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Abstract

Recently, significant advances in artificial intelligence (AI) have surpassed what was
imaginable even five years ago. Today, we can instruct diffusion-based models to
generate high-quality videos from human descriptions or prompt large language
models (LLMs) to assist with writing, translation, and even mathematical reasoning.
These remarkable abilities arise from training massive deep-learning models on huge
amounts of data. However, we do not always have enough data. In some tasks, such
as mathematical reasoning or molecule generation, available data are very limited.
Furthermore, despite current LLMs utilizing nearly all available data on the Internet,
they remain imperfect. Thus, it is a critical question how to enhance the performance
of AI systems when it is difficult to increase the amount of training data.

In this thesis, we address this challenge from the perspective of inductive biases.
Specifically, we investigate how to effectively use human knowledge about data or
tasks to optimize the behavior of a machine learning algorithm, without requiring
extra data. We will first give a brief review of research on inductive biases, and then
we will show how to incorporate inductive biases during structure designing, training,
and inference of a machine learning model, respectively. We also performed extensive
experiments demonstrating that incorporating appropriate inductive biases can greatly
boost model performance on a variety of tasks without the need for additional data.
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Chapter 1

Introduction

Since the invention of the backpropagation method [Amari, 1967, Linnainmaa, 1970],
the paradigm for using a neural network remains largely unchanged. Specifically,
we first use data to train a neural network and then use the trained network to
do inference. For a discriminative task, most machine learning algorithms can be
seen as mappings from a labeled training set to a function from data space to label
space. Similarly, for a generative task, they map an unlabelled training set to a
distribution on the data space. Nevertheless, from multilayer perceptrons (MLPs,
Rosenblatt [1958]) to convolutional neural networks (CNNs, Fukushima [1980], LeCun
et al. [1989]), recurrent neural networks (RNNs, Hochreiter and Schmidhuber [1997],
Cho et al. [2014]), and then transformers [Vaswani et al., 2017], different machine
learning algorithms have very different behaviors and performance even on the same
training data. This is because different algorithms have different inductive biases.
That is, given the same training data, they have different preferences on the functions
and distributions that are consistent with training data. For example, a CNN would
prefer a function with translational invariance and hierarchical structure compared
with an MLP.

Inductive biases are critical to the generalization performances of machine learning
algorithms, especially when we do not have enough data. In most cases, training
data cannot cover the whole data space. Even for enormous corpora used to train
large language models (LLMs), we can easily ask a question during test time that
does not have an exact match in the training corpus. Consequently, machine learning
algorithms need to use their inductive biases to decide how to generalize outside of
training data. As a simple example, the k-means algorithm uses the inductive bias that
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the label of a test sample is related to its neighbors in the training set to generalize
to the whole data space. For smaller datasets, for example, in math, chemistry, and
life science, inductive biases are more critical. As we have limited training data on
these domains, most test samples would be far away from training data. Hence, more
carefully constructed inductive biases are needed to guide the model to reasonably
generalize to a test sample that may be very different from training samples.

In this thesis, we try to understand the inductive biases of current machine learning
models and, more importantly, figure out how to translate human knowledge or pref-
erences into the desired inductive biases of a machine learning algorithm. Specifically,
we introduce three novel methods to add inductive biases into the model structure,
training method, and inference method of a machine learning algorithm, respectively.

Incorporating inductive biases in model structures. Models are the most
basic components of machine learning algorithms. For discriminative tasks, model
structures, such as the architectures of neural networks, determine key characteristics
of learned mappings such as the hierarchy of the information flow and their overall
complexity. Other more elaborate inductive biases such as invariances and long-term
dependencies can also be integrated into model structures. For generative tasks,
besides sample-level inductive biases, distribution-level inductive biases can also be
incorporated. In other words, the structural differences of generative models can lead
to different preferences on the characteristics of distributions, such as sparsity, multi-
modality, and other topological properties. In Chapter 3, we show how to precisely
control the distribution-level inductive biases of variational autoencoders (VAEs),
which are critical to their generation performance and feature quality.

Incorporating inductive biases during training. Different training methods
can lead to different local minima in the parameter space of a machine learning
model, which, in turn, influences its generalization performance. For example, different
optimizers can lead to local minima of different generalization performance. Specifically,
as shown in Zhou et al. [2020b], models learned by Stochastic Gradient Descent (SGD)
usually have better generalization ability than ADAM-alike optimizers [Kingma and
Ba, 2015]. Data augmentation is another critical component in model training, which
is widely used to boost the generalization performance of machine learning models. By
carefully augmenting a training sample to a distribution of related new samples, we
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implicitly introduce the knowledge of invariance to the learned models. In Chapter 4,
we focus on finding a better way to incorporate invariance using learnable data
augmentation, which achieves better classification performance compared with fixed
augmentation algorithms.

Incorporating inductive biases during inference. For some tasks and models,
we can directly use the output of trained models as our final answer. For example,
we can use the logits from a CNN classifier to predict the class of an input image.
However, for others, how to do inference with the trained model remains a challenging
question. For general-purpose LLMs, their in-context learning [Brown et al., 2020]
abililty means that we can change their behavior with a simple instruction or a few
examples during inference. As a result, we need to pay special attention to the way we
prompt them for a specific task. For example, adding Chain-of-Thought (CoT, Wei
et al. [2022]) instructions or examples introduces the inductive biases that LLMs should
reason step-by-step instead of directly jumping to a final answer, greatly boosting
the reasoning ability of LLMs. In Chapter 5, we show how to further improve LLMs’
reasoning performance using the knowledge that verification is critical to the reliability
of a reasoning process. We find that by introducing the inductive biases of verification,
we can significantly increase the performance of LLMs on reasoning tasks.

1.1 Thesis outlines

The following of this thesis will discuss inductive biases of machine learning algorithms
from the above three perspectives. We will start with a more general discussion on
inductive biases and then delve into three specific examples of incorporating inductive
biases into machine learning algorithms.

In Chapter 2, we first give our definition of inductive bias and introduce different kinds
of inductive biases. Then we discuss the inductive biases in different parts of machine
learning algorithms, including model structures, training algorithms, and inference
algorithms. We will also use a few examples to show previous efforts in incorporating
inductive biases into machine learning algorithms.

In Chapter 3, we focus on introducing inductive biases in model structures. Specifically,
we aim to use our knowledge of the real data distribution to build a more data-efficient
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variational autoencoder (VAE, Goodfellow et al. [2014]).

We first explain why directly changing the prior can be a surprisingly ineffective
mechanism for incorporating inductive biases into VAEs, and then introduce a simple
and effective alternative approach: Intermediary Latent Space VAEs (InteL-VAEs).
InteL-VAEs use an intermediary set of latent variables to control the stochasticity
of the encoding process, before mapping these in turn to the latent representation
using a parametric function that encapsulates our desired inductive bias(es). This
allows us to impose properties like sparsity or clustering on learned representations,
and incorporate human knowledge into the generative model. We show that these
advantages, in turn, lead to both better generative models and better representations
being learned.

In Chapter 4, we focus on introducing inductive biases during the training of a
machine learning model. We introduce a method to automatically learn input-specific
augmentations from data, which incorporate a more precise invariance into machine
learning models.

Compared with previous augmentation methods, which use the same augmentation
for all inputs, we instead introduce a learnable invariance module that maps from
inputs to tailored transformation parameters, allowing instance-specific invariances to
be captured. This can be simultaneously trained alongside the downstream model in a
fully end-to-end manner or separately learned for a pre-trained model. We demonstrate
that the method learns meaningful input-dependent augmentations for a wide range of
transformation classes, which in turn provides better performance on both supervised
and self-supervised tasks.

In Chapter 5, we focus on the inductive biases in the inference stage. Specifically,
we tackle the problem of hallucination of chain-of-thoughts (CoT, Wei et al. [2022])
reasoning in large language models by self-checking. We introduce a general-purpose
zero-shot verification schema for detecting reasoning errors step by step. We then use
the results of these checks to improve question-answering performance by conducting
weighted voting on multiple solutions to the question. We test the method on math-
and logic-based datasets and find that it successfully recognizes errors and, in turn,
increases final answer accuracies.
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Chapter 2

Literature Review and Discussion on
Inductive Biases

In this chapter, we will first give a definition of inductive biases, and present different
taxonomies of inductive biases to facilitate discussion. Then we will discuss the
inductive biases of different machine learning design choices in model structures,
training algorithms, and inference algorithms, before introducing recent endeavors in
incorporating various inductive biases into machine learning models. Our goal is to
inspire readers to think about what inductive biases are, why they are important, and
how they can be used to build better machine learning models. However, we do not
aim to cover all related works on inductive biases.

2.1 Definition and taxonomy of inductive biases

Assume Dtrain is a training set containing data pairs (xi, yi) for discriminative tasks or
unlabeled data points xi for generative tasks. A machine learning algorithm ϕ can be
viewed as a mapping from the space of training sets to the function space ϕ : D → F .
Here, for discriminative models, f = ϕ(Dtrain) is a function from input space X to
label space Y , like an image classifier. For generative models, f is a probability over
the data space X , which is the learned distribution from training data. Using this
notation, inductive biases are the characteristics of ϕ. For example, the inductive
bias of rotational invariance means that ϕ tends to select functions f whose outputs
are unaffected when the input images x are rotated. Different inductive biases focus
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on different aspects of the machine learning algorithm, and they can be combined to
reflect different human knowledge.

There are many perspectives from which to observe a machine learning algorithm
ϕ. For ease of thinking and discussion, we need to categorize inductive biases. For
example, inductive biases can be divided into restriction biases and preference biases.

• Restriction biases constrain the learned functions f to a specific set. For
example, linear regression only considers linear relationships between x and y

and excludes all non-linear functions from its hypothesis class. From a stochastic
perspective, restriction biases compulsorily assign zero probability to regions
outside of a certain subset in the function space F .

• Preference biases are softer inductive biases that prefer certain types of
functions over others without completely excluding them. Examples include
adding regularizers (see Section 2.3.2) and data augmentation (see Section 2.3.3)
during training. By doing so, the algorithm would prefer neural networks
with smaller weights but is still willing to increase their weights to better fit
training data. For a Bayesian perspective, a preference bias equals choosing an
informative prior in the function space.

Essentially, restriction biases can be seen as special cases of preference biases, where
the prior probabilities for all functions outside of the preferred area are set to zero.
However, there is a fundamental difference between them. With a preference bias,
if there are enough data to demonstrate that the preference is inappropriate, the
inductive bias can typically be overridden, allowing the model to better learn the true
distribution. This flexibility is not present with restriction biases. For example, even
if we have infinite data pairs for the true function y = x2, we will still end up getting
a linear function when using linear regression.

We can also categorize inductive biases based on the knowledge they reflect. For
example, some inductive biases focus on individual data points, while others may
capture relations between samples.

• Individual inductive biases embody our preference of model behavior on each
individual sample. For example, when designing an encoder to map an input x
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to a feature z, we may hope z to be a sparse vector to facilitate interpretation
and control.

• Relational inductive biases reflect knowledge involving multiple related
samples. For example, if x is an image and x′ is a slightly rotated version of x.
We may prefer ϕ to select a classifier f , such that f(x) = f(x′) most of the time,
which is known as rotational invariance. Other concepts such as equivariance
and methods like k-nearest neighbors also reflect relational inductive biases.

• Global inductive biases are another kind of inductive biases that can not
be categorized as individual or relational, as they provide a more holistic view
of functions’ behavior. For discriminative tasks, linear models assume a linear
relationship between all x and y. Another basic inductive bias in neural networks
is that function f should be continuous. For generative tasks, global inductive
biases manifest as preferences for certain types of learned distributions. For
instance, when learning from the MNIST dataset [Deng, 2012], we expect the
learned distribution to be multi-modal rather than single-modal to reflect the
knowledge that the dataset consists of images of ten distinct digits.

In the rest of the chapter, we will analyze the inductive biases inherent in mainstream
machine learning algorithms. Through reverse engineering these algorithms, we aim
to provide readers with insights into the relationship between inductive biases and
the design of machine learning algorithms. Additionally, we will introduce recent
endeavors in directly incorporating inductive biases into machine learning algorithms.

2.2 Inductive biases of model structures

In this section, we analyze the inductive biases of mainstream machine learning models
from linear regression to multi-layer perceptrons, CNNs, and transformers. Then we
compare the inductive biases of different generative models before delving into the
example of incorporating invariance and equivariance into model structures.

8



2.2.1 Inductive biases of neural networks

Neural networks are the backbones of most modern machine learning algorithms.
We will start from the simplest ‘neural network’, linear regression, and proceed to
discuss and compare the inductive biases of different neural networks from multiple
perspectives.

Linear regression Linear regression [Galton, 1886, Pearson, 1901] seeks to find
a linear relationship between an input vector x and a target vector y, which can be
seen as a single layer perceptron without activation. Due to its simplicity, the weight
matrix W for the linear mapping can usually be directly calculated using the equation

W = (XTX)
−1XTY, (2.1)

where X = [(x)1, ..., (x)N ]T , Y = [(y)1, ..., (y)N ]T are the matrices of training in-
puts and targets, respectively. The linearity inductive bias in linear regression is
restrictive and sometimes overly strong, given that many real-world relationships are
non-linear. Consequently, various methods have been proposed to relax this inductive
bias [Edwards and Parry, 1993, Wahba, 1990]. The most significant approach to
allow non-linearity involves stacking multiple linear layers (with activations) to form a
multi-layer perceptron, which serves as the foundation of modern deep learning.

Multi-layer perceptrons (MLPs) MLPs, also known as fully connected neural
networks (FCNs), are the simplest neural networks in the true sense. According to
the universal approximation theorem [Hornik et al., 1989], any continuous function
can be approximated arbitrarily well by an MLP with sufficient depth and width. At
first glance, it may appear that MLPs have no inductive biases except for continuity.
However, MLPs do exhibit preferences for certain functions over others due to their
structures and parameterization methods. We will now examine the inductive biases
of MLPs. Given that MLPs serve as the foundational blocks for most modern neural
networks, most of the arguments apply to more complicated neural networks as well.

We know that the expressiveness of a neural network increases as it becomes wider (has
more neurons in each layer) or deeper (stacks more layers). However, a very wide
but shallow MLP often does not work well in practice, as a result of lacking the
hierachical inductive bias inherent in deeper neural networks, which encourages
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learning a hierarchical feature structure. With multiple layers, MLPs can extract
features in different levels of abstraction. Roughly speaking, deep MLPs decompose
the complexity into a series of simpler feature abstraction tasks, which makes them
more robust when dealing with unseen inputs during training.

Another significant inductive bias of MLPs is the globality of weights. In other
words, perturbing a single weight in an MLP can affect its outputs for many or all
possible inputs, depending on the type of activations used. As a result, when we
continue to train a neural network with limited data in a new domain, the weights
of the neural network undergo significant changes, leading to catastrophic forgetting
for continual learning. The globality of weights also poses other challenges for neural
networks, such as their incapability to model high-frequency functions effectively. To
address this issue, Tancik et al. [2020] pass the input vector x through a Fourier
feature mapping before feeding it to the neural network. More recently, Liu et al.
[2024] introduce Kolmogorov-Arnold networks (KAN). KANs replace the global non-
linear activations after addition with piecewise spline functions for each link between
neighboring layers. By doing so, only a small proportion of weights are associated
with a specific region in the data space, resulting in better performance on tasks such
as continual learning and high-frequency signal fitting.

Convolutional neural networks (CNNs) CNNs can be seen as a restricted
version of MLPs, which are specially designed for vision tasks. Specifically, for each
layer, CNNs remove links between neurons if they are geometrically far away from
each other. Additionally, CNNs usually share weights of convolution kernels at the
same layer. The two modifications on MLPs equip CNNs with desired inductive biases
on the image space, making them historically extremely competitive in vision tasks
such as image classification and generation.

By only keeping links between neighboring neurons, CNNs reflect the belief that pixels
closer to each other are more likely to work jointly to form higher-level features. For
example, an eyeball and an eyebrow can indicate the more abstract concept, the eye,
while an eyebrow and a table corner usually do not have any direct connections.

By sharing the weights of convolution kernels, CNNs further reduce the number of
learnable parameters at each layer, which in turn allows for deeper CNNs. This design
is based on another belief that neural networks should be translational invariant on
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image data. In other words, any patch of an image should have the same high-level
representation regardless of its position.

By incorporating these beliefs into the structure of neural networks, CNNs retain the
same level of expressiveness and greatly reduce the number of parameters at the same
time, which in turn reduces the probability of overfitting to spurious relationships.
Experiments show that CNNs achieve significant performance gains compared with
FCNs. However, these inductive biases are specifically designed for vision tasks, so
they might not be suitable for tasks with different characteristics. For example, Chen
et al. [2015] show that for text-dependent speaker verification, weight sharing is not
helpful to model performance.

Transformers Transformers were proposed as a method of machine translation to
better model long-range dependency and speed up training, compared with recur-
rent neural networks (RNNs). Different from RNNs, which compress information
autoregressively into low-dimensional vectors, transformers use a multi-head attention
mechanism to directly link related tokens. Since their invention, transformers have
replaced RNNs and CNNs as the default models for both natural language under-
standing (NLU) and natural language generation (NLG). Recent works have found
that by treating patches in images similar to tokens in sentences, transformers work
well on computer vision (CV) tasks, overtaking carefully designed CNNs when trained
on a large amount of data [Dosovitskiy et al., 2020, Liu et al., 2023].

There are a few recent works on certain aspects of the inductive biases of transformers
such as Lavie et al. [2024]. A very common belief is that compared with RNNs and
CNNs, transformers are more flexible, which means they have less restrictive inductive
biases. This allows transformers to learn relationships more accurately, without being
restricted by the very coarse inductive biases in RNNs and CNNs. A downside of
more flexible models is that they need more training data, which makes transformers
extremely data-hungry.

However, because FCNs are also thought of as very flexible models without many
restrictive inductive biases, one may wonder what the differences are between them
and transformers that lead to the significant performance improvement of transformers.
One hypothesis is that the performance gap between FCNs and transformers is be-
cause we usually pre-train transformers on large-scale datasets, but use FCNs without
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pre-training. To check this hypothesis, Bachmann et al. [2024] pre-trained large FCNs
on ImageNet21k [Deng et al., 2009]. Although they observed increased accuracies
compared with FCNs without pre-training, FCNs still performed significantly worse
than ResNet-18 [He et al., 2016a], let alone more powerful vision transformers [Doso-
vitskiy et al., 2020]. So pre-training is at least not the only fundamental difference
between FCNs and transformers.

After taking a closer look at the structure of transformers, we notice that there is a
critical difference in inductive biases between the attention layer in a transformer and
a fully connected layer in an FCN, which might explain their different behavior. The
difference is that attention layers only allow the extraction of one-to-one relationships
between input tokens, while fully connected layers are responsive to multi-item
relationships, which makes the search space exponentially larger. Concretely, at
each time step, the attention mechanism of the transformer will first generate a query
vector, which is then compared with the key vectors of all tokens to extract one-to-one
relationships. In comparison, fully connected layers can directly extract relationships
among multiple tokens. Because every multi-item relationship can be represented by
nesting multiple two-item relationships, transformers with multiple attention layers
are as expressive as FCNs. At the same time, transformers encourage the learning
of simpler relationships, i.e., relationships that involve fewer tokens. As a result,
they have stronger generalization ability than FCNs, which suffer from complicated
spurious relationships.

Another key design innovation of transformers is multi-head attention, which allows
transformers to jointly attend to information from different perspectives at different
positions. However, Liu et al. [2021] show that stacking multiple single-head attention
layers can achieve a similar effect if carefully trained. As a result, it may not be a
critical inductive bias of transformers.

2.2.2 Inductive biases of generative models

The discussion of the inductive biases of generative models has many distinctive
factors compared with the inductive biases of neural networks. For image generation
models, such as Generative adversarial networks (GANs, Goodfellow et al. [2014]),
Variational autoencoders (VAEs, Goodfellow et al. [2014]) and Diffusion models [Ho
et al., 2020], even though they are using similar neural networks (such as CNNs or
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transformers) as backbones, they have very different behaviors. As most practical text
generation models are based on the same autoregressive structure, we will focus on
image generation.

GANs, VAEs, and Diffusion models all have very different structures, which leads to
significantly different inductive biases. A GAN is formed of two neural networks, a
generator that maps Gaussian noise to an image, and a discriminator that distinguishes
between real and generated images. The discriminator is trained to recognize generated
images, while the generator learns to fool the discriminator. At equilibrium, the
discriminator cannot figure out the difference between generated and real images,
which means the generator can generate images that are indistinguishable from real
samples. As a result, the first priority of GANs is to generate high-quality rather than
diverse images.

VAEs also consist of two components, an encoder and a decoder. The encoder is a
probabilistic mapping from an image to a distribution of vectors on a usually low-
dimensional feature space and the decoder learns to reverse this process. Because
VAEs are trained to recover every single image, their generated images are usually
quite diverse. However, the bottleneck of the low dimensional feature space and the
pixel-wise training target lead to more blurry images.

A diffusion model is a sequence of image-to-image mappings that recovers clear images
from noise. Each recovering mapping is a minor modification to the noisy input,
which is not difficult to learn. However, because a diffusion model cascades many such
mappings, it can be very powerful. As a result, high-fidelity images can be generated
through the step-by-step editing process. Meanwhile, like VAEs, diffusion models are
also trained to recover all input images in the training set, so their generation is very
diverse.

2.2.3 Incorporating invariance and equivariance into model
structures

We now use the example of invariance and equivariance to show how to incorporate
certain inductive biases into a model. When we say a model f is invariant to certain
transformation t on data space, we mean f(x) = f(t(x)) for all input x. For example,
when f is an image classifier, we usually hope it to be invariant to small rotations.
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The definition of equivariance is t(f(x)) = f(t(x)), where t can also be seen as a
transformation on the output space. For example, when f predicts the position of
human faces in an image, we expect the model’s outputs would change accordingly
if we move the image in a certain direction. By incorporating invariance and/or
equivariance into a model, we can usually reduce the demand for data and achieve
better performance.

In the past few years, researchers have explored different structures to introduce
invariance or equivariance. Jaderberg et al. [2015] designed a learnable module, which
is called the spatial transformer to learn a transformation (including scaling, cropping,
and rotations) of the input image. By doing so, the module selects the most relevant
and informative region of the input and transforms the cropped region into a canonical
pose. For example, in an image recognition task, the transformer can focus on the main
object of the image and rotate it to an upright pose. Though effective in improving the
performance of downstream tasks, there is no guarantee on what invariance the spatial
transformation would learn. Dieleman et al. [2016] are one of the earliest to incorporate
strict rotational invariances. To do so, they simply rotate the original image by (0·,
90·, 180·, 270·), and feed the 4 copies of the original image into a neural network before
averaging the output features. Because of the commutativity of addition, the resulting
network is strictly invariant to right-angle rotations. Cohen and Welling [2016] find
that it is more efficient to rotate the convolution kernels than input images, and
generalize the method from rotation to all transformations that form a finite group.
All of these methods insert special layers or add a wrapper around the original neural
networks to incorporate invariance or equivariance. Recently, researchers have found
that invariance can be explicitly learned without requiring special invariance-related
labels Benton et al. [2020]. In Chapter 4, we show how to learn instance-specific
invariances, taking into consideration the fact that invariances are very different at
different places in the space of images.

2.3 Inductive biases of training algorithms

Once we have a machine learning model, the next thing is to train it on raw or
augmented data. In this section, we discuss the inductive biases of different optimizers,
regularizers, and data augmentation schemes, and show how they influence the
performance of resulting trained models.
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2.3.1 Inductive biases of optimizers

When we have a machine learning model, such as a neural network, we usually need
to randomly initialize its weights and train it on a set of training data. To do so,
we need an optimizer to find a local update of the weights, in order to reduce a
pre-defined loss, which is usually a function of neural networks’ outputs and the true
labels or values. However, because of the non-linear and non-convex nature of most
machine learning models, there are usually a lot of local minima. Different optimizers
would prefer different local minima, and different minima usually lead to very different
generalization performances of the trained model.

Nowadays, the default choices for optimizers are mostly stochastic gradient methods,
no matter if we are training a small FCN or a huge LLM with billions of parameters.
The success of stochastic gradient (SG) based methods is believed to be a result of
some of their critical inductive biases. Firstly, they usually prefer simpler functions
to complicated ones. For example, Rahaman et al. [2019] find that SG methods
tend to learn low-frequency features first before minimizing the residue of loss by
extracting more complicated features. As a result, an SG optimizer would prioritize
simple relationships over complicated ones, which would, in turn, lead to better
out-of-domain generalization ability. Secondly, researchers have found that the local
minima reached by SG methods are more likely to be broad minima [Bradley et al.,
2022]. Broad local minima are minima whose loss Hessians have small eigenvalues,
which means they are less sensitive to the differences between training and testing
distributions. An explanation for why SG optimizers tend to find broad minima is that
different mini-batches have different data distributions, but once the weights converge
to some minima, the minima must generalize to different mini-batches. Please refer to
Gurnee [2022] for a more extensive discussion.

