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Abstract 
 

‘Essays on Strategic Voting’ 

Tiago Mendes 

St. Catherine’s College, Feb 2010 
 

In this thesis we extend the study of strategic voting to two frameworks that are novel to 

the literature. First, by analysing a four-party competition with purely instrumentally 

motivated voters (Part I); second, by focusing on a three-party competition where voters 

have instrumental and expressive motivations (Part II). We aim to explore an existing gap 

in the literature and, in particular, to investigate the possibility of a voting equilibrium with 

partial strategic voting and its stability. The three sub-models studied in Part I (including 

essay 1) and the model in Part II (including essays 2, 3 and 4) focus on the case of large 

electorates and include public uncertainty. This distinguishes them from Cox (1997), where 

no real uncertainty exists as the electorate gets large, and Myatt (2006), which includes 

both public and private information. Essays 2 and 3 present and explore the theoretical 

framework and implications for the model chosen for Part II and essay 4 applies it to the 

1997 UK General Election. 

 

From essay 1 we obtain the result that in a single-ballot simple-plurality election there is a 

tendency towards the Duvergerian equilibrium in a four-party model. Also, an equilibrium 

with partial strategic voting is never stable. From essays 2 and 3 three main results arise: a 

Duvergerian equilibrium is never possible; a stable equilibrium always exists; and more 

information leads to less strategic voting – contrary to Myatt (2006). Both the impossibility 

of any Duvergerian equilibrium and the possibility of a stable interior equilibrium in 

multiple cases are central to our theory of voting that includes an expressiveness 

component. The simulations in essay 4 suggest that a very low level of expressiveness is 

needed to obtain a level of strategic voting compatible with the findings in Fisher (2004). 

The theory predicts the impossibility of some constituency results that are in fact 

frequently observed in British elections. 

Cox (1997), Making Votes Count. Cambridge, Cambridge University Press. 

Fisher (2004), ), Definition and Measurement of Tactical Voting: the Role of Rational 

Choice, British Journal of Political Science, 34(1), 152-66. 

Myatt (2006), On the Theory of Strategic Voting, Review of Economics Studies, Blackwell 

Publishing vol. 74(1), pages 255-281. 
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Due to the unfortunate impossibility of recovering the file used to write Essay 1 in this thesis, 

an errata regarding this chapter in including forefront.  

Below is a numbered list of corrections to Essay 1.  

First I include what appears in Essay 1; below it what should have been there instead.  

In parenthesis are, in this order, the page number and the paragraph the correction refers to. 

An overall change is that the reference to Fisher (2002) must be instead read as Fisher (2004).  

Likewise, Myatt (2004) should be read as Myatt (2006). 

 

1. (1, 4th) 

“- the incumbent party – usually the one enjoying highest prior support.” 

“- the candidate holding the elected office prior to the election and the one enjoying the 

highest support” 

 

2. (2, 5th) 

“is whether a four-party system allow other than the Duvergerian equilibria to occur.” 

“is whether a system where four parties exist exogenously – which is the case, for instance, of 

presidential elections in Portugal – can allow for a situation where more than two candidates 

will obtain any votes.” 

 

3. (3, 2nd) 

“statement that plurality rule” 

“statement that single-ballot simple plurality rule” 

 

4. (3, 5th) 

“to vote in a candidate” 

“to vote for a candidate” 
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5. (3, 8th) 

“bounded rationality.” 

“bounded rationality. Our approach also excludes cases of bounded rationality, the inclusion of 

which would not only be unnecessary and detrimental to the study of what changes in the 

results predicted by the model when the minimum amount of assumptions necessary for some 

change does change; but also pose significant problems later on when doing an empirical 

study. Instrumental rationality is a valid assumption to model voting’s choice, even if there 

would be some difficulty in finding a “pure” instrumentally rational voter. The assumption’s 

strength rests in the clarity with which it suggests that the main, if not sole concern of the 

voters is how they may be relevant in changing the outcome of an election, in our case, a 

single-ballot simple plurality rule election.”   

  

6. (5, A4) 

“votes equal to n.” 

“votes equal to n. Voters have only one vote for one party.” 

 

7. (6, A10) 

“functions” 

“functions, and the utility they obtain, mentioned in A8, is only achieved if the respective 

candidate is elected.” 

 

8. (6, 9th) 

“Assumptions A11 and A12 seem quite natural, while A13” 

“Assumption A11 is a modelling choice, which is done to keep the analysis somewhat 

contained. Assumption A12 seems quite natural, while A13” 

 

9. (7, 2nd) 

“otherwise be wasted” 

“otherwise be wasted – here meant in a “prior” sense, i.e., votes are considered to be wasted 

if there is 100% probability (or, even better, absolute certainty) that they would not influence 

the election in any scenario.” 
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10. (10, end) 

“50% chance” 

“50% chance, when both qc and qD are lower than qM/2, as illustrated in Figure 6, page 28.” 

 

11. (13, 4th) 

“that when the electoral grows” 

“that when the electorate grows” 

 

12. (13, 6th) 

“non-Duvergerian Myerson” 

“non-Duvergerian equilibrium Myerson” 

 

13. (15, 2nd) 

“to vote in leading” 

“to vote in the leading” 

 

14. (16, 2nd) 

“This is the what leads” 

“This is what leads” 

 

15. (17, 3rd) 

“Myatt’s model truly a model” 

“Myatt’s model is truly a model” 

 

16. (21, 4th) 

“not seen such ‘simple point’”. 

“not seen such ‘simple point’. In our view this is indeed a simple point and Besley and Coate 

(1997) could have mention that an option like that was available, and certainly a stronger 
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choice in theoretical grounds, but not necessarily so when other considerations have to be 

taken into account, such as when empirical studies are done.” 

 

17. (26, 3rd) 

“’Battle of Sexes’ game structure’” 

“’Battle of Sexes’ game structure’, in that (i) the game is symmetric, (ii) there are gains for the 

voters when there is coordination in either of the two possible voting equilibrium, though the 

payoffs differ depending on which takes place, and (iii) no gains occur if no coordination takes 

place.  

 

18. (34, 6th) 

“AC <  < AB” 

“AC <  < AB” 

 

 

19. (67, 3rd)) 

Claim 3) is later commented and refined in the discussion in essay 3. 

 

20. (71, 2nd) 

“In Figure 24 (…) sincerely.” 

“In Figure 24 (…) sincerely. This illustrates a hypothetical scenario where everyone votes 

sincerely – it does not suggest that everyone voting sincerely is optimal, rather, it is just a 

starting point for the analysis of the possible equilibrium.” 

21. (75, 3rd) 

“If i)” 

“In i) 

 

22. (87, end) 

“Our conclusions are then” 

“Our conclusions from this essay are then” 
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“shows that the existence of private information is indeed a necessary condition to obtain 

that.” 

“suggests that the existence of private information is indeed a necessary condition to obtain 

that. This issue needs to be pursued further.” 

 

24. (91, 5th) 

“In the Northern Ireland, the distinction” 

“In the Northern Ireland, and as of 2004, the distinction” 
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Essay  1 

 

 

“Strategic  Voting  in  a Four-Party  Model”  

 



1 

 

I. Introduction  

 

In this first essay we propose to study the phenomenon known as strategic voting, in a 

four-party model, in a one-shot election, using the plurality rule. 

Our first original contribution is the analysis of a political system with four parties.  

There is a vast literature on the three-party model – inspired by the English and American 

political systems, where there are two dominant parties – but not on the four-party one, 

which is the case for many countries1. At first glance, one may be led to think it would be 

trivial to extend the analysis to one more party – wouldn‟t a three-dimensional framework 

be enough to generalise the conclusions? In fact, they are very different, because they are 

strategically different: a four-party model can be very different game from the three-party 

one. 

The three-party system basically involves a problem of coordination between the 

supporters of two parties that wish to defeat a third one – the incumbent party – usually the 

one enjoying highest support2. The coordination problem in this electoral game is similar 

to the well-known „Battle of Sexes‟ game, since (i) both voters prefer to coordinate and 

choose similarly to the other and (ii) different voters prefer different (pure-strategy) 

equilibria. 

With four parties, one immediate difference is that there are many ways in which the 

strategic interactions can take place. For instance, if we assume that there is one incumbent 

and three challenging parties, we have a problem of coordination between three players, 

which is strategically different from the case where there are only two. Alternatively, if we 

assume the existence of two incumbents, there are many different ways in which strategic 

voting can be modelled, which need not be similar to the „Battle of Sexes‟ one. 

Given that the three-party model assumes the behaviour of the supporters of one party to be 

fixed, it is a model where only m = 2 different players groups are involved. In contrast, a 

four-party model could involve m = 3 different player groups (if we assume only one 

incumbent) or m = 4 (if we assume no incumbent). So, the argument that a three-party 

model would be general since it involved a dimension of m = 3 is flawed – it is often a de 

facto model with a dimension of m = 2. Importantly, the four-party model, with a 

dimension of m = 3 (or m = 4), is eligible to such position3. 

                                                           
1
 One of the motivations for this essay is the understanding of the Portuguese case, which is basically a 

four-party system. Because our work is purely theoretical, we relegate a short description of that to the 

Appendix, which also includes a very brief description of the Irish case.  

2
 This is particularly true for UK elections. 

3
 We do not attempt to prove this claim, nor is it a goal of our reserach. As it will be clearer later on, the 

model with four parties is rich and complex enough to allow for very different interactions to occur. If, 

on the one hand, its richness could lead us to think that it may indeed be generalisable, on the other hand, 

its complexity makes the number of possible configurations for a four-party model be very large. This 



2 

 

Our second original contribution regards the way we modelled the uncertainty that 

voters have about the parties‟ support. 

The need to model uncertainty in a new way has a twofold motivation: overcoming the 

problem in Cox‟s model while being different – and simpler – than Myatt‟s. 

Cox‟s (1987, 1994) model includes uncertainty that is only apparent: as the electorate 

gets large, his model becomes one of public certainty, since there is common 

knowledge about the uncertainty in the model, which vanishes to 0 as n tends to ∞
4
.  

Because our approach stands between these two, we will be able to better understand 

some of the aspects driving the different equilibria in each of them, as well as their 

stability. Myatt‟s framework, with a private information setting, seems, within models 

where voters are purely instrumentally motivated, necessary to obtain a stable 

equilibrium involving partial strategic voting
5
. The results from essays 2 and 3, in Part 

II of this thesis show that including an expressive component in voter‟s preferences 

allows for a stable interior equilibrium to occur. 

An important concern is the number of parties that get any votes in equilibrium. The 

three-party literature has long debated Duverger‟s (1954) proposition that “simple-

majority single-ballot system favours the two-party system”. He expected plurality-rule 

elections to generate a tendency towards bipartism. An important question is whether 

four-party systems allow other than the Duvergerian equilibria to occur. 

Our results show that an equilibrium where only three parties survive is almost always 

possible and always stable. This is a non-Duvergerian result. However, it is important 

to note that here we study only a one-shot election. It is possible that a repeated game 

could lead to further erosion of some candidate‟s votes, making the Duvergerian 

outcome more likely. 

We also get the result that the Duvergerian outcome is almost always possible and, 

when it occurs, always stable. There are also knife-edge cases where all parties survive, 

either involving no strategic voting or just partial strategic voting – and these are 

always unstable equilibria. 

Overall, then, a stable prediction in our model will involve at most three parties getting 

votes in equilibrium. Plurality rule seems to be a strong force pushing towards the 

erosion of some of the candidate‟s support, but not so strong as to make the 

Duvergerian equilibrium the only possible outcome.  

                                                                                                                                                                         
imposes a need to simplify and study only some of those many configurations, not enabling us to get the 

full and final picture of what we could call a “general four-party model”. 

4
 Where n is the number of voters in the electorate. 

5
 Myatt (2006) proves the result regarding sufficiency. 





















































































































































































 

– Essays  on  Strategic  Voting – 

  

 

Essay  2 

 

 

“Do  You  Follow  Your  Heart  or  Your 

Head?   A  Voting  Model  with  Expressive 

and  Instrumental  Motivations” 

 



1. INTRODUCTION

Every human action can be said to have an input or an output motivation. A motivation

is input driven when the cause of an action is found in the action per se. The motiva-

tion is output driven when it depends on the results of the action. This instrumental

motivation is present across different subjects in the social sciences, from economics

to sociology and politics. An action is instrumental when it is an instrument to obtain

something and not an end in itself. An action can be an end in itself for several reasons,

such as an ethical motivation, a desire to express something or the will to fulfill some

beliefs about oneself. In our model of voting, a non-instrumental motivation comes

from an expressive desire: the voter wishes to express his preferences and attachment

to the candidate he prefers. Whether the source of the input-driven motivation is an ex-

pressive desire or some other (perhaps ethical) motivation, we will refer to this aspect

of a voter’s behavior as an expressive motivation.

The distinction between instrumental and non-instrumental motivations is not always

easy. For instance, you may exercise to lose weight or to get fit (these are outputs) but

you can also exercise just for the pleasure you derive while doing it (this is an input).

One could always say, of course, that the pleasure derived from such activity is an end

in itself—meaning that you would exercise for the purpose of obtaining that pleasure.91

We think it is useful to avoid this tautology and differentiate the two motivations, since

it is almost always, if not always possible—but of little use, in terms of real explanatory

power—to say that everything we do has an instrumental motivation, many times based

91Examples are abundant. The choice of upgrading the safety of your sports car after having a child
seems clearly instrumental. But why would someone contribute anonymously to a charity organization
without telling anyone about that? You can argue that you contribute for the result of (contributing
to) saving someone’s life or to obtain some conscious relief, but you are more likely to have had a
non-instrumental motivation, making a donation because you feel you had to.
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on the fact that there is (or there can always be) an output driven reason behind every

action, be it a sense of moral duty, psychic pleasure, or any other. Justifying actions

from a cost-benefit perspective is always possible a posteriori, but this jeopardizes the

understanding we have on how individuals really decide, and it is something we wish

to avoid.

Brennan and Lomasky (1993) criticize public choice for its assumptions and method-

ology, namely for considering that the behavior of the ‘political actor’ can be fully

understood at light of the ‘economic agent’, which implies that a complete analogy

between ‘politics’ and the ‘market’ is adequate. As they put it:

“And public choice cannot claim that input-oriented (expressive) ele-

ments do not exist, since otherwise it can provide no account of why

voters vote in the numbers they do. (...) More than ‘fitting the facts’

is required of a theory: it must also genuinely explain in the sense of

rendering intelligible, the facts it fits.”

To explain the nature of expressive preferences, they draw a comparison between the

voter and the sporting fan, which is a good example of how such underlying motivation

is present in many different contexts:

“The fan’s actions are purely expressive. They arise from a desire to ex-

press feelings, without any necessary implication that the desired out-

come will be brought about thereby. Revealing a preference is a direct

consumption activity, yielding benefits to the individual in and of itself

(which goes against the separation in utility functions).”
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A question that may puzzle many economists, given their fixation on purely instrumen-

tal motivations, is ”Why do people vote for a certain party when it faces no chance of

electing any representative?” Brennan and Lomasky’s answer to this is the following:

“. . . thus identification with a party forms part of the citizen’s self-

image, initially inherited through the family but then strengthened with

its duration as adult voters rely more and more on their partisanship to

help them make sense of the continuing barrage of political information

which assay’s them. (...) The American voter accepts the Republican

Party’s arguments because he is a Republican, and not (as the Rational

Choice model would have it) the other way around.”

In their description of what they propose as three functions of political thinking—

understanding, social adjustment and self-expression—, the expressive element is worth

being highlighted:

“. . . to the extent and content of political thinking reflect the need to

express self. Many aspects of self can be expressed in politics—not just

personality and its conflicts but philosophy, morality, esteem and core

values. The radical child of conservative parents expresses emerging

independence in political form. The authoritarian expresses repressed

anger in a desire for strong government; the environmentalist expresses

ecological values by supporting the green party.”

Green and Shapiro (1994) criticise many aspects of rational choice theory, and propose

a broader approach to the study of political behavior, that we substantially subscribe:
95



“ If social sciences were viewed less as a prizefight between competing

theoretical perspectives (...) and more as a joint venture in which expla-

nations condition and argument one another, the partisan impulses that

give rise to methodologically deficient research might be held in check.

The question would change from “Whether or not Rational Choice the-

ory?” to something more fruitful: “How does rationality interact with

other facets of human nature and organizations to produce the politics

that we seek to understand?”.

This essay presents a model of costly voting. The cost of voting in our model is not

physical but psychological. Whenever the voter decides not to vote for his favorite

candidate, he incurs in a cost—an opportunity cost—that represents the loss of util-

ity from not having expressed his attachment to the party he prefers. In other words,

costly voting takes place whenever a strategic vote is cast. According to Fisher (2005),

”a tactical voter is someone who votes for a party they believe is more likely to win

than their favorite party, to best influence who wins in the constituency”. A Duverge-

rian equilibrium—where only two parties obtain any support in equilibrium—will be

impossible in our model: in such a scenario any voter casting a strategic vote would

be better off switching to his favorite candidate, saving the opportunity cost of a non-

sincere vote.

Borgers (2004) and Goeree and Grosser (2004) also study costly voting, but the cost

in their model is physical and not psychological.92 Their voting game involves two

candidates and allows for abstention, while we have three candidates but no abstention.

92Goeree and Grosser (2004) is an extension of Borgers (2005), the later being the published and updated
version of an earlier paper that inspired the former here referred.
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In their models, therefore, the rational voter has to decide whether or not to abstain,

given that he would always vote sincerely if he ever votes. This excludes the possibility

of strategic voting and makes both models little comparable to ours in any meaningful

sense.

There is a vast literature on strategic voting. Myatt (2006) and Cox (1999) are the

most relevant papers to our work, as they also focus on the analysis of the possible

equilibria and their stability and their assumptions on how uncertainty comes up in the

model lie in the two possible extremes. Myatt (2006) proposes a model where voters

observe a signal and hold different posterior beliefs about the result of the election,

despite having common prior beliefs about the (uncertain) parties’ popularity . This

‘private information’ component allows for a stable equilibrium with partial strategic

voting to exist.93

Cox (1999) proposes a model where uncertainty is not only common knowledge, but

vanishes as the electorate gets large. This makes the non Duvergerian equilibrium be

an unstable knife-edge case. Mendes (2004) is somewhere in between the two previous

models: it does not include an element of private information but there is true uncer-

tainty when the electorate gets large. The fact that there is common knowledge about

everything in the model, including the (uncertain) parties’ popularity, renders it im-

possible to have a stable interior equilibrium. In common with Myatt (2006) and Cox

(1999), voters in Mendes (2004) are purely instrumental. We extend Mendes (2004)

to include an expressive element in a model where uncertainty is publicly known.

93Partial strategic voting refers to a situation where, in equilibrium, a fraction of a group of voters votes
strategically.
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2. THE MODEL

There are three parties in our model: Left (L), Middle (M) and Right (R). Abstention

is ruled out. Every voter’s choice is to cast a vote for one of the three parties. The

winner is decided according to simple plurality rule.94 Ties are broken equiprobably.

There is no second round. The election is a one-shot game.95

The share of the electorate who supports party R is fixed and equal to λ. We assume

that λ > 1
3

and λ < 1
2
, so that party R is an incumbent that can be defeated. Voters who

dislike R can be split into categories LM and ML. These refer, respectively, to voters

whose first preference is L and M but who consider voting strategically for M and L.

The overall proportions of LM and ML voters are α(1 − λ) and (1 − α)(1 − λ). So,

among those who dislike party R their proportions are, respectively, α and (1− α).

The proportion λ is known with certainty and is common knowledge to everyone.96

We introduce uncertainty via α. This proportion is distributed according to a density

function f(α) that is common knowledge to all voters. As in Mendes (2004), we

can call this common or public uncertainty, since there is true uncertainty when the

electorate gets large, but no private information involved in it: all prior and posterior

beliefs held by voters are identical, which follows from the fact that no private signal

is observed by anyone. A natural way for these prior beliefs to come into place is by

having a commonly known opinion poll.97

94So, the winner is the party obtaining the highest percentage of votes (even if that is less than 50%).
95Strictly speaking, this implies that there is no ‘past’ nor ‘future’. Of course, without a past politics
would probably be meaningless—but the assumption should be understood in the relevant context. One
example of a dynamic game is given in Piketty (2000), where ”voters care about current decision-
making (they are ”strategic”), but they also care about communicating their views about their most
preferred candidate, so as to influence future elections, through an impact on voters’ opinion and/or
party positioning.
96In other words, everyone knows λ, everyone knows that everyone knows λ, and so on, ad infinitum,
following Aummann (1976).
97See previous footnote.

98



Even though we base most of the analysis in this chapter on a generic f(α) function,

it will be useful to consider a specific distribution for α, to have a better insight about

the partial effects of changing some of the parameters in the model. The standardized

Beta-distribution f(α, a, b, 0, 1) seems a natural candidate: besides being defined for

the interval [0, 1]—a necessary requirement for electoral results, as they are expressed

as percentages—it can be derived as the posterior distribution that is obtained from

binomial draws when a sample of size (a+ b) is observed and an update is then made.

The bell-shape of a standardized Beta-distribution implies that the extreme values are

unlikely to occur and that both f(0) and f(1) are equal to 0. We illustrate some exam-

ples of it in Figure 30 in the next page, where we vary the sample size from small (20)

to medium (100) to large (800), showing, for each example, the symmetric case, along

with two asymmetric cases.

Since voters can not abstain, it will never be rational to vote for their least preferred

candidate. Thus, voters from groups ML and LM can both only vote for either M or L.

Each of them has two components from which utility is driven, an expressive and an

instrumental one. As it will be made clearer further on, it is not possible to have strate-

gic voting occurring in both directions—common knowledge of the electoral situation

would render that irrational for the voters of one of the two groups from where strate-

gic voting would be arising. Given this—and without loss of generality—we restrict

our analysis to the case where strategic voting may occur from ML voters, towards

party L.

Each of the ML voters can be indexed by type i, his utility function being Ui(X, Y ),

where X stands for the votes allocated from an expressive motivation and Y the votes
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FIGURE 30. Examples of a standardized Beta-distribution
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allocated from a strategic motivation. Voting expressively means voting for one’s fa-

vorite party. Since casting a vote for the least preferred candidate can never be optimal,

strategic voting in a three party model is equivalent to voting for the second most pre-

ferred candidate. In the context of our model, we can therefore—and equivalently—

say that X are the votes for party M and Y the votes for party L. Voters only have one

vote to cast, which means the analysis boils down to comparing Ui(1, 0) to Ui(0, 1).

Intuitively, X is providing an input driven utility, something similar to consumption

utility in other contexts. Voters get a positive direct utility from expressing their politi-

cal preference sincerely in the individual ballots, regardless of the election’s outcome.

We can represent this expressive utility by vi(X). Since there is only one vote to be

cast, we need to look only at vi(1) and vi(0). Without loss of generality, we standardize

vi(0) = 0 and write vi(1) = e, e ∼ (0,∞) being the benefit arising from an expressive

vote, assumed to be the same for all voters.

Apart from the expressive utility vi(X), the voter can also obtain some instrumental

utility. This will be contingent on the result of the election, and independent of the

way he votes. If the expressive utility depends on the ‘input’ (the vote itself), the

instrumental utility depends on the ‘output’ (the outcome of the election). If party

M wins the race, the instrumental utility is standardized to 1. If L is the winner, the

utility for voter i will be βi—indexing his type. We assume βi to lie between 0 and

1, according to some probability distribution h(β). A voter with βi = 0 will get

no utility from a victory of his second preferred candidate, while a voter with βi = 1

obtains the same instrumental utility from L as from M (but not the same overall utility,

since an ML voter obtains e > 0 if he casts a vote for M). Overall, it is sufficient to

introduce variability in one parameter, so the assumption that e > 0 is the same for
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all voters is not restrictive, given that we are varying βi. Also note that, differently

from the previous chapter in this thesis, a voter with βi = 1 is not someone a priori

indifferent between the two candidates because of the expressive component in his or

her preferences.

The instrumental utility also includes a parameter reflecting a paternalistic concern for

the outcome of the election, which will depend on the size of the electorate. The larger

the electorate, the more a voter will care about the result of the election. The average

concern per voter will be decreasing. The intuition for the inclusion of this element

is that electoral results have strong implications for the economy and for the everyday

lives of fellow citizens.98 A voter is likely to care, to some extent, about the effect

of political decisions on the community he lives in. We encapsulate the concern for

others in the term c(n) ≥ 1.99 We assume c′(n) > 0 and c′′(n) < 0, so that the concern

is increasing with the electoral size but at a decreasing rate, as we said before. At least

to some, this concern will seem altruistic. We could label it as altruistic-paternalistic,

since there is a concern for others’ welfare, even if it is based on one’s own preferences.

Essentially the concern is paternalistic, since it is the voter’s view that is weighted in

his own calculus. This element plays an important role in the weighting of the benefits

of voting sincerely or strategically, as we will see later on.

We can summarise the utility each voter gets in Table 12 below.

Vote / Winner L M R
L βi 1 0
M βi+e 1+e e

TABLE 12. Utility for ML Voters

98From education to health, civil liberties to war intervention, to mention a few.
99If c(n) = 1, there is no (extra) altruistic concern, and we have the standard model, with no ‘leverage’
on the instrumental utility in the model.
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For the instrumental component of his utility, a voter must take into account the proba-

bilities of both L and M being involved in a pivotal event, which is any event where the

two parties with highest number of votes are involved in a tie or a near tie. We write

the pivotal probabilities generically as Pr[L,R] and Pr[M,R]. For a large n, we can

overcome the discreteness problem and take the pivotal event to take place when one

of the contenders obtains a share equal to λ, the proportion that party R gets. The two

possible pivotal events occur at the critical draws αL and αM , with likelihoods f(αL)

and f(αM). So, the relative likelihood of each of the two possible pivotal events is

f(αL) and f(αM). We shall call L the ‘most likely contender’ if f(αL) > f(αM) and

the ‘least likely contender’ if f(αL) < f(αM). If f(αL) = f(αM), each party is a

‘equally likely contender’.

