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Abstract

In this thesis, mathematical modelling is used to theoretically investigate the elec-
trochemical behaviour of surfaces which can be broadly classified as being ‘electro-
chemically heterogeneous’. Simulated voltammetry is used in the exploration of a

number of specific systems as listed below.

e The cyclic voltammetry of electrodes composed of two different electroactive
materials that differ in terms of their electrochemical rate constants towards
any given redox couple. The effect of the distribution of the two materials
was investigated and the occurrence of split peak cyclic voltammetry where
two peaks are observed in the forward sweep, was studied. The technique
was specifically applied to the modelling of highly-ordered pyrolytic graphite
(HOPG).

e The steady-state voltammetry of a conducting spherical particle resting on
an insulating supporting surface. An algebraic expression that completely
describes the voltammetric waveform in the limit of irreversible kinetics was

developed.

e The cyclic voltammetry of the EC’ (catalytic) mechanism at a regularly dis-
tributed array of hemispherical particles on an insulating supporting surface.
Particular attention was paid to the ‘split-wave’ phenomenon, where two peaks
are observed in the forward scan of a cyclic voltammogram and the conditions

under which these peaks are resolvable were elucidated.

e The linear sweep voltammetry of micro- and nano-particle modified electrodes
and other electrodes of partially covered and non-planar geometry. It was

demonstrated that the apparent electrochemical rate constant of the reaction
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and thus the peak position of the voltammetry is dependent only on the relative
electroactive surface area of the particles on the surface and not upon their
shape or distribution. This has wide reaching implications as it can be used
to explain some instances of a purported nano-catalytic effect without appeal

to altered properties at the nanoscale.

e The linear sweep voltammetry of the interior of a partially electroactive cylin-

drical pore. Four limiting cases were observed and fully characterised.

e The linear sweep voltammetry of porous surfaces. It was established that
if the pores are less than a certain threshold depth, then a porous surface
will also display an apparent catalytic effect that is dependent on the relative

electroactive surface area (including the area in the interior of the pores).
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Chapter 1

Fundamentals of Electrochemistry

This thesis is concerned with the voltammetry of electrochemically heterogeneous
surfaces, that is, electrodes where the electroactivity is spatially variant. Accord-
ingly, this chapter introduces the fundamental concepts that are necessary in order
to understand and interpret voltammetry in general and highlights some specific
features of the voltammetry of arrays of microelectrodes, which are one particular

type of heterogeneous surface.

1.1 Electrochemical Equilibria

Consider two chemical species, A and B, in solution which may interconvert by the

addition or removal of an electron:
A+e =B (1.1)

In a neutral solution there is no source (or sink) of electrons, so the reaction may
only proceed by the introduction of an electrode to the solution.

In a metal, electron energy levels exist in a continuum and are filled to an energy
maximum known as the Fermi level,! whereas those associated with the solution
phase species, A and B, are discrete. If the energy of the LUMO (lowest unoccupied
molecular orbital) of A is lower than that of the Fermi level, then it is energetically
favourable for an electron to transfer from the metal to the LUMO of A, transforming

it into B, and lowering the Fermi level (reduction). Likewise, if the energy of the
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HOMO (highest occupied molecular orbital) of species B is higher than that of the
Fermi level, the reverse process, oxidation, is favourable.

When an electrode is immersed in the solution (and connected to an external
circuit), both of these processes will take place until a situation is reached where the
Fermi level lies in between the energy levels of the two ions such that the rates of the
forward and reverse reactions are the same and a dynamic equilibrium is attained.
In reaching equilibrium, there is typically a net transfer of electrons in one direction
or the other, resulting in a charge separation between the electrode and the solution,
establishing a potential difference. After equilibrium is reached, there is no further
net transfer of electrons.

Measurements of potential difference are typically carried out with a voltmeter
which measures the potential between two test leads. Direct measurement of the
difference in potential between the metal, ¢y, and the solution, ¢g, is therefore not
possible without the addition of a second electrode to the solution. The second elec-
trode is usually a standard reference electrode which has a constant composition and
therefore the potential difference across its interface with the solution is invariant.
The potential difference at the first (working) electrode may therefore be measured

relative to that at the reference electrode. The measured potential, E, is:

E= ((bM - (bS)working - <¢M - (bS)reference (12)

The potential established at the electrode under equilibrium conditions is given

by the Nernst equation:

RT CA
EFE=FE%4+—1In=2 1.3
f+ I nCB ( )

where ca and cp are the concentrations (at the electrode surface) of A and B respec-
tively, and EJQ is the formal potential of the A/B couple. Note that in establishing
equilibrium, only a tiny amount of net current is passed such that the concentrations

of A and B are essentially unchanged.
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1.2 Dynamic Electrochemistry

If instead of allowing a spontaneous equilibrium to be established, a potentiostat
is used to apply a potential to the working electrode (relative to some reference
electrode), a current is induced to flow. The application of a negative potential
raises the energy of the Fermi level, causing electrons to flow from the metal to the
solution, promoting the reduction of A versus the oxidation of B. The measured

current, I, is given by
[ - FAj(),A (14)

where A is the electrode area and jy o is the net flux of species A at the electrode
surface.

In addition to the applied potential, a number of other properties of the elec-
trode/solution system can affect the measured current and hence flux, including the
rate of transport of solution phase species between the electrode surface and bulk
solution, the kinetics of the electron transfer process, and the nature and structure
of the electrode surface. The aim of any voltammetric experiment is to study the
current flow as a function of the applied potential. As the current is proportional
to the rate of reaction, the current-potential relationship can be used to investigate

one or more of these system properties.

1.2.1 Electrode Kinetics

For a reduction process such as that in Equation 1.1, the net flux at the electrode is
J = kreacao — koxCB 0 (1.5)

where k,.q and k., are the rate constants of the forward and reverse processes respec-
tively and ca o and cp o are the surface concentrations of A and B respectively which

are not necessarily equal to their bulk values. The measured current is therefore:

I = FA(kredCA,O - koxCB,O) (16)
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The values of the rate constants, kieq/ox are strongly influenced by the applied poten-
tial. The most widely adopted model that relates the rate constants to the potential

is the Butler-Volmer model which is derived using transition state theory and posits

that:
—aF(E — EY
krea = Kk exp ( (RT f)) (1.7)
l1—a)F(E - E?
ko = K® exp (< )R<T f)) (1.8)

where £ is the standard electrochemical rate constant (cm s™'), and « is the transfer

coefficient, which is a measure of the symmetry of transition state of the reaction.?

For a one electron transfer, 0 < a < 1, and it is often the case that a ~ % The
values of £ and « are particular to a given redox couple-electrode system and are
often determined empirically, though may be derived using Marcus theory? which

is based on a microscopic consideration of the electron transfer process.

1.2.2 Mass Transport

In an electrochemical experiment, three separate process can act to move solution-
phase species from one region to another, and thereby alter the local concentration:
diffusion, migration and convection. The latter two can often be ignored if care is
taken with experimental design, as described below, and this work focuses exclusively
on experiments where mass transport is solely due to diffusion.

In a typical experiment, reduction of species A at the electrode surface results in
a concentration gradient as the concentration of A is near the electrode is reduced
relative to its value in bulk solution. This leads to diffusion of A from the bulk

solution to the electrode surface as quantified by Fick’s second law:

% = DV?c (1.9)

where D is the diffusion coefficient (particular to each species) and V2 is the Laplace
operator which is the sum of second partial derivatives of the concentration with

respect to each spatial coordinate. In three dimensional Cartesian coordinates, (z,
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y, z), this is

2 2 2
8C_D<6c 0%c 80) (1.10)

a “\oz Top a2

Such a concentration gradient can also result in a gradient of electrical potential,
which causes transport of any charged species by migration. In most experimental
situations this represents and unwelcome complication and makes analysis of the
results considerably more challenging. Typically then, a large excess of some “sup-
porting electrolyte”, which is electrochemically inert under the range of potentials
studied, is added to the solution. The addition of these added ionic species acts to
restrict the potential drop to a very small distance from the electrode surface such
that the effect of migration can be considered to make only a negligible contribution
to mass transport of electroactive species.

Apart from diffusion and migration, transport by convection can also take place
due to different internal and external forces. Natural convection due to gradients of
density can occur when the electrode reaction provokes a significant local change in
the solution composition or due to thermal variations. These effects are minimised
experimentally through the use of low concentrations of analyte and thermostated
cells. Forced convection results from the use of non-static electrodes, such as rotating
disc electrodes, and from non-static solutions, as used in e.g., channel electrodes.
Forced convection induced in either of these ways is experimentally useful but is not

considered by any of the work in this thesis.

1.2.3 Homogeneous Reactions

It is often the case that an electron transfer at the electrode produces a chemically
unstable species that undergoes further reaction in solution. In the simplest case, the
product of the reduction, B, undergoes a solution-phase reaction (such as electron
transfer to/from some other species that is present in excess, or a rearrangement
reaction); producing some third species, P. This is called the EC mechanism? where

E is an electrochemical reaction step and C is a chemical reaction step:

A+e =B (1.11)
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B — P (1.12)

In the event that P = A, the reaction mechanism is called EC’ (catalytic). Under
the second order EC’ mechanism, B reacts with some other solution phase species,

X, producing some product species, Y, as well as regenerating A:
A+e =B (1.13)

B+X 5 A+Y (1.14)

Note that with this mechanism, the reaction cycles, constantly regenerating A when
X is consumed, as long as there is sufficient X in the solution.

Many different homogeneous reaction mechanisms are possible, and complex se-
quences of heterogeneous and homogeneous steps are often observed experimentally.
The classification of such processes always need to be carefully considered when

analysing experimentally derived data, particular for novel systems.

1.2.4 Cyclic Voltammetry

The primary experimental techniques considered are this thesis are linear sweep
voltammetry (LSV) and cyclic voltammetry (CV). In a typical LSV experiment, the
potential is swept at a constant rate from some starting value where A is electro-
chemically stable, to some more negative value where reduction to B is favoured.
The resulting current response is recorded and is subsequently analysed, yielding
previously unknown details about the experimental system. CV extends this tech-
nique by reversing the direction of the potential sweep, and returning to the starting
potential. A detailed mathematical model of this technique is developed in Chapter
2.

1.3 Diffusional modes

Voltammetry experiments often involve the use of macroelectrodes, i.e., electrodes

that are large in comparison to the thickness of the diffusion layer, §, where:
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5 ~ VDt (1.15)

In this case, the diffusion field is always perpendicular to the plane of the electrode
surface. For smaller electrodes, the diffusional mode changes from linear to conver-
gent® due to the increasing importance of diffusion to the edges of the electrode as
they become smaller. If one of the dimensions of an electrode is on the order of 10
microns or less, it is known as a microelectrode. For such electrodes, at a sufficiently
slow voltage sweep rate, a steady-state is eventually achieved where the current is

unchanging with increasing potential as a consequence of convergent diffusion.

1.3.1 Microelectrode Arrays

One of the types of heterogeneous surfaces considered in this work is an array of mi-
crodisc electrodes. Here the diffusional and voltammetric behaviour of a microdisc
array as it varies with the surface coverage (or equivalently with the disc-to-disc sep-
aration) and disc size is considered. It is observed that there are four limiting cases
of behaviour; this classification applies generally to all partially active electrodes
and was originally based on observations of partially blocked electrode systems.%7"
The category that any given experiment /simulation will fall into depends largely
upon the distance that the electroactive species diffuse on the time scale (t) of
the experiment (~ /Dt) relative to the average separation between neighbouring
discs, as well as upon the average disc radius. The time scale may be controlled
in, for example, cyclic voltammetry, through the scan rate (high scan rate leads to
short experimental time and low scan rate leads to a long experimental time); or in
potential step chronoamperometry, by the duration of the potential pulse applied.
The diffusional behaviour observed in each case is illustrated schematically in
Figure 1.1, accompanied by an example of the simulated linear sweep voltammetry
that can be expected under each regime. The example voltammograms are simulated
based on a system with a surface coverage © = 0.01, disc radius r. = 1 um and
diffusion coefficient Dy = 1075 cm? s7!, and vary only in terms of the voltammetric

scan rate, v.
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Case 1 behaviour, depicted in Figure 1.1(a), describes diffusion that is per-
pendicular to the surface of the electroactive site. This behaviour is observed when
the size of the discs is large compared with v/Dt. This can correspond to either a
large (macroscale) disc, or to an experiment conducted over an extremely short time
scale, such as a cyclic voltammetry with a very fast scan rate; the faster the scan
rate, the smaller the discs can be while still observing case 1 behaviour. In the limit
of fully reversible kinetics, the voltammetric response reflects linear diffusion to the

electroactive area such that the peak current, I, is given by the Randles—Sevéik

. |[FDv
I, = —0.446 F Acac™y/ o (1.16)

where A., = Nmr? is the total electroactive surface area of the microdisc array.

equation:

Case 2 behaviour, depicted in Figure 1.1(b), is observed when the size of the
discs is small compared with v/Dt. Under this category, each disc behaves as a mi-
croelectrode and diffusion to it is convergent rather than linear. In both cases 1 and
2, neighbouring discs are sufficiently far apart that they are effectively diffusionally
independent on the experimental time scale. The voltammetric response in case 2
is therefore that of a single isolated microdisc electrode, scaled by the number of
discs in the array; steady-state voltammetry is therefore observed for such arrays
(assuming the scan rate is not too high). It should be emphasised again that diffu-
sional independence in this case depends not on the absolute size of the inter-disc
separation, d, but upon the ratio of this distance to the distance that electroactive
species can diffuse on the time scale of the experiment (~ \/ﬁ)7 specifically, dif-
fusional independence is achieved in cases 1 and 2 if d > v/Dt. Consequently, the
concept of diffusional independence can only apply to an electrode array for a finite
amount of time

Case 3 behaviour, depicted in Figure 1.1(c), is also observed when the size of
the discs is small but when the inter-disc separation is less than that in case 2 (again
relative to \/D_t) In this category, diffusion to each individual disc is still conver-
gent, but the diffusion fields of neighbouring discs begin to overlap somewhat, a

situation that is sometimes referred to as shielding. The current density is therefore
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Figure 1.1: The four limiting cases of diffusional behaviour to an array of mi-
crodisc electrodes.

lower than in case 2 where each disc is effectively independent. The voltammetric

response is intermediate in character between the sigmoidal, steady-state voltamme-
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try observed for case 2 and the peaked voltammetry observed in case 1 (and case 4).
When designing microelectrode arrays for use as, e.g., certain types of sensors, it is
often desirable to maintain diffusional independence and thus avoid case 3 (shield-
ing) behaviour in order to achieve a linear signal enhancement without additionally
complicating the response.®

Case 4 behaviour, depicted in Figure 1.1(d), represents the extreme limit of
case 3, where the spacing between adjacent discs is very small, such that there is
very strong overlap of neighbouring diffusion fields and d < +/Dt. In this case,
diffusion is linear to the entire surface and the voltammetric response shows a well-
defined peak. Perhaps surprisingly, in this limit, the peak current is given by the
Randles-Sevéik equation where A is the total geometric area of the electrode system
(active and inert); it is the same as it would be were the entire surface electroactive!
Note that the occurrence of these four cases is time-dependent; given a long enough
experimental time-scale, every array of discs (regardless of the size of the individual
discs) will transition in behaviour from case 1 to case 4.

This classification scheme may be extended to a fifth case.” In case 5, the exper-
imental time scale is very long (very slow scan rate) so that diffusion to the entire
substrate is convergent, giving sigmoidal voltammetry. This behaviour is most read-
ily observed experimentally when the supporting substrate itself is of microscale and
the electroactive particles are of sub-micron size.

Although the voltammetric peak current in case 4 doesn’t vary with the surface
coverage of electroactive material, ©, it is seen to affect the apparent electrochemical
rate constant, kapp. It has been shown®!? that so long as the diffusional behaviour

is strictly in the case 4 limit,
K =k'0 (1.17)

such that a lower surface coverage results in slower apparent kinetics. In the limit of
fully reversible electrode kinetics, this has no influence on the observed voltammetry;
however, this does not hold for the irreversible limit. In the latter case, the peak

potential, E,, is given by:?
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RT FD
E, = E{ — = [0.780 — In(©K") + In ( a ”)

1.
I} RT (1.18)

11



Bibliography

[1] R. G. Compton, G. H. W. Sanders and Editors., Electrode Potentials., Oxford
University Press, Oxford, 1996.

[2] A. J. Bard and L. R. Faulkner, Electrochemical Methods: Fundamentals and
Applications., John Wiley & Sons, New York, 2nd edn., 2001.

[3] R. A. Marcus and N. Sutin, Biochim. Biophys. Acta, 1985, 811, 265-322.
[4] F. G. Cottrell, Z. Physik. Chem., 1903, 42, 385-431.
[5] K. Aoki, Electroanal., 1993, 5, 627-39.

[6] T. J. Davies, C. E. Banks and R. G. Compton, J. Solid State Electrochem.,
2005, 9, 797-808.

[7] R. G. Compton and C. E. Banks, Understanding Voltammetry, ICP, London,
2nd edn., 2010.

[8] D. Menshykau and R. G. Compton, J. Phys. Chem. C, 2009, 113, 15602-15620.

[9] T. Streeter, N. Fietkau, J. Del. Campo, R. Mas, F. X. Munoz and R. G. Comp-
ton, J. Phys. Chem. C; 2007, 111, 12058-12066.

[10] C. Amatore, J. M. Savéant and D. Tessier, J. Electroanal. Chem., 1983, 147,
39-51.

12



Chapter 2

Mathematical Model of Cyclic

Voltammetry

In a controlled-potential electrochemical experiment, a potential waveform, FE, is
applied to an experimental system and a current response, I, is recorded. The
experimental system consists of a set of physical components (the electrodes and
potentiostat, a number of chemical species in solution, beakers, etc.) which each
posses a number of quantifiable characteristics; and a set of processes that act on
those components (heterogeneous electron transfer, homogeneous chemical reaction,
mass transport effects, etc.). In mathematical terms, the system may therefore by
thought of as a function which operates on F and produces I as a result.

The goal of an electroanalytical experiment is to analyse the current response
and use it and the applied potential waveform in order to infer the value/s of one
or more of the system’s parameters, or the existence/nature of some process that
acts upon it, using previously developed theory. In the simple case, some or most
of the system parameters are either known ahead of time or directly controlled,
and some other parameter may be directly extracted by comparison of the current
response to some known equation, such as the determination of concentration and
diffusion coefficient in potential step chronoamperometry. In other cases, such as
the determination of a homogeneous chemical reaction mechanism, or the analysis
of a novel electrode geometry, such an approach may not be possible.

Mathematical modelling enables the prediction of the current response of an

13



Chapter 2. Mathematical Model of Cyclic Voltammetry

arbitrary experimental system, so long as the initial state of the system is specified
(perhaps subject to some simplifying assumptions). When one encounters a novel
experimental system with, e.g., an unknown parameter in the simple case, or e.g.,
an unknown reaction mechanism, one can work backwards by comparing modelled
and empirical results to infer the initial state of the novel system. In this chapter,
a detailed mathematical model of a cyclic voltammetry experiment is developed.
Much of material in this and the following chapter is adapted from a textbook co-
written by the author which is currently awaiting publication by Imperial College

Press!

2.1 Cyclic Voltammetry

Throughout this chapter, a simple one-electron reduction mechanism with no follow-
up chemistry is assumed, however details of other reaction schemes are included in
later chapters where appropriate. A general reduction process at the electrode is

represented as:
A+e =B (2.1)

In a typical cyclic voltammetry experiment, the potential is swept linearly with
time from some starting potential, F;, where species A is stable, to some other,
more negative potential, E,, at which electron transfer between species A and the
electrode is rapid, and species B is formed. The potential is then swept back to F;
causing electron transfer in the opposite direction and the reformation of A. This
potential waveform is shown in Figure 2.1.

Throughout this process the current, I (proportional to the rate of electron
transfer), is recorded; plotting the current against the potential gives a characteristic
peaked cyclic voltammogram of a macroelectrode as shown in Figure 2.2.

The scan rate, v, in V s7, is the constant rate at which the voltage sweeps from
the initial potential, FE;, to the vertex potential, F,, and back again. Figure 2.1

demonstrates that the scan rate is the rate of change of potential defined as:

14



Chapter 2. Mathematical Model of Cyclic Voltammetry

E/V

-0.7 5

-0.6

-0.4 —-
-0.3 —-
024
-0.1 _-
0.0 —-

0.1

0.2

Reverse
Sweep

Forward
Sweep

0.3

0.4 —

0.6 —

0.7

T T T T T T t/S
2 4 6 8 10 12 14 16 18 20

t t t

switch max

B O g

(=}

Figure 2.1: The waveform of the potential applied during a typical cyclic voltam-
metry experiment. In this case the initial potential, F;, is 0.5 V, the vertex potential,
E,, is -0.5 V, and the scan rate, v, is 0.1 V st

1))
= |—= 2.2
=% (22)
At any time, t (s), on the forward sweep, the potential, F (V), is given by:

At time t = tgyiten, the potential reaches E, and the potential sweep reverses direc-

tion. For t > teyiten:

E = Ey + vt — toyiten) (2.4)

2.2 Electrode Kinetics

Assuming the kinetics of the electron transfer are fast relative to the rate of mass

transport, Nernstian equilibrium is attained at the electrode surface throughout the
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Figure 2.2: A typical cyclic voltammogram produced by the application of the
potential waveform in Figure 2.1.

potential scan, and the Nernst equation therefore relates the surface concentrations
of species A and B to the applied potential at the electrode, E:
RT CA 0
E=FE%+ —In|—= 2.5
f F (CB@ ( )
where EJQ is the formal potential of the reaction, R is the gas constant, 7 is the
temperature (often 298 K), F is the Faraday constant, and ca and cg are the
concentrations at (next to) the electrode surface of A and B respectively.

In the case of finite kinetics, the surface concentrations may be related to the

surface flux through the Butler-Volmer equation:

o K9 {exp ((—a)F(E — EJQ)) eno— exp ((1 —a)F(E - E?)) CB’O} (2.6)

RT RT

where ja o is the flux of species A at the electrode surface, k° is the electrochemical

rate constant, and « is the transfer coefficient.
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2.3 Diffusion

In a typical CV experiment, the concentration of the chemical species A is initially
uniform and equal to its bulk value while that of species B is 0. When a relatively
negative potential is applied, A is converted into B at the electrode, thus in the
vicinity of the electrode, the concentration of A decreases and that of B increases.
Consequently, fresh A diffuses toward the electrode from the bulk solution, and B
diffuses away from the electrode. This process is illustrated schematically in Figure
2.3.

Fick’s second law? * predicts how the diffusion causes the concentration field to

change with time

Oc
= DV? 2.
oy Ve (2.7)

in a three-dimensional Cartesian coordinate system this is:

(2.8)

b (e o o
ot ox?  Oy? 022

where the diffusion coefficient, D, is assumed to be direction-independent and c
is the concentration of the species which is a function of the time, ¢, and spatial
coordinates, x, y, and z. Simple electrochemical modelling consists of solving this
partial differential equation (PDE) subject to certain boundary conditions, thereby
determining the full time-evolution of the system.

Modelling a three-dimensional PDE is often difficult, especially when using nu-
merical methods where it is extremely time consuming. As many of the systems
commonly encountered in electrochemical experiments contain a high degree of sym-
metry, some simplifications may be employed to reduce the dimensionality of the
problem rendering it more tractable. If a macroelectrode is considered then only dif-
fusion perpendicular to the plane of the electrode surface need be considered. This
is because there will be negligible diffusion parallel to the surface as shown in Figure
2.4 (a), i.e. every (y, z) plane will be homogeneous. The problem is thus reduced to
one spatial dimension, z, the distance normal to the surface of the electrode. Fick’s

second law in this space is given by:

17



Chapter 2. Mathematical Model of Cyclic Voltammetry

(a)

e SR
B L I
Q Q o o i
Folo gy B0 o N Species A
e e e = I
() BOHFX (Doo%% 5 50050 o 5% & =
8 @ @ S% o2 oo © 06+
O [Roop O@Cg%o%@oo@ @0%59%06@?%%@6 =
-— ® o o
E 300& @fooaﬁs Qoogé@oggfg CO?UOO(&OO@C § 0.4
W o g0 SBpS FRees 8 o0y, BP0 S
3%%0 R 088% OE?o@géB »00 o, o% R O o024
o 808598 %0 &0 R 0%6c%H 9 Species B
3&%5@9 8.0 Q%OOO%O@@ %O 0.0
P 2070 970723 8 2 5% 0B, O

~—~

O

N
=
=

. §® Og@owo &n o 0 9
@~ a4 104 e e e——-
.%%@%gogé;%goo(g%m% %@? ” LT Species A
o &?i@% %OOO s @B 00 08 o
3® quo% OO@ %3%00 o % c
8 sFafbey et e
O C® M 0.6
g 02 8%0300%@3%9@ e E
0 %o CQ% ® 00 Oig:i%o co@%oc% 8 04
e @ P 5o 00 ARG ‘% c
w e ® SH® 28 &
Od@ OOOC@(%%(QO OO g 8 0.2
% 2 o 9 o) ’
8 0 %0 U JB o 5 B Species B
o® &% ol B8 o pecies
S0t Bl og 20 B

(C) X X
Eg:..- %P’%@g 5“@:‘3 2. 3% ggs gzo Q%% 1o, Species A
o o ¥
& PR N

0.6 4

0.4

Electrode
Concentration

0.2+

00 Species B

(d) X X

1.0+
0.8
Species B
® S os-
© =
o < -
"8 S 044 -
@ 3 --~""Species A
w 2 o2 __/”— P
5
8 -
0.0+~
X

Figure 2.3: Schematic showing the distribution of particles (a) 0, (b) 1, (c) 5,
and (d) 50 arbitrary time units after a potential pulse is applied to the electrode.
White dots are the starting species, A, and black dots are the reduced species, B.
Concentration profiles over the same space are also shown.
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(@)t (b)

X X
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Figure 2.4: (a) The diffusion field at a planar macroelectrode; (b) a one-
dimensional square macroelectrode with normal coordinate x and side length x..

Oc D d%c

A number of other electrode systems may also be faithfully represented in a one-
dimensional coordinate system. A cylindrical or hemicylindrical ‘wire’” electrode can
be modelled with a single radial coordinate, r, assuming that it is of macro-scale
length, as every value of r corresponds to a cylindrical shell of isoconcentration.

Fick’s second law in a 1-dimensional cylindrical coordinate system is:

dc 9?c 10c

— =D — 4+ = 2.10

ot (8r2 + r 8r) ( )
A spherical electrode is likewise considered, however Fick’s second law in a 1D

spherical coordinate system is given by:

dc 0?c  20c

—=D|(=—=+-—= 2.11

ot (8r2 + r 8r) ( )
In both cases, r = r, corresponds to the electrode surface. The former situation is

usually achieved in practice by half embedding a conducting wire in an insulating

surface, and the latter by a drop of mercury.®

2.3.1 Equal Diffusion Coefficients

Fick’s first law states that the diffusive flux, j;, through a plane normal to the z-axis

at the point in space, i, is equal to the product of the diffusion coefficient and the
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Cylindrical Electrode Spherical Electrode

Figure 2.5: The one-dimensional coordinate systems corresponding to cylindrical
and spherical electrodes.

concentration gradient at that point:

. oc
Ji=—D 9| (2.12)

1

where the minus sign implies that the flux is down the local concentration gradient.
By conservation of mass, the amount of A lost at the electrode surface exactly
equals the amount of B gained there, i.e. —Acax = Acg and therefore the diffusive

fluxes of the two species at the electrode surface are equal and opposite:

dca dcg
>N <_) = Dg <—) (2.13)
8'T electrode 8'T electrode

If it is assumed that the diffusion coefficients of both species are equal, i.e. D =
Dj = Dg, and no other mechanisms are in place to affect the concentrations of

either species then it follows that:

_ (%) _ (%) (2.14)
a.ﬁlf electrode 8'T electrode

Therefore, a decrease in concentration of species A at some point in space is neces-
sarily commensurate with an increase in the concentration of species B of the same

magnitude so that:
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d(ca + cp)

= 2.1
. 0 (2.15)

Therefore it is necessarily true that in every region of space:
ca = (ch+ i) —cB (2.16)

where ¢}, and c¢jj are the initial concentrations of species A and B respectively. Con-
sequently, when modelling a two species electrochemical system with equal diffusion
coefficients, one need only consider the diffusional behaviour of species A, as the

concentration profile of B may be inferred directly from that of A.

