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Based on generalization and extension of previous work [Phys. Rev. Lett. 112, 067201 (2014)]
to multiple independent markovian baths we will compute the charge and spin current statistics
of the open Hubbard model with weak system-bath coupling up to next-to-leading order in the
coupling parameter. Only the next-to-leading and higher orders depend on the Hubbard interaction
parameter. The physical results are related to those for the XXZ model in the analogous setup
implying a certain universality which potentially holds in this class of nonequilibrium models.

I. INTRODUCTION

One of the key challenges of modern physics is under-
standing non-equilibrium behavior of both quantum and
classical system [1]. In contrast to ordinary equilibrium
statistical physics many approaches for understanding
non-equilibrium physics exist, as there are many ways
to drive a system from equilibrium. From quenches to
open quantum systems one is interested often in similar
concepts, such as transport of a certain quantity, that is
the behavior of current of this quantity. The standard
approach is to compute the expectation value of an ob-
servable (typically the current in the case of transport)
with respect to some state of the system. In open quan-
tum systems [2] this is usually the expectation value in
the non-equilibrium steady state (NESS) to which the
system evolves can evolve to in the infinite time limit.
However, this approach is not the whole story and one
may gain significantly more physical insights by study-
ing the whole probability distribution of the observable.
This is usually more difficult than computing just the
expectation value.

This approach is additionally complicated in the quan-
tum setting as measurements of an observable (such as
the current) influence the time evolution of the system.
One possible resolution to this issue is to look at a frame-
work in which the non-equilibrium driving (via coupling
to the baths) effectively performs the measurement as
well. The framework of Markovian quantum master
equations (Lindblad equation) is particularly well-suited
for setting such a protocol. The study of transport in
this context has attracted a lot of attention recently. For
some very recent examples of such studies see Refs. [3–11]
and a recent review [12] in the context of exact solutions.

The Lindblad master equation [13] for the system’s
density operator ρ(t) can be written as

dρ(t)

dt
= −i[H, ρ(t)] + ε

(
D̂jumpρ(t) + D̂dissρ(t)

)
, (1)

where H is the Hamiltonian of the system generating the
unitary part of the time evolution, and the dissipator
D̂ implements the action of environment on the system.

The latter is split into the quantum jumps and the dissi-
pation

D̂jumpρ :=
∑
µ

LmρL
†
m, D̂dissρ :=

1

2

∑
m

{L†mLm, ρ},

(2)
where, as in the previous work [14, 15], the system-bath
coupling parameter ε is assumed to be small enough to
allow the use of perturbation theory. The applicability
of this method, namely the convergence radius of the
perturbation series in this parameter is discussed in [16],
where the authors point out issues of exponentially (in
system size) decreasing size of the radius of convergence
when one does perturbation for small ε. Thus, the meth-
ods relying on perturbation expansion in ε cannot be ap-
plied in the thermodynamic limit, but can still be useful
for finite system sizes.

Full counting statistics is the method which allows us
to formulate in an elegant and efficient way the compu-
tation of cumulants of a current of a conserved quantity
[17–19], provided that certain conditions, elaborated in
the next section hold. For some very recent results, as
well as the related large deviation theory, in the open
quantum framework in this area see, e.g., Refs. [20–28].

In this paper we will study the multi-bath general-
ization of the results obtained in Ref. [15]. Namely, we
will show how a simple generalization of the full counting
statistics for spin-1/2 systems weakly coupled to multiple
baths can be achieved in the leading order in ε.

Afterwards, we will give a solution to the full counting
statistics in next-to-leading (third) order for the open
1D (fermi) Hubbard model. The Hubbard model is a
paradigm of many-body quantum physics. It describes
numerous fundamental transport phenomena, in partic-
ular its two dimensional version is believed to capture su-
perconductivity in cuprates. The 1D Hubbard model is
integrable and exactly solvable through the Bethe ansatz
[29–31]. By mapping the fermionic Hubbard model to
a spin ladder we will find the full counting statistics of
both the spin and charge currents in the third order of
system-bath coupling.

The solution is based on the construction [32] of the ex-
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act steady state density operator for the open maximally
driven Hubbard model, which was later put into a Lax
form in Ref. [33]. We show how to generate the solution
to our counting problem using this infinite dimensional
Lax operator. The solution, much like the previously dis-
cussed one for the XXZ spin chain, is given by almost
conserved charges which break the Z2 symmetry of the
model (in this case the particle-hole symmetry) [34].

II. FULL COUNTING STATISTICS OF OPEN
SYSTEMS WITH MULTIPLE BATHS

We aim at computing the full spin or charge exchange
(and current) statistics in the limit of weak system-bath
coupling when the Markovian approximation for the evo-
lution of system’s density matrix ρ(t) is appropriate [2].
In contrast to previous work [15] we will consider mul-
tiple, D species of spins-1/2 labeled by a superscript
d = 1, 2 . . . D associated with the physical site j, i.e.,

σd,±j , σd,zj , where these are the standard Pauli operators

acting on a tensor product space (C2)⊗Dn. Also, assume
that our system is coupled to several sets of baths, i.e., in
contrast to the previous work studied in [15] we allow for
the system to be coupled to more than two baths. Let H
conserve one or more extensive observables with integer
spectrum Md, e.g. magnetization, charge, particle num-
ber etc, [H,Md] = 0. The subscript d in Md denotes that
Md is composed solely of spin operators of species d.

