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Chapter 1I.

Introduction and statement of results.

The results derived in this thesis, centre broadly round the final
target of classifying all finite groups possessing a self-centralizing,
elementary Abelian, Sylow 3-subgroup of order nine. This larger problem
may be viewed as a consequent step, following upon the heels of the
classification, due to W, Feit and J.G. Thompson of all finite groups
with a self-centralizing subgroup of order three [9]. The result due

to Feit and Thompson is crucial to our analysis, and we quote it directly:-

Theorem (Feit and Thompson [9)])
Let G be a finite group which con-
tains a self-centralizing subgroup of order three. Then one of the

following statements is true:-

(i) G contains a nilpotent normal subgroup N, such that G/N is
isomorphic to either Z3 or D6.
(ii) G contains a normal subgroup N, which is a 2-group, such that

G/N is isomorphic to AS.

(iii) G 1is isomorphic to PSL(2,7).

We now present a brief account of our basic problem. Let us
suppose that G denotes a finite group possessing a self-centralizing,
elementary Abelian, Sylow 3-subgroup, P, of order nine. An analysis
of the possible structure of G mayrgegin with considérétions of the
structure of NG(P)/CG(P). As P acts fixed point freely on 03'(6),
it follows, using a theorem due to Martineau [19], that 03'(G) is
soluble, of Fitting height at most two. We denote G = G/OB'(G).

Then G also has a self-centralizing, elementary Abelian, Sylow

3-subgroup of order nine, and Né(ﬁ) is isomorphic to NG(P).



Thus it is convenient, in this initial analysis, to suppose that
03,(6) = 1,

Now NG(P)/CG(P) acts as a group of automorphisms of P, and is
thus naturally isomorphic to a subgroup of GL(2,3). In fact, the
following possibilities for the isomorphism type of NG(P)/CG(P) may
arise:-

(i) NG(P)/CG(P) = 1, Applying Burnside's transfer theorem, G has
a normal 3-complement, 03.(6). Since we have assumed that
03,(6) = 1, it follows that G = P,

(ii) NG(P)/CG(P) is isomorphic to Z,e This possibility lends
itself to an application of the results due to Smith and
Tyrer [24]. In particular, it follows that OB(G) # G, or
that G 1is 3-soluble of 3-length one.

(iii) NG(P)/CG(P) is isomorphic to Ve If we suppose that
P = (x,y I x3 = y3 = [x,y] = 1>, then we may suppose also

-1 -1
Xxa = x ,

that NG(P) = {a,b,P | a® = b2 = [a,b] 1, a

a-iya = vy, b-lxb = X, b-lyb = y-1>.

In [17], G. Higman shows that there is no finite simple group fal-
ling into this category. Note that any group satisfying the present
hypotheses has precisely three conjugate classes of elements of order
three.,

Theorem A of this thesis classifies all finite groups satisfying
the hypotheses of this section. In particular, our chosen group G

is isomorphic to one of:-

=
o
o
o
X
>

D, x PSL(2,7)

6~ 5 6
H : A A ¢ A PSL(2
1 5 X Ag 5 X (2,7)
H,, : : PSL(2,7) x PSL(2,7).
Here H1 denotes an extension of Z3 by SS, and Hz an exten-



sion of z3 by PGL(2,7).

(iv) NG(P)/CG(P) is isomorphic to Z,. If we suppose that

P = (x,y l x3 = y3 = [x,y] = 1), then we may suppose also that

- - -1
NG(P) = {c,P l ch = 1, ¢ e Yy, C 1yc = x ).

In his doctoral thesis [14], P.G. Henry proves that our chosen
group G 1is isomorphic to one of NG(P), A6 or A7.
Note that any group satisfying the present hypotheses has precisely

two conjugate classes of elements of order three.

(v) NG(P)/CG(P) is isomorphic to Dge If we suppose that

P = (x,y ’ x3 = y3 = [x,y] = 1>, then we may suppose also that

NG(P) = {a,b,P | a4 = b2 = 1, b~ lab

a-1>, where we also know

that a-lxa = y-l, a-lya = X, b-lxb = x, b-lyb = y-1.

Theorem B of this thesis begins an attack on this problem. Note
that any group satisfying the present hypotheses has precisely two con-
jugate classes of elements of order three. The only known finite simple
groups satisfying the present hypotheses, are A8 and GL(5,2), (For

further information, see Appendix.)

(vi) NG(P)/CG(P) is isomorphic to Qge Note that any group satis-
fying the present hypotheses has a wunique conjugate class of
elements of order three. In his doctoral thesis, [14] P.G.

Henry proves that our chosen group G 1is isomorphic to one

of:-
NG(P), Mzz,
PSL(B’q)s qQ = lf, 7 (9)
psu(3,q2), q = 2, 5 (9) q > 2.

(vii) NG(P)/CG(P) is isomorphic to 28. The regular action of the

Sylow 3-automiser ensures that any group satisfying the present



hypotheses has a unique conjugate class of elements of order
three. In this instance, very little else is known.

(viii) NG(P)/CG(P) is isomorphic to the semidihedral group of order
sixteen., The semi-regular action of the Sylow 3-automiser
ensures that any group satisfying the present hypotheses, has
a unique conjugate class of elements of order three. There

is very little else known in this instance.

After this preliminary discussion, we may now state our results:-

Theorem A,

Let G be a finite group possessing a self-centralizing
Sylow 3-subgroup of order nine, and precisely three conjugate classes
of elements of order three. Then there is a soluble normal subgroup N
of G, such that N has Fitting height at most two, and G/N is iso-

morphic to a group in the following list:-

D : D : D
D, X D 6 X As 6 X PSL(2,7)
H : A_ X A : A PSL(2
1 5 5 5 X y7)
H,, : : PsL(2,7) x PsL(2,7).
Here, H1 denotes an extension of Z3 by S5, and H2 an exten-
sion of z3 by PGL(2,7).

Theorem B,

Let G be a finite simple group possessing a self-central-
izing, elementary Abelian, Sylow 3-subgroup, P, of order nine, with

NG(P)/P isomorphic to Dg. Then one of the following occurs:-

(i) G is isomorphic to Ag
(ii) G 1is isomorphic to GL(5,2)

(iii) G has at least three conjugate classes of involutions.



We now present a brief plan of the thesis. In Chapters II and
III, we detail (respectively) those group theoretic, and those charac-
ter theoretic results which we shall later employ in the proofs of
our theorems,

Chapter IV is concerned (in general) with the construction of
the principal 3~block of a finite group G possessing a self-central-
izing Sylow 3-subgroup, P, which is elementary Abelian of order nine.
In Chapter V, a proof of Theorem A is presented. Essentially,
Theorem A is proved by a classification (highly character theoretic)
of the possible minimal normal subgroups of a finite group, G, which
is taken as a counter-example of least possible order, to the required
result, In Chapter VI, a proof of Theorem B is to be found. We out-
line here our proof of Theorem B. If we take G to denote a counter-
example to the theoremy, then it follows that G has at most two con-
jugate classes of involutions, In fact G must have precisely two
conjugate classes of involutions,

We choose a Sylow 3-subgroup P of G, with
P={(x,y | X = y3 = [x,y] = 1), and

<a,b,P I al* = b2 = 1, a—l = b-lab, a 1xa =y ~, a 1ya = X,

NG(P)

- -1 -
1xb = x, b yb =y 1).

b
Now CG(x) = (x>>fA, for some subgroup A of G, where it is
known that A has a self-centralizing subgroup of order three. Fusion

arguments prove that all involutions of CG(x) are conjugate in
NG(x). The previously quoted result due to Feit and Thompson is then
applied to show that either A is isomorphic to A5 or to PSL(2,7),
or that A has twice odd order. Analogous considerations apply to
CG(xy). We next choose Q to be a 2-subgroup of G, of maximal

possible order subject to being normalized by P. The above constraints

on the structures of C.(x) and C.(xy) force |Q | = 256. An ana-

lysis of the structure of N.(Q ) enables us to determine the isomor-



phism type of G. The proof relies heavily on the classification due
to B, Beisiegel [2], and V., Stingl [26] of finite simple groups
possessing a Sylow 2-subgroup of order at most 210.
In Chapter VII, we discuss the general status of our results

and indicate the possibilities for further development in this general
area.
Notation

The notation used in this thesis is for the most part stand-

ard, as used in Gorenstein's book [10]. We will however require to

use the following additional, or occasionally alternative notation:-

H(g°h® = a) Here a,g,h, are fixed elements of a group G. Then

this symbol denotes the number of solutions in G of

the equation glh1 = a, with 9, conjugate to g, and
h1 conjugate to h.

Ui . . . T

0 (G) If G is a finite group, then O (G) & G, and

11
G/0 (G) is a TM-group (Here T denotes a specified
set of primes). If also K2 G and G/K is a T-group,
Tr
then O (G) 2 K,
(k,m,n> The polyhedral group with presentation
k m n
(x,y,z l X =Yy = 2Z = Xyz = 1).
r(G) The sectional 2-rank of the finite group G.
(This is the maximal 2-rank of any section of a Sylow

2-subgroup of G.)

D2m The dihedral group of order 2m,

VA The elementary Abelian group of order &4,

QD16 The semi-dihedral group of order 16,

su(n,qz) The special unitary group of dimension n, over the

field of q2 elements.

PSU(n,qz) The projective special unitary group of dimension n

oveyr the field of q2 elements,



Chapter II,.

Assumed Group Theoretic Results.,

In this chapter, we state those results which we shall require
in the course of this work. Several of these are well known, and
are included merely because of their frequent relevance. All groups
discussed here may be assumed finite, unless this is clearly not the

casel!-

§2A Preliminary Results.

Proposition 2.1 (Frattini argument: Gorenstein [10] 1.3.7)

If H<'G, and P 1is a Sylow p-subgroup of H,

then G = NG(P)H.

Proposition 2,2 (Burnside's Lemma: Gorenstein [10] 7.1.1)

If P 1is a Sylow p-subgroup of G, then two
normal subsets of P are conjugate in G if and only if they

are conjugate in NG(P).

Proposition 2.3 (Burnside's Transfer Theorem: Gorenstein [10] 7.4.3)

If a Sylow p-subgroup of G 1lies in the centre

of its normalizer in G, then G has a normal p-complement.

Proposition 2.4 (Gorenstein [10] 5¢3.15)

Let A be a p'-group of automorphisms of a
p-group P, and let H be an A-invariant normal subgroup of P,

Then CP/H(A) is the image in P/H of CP(A).

Proposition 2.5 (Gorenstein [10] 5.3.16)

Let P be a p-group, and Q a non-cyclic

Abelian gq-group of automorphisms of P. Then



P = m Cc,(x)
x € Q-{1} P

(Here p and q are distinct primes)

Proposition 2.6 (Gorenstein [10] 7.4.k)

If the Sylow p-subgroup P of G is Abelian, then

NG' = HW(NG(P))', and G/OB(G) is isomorphic to PﬂZ(NG(P)).

Proposition 2.7 (Gaschiitz)

If the normal Abelian subgroup A has finite

exponent k and finite index in the group G, then G splits over A

if and only if for each prime p dividing k, eaeh Sylow p-subgroup

P splits over Ppa,

Proposition 2.8 7The infinite group (3,3,3> possesses a normal

Abelian subgroup of index three,

Proof (The proof presented here is adapted from that found in [9])

We may suppose that ¢3,3,3) := (x,y | x> = y3 = (xy)3 = 1),
-1

Since (xy)3 = 1, it follows that xyx = y_lx-ly e Substituting y = y'-2

andx:x-z, we derive that:-

1

(1) Xy Y X =y XXy

-1 -1
It follows that [xy y Y x] = 1,
Conjugating the relation (1) by x and by xz, we obtain the

further relations:-

-1 -1 -1 -1 -1 -1 -1 =1
X X 'y X

y Xex 'y = X ey
-1 -1 -1 -1 -1 -1 -1 -1
and X Yy X °Xy = Xy °*°X Y X o
-1 - -1 -1 =1
Thus the subgroup H = {xy ,y 1x,x Yy X ) is Abelian. More-
over H 1is normalized by x, and since xy- lies in H, it follows

that H is also normalized by y. Thus H I (3,3,3>. The group

(3,3,3) may be mapped homomorphically onto a non-Abelian group of




order twenty seven. Thus H is a proper subgroup of (3,3,3).

Since xy lies in H, and x does not lie in H, we observe that

H is of index three in ¢(3,3,3).

Corollary 2.9

In any finite group, if g,h,k are elements of order

three such that ghk = 1, the group (g,h,k) has an Abelian normal sub-

group of index three.

§2B Classification Theorems and Deeper Results.,

The following result will be crucial to our analysis:-

Proposition 2.10 (Feit-Thompson [9])

Let G be a finite group which contains a self-
centralizing subgroup of order three. Then one of the following state-

ments is true:-~-

(i) G contains a nilpotent normal subgroup N, such that G/N is
isomorphic to either Z3 or D6'
(ii) G contains a normal subgroup N which is a 2-group, such that

G/N is isomorphic to SL(2,4). (In fact, Theorem 8.2 of [16]
shows that N must be elementary Abelian, a direct sum of mini-
mal normal subgroups of G of order 24, each of which may be
jdentified with a two-dimensional vector space over GF(4), in
such a way that the action of G/N on the subgroup is given by
the usual action of SL(2,4) as a group of matrices.)

(iii) G is isomorphic to PSL(2,7).
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Proposition 2,11 (Smith-Tyrer [24])

Let G be a finite group, P a Sylow p-subgroup
of G (some odd prime p). Suppose further that P is Abelian and
that |N.(P) : C.(P)| = 2. Then:-

(a) If G 1is perfect, then P 1is cyclic

(b) If P is non-cyclic, then OP(G) ¥ G, or G is p-soluble of

of p-length one,

Proposition 2,12 (Gorenstein-Harada [11])

Let G denote a finite simple group of sectional

2-rank at most four. Then tThe structure of G is of known tvpe.

Proposition 2.13 (Gorenstein-Walter [12])

Let G be a finite simple group with dihedral
Sylow 2-subgroups. Then G is isomorphic to A7 or to PSL(2,q)
(some odd q > 3).

Proposition 2.1k (Alperin, Brauer, Gorenstein [1])

Let G be a finite simple group with semidihedral

Sylow 2-subgroups. Then one of the following occurs:-

1}

(i) G is isomorphic to PSL(3,q) q 3(4)

m

(ii) G is isomorphic to Psu(3,q2) q 1(4)

(iii) G is isomorphic to Mll'

Proposition 2,15 (Suzuki [30])

Let S be a 2-group containing a self-centralizing
elementary Abelian subgroup of order four . Then S 1is dihedral or

semidihedral.

Proposition 2.16 (Harada [13])

Let S be a 2-group containing a self-centralizing

elementary Abelian subgroup of order eight. Then r(sS) < &4,



Proposition 2.17 (Harada [13])

Let G be a finite group containing an elementary
Abelian subgroup A of order sixteen. Suppose: -
(i) A is a Sylow 2-subgroup of CG(A) and
(ii) NG(A)/CG(A) is isomorphic to A or to A_.

6 7
Then r(G) = 4,

Proposition 2.18 (Stroth [28])

Let G be a finite simple group and Q an element-
ary Abelian subgroup of G of order sixteen. Suppose further that Q
is a Sylow 2-subgroup of CG(Q) and that NG(Q)/CG(Q) is isomorphic

to S6' Then the structure of G 1is of known type.

Proposition 2.19 (Beisiegel-Stingl [2] and [26])

Let G be a finite simple group with Sylow 2-sub-

0
group of order at most 21 . Then the structure of G 1is of known type.

Note A full list of finite simple groups satisfying the hypotheses of

Proposition 2.19, may be found in the Appendix,

Proposition 2.20 (Martineau [19])

Let G be a finite group admitting an elementary
Abelian fixed point free group of automorphisms V of order r
(some prime r). Then G has a normal subgroup F, such that both

F and G/F are nilpotent.

Proposition 2,21 (Henry [14])

Let G be a finite group with é self-centralizing,
elementary Abelian Sylow 3-subgroup P of order nine, and suppose that
NG(P)/P is isomorphic to ZA' Then G/OB'(G) is isomorphic to A
or A7, or G/OB'(G) has a normal Sylow 3-subgroup.

6



§2C Classification Theorems based on Character Theoretic Considerations.

Proposition 2,22 (Dornhoff [8] p. 144)

Let G be a finite non-Abelian subgroup of GL(2,C),
then one of the following holds:-
(i) G has a normal Abelian subgroup of index two.
(ii) G/Z(G) 1is isomorphic to one of AQ, S,y or AS, and Z(G)

consists of scalar matrices.

Proposition 2.23 (Blichfeldt [3])

Let G be a finite simple group with an irreducible
complex representation of degree 4, Then G 1is isomorphic to one of

As, Ags PSL(2,7) or PSU(4,22).

Proposition 2,24 (Wales [31])

Suppose that the finite simple group G has an
irreducible complex representation of degree 7. Then G is isomor-
2
phic to one of PSL(2,13), PsL(2,8), A8’ PSL(2,7), PSU(3,3") or

PSp(6,2).



Chapter III,

Assumed Character Theoretic Results.

Our proof of Theorem A will require a fundamental knowledge of
the principles of modular character theory. in broad outline, this
chapter details the results required in Chapters IV and V.

We assume that the basic theory of non-modular characters is

known. From this theory, we shall require but three results:-

Proposition 3.1 1If G is a finite group, then G has precisely

G : G'I linear characters.

Proposition 3.2 For any elements a,b,c, of the finite group G

Yf"*
G| N x(a)y (p)X(e)
[|cG(b7T ¥ (1)

# (a’b® = ¢) =

[Cs(a)
the sum being taken over a complete set of irreducible characters of G

Proposition 3.3 (Clifford's theorem: Curtis & Reiner p.343)

Suppose that the finite group G has a normal sub-

.

group H. Let M denote an irreducible KG-module, where K 1is an

arbitrary field. Then MH is a completely reducible KH-module, and

the irreducible KH-submodules of M are all conjugates of each other,

H

Our approach to modular character theory centres around a study
of the blocks of characters. We choose a prime p, and partition the
set of elements of our finite group G into disjoint subsets, the
p~-sections of G. We also partition the set of irreducible characters
of G into disjoint subsets, the p-blocks of G. We may then study
the values of the characters in a fixed p-block, on the elements in

a fixed p-section.