2.4 Boundary Conditions

Fick’s second law (Equation 2.9) is an example of a parabolic second order partial
differential equation. The equation describes a single property, concentration, which
evolves in space and time. Solution of a problem of this type necessitates a complete
description of the condition of the system at ¢t = 0, the ‘initial value’; as well as a
set of spatial boundary conditions (two per spatial dimension, as the PDE is 2nd

order).%” The initial condition is that of uniform concentration, given by:

calz,t=0) = ¢} (2.17)
cg(z,t=0) = 0 (2.18)

The one-dimensional system is constrained to some finite region:
Zo S X S Lmax (219)

where o and x,.. are the lower and upper spatial boundaries respectively. A
boundary condition is imposed on the concentration at each of these boundaries. The
lower boundary is defined to be at x = 0, the electrode surface. The concentrations
at the electrode surface vary with time, as a function of the potential, E, applied to

the electrode. In general,
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clz=0,t>0) = f(E) (2.20)

For a simple cyclic voltammetry experiment with Nernstian equilibrium at the elec-
trode surface, this function is given by Equation 2.5, and for a system with finite

electron transfer kinetics, by Equation 2.6.

x=0 X=X

Bulk Solution

O<x<xmax

< >
fort=0, c=c*
for >0, dc 0°c

. ~ P35y

Electrode

c=f(F) c=c*

Figure 2.6: The one-dimensional space and boundary conditions for a macroelec-
trode.

The upper spatial boundary is defined as being infinitely far away from the
electrode i.e., xy. = 400, such that changes in concentration at the electrode
cannot have any effect on the concentration at the boundary on the timescale of the
experiment. In practice, it transpires that it is not necessary to place the boundary
infinitely far away from the electrode in order to meet this condition. Einstein’s work
on Brownian motion® demonstrated that in one dimension, the root mean squared

displacement of a particle from its starting position, is equal to:
<P> — V2Di (2.21)
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To be sure that no significant changes in concentration can propagate as far as the
boundary, it is set to be at some distance greater than this. A boundary distance
is established by running a series of simulations with increasing boundary distance,
stopping when further increase in the distance has no effect on the results of the

simulation. A commonly used value is:

Zmax = 64/ Doy (2.22)

where ¢, is the maximum time the experiment will run for. The concentration of
each species at this distance does not change with time, and so is always equal to

its bulk value:

(T = Tyax, t > 0) =" (2.23)

Figure 2.6 summarises the mathematical model of the system.

2.5 Current

The primary output of a voltammetry experiment is the voltammogram which is a
plot of recorded current, I, against applied potential, E. At any point in time, the

current for the reduction of species A is given by:

I =FAjoa (2.24)

where A is the area of the electrode and jp o is the net flux of electroactive mate-
rial (species A) at the electrode surface which is proportional to the concentration
gradient at that point by Fick’s first law, Equation 2.12. In order to calculate the
current, the model developed in the preceding sections is solved, and the value of

Jo,a as a function of time is determined.
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2.6 Dimensionless Coordinates

The particular solution of Fick’s second law subject to the boundary conditions,
changes for all values of bulk concentration, c¢*, electrode size, x,, and diffusion coef-
ficient, D, and hence must be solved again when any one of these values change. The
system variables (¢, z, t, etc.) may be transformed into normalised (dimensionless)
form by expressing each of them as multiples of some characteristic reference value
with the same dimensionality.? This removes the dependence of the solution of Fick’s
second law on ¢*, x., and D, making it much more general such that the equation
needs only to be solved once; under this simple model, the resulting voltammogram
can simply be scaled to apply to any set of values of ¢*, z,, and D.

For chemical species s, the dimensionless concentration, Cy, and dimensionless

diffusion coefficient, dy are defined as:

c D
C,=— d, = =2 2.25
CZ D A ( )
If the diffusion coefficients are equal then dy = dg = 1. The dimensionless distance,

X, is defined in terms of some characteristic length, e.g., the size of the electrode,

Tt

T
X =— 2.26
- (226)

such that the dimensionless radius of the electrode is 1. Finally the dimensionless
time, T', is defined in terms of both the size of the electrode and the diffusion
coefficient of species A:

 Dat

T
2
Lo

(2.27)

Equation 2.9 and the boundary conditions may be transformed into this new

dimensionless coordinate system using the following chain rules:

@_8u8y

5 — 2 D (2.28)
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Py 0 {8u 33/] B [aur 9%y {a%] Ay

dr*  Or [0xou| |0x| O0u? ' |92 Ou

From the dimensionless transformations given above:

dcs  caDp 0C,

ot a2 0T

d*c cy 0*°C

Dy——> =d,Dy—5—

O0x? Axg 0X?
and so, ac, ] el
or — ToX?

The dimensionless initial and outer boundary conditions are then:

CA(X,T=0)=1

Cp (X, T=0)=0
Ca (X = Xpas T) = 1
Ci (X = Xy, T) = 0

cs (z,t=0)=ct —

where:
Xmax =6 Tmax

The dimensionless potential, @, is defined to be:

_ F 0
0= o (2 — )

This allows for a dimensionless form of the Nernst equation (Equation 2.5),

0 CA,O
Cgyo

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

and so the boundary conditions for concentration at the electrode surface are given

by:
Ca (X = 0,T) = —
AV T T T e
1
X=0T)=
Ca ( 0.T) 1+ e

25
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where for a cyclic voltammetry experiment, 6 is a function of time. Figure 2.7 shows
how the surface concentrations of species A and B vary with # assuming Nernstian
equilibrium. In a dimensionless form, the Butler—Volmer equation is written as:

oC 0 —ab 0—ab
8—X =K [CA706 — CB,Oe } (2'38)
where the dimensionless electron transfer rate constant, K, is defined as

0
s (2.39)

Dy
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Figure 2.7: Equilibrium surface concentrations of species A and B as a function
of 6.

The dimensionless scan rate, o, is the rate of change of dimensionless potential

with respect to dimensionless time:

o0

T oar

(2.40)
From Equation 2.28, this is related to the real scan rate by:
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2 F
= _ 2.41
7 Da 'RTV ( )

The dimensionless flux at the electrode surface is defined as

0C\
Jor = — = 2.42
0.4 OX |y (2.42)
which is related to the real current by:
FADc;
[=—S5A% g (2.43)

e

2.7 Microdisc Electrodes

As the microdisc electrode is not uniformly accessible it cannot be simplified to a
one-dimensional coordinate system. While the microdisc can be considered in terms
of Cartesian coordinates (z, y, z), with the electrode surface in the (x, y) plane, the
geometry lends itself best to treatment in terms of cylindrical polar coordinates (r,

z, ¢) as illustrated in Figure 2.8.

P>

Microdisc

z Supporting
surface

r

C

Figure 2.8: The (r, z, ¢) cylindrical polar coordinate system used to model a
microdisc electrode. The disc radius is 7.
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In this system, an axis passes through the centre of the disc perpendicular to
the plane of its surface. r is the radial distance from the axis, z is the perpendicular
distance from the surface, and ¢ is the angle around the axis. The origin is at the
center of the disc. While the current at the electrode surface will vary with radial

coordinate, r, there will be no variation with angle ¢:

dc

— =0 2.44

5 (2.49)
as the system is cylindrically symmetrical. The problem may therefore be reduced
to two spatial dimensions, r and z, and only a single (r, z) plane needs to be

considered as illustrated in Figure 2.9; integration across all ¢ achieves the full

three-dimensional result.

N _—
(0,0) r=r, r

Figure 2.9: The two-dimensional r, z ‘slice’ of the microdisc model. As the system
has mirror symmetry in the line z = 0, only one half, indicated by cross-hatching,
need be considered.

In 3-dimensional cylindrical polar coordinates, (7, z, ¢), Fick’s second law is:

dc Pc 10c 1 0% 0%
—=D|—=+-—+=5=—F5+— 24
ot <8T2 + ror + r2 0¢? + 822) (245)
However, as the model microdisc system is cylindrically symmetrical,
dc D%
I 2.46
9~ 95 (2.46)
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and so the equation is reduced to a two-dimensional form,

2 2
8C_D<8c 1% 80) (2.47)

o \or2 " ror 022
The normalisation scheme used for the microdisc model is almost identical to
that used for the 1-dimensional system, except the spatial coordinates are now

normalised against the microdisc radius, 7:

,

R=— 24
- (2.48)
z

4 =— 24
- (249

In these transformed coordinates, the radius of the microdisc is 1. The definitions
of T"and C' are unchanged so that the dimensionless Fick’s second law in this space
is:

oc 9°C 19C 9°C

o ot 100 o6 9.
o7 — or: ' RoR T o2 (2.50)

2.7.1 Boundary Conditions

The 2-dimensional space is a rectangular region of a flat plane, so four boundary
lines, each with their own boundary conditions, are required. These boundary lines
arer =0, 2 =0, r = rpax, and 2 = Zpax.

It is assumed that the microdisc is embedded in a planar supporting surface that
is infinite in extent and that the solution is also infinite in extent. Far away from the
electroactive surface where the solution is unperturbed by the electrode reactions,

the concentration of all species is always equal to their bulk value, ¢*:

c(r = rmpax, 2) =" (2.51)
c(r, 2 = Zmax) = ¢ (2.52)

where the semi-infinite extent of the simulation space is given by:
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Tmax = Te+ 61/ Dtpax (2.53)
2mae = 63/ Dt (2.54)

For the electrode plane (z = 0), two separate boundary conditions are required as
the plane is composed of two different materials: the electroactive microdisc and the
insulating supporting surface. As the microdisc surface is electroactive, a potential
dependent boundary condition is applied; the Nernst equation or Butler-Volmer

equation are used as appropriate.

c =c*

max

z=z —* !
'

I
o
*

fort=0,
fort>0,

ST
o
o
|
o
*

T
!

o
~
I
-

e
| pe=sB [0z
T v Electrode T l

=0

z=0 T
r=20 r=r, =

Figure 2.10: The two-dimensional simulation space for a microdisc electrode

c(r <re,z=0)=f(F) (2.55)

The insulating supporting surface is a solid boundary so there can be no flux of
solution-phase material across it. The boundary condition therefore specifies that

the flux at the boundary, which is proportional to the first derivative of concentra-
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tion, is zero:

9e =0 for r>r, (2.56)
0z, ,

The final spatial boundary is the cylindrical axis, » = 0; a line of mirror symmetry
as illustrated in Figure 2.9. Consequently, for any given value of z, the concentration
at the two points either side of the boundary is exactly equal, so the concentration

gradient at the boundary must necessarily be 0. The boundary condition is therefore:

Oc
5| =" (2.57)

In addition, as with the 1-dimensional system, the concentration of each species

is initially uniform and equal to its bulk value across all space:
cs(ryz,t=0)=c; (2.58)

The mathematical model of the microdisc system and its boundary conditions are

summarised in Figure 2.10.

2.7.2 Current

For a microdisc electrode, the surface flux varies with radial coordinate r. The
current is therefore calculated at every point across the radius of the disc (i.e.,
a line) and integrated across all angles, ¢ to give the total current for the whole

electrode. The real current is therefore:
I =2nFj (2.59)
where j) is the flux across the radius, which is calculated as:
Jo = /Ore Joror = —D/Ore %7’ or (2.60)

where the factor of r arises from integration about angle ¢. In terms of the dimen-

sionless coordinate system, [ is:
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Loc
I = —-2nFDc" — 2.61
T cre/o 8ZR8R (2.61)

2.8 Arrays of Microdisc Electrodes

A large number of microdiscs may be embedded into a single surface and wired
in parallel to form an array. It is assumed that electroactivity only occurs at the

microdisc electrodes, not on the supporting surface.

Microdisc ~ Supporting
\ surface

|
©d>df>©©
o @ oY @ o
o @ @& @ @
o o o @ o
[

Figure 2.11: A regularly distributed array of microdisc electrodes.

If the discs are regularly distributed, it is reasonable to suppose that on average
each disc sits in an identical diffusional environment, with differences in environ-
ment of the outer edges of the array making a negligible contribution to the whole
(assuming a large number of discs). The surface may therefore be treated as though
it is composed of a large number of identical unit cells, each centred around a single
disc. These cells may be arranged in e.g., an hexagonal array' as shown in Fig-
ure 2.12. The centre-to-centre distance of two nearest neighbours, d, is the same
as the height of the hexagon (distance between two parallel sides). As each unit
cell behaves identically, it is only necessary to model one of them; the current re-
sponse from the whole surface is simply the response of a single cell multiplied by
the number of discs in the array.

Even though modelling a single unit cell is a much smaller problem than mod-
elling the whole surface, it is still a 3-dimensional problem. The rotational symmetry

of an isolated microdisc that is used to reduce that problem to 2 dimensions is not

'Here an hexagonal lattice is assumed, but this discussion applies equally to other regular
distributions such as a square lattice.
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present here, however a simplified solution is available through the use of the ‘diffu-

sion domain approximation’.

id ~
. ~
L4 ~
. ~
- ~ - ~
1 1
1 1
! 1
! 1
1 ]
ES PN
- ~
P M
A ~

Figure 2.12: A hexagonal array of microdisc electrodes with centre-to-centre sep-
aration, d.

2.8.1 Diffusion Domain Approximation

Under the diffusion domain approximation,'®? the hexagonal unit cell is approxi-
mated as a cylindrical cell of the same base area as shown in Figure 2.13.
The area, A, of the hexagonal base is given by:

V3

A= 7d2 (2.62)

The radius, rq, of the circular base may therefore be calculated by equating the

areas of the two shapes:

(2.63)

2 _
Ty =

ﬁ d?
2
SO:
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o-@

(b)

— > i
Vg

- S

> \C_/”/

Figure 2.13: Transformation of an hexagonal cell to a cylindrical cell of the same
base area: (a) top-down view; (b) 3D unit cell view.

rq ~ 0.525d (2.64)

Previous studies have demonstrated that the results of simulations using the diffusion

domain approximation show very good agreement with experiments.'4

2.9 Conclusions

In this chapter, a mathematical model for cyclic voltammetry at a macroelectrode,
a microelectrode, and an array of microelectrodes has been established. In the
next chapter, techniques for solving this model, and thereby calculating the current

response of an arbitrary system, will be discussed.
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Chapter 3

Numerical Solution of the CV
Model

A number of analytical techniques exist that may be used for solving partial dif-
ferential equations of the type encountered in electrochemical problems, including
integral transform methods such as the Laplace transform, and the method of sep-
aration of variables. Unfortunately these techniques are not applicable in all cases
and so it is often necessary to resort to the use of numerical methods to find a
solution.

Numerical methods are a family of mathematical techniques for solving com-
plicated problems approximately by the repetition of the elementary mathematical
operations (4, -, X, =). In the past, numerical solution of a partial differential
equation (PDE) was extremely time-consuming, requiring many man-hours of te-
dious calculation. However the utility of numerical methods has greatly increased
since the advent of programmable computers. For the solution of the PDE model of
cyclic voltammetry, the method of finite differences is usually the most widely used
technique. In this chapter, this method is described in detail for application to the

problem of cyclic voltammetry which was developed in the previous chapter.
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3.1 Method of Finite Differences

Under a finite difference scheme, a continuous variable, x, is approximated as a
series of discrete points x1, xa, ..., . A continuous function of that variable, f(x),
can then be approximated by evaluating it at each discrete point, x;, as illustrated
in Figure 3.1. For simplicity, it is initially assumed that each point is separated by
a constant distance, Az, and that the value of the function varies linearly between
adjacent points.

A A

%) J&)

Jir fi Jin

Ax

»
»

v

X
Xi1 X; Xj+

Figure 3.1: (a) Continuously varying function f(x); (b) discrete values of the
function in a discretised space.

It is often necessary to find discrete approximations of the first and second deriva-
tives of f(z). The mathematical definition of the first derivative is the ratio of the

change in f(x) to the change in z, i.e.:

df lim f(@iz1) — () (3.1)

dr  Az—0 Ax

From this definition, the first derivative may be approximated as:

d L f
dx Ax
where for simplicity of notation, the concentration at point i, f(z;), is expressed as
fi. This is forward difference approzimation of the first derivative. Alternatively
the derivative may be approximated as:

df _ fi—fia
de ~ Az (3:3)
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which is called the backward difference approximation and is equally valid.
In making these approximations, there is an implicit truncation error, I', defined
as:

A faa

I =
dz Ax

(3.4)

The nature of this error can be explored by considering the Taylor series expansion

of the concentration:

i | (AnPdf  (Aa)df
%+ 5 a2 G w+ (3.5)

fix1 = fi+Ax

For the forward difference scheme, the error, I'y is therefore equal to:

Axd®f (Azx)2d3f

= ——=- — —_— — . .6
f 2 da? 6 dad (3.6)
and for the backward scheme:
Ax d? Ax)? d®
r, = 2edS (Bapdif (3.7)

9 da? 6 dad

Since in general, Az < 1, it is necessarily true that Az > (Ax)?* > (Ax)3, so in
each of these series the first term (the term in Ax) is by far the largest source of
error. Therefore for both the forward and backward differenced schemes, I' o« Ax.
Consequently, the smaller Az, the smaller the error.

An alternative differencing scheme may be arrived at by considering the average
derivative given by the forward and backwards schemes; this is called the central

difference approximation:

df fi—l—l fi—l
=~ 1 | .
I 9 : . central (3 8)

The error is then the average of the errors of the forward and backward schemes.
The terms in Az in Equations (3.6) and (3.7) exactly cancel (as do all the terms in
odd powers of Az), leaving a total error:

(Ax)2d3f  (Ax)*df

1ﬂcentral = - -

6 dxd 120 dxd
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Again the leading term is the most significant, so for the central differencing scheme,
[' o< (Az)?. This is a second order error, which is better than the first order error
given by either the forward or backward schemes, and so the central scheme provides
a more accurate approximation of the true value of the first derivative, and will thus
be used throughout.

The second derivative of the concentration can be approximated by summing
the Taylor series of the forward and backward schemes: !

dZ_f  Jia=2fi+ fin
da? (Az)?

(3.10)

again with error, T’ oc (Ax)?2.
Note that here the finite differences are formulated over 3 points; it is possible to
use a greater number of points than this (resulting in a higher order error); however,

assuming that Az is small, the increase in accuracy is typically minimal.

3.1.1 Diffusion in 1 Dimension

By utilising the above, it is possible to arrive at a discrete formulation of Fick’s

second law. In a one-dimensional linear space, this is:

Cck—ci! G =20+ Cipy
AT (AX)?

(3.11)

where k is the timestep, 7 is the space step and AT and AX are the time and space
intervals respectively which are assumed to be constant. There exists a choice as to
whether the concentrations on the right hand side of the equation are chosen to be
at TF=' or T*. which are known as the explicit and implicit methods respectively.

In the former case, Equation 3.11 may be rearranged to:
Cf = Ci 7t + MCE =207 + O (3.12)

where A = AT/(AX)2.
This is a simple equation to solve, and each value of CF can be solved for inde-

pendently at every timestep because all of the terms appearing on the right hand
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)

(b) Implicit Method

(a) Explicit Method

o © © © © © © © o—>

AX X

Figure 3.2: Discrete simulation space-time grid showing concentration terms in-
volved in the equation for C* using the explicit and implicit methods. Grey squares
show the term to be solved for and white circles show the terms that appear in the
equation.

side of the equation are fully known. This is illustrated in Figure 3.2 (a). While this
method is very simple to implement computationally and was more popular before
the advent of fast computers, it is only conditionally stable. Numerical stability is
guaranteed?3 if A < 0.5, but if this condition is not met, the solution will be unsta-
ble, diverging from the true solution, and the concentrations will oscillate wildly in
both time and space. Consequently, to maintain accuracy, AT must decrease with
decreasing AX, making it inefficient when one considers the small size of AX nec-
essary to accurately represent a continuous function.? For this reason, the explicit
method is of only limited general utility in electrochemistry though it does find use
in some specific areas, particularly in the modelling of rotating disc electrodes.®
In the backward implicit method, Equation 3.11 may be rearranged to:

Chl=CF —\CF, —2CF + CF ) (3.13)

7

This equation contains a single known value, C’f‘l, and three unknowns, C’f_l, CF,

and CF | and so unlike the explicit method cannot be solved in isolation for any
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given point, 7. At each timestep, k, the complete set of equations for concentration
at every point must be solved simultaneously. While more complicated than the
explicit scheme, the implicit scheme is not subject to the stability constraint imposed
on the former, and is therefore unconditionally stable, which makes it much more

computationally efficient.

3.1.2 Diffusion in 2 Dimensions

Discretisation of a 2-dimensional space transforms it into a 2-dimensional grid of
discrete points. If the coordinates are labelled R and Z, then the space between
adjacent points in the R direction will be AR and that in the Z direction will be
AZ.

In the 2D cylindrical polar coordinate system used to model a microdisc elec-

trode, the discretised form of Fick’s second law is

ch; - ij_l _ Cio1;—2C;j+Cip1y  Cijo1 =20+ Cy i 1 Ciy1j—Ciay
AT (AR)? (AZ)? AR 2AR
(3.14)

Use of the fully implicit method is not numerically efficient in this case, for reasons
explored in Section 3.2. Instead, an approach known as the alternating direction
implicit method (ADI) is employed. Under the ADI method,®® the explicit and
implicit methods are combined. The timesteps, AT, are divided into two half-
timesteps, AT'/2. For the first of these half-timesteps, kaé’ the derivatives along the
Z coordinate are discretised implicitly, while the derivatives along the R coordinate
are discretised explicitly and therefore the equation to be solved for every point ¢, j
is:

ACit — (Mg +2)C) 7+ ACp ) =

Zh]

— (Ar = Ar/20)C T + (Ar + 2)CF — (Ar + Ar/20)CEL;  (3.15)

where Ay = AT/(AZ)? and A\p = AT/(AR)?. The terms on the right-hand side of
this equation are known whereas those on the left-hand side are the unknowns to be
solved for. For the second half-timestep, T}, the derivatives along the R coordinate

are discretised implicitly, while the derivatives along the Z coordinate are discretised
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explicitly and therefore the equation to be solved for every point i, j is:
_1 1 1
MO+ (Mg +2)Cr T = ACE (3.16)
where again the terms on the left-hand side are the unknowns to be solved for. In
this way, at the end of each timestep, each coordinate has received an equal share

of implicit and explicit discretisation. This method is found to minimise error and

maintain AT stability.”

3.1.3 Boundary Conditions

In order to solve the discretised PDE, discretised initial and boundary conditions are
also required. In most cases, the initial condition of each species is that of uniform

concentration, equal to its bulk value:

CH=0=Cr (i, j) (3.17)

37/[/7]

In the case of a one-dimensional system, there are 2 spatial boundary conditions:
the electrode surface, and the semi-infinite, bulk concentration boundary. Typically,
the electrode surface boundary condition is given by the Butler-Volmer model in

discrete form:
—=——= = K" [exp(—af)Ca 1 — exp(0 — af)Cp 1] (3.18)
The bulk concentration boundary condition applies at the last spatial point, i = n:
Cs,n=C§ (3.19)

For a two-dimensional system, the no flux boundaries at the axial symmetry

boundary and the inert surface boundary are given respectively by:

CZVJ‘A;RCW = 0 VY (3.20)
Cin—Cin
T = 0 V(R, > 1) (3.21)
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If the simulation is an array of electrodes, then the unit cell boundary (at ¢ = n) is

given by a similar condition.

3.2 Solution of the Equation System

3.2.1 The Thomas Algorithm

The standard method of solving a set of simultaneous linear equations with a com-

puter is to cast the set as a matrix equation of the form:
Ax =D (3.22)

To find the set of solutions, x, both sides of the equation are pre-multiplied by A~!,

the inverse of A:
x=A""b (3.23)

For a dense matrix A, one with mostly non-zero values, the normal way to calculate
A~'b is the general Gaussian Elimination algorithm.* This algorithm takes a num-
ber of mathematical operations that is proportional to n?® where n is the number of
unknowns.

For a one-dimensional system, the equation set has n equations so A will be an
n X n matrix. As n may be arbitrarily large, the cost of calculating A~! by Gaussian
elimination may be very high; however, the equation set has a useful property that
may be exploited to significantly ease the calculation. For each spatial point ¢, the

equation is of the form:
@Cf oy + BiCE +7:Clyy = 6 (3.24)

In the equation for C¥, the coefficients for the terms C} to CF , and C¥,, to C¥ are
all 0; this makes A a sparse matrix where only the three central diagonals contain

non-zero elements. The equation set may be written as:
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1 00 0 0O 0 O O 0 0 ... Ck £(6)
a B v 0 0 0 0 0 0 0 .. Ck o5t
B 4 0 0 0 0 0 0 .. Ck oyt

0 0 o B v 0 0 0 0 ... ck, chot
00 0 a B8 ~ 0 0 0 ... ck | =1 ckt
00 0 0 a B ~ 0 0 .. ch Cls '
00 0 0 0 0 «a N0 ck, Ccr,
00 0 0 0 0 B v ck_, (/o
00 0 0 0 0 O 0 1 Ck 1

(3.25)

Equations of this type are called tridiagonal matrix equations and may be solved in

a more efficient manner using the Thomas algorithm® which is a simplified version
of Gaussian elimination.

Rather than directly calculating the product A~!'b, the solution uses a process

called LU factorisation, to factor A as the product of two other matrices: a lower

and an upper triangular matrix, so that A = LU:

B m
ay By V2

Q1 anl Yn—1

(3.26)
I I 7

ay 3 Iy

/ /
Q1 n—1 1 Tn—1
/
an B 1

where the ] and ~; are modified coefficients that have different values to the g;
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and ~; coefficients respectively. This process results in the equation LUx = b.
The algorithm then consists of two steps. First, both sides of the equation are

pre-multiplied by L~
Ux=L"b (3.27)

and the product d = L™!'b is calculated. The equation Ux = d may be written as:

1 Cf o
1 Cy J
= : (3.28)
1 fy;Lfl Cﬁfl 51,171
1 Ck o

where the vector d consists of the set of values ¢, which are different to the set
of values ;. To complete this first step, the values of the modified ~} and ¢ are

calculated. The v/ values in the U matrix may be calculated iteratively from:

v/ Bi for 1=1
Vi = (3.29)

vi/(Bi —vi_jaq)  for i =2,3,..n—1

The vector d (the set of ¢ values) could be calculated by first evaluating the lower
diagonal matrix, L, inversing it, then post-multiplying the result by b. This would
be computationally expensive by normal means, but fortunately, the 6] values may

be calculated directly from:

oi/ Bi for i =1
5l = (3.30)
(0; — 0! _10y)/(Bi —vi_jaq)  for 1 =2,3,..n

2

This first step is called the forward sweep. In the second step of the algorithm, both
sides of Equation 3.27 are pre-multiplied by U~!:

x=U"'d (3.31)
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Hence it is necessary to calculate the product U~'d in order to find the vector, x,

of unknown C¥ values. These are calculated simply from
Op 1

CF = (3.32)

7

for i=n

8 —~iCl L for i=n—1n-2,..,1

This second step is called back substitution.

In general, when implementing this algorithm, rather than storing several n x n
matrices in the computers memory, the «;, §;, and ~; are stored in three 1 x n
containers, saving a great deal of memory. For cyclic voltammetry, the «;, §;, and
7 coefficients are invariant with time so the set of 7/ coefficients need only to be
calculated once at the start of a simulation and not at every timestep.

The Thomas algorithm may also be used in solution of the microdisc problem,
since the 2-dimensional grid is divided into a series of rows/columns, each of which
may be solved in isolation. It may also be used in the case of unequal diffusion
coefficients, by careful ordering of the elements. For problems involving more than

2 chemical species, a generalised n-diagonal version of the algorithm may be utilised.

3.2.2 Solving Non-Linear Simultaneous Equations

In the case where the set of simultaneous equations generated by discretisation of the
diffusion equation is non-linear, the above solution methodology is insufficient. Non-
linear terms may arise, for example, because of second order homogeneous chemical
reactions.