The Lindblad jump operators composing the dissipa-
tor, which are assumed to act ultra-locally (on one spin
site only), represent the action of each bath on the sys-
tem. For every spin species d there exists one pair of
baths corresponding to and driving the current of that
spin species. We will then consider the flow (current) of
observable Md from a subset of baths I (with the jump
operator composed of one element in the pair of spin op-
erators of species d for every d, say σd,+) to its comple-
ment O (with the jump operator composed of the other
element in the pair of spin operators of species d for every
d, say σd,−). We write τµ := 1 for µ ∈ I, and τµ := −1
for µ ∈ O. Let us denote the amount of quantity Md, say∑
j σ

d,z
j , transported in time t from I to O by Nd(t). In

the open system’s framework, Nd(t) is exactly the sum
of δµ for all the jumps for µ ∈ I minus the sum of δµ for
all the jumps of µ ∈ O. In other words, we let the jump
operators change Md by δµ ∈ Z, and if they drive current
of Md from I to O we say that the current is driven in
the positive direction (τµ = 1) and if the drive current of
Md in the other direction then we say that the current is
driven in the negative direction (τµ = −1).

In order to apply the counting field formalism we intro-
duce now a counting vector field ~χ = {χ1, χ2 . . . , χd, . . .}
where χd counts, for spin species d, how much of charge
Md was transferred during the time evolution of the sys-
tem. For simplicity we will take D symmetric current
driving dissipators acting on ”complementary” sites of
spin species d, each pair of sites being labeled by mν and

each site in the pair by ν = ±. Then we may split the
dissipator in the following manner,

D̂jump
~χ :=

∑
m,d

(1 + µdm)D̂jump
d,m,+ + (1− µdm)D̂jump

d,m,−, (3)

D̂diss :=
∑
m,d

(1 + µdm)D̂diss
d,m,+ + (1− µdm)D̂diss

d,m,−, (4)

where,

D̂jump
d,m,+ρ := eiχd

(
Ld,+m+

ρ(Ld,+m+
)† + Ld,−m−ρ(Ld,−m−)†

)
, (5)

D̂jump
d,m,−ρ := e−iχd

(
Ld,+m−ρ(Ld,+m−)† + Ld,−m+

ρ(Ld,−m+
)†
)
,

and,

D̂diss
d,m,+ρ :=

1

2

(
{(Ld,+m+

)†Ld,+m+
, ρ}+ {(Ld,−m−)†Ld,−m− , ρ}

)
(6)

D̂diss
d,m,−ρ :=

1

2

(
{(Ld,+m−)†Ld,+m− , ρ}+ {(Ld,−m+

)†Ld,−m+
, ρ}
)
,

where the index m corresponds to the pair of sites on
which the dissipator acts, the sub-subscript, µ = ± in
mµ, denotes on which site in the pair of sites m a Lind-
blad jump operator, Ld,νmµ = σd,νmµ , acts and ν = ± in

Ld,νmµ = σd,νmµ , denotes either a raising or lowering opera-
tor

[Md, L
d,ν
mµ ] = νLd,νmµ (7)

and d is the species of spin on which the Lindblad jump
operator acts. The sign of the product µν = ± de-
termines whether a Lindblad operator Ld,νmµ drives the
current of Md in the positive or negative direction, i.e.,
τµ = 1 or τµ = −1, respectively.

With this modification the Lindblad equation (1) is
deformed in the following way,

dρ(t)

dt
= L̂~χρ(t) := −i[H, ρ(t)]+ε

(
D̂jump
~χ ρ(t) + D̂dissρ(t)

)
.

(8)
The eigenvalue problem for the leading (with maximal
real part) eigenvalue λ(~χ) of this deformed Liouvillian

L̂~χ is given as,[
−i adH + ε

(
D̂jump
~χ + D̂diss

)]
ρ(~χ) = λ(~χ)ρ(~χ), (9)

where ρ(~χ) is the corresponding right eigenvectors, which
will be assumed to be unique (as per the conditions of
the Evans theorem [35]). We have also defined the su-
peroperator adHx := [H,x] which acts on the space
of operators. Note that ρ(~χ = 0) corresponds to the
non-equilibrium steady state of the undeformed Lindblad
equation (1). We remark that the steady state can be also
alternatively degenerate and symmetry reducible [36–38].
Such a case is studied in Ref. [26].

