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In this paper, using the framework of extrapolation, we present an approach for

obtaining higher-order τ -leap methods for the Monte Carlo simulation of stochastic

chemical kinetics. Specifically, Richardson extrapolation is applied to the expecta-

tions of functionals obtained by a fixed-step τ -leap algorithm. We prove that this pro-

cedure gives rise to second-order approximations for the first two moments obtained

by the chemical master equation for zeroth- and first-order chemical systems. Nu-

merical simulations verify that this is also the case for higher-order chemical systems

of biological importance. This approach, as in the case of ordinary and stochastic dif-

ferential equations, can be repeated to obtain even higher-order approximations. We

illustrate the results of a second extrapolation on two systems. The biggest barrier

for observing higher-order convergence is the Monte Carlo error; we discuss different

strategies for reducing it.
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I. INTRODUCTION

Biochemical systems with small numbers of interacting components have increasingly

been studied in recent years, as they are some of the most basic systems in cell biology1–3.

They are inherently stochastic; applying deterministic ordinary differential equation (ODE)

models, which approximate particle numbers as continuous concentrations, to such systems

can lead to confusing results4,5. In some cases, even systems with larger populations cannot

be accurately modelled by ODEs, for instance when close to a bifurcation regime as in Erban

et al.6. In this model, for some parameter values the ODE approximation cannot reproduce

the behaviour of the system. Gillespie’s stochastic simulation algorithm (SSA)7 is an exact

method for modelling reactions in a well-stirred stochastic system. Each simulation gives

one possible trajectory of the system as it evolves in time.

The SSA can be computationally intensive to run for realistic problems, and alternative

methods such as the τ -leap have been developed to speed it up8. Instead of simulating

each reaction, the τ -leap performs several reactions at once, thus ‘leaping’ along the history

axis of the system. This means that, unlike the SSA, the τ -leap is not exact; accuracy

is maintained by only allowing a few reactions per step. The size of each timestep, τ ,

determines the number of reactions occurring during that step, given by a Poisson random

number. This allows one to use fewer steps per simulation, reducing computational time.

This gain in speed must be balanced with loss of accuracy: larger steps mean fewer

calculations but reduced accuracy. The original τ -leap proposed by Gillespie8 was improved

by Gillespie and Petzold9 by the imposition of new conditions to select τ . In addition,

Rathinam et al.10 developed an implicit τ -leap method, which is useful for stiff systems. In

the original τ -leap the molecular populations can go negative: the binomial τ -leap proposed

by Tian and Burrage11 and Chatterjee et al.12 is one way of solving this problem, as binomial

samples are bounded. In addition, Cao et al.13 have avoided the problem by switching to a

modified SSA for critical reactions which involve low chemical populations. More recently,

Cao et al.14 proposed an updated version of the τ -leap algorithm, where τ is given by

molecular populations rather than the propensity functions.

It has been shown that the τ -leap algorithm has weak order of convergence one15,16.

Recently, Hu and Li17 introduced the random-corrected τ -leap, where at each timestep a

random correction is added to the Poisson random number which determines the number of
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reactions in that step. Given a suitable random correction, the lowest order errors on the

moments can be cancelled. In this way they constructed methods with up to weak order

two for both mean and covariance.

The main idea in this paper is to combine Richardson extrapolation, an extrapolation

technique, with a fixed-step τ -leap method in order to obtain higher-order approximations

to the moments of the chemical master equation. Richardson extrapolation is a well-known

technique for improving the order of accuracy of a numerical solver by combining sets of

simulations with different stepsizes. It was originally developed for ODEs but was also suc-

cessfully applied to stochastic differential equations18 (SDEs). We extend the extrapolation

framework to the τ -leap algorithm by evaluating the moments of sets of simulations of a

fixed-step τ -leap and extrapolating them to get a weak order two estimator. We show that

the first two moments of the extrapolated τ -leap method are always order two in the case

of linear propensity functions. We also demonstrate that this is true for some non-linear

test systems by using numerical simulations. In addition, we show that higher-order τ -leap

methods can be constructed using this framework.

The rest of this paper is organized as follows. In Section II we give an overview of the

SSA and τ -leap methods. In Section III we introduce the extrapolated τ -leap and show

that it approximates the first two moments with weak order two in the case of zeroth- and

first-order reactions, and in Section IV give some numerical results to support this. Section

V introduces a useful way of splitting up the total errors to reveal the underlying bias of a

numerical method. We discuss our findings and give our conclusions in Section VI.