- 14 -

Each element x of G may be uniquely expressed as a product

x = xpr of a p-element xp, and a p-regular element r 1lying in

C(xp). A p-section S, consists of the elements x of G whose

p-factor xp, is conjugate to a fixed p-element u of G. Thus S

is a union of conjugacy classes of G, and one of these classes

(namely that containing u), consists of p-elements. Each element x

of S 1is conjugate to elements of the form ur, where r is a ﬂLelement

-

of C(u). Hence we know the value of a character X on S, if we know
the values ¥ (ur),

We may now define the p-blocks of G. We will denote by (), the
field obtained from the field of rational numbers, by adjoining the
,Gl-th roots of unity. For any element x in G, it is known that

|GJ W (x)

is an algebraic integer in . For any irreducible
[Ct] X(1) gebr 0 Qe y

character X of G.) We shall say that the irreducible characters

Ky Xj’ lie in the same block, if and only if, for all elements x in G

1
,/IGI /Xi(x) - XJ(X{B *
|G x; (1) xj(1 =0

/.
e

Here (*) denotes the residue class modulo a fixed prime divisor of
p in the field (). We observe that this is an equivalence relation
on the set of irreducible characters of G. The equivalence classes
under this relation will be called the p-blocks of G, and in partic-
ular, we define the principal p-block, BO(G), to be that p-block which
contains the principal character of G,

Consider a p-block B of G, We must now explain what is meant

by a basic set for B. Let Z denote the ring of integers., Let

G° denote the set of p-regular elements of G, If %X is a character

of G, let X|G® denote the restriction of X to G°. If B is a

p-block, then the linear combinations of the restrictions XIGO of



the characters X of B with integral coefficients, form a Z-module

MB. Any Z-basis of MB is a basic set for B.

If B is a p-block, and u 1is a p-element, then for X. in B,

and for p-regular elements r of C(u), we have

N N
x,w = L [ a8,
b € B1(C(u),B) @

€ [v]

Here B1(C(u),B) 1is a specific set of p-blocks b of C(u),

defined for example in [4]. For each b 1in Bl(C(u),B), [b] denotes
Lk 00
a basic set for b., The generalized decomposition numbers,are algebraic

integers in (], which do not depend on r. If u has order pm, they

belong to the field obtained from the rational field by adjunction of
a primitive pm-th root of unity,

We shall more frequently modify the above notation to write

(1) X4 (ur) = Z d§j¢j(r).
J

The decomposition numbers satisfy the following properties:-

Proposition 3.4 (Curtis & Reiner [7] 90.2 90,.3)

(a) If a,b, are non-conjugate p-elements of G, then

(b) Otherwise i dij dix = © ik for all j,k
((cgk) is the Cartan matrix related to CG(aL)

We shall also require the following result:-

Proposition 3.5 Suppose that x is a p-element of G and that CG(x)

ijs p-nilpotent, then:-
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(a) For all p-regular s 1in CG(x), Xi(sx) = Xi(x), for all X,

in B (G)
o

(v) EE lx.(x)l2 = |P|, where P is a Sylow
x; in B_(G) t

p-subgroup of CG(x).

We now need to introduce the concept of the defect group of a

block. We say that a character Xj in a block B has height O if
X, (1)) = (1) for all in B.
% (0] = [x(0] X
d .
If lG'p/‘Xj(l)lp = p, we call d the defect of B. There is
at least one conjugate class K of G satisfying the following two

properties:-

(a) |a

(b) For any %X in B and any x in K <j£?i)] ég?; = 0,

Given this fact, then each Sylow p-subgroup of C(x) (any x

in K) 1is a defect group of B, We note the following:-

Proposition 3.6 (Brauer [4] p. 106)

(i) The defect groups of a block B of defect d have order pd.
(ii) The defect groups of a block B are determined uniquely up

to conjugacy
(iii) If U is normal p-subgroup of G, then U is contained in all

defect groups of each block,

Proposition 3.7 (Brauer [6], Theorem 8 and corollary)

Let B be a p-block of a finite group G, and sup-
pose that B has defect group S. We have a fixed system of elements

of S



which represent the different conjugate classes of G which meet S.
Let s be a p-element of G, and v a p-regular element of CG(s).
If s 1is not conjugate to any g (0=i=m) then X(sv) = 0, for

all irreducible characters X in B,

Proposition 3.8 (Brauer [5], Theorem 3)

Let G be a finite group with a Sylow p-subgroup of
order pn (some odd primé p)e If the degree of any one character
of the p-block B of G 1is divisible by pn-i, the same is true for

all characters of B,

Proposition 3.9 (Dornhoff |[8] , Lemma 66.1)

Assume P is a p-subgroup of the group G, such

Pb$ G = G/P‘ Let ¢ = (Cij) be the

Cartan matrix related to G, c = (Eij) the Cartan matrix related to G.

that G = P C.(P); set |P|

b~ ..
Then cij = p Cij’ for all i,je.

Proposition 3,10 ([18] p, 206)

Given any element a of a finite group G, then a
&%
is a p-element if and only if (x(a) - x(1)) = 0, for all irreducible
R
characters X of G. (Here denotes congruence modulo the radical

of (p) in the field generated by the characters.)
Proposition 3.11 (Dornhoff [8], Theorem 65.2 p, 397)

Let G be a finite group, and suppose that BO(G)

denotes the principal p-block of G, for some prime p. Then

op,(c) =N ker X (X in B_(G))

Proposition 3.12 (Brauer's first main theoreml)[7] p, 625)
There is a one to one correspondence between the
blocks of G with defect group H, and the blocks of N(H) with

defect group H.



[Suppose that G, = G, and let B be a block of G . Under certain

)

circumstances, we may assign to B a corresponding block B of G,

using the Brauer correspondence., This is the correspondence referred

to in the above proposition. |

Proposition 3.13 (Brauer's second main theorem, [8] p. 384)

Let u be a p-element of G. Then as previously

(in (1))
oo u
Xi(ur) = L dij g(r).

J
(Here r is a 3'-element of CG(u)). Suppose that d?j # 0,
and let B denote the block of CG(u) containing @j. Then B is

~

defined and Xi lies in B,

Proposition 3.14 (Brauer's third main theoremA)[23] p.163)

Let Q be a p-subgroup of G, and let H be a
subgroup of G, such that QCG(Q) = H, Let B be a block of H with

Q as defect group. Then B is the principal block of G if and only

if B 1is the principal block of H,



Chapter IV

The Principal 3-Block

Section 1

We begin this chapter with intent of determining the principal
3-block of a finite group G, with a self-centralizing Sylow 3-subgroup,
P=<{x,y | X = y3 = [x,y] = 1), and Sylow 3-automiser NG(P)/P iso-
morphic to Z2 X Zz. As will become apparent, the results which we
obtain are slightly more general. In fact the calculations found in
this chapter would enable us to establish the principal 3-block of any
finite group with a self-centralizing, elementary Abelian, Sylow 3-sub-
group of order nine, in which each 3-element is conjugate to its own
inverse.,

If we now suppose that

(a,b,P l a2 = b%=[a,b] = 1, a-lxa = x—l, a-lya = Yy, b-lxb = X,

n

NG(P)

-1 -1
b yb y >’

"

Then the "conjugate classes of elements of P in G" are simply
-1; 1} -1 =1

-1 =1 .
and XYy XY X Y,X Y }. We now discuss the

{x,x ] iy,y-

structure of the subgroups CG(x), CG(y) and CG(xy).

Lemma 4,1 CG(xy) is 3-nilpotent.
Proof From Proposition 2.7, it follows that CG(xy) = (xy) X K,

for some subgroup K of G. As CG(P) = P, a Sylow 3-subgroup of K

is self-centralizing in K. The structure of K 1is thus specified by

Proposition 2,10, Since CN (P)(xy) = P, it follows that the group K
G

has a normal 3-complement. Thus CG(xy) has a normal 3-complement.

Lemma 4.2 CG(X) = {x) X A, where one of the following holds: -

(i) Aﬂ%ﬁA) is isomorphic to D6.
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(ii) A/oz(A) is isomorphic to SL(2,k), and 02(A) is elementary
Abelian, a direct sum of minimal normal subgroups of A, of
order 24, each of which may be identified with a two-dimensional
vector space over GF(4), in such a way that the action of
A/OZ(A) on Oz(A) is given by the usual action of SL(2,4) as
a group of matrices,

(iii) A is isomorphic to PSL(2,7).

Proof From Proposition 2.7, it follows that CG(x) = (x> X A, for
some subgroup A of G. As CG(P) = P, a Sylow 3-subgroup of A is
self-centralizing in A, The structure of A 1is thus specified by

Proposition 2,10, Since (x) = {(P,b), it follows that A is not
)

o
NG(P

3-nilpotent, and thus A has one of the above described structures,

Notes

(i) The possible structures for CG(y) are exactly analogous to the
possible structures for CG(x), and are determined in a parallel fashion.
(ii) In considering the structure of CG(x) (CG(y)), in the case in
which A/OZ(A) is isomorphic to SL(2,4), we shall often tacitly in-
voke the fact that SL(2,4) is isomorphic to AS.
We may now begin to obtain information about the principal 3-block

of G,

Section 2

We shall determine the values taken by the irreducible characters

in the principal 3-block of G, on the 3-section of G containing x.

Lemma k.3 B1(C,(x), B_(G)) = {B (C_(x))}
o o G
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Proof Let v be a 3'-element of CG(x). Then as in the last

chapter,

Xi(xv) = i dfj ¢j(v)

for each character Xi in BO(G), where the {¢jf are irreducible

characters of CG(x). We know from Proposition 3.13, that if ax # 0,

1j
of CG(x), then b, is defined, and

A

and ¢j lies in the block b

A

1
Xi lies in bl’
Now <¢(x) I CG(x), so that Proposition 3.6, applies to tell us that

(x) 1lies in all defect groups of each block of CG(x). Thus if b,

is a block of CG(x), then b, has defect group (x) or P. Fron

~

Proposition 3.1k, it follows that if b, = BO(G), then b, has defect
group P, However, we know from Proposition 3,12, that BO(CG(x))
is the sole block of CG(x) with defect group P. It follows that
whenever d?j # O, then ¢j lies in BO(CG(x)). We have thus obtained

the required result.

The above lemma is important because it tells us that, in deter-
mining the values taken by the irreducible characters in the principal
3-block of G, on the 3J-section of G containing x, the only block
of CG(x) whose Cartan matrix (with respect to some basic set which
we must specify) we need to determine is the principal 3-block,

We now determine a suitable basic set for the principal 3-block
of CG(x), and calculate the corresponding Cartan matrix, Now

CG(x) = (x) X A, where A has one of the structures described in

Lemma 4.2. We may suppose that (y,b) = A, 1In fact (Proposition 3. 5),

the principal 3-block of A consists of precisely three irreducible
characters, all of degree prime to three. As CA(y) = (y), these are

the only characters of A of degree coprime to three,
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(Proposition 3.10).

kernel (Proposition 3.11).

composition with the natural homomorphism of A onto
irreducible characters of Aﬂ%xA) of unaltered degree,

We exhibit (corresponding to the three cases of lemma

possible fragments of the principal 3-block of A,

(i) AA%(A) is isomorphic to Dg.
We obtain, in this instance, the following fragment
table: -
X 1 y b k
1A 1 1 1 1
Here, k
] 1 1 -1 1
A
| of DS'(A)
§A 2 -1 0 2
(ii) A/F(A) is isomorphic to AS
We obtain, in this instance, the following fragment
table: -
X 1 y b k
1 1 1 1 1
A Here, k
¢A L 1 0 A
1 of F(A)
Al 5 |-t 1 5
(iii) A 1is isomorphic to PSL(2,7)

In this instance our fragment of character table is

character table of PSL(2,7).
X 1 y b
1A 1 1 1
A -1 0

Each of these characters contains Og(A)

in its

These characters of A yield upon

A/ (A), distinct

4,2)

of character

is an element

of character

is an element

a part of the



In each of these cases, the characters i1A’¢A} form a basic
. 2 1
set for BO(A), with corresponding Cartan matrix (1 2).

We pass now from the principal 3-block of A, to the principal
3-block of CG(x). All the irreducible characters of CG(x) are of
th . .

e form X(x) ® XA’ for some irreducible characters X(x) of (x),
XA of A,

Using Proposition 3.9 (Dornhoff [8], Lemma 66.1), we deduce

that the characters 1(x> @>1A, and 1(x> ®'¢A, form a basic set for

the principal 3-block of CG(x), with corresponding Cartan matrix (3 %).

We shall denote 1 = 1 € 1 and @ = 1 ® §., and may also

drop these new subscripts, where more convenient., We draw up the corres-

ponding fragment of the character of CG(x).

(i) Aﬂ%&A) is isomorphic to D

6.
X 1 y b
1 1 1 1
J 1 1 -1

(ii) A/F(A) 1is isomorphic to A_.

5
X 1 y b
1 1 1 1
) L 1 o)

(iii) A 1is isomorphic to PSL(2,7)
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We must now use the information obtained in the above paragraphs,
to calculate a fragment of the character table of G.

Since Bl(CG(x), BO(G)) = fBo(CG(x))}, and since the Cartan matrix
for BO(CG(x)) (with respect to the basic set {1,¢f) is (3 6)’ it
follows that if Xi is an irreducible character in Bo(G)' and v is

a 3'-element of CG(x), then

Xi(xv) = a7 4 d:2¢(v),

11
where the generalized decomposition numbers fd§j§ satisfy
5" x X S 5 X g
di1 941 dijp 9j, = & and di1 942 = 3
i i
The d?. are algebraic integers in the field Q(w), where w is

a primitive cube root of unity. Thus, using W, Narkiewicz ([20], p. 63),

we may write

X

for some rational integers a:j, bij' It will be convenient in the fol-
lowing paragraphs, to omit the superscripts and write dij = aij +(nbij.
Lemma 4.4 The generalized decomposition numbers, dij’ are
rational integers,
' —= ' W =
Proof i ., dil 6. Thus i (ail + mbil)(ai1 + ‘bil) 6.
2 2 2 2
S - 560 ’ '-<— S .
Then O (ail a . b, + bil) Thus O =<ay + b, =6+ a b,
2 1 2 2
< - = - . b. o
Now O = (ai1 bil) « Thus aijbil 5 (a1] + 11)
2 . 1 2 2
It follows that 0 = a? + b, =6 +=1(a;, +b,_ ). Whence we
il i1 2 i1 i1l
deduce that 0 = a?l + b?1 =< 12, This implies that 'aill = 3 and that

‘bill = 3, Parallel arguments yield that laizl = 3 and that Ibizl < 3.
. -1 .
As x 1is conjugate to x in G, it follows that Xi(x) is a

rational integer.
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]

Xi(x) d. ., + d12¢(1)

i1l

(a, +<”bi1) + ¢(1)(aiz + Wb, )

i1 i2

As Xi(x) is a rational integer, we may equate the coefficient
of w, in the above, to zero. Thus we obtain that bi1 = - ¢(1)b12'
We know from our previous work that @(1) is one of 1,4,7.

The condition that ‘bill = 3 implies immediately in the final two

cases, that bi1 = biz = 0O,

Thus it remains totreat. the case where @(1) = 1, This corresponds

6° In this instance,

the element xb of CG(x), is conjugate to its own inverse in NG(x).

to the case in which A/%jA) is isomorphic to D

It follows that Xi(xb) is a rational integer.

Now Xi(xb) =d,. 4 diz¢(b)

= (ai1 +lubi1) + ¢(b)(aiz + wbiz)

it

(ail + wbil) - (aiz - wbil)

As Xi(bx) is a rational integer, we may equate the coefficient
of @w, in the above, to zero. Thus we obtain that bi1 = 0,

The proof of the lemma is now complete.

Since X% d? = 2 df
i i

4 = 6, it follows now that Idij' =2 (for

all i; j = 1,2).
It will suffice, for our present purposes, to calculate the values

Xi(xv) (here v denotes a 3'-element of CG(x)) up to sign only.,.

It follows, that, with respect to a suitable re-ordering of the Xi.
(In the final ordering, XO will denote the principal character

of G.), we may assume that either:-

= 9] < i< = =
(a) dil 1 1 5 or (b) d 1 d11 1
= 0 rwi o =
di1 otherwise d 1 2
d- = O OtherWiseo

11
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Similarly the only possible sets of non-zero values of 'dizl'

are {1,1,1,1,1,1} ana {1,1,2}.

We now define the intersection of the columns of the generalized

decomposition numbers corresponding to x, to be the set of those

rows of entries for which neither dil nor diz is zero. We ob-

serve that the only contributions to the sum X dildiz = 3 come from

terms in the intersection. The intersection must have order 2,3,k

or 5, since we know that d = 1 and d0 = 0, and furthermore

ol 2

that there are at most six values of i for which di1 £ O.

Lemma 4.5 1f X4 is an irreducible character in Bo(G)’

then Xi(x) ¥ 0(3).

Proof Suppose that for some Xi in BO(G), we have that
Xi(x) £ 0(3). It follows from the Proposition 3.10, that X3 (1) = 0(3).
Then applying Proposition 3.8, Xj(l) = 0(3), for all irreducible

characters Xj in Bo(G)' However, we already know that Xo(l) = 1,

We deal firstly with the situation (a), in which d;, =1

(0< i =5) and di1 = 0 (otherwise).

Case (i) The intersection has order 2

.l < 3, the following table

Since i diidiz = 3, and IdiJ

exhibits the sole possibility.
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X xv (The table is exact, within the convention
X 1 that each row is correct up to sign only.)
o

X4 1

Xg 1 (Here v denotes a 3'-element of CG(x).)
X3 1

Xy 1 + 2@¢(v)

Xs 1+ @g(v)

Xg g(v)

We recall that @(1) = 1(3). We observe that Xq(x) = 0(3),

This case may be thus ruled out by an application of Lemma 4.5,

Case (ii) The intersection has order 3

i y = < i
Since i dildiz 3, and ‘dij, 3, the following table

exhibits the sole possibility:-

X xXv (This table is exact, within the convention

5 " that each row is correct up to sign only,)
o

X4 1

X 1 (Here v denotes a 3'-element of CG(x).)

X3 1 4+ d(v)

Xy, 1 + g(v)

X5 1 4+ g(v)

Xg g(v)

Yo d(v)

Xg | g(v)

Case (iii) The intersection has order L4

In this instance, all the entries in the column (diz)

must have absolute value 1, and since & dildiz = 3, we obtain directly

that this case cannot arise,



Case (iv) The intersection has order 5

In this instance, all the entries in the column (d,_)

12
must have absolute value 1, and since 2 dildiz = 3, the only
i

possibility is that presented in the following table:-

X XV (This table is exact, within the convention

1 that each row is correct up to sign only,)

Xo

X4 1 - ¢g(v)

Xg 1 + @(v) (Here v denotes a 3'-element of CG(x).)

X 1 4 ¢(V)'
X4, 1 + @g(v)
X 1 + @g(v)

Xg g(v)

We recall that @g(1) = 1(3).

