)=Pt,00X + PxF(-,U)(t)+ PoG(-,U)(t) as.
where P F and P o G are as in (4.2).

For n,p as in (H2) and T € (0, Tp|, we let Zg,T be the closed subspace of adapted
processes in LP(Q; C([0,T7; E,)). For ¢ € Z7 ;. write ¢ for the extension of ¢ to
(—00,0] by ®, so

— (D), te(—00,0),
‘f’(t)—{ o(t), te0,T).

Define the fixed point operator L on Z} ;. by
L(&)(t) = P(LO)X + Px F(, 3)(t) + Po G- d)(1). (43)

We claim that L is well defined and a strict contraction on Z} ;. for some sufficiently
small T' € (0, Tp)].
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Proposition 4.5. Assume (AT) and (H1) - (H6) on a Banach space E of type 2.
Then the operator L is well defined and there exists T € (0,To] such that for all

6, € 20

1L(6) = LW 2z, < 2ll6— ¢l (4.4

nT — 9

Moreover, there exists a constant C', independent of (X, ®) such that for all ¢ € Zf;T

3=

1(8)lzz, < COL+ EICXB)E,)P) + 519l (45)

Before giving the proof of Lemma 4.5 we recall a technical Lemma for an estimate
on deterministic convolution. This appears almost as in the proof of Lemma 6.1 in

[86], but we present it separately here as the delay plays no role.

Lemma 4.6 (Deterministic estimate). Under the assumptions of Proposition 4.5, let
U :[0,T] x Q — E be such that (—A(t))"%7W(t) € LP(; L>=(0,T; E)). Then for all
te0,7],

1

t 1
1P ¥lasaciomie SE sup ([ (¢ s 7m0 As) P w(s) [ ds)’
0

te[0,T]
S Or|AC) " U () || oz (0,1:8)) (4.6)
where Cp — 0 as T | 0.

Proofs of the above are contained in the proof of [86, Lemma 6.1]. We can now

give the proof of Proposition 4.5.

Proof of Proposition 4.5. By linearity, it is enough to show that there exists a T €
(0, Tp] such that each term of (4.3) satisfies (4.4) and (4.5).

Initial value part. By (2.14) of Theorem 2.17, we have the estimate
1P(t,0)X ||z, < ClX]lg,, te[0,T],

which clearly implies

=

1
IP(. 00Xz, = 1P, 0 X necore, S (EIXIE, ) S (BICL @), )7, @7)

and this is path continuous by Lemma 4.1.
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Deterministic convolution. Let ¢,¢ € Z, then by (H4), (—A(t)) 7 F(t, &)
and (—A(t))=% F(t,1;) are adapted since t — ¢;,1); are continuous and lie in the
space LP(§2; L*°(0,T'; E')) by a simple application of condition (A0)(iii) from Definition
2.20.

By Lemma 4.6 and Proposition 4.2 we have P % F(-,¢.) and P % F(-,1.) € VAR

and
1P * F (.6 = P FC) [ oacqomsny) . _
< E sup HA [ (s, 0s) —F(S%)}HZ

s€[0,T]

(4) -
S LLE sup |6, — |7,

~Y
s€[0,T]

Now by (A0)(iii) (2.22) for each w €  we have (since ¢g = Uy = P)

165 = Wslls, < sup K(s) sup [|6(r) = ¢(r)lls, < Krllé = dleqorim,) — (4.8)

s€[0,T7] 0<r<s

where K7 = sup;¢jo ) K (1), s0
1P F(6) = P FC0) [wacorymy S FrERI6 = Ylm@cqomiey — (49)

Stochastic convolution. Consider functions ¢,¢ € Z/ ., then by (H5) we have
(—A(1) % G(t, ) and (—A(t)) ¢ G(t, ¥y) adapted and in LP(Q; L>(0, T;~v(H, E))).
By Proposition 4.3, P o G(-,¢.) and P o G(-,%.) are in Z} ;. and we have

|PoG(6)—PoG(

||LP(Q c( [0 TJ; En)
S H - )) (G<tv¢t) wt )HLP (Q;L°°(0,Ty(H,E)))

(15)
< LGHtH(bt thLP (;L°°(0,T:%y))

LGKTH¢ ¢HLPQL°°0TE,7)) (4.10)

Collecting the estimates. It follows from (4.7), (4.9) and (4.10) that L is well
defined. For ¢,¢ € Z}  we get

I1L(¢) = L)

7. S Crllo = vllz

where Cr — 0 as T' | 0. Taking sufficiently small T gives us
1
1L(¢) = L)l 22, < 5l =l 22,
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as required. Now recalling that 0, € 4 is defined by

~ o [ D(t+s) t+s<0
0t<5)_{0 t+s>0

we get (4.5) from (4.4) by observing that
ILO)Iz2 . S 1 X zoe9) + Cry (1 + II@IIL:’(Q@([O,T];%)))
< X 0.z + Cry (1+ M(O)II(0, @)l 1o,
ST+ D) o, =
Theorem 4.7. Assume (AT) and (H1) - (H6). Then
(1) there exists a unique mild solution U of (4.1) such that Ulj,r, € Zﬁ,TO
1Ulomll 22, <C< )1) (4.11)

(2) For every , A > 0 with 6 + X\ +n + % < min{% —0c,1 —0p,no} there exists a
version of U such that Uz — P(-,0)X is in L*(Q; C*((0, To); Esy)) with

and

(EHU P(,0)X |2 o1 E5+n)>5 < C(l + (E||(X,(I>)||§2n)5>. (4.12)
Proof.

(1) By Proposition 4.5 and the Banach fixed point theorem 2.12 there exists a unique
fixed point V € Z24 of L, then U : (—00,T] x Q@ — E defined by U = V is the

unique mild solution on (—oc, 7.

To find a solution on all of [0, 7] we note that (U(T),Ur) € LP(Q, Fr, %,) and
hence (H6) is satisfied for the initial condition (U(T'),Ur). By another applica-
tion of Proposition 4.5 and the above we extend the solution U to the interval
(—00, 277, and by induction in this manner to the whole of (—oo, 7y]. Equation
(4.11) follows from (4.5).

(2) for U as in (1). we have, by Propositions 4.2 and 4.3 that

E|| P+ F(.U HcA ([0,To): Byt s)

To
gE/ [(—=A@)*rF(t, Ut)||’é dt
0
To
SE [ (14 |Uilla,) de
0
To »
SE/ (1+K(t) sup [|U(s)|g, + M(0)||(X, <I>)H@,,> de
0 0<s<t

1
S 1+ Ulomllzg,, + (BICK, @)1,) (4.13)
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and similarly

E||PoG(,U. SE||(-4) %G,

HcA ([0,T0);Epy5) ”LP (0,To;y(H,E))

=

ST+ Upmllzz,, + (BICG @)L, )" . (414)
Define V : [0, Tp] x Q@ — E,, by
V(t)=Pt0)X +PxF(,U)t)+PoG(-,U)(1),

where we take the versions of the convolutions as above, then clearly V = U |[0,T0]

in Z)  and therefore V is the desired mild solution. Moreover, it follows from
(4.13) and (4.14) that

=

E[[V = PO OX B e < C(1+ VI, + (EICE@)5,)7)

and hence (4.12) follows from (4.11). O

4.3 Delay equations in UMD spaces

Next we look at the delay problem on a general UMD Banach space. In this case we
restrict to autonomous problems and to history spaces of a certain class of weighted

L? spaces so as to make use of some explicit isometries on the history space.

Consider the following delayed stochastic Cauchy problem

dU(t) = (AU(t)+ F(t,Uy)) dt + G(t, Up) dWg(2), t € [0, Tp)]
U0) = X:Q—E (4.15)
U() = (I)Z(—O0,0]XQ%E.

4.3.1 L%-Lipschitz functions and convolution estimates

In order to avoid problems alluded to in Section 4.1, we define L?Y—Lipschitz functions
as in |69, Section 5|. Let (S, X)) be a countably generated measure space and let p be
a finite measure on (S, ¥). Define L2(S, y1; E) by

L2(S,p; E) == ~(L*(S, 1), B) N L*(S, 1 E),
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the space of strongly u-measurable functions ¢ : S — E such that

M2 (s:E) = |Blly(z2(s.).) + |0l L2(5,08) < 00 (4.16)

The simple functions S — F form a dense subspace in L?Y(S, w; E).

Suppose H is a non-zero separable Hilbert space and E and F' are Banach spaces.
Let G:Sx E — L(H,F) be a function such that s — G(s,z) is in v(L*(S, u; H), F)
for every x € E. Tt follows easily that s — G(s,¢(s)) is in y(L*(S, u; H), F) for
simple functions ¢ : S — E.

Definition 4.8. We say that G : S x £ — L(H, F) is L%—Lipschitz if G is strongly
continuous in the second variable and for any finite measure p on (S, ) there exists

a constant C), such that

HG(’ ¢()) - G('v w('DHV(LQ(S,u;H),F) < C’MH¢ - 77bHL3Y(S,u;E) (4'17)

for all simple functions ¢,% : S — FE. In this case, by [69, Lemma 5.1] the map
Sua ¢ — G(-,¢(-)) extends uniquely to a Lipschitz map from L2(S, u; E) into
Y(L*(S, p; H), F') where the operator S, c(¢) € v(L*(S,u; H), F) is represented by
the function G(-, ¢(-)) for all ¢ € L2(S, u; E).

The L%—LipSChitZ property is strictly stronger than conventional Lipschitz continu-
ity. From the proof of |67, Theorem 1] it follows that if H # {0} then every Lipschitz
function g : £ — v(H, F) is L?Y—Lipschitz if and only if F' has type 2.

We now give several estimates on the deterministic and stochastic convolutions
that will be needed in the sequel. These appear exactly as in [69] and so no proofs

are given.

Proposition 4.9 (Proposition 3.5 of [69]). Let E be a Banach space of type T € [1,2]
and let 0 < a < % Ifn,0 > 0 satisfy n+6 < %—% then there exists a constant C' > 0
such that for all 0 <t <T <Ty and all p € L>(0,T; F),

1t =7 (S * ) Ol w2y < T ISllxomi-0)-
For a € (0, 1] we define the following convolution,

1

Raolt) = g [ (037750 = 5)o() s

and then estimate space time regularity of R, by with the following Lemma.
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Lemma 4.10 (Lemma 3.6 of [69]). Let a € (0,1], p € (1,00) and A\,n,0 > 0 be such
that \+n+60 < a — %. Then there exist constants C' > 0 and € > 0 such that for all
¢ € LP(0,T;FE) and T € [0, Ty],

[Raéllor o,y < CT NN oo s).

Next come estimates of the stochastic convolution S ¢ .

Proposition 4.11 (Proposition 4.2 of [69]). Suppose a € (0,3), p > 2 and A, 1,0 > 0
satisfy A\+n+60 < a — %. Let A be the generator of an analytic semigroup S on a

UMD space E and let ® : (0,T) x Q — L(H, E_y) be measurable and adapted. Then
there exists C' > 0 and € > 0 such that

T
IE||S<> (I)H]ék([o,T];En) < CPTEP/O EH@ - ')_aq)(')H:(LZ(O,t;H),Efe) dt.

Proposition 4.12 (Proposition 4.5 of [69]). Let E be a UMD Banach space and let
a € (0,2) and n,0 > 0 satisfy n+6 < o. If ®: (0,T) x Q@ — L(H,E_y) is adapted
and H-strongly measurable then for all p € (1,00) and 0 <t < T < Ty,

Eflt =S o ()], ) S TR (- ) ()

j2
L2(0,t;H), By H’Y(LQ(OJ;H)Efe)'

4.3.2 Hypotheses

We make the following assumptions on A, F', G, X, ® and the real constants 1, 0, 05 >
0, 7€ (1,2] and p > 2:

(D1) A generates an analytic Cy-semigroup on a UMD Banach space F of type 7 and

Wi = (WH(t))te[O,Tg]
a Hilbert space H.

C L(H,L*(Q)) is an H-cylindrical Brownian motion on

(D2) 0§77+9F<%—%and0§77+9g<%—

SRl

(D3) The history space % is of the form E x LF(—o0,0; E) introduced in Example
2.22.3. For a function ¢ : (—oo0,a] — E for a > 0 such that ¢ is continuous
on [0,a] and (¢(a), d,) € B, we associate ¢ with the pair (¢(-), ¢.) and write
$q € B.
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(D4)

(D5)

The function F' : [0,Ty] x Q x B, — E_, is continuous almost surely and
Lipschitz of linear growth on the history space 4 uniformly with respect to
[0,75] x © . In other words, there exist constants Lg, Cr > 0 such that for all
t € [0,Tp],w € Q and ¢,9 € %, we have

|F(t,w,¢) = F(t,w, ¥)lle_,, < Lrll¢ =1, (4.18)

and
I1F(t,w, ))le,, <Cr(1+¢ls,) (4.19)

and moreover, the function (¢, w, ¢) — F(t,w, ¢) is measurable and adapted (to

yt) in E_QF.

The function G : [0, Ty] x Q2 x B, — L(H, E_y,) is continuous almost surely and
L2-Lipschitz uniformly on €. In other words, there exist constants Lg,, C% > 0
such that for any finite measure p on ([0, 7], Bjo1)), all w € Q and all ¢, :
(—o0,Ty] — E,, continuous on [0,7y] with the property that the functions
(t = ¢¢) and (t — o) lie in L2(0, Ty, p; %,) we have

”G(v w, ¢) - G(? w, 1/}) H’Y(LQ(O,TO,#;H),Efec) (420>

S LGt (¢ — w)tHL?Y(O,TO,p,;«%n)

and

IG (s w, o) lz20T0 )5y < CE(L+ It = Gl L2 010,52,)) (4.21)

and moreover, for all ¢ € %, the map (t,w) — G(t,w, ¢) is H-strongly measur-
able and adapted (to %) in L(H, E_g,).

The initial history (U(0),Up) = (X, ®) : Q@ — £, is strongly .F#j-measurable,
X € LP(Q; E,) and if ® represents the extension of ® to (—oo, To] by

t € (0, Ty

~ 0
(t) :_{ O(t) te (—o0,0]. (4.22)

then the function mapping s to (t — s)*QED(w)S lies in L2(0,t; %,) for all t €
[0, 5], @ € (0, 3) and almost all w € Q with

sup El[s— (t —s)
t€[0,T0)]

JIEISSHLg(O,t;(@n) < o0. (4.23)
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4.3.3 Well posedness and regularity results

Definition 4.13. A process (U(t))te(ioo 7y 18 said to be a mild solution of (4.15) if
U :[0,Tp) x Q — E, is strongly measurable, adapted to .#, and for all ¢t € [0, T}

(i) U has continuous paths on [0,7], U(0) = X and Ul = ¢ almost surely;
(ii) the function s — S(t — s)F (s, U) is in L°(Q; LY(0,¢; E));

(iii) the function s +— S(t — s)G(s, Us) is H-strongly measurable, adapted to .%#; and
in v(L(0,t; H), E) almost surely;

(iv) U(t) =S{t)X + S« F(-,U)(t)+ S oG(-,U)(t) almost surely.

Hence for a given solution U the deterministic convolution is pathwise well defined
as a Bochner integral and the stochastic convolution is well defined by Theorem 3.33.

We will prove an existence and uniqueness result for (4.15) using a fixed point
argument in a scale of Banach spaces introduced by van Neerven et al. in [69]. Fix
T € (0,To], p€ [1,00) and a € (0, 3) and define VZ ([0, 7] x €; E) to be the space
of all continuous adapted processes ¢ : [0,T] x  — E for which

9llve o o.1)x0:8) (4.24)

(E||¢HC(0T]E> + Sap <E”5H (t—s)"%0(s Hp L2 Ot)E))p

t€[0,7]

=

is finite. Similarly, define V(ﬁp([(), T| x Q; E) to be the space of pathwise continuous
and adapted processes ¢ : [0,T] x Q — E for which

9llve, o,11x8) (4.25)

1 T »
:@W@mmy+<AEWHt—sa O 22002 ><m.

Under identification of processes equivalent under the above norms, V7 ([0, T]xQ; E)
and V2 ([0,T] x Q; E) become Banach spaces.
Our main result, Theorem 4.17, is to prove the existence and uniqueness of a mild
solution of (4.15) in each of the spaces above with the initial history data (X, ®).
Consider the fixed point operator defined on V2 or V2 by

Li(o)(t) := S()X + S % F(-,d)(t) + So G- o)), te[0,T] (4.26)
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where ¢ is the extension of ¢ to (—o00,T] by @,

T J o) tel0,T]
o(t) '—{ O(t) e (—o0,0). (4.27)

We will show that L is well defined and becomes a strict contraction for small enough
T.

Proposition 4.14. Suppose (D1) - (D6) are satisfied and choose o € (0, 3) such that
1
n-+ O < a— —.
p

Then the operator Ly is well defined and bounded on either of the spaces V. =
ng([o, T x En) or chp([o, T x En), and moreover, there exist constants C, Cp
with limp o Cr = 0 such that for all g, € V

| L7(¢) — Lr(¥)[lv < Crll¢ —¥|v (4.28)

and

1

[1Lz(d)llv < C’(l + (EN(@, %)%, )"

+ (s Blls o+ (0= 9) @[ )7) + Crlloly (420

te[0,T

First we give two more technical lemmas that will be required in the proof. These
are exactly as in the proof of Proposition 6.1 in [69], but are presented separately

here for clarity, as the delay plays no part in these estimates.

Lemma 4.15. Assume (D1)-(D6). Under the conditions of Proposition 4.14, if ¥ €
LP(Q;C([0,T); E—,.)) then

HS* \I’va’ < omin{z—asl-n— SN Lo (0.1 o))" (4.30)

(0,7 x 2 Ey) =

Proof. Take ¢ € C([0,T]; E_g,.) and find bounds for the V?_([0,7] x €; E,)-norm
of Sx1. Applying Lemma 4.10 with « = 1 and A = 0 we see that S is continuous
in E,. The standard analytic property (2.7) of S gives

15Vl <€ [ 6= 90 sl

< CT "7 |l cqoyie (4.31)

0p)"
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By assumption (D2) we satisfy the conditions of Proposition 4.9, so it follows that

—a 1_a
HS = (t - 3) S * w(s)H'y(LQ(O,t),En) <T: H¢HC([O,T];E,9F)- (4'32>

Now let ¥ € L”(Q; c([0, TY; E_gF)). We apply (4.31) and (4.32) to the paths ¥(-,w)
and take expectations to see that S+ ¥ € V?_([0,7] x Q; E) and

[ < CT™ME= =0 | o071 ))- O

oo (0,71 Q4 )
Lemma 4.16. Assume (D1) - (D6). Under the conditions of Proposition 4.14 let
U:[0,T)xQ — L(H, E_g.) be H-strongly measurable and adapted, and suppose that

sup IEHS»—> (t—s) V(s
t€[0,T)

||7(L2(0tH)E o) < O (4.33)

Then there exists € > 0 such that

[Sow],. (4.34)

([0, T)x%Ey)

< C’TEI( sup El[s— (t —s)"*U(s Hp
t€[0,T]
Proof. Let ¥ :[0,T] x Q — L(H, E_y.) be H-strongly measurable and adapted, and

suppose that

p
L2(0,t;H),E_ GG)> :

sup EH5|—> (t— ) “U(s
t€[0,T)

We estimate the V2 ([0,T] x €; E,)-norm of S ¢ W. From Proposition 4.11 there

exists an € > 0 such that

||7(L2(0tH)E o) < O (4.35)

IEHSO\IJHP < CPT®P sup IEHS»—> (t—s)"*U(s

refo.T] H-y(LQ(OtH E_¢y)

C([0,T];Ex)
For the other part of the norm, by Proposition 4.12 we obtain that
e} p
E||s»—>t—s) SoW(s H (L2(0,t:H),Ey)
s—n—0¢g) . «a p
< OPTGTPE|ls o (1 — 5) " W(s H (L2(04H),E_g,)"

Combining the above we conclude that for &’ := min{3 —n — g, e}

HSO\IIHVP (10,1 Ey) (430
1
< C’T€/< sup ]EHS»—> (t—s)"“¥(s Hp L2(0,t;H),E_ ec))p’ -

t€[0,T]

We are now ready to proceed with the main result.