A diagrammatical exposition may be helpful here. There is a pivotal event between

parties L (M) and R when RL = λ ((RM = λ)). In Figure 31, this is simply the

intersection between lines RL (RM) and λ. We shall label, generically, αL (αM) as the

value of α that makes party L (M) be involved in a pivotal event with party R. Since α

is uncertain, so will RL and RM be—since they depend on it—, and, therefore, so will

the outcome of the election be.

In Figure 31 in the next page we can see how the percentage of votes each party gets

depends on the draw of the distribution. The lines RL and RM represent the results

obtained by parties L and M, respectively. If α = 0, there are no supporters of party

L, so RL = 0 and the supporters of party M are in proportion (1−λ) of the electorate,

so RM = (1 − λ). Likewise, if α = 1, then RL = (1 − λ) and RM = 0. If a

proportion k < 1 of ML voters decides to vote sincerely (for M) while the remaining
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FIGURE 31. The election’s (uncertain) results

(1 − k) voters decide to vote strategically (for L), the results for parties L and M are,

respectively, RL = α(1− λ) + (1− k)(1− α)(1− λ) and RM = k(1− α)(1− λ).

The proportion of votes for party R is the same regardless of the value of α, since

we assume its hardcore supporters will never consider a strategic vote.100 Therefore,

RR = λ, implying that the maximum support any of the two contenders can get is

(1− λ).

We will use diagrams with a similar structure to the one described in Figure 31 above

for mainly two purposes. First, to find out, for each β∗, what are the critical values αL,

αM , f(αL) and f(αM) which will enter the decision process of each voter; second, to

check (how) the (uncertain) outcome of the election (depends on the draw of α). The

rationale is the same used on essay 1, in that case based on Figure 791. Recall that

β∗ describes the proportion of voters from one vote group that vote sincerely. This

100Also, and as mentioned before, voters from categories LM and ML will never vote for R since R is
their least preferred candidate and voting for the least preferred candidate is a dominated strategy.
91See page 33.
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proportion will influence the critical values αL, αM , f(αL) and f(αM) that determine

the incentive ration, which must be compared to the initial value β∗ in order to assess

the presence of an equilibrium. If β∗ goes down—that is, if strategic voting towards

party L increases—then both αL and αM will go down, as we can see in the diagram.

If a proportion k of ML voters decides to vote strategically for party L, the pivotal

events shift from α0
L to α1

L and from α0
M to α1

M . In the above diagram, we can see how

the values of f(αM) and f(αL) change when αL and αM change. In the margin, the

sign of this change will depend on whether the initial value is to the left or to the right

of the mode, whereas the size of the change will mostly depend on the shape of the

distribution, which is critically influenced by the prior asymmetry and the (implicit, or

not) sample size in the distribution.101

Eventually, if β∗ goes down enough, αM will no longer be possible, which would

mean that there would be only one pivotal event (involving party L). In Figure 31,

if β∗ becomes sufficiently low, RL will shift upwards, eventually not crossing λ and

making it impossible to have any pivotal events. In such case, party L would win the

election with probability 1. The winner of the election can be found by looking at the

upper contour of the three curves RL, RM and RR. If there is no pivotal event, party L

is the winner with certainty. If there is only one pivotal event, party R is the winner if

α < αL and party L wins otherwise. If there are two pivotal events, party M will win

for α < αM , party R for αM < α < αL and party L for α > αL.10

101Whether or not it is implicit depends on how the distribution is ”rationalised” or explained within the
model, that is, how the information becomes commonly known to each and every voter.
10Recall the ties are broken equiprobably. As the electorate gets large, the distinction between a tie and
a near tie becomes irrelevant—the discreteness issue vanishes away.
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3. OPTIMAL BEHAVIOR

Any voter’s choice is between allocating a sincere vote to their favorite candidate and

a strategic vote for their second favorite candidate. The game can be seen as a coor-

dination game where both voters LM and ML wish to defeat the commonly disliked

candidate R and must coordinate their votes to some extent in order to succeed.103 Our

model involves costly voting. If a voter decides to cast a strategic vote, he misses the

expressive utility he would get by voting for the party closest to his heart. This is, as we

mentioned before, a psychological (not physical) opportunity cost, not to be neglected.

As in the model of the first chapter of this thesis (in Party I), the equilibrium will entail

a cut-off rule that splits each of the categories of voters, ML and LM, between those

that vote for their favorite candidate and those who vote strategically. This cut-off rule

will determine the overall support for each contender and, consequently, the likelihood

of each being involved in a pivotal event with party R. Every voter’s choice will depend

on his type, reflected in βi. Two conditions have to be meet in equilibrium: optimality

and rational expectations. The first requires each agent to be optimising given his set

of beliefs. The second requires that the beliefs of all voters are met in equilibrium.

Together, they guarantee that no one has an incentive to deviate from the equilibrium

and that the equilibrium will actually occur when everyone expects that to happen.

Note that we are not primarily concerned with predicting how voters will ”really”

behave, but how they ”have to” behave if a voting equilibrium is to take place. Thus,

our approach is focused on equilibrium conditions, which is common in the theory of

elections.

103Each will succeed when it achieves a qualified majority of λ/(1−λ). Because of the way uncertainty
is introduced in the model, a party does not need full-coordination to win the election. For instance, if
everyone votes sincerely, each of the three parties have a chance of winning the election.
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Common knowledge of uncertainty implies that each voter will use the same estimate

for the probability of any possible pivotal event in any given electoral situation. It

also implies that there can not exist strategic voting occurring in both directions, since

from rational expectations it must be true that everyone has the same beliefs in equi-

librium, and this implies that at most there is an incentive for one of the groups to vote

strategically. Broadly speaking, this will happen when the likelihood of a pivotal event

involving the other party is sufficiently high to compensate for the psychological cost

of not voting expressively. This makes it clear why strategic voting can not occur in

both directions in equilibrium: voters from the other group would never vote strategi-

cally when, further to having an opportunity cost of doing so, such choice would not

be sensible even in purely instrumental grounds (given that their party would, in such

hypothetical situation, be more likely to be involved in a pivotal event).

An ML voter of type βi will never vote for party R—his choice is between the preferred

party M and the second preferred party L. To clearly distinguish the utility coming from

the expressive and from the instrumental motivation, we use the following labels:

(1) Ui(1, 0) is the overall utility arising from a vote for M;

(2) vi(1) is the expressive utility arising from a vote for M;

(3) Ei[s(1, 0)] is the instrumental utility arising from a vote for M: the expected

utility of influencing the outcome of the election;

(4) Pr[X, Y ] is the probability of a pivotal event between parties X and Y taking

place.

We can write the overall utility of each vote as:

Ui(vote for M) = Ui(1, 0) = vi(1) + Ei[s(1, 0)] = e+ c(n) Pr[M,R]
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and

Ui(vote for L) = Ui(0, 1) = vi(0) + Ei[s(0, 1)] = 0 + c(n)βi Pr[L,R]

It is optimal to vote for M when Ui(1, 0) > Ui(0, 1), for which we obtain the following

expression:

Condition 1. e ≥ c(n){βi Pr[L,R]− Pr[M,R]}

As we restrict out attention to large electorates, we are interested in n becoming large.

When n→∞, the following results will be useful:

(1) limn→∞ c(n)/n= c ≥ 1

(2) limn→∞ Pr[L,R] = f(αL)/[nH(β∗)]

(3) limn→∞ Pr[M,R] = f(αM)/[nH(β∗)]

The first result says that the average concern for each citizen converges to c ≥ 1 as

the electorate gets large.104 If limn→∞ c(n)/n exists, it will be equal to limn→∞ c
′(n),

from L’Hopital’s rule.

The second and third results above describe the appropriate formulas for the pivotal

probabilities. H(β) is the cumulative function obtained from the density function

h(β) evaluated at β, the probability that βi ≤ β. We obtain the two expressions in

the following way. Call the proportion of voters amongst ML and LM voters that vote

for L p, so p = α + (1 − k)(1 − α), where k is the proportion of ML voters voting

sincerely for M and (1−k) the proportion voting strategically for L. Let g(p) andG(p)

104Since this term reflects an additional concern for the result of the election, it doesn’t make sense to
consider that the average concern would be lower than 1. Alternatively—and perhaps more intuitively—
, think of c(n) = 1 + ĉ(n), where c(n) would reflect the incremental effect coming from the concern
for others. Then, we would restrict ĉ(n) ≥ 0, which is equivalent to assuming that c(n) ≥ 1.
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be, correspondingly, the density and cumulative functions for p. We can anticipate that

in equilibrium there will be a cut-off rule, such that some proportion of the ML voters

will vote in some way, and the remaining proportion will vote the other way.105 The

cut-off value is the equilibrium value β∗. Therefore, we can replace k by Pr[β ≥ β∗]

to obtain:

p = α + (1− α) Pr[β ≥ β∗] = α + (1− α)[1−H(β∗)]

and

G(p) = Pr[α + (1− α)(1−H(β∗)) ≤ p] = Pr[α ≤ p− 1 +H(β∗)

H(β∗)
]

When p = λ, the right-hand side of the last expression is simply αL, since G(λ) gives

the probability that party L gets less than the required support to be in a tie with party

R.106 This is clear from Figure 2 that we have seen before. For a generic p, we can use

α[p] = p−1+H(β∗)
H(β∗)

and rewrite the CDF function as G(p) = F (α[p]−1+H(β∗)
H(β∗)

). To obtain

the density function we need to differentiate the CDF, obtaining g(p) = f(α[p]) 1
H(β∗)

.

If H(β) is uniformly distributed—i.e., if H(β) = β—the previous expression simpli-

fies to g(p) = f(α[p])
β

. Taking these insights into account, we can rewrite the previous

condition as e ≥ c(n){βi f(αL)
nH(β∗)

− f(αM )
nH(β∗)

} for a generic H(β) distribution, which

simplifies to:

Condition 2. e ≥ c(n)
n

1
H(β∗)

{βif(αL)− f(αM)}

105This is always the case when the agents are modeled as having different continuous types, following
the Bayesian-Nash literature.
106Which is the same as asking about the probability that α is between 0 and αL (given that αL is the
point at which they tie and that RL is an increasing function in α).
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This condition expresses the intuition of the previous one: voting for M is optimal if e

is sufficiently large. We can express it in terms of βi:

Condition 3. βi ≤ [ e
c
H(β∗) + f(αM)]/f(αL)

Call the right hand-side of the above expression β̃:

Definition 1. β̃ = [ e
c
H(β∗) + f(αM)]/f(αL)

Our strategic voting equilibrium will entail the cut-off rule that is common in Bayesian-

Nash games. This dictates that if a player has a draw that is above the cut-off value he

will vote in some way, and if the draw is below that same level, he will vote in some

other possible way. Here, since the choice is dual, the cut-off value will be unique—

call it β∗. This is the value that leaves a voter indifferent between voting for M or L.

Whenever β̃ = [ e
c
H(β∗)+ f(αM)]/f(αL) is in [0, 1], we must have β∗ = β̃. But β̃ can

be higher than 1, though β∗ is restricted to the domain for βi, which is [0, 1]. We can

then define another useful variable, β̂. This is the ”optimal threshold” that we will use

in several diagrams, and is it helpful to use β̂ and not β∗ since an equilibrium will be

an intersection of the 45o line with β̂.

β̂ = Min{β̃, 1}

We can summarise the conditions for optimal behavior of the ML and LM voters as:107

107We are also assuming, for simplicity (but intuitively), that when the voter is indifferent between two
candidates he will cast a vote for his favorite. Throughout the paper, whenever unspecified, all β’s will
refer to ML voters.
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Condition 4. (for ML voters) If f(αL) = 0, vote for M. If f(αL) > 0, vote for M if

βi ≤ β∗M , and vote for L if βi > β∗M , where

β∗M = β̂M = min{β̃M , 1} and β̃M =
1

f(αL)

[e
c
H(β∗M) + f(αM)

]

Condition 5. (for LM voters) If f(αM) = 0, vote for L. If f(αM) > 0, vote for L if

βi ≤ β∗L, and vote for M if βi > β∗L, where

β∗L = β̂L = min{β̃L, 1} and β̃L =
1

f(αM)

[e
c
H(β∗L) + f(αL)

]

The difference between our model and a purely instrumental one is that in the latter

the relevant likelihood ratio would be β̃ = f(αM)/f(αL). Not surprisingly, given that

the difference between such model and ours comes from the inclusion of an expressive

component in our model, we expect to arrive at such expression by setting e = 0 in

our model, which does happen. By doing that the term e
c

would disappear, so the right

hand side of the expression would be f(αM)/f(αL).

We also have two conditions concerning the rational expectations requirement for the

ML voters, which basically explicit the relation between the level of strategic voting

and the values of α for which the pivotal events occur, which we will next make ex-

plicit. Each of the two possible pivotal events can only take place for a certain range of

values of β∗. The pivotal event involving party L will be possible as long as strategic

voting is not so high as to make it win the election with certainty—so β∗ must not be

too low. Graphically, the line RL in Figure 31 must cross the threshold λ for a piv-

otal event to be possible. The pivotal event involving party M will only be possible if

strategic voting is sufficiently low—β∗ must be sufficiently high. As we can clearly
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see from Figure 31, understand intuitively and confirm analytically, as we do next, the

value of λ influences this greatly. The higher the λ, the lower β∗ can be while still

having a pivotal event. Intuitively, a higher λ means a higher need of coordination to

defeat the incumbent, and the higher the level of strategic voting, the lower the β∗ will

be.

Both conditions below refer to the case where f(αL) > 0, since when f(αL) = 0,

every ML voter will vote expressively, a behavior which will in itself entail the property

of a self-fulfilling prophecy, satisfying the rational expectations condition. We also

conclude that for some pivotal event to be possible, β∗ must lie in the interval [1−2λ
1−λ , 1].

(1− 2λ)/(1− λ) is the lowest value of β∗ that, for a certain λ, allows at least one

pivotal event to occur, in our case between parties R and M. Call it βinf . Party M will

only be involved in a pivotal event if the strategic voting is sufficiently small, if β∗ is

higher than λ
1−λ . The two possible—and conditional on the value of β∗—intersections

are:

Condition 6. αL = 1 + 2λ−1
(1−λ)β∗

, for β∗ > βinf = 1−2λ
1−λ = 1− γ

Condition 7. αM = 1− λ
1−λ

1
β∗

, for β∗ > βsup = λ
1−λ = γ

Note the interesting relationship between the values that β∗ can take and the qualified

majority parameter, γ. β∗ can never be lower than γ and there are two pivotal events

only when β∗ > γ. For instance, consider λ = 41%, so γ = 69.5%. In this case the

proportion of strategic voting can not be higher than 30.5% if both parties are to have a

chance of being involved in a pivotal event. At most strategic voting can reach 69.5%

of the relevant group, as β∗ can never be lower than 30.5%.
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A diagrammatical description of our voting equilibrium is helpful here. We want to

find a β∗ that satisfies both the optimality and rational expectations condition. Begin-

ning with the later, a β∗ determines, from Figure 31, whether αL and αM exist and

what values do they take. In turn, from Figure 30, the intersection(s) determine, once

more conditionally on their existence, f(αL) and f(αM). These values enter the op-

timality condition and determine β̂. We have found an equilibrium whenever we can

”close the circle”, whenever β∗ = β̂. We can think of repeated iterations of this process

when we search for an equilibrium. (In fact, that is what a computer program does—as

we will see in the third chapter of Part II).

Note the relevance of the paternalistic concern c(n) in Condition 2. Without it, the

expression on the right side will tend to zero as n grew to infinity, and therefore an

equilibrium with strategic voting would be impossible just by including an expressive

motivation. This would not be the case for finite electorates, but to be congruent with

the analysis done on essay 1, we opt to analyse what happens to the voting equilibria

when the electorate gets large. At light of this, we can see the inclusion of a pater-

nalistic concern as a means to overcome a restriction that due to the choice of ”taking

the limit” of the probabilities involved in the voting calculus. Had we chose not to

focus on large electorates, and the concern would not be necessary (though it would

not change qualitatively the analysis). The absolute value of c is not relevant on itself,

rather it is the value of e/c that is, which is patent in Definition 1.

It is important to distinguish three theoretical situations, relating to the number of

intersections with the λ line. There can be either none, one or two intersections. We

elaborate on these in the section ”Characterization of equilibria”.
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4. EXISTENCE OF EQUILIBRIUM

We prove the existence by showing that when an equilibrium with sincere voting does

not exist, then at least one equilibrium with some strategic voting is possible. This is

illustrated in Figure 33, where we plot β̂ as a function of β∗—β̂(β∗). The dependence

between β̂(β∗) and β∗ comes from β̃ (β∗), since β̃ (β∗) depends on β∗ via its impact

on αL and αM , determining f(αL) and f(αM), both of which enter the expression for

β∗. There is a voting equilibrium when β̂(β∗) = β∗.108

To use a fixed point argument, we need to check continuity of the relevant function,

β̂(β∗).109 For β∗ < βinf , there is no pivotal event, so no voter has any incentive to

vote strategically, implying that β̂ = 1 for β∗ in [0, βinf). Thus, the function β̂(β∗) is

continuous in [0, βinf). For β∗ > βsup, two pivotal events are possible, so both f(αL)

and f(αM) are (strictly) positive. Since f(α) is a continuous function and neither

f(αL) nor f(αM) take a zero value in the relevant interval, β̂(β∗) will be continuous

in (βsup, 1]. In (βinf , βsup), there is only one pivotal event which involves party L, so we

have f(αM) = 0. Since f(αL) will be positive in the interval and f(α) is continuous,

β̂(β∗) will also be continuous in (βinf , βsup).

We also need to check continuity at the critical points βsup and βinf . There will be

continuity at each of these points if and only if we have left- and right-continuity at

them. As we will see, a necessary condition for them to be continuous is to have

f(0) = 0. This is a plausible assumption, guaranteed by most distribution functions,

108If there is an interior equilibrium—i.e., one that involves β∗ < 1—then it also implies that β̃(β∗) =
β∗, but that need not be true if there is an equilibrium for β∗ = 1.
109Note that, since β̂(β∗) = Min{1, β̃(β∗)}, continuity of β̂(β∗) implies that β̃(β∗) must be continu-
ous when β̃(β∗) < 1, which is not required for β̃(β∗) > 1, since in that case β̂(β∗) would be equal to
1 and hence continuous, regardless of the value of β̃(β∗) > 1.
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but must nevertheless be seen as a restriction.110 Starting with βsup, right-continuity at

it exists if, as β∗ → βsup from above, f(αM)→ f(0). This will always be guaranteed,

since f(αM) is continuous and, as β∗ → βsup from above, αM → 0.111 Left-continuity,

however, requires f(0) = 0. This is because in (βinf , βsup) there is only one pivotal

event, which is, for the relevant function β̂(β∗), equivalent to having f(αM) = 0.

Since at βsup there is a qualitative change—from the absence of f(αM) to the presence

of f(αM) = f(0)—left-continuity requires f(0) = 0.

As for βinf , and since β̂(β) = 1 for all values of β∗ < βinf , left-continuity requires

β̂(βinf) = 1. This, in turn, requires β̃ ≥ 1, or 1
f(αL)

[
e
c
H(β∗) + f(αM)

]
≥ 1, where

f(αM) = 0 and f(αL) = f(0), since the only pivotal event involves party L, and

happens for αL = 0. Here, a sufficient but not necessary condition for 1
f(0)

[
e
c
H(β∗)

]
≥

1 to be true is to have f(0) = 0. The necessary condition is for f(0) to be sufficiently

small: f(0) ≤
[
e
c
H(β∗)

]
would suffice. As for right-continuity, and similarly to the

case for βsup, this is automatically assured by the fact that f(α) is continuous.

Now that we have seen the required conditions for β̂(β) to be continuous in [0, 1],

we can use a simple fixed point argument. If a sincere equilibrium does not exist, it

must be true that β̂(1) < 1. But, if β̂(1) < 1, β̂(βinf) = 1, βinf < 1 and β̂(β∗) is

continuous in [β∗inf , 1], then, there exists at least one fixed point in [β∗inf , 1), which is

to say, there exists at least one voting equilibrium in [β∗inf , 1). If a sincere equilibrium

exists, then at least one voting equilibrium exists. Therefore, a voting equilibrium is

always guaranteed to exist.112

110For instance, the uniform distribution does not satisfy this assumption.
111Recall that in the limit point, βsup, there are two pivotal events, and the one involving party M
happens when αM = 0.
112The fact that we only mention one side of the equilibrium is without loss of generality. If an interior
equilibrium exists (say) involving strategic voting from ML voters to party L, then voters LM have
a strict incentive to vote sincerely: with β̂M (1) < 1, it is not possible to have all ML voters voting
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5. CHARACTERIZATION OF EQUILIBRIA

5.1. The Duvergerian equilibrium: (β∗L,β
∗
M) = (1,0). A ‘Duvergerian equilibrium’

involves only two parties getting any votes in equilibrium92. This follows Duverger’s

insight that plurality rule favors a two-party system.113 This equilibrium is not possible

in our model—that is, in fact, one of the main results of this chapter. This happens for

the simple reason that every voter faces an opportunity cost of voting. Voters derive

utility from the very act of expressing their views, regardless of the outcome of the

election. The psychological cost involved is the loss of utility incurred by not voting

for one’s preferred candidate, which is enough to exclude such type of equilibrium.

The Duvergerian equilibrium, as we have seen in Part I of this thesis, would imply

that no pivotal events exist, so there wouldn’t be any intersections with the λ line in

Figure 31. Likewise, if there were no intersections with such line—coming from a

sufficiently high level of strategic voting—, the only sustainable equilibrium will be a

Duvergerian one, where strategic voting towards one of the contenders is not partial

but full. The reason for this is that partial strategic voting could not be optimal when

no pivotal events are possible, if the motivations are either purely instrumental or a

mix of instrumental and positive expressive ones. Within such context, both situations

sincerely in equilibrium, since that would not satisfy the optimality condition. When β̂M (1) < 1,
we necessarily have β̂L(1) > 1, so, all LM voters voting sincerely is a self-fulfilling behavior if the
condition holds. This, in turn, reinforces the idea that an interior equilibrium where ML voters vote
strategically (and LM voters vote sincerely, since strategic voting can only occur in one direction) would
be possible. This illustrates why considering a generic β̂(.) in our analysis—as opposed to looking at
both β̂M (.) and β̂L(.)— is without loss of generality.
92Recall the discussion on pages 2 and 3.
113Riker (1982) labels this claim as Duverger’s Law, and quotes an early and eloquent description of
the phenomenon of strategic or tactical voting, due to Henry Droop (1860), which is worth revisiting:
”As success depends upon obtaining a majority of the aggregate votes of all the electors, an election is
usually reduced to a contest between the two most popular candidates... Even if other candidates go to
the poll, the electors usually find out that their votes will be thrown away, unless given to in favor of one
or other of the parties between whom the election really lies.”
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are therefore equivalent: any voting equilibrium that involves no pivotal event (no

intersection with λ line in Figure 31) must be a Duvergerian equilibrium, with full

shift of votes.

To see why is the Duvergerian equilibrium not possible in our model, imagine it was.

In such scenario, with a full shift of votes from ML and LM voters to one of the

contenders—and regardless of the draw of α—the outcome of the election would be

known with certainty: the incumbent, enjoying a support of λ, would be defeated by

the party on which coordination had occurred, since it would get a support of 1− λ >

λ.114 With a winner that is known with certainty, no pivotal event can occur. In a

purely instrumental model of voting, this would always be a possible equilibrium,

involving a likelihood ratio equal to zero for the group that is voting strategically,

making it perfectly rational, for all types of voters in that group, to vote in such way.

Any shared belief about the Duvergerian outcome would be, in such a context, a self-

fulfilling prophecy. In our model, however, every voter gets some consumption utility

by simply voting for his favorite party. Therefore, from an hypothetical situation where

a Duvergerian equilibrium takes place, any voters would individually have an incentive

to deviate and vote sincerely, in that way automatically getting an utility of e > 0,

higher than the (zero expected) utility he could get from voting strategically (since the

probability of being pivotal the outcome would still be zero in both cases, if only one

voter changes his vote).

In short, a Duvergerian equilibrium is not possible whenever e > 0. This is a simple

and yet powerful result. It basically says that the two-party prediction will not hold—

or will, at least, be weakened—if voters have some non-instrumental component in

114Recall that 1
3 < λ < 1

2 .
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their preferences. From a political science perspective, it is common to attribute some

explanatory power to the hypothesis that the average voter feels some discomfort—a

’psychological cost’—if he does not vote for the party he feels a greater attachment

to. This does not imply that strategic voting and instrumental considerations are not

important—it only points out to further considerations that may help understanding

voting behavior. As we suggested before, our model should be seen as an add-on

to the common focus on instrumental motivations, potentially encompassing some of

those approaches.

5.2. The sincere equilibrium: (β∗L,β
∗
M) = (1,1). In the ‘sincere equilibrium’, all

voters vote for their preferred party. The sincere behavior from ML and LM voters will

originate two pivotal events, as it is clear from Figure 2. In order for (β∗L,β
∗
M) = (1, 1)

to be an equilibrium, we need the incentive ratios for both voters to be equal or higher

than 1. This will satisfy the optimality conditions already presented. The critical

values of α that lead to each pivotal event are obtained from the rational expectations

condition. Taking into account that (β∗L,β
∗
M) = (1, 1), they are αL = λ

1−λ and αM =

1−2λ
1−λ . Further considering that when β∗ = 1, H(β∗) = 1, the two conditions for

optimality are:

β̂L ≥ 1 =⇒ [
e

c
+ f(αL)]/f(αM) ≥ 1 =⇒ e

c
≥ f(αM)− f(αL)

and

β̂M ≥ 1 =⇒ [
e

c
+ f(αM)]/f(αL) ≥ 1 =⇒ e

c
≥ f(αL)− f(αM)
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Intuitively, it is optimal for each voter not to vote strategically as long as βi is suffi-

ciently small, i.e., as long as he does not care too much about his second preferred

party. We can immediately draw one conclusion: if the distribution f(α) is symmetric,

implying that f(α) = f(1−α), this equilibrium is always possible, since we would get

f(αL) = f(αM), given that αL = 1−αM when (β∗L,β
∗
M) = (1, 1). The two conditions

would boil down to one, e
c
≥ 0, which is always true since e, c > 0.115 Thus, symmetry

is a sufficient condition for an equilibrium with no strategic voting to be possible. This

is true regardless of what H(β) is.

