Mathematika 62 (2016) 551-571  ©2016 University College London
doi:10.1112/S0025579315000364

SMALL SOLUTIONS OF QUADRATIC CONGRUENCES, AND
CHARACTER SUMS WITH BINARY QUADRATIC FORMS

D. R. HEATH-BROWN

Abstract.  Let Q(x, y, z) be an integral quadratic form with determinant coprime
to some modulus g. We show that g | Q for some non-zero integer vector (x, y, )
of length O(g/3t%), for any fixed ¢ > 0. Without the coprimality condition on
the determinant one could not necessarily achieve an exponent below 2/3. The
proof uses a bound for short character sums involving binary quadratic forms, which
extends a result of Chang.

§1. Introduction. Let Q(x) = Q(xy, ..., X,) € Z[x1, ..., x,] be a quadratic
form. This paper, which may be seen as a continuation of the author’s earlier
work [10, 11] seeks to understand the smallest solution of the congruence
Q(x) = 0 (mod ¢) in non-zero integers x. Thus we shall set

m(Q; q) := min{[[x]| : x € Z" — {0}, Q(x) = 0 (mod ¢)},
where ||x|| denotes the Euclidean norm, and ask (in the first instance) about

B, (q) = manm(Q;q),

where the maximum is taken over all integral quadratic forms in n variables.
(This definition differs slightly from that used in [10, 11].) The interested reader
may refer to Baker [1, Ch. 9] for an account of this problem and its applications.

It is trivial that B, (q) is non-increasing as a function of n. When g is square-
free, it is easy to see that B, (¢) = g for n = 1 or 2. Moreover, the form Q(x) =
xl2 4+ 4 x,% has m(Q; q) > q'/? so that B,(g) > ¢q'/? for every ¢ and every

n. When n = 3 and q is square-free,
Biy(@) = m(Q; q) = ¢*° + 0(¢'")
for a suitable singular form
Q(x1, %2, x3) = (x1 — bx2)? — alx2 — bxy)”. (1.1)

(Details for the case in which g is prime are given in [10, Theorem 3] but the
argument readily extends to any square-free g.) It is reasonable to conjecture that
such lower bounds represent the true order of magnitude for B, (¢) in general, so

that
2/3+¢

, n=3,
B, (q) <e {;]1/2+8

n>4,

for any fixed € > O (uniformly in n, by the non-increasing property).
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A basic upper bound for B,(q) was provided by Schinzel et al [16], who

showed that
1/2+1/@2n), n odd,
B,(q) K
n'q g2/ even.
In particular, one sees that ¢>/3
when g is square-free.

For n > 4 and any & > 0 one has

is the true order of magnitude of B3(g), at least

Bu(q) <e g/t

if g has at most two prime factors (see the author [11, Theorem 1]); that

Ba(q) Ko q/¥%¢

(see [11, Theorem 2]); and

2
Bn(Q) <<£,nq1/2+3/n +&

for every even n > 12 (see [11, Theorem 3]). Indeed, a number of other such
bounds are possible.

It might appear from the above discussion that our question is completely
resolved for n = 3, but wide open for n > 4. None the less, the main goal
of this paper is a further exploration of the situation for n = 3 (!) It will be
observed that the example (1.1) is a singular form. It turns out that one can do
better by restricting attention to ternary forms which are non-singular modulo q.
Before stating our result, we should make two simple observations. Firstly, if
q = q3q1and q1 | Q(x), then g | Q(gox). It follows that m(Q; q) < gom(Q; q1)-
In particular, if we have proved that B, (q) < ¢? for all square-free ¢ and for
some exponent 6 > % then we may deduce that B,(q) < ¢ for every q.
Secondly, if g = 2q; and ¢q; | Q(x), then ¢ | Q(2x). It follows, in this case,
that m(Q; q) < 2m(Q; q1). Once again, if we have proved that B, (g) < q9
for all odd square-free ¢ and for some exponent 6, then we may deduce that
B, (q) < q? for every square-free ¢. These observations allow us to focus on odd
square-free g. Indeed, we shall assume, without further comment, throughout the
remainder of this paper that ¢ is odd and square-free. In this situation, we can
represent Q(x) modulo ¢ via a symmetric integer matrix, which we also denote
by Q, by abuse of notation.

We now define

B3(q) = mgxm(Q; q),

where the maximum is taken over all integral ternary quadratic forms Q with
(det(Q), g) = 1. This notation allows us to state our principal result.

THEOREM 1. Let g € N be odd and square-free, and let ¢ > 0 be given. Then

Bi(q) <. q/3*.



SMALL SOLUTIONS OF QUADRATIC CONGRUENCES 553

So we see that we can go below the exponent 2/3 which is the limiting
exponent for B3(q). We now have the same exponent 5/8 for (non-singular)
forms in three variables as we previously had for four variables. (However, it is
explained in [11] that one can reduce the exponent to 13/21 with more work, in
the four variable case.)