The iterative Newton-Raphson method*!? is a standard numerical procedure for
finding successively better approximations to the roots of a real-valued function, or
a set of such functions. It may therefore be used to (approximately) solve a system
of coupled non-linear simultaneous equations. Each of the n equations is written in

an homogeneous form:

fi(z1, 22, i) = 0 (3.33)
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If x is the vector containing the unknowns z; to z,, and f(x) is the vector containing

the functions f; to f,, then,
f(x) =0 (3.34)
The vector u contains the differences between x at consecutive iterations, such that
u=X.41 — X, (3.35)

In the one-dimensional Newton-Raphson method considering only a single function,

the Taylor series of the function about some trial solution, xg, is considered:

f(@) = f(xo) + (x — x0) ['(w0) = 0 (3.36)

The solution x is therefore derived from successive iterations of the form:

o f(xz>
Tog1 = Ty () (3.37)

For a function of multiple variables, a trial vector xy may be altered similarly:

F(x) = f(xo) + > (2o — xn,o)agzo) (3.38)
and hence,
> unaéi’?) — —f(x0) (3.39)

Where there are n simultaneous functions associated with the n variables, this may

be extended, such that for each variable m:

Zunafgix(zm = — fm(x0) (3.40)

n

which may be expressed for the vectors u and f in the matrix form:

J(x0)u = —£(x0) (3.41)
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Where J is the Jacobian matrix, being the n x n square matrix for which the element

Jmn 1s defined:

t%n=§ﬁj (3.42)
i.e. Equation (3.41) is a matrix equation of the form:
g_iﬂ()) g_{:? g_i”g g%z Ug — fo(x0)
T N N
% % g_iz gmiz Up — fn(x0)

This equation is solved iteratively and x is augmented by u, until all values
ug to u, are less than some characteristic parameter, €, at which point x is taken
as the correct set of concentrations at that time step. In general, the Newton-
Raphson method requires the user to ‘guess’ some appropriate trial vector (set of
concentrations). This is quite an issue in some applications, but fortunately when
solving diffusion equations an excellent trial vector is provided, namely the set of

concentrations from the previous timestep.

3.3 Current Calculation

The current is extracted at the end of each timestep, after solution by the Thomas
algorithm. The dimensionless current J is equal to the dimensionless concentration
gradient at the electrode surface. In the 1D model, this is

CX2— Cha

= 44
J A% (3.44)

This is a low order (2-point) approximation with error proportional to, h, but it is
quite accurate as long as h is sufficiently small. As an alternative, an asymmetrical
3-point discretisation may be used:!

=05 +4C7 = 3Cy

S = IAX

(3.45)

which has error proportional to (AX)2. It has been established!! that the use of

49



Chapter 3. Numerical Solution of the CV Model

higher order expressions to calculate the flux does not necessarily lead to greater
accuracy, since the limiting factor is the order of the finite difference approximations
of the spatial derivatives used to represent Fick’s second law. As a second order
finite difference approximation has been used throughout, a second order current
approximation is the most reasonable choice.

As the microdisc electrode is not uniformly accessible, the current cannot sim-
ply be found at one point and must instead be integrated over its surface. The
dimensionless current, J;, at some point, 7, on the electrode surface is equal to the

concentration gradient normal to the surface at that point:

oC

o0 - _Ci,2 - Cia
0z

Ji -
AZ

(3.46)

Z=0

The total dimensionless current of the entire disc, J, is found by integrating J; R

across the electrode surface:
1
J = / J;RdR (3.47)
0

The integral of a continuous function, f(z) may be approximated numerically
using the trapezium rule.* The function is divided into a series of discrete intervals
(discretised) and evaluated at each point, . The area under the curve of a single
interval is approximated as being trapezoidal, and the area of all such trapezoids is

summed to give the integral. In general for a function discretised into N points:

/ f(z) dv ~ Z f(z:) +2f(xi_1) (i — 1) (3.48)

This process is illustrated in Figure 3.3. The accuracy depends on the interval
size, Az, the smaller this size, the more accurate the approximation.* The current

response of a microdisc is therefore:

AR &
J - Z [(Cip = Cin)Ri + (Cimio + Cimy 1) Rid] (3.49)

=2
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Figure 3.3: The trapezium rule for numerical integration

3.4 Simulation Efficiency

3.4.1 Expanding Grids

In order to ensure that the discrete simulation accurately approximates the con-
tinuous equations, it is necessary to employ a spatial grid that is dense relative to
the steepness of the concentration gradient. This gradient is typically very steep
at the surface of the electrode but becomes progressively shallower further away.
Consequently, a dense spatial grid is necessary in the region of the electrode surface
but is wasteful further away where a much less dense grid would be adequate. The
solution is an expanding spatial grid that is dense near the electrode surface but
grows progressively more sparse further away from it.

In one dimension, the intervals between adjacent space points are

AX, = h (3.50)
where AX; = X, 1 — X,. Note that a convergence study is used to determine opti-

mum values of h and 7. As AX is no longer constant, it is necessary to reformulate

the finite differences over unequal intervals:
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df — fir1 — fiz
_—= 3.52
dv Az, + Ax_ (3:52)

d? i+1 — Ji i+1— Ji 2
f _ f+1 f _ f+1 f (353)
dz? Az, Az, Ary + Az

where Az, = 2,41 —x; and Av_ = x; — x;_ 1.

2 3 4 5

R

Figure 3.4: An expanding spatial grid used for microdisc simulations

In the two-dimensional microdisc system, the above scheme works well for grid
spacing in the Z direction (perpendicular to the plane of the electrode surface),
however in the R direction, the situation is complicated by the presence of additional
finite boundaries: the R = 0 axis, and the singularity where the outer edge of the
electrode meets the insulating surface, at R = 1. Consequently, a high grid density
is necessitated in these regions as depicted in Figure 3.4

In potential step chronoamperometry, changes in concentration are rapid at short
times and much slower at long times. This necessitates the use of an expanding tem-
poral grid where the timesteps AT are initially very small but become increasingly

larger with each timestep.
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3.4.2 Concurrency

A machine with multiple processor cores is capable of executing multiple tasks si-
multaneously. This is only possible if the threads (sequences of tasks) are mutually
independent of one another. In many cases however, this architectural feature can
do nothing to increase the execution speed of a program. For the solution of the
one-dimensional diffusion problem using the explicit method for example, calcula-
tions must proceed in a linear fashion, and there can be no division of labour as
each calculation depends on those preceding it. However this is not the case when

using the ADI method.

* Master Thread

Simulation setup

Z Sweep

n columns of m elements
processed by w threads

R Sweep

m rows of n elements
processed by w threads

k main loop
iterations

Master Thread

Output results/simulation end

Figure 3.5: Representation of the simulation in terms of threads.

For ADI, within a given implicit sweep, each column or row may be evaluated
completely independently as the results from one column/row in a given sweep do
not in any way affect the results of another in the same sweep. Figure 3.5 illustrates
the program flow using a multi-threaded approach. A single master thread handles
simulation setup (creating data structures, generating the grid spacings, etc.). This
thread then spawns a number of other worker threads which simultaneously process

the columns/rows during a sweep. The number of rows/columns that can be eval-
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uated simultaneously is equal to the number of available processor cores; when a
thread has finished processing a given row/column, it starts on the next unprocessed
one until the sweep is complete.

Note that there is a certain amount of computational overhead associated with
creating and using multiple threads. As a consequence, doubling the number of
available cores will not quite double the speed of the program, but will nevertheless
lead to a large increase in speed. Each core added will increase the speed further up
until the point where the number of cores is equal to the number of rows/columns
in the sweep, beyond which adding additional cores will not result in any speed
increase. A supercomputer may have an effectively unlimited number of cores so
that all of the columns/rows in a sweep may be evaluated simultaneously, however
the execution speed is still limited by the speed at which a single column can be

evaluated.

3.5 Computational Details

The implementation of the numerical methods outlined in this and the following
chapters was achieved through simulation programs written entirely by the author
in C++'? using Microsoft Visual Studio 2008/2010 as an integrated development
environment. OpenMP,!3 an extension to the C++ language, was used to imple-
ment concurrency in all applicable programs. A general purpose simulation package
was developed allowing for the simulation of an arbitrary sequence of electrochemical
and chemical reaction steps. An object-oriented programming approach was utilised,
allowing for considerable code reuse and therefore for the relatively simple imple-
mentation of arbitrary electrode geometries. Simulations were mostly performed
on a Dell Precision T5500 computer with two quad-core hyper-threaded Intel Xeon
E5520 processors (16 logical cores, 2.23 GHz).

Convergence studies were performed in order to find grid spacing parameters (h,
v, Af) that ensured accurate simulation while minimising simulation runtime for

each model system under study.
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3.6 Conclusions

The method of finite differences has been applied to mathematical model of cyclic
voltammetry that was developed in the previous chapter. In addition, numerical
algorithms for the solution of the equations thus generated have been presented.
Having fully established this solution method, the rest of this thesis focuses on the

theoretical application of the model to a variety of novel electrode systems.
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Chapter 4

Flat Heterogeneous Surfaces and
Highly-Ordered Pyrolytic
Graphite

In this chapter, the cyclic voltammetry at electrodes composed of two different elec-
troactive materials which differ only in terms of their electrochemical rate constants
is investigated. Of particular interest are cases where zones of one highly active
material are distributed over a substrate of a second, much less active material.

The occurrence of split peak cyclic voltammetry where two peaks are observed in
the forward sweep, is studied in terms of the diffusional effects present in the system.
A number of surface geometries are compared: specifically the more active zones are
modelled as long, thin bands, as steps in the surface, as discs, and as rings. Similar
voltammetry for the band, step and ring models is seen but the disc geometry shows
significant differences. Finally, the simulation technique is applied to the modelling
of highly-ordered pyrolytic graphite (HOPG) surface and experimental conditions
under which it may be possible to observe split peak voltammetry are predicted.

The work constituting this chapter has been published in Physical Chemistry
Chemical Physics.!
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4.1 Introduction

Electrodes composed of more than one material, each with differing electrochem-
ical properties find widespread use within the field of electrochemistry. Arrays of
microelectrodes distributed over an inert supporting substrate are commonly used
in electroanalysis as they offer the same increased sensitivity of a single microelec-
trode (due to enhanced mass transport effects) coupled with the advantage of a
much higher current output.?? Available electrode geometries for such arrays in-
clude the microband and the microdisc which may both be easily fabricated by,
for example screen-printing®® and photolithography® respectively. Recent work has
characterised the voltammetric behaviour of arrays of microdiscs®” and of regularly
and randomly distributed arrays of microbands.®? Another class of electrochemically
heterogeneous surfaces are partially blocked electrodes which are macro-electrodes
covered with particles of some (usually) inert blocking material, and have been ex-
tensively studied both theoretically and experimentally. 1012

Spatial heterogeneity may also be seen in materials such as pyrolytic graphite
that are uniform in composition but which possess more than one distinct crystal-
lographic plane. Highly ordered pyrolytic graphite (HOPG) and its derivatives are
popular electrode materials for use in electroanalysis. HOPG consists of planes of
graphite with an interlayer spacing of 3.35 A and possesses two electrochemically
distinct surfaces: the basal plane which lies parallel to the graphite plane, and the
edge plane which lies perpendicular to it.'* Consequently, if an HOPG crystal is
cleaved parallel to the graphite plane, the resulting electrode will be predominantly
basal plane in character (a BPPG electrode) whereas if it is cut perpendicular to the
plane, the resulting electrode will have mostly edge-plane character (an EPPG elec-
trode). A BPPG electrode is not a perfect surface, rather it will contain a number of
edge plane defects and the same is true for EPPG. A schematic of a graphitic surface
is shown in Figure 4.1. A comprehensive review of HOPG and other carbon materi-
als, their properties, and their applications as electrodes for use in electrochemistry
has recently been presented by McCreery.

It is widely, but not exclusively, thought that the edge plane surface displays

an electrochemical rate constant (kgdge) that is many orders of magnitude faster
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Basal Plane
/ Edge Plane

v

Figure 4.1: Schematic of the surface of HOPG showing areas of differing elec-
troactivity.

than that of the basal plane (k...;) for most redox couples; similarly, in studies
of carbon nanotubes it is seen that the tube ends are far more reactive than the
tube walls.'1¢ As a result of this difference in reactivity, EPPG electrodes will
often display cyclic voltammetry that is reversible whereas BPPG electrodes will
generally show irreversible voltammetry;** however it has not yet been established

just how much greater k2, _ is than kO . for a typical redox couple.!” The peak to

edge basal
peak separation (AE,,) observed for HOPG voltammograms depends on the density
of edge plane defects: the lower the amount of defects, the higher the observed
AE,, and hence the lower the effective rate constant. Analysis of voltammetry of
high quality HOPG surfaces, i.e. those with the lowest defect densities, has yielded
effective rate constants of 1072 c¢cm s! for certain redox couples.!® It is still not
unambiguously clear whether this value closely represents the rate constant k. or
if the measured current response is due to the small number of edge plane defects.
A study by Cline et al.'¥ catalogued the electron transfer rates for 17 inorganic
redox systems on basal plane HOPG and on glassy carbon (GC), demonstrating
that transfers were at least 3-5 orders of magnitude faster on GC. This difference
is attributed to the much lower density of electronic states of HOPG compared to
GC.

Davies et al. have shown that selective coverage of the basal plane of a graphite
electrode leads to no significant changes in the voltammetry,?° suggesting that in
most experimental situations the basal plane may be considered effectively inert. In
a study by Edwards et al.?! the diffusion of electroactive species above an HOPG

surface was slowed considerably through the use of a thin layer of Nafion film.
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Figure 4.2: Top-down schematic views of the surfaces of electrodes with (a) par-
tially blocked electrode (ring), (b) band, (c) disc island geometries; and (d) a stepped
surface. The darker shading indicates areas of greater electroactivity.

It was demonstrated that it is possible to distinguish between different sites of
electroactivity on the surface and therefore that electron transfer does occur at the
basal plane.

In this chapter, the cyclic voltammetry of heterogeneous electrodes of a variety
of geometries is simulated and analysed, building on previous theoretical work with
partially blocked electrodes!® and with heterogeneous surfaces.?? Specifically the
surface is modelled as an array of microbands, as an array of microdiscs, as a partially
blocked electrode, and as series of steps corresponding to an HOPG-like material. In
each case the surface is composed of one material overlaid with islands of a second
material as shown schematically for a number of surface geometries in Figure 4.2.
In each case, the island material is taken to exhibit significantly faster electrode
kinetics than the supporting substrate material. Indicative voltammetric features
are elucidated through exploration of the effect on voltammetry of variations in
the size and surface coverage of the islands for each geometry. Particularly, the
conditions under which two peaks arise in the forward sweep of a voltammogram, a

previously reported phenomenon,?? are examined, and thereby, the conditions under
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which the kinetically slower surface can be considered to be inert are revealed. In
addition, a comparative study of the surface geometries is undertaken. Further,
experimentally derived values are used to simulate realistic HOPG systems in order

to gain insight into the nature of the difference in the kinetics of its two planes.

4.2 Theoretical Model

A one-electron oxidation is considered throughout. It is assumed that at the start
of each experiment, the concentration of reduced species A is uniform and equal to
some bulk value, ¢}, and that there is no oxidised species B present in the system.
Additionally it is assumed that the diffusion coefficients, D, of the two chemical
species are equal such that at every point in space, the concentrations of species A
and B sum to ¢} (See Section 2.3.1). Consequently, only the behaviour of species
A need be considered as the concentration profile of species B can be inferred from
that of A.

The electrode surface is modelled as a series of highly electroactive islands uni-
formly distributed over a macro-scale substrate made of a different electroactive
material. As noted in the previous section, four different electrode geometries are
considered in this study: microdisc array, microband array, partially blocked elec-
trode, and stepped surface. In each case, the highly active islands are assumed to
form a regular array, each with identical size and separation. The supporting sub-
strate is large relative to the size of the islands, and there are a large number of
islands. Consequently the electrode surface may be treated as though it is composed
of a series of identical unit cells in each case.

As the electrode is composed of two different electroactive materials, each of
which has different kinetic properties, the oxidation is described by two electron

transfer processes:

K9
Island: A ZEBte (4.1)
k0
Substrate: A ZBte (4.2)

where ‘isd” and ‘sub’ refer to the islands and substrate respectively. The kinetics of
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the electron transfer processes are not necessarily reversible, so the Butler—Volmer

kinetic model is used to describe the flux, jy, of species A at the electrode surface:

jo = K9 [CO exp ((1 - a)RiT@ - Ejz)) + (1= co) exp (—aRiT@ - EJ?))] (4.3)

where ¢ is the surface concentration of A and kY = k2, for the island and £?

b, fOT

the substrate. Note that while it is possible for the value of a to differ between the
two surfaces, here it is assumed to be constant.

The simulation procedure for the microdisc island model is very similar to that
described in Section 2.8.1 for an array of microdisc electrodes. The surface is treated
as a regular array of unit cells of radius r4, each with a disc of radius r, at its center
such that rq4 > r.. The model is thus reduced to two dimensions through the use of
the diffusion domain approximation (Section 2.8.1). A cylindrical polar coordinate
system (7, z) is used and normalized according to the procedure given in Section 2.6.
The only change from the microdisc array model is an altered boundary condition;
where in that model the substrate surface was inactive imposing a no-flux boundary
condition, here it is active imposing a potential dependent boundary condition.

In normalized units, the electrode surface (Z = 0) boundary conditions are given

by: (i) for 0 < R <1,

o¢ = K2 [exp(6 — af)Cy — exp(—ab) (1 — Cp)] (4.4)
AP
and (ii) for 1 < R < Ry
oC
2 = KD, [exp(0 — aB)Cia — exp(—ad)Ch ) (4.5)
0Z | ,_,

where Rq = rq/7. is the normalized radius of the unit cell and the normalized rate

constant is defined as:

KO_ k???"e
"D

(4.6)

The simulation space for this model including the boundary conditions in normalized

units is illustrated in Figure 4.3.
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Figure 4.3: The rectangular simulation space for an electrode with disc shaped
i1slands.

The partially blocked electrode model (Figure 4.2 (a)) may be thought of as the
inverse of the disc model. 1223 The simulation space is the same as that depicted
in Figure 4.3, except that the electroactive boundary conditions are interchanged.
The surface may therefore be viewed as a series of ring shaped highly active islands
over a surface of less active supporting substrate.

It is often useful to consider the behaviour of the surface in terms of a parameter

called the surface coverage, ©, where

B Area of island site

0= Area of unit cell (4.7)
For the disc model, this is:
2
r
@disc - _g (48)
T4

and for the ring,
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Oing = 1 — & (4.9)

2
&
The number of unit cells that a surface is composed of may be calculated from:

Total electrode area

(4.10)

- Area of one unit cell

4.2.1 Band and Step Models

In contrast to the disc and ring, the band electrode is most conveniently modelled

in Cartesian coordinates. In this coordinate system, Fick’s second law is

2 2 2
8C_D<6c 0%c 80) (411)

ot~ "\ow "o a2

In the band array model, each band has identical width = 2z, length [, and
centre-to-centre separation = 2x4, and so like the disc, each individual band in the
array is considered to behave identically. The band unit cell is shown in Figure 4.4.
As the length of each band is of macro-scale, it is large compared to the thickness of
the diffusion layer on the experimental timescale. It may therefore be approximated
that the diffusional behaviour of the band (and thus its current response) does not
vary across its major axis (the y coordinate). Consequently there can be no flux of

material in the y-direction, i.e.,

dc D¢

) 4.12

9 0y (4.12)
and the model may therefore be reduced to 2 spatial dimensions; a band may simply
be modelled as an (x, z) plane. Further, as the band possesses a plane of mirror
symmetry, the (y, z) plane, only one half of the 2 dimensional (z, z) plane need

actually be considered.

The spatial coordinates are normalized against the half-width of the band, z.,

xr

X =— 4.1
- (4.13)
z

7 =— 4.14
= (4.14)
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Figure 4.4: The unit cell for the band array model with band half-width, z, and
half-centre-to-centre distance, 4.

In normalized coordinates, Fick’s second law is therefore

00 _FC 90
oT  9X2 972

(4.15)

The simulation space for a band is exactly the same as that for a disc, as illustrated
in Figure 4.3, except that the form of V2C is as given by Equation 4.15. The
current response at the electrode, I, is calculated by integrating the flux over the
entire surface:

Xa
I = —2NFZ:CeDc*/ o

57| X (4.16)

Z=0

where Xq = zq/x. and N is the total number of unit cells on the surface. The

integral may be evaluated numerically using the trapezium rule (see Section 3.3).
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Figure 4.5: The unit cell for the step array model with step half-height, z., and
half-centre-to-centre distance, 4.
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Figure 4.6: The simulation space for an electrode with a stepped surface.
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The unit cell for the step model is illustrated in Figure 4.5. Like the band model,
the step is most appropriately considered in terms of Cartesian coordinates. Each
step has identical height = z., length, [, and horizontal step-to-step distance = 2x4.
As is the case with the band, the length of the step is assumed to be greater than
the scale of the diffusion layer and so only a two-dimensional (z, z) slice need be
considered. In this case, the coordinates are normalized against the height of the

Stepu Ze,

X = (4.17)

7= (4.18)

Xz
Ze
z
Ze

The simulation space for the step model in normalized units is illustrated in Figure

4.6. The surface coverage for the band is calculated by:

Opand = —= (4.19)
Tq
and for the step by:
x
Ostep = —— 4.20
P pe + 2q (4.20)

The current response for the step electrode is calculated by integrating the flux

0X
0

(4.21)

over both the horizontal and vertical electroactive surfaces:

. Xa 90
I = —-2NFlz.Dc (/o 77

% 0C 2Xa g0
8X+/ v 8Z+/ =
0 aX X=X Xd aZ

Z=1

where Xq = 2q/z.

In each case, the model may be solved numerically using the techniques developed
in Chapter 3. As all of the models used in this particular study involve a two-
dimensional space, the ADI method is used in each case. Note that while internally
the simulations are performed in terms of dimensionless units, results in this chapter

are presented in real units for ease of comprehension.
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4.3 Results and Discussion

4.3.1 Split Peak Voltammetry

Under certain conditions, the cyclic voltammetry of one-electron transfer reactions
on electrochemically heterogeneous electrodes is known to display two peaks on the
forward potential sweep as reported by Davies et al.®" for ensembles of microdiscs
distributed over an electroactive surface.

If the islands are relatively large compared to the distance diffused parallel to
the surface on the timescale of the experiment, then the voltammetry observed is
equivalent to the weighted sum of the voltammetry of each band taken in isolation,
as diffusion to each will be linear. Consequently, if the rate constants of the two
materials are sufficiently different, a voltammogram with two peaks on the forward
sweep will be observed, with the first peak corresponding to the faster islands.
However for small, ‘micro-scale’ islands, this is not the case. If the rate constant of
the islands is significantly faster than that of the substrate, rapid electron transfer
at the former will result in depletion of material above the latter because of the

convergent nature of diffusion to microelectrodes.

(a) Macro Scale - Linear |Z '

L L

— 1cm —]

(b) Micro Scale - Convergent | 1

— 1 um —

Figure 4.7: Schematic difference between diffusion to macro- and micro-scale elec-
trode systems. The darker area represents the island with the faster kinetics.

Figure 4.7 illustrates schematically the difference between these two diffusion

schemes. Figure 4.8 shows simulated voltammetry of microband arrays on an active
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surface with fixed surface coverage of 10% but with varying band widths of 0.1, 1,
and 10 gym. The simulations assume a fast rate constant of 10 cm s~ for the band
such that electron transfer is diffusion limited, and a relatively slow rate constant
of 107% cm s ! for the substrate. It can be seen that as the width of the band
is increased, the diffusion scheme switches from being largely convergent to largely
linear which is reflected by the transition from 1 to 2 peaks in the voltammetry,

with a concomitant decrease in peak current.

Microband Width

3.0x10° + 01 um
-— H 1 pm

2.0x10°

I/A

-06 -04 -02 0.0 0.2 0.4 0.6 0.8 1.0 1.2
Figure 4.8: Voltammetry of a one-electron transfer at an electrochemically hetero-

geneous electrode consisting of an array of microbands (k° = 10 c¢cm s7') distributed
over a substrate material (k° = 107% ¢cm s7') of area 1 mm? and a surface coverage
of the bands of 10% at a scan rate of 0.1 V s7'. The diffusion coefficient of all
species is 1075 em? s~ with an initial concentration of 10 mM. The voltammetry
transitions from 1 peak to 2 peaks as the width of the band (labelled) is increased.

As the band width is decreased at a fixed surface coverage, as in Figure 4.8,
depletion above the kinetically slower substrate surface proceeds to a greater extent
so the substrate has less of an influence on the diffusion of species ‘A’ and hence

less of an influence on the observed voltammetry. The extent of the depleted layer
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in terms of displacement from the island, parallel to the surface, is given by Ein-

stein’s equation?* for the root mean square displacement of diffusing particles in one

dimension, V< T2 >:
V< T2 >=V2Dt (4.22)

where t is the time and D the diffusion coefficient of the diffusing species.

4.3.2 Simulated Microband Voltammetry

A large number of cyclic voltammetry simulations of systems with a band geometry
were performed by varying the band width, rp.g (= 2r.), from 1077 m to 1072 m;
the rate constant of the substrate, kg, from 1077 cm s=! to 10 ecm s™!; and the
surface coverage, ©, over the values 0.01, 0.1 and 0.5. The rate constant of the
band, kisq (= kisa), was kept at a very ‘fast’” value of 10 cm s (such that electron

1 the initial

transfer at the band is diffusion limited), the scan rate was 0.1 V s~
concentration of species ‘A’ was 10 mM and the diffusion coefficients of both species
were 107 ecm? s~! throughout.

Figure 4.9 shows the range of values of kg, and 7pa,q for © = 0.01, 0.1, and 0.5 for
which two peaks are numerically resolvable, i.e. there are two distinct maxima in the
voltammetry data where the gradient di/dE changes from a positive to a negative
value. Note that this region does not include cases where a shoulder appears but

where there is no actual peak with a defined maximum. The appearance of these

diagrams is explained in the following discussion.

Effect of Domain Width

The following discussion makes use of the 4 diffusional mode classes detailed in
Section 1.3. If #,eqx is the time taken to sweep the potential from its initial value to
the point where the current reaches a maximum (the first peak), it can be concluded

from Equation (4.22) that if:

1
/2Dt ek > Tsep where  7gp = 3 (rq —re) (4.23)
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Figure 4.9: Schematics showing the region of the ‘Band Width’-‘Substrate rate
constant’ space for which there are two peaks in the forward sweep of a cyclic voltam-
mogram at band surface coverages of (a) 1%, (b) 50%, and (c) 10%. Scan rate = 0.1
V 57t diffusion coefficient = 107 em? s7'; island rate constant kigq = 10 em s 1.

i.e. the inter-band separation is small compared to the spatial extent of diffusion
parallel to the surface, then the voltammogram will only ever have one peak. This
is indicated in Figure 4.9 (c). In this case, the voltammetric response is the same as
the case where the substrate is inert, as demonstrated by the comparison in Figure
4.10 which shows an example of voltammetry for a band array with 7., = 0.1 pm
and © = 0.1 where there is no difference between the active substrate and inert
substrate cases. The same figure also shows the individual current responses of each
component (band and substrate) from the active case. It is interesting to note that

in the active case, although the overall voltammogram is the same as the inert case,
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Figure 4.10: Comparison of two systems with v = 0.1 V 57!, rpana = 0.1 um
and © = 0.1 where the substrate surface is active (kg = 107¢ cm s71) and inert
(ksub = 0) respectively; the voltammetry of the active system resolved into individual
components is also shown.

there is still a significant amount of current passed at the substrate surface. This
does not affect the shape of the overall voltammogram because by the time the
substrate becomes active, diffusion to the whole surface has become linear (case 4
diffusion) and the current passed at each surface component is proportional to its
surface area.

In the limit of large domain width (and consequently large band width), i.e.,

/2Dl peac < Teep (4.24)

the voltammetry will always be a superposition of the voltammetry of the band
and substrate each taken in isolation, since diffusion to each will be linear (case 1
diffusion) throughout, as indicated in Section 4.3.1. If the two rate constants are
similar, the component peaks will occur at a similar potential and will therefore

merge as shown in Figure 4.11 (a), leaving only one peak visible in the voltammetry.
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However, a double peak voltammogram will always be observed if:

kg > k2 (4.25)

sub

as indicated in Figure 4.9 (c¢). Figure 4.11 (b) shows a split peak voltammogram
(© = 0.5, Tvana = 10_3) including a comparison with a voltammogram formed by
performing a macroelectrode simulation of both the band and the substrate compo-
nents in isolation and summing the results; it can be seen that the voltammograms
are almost identical. Note that Figures 4.11 (a) and (b) differ only in terms of rate
constant, kqyp,.

The plots in Figure 4.9 contain a feature that has not yet been accounted for:
they each have their own ‘apex’ (as distinct from a peak in a cyclic voltammogram)
at a particular value of band width (log(band width) = -6.6 for 1% coverage; -5.3
for 10% coverage; and -3.6 for 50%), which is much more pronounced at a lower
surface coverage.