The leading eigenvalue λ(~χ) in (9) will be the cumulant
generating function for the currents Id of Md,

〈Imd 〉c := lim
t→∞

1

t
〈[Nd(t)]m〉c =

∂mλ(~χ)

∂(iχd)m

∣∣∣
~χ→0

. (10)
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To give an intuitive picture of why this method works
we will now give a short elaboration for only one spin
species D = 1, writing ~χ ≡ χ. The method of full count-
ing statistics can be understood most easily by observing
that since H commutes with the quantity of interest, and
the Lindblad operators change the value of this quantity
by well-defined (classical) amounts one may project the
density matrix of the system ρ(t) on a subspace of N
spin transfers between the pair of baths in time t which
we denote as ρN (t). Thus, the probability of N spin
transfers in time t is given as PN (t) = trρN (t). We
can then perform a Fourier transform in N and then
find that the dissipator in the original Lindblad equation
(1) is modified to include the counting field in the form
written in Eq. (5). Then in the long-time limit where
ρ(χ, t) ≈ eλ(χ)tρ(χ, t = 0), the leading (with largest real
part) eigenvalue λ(χ) is the cumulant generating function
for the current (10).

The perturbation expansion is given by

ρ(~χ) =

∞∑
p=0

(iε)pρ(p), λ(~χ) =

∞∑
p=1

ε2p−1λ(2p−1). (11)

The first two orders obtained by plugging in (11) in are,

(adH)ρ(0) = 0, (12)

(adH)ρ(1) + D̂~χρ(0) = λ(1)ρ(0), (13)

where we also defined the total dissipator as D̂~χ :=

D̂jump
~χ + D̂diss. In general any linear combination of op-

erators which commute with H satisfy the zeroth-order
equation (12). So we may write in general this solution
using a linearly independent combination of Qk such that
[H,Qk] = 0,

ρ(0) =
∑
k

αkQk. (14)

Note that since that we have assumed that the corre-
sponding right eigenvector is unique not every possible
solution to the zeroth-order equation (12) can be the cor-
rect leading order in the perturbation expansion (11). In
order to find the correct one, we also demand [14, 15]
that the solution to the first-order equation (13) exists.
To do this we will demand a generalization of the simple
algebraic condition on the image space of adH (see [15])
to hold,

−σd,zm+
+ σd,zm− ∈ Im adH, (15)

for every spin species d and for every pair of sites m on
which the Lindblad jump operators act. This require-
ment will be fulfilled if a generalization of the previous
parity symmetry condition studied in [15] holds. That
is, an operator P (P 2 = 1) should exist, which satisfies
either

Pσd,zm+
= σd,zm−P, or Pσd,zm+,−

= −σd,zm+,−
P, (16)

and commutes with the Hamiltonian [P,H] = 0 together
with all the conserved operators [P,Qk] = 0. The proof
of this statement is the same as in Ref. [15]: Since
adH is Hermitian its image is orthogonal w.r.t. Hilbert-
Schmidt inner-product to all Qk. Thus the condition

(15) is equivalent to: tr(−σd,z1 + σd,zn )Qk = 0,∀Qk. From
this we may directly see that tr(−σd,zm+

+ σd,zm−)Qk =

trP (−σd,zm+
+ σd,zm−)QkP = −tr(−σd,zm+

+ σd,zm−)Qk. From

which follows that tr(−σd,zm+
+ σd,zm−)Qk = 0.

It is then trivial to show that given,

ρ(0) =
1

(2d)n
1, (17)

and,

λ(1) =
∑
d

2(−1 + cos(χd)− iµd sin(χd)), (18)

a solution to the first-order equation (13) exists. This
can be done by plugging the expressions (17) and (18)
into (13) and showing that (15) holds.

By performing a suitable transformation ~χ → −i~χ we
switch to (provided there are no issues with analyticity)
what is called large-deviation theory [39, 40].

III. CHARGE AND SPIN STATISTICS OF THE
OPEN HUBBARD MODEL AT WEAK

SYSTEM-BATH COUPLING

The first-order result of the previous section was uni-
versal and only depended on the local nature of jump
operators and existence of the parity symmetry. In this
section we show that one can compute higher order in ε
for a multispecies integrable model, namely the 1D Hub-
bard model. The fermionic Hubbard model with n sites
is given by the following Hamiltonian,

H = −2
∑
s,x

(c†s,jcs,j+1+c†s,j+1cs,j)+u
∑
j

(2n↑,j−1)(2n↓,j−1)

where cs,j are the canonical Fermi operators on site j and
j ∈ {1 . . . n}, s ∈ {↑, ↓} is the spin of each fermion, u is a
non-dimensional parameter determining the interaction

strength, and ns,j = c†s,jcs,j is the local charge density.

We now apply the Wigner-Jordan transformation,

c↑,j = P
(σ1)
j−1 σ

1,−
j , c↓,j = P (σ1)

n P
(σ2)
j−1 σ

2,−
j (19)

where P
(σ1)
j := σ1,z

1 σ1,z
2 · · ·σ

1,z
j , P

(σ2)
j := σ2,z

1 σ2,z
2 · · ·σ

2,z
j ,

and of course σ1,0
j ≡ σ2,0

j ≡ 1. Thus we transform the
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fermionic Hubbard model into a spin ladder,

H = 2

n−1∑
j=1

2∑
d=1

(
σd,+j σd,−j+1 + σd,−j σd,+j+1

)
+
u

2

n∑
j=1

σ1,z
j σ2,z

j ,

(20)

hj,j+1 = 2

2∑
d=1

(
σd,+j σd,−j+1 + σd,−j σd,+j+1

)
+
u

2

(
σ1,z
j σ2,z

j + σ1,z
j+1σ

2,z
j+1

)
(21)

We will also likewise define two local ”kinetic energy”
densities for the two species of spin,

hσ
1

j,j+1 := 2σ1,+
j σ1,−

j+1 + 2σ1,−
j σ1,+

j+1, (22)

hσ
2

j,j+1 := 2σ2,+
j σ−2,j+1 + 2σ2,−

j σ2,+
j+1 (23)

Note that the Hubbard Hamiltonian conserves the
numbers of spin-up and spin-down electrons, Mσ1 =∑n
j=1

1
2 (σ1,z

j + 1), Mσ2 =
∑n
j=1

1
2 (σ2,z

x + 1), [H,Nσ1,2 ] =
0.

