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Abstract 
 
The eukaryotic cell cycle is the physiological process by which cells divide and 

proliferate. Normally, it consists of four phases (G1, S, G2 and M) necessary for carrying 

out DNA replication, chromosome segregation and division. Under special 

circumstances, cells bypass some of the canonical phases, giving rise to endocycles, 

which drive a diversity of developmental processes, such as growth, multi-nucleation, or 

germ cell generation. Despite ample characterisation of cell cycle biochemistry, the 

mechanistic requirements for endocycle emergence remain poorly understood. To 

address this knowledge gap, the work presented here proposes a mechanistic model of 

the mammalian cell cycle control network which predicts the emergence of 

endoreplication and mitotic endocycles (Cdc20 endocycles) following molecular 

perturbations. These predictions are verified experimentally.  

 

Using a control systems approach and analytical tools from the field of nonlinear 

dynamics, I show that the cell cycle can be framed as a complex oscillatory system, 

analogous to mechanical devices, such as “Newton’s cradle” or a “Wheel of fortune”, to 

explain endocycles. Such minimal models explain the organisational principles of the 

cell cycle in terms of hierarchies of dynamical control motifs. This approach provides 

general, broadly applicable frameworks, which can guide the experimental dissection of 

cell cycle regulation, regardless of the model organism choice. Further, the frameworks 

presented herein provide a scaffold for building tailored mechanistic models for specific 

organisms and cell types. 
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List of Abbreviations 
 
Cyclin-Dependent Kinases (CDKs) 

Abbreviation Full Name Function 
CDK1 Cyclin-Dependent Kinase 1 

(Cdc2 in fission yeast, 
Cdc28 in budding yeast) 

Mitotic entry (G2/M 
transition) 

CDK2 Cyclin-Dependent Kinase 2 G1/S transition and S-phase 
progression 

CDK4 Cyclin-Dependent Kinase 4 Regulates G1 phase with 
cyclin D 

CDK6 Cyclin-Dependent Kinase 6 Similar to CDK4, controls 
G1 phase 

 

Cyclins 
Abbreviation Full Name Function 
CycA Cyclin A Regulates both S-phase and 

mitosis (partners with CDK2 
and CDK1) 

CycB Cyclin B Controls mitotic entry 
(partners with CDK1) 

CycD Cyclin D Controls G1 phase 
(partners with CDK4/6) 

CycE Cyclin E Drives G1/S transition 
(partners with CDK2) 

 

Ubiquitin Ligases  
Abbreviation Full Name Function 
SCF Skp, Cullin, F-box Complex Ubiquitin ligase that targets 

G1/S regulators for 
degradation 

CRL4 Cullin-RING Ligase Ubiquitin ligase family 
involved in protein 
degradation 

APC/C Anaphase-Promoting 
Complex/Cyclosome 

Ubiquitin ligase that 
degrades mitotic cyclins 
and securin 

Cdc20 Cell Division Cycle 20 APC/C activator at mitotic 
exit 

Cdh1 Cdc20 Homolog 1 APC/C activator in G1 
phase 

 

Mitotic Checkpoint Regulators 
Abbreviation Full Name Function 
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Mad1 Mitotic Arrest Deficient 1 Spindle assembly 
checkpoint component 

Mad2 Mitotic Arrest Deficient 2 Inhibits Cdc20 to delay 
anaphase 

Bub1 Budding Uninhibited by 
Benzimidazoles 1 

Spindle assembly 
checkpoint kinase 

BubR1 Bub-related 1 (Bub1b) Ensures proper 
kinetochore-microtubule 
attachment 

Bub3 Budding Uninhibited by 
Benzimidazoles 3 

Checkpoint protein that 
binds BubR1 

 

Cell Cycle Inhibitors (CDK Inhibitors - CKIs) 
Abbreviation Full Name Function 
Rb Retinoblastoma Protein Suppresses E2F to prevent 

premature S-phase entry 
p16 Cyclin-Dependent Kinase 

Inhibitor 2A (CDKN2A) 
Inhibits CDK4/6 to prevent 
G1 progression 

p21 Cyclin-Dependent Kinase 
Inhibitor 1 (CDKN1A) 

Universal CDK inhibitor, 
regulated by p53 

p27 Cyclin-Dependent Kinase 
Inhibitor 1B (CDKN1B) 

Inhibits CDK2 to regulate 
G1 length 

 

Mitotic Regulators 
Abbreviation Full Name Function 
Wee1 Wee1 Protein Kinase Inhibits CDK1 to control 

mitotic entry 
Myt1 Membrane-associated 

tyrosine/threonine 1 kinase 
CDK1 inhibitor similar to 
Wee1 

Cdc25 Cell Division Cycle 25 
Phosphatase 

Removes inhibitory 
phosphorylation on CDK1 

Plk1 Polo-like Kinase 1 Regulates mitotic 
progression and spindle 
assembly 

Aurora A Aurora Kinase A Centrosome maturation 
and mitotic spindle 
assembly 

Aurora B Aurora Kinase B Spindle-chromosome 
attachment sensing 

CENP-A Centromere Protein A Histone H3 variant in 
centromeres 

 
DNA Damage Response Regulators 

Abbreviation Full Name Function 
ATM Ataxia Telangiectasia 

Mutated Kinase 
Responds to DNA double-
strand breaks 

ATR Ataxia Telangiectasia and 
Rad3 Related Kinase 

Responds to single-strand 
DNA  
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Chk1 Checkpoint Kinase 1 Pauses cell cycle in 
response to DNA damage 

Chk2 Checkpoint Kinase 2 Works with ATM to mediate 
DNA repair 

53BP1 p53 Binding Protein 1 Regulates double-strand 
break repair 

MRE11 MRE11 Homolog Part of MRN complex 
(doudble strand break 
detection) 

RAD50 Radiation sensitive 50 Component of the MRN 
complex 

NBS1 Nijmegen Breakage 
Syndrome 1 

Component of the MRN 
complex  

RPA Replication Protein A Binds single-stranded DNA 
to prevent degradation 

ATRIP ATR-Interacting Protein ATR recruitment and 
activation 

RAD9 Radiation sensitive 9 Component of the 9-1-1 
complex for DNA damage 
sensing 

HUS1 Hydroxyurea sensitive 1 Part of the 9-1-1 complex, 
recruited to damage sites 

RAD1 Radiation sensitive 1 Third component of the 9-1-
1 DNA damage checkpoint 
complex 

 

DNA Replication & Licensing Factors 
Abbreviation Full Name Function 
MCM Minichromosome 

Maintenance Complex 
Helicase required for DNA 
replication 

ORC Origin Recognition Complex DNA replication initiation 
complex 

Cdc6 Cell Division Cycle 6 Licensing factor for 
replication origins 

Cdt1 Chromatin Licensing and 
DNA Replication Factor 1 

Essential for loading MCM 
helicase 

Geminin Geminin DNA Replication 
Inhibitor 

Inhibits licensing to prevent 
re-replication 

Pol α DNA Polymerase Alpha Initiates DNA replication by 
synthesizing primers 

Pol δ DNA Polymerase Delta Synthesizes the lagging 
strand during replication 

Pol ε DNA Polymerase Epsilon Synthesizes the leading 
strand during replication 

PCNA Proliferating Cell Nuclear 
Antigen 

Sliding clamp for DNA 
polymerases 

CDC45 Cell Division Cycle 45 Essential for helicase 
activation 



 4 

GINS GINS Complex Essential for DNA helicase 
activity during replication 

CDC7 Cell Division Cycle 7 Kinase that phosphorylates 
MCM for replication 
initiation 

DBF4 DBF4 Regulatory Subunit Activates CDC7 kinase for 
replication firing 

Sld2/3/7 Synthetic Lethal with Dpb11 DNA replication firing 
factors 

TopBP1 Topoisomerase II Binding 
Protein 1 

Facilitates replication origin 
activation 

GINS Go-Ichi-Ni-San Complex Essential for CMG helicase 
activation during replication 

MCM10 Minichromosome 
Maintenance Protein 10 

Stabilizes MCM helicase 
complex 

 

Transcription Factors in Cell Cycle Control 
Abbreviation Full Name Function 
E2F E2 promoter-binding Factor Regulates expression of S-

phase genes 
FoxM1 Forkhead Box Protein M1 Regulates G2/M transition 

and mitotic progression 
B-MYB B-Myeloblastosis Oncogene Regulates G2/M transition 

and mitotic progression 
MuvB Multi-vulval class B Transcriptional coregulator 

– forms a complex with 
FoxM1 and B-Myb to 
regulate CycB transcription 

c-Myc Myelocytomatosis Regulates cell cycle entry 
and proliferation 
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Preface 
 
This thesis aims to develop an understanding of the organisation of cell cycle events 

through the means of mathematical modelling. Here, I hope to position the work of the 

chapters that follow within a broader modelling landscape, explain where my approach 

differs from the common practice, the challenges it addresses, and why it is legitimate by 

referring to examples from the history of the physical and biological sciences. In broad 

terms, a model is a mental construction resting on a number of statements about the 

laws of nature, assumed to be true. Subsequently, through logical deduction, the 

outcome of an experiment can be either predicted or explained to an arbitrary level of 

accuracy. Models vary widely in their aims, form and construction. They can be as simple 

as intuitively understood conditional or probabilistic statements (e.g. “if an object is 

released from a hight it will drop to the ground and it might brake”). Models may also take 

the form of verbal descriptions of phenomena, highlighting cause and effect relations. In 

their most complex form, models prescribe some formalism for encoding objects in the 

real world and their relations, as well as a well-defined algorithm for computing some 

outcome that might follow from the natural evolution of the system or its perturbation.  

 

Given this great diversity of models, some criteria by which to categorise models ought 

to be introduced in order to appropriately circumscribe the nature and purpose of the 

work presented in the subsequent chapters. For the purposes of the current argument, I 

analyse models from the perspective of two dichotomies: predictive/explanatory and 

abstract/concrete.  

 

Explanatory and predictive models 

 

I distinguish explanatory and predictive models based on the extent to which the aim of 

the model is to identify causal forces that underpin a phenomenon. A chiefly predictive 

model is not necessarily concerned with the causes of phenomena – simple correlations 

may suffice. In other words, the relation between a system’s inputs and outputs need not 

be mediated by mechanistic assumptions – empirical links may be enough (e.g. in the 
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choice of a regression function). Such models play important roles in epidemiology, for 

instance. A physiological explanation for why saturated fat consumption increases the 

risk of developing coronary heart disease may be lacking, but observing a correlation may 

warrant introducing new public health advice. In contrast, explanatory models aim to 

determine the causes of phenomena/experimental observations. The two approaches 

can be delimited methodologically: purely empirical connections are sufficient for 

making predictions (be they poor), whereas there is no empirical methodology for 

determining causality. All one can hope to record in an experiment, or more generally a 

posteriori, is strictly speaking a series of events that follow each other in time. Thus, 

experience alone may establish correlations between phenomena. Causality, on the 

other hand, is inferred when a mental model can be generated to explain why a particular 

set of outcomes will necessarily follow a given event*. Thus, explanations involve a 

certain level of fact interpretation, of introducing some subjective assumptions about the 

way nature works, whereas predictions, understood in the narrow frequentist statistical 

sense can dispense with that. 

 

Distinguishing between explanatory and predictive aims as the two opposite ends of a 

spectrum appears as a misguided approach. No doubt, any good model provides both 

accurate predictions and satisfying explanations for why specific outcomes occur. A 

model that makes predictions without identifying appropriate causal forces is only 

accurate by chance and in limited contexts. A model that proposes an explanation 

without making correct predictions is just wrong. Despite this, it is rare that an 

investigative approach can reach both goals simultaneously without a great deal of effort. 

Historically, both approaches have had legitimate contributions to scientific 

development and were indeed necessary steps towards the emergence of successful 

theories.  

 

An interesting example of chiefly predictive models is encountered in ancient astronomy. 

The best-known model is that of Claudius Ptolemy, which provided predictions of the 

 
* This can be a particular outcome in a deterministic system, or a probability distribution in a truly 
stochastic system (e.g. in quantum mechanics) 
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positions of astronomical bodies, the dates of eclipses and other events. Although this 

model is not entirely free of mechanistic assumptions, unlike earlier ones, which merely 

identified approximate arithmetic rules for determining the dates of relevant events, 

these assumptions were not primarily under the remit of the astronomer. The common 

assumption that the Earth lies at the centre of the universe and the planets move along 

concentric circular orbits was a dogma imposed by ancient philosophers. The 

astronomers worked within the constraints of these assumption, which are not 

altogether unreasonable, as from a terrestrial perspective, the planets, moon, sun and 

stars do superficially appear to orbit the Earth. Nevertheless, when the principles of 

Euclidean geometry are applied to calculate the trajectory of planets based on these 

assumptions, little agreement with observation can be found, because the assumptions 

are, of course, wrong. One of the most striking inconsistencies is that of retrograde 

motion (the apparent temporary change of a planet’s direction of movement), which is 

characteristic for a number of planets, the most notable of which is Mercury. Clearly, 

such behaviour cannot be accounted for through uniform circular motion around the 

Earth. Instead, to account for this, it was proposed that the planet also moves on the 

circumference of a second circle of smaller radius, termed epicycle, independently of 

the main orbit around the Earth, termed deferent.  However, even with this adjustment, 

the predictions of the model were still poor. Satisfying solutions were only found after the 

introduction of multiple tiers of epicycles or other devices. In essence, this approach 

bears resemblance to that of series expansions in empirical model fitting, and it is a 

paradigmatic example of a type of scientific practice with important practical 

applications that is employed in the absence of a suitable explanatory framework.  

 

The counterpoint to this approach is that of the Copernican revolution. Copernicus’ 

revolutionary idea of the heliocentric universe was spurred by the exceedingly 

complicated computational algorithm of the Ptolemaic system. Copernicus noticed that 

a great deal of complexity can be done away with if it is assumed that all planets, 

including the Earth, orbited the sun. Nevertheless, clear evidence that the model yielded 

better predictions was not forthcoming for several decades. Despite this, the new 

perspective gained traction because it appeared to yield better insight into organisation 

of the Solar System. Following the careful measurements of Tycho Brahe, it became 



 8 

apparent that only the predictions made for some of the planets were indeed more 

accurate relative to those of Ptolemy1. In addition, the slight predictive improvement over 

the other planets was likely thanks to the availability of better astronomical 

measurements and of a better fitting procedure. Further, the Copernican system did not 

do away with epicycles either, which remained necessary due to the incorrect 

assumption of circular, rather than elliptical, orbits. The conclusion is that the value of 

Copernicus’ work lay in providing a more satisfying (or ‘aesthetically pleasing’) 

explanation for the causes of the observed planetary motion, until Kepler produced a 

model that was strong from the perspective of both explanation and prediction.  

 

There is an additional sense in which explanatory models contribute to scientific 

development. In order to design and interpret an experiment, a conceptual framework of 

how the system is organised is necessary for its rational interrogation. A complex 

biological or physical system can be dissected experimentally in so many ways as to be 

impractical to test in a reasonable time frame. Therefore, some preconceived idea of how 

the system operates is necessary to limit the number of experiments to be performed to 

a practicable extent and to enable the interpretation of findings in terms of causes and 

effects. A paradigmatic example of how exploratory models have led to scientific 

advancement is in the development of atomic structure understanding.  

 

Modern atomic theory started with Dalton’s postulate that matter is composed of 

indivisible units, whose mass determines their chemical identity. The idea of atom 

indivisibility was challenged in 1897 by J.J. Thomson2 whose experiments on cathode rays 

showed that they consisted of negatively charged particles (electrons), which were 

thousands of times less massive than the hydrogen atom3.  This discovery opened the 

way for the study of subatomic structure and gave rise to an iterative process of model 

development and experimentation. Thomson’s first proposal was the plum pudding 

model of the atom, where the positive charge is dispersed over a large volume, while 

smaller negative charges are scattered throughout4. This model was disproved in 1909 by 

Geiger and Marsden, under the guidance of Rutherford, who showed that, when fired 

against a thin gold sheet,  particles are scattered in a manner that is inconsistent with 

Thomson’s model5. While it was expected that virtually all particles would experience a 
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very small angle deflection, a small but significant proportion were scattered at an angle 

greater than 90 degrees. Subsequently, Rutherford proposed that the positive charge of 

the atom is condensed in a nucleus that is confined to a small volume of the overall 

atom6. Thus, the pattern of  particle scattering would be explained by the (improbable) 

collision with a gold atom’s positive nucleus. Despite being a significant advancement, 

this model again failed to explain some atomic properties, such as absorption and 

emission spectra, or to propose a stable configuration of the charges within the atom. 

Some of these issues were addressed by Bohr’s ‘planetary’ model of the atom, which 

incorporated Planck’s ideas about the quantisation of emission spectra7. As with early 

modern astronomy, models that were both explanatory and predictive of atomic 

properties emerged only after decades of research, with Schrodinger’s description of 

electrons as wavefunctions. 

 

This example illustrates the value of speculative models in the development of scientific 

theories even when these models fail to account for all known properties of a system 

under study and are quickly discounted in favour of more complex models which make 

more accurate predictions. Together with the example from astronomy, this validates the 

idea that during the early stages of scientific theory development, models tend to be 

either predictive or exploratory. An additional conclusion of this argument is that 

although on the short-term predictive models can have important practical applications, 

they tend to be supplanted by theoretical descriptions which aim to identify the ‘internal 

logic’ of a process or system by proposing the necessary and sufficient conditions that 

underpin phenomena. This approach is the more enduring one on the long term and the 

one I choose to take throughout this thesis. 

 

Although producing models that both predict and explain natural phenomena is the goal 

of the scientific practice, no theory or model has reached finality, in the sense that no 

further improvement in explanatory or predictive power can be made. This is especially 

true in the context of cellular physiology. This is largely because biological systems are 

characterised by a very high degree of complexity: many components, unknown 

interactions, non-linearity and feedback. While the cell cycle regulatory pathways have 

been extensively dissected biochemically and genetically, many high-level cell cycle 
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properties remain poorly explained. Consequently, the experimental exploration of cell 

cycle regulation that is not guided by the appropriate explanatory models is akin to 

groping in the dark. In this case, the appropriate level of precision can only be reached by 

resorting to mathematical descriptions and computations. The unaided intuition fails to 

account for minutiae of the systems under study. As such, the work herein aims to 

explore the behaviour of the cell cycle in response to various perturbations, from a 

dynamical lens, to propose conceptual frameworks that may aid the further dissection 

of this system from a systems level perspective. The methods available for this and their 

limitations are discussed in the next section. 

 

Abstract and concrete models 

 

Concrete models encode directly measurable physical quantities, such as mass, charge, 

position, volume. In contrast, abstract models operate with derivative concepts, which 

may not have a directly measurable physical equivalent, but from which some 

observable quantity or qualitative effect may be computed. One example is that of the 

wavefunction in quantum mechanics. In molecular systems biology, concrete models 

describing the quantities and interactions of molecules predominate overwhelmingly 

and are seen as the gold standard approach. The justification for this is that these models 

can be correlated to experiments directly and unequivocally, and thus they are ideally 

suited to making and testing predictions. This approach can simultaneously offer a 

wealth of theoretical insight, balancing out both predictive and explanatory aspects. In 

contrast, in abstract models, a knowledge gap may exist between experimental findings 

and model construction. For this reason, it is occasionally difficult to establish whether 

the agreement between predictions and experimental findings is simply accidental. For 

instance, it has been previously argued that Physarum polycephalum can be induced to 

anticipate periodic changes in their environment thanks to the existence of a large 

number of incoherent oscillators with different natural frequency, which can be 

synchronised by some external forcing8. Although this is a thought-provoking idea, it is 

difficult to imagine what the chemical nature of these many oscillators is. Although a few 

chemical oscillators have been characterised in Physarum9, the natural frequency of 
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biochemical oscillators tends to be restricted to a narrow range, imposed by fixed kinetic 

constants, rather than the wide range presupposed by the model. Therefore, it is difficult 

to see how such a model could be implemented mechanistically.  This example speaks 

to a more general view that abstraction in biological sciences is often an inconvenience 

stemming from a lack of proper physiological understanding.  

 

And yet, the concrete route to molecular modelling is not without challenges. Although 

the contributing factors are complex, they boil down to the idea that the gap between 

biochemistry and physiological function is often very large. This means that linking 

biochemical causes to phenotypic effects through a series of necessary and sufficient 

mechanistic steps is a remarkably difficult task, for which no universally successful 

algorithm is available. 

 

The objections to biochemical reductionism 

 

In cell biology, the prevailing assumption for nearly a century has been that biological 

properties are best explained with reference to molecular processes. This approach has 

been unquestionably fruitful in uncovering fundamental biological principles, including 

the central dogma of molecular biology10, gene regulation in bacteria11 and a remarkably 

vast array of metabolic pathways. In each of these cases, structural and biochemical 

analysis coupled with in vitro reconstitution have led to virtually complete mechanistic 

explanations of the phenomena under question. Following such success, biochemists 

have attempted to dissect, catalogue and analyse every cellular process at molecular 

level. And yet, for many biological processes, explaining how phenotypes emerge from 

biochemical interactions is not at all straightforward. For instance, developmental 

biology appears as collections of case studies, rather than as a fully systematic theory. 

There is no sense yet in which one can meaningfully reconstruct embryogenesis either in 

vitro or in silico, despite ample characterisation of the molecular players12.  

 

This suggests that either the molecular processes underpinning development are not 

known in sufficient detail, or that development is not appropriately reduced to the 
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molecular level and should instead be explained with reference to a higher organisational 

level. Although the former is no doubt true, in this section I will argue for the latter position 

in the broader cell biology context.  Compiling increasingly complex molecular details 

under one model becomes intractable from an explanatory perspective. Thus, exploring 

the latter hypothesis might lead to more fruitful approaches in understanding cell 

biology. Consider how metabolism is not explained at quantum mechanical level (with 

very few exceptions, e.g. electron transfer in some redox reactions13), but rather with 

reference to organic chemistry in its conventional understanding. To pursue a similar line 

of inquiry, in this section I investigate why reducing complex cellular pathways to their 

constituent molecular components may fail to provide appropriate insight into the 

emergence of physiological properties. 

 

One of the primary methodological issues with biochemical reductionism is the fact 

there is no one-to-one relationship between genes (understood in molecular terms) and 

functions. On the one hand, various degrees of redundancy exist between many genes in 

higher eukaryotes. These genes often have overlapping, but not identical, functions, such 

that knocking out one or more isoforms in one context can have different effects from 

knocking out the same gene(s) in a different context. In addition, different genes may 

carry out multiple different roles, occasionally within different pathways14. One textbook 

example is that of cytochrome c, which plays distinct roles in the electron transport chain 

and apoptosis, and potentially in other pathways15. In cell cycle context, the p27 CKI has 

a canonical role in inhibiting CDK2 and CDK1, but it also aids the formation of active 

CDK4:CycD complexes16. This gives rise to pleiotropy, which makes disentangling a 

protein from its phenotypic effect challenging, as the relationship between genes and 

functions is many-to-many. In other words, biochemical reduction may be difficult to 

implement as an explanatory device, insofar as determining causal relations in cell 

biology is concerned. 

 

A further problem with biochemical reductionism has to do with the high degree of 

pathway and parameter uncertainty. It is practically impossible to determine the 

constants that characterise a vast array of biochemical reactions, especially with great 

accuracy. Even assuming that elementary reactions could be accurately assayed in vitro, 
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it is nevertheless difficult to determine whether or not the measured parameters apply to 

the same reactions in vivo, because additional, possibly unknown, regulatory processes 

may affect the parameter of interest. Even effects as simple as the local substrate 

concentration and chemical environment may affect the biological outcome. In addition, 

the lack of pathway conservation may confound results. This does not exclusively apply 

to comparisons of the same biological processes in different model organisms; it is also 

a problem with comparing results between different cell lines originating from the same 

species, as different tissues will express different ratios of isoforms or other regulators. 

Indeed, even cell culturing methodology or circadian effects may impact cell cycle 

progression in ways that are potentially difficult to quantify and control for.  

 

The effect of such uncertainties may be negligible when attempting to understand 

elementary biochemical processes, such as the expression of one particular gene. 

However, the potential errors compound when considering large biochemical systems 

underpinning complex processes, such as the cell cycle. The large number of degrees of 

freedom these models must operate with imply that even if these models make accurate 

predictions, they may still misrepresent the underlying process in some respects. Thus, 

the general problem of underdetermination17 becomes more and more pressing with 

highly complex pathways having many degrees of freedom. In broad terms, 

underdetermination is a situation that occurs when different underlying models can 

predict the outcome on an experiment equally well (i.e. the data goodness of fit is 

similar). When this happens, it is customary to select the model the uses the fewest 

assumptions, so as to avoid overfitting (a principle otherwise known as Occam’s razor). 

A typical information theoretical tool that allows balancing model complexity and 

accuracy is the Akaike Information Criterion18. 

 

Such sophisticated statistical tools are not customarily used in biology. Moreover, even 

if they are used, model selection may still remain equivocal. Thus, the underlying model 

structure becomes a matter of situational judgement for the researchers. In the 

particular context of cell cycle modelling, it is typical to ask which of the known cell cycle 

regulatory interactions ought to be included in explaining some given experimental 

observations: should we attempt a maximalist description of the known facts, or do away 
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with any redundancy in the network and focus on the interactions that are likely to have 

the greatest contribution to the process/phenotype of interest, tacitly ‘absorbing’ the 

other variables into empirical constants and parameters that simply make the model 

work, rather than represent actual biologically meaningful values? Even if such 

considerations are nominally agreed upon, the mechanistic description of even relatively 

simple biochemical reactions can become the subject of much debate. For instance, one 

may consider the description of the phosphorylation kinetics of one site of a CDK 

substrate: should mass action or Michaelis-Menten kinetics be used? Or perhaps even 

more complex (but presumably more accurate)19 reaction schemes are appropriate. Even 

if the quandary were somehow resolved, one could begin to consider whether 

competition between CDK substrates ought to be considered. Further, CDKs 

phosphorylate multiple sites on the same substrate and the order in which this happens 

(if there is a predetermined one at all), as well as the effect of each combination of 

phosphor-sites has on activity/function is largely unknown, even for well-studied 

regulators20. Whatever the case, such questions cannot be answered practically. In fact, 

the problem of underdetermination goes even deeper, because the statistical algorithms, 

such as the AIC, typically employed in model selection are themselves not free from 

bias21.  

 

Thus, the complexity of the biochemical networks that underpin cellular phenomena, 

such as signalling and proliferation, poses a very significant methodological barrier to the 

reduction of these processes to pathways of enzyme catalysed reactions. Nevertheless, 

other types of objections can be put forward to biochemical reduction as a means to 

explain cell biology.  

 

The reduction of biological processes to physico-chemical phenomena may also not be 

warranted from an ontological perspective. One possible issue is that a varied array of 

biochemical mechanisms may underpin the same function. In other words, biochemical 

details may be dispensable for explaining higher level biological function. For instance, a 

negative feedback loop may underpin homeostasis just as well, regardless of whether it 

is implemented through a transcriptional network, protein phosphorylation, 

stoichiometric binding, or some other regulatory strategy. In the philosophy of science, 
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this many-to-one relationship between ‘fundamental’ and emergent phenomena is 

known as multiple realisability22. This property may imply that, since no specific 

biochemical mechanism is necessary for explaining a particular process, some other 

functional unit ought to be considered the necessary cause of the process. For instance, 

the function of a transcription factor may be understood as the combination of a DNA 

binding motif, a transcriptional activator domain, and potentially one or more coregulator 

binding regions. The validity of this is illustrated by the successful use of modular 

biochemical units in synthetic biology23. The exact amino acid sequence of the 

transcription factor, in contrast, does not uniquely determine function, because 

numerous amino acids can be mutated, added or deleted without a measurable effect 

on physiology.  

 

This kind of description of transcription factors is practically trivial in the context of 

simple gene regulatory processes, such as might occur in the control of bacterial 

metabolic genes. However, the simplicity of this approach becomes a necessity when 

considering the far more complex context of gene regulation in multicellular organisms. 

Not only are there multiple transcription factors which fine tune the expression of 

specific genes, but they also synergise, compete or antagonise in complex and 

potentially non-linear ways24, facilitating the computation of cellular decisions in 

response to vast arrays of physiological inputs. Indeed, further information is encoded in 

the dynamical patterns of transcription factor availability25. Therefore, abstracting certain 

properties, like the regulatory motifs in which the transcription factors are engaged, 

allows the investigation of biological phenomena at the conceptual level at which they 

emerge, rather a purely biochemical level, which, though fundamental, can be equivocal 

with respect to the functional level. By analogy, the meaning of words does not emerge 

from a juxtaposition of letters (c.f. amino acids) and so to attempt to translate a foreign 

language on the basis of the properties of the symbols which make up an alphabet is 

bound to be fruitless. Quite obviously then, to begin to understand a new language one 

should focus on establishing syntactical rules and the meaning of individual words. 

Similarly, to understand complex cellular processes, one must figure out what the 

relevant informational units are and how they are assembled into functional programs. 
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Thus, abstraction also serves an epistemological role, beyond the methodological and 

the ontological ones. 

 

The cell cycle and dynamical reductionism 

 

So far, I have argued that attempting to reduce cellular phenotypes to molecular 

processes may fail to capture the essential causal forces that underpin biological 

function. It is then reasonable to ask what abstract units cellular pathways should be 

framed in relation to in order to reach the explanatory goal put forward. Arguably, cell 

biological phenomena can be framed at different levels of organisation or complexity, as 

exemplified by the following scheme:  Biochemistry > Regulatory interactions > Control 

units/motifs > Function. For instance, biochemical properties of macromolecules 

explain how interactions take place and may lead to the modulation of activity of proteins 

and nucleic acids. Taken together, subsets of these interactions give rise to control 

motifs, such as feedback loops, which, in their own right, display novel emergent 

properties that cannot be reduced to those of the individual molecules. Further, such 

motifs can be assembled into complex dynamical units, such as bistable switches and 

oscillators, which form the basis of physiological function. Notice how each level of 

complexity is most appropriately explained by the level immediately below it, because 

identifying cause-effect relations requires the least number of logical steps. Further, 

while the problem of multiple realisability exists between any two adjacent levels, the 

issue compounds as the distance in explanatory levels increases. Thus, it is sensible to 

aim to explain functional programs, like the cell cycle, in terms of dynamical units, like 

bistable switches and oscillators.  

 

The main advantage of taking higher-order abstract dynamical units as building blocks in 

biological modelling is that it facilitates the scrutiny of internal mechanistic coherence. 

This stands in contrast with the requirement of accounting for numerous biochemical 

assumptions, which can be computationally cumbersome and occasionally difficult to 

falsify. In some circumstances, abstraction coupled with mathematical modelling and 

logical reasoning may reveal more about a physical process than an experiment could. 
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As an example, in the late 19th century, one problem in theoretical physics was 

accounting for the properties of black body radiation (the spectrum of electromagnetic 

radiation emitted by matter when heated to a certain temperature). The problem, until 

Max Planck’s daring proposal of 1900, was that all models which were continuous 

predicted the amount of light released by an object would increase rapidly with the 

frequency. This implied that matter would release infinite amounts of energy in the form 

of light. This paradox was known as the ultraviolet catastrophe.  Purely as a way of 

avoiding this issue, Planck postulated that only specific quantised wavelengths of light 

are emitted by matter, such that the total energy released is finite. At the time, no 

experimental verification of this assumption was available. However, as is well known, 

this postulate, which aimed at producing a coherent theory, rather than one that was 

consistent with the ‘common sense’ of the time, turned out to be correct and led to the 

development of quantum mechanics. 

 

Another important role of abstraction is generalisability. The aim of scientific research is 

to make statements about the world that apply as broadly as possible, rather than just to 

a specific experimental system. When Geiger, Marsden and Rutherford fired alpha 

particles at a gold sheet, they hoped that their findings would apply to the structure of all 

atoms, not just to gold. In molecular biology, researchers likewise hope to find broadly 

applicable principles, which hold across as many phylogenetic branches as possible. In 

cell cycle research, the most interesting findings are those that apply not just in one 

particular cell line or model organism, but across most eukaryotes. Occasionally, 

mechanisms appear conserved even though the underlying genes are not. For instance, 

the S. cerevisiae Whi526 is not homologous to the human Rb27 and yet both regulate CDK 

expression, commitment to proliferation and size homeostasis through an analogous 

mechanism. Thus, regulatory and dynamical abstraction can tie together different 

biochemical mechanism under one functional paradigm. 

 

The main challenge of the abstract exploratory approach is ensuring that the proposed 

dynamical mechanisms and regulatory structures are consistent with biochemistry. This 

is because the approach interposes a theoretical layer between the experimental inputs 

and phenotypic/functional outputs which cannot be accessed directly: experiments 
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perturb molecules, and the effect on system dynamics is indirect. So how can the 

advantages of abstraction be reconciled with having appropriate empirical constraints? 

This can be achieved in several ways; at the most basic level, writing equations that could 

be consistent with biochemical processes, at least in principle, contributes to our 

evaluation of model reasonability. For instance, if one were interested in modelling the 

interaction between different oscillatory cellular phenomena, such as the cell cycle and 

metabolic or circadian oscillations, it would be reasonable to suggest that the individual 

phenomena are more appropriately modelled by relaxation oscillators as opposed to 

simple harmonic oscillators, because simple chemical reaction schemes can easily give 

rise to the former, but rarely the latter. At a second level, the interactions proposed to 

make up abstract models could be linked to known biochemical interactions, thus 

lending more credence to the assumptions of the model. Finally, direct comparisons 

between abstract and mechanistic models can be made and compatibility can be 

robustly determined by showing that the assumptions/principles of the simplified 

models are embedded within detailed mechanistic descriptions. 

 

In summary, this thesis aims to develop new understanding of complex dynamical 

phenomena in the context of cell cycle regulation. Rather than viewing biology as a 

collection of enzymatic activities, I hope to show that important insight into cell 

physiology might come from viewing it as a collection of interconnected regulatory 

motifs. Although such units have been characterised in biological context previously, the 

novelty of the current work lies in using them as building blocks to understanding higher 

order functional properties that have not been hitherto explored. 
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1 Introduction 
 

1.1 The cell cycle  

 

1.1.1 Function and organisation 

 

The cell cycle comprises a series of fundamental biochemical process that are necessary 

for cellular division. The precise and accurate regulation of these events is essential for 

the generation of viable daughter cells. In multicellular organisms, the controlled 

progression through the cell cycle is fundamental to correct development, while the 

deregulation of this functional programme may be embryonic lethal28,29, or otherwise 

result in cancer development30,31 or premature ageing32,33.  

 

In its most basic form, the cell cycle drives two temporally separate events: DNA 

replication and the segregation of the sister chromatids to the daughter cells (followed 

by division)34. This view, however, is deceptively simple: each of these events must be 

carried out in at least two distinct steps to ensure accuracy. DNA replication is first 

licensed by loading the replicative helicases onto the replication origins. During this 

period, any replication firing is prevented. Subsequently, the activity of the helicases and 

DNA polymerases is triggered, while that of the licensing factors is inhibited. Similarly, 

during mitosis, chromosomes are first condensed and aligned at the centre of the cell, 

while segregation is prevented. Once alignment is complete, the chromatids are pulled 

apart and eventually decondense to prepare the cell for interphase.  

 

This kind of biphasic organisation of the two chromosomal events is absent in bacteria 

and in some archaea, and it underscores one of the challenges of genomic maintenance 

in eukaryotes: the size and number of chromosomes. In order to complete genome 

duplication in a timely manner, eukaryotes initiate DNA replication at numerous 

chromosomal loci. However, it must be ensured that each replication origin fires once 

and only once per generation to prevent over or under-replication of chromosomal 
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regions. This challenge is addressed by making licensing and firing mutually-exclusive. 

This is not a problem in bacteria, where only one or two replication origins are present, 

which may fire replication multiple times within one interdivision period. Eukaryotes 

most commonly have multiple chromosomes; to ensure that none of them is left behind 

at division, cells align their sister chromatids at the centre of the cell to account for them. 

Only once this step is completed does segregation happen. Last but not least, DNA 

replication and mitosis must themselves be mutually exclusive processes to ensure the 

inheritance of a complete set of chromosomes. Thus, the eukaryotic cell cycle comprises 

(at least) 4 biochemically distinct phases, each of which responds sensitively to 

numerous inputs and carries out multiple molecular processes. Conventionally, the 4 

phases (Fig. 1.1) are G1 (gap), S (DNA synthesis), G2 and M (mitosis).  

 

 
 

Fig. 1.1 – The organisation of the cell cycle, the phase specific events and their molecular 
regulators 
 

The G1 phase is the point in the cell cycle at which the cell gathers information about its 

internal state and external milieu before committing to proliferation. Simultaneously, it is 

also the period during which origin licensing takes place. In vertebrates, this is the period 

in which the bulk of cellular growth takes place26,27.  Similarly, in budding yeast this is the 
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main phase during which the cells increase their cytoplasmic volume (although bud 

growth, specifically, takes place post G1). In multicellular organisms, G1 is also the 

period in which extracellular signals are thought to stimulate proliferation35,36 (although 

this view has been challenged recently37). At the same time, cells assess whether any 

errors have accumulated in the previous generation, either during DNA replication38 or 

mitosis39,40 and ‘decide’ whether commitment to proliferation, error correction, 

permanent arrest or apoptosis is appropriate. Finally, appropriate cellular attachment 

and the availability of biosynthetic precursors41–43, such as nucleotides must also be 

confirmed. Once all conditions are satisfied, cells commit to DNA replication and 

division by crossing the ‘restriction point’ (in vertebrates) or Start (in yeasts). 

 

During S-phase, the main cellular event is the triggering of template-directed synthesis 

of a copy of each chromosome. This is a particularly vulnerable moment for the cell, as 

much DNA damage can occur, due to either nucleotide misincorporation by the 

polymerase, collisions with chromatin obstacles (which may lead to double strand 

breaks), or the presence of single stranded intermediates, which are particularly 

susceptible to damage. This means that S-phase is also a time of careful DNA damage 

management, which involves the appropriate pausing of replication firing and the 

activation of repair pathways44 (e.g. homologous recombination). Concomitant with 

replication, sister chromatid cohesion is established, through topological entrapment of 

the chromatin strands by cohesin45, which later allows for the metaphasic alignment of 

the sisters. Simultaneously, the cell must drive histone biosynthesis46–48 in order to 

appropriately package the growing DNA strands into nucleosomes. Importantly, this is 

also the cell cycle phase in which centriole duplication commences49. 

 

Following the completion of DNA replication, cells enter G2 phase. In many ways, this 

phase is similar to S-phase from a regulatory/signalling perspective. In most mammalian 

cells, this is a time in which any remaining errors that occurred during replication are 

corrected, or if the damage is too great, apoptosis is triggered. Nevertheless, in specific 

cell types, G2 has specific functions. For instance, in wild type, fast-growing fission yeast, 

this is the period in which most cellular growth takes place. Interestingly, G2 arrests also 

play an important part in vertebrate development: oocytes remain arrested at this stage 
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for a very long time, until progesterone signals the time for germ cell production and 

trigger meiosis I50.  