As discussed, at low band width only one peak is seen in the CV since the island
current contribution dominates because the separation between adjacent bands is
lower and so the entire substrate surface is in range of the pre-depletion ‘field’. At
higher band width, the separation is greater and so the substrate is able to make
a more significant contribution to the CV as neighbouring depletion fields do not
overlap by the time the substrate is active. Therefore for a high band width and high
surface coverage (e.g. 50% - Figure 4.9 (b)) two peaks will be seen as both surfaces
contribute significantly to the CV (assuming the two rate constants are sufficiently
different that the peaks are separable). However for a high band width and low
surface coverage (e.g. 1% - Figure 4.9 (a)), the substrate contribution dwarfs that
of the bands, even at very low kgy,. This explains why the plateau at larger band
width is at a lower value of kg, the lower the surface coverage is.

Taking the example of 1% coverage, if the band width is increased at a constant
value of kg, for example, log(ksy,) = —4.5 there is a transition from a region
where there is only 1 peak in the CV (island dominates), through the 2 peak region
that forms the apex, and finally to the region in which the substrate dominates
(again only 1 peak). In the region of the apex, the CV therefore switches from
being dominated by the island contribution to being dominated by the substrate

74



Chapter 4. Flat Heterogeneous Surfaces and Highly-Ordered Pyrolytic Graphite

2.0x10° H Total
. - - - Band
-3 _|
15100y N0 | Substrate

1.2

] Sum of Isolated Components
-5.0x10* - Total
| --- Band
P B N EEERE Substrate
-1.0x10° 4
-1.5x10° T T T T

-06 -04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 4.11: Total and component cyclic voltammetry for a systems with © = 0.5,
Thand = 1072 m, scan rate = 0.1 V s, kiga = 10 em s and (a) kg, = 107° m s7!
(b) kew, = 1077 m s71. (b) also shows the summation of voltammetry of individual
components of equivalent area.
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contribution. Consequently, the two contributions are of similar magnitude in this
region and so are more easily resolvable, even at a relative high value of kg,,. This
explains why this apex extends above the plateau in kg,,. At lower surface coverage,

the plateau is at a lower value of kg, and hence the apex is more pronounced.

4.3.3 Carbon Electrodes

Next the band array model is used to simulate the electrochemistry of the HOPG
surface (as justified below in Section 4.3.4). In high quality HOPG samples, highly
redox active edge plane defects are typically seen in narrow bands 1-20 layers (3.35 -
67 A) wide, with a surface coverage that can be as low as about 0.5%.2° The oxida-
tion of an exemplar electro-analyte, ferrocyanide, has been shown to proceed with
a rate constant of 0.022 cm s~! at edge plane HOPG.!® No direct measurement has
been made of the rate constant of the basal plane, as even the highest quality HOPG
contains edge plane defects, but an effective rate constant for a BPPG electrode on
the order of 107 cm s™! has been reported.!® The actual value of the rate constant
of the basal plane itself may be even smaller than this since the edge plane defects
contribute to, and therefore increase, the observed value.

It is thought that under most experimental conditions, electron transfer at the
basal plane is so much slower than at the edge plane that it can effectively be
considered inert. This has been demonstrated experimentally by selectively covering
the basal plane in an inert blocking material, which resulted in no significant change
to the voltammetry.2?® However as was demonstrated in Figure 4.10, it is still possible
for a significant amount of current to be passed at the basal plane without any
influence on the overall voltammetry, so this experimental evidence merely provides
an upper limit of the activity of the basal plane.

One method of demonstrating that the basal plane does indeed contribute to
HOPG voltammetry would be to show that it is possible to produce split peak
voltammetry as discussed in Section 4.3.2. Figure 4.12 shows simulated cyclic
voltammetry of the oxidation of ferrocyanide (D = 6.1 x 107% cm? s~ with an
initial concentration of 10 mM) at HOPG modelled as a microband array for a

range of edge plane surface coverages and scan rates using experimentally derived
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Figure 4.12: Cyclic voltammetry of ferrocyanide (initial concentration = 10 mM;
D = 6.1 x 107% em? s71) oxidation at HOPG modelled as an array of microbands
for scan rates of 0.1 and 1 V st. The width of the edge plane bands, Tyana = 6.7
nm (= 20 layers), the rate constant of reaction at edge plane, k2, . = 0.022 e¢m s71,

edge
and basal plane, k2. ., = 1072 cm s7'.
parameters: g = 6.7 nm (= 20 layers); k%, = 0.022 cms™; kp, ) = 1077 cm s™"

It can be seen that for coverages of 0.5% and below, two peaks are indeed resolvable
at 1 V s71. Such a low coverage (0.5%) is physically realisable and is commercially
available? but probably represents the upper limit in terms of HOPG quality. At
somewhat higher coverages no such splitting is observed. The band width of 6.7
nm used in these simulations is equivalent to 20 layers of edge plane and represents
the upper limit of the size of an edge plane defect.?® In a real HOPG sample the
average defect size is likely smaller than this. Consequently, the contribution of the
basal plane to the voltammogram in a real sample should be greater than indicated
in these simulations, all other factors being equal, making split peak voltammetry

easier to observe. A faster scan rate yields a more defined second peak but would
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likely be impractical experimentally because of significant electrode capacitance. If
the basal plane is active but with a lower rate constant than 107 cm s, the sec-
ond peak would be shifted to more positive potentials which would probably push
it outside the electrochemical window (at least in aqueous solution). If an analyte
with a substantially slower diffusion coefficient were used, the second peak would
appear more defined. These theoretical results could therefore be tested experimen-
tally by performing CVs of a slowly diffusing analyte on ultra-high quality HOPG

in a solvent with a wide potential window.

4.3.4 Comparison of Electrode Geometries

The geometry of an electrode can have a significant impact on the rates of electron
transfer that are seen. As demonstrated, there is a significant difference in diffusional
mode between small, ‘micro-scale’ electrodes, and larger ‘macro-scale’ ones; smaller
electrodes generally exhibit a greater current density because of convergent diffusion.
For micro-scale electrodes, the shape of the electrode can also have a significant
impact on the electron transfer and thus the voltammetry. In the simple case of
single microelectrodes, it is evident that a long, thin band electrode will generally
show a different current response to a disc electrode of the same area, since the
centre region of the disc will not be as accessible to diffusing material as the centre
of the band. For arrays of microelectrodes, the situation is additionally complicated
by the timescale-dependent diffusional modes highlighted in Section 1.3. Obviously
if the electrodes are of ‘macro-scale’, the voltammetric response will be determined
exclusively by the geometric area of the electrode materials and the shape will be
irrelevant.

Herein, the variation of voltammetric response with electrode geometry is inves-
tigated for large (i.e., composed of many unit cells) island /substrate arrays as above.
Primarily ‘HOPG-like systems’ are considered, which for the purpose of this study
are defined as those with a low surface coverage, small island width (specifically,
risqa = 6.7 nm in the case of band, step and ring, corresponding to 20 layers of edge
plane), and with islands possessing a rate constant very much greater than the sub-

strate. Unless otherwise stated, the analyte species is ferrocyanide with an initial
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a) Coverage = 25%; Island Size = 10°m

b)Coverage = 0.5%; Island Size = 10" m

Figure 4.13: Representative concentration profiles of species ‘A’ for the process
‘A= B + e " of band and step electrodes during cyclic voltammetry. The diffusion
coefficient of both species is 1072 ¢cm? s, the scan rate is 0.1 V s=' and the rate
constant of the step and band islands is 1 cm s~' (the substrate is inert). For the step
electrode, the black area indicates the interior of the electrode and only the vertical
face is electroactive.
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concentration of 10 mM, which has electron transfer rate constants of k2, = 0.022
cm s~ 1 k2 =107 em s7! on the islands and substrate respectively. Four different
geometries are considered: the band, the step, the disc, and the blocking-disc, as
depicted in Figure 4.2. The step geometry models the geometry of ordered graphitic
surfaces such as those depicted in Figure 4.1 in which the plane of the electroac-
tive island is perpendicular to the plane of the substrate in Cartesian coordinates.
This model has recently been used by Edwards et al.?! to attempt simulation of
an HOPG surface using the commercial general engineering finite element package
‘Comsol Multiphysics’.

Figure 4.14 displays zone diagrams showing the values of electrode size and
substrate rate constant that result in split peak voltammetry for the ring and disc
model for fixed scan rate of 0.1 V s7!, diffusion coefficient of 107° cm s~!, and island

1

rate constant of 1 cm s7'. The general features of the diagrams are the same as

those seen for bands in Figure 4.9.

Band and Step

In comparing the step and band geometry, a range of simulations were run keeping
the band-width/step-height at 6.7 nm and varying the scan rate, v from 0.01 to
10 Vs~!, and the surface coverage, © from 0.01 to 10%, with the rate constants as
specified in Section 4.3.4. Two voltammograms may be compared quantitatively by
considering the mean-scaled absolute deviation (MSAD), defined by:

iband - istep

1
MSAD = 100 x = 4.2
%MS 00><nz (4.26)

Thand
where n is the number of F-i data points in the voltammogram, and 7 is the measured
current at each data point.

Figure 4.15 shows representative voltammetry at a scan rate of 100 mV s=!
and a variety of surface coverages. Very good agreement is seen at lower surface
coverages (< 1%) but some significant deviations are obvious at 10% coverage.
Similar behaviour was seen over the whole range of scan rates studied and for the
case where the substrate surface is inactive (kg = 0). This is easily explained by

considering Figure 4.13 which shows concentration profiles of a step and a band (each

of sizes 107° m and 1077 m) taken during CVs, at the same point in the forward
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Figure 4.14: Schematics showing the region of the ’Electrode size’-’Substrate rate
constant’ space for which there are two peaks in the forward sweep of a cyclic voltam-
mogram for ring and disc surface coverages of (a) 1%, (b) 50%, and (c) 10%. Scan
rate = 0.1 V s71; diffusion coefficient = 1075 em? s!; island rate constant kisq = 10

em st
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Figure 4.15: Cyclic Voltammetry of HOPG-type band, step and ring models at
a scan rate of 100 mV s7' and a variety of surface coverages. For all 8 models
the analyte is aqueous ferrocyanide with an initial concentration of 10 mM, D =
6.1 x 1075 em? s71, and k24 = 0.022 ¢cm s, k2 =107 ¢m s7'. The width of the

1

1sland in all cases is 6.7 nm. Mean scaled absolute deviations between the models
are also given.

sweep. It can be seen that if the electrode size is comparable to the domain width, the
appearance of the band and step concentration profiles are quite dissimilar (Figure
4.13 (a)), therefore markedly different voltammetry is to be expected. However, if
the domain width is very much greater than the electrode size, the band/step is
more ‘point-like’ and the concentration profiles are very similar as shown in Figure
4.13 (b). Therefore it can be concluded that for small electrodes, the two models
will show good agreement if the domain width is much greater than the size of the
band/step. Consequently, the ‘band’ array may be considered as good a model of
an HOPG surface as the ‘step’ model, and should generally be used in preference to

it as it is simpler to implement and is somewhat less computationally demanding.
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Band and Ring

Next, the band is compared to the blocked-disc or ‘ring’ geometry. Again the width
of the band is maintained at 6.7 nm with the ring width being half that (such that
the smallest width of ‘island material’ between two neighbouring substrate discs
is 6.7 nm), the analyte is aqueous ferrocyanide (with the same rate constants and
diffusion coefficient as before), and the same range of scan rates and surface coverages
are investigated. Surprisingly, given the differences in the two models, excellent
agreement is seen between them over the entire range of simulations as demonstrated
in Figure 4.15. This section of the study was then extended to determine over what
range of island sizes this equivalence holds; using the same parameters except island
width, arrays of bands with widths of 10=7, 107%, 1075, and 10~* m and their ring
equivalents were simulated. Representative voltammetry at 100 mV s~! is shown in
Figure 4.16. Again excellent agreement was seen between the two models over the
entire simulation set with no MSAD higher than about 2%, and most lower than
1%; typically, better fits were seen at lower surface coverages.

If the rate constant of the substrate is reduced to zero, agreement between the two
resulting models, a microband array and a partially blocked electrode, is nowhere
near as good, as demonstrated in Figure 4.17.

Therefore it may be concluded that although the band model and partially
blocked electrode model do not in general produce identical voltammetry, for the
purposes of modelling ‘HOPG-like systems’ (as defined in Section 4.3.4), either
model may reasonably be used despite the fact that the latter model is less physically

realistic.

Band and Disc

Although they are all very different geometries, the band, step, and ring models all
share a common attribute: the size of the smaller dimension of the electroactive is-
land (band width /step height /ring width), which allows them to be easily compared.
For the disc electrode, there is no equivalent dimension, making a meaningful com-
parison of the band and disc models more difficult. Instead the band model (band

width = 6.7 nm) is compared with a family of disc models, which vary only in their
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Figure 4.16: Cyclic Voltammetry of band and ring models at a scan rate of 100

mV s7t. The analyte is aqueous ferrocyanide with an initial concentration of 10

mM, D =6.1x107% em? s, and ky = 0.022 cm s7', k2, =107 em s, Island

width and surface coverage are speciﬁed.

disc radius. In doing so, an attempt is made to find a particular disc model (i.e.
a particular radius) which will produce voltammetry equivalent to the band model
over a wide range of scan rates and surface coverages.

Initially, disc radii of 3.35 x 1079-3.35 x 10~® m were investigated. Analyte
parameters and rate constant were the same as in the preceding sections. Figure
4.18 shows voltammetry from discs of radii 3.35x 107 and 3.35x 108 m at 1 V s7!;
it can be seen that the band model voltammetry appears to lie somewhere between
the two disc models, an observation that was mirrored at other scan rates. For a
given surface coverage, it was possible to find a disc radius that provided a good fit
over a large range of scan rates, however no single radius was found to fit over a
range of surface coverages. Two specific examples of such fits are shown in Figure
4.19: a radius of 2 x 107® m at a coverage of 0.1%, and a radius of 2.4 x 1078 m at
a coverage of 0.01%.

For systems with HOPG-like dimensions (band width and surface coverage) the
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Figure 4.17: Cyclic Voltammetry of band and ring models at a scan rate of 100
mV st with an inactive substrate. The analyte is aqueous ferrocyanide with an
initial concentration of 10 mM, D = 6.1 x 107% ecm? s7!, and k24 = 0.022 cm s7!,
K2, = 0. Island width and surface coverage are specified.

band and step models may be used interchangeably but as the surface coverage
increases, the correlation between the two models breaks down. On the other hand,
the band and ring systems show excellent agreement over a much wider range of
surface coverages and island widths. This relationship holds as long as the rate
of electron transfer is very much slower at the substrate than at the island, but
not when it is zero at the substrate. Finally, while it is possible to find agreement
between the voltammetry of discs and bands of specific sizes, it is not generally the
case that the two models will show agreement over any significant range of scan

rates/surface coverages.

4.4 Conclusions

The voltammetry of electrochemically heterogeneous electrode surfaces has been ex-

plored and the conditions under which split peak voltammetry may be observed have
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Figure 4.18: Cyclic Voltammetry of band and 2 disc models at a scan rate of 1

Vst

D=61x10"% em? s', and k24 = 0.022 cm s, K2, =

The analyte is aqueous ferrocyanide with an initial concentration of 10 mM,

1072 em s Y. Band width

1s 6.7 nm and surface coverage and disc radii are specified.
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Figure 4.19: Cyclic Voltammetry of band and best disc model fits. The analyte is
aqueous ferrocyanide with an initial concentration of 10 mM, D = 6.1 x 1075 cm?
st and Ky = 0.022 em s, k2, = 107 ¢m s7'. Band width is 6.7 nm and surface
coverage, disc radii, and scan rates are specified.

been elucidated. It is possible for the slower substrate surface to have no influence
on voltammetry (in comparison to an inert substrate), even if significant current
is passed at the substrate surface. It has been demonstrated that it is possible to
design an experiment to challenge the hypothesis that the basal plane plays no part
in the voltammetry of HOPG by searching for split peak voltammetry. Finally a
number of geometric models of a heterogeneous surface have been compared. It
was shown that for the purposes of modelling ferrocyanide oxidation at HOPG and
similar surfaces (i.e., those with a low surface coverage of small, highly active islands
on a significantly less active substrate), the step, band and ring models may be used

interchangeably as the voltammetry resulting from these models is equivalent.
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Chapter 5

Voltammetry at a Spherical

Particle on a Surface

In this chapter, the steady-state voltammetry of a one-electron reduction is studied
numerically for a conductive spherical particle resting on a supporting surface. The
process is assumed to occur exclusively on the surface of the sphere and not at all
on the support. For electrode kinetics in the fully irreversible limit, a simple rela-
tionship between the half-wave potential and the kinetic parameters, « (the transfer
coefficient) and &Y (the rate constant of the reaction), the radius of the sphere, and
the diffusion coefficient of the species in solution is established. Further, an ex-
pression that completely describes the voltammetric waveform in the same limit is
developed. Additionally a simple transformation that maps the irreversible steady-
state voltammetry for an isolated spherical electrode, such as may be obtained from
any commercially available electrochemical simulation package, onto the voltamme-
try of a sphere on a surface is described. The sphere on a supporting plane model
has recently been used to explain the current-time behaviour seen for nanoparticle
impacted electrode surfaces such that electrode processes occur on the sphere sur-
face only while it is in contact with the plane;! accordingly, the theory presented
here is of potential significant application in this area.

The work constituting this chapter has been published in the Journal of Elec-

troanalytical Chemistry.>
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Chapter 5. Voltammetry at a Spherical Particle on a Surface

5.1 Introduction

Recent work has begun to explore aspects of the voltammetric behaviour of spherical
particles supported on a surface of different material such that electrode processes
occur exclusively on the sphere and not at the plane support. The latter acts simply
to provide electrical contact to the sphere. It is known that the limiting steady-state

current for a spherical particle on a surface is:?

Lim = 47 In(2)F Dc*re (5.1)

Streeter et al. explored the limiting current to spheroids and hemispheroids of vari-
ous distorted shapes.* Further work has explored the voltammetric behaviour of ran-
domly distributed assemblies of spherical nanoparticles on a surface in both theory
and experiment,® and an equation that fully describes the current-time chronoam-
perometric transient for such systems has been presented.® More recently, it has been
realised! that this type of model can be applied to experiments in which nanopar-
ticles in solution under Brownian motion impact an electrode for a period of time
before diffusing away, such that electrode processes can occur on the particle surface
during the period of impact. A number of other studies have also been carried out
in the area of single nanoparticle detection” ° and a recent paper has looked at the
effects of monolayers of single nanoparticle electrocatalysis.!’ Further, the use of
nanoparticles in electroanalysis has been recently reviewed.!? The same model can

also be applied to the case of the dropping mercury electrode used in polarography. 3

5.2 Theory

5.2.1 Theoretical Model

Throughout this study, a one electron reduction,
A+e =B (5.2)

is considered. It is assumed that at the start of each experiment, the concentration
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T T
\\ ....................... A d)

\

Figure 5.1: The (r, z, ¢) cylindrical polar coordinate system used to represent a
spherical nanoparticle, with radius r. on an insulating surface.

of reduced species A is uniform and equal to some bulk value, ¢*, and there is no
oxidised species B present in the system. Additionally it is assumed that the diffusion
coefficients of the two chemical species are equal such that at every point in space,
the concentrations of species A and B sum to ¢* (See Section 2.3.1). Consequently,
only the behaviour of species A need be considered as the concentration profile of
species B can be inferred from that of A.

The electrode system consists of a conductive spherical particle, radius r., on
a supporting surface that is infinite in extent. Such a system can be described in
a cylindrical polar coordinate system (r, z, ¢), as depicted in Figure 5.1, with the
origin at the point of contact between the sphere and the surface. Like the microdisc
electrode model, this system is axisymmetric, so that there can be no gradient of
concentration with respect to angle ¢. Consequently, only a 2 dimensional (r, z)
‘slice’ of the sphere, as shown in Figure 5.2, needs to be considered when modelling it.
Note that the system may alternatively be described in spherical polar coordinates. °

This is the same coordinate system used for the microdisc model and the form
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25

z / nm

7/ nm

Figure 5.2: The reduced 2D (r, z) coordinate system used to model a spherical
nanoparticle in simulations. Though not one of the coordinates, angle w is useful
for current calculations and for specifying the discretized spatial grid.

of Fick’s second law is therefore:

2 2
Oc D(@c 0%c 1@) (5.3)

ot \orr 92 ror

In each simulated experiment, linear sweep voltammetry (LSV) is used. The po-
tential is swept from some relatively positive potential at which species A is stable
to some more negative potential at which it is reduced, at a constant rate v. The

electrode surface is defined by the set of r, 2z points that satisfy the equation
Py (o1 =1 (5.4)

The flux, jo, of species A perpendicular to the electrode surface at each point on

the surface is given by the Butler-Volmer equation:
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o o (Ao (D)

where ¢ is the concentration of species A at the electrode surface and n is some co-
ordinate normal to the electrode surface. In terms of the cylindrical polar coordinate

system:

dc _ 0c sinw + oc CoS W (5.6)

on 0z or

where w is the angle shown in Figure 5.2 and may be calculated from

w = tan"! (Z - Te) (5.7)

r

The space is assumed to extend infinitely in both the r and z directions. The
outer boundaries which are sufficiently removed from the electrode surface such that
no changes in concentration away from the bulk value can occur on the experimental

timescale' are at a minimum distance of 6y/Dtyayx from the electrode, i.e.,

Tmax = Te+ 61/ Dtpax (5.8)
Zmax = 2T + 61/ Dtax (5.9)

The central axis is a symmetry boundary and therefore permits no particle flux, so

oc
— 1
orl,._, 0 (5.10)

5.2.2 Normalization

The simulation model is normalized according to the same set of dimensionless

parameters that were used for the microdisc model:
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c
= — A1
¢ = - (5.11)
D
= — =1 12
4= 5 (5.12)
r
= — 1
R - (5.13)
z
7z = — 5.14
- (5.14)
Dt
T - F (515)
Under this system, Fick’s second law is given by:
oc  9*C  9*C 100
— =t 5+ =555 5.16
or ~ om 922 " RoR (5.16)
and the Butler-Volmer equation is given by:
g—g sinw + g—g cosw = K" (Coe ™ — (1 — Cp)e’ ) (5.17)

The implementation of this boundary condition under the ADI method is fully
detailed in Section 5.2.4, below.

At the beginning of the simulation (7" = 0), C' = 1 across the whole simulation
space. The radius of the particle is 1 in the normalized coordinate system, and so

the outer spatial boundaries are positioned at:

Rowe = 146y Tinae (5.18)
Zmax = 246 V Tmax (519)

where T),.x is the maximum dimensionless time that the simulated experiment will
run for. The concentration is set to its bulk value, C' = 1, at this boundary. The

simulation space and its attendant boundary conditions are illustrated in Figure 5.3.
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Figure 5.3: The simulation space for a spherical particle in normalized units.

Z=0 —

5.2.3 Simulation Procedure

This 2-dimensional continuous space is discretized by dividing it up into a finite
grid of spatial points as shown in Figure 5.4. In the normalized (R, Z) coordinate

system, the surface of the spherical particle is described by:
R+ (Z-1)=1 (5.20)

The distribution of spatial points in the region of the nanoparticle is specified
such that the points exactly fit to the particle surface, making Butler-Volmer and
current calculations much simpler than they might otherwise be. This is achieved
by dividing the sphere into a series of angular increments, each of size Aw, and

then calculating the values of R and Z at each successive value of w, where w is the
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Figure 5.4: The spatial grid used for simulation. Some points have been omitted
for clarity.

angle shown in Figure 5.2. To generate the R grid, w was taken from —m/2 to 0 in

increments of Aw, from which:
R = cosw (5.21)

To generate the Z grid, w was taken from —m/2 to /2 in increments of Aw, from

which:

Z =1+sinw (5.22)
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This procedure generates a grid of points that covers 0 < R < 1l and 0 < Z < 2.
A similar method has been used to simulate conical electrodes!® and hemispher-
ical electrodes.'® The grid spacing expands exponentially from the surface of the
nanoparticle in both directions to the bulk solution boundaries as for the microdisc
model.

17,18

Simulations are performed alternating direction implicit (ADI) discretisation

and solved using the tridiagonal Thomas algorithm.

5.2.4 Butler-Volmer Kinetics on a Curved Surface

For all of the other electrode systems encountered thus far, the electroactive surface
has been parallel to one of the coordinates. Consequently, when applying the ADI
discretisation method, the boundary condition at the points on the electrode surface
(Butler-Volmer equation) need only be considered in the implicit direction of a
sweep. However, for a curved surface in a rectangular coordinate system, the flux at
each point on the electrode surface must necessarily be determined from the sum of
the components in each of the orthogonal coordinates. In normalized coordinates,

the flux to the surface of a sphere at a point at angle w is:

oc . oC
J, = 7 S + 3R S5V (5.23)

Consequently for each sweep in the ADI method, a term in one coordinate (the
sweep direction) must be considered implicitly whilst that in the other coordinate
must be considered explicitly. For the Z implicit sweep at timestep k& — %:

oc* s k=3 k-1 oC*k1
57 sing = K° [exp(—a@)CO’o —exp(f —ad)(1—Cy°)| — R

cos ¢
(5.24)
where Cj is the concentration at the given point on the spherical surface. In a

discrete form, this is written as:

(ot = Cha*) sin 6 =AZK® [exp(~at)Ca* — exp(t — ad)(1 - O, )]
AZ et e (5.25)
N cos ¢ (C’QR1 ~ Ok )

where Cj 7z, is the concentration at the point adjacent to the surface point in the
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Z direction (the implicit direction in this case) and Cg, o is the point adjacent to
the surface point in the R direction (the explicit direction). The value of AZ is
the spacing between the two adjacent grid points (0, 0) and (0, Z;) which, from
Equation 5.22 is

AZ = sin(w + Aw) — sinw (5.26)

for a given value of w. Likewise, the value of AR is the spacing between the two

adjacent grid points (0, 0) and (Ry, 0) which, from Equation 5.21 is

AR = cos(w + Aw) — cosw forw <0 (5.27)

AR = cosw — cos(w — Aw) forw >0 (5.28)

Equation 5.25 may be rearranged into a more useful form:

sin w

AZ

+ K"exp(—af)) + K% exp(0 — 049)} C(]ig% — [%} C(li_zlé

k—1 k—1
CO,Rl - Co,o

AR

(5.29)

— [KO exp(f — af) + cosw] =0

where the first two terms are implicit and the third is explicit. For the R implicit

sweep, the equation is:

cosw 0 B 0 B ko [COSWT
[ AR + K" exp(—ab) + K" exp(f a@)} Coo [—AR } Chio
k—1 k—1
o I (5.30)
— | K exp( — af) + 22 2% ginw| =0

AZ

where again the first two terms are implicit and the third is explicit.

5.2.5 Current Calculations

For a free spherical particle that is not resting on a surface, the current measured

at the electrode in amps, I, is

[ = FAj (5.31)
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where F' is the Faraday constant, A is the surface area of the electrode, and j is the
flux of electroactive material through the electrode at a point on its surface, which
is proportional to the concentration gradient of the material normal to the surface
by Fick’s first law. A spherical particle on a surface differs in behaviour from a free
sphere since it is not uniformly accessible, therefore the material flux is not uniform
across the surface. Consequently, the total flux must be determined by calculating
the flux at each point on the surface and integrating over the surface.

As the simulation grid is rectangular, the dimensionless flux at each point on the
particle surface, J,,, is found by summing its components in the R and Z directions,
according to Equation 5.23. At the end of each half-timestep (sweep), the component
of the flux in the implicit direction is recorded (i.e., sinw x 9C'/0Z is recorded after
the Z sweep and cosw x OC' /IR is recorded after the R sweep) and J,, is calculated
at the end of each full timestep by summing the two components.

The total dimensionless current of the whole sphere, J, is then found by inte-

grating .J, over the particle surface:

w/2
J = / J, cosw dw (5.32)

—7/2
The relationship between J and the real current, I, is

2w F Dc*
_ 2rFDe"

Te

I (5.33)

where the factor 27 comes from integrating about angle ¢.

5.2.6 Computation

A convergence study was run to determine optimum parameters for spatial and
temporal grid densities which gave a good compromise between runtime and simu-
lation accuracy. The simulations were converged to an accuracy of 0.2% relative to
the analytical expression for steady state current (Equation 5.1). Typical simula-
tion runtime was about 20 mins. In the present study the focus is on steady state
voltammetry, and so it would be possible to perform the simulations in a non-time

dependent manner. This was achieved by setting 0C/0T = 0 in Equation 5.16 and
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solving simultaneously over the whole space for a series of values of potential. While
this approach is much less computationally demanding since time convergence is not
an issue, a dynamic, slow scan rate linear voltammetric sweep was used for this study
as this technology is more easily easily extended to non-steady state conditions for

use in other work.