Proof (of Proposition 4.14). The proof proceeds along the same lines as the proof of
Proposition 6.1 in [69], adapting as necessary for the delay. As in [69] we will give
a detailed proof only in the case that V = V({OO([O, T x Q; E), the other case being

essentially the same.
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Step 1 (Estimating the initial part).
It is clear that for fixed w € Q

HSXHC([QT];EW) S CHXHEn-

Let € € (0, %) From Lemma 3.37 and Lemma 3.39 we infer that for a fixed w € Q,
te 0,7

I = (¢ = 7S X 00,0

< COlls—=(t—s) *EXH

(L2(0,t), )
< Clls= (=) o [ X I,
< CIXg,
Then taking expectations, we get
ISOX e - orpxae < CIXlor@ie,). (4.37)

Step 2 (Estimating the deterministic convolution).
Let ¢, € Voﬁoo([O, T x En>' Since F is continuous on [0, 7] x %, and the map
t — ¢ is continuous by (A1) of Definition 2.20 we have, for fixed w € Q, ¢ € [0, 7]

|F(t 0y, < Cr(1+l16ll5,)
< Cp(1+ Kz sup [[6(s)llm, + Mr|[®]|,)

s€[0,¢]

s€[0,7

Taking a supremum on the LHS and then expectations we get

[FC o)l r@icqorsz_on S 1+ [10llve oorxae,)

and the same for ¢, so both F(-,¢.) and F(-,1.) belong to LP(Q;C([0,T); E—o,,))
and we can apply Lemma 4.15. The estimate (4.30) shows that S * F(-,¢.) and
S * F(,QZ) € Voﬁw([O,T] x Q; E,). Note that by the property (2.22) of Definition
2.20

6e — Well 5, < S K(s)ll¢ — ¥llcqom.e,) (4.39)
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since 50 = {bvo = ®. Combining (4.30) with the property that F' is Lipschitz in its
PB,-variable (4.18) and setting § = min{3 — o, 1 — 7 — Op} yields

HS* (F(Wg-)_F('v@Z'))HVD{’,N([O,T]xQ;En)

i ! -
< CT||F(¢.) - F(Ww')”m (C([0,T);E- 0F))
= C’T‘S<E sup || F(t, &) — F(t,00)|, 0 >
t€[0,T] g
< CTLe(E sup (3D ||ﬂ)
te[0,T]
1
< CT°LpKr, (EW - 1/’||%([0,T];En)> '
< CT°LpKgllo — ¢llve orixa;m,)- (4.40)

Step 3 (Estimating the stochastic convolution).
For ¢ € [0, T, let p1, be the finite measure on ((0,¢),B(o) defined by

fto(B) = / (t —s5) 21 p(s)ds.
0
Notice that for a function ¢ € C' ([O, t; E) we have
¢ € y(L*0,t, ua), E) <= [s— (t—35)%(s)] € v(L*(0,1),E).

and

10l 20t 00im) = HS'_> (t—s)""o(s HL?(OtE)

< CtE %ol eqorm-

Now let ¢,¢ € VOZ[’,OO([O, T] x Q; En)- Fix some w € 2. The paths of ¢, 1 belong to
Li (0, t, [t En) uniformly for ¢ € [0,7] almost surely by the definition of the norm
on Vcﬁoo([O,T] X Q;En) (4.24) and that the path of s — (/ISS is in L?/(O,t,um;,%’n)
almost surely by assumption (D6).

Recall the definition of 5, {E from (4.27). We plan to show that s — (ES and s — QZS
are contained in L?Y (O, L, [t o ,%’17) almost surely.

Fix an w € Q. From the definition (4.16) we have that

I Felsinepnny = 15 Bl + 157 Bl 0nnriny
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For the first part, using property (2.22) of Definition 2.20

7 12
[T AR A ARG
< [ (K361 e + MBI, ) drna)
< C(Io1qmyey + (X, 2)1%,) (4.41)

where K = sup,cor K(s), Mr = sup,co M(s). By the corollary to the v-Fubini
isomorphism (Corollary 3.25), since %, = L?((—00,0]; E,) x E, for some g we have

that

7<L2 (0, t, Nt,a)w%)n) = <L2 (0, t, Ht,a)a Lp( — 00,0, g(r) dr; E,]) X En)
P
g

((_007 0]; 7<L2(Oa ta ,ut,a)’ En))
x v (L*(0,, pa), Ey)- (4.42)

We now apply this isomorphism to the map s — 55

s '_>¢5||7(L2(0tut o) %)

< Olls = Gl 7 oompr (22000, Fypy (B0 10
_C<H5'_>¢S|| — 00,0/ (L2(0,t 150 ), Ery)) +H3'_>¢s H’y(LQ(Otuta E7,>

To deal with the L? term I; we partition the domain (0,t) of 55 so as to estimate the
initial history part ® and the part in V(ioo([(), T] x € En) separately.

0
W= [ s = (=500 g
—C/ r|se (t—s)” a(b(s—irer dr

(L2(0,t),Ey)

IC/ g()|Ju = (t+r —u)™¢ (W), dr

L2(rt+r),Ep)
_c /

t +r— U) |:I]-[7“,0/\(t+7’)} (u)q)(u)

p

dr
V(L2 (r,t+7),Ep)

+ L(oA(t+r) 4] (U)cb(U)}

0
SO/ [HUH (t+r—u)"®(u ||7(L2(r0/\t+r)En)

—00

+Hu'—> (t+r—u)"o(u Hp dr.

L2 (OA(t4r),t4T), En)]
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Now the second term in this integral is 0 for r < —t, so

0
gc/ P ¢+ =0 Fw|P, ar

L2(rt+r),Ey)

—00

0
+/_t Huv—> (t+r—u)""¢(u HpLzotJrT)E”)d]

0
<C / 9(7”)”5 = (= 5)70@ Hp L2(0,t),E) dr

—00

0
+ t:}é% HU = (t+r—u)"o(u ||7(L2 (0,t+7),Ey) /_tg(’r’) dr]
re[—t,0]

S| sup ||s e (t—5)7D, I 2000,
t€[0,T7
0
a p
+ sup s> (t—s)” H LQOt)E)/ g(r)ydr], (4.43)
t€[0,T] n) J_,

and since ¢ € V2_([0,T] x Q; E,)) and & satisfies (4.23), this is integrable with finite

expectation. For I

Iy = HS = ¢S ||7(L2(0tuta) Ey) ”S — ¢(s HW(LQ(Ot/LtQ) Ey)
< sup ||sv—> (t—s)"% Hp
te[0,7

(4.44)

L2(0,t),Ey)

which has finite expectation for the same reason. Hence s — 55 and s +— {D/S are

contained in L,Qy (0, T, .o %n) almost surely and

HS = (bSHL%(O,uma B ~ S1+ ”¢||V£oo ([0, 7)< Ep) - (4.45)

By (D5), for fixed w € €2, t € [0,T] we have

~ (421) -
HS —> (t — 3)_QG(S, gbs)Hﬂy(L?(O,T;H),E,gG) 5 1+ HS — (t — 8)_a¢s”L%(O,T;,@n)
(4.45)
S 1+ lellve L qomxeie,)

and hence the function G is of linear growth from the space L?y (O,t, ut,a;ggn) into
VL0, 8, pry.05 H), B_g) for all t € [0,T]. Now W(s) := G(s, ¢,) satisfies (4.33) and
we can apply Lemma 4.16. Thus as G(s, (ZS) and G(s, 1;5) are H-strongly measurable
and adapted, S o G(-,¢.) and S o G(-,1.) are in VP ([0,T] x Q; E,) by (4.34).
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Now using the L2-Lipschitz property of G' (4.20)

||S<> (G('> 5) - G(, @Z)) va,oo([o,T}xQ;E,,)

(4.34) Py ” z
< 7 —s)° - ; p
< T tz[%gq (EHS — (t 8) [G(Sa ¢s) G(‘S?wsﬂ H'y(LQ(U,t;H);Ef%;))

1
= T t;é’pﬂ (]EHS = G(s, ¢5) — G(s, ¢5)H’Y(LQ(O,t,Mt,a;H);E—Qc)>

(4.20) Z
< 1 !

LT s[l(l)pT] (EHS'—> Cb @/’ ||L2(0tuta%y)>
1
< LT - p
S LT tg[l(l)% <EHS = (t— )" — ) ||7(L2(0t ﬁn)> (4.46)

te[0,7

+ sup (]EHS»—)(t—S) qb ¢ HLQ(Ot%,)>].

Using property (2.22) of Definition 2.20 and the fact that b0 = Uy = ® almost surely,

we have that for almost all w € Q

s = (t—s)7° (¢ =) HL2 0.t %,) = T(%iap)Ht = (6 — J)tHZ'([O,T];%n)

Lo P
< KpTG=e?) |6~ wHC([O,T];En)
and by a further use of Corollary 3.25, the isomorphism
7<L2 (07 t? //Jt,a)a %77> = Lz ((_007 0]7 ’}/(L2<O, t7 ,ut,a)a En))
X 7(L2(07t7:ut,01)7E7]) (448>

gives us

ts[lé%]HsH (t=9)"(6 = Ol 120,15,

0 —~ ~
< sup / g)ls = (t = 7@ = D) + D a0y A

+ sup ||sr—>(t—8)_a(¢_¢ Hp (L2(0,t), En)
te[0,7)

< (L4 llglle=ro) Jup s = (¢ =) = D) + )2 a0y 1y

re[—t,0]

= (14 llgllz(-r.0)) S [ (t+7 = u)™ (¢ = V)W 120100 1,
rel—t,0]

= 1+ gl -10)) S |5 (¢ = 5)7(¢ = V) 1200008,
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Taking expectations and combining (4.46) with (4.47) and (4.49), there exists C' > 0
such that

IS o (G(,0) = GE ) g oriensy < CTNE = Yllveaqomxas,) — (4:50)
as required.
Step 4 (Collecting the estimates).
From the estimates (4.37), (4.40) and (4.50) we see that Ly is well defined on

VP ([0, T] x Q; En) and that there exist constants C' > 0 and 8 > 0 such that for all
o, € Vofoo([O,T] x En) we have

| Lr(¢) — Le(¥)llve o qorixssy < CTP N6 = Yllve . qorixeiE,)- (4.51)

Now recall the definition of ® (4.22) as the extension of ® by 0 to (—oo, Ty

(437) .
1SOXNve oz < C(EIXIE,)"
2.22

2 cnEix )

D=

Is s P <" or (e

(4.19) 1
< e (14 E|(X ), )

@)vaw([o,ﬂxg;fzn) HC( 0,7];E0) )

By (4.23), G(-,C/IS.) satisfies (4.33), and hence by (4.34)

|SoG(,®

‘>HV£OO([O,T}><Q;E,7)

3 =

<C’Tﬁ( sup El[s > (t — ) *G(s, D,) Hp

relo.T] L2(0,t;H), %,))

(42
3 s (t— )™ '
< osler (1+t2[1(1)1;]EH8 (t =), Hmom))

Combining the above gives

12 Olve _oriae,y < C(1+ B, @)E,)7
1
+ (sup Ells — (¢t —s) )2, ||L2 Ot,én))p>

te[0,T]

which together with (4.51) yields the result. O
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Theorem 4.17 (Existence and Uniqueness). Suppose (D1) — (D6) are satisfied and
choose o € (0,3) such that

1
n+0c <a——.
p
There exists a mild solution U in VP ([0,To] x Q; E,) of (4.15). As a mild solution

m Vofjp([O,T] x ) En), this solution U is unique. Moreover there exists a constant

C > 0 independent of (x,®) such that

1 lvg oy SC(1+ (BICX, @)]2,)

+ (sup Blls > (t = )8} 0007 ) (4.52)
t€[0,T]

Proof. Again, we follow the method used in Theorem 6.3 of [69]. By Proposition

4.14 we can find T € (0,Ty], independent of (X, ®), such that Cp < 3. It follows

from (4.28) and the Banach fixed point theorem that Ly has a unique fixed point
U e VP ([0,T]xQ; E,). This gives a continuous adapted process U : [0, T]xQ — E,
such that almost surely for all ¢ € [0, 7]

Ut) = SH)X + S F(-,U)(t) + S o G(-,U)(1).
Noting that U = lim, o L7(0) in V2 ([0, T] x Q; E,), (4.29) implies the inequality

101z i 1) <C(1+ (BICX, DI, >5

1
(s Ells s (1= 9B )

+ Crl|U|lve o (jo.11x9:2,)
and then Cp < 3 implies

101z o sy <C(1+ (I, D), )7 (4.53)

1
+ (t:él; EHS»—> (t—s)” CD HLQ(Oth))P)

To find a solution on all of [0,7,] we show that Ur satisfies (D6) and hence a
solution exists on [T, 27]. Then by induction we can construct mild solutions on each
of the intervals [T, 271, ..., [nT,To] for some n. The induced solution U on [0, Tp) is
the desired mild solution of (4.15) and is unique. Moreover, by (4.53) and induction
we deduce (4.52).
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Now Ur : Q — %, is strongly Fp-measurable, U(T) € LP(Q, E,) and setting
Ut):={ U) te (0,7 (4.54)

and T} = Ty — T we have

sup E”S = (- S>_aﬁT+5H*y(L%O,t;H),%n)

tG[O,Tl]
(4.42) 0
Stes[g,%]E/oo r)ls = (t =) T(T +s+0) (20,8, 4
+tes[g%]E”S'_>(t_S> QUT+S H (L2(0,t;H),E)
= sup E(I; + 1)

te[0,11]

Now I, = 0 by the definition of U and by partitioning the range (0,¢) as above,

0
I 2/_00 )|w = E+T+r—w)” °U(w ||’7(L2(T+rt+T+rH)E,7) dr

< / g(r)|lw = t+T+r—w)™® [L—oo,o@(w)

—00

+ Lio,7] (w)U(w)} "7(L2(T+r,t+T+7’§H)vEn) dr

(L2(T+r,(t+T+r)A0;H), Ey)

</° ) [lw =+ (4T +r =)0 (w)

+jwe (t+T+r—w)U(W)| (t+T+r)A0<t+T+r>ATH>En>] &
0
< / g(r)lls = (t = )™ oM, 2o 1m0 ) 4
0
+/(t+T)le—> (t+T+r—w) “U(w H (L2 T+rN0(+THATsH) By) U7
(442) ~
|:HS '—> t_ S) (I)T+SH'y(L2(07t;H)7=%n)
0

+ sup w— (t+T+r—w) *U(w }/ s
re[—(t+T),0] I ) ||7(L2(0 (TN ED ] ]y ")

SJHSH (t—s)" (I)T+8H (L2(0,t;H), +HS'_> (t—s)"U(s H«,(LQ(Oth)En)

S0 SUPyeqoy) E(11) is finite as U € VP ([0,T] x Q; E,) and Uy satisfies (D6). The

result follows. N
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Space and time regularity of the solution follows very quickly from the above, as
Holder regularity of the convolutions was already shown in Lemma 4.10 and Propo-

sition 4.11, which up until now have not been used to their full extent.

Theorem 4.18 (Regularity). Let E be a UMD space with type T € [1,2] and suppose
that (D1) - (D6) hold. Let A >0 and § > 1 satisfy A+ 6 < min{g — > — 05,1 — Or}
then there exists C > 0 such that

1

(B0~ SX[2s o E5>) <c(1+ (BII(X, @),

+(sup EHSI—> (t—s) o, HL2
te[0,T]

B =

). (4.55)

0,6, ))
Proof. Choose r > 1 such that A+ <1—6p — % and a € (0, 3) with
1 1
n+0g<a—- and A+d0+0g<a-—-.
p p
Let W € V2 _([0,T] x; E,) be the mild solution from Theorem 4.17. It follows from

Lemma 4.10 (with a = 1) that we may take a version of S x F(-,W.) with

p
L7 (0,To;E— 9F)

E|[S« F(-,W. < CE||F(-,W))]

HCA(OTO] :E5) —
< CE||F(-,W.

HC(OTO]E op)

Similarly, by Proposition 4.11 we may take a version of S ¢ G(-, ) with

—a p
E[|SeG(, W ”m (010 ) = Ct:[gIT’O]EH (t—=)"G(W H (L2(0,H),E_g;)" (4.56)
Now we define U : [0, Tp] x Q2 — E, by
Ult)=St)X + S« F(, W)()+S<>G( W)
where we take the versions of the convolutions as above O

4.4 Example

Let O be an open and bounded domain of R? with smooth boundary and consider the

following perturbed heat equation with memory, equipped with Dirichlet boundary
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conditions

9 oo
n=1
cel0,T), €€0O, (457
w(t,&) = 0, te0,T], ¢ €O,
u0<ta£) = (I)(t>€)a le (—O0,0], 5 S Oa

u(0,6) = U(E)., €O,

We take E := LI(O) for 1 < g < oo. It is well known that the Dirichlet Laplacian
A with D(A) = {g € W*9(O) : glao = 0} generates a uniformly stable analytic
Co-semigroup on £ = LI(0O). (W,),>1 will be a sequence of independent standard
real Brownian motions on §2. We say that u : [0,7] x 2 x O — R is a solution of
(4.57) if the corresponding functional analytic model (4.15) has a mild solution U
with U(t,w)(§) = u(t,w,§).

Fix p > 2. We assume the functions f, g, : [0,7] x Q x O x L’(—00,0; E) — R
are jointly measurable and adapted, and that there exist constants L, L, > 0 such
that for all t € [0,7], w € ©, £ € O and all functions ¢, 1) : (—oo, T] — E, that are
continuous on [0, 7] with ¢,y € LP(—00,0; E) we have

’|f<t7w) ) ¢0) - f(t7w7 ) ¢0)||L‘1(O) S Lf||¢0 - ¢0||LP(_OO,O§L‘Z(O)) (458)

and

q

/(’) (; |gn<t7w7 fa (bt) - gn(tv w, 57 ¢t)|2> d£ < L”(Q25 - w)tHip(_oo70;Lq(O))' (459>

Assume also that

w0 o 1.60
tg[l;g]Hf( @55 0| o 00y < O° (4.60)

[([ S lnte0aut0)’

for all finite measures p on [0, 7.

and that
< 00 (4.61)

Leo(€;L9(0))

Theorem 4.19. Assume that all the above holds, that V € Li(O) and if d is the
extension of the initial data @ : (—o0,0] — LI(O) to (—oo,T| by 0, that the map from
[0,T] to LP(—00,0; L1(O)) given by s — ®, lies in the mized LP-L1-L* space

LP(—00,0; LY(O; L*(0,t, ptay))) N L*(0,¢, pra; LP( — 00,0; LY(0))),
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uniformly for t € [0,T] for some a € (%,%), i.e. both the following are finite and
uniformly bounded for t € [0,T],

q r
q

/_io (/o (/Ot |(t — 8)“@(r+s,£)\2ds> 2 dg) dr,

P

/ot </Ooo (/@ (t =)0 + 5,0l dg) q dr> % ds.

Then for the problem (4.57) has a mild solution U € VP ([0,T] x Q; LY(O)) which
is unique in V2, ([0, T] x ; L1(0))

Proof. We check the conditions of Theorem 4.17.

(D1) As noted above, the Dirichlet Laplacian (A, D(A)) generates a uniformly expo-
nentially stable analytic Cy-semigroup on E. Let H = ¢? with the standard unit
basis (e,,), then setting W (t)e,, = W,,(t), W becomes an H-cylindrical Brownian

motion.
(D2) In this example n = 0p = 05 = 0.
(D3) Here # = LP( — 00,0; L1(O)) x L(O).
(D4) Follows from (4.58) and (4.60) by defining F': [0,7] x Q@ x # — E by
F(t,w,0)(€) = f(t,w. £ 0).
Then for all w € 2, t € [0,T] and ¢, ¢ € LP(—o0,0; L1(O))
IF(t,0,0) — Flt,w, ) a0 < Lollg — Yllin-eisasion

so (4.18) holds, whereas the linear growth condition and (4.19) follows from
(4.60).