 

Mitosis is perhaps the most striking phase from a cytological perspective, as this is when 

the most dramatic changes in cell morphology take place. M-phase is conventionally 

subdivided into 4 stages, characterised by specific observable changed. In Prophase, the 

nuclear envelope breaks down and the chromosomes condense thanks to loop extrusion 

by condensin51,52. The centrosomes then migrate to the opposite ends of the cell, as the 

microtubules are rearranged to form the mitotic spindle. Simultaneously, cells lose their 

extracellular attachment and round up. In prometaphase, the microtubules of the mitotic 

spindle begin to attach to chromosome centromeres, such that the bivalents are 

pushed/pulled towards the cellular equator. A signalling pathway known as the “Spindle 

Assembly Checkpoint” is triggered by unattached kinetochores, such that progression to 

anaphase is prevented until all chromosomes are aligned at the metaphase plate53. Once 

this alignment process is complete, the cohesin links that hold the sister chromatids 

together are severed by separase, which triggers anaphase, when the chromatids are 

pulled apart, towards the two poles of the cell. Finally, cytokinesis is initiated, as the 

plasma membrane begins to constrict around the cell equator, and eventually abscission 

takes place. Simultaneously, the chromosomes begin to decondense, and the nuclear 

envelope starts to reform around them, completing telophase.  

 

1.1.2 Global properties and dynamical paradigms 

 

The cell cycle comprises a great diversity of biochemical processes and physiological 

functions. As such, one of the intellectual challenges in this field is to identify common 

features that facilitate a conceptually unified view through which to frame and 

understand the events making up the cell cycle. As the tools and techniques available for 

dissecting cell cycle regulation have evolved, so have the ways in which the physiology is 

framed.  
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The first attempts to systematically study cell cycle regulation relied on genetic 

techniques. The approach was developed by Hartwell in the 1970s and it consisted of 

identifying S. cerevisiae temperature-sensitive mutants which consistently showed 

defects in the cell division cycle phenotype at the restrictive temperature, as revealed by 

light microscopy54. For instance, Cdc1 mutants were judged to permanently arrest in G1, 

as cells accumulated at a stage where only very small buds were present. In contrast, 

Cdc2 mutants were shown to arrest at a later stage, prior to division. As more mutants 

were found in budding yeast55 as well as fission yeast56, a clear pattern began to emerge: 

the cells which could not complete a specific cell cycle phase due to the presence of a 

mutation would never progress to the subsequent stages. This suggested that the 

completion of one phase’s events triggered the entry into the following phase57. Thus, 

based on this genetic view, progression through the cell cycle phases was viewed as 

being akin to a row of falling dominoes58.  

 

The cytological and, later, biochemical view provided a different perspective on the cell 

cycle. It is clear from observing cells under the microscope that certain events occur with 

regularity in each cycle: following division, in S. cerevisiae, a bud starts appearing after 

sufficient growth; subsequently, the DNA is replicated and eventually the chromatids are 

segregated between the ‘mother’ and ‘daughter’ cell. The approximate periodicity of 

these events in wild-type unperturbed cells suggested that some master regulator might 

orchestrate the timing of all these events, which could otherwise happen 

independently57.  In agreement with this, biochemical experiments have shown that the 

amounts and activity of cell cycle regulators oscillate periodically in cellular extracts59,60. 

The idea of periodic events occurring without regard to the completion of specific steps 

was solidified by the observation of MPF oscillations in enucleated61 or colchicine 

treated60 frog eggs. This has resulted in the ‘clock’ view of the cell cycle62. This view was 

further solidified by experiments in Cdc4, Cdc34 or Cdc53 budding yeast mutants, which 

periodically initiate budding events, without completing DNA replication or initiating 

mitosis63,64. 

 

As the precise biochemical interactions driving the completion of cell cycle events and 

phase progression have been elucidated, new regulatory principles started to emerge. A 
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number of feedback motifs65,66 in which the cell cycle regulators are engaged have been 

shown to lie at the foundation of most of the transitions and to be responsible for the 

properties identified by the early genetic and cytological experiments. The biochemical 

basis of these motifs and how they underpin function is the subject of the next sections. 

In the simplest terms, the dynamical paradigm that emerged from these argues that the 

cell cycle control network ensures the existence of multiple steady states, characterising 

each phase67. For the control network to transition from one phase to the next, all the 

phase-specific events must feed back a signal confirming completion. This accounts for 

the older ‘dominoes’ view. In addition, thanks to a property known as hysteresis, once the 

system has transitioned into a new phase, it cannot return to a previous one68. This 

imposed directionality ensures the orderly completion physiological events. Thus, the 

only allowed trajectory through the cell cycle that enables a return to the G1 state is 

through mitosis. Repeatedly running through this unidirectional programme results in 

oscillations, similarly to the previously described “clock”. The simple mechanical 

analogy to this description is that of a series of toggle switches, whose flipping represents 

the cell cycle transitions.  

 

As the details of the mitotic cycle become settled, research turns its attention to 

alternative variants of the cell cycle, which underpin functions beyond proliferation. 

Endocycles are abridged versions of the cell cycle oscillations, in which one or more 

phases are abrogated. They occur in a great diversity of organisms and developmental 

stages. Endoreplication, the repetition of DNA replication in the absence of mitosis69, 

typically facilitates the increase in cellular size70. This may lead to several advantages, 

such as increased storage capacity, or an evolutionary advantage over competing 

species in unicellular organisms. In multicellular organisms, polyploidy has been argued 

to play a role in tissue regeneration71. In cancer development, whole genome duplication 

drives malignancy through oncogene amplification72. A process similar to 

endoreplication is endomitosis, in which cells complete S-phase and undergo M-phase 

at least partially, but do not divide. 

 

The definition of endocycling proposed above allows not just for replicative endocycles, 

but also mitotic endocycles, in which multiple rounds of M-phase events may occur 
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without an intervening S-phase. Reductive mitosis is one such rarely occurring example, 

which may serve to reverse tetraploidisation72. In addition, this process may aid in rapidly 

increasing the surface area of epithelial tissue in some species73. Together with the role 

of endoreplication in increasing storage capacity, this suggests that ploidy control may 

provide a mechanism to fine tune the surface/volume ratio of cells. Nonetheless, the 

most common type of M-phase endocycle is meiosis, which generates germ cells74. 

Finally, other kinds of mitotic endocycles have been experimentally induced in various 

cell types75,76. Though they are unlikely to occur physiologically, they provide insight into 

cell cycle organisation and will therefore be discussed in subsequent chapters.  

 

The endo-oscillatory property of the cell cycle is interesting from a theoretical 

perspective because it cannot be explained through any of the preceding dynamical 

paradigms. What makes studying such behaviour challenging is the fact that it emerges 

at global cell cycle level, and not just as a superposition of the properties of individual 

transitions. Thus, the aim of this thesis is to identify new dynamical paradigms through 

which to conceptualise the emergence of endo-oscillations and to enable their rational 

interrogation, from an experimental and mechanistic modelling perspective.  

 

1.2 The biochemical regulation of the cell cycle 

 

The checkpoints and transitions of the cell cycle are implemented by an exceedingly 

complex network of interacting genes and proteins77. At the core of this system, cyclin 

dependent kinases (CDKs) regulate cell cycle events by phosphorylating a great number 

of molecular targets which are responsible for carrying out DNA replication and mitosis78. 

As the name suggests, CDKs bind cyclins, whose availability changes as the cell 

progresses through the division cycle59 (Fig. 1.1). Cyclins determine the substrate 

specificity of CDKs and as such, their activity. The regulation of cyclin accumulation is 

one of the main cell cycle regulatory strategies. In addition to the CDKs, a number of 

counteracting phosphatases also make a contribution to the timing of cell cycle events79. 

In this section, I discuss the biochemical mechanisms that regulate the activity of CDKs 

and phosphatases, and how these contribute to cycle progression and checkpoint 
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establishment. Unless otherwise stated, the mechanisms under consideration will be 

the ones applicable in mammals.  

 

1.2.1 The control of the G1 state 

 

Early G1 phase is characterised by the absence of CDK activity. To maintain this state, the 

cell employs a number of strategies (Fig. 1.2). First, Cyclins A and B are targeted for 

degradation by the APC/C:Cdh1 ubiquitin ligase80,81. Second, the transcription of Cyclins 

E and A is suppressed82. Third, a number of stoichiometric inhibitors (CKIs), in the INK4 

and Cip/Kip families, inhibit CDK4/6 and CDK2 activity, respectively83,84. To leave G1 

phase and enter S-phase, APC/C:Cdh1 activity must be suppressed, and this is initiated 

by the transcription factor E2F. To prevent premature entry into S phase, E2F is inhibited 

in G1 phase by the retinoblastoma protein (Rb), the primary agent arresting G1 cells 

ahead of the restriction point (RP). To pass the RP, the cell must inactivate Rb by 

phosphorylation 85–87, started by CycD:Cdk4/Cdk6 (CDK activities under the control of a 

variety of mitogens, growth factors and anti-growth factors). Rb phosphorylation releases 

E2F to induce the synthesis of CycE88, CycA and Emi189. CycE:CDK2 further 

phosphorylates Rb90 and, together with Emi191,92, drives down Cdh1-dependent 

degradation of CycA and CycB. The irreversible inactivation of APC/C:Cdh1 marks the 

entry into S-phase, when Cdk2, in complex with CycE or CycA, can initiate DNA 

replication. As CycA:CDK2 activity becomes self-sustaining, CycE, in turn, becomes 

dispensable, and it is targeted for ubiquitination and degradation by the SCF pathway93. 

Further, E2F-dependent transcription is suppressed by CycA-dependent 

phosphorylation94. 

 
One of the justifications for the complexity of this pathway is to ensure the robustness 

and switch-like nature of the G1/S transition, as explained in the final section of this 

introduction. However, the main rationale for including so many CDK regulators (which 

are otherwise redundant for the dynamical properties of the transition) is that the 

pathway can respond to a great diversity of signals, which converge at CDK activity to 

determine the suitability of proliferation. One of the principal inputs into the G1/S control 



 27 

pathway is mitogen signalling. Mitogens, such as EGF, FGF and PDGF, are extracellular 

signalling molecules that are produced by the neighbouring or distant tissues, which 

stimulate entry into the cell cycle. Typically, they exert their stimulatory effects by binding 

receptor tyrosine kinases, which trigger the Mitogen-Activate Protein Kinase (MAPK) 

cascade95. The downstream kinases of the pathway, such as ERK, phosphorylate 

transcription factors, which upregulate pro-proliferative genes. The principal targets are 

the D-type cyclins, which indirectly activate E2F (Fig. 1.2). One of the targets of E2F is the 

DNA replication origin licensing protein Cdc696, such that mitogens help stimulate S-

phase entry by both through CDK activation and by stimulating licensing.   

 

 
 

Fig. 1.2 – The molecular control pathway of the Restriction Point and G1/S transition. Black dots 
indicate the molecules which stimulate/inhibit some reaction, process or protein. The arrow heads 
indicate the proteins/processes that are being stimulated, while the bar head indicate inhibition. 
 
The mitogen-driven stimulation of proliferation is intimately linked to growth control. 

Cells must control their size to maintain an appropriate balance between ploidy and 
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biosynthetic capacity, as well as to facilitate tissue/cell-type specific function97. The 

average size of cells in a population depends on the growth rate and the inter-division 

time. Since the mass accumulation rate scales with the mass itself, mammalian cells 

grow exponentially98–100. Thus, some homeostatic mechanism must counteract 

imbalances between the size doubling time and the cycle duration, as well as any random 

deviations, as might occur with asymmetric division, or noisy protein expression. It 

appears that one of the main strategies to achieve this involves the adaptive control of 

cell cycle duration. In mammals and budding yeast, the greatest variability occurs in G1 

and indeed, the duration is inversely proportional to the birth size26,27,98,99. In mammals, 

this relationship seems to depend on Rb27. This is because a roughly constant number of 

molecules (proportional to the gene copy number, which doubles with DNA replication 

and halves at division) are present in the cell, regardless of volume. Consequently, unlike 

most other proteins, the concentration of Rb decreases as the cell grows. Thus, in small 

cells, Rb should saturate E2F molecules and prevent entry into S-phase. Nevertheless, 

as cells grow, a stoichiometric deficit develops and CDK2 activity starts to accumulate. 

 

1.2.2 The regulation of DNA replication 

 

One of the unique features of eukaryotic genomes is the existence of a plurality of DNA 

replication origins, unlike the prokaryotic ones, which typically have a single origin. The 

need for this feature is explained by the significantly larger genome size of eukaryotes and 

the existence of multiple chromosomes. While the concerted action of numerous 

replisomes during the S-phase makes the completion of DNA replication in a timely 

manner possible, it also introduces a significant challenge: the cells must ensure that 

each individual DNA fragment is replicated once and only once per cell cycle, so that 

each daughter cell inherits an exact copy of the genome. To address this bookkeeping 

conundrum, eukaryotes partition the steps needed to initiate DNA replication to two 

mutually exclusive periods of the cell cycle. The loading of the MCM2-7 replicative 

helicase (also known as origin licensing) happens exclusively in G1 phase, while the firing 

of replication and template-directed DNA polymerisation only happens in S-phase. As 

CDK activity is responsible for licensing inhibition, this ensures that relicensing is not 
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triggered before the completion of the cell cycle. In addition, a checkpoint mechanism 

prevents progression to mitosis until all DNA has been replicated.  

 

The licensing of replication origins is inhibited by CDK activity through a variety of direct 

and indirect mechanisms. Subsequently, MCM helicases are only loaded during G1, 

when CDK activity is suppressed by the mechanisms described above (Fig. 1.2). Helicase 

loading is a multi-step process that requires several protein components whose 

availability is regulated in a cell cycle-dependent manner (Fig. 1.3). First, the origin 

recognition complex (ORC) is loaded onto DNA. Then, together with the licensing factors, 

Cdt1 and Cdc6, ORC loads two MCM helicases in opposite orientation. Cdt1 availability 

is restricted to G1 through at least two mechanisms. First, geminin is a stoichiometric 

inhibitor of Cdt1, but also a target of APC/C:Cdh1 ubiquitination,101 such that it only 

accumulates post S-phase entry. Second, the ubiquitin ligase CRL4:Cdt2 is recruited to 

active replisomes by PCNA and targets Cdt1 for degradation in S-phase102. In parallel, 

Cdt1 is also targeted for degradation by the SCF ubiquitin ligase following S-phase 

entry103. Similarly, Cdc6 may be targeted for degradation following CDK2-dependent 

phosphorylation104 and/or nuclear exclusion105,106. Finally, ORC and MCM proteins may be 

inhibited by CDK activity through a variety of mechanisms which appear cell type 

dependent107,108. 

 

Following entry into S-phase, CDK2 (and DDK, another S-phase kinase) phosphorylates 

the MCM complexes and some of the “firing factors”, Sld2, Sld3 (Treslin in humans), Sld7, 

Dpb11, the GINS complex, which help recruit the replicative polymerases to the loaded 

helicases107,109. Once this process is complete, DNA polymerisation is initiated. 

Throughout this process, the mutual exclusivity of Cdh1 and CDK2 plays a crucial role in 

ensuring that licensing (G1) and replication (S) are mutually exclusive processes. The 

properties of the cell cycle control network that facilitate this behaviour are discussed in 

the later sections of the introduction and in the Results chapters. 

 

Throughout this thesis, none of the biochemical mechanisms associated with licensing 

and replication will be modelled. Instead, it will be assumed that the licensing phase (G1) 
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is active when APC/C:Cdh1 is active. Similarly, cells will be assumed to be in the S/G2 

phases after the inactivation of APC/C:Cdh1 and before the activation of CycB:CDK1. 

  

 
 

Fig. 1.3 – The regulation of DNA replication – Replication origin licensing (the loading of the MCM2-
7 replicative helicase is facilitated by APC/C:Cdh1 in G1, through the protection of licensing factors. 
Replication firing is driven by CDK2, which phosphorylates the helicase proteins and activates the 
firing factors. 
 

1.2.3 The unreplicated DNA and DNA damage checkpoint 

 

To ensure that each daughter cell inherits a full copy of the genome, the cells must 

prevent entry into mitosis before the completion of DNA replication. Similarly, the 

genome must be free of errors. The same signalling pathway, known as the DNA damage 

response, ensures that cell cycle progression is delayed (or aborted altogether) unless 

replication is complete and all damage is resolved. The pathway is typically triggered by 

either double stranded breaks (potentially the most deleterious kind of DNA damage), or 

single stranded DNA (ssDNA)110,111. ssDNA is generated during numerous repair 
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processes, such as the nucleotide excision repair pathway, or homologous 

recombination, during which strand resection is one of the crucial steps112 (Fig. 1.4). In 

addition, ssDNA is a natural intermediate in DNA replication, particularly on the lagging 

strand. Double strand breaks are typically recognised by the MRN complex113, while 

ssDNA is bound by the RPA protein114. These proteins initiate the signalling cascade by 

binding and activating the kinases ATM and ATR, respectively. In turn, they activate the 

Chk2 and Chk1 kinases. Chk1 is primarily responsible for suppressing CDK activity by 

inactivating Cdc25115. As discussed below, this phosphatase is essential for removing the 

inhibitory phosphorylation of CDK1, after which the cell enters mitosis. In contrast, 

Chk2’s primary effect is the stabilisation of the transcription factor p53116, a major tumour 

suppressor gene. p53 has many targets, which include DNA repair proteins, pro-

apoptotic factors and cell cycle inhibitors.  
 

 
 

Fig. 1.4 – The DNA damage response pathway. The inputs of the DDR pathway are ssDNA, which 
occur naturally during replication, or as intermediates of the repair processes, and double strand 
breaks. These inputs activate a kinase signalling cascade, which prevents cell cycle progression by 
suppressing CDK activity.  
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The DNA damage checkpoint can also be triggered in G1 phase, to avoid initiating 

replication of damaged chromosomes117. The same signalling pathway is triggered as 

during S-phase. However, the downstream effectors are different. Although the Cdc25A 

phosphatase may play a role in the timing of the G1/S transition118 and potentially 

respond to the DNA checkpoint, the main effector of the pathway is the p53 target gene, 

CDKN1A, coding for the CKI p21. In S-phase, this mechanism is unavailable, as p21 is 

targeted for degradation by CRL4:Cdt2119.  

 

1.2.4 The regulation of mitosis 

 

The numerous cellular events that make up mitosis are initiated by the phosphorylation 

of a large number of biochemical effectors. As such, mitotic progression is regulated 

globally through the control of activity of kinases and phosphatases. The key players are 

CycB:CDK1 kinase and its counteracting phosphatase, PP2A:B55, although several other 

kinases, such as Aurora A/B and Plk1 (herein also referred to as Polo), control specific 

aspects of mitosis.  

 

The cell is primed for entering M-phase as soon as S-phase commences, as CycA:CDK2 

activates the MuvB, B-MYB and FOXM1 transcription factors for CycB expression120. 

Simultaneously during S phase, after a burst in E2F-mediated transcription, E2F is 

inactivated by phosphorylation by CycA- and CycB CDKs121, which ensures that proteins 

needed for DNA replication are no longer expressed as cells enter mitosis. Along with 

CycB, Polo, an APC/C:Cdh1 substrate is also begins to accumulate. Thus, when Cdh1 

activity is low (in S/G2/M), the accumulation of Polo-kinase is indirectly activated by 

CycA- and CycB-activated CDK122. At mitotic entry, Polo is activated by Aurora A123. In 

turn, Polo is responsible for phosphorylating Emi1, thereby promoting Emi1 degradation 

through the SCF ubiquitin-ligase124 and leaving A-type and B-type CDKs the only 

remaining activities to maintain Cdh1 inactive until mitotic exit. 

 

The G2/M transition is driven by the activation of CycB:Cdk1, central component of the 

mitotic control network125 (Fig. 1.5) CycB:Cdk1 complexes undergo inhibitory tyrosine-
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phosphorylation on the Cdk1 subunit by Wee1-kinase and dephosphorylation by Cdc25-

phosphatases. The abrupt rise of Cdk1 activity at the onset of mitosis is triggered by the 

positive feedback loops between Cdk1|Wee1 (−|−) and Cdk1|Cdc25 (+|+). As explained 

in the subsequent sections, this regulatory motif gives rise to bistability87,126,127, ensures 

the robustness of the mitotic transition and creates the opportunity for an ‘unreplicated 

DNA’ checkpoint ahead of the G2/M transition. Rising CycB:Cdk1 activity phosphorylates 

Greatwall-kinase (Gwl). Activated Gwl phosphorylates and activates endosulfine (ENSA), 

which inhibits the major phosphatase (PP2A:B55) during mitosis128,129.  

 

 
 

Fig. 1.5 - The molecular network controlling mitotic entry and exit. 
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As the balance of kinase and phosphatase activity shifts, numerous molecular targets 

are phosphorylated in mitosis. Nuclear envelope breakdown occurs thanks to the 

phosphorylation of nuclear lamins130,131 and the nuclear pore complex132. Chromosome 

condensation is driven by the phosphorylation of condensin proteins by CDK1133–136, 

which lead to chromatin compaction through loop extrusion137. Centrosome disjunction 

is promoted by Plk1, while the migration of the centrosomes to the opposite poles is 

driven by the Eg5 kinesin, which is activated by CDK1 and Plk1138. Simultaneously, Aurora 

B promotes the correct (amphitelic) attachment of spindle microtubules to kinetochores.  

 

A crucial target of CycB:Cdk1 phosphorylation is APC/C. The phosphorylated ubiquitin 

ligase rapidly binds Cdc20, and the active complex (P-APC/C:Cdc20)81,139,140 promotes 

the degradation of cyclins. However, up to the end of metaphase, only CycA is degraded. 

This is because the activation of the spindle assembly checkpoint by unattached 

kinetochores prevents the activity of APC/C towards securin and CycB in order to delay 

mitotic exit until all chromosomes are aligned at the metaphase plate53. When 

kinetochores are not under tension (i.e. no amphitelic attachment), Aurora B 

phosphorylates the NDC80 component. Then, the MPS1 kinase poly-phosphorylates 

KNL1 component of the kinetochore, which acts as a scaffold for the catalytic formation 

of the mitotic checkpoint complex (Cdc20:Mad2:BubR1:Bub3), which inhibits APC/C. 

Once all chromosomes are attached, APC/C:Cdc20 is activated abruptly, leading to the 

degradation of securin. Securin is an inhibitor of the protease separase, which cleaves 

cohesin, leading to the loss of sister chromatin cohesion and the segregation of 

chromatids towards the opposite poles of the cell141. The other major target of 

APC/C:Cdc20 is CycB; as CycB:Cdk1 activity drops, the balance between APC/C 

phosphorylation and dephosphorylation shifts to favour its dissociation from Cdc20 and 

association with dephosphorylated Cdh1. These molecular changes drive the cell back 

to G1 (active APC/C:Cdh1). 

 

1.2.5 The biochemistry of endocycles 
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The interplay between CDKs and their antagonists is responsible for the careful ordering 

of cell cycle events. The licensing (G1) and replicative (S) phases occur sequentially 

(rather than simultaneously) thanks to the mutual antagonism between Cdk2 and Emi1, 

on the one hand, and APC/C:Cdh1 and CKIs, on the other hand. Similarly, mitosis and 

interphase follow each other, at least in part, because the mitotic kinase, Cdk1, is in 

mutual antagonism with Wee1, while the PP2A phosphatase is in mutual antagonism 

with Gwl. Further, replication and mitosis follow sequentially because Cdk2 stimulates 

the activation of Cdk1 and vice versa.  

 

For the purposes of this thesis, endocycles are defined as cell cycle variants where 

subsets of cell cycle phases are abrogated. As phase identity is intimately linked to the 

activity of cell cycle regulators, their specific perturbation results in endocycles. 

Replicative endocycles occur when cells undergo multiple rounds of origin licensing and 

DNA replication without dividing, such that they become polyploid. Analogously, mitotic 

endocycles would occur when the cell repeatedly activates the mitotic network, without 

driving intervening DNA replication events.  

 

Replicative endocycles are surprisingly diverse, with the exact biochemical mechanism 

and stage of cell cycle termination being dependent on the organism, cell type and 

developmental stage69,70,142. Endoreplication specifically refers to the repeated 

alternation of G1 and S phases, without entry into mitosis, as revealed either 

cytologically, or via the detection of mitotic markers, such as Ser 10 phosphorylated 

histone H3143. These cells complete their cycle and return to G1 not by activating 

APC/C:Cdc20, but by prematurely turning on APC/C:Cdh1144. It is tempting to suppose 

that because endoreplicating cells do not undergo anaphase, their chromosomes would 

be linked by cohesin rings. While some postmitotic polyploid cells have polytene 

chromosomes, such as in the Drosophila salivary glands145, in many cells, cohesion of 

sister chromatids is lost via a Pds5-dependent mechanism146. This is similar to cohesin 

removal from chromosome arms during early mitosis, and serves to prevent errors that 

might arise in subsequent mitoses.  
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In contrast to endoreplication, in endomitosis cells enter M-phase following S/G2, but 

they do not complete anaphase or divide142. Subsequently, the nucleus might become 

multilobed. Occasionally, cells can become polyploid via the direct inhibition of 

cytokinesis. This can be achieved by disrupting the actomyosin contraction necessary for 

cleavage furrow ingression. Here, I do not consider this to be an endocycle, as polyploidy 

does not directly emerge from the perturbation of the cell cycle control network.  

 

Replicative endocycles are ubiquitous across eukaryotic species. Starting with 

unicellular protists, many of these organisms show either polyploidy within one nucleus, 

polynucleation, or both147. A likely explanation for this is that increasing the number of 

genome copies allows the cell to grow to larger sizes, which may present a selective 

advantage in ecological niches where predator-prey dynamics exert significant pressure. 

Polyploidy is necessary when the gene copy number becomes limiting for the rate of 

transcription. This is exemplified in ciliates, such as Paramecium or Tetrahymena, where 

micronuclei hold one copy of the genome, which undergoes meiosis and is used for 

mating, while a large macroneucleus with hundreds of copies of each chromosome is 

used for transcription. The amplification of DNA in the macronucleus is driven by an 

endoreplication-like process, where replication origins are licensed and fired periodically 

without entering mitosis148.   

 

The most familiar example of endoreplication in a multicellular organism is the one 

observed in drosophila salivary glands, known for their polytene chromosomes, which 

show characteristic banding determined by euchromatic and heterochromatic 

domains149. Much like in the unicellular ciliates, the extra DNA copies support high rates 

of transcription and cellular enlargement. However, unlike typical endoreplication 

cycles, chromosome replication is incomplete, with heterochromatic regions being 

under-replicated.   

 

In mammals, several cell types undergo replicative endocycles. Megakaryocytes rely on 

endomitosis to increases their size prior breaking up into platelets. The induction of 

endomitosis is triggered by thrombopoietin, which upregulates CycE149. The purpose of 

this may be to stimulate the G1/S transition and potentially to help complete S-phase if 
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mitotic cyclins are simultaneously downregulated. M-phase is prematurely terminated 

by APC/C:Cdh1 activation, but stoichiometric inhibitors like p21 may also play a part in 

inhibiting CDK activity.  

 

Mammalian endoreplication is encountered in placental development, when 

trophoblast stem cells differentiate into trophoblast giant cells150. This is achieved by 

suppressing CycB:Cdk1 activity, through the upregulation of stoichiometric inhibitors, 

p21 and p57151. In addition, polyploidy can be encountered in hepatocytes. Although this 

can be achieved via different mechanisms, including acytokinetic mitosis, leading to 

binucleation, true endoreplication can also be triggered, possibly due to genotoxic 

stress71. 

 

In experimental context, endoreplication can be induced reliably in a variety of cell types 

and organisms, through the inhibition of the mitotic kinase69,152–154. As Cdk1 (or its non-

mammalian homologue) is inactivated, the cell can no longer enter mitosis. Instead, 

after the completion of S-phase, CDK activity drops and the cell returns to the G1 state, 

during which origins are relicensed. As this process repeats, the cell’s ploidy doubles 

numerous times.  

 

Mitotic endocycles occur very rarely, if at all, in physiological contexts, as the loss of 

chromosomes is likely lethal. However, aside from meiosis and reductive mitosis, mitotic 

endocycles can be induced experimentally. In budding yeast, mitotic exit requires the 

release of the Cdc14 phosphatase from the nucleolus155,156. Preventing the return of the 

cell to the G1 state by expressing a non-degradable variant of Clb2 results in the periodic 

release of Cdc14 from the nucleolus, giving rise to Cdc14 endocycles76. A different type 

of mitotic endocycle, termed Cdc20 endocycle, can also be induced in mammalian cells. 

In HeLa cells, expression of the CDK1AF allele, which cannot be phosphorylated and 

inhibited by Wee1, results in low amplitude, high frequency oscillations in CycB levels in 

the absence of DNA replication or division. The dynamical basis of endocycle emergence 

in S. cerevisiae has been studied in a theoretical paper by Novak & Tyson157. In Chapter 2, 

I introduce an analogous mechanistic model of cell cycle control that aims to explain 

endoreplication and Cdc20 endocycles in mammalian cells158. 
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1.3 Mathematical modelling, analytical tools and control motifs in cell 

cycle regulation 

 

Mathematical modelling plays an essential role in the development of physiological 

intuition, as well as in scientific hypothesis generation and testing. This is largely because 

most techniques in molecular and cellular biology are perturbative, in the sense that they 

use genetic or pharmacological means to ablate or enhance the activity of biochemical 

factors and then measure the effect on some phenotype of interest. This provides insight 

into the role specific genes in biological process. However, this approach makes it 

difficult to establish what the minimal functional units that carry out a physiological 

process are. For this, constructive techniques, such as in vitro biochemical 

reconstitution are necessary. Recently, these approaches have been invaluable for 

determining the minimal set of proteins and reaction steps needed for replication origin 

licensing and firing159–161. Nevertheless, there are practical limits on the complexity of the 

biochemical systems that could be reconstructed in vitro. On example is any process 

that requires complex gene regulation events, such as the activation of the DNA 

checkpoint, in which p53-dependent transcription might play a significant part. 

Mathematical modelling can bridge the gap between the bottom-up approach of 

biochemical reconstitution and the top-down approach of genetic perturbations. In 

addition, modelling provides the opportunity for making precise quantitative predictions, 

as well as a way to quickly generate proofs of concept for putative biochemical 

mechanisms.  

 

The primary modelling approach used throughout this thesis will be that of systems of 

coupled nonlinear ordinary differential equations (ODEs). ODEs describe the rate of 

change of levels or activity of some molecular species. As such, the principles of 

chemical kinetics will be at the heart of all research presented here. Nonlinearity is a 

ubiquitous property of biochemical systems, which is essential for underpinning much 

physiological function. Coupling such ODEs is a way to account for the role of multiple 

interacting genes and proteins. The remaining part of this introduction is dedicated to 
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explaining the basic principles of these concepts and how they are applied to 

understanding cell cycle properties.  

 

1.3.1 Ordinary differential equations, rate balance plots and bifurcation diagrams 

 

ODEs are expressions that link the rate of change (i.e. time derivative) of a dynamical 

variable (here, the activity of some molecular species) to a number of terms that involve 

functions of the variable itself and of potentially other variables that make up the system. 

This idea can be exemplified with respect to an important cell cycle regulator, which will 

be part of subsequent models, the ubiquitin ligase APC/C:Cdc20. Let us assume that 

APC/C can be converted between two forms, phosphorylated and dephosphorylated, 

according to the equilibrium APC⇌ APC-P. The phosphorylated form is bound by Cdc20 

and it is active towards substrates. If the forward step is catalysed by CDK1, while the 

backwards one by PP2A, the following ODE can be written: 

 

𝑑𝐴𝑃𝐶𝑃

𝑑𝑡
= 𝑘𝑝𝐴𝑃𝐶 ∙ 𝐶𝑑𝑘1 ∙ (𝐴𝑃𝐶𝑇 − 𝐴𝑃𝐶𝑃) −  𝑘𝑑𝑝𝐴𝑃𝐶 ∙ 𝑃𝑃2𝐴 ∙ 𝐴𝑃𝐶𝑃 (1.1) 

 

The phosphorylation and dephosphorylation rates are proportional to the concentration 

of the two species (i.e. mass action kinetics are assumed) and the product between 

kinase or phosphatase activity, and the applicable rate constants (𝑘𝑝𝐴𝑃𝐶, 

𝑘𝑑𝑝𝐴𝑃𝐶), respectively. Notice the equation assumes that the total concentration of APC 

(APCT) is constant, such that the dephosphorylated concentration is equal to 𝐴𝑃𝐶𝑇 −

𝐴𝑃𝐶𝑃. 

 

In this case, the ODE can be integrated to produce an exact expression that gives the 

concentration of dephosphorylated Cdc20 at any point in time:  

 

𝐴𝑃𝐶𝑃(𝑡) =  
𝐴

𝐵
+ 𝐴𝑃𝐶𝑃𝑖 ∙ 𝑒−𝐵𝑡 
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Where A =   𝑘𝑝𝐴𝑃𝐶 ∙ 𝐶𝑑𝑘1 ∙ 𝐴𝑃𝐶𝑇  and 𝐵 =  𝑘𝑝𝐴𝑃𝐶 ∙ 𝐶𝑑𝑘1 + 𝑘𝑑𝑝𝐴𝑃𝐶 ∙ 𝑃𝑃2𝐴, while 𝐴𝑃𝐶𝑃𝑖  

is the initial phosphorylated APC concentration. Although such integrated solutions are 

important for simulating the time evolution of the system of interest, no further attention 

will be dedicated to solving ODEs analytically, as numerical integration techniques are 

used throughout the thesis. The steady state response and how it is affected by variables 

such as Cdk1 and PP2A can be computed more readily, either analytically or using a 

graphical approach. First, notice that the steady state can be derived from the integrated 

solution; in the limit of infinite time, the exponential term vanishes such that 𝐴𝑃𝐶𝑃(𝑡) =

 
𝐴

𝐵
 . Equivalently, the same result can be obtained by applying the definition of steady 

state: the value of the dynamical variable at which the rate of change is zero, 𝑑𝐴𝑃𝐶𝑃

𝑑𝑡
= 0 , 

which results in an easily solvable algebraic equation.  

 

An alternative for finding the steady state is using a rate balance plot162. Despite being 

more computationally involved, this method can provide an intuitive sense of how the 

steady state changes with a change in an input or parameter. The principle of the rate 

balance plot is that the positive and negative terms of a differential equation are plotted 

as functions of the dynamical variable. The value of the dynamical variable at which the 

two terms are equal (and the curves cross each other) represents the steady state (Fig. 

1.6 left). Further, the curves of the rate balance plot can be calculated for different values 

of one input, such as Cdk1, in this case. By plotting the steady state as a function of the 

input generates a bifurcation diagram (Fig. 1.6 right). Such plots are indispensable tools 

for understanding the qualitative behaviour of dynamical variables and will be used 

throughout this thesis.  

 
Notice that the response of 𝐴𝑃𝐶𝑃  to Cdk1, given ODE 1.1, is hyperbolic. This relationship 

is a direct consequence of the assumed linearity in phosphorylation and 

dephosphorylation terms. The next sections focus on the change in this response as 

nonlinearities are introduced.  
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Fig. 1.6 – Steady state response of mass action phosphorylation and dephosphorylation – Left: 
rate balance plot for Eq. 1.1; the forward rate is plotted for different values of Cdk1, using a colour 
gradient that runs from blue to orange. The reverse rate is not affected by changes in the Cdk1 
parameter, and is plotted as a linear function in red. Notice that as the steepness of the forward rate 
function increases, the change in APCP steady state decreases, given the same increment change in 
Cdk1. This accounts for hyperbolic response of APCP, as shown by the bifurcation diagram with 
respect to Cdk1 (Right). The parameter values are: kpAPC=0.1, kdpAPC=0.1, APCT=1. 
 

1.3.2 Nonlinearity. Sigmoid (hypersensitive) responses 

 

Equation 1.1 assumes that the rate of (de)phosphorylation increases linearly with 

substrate concentration. However, it is conceivable that at least in some situations, the 

concentration of enzyme is much lower than that of the substrate. Consequently, 

assuming Michaelis-Menten (saturable) kinetics may be more suitable than mass action. 

Subsequently, ODE 1.1 can be updated: 

 

𝑑𝐴𝑃𝐶𝑃

𝑑𝑡
= 𝑘𝑝𝐴𝑃𝐶 ∙ 𝐶𝑑𝑘1 ∙

𝐴𝑃𝐶

𝑗1 + 𝐴𝑃𝐶
− 𝑘𝑑𝑝𝐴𝑃𝐶 ∙ 𝑃𝑃2𝐴 ∙

𝐴𝑃𝐶𝑃

𝑗2 + 𝐴𝑃𝐶𝑃
  (1.2) 

 

Where 𝐴𝑃𝐶 =  𝐴𝑃𝐶𝑇 − 𝐴𝑃𝐶𝑃, the dephosphorylated concentration, and j1, j2 are the 

Michaelis constants for the phosphorylation and dephosphorylation reactions, 

respectively. This means that the forwards and backwards reaction rates will show a 

hyperbolic response with respect to the Cdk1 concentration (Fig. 1.7 left). Notice that 

this has an interesting consequence: The steady state level of APCP changes significantly 

only when Cdk1 is approximately 1, but changes very little when Cdk1 is either much 

greater or lower than that. Plotting the bifurcation diagram reveals that 𝐴𝑃𝐶𝑃  has a 
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sigmoid response to Cdk1 (Fig. 1.7 right). This phenomenon is known as zero-order 

ultrasesitivity162, because it occurs under kinase and phosphatase saturation (i.e. the 

substrate concentration is much greater than the Michaelis constant), such that the rate 

of reaction is effectively zero-order with respect to the (de)phosphorylated APC 

concentration. It turns out that the steady state can be calculated analytically, according 

to the Goldbeter-Koshland function163. First, let: 

 

𝑉1 = 𝑘𝑝𝐴𝑃𝐶 ∙ 𝐶𝑑𝑘1                  𝑉−1 = 𝑘𝑑𝑝𝐴𝑃𝐶 ∙ 𝑃𝑃2𝐴                  𝐽1 =  
𝑗1

𝐴𝑃𝐶𝑇
                  𝐽2 =

𝑗2

𝐴𝑃𝐶𝑇
 

 

Then, the Goldbeter-Koshland equilibrium is given by: 

 

𝐴𝑃𝐶𝑃

𝐴𝑃𝐶𝑇
=  

2 ∙ 𝐽2 ∙ 𝑉1

𝐵 + √𝐵2 − 4 ∙ 𝐽2 ∙ 𝑉1 ∙ (𝑉−1 − 𝑉1)
 

 

Where 𝐵 =  𝑉−1 − 𝑉1 + 𝐽1 ∙ 𝑉−1 + 𝐽2 ∙ 𝑉1 

 

This equation does not provide much intuition into the steady state response of a 

dynamical variable to an input. However, in this thesis, I occasionally use this function to 

model sigmoid responses, as an alternative to the more commonly used Hill function, 

particularly when the competition between a kinase and phosphatase for a substrate has 

a physiologically relevant effect.  

 

 
 
Fig. 1.7 – Steady state response of Michaelis-Menten phosphorylation and dephosphorylation – 
Left: rate balance plot for Eq. 1.2. Increasing Cdk1 leads to an increase in the asymptote of the forward 
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rate function (corresponding to Vmax). The colour coding is consistent with the previous figure. Right 
– APCP vs Cdk1 bifurcation diagram, showing a sigmoid response. Parameter values: j1=j2=0.01, with 
the rest unchanged. 
 

