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Abstract

Spread Options are crucial in the energy, currency and fixed income, and com-
modity markets. The problem with spread options is that there are no closed-
form formulae to price or hedge them. In this paper, we use matched asymptotic
expansions in order to price spread options. We use both one-factor and two-
factor models. In the one-factor models we assume the spread follows one of
the following processes: Geometric Brownian Motion, Ornstein-Uhlenbeck and
Arithmetic Brownian Motion. In the two-factor models, we assume the assets
follow one of these processes.



Chapter 1

Introduction

The main goal of this paper is to apply matched asymptotic expansions in order
to price spread options. Valuing these options is a big challenge as there are
no closed formulae to price or hedge them. Many pricing and hedging schemes
have been developed based on the work done by Black, Scholes and Merton.
Despite the importance of these theories, they were not able to price or hedge
many of the widely used options. One of which is spread options which we will
discuss in this paper.

As defined in [1], spread options are options written on the difference of two
assets whose time ¢ values are denoted by Si(t) and S2(t). The payoff of this
option at maturity time T is max(S1(T) — S2(T') — K,0) where K is the strike.
The spread S(T') of the option is defined as S(T') = S1(T") — S2(T).

Spread options are crucial in the energy, currency and fixed income, and
commodity markets. In the commodity market, there are spreads on the dif-
ference between prices of the same commodity at different times (calender
spreads), at different locations (location spreads) and with different grades
(quality spreads)[1]. In the currency and fixed income market, the spread is
usually on the difference between two interest or swap rates or on the differ-
ence between two yields,... For instance, as stated in [1], in the U.S. fixed
income market, there are spreads between maturities such as the NOB spreads
(notes-bonds) and between quality levels such as the TED spreads(treasury
bills-Eurodollars). Lastly, in the energy market, spread options are widely used.
Two main spread options are used by NYMEX (New York Mercantile Exchange)
namely: spread options on heating oil/crude oil and gasoline/crude oil spread
options. In the energy market, there are different kinds of spread options such
as temporal spreads which are based on the difference between the prices of the
same commodity at different times and the locational spreads which are based
on the difference between the prices of the same commodities at different loca-
tions, but the most widely used spread options in the energy market, are spread
options on two different commodities[1]. These spread options are crucial in
the energy market as they quantify the cost of production of the end products
from the raw material used to produce them. The wide use of spread options
in many markets has motivated financial mathematicians to work on pricing or
hedging them.

In this paper, we try to value spread options by considering one and two-
factor models. The former are discussed in chapters two, three and four, while



the latter are discussed in chapters five and six. For the one-factor models, we
use three different models for the spread; namely Geometric Brownian Motion,
Ornstein Uhlenbeck and Arithmetic Brownian Motion. In chapter 2, we apply
matched asymptotic expansion to the transition density function of each of the
three processes. The results of this chapter are used in chapter three in order to
price spread options using risk-neutral pricing. In chapter 4, on the other hand,
we directly apply matched asymptotic expansions on the value of the option in
each of the three cases. We then plot graphs and monitor the difference between
different models.

We then proceed to the two-factor models where we assume that the assets
both follow one of the three processes mentioned above. We start off in chapter
five by applying matched asymptotic expansion to the transition density func-
tion of each of the three processes. Finally, in chapter six, we directly apply
matched asymptotic expansions on the value of the option in each of the three
cases. A brief summary of the paper and some concluding remarks are provided
in chapter seven.



Chapter 2

Transition Density of
Spread Options Based on
One Factor Models

2.1 Geometric Brownian Motion

We consider spread options where the Spread S; follows a Geometric Brownian
Motion and thus satisfies the following stochastic differential equation

dSt == TStdt + O'Stth

where dW; is the increment of a standard Brownian Motion, r is the risk-free
interest rate and o is the volatility. Note that both r and o are assumed to
be constant. Let P be the transition density function of this process. By
Kolmogorov’s forward equation (Fokker-Planck equation)

IP _ 19*(0*S*P) _ 0(rSP) )
ot 2 982 08
with P(S,0) = 0(S — Sp). Assume a short period of time i.e. the time is small,
so that

ot =€t

where 0 < € < 1. Equation (1) now becomes

10P 1 _,0°P OP

where a = r/0?. Expanding in e, we write

P(S,7) ~ Py(S,7) + 2P (S, 7) + ...



Collecting together the terms of O(Z%), we get

T

The solution to this problem can be easily found to be

Bo(S,7) = (5 = So)

To see the behavior around the initial value Sy, we rescale near Sy by introducing
an inner variable

S = 5o(1+ ex)
Hence, (1) becomes
oP" 1 5 02 P! opt 9
o = 5(1 + ex) 92 +(2—a)e(l +ex) o + (1 — )P

with

Pi(x,0) = §(Spex) = Sioeé(x)

We now expand

A 1 A
P'(z,T;€) ~ gpé(I,T) + P{(z,7) + ...

Collecting together the terms of O(%), we get

opr; B 182P3
or 2 92

with

Pi(z,0) = S%é(x)

This problem has a similarity solution of the form

xT
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If we let & = x/+/T, we get

"+ =f=0

If we differentiate both sides of this equation, we get

f/// +§f” _ O

2
We deduce that [ = e_%Hence7 we get

e 27
\2rT

We now proceed further and find P{. Comparing the O(1) terms, we get

Py(a,7) =

% 2 Dt 2 Dt 7
oP;  19°Pj ‘9P0+<2_a)881;°

ar 2022 U on2

with

Pj(z,0) =0

Using the fact that if u, = %um + v where v, = %vm, then v = 7v is a

particular solution, we get that P} = (2 —a)7P{, is a particular solution. Also,

if up = %um + vz where v, = %vzm then v = z7v + %Tzvz is a particular

solution. Hence, P{(x,7) = 7P, + %TQPgmz is a particular solution. Hence,

i oP; PP, 1 03P
Gl ox T Ox? * 2" 943

Then, by finding the first, second and third derivatives of P¢ with respect to x,
we get

; er 3 123
P} = Y
fer) =gz emghrr ™)
Hence,
= 1 3 123
P S (tala—5) 4 5 + )