(D5) Define G : [0,T] x Q2 x B — L(H, E) by
(G(t,w, d)en) (€) = gn(t,w, & @)

Let ¢,v¢ : (—00,T] x S — E be continuous on [0, 7] and suppose (t — ¢;) and
(t — ) lie in

LP(—00,0; LY(O; L*(0,T, 1)) N L*(0,T, p; LP( — 00, 0; LY(0)))
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for all finite measures p on [0,7]. By using the v-Fubini isomorphism, Propo-

sition 3.24, twice we have (t — ¢;), (t = ) € L2(0,T, j1; ). Now by (4.59)

IG(-,6.) -G (- ¥

) ”3@2(0 T;Mz) E)

~q ”G : ”Lq(o (L2(0,T,1:62))

= [ (00 = 0 €)) i

q
2

:/O(;Hgn<'767¢-)_gn('7£7w-)||iz(07T7u)> d§

< L[t = (¢ - d})t||qL?Y(O,T,y;LP(_oo,O;Lq((’))))’

This gives us the Lipschitz part of (D5), and the linear growth part follows from
(4.61).
(D6) ¥ € L%(O), and by assumption

sup ||r e (t—r)~ P, (

sel0.T] ||L2 (0,417 (—0,0;L4(0)))

< sup HT'—> (t—r)" aq) ||L2(0tLP( 00,0;L4(0)))

t€(0,T)
+t2[%pT]HT'_> (£ =)= HLP —00,0;L4(O:L2(0,1)))
< 0Q.
The result now follows from Theorem 4.17. OJ
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Chapter 5

Almost periodic solutions to
stochastic problems

5.1 Introduction

In this chapter we turn to the problem of existence of almost periodic solutions to
stochastic differential equations. Almost periodic functions were first considered by
Bohr [18] in 1925, and loosely speaking are those functions from R to E which come
arbitrarily close to being periodic when one looks over long enough time scales. Al-
most periodic solutions of differential equations have been an active area of research
for much of the last century and have been studied in the context of Hilbert space
valued stochastic differential equations, for example [31].

Since the solutions in question are random processes, we cannot expect any form
of periodicity in the paths, that is, we cannot expect that a path (X(w,t))ier is
almost periodic for any given w € () or even that almost periodicity will hold in
probability. The correct notion to consider in this case turns out to be that of almost
periodicity in distribution, see e.g. [85]. We will show the existence of solutions X
where the probability P{ X (t) € B}, is almost periodic for any B € B, or equivalently
E(f(X(t))) is almost periodic for every bounded Lipschitz function f on E.

Typically in the literature, proofs of almost periodicity first show the existence of a
bounded solution and then, under various conditions related either to the spectrum of
the operator A or to stability of solutions under perturbations, show the existence of
the almost periodic solution. The greatest difficulty is often in showing the existence of
a bounded solution to the given problem, and indeed many papers simply assume this.
In [64] a new technique is proposed, obtaining bounded solutions (to a deterministic

evolution equation) by assuming that the semigroup decays ‘sufficiently quickly’ on
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a subspace on E. We will follow a similar approach, but we are forced to make the
rather stronger assumption that the semigroup is exponentially stable in order to
make use of results on R-boundedness of semigroups that are necessary to handle the
stochastic convolution.

In Section 5.2.1 we make precise the informal notions above and give some back-
ground results. We then show in 5.3 the existence of almost periodic solutions to an
autonomous stochastic differential equation with additive noise and then generalise

this result in 5.4 to an SDE with non-autonomous unbounded term.

5.2 Further preliminaries

5.2.1 Almost periodicity in distribution

Definition 5.1. An E-valued process X(t) on (2, .#,P) is said to be LP-bounded if
I X O = EIX @I < M < oo (5.1)

for all t € R.

LP-bounded processes are those with uniformly bounded p™ moment for ¢t € R.
As we are concerned with properties of the distribution of solutions over time, it will
turn out to be enough to show LP-boundedness of solutions as a stepping stone to

almost periodicity.

Definition 5.2. A sequence (X,,) of random variables on a Banach space E is said
to converge in distribution to a random variable X if E(f(X,)) converges to E(f(X))

for every bounded Lipschitz continuous function f: X — R.

The following result, known as the Portmanteau Theorem (see [15, Section 2]),

gives a number of conditions equivalent to convergence in distribution.

Lemma 5.3 (Portmanteau Theorem). Let X,, forn € N and X be E-valued random

variables on (2, F,P). The following are equivalent:
(1) X, converges to X in distribution.

(2) E(f(Xn)) converges to E(f(X)) for all bounded, uniformly continuous f : E — R.
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(3) if Px,, Px are the probability distributions of X,, X on E respectively, then

/Ef(x) dPx, (z) — /Ef(x) dPx(x) as n — oo
for all bounded, uniformly continuous f : E — R.
(4) limsup,,_, . Px,(C) < Px(C) for all closed sets C C E.
(5) liminf, .. Px, (U) > Px(U) for all open sets U C E.
We can now define almost periodicity in distribution.

Definition 5.4. A random process X(¢) on E is said to be almost periodic in dis-
tribution if the set {X(t + 7) : 7 € R} of random variables on C(R, E) is relatively
compact in distribution, that is, for any sequence (7,,) C R with 7, 1 0o there exists
a subsequence (7,.) such that (X (¢ + 7,.)) converges in distribution uniformly for
te R

X(t) is asymptotically almost periodic in distribution if there exist continuous
processes Y (t) and Z(t), t > 0 such that Y(¢) is almost periodic in distribution,
|Z(t)]] — 0 in probability as t — oo and X (t) = Y (¢) + Z(t) almost surely.

Note that if it is known that X (¢) is Gaussian for all ¢ € R then it is enough to
check that the mean and covariance of X(t + 7,,) converge uniformly for t € R in

norm and strong operator topology respectively. See, for example, [73].

5.2.2 R-boundedness of semigroups

We will also need some results of Veraar and Hytoénen [54] related to R-boundedness

of semigroups. Recall the definition of R-boundedness from Section 3.5.

Proposition 5.5 (Corollary 5.5 of [54]). Let E, F' be Banach spaces such that F' has
type q € [1,2], E has co-type r € [2,00| and let I = (a,b) with —o00 < a < b < 0.
Take p € (1, 00| such that % > é — 2 and let o € (%, 1). If T € LP(I,L(E,F)) and

there exists a constant M such that
|T(s+h) —=T(s)|| < M|n|*(1+ |s])~ for all s,s +h €I
then {T'(t) € L(E,F) : t € I} is R-bounded by a constant C = C(q,r, E, F) times

M. Moreover, if the interval I is bounded, then the factor (1+|s|)~™® can be omitted.
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Theorem 5.6 (Theorem 6.1 of [54]). Let S(t) be a Cy-semigroup on a Banach space
E with ||S(t)|| < Me=* for some A > 0. If ¢ € [1,2] and r € [2,00] are the type and
co-type of E respectively, let

then
{S(t) € LID((—A)*),E) : t e Ry }

is R-bounded. Moreover, there exists C' > 0 such that for any I := [a,b] C R, we

have

R({S(t) € L(D((—A)),E): t € 1}) < CMe™e,

Proof. For 0 € (0,1) let Ey be the real interpolation space (D(A), F)p (see |82,
Section 1.6.2]). x € Ey if and only if

|5, = llz]| + sup t°||(T'(t)x — )|
teR,

is finite, and this expression defines an equivalent norm on FEy (see [62, Proposition
3.2.1]). Let iq : D((=A)*) — E be the identity map and ||z||p(—a)=) be the graph
norm ||z{| p(—ayey = ||z||+|(—=A)*z||, then for € (%—%, a) we have D((—A)%) — Ey
[39, Proposition I1.5.33] and so

sup t||T'(t) — ia ey oy = sup {sup T (t)x — xH}
teR H ||L(D(( A)%),B) ||xHD((,A)a>§1 teR

<  sup |zfg,
llzll p((—aye)<1

< C sup 2] (- )2
Izl p((—ayey<1
=C.
Hence for h > 0

|T(s +h) — T(S)HE(D((—A)Q),E) < HT(S)HL(E) |7 (h) - Z‘O‘HE(D((fA)a),E)

< C’h“HT(s)HL(E)
< CMe h~.
Then the result follows from Proposition 5.5. O]
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5.2.3 Weak and strong solutions of SDEs

All solutions of stochastic differential equations up to this point have been strong
solutions, in the sense that the Brownian motion W (¢) is given in advance and the
solution U(t) obtained is adapted to (.%;). If, on the other hand, the Brownian motion
is not specified in advance and instead we find a pair of processes (([7 (1), W(t)) , )
on a filtered space (Q, 7, (#),P) such that U(t) is -adapted, W(t) is an J7-
Brownian motion (that is, W (t) is a Brownian motion and an #-martingale) and
the equation is satisfied, then we call the pair ((NJ (1), W(t)) a weak solution.

Strong solutions are also weak solutions, but the converse is not true, for example
the famous Tanaka equation |72, Example 5.3.2].

The existence and uniqueness results given up to now refer to strong existence and
uniqueness respectively. A strong solution U(t) is strongly unique if, given another
strong solution V (t), we have U(t) = V() almost surely for all . Weak uniqueness
simply means that any two weak solutions are identical in Law, or distribution. If
a stochastic differential equation admits a unique strong solution U(t) for a given
Brownian motion W (t), then that solution will also be weakly unique, that is, given
any weak solution (XN/(t), W(T)) then V(¢) and U(t) will be identically distributed.

Weak uniqueness of solutions of SDEs on Hilbert spaces are considered in detail in
[43] and in 2-smooth Banach spaces in [73]. For a multiplicative and stochastic noise
term as in Chapter 4, weak uniqueness is argued as follows. Take a weak solution
(X1(t), Wi(t)) on a probability space (€21,.%#,Py), then by the existence theorem for
strong solutions, here exists a strong solution Y;(t) with respect to W;. By strong
uniqueness, Y7 (t) = X;(t) almost surely. If (Xy(t), Wa(t)) is a different weak solution
on a different probability space ({23, %3, Py) then in the same way we can construct a
strong solution Y5 () with respect to Wy and Y5(t) = Xo(t) almost surely. Now since
YY) and Y5 are constructed as a limit of a sequence of Picard approximations, it is
enough to check that for every n € N, the n'® term of the respective Picard sequences
have the same distribution. This is automatic for the first terms since the initial
conditions are fixed, and then follows for subsequent terms by careful induction.

In the case considered in this chapter however, where the noise term is determin-
istic and additive, it is enough to note that for the indicator function 1,4 (h ® ) :
R — Lpr(H, E) (as defined in (3.9)),

/ ]]-(a,b)(h ® l’) dWZ<t) = [Wl(b)h — W,(a)h}:p

_ NIHPe-a),
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where N7* ~ N(0,02) for i = 1,2. Hence by linearity we have

/¢dW1 @ /¢dW2

for all step functions ¢ taking values in the finite rank operators from H to E. Then
if g is stochastically integrable on R, by Definition 3.28, there exists a sequence of

finite rank operator valued step functions (¢,) such that

/%dmﬁ/gdm

in probability for each ¢ = 1, 2. It follows that the convergence also holds in distribu-

Note that for g € y(L?*(Ry; H); E), the integral

tion and hence

[ atsrawics

is Gaussian for all ¢ € R, and thus in this case it is enough to show equality of the

mean and covariance operator.

5.3 Almost periodic solutions with additive noise
We will consider the following stochastic differential equation with additive noise
dX(t) = (AX() + F(t)) dt + G(t) dW (t), teR (5.2)

and aim to show the existence of almost periodic solutions as defined in 5.4.

We make the following standing assumptions

(P1) A is the generator of a Cy-semigroup S(t) on a Banach space E of type ¢ € (1, 2]
and co-type r € [2, 00] with ||S(¢)|| < Me = for all ¢ > 0 for some M, \ > 0.

(P2) W(t) for t € R is of the form

(W) t>0
W(t)—{ Wy(—t) t<0

where W, and W5 are independent H-cylindrical Brownian motions on £ with
W1(0) = W5(0) = 0 almost surely.
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(P3) F:R — E is bounded and Lipschitz continuous.
(P4) G:R — ~v(H,D((—A)%)) for some o > % — 1 satisfies the following

(i) G is 3-Hélder continuous and T-periodic for some T > 0;
(i) Gloz € ¥(L*(0,T;5 H), D((—A)));
(iii) the function 7+~ G(-+7 (mod T)) from R to v(L?(0,T; H), D((—A)))

1s continuous.

First we give a result of Veraar and Hytonen [54] which guarantees that each solution
of (5.2) has a version with continuous paths.
We say a process X : [tg,00) x € — E is a (strong) solution of (5.2) with initial

condition X (¢y) = X for some E-valued random variable X if for all ¢t > ¢,
1. X(t) is strongly measurable and adapted to the filtration .%#;

2. X (t) satisfies the integral equation
¢ ¢
X(t) =St —ty)Xo+ / S(t—s)F(s)ds+ / S(t—s)G(s)dW(s). (5.3)
to to

A process X : R x Q — F is then said to be a solution of (5.2) on R if the restriction
of X (t) to [t, 00) is a solution to (5.2) with initial condition X (¢y) for every ¢, € R.

Proposition 5.7 (Theorem 6.3 of [54]). Suppose E has type q € [1,2] and co-type
r € [2,00] and that ||S(t)|] < Me for some M > 0 and A > 0. Let a > é—%

and suppose G € Y(L*(Ry; H), D((—A)®)) and F is Lipschitz continuous. Then the

equation
! {dX(t) = (AX(t)+F@))dt+Gt)dW(t), teRy
X(O) = Xy

has a unique mild solution X (t) for each xoy € E, and moreover, if there exists € > 0
such that for all Ty € R

_ e,
t:[lol,%} H(t )G )HW(LZ(O,To;H),D((_A)a)) < 00, (5.4)

then X (t) has a version with continuous paths.
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Remark 5.8. Note that by [54, Remark 6.4] and [69, Lemma 3.3|, a sufficient con-

dition for (5.4) is that there exists a p > 2 such that G is in the Besov space
11

B g ?(0,Ty;v(H, E)) for all Ty > 0. In this case

|

sup | p S oTE

te(0,To]

G| 1. .

—_ . _€ .
(t ) G( )||"/(L2(0»T0§H)7D((_A)a BE;Q(O,TO;W(H,D((—A)Q))

Rather than go into a detailed description of Besov spaces, we simply note that

1 1_1
WzPr(0,To;v(H, E)) — Bpq(0,To;v(H, E)) for all ¢ € [1,2] [62]. It follows that
(5.4) holds whenever G is 1-Holder continuous as a function R — v(H, E).

Proof. Suppose (5.4) holds for some ¢ € [0, ). By Theorem 5.6, the set

{S(t) € L(D((—A)),E) : t [o,T]}

is R-bounded by some constant C. Therefore, by Lemma 3.37, S(s) acts as a multi-
plier between the spaces v(L*(Ry; H), D((—A)%)) and v(L*(R,; H), E), and we get
that

elonn 1t =78 =GO, ragey iy < Ctes[g,%] 1 =GO, ey sty a0y

< 0Q.

Now the result follows from [87, Proposition 3.1 and Theorem 3.3, the first result

giving the case e = 0 and the second giving continuous paths for € € (0, %) ]

We are now ready to give the main result of this section, the existence of almost

periodic solutions to equation (5.2).

Theorem 5.9. Assume (P1) - (P4) and consider the stochastic differential equation
(5.2),
dX(t) = (AX(t)+ F(t)) dt + G(t)dW(t), teR, (5.2)

Then for p € (1,00) there exists an LP-bounded solution X (t) of (5.2) for allt € R.
Moreover, if F' is (asymptotically) almost periodic then the solution X (t) is (asymp-

totically) almost periodic in distribution.

82



Proof. First, we claim that there exists a permanent (i.e. for all time ¢ € R) strong
solution X (¢) of (5.2) of the form
¢ t
X(t) = / S(t—s)F(s)ds+ / S(t—s)G(s)dW (s), teR, (5.5)

for if X (¢) is given by (5.5), then by a simple calculation we have for any t, < t,
t
X(t):S(t—to)X(to)-l-/S(t—s) ds—l—/St—s s) dW (s).
to

So according to (5.3), X (¢) is a solution of (5.2) on every interval [ty, 00) for g € R,
then by Proposition 5.7 and Remark 5.8, this solution is unique and has a version
with continuous paths. From here on in X () will refer to the version of (5.5) with

continuous paths.

We write
Y(t) = /_ S(t — s)F(s)ds,
2(t) = / St — $)G(s) AW (s), (5.6)
then

seR

t
Yol < / Me 9 sup | F(s)]| ds

¢
< Csup||F(s)||Me_’\t/ e M ds

seR — 00

MC
= TSUPHF( )H

seR
< (0. ]

for all t € R, so Y (¢) is well defined and bounded on R.
Now to show that Z(t) is LP-bounded, using the T-periodicity of G gives

1

(E\|Z(t)Hp>p:(E/ S(t— s)C(s) aw(s)] )’

- (B Z / T s~ 96 dws)

t—mT

1
P) P
m=1

:(E i/OTS(mT—T)G(T—i_t_mT)dW(T+t_mT>"p>p

i /T S(mT —r)G(r+t)dW(r +t— mT)Hp> P

I
—
=

8

IN

Z H/ mT—r)G(r—irt)dW(r—l—t—mT)H >1 (5.7)

m=1
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and then by It6’s isometry (3.12) we have

(BIZ@)1F)" < Gy D2 ISOT = )G+ D1l 01211,
m=1

Next we appeal to Theorem 5.6. The semigroup S(t) is R-bounded as a family of
operators from the fractional domain D((—A)%) to E on each interval [(m —1)T, mT]
with

R(Ty) = R({S(t) € L(D(—A)),E): (m— )T <t< mT}> < OMeNm=1T
By Lemma 3.37

HS(mT—-)G +t|| (L2(0,T;H),E <R HG +tH (L2(0,T;H),D((—A)®))

< CMeMNm= 1THG (-+1) H (L2(0,T;H),D((—A)))"

and therefore

1

(EHZ ||p>; Cp Z ”S mT —-)G(- +1) H’y(L2 (0,T;H),E)

<C, ZCM@ AmTHG (- +1) H (L2(0,T3H),D((—A)%))

m=0
<C CM”G (-+t H (L2(0,T;H),D((—A)®)) Ze_/\mT
m=0
AT
< CPCMe)\T_ SEEI’T] |G(- +s H (L2(0,TH),D((—A)*))
< K <>

for all ¢ € R, so Z(t) is indeed well defined and LP-bounded on R, and hence X (t)
exists and is an LP-bounded solution of (5.2) for bounded F' and T-periodic G as

required.

Almost periodicity. To show almost periodicity of X (¢) in distribution, we want
to show the relative compactness in distribution of the set {X (- 4+ 7) : 7 € R} in the
space of continuous random processes on F. That is, for any sequence (7,) C R with

T, T 0o there exists a subsequence (without loss of generality, also (7,,)) such that
EV (X (t+7,)) — E¥(X(t))
uniformly for ¢ € R for any bounded Lipschitz function ¥ : £ — R.
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First we note that by the assumptions on G and Remark 5.8, (5.4) holds for any
e € (0, %), and so by Proposition 5.7, X (t) has a version with continuous paths.

Let 7, T 0o be a real sequence. Since F' and G are almost periodic and T-periodic
respectively, passing to a subsequence as necessary, there exist functions F and G
such that

|F(t+ 7,) — F(t)|| = 0 as n — oo uniformly for ¢ € R,

HG( + Tn) - é(')||»Y(L2(0,T;H),D((,A)a)) — 0 asn — 0.

The latter holds because 7,, — 6 (mod T) for some 6 € [0, T] and then by continuity
of the map 7+ G(- + 7). Consider the new SDEs

dX(t) = (AX(t) + F(t)) dt + Gt)dW(t), teR (5.2)
with solution X (£) of the form given in (5.5) and
dX(t) = (AX () + F(t+ 7)) dt + G(t + 7,) dW(t), teR. ((5.2)n)

If X (t) is our strong solution of (5.2), then (X (¢t + 7,), W(t+ 7)) is a weak solution
of ((5.2),,), in the sense that X (¢ + 7,,) solves the equation

dX(t) = (AX(t)+ F(t+7,))dt + Gt + 7,) AW (t + 7,), tER,

and moreover, if X,,(t) is the strong solution of ((5.2),,) and Px(t, dx) is the prob-
ability distribution on E generated by X(¢), then by weak uniqueness, Py, (¢, dz)

coincides with Py (t + 7,, dx), or equivalently,
EV (X (t+7,)) = E¥(X,(1))

for all bounded Lipschitz functions ¥ : £ — R and ¢t € R. It is therefore enough to

show that the sequence (X, (t)) converges uniformly in distribution to X (¢).
Write X,,(t) := Y, (t) + Zn(t) and X (t) := Y (t) + Z(t) as in (5.6), then

|Ya(t) — !-H/ S(t—s)F(s+ 1, ds—/ S(t—s)F dsH
§/ HS(S)[F(t—l—Tn—s)—F(t—s)”}ds
<sup||Fs—|—Tn H/ 1S (r)]|| dr
—0asn— o (5.8)
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uniformly for ¢ € R.
For the stochastic term, fix a bounded Lipschitz ¥ : £ — R and

[EW(Z, (1)) — EW(Z()] < EW(Z,(1)) — U(Z(1))]
< LyE || Z,(t) = Z(1)||

_L\I,EH/ S(t — 5)[G(s + ) — G(s)] AW ()|
SL@ZEH/O S(mT — s)[G(s + 7, +t —mT)
— G(s+t—mT)] dW(s+t—mT)H.