II. BACKGROUND

Gillespie’s SSA7 is a statistically exact method for simulating paths from a Markov jump

process. The two basic assumptions of the SSA are (i) that individual molecules are not

explicitly tracked, and (ii) there are frequent non-reactive collisions. Thus we assume that

the system is well-mixed and homogeneous.

The SSA models a system of biochemical reactions with N species and M sets of reactions,

chemically interacting inside a fixed volume Ω at constant temperature. The populations

of chemical species (as molecular numbers, not concentrations) at time t are represented as

a state vector x ≡ X(t) ≡ (X1, . . . , XN)T . Reactions are represented by a stoichiometric
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matrix νj ≡ (ν1j, . . . , νNj)
T , where j = 1, . . . ,M , composed of M individual stoichiomet-

ric vectors. Each stoichiometric vector represents a reaction j occurring and the system

changing from state x to x + νj. Each reaction occurs in an interval [t, t + dt) with relative

probability aj(x)dt, where aj is the propensity function of the j-th reaction. Propensity

functions are given by the mass-action kinetics of the reactant chemical species. For more

detail, the reader is referred to Ref. 7. Here X(t) = x, νj and aj(x) fully characterise the

system at each point in time.

The Direct Method of Gillespie7 calculates two quantities at each timestep: the time until

the next reaction, and its index. The time until the next reaction is given by

dt =
1

a0

ln

(

1

r1

)

, (1)

and the index j of the next reaction is calculated from

j−1
∑

m=1

am(x) < a0r2 ≤
j

∑

m=1

am(x), (2)

where r1 and r2 are random numbers drawn from the unit-interval uniform distribution

U(0, 1) and a0(x) =
∑M

j=1 aj(x). One SSA simulation consists of repeatedly calculating (1)

and (2) and modifying x and aj(x) accordingly, thus evolving x through time. The Direct

Method requires two newly-generated random numbers at each timestep. Although there

are other SSA implementations, such as the Next Reaction Method19 and the Optimised

Direct Method20, which can be more economical, in general the SSA is computationally

costly.

The τ -leap algorithm leaps along the history axis of the SSA by evaluating groups of

reactions at once8. This means significantly fewer calculations, i.e. shorter computational

time, per simulation, but simulation accuracy is compromised: we can no longer tell exactly

when each reaction occurs, only in which timestep. The leap condition defines an upper

bound for the size of each timestep τ : it must be so small that the propensities do not

change significantly for its duration, i.e. the change in state from time t to t + τ is very

small8. Since τ is small, the probability a(x)τ that a reaction occurs during [t, t + τ) is also

small, so the number of times Kj each reaction fires over one timestep can be approximated8

by P(aj(x)τ), a Poisson random variable with mean and variance aj(x)τ . Thus the τ -leap
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algorithm evolves the system through time as

X(t + τ) = x +
M

∑

j=1

νjP(aj(x)τ). (3)

An issue with this method is that in some cases the molecular populations can go neg-

ative, as Poisson random numbers are not bounded. Tian and Burrage11 and Chatterjee

et al.12 suggested that Kj be sampled from a binomial distribution. The binomial random

numbers used have the same mean as the Poisson random numbers they approximate, but

are bounded. As long as the upper bound is set correctly the problem of negativity can be

avoided in most cases. However, there are complications when there are several reactions

which decrease the same molecular population. For a satisfactory solution, the total de-

crease in number of a molecular species should not exceed the population of that species.

Cao et al.13 addressed the problem by introducing a critical reaction parameter nc which is

set to a low integer value. If there are any critical reactions which would fire over [t, t + τ),

they switch to a modified SSA for that step. More recently, Yates and Burrage21 described

an alternative way of eliminating negativity: they calculate the probability of each species

going negative and thus classify a species as critical or not.

One way of enforcing the leap condition is to bound the expected change in each propen-

sity function by a small percentage ε of the sum of the propensities,

|aj(x + Λ) − aj(x)| ≤ εa0(x), (4)

where Λ is the change in state over [t, t + τ). 0 < ε ≪ 1 is generally set very small,

with typical values between 0.01 and 0.05. Larger values cause an increase in speed and a

concurrent loss in accuracy. Eq. (4) may not be strict enough in enforcing the leap condition

if the system contains both fast and slow reaction channels. Since the change in each

propensity function is bounded by a fraction of the sum of all propensities, we cannot be

sure that all of them stay approximately constant, as required by the leap condition. Gillespie

and Petzold9 proposed an improved procedure for selecting τ based on this condition. Λ is a

random variable; the original τ -selection procedure of Gillespie8 approximates it by its mean.