Even different SG optimizers can have different inductive biases. A well-known phe-
nomenon is that though vanilla stochastic gradient optimizers have slower convergence
speed than adaptive gradient optimizers (AG) such as ADAM [Kingma and Ba, 2015],
they usually generalize better. Zhou et al. [2020b] argue that this phenomenon is a
result of the instability of SGD. Concretely, the geometry adaptation in ADAM via
adaptively scaling each gradient coordinate makes it insensitive to random noises that
frequently change directions. However, these random noises are potentially critical in
escaping from local basins and searching for flat minima [Neelakantan et al., 2015].
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2.3.2 Inductive biases of regularizer

Adding regularizers, such as l2, l1 regularizers [Drucker and Le Cun, 1992, Hinton,
2012, Tibshirani, 1996] and dropout [Srivastava et al., 2014], is an effective way to
introduce global-level inductive biases on the training process and the trained models.
In this part, we analyze and compare the inductive biases of some commonly used
regularizers.

l2 and l1 regularizers Both l2 and l1 regularizations are based on the belief that
smaller weights lead to smoother and simpler models, which tend to generalize better,
so should be preferred when fitting an over-parameterized neural network to limited
training data. They can both be applied by adding an extra term to the original loss
functions(, or equivalently by weight decay). The difference is that l2 regularizers
shrink weights proportionally to their value, while l1 regularizers deduct the same
value to the absolute value of each weight. Consequently, l1 regularizers can push
unused weights to zero very rapidly, effectively cutting the links between neuron pairs
in neighboring layers. Differently, the l2 regularizer minimizes the squared Frobenius
norm of each weight matrix, which equates to minimizing the sum of squared singular
values of each weight matrix. By applying the l2 regularizer, the model tends to learn
smoother layers with small Lipschitz constants. However, l2 regularization rarely
pushes weights to zero. The different characteristics of l1 and l2 regularizations make
them suitable for different kinds of tasks. l1 regularization is commonly used to select
features, while l2 regularization is more effective in improving the robustness and
generalization ability of a machine learning model.

Dropout Dropout is another regularizer to introduce the inductive bias of redun-
dancy into neural networks. Specifically, dropout randomly deactivates some input
and intermediate nodes as well as their connections with other nodes during training to
force neural networks to learn more redundant features and prevent them from overly
relying on specific features. Dropout also reduces co-adaption between nodes. For
example, to learn a linear function y = 2x, dropout discourages neural networks such
as h1 = 22x, h2 = −20x and y = h1 + h2, which would lead to inefficient use of neural
network capacity. Another inductive bias brought by dropout is the learned model
is more likely to be a hierarchical ensemble of several related sub-models. During
training, we are essentially learning sub-models created by randomly removing some
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neurons. During inference, all neurons are turned on, which can be seen as an ensemble
of sub-models learned during training. There are other works on the inductive biases
of dropout from other perspectives, such as Helmbold and Long [2015, 2016, 2018].
Interested readers can refer to their papers for more theoretical discussions.

Other regularizers There are many other kinds of regularization methods. For
example, early stopping [Zhang and Yu, 2005] directly avoids the problem of overfitting
by constantly evaluating model performance on leave-out data. Also, when training a
VAE, the regularization term prevents overfitting by encouraging a smooth conditional
distribution of the latent variable. Otherwise, it would degenerate into a vanilla
autoencoder (AE, Rumelhart et al. [1986]), which often simply memorizes the training
data. Researchers also design their own regularizers for different purposes. For
example, in Section 3.6.3, we use a sparsity regularizer to encourage sparse latent
variables in a VAE. In Section 4.3.2, we show how to design a regularizer on the
entropy of transformation distributions to learn augmentations as diverse as possible.

2.3.3 Incorporating inductive biases by data augmentation

Besides directly encoding invariance into model structures, like in Section 2.2.3, we
can also use data augmentation to instill invariance during training. Assume we are
doing image classification and we have a training set consisting of multiple image-label
pairs (xi, yi). To enlarge the training set, as well as instill the knowledge that labels
should be invariant to certain transformation t (such as a rotation or flipping) on x, we
simply augment the training set with new data in the form of (t(xi), yi). In practice,
we sample t from different sets of transformations T to introduce different kinds of
invariances. For example, for images, T can contain transformations including flipping,
translation, rotation, zooming-in, and zooming-out to instill geometric invariance.
Similarly, we can use color jittering to introduce invariance in the color space.

Data augmentation is also widely used in other domains such as speech recognition
and natural language processing. However, because of the differences in invariances
in different domains, data augmentations also differ a lot across domains. In speech
recognition, augmentations are mainly adding Gaussian noises or changing the speed
of the signal. Because of the discrete nature of natural languages, data augmentation
on text space is more challenging than on image or audio spaces. Namely, it is not
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easy to add a ‘noise’ to a sentence that changes it literally but keeps its labels, such as
sentiment, topic, or meaning. We can randomly change some words in a sentence, but
that would easily lead to non-fluent sentences or changed labels. Though we cannot
use human-designed transformation to augment a dataset on text, we can train two
translation models to do back translation [Sennrich et al., 2016] or a large language
model to directly paraphrase a sentence.

A problem with traditional data augmentation methods is that augmentations need
to be pre-defined by humans using prior knowledge, which makes them inconvenient
to deal with datasets and tasks that have different invariances. For example, the
classification of animals is nearly fully invariant to color jittering, but the classification
of rocks highly depends on color information, so we should not apply large color
jittering to it. To solve this problem, a lot of efforts have been made to automatically
learn suitable augmentations for different datasets and tasks [Cubuk et al., 2018, 2020,
Lim et al., 2019, Ho et al., 2019, Hataya et al., 2020, Li et al., 2020, Zheng et al., 2022,
Benton et al., 2020]. In essence, they try to learn the parameters of augmentations,
such as the maximum angles for rotations or maximum changes of brightness, aiming
to directly learn the invariances inherent in datasets and tasks.

The previous augmentation learning methods learn different invariances and aug-
mentations for different datasets and tasks, but even in the same datasets, desired
invariances can be very different for different samples. For example, changing the color
of a leaf from yellow to green results in another leaf, but the same transformation
would change a lemon to nearly a lime. In Chapter 4, we discuss this problem and pro-
pose an effective method to incorporate local invariance by learning instance-specific
augmentation.

2.4 Inductive biases of inference algorthms

Even for a fixed model, inference algorithms can largely influence its inductive biases.
For a simple example, when doing text generation, beam search usually results in
higher-quality outputs than token-by-token sampling by filtering out low-confidence
samples. In this section, we introduce several representative methods to introduce
inductive biases during inference time. We will start with two general examples and
then discuss the very special case of LLM inference.
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2.4.1 Introducing inductive biases by test-time augmentation

As described in Section 2.3.3 data augmentation is an effective way to incorporate
invariances into a machine learning model during training. Interestingly, data aug-
mentation can also be applied to incorporate the same invariances during inference.
Assume we have an image classification model f and a set of transformations T that
we expect the model to be invariant to. For an input image x, instead of directly
using f(x) as the predicted label for x, we first augment x into a set of transformed
images t(x), where t ∈ T . Then Et∈T f(t(x)) forms the invariant prediction of x’s
label. If T forms an invariance group, two inputs x and x′ share the same real label y
if x = t(x′) for some transformation t ∈ T . In practice, when T is an infinite set, such
as the 2D rotation group, we need to randomly sample a finite T̂ ⊂ T to represent the
whole invariance group. According to the law of large numbers, the predicted label for
any input x in the same invariance group will converge to the same label for large
enough T̂ . In other words, test-time augmentation will asymptotically incorporate the
invariance into the model. Meanwhile, by averaging the model outputs for multiple
views of an input, we can effectively reduce the variances of the model, which are
caused by random mistakes at certain inputs.

2.4.2 Introducing inductive biases by another model

If we want to change the generation distribution of a language model, the most direct
idea is to finetune it on corresponding datasets. For example, if we want to generate
texts with a certain sentiment, we can finetune the language model on sentences with
the sentiment. However, finetuning may be impossible when the language model is
very large or we do not have enough data for finetuning. So the question is whether
we can change the behavior of a language model without finetuning it.

Miao et al. [2019] use an external classifier to introduce desired inductive biases
into a fixed language model. Specifically, they use the classifier to bias the output
distribution of the language models towards the expected direction, for example,
increasing the probability of sentences with a certain sentiment. Then they apply
efficient sampling algorithms to sample from the biased distribution. Because there
are various off-the-shelf classifiers for different desired inductive biases, this method
is very convenient to use in practice. Even though we need to train it from scratch,
training a classifier usually requires far fewer samples than training a generative model.
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As a result, the method is very effective in introducing specific inductive biases while
maintaining the generation quality of the language model.

2.4.3 Inductive biases in large-language-model inference

Large language models [Brown et al., 2020, Chowdhery et al., 2022, Touvron et al.,
2023] have nearly the same structure as small transformer-based language models, the
only differences are (1) they are much wider and deeper, with billions to hundreds
of billions of parameters and (2) they are trained on a huge amount of unlabeled
text data, which contain trillions of tokens or more. As language models, they have
lower perplexities and generate high-quality texts. Meanwhile, some very interesting
abilities have emerged only for large language models, one of which is in-context
learning. Specifically, when we want to teach an LLM to tackle a problem, we no
longer always need to finetune it on a labeled dataset. We can simply give the LLM
several examples or even a natural language instruction, which are called prompts,
and the LLM follows the examples or the instruction to solve the problem. In-context
learning has greatly changed the paradigm of using a machine learning model. Now
we can instill our knowledge by simply designing examples or instructions.

A widely used prompting method is Chain-of-Thought (CoT), which greatly improves
LLMs’ reasoning ability. Based on the knowledge that complex reasoning is a combi-
nation of simpler reasoning steps, CoT uses a few examples or an instruction to teach
the model to think step by step, and generate intermediate reasoning steps before
reaching a conclusion. Experiments have shown that the instilled inductive bias can
greatly improve LLMs’ reasoning performance, especially on math problems.

Although effective in comparably simple reasoning problems, LLMs are found to
frequently make mistakes in complex reasoning. The reason is two-fold. Firstly, LLMs
are good at learning superficial relationships, without fully understanding deep logic
relationships. Consequently, they tend to use their experience in a lexically similar
problem to solve the current problem and ignore the subtle differences. Secondly,
when an LLM does not know something, it would usually make up an answer, instead
of saying ‘I don’t know.’. A lot of efforts have been devoted to solving these problems,
such as Ji et al. [2023], Lin et al. [2022]. In Chapter 5, we alternatively improve LLMs’
reasoning accuracies by checking their own outputs. Concretely, by incorporating the
inductive bias that checking should also be step-by-step and each checking step should
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be made as simple as possible, we prompt LLMs to do self-checking using only simple
instructions. By filtering out reasonings labeled as incorrect, we can achieve higher
accuracies on a variety of problems.

2.5 Connections with other machine learning con-
cepts

In this section, we discuss a few machine-learning concepts closely related to inductive
bias. However, in the following chapters, we will focus on our original definition of
inductive biases, that is models’ explicit preference over some functions over others,
without delving into Bayesian methods or learnable inductive biases.

Bayesian machine learning Bayesian machine learning (BML) is an umbrella
containing all machine learning methods that are based on Bayes’ theorem

p(θ|Dtrain) =
p(θ) · p(Dtrain|θ)

p(Dtrain)
, (2.2)

where θ is the model parameter with prior distribution p(θ), Dtrain is training data,
and p(Dtrain|θ) is the likelihood of Dtrain under the model with parameter θ. Unlike
regular machine learning models, which aim to generate a single-point maximum
likelihood estimation (MLE) of θ, BML methods take the prior p(θ) into consideration.
Sometimes we still want a single point estimation of θ, but we instead learn a maximum
a posteriori (MAP) estimation, which is often equivalent to performing MLE with an
additional regularization term. More frequently, we are not satisfied with a single-point
estimation, but we instead estimate the posterior distribution of θ given its prior p(θ)
and data Dtrain.

BML can be seen as a direct way to introduce inductive biases. Specifically, the
prior distribution p(θ) can reflect human preferences over different θ and consequently
different models. For example, we can use a Gaussian prior with zero mean and small
variance to reflect our belief that a model should have small parameters.

As an example, Bayesian neural networks (BNNs, MacKay [1995], Lampinen and
Vehtari [2001]) combine the merits of BML and neural networks by assigning a
distribution on the weights of neural networks. Because of their ability to estimate the
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uncertainty of model predictions, BNNs are widely used for analytical purposes [Kendall
and Gal, 2017, Kwon et al., 2018].

Because BML is a large but relatively independent area, with its own theory and
methodology, we will leave its discussion for future work.

Meta-learning Each traditional supervised learning algorithm can be seen as a
mapping ϕ from the training set Dtrain, which is formed of (x, y) pairs, to the learned
function f from the input x to the label y. Differently, meta-learning learns the
mapping ϕ from data, which is especially useful when we have limited training data
on the target task, but there is plenty of data on related tasks. There are many
different kinds of meta-learning methods. For example, Koch et al. [2015] use the idea
of metric-based meta-learning to build an image classification model using only a few
example images for each new class. Specifically, they train a similarity metric using
data from old classes. During test time, they use the similarity metric to match test
images with examples from each class. As an example of model-based meta-learning,
Santoro et al. [2016] learn a mapping from (Dtrain, x) to y on related tasks using a
memory augmentation RNN. Differently, Ravi and Larochelle [2016] directly predict
the parameters θ of a trained neural network using a few examples on the target
domain, which is an optimization-based meta-learning algorithm.

All these methods can be seen as learning ‘inductive biases’ from related domains and
applying them to the target domain. Although they are effective in reducing data
requirements and improving performance on the target domain, it is hard to explain
or manually manipulate the ‘inductive biases’. As a result, we will not delve into the
discussion of meta-learning methods in this work.

Transfer learning Based on the assumption that knowledge learned for a task could
be useful for another related task, transfer learning simply reuses all or a part of the
neural network trained for the original task as a starting point to train neural networks
for new tasks. The purpose of doing so is to save the computation and reduce the data
requirement to learn low-level features again, which are largely shared across related
tasks. Transfer learning is widely used in CV and natural language processing (NLP).
For example, Kolesnikov et al. [2020] pre-train a large visual transformer on huge
image classification datasets such as JFT [Sun et al., 2017] or ImageNet-21k [Deng
et al., 2009] and finetune the model on smaller domains, which significantly improves
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classification accuracies. BERT [Kenton and Toutanova, 2019, He et al., 2020] and
LLMs pre-train transformers to predict missing tokens in the middle or the end of a
sequence and can be easily fine-tuned to do text classification, part-of-speech tagging,
and even generative tasks, such as abstraction and question-answering.

Similar to meta-learning, ‘inductive biases’ in transfer learning methods are difficult
for humans to analyze and manipulate, so we will limit our discussion on interpretable
inductive biases to the following chapters.

23



Chapter 3

On Incorporating Inductive Biases
into VAEs

3.1 Introduction

Variational auto-encoders (VAEs) provide a rich class of deep generative models
(DGMs) with many variants [Kingma and Welling, 2014, Rezende and Mohamed,
2015, Burda et al., 2016, Gulrajani et al., 2016, Vahdat and Kautz, 2020]. Based
on an encoder-decoder structure, VAEs encode datapoints into latent embeddings
before decoding them back to data space. By parameterizing the encoder and decoder
using expressive neural networks, VAEs provide a powerful basis for learning both
generative models and representations.

The standard VAE framework assumes an isotropic Gaussian prior. However, this
can cause issues, such as when one desires the learned representations to exhibit some
properties of interest, for example sparsity [Tonolini et al., 2020] or clustering [Dilok-
thanakul et al., 2016], or when the data distribution has very different topological
properties from a Gaussian, for example multi-modality [Shi et al., 2020] or group
structure [Falorsi et al., 2018]. Therefore, a variety of recent works have looked to use
non-Gaussian priors [van den Oord et al., 2017, Tomczak and Welling, 2018, Casale
et al., 2018, Razavi et al., 2019, Bauer and Mnih, 2019], often with the motivation of
adding inductive biases into the model [Davidson et al., 2018b, Mathieu et al., 2019b,
Nagano et al., 2019, Skopek et al., 2019].

In this work, we argue that this approach of using non-Gaussian priors can be a
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Figure 3.1: Example InteL-VAE with star-like data. We consider the auto-encoding
for two example datapoints (x1 and x2, shown in green), which are first stochastically
mapped to Y using a Gaussian encoder. This embedding is then pushed forward to Z
using the non-stochastic mapping gψ, which is a radial mapping to enforce a spherical
distribution. Decoding is then done in the standard way from Z, with the complexity
of the decoder mapping simplified by the induced structural properties of Z.

problematic, and even ineffective, mechanism for adding inductive biases into VAEs.
Firstly, non-Gaussian priors will often necessitate complex encoder models to maintain
consistency with the prior’s shape and dependency structure [Webb et al., 2018], which
typically no longer permit simple parameterization. Secondly, the latent encodings are
still not guaranteed to follow the desired structure because the ‘prior’ only appears in
the training objective as a regularizer on the encoder. Indeed, Mathieu et al. [2019b]
find that changing the prior is typically insufficient in practice to learn the desired
representations at a population level, with mismatches occurring between the data
distribution and learned model.

To provide an alternative, more effective, approach that does not suffer from these
pathologies, we introduce Intermediary Latent Space VAEs (InteL-VAEs), an extension
to the standard VAE framework that allows a wide range of powerful inductive biases
to be incorporated while maintaining an isotropic Gaussian prior. This is achieved by
introducing an intermediary set of latent variables that deal with the stochasticity of
the encoding process before incorporating the desired inductive biases via a parametric
function that maps these intermediary latents to the latent representation itself, with
the decoder taking this final representation as input. See Figure 5.2.1 for an example.

The InteL-VAE framework provides a variety of advantages over directly replacing
the prior. Firstly, it directly enforces our inductive biases on the representations,
rather than relying on the regularizing effect of the prior to encourage this implicitly.
Secondly, it provides a natural congruence between the generative and representational
models via sharing of the mapping function, side-stepping the issues that non-Gaussian
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priors can cause for the inference model. Finally, it allows for more general and more
flexible inductive biases to be incorporated, by removing the need to express them
with an explicit density function and allowing for parts of the mapping to be learned
during training.

To further introduce a number of novel specific realizations of the InteL-VAE framework,
showing how they can be used to incorporate various inductive biases, enforcing latent
representations that are, for example, multiply connected, multi-modal, sparse, or
hierarchical. Experimental results show their superiority compared with baseline
methods in both generation and feature quality, most notably providing state-of-the-
art performance for learning sparse representations in the VAE framework.

To summarize, we a) highlight the need for inductive biases in VAEs and explain why
directly changing the prior is a suboptimal means for incorporating them; b) propose
InteL-VAEs as a simple but effective general framework to introduce inductive biases;
and c) introduce specific InteL-VAE variants which can learn improved generative
models and representations over existing baselines on a number of tasks.

3.2 The need for inductive biases in VAEs

Variational auto-encoders (VAEs) are deep stochastic auto-encoders that can be
used for learning both deep generative models and low-dimensional representations of
complex data. Their key components are an encoder, qϕ(z|x), which probabilistically
maps from data x ∈ X to latents z ∈ Z; a decoder, pθ(x|z), which probabilistically
maps from latents to data; and a prior, p(z), that completes the generative model,
p(z)pθ(x|z), and regularizes the encoder during training. The encoder and decoder are
parameterized by deep neural networks and are simultaneously trained using a dataset
{x1, x2, ..., xN} and a variational lower bound on the log-likelihood, most commonly,

L(x, θ, ϕ) := Ez∼qϕ(z|x) [log pθ(x|z)]−DKL (qϕ(z|x) ∥ p(z)) . (3.1)

Namely, we optimize L(θ, ϕ) := Ex∼pdata(x) [L(x, θ, ϕ)], where pdata(x) represents the
empirical data distribution. Here the prior is typically fixed to a standard Gaussian,
i.e. p(z) = N (z; 0, I).

While it is well documented that this standard VAE setup with a ‘Gaussian’ latent
space can be suboptimal [Davidson et al., 2018a, Mathieu et al., 2019b, Tomczak
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and Welling, 2018, Bauer and Mnih, 2019, Tonolini et al., 2020], there is perhaps less
of a unified high-level view on exactly when, why, and how one should change it to
incorporate inductive biases. Note here that the prior does not play the same role as
in a Bayesian model: because the latents themselves are somewhat arbitrary and the
model is learned from data, it does not encapsulate our initial beliefs in the way one
might expect.

We argue that there are two core reasons why inductive biases can be important for
VAEs: (a) standard VAEs can fail to encourage, and even prohibit, desired structure
in the representations we learn; and (b) standard VAEs do not allow one to impart
prior information or desired topological characteristic into the generative model.

Considering the former, one often has some a priori desired characteristics, or con-
straints, on the representations learned [Bengio et al., 2013]. For example, sparse
features can be desirable because they can improve data efficiency [Yip and Sussman,
1997], and provide robustness to noise [Wright et al., 2009, Ahmad and Scheinkman,
2019] and attacks [Gopalakrishnan et al., 2018]. In other settings one might desire
clustered [Jiang et al., 2017], disentangled [Ansari and Soh, 2019, Kim and Mnih, 2018,
Higgins et al., 2018] or hierarchical representations [Song and Li, 2013, Sønderby et al.,
2016, Zhao et al., 2017]. The KL-divergence term in Equation (3.1) regularizes the
encoding distribution towards the prior and, as a standard Gaussian distribution typi-
cally does not exhibit our desired characteristics, this regularization can significantly
hinder our ability to learn representations with the desired properties.

(a) Data (b) VAE

Figure 3.2: VAE learned generative
distribution Ep(z)[pθ(x|z)] for mix-
ture data.

Not only can this be problematic at an individual
sample level, it can cause even more pronounced
issues at the population level : desired structural
characteristics of our representations often relate
to the pushforward distribution of the data in
the latent space, qϕ(z) := Epdata(x)[qϕ(z|x)], which
is both difficult to control and only implicitly
regularized to the prior [Hoffman and Johnson,
2016].

Inductive biases can also be essential to the generation quality of VAEs: because the
generation process of standard VAEs is essentially pushing-forward the Gaussian prior
on Z to data space X by a ‘smooth’ decoder, there is an underlying inductive bias
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(a) Directly replacing p(z) (b) InteL-VAE

Figure 3.3: Prior-encoder mismatch. We train (a) a VAE with a sparse prior and
(b) an InteL-VAE with a sparse inductive bias on 2 dimensional sparse data. Figure
shows target latent distribution p(z) (blue), learned variational embeddings qϕ(z|x) of
exemplar data (green), and data pushforward qϕ(z) (red shadow) for each method.
Simply replacing the prior does not help the VAE match prior structure on either a
per-sample or population level, whereas InteL-VAE produces an effective match.

that standard VAEs prefer sample distributions with similar topology structures to
Gaussians. As a result, VAEs can perform poorly when the data manifold exhibits
certain different topological properties [Caterini et al., 2020]. For example, they can
struggle when data is clustered into unconnected components as shown in Figure 3.2,
or when data is not simply-connected. This renders learning effective mappings using
finite datasets and conventional architectures (potentially prohibitively) difficult. In
particular, it can necessitate large Lipschitz constants in the decoder, causing knock-on
issues like unstable training and brittle models [Scaman and Virmaux, 2018], as well
as posterior collapse [van den Oord et al., 2017, Alemi et al., 2018]. In short, the
Gaussian prior of a standard VAE can induce fundamental topological differences to
the true data distribution [Falorsi et al., 2018, Shi et al., 2020].

3.3 Shortfalls of VAEs with non-Gaussian priors

Though directly replacing the Gaussian prior with a different prior sounds like a
simple solution, effectively introducing inductive biases can, unfortunately, be more
complicated.

Firstly, the only influence of the prior during training is as a regularizer on the encoder
through the DKL (qϕ(z|x) ∥ p(z)) term. This regularization is always competing with
the need for effective reconstructions and only has an indirect influence on qϕ(z). As
such, simply replacing the prior can be an ineffective way of inducing desired structure
at the population level [Mathieu et al., 2019b], particularly if p(z) is a complex
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distribution that it is difficult to fit (see, e.g., Figure 3.3a). Mismatches between qϕ(z)
and p(z) can also have further deleterious effects on the learned generative model: the
former represents the distribution of the data in latent space during training, while
the latter is what is used by the learned generative model, leading to unrepresentative
generations if there is mismatch.

Secondly, it can be extremely difficult to construct appropriate encoder mappings
and distributions for non-Gaussian priors. While the typical choice of a mean-field
Gaussian for the encoder distribution is simple, easy to train, and often effective for
Gaussian priors, it is often inappropriate for other choices of prior. For example,
in Figure 3.3, we consider replacement with a sparse prior. A VAE with a Gaussian
encoder struggles to encode points in a manner that even remotely matches the prior.
One might suggest replacing the encoder distribution as well, but this has its own
issues, most notably that other distributions can be hard to effectively parameterize
or train. In particular, the form of the required encoding noise might become heavily
spatially variant; in our sparse example, the noise must be elongated in a particular
direction depending on where the mean embedding is. If the prior has constraints
or topological properties distinct from the data, it can even be difficult to learn a
mean encoder mapping that respects these, due to the continuous nature of neural
networks.