By Itd’s isometry and R-boundedness of {S(t) : t € R, } C L(D((—A)*), E) then

< C,Ly Z |S(nT — ) [G(t + 7 + ) — Gt + )] ||7(L2(0,T;H),E)

< CyLy sup [|G(t+7+) = G+ )| oy O RUZ

te[0,7]
AT -
<C L\If T 7 Sup ||G(t+7'n+') _G(t+')Hy(L2(OT-H) E)
te[0,T] .
— 0 asn — oo. (5-9)

Collecting (5.8) and (5.9) we get the desired convergence in distribution of X,,(t) to

X(t) ;:/ S(t—s)ﬁ(s)ds+/ S(t — s)G(s)dW (s)

—00 —0o0

uniformly for ¢ € R, and hence X () is almost periodic in distribution as claimed.

Asymptotic almost periodicity. By linearity and the fact that any AAP function
is the sum of an AP function and a ¢, function, it is enough to note that if || F'(¢)|| — 0

as t — oo then [|Y(t)|| — 0 as t — oo.

ol [ se-srelas= [ Isere- o)

g/ Me™||F(t — s)||ds — 0 as t — oo
0

by the dominated convergence theorem. O]
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Remark 5.10. There are several alternative ways to think about Theorem 5.9. One
way is to notice that stochastic convolutions for additive and deterministic noise
terms are simply gaussian processes, so the result could also be obtained by showing
the convergence of X, (t) as a Gaussian process, i.e. showing that the mean and
covariance of the finite dimensional distributions converge. A second way is to think
of it as a result about continuous dependence on parameters. Here we think of
E,(t) := F(t+7,) and G,(t) := G(t + 7,) as a sequence of approximations to F and
G and then ask if under these conditions the corresponding solutions converge. This

situation is studied by van Neerven and Kunze in [58]

5.4 The non-autonomous problem

We now ask whether a result in the spirit of Theorem 5.9 holds for non-autonomous

problems. Consider

dX(t) = (A®)X () + F(t)) dt + G(¢t)dW (), teR (5.10)

<t’

where (A(t), D(A(t))) generates an family (P(t, s))s
We assume that A(t) satisfies the condition (AT) (as defined in 2.15) and the

following conditions.

(P1) (P(t,s))s<: is exponentially stable, that is, there exist M > 0 and A > 0 such
that || P(t,s)|| < Me =9 for all s < t.

(P2) The map 7+ (P(t+7,s+7))__, is almost periodic, in the sense that for any
sequence (7,) C R with 7, T 0o, there exist a subsequence (7,,.) and a strongly
continuous map P : {(t,s) € R? : s <t} — L(E) such that

P(t+7y,,8 + Tp, )T — ﬁ(t, s)xr as r — 00

uniformly in ¢ > s for £ — s bounded. We write P, (t,s) for P(t+7,,s+7,) and

say that P(t,s) is jointly strongly almost periodic, uniformly on bounded t — s.

By a simple argument by strong convergence, Ig(t, s) is an evolution family and
|P(t,s)|| < Me =) Note that if we can show that the strong convergence in (P2)
is uniform for bounded ¢ — s, then by exponential stability, (P1), it follows that the
convergence is in fact uniform for all ¢ — s.

In the [64], it is also required that the family P(t, s) is jointly strongly continuous,
that is,
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(P3) The map 7+ (P(t+ 7,5+ T))S<t is strongly continuous, in the sense that for

all z € I we have
P(t+1,s+7)r — P(t,s)xras 7 — 0
uniformly in ¢t > s with ¢t — s bounded.
However, in the case the A(t) satisfies (AT), this condition automatically holds.

Proposition 5.11 (Theorem 2.3 of [1]). Let A(t) satisfy the conditions (AT), then

the evolution family P(t,s) generated by A(t) satisfies the following conditions for
0<s<r<t<T

t—r

N |lP(t, s) — P(r, < [1 (1 ) t— W—l};

@) 1P(ts) = P9l < el tog (14 55) = 1)

” _ r—s _ u+u71}

(i7) ||P(t,r) P(t, S)HL(E) < c[log (1 + = r) + (r—s) .

Lemma 5.12. Let A(t) satisfy the conditions (AT), then the evolution family P(t, s)
generated by A(t) is jointly strongly continuous, that is, for all x € F,

|(P(t+7,5s+7)— P(t,s)z| = 0as7—0
uniformly for t — s bounded.

Proof. Fix e >0, T > 0 and = € E. Since P(t, s) is strongly continuous, there exists
0 > 0 such that for t —s < ¢

|(P(t+7s+7)=P(t,s)z|| < ||(P(t+7,s+7)— )| +|[(P(t,s) — I)z
<e, forallTel0,1].
Now for t — s € [§,T], and 7 < 5, by Proposition 5.11,
|P(t+T7, s+7) = P(t,s)|| < ||P(t+7,s+7) — P(t,s+7)|| + || P(t, s+7) — P(t, s)||
—it—+(;)+_7§) +(t+7)— t)w”—l}

(s+7)—s
t—(s+7)

+ T‘LH—V_I}

< c[log <1+

+eflog (14 )+ ((s+7) = sy

= QC[log (1 + ﬁ)
<afus(145) ]

—0as7—0,
uniformly for ¢t — s € [§, T7. O
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Before giving the main result, we first prove an R-bound for evolution families.

Proposition 5.13. Let E be a Banach space of type q € [1,2] and co-type r € [2, x0].
Suppose P satisfies (AT) on E, with

1
n> ==
p

1
r

=

and suppose ||P(t,s)|| < Me =% for some M >0 and X\ > 0. Then for any interval
J = (a,b) with0 < a <b<t<T and any c € (b,t), there exist € (0,1) and a
constant C > 0 (independent of t) such that

R{PQJ)GEUD:SEQLM}g(waM;Mpq

Proof. We apply Proposition 5.5 to the function f : J — L(FE) defined by
f(s):=P(t,s), s€(a,b).

Clearly f € LP(J; L(FE)). Choose 0 € (%, ), then by [91, Theorem 2.3] we have that

|P(t,s)(—A@)’|| < Cit—s)" 0<s<t<T. (5.11)
By [54, Proposition 6.5], for s,h > 0 such that s < s+ h <t < T we have

|A(s + ) (P(s + h,s) = I)|| < Cah’. (5.12)
Now for s, h such that s,s + h € (a,b),
1f (s + 1) = f(s)ll = [|P(t,s + h) = P(t, s)]|
< ||P(t,c)| HP(C, s+ h)A(s + h)eA(s + h)_e [[ — P(s+ h, s)] ||

< Me’\(t’C)HP(c, s+ h)A(s + h)eH |A(s + h)~[I — P(s+h,s)] |

< MMt R Coy(c — s — h)™°
_ MGG
~ (e—b)
< MECe oo
~ (e=b)

6)\(t—c) h@

(5.13)
Then by Proposition 5.5, f is R-bounded on (a,b) with

R{P(t,s) € L(E):s € (ab)} < ¢ e A9, O
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Now we can give the main result of this section, the existence of (asymptotically)

almost periodic solutions to equation (5.10).

Theorem 5.14. Let E be a Banach space of type q € [1,2] and co-type r € [2,00].

Assume that (P1) holds and that (A(t), D(A(t))) satisfies (AT) with
1 1
B> ==
q r
(see Definition 2.15). Suppose that F': R — E is a bounded, measurable function and

G:R — ~v(H,D((—A)%)) for some a € (% — 1) satisfied the following
(i) G is %-Hb'lder continuous and T-periodic for some T > 0;
(i) Glor) € 7(L*(0, T3 H), D((—=A)));
(iii) the map 7+ G(-+7 (mod T)); R — y(L*(0,T; H), D((—A)®)) is continuous.

Then (5.10) has an LP-bounded solution X : R x Q — E for any p € (1, 00).
Moreover, if we assume (P2) and F is (asymptotically) almost periodic, then

(5.10) has a solution that is (asymptotically) almost periodic in distribution.

Proof. As in the semigroup case (Proposition 5.7), the equation (5.10) has a unique
mild solution with a continuous version for any initial condition z € E. This follows
from [54, Theorem 6.6] and [87, Theorem 3.3| by using y-multipliers and Lemma 3.37.

As in Theorem 5.9 there exists a permanent solution of the form

X(t) = /t P(t,s)F(s)ds + /t P(t,s)G(s)dW(s), teR. (5.14)

—00 —00

Once again we write

then

t 00
1Y ()] < / Me =9 sup || F(s)||ds < Slel]IR?HF(S)H/o Me 7 dr. (5.15)

seR
To show that Z(t) is LP-bounded we proceed as in (5.7) and use [t0’s isometry (3.12)

to obtain

(BIZOIF)" < €, 3 I[Pt =mT +)CC+ D], 42000,
m=1
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We now want to estimate each term of the above sum. Since P(t, s) behaves differently
when (¢ — s) is small, we consider the m = 1 case and m > 2 cases separately. For

m > 2, by Proposition 5.13 we have
[Pt t = mT + )G+ )| paorm.p < Coe NG+ )l 20mm.8)
and by [54, Theorem 6.6], for € € (0, 3)
[Pt =T+ )G+ D e rm,py < CIT = )G+ ) buzomm.p

which is finite by Remark 5.8. Then

% —€ C
(BIZOIF)" < CINT = )26+ hwrommne + —r

<C SFP} (T = )G + )ly20.:m),2) + |G+ sz 010, E)
rel0,T

< 00 (5.16)

|Gt + )22 0,:m), )

uniformly for ¢ € R, so X(t) is a well defined LP-bounded solution of (5.10) for
bounded F' and T-periodic G as required.

Almost periodicity. To show almost periodicity of X (¢) in distribution, we once
again show relative compactness of the set {X(- +7) : 7 € R} in the space of
continuous bounded processes on F.

As before, we take a real sequence (7,,) with 7, T 0o, then passing to a subsequence

as necessary there exists functions F and G such that

|F(t+7) — F(t)|]| — 0 as n — oo (5.17)
IG(- +7) = G- Wz20,m;0),5) — 0 as n — oo (5.18)
| Py, (t, s)x — P(t, s)z|| = 0 as n — oo for each x € E (5.19)

uniformly for s,¢t € R with s <t, t — s bounded.
We introduce the new SDEs

AX(t) = (At + )X () + F(t +7,)) dt + Gt + 7,,) AW (t), teR (5.10,)

with solution X, (t) of the form given in (5.14) and define the process X (¢) by

X(t) = / P(t, s)F(s)ds + / P(t, s)G(s) dW (s).

—00 —00

91



If X(t) is our strong solution of (5.10) then (X (t+ 7,,), W (t 4+ 7,,)) is a weak solution
of (5.10,), in the sense that X (¢ + 7,,) solves the equation

dX(t) = (AC+ )X () + Ft+ 7)) dt + Gt + 1) AW (t + 7,), tER,

and moreover, if X, () is the strong solution of (5.10,) and Px (¢, dz) is the probability
distribution on E generated by X (), then by weak uniqueness, Px, (t, dz) coincides
with Px(t 4+ 7,, dx), or equivalently,

EU(X(t+7,)) = EV(X,(t))

for all bounded Lipschitz functions ¥ : £ — R and ¢t € R. It is therefore enough to

show that the sequence (X, (t)) converges uniformly in distribution to X (¢).
Write X,,(t) := Y, () + Zn(t) and X (t) := Y (t) + Z(t) as in (5.15), then

Y, (t) — Y (t) = / P, (t,s)F(s+7,)ds — / P(t, s)F(s)ds

—0o0 —o0
t

— / t P, (t,8)[F(s+7,) — F(s)] ds + /

—00 —0o0

[PT (t,s) — P(t, s)} F(s)ds

n

and
H /; P, (t,8)[F(s+ 1) — F(s)] ds|| < /too 1Pr, (8 5) [F (s + ) = F(s)] || ds

g/ 1P (8, 9)|[ | F (s + 7) — ()] ds

<sup ||[F(s+ 1) —ﬁ(s)“/ Me™ dr
0

seR
— 0asn— o0 (5.20)

uniformly for ¢ € R. Now F has relatively compact range by (5.17), so for all
€ > 0 there exist N € N and z1,...,xny € FE such that for any s € R there exists
ie{l,...,N} with |[F(s) — x;]| < e. Let Ty > 0, then for any s € (t — Ty, 1],

[P (£, 5) — P(t,8)] F(s)|| < || Pralts s) — P(t,9)|[||F(s) — i

+ ||[Pn(t,5) — P(t,s)] x|
< 2Me M) ey | [Pr. (L, s) — P(t, s)] i

)l

SO

(t, s)—ﬁ(t,s)]ﬁ(s)“ <2M -+ sup mj\éx [P (t, ) — P(t, s)]xi|-

s [P
t—s<Tp t—s<Tp =1
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Letting n — oo, by (P2) we get
lim sup sup ||[P, (¢, s)— P(t,s)]ﬁ(s)H <2M -e. (5.21)
N0 teR t—s<Tp

Since € was arbitrary, in fact the limit is 0.
Since P and P satisfy ||P(t, s)|| < Me (=) we have

He”t ) [P (t,s) — P(t, )| < 2Me 29,
Fix ¢ > 0 and x € E, then there exists 7. > 0 such that
He? [P, (t,s) — ﬁ(t,s)] | < % for all (t —s) > 1.
and by (5.21) there exists N. > 0 such that

sup sup ||[Pr, (¢, s) — } (s)]| < —e =2 for all n > N..
teR (t—s)<T:

Together these give us that
He%(t”) [P (t,s) — P(t, s)}ﬁ(s)” — 0 as n — o0,

uniformly in ¢ > s for each x € E. Then
H/ P, (t,5)—P(t,s)| F(s) ds

—H/ e éeé [P (t,t—1r) — P(t,t—r)}ﬁ(t—r)drH

< supsup ||e§r [PTn (t,t—r)— ﬁ(t,t - T)}ﬁ(t — 7“)” / e~ dr
teR >0 0

— 0 as n — oo.
Together with (5.20), this shows
|Ya(t) — ?(t)” — 0asn— o0
uniformly for ¢ € R. Now for the stochastic term:

[EW(Za (1)) — EW(Z(1)] < E W (Za(1)) — ¥(Z(1))]
< LyE || Z,(t) - Z(t) H

= L\I,EH/ P, (t,s)[G(s + 7)) — G(s)]

+ [P,

(t,s) — P(t,s)]G(s) AW (s) H
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Define @, : {(s,t) e R? : s <t} — L(H,E) by

D, (t,s) == P, (t,5)[G(s + 1) — G(s)] + [Pr,(t,5) — P(t,s)]G(s)
Then by (5.18) and (5.19) we have

supsup ||, (t,t —7)|| — 0 as n — oo.
teR r>0

and so for every z* € E*,

supsup || D (t,t — r)z*|| = 0 as n — oo. (5.22)
teR >0

Now @7 x* is uniformly dominated by

HCID;; t—r)z*

<4Me "sup ||G(s)]|[|z*|| for all t € R and n € N,
seR

so for € > 0 there exists R > 0 such that

/00 H@;’;(t,t— r)x
R

for all t € R and n € N. By (5.22) there exists N > 0 such that

R
sup/ | @5t t —r)z*
ter Jo

for all n > N. Combining (5.23) and (5.24) we get

2 o0
I ar < (43 sup G s 1a”]) / ear< S (529
seR R

2 g
0 <3 (5.24)

2 * *
o dr < Rsup | @5 (t,t —r)z
teR

r>0

sup/OO | @5 (t,t — r)a:*”i{dr — 0 as n — oo.
ter Jo

Then by the uniform version of the stochastic dominated convergence theorem, Corol-

lary 3.31, we have

W/‘ (M’H%O%n%w (5.25)

Uniformly for ¢ € R. Therefore Z,(t) converges to Z(t) in distribution, uniformly for
t € R as required.

Asymptotic almost periodicity follows exactly as in Theorem 5.9. m

Remark 5.15. By taking A(t) = A, a constant generator of an analytic semigroup in
Theorem 5.14, we get a version of Theorem 5.9 which makes no assumption upon the
Banach space E being on non-trivial type. Thus in the case of analytic semigroups,

Theorem 5.9 holds on any general Banach space.

94



5.5 Aside: Almost periodicity of evolution families

In the next section we will give an example for Theorem 5.14 with a particular dif-
ferential operator on a smooth domain in R, but first we develop some properties of
evolution families satisfying the (AT) conditions.

Almost periodicity of non-autonomous problems has been widely studied. An

evolution family P(t,s) is said to be T-periodic if
P(t+T,s+T)=P(ts) (5.26)

for all suitable s < ¢, and in [12] it is shown that in the case where A(t) is T-periodic
then so is P(t, s), and in this case the Cauchy problem

u'(t) = Alt)u(t) + f(t), t=0

has an almost periodic solution wu(t) for every almost periodic function f: R, — E.
See also [47], [48] and [79]. In the previous section we assumed (condition (P2))
the existence of an evolution family P(t, s) with almost periodicity in a sense similar
to (5.26), simultaneously in both variables. Mokhtar-Kharroubi in [64] uses such a
family, but in that case the only example given is of a generating family A(t) of mul-
tiplication operators on a space LP(Q). The question is whether such a condition can
hold and be checked for classes of evolution families which occur in wider applications.

The aim of this section is to give a set of easily checkable conditions on a family
A(t) satisfying the (AT) conditions of Acquistapace and Terreni which imply this
property for the generated family P(t, s).

Problems in which the family A(#) is almost periodic in some sense have been
studied in several works by Schnaubelt et al. for example [10] and [63] and by various
other authors (for example [7], [9] or [37]). Typically these papers assume that the
map t — R(\, A(t)) be almost periodic and then proceed by way of Yosida approx-
imations. Our approach in this section differs from established techniques in that
we make assumptions directly about almost periodicity of the map t — A(¢) in a
suitable topology and then proceed by going back to the original construction of Ac-
quistapace and Terreni [1], [2] and [3] and proving almost periodicity term by term.
Unfortunately this is a rather long and painstaking process.

It is shown in [64], in the section above and in the example to follow in Section 5.6

that this sense of almost periodicity of evolution families is useful and has applications.

95



Definition 5.16. A function f : R? — FE is said to be jointly almost periodic if
for any sequence 7, T oo, there exists a subsequence (7,,) such that the sequence

f(t+ 7n,, s+ Tn.) converges uniformly for ¢, s € R with |t — s| < T} for any Ty > 0.
The main result of this section is the following
Theorem 5.17. Suppose A(t) satisfy the (AT) conditions and that

(i) each A(t) generates an analytic semigroup e**) and the domains D(A(t)) =: E,

are constant for t € R with uniformly equivalent graph norms;

(i1) for some o € (0,1) and q € [1,00), the difference A(t) — A(s) is a bounded
operator from E, to E for allt,s € R, where E, := E, « 1s the real interpolation

space (E, E1)a00;

(111) for any sequence T, 1 0o we can pass to a subsequence such that ||A(t + 7,) —

At + )| 2(Ba,p) = 0 as m,n — oo uniformly for t € R.

Then the evolution family P(t,s) generated by A(t) is jointly almost periodic, uni-
formly for bounded t — s.

The interpolation spaces E, = Ey o0 = (E, E1)ac0 are as in Definition 2.16. For
eacht € Rand 1 > a > > 0 we have (by, for example |39, Proposition I1.5.14 and
11.5.33])

Ey = D(A(t)) = Ey <= D((—A(t)?) — Ez — E. (5.27)

A motivating example of families A(t) satisfying condition (%) is higher order
(> 2) differential operators on some domain in R? which are constant in time in their

highest order term.

