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Abstract

Earth structure and dynamics are largely inferred by seismology as the
main tool for data-informed probing of Earth’s interior. Seismic wave
propagation in physically realistic Earth models is one of the most funda-
mental topics in seismology, not only essential to the analysis and interpre-
tation of observed ground motions in terms of their source characteristics
and structure-induced propagation effects, but also indispensable for seis-
mic inverse techniques that deliver Earth models by minimising misfits
between observations and theoretical predictions. Nevertheless, seismic
wave propagation at a global scale still remains as one of the most chal-
lenging problems in scientific computing, because of Earth’s multiscale
constituents and the observable frequency band of global seismic data for
their resolution.

In this thesis, I present a new, computationally efficient numerical ap-
proach to simulate global seismic wave propagation in realistic three-
dimensional (3-D) Earth models. It is a hybrid method of spectral el-
ement method (SEM) and pseudo-spectral method, that is, the azimuth
dimension of a 3-D wavefield is characterised in terms of a global Fourier
series parameterisation, such that the 3-D wave equation reduces to an al-
gebraic system of coupled 2-D meridian equations, which is then solved by
a 2-D SEM named AxiSEM3D. Computational efficiency of such a hybrid
method stems from the inherent azimuthal smoothness of 3-D global wave-
fields, resulted from the predominance of long-wavelength heterogeneity
in Earth’s mantle and the axial singularity of a point seismic source.

AxiSEM3D allows for material heterogeneities such as velocity, density,
anisotropy and attenuation, as well as for finite undulations on radial
discontinuities, both solid-solid and solid-fluid, and thereby a variety of



aspherical Earth features such as ellipticity, topography and bathymetry,
variable crustal thickness, and core-mantle boundary topography. Such
interface undulations are equivalently interpreted as material perturba-
tions of the contiguous media, based on the “particle relabelling transfor-
mation”. Ocean is currently modelled as a hydrodynamic load.

Benchmarked in reference to a discretised 3-D SEM for a variety of Earth
models, including 3-D mantle and crustal structures, topography and
bathymetry, and ellipticity, AxiSEM3D proves to be a convergent and ac-
curate numerical method. Efficiency comparisons suggest that AxiSEM3D
can be 1 to 3 orders of magnitude faster than a conventional 3-D SEM
across a period range from 10 s down to 1 s, with its speedup increasing
with simulated frequency and decreasing with model complexity. It is
sufficiently comprehensive to cover all considered applications at global
scale, but is maximally efficient for deep Earth studies with body wave
data. The observable frequency range of global seismic data (up to 1 Hz)
has been achieved for wavefield modelling upon a 3-D mantle model
with moderate computing resources. The MPI-based high-performance
C++ code scales up to more than 10,000 cores, available open-source at
https://github.com/kuangdai/AxiSEM3D.

Three applications are carried out, with different foci from Earth’s surface
to the core-mantle boundary. First, surface waves are simulated within a
state-of-the-art crustal model; the synthetics are compared to real seismic
data to assess two different implementations of a 3-D crust. Second, wave
scattering effects and cost impact of a localised small-scale structure with
sharp and strong material contrast are investigated, considering a wide
range of structure-wavelength combinations. And last, diffracted waves
through an ultra-low velocity zone atop the core-mantle boundary are
modelled at a 1 Hz frequency.
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Chapter 1

Introduction

For more than a century, global seismology has served as the primary tool for data-
informed inference of Earth structure and dynamics. Since the discovery of Earth’s
core in early 1900s [1], seismologists laid the foundation to understand Earth’s interior
by establishing spherically layered, one-dimensional (1-D) Earth profiles based on
seismic traveltimes, a measurement from ray theory [2] that has so far played a central
role in seismological investigations of the interior. Until the late 1900s, several 1-D
Earth models have been widely accepted, such as PREM [3], IASP91 [4] and AK135
[5]. Most of these 1-D Earth models agree on the existence and average depths
of some major radial discontinuities [6], such as the Moho discontinuity (∼35 km)
that separates the crust from the mantle, the transition zone (between ∼410 km and
∼660 km) that divides the mantle into the upper and lower parts, and ∼2740 km that
bounds the D” layer atop the core-mantle boundary (CMB). Such first-order layered
structures are consistent with the majority of traveltime data within a small margin
of error [7].

Starting from 1-D reference Earth models, subsequent efforts have been focused
on three-dimensional (3-D) lateral heterogeneities at various scales, with abundant
implications for our understanding of plate tectonics and mantle convection. The
propagation speeds of the primary (P-) and the shear (S-) waves are the most acces-
sible and informative 3-D seismic properties, for which plentiful models have been
proposed. The EMC (Earth Model Collaboration) database on IRIS (ds.iris.

edu/ds/products/emc-earthmodels [8]) collects quite a few models of such kind,
from global to finer regional scales. Most global mantle models reveal a consensus
3-D picture dominated by long-wavelength thermal and compositional heterogeneities
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[9, 10, 11, 12]. The lowermost mantle, for instance, is dominated by the large, low-
shear-velocity provinces (LLSVPs) [13, 14], rooted from the CMB and extending sev-
eral thousands of kilometres laterally beneath Africa and the Pacific. On the edges
of the LLSVPs at CMB, smaller-scale flake-like patches with extremely low seismic
velocities are detected, known as the ultra low velocity zones (ULVZs) [15, 16], prob-
ably from a hundred to a thousand kilometres across and up to a hundred kilometres
thick. It is hypothesised that the accumulated subducted slabs that penetrate the
deep mantle form the high-velocity blobs around the LLSVPs [6, 17], and, with the
aid of a phase transformation from perovskite to post-perovskite [18], the partially
melted slabs pool and form the ULVZs [19, 20]. Such a multiscale view of the deep
mantle has key implications for the first-order patterns and driving forces of global
mantle convection [6, 17, 20, 21, 22]. In addition to seismic velocities, other 3-D Earth
features of interest include density [23, 24], seismic anisotropy [25, 26], attenuation
[27, 28], topography and bathymetry [29, 30], and undulations on the internal inter-
faces such as Moho [31, 32], the transition zone boundaries [33, 34] and the CMB
[35, 36]. These 3-D structures provide important complementary constraints on the
thermal evolution and dynamics of the interior.

Three-dimensional Earth models are primarily delivered by a inverse procedure
called seismic tomography [2, 12, 37], which determines one or a series of best-fit 3-D
models by minimising the misfit between observations and theoretical predictions.
By far, most achievements in tomography have started from a spherically symmetric
view and have utilised a certain approximation of the wave physics (or a measurement
simplified from full waveforms), such as ray theory [2] (e.g., [38, 39]), normal-mode
summation [40] (e.g., [9, 39]), and finite-frequency theory [41] (e.g., [38, 42, 43]).
Nevertheless, global wave propagation always remains as one of the most fundamental
pursuits in seismology, which seeks to compute the full elastodynamic response of a
physically realistic 3-D Earth model to an earthquake source.

Wave propagation is the only comprehensive approach to study wave physics, es-
pecially important to non-trivial propagation phenomena such as diffraction [43, 44]
and triplication [45], as well explained in Figure 1 of [44]. The fully-captured wave
scattering effects are not only helpful in data interpretation, for example, for identifi-
cation of structure-induced anomalies, but also essential to Earth model assessment,
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especially in regard to model uncertainties and methodological limitations. It also
bears the next-generation inverse techniques based on full waveforms (e.g., [46, 47]).
To probe deeper into the problem, let us first look at forward waveform modelling
and then seismic tomography.

1.1 Forward waveform modelling

To analyse and understand observed seismograms in terms of their source characteris-
tics or structure-induced propagation effects, one needs to solve the forward problem
of seismic wave propagation. As a first example, Figure 1.1 visualises earthquake
waves propagating in two kinds of Earth models: a simple 1-D model whose geom-
etry and material are spherically symmetric with respect to Earth’s centre and a
complex 3-D model with lateral heterogeneities in its crust and mantle.

Many numerical methods have been developed for seismic wave propagation in
3-D Earth media [49], such as finite difference [50], spectral element [51, 52, 53, 54],
and discontinuous Galerkin [55], with different emphases and scopes of application.
Global seismology has benefited from a couple of community software packages.
SPECFEM3D_GLOBE (SPECFEM) [51, 52] is the most mature and comprehen-
sive spectral element method (SEM) hardcoded for Earth, encompassing 3-D mantle
and crust, topography and ocean, ellipticity, rotation and gravity. Salvus [56] is a
recently released 2-D/3-D SEM-based toolkit for waveform modelling and inversion
from laboratory to global scales, with particular emphasis on usability and extensibil-
ity. CSEM [57] and SES3D [58] tackle 3-D media in spherical geometry, aimed mainly
at mantle studies. These discretised 3-D methods such as SPECFEM and Salvus are
capable of handling complex 3-D structures in arbitrary geometry, and thus may be
considered “full” and “exact”, as long as the Earth model can be properly discretised.

Unfortunately, despite the surge in both hardware and software developments,
global wave propagation still remains as one of the most challenging problems in sci-
entific computing. Discretised 3-D methods come at a persistently high computational
cost [59, 60, 61] that still obliterates any possibility to cover the observable frequency
band of global seismic data (up to 1 Hz) with affordable computing resources. The
multiscale nature of Earth’s 3-D interior motivates high-frequency simulations. For
example, to resolve a mantle plume several hundred kilometres in width, a seismic
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Epicentre 

Azimuthal  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pattern 

(a) 3-D wave in 1-D Earth model

Scattered 
energy
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energy

Ocean-
enhanced 
dispersion

(b) 3-D wave in 3-D Earth model

Figure 1.1. Three-dimensional global wave propagation in 1-D and 3-D Earth models.
The source is a shallow earthquake beneath Virginia, US. The snapshots are taken at
1200 s after the source origin. The wavefields are coloured by the norm of the ground
motion. Only surface waves are visible. In (a), the model is PREM, spherically symmetric
with respect to Earth’s centre, and the resultant wavefield has a simple radiation pattern in
the azimuthal direction because of no lateral energy scattering. In (b), the model consists
of a 3-D mantle and a 3-D crust, so the resultant wavefield has a very complex radiation
pattern; for example, one can observe significant energy trapped near the ocean-continent
boundary and scattered within the continental crust. These snapshots are computed by
AxiSEM3D [48], a numerical method developed in this thesis.
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period down to 5 s is desirable, leading to a few hundred propagated wavelengths,
for which one 3-D simulation may consume 104 ∼ 105 CPU-hours for a 1 hr record
length. At a 1 Hz frequency, they would require a formidable 107 ∼ 108 CPU-hours
per 1 hr record length, for instance, ∼ 4.2× 107 for the global mantle model S40RTS
[39], estimated on the latest UK national supercomputer ARCHER (archer.ac.uk).
Concerning seismic inverse problems that involve thousands to millions of forward
simulations, such 3-D methods can hardly serve as the underlying wave propagator
for realistic problems with decent resolution, a good amount of data and pragmatic
computing resources. The bottleneck of computing power is aggravated by an expo-
nentially increasing number of observed broadband data (IRIS annual report 2015,
iris.edu), from which abundant information is still excluded, such as a number of
source-receiver pairs, amplitude information or high-frequency contents.

Tremendous efforts have been made to decrease the computational cost of dis-
cretised 3-D methods, such as GPU [59, 62], algorithmic advances such as improved
time schemes [63, 64, 65], cache-optimised tensor products [66, 67], coarse-grained
attenuation [68], and a truncated computational domain for regional applications,
such as RegSEM [69]. Most of these efforts lead to a computational speedup of 2
to 5. This is most desirable, especially in its multiplicative effect, but does not bear
“game-changing” qualities.

Computability can be eased by well-chosen approximations on the physical system.
Global seismic data analysis, for instance, largely clusters around seismic traveltimes
or waveforms predicted by spherically symmetric Earth models [2, 70]. Under this sim-
plification, methodological and computational advances have remarkably progressed
from ray-theoretical solutions [71] to a variety of fast dimension-reduced methods.
Depending on their outcome, these dimension-reduced methods can be divided into
two categories, waveform methods that produce waveforms at given receiver loca-
tions, such as DSM [72], GEMINI [73], Yspec [74], Instaseis [70] and Syngine [75],
and wavefield methods that compute the whole wavefield throughout the interior,
such as AxiSEM [76], an axisymmetric SEM that bears Instaseis and Syngine, and
axisymmetric finite difference methods [77, 78].

If small deviations in the recorded waveforms from such a structural setting are
tolerable, one may revert to computing 3-D global wavefields based on PREM-like av-
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eraged 1-D models, which can be accomplished at the cost of a 2-D numerical method
by exploiting axisymmetry of the wave solution [44]. At higher seismic frequencies,
the dimension-reduced methods may become several orders of magnitude faster than
full 3-D methods [76]. This has been viable as a basis for global tomography [2],
allowing for full-wave based calculation of sensitivity kernels [35] and data-matched
high frequency resolutions (e.g., 1 Hz [43]). Spherically symmetric Earth models, as
summarised by [76], can thus be viewed as a pragmatic compromise for modelling
between broad frequency ranges and reasonably realistic waveforms, so as to exploit
a maximal amount of informative broadband data. In addition, these dimension-
reduced methods can be coupled with full 3-D methods to efficiently solve multiscale
problems with a complex 3-D subdomain inside a 1-D background model, sometimes
referred to as the “box scheme” or “wavefield injection” [57, 79, 80, 81]. Other physi-
cal approximations may operate on material rheology, such as acoustic approximation
[82], or structure-wavefield interaction by means of homogenisation [83].

The computational cost of a discretised 3-D method is largely model-agnostic. It
is then implied by the tremendous speedup of dimension-reduced methods (such as
AxiSEM [76]) that these 3-D methods may have lavished a large amount of computing
power due to wavefield oversampling, not only for radial models but also for 3-D mod-
els with smooth, long-wavelength lateral structures. It is then natural to ask if it is
possible to bridge the gap between fast methods for spherically symmetric media and
slow methods for complex 3-D media by means of developing a method fully adapted
to model complexity, without either simplifying the Earth models or compromising
on wave physics or solution accuracy. At the same time, all hardware and algorithmic
optimisations can still be applied to further enhance its computational efficiency.

With such a motivation, we brought forward a novel hybrid method combining
SEM and pseudo-spectral method [48]. It parameterises the azimuthal dimension of
global wavefields in terms of Fourier series, so as to exploit their inherent azimuthal
smoothness resulting from the point-source singularity and low-order power spectra
of global tomographic models. This method features a model-adapted computational
cost: for spherically symmetric Earth models, the method naturally degenerates to
AxiSEM [76]; while, for typical tomographic mantle models, it proves significantly
more efficient than conventional 3-D methods, for example, with a speedup up to two
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orders of magnitude at a 10 s period. More attractively, such a speedup is observed to
scale with frequency, encouraging high-frequency applications (e.g., below 10 s) that
accommodate numerous open geophysical questions. This fully benchmarked and
operational numerical method, name AxiSEM3D, is the main contribution of this
thesis, along with deep insights into the spatiotemporal complexity of global seismic
wavefields as well as several numerical investigations in unprecedented parameter
regimes.

1.2 Aspherical Earth

Earth is not of a precisely spherical nature, but undulates, in some cases significantly,
along the surface, some of the solid-solid discontinuities such as Moho [31, 84] and the
transition zone boundaries [33, 34], and some of the solid-fluid discontinuities such as
the ocean floor [30] and the core-mantle boundary (CMB) [35, 36]. These undulating
discontinuities must be physically honoured in certain applications because of their
striking impact on synthetic waveforms. For instance, surface topography and crustal
thickness variation entirely reshape surface waves, as shown in Figure 1.1, not only
relevant for crust tomography [84, 85] but also significant to earthquake hazard as-
sessment [86] and nuclear monitoring [87]. Imaging such interface perturbations can
also deliver important complementary constraints on Earth’s structure and dynamics
[33, 88]. From a methodological aspect, global wave propagation with undulating
interfaces has never been benchmarked so far, especially for a realistic 3-D crust that
poses significant challenges to numerical methods.

Even for discretised 3-D methods, handling geometric complexity is not a straight-
forward task. To overcome the outstanding difficulties around discretisation, two
main strategies have been relied on: advanced meshing techniques such as unstruc-
tured hexahedra [54] and tetrahedra [89], with an attempt to mesh the geometry
directly, and effective/equivalent media approaches such as homogenisation [83] and
the particle relabelling transformation [90], which convert geometric complexities into
more complicated constitutive relations while preserving the resultant wavefield. Our
method takes the second route because it does not involve a 3-D mesh. At a continen-
tal to global scale, it is reasonable to assume that all undulating radial discontinuities
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are topologically equivalent to a sphere (except the ocean floor). Therefore, the par-
ticle relabelling transformation is best suited for a dimension-reduced method such
as AxiSEM3D, because the transformation is frequency-independent and much easier
to be implemented than homogenisation. Applying the particle relabelling transfor-
mation, we generalise AxiSEM3D to aspherical geometry [91], rendering it as com-
prehensive as discretised 3-D methods to include all known types of 3-D complexities
of Earth, while being considerably more efficient than the discretised 3-D methods
throughout the entire model parameter space and frequency range of geophysical
interest.

1.3 Seismic tomography

Most global tomographic models exhibit good agreement on the predominant long-
wavelength features in the mantle [10, 11]. For smaller-scale structures, however,
these models tend to disagree to a greater extent. Such divergence has persisted
to the present day despite advances in data coverage and inverse techniques [92].
Though we seem to face a significant challenge in finding consensus, which may or
may not hint at a deeper issue than refined coverage or techniques, acquisition (e.g.
transportable arrays) and measurement developments in conjunction with more so-
phisticated tomographic methods inevitably lead to more profound understanding of
observations and more reliable inference on Earth’s interior.

From a theoretical perspective, seismic tomography has been experiencing trans-
formative progress from ray theory [2] to waveform-based inversions [93, 94]. This
is partly because, first, most modern measurements of “traveltimes”, such as cross-
correlation [37], time-frequency phase delays [94, 95] and instantaneous phase [96], are
based upon waveforms, and second, triplicated [45] or core-diffracted phases [43, 97]
and noise correlations [84] inherently necessitate waveforms as well. Therefore, fast
waveform modelling across a broad frequency band becomes increasingly important
as seismologists attempt to extract more information from complex seismic data.

Computational challenges stem not only from data availability but also from the
requirement of resolving multi-scale structures, motivating the application of the next-
generation tomographic methods. An essential step in seismic tomography is to calcu-
late Fréchet sensitivity kernels for particular misfit functionals, for example, those for
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finite-frequency traveltimes [41] and for full waveforms [37, 44]. A fundamental prin-
ciple behind the “kernels” is that the structural perturbations from the background
models should be sufficiently small such that the first-order Born approximation [37],
or a linearised relation between the perturbations of waveforms and structures, can
decently hold. This is an outstanding question within crustal tomography based on
either noise correlation [84] or earthquake surface waves [85], because of the large
structural perturbations within the crust.

The last decade has witnessed the trend toward tomography with kernels based on
3-D background models and full-waveform-based misfit functionals, from exploration
[98, 99] to regional [46, 93, 94, 100] and global scale [47], mainly through adjoint
approaches [101, 102] built upon high performance wave propagators [51, 54]. Thanks
to the self-adjointness of elastodynamics, the underlying wave solvers are identical
to those used for forward simulations, that is, the 3-D kernels are constructed by
convolving a wavefield emanating from a seismic source with a receiver-originating
adjoint wavefield that bears the misfit functional. Unfortunately, the formidable cost
of wavefield modelling upon 3-D Earth models (that need to be repeated numerous
times for each waveform inversion) keeps adjoint tomography far from being available
as common practice, especially in view of data availability.

In addition, the ongoing surge of computing power encourages forward modelling
of data, that is, searching over vast possibilities for optimised model parameters, which
requires efficient wave propagation in conjunction with searching algorithms such as
brute-force or Bayesian [103]. Like iterative gradient methods, these non-gradient
forward methods drop the Born approximation [37] around a spherically symmetric
model, and are thus preferable for strong and sharp heterogeneities. Though avoiding
local minima in gradient-based methods, the non-gradient methods come at an even
higher algorithmic complexity, and are thus more demanding for an efficient wave
solver. By far, these methods are incapable of delivering global models due to an
unaffordably large parameter space, but have found their applications to localised
structures with small spatial extensions, such as ULVZs [104, 105]. A more efficient
wave propagator such as AxiSEM3D will undoubtably promote the application of
both gradient and non-gradient full-waveform inversions.

Moreover, the physics of wave scattering is fundamental to tomography. Imaging
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Earth’s interior relies on understanding how waveforms encode information from het-
erogeneous multiscale structures. To answer the central question over the inherent
physical resolution limit of structures encoded in waveforms observed along Earth’s
surface, one needs to identify parameter and scattering regimes where structures re-
main invisible as a function of seismic wavelength, structural scale and strength, and
propagation path. This will aid in interpreting tomographic images by acknowledging
the scope of “seismic invisibility” [83, 90], and will offer guidance for the selection of
seismic data for tomography.

Forward modelling in a tomographic context, however, primarily serves to deliver
synthetic waveforms and their gradients for inversion. This is of course appropriate,
but depreciates a wealth of complementary information that can be obtained from
the evolution of wavefield complexity. Though it has long been evident [49, 106],
structure-induced wavefield complexity has never been quantitatively evaluated for
deep Earth heterogeneities in a realistic 3-D setting, since such 3-D wavefields were
computationally inaccessible. In addition to waveform modelling, AxiSEM3D also
serves as a powerful tool to explore the relation between wavefields and structures,
not only because of its computational efficiency for vast simulations, but also because
the method itself is naturally adapted to model and wavefield complexity in terms
of both parameterisation and computational cost. Wave scattering effects will be
addressed throughout this thesis.

1.4 Summary

Driven by the rapid growth of broadband seismic data, the advances of inverse
methodologies and a more profound understanding of the wave physics that car-
ries every seismological probing of Earth’s interior, modern development of global
seismology strongly motivates a new numerical method to simulate global wave prop-
agation in full 3-D Earth models. Such a method should be comprehensive enough
to consider all known types of 3-D Earth features, including both laterally hetero-
geneous material properties (velocity, density, full anisotropy and attenuation) and
finite perturbations on any of the radial discontinuities such as the surface, Moho and
CMB, while being computationally efficient to reach desirable frequency ranges that
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match both the structural scales of geophysical interest and the power of modern,
high-performance computing.