3.4 The InteL–VAE framework

To solve the issues highlighted in the previous section, and provide a principled and
effective method for adding inductive biases to VAEs, we propose Intermediary Latent
Space VAEs (InteL-VAEs). The key idea behind InteL-VAEs is to introduce an
intermediary set of latent variables y ∈ Y , used as a stepping stone in the construction
of the representation z ∈ Z. Data is initially encoded in Y using a conventional VAE

encoder (e.g. a mean-field Gaussian) before being passed through a non-stochastic
mapping gψ : Y 7→ Z that incorporates our desired inductive biases and which can
be trained, if needed, through its parameters ψ. The prior is defined on Y and taken
to be a standard Gaussian, p(y) = N (y; 0, I), while our representations, z = gψ(y),
correspond to a pushforward of y. By first encoding datapoints to y, rather than
z directly, we can deal with all the encoder and prior stochasticity in this first,
well-behaved, latent space, while maintaining z as our representation and using it
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for the decoder pθ(x|z). In principle, gψ can be any arbitrary parametric (or fixed)
mapping, including non-differentiable or even discontinuous functions. However, to
allow for reparameterized gradient estimators [Kingma and Welling, 2014, Rezende
and Mohamed, 2015], we will restrict ourselves to gψ that are sub-differentiable (and
thus continuous) with respect to both their inputs and parameters. Note that setting
gψ to the identity mapping recovers a conventional VAE.

As shown in Figure 5.2.1, the auto-encoding process is now X
qϕ−→ Y

gψ−→ Z pθ−→ X . This
three-step process no longer unambiguously fits into the encoder-decoder terminology
of the standard VAE and permits a variety of interpretations; for now we take the
convention of calling qϕ(y|x) the encoder and pθ(x|z) the decoder, but also discuss
some alternative interpretations below. We emphasize here that these no longer
respectively match up with our representation model—which corresponds to passing
an input into the encoder and then mapping the resulting encoding using gψ—and
our generative model—which corresponds to N (y; 0, I)pθ(x|z = gψ(y)), such that we
sample a y from the prior and then pass this through through gψ and the decoder in
turn.

The mapping gψ introduces inductive biases into both the generative model and our
representations by imposing a particular form on z, such as the spherical structure
enforced in Figure 5.2.1 (see also Section 3.6). It can be viewed as a shared module
between them, ensuring congruence between the two. This congruence allows us to
more directly introduce inductive biases through careful construction of gψ, without
complicating the process of learning an effective inference network. In particular,
because Y is treated as our latent space for the purposes of training, we sidestep the
inference issues that non-Gaussian priors usually cause. Moreover, because all samples
must explicitly pass through gψ during both training and generation, we can more
directly ensure the desired structure is enforced without causing a mismatch in the
latent distribution between training and deployment.

Training As with standard VAEs, training of an InteL-VAE is done by maximizing
a variational lower bound (ELBO) on the log evidence, which we denote LY . Most
simply, we have

log pθ,ψ(x) := log
(
Ep(y) [pθ(x|gψ(y))]

)
= log

(
Eqϕ(y|x)

[
pθ(x|gψ(y))N (y; 0, I)

qϕ(y|x)

])
≥Eqϕ(y|x)[log pθ(x|gψ(y))]−DKL (qϕ(y|x) ∥ N (y; 0, I)) =: LY(x, θ, ϕ, ψ).

(3.2)

30



Note that the regularization is on y, but our representation corresponds to z = gψ(y).
Training corresponds to the optimization argmaxθ,ϕ,ψ Ex∼pdata(x) [LY(x, θ, ϕ, ψ)], which
can be performed using stochastic gradient ascent with reparameterized gradients in the
standard manner. Although inductive biases are introduced, the calculation, and opti-
mization, of LY is thus equivalent to the standard ELBO. In particular, parameterizing
qϕ(y|x) with a Gaussian distribution still yields an analytical DKL (qϕ(y|x) ∥ N (y; 0, I))

term.

Alternative Interpretations It is interesting to note that our representation,
gψ(y), only appears in the context of the decoder in this training objective. As such,
we see that an important alternative interpretation of InteL-VAEs is to consider gψ
as being a customized first layer in the decoder, and our test–time representations
as partial decodings of the latents y. This viewpoint allows it to be applied with
more general bounds and VAE variants (e.g. Burda et al. [2016], Le et al. [2018],
Maddison et al. [2017], Naesseth et al. [2018], Zhao et al. [2019]), as it requires only a
carefully customized decoder architecture during training and an adjusted mechanism
for constructing representations at test–time.

Yet another interpretation is to think about InteL-VAEs as implicitly defining a
conventional VAE with latents z, but where both the non-Gaussian prior, pψ(z), and
our encoder distribution, qϕ,ψ(z|x), are themselves defined implicitly as pushforwards
along gψ, which acts as a shared module that instills a natural compatibility between
the two. Formally we have the following theorem.

Theorem 3.4.1. Let pψ(z) and qϕ,ψ(z|x) represent the respective pushforward distri-
butions of N (0, I) and qϕ(y|x) induced by the mapping gψ : Y 7→ Z. The following
holds for all measurable gψ:

DKL (qϕ,ψ(z|x) ∥ pψ(z)) ≤ DKL (qϕ(y|x) ∥ N (y; 0, I)) . (3.3)

If gψ is also an invertible function then the above becomes an equality and LY equals
the standard ELBO on the space of Z as follows

LY(x, θ, ϕ, ψ) = Eqϕ,ψ(z|x)[log pθ(x|z)]−DKL (qϕ,ψ(z|x) ∥ pψ(z)) . (3.4)

The proof is given in Section 3.A. Here, (3.3) shows that the divergence in our rep-
resentation space Z is never more than that in Y, or equivalently that the implied
ELBO on the space of Z is always at least as tight as that on Y ; (3.4) shows they are
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exactly equal if gψ is invertible. As the magnitude of DKL (qϕ(y|x) ∥ N (y; 0, I)) in an
InteL-VAE will remain comparable to the KL divergence in a standard Gaussian prior
VAE setup, this, in turn, ensures that DKL (qϕ,ψ(z|x) ∥ pψ(z)) does not become overly
large. This is in stark contrast to the conventional non-Gaussian prior setup, where it
can be difficult to avoid DKL (qϕ(z|x) ∥ pψ(z)) exploding without undermining recon-
struction [Mathieu et al., 2019b]. The intuition here is that having the stochasticity
in the encoder before it is passed through gψ ensures that the form of the noise in
the embedding is inherently appropriate for the space: the same mapping is used
to warp this noise as to define the generative model in the first place. For example,
when gψ is a sparse mapping, the Gaussian noise in qϕ(y|x) will be compressed to a
sparse subspace by gψ, leading to a sparse variational posterior qϕ,ψ(z|x) as shown
in Figure 3.3b. In particular, qϕ(y|x) does not need to learn any complex spatial
variations that result from properties of Z. In turn, InteL-VAEs further alleviate
issues of mismatch between pψ(z) and qϕ,ψ(z).

Further Benefits A key benefit of InteL-VAEs is that the extracted features are
guaranteed to have the desired structure, such as sparsity or multiply-connectivity.
Take the spherical case for example, all extracted features gψ(µϕ(x)) lie within a small
neighborhood of the unit sphere. By comparison, methods based on training loss
modifications, e.g. Mathieu et al. [2019b], often fail to generate features with the
targeted properties.

A more subtle advantage is that we do not need to explicitly specify pψ(z). This can
be extremely helpful when we want to specify complex inductive biases: designing a
non-stochastic mapping is typically much easier than a density function, particularly
for complex spaces. Further, this can make it much easier to parameterize and learn
aspects of pψ(z) in a data-driven manner (see e.g. Sec. 3.6.3).

3.5 Related work

Inductive biases There is much prior work on introducing human knowledge
to deep learning models by structural design, such as CNNs [LeCun et al., 1989],
RNNs [Hochreiter and Schmidhuber, 1997] and transformers [Vaswani et al., 2017].
However, most of these designs are on the sample level, utilizing low–level information
such as transformation invariances or internal correlations in each sample. By contrast,
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InteL-VAEs provide a convenient way to incorporate population level knowledge—
information about the global properties of data distributions can be effectively utilized.

Non-Gaussian priors There is an abundance of prior work utilizing non-Gaussian
priors to improve the fit and generation capabilities of VAEs, including MoG pri-
ors [Dilokthanakul et al., 2016, Shi et al., 2020], sparse priors [Mathieu et al., 2019b,
Tonolini et al., 2020, Barello et al., 2018], Gaussian-process priors [Casale et al., 2018]
and autoregressive priors [Razavi et al., 2019, van den Oord et al., 2017]. However,
these methods often require specialized algorithms to train and are primarily applicable
only to specific kinds of data. Moreover, as we have explained, changing the prior alone
often provides insufficient pressure on its own to induce the desired characteristics.
Others have proposed non-Gaussian priors to reduce the prior-posterior gap, such
as Vamp-VAE [Tomczak and Welling, 2018] and LARS [Bauer and Mnih, 2019], but
these are tangential to our inductive bias aims.

Non-Euclidean latents A related line of work has focused on non-Euclidean latent
spaces. For instance Davidson et al. [2018a] leveraged a von Mises-Fisher distribution
on a hyperspherical latent space, Falorsi et al. [2018] endowed the latent space with a
SO(3) group structure, and Mathieu et al. [2019a], Ovinnikov [2019], Nagano et al.
[2019] with hyperbolic geometry. Other spaces like product of constant curvature
spaces [Skopek et al., 2019] and embedded manifolds [Rey et al., 2019] have also been
considered. However, these works generally require careful design and training.

Normalizing flows Our use of a non-stochastic mapping shares some interesting
links to normalizing flows (NFs) [Rezende and Mohamed, 2015, Papamakarios et al.,
2019, Grathwohl et al., 2018, Dinh et al., 2017, Huang et al., 2018, Papamakarios
et al., 2018]. Indeed a NF would be a valid choice for gψ, albeit an unlikely one due to
their architectural constraints. However, unlike previous use of NFs in VAEs, our gψ is
crucially shared between the generative and representational models, rather than just
being used in the encoder, while the KL divergence in our framework is taken before,
not after, the mapping. Moreover, the underlying motivation, and type of mapping
typically used, differs substantially: our mapping is used to introduce inductive biases,
not purely to improve inference. Our mapping is also more general than a NF (e.g. it
need not be invertible) and does not introduce additional constraints or computational
issues.
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3.6 Specific realizations of the InteL-VAE framework

We now present several novel example InteL-VAEs, introducing various inductive biases
through different choices of gψ. We will start with artificial, but surprisingly challenging,
examples where some precise topological properties of the target distributions are
known, incorporating them directly through a fixed gψ. We will then move onto
experiments where we impose a fixed clustering inductive bias when training on image
data, allowing us to learn InteL-VAEs that account effectively for multi-modality in the
data distribution. Finally, we consider the example of learning sparse representations
of high–dimensional data. Here we will see that it is imperative to exploit the ability
of InteL-VAEs to learn aspects of gψ during training, providing a flexible inductive
bias framework, rather than a pre-fixed mapping. By comparing InteL-VAEs with
strong baselines, we show that InteL-VAEs are effective in introducing these desired
inductive biases, and consequently both improve generation quality and learn better
data representations for downstream tasks. One note of particular importance is
that we find that InteL-VAEs provide state-of-the-art performance for learning sparse
VAE representations. A further example of using InteL-VAEs to learn hierarchical
representations is presented in Section 3.B, while full details on the various examples
are given in Section 3.C.

3.6.1 Multiple–connectivity

Data is often most naturally described on non-Euclidean spaces such as circles, e.g.
wind directions [Mardia and Jupp, 2000], and other multiply-connected shapes, e.g.
holes in disease databases [Liu et al., 1997]. For reasons previously explained in
Section 4.2, standard VAEs cannot practically model such topologies, which prevents
them from learning generative models which match even the simplest data distributions
with non-trivial topological structures, as shown in Figure 3.4b.

Luckily, by designing gψ to map the Gaussian prior to a simple representative distri-
bution in a topological class, we can easily equip InteL-VAEs with the knowledge to
approximate any data distributions with similar topological properties. Specifically,
by defining gψ as the orthogonal projection to S1, gψ(z) = z/(||z||2 + ϵ), we map
the Gaussian prior approximately to a uniform distribution to S1, where ϵ is a small
positive constant to ensure the continuity of gψ near the origin. From Rows 1 and 2
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(a) Data (b) VAE (c) InteL-VAE

Figure 3.4: Training data and samples from learned generative models of vanilla-VAE
and InteL-VAE for multiply-connected and clustered distributions. InteL-VAE uses
[Rows 1,2] circular prior with one hole, [Row 3] multiply-connected prior with two
holes, and [Row 4] clustered prior. Vamp-VAE behaves similarly to a vanilla VAE;
its results are presented in Figure 3.4.

of Figure 3.4, we find that this inductive bias gives InteL-VAEs the ability to learn
various distributions with a hole. We can add further holes by simply ‘gluing’ point
pairs. For example, for two holes we can use

g2(y) = Concat
(
g1(y)[:,1], g1(y)[:,2]

√
(4/3− (1− |g1(y)[:,1]|)2)− 1/

√
3
)
, (3.5)

which first map y to approximately S1, and then glues (0, 1) and (0,−1) together to
create new holes (see Figure 3.C.1 for an illustration). Furthermore, we can continue
to glue points together to achieve a higher number of holes h, and thus more complex
connectivity. Row 3 of Figure 3.4 gives an example of learning an infinity sign by
introducing a ‘two-hole’ inductive bias.

Compared with vanilla-VAE and Vamp-VAE, which try to find a convex hull for real
data distributions, InteL-VAEs can deal with distributions with highly non-convex
and very non-smooth supports (see Figure 3.4 and Section 3.C.1). We emphasize here
that our inductive bias does not contain the information about the precise shape of the
data, only the number of holes. We thus see that InteL-VAEs can provide substantial
improvements in performance by incorporating only basic prior information about the
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Method Data VAE GM-VAE MoG-VAE Vamp-VAE Flow InteL-VAE

Unc.(%) 0.2 ± 0.1 2.5 ± 0.4 3.5 ± 1.8 4.5 ± 0.8 2.4 ± 0.3 16.2 ± 2.1 0.9 ± 0.8
‘1’ prop.(%) 50.0 ± 0.2 48.8 ± 0.2 48.1 ± 0.3 47.7 ± 0.4 48.8 ± 0.1 42.5 ± 1.0 49.5 ± 0.4

Table 3.1: Quantitative results on MNIST-01. Unc(ertainty) is the proportion of
images whose labels are ‘indistinguishable’ to the pre-trained classifier, defined as
having prediction confidence < 80%. ‘1’ prop(ortion) is the proportion of images
classified as ‘1’.

(a) (b) (c)

Figure 3.5: Illustration of clustered mapping where K = 3. The circle represents a
density isoline of a Gaussian. Note that not all points in the sector are moved equally:
points close to the boundaries between sectors are moved less, with points on the
boundary themselves not moved at all.

topological properties of the data, which point out a way to approximate distributions
on more complex structures, such as linear groups [Gupta and Mishra, 2018].

3.6.2 Multi–modality

Many real-world datasets exhibit multi-modality. For example, data with distinct
classes are often naturally clustered into (nearly) disconnected components representing
each class. However, vanilla VAEs generally fail to fit multi-modal data due to the
topological issues explained in Section 4.2. Previous work [Johnson et al., 2017,
Mathieu et al., 2019b] has thus proposed the use of a multi-modal prior, such as a
mixture of Gaussian (MoG) distribution, so as to capture all components of the data.
Nonetheless, VAEs with such priors often still struggle to model multi-modal data
because of mismatch between qϕ(z) and p(z) or training instability issues.

We tackle this problem by using a mapping gψ which contains a clustering inductive
bias. The high-level idea is to design a mapping gψ with a localized high Lipschitz
constant that ‘splits’ the continuous Gaussian distribution into K disconnected parts
and then pushes them away from each other. In particular, we split Y it into K
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equally sized sectors using its first two dimensions (noting it is not needed to split
on all dimensions to form clusters), as shown in Figure 3.5. For any point y, we can
easily get the center direction r(y) of the sector that y belongs to and the distance
dis(y) between y and the sector boundary. Then we define gψ(y) as:

gψ(y) = y + c1dis(y)c2r(y), (3.6)

where c1 and c2 are empirical constants. We can see that although gψ has very different
function on different sectors, it is still continuous on the whole plane with gψ(y) = y

on sector boundaries, which is desirable for gradient-based training. See Section 3.C.2
for more details.

To assess the performance of our approach, we first consider a simple 2-component
MoG synthetic dataset in the last row of Figure 3.4. We see that the vanilla VAE
fails to learn a clustered distribution that fits the data, while the InteL-VAE sorts
this issue and fits the data well.

Method FID Score (↓)

VAE 42.0± 1.1
GM-VAE 41.0± 4.7
MoG-VAE 41.2± 3.3
Vamp-VAE 38.8± 2.4
VAE with Sylvester NF 35.0± 0.9
InteL-VAE 32.2± 1.5

Table 3.2: Generation quality on
MNIST. Shown is mean FID score
(lower better) ± standard deviation
over 10 runs.

To provide a more real-world example, we
train an InteL-VAE and a variety of baselines
on the MNIST dataset, comparing the gener-
ation quality of the learned models using the
FID score [Heusel et al., 2017] in Table 3.2.
We find that the GM-VAE [Dilokthanakul
et al., 2016] and MoG-VAE (VAE with a
fixed MoG prior) achieve performance gains
by using non-Gaussian priors. The Vamp-
VAE [Tomczak and Welling, 2018] and a VAE

with a Sylvester Normalizing Flow [Berg et al., 2018] encoder provide further gains by
making the prior and encoder distributions more flexible respectively. However, the
InteL-VAE comfortably outperforms all of them.

To gain insight into how InteL-VAEs achieve superior generation quality, we perform
analysis on a simplified setting where we select only the ‘0’ and ‘1’ digits from the
MNIST dataset to form a strongly clustered dataset, MNIST-01. We further
decrease the latent dimension to 1 to make the problem more challenging. Fig. 3.6
shows that here the vanilla VAE generates some samples which look like interpolations
between ’0’ and ’1’, meaning that it still tries to learn a connected distribution
containing ’0’ and ’1’. Further, the general generation quality is poor, with blurred
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(a) VAE (b) MoG-VAE (c) InteL-VAE

Figure 3.6: Generated samples for MNIST-01.

images and a lack of diversity in generated samples (e.g. all the ‘1’s have the same slant).
Despite using a clustered prior, the MoG-VAE still produces unwanted interpolations
between the classes. By contrast, InteL-VAE generates digits that are unambiguous
and crisper.

True Prop. Learned Prop.

0.5 0.47 ± 0.01
0.4 0.36 ± 0.10
0.25 0.25 ± 0.08
0.2 0.16 ± 0.11
0 0.02 ± 0.01

Table 3.3: Learned proportions
of ‘0’s on MNIST-01 for differ-
ent ground truths. Error bars are
std. dev. from 10 runs.

To quantify these results, we further train a lo-
gistic classifier on MNIST-01 and use it to clas-
sify images generated by each method. For each
method, we calculate the proportion of samples
produced by the generative model that are as-
signed to each class by this pre-trained classifier,
as well as the proportion of samples for which the
classifier is uncertain. From Table 3.1 we see that
InteL-VAE significantly outperforms its competi-
tors in the ability to generate balanced and unambiguous digits. To extend this
example further, and show the ability of InteL-VAEs to learn aspects of gψ during
training, we further consider parameterizing and then learning the relative size of
the clusters. Table 3.3 shows that this can be successfully learned by InteL-VAEs on
MNIST-01.

3.6.3 Sparsity

With only few activated dimensions, sparse features are often well-suited to data
efficiency on downstream tasks [Huang and Aviyente, 2006], in addition to being
naturally easier to visualize and manipulate than dense features [Ng et al., 2011].
However, existing VAE models for sparse representations trade off generation quality
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to achieve this sparsity [Mathieu et al., 2019b, Tonolini et al., 2020, Barello et al.,
2018]. Here, we show that InteL-VAEs can instead simultaneously increase feature
sparsity and generation quality. Moreover, they are able to achieve state-of-the-art
scores on sparsity metrics.

Compared with our previous examples, the gψ here needs to be more flexible so that
it can learn to map points in a data-specific way and induce sparsity without unduly
harming reconstruction. To achieve this, we use the simple form for the mapping:
gψ(y) = y ⊙ DSψ(y), where ⊙ is pointwise multiplication, and DS is a ‘dimension
selector’ network that selects dimensions to deactivate given y. DS outputs values
between [0, 1] for each dimension, with 0 being fully deactivated and 1 fully activated;
the more dimensions we deactivate, the sparser the representation. By learning DS
during training, this setup allows us to learn a sparse representation in a data-driven
manner. To control the degree of sparsity, we add a sparsity regularizer, Lsp, to the
ELBO with weighting parameter γ (higher γ corresponds to more sparsity). Namely,
we optimize LY(θ, ϕ, ψ) + γ Lsp(ϕ, ψ), where

Lsp(ϕ, ψ) := E

[
1

M

M∑
i=1

(H (DS(yi)))−H

(
1

M

M∑
i=1

DS(yi)

)]
, (3.7)

H(v) = −
∑

i (vi/∥v∥1) log (vi/∥v∥1) is the normalized entropy of an positive vector
v, and the expectation is over drawing a minibatch of samples x1, . . . , xM and then
sampling each corresponding yi ∼ qϕ(·|x = xi). Lsp encourages DS to deactivate more
dimensions, while also encouraging diversity in which dimensions are activated for
different data points, improving utilization of the latent space. Please see Section 3.C.3
for more details and intuitions. Initial qualitative results are shown in Figure 3.8,
where we see that our InteL-VAE is able to learn sparse and intuitive representations.

To quantitatively assess the ability of our approach to yield sparse representations
and good quality generations, we compare against vanilla VAEs, the specially cus-
tomized sparse-VAE of Tonolini et al. [2020], and the sparse version of Mathieu et al.
[2019b] (DD) on Fashion-MNIST [Xiao et al., 2017] and MNIST. As shown in
Fig. 3.7 (left), we find that InteL-VAEs increase sparsity of the representations—
measured by the Hoyer metric [Hurley and Rickard, 2009]—while increasing genera-
tive sample quality at the same time. Indeed, the FID score obtained by InteL-VAE
outperforms the vanilla VAE when γ < 3.0, while the sparsity score substantially
increases with γ, reaching extremely high levels. By comparison, DD significantly
degrades generation quality and only provides a more modest increase in sparsity,
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Figure 3.7: Results on Fashion-MNIST. The left figure shows FID and sparsity
scores. Lower FID scores (↓) represent better sample quality while higher sparse
scores (→) indicate sparser features. The right figure shows the performance of sparse
features from InteL-VAE on downstream classification tasks. See Section 3.C.3 for
details and results for MNIST.

Method FID (↓) Sparsity (↑)

VAE 68.6±1.1 0.22±0.01
Vamp-VAE 67.5±1.1 0.22±0.01
VAE with Sylvester NF 66.3±0.4 0.22±0.01
Sparse-VAE (α = 0.01) 328±10.1 0.25±0.01
Sparse-VAE (α = 0.2) 337±8.1 0.28±0.01
InteL-VAE (γ = 30) 64.9±0.4 0.25±0.01
InteL-VAE (γ = 70) 68.0±0.6 0.46±0.02

Table 3.4: Generation results on CelebA.

while its sparsity also drops if the regularization coefficient is set too high. The
level of sparsity achieved by sparse-VAEs was substantially less than both DD and
InteL-VAEs.

To further evaluate the quality of the learned features for downstream tasks, we
trained a classifier to predict class labels from the latent representations. For this, we
choose a random forest [Breiman, 2001] with maximum depth 4 as it is well-suited for
sparse features. We vary the size of training data given to the classifier to measure
the data efficiency of each model. Figure 3.7 (right) shows that InteL-VAE typically
outperforms other the models, especially in few-shot scenarios.

Finally, to verify InteL-VAE’s effectiveness on larger and higher-resolution datasets, we
also make comparisons on CelebA [Liu et al., 2015]. From Table 3.4, we can see that
InteL-VAE increase sparse scores to 0.46 without sacrificing generation quality. By
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Figure 3.8: Qualitative evaluation of sparsity. [Top] Average magnitude of each latent
dimension for three example classes in Fashion-MNIST; less than 10% dimensions
are activated for each class. [Bottom] Activated dimensions are different between
classes: (a-c) show the results of separately manipulating an activated dimension for
each class. (a) Trouser separation (Dim 18). (b) Coat length (Dim 46). (c) Shoe style
(formal/sport, Dim 25).

comparison, the maximal sparse score that sparse-VAE gets is 0.30, with unacceptable
sample quality. Interestingly, InteL-VAEs with low regulation γ achieved particularly
good generative sample quality, outperforming even the Vamp-VAE and a VAE with
a Sylvester NF encoder.