It now seems that one should conjecture a bound

Bi(q) <= q'/**%. (1.2)

The proof of Theorem 1 proceeds by reducing the problem to a second
question, which we now explain. If Q is a quadratic form in n > 2 variables,
we write

m(Q;q) :=min{||x|| :x€Z" — {0}, € Z, O(x) = 12 (mod q)}

and R
Bu(q) = mann?(Q;q),

where the maximum is taken over all integral quadratic forms in n variables such

that (det(Q), ¢) = 1.
We then have the following result.

LEMMA 1. Let ¢ € N be odd and square-free. Then if Q is a ternary
quadratic form with (det(Q), q) = 1,

m(Q; ) < q'*m(=0"; ¢)'?,
where Q™ is the adjoint matrix for Q. In particular,
Bj(q) < q'*Bs(q)'/%.

This naturally leads us to speculate about the size of B; (g), and the natural
conjecture is that R
B3(q) e q° (1.3)

for any fixed ¢ > 0. Of course, Lemma 1 immediately shows that this latter
conjecture implies (1.2).

In view of Lemma 1, it is natural to change our focus from the form Q to
— 0%, and indeed we will switch notation so that it is now 7 (Q; ¢), which will
be our primary concern. If ¢ is odd and square-free there is a real character

_(m
Xd(m) = (E)

for each divisor d of g, and the congruence Q(x) = 2 (mod g) will have a
solution 7 if and only if

> xa(Qx) > 0.

dlq
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We can therefore attempt to show that Bs(q) is small by investigating the
character sums
S(x.B.Q):= Y x(QX)

IxlI<B

for primitive characters x to modulus d > 1. If we can show that
S(x, B, Q) < B> 1.4)

for some fixed § > 0, for every primitive x to modulus d > 2, then we will be
able to deduce that m3(Q; q¢) < B, since one has S(1, B, Q) > B3 for the trivial
character.

It seems plausible that (1.4) should hold for B > ¢, for any fixed n > 0 and
with § = §(n) > 0. This would suffice for (1.3), and hence also for (1.2).

One standard procedure to estimate sums such as S(x, B, Q) is to complete
the sum and use bounds of Weil-Deligne type. It is very instructive to carry this
out in detail. If d = ¢ is prime, for example, and x is the quadratic character,
one finds on completing the exponential sum that

B3
SH.B.Q) =5 Y W(%y)sm

y (mod ¢)

where W < 1 is a suitable weight function and

SWi= Y ey x)(Q;X))

X (mod q)
_ m
ol Y (;) S ey x4+ mOx)).
m (mod q) x (mod q)

These complete sums can be computed explicitly. Assuming that g 1 det(Q), the
inner sum above is

> (@)eq(—ﬁg—%y».

One then finds that S(y) is of order g> when ¢ | Q™i(y), and of order ¢
otherwise. This may be something of a surprise, since one typically expects
complete sums in n variables to have size around q”/ 2, and here n = 3. As a
result, this analysis leads to a bound which one may think of as

S(x, B, 0)<eq°(q+ B¢ '#{y < q/B : q | Q*Y()).

Recall that we have estimated m(R; q), say, for a ternary form R, in terms
of sums S(x, B, —R™). Thus it is apparent that the above analysis ultimately
connects small solutions of ¢ | R(x) with small solutions of ¢ | R(y). In fact, the
argument is not completely circular (because the relevant bounds ¢'/?B!/2 and
q/B are different), and one can show in this way that B} (q) < g?3%¢, at least
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when ¢ is prime. Alternatively, one can provide an upper bound for

#y < q/B :q | Q™(y), y primitive}

from first principles, by using O((¢/B)>/?) plane slices of the type a - y = 0.
Each such slice produces a binary quadratic form of rank one or two, which will
have O(1) primitive zeros modulo g, under the assumption that ¢ is prime. In
this way one finds that

#Hy < q/B:q| 0"y < (q/B)*?,

and hence
S(x. B. Q) <. q°(q + B**¢'/%).

We therefore have a non-trivial bound for B > ¢'/3%9. Unfortunately, this merely
yields B3(g) < ¢'/3>¢ and hence Bi(q) < g?*3re.

We have been unable to obtain a non-trivial bound for S(x, B, Q) when B <
q'/3. However, if one replaces Q by a binary form one can do better. Indeed the
following result of Chang [7, Theorem 11] is the main inspiration for this paper.

THEOREM 2 (Chang). For any ¢ > 0 there is a corresponding § > 0 such
that

Z Z X(xz—l—axy—i—byz) < pfaXY
X <x<X+X'Y' <y<Y+Y’

1/4+¢

for any non-trivial character x modulo p, any X,Y > p and any integers

a, b with a® # 4b (mod p).

This improves on the corresponding results of Burgess [5] and [6], which
were non-trivial only for X, ¥ > p!/3+¢,

The proof of Chang’s result crucially uses the fact that a binary quadratic form
over I, factors over I 2, and of course this limits the approach to the case n = 2.
Since we are interested in composite ¢, we will require a variant of Theorem 2.
The argument in [7] splits into two rather different cases, one in which the form
factors over I, and one in which it does not. In order to handle composite g we
need to devise a treatment which handles both cases in the same way. Our result
is the following.

