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A mathematical formulation for the cell-cycle model in
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In this work we present an analysis, supported by numerical simulations, of the formulation

of the cell-cycle model for somitogenesis proposed in Coléewrl. (J. Theor. Biol.

207 (2000), 305-316). The analysis indicates that by introducing appropriate parameter
constraints on model parameters the cell-cycle mechanism can indeed give rise to the
periodic pattern of somites observed in normal embryos. The analysis also provides a
greater understanding of the signalling process controlling somite formation and allows

us to understand which parameters influence somite length.
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1. Introduction

For all but the simplest multicellular development a common mode of patterning involves
the laying down of structures behind a moving front. One such example is the formation of
somites.

Somites are spheres of cells formed sequentially on each side of the anterior—posterior
(AP) axis of a developing embryo by the successive segmentation of the presomitic
mesoderm (PSM). A somite is formed by the condensation of groups of mesenchymal
cells which become polarized and form a three-dimensional epithelium. They are transitory
structures that underlie the segmental organization of the vertebrate body that is maintained
into adulthood with the formation of the vertebral column and govern the segmental
organization of peripheral spinal nerves, backbone and vertebrae, axial muscles, thorax,
and the metameric distribution of early blood vessels. Genetic or environmental factors
can disturb somitogenesis, and there are many clinical conditions which occur as a result
(see, for recent reviews in the subject, Gossler & BredbAngelis, 1998; Sticknewt al.,

2000; Stockdalet al., 2000; Schnelkt al., 2000; Saga & Takeda, 2001, and references
therein).
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Over the past three decades, somitogenesis has been studied in detail. However, despite
considerable experimental work, the mechanism of this aggregation of cells into somites
and the specification of where and how many somites will eventually develop is still a
major unresolved problem in developmental biology. Several theoretical and mathematical
models have been proposed to address some of these questions. Recently, we have reviewed
alarge number of theoretical models for somitogenesis and have found that although some
of these successfully account for certain aspects of somitogenesis, they fail to explain, or
ewven contradict, other observations (Schnell & Maini, 2000; Scletell., 2000; Bakeret
al., 2003).

We have addressed (Colliet al., 2000) some of the problems concerning somite
formation, by developing a mathematical formulation of the cell-cycle model for
somitogenesis proposed by Stern and co-workers (8tatn 1988; Primmetet al., 1989).

The cell-cycle model appears to be consistent with many experimental observations as it
incorporates several known aspects of somitogenesis. For example, it can account for the
periodic abnormalities observed in somite formation after a single heat shock treatment
(Cooke, 1978; Primmett al., 1988); the cell autonomous character of somite formation

in PSM explants, the grafting experiments showing that presumptive somites -I to -V
(corresponding to one cell-cycle before somite formation) are fixed with respect to their
AP polarity, boundary transplantation experiments reversing the AP axis (Dubralle

2001), and it provides a framework which allows investigation of the movement properties
of the cells in the presomitic mesoderm as they aggregate into a somite (readers can consult
Collier et al., 2000; Schnelkt al., 2002, for more details). The mathematical formulation
developed consists of two coupled partial differential equations, whose nonlinear coupling
gives rise to a regular pulse-like signal. We have also presented an extension of the cell-
cycle model (Bakegt al., 2003) to take account of the existence of a determination front
whose position in the PSM is controlled by FGF-8 signalling (Dubretlel., 2001;
Sawadaet al., 2001), and which controls the ability of cells to become competent to
segment.

The mathematical model has enabled us to compute the outcome of the nonlinear
interactions arising from the word model of Stern and co-workers. In previous papers,
we have verified the role of the cell-cycle as a possible segmentation clock, analysed the
effects of heat shock in somite formation (Collet@l., 2000), included cell movement for
the version of the model in one spatial dimension (Schetedl., 2002) and analysed the
effects of the local application or inhibition of FGF-8 by implantation of a bead soaked
in FGF-8 in or next to the PSM (Bakett al., 2003). We have also solved the model
equations numerically using the finite element method and compared the model behaviour
with experimental observations.

In the present paper, we study in more detail the mathematical model proposed in
our previous papers (Colliegt al., 2000; Schnellet al., 2002). After an exposition of
the descriptive model, we introduce its assumptions and a mathematical formulation
in Section 2. A phase plane study of the model equations gives an insight into the
behaviour of the kinetics allowing us to derive bounds on parameter values of the model to
ensure a regular pulse-like signal which coordinates the differentiation of cells located
anterior in the PSM to segment into a discrete somite (Section 3). The behaviour of
the signalling process controlling somite formation is analysed in Section 4, where an
analytical approximation of the signalling chemical profile is derived. We present our
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numerical solutions followed by a comparison between the analytical and numerical results
(Section 5). In Section 6, we discuss our analysis of the model equations which enables us
to place constraints on model parameters, and to understand the signalling process and
how various parameters influence somite length. Finally, we present a brief conclusion in
Section 7.

2. Thecell-cycle model

The cell-cycle model proposes the cell-cycle as a possible segmentation clock based on
the following observations: (1) the existence of discrete regions of cell synchrony in the
PSM; (2) a cell-cycle duration of nine hours, which corresponds to the development of six
to seven somites in the chick embryo; (3) periodic segmental anomalies (such as a small
somite followed by a large somite) caused by heat shock experiments or drugs inhibiting
cell-cycle progression (Stest al., 1988; Primmettt al., 1988, 1989).

According to the cell-cycle model, cells destined to form somites leave Hensen'’s node
(see Fig. 1) strictly in the order in which they were derived from founder cells in the node,
and they remain in that order. Hence there is some degree of cell-cycle synchrony of somite
cells at the same level and these cells will be arranged along the embryonic axis in the same
order as they are positioned in their cell-cycles: older cells further anterior than younger
ones (Stermt al., 1992).

The formation of a somite is explained by assuming that there are two successive time
points P; and P, in the cell-cycle of the mesodermal cells destined to form a somite.
These points are assumed to be 90 minutes apart in the chick embryo, near the time of
the second last mitotic division before segmentation (Fig. 1). This determination phase
comprises about one-seventh of the total cell-cycle time. Somite cells recogniBg-the
P, time window. As the cell-cycles of all cells are not perfectly synchronized some cells
will reach pointP; in their cell-cycle before others. These cells produce a signal to which
cells situated betweeR; and P, respond (Region Il in Fig. 1). Cells betwe& and P,
later increase their adhesion to each other shortly before segmentation and clump together.
The resulting group of cells undergoes segmentation one cell-cycle aft&;tf time
window. After the P1—P, window, cells become refractory (unresponsive) to the signal
and/or unable to signal (Region Il in Fig. 1).