Lemma 5.18 (A perturbation result for analytic semigroups). Suppose A and B are
generators of analytic semigroups S(t) and T (t) on E respectively with D(A) = D(B)
and equivalent graph norms and that (A — B) is in L(D((—A)*), E) for some o €
(0,1).

Let € > 0, Ty > 0 and write M := sup g {19, IT(s)lI} and Co =
sup,o { |s*(=A)*S(s)|, |s*BT(s)||}. Then there exists K > 0, depending only
on e, Ty, a, M and Cy, such that if ||A — B||z(p(—a)e),p) < & then

IT(t) — S(t)|| < e for all t € [0, Tp).
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Proof. By (2.7) there exists C, > 0 such that

IS e~y < -

then for x € F

/WB A)S HW</W3AM<A ISl b e dt
< _ —Q
_KC’aH:cH/Ot dt

Choosing K large enough so that eC, < K (1 —«), we have by [39, Corollary II1.3.16|
that (B — A) is a Miyadera-Voigt perturbation of A and S(t) and 7'(¢) are related by

the variation of parameters formula
t
T(#)e — S(t)r = / T(s)(B — A)S(t — s)xds, for all 2 € D(A).
0
Then for z € D(A) and t < Tj

[T ()2 = S(t)z| < / IT(IIIB = Dl eoi-ay).e) 1S = s)zllp-a)) ds,

o €C’T1a
<ME cwv' ds < M2 2ol |

< el

for sufficiently large K > MC,T, *(1—a)~!. Then the result follows from the density
of D(A). O

Remark 5.19. Note that in the Theorem 5.17 and Lemma 5.18, if the evolution family
and semigroup respectively are exponentially stable then the condition that (¢t — s)
be bounded is unnecessary, as the convergence in question automatically holds in the
tail.

Suppose A(t), t € R satisfies the conditions (AT). Fix Ty > 0. Define the kernel
Q(t,s) € L(E) for s <t by

Q(t,s) = At) 24O [AR) T — A(s)!], t—s< Ty, (5.28)
and then Q(¢, s) inductively by
Oit,s) = Qts),  Qult,s) = / Qr (£, 7)Q(r, 5) dr. (5.29)
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Following [1], the evolution family P(t,s) generated by A(t) is given by

t
P(t,s) = et=940) +/ Z(r,s)dr

where

Zt.9) = at9) + Y [ Qutr)atrs)do
k=1YS
£ [ 10t - Quit )t o) ar
k=1"YS

+ 3 Qu(t, s)[e A0 — 1], (5.30)

k=1
for ¢;(t,s), i = 1,2 given by

g1(t, s) = A()e=940 — A(5)et=)A6),
ga(t, 5) = A(s)elt =94,

We will show that each term is jointly almost periodic, uniformly for bounded t — s.

Lemma 5.20. Suppose A(t), t € R is a family of operators on E satisfying the
condition (AT1) of Definition 2.15, so for each t € R, A(t) generates an analytic

Semigroup (eSA(t)) Then for any « € (0, 1] there exist constants M, C, such that

s>0°

Ca

A0 < M and [ A@R)7A0) <
Sa

(5.31)

for allt € R and s € [0, Ty] for any Ty > 0.

Proof. Let A be the generator of an analytic semigroup S(s) on E with Yy, = U{0} C

p(A) and
N

L+ Al

for all A € Xpy = U{0} for some 6 € (0, 7). By the proof of [39, Theorem I1.4.6], parts
(e) = (c) and (c) = (a), it follow that there exist constants M and C; depending
only on N and 6 such that

1RO A <

IS(s)| < M and ||AS(s)||§%

for all s € [0, Tp]. Hence by condition (AT1), (5.31) holds for a = 1.
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The next argument follows the lines of [39, Theorem I1.5.34]. Let xy € F and
B € (0,1). The following estimates hold

Is™R(s, A)xol| < s™P|[AR(s, A)||| A~ |
N
A -1
<57 114l
< 5PN + 1] ]| A o
and
sTAN

1+s
< s AN ||zo]|.

Is™ R(s, A)ol| <

2o

Then by [39, Theorem 11.5.28],

(= A) P _ o2is) / "5 R(s, Ay s

|_H22

T

S_BR<S,A)JI0d8—|—/ s_ﬂR(s,A)xods‘

T

0

<CB[N+ ]”A $0H/ ’Bds—l—C’[gNHxOH/ —(1+8) 44

C4[N +1] C”N
<B—16 —B
< =g A ol + =l

for any 7 € (0,00). So choosing 7 := ||A™ |7 - ||xo]] we get

C4N+1)  CN
1-p g

IN

I(=A)Poll < A ol - [|vo "7

=: CllA™ o|1” - [l "7
Now we set §:=1— « and xy = AS(t)x for € E and

oA Sl = A Astl
Cl_a IS AS (5)2]
< el () ol

C
< ||,
S

Now C, depends only on M, N, C} and «, so (5.31) holds for all « € (0, 1]. ]
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Remark 5.21. By Lemma 5.20, if A(t), ¢ € R satisfy the (AT) conditions then the
result of Lemma 5.18 holds uniformly for ¢ € R. That is, we can choose the K in
Lemma 5.18 independent of the choice of A = A(ty), B = A(ty) for t1,t5 € R.

Corollary 5.22. Under the conditions of Theorem 5.17, the map (t,s) s elt=9)A40)

is jointly almost periodic (in norm), uniformly for bounded t — s.

Proof. Let (1,) C R, 7, T o0 and x € E. By Theorem 5.17 (iii), passing to a
subsequence, for any € > 0 and K > 0 there exists Ny > 0 such that

|M@+EJ—A@+QMM%EﬁS%, for all s € R, m,n > N.

Since, by (5.27), D((—A(s))*) < E, with uniformly equivalent norms for all s € R

we have some N > N, with
€
|A(s + 1) — A(s + o)l 2(D(A(s1m0)), B) < T for all s € R, m,n > N,

then by Lemmas 5.18 and 5.20, there exists sufficiently large K (independent of ¢, s)
such that

HG(H)A(HM) _ e(t*S)A(HTm)H <eg, forall (t—s)<Ty,mn>N.

Hence the map (t,s) +— e®=9)4() is jointly almost periodic, uniformly for ¢t > s
bounded. O]

Lemma 5.23. Under the conditions of Theorem 5.17 , let the function f(t,s) be one
of {Q(t, s), g1(t, s)} Then the following hold:

(i) || f(t,s)]] < C(t— s)"*=2 for p,v as in (AT2) such that u+v —2 > —1, for
some C' > 0 independent of t,s fort — s bounded;

(i1) for any 0 < § < Ty, f(t,s) is jointly almost periodic, uniformly for 6 <t —s <
TO;

(iii) for any 1, T oo and Ty > 0 we can pass to a subsequence such that for any e > 0
there exists N € N such that for m,n > N andt — s <Tj

t
/ﬂva+mw+n0—ﬂwmhx+mmmrga

t
/ | f(r+Tn,s+T0) = f(r + T, s+ 7)) || dr < e.
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Proof. Let (1,) C R, 7, T o0, x € E, Ty > 0 and € > 0. By Theorem 5.17 (iii),
passing to a subsequence, for any K > 0 there exists N > 0 such that

€
&
Let f(t,s) = Q(t,s). By [3, Lemma 2.3 (i)] there exists C' > 0 such that

|A(t + 1) — At + 7o) | 2 (B0 ) < for all t € R, m,n > N. (5.32)

lQ(t )|l < C(t — s+ 72,

where p, v from (AT2) satisfy p+ v —2 > —1, so (i) holds and there exists §y > 0
such that if [t — s| < dp then

/ QU + T + 7)) — QUt + Ty, 7 + 7o) dr

t t — ptrv—1 5#+V—1
< / 20(t — r)F " 2dr = (t=s) < 2
s pw+v—1 p+rv—1
< g (5.33)

So fix s <t € R with [t — s| > dp. Write A, (t,s) :== (A(t+7,) 7" — A(s +7,)"") and
70 = 0, so

Qt,s) = A(t)?eMOA (1, 5).

Then by the triangle inequality

HQ(t + Tny S+ 1) — Q(t + Ty S + Tm)H
< ||A(t 47 |:e(t—s)A(t+Tn)An(t7 5) — eltmDAFTIIA (3 S)} H

+ |||+ 7y — A+ Tmﬂ e<t—8>A<t+m>Am(t, 9|
< At + 7)) AT [A (t,s) ]H
+ HA<t + Tn)2 [e(tfs)A(tﬁ’Tn) . 6(tfs)A(t+Tm):| Am(t,S)H

+ H [A(t + 7)) — At + Tm)Q} e(t_s)A(t+Tm)Am(t, s) H
=. Il + [2 + [3.

We consider the terms /; in turn, starting with 1.

I = HA(t + Tn)2e(t—S)A(t+Tn) |:A (t 3) — Am(t,S)] ||

< HA(t—i—Tn)Ze( $)A(t+75) ||£ B HAn(zﬁ,s) — At S)HL(E,El)
S JA@ + 7Pt D}A(t + 1) = A+ 7))
+ HA(S -+ Tn)il - A(S + Tm)ilHﬁ(EyEl)] .
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Since E; < E,, there exists C' > 0 such that ||z|| g, < C||z| g, for z € E;, then
5
[AC +7) = At + 7o)l e,y < CIA(E + 7) = At + Tl 2(mam) < O
for all t € R, m,n > N. Now write A = A(t +7,,), B = A(t + 7,,) and

|A™" = B Y eppy = |A' BB — A ' AB™ Y| (.1
= |A"Y(B - AB™Y )

<A M eeen (B = A)llee,pll B e, e

CM?*e
< .
- K
So by (2.7),
CM?3e
[1 5201(15—3)72 K

and hence for large enough K and |t — s| > 0y we have

g
I < —. 5.34
6T, (5.34)

Now by uniform equivalence of graph norms, there exists C' > 0 such that A(t)A(s)™*
is bounded with ||A(t)A(s)7Y| < C for all r,s,t € R, so

I, = ||A(t X Tn)2 |:e(tfs)A(t+‘rn) _ e(tfs)A(t+‘rm):|Am(t7s>H
< A+ ) [0 At A+ 7,) An(t, 5)|

< C|At+ ) [e(t—s)A(t+Tn) _ e(t—s)A(t—i-Tm)] I

Then by the Cauchy’s formula representation of e (2.8), for A = A(t + 7,),
B = A(t + 7,,) as above

HA[e(t—s)A . e(t—s)B] H < HAe(t—s)A . Be(t—s)B” 4 H(B . A)e(t—s)BH

1
<[l A(t—s) _ H
< |3 A [R(A,A) RO\, B)} dA
+ 1B = Al egamlle” | ce.p)
|
<|l= / AMIR(A A)(B — AYR(\, B) d)\H
27TZ r

+ Co(t — 5)" B — All£(£a.)
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Cl|B—-A - |)\6)\(t_8)| dX
< _ € T+ (=)
< | 2(Ea,B) /F TE N (t—s)

o0
< C||B = Allzg..p) 2/ erlt=s)eost qp 4 29et=2) 4 (t — s)_a]
1

- 2€(t—s) cosf

< CIB = Allciz..p) (= 5)cost

4206t 4 (t — s)ﬂ . (5.35)

So for |t — s| € (dp, Tp) and sufficiently large K we have

£
I < o (5.36)
Iy = || [A + 7)? = At + 72| =400 AL (2, 5)|
<A+ 7)* — At + 7y el AETmIA L (2
C<t - 8)_17

)? HC(EQ,E ,5) Hﬁ(E,Eg)

< ||AG+7)* — At + Tm>2HE(E2,E)

and since Ez — E, for all § > a we have for A = A(t+7,), B = A(t+7,) as above,

|A? = B?||c(B,m) < || BA — A%||2(By,m) + || B* — BAl| £, )

< 1B = Al g |All ey, ) + 1B = Allezn,p)l| Bl e, 1)
Ce
< —.
- K
So for |t — s| > dy and sufficiently large K we have

£
I < —. 5.37
56T, (5.37)

So (ii) holds, that is, there exists ¢ > 0 such that Q(t,s) is jointly almost periodic,
uniformly for (¢ — s) € (56, Ty).
Now collecting (5.33) with (5.34), (5.36) and (5.37) we see that for |t — s| < Tj

t
[0 + 7+ 7) = Qe+ 4 7
t—b
:/ |Q + 7o, 7 + 70) — Qt + Tony 7+ 7)) || dr

t
+/ HQ(tJrTn,rJrTn)—Q(t+7‘m,r+7'm)HdT
t—bo

</t_601<5+5+5>d +€
—_— — — J— r —
s To\6 6 6 2

<e. (5.38)

103



The same calculation shows that

t
/ “Q(T+Tn>$+7n) —Q(T+Tm,s+7m)||dr <e

for |t — s| < Ty, so (iii) holds.
Now let f(t,s) = gi(t,s) = A(t)e"=4®) — A(s)et=9AE) From [3, Lemma 1.10
(i)] it follows that
lga(t, $)| < C(t = s)"*72,

and since p+ v — 2 > —1, (i) holds and there exists dy > 0 such that for |t — s| < 0o

t t pt+rv—1 c
/ llgi(r, s)|| dr < / C(r — )" 2dr < h <3 (5.39)
By the resolvent calculation (5.35) we have
C
[g1(t + Tos s+ 70) — g1t + Tony s + 7)) || < PR [A(s + 1) — A(s + 7o) || £(Fa )

A+ 7) = At + ) cqm )|

and so for large enough K and |t — s| > dy we have

Ce Ce €

t n n) t my m S S < —.
lg1(t + Ty s + 7)) — g1(t + Tony s + 7o) || K —s) = Ko, = o,

(5.40)

So (ii) holds, and combining (5.39) and (5.40) in the manner of (5.38), we see that

t
/ Hgl(t+7'n,7“ +7—n)gl(t + Tm,T+Tm)|| dr < g,

uniformly for |t — s| < Tj and sufficiently large m,n and y the same calculation, the

same holds for (¢, r) replaces by (r, s), so (iii) holds for g;. O

Remark 5.24. it follows from (iii) of Lemma 5.23 that for f € {G’,gl}, the maps
(t,s) — fstf(t,r) dr and (t,s) — fstf(r, s)dr are jointly almost periodic in norm,

uniformly for bounded ¢ — s.

Lemma 5.25. Suppose f(t,s) and g(t,s) : {(t,s) € R? : s <t} — L(E) satisfy the
following

(a) there exists k € N such that for any Ty > 0 there exists a constant C' > 0 such
that || f(t,s)]| < C(t — s)ketr=D=1"and ||g(t,s)|| < C(t — s)***=2 (where pu,v are
as in (AT), so u+v >1);
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(b) for any 1, T 00, € >0 and Ty > 0 we can pass to a subsequence such that

(i) for any 69 > 0, there exists N5, > 0 such that for all m,n > Ns, and
(t - S) S (50,T0] both

||f(t+7—n78+7_n) - f(t+Tm,S+Tm)|| S g,
1g(t + Ty 8+ 70) — gt + Tony s + 7o) || < &5

(ii) for the same subsequence there exists N > 0 such that for m,n > N and
t—s S TO

t
/ f(t+ Tnym +T0) — fE+ Ty 7+ 7)) || drr < g,
ot
/ lg(r 4+ 7oy s+ Tn) — g(r + Ton, $ + 7o) || dr < €.
Then the functions
t t
G(t,s) = / ft,rg(r,s)dr and  H(t,s) = / f(t,r)dr
are bounded and satisfy
|Gt + Tn, s+ 7) — Gt + T, S + ) || < &,
WH(t+ Tpys+Tn) — H{t + Ty s + 1) || < € (5.41)
for m,n > N uniformly fort —s < Tj.

Proof. Let (1,) CR, 7, T oo, z € E, Ty > 0 and ¢ > 0. By (a), there exists dy > 0

such that for t — s < dy we have

K £ ¢ £
[usenlar < and [ gtrolar <,
and there exists C' > 0 such that || f(¢,s)||, ||g(t,s)]] < C for all (t —s) € (o, Tp)-
By (b) there exists N > 0 such that for m,n > N; we have both
Nf(t+ Ty s+ 7)) — fE+ T, s+ 7m)|| <1
lg(t + Tny 5 + Tn) = gt + Ty s + 7o) | <1,
and by (c) there exists N > Nj such that for m,n > N and (t — s) > Jy we have both

t
€
/s | f(t+ Ty + T0) = f(E+ T 7 + ) || dr < T

9
4CTy

t
/ Hg(r+7’n,s+7'n) —g(r—l—Tm,s—i-Tm)Hdr <
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Then

|Gt + Tn, s +T0) — G(t+ Tomy 5 + 7o) |

¢

— H/ f(t+Tn,T—|—Tn)g(7‘—|—Tn,s+Tn)—f(t+7‘m,7“—|—7m)g(7“+7m,s+7’m)drH
¢

< | [ £+ mr )00+ s 1) = g+ s+ )|

- ” /t Pt T 4 7) = F(E+ Ty + 7o) | (5 + Ty + 7o) drH

= Il + ]2.

We will deal with I; and I separately. For (¢t — s) < Tj

t50Vs
L < H/ f t—|—Tn,7‘+Tn)[g(T+Tn,S+Tn)—g<T+Tm,S+Tm)] dr

|

(t— 50 Vs

(t 50)\/8 t
SC’/ ||g(7‘—|—7'n,8+7'n)—g(T—i-Tm,S—l—Tm)HdT—l- ||f(t—|—7'n,r+7'n)H~1d7’

(t—d0)Vs

e(t—s) ¢

< C. —

4CTy * 4
€
< —.
-2

Similarly,

t—dg)Vs
I, < H/ [f(t—i—Tn,T—I—Tn) —f(t—|—Tm,7“—i—Tm)}g(T-‘rTm,S—f—Tm)d’r’H

|

/ f(t—l—Tn,r—i-Tn)—f(t+7'm,7“—i—Tm)]g(r—l—Tm,s—i-Tm)dr
(t—do)Vs

(t—60)Vs t

SC’/ Hf(t%—m,r%—m)—f(t+7m,r+7'm)”dr+/ Hg T+ Tm, S+ Tm Hdr
s (tféo \/S

e(t—s) ¢

iCT, 4

?

<

IN
SRR

Hence G(t,s) is satisfies (5.41), and the same for H(¢,s) follows from a calculation

identical to (5.38). O

For brevity, we write n:= pu+v —1 € (0, 1] for u,v as in (AT2).
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Lemma 5.26 (Lemma 1.2 of [2]). For Qx(t,s), k € N as defined in (5.29), there
exists Cg > 0 such that

CEI(n)*

(t — s)kn—t (5.42)
for (t —s) < Tq.
Hence for k > , [|Qk(t, s)|| is bounded for (t — s) < Ty with

CET (k13"

Proof. By [3, Lemma 2.3 (i)], there exists Cg > 0 such that

1Q:1(t, s)|| = [1Q(t, 9)[| < Co(t —s)"".
Suppose that (5.42) holds for some k, then

(Qeatt. ol = | [ @t syar

LS -
g/s Q(“( — ) Gl — ) dr

RO
0
Ck-‘rlr k 1
= QFT;;?)/O (t — 8111 —w)" e (t— )" (= s) du
CkJrlF k 1
= —QF(kn;)n) (t— s)(k+1)”_1 /0 (1-— u)kn_lu”_l du
B MO AR \C7)INC)
(k) P((k+1)n)
k
_ CQ+1F(77)k+1 (t o S)(k+1)n71
L((k + 1))
Hence (5.42) holds for k + 1, and the result follows by induction. O

. CET ()"
Write M, = ?T(:)) and note that M} converges to zero faster than any exponen-
tial sequence.

Corollary 5.27. For the functions Q(t,s), as defined in (5.29), given a sequence
Tn T 00 and € > 0 we can pass to a subsequence such that there exists N > 0 such
that for all k > 2

|Qr(t + Tny s + Tn) — Qr(t + Ty S + T || < — (5.43)

for allm,n > N and (t — s) < Ty.
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Proof. Fix an € > 0. By Lemma 5.26, for k > %, Qx(t, s) is bounded on (t — s) < T
with

1Qk(t, 8)|| < Mi(t — )"~ < MTy"".
Now by the super-exponential growth of I'(kn), the sequence QkHTé€ =M, converges
to 0 for any Ty > 0, so there exists Kq > % such that for k > K,

€
2k+1 :

T M, <

Therefore

g
‘|Qk(t> S)H < 9k+1

for all k£ > Ky and (t — s) < Tp, and so

1@t + 7o+ 70) = Qult + Ty s + )| < o
for any m,n € N.