What can we say more generically? If f(αL) 6= f(αM), then either f(αL)− f(αM) <

0 or f(αM) − f(αL) < 0, implying that at least one of the inequalities is surely

satisfied, since e
c
> 0. More broadly, the conditions will be satisfied for e

c
not too

small and when the difference between the densities of the two pivotal events is not

too large. In other words, there must be a combined sufficiently high incentive to

vote expressively and a sufficiently low incentive not to vote strategically. The latter

requires that the probability of the most preferred party being involved in a pivotal

event must be sufficiently close to that of the other party, so that the incentive to vote

expressively prevails. We illustrate the sincere equilibrium in Figure 32, where, as we

said, αL = 1 − αM and, given the symmetry in f(α), f(αM = f(αM). As it is clear

from that diagram, a sincere equilibrium always requires two intersections with the λ

line, but it is not true that having two intersections (i.e., two pivotal events) implies

that a sincere equilibrium takes place.

115Also noting that f(αM ) = f(αL) 6= 0.
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FIGURE 32. Illustration of the sincere equilibrium
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5.3. The interior equilibrium: (β∗L,β
∗
M) = (1,k), with k < 1. In the ‘interior equi-

librium’, there is a proportion (1 − k) of ML voters that vote strategically for party

L, while the remaining proportion K of LM voters vote sincerely. In an equilibrium

with β∗, the proportion of LM voters that vote sincerely is equal to H(β∗). Recall the

optimality condition:

k = β∗ =
1

f(αL)

[e
c
H(β∗) + f(αM)

]

To find out whether and in what conditions this equilibrium is possible, we need to

know the cumulative distribution H(β∗), which gives a measure of the relative prefer-

ences between the first and second candidate as to what concerns the instrumental part

of the utility function. The most natural candidate is the uniform distribution, since

it does not discriminate between high, medium and low levels of attachment to the

second favorite party, by assuming that the proportion of voters for each βi in [0, 1] is

the same. The cumulative distribution function for an uniform distribution in [0, 1] is

H(β) = β, so the optimality condition simplifies to an expression that is clearer and

more useful to us:

β∗
[
f(αL)− e

c

]
= f(αM)

Two cases must be considered, depending on the number of pivotal events. If there is

only one pivotal event, then f(αM) = 0, and from the optimality expression we get

that f(αL) = e
c
. In this case we would then have a recursive system of equations:

given the exogenous e
c
, we would need to find the value of αL such that f(αL) = e

c
and

then, from the rational expectations condition, find out the β∗ that would lead to such

αL. Finally, we would need to confirm that such β∗ indeed generates only one and
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not two pivotal events, which requires that 1−2λ
1−λ < β∗ < 1

1−λ . A necessary condition

for this equilibrium to occur is that e
c

is lower than f(mode), where mode = a−1
a+b−2

is

the mode of a standardized Beta-distribution with parameters a and b. This need not

be satisfied for the case where there are two pivotal events, since the possibility of M

being involved in a pivotal event allows e
c

to be larger than f(mode).

Intuitively, from the bell-shape of the Beta-distribution function and the fact that we

assume continuity of the function f(α) in [0, 1], we can suspect that at most there can

be three interior equilibria. In fact, the function β̃(β∗) ≡ β̃ = [ e
c
β∗ + f(αM)]/f(αL)

will be, in the interval [0, 1], a section of an inverted bell-shape or quasi-convex func-

tion. When there is only one pivotal event, f(αM) = 0, so we have β̃ = [ e
c
β∗]/f(αL).

Since e
c
β∗ is a linear increasing function in β∗ and f(αL) is quasi-convex in β∗, β̃(β∗)

will be the ratio of a linear and a bell-shape function in β∗, resulting in an inverted

bell-shape function in β∗.116 So, β̂(β∗) = Min{β̃(β∗), 1}—the relevant function to

look for a fixed point—will still have an inverted bell-shape in the [0, 1]× [0, 1] box.

If there are two pivotal events, implying that f(αL), f(αM) > 0, e
c

must be sufficiently

low for the left-hand side to be positive too. This is intuitive: there can only be strate-

gic voting if the expressive benefit, standardized by the concern for others, is not too

high, given the likelihood of the pivotal events involved. Also, and since β∗ must be

lower than 1, f(αM) must be sufficiently lower than f(αL). More precisely, we must

have f(αL) − f(αM) > e
c
. Otherwise, a too high f(αM) would lead the the mar-

ginal ML voter to stick to his more natural choice of voting for M, thus breaking the

equilibrium.117

116This is a consequence of f(αL) being quasi-convex in αL and αL = 1
1−λβ

∗ − 1 being linear in β∗.

117The ‘marginal’ here refers to the ML voter that would be indifferent between voting for M or L.
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If there are two pivotal events, we must consider the additional term f(αM)/f(αL).

Since αM = 1 − λ
1−λ

1
β∗

, αM is a monotonic function of β∗, though not linear. It is

not immediate what should the shape of f(αM)/f(αL) be—in fact, we believe it can

not be proved generically. After having done a very large number of simulations for

β̃(β∗), using different values of a and b, varying both the asymmetry and the sample

size implicit in the Beta-distribution, and not having found one single case where β̃(β∗)

was not clearly quasi-convex, we take that to be the case. This result implies that there

can only be three intersections of β̃(β∗) with the 45o line in (0, 1), and, consequently,

at most three equilibria93. The case were there are four possible equilibria is extremely

rare—see one example in Figure 47 in essay 3, a case of a clear quasi-concave yet not

concave function. For this reason with keep it aside, for sake of simplification and

clarity in the exposition of our arguments. So, unless otherwise stated, we assume that

at most there can be three equilibria: a sincere equilibrium, and interior stable and an

interior unstable equilibrium.

In the sincere equilibrium, β∗ = 1. The interior equilibria can be distinguished by the

respective slope of β̃(β∗) at that point. Because of continuity, and given the slope of

the 45o line (equal to 1), one intersection must have a slope that is lower than 1, and the

other a slope that is higher than 1. These are labeled, respectively, the interior stable

and interior unstable equilibria. The sincere, interior stable and interior unstable

equilibria—which we label, respectively, as β∗s ,β∗is and β∗iu—are illustrated in Figure

33, where the distinction between β̃ and β̂ also becomes clear.A small deviation from

the interior stable equilibrium will lead to a negative effect on itself—leading back to

93The number of equilibria is necessarily odd, and can be either one or three. If there is one equilibrium
that can be either a sincere or a interior (stable) equilibrium. There can also be three equilibria, either
a conjunction of one sincere and two interior equilibria (one stable and one unstable) or three interior
equilibria (one stable and two unstable). The latter is the rare case illustrated in Figure 47.
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the original equilibrium—while any deviation from the interior unstable equilibrium

will lead to a positive effect, away from it.

The reasoning for this is that a small deviation in strategic voting is not able to create

enough ”momentum” to shift the equilibrium, as the incentive to act in an opposite

way is stronger, leading back to it. This is related to the shape of the incentive ratio

function. Consider the interior stable equilibrium first, β∗is . If there is a deviation

because a few marginal voters decide to vote strategically, this leads to β̂ becoming

greater than the proportion of voters voting sincerely, since the incentive ratio function

is above the 45o line. Given the linearity of H(β), this means that for some voters that

are voting strategically—originally, voters for whom βi is initially higher than β∗is—

it is now better to vote sincerely, since β̂ has gone high enough to make it rational

to vote sincerely, given that βi is lower than the new incentive ratio, β̂. This always

holds simply because the incentive ratio function is to the left of the unstable interior

equilibrium, above the 45o line, implying that no matter what proportion of voters

deviates from the initial equilibrium, voting strategically, the proportion of voters that,

in the new (hypothesised or not) situation desires to change the vote from a strategic

vote to a sincere vote is larger.

Likewise, if there is a deviation to the right—with some voters shifting from a sincere

vote to a strategic vote—, there would be a larger proportion now better off shifting

from a strategic to a sincere vote, since the individual preference parameter would

be higher than the new incentive ratio. In this sense, there is a stable equilibrium

whenever the slope of the incentive function is lower than 1. If the slope is negative,

it is immediately obvious that stability is satisfied, if the slope is between 0 and 1

this is still accomplished (this is the case of the ”second interior stable equilibrium”,
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illustrated in Figure 47 in essay 3). It is sufficient, for a linear H(β), that the 45o line

is crossed from above.

An analogous reasoning shows why it is necessary and sufficient for the interior un-

stable equilibrium, β∗iu , to occur at an intersection with the 45o line that occurs from

below. If some voters deviate and vote strategically, the new incentive ratio will go

down more than proportionally to that deviation, so that the liquid effect is that some

additional voters would be better off voting strategically, since their individual prefer-

ence parameter βi is now higher than the new and relevant incentive ratio. Likewise,

if there is a deviation towards more sincere voting, the new incentive ratio goes suf-

ficiently high to lead even more voters to vote sincerely, since now their individual

parameters are lower than the relevant incentive ratio.

In the more interesting case of an interior equilibrium, we know that a pre-condition

for it to exist is that β∗ > βinf = 1−2λ
1−λ . Given this, there is one pivotal event when:

β∗ > λ
1−λ

In this case, given that f(αM) = 0, the optimality condition simplifies to:

β∗
[
f(αL)− e

c

]
= 0)

Or:

f(αL) = e
c

For example, if e
c

= 0.1, λ = 0.40, a = 21 and b = 9, f(α) = 0.1 occurs for

α = 0.454, which determines β∗ = 0.611, within the limits of a unique pivotal event

to be possible.
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There are two pivotal events if, further to β∗ > βinf = 1−2λ
1−λ :

β∗ < λ
1−λ

In this case, the optimal condition is:

β∗
[
f(αL)− e

c

]
= f(αM)

Another example: for e
c

= 1, λ = 0.37, a = 21 and b = 9, we would find (in the

aforementioned sheet) that αL = 0.552 and fαM = 0.362, so that f(αL) = 1.007 and

f(αM) = 0.004, determining that β∗ = 0.9210, which is in the range of admissible

values for an equilibrium with two pivotal events.

6. COMPARATIVE STATICS

There are four different parameters in our model that we will analyse in order to un-

derstand the impact that they have on the possible interior equilibria:

(1) λ, the support of the incumbent (the degree of coordination required to defeat

him);

(2) a+b, the sample size of the opinion poll (the quality of information possessed);

(3) a/b, the asymmetry in the distribution of the support of parties L and M (the

bias in the prior support, reflected in distribution f(α));

(4) e
c
, the degree of expressiveness (a measure of the ’loyalty’ to one’s favorite

party).

Whenever we vary one of the above parameters, the inverted bell-shape function β̃(β∗)

illustrated in Figure 34 will change. In this figure, β̃(β∗), which we also refer to simply
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FIGURE 33. The three possible equilibria

as β̃, is represented in the curved line. This, in turn, is part of the curve β̃, which is the

quasi-convex function, including the dashed line.

In studying comparative statics, our interest will lie on how the levels of strategic vot-

ing in the interior equilibria change with small variations in each of those parameters,

and also on how the knife-edge conditions that determine whether the sincere equi-

librium is possible or not. The eight interesting cases that result from the intersection

of β̃(β∗) and the limits of the square box [0, 1] × [0, 1] are illustrated in the next two

pages, as parts of Figure 5, and can be characterized in the following way:
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(d) Case D

FIGURE 34. Illustration of the eight possible cases, λ = 40%
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(d) Case H
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Case A (Figure 5a): β̃(β∗) does not intersect the box at any point;

Case B (Figure 5b): β̃(β∗) only intersects the box at the point (1, 1);

Case C (Figure 5c): β̃(β∗) intersects the box twice without intersecting either the 45o

line or the point (1, 1);

Case D (Figure 5d): β̃(β∗) intersects the box twice, one of which is the point (1, 1),

and without intersecting the 45o line;

Case E (Figure 5e): β̃(β∗) only intersects the 45o line, and at one point;

Case F (Figure 5f): β̃(β∗) intersects the 45o line twice, one of which at the point

(1, 1);

Case G (Figure 5g): β̃(β∗) is tangent to the 45o line;

Case H (Figure 5h): β̃(β∗) intersects the 45o line twice, none of which at the point

(1, 1);

If we change the focus from the different possible intersections between the function

β̃(β∗) and the box [0, 1]× [0, 1] and instead we look at the different types of equilibria

that are possible for each set of parameters, we arrive at six scenarios, which are:

Scenario I (Cases A and D): only the sincere equilibrium is possible, which is not a

knife-edge case and is stable;

Scenario II (Cases B and C): only the sincere equilibrium is possible, which is a

knife-edge case and is stable;

Scenario III (Case E): only the interior stable equilibrium is possible;

Scenario IV (Case F): both the interior stable and the sincere equilibria are possible,

the sincere one being an unstable knife-edge case;
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Scenario V (Case G): a knife-edge tangent interior equilibrium is possible and unsta-

ble, along with the stable sincere equilibrium;

Scenario VI (Case H): both the interior stable and interior unstable equilibria are pos-

sible, as well a stable sincere equilibrium.

Each of the six different scenarios will require the four parameters in our model to

satisfy some conditions. We need to understand how each of them influences the in-

verted bell-shape of the β̂(β∗) function and consequently the set of possible equilibria.

Whenever we change a parameter, we want to see whether strategic voting is going up

or down. To see this, we consider the proportion of voters voting strategically to be

fixed (recall Figure 31) and see what happens to the incentive ratio. To keep the de-

scription reasonably contained, we assume that the starting point for the comparative

statics analysis is a symmetric distribution—that is, we assume a = b.118

1. λ (the incumbent’s support)

For each level of asymmetry and sample size, increasing λ implies that a higher degree

of coordination is needed to defeat the incumbent, as we see in Figure 31. When the

incumbent’s support is higher, An increase in λ leads to an upward parallel shift in the

line representing the support of party R and a downward shift in the line representing

the maximum support that each of the two contenders can obtain, 1 − λ. These shifts

will make αL and αM change. It is useful to split the analysis into two cases. If there

is only one pivotal event, the optimality conditions involve a recursive system with the

two following equations:

118Implying that the mode is equal to the mean equal to the median equal to 0.5.
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f(αL) =
e

c
β∗ =

(2λ− 1)

(1− λ)

1

(αL − 1)

The first condition implies that αL must be the same if we are to remain in equilibrium.

In other words, strategic voting must adjust in such a way that the intersection between

the relevant lines (see Figure 31) occurs at the αL. From the second condition we see

that, if αL is to remain the same and λ goes up, then β∗ goes down. The result is

intuitive: strategic voting in equilibrium will increase in response to an increase in the

incumbent’s support. Straightforward differentiation of the second condition, keeping

in mind that αL is fixed and lower than 1, shows immediately that β∗ must decrease in

response to an increase in λ when only one pivotal event is possible.

If there are two pivotal events, αL goes up and αM goes down as λ increases and we

cannot be sure about what happens to f(αL) and f(αM), since αL and αM depend

on the equilibrium value β∗. If the distribution is symmetric and β∗ is sufficiently

close to 1, f(αL) will see a larger drop than f(αM), since its value after the change

will be closer to the mode, implying a stepper slope. In that case, the incentive to

vote sincerely will be higher, so the new equilibrium will entail more strategic voting.

However, if the distribution is sufficiently biased towards party M, the incentive ratio

may go down, making strategic voting more attractive. This would lead to a lower

level of strategic voting in the new equilibrium, or a higher β∗. This is the case of

”wrong switching”—”wrong” in the sense that party M has an advantage in terms of

the uncertain prior support but yet strategic voting occurs to party L. If the need for

coordination is higher, then it is possible that the ”wrong” strategic voting decreases,
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because the decrease in the likelihood of M being involved in a pivotal event is higher

than the one relating to L, making the overall ratio go down.

As we can see from the examples in Figure 35 in the next page—where we keep e
c

= 3

and (a, b) = (10, 10) while varying λ, which takes the values 37%, 40% and 43%— we

can see when λ increases, the function β̂(β∗) shifts to the left, so there is more strategic

voting in both the stable and unstable interior equilibria. Also, if initially there only

exists one (therefore stable) interior equilibrium, the increase in the incumbent support

makes the sincere equilibrium more likely, since strategic voting is a less attractive

option.

In short, this confirms what we would intuitively expect: a higher support for the

incumbent party makes it more difficult to defeat it and strategic voting increases in

response to that. Where the Conservatives have a higher support, all else remaining

the same, we would expect more strategic votes to occur in equilibrium.
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(g) λ = 43%

FIGURE 35. The effect of changing λ for e
c

= 3 and (a,b) = (10,10)

2. a+ b (the degree of information)
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When the sample size goes up, the voters are more informed and so the degree of

uncertainty regarding the prior support of the candidates is lower. This translates itself

into a distribution with more probability mass around the mode. The effect of this on

the level of strategic voting is not trivial, and it depends on how far from the mode

the values of αL and αM are. If there is only one pivotal event and αL is sufficiently

close to the mode, then f(αL) will go up as the sample size increases and the new

equilibrium would entail less strategic voting, so that the pivotal event would occur for

a higher αL and a lower f(αL), satisfying the optimality condition. If, however, f(αL)

goes down as the sample size increases, due to αL being sufficiently far apart from the

mode, then strategic voting would increase in the new equilibrium.

If there are two pivotal events, the conclusion will in general be the same. The pivotal

event involving party M will occur for a very low αM , so it must almost always be the

case that f(αM) goes down. In this case, it will generally be true that αL is close to

the mean, and therefore β∗ goes up. The effect is simply reinforced. If, however, αL is

far from the mean, they will have opposite effects, but the latter will tend to dominate,

making β∗ go down, due to the bell-shape of the beta-distribution.

As before, we can think about what happens to the inverted bell-shape of the incentive

ratio function as the information goes up. This curve will be more concentrated around

its mode, therefore making the effect on the interior equilibria depend on whether

we look at the stable or unstable one. The interior stable equilibrium will have less

strategic voting as information goes up. We can see this in Figure 36 below, where we

vary the sample size (a + b) from 20 to 100 to 800, while keeping e
c

= 3, λ = 40%

and a
b

= 1. The effect is obvious: the distribution becomes more concentrated around

its mean.
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(b) (a + b) = 100
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(c) (a + b) = 800

FIGURE 36. The effect of changing (a + b), for e
c

= 3, λ = 40% and a
b

= 1

This is an interesting result, contrasting with Myatt’s (2005), which precludes a pos-

itive effect of information on strategic voting: in his model, when the purely instru-

mental voters have more information, they feel more confident about their bets and

strategic voting will increase; when there is less information, the higher uncertainty

makes the purely instrumental voter be more prudent, and strategic voting decreases,

to avoid switching to the wrong contender. However, in our model voters are not purely

instrumental. This is why more information in general leads to less strategic voting in

the stable equilibrium. Less uncertainty means that the pivotal event(s) are less likely

to take place, and therefore less people will vote strategically. In the unstable equilib-

rium, on the contrary, more information leads to more strategic voting.

The exceptions to this happen only when the level of information is very low and

the degree of expressiveness sufficiently high for the equilibrium to occur at a high

level of β∗ and with a very flat curve. Then, as information goes up, the incentive

ratio function concentrates more around its lowest point—which then would be well

outside the [0, 1]x[0, 1] box—but the new crossing with the 45o line will happen at

a lower value of β∗. An interesting case where the function rotates around the same
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intersection happens for λ = 40%, e
c

= 3 and a
a+b

= 75%. For a+b < 14 there is only a

sincere equilibrium. For a+b = 14 there is an interior equilibrium: β∗ = 97.90%, with

a very flat slope. As the information increases from a+ b = 14 to a+ b = 36, strategic

voting increases: at a+ b = 36 we have β∗ = 85.60%. From a+ b = 36 to a+ b = 46

the level of strategic voting remains the same, with the slope increasing as the incentive

function becomes less disperse. From a+b = 47 to a+b = 57 the equilibrium remains

constant at 85.70%, then it goes up, with strategic voting decreasing. Essentially, these

cases require a considerably high degree of expressiveness, a low level of information

and a degree of asymmetry that is proportional to the support of the incumbent.

Finally, as information goes up, we are more likely to see the sincere equilibrium

taking place, as the distribution concatenates around the mean, the same happening

with the function β̂(β∗).

3. a
b

(the asymmetry in the prior distribution)

If we change the asymmetry in the distribution, increasing the bias towards party L—

in other words, increasing a while keeping a + b constant—we will get less strategic

voting in equilibrium, i.e., higher levels for β∗. This will happen regardless of the

number of pivotal events. The reason is that an increase in the bias towards party

L makes strategic voting less needed to defeat the incumbent. The intuition is that

additional support for the party that has a better position as a challenger will compen-

sate for—and therefore dispense—some strategic voting. Less voters will have to go i

Diagrammatically, it implies a shift in the distribution towards the right. The new equi-

librium will occur for higher levels of αM and αL, making f(αM) and f(αM) closer

to the values they had in the initial equilibrium. Then, if the α’s are higher, β∗ will
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have to be higher. The intuition is that since party L is relatively more likely to have a

higher support, less ML voters will feel inclined to vote strategically. Simply, it is not

necessary to have so much strategic voting to have a pivotal event between L and R

taking place, and therefore an equilibrium condition will only be met for a higher β∗.

This is confirmed by looking at β̂(β∗), which will move to the right when asymmetry

towards party L increases, making both the stable and unstable interior equilibria occur

for a higher value of β∗, implying less strategic voting. That is illustrated in Figure 37,

where we keep e
c

= 3, λ = 40% and (a+ b) = 120, while changing a
b

from 2
3

to 1 to 3
2
.

As a
b

goes up, the curve clearly shifts to the right. Also, as we can see from the third

diagram in Figure 8, as the asymmetry gets higher we get closer to the case where the

sincere equilibrium is a knife-edge case.
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FIGURE 37. The effect of changing a
b
, for e

c
= 3, λ = 40% and (a + b) = 120

We can also think the other way round. If the asymmetry towards party M goes up, the

function β̂(β∗) goes to the left, and there is more strategic voting in any of the existing

interior equilibria. In this case what we can say is that if an interior equilibrium is

to take place, it requires more strategic voting, which is understandable, given the
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lower prior support of the party receiving the votes, that still has to achieve the same

percentage of votes as before if it is to defeat the incumbent.

Naturally, as the asymmetry towards party M goes up, the sincere equilibrium is more

likely to occur (think of moving from right to left in Figure 37). If party M enjoys

a very low prior support, then only the interior equilibrium is sustainable—this is the

Scenario I we described before. As party M starts to enjoy a higher support, with the

function β̂(β∗) moving to the left, we have scenarios III, IV and VI.

An interesting comparison we can do is between the level of asymmetry, a
a+b

and the

degree of coordination required, λ
1−λ . If the asymmetry is much larger than the required

coordination, then party L is so likely to get a high support that voting tactically cannot

be optimal—a vote is very unlikely to make a difference, and so you are better off

voting to your favorite candidate. As the asymmetry goes down, and starts getting

closer to the level of coordination required to defeat the incumbent, γ, then the interior

equilibrium is unique. If the asymmetry is sufficiently lower than that level, than the

three equilibria will be possible: a sincere equilibrium is possible, because party M

enjoys sufficient prior support; nevertheless, some pattern of strategic voting can be

optimal too.

4. e
c

(the level of expressiveness)

Finally, when the degree of expressiveness e
c

increases, strategic voting becomes less

attractive overall. Recall that e reflects the level of expressive concern for the preferred

party, while the paternalistic concern c is present in the model to allow us to study the

case of large electorates, as opposed to finite ones. As e/c increases, the voters feel

more strongly for their preferred parties, and the impact of this on the stable interior
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equilibrium will be a decrease in the level of strategic voting. This is what we expect

intuitively. Diagramatically, the change is quite similar to what happens when we

change the sample size. If we think about the incentive ratio curve β̂(β∗), an increase

in e
c

is equivalent to an upward shift in it. Strategic voting will increase for the interior

unstable equilibrium and decrease for the interior stable one. The impact of this change

on the intersections between β̂(β∗) and the 45o line would be to make the lower β∗

go up and the higher β∗ go down. Again, the conclusions seem to make sense. All

else constant, a higher degree of expressiveness will lead to less strategic voting in the

interior stable equilibrium.

We illustrate this in Figure 38, where we vary the expressiveness ratio from 1 to 3 to

5, keeping λ = 40% and (a, b) = (50, 50) constant. It is clear that the main effect is

to shift the curve upwards, while also making it slightly more concentrated around its

minimum.
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FIGURE 38. The effect of changing e
c
, for λ = 40% and (a,b) = (50,50)
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7. STABILITY ANALYSIS

We have commented before on the stability of the two interior equilibria. This section

adds a more formal treatment of the question of stability. There are two main views on

how to analyse stability in a voting game. The first focuses on analyzing the effect of

changing the equilibrium in a continuous (or marginal) manner, the second focuses on

discrete changes. If we look at continuous variations, an equilibrium β∗ will be stable

if ∂β̂/∂β∗ < 1, and unstable if ∂β̂/∂β∗ > 1. The intuition is straightforward, as we

explained before: if ∂β̂/∂β∗ < 1, an increase in strategic voting—meaning a lower

β∗, now taken to be the proportion of voters voting sincerely, not necessarily in an

equilibrium situation—will lead to an increase in β̂, therefore higher than the new β∗.

This implies that some voters would be better off voting sincerely, until we reached

the initial situation. More specifically, voters for which βi is lower than β̂ and higher

than β∗ will have an incentive to vote strategically. As long as β̂ is higher than β∗ there

will be some voters who would be better off voting sincerely, making β∗ go up and β̂

go down. This adjustment will only stop once an equilibrium is reached, where β̂ =

β∗. This analysis is based on variations that are small enough not to make other stable

equilibria the point to which votes will gravitate too.