This is reasonable in many cases, but when its variance is large (i.e. when the molecular

populations fluctuate rapidly), it can allow the selection of a τ that is too large and breaks

the leap condition. Gillespie and Petzold9 also bound τ by the standard deviation of Λ,

ensuring that a suitable τ is chosen even under such conditions. More recently, Cao et al.14
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suggested an alternative method for finding τ based on the relative change in molecular

populations rather than propensity functions.

The τ -leap methods described in this section all have weak order one15,16. In the next

section we introduce the extrapolated τ -leap, which gives second-order weak approximations

for the first and second moments.

III. EXTRAPOLATED TAU-LEAP METHOD

The fixed-step τ -leap (which we call fsTL from here on) evolves the chemical system in

time as in Eq. (3), but instead of attempting to choose the largest timestep that sticks to the

leap condition at each time t, it uses a fixed timestep. Clearly it is not as efficient as some of

the methods described in section II, but it has the advantage of being easy to both program

and analyse. In fact, it is the obvious choice of τ -leap method to extrapolate: as more

complex τ -leap methods vary τ at each step, it is not clear how to perform extrapolation

on them. We can extrapolate the fsTL in a similar way to ODEs. The extrapolated τ -leap

(exTL) involves running two sets of D fsTL simulations for time T = nτ . These sets of

approximations are then combined to give higher-order ones. The exact procedure is as

follows:

Algorithm 1. Extrapolated τ -leap method

• Step 1: Run D simulations of the fsTL with stepsize τ .

• Step 2: Calculate the first two moments ED(xτ
n) and ED(xτ

n(xτ
n)T ), where ED(f(x)) are

vectors given by taking the moments of the final populations of each of D simulations,

i.e. ED(f(x)) = 1
D

∑D
s=1 fs(x).

• Step 3: Repeat steps 1 and 2 using stepsize τ/2 to get ED(x
τ/2
2n ) and ED(x

τ/2
2n (x

τ/2
2n )T ).

• Step 4: Take
(

2ED(x
τ/2
2n ) − ED(xτ

n)
)

and
(

2ED(x
τ/2
2n (x

τ/2
2n )T ) − ED(xτ

n(xτ
n)T )

)

as the

extrapolated approximations to the first two moments.

If higher-order solutions are desired, Algorithm 1 may be repeated using yet smaller stepsizes

τ/2k, with k successive integers greater than one, and the approximations combined using

a Romberg table. In Section IV we describe a double-extrapolated τ -leap method which we

constructed by using stepsizes τ, τ/2 and τ/4.
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The exTL has weak second-order accuracy for the first two moments for the case of first-

order reactions (corresponding to linear propensity functions). In this case the equations for

the moments are closed, so the propensity functions can be written as

[a1(x), a2(x), . . . , aM(x)]T = Cx + d, (5)

where C ∈ R
M×N and d ∈ R

M , and we define W = νC, i.e. W ∈ R
N×N . This means, using

matrix notation, we can write Eq. (3) at some timestep m as

xτ
m+1 = xτ

m + νP(τ(Cxτ
m + d)),

where xτ
m is an approximation to the true state vector x(t) at the m-th timestep (i.e. time

t) with stepsize τ . Taking the expectation of both sides, we see that the fsTL evolves the

mean as

E(xτ
m+1) = E(xτ

m) + νE(P(τ(Cxτ
m + d)))

= E(xτ
m) + νE(E(P(τ(Cxτ

m + d))|xτ
m)) (6)

= (I + τW )E(xτ
m) + τνd.

Note that we cannot evaluate the expectation of P(τ(Cxτ
m + d)) directly: because xτ

m is

a random variable, we do not know the distribution of P(xτ
m). Using the law of total

expectation we can condition on xτ
m taking a specific value; P(xτ

m)|xτ
m does have a Poisson

distribution.

The probability density function of the SSA at time t is given by the Chemical Master

Equation (CME)22,23. The mean µ(t) = E(x(t)) can be found from the CME24; it evolves

as
dµ(t)

dt
= Wµ(t) + νd. (7)

The solution of this is

µ(t) = eWtµ(0) + eWt

∫ t

0

e−Wsνd ds. (8)

At t = τ , this evaluates to

(

I + τW + 1
2
τ 2W 2 + . . .

)

µ(0) + W−1
(

τW + 1
2
τ 2W 2 + . . .

)

νd.