The remainder of this thesis strives to deliver a numerical method of such qual-
ity, featuring a remarkably improved computational efficiency compared to existing
methodologies for wave propagation. Chapter 2 provides a brief but essentially inte-
grated overview of the method, including wavefield and model observations, physical
motivations and method architecture. Chapter 3 presents the theory for 3-D Earth
models with spherical geometry as well as its numerical implementation and valida-
tion. These two chapters are mainly extended from [48], which lays the theoretical
and computational foundations of the method. Chapter 4 extends Chapter 3 to as-
pherical Earth models to consider interface undulations. Chapter 5 summarises the
computational cost of the method and its speedup with respect to conventional 3-D
methods. Chapter 6 contains three applications of wavefield modelling. These three
chapters are mainly extended from [91], which makes the prototype of [48] more com-
prehensive and efficient, showing a great potential of high-frequency forward studies
of Earth’s interior. The last chapter concludes this thesis with the main results and
method features, ending up with an outlook of future work.
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Chapter 2

Observations and methodology

We seek to compute the 3-D global seismic wavefield produced by a realistic earth-
quake source in an anisotropic, visco-elastic, 3-D Earth model. One may treat the
general problem as seismic wave propagation in 3-D heterogeneous media of ar-
bitrary geometry, and solve it with a “universal” 3-D numerical method such as
SPECFEM3D_GLOBE (SPECFEM) [51, 52]. But one may also take a shortcut by
understanding the solution characteristics first and using them to simplify the general
wave equation at the outset, for instance, the fixed radiation patterns for spherically
symmetric Earth models [44]. Following this idea, we shall start from direct observa-
tions of wavefield snapshots in tomographic models.

2.1 Global wavefields

For visualisation purposes, we employ an earthquake source of monopole type, that is,
Mrr = 1 and the other components of the moment tensor vanish, located at a 12 km’s
depth beneath Virginia. Such an earthquake source is fully axisymmetric in the
source-centred coordinate system, as shown in Fig. 2.1a. See [44] or Section 3.1.6 for
a strict definition of monopole sources. We use SPECFEM to compute the wavefields.

Let us first consider spherically symmetric 1-D Earth models. Evidently, the
resultant wavefield should be fully axisymmetric due to the axisymmetry of both the
source and the model, as illustrated by Fig. 2.1b, computed with PREM [3]. By
contrast, the wavefield exhibits high complexity in the meridional slice orthogonal
to the azimuthal direction, as shown in Fig. 2.1c. The theory behind this contrast
will be explained in Section 3.1.6. Since the solution is rotation invariant, that is,
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u (r, θ, φ; t) = u (r, θ; t), the 3-D problem can be rebuilt on a 2-D meridian domain
(one slice) spanned by (r, θ), and solved efficiently with a dimension-reduced method
such as AxiSEM [76].

For 3-D models, the solution axisymmetry is violated by lateral heterogeneity, as
illustrated by Fig. 2.1d, obtained with the tomographic model S40RTS [39]. However,
even by visual inspection, one may observe that the non-axisymmetric deviations
are quite “small”, that is, the equatorial pattern (Fig. 2.1d) looks much smoother
than the slice pattern (Fig. 2.1e). Therefore, from a numerical perspective, it is
unnecessary to describe the azimuthal variations using grid points distributed as
densely as required to describe the in-slice variations. Let us instead parameterise
the azimuthal dependence by Fourier series, in view of the azimuthal periodicity of
solution over φ ∈ [0, 2π),1

u (r, θ, φ; t) '
∑

|α|≤Nu

uα (r, θ; t) exp (iαφ) , (2.1)

where Nu denotes the global maximum number of terms needed for an accurate
description, uα the α-th order complex Fourier coefficient field, t the time and i =
√
−1.

The separation of variables in (2.1) is adapted to the direction-dependent vari-
ability of global wavefields, that is, a small Nu may realise an accurate description of
the smooth azimuthal variations, while the 2-D coefficient fields, uα = uα (r, θ; t), are
capable of describing any sharp in-slice variations. A similar idea has been proposed
in the 1980s [107, 108, 109] for layered media at the local scale, but its numerical
implementation could not be found. Figure 2.2 shows the Fourier approximations at
the equatorial great circle, where the wavefield in Fig. 2.1d experiences the largest
azimuthal variability within the snapshot. It is shown that a Fourier series with
Nu = 40 visually yields an exact description, while full 3-D discretisation along the
great circle in SPECFEM involves 4096 (256×4×4) Gauss-Lobatto-Legendre (GLL)
points at the considered dominant period (17 s).

1 In this thesis, we use ijkl as spatial indices and αβγ as Fourier series indices. Einstein sum-
mation convention only applies to spatial indices. Superscripts acting directly on field variables
denote Fourier series indices; for example, ρ2 represents the second order Fourier coefficient of
ρ, whereas the square of ρ, if needed, will be written as (ρ)

2.

14



o 

source 

equatorial plane 

azimuth 

equatorial  
great circle 

r

�

✓

(a) sketch

(b) 1-D equatorial (c) 1-D slice

(d) 3-D equatorial (e) 3-D slice

Figure 2.1. Wavefield snapshots in 1-D model PREM and 3-D model S40RTS due to a
monopole earthquake. These snapshots are computed by SPECFEM at a dominant period
of 17 s, taken at ∼1430 s after source origin. The colour function shows displacement
norm (mm). The core regions are not plotted because displacement calculation in the fluid
core is not implemented in SPECFEM. (a) shows a sketch of the source-centred coordinate
system and the positions of the plotted equatorial and slice cross-sections. (b)-(e) show the
snapshots on the two cross-sections for the two Earth models, respectively.
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Figure 2.2. Fourier series approximations of displacement along equatorial great circle of
Fig. 2.1d. Nu represents the number of terms in the Fourier series, and E2 the L2 the norm
of fitting error. We use Discrete Fourier Transform (DFT) to compute Fourier coefficients,
and then inverse DFT to compute approximated distributions after truncating the Fourier
series at different Nu’s.
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The Fourier characterisation, eq. (2.1), involves global expansion of functions over
the φ-dimension, and thus falls into the category of pseudo-spectral methods, which
can be equivalently interpreted by means of cardinal functions [110]. For instance,
the cardinal version of eq. (2.1) reads

u (r, θ, φ; t) =
2Nu∑
β=0

u (r, θ, φβ; t)Cβ (φ) , φβ =
2πβ

2Nu + 1
, (2.2)

where Cβ (φ) are shifted sinc functions (cardinal functions associated with Fourier
series) such that Cβ (φγ) = δβγ. Points at the same φβ assemble what we call slices.
We do not use cardinal functions directly in this thesis. But, since they bridge the
two field representation methods respectively by means of basis functions and grid
points, they may facilitate the understanding of fundamental concepts (such as the
mode coupling effect discussed in Section 3.2) and comparisons to discretised 3-D
methods. For instance, a good approximation of Fig. 2.1d requires 41 complex terms
in the Fourier series, or, interpreted as cardinal functions, 81 slices evenly spaced by
∼4.4° around the axis, which are significantly less than the grid points required by
the 3-D discretisation.

2.2 Tomographic mantle models

Two factors contribute to the azimuthal smoothness (small Nu) of a global seismic
wavefield: axial singularity of a seismic point source and lateral smoothness of global
tomographic models. In a source-centred coordinate system, the Fourier expansion of
a seismic moment tensor only contains the first three terms (α = 0,±1,±2), owing to
the coordinate singularity of the axis, as explained in Section 3.1.6. For spherically
symmetric Earth models, these three terms respectively excite monopole, dipole and
quadrupole radiation patterns [44, 111], which means Nu = 2 throughout the entire
domain. In the above numerical example, the Fourier expansion of the moment tensor
only contains the zeroth order term Mrr, so only the monopole (rotation invariant)
radiation pattern is excited and thus Nu = 0.

Theoretically, Nu may become infinitely large for an arbitrary 3-D model due to
lateral wave scattering. However, in the case of smooth 3-D structures, the lateral
scattering effects are so weak that the wavefield tend to retain the source-dominant
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radiation patterns and remain smooth in the azimuthal direction, as illustrated by
Fig. 2.1. A good analogy is provided here. Imagine a pebble dropped into a calm
and broad lake. If the lake bottom is flat, the ripples will be fully axisymmetric with
respect to the dropping point. Instead, if lake bottom is rough, the axisymmetry of
the ripples will break down. However, our eyes are still cheated by quasi-concentric
“circles”, because the bottom fluctuation is not strong enough to totally reshape the
ripples.

Hence, the question arises as to whether Earth’s mantle is smooth enough for such
an idea to stand. The answer seems to be affirmative because of the predominance of
long-wavelength heterogeneity in the mantle [10], which has been well agreed among
most of the recent tomographic models based on different data sets and inverse tech-
niques [11]. To confirm the answer, we analyse the Fourier spectra of three mantle
models, S362ANI [34], S20RTS [112] and S40RTS [39].

Consider the shear velocity perturbation δvs (r, θ, φ) (δvsh for S362ANI) with re-
spect to the background model. Similar to eq. (2.1), we expand it in Fourier series,
that is,

δvs (r, θ, φ) =
∑

|γ|≤nv

δvγs (r, θ) exp (iγφ) , (2.3)

where the coefficients δvγs are computed by

δvγs (r, θ) =
1

2π

∫ π

−π

δvs (r, θ, φ) exp (−iγφ) dφ, (2.4)

and nv denotes the Fourier spectral order required for a good approximation. Note
that nv should be a field in the 2-D meridian domain, nv = nv (r, θ), quantifying the
local lateral smoothness of the model. Meanwhile, the maximum value of nv over the
2-D domain, denoted Nv,

Nv = max
r∈[0,Rearth], θ∈[0,π]

nv (r, θ) , (2.5)

may serve as a global quantification. The spectral power associated with (2.4) is
defined as

σγ
s (r, θ) =

1

γ + 1
|δvγs (r, θ)|

2 . (2.6)

Following [11], we normalise the spectral power by γ+1 to emphasise the wavelength
dependence of heterogeneity.
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The conventional definition of a power spectrum is based on spherical harmonics
expansion [10, 11] or, in a few cases, on Fourier expansion over a sphere-to-square
map [113]. In both cases, the spectral power spatially depends on depth only. Here
we need to define the power spectra upon Fourier expansion over φ, so the spectral
power is a function of both r and θ, as indicated by (2.6). It is also stressed that, be-
cause the Fourier expansion must be performed under the source-centred coordinate
system, both the power spectrum and the field of nv depend on the source loca-
tion. Nevertheless, the global maximum order Nv is source invariant, which equals to
the maximum degree lmax of the corresponding spherical harmonics expansion. For
instance, Nv = 20 and 40 respectively for S20RTS and S40RTS, parameterised hori-
zontally by spherical harmonics, and Nv = 22 for S362ANI, parameterised by cubic
splines both horizontally and vertically but with an equivalent lateral resolution of
lmax ≈ 22.

Given the model and a source, we first rotate the system such that the source
lies on or beneath the north pole [44]. Then we compute δvγs by (2.4) and σγ

s by
(2.6), for γ = 0, 1, . . . . Eventually, nv can be determined pointwise such that σγ

s

becomes negligibly small (< 10−4σ0
s ) when γ > nv. The results are shown in Fig. 2.3.

As indicated by Fig. 2.3a, 2.3c and 2.3e, the values of Nv are as expected, that
is, Nv = lmax. The fields of nv are source dependent, but the governing pattern
holds that nv ≈ Nv sin θ, the divergence from which reflects the non-uniformity of
vertical resolution: for example, a comparison between Fig. 2.3a and 2.3c suggests that
S20RTS has a more uniform vertical resolution while S362ANI places more emphasis
on the uppermost mantle. Fig. 2.3b, 2.3d and 2.3f manifest concentrated spectral
power on the long-wavelength Fourier modes with maximum orders lower than 8,
independent of source location.

In summary, small Nv as well as long-wavelength-focused power spectra verify
the lateral smoothness of the tomographic models and thus imply the viability and
efficiency of the Fourier spectral characterisation over the azimuthal dimension. Cer-
tainly, the real Earth may not be as smooth as a tomographic model, because seismic
tomography is naturally smoothed by a linearised relation between perturbations of
model and data. However, no evidence has been proposed to support a drastically
varying interior that can totally destroy the azimuthal radiation pattern. In con-
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trast, the fact that global traveltime data can be well predicted by 1-D Earth models
supports a smooth interior as tomography delivers.

2.3 Method architecture

Based on the above observations of global wavefields and tomographic models, we
propose a hybrid numerical method combining spectral element method and pseudo-
spectral method with Fourier basis functions. This section display the method archi-
tecture in a nutshell.

Let the equations of motion be loosely written as

L u = f, (2.7)

where the operator L , L = L (r, θ, φ), is determined by the model’s density and
velocity fields, and u and f respectively denote the time-dependent displacement
and source term fields, u = u (r, θ, φ; t) and f = f (r, θ, φ; t). We characterise the
azimuthal dependency of functions by Fourier series, that is, in addtion to (2.1),

f (r, θ, φ; t) =
∑

|β|≤Nf

fβ (r, θ; t) exp (iβφ) , (2.8)

L (r, θ, φ) =
∑

|γ|≤Nv

L γ (r, θ) exp (iγφ) . (2.9)

Note that we use “'” for (2.1) but “=” for (2.8) and (2.9) because the former is an
assumption that holds in an asymptotic sense as Nu → ∞, whereas the latter two
are exactly known a priori. The value of Nf in (2.8) has been determined for all
commonly used source types in seismology, for example, 2 for point source moment
tensors, 1 for point forces (used to compute the Fréchet kernels, see [44]) and 0 for
explosions. Also note that Nρ does not appear in (2.9) because we assume the density
field to be smoother than the velocity field, that is, Nρ ≤ Nv. This is always the case
in typical tomographic models, because 3-D density perturbations do not contribute
to traveltime measurements.

Instead of directly solving u from L and f in the 3-D domain (r, θ, φ), we attempt
to solve the coefficients uα from L γ and fβ in the 2-D meridian domain (r, θ). A
critical step is to establish the relationship between uα and

(
L γ, fβ

)
, that is, the
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(d) spectral power of S20RTS

Figure 2.3. The Fourier expansion order fields and power spectra of three tomographic
mantle models. In (a), (c) and (e), nv is determined such that σγ

s becomes negligibly small
(< 10−4σ0

s ) when γ > nv and Nv the maximum nv over the 2-D domain; the source is
located at VIR (37.91° N, 77.93° W, Virginia). (b), (d) and (f) shows the power spectra
at the point (r, θ) = (6291 km, 90◦), based on different source locations. Only the first 11
orders are plotted because of the vanishing higher order values. Similar patterns can be
found at other points in the 2-D domain. The source locations in (b), (d) and (f) include:
VIR ( 37.91° N, 77.93° W, Virginia), ATL (35.38° S, 16.40° W, southern mid-Atlantic ridge)
and JPN (27.94° N, 140.56° E, Bonin Islands, Japan). This figure is to be continued on the
next page.
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(f) spectral power of S40RTS

Figure 2.3 (continued). The Fourier expansion order fields and power spectra of three
tomographic mantle models.
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dimension-reduced equations of motion, as will be accomplished in the next chapter.
The basic architecture of the method is shown in Fig. 2.4.

2.4 Summary

Numerical experiments using a discretised 3-D method manifest azimuthal smooth-
ness of global seismic wavefields in typical 3-D tomographic mantle models. This
is because the lateral wave scattering effects of the smooth models are too weak to
substantially change the source-dominant radiation patterns. Model spectra analysis
verifies the lateral smoothness of the tomographic models. These observations nat-
urally motivate a sparser characterisation of solution over the azimuthal dimension.
Our method parameterises the azimuthal dependency of wavefields in terms of Fourier
series, and solves the 3-D wavefields by means of solving their Fourier coefficient fields
in a 2-D computational domain.
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2-D domain

FFT
in φ

IFFT
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Figure 2.4. Architecture of the pseudo-spectral/spectral-element method. The double-
lined arrow represents the workflow taken by discretised 3-D methods, while our method
follows the single-lined arrows. The Fast Fourier Transform (FFT) on the left happens
before time loop while the inverse FFT (IFFT) on the right is required only at the re-
ceivers, both of which take negligible computing time. This is the most fundamental and
understandable workflow, which can be improved by more advanced algorithms for better
computational efficiency.
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Chapter 3

Spherical Earth

This chapter deals with Earth models of spherical geometry but with 3-D material
heterogeneities. It is the basis of a more general theory for aspherical 3-D Earth
models, as elaborated in the next chapter, but it is of practical interest in its own
right, such as for body wave studies of the deep Earth. We first present the Fourier
spectral theory for the reduction of the azimuthal dimension of the 3-D wave equation,
and then the implementation of a 2-D SEM to solved the dimension-reduced system.
We also validate the implementation by benchmarking solutions with reference to a
discretise 3-D method. We considering solution convergence and the impact of seismic
frequency and source location.

3.1 Theory

In this section, we establish the dimension-reduced equations of motion on a 2-D
meridian domain based on the Fourier series parameterisation of the azimuthal di-
mension, which forms the central part of our method.

3.1.1 Equations of motion in 3-D

Consider an anisotropic elastic Earth model with spherical volume Ω and surface ∂Ω.
A point within Ω is referred to by its position r, and the unit outward normal to ∂Ω

is denoted n̂. Let u (r; t) and f (r; t) respectively denote the time-dependent fields
of displacement and body force, and ρ (r) and C (r) the fields of density and the
fourth-order stiffness tensor, respectively. The time-dependent equations of motion
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may be written as

L u = f , in Ω, (3.1)

Bu = 0, on ∂Ω, (3.2)

where the operators are defined as

L u := ρü−∇ · (C : ∇u) , (3.3)

Bu := n̂ · (C : ∇u) , (3.4)

with ü standing for the second-order time derivative of u. Viscoelasticity based on
the standard linear solid model can be introduced straightforwardly following [68],
which is thus not included in eq. (3.1).

The homogenous Neumann boundary condition, eq. (3.2), can be efficiently han-
dled by the following weak form

〈ρü,w〉Ω + aΩ (u,w) = 〈f ,w〉Ω, ∀w in Ω, (3.5)

where w = w (r) denotes an arbitrary test function (it can be arbitrary only because
no Dirichlet boundary condition is present on the surface), and the inner product and
the bilinear form in Ω are defined respectively as

〈u,w〉Ω :=

∫
Ω

u ·w d3r, (3.6)

aΩ (u,w) :=

∫
Ω

(∇u) : C : (∇w) d3r. (3.7)

3.1.2 Axisymmetric geometry

The dimension reduction demands axisymmetric geometry of the Earth model, which
means the 3-D domain Ω, along with all its internal discontinuities, is invariant by
rotation around an axis. We denote the 2-D meridian domain of Ω by D, as it is
D-shaped. The boundary of D contains two parts, the meridian of ∂Ω, denoted ∂D,
and the axis of rotation that does not have a 3-D counterpart, denoted A, as shown
in Fig. 3.1. For clarity, we first exclude the fluid core and present the complete
formulation for solid-fluid Earth models in Section 3.1.4.
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Figure 3.1. Sketch of an Earth model with axisymmetric geometry. The right-hand side
shows the 2-D meridian domain D with physical boundaries ∂D ∪ Si (thick curves) and
axial boundary A (dashed thick line). D is rotated about the z-axis to generate the 3-D
domain Ω with boundaries ∂Ω ∪ Σi, as shown on the left-hand side. Here we denote the
3-D solid-fluid boundaries and their 2-D meridians by Σi and Si, respectively, referred to
later in Section 3.1.4.
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We employ a system of cylindrical coordinates, (s, φ, z) or (x1, x2, x3), which is
related to the geocentric spherical coordinates (r, θ, φ) by

s = r sin θ, z = r cos θ. (3.8)

We choose to work under a unit cylindrical basis, denoted
(
ŝ, φ̂, ẑ

)
or (ĝ1, ĝ2, ĝ3),

which can be linked to the constant Cartesian basis (ê1, ê2, ê3) by
ŝ = ĝ1 = ê1 cosφ+ ê2 sinφ,

φ̂ = ĝ2 = −ê1 sinφ+ ê2 cosφ,

ẑ = ĝ3 = ê3.

(3.9)

We use a cylindrical coordinate system instead of a spherical one because we will
need some non-spherical spectral elements to discretise the 2-D domain D by an
unstructured mesh.

The gradient operator under such a frame can be written as ∇ = ŝ∂s+
1
s
φ̂∂φ+ ẑ∂z.

Because ∂φŝ = φ̂ and ∂φφ̂ = −ŝ, the gradient of a generic vector v, v = vjĝj, can be
shown as

∇v =

[
vj,i +

(
1

s
− 1

)
δi2vj,2 −

1

s
δi2ε3jkvk

]
ĝiĝj, (3.10)

where δij denotes the Kronecker delta, εijk the Levi-Civita symbol and vj,k an abbre-
viation of ∂xk

vj. The above index notation is non-standard (compared to covariant
and contravariant formulations) but effectively shortens tensorial equations in the
weighted Sobolev space measured by s ds dz [114]. It is also obvious that the unit
outward normal to ∂D is always perpendicular to φ̂, that is, n̂2 ≡ 0.

The axisymmetric geometry of Ω directly leads to the following integral equality,
serving as a key to reduce the azimuthal dimension, that is, for any functions g(φ)

and h(s, z), ∫
Ω

g(φ)h(s, z)s dsdφdz =

∫ π

−π

g(φ) dφ
∫
D

h(s, z)s dsdz. (3.11)

28



3.1.3 Dimension-reduced weak forms

Following the basic ideas in the previous chapter, we characterise the azimuthal de-
pendency of functions in terms of Fourier series, that is,

u = ĝi (φ)ui(s, φ, z; t) ' ĝi (φ)
∑

|α|≤nu

uα
i (s, z; t)Ψ

α (φ) , (3.12)

f = ĝi (φ) fi (s, φ, z; t) = ĝi (φ)
∑

|α|≤nf

fα
i (s, z; t)Ψα (φ) , (3.13)

w = ĝi (φ)wi (s, φ, z) = ĝi (φ)
∑

|β|≤nu

wβ
i (s, z)Ψ

β (φ) , (3.14)

where Ψα (φ) , α = −nu, . . . , nu, denote the Fourier modes,

Ψα (φ) := exp (iαφ) , i =
√
−1, (3.15)

which form an orthogonal set of basis functions,∫ π

−π

Ψα (φ)Ψ−β (φ) dφ = 2πδαβ. (3.16)

Note that in eq. (3.14), we choose a test function space coinciding with the solution
space by limiting |β| ≤ nu, as necessitated by the uniqueness of solution. Derivation
of the source term coefficients fα

i will be elaborated in Section 3.1.6.
The Fourier expansion order of solution, nu, is a vital parameter, because it defines

the wavefield resolution in the φ-direction and thus governs both solution accuracy and
computational cost. The azimuthal complexity of a wavefield is position dependent,
for example, near-axis regions demand much fewer terms than regions far away from
the axis. Hence, it is reasonable to assign nu locally, that is, nu = nu (s, z). The
scheme to determine nu (s, z) will be elaborated in Section 3.2. In the rest of this
section, nu is treated as a constant. One may understand it as the global maximum
order Nu used in Section 2.1. Such a notational simplification does not affect the
generality of the theory.