Conclusions In this paper, we proposed InteL-VAEs, a general schema for in-
corporating inductive biases into VAEs. Experiments show that InteL-VAEs can
both provide representations with desired properties and improve generation quality,
outperforming a variety of baselines such as directly changing the prior. This is
achieved while maintaining the simplicity and stability of standard VAEs.
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Appendix

3.A Proofs

Theorem 3.4.1. Let pψ(z) and qϕ,ψ(z|x) represent the respective pushforward distri-
butions of N (0, I) and qϕ(y|x) induced by the mapping gψ : Y 7→ Z. The following
holds for all measurable gψ:

DKL (qϕ,ψ(z|x) ∥ pψ(z)) ≤ DKL (qϕ(y|x) ∥ N (y; 0, I)) . (3.3)

If gψ is also an invertible function then the above becomes an equality and LY equals
the standard ELBO on the space of Z as follows

LY(x, θ, ϕ, ψ) = Eqϕ,ψ(z|x)[log pθ(x|z)]−DKL (qϕ,ψ(z|x) ∥ pψ(z)) . (3.4)

Proof. We first prove the inequality from Equation (3.3), then we show that Equa-
tion (3.3) is actually an equality when gψ is invertible, and finally we prove that the
reconstruction term is unchanged by gψ.

Let us denote by F and G the sigma-algebras of respectively Y and Z, and we have
by construction a measurable map gψ : (Y ,F) → (Z,G). We can actually define the
measurable space (Z,G) as the image of (Y ,F) by gψ, then gψ is automatically both
surjective and measurable.1 We also assume that there exists a measure on Y , which
we denote ξ, and denote with ν the corresponding pushforward measure by gψ on Z.
We further have ν(A) = ξ(g−1

ψ (A)) for any A ∈ G.2

We start by proving Equation (3.3), where the Kullback-Leibler (KL) divergence
between the two pushforward measures3 qϕ,ψ ≜ qϕ ◦ g−1

ψ and pψ ≜ p ◦ g−1
ψ is upper

1We recall that gψ is said to be measurable if and only if for any A ∈ G, g−1
ψ (A) ∈ F .

2The notation g−1
ψ (A) does not imply that gψ is invertible, but denotes the preimage of A which

is defined as g−1
ψ (A) = {y ∈ Y | gψ(y) ∈ A}.

3We denote the pushforward of a probability measure χ along a map g by χ ◦ g−1.
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bounded by DKL (qϕ(y|x) ∥ p(y)), where here we have p(y) = N (y; 0, I) but we will use
p as a convenient shorthand. At a high-level, we essentially have that Equation (3.3)
follows directly the data processing inequality [Sason, 2019] with a deterministic kernel
z = gψ(y). Nonetheless, we develop in what follows a proof which additionally gives
sufficient conditions for when this inequality becomes non-strict. We can assume that
DKL (qϕ(y|x) ∥ N (y; 0, I)) is finite, as otherwise the result is trivially true, which in turn
implies qϕ ≪ p.4 For any A ∈ G, we have that if pψ(A) = p ◦ g−1

ψ (A) = p(g−1
ψ (A)) = 0

then this implies qϕ(g−1
ψ (A)) = qϕ ◦ g−1

ψ (A) = qϕ,ψ(A) = 0. As such, we have that
qϕ,ψ ≪ pψ and so the DKL (qϕ,ψ(z|x) ∥ pψ(z)) is also defined.

Our next significant step is to show that

Ep(y)

[
qϕ
p

∣∣∣ σ(gψ)] = qϕ ◦ g−1
ψ

p ◦ g−1
ψ

◦ gψ, (3.8)

where σ(gψ) denotes the sigma-algebra generated by the function gψ. To do this, let
h : (Z,G) → (R+,B(R+)) be a measurable function s.t. Ep(y)

[
qϕ
p

∣∣∣ σ(gψ)] = h ◦ gψ. To
show this, we will demonstrate that they lead to equivalent measures when integrated
over any arbitrary set A ∈ G:∫

Z
1A

qϕ ◦ g−1
ψ

p ◦ g−1
ψ

p ◦ g−1
ψ dν =

∫
Z
1A qϕ ◦ g−1

ψ dν =

∫
Z
1A d(qϕ ◦ g−1

ψ )

(a)
=

∫
Y
(1A ◦ gψ) dqϕ =

∫
Y
(1A ◦ gψ) qϕ dξ

(b)
=

∫
Y
(1A ◦ gψ)

qϕ
p
p dξ

(c)
=

∫
Y
(1A ◦ gψ) Ep(y)

[
qϕ
p

∣∣∣ σ(gψ)] p dξ

(d)
=

∫
Y
(1A ◦ gψ) (h ◦ gψ) p dξ =

∫
Y
(1A ◦ gψ) (h ◦ gψ) dp

(e)
=

∫
Z
1A h d(p ◦ g−1

ψ ) =

∫
Z
1A h (p ◦ g−1

ψ ) dν,

where we have leveraged the definition of pushforward measures in (a & e); the
absolute continuity of qϕ w.r.t. p in (b); the conditional expectation definition in (c);
and the definition of h in (d). By equating terms, we have that qϕ ◦ g−1

ψ /p ◦ g−1
ψ = h,

almost-surely with respect to qϕ ◦ g−1
ψ and thus that Equation (3.8) is verified.

4We denote the absolute continuity of measures with ≪, where µ is said to be absolutely continuous
w.r.t. ν, i.e. µ ≪ ν, if for any measurable set A, ν(A) = 0 implies µ(A) = 0.
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Let us define f : x 7→ x log(x), which is strictly convex on [0,∞) (as it can be prolonged
with f(0) = 0). We have the following

DKL (qϕ,ψ(z|x) ∥ pψ(z))
(a)
=

∫
Z
log

(
qϕ,ψ
pψ

)
qϕ,ψ dν

(b)
=

∫
Z
log

(
qϕ,ψ
pψ

)
qϕ,ψ
pψ

pψ dν

(c)
=

∫
Z
f

(
qϕ,ψ
pψ

)
pψ dν =

∫
Z
f

(
qϕ,ψ
pψ

)
d(p ◦ g−1

ψ )

(d)
=

∫
Y
f

(
qϕ,ψ
pψ

◦ gψ
)
dp =

∫
Y
f

(
qϕ ◦ g−1

ψ

p ◦ g−1
ψ

◦ gψ

)
p dξ

(e)
=

∫
Y
f

(
Ep(y)

[
qϕ
p

∣∣∣ σ(gψ)]) p dξ
(f)

≤
∫
Y

Ep(y)

[
f

(
qϕ
p

) ∣∣∣ σ(gψ)] p dξ
(g)
=

∫
Y
f

(
qϕ
p

)
p dξ

(h)
=

∫
Y
log

(
qϕ
p

)
qϕ
p
p dξ

(i)
= Eqϕ(y|x)

[
log

(
qϕ(y|x)
p(y)

)]
(j)
= DKL (qϕ(y|x) ∥ p(y)) ,

where we leveraged the definition of the KL divergence in (a & j); the absolute
continuity of qϕ w.r.t. p in (b & i); the definition of f in (c & h); the definition of the
pushforward measure in (d); Equation (3.8) in (e); the conditional Jensen inequality
in (f) and the law of total expectation in (g). Note that this proof not only holds
for the KL divergence, but for any f-divergences as they are defined as in (b) with f
convex.

To prove Equation (3.4), we now need to show that line (f) above becomes an
equality when gψ is invertible. As f is strictly convex, this happens if and only
if qϕ

p
= Ep(y)

[
qϕ
p

∣∣∣ σ(gψ)]. A sufficient condition for this to be true is for qϕ
p

to be
measurable w.r.t. σ(gψ) which is satisfied when gψ : Y 7→ Z is invertible as σ(gψ) ⊇ F ,
as required. We have thus shown that the KL divergences are equal when using an
invertible gψ.
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For the reconstruction term, we instead have

Eqϕ(y|x)[log pθ(x|gψ(y))] =
∫
Y
log pθ(x|gψ(y))qϕ(y|x)dξ

=

∫
Z
log pθ(x|z)qϕ,ψ(z|x)dν

= Eqϕ,ψ(z|x)[log pθ(x|z)].

Equation (3.4) now follows from the fact that both the reconstruction and KL terms
are equal.

3.B Hierarchical representations

Figure 3.B.1: Graphical model for
hierarchical InteL-VAE

The isotropic Gaussian prior in standard VAEs as-
sumes that representations are independent across
dimensions [Kumar et al., 2018]. However, this
assumption is often unrealistic [Belghazi et al.,
2018, Mathieu et al., 2019b]. For example, in
Fashion-MNIST, high-level features such as ob-
ject category, may affect low-level features such
as shape or height. Separately extracting such
global and local information can be beneficial for
visualization and data manipulation [Zhao et al.,
2017]. To try and capture this, we introduce an
inductive bias that is tailored to model and learn hierarchical features. We note here
that our aim is not to try and provide a state-of-the-art hierarchical VAE approach,
as a wide variety of highly–customized and powerful approaches are already well–
established, but to show how easily the InteL-VAE framework can be used to induce
hierarchical representations in a simple, lightweight, manner.

Mapping design Following existing ideas from hierarchical VAEs [Sønderby et al.,
2016, Zhao et al., 2017], we propose a hierarchical mapping gψ. As shown in Fig-
ure 3.B.1, the intermediary Gaussian variable y is first split into a set of N layers
The mapping z = gψ(y) is then recursively defined as zi = NNi(zi−1, yi), where NNi
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is a neural network combining information from higher-level feature zi−1 and new
information from yi. As a result, we get a hierarchical encoding z = [z0, z1, ..., zN ],
where high-level features influence low-level ones but not vice-versa. This gψ thus
endows InteL-VAEs with hierarchical representations.

(a)

(b)

(c)

(d)

(e)

Figure 3.B.2: Manipulating representations
of a hierarchical InteL-VAE. The features are
split into 5 levels, with each of (a) [highest]
to (e) [lowest] corresponding to an example
feature from each. We see that high-level
features control more complex properties,
such as class label or topological structure,
while low-level features control simpler de-
tails, (e.g. (d) controls collar shape).

Experiments While conventional hi-
erarchical VAEs, e.g. [Sønderby et al.,
2016, Zhao et al., 2017, Vahdat and
Kautz, 2020], use hierarchies to try and
improve generation quality, our usage is
explicitly from the representation per-
spective, with our experiments set up
accordingly. Fig. 3.B.2 shows some
hierarchical features learned by InteL-
VAE on Fashion-MNIST. We observe
that high-level information such as cat-
egories have indeed been learned in the
top-level features, while low-level fea-
tures control more detailed aspects.

To provide more quantitative investi-
gation, we also consider the CelebA
dataset [Liu et al., 2015] and investi-
gate performance on downstream tasks,
comparing to vanilla-VAEs with differ-
ent latent dimensions. For this, we train a linear classifier to predict all 40 binary labels
from the learned features for each method. In order to eliminate the effect of latent
dimensions, we compare InteL-VAE (with fixed latent dimension 128) and vanilla
VAE with different latent dimensions (1, 2, 4, 8, 16, 32, 64, 128). We show experiment
results on some labels as well as the average accuracy on all labels in Table 3.B.1 and
Figure 3.B.3. We first find that the optimal latent dimension increases with the number
of data points for the vanilla-VAEs, but is always worse than the InteL-VAE. Notably,
the accuracy with InteL-VAE is quite robust, even as the number of data points gets
dramatically low, indicating high data efficiency. To the best of our knowledge, this
is the first result showing that a hierarchical inductive bias in VAE is beneficial to
feature quality.
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Figure 3.B.3: InteL-VAE’s performance of attribute prediction on CelebA dataset.
Each column shows results on the same feature with different data sizes and each
column shows results on different features. In each graph, test accuracy of vanilla-
VAE with different latent dimensions are shown in blue line. And results of InteL-
VAE with hierarchical prior are shown in red. We find that our method (red line)
achieves comparable or even better results compared with vanilla-VAE with all latent
dimensions.

Related work Hierarchical VAEs [Vahdat and Kautz, 2020, Ranganath et al.,
2016, Sønderby et al., 2016, Klushyn et al., Zhao et al., 2017] seek to improve the fit
and generation quality of VAEs by recursively correcting the generative distributions.
However, they require careful design of neural layers, and the hierarchical KL divergence
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Model Latent dim Data size

50 100 500 1000 5000 10000

VAE 8 0.791 0.799 0.814 0.815 0.819 0.819
16 0.788 0.801 0.820 0.824 0.829 0.831
32 0.769 0.795 0.825 0.832 0.842 0.846
64 0.767 0.794 0.826 0.832 0.849 0.855
128 0.722 0.765 0.817 0.825 0.830 0.852

InteL-VAE 64 0.817 0.824 0.841 0.846 0.854 0.857

Table 3.B.1: Average accuracy in predicting all 40 binary labels of CelebA. Overall
best accuracy is shown in bold and best results of vanilla-VAEs are underlined for
comparison. Each experiment is repeated 10 times and differences are significant at
the 5% level for data size ≤ 1000.

makes training deep hierarchical VAEs unstable [Vahdat and Kautz, 2020]. In
comparison, InteL-VAE with hierarchical mappings is extremely easy to implement
without causing any computational instabilities, while its aims also differ noticeably:
our approach successfully learns hierarchical representations—something that is rarely
mentioned in prior works.

3.C Full method and experiment details

In this section, we first provide complete details of the mapping designs used for our
different InteL-VAE realizations along with some additional experiments. We then
provide other general information about datasets, network structures, and experiment
settings to facilitate results reproduction.

3.C.1 Multiple-connectivity

Mapping design Full details for this mapping were given in the main paper. Fig-
ure 3.C.1 provides a further illustration of the gluing process. Additional resulting
including the Vamp-VAE are given in Figure 3.4.

48



1 0 1
1

0

1

(a) Circular prior with h = 1

1 0 1
1

0

1

(b) Glue point pair
1 0 1

1

0

1

(c) Implied prior with h = 2

Figure 3.C.1: An illustration of the glue function in multiply-connected mappings.

3.C.2 Multi-modality

Mapping design In Section 3.6.2, we see the general idea of designing clustered
mappings. In this part, we delve into the details of mapping design as well as extending
it to 1 dimensional and high-dimensional cases. For simplicity’s sake let us temporarily
assume that the dimension of Y is 2. Our approach is based on splitting the original
space into K equally sized sectors, where K is the number of clusters we wish to
create, as shown in Figure 3.5b. For any point y, we can get its component (sector)
index ci(y) as well as its distance from the sector boundary dis(y). By further defining
the radius direction for the k-th sector (cf Figure 3.5c) as

∆(k) =

(
cos

(
2π

K

(
k +

1

2

))
, sin

(
2π

K

(
k +

1

2

)))
∀k ∈ {1, . . . , K},

we can in turn define g(y) as:

r(y) = ∆(ci(y)), (3.9)

g(y) = y + c1dis(y)c2r(y), (3.10)

where c1 and c2 are constants, which are set to 5 and 0.2 in our experiments. we make
sure g still continuous by keeping g(y) = y on boundaries.

When dimension of Y is greater than 2, we have more diverse choice for g. When K is
decomposable, i.e., K =

∏
iKi, we can separately cut the plane expanded by Y2i and

Y2i+1 into Ki sectors by the Equation (3.9). As a result, Y is split into K =
∏

i ki

clusters. When K = 2, we find that g only changes the 1-st dimension of Y , so it can
be applied to cases where latent dimension is 1.
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(a) Real distribution (b) VAE (c) Vamp-VAE (d) InteL-VAE

Figure 3.C.2: Extension of Figure 3.4 showing Vamp-VAE baseline and additional
circular target distribution (top row, uses the same single hole gψ as the second and
third rows).

Learnable proportions We can also make the mapping more flexible by learning
rather than assigning the cluster proportions. To do so, we keep a learnable value
ui for each cluster and set the angle of the i-th sector as 2πSoftmax(u)i. Things are
simpler for the 1-dimensional case where we can uniformly translate y by a learnable
bias b before splitting the space from the origin.

3.C.3 Sparsity

Relationship to soft attention We note that our setup for the sparsity mapping
shares some similarities with a soft attention layer [Bahdanau et al., 2014]. However,
there are also some important points of difference. Firstly, soft attention aims to find
the weights to blend features from different time steps (for sequential data) or different
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positions (for image data). In contrast, the dimension selector (DS) selects which
dimensions to activate or deactivate for the same latent vector. Secondly, the weights
of features are usually calculated by inner products of features for soft attention, while
DS relies on a network to directly output the logits.

Sparsity regularizer Our sparsity regularizer term, Lsp, is used to encourage our
dimensionality selector network (DS) to produce sparse mappings. It is defined using
a mini-batch of samples {yi}Mi=1 drawn during training as per (3.7). During training,
the first term of Lsp decreases the number of activated dimensions for each sample,
while the second term prevents the samples from all using the same set of activated
dimensions, which would cause the model to degenerate to a vanilla VAE with a lower
latent dimensionality.

We note that Lsp alone is not expected to induce sparsity without also using the
carefully constructed gψ of the suggested InteL-VAE. We confirm this empirically by
performing an ablation study on MNIST where we apply this regularization directly
to a vanilla VAE. We find that even when using very large values of γ > 30.0 we
can only slightly increase the sparsity score (0.230 → 0.235). Moreover, unlikely for
the InteL-VAE, this substantially deteriorates generation quality, with the FID score
raising to more than 80.0 at the same time.

Sparse metric We use the Hoyer extrinsic metric [Hurley and Rickard, 2009] to
measure the sparsity of representations. For a representation z ∈ RD,

Hoyer(z) =
√
D − ||ẑ||1/||ẑ||2√

D − 1
. (3.11)

Here, following Mathieu et al. [2019b], we crucially first normalized each dimension d
of z to have standard deviation 1, ẑd = zd/σd, to ensure that we only measure sparsity
that varies between data points (as is desired), rather than any tendency to uniformly
‘switch off’ certain latent dimensions (which is tangential to our aims). In other words,
this normalization is necessary to avoid giving high scores to representations whose
length scales vary between dimensions, but which are not really sparse.

By averaging Hoyer(z) over all representations, we can get the sparse score of a method.
For the sparsest case, where each representation has a single activated dimension, the
sparse score is 1. And when the representations get denser, ||ẑ||2 get smaller compared
with ||ẑ||1, leading to smaller sparse scores.
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Figure 3.C.3: Results on MNIST. The left figure shows FID and sparsity scores.
Lower FID scores (↓) represent better sample quality while higher sparse scores (→)
indicate sparser features. The right figure shows the performance of sparse features
from InteL-VAE on downstream classification tasks. See Section 3.6.3 for details and
results for MNIST.

Reproduction of Sparse-VAE We tried two different code bases for Sparse-
VAE [Tonolini et al., 2020]. The official code base5 gives higher sparse scores for
MNIST and FashionMNIST (though still lower than InteL-VAE), but is very unstable
during training, with runs regularly failing after diverging and producing NaNs. This
issue gets even more severe on CelebA which occurs after only a few training steps,
undermining our ability to train anything meaningful at all. To account for this, we
switched to the codebase6 from De la Fuente and Aduviri [2019] that looked to replicate
the results of the original paper. We report the results from this code base because it
solves the instability issue and achieves reasonable results on CelebA. Interestingly,
though its generation quality is good on MNIST and Fashion-MNIST, it fails to achieve
a sparse score significantly higher than vanilla-VAE. As the original paper does not
provide any quantitative evaluation of the achieved sparsity, it is difficult to know if
this behavior is expected. We note though that the qualitative results shown in the
paper appear to be substantially less sparse than those we show for the InteL-VAE,
cf their Figure 5 compared to the top row of our Figure 3.8. In particular, their
representation seems to mostly ‘switch off’ some latents entirely, rather than having
diversity between datapoints that is needed to score well under the Hoyer metric.

5https://github.com/ftonolini45/Variational_Sparse_Coding
6https://github.com/Alfo5123/Variational-Sparse-Coding
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Parameters Synthetic MNIST Fashion-MNIST MNIST-01 CelebA

Dataset sizes Unlimited 55k/5k/10k 55k/5k/10k 10k/1k/2k 163k/20k/20k
Input space R2 Binary 28x28 Binary 28x28 Binary 28x28 RGB 64x64x3
Encoder net MLP CNN CNN CNN CNN
Decoder net MLP CNN CNN CNN CNN
Latent dimension 2-10 50 50 1-10 1-128
Batch size 10-500 100 100 100 100
Optimizer Adam Adam Adam Adam Adam
Learning rate 1e-3 1e-3 1e-3 1e-3 1e-3

Table 3.C.1: Hyperparameters used for different experiments.

Encoder

Input 64 x 64 x 3
4x4 conv. 64 stride 2 & BN & LReLU
4x4 conv. 128 stride 2 & BN & LReLU
4x4 conv. 256 stride 2 & BN & LReLU
Dense (dim)

Decoder

Input dim
Dense (8x8x256) & BN & ReLU
4x4 upconv. 256 stride 2 & BN & ReLU
4x4 upconv. 128 stride 2 & BN & ReLU
4x4 upconv. 3 stride 2

Table 3.C.2: Encoder and Decoder structures for CelebA, where dim is the latent
dimension.

3.C.4 Additional experiment details

Datasets Both synthetic and real datasets are used in this paper. All synthetic
datasets (sphere, square, star, and mixture of Gaussian) are generated by generators
provided in our codes. For real datasets, We load MNIST, Fashion-MNIST, and
CelebA directly from Tensorflow [Abadi et al., 2015], and we resize images from
CelebA to 64x64 following Hou et al. [2017]. For experiments with a specified number
of training samples, we randomly select a subset of the training data. We use the
same random seed for each model in the same experiment and different random seeds
when repeating experiments.

Model structure For low-dimensional data, the encoder and decoder are both
simple multilayer perceptrons with 3 hidden layers (10-10-10) and ReLU [Glorot et al.,
2011] activation. For MNIST and Fashion-MNIST, we use the same encoder and
decoder as Mathieu et al. [2019b]. For CelebA, the structure of convolutional networks
are shown in Table 3.C.2.

Experiment settings Other hyperparameters are shown in Table 3.C.1. All experi-
ments are run on a GTX-1080-Ti GPU.
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Chapter 4

Learning Instance–Specific
Augmentations by Capturing Local
Invariances

4.1 Introduction

Data augmentation is an important tool in deep learning [Shorten and Khoshgoftaar,
2019]. It allows one to incorporate inductive biases and invariances into models [Chen
et al., 2019, Lyle et al., 2020], providing an effective regularization technique that
aids generalization [Goodfellow et al., 2016]. It has proved particularly successful for
computer vision tasks, forming an essential component of many modern supervised
[Krizhevsky et al., 2012, Perez and Wang, 2017, Mikołajczyk and Grochowski, 2018,
Cubuk et al., 2020] and self-supervised [Bachman et al., 2019, Chen et al., 2020, Tian
et al., 2020, Foster et al., 2021] approaches.

Algorithmically, data augmentations apply a random transformation τ : X → X ,
τ ∼ p(τ), to each input data point x ∈ X , before feeding this augmented data into
the downstream model. These transformations are resampled each time the data
point is used (e.g. at each training epoch), effectively populating the training set with
additional samples. Augmentation is also sometimes used at test time by ensembling
predictions from multiple transformations of the input. A particular augmentation
is defined by the choice of the transformation distribution p(τ), whose construction
forms the key design choice. Good transformation distributions induce substantial
and wide-ranging changes to the input, while preserving the information needed for
prediction.
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(a) Color jittering (red line indicates class bound-
ary)

(b) Cropping

Figure 4.1.1: Different inputs require different augmentations. In (a), a leaf is invariant
to color change from yellow to green, but the same transformation changes a lemon
to a lime. In (b), the same effect is shown for cropping. Solid rectangles represent
the patches that preserve the labels of the original images ([left] grass, [right] cattle),
while dashed rectangles represent patches with different labels.

To try and ensure a good augmentation scheme, previous work has looked to learn this
transformation distribution from data [Cubuk et al., 2018, Lim et al., 2019, Benton
et al., 2020]. However, existing approaches typically assume independence between
the input x and the transformation distribution p(τ). As such, they are only able to
learn global invariances, severely limiting their flexibility and potential impact. For
example, when using color jittering, changing the color of a leaf from yellow to green
would preserve its label, but the same transformation would change a lemon to a
lime (see Figure 4.1.1a). This transformation cannot, therefore, be usefully applied
as a global augmentation, even though it is a useful invariance for the specific input
instance of a leaf. Similar examples regularly occur for other transformations, such as
cropping (see Figure 4.1.1b).