Now let 2 < k < K. By Lemma 5.23, Q(t, s) satisfies conditions (a) and (b) of
Lemma 5.25 so (5(t, s) is jointly almost periodic, uniformly for ¢ — s bounded. It
is easy to see that a function which is jointly almost periodic, uniformly for ¢ — s
bounded satisfies (a) and (b) of Lemma 5.25 so by induction we have that Q(t,s) is
jointly almost periodic for all 2 < k < K. Hence for any sequence 7, 1 oo, we can
pass (repeatedly, Ky-times) to a subsequence so that there exists N € N such that
£
2k
for all m,n > N and each 2 < k < K. O

HQk(t + Tn,S + Tn) - Qk(t + Tms S + Tm)” S

Remark 5.28. In the above, we have shown that for any sequence 7,, T oo and any
€ > 0, there exists a single subsequence and a single N > 0 such that the convergence
in (5.43) holds for all k£ > 2.

We now begin to pull the above results together to construct Z(t,s). Recall from
(5.30) that

Z(t,5) = gi(t,s) + Z/ Qr(t,r)g1(r,s)dr
23 [ (@t - @t ot o)

+ 3 Qult, 8) [t — 1]
k=1
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for g;(t,s), i = 1,2 given by
gl(t,s) = A(t)e(t—s)A(t) _ A(S)e(t—s)A(s)’
92(t’ S) e A(S)e(t*S)A(S)

We will show that each term of Z(t,s) satisfies conditions (a) and (b) of Lemma
5.25. The first term gy (s, t) already satisfies conditions (a) and (b) of Lemma 5.25 by
Lemma 5.23.

Lemma 5.29. The function

Gi(t,s) :== Z/ Qr(t,r)g1(r,s)dr

is such that for any 7, T 00, € > 0 and Ty > 0 we can pass to a subsequence such that
there exists N > 0 such that

|G1(t + Tny s+ Tn) — G1(t + T, s + 1) || < €
for m,n > N, uniformly for (t — s) < Tp.
Proof. Let 7, T 00, € > 0 and T > 0. By Lemmas 5.23 and 5.26 we have
1Qk(t. 8)|| < My(t — )" and ||gi(t, )] < Cy, (t — )"

and we can pass to a subsequence such that for any 0y > 0 there exists Ny € N such
that

lgi(t +Tn, s+ 7)) — it + T, s+ 7| < €
for all (¢t — s) € (o, To). By Corollary 5.27 we can pass to a further subsequence such
that for some N > N
€

HQk(t + Tny S + Tn) - Qk(t + Tm, S + Tm)” S 2k

(5.44)

for all m,n > N, k > 2 and (t — s) <Ty. Now

¢
H/ Qr(t + Tny s+ Tn)g1(r 4+ 7oy s + 7)) — Qr(t + Tony S + Ton) 1 (1 + Tony § + 7)) dr
¢
§/ HQk(t—i-Tn,r+Tn)[gl(r+Tn,s+Tn)—gl(T+Tm,s+Tm)Mdr
S

t
+/ I [Qk(t + T, 7+ ) — Qr(t + Ty 7 + Tm)}gl(r + Ty S + 7)) || dr

= ]1 + _[2.
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We consider ; and I, separately. For k& > }7

t
I < / Myt — )=t .20, (r — s)" ' dr

1
= 2C,, My(t — s)"k+D=1 / (1 — )™=ty du
0

L(kn)T(n)
L((k+1)n)

F(U (k+1)n—1
< 20,,Co=rt—— O
= TEEC (kv 1)) 0

So by the super exponential growth of I'(kn), there exists K € N such that

= 2C,, M, (t — s)"k+D-1

)kJrl

€
Il < W
for all kK > K. Now for 1 < k < K, choose dg > 0 small enough so that

15
2K+2'

s+do
/ HQk(t + Tp, T+ Tn) [91(7’ + Tn, s+ Tn) - gl(r + Tm, S+ Tm)] || dr <

Then there exists Ny € N such that for all (t — s) € (o, To],

€

||g1(t—|—7'n78 +Tn) — gl(t + Tm, S +Tm)H < m

%fﬁ%TT'

for all m,n > Ny, where

Then

t
/ “Qk(t + Tn, 7+ Tn) [91(7“ + Tn, S + Tn) - gl(r + T,y S+ Tm)] || dr
s+do

t
€

< Myt —r)n—t. — ¢

/s+50 k( 7) Cr2K+2 r

= 9K+2
for all m,n > Ny. Hence we have

3

L < 5

for all k € N, m,n > N,.
Recall that by Lemma 5.26 we have

1Qx(t, 8)|| < My (t —s)1
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for t — s < Ty where M}, — 0 faster than any exponential sequence. This means there

exists K; > 2 such that

for all £k > K;. Now choose Ny > N, such that

€ n
|Qr(t + Toyr + 70) — Qu(t + Ton, 7 + )| < SR o

for all m,n > N; and 2 < k < K;. Hence we have an N; independent of k£ such that

n
T G,y

1Qr(t + Toy 7 + 7o) — Qrlt + Tons 7 + 7)) || < = (5.45)
for all m,n > Ny and k > 2. Then

t
[2 :/ H[Qk(t_'_Tnar—i_Tn) _Qk(t_'_Tmar—i_Tm)]gl(r—i_TmaS—i_Tm)Hdr

<-° -L/tC (r —s)Ttdr
okt C Ty J

(5.46)

for all £ > 2. For the k = 1 case, choose 9; > 0 such that

t
5
/ QU + T+ 70) — QE + T 7 + 7o) | 91 (7 + Tony 5 + 7)) | A < S
t—01

then by Lemma 5.23, choose N > N; such that

1Q(t + Ty s +70) = QU+ Ty 8 + T[] <
for all n,m > N and (t — s) € (81, Tp]. So
Q(t + T, r + 1) — Q(t+7'm,7"+Tm)]gl(r+7'm,s+7m)||dr
+/ I[QUE + T+ 70) — QE + Ty 7 + Ton) | 91 (7 + Tiny 5 + 7o) |

/ %— Cy,(r — )" Hdr + %
< £
- 4

So we have now that for all £ > 1

(5.47)



Then by (5.45) and (5.47) we have

|

for all £ € N, and so

t
£
/ Qult+ Ty 5+ 7)1 (1 + T, 5+ 7) — Qi (t+ Ty 8+ T ) G1.( + Ty 8 + 7o) drH <5

IG1(t+ Tay s+ 70) = Gi(t+ Ty s+ 7o) €Y _27F = u
k=1

Lemma 5.30. The function

Go(t, s) = Z/ [Qk(t,r) - Qk(t,S)]gg(’l", s)dr

1s locally integrable in each variable and for 7, 1 oo and € > 0 we can pass to a

subsequence such that there exists N € N such that

for allm,n > N and (t — s) < Tj.

t
/ Go(r + Ty 8 + 7o) — Gao(r + Tony § + o) drH <e

Proof. Let 1, 1 00, € > 0 and Ty > 0. By [2, Lemma 1.2 (iii)|] we have that for some
C(0 Z 17

/St HQk(tarz : SQk(ta s) dr < O i%;;r_(nf;)l (t—s)"1"' = CoMy_y(t—s)¥" (5.48)
for all (t —s) < Ty and k > 2. By (2.7),

lga(t, s)[| < Cop(t —5)7"
so for k> 2

/ 1[Qk(t,m) = Qi(t, 5)] ga(r, s)|| dr < CoCyy My (t — )", (5.49)

The next estimate comes from |1, Lemma 2.1 (iii)|; for any 5 € (0,7) there exists
Cs > 0 such that

1Qu(t,7) — Qu(t, s)l| < Ca(r — 5)°(t — )"~ (5.50)
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forall k e N, s <r <t witht —s < Tp. So fix 5 € (0,n), then for k =1
t t
[ M@t - @ 9lets)ldr < [ Catr = o)t = 75 Cplr =)

1
= CyC,,(t — )" / (1 —r)1=F= 1=t qp
0

nflr(n — 6)F(5)
I'(n)
=: CoClyy My(t — s)"* (5.51)

= CBng (t - 8)

for M, = g—ﬁ . —F(n;(ﬁg)r(ﬁ). Now if

J
F’](T) = Z Cng2Mk_1Tkn_1,

k=1
then F} is integrable on [0, 7p] for all j > 1 and (Fj) is non-decreasing in j, so by the

monotone convergence theorem, using the fact that

00 Ty
Z 00092 Mk—l / Tkn_l dr
0

k=1
is convergent, we have that F'(r) := lim;_, F};(r) is integrable and then by dominated
convergence G»(t, s) is integrable in each variable for (¢ — s) < Tj.

Now
/t I [Qk(t + Tny T+ 7)) — Qr(t + Ty s + Tn)]QQ(’I" + Tn, S+ Th)
s — [Qk(t + Ty 7+ Tin) — Qu(t + Ty s + Tm)]gg(r + T, § + T || dr
< /t 1@t + Toor + 7) — Qul(t + Ty s + 7))
) . [gz(r + T, S+ T0) — g2(r + T, S + Tm)} || dr
+ /t |Qut + Ty + 7)) — Qult + Toy 5+ 70) — Qu(t + Ton, 7 + 7o)

+ Qk(t + Tm, S + Tm)”HgQ(r + Tm, S + Tm)” dr

We consider I; and [, separately. By (5.48) and (5.51),
[1(t, S) S QCoMk,1<t — S)knil,
for all k € N, so since 28270 "My, — 0, there exists K > % such that

Ii(t, s) (5.53)

< Qk+1T7
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for all K > K. Now fix 1 < k < K, by (5.53) there exists J; > 0 such that if
(t —s) < g then

¢
£
/ Li(r,s)dr < SIEER (5.54)

Let 0p := minj<p<x {6k} By the calculation (5.35), we have that passing to a
subsequence, there exists Ny € N such that for m,n > Ny and (t — s) < T

1 €
1g2(r + Ty 8 + T) — g1 + Tons 5 + o) | §02<1+ >_,
r—s/ Cg

where
CK = 2K+2T00502 5371M0 + Tg]

I'(n—B)T(B+ 1)]
T(n+1)

By (5.50), if (t — s) € (do, Tp] then

t
1
Il</”Qk““nﬂ“w)—@k<t+ms+mu-02(1+ ) dr
s r—s/ Cg

K 1 €
< — B — U—ﬂ—l .
_/S Cs(r—s)’(t—r) C2<1+T—S>CK dr

1 1
= CyCrr | (t - 8)”1/ (L—=r)" PP dr 4 (t — s)"/ (1—p)rf-1y8 dr]
Cr ; i

- 0502011( :(t - S)nlw;(—/f?m + (t _ S)nr(n ;5])_1;—(16)"‘ 1)i|
< CBCQCLK :5(7)7_1M0 N TS,F(n ;(i)i(lﬁ)Jr 1)]

<_°

= 9K+27Ty,

for all 1 <k < K. So together with (5.54) we have that

t s+do t
/Il(r,s)dr:/ [1(7’,s)dr—|-/ Li(r,s)dr

+d0
< c +/t ° dr
9k+2 560 2k+2T0
g
< ﬁ (5.55)

for all £ € N. Now for I5. Recall from (5.49) and (5.51)

/ 1[Qet. ) — Qult, )] galr 8)]| dr < CoCop My (t — )17
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for all £ > 1, so since ZkTéka — 0 as kK — oo there exists K > % such that

t
I, = / Hka(t + Ty 7+ ) — Qr(t + Ty s + 7)) — Qr(t + Ty 7 + i)
+Qk(t~|—7'm,s+7m)H||g2(r+Tm,s+7‘m)||dr
€

forall k > K, t —s < Tpy. Now for 1 < k < K, recall from (5.50) that for 5 € (0,n)
there exists C's > 0 such that

1Qu(t,7) — Qu(t, 8)l| < Ca(r — 5)7(t — )"~
for all s <r <tand (t —s) <Tp. Hence for 0 < < (t — s)

/”‘S 1Qk(t,7) — Qu(t, 5)|

r—sS

s+0
dr < / Cs(r — s)ﬂ_l(t — r)”_ﬁ_l dr
S5

< Oyt —s)7? /t_s PP 1 — )P dr
0

For r < %, we have (1 — 7)1 < (%)nfﬁfl, and so if % < % then
° s B (t—s)P
i—s t—s T t 8)
B=1r1 _ . \n—B-1 N Y sB
/0 (1 —r) dr < /0 Sy dr 3 oA o

and therefore

dr < CgdP(t — s)7 P71
r—s

/S” 1Qk(t,m) — Qr(t, 5)]]

for all (t — s) € (29, T)). Consider

t 5+28 t
/ Iy(r,s)dr = / Ly(r,s)dr + / Iy(r, s)dr. (5.57)
s s s+26
By (5.51) we have
s+26 s+26 C
/ I(r,s)dr < / Cy(r —s)"Hdr = =2(26)", (5.58)
S S n

for some C; > 0, so choose dy > 0 such that

15
2K+1’

Codl < =8 4 © (260)" <

4
2K+20, TP n
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Then for (t — s) € (250, Tp)

S+50
/ HQk(t + T, + 1) — Qr(t + Ty s+ 1) — Q(t + Ty 7 + i)

+ Qr(t + Ty s + Tm)H||g2(r + T, S + ) || dr

0 Qu(t A Ty T+ ) — Qult + Ty s+ 70|
S ng r—S
S
|Qr(t + Ty 7+ Tin) — Qr(t + Tin, S + ) ||
rT—S

dr

+Cy,

EW=DB) f o-p1, (5.59)
2K+2T67 B
Now by Corollary 5.27, we can pass to a further subsequence of (7,,) such that there
exists N € N such that forall 1 <k < K, t—s <Tyand m,n > N

8(50

|Qk(t + Tny s+ Tn) — Qu(t + Tin, S + T || < =555
I, T

(5.60)
Then for m,n > N and (t — s) € (200, To)

t
12:/ HQk(t+Tm7“+Tn)—Qk(t+Tn,s~|—Tn)—Qk(t+Tm,r+Tm)

+ Qr(t + T, s + Tm)H”gg(’f‘ + Ty S + 7o) || A7
/S+60 |Qr(t + Ty r 4+ 7n) — Qr(t + Ty s + 1) ||

<C
— 92 r—g

+ ”Qk(t + T, T+ Tm) - Qk’(t + Tm, S+ 7_m)”

dr
rT— S
P [ 19 ) O )
SJr(SO rTr—S
+ HQk(t + Tn, S+ Tn) - Qk(t + Tm, S+ Tm)” dr
r—=S
e(n—pB) —B—1 /t 1 0o
B e A s B L N
2K+2T077—ﬂ( 5) + o5 00 2K+272 "
e ((n=P)t—=s)"" 1
S 5K+ ( Tg_ﬁ + T{) (5.61)

where the second inequality follows from (5.59) and (5.60). Putting (5.58) and (5.61)
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into (5.57) gives us that

t s+280 L _ B s
/I2<7“’8>d7“< ) c4<r—s>”1dr+/ - ((n (e = )" 1+1)dr

s 4200 2K+ T(;]_ﬁ 7_10
€ e [(t—s)F (t—s)
< 9K +1 QK +2 Tgﬁﬁ + Th
£
= SR (5.62)

Putting (5.56) and (5.62) together we get that

¢ €
/ Ly(r,s)dr < pysE)

for all £ € N. Then using (5.52) and (5.55) we have

t
/ | [Qk(t + T, 7+ Tn) — Qr(t + 7oy s + Tn)}gg(T + Tn, s+ Ty)
— [Qu(t + 7o, 7 + i) — Qu(t + Ty § + Tn) | 921 + Ton, 5 + 7)) || drr
€
= ok
for all £ € N. Finally, by absolute convergence we can exchange the sum and integral
to get
t
H / Go(r+ T, s+ 7o) — Go(r + Ty S + Tin) dr”

= H /:g/: [Qk(r & 7o u+ 7n) = Qilr + Ty 5+ 7) | g2t + Ty 5 + 70)

— [Qk(r + Ty U+ o) — Qr(r + Ty S + Tm)]gg(u + T, 8§ + Tp) dudr

< Z/S LIi(r,s) + Iy(r, s) dr

k=1
<e Z 27k —¢
k=1
for all sufficiently large m, n. O

Now for the final term of Z(t, s).

Lemma 5.31. The function
Ga(t,s) == > Qult, s)[e91¢) J]
k=0
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s locally integrable in each variable and for 7, T oo and € > 0 we can pass to a

subsequence such that there exists N € N such that

t
H/ G3(r+ Tn, s +1n) — G3(r + Ty S + i) drH <e
for allm,n > N and (t — s) < Ty.

Proof. Let 1, T oo, e >0 and Ty > 0.
t
/ ||Qk(r+7'n, s + Tn)e(r—s)A(s—l-Tn) . Qk(r + Tons S + Tm)e(r—s)A(s+Tm)H dr
t
< / | [Qk(r + Toy S+ Tn) — Qr(r + Tony s + Tm)} er=9)Al+m)) | 4y

t
+ / ||Qk;<r + Tm7 S —|— Tm) [e(T—S)A(S+Tn) _ e(T—S)A(s—i—Tm)] || d’]"

= Il + ]2.

As usual, we consider I; and I separately. Let M := sup g Sup,cpo g [1€"* ||, which
exists by (AT1), then

t
IL < M/ |Qr(r + T, s + 70) — Qr(r + Ty s + 7o) || dr

Now for £ = 1 by Lemma 5.23, we can pass to a subsequence such that there exists
NQ € N with

£

t
ns n) my m d R
/s||Q(7‘+7' S+ Tn) — Q(r+ Tom, S+ ) || r<4M

for all m,n > Ny and (¢t — s) < Ty. Then by Corollary 5.27, we can pass to a further
subsequence and find an Ny > Ny such that

| < oo
NI,

for all k > 2, m,n > Ny and (t — s) < Ty. Hence we have

||Q/€(T + Tny S + Tn) - Qk(r + Tm, S + Tm)

3

I < ok+1

(5.63)
for all k € N, m,n > Nj and (¢t — s) < Ty. Now for I, recall from Lemma 5.26 that
1Qu(t, 5)|| < M(t — s)*7.

Define

kn

ok+1 1 T’W?
My, = sup {¢ )
keN
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then M., < oo by the super-exponential decay of M. By Corollary 5.22, we have

that for a further subsequence and some Ny > N,

3

(t—s)A(s+7n) _ (t—s)A(s+Tm) <
: <o

le
for all m,n > N,. Then
[2 / Mk T o S)kn 1”6 r—s)A(s+7n) _ e(rfs)A(s+Tm)H dT'

/Mkr—sk” 1]\; dr

<M, (t — s)kn . kn i
kn 2k+1MkT :
15
< o (5.64)

for all k € N and (t — s) < Tj. Collecting (5.63) and (5.64) we get

¢
H/G3(T’—|—Tn,8+7'n)—G3(T+Tm,S+Tm)dT

/ ZHQk P T s 4 T)eT AT Q4 1y s+ )l IACHT || 4y

= Z/ ||Qk(7‘ + T, S+ Tn)e(T—S)A(s-i-Tn) — Qu(r + T, 5 + Tm)e(r—s)A(s+T,n) | dr
=1YS

<5i2_k:5. ]
k=1

Now we are ready to prove Theorem 5.17.

Proof of Theorem 5.17. Recall that from [1],
¢
P(t,s) = elt=9)40) +/ Z(r,s)dr
¢
= elt=94) 4 / [gl (rys) + Gi(r,s) + Ga(r,s) + Gs(r,s) | dr.

Choose a sequence 7, T oo and € > 0, Ty > 0. By the following results for each term

we can pass to a subsequence such that there exists N > 0 such that
|P(t+ Tn, s+ 7) — P(t+ T, S+ 7m)|| < €

forall m,n > N, t — s <Ty:
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o ¢(=94() — Lemma 5.22;

. fst g1(r, s)dr — Lemma 5.23 (iii);
o fst G4 (r,s)dr — Lemma 5.29;

o fst G(r, s)dr — Lemma 5.30;

o fst G3(r, s)dr — Lemma 5.31.