Substituted with eq. (3.12), the displacement gradient eq. (3.10) yields the follow-
ing Fourier series form

∇u ' ĝiĝj

∑
|α|≤nu

uα
j;i (s, z; t)Ψ

α (φ) , (3.17)
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where we define

uα
j;i := uα

j,i +
1

s
Γα
ijku

α
k , Γα

ijk := δi2 (iαδjk − ε3jk) , (3.18)

in view of that uα
j,2 ≡ 0. Here the role of Γα

ijk is quite similar to the Christoffel symbols
in covariant and contravariant derivatives. Likewise, for the test function w, we have

∇w = ĝiĝj

∑
|β|≤nu

wβ
j;i (s, z)Ψ

β (φ) . (3.19)

Now we derive the dimension-reduced weak forms. Substituted with the Fourier
characterisations, eqs. (3.13) and (3.14), the source term in eq. (3.5) can be reduced
in the following steps:

〈f ,w〉Ω =

∫
Ω

f ·wd3r

=

∫
Ω

∑
|α|≤nf

fα
i Ψ

α
∑

|β|≤nu

wβ
i Ψ

βs dsdφdz

=
∑

|α|≤nf

∑
|β|≤nu

∫
D

fα
i w

β
i s dsdz

∫ π

−π

ΨαΨβdφ

= 2π
∑

|β|≤nu

∫
D

f−β
i wβ

i s dsdz,

(3.20)

where the third line is based on the integral equality eq. (3.11) and the fourth line
the orthogonality condition eq. (3.16). Likewise, the mass and stiffness terms are
respectively reduced by

〈ρü,w〉Ω =

∫
Ω

ρü ·wd3r

=

∫
Ω

∑
|γ|≤nρ

ργΨγ
∑

|α|≤nu

üα
i Ψ

α
∑

|β|≤nu

wβ
i Ψ

βs dsdφdz

=
∑

|γ|≤nρ

∑
|α|≤nu

∑
|β|≤nu

∫
D

ργuα
i w

β
i s dsdz

∫ π

−π

ΨγΨαΨβdφ

= 2π
∑

|α|≤nu

∑
|β|≤nu

∫
D

ρ−(α+β)uα
i w

β
i s dsdz,

(3.21)
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and

aΩ (u,w) =

∫
Ω

(∇u) : C : (∇w) d3r

=

∫
Ω

∑
|γ|≤nc

Cγ
ijklΨ

γ
∑

|α|≤nu

uα
i;jΨ

α
∑

|β|≤nu

wβ
k;lΨ

βs dsdφdz

=
∑
|γ|≤nc

∑
|α|≤nu

∑
|β|≤nu

∫
D

Cγ
ijklu

α
i;jw

β
k;ls dsdz

∫ π

−π

ΨγΨαΨβdφ

= 2π
∑

|α|≤nu

∑
|β|≤nu

∫
D

C
−(α+β)
ijkl uα

i;jw
β
k;ls dsdz.

(3.22)

Due to the arbitrariness of w, we may drop the mode summations over β in eqs. (3.20)-(3.22),
and finally obtain the dimension-reduced weak forms in the 2-D meridian domain D,
with the φ-dimension reduced,∑

|α|≤nu

[〈
ρ−(α+β)üα,wβ

〉
D
+ a

−(α+β)
D

(
uα,wβ

)]
=
〈
f−β,wβ

〉
D
,

∀wβ in D, ∀β ∈ {−nu, . . . , nu},
(3.23)

where the inner product and the bilinear form in D, in relation to eq. (3.6) and
eq. (3.7), are defined respectively as〈

uα,wβ
〉
D
:=

∫
D

uα
i w

β
i s dsdz, (3.24)

aγD
(
uα,wβ

)
:=

∫
D

uα
i;jC

γ
ijklw

β
k;ls dsdz. (3.25)

The parameters involved in eq. (3.23), ργ and Cγ
ijkl, are respectively the γ-th order

Fourier coefficients of ρ and Cijkl, that is,

ργ (s, z) =
1

2π

∫ π

−π

ρ (s, φ, z)Ψ−γ (φ) dφ, (3.26)

Cγ
ijkl (s, z) =

1

2π

∫ π

−π

Cijkl (s, φ, z)Ψ
−γ (φ) dφ, (3.27)

or, inversely,

ρ (s, φ, z) =
∑

|γ|≤nρ

ργ (s, z)Ψγ (φ) , (3.28)

Cijkl (s, φ, z) =
∑
|γ|≤nc

Cγ
ijkl (s, z)Ψ

γ (φ) . (3.29)

where nρ and nc are the maximum Fourier expansion orders required for an accurate
description of the model, defined pointwise like nu. Apparently, for each term in
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eq. (3.23), the summation of the superscripts should always be 0, as required by the
orthogonality condition eq. (3.16).

With β evaluated between [−nu, nu], eq. (3.23) yields 2nu+1 coupled weak forms
to constrain the 2nu +1 Fourier coefficients uα. We shall discuss the implementation
of a 2-D SEM to solve eq. (3.23) in Section 3.3. The structure of the dimension-
reduced system is discussed in Section 3.2, based on a more intuitive strong form
equivalent to eq. (3.23).

3.1.4 Fluid core

The Earth model should contain a couple of solid-fluid boundaries, collectively de-
noted Σ, as shown in Fig. 3.1. The method requires axisymmetry of Σ such that it
can be generated by rotating the meridian arc S about the axis A.

We follow a potential formulation in the fluid domain Ωf [44, 115], assuming
incompressibility of the outer core. Let u = ∇χ/ρ, such that in Ωf, the 3-D equations
of motion, eq.(3.1), can be recast as

χ̈

κ
= ∇ ·

(
∇χ

ρ

)
, in Ωf, (3.30)

subject to the following solid-fluid boundary conditions,

n̂ · u =
χ,r

ρ
and n̂ ·C : (∇u) = χ̈n̂, on Σ, (3.31)

where κ denotes the bulk modulus of the fluid media. Note that κ and ρ are spherically
symmetric. The completeness of the above potential representation is guaranteed by
the absence of toroidal motion within an inviscid fluid core. Accordingly, the 3-D
weak form, eq.(3.5), can be generalised as

〈ρü,w〉Ωs+aΩs (u,w)+〈χ̈n̂,w〉Σ=〈f ,w〉Ωs , ∀w in Ωs, (3.32)

〈χ̈/κ, w〉Ωf+bΩf (χ,w)−〈u, wn̂〉Σ=0, ∀w in Ωf, (3.33)

where the bilinear form in Ωf is defined as

bΩf (χ,w) :=

∫
Ωf

1

ρ
(∇χ) · (∇w) d3r. (3.34)

Solid-fluid coupling effects are embodied by the third terms on the left-hand side of
eq.(3.32) and eq.(3.33).
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Similar to eq.(3.12), we characterise the fluid potential χ in terms of Fourier series,

χ (s, φ, z; t) '
∑

|α|≤nu

χα (s, z; t)Ψα (φ) , (3.35)

w (s, φ, z) =
∑

|β|≤nu

wβ (s, z)Ψβ (φ) . (3.36)

Following the same steps in eqs.(3.20)-(3.22), we may extend the reduced weak forms,
eq.(3.23), to solid-fluid media:∑

|α|≤nu

[〈
ρ−(α+β)üα,wβ

〉
Ds

+ a
−(α+β)
Ds

(
uα,wβ

)]
+
〈
χ̈−βn̂,wβ

〉
S
=
〈
f−β,wβ

〉
Ds

,
∀wβ in Ds

∀β ∈ {−nu, ..., nu}
,

(3.37)

〈
χ̈−β

/
κ0, wβ

〉
Df

+ b0Df

(
χ−β, wβ

)
−
〈
u−β, wβn̂

〉
S

= 0, ∀wβ in Df, ∀β ∈ {−nu, . . . , nu},
(3.38)

where the bilinear form in Df is defined as

b0Df

(
χα, wβ

)
:=

∫
Df

1

ρ0

(
χα
,iw

β
,i − αβχαwβ

)
s dsdz. (3.39)

Equation (3.38) implies no mode coupling in the fluid domain, thanks to the spherical
symmetry of the outer core, that is, κ (s, φ, z) = κ0 (s, z) and ρ (s, φ, z) = ρ0 (s, z).

3.1.5 Axial boundary conditions

Special attention must be paid to the axis A, a boundary of the 2-D computational
domain D that does not have a physical counterpart in the 3-D Earth model. The
essential boundary conditions on A are of Dirichlet type, which must be imposed on
eq. (3.23) explicitly to ensure the well-posedness of the Galerkin problem.

If the functional form of the solution is analytically known, one may derive the
axial conditions directly by evaluating the asymptotic behaviour of the solution as
s → 0 or θ → 0, for example, from the normal mode solution of 1-D models [44].
We cannot follow this path because no analytical solution has been reported for 3-D
models. Alternatively, one may impose the axial conditions such that the potential
energy of the system is bounded [116, 117]. In fact, because the wavefield is globally
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continuous (except on solid-fluid boundaries), the boundedness of the potential en-
ergy is equivalent to the local boundedness of the displacement gradient, that is, the
numerator of the second item in eq. (3.18) should vanish,

(iαδjk − ε3jk)u
α
k = 0, j = 1, 2, 3 , (3.40)

or 
u0
s = u0

φ = 0, α = 0;

u1
s + iu1

φ = 0, u1
z = 0, α = 1;

uα
s = uα

φ = uα
z = 0, α ≥ 2.

(3.41)

Interestingly, the result turns out to be identical to 1-D models [44]. Applying L’Hôpi-
tal’s rule to eq. (3.18), the displacement gradient on the axis turns into

uα
j;i = uα

j,i + Γα
ijku

α
k,1. (3.42)

3.1.6 Seismic moment tensor

Now we evaluate the source term with respect to a time-dependent point source
moment tensor M (t), positioned at r = rs. The corresponding body force field can
be written as

f (r; t) = −M (t) · ∇δ (r− rs) , (3.43)

where δ represents the Dirac-delta distribution. The right-hand side of the 3-D weak
form eq. (3.5) can then be written as

〈f ,w〉Ω = M : ∇w (rs) . (3.44)

Note that for a point source, M in eq. (3.43) or eq. (3.44) is a position-independent
constant. However, its cylindrical components, Mij, should depend on the φ-coordinate,
as the cylindrical basis vectors ĝi are φ-dependent. To start from constant compo-
nents, we first represent M in the Cartesian coordinate system,

M = M̂ij êiêj. (3.45)

The cylindrical components Mij (φ) can be linked to the constant Cartesian compo-
nents M̂ij by a rotation matrix Q (φ), that is,

M = Mijĝiĝj, Mij (φ) = QT
ik (φ) M̂klQlj (φ) , (3.46)
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where

Qij (φ) := êi · ĝj =

 cosφ sinφ 0

− sinφ cosφ 0

0 0 1

 . (3.47)

Because the source azimuth φs becomes indeterminate on the axis, we consider
axial and non-axial sources separately.

3.1.6.1 General sources

Substituted with eq. (3.46) and eq. (3.19), eq. (3.44) yields

〈f ,w〉Ω = Mij (φs)
∑

|β|≤nu

wβ
i;j (ss, zs)Ψ

β (φs) . (3.48)

Comparing eq. (3.20) to (3.23), the right-hand side of the 2-D weak forms, eq. (3.23),
can be derived from eq. (3.48) simply by scaling it with (2π)−1 and dropping the
summation over β, that is,〈

f−β,wβ
〉
D
=

1

2π
Mij (φs)w

β
i;j (ss, zs)Ψ

β (φs) . (3.49)

Without loss of generality, we assume φs = 0, and the above equation is simplified to〈
f−β,wβ

〉
D
=

1

2π
M̂ijw

β
i;j (ss, zs) . (3.50)

Equation (3.50) exposes an unfavourable fact that the reduced 2-D source terms
do not decay as β increases. This is quite understandable because the Dirac-delta
distribution δ (φ− φs) involved in the 3-D source term has a white Fourier spectrum.
Therefore, no matter how large we choose the solution order nu, we cannot model
the source exactly, which causes uncontrollable errors that may kill the numerical
advantage of the pseudo-spectral methodology. Therefore, our method is currently
inadequate for off-axis sources.

3.1.6.2 Axial sources

If the source is located on the axis, eq. (3.49) does not make sense because φs becomes
indeterminate when ss = 0. The axial source terms may be derived in various ways,
among which the simplest is from an asymptotic perspective. Because the source can
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be imagined approaching to the axis from all azimuths, the axial source term should
equal to the integration of eq. (3.49) with respect to φs scaled by (2π)−1, that is,〈

f−β,wβ
〉
D
=

1

2π
M̂ijΛ

β
ijklw

β
k;l (0, zs) , (3.51)

where Λβ
ijkl is a constant fourth order tensor given by

Λβ
ijkl =

1

2π

∫ π

−π

Qik (φs)Qjl (φs)Ψ
β (φs) dφs. (3.52)

Clearly, since Q only involves Ψ0 and Ψ±1, in view of the orthogonality condition
eq. (3.16), Λβ

ijkl should vanish if |β| > 2. Therefore, a seismic moment tensor can be
exactly described in the 2-D domain as long as nu ≥ 2.

With Λβ
ijkl evaluated respectively for β = 0, 1, 2 and wβ

k;l substituted by the axial
formulation of displacement gradient, eq. (3.42), the axial source term eq. (3.51) can
be finally simplified to

• Monopole term (β = 0):

2π
〈
f0,w0

〉
D
=
(
M̂xx + M̂yy

)
w0

s,s + M̂zzw
0
z,z (3.53)

• Dipole term (β = 1):

2π
〈
f−1,w1

〉
D
=

M̂xz − iM̂yz

2

(
w1

s,z + 2w1
z,s + iw1

φ,z

)
(3.54)

• Quadrupole term (β = 2):

2π
〈
f−2,w2

〉
D
=

(
M̂yy − M̂xx

2
+iM̂xy

)(
w2

s,s + iw2
φ,s

)
(3.55)

In eqs. (3.53)-(3.55), all wβ
k,l’s are evaluated at the source location (0, zs). The above

results are equivalent to the trigonometric formulations in [44]. Equations (3.53)-(3.55)
may also be expressed in terms of f , that is,

• Monopole term (β = 0):

−2π

f 0
s

f 0
φ

f 0
z

 =


(
M̂xx + M̂yy

)
δ′ (s) δ (z − zs)

0

M̂zzδ (s) δ
′ (z − zs)

 (3.56)
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• Dipole term (β = 1):

−2π

f−1
s

f−1
φ

f−1
z

 =
M̂xz − iM̂yz

2

 δ (s) δ′ (z − zs)

iδ (s) δ′ (z − zs)

2δ′ (s) δ (z − zs)

 (3.57)

• Quadrupole term (β = 2):

−2π

f−2
s

f−2
φ

f−2
z

 =

(
M̂yy − M̂xx

2
+iM̂xy

)
δ′(s) δ(z−zs)

1i
0

 (3.58)

where δ′ denotes the “derivative” of Dirac-delta distribution. It is noteworthy that
δ and δ′ appear in f only along the in-plane directions, s and z, which essentially
explains from a source perspective why the wavefields can remain smooth in the
azimuthal direction (for example Fig. 2.1b and Fig. 2.1d), while experiencing rather
high in-plane complexity (for example Fig. 2.1c and Fig. 2.1e).

The source terms for β = 0, 1, 2 are classified as monopole, dipole and quadrupole,
respectively, based on their induced radiation patterns within an infinitesimal neigh-
borhood of the source point. Such radiation patterns may be termed as source pat-
terns, as they are intrinsic (model-independent) source properties determined by the
moment tensor, similar to focal mechanisms, as summarised in Fig. 3.2. For 1-D
Earth models, the global radiation patterns of wavefields strictly follow the source
patterns of the same angular order [44], but deviate from them for 3-D models to
some degree.

3.1.7 Special case: 1-D models

For spherically symmetric models, nc = nρ = 0, and the 2-D weak forms, eq. (3.23),
degenerate to〈

ρ0ü−β,wβ
〉
D
+ a0D

(
u−β,wβ

)
=
〈
f−β,wβ

〉
D
, ∀wβ in D, β = 0, 1, 2 , (3.59)

Because the source term fβ vanishes for β > 2, as proved in Section 3.1.6, we only
need to solve independently the zeroth, first and second order Fourier modes, or the
monopole, dipole and quadrupole radiation patterns, as shown in Fig. 3.2. Equa-
tion (3.59) epitomises the results of [44] that lay the theoretical foundations for the
axisymmetric code AxiSEM [76].
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Monopole (β = 0)

Moment tensor elements
M̂xx + M̂yy, M̂zz

Source pattern
ui ∼ f (s, z)

Dipole (β = ±1)

Moment tensor elements
M̂xz − iM̂yz

Source pattern
ui ∼ f (s, z) cosφ+ g (s, z) sinφ

Quadrupole (β = ±2)

Moment tensor elements
M̂yy − M̂xx + 2iM̂xy

Source pattern
ui ∼ f (s, z) cos 2φ+ g (s, z) sin 2φ

Figure 3.2. Source patterns of an axial seismic moment tensor. There are four distinct
source patterns, two monopole (top), one dipole (middle) and one quadrupole. For 1-D
models, the source patterns also represent the global radiation patterns. This figure is
adapted from [76].
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3.2 Mode coupling

The coupled system of 2-D weak forms, eq. (3.23), is efficient in handling the stress-
free boundary condition on the surface and is convenient for SEM implementation,
but the inherent structure of the dimension-reduced system is better revealed by an
equivalent strong form, as discussed below.

Applying the divergence theorem to eq. (3.23), recalling that n̂2 ≡ 0 and uα
j,2 ≡ 0,

we obtain the reduced strong form in correspondence to eq. (3.1) and eq. (3.2), that
is, ∀β ∈ {−nu, . . . , nu}, ∑

|α|≤nu

L −(α+β)uα = f−β, in D, (3.60)

∑
|α|≤nu

B−(α+β)uα = 0, on ∂D, (3.61)

where the source terms f−β are given by eqs. (3.56)-(3.58) for seismic moment tensors,
and the reduced 2-D operators are defined as

L γuα := ĝi

[
ργüα

i −
(
Cγ

ijklu
α
k;l

)
;j

]
, (3.62)

Bγuα := ĝi

[
n̂j

(
Cγ

ijklu
α
k;l

)]
. (3.63)

Note that the surface tractions do not vanish on the axis A, but they do not have
to be prescribed explicitly in eq. (3.61) because A is a Dirichlet boundary, implicitly
conditioned by eq. (3.40).

Indeed, eq. (3.60) defines a linear system of 2-D hyperbolic PDEs with a Hermitian
Toeplitz [118] operator matrix of size (2nu + 1)2, for instance, when nu = 3,

L 0 L −1 L −2 L −3 L −4 L −5 L −6

L 1 L 0 L −1 L −2 L −3 L −4 L −5

L 2 L 1 L 0 L −1 L −2 L −3 L −4

L 3 L 2 L 1 L 0 L −1 L −2 L −3

L 4 L 3 L 2 L 1 L 0 L −1 L −2

L 5 L 4 L 3 L 2 L 1 L 0 L −1

L 6 L 5 L 4 L 3 L 2 L 1 L 0





u−3

u−2

u−1

u0

u1

u2

u3


=



0

f−2

f−1

f0

f1

f2

0


. (3.64)

On the right-hand side, f−3 = f3 = 0, because nf = 2 for a seismic moment ten-
sor. The non-diagonality of the operator matrix indicates the coupling of the Fourier
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modes. From the viewpoint of cardinal functions, the non-diagonal operators “scat-
ter” the wave energy from one azimuthal slice to another. Such a mode-coupling
effect deserves utmost care because it could deny the viability of the method if the
computational cost surged with nu.

For a given azimuthal resolution, let N denote the number of grid points in a dis-
cretised 3-D mesh corresponding to nu. For example, we may count both N and nu at
the equatorial great circle. We have illustrated in Section 2.1 that nu � N for typical
tomographic models, our initial motivation for the pseudo-spectral characterisation.
Nonetheless, eq. (3.60) or eq. (3.64) seems to suggest a computational complexity of
O (n2

u) for the azimuthal dimension, in contrast to O (N) for discretised 3-D methods.
Fortunately, this is untrue thanks to the special structure of the operator matrix. The
effect of mode coupling can be realised in two different ways, direct summation and
fast Fourier transform (FFT), as compared below.

3.2.1 Direct summation

What is not included in eq. (3.60) is model complexity. Recalling eq. (3.28) and
eq. (3.29), we note that ργ = 0 for γ > nρ and Cγ

ijkl = 0 for γ > nc. Therefore, the
operator matrix is not only Hermitian Toeplitz but also banded, with a bandwidth
of max (2nc + 1, 2nρ + 1). Based on our knowledge of Earth’s nature, we assume
nc ≥ nρ, and eq. (3.60) turns into∑

|α|≤nu

|α+β|≤nc

L −(α+β)uα = f−β, in D. (3.65)

For instance, when nc = 1, the above example eq. (3.64) reads

L 0 L −1 0 0 0 0 0

L 1 L 0 L −1 0 0 0 0

0 L 1 L 0 L −1 0 0 0

0 0 L 1 L 0 L −1 0 0

0 0 0 L 1 L 0 L −1 0

0 0 0 0 L 1 L 0 L −1

0 0 0 0 0 L 1 L 0





u−3

u−2

u−1

u0

u1

u2

u3


=



0

f−2

f−1

f0

f1

f2

0


. (3.66)

Apparently, a direction summation of the Fourier modes will involve an azimuthal
cost of O (ncnu) as long as nu ≥ nc. In other words, the cost scales with nu for a
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specific model (nc = const). The condition nu ≥ nc can be easily achieved for smooth
tomographic mantle models with small nc, as shown in Fig. 2.3.

The banded structure also suggests a model-dependent computational cost. For
models with smooth lateral variations (small nc), the cost can be greatly lowered by
a narrow bandwidth (weak mode coupling), as well as its induced lower complexity
of the resultant wavefield (small nu).

3.2.2 FFT-based mode coupling

The direct summation approach will however cease to work efficiently if more com-
plicated structures are involved, such as the global crustal model Crust 1.0 [31], with
nc slightly smaller than 180.

