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We investigate the gravity-driven flow of a thin film of liquid metal on a conducting
conical substrate in the presence of a strong toroidal magnetic field (transverse to the
flow and parallel to the substrate). We solve the leading-order governing equations in
a physically relevant asymptotic limit to find the free-surface profile. We find that the
leading-order fluid flow rate is a non-monotonic bounded function of the film height, and
this can lead to singularities in the free surface profile. We perform a detailed stability
analysis and identify values of the relevant geometric, hydrodynamic and magnetic
parameters such that the flow is stable.
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1. Introduction

The flow of a liquid metal in the presence of a strong applied magnetic field is
described by magnetohydrodynamics (MHD), which couples Maxwell’s equations of
electromagnetism with the Navier—Stokes equations of hydrodynamics. MHD modelling
is ubiquitous in astrophysics for describing plasma, and has also been used widely to
model liquid metals in areas such as metallurgy (Davidson 1999, 2001), crystal growth
processes (Langlois & Lee 1983), pumps and power systems (Kantrowitz et al. 1962;
Weier et al. 2007), as well as for use within a tokamak, the vessel used to magnetically
confine a plasma (Fiflis et al. 2016). This latter scenario is the focus of the present study.

Matter produced from fusion reactions within a tokamak, as well as any impurities
that find their way to the plasma, are exhausted from the confined region and directed
towards a component known as the divertor. Due to the extreme heat load of the
impacting plasma, a solid surface can suffer severe surface damage, making its long-
term use infeasible. One promising solution is to maintain a constantly recycled thin
film of liquid metal (typically lithium) to cover and protect the solid substrate while
absorbing discharges from the plasma that can then be extracted and processed (see
Ono et al. 2017, and references within). The anticipated difficulties in maintaining a
specified stable liquid metal thickness and velocity (Gao et al. 2002; Morley et al. 2002)
have led many fusion projects to pursue a capillary-porous system (Golubchikov et al.
1996; Evtikhin et al. 1997). However, experimental evidence suggests that MHD flow
along a solid substrate is still a viable candidate (Fiflis et al. 2016).

Early fusion-related research into liquid metal flows placed great emphasis on MHD
flow through closed pipes and channels, with a uniform externally applied magnetic field
(Miiller & Biihler 2001). Michael (1953) first considered the stability of flow subject
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to co-planar perturbations of a parallel applied magnetic field. Stuart (1954) extended
the stability analysis to include perturbations to the velocity field and thus found
the critical Reynolds number of the flow for the onset of linear instability. Drazin
(1960) considered the same perturbation equations about different base velocity profiles
corresponding to half-jets and jets. Wooler (1961) extended the derivation in Stuart
(1954) to include a toroidal component of the applied magnetic field (parallel to the
substrate but perpendicular to the flow). Wooler (1961) and Sozou (1970) found that,
in the purely toroidal case, linearised perturbations are unaffected by the magnetic
field, and the critical Reynolds number is thus the same as for pure hydrodynamic
flow. Gotoh (1971) and Vorobev & Zikanov (2007) performed numerical analyses of
Stuart’s eigenvalue problem for both two- and three-dimensional disturbances. Falsaperla
et al. (2017) performed a similar numerical analysis for a co-planar field with a toroidal
component as well as heating from below, and discussed sufficient conditions for nonlinear
stability. Xu & Lan (2017) also examined the nonlinear stability of a shear flow subject
to a co-planar field with a toroidal component.

All of the above work has considered a parabolic flow profile with no free surface
in the presence of a constant applied field, but plasma-facing components must have
exposed free surfaces. Thin-film free-surface hydrodynamics and stability has a rich and
developed literature (Craster & Matar 2009; Oron et al. 1997; Myers 1998). Free-surface
MHD experiments with liquid metal have been performed since the beginnings of MHD
research (Nornberg et al. 2008; Alpher et al. 1960; Platacis et al. 2014) but precise
measurements are difficult to obtain. Free-surface MHD flows have also been modelled
(see Morley & Abdou 1995; Gao & Morley 2002; Morley & Abdou 1997; Morley &
Roberts 1996; Giannakis et al. 2009, and references within) and simulated numerically
(Morley et al. 2004; Miloshevsky & Hassanein 2010; Gao et al. 2002, 2003; Giannakis
et al. 2009a); however there is more ground to cover.

The impact of the surrounding plasma flow on the liquid metal film has been modelled
by Lunz & Howell (2018). In the present paper, we neglect such interaction and focus on
the dynamics and stability of a thin film of liquid metal flowing down a conical substrate
in the presence of a strong magnetic field that is transverse to the flow and parallel
to the substrate (see figure 1). Gao & Morley (2002) have studied a somewhat similar
problem, namely the linear stability of a steady free-surface flow in the presence of a
linearly varying applied magnetic field. We now briefly outline the approach and results
in Gao & Morley (2002), before explaining how the present study aims to extend and
improve on them, and on the previous literature.

The model in Gao & Morley (2002) is based on a planar geometry, and a transverse
magnetic field is imposed that varies linearly with position. The intention is to approx-
imate the true inverse radial variation of magnetic field in an axisymmetric geometry,
but the authors acknowledge that their linearly varying field is not curl-free and thus
introduces spurious unphysical currents outside the liquid metal. The idealised two-
dimensional geometry permits the existence of a fully developed unidirectional flow,
with the liquid velocity and the induced magnetic field both uniform in the direction of
motion. At small values of the Hartmann number (i.e. the normalised film thickness),
viscous effects dominate, and the fully-developed velocity reduces to a quadratic profile
characteristic of purely hydrodynamic flow. However, as the Hartmann number increases,
magnetic effects become increasingly important, and the velocity profile starts to exhibit
oscillations of increasing amplitude. A linear stability analysis is performed by perturbing
the unidirectional base state and simplifying the resulting linearised problem through
various ad hoc approximations. The solutions thus obtained suggest that, when the
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Reynolds number is sufficiently large, the flow exhibits a long-wave instability analogous
to the hydrodynamic instability identified by Yih (1963).

In the present paper, a genuinely axisymmetric geometry is considered, with a toroidal
magnetic field that satisfies Maxwell’s equations both inside and outside the flowing
liquid metal. We allow for a conducting substrate and a non-zero magnetic susceptibility
of the liquid metal: although the susceptibility is very small in practice, we find that it
can give rise to a non-negligible magnetic pressure when the applied magnetic field is
very strong. Furthermore, the inclusion of a small but nonzero magnetic susceptibility
exposes an inconsistency in the boundary conditions when an artificial external magnetic
field is imposed (as in Gao & Morley 2002). Like Gao & Morley (2002), we find that the
velocity profile becomes increasingly exotic as the film thickness increases, but we show
that such behaviour corresponds to unphysical solution branches that we suggest could
never be observed in practice.

Our paper thus aims to put the results of Gao & Morley (2002) on a firmer theoretical
footing, while elucidating when they may lack validity or self-consistency. However,
for non-zero Reynolds number, there is no fully-developed unidirectional flow in an
axisymmetric geometry, and on the face of it a linear stability analysis analogous to that
in Gao & Morley (2002) is not possible. Instead, we perform a multiple-scales stability
analysis of high-frequency disturbances in which inertial effects may be significant despite
the assumed smallness of the reduced Reynolds number. This approach results in an
Orr—Summerfeld-type problem analogous to that obtained in Gao & Morley (2002),
which we solve both asymptotically and numerically without introducing any artificial
approximations. We find that the coupling between the magnetic induction and the
flow may have a profound effect on the stability; in particular, there are regions of
parameter space where the long-wave hydrodynamic instability identified by Yih (1963)
is suppressed, resulting in a dramatic increase in the critical Reynolds number beyond
which the base flow is unstable.

The paper is organised as follows. In §2 we present the equations and boundary
conditions governing the flow of the liquid metal down a conical divertor in the presence
of a strong magnetic field. We then consider the leading-order system in the physically
relevant limit in which the liquid film is thin compared to the length of the divertor
substrate, and the induced field is much smaller than the applied field. Provided the
reduced Reynolds number is small enough for inertia effects to be negligible, these
assumptions allow us to obtain closed-form solutions for the velocity components and
the induced field. Steady and unsteady solutions of the resulting thin-film equation for
the film thickness are presented in §3. In §4 we analyse the stability of the free-surface flow
in the presence of high-frequency inertial perturbations. We conclude §4 with a detailed
description of the important physical implications of the stability analysis. Finally, in §5
we summarise and discuss our findings.

2. Model derivation
2.1. Governing equations and boundary conditions
2.1.1. Coordinate system

We consider the axisymmetric geometry sketched in figure 1. The liquid metal flows on
a conical substrate inclined at an angle 0 to the horizontal, and is subject to a magnetic
field B which acts purely in the azimuthal direction. We define coordinates (r,y, ¢) that
lie parallel and normal to the substrate as follows:

r(r,y,¢) = (rcosf + ysind)(icos ¢ + jsind) + (ycosd — rsind)k, (2.1)
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Figure 1: Schematic of the truncated conical divertor and free surface in the presence
of a toroidal applied field B. The Cartesian coordinate basis is (¢, 7, k), the cylindrical
coordinate basis is (R, ey, k), and the local divertor coordinate basis is (e,, ey, €4). The
inclination angle of the divertor to the horizontal is 6. Dashed lines lie in the same
horizontal plane.

- kinematic b.c.
- stress balance

- no slip
- no penetration

- electrically insulating )

Figure 2: Schematic of the effectively two-dimensional flow configuration.

where (¢,j,k) is the usual Cartesian coordinate basis. The coordinates (r,y,¢) are
orthogonal, with scale factors given by

or or or
—| =1 —| =1 —|=R 2.2a-
ar 3 8y ) 6¢ K ( a C)
where the distance from the central axis is denoted by
R=rcosf+ysinfd > 0. (2.3)

It is therefore straightforward to express the governing equations using the standard
formulae for orthogonal curvilinear coordinates (see, for example, Weber & Arfken 2004,
chapter 2).

2.1.2. Electromagnetic problem

The magnetic flux density B, electric field E and current J in a liquid metal flowing
with velocity w satisfy the pre-Maxwell equations, with negligible displacement current,
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and Ohm'’s law, namely

0B
V.-B =0, V x B=puJ =po(E+u x B), E:—VXE, (2.4a—¢)

where o and p denote conductivity and magnetic permeability, respectively. Elimination
of E from (2.4) reveals that B satisfies the induction equation
0B

EH—WB:VXWXBL (2.5)

where 7 = 1/(p0) is the magnetic diffusivity.

The formulation (2.5) removes the need to solve for the electric field or the current
in the bulk, but we retain FE and J for the moment while writing down the relevant
boundary conditions. In our problem there are three interfaces: between the substrate
and the space below, between the substrate and the liquid metal, and between the liquid
and the space above. At each such interface, we must impose continuity of the normal
components of the magnetic flux density and the current, and the tangential components
of the magnetic and electric fields, i.e.