Thus we find the local error on the first timestep to be

µ(τ) − E(xτ
1) =

(

1
2
τ 2W 2 + O(τ 3)

)

µ(0) +
(

1
2
τ 2W + O(τ 3)

)

νd. (9)
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This implies that the global weak error on the mean of the fsTL is O(τ). Extrapolating (6)

at time t = τ , we find

2E(x
τ/2
2 ) − E(xτ

1) =
(

2(I + 1
2
τW )2 − (I + τW )

)

µ(0) + 1
2
τ 2Wνd

which gives a local error of

µ(τ) −
(

2E(x
τ/2
2 ) − E(xτ

1)
)

=
(

1
6
τ 3W 3 + O(τ 4)

)

µ(0) +
(

1
6
τ 3W 2 + O(τ 4)

)

νd. (10)

The mean of the exTL has local error O(τ 3). As we have assumed that all the reactions

are zeroth or first order, the moment equations are closed and reduce to ODEs. In this

case, looking at local extrapolation is enough to verify higher-order convergence. Thus (10)

implies that the global error of the exTL is O(τ 2). However to show this for higher-order

reactions, we would need an expression for the global error of the form

x(T ) − xτ
n = ekτ

k + ek+1τ
k+1 + ek+2τ

k+2 + . . . , (11)

where k is a known constant and the ek are unknown ones. We derive this expansion for

the case of the mean. The solution of the fsTL at time t = T is

E(xτ
n) =

(

I + τnW +

(

n

2

)

τ 2W 2 + . . .

)

µ(0) + W−1(τnW + 1
2
τ 2n2W 2 + . . .)νd.

As T = nτ , the global error is

µ(T ) − E(xτ
n) =

(

1
2
τTW 2 + O(τ 2)

)

µ(0) +
(

1
2
τTW + O(τ 2)

)

νd. (12)

The extrapolated error is

µ(T ) −
(

2E(x
τ/2
2n ) − E(xτ

n)
)

=
(

1
6
τ 2TW 3 + O(τ 3)

)

µ(0) +
(

1
6
τ 2TW 2 + O(τ 3)

)

νd, (13)

as expected from the local error analysis.

The fsTL evolves the second moment in time as

E(xτ
m+1(x

τ
m+1)

T ) = E

[

(xτ
m + νP(τ(Cxτ

m + d))) (xτ
m + νP(τ(Cxτ

m + d)))T
]

Using the law of total expectation and writing Sτ
m = E(xτ

m(xτ
m)T ), Bτ

m = diag(CE(xτ
m)))

and D = diag(d), this gives

Sτ
m+1 =Sτ

m + τWSτ
m + τSτ

mW T + τµτ
mdT νT + τνd(µτ

m)T + τ 2WSτ
mW T

+τ 2Wµτ
mdT νT + τ 2νd(µτ

m)T W T + τ 2νddT νT + τνBτ
mνT + τνDνT .

(14)
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The behaviour of the second moment in time as given by the CME, S(t) = E(x(t)xT (t)),

is25,26

dS(t)

dt
= WS(t) + S(t)W T + µ(t)dT νT + νdµT (t) + νB(t)νT + νDνT , (15)

where B(t) = diag(Cµ(t)). Making the approximation dS
dt

∣

∣

t+τ
= 1

τ
(S(t + τ) − S(t)), (15)

becomes

S(t+ τ) = S(t)+ τWS(t)+ τS(t)W T + τµ(t)dT νT + τνdµT (t)+ τνB(t)νT +νDνT +O(τ 2).

(16)

It is easy to see that the local error S(t+τ)−Sτ
m+1 is O(τ 2). However, a higher-order method

is necessary to show the higher-order errors of extrapolating. We show the calculations in

the Appendix. The extrapolated error of the second moment is indeed O(τ 3). As in the

case of the mean, this implies a global error on the second moment of O(τ 2).

The main requirement for applying Richardson extrapolation to improve the order of

accuracy of an estimator is the existence of a global error expansion of the form (11).

Obtaining such an expansion is not a trivial task27, even for ODE numerical solvers. Talay

and Tubaro18 calculated it for the case of the Euler and the Milstein methods for solving

SDEs. More recently, Liu and Li28 have done this for the case of SDEs with Poisson jumps,

allowing them to construct higher approximations for E(f(x(T ))). Their analysis can also

be used for the τ -leap method, since in the absence of drift and diffusion the numerical

scheme they study is the same as the τ -leap. This is important as it implies that Richardson

extrapolation can successfully be applied to numerical solutions of the τ -leap algorithm, as

we have shown for zeroth- and first-order reactions.