2.2 Ornstein-Uhlenbeck

We consider spread options where the Spread Y; satisfies the following stochastic
differential equation

dY; = rYidt + oSpdW,

where Sy is a constant, dW; is the increment of a standard Brownian Motion,
r is the risk-free interest rate and o is the volatility. Note that both r and o
are assumed to be constant. Let P be the transition density function of this
process. By Kolmogorov’s forward equation (FokkerPlanck equation)

oP 9%*(35802P) _o(rYP) @)
ot oY? oY
with P(Y,0) = 6(Y —Sp). Assume a short period of time i.e. the time is small,
so that

ot = e’r

where 0 < € < 1. Equation (2) now becomes
1 0P S3o*P oP

2o~ 2av2 Yoy —of

Expanding in €,we write

P(Y,7) ~ Py(Y,7) 4+ P (Y,T) + ...
Collecting together the terms of O(Z%), we get
OP,

T

The solution to this problem is easily found to be

Po(}/, T) = (S(Y — S())

To see the details of the behavior of Y around the initial value Sy, we rescale
near Sy ,by introducing an inner variable

Y = So(1+ ex)

Hence, equation (2) becomes



oP' _ 19°P oP'

_ _ o 2pi
5 = 3 92 ae(l + ex) o € P
with
Pi(2,0) = ——3()
z,0) = 5 x

By inner expansion,

1 . .
P(z,7;€) ~ —F(z,7) + Pi(z,7) + ...

Collecting together the terms of O(1),

Py _ 10*Pg
or 2 02

with

Pi(a.0) = 5-0(2)

This problem has a similarity solution of the form

T

PS(JJ,T):ﬁf(ﬁ

)

If we let £ = z/+/T, we get

"+ =f=0

If we differentiate both sides of this equation, we get

fl// + gf/l _ O

Hence, we get

We proceed further to find Pj. Comparing the O(1) terms, we get



oPi 10°Pi 0P

or 2 Ox2 a@x

with

Pj(2,0) =0

Using the fact that if u, = %um +v where v, = %vm, then v = 7v is a particular
solution, we get

oP;
or

Pi(z,7) = —ar

Then, by finding the first derivative of P¢ with respect to x, we get

Pl(x,7) = roe 2T
1) = s
Hence,
ez 1
P~ (—4+az+ ..)

V2T €

2.3 Arithmetic Brownian Motion

We consider spread options where the Spread X; follows Arithmetic Brownian
Motion and thus satisfies the following stochastic differential equation

dXt = TSOdt + O'S()th

where dW; is the increment of a standard Brownian Motion, r is the risk-free
interest rate and o is the volatility. Note that both r and o are assumed to
be constant. Let P be the transition density function of this process. By
Kolmogorov’s forward equation (FokkerPlanck equation)

P 10%(02S3P)  9(rS,P) )
at 2 ox2 X

with P(X,0) = 0(X —Sp). Assume a short period of time i.e. the time is small,
so that

ot = ér



where 0 < € < 1. Equation (3) now becomes

10P 1_,0%P g OP
e or 27%9x2 “ox

Expanding in €, we write

P(X,7) ~ Py(X,7) + P (X,T) + ...
Collecting together the terms of O(e%)7 we get
0P

The solution to this problem can be easily found to be

Py(X,7) =0(X — Sop)

To see the behavior around the initial value Sy, we rescale near Syintroducing
an inner variable

X = So(1 + ex)

Hence, (3) becomes

opP! B 182Pi W opP?
dr 2 Ox? ¢ ox

with

P(z,0) = §(Spex) = Sioe(;(:v)

We now expand

, 1. ,
P (z,7;€) ~ EPg(ac,T) + P{(z,7)+ ...

Collecting together the terms of O(2), we get

Py 10°Pg
or 2 0x2




with

Pi(2,0) = Sioa(x)

This problem has a similarity solution of the form

xT

)

If we let &€ = x/+/T, we get

ff+ef =f=0

If we differentiate both sides of this equation, we get

f/// +€f” — 0

Hence, we get

1 —a?
2T
V2T

We now proceed further and find P{. Comparing the O(1) terms, we get

Pg(x, T) =

oPi 19°Pi 9P

or 2022 “on

with

Pi(z,0) =0

Using the fact that if u, = %um +v where v, = %vm, then v = 7v is a particular
solution, we get

—aT 0F;
ox

Then, by finding the first derivative of P¢ with respect to z, we get

Pl =

e 2r

2T

Pi(z,7) = ax

Hence,

10



Chapter 3

Option Pricing by
integrating the transition
density obtained from
one-factor models

Using the results obtained in the last chapter, we can obtain approximations for
the value of the spread option. This is done by integrating the product of the
approximation of the transition density function (obtained in chapter 2) and
the payoff.

3.1 Geometric Brownian Motion

From the results of section 1 of the previous chapter, we have

ez 1 3. 1az°
P~ - . _ =z -z
\/27”_(6‘#1(04 2)+2 T )

Hence, the value of the spread option at time ¢t = 0 is

12
e 2 1 3. 1z°

V:/K p(:L",O,:L‘,T)(m—K)dx:/K \/%(E+w(a—§)+§7+...)($—K)dw

Evaluating this integral, we get

1 7 -x2 K K 3 K
V= \/%(ze 27 f?\/%(17N(%))+(a75)7’\/%(17N(F))+O(e))
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3.2 Ornstein-Uhlenbeck

From the results of section 2 of the previous chapter, we have

2

—x

ez 1
\/%(E‘FOL{K#L )

Hence, the value of the spread option at time ¢ = 0 is

P~

o0 ® 3 1
V= '0,2,T)(z — K)d :/ T (Ctaz+.)(z—K)d
| re e )@y = [ o) - Ko

Evaluating this integral, we get

1 7 -x2 K K K
V:\/ﬁ(;e g —?\/ﬁ(l—N(F))-l—aT\/%(l—N(F))-i-O(e))