If we look at discrete variations we need to look at the dynamics of the model. There

can be situations where we go from one equilibrium to another in cycles or where

we diverge, not reaching any stable equilibrium. It is hard to obtain general results

with the discrete approach. It also seems more appropriate to consider the continuous
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approach if we think about the small unit of analysis that we would consider when

thinking about a deviation—the voter.119

If we take the continuous approach, a sufficient and necessary condition for stability is

∂β̂/∂β∗ < 1, which guarantees that at least one stable equilibrium exists. The reason

for this is that there will be two or more intersections with the 45o line and, from

continuity of the function β̂(β∗), at least one of them will have a slope that is lower

than 1. If there is only one intersection, it must have a slope lower than 1. Finally,

if there are no intersections with the 45o line, only the sincere equilibrium will be

possible, and in such case it will always be stable.

To analyse the stability of the sincere equilibrium we need to consider two possible

cases: β̃(1) > 1 and β̃(1) = 1. When β̃(1) > 1, a marginal deviation from some

voters, from a sincere to a strategic vote will lower β̃ but won’t make it lower than 1.

This is what happens in cases A, C, G and H in Figures 34. When β̃(1) = 1, stability

will depend on how much the incentive ratio changes. If ∂β̃/∂β∗ |β∗=1> 1, the equi-

librium is stable, since after the deviation the incentive ratio β̂will be higher than the

new proportion of ML voters voting sincerely, creating an incentive for some voters to

vote sincerely, which causes a negative effect leading towards the initial equilibrium—

cases B (where ∂β̃/∂β∗ |β∗=1< 0) and D (where 0 < ∂β̃/∂β∗ |β∗=1< 1) illustrate

the two possibilities. If ∂β̃/∂β∗ |β∗=1< 1, the sincere equilibrium is unstable, and so

strategic voting would happen until a stable interior equilibrium was reached. From

the above description, we know that the curve β̂ will have to cross the 45o line from

119We could consider a larger unit of analysis—such as a family or a group of people—but the approach
would not be too appropriate, since the commitments would not be binding, given that choice would not
be verifiable. Having the voter as the basic unit of analysis in our voting game seems the natural option.
This is also the approach used in essay 1.
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below, which means that there is one intersection where the slope is lower than 1,

therefore guaranteeing that an interior stable equilibrium exists (see case F).

So, when a sincere equilibrium exists, either it is stable, or, if it is not stable, then a

stable interior equilibrium must exist. If a sincere equilibrium does not exist, we can

be sure that a stable interior equilibrium exists (this is case E). We conclude, then, that

there is always at least one stable equilibrium and, at most, two—which is illustrated

in case H.

We can obtain an explicit expression for stability to hold by doing a total differentiation

of β̂ in respect to β∗. Recalling that β̂ = [ e
c
β∗ + f(αM)]/f(αL), we get120:

dβ̂

dβ∗
=

∂β̂

∂β∗
+
∂β̂

∂αM

∂αM
∂β∗

+
∂β̂

∂αL

∂αL
∂β∗

=
e

c

1

f(αL)
+
f ′(αM)

f(αL)

∂αM
∂β∗
−

[ e
c
β∗ + f(αM)]f ′(αL)

f(αL)2

∂αL
∂β∗

From the rational expectation conditions we know that, if there are two pivotal events,

αL = 1 + 2λ−1
(1−λ)β∗

and αM = 1− λ
1−λ

1
β∗

, from which we derive ∂αL

∂β∗
= (1−2λ)

(1−λ)
1

[β∗]2
and

∂αM

∂β∗
= λ

(1−λ)
1

[β∗]2
. Thus we can further write the above expression as:

dβ̂

dβ∗
=
e

c

1

f(αL)
+
f ′(αM)

f(αL)

(1− 2λ)

(1− λ)[β∗]2
−

[ e
c
β∗ + f(αM)]f ′(αL)

f(αL)2

λ

(1− λ)

1

[β∗]2

Or:

dβ̂

dβ∗
=

e
c

f(αL)
+
f ′(αM)(1− 2λ)f(αL)− [ e

c
β∗ + f(αM)]f ′(αL)λ

(1− λ)[f(αL)β∗]2

120Recall the assumption that H(β∗ = β∗.
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In an equilibrium with two pivotal events the optimality condition implies that e
c
β∗ +

f(αM) = β∗f(αL), so we get the expression:

dβ̂

dβ∗
=

e
c

f(αL)
+
f ′(αM)(1− 2λ)− β∗f ′(αL)λ

(1− λ)f(αL)[β∗]2

It is not possible to simplify this expression generically, but we can look at the par-

ticular case when there is only one pivotal, setting ∂β̂
∂αM

∂αM

∂β∗
= 0, to obtain a simpler

expression:

dβ̂

dβ∗
=

∂β̂

∂β∗
+

∂β̂

∂αL

∂αL
∂β∗

=
e
c

f(αL)
−

e
c
β∗f ′(αL)λ

(1− λ)[f(αL)β∗]2

Also note that when there is only one pivotal e
c

= f(αL), so
e
c

f(αL)
= 1. Since stability

requires and is guaranteed by dβ̂
dβ∗

< 1, a stable equilibrium must satisfy:

e
c
β∗f ′(αL)λ

(1− λ)[f(αL)β∗]2
> 0

Since the denominator is always positive, we need e
c
β∗f ′(αL)λ > 0. This requires

f ′(αL) > 0. So a sufficient and necessary condition for stability is for the Beta-

distribution f(α) to have a positive derivate at the point αL. This is intuitive. If

f ′(αL) > 0, an increase in strategic voting (a lower β∗) will lead to a new pivotal

event, occurring for a lower αL, with a lower f(αL). This would mean that the pivotal

event involving party L is less likely to happen, providing a lower incentive to vote

strategically, which prevents a divergent result. When there are two pivotal events, the

intuition is the same: there will be stability when αL and αM change in a way that

makes it—in the margin—more attractive for voters to vote in the opposite way
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8. EQUILIBRIUM SELECTION

The problem of multiple equilibria arises a question about equilibrium selection, which

we have addressed before94. In the current model, where we have a possibility of

at least one but possibly two stable equilibria, an immediately sensible criterion for

equilibrium selection should be the stability of the equilibrium. Whenever there is

a stable and an unstable equilibrium, a sensible prediction would support the stable

equilibrium, whether it be interior or sincere. But what in the case where there are

two stable equilibria (and, necessarily, a third unstable one)? As we mentioned before,

there is a very uncommon case where there can be two interior stable equilibria and

one interior unstable. This happens for an extremely small set of parameters, as it will

be clearer in the next chapter. The pervading scenario involves one interior and one

sincere equilibrium. At least two important arguments can be put forward here.

On the one hand, the sincere equilibrium can be argued to be focal, given the nature of

the voting game: voters have and commonly know others have an expressive concern,

and this component of ”loyalty” could be reasonably justify that voters would more

likely coordinate on a sincere equilibrium than on an interior equilibrium when both

are available and stable. Such ”focality” could arise in the same way described in

essay 1. Important figures in the political sphere could influence expectations and lead

people to vote according to the equilibrium suggested by them.

The second argument would suggest the equilibrium with a higher range of (prior) be-

liefs leading towards it would be picked. When there is a sincere and an interior stable

94See pages 41 and 42, essay 1, for some important comments about the issue of multiplicity of equi-
libria in a political context.
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equilibrium, the sincere equilibrium will (or, perhaps better, would, since the nature of

this exercise is hypothetical) be reached whenever the beliefs regarding the proportion

of sincere voting are higher than the proportion that characterizes the unstable interior

equilibrium—β∗iu . So the range of beliefs supporting the sincere equilibrium would

be [1 − β∗is ]. Likewise, whenever the hypothetised support is lower than that charac-

terising the unstable interior equilibrium, the stable prediction would be the interior

stable equilibrium. The range of beliefs supporting this would be [β∗is − βmin], where

βmin represents the lowest β∗ that would generate a value of the incentive function

strictly below 1. Figure 33 is helpful in visualing the implications of this criterion.

In that figure β∗min = 0.58 and β∗is = 0.78. In this case the range of support for the

sincere equilibrium would be 0.22, which is bigger than 0.20, the range of support

for the interior stable equilibrium, and so that would be a stronger prediction. This

second argument relies on the assumption that the support for the parties is uniformly

distributed, which is one of our assumptions. The argument would hold if that was

not the case, it would only be necessary to adapt the calculation to achieve a proper

estimate for the range of support, attending to the distribution function of βi. We could

also calculate the percentages of support that each voting equilibrium had by diving

the referred numbers by the overall distance between the relevant extremes, equal to

[1− βmin].

This second argument is more quantitative and can, to some extent, by linked to the

idea behind ”risk dominance” being a criterion for selecting a Nash equilibrium. The

enormous difference here between the two is that risk dominance applies to the behav-

ior of one agent one, and involves calculating the range of values for some relevant

parameter on the model that would lead to one or the another Nash equilibrium, while
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in the argument we presented we would be looking at range of values that would de-

termine different choices of many agents, and in that, a different voting equilibria.

Both arguments could have a place and their relative strength would depend on the

context of the election.

9. COMPARISON WITH OTHER MODELS

Three papers we should to compare our results with are Myatt (2006), Cox (1999) and

Mendes (2004), the essay in Part I of this thesis. All three focus on the positive analysis

of strategic voting in a three-party competition where voters are purely instrumental.

Myatt (2006) proposes a model where voters have both private and public informa-

tion. Each voter shares a common prior, but then observes a signal which he updates

to construct his own belief about the support of the parties. Thus, in this model un-

certainty is not common knowledge to everyone, which means it is possible for voters

to hold different beliefs in equilibrium. The main conclusion of this paper is that a

Duvergerian outcome can be avoided: it is possible to have an equilibrium with partial

strategic voting that is stable. This stability comes from a negative effect that strategic

voting has on itself: when strategic voting increases, the uncertainty about the outcome

of the election is higher, and voters get relatively more skeptical about not casting a

vote to their favorite candidate, fearing that they would choose in the wrong direction.

One clear difference is that the Duvergerian outcome is possible in Myatt (2006) but

not in our model, since a complete coordination in one party would render a deviation

profitable, as e
c
> 0 is immediately attainable.
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Cox (1999) looks at a model where there is some uncertainty, but which vanishes away

completely when the electorate approaches infinity. The Duvergerian outcome is pos-

sible, and the non-Duvergerian equilibrium is unstable and a knife-edge case. With

these two outcomes in mind, Cox (1997) proposes a bi-modality hypothesis, suggest-

ing that in the distribution of first to second losers in all constituencies should have two

modes, at zero and at one. The next chapter will look closer into this hypothesis.

In contrast with Cox’s result, our model does not allow the Duvergerian equilibrium

to take place, so, there would be no spike around zero, but in the interval (0, 1), cor-

responding to the interior stable equilibrium. In Part I of this thesis we study a model

which is somewhere in between Myatt’s and Cox’s, when we consider a game with

effectively only three parties competing (the second model in essay 1, see page 46). In

such model there is uncertainty when the electorate approaches infinity, but one that

is commonly known—in contrast with Myatt (2006). So, it allows for a Duvergerian

and a sincere equilibrium, though not a stable one. It also makes it possible to have an

interior equilibrium, which, however, is never stable.

This chapter extends the model from the previous chapter, by including a non-instrumental

component in voters’ preferences. This is sufficient to provide a set of new and inter-

esting new results, and adding more complexities to it would not allow us to isolated

the effects of either of the extensions done. To be fruitful, an extension must be as

simple as possible as long as an interesting difference in the results arises from it.

The first result is that the sincere equilibrium, where every voter votes for his favorite

party, will be possible in general, and stable. This is a consequence of the psycho-

logical and opportunity ‘cost of voting’, which distinguishes it from all the three cited
147



papers. A second result is that an interior stable equilibrium will be possible, which

only happens in Myatt (2006). This shows that private information is only necessary to

have such result within a model with purely instrumental motivations. It is not neces-

sary overall, though, one of the ways of achieving that being a model with expressive

motivations. This result is theoretically interesting and we will want to see how it may

or may not explain the UK 1997 General Election, in essay 4 of this thesis. A third

result, which also goes against the conclusions in Myatt (2006), is that when infor-

mation goes up, there will be less strategic voting in the interior stable equilibrium.121

In Myatt’s model, more information leads to more strategic voting, as the voters are

more confident that they are shifting their votes in the right direction. In our model,

however—and because there is an expressive component—, more information will al-

most always decrease the incentive to vote strategically, as the pivotal event will be

relatively less likely to occur.

Another strand of papers that are relevant includes Picketty (2000), Morelli (2004) and

Razin (2003). Morelli (2004) studies implications for party formation and policy out-

comes arising from different electoral rules, namely proportional representation and

plurality rule, in a multi-district model. In his paper, parties provide a coordination de-

vice to voters during the elections, and candidates are separable from the parties, aris-

ing after the election. One of the main conclusions is that sincere voting induces more

party formation and, somewhat contrary to intuition, strategic voting can be observed

more often under proportional representation rule. The other two models are closer

to ours in that they propose a sound explanation for why and how a non-instrumental
121Recall that in our model information is basically encapsulated in the sample size of an (implicit, or
not) opinion poll and, when we consider a standardized Beta-distribution with parameters a and b, it is
equal to a+ b.
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motivation may be present in voter’s preferences. Picketty (2000), ”Voting as Commu-

nicating”, studies a model where voters trade-off two different interests: to influence

the current election and to influence future elections, by communicating their views.

This preference for ”communicating” ones views is similar to our expressive moti-

vation and is a sensible way to include the possibility of sincere voting in a model.

The result on the first-stage period is not necessarily Duvergerian, and a conclusion

from the author is that, for higher efficiency, electoral systems should favour elections

with two rounds instead of one. Razin (2003) also explores a model where informa-

tion in election results count more than solely determining its winner. Voters have an

”election” motivation—to influence the winner of the election—but also a ”signalling

motivation”. In his model, policy makers take into account the electoral results when

choosing their policy. This creates an incentive, compared to models where voters are

purely instrumental, to vote sincerely. The paper focuses on the efficiency of equilibria

under this conditions, which departs significantly from our focus, but it is interesting

to note another plausible justification for expressive voting.

10. CONCLUSIONS

We sum up the main results from our analysis in eight points:

(1) A voting equilibrium always exists;

(2) Three equilibria can occur: a sincere, an interior stable and an interior unstable

equilibria;

(3) There will be at least one stable equilibrium and at most two;

(4) A stable sincere equilibrium (involving no strategic voting) is possible;

(5) A stable interior equilibrium (involving partial strategic voting) is possible;
149



(6) A Duvergerian equilibrium (involving full-shift to one of the contenders) is not

possible;

(7) Regarding the comparative statics analysis, we observe that:

(a) More information leads to less strategic voting;

(b) A higher expressive effect lowers the level of strategic voting;

(c) The higher the prior support of the party who supporters vote strategically,

the higher the level of strategic voting;

(d) The higher the support of the incumbent party the lower the level of strate-

gic voting.

(8) As to the equilibrium selection problem, different arguments can be drawn

about the best prediction to have when more than one stable equilibrium is

possible. We highlight two of those. On the one hand, the sincere equilibrium

can be argued to be focal, given the nature of the voting game; on the other

hand, the interior stable equilibrium will, in general (as long as the asymmetry

towards party M is not too large), have a higher range of (prior) beliefs leading

towards it.

In conclusion, we can say that our model encapsulates a fairly commonsensical idea—

that people have a psychological cost of not voting for their preferred party—, and

provides a whole range of results that are in line with some commonly observed facts,

including the existence of non-Duvergerian equilibria, both involving outcomes with

sincere voting and with stable partial strategic voting. While the results from essay

1 largely support Duverger’s Law, in this essay we describe the possibility of a stable

non-Duvergerian equilibrium, which is due to the presence of an expressive motivation

in voters’ preferences. This means that even with single-ballot plurality rule elections
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it is possible to have a stable voting outcome where more than two candidates survive

the election. This is a major contribution of our work.

The fact that part of our results are not in line with some of the literature regarding

strategic voting adds to the understanding of the phenomenon of strategic voting. Our

theory constitutes an alternative theory of voting, where expressive benefits play an

important role in determining how to vote, along with instrumental motivations. It

can (and ideally should) also be seen, from a wider perspective, as complementary to

existing theories of voting, in the sense that it expands them, clarifying the implications

of a model with mixed motivations but only public uncertainty. A natural extension of

this work would be to use a model with mixed motivations while having both public

and private information, as in Myatt (2006).

The next essay explores one particular implication from our theory: that outcomes tend

to concentrate in two regions, with a gap in between where no outcomes are possible.

This means we have an expanded bi-modality scenario, different from Cox’s in its

nature but close to what he predicted it would happen when some hypotheses were

relaxed. In the fourth essay we use our model to bootstrap the strategic votes that may

have taken place in the UK 1997 General Election.
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“Under Duvergerian equilibria, the SF ratio will be near zero. Under 

non-duvergerian equilibria, the SF ratio will be near unity. Thus, if 

one were to compute the ratio for a number of districts and plot the 

resulting distribution, one should find a spike at zero and a spike at 

one.” Cox (1997) 

 

1. Introduction 

This essay argues for a bimodality hypothesis, following Cox (1994, 1997). Cox's 

"bimodality hypothesis" is well known in the literature and his theoretical prediction is that 

the ratio of the second to the first loser's vote total – the “SF ratio” – should be exactly zero 

or one. Cox’s model involves a plurality rule three-party competition where voters have 

purely instrumental motivations and there is no real uncertainty as the electorate gets large. 

A SF ratio equal to 0 is equivalent to a Duvergerian result, since the third candidate gathers 

no votes at all. In Cox’s model, the Duvergerian equilibrium is always possible, regardless 

of the initial support of each of the contenders: it only requires a common expectation that 

everyone will coordinate their votes in a certain contender for that to be a possible outcome. 

Our model has two critical differences to Cox’s: voters’ preferences have not only an 

instrumental component, but also an expressive one; and there is real uncertainty regarding 

the final outcome of the election even as the electorate gets large. Differently from Myatt 

(2006), we assume that all information is publicly known, in other words, we exclude 

private information from the model.  

The results from our analysis, building on the theoretical model proposed in the previous 

essay, suggest a bimodality hypothesis, but one that is less strict than Cox’s. Our hypothesis 

implies, less restrictively, that there will be a “no zone” area for the ratio of the electoral 
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results for the two contenders (“Rf” in our model – a variable we will introduce shortly), but 

this no zone area will not be the interval ]0.5,1[, but something strictly within it. The 

referred ratio (Rf) will be concentrated in two different regions – loser to 0.5 and to 1 –, and 

it is based on this that we talk about an “extended bimodality hypothesis”: though our ratio 

can take more than two values, those values are in some sense an “extension”, an 

“elongation” of the extreme values 0.5 and 1. 

In this essay we focus on the theoretical study of what this new bimodality result implies. In 

the next essay we will look at the 1997 UK General Election to see whether our theory could 

provide some explanation to what was observed. 

 

2. The Bimodality Hypothesis 

We illustrate Cox’s bimodality hypothesis in Figure 39 in page 151, but before addressing 

that we clarify some of the notation we will use throughout the essay. The subscript “i” 

refers to the “initial” or prior support of each candidate; the subscript “f” refers to the “final” 

or posterior support of each candidate. “A” refers to the observed leading contender; “B” 

refers to the observed trailing contender.  

Af is the result (in number of effective votes) of the observed first contender after votes are 

cast. 

Bf is the result (in number of effective votes) of the observed second contender after votes 

are cast. 

Ai is the support (counted as the number of potential votes) of the observed first contender 

before votes are cast. 
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Bi is the support (counted as the number of potential votes) of the observed second 

contender before votes are cast. 

From here we construct four ratios: the first two related to Cox’s terminology; the last two 

related to our terminology. 

SFf = Bf/Af 

SFi = Bi/Ai 

Rf = Af/(Af + Bf) 

Ri = Ai/(Ai + Bi) 

Cox’s SF ratio refers to the final situation, so, using the terminology just proposed, Cox’s SF 

ratio is equal to Bf/Af. It is important to note that the Cox’s analysis is focused on the final 

(or observed) results. This is not the case in our model, where it is vital to consider the 

expectations about the initial (or prior) support of each candidate.   

Figure 39 in the next page reads as follows. On the horizontal axis we have the SFi ratio 

(equal to Bi/Ai) and on the vertical axis the SFf ratio (equal to Bf/Af), which can both take 

values between 0 and 1. The black line – in this case only a dot, at point (1,1) – describes all 

the combinations that can sustain an equilibrium where everyone votes sincerely. The red 

line describes all combinations that allow for strategic voting to occur in equilibrium.  

Looking at Figure 39, we see that Bf/Af can take the value 0 for whatever Bi/Ai in [0,1], and 

can take the value 1 only when Bi/Ai = 1. Bi/Ai = 1 is a knife-edge case where both 

contenders have, initially, exactly the same support. Bf/Af = Bi/Ai means that there is no 

strategic voting, so everyone is voting sincerely. In other words, the 45o (dashed) line 
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represents all the outcomes where no strategic voting takes place. Therefore, within Cox’s 

model a sincere equilibrium is only possible for Bi/Ai = 1 and Bi/Ai = 0.  

 

Figure 39 – Cox’s hypothesis in the (SFi, SFf) axis 

Bi/Ai = 0 is, however, meaningless – this would mean that no one supported the third 

candidate in the first place, so we would be analysing a two-party competition. The 

meaningful equilibrium with sincere voting in Cox’s model happens when Bi/Ai = 1. As 

Cox himself suggests, this would be (in his model) a highly unstable knife-edge outcome. 

Such instability comes largely from the information structure of his model, as we have seen 

in Part I of this thesis123. 

The Duvergerian equilibrium occurs whenever Bf/Af = 0 and the sincere equilibrium 

happens when Bf/Af = 1. Cox’s bimodality hypothesis, strictly considered, says that the 

distribution of the SF ratio (in our terminology, the SFf ratio) will have only distribution 

mass at 0 and 1. More loosely speaking, it suggests that the distribution should show two 

clear peaks around 0 and 1 and very small values for other values.  

                                                           
123

 See pages 14-17. 
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Before looking on to whether Cox’s prediction seems to be sustained by the data or not, we 

illustrate his hypothesis in a way that is directly comparable to the one we adopt on our 

model. This requires two adjustments, a simple relabeling and a more substantive change.  

Starting with the relabeling, instead of focusing on the ratio SFj = Bj/Aj, for j = i, f, we will 

use the ratio Rj = Aj/(Aj + Bj). Rj represents the share of the first contender among the 

electorate that dislikes the incumbent at moment j. This is more useful than SFj for two 

reasons.  

First, it highlights an essential feature of these models of strategic voting: that the game 

being played between the dislikers of the incumbent is a qualified majority game, where one 

of the contenders wins the election if it obtains more than /(1 – ) of the votes cast by the 

incumbent’s dislikers, that is, if Rf = Af/(Af + Bf) > =/(1 – )124. By using Rf we can 

directly and intuitively compare it to , an essential parameter in our model. With SFf there 

would be no obvious value to compare to.  

Second, Ai and Bi will be related to a and b – the parameters of the Beta-distribution in our 

model125. Ri = Ai/(Ai + Bi) is related to the average of the Beta-distribution, a/(a+b), in a 

way that will become more obvious later on. 

With this relabeling in mind, we illustrate Cox’s hypothesis in Figure 40 in the next page, 

this time with Ri and Rf as the axes. Being aware of what underlies Rf and Ri makes it easy 

to see why we should read the diagram by first looking at the vertical axis. This is because 

both Af and Ai (whatever party underlies that labelling) refer to the contender with highest 

observed support – and that information comes from observing the final situation.  

                                                           
124

 See Myatt, D. and Fisher, S. (2002). 
125

 See pages 98-100. 
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Figure 40 reads as follows: Rf can take the value 1 for any value of Ri. These are the 

Duvergerian equilibria. The non-Duvergerian (in this case, a sincere equilibrium), is only 

possible for Rf = 0.5 = Ri126.  

 

Figure 40 – Cox’s hypothesis in the (Ri,Rf) axis 

We are left with the second and more substantive adjustment to Cox’s approach, in order to 

make it more comparable to what we will do in this essay. In Cox’s model there is no 

assumption about the direction of strategic voting. Strategic voting can occur towards the 

party with least support – in the “wrong direction” –, what we could call a “wrong switch”. 

As virtue of being a voting equilibrium, as long as voters expect that to happen, that may 

indeed happen. This allows for a ratio of Bf/Af = 1, in Figure 39, being originated by a ratio 

                                                           

126 Note that theoretically it is not possible to have Rf < 0.5.  

 



159 
 

of Bi/Ai < 0.5, in other words, for strategic voting to occur towards the party with least 

initial support. In Figure 40, likewise, we can see that a (posterior ratio) Rf = 1 can be 

originated by a prior ratio Ri < 0.5.  

In this essay we restrict strategic voting to occur towards the contender enjoying the highest 

prior support. Since, by construction, we must have that Rf > 0.5, ruling out “wrong 

switching” of votes implies that Ri > 0.5. This makes it impossible to have the observed first 

contender starting in disadvantage to the observed second contender.    

This can be seen as somewhat restrictive, particularly taking into account that there are 

reported cases of wrong switching127. However, these are residual and the simplification it 

brings is significant. Furthermore, such simplification is a requirement for the analysis we 

do in the next essay, and having both essays coherent in this matter is essential.  

Figure 41 in the next page illustrates Cox’s hypothesis with the restriction of ruling out 

wrong switching after our relabeling, using Ri and Rf as axes, with Ri in [0.5,1].  

Figure 42 in the next page summarizes the distribution of Rf in the 1997 UK General 

Election. The first impression we get from it is that a theory that argues for the existence of 

two peaks around 0.5 and 1 has little explanatory power regarding this particular election. 

Roughly speaking, the distribution seems to be uniform between 50% and 80%, with higher 

values between 80% and 90% and no values above 90%. The fact that no values close to 

100% are observed means that a full Duvergerian outcome did not take place in any of the 

constituencies. The distribution is clearly not bimodal, but single peaked. It is as if we had a 

truncated uniform distribution, where the values above 90% are concatenated between 80% 

and 90%. 

