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Abstract

The d-dimensional bordism (2, 1)-category has as objects closed (d—1)-
dimensional manifolds, as 1-morphisms d-dimensional cobordisms, and as

2-morphisms isotopy classes of diffeomorphisms.

In Part I of this thesis, we obtain generators-and-relations presentations
of the oriented and unoriented d-dimensional bordism (2, 1)-categories.
These presentations, denoted Sur?éfl; d; ~) and Surg_1; ¢; ~) respectively,

consist of Morse and Cerf graphics suitably decorated with surgery data.

In Part II, we discuss what it means for a 2-categorical presentation to
be skeletal. We introduce a general skeletalization procedure and apply
it to Sur{j, 5. .y. This yields a skeletal presentation of the oriented 2-

dimensional bordism (2, 1)-category, which is, in particular, finite.



Contents

I Introduction viii
I.1  What this thesisisabout. . . . . . . ... .. ... ... ... ..., viii
[.2 Background and related work . . . . . ... ... ... X
.3  Results and methods . . . . . . . .. ... ... ... ... .. ..., poel
1.4  Future directions . . . . . . . . . . ... XXV
I From bordisms to surgery diagrams 1

1 Morse and Cerf theory
1.1  Whitney topologies . . . . . . . .. ...

1.2 Thom’s jet transversality theorem . . . . . . . .. ... .. .. ... ..

1.3 Morse functions . . . . . . . ... 10
1.4 Cerf’s fibration lemma . . . . . . . ... ... 28
1.5 Cerfpaths . . . . . . . .. 32
1.6 Elementary Cerf paths . . . . . .. .. ... .. ... . ... .. 37
1.7 Cerf homotopies . . . . . . . . . . .. 54
1.8 Elementary Reidemeister III homotopies . . . . . . . . .. ... ... 67
2 Surgery presentations of bordism categories 71
2.1 Linear diffeomorphism diagrams . . . . . . . ... ... ... L. 72
2.2 Linear surgery diagrams . . . . . . . . .. .. .. 75
2.3 Bordism categories equipped with Morse functions. . . . . . . . . .. 81
2.4 Bordism categories equipped with Morse data . . . . . . . ... ... 85
2.5 The equivalence between F' Surgzrjl; 4 and Bordgzrjl; B 91
3 Surgery presentations of bordism bicategories 103
3.1  2-presentations . . . . . . ... 104
3.2 Planar diffeomorphism diagrams . . . . . . . ... ... L. 112

vi



3.3  2-presentation of planar surgery diagrams . . . . .. ... ... ...
3.4 Bordism (2, 1)-categories equipped with Cerf paths . . . . .. .. ..
3.5 Bordism (2, 1)-categories equipped with Cerf data . . . . . . ... ..

3.6 The equivalence between F Surgzr_)l; 4 ~) and Bordgzr_)l; Gy

IT From surgery presentations to finite presentations

4

Skeletal 2-presentations
4.1 Definition . . . . . ..o

4.2  Skeletalization procedure . . . . . . .. ... L.

Constructing a finite presentation of Bord((ﬁlz

5.1 Skeletalization of Surg;,, . . . . ... ..o L
5.2 Skeletalization of Surgi~ . . . . . . . ..
Constructing a finite presentation of Bord(;,

6.1 Skeletalization of Surcl)g’fo ........................

6.2 Skeletalization of Sur%’fl ........................

6.3 Skeletalization of Sur(s, . . . .. ...

A The F? presentation of Bord,,

References

vii

200

201
201
207

218
218
233

245
245
263
281

298

304



Chapter 1

Introduction

I.1 What this thesis is about

Over the past three decades, 3-dimensional topological quantum field theory (TQFT)
has emerged as a central area of study, revealing profound connections between low-
dimensional topology, representation theory, and higher category theory. Despite
significant progress and rich developments, the foundational problem of classifying
extended 3-dimensional TQFTs remains unresolved.  This thesis is primarily
motivated by this classification problem and presents an important stepping stone
towards its resolution.

Building on Witten’s foundational work connecting quantum field theory with low-
dimensional topology, and Segal’s axiomatization of conformal field theories, Atiyah
[Ati88] defined a topological quantum field theory as a symmetric monoidal functor
from a ‘geometric’ source category of manifolds and cobordisms to an ‘algebraic’
target category of vector spaces and linear maps. Although Atiyah’s definition was not
originally framed in this language, this formulation has since become standard, as it
provides a cohesive framework for assigning data on (d—1)-dimensional manifolds and
d-dimensional bordisms, respecting natural gluing laws. Further building on Atiyah’s
work, Lawrence [Law93] and Freed [Fre94] defined extended TQFTs, embodying
gluing laws for manifolds of higher codimension, leading to the cobordism hypothesis
of Baez-Dolan [BD95] and Lurie [Lur09]. The cobordism hypothesis provides a deep
and elegant classification of fully extended—or local-—n-dimensional TQFTs, which
assign data to k-dimensional manifolds for all & between 0 and n.

An analogous classification of general non-local TQFTs remains largely out of
reach. However, such a classification seems plausible for “almost local” n-dimensional
TQFTs, which assign data to k-dimensional manifolds for k£ between 1 and n. In the

case of n = 2, these are the non-extended 2-dimensional TQFTs, and it is a folklore
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theorem that they are classified by symmetric Frobenius algebras. The case of interest
for this thesis is the next step in complexity: extended 3-dimensional TQFTs, namely
symmetric monoidal functors

Bord},; — €.