[n-B] =0, [n-J)f=0 anBrzo [nxE]" =0, (2.6ad)
— ) — I /l B ’ — ’ :

where n is the unit normal to the interface. There is some redundancy in (2.6) when
self-consistent forms are used for B, J and E. However, we retain all four boundary
conditions for the moment to expose the inconsistency that occurs if one artificially
imposes an external magnetic field that does not satisfy Maxwell’s equations.

2.1.3. Fluid dynamics

The velocity u(r,t) and the pressure p(r,t) in the liquid satisfy the incompressible
Navier—Stokes equations with body force terms due to the gravitational acceleration
—gk and the Lorenz force, i.e.

V-u=0, (2.7a)

ot

where p and v denote the density and kinematic viscosity of the liquid.

At the fluid-substrate boundary y = 0, we impose the no-slip boundary condition
u = 0. At the free surface y = h(r, ¢,t) of the fluid, we have the usual kinematic and
dynamic boundary conditions, but with an additional surface traction due to the Maxwell
stress, i.e.

p (8u + (u- V)u) = —Vp+ pvV3u — pgk + J x B, (2.7b)

oh B (B-n)B |B|*n]"
a—&-u-V(h—y)—O, T -n+ p ~ o

= yun, (2.8a,b)

where + is the surface tension, » = V - n is the curvature of the surface, and
7 =—pl + pv (Vu+ Vu') (2.9)

is the viscous stress tensor.

2.1.4. Axisymmetric solution structure

We consider axisymmetric flow, with the velocity and pressure given by

u=u(r,y,t)e, +v(r,y,t)e,, p=p(r,y,t). (2.10a,b)
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We similarly assume that the free surface of the liquid is axisymmetric. The thickness
of the liquid metal film and of the underlying substrate are denoted by h(r,t) and h®,
respectively; thus the upper surface of the liquid and the lower surface of the substrate
are given by y = h(r,t) and y = —h®, respectively.

We note that, given the assumed symmetry of the geometry, both the induction
equation (2.5) and the magnetic boundary conditions (2.6a,c) are homogeneous in the er-
and ey-directions. It follows that a purely toroidal applied field (parallel to ey) induces
a purely toroidal field, and we therefore restrict our attention henceforth to magnetic
fields of the form

B = B(r,y,t)es. (2.11)

The corresponding two-dimensional configuration is sketched in figure 2.
Next we will spell out in detail how the governing equations and boundary conditions
(2.5)—(2.8) simplify in each region and on each interface in the problem.

2.1.5. Vacuum

Iny < —h® and y > h(r,t), we assume there is effectively free space, in which Maxwell’s
equations (2.4) reduce to V- B = 0 and V x B = 0, which can only be satisfied by
a magnetic flux density proportional to 1/R, where R is defined by equation (2.3). We
therefore set the external field to be
N BolL

B = B® = = 2.12
(ry) R rcosf + ysinf’ (2.12)

where L is a length-scale and By is a parameter measuring the field strength; in
principle By could be a function of time, but we will take it to be constant. The “applied
field” B“ is assumed to be given and, in practice, is generated by electromagnets some
distance from the divertor.

2.1.6. Liquid

In 0 < y < h(r,t), we seek solutions with axisymmetric velocity and magnetic flux
density given by equation (2.10a,b) and equation (2.11). Tt is also helpful to decompose
the magnetic flux density according to

B=(1+x)B"+ B, (2.13)

where B® is again the known applied field, given by equation (2.12), and x is the magnetic
susceptibility of the liquid. By substitution into equation (2.5), we find that the “induced
field” B? in the liquid satisfies the equation

o = [or (o ) + 5 (G (7))
2 [N B g 0 [0 B el

o 7 ~ Ry 7 ] . (2.14)

where 7 is the magnetic diffusivity of the liquid metal.
Next we write out the Navier—Stokes equations (2.7) with respect to our orthogonal
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coordinate system, namely

%(Ru)—f—(%(Rv) =0, (2.15a)
(22 ) [y (e o)
T pgsing — U Jif;jRBl - (RBY), (2.150)
(3 )- sl S0 )
~pgeosp— LTXNB B BaJFBZ (RBY). (2.15¢)

(I+x)mR 9y

Here the liquid permeability has been written as p = po(1l + x), where o is the
permeability of free space.

2.1.7. Substrate

In —h® < y < 0, the magnetic flux density satisfies the induction equation (2.5) with
u = 0 and n = n°, the magnetic diffusivity of the substrate. We substitute for B from
equation (2.11) and again decompose the toroidal magnetic flux component as follows:

B = (1+x%)B"+ B*, (2.16)

where x® is the magnetic susceptibility of the substrate. It then follows from equa-
tion (2.5) that the induced field B*® in the substrate satisfies the equation

0B To (18, ..\ 0 [(1d, .

2.1.8. Fluid—vacuum

Next we apply the boundary conditions (2.6) and (2.8) at the free surface y = h(r, t) of
the fluid. Given the axisymmetric geometry and purely toroidal magnetic field, the first
magnetic boundary condition (2.6a) is satisfied identically, and the next two conditions
(2.6b,¢) are both equivalent to

B +
[} =0. (2.18)

I

Upon decomposing the magnetic flux density according to (2.13), we find that equa-
tion (2.18) reduces to the condition

B'=0 aty=h(rt) (2.19)

on the induced field at the free surface. The final electromagnetic jump condition (2.6d)
provides an effective boundary condition for the electric field E in the vacuum above the
liquid, should one wish to calculate it.

We note here in passing that the ad hoc approach adopted by Gao & Morley (2002)
introduces spurious currents in the vacuum region y > h(r,t) and gives rise to an
irreconcilable inconsistency between the four electromagnetic boundary conditions (2.6),
except in the special case where the magnetic susceptibility x of the fluid is zero.

In component form, the fluid dynamic boundary conditions (2.8) at the free surface
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y = h(r,t) read
~ Oh oh

v = a —+ 'U,E. (220(1)
On\?| [ou  ov Oh [Ov  Ou
[1_(&>][&f+&l+2&“by_8J'_Q (2.200)
2 -1 2 a2
—n+20v |1+ @ @_2@ @—F@ + % @ = %+XB
pep or Oy or \Oy Or or) ar| 7 2p0
(2.20¢)

where the free surface curvature is given by

o2 "o 1 o2 oh
1+ (ar> ‘| ﬁ + E 1+ (87’) ] (COSH E — sm@) . (221)
2.1.9. Substrate—fluid

At y = 0, the current continuity condition in (2.6) is again satisfied identically, and
the remaining independent conditions for the magnetic flux density are

=

= , *— (RB"”) =n— (RB"), 2.22a,b
while the velocity satisfies the no-slip condition
u=7v=0. (2.23)
2.1.10. Substrate-vacuum
Finally, at the boundary y = —h® between the substrate and the vacuum below, the
boundary conditions (2.6a—c) all collapse to
B* =0. (2.24)

As in §2.1.8, the final condition (2.6d) just provides a boundary condition for the electric
field in the space below the substrate, should one wish to solve for it.

2.2. Leading-order dimensionless model

We now non-dimensionalise the equations and boundary conditions set out in §2.1
and then exploit the sizes of the relevant dimensionless parameters to simplify the
resulting model. We denote typical length- and thickness-scales for the film by L and H,
respectively, and assume that the aspect ratio ¢ = H/L is small. By balancing viscous
stress with gravity in equation (2.15¢), we infer a suitable velocity scale

2 : 9
[ Hgsind (2.25)
v
The variables are then non-dimensionalised as follows:
r=Lr", y==Hy, h=HHK, t=(L/U, (2.26a-d)
o 2¢2(1 BoL X
u=Uv', wv=eUv, p=pgLsinfp, B'= 6(+—X)90U BZ/, (2.26¢-h)
7 COS

before dropping the primes to reduce clutter.
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Parameter Symbol Value Range Unit
Density p (4.7 -5.2) x 10> kg/m?
Electrical conductivity o (2.7 - 4.0) x 10°  S/m
Kinematic viscosity v (0.6 - 1.1) x 107 m?/s
Surface tension v (3.4 -4.0) x 107" N/m
Magnetic permeability I 1.3 x 107° H/m
Magnetic susceptibility X 2.1 x107° -

Table 1: Material properties of liquid lithium in the temperature range 180-600°C (taken
from Davison 1968; Shimokawa et al. 1986).

The relevant dimensionless parameters are:

aspect ratio €= % =0 (10*4) , (2.27a)

Reynolds number  Re = ? = g’r’-l‘i%n@ =0(1), (2.270)
Hartmann number  Ha = BO’H\/;TV = 0(10), (2.27¢)

Bond number Bo = pg’Hism@ =0 (10*5) , (2.27d)

magnetic Reynolds number Rm = % = g'H;s;nG =0 (1075) . (2.27¢)

The estimated values have been calculated using the properties of liquid lithium listed
in table 1, along with a typical divertor length-scale I = 1m and film thickness
‘H = 0.1 mm, based on calculations from the fusion literature (Ono et al. 2017) that have
been established experimentally (Platacis et al. 2014). We also take a typical inclination
angle § = 0.1radians and applied magnetic field strength By = 1T. For the moment,
we neglect terms of order €2 and eRm (both of which are certainly very small) to get a
leading-order lubrication model.

The magnetic field in the substrate satisfies the leading-order version of equation (2.17),
namely

82Bis
—— =0 2.28
s =0 (228)
while the boundary conditions (2.22) and (2.24) reduce to
B =0 at y = —h®, (2.294)
B Bt oB' OB"

1—&—)(5:14—)(7 K Ay :"ay
where the substrate thickness h® has been normalised with the film thickness scaling H.
By eliminating B*, we deduce that the magnetic field in the liquid satisfies the effective
Robin boundary condition

at y =0, (2.29b,¢)

OB!
Jy

=aB' aty=0, (2.30)

where
o

- hsos’

a (2.31)
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The dimensionless parameter a allows us to interpolate between the extreme cases of a
perfectly insulating substrate (a — oo) and a perfectly conducting substrate (a — 0).
When terms of order €2, eRm and ¢ Ha?Rm are neglected, the r-component (2.15b)
of the momentum equation in the fluid layer reduces to
ou  Ou  Ou dp Pu 2¢2(1+x)?Ha*> 1 0 :
Re| —+u—+v—|=—7"4+14+—— - ——-"2-———— (rB"). (2.32
e <8t “or U8y> or oy? cos? 0 r2 or (rB'). (2320)
Similarly, neglecting terms of order €2, e3Re, eRm and €3 Ha?Rm in the y-component
equation (2.15¢) of the momentum equation, we obtain

op 2¢2(1 + x)*Ha® 1 0B;
— =—€cot - ——— — . 2.32b
Oy €eo cos2 6 r Oy ( )
The normal stress boundary condition (2.20¢) reduces to
e x(1+ x)eHa® 1
- _ A AT T gty = h(rt 2.33
P Bo 2Rmcos2f rz2 Y (1) (2:33a)
where
0*h 1 (Oh tan0
_ 1/0h 2.33b
T Ty <8r € > (2:330)

is the dimensionless curvature of the free surface. The pressure within the fluid layer is
thus found to be given by
3 2 2 2 2 4

e X+ ella” 1 +ecotO(h —y) — 2+ x) Ha E

Bo 2Rmcos?6 r?
The second term on the right-hand side of equation (2.32a) arises from the component
of gravity parallel to the substrate, and is here equal to 1 in dimensionless terms due to
the choice of the velocity scale (2.25). The same choice gives rise to the coefficient e cot ¢
multiplying the third term on the right-hand side of equation (2.33¢), which represents
the normalised coefficient of gravity perpendicular to the substrate.