We observe that Xl(x) = 0(3). This case may be thus ruled out

by an application of Lemma 4.5,

We now treat the situation (b)), in which case we know that

= = = = 0 i e ) e 1 =
d_, d, 1, d,, 2, and d. (for i > 2,) Since dg, 1

and do2 = 0, and since 2 dildiz = 3, it follows that the interscetion
must have order two.

The following tables illustrate the only possibilities in this

situation: -~
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X xv X xv X xv
X, | 1 %y | 1 X, |1
X4 1 - g(v) X4 1+ @g(v) X4 1+ @(v)
Xo 2 + 2¢(v) Xo 2 + g(v) X 2 + @(v)
X3 g(v) X3 d(v) Xq 2¢(v)
X, P(v)
Xs g(v)
Xg g(v)

(The tables are exact, within the convention that each row is
correct up to sign only.)

(In the above tables, v denotes a 3'-element of CG(x).)

Now note, as previously, that since @(1) = 1(3), there is, in
each of the above cases a character X in BO(G) with ¥X(x) = 0(3).
Thus Lemma 4.5 enables us to rule out these possibilities.
Summary We have determined the values taken by the irreducible

characters in the principal 3-block of G, on the 3-section of G
containing x., We obtain (with the convention that each row is correct

up to sign) the following character table fragment:-

X xv

%o 1

X, 4 (Here v denotes a 3'-element of C_.(x).)
Xo 1

X3 #(v)

X4, g(v)

Xs @(v)

e 1+ @g(v)

X 1+ g(v)

Xg 1+ g(v)




..30..

Notes 1, An exactly analogous procedure enables us to determine
the values taken by the irreducible characters in the principal 3-block
of G, on the 3-section of G containing Y.

2. This section improves on the methods used by Prince [22], Lemma 3.5.

Section 3

Maintaining the notation of the previous sections, we now determine
the action of the X, (0 =i < 8), on the elements of the 3-sections

of G containing y and xy.

Let u be a 3'-element of CG(y), then we already possess the

following information:-

8
(4.6) 2, Xi(xv) XiZyu) = 0 (Proposition 3.7)
i=o

m

(4.7) Xi(y) Xi(x) = xi(1) (3) 0<ix<328 (Proposition 3.10)

(4.8) CG(Y)

(y) X B, where the group B has one of the following

structures: -

(i) B/Q/B) is isomorphic to D..
(ii) B/Oz(B) is isomorphic to AS.
(iii) B is isomorphic to PSL(2,7).

We may suppose that (x,a) < B, We obtain the following possible
fragments of the character table of CG(y), corresponding to the cases

(i), (ii), (iii) above.

(i) X 1 x a
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(ii) X 1 x a
1 1 1 } 1
' L 1 j o
(iii) X o x a
1 1 1 1
¥ 7 1 -1

The only non-zero values of Xi(yu) (0=i =8), are, up to

sign i1,1,1,¢(u),¢(u),¢(u),1+¢(u),1+¢(u),1+¢(uﬂ.

We begin with the following fragment of the character table of G:-

X XV yu
X, 1 1

X, 1 ?
X, 1 ?
X3 g(v) ?
X4 ¢(v)} ?
Xg i 1+ @g(v) ?
X7 l 1+ g(v) ?
Xg 1 + g(v) ?

The remaining entries in the column (yu), are known up to sign
to be [1,1,¢(u),yCu),yCu),1+¢(u), 1+y(u), 1+ (u)}.

8
From (4.6), we know that L Xi(xv) x12yu) = 0; this equation
i=o
holds moreover for all 3'-elements v of CG(x) and for all 3'-elements

u of CG(y). Thus we derive a set of equations of the form

k1 + k2¢(v) + k3¢(V) V(u) + k4$(u) = 0,



Case (iii) A/QJA) is isomorphic to D,

B is isomorphic to PSL(2,7).

We know the values @(1), g(b), y(1), §(a). We thus obtain four

simultaneous equations:-

(a) k, + k, + 7k3 + 7k, =0 (v=13; u=1)
(b) k, + k, - k3 - k, =0 (v=13; u=a)
(c) k1 - kz - 7k3 + 7lclt = 0 (v=bji u=1)
(a) k1 - kz + k3 - Kk, = 0 (v=Db3 u=a)
From (a) and (b), we obtain that k, + k, = 0, and that
k3 + k, = 0, From (c) and (d), we obtain that k, - k, = 0, and

that k3 - k4 = 0, Thus it follows in this instance that kj = 0

(1 =3 =4),

Case (iv) A/F(A) is isomorphic to A

5’
B/%{B) is isomorphic to D6.

By interchanging the roles of x and y, and with suitable con-

sequent amendments, this case is covered by case (ii) (above),

Case (v) A/F(A) is isomorphic to AS’

B is isomorphic to PSL(2,7).

We know the values @g(1), #(b), y(1), (a). We thus obtain four

simultaneous equations:-

(a) ky, + bk, + 28k3 + 7k, = O (v =13 u= 1)
(b) k, + hk, - hk; - Kk, =0 (v=13 u= a)
(c) kg + 7k, =0 (v=0b3; u= 1)
(d) Kk, - k, =0 (v=Db3; u= a)
From (c) and (d), we deduce easily that k1 = k4 = 0., By con=-
sequent substitution in (a) and (b), we obtain k_ = k., = O,
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Case (vi) A/F(A) is isomorphic to A

5’
B/F(B) is isomorphic to AS.
We know the values @(1), @#(b), §(1), y(a). We thus obtain four

simultaneous equations:-

(a) k, + hkz + 16k3 + lkklk = 0 (v=13 u=1)

(b) k, + Akz = 0 (v=13 u= a)

(c) k, + 4k4 = 0 (v=Db3j; u-=1)

() Kk, =0 (v =bj; u= a)
Back-substitution yields immediately that k,k6 = k., = k., = k, = O,

1 2 3 b

Case (vii) A is isomorphic to PSL(2,7),

B/%SB) is isomorphic to D6.

By interchanging the roles of x and y, with suitable consequent

amendments, this case is covered by case (vii) (above).

Case (viii) A is isomorphic to PSL(2,7),

B/F(B) is isomorphic to AS.

By interchanging the roles of x and Yy, with suitable consequent

amendments, this case is covered by case (v) (above).

Case (ix) A is isomorphic to PSL(2,7),

B is isomorphic to PSL(2,7).

We know the values @g(1), @g(b), (1), {(a). We thus obtain four

simultaneous equations:-

(a) k1 +.7k2 + 49k3 + 7k4 = 0 (v =13 u=1)
(v) k, + 7k, - Tky - Kk, =0 (v =13 u=a)
(c) k; - k, - 7k3 + 7k = 0 (v=b3; u=1)
(d) ky - k, + k3 - Kk, =0 (v=bj; u=a)
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From (a) and (b), we obtain that k, + 7k, = O and that

7k, + k, = O, From (c) and (d), we obtain that k;, - k, = 0 and
that k3 - kh = O, Thus it follows in this instance that kj = 0
(1=3=14),

We now may proceed with our construction of a larger fragment of

the character table of G.

We begin with the known fragment of the character table of G,

X XV yu
Xq 1 1
X4 1 ?
% 1 ?
X4 #(v) ?
X4 ¢(V) ?
X5 d(v) ?
X 1 + @g(v) ?
X7 1 + @(v) ?
Xg 1 4+ g(v) ?
8 A ——
Step 1 In the sum .Z Yi(xv)*ti(Yu), we may equate the coeffi-
i=o
cient k (of unity) to zero (with the previous notation), We al-

1

ready have a contribution of 1 to this coefficient. We seek to
eliminate this contribution, We know from (4.7), that Xi(y) = Xi(x) (3),
and since Y(1) = @g(1) = 1(3), we are able to derive two further

possibilities
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(1a) X Xv yu (1b) x | XV yu
Xo 1 1 X, 1 1
X4 1 X 1
Xo 1 ~1-y(v) Xq 1
X3 g(v) XB g(v)
Xs g(v) Xs g(v)
Xg 1+ g(v) Xg 1 + @(v) -1
X5 1 + g(v) X 1 + g(v)
Xg 1 + g(v) Xg 1 + @(v)
Step 2
8
(i) Table (1a) In the sum X Xi(xv) Xi(yu), we may equate the
i=o

coefficient k (of Y(u)) to zero (with the previous notation).
We already have a contribution of -1 to this coefficient, We

seek to eliminate this contribution. There are two possibilities:-

(2a) X xv yu (2b) X XV yu
X, 1 1 X, 1 1
X, 1 y(u) X4 1
X, 1 -1-y(u) Xo 1 -1 - y(u)
X3 - g(v) Xq F(v)
X, @(v) Xy, @(v)
Xg g(v) Yo g(v)
Xg 1+ @g(v) Xg 1 + @(v)
X5 1 + @g(v) X 1 + @(v)
Xg 1+ g(v) Xg 1+ g(v) 1 + y(u)
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8
(ii) Table (1b) In the sum & Xi(xv) %.(yu), we may equate the
i=o 1
coefficient k (of @(v)) to zero (with the previous notation).

2

We already have a contribution of -1 to this coefficient. We

seek to eliminate this contribution. There are two possibilities:-

(2¢) X Xv yu (24d) X XV yu
Xq 1 1 X 1 1
Xq | 1 X, | 1
Xq 1 ¥o 1
X3 g(v) 1 X3 g(v)
Xy, g(v) Xy, g(v)
X5 g(v) X5 g(v)
Xg 1+ 8(v) -1 Xg 1+ g(v) | -1
X7 1 + g(v) o 1 + @g(v)
Xg 1 + @g(v) g 1 + @g(v) 1+ y(u)
Step 3

(i) Table (2c) In case (2c), we may complete the table directly,

The present contribution in the table (2c), to the coefficient

k is zero. Up to sign, the entry 1 4 W(u) appears three

1’
times in the column (yu). In order to ensure that k1 = 0,

one such entry must appear in the row corresponding to X4 or
XS. The other two entries must necessarily have opposite signs,

The table is then easily completed and is found to have the

following form: -
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X xv ! yu
Xo 1 l 1
|

X4 1 | Y (u)
Xo 1 :—1—¢(u)
Xy @(v) % 1

Xy, g(v) % y(u)
Xsg g(v) %-1-¢(u)
X 1 + @(v) 1-1

X 1 + @g(v) -y (u)
Xg 1 + g(v) 1+ (u)

This fragment of character table is certainly a possibility.

In fact we show that it is the only possible fragment..

In what remains of this sub-section, we shall suppose that the

case (2¢c) does not arise.

(ii) Table (2a) As table (2c) does not arise, there are now two

possible character table fragments to discuss in this section.

(A) X xv | yu (B) X XV yu
Xq 1 1 Xq 1 1
X4 1 Y (u) X4 1 Y (u)
Xy 1 -1-y(u) X 1 ~1-§ (u)
X3 g(v) | 1 Xg g(v)
Xy, g(v)| 1 Xy @(v)
Xs g(v) X5 g(v)
Xg | 1+ &) Xg | 1+ B(v)| -1
X 1 4+ @(v)! % 1 + @(v)| -1
Xg 1 + g(v) Xg 1+ g(v)
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Case A This possibility may be directly ruled out. The present

contribution to the coefficient k

1? in table A, is zero. The entry

1 4+ y(u), must appear twice more (up to sign) in the column (yu).

The congruence relation Xi(x) Xi(y) (3) applies to tell us that

we cannot reduce the coefficient k1 to zero.

Case B This possibility may be directly ruled out. The present
contribution to the coefficient k1 in table A is =2, If

X8(yu) = 1 + y(u), then k, = -1, otherwise k = -2. It follows that

k, # O, and so this case cannot arise.

In what remains of this section we shall suppose that case

(2a) does not arise.

(iii) Table (2b) In table (2b), the present contribution to the

coefficient k1 is 1, We seek to eliminate this contribution.

There are two possibilities:-

(A) X XV yu (B) X > yu

Xo 1 1 Xq 1 1

Xy |1 -1-y(u) X4 1

Xg 1 -1=y(u) Xq 1 -1-y(u)

Xq g(v) X3 g(v)

X5 g(v) X5 d(v)

Xg | 1+ 8(v) Xg 1+ g(v)|-1

1+ g(v) ! X 1+ glv)
XB 1 + ¢(u) { 14 W(U) XB li 1 + ¢(V) 1+W(u)
l
i

Case A This possibility may be directly ruled out., Since the
contribution in the present table, to the coefficient k2 (of d(v))

is 1, it is visibly impossible to complete the table in such a way

that kz = 0,
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Case B We are now assuming that case (2c) does not arise,
therefore either Xl(yu) = 1 or X7(yu) = -1, It is in both cases

then impossible to reduce the coefficient k1 to zero.

(iv) Table (24d) As (2c) does not arise, there are now two possible

character table fragments to discuss in this section:-

(A) X xv . yu (B) x  xv yu
Xo |1 | 1 Xq 1 1
Xl 1 1 X4 é 1
Xy 1 Xo 1
X4 glv) | X g(v)
Xy, @(v) Xy, g(v)
Xs g(v) Xs g(v)
Xg |1+ #v) |-1 Xg 1+ g(v) |-1
X |1+ g(v) X 1+ @g(v) | -1
Xg |1+ 8(v) | 1+ y(u) Xg 1+ @(v) | 1+ y(u)

Case A This possibility may be directly ruled out. The present
contribution to the coefficient k1 in table A is 2. The entry

1 + y(u) must appear twice more (up to sign) in the column (yu).

The congruence relation xi(x) = Xi(y) (3) applies to tell us that

we cannot reduce the coefficient k1 to zero.

Case B This possibility may be directly ruled out. The present
contribution to the coefficient kl in table B 1is zero. Using

the congruence relation Xi(X) = Xi(y) (3), we derive immediately the

following fragment of character table:-
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X w | yu
| ;

Xq 1 ; 1

X, |1 ¥ (u)
Xy 1 | Y (u)
Xq @(v) Y(u)
Xy g(v) |-1 - Y(u)
X F(v) -1 = ¢(u)
Xg 1+ g(v) |-1

X 1+ g(v) [-1

Xg 1+ @(v) 1 + {(u)

In fact in this fragment, we see that the coefficient k of

2
8
@(v) in the sum Xi(xv) Xiiyu) is non-zero. (in fact kz = =3)
i=o
It follows that this fragment cannot occur.
W i < <
Summary e now know the action of the characters Xi (o i 8)

on the 3-section of G containing yu. We have obtained the following

fragment of character table:-

X xv yu
X, 1 1

X4 1 ¥ (u)
Xoq 1 -1 - y(u)
X3 g(v) |1

X, g(v) y(u)
X5 g(v) [-1 - Y(u)
Xg 1+ ¢g(v) |-1

Xo 1 + g(v) - Y (u)
Xg 1+ g(v) | 1+ y(u)
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We seek now to determine the action of the characters Xi’
(0 =i =< 8), on the 3-section of G containing xy. We know from

Lemma 4.1, that CG(xy) is 3-nilpotent. Then from Proposition 3.5,

we deduce that:-

(a) For all 3-regular elements s of CG(xy), Xi(xys) = Xi(xy)

(

s i = 8)

Moo O

(b) lXi(xy)lz = |P| = 9.

o

1

. . . -1 .
Since xy is conjugate to (xy) in G, it follows that
xi(xy) is a rational integer, and thus from (b) that Xi(xy) = *1,
Since Xi(xy) = Xi(x) (3), we may immediately deduce the following

larger fragment of the character table of G:~-

X 1 b 44 ‘ yu Xys
Xq 1 1 1 1
X a, 1 n—l - {(u) E 1
| 1 L
X4 a, g(v) i |
Xy, a, | g(v) ? Y (u) : 1
! _
Xg ag glv) -1 - y(u) i 1
i j {
Xg ag F 1+ g(v) ::-1 -1
‘ ; - 3 -1
X7 a, 1+ g(v) i y(u) |
Xg ag 1 + g(v) E 1 + Y (u) 1 -1
The character degrees a (1 =i =< 8), are at present unknown,

however the standard coldmn orthogonality relations allow us to de-

termine linear relationships between the a, .
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We have the following orthogonality relations:-

8

(i) Z X,(xv) x.(1) =0
oo 1 i
8

(ii) z Xi(yu) x.{(1) =0
i=o 1
8

(iii) ¥, (xy) x.(1) = o,
i=o . .

We derive the following equations: -

(i) 1 + a, +a, + a3¢(v) + a4¢(v) + a5¢(v) + a6(1 + @(v))

+ a7(1 + B(v) + a8(1 + g(v)) =0

(ii) 1 + aiw(u) + az(-l-W(u)) +ag + a4w(u) + as(-l-W(u)) - ag
- a7w(u) + ag(1 + y(u)) = 0
(iidi) 1 4+ a; +a, + a3 +oa + a5 - ag - a, - ag = o.

Since the forms (i) and (ii) represent a set of equations
(as v ranges over the 3-regular elements of CG(x), and as u
ranges over the 3-regular elements of CG(y)), we may in (i) and
(ii), equate the coefficients of @(v) and ¢(u) to zero. We thus

obtain five linear relationships between the (ai).

(a) 1+a, +a,+ac+a, +ag=0

(b) ay + @, +ag +ag +a, +ag-= 0

(c) 1-a,+a;-a;-ag+ags= 0

(d) a, -a, +a, -a;=-a, +ags= 0

(e) 1 +a, + a, + a3 +a, +ag - ag - a, - ag = 0]

SteE 1 We eliminate a8

From (e), 88 = 1 4+ a, + a, + a_ + ah + a
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Substituting this value for ag in the preceding equations,

we obtain:-

(a) 2 « 2a, + 2a, + ag +a, +a, =0
(b) 1+a +a,+ 2a, + 2a, + 2a, = 0
(c) 2 + a, + 2a3 +a, - 2a6 - a7 = O
(a) 1 4+ 2a1 + a3 + 2a4 - ag - 2a7 = 0

SteB 2 We eliminate a and a

From (c), a

]
N
+
o
+
o
)
+
’PN
|
S

From (a) a_ = -2 - 2a_. - 2a_ - a_ - a

Substituting these values in our equations, we obtain:-

(b) -3 -3a, - 3a, = O

(d) -3 - 3a3 + 3a, = O,
Thus we have that a, = - 1 - a, and that ac = 1 + a3.
By back substitution, we now obtain:-
a5 = - a3 - ah H a7 = a, + a, i ag = - 1 - a, - a3 - ag.