Here, the source is a symmetric monoidal bicategory of closed 1-dimensional
manifolds, 2-dimensional bordisms and diffeomorphism classes of 3-dimensional
bordisms with corners, potentially equipped with some tangential structure 8, and
the target is some chosen delooping € of the category of vector spaces. In this thesis,
we will either omit any additional tangential structure, or set 8 to be an orientation.

In a broader sense, TQFTs can be viewed in analogy with representations of a

group G, namely functors
BG — Vecty, .

Here, BG is a category whose only object has an automorphism group isomorphic to
G. Classifying the representations of GG often involves identifying a presentation of
G in terms of generators and relations, which induces a corresponding presentation
P of the category BG. Representations of G can then be described by specifying
P-shaped data in Vect,. Extending this analogy to TQFTSs, we are naturally led to
consider generators-and-relations presentations of bordism categories as a route to
classification.

Indeed, this is how the simplest low-dimensional TQFTs are classified. For
example, the 1-dimensional oriented bordism category Bordg; has a straightforward
presentation as a symmetric monoidal category illustrated below in Figure I.1. This
presentation allows us to conclude that oriented 1-dimensional TQFTs are classified
by the choice of a vector space V, its dual V*, and evaluation and coevaluation maps
that witness their duality.

This analogy with group representations, along with its early success in classifying
low-dimensional TQFTs, motivates a deeper study of a generators-and-relations
presentation of Bord(s;. Here we will focus on a slightly easier problem. Bord{s; has
an interesting subcategory, namely Bord7;_, the symmetric monoidal (2, 1)-category
of closed, oriented 1-manifolds, oriented 2-dimensional cobordisms and isotopy classes
of orientation preserving diffeomorphisms. Following Tillmann [Til198], the symmetric

monoidal functors
Bord{;., — €

X



Generating Objects: +e -

Generating Morphisms: - 7> < N

Generating

Relations:

Figure I.1: The presentation of Bordy;, as a symmetric monoidal category.

are known as topological modular functors and have also been extensively studied in
the literature.! A generators-and-relations presentation of BordSy, is, thus, both a
quest of independent interest and a natural step towards a generators-and-relations
presentation of Bord(y;. The ultimate goal of this thesis is to obtain a finite such

presentation of manageable complexity.

1.2 Background and related work

I.2.1 General background

The study of modular functors and 3-dimensional extended TQFTs has a rich history,
dating back to the late 1980s and early 1990s. Foundational works in the area include
contributions from Bakalov and Kirillov [BKO01], Lyubashenko [Lyu95], Kerler and
Lyubashenko [KLO1], Turaev [Tur94], Reshetikhin and Turaev [RT91], Hennings
[Hen96], and Walker [Wal91]. A key focus of these early studies has been the
construction of modular functors and extended 3-dimensional TQFTs using modular
tensor categories.

More recent work by Bartlett, Douglas, Schommer-Pries, and Vicary [BDSPV15]
offers a comprehensive overview of all this development, which the interested reader
is encouraged to consult. Crucially, their work provides the primary motivation for
this thesis, establishing a classification of extended 3-dimensional TQFTs in terms

of modular tensor categories, assuming a generators-and-relations presentation of

1One usually defines topological modular functors to be functors out of a certain central extension
of Bord{5.., but we will not include any further details about this here.



Bord{;. Rigorously establishing the presentation used in [BDSPV15] has been a
guiding principle throughout this project.
At present, four notable examples of bordism bicategories have explicit, useful

generators-and-relations presentations:

1. Baez and Langford [BLO3] provided a presentation of the 2-dimensional tangle
bicategory, comprising points in R?, braids in R3, and knotted surfaces in R*.
Their construction builds on the combinatorial description of knotted surfaces
developed by Carter, Rieger, and Saito [CRS97], which itself relies on Morse—
Cerf theory.

2. Schommer-Pries [SP14] established presentations of the oriented and unoriented
2-dimensional bordism bicategories Bordgfz), which he used to classify extended
2-dimensional (oriented) TQFTs.?

3. Pstragowski [Pst14] extended the work of Schommer-Pries by constructing a
presentation of the framed 2-dimensional bordism bicategory Bordl;, and using

it to prove (a version of) the cobordism hypothesis in dimension 2.

1.2.2 Presentation of Bordgf;)

Schommer-Pries’ techniques have profoundly influenced subsequent work and form
a key conceptual foundation for this thesis. We briefly review the core ideas here,

slightly tailoring the exposition to align with the approach adopted in our work.

Equipping bordisms with planar diagrams

The starting point is 2-Morse theory, which plays a central role by enabling the
decomposition of 2-dimensional bordisms with corners into elementary pieces in two
directions. A 2-Morse function on a smooth manifold M is, roughly speaking, a
generic map f : M — R? that has only fold and cusp singularities, and such
that its post-composition with the projection p, : R?> — R onto the z-axis is

3 We can construct a bicategory Bordip ™ ) whose objects

a Morse function.
are (oriented) O-dimensional manifolds, 1-morphisms are (oriented) 1-dimensional

bordisms equipped with Morse functions, and 2-morphisms are equivalence classes

2We use the notation X (°*) when we wish to simultaneously refer to the oriented and unoriented
version of X.
3The Morse critical points of p, o f are called 2-Morse critical points of f.
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of (oriented) 2-dimensional bordisms equipped with 2-Morse functions. One can then

show that the forgetful functor
Bord? ;"™ Y — Bord(})

is an equivalence of bicategories.