THEOREM 3. Let ¢ > 0 and an integer r > 3 be given, and suppose that
C C R? is a convex set contained in a disc {x € R? : ||x — Xo|| < R}. Letqg > 2
be odd and square-free, and let x be a primitive character to modulus q. Then if
Q(x, y) is a binary quadratic form with (det(Q), q) = 1,

_ 2
D X (0@, ) Lo RV gUrtD/Er e
(x,y)eC

for g4+ < R < SN2/,
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For comparison, we observe that the standard Burgess bound [4, Theorem 2]
yields
3 x(xy) Koy REH gD/
x,y<R

relative to which our theorem has a loss of (Rg~'/*)1/" In §3 we will apply
Theorem 3 with C = {x € R? : ||x|| < R} and R = q1/4+5. Taking r > (28)~!
we will be able to deduce that §2 (9) K¢ ql/ 443 We then go on to conclude that
B; (q) <e ¢'/**¢ and hence, via Lemma 1, that Bi(q) < g3+,

Before embarking on the proofs, we need to mention one point of notation.
We shall follow the common convention that the small positive number ¢ will be
allowed to change between appearances, allowing us to write ¢° log g <. ¢, for
example.

§2. Proof of Lemma 1. Suppose that —Qadj(a) = 2 (mod g) with |a] =
m(—Q; q) and a # 0. Write a = aap with & € N and ag primitive, and let

A:={xeZ:ay-x =0}

This will be a two-dimensional lattice of determinant ||ag||. Let x; be the shortest
non-zero vector in A, and x; the shortest vector non-proportional to xj. Then x;
and x; form a basis for A, and

X1l - X2l < flaol 2.1

and
X| A Xp = *Fag.

Here
(w1, u2, uz) A (v, v2, v3) = (U2V3 — U3V, UV] — ULV3, UV — UDV])

is the usual vector product. We proceed to write R(u, v) := Q(ux; + vx3), so
that R is a binary quadratic form. This gives

det(R) = det(Q(ux; + vx2)) = Q™ (x; A x2) = 0™ (ap)
as an identity, so that
—a? det(R) = —0™i(a) = r* (mod q).

Let (¢, @) = qo and g = qoq1. If p is an odd prime factor of g1, the form R will
factor over IF, if its discriminant is a square modulo p. Since g is odd and square-
free, it follows that ¢ is also odd and square-free. Moreover, the discriminant of
R is —4 det(R). Thus R factors over I, for every prime factor p of g1, and we
may then use the Chinese remainder theorem to produce integral linear forms L
and L, such that R(u, v) = L{(u, v)La(u, v) (mod q1).
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Our next move is to find a short non-zero integer vector (u, v) such that
q1 | L1(u, v). Once we have done this we will automatically have g | R(u, v).
Referring to the definition of the form R, we then see that g1 | Q(ux; + vXp).
Thus, if we take x = go(ux; + vx»), we will have ¢ | Q(x), as required. Our
task is therefore to show that there is a suitable vector (¢, v) for which the
corresponding x is sufficiently small.

Let 1/2 1/2
X X
. <q1” 2|I) ol Ve (qln 1||> |
X1l %2l
so that UV = g;. Then an easy application of the pigeon-hole principle shows

that one can find (u, v) € Z% —{(0, 0)} with q1 | L1(u, v) and satisfying |u| < U
and |v| < V. We then deduce that

IXIl = gollux; + vxa|
< qoU|xi] + Vxl)
= 2q0(q1lIx1 ] - Ix21)"/*
< qo(qillagl)'’?
= ¢'*(qollaol)

q'*(allaol) '/

= q'?||a||'/?

1/2

N

by (2.1). Since x must be non-zero we deduce that
m(Q; 9) < (qllal)'’? = ¢'*m(—=0*; ¢)'/2,
as required.

§3. Deduction of Theorem 1. In this section, we will show how Theorem 1

follows from Theorem 3. Clearly, it suffices to prove that m(Q; q) <. ql/4te
uniformly for any ternary form Q with (det(Q), gq) = 1.
Our first task is to establish the following corollary to Theorem 3.

LEMMA 2. For any § > 0 there is a corresponding n > 0 such that, if g > 1
and C C R? is a convex set contained in a disc {x € R* : |x — xo| < R},

D x(Qkx, y) K5 R¥T

(x,y)eC

for R > q"/**3 uniformly for every primitive character x modulo q and for
every binary quadratic form Q with (det(Q), q) = 1.

We prove this in three steps, beginning with the case in which ¢!/4*? < R <
¢>/12. In this range we choose

r=3+[1/8], n=1/¢*+4r) and &=n/4.
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Thenr >3and 1/4+6 > 1/4 + 1/r, so that
g < R1/(1/445) < R4/ (r+4)

Thus Theorem 3 produces

_ 2
Y X(Q(x,y)) Loy RFVglrtDIGrte
(x,y)eC

<s R2-U/r+(r+2)/r(r+4)+4e

—  R2-2/rr+4+n
RN
Next, when ¢°/!1? < R « ¢, we cover R? with disjoint squares of side ¢°/12
to obtain a partition of C into O(R?q /) convex subsets, each with diameter
at most ¢°/'2. On applying the result above with § = 1/6 we find that

Y X0, y) K RPq™/0g¥ )21 « RFOI2 3.1)
(x,y)eC

for some absolute constant n > 0.
Finally, we examine the case R >> ¢. This time, we cover C with squares of
side g, and observe that

Y x(Qx, y) =0.
x,y (mod q)

(By multiplicativity it suffices to prove this when ¢ is prime, in which case it is an
easy exercise, relying on the fact that Q is non-singular modulo ¢.) Since C will
be partitioned into O(R2g~%) complete squares and O(Rg~!) partial squares
we may use the result (3.1) to conclude that

3 X0, ) < RgT'gPIN2 < R,
(x,y)eC

and the lemma follows.
We next estimate m(Q; g) for binary forms Q.