Our character table fragment now has the following form:-
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X 1 XV yu Xys
Xq 1 1 1 1
X4 a, 1 y (u) 1
Xq -1-a, 1 -1 - Y(u) 1
XB a3 g(v) 1 1
Xz* al* ¢(V) W(u) 1
e -aj-a, g(v) -1 - Y(u) 1
XG 1+a 1 + @(v) -1 -1
¥ a +a, 1+ gv) ; - {(u) -1
Xg |-1-agmag-a, | 1 #0014 -1

As the character table fragment is correct only within the con-
vention that each row is correct up to sign, there seems little point
in retaining minus signs in column (1). We now re-organize the
above table, to obtain (within the usual convention), the following

final form:-

X 1 XV yu | xys
X 1 1 1 | 1
X4 J @g(v) 1 1
Xq m 1 Y (u) 1
X4 n g(v) Y (u) 1
%y, j+1 1+ gv) | -1 -1
XS m+n 1 + @(v) - Y(u) -1
Xg m+ 1 -1 1 + y(u) | -1
X J+n - g(v) 1+ §(u) | -1
Xg 1+j+m+n -1 - @g(v) -1 ~ y(u) 1
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Chapter V

Theorem A

In this chapter, we discuss the structure of a finite group G,
possessing a self-centralizing Sylow 3-subgroup P, of order nine,

and having precisely three conjugate classes of elements of order three.

We prove the following theorem:-

Theorem A

Let G be a finite group, possessing a self-centralizing
Sylow 3-subgroup of order nine, and precisely three conjugate classes
of elements of order three. Then there is a soluble normal subgroup,

N of G, with G/N isomorphic to a group in the following list:-

5 D, X PSL(2,7)

O
o
X
™=,
(o))
o
(o))
X
>

H : A_ X A ¢ A_ x PSL(2
1 5 * %5 5 (2,7)
H,, : PSL(2,7) x PSL(2,7).
Here H1 will denote an extension of Z3 by SS, and H2 will
denote an extension of Z3 by PGL(2,7).

Suppose that G 1is a finite group satisfying the hypotheses of
Theorem A, We first restate some of the results and some of the
notation of chapter 1IV.

1) is a Sylow

it

We suppose that P = <x,y l x3 = y3 = [x,y]
3-subgroup of G, with normaliser

-1 -1 -1
NG(P) = {a,b,P a2 = b2 = la,b] = 1, a~ xa

I
"
P
4
o
it
<

-1 -1 ""1\
X

b  xb = x, b yb =y )
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The following facts were derived in chapter 1IV:-

(a) (Lemma 4.2) CG(x) = (x) X A, where one of the following holds:-

6
(ii) A/02(A) is isomorphic to A

(i) AA%XA) is isomorphic to D

5
(iii) A 1is isomorphic to PSL(2,7).

We shall say that CG(x) is of type 1, type 2, or type 3,
according as (i), (ii) or (iii) holds (respectively).
Note that CG(y) = <y> X B, where the structure of B is deter-

mined in exactly the same way as the structure of A,

(b) The principal 3-block of G has the following form (with the

convention that each row is correctly determined up to sign only):=-

X 1 X Yy i Xy
xo 1 1 1 1
X4 J g(1) 1 1
X 1 (1) | 1
2 m ¥ i
X n g(1) y(1) 1
3 3 !
Xy, je1 14+ g(1) | -1 S
XS m+n 1 + ¢g(1) - y(1) l -1
X6 m+1 -1 | 1 4 y(1) -1
X j+n - 9(1) 1+ y(1) -1
X8 1+j+m+n -1 - @g(1) -1 - §(1) 1

In this table, § is a character of CG(x), and @g(1) 1,4, or 7,
corresponding (respectively) as CG(x) is of type 1, type 2 or

1,4, or 7,

type 3. Similarly ¢ is a character of CG(y), and (1)
corresponding (respectively) as CG(y) is of type 1, type 2 or type 3.

The derivation of the characters ¢ and Y, is fully explained in
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Chapter 1V, as also is the construction of the above character

table fragment,

We now begin our proof of Theorem A,

Proof

Lemma 5.1 Let G be a finite group satisfying the
hypotheses of Theorem A, Then G 1is not simple.

Proof The original proof of this fact is due to G. Higman, and

appears in [17], in outline. We present the basic ideas here, in
somewhat expanded form.

From Proposition 2.8, we deduce that:-~
#y(x.x' = y) = /7‘-()(.)(. = xy) = ﬁi(y.y. = x) = }i/(y.y. = xy) = 0,

We obtain the four corresponding character theoretic relations:-

X2 ()% (y) e x200x(xy) _ X2 (y)y (x) _ X2 (y)x(xy) _
z =X Z X
x (1) x (1) x (1) x (1)

0o

Each of the sums must in principle be taken over all the irre-
ducible characters of G. We show next that the contribution to

these sums from characters outside BO(G) is zero.

(i) We may omit in each of these sums, any character X for which

two of X(x), Xx(y) and <x(xy) are zero. Thus (Proposition 3.7),

we may omit any character belonging to a 3-block of G, whose

defect group is a proper subgroup of P.

(ii) Since CG = P, and NG(P) is isomorphic to D6 X D6' it follows
(Proposition 3.12), that BO(G) is the only 3-block of G
with defect group P,
Taking (i) and (ii) together, it is clear that we may re-

strict the above sums to the principal 3-block of G. We thus obtain

the following four equations:-



8 X?(x)xi(y)
1, 2
. xi(i)

1=0

= 0

14 (B2 + (1(1) + (B2 - (148(1))2 - (148125 (1)

3 m n j+1 m+n

v (14901)) + (FON2Gy(1)) + Qep(1)) 2 (=14 (1))

. : = 0
m+1 J+n 1+ j+m+n
2
. 8 X (x)x, (xy)
5. ) i i - 0
) Y. (1)
i=o i

1+ (B)Z 4 1w (BU))Z ¢ (14g(1))3(=1) + (1+8(1))°%(-1)
m n

j+1 m+n

v (=1) 4 (B(1))%(-1) + (14p(1))? _

m+1 j+n 1+j+m+n

o)

2
; S Xi(y)Xi(x)
* . . (1)
i

1=0

= 0

1+ g(1) + (W2 4 gD W2 + (14g(1) + (1+g(1))y(1)?
1 n

3 m j+1 m+n

- (g (1)? - g (1ay(1))® - (14(1) Gy (1)) ? _

m+1 j+n 1+ j+m+n

o)

8 X?(Y)Xi(xy)

%3 (D) =0

i=o

1+ 1+ (412 - a2 - 1 - (a?® - (ey(a))?
m n

J J+1 m+n m+1

- (1+W(1))2 + (1+W(1))2 -

J+n 1+ J+m+n

o

We shall frequently refer to these equations as the "degree
gegree

equations". This terminology stems from the fact that in the above

equations the only unknowns are the character degrees Jj,m,n; thus
the equations may be used to determine the degrees of some of the

irreducible characters of G,

The degree equations are used to show that there is no finite
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simple group satisfying the hypotheses of Theorem A, Without loss
of generality (by interchanging x and y if necessary), there
are precisely six different cases to consider, according as the
types of CG(X) and CG(y) vary (thus according as @(1) and

y(1) vary). These cases are:-

Cq (x) c.(y) | g(1) | y(1)

type 1 type 1 1 1 ! Case 1
type 1 type 2 1 | L | Case 11
type 1 type 3 ! 1 | 7 | Case 1III
type 2 type 2 % L 4 Case 1V
type 2 type 3 g L 7 Case V
type 3 | type 3 | 7 7 Case VI

In the first three cases, the degree equations are exactly
soluble (that is to say that the values of Jj,m,n may be determined)
by hand. It turns out in each of these cases that J = 1, Thus in
none of the first three cases is it possible to find a finite simple
group G satisfying the hypotheses of Theorem A,

In the final three cases, the degree equations have been investi-
gated by D, Taylor and G, Higman. Computation, the bulk of which was
carried out by computer, has shown that in these three cases there
exists no finite simple group satisfying the hypotheses of Theorem A,

Later in this chapter, we shall require to solve explicitly the

degree equations corresponding to cases I, II and III,

Let G be a finite group satisfying the hypotheses of Theorem A,
Then G/OB'(G) satisfies the identical hypotheses, and from Lemma
5.1, G/OB'(G) is not simple. We now proceed to obtain the possible

G).

minimal normal subgroups of G/O

3'(



Lemma 5.2 Let H be a finite group with ,HIB = 3, and

-1 -1
suppose that H admits a group (G,p , 03 = bz = 1, P ap = a )

of automorphisms. Suppose further that H, = H (G,B) has a self-
centralizing Sylow 3-subgroup of order nine, and precisely three con-

jugate classes of elements of order three, and that CH(u) is of
*

type 1, Then H 1is soluble.

Proof We take H to be a counterexample to the lemma, of least

possible order.

Step 1 H is simple.

If this is not the case, then as ‘HI = 3, H 1is not

3

characteristically simple. We choose a minimal non-trival normal

(a,b>-invariant subgroup H1 of H, If H1 is a 3'-group, then since

H, has a self-centralizing elementary Abelian Sylow 3-subgroup of

order nine, it follows (Proposition 2.,20) that H1 is soluble. More~

over the hypotheses of the lemma in this instance go over to H/Hl'

The minimality of H implies now that H/H1 is soluble. It follows

that H is soluble, and thus that H 1is no counterexample to our

lemma. Thus we must assume that IH1l3 = 3.

Let S be an (G,P>—invariant Sylow 3-subgroup of H If

1.
NH (s) # CH (S), then the hypotheses of the lemma go over to Hl' The
1 1

minimality of H implies in this case that H1 is soluble, 1If

NH (Ss) = CH (S), then Burnside's transfer theorem (Proposition 2,3),
1 1

applies to tell us that H1 has a normal 3-complement, 03'(H1).

The minimality of H implies that H_, = S, 1In particular, H is

1 1 1

soluble.
It follows in all instances that H1 is soluble, The Frattini
argument yields that H = HlNH(S)' Note that NH(S) is soluble,

Thus H is itself soluble, and so H is no counterexample to our

lemma,



Step 2 H, has precisely two linear characters.

We have that H_ = H(Q,ﬁ>. Since H 1is simple, it

follows that Hi = H(Q). Thus ,H : H‘[ = 2, and H_, has pre-

* »

cisely two linear characters.

Step 3 (Final step)

We now solve the degree equations for H, (In fact

this is precisely case 1 of lemma 5.1).

Our principal 3-block for H, is (with the usual con-

vention that each row is correct only up to sign):-

X 1 X 1 o} XQ
i
X, 1 1 1 1
|
X4 i 1 1 1
Xz m 1 1 1
x3 n 1 1 |1
Xlk J+1 2 ‘ -1 i-l
X5 m+n 2 : -1 -1
1 -1 2 :-1
X6 m+ {
) +N -1 2 ?-1
X7 J+ . }
Xg 1+j +m4+n -2 -2 , 1

Here ¢{x) 1is taken to denote a Sylow 3}-subgroup of H.

The four degree equations are:-

1. 1+ 1+ 1+1= & - b + 2 + 2 - 8 - 0
J m n j+1 m4+n m+1 J+n 14j +m+n

2. 1+ 1+ 141 4 - 4 - 1 - 1 4 L - 0
J m n J+1 m+n m+1 Jj+n 14j +m4+n

3. 1+1+1+ 1+ 2 + 2 = L - 4 - 8 P
J J+1 m+n m+ 1 Jj+n 1+j +m4n

L, 1 +1+ 14+ 1- 1 = 1 « 4 - 4 4 L
- o — N * T = 0
J m n J+1 m+n m+1 J+n 14J +m+n
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From 1, and 2. we obtain 1+ .1 = .4
m+1 J+n 14 jtm+n
1 4+ 1 4 2
D = = 1 om— - D A-B = o
enote A m+1 and B j+nes Then n B A:B ’ and so ( ) .
Thus m+1 = jn.
Similarly from 3. and 4. we obtain j+1 = m+n.
Thus j+1 = m4n = j+2n-1, and s0 n =1 and Jj = m. Then substitution
. . 1 + 1 L )
in 1, yields:- 3 341 and so j = 1,
Thus j=m=n-= 1,
But this implies that H_, has four distinct linear characters.
This result contradicts step 2. Thus H, is soluble, as is H.
This completes the proof of the lemma.,
Lemma 5,3 Let H be a finite group with IHIB = 3, and
. 3 .2 -1 -1
suppose that H admits a group <(a,B | ¢’ = £ = 1, p7af = u™7) of
automorphisms. Suppose further that H, = H(Q,p) has a self-centra-

lizing Sylow 3-subgroup of order nine, and precisely three conjugate

classes of elements of order three, and that CH (@) is of type 2.

]

Then H/OB'(H) is isomorphic to A and 03'(H) is soluble,

5’

Proof We take H to be a counterexample to the lemma, of least

possible order.

Step 1 H is simple.

If this is not the case, then since [H]B = 3, H is not
characteristically simple. We choose a minimal non-trivial normal
(a,ﬁ)-invariant subgroup H1 of H. If H1 is a 3'-group, then
since H, has a self-centralizing elementary Abelian Sylow 3-subgroup
of order nine, it follows (Proposition 2.20) that H1 is soluble,

Moreover the hypotheses of the lemma in this instance 96 over to H/Hl'

The minimality of H now implies that H/H1 / 03'(H/H1) is isomorphic
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to A_ and that 03,(H/H1) is soluble. It follows that H/OB'(H)

5
is isomorphic to A5 and that O ,(H) is soluble. Thus in this
3
instance, H is no counterexample to our lemma. Thus we must assume
that |H1]3 = 3.

Let S be an (Q,ﬁ>-invariant Sylow 3-subgroup of Hl' If

NH (s) = CH (S), then by Burnside's transfer theorem (Proposition
1 1

2.3), H has a normal 3-complement 03'(H1). The minimality of H

1 1

yields that 03'(H]) = 1, and thus that H = S. Now note that NH(S)

is soluble. Thus H 1is soluble., This is an impossibility, since

CH (@) is of type 2,

*

Thus NH (s) # CH (S), and so the hypotheses of the lemma now
1 1

go over to H By the minimality of H it follows that H1/03'(H )

1° 1

is isomorphic to A5’ where 03'(H1) is soluble. From the minimality

of H it follows that H is isomorphic to A

4 1 Now the Frattini

50
argument yields that H = HlNH(S)' It now follows that H = H X A,
for some nilpoteﬁt group A, Thus in this instance, H 1is no counter-

example to our lemma.

Step 2 (The degree equations)
We now solve the degree equations for H,. (In fact this
is precisely case II of lemma 5.1).
Our prinipal 3-block for H is (with the usual convention that

»

each row is correct only up to sign):-



{
X 1 | x ol X0,
{
X 1 ; 1 g 1 1
X4 J 1 1 1
X - 1y 1
2 |
X n ;1 | 4 1
3 | :
i ,‘
X5 m+n 2 =4 -1
Xg m+1 -1 ! 5 -1
X7 ' J+n -1 3 5 -1
. i
1 -2 [ 1
X8 +J+m+n f ; 5

Here (x> is taken to denote a Sylow 3-subgroup of H.
Note that at this stage, we could infer directly from the structure
of H_ , that j = 1, We prefer instead to obtain the most general

solution of the degree equations. These equations are:-

1. 1+ 1+ 4 4+ 4k 4 - 164+ 5 + 5 - 20 - 0
j . m n  j+1 m+n m+l  jan 14 j+men

2. 1+1+_1_+l-lt- L - 1 - 1 4 L -0
J n j+1 m+n m+1 j+n 14 j+m+n

3. 1+ 1+ 16 + 16 + 2 + 32 -25 - 25 - 50 -0
J m n Jj+1 m+n wm+1 j+n 1+ j +m+n

L, 1 +1 4+ 164+ 16 - 1 - 1B - 25 < 25 4 25 - 0
J m n J+1 m+n m+1 Jj+n 1+j+4m+n

Combining 3., and 4., we obtain:-

(a) 1 + 16 25 Denote A = j+1 and B = m+n.
J+1 men  14j+m+n
14+ 16 25 2
Then = § = %.p ° Whence (4A-B)” = 0, and so 4A = B,
Thus 4(j+1) = m+n,



Using (a) and making obvious substitutions, we obtain the

following "revised" equations:-

1, 1+ 1+ 4+ 4 -48 + 5 + 5 o
J m n m+n m+l j+n
2. 1 + 1 4+ 1 4+ 1 - 84 - 1 - 1
- — — - = O
J 5(m+n) m+ 1 j+n
3. 1+ 1+ 16 + 16 - 25 - 25 = 0
3 m n m+1  j+n

L, L(j+1) = man.

Taking one third of the sum of equation 1. with five times

equation 2,, we obtain:-

S¢ 2 % +

2
J

3\

Taking one sixth of the sum of equation 3. with five times

equation 1,, we obtain:-

6. 1+ 1+ 6+ 6-540 _ o
J m n m+n
) ) 1 + 1 L
From equations 5. and 6. we obtain — = = . It follows
m n m+n

. 1
that m = n, Thus J+1 = E'm.

1 1, - 44
Now from 5, 2+ E-+ 3(—'+ —-) = 0,
J m n m+n
thus 1+ 1 §_= 4
J m J+1

Whence J = 1, m = 4 and n = L,

Thus X, is an irreducible character of H, of degree four,
The restriction of X2 to H yields a character of H,

Since Xz(x) = 1, it follows that this restricted character has



- 57 =

as component, some non-principal irreducible character A of H.
Using Clifford's theorem (Proposition 3.3), we deduce that A(1) = 2

or N(1) = &4,

Case (i) ﬂil) = 2, Then by Proposition 2,22, it follows that

H is isomorphic to A

5'

Case (ii) AM(1) = L, We may at this stage refer to the work of

Blichfeldt (Proposition 2.23), to conclude that H must be isomor-

phic to one of A_, A_, PSL(2,7), or Psu(h,zz).

5’ 6’
Now ]A6l = 360, and ’PSU(4,22)| = 25, 920, both these orders
are divisible by 9, and since |H|, = 3, it follows that these two

3

groups cannot occur, From our specifications of CH (@), it follows

*
that 5 divides lH‘I. Therefore the only possibility is that H 1is

isomorphic to AS.

We conclude in all instances that H is no counterexample to the

lemma. The proof of the lemma is therefore complete.

Lemma S.4 Let H be a finite group with ]H’B = 3, and suppose
. - 3 2 =1 -1

that H admits a group (a,p | @ =B% = 1, p"aB = a”7) of auto-

morphisms. Suppose further that H_ = H(a@,B) has a self-centralizing

Sylow 3-subgroup of order nine, and precisely three conjugate classes

of elements of order three, and that CH () is of type 3. Then

*

H/OB'(H) is isomorphic to PSL(2,7), and 03'(H) is soluble.

Proof We take H to be a counterexample to the lemma, of least

possible order.