An important object associated with a Morse or 2-Morse function is its singularity
graphic—that is, the collection of all its critical values in the real line or real plane,
respectively. An example of a singularity graphic for a 2-Morse function is shown in
Figure [.2. While the singularity graphic of a 2-Morse function encodes significant
information, it is generally insufficient on its own to recover the original bordism
up to equivalence. However, for 2-dimensional bordisms, the situation simplifies:
since a 2-Morse function on a 2-dimensional manifold has O-dimensional fibers, the
additional data needed to reconstruct the bordism from the singularity graphic are
purely combinatorial. Building on this observation, Schommer-Pries constructs a

2-category Bordhry ) in which:
« objects are (oriented) 0-dimensional manifolds,

e l-morphisms are (oriented) 1-dimensional bordisms equipped with Morse func-
tions and associated Morse singularity graphics decorated with combinatorial

data, that we refer to as linear diagrams,

e 2-morphisms are equivalence classes of (oriented) 2-dimensional bordisms
equipped with 2-Morse functions and associated 2-Morse singularity graphics

decorated with combinatorial data, that we refer to as planar diagrams.

He then shows that the forgetful functor
Bordfy 7 — BordZ, "o )

is an equivalence of bicategories.?

4Schommer-Pries actually only defines BordOPlDz’ ) and shows that the forgetful functor

BordngQ’ (or) _, Bordgﬁg is an equivalence. We break this into two steps here to better align with
the structure of the exposition adopted later in this thesis.

Xii
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Figure 1.2: Example of a 2-Morse singularity graphic.

From planar diagrams to the surgery presentation
The previous section establishes a chain of equivalences

BordOPlDQ’ o) _~ Bordﬁng"“e’ or) _~ Bord(()olg)

reducing the problem of constructing a presentation of Bord((ﬁg) to that of finding
a presentation of BordngQ’ (Or), a bicategory that has more structure we may hope
to exploit. We can reduce the problem even further by leveraging the fact that
planar diagrams contain enough information to reconstruct the original bordism up
to equivalence. This leads to the 2-category PD" whose objects are (oriented)
0-dimensional manifolds, 1-morphisms are linear diagrams and 2-morphisms are

equivalence classes of planar diagrams. The forgetful functor

PD®) «~— Bordg,,

. . - . P
is an equivalence and we can explicitly construct an inverse PD©) — BordOIDQ’ (or)

leading to the chain of equivalences

~

PD) <= Bordy ) — Bordiy™™ ) —~ BordJ .

This significantly simplifies the problem of constructing a presentation of Bord(()(i;):
whereas the bordism bicategory originally involves data in dimensions 0, 1, and 2,
the 2-category PD( relies entirely on combinatorial (i.e., 0-dimensional) data and
the task now reduces to finding a presentation of PD©". To proceed, however, we
must first establish a precise notion of what it means to present a symmetric monoidal
bicategory via generators and relations—a nontrivial task, given the substantial work

required to define symmetric monoidal bicategories in the first place.
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To this end, Schommer-Pries introduced a stricter version of a symmetric monoidal
bicategory, called an unbiased semistrict symmetric monoidal 2-category, and showed
that every symmetric monoidal bicategory is equivalent to one. These categories
feature many trivial coherence 2-cells and admit a graphical calculus that closely
parallels the diagrams in PD”. Moreover, their structure allows for an easy-to-state
definition of a presentation of an unbiased semistrict symmetric monoidal 2-category.
Such a presentation P consists of generating data (G, G1, Ga; R), where G; denotes
the generating i-cells and R denotes the generating relations.” These data generate
an unbiased semistrict symmetric monoidal 2-category denoted by FP. We refer
to such presentations as unbiased semistrict symmetric monoidal 2-presentations or
simply as 2-presentations, since they are the only kinds of presentations of 2-categories
considered in this thesis.5

Exploiting the resemblance between the diagrams in PD®" and the graphical
calculus for unbiased semistrict symmetric monoidal 2-categories, Schommer-Pries
shows that PD®©") itself has the structure of such a 2-category. With a precise
definition of presentation for these 2-categories in hand, we now specify one for
PD©, the 2-presentation of (oriented) surgery diagrams denoted Sur((ﬁr).7 Since
the morphisms in PD©" are decorated singularity graphics, the generators of its
presentation must be decorated building blocks of such graphics. These building blocks

arise from the singularity graphics of simple Morse and 2-Morse functions:®

Definition I.2.1.
(a) A Morse function is simple if it has at most one critical point.
(b) A 2-Morse function is simple if it has at most one of the following:

e a cusp critical point;
e a pair of Morse critical points with the same critical value;
e a 2-Morse critical point.

We call the resulting singularity graphics simple Morse and simple 2-Morse graphics,

respectively; the latter are illustrated in Figure 1.3 below.

5Throughout this thesis, we use the terms object, 1-morphism, and 2-morphism interchangeably
with O-cell, 1-cell, and 2-cell, respectively.

6These presentations are termed unbiased semistrict symmetric monoidal 3-computads in [SP14].