3.3 Arithmetic Brownian Motion
From the results of section 3 of the previous chapter, we have

.2

ezr , 1 T

Hence, the value of the spread option at time ¢t = 0 is

PN

2

—x

1

oo ooe 57 T
V= 10,2, T)(x — K)dz = —(—=+a—=+..)(z— K)dz
J O e v R L
Evaluating this integral, we get
1 7 _x2 K K K
V= —e 27 — —V27r7(1 = N(—=)) + arV27r7(1 = N(—=)) + O(e
= (e — SVamr(1 - N(Z2)) + ararr (1 = N(—2)) + 0(e)
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Chapter 4

Option Pricing by finding
the value directly for One
Factor Models

4.1 Geometric Brownian Motion

This section is based on the work done in [2]. In this section, we consider
spread options where the Spread .S; satisfies the following stochastic differential
equation

dSt = T'Stdt + O'Stth

where dW; is the increment of a standard Brownian Motion, 7 is the risk-free
interest rate and o is the volatility. Note that both r and o are assumed to
be constant. Let V be the value of the spread option; then V satisfies the
Black-Scholes Partial Differential Equation (BSPDE)

oV 1 4, 0%V ov
p— — —_— = 4
5 205’ 8324-7“585 rV =0 (4)

If we measure the time backwards from expiry and scale it with o2, writing
t =T —t'/o?, then (4) becomes

2
GG PO P

ot 952 a5~V

where o = 7/0%. Suppose the scaling is so small, so that

t = ér

13



where 0 < ¢ < 1. Hence, the equation now becomes

1oV 1 _,0%V oV
e e T

We expand in e,writing

V(S,7) ~Vo(S, 1) + Vi (S, 7) + ...

By comparing the coeflicients of 6%, .. ., we get
Vo
— =0
or
and
ovy oo
B g —W)

with the final condition

Vo4 2V — {S - K(1-éar) if S — K > eK,far above the strike

if K —S > eK, far below the strike

By rescaling near the strike K, introducing an inner variable, we write

S=K(1+ex)

If we also rescale

V(S,7) = eKv(z,T),
the equation becomes
1 ov 1 0%v

2070 v _
(1+ ex) 57 + 6(1+6$)8I auv,

20r 22
and the payoff is

v(z,0) = emax(zx, 0)

14



By expanding,

v(z, 7€) ~vo(x,T) + evi(x, T) + ...

Collecting the terms of O(1) together, we get

duy _ 187wy
or 2 0x?

with vg(z,0) = maxz(z,0). As the conditions at x = +oo are
v(z, 7))~z as = — 400

and
v(z,7) -0 as z — —oo,

this problem has a similarity solution of the form

vo(@,7) = V7 f(2/V7)

S0,

f"+ef = f=0,

with f - 0 as & - —occand f ~ & as & — oo where £ = z/\/7. By
differentiating this equation, we obtain

vo(z,7) = aN(z/V/T) + Vn(z/VT)

where N(.) is the cumulative normal and n(.) is its derivative. Using the original
variables, this expression becomes

S/K — S/K —
o1 — oVv1 —

We, then proceed further in order to find the two-term inner expansion vg + €vy .
By comparing the term of O(e), we get

V(5,t) ~ (S = K)N(——=—= )+ oVT —tKn(———— )

o _ 10w O v
or 2 0z 0x? ox

with vy (z,0) = 0. Using the fact that if u, = %um + v where v, = %vm, then
u = Tv is a particular solution, and that if u, = %um + vx where v, = %vm,

then v = z7v + %721}35, we get

15



vy 1 ,0% dv
PO 4 2O b ar Sl = Lo Tnle/VE) + TN (/).

Hence, the two-term inner expansion vy + ev; can be easily found. Using the
original variables, this expression becomes

vi(x,7) =

S/K —
o1 —

4.2 Ornstein-Uhlenbeck

S/K —

V(5,t) ~ (S =K+ (T —t))N(——— VT =1

)+ oVT = (S + K)n( )

We consider spread options where the Spread Y; satisfies the following stochastic
differential equation

dY; = rYidt + 0 SodW;

where dW; is the increment of a standard Brownian Motion, 7 is the risk-free
interest rate and o is the volatility. Note that both r and ¢ are assumed to be
constant. Let V be the value of the spread option, then V satisfies the following
Partial Differential Equation

5 0%V oV
2 — =
S2 72 +rY — FV% —rV =0 (5)

oV 1
ot

If we measure the time backwards from expiry and scale it with o2, writing
t =T —t'/o?, then (5) becomes

8V 207V

ov
o SO

2
8Y2 OéYaT —aV

where o = r/a2. Suppose the scaling is so small, so that

t = é*r

where 0 < € < 1. Hence, the equation now becomes

1OV 1 _,0%V av
2ar ~2dgyr T gy — oV

We expand in € writing

VY, 1) ~Vo(Y,7) + EVi(Y,7) +

16



By comparing the coefficients of 6%, 1,62, . . ., we get

W
— =0
or
and
oy A%
(vl
or ( oY Vo)
with the final condition
9 Y — K(1 - €ear) it Y — K > eK, far above the strike
Vo+eV = . .
if K =Y > eK, far below the strike

By rescaling near the strike K, introducing an inner variable, we write

Y = K(1 + ex),

If we also rescale

VY, 1) =eKv(z, 1),
the equation becomes
1 ov S22 0%v  «

Se— =+ —(1+ x)a—v—av
291 22K2022 € e ’

and the payoff is

v(z,0) = emax(x, 0).

By expanding,

v(z, 7€) ~vo(x,T) + evy(x,7) + ...

Collecting the terms of O(1) together, we get

vy _ 155 9wy
or 2 K2 9z

17



with vg(z,0) = maz(z,0). As the conditions at © = +oc are
v(z, 7))~z as x — 400

and
v(z,7) =0 as x— —oo,

this problem has a similarity solution of the form

vo(@,7) = VT f(2/VT)

S0,

SQ
ol el —f =0,

with f - 0 as & - —occand f ~ & as & — oo where £ = z/\/7. By
differentiating this equation, we obtain

r K r K
\/;So \/;So
where N(.) is the cumulative normal and n(.) is its derivative. Using the original
variables, this expression becomes

vo(a ) = eN(2 1) + 20

)

Y -K Y -K
SQO'\/T—t SQO'\/T—t

We, then proceed further in order to find the two-term inner expansion vg + €vy.
By comparing the term of O(e), we get

V(Y,t) ~ (Y — K)N( )+ oV T — tSon( )

du _ 155 Pvr, O
or  2K?2? 912 Oz

2 2
with vy (z,0) = 0. Using the fact that if u, = %%um + v where v, = %%vm,

then v = 7v is a particular solution, we get

vi(x T)—QT%—QT (iﬁ
1 ) - - \/FSO

Ox
Hence, the two-term inner expansion vy + ev; can be easily found. Using the
original variables, this expression becomes

).