                                                           
127

 See Fisher (2001). 
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Figure 41 – Cox’s hypothesis ruling out “wrong switching” 

 

 

 

Figure 42 – Distribution of Rf in 1997 UK General Election 
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Cox’s hypothesis does not seem to be supported by this election’s data. There is a clear 

mode in the distribution and, yet, all other frequencies are more than just marginal “noise”. 

Cox is not too strict in presenting his theory – he does point out that frictions in the real 

world would make the observed values differ from the theoretical predictions. In his own 

words: 

Allowing for some frictions in the model – e.g., some noninstrumental voters, some 

disagreement about which candidates are trailing and which are front-running – the 

prediction is softened. The SF ratio should either be close to unity (when second 

losers are so close in the polls to first losers that they do not lose their support due to 

strategic voting) or close to zero (when second losers are sufficiently far behind first 

losers that strategic voting kicks in and they are reduced to their non-instrumental 

support level, which I assume to be close to zero for most candidates). The SF 

distribution, in other words, should be bimodal. Cox (1997) 

 

Our model provides some light to what may be behind a distribution that looks mostly 

uniform, but with a peak at very high values, though not immediately close to 1. To motivate 

the differences between ours and Cox’s model, imagine a situation where everyone believes 

that one of the two contenders enjoys a prior support of 60% of the electorate that may vote 

strategically. Could there be a sincere equilibrium? In Cox’s model, the answer is no. The 

fact that there is no real uncertainty in the model would only make it possible if voters had 

some non instrumental motivation, which they don’t.  

We argued in Part I of this thesis that having some real uncertainty is vital for any model. In 

that sense, the fact that we have both real uncertainty – albeit with public information, 

differently from Myatt (2007) – and expressiveness motivations really should count as one, 

since the former is imperative. 
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Our model formalises the two frictions mentioned by Cox in the above quote. The results we 

obtain are not just slightly different from his: they change the perspective from which you 

look at this problem. In a model with an expressive component, a sincere equilibrium is 

something that you can expect will occur, given the “attraction” that the sincere (expressive) 

vote has for the voters (which is, of course, not absolute). On the other hand, the 

Duvergerian outcome is not possible. 

The predictions of our model in terms of the values of the Rf ratio that can be observed 

depend on the values of the parameters. A value of 1 is never possible, since each party must 

always get some votes. A value on the 45o line, where Rf = Ri, is possible for many 

combinations and represents a sincere equilibrium. This is more likely the lower the degree 

of coordination needed to defeat the incumbent and the higher the level of expressiveness. 

The effect of the level of information available is more complex. A more detailed 

comparative statics analysis will be done in section 7. Next  we recap the main features of 

our model and explain the two types of equilibria it allows for. 

 

3. The Model 

A brief recap of the four critical variables in our model: they are λ, e/c, (a+b) and a/(a+b). λ 

stands for the support of the incumbent party (the Conservative Party, C); e/c is the ratio of 

the expressiveness benefit e over the altruistic-paternalistic concern for other voters c, as the 

electorate gets large; (a+b) reflects the level of information each voter (and the electorate, 

since all information is commonly known) has, and can be seen as a proxy for the size of an 
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opinion poll whose results would be publicly known; a/(a+b) indicates the degree of 

asymmetry in the (known) distribution of the (uncertain) prior support of the contenders128. 

We restrict our attention to the eligible constituencies – where the incumbent gets a share of 

votes between 1/3 and 1/2. We assume the prior support of the Conservative Party to be 

equal to its observed support, i.e., we exclude the possibility of strategic voting from its 

supporters and towards that party.  

In Table 13, we describe the correspondence of values of λ to the critical ratio λ / (1 – λ). 

The values of λ with highest frequencies in the 1997 UK General Election – 34%, 38%, 

41%, 45% and 48% – are values for which the ratio λ / (1 – λ) is approximately 50%, 60%, 

70%, 80%  and 90%. 

 

   Label    

   Very low  34%  52%  50%  

   Low  38%  61%  60%  

   Medium  41%  71%  70%  

   High  45%  82%  80%  

   Very high  48%  92%  90%  

Table 13 – Values for   

In terms of interpreting the values for (a+b), and given that they arise from a Beta-

distribution with parameters a and b, as explained in the previous essay, they refer to the size 

of hypothetical or real sample of people from whose stated opinions voters draw information 

about the whole electorate. Given that opinions in groups are not uncorrelated, samples 

                                                           
128

 In this essay their identity does not matter. In the next essay they are, since we look at the 1997 UK 

General Election, the Labour Party (L) and the Liberal Democratic Party (LD). 
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larger than 5, 10, 30 and 100 when opinions are correlated would be needed if we wanted to 

get a level of information corresponding to samples of sizes 5, 10, 30 and 100 of 

uncorrelated opinions. Regarding the sizes chosen, we can think of a size 5 as representing a 

level of information restricted to the closest relatives; a size of 10 could further include close 

friends; a size of 30 would allow for more acquaintances from work and other spheres; a size 

of 100 would be close to a larger scale opinion poll.  

The uncertainty of the underlying distribution of the two contenders, which critically 

differentiates our model from Cox's, is incorporated in the model via a and b, the parameters 

of the relevant Beta-distribution. The asymmetry of such distribution is summarised in 

a/(a+b). None of the voters can know for sure what the leading contender’s real underlying 

support, Ai, is. As uncertainty vanishes, namely through the sample size increasing, we 

know that Ri = Ai/(Ai+Bi) will approach a/(a+b). Both Ri and a/(a+b) will, by definition, be 

in the interval [0.5,1]. Since we exclude strategic voting towards the second contender, Rf > 

Ri.  

The ratio e/c reflects both an (input-driven, non instrumental) expressiveness concern from 

the voters, e, and an (output-driven, instrumental) altruistic-paternalistic concern for the 

results of the election on the whole electorate, c, which we introduced in the previous essay. 

As described in Table 14, the parameter e/c can take six values. For instance, if e/c = 0.5, the 

expressive benefit of voting in our favourite candidate is half the value of the instrumental-

altruistic concern for each member of the electorate if the less preferred candidate wins, as 

the electorate gets large. If e/c = 3, then the expressive benefit is three times larger than the 

instrumental-altruistic concern for other voters, and so on.  
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Figure 43 – Number of constituencies (Y) per value obtained by  

The Conservative Party (X) in the 1997 UK General Election 

 

 

   Label  (a + b)  

   Very low  5  

   Low  10  

   Medium-low  30  

   Medium-high  100  

Table 14 – Values for (a + b) 

We observed (but do not include here) that for values of e/c = 10 or e/c = 100 it would be 

almost impossible to obtain an interior equilibrium, even for favourable combinations of the 

other parameters. The expressiveness component would become comparatively so large that 
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no one would be inclined to vote strategically. Likewise, an e/c that is much lower than 0.01 

(for instance 0.001 or 0.0001) would never allow for a sincere voting equilibrium, so it 

would also be uninteresting for our model, in the sense that it would not provide sufficient 

differentiation to models or purely instrumental motivations. It would, in that case, 

essentially be a model of pure instrumental motivations with some noise, with no real 

challenge to the known results coming out of such models, therefore of little interest. We 

include a range of values that allows us to explore the implications of a theoretically richer 

framework where instrumental and expressiveness concerns have a role to play, described in 

Table 15 below. 

 

   Label  e / c  

   Very low  0.01  

   Low  0.1  

   Medium-low  0.5  

   Medium-high  1  

   High  2  

   Very high  3  

Table 15 – Values for e/c 

 

4. The two types of equilibria 

There are two types of equilibria in our model: a sincere equilibrium, where everyone votes 

for their preferred candidate, and an interior equilibrium, where some voters do not vote for 

their preferred candidate, choosing to vote strategically.  
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There is an equilibrium whenever there is a fixed point in the space (^,*)129.* represents 

the percentage of supporters of the trailing contender that vote sincerely. Thus, (1 – *) is 

the percentage of strategic voting amongst those supporters. ~ is the “incentive ratio” for 

the voters to vote strategically130. Whenever ~ > *, there will be some voters who would 

prefer to vote sincerely, making the percentage of sincere voters – in equilibrium reflected in 

* – higher. Analogously, when ~ < * some voters would prefer to vote strategically, 

making * go down. Only when ~ = * no one would wish to change their vote, and a 

voting equilibrium would exist. Recall that: 

~ = [e/c H(β∗) + f(αM)] / f(αL) 

^ = Min{β~,1} 

We use ^ to simplify the analysis, since * is in [0,1]. An equilibrium with only sincere 

voting is equivalent to * = 1. (In which case Rf = Ri). Strategic voting implies and is 

implied by * being lower than 1. For each combination of the four parameters in our model 

we have a situation that may allow for one or both of these equilibria. In the four diagrams 

below, we illustrate different possibilities that may arise within our model, with * 

represented in the X-axis and ^ in the Y-axis. 

In the case illustrated in the next page, in Figure 44, there is only one equilibrium, with 

sincere voting, given that the line B^ does not intercept the 45o line for any value of * that 

is below 1. Consider the case where * = 0.8. For that value, we see that ^ > *. This 

means that if 20% of the supporters of the third contender voted strategically, this would 

generate an incentive ratio higher than 80%. Thus, all the voters that (hypothetically) voted 

                                                           
129

 See Figure 33 in page 126. 
130

 Recall that ^ = Min{ ~,1}. 
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strategically and for which i < ^ would prefer to vote sincerely131. If they did, then B^ 

would still be above *, and the adjustment would only end at * = 1, a point where no 

strategic voting would occur.  

 

Figure 44 – Situation for = 38%, (a+b) = 5, e/c = 1, a/(a+b) = 70% 

In the second case, illustrated in Figure 45, the only interception between ^ and the 45o 

line occurs for a value lower than 1, so we have a unique interior equilibrium.  

A third case, illustrated in Figure 46, allows for three equilibria to take place: the sincere and 

interior stable equilibrium, plus an unstable interior equilibrium.  

 

 

                                                           
131

 Where i reflects the preference for the second favourite party (see A8, essay 1, page 5). 
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Figure 45 – Situation for = 41%, (a+b) = 5, e/c = 1, a/(a+b) = 70% 

 

Figure 46 – Situation for = 41%, (a+b) = 5, e/c = 1, a/(a+b) = 55% 
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In Figure 47 we illustrate the unlikely case where three interior equilibria are possible, two 

of them – the ones where the 45o line is intersected from below – being stable, a case which 

makes clear the quasi-concave but not necessarily concave shape of the ^ function, which 

is related to the quasi-convex shape of the Beta-distribution function.  

 

Figure 47 – Situation for, = 34%, (a+b) = 5, e/c = 0.01, a/(a+b) = 65% 

Note that the above exercise asks a forward-looking question: given a certain set of 

parameters, what outcomes – set of possible equilibria, ratio of the observed support for the 

two contenders – can be generated from them? A related, backward-looking question would 

consist in asking, for a certain outcome observed – again, the ratio of the observed support 

the two contenders got –, what equilibria could underlie it and what prior set of parameters 

could have originated such outcomes (ratio and equilibria).  
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That question motivates the next essay, when we calculate the observed results and try to 

guess what may have happened in terms of strategic voting. In this essay our concern is 

mostly forward-looking, however, both perspectives will come up later in this essay.   
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5. Our model versus Cox’s 

Diagrammatical illustrations are useful to visualise and understand the differences between 

our and Cox’s models. In Figure 48 below we illustrate the possible equilibria for a certain 

combination of the parameters in our model and for different values of Ri. The green line, , 

defines the level above which the leading contender would defeat the incumbent. The red 

line represents the interior equilibria. The black line depicts the sincere equilibria. The red 

dash line highlights the lowest value of Rf that allows for an interior equilibrium to occur. 

The black dash line highlights the value of Rf above which a sincere equilibrium is, in the 

margin, no longer possible (being again – and always – possible for higher values of Rf, 

closer to 1).  

 

Figure 48 – The electoral situation for  = 41%, (a + b) = 5 and e/c = 0.5 

The main feature of our model is highlighted in Figure 49, representing the same electoral 

situation: the distribution of Rf takes values in two intervals, close to 0.5 and close to 1, with 
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values of Rf in between the two intervals never being observed. The interior equilibria, 

along the red line, are not possible in Cox’s model. The sincere equilibria, along the black 

line, are possible for many values of Rf in our model, but only for the knife-edge case Rf = 1 

in Cox’s model. Compared to Cox’s strict prediction, where Rf can only take the values 0.5 

and 1, as in Figure 41, our model is more permissive, allowing for values close to 0.5 and 1.  

We see that whenever Ri is close to 1 the gap between the first and second contender is very 

large and voting sincerely is the only choice that can lead to a voting equilibrium. A 

strategic vote would, in this situation, be extremely unlikely to change something, so 

securing some utility by voting expressively is wiser. The higher the level of the incumbent, 

the more critical will a strategic vote be, so we expect the interval concerning the values of 

Ri that make sincere voting possible to shrink. This will be clearer in the comparative statics 

section.  

 

 

Figure 49 – Illustrating the “extended” bimodality hypothesis 
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Figure 49 also suggests that, if our model is correct, any combination of parameters will 

create a (different) “no zone” area, where no values of Rf should be observed. In which 

way? To answer that we must explore the connection between Ri and Rf in equilibrium.  

Recall that: 

Rf = Af / (Af + Bf) 

Ri = Ai / (Ai + Bi) 

Af = Ai + (1 – *) Bi 

Bf = * Bi 

From these we obtain the following expression for Rf: 

Rf = [Ai + ((1 – *) Bi] / [Ai + Bi] = Ri + [(1 – *) Bi / (Ai + Bi)] 

The above expression simplifies to: 

Rf = Ri + (1 – *) (1 - Ri) = 1 - * + * Ri  

This can be further simplified to two equations, one focusing how Rf changes with *, (for 

an implicit Ri); the second one focusing on how Rf changes with Ri (for an implicit *)132. 

They are: 

Rf = 1 + (Ri – 1) *  

                                                           
132

 The “implicit” coming from the fact that we’re depicting a relationship in equilibrium, and given the 

dependency of * on Ri. 
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Rf = (1 – *) + * Ri   

Strategic voting is related to the vertical distance between the red line and the 45o line, as 

illustrated in Figure 50, using green arrows. However, we can not simply say that when such 

vertical distance increases strategic voting increases. The vertical distance is equal to [Rf – 

Ri], where both are equilibrium values.  

 

Figure 50 – Strategic voting in (Ri, Rf) axes 

From the previous equation, we obtain [Rf – Ri] = 1 – * + * Ri – Ri, or:  

 [Rf – Ri] = (1 – *) (1 – Ri)  

As Ri decreases, (1 – Ri) increases, and so (Rf – Ri) will increase, as long as (1 – *) does 

not decrease too much. A better way to look at this is to note that: 

dRf / dRi = * 
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In Figures 49 and 50 we see that the slope increases very marginally as Ri goes up, 

indicating higher strategic voting when Ri is little, that is, when the advantage of the first 

contender is not too large. Such slope increases as Ri increases, suggesting that strategic 

voting decreases as the prior advantage of the first over the second contender decreases. This 

makes sense since the closer the two contenders are the higher the strategic voting would 

need to be to make it optimal not to vote sincerely.  

The comparative statics section makes it clear that, apart from a few exceptions, strategic 

voting decreases as Ri increases. Looking at Figure 45 in page 164, we can see that as Ri 

increases (which is to say, as a/(a+b) increases133), the incentive ratio function moves to the 

right. Such movement would continue until strategic voting decreases in the interior 

equilibria up the point where it becomes zero – making the sincere equilibrium the only 

possible outcome.  

What types of equilibria can we observe, and how do they depend on the levels of Ri and 

Rf? We answer this question in Figures 51 and 52, which give, respectively, a forward-

looking and a backward-looking perspective on the voting equilibria for the following 

parameter values:  = 41%, (a + b) = 5 and e/c = 1. 

The forward-looking perspective starts by focusing on Ri and asks, for each Ri, what type of 

equilibria can arise from it. This is the approach underlying Figures 44, 45, 46 and 47: there 

we plug in the values for the four parameters of our model and see whether an interior 

and/or a sincere equilibrium is/are possible; in Figures 51 and 52 we vary Ri – which is 

equivalent, in this exercise, to varying a/(a+b) while keeping the other three parameters 

fixed –, implicitly find what B* are possible, then plug them in the equation Rf = (1 – *) + 

* Ri  and plot the corresponding Rf. 

                                                           
133

 The relationship between Ri and a/(a+b) will be clearer in section 7 of this essay. 
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As we can see from Figure 51, for very low levels of Ri both types of equilibria are possible. 

For Ri close to one, only the sincere equilibrium is possible. For values in between, only the 

interior equilibrium is possible. We see that from a forward-looking perspective both 

equilibria are only simultaneously possible for Ri close to 0.5134. The intuition is that if both 

contenders have a prior support that does not differ too much, a sincere equilibrium is 

possible, but strategic voting can be sustainable too, if sufficient voters switch their votes 

(recall that strategic voting decreases – in proportion – as Ri increases, along the red line). 

The interior equilibrium remains possible until Ri is so high that only the sincere equilibrium 

can be part of an equilibrium, as the chance of making a difference, instrumentally speaking, 

is not enough to counter the expressive benefit immediately attainable by a sincere vote. 

 

Figure 51 – Equilibria from a forward-looking view [=41%,(a+b)=5,e/c=1] 

                                                           
134

 The figures chosen are – qualitatively speaking – representative of the dynamics of our model. A quick 
look at the comparative statics section, which shows 120 diagrams for different combinations of 
parameters, makes this clear. The differences in slope (for the interior equilibria curves) and in the range 
of values allowed for Rf changes, but the overall “portrait” is – apart from a few exceptions – the one we 
referred to in here. 
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Using a Excel simple program to confirm the existence of an equilibrium and to calculate, 

when it exists, the interior equilibrium for a certain combination of the parameters, we 

confirm that for a/(a+b) = 55% (which is to say, for Ri = 55%) in our diagram, both 

equilibria are possible, the interior equilibrium involving * = 46,3% and leading to Rf = 

80.6%. If a/(a+b) = 65%, only an interior equilibrium with * = 56.5% and Rf = 81.3% is 

possible. Note how Rf increases only marginally, despite Ri going up 10 percentage points.  

This is clear from the diagram and happens because the proportion of sincere voting goes up 

from 46.3% to 56.5%. So strategic voting decreases in a way that prevents Rf from taking 

more values – the reason why there is a “no zone” area in our diagrams. The reason for this 

is that when one contender’s prior advantage goes up the incentive to vote strategically goes 

down, and these opposite effects almost cancel each other in terms of Rf, restricting its 

possible values to a smaller interval. If a/(a+b) = 75%, then * = 69.7% and Rf = 82.6%. If 

a/(a+b) = 85%, the interior equilibrium is no longer possible. 

The backward-looking perspective involves asking, for a certain Rf, what pair or pairs (*, 

Ri) could have generated it, so we look for what types of equilibria may give rise to an 

observed Rf. This is the approach we will be using in the next essay to guess what could 

underlie the observed results in the 1997 UK General Election. 

From Figure 52, we see that a Rf close to 0.5 can only arise from a sincere voting pattern. 

Likewise for a Rf close to 1. For high values of Rf, sufficiently away from 1, Rf would arise 

from an interior equilibrium. Generally, only one equilibrium is possible from a backward-

looking perspective for any Rf, but some exceptions exist, as illustrated in Figure 53. A few 

more cases can be found by inspecting Figures 55 to 59.  
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Figure 52 – Equilibria from a backward-looking view [=41%,(a+b)=5,e/c = 1] 

 

Figure 53 – Equilibria from a backward-looking view [=34%,(a+b)=10,e/c=0.1] 
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6. Success of strategic voting 

A natural question to ask is whether and when is strategic voting successful, assuming voters 

are rational. In Figure 54 we highlight the two relevant areas that dictate whether 

coordination amongst the voters who dislike the incumbent was successful or not in 

defeating it. Recall that the green line represents =  / (1 – ), the qualified majority that 

one of the contenders needs to achieve in order to win the election. That happens when Rf > 

, otherwise the incumbent wins. 

 

Figure 54 – Winning and no winning zones for the leading contender 

In the case above whenever there is strategic voting in equilibrium the contender wins. 

When sincere voting occurs in equilibrium this may or may not be the case: it depends on 

the value of Ri. So is it true that it is always best to vote strategically, since this guarantees 

that the incumbent is defeated? The answer is no – mostly because the question is wrongly 

constructed. The unit of analysis in our model, as in most models of voting, is the individual. 
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When an individual voter decides, he only equates his individual costs and benefits of 

voting, instrumental and/or expressive; whatever may be relevant for him or her135. Looking 

at Figure 54 and seeing whether an equilibrium with strategic voting leads to the incumbent 

loosing the election involves doing something from a different perspective: the aggregate 

result of all the individual decisions being made. 

The rationality of the individual choice comes before that. Whenever both equilibria are 

possible outcomes – which requires Ri to be sufficiently close to 1 – each voter must choose 

whether to vote strategically or not. If the possible interior voting equilibrium involves a 

value of *, we know that voters who have an individual preference parameter i < * will 

in any case vote sincerely. For voters who have a higher instrumental utility regarding the 

victory of the second contender the option to vote strategically is not immediately 

dismissible.  

We can look at the utilities the voters obtain from an ex-ante and an ex-post point a view 

when both equilibria are possible (for sufficiently low Ri), where we restrict the ex-post 

point of view to be one where a voting equilibrium takes place. Ex-post, we know that a 

sincere equilibrium, in the case where two equilibria are possible, is not successful in terms 

of defeating the incumbent, so the ex-post utility is equal to e, while the ex-ante utility is e + 

c.Pr(B,.), where e reflects the expressiveness benefit, c the altruistic-paternalistic concern, i 

is the individual preference parameter and Pr(B,.) is the probability of a pivotal event 

involving the trailing candidate (labelled as “B”, by definition) and the incumbent.  

The ex-post utility of voting strategically, given that an equilibrium with strategic voting 

must lead to the incumbent being defeated, is c.i, while the ex-ante utility is c.i.Pr(A,.), 

                                                           
135

 In our case they include an altruistic-paternalistic concern – c – but they still decide as individuals, not 
as groups or teams, as, according (for instance) to Michal Bacharach – see Bacharach (2006) – may be 
relevant in some social situations. 
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where i is the individual preference parameter and Pr(A,.) is the probability of a pivotal 

event involving the leading contender and the incumbent. 

The rationality of a vote is exclusively related to the optimality of voting that way from an 

ex-ante perspective. The voter needs to assess the expected utility of each vote and decide 

accordingly, as we explained in the previous essay. The condition for a sincere vote to be 

optimal is: 

e + c Pr(B,.) > c i Pr(A,.) 

This simplifies to: 

e > c [i Pr(A,.) – Pr(B,.)]  

A sincere vote, from an ex-post perspective (and, again, in the particular case where both 

equilibria are possible), is better than a strategic vote when: 

e > c i 

We can rearrange the expression regarding the ex-ante utility as: 

e > c i + c {i [Pr(A,.) – 1 ] – Pr(B,.)]}  

Since Pr(A,.) is lower than 1 and Pr(B,.) can not be negative, the expression between 

brackets must be positive, as is c. So, whenever a sincere vote is better than a strategic vote 

from an ex-post point of view, it is also better from an ex-ante point of view (which 

intuitively makes sense), but not the other way around. It is possible that a sincere vote is 

more attractive from an ex-ante perspective even if ex-post that is not the case.  
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One key thing to keep in mind is that we are not and we can not say that strategic voting is 

better because it always leads to a victory – it only leads to a victory when it happens in 

equilibrium, and for it to happen there are a lot of conditions that must be met. The 

rationality of each voter’s choice must be checked ex-ante. Another essential thing not to be 

forgotten is that uncertainty is only solved in the end – Ri is not known until after everyone 

voted.  

In Figure 55 below we illustrate a rare example where strategic voting in equilibrium may or 

may not involve a defeat of the incumbent, depending on the value of Ri. Since, as we just 

said, Ri is uncertain, so is the defeat of the incumbent when a strategic voting is the outcome 

of the election. The fact that Ri is uncertain means that ex-ante voters do not know where 

they are in that diagram.  

 

Figure 55 – Electoral situation for  = 45%, (a+b) = 5, e/c = 2 

In Figure 55, if some of the voters vote strategically, resulting in an equilibrium with partial 

strategic voting, they are not sure that the incumbent is defeated – in any case the rationality 
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of their vote is assessed before this is known. In Figure 54, differently, they do know that if 

a strategic voting is the outcome the incumbent does not win the election.  

All voters know , e/c and (a+b). Voters also know a/(a+b) – in other words, they know a 

and b –, that determines the shape and asymmetry of the distribution of , which gives the 

proportion of the leading contender’s supporters amongst those who dislike the incumbent. 

This is, of course, Ri. Ri is restricted to values between 0.5 and 1 but this does not influence 

the Beta-distribution, which can take any value between 0 and 1. If we label the parties as – 

say – L and M – as in the previous essay –, and assume strategic voting occurs towards party 

L, we know that the proportion of L supporters can vary between 0 and 1. It’s only after that 

that we decide that we will only focus our attention in the case where there is no “wrong” 

switching, that is, in the case where L is the candidate with highest prior support. This is not 

the same as truncating or conditioning the initial distribution by imposing that  > 0.5.  

Simply, we are only looking at the cases where that happens, without imposing that such is 

always the case.  

So, even though a/(a+b) is the best estimate for Ri, Ri can take many more values. When we 

use a/(a+b) as a proxy for Ri, as we did before, it is because we need a value for Ri to 

include in a formula and a/(a+b) is the best choice. But note that Ri is not known for sure 

until all votes are counted. It is already determined, of course, but it is unknown. It is not 

that the proportion of “true supporters” of each of the contenders may change; it’s just that it 

is not known with complete certainty – only its distribution is known, even if the draw has 

already taken place.  