"This intermediate presentation does not appear explicitly in [SP14]; it is introduced here because
it aligns more closely with the exposition followed in this thesis.

8The following definitions of “simplicity” are introduced here solely for exposition and will not
be used later in the thesis.
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Figure 1.3: The simple 2-Morse graphics.

The 2-presentation Sur(y is given by:

« Generating 0-cells: connected (oriented) 0-manifolds;
» Generating 1-cells: simple Morse graphics decorated with combinatorial data;

o Generating 2-cells: simple 2-Morse graphics decorated with combinatorial
data;

o Generating relations: local moves between decorated 2-Morse singularity
graphics (see Figure 1.4 for examples of the corresponding moves between

undecorated graphics).

Henceforth we work with F Sur((ﬁg) and omit further mention of PD), as the

two 2-categories are equivalent and F' Sur((ﬁg) is more naturally expressed in terms of

generators and relations.

From the surgery presentation to a finite presentation

While Sur(()(ig) is a useful presentation, it can be further simplified. In the language

introduced later in this thesis, Sur((ﬁg) is not a skeletal 2-presentation; that is,

it includes generating 1-cells that become equivalent in F Surgig) via elementary
operations valid in any unbiased semistrict symmetric monoidal 2-category.’ However,

it is straightforward to construct a skeletal 2-presentation P9 equivalent to Sur((ﬁg),

9Two 1-morphisms in a 2-category C are equivalent if they are connected by an invertible 2-
morphism in C.
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Figure 1.4: Examples of moves between 2-Morse singularity graphics: 2-Morse
cancellation and swallowtail.

which, in fact, turns out to be finite.!? For reference, the generating cells of P are

shown in Figure 1.5. The following zigzag of equivalences
FPlr —~ s FSurly) < Bordhy ) — Bordg, ™ ) —— Bordly .

therefore provides a finite generators-and-relations presentation of Bord((ﬁg).

Generating Objects:
Generating 1-Morphisms: —> <

Generating r - I @
2-Morphisms: H @

~
2D Morse generators
777777777777 é/
/

A
s

> [
g

~
Symmetry generators

Figure 1.5: Generating cells for the presentation of Bordgs constructed by
Schommer-Pries (from [SP14]).

10Two presentations are equivalent if they generate equivalent categories.
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I1.2.3 Presentation of Bordgg?l; 0)

The preceding framework extends to other bordism bicategories and underlies the
approach of this thesis, but the details become subtler in higher dimensions.
When d > 2, a d-dimensional bordism with corners can still be recovered—up to
equivalence—from a 2-Morse singularity graphic decorated with additional data;
however, the extra data required are no longer purely combinatorial. Instead,
they originate from surgery and determining their precise form is not immediately
straightforward.

Additional insight comes from Juhdsz’ work [Juhl8], which is somewhat

orthogonal to that of Schommer-Pries: it provides a presentation of the (oriented)

or)
d—1; d

examines Juhdsz’ construction and proof in detail; for now, we outline the main

d-dimensional bordism 1-category Bordg ) for every dimension d.'* Chapter 2

ideas, tailoring the exposition to align with the approach adopted in our work.

Equipping bordisms with Morse data

The first step towards obtaining a presentation of Bordgzr_)l, o) 1s touse Morse functions
to decompose d-dimensional bordisms into elementary pieces. This leads to the
Morse, (or)

definition of the category Bord """, whose objects are closed, (oriented) (d — 1)-
manifolds and whose morphisms are equivalence classes of (oriented) d-dimensional
bordisms equipped with Morse functions. With a suitably chosen equivalence relation,

the forgetful functor

FI\/[orse

7 Bord @)

Morse, (or)
Bord (d—1; d)

(d=1; d)

becomes an equivalence—precisely the 1-categorical counterpart of the above

established equivalence

2—Morse, (or or
Bord,, or) _ Bord((m) :

A Morse function determines a singularity graphic, but, as in the 2-categorical case,
the graphic alone does not suffice to reconstruct the bordism up to equivalence.
To remedy this, the singularity graphic must be decorated with surgery data: the
critical points are labeled with embeddings of framed attaching spheres that encode
the corresponding handle attachments. Furthermore, if the Morse function has no
critical points, the bordism is a mapping cylinder, and although its singularity graphic

is empty, it must still be decorated with the data of the underlying diffeomorphism.

HFor specific values of d, we will abbreviate the notation for the corresponding bordism category.

E(l)?)2) will be written simply as Bord{3”. Similar abbreviations will be used for

bordism bicategories and surgery presentations without further comment.