Another line of recent work [Zhou et al., 2020a, Cheung and Yeung, 2022] has instead
looked to utilize instance-aware augmentations by defining a small predefined set of
allowable transformations, then introducing a policy that assigns probabilities (and
magnitudes) to elements of this set as a function of the input. While these approaches
allow some of the shortfalls of global augmentations to be overcome, they do not have
the flexibility to learn fine-grained transformation distributions, or uncover underlying
invariances.

To address these shortfalls, we introduce InstaAug, a new approach to learn instance-
specific augmentations by capturing local invariances that are specific to the region
of the provided input. InstaAug is based on using a transformation distribution of
the form p(τ ;ϕ(x)), where ϕ is a deep neural network that maps inputs to transfor-
mation distribution parameters. We refer to ϕ as an invariance module. It can be
trained simultaneously with the downstream model in a fully end-to-end manner, or
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individually with a fixed pre-trained model. Both cases only require access to training
data and optimize a single objective function that minimizes the training error while
maintaining transformation diversity. As such, InstaAug allows one to directly learn
powerful and general augmentations, without requiring access to additional data or
annotations.

We evaluate InstaAug in both supervised and self-supervised settings, focusing on
image classification and contrastive learning respectively. Our experimental results
show that InstaAug is able to uncover meaningful invariances that are consistent with
human cognition, and improve model performance for various tasks compared with
baseline models. While we primarily focus on the case where the invariance module is
trained alongside the downstream model (to allow augmentation during training), we
find that InstaAug can also provide substantial performance gains when used to learn
test-time augmentations for large pre-trained models. Accompanying code is provided
at https://github.com/NingMiao/InstaAug.

4.2 Background

Data augmentation methods operate as a wrapper algorithm around some downstream
model, f , randomly transforming the inputs x ∈ X before they are passed to the
model. The outputs of the augmented model are given by f(τ(x)), where τ : X 7→ X
represents the transformation, sampled from some transformation distribution p(τ).
The aim of this augmentation is to instill inductive biases into the learned model,
leading to improved generalization by capturing invariances of the problem. It can
be used both during training to provide additional synthetic training data, and/or at
test-time, where ensembling the predictions from multiple transformations can provide
a useful regularization that often improves performance [Shanmugam et al., 2021].

Some approaches look to learn aspects of the augmentation [Cubuk et al., 2018, 2020,
Lim et al., 2019, Ho et al., 2019, Hataya et al., 2020, Li et al., 2020, Zheng et al.,
2022]. These approaches can be viewed as learning parameters of p(τ), helping to
automate its construction and tuning. Of particular relevance, Augerino [Benton et al.,
2020] provides a mechanism for learning augmentations using a simple end-to-end
training scheme, where the parameters of the downstream model and transformation
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distribution are learned simultaneously using the (empirical) risk minimization

minf,θ Ex,y∼pdata

[
Eτ∼pθ(τ) [L(f(τ(x)), y)]

]
+λR(θ), (4.1)

where L is a loss function and λR(θ) is a regularization term that encourages large
transformations.

All of these approaches can be thought of as global augmentation schemes, in that
transformations are sampled independently to the input. For an unrestricted, universal,
class of transformations, this assumption can be justified through the noise outsourcing
lemma [Kallenberg and Kallenberg, 1997]: any conditional distribution Y |X = x can
be expressed as a deterministic function g : X ×R → Y of the input and some
independent noise ε ∼ N (0, I). Thus, using reparameterization, the dependency on
x can, in principle, be entirely dealt with by the transformation itself. However, in
practice, the transformation class must be restricted to provide the desired inductive
biases, meaning this result no longer holds and so the independence assumption can
cause severe restrictions. For example, sampling color jitterings independently to the
input is equivalent to the unrealistic assumption that the labels of all images x are
invariant to the same group of changes (cf. Figure 4.1.1a).

4.3 InstaAug: capturing local invariances

In order to remedy the problems of global augmentations, we propose InstaAug.
InstaAug learns an input dependent distribution p(τ ;ϕ(x)) of information-preserving
transformations that actively makes use of the input x via the invariance module ϕ,
as opposed to learning a global transformation distribution pθ(τ). This generalizes
the hypothesis class of transformation distributions, and significantly increases the
flexibility and expressivity of the resulting augmentation, without undermining our
ability to carefully control the inductive biases that are imparted. It can also informally
be viewed as a mechanism for learning invariances that are local to the specific input.

We argue that a good augmentation strategy needs to fulfill two properties. First, the
transformations should preserve the information in x that is necessary for the task at
hand. For example, transformations must preserve information about the label for
supervised tasks. Second, the set of transformations needs to have sufficient ‘diversity’
to effectively augment the data; we quantify this as the entropy of the transformation
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Figure 4.3.1: Summary of InstaAug.

distribution p(τ ;ϕ(x)). In addition to their intuitive nature, in Section 4.A we
provide theoretical analysis that shows these requirements naturally originate from
a decomposition of the generalization error between the true risk and augmented
empirical risk of f . For simplicity, we describe InstaAug for the specific case where f
is a classifier in the remainder of this section.

4.3.1 Model structure

InstaAug is based around using a simple plug-in invariance module, ϕ, between the
input x and the classifier f , as shown in Figure 5.2.1. We assume a parametric family
of distributions p(τ ; ·) over some transformation space, then use ϕ, which is a trainable
neural network, to predict its parameters for a given input. During training, we sample
a transformation τ ∼ p(τ ;ϕ(x)), which is applied to x to generate an augmented
sample τ(x), before feeding this into the classifier f .

4.3.2 Training

Good augmentations should induce substantial changes to the input x while preserving
all necessary information about the task at hand, thereby capturing the maximum
possible invariance. Figure 4.3.2a illustrates the tension between these two objectives
experienced by global augmentation schemes. Wider-ranging transformations are
generally beneficial for generalization, but ‘excessive’ transformations will generate
samples that will be incorrectly classified. In Figure 4.3.2a we see this in the red area,
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(a) Global augmentation (b) InstaAug

Figure 4.3.2: InstaAug learns more diverse augmentations that also preserve labels
compared to global augmentations. ⋆ and are samples from two different classes.
Blue and green shades represent label-preserving augmentations for each class. In (a),
the upper ⋆ would benefit from being further augmented, but some of the augmented
samples for the lower ⋆ are already over-augmented and indistinguishable from
another class (see the red intersection). InstaAug solves this problem by learning a
different augmentation for each instance, as shown in (b).

where the augmentations for a pair of data points have started to overlap, creating
ambiguity and inevitably misclassifications. Using instance-specific augmentations
(Figure 4.3.2b) allows for a better trade-off of these needs. However, to achieve this
we need our objective to encourage diversity in augmentations, not just low training
error. It should also let the level of diversity vary between inputs, as some points will
be able to support larger transformations than others.

Based on these needs, training is done by simultaneously minimizing a conventional
expected loss with respect to both ϕ and f (or just ϕ if f is a fixed pre-trained
classifier as per Section 4.5.3), while regularizing the average entropy of the transfor-
mations, Ex∼pdata [H[p(τ ;ϕ(x))]]. The core motivation for this setup is that minimizing
the expected loss will naturally encourage the information needed for prediction to be
preserved, but the regularization on entropy is needed to enforce diversity. Further
motivation is provided by the theoretical analysis of Section 4.A.

By appropriately parameterizing p(τ ;ϕ(x)) (see Section 4.3.3), we can write down
its entropy in closed form. We can then formulate the problem as minimizing the
following w.r.t. f and ϕ:

Ex,y∼pdata,τ∼p(τ ;ϕ(x)) [L(f(τ(x)), y)−λH[p(τ ;ϕ(x))]] , (4.2)
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where L is the loss of the downstream task, for which we will generally use the

cross-entropy. Unlike in the Augerino objective of Equation (4.1), λ here is an
automatically-tuned weight of the entropy term that enables precise control over
transformation diversity. Specifically, we initialize λ with a small positive value, then
increase it when the average entropy drops below a lower bound Hmin and decrease
it when it exceeds an upper bound Hmax) during training. Here Hmin and Hmax are
hyperparameters, through which we can directly control the diversity level of learned
transformations during the whole training process. As described in Table 4.E.1, they
can easily be tuned.

This dynamic λ is necessary because the requirement for λ is different at different
stages of training. In the beginning, when the classifier is weak, we need a small λ to
avoid the transformations becoming overly diverse, which results in different classes
overlapping with each other. As the classifier gets more powerful during training,
larger λ is needed to compete with the cross-entropy term L.

Using this approach, the invariance module and downstream model can be trained
simultaneously using end-to-end gradient descent, utilizing the reparameterization
trick to deal with the stochasticity of τ when possible [Kingma and Welling, 2014],
and the REINFORCE estimator [Williams, 1992] otherwise. The approach can also
be extended to regression or self-supervised learning by substituting the loss function
L (see Section 4.C).

4.3.3 Parameterization of augmentations

The parameterization method is another critical factor in the quality of learned invari-
ances. A good parameterization should be flexible enough to reflect the complexity of
real data while not creating obstacles to gradient-based learning. Here we focus on
parameterizing transformations that are frequently used in computer vision, though
our framework can easily be extended to other domains. Due to the varied charac-
teristics of different image transformations, we design two different parameterization
methods for p(τ ;ϕ(x)).

Uniform parameterization. For simpler transformations, such as rotation and
color jittering, we find that a uniform distribution is enough for parameterizing
p(τ ;ϕ(x)), such that ϕ(x) returns a pair (θmin, θmax) representing extrema of the
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Figure 4.3.3: Location-related parameterization of crops by a CNN. The shaded area
(bottom right) shows a simplified 3-layer CNN, and squares represent units at different
convolutional layers. Each unit defines a patch in the input image (shown in the
same color) through its receptive field. The activation value of the unit then gives the
corresponding unnormalized log probability for that patch.

possible transformations. For example, for rotations, these represent the maximum
and minimum rotation angles, such that τ(x) = R(θ)x, where θ ∼ U(θmin, θmax) and
R(θ) is the rotation operator. To compose multiple transformations, we simply sample
them independently, such that p(τ1, . . . , τK ;ϕ(x)) =

∏K
k=1 p(τk;ϕk(x)). This provides

a similar parameterization to [Benton et al., 2020], but where (θmin, θmax) now critically
varies with the input x and there is no symmetry assumption on this range.

Location-related parameterization Using this uniform parameterization is
unfortunately not appropriate for more complex transformations like cropping. Firstly,
the distribution of crop centers may be multi-modal, since important information may
exist in different parts of an image. Secondly, the desired crop size and center are
often highly correlated so cannot be sampled independently. Finally, we encountered
significant practical training issues when using the uniform parameterization for
cropping, with ϕ becoming trapped in local optima with little transformation diversity.

We, therefore, propose an alternative location-related parameterization (LRP) for
cropping, which is based on defining a large set of representative crops, then con-
structing ϕ to map from inputs to a vector of probabilities over this set. As shown
in Figure 4.3.3, this is achieved using a CNN where each hidden unit corresponds to a
possible crop defined by its receptive field. In order to select crops with different sizes,
units from different layers are utilized, with those of earlier/latter layers representing
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smaller/larger crops. This parameterization proved more effective than simply out-
putting the probabilities from a conventional network, due to the greater parameter
sharing between related crops. We note that it can also be directly extended to other
transformations, such as masking, local blurring, pixel-wise perturbation, and local
color jittering.

4.4 Related work

Hard-coded invariance. Many recent works have looked to hard-code global invari-
ance in neural networks. For example, various architectures have been designed to be
invariant to translation [Chaman and Dokmanic, 2021, Zhang, 2019], rotation [Worrall
et al., 2017, Zhou et al., 2017, Marcos et al., 2017], scaling [Worrall and Welling, 2019,
Sosnovik et al., 2019] or other group actions [Cohen and Welling, 2016, Xu et al.,
2021]. Unfortunately, they require the set of invariant transformations to be closed
under composition, leaving out many practical transformations that do not form a
group.

Learning augmentations. There have been numerous prior works that automatically
learn global augmentations and invariance from data. As discussed in Section 4.2,
Augerino [Benton et al., 2020] is perhaps the most closely linked such approach to
InstaAug as it also relies on end-to-end training (see Section 4.B for further discussion
on its similarities and differences to InstaAug). AutoAugment [Cubuk et al., 2018]
instead uses reinforcement learning to find augmentation strategies that increase
accuracy on a separate validation set. Various follow-up works have improved its
efficiency and/or performance [Lim et al., 2019, Ho et al., 2019, Tang et al., 2019,
Hataya et al., 2020, Li et al., 2020, Cubuk et al., 2020, Zheng et al., 2022].

Augmentation policies. A couple of recent works have further looked to learn
augmentation policies that allow a degree of dependency on the input or class label,
namely AdaAug [Cheung and Yeung, 2022] and MetaAugment [Zhou et al., 2021].
These policies assign probabilities and magnitudes to a fixed finite list of possible
transformation operations. Though they can depend on the input, they only make
discrete choices and cannot learn a fine-grained transformation distribution in the way
that InstaAug does; they are thus not suitable for capturing local invariances. For
example, using InstaAug with cropping learns a joint distribution over patch positions
and sizes, whereas these methods only learn a probability for whether to apply cropping
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(a) Augerino (b) InstaAug (Ours)

Figure 4.4.1: Learned invariances for the Mario and Iggy dataset. The blue arcs show
the training data range, while the green arcs show example learned transformation
distributions.

or not, and a scalar magnitude to use if it is applied. Further, both AdaAug and
MetaAugment require a separate validation set, only consider augmentation during
training (so cannot be used for pre-trained classifiers), and cannot be applied in
unsupervised settings. AdaAug also has the additional restriction that its policy is
based on a linear mapping from the penultimate layer of the classification model, so its
input dependence is inherently limited. Meanwhile, although MetaAugment learns a
sample-level policy network, in practice it averages this policy among training samples
to form a global policy applied to all samples.

Other related work. The spatial transformer [Jaderberg et al., 2015] aims to learn
instance-specific transformations, but only applies a single transformation to each
input rather than a distribution of transformations, making it distinct from data
augmentation. Luo et al. [2020] and Kim et al. [2020a] both also learn instance-specific
augmentations. However, the latter consider only test-time augmentation, while
the former introduces an approach that is highly specialized to test recognition and
cannot be applied in the more general settings we consider. Schwöbel et al. [2022]
adopt the Bayesian paradigm to learn invariances by maximizing an approximation
of the marginal likelihood. Limited by the ability of approximation methods, it
only works on simple datasets such as MNIST. Tian et al. [2021] use a continuous
parameterization for all common augmentations and optimize it by stochastic gradient
Langevin dynamics [Welling and Teh, 2011]. However, they require training on a
separate validation set. Tamkin et al. [2020] and Chen et al. [2021] both utilize
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adversarial augmentations to increase robustness. Zhou et al. [2020a] learn symmetries
shared across several datasets through a meta-learning scheme. Mixup methods [Zhang
et al., 2018, Yun et al., 2019, Ramé et al., 2021] can also be thought of as a specific
type of data augmentation. Some of them [Kim et al., 2020b,c, Park et al., 2022],
allow for input dependence through gradient-based saliency [Simonyan et al., 2013].
However, they use a fixed augmentation strategy rather than learning a transformation
distribution.

4.5 Supervised learning experiments

In this section, we show the effectiveness of InstaAug in learning rotation, cropping,
and color jittering. We use location-related parameterization (LRP) for cropping and
uniform parameterization for rotation and color jittering.

4.5.1 Rotated 2D images

We first consider a simple synthetic dataset proposed in Benton et al. [2020]. The
dataset contains four categories, (1) upright Mario; (2) upside-down Mario; (3) upright
Iggy; and (4) upside-down Iggy. Each of the four base images is randomly rotated
in the interval of [−π/4, π/4] to form the training dataset. The task is to predict
the correct character (Mario vs Iggy) and the orientation (up vs down). We assess
whether InstaAug is able to learn the ‘best’ rotation range for each sample—i.e. the
maximum range that avoids ‘up’ and ‘down’ classes from overlapping.

Figure 4.4.1 shows that InstaAug effectively recovers the broadest range of rotations for
each image while preserving labels, while Augerino only learns a subset of these ranges.
This can be most easily seen by the fact that the transformation distributions (shown
in green) always extend to very close to the true class boundary for InstaAug, but not
for Augerino. These gains are because Augerino learns a single global augmentation
distribution shared across all images (note the shared transformation distribution
arcs), which are inevitably limited for any given input.
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(A) InstaAug (w/o input) (B) InstaAug

(a) (b) (c) (d) (e) (f)

Figure 4.5.1: InstaAug (B) learns more sensible crops compared to random and learned
global (A) augmentations. Columns (a, d) show examples of sampled crops, with
red edges indicating higher probability. Columns (b, e) show density maps for the
crop centers, with brighter color meaning higher probability. Columns (c, f) give the
proportion of crops (red) above a particular size threshold, showing that InstaAug
produces fewer large crops.

4.5.2 Cropping

We now move to more realistic images and to the most common and effective form of
image augmentation: cropping. We first evaluate the performance of jointly training
InstaAug and the classifier on Tiny-Imagenet (TinyIN, 64 × 64), as it inherits the
image complexity of ImageNet whilst being within our computational budget. TinyIN
is a standard testbed for data augmentations. Full experiment details are given
in Section 4.D.1.

We benchmark InstaAug alongside several augmentation baselines, including random
crop, Augerino, and AdaAug. For random crop, we use a uniform distribution on
patch size and position, tuning the bounds on the former through a comprehensive
hyperparameter sweep to ensure appropriate scaling. We further compare to other
prior works that have obtained competitive results on TinyIN [Zhang et al., 2018, Yun
et al., 2019, Ramé et al., 2021, Kim et al., 2020b,c, Park et al., 2022], directly taking
their reported results.
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Method Instance Accuracy (%)

No augmentation ✗ 55.06±0.10

Random crop ✗ 64.49±0.12

MixUp ✗ 63.74
CutMix ✗ 65.09
MixMo ✗ 64.80
Puzzle-Mix ✓ 63.48
Co-Mixup ✓ 64.15
Saliency grafting ✓ 64.84

Augerino ✗ 55.02±0.29

AdaAug ✓ 64.03±0.19

-w/ LRP ✓ 62.01±0.23

InstaAug (ours) ✓ 66.02±0.18

-w/o LRP ✓ 55.39±0.19

-w/o input ✗ 63.20±0.12

-class-specific ✗/✓ 60.55±0.50

Table 4.5.1: Test accuracy for Tiny-ImageNet with cropping augmentation. The
Instance column indicates whether the method is instance-specific or not. Statistics
are computed over 10 runs, except for MixUp methods, whose results are directly
taken from their respective papers. We omit comparison to other global augmentation
schemes, as these only learn the size ranges of the cropping, which is already covered
by the hyperparameter tuning of Random crop.

In order to ablate the effects of input-dependency and our location-related parameter-
ization (LRP, see Figure 4.3.3) on InstaAug, we additionally assess the performance
of InstaAug (without LRP) by using same uniform parameterization as Augerino;
InstaAug (without input) that uses the LRP and general InstaAug setup, but shares
the transformation distribution across all inputs rather than learning an input-specific
augmentation; and InstaAug (class-specific), which takes training labels instead of
images as inputs. Test-time augmentation using 50 transformation samples is deployed
for all variants of InstaAug, along with the Augerino, AdaAug, and random aug-
mentation baselines (see Section 4.C.2). For InstaAug (class-specific), this test-time
augmentation is based on random cropping, as class information is not available at
test-time and simply omitting test-time augmentation performed poorly. Following
prior works, we choose the PreActResNet-18 architecture [He et al., 2016b] with
width = 1 as the classifier for all methods.

Table 4.5.1 shows the (top-1) test accuracy for each method. In agreement with prior
works, we find that random cropping increases accuracy by 9.4% over no augmentation,
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which is achieved where cropping scale = [0.1, 1]. InstaAug outperforms random
cropping and its own global version without input by 1.5% and 2.8% respectively,
highlighting the effect of learning instance-specific augmentation.

Allowing only for class dependence actually produces even worse performance than
just ignoring the input completely, presumably because of the inevitable resulting
mismatch in the augmentations used in training and testing. Methods with mean-field
uniform parameterization (including Augerino and InstaAug without LRP) performed
extremely poorly, noticeably worse than just random cropping. This is because they
were found to become easily stuck at local minima with low cropping diversity, leading
to similar performance as no augmentation. The original version of AdaAug achieves
similar performance to Random crop, but is incapable of dealing with the large search
space of LRP, leading to a small reduction in performance when this is added. Note
that the potentially unexpectedly good performance of the random cropping baseline
compared to the other global baselines stems from the careful hyperparameter sweep
used to tune its crop size, which proved more effective than these more direct training
mechanisms. See Section 4.E.3 for more discussion.

Figure 4.5.1 shows example crops and learned transformation distributions for InstaAug
and a global augmentation scheme (InstaAug without input). We see that InstaAug
is able to learn a cropping scheme that focuses on the key aspect of the input image,
while the baselines cannot.

4.5.3 Applying InstaAug to a fixed classifier

InstaAug can also be used to learn suitable augmentations for a fixed pre-trained
classifier. This can most notably be useful as a means to learn test-time augmentations.
As the invariance module is itself only a small network, it can be done relatively
cheaply, even when the dataset and downstream model are very large. We exploit
this on the larger Imagenet dataset (224× 224) [Deng et al., 2009], again focusing on
cropping augmentations and utilizing the LRP parameterization from Section 4.3.3.

Training the invariance module in this setting is done in exactly the same way as
elsewhere, using the training procedure of Section 4.3.2 with the normal training
data. The only thing that is changed is that f is now fixed to a pre-trained classifier—
specifically, the ResNet-50 [He et al., 2016a] from Wightman [2019] (which did not
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Method #Sample ResNet50 ResNet18 XCiT

No aug 1 80.43 69.73 86.34

Random crop 4 78.45±0.04 66.13±0.04 82.05±0.01

AutoAug 4 77.84±0.05 59.50±0.01 81.40±0.00

FastAutoAug 4 77.87±0.06 61.43±0.02 81.42±0.01

InstaAug 4 80.92±0.04 70.59±0.05 86.43±0.04

Random crop 10 79.60±0.01 67.87±0.01 82.84±0.00

AutoAug 10 79.20±0.04 63.96±0.03 82.43±0.02

FastAutoAug 10 79.28±0.01 65.65±0.02 82.45±0.02

InstaAug 10 81.18±0.02 70.96±0.03 86.47±0.02

Table 4.5.2: InstaAug boosts the test accuracy (%) with test-time augmentation
on Imagenet. Invariance modules learned on ResNet-50 can also be directly applied
to other models such as ResNet-18 and XCiT to improve generalization without
fine-tuning. By contrast, global augmentation schemes are actually detrimental to
test-time augmentation.

use an invariance module during training)—rather than being simultaneously learned.
We are thus simply learning invariances, without affecting the training of f .

In Table 4.5.2, we show the effect of using the learned invariance module for test-time
augmentation, finding that it is able to noticeably improve accuracy, unlike the baseline
test-time augmentations of random cropping, AutoAugment [Cubuk et al., 2018], and
Fast AutoAugment [Lim et al., 2019]. Note that AdaAug cannot be used in this
fixed-classifier setting.

In order to evaluate the generalization performance of our learned augmentation
module, we further apply the augmentation trained on ResNet-50 to two different
models with zero fine-tuning : ResNet-18 [He et al., 2016a] and XCiT [Ali et al., 2021].
We find that the learned augmentation transfers very effectively to these different
models, which implies that the local invariances InstaAug learns to reflect the natural
invariances of the underlying classification problem, rather than being specific to the
model that was used to train the augmentation module.

4.5.4 Color jittering on textures

Color jittering is another important type of data augmentation, which can help models
generalize to different lighting conditions. We benchmark on the texture classification
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Method Test aug? Accuracy (%)

No aug ✗ 72.87±0.10

Random aug ✗ 79.99±0.13

Augerino ✗ 78.97±0.10

AdaAug ✗ 75.27±0.30

InstaAug ✗ 81.11±0.20

Random aug ✓ 80.55±0.16

Augerino ✓ 79.34±0.14

AdaAug ✓ 76.43±0.15

InstaAug ✓ 81.35±0.19

Table 4.5.3: InstaAug achieves higher general accuracy than baseline methods when
trained on D45 (Daylight, 4500K).

#Lighting conditions 1 2 4 8

No aug 68.5±2.6 78.1±1.8 84.8±0.7 87.8±0.5

Random augmentation 72.7±2.7 80.8±1.3 85.9±0.6 87.3±0.3

InstaAug 76.0±2.5 83.6±1.1 88.2±0.5 89.6±0.3

Table 4.5.4: InstaAug significantly outperforms baseline methods in general test
accuracy (%) on different difficulty levels. Difficulty level is controlled by the number
of randomly sampled lighting conditions seen. Test-time augmentation is included for
random and InstaAug and we repeat each experiment for 10 times.

dataset RawFooT [Bianco et al., 2017]. RawFooT includes 68 different samples of raw
food and each sample has an image taken under each of 46 lighting conditions (see
Figure 4.C.1 for examples), which makes it an ideal testbed to investigate methods’
generalization ability between different lighting conditions. We crop the original
images to create the train set and test set. For each original image with a resolution
of 800× 800, we randomly sample 200 different 200× 200 patches in the upper half as
training images. The same procedure is taken on the lower half to produce test images,
giving a train set and a test set for each different lighting condition. To evaluate the
generalization ability to a broader range of lighting conditions, we evenly mix test
images from all lighting conditions to form a general test set, while controlling the
conditions during training.