Step 1 H 1is simple.,

If this is not the case, then since ‘H, = 3 H is

3

not characteristically simple. We choose a minimal non-trivial
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normal <G,B>-invariant subgroup of H1 of H, If H1 is a 3'-group,

then since H_, has a self-centralizing elementary Abelian Sylow

3-subgroup of order nine, it follows (Proposition 2.,20), that H1 is

soluble. Moreover the hypotheses of the lemma in this instance go
over to H/Hl' The minimality of H now implies that H/H1 / 03'(H/H1)
is isomorphic to PSL(2,7), and that 03.(H/H1) is soluble, It fol-

lows that H/03'(H) is isomorphic to PSL(2,7), and that (H) is

03'
soluble. Thus in this instance, H 1is no counterexample to our lemma.

Thus we must assume that ]H

1'3“
Let S be an (Q,ﬁ>-invariant Sylow 3-subgroup of Hl' If

NH (s) = CH (S), then by Burnside's transfer theorem (Proposition 2.3),
1 1

H, has a normal 3-complement 03'(H1). The minimality of H,6 yields

1

that 03.(H1) = 1, and thus that H S. Now note that NH(S) is

1

soluble., Thus H 1is soluble. This is an impossibility, since

CH () is of type 3.,

»

Thus NH (s) # CH (S), and so the hypotheses of the lemma now go
1 1

By the minimality of H, it follows that H1/03,(H )

over to Hlo 1

is isomorphic to PSL(2,7), where 03'(H1) is soluble. From the

it follows that H is isomorphic to PSL(2,7).

minimality of H1, 1

Now the Frattini argument yields that H = HlNH(S)‘ It now follows

that H = H1 X A for some nilpotent group A, Thus in this instance,

H is no counterexample to our lemma.

Step 2 (The degree equations)

We now solve the degree equations for H, (in fact

this is precisely case III of lemma 5.1).

Our principal 3-block for H_ is (with the usual convention that

each row is correct only up to sign):-
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X 1 X of xQ
X, 1 1 1 1
X4 J | 1 1 1
Xz m ' 1 7 1
X3 n 1 7 1
Xy, j+1 I 2 -1 -1
XS m+n 2 -7 -1
X6 m+1 -1 8 -1
X5 j+n -1 8 -1
Xg 1+ j+m+n -2 -8 1

Here (x) is taken to denote a Sylow 3-subgroup o

Note that this stage, we could infer directly from the

H

—
-

that 1. We prefer instead to obtain the most

*

of the degree equations. These equations are:-

f H.
structure of

general solution

1, 1 +14+7 +7- y - 28 + 8 + 8 - 32 o
J m n Jel m+n m+ 1 j+n 1+j +m+n
2. 1 +1 +14+1 = 4 - 4 - 1 « 1 4 L - 0
J m n N m+n m+1 j+n 1+4) +m+n
3. 1+ 1+ 49 4+ 49+ 2 4+ 98 =~ 64 - 64 - 128 -0
J m n j+1 m+n m+1 j+n 1+j+m+n
L, 1+ 1+ 49 + 49 - 1 - 49 - 6L - 64 + 64 PN
J m n j+l m+n m+1 j+n 1+j +m+n
. 1 + L9 64
(a) From 3. and 4. we obtain 3T man - Triamm
Denote A = j+1 and B = m+n.
1 + L9 64 2 -
Then + = === vk whence (7A-B)° = O, and so 7A = B,
Thus 7(j+1) = m+n,
Using (a) and making obvious substitutions, we obtain the

following "revised" equations:-
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1, 1 +1+7+7 -84 + 8 +_8 o
3 m n m+n  m+l j4n
2. 1 +1 4+ 14 1~ 57 - 1 - 1
- = = — =0
i m n  2(m+n) m+1  j+n
3. 1+ 1+ 49 + 49 - 64 - 64 o
J m n m+ 1 j+n
4, 7(j+1) = men,
Taking one third of the sum of equation 1,
equation 2,, we obtain:-
5 3+_3_+_5_+_5_-1O‘t=0
J m n m+n
Taking one third of the sum of equation 3.

equation 1., we obtain:-

6.

3 4+ ;_+ 35 + 35 - 224 _ 0o

J m n m+n

. 1 1 L
From equations 5. and 6. we obtain -t == .
m n m+n
. 2
It follows that m = n, Thus J+1 = 7 me.
Now from 5.
3 +3+5 (1_+ 1, - 104 - 0
J m n m+n *
Thus 1 + 1 14 4 , Whence j =1, m=7 and n
i m Jj+1
Thus XZ is an irreducible character of H, of degree 7.
restriction of xz to H 1yields a character of H. Since
xz(x) = 1, it follows that this restricted character has as
some non-prinicpal irreducible character ) of H.

theorem (Proposition 3.3), we deduce that A(1) = 7.
the previously quoted result due to Wales (Proposition

deduce that H

is isomorphic to one of PSL(2,13), PSL(2,8), A

with eight times

with eight times

The

component

Using Clifford's
We may apply

2.24) to

81
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PsSL(2,7), PSU(3,32) or PSp(6,2). Of these groups, only the groups
PSL(2,13) and PSL(2,7) do not have order divisible by nine.

If H is isomorphic to PSL(2,13), then CH(x) is isomorphic to

z3 X Z,, and thus CH(x) is centralized by Q. It follows that this

case does not arise, Thus H is isomorphic to PSL(2,7).

The proof of the lemma is complete.

We may now proceed with the proof of Theorem A, We take G to
denote a finite group satisfying the hypotheses of Theorem A, Since
G has a self-centralizing, elementary Abelian, Sylow 3-subgroup of
order nine, the group 03'(G) is necessarily soluble of Fitting height
at most two (Proposition 2.20), Moreover the group G = G/O3'(G)
also satisfies the hypotheses of Theorem A, From Lemma 5.1, we know
that G is not simple. We choose a minimal non-trivial normal sub-

group 51 of G. There are two cases to consider, according as

‘G113 = 9 or ,G1I3 = 3:-

Case 1 ,GllB = 9.

We choose a Sylow 3-subgroup P of 61. By the Frattini
argument, G = GlNa(ﬁ). As 61 # G, it follows that Na(ﬁ) £ 61. Thus
we have that ‘N~(5) : ﬁi = 1 or ,N‘(ﬁ) : ﬁ‘ = 2.

G G
1 1
(a) 1If ]Né(ﬁ) : P| = 1, then P = Na (P). It follows using Propo-
1 1
sition 2,3, that 51 has a normal 3-complement 03'(61). Since
03'(5) = 1, we have that 03'(51) = 1, and thus 51 = P, Whence we

obtain that G = Né(ﬁ). But then G is isomorphic to De X Dgy in

which instance P is not a minimal normal subgroup of G.

(b) If ,NE (P) : P| = 2, then it follows using the Smith-Tyrer

1
theorem that §1 is not simples Since 51 is characteristically
simple, and 16113 = 9, the only other possibility is that G, is

1



isomorphic to a direct product of two isomorphic simple groups. This

latter possibility is ruled out by the condition that IN (P) : ﬁ' = 2,

Gl
C 2 G =
Case 2 1G5 =3
It follows directly that G is simple. We now refer

1

to the lemmata 5.2, 5.3 and 5.4, to deduce that 51 is isomorphic

to one of Z_, A_ or PSL(2,7).

3' 5

(i) We suppose firstly that 51 is isomorphic to ZB. Then
G, = (x| x> = 1). Thus & = Nz(x), and |G : Cz(x)| = 2.
Using lLemma ‘4,2 and the fact that 03,(5) = 1, it follows

that C=(x is isomorphic to one of Z_ X D Z X A and
g (x) P 37 76 “37 Vs

z3 x PSL(2,7).

Thus G is isomorphic to one of the following groups:-

D ~ D D D P . i

¢ > Dg» D X AS, 6 % SL(2,7), H., H, Here H = will
denote an extension of Z3 by S5 and H2 will denote an
extension of Z3 by PGL(2,7).

We may now suppose that G does not contain a normal sub-

group of order three.

(ii) We suppose now that 51 is isomorphic to AS. Now G = Né(al).
Thus, using lemma 4,2, G must contain a subgroup of index
two or less given by 51 PN ca(él). Using lLemma 4.2, together
with the facts that 03,(6) = 1 and that G has no normal sub-

groups of order three, it follows now that G is isomorphic

A_ X P .
to A5 X A5 or to 5 X PSL(2,7)

We may now suppose that G does not contain a normal sub-

group isomorphic to A

5.
(iii) We suppose now that 51 is isomorphic to PSL(2,7). Now

G = Né(al). Thus, using {emma 4,2, G must contain a sub-
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group of index two or less, given by G] X C§(§1)' Using

lemma 4.2 +together with the facts that 03'(5) = 1, and
that G has no normal subgroups isomorphic to Z3 or to AS,
it follows now that G is isomorphic to PSL(2,7) X PSL(2,7).

The proof of Theorem A is now complete,
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Chapter VI

Theorem B

In this chapter, we consider the possible structure of a finite
group G, possessing an elementary Abelian, self-centralizing Sylow
3-subgroup P, of order nine, with NG(P)/CG(P) isomorphic to Dg.

We shall prove the following theorem:-

Theorem B

Let G be a finite simple group possessing a self-centra-
lizing, elementary Abelian, Sylow 3-subgroup P of order nine, with

NG(P)/CG(P) isomorphic to Dg. Then either:-

(i) G is isomorphic to Ag or to GL(5,2), or

(ii) G has at least three conjugate classes of involutions.

Section 1

In the first section of this chapter, we shall take G to

denote a finite group with Sylow 3-subgroup
3 3
P=C(x,y | x>=1y" =[x,y] =1
and Sylow 3-normaliser

-1 -1 -1 -
NG(P) = {a,b,P a xa b~ lxb = X

1}
«
o
<4
1Y)
i
"

-1 -1 4 -
b yb=y , a = b2 = b~ laba = 1)

It follows that G has precisely two conjugate classes of

elements of order three, with representatives x and xy.

Lemma 6.1 CG(x) = (x) X A, where one of the following holds:-

(i) Aﬁ%ﬁ“’ is isomorphic to D6 and 03'(A) is nilpotent of
3

class at most two.
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(ii) A/oz(A) is isomorphic to SL(2,4), and OZ(A) is
elementary Abelian, a direct sum of minimal normal sub-
groups of A, of order 24, each of which may be identi-
fied with a two-dimensional vector space over GF(4), in
such a way that the action of A/OZ(A) on OZ(A) is
given by the usual action of SL(2,4) as a group of
matrices,

(iii) A is isomorphic to PSL(2,7).

Proof This lemma is really a reiteration of Jemma 4,2,
Notes
(i) The possible structures for CG(xy) are exactly analogous to

the possible structures for CG(x), and are determined in a parallel
fashion,

(ii) In considering the structure of CG(x) (CG(xy)), in the case
in which A/Oz(A) is isomorphic to SL(2,4), we shall often tacitly

invoke the fact that SL(2,4) is isomorphic to A

5.
Lemma 6.2 No involution of CG(x) is conjugate to any
involution of CG(xy).
Proof Suppose that we can find an involution b1 in CG(x), such
that for some involution <, in CG(xy), there¢ is an element g
in G with
g9 _
c1 = b1 .

Then b, lies in CG(x) n CG((xy)g). Since CG(P) = P, it

follows that ¢{x) and <(xy)g> are both Sylow 3-subgroups of

CG(bl)' But this implies that x is conjugate to xy in G. It

is therefore impossible to choose an element b1 with the above
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properties, The proof of the lemma is thus complete.

Corollary 6.3 G has more than one conjugate class of involutions.,
Proof From Lemma 6.2, it follows in particular that the involutions

b and ab are not conjugate in G,

Lemma 6.4 If G possesses precisely two conjugate classes of

involutions, then all involutions of CG(x) are conjugate in NG(x).

Proof We suppose that G possesses precisely two conjugate classes
of involutions. From Lemma 6.2, no involution of CG(x) is conju-
gate to any involution of CG(xy). Thus all involutions of CG(x)
are conjugéte in G. Choose involutions u and v of CG(x).
Then there is an element g in G with u? = v. Since CG(P) = P,
it follows that (x> and (x>g are both Sylow 3-subgroups of
CG(V). Thus §x>m = ix)g for some m in CG(v).

Now ugm— = vm- = v and gm"1 lies in NG(x). The proof

of the lemma is complete.

Lemma 6.5 If G possesses precisely two conjugate classes
of involutions, then CG(x) = (x/ X A, where one of the following
holds: -
(i) A/%SA) is isomorphic to D6’ and Q$A) is nilpotent of

-

odd order and of class at most two,
(ii) A 1is isomorphic to AS.
(iii) A is isomorphic to PSL(2,7).

Proof

The basic structure of CG(x) has already been determined

in Lemma 6,1, From Lemma 6.,4; if G possesses precisely two

conjugate classes of involutions, then all involutions of CG(X) are
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conjugate in NG(x). Under these conditions, it follows now that

OZ(CG(X)) = 1, The proof of the lemma is thus complete.

Note If G possesses precisely two conjugate classes of involutions

then it is possible to show, in an exactly parallel manner that
CG(xy) = (xy) X B, where B has one of the three structures attributed

to the group A in Lemma 6.5,

Section 2

In this section, we shall prove the following lemma:-

Lemma 6,6 Suppose that the non-trivial 2-group Q admits

as a non-trivial, fixed point free group of automorphisms, the elemen-
tary Abelian 3-group P = (x,y | X3 = y3 = [x,y] = 1),

Suppose further that for any non-trivial element =z in P,
either CQ(z) = 1 or CQ(z) is isomorphic to Z2 X Zz. Then
|Q| = 4, 16, 64 or 256, corresponding as 2, 4, 6 or 8 elements

of P-{1f act with fixed points on Q. Moreover if |Q] = & or 16,

then Q is elementary Abelian,

Proof We know from Proposition 2.5, that Q = il | }CQ(z).
z £ P-11

It thus follows that Q = CQ(x)CQ(y)CQ(xy)CQ(xy_l), and so ‘Ql = 256,

If z_,2z are distinct elements of the set ix, Y, XY, xy-lf then

1'72

as CQ(P) = 1, it follows that CQ(zl) n CQ(zz) = 1, Moreover the
groups CQ(x), CQ(y), CQ(xy), CQ(xy_i) are all P-invariant, It
follows that if Q 1is Abelian, then ,QI = L, 16, 64 or 256,

If Q 1is non-Abelian, the previous arguments now yield that each

lower central factor of Q has order an integral power of four,

It now follows that [Q| = &4, 16, 64 or 256,
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(i) If |Q = 4, then Q is isomorphic to 2Z_ % Z_, and

2 2!

Q = C (z), for some non-trivial =z in P. Since CQ(P) = 1,

Q
it follows that the only elements of P—i1f acting with
non-trivial fixed point subgroup on Q, are =z and z-l.
(ii) Q = 16, If Q 1is non-Abelian, then Q/%(Q) has order four.
Denote Q = Q/%(Q). Then Q = Ca(z) = CQ(ZY“ for some element
z in P-{1l. Thus Qq = (cQ(z),@(Q)> = CQ(z). This does not

arise, and it follows that Q 1is elementary Abelian. Revising

our notation if necessary, we may suppose that

Q = CQ(x) X CQ(y).

Suppose that 2z 1is chosen to denote one of xy or xy-l.

Then 2z acts fixed point freely on CQ(x) and on Q/CQ(x).

It follows now that =z acts fixed point freely on Q itself.
(iii) [Q] = 64, If Q 1is non-Abelian, then Q/%(Q) has order four

or sixteen. Denote Q = Q/%(Q).

(a) If |Q = &4, then Q = Ca(z) = —;TET for some element z

in P-{1{. Thus Q = <CQ(Z),¢(Q)> = CQ(Z). This does not arise.

(b) Suppose now that lﬁ‘ = 16, Revising our notation if
necessary, we may suppose that Q = CQ(X) X Ca(y), and that
¢(Q) = CQ(xy). In this instance, xy“1 acts fixed point
freely on ®(Q) and on Q. It follows that xy-.1 acts fixed

point freely on Q.

Now we have to suppose that Q 1is elementary Abelian.
Revising our notation if necessary, we may suppose that
Q = CQ(x) X CQ(y) X CQ(xy). In this instance, xy“1 acts
fixed point freely on CQ(xy) and on Q/CQ(xy). It follows

-1 . .
that xy acts fixed point freely on Q itself,
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i Cc (z), it follows immediately

(iv
) = 2 € P-{1} 9

256, Since Q

u

that no element of P-il} may act fixed point freely on Q.

The proof of the lemma is complete.

Section 3

In this section we shall complete the proof of Theorem B.
We shall suppose, throughout this section, that G denotes a finite
simple group satisfying the hypotheses of Theorem B, We shall retain
the notation of Section 1,

If G is a counterexample to the theorem, then in particular,
G has less than three conjugate classes of involutions. Moreover,
from Corollary 6.3, it follows in this instance, that G has precisely
two conjugate classes of involutions., At this point, the structure of
CG(x) and CG(xy) are at least partially determined by Lemma 6.5.

In what follows, we shall suppose that G satisfies the hypo-
theses of Theorem B, and moreover that G has precisely two conjugate
‘classes of involutions.,

We shall say that CG(x) (CG(xy)) is of type 1, type 2 or

type 3, according as CG(x) (CG(xy)) is classified (respectively)

under part (i), part (ii) or part (iii) of Lemma 6.5.

Proposition 6.7

Let G be a finite simple group satisfying the
hypotheses of Theorem B. Suppose further that G has precisely
two conjugate classes of involutions, and that CG(x) is of type 2

and CG(xy) of type 1, Then G is isomorphic to A8.

Proof We take Q to denote & 2-subgroup of G, chosen of maximal

possible order, subject to being normalized by P, From Proposition



2.5, we know that Q = I ; }CQ(Z). From the structures of CG(x)
z ¢ P=11

-1
and CG(xy), it follows that CQ(xy) CQ(xy ) = 1, and that
Q = CQ(X)CQ(y). From Lemma 6.6, we deduce that Q is elementary

Abelian of order four or sixteen.

Case 1 Ql = &4

By suitably adapting our notation, we may suppose

that Q = CQ(x). We denote N = NG(Q), and proceed to consider the
structure of NN(P). Now we recall that NG(P) = {a,b,P), where

-1 -1 -1 -1 -1 -1
a Xxa=y ;a ya=x3} b xb=x3 b yb=1vy .

3 3

It is clear that the elements a, a”, ab, a”b do not normalize Q,
since they each conjugate CG(x) into CG(y). Moreover since
CQ(x) is a Sylow 2-subgroup of CG(x), it follows that the element
b cannot lie in NN(P).

Therefore the only possibilities for NN(P) are given by:-

(1) N(P) = P (i) N (P) = P{a) (iii) N (P) = P{a’b).