Y-K
S()O’\/Tft

Y -K

V(Y,t) ~ (Y — K(1— (T — t)))N( ) + Soo VT — (g

)

18



4.3 Arithmetic Brownian Motion

We consider spread options where the Spread X; satisfies the following stochastic
differential equation

dXt = ’I‘Sodt + O'SQth

where dW; is the increment of a standard Brownian Motion, r is the risk-free
interest rate and o is the volatility. Note that both r» and ¢ are assumed to be
constant. Let V be the value of the spread option, then V satisfies the following
Partial Differential Equation

ov

LoV oV
o 27

0 9%z +7rSo=——= -1V =0 (6)

2
5 0X

If we measure the time backwards from expiry and scale it with o2, writing
t =T —t'/o?, then (6) becomes

v S , 02V v
ot 27%9x2

where a = r/a2. Suppose the scaling is so small, so that

t'=éer
where 0 < € < 1. Hence, the equation now becomes
1oV 1 _,0*V oV

2ar 50 axz T gy —V

We now expand in € writing

V(X,7) ~ Vo(X,7) + EVi(X,7) +

By comparing the coefficients of iz 1,62, . . ., we get
A%
0 _p
or
and
ovy A%
oy~ px )



with the final condition

X - K(1-€ar) if X — K > €K, far above the strike

Vo +€Vy = . .
0 if K — X > eK, far below the strike

If we rescale near the strike K, introducing an inner variable, we get

X = K(1+ ex),

If we also rescale

V(X, 1) =eKv(z, 1),
the equation becomes

1 dv S2 9%v  aSyov

29r  22K209z% ' €K 0z 0
and the payoff is

v(z,0) = emax(x,0).

By expanding,

v(z, 7€) ~vo(x,T) + evi(x,T) + ...

Collecting the terms of O(1) together, we get

duy _ 1 55 Ovo
or  2K?2 9x2

with vg(z,0) = maz(z,0). As the conditions at x = +oo are
v(z, 7))~z as = — 400

and
v(z,7) -0 as z — —o0,

This problem has a similarity solution of the form

vo(@,7) = V7 f(2/V7)

20



S0,

52
DI =0,

with f - 0 as & - —ocand f ~ ¢ as & — oo where £ = z/\/7. By
differentiating this equation, we obtain

r K So r K
s T EVTAES,

where N(.) is the cumulative normal and n(.) is its derivative. Using the original
variables, this expression becomes

vo(z,7) = o N( )

X—-K X—-K
S()O'\/Tft S()O'\/Tft

We, then proceed further in order to find the two-term inner expansion vg + €vy.
By comparing the term of O(e), we get

V(X,1) ~ (X — K)N( )+ ov/T — tSon( )

ov LS Pu | Soou

o T oK2 022 VYK on

2
with vy (z,0) = 0. Using the fact that if u, = %S—%um + v where v, = %—QUM,

then v = 7v is a particular solution, we get

ot So 0 K
Ul(m,T)—aT?E—aTKN(ﬁSO).

Hence, the two-term inner expansion vy + €v; can be easily found. Using the
original variables, this expression becomes

X—-K
S()O’\/Tft

X-K

V(X,t) ~ (X — K + (T — t)So)N( o

)+ Soo VT — tn( )

4.4 Empirical Results

We plot the approximations of the value of the spread option obtained by two-
term inner expansions when the spread follows each of the three processes: Ge-
ometric Brownian Motion, Ornstein-Uhlenbeck and Arithmetic Brownian Mo-
tion. Examples are shown in figures 4.1, 4.2 and 4.3. In these examples, we
set the time of expiry T=1, the volatility o = 0.3 (thus 027 = 0.09), the risk
neutral interest rate » = 0.05 and the strike K = 100.
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In fact, we notice from these graphs that there are slight differences among
the three approximations. However, in figure 4.1, we notice that as x increases,
the value increases more drastically than in figures 4.2 and 4.3. This is due to
the fact that in figure 4.1, the spread follows the Geometric Brownian Motion
and thus the volatility, 0.5, depends on S and thus on z. Hence, as z increases,
the volatility increases leading to a slightly higher value. As for the cases when
the spread follows Ornstein-Uhlenbeck process or Arithmetic Brownian Motion,
the volatility is 0.5y which is independent of S and thus independent of = so
the increase or decrease in x does not affect the volatility and thus the values
obtained in these cases are slightly lower than those obtained for when the spread
follows Geometric Brownian Motion. Note that the approximations obtained in
figures 4.2 and 4.3 are identical. This is due to the fact that we only considered
the two-term inner expansion and ignored the higher order terms; the difference
between these two approximations can be seen in the terms of O(€?). Finally,
note that in all three cases, when z = 0, the value starts increasing more strongly
compared to when z < 0. The reason for that is the fact that = 0 implies that
the spread is equal to the strike. When x < 0, the spread is less than the strike
and when = > 0, the spread is greater than the strike. It is when the spread is
greater than the strike that the spread option has a larger value as the payoff
of the spread option is max(S — K,0) where S is the spread.

Figure 4.1: Approximate value of the spread option, using two-term inner ex-
pansion when the spread follows Geometric Brownian Motion, as a function of
z. Time to expiry is one year; the strike is K = 100;the volatility is o = 0.3,
and the risk-free interest rate is r = 0.05.

22



Figure 4.2: Approximate value of the spread option, using two-term inner ex-
pansion when the spread follows Ornstein-Uhlenbeck, as a function of . Time
to expiry is one year; the strike is K = 100; volatility is ¢ = 0.3, and the risk-free
interest rate is r = 0.05.