We first train on a single lighting condition D45 (4500K, daylight) resembling natural
light. Table 4.5.3 shows that InstaAug outperforms all baselines with and without
test-time augmentation. We find that Augerino (with relaxed symmetry restrictions
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Figure 4.5.2: In- and out-of-distribution test accuracy for models trained on RawFooT
D45. The round dots are random augmentation with different hyperparameter settings.
The colors of dots change from yellow to red as hue jittering increases; more saturated
dots indicate higher saturation jittering; larger dots mean higher brightness jittering.
Thick lines connect dots with the same hue and brightness jitter, thin lines link dots
with the same hue and saturation jitter.

on learned intervals) underperforms random augmentation because its parameters ϕ
are often stuck near their initial values. We believe this is due to the conservative
nature of using global augmentations (cf. Figure 4.3.2), where even a small change in
the parameters may largely increase the training loss, which prohibits wide-ranging
augmentations. AdaAug does not perform well either, which might be a result of its
inability to learn the interval length for the distribution of each transformation.

We also compare in-distribution and out-of-distribution generalization by splitting the
46 test sets into two groups, according to the similarity of their lighting conditions to
D45—see Section 4.D.2 for the details on the splitting method. In Figure 4.5.2 we can
see that above a certain in-distribution performance, there exists a trade-off for random
augmentation between in-distribution accuracy and out-of-distribution generalization,
controlled through the hyperparameter settings. InstaAug, meanwhile, delivers higher
out-of-distribution performance than any of the hyperparameter configurations, while
also simultaneously giving better in-distribution accuracy to the vast majority of them
as well.

We can further vary the difficulty of the classification task by using different numbers
of lighting conditions in the training data. In Table 4.5.4, we randomly select a set
number of lighting conditions to use as the training set for each baseline. As expected,
the accuracy increases with the number of lighting conditions for all methods. However,
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the effect of random augmentation saturates: it performs similarly to no augmentation
with 8 lighting conditions. By contrast, InstaAug always provides improvements. In
Section 4.D, we show that these gains come at very little computational overhead at
both train and test time.

4.6 InstaAug for contrastive learning

Contrastive learning aims to learn features that are approximately invariant to certain
augmentations. Typical contrastive learning methods, such as SimCLR [Chen et al.,
2020, Ermolov et al., 2021], first sample two independent transformations, τ1, τ2 ∼ p(τ),
and apply them to an input image x, generating two views x1 and x2. They then
feed the transformed images to a neural encoder f , which is trained to maximize the
similarity between f(x1) and f(x2), measured with a contrastive loss.

The choice of augmentations directly influences the learned invariance of the encoder
and thus forms a crucial ingredient of contrastive learning [Bachman et al., 2019, Chen
et al., 2020, Tian et al., 2020]. Existing schemes use global augmentations that often
introduce unrealistic assumptions. For example, if there are multiple entities in an
image, such as grass and cattle in Figure 4.1.1b, random cropping will pull features
for different entities closer to each other. Consequently, we propose InstaAug as a
more flexible instance-specific augmentation method for contrastive learning.

Applying InstaAug to contrastive learning is similar to the supervised case shown in
Section 5.2. The main difference is, given an input x, we sample two τ independently
from the input-specific distribution p(τ ;ϕ(x)), before they are applied to x. The
training objective is correspondingly changed to minimizing the contrastive loss while
keeping the diversity in a reasonable range.

We again consider TinyIN and evaluate three methods: InstaAug, InstaAug (without
input), and Random crop. We exclude methods with uniform parameterization
because of their earlier poor performance and note that AdaAug is not applicable for
unsupervised learning. All experiments are based on the SimCLR framework and use
the PreActResNet-18 network as the encoder. We train each model with a batch size
of 512 for 500 epochs. We then train a linear classifier to evaluate feature quality.
We use test-time augmentation—with 10 sampled crops—as this has been shown to
improve performance [Foster et al., 2021].
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Method Accuracy (%)

Un-Mix [Shen et al., 2022] 49.58∗

Random crop 51.63±0.30

InstaAug (without input) 54.20±0.23

InstaAug 55.05±0.21

Table 4.6.1: Representations learned by InstaAug perform better in the downstream
linear classification task than baselines. ∗Results of Un-Mix are directly taken from
Shen et al. [2022], which has the same network structure (ResNet-18), training
algorithms (SimCLR) and linear classifier as ours.

(a) (b) (c)

Figure 4.6.1: Examples of learned croppings by InstaAug for contrastive learning.
Conventions as per Figure 4.5.1.

Table 4.6.1 shows that InstaAug outperforms the random and global augmentation
schemes as well as Un-Mix [Shen et al., 2022], which is a recent variant of MixUp
methods for contrastive learning. We see from the examples in Figure 4.6.1 that
InstaAug focuses on the salient features containing important information. We also
notice that the sizes of learned patches are correlated to the sizes of the objects in the
images. Thus, InstaAug is able to learn sensible instance-specific augmentations in a
fully unsupervised setting.

4.7 Conclusions

In this paper, we introduced InstaAug, a method for learning instance-specific data
augmentations that capture local invariances of the underlying data-generating process.
This is achieved by training an augmentation module that parametrizes an input-
dependent distribution over transformations, whose samples can be used to augment
the training data on the fly and/or for test-time augmentation. The main benefits
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of InstaAug stem from its applicability to a wide range of settings, its ease of use,
and crucially its capacity to learn meaningful augmentations that in turn improve
performance. Empirically, we have demonstrated these benefits for both classification
and contrastive learning problems, considering several classes of transformations.
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Appendix

4.A Theoretical analysis of generalization error

We now provide a decomposition of the generalization error—i.e. the difference between
the true risk and the training risk—when using ϕ during training of the downstream
classifier f . Here we can view the objective of augmentation as adjusting the training
objective to encourage the learned model to have a low true risk. As such, the
generalization error provides a measure of the effectiveness of the augmentation for
the training of f ; by analyzing the behavior of the generalization error as a function of
the augmentation module, we can derive a characterization of the desirable properties
of the latter.

To start our analysis, we first define the true risk of the downstream model, f , as

R(f) := E[L(f(X), Y )] (4.3)

where (X, Y ) ∼ ptrue(X, Y ) are drawn from the true data generating distribution.
In practice, one might also perform test-time augmentation, implying a different
predictive function and thus different true risk, but for the purposes of our analysis,
we will assume that this is not done, as this allows us to focus on the impact the
invariance module has on f during training.

On the other hand, the implied training risk (i.e. our objective for training f) when
using an invariance module is the augmented empirical risk

R̂(f, ϕ) := E[L(f(τ(xi)), yi)] (4.4)

where i ∼ Uniform{1, . . . , N} is a uniformly sampled index for a point in the original
training dataset {xn, yn}Nn=1 and τ |i ∼ p(τ ;ϕ(xi)) is the sampled transformation. Note
that the expectation in Equation (4.4) is only over i and τ , with the data-points
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themselves not considered random variables for our purposes, because we are only
provided with a single fixed training dataset.

The generalization error can now be defined as R̂(f, ϕ)−R(f). At a high level, we are
interested in finding a ϕ that ensures this has a low magnitude. More precisely, we
want ϕ to ensure that the minimizer of the training risk, f̂ ∗ := argminf R̂(f, ϕ), gives
as low a true risk, R(f̂ ∗), as possible. Therefore, we want to keep the generalization
error magnitude small across different f (relative to the corresponding variations
in R̂(f, ϕ) itself), so that the optima of the training and true risks are as similar
as possible. In other words, we want a ϕ that ensures R̂(f, ϕ) − R(f) is small (in
magnitude) for all f , especially those close to f̂ ∗. If we do hypothetically drive the
generalization error to zero for all f , we will have a mechanism for directly training to
the true risk using a finite original training dataset.

To aid with decomposing the generalization error, it is convenient to further define
the following random variables through their conditional distributions:

Ŷ |i ∼ ptrue(Y = Ŷ |X = xi) with Ŷ ⊥⊥ τ, (4.5)

Ỹ |i, τ ∼ ptrue(Y = Ỹ |X = τ(xi)). (4.6)

We can now write down our decomposition as follows:

R̂(f, ϕ)−R(f) = E[L(f(τ(xi)), Ŷ )− L(f(τ(xi)), Ỹ )]︸ ︷︷ ︸
(A)

+ E[L(f(τ(xi)), Ỹ )− L(f(X), Y )]︸ ︷︷ ︸
(B)

+ E[L(f(τ(xi)), yi)− L(f(τ(xi)), Ŷ )]︸ ︷︷ ︸
(C)

.

(4.7)

From this, we see that if the magnitude of (A), (B), and (C) are all small, then our
generalization error magnitude will be small as well. Moreover, if we can construct a
ϕ such that these terms are small for all f , then we can ensure effective generalization
performance. We will now look at each term individually.

(A) provides a precise characterization of how well our transformation preserves the
label distribution; it is the difference between the expected loss under the true label
distribution of the untransformed inputs and the expected loss under the true label
distribution of the transformed inputs, making predictions using the transformed
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inputs in both cases. In particular, by noting that we have

(A) = E
[
E
[
L(f(τ(xi)), Ŷ )− L(f(τ(xi)), Ỹ )

∣∣∣i, τ]] (4.8)

where f(τ(xi)) is deterministic given τ and i, we have that Ỹ |i, τ, d
= Ŷ |i, ∀i, τ is a

sufficient (but not necessary) condition to ensure (A) = 0 for all f .1 That is, it is zero
for all f if the conditional distribution on the labels is the same for both the original
and transformed inputs for all possible pairs (i, τ), i.e. all possible original inputs and
sampled transformations. One simple way to ensure this is to have τ always be equal
to the identity mapping, so this term prefers limited transformations.

By contrast, if the transformation destroys information about the label, Ŷ |i and Ỹ |i, τ
will now differ, such that, in general, (A) ̸= 0 and, moreover, it will vary with f . Here
we typically expect that (A) ≥ 0,2 as we are making predictions using the transformed
inputs, so the expected loss under the true label distribution for the transformed inputs
will tend to be less than that when labels are generated using the untransformed input.
To keep the magnitude of (A) low, we need to ensure that transformations maintain
the conditional label distribution as well as possible, i.e. that transformations preserve
all input information that is salient for predicting labels.

Conveniently, minimizing R̂(f, ϕ) with respect to ϕ, as done by the InstaAug training
setup of Section 4.3.2, will naturally try to reduce (A). Given we expect the term to
typically be positive, this provides an explanation for why InstaAug can be effective
without any separate consideration in the objective for the need for transformations
to maintain the class label distribution.

(B) represents how well our transformation captures the true input distribution. Here
we can utilize the fact that, by the definition of Ỹ ,

E
[
L(f(τ(xi)), Ỹ )

∣∣∣τ(xi) = x
]
= E [L(f(X), Y )|X = x]

=: r(x)
(4.9)

to write it as

(B) = E[r(τ(xi))]− E[r(X)], (4.10)

1Note that Ŷ
d
= Ỹ alone is not generally sufficient, as matching in marginal distribution does not

ensure that the joint distributions with i and τ also match, in turn yielding different expectations.
2Note, though, that this is not formally guaranteed, even for the cross entropy loss and an f that

exactly captures the true distribution. This is because, while Gibbs’ inequality ensures the optimal q
given p for a cross-validation expected loss Ep(Y )[− log q(Y )] is q = p, in general, the optimal p given
q is not p = q.
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where r : X 7→ R+ maps inputs to their true expected loss. We thus see that τ(xi)
d
= X

is a sufficient (but not necessary) condition to ensure that (B) = 0 for all f . That is
(B) is always 0 if the process of choosing one of the training inputs at random followed
by applying a sampled transformation to that input produces samples distributed
exactly according to the true input distribution. Unlike for (A), there is no simple
scenario in which we can ensure this is true, with the use of the identity transformation
now likely to give significant discrepancies by failing to provide sufficient coverage of
the input space: though the xi may originally have been sampled from ptrue(X), there
is only a finite set of them, such that repeated sampling from this finite set represents
a substantially different distribution to ptrue(X). In fact, (B) nicely encapsulates the
desire to perform augmentation in the first place, by showing how it can be used to
increase the coverage of the input space.

How to best manage Term (B) will vary depending on the type of model used and
the form of our transformations. In some situations, it may be that no matter how
diverse our transformations are within the class of those allowable, τ(xi) will still only
cover a subset of the support of X. Here the most important factor for keeping (B)

small will be to maximize the diversity of the transformations, e.g. by maximizing
their entropy, to ensure the best possible coverage of the true input space. In other
cases, it might also be possible to “over–diversify” the inputs, such that τ(xi) can
become more diffuse than X for some choices of ϕ, potentially causing training to
lack focus on the particular test-time input distribution we care about. Here we may
need to ensure that the entropy of the transformation does not become so large as
to cause such over-diversification, creating a more complex trade-off with the need
to ensure sufficient coverage. These two scenarios respectively motivate the lower
and upper bounds on the transformation distribution entropy used when training the
augmentation module.3

For augmentation of high-dimensional data, the former, coverage-limited, scenario is
expected to be significantly more likely, as our original training data will generally
provide quite poor coverage of the true input distribution, while our transformations
will not generally be sufficiently powerful to produce unrepresentative inputs. Moreover,
when working with large deep learning models, prediction in one region of the input

3Note here that the entropy bounds in Section 4.3.2 are on are on the entropy on the parameters
of τ , rather than τ(xi) itself. This is because it is difficult to directly control the latter during
the training, with the former providing a more practical proxy that is expected to generally be
representative.
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space is rarely harmed by the addition of data in another input region. Thus, for the
typical scenarios, we expect InstaAug to be deployed in, increasing the entropy of the
transformations will directly relate to reducing the magnitude of (B). Note here that
it will typically be the case that (B) < 0 provided that the transformations maintain
the label distribution, as the accuracy of the downstream model will typically be
higher for the transformations of the original training data that for the test data.

Term (C) is the error from the fact that we only have one sample of the label for
each original training input, rather than the full label distribution. As Ŷ ⊥⊥ τ , we
have limited ability to reduce it through controlling ϕ; it essentially represents the
irreducible noise in R̂(f, ϕ) from only having a finite number of true labels. Note
that it is not related to the model’s ability to generalize to unseen inputs, as it is
based on variability in other possible labels we might have seen for our training inputs
themselves; if Y |X is actually deterministic, it is exactly zero. As such, it is of limited
interest for our analysis, while it will thankfully generally be much smaller than the
other terms for practical problems unless we have both a very small dataset and a
very noisy true label distribution.

Putting everything together, we see that (A) and (B) respectively encapsulate the
competing needs of the invariance module to maintain the conditional label distribution
(i.e. preserve the label information) and maximize coverage of the input space. We
have also seen that the former is typically naturally taken care of by minimizing
R̂(f, ϕ) with respect to ϕ, motivating the cross-entropy term in Equation (4.2), but the
latter requires separate consideration, which we deal with through the regularization
term.

4.B Details of Augerino

As a method to learn invariance, Augerino [Benton et al., 2020] is quite different from
the previous approaches, which usually require an extra validation set. The basic
idea behind Augerino is to use a few parameters (θ) to control the transformation
distribution on input images and learn these parameters with the training loss of the
classifier. Specifically, it minimizes the loss

Lλ(x; y) ≜ E[L(f(τ(x)); y)] + λ · R(θ), (4.11a)
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where L(x; y) is the cross-entropy loss and R(θ) is a regularization function on the
volume of the support of the distribution weighted by the hyper-parameter λ.

Comparison with InstaAug. InstaAug shares with Augerino the ideas of tuning
augmentation parameters by the classifier loss and using test time augmentation
to boost performance, but they are different in the following aspects. The most
significant difference is that InstaAug is instance-specific, while Augerino learns global
augmentations. Besides, Augerino uses a single scalar θ to parameterize a symmetric
uniform distribution (U [−θ, θ]) over each type of transformations, which lacks the
flexibility to model more complex augmentations, such as cropping.

In addition, Augerino uses a fixed weight λ to balance the training loss and augmen-
tation diversity. However, we find that, in more complicated settings, this is quite
impractical. Specifically, we need different λ in different stages of training. If we use
a large λ from the start of training, the diversity will quickly diverge to maximum,
because the classifier is very weak and the loss is consequently dominated by the
diversity term. This will block the training of the classifier because transformed
samples from different classes are quite mixed with each other. Otherwise, if we choose
a small λ, the diversity will converge to zero after a few epochs, yielding similar results
as the vanilla model without augmentation. In neither of the case can we learn a
useful augmentation. Consequently, InstaAug directly constrains the diversity to keep
it stable during training.

4.C Method details

4.C.1 Regression and self-supervised learning

In Section 5.2, we use classification as an example to introduce InstaAug. However,
InstaAug can be easily applied to other tasks including regression and self-supervised
learning. For regression, the classifier (see Figure 5.2.1) is replaced by a regressor and
the loss function L in Equation (4.2) is changed accordingly to absolute or square error.
For self-supervised contrastive learning, we replace the classifier and cross-entropy
loss with the feature extractor and contrastive loss (such as SimCLR loss [Chen et al.,
2020]), respectively. In addition, the sampler samples 2 rather than 1 transformations
to generate multiple views for an input x.
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Algorithm 1: Location related parameterization
Input: Image x, layer number n_layer, channel number Mi

Output: Probability of patches Pcrop

F
′

0 = x;
for ( i = 1; i ≤ n_layer; i = i+ 1 )

Fi = Conv2d(F
′

i−1, kernel=2, stride=1, output_channel=Mi)
F

′

i = Pooling(Fi, kernel=2) ; // Conv and pooling
F

′′

i = Conv2d(F
′

i, kernel=1, stride=1, output_channel=1) // Concentrate info to
single channel

logiti = Flatten(F
′′

i ) ; // Use activations of units at different layers as
logits for patches of different sizes

logits = Concat([logiti])
Pcrop = Normalize(Exponential(logits))

4.C.2 Test-time augmentation

Besides augmenting data during training, the learned invariance can also be applied to
test-time augmentation. Given a test image x, we sample n different transformations
τi from p(τ ;ϕ(x)) and apply them to x to generate n different views τi(x). After
feeding these views to the classifier, f , we use the mean logit 1

n

∑n
i=1 f(τi(x)) to predict

x’s label. When only learning invariance for test-time augmentation, InstaAug can be
trained with a fixed pre-trained classifier at a lower computation cost.

4.C.3 Other parametrization methods

Besides the uniform and location-related parameterization, we also tried VAE-like
methods to parameterize augmentations, such as cropping. The main idea is to have a
Gaussian latent variable and a neural decoder to map the latent Gaussian distributions
to a continuous distribution on transformation parameters (in this case, the centers
and sizes of crops). However, similar to the uniform parameterization, we find the
VAE-like parameterization unstable and easily stuck at local minima.

4.C.4 Network structures

In all of our experiments, we use PreActResNet-18 as the base structure of ϕ for
both uniform and location-related parameterizations. When dealing with multiple
transformations, for example in Section 4.5.4, we use the same network to generate
parameters for all transformations simultaneously.
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Figure 4.C.1: Examples of RawFooT data. Each row contains images in the same
class (corn, candies, floor, red cabbage) under different lighting conditions. The left
and right half of lighting conditions are in the easy and hard groups, respectively.

4.D Experimental details

4.D.1 Cropping

Supervised training Based on the Mixmo codebase4 [Ramé et al., 2021], we use
stochastic gradient descent (SGD) optimizer to train baselines and InstaAug. For
the classifier, the initial learning rate is set to 0.2 (with momentum 0.9 and weight
decay 1e − 4). A scheduler is used to decrease the learning rate by a factor of 0.9
once validation accuracy doesn’t increase for 10 epochs. The learning rate of the
augmentation module ϕ is fixed at 1e− 5. Batch size is set to 100 and we pre-train
InstaAug for 10 epochs without augmentation. We train the model until convergence
and the maximum epoch is set to 150.

Contrastive training We directly apply InstaAug on the codebase5 from Ermolov
et al. [2021]. Because of the characteristics of contrastive learning, we set the batch size
to 512. Same as the supervised case, we use SGD optimizer to train the augmentation
module ϕ. Differently, we use Adam optimizer [Kingma and Ba, 2015] (with learning
rate 1e− 3 and weight decay 1e− 6) to train the base model. We train each model
for 500 epochs and decrease the learning rate by a factor of 0.8 at step 450 and 475.

4https://github.com/alexrame/mixmo-pytorch.git, under Apache License v2.0.
5https://github.com/htdt/self-supervised.git, under Apache License v2.0.
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Implementation of LRP As an example, we show how to implement location-
related parameterization with a basic CNN structure in Algorithm 1.

4.D.2 Color jittering on textures

Training. We use PreActResNet-18 (width = 1) on texture recognition task on
RawFooT and train it with SGD optimizer. The learning rate is 0.02 (with momentum
0.9 and weight decay 1e− 4) for the classifier and 1e− 5 for the augmentation module
ϕ. We train each model for 50 epochs and learning rate schedulers are not necessary
in this task.

Random augmentation baseline. We sweep over the variation range on each
channel to find the best hyperparameters for the random augmentation baseline. For
hue (h-jittering), we sweep between [0, 0.5] with stride 0.1, and for saturation (s-
jittering) as well as brightness value (v-jittering), we sweep between [0, 1.0] with stride
0.2, which yields 216 different settings in total. The best accuracy shown in Table 4.5.3
is achieved where h,s,v= 0.0, 0.2, 0.8.

Group Lighting id

Easy (1) 1-4,10,14-31
Hard (2) 5-9, 11-13, 32-46

Table 4.D.1: Splitting of Lighting
conditions.

In-distribution vs. out-of-distribution gen-
eralization. To further investigate the effect of
each augmentation method, we additionally split
the 46 test sets into two equally-sized groups. The
first group contains lighting conditions similar to
D45, such as daylight with different temperatures,
for which the vanilla model without augmentation trained on D45 has high test
accuracy. The second group contains lighting conditions that are dramatically dif-
ferent from D45, for example, pure red light, which are more difficult for the vanilla
method. Then the average accuracy on the first group can be regarded as a measure
of in-distribution generalization, while the accuracy on the second group reflects
out-of-distribution generalization.
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(I) Input (II) InstaAug (III) Augerino

(a) (b) (c) (d) (e) (f) (g)

Figure 4.D.1: Examples of learned color jittering. (a) Original image; (b, f) Average
hue (H) of original image (blue dot) and learned hue jittering (red arc) for InstaAug and
Augerino; (c,g) learned saturation (S) and brightness value (V) of original image (blue
dot) and learned hue jittering (red line segment) for InstaAug and Augerino; (d,e)
examples of images transformed by InstaAug.

4.D.3 Time complexity

On a single 1080Ti, each iteration of training InstaAug on TinyIN takes 0.25s, and each
epoch takes 250s. As it takes 150 epochs (1.5×105 iterations) for the model to converge,
the total training time is about 10h. For random augmentation, each iteration takes
0.15s, and each epoch takes 150s. It takes the same 150 epochs (1.5× 105 iterations)
to converge, so the total training time is about 7h. All of the other augmentation
learning approaches are slower than random augmentation, with some of them being
noticeably slower than InstaAug itself. For example, the exploitation stage of AdaAug
has the time complexity as random augmentation, which is 0.15s/iter, 150s/epoch,
and 7h for the whole training process. However, its exploration took us more than
15h because it requires averaging the representations of a large number of augmented
samples.
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The training speed of InstaAug on RawFoot (color jittering) is similar to random
augmentation (0.37s/iter vs. 0.40s/iter), though it takes more epochs (about 40)
compared with random augmentation, which usually converges after 25 epochs.

4.E Additional results and discussion

4.E.1 RawFooT

Hmin Hmax Accuracy (%)

0.0 0.5 52.12
0.5 1.0 61.28
1.0 1.5 62.91
1.5 2.0 64.39
2.0 2.5 65.04
2.5 3.0 65.05
3.0 3.5 66.03
3.5 4.5 65.60
4.0 4.5 64.35
4.5 5.0 64.17

0.0 1.0 51.78
1.0 2.0 63.96
2.0 3.0 65.25
3.0 4.0 65.78
4.0 5.0 64.23

Table 4.E.1: Model performance
with different choice of Hmin and
Hmax on supervised cropping.

Figure 4.D.1 shows some examples of learned color
jittering. Though it’s not easy to fully understand
them, we can still find some patterns. For example,
InstaAug tends to increase the brightness of darker
images (row 1 and 3) and decrease the brightness
of brighter images (row 4). Also, InstaAug is more
likely to change saturation compared with hue and
brightness, which is consistent with the common
belief that saturation contains less information
than hue and brightness.