In addition to a, we identify the other combinations of dimensionless parameters that
appear in the model as follows:

p= (2.33¢)

cos? 0 r

reduced Reynolds number Re* = eRe =0 (10_4) , (2.34a)
1 H
reduced Hartmann number 2\ = G(Jr# =0(107"), (2.34b)
cos
1 Ha®
magnetic stress parameter 8= % =0 (1072) , (2.34¢)
3
capillary parameter = ;— =0 (1077) , (2.34d)
0
geometrical parameter a =ecotf =0(107%). (2.34e)

The smallness of each of these parameter groups implies that the effects of inertia,
coupling between the magnetic field and the flow, magnetic stress effects at the free
surface, surface tension, and transverse gravity are all likely to be rather weak. We
note, though, that A? and B are proportional to By and to B3, respectively, and so
might become important at slightly higher applied magnetic field strengths. Both surface
tension and the transverse component of gravity can act as regularising influences, so we
will retain them in the model for the moment but neglect all except the highest derivative
term in the curvature s.
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In the limit where Re* — 0, our leading-order problem then reads
0’B! u

v =3 (2.35a)
1£f)+%—a (2.350)
_§;+4vfy ¢@¢y:1—a%§—%§+F%%, (2.35¢)

with boundary conditions
u=uv= 88?: —aB'=0 at y =0, (2.36a)
%Z:vf%f gi =B'=0 at y=h(rt). (2.360)

The four terms in the function ¢(r,t) defined in equation (2.35¢) represent, respectively,
the effects of gravity parallel and normal to the substrate, the magnetic contribution to
the pressure, and surface tension. In particular, $ measures the effect on the flow due to
a nonzero magnetic susceptibility x in the liquid. Although Y is usually very small, since
B scales with B2, this effect may still be significant when the applied field is sufficiently
strong. We note also that (provided x > 0), the magnetic pressure contribution always
acts in opposition to the gravitational body force, and could even drive flow up the
sloping substrate at large enough values of 3.

3. Thin film equation
3.1. Derivation and analysis

The problem (2.35) and (2.36) can readily be solved for u, v and B?. We normalise the
problem by defining

uryt) = HEU0GHO, Byt = 55 BYVHG,  (31ab)
where
y A A
Y == H=— = —. 2a-
2, =, (== (3:2a-c)

Then the governing equations (2.35) and boundary conditions (2.36) imply that U (Y")
and B(Y') satisfy the problem

CB U g
dB H du
U©) = d7Y(0) 7 B(0) = diY(U =B(1) =0, (3.3b)

explicit solutions of which are given in appendix A. In figure 3 we plot these scaled
solutions versus Y for various values of the scaled thickness H and the scaled field
strength (.

In figures 3(a) and 3(d) we observe that, for relatively small values of H, the normalised
magnetic field and velocity both increase with increasing H; the induced field remains
concave, with a global maximum in the interior of the film, and the velocity remains
monotonic with respect to the vertical position y. This behaviour is consistent with the
classical parabolic hydrodynamic flow profile, which is recovered in the limit H — 0.
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For larger values of H, as shown in figure 3(b), the velocity becomes non-monotonic and
increasingly oscillatory, and for sufficiently large H can even become negative within the
film. Meanwhile, the induced field becomes approximately constant in the interior of the
fluid, with magnetic forces balancing gravitational forces, while other effects manifest
only in thin boundary layers, as shown in figure 3(e).

Figure 3(f) shows that the value of ¢ has a pronounced effect on the induced field. This
behaviour reflects the boundary condition (3.3b) that interpolates between a perfectly
insulating substrate, with B(0) — 0 as ¢ — 0, and a perfectly conducting substrate, with
B'(0) — 0 as ¢ — oo. However, with H = 1, the magnitude of the induced field remains
rather small, and figure 3(c) shows that it has little influence on the velocity profile.

Having solved for u(r,y,t), we integrate the mass conservation equation (2.35b) and
apply the kinematic boundary conditions at ¥y = 0 and y = h to obtain an evolution
equation for the film thickness in the form

2oy 22 = 4
at + r 87' (TQDQ) O? (3 )
where ¢ is given by equation (2.35¢), and the flux function @ is defined by
i) = = [ (35)
Q(h;r) = / u(r,y,t) dy. 3.5
(»0(717 t) 0

Again, we find that a suitably normalised version of ) may be expressed purely in terms
of H and (, namely

1
W'°Q =1 [ U(y)ay = Fi.q), (3.6)
0
say. By substituting for U (Y") from appendix A and performing the integral, we find that
F' is given by
sinh2H —sin2H) + 3 cos 2H + 3 cosh2H — 8 cos H cosh H + 2
4[¢(cos 2H + cosh2H + 2) + sin2H + sinh 2H |

F(H, () = 2 (3.7)

For each fixed value of the parameter (, the scaled flux F'(H,() is a non-monotonic
function of the scaled thickness H, as shown in figure 4(a). Note that the scaling factor
al = A/r reflects the strength of the magnetic forces. As the film thickness tends to zero,
viscous forces dominate magnetic effects, and the classical lubrication theory result is
recovered, with

HS
F(H, () ~ 5 & H —0. (3.8a)

However, as the film thickness increases, the magnetic stress takes over, and the flux
ultimately becomes independent of H, with

1 1
FH () = -2+ —— H — oo. 3.8b
(H,Q) 4<+1+C> as %) (3.8b)
At intermediate values, F'(H, () is an oscillatory function of H. The first extremal value
of H, corresponding to the global maximum in F, is given as a function of ¢ by the
implicit relation

CiCOSQH7QSiHHSinhH72COSHCOShH+1 (3.9)

n 2 cos H sinh H + 2sin H cosh H ' ’

As shown by the dotted black curve in figure 4(b), as ¢ ranges from 0 to oo, the extremal
value of H increases monotonically from Hy to H,, where Hy ~ 2.284 and H., =~ 2.365
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Figure 3: Scaled velocity U (a—c) and induced magnetic field B (d—f) plotted versus
Y =y/h. In (a,b,d,e) we fix { =1 and vary H; in (c,f) we fix H = 1 and vary (.

are the first positive zeros of the numerator and denominator, respectively, of the right-
hand side of equation (3.9).

By substituting equation (3.9) into equation (3.7), we find that the maximum value of
F(H,() is given parametrically as a function of ¢ by (3.9) and

_sec H sinh H + tan H (sec H cosh H — 2)
= 1 ,
with H € (Hp, Hx). The relation (3.10) is plotted as a dotted curve in figure 4(a). To

max F(H) (3.10)
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Figure 4: (a) The normalised flux function F'(H,(), given by equation (3.7), plotted
versus H with ¢ € {0, 0.2, 1,5, co}; the dashed curves show the asymptotic limits (3.8)
and the dotted curve shows the locus of the maximum value of F', given implicitly by
equation (3.10). (b) The ({, H) parameter space. The dotted black curve shows the
maximising value H of the function F'(H,(), defined implicitly as a function of ¢ by
equation (3.9). The solid blue curve shows the boundary between parameter values where
the flow profile is monotonic or non-monotonic.

the left of this dotted curve, F' is an increasing function of H but, as H increases past its
extremal value, F' starts to decrease again and then to oscillate. We will argue below in
§3.2 that only the increasing branch of F' to the left of the dotted curve in figure 4(a) is
relevant and, therefore, that no physical solutions exist in the region of ({, H) parameter
space above the dotted curve in figure 4(b).

Figure 3(b) shows that the velocity profile becomes non-monotonic at larger values
of H; indeed the oscillations in the flow profile become increasingly dramatic as H
increases, and may even lead to flow reversal in the interior of the film. The solid blue
curve in figure 4(b) shows the boundary between regions of the ({, H) parameter space
where u(y) is monotonic or non-monotonic. We note that non-monotonic solutions occur
only for value of (¢, H) above the black dotted curve in figure 4(b), showing the value
of H that maximises F'. We will thus contend in the next section that, although similar
oscillatory flow profiles have been reported in the literature (Gao & Morley 2002), they
are unphysical and could never be observed in practice.

3.2. Steady states

We begin by letting all of the small parameters «, 8 and I' tend to zero so that
o(r,t) = 1. We also consider the divertor to occupy the dimensionless interval r € [1,2].
Steady solutions hg(r) of equation (3.4) are then given by

Q(ho(r);r) = 1, (3.11)

r

where the constant ¢ is set by specifying the inlet flux: Q|,=1 = ¢.
Differentiation of equation (3.11) with respect to r leads to

dho o | q oQ
5 = (ar+r2>/ah' (3.12)
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Figure 5: (a) The normalised r-derivative of the steady state solution hg(r), defined by
equation (3.13), plotted versus H with ¢ € {0, 0.2, 1, 5, co}. The black dotted lines show
the asymptotic behaviour as H — 0, namely 71H*/315 (( = 0), 176 H*/315 (¢ > 0).
(b) The right-hand side of equation (3.21) plotted versus H with ¢ € {0, 0.2, 1, 5, oo}.
The black dotted lines show the asymptotic behaviour as H — 0, namely
284H*/315 (( = 0), 704H*/315 (¢ > 0).

By differentiating equation (3.7), we find that

d y 4 AF—(COF/OC
T [log (rl Bho(r))} =-3 + THOF/OH (3.13)

where F'(H,() is the function defined in equation (3.7). This expression is uniformly
positive (see figure 5(a)), and it follows that ho(r) is a monotonic decreasing function
which is bounded above by ho(1)/r/3. However, as the imposed flux ¢ increases, so too
does the film thickness at the inlet, eventually approaching the maximum of @), where
0Q/ Oh = 0, so that the denominator of the equation (3.12) approaches zero and the free
surface forms a gradient singularity.