We now continue for sake of being self-contain by
quickly reviewing the results of Refs. [32] and [33] on
the open Hubbard model where it has been shown that
there exists an infinite dimensional Lax operator seem-
ingly unrelated to the known one discovered by Shastry
[41].

All the following definitions are given as in Ref. [33].

Define S, Ś, S̀,T, T́, T̀ ∈ End(Ha ⊗ Hp), and X,Y ∈
End(Ha) (scalars over Hp), where Ha is an infi-
nite dimensional auxiliary space. We use labelling
the basis vectors of the auxiliary space as V =

{0+, 12
+
, 12
−
, 1−, 1+, 32

+
, 32
−
, 2−, 2+ . . .} so that[42] Ha =

lsp{|v〉; v ∈ V}. Introduce another definition, namely the
components Ss,Ts ∈ End(Ha), S =

∑
s∈{+,−0,z} S

sσ1,s,

T =
∑
s∈{+,−0,z}T

sσ2,s and likewise for Ś, S̀, T́, T̀.

Then S is given by the following matrix representa-

tions,

S+ =
√

2

∞∑
k=0

(
|k+〉〈k+

1

2

+

|+ |k+
1

2

−
〉〈k+1−|

)
, (24)

S− =
√

2

∞∑
k=0

(−1)k
(
|k+

1

2

+

〉〈k+|+ |k+1−〉〈k+
1

2

−
|
)
,

S0 =

∞∑
k=0

(
|2k+〉〈2k+|+ |2k+

1

2

+

〉〈2k+
1

2

+

|

+|2k+1−〉〈2k+1−|+ |2k+
1

2

−
〉〈2k+

1

2

−
|
)

+φ

∞∑
k=1

(
|2k− 1

2

+

〉〈2k− 1

2

+

|+ |2k−〉〈2k−|
)
,

Sz =

∞∑
k=1

(
|2k−1+〉〈2k−1+|+ |2k− 1

2

+

〉〈2k− 1

2

+

|

+|2k−〉〈2k−|+ |2k+
1

2

−
〉〈2k+

1

2

−
|
)

+φ

∞∑
k=0

(
|2k+

1

2

+

〉〈2k+
1

2

+

|+ |2k+1−〉〈2k+1−|
)
,

where φ ∈ C is a free parameter. Defining an opera-
tor G which interchanges spin species in physical space,
i.e., Gσ1,sG = σ2,s, Gσ2,sG = σ1,s and in the auxiliary

space operates as G|k±〉 := |k±〉, G|k+ 1
2

±〉 := |k+ 1
2

∓〉,
k ∈ Z+, T is given by T = GSG.

The operator X is given by,

X = |0+〉〈0+|+
∞∑
k=1

(−1)k
∑

ν,ν′∈{−,+}

|kν〉Xν,ν′

k 〈kν
′
| (25)

+ w

∞∑
k=0

(−1)k
(
|k+

1

2

+

〉〈k+
1

2

+

|+ |k+
1

2

−
〉〈k+

1

2

−
|
)
,

where Xk = {Xν,ν′

k }ν,ν′∈{−,+} are 2× 2 matrices

Xk(φ,w) =

(
−(w + ku)w 1− (w + ku)w(1− φ2)
−kuw 1− kuw(1− φ2),

)
.

(26)
and w ∈ C is another free parameter. The operator Y is
defined as,

Y = −2φu

∞∑
k=0

(
|k+〉〈k+|+ |k+1−〉〈k+1−|

)
. (27)

Demanding that X is invertible, that is w 6= 0, detXk 6=
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0, we may define implicitly,

Ś+X = −2
√

2

∞∑
k=1

(−1)kX+−
k |k

−〉〈k+
1

2

+

|, (28)

Ś−X = −2
√

2

∞∑
k=1

X−+k |k
+〉〈k− 1

2

−
|,

XS̀+ = 2
√

2

∞∑
k=1

(−1)kX+−
k |k−

1

2

−
〉〈k+|

XS̀− = −2
√

2

∞∑
k=1

X−+k |k+
1

2

+

〉〈k−|,

Ś0X = XS̀0 = 2

∞∑
k=1

(
w|2k−1+〉〈2k−1+| − w|2k−〉〈2k−|

−X++
2k−1|2k−

1

2

+

〉〈2k− 1

2

+

| −X−−2k |2k−
1

2

−
〉〈2k− 1

2

−
|
)