The model proposes that heat shock temporarily blocks the cell-cycle, so altering the
number of cells that become adhesive together. Such an alteration would occur once in the
cell-cycle of each cell posterior to tH&—P, time window, accounting for the repetitive
anomalies resulting from heat shock.

2.1 Mathematical formulation

A mathematical formalisation of the cell-cycle model has enabled us to explore more
closely the interactions of the underlying processes hypothesized in this model and to
make further experimentally testable predictions. We begin by considering a coupled pair
of nonlinear partial differential equations proposed by Cokieal. (2000) which models
the appropriate spatio-temporal cell signalling suggested by the biological model.

The key feature of the Stern and co-workers’ model is that segmentation arises as a
result of some local mechanism which is regulated by time points in the cell-cycle of the
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FiG. 1. Diagrammatic representation of the cell-cycle model illustrating the two time pBingd P, and the

three key stages within the model. Cells at the posterior-most margin of the PSM (Region |) are at a younger
developmental age than those undergoing somitogenesis. As these cells mature, they become capable (Region I1)
of responding to the signalling molecude which is secreted by cells &,. As they mature to the next stage
(Region l1I) they begin to form somites. In Region Ill they are no longer able to respond to or emit a signal. A
diagrammatic representation of the mathematical formulation of Cellial. (2000) is shown below the sketch
depicting the fully formed somites. The Heaviside functiggs= H(x1 + ¢t — x) andx, = H(x2 + ct — x)

are shown along with the regions where the somitic potential facigrrespectively, highq < x» + ct) and low

(X > xq + ct). For a full description of the model kinetics see Section 2.1.

cells destined to form a particular somite. After specification, these cells adhere to each
other. All cells of a potential somite must adhere at about the same time, resulting in a
distinct somite. In addition to the assumptions mentioned previously, in formulating the
mathematical model Collieat al. (2000) further assumed that: (1) although segmentation
begins at the anterior end of the embryo and moves towards the posterior, for convenience
the axis is taken fixed with respect to the cells so that the pattern (including Hensen'’s node
and the PSM) can be considered to be moving down the rostrocaudal axis. The length of
the PSM is constant, and the pattern moves with constant sp@est 2.0 x 1078 ms™!

in the trunk region of the chick); (2) the signal emitted by cells when they reach Bgint
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is like a pulse. The signalling molecule is short-lived and diffuses rapidly, this is a key
assumption. Rapid diffusion is required to ensure that only cells whose cell-cycle is at
a point betweenP; and P> will respond to this signal, if the diffusion coefficient is not
sufficiently large, then somite size will be determined by the extent to which the signal
spreads; and (3) somites are being formed continually; the beginning or end of this process
is not considered.

Although the development of biological pattern and form during embryogenesis is a
three-dimensional process, the model is developed in one spatial dimension (head-to-tail
axis). This simplification enables us to study in detail the interaction of the nonlinear model
kinetics and allows us to investigate many of the key patterning processes, which are known
to act primarily along this axis. Additionally, it has been assumed that it is sufficient to
focus on one side of the embryo. This is supported by evidence which suggests that there
is no signalling between the two parallel axes of the PSM (Keynes & Stern, 1988; Veini &
Bellairs, 1986).

We let x denote distance down the head-to-tail axis of the embryo, where the origin
is taken to be fixed with respect to a given somite (a given cell has a Xbaxbrdinate),
andt denotes time. It is proposed that a key step in determining a cell's fate as part of a
somite is exposure to a somitic factor of concentratiox, t). This somitic factor might
be a transcription factor or a precursor of an adhesion molecule. Cells which have a high
concentration ol are termed somitic, while those with a low concentration are termed
non-somitic. The somitic factor is produced in response to a diffusive signalling molecule,
v(X, 1), the other key component in the model.

Itis assumed that cells passing poittproducev, while cells which lie between points
P1 and P, respond ta) by producingu. In Fig. 1 it can be seen that the cells which reach
point Py in their cell-cycle at a given timeare at positiorx; + ct on the axis, while those
which reachP, are at positiorxy + ct. Cells positioned anterior t&; + ct have passed
point Py in their cell-cycle and so can produggand the signalling molecukeis produced
when cells pas®; (x2 + ct). The model equations are

ad
8—;’ = f(u,v), (1a)
ov 9%y
— = D—. 1b
ap = 9 v) + Dos (1b)
The forcing functions are given by
(u+ v)2 K
f(u, U) = 7/-}-7/;[]2)0] — UU, g(u, U) = m}(v — )\.U, (2)
where
xu(X,t) = H(ct — x + x1), Xv(X, 1) = H(Ct — X 4 X2).

The Heaviside functiortd, is o the general fornH (¢ — x), where

1 ifx<a,
0 ifX>a,

H(a—x):{

andu, y, p, v, k, €, A, D, C, X1, X2 are positive constants.



90 D. MCINERNEY ETAL.

The switch behaviour occurring in the kinetics of the somitic factés captured in
the above mathematical formulation by the right-hand side of (1a). The kineticsaie
chosen so that can undergo a sudden change from a low to a high concentration. The term
(U+ )2/ (y + pu?) describes auto-catalytic productionugfactivation ofu by v through
the termuv, and, for largeu, saturation. Furthermore,is linearly degraded in proportion
to its concentration by the termvu. For (1b), the nonlinear terr@% models negative
feedback byu on the production of, i.e. an increase i decreases the production of
v, which results in a reduction in production (1a). Foe « 1, v increases rapidly for
U < 1, i.e. there is an increase inin non-somitic cells. In additiony degrades linearly
and diffuses, with diffusion coefficierid.

Notice that the nonlinear component in (1a) does not become activexuqtit; + ct.

In Fig. 1, it can be appreciated that points to the lefkp#- ct correspond to cells which
have passed poirR; in their cell-cycle. This is consistent with the requirement that cells
whose cell-cycle lies between poins and P, (which at timet are at positionxy + ct
andxz + ct respectively) can respond to a pulseviand it is achieved in the equation by
multiplying the nonlinear component of kinetics for the somitic factor (1a) by the Heaviside
function xy(x, t) (see Fig. 1). In (1b) the nonlinear term satisfies the model requirement
that only cells which have not been specified as somitic, cells with low concentratigpn of
can produce the signalling moleculevhile those that have been specified as somitic, cells
with high concentration afi, cannot. Furthermore, we must ensure that signalling does not
begin untilx < x2 + ct, points to the left ok, + ct correspond to cells which have passed
point P> in their cell-cycle, as cells must pass poit before they can signal. This is
captured in the cell signalling equation (1b) by multiplying the nonlinear component of the
kinetics by the Heaviside terpp, (x, t).