Solutions of equation (3.11) for ho(r) with various values of the parameters A, ¢ and ¢
are plotted in figures 6(a) to 6(c). In figure 6(a) we observe that increasing the normalised
field strength A causes higher free surfaces due to increased magnetic drag on the flow.
Figure 6(b) demonstrates that increasing the conductivity of the substrate (decreasing a)
likewise decreases the flow velocity and thus increases the film thickness. Finally, in
figure 6(c) we show the effects of increasing the flux, which acts to increase the film
thickness globally. Since both H and ( tend to zero, the viscous dominated behaviour
(3.80a) applies in the limit as » — oo, and thus equation (3.11) implies that

30\ /3
ho(r) ~ (f) as r — oo. (3.14)

This limit is plotted as the black dotted curves in figures 6(a) to 6(c). In each of
figures 6(a) and 6(b) the value of the flux ¢ is held constant, as a consequence of which
the free surface profiles all converge as r — oo.

Crucially, each of the solutions plotted in figures 6(a) to 6(c) exhibits a critical value
of A\, a, and ¢, respectively, at which a singularity forms in the free surface, associated
with 0Q/0h tending to zero at the inlet r = 1. Beyond each of these critical values,
no steady free surface profile exists along the full extent of the divertor. The origin of
the free-surface singularity may also be understood by considering the time-dependent
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Figure 6: (a—c) Steady free-surface solutions of equation (3.11) with the large-r limit
(3.14) overlaid as black dotted curves, and the corresponding velocity profiles. (d—f)
Snapshots of numerical simulations for the film thickness h(r, t), satisfying equation (3.4),
at the indicated times, with the time-dependent inlet flux given by equation (3.15).

problem (3.4). When ¢ = 1, equation (3.4) is a first-order nonlinear hyperbolic PDE, with
characteristics satisfying dr/dt = 0Q/ Oh. As the value of 9Q/ Oh at r = 1 changes sign,
the characteristics cease to point into the domain, and it becomes impossible to specify
the flux at the inlet.

Since, as shown in figure 4(a), @ is an oscillatory function of h, there may be further
regions of parameter space in which 9Q/ dh becomes positive again, but we now argue
that such branches cannot be physical. As shown above, ho(r) is a monotonic decreasing
function, and it follows that, as r increases, a singular point where 9@/ dh tends to zero
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is necessarily encountered within a finite (and in practice very small) extent, so there
still cannot exist steady solutions for an arbitrarily long divertor.

Therefore, when ¢ = 1, smooth steady profiles only exist in the “subcritical” region
of parameter space below the dotted black curve in figure 4(b). This constraint places
a strict bound on the value of @ (or, equivalently, h) imposed at the inlet. Importantly,
figure 4(b) demonstrates that the non-monotonic velocity profiles seen, for example, in
figure 3(b) occur for supercritical parameter values corresponding to unphysical steady
state solutions, and we therefore do not expect to observe such exotic profiles in the wild.

3.3. Unsteady solutions

In this section we consider unsteady solutions of the governing equation (3.4), again
neglecting the higher-order effects of transverse gravity and surface tension in the first
instance, so that ¢ = 1. We solve the resulting nonlinear hyperbolic equation numerically
using the Kurganov—Tadmor scheme (Kurganov & Tadmor 2000) with the parameter-free
Superbee limiter (Roe 1986). For the purposes of illustration, we initiate the simulation
at the steady state film profile, h(r,0) = ho(r) with specified flux ¢, and subsequently
perturb the inlet flux by one period of a sinusoid by applying the boundary condition

Q = q+ Asin(60¢)II(2r/60 —t) at r =1 for ¢t >0, (3.15)

where IT is the Heaviside function. The values of ¢ and A are chosen to ensure that
the criticality bound described in §3.2 is never exceeded, and the hyperbolic evolution
problem thus remains well posed for all time.

In figures 6(d) and 6(e) we plot the computed free surface profiles at various times
and for various values of ¢, A, A, and a. We observe that, despite the smooth profile
of the inlet perturbation, the free surface develops a sawtooth appearance, due to
wave steepening that results in the formation of shocks and rarefactions, typical of
nonlinear wave propagation. We also observe that either a higher field strength (larger \)
or a more conducting substrate (smaller a) slows the propagation of the disturbance
(in particular the higher free-surface heights), but does not necessarily lead to the
disturbance magnitude being damped. This is consistent with our observations for the
steady case where these two effects both lead to a higher free surface due to increased
drag.

Finally, in figure 6(f), we relax the assumption that ¢ = 1 to demonstrate how the
sharp sawtooth is regularised by small contributions of the higher-order effects; here
we reintroduce transverse gravity, by using small but nonzero values of the parameter
«, while still neglecting surface tension. When introducing higher-order derivatives, we
must impose the correct number of associated boundary conditions for the problem to be
well posed. In the simulations shown in figure 6(f), we impose the flux condition (3.15)
at the inlet and a passive zero-derivative boundary condition dh/9dr = 0 at the outlet
r = 2. The results show that more diffusion (larger ) does not change the propagation
speed but smooths the slope discontinuities and somewhat dampens the perturbation
magnitude.

3.4. Linear stability analysis

The simulations plotted in figures 6(d) to 6(f) display no growth of the perturbations
as they propagate downstream, suggesting that the steady state free-surface profile is
stable. We now investigate this behaviour analytically by looking at the linear stability
of the system. Let us suppose that the inlet flux at » = 1 is subject to small-amplitude
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time-harmonic fluctuations, so that
Q=q+de ¥ atr=1, (3.16)

where the frequency w is specified and 0 < § < 1. Since the coefficients of h vary in space
in the governing equation equation (3.4), we consider perturbations to the free-surface
profile of the form

h = ho(r) + Shy(r)e ", (3.17)

where ho(r) is the steady-state solution. Substituting equation (3.17) into equation (3.4)
and neglecting terms of O(62), we obtain the equation

1dhy  (0Q\'[ . 1d [ 0Q
subject to the boundary condition
-1
hy = (?’92) at r=1, (3.180)

where derivatives of @ are evaluated at (ho(r);r).
The solution of the problem (3.18) may be expressed in the form

ha(r) = (rgg(ho(r);r)>_lexp (iw /1 (?}g(ho(s);s)>_1ds> . (3.19)

The perturbation in equation (3.19) evidently comprises a spatially-dependent amplitude
function

|hi(r)| = (ri‘g(ho(r);r))_ , (3.20)

multiplied by an exponential oscillatory term which captures all the w-dependence and
has modulus 1. To explore the behaviour of the perturbation amplitude (3.20), we
compute

L tog (|hn/ho) = H

T (3.21)

& (4F —COF/dC
6H( H OF/0H )

where F' is again the expression given in equation (3.7). The expression on the right-hand
side of equation (3.21) is a positive increasing function of H, which tends to infinity as
H approaches the critical maximal value where 9Q/ dh = 0 (see figure 5(b)). We deduce
that, as r increases, the perturbation amplitude |h;(r)| decreases monotonically relative
to the leading-order film thickness hg(r), and therefore respects the upper bounds

|hy(1)]
ho(1)

The analysis of this section appears to show that there is no possibility of the steady
base state suffering a linear instability. However, our governing thin-film equation (3.4)
was derived by setting Re* = 0 and thus assuming that inertia effects are uniformly
negligible. In the next section, we perform a more detailed stability analysis that relaxes
this assumption.

7 (r)] <

(3.22)
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4. High-frequency stability analysis
4.1. Synopsis

We start by outlining the derivations and analysis to follow, to guide the reader
through the technical details. In §4.2 we perform a multiple-scales perturbation analysis
of the underlying equations (2.35) and (2.36) to produce a linearised system governing
small perturbations that act over sufficiently small space- and time-scales for inertial
effects to become important. We seek separable solutions in the form of harmonic
waves propagating in the r-direction, and thus ultimately obtain a generalised eigenvalue
problem that, in principle, determines the linearised wave-speed ¢ as a function of the
wave-number k. This eigenvalue problem is normalised in §4.3 to reduce the number
of independent parameters in the problem. Our focus then is on studying how the
normalised wave-speed ¢ depends on the normalised wave-number x. In particular, we
want to determine whether the imaginary part of ¢ is positive for any & € (0,00), in
which case the base state is linearly unstable. To this end, we analyse in detail the
limiting behaviours as k — 0 and as kK — oo in §8§4.4 and 4.5, respectively.

In the small-x limit, we find that there are two families of solution branches: §4.4.1
concerns the bounded branch, on which ¢ tends to a constant, while §4.4.2 concerns the
divergent branches, on which ¢ tends to infinity as k — 0. Our analysis reveals the
set of parameter values for which the steady base state is stable in the limit K — 0,
corresponding to arbitrarily long waves, thus generalising the hydrodynamic stability
analysis of Yih (1963). The corresponding large-x analysis in §4.5 establishes that, for
all parameter values, Im[c] is ultimately negative in the limit as kK — oo, and thus that
the base state is stable to perturbations with arbitrarily small wave-length.

A numerical approach to determine ¢ for any value of k is described in §4.6. We find
that the different solution branches identified in §4.4 may intersect and switch places,
and it is therefore necessary to track all relevant branches carefully as x is varied. For
certain parameter values, although the problem is predicted to be stable in the limits as
k — 0 and as K — oo, the sign of Im[x] may change at intermediate values of xk and thus
render the problem unstable to finite-wavelength perturbations.

Finally, in §4.7 we summarise the results of the stability analysis and explain their
real-world relevance. In particular, we show how the critical Reynolds number, below
which the steady base flow is stable, varies with the physical parameters in the problem.