The validity of the assumption of enzyme saturation in vivo has been called into 

question19. This is because the concentration of many enzymes and their protein 

substrates can often be comparable, such that the assumption of Michaelis-Menten 

kinetics, that the enzyme-substrate complex concentration is much lower than that of 

free substrate, might not hold. Nevertheless, CDKs may in fact be an important exception 

to this argument. This is because CDKs have hundreds of substrates, many of which have 

numerous phosphorylation sites164–166. Thus, it is likely that CDKs are effectively saturated 

through the cell cycle. Indeed, many CDK substrates, including APC/C, as modelled 

above, respond sigmoidally to changes in kinase activity167–169. Consequently, the use of 

the GK function is at least empirically justified.  

 

In addition to zero-order ultrasensitivity, several other mechanisms are available for 

generating ultrasensitive responses, such as ordered, distributive multisite 

phosphorylation170,171, stoichiometric inhibition, or positive feedback172. 

 

1.3.3 Positive feedback and bistability 

 

Positive feedback is a ubiquitous regulatory motif in biological systems. One of its 

features is the amplification of signals. In combination with ultrasensitivity, however, it 

gives rise to a property known as bistability, which underpins many essential 

physiological features of the cell cycle control network. To illustrate this point, I refer to 

the regulation of the mitotic kinase. As already explained, inhibitory tyrosine 

phosphorylation plays an important role at the G2/M transition. As such, the effect of the 

Wee1 kinase and Cdc25 phosphatase can be summarised by the ODE: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= (𝑘𝑝 + 𝑘𝑝′ ∙ 𝐶𝑑𝑐25) ∙ (𝐶𝑦𝑐𝐵 − 𝐶𝑑𝑘1) − (𝑘𝑑𝑝 + 𝑘𝑑𝑝′ ∙ 𝑊𝑒𝑒1) ∙ 𝐶𝑑𝑘1 (1.3) 
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Where kp and kdp are the basal rates of phosphorylation and dephosphorylation, while 

kp’ and kdp’ the rate constants for the enzyme catalysed reactions. For consistence with 

previous publications87, I refer to the total Cdk1 (phosphorylated and dephosphorylated) 

pool as CycB. This is because CycB protein is assumed to bind to Cdk1 completely and 

instantaneously, while unbound Cdk1 is assumed to be inactive.  

 

Interestingly, Cdc25 and Wee1 are activated and inactivated by Cdk1, respectively. Thus, 

both variables can be expressed as functions of Cdk1 activity. For simplicity, I only 

consider Cdc25 here and assume Wee1 is a constant. If Cdc25 exists in an equilibrium 

between phosphorylated and dephosphorylated forms, established by Cdk1 and some 

constitutive phosphatase, the steady state level of the active (phosphorylated form) is 

given by a hyperbolic function of Cdk1 (c.f. ODE 1.1 steady state calculation above): 

𝐶𝑑𝑐25 =  
𝐶𝑑𝑘1

𝑗3+𝐶𝑑𝑘1
 . As such ODE 1.3 can be updated: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= (𝑘𝑝 + 𝑘𝑝′ ∙

𝐶𝑑𝑘1

𝑗3 + 𝐶𝑑𝑘1
 ) ∙ (𝐶𝑦𝑐𝐵 − 𝐶𝑑𝑘1) − (𝑘𝑑𝑝 + 𝑘𝑑𝑝′ ∙ 𝑊𝑒𝑒1) ∙ 𝐶𝑑𝑘1 (1.4) 

 

Calculating the rate balance plot reveals that the forward rate can be approximated by a 

parabolic function of Cdk1 (Fig. 1.8 left). Intriguingly, this implies that more than one 

steady state can be observed for some specific values of CycB, since two intersections 

of the forward and reverse rate functions can occur. However, plotting the bifurcation 

diagram (Fig. 1.8 right) reveals only one steady state. This conundrum can be resolved by 

noting that one of the steady states is unstable and therefore is not physically observable 

(though it can be calculated). The existence of this unusual state can be understood 

according to an analogy: if stable steady states correspond to local energy minima of a 

reaction coordinate, two such minima must logically be separated by a local maximum. 

In this particular case, only a local minimum (the stable state) and the maximum (the 

unstable state) exist.  
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Fig. 1.8 – The equilibrium response of phosphorylation and dephosphorylation reactions, with 
positive feedback – Left: rate balance plot for Eq. 1.4. The forward rate is shown to vary with the value 
of the total Cdk1 concentration (P-ated and de-P-ated). Right – Cdk1 vs CycB bifurcation diagram, 
showing a threshold response. Parameter values: kp’=kdp’=1, kp= kdp=0.001, Wee1=1, j3=0.25. 
 
It is tempting two ask if three steady states can be generated by an ODE, two of which are 

stable. On way to achieve this is to modify the forward rate to resemble a higher order 

polynomial, such that the forward and backward rate functions generate three 

intersections. For this, it can be assumed that Cdc25 is a sigmoid, rather than hyperbolic, 

function of Cdk1, and modelled as a Hill function: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= (𝑘𝑝 + 𝑘𝑝′ ∙

𝐶𝑑𝑘1𝑛

𝑗3𝑛 + 𝐶𝑑𝑘1𝑛
)(𝐶𝑦𝑐𝐵 − 𝐶𝑑𝑘1) − (𝑘𝑑𝑝 + 𝑘𝑑𝑝′ ∙ 𝑊𝑒𝑒1)𝐶𝑑𝑘1 (1.5) 

 

This approach is justified both empirically169, and theoretically, as Cdc25 undergoes 

multisite phosphorylation by Cdk1. The rate balance plot (Fig. 1.9 left) shows that the 

forward rate function is such that the resulting curve can generate three steady states in 

conjunction with reverse rate curve. As revealed by the bifurcation diagram (Fig. 1.9 right), 

this ODE gives rise to an S-shaped Cdk1 response with respect to CycB. The most 

interesting property of this response is bistability: the existence of two distinct stable 

values of Cdk1 activity for the same CycB, separated by an unstable state. The 

implication of this diagram is that the state in which the system is found will depend on 

its history. Suppose that initially CycB=0. Then, as CycB increases, the activity of Cdk1 

increases very slowly. However, once CycB=a, the lower steady state loses stability by 

merging with the unstable state at a saddle-node bifurcation. Subsequently, only the 
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upper steady state remains stable and the system is spontaneously attracted to it. This 

point corresponds to the sharp activation of Cdc25, such that Cdk1 is dephosphorylated 

suddenly and its activity becomes self-sustaining. Notice that if CycB were to decrease, 

the system would not immediately revert to the lower steady state. Instead, CycB would 

have to fall below CycB=b. This property is known as hysteresis, and it is an essential 

feature of all cell cycle transitions.  

 

 
 
Fig. 1.9 – The equilibrium response of phosphorylation and dephosphorylation reactions, with 
nonlinear positive feedback – Left: rate balance plot for Eq. 1.5. For some CycB values, three 
intersections between the forward and backwards rate plots can be found. Right – Cdk1 vs CycB 
bifurcation diagram, showing a bistable response, with ON and OFF thresholds at CycB=a and 
CycB=b, respectively. With n=5, kp’=5, kdp’=1, kp=kdp=0.1, j3=0.5, j1= j2=0.01. 
 
Bistability has important implications for cell cycle physiology. Most importantly, it 

ensures that CDK activity changes in discrete steps (assuming sufficiently long time 

scales), which underpins phase identity and is necessary for triggering cellular events 

that must be mutually exclusive65,67,173. Further, hysteresis ensures that cell cycle 

transitions are, broadly speaking, irreversible, such that the cell cycle progresses 

unidirectionally and deleterious events, such as rereplication, are prevented174,175. Both 

experimental and theoretical approaches have confirmed that bistable networks 

underpin the G2/M87,127,176,177 and G1/S178,179 transitions. 

 

1.3.4 Coupled ODE systems and phase planes 
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In order to study the regulation of the cell cycle from a dynamical perspective, it is 

important to consider numerous proteins and their interactions. This can be achieved by 

introducing systems of coupled ODEs. In ODE 1.2, APCP was already defined as a 

function of Cdk1. If ODE 1.5 can be rewritten such that Cdk1 is a function of APCP, then 

a system of coupled ODEs can be defined, which would allow the study of the dynamics 

of a more complex molecular control unit. In turn, this would enable us to study more 

complex molecular biological phenomena from a theoretical perspective.  

 

Conveniently, APC/C:Cdc20 is already known to influence the activity of Cdk1, as the 

ubiquitin ligase can target CycB for degradation. Thus, it could be argued that CycB is a 

function of APCP, noting that APCP here refers to the phosphorylated from of APC/C, 

which I assume is fully and instantaneously bound and activated by the Cdc20 adaptor: 

 

𝑑𝐶𝑦𝑐𝐵

𝑑𝑡
= 𝑘𝑠 − (𝑘𝑑 + 𝑘𝑑′ ∙ 𝐴𝑃𝐶𝑃) ∙ 𝐶𝑦𝑐𝐵 (1.6) 

 

While it is legitimate to have a system of 3 differential equations composed of ODEs 1.2, 

1.5 and 1.6, the current system can be simplified by assuming that CycB is a much faster 

variable than Cdk1 and APCP, such that it is in pseudo-steady state with respect to the 

other variables. Of course, from a physiological perspective this is not justified, as protein 

synthesis and degradation tend to be slower than post-translational modification. As 

such, I will revisit this assumption in a later section. However, for the time being, I make 

this assumption because it allows the introduction of a new analytical tool with minimal 

modifications to existing equations. Thus, CycB is rewritten as: 

 

𝐶𝑦𝑐𝐵 =
𝑘𝑠

𝑘𝑑 +  𝑘𝑑′ ∙ 𝐴𝑃𝐶𝑃
 

 

Dividing the top and bottom of the fraction by kd’, allows us to rewrite CycB as 

K/(Kt+APCP). As such, ODE 1.5 can be expressed as: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= (𝑘𝑝 + 𝑘𝑝′

𝐶𝑑𝑘1𝑛

𝑗3𝑛 + 𝐶𝑑𝑘1𝑛
 ) (

𝐾

𝐾𝑡 + 𝐴𝑃𝐶𝑃
− 𝐶𝑑𝑘1) − (𝑘𝑑𝑝 + 𝑘𝑑𝑝′ ∙ 𝑊𝑒𝑒1)𝐶𝑑𝑘1 (1.7) 
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To understand the steady state behaviour of this system, the bifurcation diagrams of 

Cdk1 with respect to APCP and of APCP with respect to Cdk1 can be calculated and 

plotted on the same graph (Fig. 1.10). APCP is still sigmoid with respect to Cdk1, as in 

figure 1.7. Equally, Cdk1 is still bistable too, but notice that the curve is Z-shaped, rather 

than S-shaped, since the forward rate is inversely proportional to APCP. This plot is 

termed phase plane and it is an indispensable tool for understanding the stability of 

systems of coupled ODEs. Importantly, a system is in steady state when all variables it 

consists of are in steady state (i.e. when the two curves – nullclines – intersect each 

other). In this case, there are 3 steady states: two of them are stable, as they fall on the 

stable branches of the Cdk1 nullcline, while the third is a saddle point, because it falls on 

the saddle of the Cdk1 nullcline. In the following section, I explore how changing the 

parameters can affect the behaviour of the system.  

 

 
 

Fig. 1.10 – Cdk1 – Cdc20P phase plane – The plot is generated using equations 1.2 and 1.7, and shows 
that the nullclines intersect at 3 points, determining 3 steady sates. Two of these states are stable 
(black dots), meaning that the system can settle onto either of them, while the third state is unstable 
(white dot). The parameter values are: K=1, Kt=0.5, Wee1=1, kp’=kdp’=1, kp=kdp=0.001, APCT=1, j1= 
j2=0.01, j3=0.25, n=5, kpAPC=kdpAPC=0.1 
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1.3.5 Negative feedback and oscillations 

 

One of the features of the system introduced above is the existence of a negative 

feedback motif: Cdk1 stimulates the phosphorylation of APC, while APCP leads to the 

degradation of CycB, and subsequently inactivates Cdk1. Negative feedback can, in 

certain situations, act to increase the robustness of system by opposing the effect of 

perturbations, as might occur due to noise. More interestingly, however, negative 

feedback can give rise to oscillatory behaviour. The simplest case is that of delayed 

negative feedback. For instance, if some input triggers an antagonistic species, the delay 

may allow the input to accumulate to a very high level after which the antagonist is 

overstimulated. Consequently, the overactive inhibitor drives the input to a very low level, 

such that the inhibitor will eventually be suppressed. Finally, the cycle can restart with 

the accumulation of input. Negative feedback can be implemented by biological systems 

in many ways to achieve oscillations180,181. The main mechanism enabled by the system 

above and the one used throughout this thesis is that of amplified negative feedback66. 

The general principle through which amplified negative feedback oscillator is established 

is the coupling of a bistable switch and a negative feedback loop. Suppose that an 

activator is bistable (similarly to Cdk1 here), while the inhibitor shows a hypersensitive 

response (c.f. APCP). This means that the activator could rapidly switch between two 

states which may be either below or above the threshold for inhibitor activation. As such, 

the system can oscillate because when the activator is low, the inhibitor is also low, such 

that activator can accumulate spontaneously and trigger the positive feedback, to ‘jump’ 

to the upper steady state. Subsequently, this hyper-activates the inhibitor, which can 

bring the system back to baseline. 

 

The system presented above can achieve this kind of behaviour. The only thing that 

prevents it from oscillating is the presence of stable steady states, which suppress the 

oscillation. Thus, if the unstable steady state on the saddle of the Cdk1 nullcline can be 

maintained while abolishing the stable steady states, then the system should oscillate 

spontaneously. Fortunately, this can be readily achieved by changing a few parameters, 
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as shown in Fig. 1.11 left. A time course simulation reveals that the system does indeed 

display limit cycle oscillations (Fig. 1.11 right).  

 

 
 
Fig. 1.11 – Amplified negative feedback oscillator dynamics – Left: Phase plane of the Cdk1-APCP 
system with new parameter set (kp=0.1, kdp=0.4, kpAPC=0.5, with the rest unchanged from the previous 
figure). The only remaining steady state is the unstable on, around which the system oscillates. Right: Time 
course simulation of the same system, showing periodic dynamics.  
 

1.3.6 Reviewing dynamical assumptions 

 

In section 1.3.4 I commented that converting CycB to a steady-state algebraic equation 

is not biologically justified, because protein synthesis and degradation cannot be 

expected to be faster processes than phosphorylation and dephosphorylation reactions. 

Nonetheless, in order to plot a phase plane, a system must consist of only 2 dynamical 

variables. One way to solve this issue would be to convert Cdk1 (ODE 1.5) to a steady 

state algebraic equation. However, notice that this is a rather laborious task, given the 

nonlinear (Hill function) positive feedback term.  Luckily, APCP is also a relatively fast 

variable, whose steady state I have already shown to be given by the Goldbeter-Koshland 

function. It would be tempting to suppose that the rest of the system would consist of 

ODEs 1.5 and 1.6. However, to be precise, ODE 1.5 must be updated as follows: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= 𝑘𝑠 + (𝑘𝑝 + 𝑘𝑝′ ∙

𝐶𝑑𝑘1𝑛

𝑗3𝑛 + 𝐶𝑑𝑘1𝑛
) (𝐶𝑦𝑐𝐵 − 𝐶𝑑𝑘1)

−(𝑘𝑑𝑝 − 𝑘𝑑𝑝′ ∙ 𝑊𝑒𝑒1) ∙ 𝐶𝑑𝑘1 − (𝑘𝑑 + 𝑘𝑑′ ∙ 𝐴𝑃𝐶𝑃) ∙ 𝐶𝑑𝑘1  (1.8)
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Notice that constant synthesis and APC/C:Cdc20-dependent degradation terms were 

added. These terms are essential because they account for the assumption that as the 

CycB protein is synthesised, it instantaneously forms a complex with Cdk1 enzyme. This 

complex represents the Cdk1 variable in the model. Consequently, there ought to be no 

delay between the accumulation of the CycB and Cdk1 dynamical variables, since they 

are initially identical. Cdk1 can then be phosphorylated and inactivated (i.e. converted to 

the form whose quantity is given by CycB – Cdk1) by Wee1. Strictly speaking, without the 

addition of these terms, the accumulation of the Cdk1 variable would be delayed with 

respect to CycB in a manner that depends on the dephosphorylation kinetics.  

 

With this set-up, a phase-plane for the Cdk1-CycB dynamical system can be plotted (Fig. 

1.12 left). Notably, the Cdk1 nullcline still shows bistability, but the curve is S-shaped, 

rather than Z-shaped, because the accumulation of CycB favours the accumulation of 

the active Cdk1 form. Similarly, the CycB nullcline is sigmoid, but high values of Cdk1 

reduce the steady state level of CycB thanks to the activation of APC/C:Cdc20. This, in 

essence, is the 1993 Novak & Tyson87 view of the mitotic oscillator.  

 

 
 
Fig. 1.12 – Alternative phase plane views of the APC-CDK1 oscillator – (left) Cdk1-CycB phase plane, 
under the assumption of APCP steady state. (right) APCP – CycB pseudo phase plane. Parameter values: 
ks=0.01, kd=0.005, kd’=0.01 (which correspond to the same K and Kt values as in figs. 1.10 and 1.11). All 
other parameters are unchanged. 
 
For completeness, it can be asked whether there is any way to plot a CycB – APCP phase 

plane, even though there is no clean way to express the Cdk1 steady state based on ODE 

1.8. As a nullcline is simply the steady state response of a variable with respect to another 
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variable taken as a constant, it means nullclines can be plotted by calculating the 

bifurcation diagram of each variable of interest with respect to the other variable. 

Specifically, to calculate the CycB nullcline with respect to APCP, APCP is first turned into 

a constant, such that we are left with a CycB and Cdk1 system. Thus, we can calculate 

the steady state response of this system with respect to APCP. A similar approach can be 

carried out for finding the APCP vs CycB nullcline. Finally, both curves are plotted on the 

same graph to obtain a pseudo phase plane (Fig. 1.12 right). I use this approach whenever 

a phase plane is needed, but there is no straightforward way to compute steady state 

solutions for any of the dynamical variables.  

 

1.3.7 Endo-oscillatory systems 

 

Having established the basic principles of modelling biological control systems that will 

be used throughout this thesis, it is possible to return to the basic biological question that 

motivates this research: how can the cell cycle control network transition between the 

mitotic cell cycle, in which all 4 typical phases are triggered sequentially, and 

endocycles, in which limited subsets of phases occur periodically? I first address this 

question in Chapter 2, by building a mechanistic model of the mammalian cell cycle 

control network, which reproduces and predicts the emergence of endocycles following 

pharmacological or genetic perturbations. Subsequently, I aim to identify the general 

properties a dynamical system must satisfy in order to be able to give rise to endo-

oscillations. Thus, I define an endo-oscillatory system as a multi-component dynamical 

system with periodic solutions, for which a subset of components can be disengaged 

from oscillation following parameter changes. In Chapter 3, I show such a system can 

consist of two mutually-inhibitory amplified negative feedback oscillators, and argue that 

this regulatory structure underpins the preceding mammalian model. In chapter 4, I show 

that a more general endo-oscillatory system can consists of a multi-stable excitable 

system.  
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2 The oscillation of mitotic kinase governs cell cycle 
latches in mammalian cells 
 

2.1 Introduction 

 

As a first step towards understanding the emergence of endo-oscillations in the 

mammalian cell cycle, I attempt to model the regulatory interactions that drive DNA 

replication and mitosis, whose perturbation might give rise to endocycles. In doing so, I 

hope that I can reproduce the endoreplication and Cdc20 endocycle phenotypes in silico 

(Section 1.1) and predict the conditions under which the same processes could take 

place in a different genetic background. Previously, mammalian endocycles have been 

studied in HeLa cells75,144, which are known to suffer from aneuploidy and extensive 

mutations, including in cell cycle regulators, such as Rb and p53. This casts doubt on 

whether the experimental findings are generally applicable. Thus, an additional goal of 

this modelling approach is to determine whether and how equivalent phenotypes can be 

triggered in wild type cells and what role, if any, is played by the perturbed genes. 

 

As a starting point for my modelling endeavour, I refer to previous attempts at modelling 

the cell cycle in budding yeast157,182,183. One of the core assumptions has been that the 

cell cycle represents the alternation of two states, G1 and S/G2/M, formed by the mutual 

antagonism between CDKs and the APC/C:Cdh1 ubiquitin ligase. Importantly, the 

properties of this bistable switch are such that the ON (CDK activation) and OFF (APC/C 

activation) transitions are driven by two different helper molecules. In the G1ss steady 

state (Fig. 2.1), APC/C:Cdh1 and CKIs are highly active and suppress CDK activity. As 

proliferative signals are detected, leading to the accumulation of G1-CDK activity, the 

CDK suppressors are inactivated, leading to the destabilisation of G1ss and the 

spontaneous attraction to the mitotic steady state Mss. On the trajectory to Mss, the cell 

drives DNA replication and chromosome condensation and alignment. Importantly, the 

CDK positive feedback is sufficiently strong that the bistable switch is essentially 

irreversible, meaning that the system cannot return to G1ss even if the initial stimulus is 
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removed. This property is the essence of the latching gate argument: the cell cannot 

return to the G1ss state without activating a different pathway, which can only be 

stimulated after the completion of DNA replication and the silencing of the mitotic 

checkpoint. The same argument applies to the return to Mss after the completion of 

mitosis. Consequently, the latching gate mechanism accounts for the alternation of the 

replication licensing phase (G1) and metaphase, with replication and 

segregation/division happening as the cell transitions between the two states.  

 

 
 
Fig. 2.1 – A model of mammalian cell cycle controls. (A) Conceptual framework. A newborn cell 
arrests in G1 phase (unreplicated chromosomes) at a stable steady state, denoted by the black circle 
labelled G1ss. Growth factors, integrated at the restriction point (RP), destabilize G1ss (white circle) 
and induce the cell to enter S/G2/M phase (green), replicating its chromosomes and eventually 
arresting in mitosis at a different stable steady state, denoted by the black circle labelled Mss, while 
the replicated chromosomes are coming into alignment on the mitotic spindle. When the spindle is 
properly assembled and all chromosomes are properly aligned, the mitotic checkpoint is lifted, 
destabilizing M (black circle to white circle transition) and allowing the cell to exit mitosis (red phase: 
M→A→T), divide (CD) and return to the G1 stable state. These events are coordinated by a complex 
protein interaction network, whose principal components are displayed inside the cycle. (B) An 
influence diagram summarizing mammalian cell cycle controls. Arrowheads indicate ‘activation’ or 
‘synthesis’; black dots indicate ‘inactivation’ or ‘degradation’. Cdh1 and CycB play central roles in the 
control system. At the G1 steady state, Cdh1 and Rb are active, E2F is inactive, the levels of the cyclins 
(CycA, CycB, CycE and CycD) are low, as are those of Emi1 and Polo. At the M steady state, Cdh1 is 
inactive, and CycA, CycB and Polo are active. This diagram is converted into a set of nonlinear ordinary 
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differential equations in the Materials and Methods. (C) Limit-cycle oscillations of the model when all 
checkpoints are removed. The model ODEs are simulated numerically for the parameter values given 
in Table S2.1, and selected variables are plotted as functions of time (in hours). The phases of the cell 
cycle are colour coded: G1 (pink), S/G2 (yellow) and M (green). Notice that Rb and Cdh1 activities are 
high in G1 phase, CycE and E2F activities peak at the G1/S transition, Emi1 and CycA are high in G2 
phase, ‘Cdk1 activity’ (i.e. active CycB:Cdk1) and Polo peak as the simulated cell enters mitosis, and 
Cdc20 peaks as the cell exits mitosis and returns to G1 phase. Meanwhile, PP2A:B55 activity is high 
throughout G1/S/G2 and low only when Cdk1 activity is high. Because no checkpoint controls are 
operational in this simulation, the cell cycle time-courses do not pause at the stable steady states 
(G1 and M) in A. In the middle panel, arrows indicate the corresponding y-axis for dynamic variables. 
 
Within this framework, endocycles can be thought to occur when the central CDK-APC/C 

switch is perturbed such that it becomes reversible with respect to one of the ‘helper’ 

molecules that normally drives the unidirectional flipping of the switch157. When this 

happens, for instance in endoreplication cycles, the G1ss state can be destabilised. 

However, as the gate fails to latch, the cell readily ‘falls back’ to G1 before it is able to 

reach Mss. This means that mitotic events are not completed, since the OFF pathway has 

become dispensable. As the helpers are no longer stimulated following state 

destabilisation, their activity wanes, leading to small amplitude oscillations. 

 
Although this concept of the cell cycle regulation was originally presented for budding 

yeast, it is applicable to eukaryotic organisms in general, because B-type CDKs are a 

universal feature of entry into mitosis125, and their opposition by APC/C:Cdh1 and 

stoichiometric CKIs is a universal feature of G1 arrest in eukaryotic cells. Here, I focus on 

the control system in mammalian cells. As suggested by Fig. 2.1A, the coexisting stable 

steady states (G1ss and Mss) of the underlying bistable switch force the cell to follow a 

distinctive loop of cell-cycle events governed by two characteristic transitions: from G1 

into S/G2/M as the RP is lifted, and from M into A/T/CD/G1 as the MC is lifted (Fig. 2.1A). 

At these transitions, the cell executes the two crucial events of the chromosome cycle: 

(1) passing from G1 into S/G2/M, during which the chromosomes in the cell are replicated 

and brought into alignment by the mitotic spindle, and (2) passing from M into A/T/CD/G1, 

when the sister chromatids are partitioned to two daughter cells. 

 

These two transitions are fundamentally irreversible because of the ‘latching’ property of 

the bistable switch. Mechanistically,  at the restriction point (RP), the G1 steady state 

becomes unstable (denoted as the black circle to white circle transition in Fig. 2.1A), and 
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the cell enters S/G2/M by upregulating cyclin E bound to Cdk2 (CycE:Cdk2), which 

promotes the rise of cyclin A bound to Cdk2 (CycA:Cdk2; involved in DNA replication) and 

CycB:Cdk1 (mitotic CDK activity). As the levels of CycA- and CycB-dependent kinases 

rise, CycE is phosphorylated and degraded by the SCF pathway (negative feedback)93. As 

CycE-dependent kinase activity drops, the control system is captured by the stable 

steady state Mss (black circle in Fig. 2.1A). At RP, the ‘G1 gate’ is opened and CycE pushes 

the cell into S/G2/M. The negative feedback loop acts as a ‘spring’ to pull the gate closed, 

and it ‘latches’ at the stable M state. For the cell to divide and return to G1 phase, the 

silencing of mitotic checkpoint (MC) must destabilize Mss (black circle to white circle 

transition in Fig. 2.1A), causing Cdc20-bound APC/C (APC/C:Cdc20) to 

polyubiquitylate/degrade both securin and CycB184, which allows sister chromatids to 

separate and the cell to proceed into A and T. As CycB-dependent kinase activity drops, 

the APC/C dissociates from Cdc20 and binds to Cdh1185. The falling activity of 

APC/C:Cdc20 is the ‘spring’ that pulls the mitotic-exit gate closed and latched at the 

stable G1ss state. 

 

Analogously to budding yeast, the irreversible ‘latching’ property of these gates 

guarantees that a proliferating cell alternates between S phase (DNA replication) and 

mitosis (accurate partitioning of replicated chromosomes to the two incipient daughter 

cells). The alternation between G1 and M is facilitated by ‘helper’ molecules (in 

mammals, a starter kinase like CycE:Cdk2 and an exit protein like APC/C:Cdc20). The 

helper molecules are regulated by negative feedback mechanisms that inactivate them 

after the transition is triggered 157,183.  

 

The focus of this chapter is to show that this informal, verbal description of cell cycle 

progression is a precise mathematical consequence of the molecular interactions 

among the CDKs, antagonists and helpers of the mammalian cell cycle control system. 

The mathematical model makes interesting predictions about the appearance of 

‘endocycles’ (e.g. periodic DNA replication without mitosis, or periodic oscillations of 

CycB-dependent kinase activity without DNA replication) when the latching gates at G1 

and M are compromised. To validate the model’s predictions, I induce both mitotic and 

replicative endocycles in the untransformed cell line, RPE1. 
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2.2 Results 

 

2.2.1 Proposed Mechanism and Mathematical Model 

 

To build a model of mammalian cell cycle control, I select a subset of the interactions 

presented in Section 1.1, as shown in Figure 2.1B. This is hardly a complete picture of the 

complex web of molecular interactions governing progression through the mammalian 

cell cycle. Any ‘model’ of such molecular control systems must focus solely on those 

interactions that are essential to the issues under consideration. In this case, I am 

focusing on the interactions that create and control the ‘latching gates’ at the G1 and M 

steady states, and that generate the Cdh1- and Cdc20-endocycles observed when the 

gates fail to latch. To probe the properties of this model, the proposed mechanism (Fig. 

2.1B) is translated into a set of ordinary differential equations (ODEs), in the Methods 

section. Subsequently, the solutions of these ODEs are studied by numerical simulation 

and by analytical methods based on bifurcation theory  (c.f. Section 1.2).  

 

2.2.2 A Cell-Cycle Clock 

 

I start the analysis of the mathematical model by numerical integration of the ODEs in 

the absence of checkpoint regulation at RP or MC. With appropriate choice of kinetic 

parameters, numerical simulations exhibit persistent limit-cycle oscillations, 

corresponding to an autonomous cell-cycle ‘clock’ (Fig. 2.1C). As expected, in G1 phase, 

APC/C:Cdh1 is active and unphosphorylated Rb is high. As E2F activity rises, CycE is the 

first E2F target to appear, because it is not degraded by Cdh1. CycE phosphorylates Cdh1 

and Rb, causing their activities to drop, allowing CycA and Emi1 to rise, which are 

hallmarks of the G1/S transition91,92. The rise of CycB is delayed until CycA activates the 

MuvB transcription factor complex. As CycB level rises, CycB:Cdk1 is activated by the 

positive feedback-aided dephosphorylation of Cdk1. High CycB-dependent kinase 

activity activates Polo and APC/C:Cdc20, and inactivates PP2A:B55 via the Gwl-ENSA 

pathway. Polo activation causes degradation of Emi1 (the Cdh1 inhibitor), but Cdh1-
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dependent APC/C activity remains low because high CDK activity phosphorylates Cdh1 

and inhibits its association with APC/C. CycB-activated APC/C:Cdc20 maintains its 

activity until CycB is almost completely degraded, because the APC/C-inactivating 

phosphatase (PP2A:B55) is inhibited by ENSA.  

 

2.2.3 Mapping the Cell Cycle Clock with Bifurcation Curves 

 

The previous section illustrates that without any checkpoint control, the model of the 

mammalian cell cycle exhibits a limit cycle oscillation. To provide insight into this clock 

mechanism, I turn to bifurcation diagrams. I choose CycE and Cdc20 as bifurcation 

parameters, because they act as helper molecules for the G1/S and the M/G1 transitions, 

respectively. To characterize the state of the cell cycle control system, I choose either 

Cdh1 activity or the level of CycB (mitotic cyclin). Given that the changes of the two helper 

molecules are almost out-of-phase during the cycle (see Fig. 2.1C), I set Cdc20=0 when 

calculating the bifurcation diagram for CycE, and CycE=0 for the Cdc20 diagram. To be 

more precise, to calculate the bifurcation diagram with CycE as the parameter, I 

eliminate the differential equations for both d[CycE]/dt and d[Cdc20]/dt, then set 

[Cdc20]=0 and [CycE]=constant everywhere in the remaining ODEs. I then solve for the 

steady state of the remaining nonlinear ODEs as a function of the value of [CycE], using 

the bifurcation software AUTO as implemented in XPP186. 

 

The Cdh1 bifurcation diagrams (Fig. 2.2) show a Z-shaped dependence of Cdh1 steady-

state activity (the red curves) on the activity of each of the helper molecules, CycE (Fig. 

2.2A) and Cdc20 (Fig. 2.2B). In Fig. 2.2A, I plot Cdh1 steady-state values for both positive 

values of CycE (white region to the right) and negative values (grey region to the left). 

(Although the negative region is ‘unreachable,’ its significance will become apparent 

later). Focusing on the white region, we see that, for 0<[CycE]<0.47, there are two 

coexisting, stable steady states of Cdh1 activity (on the upper and lower branches of the 

Z-shaped curve) separated by an intermediate branch of unstable steady states. The 

upper states are G1-like, and the lower states are S/G2/M-like. At [CycE]=0.47, the upper 

and intermediate branches merge and annihilate each other, leaving only a stable steady 
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state of low Cdh1 activity. [CycE]=0.47, called a ‘saddle-node’ bifurcation point, 

represents the onset of the G1/S transition. Fig. 2.2B tells a similar story. For 

0<[Cdc20]<0.17, there are two coexisting, stable steady states – an M-like state (high 

CycB activity) and a G1-like state (low CycB activity), separated by an intermediate 

branch of unstable steady states. At [Cdc20]=0.17, the M-like state is annihilated at a 

saddle-node bifurcation point, and, for [Cdc20]>0.17, the control system must leave the 

M state and switch to the branch of stable, G1-like steady states.  

 

  
Fig. 2.2 – Bifurcation diagrams for Cdh1 activity as a function of CycE or Cdc20. (A) Steady state 
activity of APC/C:Cdh1 as a function of [CycE], and (B) as a function of [Cdc20]. Solid red curves: 
stable steady states; dashed red curves: unstable steady states; dotted black line: proposed cell 
cycle ‘trajectory’ projected onto the bifurcation diagram based on the negative feedback loops 
controlling CycE and Cdc20. To calculate the CycE diagram, it is assumed that [Cdc20]=0; for the 
Cdc20 diagram, it is assumed that [CycE]=0. The G1 and M steady states are marked by black circles. 
Notice that, for the CycE diagram, positive values of [CycE] are plotted to the right and negative values 
(shaded, which cannot be visited by the system) to the left. For the Cdc20 diagram, the positive and 
negative values are reversed so that the unshaded portions in panels A and B can be combined into a 
single panel in Fig. 2.3. 
 

As long as the reverse transitions in both Fig. 2.2A and B occur for negative values of the 

switching variables, CycE and Cdc20, the G1/S and M/G1 transitions are irreversible. For 

instance, to leave G1 and enter S/G2/M, CycE activity must increase above 0.47 to get 

beyond the saddle-node bifurcation point (Fig. 2.2A). Thereafter, the trajectory drops to 
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the branch of lower steady states, and, as CycE is degraded (as a consequence of CycE- 

and CycA-dependent phosphorylation and SCF-dependent ubiquitylation), the 

trajectory stops at M because it can go no further. To switch back to G1 phase 

spontaneously, [CycE] would have fall to negative values. For this reason, spontaneous 

‘endocycles’ are impossible, and progression through the cell cycle is an irreversible 

alternation between G1/S and M/G1 transitions, as suggested by the cell cycle trajectory 

(dotted black curves in Fig. 2.2). However, any genetic or physiological disturbances that 

move the ‘unreachable’ saddle-node bifurcation points from negative to positive values 

of [CycE] or [Cdc20] could potentially create endocycles (G1/S/G1/S/… or 

M/G1/M/G1/…, respectively). 

 

The corresponding CycB bifurcation diagrams (Fig. S2.1) are S-shaped, mirroring the 

Cdh1 curve (Fig. 2.2), because Cdh1 activity and CycB levels mirror each other. When 

[CycE] exceeds 0.47 (Fig. S2.1A), Cdh1 becomes inactivated and CycB level increases. 

Given that CycE is regulated by a negative feedback loop, its level decreases after the 

G1/S transition, as CycB is accumulating. As CycE level falls, Cdh1 does not become 

reactivated, because the reactivation threshold is at a negative value of [CycE]. Both 

CycA (not shown) and CycB reach stable steady-state values (M) as [CycE] tends to zero. 

 
To reactivate Cdh1, the other helper molecule, APC/C:Cdc20, must be activated above a 

threshold value of 0.17 (Fig. 2.2B), which leads to the degradation of both CycA and CycB 

(Fig. S2.1B). Because APC/C:Cdc20 activity depends upon APC/C phosphorylation by 

CycB:Cdk1, Cdc20 activity falls as CycB activity falls (with a slight time delay). Cdh1, on 

the other hand, stays active and keeps CycB at a low steady-state level (G1) after Cdc20 

inactivation. CycB does not spontaneously reaccumulate, because the CycB 

reactivation threshold is at negative Cdc20 value (−1.6). In this way, active Cdh1 latches 

the gate after the cell exits mitosis.  

 

The dotted black trajectories in Fig. 2.2 and Fig. S2.1 are ‘sketched’ onto the bifurcation 

diagrams, assuming that Cdh1 and CycB activities change very rapidly relative to the 

rates of change of CycE and Cdc20, respectively. Indeed, that is the case for the 

parameter values used to compute Fig. 2.1C, where the transitions are very abrupt (the 
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limit cycle has the characteristics of a ‘relaxation oscillator’). However, this assumption 

is not necessary – the transitions could be smoother without jeopardizing the ‘latching’ 

properties of the G1/S and M/G1 transitions. These properties depend solely on (1) the 

bistability of the control system, (2) the saddle-node bifurcations as the helper molecule 

activities rise, (3) the negative feedback loops that drive back down the helper molecule 

activities beyond the bifurcation point, and (4) the fact that the other saddle-node 

bifurcation associated with the Z- or S-shaped curves lies in the unreachable region of 

negative helper-molecule activities. 

 

In summary, I propose that both G1/S and M/G1 transitions in the mammalian cell cycle 

are governed by irreversible bistable switches (‘latching gates’). To put together a picture 

of the whole cell cycle, I combine the two half-bifurcation diagrams calculated with CycE 

and Cdc20 as helper molecules (Fig. 2.3). Keep in mind that these diagrams are 

approximations based on reasonable simplifying assumption that the two helper 

molecules do not coexist, that is that Cdc20 and CycE are absent (equal to zero) on the 

right and left sides, respectively. The combined Cdh1 bifurcation diagram maintains the 

characteristic Z-shape of the Cdh1 versus CycE and Cdh1 versus Cdc20 diagrams (Fig. 

2.2A). Similarly, the combined CycB bifurcation diagram (Fig. 2.3B) maintains the S-

shape of the diagrams in Fig. S2.1. According to the model, opening the G1/S gate triggers 

the transition from G1 to the alternative M steady state and also latches the M/G1 gate by 

inactivating Cdh1. To open the M/G1 gate, Cdc20 must be activated (in response to 

successful alignment of all replicated chromosomes on the metaphase spindle); during 

the transition from M to G1, Cdh1 is reactivated and the M/G1 gate is locked by degrading 

CycB. Alternation of the two switches is guaranteed by the licensing mechanism provided 

by the antagonism between CycB and Cdh1. The trajectory (grey dotted line) 

superimposed on Fig. 2.3 is derived from the numerical simulations of the model 

displayed in Fig. 2.1C. Fig. 2.3 confirms that the cartoon in Fig. 2.1A is indeed a precise 

consequence of the molecular mechanism in Fig. 2.1B, given reasonable assumptions 

on the rate laws and rate constants involved in the mathematical model. 