5.2.7 Isolated Spherical Particles

The behaviour of an isolated spherical microelectrode, i.e., one not heavily shielded
a surface, which can be manufactured from gold for example, ' has been extensively
studied and is well understood.? An isolated sphere is theoretically equivalent to a
hemispherical electrode on a surface except that the latter has exactly half the cur-
rent response of the former. When linear sweep voltammetry (LSV) is performed at
a sufficiently slow scan rate on a microelectrode, a sigmoidal, steady-state response
is seen. Examples of simulated steady-state voltammetry for an isolated spherical
electrode in the reversible and irreversible limits are shown in Figure 5.5. For an
isolated spherical electrode, the limiting steady-state reduction current, [y, is given

by:
L, = AT F Dcyre (5.34)

Additionally, in the limit of fully irreversible electrode kinetics, the waveshape may

be deduced from the equation:?

T 0 T (i —1
E:EE+R—IH<Tek)+R—ln<hm ) (5.35)

aF D aF 1

It is convenient to present this and many of the equations in the following work
in a normalised form. Though these transformations are largely the same as those
used to normalise the numerical model for simulation purposes, their use here is
presentational and unrelated to the numerical implementation. The normalised

current, potential, and rate constant are defined respectively as:
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Figure 5.5: Simulated LSVs of an isolated spherical particle with ro = 100 nm,
ca = 10 mM, Dy = Dg = 107° em? st and a = 0.5. (a) Fully reversible system
with k° = 10 em s™' (Notice that Eyjs = 0); (b) Fully irreversible system with
KO =1075 cm s

J = 5.36
Ilim ( )
F
- —(E—EY )
0 = —(B—E) (5.37)
EOr
K° = ° 5.38
= (5.38)

Note that the limiting dimensionless current is therefore necessarily Jy;,, = 1. From
Equation 5.35 the normalised current-potential relationship is:

KO

R —
KO+6040

(5.39)

The half-wave potential, £/, of a steady-state voltammogram is the potential at
which a current equal to half the limiting current (as defined in Equation 5.34) is

passed. By setting I = I};,/2 in Equation 5.35, it is seen that:
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RT rek?
or equivalently,
In K°
O1)2 = (5.41)

where 65 = (F/RT)(E\ »— Ef). From Equation 5.39, it is clear that the waveshape
is dependent only on the parameters K° and «. Since K° = kr./D, increasing k"
by a constant factor has exactly the same effect on E,/, as either increasing the

radius, 7., or decreasing the diffusion coefficient, D, by the same factor.

5.3 Results and Discussion

The limiting steady-state current for a spherical particle on a surface is:3

Ly = 47 In(2) F Dc*r, (5.42)

A large number of simulations were performed by varying the parameters «, in the
range 0.3-0.7, and K9, in the range 10712-1. Examples of the simulated voltammetry
are shown in Figure 5.6. For fixed values of «, the variation of the dimensionless
half-wave potential, ¢ /5, with the dimensionless rate constant, K 0 was studied. By
plotting 6, » against log K and fitting the data as shown in Figure 5.7, it was found

that in the irreversible limit:

In K9

012 = + A (5.43)

where ) is observed to be some function of a but is independent of K°. By plotting

A against a and fitting this curve, it was determined that to a good approximation:

In(In(2))

(%

A= — (5.44)

as shown in Figure 5.8, therefore,
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Figure 5.6: Steady-state LSVs of a spherical particle on a surface. (a) Variation
with dimensionless rate constant K° for a = 0.5; (b) variation with o for K° = 107%.
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Figure 5.7: Variation of half-wave potential, 01 5, with K° for a range of values of
a. Symbols indicate the simulated results, and dotted lines correspond to Equation
5.45
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Figure 5.8: Variation of the A term in Equation 5.43 with «.
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Figure 5.9: Variation of half-wave potential, 012, with o and K°, according to
FEquation 5.45

(5.45)

InK° In(In2) 1 ( K° )

00 = - =—1
1/2 e a a In(2)

Figure 5.9 shows a graphical representation of this relation. Figure 5.10 displays
the percentage error of this equation as a function of a and K in the irreversible
region. The error tends to be greater for larger K° and smaller a, but is never
greater than 0.25% in the whole region, well within typical experimental accuracy.

The real half-wave potential, E o, is therefore:

RT 7 kO RT

From this, and the discussion of isolated spherical particles in Section 5.2.7, it can

be inferred that in the limit of irreversible kinetics, the waveshape is described by:

RT kY RT Ly — 1 RT
o 0 e 1m _
E=FE;+ 7 In ( ) +— In ( 7 ) — In(In(2)) (5.47)
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By rearranging, the dimensionless current is given directly by:

= K 5.48
KO+ exp(af) In(2) (5.48)

J

Figure 5.11 shows the results of several simulations with varying values of a and

kY compared with the waveshape predicted by this equation. It can be seen that

there is extremely good agreement between simulation and expression, observed in

all cases. The dimensioned current is therefore described by:

47 In(2) F Depr?k?
mIn(2)F Depry (5.49)

L= o T Dexp ((«F/RT)(E — E9) In(2)

% Error

Figure 5.10: Percentage error of Equation 5.45 defined as 100%x (Expression-
Simulated Result)/Simulated Result
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Figure 5.11: LSVs of spherical particles on a surface: agreement between the
results of simulation (coloured lines) and the predictions of Equation 5.48 (dashed
lines).

5.3.1 Mapping of ‘Isolated Particle’ to ‘Particle on a Sur-

face’

Since the only difference between Equations 5.35 and 5.47, is the constant term
—In(In(2))(RT/aF), there exists a simple procedure to transform the observed
steady-state voltammetry of an isolated spherical particle into the voltammetry that
is observed if the same particle is placed on a supporting surface. First, the voltam-
mogram is scaled in the I direction according to the ratio of the limiting currents
of the two electrodes:

[lim, surface 4m ln(2)nFDc*re
Dim  iso ~ dwnFDc*r,

—In?2 = 0.69315 (5.50)

Second, the whole voltammogram is translated by 9.41/a mV (= 18.82mV if o« = 0.5
and 7' = 298 K) in the positive direction on the F axis.

As the electrode kinetics are in the irreversible limit, this translation may be
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achieved either by increasing EY by In(In(2))(RT/aF) mV or by increasing the
rate constant, K° by a constant factor. The value of this constant factor can be
determined by equating the equations for the dimensionless half wave potential,
Equations 5.41 and 5.45, setting different (dimensionless) rate constants, K? and

K? for the isolated and surface-bound particles respectively:

In K ~In(In(2)) In K?

5.51
o a a ( )
hence,
KO
K)=—¢ 5.52

Consequently, for the purposes of steady state voltammetry, a spherical particle on a
surface may be easily and conveniently modelled by simulating an isolated spherical
particle with 0.693 x the normal reactant concentration and by either increasing EJQ
by In(In(2))(RT/aF) (= 18.82 mV if a = 0.5 T"= 298 K) or by increasing the rate
constant, k°, by a factor of 1/1n(2) = 1.443. Such modelling may be performed on

any commercially available simulation package, such as Digisim.

5.4 Conclusions

An expression that completely describes the steady-state current response of an elec-
troactive spherical particle on a surface in the irreversible limit has been presented
along with an expression for the half-wave potential under the same conditions.
Further, a mapping between the voltammetry of an isolated spherical particle and
that of a particle on a surface has been established. It is hoped that this work
will make possible the extraction of kinetic parameters from voltammetry of sin-
gle nanoparticles on a surface, which is particularly important in the search for

nano-electrocatalytic effects.
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Chapter 6

The EC’ Mechanism at

Hemispherical Electrodes

In this chapter, the EC’ (catalytic) mechanism,
A=B+e (6.1)

B+X5B3A+P (6.2)

is studied at a regularly distributed array of hemispherical particles on a planar
surface using cyclic voltammetry. It is assumed that the supporting surface itself
is not electroactive and therefore that the heterogeneous electron transfer in occurs
exclusively on the surface of the particles. Simulations have been performed for
a range of scan rates, particle surface coverages, and heterogeneous reaction rate
constants. Additionally, for the case of an isolated particle, the effect of the con-
centration of reactant species ‘X’ has also been examined. Particular attention is
paid to the ‘split-wave’ phenomenon, where two peaks are observed in the forward
scan of a cyclic voltammogram, which tends to occur when the initial concentrations
of A and X are similar and the homogeneous rate constant is relatively high. The
conditions under which two peaks are resolvable are elucidated and expressions are
presented for the first peak current and potential for the case of an isolated particle.

The work constituting this chapter has been published in the Journal of Physical
Chemistry C.*

112



Chapter 6. The EC’ Mechanism at Hemispherical Electrodes

6.1 Introduction

6.1.1 The EC’ Mechanism

The EC’ (catalytic) mechanism is a two-step electron transfer process illustrated
schematically in Figure 6.1. The net result of the process is the transformation
of reactant species X to product species P, catalysed by species A which is itself
regenerated. This form of ‘catalysis’ is distinct from the usage of the word in its usual
electrochemical sense wherein the electrode catalyses the electron transfer such as in
Process 6.1; rather in this case, the A/B redox couple catalyses the transformation
of X to P. The second step, Process 6.2, is a bimolecular homogeneous reaction and

as such has a second order rate constant, ko that is typically expressed in units of

(reversible)

e
oparti

Figure 6.1: Schematic of the EC' catalytic reaction mechanism.
An exemplar EC’ reaction is the oxidation of cysteine to cystine:?
Fe(CN);~ = Fe(CN)J™ + ¢~ (6.3)

Fe(CN)J~ + cysteine LEY Fe(CN),~ + cystine (6.4)
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The same redox couple also has potential applications in gas sensing, for example
of HyS.3

It is known that under certain conditions, a cyclic voltammogram of an EC’
system will show two distinct peaks in the forward sweep.? This typically occurs
when the initial concentrations of species A and species X are similar and when the
second order rate constant, ks, is above a certain value. Figures 6.2 and 6.3 (a) show
the progression of cyclic voltammograms that result when the initial concentrations
of A and X are the same and and ky is increased, keeping all other parameters
constant. For low ky, the voltammetry is similar to that observed for a simple one-
electron reduction (the E mechanism), as expected, however as the the rate constant
increases, so too does peak current response. The explanation is as follows: a faster
rate constant means a more rapid regeneration of A within the diffusion layer and
hence greater current. As ks is increased further, the waveform begins to split into
two distinct peaks, with greater ks resulting in a more obvious separation. For a fast
scan rate this also leads to a decrease in peak height with increasing peak-to-peak
separation (Figure 6.2), although the peak currents tend to limiting values as ko
increases and the peaks become more distinct. From Figure 6.3, it can be seen that
even though the heights of both forward peaks decrease slightly with increasing ko,
the integrated current in the forward sweep still increases.

In the past, some attention has been given to the problem of simulating the EC’
mechanism, though often using the simplifying assumption that the chemical step
is pseudo-first order, i.e., that species X is present in large excess, and a few studies
have examined the split-wave phenomenon. Simple one-dimensional systems such
as planar macroelectrodes or isolated spherical electrodes, have been considered*?
and such simulations may easily be performed on commercially available software
packages such as Digisim.® Some characterisation of the reaction at more complex
electrode geometries such as the microdisc” has also been reported.

A series of papers by Savéant et al.®1® examining the ‘Homogeneous Cataly-
sis of Electrochemical Reactions’, explored systems similar to the EC’ mechanism
described herein and noted the appearance of split polarographic waves resulting

from a high second order rate constant in experiment.!! Following this, Fischer
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Figure 6.2: Cyclic voltammograms for an isolated system with o = 1000; Cx = 1;
and a variety of rate constants, Ky (see Section 6.3.1 for definitions).

et al. studied the EC’ mechanism theoretically and experimentally at the channel
electrode'®' and at the rotating-disc electrode.'6 '8 Additionally, Dimarco et al.*
studied the second order EC’ reaction on a planar surface in some detail, providing
insight into the appearance of split-wave voltammetry.

The purpose of this chapter is to examine the EC’ mechanism in detail both at
isolated hemispherical particles and arrays of such particles, and to explore the split-
wave phenomenon by characterising the observed cyclic voltammetric behaviour for

a range of rate constants and particle surface coverages.

6.1.2 Arrays of Micro- and Nano-Particles

Throughout this study, it is assumed that the supporting surface itself is not elec-
troactive for the range of potentials studied and therefore that heterogeneous elec-
tron transfer occurs exclusively on the surface of the particles. The arrays are
modelled using the well established diffusion domain approximation'®?" (see 2.8.1).

Electrodes modified with particles with radii in the micrometer range can dis-
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(a) ..

20

15 +

10

-15 -10 -5 0 5 10 15

‘10 T T T T T T T T T T T T T 1
-15 -10 -5 0 5 10 15

Figure 6.3: a) Cyclic voltammograms for an isolated system with o = 1000; Cx =
1; and a variety of rate constants, Ks; b) integrated current response for the same
(see Section 6.3.1 for definitions).
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d 222 experimentally useful properties that are not

play a number of well documente
observed in the bulk material, including enhanced signal-to-noise ratio, suppression
of charging current, and enhanced mass transport effects arising from the conver-
gent nature of diffusion to microparticles.?!??> These benefits can be expected to be
achieved to an even greater extent with particles in the nanometer range.? A de-
tailed review of the properties and uses of nanoparticles in relation to electroanalysis
was given by Welch?* and has been updated by Campbell.?> In addition, Compton
et al. have presented an overview?S of the design, fabrication, characterisation and
applications of arrays of nanoelectrodes.

Because of the high rate of mass transport to the individual particles, well sep-
arated micro- and nano-particles can display a high sensitivity?® and electrodes
modified with sparse distributions of nanoparticles are often used for this reason.
Conversely, for arrays of micro- and nano-particles that are somewhat denser, the
current response approximates that observed for a macro electrode of the same to-
tal geometric area?”?® despite only partial coverage by electroactive material. This
allows expensive catalytic materials (gold, platinum, etc.) to be used more spar-
ingly while still achieving the same experimental results, thus lowering the electrode
cost. 2

Recently, with regards to simulation of such systems, Davies et al. have examined
the voltammetry of regular? and random?° distributions of microdisc electrodes;
Streeter has investigated the diffusion limited current to isolated nanoparticles of

31

a variety of geometries;”" and Belding has explored the problem of randomly dis-

tributed arrays of disc3? and spherical nanoparticles.?” This chapter aims to extend
the existing knowledge in this field through a detailed examination of a more com-

plicated electrochemical reaction, namely the electrocatalytic reaction.

6.2 Theoretical Model

6.2.1 Mathematical Model

The development of a mathematical model for simulation of an array of hemispher-

ical particles draws on elements of the model developed for an array of microdisc
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electrodes (described in Chapters 2 and 3 and utilised in Chapter 4), and of that
for a spherical particle (described and utilised in Chapter 5) and also requires the
introduction of some new techniques and concepts. As with the microdisc and the
sphere, the hemisphere array is most appropriately described in a cylindrical polar
coordinate system, (7, z, ¢), as shown in Figure 6.4. It is cylindrically symmetrical,

allowing its representation to be reduced to two spatial dimensions, r, and z since:

Figure 6.4: Unit cell for an array of hemispherical electrodes with particle radius,
Te, and domain radius, rq.

2
g—; = % =0 (6.5)
In this study, both isolated hemispheres and arrays of hemispheres are studied.
An isolated hemisphere can be modelled in a one-dimensional spherical polar co-
ordinate system, with a single coordinate, r, which is the distance normal to the
surface. However, the mathematical model for an array of hemispheres may also be
used (although somewhat less efficiently) to model an isolated hemisphere and so it

is the array model that is focused on here.
In the case of an array, as illustrated in Figure 6.5, it is assumed that there
are many hemispheres each with radius re, regularly distributed over the supporting

surface such that the centre-to-centre separation between neighbouring hemispheres,

d, is constant. As a result, each hemisphere is assumed to sit in an identical envi-
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O O O
O O O

Figure 6.5: Regularly distributed hemispherical particles on a planar supporting
surface

ronment, and therefore the diffusion domain approximation may be used (Section
2.8.1), allowing the reduction to two spatial dimensions even in the case of an array.
Mass transport of species s is governed by the diffusion equation in two-dimensional

cylindrical polar coordinates:

2 2
Oc, D(@cs 1 e, 8cs> (6.6)

ot or? +T or + 022

assuming a large excess of inert supporting electrolyte such that migratory contri-
butions to mass transport are negligible. It is assumed that the diffusion coefficient
D, is the same for all chemical species. There are four chemical species present in
the system, A, B, X, and P, each of which participates in the homogeneous reaction
step (Process 6.2). This requires the modification of Equation 6.6 to account for
changes in concentration caused by the reaction. The reaction proceeds at a rate
equal to kqocgex, therefore the complete mass transport equations for each species

are as follows:

=D (a;ff Tt aZCA) + kacnex (6.7
=P (% e ) ~ kacaex (6.5)
WD (aax - a%x) — acpex (6.9)
(T e o

The simulation space for a hemisphere including all of its boundary conditions
is illustrated in Figure 6.6. At the start of each experiment, it is assumed that the

concentration of each chemical species, s, is uniform across the whole space and
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equal to its bulk value, ¢i. Note that while ¢} and c§ may have arbitrary, non-zero

values, it is always the case that ¢ = cp = 0.

_ 1e ¢
Z=2z> |
a -, for 1= O, CS: C:
CS
-0 for >0, % = DVZ(:S:I: k,c.c,

or ot

c..=f (k' E) or
ac,,
on

=0

Electrode

2=07 ] T

r=0 r=r, r=r,

Figure 6.6: Simulation space for an array of hemispherical electrodes with the EC'
mechanism.

It is supposed that the solution extends infinitely in the z direction, and so the
space continues up to a distance where no reaction at the electrode can have any
effect on the concentration on the experimental timescale. This distance is called

Zmax and is equal to:
Zmax = Te + 6V Dt (6.11)

For every chemical species, there are conditions of no flux at the domain boundary

(r =rq), the axial boundary (r = 0) and at the inactive solid surface (z = 0):
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e ey =0 (6.12)
s , =0 (6.13)
Ges ., =0 (6.14)

The electrode surface is defined by thee set of r, z points that satisfy the equation:
r? 4+ 22 =12 (6.15)

where r, z > 0. The flux, jg, of species A perpendicular to the electrode surface at

each point on the surface is given by the Butler-Volmer equation:

. de —aF(E — EY) (1—a)F(E - EY)
Jo = Da—n/? =k {exp ( T / ) CA0 — €XP < T / ) 0370}

(6.16)
where ¢ o and cp o are the concentrations of species A and B at the electrode surface
and n is some coordinate normal to the electrode surface. In all cases, it is assumed
that the heterogeneous electron transfer is fully reversible, such that £° is large. In

terms of the cylindrical polar coordinate system:

dc  Oc . Jc
o gsmw+acosw (6.17)

Species X and P are not electroactive under the potential range studied in the

experiment and so experience a condition of no flux at the electrode surface:

dc

6.2.2 Simulation Procedure

The mathematical model is normalized according to the same set of dimensionless
transformations that were used for the sphere model in Section 5.2.2. There is
one additional parameter in this model: the second order rate constant, ky. The

dimensionless second order rate constant, K5, is defined as
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[\

E (6.19)

The mass transport equation for species s in normalized units is therefore:

oC (8208 10C;  9*Cs

=S _D —
oz T ROR T oz

= ) + K»CpCx (6.20)

where,

c
Cy=—

= 6.21
= (621)

The Butler-Volmer boundary conditions are implemented in exactly the same man-
ner as described for spherical particles in Section 5.2.4.

The procedure for generating a discrete spatial grid for use with a hemispherical
particle (as shown in Figure 6.7) is similar to that employed in Chapter 5 for a
spherical one. In the normalized (R, Z) coordinate system, the surface of the particle

is described by:
R+ 7% =1 (6.22)

the distribution of spatial points in the region of the particle’s surface is specified
such that the points exactly fit to the particle surface. The quarter-circle profile
of the hemisphere is divided into a series of angular increments, Aw, and then the
values of R and Z are calculated at successive values of w, where w is the angle
formed between a line that intersects the origin, and the R axis. For a given point

on the particle’s surface:

R =sinw (6.23)
Z = cosw (6.24)

The result is that the spacing between neighbouring points decreases when moving

from R =0 to R = 1, as demonstrated in Figure 6.8, and likewise for Z.
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R

Figure 6.7: Discrete spatial grid for a hemispherical electrode in two dimensions.
Calculations are carried out at the nodes (intersections of the grid lines).

6.2.3 Current Calculation

For an isolated hemispherical particle on an infinite planar surface, the measured

current, I, is
I =FAjp (6.25)

where A is the surface area and j, is the flux of species A at some point on the
hemispheres surface. As such an electrode is uniformly accessible, the flux itself is
uniform across the surface. For the case of an array of hemispheres however, this
is not the case. The imposition of the domain boundary between adjacent particles
means that diffusion to a particle is no longer isotropic; there will be a greater influx
of fresh material from above (perpendicular to the z axis) than there will from the
sides (perpendicular to the r axis). Consequently, the flux of A across the surface

is not uniform and so the total flux must be determined by calculating the flux at
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Decreasing R Spacing
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Figure 6.8: Regular Aw increments used to create a contracting R grid across the
electrode.

each point on the surface and then integrating over the surface.
As the simulation grid is rectangular, the dimensionless flux, J,, at a given point

on the surface is found by summing the components in the R and Z directions:

_0C, dCy
J ﬁcosuhL 57 W (6.26)

The total dimensionless current of the whole electrode is then found by integrating

J,, over the surface:
w/2
J = / Jucosw dw (6.27)
0

The real current is then
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_ 21NFDey |

Te

I (6.28)

where N is the total number of hemispheres in the array.

6.2.4 Numerical Solution

In contrast to previous chapters, simulation of the EC’ mechanism requires the stor-
age and calculation of the concentration profiles of more than one species. At least
three species, A, B, and X need to be stored to properly simulate the voltammetry,
and it may also be desirable to store the profile for species P if one is interested in
the quantity of product formed.

The electrode surface boundary conditions and the homogeneous reaction terms
in the mass transport equations couple the concentrations of the species so it is
not possible to solve the transport equation for a given species in isolation; the
transport equations for all species need to be solved simultaneously. This requires
the solution of a matrix equation in which the matrix has more than three non-
zero diagonals. Consequently, an extended multi-diagonal version of the Thomas
algorithm must be used for the solution. An additional complication occurs due
to the fact that the homogeneous reaction terms in the mass transport equations
are non-linear; they contain a product of two concentration terms: cgcx. Because
of this, the simultaneous equations cannot be solved for directly in a single step.
Instead, the iterative Newton—Raphson algorithm, described in detail in Section

3.2.2, is employed, which converges on the correct solution.

6.3 Results and Discussion

6.3.1 Presentation of Results

The results in this chapter are all represented in terms of a set of normalized units
(which are largely the same as those used internally by the simulations). The fol-

lowing transformations are used:
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o, = = (6.29)
€A
r
R = — 6.3
- (6.30)
Fore
F
0 = T(E Ef) (6.32)
K, = f})ek:g (6.33)
I
J = — 6.34
2rNF'Dcjre (6:34)

where NN is the number of unit cells in the array. Note that D = D, = Dg = Dx.
Throughout, a given system is defined in terms of three parameters: the ratio of the
initial concentrations of species X and species A, C%; the normalized scan rate, o;
and the normalized second order rate constant, K. A fourth parameter, the surface
coverage, © (not to be confused with normalized potential, €), is also need in the

case of a particle array, defined as:
2
0=t (6.35)
rq

Note that the surface coverage is related to the normalized unit cell radius by:

1
Ra= 75 (6.36)

Use of this set of normalized units considerably simplifies the exploration of the
parameter space and the presentation of results. The use of real units would require
the independent investigation of at least eight parameters: ci, ¢k, v, re, 74, D, EY,
and ky. Each set of normalized parameters therefore corresponds to a family of real

systems.

6.3.2 Isolated Particle

As noted, for the case of an isolated hemispherical particle on a surface, the system is
angularly isotropic and so simulations may be reduced to one spatial coordinate: the

radial coordinate r. One-dimensional (1D) simulations compute relatively rapidly,
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with run-times on the order of seconds rather than hours which 2 dimensional simu-
lations require. Approximately 5000 1D simulations were performed by varying the
dimensionless scan rate, o, in the range 1072 - 10*; the second order rate constant,
K>, in the range 1 - 10'%; and the initial concentration of species X, C%, in the range

1 - 10.

6.3.3 The Effect of Ky: The Split Wave

As described in Section 6.1, a high second order rate constant can lead to voltam-
metry with a split wave. Figure 6.9 shows the evolution of the concentrations of
species A and X at the particle surface overlaid with the forward sweep of the cyclic
voltammogram. It can be seen that the first peak corresponds to the transition from
kinetic to diffusion control of species X whereas the second corresponds to the same
transition for species A. In the same manner as the case of a planar surface,!® it
may be seen that the shape of the voltammogram is determined by the superpo-
sition of these two transitions: if they occur on a similar timescale, then only one
peak is observed whereas when the X transition is made more rapid (by increasing
K,), two distinct peaks may be observed. As an intermediate case, the X peak may
appear as a shoulder to the A peak; it may be described qualitatively but there is
no quantifiable peak current that can be measured. This behaviour is that which is

observed in the case of a planar electrode.*

6.3.4 The Effect of C§

It can be seen in Figure 6.10 that for a given rate constant, increasing the concen-
tration of X leads to a substantial increase in the height of both peaks but also that
the first increases far more than the second, totally obscuring the latter at higher
concentrations of X for the reasons justified in Section 6.3.3. Such a large current
response is possible even though the potential is significantly below the formal po-
tential of the A/B couple (6 = 0) since the continual depletion of B and production
of A in the chemical step drives the equilibrium at the electrode surface more in
favour of B by Le Chatelier’s principle (assuming the A/B redox couple is electro-

chemically reversible). This feedback means that as soon as the potential reaches a
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Figure 6.9: FEvolution of surface concentrations of species A and X with overlaid
linear sweep voltammetry for an isolated system with o = 1000; Ko = 107; C% = 1.
Note that LSV is scaled in the vertical axis for clarity.
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Figure 6.10: Cyclic voltammograms for a system with o = 1000; ko = 107; and a
range of concentrations, C.
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level where the electrochemical reduction of A to B is kinetically viable, species X
will be consumed in the vicinity of the electrode and a sharp current peak will be

observed.

6.3.5 The Effect of 0 and Steady-State Voltammetry

For a simple E process at a hemispherical particle, a very low scan rate (o < 1073)
typically gives steady-state cyclic voltammetry since diffusion to the particle is con-
vergent. Similar behaviour is also observed under the EC’ mechanism, however
instead of the characteristic sigmoid normally associated with steady-state voltam-
metry, a ‘double-sigmoid’ is observed (for high K5) with the first plateau being
associated with the depletion of species X and the second with that of species A as
per Section 6.3.3. Figure 6.11 depicts a series of steady-state voltammograms for
increasing concentrations of X. As the limiting current is related to the diffusion of
both A and X, the value measured is equivalent to that in an E system with one elec-
troactive species with initial concentration C* = C} + C% (assuming equal diffusion
coefficients). Note that in the dimensionless unit system used in this investigation,
this limiting current is simply equal to the sum of the concentrations of A and X as
demonstrated in Figure 6.11.

Figure 6.12 shows cyclic voltammetry from a system with K, = 5x10*, C% = Cx
and a range of scan rates, o. It is clear that for a split wave system, as the scan
rate is increased, the peak-to-peak separation (of the forward scan peaks) tends to
decrease, as is observed in a planar system.* This is because (i) the first peak moves
toward a more negative potential with decreasing scan rate since the scan takes a
longer time and X is therefore depleted at a lower potential; and (ii) the second
peak moves to a more positive potential with decreasing scan rate as expected for
a hemispherical electrode.® An interesting consequence of this peak movement is
that for a certain range of rate constants, ks, the voltammogram will transition from
a single peak to a split wave as the scan rate is decreased, as demonstrated for the
example of K, = 5 x 10* in Figure 6.12. Of course as the system moves to very low
scan rates (o < 0.001), the cyclic voltammograms tend towards a more sigmoidal

shape and thus no peaks are observed at all. For the range of isolated particle

129



Chapter 6. The EC’ Mechanism at Hemispherical Electrodes

Figure 6.11: Steady-state voltammograms for a system with o = 0.001; Ky = 107;
and a range of initial concentrations, C%.
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Figure 6.12: Cyclic voltammograms of isolated systems with ky = 5x 10*, Cx = 1,
and a variety of scan rates, o. Peak to peak separation Af,, is shown in each case.
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systems studied, it was not generally possible to resolve the two peaks at any value
of Ky < 3 x 10* for any scan rate. For high scan rates (¢ > 100), resolution was

generally only possible for K, > 10°.