What we can say, regarding the interior equilibrium – in a situation like that illustrated in 

Figure 54, which is representative of almost all cases –, is that if it did happen in 

equilibrium, the incumbent must have been defeated. It is a conclusion conditional on 
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having fulfilled the equilibrium conditions, and not a recommendation for individual voters 

– or a group of them – to vote strategically in order to achieve such outcome. 

Our approach, which focuses on studying the possible outcomes for a particular voting is 

common in the theory of voting and theory of games, prioritising the description of the 

possible outcomes over the evaluation of how they may arise – in the “real world”136.  

 

7. Comparative statics 

In essay 2 we looked at how strategic voting – summarised in B* – changes as the 

parameters in the model change. In this essay we look at how Rf changes – or, perhaps 

better, how Rf (Ri) changes in equilibrium – when the parameters change.  

In our model the bimodality hypothesis is tantamount to saying that some values of Rf will 

never be possible – corresponding to the “no zone” area introduced in Figure 49. The sets of 

such (impossible) values vary according to the parameters we start with, which makes a 

comparative statics analysis interesting. One of our focuses will be looking at how the 

boundaries of this no zone change as the parameters change. 

We arrange all the information in five different tables, each corresponding to the five 

different values of  we highlight: 34%, 38%, 41%, 45% and 48%. In each table there are 

                                                           

136 Though an interesting topic, it is beyond the scope of this thesis. The interested reader is referred to 

the work, amongst others, of Thomas Schelling, Michael Bacharach and Robert Sugden in stressing the 
importance of context, tradition, social conventions, framing, team-reasoning, bounded rationality and 
other aspects that challenge the framework of “classical” game theory, namely its assumptions of 
methodological individualism, unbounded rationality and context -independence (or “–irrelevance”).  
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four rows and six columns, resulting in 24 entries per table. The rows indicate the level of 

information – (a+b) takes the values 5, 10, 30 and 100 – and the columns give us the 

expressiveness concern – e/c varying from 0.01 to 0.1, 0.5, 1, 2 and 3. Overall there are, 

therefore, 120 individual diagrams presented in five tables.  

Some comments are valid for all the 120 individual diagrams. First, whenever Ri = 0.5, we 

confirm that a sincere equilibrium is always possible137. In some cases, an interior 

equilibrium will be possible too. We also know that if, for a certain combination of 

parameters, an interior equilibrium is possible for some Ri*, it will also be possible for all Ri 

< Ri*, in turn implying that it is possible for Ri = 0.5, the symmetric case. Recalling the 

equation Rf = (1 – *) + * Ri  = 1 - * (1- Ri), we see that, for any given Ri, the higher the 

proportion of strategic voting (the lower the *), the higher Rf is, generating a gap between 

the interior equilibrium line and the 45o line, implying that some values of Rf will not be 

possible. 

When Ri is close to 1 a sincere equilibrium will be the only possible equilibrium. The reason 

for this is that the support of the trailing contender is so low that a few strategic votes would 

not be sufficient to critically change the relevant likelihoods of having a pivotal event. Given 

the expressiveness concern, it would be better to stick with voting sincerely. As Ri goes 

down, the support of the trailing contender becomes more relevant and strategic voting can 

make a bigger difference, so an interior equilibrium eventually becomes possible. In many 

cases, further to the symmetric case Ri = 0.5, a sincere equilibrium will also be possible for 

values of Ri close to 0.5.  

In short, sincere equilibria can occur for values of Ri in [o.5,x] and in [y,1], with y > x, (y < 

1 and x ≥ 0.5). Since in a sincere equilibrium Ri = Rf, the same intervals apply to Rf. How x 
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 A result derived in essay 2 (see page  118). 
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and y change with the parameters will be analysed later in this section. If x = y, the sincere 

equilibrium is possible for all values of Ri and in general no interior equilibrium exists, but 

there are a few exceptions to this, when both equilibria are possible for the same Ri. If x ≠ y, 

a sincere equilibrium is not possible in ]x,y[, implying that an interior equilibrium must exist 

in that interval, which in turn makes it also possible for all values of Ri in [0.5,x] – and, 

therefore, overall in the interval [0.5,y]. As for Rf, in all sincere equilibria Rf = Ri, so the 

range of values for which it is possible follows Ri. In any interior equilibrium Rf > Ri, so Rf 

will never be equal 0.5. In general there is continuity at Ri = y, implying that Rf = y for the 

interior equilibrium (and for the sincere equilibrium, by definition). Again, there are a few 

exceptions to this138.  

In Table 16 we collect the diagrams for  = 34%, the case where the need to coordinate is 

the lowest possible in our game, given the restriction that  > 1/3139. The lower need of 

coordination to defeat the incumbent intuitively makes us suspect that the sincere equilibria 

will be possible for a wider range of values of Ri than it happens with higher values of , 

which we confirm by comparing this table to the remaining four.    

For (a+b) = 5, the sincere equilibrium is the unique outcome for e/c in {0.5, 1, 2, 3}. If e/c = 

0.1, we can have some interior equilibria. Note that a red line close to the 45o implies very 

little strategic voting taking place. For e/c = 0.1, we see that, from a backward-looking 

perspective, it is possible that one outcome may have originated from two different interior 

equilibria, since an horizontal line would cross the red line twice for some observed values 

of Rf. This is a very exceptional case, clearly influenced by the fact that  is so low.  
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 See the case where = 38%, (a+b) = 10 and e/c = 2 in Table 18 (page 187). 
139

 Approximated to the percentage unit. 
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 Table 16 –  = 34% 
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When e/c = 0.01, a sincere equilibrium is only possible for very high levels of Ri. In this 

case, the degree of expressiveness is so low that only a very comfortable advantage in terms 

of prior support from one of the contenders can allow for sincere voting to take place. Note 

how low the green line is in this diagram: it is very easy for the leading contender to win this 

election. 

If we look at the column e/c = 0.01, we see that as information gets larger, and for values of 

Ri close to 1, a sincere equilibrium is possible for a wider range of values of Ri. This makes 

sense: for a certain high value of Ri – implying that the third contender has a low chance of 

winning –, more information means that the voters are more certain that the leading 

contender has a clear advantage over the trailing contender and therefore a sincere 

equilibrium can be more easily supported.   

If the information is low, then the voter is not so sure that the leading contender is a 

convincing winner. Compared to a situation where information is higher, a voter reaps the 

same benefit from voting sincerely, but a strategic vote becomes more appealing, since there 

is a higher chance that such vote would be pivotal. In the previous essay we saw that as the 

information increases, the function ^ (*) becomes steeper, making a sincere equilibrium 

more likely140. Less information means that such function is more “spread out”, making the 

sincere equilibrium more difficult to occur. This intuition applies to all columns in the 

diagrams. 

Reading the rows, we see that as e/c increases the sincere equilibrium can occur for a higher 

range of values of Ri. This is expected, since the stronger the benefits of a single sincere 

vote – all else constant – the more likely each voter is to vote sincerely, and thus the higher 
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 See Figure 36 (page 133). 
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is the range of values leading to such type of equilibrium. This also applies to the four tables 

to come.  

Some other aspects we will want to look at are the range of values of Ri close to 0.5 for 

which a sincere equilibrium is possible; the range of values of Rf for which there is no 

equilibrium; the range of values of Rf for which there is an interior equilibrium. In other 

words, we will be interested in knowing how the intervals in Figures 51 and 52 are affected 

by the variables of our model. 

For  = 38%, and comparing to  = 34%, the sincere equilibrium is the unique equilibrium 

for a much lower number of situations: only for e/c = 3 and (a+b) =5 or (a+b) = 10 and for 

e/c = 2 and (a+b) = 5 is that the case. The green line goes up considerably and the range of 

situations where the incumbent is defeated decreases, as we would expect.  

For any of the 24 diagrams in Table 17, and comparing to each equivalent diagram in Table 

16, the interior equilibrium is possible for a larger range of values of Ri and, for each value 

of Ri, it implies a higher value of Rf, comprising, in other words, a higher level of strategic 

voting (a lower * for each Ri). Again, this is expected, particularly if we take into account 

the comparative statics analysis from the previous essay.  

All else constant, an increase in  implies that, whenever there is an interior equilibrium, the 

level of strategic voting is higher. This is necessary to hold it optimal to vote strategically in 

equilibrium. If strategic voting hadn’t change, for an equal , the relevant ratio would make 

it more attractive to vote sincerely. Only by having a higher percentage of supporters of the 

trailing contender voting strategically can this ratio change in the direction of equilibrium – 

“compensating” for what changes when  increases. 
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Table 17 –  = 38% 
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The fact that an interior equilibrium is possible for a higher range of values of Ri is also 

related to this. Consider a high “turning value” of Ri for  = 34%, where an interior 

equilibrium stops being possible, where the sincere equilibrium becomes the unique optimal 

choice (the right end of the red line in any of the individual diagrams in Table 17). If  

increases, all else constant, the sincere equilibrium is not possible anymore, as marginally 

the trade-off between voting sincerely and strategically shifts towards voting strategically. 

So the red line extends to higher values of Ri.  

This effect is, as we would expect, valid for higher values of , as we can observe from 

Tables 18, 19 and 20 in the following pages. As  increases, in each analogous diagram the 

red line expands upwards and to the right.  

An implication of this, along with what we mentioned about the role of information, is that 

for higher values of  and low levels of information, only the interior equilibrium is possible 

for any values of Ri apart from Ri = 50%, when a sincere voting pattern can always be 

optimal. In terms of empirical implications, the suggestion is that wherever the incumbent 

enjoys a great support and the level of information is low, any misbalance between the 

support of the two contenders will lead to a pattern of strategic voting – and one where the 

share of supporters voting strategically is higher the larger is the advantage of the incumbent 

candidate. 

We also observe that, for each , the range of values of Ri in the interval [o.5,x] that allow a 

sincere equilibrium to take place increases as e/c goes up and, all else constant, it increases 

as  increases. Combined with the previous comment on the effect on the interior voting 

line, this implies that the “no zone” shifts upwards. The effect on the range of values that are 

not observable for Rf varies with the parameters, but both boundaries of its interval go up. 
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Table 18 –  = 41% 
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Table 19 –  = 45% 
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Table 20 –  = 48% 
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The effect on the range of values of this “no zone” is diverse. Consider the diagram at the 

low left-hand corner, for values of (a + b) = 100 and e/c = 0.01. As  increases from 34% to 

38% and to 41%, the increase in x is, respectively, null and very marginal, while the increase 

in the lowest bound of the red line – the value of Rf that we obtain from the equation Rf = 1 

- * (1- Ri) by considering Ri = 0.5 and * the value of the interior equilibrium when Ri = 

0.5 – is substantial, making the overall gap increase. When  increases from 41% to 45% 

and 48%, on the contrary, the increase in x is clearly larger than the increase in the lowest 

bound of the red line, leading to a decrease in the gap.  

For other rows, we generally observe that an increase in  from 41% to 45% to 48% leads to 

a decrease in this gap, which does not happen for lower values of . The logic behind it is 

that values of  that are high and very high (i.e., 45% and 48%) make the trade-off between 

a strategic vote and an instrumental vote lead towards the sincere vote. Even though what 

matters is the relative probability of casting a pivotal vote, and not the absolute probability, a 

much higher , in a model where there is a fixed benefit for voting sincerely – e – makes it 

more appealing to vote sincerely. 

Related to this is the fact that the red line becomes flatter as  increases. We have seen that 

the derivate of this curve is *, which has two implications. First, as  increases, and all else 

constant, an interior equilibrium will involve higher levels of strategic voting; second, the 

share of supporters of the second candidate voting strategically will be not just higher for 

each level of Ri, but also have less variance. 

Finally, all else constant, a higher  implies that all levels of Ri that allowed for an interior 

equilibrium – labelled here as Ii – will still allow it. In other words, the interval [0.5,Ii] – 

representing the values of Ri which allow for an interior equilibrium, for a value of i – 

expands with i (i.e., Ii is strictly increasing with i). 
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8. Implications for policy making 

The issue of multiplicity of equilibria and equilibrium selection is a vast topic and we 

comment on it only briefly here. As mentioned in the first essay of this thesis, “focal 

arbiters”, in the words of Myerson and Weber (1993) can play an important role in the 

selection of one voting equilibrium, by influencing voter’s choices via providing a strong 

and credible prediction141 about what the outcome may be142.  

Simon (1954) also proposes a simple yet powerful idea: that opinion polls – and, more 

generally, any source of information that is used to build expectations about an equilibrium 

of a game – can greatly influence the outcome of an election. His focus is on how 

bandwagon and underdog effects can affect the outcome of an election, but the main 

intuition behind it is helpful for many analyses of equilibrium selection problems in political 

science contexts.  

The fact that there are multiple equilibria in may cases within our model creates room for 

campaigning in the real world. We find multiplicity of equilibria particularly for values of Ri 

close to 0.5, when both contenders are not far from each other in terms of prior support. This 

in line with common intuition: campaigning makes sense when there is no clear front-runner 

amongst the two contenders, since in such situation strategic voting becomes essential to 

defeat the incumbent. Thus, generating “momentum” towards one candidate is essential. As 

this effect – if successful – feeds on itself, clear and well timed investment can make all the 

difference. Contributing to the rationality of such campaigning is the fact that – within our 
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 Or they wouldn’t be “focal arbiters”. 
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 See pages 40-42 in essay 1. 
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model – whenever coordination is successful and a voting equilibrium results from it, the 

incumbent candidate will almost always be defeated143.   

Apart from a case where is very small, an equilibrium with sincere voting will almost 

always lead to a defeat of the leading contender, unless Ri is high. But when Ri is high the 

equilibrium is unique, and in such case campaigning would not be needed. However, Ri is 

uncertain! We do not know whether Ri is high or low with certainty. Opinion polls and other 

sources of information can be gathered and used to influence voter’s perceptions of the 

underlying hard core support of each of the candidates.  

Whenever Ri is believed to be sufficiently high (and even the pollsters do not know the true 

Ri – that is to say, the draw of , but they are more likely to have a more reliable guess 

than the average citizen), most efforts should probably be concentrated on informing voters 

of that, as the interior equilibrium would not be possible. However, such equilibrium can 

occur as Ri goes down, and depending on the level of uncertainty, different policies can be 

developed to maximise voting shares for some party, given the different scenarios involving 

Ri, the best strategy for each scenario, its benefits and costs and, importantly, the coherence 

of the message sent to an electorate144.  

In any case, whenever there is an effort to incentivize strategic voting resources should be 

focused on the voters that value highly the party they may be voting strategically for – which 

is not surprising. In a voting equilibrium with partial strategic voting there will be voters 

voting sincerely, and they are not a random selection from the supporters of the second 
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 We can not guarantee, of course, that campaigning will generate a voting equilibrium as we 
characterise it. 
144

 It would be unconceivable that a campaign would give “contingent” information to the voters, as if 
the point was to convey statistical information to them. Any message delivered would need to result 
from, among other things, equating the possibilities of different Ri, but in the end come up with a clear, 
straightforward message. 
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contender, but those who have lower instrumental utility if the winner is their second 

preferred candidate, in their case the leading contender145. 

Any policy that aims to influence voter’s choices, and assuming voter’s rationality, must be 

targeted at the right level, electorally speaking. In our model, given the plurality rule at a 

constituency level and the instrumental motivation of the voters, it would be important to 

campaign at a constituency level, choosing, in a country wide perspective, to invest 

according to the expected gains from each constituency. Because voters in our model are not 

purely instrumentally motivated, there would also be scope for campaigning at a broad level, 

aiming to influence the way they weigh their identification with their favourite party.  

 

9. The bimodality hypothesis in the electoral simplex 

Table 20 illustrates the main implication of our extended bimodality hypothesis in an 

electoral simplex. Considering the percentages obtained by the three candidates – the 

incumbent obtaining , the leading contender Af and the trailing contender Bf –, we draw 

the limit curves of the “no zone” area in Figure 49. The curves will change as e/c and/or 

(a+b) change. For each combination of these two parameters, the curved lines will be in any 

case upward sloping, reflecting the fact that, as  increases, the lower and upper limits of 

that “no zone” interval will also increase.  

The horizontal lines in the simplex remind us that  must be in [1/3, 1/2]. One way to read 

the simplex is to draw an horizontal line between those two limiting lines (not drawn in 

Figure 56). Such line would cross the limits of the no zone area, giving us the values of Af – 

and, implicitly Rf – that would not possible for each . By moving such horizontal curve up 
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 Described by the individual parameter Bi. 
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and down,  will be changing, respectively, down and up, getting the same type of 

information for each of them. 

The left hand-side of the simplex is not a replication of the right-hand side simply because 

we use Af and Bf, instead of labelling the parties by their names, in the horizontal axis of the 

simplex. Since Af reflects the result for the leading contender, regardless of its identity, no 

result where Bf > Af is admissible. A simplex with the percentages for each of the parties, 

where their identities would matter, would be symmetric in terms of “no zone” area, given 

the irrelevance of the labelling in such case. 

 

 

Figure 56 – Bimodality hypothesis in the electoral simplex 

The role of a/(a+b) is peculiar in this simplex. Here there is no need to use a/(a+b) as a 

proxy for Ri. Rather, a/(a+b), since it determines the shape and asymmetry of the Beta-
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distribution, will determine the relative likelihood of Af (and Bf), which does not depend on 

the value of . The change in (a+b) will have the effect that we already mentioned in the 

comparative statics section: it will make the no zone shrink. This will be a parametric 

variation of the simplex here used. 

A simple way to have a feeling on whether our theory seems to provide a good explanation 

to what we observe in reality would be to see whether the actual mapping of the results in 

such a simplex suggests that there may be a “no zone” area. Of course such inspection 

would have the implication of taking e/c and (a+b) to be identical in all constituencies, 

which may seem somewhat strong. However, there is no particular reason to think – 

particularly without seeming arbitrary – that it should be differently.   

The reason why this was not done will be clearer in the next essay. It basically has to do 

with the first results we obtained from our simulations, which suggested a somewhat poor fit 

for the model for different parameters, as well as a considerably disparity in the no zone area 

depending on the values of the parameters adopted. This altogether made it more sensible to 

us to investigate the issue through a numerical and exhaustive case by case approach.     

 

10.  Conclusions 

It is interesting to compare the results from this model with those obtain in the second model 

studied in Part I of this thesis, which can be summarized as follows146. There are four 

parties, two of which – the “extreme” parties – have a fixed support. The two “centre” 

parties can enjoy strategic voting from their supporters. Given the fixed support of the two 

extremist parties – and the fact that there is common knowledge about that –, the model is, 
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 See page 66 for the conclusions on Model II of essay 1. 
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in fact, one of three-party competition, where the supporters of the centre parties try to 

defeat the leading extremist party. (We keep in mind the de facto three-party competition in 

the comments to come.) 

In that model, it is possible to observe an outcome where all voters vote sincerely. More 

specifically, if the extremist party does not have a chance of winning the election (requiring 

that its support is lower than half the combined prior support of the centre parties), such 

equilibrium is always possible and stable. However, in the more interesting case when that 

extremist party does have a chance of winning the election (requiring that its support is 

higher than half the combined prior support of the centre parties), that sincere equilibrium is 

only possible if the density function f() is symmetric and, moreover, it is never stable. 

In contrast with that model, where voters only have instrumental motivations, the model 

studied in this and in the previous essay, including instrumental and expressive motivations, 

makes it possible to have a stable sincere equilibrium when the incumbent can win the 

election147. A sincere equilibrium is stable when the incentive ratio function as a slope 

higher than 1 at the point * = 1. When this is not the case, an interior stable equilibrium 

will always exist.  

In short, including an expressiveness benefit in the model expands the cases where a sincere 

equilibrium can be stable. Given that the model used in essay 1 is purely instrumental, it is 

not surprising that a stable sincere equilibrium is not possible: any deviation from the knife-

edge equilibrium makes it worthwhile for everyone else to change their votes. In contrast, 

the model in essays 2 and 3, by introducing an expressive benefit, brings some “cushion” to 

the sincere equilibrium: it is no longer necessarily a knife-edge case, it can be supported by a 

wide range of values. On top of that, it can be a stable equilibrium. 
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 See pages 138-141.  
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An equilibrium with partial strategic voting is possible in Model II of essay 1 but it is never 

stable148. That is not the case in the model studied in essays 2 and 3. Here, an interior stable 

equilibrium is possible and, whenever the interior equilibrium is unique or there are at least 

two interior equilibria, we can be sure that at least one of them will be stable.  

In essay 1, page 68, we wrote that the conclusions from the model used in that essay 

suggested that Myatt’s model – by including private information – seemed necessary to 

achieve a stable interior equilibrium within a framework of purely instrumentally motivated 

voters. We can now say that one other way to achieve that kind of result, while still 

excluding private information, is to allow voters to derive utility directly from the way they 

vote, regardless of the (expected) outcome of the election. This means that Myatt’s inclusion 

of private information is a sufficient “add-on” to allow a stable interior equilibrium within a 

framework of purely instrumentally motivated voters, but another sufficient “add-on” is the 

one we propose: the inclusion of an element of expressiveness in voters’ preferences. 

In short, the model that underlies the classical Duvergerian prediction can be extended in 

two ways to achieve an outcome that defies it, within the appropriate framework of a system 

where three parties compete. One such way is including private information (Myatt’s); 

another way is to expand on voters’ preferences, from purely instrumental to mixed 

preferences, where an element of expressiveness exists. Naturally, other ways to extend the 

basic model and achieve a stable non Duvergerian equilibrium may exist. 

 

  

                                                           
148

 See Table 11 in page 86 for a summary of results for the three models in essay 1. 
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1. Introduction 

Based on the theoretical model described in essays 2 and 3 of this thesis, in this last essay 

we propose to do a simulation exercise for the UK 1997 General Election. This exercise is 

both valuable in itself and also a way of informally testing our theory – getting a feeling of 

whether what comes out from matching the data with the predictions from our theory seems 

to support it or not. 

The simulation exercise we do consists basically in finding, from the observed results each 

of the three parties obtained, and according to our assumptions, what could have been their 

initial or prior support, i.e., the percentage of voters who rank them first in their preferences 

(which we assume remains stable during the electoral act). The difference between the two, 

if any, would be due to strategic voting, which we wish to estimate.  

The main reason to adopt this approach, as opposed to, say, testing directly the comparative 

statics of the model is that we were interested not only in testing our model but in obtaining 

clear figures for the overall level of strategic voting for different combinations of the 

parameters in our model.   

The strategic votes are calculated at a constituency level and then added up together. Fisher 

(2004) gives an estimate for the overall level of strategic voting amongst the risk population 

of 24.4%. The estimate at which Fisher arrived had not restricted strategic voting to the 

constituencies in which the Conservatives obtained between one third and a half of the 

votes, it also included strategic voting to and from the conservatives.  The concept of risk 

population is clear from the quote below, taken from Fisher (2004): 

Despite the problem of an imperfect definition, the concept and use of a risk population 

is still important. The definition here is a pragmatic one and does not commit us to the 

claim that those tactical voters outside the risk population cannot be consistent 
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Duvergerian tactical voters. The important point about the risk population is that it 

enables the analyst to compare the decision to vote tactically among people that could 

reasonably have voted tactically and only those people. The risk population here 

includes most of the voters who could reasonably have vote tactically and relatively few 

for whom it would be unreasonable to vote tactically. (page 6) 

One of the main goals in this exercise is to estimate a percentage of strategic voting over the 

relevant population that is comparable to Fisher’s. By choosing different combinations of 

our parameters, we will obtain 24 comparable statistics. 

In our model, the “risk population” in each constituency consists of the supporters of the 

trailing contender in that constituency. Since the trailing contender may have a different 

identify in different constituencies, we need to add up the data at a constituency level to 

achieve an overall comparable result. By comparing those estimates to Fisher’s we can get a 

sense of what values (or combinations of values, to be more precise) seem to me more 

realistic – if our theory is to be a reasonable representation of reality149. Despite this, it is not 

our intention to try to “perfectly” calibrate our model to achieve the aforementioned figure.  

We observe, as expected, that the overall estimated level of strategic voting changes 

considerably with the parameters included in our model, in line with the theoretical 

predictions from the previous essay. Our choice of presenting summary statistics over a 

number of simulations in this essay, rather than, say, taking the values of those parameters 

that lead to the highest proportion of equilibrium prediction and an overall level of tactical 

voting that is reasonably close to the survey estimate is taken due to poor fit. This will be 

more clear later on. 
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 If in the end, we conclude it is not, then having compared our results to a reliable estimate is 
inherently flawed, but assessing that reliability one step is to do such comparison, which requires 
assuming the model acceptably explains the referred election.   
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Another result we are interested in is the “efficacy” of strategic voting. Strategic voting is 

effective, in our interpretation, when it is critical in determining the winner of the election, 

i.e., when the winner swings from the incumbent to one of the contenders. Myatt (2006) 

provides some estimates for the number of constituencies that, according to his model, may 

have changed hands due to strategic voting. We perform a similar exercise.  

Finally, we are also interested in seeing how the mix of sincere and interior equilibria 

changes as the parameters change, since one of the interesting features of our model, in 

contrast with others, such as Myatt (2006), which only allows for equilibria with partial 

strategic voting, is that it can accommodate both a sincere and an interior equilibrium in 

different scenarios.  

One of the main implications of our theory, thoroughly explored in the previous essay, is 

that a range of values for Rf is not possible. The range of values depends on the parameters 

of the model, as we have seen in the comparative statics analysis in the last essay150, but that 

is a general feature of our theory. The implication for the empirical work we do in this essay 

is that we should not observe certain values of Rf in the data. Whenever we do values of Rf 

in the no zone area we will not be able to find any equilibria for them. The simulation 

exercise we propose to do will be impossible, by construction. Such cases will be referred to 

as “missing constituencies”, given that they are not and they can not be captured by our 

model. 