LEMMA 3. For any fixed § > 0,
m(Q; q) <sq'*t

uniformly over odd square-free moduli g, and over binary forms Q subject to

(det(Q), q) = 1.

As already noted in the introduction, if we let d run over all divisors of g then,
if )" ; xa(m) > 0, we must have m = 12 (mod g) for some integer . It follows
that m(Q; q) < R provided that

D> xa(QGx.y) > 0.

dlg Iz )I<R
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The number of divisors of g is O.(¢?), for any ¢ > 0. Choosing ¢ = n/8, it
follows from Lemma 2 that if R > ql/ 4+5, then

Y Y 06 ) < R < R,
dlq,d>1(x,y)II<R

On the other hand,

1R,

e ISR

and Lemma 3 follows. R R
Finally, we need to estimate B3(q) in terms of B>(q).

LEMMA 4. We have
B3(q) < q°Ba(q)

for any fixed ¢ > 0.

Once this is proved, we may deduce from Lemma 3 that §3 (@) e q'/4te
for any ¢ > 0, and hence Lemma 1 yields B3 (q) < ¢>/8+¢_ This is the result
required for Theorem 1.

To establish Lemma 4, we will find short vectors

(a1, @), (a3, as), (as, ag) € 7* (3.2)
such that the form
R(u,v) := Q(aju + ayv, asu + a4v, asu + agv) (3.3)

has (det(R), g) = 1. We can then choose u, v K §2(q), not both zero, such that
R(u, v) is a square modulo ¢, which will produce a corresponding vector

X = (aju + apv, azu + aav, asu + agv)
for which Q(x) is a square modulo ¢, and
Ixll < [I(u, v)[| max(ay, ..., as).

If x were to vanish, the three vectors (3.2) would all have to be proportional. But
then the form (3.3) would have rank at most one, so that det(R) = 0. This would
contradict our assumption that (det(R), g) = 1. It follows that x # 0. Thus, to
complete the proof of Lemma 4, it will suffice to show that we can choose the

coefficients ay, ..., ag to be of size O.(¢°).
Define
Alay,...,as) :=det(Q(aju + arv, azu + aqv, asu + agv)).
This will be a sextic form in the six variables ay, ..., as. We claim that for each

prime factor p of g there is at least one choice of a € Z such that p 1 A(a). Since
we can diagonalize Q by a unimodular transformation over FF,,, a moment’s
reflection shows that it is enough to verify the claim when Q is a diagonal form.
However, the result is trivial in this case, since p 1 det(Q).
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We can now call on the following lemma, which we will prove shortly.

LEMMA 5. Let e, 8 > 0 be given. Suppose F(x1,...,x,) € Z[x1, ..., Xy]is
a form of degree d, and let q € N. Assume that for every prime divisor p of q
there is at least one a € 7" such that p 1 F (a). Then

#ac N :maxa; < A, (F@),q) =1} >qne5A"q ¢
as soonas A > q‘S and q >n.d.e.5 1.

This result shows that we have at least one vector a of size ||a]| < ¢° such
that A(a) is coprime to ¢, which suffices to complete the proof.
It remains to prove Lemma 5. Define

N(e) :=#{a (mod e) : e | F(a)}

for each e € N. Then N (e) is multiplicative, and N(p) < p”" for p | g, by the
hypothesis of the lemma. Moreover, when N (p) < p”" the form F cannot vanish
identically modulo p, and hence N (p) <4, p"~ LIt follows that

N(e) Lapye" 1

for e | ¢ and for any fixed > 0.
We now consider

N(e, A) :=#a e N" :maxa; < A,e | F(a)}.

The set (0, A]"” contains [A/e]" disjoint cubes of side-length e, and is included
in a union of (1 + [A/e])" such cubes. It follows that

n n

N(e, A) = ?—HN(e)—l—On(A”*lel*"N(e)) = e—nN(e)—{—Od,n,n(A”*le") 3.4

when e | ¢ and e < A. To handle larger values of e, we use a rather general
result of Browning and Heath-Brown [2]. For each p; | ¢, let V; be the affine
variety over I, given by F = 0. Since F does not vanish identically modulo
pi, this has dimension n — 1. We now apply [2, Lemma 4] with W = A" and
ki = n — 1, for every index i. Taking e | ¢ with e > A, we find that there is a
constant C = C(d, n) such that