The model is envisioned to work as follows: at titne- 0, u ~ 0 for all pointsx > x»
andu ~ 1 for pointsx < X, while the level of signalling molecule is(@) throughout the
domain. As time increases the Heaviside functignandy, (see Fig. 1) move to the right
at speect. Points whereu ~ 0, which were initially to the right of,, quickly become
part of the region wherg,, is active. These low values ofactivatev production leading
to a pulse inw centred ai, + ct. At some timet = { (shortly aftert = 0) the increase in
v activatesu between pointx = x, andx = x; + ct. As u rises it inhibitsv production,
and the pulse-like distribution af quickly falls returning tav ~ 1. Asv falls the rise iru
slows. A short time after = f, u ~ 1 for all points between, andx; + cf. In this way,
the regionxy < x < x3 + cf is specified as somitic. The process begins again when the
jump in the Heaviside functiop, reaches poink; + cf. Points wherai ~ 0 become part
of the region wherey, is active. These low values afactivatev production leading to a
second pulse im.

From our description above it is clear that there is a small delay between signalling
and specification. Hence, cells gain the potential to form a somite a short time after the
signal is emitted. Although cells passing po at timet = O start producing almost
immediately, the pulse-like signal does not rise and fall in an instant. It is nottustil
f that v is sufficiently high to activatei. We will discuss this point in the next section
(Section 3) by studying the parameter constraints and the threshold level of signalling
molecule required to activate this periodic signalling process.
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Boundary conditions. The embryonic axis is taken fixed with respect to the cells, the
node and segmental plates move down it at a constant.réi¥e consider

0< x <d(), t>0, 3

whered(t) is the position of a point which moves down the embryonic axis at constant
speedc. For points on the axis far to the right @b + ct, that isx > x» + ct, u andv

tend to zero, while for points to the left,andv tend to some fixed value. This leads to the
following boundary conditions:

u,v — 0 as x — {Xp +ct} -> +oo,
u, v are bounded ax — {x2 + ct} - —o0.

In our numerical simulations (Collieat al., 2000; Schnelkt al., 2002), the equations
have been solved on a closed bounded interv&l,afhich we denote by?; typically 2 =
[—10, 10], which is large enough to ensure that conditions at the boundary do not affect
the patterning process. As an approximation to these infinite domain boundary conditions,
(1a) is subject to zero flux boundary conditionxat —10 andx = 10.

Non-dimensionalization. The equations are non-dimensionalized to allow an absolute
measure of the quantities involved independent of units of measurement and to reduce
the number of parameters. We choose

t=—, X=(X1—X2)X, U=—, v=—0. (4)

> | -
§|C>

In the non-dimensional variables f, 0 and 9, the distance betweexy + ct and x, +
ct equals 1. The process occurs on a time scale in whicises from near zero to its
equilibrium state; in this equilibrium both andv are Q(1). Substituting (4) into (1a) and
(1b) and re-arranging, the following dimensionless parameters can be defined:

This yields the following non-dimensional model, where the hats have been dropped for
notational convenience:

ou

Fm = f(u,v), (5a)
ov 9%y
3t =9, v) + DW’ (5b)

with the forcing functions given by

(U pw)? u _ &b
f(u, U)—WXU(XJ)—;’ g(u,v) = Y v, (6)
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and
xuX, ) = H(ct =X+ X1), )X, ) = H(Ct —=x+X2), x1—Xx=1.  (7)

The main changes in andv occur in region Il (see Fig. 1) and the part of regions |
and Il close to II. In the next section the behaviour of the model in regions I, Il and Ill as
labelled in Fig. 1 is explored.

3. Phase plane study of the model equations

In a previous paper (Collieat al., 2000) we stated the constraints necessary on the model
parameter values to ensure that the cells of a potential somite adhere together, resulting
in the segmentation of a discrete somite. Here, we present full details of the derivation of
these constraints. The model equations behave differently in each of the three regions along
the embryonic axis, as illustrated in Fig. 1.

| Cells posterior tdP, X > X1 + ct, can neither respond to nor emit a signal. For these
cells, bothu andv are approximately zero.

Il Cells betweerP; andP,, xo + ¢t < x < X1+ Ct, can respond to a signal but are unable
to emit one. These cells respond to a high leval bly producingu. As u increasesy
falls, giving rise to a pulse-like signal in

lIl Cells anterior toP,, X < X2 + ct, can respond to and emit a signal. Here, a high level
of u inhibits production of.

We now perform a phase plane analysis of the model equations in each of the regions
labelled in Fig. 1, neglecting the effect of diffusion. How diffusion affects the patterning
process is studied in detail in Section 4. As always, we must keep in mind the model
requirements as described in Section 2.1, in particular, the constraints placed on the
behaviour of the forcing functions. In Section 3.5 a summary of the bounds derived on
the parameters is presented.

3.1 Thebehaviour of the model in region |

In the regionx > X1 + ct, the model equations (5a) and (5b) simplify to

ou u

— = —— 8a
ot Kk’ (8a)
ov

L, 8b
At v (8b)

The steady states afandv are zero. On setting > 1, we ensure thatdecays rapidly
compared tai.
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3.2 Thebehaviour of the model in region Il

In this regionxs + ¢t < x < X1 + ct, the model equations are as follows:

U U+puv)? U

—_— = 9a
ot Yy +Kku2 o« (%a)
av

— = —v. 9b
P v (9b)

In accordance with the model requirements outlined previousigust change from
approximately zero to a stable steady state with positive value. There are two possible cases
depending on the values pfandx. Standard linear stability analysis reveals that only for
y < 7 does there exist a stable steady state with positivéor this case, there are three
non-negative steady staté®; 0), (1, 0) and({y, 0), with

o= 3 (11- %), (w0

In system (9a) and (9b)0, 0) and(lz2, 0) are linearly stable andi;, 0) is a saddle point. A
key requirement in the model formulation is thashould change from ~ 0 tou ~ O(1)
in response to a rise in. If v is sufficiently high theru will change from approximately
zero to the stable steady stéie

In Fig. 2 we see that the stable manifold at the critical pdint, 0) lies on the
separatrix,(U, v), that divides the positive quadrant of the phase plane into two regions:
trajectories to the left of the separatrix converge to the zero steady state, while those to
the right tend to the steady stat@,, 0). The separatrix must cross theaxis at some
point (0, ) (see Fig. 2). If not, them — oo whiled > 0 ast - —oo. From (9a) and
(9b) we see that since is unbounded as — —oo, there exists a timef, € R, where
v is sufficiently large to makéu/at > 1 for all t < f. Howewer, this would imply that
0 — —oo ast — —oo, contradicting the requirement that> Ofor allt € R. Trajectories
starting above0, 6) converge to the steady stai@, 0). In this way6 can be viewed as
the minimum level (threshold level) efrequired to activate production.