Figure 4.3: Approximate value of the spread option, using two-term inner ex-
pansion when the spread follows Arithmetic Brownian Motion, as a function of
z. Time to expiry is one year; the strike is K = 100; volatility is ¢ = 0.3, and
the risk-free interest rate is r = 0.05.
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Chapter 5

Finding the Transition
Density Function using
Two-Factor Models

5.1 Geometric Brownian Motion

In this section, we will assume that the assets S; and S follow the geometric
Brownian Motion so that

dSl = 7“S1dt + alsldVVl

dSQ = TSth + O'QSQdWQ

where W7 and W5 are standard Brownian Motions with correlation p, r is the
risk-free interest rate and oy and o4 are the volatilities of S; and Sy respectively.
Note that r, 01 and oy are assumed to be constant. Let P be the transition
density function of this option. P satisfies the two-dimensional Kolmogorov
Forward Equation

3P o 3(1"5113) 3(7’52P) laz(U%S%P) 182(J§S§P) 82(,001025152P)

Ea 25, 95, 2 852 2 0s2 95,055

Assume a short period of time i.e. the time is small, so that

t=ér

where 0 < € < 1. After simplifying the derivatives, the expression reads
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oP
)+ (20% + o109p — T)Sla—sl
(7)

1or_1
e2or 2

,0?P 02P

1952 + 20010251527651852 + 058

(U%S 28753

oP
+ (202 + o109p — T)Sbﬁ + (03 + 0% 4+ 0109p — 2r)P
2

Expanding in €, we write,

P(Sl,SQ,T) ~ Po(Sl,SQ,T) + 62P1(Sl,52,7) + ...

Collecting together the terms of O(Z%), we get

0P,

or 0

with

Po(S1, S2,0) = 6(S1 — Ss — So)

This problem can be easily solved to obtain

Py(51,52,0) = 6(S1 — S2 — Sp)

To observe the behavior around the initial value Sy, we now rescale near Sy,
introducing two inner variables

S| = S()(l + 61‘1)

Sy = So(]. + 61’2)

Equation (7) now read

ort 1 o 9 0%P! 02 P! o 9 0%P!
5 = 5((1—1—631:1) o7 8712—&—2/)0102(1—1—6381)(1—!—63:2)axlaxz—|—(1+ea:2) UQTCE%)
2 P’ 2 OP' 5 5 i
+(207+0102p—1)e(1+€x1) o —1—(202+0102p—r)e(1+ex2)8—m+6 (o05+07+0102p—21)F}
with )
p? ,0) = —(x1 —
(3317552 ) Soe ($1 £U2)

If we expand as follows
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1. ,

and compare the terms of the same order, we get

OP;
or

2927 oPi  ,0°Pi
— 2
( Vg TN e T2

with

1

Pg(ml,xg, 0) = 5—06(:61 — Z3)
The solution can be found to be
. 1 _( T1 +291122+ 2 )
Pé(xl,xgﬂ') — e 20 T | 201027 20 T

2wT\/0102

We proceed further to find P}

OPi 1, ,8%P) OPi  L,O?Pi ., P P, P
or = 3Tt g PNy k0l g o1 T 2por0a(irtan) 5 ko g
OP; oP;
+ (207 + poyog — 1) &r? + (203 + poyog — 1) 83:2

with
PP(x1,29,0) = 0.
By performing tedious calculations, one can find the solution to this PDE. The

solution is of the form

2
k4 2pxq @
1+ 172 4 F2 )

Q(w,y)e (20 T | 201027 20 T

(5.1)

where @ is a polynomial is z and y.

5.2 Ornstein-Uhlenbeck

In this section, we will assume that the assets Y; and Y5 follow the following
stochastic differential equations

in = T‘Yidt + 0'150dW1
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dY2 = TYth + O'QSQdWQ

where W7 and W5 are standard Brownian Motions with correlation p, r is the
risk-free interest rate and o7 and o9 are the volatilities of Y7 and Y5 respectively.
Note that r, Sy, o1 and o9 are assumed to be constant. Let P be the transition
density function of this process. P satisfies the two-dimensional Kolmogorov
Forward Equation

OP _ 0(0YiP) 0(>P)  10°(0i53P) | 19*(0353P) | 9%(p010>53P)

ot oY, Yy 2 Y2 2 OYZ Y, 0Y;

Assume a short period of time i.e. the time is small, so that

t=é*r

where 0 < € < 1. After simplifying the derivatives, the expression reads

10P _ 5§
e2dr 2

9°P 9°P 9%P aP aP
(01 Gy + 200102 5oy 0 gya) — Vi gy~ Vagy — 2P (8)
1 2

We now expand in € writing,

P(Y1,Y2,7) ~ Po(Y1,Ya,7) + €2(Y1, Yo, 7) + ...

Comparing the terms of O(%), we get

€

0P,

ar 0

with

Py(Y1,Y2,0) =0(Y1 — Y2 — S)

The solution is easily found to be

Py(Y1,Ys,7) = 6(Y1 — Y2 — Sp)

To observe the behavior around Sy, we rescale near the initial valueSy, intro-
ducing two inner variables
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Yl = 50(1 + G.Tl)

}/2 = So(l + €$2)

Equation (8) now reads

1 OP¢ 1, ,0?P 0% pt L, 02Pt 1 OP' r OP? ,
———=—(0c]=—=+2 ——(1 ——(1 —2rpP*
2y 22 Tigpa ey o dor ) (en) g =t (ews) 5 =2
If we expand as follows

i Lo i

P'(xy,x9,T;€) ~ zpo(xl,xQ,T) + P{(z1,22,7) + ...

and compare the terms of the same order, we get

OPi 1 ,0%Pi oPi 0P

=—(0{—== +2

or 2(01 0x? +2po102 811075 2 0z3 )

with
i 1
PO(Z'l,fEQ, 0) = §5($1 — 172)
0
Hence, the solution is found to be
: 1 —GehvEmma