+2φ

∞∑
k=0

(
−w|2k+〉〈2k+|+X−−2k+1|2k+

1

2

−
〉〈2k+

1

2

−
|
)
,

ŚzX = XS̀z = 2

∞∑
k=0

(
w|2k+1−〉〈2k+1−| − w|2k+〉〈2k+|

+X++
2k |2k+

1

2

+

〉〈2k+
1

2

+

|+X−−2k+1|2k+
1

2

−
〉〈2k+

1

2

−
|
)

+2φ

∞∑
k=1

(
w|2k−1+〉〈2k−1+| −X−−2k |2k−

1

2

−
〉〈2k− 1

2

−
|
)
,

and finally

GŚG = T́, GS̀G = T̀, (29)

With these definitions (i.e., Eqs. 24 -29) it was shown
in [33] that the following relations hold (recall the defi-
nition in (23)),

[hσ
1

j,j+1,SjXSj+1] = ŚjXSj+1 − SjXS̀j+1, (30)

[hσ
2

j,j+1,TjXTj+1] = T́jXTj+1 −TjXT̀j+1, (31)

ST́ + TŚ− S̀T− T̀S = [Y − uσ1,zσ2,z,ST], (32)

[S,T] = 0, (33)

[X,Y] = 0., (34)

where the subscripts in Sj (Tj) indicate that they act
locally on spin site j of spin species 1 (2).

Define a Lax operator L and another operator which

will play the role of its ”derivative” L̃,

L = STX, (35)

L̃ =
1

2
(ST́ + TŚ + S̀T + T̀S− {Y,ST})X, (36)

Then using the above relations, Eqs. 30 - 34 and the
definition in (23), it can be shown that the so-called
Sutherland-Shastry relation holds,

[hj,j+1,LjLj+1] = (L̃j +YLj)Lj+1−Lj(L̃j+1 +Lj+1Y),
(37)

where hj,j+1 is the local energy density operator given
by (21).

Now define a central operator,

Ωn := 〈0+|L1(φ,w)L2(φ,w) · · ·Ln(φ,w)|0+〉. (38)

Through this operator we may calculate a quadratically
extensive [34] almost conserved charge,

Z1 = −i∂εΩn(φ = 0, w =
i

2
ε)

=

n−1∑
j=1

(σ1,+
j σ1,−

j+1 + σ2,+
j σ2,−

j+1)− 2u

j<k∑
j,k

(−1)j−kσ1,+
j

 k−1∏
t=j+1

σ1,z
t

σ1,−
k σ2,+

j

 k−1∏
t=j+1

σ2,z
t

σ2,−
k . (39)

By deriving the Sutherland-Shastry relation (37) and using definition (38) it can be shown that this operator Z is
indeed almost conserved,

[H,Z1] = −σ1,z
1 − σ

2,z
1 + σ1,z

n + σ2,z
n . (40)

Define an operator S which is a product of spin species 2 - flip P =
∏n
j=1 σ

2,x
j and the transformation u → −u,

S2 = 1. It is obvious that [H,S] = 0. Let,

Z2 = SZ1S =

n−1∑
j=1

(σ1,+
j σ1,−

j+1 + σ2,−
j σ2,+

j+1)− 2u

j<k∑
j,k

σ1,+
j

 k−1∏
t=j+1

σ1,z
t

σ1,−
k σ2,−

j

 k−1∏
t=j+1

σ2,z
t

σ2,+
k ,

and then by multiplying (40) from the left and the right by S we find,

[H,Z2] = −σ1,z
1 + σ2,z

1 + σ1,z
n − σ2,z

n . (41)
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This completes the review of the work [33] we need to
continue and now we can finally state and solve our prob-
lem. We will study driving of the Hubbard with a total
of eight Lindblad operators,

L1,+
d+

= σd,+1 L1,+
d−

= σd−1 (42)

Ln,−d+ = σd,+n L1,−
d−

= σd−n , (43)

where d = 1, 2 designates either spin species 1 or 2 with
appropriate driving parameters µ1,2. The rest of the
setup is defined in the previous section and the pertur-
bation expansion is the same as before (11).

The Hubbard Hamiltonian fulfils the parity symme-

try requirement (16) with P =
∏2
d=1

∏n
j=1 σ

d,x
j being a

global spin flip operator in the z-basis.
Clearly, the zeroth order solution is ρ(0) = 4−n1 and

the first order solution is given through the conserved
charges in (39). By applying the total dissipator D̂~χρ(0)
and using the algebraic condition (15) we find that the
solution to the first order equation (13) is,

ρ(1) =

2∑
d=1

c
(1)
d (Zd − Z†d), (44)

where,

c
(1)
1 = 1

4 (µ1 (cosχ1 + 1)− µ2 (cosχ2 + 1) (45)

− i (sinχ1 + sinχ2)),

c
(1)
2 = 1

4 (µ1 (cosχ1 + 1) + µ2 (cosχ2 + 1) (46)

− i (sinχ1 + sinχ2)).