4.2. Multiple-scales perturbation

Here we consider the stability of high-frequency disturbances on time- and length-
scales that are small enough for inertia effects to become significant, despite the smallness
of Re*. With the inertia terms reinstated, the thin-film problem (2.35) and (2.36) becomes

0’°B*  u
8y2 + T72 = 0, (410,)
10 v

ou ou ou 0%y B
* g\ = 4.1
fre (3t + u@r + Uﬁy) 0y? A r2 #(r: 1), (4.1¢)
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with boundary conditions

u:v:aaz —aB'=0 at y=0, (4.2a)
ou oh oh ;

— ) — — —y— =B = t = h(r,t). 4.2b
S-S p=0 at y=h (4.20)

Let ug(r,y), vo(r,y), Bo(r,y) and ho(r) refer to steady-state solutions of the leading-
order (inertia-free) model, as constructed in §3.2. We now perform a multiple-scales
perturbation about this base state, setting

u~ ug(r,y) + Re*uy (f',r,y,f) +oe (4.3a)
B’ ~ By(r,y) + Re*By (f,r,y,t) + -+, (4.30)
v~ g(r,y) + v1 (f,r,y,f) +oen (4.3¢)
h~ ho(r) + Re*hy (7, r,t) + -+, (4.3d)
where
F= é, = % (4.4a,b)

are fast length- and time-variables. We substitute (4.3) into equations (4.1) and (4.2) and
then take the asymptotic limit Re* — 0. To proceed, we have to decide how to decompose
the pressure gradient term ¢ in powers of Re*. Bearing in mind the relative typical sizes of
the parameters «, 3, I" and Re™ given in equation (2.34), and aiming to include transverse
gravity and surface tension at first order, we define ¢ ~ ¢o(r) + Re*p; (f, Y, f) + ey
with

203 . (dhg O L 9%h,
=1-— = — — I'——— 4.5a,b
%0 RN ¥1 @ < dr + oF + oF3 ’ (4.5a,b)
where
o . I
= —— I = . 4.6a,b
« Re*’ Re*g ( a, )

The leading-order governing equations and boundary conditions are satisfied identi-
cally, by construction. At O(Re*), we obtain the governing equations

8231 (751 ouq ovy

a7 T o + Dy 0, (4.7a)
= —d% - uo% - voaa—l;(), (4.7b)

and boundary conditions system (4.7) are
ulzvlzaa—il—aBlzo at y =0, (4.8a)
%?—i—i:;Jizl:Blﬁ—aaB;ohl:vl—aa]?—uoaa]?:O at y=ho(r). (4.8))

The inhomogeneous right-hand side of equation (4.7b) is a function only of the
slow variables (r,y), and may be eliminated by considering a particular integral
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{u1p(7,v), Bip(r,y)} satistying the boundary-value problem

2
3 Blp U1p

By 2 = 0, (4.9a)
82U1p 4 Bl dho 6’(1,0 3u0
— AN 2R = G —up— — vg—— 4.
o2 TN = hg s mwg s vy (4.90)

0By,
y

The system (4.9) is in effect an ODE problem that depends parametrically on r, and
in principle explicit, though unwieldy, solutions may be found for u;, and B;,. For our
purposes, it suffices to note that, since that the leading-order problem (3.3) is well-posed,
so too is (4.9), and by subtracting off the resulting particular integral, we can henceforth
focus on the homogeneous version of equation (4.7b) where the right-hand side is replaced
by zero.

The resulting problem is linear and autonomous in ¢ and 7, and depends only para-
metrically on r. We therefore suppress the dependence on r, for the moment, and seek
separable harmonic solutions of wave-number k and wave-speed c, that is,

u1p(r,0) = (r,0) —aByp(r,0) = (7‘, ho(r)) = Bip (r, ho(r)) =0. (4.9¢)

ur = uip + ﬁ(y)eik(’td), v = @(y)eik(f*cg), (4.10a,b)
By = By + B(y)e* (7<) hy = hek(i=ct), (4.10¢,d)
which results in the ODE problem
B a do

dy2 +r72 = d—y+1ku:0, (411&)

d d?a 4\t . .
ik(uofc)ﬁ+diy0@fd—;+r—23+ik<d+l“k2>h:0, (4.11b)
with boundary conditions
B 4
a:a:d—y—aBzo at y=0, (4.12q)
du ~  ~ dBy - .
d—Z—woh:B—l—d—yOh:ﬁ—ik(uo—c)h:O at y = hg. (4.12b)

The system (4.11) and (4.12) is similar to the linearised problem derived by Gao & Morley
(2002), except that (i) our geometry is axisymmetric, not two-dimensional; (ii) we have
included conductivity in the substrate; (iii) we do not artificially ignore the perturbation
B to the magnetic field.

We can eliminate @ and B from (4.11) and thus obtain a single ODE for 4(y), namely

d*o d?o ANt dPug . dikadt 4
d7y4+lk(07’lm)d7y2+ <T4+1kdy2) v+ r B(O) :0, (413)
which is subject to
oAb AP0,/ a0\ s . 4ikAAB(0)
b= =gk (a+Fk )h+T:O at y=0, (4.14a)
. d2d
0 —ik (ug —c) h = %—Hk(poh

4ik)t dBo )\ -
200 j = — ho. (4.14
= dy)h 0 at y=ho (4.14b)
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4.3. Normalised problem

We normalise the leading-order solutions ug and By using equations (3.1) and (3.2) as
in §3.1, and similarly scale the first-order problem as follows:

) dikaN*hiB(0) 22 ) 3
o(y) = _rizo V(Y), k= m K, & = pihia, (4.15a—¢)
- 4aN*H*B(0) ©o . _
h=———- = I'= @ghp!' T 4.15d-,
20 H, ¢ a2 G oo ( f)
We thus obtain the normalised equation
dty d2y d2U
— +ir(c —U)—— + (4H* +1i =1 4.1
g + ik(c u)dYQ + ( —|—1de2) V=1, (4.16)

which is analogous to equation (4.2) in Stuart (1954), albeit with a different form of the
base flow U(Y) and also with different boundary conditions, namely

dy d2y H?
V(0) = 50 = 552 (1) — ¢ —u V(1) =0, (4.17a)
a3y iH% (64 + H4fl<;2) ¢
ENE (0) — c—U(1) V() = H (4.17b)

In principle, the four boundary conditions (4.17) are sufficient to solve the ODE (4.16)
for V(Y), with the solution depending parametrically on the normalised wave-number x
and wave-speed ¢, as well as on the parameters H, (, &, and I'. The remaining boundary
condition

A3y dy

S (i (e —U) (1) =

dB()>dV (4.18)

crr2 f ~ 472

<1H n<a+H s ) 155 ()) T2
thus effectively provides an algebraic dispersion relation between ¢ and . The temporal
stability of the base state then depends on the imaginary part of c: if Im[xe] is pos-
itive for any real value of k, then the base state is linearly unstable; otherwise it is
linearly stable. Since the problem (4.16)—(4.18) is invariant under the transformation
{V,k,c} = {V,—k,¢} (where the bar denotes complex conjugation), in practice we can
restrict our attention to positive values of k.

For any given values of the parameters H, (, &, I, and the normalised wave-number &,
the generalised eigenvalue problem (4.16)—(4.18) gives an infinite set of possible values
for the wave-speed ¢, and we are interested in the one with the largest imaginary part.
Numerical solution of the problem is discussed below in §4.6, but first, to guide and
validate the numerics, we examine the asymptotic limits as the wave-number tends to
zero or to infinity.

4.4. Small wave-number limit
4.4.1. Bounded branch

We follow the approach of Yih (1963) to analyse the dispersion relation in the limit
as k — 0. We find that limiting solutions of (4.16)—(4.18) fall into two possible classes:
one in which ¢ is bounded and one in which ¢ scales with 1/ as K — 0. We begin by
analysing the former case. Since the first-order coefficients of « in equations (4.16)—(4.18)
are pure imaginary, we seek solutions for V and ¢ as asymptotic expansions of the form

V) ~ Vo(Y) + ik (V) + -, ¢~ o+ iRe oo (4.19a,b)
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where ¢y and ¢; are real. The steady base state is then stable or unstable, in the limit
k — 0, depending on whether ¢; is negative or positive, respectively.
At leading order, we obtain the problem

d*v, 4
7 A =1, (4.20)
subject to
S dVy AW ¢ d*W dB,  d*Vy ..
VO(O)—dT(O)— dyg( )—ﬁ— dyg( )+ 4dT,( )dy2( ) =0, (4.21)
and the leading-order wave-speed is then found from
co = U(1) + H*Vy(1) d2V0(1) (4.22)
0= 0 a2 b .
The solution of the boundary-value problem (4.20) and (4.21) may be written in the form
¢ o o
Y)=— U(Y,H)+H Y;H)-Y Y, H 4.2
() 4818%([{)[( VOV i) Y 2 v am)
OH |H?9Y3

where ¥ is the leading-order stream-function, defined by

Y
UV H) = /O U (¥) dv. (4.24)

By substituting (4.23) into (4.22), we find that the leading-order wave-speed is given

by
oF
¢ = TR (4.25)

where F(H,({) = H¥(1; H) is equivalent to the normalised flux defined in equation (3.7).
Thus the leading-order wave-speed is just the characteristic wave-speed of the underlying
hyperbolic equation (4.22), a result that is also consistent with the simple linearised
solution (3.19). The resulting behaviour of ¢y as a function of H for varying ¢ is plotted
in figure 7(a). Notably, the wave-speed is positive for physically relevant values of H, but
tends to zero as H approaches the critical value where 0Q/0H = 0.

The first-order problem reads

d*v d2V, d*u

4
av+t HAHVL = — (00 —U) 755 dy?2 — Vo5 dy2’ (4.26)
subject to
dv; A3V, H*aV,(1)
_ — _ = 4.2
Vl (0) dy ( ) dy3 ) o — U(l) 07 ( 70’)
d3V; dB . d?V; 5. d®Vy dVy

1)+4—(1 1) = H*a 1) — —-U(l)) —(1 4.27b

and the first correction to the wave-speed is then given by

a2V, d?Vy

¢ = <H2V1(1) — (co —U(1)) 7 (1)) /dy2 (1). (4.28)

It may be shown that the solutions for V; and ¢y can only vary affinely with the
stabilising gravitational parameter @, i.e. we can write

Vl(Y) = V170(Y) —+ ONéVLa(Y), €1 = CLQ + &CLQ, (429@,())
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Figure 7: (a) The leading-order wave-speed cgp; (b) the first-order wave-speed c¢; g
evaluated at @ = 0; (c) the coefficient ¢; ,, in the first-order wave-speed ¢1; (d) the critical
value of & for stability of long waves. All are plotted versus H for ¢ € {0, 0.2, 1, 5, oo},
with a grey dashed curve bounding the range of parameters where physical steady
solutions exist. In (b), the black circle indicates the ( — oo curve crossing the horizontal
axis at the critical value of H. In (d), the black dotted curve shows the asymptotic
behaviour & — 2/5 as H — 0.

and the coefficients ¢; o and ¢;,, may thus be solved for independently. The terms
proportional to & are relatively straightforward to evaluate, in the forms

1
~ 4H20B(0)/0H [
Cla = _HF(Ha C)a

V1Y) 4H?B(0)Vo(Y) — ¢ (Y)] (4.30a)

(4.300)

where F' is again the function defined by equation (3.7). Explicit solutions can also be
found for V; o and ¢; o, but they are too long-winded to reproduce here. The solutions
for ¢1 o and ¢; o are plotted versus H for various values of ¢ in figures 7(b) and 7(c).

The coefficient ¢; o may be positive or negative for physically relevant values of ¢
and H. We note for future reference that, in the limit { — oo, one can express ¢; o in the
form

¢1,0 = [cos(H)sinh(H) + sin(H) cosh(H)|G(H), (4.31)
where the function G(H) is finite for all H. We recall from §3.1 that the term in square
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brackets in equation (4.31) is zero when ¢ — oo and H is at its critical value where
0Q/0H = 0. It follows that, when ¢ — o0, corresponding to a perfectly conducting
substrate, ¢; o is zero precisely at the critical value of H. This behaviour is highlighted
by the black circle in figure 7(b): the curve corresponding to { — oo crosses the horizontal
axis precisely when it intersects the grey dashed curve which marks the critical value of H.