InstaAug’s behavior is quite different on different
samples. It even decides not to augment the H
and V channels of the image in the second row.
In comparison, Augerino adds or multiplies noise
to each channel with the same distribution across
all samples, which is harmful in many cases. For
example, the input image in the last row is already
very bright. but Augerino allows further increasing its brightness. Then brightness
values of many pixels will be capped at 1.0, which leads to loss of information.

4.E.2 Hyperparameter ablation

The two hyperparameters of InstaAug are Hmin and Hmax, which reflect human
preference on augmentation diversity. To investigate how Hmin and Hmax influence
model performance and provide a guide on how to choose them, we perform an ablation
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Figure 4.E.1: Model performance with fixed λ on supervised cropping, compared with
dynamic tuning λ used in InstaAug.

study for the experiment of Section 4.5.2, wherein we sweep over possible intervals
of length 0.5 and 1.0. From Table 4.E.1, we find that the best accuracy is achieved
when [Hmin,Hmax] is set to [3, 3.5], while any sub-interval of [2, 4] produces significantly
better results compared with random augmentation.

To show the effect of dynamically tuning λ in InstaAug, we compare it with results
with fixed λ in Figure 4.E.1. We find that for small λ ≤ 0.1, the entropy term is
nearly 0 throughout training, which gives a result similar to no augmentation. For
large λ ≥ 0.5, the model suffers from excessive augmentations throughout training
which hinders the training of the classifier and InstaAug module. There is also a
performance plateau for 0.15 ≤ λ ≤ 0.5, whose accuracy is between 64.0 and 65.0.
However, even the best of them is not as good as dynamic tuning, which is probably a
result of their inability to keep transformation diversity stable during different stages
of the training process.

4.E.3 Why is the random augmentation baseline so strong?

It is perhaps initially surprising that the Random Augmentation baseline in 4.5.2 is
so strong compared to the other global augmentation schemes. In short, this occurs
because the extensive hyperparameter sweep used for it turns out to be a more effective
tuning mechanism than directly training global parameters simultaneously to the
model. To be more precise, for any global cropping scheme (which includes random
crop, Augerino, and InstaAug without input), there is little to be gained from using a
non-uniform distribution on the position of the crops. As such, the only thing that
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can be usefully learned is the distribution on the size of the crops themselves. For the
random crop baseline, we do an exhaustive sweep to establish the best distribution
on crop sizes, meaning that this baseline represents a near-optimal global cropping
augmentation. By comparison, InstaAug (without input) must still learn the optimal
cropping size distribution during training, and the results suggest that it does not
always manage to do this perfectly, tending to prefer under-diverse transformations.
This is perhaps not surprising, as it does not have access to a validation set, unlike
the hyperparameter sweep implicitly being deployed for the random crop baseline.
The problem is seen even more starkly for Augerino, where the lack of LRP causes
training to become stuck in highly sub-optimal local optima that yield very little
transformation diversity.
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Chapter 5

SelfCheck: Using LLMs to Zero-Shot
Check Their Own Step-by-Step
Reasoning

5.1 Introduction

Recent years have witnessed dramatic changes in the areas of NLP and AI brought on
by significant advances in LLMs. From GPT-3 [Brown et al., 2020], PaLM [Chowdhery
et al., 2022], Llama [Touvron et al., 2023] and Falcon [Almazrouei et al., 2023] to
GPT-4 [OpenAI, 2023] and PaLM-2 [Google, 2023], the increasing model sizes and
exploding amount of training data have empowered LLMs to achieve human-level
performance on a large range of tasks, including summarization, translation, and
question answering. The invention of Chain-of-Thought prompting (CoT, Wei et al.
[2022]) has further enhanced LLMs’ ability to solve complex problems by generating
step-by-step solutions.

However, the performance of even the largest LLMs is still unsatisfactory on more
difficult reasoning problems. For example, GPT-4 with CoT prompting only correctly
answers 42.5% of problems in the MATH dataset [Bubeck et al., 2023, Hendrycks et al.,
2021], which is far below the human level. Such problems require careful multi-step
reasoning to solve, and LLMs are consequently prone to make mistakes: even though
their error rate on individual steps may be low, the probability of generating at least
one erroneous step can still be quite high, undermining the final answer.
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Recent works have tried to overcome this limitation by checking for errors in these
step-by-step solutions [Cobbe et al., 2021, Li et al., 2022, Ling et al., 2023, Jiang et al.,
2023]. Such checks can then be used to provide confidence scores in answers and select
between different possible alternatives. This checking has typically been performed
either by using an external verification model [Cobbe et al., 2021, Lyu et al., 2023,
Peng et al., 2023], or through few-shot in-context learning [Brown et al., 2020] of an
LLM [Weng et al., 2022, Ling et al., 2023].

Unfortunately, existing methods generally require extra training data and/or domain-
specific exemplars, which often makes them inconvenient to use in practice and restricts
them to specific domains or data formats. The aim of our work is thus to instead
provide a general-purpose, zero-shot, approach to checking that relies only on the
original LLM, without the need for additional external resources.

To this end, we introduce SelfCheck, a zero-shot step-by-step checker for self-identifying
errors in LLM reasoning chains. SelfCheck uses the LLM to individually check the
conditional correctness of each step based on directly related information from the
question and the preceding steps, in a manner similar to a human going back to check
their work. The results of these individual checks are then integrated to form an
overall correctness estimation for the whole reasoning chain.

Key to SelfCheck’s success is a novel mechanism for performing the checking of
individual steps. As we will show, the naive approach of directly asking the LLM
to check a step is typically ineffective. Instead, we introduce a multi-stage approach
that breaks the problem down into a series of simpler tasks, leverages the generative
strengths of the LLM, and decorrelates errors between the original generation and
checking. Specifically, using separate calls to the LLM we first extract the target and
relevant context for the step, then regenerate an independent alternative step from
these, and finally compare the two. The original step is then deemed to pass the check
if it matches the regeneration.

Besides providing an estimation of correctness for each solution, SelfCheck can also
boost final answer accuracies for the original questions by weighted voting. Namely,
given multiple solutions to a question, it uses confidence scores as weights to vote
among the answers, which provides a soft way to focus on more accurate solutions.

We evaluate SelfCheck on three math tasks and one logical reasoning task. For all
datasets, we find that using SelfCheck achieves a significant increase in final answer
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accuracies compared with simple majority voting and other baselines. We also see
that SelfCheck provides an accurate confidence estimation for LLM’s solutions, which
decreases the proportion of incorrect solutions by between 9% and 23% (depending on
dataset) when filtering out solutions with low confidence scores. We further perform
a number of ablations to justify some of our key design choices in the SelfCheck
approach.

To summarize, we introduce SelfCheck as a novel and effective zero-shot schema for
self-checking step-by-step reasoning in LLMs. Unlike previous methods, SelfCheck does
not need any finetuning or example crafting, so can be directly applied to reasoning
tasks in different domains. Our experiments confirm that it can, in turn, be used to
improve final predictive performance of LLMs.

5.2 SelfCheck: using LLMs to check their own reasoning

Rather than relying on external resources or problem-specific data like the aforemen-
tioned approaches, it would be highly beneficial if we could develop self-contained
checking schemes that require only the original LLM itself. In other words, we would
like to use the LLM to identify errors in its own step-by-step reasoning, analogously
to how a human might go back to check their working.

Unfortunately, directly asking the LLM to check its own reasoning is largely ineffective:
it almost invariably declares that the original answer is correct, with Ling et al. [2023]
finding answers checked in this way are deemed correct more than 90% of the time
regardless of whether they actually are. As we will show in Section 5.5, individually
prompting the LLM to check each step in the CoT reasoning fares slightly better, but
is still only able to offer marginal gains compared to not checking at all.

A more nuanced method to perform this checking is thus required. To this end, we
introduce SelfCheck, a general-purpose, zero-shot, checking schema for self-identifying
errors in LLM CoT reasoning. Given a question, q, and its step-by-step solution,
s, produced by some generator (which will generally be an LLM with appropriate
CoT prompting), SelfCheck considers each step of s in turn and tries to establish
its individual correctness based on the preceding steps. This checking is done by
leveraging an LLM (which can either be the same LLM used to generate s or a
separate one), but rather than directly asking the LLM to perform the check, we
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instead introduce a novel step checking method (see Section 5.2.1) that exploits their
generative modeling strengths. The results of the checks on individual steps are then
combined into a single confidence score, w ∈ [0, 1], for the whole solution. These
confidence scores, in turn, allow us to improve predictive performance, by using them
to perform weighted voting on multiple solutions to the same question.

5.2.1 Step checking

To check individual steps of the reasoning process, the first thing we should note is that
the correctness of each step is highly dependent on its context, namely the question
and previous steps in the solution. For example, we usually need to refer to previous
steps for the definition of variables and the meaning of specific numbers. If each step
is conditionally correct based on the provided context and the last step provides an
answer in the required format, then the overall reasoning will itself be correct. The
target of the step checking is thus simply to check the conditional correctness of each
step based on the context provided by previous steps. That is, we only care about
catching errors at the current step, and can assume all information from its context
to be correct.

A simple idea to try and achieve this would be to feed the current step as well as
all its context to an LLM and directly ask it to ‘check the correctness of the step’.
However, in practice, we find that this task is too difficult for the LLM to do effectively,
even with careful prompting that exemplifies how to do the checking in detail (see
Section 5.5). This difficulty comes first from the fact that there are multiple aspects
to the checking problem that the checker must deal with simultaneously: it needs to
understand the key content in the step and then collect all related information from
the context, before actually checking for its correctness. Second, LLMs are trained as
generative models, rather than directly as supervised approaches for checking, such
that it is a problem that does not necessarily play to their strengths. Finally, there
are likely to be strong correlations between the errors such a checker will make with
the errors made in the original generation, undermining its usefulness.

To address these difficulties, SelfCheck instead decomposes the checking task for each
step into four stages: target extraction, information collection, step regeneration, and
result comparison. The LLM is used to execute each stage successively, with the
outcome of the result comparison providing the correctness prediction.

92



Figure 5.2.1: Example of using SelfCheck, focusing on the checking of a particular step
(Step 5). To check the correctness of the step, SelfCheck goes through 4 stages. First,
in the target extraction stage, it figures out that the main purpose of Step 5 is to
complete the square. In the information collection stage, it then establishes that Step
5 only directly relies on Step 4. Next, the step regeneration stage instructs the LLM
to complete the square independently, only using Step 4 as context. The regeneration
result shows that the center and radius of the circle are (3, 0) and 3, which is different
from what is implied by the original Step 5. Consequently, the result comparison stage
concludes that Step 5 is likely to be wrong. After checking all the steps, SelfCheck
integrates the results to form an overall confidence score, w. See Section 5.A for a
complete version of the example.

The idea behind this decomposition is to make the LLM focus on an easier task at
each stage and ensure the individual tasks carried out are more closely aligned to
the LLM’s strengths. Moreover, by focusing on regenerating and then comparing, we
hope to reduce the correlations between the errors of the checking and the original
generation.

At a high level, the stages work by first prompting the LLM to figure out the target
of the current step and what information it uses to achieve the target; we find that
the LLM is usually able to perform these tasks extremely accurately. Then we ask
the LLM to re-achieve the target using only the collected information, providing
an alternative to the original step that maintains the same purpose in the overall
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reasoning process. Here the clear description of the target and the simplified context
we provide make the regeneration stage less challenging. As a result, we hope its
output will be more reliable and thus serve as a useful reference. Even if this is not
the case, it will still hopefully provide a viable alternative, with a distinct generation,
that can be used for comparison. The last stage then uses the LLM to compare the
original step with the regenerated output. If their main conclusions match/mismatch,
this provides evidence that the original step was correct/incorrect.

A worked example of this step-checking process is provided in Figure 5.2.1. In the
following, we describe each of the subtasks in detail and provide our specific instructions
to the LLM. We note here that the different LLM queries are made independently,
rather than keeping the queries and answers from previous stages in context. Thus,
for example, when the LLM is called to carry out the step regeneration, it does not
have access to the original generation. The same prompts are used across LLMs and
datasets, thereby providing a general-purpose approach.

Target extraction To check a step (for example, Step 5 in Figure 5.2.1), we first
need to figure out what the step is trying to achieve. Without a specific target, the
regeneration stage would proceed in a random direction, making it impossible to serve
as a reference to the original step. We thus use the LLM itself to extract the target of
a step using the question and all previous steps (Steps 0-4 in Figure 5.2.1) with the
following prompt (we omit some line breaks due to space limitations):

The following is a part of the solution to the problem [Question]: [Step 0,..., Step i].
What specific action does the step [Step i] take? Please give a brief answer using a single
sentence and do not copy the steps.

During execution, we copy the question and steps into [Question] and [Step 0, ..., Step
i] to form the actual input to the LLM. The reason for requesting a brief answer is to
try and keep the amount of information retained to the minimum needed, thereby
avoiding unnecessary influence on the regeneration and hopefully reducing correlations
in errors in turn.

Information collection To reduce the difficulty of the regeneration stage and avoid
unrelated information from affecting the result, we filter out information that is not
directly related to the current step. Specifically, we ask the LLM to select useful
items from the question and all previous items with the following prompt, where
[Information j] is simply the j-th sentence in the question:
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This is a math question: [Question]. The following is information extracted from the
question:
Information 0: [Information 0] Information 1: [Information 1] ...
The following are the first a few steps in a solution to the problem:
Step 0: [Step 0] Step 1: [Step 1] ... Step i-1: [Step i-1]
Which previous steps or information does the next step [Step i] directly follow from?

After retrieving the free-text response from the LLM, we extract step or information
ids by regular expression. For example in Figure 5.2.1, the current step requires Step 4
and no information from the question as context. The selected steps and information
are then fed into the regeneration stage.

Step regeneration Given the target and necessary information of the step, we
can now ask the LLM to achieve the target independently with only the collected
information, without seeing the original step. Because the step is usually a small jump
from previous conclusions, and the information collection stage has already filtered
out irrelevant information, we can usually trust regeneration results. The prompt for
this stage is:

We are in the process of solving a math problem. We have some information from the
problem:
Information 0: [Information I0] Information 1: [Information I1] ...
The following are some previous steps: Step 0: [Step S0] Step 1: [Step S1] ...
The target for the next step is: [Target]
Please try to achieve the target with the information from the problem or previous steps.

Here [Target] is the output from the target extraction stage. [Information Ii] and
[Step Si] correspond to the specific items selected by the information collection stage.
In Figure 5.2.1, only Step 4 and no information from the question is directly related
to the current step, so SelfCheck simply copies the content of Step 4 into [Step S0]
and removes the block containing [Information Ii].

Result comparison The last step is to compare results from the regeneration stage
and the original step with the following prompt:

The following are 2 solutions to a math problem. Solution 1: [Regeneration output]
Solution 2: [Step i]
Compare the key points from both solutions step by step and then check whether Solution 1
‘supports’, ‘contradicts’ or ‘is not directly related to’ the conclusion in Solution 2. Pay
special attention to the difference in numbers.

If the regeneration output ‘supports’/‘contradicts’ the original step, we can conclude
that the original step is likely correct/incorrect respectively. Sometimes, the correctness
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of the original step cannot be directly inferred from the regeneration output. For
example, when the target is to simplify an equation, then there may be multiple valid
solutions. In such cases, we are not sure about the correctness of the original step,
which makes ‘is not directly related to’ the third possible outcome of the check.

5.2.2 Results integration

After running step-checking and getting a checking result for each step, we need an
integration function ϕ to give a confidence score, w ∈ [0, 1], for the overall correctness
of the solution. The input of ϕ should be a vector in the form of [r0, r1, ..., rn], where
each item ri represents the step checking result for Step i. We will use ri = −1, 0, and
1 to represent the step-checking results ‘contradict’, ‘is not directly related to’ and
‘support’ respectively. We find that the following simple integration function works
well in practice

w = ϕ([r0, r1, ..., rn]) = 2 ∗ Sigmoid

(
−λ−1

n∑
i=0

1ri=−1 − λ0

n∑
i=0

1ri=0

)
, (5.1)

where λ−1 and λ0 are two non-negative hyperparameters with λ−1 > λ0; we found
nearly any sensible pairs of λ−1 and λ0 worked similarly well in preliminary tests, so
we simply fix λ−1 = 1 and λ0 = 0.3 throughout our experiments. The rationale of
this setup is that the more failed checks we see, the more likely the overall reasoning
process, and thus the final solution, are wrong. Note here that, because the checks
are themselves imperfect, we do not necessarily want to immediately reject the whole
solution from a single step-check failure, especially for ri = 0 cases. This is why
we take a ‘soft’ approach to the verification with a confidence score. The number
of successful checks, i.e.

∑n
i=0 1ri=1, is deliberately not included in our integration

function as an increased number of successful checks does not actually increase our
confidence in the overall solution: shorter reasoning chains are generally preferable to
longer ones for a given question and LLM.

Once calculated, the resulting confidence score can be directly used as a weight for
voting between different possible solutions. We can thus use SelfCheck to increase the
accuracy of an LLM’s answers by generating multiple possible solutions, calculating
confidence scores for each, and then choosing our final answer through weighted
voting.
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5.3 Related work

How to automatically check the correctness of a sequence of reasoning steps is a
long-standing question. We now discuss how previous methods have tried to tackle
this in an LLM context. We note that none of these works are able to work in the
zero-shot setting covered by SelfCheck, requiring either problem-specific examples, an
external model, and/or finetuning.

Few-shot verification Though our focus will be on zero-shot checking, for some
problems one may have hand-crafted exemplars available that are specifically designed
to that particular question-answering task. Previous methods have been designed to
perform checking of LLMs’ generated solutions in this few-shot checking scenario.

For example, the Self-Verification (SV) approach of Weng et al. [2022] verifies the
whole solution by backward prediction. That is, it uses the conclusion from CoT
reasoning to predict a masked condition in the question. However, it only supports
single-step checking and is based on the assumption that every piece of information
in the question can be recovered using a correct solution of it, which is often not the
case. Consequently, it is only applicable to simpler tasks, such as GSM8K.

The Deductive Verification (DV) approach of Ling et al. [2023] instead looks to verify
independent sub-tasks, as per SelfCheck. However, its verifier only supports checking
reasoning chains in a special format called Natural Programs. As a result, it can only
work with a specific specialised generator, without serving as a general verifier for
multi-step reasoning.

Verification with external resources In some cases, there might be external
resources available to verify the logical correctness or faithfulness of LLM outputs.
Lyu et al. [2023] translate a question into a symbolic reasoning chain using an LLM
and solve the problem by a symbolic logic solver. Peng et al. [2023] introduced an
external database to check for incorrect knowledge in LLM outputs. These methods
are limited by the availability of external resources and are typically restricted to
checking for certain types of errors.
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Training/finetuning a verifier A few other methods train or finetune a separate
verifier model to check reasoning chains. Cobbe et al. [2021] finetuned a GPT-3 model
on GSM8K to predict the correctness of a solution as a whole. Li et al. [2022] trained
a binary deberta-v3-large [He et al., 2020] classifier on each domain to predict step
correctness. More recently, Lightman et al. [2023] built a large dataset, which contains
step-wise correctness labels from human labelers, and finetuned a GPT-4 model on it.
Unlike SelfCheck, all of these methods require extra data and external computational
resources, restricting their applicability and ease of use.

5.4 Experiments

We now run experiments on three math-reasoning datasets to evaluate SelfCheck’s
effectiveness in checking multi-step reasoning and improving final answer accuracies.
Note here that our focus on math-reasoning problems is due to ease of performance
evaluation and dataset availability; SelfCheck is directly applicable to other question-
answering problems with nominal changes to our prompts. An additional experiment
based on a logic reasoning task is provided in Section 5.D.

Datasets GSM8K [Cobbe et al., 2021], MathQA [Amini et al., 2019], and MATH
[Hendrycks et al., 2021] consist of math problems on primary school, middle school,
and competition levels, containing 1319, 2985, and 5000 test samples, respectively. For
GSM8K and MathQA, we evaluate SelfCheck on the whole test sets. Due to limited
resources, we use a subset of MATH test set taken from Ling et al. [2023].1 Besides the
levels of difficulty, the three datasets differ from each other in the following aspects.
Firstly, MathQA provides 5 options to choose from for each problem, while GSM8K
and MATH have no options. Secondly, GSM8K only has arithmetic problems, while
MathQA and MATH contain more diverse problems in geometry, physics, probability,
and algebra.

LLMs We use GPT-3.5 (gpt-3.5-0301) and GPT-4 (gpt-4-0613) as our LLMs, focus-
ing in particular on the former due to budget restrictions. Note that the same prompts
are used for all datasets with both LLMs during evaluation; no dataset-specific cus-
tomization or tuning has been performed. When devising the prompts, a small number

1https://github.com/lz1oceani/verify_cot/tree/main/results/chatgpt3.5/natural_program/MATH_np.json
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of training samples from MathQA dataset were utilized. An additional experiment
using Llama2 (70B, 4-bit, Touvron et al. [2023]) is provided in Section 5.E.

Baselines We use majority voting (also known as Self-Consistency Decoding [Wang
et al., 2022] in the context of CoT reasoning) as our main baseline following Ling
et al. [2023] and Lightman et al. [2023]. Despite its simplicity, this is still quite a
strong baseline in the current literature. In particular, most existing few-shot methods
report similar results compared with it [Weng et al., 2022, Ling et al., 2023]. We also
compare with previously quoted results from Self Verification (SV, Ling et al. [2023])
and Deductive Verification (DV, Weng et al. [2022]) when possible. We note though
that these approaches are not directly comparable to SelfCheck in general, as they
require additional exemplars which will often not be available in practice. Despite
this, we will find that SelfCheck outperforms them when comparisons are possible.

We omit results from Faithful-CoT [Lyu et al., 2023], because it has already been shown
to decrease the accuracies on GSM8K and MATH by 11.8% and 4.2%, respectively
compared to majority voting [Ling et al., 2023]. It is also impossible for us to compare
with training/finetuning based methods such as Lightman et al. [2023], because we
have neither access to their finetuned models nor computation resources to repeat
their training/finetuning. The significant extra data and resources they require also
means their contributions are somewhat tangential to SelfCheck regardless.

5.4.1 Final answer correctness

Figure 5.4.1 shows the performance gains using the confidence scores from SelfCheck
to do weighted voting compared with baseline methods. The upper plots show that
accuracies of both SelfCheck and majority voting have the same increasing tendency
as the number of generated solutions per question increases, which is a result of the
variance reduction provided by averaging over more solutions. The bottom plots
show the difference in accuracy between the two including the standard error in the
estimate. We can see that by allocating higher weights to correct solutions, SelfCheck
achieves significantly higher accuracies than majority voting for all solution numbers
per question. We also find the improvements of SelfCheck (compared with majority
voting) to be higher than Deductive Verification and Self-Verification in their reported
settings, despite the use of in-context learning from additional examples. We will
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Figure 5.4.1: The upper plots show the accuracies of SelfCheck and majority voting
for different numbers of generated solutions per question with GPT-3.5. The lower
plots show the accuracy gaps between each method and majority voting, where DV
and SV stand for Deductive Verification [Weng et al., 2022] and Self-Verification [Ling
et al., 2023], respectively. It is difficult to compare with DV and SV with respect to
absolute accuracies because they are using different generator models. However, we
can see that SelfCheck achieves higher relative performance gains than both in their
reported settings.

Dataset Generator Checker ✗✗ (%) ✗✓ (%) ✓✓ (%) Acc(MV, %) Acc(SelfCheck, %) ∆Acc (%)

GPT-3.5 GPT-3.5 16.8 23.0 60.2 71.7 74.3 2.8±0.9
GSM8K GPT-4 GPT-4 8.8 8.2 83.0 87.1 86.9 -0.2±0.2

GPT-4 GPT-3.5 8.8 8.2 83.0 87.1 88.1 1.0±0.3

GPT-3.5 GPT-3.5 27.6 26.4 46.0 59.2 64.6 5.4±1.1
MathQA GPT-4 GPT-4 16.2 11.0 72.8 78.3 80.9 2.6±0.4

GPT-4 GPT-3.5 16.2 11.0 72.8 78.3 81.2 3.0±0.4

GPT-3.5 GPT-3.5 52.6 23.2 24.2 35.8 38.0 2.2±0.7
MATH∗ GPT-4 GPT-4 42.0 20.2 37.8 47.9 51.3 3.4±0.6

GPT-4 GPT-3.5 42.0 20.2 37.8 47.9 48.9 1.0±0.8

Table 5.4.1: SelfCheck significantly increases final answer accuracies with both GPT-
3.5 and GPT-4, even we only have 2 candidate solutions for each question. ∆Acc is
the performance gain of SelfCheck compared with majority voting (MV), with the ±
indicating the standard error. ✗✗, ✗✓and ✓✓represent the proportions of questions
with 0, 1 or 2 correct solutions. Unlike in Figure 5.4.1, Acc(MV) here is essentially
the average accuracy of 2 single generations. We see that the gains from SelfCheck
are typically larger in cases where it is common for only one of the solutions to be
correct, as these are the cases using weighted voting can influence the final answer.

perform additional ablations on how performance changes when ensembling over a
larger number of solutions in Section 5.5.1.