Any missing constituency is a challenge to our theory. Why do we find that we don’t find 

any equilibrium for some constituencies? It may be that some or all voters in that particular 

missing constituency do not have an expressive benefit as high as we assume; or that they 

have private information, instead of or complementing the public information; or that the 
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parameters are not the same across the whole country; or that voters perhaps are not 

optimising, even if their preferences and information are in line with our model; or that a 

voting equilibrium does not occur because expectations are not met. There are several 

individual reasons why we could be observing some missing constituencies.  Naturally, such 

could also arise from a combination of any of them. 

The interest of the calibration exercise lies considerably in testing a model that fills a gap in 

the strategic voting literature. In that perspective, whatever results come out of it – 

supportive or less supportive –, they bring light to the understanding of the phenomenon of 

strategic voting.  

 

2. The simulation – theory 

Out of 529 constituencies, we focus on the 270 constituencies where the percentage result 

obtained by the Conservative Party, labelled as , was between 1/3 and 1/2. Following the 

previous essay, the percentage of votes obtained by the party with highest votes between the 

Labour and the Liberal Democratic Party is Af; Bf is the percentage of votes obtained by the 

party with least votes; both refer to percentages amongst their vote total. The identity of the 

two contenders is therefore not relevant in our exercise.  

The program we developed identifies the highest observed result between the two 

contenders.151 The constituencies where the Conservative Party did not get a result between 

1/3 and 1/2 are excluded since they do not fit in our model.  As mentioned in the previous 
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 As mentioned in the Acknowledgements section, the simulation here described is based on MATLAB 
programming. The programming was all done by Tessa Bold, under my direction of how to identify both 
interior and sincere equilibrium, as well as checking for their stability. Naturally, this was an iterative 
process, as we learnt along the way, readjusting several times the program to more efficiently and 
accurately identify the possible equilibria for each simulation.  
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essay, we assume strategic voting occurs in the “right direction”, which implies both that it 

occurred towards the contender with the highest observed result and also that such contender 

had an advantage in terms of prior support (meaning that the asymmetry in the Beta 

distribution favoured it). This is a necessary requirement to keep the (already significantly 

large) set of results reasonably contained.  

When the Conservative Party obtains more than half of the votes, there is no room in our 

theory for assuming strategic voting may have happened in that constituency, since this 

would be useless. If the Conservative Party obtains less than half of the votes, that means 

that in the particular constituency to which it refers the party cannot be taken to be the 

“incumbent”. If this study was purely statistical it could make sense to study all 

constituencies, regardless of the votes the Conservatives have, but there are important 

reasons not to do this, since our study cannot forget the political context involved in the 

study we do.  

In the 1997 UK General Election the Conservative Party was the previous elected party and 

was taken by both the Labour and the Liberal Democratic parties to be the “party to defeat”. 

Such defeat depended on the overall number of seats gained, for which all constituencies 

matter. To study strategic voting on the level of the constituencies (the correct level, given 

the single-ballot simple plurality rule), while having in mind the political meaning that 

comes out from the landscape of the political competition amongst the three parties in 1997, 

requires that we consider the support for the Conservative Party as fixed, since this was the 

party in power. We use the word “fixed” in the sense that all conservative voters are hard-

core supporters that would never vote for another party, while non-supporters of the 

Conservative Party would never vote for it strategically. In our model, this translates in a 

zero utility for all conservative supporters from a victory of either a Labour or a Liberal 
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Democrat candidate in the relevant constituency, as well as a zero utility for Labour or 

Liberal Democrat supporters for voting in the Conservative party. 

The labels Af and Bf refer to the percentages at a constituency level, so each of them is used 

in this essay to refer to any constituency, or no constituency in particular. Since  > 1/3, 

there are only two possible rankings for each of the 270 selected constituencies (ignoring the 

case of ties): 

 > Af > Bf  

Or: 

Af >  > Bf 

In the first the incumbent wins; in the second case it is defeated. In our model, each of these 

situations may or may not include strategic voting.  

We recall two important equations for the simulation exercise: 

Rf = Af/(Af + Bf) 

Rf = 1 + * (Ri – 1)   

The first equation gives the definition of Rf: it is an identity. The second equation describes 

Rf taking into account that strategic voting takes place. B* reflects the proportion of 

supporters of the second contender that voted sincerely. The percentage of strategic voting in 

the “risk population”, following Fisher’s definition, is, therefore, equal to (1 – *). A sincere 

equilibrium is equivalent to having * = 1 and Rf = Ri. If there is an interior equilibrium, Rf 

will be higher than Ri and, for the same Ri, will be higher the lower * is.  
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The simulation exercise consists in, upon looking at a triplet (, Af, Bf) – which implies a 

certain Rf – and certain choices of (a+b) and e/c, searching for a pair of values for * and Ri 

such that the equation Rf = 1 + * (Ri – 1)  is satisfied, along with the relevant conditions 

that relate * with Ri. These conditions refer to the optimal behaviour of each individual 

voter, first presented in essay 1 of Part II of this thesis. Next we recall the essential features 

behind them.  

In the second essay of this thesis we assumed, without loss of generality, that strategic 

voting would occur from LM voters towards party M152. In this essay the assumption is that 

strategic voting can occur only towards the observed leading contender – be it L or M, to use 

the terminology of that essay, were we presented the following optimality conditions: 

For ML voters:  

Condition If f(αL) = 0, vote for M. If f(αL) > 0, vote for M if βi ≤ β*M, and vote for L if 

βi > β*M, where Β*M = β^M = min{β~M,1} and β~M = 1/ f(αL) [e/c H(β*M) + f(αM)] 

For LM voters: 

Condition If f(αM) = 0, vote for L. If f(αM) > 0, vote for L if βi ≤ β*L, and vote for M if 

βi > β*L, where Β*L = β^L = min{β~L,1} and β~L = 1/ f(αM) [e/c H(β*L) + f(αL)] 

The conditions for optimal behavior in this essay require replacing L by A and M by B, 

since strategic voting occurs to party A – the contender with the highest observed support. 

So we get: 

For BA voters:  

                                                           
152

 LM voters are voters whose preferred candidate is L and second preferred candidate is M, and 
therefore consider voting strategically for M. Likewise for ML voters. 
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Condition If f(αA) = 0, vote for B. If f(αA) > 0, vote for B if βi ≤ β*B, and vote for A if 

βi > β*B, where *B = β^B = min{β~B,1} and β~B = 1/ f(αA) [e/c H(β*B) + f(αB)] 

For AB voters: 

Condition If f(αB) = 0, vote for A. If f(αB) > 0, vote for A if βi ≤ β*A, and vote for B if 

βi > β*A, where *A = β^A = min{β~A,1} and β~A = 1/ f(αB) [e/c H(β*A) + f(αA)] 

There is another important difference, though. Recall, from Figure 32 in essay 2 that M 

and L are the draws of the Beta distribution determining the percentage of LM voters who, 

for a certain level of strategic voting – not necessarily an equilibrium level, the labelling is 

general –, would lead, respectively, to a pivotal event between M and R and between L and 

R. In essay 2, both pivotal events are possible.  

In the current essay this is not the case. The probabilities f(A) and f(B)) concern, 

respectively, the pivotal events involving the first contender and the second contender, from 

the perspective of a supporter of party B. So A and B are the draws of the Beta 

distribution that determine the percentage obtained by the second contender, labelled as B 

(and which can be the Labour or the Liberal Democratic Party), such that, respectively, party 

A and party B would be involved in a pivotal event.  

The difference to essay 2 is that here only a pivotal event between A and C is really 

possible, while a pivotal event between B and C is merely hypothetical. However, this 

difference is not relevant on a substantive level: it results merely from the choice of labelling 

the relevant parties as A and B, from a post-electoral perspective, instead of adopting a pre-

electoral perspective, by labelling them as L and M, as in the previous essay. The naming is 

mere cosmetics, but underlying it is the need to restrict the direction of strategic voting. The 
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calculus of each voter is still the same; the only imposition in this essay is that voting occurs 

in the right direction.  

The * < 1 that characterizes the equilibrium with partial strategic voting is the * relevant 

for the group of voters from which some strategic voting arises. For the other group, the 

incentive ratio is necessarily higher than 1, so we can ignore it153. The expressions that we 

need to keep in mind for the B supporters are: 

~ = [e/c β* + f(αB)] / f(αA) 

^ = Min {1, ~} 

An equilibrium exists when ^ = *. 

A sincere equilibrium implies that * = 1 and that ~ is equal or higher than 1, so that ^ is 

not below than 1. This implies that [e/c + f(B)] / f(A) is equal of higher than 1 in a 

sincere equilibrium. In an interior equilibrium we have that * < 1, so we also have * = ~, 

so * = [e/c β* + f(B)] / f(A), implying that β* = f(B) / [f(A) – e/c] and, therefore, 

since * < 1, f(B) / [f(A) – e/c] < 1. 

In any interior equilibrium we have that β* = f(B) / [f(A) – e/c], which tells us that154, all 

else constant, a higher pivotal probability involving the second contender would imply a 

higher *, or a lower level of strategic voting, which we would expect. Also, a higher level 

of e/c would imply a higher level of *, making sincere voting more appealing. In a purely 

instrumental model, e/c = 0, so any interior equilibrium in such a model would involve β∗ = 

                                                           
153

 If that was not the case, sincere voting would not be optimal for them, and we have seen before that, 
in our model, it is not possible to have in equilibrium strategic voting occurring to both parties. 
154

 For some strange reason when this thesis was revised and reedited this bit of the text remained, 
strangely with this format. I was unable to edit it to a normal paragraph. 
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f(B) / f(A). It is clearer where does the * come from, but what about Ri in the important 

expression Rf = 1 + * (Ri – 1)? 

The way we link Ri to αB and αA is vital to our work. In practical terms, they come out 

from trying to find, for a pair of values for * and Rf, the resulting Ri and, from there and 

the simple equation Ai + Bi +  = 1, guessing what Ai and Bi are, with the following simple 

formulas: 

Ai = (1 – ) Ri 

Bi = (1 – ) (1 – Ri) 

Voters are uncertain about the support of what will be the first and the second contenders. 

They only know the parameters a and b of the Beta distribution f(), where  reflects, in 

essay 2, the support in percentage of the party L amongst the LM and ML voters and,  in this 

essay, the support in percentage of the second contender amongst the voters that dislike the 

incumbent party. The essential thing is that to retrapolate the observed results we need to 

assume that the voters “guessed correctly”, when they behaved in a way that generated * – 

the percentage of supporters of party B who voted sincerely. As we mentioned in the 

previous essay, this is common in any game-theoretical study of elections.  

The best guess for the ratio of the prior support of party B over party A, from a prior 

perspective, is a/(a+b). So the best assumption we can make – and, crucially, we need to 

make one to be able to calculate the observed results – is that Ri = a/(a+b). This assumption 

is the best we can make and it is a better proxy the higher the degree of information those 
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voters have, since the uncertainty about the distribution of the prior support of both parties 

goes down as the information goes up155.  

We now possess all the ingredients needed. From a pre-electoral point of view, we have four 

parameters: λ, e/c, (a+b) and a/(a+b). As we saw in essay 2, these parameters are sufficient 

to determine whether a sincere or an interior equilibrium is possible. If a sincere equilibrium 

occurs, and following the necessary restriction that Ri = a/(a+b), we have Rf = a/(a+b). If 

there is an interior equilibrium, then Rf = 1 + * [a/(a+b) – 1]. 

From a post-electoral point of view – the relevant one to do this exercise –,  we wish to see 

whether a combination of four variables that characterise the observed result – λ, e/c, (a+b) 

and Rf – may have been generated by a sincere equilibrium. If a sincere equilibrium is 

possible, we “guess” or retrapolate that Ri = a/(a+b), the value underlying the computation 

done, since Rf = a/(a+b) by construction. If an interior equilibrium is possible, we need to 

“discount” the strategic votes that took place to find a value of Ri equal to a/(a+b), where 

a/(a+b) = 1 + (Rf – 1) / *. 

Notice the important asymmetry that we have when there is an interior equilibrium. From a 

pre-electoral perspective, it is sufficient, having the four parameters mentioned two 

paragraphs above – the quadruplet [λ, e/c, (a+b), a/(a+b)] –, to look at a figure like Figure 34 

to find out whether a sincere equilibrium, an interior equilibrium or both are possible156. 

However, to find out, from a post-electoral perspective, whether a certain quadruplet could 

have been generated by an interior equilibrium, we can not look at a figure like Figure 34, 

because in it the parameters are used as inputs and, critically, Rf cannot be an input for such 

figure. Rf is always the output, coming from a certain Ri together with the associated * that 

characterises the given equilibrium. 
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 The relevant distribution has a lower variance – see Figure 30 on page 100. 
156

 See page 128. 
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This point is made clearer in essay 2, by illustrating, in Figures 51, 52 and 53, the 

differences between a forward- and a backward-looking approach to understanding the 

equilibria observed. An example: looking at Figure 48, we can see that a value of Ri of 75% 

can only give rise to an interior equilibrium – generating a diagram like that illustrated in 

Figure 45. The resulting Rf would be somewhere between 80% and 90%. A value of Rf 

equal to 75% could not be observed, so a sincere equilibrium with Rf = 75% would not be 

possible. 

We stated before that upon observing a certain value of Rf, it is very unlikely that such value 

could have arose by either a pattern of sincere or strategic voting – i.e., that behind the same 

Rf can be two different equilibria. The few exceptions involve a diagram that looks like the 

one in Figure 53, where for some values of Rf a parallel line would cross the red and the 

black lines. This is related to the backward-looking approach. Only 1.5% of the equilibria 

found could be either a sincere or an interior equilibria, for the same Rf157. 

A different question we may ask, which relates to the forward-looking approach, is whether 

an observed Rf could have been originated by a certain Ri, which, in turn, could have also 

originated a Rf different from the one observed. The answer is that it may happen 

sometimes, as we observe, for instance, in Figure 51, where the same Ri can generate two 

different values for Rf, corresponding to two different equilibria. 

To illustrate this, consider the value Rf = 52% in Figure 48. In this case, only a sincere 

equilibrium is possible, and the same value of Ri could have generated an interior 

equilibrium with * = 35.7% and Rf = 82.9%. Likewise, if we had started with Rf = 83%, 

we see that only an interior equilibrium is possible, for Ri = 53% and * = 36.3%. A value 

for Ri of 53% also allows for a sincere equilibrium.  

                                                           
157

 Each involving, of course, different Ri’s and *’s. 
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In some sense the later is a more interesting question for the real world, while the former is 

mostly a computational curiosity. Knowing whether the same Rf could have been generated 

by two different values of Ri means that a sincere or an interior equilibria can be behind 

such value – but, theoretically (without, say, local post-electoral surveys), there is not much 

more to take from it apart from the possibility of different origins. In contrast, the later 

question of checking whether the same value of Ri can give rise to different values of Rf 

means that, upon observing one of those values of Rf, we know that there was an alternative 

behavior that could have generated a different Rf.  

This has important policy implications,  namely because there are two equilibria that can 

emerge and therefore there is room to influence voters’ choices in order to coordinate them 

in one of them – as in Figure 51 for low values of Ri –, which we covered in the previous 

essay.  

  

3. The simulation – the program 

The program developed uses MATLAB and the reasoning behind it is the following: first, 

we allow (a+b) to take the values 5, 10, 30 and 100; and (e/c) to take the values 0.01, 0.1, 

0.5, 1, 2 and 3. From this we obtain 24 different combinations, and we do one simulation 

exercise for each of them, so we obtain 24 outcomes, one for each pair of values of e/c and 

(a+b).  

For each of these 24 combinations, we look at the relevant 270 constituencies, taking note of 

, the percentage obtained by the conservatives, and of the percentages obtained by the 

Labour and the Liberal Democratic Party, from which we obtain Rf. The goal is to find an 
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equilibrium for each of the 270 constituencies in each of the 24 simulation exercises. The 

amount of data generated is quite significant.  

Taking into account e/c and (a+b) – for each exercise – and  and Rf – for each 

constituency, within that exercise –, we wish to investigate whether there is an Ri and * 

that could have lead to the observed Rf, given the triplet (e/c, (a+b), ). The fourth 

parameter in our theory – a/(a+b) – is free to vary, which is essential. When we say we wish 

to investigate whether there exists an Ri that (along with a *) could have lead to the 

observed Rf, in fact we are asking the computer to consider different values of a and b that 

characterise a Beta-distribution – generating a value for a/(a+b) – and see what equilibria 

they would generate.  

This is the idea behind Figures 44-47 in the previous essay. For a certain a/(a+b) – added to 

the already established, for each constituency within each exercise, e/c, (a+b) and  – we 

will find some equilibrium and, by assuming Ri = a/(a+b), we get a value of Rf using the 

equation Rf = 1 + * (Ri – 1). What MATLAB does, in a quicker way than other computer 

programs, is to run through several values of a/(a+b), checking if they generate an 

equilibrium, determine the associated Rf, check if it matches satisfactorily with the observed 

Rf (taken from the electoral data) and, given this, tell us whether or not there is an 

equilibrium, and of what type. 

There are two output tables that aggregate the essential data for this search and that help us 

understand the philosophy behind the programming. Both tables have values of a/(a+b) in 

the rows and   in the columns. The row variable, a/(a+b),  takes 50 values, varying from 

0.50 to 0.99, in increments of 0.01. The column variable, , takes 166 values, varying from 

33.4% and 49.9%, in increments of 0.1%. So each table has 8.300 entries. We decided that 

varying  by only 1% would not give sufficient depth, given that it refers to the actual 
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observed results of the Conservative party; also – and reinforced by the restriction just 

mentioned – we thought that expanding the values of a/(a+b) to further detail would make 

computations too slow. 158 

The first table is the * table, which indicates, for each a/(a+b) and  whether an interior 

equilibrium is possible and, if so, what value it takes. The second table is the Rf table, 

giving, whenever an interior equilibrium exists, the resulting Rf, from the formula Rf = 1 + 

* (a/(a+b) – 1). 

The search for a sincere equilibrium is very easy and consists on using the observed Rf as an 

input for the program – i.e., using a/(a+b) = Rf – and seeing whether the incentive ratio 

when * = 1 is equal or higher than 1. If it is greater than 1 there is a sincere equilibrium, if 

it is lower than 1 a sincere equilibrium is not possible. Recall the expression for the 

incentive ratio ~: 

~= [(e/c) H(β*) + f(αB)] / f(αA) 

To check the value of ~ in an hypothetical sincere equilibrium, we need only replace  * = 

1, recall that H(β) is the cumulative function for β, so H(1) = 1; and, from page 117, αA = 

 /(1 – ) and αB = (1 – 2)/(1 – ).   

In short, for each pair {e/c,(a+b)} we ran one simulation, obtaining the following output: 

(1) a * table, indicating, in each of its entries, whether an interior equilibrium was 

possible or not, in the first case indicating the value found; 
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 Each of the 24 exercises took about 3 hours to run, and allowing a/(a+b) to have increments of 0.001 
would make the time of computation 10 times larger. 
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(2) a Rf table, using the information from the * table to give, whenever an interior 

equilibrium is detected, Rf, according to the formula Rf = 1 + * (Ri – 1).; 

 

(3) a simple column of dimension 1 x 270, with 1's and 0's indicating, respectively, 

whether a sincere equilibrium is possible or not for each of the 270 constituencies,  

given the observed electoral result. 

We obtain 24 sets of the output data just described. Note that the computer program needs 

values a and b for the Beta distribution, and gets them indirectly from the decision on (a+b) 

and on a/(a+b)159. As we said, the search for the sincere equilibria is relatively simple, given 

that the computer uses the observed data – Rf and as inputs. The search for an interior 

equilibrium is more complex and requires allowing for an approximation error, as we do not 

study a continuum of values for both a/(a+b) and .  
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 Which varies from 0.50 to 0.99, implying that for each row entry in * and Rf tables the level of 
information is the same but the asymmetry of the underlying Beta-distribution is different. 
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Table 21 – Tables * and Rf for e/c = 0.01 and (a+b) = 30 
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Also note that both the * table and the Rf table do not require any information about the 

data observed in the constituencies; they are “purely theoretical”, requiring only the use of 

the Beta distribution to get the kind of information conveyed in Figures 44 to 47. 

The final step in the search for interior equilibria is to ask, within each of the 24 simulations 

made, whether a particular constituency has information consistent with what comes out 

from * and Rf tables. In fact, the check up for the existence of an interior equilibrium only 

requires us to look at the Rf table. We do this by choosing the column that is closest to the 

observed  and then see if there is a value of Rf sufficiently close to the observed Rf.  We 

define “sufficiently close” to be any case where: 

|Rf – Rf| < 0.01, where Rf here refers for the “estimated Rf”. 

Whenever we find a pair (Rf, Rf) in these conditions, the program will flag an interior 

equilibrium. After constructing the two tables, the program looks up at all the values in the 

Rf table and selects the one that, satisfying that condition, is closest to the value observed. 

Whenever an equilibrium is found, the program then looks up at the B* table and gives us 

the value of * corresponding to the interior equilibrium detected. 

The fact that Rf is not necessarily exactly equal to Rf implies that a/(a+b) underlying the * 

found will not be equal to the Ri that we obtain when retrapolating Ri from the observed Rf 

and *160. Tables 62 and 63 help us illustrate this point. The parameters involved in them are 

e/c = 0.01 and (a+b) = 30, the one that gives an overall level of strategic voting over the 

relevant population closest to the percentage in Fisher (2004), and look at some 

constituencies for which values of  are between 39% and 41%. 
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 Ri being the “estimated Ri”. 
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Table 22 – Examples of the simulation calculus, with e/c = 0.01 and (a+b) = 30 
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Table 22 includes observed values of , Af and Bf – from which we obtain Rf. The other 

variables are calculated in the following way. Consider the first constituency in Table 22, 

Battersea, a constituency with 46.216 votes counted, where the Labour came ahead of the 

Liberal Democratic Party and defeated the Conservatives with 52% of the overall votes.  

In Battersea we observed  = 40.4% and we get Rf = 87.4%. These two values are sufficient 

for us to check, using Table 21, whether there may have been an interior equilibrium or not. 

Looking at the right-hand table included in Table 21 (the Rf table), in the appropriate 

column,  = 40.4%, we search for the number that is closest to 87.4% and within a margin of 

0.01%. This number is 87.5%. Looking for the corresponding row, we see that the 

associated value of a/(a+b) for Rf = 87.5% is 81%. The next step is to look, in the * table, 

for the value in the entry with a/(a+b) = 81% and  = 40.4%. the value found is B* = 65.8%, 

implying a percentage of strategic voting amongst the risk population of 34.2%.  

This constituency can be characterised by * = 65.8% and a theoretical value of Ri equal to 

81%, which we obtain from the right hand side table in Table 21. However, it is more 

interesting to use the observed Rf and the * value to calculate a more precise value for Ri 

(Ri in Table 22), using the equation Rf = 1 + * (Ri – 1). Ri and Ri are bound to difer 

whenever the theoretical value of Rf in Table 21 – Rf – is not exactly the same as the 

observed value Rf.  

Both Rf and Ri are included in Table 22 to give an idea of how some important variables in 

our model can vary because of the approximations we do (namely, having a/(a+b) changing 

in unit percentage points only). As one would expect, the variations are not too large. The 

fact that some values of Rf are not observed contribute to this, since a variation in a/(a+b) 

will not affect Rf as much as it could were Rf more disperse than in our model. 
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The column SV, in Table 22, indicates the number of strategic votes that took place and is 

found by taking the difference between Bi and Bf, respectively the initial (and potential) 

number of votes and the effective number of votes obtained by the second contender, in this 

constituency the Liberal Democratic Party. Since Bf = * Bi, the difference (Bf – Bi) is 

equal to Bi (1 – *). We do not observe Bi, but we know that Bf is equal to * Bi, since a 

proportion (1 – *) of potential votes goes away to the first contender. From here we get Bi 

= Bf / *, to get the final expression for the number of strategic votes, SV = Bf (1 – *) / *.  

Finally, we include a column with , where  =  / (1 – ) is the qualified majority 

percentage. The leading contender defeats the incumbent whenever Rf > . By comparing Ri 

to  we can see whether or not strategic voting was necessary to defeat the incumbent. By 

comparing Rf to we see whether or not the leading incumbent ended up winning the 

election. For all constituencies in Table 22 we see that Rf > , so the party gathering the 

strategic votes always won. For some constituencies – when we observe Ri > the party 

with highest support would, in any case, and according to our model, win the election. 

Again, it is essential to bare in mind that voters face uncertainty: they are not sure that the 

initial overall support, in percentage, of the leading contender is Ri (1 –  ), what they know 

is that the such figure follows a Beta distribution with parameters a and b, where a/(a+b) = 

Ri and (a+b) reflects the level of information they possess. So it is possible that strategic 

voting occurs even if “on average” the supporters of the last contender expect the first 

contender to win, even if there are no strategic votes, because there is uncertainty161.  

Regarding the constituency Battersea, we can say that, considering the initial parameters e/c 

= 0.01 and (a+b) = 30, the lowest level of expressiveness and a high level of information, 
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 The fact that in this simulation the value of e/c is the lowest possible – 0.01 – also contributes to the 
relative attractiveness of a strategic vote versus a sincere vote (when compared to simulations with 
higher values of e/c). 
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and according to the assumptions in our model, there was an interior equilibrium where 

34.2% of Liberal Democrat supporters voted strategically towards the Labour Party, 

succeeding in defeating the incumbent. 

As a second example, consider Devon North, a constituency where the Liberal Democrats 

came ahead of the Labour and defeated the Conservatives with a share of 50.8% of the 

overall votes.   

For this constituency,  = 39.5% and Rf = 83.9%. Following the same procedure just 

described, we look at the column  = 39.5% in the Rf table, in Table 21, to find the closest 

value to 83.9% that is within a margin of 1% of that value. That value is 83.89%, , found in 

row (a/a+b) = 73%. Turning to the * table, we get a corresponding value for * of 59.7%.  

The number of strategic votes estimated for this constituency is 3.614 and we have that  = 

65.2% < Ri = 73.0%, indicating that even if there was no strategic voting the Liberal 

Democrats would have won the election. In this case we see that the Rf value found in the 

Rf table – 83.89% – is very close to the observed value of Rf – 83.88% –, the reason why Ri 

and Ri are also very close.  