(i) If NN(P) = P, then by Burnside's transfer theorem (Proposition
2.3), N has a normal 3-complement, 03'(N). Now P must norma-
lize a Sylow 2-subgroup of 03'(N). It follows from the
maximality of Q, that Q is a Sylow 2-subgroup of 03'(N),
and thus also of N, Since Q 1is a Sylow 2-subgroup of
NG(Q), it follows that Q is a Sylow 2-subgroup of G. But
the Sylow 2-subgroupsof G are non-Abelian, since G contains

the dihedral 2-subgroup (a,b). This cannot arise,

(ii) N (P) = P(a?)

In this instance, we deduce from Proposition 2,11, that N
is 3-soluble of 3-length one, and that N/O3'(N) is isomorphic

2 . .
to P{(a“). Furthermore, using the maximality of Q, and the
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(N),

fact that P must normalize a Sylow 2-subgroup of 03'
we obtain that Q is a Sylow 2-subgroup of 03,(N).
We show now that a2 cannot centralize Q. Suppose,

for a contradiction, that a2 centralizes Q. We choose some

non-trivial element k of Q. It follows that:-

.2 (2,1 -1
ko= k7? = k7Y = kY

Conjugating both sides of this equation by y-l, we obtain

k = ky. This is impossible, since y acts fixed point freely

on Q. Since a2 does not centralize Q, we now deduce that

Q is a Sylow 2-subgroup of CG(Q). We may now apply Propo-
sition 2,15, to see that G has dihedral or semidihedral

Sylow 2-subgroups. Using Proposition 2,13 and Proposition 2.14,
we deduce that there is no finite simple group satisfying the

present hypotheses.

(iii) N (P) = P{a’b)

Using Proposition 2,6, we note that PN OB(N) = (x). Denote

N = N/OB'(N). As CG(x) is isomorphic to Z_ x A and since

3 5°

CN(x) contains a non-trivial normal 2-subgroup, Q, it follows
that (i) is self-centralizing in 03(&). Thus, using the
result due to Feit and Thompson (Proposition 2.10), we deduce

that Oj(ﬁ) is isomorphic to one of D A or PSL(2,7).

6’ 75

The maximality of Q 1is now used to show that Q is a Sylow

2-subgroup of 03'(N), and that OB(N) is isomorphic to D6.

It follows that N/OB'(N) is isomorphic to P(azb>.
2 . 2 ,
We now show that a b centralizes Q. As a“b 1is an
involution acting on the 2-group Q, it follows that azb must

centralize some non-trivial element k of Q. But then

azby yazb 2
k) = k = k y and Bo a b also centralizes ky. But
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<y> acts regularly on the set of non-trivial elements of Q,

and thus k # ky. It now follows that (k,ky> = Q, and thus
2 .

that a b centralizes Q. Denote S = Q<a2b>. Since Q = S,

we have that CG(S) = C (Q) = N, Thus, since S 1is a Sylow

G
2-subgroup of N, we know that S 1is a Sylow 2-subgroup of

CG(S). We now use Proposition 2.16, to deduce that r(G) = &4,
Thus using Proposition 2.12, we may recognize the isomorphism

type of G. There is no finite group satisfying our prsent

hypotheses.

Qf = 16

In this instance we know from our previous work that

Q = CQ(x) X CQ(y). We denote N = NG(Q). We shall consider the struc-

ture of

Ny (P).

Since CQ(x) is a Sylow 2-subgroup of CG(x), it follows that

the element b cannot lie in N. Similarly, since CQ(y) is a

2
Sylow 2-subgroup of CG(y), the element a b cannot lie in N, There-

fore the only possibilities for NN(P) are given by:-

(i)

(iv) Ny

(i)

NN

(P) = P (i1) Ny(P) = P(a’) (iii) N (P) = P(ab)
(P) = P{a’b) (v) N (P) = PCa) (vi) N (P) = P(aZ,ab).
NN(P) = P

Applying Burnside's transfer theorem (Proposition 2.3), we

deduce, in this case, that N has a normal 3-complement,

03'(N). Now P normalizes a Sylow 2-subgroup of O__ (N),

3'
and thus the maximality of Q implies that Q 1is a Sylow
2-subgroup of 03.(n). It follows now that Q is a Sylow
2-subgroup of NG(Q) and hence also of G. But G already

contains the non-Abelian 2-subgroup (a,b), therefore G does

not possess Abelian Sylow 2-subgroups, and consequently this

case does not arise,



(ii)

Ny (P) = P(a?)

In this instance, NG(Q)/CG(Q) is isomorphic to a subgroup

of GL(4,2)., The group GL(4,2) is itself isomorphic to Ag.
Denote N = NG(Q)/CG(Q). We deduce from Proposition 2.11,
that N is 3-soluble of 3-length one, and that N/G .(ﬁ) is
isomorphic to P(a2>. The group GL(4,2) has a self-centra-
lizing, elementary Abelian)Sylow 3=-subgroup of order nine and
preéisely two conjugate classes of elements of order three.

A 3-element of GL(4,2) has centralizer isomorphic either to
Z3 X A5 or to- 23 X D6’ according to the conjugate class to
which it belongs. Thus the only 3-subgroups of GL(4,2) which
are normalized by a Sylow 3-subgroup thereof are 2-~subgroups.

It follows from the above, together with the maximality of Q,

that O_ (N) = 1, and that N is isomorphic to P(a2>. Exten-

3!
ding the arguments given in case 1 (ii), we may suppose that
the action of az on Q 1is as follows:-
CQ(x) = <a1,a2> CQ(y) = (a3,a4>
aza a2~ a aza a2~ a
17 = ‘2 s R "

Here, the groups (al,a2>, (aj,a4> are elementary Abelian
of order four,., We denote S = Q(az}. In fact, S 1is isomor-
phic to the wreath product (Z, X 22)2/ Z,. We observe that Q
is the unique elementary Abelian subgroup of S of index two.
Thus Q is a characteristic subgroup of S, and so NG(S) = NG(Q).
By Proposition 2.2, central elements of S conjugate in G,
must be conjugate in NG(S). Note that Z(S) = (alaz,a3a4>.
We deduce from the known structure of N, together with the
fact that NG(S) = N, that the distinct involutions of 2Z(S)
lie in distinct conjugate classes in G. This latter fact con-

tradicts our present asslmption that G has precisely two

conjugate classes of invelutions,
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(iii) N (P) = P{ab)

We denote N = NG(Q)/CG(Q). Arguing as in case 2 (ii), we

obtain that N is isomorphic to a subgroup of GL(4,2)., The
structure of GL(A,Z) implies that P normalizes no non-trivial
subgroups of N of order prime to 2 and 3. The maximality
of Q now implies that P normalizes no non-trivial 3'-sub-
group of N, It follows now that 03'(ﬁ) = 1, Using Propo-
sition 2.6, we deduce that PN OB(N) = (xy-1>. Now we know

-1
that O_ . (C (xy

arguments (xy_1> is self-centralizing in N. Using Proposition

)) is P-invariant, and thus from the above

2.10, together with the maximality of Q, we deduce that N
is isomorphic to P{ab). Now ab conjugates CG(x) into

CG(y). We may assume that the action of ab on Q is as

follows: -
CQ(x) = (al,a2> CQ(y) = <a3,a4>

abalab = a3 abazab = aé.

Here the groups (ai,a2>, (a3,a4> are elementary Abelian

of order four. It follows as in case 2 (ii), with in this

case S = Q(ab), that NG(S) = NG(Q). Thus S is a Sylow
2-subgroup of G of order 25. The fusion arguments of case 2 (ii)
are however no longer applicable, since Z(S) = (a1a3,a2a4>,

'and the involutions of Z(S) are permuted by <xy>. However

we do know that S 1is a Sylow 2-subgroup of G. Thus from
Proposition 2;19, we derive a list of the possible isomorphism
types for G, There is no finite simple group satisfying our

present hypotheses.

(iv) N (P) = P(a’b)

With a suitable revision of notation, the proof of case 2 (iii)

may be adapted to deal with this case also.
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NN(P) = P<8>

We denote N = NG(Q)/CG(Q). We know as in case 2 (ii), that
N is isomorphic to a subgroup of GL(4,2). Note that using
the maximality of Q, it follows that Q 1is a Sylow 2-subgroup of
CG(Q). It follows now from Proposition 2.21 that N/OB'(ﬁ)

is isomorphic to one of P(a), A6 or A_., It follows as in

7
case 2 (ii) that 03'(ﬁ) = 1, Thus N is itself isomorphic

to one of P(a), A6 or A In the latter two cases, we may

7.
identify the isomorphism type of G wusing Proposition 2.17.

We may now assume that N = Play). We may now also assume that

a has the following action on Q:-

CQ(x) = (al,a2> CQ(y) = <a3,a4>

Here the groups (al,a2>, (aj,a4> are elementary Abelian
of order four. Denote S = Q(a). Observe that S 1is of order
2 and that Q 1is a characteristic subgroup of S, since it is
the unique normal elementary Abelian subgroup of order 24.
Thus NG(S) = NG(Q), and S is a Sylow 2-subgroup of G. We
obtain from Proposition 2,19, a list of the possible structures
of G,

The only finite simple group classified under this section
is A8.

2
Ny (P) = P{a,ab)

We denote N = NG(Q)/CG(Q). We know as in case 2 (ii), that N

is isomorphic to a subgroup of GL(4,2). We also know, using
Theorem A, together with the maximality of Q, that N/OB.(ﬁ)

is isomorphic to P(az,ab>. It follows precisely as in case 2 (ii)

that 03,(ﬁ) = 1,



-7().—

We may now assume that the group (az,ab> has the following

action on Q:-

CQ(x) = (al,a2> CQ(y) = <a3’a4>
a2 az = 21 2 .

a] = az a (38 = al}
abalab = a3 abazab = aq

Here (al,a2> and <a3,a4> are elementary Abelian subgroups

of Q of order four. We shall denote S = Q(éz,ab>. Observe
t Z(S) = = .
hat (s) <a1a2a3a4>, and that ZZ(S) <a1a2,a3a4,a1a3>
Now choose a Sylow 2-subgroup T of NG(S). Then T must

normalize Zz(S). Denote T = CT(ZZ(S))° Then Q< T

1 and

19
NTI(Q) = Q. It follows that T = C (Z,(S)) = Q. Since T
normalizes ZZ(S), it is clear that T normalizes CT(ZZ(S))°
Thus T normalizes Q. But S 1is a Sylow 2-subgroup of

NG(Q), and thus S = T. It follows, since S 1is a Sylow 2-sub-
group of NG(S), that S is a Sylow 2-subgroup of G. Since
‘Sl = 2 , we may use Proposition 2,19, to identify the iso-
morphism type of G, In fact there is no finite simple group

satisfying our present hypotheses.

The proof of the Proposition is now complete,

Proposition 6.8

There is no finite simple group G satisfying the

hypotheses of Theorem B, together with the following conditions:=-

(a) G has precisely two conjugate classes of involutions.,

(b) CG(x) is of type 3 and CG(xy) is of type 1.

Proof We take G to denote a counterexample to the above proposition.,

We take Q to denote a 2-subgroup of G, chosen of maximal possible
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order subject to being normalized by P. From Proposition 2.5, we

know that Q = I C (z). From the known structures of C _(x)
z GP**“ @ G

and CG(xy), we deduce that CQ(xy) = C -1

(xy ) = 1, and that

Q
Q = CQ(X)CQ(Y). From Lemma 6.6, it follows that Q is elementary

Abelian of order four or sixteen.

Case 1 Q| = &4

By suitably adapting our notation, we may suppose that
Q = CQ(x). We denote N = NG(Q), and proceed to determine the struc-
ture of NN(P). We now recall that
NG(P) = (a,b,P), where
-1 -1 -1 -1 -1 -1
X

a xa=y 3 a ya=x3; b b=x; b yb=y .

3

It is clear that the elements a,a3,ab,a b do not normalize Q,
since they each conjugate CG(x) into CG(y). Therefore the only

possibilities for NN(P) are given by:-

Ll

(i) N(P) = P (ii) N (P) P(a®) (iii) N (P) = P{a’b)

(iv) N (P) = P(b) (v) N (P) P¢a”,b)

The cases (i), (ii), and (iii) may be treated exactly as in

Proposition 6.7 case 1 (i), (ii) and (iii).

(iv) NN(P) = P(b)

Using Proposition 2.6, we deduce that PN OB(N) = <y>. Since

Q 1is elementary Abelian of order four, and as y acts fixed point
freely on Q, we may deduce that OB(N)/C 3 (Q) is isomor-

0~ (N)

phic to <(y,b). It now follows that N/OB.(N) is isomorphic

to P{(b), and that 03,(N) centralizes Q. Since P must
normalize a Sylow 2-subgroup of 03'(N), it follows that Q is

a Sylow 2-subgroup of 03&(N). Thus Q 1is a Sylow 2-subgroup
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of CG(Q). We may now apply Proposition 2.15, to see that G
has dihedral or semidihedral Sylow 2-subgroups. Using Propo-
sitions 2,13 and 2.14, we deduce that there is no finite

simple group satisfying the present hypotheses.

N (P) = P(aZ,b)

The possible structures for N/O3'(N) are determined by

Theorem A, Using the maximality of Q, we deduce that N/03'(N)
is isomorphic to P(az,b). Now P must normalize a Sylow

2-subgroup of 03.(N). It follows from the maximality of Q,

that Q is a Sylow 2-subgroup of 03'(N). The arguments used

in Proposition 6,7 case 1 (ii) and (iii) may be applied
in this instance to determine the action of (az,b> on Q.
We deduce as previously, that azb centralizes Q, and that

2 . 2 .
a does not centralize Q. Denote S1 = Q{a b>. Then 81 is

a Sylow 2-subgroup of CC(Q)° Since Q = S,y it follows that

CG(Sl) = CG(Q), and thus that S1 is a Sylow 2-subgroup of
CG(Sl)° We now use Proposition 2.16, to deduce that r(G) = 4,
Thus using Proposition 2,12, we may recognize the isomorphism

type of G. There is no finite simple group satisfying our

present hypotheses.,

Case 2 JQ| = 16

In this instance we know from our previous work that
Q = CQ(x) X CQ(y). We denote N = NG(Q). We shall consider the struc-
ture of NN(P). The possibilities for NN(P) are given by:-
(1) Ny(P) = P (1) N (P) = P(a®) (iii) N (P) = P(ab)
(iv) Ny (P) = P(a’b) (v) Ny(P) = PCa) (vi) N (P) = P(az,ab>
(vii) Ny(P) = P(b) (viii) Ny(P) = P(a®B)  (ix) N (P) = P(a®,b)
(x) NN(P) = P(a,b).
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The cases (i), (ii), (iii), (iv), (v) and (vi) may be treated

exactly as in Proposition 6.7 case 2.

(vii) Ny (P) = P(b)

Using Proposition 2.6, we deduce that P N OB(N) = (y). Denote
N = NG(Q)/CG(Q). It follows that N is isomorphic to a sub-
group of GL(4,2). Arguing as in Proposition 6.7 case 2 (ii),

we obtain that O_,(N) = 1., Now we know that O , (C (y))
3 3 3, =
0” (N)

is P-invariant. It follows from our knowledge of the 3-local

(c 3 - (y)) is a 2-group.
0“ (N)
The maximality of Q now forces 03.(C 3 (¥)) = 1, It follows
07 (N)
that <y) is self-centralizing in OB(N). Using Proposition

structure of GL(4,2), that O

2.10 together with the maximality of Q, and the fact that
03'(N) = 1, we obtain that N is isomorphic to P(b).

The maximality of Q now enables us to deduce that Q is a
Sylow 2-subgroup of CG(Q). Denote S =Q{b). Then if S1 is
any Sylow 2-subgroup of G containing S, it follows that

NS (Q) = S Thus Lemma 8.3 of [21], applies to tell us
1

that r(Sl) = 4, Thus using [11] we may recognize the iso-
morphism type of G. There is no finite simple group satis-

fying our present hypotheses,

(viii) NN(P) = P(a2b>

With a suitable revision of notation, the proof of case 2 (vii)

may be adapted to deal with this case also.

(ix) N (P) = P(a®,b)

We show in this section, that G has a Sylow 2-subgroup of

9

order at most 2°, The possible structures for N/OB'(N) are
determined by Theorem A. Using the maximality of Q, we deduce

that N/OB'(N) is isomorphic to P(az,b>. Now P must nor-
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malize a Sylow 2-subgroup of 03'(N). It follows from the

maximality of Q, that Q is a Sylow 2-subgroup of 03'(N).
Denote S = Q(az,b>. Then S 1is a Sylow 2-subgroup of N.
The arguments used in Proposition 6.7 case 1 (ii) and (iii)

. 2
may be adapted in this instance to determine the action of (a ,b)

on Q. We may suppose that the following action is known:-

CQ(x) = (al,a2> CQ(y) = (aj,aQ)
2, 2. 2 2
a’a a’= o a“aja’= a,
ba1b = a, baBb = a3 baAb = a,.

Here (al,a2> and <a3,a4> are elementary Abelian groups
of order four. The following is a list of all those normal

elementary Abelian subgroups of S of order 2 :-

Q = (al, a5y ag, a4>

A := (az, b, alaz, :113;;11t
B := (b, a3y A, a1a2>

C := (azb, ayy a,, a3a4>

Let T denote a Sylow 2-subgroup of NG(S). If T = S,
then S 1is a Sylow 2-subgroup of NG(S), and thus also of G,
It follows, since lSl = 26, that G 1is of known isomorphism
type (Proposition 2,19). There is no finite simple group
satisfying these hypotheses. Thus we have to suppose that
T # S.

Now the group T/S acts by conjugation on the set
{Q, A, B, cl of groups. In particular, if T # S, then since
S is a Sylow 2-subgroup of NG(Q), it follows that no element
of T/S can fix Q, Thus T/S 1is a subgroup of the symmetric

group on iQ, A, B, c! and 'T : S‘ < 4,

Since Q is a Sylow Z-subgroup of CG(Q), it follows that
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Z(T) = Q indeed that 2Z(T) = Z(S). We know that Z(S) = <a1a2,a3a4>.