Region Il will be affected by diffusion of sou should remain low at points which
have not responded to a pulsewgfeven those for whichw ~ 1,i.e.u < 0 ~ £ « 1,
whenv = 1, so (9a) becomes

au  (u 2 U (u 2 u
_:M__zﬂ___ (11)
ot y +ku2 o« Y K
Equation (11) has positive steady states if
Y Y
-z <51, 12
H= i = Ak g (12)
otherwise—u > 0V u > 0. We define
o = (13)
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FIG. 2. Phase plane for region Il for the cage< %. The phase plane is divided into two regions by the separatrix
(dotted-dashed curve). Parameters are chosen such that the intersections ofifr@ine (dashed curve) with
thev null cline (v = 0) yields three non-negative steady states. Note thatsfsufficiently highu will change
from approximately zero to a stable steady state of positive value. Parameter valuyes-ai@5, « = 2 and

y = 0-25.

whereg, can be viewed as a lower bound for the threshbttiat must be exceeded by
in order to activatel at points betweery + ct andxs + ct. Alternatively, if ux <« y then
the inequality (12) is satisfied. Choosipg andy such thatux/y < O(1), the condition
is violated, and as a result a levelwk 1 will activateu production.

3.3 Thebehaviour of the model in region I11

In this regionx < X2 + ¢t and hence the model equations become

u U+ pv)? u

St . 14a
ot Yy +ku2 ok (142)
9 1
2 _ _v. (14b)
at €e+u

These equations yield either one or three positive steady states. The null clines are as

follows:
1 2
v () = = [—uz (R (15a)
" K

v=2A(U) := (15b)

e+u’
Parameters must be chosen to ensure that a stable steady state with a high level of
u is the only stable steady state in the region (according to our model, cells which have
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responded to a pulse in signalling molecule have a high concentratignldbw the cells
react to the sudden increaseuitis studied by looking at trajectories in the phase plane. It
is found that to ensure the existence of exactly one positive steady state in this region the
null cline must lie above the local maximum of thenull cline.

On choosingr « 7, the unstable steady stdig can be approximated as follows:

alzg<1_ 1_%)~g+o{(g)z}. (16)

In Fig. 2 we see that the null cline has a local maximum &tiy, vy), with 0 < um <
Gy ~ % Expandingu in terms of a small parametér wheres = % <« 1, we obtain the
leading order problem fau:

4
Qug —4u3=0 = UO=0,§. (17)
Sinceup, < % <« 1, we chooselp = 0. Similarly, on collecting the higher order terms we

find thatu; = %1. In this way, we obtain the following estimates f@r,, vm):
Y

Um = s + 0(82), Um =
K 4

+0(8?). (18)
4 UK

The phase plane for the cage< 7 is shown in Fig. 3. To ensure the existence of exactly
one positive stable steady state in this region dheull cline must lie above the local
maximum of theu null cline (15a), and so, to a low order of approximation

1 Y
> —.
e+ dux

(19)

At time t = {, just before a signal is emitted, ~ 0 atx = x, + cf, and hencey
increases rapidly, so (14b) becomes
ov 1
— =-—u. 20
T (20)
Since, from this equation; cannot rise abové, the threshold leved, i.e. the minimum
level of v required to activate production, must be significantly lower th%nand above
the local maximum of the null cline. Therefore, the parameters are chosen such that
1 €
S0 um~ = XS« 1)
€ Ak Ak
As seen in the previous section, for points betwees ct < x < X3 + ¢t which have
already responded to a signal,~ G> ~ 1. These points must not trigger another signal
when the source terite + u)~! becomes active: only points whewex 0 should lead to a
signal. Choosing

eklp~rl (22)

ensures that the source tefe+ u)~! becomes large for points wheve< 1. Hencev
increases rapidly fon « 1.
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curve) with thev null cline (dotted curve) yields one positive steady statéNote that all trajectories converge
to the steady state. Parameter values@are: 0-1,x = 2,y = 0-25 ande = 1.

3.4 Effect of diffusion

A requirement of the model is that the posterior boundary of a somite is determined by
the pointP; (to be consistent with the cell-cycle model) in the cell-cycle rather than by
diffusion of the signalling molecule, i.e. if cells fail to respond to the pulse it is because
they have not reacheB; in their cell-cycle, not because the signal fails to diffuse far

enough. To ensure that lack of diffusion does not prevent cells from gaining the potential
to form a somite we take

D> 1. (23)

In our discussion of the model kinetics we saw how cells gain the potential to form a
somite a short time after the signal is emitted. Furthermore, there is a time interval during
which specification occurs, i.e. the time whers above the threshold. To ensure that this
interval is small, the parameters are chosen such that the signal does not persist above
the threshold for too long. Otherwise, cells which go on to form a somite will become

potentially somitic over a long period of time (comparable to the time taken to form a
somite).

3.5 Summary of parameter constraints

From Sections 3.1 and 3.2 we have the following two parameter constraints:
K> 1, y < % (24)

The first constrainty >> 1, ensures that decays rapidly compared to On imposing the
second constrainyy changes from a low to a high levelifis sufficiently high. We set
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y « 1, to ensure this constraint is satisfied. Furthermore, from (3.2) it can be seen that
U ~ 1fory « 1.

In region 1l one of the key model requirements is thiashould remain low in the
presence ob ~ 1. This is expressed by

6 > 1, (25)

whereg, is a lower bound fop, the threshold that must be exceededvbtp activateu
production. The parameter constraints in Section 3.3 can be related to the threshald level
of signalling molecule via (13). In Fig. 3 we see that to ensure the existence of exactly one
positive stable steady state in region lll, thaull cline must lie above the local maximum

of theu null cline. To a first order approximatio@, (13) is equal to the local maximum of
theu null cline (18). Hence, expression (19) can be written as follows:

6 <

. 26
7 (26)

Again, using the definition of (13), the parameter bound (21) can be written as

1
6 < - (27)

Finally, diffusion must be sufficiently high so that all cells gain the potential to form
a somite. For each condition, a set of parameters which violates that condition has been
considered and the resulting numerical solution plotted (see Section 6).

3.6 Initial conditions

From Fig. 1 it can be seen thattat 0, cells which have reachd® in their cell-cycle are
positioned at poink = X2 on the axis. Without loss of generality, at tihe= 0 let x2 be
the origin. As an initial condition fou, we setu = 0 for cells which have yet to read®,
(cells in regions | and I1), while for cells in region llk(< 0) the stable steady state value
of uis chosen, that is
_ {ﬂz it x <0, (28)
0 if x>0,

wherel; is given by (3.2).