6.3.6 Expressions for Peak Potentials and Currents

Figure 6.13 displays the variation of the first (or ‘only’ for cases where the peaks
cannot be resolved) peak current and potential for range of values of C% and K,
at a fixed scan rate (¢ = 1000). For cases where K, < 10° the two peaks are
generally not resolvable so the peak characteristics (Figures 6.13 (a) and (c)) are
determined by their superposition and are thus difficult to predict. However, as can
be seen in Figures 6.13 (b) and (d), when Ky > 10° (i.e. when peak resolution is
possible), relatively simple relationships exists between K,, C%, and peak current
and potential.

From careful analysis of the simulated data, the relationship for the peak poten-

tial, 0, is deduced to be of the form:
0, = (oq log Ky + ) log Cx — aglog Ky + oy (6.37)

where the coefficients, oy, as, ag and ay depend on the scan rate. For a scan rate

of o = 1000, this relationship is found to be:

0, = (0.021og Ky + 1.01) log C% — 1.18log K5 + 4.20 (6.38)

For all simulated cases (for o = 1000; Ky > 10% 1 < C% < 10) this expression was
accurate to within 1%.
Where the peaks are sufficiently separated (ky > 5 x 10°), the first peak current,

Jp, is approximately independent of the value of K, and is simply,
Jp = BCK (6.39)

where 5 depends on the scan rate as shown in Figure 6.14. In the limit of fast scan

rate,
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with cx and ko for an isolated system with o = 1000.
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Jy = 0.62C5\/o (6.40)

in the same manner as the well known Randles-Sevéik equation®®3® for fully re-

versible electrode kinetics.

6.3.7 Particle Arrays

When particles have sufficiently small inter-particle separation, they are no longer
diffusionally independent on the experimental timescale. Consequently, the simu-
lation space is no longer spherically symmetric and a simple one dimensional sim-
ulation is no longer appropriate. Using the two-dimensional simulation approach
detailed in Section 6.2, a range of simulations were performed, varying the scan
rate, o, from 0.1 to 1000; the surface coverage, ©, from 0.1 to 0.9; and the second

order rate constant, Ks, from 1 to 10°. The surface coverage is defined as:

0= (6.41)

Qjo | cﬁw

Note that in all cases, the current is that recorded at a single particle in the array,
not that recorded from the entire array. The array current is equal to the current
from a single particle multiplied by N, the number of particles in the array.

In a manner consistent with previous studies on particle arrays,? as the distance
between adjacent particles decreases, the peak current of all peaks decreases as
adjacent diffusion fields overlap and material within each particle’s diffusion domain
is depleted as evidenced in Figure 6.15. Figure 6.16 shows concentration profiles of
species ‘A’ for several systems. It can be seen that decreasing the scan rate and
increasing the surface coverage leads to a change in diffusional behaviour, as the
diffusional mode transitions, from Case 2 (see Section 1.3), in which diffusion is

convergent to each particle, to Case 4, in which diffusion is linear to the surface.

6.3.8 Surface Coverage

As © is increased (and thus particle separation is decreased), the amount of time

for which radial diffusion dominates is reduced; as a CV scan progresses, the mode
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Figure 6.15: Cyclic Voltammograms of systems with o = 1, ko = 1000 and a vari-
ety of surface coverages, ©. Peak heights decrease with increasing surface coverage
and split wave behaviour becomes resolvable.
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Figure 6.16: Concentration Profiles of species ‘A’ taken at the end (0 = 10) of
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respectively. Hashed areas represent the electrode. Colours indicate value of Cx.
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of diffusion transitions from Case 2 to Case 3, and then possibly to Case 4. This
transition will occur sooner for a smaller diffusion domain and so the amounts of A
and X available to the electrode through radial diffusion are reduced. Consequently,
both peaks move to a more negative potential since material is depleted more rapidly.

In section 6.3.5, it was seen that for an isolated particle, decreasing the scan rate
while keeping all other parameters fixed, could lead to a transition from single peak
to split peak behaviour. Figure 6.15, which shows cyclic voltammetry for a system
with a low scan rate (o = 1) and a range of surface coverages, demonstrates that
increasing © can also lead to a similar transition. In this example, this splitting
is attributable to 2 separate factors. The first is the tendency for A, (the peak-
to-peak separation of the peaks of the forward sweep) to increase with increasing
surface coverage. As previously stated, increasing © results in a shift of both peaks
to more negative potential, however as shown in Figure 6.17, for a low scan rate, Af
increases with increasing © since the X peak tends to shift more than the A peak.
It should be noted that at higher scan rates this may not necessarily be the case.
The second factor is the change in relative heights of the two peaks. In the example
of Figure 6.15, it is obvious that as the surface coverage is increased, the height of
the second peak, J, a, decreases relative to that of the first, J, x.

From Figure 6.18, it can be seen that for a given scan rate and rate constant,
the ratio of the peak heights, J, o/J, x, tends to increase with increasing particle
separation (decreasing surface coverage), and tends toward some limiting value as
Rq — oo (i.e. as the particle becomes isolated). If J,  is sufficiently large, it will
obscure J, x and no split-wave behaviour will be observed. A similar variation in
Jo.a/Jpx With o can be seen in Figure 6.19.

As a consequence of these two factors, split-wave behaviour in an array of par-
ticles may be seen to occur for substantially lower rate constants, K5, than are

possible in the isolated particle case.

6.3.9 Scan Rate

For arrays of particles, a change in scan rate has an effect similar to that seen in

the isolated case. As shown in Figure 6.20, peak separation becomes more apparent
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Figure 6.19: Cyclic voltammograms for systems with o = 10; K, = 10° and a
range of surface coverages, ©.

as the scan rate is decreased and there may be a transition from a single peak to
a split wave. The main difference between the isolated and array cases is that as
the scan rate is decreased, there is no tendency towards steady state behaviour (i.e.,
sigmoidal cyclic voltammograms) for the case of an array. This difference can be
seen by comparing Figure 6.20 with Figure 6.12. As the scan rate is decreased, the
scan takes more time and thus case 4 diffusional behaviour is seen. As discussed in
Section 6.3.8, this means that radial diffusion to the particles can only continue for
a finite time; when the diffusion fields overlap, the diffusion becomes planar and no

steady-state voltammetry can be observed.

6.4 Conclusions

The effect of a number of parameters, namely scan rate, o; rate constant, Ks; surface
coverage, O; and initial concentration of species X, C%, on the cyclic voltammetry
of the EC’ mechanism on particle modified electrodes has been investigated. The

occurrence of resolvable split wave behaviour is dependent upon a number of com-
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Figure 6.20: Cyclic voltammograms for systems with Ko = 10*, © = 0.6 and a
variety of scan rates, o. Similar behaviour is seen for higher surface coverages.

peting factors. First, a high rate constant, K5, ensures that the presence of species
X makes a substantial contribution to the voltammogram (i.e., a large current re-
sponse), as well as ensuring that the peaks are well separated.

A low scan rate causes the separation between the two forward peaks, Af,,
to increase making resolution easier, though for the isolated case, a very low scan
rate leads to steady-state behaviour where no peaks are observed. Additionally, the
concentration of X must be similar to that of A; too low and little current response is
seen, too high and J, x will completely obscure J,, o. Finally, a high surface coverage
generally leads to better peak resolution as J, a/J,x becomes closer to unity and
Af,, increases. It is hoped that the insights offered by this work will aid in the
analysis and deconvolution of experimentally obtained cyclic voltammetry of the

EC’ mechanism.
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Chapter 7

The Apparent ‘Catalytic’ Effect of
Nano-Particle Modified Electrodes

In this chapter, The voltammetry of micro- and nano-particle modified electrodes
and other electrodes of partially covered and non-planar geometry is investigated
by simulation. Building on existing theory, it is demonstrated that for a simple
one-electron process (assuming that the diffusion fields of neighbouring electroac-
tive regions strongly overlap such that diffusion to the entire surface is linear), the
apparent electrochemical rate constant of the reaction, k,pp, is equal to the product
of the true rate constant, k°, and the ratio, ¥, of the total electroactive surface
area to the geometric surface area of the substrate. It is demonstrated that for a
given value of W, the voltammetry is independent of the surface geometry; surfaces
covered by, for example, long thin bands of electroactive material, or electroactive
hemispherical or spherical particles, show the same voltammetry if they have the
same surface area of electroactive material per area of substrate. Distributions of,
most importantly, electroactive nanoparticles, with W > 1, will display an apparent
catalytic effect compared to the bulk material which can be solely due to the geome-
try of the surface and not necessarily related to changes in kinetics at the nanoscale,
for example by altered structural or electronic properties. Further, if an electrode
surface is modified by a fixed mass of nanocatalyst per unit area, then the response
will reflect the size and shape of the modified particles.

The work constituting this chapter has been published in the Journal of Elec-
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troanalytical Chemistry.!

7.1 Introduction

Electrocatalysis lies at the heart of the current intense interest in energy technology
such as fuel cells, batteries, and solar energy cells. An area with great potential
concerns the use of nano-particles and nano materials to modify electrode surfaces.
The electrocatalytic behaviour of such surfaces is usually assessed by means of some

10

form of linear sweep voltammetry either in stationary solution®'® or at a rotat-

10221 and the resulting current-voltage response is used to provide the

ing electrode,
sought information. The analysis of such data however is not unambiguous. For
the case of a flat, uniform surface, the theory of voltammetry is well established as

22,23 and under these conditions, an electrochemically

discussed in many textbooks,
irreversible wave is shifted to lower overpotentials if the surface is more electro-
catalytic to the reaction of interest, as recorded quantitatively by the standard
electrochemical rate constant. For the case of flat, non-uniform surfaces where part
of the electrode is more catalytically active than other parts, the theory is also well
understood.?4 26 Commonly encountered situations are arrays of microelectrodes,
(for example, microdiscs) distributed over an inactive supporting surface; or a flat
electroactive surface partially covered in some flat inert blocking material.
Diffusion of solution-phase material to a flat electrode substrate partially covered
in electroactive material may be divided into four limiting categories which depend

2128 a5 dis-

on the experimental time scale as well as the particle surface coverage
cussed in detail in Section 1.3. For the case of an electrode surface modified with
nanoparticles, none of this theory is immediately applicable since the surface is not
flat. Nevertheless, given the great importance of such measurements, not least, for
example, in oxygen reduction catalysts, it is desirable to derive the effective electro-
chemical rate constant for non-flat, non-uniform electrode surfaces. This chapter is
concerned with the derivation of this theory by conducting simulations of surfaces

modified with spheres, hemispheres, cylinders, bands, etc., before generalising the

results. The theory is developed in the context of diffusion only voltammetry but
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the effective electrochemical rate constants are expected to be applicable beyond
that, notably, for rotating disc measurements where they would correspond to the
values inferred by Koutecky-Levich analysis.??3? Note that in all cases, the theory
developed is exclusively that relevant for ‘Case 4’ diffusion as described in Section
1.3, i.e., the voltammetry seen where the coverage and catalysis are such that there

is linear diffusion to the entire geometric area of the electrode.

7.2 Theory

7.2.1 Simulated Voltammetry

Throughout this chapter the linear sweep voltammetry (LSV) of a one-electron

reduction of the form,
A+e =B (7.1)

is considered. It is assumed that the concentration of species A is uniform and equal
to some bulk value, ¢}y, and there is no species B present in the system. Additionally
it is assumed that the diffusion coefficients of the two chemical species are equal such
that at every point in space, the concentrations of species A and B sum to ¢} (see
Section 2.3.1). Consequently, only the behaviour of species A need be considered as
the concentration profile of species B can be inferred from that of A.

In a linear sweep voltammetry experiment, the potential at the electrode, FE, is
swept from some starting potential, F;, to some final potential, E,, at a constant

rate, v. The potential at time, ¢, is given by:
E=FE;—uvt (7.2)

A variety of electrode geometries are considered in this study; these are illus-
trated schematically in Figure 7.1. Simulation methodology for a number of these
geometries has been covered in previous chapters and their implementation details
will be omitted here, however for novel geometries, necessary details will be given.
Geometry (a) is a planar macroelectrode which may be modelled in a 1 dimensional
coordinate system and (b) corresponds to an array of microdisc electrodes, each of

which is detailed in Chapters 2 and 3. Geometry (c) corresponds to an array of mi-
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Figure 7.1: FElectrode geometry types used throughout this study. Shaded regions
are electroactive, white areas are inactive.

croband electrodes on an inactive surface which may be modelled in a 2-dimensional
Cartesian coordinate system as demonstrated in Chapter 4. Geometries (d) and (e)

31733 and hemispheres which are described in Chap-

correspond to arrays of spheres
ters 5 and 6 respectively. Geometry (f) is an array of hemispheres on an electroactive
supporting surface. This differs from model (e) only in the change of the boundary
condition at the supporting substrate. Geometries (g) and (h) are novel; they are

respectively, an array of cylinders,®* and an array of long hemi-cylindrical ‘wires’.

7.2.2 Simulation Model and Boundary Conditions

In each case, a regular array of the relevant particle geometry is assumed. Each
particle has the same same size and inter-particle separation. Consequently each

is assumed to sit in an identical environment. In the case of particles that are
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cylindrically symmetric, the diffusion domain approximation is used to reduce the
model from three to two dimensions.
The mass transport of chemical species due to diffusion is described by Fick’s

second law:

)
a_j = DVZ% (7.3)

where for two-dimensional Cartesian coordinates,

Pc D¢
2, _ R R
Ve = 927 + 922 (7.4)
and for two-dimensional cylindrical polar coordinates,
Pc 9  10c
= —— 7.5
Ve 822+8r2+r8r (7.5)

Note that in all cases it is assumed that an excess of supporting electrolyte is added
to the system and that it is not stirred or heated such that the migratory and
convectional contributions to mass transport are negligible.

The flux of species ‘A’ normal to the electrode surface at a given potential is

described by the Butler—Volmer equation:

D2 0 oo (TEEZEDY (1 (O EE Eg))(l ;

where n is some coordinate normal to the electrode surface. Where a solid surface

is not electroactive, a condition of no flux is set:

dc

z=0

A condition of no flux is likewise applied at the domain boundary (at r = rq for
cylindrical polar coordinates and at z = x4 for Cartesian coordinates), and across
the vertical axis (r = 0 for cylindrical polar coordinates and z = 0 for Cartesian
coordinates) which is a line of mirror symmetry. Finally, the solution is assumed to

extend infinitely in the z direction, and so a boundary is placed at a distance 2.
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that exceeds the extent of the diffusion layer, i.e.,
Zmax = e + 6V Dt (7.8)

where z, is the size of the electrode in the 2z direction.

For all of the electrode geometries detailed above, the model system is normalized
in the same manner as that used in previous chapters. The normalized diffusion
equation is discretised according to the alternating direction implicit method and

solved over the discretized space using the Thomas algorithm.

7.2.3 Cylinder and Wire Models

An array of cylindrical ‘particles’ may be fabricated using standard microfabrication
techniques.®*¢ Like a microdisc, a cylindrical electrode is best modelled in cylin-
drical polar coordinates;3* the unit cell for a single cylinder is shown in Figure 7.2.
The cylinder is defined by its height, z. and radius, r.; the radius of the unit cell,
T4, is determined according to the diffusion domain approximation (Section 2.8.1).
The simulation space for a cylinder in real units is shown in Figure 7.3. The spatial

coordinates are normalized against the cylinder radius, i.e.,

R - T‘_e (79)
z

J = — 7.1
- (7.10)

As there are two perpendicular electroactive surfaces, the Butler—Volmer equa-

tion must be applied separately across each:

for R <1, o¢ = K%(Crze ™ — (1 — Opz)e’) (7.11)
0Z | ,_,. ’ ’
8_0 _ 170 —af o 6—ab

for Z < Ze, =K (Cl ze (1 Cl Z)e ) (712)
OR |5, ’ ’

where Z, = z./7.. The current response is calculated from

/[t ac
I =27rNFr.Dc </0 77

Ze
ROR + / oc
77, o OR

. az) (7.13)
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Figure 7.2: Cylindrical polar coordinate system for a cylindrical electrode, radius
Te, height z., and domain radius, rq.
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Figure 7.3: Simulation space for an array of cylindrical electrodes.
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Figure 7.4: Cartesian coordinate system for a hemicylindrical wire electrode, ra-
dius xo and domain half-width, xq.

where N is the number of unit cells in the array.

An array of hemi-cylindrical wire electrodes is best modelled in two-dimensional
Cartesian coordinates. Details of simulation in this coordinate system is given for
the example of a band electrode in Chapter 4. The unit cell for a wire electrode
with radius x, is shown in Figure 7.4. The simulation space is exactly the same as
that described and depicted for a hemispherical electrode in Chapter 6, except that
the form of V2c is that given by Equation 7.4. Other simulation details including
discrete spatial grid generation, proper application of the Butler—Volmer boundary

conditions, and current calculations are also identical to those found in that chapter.
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7.2.4 Voltammetry of Partially Active Flat Electrodes

The peak current, I, of the forward sweep of a cyclic voltammogram for a fully

reversible one-electron transfer at a planar flat macro-electrode is given by the

Randles-Sevéik equation: 3738

FDv
RT

where A is the geometric area of the flat surface and v is the scan rate. For an

ey = 0.446 F Ach, (7.14)

irreversible process, the relation is:
FDv
RT

Between these two limits, in the quasi-reversible region, the peak current varies

Ly iwrer = 0.496y/aF Ach, (7.15)

39

as shown in Figure 7.5 (a). The peak position, E,, of a fully reversible process is

always located at E, — EJQ = 28.5 mV (at 298 K). For an irreversible process, E,, is

0.780 — Ink° + In < aFD”)

given by 404!

RT
5= -0k

o (7.16)

For a flat surface that is partially covered in electroactive material, Equations
7.14 and 7.15 also apply as long as the average distance between neighbouring elec-
troactive sites is small compared to the thickness of the diffusion layer, i.e. if the
diffusion is in case 4.2 Under this condition, I, is the same regardless of the amount
of electroactive surface; I, depends only on the geometric area of the surface. For
such surfaces, the peak position, E,, in the reversible limit is also the same as that
of a macro-electrode (E, — EJQ = 28.5 mV). Consequently, it is not possible to distin-
guish between a planar, fully active electrode and a partially active/partially blocked
electrode as long as the kinetics of the electron transfer are fast. In the case of an
irreversible process however, it can be seen that there is an apparent decrease in the
kinetics of the partially active electrode in comparison to the fully active one such
that:

K = Ok° (7.17)

app

where the surface coverage, ©, is defined as

Area covered by electroactive particles

@:

(7.18)

Area of substrate
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Figure 7.5: (a) Peak current density and (b) peak potential of linear sweep voltam-
metry at a planar macroelectrode (with ¢ = 10 mM; D = 107 em? s71; a = 0.5;

v=017Vs!).
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such that © = 1 for a completely active surface and 0 for a completely inactive
surface. As a consequence of this apparent change in electrode kinetics, £, is seen
to vary considerably from the value given by Equation 7.16:24%7

T FD
B, = B2~ L 10780 — n(04") + In ( @ ”)

e T (7.19)

For a flat surface partially covered in flat electroactive material, the shift in peak

potential from that of a fully covered flat surface, AE,, is therefore

T
AE, — —f—F ne (7.20)

7.3 Results and Discussion

A large number of voltammetric simulations of electrode systems of a variety of
non-flat geometries (as detailed in Section 7.2.1) were performed. In all cases, unless
otherwise explicitly specified, only simulations under Case 4 diffusion (see Section
1.3) were considered, and it is assumed that the scale of the roughness of the surface
is smaller than the scale of the diffusion layer thickness. The effects of the varia-
tion of the electrochemical rate constant, k°, the size of the electroactive particles
(typically defined by their radius, r.), and the surface coverage of those particles, ©,
were investigated. For all figures and examples given herein, the following fixed pa-
rameters were used: scan rate, v = 0.1 V s7!; transfer coefficient, o = 0.5; diffusion
coefficient, D = 107° ecm? s™!; initial concentration of species ‘A’, ¢ = 1 mM; and
temperature, T' = 298 K; however the effects of their variation were also examined.
The modified surfaces were all assumed to be macrodiscs that had a radius of 1.5

min.

7.3.1 Hemispherical Particles

Figure 7.6 shows how the voltammetry of an array of hemispherical particles varies
with the rate constant, &°, for the specific example of coverage, © = 0.5, and
hemisphere radius r. = 100 nm, such that diffusion is in case 4. The distance
between the centres of two adjacent particles, d, is 283 nm. It can be seen that the

peak height transitions from the irreversible to the reversible Randles-Sevéik limit
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Figure 7.6: Voltammetry of an array of hemispherical nanoparticles as it varies
with rate constant, k°, in the range 1071, 1072, 1073, ..., 1072, 107%°, © = 0.5, and
re = 100 nm, d = 282 nm (with ¢y, =1 mM; D =10 ecm? s, a =05, v =01V
sh).

as k¥ increases.

7.3.2 Variation of Surface Coverage

Figure 7.7 demonstrates how the peak potential, F),, of the voltammetry in the
irreversible limit (k° = 1077 cm?, 7, = 100 nm, v = 0.1 V s7!) shifts with increasing
surface coverage, © in the range 0.1-0.7 (corresponding to d in the range 632-239 nm),
while still maintaining the same (case 4) peak current, I,,, except at low coverage
(© = 0.1, d = 632 nm), where I, begins to deviate slightly from the Randles-Sevéik
limit.

Also shown is the corresponding peak position for a macroelectrode; notice that
this position coincides with the peak potential of the voltammetry for © = 0.5

(d = 282 nm). Figure 7.8 shows how E, is affected by © (for a range of values of
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Figure 7.7: Voltammetry of an array of hemispherical nanoparticles as it varies
with surface coverage, O, in increments of 0.1. k= 107" ¢m s, ro = 100 nm (with
ch=1mM;D=10"°cm? s';a=05;,vr=0.1 Vs1).
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Figure 7.8: Variation of peak potential, E,, with coverage, ©, for a range of values
of rate constant, k°, for an array of hemispherical particles with ro = 100 nm (with
ch=1mM;D=10"°cm? s';a=05;,v=0.1 Vs).
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k%). Tt can be seen that in the limit of irreversible kinetics, E, varies linearly with
In © in a similar manner to the arrays of discs discussed in section 7.2.4. Analysis
of the peak position data reveals that for irreversible processes at hemispherical

particle arrays in the limit of case 4 diffusion:

(7.21)

RT aF Dy
E,=E} - —5 |0-780 - In(20k") + In ( 77 )

The dependence of E, on o and v is demonstrated in Section 7.3.3. This equation
differs from Equation 7.19 only by the constant factor ‘2. This can be related to
the fact that the surface area of a hemisphere is twice that of a disc of the same

radius. The surface area ratio, W, is defined as

Surface area of electroactive particles

U= (7.22)

Geometric area of substrate

Since the electroactive particles are not necessarily flush with the surface, in general
U may be greater than 1, which distinguishes it from © (though for flat partially

active surfaces, ¥ = ©). The apparent rate constant, k:gpp is defined as

K0 =k'W (7.23)

app

In the irreversible limit under case 4 diffusion, the peak current is seen to obey the

equation: BT 5
E,=FE; — ™G 0.780 — ln(k:app) +1In ( T )

(7.24)

where W = 20 for an array of hemispherical particles. This explains the observation
from Figure 7.7 that a coverage of © = 0.5 (d = 282 nm) gives the same peak
potential as a planar macroelectrode, all other properties being equal. In the irre-
versible limit for case 4 transport, the difference in peak potential, AE,, between two

electrode surfaces with different electroactive surface areas, ¥, and V¥, is therefore,

RT U
AE, =—In(=-2 2
o= () (7.25)

Figure 7.9 shows the peak current, I,,, and potential, L,, as they vary with In W,
down to the limit of low W for an irreversible process. For this particular family
of systems (with £° = 1077 c¢m s7!, 7. = 100 nm), the transition between case
3 and case 4 diffusion occurs at approximately W = 0.4 (d = 447 nm). Below

this limit, the particles are sufficiently separated such that the peak current is no
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Figure 7.9: Variation of (a) peak current, I,, and (b) peak potential, E, with
coverage, ©, for an array of hemispherical particles with k° = 1077 e¢m s71, ro = 100
nm (with ¢y =1 mM; D =107 ecm? s7'; a =0.5; v = 0.1 Vs!). Dashed line for
(b) shows E, predicted by Equation 7.24.
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longer given by the Randles-Sevéik equation (Equation 7.15). Strictly, Equation
7.24 only applies in the case 4 limit, but as can be seen in Figure 7.9 (b), it provides
a good approximation to the real value of E, even at coverages as low as ¥ = 0.003
(InW = —6, d = 5.16 um), despite the rapid drop off of peak current as the coverage
is decreased.

2 - Macro electrode Ep;

[/ nA

®=0.9

Irreversible Limit

____________________________________________

i Macro electrode Ip

T T T —
-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Figure 7.10: Voltammetry of an array of hemispherical nanoparticles as surface
coverage, ©, is varied in increments of 0.1. k = 1072 em s71, r, = 100 nm (with
ch=1mM; D=10"°cm? s';a=05;,vr=0.1 Vs).

Figure 7.10 shows the variation of voltammetry with © when £ = 1073 cm s~

For a planar macroelectrode, this rate constant corresponds to the quasi-reversible

region. In the figure, although the peak current is at the irreversible limit for low

0

coverage (© = 0.1, d = 632 nm), as the coverage increases, so too does I, as kj,

moves into the quasi-reversible region. Once again, the peak potential and current

for © = 0.5 (d = 282 nm) exactly match those of a planar macroelectrode of the

0
app

same geometric area. This suggests that the relationship k2. = k%W applies outside

of the purely irreversible limit.
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7.3.3 Variation of o and v

Figure 7.11 (a) demonstrates how variation of the transfer coefficient o (in the
range 0.2 — 0.8) affects the voltammetry of an array of hemispherical electrodes with
EO=10""cm s, ¥ = 0.6 (© =0.3), and r. = 100 nm (d = 365 nm). The peak
positions of these voltammograms in terms of F, and I, show excellent agreement
with the values given by Equations 7.24 and 7.15 respectively. By rearrangement of

Equation 7.24,

B, — E9) = AT (0.78 +1n ( FD”) - ln(\I!kO)> - R—FT Inva  (7.26)

F RT
When holding all other variables constant except the independent variable, o, and

the dependent variable, E,, this is an equation of the form
a(E, — EJOC) =c+mlnva (7.27)

where ¢ and m are constant. This linear relationship is demonstrated in Figure 7.11
(b) which shows a(E, — EY) plotted against Iny/a for a range of values of « for the
same electrode system. Excellent agreement between the simulated results and the
relationship predicted by Equation 7.26 is seen.

Figure 7.12 demonstrates how £, varies with the scan rate, v, for an array of
hemispherical electrodes with k° = 1077 cm s7!, ¥ = 0.6 (© = 0.3) , and r, = 100
nm (d = 365 nm). Excellent agreement is seen except at very high scan rates. This
is because at high scan rates, the time-scale of the experiment is very short compared

with the rate of diffusion and so diffusion is no longer in case 4.
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Figure 7.11: (a) Simulated voltammetry of an array of hemispherical nanoparticles
with varying transfer coefficient, o in the range 0.2-0.8 with dashed line showing the
peak position for varying o, in terms of E, and I, as predicted by Equations 7.24 and
7.15 respectively; (b) the dependence of peak position, E, of the same with dashed
line showing the relationship predicted by Equation 7.26. W = 0.6, k = 1077 ¢m s7 1,
re =100 nm (¢ =1 mM; D=10"° c¢cm? s'; a=0.5;v=0.1 Vs
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Figure 7.12: Variation of E, with scan rate, v, in the range 10~* —10* V s71, for
an array of hemispherical particles with ¥ = 0.6, k = 107" ¢m s71, r, = 100 nm ,
d=365nm (cy=1mM; D=10"° cm?® s*; a =0.5).