For instance, Bord

xXvii



These extra surgery data play exactly the same role here that the combinatorial
decorations played for 2-Morse graphics in PD©"),

To obtain the necessary decorations on the singularity graphic associated with a
given Morse function f, we first need to choose appropriate Morse data for f. This
choice includes a Morse coordinate chart around each critical point, together with
a compatible gradient-like vector field. They lead to the definition of the category
Bordl(\fl‘irf;e j)ata’ ) whose objects are closed (oriented) (d — 1)-manifolds and whose
morphisms are equivalence classes of (oriented) d-dimensional cobordisms equipped
with both a Morse function and associated Morse data. With a suitably chosen
equivalence relation, the forgetful functor

Bordy, " o 0 25 Bordy e S
becomes an equivalence—the 1-categorical counterpart of the above established

equivalence

Bordhly Y — Bord2p 1o )

From bordisms with Morse data to the surgery presentation

The previous section established a chain of equivalences

Morse data, (or) Fdata Morse, (or) [FMorse (or)
B d(d—l; 2 — Bord(d_l; P Bord(d_l; d)

reducing the problem of constructing a presentation of Bordgzrjl_ 4 to that of finding
a presentation of Bordl(\fl(irf,e ;)ata’ ©r) A Morse function equipped with Morse data

determines a Morse graphic decorated with diffeomorphism and surgery data. This

or)

do1; d) specified as follows:

leads to the definition of the presentation Surg
« Generating objects: closed, connected (oriented) (d — 1)-manifolds;

e Generating morphisms: simple Morse graphics decorated with diffeomor-

phism and surgery data;

o Generating relations: local moves between decorated Morse graphics, arising

from Cerf theory.
)

The generating morphisms in Surgz 1: d) fall into two types, represented by the

following diagrams:
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oX ) oce

X X

Here, the blue dot labeled ¢ corresponds to a diffeomorphism from X to Y, and the
red dot labeled o represents surgery data associated to a handle attachment.

Passing between Morse data and decorated singularity graphics yields functors

or s Morse data, (or)
FSurdld):B rdig ). 4
that are inverse equivalences of categories. Combined with the previously established
equivalences, this gives a chain

(or) (L Morse data, (or) Fdata Morse, (or) FMOrse or
FSur(dld) s Bo ddld) —>Bord(d_1;d) Brddld

realizing Sur'® (d )1 4 S a presentation of Bordgzr 15 d)- This construction serves as the

1-categorical analogue of the chain of equivalences

2—Morse, (or)

which realizes Suro12 as a presentation of Bord((ﬁr2

From the surgery presentation to a finite presentation

In parallel with the bicategorical framework described earlier, the equivalence between
FSur'™ (d 1 d and Bord!”" (d 1 4) €nables a significant simplification: while the definition
of Bord! (d— 1 d) involves d-dimensional data, the presentation Sur'® (d )1 ¢ s given
entirely in terms of (d — 1)-dimensional data. Nevertheless, we may hope to simplify

further. The presentation Surgzr_)

1 d) is not skeletal, and in many cases, passing to
a skeletal presentation offers conceptual and computational advantages. Here, we
define a presentation P of a symmetric monoidal category to be skeletal if (1) no
two distinct generating objects are connected by an invertible morphism in F'P, and
(2) no two generating morphisms are equivalent up to composition with a symmetric
group action.

Juhész constructs a skeletal presentation equivalent to Surfs, recovering the well-

known presentation of Bord{; and hence the classification of oriented 2-dimensional
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TQFTs in terms of symmetric Frobenius algebras. Moreover, he constructs a skeletal
presentation equivalent to Surg;, yielding the first classification of (non-extended) 3-
dimensional TQFTs in terms of a new algebraic structure he calls a J-algebra. We

will not pursue these constructions further in this thesis.

I.2.4 Bordism categories and pseudo-isotopy

Juhdasz’s work builds heavily on Cerf’s foundational techniques developed in [Cer73].
For example, a central idea in [Juhl8] is the equivalence relation imposed on the
morphisms of Bordl(\fl(irff’ dgor)7 which identifies two Morse functions on the same bordism
if there exists a Cerf path between them—a path of smooth functions with only Morse
and cusp singularities. The existence of a Cerf path between any two Morse functions,
which follows from the genericity of Cerf paths, ensures that this equivalence relation

is sufficient to make the forgetful functor

FMorse . Bordl(\flirls?’ dgor) — Bordgsr_)l; 2

an equivalence of categories.

Cert’s methods are central to this thesis and will be reviewed in detail in Chapter
1. Their relevance here is not incidental: the pseudo-isotopy problem that Cerf
addressed in [Cer73] is deeply connected to bordism bicategories and their surgery
presentations. A pseudo-isotopy may be viewed as a non-level-preserving isotopy—
specifically, a diffeomorphism M x [0, 1] — M x [0, 1] that restricts to the identity on
M x 0. In this sense, pseudo-isotopies represent 2-cells in Bordgzr_)l; i ~) between 1-
cells corresponding to mapping cylinders. Cerf studied conditions under which every

pseudo-isotopy on a manifold M is isotopic to an actual isotopy.

(or)
(d—1; ~2

are closed (oriented) (d — 1)-dimensional manifolds, 1-morphisms are (orientation-

To formalize this, consider the bordism bicategory Man ) whose objects
preserving) diffeomorphisms, and 2-morphisms are isotopy classes of isotopies. The

inclusion functor

(or)

(or)
Man (d=1; d; ~) *

(o1 ~g) 7 Bord
raises the pseudo-isotopy problem, which essentially asks when this functor is full
on 2-cells. Cerf’s approach involves assigning geometric data—specifically, Cerf
graphics enhanced with surgery data—to isotopy classes of pseudo-isotopies, and
then analyzing when this data can be simplified. If the associated Cerf graphic can
be simplified so that it contains no critical values, then the pseudo-isotopy is isotopic

to an isotopy. Although Cerf did not phrase his results in the language of bordism



bicategories, much of his work can be interpreted as laying the foundations for the

study of their surgery presentations.