The initial condition forv is based on the distribution of just before the next signal
is emitted. The process of signalling can be broken down into two stages for which
approximate analytical solutions can be found. An approximate analytical solutian for
between signals is derived in Section 4 and is used as the initial conditionifothe
numerical solutions (Section 5).

4. Analysisof the signalling equation

The spatio-temporal dynamics ofx, t) is one of the key influences in the patterning
process, and it is now shown that there are two possible cases depending on the
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1 E= —— —— —

0

(a) The heaviside functions x, = H(ct — z) and x, = H(ct —x + 1) at time ¢o. The
shaded region represents points where u =~ 1. At point x = cto, u drops from a high
value, u =~ 1, to a low value, u =~ 0.

N

cto+x+1 x

(b) The heaviside functions x, = H(ct —z) and x,, = H(cf — 2+ 1) at a slightly later
time. Notice that the heaviside function x, has moved into the region where u ~ 0.

(c) The heaviside functions x, = H(ct — x) and x, = H(ct — z + 1) at time t = £.
The shaded region represents points where u ~ 1. At point z = ¢t + 1, u drops from
a high value to a low value, u ~ 0.

FIG. 4. Schematic behaviour of the Heaviside functions along with changes in the value of

concentration ofi. Analytical expressions are derived in each case and used in the analysis

of the model equations.
Recall that the signalling equation is a reaction—diffusion equation of the following

form:

I xu(X, 1) 9%y
— D—, 29
it eru UV (29)

wherey,(X,t) = H(ct — x). For notational convenience we define the linear differential
2

ad d .
operatorL := — — D—. Then, (29) can be written as
at X2
-1y if x<ect
L= JEeTW—v T xsd, (30)
—v if x> ct.

The nonlinear source term was chosen to model negative feedback dwy the
production ofv: an increase iru leads to a decrease in resulting in a reduction ini.
This behaviour can be characterized schematically as in Fig. 4 which depicts the Heaviside
functions along with changes in the valuewof

From Figs 4(a) and (b) we see that at titgethe Heaviside functiory, begins to
move into the region wherne ~ 0. Fore « 1 this leads to a rapid rise inat Xg = ctp.
We approximate the nonlinear source term in (30) by assuming that for cells posterior to
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Xo = Ctp, the level of somitic factor is close to its high stable steady state { —¢;1) while
for cells anterior tax = cto, the level of somitic factor is approximately zero & «¢5),
whereeq, €2 < 1. We approximate the equation for the signalling molecule by

1+e—e) 1 x<ctp
Lo~ {(e+e) ! cto < x < ct (31)
0 X > ct.

For D > 1, v diffuses quickly, leading to a rise infor all points in the domain. At some
notional timet = © > tg (see Fig. 4(b)) the increase imactivatesu betweerx = ctg and
x = cf + 1. Asu begins to rise it inhibit® production, and so the pulseinquickly falls.
The above approximation (31) for (30) then breaks down. The next pulse occurspvhen
passes point = cf + 1.

From Fig. 4(c) we see that in the region where the nonlinear source term is active
(x < cf), u ~ 1. All points in this region have responded to a pulse.Gfhe parameter
constrainte <« 1, discussed previously, ensures that points which have already responded
to a pulse do not trigger another pulse, only points where 0 should signal. Hence for
the case when ~ 1 throughout the region wherg, is active,u can be approximated by
1 — e3 whereez « 1. Equation (30) can then be approximated as

N l+e—e)1—v if x<ct,

Lv .
—v if x> ct

(32

whereez « 1. In the following section analytical expressions are derived to explain how
both (31) and (32) behave in space.

4.1 Spatial behaviour of a pulsein signalling molecule

The spatial behaviour of in (31) is investigated by solving the ordinary differential
equation
—1+e—e) ! x<cto
D-— —v={—(c+e) ! cto < x < ct (33)
0 X > ct
subject to zero-flux boundary conditionsxat= +1. For convenience we denobty = Xo

andct = Xxp + X. Assuming the solution is continuously differentiable throughout the
domain, (33) can be solved fo(x):

v(X; Xg, X) =
(A — B) sinh(A(I — xp)) coshia(l 4+ x))/(AB sinh(24l)) - <X <X
—Asinh(A(I — xg — X)) cosh(A(l + x))/(ABsinh(2Al)) + 1/A
—Asinh(A(l — xg — X)) coshi(A(l + x))/(AB sinh(24l)) X0 < X < Xo+ )2(34)

—(A — B)sinh(A(l + Xg)) coshia(l — x))/(ABsinh(2Al)) +1/B

—(A — B) sinh(»(l 4+ xp)) cosh(A(I — x))/(AB sinh(2Al)) X > Xg + X
—Asinh(A(l + xg 4+ X)) cosha(l — x))/(AB sinh(2Al))
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Analytical approximation to pulse irx,t) Analytical approximation to pulse irfx,t)

o] Q

-10 -5 0 5 10 -10 -5 0 5 10
x-axis x-axis
(@) (b)

Analytical approximation to pulse irfx,t)

(©)
FiG. 5. Analytic solution (34) to the pulse(x, t) given by (33). (a) Varyin. Parameter values = €1 = ep =
1073, D =50, xo = 0. The dotted curve is the profile wh&n= 0-0, dash-dotted curve the profile for= 0-05,
dashed curve the profile for = 0-1 and solid curve the profile fak = 0.-15. (b) Varying diffusion. Parameter
valuese = ¢1 = e = 1073,x9 = 0,% = 0-1. The dotted curve is the profile f@ = 100, dash-dotted
curve the profile foD = 25 and solid curve the profile fdd = 10. (c) Cosh approximation. Parameter values
€=¢€1 =€ = 1073, xo = 0, X = 0-1. The solid curve is the exact profile and the dash-dotted curve the cosh
approximation using (35).

with A = /1/D, A = 1+€—¢; andB = e +¢5. The expression (34) is plotted for various
values ofX in Fig. 5(a).

Notice that the solution is not symmetrical about the origin. Although small in
comparison with 1(e+e€2), the non-zero source term fer< ctp ensures that the signalling
level is slightly higher posterior to the centre of the pulse.XAscreases the signalling
profile changes as the width of the pulse increases. Recall that one of the key requirements
in the model equations is that diffusion is large. In Fig. 5(a) we see that by increasing the
diffusion coefficientD, the signal spreads across the domain.

On settingD > 1, A is small and the cosh function may be approximated by a quadratic
polynomial,

coshir(l +x)} ~ 1+ % Xl + x)12. (35)



CELL-CYCLE MODEL FOR SOMITOGENESIS 101

This approximation is depicted by the dash-dotted curve in Fig. 5(c), providing a
reasonably good qualitative approximation to the full analytical solution (34).