To investigate the effect of using more powerful LLMs, and of using a different LLM
for the generation and checking, we further conducted experiments with GPT-4 and a
mix of GPT-4 and GPT-3.5. Because of the high cost of calling the GPT-4 API, we
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Figure 5.4.2: When raising the classification thresholds t, the proportions of real
correct solutions in predicted correct solutions (Real + in Pred +) increase for
GSM8K (67.5%→76.5%), MathQA (59.4%→82.2%) and MATH (34.6%→50.8%).

randomly sample 500 questions from each dataset to form the test sets and generate
2 (instead of 10) answers to each question. In Table 5.4.1, we see that SelfCheck
significantly outperforms majority voting with both GPT-3.5 and GPT-4. We also
notice that using GPT-3.5 to check GPT-4 generated answers yields surprisingly good
results, actually outperforming checking with GPT-4 on the simpler GSM8K and
MathQA tasks. This is likely because using different LLMs helps to further decorrelate
the errors of the generator and the checker, and shows that using a cheaper LLM can
still often be sufficient for the checking. For the more difficult problems in MATH,
using GPT-4 as checker always produces better results, but even here the checking
from GPT-3.5 is beneficial compared to doing no checking at all.

5.4.2 Verification performance
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Figure 5.4.3: True positive
rates (TP) vs. false posi-
tive rates (FP) as classification
threshold, t, is varied.

Besides serving as a confidence score calculator to
improve the performance of voting, SelfCheck can
also predict the correctness of a single solution. To
do so, we simply set a threshold t to the confidence
score, where solutions with confidence scores w ≥ t

are classified as correct.

Figure 5.4.3 shows the ROC curves for each dataset.
As a comparison, directly prompting GPT-3.5 to
verify whole reasoning chains leads to no meaningful
control on the false and true positive rates (FP and
TP): they are always both 100% on MATH and 98%
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on GSM8K, as observed by Ling et al. [2023]. In other words, the checker always
predicts the answer as correct, providing no useful information.

As well as verification accuracies, we may also care about the solution quality after
filtering out solutions with low confidence scores w. Figure 5.4.2 shows that by
increasing the threshold t, SelfCheck can filter out more incorrect solutions, such
that a higher proportion of the solutions that pass the check are indeed correct (Real
+ in Pred +). Though this is at the cost of misclassifying more of the real correct
solutions as incorrect, this can be a useful feature in cases where the risk of choosing
an incorrect solution is higher than rejecting a correct one.

5.5 Analysis

We now perform some ablations to justify some of the key design choices made by
SelfCheck and provide insights on its behavior. Limited by budget and time, all
experiments in this section are performed on a subset of the MathQA test set with
100 randomly selected questions.

5.5.1 More solutions per question?
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Figure 5.5.1: SelfCheck achieves signif-
icantly higher final answer accuracies
than majority voting for large ensem-
bles of solutions.

Serving as a method to reduce variance, ma-
jority voting increased final answer accuracies
on different datasets when we increased from
2 to 10 solutions in Figure 5.4.1. In cases
where we only care about final predictive per-
formance and majority voting can be applied
(see Section 5.D for an example where it can-
not, but SelfCheck can), one might thus ques-
tion whether it is better to simply use our
computational resources to keep increasing
the size of this ensemble, rather than relying on a checking scheme. Note here that the
cost of running the verifier is around twice that of the original generation for zero-shot
generators (it can cost less than the original generation for few-shot generators with
longer prompts).
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However, as shown in Figure 5.5.1, the improving performance from using a larger
ensemble saturates for majority voting, with the accuracy never going above that
achieved when n = 9, thereby never reaching the performance we already achieved
by SelfCheck for an ensemble of size n = 5. Moreover, the performance of SelfCheck
continues to increase as the ensemble grows. By lowering the weights (confidence) of
incorrect solutions, SelfCheck increases the chance of selecting the correct answers,
even when their generation probabilities in the generator LLM are low. Therefore,
with SelfCheck, LLMs can effectively rectify their own biased beliefs by themselves.

5.5.2 Albation studies

In order to pick apart the effect of several critical design choices for SelfCheck, we
compare SelfCheck with some of its variants with respect to final answer and verification
accuracies on MathQA.

Global v.s. step-by-step checking The first question is can we simply ask an
LLM to check the whole solution without taking steps into consideration. To answer
it, we prompt the LLM to perform global checking with the following instruction:

The following is a question and a solution to it from a student. Carefully check whether
the solution is correct step by step. End your response with your conclusion that starts
with "Correct", "Wrong" or "Not Sure".
Question: [Question] Solution: [Step 0, Step 1,..., Step n]
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Figure 5.5.2: Generation accuracies
for variants of SelfCheck on MathQA
with GPT-3.5.

Similar to the findings of Ling et al. [2023], we
find that the global checker outputs "correct"
most of the time and rarely recognizes an error.
Consequently, its final answer accuracies are
very close to majority voting (in Figure 5.5.2)
and its verification accuracy (55.0%) is only
marginally above random guess (50.0%). This
lack of ability to deal with the difficulty of
global checking is what makes step checking
necessary.

Single-stage v.s. multiple-stage step checking Next, we ask whether we really
need to decompose the step checking into several stages. To answer this, we design
the following prompt to use the LLM directly.
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The following is a question and the first a few steps in its solution.
Question: [Question] Solution: [Step 0, Step 1,..., Step i-1]
Check the correctness of the next step: [Step i]
Please consider the information it relies on and check step by step. Please end your
response with your conclusion that starts with "Correct", "Wrong" or "Not Sure".

Method Accuracy (%)

SelfCheck 66.7%
Global Check 55.0%
Single stage Check 57.2%
Error Check (0-shot) 63.1%
Error Check (1-shot) 64.2%

Table 5.5.1: Verification accuracies for vari-
ants of SelfCheck on MathQA with GPT-3.5.
The reported verification accuracy is the av-
erage of true positive and true negative rates.

Figure 5.5.2 and Table 5.5.1 show that
although this is better than global
checking, it is still significantly worse
than SelfCheck with its multi-stage
checking. This indicates that checking
a step in a single stage is still too chal-
lenging for the LLM, so it is necessary
to further decompose step checking into
a pipeline of easier sub-tasks.

Error check v.s. regenerate and compare We now justify the choice to perform
step regeneration and comparison instead of direct error checking for each step. To do
so, we replace our regeneration stage and comparison stage with a single error-checking
stage. We first compare with a zero-shot version of the variant with the following
prompt:

Given the following information:
Information 0: [Information I0] Information 1: [Information I1] ...
Step 0: [Step S0] Step 1: [Step S1] ...
Check the correctness of the next step [Step i]
Please check for grounding errors, reasoning errors and calculation errors step by step.
Please end your response with your conclusion that starts with "Correct", "Wrong" or
"Not Sure".

We then add an examplar from Ling et al. [2023] (see Section 5.B) to make a more
powerful one-shot error checker. However, results in Figure 5.5.2 and Table 5.5.1
show that even with a very detailed and instructive example, direct error checking
still performs worse than our regenerate and compare approach, which supports our
previous argument that LLMs are better at generation than checking.
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5.6 Conclusions

In this paper, we have introduced SelfCheck, a general-purpose, zero-shot, step-by-step
checking scheme for LLMs. Unlike previous approaches, SelfCheck does not require
any additional data or external resources: it uses the LLM to identify errors in its
own reasoning, leveraging a novel regenerate-and-compare approach. By using the
results of this checking to perform weighted voting over different solutions, we find
that SelfCheck is able to, in turn, increase final predictive accuracy.
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Appendix

5.A A complete example of SelfCheck

To help readers get a better idea of how SelfCheck works, we show a complete version
of the example in Figure 5.2.1, including the exact inputs and outputs of different
stages. Please note that we have compiled all latex codes for readability, though the
inputs and outputs to LLMs are in their original form. The question is

Let S be the set of complex numbers z such that the real part of 1
z is equal to 1

6 . This set
forms a curve. Find the area of the region inside the curve.

We feed the following instruction to the LLM that serves as the generator:

Solve the following problem step by step. Please start each step with "Step :" and split
sentences in each step with "\n\n". Please finish you response with "So the answer is
...". Problem: Let S be the set of complex numbers z such that the real part of 1

z is equal
to 1

6 . This set forms a curve. Find the area of the region inside the curve.

After getting the following solution, we start checking Step 5 as an example:

Solution:
(Step 0) Let z = x+ yi be a complex number, where x and y are real numbers.
(Step 1) We are given that the real part of 1

z is equal to 1
6 .

(Step 2) Using the fact that the real part of a complex number a+ bi is a, we have
Re
(
1
z

)
= Re

(
1

x+yi

)
= x

x2+y2
.

(Step 3) Setting Re
(
1
z

)
= 1

6 , we get x
x2+y2

= 1
6 .

(Step 4) Cross-multiplying and rearranging, we get the equation 6x = x2 + y2.

(Step 5) Completing the square, we obtain
(
x− 3

2

)2
+ y2 = 9

4 .
(Step 6) This is the equation of a circle with center

(
3
2 , 0
)

and radius 3
2 .

(Step 7) The area of the region inside the circle is 9π
4 . So the answer is 9π

4 .

Variable definition extraction This optional stage extracts the definitions of
variables that appear in the reasoning chain. SelfCheck feeds the definitions to the

106



regeneration stage to avoid LLM not understanding the meaning of a variable. The
input to the LLM is:

The following is the solution to a math question: Question: Let S be the set of complex
numbers z such that the real part of 1

z is equal to 1
6 . This set forms a curve. Find the area

of the region inside the curve.

Solution:
(Step 0) Let z = x+ yi be a complex number, where x and y are real numbers.
...
(Step 7) The area of the region inside the circle is 9π

4 . So the answer is 9π
4 .

Are there variables in the solution? If so, please list the definition of variable in the
form of "1. variable is defined as...".

The underlined parts are the type of question, the question itself and the steps in its
solution, respectively.

The output from the LLM is:

Yes. There are variables in the solution.
1. zzz is defined as a complex number of the form x+ yix+ yix+ yi, where xxx and yyy are real
numbers.

The bold part is then saved to form a part of the input in the regeneration stage.

Target extraction To get a brief and clear target of the current step, the input to
the LLM is:

The following is a part of the solution to the problem: Let S be the set of complex numbers
z such that the real part of 1

z is equal to 1
6 . This set forms a curve. Find the area of the

region inside the curve.

(Step 0) Let z = x+ yi be a complex number, where x and y are real numbers.
...
(Step 5) Completing the square, we obtain

(
x− 3

2

)2
+ y2 = 9

4 .

What specific action does the step "Completing the square, we obtain
(
x− 3

2

)2
+ y2 = 9

4 ."
take? Please give a brief answer using a single sentence and do not copy the steps.

The underlined parts are the question and reasoning steps before the current one,
including the current one.

The output of the LLM is:
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The step completes the square to rewrite the equation in standard form of a
circle.

The whole sentence is saved and forms the most important part of the input in the
regeneration stage.

Information Collection To get sentences in the question and previous steps in the
solution that are directly related to the current step, the input to the LLM is:

This is a math question: Question: Let S be the set of complex numbers z such that the
real part of 1

z is equal to 1
6 . This set forms a curve. Find the area of the region inside the

curve.

The following is information extracted from the question:
Information 0: Let S be the set of complex numbers z such that the real part of 1

z is equal
to 1

6 .
Information 1: This set forms a curve.
Information 2: Find the area of the region inside the curve.

The following is the first a few steps in a solution to the problem:
Step 0: Let z = x+ yi be a complex number, where x and y are real numbers.
...
Step 4: Cross-multiplying and rearranging, we get the equation 6x = x2 + y2.

Which previous steps or information does the next step "Completing the square, we obtain(
x− 3

2

)2
+ y2 = 9

4 ." directly follow from?

The underlined information (contents after Information X:) is simply a list of sentences
in the question. The underlined steps are reasoning steps before (not including) the
current one in the solution.

The output from the LLM is:

The next step "Completing the square, we obtain
(
x− 3

2

)2
+ y2 = 9

4 ." directly follows from
Step 4.

Then we use regular expression to extract the information and step id from LLM’s
output. Some steps may only rely on information from the question while others may
only use results from previous steps.

Step regeneration In this stage, we instruct the LLM to achieve the extracted
target with only collected information with the following prompt:
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We are in a process of solving a math problem.

Variables are defined as: 1. z is defined as a complex number of the form x+ yi, where x
and y are real numbers.

The following are some previous steps: Step 0: Cross-multiplying and rearranging, we get
the equation 6x = x2 + y2.

The target for next step is: The step completes the square to rewrite the equation in
standard form of a circle.

Please try to achieve the target with the information from previous steps.

The underlined parts are the type of question, variable definition (if any), collected
information from the question (if any), collected previous steps (if any) and the
extracted target. Please notice that the current step does not directly rely on any
information from the question, we removed the corresponding block from the input.

The output from the LLM is:

To rewrite the equation in standard form of a circle, we need to complete the
square for both xxx and yyy.
Starting from the given equation: 6x = x2 + y26x = x2 + y26x = x2 + y2.
We add and subtract (6/2)2 = 9(6/2)2 = 9(6/2)2 = 9 on the right-hand side:
6x+ 9− 9 = x2 + y2 + 9− 96x+ 9− 9 = x2 + y2 + 9− 96x+ 9− 9 = x2 + y2 + 9− 9.
Simplifying: (x− 3)2 + y2 = 9(x− 3)2 + y2 = 9(x− 3)2 + y2 = 9. This is now in the standard form of a circle
with center (3, 0)(3, 0)(3, 0) and radius 333.

Then we can directly compare the regenerated step with the original one in the next
stage.

Result comparison The input to the LLM is:

The following are 2 solutions to a math problem:

Solution 1: To rewrite the equation in standard form of a circle, we need to complete the
square for both x and y.
Starting from the given equation: 6x = x2 + y2.
We add and subtract (6/2)2 = 9 on the right-hand side: 6x+ 9− 9 = x2 + y2 + 9− 9.
Simplifying: (x− 3)2 + y2 = 9. This is now in the standard form of a circle with center
(3, 0) and radius 3.

109



Solution 2: Completing the square, we obtain
(
x− 3

2

)2
+ y2 = 9

4 .

Compare the key points from both solutions step by step and then check whether Solution 1
"supports", "contradicts" or "is not directly related to" the conclusion in Solution 2. Pay
special attention to difference in numbers.

The underlined parts are simply the problem type, the regenerated step and the
original step.

The output is:

In both solutions, the goal is to rewrite the given equation in standard form of a circle.
However, in Solution 1, the completion of the square results in the center of the circle
being (3, 0) and a radius of 3. In Solution 2, the completion of the square results in the
center of the circle being (3/2, 0) and a radius of 3/2.

Therefore, Solution 1 contradicts the conclusion in Solution 2 as the centers and radii of
the circles are different.

If the word ‘support’ or ‘contradict’ appears in the last line of the output, SelfCheck
outputs a step score 1 or -1. Otherwise, SelfCheck outputs 0 meaning that two steps
are not related.

5.B Examplar for one-shot error checking

The following example from Ling et al. [2023] is used to perform one-shot error checking.

Here is some information:
“1. Alice gets 2 apples.
2. Alice gets twice as many oranges as bananas.
3. Original price per apple: $2
Discount: 50%
Price per apple after discount: $2 * (1 - 0.50) = $2 * 0.50 = $1"

Based on the given information, here is a reasoning process:
"Calculate Alice’s cost of the 5 apples after a 50% discount.
Price per apple after discount: $1
Apples be eaten: 3
Oranges be eaten: 6
Total apples: 5
Total oranges: x
Total bananas: 2x
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Alice’s total number of fruits: 5 + x + 2x = 5 + 4x
Alice’s total cost of 5 apples: $1 * (5 - 3) = $2”

Double-check the reasoning process, let’s analyze its correctness, and end with "yes" or
"no".

Answer:
Let’s think step by step.

Grounding check
Purpose: Find references for numbers in the reasoning process sequentially
Rule: Any ungrounded number makes the check fails

"x" is a variable, we do not care about variables.
"y" is a variable, we do not care about variables.

"5" is a quantity from the given information that represents the number of apples.
"50%" is a quantity from the given information that represents the discount.
"$1" is a quantity from the given information that represents the price per apple after the
discount.
"3" is a quantity not from the given information, it is ungrounded.
"6" is a quantity not from the given information, it is ungrounded.
"$2" is a quantity from the given information that represents the original price per apple.
Result: Based on the check, there are ungrounded numbers, so the grounding check fails.

Reasoning check:
Purpose: Check whether the reasoning logic correctly answers the question
Rule: Any logic error makes the check fails

To calculate the total cost of apples after a 50% discount, we should multiply the number
of apples by the discounted price. But to answer the question, we do not need to calculate
the total number of fruit Alice gets.
Result: Based on the check, there are some logic mistakes, so the reasoning check fails.

Calculation check:
Purpose: Check whether the calculation process is consistent
Rule: Any inconsistent calculation makes the check fails
calculation1:

equation: $1 * (5 - 3), answer: $2
(5 - 3) = 2
$1 * 2 = $2 is consistent with the answer, so the calculation is correct.
calculation2:
equation: 5 + x + 2x, answer: 5 + 4x
x + 2x = 3x
5 + 3x is inconsistent with the answer, so the calculation is incorrect.
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Result: Based on the check, the calculation process is inconsistent, so the calculation check
fails.

Check results: Ground check fails, Reasoning check fails, Calculation check fails.
Rule: Any failed check makes the reasoning incorrect.
So the answer is "no".

5.C More examples on target extraction

The following are some real examples of extracted targets on MathQA with GPT-3.5.

Step: According to the problem, the profit was divided in the ratio of 2:3, which means
that x received 2/5 of the profit and y received 3/5 of the profit.
Extracted target: It calculates the ratio of the profit earned between x and y based on
the information given in the problem.

Step: Since the interest has increased by 4%, the new rate of interest (r2) is 16.67% +
4% = 20.67%.
Extracted target: The step calculates the new rate of interest after increasing it by 4%.

Step: The sum of the ages of the first 14 students is 56 + 160 = 216 years.
Extracted target: The step calculates the sum of the ages of the first 14 students of the
class.

Step: We can rearrange 8a = 9b to get a/b = 9/8.
Extracted target: The step rearranges the given equation to express a in terms of b and
then obtains the ratio of a to b.

Step: So, the equation becomes: 33 + (1+y/100)*50 = 83.
Extracted target: The step sets up the equation to calculate the percentage increase in
Shyam’s weight.

Step: Find the ratio of investment of each person in the business
Investment of A : Investment of B : Investment of C
= 6500 : 1300 : 7800
= 5 : 1 : 12
Extracted target: The step finds the ratio of investment of each person in the business.
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5.D An experiment on logic reasoning task

In this section, we verify SelfCheck’s generalization ability to the task of logic reasoning
using the dataset of SNR.2 Each test sample of SNR consists of a logic question, and
its target answer. Different from other datasets shown in the paper, the target
answers of SNR samples are natural-language sentences (such as “The hedgehog is
cold and scary.”), instead of multiple-choice options (for MathQA) or single math
expressions (for GSM8K and MATH). Because of the variability of natural languages,
exact matching between the generated and target answers or among generated answers
becomes infeasbile. Majority voting thus cannot be used for this problem, but we can
still use SelfCheck to pick out the best solution from all candidates.

To test performance, we randomly select 100 test samples from the SNR test set and
generate 2 answers for each of the questions. Because it is not possible to perform
automatic comparison between the generated answers and the target answers, we
invited volunteers to perform human evaluation. To better deal with logic problems,
we replaced all ‘math’ with ‘logic’ in the prompts and deleted the instruction ‘pay
special attention to the difference in numbers’ in the result comparison stage. The
prompts used were otherwise identical to those outlined in Section 5.2.

From the results shown in Table 5.D.1, we can see that SelfCheck increases the accuracy
on SNR by 3.5%, which is a statistically significant improvement at the 5% threshold
based on a t-test.

Dataset Generator Checker Base Acc (%) SelfCheck Acc (%) ∆Acc (%)

SNR GPT-3.5 GPT-3.5 44.5 48.0 3.5±2.0

Table 5.D.1: SelfCheck increases predictive accuracy on SNR by picking out correct
answers two independent generations. Base acc means single solution accuracy here,
since majority voting is not feasible for SNR.

5.E An experiment on Llama2

To test SelfCheck’s generalization ability to other LLMs, we also tested it with Llama2
(70B, 4-bit, Touvron et al. [2023]) on GSM8K (the generative accuracy of Llama2 on
the other datasets was too low to perform any meaningful checking). Restricted by

2https://huggingface.co/datasets/lighteval/synthetic_reasoning_natural/blob/main/hard/test.jsonl
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the speed of Llama2 (70B, 4-bit) on our server (which is only about 20 tokens/s), we
randomly select 500 test samples and generate 3 solutions for each question.

From Table 5.E.1, we see a statistically significant improvement in accuracy compared
with majority voting using this different LLM; the gains here are actually larger than
those observed for GPT-3.5.

Dataset Generator Checker MV Acc (%) SelfCheck Acc (%) ∆Acc (%)

GSM8K Llama2 Llama2 40.3 43.2 2.9±0.3

Table 5.E.1: SelfCheck significantly increases predictive accuracy on GSM8K with
Llama2.
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Chapter 6

Conclusions, limitations and Future
Outlook

In this work, we explained what inductive biases are, why they are important in
machine learning, and how to incorporate them in different parts of machine learning
algorithms.

• In Chapter 1, we defined inductive biases as the preferences of a machine learning
algorithm given a training set. We showed that inductive biases are critically
important because they decide how a model generalizes outside of training data.

• In Chapter 2, we reviewed and discussed the inductive biases inherent in different
design choices of model structures, training algorithms, and inference algorithms.
We analyzed the inductive biases of mainstream neural networks, generative mod-
els, optimizers, regularizers, and inference methods. We also used examples to
show previous endeavors in incorporating inductive biases, such as invariance and
equivariance into a machine learning model. We also discussed the connections of
inductive biases with several closely related topics in machine learning, including
Bayesian machine learning, meta-learning, and transfer learning.

• Starting from Chapter 3, we introduced three novel methods to incorporate dif-
ferent inductive biases into machine learning models. In Chapter 3, we proposed
InteL-VAEs to instill global inductive biases on target distributions into VAEs. We
showed that a simple semi-learnable layer between the encoders and the decoders of
VAEs would be enough to instill various distributional knowledge, including con-
nectivity, sparsity, and other topological information, into VAEs. Our experiments
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demonstrate that the instilled inductive biases can greatly boost the generalization
performance and feature quality of VAEs, showing the importance of inductive
biases in generative models.

• In Chapter 4, we introduced InstaAug to instill local invariances into models by
learning instance-specific data augmentations. Namely, we loosen the overly strong
inductive bias of global invariances in traditional data augmentation methods to
make the model more flexible. The strong performance of InstaAug on supervised
learning and contrastive learning shows that local invariances fit the real situation
of the physical world better than global invariances. Meanwhile, InstaAug provides
a way to transform the restriction inductive biases in global augmentations to
preference inductive biases in instance-specific data augmentations.

• In Chapter 5, we focused on the inductive biases in the inference stage of LLMs. It
is the first work to show that by properly prompting LLMs to incorporate suitable
inductive biases for checking, we can empower LLMs to check for their own reasoning
chains. This work provides a new path to reduce hallucination and improve the
reliability of LLM reasoning that does not rely on any labeled data or human
feedback.

To conclude, inductive bias is a very useful perspective for analyzing existing machine
learning algorithms as well as designing new ones. However, there are some limitations
of the proposed methods in incorporating inductive biases, which require further
research.

For example, we focused on translating human knowledge into the inductive biases of
ML algorithms, but as described in Section 2.5, inductive biases can also be learned
from data. The problem with current inductive bias learning methods, such as meta-
learning and transfer learning is that their learned inductive biases are difficult to
interpret or manipulate, because of their black-box nature. Assume we are transferring
the knowledge from a pre-training dataset to a related domain, we need to transfer
every piece of learned knowledge. While some of the knowledge might be helpful, some
others might not apply to the new domain. Hence, it would be helpful if we could
learn interpretable and manipulatable inductive biases from data. For example, we
could represent critical inductive biases in natural language, similar to the way we
human beings pass on knowledge to peers.
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Meanwhile, we still do not know what the most suitable inductive biases are for
different tasks and how to incorporate them into ML models, especially LLMs. In the
past few years, lots of LLM research has been done on manually designing prompts to
bias LLMs to expected directions. Though great progress has been made on various
tasks, LLMs are still far from perfect on complicated problems, such as math reasoning.
As a result, we need to keep exploring more suitable inductive biases, as well as more
efficient ways to incorporate them into ML algorithms.
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