The coefficient ¢; o is always negative, as we would expect since transverse gravity
always has a stabilising effect. Therefore, the steady base state is stable if & is sufficiently
large, specifically if it exceeds a critical value &, = —¢1,0/¢1,a, Which is plotted in
figure 7(d). Intriguingly, we see that there is a range of parameter values for which d.g
is negative, and therefore for which the base state is stable to long-wave perturbations
regardless of the value of &. It thus appears that magnetic effects may be sufficient to
stabilise long waves even when there is no transverse component of gravity, in contrast
with the results of Yih (1963), which are recovered in the hydrodynamic limit H — 0.
However, we will see below in §4.6 that the picture changes when all values of x are
considered, and not just the limit x — 0.

4.4.2. Divergent solutions

Here we analyse the second class of solutions to the problem (4.16)—(4.18), in which ¢
diverges as Kk — 0, by posing the asymptotic expansions
o
V(Y) ~ VoY) +ikVi(Y) + -, CNJTH.... (4.32a,b)

This ansatz corresponds to perturbations proportional to e~°~'*, so that ¢_; represents

the limiting linear decay rate as k — 0. The leading-order problem then takes the form

d*Vy d2V, 4
e +co 2 +4H*YVy = 1, (4.33)
subject to the boundary conditions
oy Vo . d*W ¢ AW Vo

Vo(0)

~w O gm0 - = e regyM =0 (434

By solving the constant-coefficients equation (4.33) and applying the five boundary
conditions in equation (4.34), we obtain a functional relation between the leading-order
wave-speed ¢_; and the parameters H and (, which may be expressed in the form
(- (co1+2H?) (co1 —4H?) Ay sin Ay — (coy +4H?) (c-1 —2H?) A_sin A_
© 2H [16H* — (c_y + 2H?) (c—y — 4H?) cos Ay — (c—1 +4H?) (c_1 — 2H*) cos A_]’
(4.35a)

where we have introduced the shorthand

Ay =+/c_ £ 4H2. (4.35b)

There are three cases to consider: if ¢_; > 4H?, then A, and A_ are both real; if
—4H? < ¢_; < 4H?, then A_ becomes pure imaginary; and if c_; < —4H?, then both
Ay and A_ are pure imaginary. However, it may be shown that equation (4.35) returns
non-negative values of ¢ only when c¢_; > 0, so the final case can be discarded. In figure 8,
the blue and orange solid curves show (H,c_1) parameter values where the numerator
and the denominator of (4.35) are zero, respectively. These curves bound the shaded grey
regions corresponding to positive values of ¢, and the particular contours with ( = 1 are
picked out as black dotted curves. We conclude that, for any positive values of ¢ and
H, equation (4.35) admits a countably infinite spectrum of solutions for ¢_;. The nth
branch emerges from ¢ 1 — (n +1/2)%?7% as H — 0, with n = 0, 1, 2, ..., and indeed
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100 [

Figure 8: Limiting linear decay rate c¢_; versus normalised film thickness H. The grey
shaded regions indicates parameter values for which (4.35) gives positive values of ¢,
bounded below by the solid blue curves where ( = 0 and above by the solid orange
curves where ¢ — o0o. The black dotted curves show contours where ¢ = 1.

every branch satisfies ¢_; > 72 /4. It follows that our system has an infinite set of solution
branches where the wave-speed diverges like 1/k as k — 0, but that each of them has
positive decay rate and so is exponentially damped.

4.5. Large wave-number limit

It is clear that surface tension, characterised by the parameter 1:’, must ultimately
dominate and stabilise the problem if the wave-number x is sufficiently large. However,
we are interested in the “worst-case scenario” where surface tension is negligible, and
the question of whether the problem is stable even in its absence. To corroborate the
numerical results presented below, we now consider the asymptotic limit as x — oo with I”
set to zero. Before proceeding with the asymptotic analysis, we first note that integration
of equation (4.16) with respect to Y and application of the boundary conditions (4.17)
leads to the identity

AH?B'(0)V(1) _ -

i % (4.36)

1
4H* / V(Y)dy —
0

We seek an outer solution for V by taking the limit £ — oo in equation (4.16), resulting
in
a2y du

(c=Ugyz + gy

V=0("). (4.37)

Evidently the order of equation (4.16) has been reduced by two, so this is a singular
perturbation. However, the boundary conditions (4.17) and (4.18) at ¥ = 1 may be
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expressed in the forms

[c—u(1)]%(1) — H?V(1) =0, (4.38a)
e — u()] %(1) - HQdSYZ (1) = 0(x), (4.385)
[c—u(1)}2%(1) —H'av(1)=0(x""), (4.38¢)

and, recalling that &” (1) = —H?, we find that two of the three conditions in (4.38) are
satisfied identically by solutions of the outer problem equation (4.37) up to O (nfl). As
a consequence of this redundancy, there is no boundary layer at ¥ = 1, and we apply
(4.38) directly to the outer problem (4.37).

Now we substitute the asymptotic expansions

VY) ~ Voo (V) 4+ 5~V V00 (V) + - - ¢~ too +h 2000t 40 (4.39a,b)
into equation (4.37). The leading-order equation may be integrated once to give
AV AU
(coc — L{)—dy + b Voo = A1, (4.40)

where A; is an integration constant. As we will see below, matching with the boundary
layer at Y = 0 requires V. (0) to be zero. Following one further integration with respect
to Y, we thus find the leading-order outer solution in the form

Y
VoY) = Ay [ene —U(Y)]/o [ch(n)]?'

Using the leading-order solution (4.41), we find that (as anticipated) (4.38) collapses
to a single relation

(4.41)

H*'aVy(1 ! ay
Ay = V) H4dA1/ B — (4.42)
Coo —U(1) 0 [too —U(Y)]
For non-trivial solutions, we must therefore have
1
Y
H4d/ d72 =1, (4.43)
0 [eee —UY)]

which determines the leading-order wave-speed ¢, as k — oo, as a function of &, H
and ¢. The amplitude A; remains undetermined by equation (4.42) but may in principle
be found by substituting (4.41) into the identity (4.36).
Equation (4.43) admits real roots for the limiting wave-speed c,. To determine the
stability, we must therefore proceed to O (H_l/ 2) in (4.37), obtaining
dy, AVoor  dU

S _ — = A 4.44
Cool ay +(coo u) dy +dY Vool 2, ( )

where A, is another integration constant. By integrating once more with respect to Y,
we find that the first correction to the outer solution takes the form
Vool(Y) o Vool(O) n Coolvoo(Y)

Co ~UY) oo e —UY)]?

Y dan Y dn
Az — 5 — 2614y — 3 ‘&
i /0 (e — U ()] * /0 (e — U ()] o)
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where V1 (0) remains to be determined through asymptotic matching with the boundary
layer at Y = 0.
To this end, we perform the scalings

Y =r"12Y, VYY) =r"2V(Y), (4.46a,b)
transforming the governing equation (4.16) into
aty 42V
YV .Y o (;-;—1/2) , (4.47)
v+ dy2
subject to
. dy .
V= 1} =0 atY =0. (4.48)
dy

By matching with the leading-order outer solution (4.41) (and verifying a posteriori our
supposition that Vo (0) = 0), we obtain the leading-order inner solution

vy~ 2y - 02D (1_e—<wm)], (4.49)

where ¢oo = %[t |. By expanding (4.49) as ¥ — oo, we obtain the matching condition
(i+1)A4;
V2 |coo|3/2'

Again at O (m_l/Q), the three boundary conditions (4.38) at Y = 1 collapse to a single
relation, namely

o1 A1 + [coo —U(1)] Az = H*aVoor (1). (4.51)

The right-hand side of equation (4.51) is evaluated using the O (H_l/ 2) outer solution
(4.45). Again we find that the amplitude Ay drops out (although it could in principle
be calculated using (4.36)), and we obtain the following expression for the first-order

wave-speed
(it1)
Cool = ( / (4.52)
23/2\c 0/2 ‘coo — Uy

For given positive values of H, ¢ and &, equation (4.43) admlts two possible real roots
for c¢oo: one positive, with ¢s, > U(1), and one negative. The first correction to each
solution is then found by substituting ¢, into equation (4.52). For the positive root, we
plot ¢ —U(1) and —Im [co1] versus & with ¢ = 1 and various values of H in figures 9(a)
and 9(b), respectively. The dotted lines show the asymptotic limits

H2
oo ~UL) + - (n@)?/? as @ — 0, (4.53a)
_(i+1)x*3HS

Coo a°/3 as & — 0, 4.53b
1~ EN-TEE ( )

oo ~ H?Va + %, as @& — oo, (4.53¢)
i+ 1)H SF(H
Cool ~ —(I;LTQ) allt— % a1/ as @ — oo. (4.534d)

Evidently, the leading-order wave-speed increases monotonically from (1) to +o0o as &
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Figure 9: The leading-order (a,c) and first-order (b,d) wave-speeds in the short wave-
length limit x — oo plotted versus the gravitational parameter & with ( = 1 and

H € {0.5,1,1.5,2}, for the positive (a,b) and negative (c,d) roots of (4.43). The dotted
lines show the asymptotic limits (4.53) and (4.54).

increases. Meanwhile, the correction ¢.,; always has negative imaginary part, although
it tends to zero as & — 0.

In figures 9(c) and 9(d), with the same values of ¢ and H, we plot —c¢o, and —Im [cco1]
versus & for the negative root of equation (4.43). The dotted lines show the asymptotic
limits

H4
Coo ™~ “w) a, as a—0, (4.54a)
(i—1)uU'(0)3/? _

Cool ~ — as a—0, 4.54b
' H>\24 (4.540)
F(H
(oo ~ —H*Va + %, as & — 0o, (4.54c¢)
i—1)H 5F(H
(= DH |21 + SF(H,C) o174 as @ — oo. (4.54d)

Cool ™~ — 93/2 2H3

This time we see that ¢, decreases from 0 to —oco as & increases. The imaginary part
of the first correction ¢,,; has a rather complicated dependence on ¢ and H, but always
remains negative, tending to —oo both as & — 0 and as & — oo.
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For each of the roots depicted in figure 9, the limiting wave-speed ¢, as K — oo is purely
real, and the first correction ¢ always has negative imaginary part. We conclude that
the base state is indeed stable to large wave-number disturbances. However, figure 9(b)
shows that, for the positive root ¢,,, the magnitude of ¢ tends to zero as &@ — 0,
and consequently we will find that increasingly large values of the wave-number k are
required for the behaviour (4.39) to emerge when & is small.