Because the operator matrix is Hermitian Toeplitz, we may alternatively imple-
ment the summation by means of fast Fourier transform (FFT), commonplace in
pseudo-spectral methods for partial differential equations with spatially-varying pa-
rameters [110]. The basic idea is to compute the spatial derivatives (such as ∇u) in
the Fourier space, but the multiplications with material properties (such as C : ∇u)
in the physical space or, to be exact, on the 2nu + 1 cardinal grid points evenly dis-
tributed along the φ-direction. FFT is responsible for efficient transitions between
the Fourier and the physical spaces. Compared to the direct summation approach
that has an algorithmic complexity of O (nunc) for nc ≤ nu, and O (n2

u) for nc > nu,
the FFT-based approach has a complexity of O (nu log nu)

1.
In our SEM implementation, we finally choose the FFT-based mode coupling

method for three reasons. First, the computational efficiency will be greatly promoted
for non-smooth models with a large nc. Second, because the cost no longer depends
explicitly on the model, we may maximise the computational efficiency by learning
the azimuthal complexity of wavefields, as explained later in Section 3.3.2. Last,
FFT is highly optimised in modern numerical libraries such as FFTW3 [119], and
the advantage of the direct summation approach is observed to be trivial even for

1 In FFTW3 [119], O (N logN) is the slowest case when the logical size N is a large prime
number. In AxiSEM3D, we boost the performance by rounding up the values of nu such that
N always has small prime factors.
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a smooth mantle model such as S20RTS [112]. A typical time step is illustrated in
Fig. 3.3.

3.3 Implementation

In this section, we introduce the implementation of a 2-D SEM to solve the dimension-
reduced weak forms, eq. (3.23). We follow the axisymmetric 2-D spectral element
framework AxiSEM, which has been established, tested and improved via successive
efforts by [65, 67, 68, 111]. Our 3-D extension is thus named AxiSEM3D. Most
of the basic constituents remain unchanged for the 3-D extension, such as spatial
discretisation, derivative and quadrature, and time-marching schemes.

3.3.1 Spectral element discretisation

As shown in Fig. 3.4, the 2-D meridian domain is discretised by a finite element
mesh, each element mapped onto a reference square on which all spatial operations
take place. We use different types of geometric mapping (s = s (ξ, η) and z = z (ξ, η))
for different regions of the mesh, such that the surface curvature can be honoured
analytically [67]. Given the element shape, we can compute the elemental Jacobian
by the following relation,

J (ξ, η) =
∂ (s, z)

∂ (ξ, η)
= det

[
∂ξs ∂ηs

∂ξz ∂ηz

]
. (3.67)

A generic function f (s, z) on an element De maps onto the reference square by
f (ξ, η) = f (s (ξ, η) , z (ξ, η)), which is approximated by the following piecewise inter-
polation,

f (ξ, η) = f (s (ξ, η) , z (ξ, η)) ≈
N∑

p,q=0

fpql
N
p (ξ) l

N
q (η) , (3.68)

where fpq is the value on the Gauss-Lobatto-Legendre (GLL) point (ξp, ηq), that is,
fpq = f (ξp, ηq), and lNp the p-th Lagrange interpolating function of polynomial order
N, such that lNp (ξq) = lNp (ηq) = δpq (diagonal mass matrix). Spatial derivatives of
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∇uα (s, z)

F2P-FFT
?

∇u (s, φJ , z) - σ (s, φJ , z)

3-D elasticity

σ = C : ∇u

6
P2F-FFT

σα (s, z)

6

eq. (3.18)kα = ∇ · σα

kα (s, z)

6

k (s, φJ , z)

F2P-FFT

�∂2
t u (s, φJ , z)

3-D density

∂2
t u = (f − k) /ρ

P2F-FFT
?

eq. (3.18)

∂2
t u

α (s, z)

uα (s, z)

?

6

�

time domain
integration:
t → t+∆t

Figure 3.3. Workflow of one time step in AxiSEM3D. Two additional field variables are
introduced: the stress tensor σ and the stiffness force k (the body force reacted to σ). The
FFT prefix “F2P” means “from Fourier to physical space”, and similarly for “P2F”. All 3-D
operations are conducted in the physical space (double-lined), on the cardinal grid points
anchored at φJ , φJ = 2πJ/(2nu + 1), J = 0, 1, . . . , 2nu.
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f (s (ξ, η) , z (ξ, η)) can then be computed as

∂f

∂s
≈

N∑
p,q=0

[
∂z

∂η

∂lNp (ξ)

∂ξ
lNq (η)−

∂z

∂ξ
lNp (η)

∂lNq (η)

∂η

]
fpqJ −1, (3.69)

∂f

∂z
≈

N∑
p,q=0

[
∂s

∂ξ
lNp (η)

∂lNq (η)

∂η
− ∂s

∂η

∂lNp (ξ)

∂ξ
lNq (η)

]
fpqJ −1. (3.70)

The integral of f (s (ξ, η) , z (ξ, η)) over the element De can be realised by the GLL
quadrature ∫

De

f (s, z) s dsdz ≈
N∑

p,q=0

σN
pσ

N
qs (ξp, ηq) fpqJ (ξp, ηq) , (3.71)

where the weights are determined by σN
p,q =

∫ 1

−1
lNp,q (ξ) dξ. Note that eqs.(3.69)-(3.71)

have to be modified to their Gauss-Lobatto-Jacobi counterparts for the axial elements
[67] to handle the singularity s = 0.

Equations (3.67)-(3.71) fulfil the requirements for the spatial discretisation of the
dimension-reduced weak forms, eq.(3.23). For instance, using the direct summation
approach for mode coupling (Section 3.2.1), the discretised stiffness term in eq.(3.25)
is computed by the the following steps:

1. given the Fourier coefficients of displacement uα
i , −nu ≤ α ≤ nu, on the GLL

points of element De, compute the deformation gradient uα
i;j by eq.(3.18), where

the derivatives uα
i,j are evaluated by eq.(3.69) and eq.(3.70);

2. compute the Fourier coefficients of stress pointwise, that is, σβ
kl =

∑
|α|≤nu

C
−(α+β)
ijkl uα

i;j,
for all β = −nu, . . . , nu; mode coupling takes place in this step;

3. similar to the first step, compute the deformation gradient (denoted ςβkl) with
respect to a discretised delta function wβ

k that equals to 1 in the x-direction
(x = s, z) at a GLL point P and vanishes otherwise;

4. compute the contraction σβ
klς

β
kl pointwise and then its elemental integral by

means of the quadrature eq.(3.71); the result yields the β-th order Fourier co-
efficient of the stiffness term in the x-direction at the GLL point P , contributed
by element De;

5. assemble the elemental stiffness terms at shared GLL points to compute the
global stiffness terms.
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Figure 3.4. Mesh architecture and geometric mapping. In this example, the 2-D meridian
domain D is discretised by a mesh with 128 elements on the outer surface, the equal of NEX
= 64 in SPECFEM (see [60] for details of the SPECFEM parameter NEX). Each element
is mapped onto a reference square spanning −1 ≤ ξ, η ≤ 1, on which all spatial operations
take place.
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In practice, the above process can be facilitated by a variety of properties and tech-
niques, such as the sparsity of Cijkl, Hermitian of the reduced system and pre-
computable terms. For FFT-based mode coupling (Section 3.2.2), the second step
above is replaced by the lowermost three arrows of the workflow shown in Fig. 3.3,
all performed pointwise in the 2-D domain.

For the complete implementation, we refer the reader to [67] for isotropic media
or [111] for anisotropic media, where the implementation of eq.(3.59), or the degen-
erated form of eq.(3.23) for 1-D Earth models, is elaborated. The 3-D generalisations
are purely algebraic, basically nothing but adding an outer loop of Fourier expansion
orders when evaluating the field variables. Such simplicity largely relies on an ex-
plicit time scheme (and thus a diagonal mass matrix) that preserves the fundamental
framework.

3.3.2 Fourier expansion order of solution

The most important issue around the application of AxiSEM3D is how to construct
the field nu = nu (s, z), namely, the expansion order prescribed pointwise on the
Fourier series parameterisation of solution, see eq. (3.12). For a given 3-D Earth
model, a reasonable choice of nu (s, z) is critical to both solution quality and compu-
tational efficiency. This is the only input parameter required by AxiSEM3D in ad-
dition to those of a conventional 3-D SEM such as SPECFEM. Apparently, nu (s, z)

should increase with the local azimuthal complexity of the wavefield, which is however
unknown before simulation, influenced by a variety of factors such as model, source
location and depth, and record length.

In this subsection, we provide two approaches to determine nu (s, z), an empirical
equation designed for tomographic mantle models and the technique of “wavefield
learning” that determines a near-optimal nu (s, z) sufficiently large for the convergence
of solutions.

3.3.2.1 Empirical equation

For typical tomographic mantle models, we obtain an efficient empirical equation
based on massive trial simulations, taking into account some first-order propagation
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effects:
nu = max

(
dnref

u FsFθFde, nmin
u

)
, (3.72)

where nref
u and nmin

u denote respectively a basic reference value and the global minimum
value, the only two parameters from users, whereas Fs, Fθ and Fd are three scale
factors acting on nref

u for different purposes, and the brackets d e mean rounding up
to the next integer. Factor Fs simply reflects the fact that points away from the axis
should demand higher orders (more slices) than those close to the axis (note that
nu ≡ 1 on the axis, see eq. (3.41)),

Fs = Fs (s) =
s

Rearth
. (3.73)

Factor Fθ increases nu by the epicentral distance θ, since the further the waves travel,
the more 3-D structures they “see”,

Fθ = Fθ (θ) =


1, θ ≤ π

4
;

1 + 4

(
4θ − π

3π

)3

,
π

4
< θ ≤ π.

(3.74)

Lastly, factor Fd enhances the resolution of surface waves,

Fd = Fd (d) =


2, d ≤ d0;

4− 2
d

d0
, d0 < d ≤ 1.5d0;

1, d > 1.5d0,

(3.75)

where d denotes the depth, d = Rearth − r, and d0 a characteristic depth specifying
the enhanced range, which must be considerably greater than the penetration depth
of the longest wavelength of interest. For a safe play, we choose d0 = 200km. Note
that such enhancement will not increase the computational cost much because it only
affects a small fraction of elements near the surface. For deep earthquake sources
and applications where surface waves are not of interest, one may set Fd = 1. The
constants in eqs.(3.73)-(3.75) may be adjusted for specific applications, for example,
doubling Fd for a higher surface wave resolution. But, in general, one can simply
increase/decrease nref

u for better accuracy/performance.
Fig. 3.5 shows examples of eq. (3.72) where nref

u = 24 and nmin
u = 8, with and

without surface wave enhancement. Mapping Fig. 3.5 onto Fig. 3.4, we obtain the
corresponding nu fields defined on a discretised mesh. Note that nu is an indicator

47



of computational cost, which means the elemental cost should vary from element to
element. Before propagating waves, we may pre-examine the distributions of number
of elements with respect to their Fourier expansion orders, such as Fig. 3.6, from
which the relative cost for different choices of nu (s, z) can be roughly estimated. For
instance, Fig. 3.6 indicates that the surface wave enhancement by eq. (3.75) primarily
doubles the order of ∼20% elements, and thus is less likely to produce a cost surge.

3.3.2.2 Wavefield learning

The technique of “wavefield learning” can determine a computationally efficient nu (s, z)

that guarantees the convergence of solutions. The idea is straightforward. We run a
trial simulation with a starting nu field, denoted nstart

u (s, z), which is sufficiently large
to capture the wavefield accurately throughout the record length. The solver then
monitors the energy in each Fourier mode over the whole time loop and identifies
those high-order modes that are never excited until the end of the simulation. At
the end of the simulation, the “learnt” nu field, denoted nlearn

u (s, z), is written to a
file, which can be used repeatedly afterwards for simulations with similar parameters,
such as those with similar or smoother models or nearby events. Apparently, the solu-
tion should have converged if nlearn

u (s, z) turns out smaller than nstart
u (s, z) pointwise,

making AxiSEM3D stand alone without a reference solution from a full 3-D method.
For a specific research purpose, a few times of learnings are usually enough to bound
a sub-optimal nu (s, z).

The computational cost of the learning simulations may vary a lot, mainly de-
pending on the choice of nstart

u (s, z) and the learning frequency. Fortunately, we will
show it later in Section 6.2 that learnings can be performed at a lower frequency,
with the learnt results applicable to higher frequencies. Moreover, a learning sim-
ulation itself is usually less expensive than the corresponding 3-D simulation unless
nstart
u (s, z) is unwisely large. We will show plenty of applications of wavefield learning

in Chapter 5 and Chapter 6.

3.3.3 Stability

Numerical stability could be another problem around the 3-D extension. The stabil-
ity of the axisymmetric method has been comprehensively considered for 1-D Earth
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(a) surface wave not enhanced
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(b) surface wave enhanced

Figure 3.5. Examples of empirical Fourier expansion order fields. It is computed by
eq. (3.72) with nref

u = 24 and nmin
u = 8. The source is located near the top of the axis.

The maximum value appears near θ = 135◦ on the surface, a combined effect of Fs and Fθ.
For deep earthquakes or the cases where surface waves are not of interest, one may use (a);
otherwise, (b) should be employed to enhance surface wave resolution. Integer rounding
(d e) is ignored in the plots for a clearer view.
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Figure 3.6. Examples of element distributions with respect to elemental Fourier expansion
order. The statistics are based on the two nu fields shown in Fig. 3.5, with and without
surface wave enhancement, which are mapped onto the mesh shown in Fig. 3.4. The surface
wave enhancement primarily doubles the order of ∼20% elements.
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models [65], with special attention paid to the thin crustal layers, the internal dis-
continuities and the fluid outer core. When extended to 3-D, the stability condition
generally becomes more strict. Though the complete theory has remained an open
question for general 3-D media [120], we benefit from the smoothness of lateral het-
erogeneity, especially the absence of horizontal discontinuities, allowing us to follow
the 1-D condition exactly [120, 121]. Numerical experiments show that time intervals
determined by 1-D reference models still work well for 3-D tomographic models. Note
that time-stepping also serves as a small source of computational advantage, because
the Courant number can be slightly larger in 2-D than in 3-D [122]. However, the
stability condition becomes much harsher in the presence of a 3-D crust, as elaborated
later in Chapter 5.

3.4 Validation

In this section, we benchmark AxiSEM3D in reference to a discretised 3-D SEM,
SPECFEM3D_GLOBE (SPECFEM) [51, 52]. We use three global tomographic
models for validation, S362ANI [34], S20RTS [112] and S40RTS [39], considering
anisotropy [111] and attenuation [68] but, for the time being, ignoring 3-D crustal
structures and the internal topography at depths ∼410 km and ∼660 km in S362ANI.
We shall discuss 3-D crust and internal topography in the next chapter. The con-
clusions are almost the same for the three models, so we only display the results
for S362ANI. Remarkably, this is the first time two different numerical methods are
benchmarked for global wave propagation in 3-D Earth models.

To ensure global coverage, we distribute a fictitious network of receivers evenly on
the surface in the source-centred coordinate system, spaced by 15° in the θ-direction
(epicentral distance) and 45° in the φ-direction (azimuth), containing 88 receivers in
total. An example is shown in Fig. 3.7.

The accuracy is quantified in terms of time-frequency misfits (TF-misfits) [95].
For each pair of synthetics (SPECFEM vs. AxiSEM3D), we compute the globally
normalised envelope and phase misfits (me and mp) on three windows, the body wave
governed window [0, tsurf], the surface wave governed window [tsurf, tmax] and the full-
length window [0, tmax], where tsurf denotes the approximate traveltime of the first
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15° 45°
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Figure 3.7. Source-centred receiver network. The source location is VIR (37.91° N, 77.93°
W, Virginia). The coloured dots and curves indicate the receivers whose seismograms will
be displayed later in this section to visualise benchmark results. We focus on the meridian
φ = 180◦ because most of its receivers are located on continents and the misfits along this
azimuth turn out to be comparatively large.
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surface wave arrival and tmax the total record length. We do not treat P-wave and
S-wave separately because the accuracy difference turns out to be insignificant.

Before accuracy judgement, an additional modification is applied to the TF-
misfits. We compute synthetics for the corresponding 1-D reference model using
both SPECFEM and AxiSEM [76] (the validated 1-D version of AxiSEM3D), and
then compute the 1-D TF-misfits. We subtract the 1-D misfits from the 3-D ones,
based on the fact that the Fourier spectral theory holds exact for 1-D models, that is,
eq.(3.59) is fully equivalent to eq.(3.5), and thus these 1-D misfits should result from
pure numerical issues, such as distinct meshing schemes, source and receiver misloca-
tions, and accumulative floating-point errors. Indeed, the 1-D phase misfits turn out
invariably small (<2%), but the 1-D envelope misfits might be comparatively large
(up to 10%) on rare occasions for unidentified reasons.

The results are deemed acceptable if the following three criteria are satisfied si-
multaneously:

• the global averages of the modified TF-misfits over the receivers, both envelope
and phase, should not exceed 5%;

• the local modified TF-misfits should not exceed 10% (note that 10% is a critical
value below which the goodness-of-fit may be verbally classified as “excellent”
for a comparison of synthetics to data [95, 123]);

• and the local raw 3-D TF-misfits should not exceed 20%.

The above criteria apply to all the three displacement components (radial, transverse
and vertical) on all the three predefined windows. The choice of the threshold values
largely relies on a reasonable link between quantitative TF-misfits and visible wave-
form differences. The values themselves are not significant as long as the method
proves convergent.

We stress that this section should be recognised as cross-validation rather than
answer checking, as SPECFEM has remained unbenchmarked for 3-D Earth models
ever before. On the whole, SPECFEM and AxiSEM3D well validate each other,
notwithstanding some larger local misfits due to diverse numerical reasons. Beware
that such misfits may stem from either side. For instance, we have observed large
envelope and phase misfits for surface waves at low frequencies (seismic period > 34 s
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or NEX < 128), which possibly result from the poorly honoured surface curvature in
SPECFEM.

3.4.1 Solution convergence

Solution convergence is one of the most basic attributes of a numerical method. Since
the convergence of SEM has been well established, for AxiSEM3D specifically, it is
necessary to show that the solution converges to the real one as the Fourier expansion
order increases. Theoretically, this is guaranteed by the convergence of the Fourier
series [110, 114]. In this subsection, we investigate such convergence behaviour nu-
merically.

Let us consider a typical forward problem, with the source located beneath Vir-
ginia (37.91° N, 77.93° W) at a depth of 12 km, and the seismic period, denoted
Tsimu, targeted at 17 s (NEX = 256). We first need to determine nu (s, z) properly, ba-
sically a trade-off between accuracy and cost. Here we employ the empirical equation
(3.72), with nmin

u fixed at 8, and nref
u increased from 8 to 40 to exhibit the convergence

procedure.
Figure 3.8 shows how the global average and maximum TF-misfits decrease with

nref
u , manifesting the convergence of solutions at a global level. Quantitatively, the ac-

curacy criteria are satisfied when nref
u = 24, after which the convergence rate becomes

comparatively slow. Figure 3.9 shows waveform comparisons at three receivers located
respectively at the distances of 45°, 90° and 135° (the three red dots in Fig. 3.7). The
convergence is obvious, as the local TF-misfits monotonically decrease with nref

u and
substantially keep constant after nref

u reaches 24.
In addition, some interesting propagation effects are observed from Fig. 3.9. Ap-

parently, the required nref
u varies with both time windows (seismic phases) and receiver

locations, which means different spatio-temporal sections of the wavefield have dif-
ferent sensitivity to the 3-D structures. In view of the spatially varying azimuthal
resolution caused by nu (s, z), here we only discuss the phase-dependent sensitivity
within each waveform. First, the surface waves are more sensitive than the body
waves, which makes sense because surface waves sample the structures more exten-
sively than body waves do; this is also the reason for the surface enhancement in
the empirical equation eq. (3.72), as realised by eq. (3.75) and illustrated in Fig. 3.5.
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Second, the direct body wave arrivals are the most insensitive seismic phases, as some
of them can even be accurately modelled with PREM. These observations reflect the
wave scattering effects accumulated along different paths. Exploiting such structure-
induced wavefield complexity or sparsity can largely promote the efficiency for both
forward modelling and seismic tomography. For instance, starting from 1-D back-
ground models should be plausible for tomography based on direct P- and S-waves,
but probably not reasonable for surface wave tomography.

3.4.2 Frequency-dependency of nu

The cost scalability with respect to frequency, that is, how the computation cost
increases with frequency, is critical to high-frequency applications. Let ω denote the
seismic frequency. A discretised 3-D method has a computational cost of O (ω4), that
is, three spatial dimensions plus one time dimension. Section 3.2 proves that, using the
direct summation approach for mode coupling, AxiSEM3D has a computational cost
of O (nuω

3) for a fixed Earth model, given the condition that the azimuthal wavefield
sampling can accurately describe the model. Hence, the relation between nu and ω

dominates the relative frequency scalability of the two methods. Unfortunately, such
a relation has not been theoretically established. Here we investigate it numerically.
For this purpose, we fix the order parameter nref

u at 24, but change the seismic period
Tsimu from 34 s down to 11 s, based on the same forward problem used in the previous
subsection.

Table 3.1 summarises the average TF-misfits at different seismic periods. It is
shown that the misfits remain at the same level (sometimes even decrease) as Tsimu

decreases, which means nu might be frequency independent, or, to say the least,
should have a weak dependency on frequency. Such a numerical observation greatly
benefits high frequency applications owing to an implied cost scaling factor of ω3.
We shall verify this observation with profound wavefield learning results in Chapter 5
and Chapter 6.