IV. NUMERICAL RESULTS

We now illustrate the accuracy of the exTL method with some example systems. We

simulate the systems with both the fsTL and the exTL for various stepsizes τ over time

t = [0, T ]. We plot the absolute weak errors in the mean and second moment, i.e.

|E(x(T )) − ED(xτ
n)|, |E(x(T )xT (T )) − ED(xτ

n(xτ
n)T )| (17a)

for the fsTL and

|E(x(T )) − 2ED(x
τ/2
2n ) + ED(xτ

n)|,

|E(x(T )xT (T )) − 2ED(x
τ/2
2n (x

τ/2
2n )T ) + ED(xτ

n(xτ
n)T )|

(17b)
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for the exTL. Here x(T ) is the analytical solution at time T and ED(f(xτ
n)) are the moments

of its approximations given by D simulations of the fsTL method with stepsize τ run for n

steps. For the linear systems, the true solution is calculated analytically; for the non-linear

systems we use the value given by 106 or 107 repeats of the SSA (depending on the system).

The error of a weak order α method with stepsize τ is approximately Cτα, where C is an

unknown constant. To easily see the order of accuracy of our results, we plot all the errors

on log-log plots. Gradients are calculated using a least squares fit through the points.

A. Particle decay system

A simple test system is a particle decay,

X
k−→ ∅, k = 0.1. (18)

The initial particle number X(0) = 104 and the simulation time T = 10.4. The units here,

and in the systems below, are non-dimensional. This system is useful only as a test problem,

but is first-order and easily tractable. The analytical mean and second moment are

E(X(T )) = X(0)e−kT ,

E(X(T )2) = X(0)e−kT − X(0)e−2kT + (X(0))2e−2kT .

Fig. 1 shows the errors in the mean and second moment of this system for 108 simulations

using τ = 0.05, . . . , 0.8. In both cases, the fsTL gives first-order errors and the exTL gives

approximately second-order errors.

B. Chain decay system

This system consists of five chemical species, each undergoing a first-order reaction. It

forms a closed chain of linear reactions:

X1
k1−→ X2, k1 = 0.3,

X2
k2−→ X3, k2 = 0.3,

X3
k3−→ X4, k3 = 0.3, (19)

X4
k4−→ X5, k4 = 0.3,

X5
k5−→ X1, k5 = 0.3.
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FIG. 1: Particle decay system. Absolute error (17) in (a) the mean for a fixed-step

τ -leap (fsTL, gradient 1.0) and an extrapolated τ -leap (exTL, gradient 1.9); (b) the

second moment for fsTL (gradient 1.0) and exTL (gradient 1.6). Results from 108

simulations, each run for T = 10.4.

The simulation time was T = 16. The initial populations were

X(0) = (2500, 1875, 1875, 1875, 1875)T .

Since this system is linear, the expectation and covariance of this system can be calcu-

lated analytically, as shown in Jahnke and Huisinga29; we used these to calculate the true

second moment. Fig. 2 shows the errors for the mean and second moment of X1 using

τ = 0.1, . . . , 1.6. The fsTL is again approximately weak order one and the exTL weak order

two for 107 simulations.

C. Michaelis-Menten system

The Michaelis-Menten is a common non-linear test system, and represents an enzyme

converting a substrate to a product. It is made up of four chemical species in three reactions:

X1 + X2
k1−→ X3, k1 = 10−5,

X3
k2−→ X1 + X2, k2 = 0.2, (20)

X3
k3−→ X2 + X4, k3 = 0.2.

Simulation time was T = 16 and the initial populations were X(0) = (104, 2×103, 2×104, 0)T .

There is no analytical solution, so in this case we approximated it with 107 SSA simulations.
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FIG. 2: Chain decay system. Absolute error (17) of X1 in (a) the mean for fsTL

(gradient 1.3) and exTL (gradient 2.4); (b) the second moment for fsTL (gradient 1.3) and

exTL (gradient 2.4). Results from 107 simulations, each run for T = 16.
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FIG. 3: Michaelis-Menten system. Absolute error (17) of X1 in (a) the mean for fsTL

(gradient 1.0) and exTL (gradient 2.0); (b) the second moment for fsTL (gradient 1.0) and

exTL (gradient 2.0). Results from 108 simulations, each run for T = 16.