 

To provide further evidence for this model, I next discuss mutations that interfere with the 

alternation of the two switches. 
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Fig. 2.3 – Two complementary views of progression through the mammalian cell cycle. (A) The 
changing activity of Cdh1 during progression through the mammalian cell cycle (Fig. 2.1C) is projected 
(grey dotted curve) onto a bifurcation diagram composed from the two panels in Fig. 2.2 (solid red 
curves: stable steady states; dashed red curves: unstable steady states). The negative feedback 
controls on CycE and Cdc20 are evident from the simulation, although they differ considerably from 
the proposed trajectories in Fig. 2.2. (B) CycB activity changes during the mammalian cell cycle 
projected onto a bifurcation diagram composed from the two panels in Fig. S2.1, with the same 
conventions as in panel A. 
 

2.2.4 Endoreplication Cycles (Cdh1 Endocycles) 

 

Mammalian cells, under certain conditions, exhibit endoreplication cycles, during which 

the cell undergoes multiple rounds of DNA replication without mitosis and cell division. 

(Under other conditions, a cell may exhibit over-replication, i.e., persistent DNA synthesis 

exhibiting a steady rise in DNA content.) In the context of this model, an endoreplicating 

cell does not visit the left sides of the diagrams in Fig. 2.3; rather it resets from G2 phase 

back to G1. Endoreplication can be induced in fission yeast cells by repressing synthesis 

of Cdc13, a major B-type mitotic cyclin152 and in budding yeast cells by deleting five B-

type cyclins (four mitotic and one S-phase cyclin)187. In fruit flies, both CycA and CycB are 

suppressed during endoreplication, which is driven by oscillating CycE-kinase activity149. 

In human cells, conditional inactivation188 or chemical inhibition144,189 of Cdk1 induces 



 63 

discrete rounds of DNA replication without mitosis or cell division. In these 

endoreplicating mammalian cells, Cdh1 activity is oscillating144,190 in the absence of any 

Cdc20 activation; CycB level is also oscillating, although Cdk1:CycB activity is 

suppressed. Therefore, endoreplication cycles are classified as Cdh1-endocycles.  

 

These observations are consistent with the implications of the model that the irreversible 

nature of the G1/S switch (under normal cell cycling) requires CycB-dependent mitotic 

kinase activity. To illustrate this point, I have calculated the Cdh1 bifurcation diagram of 

the G1/S switch at different levels of Cdk1 inhibition (Fig. S2.2). The stronger Cdk1 

inhibition is, the larger the Cdh1 reactivation threshold becomes. Above a critical value 

of Cdk1 inhibition (∼25% remaining Cdk1 activity), Cdh1 can reactivate at low CycE 

activity, rather than relying on Cdc20 activation. Hence, Cdh1 is still bistable at low Cdk1 

activity, but the G1/S switch loses its irreversible characteristic. At, say, 20% remaining 

Cdk1 activity, Cdh1 activity can oscillate with large amplitude as CycE activity oscillates 

back and forth across the two saddle-node bifurcation points (the C and Ↄ ‘noses’ of the 

Z-shaped bifurcation curve). 

 

Fig. 2.4 provides a closer view of how normal mitotic cycles are converted into Cdh1 

endocycles (endoreplication cycles) as Cdk1 activity is suppressed by chemical 

inhibition. Mitotic cycles persist down to ∼60% inhibition of CycB:Cdk1 (Fig. 2.4A), with 

the only effect to extend the duration of G2 phase (not shown). For 26–38% of remaining 

Cdk1 activity, the model predicts a G2 block, because Cdk1 is unable to self-activate 

through the Wee1- and Cdc25-positive feedback loops. During this G2 arrest Cdh1 is kept 

inactive by combined inhibition from Emi1, CycA- and CycB-bound kinases. At above 

75% inhibition of Cdk1 activity, Cdh1 cannot be kept inactive, but rather Cdh1 executes 

large amplitude oscillations around a hysteresis loop involving the bistable G1/S switch 

only (Fig. 2.4B). The trajectory on the Cdh1–CycE bifurcation diagram is a projection of 

the simulation shown on Fig. 2.4C. During this limit cycle oscillation, the periodic 

appearance of CycE and CycA induces initiation of DNA replication, and the concomitant 

inactivation of Cdh1 could lead to the accumulation of the replication licensing inhibitor, 

geminin (not present in the model). Subsequent degradation of Emi1 reactivates Cdh1 
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and resets the endoreplicating cell back to G1, when replication origins can be relicensed 

for a new round of DNA replication. Therefore, the large amplitude Cdh1 oscillations are 

expected to drive discrete rounds of DNA replication characteristic of endoreplicating 

cells.  

 
Fig. 2.4 – Cdk1 inhibition converts mitotic cycles into Cdh1 endocycles. (A) Bifurcation diagram: 
Cdh1 activity as a function of Cdk1 activity after chemical inhibition. Grey line: stable steady states; 
solid red circles: maximum and minimum excursions of Cdh1 activity during stable limit cycle 
oscillations. Mitotic cycles are distinguished from endoreplication cycles by the very low activity of 
Cdh1 (corresponding to high CycB:Cdk1 activity in mitosis). (B) Bifurcation diagram: Cdh1 activity 
versus CycE, for 10% remaining Cdk1 activity. As before, solid and dashed red curves indicate stable 
and unstable steady states, respectively; and the dotted grey line is the projection of Cdh1 limit cycle 
oscillations around a hysteresis loop on the bifurcation diagram. (C) Simulation of Cdh1 endocycles 
for 10% remaining Cdk1 activity. (D) Still images of mRuby–PCNA and CycA2–mVenus-labelled nuclei 
from timelapse experiments. Time shown in hours. Scale bar: 10 µm. (E) Graphs showing 
quantification of CycA2–mVenus in individual cells undergoing endocycles, plotted from the time of 
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CDK1i addition (t=0 h). Shaded yellow areas represent S-phase, defined by mRuby-PCNA foci. n=1 
with four technical replicates. a.u., arbitrary units. Panels D and E, as well as the data on which they 
are based were authored by Alexis Barr and Ekjot Kaur. 
 

To experimentally test these theoretical results, I collaborated with Dr. Alexis Barr and Dr. 

Ekjot Kaur, who first looked for endoreplication in non-transformed hTert-RPE1 (RPE1) 

cells after Cdk1 inhibition with the chemical inhibitor RO-3306 (Cdk1i). After 72 h 

treatment with Cdk1i, distinct 8n and 16n peaks were observed by flow cytometry, 

indicative of endoreplication (Fig. S2.3A,B). At high concentrations of Cdk1i (>7.5 µM) an 

increasing fraction of cells arrested in G1 (2n), presumably due to inhibition of Cdk2 at 

high concentrations of RO-3306, as previously reported144. In timelapse imaging using the 

mRuby–PCNA reporter to track DNA replication191, it can be observed that 

endoreplication was even more prominent in 7.5 µM Cdk1i after depleting p53 from RPE1 

cells using siRNA (Fig. S2.3C). Therefore, all subsequent experiments were performed 

under conditions of p53 depletion. To observe cell cycle dynamics in cells undergoing 

endocycles, timelapse imaging was used to quantify the levels of fluorescently tagged 

CycA2–mVenus in RPE1 cells192 co-expressing mRuby–PCNA during treatment with 

Cdk1i. In the absence of Cdk1i, CycA–mVenus showed characteristic oscillations for 

mitotic cycles, peaking in intensity during cell rounding (mitotic entry) followed by abrupt 

degradation (Fig. S2.3D). In cells treated with Cdk1i, an extended G2 was observed with 

initially high CycA2–mVenus levels that then dropped abruptly (Fig. 2.4D,E; Fig. S2.3F). In 

60% of these cells, this extended G2 was followed by a new round of DNA replication in 

the absence of any signs of mitosis (endoreplication, Fig. 2.4D,E; Fig. S2.3B, Movies 1 and 

2). These data support the theoretical predictions. 

 

Another way to subvert the latching gate at M is by suppressing Emi1 synthesis, as 

suggested by experiment193–195. According to the model, cells maintain their mitotic 

cycles up to ∼40% reduction of Emi1 synthesis (Fig. S2.4A). Stronger inhibition of Emi1 

synthesis leads to an abrupt reduction in the amplitude of Cdh1 and Cdk1 oscillations 

(Fig. S2.4A,B). For nearly complete inhibition of Emi1 synthesis, the G1/S switch stops 

oscillating and settles onto a stable steady state. This steady state is characterized by 

intermediate values of Cdh1 and CycA activities, in addition to high CycE levels. The 

reduced amplitude Cdh1 endocycles (caused by increased trough) and the intermediate 

http://movie.biologists.com/video/10.1242/jcs.261364/video-1
http://movie.biologists.com/video/10.1242/jcs.261364/video-2
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Cdh1 steady states are associated with continuous DNA synthesis (over-replication 

phenotype – when licensing and firing of replication origins are not temporally separated), 

based on the residual Cdh1 activity, which could maintain low levels of geminin, thereby 

allowing replication origin licensing and firing to proceed simultaneously.  

 

2.2.5 Cdc20 Endocycles 

 

Given that Cdk1 inhibition disrupts the latching property of the M gate and enables Cdh1 

endocycles, it is tempting to consider the consequences of the opposite effect: 

sustained CycB:Cdk1 activity. Working with HeLa cells, Pomerening et al. (2008)75 

expressed an allele (Cdk1AF) for non-phosphorylatable Cdk1 subunits, which cannot be 

inactivated by Wee1 or Myt1 inhibitory kinases. Cdk1AF short-circuits the Cdk1 

activation feedback loop operating at the G2/M transition (Fig. 2.1B). Cdk1AF-expressing 

cells carry out a relatively normal first mitosis, but then undergo rapid cycles of CycB 

accumulation and degradation at 3–6-h intervals. These fast CycB oscillations show 

certain resemblances to the early embryonic cell cycles of Xenopus196. Inspired by these 

experimental results, I decided to analyse the effects of weakening inhibitory Cdk1 

phosphorylation in the model (Fig. 2.5). It is important to mention that the complete 

absence of Cdk1 inhibitory phosphorylation (Cdk1AF only) does not allow cell 

proliferation197 owing to premature entry into mitosis during S phase leading to mitotic 

catastrophe198. 

 

Fig. 2.5A presents CycB versus Cdc20 bifurcation diagrams for different values of kwee, 

the combined activities of Wee1 and Myt1 (hereafter, simply Wee1). Decreasing Wee1 

activity moves the threshold for Cdc20 inactivation (the threshold for CycB re-

accumulation) to less negative values of Cdc20 (i.e. to the left in Fig. 2.5A). When Wee1 

activity falls below 13%, the Cdc20 threshold for CycB re-accumulation moves to 

positive values of Cdc20, meaning that exit from mitosis no longer latches the cell at the 

G1 gate. Now the control system can oscillate around a hysteresis loop on the CycB–

Cdc20 bifurcation diagram. As the inhibitory phosphorylation of Cdk1 becomes weaker, 

the amplitude of the Cdh1 oscillations decreases (Fig. 2.5B) and finally becomes 
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negligible at Wee1 activity of below 25%. In the absence of any fluctuations of Cdh1, the 

CycB level still shows persistent oscillations at low Wee1 activity (Fig. 2.5C). These 

oscillations of CycB level are exclusively driven by fluctuating activity of APC/C:Cdc20; 

so I call them Cdc20 endocycles. During Cdc20 endocycles, Cdh1 is kept inactive by high 

Emi1 levels and by strong inhibition by CycB:Cdk1 kinase (Fig. 2.5C). Given that the 

synthesis of both Cdh1 inhibitors is dependent on E2F activity (directly for Emi1 and 

indirectly – via CycA – for CycB), sustained Cdc20 endocycles require that the level of Rb 

must be less than the level of E2F. Indeed, these limit-cycle oscillations persist in the 

absence of Rb, providing an explanation for the observations by Pomerening et al. (2008) 

of Cdc20 endocycles in Rb-negative HeLa cells. Cdc20 endocycles can be detected in 

Rb-positive RPE1 cells. This evidence will be discussed after describing the role for Rb in 

the cell size checkpoint. 

 

 
Fig. 2.5 – Inhibition of Wee1 kinase activity converts mitotic cycles into Cdc20 endocycles. (A) 
Bifurcation diagram: CycB activity as a function of Cdc20, for increasing inhibition of Wee1. (B) 
Bifurcation diagram: Cdh1 activity as a function of remaining Wee1 activity. (C) Simulated Cdc20 
endocycles, for 10% Wee1 activity. The PP2AB55 trace is dashed to distinguish it from the Cdh1 trace 
(the solid red line at 0). 
 



 68 

In summary, inhibition and premature activation of the mitotic kinase has opposite 

effects on human cell cycle switches. Cdk1 inhibition breaks the latch at the M/G1 gate 

and induces Cdh1 endocycles, which trigger periodic and distinct rounds of DNA 

replications. In contrast, in the absence of inhibitory Cdk1 phosphorylation, the G1/S 

latch is broken, and CycB level oscillates rapidly by the periodic activation and 

inactivation of Cdc20. 

 

2.2.6 Checkpoints 

 

Up to this point, the cell cycle control network has been treated as an oscillator, which 

induces cell cycle events by measuring time only. However, this underlying clock is 

subject to several checkpoint mechanisms that make progression through the cell cycle 

sensitive to a variety of important intra- and extra-cellular signals. The most important 

signals are (1) extracellular growth and antigrowth factors, which govern passage through 

the restriction point, (2) cell growth, which must be sufficient to authorize the G1/S 

transition, (3) DNA damage, which can block both G1/S and the G2/M transitions, (4) 

unreplicated DNA, which blocks mitotic entry, and (5) misaligned chromosomes, which 

prevent the metaphase-to-anaphase transition. These checkpoint mechanisms stop 

progression around the cell cycle loop (Fig. 2.3) by creating stable steady states on the 

upper and lower branches of the bifurcation curves near the neutral point, where both 

CycE and Cdc20 are absent. In this subsection, I focus on two relevant checkpoints. 

 

The mitotic checkpoint blocks activation of Cdc20 (thereby inhibiting degradation of 

CycB and securin) until all chromosomes become bioriented on the mitotic spindle53. 

(Upon degradation of securin, active separase cleaves the cohesin rings that are holding 

sister chromatids together at bioriented centromeres, allowing the sister chromatids to 

be separated in anaphase). In the model, a reduction of Cdc20 activity to below ∼10% 

normal (not shown) terminates the limit cycle oscillation of CycB and creates a stable 

steady state of high CycB:Cdk1 activity. 
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Fig. 2.6 – Growth-controlled cell cycle upon Rb dilution. The limit-cycle model is supplemented 
with cell cycle-regulated transcriptional control over Rb synthesis. Rb synthesis during S/G2 phase 
results in an increase of its concentration, followed during the remainder of the cell cycle by 
decreasing Rb concentration due to dilution by cell volume growth. (Notice that Rb concentration 
does not change during cell division). This mechanism automatically leads to two-fold fluctuations 
in Rb concentration when cell volume doubles over the course of a cell cycle. In the third panel, 
the arrow indicates that the variable is read off the right axis. 
 
The effects of cell growth on cell cycle progression are complex and as yet not fully 

understood. However, it has been demonstrated that Rb plays an important role in size 
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control27. At above a certain threshold concentration, Rb inhibits the G1/S transition by 

blocking E2F-dependent expression of CycE, CycA and Emi1. The model is consistent 

with this observation because, at high Rb concentration, large amplitude mitotic 

oscillations of CycB become stabilized at a low, steady state concentration, which is 

characteristic of G1 phase (Fig. S2.5A). To illustrate the role of Rb in cell size control, I 

have supplemented the clock mechanism with an Rb-dilution model27. I assume that 

cells are growing linearly in volume and that the Rb synthesis rate is size-independent 

(proportional to the genome content) and transcriptionally regulated. Fast Rb synthesis 

is restricted to a 4-h-long window starting around the G1/S transition and leading to a 

doubling of Rb concentration; subsequently, Rb concentration is diluted out by volume 

growth during the remainder of the cycle (Fig. 2.6, top panel). These assumptions provide 

a temporal pattern for cell cycle changes in the amount of Rb molecules (Fig. S2.5B) that 

agrees well with the experimental data of Zatulovskiy et al. (2020)27. In this framework, Rb 

concentration (amount/volume) mirrors the cellular DNA/volume ratio and provides a 

possible mechanism for balanced growth and division, by adjusting the period of the cell 

cycle to the time required to double cell mass (Fig. S2.5A). 

 

2.2.7 Rb-controlled Cdc20 Endocycles 

 

Dr. Barr and Dr. Kaur have tested the possibility that constitutively active CycB:Cdk1 

could induce Cdc20 endocycles in the context of size control by an Rb-dilution 

mechanism. The model predicts that inactivation of Wee1 after completion of mitosis 

induces small amplitude oscillations in CycB level, while Cdh1 is completely inhibited 

(Fig. 2.7A). Moreover, these Cdc20 endocycles have a period very close to the normal 

cycle time, because they are controlled by periodic synthesis and dilution of Rb in the 

following way. Cdc20 endocycles are driven by the fundamental negative feedback loop 

between CycB and Cdc20 (CycB:Cdk1 activates APC/C:Cdc20 and APC/C:Cdc20 

degrades CycB). Given that CycB synthesis is initiated by CycA-dependent kinase and 

CycA is synthesized by E2F transcription factor in an Rb-dependent manner, Cdc20 

endocycles (in Rb-positive cells) are controlled in part by the oscillating level of 

unphosphorylated Rb. Whenever unphosphorylated Rb is in stoichiometric excess over 
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E2F the synthesis of both CycA and CycB are on hold and the oscillation is temporarily 

stopped. 

 
Fig. 2.7 - Cdc20 endocycles controlled by Rb dilution. (A) Numerical simulation of the growth-
controlled cell cycle model with complete Wee1 inhibition (kwee=0). After exiting mitosis, CycB level 
shows small amplitude oscillations driven by APC/C:Cdc20 in the absence of any Cdh1 activity. Given 
that CycB:Cdk1 activity does not reach the mitotic threshold, both nuclear and cell division are 
hampered. The continuous rise in cell volume (not shown) causes an imbalance between Rb 
synthesis and dilution, which results in a decreasing amplitude of oscillations in Rb concentration. In 
the top panel, the arrow indicates that Rbtot is read off the right axis. (B) Normalised CycB1–mVenus 
intensity in individual cells treated with Wee1 siRNA and undergoing Cdc20 endocycles. Blue curve: 
nuclear CycB level in arbitrary units (a.u.); green curve: cytoplasmic CycB level, in arbitrary units. 
Experiment shown is n=1 and is representative of three biological repeats. Panel B, as well as the data 
on which it is based, was authored by Alexis Barr and Ekjot Kaur. 
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Using siRNA to deplete Wee1 inhibitory kinase, renders constitutively active CycB:Cdk1 

complexes in Rb-positive RPE1 cells. In RPE1 cells with fluorescently tagged CycB1–

mVenus199, my collaborators used timelapse imaging to quantify CycB1 protein levels 

after Wee1 depletion. In control-depleted cells, CycB1–mVenus oscillates – increasing 

prior to mitotic entry (defined by cell rounding) and being rapidly degraded on mitotic exit 

(Fig. S2.6A). After Wee1 depletion by siRNA (Fig. S2.6B), cells could go through an initial 

early mitosis but then continue to grow in volume, becoming large, interphase-arrested 

cells. Despite their robust interphase arrest, cells displaying one or two bursts of CycB 

signal can be observed, both in the cytoplasm and in the nucleus (Fig. 2.7B; Fig. S2.6C,D, 

Movies 3 and 4). The rise in CycB level was not accompanied by nuclear division. 

 

In order to show that the drop of CycB level at the end of CycB pulses is caused by 

APC/C:Cdc20-dependent degradation, the kinetics of CycB degradation in control- and 

Wee1-depleted cells were analysed by estimating the half-life (t½) of CycB1–mVenus and 

its specific rate of degradation (dlnCycB/dt=ln2/t½) during normal mitotic exit and in the 

falling phase of the CycB pulses. At mitotic exit in control cells, the half-life of CycB is 

∼10 min (Fig. S2.6E), consistent with a previous report199, and its value is independent of 

the preceding peak of CycB. In contrast, the half-life of CycB is significantly longer and 

more variable in Wee1-depleted cells (Fig. S2.6E), which is a consequence of its 

hyperbolic (saturating) dependence on the CycB peak value (Fig. S2.6F). The peak value 

of CycB is a proxy for the maximum Cdk1 activity that is responsible for activating 

APC/C:Cdc20 in the pulses200, and the different kinetics of CycB degradation in control- 

and Wee1-depleted cells is a consequence of the elimination of the abrupt activation of 

Cdk1 in cells depleted of Wee1. Notice, however, that, in cells treated with siRNA against 

Wee1, the kinetics of CycB degradation are quite similar in both M/G1 peaks (normal exit 

from mitosis) and in CycB pulses, suggesting that CycB degradation in the pulses, like 

that in normal exit from mitosis, is APC/C:Cdc20 dependent200. That the activation of 

APC/C:Cdc20 in CycB pulses is mitosis-independent is supported by the observation of 

a lower Cdk1AF threshold for CycB degradation than for nuclear envelope breakdown 

(NEBD) 201. 

 

http://movie.biologists.com/video/10.1242/jcs.261364/video-3
http://movie.biologists.com/video/10.1242/jcs.261364/video-4
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A similar, but less frequent, phenotype was observed with the co-depletion of Wee1 and 

Myt1 or inhibition of Wee1 kinase activity using the small molecule inhibitor MK1775 (Fig. 

S2.7A–C). The majority of these cells arrested in mitosis, which is consistent with 

previous observations that a complete lack of inhibitory phosphorylation is not 

compatible with cell proliferation197,198. 

 

In summary, these results support and extend the findings of Pomerening et al. (2008)75, 

who first described small amplitude CycB oscillations by weakening the Cdk1 inhibitory 

phosphorylation in HeLa cells. In Rb-negative HeLa cells, Cdc20 endocycles behave as 

an autonomous oscillator75, whereas in Rb-positive RPE1 cells, the period of Cdc20 

oscillations is influenced by an Rb-mediated size control mechanism (the present work). 

 

2.3 Discussion 

 

2.3.1 Summary 

 

In this chapter, I showed that a model of the mammalian cell cycle control network can 

reproduce the known dynamical features displayed by well-understood proteins and 

genes, while also supporting two types of endocycles. For this, I introduced a 

mathematical model of mammalian cell cycling based on a molecular network of 

intermediate complexity, aiming to explain the mechanistic basis of endocycling, while 

maintaining a level of faithfulness to the temporal profiles of regulator activities and to 

the roles of checkpoint mechanisms in governing progression through the mammalian 

cell cycle. Using bifurcation theory, I argued that the transition between wild type mitotic 

cycles and endocycles can be understood with reference to a toggle switch mechanism.  

The mutual antagonism between the protein degradation pathway initiated by 

APC/C:Cdh1 and its target proteins CycA, CycB and Emi1 forms the basis for this switch, 

in analogy to the previous proposal for yeast cells182,183. Indeed, hysteresis in the 

regulation of APC/C:Cdh1 activity is supported by experiments with mammalian cells91. 
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This hypothesis is illustrated schematically in Fig. 2.1A. The bistable toggle switch 

(between APC/C:Cdh1 and CycB:Cdk1) is flipped ‘on’ (high CycB:Cdk1 activity) by 

CycE:Cdk2 and flipped ‘off’ (high APC/C:Cdh1 activity) by APC/C:Cdc20. It is found that 

inhibition of mitotic CycB:Cdk1 complex makes APC/C:Cdc20 dispensable for Cdh1 

reactivation by disabling the ‘latching’ property of the mitotic steady state (Mss), and 

converting the ‘one-way’ toggle switch into an autonomous oscillator regulated only by 

the remaining antagonistic interactions between APC/C:Cdh1 and CycA:Cdk2 plus Emi1. 

In the absence of mitotic CDK activity, cells are driven around a Cdh1 hysteresis loop by 

negative feedback regulation of the CycE:Cdk activity. The oscillations in CycE and CycA 

levels and their CDK activities lead to discrete rounds of DNA synthesis, analogous to 

yeast endoreplication cycles. This was confirmed by live-cell imaging of fluorescently 

tagged CycA in RPE1 cells exposed to the Cdk1 inhibitor RO3306. 

 

2.3.2 Limitations 

 

While the model’s relative simplicity supports its methodological and conceptual 

tractability, it also comes at the expense of including additional molecular detail. human 

cell cycle model is simplified by neglecting some cell cycle regulators, including cyclin-

dependent kinase inhibitors (CKIs) like p27 (CDKN1B), p21 (CDKN1A) etc. These CKIs 

provide an extra layer of mutual antagonism to the regulatory network (CKIs inhibit CDKs 

and are targeted to degradation by CDKs). There is no theoretical bottleneck to extend 

the model with CKIs, and this is a task for future work. For instance, p27 has a complex 

role in regulating the activities of CycD-bound Cdk4 and Cdk6 and CycE:Cdk2202, thereby 

influencing the G1/S transition by interfering with the Rb–E2F double-negative feedback 

loop. p21 plays similar roles in the DNA-damage response induced by p53203,204. Equally, 

I did not model the replication origin licensing process explicitly, despite it playing a 

crucial role in endoreplication, as I assume it responds simply (i.e. linearly) to the activity 

ratio between APC/C and CDK.    

 

Another limitation of this model is the methodology for parameter estimation. 

Parameters were selected so that they are broadly in line with experimentally derived 
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values, where known. However, in most cases, empirical kinetic and thermodynamic 

constants are not known with sufficient accuracy, such that they were chosen to be 

roughly in line with those expected for similar biochemical processes. At the same time, 

the parameters were fine tuned to generate dynamical behaviour that is consistent with 

the empirically observed endo-oscillatory properties. The justification for this approach 

is that, for large and complex models, experimentally derived parameters are not 

sufficiently accurate and precise to produce models whose behaviour mimics that of 

physiological systems. Consequently, future work will aim to develop the methodology 

for such complex model fitting and for generating the appropriate experimental data.  

 

2.3.3 Comparison to previous modelling approaches 

 

The proposal that G1 and M are two alternative stable steady states has first been made 

in the context of the budding yeast cell cycle control system157,182,183. Similarly to 

mammalian context, these alternative steady states are a consequence of double-

negative feedback between B-type (Clb1–Clb5) CDKs (B-CDKs) and their antagonists 

(APC/C:Cdh1 and Sic1, a stoichiometric CDK inhibitor). The toggle switch concept of the 

yeast cell cycle has been verified by elegant experiments in budding yeast205,206. Recently, 

Novak and Tyson have shown that the toggle switch model also provides a natural 

explanation for two sorts of endocycles induced by perturbations of mitotic cyclin 

expression157: (1) endoreplication, where discrete rounds of DNA replication are induced 

by deletion of Clb1–Clb4 (the mitotic cyclins) and of Clb5 (one of the S phase cyclins)154, 

and (2) Cdc14 endocycles, where periodic activation of the Cdc14 mitotic exit 

phosphatase occurs in the presence of a non-degradable form of the mitotic cyclin 

Clb276,207. 

 

In yeast, Cdh1 activity oscillates during both endocycles, and it promotes the 

degradation of the Nrm1 transcription inhibitor and of polo kinase (Cdc5) during 

endoreplication and Cdc14 endocycles, respectively. 
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To date, numerous models of the mammalian cell cycle have also been put forward. Most 

of these models focus on specific cell cycle transitions, but the work of Gérard and 

Goldbeter208 is particularly relevant to this work because it provides a detailed model of 

all phases of the mammalian cell cycle and even notes the possibility of endoreplication 

(Cdh1 endocycles). Pomerening et al. (2008)75 correctly surmised that the rapid Cdc20 

endocycles they observed rely on a simple negative feedback loop involving CycB, Cdk1 

and Cdc20, and that these oscillations are normally overridden by a ‘bistable switch’ that 

toggles between interphase (low CycB:Cdk1 activity) and mitosis (high CycB:Cdk1 

activity); but they did not back up this hypothesis with a mathematical model. To my 

knowledge, there are no mathematical models that account for both Cdh1 and Cdc20 

endocycles in mammalian cells, or that provide a general dynamical theory of how these 

endocycles arise and how cells avoid their potentially deleterious consequences. 

 

The current model can be compared to that of Tyson et al. (2001)174, where the molecular 

mechanism regulating the transitions between G1 and S/G2/M phases was studied by 

mathematical modelling. The 2001 model focused on normal cycling (G1-S-G2-M) driven 

by cell growth, where the G1/S transition was controlled by a saddle-node bifurcation, 

but progression through S/G2/M and back to G1 was driven by an autonomous negative 

feedback loop (see Fig. 4 in the paper). Here, by supplementing the 2001 model with 

other crucial proteins and interactions, I show that the double-negative feedback loop 

that stabilises the G1 and M steady states is sufficiently strong to render both transitions 

(G1/S and M/G1) irreversible. I show that specific mutations of the feedback loops can 

modify the bistability range of one of the underlying switches (the G1/S or M/G1 ‘gate’), 

potentially making the transition reversible and thereby giving rise to endocycles.  

 

2.3.4 Biological and translational relevance 

 

The mechanism of endoreplication, suggested by the theoretical model and verified 

experimentally, provides a basis for understanding how whole-genome doubling (WGD) 

can arise during tumorigenesis. The many layers of regulation underlying the ‘latching’ 

mechanism for cell cycle progression ensure that WGD is a rare event. However, it is 
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estimated that up to 40% of all cancers have undergone at least one WGD event209. WGD 

can promote tumorigenesis by buffering the effects of deleterious mutations, by fostering 

mutations that increase cell proliferation210–212, and – quite generally – by disrupting the 

genomic stability of cells213. By providing a mechanistic basis for how WGD can arise, the 

model might assist efforts to develop targeted treatments against WGD. 

 

Endoreplication, is often induced by mutations that short-circuit mitosis by reducing or 

eliminating CycB-dependent kinase activity. The inverse perturbation, inducing mitosis 

in the presence of non-degradable CycB, generates Cdc14 endocycles in yeast cells. In 

mammalian cells, persistent mitotic Cdk1 activity induced by non-degradable CycB 

reactivates the error-correction mechanism of the mitotic checkpoint, which results in 

sister chromatids oscillating between the two poles (pseudo-anaphase)214,215. These 

oscillations are the consequence of tension-dependent fluctuations of Aurora B kinase 

activity at kinetochores. I have investigated an alternative way to disrupt the antagonistic 

relationship between mitotic kinase and APC/C:Cdh1 in mammalian cells, by depleting 

cells of Wee1 kinase, the kinase that inhibits CycB:Cdk1 activity in G2. It is found that 

sustained activity of CycB:Cdk1 in Wee1-depleted cells makes the CycE:Cdk 

dispensable for Cdh1 inactivation, because it maintains constitutive phosphorylation of 

Cdh1 and hence keeps it inactive. Moreover, in the absence of inhibitory phosphorylation 

of CycB:Cdk1, APC/C:Cdc20 is activated prematurely, which promotes early degradation 

of CycB and (because of the negative feedback loop between CycB and Cdc20) loss of 

APC/C:Cdc20 activity. Hence, although CycB:Cdk1 activity is ‘sustained’ under these 

conditions, the amplitude of CycB:Cdk1 oscillations is never high enough to drive the cell 

into mitosis or low enough to let Cdh1 make a comeback. Therefore, sustained activity of 

CycB:Cdk1 induces Cdc20 endocycles in the absence of Cdh1 activity, which makes the 

situation in human cells different from Cdc14 endocycles in yeast where Cdh1 oscillates. 

This dissimilarity between yeast and human cells could be a consequence of different 

mitotic exit phosphatases and their regulation, as well as different roles of Cdc20 and 

Cdh1 in the degradation of mitotic CycBs. In budding yeast, complete degradation of the 

Clb2 mitotic cyclin requires Cdh1, which is dephosphorylated during mitotic progression 

by the release of the active Cdc14 phosphatase from the nucleolus 216. In contrast, in 

human cells, Cdh1 is dispensable for degradation of mitotic cyclins, and their mitotic exit 
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phosphatase, PP2A:B55, is kept inactive by CycB:Cdk1 via the Gwl–ENSA pathway. 

Despite these differences, notice that Cdc20 fluctuations induced by sustained 

CycB:Cdk1 activity are accompanied by large amplitude oscillations of PP2A:B55 

phosphatase activity (Fig. 2.7A). This observation suggests that unregulated Cdk1 activity 

induces mitotic exit phosphatase endocycles in both yeast and human cells. 

 

On the experimental front, these small amplitude oscillations in CycB level were 

cofirmed using live-cell imaging of RPE1 cells depleted for Wee1 by siRNA. A kinetic 

analysis of interphase CycB pulses suggests that the pulses are APC/C:Cdc20 

dependent, consistent with the model; however, the Cdc20 dependence of the pulses 

still awaits direct experimental proof. Unfortunately, it was impossible to achieve 

efficient or sustained inhibition of Cdc20 activity, either by siRNA or by use of the APC/C 

inhibitors (ProTAME and APCin). The periods of CycB oscillations observed in RPE1 cells 

are significantly longer than those for the CycB oscillations observed by Pomerening et 

al. (2008)75 in HeLa cells, which was attribute to the indirect role of an Rb-dependent size-

control mechanism on the production of CycB. Importantly, Wee1 inhibitors are currently 

in clinical trials for cancer treatment217. The aim of these inhibitors is to specifically target 

cancer cells on the basis that only p53-mutant cancers, which rely on Wee1 to maintain 

the DNA damage checkpoint in G2, will be sensitive to Wee1 inhibitors218,219. By providing 

an understanding of the effects of inhibiting Wee1 in non-cancerous cells, this model 

might allow for a better understanding of potential side-effects of this treatment. 

 

2.4 Materials and methods 

 

2.4.1 Cell cycle clock model 

 

The mathematical model presented here describes the biochemical interactions 

governing the mammalian cell cycle control network. It is assumed that the activity of 

Cyclin:CDK complexes is limited by the availability of cyclins, which strongly and rapidly 

bind CDKs. In early G1, cyclin expression is repressed via Rb-dependent stoichiometric 
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inhibition of E2F transcription factors. A fraction of total Rb (Rbtot) protein is mono-

phosphorylated and inactivated by CycD:CDK4/6 (the CycD parameter, here); the 

remaining fraction of unphosphorylated Rbt is: 

𝑅𝑏𝑡 =
𝑅𝑏𝑡𝑜𝑡

1 + 𝛼 ∙ 𝐶𝑦𝑐𝐷
 

 

This pool of unphosphorylated Rb can be further phosphorylated by the other Cyclin:CDK 

complexes, such that the rate law of Rb available to inhibit E2F (i.e., Rb molecules that 

are unphosphorylated by any Cyclin:CDK complexes) is given by the differential 

equation: 

 

𝑑𝑅𝑏

𝑑𝑡
= 𝑘𝑑𝑝𝑟𝑏 ∙

𝑅𝑏𝑡 − 𝑅𝑏

𝐽𝑟𝑏 + 𝑅𝑏𝑡 − 𝑅𝑏
− 𝑘𝑝𝑟𝑏 ∙ (𝐶𝑦𝑐𝐸 + 𝐶𝑦𝑐𝐴 + 𝜀 ∙ 𝐶𝑑𝑘1) ∙

𝑅𝑏

𝐽𝑟𝑏 + 𝑅𝑏
 

 

Notably, ε is a parameter that quantifies the relative activity of Cdk1. ε=1, unless it is 

reduced to a value 0<ε<1, to simulate Cdk1 inhibition, as indicated in the text. I am using 

Michaelis-Menten kinetics to describe the rates of phosphorylation (‘prb’) and 

dephosphorylation (‘dprb’) of Rb. Next, assuming that the Rb:E2F complex (RbE2F) is in 

equilibrium with the dissociated monomers, I calculate its concentration by: 

 

𝑅𝑏𝐸2𝐹 =
𝐵𝐵1 − √(𝐵𝐵12 − 4 ∙ 𝑅𝑏 ∙ 𝐸2𝐹𝑇)

2
 

 

where 𝐵𝐵1 = 𝑅𝑏 + 𝐸2𝐹𝑇 + 𝐾𝑑𝑟𝑏𝑒2𝑓, E2FT is the total concentration of E2F (assumed to 

be constant), and Kdrbe2f is the equilibrium-dissociation constant of the complex. In 

addition, E2F can be independently inhibited through CDK-dependent phosphorylation:  

 

𝑑𝐸2𝐹𝑃𝑡

𝑑𝑡
= 𝑘𝑝𝑒2𝑓 ∙ (𝐶𝑦𝑐𝐴 + 𝜀 ∙ 𝐶𝑑𝑘1) ∙ (𝐸2𝐹𝑇 − 𝐸2𝐹𝑃𝑡) − 𝑘𝑑𝑝𝑒2𝑓 ∙ 𝐸2𝐹𝑃𝑡  

 

Consequently, the fraction of active E2F is given by: 
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𝐸2𝐹 = (𝐸2𝐹𝑇 − 𝐸2𝐹𝑃𝑡) ∙
𝐸2𝐹𝑇 − 𝑅𝑏𝐸2𝐹

𝐸2𝐹𝑇
 

 

Active E2F (i.e., unbound by Rb and unphosphorylated by CDKs) stimulates the 

transcription of a number of genes required for G1/S progression, including CycE, CycA 

and Emi1.  

 

𝑑𝐶𝑦𝑐𝐸

𝑑𝑡
= 𝑘𝑠𝑐𝑦𝑐𝑒 ∙ 𝐸2𝐹 − (𝑘𝑑𝑐𝑦𝑐𝑒

′ + 𝑘𝑑𝑐𝑦𝑐𝑒
" ∙ 𝐶𝑦𝑐𝐴) ∙ 𝐶𝑦𝑐𝐸 

𝑑𝐶𝑦𝑐𝐴

𝑑𝑡
= 𝑘𝑠𝑐𝑦𝑐𝑎 ∙ 𝐸2𝐹 − (𝑘𝑑𝑐𝑦𝑐𝑎

′ + 𝑘𝑑𝑐𝑦𝑐𝑎
" ∙ 𝐶𝑑𝑐20 + 𝑘𝑑𝑐𝑦𝑐𝑎 ∙ 𝐶𝑑ℎ1) ∙ 𝐶𝑦𝑐𝐴 

𝑑𝐸𝑚𝑖1

𝑑𝑡
= 𝑘𝑠𝑒𝑚𝑖1 ∙ 𝐸2𝐹 − (𝑘𝑑𝑒𝑚𝑖1

′ + 𝑘𝑑𝑒𝑚𝑖1
" ∙ 𝐶𝑑ℎ1 + 𝑘𝑑𝑒𝑚𝑖1 ∙ 𝑃𝑜𝑙𝑜) ∙ 𝐸𝑚𝑖1 

 

In addition to being regulated transcriptionally, these proteins are also targeted for 

degradation in specific manners, as described by the ‘kd’ terms in these differential 

equations. CycA is a substrate of the ubiquitin ligase APC/C in complex with either Cdc20 

or Cdh1; CycE is a substrate of the SCF ubiquitin ligase, after it is phosphorylated by 

CycA:Cdk2; and Emi1 is a target of both APC/C:Cdh1-mediated degradation and SCF-

mediated degradation (after phosphorylation by Polo kinase). For these reasons, CycE—

but not CycA or Emi1—accumulates in G1; in S phase, CycE is rapidly degraded in 

response to CycA-mediated phosphorylation; and during M phase, both CycA and Emi1 

are rapidly degraded (by different pathways) and kept low throughout G1. All of these 

regulators cooperate to drive the inactivation of Cdh1 at the G1/S transition. The 

stoichiometric binding of Emi1 to Cdh1 is modelled in the same way as the binding of Rb 

to E2F, namely:  

 

𝐶𝑑ℎ1𝐸𝑚𝑖1 =
𝐵𝐵2 − √𝐵𝐵22 − 4 ∙ 𝐸𝑚𝑖1 ∙ 𝐶𝑑ℎ1𝑡𝑜𝑡

2
 

𝐵𝐵2 = 𝐸𝑚𝑖1 + 𝐶𝑑ℎ1𝑡𝑜𝑡 + 𝐾𝑑𝑐1𝑒1 

 

The phosphorylation of Cdh1 by CycE, CycA and CycB is described by: 
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𝑑𝐶𝑑ℎ1

𝑑𝑡
= 𝑘𝑎𝑐𝑑ℎ1(𝐶𝑑ℎ1𝑡 − 𝐶𝑑ℎ1) − (𝑘𝑖𝑐𝑑ℎ1

′ 𝐶𝑦𝑐𝐸 + 𝑘𝑖𝑐𝑑ℎ1
" 𝐶𝑦𝑐𝐴 + 𝑘𝑖𝑐𝑑ℎ1 𝜀 𝐶𝑑𝑘1)𝐶𝑑ℎ1 

 

where Cdh1t is the Emi1-free Cdh1: 𝐶𝑑ℎ1𝑡 = 𝐶𝑑ℎ1𝑡𝑜𝑡 − 𝐶𝑑ℎ1𝐸𝑚𝑖1. 