To visualise the goodness-of-fit, we display waveform comparisons at Tsimu ≈ 11s
in Fig. 3.10 and Fig. 3.11. The former shows the vertical component on the meridional
section φ = 180◦ (green arc in Fig. 3.7), where a few significant seismic phases are
magnified. The latter shows the transverse component on the two circles of latitude
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Figure 3.8. Convergence of global average and maximum TF-misfits between SPECFEM
and AxiSEM3D solutions. Simulation parameters: model = S362ANI, Tsimu ≈ 17s, source
= VIR (12 km, 37.91° N, 77.93° W, Virginia). The plotted misfits are computed on the
full-length window with tmax = 1h and modified by 1-D results. The parentheses near a
data point show the distance and component (R = radial, T = transverse, Z = vertical)
where the maximum misfit is observed.
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Figure 3.9. Convergence behaviour of the Fourier spectral solution. Simulation parame-
ters: model = S362ANI, Tsimu ≈ 17s, source = VIR (12 km, 37.91° N, 77.93° W, Virginia).
The three receivers (red dots in Fig. 3.7) are all located on the meridian φ = 180◦. The first
waveform pair in each figure is special, where we use 3-D model (S362ANI) in SPECFEM
but 1-D reference model (PREM) in AxiSEM3D, which gives the upper bound of the mis-
fits. The subsequent pairs are all based on the 3-D model, with the leading integer (8, 16,
24 or 32) specifying nref

u in (3.72). The symbols “Ex” and “Py” should be interpreted as
me = x% and mp = y%, respectively. For each pair, such symbols from left to right indi-
cate the TF-misfits over the three windows [0, tsurf], [tsurf, tmax] and [0, tmax], respectively,
where tmax = 1h and tsurf an approximate arrival time for surface waves (green vertical
line). Note that we only show the full-length window misfits for the radial and vertical
components at θ = 135◦ because the Reighley wave has not arrived (tsurf > tmax). Low
frequency components below 0.005 Hz are filtered out. This figure is to be continued on the
next page.
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Figure 3.9 (continued). Convergence behaviour of the Fourier spectral solution.
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at θ = 60◦ and θ = 120◦ (blue rings in Fig. 3.7), respectively. Note that though we
only compare waveforms on the surface, the well-fitted body wave phases, both direct
and multiple, should imply a well-fitted wavefield throughout the entire interior, and,
based on the self-adjointness of the elastic wave operator, the capability of our method
to deliver accurate 3-D sensitivity kernels.

3.4.3 Source influence

Because our method necessitates a source-centred coordinate system, we also need
to verify the source dependency of its accuracy. We select eight earthquakes located
worldwide, including four shallow, two intermediate and two deep earthquakes, as
shown in Fig. 3.12. The period is fixed at 17 s. The misfits summarised in Table 3.2
indicate that source location and depth scarcely affect the goodness-of-fit, which, in
turn, suggests a uniform orientational complexity of the tomographic models at such
as period range.

3.5 Summary

The nature of seismic point sources and realistic Earth models bestows azimuthal
smoothness on global seismic wavefields (e.g. Fig. 2.1). To honour and exploit this
property, we parameterise 3-D wavefields in terms of Fourier series over the azimuthal
dimension while retaining a spectral-element discretisation in the 2-D meridian do-
main, such that the number of unknowns and thus the computational cost can be
remarkably reduced compared to a full 3-D discretisation.

We reduce the 3-D equations of motion to an algebraic system of coupled 2-D
meridian equations, and implement a 2-D SEM, AxiSEM3D, to solve the dimension-
reduced system. Numerical benchmarks show excellent agreement between AxiSEM3D
and SPECFEM3D_GLOBE, an independent full 3-D SEM, for three state-of-the-art
global tomographic models across a frequency range typically employed in global
waveform modelling and tomography, considering material anisotropy, attenuation
and the fluid outer core. To the best of our knowledge, this is the first benchmark
between two independent methods for global wave propagation in 3-D Earth models.
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It is also shown that different seismic phases observed at different locations have dif-
ferent sensitivities to the 3-D structures, providing useful guidance to both forward
modelling and seismic tomography.

The cost characteristics of the method are estimated from the perspective of the
spatially varying Fourier expansion order. The precise cost will be summarised in
Chapter 5, together with the extension for aspherical Earth models.
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Table 3.1. Average TF-misfits (%) at different seismic periods.
Tsimu / s NEX mbody

e mbody
p msurf

e msurf
p me mp

34 128 1 (T) 0 (T) 1 (T) 1 (T) 1 (T) 1 (T)

23 192 1 (T) 1 (T) 1 (T) 2 (T) 2 (T) 2 (T)

17 256 2 (T) 1 (T) 2 (R) 3 (T) 2 (T) 3 (T)

14 320 2 (T) 1 (T) 2 (R) 3 (T) 2 (T) 3 (T)

11 384 2 (T) 1 (T) 1 (R) 2 (T) 2 (T) 2 (T)

Simulation parameters: model = S362ANI, nref
u = 24, source = VIR (12 km, 37.91° N, 77.93° W,

Virginia). The parentheses indicate the displacement component (R = radial, T = transverse, Z =
vertical) of the leading misfit, the maximum among the three directions.

Table 3.2. Average TF-misfits (%) for different earthquake sources.
Label d / km mbody

e mbody
p msurf

e msurf
p me mp

VIR 12.00 3 (T) 1 (T) 2 (R) 3 (T) 2 (T) 3 (T)

ITA 15.00 1 (T) 0 (T) 2 (R) 1 (T) 2 (T) 1 (T)

PAK 15.38 1 (T) 0 (T) 3 (T) 3 (T) 2 (T) 3 (T)

ATL 21.81 1 (T) 0 (T) 2 (R) 2 (T) 1 (T) 2 (T)

ALS 129.76 1 (T) 0 (Z) 1 (R) 1 (T) 1 (T) 1 (Z)

NZL 165.12 1 (T) 0 (T) 2 (T) 0 (T) 2 (T) 0 (T)

BOL 647.10 2 (T) 1 (Z) 3 (T) 1 (T) 2 (T) 1 (Z)

JPN 680.70 1 (T) 0 (T) 2 (R) 1 (R) 1 (T) 1 (T)

Simulation parameters: model = S362ANI, Tsimu ≈ 17s, nref
u = 24. The earthquakes are shown in

Fig. 3.12. Other table settings are identical to Table 3.1.
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Figure 3.10. Comparisons of synthetic seismograms (vertical component) for benchmark
between AxiSEM3D and SPECFEM. Simulation parameters: model = S362ANI, Tsimu ≈
11s, nref

u = 24, source = VIR (12 km, 37.91° N, 77.93° W, Virginia). The receivers are all
located on the meridian φ = 180◦ ( green arc in Fig. 3.7). The amplitudes have been scaled
with a factor of

√
θ to identify most phases at all distances. Low frequency components

below 0.005 Hz are filtered out. The symbols after each waveform pair indicate the TF-
misfits over the full-length window, for example, “E5, P2” means me = 5% and mp = 2%.
We additionally plot the synthetics for the 1-D reference model PREM in the magnified
windows to emphasise the lateral scattering effects and, incidentally, to exhibit “perfect”
benchmark for 1-D models. The traveltime curves are computed based on the 1-D reference
model AK135 [5] using OBSPY.TAUP [124]. This figure is to be continued on the next
page.
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Figure 3.10 (continued). Comparisons of synthetic seismograms (vertical component)
for benchmark between AxiSEM3D and SPECFEM.
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Figure 3.11. Comparisons of synthetic seismograms (transverse component) for bench-
mark between AxiSEM3D and SPECFEM. The receivers are located on the two circles of
latitude at θ = 60◦ and θ = 120◦ (blue rings in Fig. 3.7), respectively. Other figure settings
are identical to Fig. 3.10.
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Chapter 4

Aspherical Earth

The capability of considering aspherical Earth features is essential to a global wave
propagator, as reviewed in Section 1.2. This chapter generalises the theory of the
previous chapter to Earth models with undulating interfaces by applying the particle
relabelling transformation, which preserves the functional form of the dimension-
reduced weak forms, such that the extension of the SEM implementation becomes
straightforward.

4.1 Theory

In this section, we focus on the theory of “particle relabelling transformation” [90] that
enables our method to consider undulating discontinuities. The basic idea is easily
understood. Continuum mechanics typically describes deformation processes starting
from a static equilibrium state. However, one can always associate a deformation
process to any compatible reference state to reach the same objective description
[90]. The concept of particle relabelling has been implied within continuum mechanics
literature for a long time, but the actual description of such transformations has only
been given recently [90, 125]. In our case, we transform the undulating physical model
(static equilibrium state) into a spherically symmetric reference model (a selected
compatible reference state), whose density and elasticity properties are determined
such that the two models are identical for wave propagation. In other words, we
handle interface undulations in terms of volumetric perturbations, and thus retain the
form of eq. (3.23) as well as its SEM implementation. In this sense, the transformation
can be regarded as an equivalent media approach.
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The “particle relabelling transformation” is frequency-independent: it does not
interact with wave propagation effects but only depends on the given physical model
and the selected geometry of the reference model. Such a notable advantage allows
for an easy implementation at the preprocessing stage. However, because the trans-
formation requires compatibility or homeomorphism between the physical and the
reference models, it cannot handle discontinuities non-homeomorphic to a sphere,
such as the ocean floor. In our method, we model the ocean as a hydrodynamic load,
the theory of which is also presented in this section.

4.1.1 Particle relabelling transformation

The Fourier series parameterisation, eq. (3.12), relies on the spherical symmetry of
the 3-D domain Ω. To honour aspherical Earth features such as ellipticity and an
undulating Moho, we apply the particle relabelling transformation [90].

Consider an Earth model subject to finite undulations on a few interfaces, which
can be the surface or any internal solid-solid or solid-fluid discontinuities, such as
Moho or CMB. We denote the volume of this physically undulating Earth model by
Ω. The 3-D weak form for this physical model is given by eq. (3.5). We map all
the particles in this physical model, in one-to-one correspondence, onto an imaginary
reference model with spherically symmetric geometry, denoted Ω̃. Apparently, the
choice of the reference spherical geometry is not unique. To minimise the computa-
tional cost of the transformation, we constrain the geometric mapping in the radial
direction r̂, quantified by the following relation,

ξ (r) = r+ τ (r) r̂, (4.1)

where τ (r) gives the radial shift at position r in Ω̃. Literally, eq. (4.1) means, through
the geometric mapping ξ : Ω̃ → Ω, the undulating configuration Ω can be constructed
by radially stretching all the particles in the reference configuration Ω̃ from position
r to position r+ τ (r) r̂, as illustrated in Fig. 4.1.

The undulating configuration can be considered as a kinematically permissible
deformation state from the reference configuration, of which the corresponding de-
formation gradient, denoted F transpose, can be written in the spherical coordinate
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(b) physically undulating configuration Ω

Figure 4.1. An illustration of geometric mapping from a selected reference spherical
configuration to the physically undulating configuration. With the geometric mapping
constrained in the radial direction, a particle P at position r in the reference configuration
is stretched to position r+τ (r) r̂ to construct the physical configuration. For an undulating
internal interface, one needs to decide an upper and a lower boundary (not necessarily model
discontinuities) at which the undulation vanishes. Linear interpolation may be applied
in between. The choice of the undulated range is not unique: a narrower one tends to
involve fewer stretched elements and thus less additional computational cost for the particle
relabelling transformation, but may produce more squeezed elements that diminish the
global time step.
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system (r, θ, φ) in Fig. 3.1 as

F (τ, r) = [∇ (τ r̂)]T =
(
r̂ θ̂ φ̂

)

∂rτ

∂θτ

r

∂φτ

r sin θ

0
τ

r
0

0 0
τ

r


r̂

θ̂

φ̂

 . (4.2)

According to eq. (152) of [90], the 3-D weak form for the physical model, eq. (3.5),
proves equivalent to the following weak form established on the reference configuration
Ω̃, ∫

Ω̃

ρ̃∂2
t ũ · w̃ d3r+

∫
Ω̃

∇ũ : C̃ : ∇w̃ d3r =

∫
Ω̃

f̃ · w̃ d3r, (4.3)

in the sense that the wavefield solution of eq. (4.3), denoted ũ, is identical to that of
eq. (3.5):

ũ (r; t) = u (ξ (r) ; t) . (4.4)

The parameters in eq. (4.3) are respectively determined by

ρ̃ (r) = ρ (ξ (r)) detJ (τ, r) (4.5)

for density, and

C̃ (r) = J−1 (τ, r) ·C (ξ (r)) · J−T (τ, r) detJ (τ, r) (4.6)

for elastic stiffness tensor, and

f̃ (r) = f (ξ (r)) detJ (τ, r) (4.7)

for the source term, with J denoting the Jacobian of the mapping,

J (τ, r) = I+ F (τ, r) , (4.8)

and I the second order identity tensor. Note that ρ (ξ (r)) is the density of the physical
model at position r+ τ r̂, similar for C (ξ (r)) and f (ξ (r)).

The inverse of J can be explicitly written as

J−1 (τ, r) =
1

h

(
r̂ θ̂ φ̂

)
1 +

τ

r
−∂θτ

r
− ∂φτ

r sin θ

0 1 + ∂rτ 0

0 0 1 + ∂rτ


r̂

θ̂

φ̂

 , (4.9)
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where h = (r + τ) (1 + ∂rτ) /r. Note that J−1 shares the same sparsity with F, and
this is the reason why we constrain the geometric mapping, eq. (4.1), in the radial
direction.

The generalised weak form, eq. (4.3), is formally identical to the original one,
eq. (3.5), except for the parameters. Thus, we may reduce it to an algebraic system
of 2-D weak forms following the same approach in Section 3.1.3, and the result should
be formally identical to eq. (3.23), but with the Fourier coefficients replaced by those
of the transformed parameters (ρ̃, C̃ and f̃). However, additional attentions must be
paid to solid-fluid discontinuities, as addressed in Section 4.1.2. Also, the closed form
of the source terms must be modified, as given in Section 4.1.3.

The price for the particle relabelling transformation is that the elastic stiffness ten-
sor of the reference model will lose its minor symmetry, that is, C̃ijkl 6= C̃jikl 6= C̃ijlk,
as can be inferred from eq. (4.6). Because the major symmetry (C̃ijkl = C̃klij) still
holds, C̃ijkl contains 45 ostensibly independent elements, in contrast to 5 for trans-
versely isotropy and 2 for isotropy, the two most frequently used types in seismology.
Therefore, the double contractions in eq. (3.23), ∇ũ : C̃ : ∇w̃, will become very ex-
pensive if implemented as is. In practice, we do not compute C̃ by eq. (4.6). Instead,
we first decompose the deformation gradient ∇ũ in the spherical coordinate system
under which both J−1 and C are sparse, and perform the contractions ∇ũ : C̃ : ∇w̃

by means of
(
J−T · ∇ũ

)
: C :

(
J−T · ∇w̃

)
.

4.1.2 Aspherical fluid core

An Earth model should contain various solid-fluid discontinuities, collectively denoted
Σ, as shown in Fig. 3.1. Following [48], we use the scalar potential formulation in the
fluid domains. The 3-D weak form for a solid-fluid Earth model may be written as∫

Ωs

ρ∂2
t u ·w d3r+

∫
Ωs

∇u : C : ∇w d3r

=

∫
Ωs

f ·w d3r−
∫
Σ

∂2
t χn̂ ·w d2r,

(4.10)

in the solid domain Ωs, and∫
Ωf

1

κ
∂2
t χw d3r+

∫
Ωf

1

ρ
∇χ · I · ∇w d3r =

∫
Σ

u · wn̂ d2r, (4.11)
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in the fluid domain Ωf, where χ denotes the scalar potential such that u = ∇χ/ρ

in Ωf, w the test function in Ωf, and κ the bulk modulus of the fluid media. Here
we insert a redundant identity tensor I in the second term of eq. (4.11) to make its
functional form more general, so as to facilitate the comparison with its aspherical
counterpart given below.

When undulations occur on the solid-fluid discontinuities, the above weak forms
need to be modified in analogy to eq. (4.3). For the solid domain, eq. (4.10) becomes∫

Ω̃s

ρ̃∂2
t ũ · w̃ d3r+

∫
Ω̃s

∇ũ : C̃ : ∇w̃ d3r

=

∫
Ω̃s

f̃ · w̃ d3r−
∫
Σ̃

∂2
t χ̃ñ · w̃ d2r,

(4.12)

where ρ̃, C̃ and f̃ are computed by eqs. (4.5)-(4.7), and the vector ñ, orthogonal to
the undulating interface Σ in the physical model (but not in unit length), can be
shown to be

ñ (r) = J−T (τ, r) · n̂ (ξ (r)) detJ (τ, r) . (4.13)

Similarly, for the fluid domain, eq. (4.11) will become∫
Ω̃f

1

κ̃
∂2
t χ̃w̃ d3r+

∫
Ω̃f

1

ρ̃
∇χ̃ · Ĩ · ∇w̃ d3r =

∫
Σ̃

ũ · w̃ñ d2r, (4.14)

where

κ̃ (r) = κ (ξ (r)) det −1J (τ, r) , (4.15)

ρ̃ (r) = ρ (ξ (r)) det −1J (τ, r) , (4.16)

Ĩ (r) = J−1 (τ, r) · J−T (τ, r) . (4.17)

Again, the 3-D weak forms for an aspherical solid-fluid Earth, eqs. (4.12) and
(4.14), are formally identical to those for a spherical solid-fluid Earth, eqs. (4.10) and
(4.11), respectively. Therefore, we may consider an undulating solid-fluid discontinu-
ity by modifying both the normal vector of its spherical counterpart and the material
properties of the contiguous media in the reference model.

4.1.3 Moment tensor within undulating range

For a point source moment tensor, denoted M, the right hand side of the 3-D weak
form, eq. (3.5), yields M : ∇w (rs), where rs denotes the source location. Accordingly,
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the right hand side of the dimension-reduced weak forms, eq. (3.23), can be written
as [48]

• Monopole term (β = 0):

2π

∫
D

f 0
i w

0
i s dsdz = (Mxx +Myy)w

0
s,s +Mzzw

0
z,z, (4.18)

• Dipole term (β = 1):

2π

∫
D

f−1
i w1

i s dsdz =
Mxz − iMyz

2

(
w1

s,z + 2w1
z,s + iw1

φ,z

)
, (4.19)

• Quadrupole term (β = 2):

2π

∫
D

f−2
i w2

i s dsdz =

(
Myy −Mxx

2
+ iMxy

)(
w2

s,s + iw2
φ,s

)
, (4.20)

where Mxx, Myy, ... are the Cartesian components of M, and the derivatives of the
Fourier coefficients of w are evaluated at rs. Note that the source term vanishes when
|β| > 2.

If the source is located within an undulated range, for instance, within a 3-D
crust, the right hand side of eq. (4.3) will become∫

Ω̃

f̃ · w̃ d3r = M :
(
J−T (τs, rs) · ∇w̃ (rs)

)
. (4.21)

Accordingly, the above closed forms, eqs. (4.18)-(4.20), should be respectively gener-
alised as

• Monopole term (β = 0):

2π

∫
D̃

f̃ 0
i w̃

0
i s dsdz =

(
1 +

τs

zs

)
(Mxx +Myy) w̃

0
s,s +Mzzw̃

0
z,z

+
∂τ

∂x
Mxzw̃

0
z,z +

∂τ

∂y
Myzw̃

0
z,z +

∂τ

∂z
Mzzw̃

0
z,z,

(4.22)

• Dipole term (β = 1):

2π

∫
D̃

f̃−1
i w̃1

i s dsdz =

(
1 +

τs

zs

)
(Mxz − iMyz) w̃

1
z,s

+
Mxz − iMyz

2

(
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s,z + iw̃1
φ,z

)
+

∂τ

∂x

Mxx − iMxy

2

(
w̃1

s,z + iw̃1
φ,z

)
+

∂τ

∂y

Mxy − iMyy

2

(
w̃1

s,z + iw̃1
φ,z

)
+

∂τ

∂z

Mxz − iMyz

2

(
w̃1

s,z + iw̃1
φ,z

)
(4.23)
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• Quadrupole term (β = 2):

2π

∫
D̃

f̃−2
i w̃2

i s dsdz =

(
1 +

τs

zs

)(
Myy −Mxx

2
+ iMxy

)(
w̃2

s,s + iw̃2
φ,s

)
, (4.24)

where the derivatives of τ are also evaluated at rs. The above closed forms degenerate
to eqs. (4.18)-(4.20) when τs = 0 and ∂xi

τ |rs
= 0, that is, the geometric mapping

vanishes in a finite neighbourhood of the source point.

4.1.4 Ocean load

Ocean implementation is another fundamental issue. The most realistic approach
is to add patched fluid domains atop the surface. However, this will introduce a
multiply-connected solid-fluid discontinuity that falls out of the scope of the particle
relabelling transformation. This is currently a limitation of AxiSEM3D. For the time
being, we approximate the ocean as a hydrodynamic load on the ocean floor, following
SPECFEM. The load approximation is accurate when the wavelengths of interest are
larger than the ocean depth. It is suggested by [52] that such an approximation
should be acceptable when the period is above ∼5 s.

When approximated as load, the ocean introduces an additional term [52] to the
3-D weak form, eq. (3.5),∫

Ω

ρ∂2
t u ·w d3r+

∫
Ω

∇u : C : ∇w d3r

=

∫
Ω

f ·w d3r−
∫
∂Ω

ρwhw
(
∂2
t u · n̂

)
(w · n̂) d2r,

(4.25)

where ρw denotes the density of sea water and hw the ocean depth. When surface
topography is considered, the normal vector n̂ has to be replaced by ñ in eq. (4.13),
in addition to ρ, C and f . In SEM, the ocean load can be easily implemented as an
anisotropic mass matrix on the ocean floor.

Taking ρw as constant, hw is the only 3-D parameter involved in the additional
term. Applying the global Fourier series parameterisation to hw, the above weak form
reduces to the following algebraic system of 2-D weak forms in D, as a generalisation
of eq. (3.23),∑

|α|≤nu

(∫
D

ρ−(α+β)∂2
t u

α
i w

β
i s dsdz +

∫
D

uα
i;jC

−(α+β)
ijkl wβ

k;ls dsdz
)

=

∫
D

f−β
i wβ

i s dsdz − ρw
∑

|α|≤nu

∫
∂D

h−(α+β)
w ∂2

t u
α
i w

β
j n̂in̂js dsdz.

(4.26)
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4.2 Validation

In this section, we validate the implementation of the particle relabelling transforma-
tion by benchmarking AxiSEM3D in reference to SPECFEM. Here we consider two
representative aspherical Earth features: (a) Earth’s ellipticity, which undulates the
surface and all the internal interfaces (including solid-fluid interfaces), and (b) surface
topography and bathymetry, which involve much larger undulations on the surface as
well as a 3-D ocean load. Full crustal structure will be elaborated in Chapter 6.

The simulation parameters used in this section are summarised in Table 4.1. To en-
sure global coverage, we adopt an imaginary network of stations, as shown in Fig. 4.2.
This is denser than Fig. 3.7 used in the previous chapter for a better sampling for sur-
face waves. Such coverage on the surface should be able to reflect the goodness-of-fit
of the entire interior wavefields. Again, we quantify the goodness-of-fit of waveforms
in terms of time-frequency misfits. For each pair of synthetic seismograms produced
by SPECFEM and AxiSEM3D, we compute the globally normalised envelope and
phase misfits, denoted me and mp, respectively. The accuracy is deemed acceptable
when the global averages of me and mp over all the stations are smaller than 5%,
and the maximum me and mp smaller than 10%. Such criteria apply to all the three
displacement components (radial, transverse and vertical). These threshold values
are smaller than those in the previous chapter for material heterogeneities because,
when computing the TF-misfits, we adopt a bandpass filter to the waveforms, with
its higher cutoff period fixed at 1.5 times of the nominal simulation period. This
is because the SPECFEM convention of seismic period adopts a one-element-per-
wavelength resolution that appears insufficient to accurately model surface waves.
Doing so, we no longer subtract the 3-D TF-misfits by the corresponding 1-D ones.