1.3 Results and methods

The first part comprises Chapters 1-3 and pursues two main objectives:

1. To define the 2-presentation Surgzr_)l, d: ~); which serves both as a higher-

dimensional analogue of the invertible part of Sur[(ﬁg) and as a categorification

or)

(
of Sur(dfl; 0

2. To establish the following equivalence:

Theorem 1.3.1. The symmetric monoidal bicategories FSurEZr_)l, d ~) and

Bordggr_)l_ 4 ~) are equivalent.

The construction of Surgzrjl; i ~) and the comparison with Bordégrjlg i ~) builds on

the work of Schommer-Pries, Juhasz, and Cerf. Chapter 1 introduces the relevant
background from Morse—Cerf theory, with particular emphasis on elementary birth-
death paths, which play a central role later. Chapter 2 presents Juhasz’ result
establishing the equivalence between F Surgzrzl; d) and Bordgzrjl; d)

Chapter 3 then proves Theorem 1.3.1. In Section 3.3, we define the 2-presentation

of planar surgery diagrams Surgzr_)l; 4 ~) 85 follows:

« Generating 0-cells: closed, connected (oriented) (d — 1)-manifolds;

o Generating 1-cells: simple Morse graphics decorated with diffeomorphism

and surgery data;

o Generating 2-cells: simple Cerf graphics decorated with diffeomorphism and

surgery data;'?

» Generating relations: local moves between decorated Cerf graphics, arising

from the study of generic homotopies between Cerf paths.

The equivalence between Bordggr_)l; i ~) and F' Surgzr_)l; & ~) 18 established via a two-

step process, mirroring the framework applied earlier to obtain surgery presentations
of Bord($") and BordEZr_)l; 0"

12Gimple Cerf graphics are the singularity graphics of simple Cerf paths, i.e., Cerf paths with at
most one of the following: a single cusp critical point or a single pair of Morse critical points with
the same critical value.
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Equipping bordisms with Cerf data

The first step is to construct the (2, 1)-category Bordcderf1 4~y Of closed (oriented)

(d — 1)-dimensional manifolds, (oriented) d-dimensional bordlsms equipped with
Morse functions, and equivalence classes of (oriented) mapping cylinders equipped
with Cerf paths, where the equivalence relation includes Cerf homotopies. We show
that the forgetful functor

Cerf | Cerf, (or) (or)
F~*": Bo dde1§ )—>Bord(3_1;d;N)

is an equivalence. This is the subject of Section 3.4.

The second step is to enhance the framework with Cerf data. This includes Morse
data associated to 1-cells, as well as Cerf data, which are their 1-parameter analogues,
associated to 2-cells. This enhancement allows us to construct the (2,1)-category
Bo dglerfldzta )(Or) A key point here is that not all Cerf paths admit Cerf data—
only the so-called elementary Cerf paths do. These elementary Cerf paths and their
associated data are carefully defined in Chapter 1. Based on Cerf’s study of relative
homotopy between general and elementary Cerf paths, we deduce that the forgetful

functor

data . Cerf data, (or) Cerf, (or)
Fda; Bord{y™ 4 7 — Bord(y™ 7,

is also an equivalence. This is discussed in Section 3.5.

From bordisms with Cerf data to the surgery presentation

Equivalence classes of bordisms equipped with Cerf data correspond bijectively to
equivalence classes of Cerf graphics decorated with diffeomorphism and surgery data.

This correspondence gives rise to functors

(or) S Cerf data, (or)
FSur,y )<:>B rdi g L
which we show to be equivalences.!® This result is established in Section 3.6.

Accordingly, Part I establishes the following chain of equivalences:

S data Cerf
or) R Cerf data, (or) F Cerf, (or) F (or)
FSurd L d Ny Bord(dfl; &~y | T Bord(dfl; d: ~) Bordd 1 ds ) -

13We do not show that S is a symmetric monoidal functor, although we suspect this to be the
case. Hence, we only establish that B is a symmetric monoidal equivalence and that B and S are
inverses as “plain” functors.
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This realizes Sur d)l 4 ~) 85 2 presentation of Bord " ~) and serves as the

(d— 1 d;
categorification of the chain
or Morse data, (or) Fdata Morse, (or) FMOI"Se (or)
FSurdld):Boddld) —— Bord, ",y — Bord,’;. 4,

or)

(or)

that realizes Sur'® (d (do1; d)°

1; a) 8 a presentation of Bord
I.3.1 Part II: From surgery presentations to finite presenta-
tions

The second part comprises Chapters 4-6 and pursues two main objectives:

1. To define the notion of a skeletal presentation for an unbiased semistrict
symmetric monoidal 2-category, and to establish a general skeletalization

procedure applicable to the presentations considered in this thesis.

2. To establish the following theorem via this skeletalization procedure:

Theorem 1.3.2. Surl,_ is equivalent to a finite skeletal 2-presentation, which

consists of

(a) A single generating 0-cell: =
(b) Four generating 1-cells:

N © o

(c) Twenty-eight generating 2-cells:

nzd w8 oz
SIS I
NZE W
Xk ©OF0 OF®

xxiil




(d) Sixty-siz generating relations.