7.3.4 Particle Size

The effect of the size of the electroactive particles on the voltammetry is now con-
sidered. As the size of the particles increase (for a fixed ©), the distance, d, between
neighbouring particles increases and so the diffusion transitions from case 4 to case
3 when the size is increased above a certain limit. This size limit is smaller for
lower values of © since a lower surface coverage results in a greater inter-particle
separation. Figure 7.13 demonstrates how £, and [, vary with particle radius, 7e,
for a range of values of ¥ (= 20) for an irreversible process. It can be seen that
for a given value of electroactive surface area, ¥, in the limit of low particle size
(approximately r. < 100 nm for the examples shown), the position of the peak in
terms of both potential and current does not depend on r.. Rather the voltammet-
ric behaviour depends only on the value of ¥, and not on the size of electroactive

material, so long as the diffusion is in case 4.
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Figure 7.13: Variation of (a) peak potential, and (b) peak current with particle
radius, 7., for a range of values of V, for an array of hemispherical particles with

E° = 1077 em st

Dashed horizontal lines in (a) show the value predicted by

Equation 7.24. The inset in (b) shows the variation of I, with ¥ for ro = 107° m
(with ¢y =1 mM; D=10"° cm? s'; a=05;v=0.1 Vs!).
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The inset in Figure 7.13 (b) demonstrates the apparently anomalous behaviour
seen when the particle size is large enough that diffusion is no longer case 4, but
where the peak current actually ezceeds that predicted by the Randles-Sevéik equa-
tion for certain coverages. When the individual particles are this large, diffusion
has mostly case 1 character on the timescale of the experiment. Consequently, the
peak current is determined by the total electroactive surface area of the particles
rather than by the geometric surface area of the substrate, and may thus exceed the
Randles-Sevéik limit. When the particles are this large, diffusion of fresh analyte
material comes both from bulk solution and from the thin layer of solution that
exists between the particles in the region of the surface. As the coverage increases,
the contribution from this thin layer decreases, leading to a decrease in I, as shown

in the inset in Figure 7.13 (b).

7.3.5 Spheres and Other Particle Shapes

In order to demonstrate that the results derived above (particularly Equation 7.24)
are applicable to a variety of electrode geometries, simulations of a number of dif-
ferent geometries were performed. First, an array of electroactive spherical particles
on an inactive surface, as depicted in Figure 7.1 (d), is considered. This differs from
the hemisphere case in that the surfaces of the particles are not uniformly accessible.
This model corresponds to the commonly encountered experimental situation of an
ensemble of metal nanoparticles deposited on a surface. A range of simulations were
performed for this geometry, again varying £°, ©, and r.. For an array of spheres,
the surface area ratio is twice that of an array of hemispheres for the same coverage,
Le. _ 4ANmr?

Y=

= 40 (7.28)
such that,
K0 = 40k" (7.29)

app

Figure 7.14 shows how the voltammetry varies with k° for a fixed value of © = 0.2

(U =0.8), and 7, = 100 nm (d = 447 nm). As for the voltammetry of a hemispher-
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Figure 7.14: Voltammetry of an array of spherical nanoparticles as it varies with
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Figure 7.15: Voltammetry of an array of spherical nanoparticles as it varies with

surface coverage,

O, in increments of 0.1. k = 1077 ¢m s7t, r. = 100 nm (with

ch=1mM;D=10"cm* s';a=05;vr=0.1 Vs!).
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ical array shown in Figure 7.6, the peak height transitions from the irreversible to
the reversible Randles-Sevéik limits as k° is increased.

Figure 7.15 demonstrates how the peak potential of the voltammetry in the
irreversible limit shifts with © in the range 0.1 — 0.7 (¥ = 0.4 — 2.8) with r, = 100
nm (corresponding to d in the range 632-239 nm) as similarly demonstrated for an
array of hemispheres in Figure 7.7. Note the position of E, for a macro-electrode
which corresponds to © = 0.25. Figure 7.16 demonstrates how the simulated peak
potential is affected by varying © for a range of values of k° (as shown for hemispheres
in Figure 7.8). The dashed lines indicate the values predicted by Equation 7.24,
demonstrating excellent agreement with simulated results as long as the kinetics are

in the irreversible limit, with deviation from that equation seen only for k° > 1073

1
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Figure 7.16: Variation of peak potential, E,, with coverage, ©, for a range of
values of rate constant, k°, for an array of spherical particles with r. = 100 nm
(with ¢y =1 mM; D =107° ¢cm? s, a=05; v =0.1 Vs !). Dotted lines show
values predicted by Equation 7.24.

Three other non-flat electrode geometries were considered: arrays of cylindri-
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cal particles on an electro-inactive surface - Figure 7.1 (g); arrays of hemispherical
particles on an active surface - Figure 7.1 (f); and long hemicylindrical ‘wires’ on
an inactive surface - Figure 7.1 (h). Details of the simulation parameters and fig-
ures demonstrating the behaviour of these electrode geometries in terms of the rate
constant and surface coverage are given in Appendix A. The peak potential of the
voltammetry in all cases obeys Equation 7.24 for kinetics in the irreversible limit as
long as the diffusion is in case 4, cf. arrays of spheres and hemispheres. For an array

of cylindrical particles:

N 2 2 e~e e
(w7 ; Tree) _ (zj— +1)0 (7.30)

where z, is the height of the cylinder. For long hemicylindrical wires:

U —

- -0 (7.31)

where [ is the length of the wire. Finally for an electroactive surface covered in

electroactive hemispheres:
1 — Nmr2) + 2N7r?
A

such that the surface tends toward macro-electrode behaviour as © — 0.

.

—0+1 (7.32)

7.3.6 Nanocatalysis

It has been demonstrated above that the peak position of a voltammogram and thus
the apparent kinetics is influenced by the surface area of the electroactive material
accessible to diffusing species. This has important consequences in the emerging field
of nanocatalysis. In recent years, numerous publications have sought to demonstrate
that nanoparticulate electrode material can show an apparent catalytic effect when
compared to the same material in bulk, typically by the observation of a shift in
peak potential towards EJQ. This is typically attributed to the altered physical and
chemical properties of nano-scale materials as compared to their bulk equivalents,
perhaps arising from the exposure of different crystal planes or changed electronic
structure in nanomaterials.

By consideration of our work above, it is reasonable to conclude that in some,

possibly many, cases this effect can be explained (at least partly) with reference to
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the geometry of the system. A surface partially covered in electroactive nanoparticles
may have a surface area ratio, ¥ > 1, and is thus likely to show a shift in peak current
relative to a macro-electrode of the same material according to Equation 7.24. This
effect is more obvious when comparing two nanoparticle modified surfaces of different
coverages: for example, the difference in peak potential, AE,, between electrodes
with 10% and 70% coverage of spherical nanoparticles is, according to Equation
7.25, approximately 100 mV.

For a fixed volume (or mass) of electroactive material, the smaller the particles,
the greater the total electroactive surface area and therefore the greater the apparent
kinetics as ¥ % (for spherical and hemispherical particles). Consequently, a mass
of material divided into N, nanoparticles and distributed on a surface will show
a greater apparent ‘catalytic’ effect than the same mass divided into N, = N,/n
(where n > 1) nanoparticles purely because of the geometry of system. Figure 7.17
illustrates this schematically, showing the same volume of material divided into (a)
N spherical particles of radius 107" m and ¥ = 0.4 (d = 632 nm); and (b) 2N
particles of radius 7.94 x 107® m and ¥ = 0.504 (d = 566 nm). As the value of ¥
increases when the radius is decreased, the peak potential shifts towards EJQ. In this
case, the difference in peak potential between the two is AE, = 11.9 mV.

From simple geometric arguments it can be shown that in general for two different
distributions of particles, ‘a’ and ‘b’ such that N,/N, = n, the ratio of electroactive

surface areas is equal to:

Za o (7.33)

So from equation 7.25, the difference in peak potentials of the voltammetry of these

two distributions is,
AE,=-—lnn (7.34)

7.4 Conclusions

The naive application of semi-infinite diffusion models to electrodes modified with
nanoparticles is shown to be significantly in error. In particular, it has been demon-

strated that for a one-electron process at partially active, non-planar electrode, the
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Figure 7.17: Voltammetry (at two different scales) of two systems with the same
mass of electroactive material divided into spherical particles: (a) N particles with
re = 100 nm and ¥ = 0.4; (b) 2N particles with ro = 79.4 nm and ¥ = 0.504. The
difference in peak potential between the two is AE, = 11.9 mV. Other parameters:
K=10"7"emstv=01Vsteci=1mM D=10"° cm® s, a=0.5.
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apparent rate constant of the reaction, kapp, is equal to the product of the true rate
constant, k°, and the ratio, ¥, of the total electroactive surface area to the geometric
surface area of the substrate. This assumes first that the scale of the roughness of
the surface is smaller than the scale of the diffusion layer thickness and second that
the diffusion can be described as being case 4; that the diffusion fields of neighbour-
ing electroactive regions strongly overlap such that diffusion to the entire surface is
linear. An important consequence is that for a given value of ¥, the voltammetry
is independent of the geometry of the surface, at least for the geometries simulated
(Figure 7.1). An equation, 7.24, describing the peak potential of the voltammetry
in terms of W has been given which allows the determination of the available surface
area of electroactive material assuming other system parameters are already known
(e.g. if one already knows the peak potential of a macro-electrode made of the same
material).

It has further been shown that distributions of electroactive nanoparticles, with
U > 1, will display an apparent catalytic effect compared to the bulk material which
is solely due to the geometry of the surface and unrelated to changes in kinetics at
the nanoscale, for example by altered structural or electronic properties. Equally,
any distribution of a fixed amount of material will show voltammetric responses
reflecting the values of ¥ and hence the surface area of the material. The application
to analysis of nanoparticle modified electrode data is evident. In Chapter 9 this

concept will be extended to porous layers of significant thickness.
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Chapter 8

Nanoconfinement in Infinite Pores

Using simulation, voltammetry within a partially electroactive cylindrical pore is
investigated. The system studied consists of an insulating cylindrical tube with
a ring electrode within its inner circumference, which is filled with electroactive
solution, such that electron transfer occurs on the tube’s interior surface. The
voltammetry is examined in terms of the dimensions of the electrode ring (radius,
e, and width, z,) as well as the voltammetric scan rate and the diffusion coefficient
of the electroactive species. Four limiting cases are observed. In the limit r, — oo,
the voltammetry varies between that expected for a macro-electrode of equivalent
area (as z, — 00) and that expected for a microband electrode of equivalent area (as
ze — 0). In the limit 7. — 0, the voltammetry demonstrates thin-layer behaviour
as z, — oo. Finally, in the case where 1, z. — 0, the confinement of the solution
leads to the unusual case of planar diffusion towards a micro/nano scale electrode
with a current response that is equivalent to hypothetical ‘macro-electrode’ of area
twice that of the cross sectional area of the cylinder (27r?2). The conditions under
which these limits operate are defined.

The work constituting this chapter has been published in the Journal of Elec-

troanalytical Chemistry.!
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Chapter 8. Nanoconfinement in Infinite Pores

8.1 Introduction

The transition from semi-infinite diffusion to thin-layer behaviour is at the heart of
understanding charge transport behaviour in porous media. Moreover, such issues
are presently topical because of the extensive use of porous nanomaterials in a
diversity of areas such as hydrogen storage, fuel cells, batteries, etc. Of particular
interest in the latter case are claimed effects arising from nano-confinement, that is
to say that the diffusional properties of solutes become changed at the nanoscale due
to the altered structure of solvents when they are confined to nano-sized pores.?°
Such effects can impart beneficial properties to the nano-material.

From an electrochemical perspective, it is important to be able to distinguish en-
hanced transport effects arising from nano-confinement from simple Fickian diffusion
giving rise to thin-layer behaviour. To this end, in this chapter, the voltammetry
at an annular electrode located flush with the walls of a cylindrical pore containing
electrolyte is considered, and the effect of pore size on the Fickian voltammetry
is examined. Four limiting cases resulting from different length scales are identi-
fied and equations are given which define the conditions under which they operate.
It is hoped that this will provide a partial basis for delineating authentic nano-

confinement effects.

8.2 Theory

8.2.1 Model System

Throughout this study a one-electron oxidation of the form,
A=DB+e" (8.1)

is considered, in which only species ‘A’ is initially present in solution at a uniform
concentration, ¢j and the diffusion coefficients of A and B are equal such that at
every point in space their concentrations sum to cj.

The system under consideration takes the form of a band of conducting electrode

material flush with the circumference of an infinitely long cylindrical insulating pore
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as illustrated in Figure 8.1. The electrode is defined by two lengths: the radius of the
cylinder, ., and the height of the band, z,, as shown in the figure. Electrodes of this
type, so called ‘annular microbands’, have previously been studied theoretically!! for
the case where the annular band is on the external surface of the cylinder. However
the treatment here is different: a cylindrical tube (pore) filled with electroactive
solution is considered, so essentially creating a no-flow tubular electrode.?1°

The electrode system may be modelled in a 3-dimensional cylindrical polar co-
ordinate system (7,z,¢) as shown in Figure 8.1. As with previously studied systems
such as the microdisc electrode (see Chapter 2), this system is axisymmetric such
that dc/0¢ = 0. In this coordinate system the mass transport of chemical species
due to diffusion is described by Fick’s second law:

2 2
%:D<%+%+%%) (8.2)

Note that it is assumed that an excess of supporting electrolyte is added to the
system and that it is not stirred or heated such that the migratory and convectional
contributions to mass transport are negligible.'® The system may therefore be mod-
elled as a 2-dimensional (r, z) plane that is parallel to the central axis of the cylinder
with the origin at the centre of the band as shown in Figure 8.2. This cross section
has mirror symmetry in both the r and z axes so it is only necessary to simulate one
quadrant which is marked with hatching in the figure. The space to be simulated is
therefore a rectangular region that extends from r = 0 (the central axis) to r = r,
(the cylinder radius) in the radial coordinate, r, and from z = 0 (the midpoint of
the band) to z = +oo in the axial coordinate, z.

Across the lines of symmetry (r = 0 and z = 0) there is necessarily no diffusive

flux, so at these boundaries there are the conditions:

oc
oc

Likewise, the insulating outer wall of the cylinder is a solid boundary which also

admits no flux: y
r=Te, 2> — — =0 8.5
- 2 or (8.5)
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Z

V

.
ZC‘E’Q

Figure 8.1: Band of conducting electrode of height z., embedded in an infinitely
long hollow insulating cylinder of radius re and the (r, z, ¢) cylindrical polar coor-
dinate system. The front section of the conducting band is drawn as transparent.
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7 = 400

Insulator

Electrode

V

C

i L -t |

Z ==00

Figure 8.2: Cross section of the cylindrical electrode system - an (r, z) plane.
Marked quadrant is the simulation space.
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At the conducting section of the cylinder wall (r = re, 0 < 2z < 2,/2), the Butler—

Volmer equation,

Oc
b RT RT
(8.6)

or

is used as a boundary condition. Finally, at the 2 = 400 boundary, the concentration
may be set to its bulk (initial) value, ¢}, as the concentration at the boundary cannot
possibly be perturbed by the electron transfer processes occurring at the electrode.
In practice, the z = 400 boundary does not need to be infinitely far away from
the electrode but just far enough away that no perturbation in the concentration is

possible. This distance zmay; is equal to'”

Zmax = Ze + 6/ Dt ax (8.7)

where t,,.x is the length of the time that the simulated experiment will run for. At
this boundary, the concentration is always equal to its bulk value, i.e., ¢ = ¢*. The
2-dimensional simulation space and all of its boundary conditions are illustrated in
Figure 8.3. Note that because of the mirror symmetry in the line z = 0, which
imposes the boundary condition given in Equation 8.3, the model described herein
is equally applicable to a flat-bottomed cylindrical pore with its base at z = 0. Such
a system would also have a no-flux condition at this solid boundary and would give
a current response exactly half that of the infinite cylinder model.

As with other two-dimensional systems already encountered, solution may be
achieved through the use of the alternating direction implicit (ADI) method.'® A
schematic of the discretized spatial grid is shown in Figure 8.4. It is generated
such the spacing between adjacent points is smallest at the boundaries (except the
Z = Zmax boundary) and greater further away from them. For the r coordinate, the

spacing between two adjacent points, ¢ + 1 and ¢, Ar; = ;.1 — r; is given by:

r< % : Ar; = Argy’ (8.8)
% <r<Te: Ar; = Arofy("’lﬂ') (8.9)

where n is the total number of space points, Arg = r; — 1 is the spacing between the
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TCZJ

2= Zox l
9e _,
, or
for r1=0, c=c «—
for t>0, OJdc )
> — =DV _Ze
oc - 01 ’ 2T
— =0
or é
E
c=f(K, E)|
«—

z=0—
T loe _, T
r=20 0z r=r.
Figure 8.3: The 2-dimensional simulation space used to simulate cylindrical pores
in this study.

first two points which is explicitly specified, and ~ is the space expansion coefficient
which is also explicitly specified. In this way the grid spacing expands from the
central axis to a point midway along the radius, then contracts again from this
point to the cylinder wall. The z grid is similarly defined but additionally expands
from the electrode edge (z = 2./2) to the semi-infinite boundary (z = zpax)-

The current is proportional to the total flux at the electrode surface and may be
calculated from:

#/2 9

d 1
o z (8.10)

r=re

I = 47TFTeD/
0

8.2.2 Limiting Cases

In terms of spatial extent, there are four limiting cases of the model as depicted

in Figure 8.5. Cases (a) and (b) are in the limit 7. — 0, and may be thought of
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Z -

max

Figure 8.4: FExpanding mesh of spatial points for a 2D simulation space. Some
points have been omitted for clarity.

respectively as a capillary (pore) with a thin electroactive band (as z, — 0) and a
capillary that is entirely electroactive (z, — 00). Cases (c¢) and (d) are in the limit
re — 00 and it may be expected that in this limit, simulated results will converge
with those of the annular microband model.'! Under that model, case (c), the z, — 0
limit, demonstrates behaviour equivalent to a microband of length | = 277, and
width w = z.. This makes intuitive sense as for large r,, the curvature of the band
is negligible on the scale of the diffusion layer. Further, case (d), the z, — oo limit,

demonstrates macro-electrode behaviour.

8.3 Results and Discussion

Rather than considering the system in terms of the cylinder radius, 7., the scan rate,

v, and the diffusion coefficient, D, it can instead be represented in a normalized form
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Small z, Large z,

(@) [~ (D)

Small r.
(

] (d)

Large r.

Figure 8.5: The four limiting cases of the model. Darker areas are conducting
while lighter areas are insulating.
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in terms of a dimensionless parameter o,, where
2
o, = %%5%%?” (8.11)
Accordingly, an increase in the value of o, is equivalent to: increasing the cylinder
radius, increasing the scan rate, or decreasing the diffusion coefficient; when consid-
ering limiting behaviour, it is preferable to consider the limits o, — 0 and o, — oo
rather than r, — 0 and r. — o0. 0, may be thought of as the ‘normalized square of

the radius’. A second parameter, the ‘normalized square of the height’, 0., is also

necessary and is defined as 9
0, = “S——V (8.12)

The voltammetry can be more conveniently represented using dimensionless nor-

malized units. The normalized current, .J, is

B Ir,
a FADcy

where A = 271z, is the area of the electrode surface. The dimensionless potential,

0, is defined as:

J =\ (8.13)

F 0
0= o (= ) (8.14)

where E? is the formal potential of the electrochemical reaction. For a temperature
of 298 K, and a formal potential of 0 V, 8 = 38.94. Note that the above is not the only
possible normalization scheme but it does simplify the equations and presentation
of data for this particular model system. One obvious alternative is to treat o, as a
dimensionless scan rate and use z,/r. as a second parameter, however this scheme
makes presentation of data difficult, particularly surface plots, as the region of the
0-ze/Te Space that is explorable is not square.

A large number of simulations were performed by varying o, and o, both in the

range 1078-10%, in the limit of fully reversible kinetics.

8.3.1 The Infinite Cylinder - The 0, — oo Limit

First, the case of o, — 0o is considered. Figure 8.6 shows voltammetry as it varies
with o, in terms of the normalized parameters, J and 6. Figure 8.7 shows the

variation of the dimensionless peak current of the voltammetry, .J,, with the di-
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mensionless parameter, o,. It can be seen the peak current transitions from one
limiting behaviour as o, — 0 (as illustrated in Figure 8.5 (b)), to a different limiting

behaviour, as o, — oo (Figure 8.5 (d)).

0.14 c, < 0.03 (Thin-layer limit)
0.12
0.10 -
d*w&
; 0.06 -
0.04 -
0.02

0.00
| | | | | ! | | | | |

Figure 8.6: Voltammetry as it varies with o, in the z, — oo limit in terms of

Jot and normalized potential, 0.

In the latter case, J, is seen to obey the Randles-Sevéik equation, 2% consistent
with the behaviour observed for an ‘exterior annular microband’!! i.e.
J, = 0.446./0, (8.15)
In dimensioned variables this is:
FDv
I, = 0446 F Aci | —— 8.16
p CA RT ( )

This behaviour is indicative of a macro-electrode. In the o, — 0 limit, the dimen-

sionless peak current is seen to obey the relation:

J, =~ (8.17)
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Thin-layer limit: L7
; ] J,=0c,/8
> \}/ ///
14
o i Macro electrode limit:
~ J,=0.446 6"
0
o .
— 1 Cross-over:
| P c, = 12.731
2 -7
-3 4 P
-4 T I T I T I T I T I T I T I T I T I T I
-4 -3 -2 -1 0 1 2 3 4 5 6

log G,
Figure 8.7: Normalized peak current, J, of the forward sweep of simulated voltam-

metry of the interior of an infinite cylinder (o, — o0) as it varies with the dimen-
sionless parameter, o,.

In dimensioned variables this is

F2uV e
[ o= A 1
P ART (8.18)
where
V = mriz, (8.19)

is the volume of the cylinder. This is the behaviour expected to be exhibited by a
"thin-layer cell”.

Figure 8.8 shows concentration profiles for voltammetry of a system with o, =
4 x 107 and o, = 102, which is intermediate between the two limiting cases above.
It can be seen the the diffusion field is parallel to the cylinder wall and that the
effects diffusion perpendicular to the wall at the outer edges of the electrode (at
z = +2,/2) are negligible, such that there is effectively no concentration gradient

along the z axis. This may be thought of as a ‘divergent’ diffusion field because the
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direction of diffusion is always from the centre of the cylinder to its outer walls. The
same behaviour is observed for electrode systems in the thin-layer (small o) limit
except that in that case, all the available electroactive solution is rapidly consumed

such that the concentration effectively drops to zero after a short time.?!

(@) E=0V (0=0) (b) E=0.1V (0 =3.9)

160
140 - 140 4
1204 120 4
100 1004 08 | 06 |04/02
g ] 0.8 |0.68 = 1 0.9 07 | 05]0.30.1/3
S 80 oo loallg & 8o £
~ 1 i % ~ { <
N 604 N 60
404 40
20+ 20
0 T T T T T T T T T 0 T T T T T T T T
0.0 0.1 0.2 0.3 0.4 05 0.0 0.1 0.2 0.3 0.4 0.5
7/ mm r/ mm
(C)E=02V (0=17.8) (d)E=03V(®=11.7)
160 160
140 140 -
120 120
100 100 -
g 1 08 06 | 04 | 02 2 g 1 07 06 05 04 03 02 01 |8
g s0- 0.9 07 05 | 03| 018 801 g
~ 1 5~ i 2
N 60 N 604
40 - 40 H
204 20 4
0 T T T T T T T T T T 0 T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 05 0.0 0.1 0.2 0.3 0.4 05
7/ mm 7/ mm

Figure 8.8: Concentration profiles in terms of ¢/c* with lines of isoconcentration
(c/c*) at different points during a voltammetric sweep (Ey = 0 V, T = 298 K).
re =5x107*" m; 2 =32x 10" m; D=10"2 m? s'; v =0.01 Vs—1 (0, = 10%,
o, =4 x107). Only the quadrant indicated in Figure 8.2 is shown.

By examination of the data presented in Figure 8.7, one can specify the range
of o, values for which the two limits apply. A reasonable definition of the zone
boundaries is that in either limit, the actual peak current differs by less than 1% from

the values predicted by the limiting relations (Equations 8.15 and 8.17), i.e. where,

J redicted — J actua
ppredicted _ “pactual () 01 (8.20)

Jp,actual
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Under this definition, the thin-layer limiting behaviour is exhibited in the region

‘logo, < 0.197, which (at T"= 298 K) is equivalent to the condition:

D
re < 0.2/ = (8.21)
14

or7e < 2x 107 m for D =107 cm? s™! and v = 0.1 V s~!. The macro-electrode

limiting behaviour is given by ‘log o, > 3.6’, which (at 7" = 298 K) is equivalent to

the condition:
D
re > 10.14/ — (8.22)
v

orre <103 mfor D=10"cm? s ' and v = 0.1 Vs7!.

121 Reversible 0, |
1.0 4
0.8 -
5 =
0.6 - -— ;
@Q Thin layer : Macro-electrode
0.4 -
0.2
00 A
L) l L) l i L) l L) l L) l i L) l L) l
-6 -4 -2 0 2 4 6 8

log o,

Figure 8.9: Normalized peak potential, 0,, of the simulated voltammetry of the
interior of an infinite cylinder as it varies with the dimensionless parameter, o,.

Figure 8.9 demonstrates how the peak potential, 0, varies with o,. In the o, — 0
limit, 6, = 0, again as exhibited in thin-layer voltammetry. In the o, — oo limit, the
peak potential tends toward that normally observed for a fully reversible electron
transfer at a macro electrode, 0, = 1.11 (E, = 28.5 mV at 298 K). The figure

shows the boundaries of these limits according to the definition given in Equation
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8.20; these boundaries are further apart than those given by considering .J,. From
consideration of 8,, the thin-layer limit is given by the condition ‘logo, < —1.57,

and the macro-electrode limit by ‘logo, > 4.5’. At T' = 298 K,

D
e = 0 re < 0.02854/ —~ (8.23)

D
Te —> 00 re < 28.54/ ~ (8.24)

or 1, < 2.85 x 107% m and r, < 2.85 x 1072 m respectively (for D = 107° cm? s~!
and v = 0.1 Vs71).

8.3.2 Effect of k° and «

Figure 8.10 is a surface plot showing how the peak current varies with both o, and

the normalized electron transfer rate constant, K9, defined as:

7O — kOr,

(8.25)

J, =0.496(ac) "

J, = 0.4460,"

Figure 8.10: Variation of voltammetric peak current, J,, with dimensionless scan
rate, o,, and dimensionless rate constant, K°. Labels indicate limiting behaviour.
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3 J,=aoc,/ 5.436

log o,

Figure 8.11: Variation of voltammetric peak current, J,, with dimensionless scan
rate, o,, in the electrochemically irreversible limit, K° = 1078,

As can be seen in Figure 8.11, in the electrochemically irreversible limit (K° —

0), for large o,, the peak current is seen to obey the irreversible Randles-Sevéik
equation?? :

J, = 0.496./a0, (8.26)

and the peak potential, 6, is given by:

0, = é [m <\/l;) + 0.78} (8.27)

both of which are consistent with behaviour normally seen for macro-scale elec-

trodes®?! For small o,, J, is observed to obey the relation:

oo,
J = 8.28
P 5436 ( )
which in dimensioned variables is:
aF?uVer
J = 8.29
P9 T1I8RT ( )
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and 6, follows:

6, — Ll (QKO) (8.30)

oo,

which in dimensioned variables is:

Ep:E0+

0
RT In (rRTk ) (3.31)

al
Equations 8.29 and 8.29 are consistent with those normally exhibited by thin-layer

aFr.v

systems in the irreversible limit. 22526

8.3.3 Microbands - The o, — oo Limit

Prior work on exterior annular microbands®! showed that in the r, — oo limit,
the curvature of the band is negligible compared to the scale of the diffusion layer
and the voltammetric response tends toward that of a flat band electrode of length
| = 27r, and width w = 2, (a microband electrode in the limit of small w). When
investigating the r, — oo limit, the voltammetry as it varies with o, was considered.

An alternative normalized current, J,, was used which is defined as:
Iz
J, = -
FADcy

with peak current labelled as J,,. This normalization allows direct comparison

(8.32)

between the interior annular band and the infinite flat microband models. Figure
8.12 shows J, , as it varies with o, for a range of values of 0, as well as the equivalent
behaviour for an infinite flat microband electrode. As o, is increased, the behaviour
of the annular system tends toward that of the flat band; when o, > 3 x 10%, the

behaviours are identical.