Moving on to the second order equation,

(adH)ρ(2) + D̂~χρ(1) = λ(1)ρ(1), (47)

we recall that like for the XXZ spin chain [14] Z1,2 con-

tain no terms with factors σd,zj (d = 1, 2). We then only

need to check (47) for Zd ∈ {1, σd,+1,n , σ
d,−
1,n }. We take a

quadratic ansatz for the second order solution,

ρ(2) =
∑
j,k

(c
(2)
j,kZjZk+c

(2)

j†,k
Z†jZk+c

(2)

j,k†
ZjZ

†
k+c

(2)

j†,k†
Z†jZ

†
k).

(48)

The calculation for the second-order coefficients is now
straightforward, but tedious, and we can find the expres-

sions for the coefficients c
(2)
j,k, c

(2)

j†,k
, c

(2)

j,k†
, c

(2)

j†,k†
. They are

quite long and not directly relevant for the rest of the
discussion so we omit them here and instead will write
the explicit expression in Appendix V.

Like before this determines ρ(2) up to the addition
of conserved quantities Qk, where [H,Qk] = 0, that is,

ρ(2)
′

= ρ(2) +
∑
k αkQk. However, like in [15] they are

irrelevant because via the third order equation,

(adH)ρ(3) + D̂~χρ(2)
′

= λ(3)ρ(0) + λ(1)ρ(2)
′
, (49)

we find that,

λ(3) = tr(D̂~χρ(2)
′
− λ(1)ρ(2)

′
), (50)

and due to the form of the dissipator only terms of the

form O ∈ {1, (−σd,z1 + σd,zn )} in ρ(2)
′

can contribute to

(50). Now since (−σd,z1 +σd,zn ) ∈ Im adH for d = 1, 2 due
to the existence of a solution to the first order equation
(13) merely ρ(2) is sufficient to determine the third order
correction,

λ(3) =

2∑
d=1

(−µd−µd cosχd+i sinχd)tr[
(
−σd,z1 +σd,zn )ρ(2)

]
.

(51)
The full form of λ(3) is long and is given as Eq. (69) in the
appendix. Now let us finally turn to computing the third-
order correction to the current cumulants. Note that
there are two physically relevant currents we can study,
first the charge current (corresponding to setting χ =
χ1 = χ2 ) and secondly the spin current (corresponding
to setting χ = χ1 = −χ2 ). In the first case we have for
charge current for odd and even n,

〈
I2k−1(3),ch

〉
c

= −ε3
(µ1 + µ2)

((
9k − 9

) (
−8µ2µ1 + µ2

1

(
u2 + 8

)
+ µ2

2

(
u2 + 8

))
+ 6

(
9k − 1

) (
u2 + 4

))
384(2k − 1)!〈

I2k(3),ch

〉
c

= −ε3
(
9k − 1

) (
µ1µ2u

2 + µ2
1

(
u2 + 6

)
+ µ2

2

(
u2 + 6

)
+ u2 + 4

)
32(2k)!

. (52)

The spin current cumulants
〈
In(3),sp

〉
c

can be obtained

from the charge current ones simply by setting µ1 → −µ1

in (52). We plot them in Fig. 1.

It is interesting to note that if we set µ = µ1 = µ2

the charge current cumulants become quite similar to the
ones for the XXZ spin chain [15]. They only differ up to
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<Im(1),ch>c+<Im(3),ch>c
<Im(1),ch>c

1 2 3 4 5

0.05

0.10

0.15

0.20

m

<I
ch
m
> c

(a)

<Im(1),sp>c+<Im(3),sp>c
<Im(1),sp>c

1 2 3 4 50.00

0.05

0.10

0.15

0.20

m

<I
sp
m
> c

(b)

FIG. 1. The first five (a) charge and (b) spin current cu-
mulants for µ1 = µ2 = 1/3 at weak system-bath coupling
ε = 0.05 and intermediate interaction strength u = 2. Note
that the choice of µ1 = µ2 corresponds physically to the Lind-
blad jump operators taking in and putting out the same num-
ber of spin-up and spin-down fermions on average, which is
reflected in the fact that the odd cumulants are zero in (b).
The red (dashed) lines are the first order corrections and the
blue (full) ones are the third order ones.

a constant replacing u in (52). This reflects potentially a
deep symmetry connection between the two models. In-
deed, since the derivation only depended on the fact that

Z1,2 contain only terms of the form Zd ∈ {1, σd,+1,n , σ
d,−
1,n }

on sites 1 and n this could hint at a possible universal
result for this class of integrable models.

We can also calculate the charge and spin current con-
nected correlations using the explicit expression for λ(1)

and λ(3) (eqs. (18), and (69) in the appendix, respec-
tively) by using a generalization of (10) for multiple
counting fields,

〈Im1

d1
Im2

d2
Im3

d3
. . . I

mp
dp
〉
c

(53)

=
∂m1+m2+m3...mpλ(~χ)

∂(iχd1)m1∂(iχd2)m2∂(iχd3)m3 . . . ∂(iχdp)mp

∣∣∣
~χ→0

,

where in the case of two counting fields dk = 1, 2 and we
will again transform into the spin-charge picture using
χ1 = (χch +χsp)/2 and χ2 = (χch−χsp)/2. The first few
are,

〈IchIsp〉c = ε3
1

16

(
µ2
1 − µ2

2

) (
u2 + 6

)
+O(ε5), (54)〈

I2chIsp
〉
c

=
ε

4
(µ1 − µ2) (55)