Again, we used τ = 0.1, . . . , 1.6. The errors in the mean and second moment for X1 shown

in Fig. 3. We see that the fsTL converges with order one for 108 simulations, and the exTL

with order two.
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D. Transcriptional regulatory system

This is a more realistic system involving 8 chemical species and 12 reactions30. It is a

modified version of the transcriptional regulatory system used by Goutsias31, and is bistable

in species A and B. The reactions are

EA
k1→EA + A, k1 = 15,

EB
k2→EB + B, k2 = 15,

EA + B
k3

⇋
k4

EAB, k3 = 5 × 10−4, k4 = 2,

EAB + B
k5

⇋
k6

EAB2, k5 = 10−3, k6 = 6, (21)

A
k7→∅, k7 = 5,

EB + A
k8

⇋
k9

EBA, k8 = 5 × 10−4, k9 = 2,

EBA + A
k10

⇋
k11

EBA2, k10 = 10−3, k11 = 6,

B
k12→∅, k12 = 5.

We simulated this system for T = 3.2 using initial populations of

X(0) = (2 × 104, 1.5 × 104, 9500, 9500, 2000, 500, 2000, 500)T ,

where X = (A, B, EA, EB, EAB, EAB2, EBA, EBA2)
T . 106 SSA simulations were used as

an approximation to the analytical values. We ran 107 simulations of the τ -leap for τ =

0.005, . . . , 0.08 (corresponding to a range of approximately 1000 to 30000 SSA steps). The

errors for X1 in this system are shown in Fig. 4. The fsTL and exTL gave errors of approx-

imately order one and two respectively.

E. Higher-order extrapolation

So far we have only used the most basic extrapolation, going from first to second order.

As mentioned in Section III, this can be generalised, leading to higher-order approximations.

The usefulness of repeated extrapolations is debatable, as each adds extra overhead and the

extra accuracy can be obscured by statistical fluctuations. However it might be reasonable

to create up to third or fourth-order methods in this way. We tried double-extrapolating our

test systems, with reasonable success. Fig. 5 shows the fsTL, exTL and double-extrapolated
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FIG. 4: Transcriptional regulatory system. Absolute error (17) of X1 in (a) the mean

for fsTL (gradient 1.3) and exTL (gradient 2.6); (b) the second moment for fsTL (gradient

1.3) and exTL (gradient 2.6). Results from 107 simulations, each run for T = 3.2.

τ -leap (2exTL) errors on species X1 of the chain decay system; in this case we can see that

the 2exTL results are approximately order three (or higher). Double-extrapolating gave

substantially lower errors in almost every system, but it was not always easy to determine

the order of accuracy of the method. A good example of this is the Michaelis-Menten system

in Fig. 6. In such systems with relatively high Monte Carlo error, the bias of the double-

extrapolated τ -leap was obscured by these fluctuations. The order of accuracy of the 2exTL

could be successfully seen for most molecular species of the chain decay system, but it was

not possible for the other systems as we would need even more simulations.

V. SEPARATION OF ERRORS

We have looked at the absolute weak error, given by

error = E(f(x(t))) − ED(f(xτ
n)),

for any polynomial f . We can separate this into two parts:

error = (E(f(x(t))) − E∞(f(xτ
n))) + (E∞(f(xτ

n)) − ED(f(xτ
n))) , (22)

where E∞(f(xτ
n)) are the theoretical values of the moments calculated by an infinite number

of fsTL realizations with stepsize τ . The first term is the truncation error of the moments

of the τ -leap from their analytical solutions, i.e. the bias of the method. The second term
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FIG. 5: Chain decay system. Absolute errors of X1 for a fixed-step τ -leap (fsTL), an

extrapolated τ -leap (exTL) and a double-extrapolated τ -leap (2exTL) algorithm for (a)

the mean, gradients 1.3 (fsTL), 2.4 (exTL), 3.6 (2exTL), and (b) the second moment,

gradients 1.3 (fsTL), 2.4 (exTL), 3.7 (2exTL). Results from 107 simulations.

Double-extrapolation produces consistently higher-order results.

is the Monte Carlo error. This scales as the inverse of the square root of the number of

simulations; sometimes reducing it sufficiently would mean using hundreds of millions of

simulations, which can be unfeasible.

Therefore, instead of plotting only the absolute error, it is useful to be able to see the

contributions of each of these terms. We can calculate the first term easily for linear systems:

the analytical values of the moments are given by Eqs. (7) and (15) and their τ -leap approx-

imations by Eqs. (6) and (14). Unfortunately, this is not possible for non-linear systems, as

we must be able to write the propensities in the form in Eq. (5). However this is a useful

technique for linear systems, as it allows us to quantify the relative level of Monte Carlo

error on the results. It also reveals the true order of accuracy of the algorithm, without it

being obscured by Monte Carlo errors.