 

As CycA accumulates, it is responsible for driving the accumulation of CycB and Polo: 

 

𝑑𝐶𝑦𝑐𝐵

𝑑𝑡
= 𝑘𝑠𝑐𝑦𝑐𝑏 ∙ 𝐶𝑦𝑐𝐴 − 𝑉𝑑𝑐𝑦𝑐𝑏 ∙ 𝐶𝑦𝑐𝐵 

𝑑𝑃𝑜𝑙𝑜𝑇

𝑑𝑡
= 𝑘𝑠𝑝𝑜𝑙𝑜

′ + 𝑘𝑠𝑝𝑜𝑙𝑜 ∙ 𝐶𝑦𝑐𝐴 − (𝑘𝑑𝑝𝑜𝑙𝑜
′ + 𝑘𝑑𝑝𝑜𝑙𝑜

" ∙ 𝐶𝑑ℎ1) ∙ 𝑃𝑜𝑙𝑜𝑇 

 

with Vdcycb being a degradation rate function that depends on Cdc20 and Cdh1:  

 

𝑉𝑑𝑐𝑦𝑐𝑏 = 𝑘𝑑𝑐𝑦𝑐𝑏
′ + 𝑘𝑑𝑐𝑦𝑐𝑏

" ∙ 𝐶𝑑𝑐20 + 𝑘𝑑𝑐𝑦𝑐𝑏 ∙ 𝐶𝑑ℎ1. 

 

Nevertheless, as the CycB:Cdk1 complex accumulates, it is initially inactivated by 

Wee1-dependent phosphorylation; the active, dephosphorylated form is denoted as 

Cdk1: 

 

𝑑𝐶𝑑𝑘1

𝑑𝑡
= 𝑘𝑠𝑐𝑦𝑐𝑏 ∙ 𝐶𝑦𝑐𝐴 + 𝑉25 ∙ (𝐶𝑦𝑐𝐵 − 𝐶𝑑𝑘1) − 𝑉𝑤𝑒𝑒 ∙ 𝐶𝑑𝑘1 − 𝑉𝑑𝑐𝑦𝑐𝑏 ∙ 𝐶𝑑𝑘1 

 

The net rate of accumulation of the dephosphorylated CycB:Cdk1 complex depends on 

the rate functions for the Wee1 kinase and Cdc25 phosphatase reactions:  

 

𝑉𝑤𝑒𝑒 = 𝑘𝑤𝑒𝑒
′ + 𝑘𝑤𝑒𝑒 ∙ (1 − 𝑌𝑀𝐸𝑃)   and    𝑉25 = 𝑘25

′ + 𝑘25 ∙ 𝑌𝑀𝐸𝑃 

 

where YMEP is a Goldbeter-Koshland function for the tyrosine-modifying enzymes: 

 

𝑌𝑀𝐸𝑃 = 𝐺𝐾(𝑘𝑝𝑦𝑚𝑒
′ ∙ 𝐶𝑦𝑐𝐴 + 𝑘𝑝𝑦𝑚𝑒 ∙ 𝜀 ∙ 𝐶𝑑𝑘1, 𝑘𝑑𝑝𝑦𝑚𝑒, 𝐽𝑦𝑚𝑒, 𝐽𝑦𝑚𝑒) 
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The GK function depends on the activities of CycA, Cdk1 and a constitutive phosphatase, 

denoted by the constant parameter kdpyme. The GK function was defined in section 1.2.2. 

 

Together, CycA and Cdk1 also lead to the activation of Polo and Greatwall kinases:  

 

𝑑𝑃𝑜𝑙𝑜

𝑑𝑡
= (𝑘𝑎𝑝𝑜𝑙𝑜

′ ∙ 𝐶𝑦𝑐𝐴 + 𝑘𝑎𝑝𝑜𝑙𝑜
" ∙ 𝜀 ∙ 𝐶𝑑𝑘1) ∙  

𝑃𝑜𝑙𝑜𝑇 − 𝑃𝑜𝑙𝑜 

𝐽𝑝𝑜𝑙𝑜 + 𝑃𝑜𝑙𝑜𝑇 − 𝑃𝑜𝑙𝑜
− 𝑘𝑖𝑝𝑜𝑙𝑜 ∙

𝑃𝑜𝑙𝑜 

𝐽𝑝𝑜𝑙𝑜 + 𝑃𝑜𝑙𝑜
 

𝑑𝑝𝐺𝑤𝑙

𝑑𝑡
= 𝑘𝐶𝑑𝑘𝐺𝑤𝑙 ∙ 𝜀 ∙ 𝐶𝑑𝑘1 ∙ (𝐺𝑤𝑡𝑜𝑡 − 𝑝𝐺𝑤𝑙) − (𝑘𝑝𝑝𝑥

′ + 𝑘𝐵55𝐺𝑤𝑙 ∙ 𝑃𝑃2𝐴𝐵55) ∙ 𝑝𝐺𝑤𝑙 

 

In addition, Gwl is dephosphorylated by the PP2A:B55 phosphatase. In its active, 

phosphorylated form, Gwl phosphorylates ENSA (pENSAt), which leads to the formation 

of an inhibitory complex with the PP2A:B55 phosphatase. 

 

𝑑𝑝𝐸𝑁𝑆𝐴𝑡

𝑑𝑡
= 𝑘𝐺𝑤𝐸𝑁𝑆𝐴 ∙ 𝑝𝐺𝑤𝑙 ∙ (𝐸𝑁𝑆𝐴𝑡𝑜𝑡 − 𝑝𝐸𝑁𝑆𝐴𝑡) − 𝑘𝑐𝑎𝑡𝐵55 ∙ 𝐶𝑜𝑚𝑝𝑙𝑒𝑥 

 

Where  𝐶𝑜𝑚𝑝𝑙𝑒𝑥 = 𝐵55𝑡𝑜𝑡 − 𝑃𝑃2𝐴𝐵55, B55tot being the total concentration of B55, 

assumed to be constant. The dissociation of the complex is favoured by the PP2A:B55-

dependent dephosphorylation of pENSA: 

 

𝑑𝑃𝑃2𝐴𝐵55

𝑑𝑡
= (𝑘𝑑𝑖𝑠𝑠 + 𝑘𝑐𝑎𝑡𝐵55) ∙ 𝐶𝑜𝑚𝑝𝑙𝑒𝑥 − 𝑘𝑎𝑠𝑠 ∙ (𝑝𝐸𝑁𝑆𝐴𝑡 − 𝐶𝑜𝑚𝑝𝑙𝑒𝑥) ∙ (𝐵55𝑡𝑜𝑡

− 𝐶𝑜𝑚𝑝𝑙𝑒𝑥) 

 

Finally, when the ratio of Cdk1 and PP2AB55 increases sufficiently, Cdc20 is activated, 

leading to the degradation of mitotic cyclins:  

 

𝑑𝐶𝑑𝑐20

𝑑𝑡
= 𝑘𝑎𝑐𝑑𝑐20 ∙ 𝜀 ∙ 𝐶𝑑𝑘1 ∙ (1 − 𝐶𝑑𝑐20) − 𝑘𝑖𝑐𝑑𝑐20 ∙ 𝑃𝑃2𝐴𝐵55 ∙ 𝐶𝑑𝑐20 

 

2.4.2 Size control model 
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The rate of cell volume growth is assumed to be constant (see Fig. 1K in Zatulovskiy et 

al. 202027): 

 

𝑑𝑉

𝑑𝑡
= 𝜇 

 

and volume is halved at cell division when Cdk1 drops below 0.7. In order to model size-

controlled cycling, the total Rb concentration is converted from a constant to a dynamic 

variable, where the rate of synthesis in concentration units is inversely proportional to the 

volume:  

 

𝑑𝑅𝑏𝑡𝑜𝑡

𝑑𝑡
=

𝑘𝑠𝑟𝑏

𝑉
− (𝑘𝑑𝑟𝑏 + 𝜇) ∙ 𝑅𝑏𝑡𝑜𝑡  

 

The rate of Rb synthesis (ksrb) is assumed to change in a cell cycle dependent manner. 

During G1, ksrb is very small (0.02h-1), which means that the amount of total Rb protein is 

roughly constant, given a sufficiently long (~ 30h) half-life (kdrb = 0.023 h-1). Consequently, 

the protein concentration depends on the cellular volume at this stage, or in other words, 

the rate of change of Rbtot concentration depends on the rate of volume growth, µ. 

Nevertheless, the amount of Rb must be replenished during each cycle; to this end, I 

assume that Rb expression is turned on (ksrb = 0.1 h-1) after S-phase entry (when CycA > 

0.3) for a fixed duration (4 h), ensuring that a fixed amount of protein is expressed during 

each cycle. This amount corresponds to a doubling of the Rb number of molecules 

present in early G1.  

 

2.4.3 Parameter selection 

 

The parameters used in the context of this model were chosen so that the simulations 

are in broad qualitative agreement with experimental data and with the existing 

understanding of cell cycle biochemistry and dynamics. In practice, this means that, for 

instance, rate constant for ‘fast’ reactions (such as binding and phosphorylation) are 

greater than those of ‘slow’ ones, such as protein synthesis and degradation. Beyond the 
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application of such biochemically sensible heuristics, the parameters were set in such a 

way that makes the simulations broadly consistent with the available data and intuition. 

It is important to note that applying some statistical algorithm to parameter selection 

does not necessarily yield more ‘objective’ estimates, for reasons broadly outlined in the 

preface. In brief, in order to carry out a statistical fitting, some error function must be 

minimised. The choice of such functions (e.g. coefficient of determination, root mean 

square error, mean absolute error etc.) is generally arbitrary, and is typically decided 

based on the qualitative agreement between models and data. Nevertheless, with 

particularly complex models as the one herein, there is typically no single parameter set 

that minimises the error – instead, many (potentially infinite) parameter sets can be found 

to locally minimise the error function220.  

 

In other contexts, it is possible to use kinetic and thermodynamics constants from in vitro 

experiments. However, it is notable that such constants may not apply to in vivo contexts, 

because many intracellular properties differ from those in a test tube. Finally, all 

experimentally measured constants are not absolute values, but rather come with a 

certain degree of uncertainty. If a model were constructed bottom-up from such 

individual measurements, the compounded error would be so great so as to make the 

model unusable. Consequently, the iterative process of qualitative model refinement 

implemented here is appropriate for the purposes of summarising knowledge of cell 

cycle regulation, interpreting experimental results and making qualitative predictions.  

 

Importantly, the process of validating the model and its qualitative assumptions is not 

affected by the algorithm for parameter selection. Specifically, as detailed in the Results 

section, the model has been subjected to numerous perturbations, which reproduce the 

effects of mutations or gene knock-down procedures. 

 

2.4.4 Computation 

 

Solutions to the system of differential equations introduced above have been calculated 

numerically, using the XPPAUT software package with the ‘Stiff’ integration method. The 
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XPPAUT code is provided in Supplementary Information. The numerical values of the 

parameters are provided in Table S1, unless otherwise stated.  

 

2.4.5 Bifurcation diagram calculation 

 

Bifurcation diagrams of the system were calculated using the AUTO extension of XPP. 

Given the assumption that there is no significant activity overlap between the two helper 

molecules, CycE and Cdc20, the differential equations describing the two species were 

replaced by parameters with the same name. Thus, to plot the bifurcation diagrams with 

respect to CycE, Cdc20 was set to zero, and the steady state solutions of the system were 

calculated for a range of CycE values. Cdc20 bifurcation diagrams were calculated 

analogously.  

 

2.4.6 Experimental methods 

The experimental methods are available in Appendix 1. 
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3 From Dominoes and Clocks to Newton’s Cradle: the 
cell cycle as two mutually inhibitory oscillators 
 

3.1 Introduction 

 

The previous chapter introduced a model of the mammalian cell cycle, which focused on 

reproducing endocycling and checkpoint phenomena. At its core, the model argued that 

the cell cycle can be conceptualised as consisting of two alternating phases. In G1  

APC/C:Cdh1 is active, leading to the degradation of cyclins and geminin, which allows 

the assembly of pre-replicative complexes on replication origins. – In S/G2/M, CDK 

activity inhibits Cdh1, drives DNA replication and initiates mitosis. The succession of the 

two phases underpins the homeostatic mechanism whereby genome replication takes 

place once and only once per cell cycle, ensuring that each cell inherits exactly one copy 

of each of the chromosomes that make up the diploid genome. In order to ensure these 

physiological requirements are fulfilled, several dynamical properties must be met: the 

progression of the cell cycle phases must be unidirectional and irreversible, to avoid 

pathological changes in ploidy. The two phases must be mutually exclusive, to prevent 

the simultaneous licensing and firing of origins, which would lead to over-replication. 

Some reversible mechanism whereby the progression of the cell cycle can be stalled at 

various points in response to a diversity of signals must exist, to ensure that both the 

internal and external conditions are suitable for proliferation. In the absence of such 

triggers, the cell cycle should behave as an autonomous ‘limit cycle’ oscillator. Finally, as 

shown by pharmacological and genetic experiments, the progression of the G1 and 

S/G2/M phases can be decoupled, such that some small amplitude oscillation can, in 

principle, exist around each of these individual phases.  

 

The formerly discussed model has shown that a subset of interactions in the regulatory 

network controlling the mammalian proliferative programme is sufficient for the 

emergence of these properties. Nevertheless, the high level of molecular detail assumed 

by the model, with the intention of accurately reproducing experimental phenotypes, 
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obscures the features that are strictly necessary for the establishment of such behaviour. 

Therefore, a minimal system that can recapitulate each of the properties mentioned 

above must be identified, to establish how these properties emerge and not just that they 

do. The necessity of this approach is highlighted by the fact that work on the budding 

yeast cell cycle has revealed analogous regulation221. Therefore, it is likely that the 

dynamical basis of endocycling is a ubiquitous property of the cell cycle control network 

across eukaryotes and hence, identifying general control principles is an essential step 

in understanding a fundamental biological process.  

 

In this chapter, I address this challenge by taking a bottom-up approach with respect to 

the generation of dynamical properties, such as cell cycle transition irreversibility, endo-

oscillatory behaviour and checkpoint triggering. To do so, I assume that the cell cycle 

control network comprises two oscillatory modules, which drive DNA replication and 

division, respectively. The mutual antagonism of components regulating these two 

modules ensures that genome replication and segregation/division follow each other 

sequentially. Nevertheless, this mechanism provides a simple explanation for the 

generation of endocycles, as a consequence of the arrest of one oscillator. Arguably, this 

system allows the introduction of a new paradigm of cell cycle regulatory dynamics, 

which builds on and extends previous analogies, such as the dominoes and the clocks 

(Section 1.1.2). In this chapter I propose that the cell cycle can be thought of in analogy 

to Newton’s Cradle.  

 

3.1.1 The cell cycle control network comprises S-phase and M-phase oscillators 

 

If the assumption that two mutually regulated oscillators drive DNA replication and 

mitosis is correct, then the network proposed in the previous chapter should already 

contain regulatory motifs that can give rise to limit cycle oscillations, such as amplified 

negative feedback loops (Section 1.3.5). To show that is the case, the influence diagram 

in Fig. 2.1B can be rearranged to highlight the relevant interactions. Instead of focusing 

on the APC/C:Cdh1 – Cdk1:CycB switch, which gives rise to the top-down, latching-gate 

perspective on the dynamical processes that distinguish mitotic cycles from endocycles, 
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I group the regulators according to whether their role is mainly relevant to replication or 

mitosis. Thus, figure 3.1 can be plotted, where the G1/S regulators are displayed on the 

top row, while the G2/M ones are present on the bottom one. The interactions between 

CDKs and APC/C allow the two modules to interact.  

 

 
Figure 3.1 – A simplified, rearranged diagram of the cell-cycle regulatory network. Cdk2:CycA and 
Cdk1:CycB are the cyclin-dependent kinases that initiate DNA synthesis and mitosis, respectively. 
They are both involved in double-negative feedback loops with the ubiquitin ligase, APC/C:Cdh1, 
creating two bistable switches that control the transitions from G1 to S and from M back to G1. The 
network has many other positive feedback loops (+ + or − −) and negative feedback loops (+ −, + + −, 
etc.) that are conducive to bistable switches and periodic oscillations. 
 

Our depiction of the eukaryotic cell cycle control system in Fig. 3.1 identifies two 

analogous subsystems, an S-phase control module and an M-phase control module, that 

regulate the activities of Cdk2:CycA and Cdk1:CycB, respectively. At the core of each 

module is a negative feedback loop (NFL): in the S-phase module, Cdk2:CycA inactivates 

its transcription factor, E2F94, while in the M-phase module, Cdk1:CycB activates 

APC/C:Cdc20, which targets cyclin B for degradation200. An NFL, which is a necessary 

attribute of all biochemical oscillators66, is composed of (at least) two components, 

which can be called the activator (e.g., E2F) and the inhibitor (e.g., Cdk2:CycA). Another 

common feature of the two modules is that, in each case, both the activator and the 

inhibitor are amplified by positive or double-negative feedback loops (PFL or DNFL). In 

the S-phase module, E2F (the activator) induces the synthesis of CycE, while CycE 

activates E2F by inactivating its repressor Rb (not shown). Similarly, Cdk2:CycA (the 

inhibitor) hyper-phosphorylates and inactivates its antagonist, APC/C:Cdh1. In the M-

phase module, the activator Cdk1:CycB inhibits its inhibitory kinase, Wee1. On the other 

side, the inhibitor APC/C:Cdc20 is amplified by the DNFL between PP2A:B55 and Gwl 

[40], which can flip the inhibitory role of APC/C:Cdc20 between ON and OFF states. 
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According to Novak & Tyson66, these network motifs, termed activator-inhibitor amplified 

negative feedback oscillators, give rise to robust and highly tunable oscillations. 

 

This analysis shows that my presumption that two nonlinear oscillators drive the events 

of the cell cycle is reasonable. Thus, I first propose a ‘toy’ model of the double-oscillator 

hypothesis in terms of two symmetric, nonlinear, second-order oscillators coupled by 

mutual inhibition. I show that the emerging ‘activity handover’ between the two 

oscillators is sufficient to explain the alternation of S- and M-phase events observed 

during mitotic cycles. Subsequently, I show that permanent arrest of one oscillator may 

leave the other one intact, giving rise to endocycles. Lastly, I show that the double-

oscillator hypothesis is perfectly consistent with the latching-gate view.  After analysing 

the toy model, I return to the full model (Fig. 3.1, Fig. 2.1B) and show, using pseudo-phase 

plane analysis and bifurcation diagrams, that the CDK—APC/C mechanism known to 

operate in mammalian cells displays all the same qualitative features as the minimal 

model of four ODEs. 

 

3.2 Results  

 

3.2.1 A double-oscillator motif illustrates the endo-oscillatory characteristics of 

the cell cycle 

 

The basic oscillator 1 

 

To begin building-up the double-oscillator motif, I first design a simple oscillator, 1, 

based on two components, an activator (A1) and an inhibitor (I1) locked in a doubly 

amplified negative feedback loop (Fig. 3.2A). Strictly speaking, the double amplification 

is not required for oscillations: a single positive feedback loop per oscillator can yield 

qualitatively similar results. Nonetheless, in order to highlight the similarity of Ω1 to the 

cell cycle control system (Fig. 3.1), I elect to add positive feedback to both the activator 
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and the inhibitor. Hence, the dynamical system 1 consists of two nonlinear differential 

equations: 

𝑑𝐴1

𝑑𝑡
= 𝑘𝑠𝑎1

′ + 𝑘𝑠𝑎1

𝐴1
𝑞

𝐿𝑎
𝑞 (1 + 𝑟𝐼1) + 𝐴1

𝑞 − (𝑘𝑑𝑎1
′ + 𝑘𝑑𝑎1 ∙ 𝐴2) ∙ 𝐴1 (3.1a) 

𝑑𝐼1

𝑑𝑡
= 𝑘𝑠𝑖1

′ ∙ 𝐴1 + 𝑘𝑠𝑖1

𝐼1
𝑝

𝐿𝑖
𝑝 + 𝐼1

𝑝 − (𝑘𝑑𝑖1
′ + 𝑘𝑑𝑖1 ∙ 𝐶1) ∙ 𝐼1 (3.1b) 

 

The synthesis of A1 is autocatalytic, according to a Hill function, and inhibited by I1, which 

increases the effective binding constant, La
q (1+rI1). The degradation of A1 is promoted by 

A2, the activator of the other module (2), which I take as a constant for now. The 

synthesis of I1 is also autocatalytic, while its degradation is stimulated by a checkpoint 

component (C1).  

 

I start the analysis with an isolated system 1, when both A2 and C1 are set to zero. The 

phase plane of this system reveals a backwards N-shaped nullcline for A1 and an S-

shaped nullcline for I1 (Fig. 3.2B). The two nullclines intersect at an unstable steady state, 

and the system exhibits limit cycle oscillations (Fig. 3.2B,C).  

 

Next, I study the effect of increasing the value of A2. As shown in Fig. 3.2D, increasing A2 

to 0.25 squashes down the A1-nullcline. This makes sense because both A2 and I1 inhibit 

A1, so, when A2 increases, a lower activity of I1 is needed to inactivate A1. In this case (A2 

= 0.25), the nullclines intersect in three steady states, but only the leftmost steady state 

(marked with a black dot) is stable. I call this stable steady state the latched state and A2 

the latching parameter. When the latched state exists, the dynamical system is attracted 

to it, suppressing oscillations and maintaining both A1 and I1 inactive. 

 

To see how the system changes over a range of values of the latching parameter, I plot a 

bifurcation diagram (Fig. 3.2E), which shows the steady state value of A1 as a function of 

A2. The plot reveals that for sufficiently small values of A2, A1 oscillates with large 

amplitude. As A2 increases, oscillations arrest abruptly due to the appearance of the 

latched state at a SNIC (saddle node on invariant circle) bifurcation point. The SNIC 

bifurcation ensures that the 1 oscillator is robustly arrested as the latching parameter 



 91 

increases. (Another possible scenario is that 1 undergoes a Hopf bifurcation between 

oscillations and a latched state, as shown in Fig. S3.1. In this case, there are two different 

latched states with intermediate and low A1 activity.)  

 

 
 

Figure 3.2 – The dynamical properties of the single oscillator, Ω1. (A) Influence diagram of the 
single oscillator network. A1 and I1 are the activator and inhibitor of Ω1; A2 is the ‘latching’ parameter 
and C1 the ‘checkpoint’ parameter. (B) Phase plane of the Ω1 system in the basal oscillating state. 
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Parameter values in the Material and Methods. The two nullclines intersect at an unstable steady state 
(o), surrounded by a limit cycle oscillation (dotted line). (C) Time course simulation of the limit cycle 
oscillation. (D) Phase plane for A2 = 0.25. The downward translation of the A1 nullcline results in three 
steady states: an unstable node (o), a saddle point (o), and a stable ‘latched’ state (●). The latched 
state arrests the oscillation at low activities of A1 and I1. (E) Bifurcation diagram of A1 with respect to 
the latching parameter, A2, showing the abrupt arrest of the oscillation at a SNIC bifurcation. (F) Phase 
plane for the checkpoint arrested system, when C1 = 1. The system arrests at a new stable steady 
state (●) with high A1 activity. (G) Bifurcation diagram of A1 with respect to the checkpoint parameter, 
C1, showing the abrupt arrest of the oscillation through a SNIC bifurcation. (H) Bifurcation diagram, 
A1 versus basal synthesis rate, k’sa1. On bifurcation diagrams: solid green lines, stable steady states; 
grey dashed lines, unstable steady states; green circles, amplitude of limit cycle oscillations. 
 

Lastly, I study the effects of increasing the checkpoint signal. Because C1 increases the 

rate of degradation of I1, as C1 increases, the activation of I1 by A1 becomes more difficult; 

hence, the shift of the I1 nullcline to higher values of A1 (Fig. 3.2F). This shift generates a 

new stable steady state; i.e., a checkpoint. Unlike the latched state, A1 activity is high 

when the checkpoint is active (Fig. 3F). The bifurcation diagram, A1 versus C1 (Fig. 3G), 

shows that increasing the checkpoint signal causes the system’s oscillation to be 

arrested at a SNIC bifurcation.  

 

Figure 3.2H illustrates an interesting relation among the latched, oscillatory and 

checkpoint states. Both the latched and checkpoint states arise from SNIC bifurcations 

at opposite ends of the oscillatory region. The latch arrests 1 at low values of A1 whereas 

the checkpoint arrests 1 at high values of A1.  

 

The coupled-oscillator system 12 

 

I create a coupled-oscillator system by duplicating the 1 oscillator as 2 with dynamic 

variables A2 and I2, and coupling them (Fig. 3.3A) by assuming that A1 promotes A2 

degradation in the same way that A2 regulates A1 in Eq. (3.1A). Time-course simulations 

confirm that the components of 1 and 2 oscillate out of phase (Fig. 3.3B), comparable 

to the out-of-phase oscillations of the S- and M-modules of the cell cycle. The oscillatory 

regime is surrounded by latched and checkpoint states in case of 12 coupled 

oscillators as well (Fig. 3.3C). 
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To understand the mechanism that enables this sequential, unidirectional triggering of 

the two oscillators, I consider the phase plane of each individual oscillator at different 

points in the overall cycle (Fig. 3.3D). As a starting point, I suppose that A2 is large enough 

to put 1 in the latched state with A1 small, ensuring that 2 is unlatched and able to 

oscillate freely. Consequently, A2 increases, followed by I2, followed by an abrupt drop in 

A2. As the repression on A1 is relieved, the 1 oscillator is unlatched, A1 increases, A2 

drops further, and 2 is latched. Finally, the activity of A1 falls, in consequence of negative 

feedback from I1, which unlatches and 2, allowing A2 to increase and complete the 

cycle. 
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Figure 3.3 – Mutual inhibition of Ω1 and Ω2 results in out-of-phase oscillations. (A) Influence 
diagram of the Ω1Ω2 double-oscillator network. (B) Time course simulation showing the strict 
alternation of Ω1 and Ω2 components. (C) Bifurcation diagram, A1 versus basal synthesis rate, k'sa1. (D) 
Phase plane views of the state of the Ω1 and Ω2 systems at different time points in the coupled 
oscillation. Notice that, when the level of either activator exceeds ~0.2 (see Fig. 3.2E), the other 
oscillator is latched. When the level of the activator in play falls below this threshold, the other 
activator unlatches and begins to accumulate. 
 

 

Within this framework, it is inevitable that an endocycle arises when a perturbation 

arrests one of the oscillators in the latched position, allowing the other to cycle 

periodically. For instance, suppose the suppression of 1 by 2 increases; say, by 

increasing kda1 (the second-order rate constant for A2-dependent degradation of A1). 

Figure 3.4B illustrates the 2 endocycle when kda1 = 0.7. Bifurcation diagrams (Fig. 3.4C,D) 

reveal that these endocycles arise via a global bifurcation at kda1 ≈ 0.57, where the 

amplitude of 1 oscillations drops precipitously, while the 2 oscillator presses on 

uninterrupted. An 2 endocycle could alternatively be generated by silencing the 1 

oscillator internally, e.g., by decreasing the rate of A1 accumulation. 

 

 
 
Figure 3.4. The response of the Ω1Ω2 double-oscillator to perturbations. (A) Influence diagram of 
the Ω1Ω2 double-oscillator network. (B) Time-course simulation after increasing the strength of A2 
inhibition on A1 (kda1=0.25 → 0.7), which leads to an abrupt transition to endo-oscillations. (C,D) 
Bifurcation diagrams illustrating the effects of kda1 on the amplitude of the oscillations. While kda1>0.57 

completely suppresses the inherent oscillation of Ω1, it has little effect the Ω2 oscillation. (E) Time-
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course simulation after increasing the checkpoint parameter C1=0 → 1, which arrests both 
oscillators. (F,G) Bifurcation diagrams show an abrupt transition between oscillatory and checkpoint 
regimes. Ω1 arrests with high activity of A1, while Ω2 arrests in its latched state. 
 

Unlike the case of an endocycle (Fig. 3.4C,D), increasing the checkpoint signal (C1) on 1 

arrests both oscillators, as it should (Fig. 3.4E). By raising the value of C1, the checkpoint 

prevents the accumulation of I1, such that A1 cannot be down-regulated. Consequently, 

1 arrests with a high level of A1 (its checkpoint state) and 2 arrests in its latched state. 

The bifurcation diagrams, A1 and A2 versus C1 (Fig. 3.4F,G), show that both oscillators are 

suppressed at a Hopf bifurcation. Endocycles, on the other hand, arise when one 

oscillator is arrested in its latched state (low level of activator), allowing the other 

oscillator to oscillate freely (endocycle).  

 

3.2.2 The double-oscillator motif displays the latching-gate property 

 

The latching-gate hypothesis frames cell cycle control as a bistable switch between a G1-

state of high APC/C:Cdh1 activity and an S/G2/M-state of high Cdk1:CycB activity. The 

G1/S transition is driven by a ‘helper’ protein (Cdk2:CycE) and the M/G1 transition by a 

different helper protein (APC/C:Cdc20). A similar view of the double-oscillator model is 

afforded by the bifurcation diagrams for A1 in dependence on I1 and I2 as helper molecules 

(Fig. 3.5B). As expected, the mutual antagonism between A1 and A2 gives rise to a bistable 

switch: when (I1, I2 ) ≈ (0, 0), there are two alternative, stable steady states: at  (A1, A2 ) ≈ (1, 

0) and at (A1, A2 ) ≈ (0, 1). Notice that increasing I1 flips A1 OFF, but then the mutual 

antagonism locks Ω1 in its OFF state, A1 ≈ I1 ≈ 0 and A2 ≈ 1. The only way to get A1 back to its 

ON state is by increasing I2. By symmetry, the same argument holds for flipping A2 ON and 

OFF. In this manner, the double oscillator executes the full oscillation simulated in Fig. 

3.3B. Notice that, although the mutual antagonism between A1 and A2 permits a stable 

steady state at (A1, A2 ) ≈ (0.5, 0.5), the cell cycle trajectory never visits this state.  

 
Here, I return to the more realistic mechanism of the mammalian cell cycle control 

network in Chapter 2 and Fig. 3.1. As discussed previously, the mechanism consists of 

two modules for S-phase control and M-phase control, and each module has the features 

of a doubly amplified, negative feedback loop. Furthermore, the two modules are linked 
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by robust mutual antagonism between APC/C:Cdh1 and Cdk1:CycB. In the previous 

chapter, I proposed a biochemical kinetic model of this mechanism and probed its global 

dynamics. There, the antagonism between APC/C:Cdh1 and Cdk1:CycB was left intact; 

here, I begin by breaking the interaction between APC/C:Cdh1 and Cdk1:CycB, in order 

to analyse the properties of the uncoupled modules and gain understanding of how they 

influence each other.  

 

 
Figure 3.5. The latching-gate perspective. (A) Influence diagram of the Ω1Ω2 double-oscillator 
network. (B) Bifurcation diagrams. (Right panel) A1 vs I1 for I2=0. As I1 increases, A1 flips irreversibly 
from ON to OFF. (Left panel) A1 vs I2 for I1=0. As I2 increases, A1 flips irreversibly from OFF to ON. 
When A1 is ON, A2 is OFF, and vice versa, because of the antagonism between A1 and A2. 
 

3.2.2 The mammalian mechanistic model subsumes the double oscillator motif 

 

To analyse the S-module, I redefine the activity of Cdk1:CycB as a parameter, instead of 

a dynamic variable (Fig. 3.6A). Consequently, any effect of the S-module on the M-

module is eliminated, as CycA:Cdk1 and APC/C:Cdh1 can no longer influence 

Cdk1:CycB. Likewise, the level and activity of all the components in the mitotic module 

remain constant. When Cdk1:CycB activity is zero, the activities of APC/C:Cdc20 and 

Gwl-kinase are low, while those of B55:PP2A and Wee1 are high. Hence,  it is possible to 

analyse the dynamical properties of the S-module in isolation. To this end, I analyse the 

system by ‘pseudo-phase plane’ methods, as explained in the Materials & Methods.  
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Figure 3.6 – The dynamical properties of the S-phase (Cdh1) oscillator. (A) Influence diagram of the 
system, highlighting the conversion of Cdk1:CycB from a dynamical variable to a parameter (grey box). 
(B) Pseudo-phase plane, Cdk2:CycA versus Cdk2:CycE, exhibits the characteristic features of a 
doubly amplified negative feedback oscillator. The unstable steady state (o) is surrounded by a stable 
limit cycle (dashed line is a projection of the time course simulation in panel C). (C) Time course 
simulation. (D) Pseudo-phase plane showing the emergence of a stable steady state of Cdk2:CycA 
activity, as the value of the Cdk1:CycB parameter increases. The stable steady state corresponds to 
arrest of the S-phase module. (E) Bifurcation diagram (Cdk2:CycA activity versus Cdk1:CycB 
parameter value) showing that a Cdh1-endocycle (endoreplication) emerges abruptly, through a 
subcritical Hopf bifurcation, when Cdk1:CycB activity falls below a threshold ~0.0035. In addition, 
G1- and G2-arrested states are observed at higher values of Cdk1:CycB. 
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In Fig. 3.6B, I plot pseudo-nullclines in the (Cdk2:CycE, Cdk2:CycA) phase plane. 

Cdk2:CycA is the inhibitor of the S-module oscillator. I use Cdk2:CycE as the ‘activator’ 

of this module because I assume pseudo-steady state kinetics for the 

binding/dissociation of the Rb:E2F complex, which results in an algebraic equation for 

E2F as a function of Cdk2:CycE. The Cdk2:CycE nullcline is backwards N-shaped, and 

the Cdk2:CycA nullcline is S-shaped; analogous to the Ω1 oscillator in Fig. 3.2B. The 

intersection of the nullclines is an unstable steady state, surrounded by a stable limit 

cycle. The full time-course of oscillations of the S-phase module (in isolation) is shown 

on Fig. 3.6C. As the switching on and off of APC/C:Cdh1 activity is essential to these 

oscillations, I refer to the S-phase module as a ‘Cdh1-endocycle.’ Because Cdk2:CycA is 

oscillating with negligible Cdk1:CycB activity, these oscillations constitute 

endoreplication cycles (repeated rounds of DNA synthesis without mitosis).  

 
In order to understand the coupling between the S-phase and M-phase modules, I now 

show how increasing the Cdk1:CycB parameter affects the Cdh1-oscillator (Fig. 3.6D, E). 

Since Cdk1:CycB regulates both the activator (E2F) and inhibitor (CycA) of the negative 

feedback loop, both nulllclines are affected as the value of Cdk1:CycB is increased. 

Nevertheless, at small Cdk1:CycB values the most relevant changes occur on the 

Cdk2:CycA-nullcline. Notice how increasing Cdk1 activity shifts the S-shaped nullcline 

to the left, making the system bistable, thereby converting the unstable steady state into 

a stable one, as indicated by the filled circle (Fig. 3.6D). At higher activity of Cdk1:CycB 

the lower steady states disappear through a saddle-node bifurcation and only the upper 

stable steady state remains. A more detailed picture about the effect of Cdk1:CycB on 

the Cdh1-oscillator is given by the bifurcation diagram in Fig. 3.6E, which shows that the 

large amplitude CycA oscillations are terminated by a sub-critical Hopf-bifurcation 

before the system enters into the bistable regime. For Cdk1 activity > 0.04, the system 

leaves the bistable regime, and only a high CycA-activity (G2) state remains. This dynamic 

behaviour resembles the situation observed for the toy-model (Suppl. Fig. S3.1). 

 

A similar approach can be taken to analyse the mitotic module. For this, I turn the activity 

of APC/C:Cdh1 into a parameter (indicated by the grey rectangle in Fig. 3.7A), which 

eliminates its regulation by Cdk2:CycA and Cdk1:CycB. Setting APC/C:Cdh1 to zero (i.e. 
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the system cannot be arrested in G1) and plotting the pseudo-phase plane for Cdk1:CycB 

and APC/C:Cdc20 (Fig. 3.7B) reveals nullclines consistent with the mitotic module being 

an activator-inhibitor-double-amplified negative feedback oscillator. As expected, this 

system displays limit cycle behaviour (Fig. 3.7C). Increasing the activity of APC/C:Cdh1 

arrests these oscillations through a SNIC bifurcation (Fig. 3.7D,E). Again, this is 

consistent with the hypothesis that the mutual antagonism of the two modules is at the 

heart of their alternating oscillations. Nevertheless, it must be noted that by setting 

APC/C:Cdh1 constant, the mitotic modules still receives fluctuating inputs from 

Cdk2:CycA in the S-phase module. This is caused by APC/C:Cdc20-dependent 

degradation of CycA, while Cdk2:CycA is responsible for activation of CycB synthesis. To 

show that the mitotic control module can indeed behave as an autonomous oscillator, I 

also convert Cdk2:CycA to a parameter. Time course and phase plane analysis reveals 

the expected properties of the double amplified negative feedback oscillator are still 

present (Suppl. Fig. S2). 