+
ε3

128
(µ1 − µ2) [3µ2

1

(
u2 + 8

)
+ 3µ2

2

(
u2 + 8

)
+ 4µ1µ2

(
u2 + 6

)
+ 12u2 + 80] +O(ε5),

(56)

and,〈
IchI

2
sp

〉
c

=
ε

4
(µ1 + µ2) (57)

+
ε3

128
(µ1 + µ2) [3µ2

1

(
u2 + 8

)
+ 3µ2

2

(
u2 + 8

)
− 4µ1µ2

(
u2 + 6

)
+ 12u2 + 80] +O(ε5),〈

I2chI
2
sp

〉
c

=
ε

4
(58)

+
ε3

32

(
−2µ2

1

(
2u2 + 15

)
− 2µ2

2

(
2u2 + 15

)
− 3u2 − 20

)
+O(ε5).

The general expressions for arbitrary order correlations
between two currents ate given in appendix. One can
also calculate higher order connected correlations from
the expression for λ(1) and λ(3) (eqs. (18) and (69) in
the appendix, respectively, give the two-point connected
correlation functions).

IV. CONCLUSION

In this paper we generalized the results of Ref. [15]
for the full counting statistics of parity symmetric spin
systems in the weak-system bath coupling regime to mul-
tiple baths and spin species in the leading order. Then
later we calculated the the next-to-leading order for the
charge and spin current statistics for the case of the Hub-
bard model in the next-to-leading order, as well as the
charge-spin correlations. The leading order results do
not depend on the Hubbard interaction u (20), while the
next-to-leading order do. The form of the charge cur-
rent cumulants are similar to those in the XXZ case [15]
indicating a possible universal feature of these class of
integrable models. Based on recent work [16] likely do
not hold in the thermodynamic limit due to issues with
this perturbation expansion, however they should be ap-
plicable to finite size system. One would thus desire a
fully non-perturbative extension for the XXZ and the
Hubbard model, which currently remain elusive.
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V. APPENDIX: THE SECOND-ORDER
CORRECTION TO THE FULL COUNTING

STATISTICS OF THE OPEN HUBBARD MODEL

A. Explicit coefficients of the second order
correction to the counting eigenvector

Here we will write out the coefficient in the second-
order correction to the eigenvector corresponding to the
leading eigenvalue of the deformed Liouvillian of the open
Hubbard model Eq. (48) and the full form of the third-
order correction to the current cumulant generating func-
tion.

The coefficients multiplying operators which are not
conjugate transposed are,
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c1,2 =

1

4
cos
(χ2

2

)(
µ2 cos

(χ2

2

)
+ i sin

(χ2

2

))
(−iµ1 sinχ1 + iµ2 sinχ2 − cosχ1 + cosχ2) (59)

c2,1 =

1

64

{
24µ2

1

(
U2 + 2

)
cos4

(χ1

2

)
+ 4µ2 cos2

(χ2

2

)
[µ2{

(
3U2 + 2

)
(cosχ2 + 1)

− 4i sinχ2}+ 2i
(
3U2 + 2

)
sinχ2 + 4 cosχ1 − 8 cosχ2 + 4]

+ 4iµ1 sinχ1{2µ2 (cosχ2 + 1)

+ 3
(
U2 + 2

)
(cosχ1 + 1) + 2i sinχ2}+ 3

(
U2 + 2

)
cos (2χ1) +

(
3U2 + 2

)
cos (2χ2)

− 6U2 − 4i sin (2χ2) + 8i sinχ2 cosχ1 − 8
}

(60)

The mixed ones are,

c1†,1 =
1

16

(
µ1

(
1 + eiχ1

)
+ (µ2 + 1) eiχ2 + µ2 + eiχ1

)
{µ1 (cosχ1 + 1) + µ2 (cosχ2 + 1)

+ i (sinχ1 + sinχ2)} (61)

c1,1† =
1

16

{
− 1

2
µ2
1e
−2iχ1

(
1 + eiχ1

)3
+ µ2e

− 1
2 (iχ2) cos

(χ2

2

)
× {−2µ2 (cosχ2 + 1)− i (3 sinχ1 + sin (χ1 − χ2) + 3 sinχ2 + i) + cosχ1

+ cos (χ1 − χ2) + cosχ2}+ µ1e
− 1

2 i(χ1+2χ2) cos
(χ1

2

)
[(µ2 − 1)

(
−2− eiχ1

)
− (µ2 + 1) e2iχ2 + eiχ2

(
−µ2

(
3 + eiχ1

)
− 3i sinχ1 + cosχ1 + 1

)
] + {sinχ1

+ sinχ2} (sinχ1 + sinχ2 + i cosχ1 + i cosχ2)
}

(62)

c2†,2 =

1

16
e−iχ2

(
eiχ2

(
(µ1 + 1) eiχ1 + µ1 − µ2

)
− µ2 + 1

)
{−µ1 (cosχ1 + 1) + µ2 (cosχ2 + 1)

− i (sinχ1 − sinχ2)} (63)

c2,2† =
1

16
e−iχ1

(
µ1

(
−
(
1 + eiχ1

))
+ µ2e

iχ1 + (µ2 + 1) ei(χ1+χ2) + 1
)