In Chapter 4, we introduce the concept of skeletal presentations of unbiased
semistrict symmetric monoidal 2-categories. Being skeletal is a condition that,
for example, ensures the presentation does not contain distinct generating 1-cells
connected by an invertible 2-cell. We also introduce a general skeletalization
procedure for such presentations. While this procedure is non-canonical and relies
on several choices, it is broadly applicable and well-suited to practical computations.
To illustrate its utility, we apply it to skeletalize SurmN in Chapter 5, recovering the
invertible part of the presentation of Bord012 given in [SP14]. Finally, in Chapter 6, we
apply the skeletalization procedure to Surf;,, which leads to a proof of Theorem 1.3.2,

thereby establishing a finite presentation of Bord{;,

Remark 1.3.3. Each generating cell in the skeletal presentation of Theorem 1.3.2
corresponds to a generating cell of Surgng), and likewise, each generating relation
in the skeletal presentation arises from a corresponding relation in Surgrl. This
correspondence is made explicit—albeit somewhat tediously—via the skeletalization
procedure described in Chapter 4.

(or)

We identify all 66 generating relations in Surj,. that contribute corresponding

relations in the skeletal presentation and demonstrate that they are sufficient
according to the skeletalization procedure, thereby establishing Theorem 1.3.2. Of
these, the explicit skeletalized forms have been determined in all but 14 cases. For
the remaining 14, we have identified conjectural skeletalized forms, but at the time of
submitting this thesis, their validity has not yet been rigorously confirmed. We intend
to complete this verification shortly via a detailed application of the skeletalization
procedure. The resulting relations together with the generating cells given in the
statement of Theorem 1.3.2 constitute the F? presentation, found in Appendix A.
Once the final 14 relations are verified, we will have completed the proof that the F2

)

presentation is equivalent to Sur&%w, yielding the chain of equivalences

FCerf

FJ2 FSur(or ¢ Bo dCerf data, (or) Fdattat B I‘dCerf (or) Bo I'd or)

and thereby realizing the 32 presentation as an explicit finite presentation of Bordg‘;z

Remark 1.3.4. We briefly comment on the structure of the exposition. Both parts
of the thesis follow a similar organizational pattern: each begins with a chapter
introducing the necessary tools, then proceeds with a chapter that applies them to
a known result, and finally ends with a chapter that uses them to prove the main

theorem of that part.
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1.4 Future directions

There are two immediate avenues for future investigation stemming from the work
presented in this thesis.

The first is to define the presentation Surgzrzl; d dil
a bicategory equivalent to Bordgzr_)l; d dt1)” Skeletalizing Sur(y; should in turn

) and show that it generates

recover the presentation of Bord(s; used in [BDSPV15]. The techniques developed

here are expected to extend naturally to this case. Building on [SP14], we
2-Morse, (or)
(d—1; d; d+1
equivalence classes of (d+ 1)-dimensional bordisms equipped with 2-Morse functions.
2-Morse data, (or)
(d—1; d; d+1)

, remains incomplete, although partial progress has been made.

already know how to define the bicategory Bord X whose 2-morphisms are

However, the definition of Bord , which would serve as the analogue of

Cerf data, (or)
Bord(dfl; d; ~)

The second avenue involves applying the skeletalization procedure to Surgs , and
Surds, (noting that the former can be pursued independently of the first avenue
above). This is expected to yield manageable presentations of BordJ; , and Bordgs,,
respectively. In particular, the former would provide a categorification of Juhész’s
classification of non-extended 3-dimensional TQFTs in terms of J-algebras. While

this appears feasible in principle, the details may prove to be quite intricate.
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Part 1

From bordisms to surgery
diagrams



Chapter 1

Morse and Cerf theory

The aim of this chapter is to introduce the necessary geometric tools that will be
used to obtain presentations of bordism (bi)categories in terms of surgery diagrams.
In particular, we review essential facts regarding Morse functions, (elementary) Cerf
paths, and Cerf homotopies. Cerf developed these tools in his work on the pseudo-
isotopy problem [Cer73], which we will closely follow.

Informally, a Morse function is a “generic map” from a smooth manifold M to
R. According to the Morse lemma, it admits only isolated singularities with specific
local behavior. Analogously, a Cerf path (respectively, homotopy) is a generic path
(respectively, homotopy) of smooth real-valued functions on M. Cerf paths are
paths of functions that are Morse at all but finitely many times. At those times,
the functions may have singularities that are not of Morse type but still exhibit
specific local behavior. Similarly, Cerf homotopies are homotopies of paths of smooth
functions that consist of Cerf paths at all but finitely many times, where the failure
of a path to be a Cerf path is tightly constrained. To make all of this precise, we will
first introduce certain concepts from singularity theory.

For any two smooth manifolds M and N, we denote by C*°(M, N) the set of all
smooth maps from M to N. Likewise, we will denote by C"(M, N) the set of all maps
from M to N, which are differentiable up to order r.

Definition 1.0.1. Let f € C°°(M, N) be a smooth map:

(a) fis an immersion at the point p € M if the differential df, : T,M — Ty, N
is injective. This presupposes that dim(M) < dim(N).

(b) fis a submersion at the point p € M if the differential df, is surjective. This
presupposes that dim(M) > dim(V).



(c) A point p € M is a critical point of f € C°>°(M, N) if f is neither an immersion
nor a submersion at p. Equivalently, p is a critical point of f if the differential
df, does not have full rank.