PZ — 2017' 01027 205T

0(.%1,15277') 27”_\/@6 2
We now proceed to find P}

OPi 1 ,0%P 92Pi  ,0%Pi.  0Pi 0P

= — - 2 _
or 2(01 0?2 + p01028x18x2 72 83:%) raxl Taxg

with

Pi(z1,22,0) =0

Using the fact that if u, = 3(0Fus,0, + 200102Ug 2, + 03Usss,) + v Where v
satisfies v, = %(O’%Uzlzl + 200109V, 2, + O5Vs,s,), then u = 7v is a particular

solution, we deduce that
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e (o plotan) v

2027 01027 ' 2527 (
= — 1 2
Ox1 Oz 27\/0102 oir 0109T o3T

)

Pf (z1,29,7) = —r7(

Finally, we find that

2 2
1 (1 2P111'2+ 2 1
Plo1,3,7) ~ 5 (5037 F 3o10a7 2057)(,+%+w+%+0(6))
TTT\/01092 € 071 0109 g5

5.3 Arithmetic Brownian Motion

In this section, we will assume that the assets X; and X5 follow the arithmetic
Brownian Motion so that

Xm = ’I“Sodt + alSodW1

dX9 = rSodt + 0250dWs

where W7 and W5 are standard Brownian Motions with correlation p, r is the
risk-free interest rate and o1 and o4 are the volatilities of X; and X5 respectively.
Note that r, 01 and oy are assumed to be constant. Let P be the transition
density function of this process. P satisfies the two-dimensional Kolmogorov
Forward Equation

OP  9(rSoP) 9(rSoP) _19*(03S3P) _19*(0353P) _ 9*(po10253P)

ot X, X, 2 9X? 2 0X2 0X,0X,

Assume a short period of time i.e. the time is small, so that

t=é*r

where 0 < € < 1. After simplifying the derivatives, the expression reads

10P 53

LOP S 0P PP P oP 9P
e2or 2 Ul@X%

trEngax, T axg) T ax, Tax,) )

We now expand in ¢, writing

P(X1,Xo,7) ~ Po(X1, Xo,7) + P (X1, Xo,7) + ...

Comparing the terms of O(Z%), we get
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0P,
or
with

Py(X1,X2,0) = 6(X1 — X2 — Sp)

The solution is easily found to be

Po(X1,Xo2,7) = 0(X1 — X2 — So)

To see the behavior near the initial values Sy, we rescale around Sy introducing
two inner variables

X, = So(l + 61‘1)

X2 = S()(l + 6.732)

Equation (9) now reads

1 OP? 1 ( , 0% P! 49 92 pi N 282Pi> T(aPi +6Pi
e Ir 22 o1 0x,2 pI102 0x10x2 72 0z3 € Oxr; Oxa

If we expand as follows

1
P(z1,22,7;€) ~ gpo(xl,ﬂizﬂ') + Pz, 22, 7) + ...

and compare the terms of the same order, we get

OP; 1, ,0°Pi OP; , 02D
= (0220 49
g~ 2\ T1 g t 2o o)
with
i 1
PO($1,$270) = §5($1 — :,CQ)
0

Hence, the solution is found to be
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Lt 2pzjx2 3
1 (53 +5.57)

— 2027 1 201027 T 202
2nT\/0109

Pg(xl,l'g,T)

We now proceed to find P{

Pi 1 2Pi 2Pi 2Pi
oF - (Ufaa 5 +2po102 oH 20 P
7

1 y 2Pl OF OP)
or 2 0x10x4 2 0a3 Ox1  Oxo

with

Pi(z1,72,0) =0

Using the fact that if u, = (0ug s, + 2p0102Us, 4, + OFUsye,) + v where v

satisfies v, = %(U%lewl +2p0102V5, 2, + O3Vs0s, ), then u = 7o is a solution, we

deduce that

. . 2 2
; OFy 0P} —(s Ltz g T2
Piwy,as,7) = (04 988y T Sramttag) (oL pln d o)
Oxr1  Oxo 2mw.\/0102 o5 01027
Finally, we find that
1 —( *i 202122 4 ”é ), 1 rxy rp(ey +22) ras
Plar,ay, )~ g B TR (L T TP ) T )
TTTA/01092 € 071 0109 g5
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Chapter 6

Option Pricing by Finding
the Value for Two-Factor
Models

6.1 Geometric Brownian Motion

In this section, we will assume that the assets S; and S follow the geometric
Brownian Motion so that

dSl = TSldt + O'lsldwl

dSQ = TSth + O'QSQdWQ

where W7 and Ws are standard Brownian Motions with correlation p, r is the
risk-free interest rate and o7 and o4 are the volatilities of S; and Ss respectively.
Note that r, 01 and o9 are assumed to be constant.Let V be the value of the
option and thus V satisfies the following Stochastic Differential Equation

BV 1 0%V v 2% oV
61‘5 ( Sl 852 +2p01025152 851852 +O’252 852 )+ 518 +T528 2 —rV =0
(10)
Let
(=51—25
and
n =251+ 5
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Writing V' as a function of ¢ and 7, equation (10) becomes

o1, , PV 9V 9V . L OV PV
0?V o’V 0?V ov oV
2 o 2 o o o _
+05(n O(8§2 23C877+8772))+r<34+ma77 rV =0

If we measure the time backwards from expiry, writing ¢ = T' — t/, and assume
small time scaling such that

where 0 < € < 1, we get

1ov 1, LRV 9V 9V y o PV OV
0%V o’V 9%V oV oV
2 o 2 o o o
+05(n—¢) (BCQ 23C577+8772))+r<3C+ma77 rV

By expanding in € writing

V(S1,SQ,T;6) ~ Vo(Sl,SQ,T) + GV(Sl,SQ,T) =+ ...

Comparing the terms of the same order in € we see that

a‘/o
87

%(Sl,SQ,O) = max(Sl — 52 — K, O)

To see the behavior around the strike, we rescale near K, introducing a new
inner variable

(= K(1+e)

and

n = Ky.
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If we rescale at the same time

V() = eKv(z,y),

the equation becomes

1 ov 1 v 2 H%v
207 @((U%(1+5$+y)2—2/)0102(112—(1+f$)2)+05(y—1—6$)2)ﬁ‘kg("%(l‘ﬁxﬂﬁz)8x8y
02 v 0
—Ug(y—l—ex)Q—i—(J%(1—|—ex—|—y)2—|—2p0102(y2—(1+ex)2)+a§(y—l—ex)2)6—;)—}—2(1—}—6;5)8—;—#7“348—2—7"1}.

with v(z,0) = maz(z,0) We now expand

vz, Ti6y) ~vo(x, ) + evy(x,7) + ...