 

3.3 Discussion 

 

This chapter has presented an argument for framing the cell cycle regulatory network as 

a pair of oscillating modules under mutually antagonistic regulation, with one of the units 

controlling the replication origin licensing process and the other, DNA replication and 

division. At the core of each oscillator lies a bistable switch that introduces hysteresis 

and makes the progression through each phase irreversible, and a negative feedback 

motif which drives periodic switching between the two steady states, giving rise to limit 

cycle behaviour. Each oscillator responds to changes in a latching parameter (the activity 

of the analogous species in the other oscillator) and a checkpoint parameter: when either 

of these inputs crosses a particular threshold, the oscillation ceases through the 

generation of a stable steady state. Though dynamically similar, the two stimuli arrest the 

oscillator in different states: the former forces the bistable switch to remain in the ‘off’ 

state, while the latter maintains the main component of the switch in a state of high 

activity.  
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Figure 3.7. The dynamical properties of the M-phase (Cdc20) oscillator. (A) Influence diagram of 
the system, highlighting the conversion of Cdk1:CycB from a dynamical variable to a parameter (grey 
box). (B) Pseudo-phase plane, APC/C:Cdc20 versus Cdk1:CycB, exhibits the characteristic features 
of a doubly amplified negative feedback oscillator. A stable limit cycle (dashed line is a projection of 
the time course simulation in panel C). (C) Time course simulation. (D) Pseudo-phase plane showing 
the emergence of a stable steady state of APC/C:Cdc20 activity, as the value of the APC/C:Cdh1 
parameter increases. The stable steady state corresponds to arrest of the M-module. (E) Bifurcation 
diagram (APC/C:Cdc20 activity versus Cdh1 parameter value) showing that a Cdc20-endocycle 
emerges abruptly, through a SNIC bifurcation, when APC/C:Cdh1 activity falls below a threshold 
~0.025. 
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It is relevant to ask why there should be two nonlinear oscillators, rather than a series of 

steady states and one oscillator that brings the system back into the G0/G1 at the end of 

mitosis. It is possible that this phenomenon is an inevitable consequence of the 

requirements of eukaryotic DNA replication and origin licensing: in order to prevent over-

replication, the licensing phase (from late M to G1/S) and replicative phase (S to G2/M) 

must never overlap and therefore should be self-limiting. Hence negative feedback must 

be in place. Of course, this negative feedback will lead to oscillations, since the licensing 

and replicative are delineated by a bistable switch, which helps prevent over- or under-

replication.  

 

The existence of these two mutually-regulated oscillators allows for the possibility of 

decoupling one of them and the generating an endocycle. This suggests a novel analogy 

for cell cycle dynamics. 

 

3.3.1 Newton’s cradle 

 

I propose that the alternating oscillation of S- and M-modules (and 12 oscillators) is 

analogous to the dynamics of Newton’s cradle (Fig. 3.8A), a mechanical device used to 

illustrate the conservation of momentum and other aspects of Newtonian physics. When 

one of the outer pendula is set in motion, the device executes an alternating sequence of 

half-swings of both outer pendula. Clearly, the two outer pendula can be associated with 

the S- and M-modules (12 oscillators) of the cell cycle control system. By plotting 

pseudo-phase planes for the individual 1 and 2 oscillators (Fig. 3.8B), I illustrate the 

parallel symmetries between Newton’s cradle and my toy coupled-oscillator model of 

the cell cycle. The only steady state showing up on each of these phase planes 

corresponds to the latched state of both oscillators, where both activator and inhibitor 

levels are low. In Newton’s cradle, these steady states correspond to low potential energy 

positions of the outer spheres, where they are in contact with the other stationary 

spheres. Once an outer sphere reaches the low point of its oscillation, its momentum is 

transferred to the other outer sphere. In case of the double-oscillator, reaching one of 

these latched states causes a release of the other activator from inhibition and drives the 
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system to the other pseudo-phase plane (Fig. 3.8B). In this way, the motion of Newton’s 

cradle resembles the alternation of S phase and M phase during the mitotic cycle of 

eukaryotic cells. As with endocycles, when the oscillators’ coupling is perturbed by 

blocking the swinging of an outer sphere, the other outermost pendulum oscillates 

independently as a consequence of elastic collisions with the stationary inner spheres 

(Fig. 3.9A,B). 

 

 
Figure 3.8 – The Newton’s cradle analogy to the double oscillator system. (A) Newton’s cradle (see 
youtube video). (B) Pseudo-phase planes for A1-I1 (right panel) and for A2-I2 (left panel), and schematic 
cell cycle trajectory (dotted line). Starting from A1≈1 and I1≈A2≈I2≈0, as I1 increases A1 switches OFF, 
which allows A2 to switch ON, bringing the trajectory to A2≈1 and I2≈A1≈I1≈0, completing one-half of the 
cycle. 
 

Because the double-oscillator model executes limit cycle oscillations in the absence of 

checkpoints, it is consistent with older clock models (and clock-shop models) of the cell 

cycle. Furthermore, checkpoints can be seamlessly integrated into the model, easily 

aligning it with older falling-dominoes and newer latching-gates views of cell cycle 

controls. Within Newton’s cradle analogy, a checkpoint would correspond to catching 

one of the pendula in a state of high potential energy, thereby preventing oscillations of 

both outer spheres (Fig. 3.9C,D). When the checkpoint is released (the sphere is 

https://www.youtube.com/watch?v=0LnbyjOyEQ8
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dropped), the normal cycle picks up where it left off. Thus, I suggest that my linked 

oscillators framework builds on the classical metaphors of cell cycle dynamics and 

expands them to account elegantly for perturbations leading to endocycles.  

 

 
Figure 3.9: Newton’s cradle analogy to double oscillator perturbations. (A) Outline of Newton’s 
cradle dynamics when the movement of one of the outer spheres is prevented by an external 
counteracting force. The free-running pendulum continues to swing as a consequence of elastic 
collisions with the stationary spheres. (B) Ω1 endocycle pseudo-phase planes, with ksa2'=0, showing 
that the A2-I2 system is permanently latched, while the A1-I1 system displays the dynamical properties 
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of a free-running, double-amplified negative feedback oscillator. (C) Preventing the return of an 
oscillating sphere to the equilibrium position prevents the system’s oscillation until the sphere is 
released. (D) Checkpoint pseudo-phase planes, with C1=1, showing that the generation of a high A1 
stable steady state prevents oscillations by keeping the A2-I2 system in the latched position 
permanently. 

 

3.4 Material and methods  

 

3.4.1 A doubly amplified negative feedback oscillator 

 

I model a doubly amplified negative feedback oscillator by a pair of nonlinear ordinary 

differential equations (ODE), Eqs. 3.1a and 3.1b, describing the kinetics of Activator-1 (A1) 

and Inhibitor-1 (I1) accumulation and degradation with parameter values in Table 3.1 

(Appendix 2).  

 

The model was implemented in freely available software XPPAUT 

(https://sites.pitt.edu/~phase/bard/bardware/xpp/xpp.html). The ‘ode’ file 

Fig2_FigS1.ode (Appendix 2) can be used with XPPAUT to reproduce the time-course 

simulations (panels C), phase plane diagrams (panels B,D,F) and one-parameter 

bifurcation diagrams (panels E,G,H) in Figure 3.2 and Suppl. Fig. S3.1.  

 

3.4.2 Two coupled doubly amplified negative feedback oscillators  

 

A second copy (A2 and I2) of the doubly amplified NFL was coupled to the first by mutual 

inhibition, yielding a system of four ODEs: 

  

𝑑𝐴1

𝑑𝑡
= 𝑘𝑠𝑎1

′ + 𝑘𝑠𝑎1

𝐴1
𝑞

𝐿𝑎1
𝑞 (1 + 𝑟𝐼1) + 𝐴1

𝑞 − (𝑘𝑑𝑎1
′ + 𝑘𝑑𝑎1 ∙ 𝐴2) ∙ 𝐴1 (3.1𝑎) 

𝑑𝐼1

𝑑𝑡
= 𝑘𝑠𝑖1

′ ∙ 𝐴1 + 𝑘𝑠𝑖1

𝐼1
𝑝

𝐿𝑖1
𝑝 + 𝐼1

𝑝 − (𝑘𝑑𝑖1
′ + 𝑘𝑑𝑖1 ∙ 𝐶1) ∙ 𝐼1 (3.1𝑏) 

𝑑𝐴2

𝑑𝑡
= 𝑘𝑠𝑎2

′ + 𝑘𝑠𝑎2

𝐴2
𝑞

𝐿𝑎2
𝑞 (1 + 𝑟𝐼2) + 𝐴2

𝑞 − (𝑘𝑑𝑎2
′ + 𝑘𝑑𝑎2 ∙ 𝐴1) ∙ 𝐴2 (3.2𝑎) 

https://sites.pitt.edu/~phase/bard/bardware/xpp/xpp.html
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𝑑𝐼2

𝑑𝑡
= 𝑘𝑠𝑖2

′ ∙ 𝐴2 + 𝑘𝑠𝑖

𝐼2
𝑝

𝐿𝑖2
𝑝 + 𝐼2

𝑝 − (𝑘𝑑𝑖2
′ + 𝑘𝑑𝑖2 ∙ 𝐶2) ∙ 𝐼2 (3.2𝑏)  

 

The file Fig3B_Fig4.ode can be used to reproduce the time-course simulations on Fig. 

3.3B and Fig. 3.4B,E and the one-parameter bifurcation diagrams on Fig. 3.4C,D,F,G. 

  

Pseudo-nullclines are calculated using the capacity of XPPAUT to plot one-parameter 

bifurcation diagrams for a reduced set of ODEs. First, the dynamic variable chosen as the 

bifurcation parameter is removed from the system of ODEs and treated as a parameter. 

Next, for the A1-I1 pseudo-phase plane, I1 is also converted to a parameter (and similarly 

for the A2-I2 pseudo-phase plane) and a one-parameter bifurcation diagram for the A1 

steady state as a function of I1 is calculated with the remaining ODEs to plot the pseudo-

nullcline for dA1/dt = 0. To calculate the pseudo-nullcline for dI1/dt = 0, the roles of A1 and 

I1 are reversed. The file Fig5_Fig8B.ode calculates the one-parameter bifurcation diagram 

(i.e., the pseudo-nullcline) of A1 as a function of I1. 

 

3.4.3 Adaptation of the mammalian model from chapter 2 

 

To illustrate the double oscillator behaviour of the cell cycle control network, the 

mammalian model of Chapter 2 was used with slight changes to four parameter values. 

In the file Fig6.ode, both CycB and Cdk1 are converted to parameters, so that it can be 

used to simulate the oscillatory time-course of endoreplication cycles (Fig. 3.6C). 

Fig6.ode also supports calculation of the Cdk2:CycA bifurcation diagram (Fig. 3.6E) after 

setting the initial value of the Cdk1 bifurcation parameter to 0.1 in the parameter list. The 

Cdk2:CycE and Cdk2:CycA pseudo-nullclines in Fig. 3.6B,D phase planes can be 

calculated by overlaying two one-parameter bifurcation diagrams. To plot the Cdk2:CycA 

pseudo-nullcline, CycE is converted to a constant and used as a bifurcation parameter 

to calculate the CycA steady state values (CycAss). To plot the CycE pseudo-nullcline, 

CycE is used as the variable and CycA as the bifurcation parameter in a one-parameter 

bifurcation diagram calculation.  
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To calculate the Cdc20-endocycles on Fig. 3.7, Cdh1 was converted from an ODE to 

parameter in Fig7_FigS2.ode. This file supports calculation of the one-parameter 

bifurcation diagram of Fig. 3.7E after setting the initial value of the bifurcation parameter 

(Cdh1) to 0.05. The limit cycle oscillation at Cdh1=0 can be captured by setting the time 

of integration to the period of the oscillation (13.35 hours). The pseudo-nullclines for 

Cdk1:CycB (Cdk1 in the ode file) and for APC/C:Cdc20 are calculated as one-parameter 

bifurcation diagram after converting Cdc20 or both CycB and Cdk1 into parameters. The 

file Fig7_FigS2.ode can also be used to calculate all the panels in Suppl. Fig. S2 after 

setting CycA=0.4 as a parameter using a similar procedure. 

 

Acknowledgements 

 

The material in this has been peer-reviewed and published at Mathematical 

Biosciences222. 

  



 107 

4 The wheel of Fortune: The cell cycle as a tetra-stable 
excitable system 
 

4.1 Introduction 
 
The double oscillator framework can explain the emergence of endocycles, both in 

principle and in the context of a mechanistic model of the mammalian cell cycle control 

network. Its simplicity makes it an attractive conceptual tool by which to reason about 

the organisation of the cell cycle and to make qualitative predictions on the effect of 

molecular perturbations. Nevertheless, before taking its assumptions at face value, the 

model must be subjected to more stringent verification. This, however, can be a very 

resource intensive process, so it is necessary to identify the most promising theoretical 

frameworks first. Thus, a complementary approach is to tackle the problem from 

multiple theoretical angles and appraise the strengths and limitations of different models 

which produce broadly consistent dynamical outcomes in response to known 

perturbations. In the current context, it may first be asked whether a system of two 

mutually inhibitory oscillators is the only one that can generate endo-oscillatory 

behaviour. If it is, then it must underpin endocycles in vivo. If it is not, a different 

framework can be found. Second, if the double oscillator solution to the endo-oscillation 

problem is not unique, it must be ascertained whether the alternative solutions present 

any advantages. Such advantages may, in principle, lead the new model to supplant the 

previous framework as the organisational basis of the cell cycle.  

 

The first question can be addressed by analysing a previous model of cell cycle endo-

oscillations. In 2022, Novak and Tyson introduced the latching gate hypothesis for the 

first time, to rationalise the dynamics of endocycles in a model of the budding yeast cell 

cycle control network157. The model is based on a simple set of biochemical interactions. 

At its core, it consists of several mutually inhibitory species: on the one hand, the 

cyclin:CDK complexes, denoted by ClbS and ClbM, and on the other hand, by their 

negative regulators, the ubiquitin ligase APC/C:Cdh1 and the stoichiometric inhibitor 

Sic1. These interactions give rise to a bistable switch determining the quiescent state 

(G1), characterised by reduced CDK activity, and the replication/division state (S-G2-M), 
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when CDK activity is high. In addition, two helper molecules – appropriately connected 

to the core network through other regulators – drive the flipping of the APC/C-CDK switch 

through negative feedback. MBF is a transcription factor determining the accumulation 

of ClbS and with it, the G1/S transition. Cdc14 is a phosphatase opposing CDK-

dependent phosphorylation, which is responsible for APC/C reactivation and mitotic exit. 

The authors showed that the APC/C-CDK1 bistable switch is irreversible with respect to 

each helper molecule, such that in order to complete a cell cycle oscillation, both 

helpers must be engaged sequentially.  

 

Within this framework, an endocycle occurs when the switch is rendered reversible with 

respect to one of the helpers. The constitutive inhibition of the mitotic kinase, ClbM, 

makes the switch reversible with respect to MBF, giving rise to endoreplication. This is 

because the mitotic network is no longer activated, which means that cells cannot 

initiate division and Cdc14 activity becomes dispensable for CDK inactivation, leading to 

its disengagement from oscillation. In contrast, expressing non-degradable mitotic cyclin 

means that cells cannot establish G1 robustly, which prevents the licensing of DNA 

replication origins and with it, S-phase, giving rise to a type of mitotic endocycle, termed 

‘Cdc14 endocycle’76,223. The Cdc14 phosphatase is sequestered in the nucleolus for most 

of the cell cycle and is only released between anaphase and cytokinesis. In Cdc14 

endocycles, the phosphatase can be released more than once without the cell dividing 

and returning to G1.  

 

As a description of the cell cycle control network, this model is rather simplified. It 

assumes a Cdc20, Pds1, Clb5 triple mutant genetic background. A drawback of this 

simplifying assumption is that the Cdc14 endocycles have not been tested in such an S. 

cerevisiae strain76. Despite concerns over the physiological applicability of this model, it 

represents an interesting case study of an endo-oscillatory system. Intriguingly, this 

regulatory architecture gives rise to endo-oscillations without being based on the 

“Newton’s Cradle” framework, as shown in the Results section. This is interesting, 

because both the budding yeast model and the mammalian model in Chapter 2 started 

from the same premise: the latching gate hypothesis.  This shows the double oscillator 
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framework is not necessarily responsible for the emergence of endocycles in vivo, but 

that it shares features with other endo-oscillatory systems. 

 

It is now possible to address the second question: whether this framework could 

represent an improvement over “Newton’s Cradle”. A benchmark for this could be set by 

considering the limitations of the double oscillator model. First, it can only explain a 

subset of the endocycles that have been observed: endoreplication and Cdc20 

endocycles. While the same framework could account for other endocycles (Cdc14 and 

meiosis), it could not easily explain endomitosis. As explained in Section 1.2.5, 

endomitosis occurs when cells complete S-phase and enter mitosis, but do not 

complete anaphase and divide. Second, the double oscillator framework can only 

account for two checkpoints: the G1 and spindle assembly checkpoints. At least one 

other checkpoint exists in the form of the DNA damage (or G2) checkpoint, which 

represses CDK1 through Cdc25 downregulation and p21 accumulation (Section 1.2.3), 

preventing mitotic entry. Clearly, the stripped-down double oscillator framework could 

not account for this, because inhibiting the activator of the mitotic module leads to 

endoreplication222 (Chapter 3), instead of an arrest.  

 

The checkpoint limitation could be resolved by arguing that the double oscillator is just 

an overly simplistic version of the cell cycle control network and the extra properties can 

be obtained by introducing a few complications to “Newton’s cradle” framework. In the 

mammalian model (Chapter 2), the G2 checkpoint is explained by noting that CDK1 

activity is needed for E2F phosphorylation and inactivation. In the double oscillator 

context, this interaction would be modelled as A2--|I1. Thus, incomplete activation of the 

mitotic activator forces the replicative oscillator to arrest in an unusual state where the 

inhibitor (E2F) is high and the activator (APC/C:Cdh1) is low, which does not correspond 

to either the latched or checkpoint state as defined in the previous chapter. However, to 

my knowledge, there is no evidence to suggest this interaction is necessary for the 

establishment of the DNA damage checkpoint. A new framework may be able to 

dispense with such disputable assumptions.   
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To address these problems, I introduce a generalised version of the Novak & Tyson (2022) 

endo-oscillatory framework, based on 4 pseudo-steady states corresponding to G1, S, 

G2 and metaphase, instead of 2 pseudo-steady states, corresponding to G1 and S/G2/M. 

I then show that in either framework, an endocycle occurs when one (or more) of the 

pseudo-steady states loses stability. Thus, while the 2-state model can account for 

replicative and mitotic endocycles, the 4-state model can additionally account for 

endomitosis and well as several other hypothetical endocycles. In addition, the 4-state 

model can generate 4 distinct types of checkpoint arrest at the transition between any 

two phases. Finally, I argue that an intuitive mechanical analogy of this system is a “wheel 

of fortune” with 4 sectors (i.e. “prizes”), corresponding to each cell cycle phase. An 

endocycle is then understood as the removal of a barrier between two sectors, while a 

checkpoint can be imagined as the strengthening of a barrier.  

 

4.2 Results 
 

4.2.1 A minimal latching gate system: two pseudo-oscillators linked by a bistable 

switch  

 

The latching gate view of the cell cycle represents a top-down perspective on the 

dynamics of endo-oscillatory systems studied so far. Nevertheless, as shown in the 

previous chapter, while the latching gate signature phase plane provides an indication of 

endo-oscillatory behaviour, it does not provide a sufficient mechanistic explanation for 

the emergence of endocycles. Thus, to understand how endocycles are determined in 

the Novak & Tyson (2022) paper157, I take a constructive approach, through which I show 

all conditions that must be satisfied in order to develop a system with qualitatively 

identical properties, while making a minimal number of assumptions.  

 

As the latching gate hypothesis is premised on the existence of an irreversible bistable 

switch, I build a core module consisting of 3 species (A, B, B’) engaged in non-linear 

positive and double-negative feedback (Fig. 4.1A). A and B are mutually activatory, while 

A and B’ are mutually repressive. Although a single positive network is sufficient, I chose 
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to include two of them for symmetry reasons and to highlight the similarity to the yeast 

network. Next, two helper molecules (C and C’) are introduced to establish negative 

feedback loops that drive the flipping of the bistable switch. A activates C indirectly 

through B, while C inactivates A. Anti-symmetrically, A inactivates C’ through B’, while C’ 

activates A.  In addition, two delay molecules, D and D’ ensure that the activity of the 

helpers does not overlap. This delay makes pseudo-phase plane analysis possible, and 

is important for generating robust endocycles. For a more detailed discussion of the role 

of delay in this framework, see Fig. S4.1. 

 

This verbal description of interactions is formalised as a system of coupled nonlinear 

differential equations. Subsequently, a time course simulation can be calculated (Fig. 

4.1B). It is immediately apparent that the activity of A/B and B’ alternates similarly to the 

G1 and S/G2/M phases of the cell cycle. The transition between these two phases is 

driven by the accumulation of the helper molecules. C flips the A switch off and triggers 

the activation of B’, while C’ flips the A switch on. As each state of the switch triggers its 

own inactivation, this system displays limit cycle oscillations.  

 
It is possible to analyse the dynamical properties of this system with reference to a pair 

of pseudo phase planes (PPP, c.f. Section 1.3.6). To achieve this, the nullclines (i.e. steady 

state values) of each of the helper molecules are plotted against A and vice versa, for a 

fixed value of the other helper molecule (Fig. 4.1C). Setting C’=0 for the AC PPP and C=0 

for AC’ PPP reveals the characteristic features of the latching gate system. The dynamical 

variable A shows irreversible bistability with respect to both helper molecules. A is 

activated by increasing values of C’ and inactivated by increasing values of C. Equally, A 

inactivates C’ and activates C. Thus, two negative feedback loops are established. 

Following the dotted black line (the projection of the time course on the pseudo phase 

plane) shows how this system evolves in time. Starting at the stable pseudo steady state 

SS’, where A is high and both helpers are zero, C begins to accumulate. As C increases 

past a threshold value (C  6), A is inactivated, and it stops stimulating C. Subsequently, 

the AC system reaches the pseudo-steady state SS. Nevertheless, the system does not 

arrest, as B’ is high (since A no longer suppresses it), which stimulates C’. As C’ 

accumulates, A is gradually activated, until it reaches another threshold (around C’=7), 
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at which it abruptly turns on thanks to positive feedback. As B’ is simultaneously turned 

off, C’ wanes and the system returns to the SS’ state.  

 

Fig. 4.1 – The dynamics of the minimal latching gate system – (A) Influence diagram of the mixed 
negative feedback oscillator with delay. (B) Time course simulation. Note that the curves’ colour 
coding matches panel A. ‘Helper molecules’ refers to C and C’; ‘Switch molecules’ refers to A, B and 
B’. (C) The systems pseudo phase planes. The left PPP assumes C=0, while the right PPP assumes 
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C’=0. The time course projection is plotted in black dashed lines. The black circles represent stable 
pseudo-steady states. The white circles denote unstable states. (D) C endocycle time course, for 
ksa=0.75. (E) AC pseudo phase plane, for ksa=0.75. (F) C’ endocycle time endocycle, for B’tot=0. (G) 
AC’ pseudo phase plane, for B’tot=0. 
 
The premise of the latching gate hypothesis is that endocycles can be generated by 

rendering the core bistable switch reversible with respect to one helper molecule, while 

retaining the oscillatory behaviour generated by the amplified negative feedback motif. 

Increasing the basal rate of A synthesis, ksa, renders the C’ helper unnecessary for A 

activation. This means that A can initiate its positive feedback as long as C is absent. The 

kinetics of the system are such that the switch now spends an insufficient amount of time 

in the low A state for D’ and subsequently C’, to accumulate to appreciable levels. This 

generates the C endocycle (Fig. 4.1D). As expected, the A switch can be shown to be 

reversible with respect to C on a pseudo phase plane (Fig. 4.1E). It is important to note 

that although the features of the phase plane are consistent with an amplified negative 

feedback oscillator, the delay variable D makes a significant contribution to the 

oscillation amplitude (c.f. Fig. S4.1D,E). Analogously, a C’ endocycle can be generated by 

removing all B from the system (i.e. the parameter Btot=0) (Fig. 4.1F,G).  

 

It is possible to show that the dynamics of this system and that of the budding yeast cell 

cycle model proposed by Novak & Tyson are equivalent by plotting bifurcations diagrams 

that reveal similar transitions between mitotic cycles and endocycles (Fig. S4.2A-D) and 

by comparing the system wiring directly (Fig. S4.2E). The main conclusion of this section 

is that though the pseudo phase plane offers a way to ‘diagnose’ endo-oscillatory 

systems by revealing the latching gate features, it does not provide a full mechanistic 

explanation for how they emerge. In this case, the introduction of delay variables is 

essential for robust, high-amplitude endocycles. Nevertheless, the introduction of delay 

does not change the steady state properties of the switch and helper variables and 

therefore, there is no change in the PPP. As such, the PPP view can be misleading and 

must be interpreted carefully. In essence, the mitotic cycle oscillation may rely on the 

amplified negative feedback motif (Fig. 4.1C, Fig. S4.1C), but the endocycle cannot be 

explained on this basis, because the helper and switch molecules do not always 

intersect on the unstable branch of the switch molecule (Fig. 4.1G), which is normally a 

prerequisite of limit cycles. Thus, under the current formulation and that of the 2022 
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Novak & Tyson model, the endocycle is necessarily a delayed negative feedback 

oscillator. In the following sections, to get a different perspective on how the endocycle 

is generated, I plot a different set of phase planes and attempt to model endocycles 

through a different strategy.  

 

4.2.2 Towards a generalised endo-oscillatory system: a different perspective on the 

latching gates 

 

To begin identifying a general endo-oscillatory framework that can account for more than 

two cell cycle phases I introduce a new phase plane view of the system (Fig. 4.2A). Rather 

than looking at two half-phase planes, involving one switch and one helper variable, in 

which the system oscillates, I choose to look at the core system (ABB’) in isolation and 

explain the effect of the helpers. Since only 2 variables can be plotted on a 2D plane, it is 

only possible to analyse either the AB or AB’ phase plane. I focus on the AB’ phase plane 

only, as the AB view is equivalent. A is bistable (S-shaped) with respect to B’, while B’ is 

sigmoid with respect to A. The shape of the A nullcline is explained by the fact that B’ 

inactivates A, but A is also engaged in nonlinear positive feedback through B. The shape 

of the B’ nullcline is explained by the fact that B’ is modelled as a Hill function of A. This 

system is overall bistable, because the nullclines intersect at two stable nodes (High 

A/Low B’, and Low A/High B’). These states correspond to two cell cycle phases: G1 and 

S/G2/M. On its own, this system cannot oscillate – it can only arrest in one of the two 

stable states. However, this is where the two helper variables come in. The helpers act as 

‘forces’ that ‘push’ the system out of the basin of attraction of the state in which it is 

arrested. Subsequently, the system is spontaneously attracted to the other state. The role 

of the delay variables is to allow sufficient accumulation of C and C’ to push the system 

over the threshold of the opposite state. Thus, when the core system engages both 

helpers and their delay variables, the system oscillates between the two states. Notice 

that thanks to hysteresis, the system goes from the OFF state to the ON state and vice 

versa via different paths. 

 



 115 

Endocycles occur when one of the two core states loses stability, and the system 

becomes monostable (Fig. 4.2B).  When this happens, the helper associated with the 

state that lost stability can no longer be activated. Nevertheless, the system is not 

arrested, because other state can still trigger the activation of the remaining helper. This 

excites the core system to position of higher potential, after which it relaxes 

spontaneously back to the stable steady state. Once this happens, the helper can start 

accumulating again, driving the oscillation forward. Again, note the importance of delay 

between the flipping of the swich module and helper activation: without it, the helper 

would not accumulate sufficiently to push the core system out of its equilibrium position.  

 

 
Fig. 4.2 – The latching gate system viewed from switch variables’ perspective – (A) The phase plane 
of the AB’ core system. The dashed lines represent sketches of the system’s trajectory under the 
action of the helper molecules, C and C’ (B) The phase plane of the AB’ core system, characteristic of 
the C endocycle, with ksa=0.8.  
 

4.2.3 A tetra-stable, double-amplified negative feedback core 

 
The new phase plane perspective on the latching gate system introduced in the previous 

section can be easily generalised to more steady states, or in other words, cell cycle 

phases. All that needs to be done is to shape the nullclines so that more stable pseudo-

steady states are present and applicable helper molecules are introduced for each 

individual state. Suppose that both dynamical variables on the phase plane of the core 

system were amplified by nonlinear positive feedback (Fig. 4.3A). Then, both variables 

would be bistable with respect to each other, and it would be possible to generate 4 

intersections of the stable branches, to give rise to 4 stable steady states, which I name 
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G1, S, G2 and a metaphase (Fig. 4.3B), for reasons detailed in the Discussion. In addition, 

4 saddle points are present at the intersections of stable branches with saddles, which 

can be loosely seen as the ‘thresholds’ for the cell cycle phase transitions ThG1/S, ThS/G2, 

ThG2/Meta, ThMeta/G1. The notion of phase threshold can be more rigorously understood as 

the boundary of the basin of attraction of a stable node (i.e. cell cycle phase), which 

includes the saddle points (Fig. S4.3). Finally, an unstable point (pOsc), at the 

intersection of the two nullclines’ saddles, is also present (discussed below).It is easy to 

imagine that this system could oscillate with fixed period if some helper variable were 

activated by each stable steady state, and in turn, pushed the core system over the 

threshold, into the next state. For instance, if the system were in the G1 state, the helper 

could force the transition to the S state by driving an increase in the core variable A.  

 
Analogous to the notion of endocycle in the previous section, in this system, an 

endocycle is triggered if a parameter change can be introduced, such that one or more 

stable steady states (i.e. phases) is abolished. In Fig. 4.3C, a change in the parameter jdA 

(see Section 4.4.2) moves the activation threshold of the A nullcline to a more positive 

value. Subsequently, the G1 state is lost through a saddle-node bifurcation (Fig. 4.3E), as 

it merges with the saddle point ThG1/S. When this happens, the system is automatically 

attracted to the next steady state in line. Further, as the two core dynamical variables are 

modelled symmetrically, any subset of the steady states can be eliminated through an 

analogous perturbation. This property makes this system a very versatile tool, which can 

generate up to 15 endocycles (whether they have a physiological correspondent or not). 

For example, in Fig. 4.3D both the G1 and S states are eliminated, corresponding to a 

mitotic endocycle.  

 

Notice that the two core variables are in negative feedback relation, with A activating B, 

and B inhibiting A. Thus, since both variables are engaged in non-linear positive feedback, 

they could determine a limit cycle oscillator, provided no stable steady states were 

present to block the oscillation. This is why the intersection of the nullclines’ saddles is 

termed pseudo-oscillator (pOsc). This property is a crucial feature of this system, as it is 

this oscillatory potential that helps drive the system forward, to the next phase in line, 

during an endocycle, when the appropriate helper molecule cannot be engaged.  
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Fig. 4.3 – A tetra-stable core system – (A) Influence diagram of the core system. (B) Phase plane for 
the basal AB core system. (C) Phase plane for the core system with jdA=0.8, where the G1 state is 
eliminated. (D) Phase plane for the core system with jdA=0.8 and jdB=0.8, where the G1 and S states 
are eliminated. (E) Bifurcation diagram of A with respect to the jdA parameter. Bifurcation diagram 
legend: red denotes stable steady states and black denotes saddle and unstable points. 
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4.2.4 The excitatory module: helper-driven negative feedback pseudo-oscillators 

 
The helper molecules drive state switching for the core module. For this to be achieved 

correctly, the activity of the helpers must be triggered only when the core module is in the 

appropriate state. Specifically, the helper of the G1/S transition (H1) must only be 

activated when the system is in the G1 state. Similarly, the S/G2 helper (H2) is to be 

activated when the system is in the S state and so on. Since each state is characterised 

by a different level of A and B activity, these activities will regulate each helper differently. 

For instance, since the G1 state is characterised by low A and low B activity, it follows that 

H1 must be suppressed in any state where either A or B is high. Therefore, A and B inhibit 

H1 (Fig. 4.4A). In contrast, since the S state differs from the G1 state by having high 

activity of A, it follows that H1 drives the state transition by activating A. With this wiring 

in mind, it is possible to analyse the properties of the excitatory module, which comprises 

a helper molecule and the core variable it regulates, as well as the second core variable, 

taken as a parameter, because it remains constant over the course of the transition. Here, 

I analyse H1-A module, but all other excitatory modules behave completely analogously, 

thanks to the symmetry of the system.  

 
I plot the H1-A phase plane when B=0 (Fig. 4.4B). The A nullcline shows bistability, thanks 

to nonlinear positive feedback, which is consistent with A being bistable at B=0 on the 

core module phase plane (Fig. 4.3B). As expected from the positive effect of H1, only the 

higher A activity branch is stable for high H1 values. Notice that the H1 variable is also 

positive feedback-regulated, which renders its nullcline bistable as well. Thus, given the 

negative feedback between A and H1, the intersection of the nullclines’ saddles gives rise 

to an unstable steady state, which has the potential to generate oscillations  66, and it is 

thus termed pOscH1. However, notice that the oscillation is blocked by the presence of a 

stable steady state, which corresponds to the S state of the core module. Thus, in 

essence, the excitatory module provides a path from the G1 state to the S state that 

bypasses the barrier imposed by ThG1/S in the core system plane. 

 
Contrast this setup to that of the latching gate model in Fig. 4.1C. In that case, a delay in 

the activation of the helpers was introduced by interposing slow dynamical variables 

between the core regulators’ (ABB’) activation and that of the two helpers, C and C’, in 
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order to generate high amplitude endocycles. The nonlinear auto-amplification of H1 

obviates the need for explicit delay, reducing the number of dynamic variables of the 

system, while still enabling the generation of high-amplitude helper (pseudo)-

oscillations. In addition, this modification improves the tunability of the oscillator224 and 

is more likely to be consistent with the biochemical organisation of the cell cycle.  
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Fig. 4.4 – The dynamical properties of the excitatory module – (A) Influnce diagram for the excitatory 
module associated with the G1 state. H1 and A are dynamical variables here, while B (light grey) is 
taken as a parameter. (B) Phase plane of the excitatory module with B=0. (C) Phase plane with B=0.4. 
(D) Phase plane with the checkpoint parameter C1=1. (E) Bifurcation diagram of A with respect to the 
parameter B. (F) Bifurcation diagram of A with respect to the checkpoint parameter C1.  
 
It is possible to note how the activity of the excitatory module changes when the core 

module is in different states. When A is high, H1-A system immediately reaches the S-

state and therefore there is no other change in H1 levels. However, when B increases, a 

new stable steady state appears (G1) at low H1 and A values, as the inhibitory effect of B 

lowers the A activity necessary for H1 inactivation, such that the H1 nullcline undergoes 

a downward translation (Fig. 4.4C). Without this effect, the H1 variable could start 

accumulating prematurely, when the system reaches the Meta state (high B, low A).  

 

Any other perturbation that prevents the activation of H1 will have a similar effect as 

increasing B. This property allows the introduction of checkpoints – arrests of the 

systems’ oscillation of indefinite duration in response to a particular stimulus. C1 is a 

parameter that favours the inactivation of H1. If C1 is high, the G1 stable steady state is 

present on the H1-A phase plane regardless of B activity (Fig. 4.4D), such that H1 helper 

cannot aid the core system in bypassing the ThG1/S barrier and the overall oscillation is 

prevented until C1 parameter drops again. Bifurcation diagrams of the H1-A module with 

respect to either B (Fig. 4.4E) and C1 (Fig. 4.4F) show that the G1 state emerges through 

a saddle-node bifurcation as the parameters increase past a certain threshold (approx. 

0.2 and 0.35, respectively), suggesting that the arrest is brought about abruptly and 

robustly.  

 

4.2.5 The dynamics of the complete mitotic oscillation 

 
The system proposed must be able to oscillate autonomously and pass through all the 

states of the core module in sequence to be an accurate model of the cell cycle. For this, 

the helper variable H2, H3 and H4 are introduced in analogy to H1 (Fig. 4.5A). H2 must 

accumulate in the S-state, when A is high and B is low. Consequently, H2 is activated by 

A and inhibited by B. In turn, H2 drives the activation of B, to take the system to G2. In G2, 

both A and B are high and stimulate H3. For the system, to transition to the Metaphase 
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state, A must be inactivated, which is the function carried out by H3. Note that this 

preserves the negative feedback of the H3-A excitatory module, which is anti-symmetric 

to the H1-A module analysed in detail previously. Finally, the H4-B module is anti-

symmetric with H2-B.  
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Fig. 4.5 – The dynamics of the complete mitotic oscillator – (A) Influence diagram. (B) Time course 
simulation. (C) The oscillation trajectory through projections of the 6-dimensional phase space. The 
central panel is the phase plane of the core model when all helpers are zero. The coloured regions 
represent the portions of the phase plane where each helper is active, bounded by the 0 and 1 values 
of each core variable. The phase planes on the periphery show each excitatory module at each phase 
of the core system. The enlarged, coloured phase planes correspond to the helpers driving the 
particular transitions, while the adjacent small grey panels show the state of the other excitatory 
modules at the same time. The dotted red arrows indicate the calculated trajectory on each helper’s 
phase plane.  
 

Plotting a time-course simulation of this system (Fig. 4.5B) reveals that oscillations occur 

as expected. First, H1 accumulates, and A follows in quick succession. When the S state 

has been reached, H1 activity drops and H2 increases. This takes the system to G2, as B 

activity increases sharply. Then, H2 drops and H3 accumulates, leading to the removal 

of A. Finally, Meta is reached and H3 is replaced by H4, which the system back to G1. The 

whole system dynamics can be illustrated by plotting the trajectory of the system through 

2D sections of the phase space (Fig. 4.5C). Specifically, it is possible to see how each 

helper gets activated sequentially as the core changes state. This simplified view 

suggests that each of the helpers provides a path for the system to transition 

spontaneously from one state’s basin of attraction to another one’s without encountering 

any barrier. As each excitatory module is placed in an orthogonal plane to that of the core, 

the helpers essentially make the system ‘jump’ over the barriers between states.  

 

A different, but equally valid, perspective looks at how the core is affected when each 

helper is active (Fig. 4.6). The familiar picture of the tetra-stable core system (Fig. 4.3B) is 

only applicable when all helpers are zero. However, when the helpers are active (i.e. 

during transitions), the properties of the core’s phase plane change. For instance, during 

the G1/S transition (Fig. 4.6 bottom-left), H1=1 and the G1 state disappears. 

Subsequently, the core is spontaneously attracted to the S state. After H2 accumulates, 

S vanishes (Fig. 4.6 top-left) and the system ‘falls’ to G2, and so on. Of course, neither of 

these scenarios is strictly true, as the system is not confined to these well-defined 

sections through the phase space. Nevertheless, these approximate pictures serve as an 

aid to the intuition. 
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Fig. 4.6 – An alternative view of the oscillator’s dynamics – the plot shows the sequence of changes 
to the core phase plane as each helper is activated. When each helper is sufficiently active, the state 
that led to its activation loses stability via a saddle-node bifurcation and the system is attracted to the 
next stable steady state in line.  
 

4.2.6 Endocycle dynamics 

 
I have previously defined endocycles formally as perturbed periodic solutions of a 

dynamical system from which some component is disengaged. As already explained (Fig. 

4.3C,D), the core system can be perturbed via single parameter changes to abolish any 

of the 4 stable steady states, independently of each other. This is done by changing the 

jdA, jsA, jdB and jsB parameters, which control the position of the ON and OFF thresholds 

of the A and B nullclines. When a stable steady state is lost, the core system can bypass 

the activation of the helper, thanks to the loss of the barrier for entry into the next state. 