We now construct (by diagonalisation) a single subsequence (o,,) C (7,,) independent
of € such that (P(t +o0p, S+ an)) converges uniformly for t — s < Tj,.
By the above (possibly discarding the first N terms), we can pass to a subsequence

(7’1) - (Tn) such that

n

|Pt+7t s+ —Pt+7h,s+710)| <

ok+1

for all n,m > 1, t — s < Ty. Write oy := 7). Then by applying the above again to

1 2 1

the sequence (Tn) we can find a subsequence (Tn) C (Tn) such that

1P+ 708 +7) = Pt + 78 + )l < 553

for all n,m > 2, t — s < Ty. Write 0y := 74 > 72 > 7{ = 0. Continue in this way by
T,

induction, at each step finding a subsequence (T“l) - ( ) such that

n

1

|P(t+ 7 s+ — P(t+ 757 s + 76| < Y]

foralln,m >0+ 1,t—s < Ty and set gpy1 1= Tfill > oy.
Then we have constructed a subsequence (o,,) C (7,,) such that for any € > 0, we
have

€
|P(t+ op, s+ 0,) — P(t+ o, s+ o) < o

for all m,n > N, t — s < T, where N is such that 27V < ¢
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5.6 Example

Let p € (1,00), O be an open and bounded domain in R? with C2?-boundary, and

consider the following stochastic differential equation:

D€ = AL Eu,E) + (1,6 + D 4ult, OO, (1),

(5.65)
teR, &€ O,

u(t,§) =0, teR €00,

where (W,,) is a sequence of independent standard real Brownian motions, f : RxO —
LP(0) is almost periodic and g, : R x O — LP(O) are all 27-periodic and 1-Hélder

continuous with Holder constants H,,, such that

- 2\ 2P — 0
/O H <;gn<.,§) ) prga 6 <00 and ;HH < . (5.66)
The operator A(t,€) is given by
d d
A(ta 5) = Z aij (5)8183 + Z ak(tv f)ak + a0<t7 6) (567>
ij=1 k=1

We assume that the functions a;;, a; and ag are in C}' (R, C(0O)), the space of bounded
p-Hélder continuous functions from R to C(O) for some p € (3,1), that a;; = ay;,

i.e. that the matrix (aij)d _, is symmetric and that

2]
d
3 ai(©)ee; > pleP (5.68)
2,7=1

for some constant 3 > 0 and all £ € O, ¢ € R Set E := LP(O) and define the
family A(t) of operators on E by

(At)9) (&) == A(t,)0(E), €O, teR,
with domain
D(A(t)) = {gb € W2’p((’)) cp(§) =0for € € 8(’)} =: F.

The family A(t) then satisfies the conditions (AT), see [1, Section 6|, [10, Example
5.6], [80, Example 2.9] or [4], and so there exists a evolution family P(¢,s) on E which

solves the problem



with solution u(t) = P(t, s)xs. It is also necessary to assume that P(t, s) is uniformly
stable. Unfortunately a simple characterisation of stability of evolution families in
terms of the generators is not available. However, note that if ag(¢,&) < —A for suffi-
ciently large A > 0 then the analytic semigroup Sp x(t) generated by the second order
term minus A/ will be uniformly stable. Now P(t, s) is a lower order perturbation of
the evolution family P A(¢,s) := Spa(t — s) and by [39, Theorem VI.9.19], P(t,s) is
exponentially bounded, and hence for sufficiently large A, exponentially stable.

From (5.67) and (5.68), the graph norm of A(¢) is uniformly equivalent to the
norm on W??(0) for all t € R.

By [62, Example 1.10] or 83, Section 2.3, 2.4], if k € N and 6 € (0,1) is such that

kO ¢ N, then the following interpolation space and fractional Sobolev space coincide

(LP(0), Wr?(0)), = WH?(0).

0,p
We also use the following embedding.

Proposition 5.32 (Proposition 1.4 of [62]). If0 < 8 < a < 1 then
(E7 El)a#h - (E7 El)ﬁ#}z
for any q1,q2 € [1, 00].
Hencefor%<a—€<a<1and1§q§pwehave

W?P(0) — (LP(0), W*P(0))
= (LP(0),W*(0)),_. = W =2(0)
— Wh(0). (5.69)

o, 00

Now the difference A(t,&) — A(s, ) is just the first order differential operator

A(t, ) — Z a(t, &) — ar(s,€)] 0k + [ao(t, &) — ao(s, €)],

and so A(t) — A(s) is bounded from W'*(O) to LP(O).
If F; and F; are Banach spaces with F, < F7i, then there exists a constant C' > 0
such that for x € Fj
z][n < Cllzr-

So if B € L(F1, E), z € Fy we have

B[l < |Bller.mllzlle < ClBllew.mllzlle
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then B € L(F, F) and ||B|z(m,5) < C||Bllzm,e)- Thus by (5.69), A(t) — A(s) is
bounded from E, to LP(O) for every a € (3,1) with

[ A() - A(S)HL(EQ,E) < Ca|Alt) - A(S)HL(WLP(O),E) (5.70)

for all s,t € R.
Now, if ax(t,€) is in AP(R;C(O)) for all k = 0,1,...,d then for any 7, T co we

can pass to a subsequence such that ax(t + 7,,-) converges in C(O) uniformly for
teRfor k=0,1,...,d. Then for ¢ € WHP(O)

A+ 7.)¢ — A(t+7m) 9l r(0)
d

< Ziug |ak(t + 70, &) — ar(t + 7, )| |0k Lr(0)
k=1 €

sup |ao(t + 7, €) = ao(t + 7, | [[¢] Lr(0)
€

d
< max sup |ag(t + 7, &) — ar(t + 7o, E) |||l wre(0)
k=0 ¢eo

— 0 as m,n — oo

uniformly for ¢ € R. Hence by (5.70), for any sequence 7,, 1 co we can pass to a
subsequence such that ||A(t + 7,,) — A(t + 7o) 2(8a,5) — 0 as m,n — oo uniformly
for t € R.

Hence we have that A(t) satisfies all three condition of Theorem 5.17, and therefore
the evolution family P(t,s) generated by A(t) will be jointly almost periodic.

Now define the ¢*-cylindrical Brownian motion W (t) as in Theorem 4.19 by

W(t)e, =W,(t), neN
and G : R — L(¢?,LP(O)) by
(G(t)en) (€) = gult.§) nEN,
where (e,,) is the usual basis of 2. We check conditions (i) to (iii) of Theorem 5.14.
(i) Fort,s e R

1G(#) = G(s)llyez. o0y = [1G(E) = G(5)]|ri0.2)

< ( /O (;m(m —gn<s,s>|2)

< \t—sy%<ZHg> m(O).
n=1

[NJiS)
hSA

9
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(ii) By the y-Fubini isomorphism (3.8) and (5.66),

1G22 0,2m02),000)) S |Gl Lr(0;02(0,2m502))

< (/O (/OQWign(tyf)th)gd&);

< Q.
(iii)) For 7 € R

|G(-) = G(- + T)||7(L2(0,2W;52):L”(0))
SIG() = G+ 7)llero;220,2m:02))
p

< (/O (/0 ﬂ;’%(@@_9n<t+775)‘2dt> dé)

< Té\/ﬁ<§:Hﬁ> §m((9)' :

3 =

B =

Hence all the conditions of Theorem 5.14 are satisfied, and so there exists a solution
X :RxQ — LP(O) of (5.65) which is L?-bounded (i.e. sup,cg E|| X (¢)]|¢ < oo) for all
q € [1,00) and X (t) is almost periodic in distribution. [
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Chapter 6

Invariant measures and delay
problems

6.1 Introduction

In this Chapter we investigate the existence of invariant measures for stochastic dif-
ferential equations and stochastic delay equations on Banach spaces. We consider

problems of the form
dX(t) = [AX(t) + F(X(t), Xy)] dt + G(X (¢), X,) AW (¢), ¢t>0  (6.1)

and ask whether there exists a measure p on the space &, := E x LP(—1,0; E') with
the property that if (X(0), X() has distribution u then (X (t), X;) has distribution u
for all t > 0.

The fundamental tool for showing existence of invariant measures is the Krylov-
Bogoliubov Theorem (see Theorem 6.3 below), which relates tightness of solutions
to invariance of measures. The basic pattern of many results in this area is to use
compactness of the semigroup S(¢) and an assumption on the existence of a bounded
solution (in some sense) to show tightness of the family of distributions induced by
X(t) and then to use Krylov-Bogoliubov. Existence of invariant measures for the

non-delayed problem
dX(t) = [AX(t) + F(X(t))] dt + G(X(t))dW (t), ¢ >0 (6.2)

was studied initially by Da Prato et al. |28] on Hilbert spaces, using both a com-
pactness argument as outlined above and also an alternative approach based on a
dissipativity condition on the Yosida approximations of A. Both approaches have

been well studied in recent years, for example Brzezniak et al. consider dissipativity
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assumptions on Banach spaces of martingale type 2 [22], whereas van Gaans et al. con-
sider compactness in Hilbert spaces. Alternative methods also exist, for instance van
Neerven and Weis [71] study the case of constant additive noise G' € L(E) and obtain
invariant measures by way of spectral theory and y-boundedness of resolvents R(\, A)
on the half-plane {Re\ > 0}.

Invariant measures for delay problems are also studied, van Neerven and Riedle
[66] show existence of such measures for certain delay problems with additive noise
on spaces of continuous functions. Our principal reference for the results that follow
regarding delay problems though will be the paper of van Gaans et al. [14] who find
invariant measures for problems driven by eventually compact semigroups on Hilbert
spaces, which therefore implies the same for delay problems with immediately compact
linear part. For well posedness results and equivalence of solutions of (6.1) with the
delay Cauchy problem on the delay space £ of the form on (2.17), we refer to Cox
and Gorajski [25].

6.2 Preliminaries

We consider first the undelayed problem (6.2) and make the following, by now stan-

dard, assumptions

(M1) A generates a Cy-semigroup S(¢) on a separable UMD Banach space E of type
2, W (t) is an H-cylindrical Brownian motion and there exists M > 0 and A > 0
such that [|S(¢)]] < Me=* for all ¢ > 0.

(M2) F: E — E is Lipschitz, that is, there exists Ly > 0 such that for all x,y € £
[F(z) = F)ll < Lrlz—yll

(M3) G : E — ~(H, E) is Lipschitz, that is, there exists Lg > 0 such that for all
r,y el

1G(@) = GWlhe < Lelle —yl-

By the paper of Cox and Gorajski [25], (M1) - (M3) are enough to guarantee a
unique mild solution X (¢, z) to (6.2) with continuous paths for any initial condition
r € FE. To show invariant measures we also require that solutions are bounded,

uniformly in probability:
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(M4) For any z € E and ¢ > 0, there exists N > 0 such that
P(|X (¢, z)]| > N) <e
for any ¢ > 0.

Note that by Markov’s inequality, (M4) holds whenever there exists LP-bounded
solutions (see Definition 5.1). It is typically not possible to establish (M4) at this level
of generality, i.e. to give an easily checkable criterion for A, F, G and E such that (M4)
will hold. Assumptions of this type are very often required in the literature and rely

on being checked on a case by case basis where applied.

6.2.1 The Krylov-Bogoliubov Theorem

The Krylov-Bogoliubov Theorem essentially says that the existence of invariant mea-
sures for certain stochastic problems is equivalent to the tightness of families of mea-
sures associated to bounded solutions of the problem. The main idea underlying this
chapter is to find conditions on equations (6.1) and (6.2) such that solution fami-
lies are tight in some sense and then apply the Krylov-Bogoliubov Theorem to get
existence of invariant measures.

In order to state the theorem we first recall the notion of the Markov semigroup

associated with a process X (t).

Definition 6.1 (Definition 5.1 of [27]). A Markov semigroup (P;) on the space B, (E)
of bounded Borel functions on E is a map Ry — L£(B,(£)) such that

(i) Pp=1 and P,y s = P,P; for all t,s > 0.

(ii) For any t > 0 and x € E there exists a probability measure 7;, on E such that
Puil@) = [ p)ma(dy) forall o € By(E), (6.3
E

(iii) For any € FE, the map t — Pyp(x) is continuous for all ¢ € Cy(F) (the
continuous bounded functions on E) and Borel measurable for any B,(E) (the

bounded Borel measurable functions on E).

We say P, is Feller (or has the Feller property) if Cy(E) is an invariant subspace for
all t > 0, i.e. if Pip € Cy(F) for any ¢ € Cy(E),t > 0.
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Example 6.2 (See [27], Section 5.1). Let X (¢, x) be the solution of (6.2) with initial
condition z € F, then X (¢, ) is a continuous Markov process on E and the family
P, € L(B,(F)) defined by

Po(z) =E(p(X(t,x)), t>0,z€E. (6.4)

is a Markov semigroup, with associated measure m;, on E given by m ,(B) :=
P(X(t,x) € B) for B € B(E). Moreover, P, is Feller continuous.

Proof. That X (¢, ) is a Markov process is shown in |72, Theorem 7.1.2| (the proof

works exactly the same for Banach spaces). Define P; as in (6.4), then
(i) For ¢ € By(F)
Pop(z) =E(p(X(0,2)) = Ep(z) = ¢(z) for all z € E
so Py =1 and for t,s > 0

PPop(x) = E((Pop) (X (t,2)) = E(p(X (s, X(t, 7))
=E(p(X(s +t,7)) = Prysp(2).

(ii) m, as above clearly satisfies

/E o) mea(dy) = E(p(X (1, 7)) (6.5)

(iii) Since t — X(t,z) is continuous, t — Pyp(x) is continuous (resp. Borel) for
every ¢ € Cy(E) (resp. By(F)) and = € E.

To show the Feller property we proceed as in |72, Lemma 8.1.4]. Fix 0 <t < T for
some 1" > 0 and let x,y € E, then by Lipschitz continuity of F' and G and Corollary
3.34
t 2
BIX(t,2) ~ X(t.0)| < Mo~ gl + || [S(2~ ) [F(X(5.2)) - F(X(5,)] s
0

2

| [ 8= 9)[GX(s.2) = GX (s.)] W (e
< Mz —y|2+ TC’l/O E||F(X(s,2)) — F(X(s, )| ds
+T02/0 E[|G(X(s5,2)) = G(X (s, )] 3y 5

¢
< M|z —y||* + CT/ EHX(s,x) — X(s,y)Hst
0
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and hence by Gronwall’s Lemma, [13, Lemma 1],
E|X(t,2) = X(t, )| < Mz — y|e".

We have x — X (¢, z) is continuous from F to L*(; E) for each t > 0, so if (z,) C E
is a sequence converging to x € E, we can pass to a subsequence (also (z,,)) such that

X(t,z,) = X(t,x) almost surely. By the Fatou Lemma and the continuity of ¢

Pp(z) =Ep(X(t,z)) = E[lim inf (X (¢, xn))]

n—o0
< liﬂng[go(X(t, )] = liﬂg}f Pp(zy,). (6.6)

Now (see [74, Proposition 1.5.11]), a function f : E — R is lower semicontinuous if

and only if for every convergent sequence (y,,) C E we have

f( lim y,) < lminf f(y,).

n—o0 n
Hence by (6.6), P,y is lower semicontinuous and applying the same to —p, P,p is also

upper semicontinuous. Hence we conclude the Feller property for P,. O]

A measure g on F is an invariant measure for X (¢) if and only if

/ Ppp(dx) = / pu(dz) for all p € By(FE) and t > 0.
E E

Theorem 6.3 (Krylov-Bogoliubov, Theorem 7.1 of [27]). Suppose P; is a Markov
semigroup on By(E), that P, is Feller continuous and that the associated family of
measures {T . }e>0 18 uniformly tight for some xy € E. Then there exists an invariant

measure for P,
In order to give the proof, we first recall the following theorem of Prokhorov.

Theorem 6.4 (Prokhorov, see [55| Theorem 8.9). Let E be a separable metric space,
then a family of probability measures {p; : i € I} is tight if and only if it is weakly
compact (in the sense of Definition 5.2).

Proof of Theorem 6.3. The family {m; ., }+>0 is uniformly tight for some zy € E. De-
fine a new family {pur}r>0 by

1

pr(B) = / Toa(B)dt B € B(E), (6.7)
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and note that if 7, (K) > 1 —¢ for all ¢ > 0 then puyp(K) > 1—¢, and so {ur}rso is
tight. By Prokhorov, {ur}r>o is weakly compact so there exists a sequence T;, 1 0o

and a probability measure 4 on £ such that

lim [ ¢(x)pr, (dz) = / e(x)p(dx)  for all ¢ € Cy(E).

By Fubini and (6.3), this is equivalent to

n—o0 n

lim Ti/o ' Pyp(xo) dt = /Etp(x)p(dx) for all p € Cy(E). (6.8)

Now for ¢ € Cy(E), let ¢ = Py, then by the Feller property, ¢ € Cy(E) and

lim i/0 ' P sth(zg) dt = /EPS@Z)(x)u(dx) = /Ego(a:),u(dx) for all v € Cy(E).

n—oo T},
(6.9)
It remains to show that the left-hand side of (6.9) is equal to
[ vntaa),
E
and this will prove that u is invariant. By (6.8) we have
I
T_n/o R&+s¢(x0> dt
1 Th+s
. / Pub(wo) dt
1 Tn 1 Th+s 1 S
— / Y(z)p(dz) as n — oo. O
E

Note that by (6.7), we can replace (M4) by the following slightly weaker assump-

tion with only very minor adjustments.

(M5) For all z € E and ¢ > 0, there exists M > 0 such that for all 7" > 1,

1 T
—/ P(|X (¢, 2)| > M)dt < .
T 0
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6.3 Invariant measures for SDEs in Banach space

To establish the base case, the existence of invariant measures for non-delayed stochas-
tic differential equations of the form of (6.2), we follow the method of Da Prato 28],
making the adjustments necessitated by the Banach space setting.

We start by recalling a lemma of Da Prato |29, Proposition 1] known as the fac-
torisation method for stochastic convolutions. The factorisation method was heavily
used in the papers [69] and [86] on which Chapter 4 was based (see for example
Lemma 4.10), however the details were largely suppressed in that section as the re-
sults in question from those papers were referenced without change. Here we give
more details. The two results that follow were originally presented for Hilbert spaces,
but the proofs work more generally on Banach spaces without change.

Forp>1,¢g € LP(0,1; F) and a € (i, 1}, define the operator R, : LP(0,1; F) —
LP(0,1; E) by

Rog(t) = /0 (t — $)*1S(t — 5)g(s) ds.

Proposition 6.5 (Lemma 1 in [29] and Proposition 1 in [46]). If S(t) is a Co-
semigroup then for any p > 1 and o € (%,1], R, is a continuous operator from
LP(0,1; E) to C([0,1]; E). Moreover, if S(t) is a compact semigroup then R, is com-
pact.

Proposition 6.6 (Proposition 1 of [29]). Let S be a Cy-semigroup, p > 2 and o €
(1,%). Then for any t € [0,1] and any adapted ¢ € LP(Q x [0,1};~v(H, E))

p’ 2

_ sin(ma)

/0 S(t—s)p(s)dW(s) = R.Y (1) a.s.

T
where

Y(t)= /0 (t—s5) St — s)p(s) dW (s).