In this section, we are not concerned with computational cost. We use a constant
Fourier expansion order (nu in eq. (3.12)) that is sufficiently large for the convergence
of the AxiSEM3D solution. Computational efficiency will be discussed in Chapter 5.

4.2.1 Ellipticity

Since the entire Earth model has to be flattened from core to surface, Earth’s ellip-
ticity represents an integrated test of the particle relabelling transformation.
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Table 4.1. Simulation parameters for ellipticity and topography/bathymetry benchmark.

Parameter Value Notes
1-D reference PREM transversely isotropic
ellipticity WGS 84 geographic-geocentric or full correction
topography ETOPO2v2 surface undulation from −7.7 km to 5.5 km
ocean ETOPO2v2 approximated as load
period 5 s NEX = 896 in SPECFEM
record length 1 hr covering most teleseismic phases of interest
earthquake Virginia 12 km, 37.91° N, 77.93° W
stations Fig. 4.2 17× 18 imaginary stations

 0°
 40°

 80°

 120°

 160°  200°

 240°

 280°

 320°

 30°  60°

 90°

 120°

 150°

Figure 4.2. Source and stations for ellipticity and topography/bathymetry benchmark.
We compare synthetic seismograms recorded at 17×18 imaginary stations evenly distributed
on the surface (grey), spaced by 10° in the direction of epicentral distance (θ) and by 20°
in the azimuthal direction (φ). The seismograms recorded at the coloured stations will be
shown later in this section.
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In practice, there are two levels of ellipticity corrections, the geographic-geocentric
(colatitude-θ) correction and the full ellipticity correction. AxiSEM3D contains both
the two levels. In the former, the Earth geometry is kept spherical but the locations of
source and stations are corrected. In the latter, the entire model is actually flattened
to satisfy the hydrostatic equilibrium condition governed by Clairaut’s equation [37],
and thus the particle relabelling transformation is activated throughout the entire
computational domain.

Excellent agreement has been achieved between SPECFEM and AxiSEM3D. The
global averages of me and mp turn out 3% and 1%, respectively, and the maximum
local values 6% and 3%, respectively, computed on the 1-hr full-length window. To
visualise how small the misfits are, we compare the waveforms in Fig. 4.3, observed
on a record section where the maximum phase misfit occurs, as indicated by the blue
triangles in Fig. 4.2. From the magnified windows in Fig. 4.3, one can observe the
effects of the two levels of ellipticity corrections. It is shown that ellipticity mainly
causes phase shifts for the body waves but alters the surface wave waveforms to some
degree.

4.2.2 Topography and bathymetry

The 3-D geometric perturbation due to ellipticity varies smoothly in space, as re-
flected by the small ellipticity corrections in Fig. 4.3. Therefore, we further consider
a benchmark solution for topography and bathymetry using the 2-minute Gridded
Global Relief Data, ETOPO2v2 [126]. Sampled at a 5 s period (about 15 km be-
tween two sampling points on the surface), the surface topography varies from about
−7.7 km (Mariana Trench) to 5.5 km (Tibet), capable of generating obvious anoma-
lies on surface waves. The bottom of the asthenosphere (depth = 220 km in PREM)
is selected to be the “lower zero boundary” in Fig. 4.1, at which the undulation van-
ishes. Between the surface and 220 km, the undulation decreases linearly with depth.
Ocean is included in the simulations.

Similar to ellipticity, the agreement between SPECFEM and AxiSEM3D turns out
to be excellent for topography and bathymetry. The global averages for me and mp

are 5% and 3%, respectively, and the maximum local values 9% and 6%, respectively.
These misfits turn out larger than those for ellipticity because of two reasons. First,
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Figure 4.3. Comparisons of synthetic seismograms (vertical component) for ellipticity
benchmark. The simulation parameters are summarised in Table 4.1. The plotted stations
are located on the meridian φ = 200◦, coloured blue in Fig. 4.2. The amplitudes have been
scaled with epicentral distance to identify most teleseismic phases. To make the body waves
more visible, we also reduce the amplitudes of the surface waves (between the two magenta
traveltime curves) by a factor of 5. The symbols after each trace indicate the TF-misfits
over the full-length window, for example, “E3, P1” after the trace θ = 170◦ means me ≈ 3%

and mp ≈ 1%. To show the effects of ellipticity corrections, we magnify a few windows
of the 80° trace, accompanied by two additional traces computed with a spherical PREM
model, one with geographic-geocentric correction (solid grey) and the other without (dashed
grey). The traveltime curves are computed for PREM using OBSPY.TAUP [124].
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the sampling points on the surface are different in SPECFEM and AxiSEM3D and
second, the SPECFEM directly interprets elevation as ocean depth, while we use the
thickness of the water layer in Crust 1.0.

The seismograms are compared in Fig. 4.4 for an azimuthal record section at the
distance of 70°, as indicated by the green triangles in Fig. 4.2, with emphasis on the
impact of ocean. Apparently, the ocean greatly strengthens surface wave dispersion
and causes remarkable phase delays over the oceanic paths, for example, nearly 10 min
to the high-frequency surface waves at the azimuth of 80°.

4.3 Summary

Based on the particle relabelling transformation, we extend the theory for spherical
geometry to aspherical geometry by mapping the undulated physical model onto a
spherical reference model. The material properties of the spherical reference model
are determined by those of the undulated physical model and the selected geometric
mapping, such that the resultant wavefield remains unchanged. The particle rela-
belling transformation is frequency-independent and easy to be implemented at the
stage of preprocessing. However, it introduces complicated and ostensibly unphysical
anisotropy to the elasticity tensor that demands additional computational cost.

Because the geometric complexity is handled in terms of material complexity,
the SEM implementation (Section 3.3) for spherically-shaped Earth models can be
retained. Benchmark solutions for ellipticity and topography/bathymetry validate
the implementation of the particle relabelling transformation in AxiSEM3D. To our
knowledge, it is the first time this theory is applied in computational seismology. Ap-
parently, it can also be useful to other numerical methods with difficulties in handling
geometric complexity, such as the finite difference method.

Because the particle relabelling transformation is incapable of considering multiply-
connected interfaces such as Earth’s ocean floor, the ocean is modelled as a hydrody-
namic load in AxiSEM3D. It is numerically observed that the ocean load significantly
intensifies surface wave dispersion. Full crustal structures will be elaborated in Chap-
ter 6 as a comprehensive application.
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Figure 4.4. Comparisons of synthetic seismograms (vertical component) for topography
and bathymetry benchmark. The simulation parameters are summarised in Table 4.1. The
plotted stations are located at the distance θ = 70◦, coloured green in Fig. 4.2. The symbols
after each trace indicate the TF-misfits over the full-length window, as explained in Fig. 4.3.
Here we focus on the surface wave window because the body waves are barely affected by
topography and bathymetry. The blue and red traces consider both topography and ocean,
respectively computed by SPECFEM and AxiSEM3D, while the green ones ignore the
ocean, computed by SPECFEM (same by AxiSEM3D).
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Chapter 5

Computational Efficiency

This chapter investigates the computational efficiency of AxiSEM3D and its speedup
with respect to a discretised 3-D method, covering all known types of 3-D Earth
features and the entire observable frequency range of global seismic data. Before
showing the actually measured costs, we first review our existing knowledge about
the cost characteristics of AxiSEM3D.

A model-dependent computational cost distinguishes AxiSEM3D from discretised
3-D methods. Generally, the stronger the 3-D structures are, the more expensive the
simulations become. Such a structural-adapted cost characteristic is embodied by the
Fourier expansion order of solution, nu in eq. (3.12), which can be adapted locally
to the azimuthal complexity of wavefields, that is, nu = nu (s, z). For the simplest
case of PREM-like 1-D Earth models, the wavefield due to an earthquake takes on
order two, that is, nu (s, z) = 2 throughout space and time, for which AxiSEM3D
performs as efficiently as the original AxiSEM [76], as proved in Section 3.1.7. For
3-D Earth models, two methods are developed to determine nu (s, z) in Section 3.3.2,
an empirical equation designed for tomographic mantle models and the technique of
“wavefield learning” that determines a near-optimal nu (s, z) sufficiently large for the
convergence of solutions via a trial simulation.

Furthermore, we have discussed the frequency scalability of computation cost in
Section 3.4.2. A discretised 3-D method has a cost of O (ω4). For AxiSEM3D, if the
direct summation approach (Section 3.2.1) is used for Fourier mode coupling, the cost
will be O (ncnuω

3), provided that the sampled wavefield complexity is higher than the
model complexity, that is, nu ≥ nc pointwise. Here nc denotes the Fourier expansion
order of the model. on the other hand, if the FFT-based approach (Section 3.2.2)
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is used, the cost will become O (nu log(nu)ω
3) in the worst case. In Section 3.4.2,

it is numerically observed that, using the empirical equation eq. (3.72), nu appears
insensitive to frequency across the period range from 68 s to 11 s [48], suggesting a
frequency scalability of ω3 for AxiSEM3D. Such a scaling behaviour is attractive to
high-frequency applications.

This chapter will verify the above characteristics and observations with actually
measured computational cost. We will also introduce the MPI-based parallelisation
scaled up to more than 10,000 cores.

5.1 Tomographic mantle models

This section summarises the computational cost for the three tomographic mantle
models used for method validation in Section 3.4, S362ANI [34], S20RTS [112] and
S40RTS [39], using the empirical equation eq. (3.72) to determine nu (s, z) and the
direct summation approach for mode coupling. These results were obtained with
a prototype Fortran code directly extended from AxiSEM [76], which has been re-
placed by a recently released C++ code with better performance and usability. The
direct summation approach has been deprecated in the new code because it turns
out slower than the FFT-based approach in most cases. However, these early results
are still worthy of discussion because they clearly reveal the model-adaptivity of the
computational cost.

Repeating the convergence test in Section 3.4.1, we find that the accuracy criteria
can be satisfied when nref

u reaches 24 for S20RTS and 32 for S40RTS. The nref
u obtained

at Tsimu ≈ 17 s turns out to be sufficient at Tsimu ≈ 11 s for S20RTS and S40RTS, same
as for S362ANI, reconfirming the negligible frequency dependency of nu. Recalling
Fig. 2.3, the maximum values of nc for the three models are respectively 22 (S362ANI),
20 (S20RTS) and 40 (S40RTS), while the required nref

u s turn out to be 24, 24 and
32 respectively, so we can assert that nu should increase with nc. This is actually as
expected because the complexity of the wavefield should grow with that of the model.
Nevertheless, only three models are far from enough to establish a solid relation
between nu and nc. Eventually, we may rewrite the cost of the direct summation
approach as O (nq

cω
3), where q is a positive real constant greater than 1. In other

words, the cost strongly depends on the lateral complexity of the model, inasmuch as
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nc controls both the size (nu) and the bandwidth of the dimension-reduced system in
eq. (3.65).

The measured CPU-hours for AxiSEM3D and SPECFEM are summarised in Ta-
ble 5.1, which well support our premises at the beginning of this section:

• AxiSEM3D prevails over SPECFEM for the three tomographic models across
the considered frequency band;

• the maximum speedup reaches 85 for S20RTS at 11s;
• the speedup steadily increases with frequency;
• the cost for S20RTS and S362ANI are similar while that for S40RTS nearly

doubles.

It is noted that the cost of AxiSEM3D can be further reduced by approximately 30%
for deep earthquakes, such as BOL and JPN in Fig. 3.12, as one may switch off the
resolution enhancement for surface waves by fixing Fd = 1 in eq. (3.72).

Figure 5.1 plots the cost measurements with respect to frequency. As emphasised
by the dashed vertical lines, the advantage of AxiSEM3D grows with frequency. In
light of this trend, we might achieve real-time simulations (seismogram length equals
wallclock simulation time) at 5 s only with a few hundred cores. We will verify
such attractive extrapolation in the next section. The low-frequency trend, however,
predicts a critical period above which SPECFEM should excel (a result of the constant
prefactor nq

c), which, however, remain undiscovered due to the mesh restriction of
SPECFEM (Tsimu ≤ 68 s or NEX ≥ 64). Most importantly, the two AxiSEM3D
curves for the tomographic models lie between the AxiSEM curve for 1-D models and
the SPECFEM curve for 3-D models, supporting our assertion in the introduction
that AxiSEM3D bridges the gap between fast, dimension-reduced methods and slow,
discretised 3-D methods.

5.2 General cost and speedup

In this section, we show the computational efficiency of our production-level high-
performance code released at https://github.com/kuangdai/AxiSEM3D. The FFT-
based approach introduced in Section 3.2.2 is used for Fourier mode coupling. Paral-
lelisation overheads are also taken into account.
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Table 5.1. Computational cost and speedup of AxiSEM3D using direct summation for
mode coupling.

Tsimu/s SPECFEM S20RTS S362ANI S40RTS
34 73.6 2.1 (34) 2.3 (32) 4.2 (17)
23 188.8 4.1 (47) 4.3 (44) 7.9 (24)
17 324.8 6.8 (48) 7.2 (45) 11.9 (27)
14 768.0 12.6 (61) 13.3 (58) 22.3 (34)
11 2046.7 24.2 (85) 25.6 (80) 42.9 (48)

The second column shows the SPECFEM CPU-hours measured with S362ANI, which remain the
same for S20RTS and S40RTS. The following three columns show the AxiSEM3D CPU-hours and
the corresponding speedups (parenthesised) relative to SPECFEM. The empirical equation eq. (3.72)
is used to determine nu (s, z), with nref

u = 24, 24, and 32 respectively for S362ANI, S20RTS and
S40RTS. The direct summation approach is used for mode coupling. The CPU-hours are obtained
on ARCHER, the latest UK national supercomputing service (archer.ac.uk). The system default
(suggested) compiler options are applied for both codes, with enforced cache-optimised loop vectori-
sation [66]. For SPECFEM, all possible numbers of processors are tested for its best performance,
while the AxiSEM3D results are obtained from serial simulations with one processor.
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Figure 5.1. Computational cost of AxiSEM3D using direct summation for mode cou-
pling. The vertical axis represents the number of processors required to achieve real-time
simulations, that is, seismogram length equals wallclock simulation time, assuming perfect
parallelisation scalability. Alternatively, it can be interpreted as the total CPU-hours re-
quired to produce 1-hr length synthetics. The data used to produce this figure are given in
Table 5.1. The curve for S20RTS is not shown because it is close to that for S362ANI.
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Three-dimensional crustal structures are included, for which we employ a state-of-
the-art global model, Crust 1.0 [31]. This model is defined on a 1×1 degree grid hor-
izontally, each grid point containing 8 vertical layers: water, ice, upper/middle/lower
sediments and upper/middle/lower crystalline crust. Sampled at a 5 s period, the
crustal thickness varies from about 8 km to 75 km, introducing very large undula-
tions to the Moho discontinuity. The implementation of the 3-D crust involves quite
a few technical details, as elaborated later in Section 6.1. Here we are concerned only
with its cost impact. A 3-D crust can considerably increase the computational cost
of AxiSEM3D for three reasons. First, the thin oceanic crust greatly diminishes the
global time step. Second, the strongly scattered surface waves require much higher
Fourier expansion orders near the surface. And third but minor, the particle rela-
belling transformation demands additional computational cost. In discretised 3-D
methods, the first issue can be avoided by an unstructured meshing scheme within
the crust, while the second and the third do not apply. Therefore, the 3-D crust also
decreases the speedup of AxiSEM3D with respect to 3-D methods.

The actual cost measurements are performed on three representative Earth mod-
els, (A) PREM, (B) PREM + S40RTS and, (C) full 3-D: PREM + S40RTS + Crust
1.0 + ellipticity + topography + ocean. The model parameters are summarised
in Table 5.2. Each of these models introduces a complexity that notably increases
the computational cost of AxiSEM3D: (B) adds 3-D volumetric heterogeneities to
(A), changing the problem from 2-D (axisymmetric) to 3-D; and (C) adds geomet-
ric complexities to (B), decreasing the global time step, increasing nu (s, z) near the
surface, and activating particle relabelling transformation throughout the domain for
ellipticity correction. These three models should be sufficient to constrain other com-
binations with different model constituents. The simulation period ranges from 50 s
down to 1 s, which not only reaches the highest observable frequency of global seis-
mic data, but also utilises hardware at all scales, from laptop (50 s) to large-scale
supercomputer (1 s). The shallow earthquake in Section 4.2 is adopted because the
solution accuracy is governed by surface waves.

The field of nu (s, z) is determined by wavefield learning, except for PREM where
nu (s, z) = 2. Some of the learning results are shown in Fig. 5.2. As suggested by
Fig. 5.2a, for the mantle model (B), nu (s, z) increases as the period drops from 20 s
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Table 5.2. Simulation parameters for efficiency comparisons between AxiSEM3D and
SPECFEM.

Parameter Value Notes
1-D reference PREM transverse isotropic
mantle S40RTS degree 40, isotropic
ellipticity WGS 84 full correction
topography ETOPO2v2 surface undulation from −7.7 km to 5.5 km
ocean ETOPO2v2 approximated as load
crust Crust 1.0 including variable crustal thickness and material perturbations
attenuation PREM data modelled as standard linear solids
period 10 s NEX = 448 in SPECFEM
record length 1.5 hr covering surface waves at all distances
earthquake Japan 12 km, 36.97° N, 142.39° E
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to 5 s, but only for a small fraction of elements near the surface. Such an observation
on the azimuthal wavefield complexity verifies the weak frequency dependency of nu

observed in Section 3.4.2. Figure 5.2b shows that nu (s, z) becomes much larger near
the surface in the presence of a 3-D crust, manifesting its strong scattering effects
on the surface waves. The impact of the crust is concentrated but not confined to
near the surface. For the deep interior, nu (s, z) does not increase below 10 s. These
observations indicate that for global mantle and crustal models with finite power
spectra, there exists a frequency above which the azimuthal complexity of wavefields
may cease to develop for body waves, and the computational cost of AxiSEM3D will
start to scale with ω3+ε, with ε accounting for surface waves, significantly smaller
than 1.

The CPU-hours required to compute a 1-hr record length are summarised in Ta-
ble 5.3 and plotted in Fig. 5.3. It turns out that AxiSEM3D can be 1 to 3 orders
of magnitude faster than SPECFEM for the 3-D mantle model (B), and 0 to 2 or-
ders of magnitude faster for the full 3-D model (C). In other words, the geometric
complexities (mainly the 3-D crust) increase the cost of AxiSEM3D by an order of
magnitude. For both (B) and (C), the speedup roughly scales with frequency. Ap-
parently, AxiSEM3D is most efficient for high-frequency body-wave studies. Similar
to Fig. 5.1, Fig. 5.3 stresses again the model-adaptivity of AxiSEM3D for a larger
model parameter space.

In addition, the computational cost of AxiSEM3D may be further reduced by the
following factors:

1. smoother models: for example, substituting S40RTS by S20RTS will reduce the
cost for (B) by ∼20%, and substituting Crust 1.0 by Crust 2.0 [127] will reduce
the cost for (C) by 10% to 20%, depending on the period;

2. ignoring surface waves: for deep events or applications where surface waves are
not of interest, the cost for (B) can be reduced by 20% to 40%, depending on
the period; it might be unprofitable to include a 3-D crust for such cases;

3. ellipticity: the cost for (C) can be reduced by ∼15% by turning off full ellipticity;
4. record length: the computational cost scales with record length in a super-linear

style, as the azimuthal complexity of wavefields also evolves with time, that is,

87



nu(s,z)

0

100

200

300

400

(a) PREM + S40RTS

nu(s,z)

0

200

400

600

800

(b) PREM + S40RTS + Crust 1.0 + ellipticity + topography + ocean

Figure 5.2. Fields of nlearn
u (s, z) obtained by wavefield learning for global mantle and

crustal models. In (a), we only involve S40RTS for the mantle, and in (b), we make a
full 3-D model using S40RTS for the mantle and Crust 1.0 for the crust, including elliptic-
ity, topography and ocean. The model parameters are summarised in Table 5.2. All the
learning simulations start from a constant nu field, nstart

u (s, z) = 1, 200. As an indicator of
computational cost, Σnu gives the sum of nlearn

u (s, z) over all the grid points in the mesh.
The same colour scale is used in (a) and (b).
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Table 5.3. Computational cost of AxiSEM3D and its speedup with respect to SPECFEM.

period / s (A) PREM (B) S40RTS (C) Full 3-D
50 0.22 (250) 10 (6) 55 (1.5)
20 0.88 (393) 24 (14) 188 (2.4)
10 3 (1254) 62 (62) 733 (6)
5 20 (3410) 642 (105) 2926 (28)
2 301 (8749∗) 6768 (389∗) 55370 (57∗)
1 2427 (17356∗) 55973 (753∗) 442958† (114∗†)

This table gives the CPU-hours required by AxiSEM3D to compute 1-hr length seismograms, fol-
lowed by the speedups (parenthesised) relative to SPECFEM. The values marked by ∗ are estimated
by extrapolation because of unaffordable SPECFEM solutions, so are those marked by † because
of unaffordable AxiSEM3D solutions. The CPU-hours are measured on ARCHER, the latest UK
national supercomputing service (archer.ac.uk), taking into account parallelisation overheads.
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Figure 5.3. Computational cost of AxiSEM3D and its speedup with respect to SPECFEM.
The vertical axis represents the CPU-hours required to compute 1-hr length seismograms.
The data used to produce this figure are given in Table 5.3. The dashed parts are estimated
by extrapolation because of unaffordable solutions. For SPECFEM, we only plot the CPU-
hours for models with a 1-D PREM crust, which will be increased by 20% to 30% for Crust
1.0, depending on the period.
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longer recorder length leads to higher nu; for example, halving the record length
will nearly quarter the cost for both (B) and (C).

5.3 Parallelisation

AxiSEM3D is parallelised via the message passing interface (MPI), using non-blocking
point-to-point communication modes. Load balancing across processors is the most
important issue around parallelisation. In ordinary SEMs such as AxiSEM and
SPECFEM, since the computational cost of an individual element is constant (not
considering the fluid core), load balancing can be easily achieved by equally distribut-
ing the elements across the processors. In AxiSEM3D, however, the computational
cost varies from element to element, due to the variability of the Fourier expansion
order nu (s, z). Therefore, a heterogeneous domain decomposition is required. In
brief, we use the package METIS [128] to partition the 2-D computational domain,
with a weight assigned to each element. The weights are determined by measuring
the elemental costs during runtime 1. A complete procedure of domain decomposition
is described with an example in Fig. 5.4.