4.2 Spatial behaviour between pulses

The spatial behaviour af between pulses is determined from (32) by solving the ordinary
differential equation

pdv . Ho—x
dx? 14+€—e€3’

wherexg = ct and the discontinuity in the Heaviside function occurg@aflhe Heaviside
function leads to a discontinuity in the second derivative, that is

o
dx?

Lettinge — O, for v continuous, we have the following jump condition acrgss Xo:

d%v . d%v B dz_v
dx2 | dx?lxp, dx2
Using continuity acrossg along with the jump in the second derivative, (36) can be solved
analytically, giving

(36)

Xo—¢ 1

v =\
xo+e l4+€—e€3

Xo—¢

37

Xo+é&

1
Xo— - D(14+€—e€3) (38)

A 1 ) coshA(l + x)) 1 |
— s —l < X < Xop,
VX, X0) = 14+e€—e€3/) coshr(l +%Xg) 1+e€—e3
’ - coshA(l — X)) X0 < X < |
coshiA(l — Xg))’ 0 ’
(39)

with constantsA anda given by
(g tanhid + x0)) N “0)
~ tanh(i.( — x0)) + tanh(L(l + x0)) “VD’

On settingxg = 0, the solution simplifies to

v(X,0) = M + Acosha(d — X)), (41)
14+€—e3
where
_ Signe) _ \/I
A= 2(1 4 € — e3) cosh(Al)’ = D’ (42)

Solution (39) is plotted for various valuesxyf in Fig. 6(a). Asxg increases the profile
changes, in particular we see thak) ~ 1 whenxg = 10.

We would expect the solution of (39) to agree qualitatively with spatial plots of (30)
before and after a pulse in(x, t). The solutions for various values &f andxg are plotted
in Fig. 6(b). ForD small there is a smooth transition from zero to one, acKsON
choosingD large we see that ~ 0.5.
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Analytical approximation te(x,t) (no pulse) Analytical approximation te(x,t) (no pulse)

0-8

02

FiG.6. Analytical solution (39) of (36). (a) Varyingg. Parameterd = 50,¢ = 1073, e3 = 10~3. The solid
curve is the profile fokg = 0 and the dotted curves are profiles fgr= ct = 2, 4, 6, 8, 10. (b) Varying diffusion.
Parametexg = 0. The solid curve is the profile fdd = 10, dash-dotted the profile f@ = 25 and dotted curve
the profile forD = 100.

Analytical expression for the rise in v. We now seek an analytical solution to (31).
Thereby, we consider

(I+e—en™t x<cto
—vA (e +e) L ctp < x <ct (43)
0 X > ct

ov REN)
ot X2

fort > tp. Without loss of generality, we takg = 0.
Make a change of variables, so thdk, t) = v(X, t) exp(t/n) andy(x, t) satisfies

oy a2y dl+e—ent x<0
S~ e+t 0<x<ct (44)
0 X > ct

at X

with the same initial and boundary conditionsuds, t). Using Green’s functions to solve
the above we have

e~ g’ (45)

1 t X
)= 1-—erf| —————
veeh 2(1+€—€1)/0 { o (\/4D(t—t’)>}
Lt / Y S U N St S | QTSRO

2(e1+€2) Jo VAD(t —t) VAD(t —t)

o gt 2
+/ ﬁvo(x—\/4Dtu)e*“ du

—00

whereuvg(X) gives the initial conditions fop.



CELL-CYCLE MODEL FOR SOMITOGENESIS 103

space space

(@) (b)

FIG.7. Analytical solution (45) with parameter values= ¢; = e; = 10~3, D = 50, ¢ = 0-5. The solution is
plotted at time intervals ofAit = 0-1. (a) Analytical solution ob(x, t). The initial condition isv(x, 0) = 0-5 (b)
Initial behaviour ofv(x, t). The initial condition is given by solution (39). The dashed line represents the initial
condition,v(x, 0) = 0.5, shown for comparison.

5. Numerical solutions

The model equations pose two main difficulties for numerical simulations: (1) the
Heaviside function present in the equation fomtroduces a sharp discontinuity in the
solution, and (2) the system is of mixed type: thesquation is hyperbolic, while the
v equation is parabolic. A sophisticated numerical scheme was developed to solve the
model equations in one spatial dimension based on the finite element method (details to be
reported elsewhere).

The computational domaif® is chosen to bg—10, 10]. In the following numerical
simulations we subdivid€ into 500 uniform intervalsh = 0-04, and choose a time-step
k = 0-1. The mesh parametensaandk have been chosen by repeated numerical simulation
to ensure that the analytical solution of our model system is accurately represented by
its finite element approximation, without the need for excessive computation. Indeed, our
numerical experiments indicate that a time-step of less than or equél is ikeeded to
accurately simulate the pulse-like signahinwith the spatial mesh chosen fine enough to
adequately resolve the localized jumpsiin

5.1 |Initial conditions used in numerical simulations

The initial conditions foru andv were discussed in Section 3.6. The initial condition for
u is given by (28). For pointg < 0 we setu = 0, while forx > 0 we choose the stable

steady state value of,
4
[1+,/1——V] (46)
K

Uo =

NI =
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Initial conditions foru andv

BN

0 . . . .
-10 -8 -6 -4 -2

u(x,0) andv(x,0)

R R A m!
X-aXIs

FiG. 8. Initial conditionsu(x, 0) andv(x, 0).

which is approximately 1 for parameters= 10 andy = 10~2. Thus our initial condition
for u is simply

1 if x<0,
ux,0) = . 47
*.0) :O if x> 0. (“7)
A suitable choice of initial condition fow(x, t) is its distribution just before the next
signal is emitted. A good estimate of this is given by (39) with= 0.0,1 = 10 and
D =50,
v(X,0) = H(—x) + Acosh(A (10— |x])), (48)

where the constant& anda are given by

SIgn(x) _ /1 (49)

A= ——— =
2cosh(10n) 50

The parabolic equation (5b) is subject to zero flux boundary conditions

@zo, X = Xo, XN, t € [0, T],
aX
whereT denotes the time at which we stop the simulation. The initial conditiong éord
v, asdescribed by (47) and (48), respectively, are shown in Fig. 8.
A typical numerical solution to (5a) and (5b) with zero-flux boundary condition and
initial conditions (48) and (47) is shown in Fig. 9. We see that a pulseignemitted at
x ~ 0leading to a jump iru between pointg ~ 0 andx ~ 1. This jump inu corresponds
to a collection of cells that will later form a somite. The first puls& at O isfollowed by
asecond ak ~ 1 and a third ax ~ 2, causing a series of jumps inalong thex-axis.
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(&) Jumps inu(x, t) (b) Pulses inv(x, t)

FIG. 9. Numerical solution of (5a) and (5b) for€ t < 500. Parameter values aue= 104, y = 1072, « =
10, c=5x10"3, ¢ =103, D =50.