Such a breakdown of the errors of the particle decay system is shown in Fig. 7, using

results from 108 simulations. We see that for the case of the fsTL and exTL, the bias can

easily be seen as the Monte Carlo errors are very low. However, when we extrapolate a

second time, the bias of the resulting estimator is so low that Monte Carlo fluctuations

completely obscure it, even using 108 simulations. This results in an ‘erroneous’ total error.

The only way to reduce Monte Carlo error is to run more simulations. Thus, in general it
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FIG. 6: Michaelis-Menten system. Absolute errors of X1 for fsTL, exTL and 2exTL for

(a) the mean, gradients 1.0 (fsTL), 2.0 (exTL) and 2.3 (2exTL), and (b) the second

moment, gradients 1.0 (fsTL), 2.0 (exTL), 2.1 (2exTL). Results from 108 simulations. In

this case, the 2exTL errors do not show a clear order of accuracy, but are nonetheless

smaller compared to the other methods.
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FIG. 7: Split errors for the particle decay system for (a)the mean and (b)the second

moment. The bias can be easily seen with a fixed-step τ -leap (fsTL) or only a single

extrapolation (exTL), but is obscured when we extrapolate a second time (2exTL). Results

are from 108 simulations.

is important to perform a suitable number of simulations to get accurate estimates of the

moments.
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TABLE I: Processing times (in seconds) of 1000 simulations of the particle decay system

using a fixed-step τ -leap (fsTL), an extrapolated τ -leap (exTL) and an SSA. Absolute

errors in the mean from the analytical values are included in brackets. For comparison, our

implementation of 1000 simulations of an SSA using the Direct Method took 1.73 seconds.

τ

0.05 0.1 0.2 0.4 0.8

fsTL 0.4(9.2) 0.3(18.5) 0.2(37.1) 0.1(74.7) 0.1(152.0)

exTL - 0.7(0.05) 0.5(0.16) 0.3(0.61) 0.2(2.6)

VI. CONCLUSIONS

Although twice as many τ -leap simulations must be run to extrapolate, the loss in com-

putational time from this is more than compensated by the signficant reduction in error.

This technique is very easy to use with the fsTL and considerably improves its accuracy.

One advantage of this is that a larger τ can be used for a given level of error, shortening the

computational time. This is often a limitation of stochastic methods, as many simulations

must be run to build up an accurate picture of the system statistics. Computational times

and the corresponding errors in the mean (in brackets) for the particle decay and transcrip-

tional regulatory systems are shown in Tables I and II. The exTL takes 2 − 3 times longer

to run, but the errors it gives are tens to hundreds of times lower for the particle decay

system, and several to tens of times lower for the transcriptional regulatory system. Thus

the extrapolation is worth carrying out for both these systems. The pattern was similar for

the other systems.

When we look for the convergence of a stochastic method numerically, Monte Carlo error

is an unavoidable problem. The statistical fluctuations inherent in stochastic systems can

obscure the bias error (i.e. order of convergence) of the numerical method. A large number

D of simulations must be run, as the Monte Carlo error scales as 1/
√

D. This error varies

for each system. Figs. 5 and 6 show this clearly: both of the 2exTLs have total errors of

similar size for the same τ , but the chain decay system has relatively low Monte Carlo error,

allowing us to see the bias of that system. However, we believe the Michaelis-Menten system

has relatively high Monte Carlo error compared to its bias, implying that the 2exTL errors



HIGHER-ORDER STOCHASTIC SIMULATION 18

TABLE II: Processing times (in seconds) of 1000 simulations of the transcriptional

regulatory system using a fixed-step τ -leap (fsTL), an extrapolated τ -leap (exTL) and an

SSA. Absolute errors in the mean of X1 from the SSA values are included in brackets. Our

implementation of 1000 simulations of an SSA using the Direct Method took 1030 seconds.

τ

0.005 0.010 0.020 0.040 0.08

fsTL 17.1(16.7) 9.2(34.5) 4.9(76.1) 2.5(188.5) 1.4(630.1)

exTL - 24.0(1.1) 14.3(7.2) 7.5(36.3) 4.5(253.1)

we see in the figure are all due to statistical fluctuations.