Subcase (a)

We shall initially suppose that Z(S) = Z(T), 1In particular,

the subgroups (a1a2> and (a3a4> are normal subgroups of T. Thus

we obtain that
\

S T S T
Z g CN) < Gas ¢
G{;:;;%) ZZ:;;; and that Z <§a3a4 ) a3a4
Taking pre-images in T, we deduce that:-
2 .
(‘\3 D:= (b,a1,a2,a3ah) =2 T and that E:= (a b,alaz,aB,a4> g T,

(1) The action of 7T/S is semi-regular

Proof Denote T = T/Z(T). 1f g is an element of T-S, then g

permutes the groups Q, K, B, E, and 5 normalizes the groups

- - 2 .
(b,a1> and (a b,aB). We tabulate the possible ways in which such an

element g may operate with fixed points on the set iQ, A, B, C

of groups. The table also shows how each possibility is to be ruled

out: -
Possibility Qg = Q A9 = A BY = B c? = ¢
Step 1 - (anp)? = (anp) | (BhD)? = (BND) | (CNE)? = (CNE)
Step 2 - BY - B A9 = A AS = A

9 _
Step 3 - (BNE)™ = (BNE) ¢— see col. 2 ¢é&—see col, 2
Step & - QY = Q - -

(2) T/S is not cyclic of order four

Proof If T/S 1is cyclic of order four, then we can find an element

g in T-S satisfying one of the following three properties:-
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(a) Q% = A ; A% = B ; B9 = ¢ ; cd = q
(b) Q% = A ; A9 = ¢ ; cd =B ; BY = q
(c) QY = B ; BY = A ; A9 = ¢ ; c9 = q.
Case (a) We shall once again work in T = T/Z(T).

As previously, g must normalize the groups D and E. We find it

helpful to derive a contradiction with the aid of a diagram:-

!

©Q
Y
log
o]
]

(o]
Tl
ol
o
o

|

©
@
Ol €— Wl «— >l§— O

)

As D9 = D, and QY = A, it follows that 5? b. However 51

"

lies in C and c9 = Q, and b does not lie in Q. Thus we have

derived a contradiction. This case does not arise,

Case (b) We shall once again work in T = T/Z(T). As previously,

g must normalize the groups D and E. We find it helpful to derive

a contradiction with the aid of a diagram:-

Q ; 5 a _ a
—>Q 1 g 3 123
g l v
Y - 2
A azb b a
o] ol .
C a“b a 2pa
1 a bay
¢ |
§ B 5 a_b
3 3

e—.
~
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- 2
As EY9 = E and Qg = A, it follows that ag = a b. However

;3 lies in B and BY = Q, and azb does not lie in Q. Thus

we have derived a contradiction. This case does not arise.

Case (c) We shall once again work in T = T/Z(T). As previously,

g must normalize the groups D and E., We find it helpful to derive

a contradiction with the aid of a diagram:-

—— Q a1 33 ala3
0 |
B b a a_b
L 3 3
9 g g
v —
A a2b é{///ﬁ az
9 ¥ — 9 >
- -
— C a b a1 a ba1

Now b lies in BN A. Thus b? 1lies in AN €. It follows
that Bg = azb. However we know that D9 - D, and that b lies in

D although azb does not lie in D, Thus we have derived a contra-

diction. This case does not arise.

(3) We may suppose that T/S is not cyclic of order two.

If T/S 1is cyclic of order two, then we can find an element g

in T-S satisfying one of the following three properties:-

(a) Q% = A ; BY = ¢
(b) QY = B ; A9 = ¢
(c) Q% = ¢ ; A9 = B,
Case (a) We shall denote T = T/Z(T). Combining the information

given by (a), with the fact that DY = D and E9Y = E, we obtain that

-29
a = ala3 $ bY = a1 H a. = a b,
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Now we observe that 2Z(T) = <a2ba S;1> « It follows now that

3’
S is the unique elementary Abelian subgroup of T of order 24.
Thus S is a characteristic subgroup of T.

Since Z(T) 1is a characteristic subgroup of T, it follows now
that S 1is a characteristic subgroup of T. Thus we obtain that
NG(T) = NG(S). Since T 1is a Sylow 2-subgroup of NG(S), it follows
that T 1is a Sylow 2-subgroup of NG(T). Thus T is a Sylow 2-sub-
group of G of order 27. Then using Proposition 2.19, we may

recognize the isomorphism type of G. There is no finite simple group

satisfying the present hypotheses.

Case (b) We shall denote T = T/Z(T). Combining the information

given by (b) with the fact that DY = D and EY = E, we obtain

that

In this instance Z(T) = (azb, ba_, 53>. Let T, denote a

Sylow 2-subgroup of NG(T). Then T,  normalizes the group ZZ(T)'

We know from the above that

2
ZZ(T) = (a“b, ba_, sy @y, a1a2>.

Thus T must also normalize Ql(Zz(T)). We know that Ql(ZZ(T)) = B =

1
2
<a. b’ alaz, a3’ al‘.>.
Remark 1 Denote Qo = <a3, a4>, and consider NG(QO). Now
Ny (Q )(P) = P(az,b>, since P(az,b> already normalizes Qo’ and
G o

since a conjugates y into x and so cannot normalize QO. Thus
Theorem A applies to yield the structure of NG(Qo)/OB'(NG(Qo))°
Using the maximality of Qy and since Qo = 03'(NG(Q0))’ it

follows immediately that NG(QO)/OB.(NG(QO)) is isomorphic to one of:=-
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(i) D. XD (ii) D6 X AS (iii) D6 x PSL(2,7)

(iv) H (v) H

. 2 . . .
Since a b is known to centralize (a], a0>, the final case
cannot occur. In the first four cases, the maximality of Q implies

that S 1is a Sylow 2-subgroup of NG(QO).

Using Remark 1, it follows that CT(<a3, a4>) < S, It follows

now that CT(Q1(Zz(T))) < S. Thus CT(Q1(Z2(T))) = (b, a_, a

1 a0 a3a4>‘

Whence we obtain that S = QI(ZZ(T))Céﬁl(Zz(T)). Since T1 is known to

normalize Ql(Zz(T)), it follows that T, normalizes géQI(ZZ(T))).

Thus T, must normalize S. But T is a Sylow 2-subgroup of NG(S),

so that we must have that T1 = Ts It follows that T 1is a Sylow
2-subgroup of NG(T), and thus also of G. As ,T, = 27, we may apply

Proposition 2,19, to recognize the isomorphism type of G, There is

no finite simple group satisfying our present hypotheses.

Case (c) With a suitable revision of notation (for instance

interchanging x and y), the proof of case (b) may be adapted to
deal with this case also., Thus we may now suppose that T/S is not

cyclic. It follows now that T/S 1is elementary Abelian of order four,

(4) The final case: T/S is elementary Abelian of order four,

As before, we shall denote T = T/Z(T). Using the results of

the previous paragraphs, we may now suppose that:-
- - - =2 - - -
T = <91 h, a , b, a a >’

h
where Q% = B and A% = ¢ and Qh = A and B = C and g2 and h2

both lie in S. Arguing as in (3) cases (a) and (b), we obtain

that:-
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529 - azbal I 5§ - ;3
azh I P - 3 b L 2%
- 1 3 . - al 3 - [ ]

The following is a list of all those normal subgroups of T of

l
order 2*, which are possibly elementary Abelian:-

- -2 - - - - - — - 2

S = (a, b, agy a3> S] R bal, a3, ab)

S.:= (gn, b, a., a°ba.) 8, ::(g, h, a°ba., ba.) .
2 * [} 1’ 3 3 : 9 9 3’ 1

We show that it is possible to assume that each of the above
groups is elementary Abelian. If this is not the case, then there are

four cases to consider:-

(a) If none of a, ﬁ, EH are involutions, then S is the unique
normal elementary Abelian subgroup of T of order 24. Thus S is a
characteristic subgroup of T, Since Z(T) 1is a characteristic sub-
group of T, it follows now that S 1is a characteristic subgroup of T,
and thus that NG(T) = NG(S). But T 1is a Sylow 2-subgroup of NG(S)
and hence also of NG(T). Thus T is a Sylow 2-subgroup of G of
order 28. Using Proposition 2,19, we may identify G. There is no

finite simple group satisfying the present hypotheses,

(b) If g is not an involution, then it follows, since g lies

in §1 and 55, that either gh is an involution, or that S is

again the unique elementary Abelian normal subgroup of T of order 2,

In the latter case, the arguments of (a) (above) apply. We must

therefore presume that gh is an involution. Choose a Sylow

2-subgroup T, of NG(T). If T, =T, then T is a Sylow 2-sub-

1 1

group of G of order 28. Using Proposition 2.19, to recognize
the possible isomorphism type of G, we deduce that there is no finite
simple group satisfying the present hypotheses. Thus we may suppose

that Tl # T. Since S and Sz are the only elementary Abelian,
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normal subgroups of T of order 24, it follows, using the fact

that T 1is a Sylow 2-subgroup of NG(S), that T1 : T = 2, and

that any element k of Tl-T must interchange S and 52. We
choose an element k of T1-T. From the above, it follows that Kk

n——————— 2
normalizes S I Sz. Denote 81 = SN S£~(b, a ., a bag, QEJQ y A2 t>,

It follows that k must normalize Q1(81)° Now we know that

Q1(B1) = (b, aly ay, a3a4>. It follows next that k must normalize
CT(Ql(B1))' Arguments analogous to those used in Remark 1, show
that S 1is a Sylow 2-subgroup of NG((al, a2>). It follows that
CT(Ql(Bl)) = S, Thus 'k normalizes CS(QI(BI))° We know that

(azb,

c.(2 (B ) :
S( 1( 1)) alaz, a3, a4> It follows now that k normalizes
the group Ql(Bl) . CS(Ql(B1))' However Ql(Bl) . CS(Ql(Bl)) = S.
Thus k must normalize S. This contradicts our choice of k, and

thus the analysis of this subcase is complete,

(c) We suppose now that gh 1is not an involution. With a suitable
revision of notation, the proof of (b) may be adapted to deal with

this case also.

(a) We have finally to suppose that both g and gh are involutions,
and that h is not an involution. Choose a Sylow 2-subgroup T1 of
NG(T). We may suppose, as for example in (b), that T, # T« Now

S f of groups, since this set is a

T1/T permutes the set S, §1, o

full set of normal, elementary Abelian subgroups of T of order 2.
No element of Tl-T normalizes S, By suitably altering our notation,
if necessary, we may assume that there is an element Kk 1in T1-T

which interchanges S and S The arguments of (b) now hold in

20

this instance also.
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S are all elemen-

We may now assume that the groups S, §1, 52, 3

tary Abelian. The situation is now familiar, in the sense that the

groups T and S are isomorphic. As previously, we choose a Sylow

2-subgroup T1 of NG(T). We may once again suppose that T1 £ T.

Observe that Tl/T acts by conjugation on the set §, Sl’ 32, §3f

of subgroups of T. Observe also that no non-trivial element of
Tl/T may normalize S, since T 1is a Sylow 2-subgroup of NG(S).
The elements of TI/T have order at most four.

We shall denote T

I

T/z(T) = T/Zz(T). Now

a.a >. Thus we obtain that

2
Zz(T) = (a ba3, ba , a,a,, a,a,

= =2 = = =
S = (a“, a1> S, = (g, a a1>
S2 = {gh, a1> 33 = (g, h) .
We now determine the structure of Tl/T°
(A) Suppose firstly that we may choose k 1in Tl-T’ such that
=k - =k - -k -
S = S3 and 81 = S1 and S2 = Sz.

Since k normalizes S and S we deduce

3’

and interchanges

—_—m

that k must normalize the group (azalg>.

1

1,

Since k normalizes S and interchanges S and §3, we deduce

2’

that k must normalize the group (gha1>. It follows that k norma-

2
lizes the group (azalg, ghal, a ba3, ba1>. Denote
Kl = <a2aig’ ghal, azbaj, ba]>. Thus k normalizes Kl' It follows
. 2§ = 2
that k must normalize A.. Now A = (a ba3>. It follows that k

- 2 . . . =
normalizes the group Z(T/{a ba3>). Taking pre-images in T, we obtain

4 —_— 2 —
that k must normalize the group <(gh, a,, a" b, ba >. We recall that

3 1

- - _— 2 -
k normalizes the group Sz, where S2 = (gh,a1, a ba3, b). It follows
now that k must centralize Sﬁ. But Ez lies in §3 and §k = §3

i}

although Eﬁ does not lie in S. Therefore this choice of k 1is

not possible,
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-k -
(B) Suppose now that we may choose k in Tl-T such that S = S2

2
and such that k lies in T, In this instance, k normalizes the

group S N Sz. Now S N S2 = (51, azbaj, b). Thus k normalizes the
2 2

group (al, az, b, a baB, a3a4>. Denote B1 = (al, az, b, a baB, a3ah>.

Then k normalizes Q](Bl), and Ql(Bl) = (b, a8y a5y a3a4). The

arguments used in (b) now apply to show that k normalizes S.

This case is not possible.

(c) Suppose now that we may choose k in Tl-T such that §k = §1,

and such that k2 lies in T. With a suitable revision of notation,

the proof of (B) may be adapted to deal with this case also.

(D) Suppose now that Tl/T contains a cycle kT of order four,

acting regularly on our set of subgroups of T. It follows from (A),
k2 k2

(B), - and (¢), that S = 53 and that S, = S, ., The fact that

kT has order four implies that k as an element of T must cen-

19

tralize Z(T). The arguments used in (2) case (c) may now be adapted

to deal with this case also.

(E) It follows now that T1 : T| = 2, and that if k is an element
-k - -k -

of T1-T, then S = 53 and S1 = Sz.

Remark 2 Z(T) is a characteristic subgroup of T1°

Proof If we suppose that this not the case, then certainly

Z(T) # Z(Tl), and thus we may suppose that Z(Tl) < Z(T). Thus

Z(T1) < (azbaB, E;1>. If Z(Tl) = (azba3>, then k also normalizes

Z(T/(azba3>). Taking pre-images in T, we obtain that k must nor-

—_— - ) — - —_— - ) —_—
malize the group (gh, a3, a b, ba1>. Denote C1 = (gh, a3, a b, ba1>.

It follows now that k normalizes CT(El)' Now

- [ - - . - .
CT(Cl) = (g, b, a’ba a1>. Moreover Kk must also normalize (CT(Cl)) .

3,
However we know that (CT(EI)). = (ba1>. It follows now that k

. — - 2
centralizes the group <ba1>. Since Z(Tl) = {a ba3>, we have a



contradiction.

Parallel arguments may be invoked to dismiss the case in which

Z(Tl) = <ba1>.

Therefore we have to suppose that Z(Ti) = <a2a1a3>. This

forces ZZ(Tl) = Z(T), and thus Z(T) is a characteristic subgroup

of Tl'

Remark 3 Zz(T) is a characteristic subgroup of Tl'

Proof If Z(Tl) = Z(T), then using Remark 2, Z(T) 1is a charac-
teristic subgroup of 'Tl' and thus it follows that Zz(T) is a
characteristic subgroup of Tl’ as required. Thus we have to suppose
that 1 # Z(Tl) < Z(T). 1In this situation, it follows that

< _ . o
Zz(TD Z2(T). If z,(T,) Zz(T), then there is no difficulty,

Suppose that Z(Tl) = <a1a2>. Then T normalizes Z(T/(a1a2>).

1
Thus T1 normalizes the group (b, ags az, a3a4>. We recall our pre-
vious notation that D = (b, ay 2,y a3a4>. In this instance, T1

must also normalize CT(D). Applying Remark 1, we obtain that
CT(D) = (azb, aja,, a3, a4>. We recall our previous notation that

E = (azb, a,a

1259 a3, a4>. Thus T must normalize the group E'.

1

However E! = (a_a,). This contradicts our assumption that Z(T1) =

3

<a1a2>. A parallel argument serves to treat the case in which

z(t,) = (a,a, ).

3
This forces Z(Tl) = (a1a2a3a4>. It follows directly now from
the definition of Zz(Tl)' that Zz(Tl) = (aiaz, a3a4 = zZ(T).

Thus Zz(T) is a characteristic subgroup of T as required,

1’

Conclusion We consider the group %1 = Tl/Zz(T). This group is

= . =K - -k -
10 9 )« Since § = S3 and S1 = S

o ol

= = =2 =
specified by T1 = (k, a”, a X

we may deduce that k acts as follows on T

=2k

a = h and

o
L

VR

i
[« Rl
[ 4
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—

It follows that T 1is the unique elementary Abelian normal

subgroup of T of order 24. Thus T 1is a characteristic sub-

1’
group of %1' From Remark 3, we know that ZZ(T) is a charac-

teristic subgroup of T It follows that T 1is a characteristic

1.

subgroup of T and hence that NG(Tl) = NG(T)° But T is a

1! 1

Sylow 2-subgroup of NG(T). Thus T1 is a Sylow 2-subgroup of
NG(Tl)’ and therefore also of G, of order 22, Thus we may use
Proposition 2.19, to recognize the possible isomorphism type of G,

There is no finite simple group satisfying our present hypotheses.

Our analysis of .subcase (a) 1is therefore complete.

Subcase (b)

We now suppose that Z(T) # zZ(S).
(1) We suppose firstly that Z(T) = (a1a2>. We know that S 3 T,

Thus
, [-_S < T
{a.ay ) <a.a.,
12 1 2
Taking pre-images in T, we obtain that (b, ayy a,, a3a4> 2T,

We recall our previous notation, that D = (b, a a ah). Now

1' %20 24

2
CS(D) g 1, and CS(D) = (a“b, a_a a

129 a4>. We recall our previous

3’
notation that E = (azb, aiaz, a3, a4>. It follows now that E' I T,
Since E' = (a_a >, we obtain a contradiction to our suppostion that

3
z(T) = <a1a2>.

(2) A parallel argument applies, if we suppose next that Z(T) = <a3a4>°

(3) We must finally suppose that Z(T) = <a1a2a3a4>. It follows

directly that ZZ(T) = (alaz, aBaQ).

(A) The action of T/S on the set fQ, A, B, Cf of groups may be

assumed to be semi-regular,
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Proof Denote T = T/ZZ(T)° If g is an element of T-S, then

g permutes the groups *Q, A, B, Cl. We tabulate the ways in which
such an element g may operate with fixed points on the set

iQ’ A, B, C; of groups. The table also shows, when it is clear
from the information to hand, how some of the possibilites may be

ruled out:-

Possibility Reasons for non-occurrence

—————— e

I
o¢]
9]
(o]
|
(@)

Qg = A BY - See below

| b lies in A, so b? lies in A
Q=B A%-=a c%-c | g

b 1lies in B, so b lies in Q

AN Q = Zz(T)

2 2 . .
a“b lies in A, so (a“b)? 1lies in A

g g g
= C A = A B = B
? azb lies in C, so (azb)g lies in Q

ANQ-= Zz(T)

Thus we are left with the case in which Q9 = A, B = B and

c? - C. From this knowledge, we deduce the action of g on T :-
g _ -g _ = g _ .2
;2 = ala3 b = a3 a; = a b

Now T/S 1is isomorphic to a 2-subgroup of the symmetric group
on fQ, A, B, C‘. The above paragraphs allow us to deduce that gS
is the only non-trivial element of T/S which acts with fixed points

on the set fQ, A, B, Cf of groups., It follows now that ‘T : Sl = 2

From the known action of g, we deduce that S is the unique

L
normal, elementary Abelian subgroup of order 2 . It follows that
S is a characteristic subgroup of T. Since Zz(T) is a charac-

teristic subgroup of T, it follows that S 1is also a characteristic

/A

subgroup of T. Thus NG(T) = NG(S). It follows now that T is

a Sylow 2-subgroup of G of order 27. We may Proposition 2,19, to
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recognize the isomorphism type of G. There is no finite simple group
satisfying our present hypotheses,

Thus the action of T/S is semi-regular, as required.