8.3.4 Micro-rings - The o0,,0, — 0 Limit

Next the limit of small o, is examined. Figure 8.13 shows the variation of J, , with
o, for several small values of o, (4 x 1078, 4 x 107%, 4 x 107*) and Figure 8.14 shows
voltammetry as it varies with o, for o, = 4 x 1076,

In both figures, it can be seen that below a certain threshold value of ., the

value of the peak current, .J, ,, does not vary with .. In the limit o,,0, = 0, J,,
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Macro-electrode limit:

—_ 1/2
4 J,,=0.446 G, —
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Figure 8.12: Variation of peak current, J,, with o, for high values of o, (from
4 x 1072 to 4 x 10° increasing by a factor of \/10). The thick black line shows
Jp» for a flat band electrode of infinite length and the dashed line shows J, . for a
macroelectrode.
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- Micro-planar limit:

0+ J,, = 0.446c "

Z,

p . Thin-layer limit:
_5_ -, // //
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log o,

Figure 8.13: Variation of peak current, J, . with o, for low values of o,.
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N 0.4 (Micro-planar limit)

Figure 8.14: Voltammograms of systems with low o, and o, = 4 x 1075.
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is observed to obey the relation:
J.p = 0.446,/0, (8.33)
which in dimensioned variables is:

FD
I, = 0.4462mr2) Fe' [ = T” (8.34)

This is very similar to the Randles-Sevéik equation, Equation 8.16, normally ap-

plicable to the peak current of a macro-electrode. However, where that equation
contains a factor, A = 2nr.z., which is equal to the total area of the electrode sur-
face, this equation contains a factor, 2rr2. Consequently, the current is independent
of the band height, z., in this limit. Figure 8.15 shows the variation of peak poten-
tial with o,. For values of o, below about 4 x 107°, the curve is invariant, however

above this value, variation is observed, particularly at low o,.

c =4x10*
1 '/ i Reversbleo,
1.0 - \
G =4x10° |
0.8 r ;
Q064 -— e -
D . ; S
Micro-planar : : Thin layer
0.4 4 1
0.2
0.0 oo
'02 I I I I I I I I I

Figure 8.15: Variation of peak potential, 0, with o, for low values of o,. Values
of o, <4 x 107 all yield identical curves.

Figure 8.16 shows a series of concentration profiles for voltammetry of a system
with 0, = 107%, 0., = 4 x 107, which obeys Equation 8.34. It can be seen that

the diffusion layer is linear such that planes of iso-concentration are perpendicular

191



Chapter 8. Nanoconfinement in Infinite Pores
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Figure 8.16: Concentration profiles in terms of ¢/c* with lines of isoconcentration
(c/c*) at different points during a voltammetric sweep (Ey = 0 V, T = 298 K).
re =5x10% m; 22=1x10%m; D=10"° m?® s1; v =0.01 Vs—1 (0, =1075,
0. =4x1071). Only the quadrant indicated in Figure 8.2 is shown.

to the axis of the cylinder. This is in contrast with the profiles for the o, — oo
limit shown in Figure 8.8. The behaviour exhibited for low o, and low o, is an
example of ‘micro-planar’ diffusion and is a consequence of the confinement of the
solution. The volume of electroactive solution in the region of the electrode is very
small and is rapidly consumed. Therefore, the ‘divergent’” mode of the diffusion
exhibited in the o, — oo limit makes a negligible contribution to the voltammetry.
This explains the factor 2712 seen in Equation 8.34: the peak current is limited by
the rate at which fresh material is transported to the electroactive surface and as
the diffusional mode is planar this rate is proportional to the cross-sectional area of

the cylinder, mr2. The factor of 2 arises from the fact that diffusion is towards the
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Figure 8.17: Concentration profiles in terms of ¢/c* with lines of isoconcentration
at different points during a voltammetric sweep (EJQ =0V, T =298 K). r.=
25x 107t my ze =5 x 107 m; D =107 m? s*; v = 0.01 V s—1 (0, = 25,
o, =100). Only the quadrant indicated in Figure 8.2 is shown.

electroactive ring from opposite directions (positive and negative z). The current
response is therefore the same as would be observed if an electroactive disc bisected
the inactive cylinder perpendicular to its axis. An example of an intermediate
system which demonstrates a combination of the two orthogonal diffusional modes
(‘divergent’ and ‘micro-planar’) is shown in Figure 8.17 (o, = 25, 0, = 100); the
diffusion can be described as being convergent towards the electroactive ring in this
case.

Figure 8.18 is a surface plot of the peak current J, as it varies with both o, and
0., with the limiting behaviours labelled. Figure 8.19 shows the regions of the (o,,

0,) space in which the limiting behaviours are observed according to the tolerance
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Figure 8.19: The 0., o, parameter space showing different zones of limiting be-
haviour. Dashed lines show limiting behaviour regions as measured from the peak
potential; solid lines as measured by the peak current.
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specified in Equation 8.20.

8.4 Conclusions

The voltammetric response of the interior of a cylindrical pore has been explored and
characterised. Considering the spatial extent of the system, four limiting behaviours
were identified. In the limit of large cylinder radius, behaviour equivalent to a flat
band electrode is seen, which is equal to that of a macro electrode for large band-
height and a microband electrode for small band height. In the limit of small cylinder
radius, thin-layer voltammetry is seen for large band height, and a planar diffusion

field is seen for small band-height.
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Chapter 9

The Apparent ‘Catalytic’ Effect of

Porous Surfaces

In this chapter, the voltammetry of porous electroactive surfaces is investigated.
The surface is modelled as a solid block penetrated by a regularly distributed array
of cylindrical pores. This work builds on the single pore model developed in Chapter
8 and the investigation into the apparent catalytic effect exhibited by nanoparticle
modified electrodes detailed in Chapter 7. Herein, the effect of the voltage scan rate
and the geometry (in terms of pore depth, radius, and inter-pore separation) of the
porous surface on the voltammetry is examined for both fully reversible and fully
irreversible electrode kinetics. In the latter case, it is demonstrated that when the
pores are relatively shallow, a predictable shift in peak potential is observed corre-
sponding to an apparent catalytic effect. For deeper pores, voltammetry correspond-
ing to thin-layer behaviour is observed. The limits under which these behaviours

operate are then elucidated.

9.1 Introduction

Electrode systems that can be categorised as porous find a number of uses in the
field of electroanalysis. For instance, electrodes modified with a porous film are

3

of interest for use in devices such as batteries, fuel cells and sensors,'® as such

electrodes may show mass transport properties that differ significantly from those
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observed for a planar macroelectrode. Electrodes modified with porous films such as
a layer of carbon nanotubes*® or a polymer film%7 can be used for the determination
of specific target analytes in the presence of interferent species.

Recently, Chevallier et al. used simulation to explore the voltammetry of insulat-
ing porous films wherein electroactive species can access the electrode surface only
by diffusion through the pores,® the so-called ‘pinhole’ model. They concluded that
the influence of parameters such as pore size and distribution had a significant qual-
itative influence on the mass transport properties of the system. Menshykau and
Compton compared the behaviours of two theoretical models of porous surfaces: the
aforementioned pinhole model, and a second model in which electroactive species
dissolves and then diffuses through the layer.® They demonstrated that it is possible
to distinguish between the two models as the latter transitions between two limiting
regions of voltammetric behaviour as the scan rate is increased. Finally, Henstridge
et al. considered electrodes modified with a conducting porous film where the en-
tirety of the film itself is electroactive. They demonstrated that the voltammetry
consisted of two components, one resulting from planar diffusion to the top surface
of the film and another resulting from thin layer diffusion within the pores.'® The
relative magnitudes of these effects depend on the specific geometry of the system
at hand, but they found that for the case of irreversible electrode kinetics, a highly
porous surface could lead to voltammetry with two peaks in the forward sweep, with

a peak attributed to each diffusional component.

9.2 Theory

Throughout, a one electron oxidation of the form,
A=B+e (9.1)

is considered, in which only species A is initially present in solution at a uniform
concentration, ¢, and the diffusion coefficients of A and B are equal such that at
every point in space the sum of their concentrations is equal to cj.

The electrode system under consideration takes the form of a block of some
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porous, electrochemically active material that sits on a surface of supporting sub-
strate that is itself electrochemically inert as shown in Figure 9.1. The exposed upper
surface of the block is of geometric area, A, and uniform height, z,. It is assumed
that all other faces of the block are inert or in some way covered such that they
are electrochemically inert. The block is supposed to contain a series of cylindrical
pores which extend from the upper surface to just above the insulating supporting
surface as illustrated in Figure 9.2. The interior surfaces of the pore (bottom and
walls) are electroactive and the block is immersed in electroactive solution such that

it covers the exposed upper surface and fills the interior of the pores.

Porous material

Supporting substrate

Figure 9.1: The porous surface.

It is assumed that the pores are of regular size and shape, with radius r., and
height z., and that they are regularly distributed. Consequently, the surface may
be treated as though it is composed of a hexagonal array of identical unit cells,
each with a pore at its centre. As with previously studied systems, including the
cylindrical electrode (see Chapter 7), the diffusion domain approximation (Section
2.8.1) can be used to approximate the unit cell as being cylindrical in shape, with
domain radius 74, as shown in Figure 9.3. The unit cell is represented in cylindrical
polar coordinates but possesses angular isotropy such that:

dc  O%c

and so only a two-dimensional (r, z) slice need be modelled. Fick’s second law in

this coordinate system is:

e D(@% 10c 8%)

a - P\t tam ©-3)
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(a)

(b)

Figure 9.2: (a) schematic of a porous surface; (b) side on view.

It is assumed that an excess of supporting electrolyte is added to the system and
that it is not heated or stirred such that mass transport is controlled entirely by
diffusion (with migration and convection making negligible contributions).

The simulation space including boundary conditions is shown in Figure 9.4. In-
ternally, the simulation makes use of a set of dimensionless units. The spatial

coordinates are normalized against the pore radius:

R=_ (9.4)
Z = Zi (9.5)

and the standard normalized parameters, C, T, 0, o, and K° are also used. In
normalized units, the pore radius is 1, the height is Z, = z./r. and the unit cell
radius is Rq = rq/re.

The electroactive surface area is composed of three segments, and so the potential-

dependent boundary condition (the Butler—Volmer equation) must be applied sep-
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Figure 9.3: Unit cell and coordinate system for a porous surface.

arately across each. In normalized units:

for R S 1, @ = KO(CR 060—049 — (1 — CR O)Q_OAQ) (96)
07| ,_, ’ ’
@ _ 0 0—af) _ —af

for R > 1, =K (CR Z.€ (1 CR Ze)e ) (97)
AV ’ ’
8_0 _ 0 9—059 _ _ —a@

for Z < Z,, = K"(Cy ze (1-Crz)e) (9.8)
OR |5, ' ’

Likewise, the current is calculated from the sum of the three separate components:

1 Ze
I =2xNFr,Dc* (/ R@ 8R+/ @
0 Z="7, 0 aR

07z

fa 9C
o [0
Z-0 1 0z

)
(9.9)
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Figure 9.4: The two-dimensional simulation space for a porous electrode.

9.3 Results and Discussion

The volume, V', of electroactive solution that permeates the porous material is given

by the product of the porosity, ©, and the block volume:
V =0Az (9.10)

where A is the exposed surface area of the top of the porous material. The porosity

is determined from:

0<O<1 (9.11)

One approach to analysis of the system is to consider how the voltammetry varies

with the pore radius, 7., pore height, z., porosity, ©, scan rate, v, and diffusion
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coefficient, D. In some cases, analysis and data presentation can be simplified by
instead representing the system in terms of three independent parameters: O, and

the normalized parameters, o, and o,

Op = —=——VU (9.12)
o= T, (9.13)

These values can be thought of as the ‘normalized square radius’ and ‘normalized
square height’ respectively. An increase in the value of o, is equivalent to: increasing
the cylinder radius, increasing the scan rate, or decreasing the diffusion coefficient.
Where appropriate, data are presented in real units for more obvious physical insight
and the results are then presented in the more generally applicable set of normalized

units.

9.3.1 Fully Reversible Electrode Kinetics

Initially, the investigation considers porous surfaces in which the electrode reaction
displays fully reversible kinetics and in which the pores are narrow (low o,.).
Figure 9.5 shows the scan rate dependence of the peak current, I,,, of voltammetry
of a simulated porous surface that has a pore depth z, = 107° m, geometric area of
3.14 x 107% m? and a porosity of 95%. The initial concentration of species A is 10
mM and the diffusion coefficient of both species is 1075 cm? s~!. Figure 9.6 shows
the same data for a range of values of z,. It can be seen that the peak current varies
between two regions of limiting behaviour. In the limit of low v, the voltammetry
has a typical diffusion limited peak current, I, that varies with /v as described by

the reversible Randles-Sevéik equation:

FDv
RT

I, = 0.446 F Ach, (9.14)

Because the scan rate is slow, the peak current is limited by the rate of mass trans-
port of electroactive species from the bulk solution to the porous electroactive sur-
face, and therefore by the geometric area of the block.

In the limit of high scan rate, the voltammetric response is equivalent to that
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Figure 9.5: Peak current, I,, of the voltammetry of a porous surface; r. = 1077
m, ze =107 m, © =0.95, A =314 x 105 m, ¢ =1 mM, D = 1075 cm?, s~ L.
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Figure 9.6: Peak current, I, of the voltammetry of a porous surfaces of various
pore heights; 7o = 1077 m, © = 0.95, A =314 x10% m, ¢* =1 mM, D = 107°
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seen in thin-layer voltammetry with a peak current that is linear in v as given by
the equation:

I F*Veh

9.15

Because the scan rate is very fast, there is no time for fresh solution-phase species
to diffuse from bulk solution so the peak height is limited by the volume of solution
that permeates the porous surface at the start of the scan. The point of cross-over
between the two limiting regimes may be found by equating expressions for the peak

current, [, in the two regimes:

2

A
v =0.0817D 75 (9.16)

at 298 K in the limit of fully reversible kinetics. Since A/V = 1/0z,,

D

where v is in units of V s7!, D is in units of m? s7!, and z, is in m. Notice that
in Figure 9.6, the shallower the pores are, the higher scan rate must be in order to
produce thin layer behaviour and the longer the pores are, the slower the scan rate
must be in order to produce a Randles-Sevéik response.

Figure 9.7 shows the variation of normalized peak current, .J,,, where

Iz,

Jpr = =7
P2 FADc

(9.18)

with o, for a range of values of ©. In the limit of low o,, which corresponds to
low scan rate, small pore depth, or fast diffusion coefficient, the dimensionless peak

current is given by a transformed version of the Randles-Sevéik equation:
Jp. = 0.446,/0, (9.19)

In the limit of high o,, which corresponds to fast scan rate, large height, or slow
diffusion coefficient, the dimensionless peak current is given by a transformed version

of the thin-layer equation: o

Jpa =7
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By equating these two expressions, it can be seen that the cross-over point between

the two limiting regions occurs at:

3.183
A~ (9.21)
This applies for any set of values of z,, D, v, and ©, in the limit of low r..
87 ®=0.9
S ®=05
6 . 0=01
4 -
N ’///
i) 5
8’ Randles-Sevcik
= o J,,=0.446c,"°
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/;&‘QThin-byer
4 s d =00 /4
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Figure 9.7: Dimensionless peak current, J,,, of the voltammetry of a porous
surfaces as it varies with o, for different values of ©.

9.3.2 Fully Irreversible Electrode Kinetics

In Chapter 7, it was seen that under the conditions of case 4 diffusion, if an electrode
had a greater electroactive surface area than its geometric area, an apparent catalytic
effect would be observed. Specifically, the apparent electrochemical rate constant
(inferred from the peak potential of the voltammetry) was seen to vary according
to:

K0 = WE° (9.22)

app
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where k° is the true rate constant and W is the ratio of the electroactive surface area
to the geometric surface area.

Here, this effect is investigated for the case of a porous surface. For the electrode
geometry described in Section 9.2,

U=1420" (9.23)
Te

A large number of simulations were performed, varying both ¢, and o, in the
range 10781073, and the porosity, © in the range 0.01-0.95. In all cases the electro-

chemical rate constant, £ = 1079 m s7!

was used which is in the fully irreversible
region.

Figure 9.8 demonstrates how the peak potential varies with W for a small pore
depth. This relationship was found to hold for all values of o, and ©, as long as o,
is less than a certain threshold value. The same relationship for a range of o, values
is shown in Figure 9.9. As can be seen, for o, < 0.4, a porous surface will always

produce voltammetry with a peak potential described by Equations 7.23 and 7.24,

ie.,

RT FD
E, = B} - — |0.780 — In(¥K°) + In O‘RT”

(9.24)

The condition, o, < 0.4, can be alternatively expressed as:

D
2e < 0.1£ (9.25)

=M

where 2, is in units of m, D is in units of m? s~!, and v is in units of V s7!, and
where T = 298 K. Therefore, for typical values of D = 107 m? s7! and v = 0.1
V s7!, a porous surface will show voltammetry with a peak potential predicted by
Equation 9.24 if the pore depth is less than about 10 pym. If the pores are deeper and
Equation 9.25 is not satisfied, different voltammetric behaviour is seen. In this case,
the peak potential varies between two limits. In the limit of high o, (as ¥ — 1),
the peak potential tends toward that expected for a macro electrode in the limit of
irreversible kinetics, regardless of the pore depth as seen in Figure 9.24. In the limit

of high o, and low o, (as ¥ — o0), the peak potential tends to that predicted for
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Figure 9.8: Voltammetric peak current as it varies with surface area ratio, V, with
0, =0.04, D=10""m? s7!, v =10 V s7'. Dashed line shows relationship predicted
by Equation 9.24.
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Figure 9.9: Voltammetric peak current as it varies with surface area ratio, ¥,
for a range of values of o, (D = 1072 m? s, v =10 V s71). Dashed line shows
relationship predicted by Equation 9.24.
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thin-layer voltammetry:*

RT (ARTkO) (9.26)

Ep:E0+a—Fln aFVv

The limit given by Equation 9.25 is the maximum scale of surface ‘roughness’
that will still result in apparent catalytic behaviour. An analogous situation occurs
in the case of particle modified electrodes where the peak potential differs from that

predicted by Equation 9.24 when the particles become too large.

9.4 Conclusions

The voltammetric behaviour of an electroactive porous surface has been explored
under the two different kinetic limits. First, in the case of a surface with fully
reversible electrode kinetics and small pore size, it was demonstrated that the peak
current varies between two different limiting behaviours as the scan rate is varied.
The cross-over point between these two zones was also established. Second, for the
case of fully irreversible electrode kinetics, it was established that in the limit of low
pore depth, the voltammetry displayed an apparent catalytic effect with the peak
potential shifting according to an equation previously developed from observations
of nanoparticle covered electrode systems. The limit (in terms of pore depth) under

which this effect operates was established.
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Conclusions

Numerical techniques have been used to simulate the voltammetric response of a
number of different heterogeneous electrode systems. These are systems in which
the electrode surface is not flat or in which the electrode kinetics are spatially vari-
ant. Specific examples studied were "highly ordered pyrolytic graphite’-like systems
where the electrode is composed of two separate materials each with a different
electrochemical rate constant; a conducting spherical particle on an insulating sup-
porting surface; a variety of regularly distributed arrays of conducting particles
(discs, bands, hemispheres, spheres, etc.) on an insulating surface; a long insulating
cylindrical pore with a conducting band about its inner circumference; and a sur-
face permeated by a regular distribution of cylindrical pores where the entire pore
interior was electroactive.

In Chapter 1, the fundamentals of an electrochemical process were outlined. In
Chapter 2, a mathematical model for the experimental technique, cyclic voltamme-
try (CV) was developed for experiments at macroelectrodes, microelectrodes, and
arrays of microelectrodes. In Chapter 3, the method of finite differences was applied
to the models developed in Chapter 2, and numerical techniques for solving these
models were elucidated.

Chapter 4 considered the voltammetry of electrodes composed of two different
electroactive materials, each with different kinetic properties. Particular attention
was given to the example of systems that are similar to highly ordered pyrolytic
graphite (HOPG) in which thin bands of one highly active material are distributed
over a surface of some other much less active material. It was demonstrated that
under certain circumstances, such a system would be expected to show two peaks

in the forward sweep of the voltammetry, one attributed to each surface material.
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Conclusions

An experimental design was described that would make it possible to challenge
the hypothesis that the slower basal plane of HOPG does not contribute to the
voltammetry at all.

In Chapter 5, the steady-state voltammetry of a conducting spherical particle
on a planar insulating supporting surface was investigated. An algebraic expression
that completely describes the current response in the limit of irreversible kinetics
was established. In addition, a mapping of the voltammetry of such a system to that
of an isolated spherical particle, which can easily be simulated by any commercially
available electrochemical simulation package, was developed.

Chapter 6 looked at the voltammetry of a electrochemical system that under-
goes the EC’ (catalytic) mechanism, at an array of hemispherical micro- and nano-
particles. It was demonstrated that under certain conditions, split peak behaviour
could be seen in the forward sweep of the voltammetry, which has previously been
demonstrated for such systems at a macro-electrode. Additionally it was seen that
the separation of the two peaks varied with the surface coverage of the particles such
that a higher coverage resulted in greater separation.

Chapter 7 considered a one-electron reduction at a range of systems where an
inactive supporting surface was covered with a distribution of electroactive particles
of a variety of shapes. Of particular interest were micro- and nano-scale particles
that are non-flat, e.g., hemispheres, spheres, etc. Distributions of such particles were
demonstrated to show an apparent catalytic effect whereby the electrochemical rate
constant (inferred through study of the voltammetric peak potential) appeared to
increase with an increasing ratio of electroactive surface area to geometric area.
An algebraic expression describing this effect was developed. This has particular
relevance to the emerging field of nanoelectrocatalysis.

In Chapter 8, the voltammetry of a conducting band around the interior surface
of a long insulating pore was considered. Four limiting voltammetric behaviours were
identified corresponding to the large and small limits of the pore radius and band
height. Of particular interest was the case where both the radius and band height
are small, where the voltammetric response is that expected for a macro-electrode,

despite the micro-/nano-scale of the electrode.
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Conclusions

Chapter 9 built on the work in Chapters 7 and 8 to simulate the voltammetry of
a surface permeated by cylindrical pores. It was demonstrated that in the limit of
low pore depth, an apparent catalytic effect is observed, akin to that seen in Chapter
7 and the limit (in terms of depth) under which this effect operates was established

Future work should seek to experimentally confirm the prevalence of the ap-
parent catalytic effect demonstrated in Chapters 7 and 9, and apply the theory to
other geometries and experimental conditions. It is commonly held that such an
effect (which is often observed experimentally) is due to some altered property at
the nanoscale relative to the bulk material, e.g., different exposed crystal planes,
altered electronic structure etc. The work in this thesis has demonstrated that such
effects can be attributed solely to the geometry of the system, however nano-scale
effects may also be in operation. In that case, deconvolution may be aided by
a thorough investigation into the electronic and crystallographic structure of the

nano-particulate electrode systems in question.
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Appendix A

Additional Results for Chapter 7

As discussed in Chapter 7, a large number of simulations of electrode systems of
a variety of non-flat geometries were performed. The chapter details the results
arising from the use of an array of hemispherical particles as well as from an array
of spherical particles. Here the results of the other geometrical models are presented
to demonstrate that the results derived for an array of hemi/spherical particles are
generally applicable.

For all figures and examples given, the following fixed parameters were used:
scan rate, v = 0.1 V s7!; transfer coefficient, a = 0.5; diffusion coefficient, D = 1075

L. initial concentration of species ‘A’, ¢ = 1 mM; and temperature, T' = 298

cm? s~
K. The modified surfaces are all assumed to be macrodiscs that have a radius of 1.5
min.

In the irreversible limit under case 4 diffusion, the peak current is seen to obey

the equation:

RT aF Dy
_ 0 0

E,=FE; - “F 0.780 — In(k,,,) + In ( =T ) (A.1)

A.1 Array of Hemicylindrical Wires

For long hemicylindrical wires:
Nrrd m

U = < == A2
T = 5° (A.2)
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where [ is the length of the hemicylinder. Figure A.1 shows how the voltammetry of
an array of hemispherical particles varies with the rate constant, £°, for the specific
example of coverage, ©® = 0.5, and hemicylinder radius r. = 100 nm, such that
diffusion is in case 4. It can be seen that the peak height transitions from the
irreversible to the reversible Randles-Sevéik limit as k° increases.

Figure A.2 demonstrates how the peak potential, E,, of the voltammetry in the
irreversible limit (k° = 1077 ¢cm?, r, = 100 nm) shifts with increasing surface cover-
age, © in the range 0.1 — 0.7 while still maintaining the same (case 4) peak current,
I,,. Also shown is the corresponding peak position for a macroelectrode. Notice that
at lower coverage (© = 0.1, d = 632 nm), [, begins to deviate somewhat from the
Randles-Sevéik limit. All parameters except for the shape of the particles are iden-
tical to those used in Figure 5 in the main text. Notice that the deviation from the
Randles-Sevéik limit at © = 0.1 is greater in the case of the hemicylinder than it is
for the hemisphere. This is because the separation between two electroactive regions
is greater in the case of the hemicylinder; for the hemispheres (© = 0.1, r. = 100
nm), the centre-to-centre separation, d, is 0.63 um, whereas for the hemicylinders,
d = 2 pym. Figure A.3 shows how E, is affected by © (for a range of values of k°).
The dashed lines indicate the values predicted by Equation A.1, demonstrating ex-
cellent agreement with simulated results as long as the kinetics are in the irreversible

limit, with deviation from that equation seen only for £ > 1073 cm s~
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Figure A.1: Voltammetry of an array of hemicylindrical wires as it varies with

rate constant, k°, in the range 1071, 1072, 1073, ..., 1072, © = 0.5, and r. = 100
nm.

Macro Electrode E,

(E-E’)IV

Figure A.2: Voltammetry of an array of hemicylindrical wires as it varies with
surface coverage, ©, in increments of 0.1. k = 107" e¢m s %, ro = 100 nm.
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Figure A.3: Variation of peak potential, E,, with coverage, ©, for a range of
values of rate constant, k°, for an array of hemicylindrical wires with r, = 100
nm. Dotted lines show values predicted by Fquation A.1.

A.2 Array of Hemispherical Particles on an Ac-
tive Surface

For an electroactive surface covered in electroactive hemispheres:
1 — Nmr2) + 2N7r?
A

such that the surface tends toward macro-electrode behaviour as © — 0. This differs

.

—0+1 (A.3)

from all of the other geometric models that have been investigated in that the peak
position does not vary linearly with In©. Figures A.4, A.5, and A.6 demonstrate
the equivalent for a ‘hemisphere array on an active surface’ of the data that was
shown for an array of wires in Figures, A.1, A.2, and A.3 respectively. When the
surface is active, the shift in peak potential for increased coverage of hemispheres
is much less significant than when the surface is inactive. For this specific example,
the difference in peak potential, AE,, between an active surface with © = 0.1 and
one with © = 0.7 is 22 mV, whereas the same comparison for an inactive surface

gives AL, =100 mV.
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Figure A.4: Voltammetry of an array of hemispherical particles on an active
surface as it varies with rate constant, k°, in the range 1071, 1072, 1073, ..., 1077,
©=0.5 (V=15), and r. = 100 nm, d = 282 nm.
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Figure A.5: Voltammetry of an array of hemispherical particles on an active
surface as it varies with surface coverage, ©, in increments of 0.1. k = 107" cm
s re =100 nm.
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Figure A.6: Variation of peak potential, E,, with coverage, ©, for a range of
values of rate constant, k°, for an array of hemispherical particles on an active
surface with ro = 100 nm. Dotted lines show values predicted by Equation A.1.

A.3 Array of Cylindrical Particles

For an array of cylindrical particles:

2
N(mr; + 21reze) _ (Qﬁ 10 (A)

U —
A T'o

where z, is the cylinder height. Figure A.7 shows how the peak potential of the
voltammetry varies with surface coverage © for the simple case where r, = z, = 100
nm. Note that in this situation ¥ = 30. Figure A.8 shows how the voltammetry
varies with varying cylinder height, z., for a fixed cylinder radius, r.. As can be
seen, the a larger z, leads to a greater value of ¥ and thus a more significant peak
shift. Figure A.9 shows how the peak position varies with cylinder height for a
range of values of ©, with dashed lines showing the values predicted by Equation

A.1 demonstrating excellent agreement with simulated results.
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Figure A.7: Voltammetry of an array of cylindrical particles as it varies with
surface coverage, ©, in increments of 0.2. k =10"% em s, r. = 2z, = 100 nm.
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Figure A.8: Voltammetry of an array of cylindrical particles as it varies with

cylinder height, z., in increments of 20 nm. k = 107% e¢m s71, © = 0.5, 7. = 100
nm.
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Figure A.9: Variation of peak potential, E,, with coverage, ©, for a range of
values of cylinder height, z., for an array of cylindrical particles with r. = 100
nm, k = 1075 ¢m s71. Dotted lines show values predicted by Equation A.1.
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