× (µ1 (cosχ1 + 1)− µ2 (cosχ2 + 1) + i (sinχ1 − sinχ2)) , (64)

and,

c1,2† =
1

16
e−iχ1

(
µ1

(
1 + eiχ1

)
+ µ2e

iχ1 + (µ2 + 1) ei(χ1+χ2) − 1
)

× (−µ1 (cosχ1 + 1) + µ2 (cosχ2 + 1)− i (sinχ1 − sinχ2)) (65)

c2†,1 =
1

64

{
8µ2

2 cos3
(χ2

2

)((
3U2 + 4

)
cos
(χ2

2

)
− 2i sin

(χ2

2

))
+ 4µ1{µ1 cos2

(χ1

2

) ((
3U2 + 4

)
(cosχ1 + 1)− 2i sinχ1

)
+ 2 cos2

(χ1

2

) (
i
(
3U2 + 4

)
sinχ1 − 2 cosχ1 + cosχ2 + 1

)
− sinχ1 sinχ2}

+ 4µ2[iµ1 (sinχ1 + sinχ2 + sin (χ1 + χ2)) + cos2
(χ2

2

)
×
(
2i
(
3U2 + 4

)
sinχ2 − 4 cosχ2 + 2

)
+ cosχ1 + cos (χ1 + χ2)]− 2

(
3U2 + i sin (2χ1) + i sin (2χ2)− 2i sin (χ1 + χ2) + 4

)
+
(
3U2 + 4

)
cos (2χ1) +

(
3U2 + 4

)
cos (2χ2)

}
. (66)

Continuing,
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c1†,2 =
1

16
e−iχ1

(
µ1

(
−
(
1 + eiχ1

))
+ µ2e

iχ1 + (µ2 + 1) ei(χ1+χ2) + 1
)

× (µ1 (cosχ1 + 1) + µ2 (cosχ2 + 1) + i (sinχ1 − sinχ2)) , (67)

64c2,1† = 8µ2
2 cos3

(χ2

2

)((
3U2 + 4

)
cos
(χ2

2

)
− i sin

(χ2

2

))
+ 2µ1{µ1 cos2

(χ1

2

) ((
3U2 + 4

)
(cosχ1 + 1)− i sinχ1

)
+ 2 cos2

(χ1

2

) (
i
(
3U2 + 4

)
sinχ1 − 2 cosχ1 + cosχ2 + 1

)
− sinχ1 sinχ2}, (68)

where we set U = u/
√

2 and the rest of coefficients are
zero. Note that several pairs are similar in form, though

not exactly the same.
The full form of the third-order correction to the cu-

mulant generating function is given as,

λ(3) =
1

64
(iµ1 sinχ1 + iµ2 sinχ2 + cosχ1 + cosχ2) [−2µ2

1

(
u2 + 8

)
sin2 χ1 (69)

+4iµ1 sinχ1

(
−4iµ2 sinχ2 +

(
u2 + 8

)
cosχ2 − 4 cosχ2

)
−2µ2 sinχ2

((
u2 + 8

)
(µ2 sinχ2 − 2iχ1i cosχ2) + 8i cosχ1

)
+
(
u2 + 8

)
cos (2χ1)− 2

(
u2 + 8 cosχ1 cosχ2

)
+
(
u2 + 8

)
cos (2χ2)].

B. General spin-charge current correlations in the driven Hubbard model

We finally give the full form of the spin-charge current correlations. First the odd-odd ones,〈
I2k−1(3),chI

2m−1
(3),sp

〉
c

=

−ε3
(
µ2
1 − µ2

2

) (
u2
(
9k+m + 9k + 9m − 3

)
+ 72

(
9k − 1

))
256(2k − 1)!(2m− 1)!

,

then the even-odd ones,〈
I2k−1(3),chI

2m
(3),sp

〉
c

=

−ε3
(µ1 + µ2)

(
µ2
1

(
u2 + 8

) (
9k+m − 9

)
− µ2µ1

((
9k + 3

)
(9m − 1)u2 + 8

(
9k+m − 9

)))
32(2k − 1)!(2m)!

−ε3
(µ1 + µ2)

(
µ2
2

(
u2 + 8

) (
9k+m − 9

)
+ 3

(
u2
(
9k+m + 9k + 9m − 3

)
+ 8

(
9k+m − 1

)))
64(2k − 1)!(2m)!

, (70)

the odd-even ones can be obtained by setting µ2 → −µ2 and interchanging m and k, and the even-even ones are,〈
I2k(3),chI

2m
(3),sp

〉
c

=

−ε3
µ2
1

(
u2
(
32k+2m+1 + 9k + 9m − 5

)
+ 24

(
9k+m − 1

))
+ 2

((
u2 + 8

)
9k+m + 2 9ku2 − 3u2 − 8

)
32(2k)!(2m)!

−ε3
4µ1µ2u

2
(
9k − 9m

)
+ µ2

2

(
u2
(
32k+2m+1 + 9k + 9m − 5

)
+ 24

(
9k+m − 1

))
32(2k)!(2m)!

. (71)