The scaling behaviour of such a measure-and-decompose scheme is tested on the
supercomputer ARCHER (archer.ac.uk). Both strong (fixed total workload) and
weak (fixed workload per core) scalabilities are examined. We first consider a 1-D
PREM model, where nu (s, z) is constant over the domain, and the decomposition
is thus unweighted. Perfect strong scaling is observed up to 12 288 cores for a 1 Hz
simulation, as shown in Fig. 5.5a. Weak scaling turns out slightly sub-optimal, with
a 4% parallelisation overhead at 12 288 cores, as shown in Fig. 5.5b.

For a 3-D Earth model, both strong and weak scaling properties are expected to de-
crease for two reasons. First, the runtime measurement of elemental costs (Fig. 5.4c)
fluctuates. Second, extra workload emerges on the edge-cuts (Fig. 5.4d) after domain
decomposition, which cannot be balanced a priori (in AxiSEM or SPECFEM, the

1 Most of the computing time in AxiSEM3D is consumed by FFT and matrix arithmetics, for
which we rely on the high performance packages FFTW3 [119] and EIGEN3 [129], respectively.
The cost of an element becomes unpredictable due to the low-level optimisations in these
packages, and thus can be obtained only through runtime measurements.
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Figure 5.4. An example of domain decomposition. The global mantle model S40RTS is
considered, with a 50 s period. (a) shows the 2-D spectral element mesh, which contains 4
element classes (in the legend, ISO means isotropic and TISO transversely isotropic). (b)
shows a nu (s, z) field computed by the empirical equation, eq. (3.72). The computational
cost of an element depends on both its class and the value of nu. (c) shows the elemental
cost measured by the solver. Note that an element with a larger nu is not necessarily more
expensive than those of the same class but with a smaller nu, mainly because the cost
of FFT does not monotonically increase with the logical size, and this is why we need to
measure elemental costs at runtime. Finally, (d) shows the weighted domain decomposition
produced by METIS, weighted by the measured costs in (c). The varying numbers of
elements on different processors clearly reflect the effect of cost weighting.
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Figure 5.5. Scaling behaviours of AxiSEM3D on a Cray XC30 supercomputer (ARCHER,
UK). Two Earth models are tested, the 1-D model PREM with nu (s, z) = 2, and the 3-D
model S40RTS with nu (s, z) determined by the empirical equation, eq. (3.72). For strong
scaling, the problem (total workload) is fixed, that is, a fixed period of 1 s for PREM and
2 s for S40RTS. For weak scaling, we change the period such that the workload per core
remains nearly constant, where the workload is estimated by the summation of nu. The
times to solution (y-axis) are wall-clock times measured for 2000 time steps.
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processor boundaries are also pre-balanced). The 3-D scaling behaviours shown in
Fig. 5.5 are observed using 3-D mantle model S40RTS, with an empirical nu (s, z)

sufficiently large for a converged solution. For strong and weak scaling, the overheads
are respectively 6% and 10% at 12 288 cores. Compared to the speedups shown in
Table 5.3, these overheads are negligible.

It is noted that the above scalabilities are evaluated in reference to simulations
with 384 cores. Compared to serial simulations, AxiSEM3D still suffers a parallelisa-
tion overhead of 20% to 30% for 3-D Earth models due to unstable cost measurement.
This is an issue awaiting future optimisation.

5.4 Summary

This chapter summarises the computational efficiency of AxiSEM3D and its speedup
with respect to a discretised 3-D method, based on cost measurements on a supercom-
puter. We adopt a large model parameter space, considering 3-D mantle and crustal
structures, topography and ocean, and ellipticity. We also adopt a wide period range
from 50 s down to 1 s, reaching the highest observable frequency of global seismic
data and utilising hardware at all scales.

The measured computational cost suggests that AxiSEM3D is substantially more
efficient than discretised 3-D methods for 3-D mantle structures without a 3-D crust,
with an enormous speedup of 1 to 3 orders of magnitude for the considered period
range. Such a speedup basically scales with frequency. In other words, AxiSEM3D
drastically improves the computability of global wave propagation in 3-D mantle
structures, which can greatly promote forward and inverse studies of the deep Earth
based on high-frequency body waves. When 3-D crustal structures are involved, the
speedup is decreased by an order of magnitude mainly for two reasons. First, the thin
oceanic crust greatly diminishes the global time step. And second, crustal structures
introduce a much higher azimuthal complexity to surface waves, leading to much
higher Fourier expansion orders near the surface. Nevertheless, the remaining speedup
is still beyond or comparable to other hardware and algorithmic optimisations. In
summary, AxiSEM3D bridges the gap between fast dimension-reduced methods (such
as AxiSEM [76]) and slow discretised 3-D methods (such as SPECFEM [51, 52]) by
adapting itself to the complexity of the Earth model.
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The uneven elemental cost makes parallelisation more difficult for AxiSEM3D than
for other conventional SEMs such as AxiSEM and SPECFEM. By means of a weight-
balanced domain decomposition scheme, we achieve satisfactory parallel scalabilities
up to 12,288 cores.
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Chapter 6

Applications

This chapter shows three applications of AxiSEM3D. In the first application, we model
surface waves with a global crustal model, Crust 1.0, and compare the synthetics to
data. It is shown that the 3-D crust significantly enhances the accuracy for surface
wave modelling. In the second application, we investigate a small-scale localised
heterogeneity with sharp material contrast against the 3-D background model. The
wave scattering effects for a wide range of structure-wavelength combinations are
examined by wavefield learning, verifying the robustness of AxiSEM3D in handling
localised 3-D structures. The third application simulates an ultra-low velocity zone
(ULVZ) at a 1 Hz frequency, showing the great potential of AxiSEM3D for deep Earth
studies at high frequencies.

6.1 Surface waves in 3-D crust

Three-dimensional crustal structures have a major influence on surface wave mod-
elling. Compared to smooth long-wavelength mantle structures, Earth’s crust varies
much more drastically in space, in terms of both amplitude and gradient. The most
outstanding challenge comes from a severely varying crustal thickness, character-
ising the Moho discontinuity with large undulations and sharp slopes beneath the
ocean-continent boundaries. For instance, Fig. 6.1a shows the undulating Moho in
a state-of-the-art 3-D crustal model, Crust 1.0 [31], defined on a 1×1 degree grid.
Sampled at a 5 s period (about 15 km between two sampling points on the surface),
the crustal thickness varies from about 8 km to 75 km. In this section, we describe
the different implementations of a global crustal model in AxiSEM3D and the built-in
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SPECFEM mesher, and assess the results by comparing them to real seismic data.

6.1.1 Crust implementation

Global crustal models involve topography on both Earth’s surface and Moho, and
material heterogeneity between them. The undulating surface and Moho can be hon-
oured by stretching the spherical layers of the 1-D reference model. Those elements
across the sharp slopes beneath the ocean-continent boundaries may easily get dis-
torted after stretching, which demand special treatment. Stability condition also
becomes more stringent, as governed by the thin oceanic crust. Driven by different
motivations, SPECFEM and AxiSEM3D select different radial layers to match the
undulating Moho.

Because the particle relabelling transformation requires the homeomorphism (topo-
logical equivalence) of any radial discontinuities to a sphere, AxiSEM3D stretches the
spherical Moho of the 1-D reference model, for example, 24.4 km in PREM. Such
implementation is physically sound because it keeps the integrity of the Moho discon-
tinuity. However, the squeezed upper and lower crustal layers beneath the ocean will
considerably diminish the global time step. If an element is distorted after stretching,
the Jacobian of the geometric mapping in eq. (4.8) will lose its positive definiteness.
If such a situation happens, AxiSEM3D will automatically adjust the position of the
Moho, but only locally at the slope that actually causes the distortion, such as part
of the Andean Mountains.

The selection of the stretched layers can be more flexible in a discretised 3-D
method. For instance, the built-in SPECFEM mesher stretches different radial layers
in different regions, as explained in Fig. 6.1b. Such implementation effectively avoids
distorted elements near the sharp slopes and squeezes only the upper crustal layer be-
neath the ocean to have a less decreased global time step. The time step of AxiSEM3D
is about one third of that of SPECFEM for Crust 1.0. However, the disadvantages
are complementary. First, almost one-fourth of the Moho discontinuity is smoothed
away where it traverses element interiors. These dishonoured regions (coloured white
in Fig. 6.1b) largely overlap with seismically active regions along the plate bound-
aries, which may introduce large errors to near-field wavefields. Second, the radial
sampling of the oceanic crust might be too sparse at some regions. To overcome the

96



τ (km)

-40
-30
-20
-10
0

(a) Moho of Crust 1.0

(b) SPECFEM implementation

Figure 6.1. Moho discontinuity of Crust 1.0 and its implementation in SPECFEM. (a)
shows topography on Moho, coloured by the undulation with respect to the PREM Moho
(24.4 km). (b) shows the SPECFEM implementation. In (b), the mid-crustal discontinuity
(15 km in PREM) is stretched upward to match the 3-D Moho for regions where the crustal
thickness is smaller than 15 km (coloured blue), mainly beneath the ocean; an artificial
discontinuity (35 km) is stretched downward for regions where the crustal thickness is
greater than 35 km (coloured red), mainly beneath the continents; for the rest (coloured
white), mainly beneath the ocean-continent boundaries, the Moho cuts through spectral
elements and is thus smoothed by means of material interpolations.
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difficulties around 3-D crust discretisation, an unstructured meshing scheme is under
development within the Salvus project [56], which honours the Moho exactly while
avoiding element distortion and multiply squeezed elements in the oceanic crust.

6.1.2 Comparison to data

In this subsection, we produce synthetic seismograms for a full 3-D Earth model,
using S40RTS for the mantle and Crust 1.0 for the crust, including ellipticity, to-
pography and ocean, same as the full 3-D model used for efficiency comparison in
Section 5.2. The simulation period is 10 s, as SPECFEM does not support any
higher frequencies due to a known technical issue in its built-in crustal mesher. The
simulation parameters are summarised in Table 5.2. We compare both SPECFEM
and AxiSEM3D synthetics to real seismic data to assess the two different crust im-
plementations. It should be noted that such evaluation can only be rough because
the misfits between synthetics and data are subject to uncertainties such as event
information, tomographic models, and noise in data.

The source and stations are plotted in Fig. 6.2. The discrepancy between SPECFEM
and AxiSEM3D should be path-dependent: the AxiSEM3D implementation is ex-
pected to be more realistic where the path largely traverses the ocean and the ocean-
continent boundaries. Therefore, to analyse the data in more detail, we divide the
stations into four groups by their azimuths: (a) the Pacific ocean group, labeled PA,
with pure oceanic paths; (b) the Australian group, labeled AU, with mixed paths
across the ocean-continent boundaries almost perpendicularly; (c) the Indian ocean
group, labeled IN, with mixed paths going along the ocean-continent boundaries; and
(d) the European group, labeled EU, mainly with continental paths.

For each station, we have four traces in total: two synthetics for the full 3-D
model computed by SPECFEM and AxiSEM3D, one synthetic for PREM computed
by SPECFEM (same by AxiSEM3D), and the real data. To reduce the uncertainties in
data, we only consider the stations where the cross-correlation coefficient on the direct
P-wave window between PREM synthetics and data turns out greater than 0.7. This
is because the direct P-arrival is less affected by 3-D structures and, particularly its
shape, should be better predicted by PREM, as numerically verified in Section 3.4.1.
We quantify the goodness-of-fit by the cross-correlation on the full-length window,
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Figure 6.2. Source and stations for assessment of 3-D crust implementations. We compare
synthetic seismograms to data recorded at 616 stations (grey). Based on their azimuths,
we divide the stations into four groups, labeled respectively PA (Pacific ocean, blue), AU
(Australia, green), IN (Indian ocean, orange) and EU (Europe, cyan), separated by the
dashed great circles. We will show seismograms at the coloured record sections and stations
later in this subsection.
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so the uncertainties from the source, both its origin time and magnitude, are auto-
matically removed. Here we do not use TF-misfits because the waveform differences
at some stations might be too large for TF-misfits to work robustly. The statistics
of cross-correlations are summarised in Table 6.1. We draw the following conclusions
from the table:

1. the full 3-D model fits surface wave data better than PREM does;
2. compared to pure 3-D mantle models (Chapter 3), the 3-D crustal model leads

to a larger disagreement between SPECFEM and AxiSEM3D;
3. the synthetics computed by AxiSEM3D have a statistically higher cross-correlation

to data than those by SPECFEM for the considered event;
4. as expected, the superiority of AxiSEM3D is visible for the oceanic group PA

as well as the mixed-path groups AU and IN.
5. SPECFEM and AxiSEM3D have very similar accuracy for the continental group

EU; when filtered down to 20 s, the average cross-correlation of SPECFEM
becomes larger, implying that the third element layer (24.4 km to 35 km in
PREM) contained in the SPECFEM continental crust may have begun to take
effect at this period.

For each of the four groups, we show a well-fitted record section in Fig. 6.3, filtered
down to 40 s. At this period, SPECFEM and AxiSEM3D agree well with each other.
The seismograms at four selected stations are displayed in Fig. 6.4, filtered down to
both 40 s and 20 s. Fig. 6.4a-6.4c are selected from the EU group. Fig. 6.4a shows
an example of good agreement between SPECFEM and AxiSEM3D, and both of
them well predict the data. Fig. 6.4b and 6.4c respectively represent the case where
SPECFEM and AxiSEM3D predominate over each other, with the major differences
concentrated on the amplitudes of high-frequency surface waves. Fig. 6.4d shows
an example where the full 3-D model successfully fits the data at 40 s, but fails to
capture some of the high-frequency surface waves at 20 s, which are however clearly
observed in the 1-D synthetics without ocean. Such a situation only occurs at some
of the island stations in our dataset, which can be remedied by turning off the ocean
load. Because the load approximation of ocean should be accurate at this frequency
range, the errors may result from the fact that island stations are actually placed on
the ocean floor in the simulations, as those small islands may not be sampled either
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by Crust 1.0 or the computing mesh. The wave physics behind these high-frequency
reverberations needs more thorough analysis. Finally, as suggested by Fig. 6.4, the
3-D simulations basically reproduce the body wave data, indicating that at such a
period S40RTS should be highly credible for the sampled regions.

6.2 Localised heterogeneity

Apart from smooth, long-wavelength material heterogeneities and undulating inter-
faces, localised small-scale structures represent another type of 3-D feature of inter-
est, such as the ULVZs [104, 105] and mid-mantle scatterers [130, 131]. Depending
on the structure-wavelength ratio, such small-scale structures may enter the regime
of backscattering, reflecting waves to all directions like a secondary source. Such
backscattering effects can be well simulated by discretised 3-D methods, almost with-
out additional computational cost, but are generally believed to be a bottleneck of
pseudo-spectral approaches, due to their infinite power spectra [110]. Being conver-
gent in theory, our method is undoubtably capable of incorporating small-scale 3-D
heterogeneities, but their cost impact has to be carefully examined.

For this purpose, we place a spherical slow blob in the mid-mantle of S40RTS.
The centre of the blob is located 30° in epicentral distance and 1200 km in depth.
Within the blob, the S- and P-wave velocities are respectively reduced by 50% and
30%, and the density by 20%. Such strength of heterogeneity should be strong enough
to exceed typical conditions in deep Earth. We consider 4 simulation periods and 7
blob radii, that is, 28 simulations in total. Again, wavefield learning is applied to
ensure the convergence of solutions. Because surface waves are not affected by the
blob, we use a 1-D PREM crust and a deep earthquake. The simulation parameters
are summarised in Table 6.2. The geometry of the blob, the source and the stations
are shown in Fig. 6.5.

The influence of the blob depends not only on its size, but also on the wavelength.
To quantify the strength of wave scattering, we define the structure-wavelength ratio,
denoted ζ,

ζ =
2Rblob

3 km/s × Tsimu
, (6.1)
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Table 6.1. Statistics of cross-correlations between synthetics and data for assessment of
3-D crust implementations.

period 40 s all PA AU IN EU
number of stations 462 49 128 124 161
higher CC for Axi3D 62% 81% 58% 78% 48%

CC SPEC / Axi3D 0.98 ± 0.01 0.99 ± 0.01 0.96 ± 0.02 0.98 ± 0.01 0.98 ± 0.01
CC SPEC / data 0.65 ± 0.14 0.78 ± 0.09 0.52 ± 0.19 0.62 ± 0.17 0.74 ± 0.10
CC Axi3D / data 0.69 ± 0.13 0.87 ± 0.06 0.57 ± 0.14 0.66 ± 0.15 0.75 ± 0.11
CC PREM / data 0.17 ± 0.20 0.13 ± 0.15 0.34 ± 0.22 0.37 ± 0.18 -0.11 ± 0.27

period 20 s all PA AU IN EU
number of stations 450 44 112 127 167
higher CC for Axi3D 54% 86% 66% 55% 38%

CC SPEC / Axi3D 0.72 ± 0.11 0.96 ± 0.02 0.85 ± 0.07 0.70 ± 0.11 0.59 ± 0.16
CC SPEC / data 0.29 ± 0.13 0.61 ± 0.11 0.21 ± 0.18 0.21 ± 0.15 0.33 ± 0.11
CC Axi3D / data 0.31 ± 0.10 0.68 ± 0.08 0.25 ± 0.12 0.22 ± 0.09 0.31 ± 0.09
CC PREM / data 0.18 ± 0.15 0.09 ± 0.24 0.30 ± 0.18 0.15 ± 0.14 0.01 ± 0.22

The simulation parameters are summarised in Table 5.2. The stations as well as the four groups (PA,

AU, IN, and EU) are shown in Fig. 6.2. The simulation period is 10 s, and we filter the seismograms

down to both 40 s and 20 s for data comparisons. The cross-correlations are computed using the

vertical component, but similar conclusions can be drawn from the radial and transverse components.

The numbers before and after ± are respectively mean values and standard deviations of the cross-

correlation coefficients. The second row “higher CC for AxiSEM3D” shows the percentage of stations

where the cross-correlation of AxiSEM3D to data is higher than that of SPECFEM to data. The

statistics in favour of SPECFEM are emphasised in bold.
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Figure 6.3. Comparisons of synthetics to data (vertical component) on four selected
record sections for assessment of 3-D crust implementations. The simulation parameters
are summarised in Table 5.2. The seismograms are filtered from 40 to 100 s. The plotted
record sections are shown in Fig. 6.2. The synthetics are shifted by cross-correlating the
direct P-wave window, and plotted in their original amplitudes. The symbols after each
trace indicate the TF-misfits for the full 3-D model over the plotted window, for example,
“S: E22, P19” and “A: E21, P6” after the top trace in (a) means me ≈ 22% and mp ≈ 19%

for SPECFEM to data, and me ≈ 21% and mp ≈ 6% for AxiSEM3D to data. To emphasise
surface waves, the time origin of each trace is fixed at the traveltime of the surface wave of
speed 5 km/s in PREM. This figure is to be continued on the next page.
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Figure 6.3 (continued). Comparisons of synthetics to data (vertical component) on four
selected record sections for assessment of 3-D crust implementations.
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Figure 6.4. Comparisons of synthetics to data (vertical component) on four selected
stations for assessment of 3-D crust implementations. The simulation parameters are sum-
marised in Table 5.2. For each station, the top trace is filtered from 40 to 100 s and the
bottom from 20 to 100 s. The plotted stations are shown in Fig. 6.2, coloured red. The
synthetics are shifted by cross-correlating the direct P-wave window, and plotted in their
original amplitudes. The symbols at the beginning of each trace indicate the TF-misfits for
the full 3-D model over the plotted window, as explained in Fig. 6.3.
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Table 6.2. Simulation parameters for a spherical slow blob placed in the mid-mantle of
S40RTS.

Parameter Value Notes
1-D reference PREM fully benchmarked
mantle S40RTS fully benchmarked
spherical blob position 1200 km, 2.3389° S, 39.2° W; epicentral distance = 30°,

azimuth = 110°
radii / km 0, 5, 10, 20, 40, 80, and 160
material S- and P-wave velocities reduced by 50% and 30% re-

spectively, density by 20%
period 4 periods 50 s, 20 s, 10 s, and 5 s
record length 1.0 hr covering all affected phases
earthquake Bolivia 647.1 km, 13.82° S, 67.25° W.
stations Fig. 6.5 only for visualisation purpose

30° 

o CMB d = 1200 km 

blob 

… …
 

20° 

source 

P 
PBS 

stations 

(a) slice view (b) geography

Figure 6.5. Problem setup for a spherical slow blob placed in the mid-mantle of S40RTS.
(a) shows the slice across the blob centre, located 30° in distance and 1200 km in depth.
Within the blob, the S- and P-wave velocities are respectively reduced by 50% and 30%,
and the density by 20%. The reductions fade in a Gaussian style outside the blob, with
a halfwidth at half maximum of 1/5 of its radius. The path labelled “P” corresponds to
the direct P-arrival and “PBS” the backscattered P-arrival. (b) shows the geography of the
blob, the source and the stations. The record section coloured blue has the same azimuth as
the blob centre, with distances ranging from 30° to 50°. The one coloured green is located
40° in distance, with azimuths ranging from -15° to +15° with respect to the blob centre.
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where Rblob is the radius of the blob, Tsimu the simulation period, and 3 km/s the
S-wave velocity within the blob. In general, the propagation effects of the blob should
increase with ζ.

Figure 6.6 summarises the blob-induced relative cost with respect to different
structure-wavelength ratios. It first confirms the competency of AxiSEM3D in han-
dling such localised small-scale structures, as the maximum slowdown due to the
blob is only 1.87. This maximum slowdown occurs when Rblob = 160 km, which is
expected, but at a period of 10 s instead of 5 s (the shortest). More interestingly,
it is shown that the relative cost becomes more and more insensitive to the blob
structure as the period decreases, which again benefits high frequency applications.
To look into the reason behind such observations, we resort to the actual distribu-
tions of nlearn

u (s, z) obtained from wavefield learning, as shown in Fig. 6.7, which
visualise the impact of the blob on the azimuthal complexity of wavefields. Above
all, as the structure-wavelength ratio increases from zero to a very large value, the
wave scattering regime shifts from forward-dominant (refraction and diffraction) to
backward-dominant (reflection).

Let us first read Fig. 6.7 row-wise. For a fixed period, the influence of the blob
increases with its size. For the sub-wavelength regime where ζ < 1.0, the blob has
very little influence on wave propagation. As Rblob increases, the azimuthal scattering
effects become stronger, but are highly concentrated in a smeared neighbourhood
around the blob, as suggested by the comet-like patterns such as (d4). AxiSEM3D
takes advantage of such concentrated scattering effects by locally adapting nu (s, z),
and thus enjoys a very limited increase to the total computational cost. For example,
the maximum slowdown due to the blob is only 1.87, observed in (c6). It can also be
inferred that the relative cost increases with Σnu in a weak super-linear style because
of the super-linearity of FFT.