(B) T/S is not a cycle of order four.

Suppose that we can find an element k in T-S, such that k
permutes the four groups Q, A, B, C, cyclically. It follows that
k has order at least four. Since Zz(T) is elementary Abelian of
order four, it is clear that k must centralize ZZ(T)‘ This latter

fact contradicts our present assumptions on Z(T).

(C) Suppose that we may choose an element g in T-S, with
Qg =B and A9 = c. We denote, as previously, T = T/ZZ(T)°

We know that:-

- . - =2 - - -
/
T =2 (g, a , b, a,, a3).

From the action of g, we deduce that:-

g
- 2 - - - -
a2 = a ba bg = a ag = a_.oe

1 1 3 3

- ) - -
In this instance, we obtain that Z(T) = (a'b, bal, a3>, and
. 2
that g normalizes the group (a“b, ba_, agy a, a1a2>. Denote
2 - . .
F = (a“b, ba_, a3, a, a1a2>. Then Qj(F) is normalized by g,

and we know that:-
Q_(F) = (azb a a a.a_) .
1 v U3 LY T172
Moreover g must also normalize CS(OI(F))’ and we know that

CS(Q1(F)) = (b, a, a a3a4>. It follows that g normalizes the

2'
|
groups CYI(F)f and CS(Ql(F)f . Since (01(F)) = <a3a4> and
Cs(Ql(F))' = (a1a2>, we conclude that g centralizes ZZ(T)'

Parallel arguments apply, in the case in which it is possible

h
to choose h in T-=S with Qh = C and A = B, to demonstrate that

h centralizes Zz(T).
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(D) Since the action of T/S is semi-regular, and since T/S
is not cyclic of order four, the assumption that Z(T) = (a1a2a3a4
together with the above section (C) indicates that |T : S| = 2,
and that we may find an element k in T-S with Qk = A and
Bk = C, We shall denote T = T/ZZ(T)°
We know that:-

T - (K, 3%, B, a,, a,).

From the action of k on the set fQ, A, B, Cf of groups,

we deduce that:-~

It follows in this instance, that S is the unique normal elemen-
tary Abelian subgroup of T of order 24. Thus S 1is a characteristic
subgroup of T. Since Zz(T) is a characteristic subgroup of T, it
follows now that S 1is a characteristic subgroup of T, and hence that
NG(T) = NG(S). From the fact that T is a Sylow 2-subgroup of NG(S),
we deduce that T 1is a Sylow 2-subgroup of NG(T), and thus of G,
Since lTI = 27, we may use Proposition 2,19, to recognize the possible
isomorphism type of G. There is no finite simple group satisfying
our present hypotheses.

2
The case in which NN(P) = P{a“,b) 1is now complete.

(x) NN(P) = P{a,b)

Denote N = NG(Q)/CG(Q). We show that N is isomorphic to
P(a,b}. We know that N is isomorphic to a subgroup of
GL(4,2). The group GL(4,2) 1is isomorphic to A8. Moreover,
GL(4,2) has a self-centralizing elementary Abelian Sylow
3-subgroup of order nine, and precisely two conjugate classes

of elements of order three, A 3-element of GL(4,2) has cen-

tralizer isomorphic to Z3 X A or to Z_ X D6’ according to

5° 3



the conjugate class to which it belongs. The Sylow 3-automiser

of GL(4,2) 1is isomorphic to Dg.

We know from the maximality of Q, that Q is a Sylow

2-subgroup of CG(Q). From the 3-local structure of GL(4,2),

it follows that either O _ (N) 1is trivial, or that 03,(N)

)'
is a 2-group., Using the maximality of Q, we deduce that

03,(ﬁ) = 1, We deduce from the structure of CG(x), that Cﬁ(i)

is isomorphic to Z_ X D6. We deduce from the 3-local structure

3
of GL(4,2), and the maximality of Q, that Cﬁ(iy) is isomor-

phic to Z3 PN D6. We may now apply [22] Lemma 3.2, to see

that either N 1is isomorphic to S6 or that N is isomorphic
to P(a,b>. In the former case, the arguments of [28], apply.
Thus we may suppose that N is isomorphic to P(a,b)) As pre-

viously, we may deduce the action of the group <€a,b) on Q:-

CQ(x) = (al,a2> CQ(y) = <a3,a4>
-1 -1
a ‘aa = a3 a ‘aja = a,
-1 -1
a ‘aja = a, a ‘a,a = a,
b‘lalb = a, b—laBb = a, b-la[tb = a.

Here (al,a2>, <a3,a4> are elementary Abelian groups of
2
order four. We shall denote S1 = Q{a“,b)., We observe that
_ @b = .
Z (R@)= (a1a2a3a4>, and that Zzﬁ ) (alaz, a3a4> Let R

denote a Sylow 2-subgroup of G, chosen so as to contain Q(a,b).

It follows now that 2,(R) = Z,QeE),and that |R : C.(Z,(R)| = 2.
We now return to consider the arguments of case (ix)

(above). The arguments of case (ix) go through in this instance,

if instead of considering the groups G and S, as previously,

we now consider the groups CG(ZZ(R)) and 51 (respectively),
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The only difficulty occurs in the transposition of Remark 1.

Note that Remark 1 1is visibly false in CG(ZZ(R)) in this

instance, although it remains true in G, and thus is again

applicable. The adapted arguments of case (i) yvyield that
< 59 , : 10

,CR(ZZ(R))l < 27, It follows now that |R| = 2, Thus from

Proposition 2.19, we may deduce the isomorphism type of G,

There is no finite simple group satisfying our present hypotheses.

This completes the proof of the proposition.

In the proofs of Proposition 6.7 and Proposition 6.8, once
we have established the order of a Sylow 2-subgroup of the group in
question, we turn in several instances to the fact that the group has
precisely two conjugate classes of involutions, only in order to
eliminate particular possibilities at that stage. The fact that the
group is assumed to possess precisely two conjugate classes of invo-
lutions is used at no other point in the proofs. 1In fact from Pro-
position 2,19, we know the isomorphism type of all those finite
simple groups possessing a Sylow 2-subgroup of order at most 210.
The above fusion arguments are therefore in some sense superfluous.

We shall now return to our proof of Theorem B, We now suppose
that G denotes a finite simple group satisfying the hypotheses of
Theorem B, We preserve as much of the previous notation as possible,
By Lemma 6.5, the structures of CG(X) and CG(xy) are determined,

By interchanging the roles of x and xy if necessary for notational

purposes, there are precisely six cases to consider,
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CG(x) CG(xy)
Case 1 Type 1 Type 1
Case 11 Type 1 Type 2
Case III Type 1 Type 3
Case 1V Type 2 Type 2 !
Case V Type 2 Type 3 f
Case VI Type 3 Type 3

Proposition 6,7 treats case 1II.

Proposition 6.8 treats case 1I1I,

It thus remains to deal with the cases I, 1V, V, VI,

Observe that in case I, both CG(x) and Cé(xy) have twice
odd order. An as yet unpublished result due to B. Stellmacher,
allows the classification of all those finite simple groups, each
of whose J-elements has centralizer of order divisible by two but
not by four. We deduce that there is no finite simple group satis-
fying our present hypotheses and classified under case 1,

It remains to deal with the cases IV, V, VI, We cite a

recent result due to O'Nan.,

Theorem (O'Nan [21])

Let H be a finite group having no non-identity Abelian
normal subgroups. Suppose that H has an elementary Abelian sub-
group P of order nine, such that if a 1is any element of P-{lf,
then there is an odd prime power g, such that CH(a)/(a> is iso-
morphic to one of PSL(2,q), PGL(2,q) or P2*L(2,q).

Then H has a self-centralizing normal subgroup N which is

isomorphic to one of:-
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(i)  Psu(3,s5) (ii) PSL(3,7) (iii) M, (iv) M23 (v) M,
(vi) HiS (vii) R. (Rudvalis group) (viii) PSL(5,2)
(ix) Jg (x) PS (4,4),

p

The above Theorem applies directly to the cases IV, V, VI,
We deduce that if G is a finite simple group satisfying our present
hypotheses, and classified under cases IV, V, VI, then in particular
G 1is classified under case V, and G 1is isomorphic to PSL(5,2).
Note that the group PSL(5,2) has precisely two conjugate classes

of involutions,

The proof of Theorem B 1is complete,



Chapter VII

In Retrospect

Theorems A and B have now been formally proved. As regards
Theorem A, one of the most plausible next logical steps might be
an attempted classification of all finite groups with a Sylow
3-subgroup P, elementary Abelian of order nine, with NG(P)/CG(P)
isomorphic to Z2 X Zz. On reflection, this problem is necessarily
rather difficult, as it would imply a classification of all finite
groups possessing a éyclic Sylow 3-subgroup of order three.

As regards Theorem B, there remains a great deal of scope.

We first note that Proposition 6.7 and Proposition 6.8 may both
be more concisely proved, if we quote the recent classification by
G. Stroth, of all those finite simple groups possessing an elemen-
tary Abelian 2-subgroup of order sixteen, which is a Sylow 2=-sub-
group of its own centralizer ([27], [28], [29]). We would hope
however that our methods developed in the proofs of the above pro-
positions might find some other application and in particular that
they might be useful in the further discussion of the structure of

finite groups possessing a self-centralizing elementary Abelian

Sylow 3-subgroup of order nine.

Let us consider now the more general problem of the classi-
fication of finite groups G which possess a self-centralizing
elementary Abelian Sylow 3-subgroup P, of order nine., We shall
further suppose that OB(G) = G.

The following seems a reasonable hypothesis in this instance:-

(1) Every involution of GaOB'(G) is conjugate to some involu-

tion of NG(P).
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This hypothesis has been proved true by P.G. Henry [14]’
in the cases where NG(P)/P is isomorphic to ZQ or to Q8.

If NG(P)/P is isomorphic to Z8, recent results due to
S.D. Smith, indicate that the hypothesis is true, and that G has
a single conjugate class of involutions.

In the case in which NG(P)/P is isomorphic to D8’ it might
be possible to use character theoretic methods to prove the hypo-
thesis true (or otherwise). In fact we may already obtain one
character theoretic relation in this instance, which may prove use-
ful. Since the group <3,3,2> is isomorphic to A4, it follows
that #(x"(xy)® = k) = 0, for all involutions k of G. As in
the proof of Theorem A, this translates into the character theoretic

relation

5 X)x xy)x (k)
% (1) - ’

where this sum may be taken over the principal 3-block of G,
The principal 3-block of G 1is determined using the methods of
Chapter IV. Thus we have a 'degree equation',

The analysis of the case in which NG(P)/P is isomorphic to
D8 is visibly incomplete. For other related results, broadly in
this area, we would refer the reader to Lemma 3.2 and Lemma 3.6
of the paper [22] by Prince,

Finally, as regards the problem of classifying all finite groups
possessing a self-centralizing elementary Abelian Sylow 3-subgroup
of order nine, it seems reasonable to hope that the methods used in
this thesis might also find some application the cases discussed in
Chapter I, in which the Sylow 3-automiser is isomorphic to 28 or

to Q D16o
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AEEendix

We list the only known finite simple groups G possessing

an elementary Abelian Sylow 3-subgroup P, of order nine, with

NG(p)/CG(P) isomorphic to D8. Such groups are:-

PSL(4,q) q = -1(3) a ¥ -1(9)
PSL(5,q) a = -1(3) a ¥ -1(9)
PSU(4,q°) q = 1(3) af 1(9)
PSU(5,q°) q = 1(3) a f 1(9)
PSp(k4,q) q = -1(3) q ¥ -1(9) .

I have this list on the authority of lectures given by

Professor Higman, in Oxford, in Michaelmas term 1974,

those

group.

(i)

We now compile a sublist of the above list, including only
of the above groups which have a self-centralizing Sylow 3-sub-

We suppose H to denote a group in our sublist.

Suppose that the group H 1is isomorphic to PSL(4,q)
(some q = -1(3), q f -1(9)).
Observe that SL(L4,q) contains a subgroup isomorphic to

SL(2,q) x SL(2,q), given by the matrices of the following type:-

fr 0

o B); where A and B are elements of SL(2,q)}.

It follows that PSL(4,q) has a section isomorphic to
PSL(2,q) X PSL(2,q). Since we require that our group H have
a self-centralizing Sylow 3-subgroup, the quoted result due to
Feit and Thompson (Proposition 2,10), forces q =5 or q = 2,
In fact from our construction, we require further that the above
section be indeed a subgroup of H. This is only the case if
q = 2.

The group PSL(4,2) is isomorphic to A8, and certainly
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(iii)

(iv)
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satisfies our reugirements. Furthermore, PSL(4,2) has two
conjugate classes of involutions, whilst the centralizers of

3-elements in PSL(4,2) are isomorphic to Z3 X D and

Z, X A_,
3 p

Suppose that the group H 1is isomorphic to PSL(5,q)

]

(some q -1(3), a ¥ -1(9)). Arguing as in (i), we observe
that H has a section isomorphic to PSL(2,q) X PSL(3,q).
Using the result due to Feit and Thompson (Proposition 2.10),

We obtain that q 2.

H

The group PSL(5,2) does in fact have a self-centralizing
Sylow 3-subgroup. Furthermore PSL(5,2) has two conjugate
classes of involutions, and the centralizers of 3~elements in

PSL(5,2) are isomorphic to Z3 X A5 and Z3 X PSL(2,7).

Suppose that the group H is isomorphic to PSU(Q,qz)
(some q = 1(3), q % 1(9)k Arguing as in (i), we observe
that H has a section isomorphic to PSU(2,q2) X PSU(Z,qz).
Since we may identify PSU(Z,qz) with PSL(2,q), it follows

using the quoted result (Proposition 2.10) due to Feit and

1

Thompson, that we must have that ¢ 7. Thus we have to

2 .
consider the group PSU(4,77). 1In fact from our construction,
we require further that the above section be indeed a subgroup

of H. In the group PSU(4,72), this i1s not the case.

This instance does not arise.

Suppose that the group H is isomorphic to PSU(S,qz)
(some q = 1(3), q % 1(9))., 1In this case PSU(S,qz) has a
section isomorphic to PSU(Z,qz) X PSU(B,qz). It follows,
using the quoted result (Proposition 2,10) due to Feit and
Thompson, that H cannot have a self-centralizing Sylow

3-subgroup. This case cdnhnot therefore arise.
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Suppose that the group H is isomorphic to PSp(4,q)
(some q = -1(3), q ¥ -1(9)). 1In this case, H has a section
isomorphic to PSp(2,q) X PSp(2,q). Using the fact that
PSp(2,q) 1is isomorphic to PSL(2,q), and employing the guoted
result due to Feit and Thompson (Proposition 2,10), we deduce
that q@q = 2 or q = 5. In fact from our construction, we
require further that the above section be indeed a subgroup
of H., Thus it remains to consider the case in which q = 2.
The group PSp(4,2) does in fact have a self-centralizing
Sylow 3-subgroup. However PSp(A;z) is not simple, being it-

self isomorphic to S6.

We list the finite simple groups with Sylow 2-subgroups of
10

order at most 2 . The list is taken directly from V., Stingl's

doctoral thesis:-
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G roups

occurring

20 Zp All odd primes p
1
2 z,
2? PSL(2,q) a = 3,5 (8) q >3
23 PSL(2,q) q = 7,9 (16)
PSL(2,8)
JR(q) q = 3,5 (8) Q>3
A
7
2lt PSL(2,q) q = 15,17 (32)
PsSL(2,16)
PSL(3,q) q = 3 (8)
PSU(B,qz) q =5 (8)
M1
2° PSL(2,q) a = 33,35 (64)
PSL(2,32)
PSL(3,q) q = 5 (8)
PSL(3,q) q = 7 (16)
Psu(3,q2) q = 3 (8)
psu(B,qz) q = 9 (16)
26 PSL(2,q) q £ 63,65 (128)
PSL(2,64)
PSL(3,q) q = 15 (32)
PSL(3,4)
PSp(lt,q) q = 3,5 (8)
Gz(q) qa = 3,5 (8)
PSU(3,q°) a = 17 (32)
Psu(3,42)
BDQ(QB) qQ = 3,5 (8)
2
52(8)
Ag
A9
M
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PSL(2,q) q £ 127,129 (256)
PSL(2, 128)
PSL(3,q) q = 9 (16)
PSL(3,q) q = 31 (64)
Psu(3,q2) q = 7 (16)
PSU(B,qz) q = 33 (64)
PSL(4,q) q = 3,5 (8)
Psu(q,qz) qQ £ 3,5 (8)

A0

A

Moo

M,

M_L

Ia

JB
PSL(2,q) q = 255,257 (512)
PSL(2,256)
PSL(3,q) q = 63 (128)
Psu(3,qg) q = 65 (128)
PSp(4,q) q = 7,9 (16)

G, (a) q = 7,9 (16)

3 3 =

D4(q ) q= 7,9 (16)
PSp(4,4)

LyS
PSL(2,q) q = 511,513 (1024)
PSL(2,512)
PSL(3,8)
PSL(3,q) q = 127 (256)
PSL(3,q) q = 17 (32)
PSL(L,q) q = 7 (16)
PSL(5,q) q = 3 (8)
Psu(3,q2) q = 129 (256)
PSU(3,q°) qa = 15 (32)
PSU(4,q°) a =9 (16)
psu(s,qz) q = 5 (8)
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PSU(3,82)
PU(7,q) a = 3,5 (8)

PSp(6,q) q = 3,5 (8)
PSp(6,2)

Alz

1!

1!

A
13

O'N

H,S
i

210 PSL(2,q) q = 1023,1025 (2048)

PSL(2,1024)
PSL(5,2)
PSL(3,q) = 255 (512)
PSL(4,q) 9 (16)
PSU(B,qz) 257 (512)
Psu(q,qz) 7 (16)
PSU(S,ZZ)
PSp(4,q)
Gz(q)
3D4(q3)
Pu-(8,q2)

i

L2 L8 Q0
M th

n

15,17 (32)
15,17 (32)
15,17 (32)
3,5 (8)

il

]

Qe a8 a L
i

2
32(32)

A14

A15

Mo

co
3

He

In this table, JR(q) denotes a group of Janko-Ree type.
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