 

4. Results  

The vast amount of information involved in the simulation exercise is summarized in 

Figures 57 to 61. The full program used in MATLAB can be found in the Appendix B. We 

present the results using a top down approach, beginning with the higher level statistics and 

then decomposing them in further detail.  
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In Figure 57 we show the number of constituencies for which our program found some 

equilibrium and the number for which it did not, which are labelled respectively as 

“missing” and “not missing” constituencies in the column bars. On top of the bars we have 

(a reminder of) the total number of the relevant constituencies – 270 – and, floating above it, 

the percentage of “success”, i.e., the percentage of constituencies for which the computer 

identified a possible equilibrium amongst all those analysed. 

The lowest number of constituencies found in the 24 computations made was 72, for the 

combination (e/c,(a+b)) = (0.01,5), amounting to 27% of the relevant constituencies. The 

higher number observed was 269, more than 99% of the overall constituencies, for the 

combination (e/c,(a+b)) = (3,5). In terms of comparative statics, we see that for each (a+b) 

the number of constituencies found increases as the e/c increases. Apart from two exceptions 

– (a+b) = 5 and e/c = 2 and e/c = 3 –, we also see that for each e/c the number of 

constituencies found increases as (a+b) increases. The interpretation of these effects requires 

us to look at Figure 58, where we decompose the constituencies found between sincere and 

interior equilibria.  

Before that, though, it is worth mentioning that, as we said in the previous essay, the fact 

that for each combination of parameters some constituencies are missing counts is not 

supportive of our theory. The more constituencies are not found the more we are inclined to 

believe that some of the premises in our model may not describe reality accurately – at least 

to what concerns the context of the 1997 UK General Election.  
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Figure 57 – Missing and not missing constituencies 
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It may be that voters do not have such an expressiveness concern; or they may have private 

information; or some of the parameters – degree of expressiveness and/or level of 

information – may vary from constituency to constituency. As stated upfront, the interest of 

this exercise lies considerably in getting a sense of whether a theory of voting with mixed 

motivations and public uncertainty is adherent to the reality or not. A negative answer, based 

on the analysis of the UK 1997 General Election, does not completely disprove the theory 

but raises important concerns and opportunities – such as applying it to a different reality 

and expanding it to a case of mixed information.  

In Figure 58 we depict the composition of the constituencies found, indicating the 

percentages of sincere and interior equilibria found in the column bars, on top of which we 

recall, from Figure 57, the total number of constituencies found. The number floating above 

the bars refers to the number of interior equilibria found for each combination. This is the 

relatively more interesting number for us, since, the Duvergerian equilibrium not being 

possible, it is from the equilibria with partial strategic voting that we obtain strategic votes 

that add up to a total that will gives us a percentage of strategic voting in the risk population 

comparable to Fisher’s. 

We expect the number of sincere equilibria to go up with e/c, all else constant: a higher 

expressiveness concern makes it easier to sustain a sincere equilibrium; which indeed 

happens. We also observe that, for the same (a+b), not only does the number of sincere 

equilibria found goes up as e/c increases, but the percentages go up too. The numbers inside 

the elliptic curves show that the number of interior equilibria goes down as e/c goes up. 

Overall, and given the data from Figure 57, we know that the increase in the number of 

sincere equilibria found is higher than the decrease in the number of interior equilibria 

found, since the overall number of equilibria found goes up with e/c.  
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Figure 58 – Sincere and interior equilibria in non-missing constituencies 
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Adding up the data that results from the 24 simulations done for the 270 constituencies –  an 

overall number of 6480 cases analysed –, we were able to find equilibria for 4461 of those 

cases, or 69% of the total. The 4461 cases found can be decomposed in 3585 sincere 

equilibria and 876 interior equilibria, respectively 79.7% and 20.3% of the 4461 found. Only 

65 cases allowed for both a sincere and an interior equilibrium from a backward-looking 

perspective (meaning that the same Rf could have been generated by either equilibria, each 

of them having, therefore, different starting Ri values and implicit *, but resulting in the 

same Rf), which amounts to 1.5% of the total of 4461 constituencies found.  

In Figure 59 we illustrate the “success” of strategic voting, here in the strict and more 

“usable”, for an empirical study, sense that strategic voting is successful if it led to a change 

in the winner of the election that would have not happened if everyone had voted sincerely, 

regardless of that being a voting equilibrium or not. This is the idea behind the comparison 

made between Ri and , in Table 22, that allows us to assess whether strategic voting was 

critical or not in defeating the incumbent.  

Overall, considering the 876 cases where an interior equilibrium was found, we get an 

average of 46% cases where strategic voting led to a constituency changing hands, compared 

to an hypothetical scenario of full sincere voting. This is the weighted average of the 

percentages shown in Figure 59, in the lower part of the column bar, indicating the 

percentage of change for each combination of e/c and (a+b). Keeping (a+b) constant, as e/c 

goes up we observe that, broadly speaking, the number of constituencies that change hands 

goes down while its percentage goes up.  
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            Figure 59 – Success of interior equilibria (change in constituencies) 
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The rational behind this is that, keeping (a+b) constant, the higher the e/c the higher the * 

will be in any interior equilibrium. Therefore, there is a selection, as e/c goes up, towards 

having interior equilibria with higher values of *, which on average means a higher 

likelihood of seeing the incumbent defeated. Despite the percentage going up, the drop in the 

constituencies where an interior equilibrium is detected is larger enough to lead to a decrease 

in the number of constituencies where strategic voting is pivotal in the sense above used. 

The variation both in the overall numbers and in percentages of the constituencies changing 

hands as (a+b) changes, keeping e/c the same, does not seem to follow a pattern. 

There is no particular value that we should expect to see regarding the overall average for 

the statistic giving us the percentage of success of strategic voting in changing hands. The 

value we find is close to a half, but it bares no special meaning. The rationality of a strategic 

voting ex-ante does not imply a certain percentage of success ex-post, in terms of shifting 

votes, which is even clearer when we recall that in many (almost all) cases where sincere 

and strategic voting are possible for the same value of Ri (a value necessarily close to 0.5), a 

pattern of sincere voting always leads to the incumbent winning the election. 

If we look at Tables 16-20 in the previous essay, we see that whether the red line (describing 

the interior equilibria) is above the “green line” (the level of Rf needed to defeat the 

incumbent) or not depends on . In our interpretation, strategic voting leads to a change in 

the constituency when not only the red line is above the green line, but the Ri that is found 

by (horizontally) looking at the red line is lower than . This guarantees that if there was no 

strategic voting the incumbent would not be defeated. Therefore, strategic voting is said to 

be, in this loose sense, pivotal, leading to a constituency changing hands (and whether or not 

the sincere voting constitutes an equilibrium for the calculated value Ri).  
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Again, recall that this is a different assertion from that made in page 209 (and explored in 

the previous essay), which takes a purely theoretical approach, demanding that, in order to 

tackle the issue of changing constituencies, the sincere equilibrium – as well as the observed 

interior equilibrium – has to be possible for us to consider that such constituency elegible for 

the analysis of whether or not strategic voting was successful. In short, there is a theoretical 

and an empirical approach to it, the later being the one we favour when dealing with the 

numbers, without forgetting the other (and more “correct” one, though not necessarily the 

most useful for all situations and aims) when we are more concerned with political 

implications of what comes out from our model. 

In Figure 60 we decompose the constituencies changing hands to the Labour and to the 

Liberal Democratic Party. As expected, most of the changes occur towards the Labour Party. 

Averaging out the results for the 120 simulations, 82% of the time the change occurs 

towards Labour and 18% of the time towards the Liberal Democrats.  

Last but not least, in Figure 61 we have the percentage of strategic voting in the risk 

population for the 120 simulations, and highlight the value, rounded to percentage units, 

proposed in Fisher (2004), 24%. Recall that in our model the “risk population” consists of 

the supporters of the trailing contender and is calculated by adding up the support of the 

third contender in all the constituencies where we find an equilibrium – sincere or interior, 

so each constituency that we find contributes for the denominator of this ratio. 

The numerator needed to calculate that percentage involves adding up the strategic votes 

towards the second contender in all the constituencies where an interior equilibrium was 

detected. Therefore, this percentage can, in our model, be decomposed into two things: the 

percentage of interior equilibria overall and the (average) percentage of strategic voting in 

the constituencies where an interior equilibrium is found. 
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            Figure 60 – Constituencies that changed hands 
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            Figure 61 – Percentage of strategic voting over risk population 
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The percentage of strategic voting over the risk population varies, in our model, with the 

parameters (a+b) and e/c, as we see from Figure 61. The combination that gives a percentage 

closest to that is e/c = 0.01 and (a+b) = 30, with a percentage of 23%. This is a very low 

level of expressiveness and a high level of information (though not as high as the one we 

expect from a nation-wide opinion poll).  

There is a significant drop in the percentage of risk population if e/c changes from 0.01 to 

0.1 and to 0.5. Any value of e/c equal or higher than 1 leads to a percentage of strategic 

voting of less than 10%, with particularly low values for e/c = 2 and e/c = 3. This suggests 

that the expressiveness component cannot be too high. The percentage of strategic voting 

over the risk population is very sensitive to the degree of expressiveness, which indicates, 

following the previous comments – and this statistic is crucial in testing any voting model –, 

that e/c cannot be too high – even 0.1 may be too high.  

We also see that the higher the degree of information the lower the percentage of strategic 

voting. In essay 2 we saw that the partial effect of an increase in information is almost 

always to decrease the percentage of strategic voting, via increase in * on each 

constituency162. Aggregating these individual effects results in the increase reflected in 

Figure 61. 

In a broader context, however, the level of expressiveness e/c can be seen as not being so 

low, if we take into account that e is discounted by the value c, which indicates the altruistic-

paternalistic concern for each voter in the constituency. As explained in the previous essay, 

values of e/c below 0.01 would make the model more strict in terms of a bimodality 

hypothesis, in the sense that the values of Rf allowed would be stricter in both sides: the 

range of values close to 0.5 would decrease because it would be harder to have a sincere 

                                                           
162

 See Figure 26 in page 133. 
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equilibrium with such low value for e/c (such as 0.001 or 0.0001) and the range of values 

closer to 1 would also go down. In other words, we can say that, not surprisingly, naturally, 

as e/c approaches zero our model comes closer to Cox’s, and that would not be interesting to 

study. So, the somewhat high – seen in a broader context, outside our model – value of 0.01 

for e/c is an interesting choice exactly because it allows us to test something beyond existing 

theories. The fact that our theory is more or less corroborated by the data should not change 

our pre-choice of expanding existing models to test alternative theories of voting. 

For this combination of parameters (e/c = 0.01 and (a+b) = 30), only half of the 

constituencies were found to have an equilibrium – 136 out of 270 –, which means our 

results must be read with some caution. From the 136 constituencies found, an interior 

equilibrium was found for 76 of them (56%). Despite the fact that for a given combination 

of our parameters we do not find any equilibria for some constituencies, we can see that 

increasing e/c has a very high impact on the percentage of strategic voting over the risk 

population. Out of those 76 interior equilibria, 26 involve a change in constituencies, 25 

from the Conservative to the Labour Party and 1 from the Conservative to the Liberal 

Democratic Party.  

Myatt (2002) provides some estimates for the number of constituencies which would have 

changed hands -- 18 to 77 (out of 270), depending on the level of information, and according 

to his theory of purely instrumentally motivated voters, who have both public and private 

information Unfortunately, our numbers cannot be directly compared to Myatt’s, because we 

do not find equilibria for all constituencies. It would be misleading to find a proportional 

number to compare with by multiplying the number found (26) by the ratio of the overall 

constituencies (270) over those found (136) – roughly 52.  
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That would require an assumption that the “sample” of constituencies found would be 

representative of the “universe” of the overall constituencies, which is not acceptable, 

because the constituencies that were not found fall on the “no zone” area, which is one of the 

essential characteristics of our theory – the extended bimodality hypothesis, implying that 

some values of Rf would never be observed.  

Putting together the results obtained from the 24 simulations done, no equilibrium is found 

for 31% of the constituencies. The average overall level of strategic voting in the relevant 

population is 10.9%. We find that the higher the e/c, the lower is the number of 

constituencies not found and the lower is the percentage of strategic votes. In other words, 

these two statistics move in opposite ways and we cannot vary e/c to reach better results in 

both of them. 

 

5. Conclusions  

The essential characteristic of our theoretical model – that there is a vast “no zone” area for 

Rf, implying that such ratio can only be in the vicinities of 0.5 and 1 – is not convincingly 

supported by the election studied, given the large percentage of constituencies that fall in 

that area, for which no equilibrium can be found by the program developed. Overall, our 

theory does not seem to fit the data for the UK 1997 General Election very well. 

Overall, considering all the 24 simulations we ran, 31% of the constituencies are not found, 

however, this statistic can be misleading, given that it is an average. For higher values of e/c 

it is easier to find more equilibria – which improves this statistic –, which will more than 

proportionally be sincere equilibria, and this lowers the percentage of statistic voting over 

the relevant population, an essential statistic for us.  
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The combination of parameters that gives a percentage of strategic voting over the risk 

population closest to that reported by Fisher – 24.4% – is e/c = 0.01 and (a+b) = 30, with a 

result of 23.0%. For this combination of parameters roughly 50% of the constituencies are 

not found by our model, which is of course a very large percentage.  

The fact that we observed a significant number of “impossible” outcomes in our exercise, 

according to our model, means that something in it must be wrong – either everything in the 

model is correct but voters are not “smart” enough to play the right equilibrium; or everyone 

may be acting rationally but expectations are not met, meaning that the outcome is not a 

voting equilibrium; or some assumption in our model – namely the inclusion of an 

expressiveness component, the way we model information or the assumption that these two 

are the same across all constituencies – is wrong.  

The first two possibilities would lead us nowhere, in the sense that “any” model may suffer 

from those problems. (This does not mean that they can not be a problem, rather that they 

should not, by their nature, be used as a panacea when comparing different models, since 

they would, perhaps with some – not too critical – differences, apply to all models.) The 

latter would imply, in any case, that our model is not capable of giving, in a simple snapshot, 

a good description of what may have been behind voter’s motivations in the 1997 UK 

General Election. 

On a broader perspective the results are not disappointing, though. To the extent that they 

come from a theoretical model not yet studied in the literature, that fills an important gap in 

terms of assumptions regarding the voters’ information and motivations, an important 

contribution is made in what respects this particular election. It is a case where we can say 

that, due to its novelty in the literature, whatever news are good news. Something previously 

unknown is unveiled.  



241 
 

For the interested reader and researcher, a model involving both public and private 

information and expressive and instrumental motivations would be an interesting extension 

of the current model. It would also be fruitful to test the theory in other plurality rule 

elections that satisfy the main requirements of our model, namely having a clear candidate 

that is perceived by everyone as the incumbent and information that is largely publicly 

known.  
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APPENDIX 2 – MATLAB codes 

This section includes the codes used in MATLAB to calculate the outcome from the 1997 

UK General Election. They include the definition of relevant variables, the specification of 

the Beta-distribution function and the codes to detect both the sincere equilibria and the 

interior equilibria.  

The sincere equilibria are detected by simply checking the value of the incentive function 

when * = 1.  

The interior equilibria are found by asking the program to detect all the intersections of the 

incentive function with the 45o line and then choosing (if it exists) the intersection with the 

lowest derivative – in order to pick an interior stable equilibrium. 

The outputs, as mentioned before, are a * table and the Rf table for each of the 24 

simulations, along with a column with 1’s and 0’s for the sincere equilibria. 

  



243 
 

1 - Btilde.m 

 

function[output]=Btilde(x,a,b,lambda,eoverc); 

  
test=1+(2*lambda-1)/(1-lambda)*1/x; 

 

if test>0 

 
alphaL=test;    

 
else 

 
alphaL=-9999; 

 
end 

  
test=1-lambda/(1-lambda)*1/x; 

 
if test>0 

 
alphaM=test;    

 
else 

 
alphaM=-9999; 

 
end 

  
if alphaL<=-9998; 

 
falphaL=-9999;    

 
else 

 
falphaL=alphaL^(a-1)*(1-alphaL)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

 
end 
  

 
if alphaM<=-9998; 

 
falphaM=-9999;    

 
else 

 
falphaM=alphaM^(a-1)*(1-alphaM)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

 
end 

 
FAL=falphaL; 

 
FAM=falphaM; 
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if FAL<=-9998;  

 
output=-9999;    

 
else  

 
  if FAL>0.00001  

 
      if FAM<=-9998  

 
      output=eoverc*x/FAL; 

 
      else  

 
      output=(eoverc*x+FAM)/FAL; 
      end  

 
  else  

 

 
  output=-9999; 

 
  end  

 
end  
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2 – Btildemin.m 

 

function[output]=Btilde(x,a,b,lambda,eoverc); 

  

  
test=1+(2*lambda-1)/(1-lambda)*1/x; 

  
if test>0 

  
alphaL=test;    

  
else 

  
alphaL=9999; 

  
end 

  

  

  
test=1-lambda/(1-lambda)*1/x; 

  
if test>0 

  
alphaM=test;    

  
else 

  
alphaM=9999; 

  
end 

  

  

  
if alphaL>=9998; 

  
falphaL=9999;    

  
else 

  
falphaL=alphaL^(a-1)*(1-alphaL)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

  
end 

  

  

  
if alphaM>=9998; 

  
falphaM=9999;    

  
else 
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falphaM=alphaM^(a-1)*(1-alphaM)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

  
end 

  
FAL=falphaL; 

  
FAM=falphaM; 

  
if FAL>=9998;  

  
output=9999;    

  
else  

  
  if FAL>0.00001  

  
      if FAM>=9998  

  
      output=eoverc*x/FAL; 

  
      else  

  
      output=(eoverc*x+FAM)/FAL; 

  
      end  

  
  else  

  
  output=9999; 

 
  end  

 
end %%1 
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3 - Inspect.m 

 
SINCEREVOTINGINSPECT1=SINCEREVOTING(:,:,1); 

 
SINCEREVOTINGINSPECT2=SINCEREVOTING(:,:,2); 

 
SINCEREVOTINGINSPECT3=SINCEREVOTING(:,:,3); 

 
SINCEREVOTINGINSPECT4=SINCEREVOTING(:,:,4); 

 
SINCEREVOTINGINSPECT5=SINCEREVOTING(:,:,5); 

 
SINCEREVOTINGINSPECT6=SINCEREVOTING(:,:,6); 
  

 

 
NONSINCEREVOTINGBETA1=NONSINCEREVOTING(:,:,1); 

 
NONSINCEREVOTINGBETA2=NONSINCEREVOTING(:,:,2); 

 
NONSINCEREVOTINGBETA3=NONSINCEREVOTING(:,:,3); 

 
NONSINCEREVOTINGBETA4=NONSINCEREVOTING(:,:,4); 

 
NONSINCEREVOTINGBETA5=NONSINCEREVOTING(:,:,5); 

 
NONSINCEREVOTINGBETA6=NONSINCEREVOTING(:,:,6); 

 

 
betastar1=betastar(:,:,1); 

 
betastar2=betastar(:,:,2); 

 
betastar3=betastar(:,:,3); 

 
betastar4=betastar(:,:,4); 

 
betastar5=betastar(:,:,5); 

 
betastar6=betastar(:,:,6); 

 

  
LaboverLabLD1=LaboverLabLD(:,:,1); 

 
LaboverLabLD2=LaboverLabLD(:,:,2); 

 
LaboverLabLD3=LaboverLabLD(:,:,3); 

 
LaboverLabLD4=LaboverLabLD(:,:,4); 

 
LaboverLabLD5=LaboverLabLD(:,:,5); 

 
LaboverLabLD6=LaboverLabLD(:,:,6); 
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4 - Btildesmall.m 

 

 
function[output]=Btildesmall(FAL,FAM,x,a,b,lambda,eoverc); 

  
if FAL<=-9998;  

 
output=-9999;  

   
else  

 
  if FAL>0.00001  

 
      if FAM<=-9998  

 
      output=eoverc*x/FAL; 

 
      else  

 
      output=(eoverc*x+FAM)/FAL; 

 
      end  

 
  else  

 
  output=-9999; 

 
  end  

 
end  
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5 - Btildesolve.m 

 

 

function[output]=Btildesolve(x,a,b,lambda,eoverc); 

  

  
test=1+(2*lambda-1)/(1-lambda)*1/x; 

 
if test>0 

 
alphaL=test;    

 
else 

 
alphaL=9999; 

 
end 

  
test=1-lambda/(1-lambda)*1/x; 

 
if test>0 

 
alphaM=test;    

 
else 

 
alphaM=9999; 

 
end 

  
if alphaL>=9998; 

 
falphaL=9999;  

   
else 

 
falphaL=alphaL^(a-1)*(1-alphaL)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

 
end 

  
if alphaM>=9998; 

 
falphaM=9999;    

 
else 

 
falphaM=alphaM^(a-1)*(1-alphaM)^(b-1)/(exp(gammaln(b)+gammaln(a)-

gammaln(a+b))); 

 
end 

 
FAL=falphaL; 
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FAM=falphaM; 

 
if FAL>=9998;  

 
output=9999;    

 
else  

 
  if FAL>0.00001  

 
      if FAM>=9998  

 
      output=eoverc*x/FAL; 

 
      else  

 
      output=(eoverc*x+FAM)/FAL; 

 
      end  

 
  else  

 
  output=9999; 

 
  end  

 
end  

 
output; 

 
output=min(output,1); 

 
output=output-x; 
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6 – Tiago.m 

 
EOVERCVECTOR=[0.01 0.1 0.5 1 2 3]; 

  
sumab=30; 

  
for indexeoverc=1:length(EOVERCVECTOR)  

 
eoverc=EOVERCVECTOR(indexeoverc); 

  

  

  
LLAMBDA=[0.334:0.001:0.499]; 

  
for i=1:length(LLAMBDA) 

  
for aoverab=50:99; 

  
index=aoverab-49; 

  
a=aoverab/100*sumab; 

  
b=sumab-a; 

  

  

  
lambda=LLAMBDA(i); 

  

 
input=[0:0.01:1]; 

  

  

  
for k=1:length(input)  

 
x0=input(k); 

  
[x,fval]=fzero(@Btildesolve,x0,[],a,b,lambda,eoverc); 

  
if x>=0 & x<1 & fval>=-0.001 & fval<=0.001  

  
xx(k)=x; 

  
else  

  
xx(k)=-9999; 

  
end  

  
end  
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rr=find(xx>0); 

  
if size(rr)>0  

  
for h=1:length(rr) 

  
V2=Btilde(xx(rr(h))+0.0001,a,b,lambda,eoverc); 

  
V1=Btilde(xx(rr(h)),a,b,lambda,eoverc); 

  
Derivative(h)=(V2-V1)/(0.0001); 

  
end 

  
[value,index2]=min(Derivative(:)); 

  
solution=xx(rr(index2)); 

  
else  

  
solution=-9999; 

  
end  

  
 

 

[output]=Btilde(1,a,b,lambda,eoverc); 

  
if output>=1 

  
solutionsincere=1; 

  
else 

  
solutionsincere=0; 

  
end 

  

  

  
clear Derivative 

  
clear xx 

  
sincere(index,i,indexeoverc)=solutionsincere; 

  

  

  

 
solution' 

  
aoverab 

  
i 
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LaboverLabLD(index,i,indexeoverc)=(a+b*(1-solution))./(a+b); 

  
betastar(index,i,indexeoverc)=solution; 

  
end  

  
betastar(index,i,indexeoverc) 

  
LaboverLabLD(index,i,indexeoverc) 

  
end  

 
end  

  
save TESSADATA 

   

   
load TESSADATA100 

  

   
load TESSAVOTING 

  
EOVERCVECTOR=[0.01 0.1 0.5 1 2 3]; 

  

  

  
NONSINCEREVOTING=zeros(length(DATAVOTING),1,length(EOVERCVECTOR)); 

  
NONSINCEREVOTING2=zeros(length(DATAVOTING),1,length(EOVERCVECTOR)); 

  
SINCEREVOTING=zeros(length(DATAVOTING),1,length(EOVERCVECTOR)); 

  
count=0; 

  
for hh=1:length(DATAVOTING) 

  
    if DATAVOTING(hh,3)==1 

  
DATAVOTING(hh,4)=max(DATAVOTING(hh,5), 

DATAVOTING(hh,6))/(DATAVOTING(hh,5)+DATAVOTING(hh,6)); 

  
    end 

  
end 

  
DATAVOTING(517,3)=0; 

  
for indexeoverc=1:length(EOVERCVECTOR) 

  
for hh=1:length(DATAVOTING)  

 
if DATAVOTING(hh,3)==1  
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index4=round(DATAVOTING(hh,2)*1000-333);  

 
index3=round(DATAVOTING(hh,4)*100)-49;   

  
if sincere(index3,index4,indexeoverc)==1 

  
SINCEREVOTING(hh,1,indexeoverc)=1; 

  
else 

  
SINCEREVOTING(hh,1,indexeoverc)=0; 

  
end 

  
[index5,index6]=find(LaboverLabLD(:,index4,indexeoverc)>=DATAVOTING(hh,

4)-0.01 & LaboverLabLD(:,index4,indexeoverc)<=DATAVOTING(hh,4)+0.01); 

  

    
if size(index5)>0 

  
diff=[]; 

  
hh 

  
betastar(index5,index4,indexeoverc) 

  
for k=1:min(length(index5),40) 

  
   diff(k)=abs(DATAVOTING(hh,4)- 

LaboverLabLD(index5(k),index4,indexeoverc)) 

  
end 

  
[CC1,II1]=min(diff); 

  

   
NONSINCEREVOTING(hh,1,indexeoverc)=betastar(index5(II1),index4,indexeov

erc); 

  
NONSINCEREVOTING2(hh,1,indexeoverc)=index5(II1)+49; 

  
if NONSINCEREVOTING(hh,1,indexeoverc)>0.9999 

  
       NONSINCEREVOTING(hh,1,indexeoverc)=0; 

  
       NONSINCEREVOTING2(hh,1,indexeoverc)=0; 

  
end     

   
end 

   

  
end  

  
end   
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