Now we read Fig. 6.7 column-wise to see how nu (s, z) evolves with frequency for
a fixed blob radius. As suggested by the first column, for bare S40RTS, nu (s, z)

increases when the period drops from 50 s to 20 s, but then remains constant for the
shorter periods. This is consistent with the conclusion we drew in Sections 3.4.2 and
5.2. As suggested by the remaining columns, as the frequency increases, the blob leads
to an ever-growing nu in a small neighbourhood around it, but within an increasingly
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Figure 6.6. The blob-induced relative cost of AxiSEM3D with respect to the structure-
wavelength ratio ζ. The simulation parameters are summarised in Table 6.2. The relative
cost is obtained by normalising the actual computational cost to that of the pure S40RTS,
so the part above 1.0 is caused by the blob. Note that the ζ-axis is logarithmic.
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nu(s,z)
0 200 400 600

Figure 6.7. Fields of nlearn
u (s, z) obtained by wavefield learning for a spherical slow blob

placed in the mid-mantle of S40RTS. The problem is described in Fig. 6.5 and the simulation
parameters are summarised in Table 6.2. The simulation period Tsimu varies column-wise
and the blob radius Rblob varies row-wise. As an indicator of computational cost, Σnu gives
the sum of nlearn

u (s, z) over all the grid points in the mesh. For each row, the actually
measured computational costs are normalised to the first column to emphasise the cost
impact of the blob.
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concentrated range of influence. These two counterbalancing tendencies will give rise
to a frequency at which the blob-induced cost reaches its maximum, for example, 20 s
for Rblob = 80 km and 10 s for Rblob = 160 km. Such concentrated lateral scattering
effects make the computational cost insensitive to small-scale structures, especially
for high-frequency simulations.

The concentrated scattering also suggests a fast healing effect of the azimuthal
wave complexity (different from wavefront healing), which further hints a type of
seismic invisibility on the azimuthal direction. At a small ζ where forward scattering
dominates, such as (c3) and (d2), the azimuthal complexity of the wavefield has
readily recovered on the surface, which means the wave has “forgotten” this part of
information it encoded from the structure. In this sense, constraining the transverse
dimension of the structure (orthogonal to source-receiver plane) can be more difficult,
especially at a higher frequency. This is partially consistent with finite-frequency
theory [41], that is, the higher the frequency, the narrower the sensitivity kernels.
But more, we claim that within a cross-section of a banana-doughnut kernel, the
resolution should be higher in the vertical (in-plane) direction than in the transverse
(off-plane) direction. In this sense, the resolution or uncertainty of a tomographic
model should depend on not only the path coverage but also the path orientations.
For instance, if the seismic paths are orientated dominantly from north to south, the
resultant model should be subject to a higher uncertainty from east to west.

Finally, we show the seismograms on two record sections in Fig. 6.8. Full 3-D
backscattering effects can be observed in Fig. 6.8b: as the receiver moves away from
the central azimuth, the backscattered energy (amplitude of PBS) decays while the
differential traveltime between P and PBS enlarges.

6.3 Simulating a ULVZ at 1 Hz

ULVZs are small-scale slow heterogeneities atop the core-mantle boundary (CMB),
significant to the understanding of Earth’s thermal evolution and mantle convection,
as reviewed at the beginning of the introduction. These small-scale structures typi-
cally extend a few hundred kilometres horizontally and a few dozen kilometres verti-
cally, with sharp velocity contrast (up to −50% for vs) against the long-wavelength
background structures such as the large low-shear-velocity provinces (LLSVPs). Such
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Figure 6.8. Comparisons of synthetics (vertical component) for a spherical slow blob
placed in the mid-mantle of S40RTS. The simulation parameters are summarised in Ta-
ble 6.2, with Rblob = 160 km and Tsimu = 5 s, or (d6) in Fig. 6.7. The two record sections
are shown in Fig. 6.5. The blue traces are computed without the blob (pure S40RTS),
and the red and green ones with the blob. SPECFEM is used for solution benchmark,
but the SPECFEM traces (green) are almost invisible because the misfits are too small.
The P-reflections from the blob are highlighted, coming right after the direct P-arrivals.
As observed in (b), as the receiver moves away from the central azimuth, the backscat-
tered energy (amplitude of PBS) decays while the differential traveltime between P and PBS

enlarges, visualising full 3-D backscattering effects.
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a structural scale and velocity contrast cannot be resolved by linearised tomography.
High-frequency forward modelling makes an ideal tool to study ULVZs. However,
insufficient computing power has limited previous studies to either an axisymmetric
in-plane 2-D scenario [105] or a lower frequency and a smaller model parameter space
[104]. In this section, we present a preliminary forward study of a full 3-D ULVZ,
targeted at a 1 Hz frequency.

The problem is described with Fig. 6.9. Basically, we follow [105] to investigate the
core-diffracted phase SPdKS scattered by the ULVZ, except that we consider a 3-D
ULVZ instead of an in-plane 2-D one. We use a monopole (axisymmetric) earthquake
source and employ PREM as the background model, so that all azimuthal waveform
variations result from the ULVZ. We adopt a depth-dependent nu field, as shown in
Fig. 6.9b. For such a large nu field, a 1 Hz simulation with a 1-hr record length will
consume 150,000 CPU-hours, which can be reduced by 60% if wavefield learning is
used instead.

With such a depth-dependent nu field, we intend to address the point that wave-
field learning can deliver a near-optimal nu field, but is not the only way to achieve
solution convergence. In practice, one may design the nu field based on a good under-
standing of the model as well as its wave scattering effects. In this example, we use
nu = 1, 000 near the CMB, which gradually decreases to 100 across a depth range of
800 km and then keeps constant in the middle and upper mantle. It is designed based
on our knowledge obtained in the last section, that is, the azimuthal wave scattering
effects of a localised structure such as the ULVZ are concentrated in the near-field for
a large structure-wavelength ratio. We can further optimise this nu field by varying it
with distance. If the 3-D ULVZ is placed in S40RTS rather than PREM, an efficient
nu field can be determined by superposing large near-field values (such as 1,000) onto
Fig. 5.2a, the wavefield learning results for S40RTS.

The synthetics are shown in Fig. 6.10 and Fig. 6.11. We first look at the broadband
waveforms filtered between 1 s and 12 s, that is, the left-hand side of both Fig. 6.10 and
6.11. The anomalies around the SPdKS phase are clearly manifested. As indicated by
Fig. 6.10, even for the source-receiver plane across the ULVZ centre, the in-plane 2-D
approximation already causes notable differences, especially for amplitudes, compared
to the 3-D solution. Worse, such differences increase as the station moves away from
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Figure 6.9. Problem setup for a cylinder-shaped ULVZ on CMB of PREM. The left-hand
side of (a) shows the slice across the ULVZ centre, which looks exactly the same as [105]
except that we implement the ULVZ as a 3-D cylinder, with a diameter (l) of 8° on CMB and
a height (h) of 20 km, and with its edge located at 10° in distance. Several record sections are
placed between 100° and 120° to observe the SPdKS anomalies, with a maximum azimuthal
shift of 20°, as shown on the right-hand side of (a). An axisymmetric earthquake is used to
get rid of source-induced radiation patterns. We adopt a depth-dependent nu field, which
equals to 1,000 near CMB and gradually decreases to 100 when moving away from CMB,
as shown in (b). Such a nu field leads to solution convergence but is obviously not optimal.
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the central azimuth, as shown in Fig. 6.11. For example, the top trace in (b) shows
that the impact of the ULVZ has remarkably weakened at the azimuth of 20°, where
the corresponding ray path no longer penetrates the ULVZ, see Fig. 6.9a. Such
information can be useful in constraining the azimuthal extent of the ULVZ [104],
but cannot be utilised by axisymmetric approaches.

The high-frequency waveforms basically yield the same general conclusions, but
display more details. With a dominant period around 1.5 s, they may resolve struc-
tures less than 10 km. We associate the high-frequency anomalies to waves bouncing
vertically within the ULVZ. If this is the case, these data may help constraining both
its thickness and length. To make solid interpretations of these high-frequency wave-
forms, more simulations with different model parameters and corresponding data are
needed. In summary, AxiSEM3D opens doors to such kind of high-frequency forward
studies for realistic 3-D Earth structures with affordable computing resources.

6.4 Summary

In this chapter, we show three applications of AxiSEM3D, with different foci from
the surface to CMB.

In the first application, we model surface waves within a state-of-the-art global
crustal model, Crust 1.0, and compare the synthetics to data. The large undulations
and sharp slopes on the Moho discontinuity pose a great challenge to the implemen-
tation of the 3-D crust, for which different strategies are employed in SPECFEM and
AxiSEM3D. In brief, AxiSEM3D honours the Moho in a more realistic way. Compar-
isons of synthetics to data show that the 3-D crust significantly enhances the accuracy
for surface wave modelling. AxiSEM3D and SPECFEM agree well with each other
at a lower frequency, but deviate to some degree at a higher frequency because of
the different implementations. Comparisons to data show that AxiSEM3D achieves
statistically higher cross-correlations than SPECFEM does for oceanic and mixed
ocean-continent paths.

In the second application, we investigate the scattering effects of a localised high-
amplitude heterogeneity in the mid-mantle. It is verified that AxiSEM3D can effi-
ciently capture both forward and backward wave scattering across a wide range of
structure-wavelength combinations, owing to the concentrated azimuthal scattering
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effects in a near-field of the structure. Because such concentration strengthens with
frequency, there exists a critical frequency at which the additional cost induced by
the local structure reaches its maximum, an observation in favour of high-frequency
applications. In addition, the revealed wavefield complexity suggests a type of seismic
invisibility on the azimuthal direction.

The last application shows a preliminary study on a ULVZ at a 1 Hz frequency. We
put a cylinder-shaped ULVZ atop CMB and observe the anomalies around the SPdKS
phase. We verify the advantages of full 3-D simulations over 2-D in-plane ones: first,
even for the source-receiver plane, the 2-D in-plane approximation already produces
notable waveform differences, and second, with full 3-D simulations, off-plane data can
be utilised to constrain the azimuthal dimension of structures, in spite of the healing
effect of the azimuthal wave complexity. With a speedup of 3 orders of magnitude at
1 Hz compared to 3-D methods, AxiSEM3D opens doors to high-frequency forward
studies for realistic 3-D Earth structures with affordable computing resources.
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Figure 6.10. Synthetic seismograms (radial component) on the in-plane record section for
a cylinder-shaped ULVZ atop CMB. The record section is aligned within the source-ULVZ
plane. The left-hand side shows the broadband waveforms filtered between 1 s and 12 s,
and the right-hand side the high-frequency waveforms filtered between 1 s and 3 s. Three
models are compared, PREM-only (blue), PREM + 3-D ULVZ (red), and PREM + in-
plane 2-D ULVZ (dotted green). Because both the source and the background model are
axisymmetric, the waveforms for PREM-only and PREM + in-plane 2-D ULVZ do not vary
with azimuth in (b). The traveltime curves for SPdKS are approximately drawn based on
the broadband waveforms.
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Figure 6.11. Synthetic seismograms (radial component) on the off-plane record section for
a cylinder-shaped ULVZ atop CMB. The record section is orthogonal to the source-ULVZ
plane, located the distance of 108°. Other figure settings are identical to Fig. 6.10.
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Chapter 7

Discussions

7.1 Conclusions

Global wave propagation in 3-D Earth models is one of the most fundamental prob-
lems in seismology, carrying both the physics of wave scattering and the next-generation
full-waveform inverse techniques. Though a number of 3-D numerical methods have
been developed for this purpose, capable of considering all kinds of 3-D Earth fea-
tures, the problem of insufficient computing power still remains outstanding, in view
of Earth’s multiscale nature of interest and the availability of broadband seismic data
for its resolution.

This thesis develops a novel numerical method for global wave propagation in 3-D
Earth models. Distinct from hardware and algorithmic optimisations, our method
is physics-based, which substantially reduces the scale of the problem by exploiting
the inherent spatial sparsity of global wavefields. We observe that global wavefields
experience different complexity along different directions, that is, in the source-centred
coordinate system, they vary much more smoothly along the azimuthal direction than
within the meridian slices. This results from the fact that the lateral wave scattering
effects of smooth Earth structures are too weak to substantially change the source-
dominant radiation patterns.

To take advantage of such smoothness, we parameterise the azimuthal dimension
of a global wavefield in Fourier series. In doing so, we reduce the 3-D wave equa-
tion to a coupled algebraic system of 2-D wave equations of the Fourier coefficients,
defined on a 2-D meridian domain. We implement a 2-D spectral element method
(SEM), AxiSEM3D, to solve such a system. Controlling both solution quality and

119



computational cost, the Fourier expansion order of wavefields is the most important
parameter for AxiSEM3D, which can be locally adapted to the azimuthal complexity
of wavefields. Two approaches are developed for its determination, an empirical equa-
tion for tomographic mantle models, and the technique of “wavefield learning” that
determines a near-optimal expansion order field sufficiently large for the convergence
of solutions. We employ the theory of particle relabelling transformation to consider
finite undulations on any of the radial discontinuities.

Irrespective of the pseudo-spectral characterisation, as a stand-alone and conver-
gent 3-D numerical method for global wave propagation, AxiSEM3D is characterised
by the following properties:

1. Comprehensive: AxiSEM3D allows not only for material heterogeneities such as
velocity, density, anisotropy and attenuation, but also for finite undulations on
vertical discontinuities, and thereby a variety of aspherical Earth features such
as ellipticity, topography and bathymetry, variation of crustal thickness, and
core-mantle boundary topography. AxiSEM3D also proves robust to localised
small-scale heterogeneities with sharp material contrast.

2. Accurate: AxiSEM3D is fully cross-validated with an independent discretised
3-D SEM, SPECFEM3D_GLOBE, for both volumetric and geometric com-
plexities. The two methods slightly differ around the implementation of a 3-D
crust, and comparisons of synthetics to data show that AxiSEM3D statistically
resembles observed data better than SPECFEM does. To our knowledge, this
is the first time two numerical methods are cross-validated for global wavefield
modelling in realistic 3-D Earth structures.

3. Fast: For a period ranging from 50 s to 1 s, the speedup of AxiSEM3D with
respect to a 3-D SEM can reach 1 to 3 orders of magnitude for the state-of-
the-art tomographic mantle models, and 0 to 2 orders of magnitude for full 3-D
Earth models with crustal structures. Such a speedup approximately scales
with frequency. The observable frequency band (up to 1Hz) of global seismic
data has been covered with affordable computing resources, opening doors to
high-frequency body wave studies of the deep Earth.

4. Adaptive: Adaptivity is a central focus of AxiSEM3D. Through the spatially
varying Fourier expansion order field, AxiSEM3D takes full advantage of the
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spatio-temporal wavefield complexity. Model adaptivity is its most outstanding
feature, bridging the gap between fast dimension-reduced methods for 1-D Earth
models such as AxiSEM and slow discretised 3-D methods such as SPECFEM.
In addition to model complexity, computational cost can be further saved by ex-
ploiting various sparsities in wavefields caused by record length, seismic phases
of interest, source-structure-receiver geometry and source depth.

The MPI-based high-performance C++ code scales up to more than 10,000 cores,
available open-source at https://github.com/kuangdai/AxiSEM3D.

7.2 Outlook

7.2.1 Fluid ocean

The ocean has a great impact on surface waves, as shown in Fig. 4.4. Physical
realisation of a fluid ocean is essential to surface wave modelling, especially for high-
frequency applications where the load approximation becomes inaccurate [52]. It also
provides a means to study waves propagated in the ocean, such as the T-phases [132],
tsunami [133], and seismic noise excitation [134].

The ocean floor is a multiply-connected solid-fluid discontinuity, which cannot
be handled by the particle relabelling transformation. Therefore, a 3-D fluid ocean
is currently not implemented in AxiSEM3D. We are examining possible solutions
such as generalising the particle relabelling transformation for incompatible geometric
mapping, or replacing the Fourier basis by discontinuous wavelets on the surface. An
integrated 3-D ocean can be implemented in AxiSEM3D, which may help quantifying
the accuracy of the load approximation, and may be applied to study oceanic events
at a regional scale.

7.2.2 Seismic inversion

The vast speedup AxiSEM3D brings to forward modelling will indubitably facilitate
seismic inverse problems.

First, it accelerates the computation of the spatio-temporal sensitivity kernels
of broadband waveforms to both volumetric and geometric perturbations [44], with
reference to a 3-D background model. The 3-D kernels are significant to surface wave
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tomography, because the crustal perturbations are too large to be described by the
linearised Born approximation around a 1-D background model [85].

AxiSEM3D may also serve as the underlining forward solver for adjoint tomog-
raphy. Compared to 3-D solvers such as SPECFEM [54, 135] and Salvus [56],
AxiSEM3D cannot simulate multiple sources simultaneously, as the source has to
be placed on the axis. This limitation excludes finite-fault applications but does
not affect adjoint methods, because we do not need the complete adjoint wavefields
but only those components that actually contribute to the sensitivity kernels, which,
fortunately, only involve certain lower Fourier expansion orders. This allows us to
propagate back the adjoint wavefields from all the stations simultaneously, at a com-
putational cost similar to (or even cheaper than) that of the forward simulation. In
addition, because the Fourier series parameterisation naturally compresses wavefields
based on their spatially-varying smoothness, AxiSEM3D requires orders-of-magnitude
less memory than 3-D methods to store the entire forward and adjoint wavefields. This
may enable the Gauss-Newton iterations based on the approximate Hessian [136] in
addition to the gradient of the misfit functional, leading to accelerated convergence
and enabling resolution study of the resultant model.

7.2.3 Regional to local scale

Both the mesher and the solver of AxiSEM3D are designed with the flexibility to
include only a part of the D-shaped computational domain. Currently, AxiSEM3D is
ready for both regional- and local-scale simulations. Absorbing boundary conditions
have not been implemented, but it can be remedied by enlarging the actually needed
computational domain. We will implement absorbing boundary conditions in the
near future, such as the Engquist’s [137] and the perfectly matched layer [138]. An
interesting local-scale application has been carried out to study the remote warning
system among African elephants by means of foot stomps.

7.2.4 Performance enhancement

The performance of AxiSEM3D can be further enhanced by a few technical refine-
ments in the near future. The most promising two are described below.
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First, AxiSEM3D can be accelerated with better load balancing for parallelisation.
The current measure-and-decompose scheme described in Section 5.3 does not achieve
perfect load balancing because of fluctuating runtime measurement. The parallelisa-
tion overhead is about 20% to 30%, compared to serial simulations. Such overhead
may be minimised by means of profound system profiling for the packages EIGEN3
and FFTW3 at installation time.

Local time stepping [63] is another potential source for performance boost, espe-
cially for 3-D crustal models. For example, when Crust 1.0 is considered, the global
time step of AxiSEM3D is nearly one third of that of SPECFEM, because one more
layer is squeezed underneath the ocean. However, the bottleneck elements within
the oceanic crust only take up less than 1% of the total. This makes a perfect sce-
nario for the application of local time stepping. We strive to double the efficiency of
AxiSEM3D in the presence of a 3-D crust (the third column in Table 5.3).

7.2.5 Usability

Easy implementation of user-defined models is the key to usability. The 2-D meshes
used in AxiSEM3D are generated by the Salvus Mesher [56], a Python toolkit that
can easily create local- to global-scale 2-D meshes for spherically symmetric (layered)
models of Earth and other planets, such as Mars [139]. Three-dimensional structures
are then imposed onto the 2-D meshes by AxiSEM3D. We provide two approaches to
implement a user-defined 3-D model, either volumetric ones such as S40RTS or geo-
metric ones such as an undulating CMB. First, AxiSEM3D accepts discrete models
defined on structured grid points, supporting several formats such as the IRIS Earth
Model Collaboration database (http://ds.iris.edu/ds/products/emc/) and the
SubMachine database (https://www.earth.ox.ac.uk/~smachine/). Second, be-
cause AxiSEM3D is written in modern C++ with an object-oriented framework,
a user-defined model can be implemented by class inheritance, with its encapsulated
functionalities and data. This approach requires moderate programming experience
with C++, but maximises the flexibility for model description.

In addition, we attach great importance to wavefield visualisation, as wavefields
contain much more information than seismograms do. Wavefield snapshots and ani-
mations can show details of wave scattering effects at all scales, which can be useful
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in both data interpretation and model assessment. The visualisation module will
be released in the near future. For example, Fig. 7.1 shows wavefield snapshots in
two PREM models with and without a slow heterogeneity in the lowermost mantle.
The differential wavefield between the two clearly visualises the scattering effects of
the heterogeneity. It can help not only detecting or understanding data anomalies
in terms of their structure-induced propagation effects, but also identifying measure-
ments (absolute or differential) that eliminate or alleviate structural trade-offs. If the
seismic array is dense enough, such as the USArray, we may even back-propagate the
differential wavefield observed on the surface to directly identify the causal structure
in the deep interior.

7.2.6 Rotation and self-gravitation

Earth’s rotation modifies global wavefields by two means, ellipticity and Coriolis
effect. Ellipticity has been incorporated in AxiSEM3D by applying the particle rela-
belling transformation, but the Coriolis effect has not been considered so far. Though
Coriolis forces can be implemented in AxiSEM3D without much difficulty, this task
is given a low priority because of its small impact [52], especially for high-frequency
applications at which AxiSEM3D is aimed.

Self-gravitation may have a non-trivial effect on the low-frequency surface waves
and normal modes in response to large earthquakes [40]. To consider self-gravitation,
SPECFEM and Salvus adopt the Cowling’s approximation [52, 115] that ignores the
effects of mass redistribution. Though the Cowling’s approximation is fully com-
patible with the AxiSEM3D framework, we decide to incorporate full gravity effects
by coupling the wave equation and the Poisson’s equation of gravity. The object-
orientated framework is friendly to the introduction of multi-physics.
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without heterogeneity with heterogeneity wavefield difference

t = 375 s

t = 500 s

t = 625 s

t = 750 s

source

heterogeneity 

Figure 7.1. Original and differential wavefields on two PREM models with and without
a slow heterogeneity in the lowermost mantle. At the moment of 375 s, the differential
wavefield is zero everywhere because the P-wavefront has not arrived the heterogeneity, so
we use the upper-right slot to display the setup. Each column shares the same model while
each row the same time-stamp. The heterogeneity behaves like a source of the differential
wavefield.
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