By Example 6.2, X (¢, ), the solution of (6.2) with initial condition x € E, is a
continuous Markov process on E. Denote by P(t,x,T") the transition probabilities for
X(t, x),

P(t,z;T) =P(X(t,x) € T) (6.10)

for ' C F and t € [0,1]. Now for M > 0 we write

3 = Sz + (Ruf)(1) + (Rag) (1)
K(M, o) := {“E' for all || |71, llgllz < M } (6.11)
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Lemma 6.7. Assume (M1) - (M3) and chose a € (%,%) Then there ezists a
constant C' > 0 such that

P(lyz; K(M,a)) >1— %(1 + ||z|?) (6.12)

for every ||z||P < M.
Proof. Fix z € E and write Z(t,z) = E|| X (¢,2)||” for 0 < ¢ < 1. Then by Jensen’s
inequality and Corollary 3.34

P

Z(t, ) gO||x||p+EH/DtS(t—s)F(X(s))ds p+EH/OtS(t—s)G(X(s))dW(s)

t t »
< CHxHP+Cl<1+/ Z(s, ) ds) +02E</ 1BOX (5, 2)) |2 1.5 ds)2
0 0
< C||x||”+03<1 +/ Z(s, ) ds). (6.13)
0
Hence by Gronwall’s inequality, [13, Lemma 1], we have
Z(t,z) < Cu(1+||z|P). (6.14)
Write

Ye(t) = /o (t—s)"*S(t—s)G(X(s,z))dW (s) and F*(t) = F(X(t,x)),

then by corollary 3.34

1 1
E [ Iv(s)lras=E [ |
0 0

< CIE:,/O1 </Os(s—r)_2°‘||G(X(r, )P e dr)gds. (6.15)

/05<S — 1) (s — P)G(X (r, ) dW(r)des

Now we apply Young’s inequality, [45, Theorem 9.4.1|, which says that if %—I—% =1 —I—%
and ¢ € LP(0,1), ¢ € L9(0,1) then ¢ x¢p € L"(0,1) and

19 * Y Lro1) < 1Dl zeon 1Pl La,1)-

We get

E / [ve(s)as < o1+ / || X (s,2)] ds)
< O(1 4 ||lz|P). (6.16)
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By (6.14) and (6.16)
E(Y o015 + 1F W o0,0m) < C(1+[l2]7). (6.17)
By Proposition 6.6 we can write

sin(ma)

X(1,z) =Sz + (RiF*)(1) +

(RaY") (1),
hence if ||z|?, HFmHLp o1.m) < M and Y[}, 1. < M then X (1,2) € K(M, ).

n(mwa)P

Then by Markov’s inequality, (6.11) and (6.17) we have

. - TP M
B(X(1,2) ¢ K(M,0) <P(F ) > M)+ P(IV 01 > Gorrar)
1 . sin(ma)P .
M(EHF ”LP 0,1E) —E”Y HLP01E>
C
< 37 (1 +lll). (6.18)
Thus (6.12) holds. L

Proposition 6.8. Assume (M1) - (M3) and (M4). If the semigroup S(t) is compact
then the family {X (t,x)}i>1 is tight for any x € E.

Proof. Fix p > 2 and o € (%, %) Since the operators S(1), Ry and R, are compact
and the map C([0,1]; E) — E which evaluates functions at 1 is continuous, we see
that the set K(M, «) is relatively compact. By (M4), (6.12) and the Markov property,

we have for any ¢t > 1
P(X(t,z) € K(M,a)) = EP(1,X(t — 1,2); K(M, )
> E[ L,X(—1,2); K(M,a))‘HX(t— 1,2)|P < N}

v

(1 1+N> (IX(t — 1,2)] < N)

v
—_

for sufficiently large M for any ¢ > 0, where P(t,z,I") is defined as in (6.10). Thus
{X(t,z)}>1 is tight. O
We can now prove the existence of invariant measures for equation (6.2).

Theorem 6.9. Assume (M1) - (M4) and that A generates a compact semigroup.

Then there exists an tnvariant measure for
dX(t) = [AX(t) + F(X(1)] dt + G(X(t))dW (t), t>0. (6.2)

Proof. By Proposition 6.8, the family {X (¢, z)};>1 is tight for any x € E and by
Example 6.2, the associated Markov Semigroup is Feller continuous. Hence by the

Krylov-Bogoliubov Theorem 6.3, there exists such an invariant measure. O]
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6.4 Invariant measures for eventually compact semi-
groups

Having established existence of invariant measures for our ‘base’, undelayed problem,
we hope to establish the same for delayed stochastic differential equations. As an
intermediate step we follow the paper of van Gaans [14] and show conditions under
which invariant measures exist in problems driven by eventually compact semigroups.
Then in section 6.5, using the fact (Theorem 2.19) that if S(¢) is compact for ¢ > 0
then the delay semigroup S(t) defined in (2.18) is compact for ¢t > 1, we reach our
goal.

The following result is given for Hilbert spaces by van Gaans in [14, Lemma 2.3]
and Bogachev [17, Example 3.8.13(ii)], but we give here a version for a Banach space

with basis.

Proposition 6.10. Let E be a Banach space with Schauder basis (e;)ieny and let
KCFE K¢ {(Z), {O}} be a compact set. There exists an injective compact operator
T € L(E) such that

K CT(B(0,1)).

Proof. As (e;)ien is a Schauder basis of E, for each x € E there exists a sequence

(af)ien such that
[e.e]
T = Z aje;.
i=1

Write S, for the projection onto span{e; : i =1,...,n}

n
P x
SnT = E age;,
i=1

then by [51, Theorem 4.13| S,, are bounded operators and sup,,cy ||, || < co. Conse-
quently for any n € N,

)
T
| X ate,
i=n

First we show that

= (7 = Su-a)al < (1 +sup Sl Jel| = Cla]

— 0. (6.19)
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Suppose not, so there exists § > 0 such that there exists a sequence (z,) C K such

that
oo
S
=n

for all n € N.
Fix n € N. Since the sum representing x,, is convergent, there exists M > n such

that for all m > M

[
T
| Y
i=m

But then

I 2
2C

(e a:m||>—H1 Spn) H_OHZ afn — atm)e

and hence (z,,)nen cannot contain a Cauchy subsequence, which contradicts the com-
pactness of K.

By (6.19) then, we can choose an increasing sequence (NN, )nen such that

27271

<
- C

for all n € N. (6.20)

supH E aje;
zeK i=Np+1

We define the operator T € L(F) as follows. For i € N, define ¢; > 0 by
20sup e ||zl 1<i <N
2+l N, <1< N,

then let

T( i afei) = i tiale;.
i=1 i=1

Then T is clearly injective since ¢; > 0 for all : € N and

= (2Csup z])Sn, + 22 (SN — Sh),s

n=1

where the series is absolutely convergent in norm. Hence 7' is the norm limit of finite
rank operators, and therefore T' is compact.
It remains to show that K C T'(B(0,1)). Let € K and define y € E by

OOCY
=3

i=1
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Then Ty = z and
00 Oéi-v
Iyl = || 32 e
i=1 "
Ny o
< —Le,
= H ; "

oo Nnt1 o

n=1 {=Np+1

1 [ee] Nn+1
< S x| + 2”_1H aje;
reEmp e L DI DY)
Now by (6.20),
Nn+1 o
H Z aje;l|l < CH Z aje;l| < 9—2n
i=Nyp+1 i=Np+1
so the series for y converges absolutely in £ and
Cll=|| - -1 o—2 1 < —(n+1)
yl| < + 2nT LT < — 4 27\ = 1. (6.21)
Il < e T 2 3t
Hence for all x € K, x = Ty for some y € B(0,1), i.e. K CT(B(0,1)). O

The method for eventually compact semigroups follows that in Section 6.3. We
state an analogue of Lemma 6.5 which does not assume that the semigroup S(t) is

compact.

Lemma 6.11 (Lemma 2.2 of [14]). Let S(t) be a Cy-semigroup on E and suppose
C € L(F) is compact. Define the operator D by

1
Df ::/ S(1—s)Cf(s)ds, feLP(0,1;F).
0
Then D € L(LP(0,1; E), E) is compact.

Lemma 6.11 suggests the following modification of the assumptions (M2) and
(M3) of Section 6.2.

(M2') F': E — F is Lipschitz and admits a factorisation F' = C o F} where F} : £ —
E, for some Banach space F; and Cy € L(E1, F) is compact.

(M3') G : E — ~(H, E) is Lipschitz and admits a factorisation G = Cy o G; where
G1: E — v(H, E,) for some Banach space Ey and Cy € L(E,, E') is compact
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We now give a series of results which appear in [14], culminating in an invariant
measure for an eventually compact semigroup, but which we give here in type 2
Banach spaces with basis, rather than Hilbert spaces as originally presented. Very
similar results are also contained in [34, Sections 5 and 6].

Assume (M1) and (M3') and write

:/0 S(1— $)G(X(s,2)) AW (s),

where once again X (¢, x) represents the solution of (6.2) at time ¢ > 0 and initial
condition X(0) =z € E.

Lemma 6.12 (Lemma 2.4 of [14]). Suppose E is of type 2 and has a Schauder basis.
For all e > 0 and M > 0 there exists a compact set K(M,¢e) such that

P(Y, € K(M,e)) >1—¢
for all ||z|| < M.
Proof. Recall from (M3') that G = Cy 0o Gy where Cy € L(E», F) is compact. Let
V= {St)Coy : t €[0,1],y € B, |lyllm, <1},

then we claim that V' is relatively compact. Let (v,) C V, then there exists (t,) C
[0,1] and (y,) € Es with ||y,||g, <1 such that

U = S(t,)Coyp.-

Then by compactness of Cy, we can pass to a subsequence such that Cyy,, — 2z € E,
|1z|l < [|Cq||. Since [0, 1] is compact, we can pass to a further subsequence such that
(t,) converges, and then by strong continuity of S(t) we have S(t,)z — xy € S([0,1])z.
Then

15 (t)Cayn — zol| < [[S(ta)Cayn = S(ta)z|| + [T (tn)z = o
< [ISE[[Cayn = =] + |7 (8a)z = 2o

— 0 as n — oo.

So V' is relatively compact, and hence if K is the closed convex hull of V', then K is

compact |78, Theorem 3.25|]. By Proposition 6.10 there exists an injective, compact
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operator T € E such that K C T(B(0,1)). Since T is injective we define T~ on
D(T™) =range(T),so V C K C D(T"). Let K(\) :== AT'( B(0;1) ) for A > 0, then

1

S(1 —8)CyG1(X(s,2))dWV(s)

1

TT'S(1 — 8)CyG1(X (5,2)) AW (s)

Y, =

S— S—

_ T/1 T1S(1 — §)CyCh (X (s, 7)) dW (s),
Y, e K(\) <= /1 T71S(1 — 8)CoG1 (X (s,2)) AW (s) € AB(0,1)
— H/O T71S(1 — 8)CoGy (X (5,2)) dW(s)H <A

Now since S(1 — s)C>[B(0,1)] € K C T(B(0;1)) we see that T-'5(1 — 5)C5 is an
operator of norm less than 1, and so by Markov’s inequality and the ideal property
of v(H, E) (|65, Theorem 6.2])

(Y, ¢ K(\) < IP’(/O T S(1 — 5)CaGh (X (s, 2)) AW (s)  AB(0, 1))

g%E‘ / T15(1 — )CyG1(X (5, 2)) AW (s)

1 1
~ F]E/O IT718(1 = $)CoGr(X (5, 2))|[7 1) s

1 1
< [ GG 05
< (1 o),

where the last line follows as in (6.14). Finally choose A large enough so that
2
c

2
and the result follows. O

(1+M?*) <e

Lemma 6.13 (Lemma 2.5 of [14]). Suppose that E has a Schauder basis, that S(t)
is compact for t > t; > 0 and that (M1), (M2'), (M3') and (M5) are satisfied. For
any € >0 and M > 0 there exists a compact set K(M,¢e) such that

P(X(t1,z) € K(M,e)) >1—¢
for all x € E with ||z|| < M.
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Proof. We recall that
X(ty,x) = S(t))x + /0 1 S(ty — s)F(X(s,z))ds + /0 1 S(ty — s)G(X (s, z))dW (s),

and treat each term separately. Since S(¢;) is compact then there exists a compact
set K1 (M) such that S(t;)x € K(M) for every ||z| < M.
Let p > 1, then it follows from (6.14) that

E / IR (s, )P ds < C1+ ),

then for A > 0

1 C
P(IF(X (@)l > A) < SEIFXC @) ronm) < 5 (1+ [l2])?)
C
< ﬁ(l + MP).

So for sufficiently large A

P(||FL(X (- @) oo > A) <

DN ™

and so by Lemma 6.11 there exists a compact set Ko(M, e

~—

:= K3(\) such that

P(/tl St — $)F(X (s, 2)) ds € Ka(M, 5)> >1- %

By Lemma 6.12, there exists a compact set K3(M,¢e) such that

p(/ﬂtl St — $)G(X (s,2)) AW (s) € Ks(M, 5)) >1- g

Hence we conclude that
P(X(t1,2) € Ki(M)+ Ko(M,e) + K3(M,e)) >1—¢
for all ||z]| < M. O

Theorem 6.14 (Theorem 2.6 of [14]). Suppose that E has a Schauder basis, that
S(t) is compact for t > t; > 0 and that (M1), (M2'), (M3') and (M5) are satisfied.

Then there exists an invariant measure for (6.2).
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Proof. Let K(M,¢) be as in Lemma 6.13. For t > t;, we write P(t,z,I") for the

Markov transition probabilities
P(t,z,T)=P(X(t,z) €Tl),

forx € E and I' € B(F). Then

P(X(t,x) € K(M,e)) [P(t1, X(t —t1,2), K(M,e))]

E[P(t
E[P(t1, X(t — t1,2), K(M,€)) - L{jx(t—t1 2)| <M} -

v

By Lemma 6.13,
P(X(t,) € K(M,e) | [|X(t —t, )] < M) > (1 — &) P(|X(t — ts,2)]| < M),

SO

1 T+t1 1

7). P(X(t,z) € K(M,e))dt >

— &

/0 (X (t,2)]| < M) dt.

Now by (M5), taking M large enough we see that the family

1 T+t

- P(t,z,)dt, T>t
T/, ( !

is tight. Hence by Krylov-Bogoliubov (Theorem 6.3) there exists an invariant mea-

sure. O
6.5 Delay problems
We are now in a position to consider the delayed problem (6.1)

dX(t) = [AX(t) + F(X(t), X¢)] dt + G(X (¢), X;) AW (¢), ¢ > 0. (6.1)

Let p € [2,00) and recall the definition of the delayed Cauchy problem on the space
€ =FE x LP(—1,0; FE) from Section 2.4.1.
The delay operator A on € is defined as

A= <61 2) with domain D(A) := {(Zﬁ) € D(A) x W'(—1,0; E) : ¢(0) = x}

ds

and we introduce new functions F : € - and G : € — L(H,E)x L(H, LP(—1,0; £))

given by
(-5 o))
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This allows us to rewrite (6.1) as a new problem on &
d
dat
By [25, Theorem 4.3|, for any (X,®)" € LP(Q; &) there exists a unique solution
X(t, X, ®) of (6.22). Moreover, by [25, Theorem 4.7] (the stochastic analogue of
Theorem 2.18), (6.1) has a solution X (¢) if and only if (6.22) has a solution X(t), and

in this case
X(t) = (X(t)> a.s..
Xy

As in Section 2.4.1, A generates the delay semigroup S(t) on £ given by

X(t)=[AX(@) + F(X(t))] dt +G(X(t))dW () t=>0. (6.22)

L S() 0
o= (501 o
where
B 0 t+s<0 . g e flt+s) t+s5<0
S)e) ‘_{ S(t+s)x t+s5>0 and (LS )‘_{ 0 t+s20.

By Theorem 2.19, S(t) is compact for all ¢ > 1 if and only if S(¢) is compact for all
t > 0. Hence we can appeal to Theorem 6.14 with any ¢; > 1.

We will need the following assumptions on F'; G and the unique solution X (¢, x, ¢)
for initial conditions (z, ¢) € &.

(DM2') F : & — Eis Lipschitz and admits a factorisation F' = CyoF} where F} : £ — E)
for some Banach space E; and C) € L(E, F) is compact.

(DM3') G : &€ — ~«(H, E) is Lipschitz and admits a factorisation G = C o Gy where
G1: € — v(H, E,) for some Banach space Ey and Cy € L(FE», F) is compact.

(DM5) For all (x,¢) € £ and € > 0, there exists M > 0 such that for all 7" > 1,

1 T
T/o P(|X(t,z,0)|| > M) dt <e,

and . .
[ ([ 1R swoas > ) a <,
T J 1

where X (-, z,¢) : [~1,00) — E is the extension of X (¢, z,¢) to [~1,00) by ¢

(t) —1<t<0,
X(t,z,¢) 0<t<o0.

X(t,z,¢) = {
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Theorem 6.15. Suppose that (M1), (DM2'), (DM3') and (DM5) hold, that E has
a Schauder basis and that A generates an immediately compact Cy-semigroup S(t).

Then there ezists an invariant measure for (6.1).

Proof. We will show that £ and S(t) satisfy (M1) and F, G and X satisfy (M2'),
(M3") and (M5) respectively, then apply Theorem 6.14 to equation (6.22).

First however we note that by [19] if £ is a UMD space with a Schauder basis
then so is LP(—1,0; F) and hence so is €.

(M1) If E is a UMD space of type 2 then so is LP(—1,0; E) for any 2 < p < oo and
hence sois €. As S(t) is compact for all t > 0, by Theorem 2.19, S(¢) is compact
for all ¢ > t; for any ¢; > 1. By [11, Proposition 3.19] we have o(A) = o(A)
and ||S(t)|| < Me* for some A > 050 0(A) = o(4) C {z € C: Rez < —\},
therefore by [39, Theorem V.1.10|, S(¢) is uniformly exponentially stable.

(M2") Write & := Ey x LP(—1,0; Ey) and

Fi: <:1:) — (Fl(x’(b)) €= &,
) 0

Cy 0
Ci = € L(&,E),
= (G ) ez

then C; is compact by (DM2') and F = C; o F;. F is easily seen to be Lipschitz
so (M2') holds for (6.22).

(M3') Similarly, write & = E; x LP(—1,0; E5) and

G : <Z> — <G1(§’¢>> & = v(H, &),

0
Cy = € L(&.8),
? (0 0) (£2,€)

then Cy is compact by (DM3’) and G = C2 0 G;. G is easily seen to be Lipschitz
so (M3') holds for (6.22).

(M5) Let (z,¢) € € and € > 0. By [25, Theorem 4.7] we have [|X(¢)|le = || X (®)||z +
| X (t+ )||Lr(-1,0,), and hence for M >0

M M
1X@)lle =M = [HX(t)HE > or XA+ )0 2 5
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PIX@le 2 M) <PIXOlle 2 ¥) +PIXE+)lr0m > 5).

Then

%AEWﬂW&M@MS%APWMWEE%a

1 T
7 [ BOXE+ orrom = ¥)
0

for sufficiently large M.

Hence by Theorem 6.14, there exists an invariant measure for X(¢), which is therefore

also an invariant measure for X (t). O

6.6 Example

We turn now to a perturbed stochastic functional differential equation on R?. Con-
sider the problem

P d

ot = Bu(t) + f(u(t),u) + Y gnlu(t), u)

n=1

OW, (t)
at

t>0. (6.24)

Where B € L(R?), 2 < p < oo, E :=R% and £ := R? x LP(—1,0;R%), then E and
& are of type 2 and by [81, Section 2.5.5|, both have Schauder bases. W, (t) is a
standard real Brownian motion for n = 1,...,d and f, g, : &€ — R? are Lipschitz

functions with
‘gn(xa ¢) - gn(ya ¢)‘Rd < Lgn (l‘ - Y ¢ - ¢)||g
for (z,9), (y,v) € £. We define an *>-cylindrical Brownian motion by

W (t)en = Walt).

Assume that 0(B) C {z: Re(z) < 0}, then exp(Bt) is a norm continuous, stable and

compact semigroup on R
Define the process U : Ry x Q — E by U(t) = u(t) and the functions F': € — E,
G:&— L% FE) by

F(z,¢) = f(z,¢) and (G(z,9)en) = gu(z,¢)
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forx € E, ¢ € LP(—1,0; E) and ¢, the standard basis of 2. Then F and G are Lips-
chitz and since each has finite dimensional range, there exists compact decompositions
as in (DM2’) and (DM3').

By all of the above and [25, Theorem 4.3|, the delayed stochastic Cauchy problem

dU(t) = [BU(t) + F(U(t),Uy)] dt + GU(t),Uy) dW(t), t>0 (6.25)

has a unique solution for any initial conditions (x, ¢) € £.
Then if (DM5) holds, i.e. if forall x € E, ¢ € LP(—1,0; E) and € > 0, there exists
M > 0 such that for all 7" > 1,

1 T
T/o P(|U(tz,8)|| > M) dt < e,

and L .
[ ([ 106 s o as = m)a <
T 0 -1

then (6.25) satisfies all conditions of Theorem 6.15, and therefore there exists an

invariant measure for (6.24). [
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