Ne, A) < C© (A" + w(e) A" «gppe" A"

for any fixed n > 0. It follows that, if e > A,
A" n —n n—1
N(e, A) = —nN(e) + O(A"N(e)e™) + Og (A" e
e
An
= —N(€) + Ogny(A"e™ ") + Oy (A" ")
e

n

A
= - N(e) + Ogpn (A" e,
e Y

so that (3.4) holds whether ¢ < A or not.
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We now examine
#{ae N' :maxa; < A, (F(a),q) =1}
=) _u@N(e A)

elq
A" n—1
=D nE@_ N+ od,,w<z A e">
elgq elq
=A"[[A=NP)P™") + Oann(A""g*").
rlg

Since N(p) < p" and N(p) < cop™~! for some constant cq depending only on
d and n, we may deduce that

[Ja=Npp™ = [[a-@"=Dp™ [] 0 —cop™

rlq plq rlq
P<2co p>2co
> [ p [T a-pH
p<2co plq
p>2co
2¢
@\
>>d,n (¢_q
q
>d.nn q "

It follows that
#aec N :maxa; < A, (F@),q) =1} > c2A"q7" — 34" 1¢*"

for suitable positive constants ¢, and ¢3 depending on 1, d and n. The lemma
then follows by taking n = min(e, 6/4).

§4. Proof of Theorem 3. For the proof we will write

=Y x(Qx )

(x,y)eC

for convenience. Let N € N be a parameter to be chosen, satisfying N <
Rqg~'/1%0 say and set S = [R/N]. We need to specify a “good” set of vectors
s € N2, and this will require a further definition. The form Q (X, Y) should be
thought of as lying in (Z/qZ)[X, Y], and we need an appropriate lift to Z[ X, Y].
To achieve this, we write Q(x1, x2) = Ax? + Bxix, + Cx3 and

A= {VEZ3 :v=A(A, B, C) (mod g) for some A € Z}, 4.1)

and we let (A*, B*, C*) be a non-zero vector in A of minimal length. As there
is a non-zero vector (A’, B’,C’) = (A, B,C) (mod g) in A with |A’|, |B’|,
|C’| < g/2, we see that g cannot divide (A*, B*, C*). We now define

Q*(X,Y) = A*X?> + B*XY + C*Y>.
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Note that det(Q*) = A% det(Q) (mod ¢) for an appropriate A. Since g cannot
divide A and is square-free and coprime to det(Q), we will have ¢ 1 det(Q*).
In particular, Q* is non-singular. (However we do not know that ¢ and A are
coprime, and hence there is no guarantee that (det(Q*), g) = 1.) We can now
take our set of “good” vectors s to be

S ={(s1,5) e N*: ls]| < S, (Q(s), ) = 1, Q*(s) # 0}.

There are O (S) vectors for which Q*(s) = 0, uniformly over all non-zero forms
Q*. Thus, according to Lemma 5,

#S > S7q7°, 4.2)

for S>>, ¢, for any fixed ¢ > 0.
For any positive integer n < N we proceed to write

#SX = Z Z x(Q(x1 + nsy, x2 +ns2))Le(x1 + nsy, x2 + ns2),
(51,52)€S (x1,x2)€Z2
where 1 ¢ is the characteristic function for the set C. It follows that
NESHT= Y Y Y x(Qxi+nsi,x2+ns)),
(51,52)€S (x1,x)eZ? nel

where
I ={n<N: (x| +nsy,x2+nsy) € Ch

Since C is convex, [ is an interval. Moreover, if I is non-empty, containing X+ns,
then ||x + ns — Xp|| < R and ||ns|| < NS < R, and hence ||x — xg|| < 2R. We
therefore deduce, via (4.2), that

> x(Qx1 + nsi. x2 + nsp)|.

nel

—1¢-2 ¢
YL NS qz Z 1&3@]

seS xe7?
Ix—x0[|<2R

If the reader compares this with the corresponding stage in the argument of
Chang [7] (see [7, (4.3)]), for example, then it will be observed that Chang has
a product st in place of our variable n. Indeed, our method is slightly different
from Chang’s, as it requires one fewer variable and does not use an argument
corresponding to [7, Lemma 3].

To proceed further we use the readily verified identity

Q(x1 +ns1,x2 +ns2) = Q) 0(n + a(s, x), b(s, x)),
where é(xl, X2) = x12 + Bxixy + ACx%, and

Ax1s1 + Bxysy + Cxasp X281 — X182

5 b(S, X) = .
0(s1, 52) 0(s1, $2)

a(s, x) (4.3)
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Here the fractions are to be interpreted in the ring Z/qZ, the denominators
Q(s1, s2) being units by our choice of the set S. We now write

N(a,b) =#{(s,x) € S x Z* : |x — Xo| < 2R, a(s, x) = a, b(s,x) = b},

and hence

—1c-2 ¢
YL N S Z N(a,b)lgggﬁv]
a,b (mod q)

Y x(Q(n+a, b))‘.
nel

We must now consider the mean square of N (a, b), for which we will prove
the following bound.