4.6. Numerical solution for arbitrary wave-number

We now pursue numerical solutions of the problem (4.16)—(4.18) for arbitrary values
of the wave-number . Let us introduce the fourth-order differential operator £, defined
by writing equation (4.16) as L£[V] = 1. Then for any given x we consider the particular
solutions V!, V2, and V3 satisfying

av! a2yt a3yt

LV =1, V0) = dT/( = W( = W(O) =0, (4.550)
dy? d2y? d3y?

‘C[VQ] = 07 VQ(O) = dT(O) = W(O) = 0, W(O) = 1, (455b)
dy3 d3y3 d2y3

Ly’ =0, V(0) = 5 (0) = 55 (00 =0, 5 (0)=1 (4.55¢)

Note that the operator £ depends on k, which we take as given, and on ¢, which at this
stage we guess, say ¢(k) = ¢;. Given the values of x and ¢, it is straightforward to solve
the initial-value problems (4.55) for the particular solutions V7. Any combination of the
form V = V! + V% + ¢3V3 then solves the original equation (4.16), and the boundary
conditions (4.17) can be satisfied by an appropriate choice of the constants co and cs.
The remaining auxiliary boundary condition (4.18) is then the residual we seek to bring
to zero, and thus this procedure reduces to a complex root-finding process for c¢;.

For each set of parameters {H ,C, @, r } and each value of the wave-number k, we are
interested in the root for ¢ with the largest imaginary part, corresponding to the most
unstable perturbation mode. The analysis from §4.4 is used to initialise the root-finding
at small values of x, and continuation is then used to track individual branches of ¢(x)
over a range of values of x. However, we will see that the values of Im[c] on different
solution branches may cross as k is varied. We therefore also discover distinct branches
using deflation (Farrell et al. 2015): having found one root of our residual function, say
¢(k) = ¢1, we next seek a root of the deflated residual, given by multiplying the residual
function by (1 + |¢(k) — c1]72).

The procedure outlined above effectively reduces the original problem in equa-
tions (4.16)—(4.18) to three initial-value problems along with an auxiliary root-finding
procedure, which can be implemented using any standard ordinary differential equation
solver and numerical root finder. We used Mathematica’s NDSolve and FindRoot
routines (Wolfram Research, Inc. 2018).

We first verify that the results of the numerical procedure outlined above are consistent
with the asymptotic predictions from §§4.4 and 4.5. In figure 10(a), we show numerically
computed solutions for Re[c] and Im[¢] on the bounded branch of the dispersion relation
for ¢(x), with the parameters H = ¢ = 1 and I = 0 held fixed while the value of & is
varied. The black dotted lines demonstrate that Re[c] approaches the value predicted by
(4.25) and Im[c] tends to zero, with limiting gradient as predicted by (4.28).

In figure 10(b) we explore in more detail the behaviour for small values of & close
to the critical value e ~ 0.09 when H = ¢ = 1 (see figure 7(d)). As predicted, the
gradient of Im[c(k)] at k = 0 becomes negative, and long waves are thus stabilised, when
& > aeo. However, we observe that there is a range of values of & such that Im[c] is
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Figure 10: The bounded branch of ¢ plotted versus x, computed numerically by solution
of (4.16)—(4.18) with H = ¢ = 1. In (a), solid curves show Im[¢], dashed curves show
Relc]. The black dotted curves show the small-x asymptotic behaviour predicted by (4.25)
and (4.28).
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Figure 11: The linear growth rate, kIm|c|, plotted versus s for the divergent solution
branches, computed numerically by solution of (4.16)—(4.18) with & = I"' =0 and ¢ = 1.
(a) The divergent branch with minimal ¢_; and varying H. (b) The first five divergent
branches with H = 1. The black dotted lines show the small-x asymptotic behaviour
predicted by (4.35).
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Figure 12: Numerically computed dispersion relation between ¢ and «, with H = ( =1,
I'=0and & € {1,2,3,5,7,10}. (a—c) show the bounded branch, while (d-f) show the
first divergent branch. The large-x predictions given by (4.43) and (4.52) are shown as
black dashed curves. In (c) and (f) we confirm that the errors in (b) and (e), respectively,
scale with 1/k as k — co.

negative as k — 0 but changes sign as x increases. From §4.5, we know that Im|[c] must
ultimately become negative again at sufficiently large x but, nevertheless, there is a range
of intermediate values of x for which Im[c] > 0. For such parameter values, the problem
is unstable although the small-x asymptotic analysis from §4.4.1 predicts otherwise, and
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Figure 13: Numerically computed dispersion relations computed with I = 0, =1, and
various values of H and &. Branches bounded as k — 0 are plotted as solid curves, while
the divergent branches appear as dashed curves. In both cases, we observe a bifurcation
whereby the behaviours for large s interchange between the bounded branch and the
first divergent branch.
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Figure 14: The critical value &, of the gravitational parameter & for stability of the
base state to all wave-numbers, plotted versus H with I' =0 and varying €. (a) ¢ €
{0,0.2,1,5,00}. (b) ¢ € {0,1,00}, with the long-wave analogue a.o for stability in the
limit Kk — 0 shown by the dashed curves.

the critical value @, is therefore larger than the small-x value a.. We will show below
how figure 7(d) is modified when all wave-numbers x are taken into account, and not
just the limit as k — 0.

Figure 10(c) illustrates the stabilising influence of surface tension, measured by the
parameter I. Increasing the value of r rapidly damps high wave-numbers, as expected,
but does not affect the behaviour as k — 0: only transverse gravity is able to counteract
the long-wave instability.

In figure 11 we explore the behaviour of the divergent branches as k — 0. In figure 11(a)
we plot the linear growth rate xIm[c(x)] versus « for the first divergent branch (i.e. with
smallest value of ¢_1) with a variety of H values, while, in figure 11(b), we fix H = 1 and
plot the first five divergent branches. In all cases, we observe excellent agreement with
the small-x asymptotic approximations given by (4.35) (shown as black dotted lines),
over a surprisingly wide range of values of k.
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In figure 12, we show the behaviours of Re[c] and Im[c] at large values of k, with H = 1,
¢ =1, I' = 0 and various values of &. The large-« predictions given by (4.43) and (4.52)
are shown as black dashed curves. Figures 12(a) and 12(d) demonstrate that the values of
Re[c] on the bounded and divergent branches approach the positive and negative roots ¢,
of equation (4.43), respectively. Figures 12(b) and 12(e) show the corresponding values of
Im[c], which appear to tend slowly towards the predicted behaviour Im[cqo ]k~ /2, with
(o1 given by equation (4.52). Figures 12(c) and 12(f) demonstrate that the numerical and
asymptotic results do indeed converge, with the discrepancy between them scaling with
1/k as k — co. As shown in §4.5, the coefficient ¢oo; of £71/2 in the large-s asymptotic
expansion of ¢ may be rather small when & is small, while figures 12(c) and 12(f) suggest
that the coefficient of x~! is relatively insensitive to the value of &. It follows that
increasingly large values of & need to be used to observe the predicted x~!/2? behaviour
of Im[c] when & is small. This is even more the case for the higher divergent solution
branches, on which, as seen in figure 11(b) and explained in §4.4.2, the coefficient ¢_; can
be tens or hundreds of times larger than the minimal value, requiring s to be hundreds
or thousands of times larger for the solution to converge to the large-x regime.

Having verified that our numerical results reproduce the asymptotic predictions for the
various solution branches as k — 0 and as k — 00, we are ready to investigate numerically
how these branches are connected via intermediate . For example, in figure 12 the
branches with ¢, > U(1) as K — oo all correspond to branches with bounded imaginary
part as k — 0, while the branches with ¢, < 0 as Kk — oo all correspond to branches
with divergent imaginary part as x — 0. However, this is not always the case: figure 13
illustrates a bifurcation that occurs whereby the bounded and divergent solution branches
exchange their tails at an intermediate value of k.

Consider the blue solid curve in figure 13(a), showing the bounded branch of Im[c(k)]
with ¢ = 1, I’ = @ = 0 and H = 1.45. Figure 7(d) shows that . < 0 when
(¢, H) = (1,1.45), and the bounded branch for Im[c] is therefore negative for 0 < k < 1.
However, we see that Im[c] subsequently starts to increase and eventually becomes
positive, so that the base state is stable to very long waves but unstable to an intermediate
range of wave-numbers. Meanwhile, the corresponding divergent branch, indicated as the
blue dashed curve, remains below the bounded branch, with Im[c] < 0 for all «.

In contrast, the solid orange curve in figure 13(a) shows that the bounded branch of
Im[c(k)] at the slightly larger value of H = 1.5 remains negative for all £ > 0. This time
it is the first divergent branch of Im[c()], indicated by the orange dashed curve, which
increases and becomes positive. A bifurcation has occurred at some value of H between
1.45 and 1.5 which swaps the connections between the asymptotic behaviours of the two
branches as k — 0 and as kK — oo. It is because of this bifurcation that we must take
care to compute all the relevant solution branches: had we followed only the bounded
branch, we would have erroneously concluded that the base state with H = 1.5 is stable
to all wave-numbers.

An analogous bifurcation in the dependence of Re[c] on & is shown in figure 13(b), with
¢(=1,I=0and &= 1. For H = 1.35 the real part of the bounded branch (plotted as a
blue solid curve) tends to the positive root of (4.43) for large x, and the divergent branch
(blue dashed) to the corresponding negative root. Following the bifurcation, for H = 1.55,
these behaviours are interchanged, and the bounded branch (yellow solid) connects to
negative ¢, for large k, while the divergent branch (yellow dashed) has positive real part
for all .
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4.7. Summary

Here we summarise the results of this section, compare them with the pure hydrody-
namic version of the problem analysed by Yih (1963), and highlight their central physical
implications. As above, let us neglect surface tension in the first instance, so that the
normalised problem is characterised by the three parameters H, ( and &. By reversing
the scalings (4.15), (4.6) and (2.34), we can express & in terms of physical parameters in
the form

- cot cot

a= ZBRe ~ Rer’ (4.56)
say. Thus the dependence of the stability behaviour on & may alternatively be thought
of in terms of the “local” Reynolds number Rer..

The base flow is stable in the limit k — 0 if & exceeds the critical value G.o(H, (). As
shown in figure 7(d), there is a region of (H, () parameter space where d.o is negative,
and the flow is therefore stable in the long-wave limit for all values of &, i.e. for all
Reynolds numbers. In contrast, as shown by Yih (1963), the pure hydrodynamic flow
is always unstable in the limit x — 0 if the Reynolds number is sufficiently large, so
the stable region implied by figure 7(d) must be attributed to the stabilising effects of
magnetic coupling with the flow. We note in addition that the simplified theory of Gao
& Morley (2002), which artificially neglects coupling between the perturbations in the
flow and in the magnetic field, likewise predicts that the flow is always unstable in the
limit kK — 0 at sufficiently high Reynolds numbers.