Because the helpers are modelled as slower variables than the core variables, they 

cannot accumulate to an appreciable extent under such conditions. In other words, the 
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helper affected by the loss of state stability is disengaged from oscillation, such that an 

endocycle emerges. This idea is illustrated as a time course simulation in Fig. 4.7A, where 

jdB=1 and the S-state is suppressed, such that H2 only accumulates to a very limited 

extent. Indeed, any two (or more) states can be suppressed giving rise to new types of 

endocycles. In Fig. 4.7B, both jsB and jdB are set to 1, such that S and Meta are 

suppressed and neither H2 nor H4 accumulates.  
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Fig. 4.7 – Endocycle dynamics – (A) Time course simulation for jdB=1, showing H2 disengagement from 
oscillation. (B) Time course simulation for jdB=jsB=1, showing H2 and H4 disengagement from oscillation. 
(C) Phase plane view of the jdB=jsB=1 perturbation. The G1/S and G2/Meta transitions are driven by 
excitatory modules (shown by left and right panels), while the S/G2 and Meta/G1 transitions are 
spontaneous for the core. (D) H1 vs jdA bifurcation diagram showing the dramatic loss of amplitude in H1 
oscillation with jdA increase. (E) A vs jdA bifurcation diagram showing virtually no change in A amplitude 
with jdA increase. Bifurcation diagram legend: red denotes stable steady states, black denotes saddle and 
unstable points, and green denotes oscillation amplitude. 
 

This endocycle can be visualised on the projections through the phase space (Fig. 4.7C), 

in analogy to Fig. 4.5C. The G1/S and G2/Meta transitions take place in the plane of the 

excitatory modules, under the action of H1 and H3, respectively. In contrast, the S/G2 

and Meta/G1transitions take place spontaneously, in the AB core phase plane.  

 

The transition between the mitotic cycle and endocycles can be tracked by plotting a 

bifurcation diagram of a helper with respect to the parameter that leads to the loss of 

stability of the corresponding core system state. In Fig. 4.7D, H1 is plotted with respect 

jdA, which shows that once jdA increases past approx. 0.6, the amplitude of H1 

oscillation drops dramatically. In this context, endocycles can be defined as a drop in 

amplitude below 15% of the unperturbed oscillation. This only counts for the helper 

molecule targeted by the state – the amplitude of the other species is virtually unchanged 

(Fig. 4.7E). Note that this is analogous to the endocycle transition observed in the original 

budding yeast latching gate model (Fig. S4.1D). 

 

4.2.7 The latching gate perspective on the 4-state system 

 

The reason for introducing the core view of the endo-oscillatory system (Fig. 4.2) was that 

the latching gate perspective did not seem easy to generalise to more than two cell cycle 

phases. Now that a general form of that system exists, it is tempting to investigate what it 

looks like from the latching gate perspective. In Fig. 4.1C, two pseudo phase planes of 

the core variable A with respect to each helper were necessary to illustrate each system 

transition. Extrapolating, for a 4-state system, four phase planes will be necessary to 

depict all transitions. For this, the H1-A and H3-A phase planes are appended similarly to 

the AC and AC’ pseudo phase planes (Fig. 4.8). In the top panel of Fig. 4.8, starting at the 

point where both H1 and H3 are zero and A is inactive, the system evolves naturally 
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toward the S state (the latched state), via the spontaneous accumulation of the H1 

helper. However, the system cannot return to G1 right away through the accumulation of 

H3. This is because in the absence of active core variable B, the H3-A excitatory module 

is locked up in the G2 state. Thus, for the system to progress, assume B has increased to 

1 (Fig. 4.8 bottom panel). This results in a downward translation of the H3 nullcline, which 

generates the pOscH3 unstable state and the loss of the G2 state. Now, the system can 

progress spontaneously to Meta (the second latched state). Of course, to return to G1, B 

has to be inactivated. Naturally, to fully describe the dynamics of the system, a similar 

pair of phase planes can be generated for the H2-B and H4-B. However, as that view is 

fully analogous to Fig.4.8, the plot is redundant.  

 
 

Fig. 4.8 – Latching gate view of the transitions in the core variable A – In the top panel, the latching 
gate perspective shows that, when the core variable B is inactive, the H1-A system drives the G1/S 
transition. From the perspective of A, the state reached is identical to G2. Nevertheless, the cycle 
cannot be completed, unless B accumulates and the G2 state loses stability. As shown in the bottom 
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panel, the H3-A system can complete bring the system to the Meta state, which from the perspective 
of A is identical to G1. The cycle is complete once B is eliminated. 
 

4.3 Discussion 
 

4.3.1 The Wheel of Fortune and its relation to the mammalian cell cycle 

 
 
In this chapter, I have analysed and extended a novel type of endo-oscillatory system that 

may account for the emergence of endocycles in physiological context. In essence, this 

system frames the cell cycle as a series of stable pseudo steady states (on short time 

scales), which are normally insulated by the presence of ‘high-energy barriers’. On longer 

time scales, each state generates a ‘force’ mediated by the so-called ‘helper molecules’ 

which facilitate crossing the barrier into the next state.  

 

In this framework, an endocycle emerges when the ‘barrier’ between two states is 

eliminated and state transitions occur spontaneously, without the accumulation of the 

‘force-generating helper’. In contrast, a checkpoint can be understood as a process 

which opposes the generation of the helper ‘force’, such that the system is prevented 

from crossing the barrier into the next state. Notice that, at an intimate dynamical level, 

checkpoints and endocycles appear to be opposite processes, which is a feature shared 

by the “Newton’s cradle” model where latching and checkpoint triggering are opposite 

states at the level of the individual oscillator. 

 
An important question is whether this system is consistent with biochemical 

organisation of the cell cycle control network. Conspicuously, the A and B core variables 

in this framework correspond to the levels of the main cyclins driving DNA replication and 

mitosis, Cyclin A and B (Fig. 4.9). In G1, the levels of both CycA and CycB are kept low 

through degradation by APC/C:Cdh1. The system is pushed into S-phase by E2F-

mediated CycA transcription. In this context, E2F corresponds to the first helper (H1) in 

the minimal model. In late S-phase, CycA:CDK2 helps activate the FoxM1 (H2) 

transcription factor, which triggers the accumulation of CycB, marking entry in G2 phase. 

The activation of the Cdc25 phosphatase, following the resolution of residual DNA 
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damage from S-phase leads to the activation of the CycB:CDK1 complex, which drives 

entry into mitosis. One of the targets activated by CDK1 is the ubiquitin ligase 

APC/C:Cdc20. Until the resolution of the spindle assembly checkpoint, this complex is 

in mitotic checkpoint complex form (H3), active towards CycA, but not CycB, establishing 

the ‘Metaphase’ state of the minimal model. Finally, the resolution of the mitotic 

checkpoint leads to the formation of active APC/C:Cdc20 (H4), which degrades CycB and 

brings the cell back to G1. While this simplistic description of cell cycle regulators and 

their interactions is largely consistent with the model proposed here, it is important to 

remark that the central negative feedback between A and B is not present directly 

between CycA and CycB, but rather it is mediated by the helpers (Fig. 4.9 green and red 

interactions). To conclusively establish whether this cell cycle control architecture can 

behave like the minimal model, or whether it can be updated to more closely resemble 

it, a mechanistic model must be built.  

 

 
Fig. 4.9 – Putative mapping of the mammalian cell cycle control network to the 4-state excitable 
system 
 
The properties of this system favour a new mechanical analogy to the mitotic cell cycle: 

a wheel of fortune with 4 equal sectors, corresponding to the cell cycle phases (Fig. 4.10). 

Between each sector, a peg is placed that prevents spinning unless sufficient force is 

applied to pull the indicator arrow’s spring. In cell cycle context, this ‘force’ is generated 

by the helper variables, which dictate cyclin synthesis and degradation. Thus, an 
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endocycle occurs if one or more pegs is removed, such that spinning across one or more 

sectors is unhindered and does not require extra force. Equally, a checkpoint acts as 

force which opposes that of the helper variable (e.g. Rb opposes E2F to establish a G0 

arrest and prevent the G1/S transition). I note that there is no stochastic element to this 

system, despite the potential implication of the name. 

 

 
 

Fig. 4.10 – The “Wheel of fortune” analogy of the cell cycle endo-oscillatory system – The left-side 
schematic indicates that each cell cycle phase corresponds to one of the prizes of the wheel of 
fortune. The red arrow indicates the state of the core system. Pegs are present between the sectors, 
which prevent the spinning of the wheel unless sufficient force is applied. The helper molecules 
provide the required force. The right-side schematic corresponds to the cell cycle perturbations that 
give rise to endoreplication. The pegs between G2/Meta and Meta/G1 are removed, such that the 
wheel only requires the activation of helpers to progress after G1 and S phases. 
 

Physiological endocycles can be seen as the suppression of different combinations of 

states. For instance, endoreplication occurs when the cell returns to G1 phase right after 

the completion of DNA replication. Therefore, endoreplication corresponds to the 

suppression of the G2 and Meta states. In contrast, endomitosis is similar to 

endoreplication, but the cell initiates mitotic events, without completing cytokinesis. 

This might correspond to the suppression of the Meta state only. In meiosis, the cell 

undergoes two divisions without intervening DNA replication; this endocycle might then 

correspond to the suppression of the G1 and S states. In Cdc20 endocycles, Cyclin B 

pulses are observed in the absence of either DNA replication or cell division. This could 

be consistent with a situation in which only the G2 state is stable.  
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4.3.2 “Newton’s Cradle” and the “Wheel of Fortune” 

 
“Newton’s cradle” and the “Wheel of fortune” are dynamically distinct, despite being 

similar on the surface. In the case of “Newton’s cradle”, endocycles are driven by entirely 

autonomous oscillators. In the context of the full mitotic cycle, one oscillator temporarily 

arrests the other, to ensure the ordering of their firing. In the “Wheel of fortune” context, 

the system is not made up of individual autonomous oscillators. Instead, the function of 

the system relies of amplified negative feedback modules, which are nonetheless only 

‘pseudo-oscillators’ as, in isolation, they give rise to stable steady states, not limit cycle 

oscillators. The oscillation emerges at the systems level, through unidirectional 

transitions between pseudo-stable steady states driven by the action of pseudo-

oscillators. Therefore, in this framework, endocycles are not driven by a simple, 

autonomous, amplified negative feedback oscillator, but through the selective 

decoupling of pseudo-oscillators from the overall higher level, emergent oscillator. 

 
The two dynamical frameworks introduced in this thesis demonstrate that at least two 

different regulatory strategies are available for the generation of endo-oscillatory 

behaviour. In spite of their differences, both strategies appear broadly consistent with the 

organisation of the cell cycle regulatory network. This raises the question of which of 

these models is likely to be a more accurate representation of cell cycle dynamics, and 

highlights the challenge of discriminating between theoretical models when highly 

complex experimental systems are concerned. Indeed, the problem is further 

complicated by the fact that either framework may not be universal and instead, different 

species drive endocycles with different underlying control networks.  

 

The principal aim of future research is to provide experimental verification for the 

theoretical models proposed herein. One of the challenges is to discriminate between 

the “Newton’s cradle” and the “Wheel of fortune” frameworks. This is a challenging task, 

because many of the model’s dynamical features are, by definition, identical. However, 

one of the key differences is the change in oscillatory dynamics of different regulators in 

response to perturbations that lead to endo-oscillations. Specifically, the signature 

feature of “Newton’s cradle” dynamics is the abrupt suppression of one oscillator as a 
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specific perturbation threshold is reached (Fig. 3.4). This effect is underpinned by a 

global bifurcation of the overall system, which relies on the arrest of one of the oscillators 

at a SNIC bifurcation. The consequence of this property is critical slowing down, which 

implies that the period of oscillation near the bifurcation point approaches infinity. This 

has two implications at experimental level. First, if the strength of perturbation can be 

varied incrementally (such as through careful dosing of a pharmacological inhibitor), 

then a sharp change in the probability of oscillation of the module of interest could be 

observed. For instance, remember that Wee1 inhibition triggers Cdc20 endocycles. If the 

assumptions of the “Newton’s cradle” model apply, we would expect to see a very sharp 

transition in the probability of mitotic cycle oscillation vs. endo-oscillation given a very 

narrow in inhibitor dosing. Second, due to critical slowing down, the period of oscillation 

is expected to increase very abruptly close to the bifurcation threshold (i.e. the critical 

concentration of inhibitor at which endocycles begin to emerge). This behaviour is in 

sharp contrast to that observed for the “Wheel of fortune” (Fig. 4.7). In this model, when 

the appropriate perturbation is induced, the oscillation amplitude of the targeted Helper 

diminishes gradually with the change of bifurcation parameter (i.e. inhibitor 

concentration). Thus the two models should be distinguished on the basis of the inhibitor 

dose-response curve properties. 

 

Finally, it can be asked whether either control system provides any physiological 

advantages to the cell. It is immediately apparent that the “Wheel of fortune” framework 

provides more flexibility to implement checkpoints that guard cell cycle phase 

transitions. This likely is an important aspect in cells where very stringent regulation of 

proliferation is necessary, such as in multicellular organisms with complex 

developmental pathways and/or susceptibility to cancer. In contrast, “Newton’s cradle” 

appears more intimately linked to the fundamental processes of the cell cycle – DNA 

replication and mitosis – and simultaneously appears less optimised for stringent 

computation of proliferative decisions. In addition, the fact that the transitions between 

mitotic cycles and endocycles happen very sharply given a change in a relevant input, 

suggests that the double oscillator might be a more robust architecture in cell types that 

customarily rely on processes such as endoreplication. It is conceivable that the gradual 
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transitions predicted by the “Wheel of fortune” carry the risk of over or under replication, 

or incomplete mitosis. 

 

4.3.3 Insight into Cdc14 endocycles 

 

The analysis of the latching gate system introduced by Novak and Tyson157 and its 

extension to the 4-state “Wheel of fortune” system sheds new light on the results of Lu 

and Cross76. In their paper from 2010, the authors introduce the Cdc14 endocycle by 

demonstrating oscillations of Cdc14 phosphatase localisation to and outside the 

nucleolus in the presence of non-degradable Clb2, which prevents complete mitotic exit 

and the re-entry into G1. They claim that the Cdc14 endocycle is likely driven by a CDK-

independent oscillator. This was countered by Novak and Tyson in 2022157, using a 

mechanistic modelling approach, through the introduction of the latching gate 

hypothesis. The current theoretical investigation further refines the findings of these two 

papers. On the one hand, the “Wheel of Fortune” framework demonstrates that a 

completely autonomous limit cycle oscillator is not necessary for driving the endocycle. 

Instead, it is possible that the Cdc14-Cdh1-Cdc5 negative feedback loop, which Lu and 

Cross claim contributes to the endocycle, may give rise to a pseudo-oscillator, as defined 

above. Subsequently, changes in activity within the Cdk network may required, be they 

reduced in amplitude, for the endocycle to emerge. On the other hand, the latching gate 

hypothesis (i.e. the presence of a simple, irreversible, bistable switch coupled to two 

negative feedback loops) is not sufficient to explain robust, high amplitude endocycles – 

for this, further amplification or delays are necessary, which suggests that Lu and Cross 

correctly identified the importance of the Cdc14-Cdh1-Cdc5 negative feedback loop.  

 

It is interesting to note that the authors of the experimental paper recorded the period of 

the Cdc14 endocycle as a function of non-degradable Clb2. In essence, the level of Clb2 

can be thought of as a bifurcation parameter in the context of a model (c.f. Fig. S4.2), 

which allows the investigation of the transition between mitotic cycles and endocycles. 

In figure S5 of their paper, Lu and Cross show the frequency of Cdc14 oscillation 

increases roughly linearly with Clb2 concentration and then plateaus. This smooth 
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transition between mitotic cycles and endocycle is consistent with the “Wheel of 

Fortune” mechanism (Fig. 4.7, Fig. S4.2). If “Newton’s cradle” had underpinned the 

biological system, the frequency would have been expected to drop to zero at the 

boundary between mitotic cycles and Cdc14 endocycles, due to critical slowing down. 

Thus, at least for this particular experimental setup, the “Wheel of fortune” is the endo-

oscillatory framework supported by evidence.  

 

4.4 Materials and Methods 

 

4.4.1 The two-state endo-oscillatory system 

 

The minimal endo-oscillatory system based on the 2022 Novak & Tyson budding yeast 

model is constructed around a bistable core system. For the main component of this 

switch, A, it is assumed that the total concentration (Atot) is fixed and that species can be 

converted between two forms: an active one (denoted by A) and an inactive one (Atot – A). 

The conversion to the active form is stimulated linearly by C’ and nonlinearly by B and 

similarly, the inactivation is stimulated linearly by C and nonlinearly by B’: 

𝑑𝐴

𝑑𝑡
= (𝑘𝑠𝑎 + 𝑘𝑠𝑎′∙C'+ksa" ∙

𝐵𝑝

𝐽𝑎𝑏𝑝 + 𝐵𝑝
) ∙ (𝐴𝑡𝑜𝑡 − 𝐴)

− (𝑘𝑑𝑎 + 𝑘𝑑𝑎′ ∙ 𝐶 + 𝑘𝑑𝑎" ∙
𝐵′𝑝

𝐽𝑎𝑏𝑝 + 𝐵′𝑝) ∙ 𝐴 (4.1.1)

 

 

Where ksa, ksa’, ksa”, kda, kda’, kda”, are rate constants, with the basal rates of 

conversion (ksa, kda) being zero unless otherwise stated. Jab is the threshold level of B 

and B’ for the regulation of A and p is the applicable Hill exponent.  

B and B’ are activated and inactivated, respectively, by A and assumed to be in steady 

state:  

𝐵 =  𝑛𝑑𝑏 + 𝐵𝑡𝑜𝑡

𝐴𝑙

𝐽𝑏𝑙 + 𝐴𝑙
 (4.1.2) 
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𝐵′ =  𝑛𝑑𝑏′  +  𝐵′
𝑡𝑜𝑡

𝐽𝑏𝑙

𝐽𝑏𝑙 + 𝐴𝑙
(4.1.3) 

 

Btot and B’tot are constants quantifying the total concentration of the two regulators, Jb is 

the threshold for regulation by A and l is a Hill exponent. ndb and ndb’ are the non-

degradable B and B’; these parameters are normally zero, but can be increased to 

generate endocycles. 

The delay molecules are activated with simple mass-action kinetics by B and B’, as stated 

by the ODEs: 

𝑑𝐷

𝑑𝑡
 =  𝑘𝑠𝑑 ∙ 𝐵 −  𝑘𝑑𝑑 ∙ 𝐷 (4.1.4) 

𝑑𝐷′

𝑑𝑡
 =  𝑘𝑠𝑑′ ∙ 𝐵′ −  𝑘𝑑𝑑′ ∙ 𝐷′ (4.1.5) 

 

Where ksd, kdd, ksd’, kdd’ are rate constants. In turn, D and D’ regulate the helper 

molecules C and C’ nonlinearly: 

 

𝑑𝐶

𝑑𝑡
 =  𝑘𝑠𝑐 ∙

𝐷𝑛

𝐽𝑐𝑛 + 𝐷𝑛
 −  𝑘𝑑𝑐 ∙ 𝐶 (4.1.6) 

𝑑𝐶′

𝑑𝑡
 =  𝑘𝑠𝑐′ ∙

𝐷′𝑛

𝐽𝑐𝑛 + 𝐷′𝑛  −  𝑘𝑑𝑐′ ∙ 𝐶′ (4.1.7) 

 

Where ksc, kdc, ksc’, kdc’ are rate constants, Jc is the threshold for regulation by D and 

D’, and n is a Hill exponent. 

 

The parameter values are available in Table 4.1 (Appendix 3) 

 

4.4.2 The four-state endo-oscillatory system 
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The core system consists of two dynamical variable, A and B, defined according to 2 

ODEs. Each equation describes the symmetric conversion of each species between two 

forms: an active one (e.g. A), and an inactive one (e.g. 1-A).  

 

𝑑𝐴

𝑑𝑡
= (𝑘𝑠𝑎 ∙ 𝐴𝐶𝐴 + 𝑘𝑠𝑎′) ∙ (1 − 𝐴) − (𝑘𝑑𝑎 ∙ 𝐴𝐶1−𝐴 + 𝑘𝑑𝑎′) ∙ 𝐴 (4.2.1) 

𝑑𝐵

𝑑𝑡
= (𝑘𝑠𝑏 ∙ 𝐴𝐶𝐵 +  𝑘𝑠𝑏′) ∙ (1 − 𝐵) − (𝑘𝑑𝑏 ∙ 𝐴𝐶1−𝐵 + 𝑘𝑑𝑏′) ∙ 𝐵 (4.2.2) 

 

Both the positive and the negative terms of each equation contain a non-linear ‘auto-

catalytic’ (AC) function, which provides the coupling of the two variables. The form of 

these expressions is that of a Hill function whose threshold of activation depends on the 

opposite dynamical variable. Thus, A stimulates its own activation, but is opposed by B, 

as the threshold of the Hill function increases linearly with B: 

 

𝐴𝐶𝐴 =
𝐴𝑝

(𝑗𝑠𝐴 + 𝑗𝐴′ ∙ 𝐵)𝑝 +  𝐴𝑝
(4.2.3𝑎) 

 

Similarly, the inactive form of A, denoted by 1 – A, is also self-stimulated, but opposed by 

1 – B (i.e. stimulated by B).  

 

𝐴𝐶1−𝐴

(1 − 𝐴)𝑝

(𝑗𝑑𝐴 +  𝑗𝐴′ ∙ (1 − 𝐵))
𝑝

+  (1 − 𝐴)𝑝
(4.2.4𝑎) 

 

Thus, B inhibits A through both terms. This seemingly cumbersome description is 

necessary for rendering the dynamical system fully symmetrical and greatly simplifies 

the model further down the line. The auto-catalytic functions of B are treated similarly, 

but note that A stimulates the conversion of B to the active form: 

 

𝐴𝐶𝐵 =
𝐵𝑞

(𝑗𝑠𝐵 + 𝑗𝐵′ ∙ (1 − 𝐴))
𝑞

+  𝐵𝑞
(4.2.5𝑎) 

𝐴𝐶1−𝐵 =
(1 − 𝐵)𝑞

(𝑗𝑑𝐵 +  𝑗𝐵′ ∙ 𝐴)𝑞 + (1 − 𝐵)𝑞
(4.2.6𝑎) 
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The helper variable H1 is modelled in analogy to A and B, such that H1 is present in two 

forms: active (H1) and inactive (1 – H1). The conversion of between terms is done at 

basally (rate constants ksh1’ and kdh1’) and autocatalytically. In addition, a checkpoint 

term is present (𝑘𝑐ℎ ∙ 𝐶1), which favours H1 conversion to the inactive form with mass 

action kinetics: 

 

𝑑𝐻1

𝑑𝑡
= (𝑘𝑠ℎ ∙ 𝐴𝐶𝐻1 + 𝑘𝑠ℎ′)(1 − 𝐻1) − (𝑘𝑑ℎ ∙ 𝐴𝐶1−𝐻1 + 𝑘𝑑ℎ′ + 𝑘𝑐ℎ ∙ 𝐶1)𝐻1 (4.2.7) 

 

The autocatalytic terms show that the activation of H1 is inhibited by both A and B, as H1 

accumulation is triggered when both A and B are inactive: 

 

𝐴𝐶𝐻1 =
𝐻1𝑟

(𝑗𝑠𝐻 +  𝑗𝐻′ ∙ 𝐴 +  𝑗𝐻" ∙ 𝐵)𝑟  +  𝐻1𝑟 
(4.2.8) 

𝐴𝐶1−𝐻1 =
(1 − 𝐻1)𝑟

(𝑗𝑑𝐻 +  𝑗𝐻′ ∙ (1 − 𝐴) +  𝑗𝐻" ∙ (1 − 𝐵))𝑟  +  (1 − 𝐻1)𝑟
(4.2.9) 

 

All other helpers are modelled analogously, except A and B terms are replaced by (1 – A) 

and (1 – B), and vice versa, if A or B activate the helper instead of inhibiting it. For example, 

H2 is activated by A and inhibited by B. Thus, its auto-catalytic functions are modelled as 

(changes in bold): 

 

𝐴𝐶𝐻2 =
𝐻2𝑟

(𝑗𝑠𝐻 +  𝑗𝐻′ ∙ (𝟏 − 𝑨) +  𝑗𝐻" ∙ 𝐵)𝑟  +  𝐻2𝑟 
(4.2.10) 

𝐴𝐶1−𝐻2 =
(1 − 𝐻2)𝑟

(𝑗𝑑𝐻 +  𝑗𝐻′ ∙ 𝑨 +  𝑗𝐻" ∙ (1 − 𝐵))𝑟  +  (1 − 𝐻2)𝑟
(4.2.11) 

To link the helpers to the core variables, the core’s auto-catalytic functions are updated 

to: 

 

𝐴𝐶𝐴 =
𝐴𝑝

(𝑗𝑠𝐴 + 𝑗𝐴′ ∙ 𝐵 +  𝒌𝒔𝒂𝒉 ∙ 𝑯𝟑)𝑝 + 𝐴𝑝
(4.2.3𝑏) 

𝐴𝐶1−𝐴

(1 − 𝐴)𝑝

(𝑗𝑑𝐴 +  𝑗𝐴′ ∙ (1 − 𝐵) +  𝒌𝒔𝒂𝒉 ∙ 𝑯𝟏)𝑝 +  (1 − 𝐴)𝑝
(4.2.4𝑏) 
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𝐴𝐶𝐵 =
𝐵𝑞

(𝑗𝑠𝐵 +  𝑗𝐵′ ∙ (1 − 𝐴) +  𝒌𝒔𝒂𝒉 ∙ 𝑯𝟒)𝑞 +  𝐵𝑞
(4.2.5𝑏) 

𝐴𝐶1−𝐵 =
(1 − 𝐵)𝑞

(𝑗𝑑𝐵 + 𝑗𝐵′ ∙ 𝐴 +  𝒌𝒔𝒂𝒉 ∙ 𝑯𝟐)𝑞 + (1 − 𝐵)𝑞
(4.2.6𝑏) 

 

As such, H1 activates A and H3 inactivates it. Similarly, H2 activates B and H3 inactivates 

it. 

 

The parameter values are available in Table 4.2 (Appendix 3) 
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5 General Discussion 
 

5.1 Summary 

 

Cell cycle dynamics has been the subject of extensive theoretical research for over three 

decades. Broadly, the aims of this research have been two-fold: on the one hand, to 

provide a link between biochemical mechanisms and phenomenology, and on the other 

hand, to develop frameworks that explain the properties of cell cycle transitions and 

oscillations from a regulatory perspective.  

 

Comparatively little attention has been given to the global organisation of the cell cycle, 

and the properties that emerge when multiple phases are affected simultaneously by the 

perturbation of a single molecular species. Conversely, it has not been previously 

addressed whether the cell cycle is the simple juxtaposition of ordered, but otherwise 

isolated, phase transitions, or whether any higher-level phenomena can occur due to the 

interplay between different phase-specific events. The current work attempts to address 

this gap by considering the problem of endocycle emergence through the lens of control 

systems theory. To this end, I have developed a mechanistic model of the mammalian 

cell cycle control network, which predicts the triggering of endocycles following 

pharmacological and genetic perturbations. Subsequently, based on this and other 

mechanistic models, I introduced two endo-oscillatory dynamical frameworks. These 

models aimed to unify the paradigms of cell cycle unidirectionality, irreversibility, 

checkpoint triggering and endocycling.  

 

The mechanistic model reproduces the temporal behaviour of cell cycle regulators in a 

way that is consistent with previous observations and predicts that perturbing the activity 

of the mitotic kinase (CDK1) can generate two types of endocycles. Reducing the activity 

of CDK1 prevents entry into mitosis, without preventing the periodic activation of the 

regulators that drive DNA replication, suggesting that this perturbation may lead to 

endoreplication. Further, CDK1 overactivation, through the suppression of its inhibitory 

kinase (Wee1), leads to the periodic accumulation/activation of mitotic regulators, 
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without inducing DNA replication. These oscillations were termed Cdc20 endocycles. At 

the same time, this model includes a mechanism for G1 size checkpoint triggering and 

allows for the introduction of DNA damage and spindle assembly checkpoints.  

 

The model’s predictions have been tested in RPE1 cells, by inducing the two types of 

endocycles through pharmacological and genetic perturbations. By treating cells with a 

CDK1 inhibitor, it was shown that endoreplication can be triggered. Similarly, by 

suppressing the activity of the CDK1 negative regulator, Wee1, through RNA interference, 

it was shown that Cyclin B levels can oscillate in the absence of DNA replication, 

consistent with the induction of Cdc20 endocycles.   

 

While this model shows that the known interactions within the cell cycle control network 

can reproduce these qualitatively distinct dynamical behaviours, its complexity 

obscures the regulatory principles that underpin the transition to endocycles. Thus, my 

subsequent work aimed to identify the necessary and sufficient conditions that enable a 

dynamical system to transition between oscillatory modes that engage different subsets 

of components. 

 

The “Newton’s cradle” model assumes that the cell cycle is regulated by two 

autonomous, but mutually inhibitory oscillators, controlling replicative (i.e. G1/S) and 

mitotic (G2/M) events, respectively222. This network structure ensures the strict 

alternation of G1/S and G2/M events of the mitotic cycle. Nevertheless, silencing one 

oscillator still allows the second one to run independently, giving rise to an endocycle. As 

either oscillator can be silenced, two types of endocycles can be generated. Arresting the 

mitotic oscillator leads to endoreplication. Suppressing the replicative oscillator leads to 

repeated activation of the mitotic network, as it occurs twice in meiosis, or repeatedly in 

Cdc20 endocycles. The framework also allows for the introduction of checkpoints by 

arresting one oscillator in a state that holds the second oscillator in the latched position.  

 
At the core of the “Wheel of fortune” network, there are two dynamical variables, giving 

rise to two bistable switches. Together, these switches give rise to 4 pseudo-steady 

states, corresponding to cell cycle phases. To drive the progression through these phases 
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and give rise to oscillations, 4 helper variables are activated by each of the states, 

respectively, and subsequently help ‘push’ the core system into the next steady state in 

line. Notably, this system can be perturbed to abolish any of the 4 phases. For this, a 

parameter change can be introduced that moves either threshold of either bistable 

switch, such that the applicable steady state (i.e. cell cycle phase) is abolished. When 

this happens, the system is automatically attracted to the next steady state in sequence 

and phase progression does not require the activation of the transition variable. Equally, 

the characteristic cellular events of the phase would no longer be triggered. Thus, 

endoreplication occurs when the G2 and metaphase states are abolished. Meiosis takes 

place when G1 and S are suppressed. Finally, endomitosis should be observed when the 

metaphase state (after which cytokinesis is triggered) is abolished. Importantly, the 

“Wheel of fortune” system can be perturbed such that any helper molecule can be 

prevented from accumulating, allowing for the establishment of 4 different checkpoints, 

unlike “Newton’s Cradle”, in which only 2 are possible. 

 

5.2 Conclusions 

 

The biochemical interaction networks that regulate proliferation are so complex as to be 

intractable to the unaided intuition. To circumvent this problem, I aimed to explain the 

properties of the cell cycle on the basis of hierarchies of control motifs, such as bistable 

switches and oscillators, as opposed to biochemical reactions. These regulatory 

structures give rise to complex dynamical behaviour, which matches that of the cell 

cycle. In this context, endocycles are primarily of methodological interest: they are 

complex dynamical phenomena, which are particularly suited to a control theoretical 

approach. Predicting and explaining them represents a touchstone of our cell biological 

understanding.  

 

The primary conclusion of this abstract approach is that the cell cycle must comprise 

multiple oscillatory units in order to account for endocycles. Although the presence of 

multiple negative feedback loops with oscillatory potential has been previously 

recognised225, their physiological significance has been largely unquestioned. It is now 
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apparent that these limit cycle (pseudo-) oscillators underpin physiological functions 

relevant in development, or in pathological processes, such as malignant 

transformation.  The conservation and ubiquity of both mitotic and replicative 

endocycles across distant taxonomic groups, even when the biochemical components 

of the relevant pathways are not themselves conserved, argues that these dynamical 

features play fundamental roles in the operation of the cell cycle.  

 

This work has an important corollary about the nature of physiological function. For 

nearly a century, the primary paradigm that has dominated biological research is that 

function is a consequence of the structure and biochemical properties of proteins and 

nucleic acids. However, the work herein highlights a different perspective: within a 

control pathway, any single amino acid that makes up the constituent proteins could be 

modified, yet function could persist. Indeed, biochemical details are in many ways 

dispensable; what matters is a subset of regulatory interactions that emerge from the 

biochemistry. Therefore, physiological properties exist ‘on top of’ the biochemistry, and 

although they practically depend on it, they logically operate according to a set of 

principles that does not involve those of Biochemistry. Thus, as the complexity of 

biological processes that make the subject of scientific research continues to increase, 

it will be fruitful to consider the role of regulatory motifs as a matter of course.  

 

5.3 Limitations 
 
The work presented herein uses an abstract and theoretical approach to reason about 

the organisation of the cell cycle control network. This has yielded two frameworks 

whose dynamics are analogous to those of two simple mechanical systems, allowing for 

a simple way to rationally interrogate a very complex molecular system. However, 

experimental validation of these theories is still pending. Such verification is fraught with 

challenges. First, the abstract models cannot be tested directly, as the dynamics of 

regulators cannot be directly perturbed. Instead, mechanistic models must be 

developed on the basis of these frameworks. Subsequently, the necessary perturbations 

that are supposed to trigger endocycles must be introduced in vivo. This comes with a 
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series of challenges, such as the emergence of phenomena that mask the endo-

oscillatory behaviour. This may occur due to redundancies in the biological control 

network, which likely makes cell cycle function more robust to perturbation than 

assumed by the current simplified approach. Further, checkpoint mechanisms are likely 

to prevent the potentially deleterious endo-oscillations. Nevertheless, further insight and 

validation could come from the study of naturally occurring endocycles. 

 

5.4 Future directions 

 

To establish whether either of the endo-oscillatory architectures are indeed at the core 

of cell cycle regulation, future work will also aim to produce and test mechanistic models 

that apply to a range of eukaryotes, such as fission yeast and plants. It is, however, 

important to investigate not just whether the cell cycle architecture is conserved, but 

how it may have emerged on evolutionary scale. This is a complex task, because a highly 

developed Cyclin:CDK system was seemingly present in the last eukaryotic common 

ancestor226, but no homologous genes have been identified in the closest prokaryotic 

“relatives” of eukaryotes, the archaea. Nevertheless, an underappreciated fact is that 

other cell cycle regulators certainly predate the archaeal/eukaryotic divergence. For 

instance, a DNA replicative oscillator (whose existence is presupposed by “Newton’s 

Cradle” model) may have existed in archaea, as necessary components (e.g. the E2F 

transcriptions factor and the ORC1/Cdc6 licensing factors) are present is some phyla227. 

Further identifying such modules may lend credence to the existence of the regulatory 

modules assumed by the minimal models I proposed. Subsequently, it may be possible 

to show whether Cyclin:CDKs developed as a means to organise these autonomous 

systems driving fundamental events of the proliferative program. 

 

Understanding the emergence of endocycles has potentially significant implications for 

disorders involving cellular over-proliferation, such as malignancy. On the one hand, 

endoreplication may play an important role in cancer development and prognosis228. 

Selectively targeting this process may impact clinical outcome229. In addition, given the 

potentially deleterious effect of endocycles, the pharmacological induction of this 
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phenotype may represent a new strategy for synthetic lethal approaches. Indeed, existing 

cancer therapeutics, such as Wee1 inhibitors already have the potential to give rise to 

such endocycles. Leveraging this property may have a favourable impact clinical in a 

therapeutic window with fewer side effects.  
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Appendix 1: Supplementary material for Chapter 2 
 
Table 2.1: Kinetic parameters of the mammalian cell model. Rate constants (k’s) 
have a dimension of h-1 while other parameters are dimensionless. 