LEMMA 6. For any fixed ¢ > 0,
3 Nia, b < g 22 (1 + RSq™2 + R2S%q ).
a,b (mod q)

This will be established in the next section.
We also have the trivial bound

Z N(a,b) < #{(s,x) € S x Z? : |x — xo|| < 2R} < R*S?,
a,b (mod q)

and hence Holder’s inequality yields

2r—2
S L (lezqgf'{ > N(a,m} { > N(a,b>2}

a,b (mod q) a,b (mod q)

2r

X Z Inza)iv]

a,b (mod q) —

Zx(Q(n+a b))

<<£,r N—ZVR4F—25—2q€(1 + RSq_l/2+ R2s2q—4/3)

2r
X max
Z I1C(0,N]
a,b (mod q)

Zx(Q(n +a,b))

Le.r N2—2rR4r—4q£(1 + RZN—lq—l/Z + R4N_2q_4/3)

X E max

a,b (mod q) I<0,

2r

, 4.4)

Zx(Q(n +a, b))

on employing our convention concerning the values taken by ¢.
We are therefore led to consider sums of the form

S(g:H):= )

a,b (mod q)

2r

> x(Q(n +a,b))

n<H
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To estimate these, we expand to obtain

S@:H)y= )Y Z(gim)

with
S(m= Y  x(Fi(a b;n)X(F-(a,b;m)
a,b (mod q)

and

r 2r
Frx,vim=[]om+Xxv), FXYim= [] O0i+X,7).
i=1 i=r+1

The sums X (g; n) have a standard multiplicative property. If ¢ = uv, say, then u
and v will be coprime and square-free, and we can write x = x, xy for suitable
primitive characters to moduli # and v, respectively. Then

Y(g;n) = X(u; n)X(v; n). 4.5)

It therefore suffices to understand ¥ (g; n) when g is prime, for which we have
the following result.

LEMMA 7. Let p be an odd prime not dividing det(é), and let x be a non-
principal character to modulus p. Write

A = l_[ (nj —n;)

1<j<2r
J#i
and
A= h.C.f.(Al, ey Azr).
Then

IZ(p;m)| < 4r’p(p, A).

We will prove this in §6. By summing over the (2r)-tuples n we are then able
to establish the following bound for S(g; H).

LEMMA 8. Forany e > Oandr € N,
S(q, H) e (qH)*(qH” + ¢ H").

This will be proved in §7.

Having established this, there is a standard procedure to insert a maximum
over subintervals of (0, N], which goes back to Rademacher [15] and Menchov
[14]. We do not repeat the details, but instead refer the reader to Gallager and
Montgomery [9, §3] or Heath-Brown [13, §2]. The outcome is the following
result.
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LEMMA 9. Foranye > Qandr € N,

2r

Y x(Q(n+a, b))
nel

Ler (N (@N* +¢*N").

565

We are now ready to complete the proof of Theorem 3. We insert the bound

of Lemma 9 into (4.4), to give

S &er NV RY G5 (1+ RENT1g 12 4 RANT24743)

(N (@N* +¢*N").

In order to balance the final two terms, we choose N = [¢ 1/71, which satisfies our
constraint N < Rg~ /1% provided that R > ¢'/4*1/2" and r > 3. On redefining

& we then find that

22r<<8’r quZ—ZrR4r—4(1 + RZN—lq—l/Z + R4N_2q_4/3) qur

Koy g PHVTHe RAIT=2(R=21/241/r 4y R2,=5/6-1/r)

and the theorem follows.

§5. Proof of Lemma 6. We now prove Lemma 6. In view of the definitions

(4.3) we have the identity

(Ab(s, X)X —a(s,X)Y)(2X — 1Y) = 52b(s, X)) Q(X,Y) — (02X — x1Y)Y

in (Z/qZ)[X, Y). Thus, if a(s,x) = a(s’,x') = a and b(s,x) = b(s’,X) = b,

then

(AbX —aY)(sr X — le)(séX — siY)
= (2b0(X,Y) — (x2X —x1Y)Y)(s5X — s1Y),

and also

(AbX —aY)(séX —siY)(szX —s51Y)
= (55bO(X,Y) — (x5X —x(Y)Y) (52X — 51Y).

Thus, by subtraction, we deduce that

Y{(x X —le)(séX — siY) — (xéX —xiY)(szX —s51Y)}
= b(sys1 — s152)Y Q(X, Y),

still in (Z/qZ)[X, Y].
We then deduce that

!/ / / !/ /! / / /
(X285 — X582, X581 + X|52 — X28] — X185, X15] — X|S1) € A,

with A given by (4.1). It follows that

Y N@,b*< ) Nils,s),
a,b

s,s'eS

(5.1)
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where N (s, s') counts pairs of vectors (x, X') each lying in the disc ||x — Xg| <
2R, such that (5.1) holds. Now suppose that (x;,X)) is a pair counted by
Ni(s,s). For any other such pair we write X = x; + u and X' = x| + u’ and
hence, by subtraction, we find, firstly, that [Ju]|, [w’|| < 4R and, secondly, that

(uzsé — u/zsz, u/2s1 + u/lsz — uzsi — ulsé, M1Si — u’lsl) € A. 5.2)

Thus Ni(s,s’) < Ny(s,s), where Nj(s,s’) counts pairs of vectors u, uw’
satisfying (5.2), and having length at most 4R.