Bearing in mind the possible bifurcation behaviour shown in figure 13, we can now use
the numerical approach described in §4.6 to trace all relevant branches of ¢(k) and thus
determine the stability of the base state to disturbances of arbitrary wave-number. Again
we find that, for each set of values of (H, (), there is a critical value &.(H, () such that
the flow is stable for & > @.. The resulting stability diagram, generalising figure 7(d) to
consider all wave-numbers, is shown in figure 14(a), where we plot &, versus H for various
fixed values of ¢. For comparison, in figure 14(b) we plot &, alongside the corresponding
small-x limiting value & (for a smaller set of ¢ values, to avoid over-cluttering). We
already know from figure 7(d) that &g is negative for some values of H and (, but
figure 14 shows that &. always remains positive. Thus, although there is a region of
(H, ) parameter space where long waves are stable for all values of &, when all wave-
numbers are considered, the base state is always unstable if the Reynolds number is
sufficiently large, specifically if

REL > 1
cot = a.(H, ()

(4.57)

For small values of H, the most dangerous modes are those with x — 0, and the curves
for a. and &g therefore converge. In particular, the maximum value of &, is still 2/5, so
the flow is stable for all (H, () if the local Reynolds number satisfies the criterion of Yih
(1963):

ReL 5

cot 6 <3
This observation is important, because the values of H and { are not fixed in advance
but decrease slowly with r along the length of the divertor. In the physically relevant
regime where 3 < 1, we have g ~ 1 so that Rer, ~ ho(r)3Re is a uniformly decreasing
function of r and therefore, if the inequality (4.58) is satisfied at the inlet » = 1, then it
is satisfied everywhere.

The critical Reynolds number defined by equation (4.57) is plotted versus H in

(4.58)
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Figure 15: Numerically computed critical local Reynolds number Rer,/ cot 6 as a function
of H, for ¢ € {0,0.2,1,5,00}. The dashed curves show the critical Reynolds number in
the k — 0 limit, given by Rey,/cot = —c¢;1 o/¢1,0, as derived in §4.4.1.

figure 15. For each value of (, as H increases from zero, the critical Reynolds number
rapidly increases from the purely hydrodynamic value of 5/2, before suffering a slope
discontinuity, at H = Hp((), say. This discontinuity stems from a switch in the location
of the critical wavenumber x where the flow first loses stability. For 0 < H < Hy, stability
is lost at an intermediate non-zero value of k, whereas, for H > Hj, the instability first
manifests for arbitrary long wave-lengths with x < 1. This explains why, for H > H,
the numerical results (solid curves in figure 15) coincide perfectly with the dashed curves
showing the critical Reynolds number 1/&. = —¢1,o/¢1,0, as derived in §4.4.1. Indeed,
we can observe in figure 14(b) that the numerical results for @, lie on top of the small-x
predictions a.o at sufficiently large values of H.

As pointed out in §4.4.1, it can be shown analytically that, in the { = oo limiting case,
Geo(H) = 0 for H at its critical value below which physical steady solutions exist (see
equation (4.31) and the paragraph below). Thus the ( = oo purple curve in figure 15
diverges to infinity as H approaches its critical upper bound. Consequently, the film is
stabilised for all Reynolds numbers if and only if the substrate is perfectly conducting
and the film thickness is at its theoretical maximum value. Even for smaller values of ¢
and H, the critical Reynolds number may become orders of magnitude larger than its
hydrodynamic value of 5/2, reflecting the very strong stabilising influence of the magnetic
field.

Finally, we note that surface tension stabilises the problem, particularly damping high
wave-numbers, but is not effective at low wave-numbers. Therefore in regions of (H, ()
parameter space where the problem is unstable as k — 0, the flow cannot be stabilised
by surface tension alone. As in (4.56), the relevant parameter I" may be expressed in
terms of Rey, and a local Bond number Boy, = h3Bo /@3, that is,

1

P
Bor, Rey,

(4.59)

The approximate values in (2.27) suggest that I is likely to be large in parameter regimes
relevant to a lithium divertor. If so, then we can assume that all except the smallest values
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of k are stabilised by surface tension, and the asymptotic analysis as k — 0 from §4.4
suffices to determine the stability of the flow.

5. Conclusions

In this paper we model the flow of a thin film of liquid metal, driven by gravity down a
conical substrate in the presence of a strong toroidal magnetic field. Provided the aspect
ratio € and the magnetic Reynolds number Rm are both small (the latter is invariably
the case for liquid metals), the induced magnetic field is much smaller than the applied
magnetic field, and is significantly coupled to the flow only when a sufficiently strong
field is applied (such that the Hartmann number is of order ¢~!). Assuming also that the
reduced Reynolds number is small enough for inertia effects to be negligible, we solve the
resulting quasi-steady leading-order MHD problem to find both the liquid velocity and
the induced magnetic field.

By invoking net mass conservation, we reduce the problem to a generalised thin-film
PDE (3.4) governing the film thickness h(r,t). The behaviour of solutions to equa-
tion (3.4) depends crucially on the form of the flux @, which is a complicated function of
the film thickness, as well as various physical properties of the liquid and the substrate.
By suitably normalising, we show that ) may be reduced to a function of just two
dimensionless parameters, H and ¢, given by equation (3.7) and plotted in figure 4(a).
We thus show that there is a maximum value of the flux that can be achieved, in contrast
both with purely hydrodynamic flow and with so-called Hartmann flow, which occurs
when the applied magnetic field is orthogonal to the substrate. As the critical value of
the flux is approached, the free surface of the liquid develops a gradient singularity, and
we thus argue that physically relevant solutions exist only in a restricted region of the
(¢, H) parameter space, namely the region below the solid blue curve in figure 4. We
show that the exotic oscillatory solutions for the velocity and induced field, reported in
previous studies and illustrated in figures 3(b) and 3(e), correspond to unphysical regions
of parameter space, and we thus argue that they could not be observed in practice.

Steady and unsteady solutions of the thin-film equation (3.4) are plotted in figure 6.
The steady film thickness ho(r) decreases uniformly with distance r along the substrate.
Figures 6(d) to 6(f) demonstrate that time-dependent disturbances to the free surface
introduced at the inlet » = 1 decay as they are convected into r > 1, and the explicit
upper bound (3.22) ensures that such disturbances never grow to swamp the steady
liquid film. As expected for a non-linear hyperbolic wave equation, as they propagate
the disturbances steepen into shocks; as shown in Figure 6(f), these can be smoothed
by including regularising higher-order terms corresponding to transverse gravity and/or
surface tension, characterised by the small parameters a and I", respectively.

We show that a multiple-scales approach allows one to analyse the stability of inertial
perturbations even though the reduced Reynolds number is small enough to be neglected
at leading order. Our stability analysis demonstrates that coupling with the induced
magnetic field always acts to stabilise the flow, in contrast with previous studies (for
example Wooler 1961; Sozou 1970) which concluded that a constant toroidal magnetic
field has no effect on stability. We show that the problem can be stable for much larger
Reynolds numbers than in the pure hydrodynamic problem, if the magnetic and geometric
parameters are chosen appropriately. Similarly, there is a critical Reynolds number below
which the problem is guaranteed to be stable, regardless of any other parameter values.

However, the detailed stability analysis extends beyond these simple universal results
to reveal in full the complicated dependence of the stability on the local Reynolds and
Bond numbers, as well as the material parameters in the problem. When surface tension
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is negligible, the condition for linear instability is given by equation (4.57), in terms of
the local Reynolds number, the divertor inclination angle 8, and the two parameters H
and (. The resulting critical critical Reynolds number is shown as a function of H and
¢ in figure 15. For the practitioner, the dimensionless groups H and ( combine several
physical parameters that may be selected, such as the substrate thickness and electrical
conductivity, the location, inclination, and extent of the divertor, the field strength, the
aspect ratio and so on (see (3.2)). The results presented here in principle allow one to
tune these physical parameters to provide the largest possible critical Reynolds number,
and thus the most stable flow regime.

We have limited our attention in this work to the simplest axisymmetric geometry
that allows for nonzero gradient in the applied magnetic field. In this configuration, the
magnetic field B is purely in the toroidal direction and the liquid velocity w confined
to the plane orthogonal to B. It is the subject of current research to determine how
our stability results are affected if these geometrical constraints are relaxed and, in
particular, whether the axisymmetric solutions obtained here might lose stability to
symmetry-breaking perturbations that vary with the azimuthal coordinate ¢.
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sight into confined fusion, to which we hope this research will contribute, as well as
Prof. J.C.R. Hunt, Prof. J.R. Ockendon, and Dr D.J. Allwright for engaging and
helpful discussion on the problem. This publication is based on work supported by the
EPSRC Centre For Doctoral Training in Industrially Focused Mathematical Modelling
(EP/L015803/1) in collaboration with Tokamak Energy.

In compliance with EPSRCs open access initiative, the data in this paper are available
from http://dx.doi.org/10.5287/bodleian:nrMOrqgbVv.

Appendix A. Velocity and magnetic field solutions

The solution to the normalised leading order problem (3.3) is given by

L(Y; H,()
D(H, ()’

M(Y; H,()

U(Y§Ha<): W,

B(Y;H,() = (Ala,b)

where

L(Y; H,¢) = sinh(HY) ( cos(HY) {2 sinh(H) [¢ cos(H) + sin(H)]
+2cosh(H) [¢ sin(H) + cos(H)] — cos(2H) — 1}
— sin(HY')[4¢ cos(H) cosh(H) + sin(2H) + sinh(2H)]>
+ 2sin(HY) cosh(HY){ sinh(H) [¢ cos(H) + sin(H)]

+ cosh(H) [¢ sin(H) — cos(H) + cosh(H)] }, (A2)
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M(Y; H,¢) = sinh(H) {< sinh(H) + 2 cos(HY ) sinh(HY) [¢ cos(H) + sin(H)] }
+ ([ cos(2H) + 2] + sin(2H) + sinh(2H) + cosh?(H) [+ 2cos(HY ) sinh(HY)]

+ 2cosh(H) <COS(HY) sinh(HY) [¢ sin(H) — cos(H)]
_ cosh(HY){ sin(HY')[¢ sin(H) + cos(H)] + cos(HY') [2¢ cos(H) + sinh(H)] })

-2 cosh(HY){ sinh(H) sin(HY')[¢ cos(H) + sin(H)] + cos(H ) sin(H — HY)}, (A3)

D(H,¢) = 2{C[COS(ZH) + cosh(2H) + 2| + sin(2H) + sinh(2H)}7 (A4)

and the scaled coordinate Y = y/h lies in the interval Y € [0, 1].
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