Collecting together the terms of O(%), we get

€

dve 1, 4 ) ) 9 5. 0%
5y~ 549" = 201020 = 1) + 03y — 1)*) 53

with vo(z,0) = maz(z,0).Let a = (o7 (1 +y)? — 2po102(y* — 1) + 03 (y — 1)?)
(Note that a is independent of x). The above equation becomes

(9’00 1 82’(}0

Z0_ 20

or 2" 0z2
As the conditions at x = +oo are

v(z, 7))~z as x — 400

and
v(z,7) -0 as z — —oo,

this problem has a similarity solution of the form

T

UO(sz) = \/;f(\ﬁ

)

Hence,

af +&f' = f=0

with f - 0 as & - —ocand f ~ ¢ as & — oo where £ = z/\/7. By
differentiating this equation, it is easily found that
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var

vz, T,y) = xN(— an(

var

In the original variables, we have

S SQ Sl 52_
VS,S,tNS—S—KNi-i-K T—t)n
(51, 52,t) ~ (51 — 92 )(K T Va (T—t))
where
1
4K2(0'1(K+S1+52) —2,00'10’2((51 +SQ)2_K2)+O'§(51+SQ_K)2)

We now proceed to find vy by comparing the terms of O(1)

ov
% (07 (1+y)*—03 (y—1) )+7’870

vy ad®vy x0%v

Br = 205 "1 gaz LT T200102—03(y=1))

88

Using the fact that if u, = Su,, +v where v satisfies v; = §vgq, then u = Tv
is a particular solution, and the fact that if u, = Sus, + zv where v satisfies
vr = %v,,, then u = z7v + 37%0,, we deduce that

xT 0%v9 T2 0Py

1022 T8 03

) ov
;(Uf(1+y)2—0§(y—1)2)+r770+(0f(1+y)+2p0102—0§(y—1))(

0x0 ox
s s
= 5 O o1 o3 (L) -2 oy (S TN () (P ()
+ 5 ()1 +9) + 200102 + 03y — 1)

Using the two-term inner expansion, vy + €vy, and replacing in the original
values we get

Sy — Sy — 51 S — K
V(Sl,Sg,t)N(SH*SQ*K)N(W +Kﬁ (T—t))
(03(S1+ Sz + K) — 05(S1 + S2 — K))(07(S1 + S2 + K) — 2p0105(S1 + Sa)
S1—8—-K, S —85-K S1—5 —K
(SlngfK)\/T—tn(SlfSQfK)+(Tft)n,(Sl—ngK
4/a K\/a(T —1) 8a Ky/a(T —1)

—03(81 + Sz — K))

T
Ya-n

+035(S1 + 82 — K))(

* N(0?(Sy + Sy + K) + 2po102 K
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6.2 Ornstein-Uhlenbeck

In this section, we will assume that the assets Y; and Y5 follow the following
stochastic differential equations

d§/1 = T}/ldt + O’lsodW1

dYé = T‘Yédt + O'QSodWQ

where W7 and W5 are standard Brownian Motions with correlation p, r is the
risk-free interest rate and o1 and o9 are the volatilities of Y7 and Y5 respectively.
Note that r, Sy, o1 and oo are assumed to be constant. Let V be the value of
the option and thus V satisfies the following Stochastic Differential Equation

ov S 0%V o*V 5 0V oV oV
420627 49 Vi ot 1Yo —rV =0 (11
5 + 5 (o] 8Y12+ pgmaylayg +023Y22)+r 19y +r 257 r (11)
Let
(=Y1-Y,
and
’17:Y1+Y2

Hence, equation (10) now becomes

al+ig(02(02v+ % +a?v)+2 o (aiv_ai/) 02(82V_282V +a?v))

at 2 \1Vacz T4gcan T ) TP G2 T ez T2\ ez T “acan T ane
v v

+7’C87C+7"778777—7’V—0

If we measure the time backwards from expiry, writing ¢ = T — t/, and assume
small time scaling such that

t'=éer
where 0 < € < 1, we get
1oV 82 0%V o’V 0%V 0’V 9%V v v 9*V
—— =¥ + + )+ 2poi0a( - ) +o3( - + )
2 oar 2 \W\acz T4Gcay T ez TP\ g2 T 5z’ T2\ 52 T “acan T o
+ rCa—V +r v _ rV
ac "oy
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By expanding in e writing

V(¢ Ti€) ~VolCn, ) +eVI(Cn,T) + ...

Comparing the terms of the same order in € we see that

Wy

or 0

with

‘/O(Cvn7 0) = maX(C - K7 0)

Hence,

%(Cvan) = maX(C - K7 0)

To see the behavior around the strike, we rescale near K, introducing a new
inner variable

(=K(l+ex)

and

n = Ky.

If we rescale at the same time

V(C? 77) = GKU(J:’ y)7

the equation becomes

10v 82 1 9%v 2 Q% 1 9%v
2o = 2l 20t o) et gy g (01 8+ g e (01 +20m0s + 0}
n r(l . )(% n ov
- €x)— + ry— — 1.
€ or y@y

with v(z,0) = maz(x,0).We now expand

vz, Ti6y) ~vo(x, ) + evi(x,7) + ...
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Collecting together the terms of O(Z%), we get

vy _ 5§
or  2K2

321)0

2 2
_9 g%
(07 — 2po102 + 03) 22

with vo(z,0) = maz(z,0).Let a = %é(o% — 2pa102 + 03) (Note that a is inde-
pendent of z). Thus the above equation becomes

81)0 1 821)0

o =%
As the conditions at = +oo are
v(z,T) ~x as x — 400
and
v(z,7) >0 as x— —oo,

this problem has a similarity solution of the form

x

UO(£7T) = \/;f(ﬁ

)