The process begins with a peakuirat the position ofP,, quickly followed by a surge of

v throughout the spatial domain. The levehofhen decreases rapidly to a constant level.
In response to this pulse-like signal, a fairly rapid increase otcurs betweerP; and

P». Thus we have a wavefront of the somitic factay (noving down the axis in jumps, as
successive groups of cells are triggered. Note that the levetiskEs at approximately the
same time in all cells betwedh and P, when a signal is emitted. According to the model,
this results in the coordinated segmentation of a somite.

5.2 Comparison between the analytical and numerical results

In Section 4 the signalling process was broken down into two stages. The dynamics of
the pulse-like signal and the distribution of the signalling molecule between pulses were
investigated. We now compare the approximate analytical results derived there with the
numerical solution of the full model equations (5a) and (5b). The rise of the first pulse in
v(X, t) is depicted in Fig. 10(a). The analytical approximation to the pulse (34), derived in
Section 4, closely matches the initial risevifx, t) (see Figs 5 and 7). However, on closely
examining Fig. 7, we see that although there is good qualitative agreement, thewige in
considerably faster than that observed numerically. Even for a choice-df-02 (which is
an order of magnitude greater than that chosen in Fig. 10(aj}imection approximation
we use to capture the pulse-like behaviour exaggerates the risélthough useful, the
approximation cannot account for the fact that an increaseiiibits v. This effect is
depicted in Fig. 12 where the rise irslows adu increases (Fig. 13(a)).

In Fig. 10(b) each profile represents the solution either before or after a pulée .
The solution is plotted over a considerably longer time scale than in Fig. 10(a). As the
Heaviside functiony, moves across the domain the profileitx, t) tends to 1. The
analytical expression for the spatial behaviour of the signalling molecule between pulses
(34) matches the behaviour observed (Fig. 6).
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V(x,t)

(b)

FiG.10. Numerical solution of (30) ojr-10, 10] subject to zero flux boundary conditions, with parameter values

as in Fig. 9. The spatial profile is plotted at selected time intervals. Note that in (a) and (b) the solution is plotted
ove different timescales. The number of discretization points is 401 and the time-stdgmse@ch case. (a) The

first peak inv(x, t) for 0 <t < 12. Points where ~ 0 giverise to a pulse in centred ak = 0. (b) v(x, t) for

0 <t £ 1600. Points whera ~ 1 lead to a distribution ob ~ 1 (the distribution ofv(x, t) either before or after
apulse).

6. Discussion

In this paper we have summarized the derivation of the mathematical model of Collier
et al. (2000) for somitogenesis based on the cell-cycle model of $teah (1988). We

have presented an analysis and numerical simulations of the model equations, which (i)
enable us to place constraints on model parameters, (ii) provide a greater understanding of
the signalling process, and (iii) allow us to clearly understand which parameters influence
somite length. We now present these insights in more detalil.

6.1 Model requirements and parameter constraints

One important point to make is that parameter bounds were derived to ensure that the
cells of a potential somite adhere at about the same time, resulting in the coordinated

segmentation of a discrete somite. The parameter constraints derived in Section 3 can be
summarized as follows:

I K>>1andy<§

I 1<6<—>y
A
1
6 <=
€
IV €<
V. Dx»1

The parameters chosen in Fig. 9 satisfy each of these constraints.
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On choosing: = 10 > 1 weobtain a pulse-like signal. For = 102, the requirement
thaty < x/4 is aasily satisfied. By imposing this constraint we ensure thatanges from
a low to a high level when reaches the threshold level (as shown in Fig. 13).

If any of the parameter constraints are violated the model fails to generate the required
spatio-temporal pattern of somites. For example, our lower bound for the threshold level of
signalling molecules,, is gven by (52). This is sufficiently high to ensure tligiroduction
is not activated fow ~ 1. In Fig. 11(a)—(b) we chooge = 10~° andy = 0-2; with these
changes the lower bound for the threshold legie: 5 x 1C2. Furthermore,

o < ~2x 107 (50)

Y

4i

violating condition (Il). As a result even a very high levehdfils to activateu production.
For the parameters in Fig. 9 condition (l11) is easily satisfied,

1
6 =25« - =10°. (51)
€

It is important tha®, should be significantly smaller thanél For example, on choosing
y = 0.05 (ore = 5 x 10-3), the signalling process fails (see Fig. 11(c)—(d)). Though
rises rapidly it fails to activate in the manner required by the model, instead we observe
apartial jump inu. Givene « 1, v becomes large only far ~ 0, points along the axis
whereu =~ 1 (those that have responded to a previous pulse) ab not cause the next
pulse to occur, thus satisfying the requirement that cells which have already responded to
asignal and hence go on to form a somite must not respond again, only cells inwisich
low can respond to a signal.

In Fig. 9 a value oD = 50 ensures that at tinie= 8 the size of a somite is determined
by pointsx = 0-0 andx = 1+ cf = 1.04 rather than by the extent to which the signal
spreads. Biologically this corresponds to the requirement that the signal must spread far
enough to activata production in all cells betweeR; andP». In Fig. 11(e)—(f) we choose
D = 5 (violating the requirement that diffusion is high). The pulseviis slow to rise,
leading to a delay in specification. More importantly, for points to the left of 1, the
level of v is never high enough to activatein sufficient quantities. The length of somite
specified is shorter than 1.

6.2 Explanation of the signalling process

The signalling process is explained by considering cross-sections (Fig. 12) of the numerical
solution in Fig. 9. Initiallyu = 0 for all pointsx > 0 andv ~ 1 throughout the domain
(Fig. 8). Our choice ot = 10~3 ensures that as the Heaviside functjgn= H (x — ct)
moves to the right at speed= 0-005, there is a rapid rise inin points wheres = 0. This
leads to a pulse in centred ak =~ 0 as shown in Figs 9(b) and 12(a).
With the parameters in Fig. 9 we see thatour lower bound fog, the threshold that
must be exceeded hyto activateu production, is given by

14

ik (52)

A
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(a) No change im(x, t) (b) Rise inv(x, t)

(e) Jump inu(x, t) (f) Pulse inv(x, t)

FIG.11. Numerical solution of (5a) and (5b) for € t < 300: (a)—(b) Parameter valugs= 107>, y =
02, k=10, c=5x 1073, ¢ = 1073, D = 100 (violating condition 11). Fop = 10> andy = 0-2 ahigh
level of v fails to activateu production. (c)—(d) Parameter valugs= 1074, y =5x 1072, ¥ = 10, ¢ =
5x 1073, ¢ = 103, D = 100 (violating condition Il). Fory = 0.05 the level ofv is not high enough to
activateu production at all points. (€)—(f) Parameter valyes: 1074, y = 1072, x =10, c=5x1073, ¢ =
1073, D = 5 (violating requirement V). Diffusion of is insufficient to activate: at all points.