We have already chosen (A*, B*, C*) = vy, say, as the shortest vector in A.
As in the proof of Davenport [8, Lemma 5], we can then construct a basis vy, vy,
v3 for A, such thatif v = A{vi+Aovo+A3vs, then A; < ||[v||/|vi] fori =1,2,3.
Moreover,

Ivill < llv2ll < llvall

and
Ivell = llvall « [Ivs]] = det(A).

In our case, det(A) = q2, and hence

4/3
Ivall - lIvsll > ¢*/>.

In addition, one sees from the definition of A that g | vi A v, and, since the
vectors vi and v; are not proportional, it follows that

g < lIvi Avall < [vill -+ lIv2ll < [Ivall®.
The vector
V= (ugsé — u/zsz, u/zsl + u'lsz — uzsi — ulsé, ulsi — u’lsl)
has length at most 32R S so that the corresponding coefficients satisfy

RS RS
AL —— and A3 <K —-.
vzl INE]

If we break the available vectors counted by N (s, s’) into subsets according to
the values of A and A3, then the number of such subsets will be

<<<1—|— RS>(1+ RS)<<1+ RS—I— RES* <<1—|-RS+R2S2
vall ) U il all vl sl < g2 T g

If (uy, u/l) and (up, u/z) are two pairs belonging to the same subset and we write
u=u; —uw and u’ = uj —u), then

V= (ugsé — u/2s2, u/zsl + u’lsz — uzsi — ulsé, M1Si — u’lsl) (5.3)

will be a multiple of v; = (A*, B*, C*), and we will have |ju]|, [u’|| < 8R.
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We therefore conclude that
Na(s,s') < (14+ RSq™ "% + R2S%¢™*3)N3(s, §),

where N3 (s, s’) counts pairs of vectors u, w’ having length at most 8R and for
which the vector (5.3) is an integer multiple of (A*, B*, C*). The quadratic form
corresponding to v is

(upsh — u’zsz)X2 + (uhs1 + uysa — upsy —uish) XY + (uys) — u’lsl)Y2
= (ur X — ulY)(séX — siY) — (u’zX — u’lY)(szX —s51Y).

We therefore conclude that
0" (X, Y) | uaX —u1Y)(sHX — s1Y) — whX —u Y)(s2X —s1Y).  (5.4)
Thus, to complete the proof of Lemma 6, it suffices to show that

#Hu,u',s,s)eZ>xZ> xS xS |ul, 0] <8R, (5.4) holds}
< ¢°R*S?. (5.5)

Given two binary quadratic forms Q| and (5, one may define a covariant
C(Q1, Q») as the discriminant of the binary form D(«, 8) = det(e Q1 + 02).
One readily confirms that C(Q1, Q2) = C(Q1 + AQ2, Q») for any constant A,
and, moreover, that

C((u2X —u1Y)(n2X —v1Y), Q) = Q(uy, u2) Q(vy, v2).
Taking Q1 = (u2X —u1Y)(s5X — s1Y) and Q> = Q*, we deduce that

O*(u1, u2) Q*(s1, s5) = O (u', uy) Q*(s1, 52). (5.6)

In defining the set S, we arranged that Q*(s) # 0. If Q*(u) # 0, it follows
that Q™ (u1, uz) Q* (s}, s3) has O, (¢®) divisors, since

|Q* (u1, u2) Q* (s}, s5)| <« max(JA*|, |B*|, [C*])*[lu)l[s|* < ¢*R*S* < 4°.

Moreover, when d # 0 the equation Q*(u}, u3) = d will have <¢(¢R)* <, ¢°
solutions u’ with [|u’|| < 8R by, for example, Theorem 13 of Heath-Brown [12].
(Here we crucially use the fact that Q* is non-singular.) Similarly, Q*(s1, s2) =
d’ will have O, (g°®) solutions for any d’ # 0. It then follows that the contribution
arising from 4-tuples (u, w', s, s’), in which Q*(u) # 0, will be O,(g°R>S?),
which is satisfactory for (5.5).

It remains to deal with the case in which Q*(u) = 0. In view of (5.6), we
will then have Q*(u’) = 0, since Q*(s) and Q*(s’) are non-zero. We now claim
that either u = v’ = 0, or Q*(X, Y) factors over Z into linear factors L{(X, Y)
and Ly(X, Y) such that L1 (X, Y) divides both upX — u1Y and u, X — uY. To
see this, suppose that u # 0, say. Then we must have L(X, Y) | up X —uY for
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some integral linear factor of Q*. It would then follow, from (5.4), that L1 (X, Y)
| u) X —uY, since Q*(s) # 0. The claim then follows.

Clearly, the contribution to (5.5) arising from the caseu = u’ = 0 is 0(sh =
O(R?5?), which is satisfactory, so it remains to consider the case in which

wX —u1Y =kLi(X,Y) and ubX —u )Y =k'Li(X,Y)
with integers k, k" such that |k|, |k’'| < 8R. We then have
k(sHX — s1Y) =k'(s2X — 51Y) (mod Lo (X, Y)),
by (5.4).If Lr(X,Y) = aX — bY, say, then we must have
k(shb — sja) = k' (s2b — s1a).