CycE synthesis/degradation kscyce=1.5, kdcyce'=0.6, kdcyce"=1.5 
CycA synthesis/degradation kscyca=0.45, kdcyca'=0.045, kdcyca"=0.75, kdcyca=3.75 
E2F 
phosphorylation/dephosphorylation 

E2FT=1, kdpe2f=0.3, kpe2f=1.5, Kdrbe2f=0.001 

Rb phosphorylation/dephosphorylation JRb=0.1, kprb=15, kdprb=10.5, =1, CycD=1 
Emi1 synthesis/degradation ksemi1=1.5, kdemi1'=0.15, kdemi1"=4.5, kdemi1=7.5, 

Kdc1e1=0.01 
CycB synthesis/degradation kscycb=0.3, kdcycb'=0.06, kdcycb"=0.75, kdcycb=3.75 
CycB dephosphorylation (CDK1) kpyme'=0, kpyme=30, kdpyme=6, Jyme=0.1, k25'=0.45, k25=15, 

kwee'=0.15, kwee=15 
Cdh1 phosphorylation Cdh1tot=1, kacdh1=15, kicdh1'=15, kicdh1"=30, kicdh1=6000 
Cdc20 phosphorylation kicdc20=15, kacdc20=3, =1, SAC=1 
Polo synthesis/degradation kspolo'=0.15, kspolo=0, kdpolo'=0.15, kdpolo"=15 
Polo phosphorylation kapolo'=4.5, kapolo"=15, kipolo=7.5, Jpolo=0.01 
ENSA phosphorylation kGwENSA=15, ENSAtot=4, kcatB55=15 
Gwl phosphorylation kppx'=6, kCdkGwl=30, kB55Gwl=60, Gwtot=1 
PP2A:B55 – ENSA complex formation   B55tot=1, kass=7500, kdiss=4.5 
Rbtot synthesis/degradation ksrb=0.02 or 0.1, kdrb=0.023 
Volume growth rate µ=0.0385 

 
 
  



 157 

XPPAUT code for simulation of the mammalian cell cycle model. 
# XPPAut model for the human cell cycle 
# Differential equations 
CycE' = kscyce*E2F - (kdcyce' + kdcyce"*CycA)*CycE 
CycA' = kscyca*E2F - (kdcyca' + kdcyca"*Cdc20 + kdcyca*Cdh1)*CycA 
E2FPt' = kpe2f*(CycA+eps*Cdk1)*(E2FT - E2FPt) - kdpe2f*E2FPt 
Rb' = kdprb*(Rbt-Rb)/(Jrb+Rbt-Rb) - kprb*(CycE+CycA+eps*Cdk1)*Rb/(Jrb+Rb) 
Emi1' = ksemi1*E2F - (kdemi1' + kdemi1"*Cdh1 + kdemi1*Polo)*Emi1 
CycB' = kscycb*CycA - Vdcycb*CycB 
Cdk1' = kscycb*CycA + V25*(CycB - Cdk1) - Vwee*Cdk1 - Vdcycb*Cdk1 
Cdh1' = kacdh1*(Cdh1t-Cdh1) - (kicdh1'*CycE+kicdh1"*CycA+kicdh1*eps*Cdk1)*Cdh1 
Cdc20' = kacdc20*eps*Cdk1*(1-Cdc20) - kicdc20*PP2AB55*Cdc20 
PoloT' = kspolo' + kspolo*CycA - (kdpolo' + kdpolo"*Cdh1)*PoloT 
Polo' = (kapolo'*CycA + kapolo"*eps*Cdk1)*(PoloT-Polo)/(Jpolo+PoloT-Polo)-kipolo*Polo/(Jpolo+Polo) 
pENSAt' = kGwENSA*pGwl*(ENSAtot - pENSAt) - kcatB55*Complex 
pGwl' = (kCdkGwl'*CycA+kCdkGwl*eps*Cdk1)*(Gwtot - pGwl) - (kppx' + kB55Gwl*PP2AB55)*pGwl 
PP2AB55' = (kdiss + kcatB55)*Complex-kass*(pENSAt-Complex)*(B55tot-Complex) 
# Algebraic equations 
Rbt = Rbtot/(1 + alpha*CycD) 
BB1 = Rb + E2FT + Kdrbe2f 
RbE2F = (BB1 - sqrt(BB1^2 - 4*Rb*E2FT))/2 
E2F = (E2FT-E2FPt)*(E2FT-RbE2F)/E2FT 
BB2 = Emi1 + Cdh1tot + Kdc1e1 
Cdh1Emi1 = (BB2 - sqrt(BB2^2 - 4*Emi1*Cdh1tot))/2 
Cdh1t = Cdh1tot - Cdh1Emi1 
YMEP = GK(kpyme'*CycA+kpyme*eps*Cdk1,kdpyme,Jyme,Jyme) 
V25 = k25' + k25*YMEP 
Vwee = kwee' + kwee*(1 - YMEP) 
Vdcycb = kdcycb' + kdcycb"*Cdc20 + kdcycb*Cdh1 
Complex = B55tot-PP2AB55 
# Auxiliary variables 
aux E2F = (E2FT-E2FPt)*(E2FT-RbE2F)/E2FT 
aux Cdh1t = Cdh1tot - Cdh1Emi1 
# Goldbeter-Koshland function 
GB(arg1,arg2,arg3,arg4) = arg2-arg1+arg2*arg3+arg1*arg4 
GK(arg1,arg2,arg3,arg4) = 2*arg1*arg4/(GB(arg1,arg2,arg3,arg4)+sqrt(GB(arg1,arg2,arg3,arg4)^2-4*(arg2-
arg1)*arg1*arg4)) 
# Parameter values 
p kscyce=1.5, kdcyce'=0.6, kdcyce"=1.5 
p kscyca=0.45, kdcyca'=0.045, kdcyca"=0.75, kdcyca=3.75 
p Rbtot=1.75, JRb=0.1, kprb=15, kdprb=10.5, alpha=1, CycD=1 
p E2FT=1, kdpe2f=0.3, kpe2f=1.5, Kdrbe2f=0.001 
p ksemi1=1.5, kdemi1'=0.15, kdemi1"=4.5, kdemi1=7.5, Kdc1e1=0.01 
p Cdh1tot=1, kacdh1=15, kicdh1'=15, kicdh1"=30, kicdh1=6000 
p kscycb'=0, kscycb=0.3, kdcycb'=0.06, kdcycb"=0.75, kdcycb=3.75 
p kpyme'=0, kpyme=30, kdpyme=6, Jyme=0.1, k25'=0.45, k25=15, kwee'=0.15, kwee=15 
p kicdc20=15, kacdc20=3, eps=1, SAC=1 
p kspolo'=0.15, kspolo=0, kdpolo'=0.15, kdpolo"=15 
p kapolo'=4.5, kapolo"=15, kipolo=7.5, Jpolo=0.01 
p ENSAtot=4, B55tot=1, kass=7500, kdiss=4.5, kcatB55=15 
p kGwENSA=15, kppx'=6, kCdkGwl'=0, kCdkGwl=30, kB55Gwl=60, Gwtot=1 
# XPP settings 
@ METH=stiff,XLO=0,XHI=50,YLO=0,YHI=1.6,total=50,dt=0.05,XP=time 
@ NPLOT=8,YP=CycE,YP2=CycA,YP3=Emi1,YP4=CycB,YP5=Cdk1,YP6=Cdh1,YP7=Cdc20,YP8=Rb 
done 
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Supplementary figures: 
 

 
Figure S2.1. Bifurcation diagrams for CycB level as a function of CycE or Cdc20. 
Related to Figure 2.2. See details in Fig. 2.2.  
 

 
Figure S2.2. Bifurcation diagrams that account for Cdh1 endocycles. Related to 
Figure 2.4. Cdh1 vs CycE bifurcation curves for increasing inhibition of Cdk1 activity. 
Percentage refers to level of Cdk1 activity remaining, i.e., 100% means full activity, 0% is 
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no activity. If Cdk1 activity is < 25%, the gate at M (CycE = 0, Cdh1 low) fails to latch. As 
CycE level drops, Cdh1 will spontaneously reactivate.  
 

 
Figure S2.3. Cdk1 inhibition-induced endoreplication (Cdh1 endocycles). Related 
to Figure 2.4. (A) The percentage of cells of different ploidy, as quantified by flow 
cytometry, after treatment with different doses of the Cdk1i, RO-3306, for 72 h. Discrete 
8n and 16n peaks are characteristic of endoreplication. (B) FACS plot of RPE1 cells 
treated with DMSO (0 m CDK1i) or 7.5 m of CDK1i for 72 h. Discrete 8n and 16n peaks 
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are visible indicative of endoreplication. (C) The percentage of cells undergoing at least 
one endocycle in the 72 h imaging window in each condition. WT is wild-type p53. KD is 
p53 knockdown by siRNA. (D) Fluctuations of CycA2-mVenus during mitotic cycles in 
the presence of vehicle (DMSO). (E) CycA2-mVenus in individual cells that do not 
undergo endocycles. Still images of mRuby-PCNA and CycA2-mVenus labelled nuclei 
from timelapse experiments. Time shown in hours. Scale bar is 10 µm. (F) Graphs 
showing quantification of CycA2-mVenus, plotted from the time of CDK1i addition (t = 0 
h). Shaded yellow areas represent S phase, as defined by mRuby-PCNA foci. Each time 
trace represents one cell. This behaviour was confirmed across 4 separate experiments 
(technical repeats). This figure and the data on which it is based, was authored by Alexis 
Barr and Ekjot Kaur. 
 

 
Figure S2.4. Down-regulation of Emi1 synthesis converts mitotic cycles into over-
replication cycles. Related to Figure 2.4. (A) Bifurcation diagram: Cdh1 activity as a 
function of the relative synthesis rate of Emi1. Solid (dashed) gray line: stable (unstable) 
steady states; solid (open) red circles: maximum and minimum excursions of Cdh1 
activity during stable (unstable) limit cycle oscillations. Notice that Cdh1 axis is linear 
compared to logarithmic on Fig. 2.4A. (B) Simulation of Cdh1 endocycles for 90% 
suppression of Emi1 synthesis. Cdh1 activity never drops very low, so (presumably) 
replication origins are continuously relicensed, and DNA synthesis proceeds 
continuously rather than in discrete rounds of replication. 
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Figure S2.5. Checkpoint mechanisms convert spontaneous cell-cycle oscillations 
into conditional cycles, contingent on execution of certain events. Related to 
Figure 2.6. (A) Bifurcation diagram (CycB vs concentration of Rbtotal) for the cell-growth 
checkpoint (G1/S transition). Solid green lines: stable steady states; solid green circles: 
maximum and minimum activity of CycB on a limit-cycle oscillation (spontaneous 
mitotic cycles). The dashed gray line is the conditional cell cycle, contingent on [Rbtotal] 
dilution by cell growth (movement from right to left) and the doubling of total Rb amount 
(movement from left to right) when the retinoblastoma protein is synthesized in S 
phase. The limit cycles arise at a ‘homoclinic saddle-loop’ bifurcation at [Rbtotal] ≈ 1.83. 
(B) Temporal changes of Rb amount and cell volume during the cell cycle in the 
simulation of Figure 2.6.  
 

 
 
Fig. S2.6. Cdk1:CycB induces Cdc20-endocycles in the absence of Wee1. Related 
to Fig. 7. (A) Normalised CycB1-mVenus intensity in individual cells treated with control 
siRNA and undergoing normal mitotic cycles. (B) Western blot for Wee1 in Non-targeting 
control (NTC) and Wee1-siRNA treated cells. Vinculin is used as a loading control. (C) 
Still images of hTert-RPE1 CycB1-mVenus labelled cells from timelapse experiments. 
Wee1 was depleted by siRNA 6 h prior to the start of filming (t = 0 h). The cell displays 
two interphase pulses of CycB1-mVenus expression in the absence of further mitoses. 
Time shown in hours. Scale bar is 10 μm. (D) Normalised CycB1-mVenus intensity in 
individual cells treated with Wee1 siRNA with one pulse only, plotted from the time of 
timelapse start (t = 0 h). For A, C and D, n=1 is shown representative of three biological 
repeats. (E) Half-life (min) of CycB1-mVenus after its peak intensity value. (F) Specific 
rate of CycB1-mVenus degradation (min-1) in single cells as a function of preceding 
CycB1-mVenus intensity peak. For NTC siRNA treated cells the solid line represent the 
mean vale. In case of Wee1 siRNA treated cells the solid lines are calculated by fitting a 
hyperbole (spec.rate=a*CycB/(b+CycB) by least square regression. Panels A-D and the 
data on which they are based, were authored by Alexis Barr and Ekjot Kaur. 



 162 

 
 

 
Fig. S2.7. Cdc20 endocycles are weakened in the complete absence of inhibitory 
Cdk1 phosphorylation. Related to Fig. 7. (A) Graph to show comparison of Wee1 
depleted cells to Wee1/Myt1 co-depleted cells and Wee1 inhibitor (Wee1i, 2.5 μM) 
treated cells. Wee1/Myt1 and Wee1i treated cells display fewer CycB1-mVenus 
oscillations than Wee1 only depleted cells. (B) Western blot showing co-depletion of 
Wee1 and Myt1. β-actin is used as a loading control. (C) Western blot showing 
reduction in CDK Y15 phosphorylation after treatment with 2.5 μM Wee1i for 2 h. 
Vinculin is used as a loading control. This figure and the data on which it is based, was 
authored by Alexis Barr and Ekjot Kaur. 
 
 

 
Fig. S2.8. Uncropped western blots. This figure and the data on which it is based, was 
authored by Alexis Barr and Ekjot Kaur. 
 
 
Experimental methods 
 
As all experiments were carried out by Dr. Alexis Barr and Dr. Ekjot Kaur, the experimental 
methods are not reproduced here. However, they are available as part of our joint 
publication at the Journal of Cell Science158.  
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Appendix 2: Supplementary material for chapter 3 
 
 
 
 
Table 3.1 – Numerical values of parameters in the two coupled doubly amplified 
negative feedback oscillators. 

Parameter Description Value 

𝑘𝑠𝑎1
′  and 𝑘𝑠𝑎2

′  Constitutive synthesis rates of A1 and A2 0.015 

𝑘𝑠𝑎1 and 𝑘𝑠𝑎2  Autocatalytic synthesis rates of A1 and A2 0.185 

𝐿𝑎1
𝑞

 and 𝐿𝑎2
𝑞

 
Hill coefficients (raised to the power q) of autocatalytic synthesis 

of A1 and A2 
0.01 

q Hill exponent of autocatalytic synthesis of A1 and A2 3 

r Inhibition of A1 and A2 synthesis by I1 and I2 25 

𝑘𝑑𝑎1
′  and 𝑘𝑑𝑎2

′  Constitutive degradation rate constants of A1 and A2 0.2 

𝑘𝑑𝑎1 and 𝑘𝑑𝑎2 Second order rate constants of A1 and A2 degradation 0.25 

𝑘𝑠𝑖1
′  and 𝑘𝑠𝑖2

′  Constitutive synthesis rates of I1 and I2 0.05 

𝑘𝑠𝑖1 and 𝑘𝑠𝑖2 Autocatalytic synthesis rates of I1 and I2 0.1 

𝐿𝑖1
𝑝  and 𝐿𝑖2

𝑝
 

Hill coefficients (raised to the power p) of autocatalytic synthesis 

of I1 and I2 
0.07 

p Hill exponent of autocatalytic synthesis of I1 and I2 3 

𝑘𝑑𝑖1
′  and 𝑘𝑑𝑖2

′  Constitutive degradation rate constants of I1 and I2 0.15 

𝑘𝑑𝑎1 and 𝑘𝑑𝑎2 Second order rate constants of I1 and I2 degradation 0.05 
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Supplementary figures 

 
Figure S3.1: The dynamical properties of the single oscillator, Ω1, with an alternative parameter set. 

(A) Influence diagram of the single oscillator network (identical to Fig. 3.4). (B) Phase plane of the 

alternative Ω1 system in the basal oscillating state (see Fig2_FigS1.ode file). As in Fig. 3.4, there is a unique 

unstable steady state (on the saddles of the two nullclines), surrounded by a limit cycle oscillation. (C) Time 

course simulation. (D) Phase plane of the alternative Ω1 system, when A2 = 0.4. Notice that, as a result of the 

shift in the A1 nullcline, the unstable steady state is converted to a stable steady state, on the lower stable 

branch of the Inhibitor nullcline and the upper stable branch of the Activator. (E) Bifurcation diagram of A1 

with respect to the latching parameter, A2, showing that oscillations are generated at a Hopf bifurcation, as 

opposed to a SNIC (Fig. 3.4E). Notice this is similar to the response of the S-phase module to changing 

Cdk1:CycB activity (Fig. 3.2E). (F) Phase plane for the checkpoint arrested alternative Ω1 system, assuming 

C1 = 1. Observe that the shift in the I1 nullcline has resulted in the oscillator unstable steady state being 

converted to a stable steady state, on the lower stable branch of I1 and upper stable branch of A1. (G) 

Bifurcation diagram of A1 with respect to the checkpoint parameter, C1, showing that oscillations are 

generated at a Hopf bifurcation. (H) Bifurcation diagram of A1 with respect to the basal synthesis rate, ksa'. 

The plot reveals that checkpoint triggering and latching are symmetric effects from the perspective of the 

alternative Ω1. 
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Figure S3.2: The dynamical properties of the M-module oscillator, for fixed Cdk2:CycA and 

APC/C:Cdh1 input. (A) Influence diagram of the system, highlighting the conversion of APC/C:Cdh1 and 

Cdk2:CycA from dynamical variables to parameters (grey boxes). (B) Phase plane plotting APC/C:Cdc20 

against Cdk1:CycB, assuming Cdh1 = 0, CycA = 0.4, showing that the G2/M has intrinsic oscillatory activity 

in the absence of any dynamical input from the S-phase module. (C) The corresponding time course 

simulation. 
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Supplementary ode files  
 
Fig2_FigS1.ode  
 

# A model for doubly amplified negative feedback oscillator  
# A1=Acfivator-1, I1=Inhibitor-1, A2=Acfivator-2  
# Differential equations  
dA1/dt = ksa' + ksa*A1^q/(La^q*(1 + r*I1) + A1^q) - (kda' + kda*A2)*A1  
dI1/dt = ksi'*A1 + ksi*I1^p/(Li^p + I1^p) - (kdi' + kdi*C1)*I1  
# Parameter values  
p A2=0,C1=0,ksa'=0.015,ksa=0.185,kda'=0.2,kda=0.25,La^q=0.01,r=25,q=3  
p ksi'=0.05,ksi=0.1,Li^p=0.07,kdi'=0.15,kdi=0.05,p=3  
# parameter changes for Fig.S1: ksa'=0.01,ksa=0.19,kda=0.1,La^q=0.1,r=5,q=2  
# Fig.3: the period of the oscillation is 154.8 min at A2=0 & ksa'=0.015  
# XPPAUT settings  
@ nmesh=400,TOTAL=1000,dt=0.5,METH=sfiff,XP=A1,YP=I1,XLO=0,XHI=1,YLO=0,YHI=1  
@ NTST=150,NMAX=1000000,NPR=10000,DS=-0.01,BOUNDS=200  
@ DSMAX=0.001,DSMIN=0.0001,PARMIN=-1,PARMAX=1,AUTOVAR=A1  
@ AUTOXMIN=0,AUTOXMAX=0.5,AUTOYMIN=0,AUTOYMAX=1  
done  

 
 
Fig3B_Fig4.ode  
 

# Two doubly amplified negative feedback oscillators with mutual inhibition  
# A1=Acfivator-1, I1=Inhibitor-1, A2=Acfivator-2, I2=Inhibitor-2  
# Differential equations  
dA1/dt = ksa' + ksa*A1^q/(La^q*(1 + r*I1) + A1^q) - (kda' + kda1*A2)*A1  
dI1/dt = ksi'*A1 + ksi*I1^p/(Li^p + I1^p) - (kdi' + kdi*C1)*I1  
dA2/dt = ksa' + ksa*A2^q/(La^q*(1 + r*I2) + A2^q) - (kda' + kda*A1)*A2  
dI2/dt = ksi'*A2 + ksi*I2^p/(Li^p + I2^p) - (kdi' + kdi*C2)*I2  
# Parameter values  
p kda1=0.25,C1=0,ksa'=0.015,ksa=0.185,kda'=0.2,kda=0.25,La^q=0.01,r=25,q=3  
p ksi'=0.05,ksi=0.1,Li^p=0.07,kdi'=0.15,kdi=0.05,p=3,C2=0  
# the period of the oscillation is 154.8 (at kda1=0) and 154.9 (at kda1=1)  
# Initial conditions  
init A1=1,I1=0,A2=0,I2=1  
# XPPAUT settings  
@ TOTAL=500,dt=0.5,METH=stiff,XLO=0,XHI=500,YLO=0,YHI=1  
@ nplot=4,XP=t,YP1=A1,YP2=I1,YP3=A2,YP4=I2  
@ NTST=150,NMAX=1000000,NPR=10000,DS=0.01,BOUNDS=200  
@ DSMAX=0.001,DSMIN=0.0001,PARMIN=0,PARMAX=1,AUTOVAR=A1  
@ AUTOXMIN=0,AUTOXMAX=1,AUTOYMIN=0,AUTOYMAX=1  
done 
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Fig5_Fig8B.ode 
 

 
Fig6.ode 
 

# Model for the human cell cycle and endoreplicafion cycle  
# Differenfial equafions  
CycE' = kscyce' + kscyce"*E2F - (kdcyce' + kdcyce"*CycA)*CycE  
CycA' = kscyca' + kscyca"*E2F - (kdcyca' + kdcyca"*Cdc20 + kdcyca*Cdh1)*CycA  
E2FPt' = kpe2f*(CycA+eps*Cdk1)*(E2FT - E2FPt) - kdpe2f*E2FPt  
Rb' = kdprb*(Rbt-Rb)/(Jrb+Rbt-Rb) - kprb*(CycE+CycA+eps*Cdk1)*Rb/(Jrb+Rb)  
Emi1' = ksemi1' + ksemi1"*E2F - (kdemi1' + kdemi1"*Cdh1 + kdemi1*Polo)*Emi1  
# CycB' = kscycb' + kscycb*CycA - Vdcycb*CycB  
# Cdk1' = kscycb' + kscycb*CycA + V25*(CycB - Cdk1) - Vwee*Cdk1 - Vdcycb*Cdk1  
Cdh1' = kacdh1*(Cdh1t-Cdh1) - (kicdh1'*CycE+kicdh1"*CycA+kicdh1*eps*Cdk1)*Cdh1  
Cdc20' = kacdc20*eps*Cdk1*(1-Cdc20) - kicdc20*PP2AB55*Cdc20  
PoloT' = kspolo' + kspolo*CycA - (kdpolo' + kdpolo"*Cdh1)*PoloT  
Polo' = (kapolo'*CycA + kapolo"*eps*Cdk1)*(PoloT-Polo)/(Jpolo+PoloT-Polo)-kipolo*Polo/(Jpolo+Polo)  
pENSAt' = kGwENSA*pGwl*(ENSAtot - pENSAt) - kcatB55*Complex  
pGwl' = (kCdkGwl'*CycA+kCdkGwl*eps*Cdk1)*(Gwtot - pGwl) - (kppx' + kB55Gwl*PP2AB55)*pGwl  
PP2AB55' = (kdiss + kcatB55)*Complex-kass*(pENSAt-Complex)*(B55tot-Complex)  
# CycB represents the sum of inacfive and acfive Cdk1:CycB dimers, while Cdk1 refers to the acfive ones only  
# Algebraic equafions  
Rbt = Rbtot/(1 + alpha*SK)  
BB2 = Rb + E2FT + Kdrbe2f  
Comp2 = (BB2 - sqrt(BB2^2 - 4*Rb*E2FT))/2  
E2F = (E2FT-E2FPt)*(E2FT-Comp2)/E2FT  
BB1 = Emi1 + Cdh1tot + Kdc1e1  
Comp1 = (BB1 - sqrt(BB1^2 - 4*Emi1*Cdh1tot))/2  
Cdh1t = Cdh1tot - Comp1  
YMEP = GK(kpyme'*CycA+kpyme*eps*Cdk1,kdpyme,Jyme,Jyme)  
V25 = k25' + k25*YMEP  
Vwee = kwee' + kwee*(1 - YMEP)  
Vdcycb = kdcycb' + SAC*kdcycb"*Cdc20 + kdcycb*Cdh1  
Complex = B55tot-PP2AB55  
# Goldbeter-Koshland funcfion  

# Figure 5 & Figure 8B  
# Calculafion of pseudo-nullclines for  
# two doubly amplified negafive feedback oscillators with mutual inhibifion  
# A1=Acfivator-1, I1=Inhibitor-1, A2=Acfivator-2, I2=Inhibitor-2  
# Differenfial equafions  
dA1/dt = ksa' + ksa*A1^q/(La^q*(1 + r*I1) + A1^q) - (kda' + kda*A2)*A1  
# dI1/dt = ksi'*A1 + ksi*I1^p/(Li^p + I1^p) - (kdi' + kdi*C1)*I1  
dA2/dt = ksa' + ksa*A2^q/(La^q*(1 + r*I2) + A2^q) - (kda' + kda*A1)*A2  
# dI2/dt = ksi'*A2 + ksi*I2^p/(Li^p + I2^p) - (kdi' + kdi*C2)*I2  
# Parameter values  
p I1=0,I2=0,ksa'=0.015,ksa=0.185,kda'=0.2,kda=0.25,La^q=0.01,r=25,q=3,C1=0  
p ksi'=0.05,ksi=0.1,Li^p=0.07,kdi'=0.15,kdi=0.05,p=3,C2=0  
# Inifial condifions  
init A1=1, A2=0  
# XPPAUT seftings  
@ TOTAL=500,dt=0.5,METH=sfiff,XP=t,YP=A1  
@ XLO=0,XHI=500,YLO=0,YHI=1  
@ NTST=150,NMAX=1000000,NPR=10000,DS=0.001,BOUNDS=200  
@ DSMAX=0.001,DSMIN=0.0001,PARMIN=-20,PARMAX=1,AUTOVAR=A1  
@ AUTOXMIN=0,AUTOXMAX=1,AUTOYMIN=0,AUTOYMAX=1  
done 
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GB(arg1,arg2,arg3,arg4) = arg2-arg1+arg2*arg3+arg1*arg4  
GK(arg1,arg2,arg3,arg4) = 2*arg1*arg4/(GB(arg1,arg2,arg3,arg4)+sqrt(GB(arg1,arg2,arg3,arg4)^2-4*(arg2-
arg1)*arg1*arg4))  
# Parameter values  
p Cdk1=0, kscyce'=0, kscyce"=1.5, kdcyce'=0.6, kdcyce"=1.5  
p kscyca'=0, kscyca"=0.45, kdcyca'=0.045, kdcyca"=0.75, kdcyca=3.75  
p Rbtot=1.75, JRb=0.1, kprb=15, kdprb=10.5, alpha=1, SK=1  
p E2FT=1, kdpe2f=0.3, kpe2f=1.5, Kdrbe2f=0.001  
p ksemi1'=0, ksemi1"=1.5, kdemi1'=0.18, kdemi1"=3, kdemi1=7.5, Kdc1e1=0.0175  
p Cdh1tot=1, kacdh1=15, kicdh1'=15, kicdh1"=30, kicdh1=6000  
p kscycb'=0, kscycb=0.3, kdcycb'=0.06, kdcycb"=0.75, kdcycb=3.75  
p kpyme'=0, kpyme=30, kdpyme=6, Jyme=0.1, k25'=0.45, k25=15, kwee'=0.15, kwee=15  
p kicdc20=15, kacdc20=3, eps=1, SAC=1  
p kspolo'=0.15, kspolo=0, kdpolo'=0.15, kdpolo"=15  
p kapolo'=0, kapolo"=15, kipolo=7.5, Jpolo=0.01  
p ENSAtot=4, B55tot=1, kass=7500, kdiss=4.5, kcatB55=15  
p kGwENSA=15, kppx'=6, kCdkGwl'=0, kCdkGwl=30, kB55Gwl=60, Gwtot=1  
### XppAut SETTINGS  
@ Method=sfiff, Total=40, Bounds=100, Dt=0.5, tol=1e-5  
@ nplot=4,XP=fime,YP=Rb,YP2=CycE,YP3=CycA,YP4=Cdh1,Xlo=0,Xhi=40,Ylo=0,Yhi=1  
@ NTST=150,NMAX=1000000,NPR=10000,DS=-0.01,BOUNDS=200  
@ DSMAX=0.01,DSMIN=0.001,PARMIN=0,PARMAX=2, AUTOVAR=CycA  
@ AUTOXMIN=0,AUTOXMAX=0.1,AUTOYMIN=0,AUTOYMAX=1  
done  

 
Fig7_FigS2.ode 
 

# Model for the human cell cycle and Cdc20-endocycle  
# Differenfial equafions  
CycE' = kscyce' + kscyce"*E2F - (kdcyce' + kdcyce"*CycA)*CycE  
CycA' = kscyca' + kscyca"*E2F - (kdcyca' + kdcyca"*Cdc20 + kdcyca*Cdh1)*CycA  
E2FPt' = kpe2f*(CycA+eps*Cdk1)*(E2FT - E2FPt) - kdpe2f*E2FPt  
Rb' = kdprb*(Rbt-Rb)/(Jrb+Rbt-Rb) - kprb*(CycE+CycA+eps*Cdk1)*Rb/(Jrb+Rb)  
Emi1' = ksemi1' + ksemi1"*E2F - (kdemi1' + kdemi1"*Cdh1 + kdemi1*Polo)*Emi1  
CycB' = kscycb' + kscycb*CycA - Vdcycb*CycB  
Cdk1' = kscycb' + kscycb*CycA + V25*(CycB - Cdk1) - Vwee*Cdk1 - Vdcycb*Cdk1  
# Cdh1' = kacdh1*(Cdh1t-Cdh1) - (kicdh1'*CycE+kicdh1"*CycA+kicdh1*eps*Cdk1)*Cdh1  
Cdc20' = kacdc20*eps*Cdk1*(1-Cdc20) - kicdc20*PP2AB55*Cdc20  
PoloT' = kspolo' + kspolo*CycA - (kdpolo' + kdpolo"*Cdh1)*PoloT  
Polo' = (kapolo'*CycA + kapolo"*eps*Cdk1)*(PoloT-Polo)/(Jpolo+PoloT-Polo)-kipolo*Polo/(Jpolo+Polo)  
pENSAt' = kGwENSA*pGwl*(ENSAtot - pENSAt) - kcatB55*Complex  
pGwl' = (kCdkGwl'*CycA+kCdkGwl*eps*Cdk1)*(Gwtot - pGwl) - (kppx' + kB55Gwl*PP2AB55)*pGwl  
PP2AB55' = (kdiss + kcatB55)*Complex-kass*(pENSAt-Complex)*(B55tot-Complex)  
# CycB represents the sum of inacfive and acfive Cdk1:CycB dimers, while Cdk1 refers to the acfive ones only  
# Algebraic equafions  
Rbt = Rbtot/(1 + alpha*SK)  
BB2 = Rb + E2FT + Kdrbe2f  
Comp2 = (BB2 - sqrt(BB2^2 - 4*Rb*E2FT))/2  
E2F = (E2FT-E2FPt)*(E2FT-Comp2)/E2FT  
BB1 = Emi1 + Cdh1tot + Kdc1e1  
Comp1 = (BB1 - sqrt(BB1^2 - 4*Emi1*Cdh1tot))/2  
Cdh1t = Cdh1tot - Comp1  
YMEP = GK(kpyme'*CycA+kpyme*eps*Cdk1,kdpyme,Jyme,Jyme)  
V25 = k25' + k25*YMEP  
Vwee = kwee' + kwee*(1 - YMEP)  
Vdcycb = kdcycb' + SAC*kdcycb"*Cdc20 + kdcycb*Cdh1  
Complex = B55tot-PP2AB55  
# Goldbeter-Koshland funcfion  
GB(arg1,arg2,arg3,arg4) = arg2-arg1+arg2*arg3+arg1*arg4  
GK(arg1,arg2,arg3,arg4) = 2*arg1*arg4/(GB(arg1,arg2,arg3,arg4)+sqrt(GB(arg1,arg2,arg3,arg4)^2-4*(arg2-
arg1)*arg1*arg4))  
# Parameter values  
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p Cdh1=0, kscyce'=0, kscyce"=1.5, kdcyce'=0.6, kdcyce"=1.5  
p kscyca'=0, kscyca"=0.45, kdcyca'=0.045, kdcyca"=0.75, kdcyca=3.75  
p Rbtot=1.75, JRb=0.1, kprb=15, kdprb=10.5, alpha=1, SK=1  
p E2FT=1, kdpe2f=0.3, kpe2f=1.5, Kdrbe2f=0.001  
p ksemi1'=0, ksemi1"=1.5, kdemi1'=0.18, kdemi1"=3, kdemi1=7.5, Kdc1e1=0.0175  
p Cdh1tot=1, kacdh1=15, kicdh1'=15, kicdh1"=30, kicdh1=6000  
p kscycb'=0, kscycb=0.3, kdcycb'=0.06, kdcycb"=0.75, kdcycb=3.75  
p kpyme'=0, kpyme=30, kdpyme=6, Jyme=0.1, k25'=0.45, k25=15, kwee'=0.15, kwee=15  
p kicdc20=15, kacdc20=3, eps=1, SAC=1  
p kspolo'=0.15, kspolo=0, kdpolo'=0.15, kdpolo"=15  
p kapolo'=0, kapolo"=15, kipolo=7.5, Jpolo=0.01  
p ENSAtot=4, B55tot=1, kass=7500, kdiss=4.5, kcatB55=15  
p kGwENSA=15, kppx'=6, kCdkGwl'=0, kCdkGwl=30, kB55Gwl=60, Gwtot=1  
### XppAut SETTINGS  
@ Method=sfiff,Total=25,Bounds=100,Dt=0.1,tol=1e-5,Xplot=fime,YPlot=Cdk1,Xlo=0,Xhi=25,Ylo=0,Yhi=1  
@ NTST=150,NMAX=1000000,NPR=10000,DS=0.01,BOUNDS=200  
@ DSMAX=0.01,DSMIN=0.001,PARMIN=-1,PARMAX=1, AUTOVAR=Cdk1  
@ AUTOXMIN=0,AUTOXMAX=0.05,AUTOYMIN=0,AUTOYMAX=1  
done 
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Appendix 3: Supplementary material for Chapter 4 
 
 
Table 4.1 – Numerical values of parameters in the two pseudo-oscillator model 

A kinetic constants ksa=0, ksa'=0.1, ksa"=2, kda=0, kda'=0.1, kda"=2 
A regulatory parameters  Atot=1, o=2, Jab=0.5 
B/B’ steady state  Btot=B’tot=1, JB=0.5, l=6 
Nondegradable B/B’ ndb = ndb’ = 0 (but changed as needed) 
Helper molecule (C/C’) kinetic const. ksc=kscp=0, ksc'= kscp’=7.5, kdc=kdcp=0.5  
Helper molecule regulatory param. JC=0.65, n=40 
Delay molecule (D/D’) kinetic const.  ksd=ksd’=0.01, kdd=kdd’=0.01 

 
Table 4.2 – Numerical values of parameters in the four pseudo-oscillator model 

A kinetic constants ksa=1, kda=1, ksa'=0.01, kda'=0.01 
A auto-catalytic function parameters jsA=0.5, jdA=0.5, jA'=0.5, p=8 
B kinetic constants ksb=1, kdb=1, ksb'=0.01, kdb'=0.01 
B auto-catalytic function parameters jsB=0.5, jdB=0.5, jB'=0.5, q=8 
Helper kinetic constants ksh=0.5, kdh=0.5, ksh'=0.005, kdh'=0.005 
Helper auto-catalytic function param. jsH=0.8, jdH=0.35, jH'=0.5, jH"=0.5, r=8 
Switch Helper-dependent regulation ksah=0.5 
Checkpoint parameters c1=0 (variable), kdh=0.01 
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The two delay pseudo-oscillator model 

dA/dt = (ksa + ksa'*Cp + ksa"*B^o/(JAB^o + B^o))*(Atot-A) - (kda + kda'*C + 
kda"*Bp^o/(JAB^o + Bp^o))*A 
dC/dt = ksc + ksc'*D^n/(JC^n+D^n) - kdc*C 
dCp/dt = kscp + kscp'*Dp^n/(JC^n+Dp^n) - kdcp*Cp 
dD/dt = ksd*B - kdd*D 
dDp/dt = ksd'*Bp - kdd'*Dp 
 
Bp = ndB' + B'tot*JB^l/(JB^l + A^l) 
B = ndB + Btot*A^l/(JB^l + A^l) 
Aux Bp = ndB' + B'tot*JB^l/(JB^l + A^l) 
Aux B = ndB + Btot*A^l/(JB^l + A^l) 
 
p ksa=0, ksa'=0.1, ksa"=2, kda=0, kda'=0.1, kda"=2 
p Atot=1, o=2, JAB=0.5 
p ksc=0, ksc'=7.5, kdc=0.5, JC=0.65, n=40 
p kscp=0, kscp'=7.5, kdcp=0.5 
p ksd=0.01, kdd=0.01 
p ksd'=0.01, kdd'=0.01 
p ndB=0, Btot=1, JB=0.5, l=6 
p ndB'=0, B'tot=1 
 
# XPP settings 
@ METH=stiff, XLO=0, XHI=40, YLO=0, YHI=1, NMESH=400, total=400, dt=0.1 
@ XP=t, YP=A 
@ NTST=150,NMAX=1000000,NPR=10000,DS=-0.001,BOUNDS=200 
@ DSMAX=0.001,DSMIN=0.0001,PARMIN=-0.1,PARMAX=1, AUTOVAR=A 
@ AUTOXMIN=0,AUTOXMAX=1,AUTOYMIN=0,AUTOYMAX=1 
done 
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The four pseudo-oscillator model 

#ksa moves on threshold, ksa' moves off threshold 
 
dA/dt = (ksa*A^p/((jsA + jA'*B + ksah1*H3)^p + A^p) + ksa')*(1-A) - (kda*(1-A)^p/((jdA + jA'*(1-
B) + ksah1*H1)^p + (1-A)^p) + kda')*A 
dB/dt = (ksb*B^q/((jsB + jB'*(1-A) + ksah1*H4)^q + B^q) + ksb')*(1-B) - (kdb*(1-B)^q/((jdB + 
jB'*A  + ksah1*H2)^q + (1-B)^q) + kdb')*B 
 
dH1/dt = (ksh1*H1^r/((jsH1 + jH1'*A + jH1"*B)^r + H1^r) + ksh1')*(1-H1) - (kdh1*(1-
H1)^r/((jdH1 + jH1'*(1-A) + jH1"*(1-B))^r + (1-H1)^r) + kdh1' + kdh1c1*C1)*H1 
dH2/dt = (ksh1*H2^r/((jsH1 + jH1'*(1-A) + jH1"*B)^r + H2^r) + ksh1')*(1-H2) - (kdh1*(1-
H2)^r/((jdH1 + jH1'*A + jH1"*(1-B))^r + (1-H2)^r) + kdh1')*H2 
dH3/dt = (ksh1*H3^r/((jsH1 + jH1'*(1-A) + jH1"*(1-B))^r + H3^r) + ksh1')*(1-H3) - (kdh1*(1-
H3)^r/((jdH1 + jH1'*A + jH1"*B)^r + (1-H3)^r) + kdh1')*H3 
dH4/dt = (ksh1*H4^r/((jsH1 + jH1'*A + jH1"*(1-B))^r + H4^r) + ksh1')*(1-H4) - (kdh1*(1-
H4)^r/((jdH1 + jH1'*(1-A) + jH1"*B)^r + (1-H4)^r) + kdh1')*H4 
 
p c1=0, kdh1c1=0.01 
 
p ksa=1, kda=1, ksa'=0.01, kda'=0.01, jsA=0.5, jdA=0.5, jA'=0.5, p=8 
p ksb=1, kdb=1, ksb'=0.01, kdb'=0.01, jsB=0.5, jdB=0.5, jB'=0.5, q=8 
 
p ksah1=0.5 
 
p ksh1=0.5, kdh1=0.5, ksh1'=0.005, kdh1'=0.005, jsH1=0.8, jdH1=0.35, jH1'=0.5, jH1"=0.5, 
r=8 
 
 
### XppAut SETTINGS 
@ nmesh=400, TOTAL=10000, dt=0.5, METH=stiff  
@ XP=b, YP=a, XLO=-0.5, XHI=1.5, YLO=-0.5, YHI=1.5 
@ NTST=1500,NMAX=1000000,NPR=100000,DS=-0.01,BOUNDS=200 
@ DSMAX=0.01,DSMIN=0.001,PARMIN=-2,PARMAX=1, AUTOVAR=x1 
@ AUTOXMIN=0,AUTOXMAX=1,AUTOYMIN=0,AUTOYMAX=1 
done 
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Supplementary figures 
 

 

Fig. S4.1 – The dynamics of the minimal latching gate system without delay – (A) influence diagram 
(B) Time course simulation of the oscillator. Note that the curves’ colour coding matches panel A. 
‘Helper molecules’ refers to C and C’; ‘Switch molecules’ refers to A, B and B’. (C) The AC and AC’ 
pseudo phase planes of the system. The black dashed line is the projection of the integrated solution 
on the AC and AC’ planes. The integrated solution does not follow the calculated steady states (bark 
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blue and red) because it is not true that the C and C’ are mutually exclusive. Pseudo nullclines are 
plotted for different values of C and C’ on the AC’ and AC planes (light blue), respectively, to provide a 
better sense of how movement on these planes is determined. (D) C endocycle time course, for 
ksa=0.75. Notice that without delay in C accumulation, the amplitude of the endocycle is minimal. (E) 
AC pseudo phase plane, for ksa=0.75 

 

 

 

Fig. S4.2 – The basis of the transition to endocycles and the comparison of the minimal and S. 
cerevisiae models – Bifurcation diagrams for the delay mixed negative feedback oscillator showing 
(A) C with respect to Btot, (C) C’ with respect to ksa, and for the budding yeast model showing (B) 
Cdc14 vs the rate of ClbM synthesis rate, as a percentage of the basal and auto-stimulated expression 
rate constants, and (D) MBF vs the concentration of nondegradable ClbM. (E) Comparison of the 
minimal and yeast network connectivity, showing the former is embedded in the latter.  
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Fig. S4.3 – The basins of attraction of the stable steady states in the core model – The 
boundaries of the basins of attraction are drawn is red for (A) the basal system, (B) the system 
perturbed with jdA=0.8 (G1 suppressed) and (C) the system perturbed with jdA=jdB=0.8 (G1 and S 
suppressed) 
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