At some time = f ~ 10 (Fig. 12(a)), before it reaches its peakises above the threshold
leading to a rapid increase inproduction at all points between= 0 andx = 1+ cf ~
1.04. Asu increases the rise imslows; att ~ 25,u is O(¢) (Fig. 13(a)),v has reached its
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Selected profiles of the first pulseitx,t) Selected profiles of the first pulseitx,t)
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FIG.12. Finite element solution far(x, t) at selected time intervals. Parameter values as in Fig. 9. (a) The rise
invfor5 <t <25.(b) The fall inv for 25 < t < 40.

peak (Fig. 12(b)). In Fig. 13(b) we see thebegins to rise rapidly as points betweer- 0
andx = 1 + cf make the transition towards the stable steady state 1. This rapid rise
inhibits v production, and quickly falls, returning tov ~ 1. Att = 40, u is O(10~1) for
all points betweex = 0 andx = 1 4 cf andv is O(1).

From Fig. 13(a)—(b) it is clear that althoughbhecomes QL) very quickly in response
to a pulse inv, aftert = 70, u rises slowly (see Fig. 13(c)). Activation of by v and
saturation for large is consistent with our model requirements. It is not until tirre 80
that the region 0< x < 1+ cf is specified as somitic.

At time t = 208, the Heaviside functiop, reaches poink = 1.04. Low values of
u begin to activate production afleading to a second pulse in The process described
above is repeated and a second jump follows.

6.3 Somitelength

There are delays between signalling, activation ahd specification. At time = 0, points
atx = 0correspond to cells which have reached p&inin their cell-cycle, while points at
x = 1 correspond to cells which have reachgdsee Fig. 1). The model states that a pulse
of v atx = 0 activates production af, leading to a region of specification between points
x = 0andx = 1. From the description above we saw that although productierbefjins
almost immediately, what determines somite length in our mathematical formulation is the
time at which the pulse in signalling molecule rises above the threshold required to activate
u. In Fig. 13(a) we see that non-trivial production wbegins att ~ 10. This confirms
numerically the point made in the previous section, namely that in the model, cells gain the
potential to form a somite a short time after the signal is emitted. Figures 9(a) and 13(d)
show the region of specification corresponding to three distinct somites. In Fig. 13(d) the
length of each somite is approximateip4.

In the cell-cycle model, cells are assumed to be roughly in age (cell-cycle) synchrony
and the size of a somite depends on the distance between the timeRoamd P, within
the cycle. Recently, Dubrullet al. (2001) have suggested that an interaction between FGF-
8 signalling and the segmentation clock controls somite size. If FGF-8 is applied to the
PSM, the FGF-8 gradient extends caudally further than normal, preventing more PSM cells
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FIG. 13. Finite element solution far(x, t) at selected time intervals. Parameter values as in Fig. 9. (a) Slow initial
rise inu for 5 < t < 25. (b) Subsequent rapid rise infor 25 < t < 40. (c) First jump inu for 0 <t < 70.
Although initially fast, by timet = 70 the rise iru begins to slow. (d) First three jumpsirfor 0 < t < 490. By
timet = 490 a third somite has been specified. Each somite specified has an approximate ler@th of 1

from contributing to a somite. Baket al. (2003) have developed a new version of the cell-
cycle model to incorporate the interaction between FGF-8 signalling and the segmentation
clock. We are presently testing this hypothesis by extending the mathematical formulation
of the cell-cycle model, along with its analysis and numerical simulations.

6.4 Challenging analytical problems

The greatest remaining challenge with this mathematical formulation of the cell-cycle
model for somitogenesis is the undertaking of a rigorous asymptotic analysis—something
that has thus far not been addressed. There are a number of reasons for this.

The model equations are highly nonlinear and the dynamics of each dependent variable
is highly dependent on the dynamics of the other. It has so far proved impossible to separate
either variable from the other in a manner which would allow further productive analysis.
Although there is a threshold level for the somitic factgrabove which it will grow with
very little dependence on signalling levels, the crux of our model is about understanding
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which cells experience signalling levels sufficient to allow them to reach this threshold and
also the manner in which they do this.

Another problem to be overcome is isolating the multiple timescales involved; it is
anticipated that there are at least three independent timescales that exist. The relationships
between the model parameters needs to be explored and this is something that is difficult to
justify biologically. To date, we have been unable to find a reasonable matching between
the different regions of the model, although we are currently in the process of finding
approximations for the somitic factor. These approximations cover much of the process of
somitic factor production and we hope they will give us greater insight into the signalling
process; perhaps allowing us to produce some more rigorous analysis in the future.

7. Conclusions

We have formulated our model in one spatial dimension to allow a detailed investigation of
the model behaviour. The results are in agreement with a number of biological observations
(see Schneltt al., 2000; Collieret al., 2000; Schnelkt al., 2002, for further details). The
analysis indicated that the cell-cycle mechanism can indeed give rise to the periodic pattern
of somites observed in normal embryos. Furthermore, the model allows us to understand in
more detail the signalling process and to determine which parameters control somite size.
However, on using a one-dimensional domain, we cannot account for the fact that only
some cells in the embryo are destined to form somites (and hence be capable of producing
and responding to the signalling cues in the cell-cycle model). Moreover, this model does
not account for cell motion. In one dimension we implicitly assume that all cells along the
x-axis eventually form part of a somite. Contrary to prevailing views, recent experimental
evidence shows that cell movement plays an important role in somite formation (Kulesa
& Fraser, 2002). By extending the model to two dimensions and including cell movement
we can investigate different modes of cell movement and can allow for the possibility that
some cells are not incorporated into somites (details to be presented elsewhere).

It is important to emphasize that we are not proposing the cell-cycle model as the
ultimate explanation for somite formation. Baketral. (2003) have recently developed
an extension of the cell-cycle model which could explain the effects of FGF-8 during
somitogenesis. However, they have also shown that, with suitable modification, other
models such as Cooke and Zeeman's clock and wavefront model (Cooke & Zeeman,
1976) and Meinhardt’s reaction—diffusion model (Meinhardt, 1982, 1986) can be viewed
as consistent with the observations and so it is, we feel, a mistake to consider only one
model, which seems presently to be the case. Our mathematical model represents a general
signalling process in which cells become somitic after being triggered within the time-
window of the segmentation clock. This mathematical formulation and our analysis can be
extended to study other somite formation models.
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