A similar idea to the work in this paper is the multilevel Monte Carlo method, developed

for SDEs32,33. The multilevel Monte-Carlo method, using a formulation of the error similar

to Eq. (22), aims to cut the total error by reducing the Monte Carlo error. This is done

in a way similar to Richardson extrapolation: approximate solutions are generated using a

variety of different timesteps and combined, but by combining many coarse-scale solutions

with few fine-scale ones, the method gets results with an accuracy comparable to that of the

fine-scale solutions. In contrast, extrapolation uses the same number of coarse and fine-scale

solutions and gives results which are more accurate than the fine-scale solution, by reducing

the bias instead of the Monte Carlo error. In cases where the bias is obscured by statistical

errors, using a combination of both extrapolation and the multilevel Monte Carlo method

would be ideal, as it would reduce both sources of error.

The fsTL is the most basic and least accurate τ -leap algorithm. It would be ideal to

extrapolate a more powerful τ -leap method such as that of Cao et al.14, but these are more

efficient because the timestep is varied, allowing the use of the largest possible step at each

time point. This also means there is no obvious way of extrapolating such algorithms.

However the power of our approach is that it can be applied to any numerical method

as long as there exists an expression for the global error of the form (11). We can make

higher-order versions of methods useful for specific classes of problems. For instance, Rué et

al.34 constructed a class of Runge-Kutta τ -leap methods, useful for simulating stiff systems.

These methods have an extended stability region to allow larger stepsizes but are still weak

order one. Extrapolating them would give methods which have higher-order accuracy as
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well as being very stable.
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Appendix: Second moment extrapolated local error

In order to see the effect of extrapolation on the local error, a sufficiently accurate ap-

proximation to (15) is necessary. Using the Heun method, a second-order method, we can

write (15) as

S(t + τ) = S(t) + τWS(t) + τS(t)W T + 1
2
τνd(µT (t) + µT (t + τ))

+ 1
2
(µ(t) + µ(t + τ))dT νT + 1

2
τν(B(t) + B(t + τ))νT + τνDνT + 1

2
τ 2W 2S(t)

+ 1
2
τ 2S(t)(W T )2 + τ 2WS(t)W T + 1

2
τ 2WνdµT (t) + 1

2
τ 2Wµ(t)dT νT

+ 1
2
τ 2νdµT (t)W T + 1

2
τ 2µ(t)dT νT W T + 1

2
τ 2WνB(t)νT + 1

2
τ 2νB(t)νT W T

+ 1
2
τ 2WνDνT + 1

2
τ 2νDνT W T + O(τ 3).

Extrapolating (14), we arrive at

2S
τ/2
2m+2 − Sτ

m+1 = S
τ/2
2m + τWS

τ/2
2m + τS

τ/2
2m W T + τ 2WS

τ/2
2m W T + τνDνT

+ 1
2
τ 2W 2S

τ/2
2m + 1

2
τ 2Wνd(µ

τ/2
2m )T + 1

2
τ 2WνB

τ/2
2m νT + 1

2
τ 2WνDνT

+ 1
2
τ 2S

τ/2
2m (W T )2 + 1

2
τ 2µ

τ/2
2m dT νT W T + 1

2
τ 2νB

τ/2
2m νT W T + 1

2
τ 2νDνT W T

+ τµ
τ/2
2m+1d

T νT + τνd(µ
τ/2
2m+1)

T + 1
2
τ 2Wµ

τ/2
2m+1d

T νT + 1
2
τ 2νd(µ

τ/2
2m+1)

T W T

+ τνB
τ/2
2m+1ν

T .
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The local error is S(t + τ)−
(

2S
τ/2
2m+2 − Sτ

m+1

)

. For simplicity, we evaluate it at time t = τ .

Most of the terms cancel, leaving

τνd
(

1
2
(µT (0) + µT (τ)) − (µ

τ/2
1 )T

)

+ τ
(

1
2
(µ(0) + µ(τ)) − (µ

τ/2
1 )

)

dT νT

+ τν
(

1
2
(B(0) + B(τ)) − B

τ/2
1

)

νT + 1
2
τ 2W (µ(0) − µ

τ/2
1 )dT νT

+ 1
2
τ 2νd(µT (0) − (µ

τ/2
1 )T )W T + O(τ 3).

The first term is equal to τνd
(

µT (0)(1
4
τ 2W 2 + O(τ 3)) + dT νT (1

4
τ 2W + O(τ 3))

)

and simi-

larly for the next two terms. The penultimate term is −1
2
τ 2W (1

2
τWµ(0)+ 1

2
τνd)dT νT , and

similarly for the last term. Thus all terms in the local error are O(τ 3), implying a global

error of O(τ 2).
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