Moreover, séb — sia and s»b — sqa are non-zero, since Q*(s) and Q*(s") do not
vanish. If ¥’ = 0, then k = 0, which would put us in the case u = v’ = 0, which
has already been dealt with. Since at most one of a or b can vanish, we may
suppose that b, say, is non-zero. There are then O(RS>) possibilities for 51,81,
s and k’, and the number of divisors k of k' (s2b — sia) will be O, ((gS)?), since
lal, |b| <« max(]A*|, |B*|, |C*|) « q. The complementary divisor to k is then
shb — sja, which determines s}. We therefore conclude that the corresponding
contribution to (5.5) is O, (qERzSz), since S < R < ¢. This completes the proof
of (5.5), and hence of Lemma 6.

§6. Proof of Lemma 7. Our proof of Lemma 7 is inspired by the viewpoint of
Chang [7]. We first consider the case in which Q(X Y) = X%+ BXY + ACY?
factors modulo p. In this case, we may replace Q(X Y)by (X +AY)(X + unY),
say, where p t A — p, since p { det(Q). Then O(n + a,b) = (n +a’)(n + b'),
where a’ = a + Ab and b’ = a + ub are independent of n. Moreover, (a’, b’)
runs over IF%, as (a, b) does. It follows that

S(psm = Y x(Gyla, b;m)X(G(a,b;m)
a,b (mod p)

with

GiX.vim =[Joi+ X4y, G-X.vim= [] i+X)ui+Y).
i=1 i=r+1

‘We then see that
Z(p;m) = Zi(pim)?
with

Sipim) = Y x(Hy(a; m)X(H-(a;m))
a (mod p)
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and
r 2r
Hoxim =[Jei+X%,  H-m = [ @i +X).
i=1 i=r+l1

The sum X1 (p; n) occurs in the work of Burgess [3, Lemma 1], from which
one readily sees that

[Z1(p:m)| < 2r{/p, 6.1)

unless every linear factor of the polynomial H, (X; n) H_(X; n) has multiplicity
two or more, modulo p. In the exceptional case, p | A; for every i, and hence
p | A. We deduce that (6.1) holds whenever p 1 A. In the remaining case, we
have a trivial bound |21 (p; n)| < p, so that

IZi(psm)| < 2rp' 2 (p, A)'/?
whether or not p { A. We therefore conclude that

IS (p;m)| < 4r’p(p, A)

whenever @ factors modulo p. This is satisfactory for Lemma 7.

We turn now to the case in which é is irreducible over IF),. It will be
typographically convenient to write F* for the field F .. In the case under
consideration, there is a factorization @ (X,Y) = (X +AY)(X + 1Y), say, over
F with A and A’ being conjugates in F/F,. We may now define a function v
from F to C by setting

¥ (a+1b) = x((a+ Ab)(a + X'b)) = x(O(a, b)).

One easily sees that this is a non-trivial multiplicative character on F, and that

Z(pim) = ) ¥ (Hy (o M) (H-(a; m)).

aelF

Burgess’ proof of (6.1), based on Weil’s “Riemann Hypothesis” for curves over
arbitrary finite fields, immediately extends to X (p; n), and shows that

|X(p;m)| < 2rv#F =2rp,
unless every linear factor of the polynomial A (X; n) H_(X; n) has multiplicity

two or more, modulo p. In the alternative case, we have p | A, in the notation of
the lemma, and we deduce that

1Z(p;n)| < p(p, A),

in view of the trivial bound |[X(p;n)| < pz. As above, these bounds are
satisfactory for Lemma 7.
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§7. Proof of Lemma 8. It follows from Lemma 7, along with the multiplicative
relation (4.5), that

(g;m) < @rH)°Dg(q, A) <erq' (g, A).

Thus, to prove Lemma 8, it will be enough to show that

Y (@D Ler (qH) (H” +qH").

Indeed,

Y @M <) kneN N HIY k| A},

ni,...,ny <H klg
so that it suffices to establish the estimate

#ne N N0, HIY 1k | A) Ler kH)E(H* k™' + H"). (7.1)

We first consider vectors n for which A; = --- = Ay, = 0. Thenifv € N
and there is any index i such that n; = v, there must be at least two such indices.
It follows that the set {ny, ..., ny,} contains at most r distinct elements. There
are at most H" choices for these elements, vy, ..., vs, say, with 1 < s < r. Once
the v; have been chosen, there are (at most) s choices for each n;. It follows that
there are O, (H") vectors n for which A| = --- = Ay, = 0. This is satisfactory
for (7.1).

In the remaining case, A ; # 0 for some index j, and

#neN" N HI* (k| A, A #0}
2r
<Y #neN" N (0, HI k| Aj, Aj #0).
j=1

However, |A;| < H 2r —1 o that there are at most 2H r=1p-1 possibilities for
A j. For each such choice of A, there are at most 2d (| A j|) <, H® possibilities
for each of its divisors n; — n ;. Thus, taking account of the O (H) possibilities
for n itself, we find that

#ne N NO, HIY 1k | Aj, Aj #0) Lo, H U Y (HOY 1 H,

After replacing ¢ by £/(2r — 1), we see that this is O, ,(H>+k~1). Since this
is satisfactory for (7.1), the proof of Lemma 8 is complete.
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