Hence,

af' +&f' = f=0

with f - 0 as & - —ocand f ~ ¢ as & — oo where £ = z/\/7. By
differentiating this equation, it is easily found that

)

vo(x, T,y) = ©N( atn(

Var) Yol 7

In the original variables, we have

NV o By ke = o

VYt ~ M =Ye - ON(G—mm—s K\/a(T —1)

We now proceed to find vy by comparing the terms of O(%)

oy a 0%vy N 9%y a% — 0% Ovg
_— = r—
or 2 0x2 oxdy K2 ox

a

5 Ugg, then v = 7v

Using the fact that if u, = Suz, +v where v satisfies v, =

is a particular solution, we deduce that
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T

2_52) vy Ouo T , aN(\/%) x
K2 K? var

vi(z, 739) = 2— (07 —0% +r7— =2

Using the two-term inner expansion, vy + evi, and replacing in the original
values we get

V(Y1 Yo, 1) ~ (Y~ Yoo K(1-r(T— D) N(2 228 e T — (22

K\/a(T — 1) K+/a(T —1)

6.3 Arithmetic Brownian Motion

In this section, we will assume that the assets X; and X5 follow the Arithmetic
Brownian Motion so that

dX1 = T‘S()dt + Jlsodwl

dX9 = rSodt + 025odWs

where W7 and W5 are standard Brownian Motions with correlation p, r is the
risk-free interest rate and o1 and o9 are the volatilities of X; and X5 respectively.
Note that r, 01 and oy are assumed to be constant. Let P be the transition
density function of this process. Let V be the value of the option and thus V
satisfies the following Stochastic Differential Equation

v S ,0*V 02V 5 02V ov oV B
EJr?(al e +2poi04 9X,0X, +o5 X3 )JrrSg(aX1 +8X2)77"V =0 (12)
Let
(=X1—-Xs
and
n=X;+ X
Hence, equation (12) now becomes
8l+i§(02(82v+ 0?V +82V)+2 o (827‘/_82‘/) 02(62‘/_ 0*V +82V))
at 2 \1Nacz T4qcan a2 /TP g2 T e T2\ 52 T “hcan T ane
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— 2 — p—
Ox0y Oz K2 (01-03) Oy +TTN(\/E) rTN(

T
\at

ov
on

)

+27“507—7"V =0



If we measure the time backwards from expiry, writing t = T — t/, and assume

small time scaling such that

t'=ér
where 0 < € < 1, we get
10V 13(02(82v+ Ra% +a2v)+2 o (82V_82V)+02(82V_ PV PV
2ot 2 Wace T acan T anz ) TP70% g2 T a2 /T2 ez T acan T ane

By expanding in € writing

V(C.n15€) ~Vo(Cm, )+ €V((,n,7) + ...

Comparing the terms of the same order in € we see that
A% —0
or
with

VE)(C? 7, 0) = maX(C - Kv 0)

Hence,

%(Ca n, 7_) = maX(C - Ka 0)

To see the behavior around the strike, we rescale near K, introducing a new

inner variable

(=K(l+ex)

and

n = Ky.

If we rescale at the same time

V(¢n) = eKv(z,y),
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the equation becomes

10v Sz o1 9 v 2 0% 1 6%v Sy Ov

2 2
2oy = 2 (age 1200024 08) 5ot s o (1 08) g 5 (014200102403 427 5 .

with v(z,0) = maz(x,0).We now expand

vz, Ty 6y) ~vo(x, ) + evi(z,T) + ...

Collecting together the terms of O(Z%), we get

aUO o SO
or  2K?

821)0

( 2 2p0’102+03)ﬁ

with vo(z,0) = maz(x,0).Let a = Is(z (02 — 2poy09 + 03)(Note that a is inde-
pendent of z). Thus the above equation becomes

61}0 1 (92110
Z0_Z,2 0
or 2 Ox2
As the conditions at x = £o0 are
v(z,T) ~x as x — 400
and
v(z,7) -0 as z — —oo,

this problem has a similarity solution of the form

vo(z,7) = V7f(==)

=

Hence,

af +&f' = f=0

with f - 0 as & - —occand f ~ & as & — oo where £ = z/\/7. By
differentiating this equation, it is easily found that

volx, 7,y) = xN(\/j) arn(\/%)

In the original variables, we have



V(X1 X, 1) ~ (X1—X2—K)N()H2_t[)()+[{\/mn(w)

Ky/a(T K\/a(T —t)

We now proceed to find v; by comparing the terms of O( %)

81}1 - a82111 + 527_}() O'% —U%
or 2 02 oxdy K2

Using the fact that if u, = Jug, +v where v satisfies v, = Svgs, then u = 7v

is a particular solution, we deduce that

9%vg o T
oxdoy K2

T

K2

vi(w,71y) = 295 (0F — 03) (0f — 03)
Using the two-term inner expansion, vy + evy, and replacing in the original

values we get

V (X1, Xo,t) ~ (X3 —XQ—K)N(MH_K\/WMW)

K\/a(T — 1) K\/a(T —1t)
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Chapter 7

Conclusion

In this paper, we found approximations to the value of spread options using
matched asymptotic expansions. We were motivated by the importance of
spread options and their wide use in the financial markets. Despite the fact
that many mathematical tools and approximations for these options have been
proposed in the literature, there are still many challenging problems that finan-
cial mathematicians face when it comes to pricing and hedging spread options.
We have tried to find suitable approximations in this paper using both one-
factor and two-factor models. In the one-factor model we assumed the spread
followed one of the following: Geometric Brownian Motion, Ornstein-Uhlenbeck
and Arithmetic Brownian Motion. In the two-factor model, on the other hand,
we assumed that the assets followed one of these processes. We only focused
on two-term inner expansions, but this work can be easily extended to obtain
more accurate results.

The goal of this paper was to show how one can use matched asymptotic
expansions in order to approximate the value of spread options. We shed light
on one of the challenges in the field of mathematical finance, pricing and hedging
spread options. We are aware that there is much more to be done in this field
and hopefully with the increasing computing capabilities and the availability
of more data, it will be easier to find more suitable approximations to these
options.
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