Definition 1.0.2. Given a compact, smooth manifold K, a map v : K — C*(M, N)
is called smooth if the induced map I' : M x K — N, given by I'(m,t) = ~(t)(m)
for all m € M and t € K, is smooth. We can thus identify the set of smooth maps
K — C*(M, N) with C*(M x K,N).

A smooth path (respectively, smooth homotopy) in C*°(M, N) is a smooth map
v: K — C®(M,N) for K =[0,1] (respectively, [0, 1] x [0, 1]).

Morse functions, Cerf paths, and Cerf homotopies are smooth functions, paths, and
homotopies, respectively, in C*°(M,R) with a certain concretely understood local

behavior around their critical points. Moreover, they are generic:

Definition 1.0.3. A subspace U of a topological space X is called generic if it is

an open and dense subset of X.

Before introducing Morse functions, Cerf paths, and Cerf homotopies in detail, we
need to specify a topology on C*°(M x K,R) (for K = x,[0,1],[0,1] x [0, 1]) with
respect to which they will be generic and introduce a tool that allows us to prove
genericity results. In more generality, we will specify a topology on C*°(M, N) for

any smooth manifolds M and N in the next section.

1.1 Whitney topologies

We will first review jet bundles following Chapter 1 of [Mic80].

Definition 1.1.1. Let M and N be two smooth manifolds. A germ of smooth
functions between M and N based at x € M is an equivalence class of pairs (U,, f),

where:
o U, is a neighborhood of x in M,
e fis a smooth map U, — N.

Two such pairs (U, f) and (UL, f’) are equivalent if there exists some open set
V C U, NU. such that f|y = f'|v.

Definition 1.1.2. A k-jet with source M and target N is an equivalence class of

triples (z,0,y), where:



e €M, yeEN,

e o is a germ of smooth functions between M and N based at x € M, such that

o(x) =y.
Two such triples (z,0,y) and (2/,0’,y’) are equivalent if:
e x=2"andy =1y,
o all partial derivatives of o and ¢’ up to order k at x agree.

Definition 1.1.3. We denote by J¥(M, N) the set of all k-jets with source M and
target V.

The set J*(M, N) admits a smooth manifold structure, and the projections

JE(M, N) JE(M, N) JE(M, N)
lﬂ'hf lﬂ-N lWMXN
M N M x N

are fiber bundles. Moreover,
o Tyxn :JY(M,N)— M x N and
o my: JE(M,RY) — M

are vector bundles. For more detailed statements and proofs of these facts, the reader
can consult Chapter 1 of [Mic80].

We are now well-equipped to construct a topology on C*°(M, N), namely the weak
Whitney topology. More precisely, we will construct a topology on C"(M, N) for all
r, following the exposition in [Kup19], which the reader can consult for more details.

Let us first recall the definition of the compact-open topology:

Definition 1.1.4. Let X and Y be two topological spaces. We define the compact-
open topology on the space of continuous maps Maps(X,Y’) through the sub-basis
given by the sets:

N(K,V):={f € Maps(X,Y) | f(K) C V},

where K C X is compact and V' C Y is open.



Remark 1.1.1. The category of compactly generated, weakly Hausdorff spaces
becomes an enriched category using the compact-open topology on mapping sets.

Moreover, there is a tensor-hom adjunction
Maps(X x Y, Z) = Maps(X, Maps(Y, Z)),

which justifies the choice of the compact-open topology on Maps(X, Y') as a reasonable

one.

A first attempt to define a topology on C"(M, N) could be to consider the subspace
topology with respect to the evident inclusion map C"(M, N) — Maps(M, N) and
the compact-open topology on Maps(M, N). However, this is inadequate as it does
not keep track of differentiability. We will amend this issue by using jet bundles.
Namely, every C"-function f : M — N defines a section

JT(M, N)
iy lw
M

(

inducing a map (a priori of sets):
CT(M, N) LT (M, J7(M, N)).

Here, I'(M, J"(M,N)) is the space of sections of 7y equipped with the subspace

topology with respect to the inclusion
(M, J"(M,N)) — Maps(M, J" (M, N))
and the compact-open topology on Maps(M, J"(M, N)). Moreover, there is a map
(M, J(M,N)) — C"(M,N)

defined by
(s: M — J(M,N))— myos,

which is a left inverse of j”, thus showing that ;" is an inclusion.

Definition 1.1.5. The weak Whitney C'-topology on C"(M, N) is the subspace
topology with respect to the inclusion j" : C"(M,N) — I'(M,J"(M,N)) and the
above chosen topology on I'(M, J"(M, N)).



O

Figure 1.1: Two transverse and one non-transverse intersection between a circle and
a line in R2.

Definition 1.1.6. For every r > 0, there exists an inclusion C*°(M, N) — C"(M, N).
We define the weak Whitney C>-topology on C*(M,N) to be the coarsest

topology with respect to which all these inclusions are continuous.

Remark 1.1.2. Another popular topology on Maps(X,Y') is the fine topology defined
by the sub-basis which is given by the collection:

N(U) :={g € Maps(X,Y) | (id xg)(X) C U},

where U is an open subset of X x Y. Using the fine topology instead, the above
construction lets us define the strong Whitney C*-topology on C"(M, N). Since all
mapping spaces we will consider have compact sources, the weak and strong Whitney
topologies will coincide, so we can safely ignore this distinction from now on and

merely write “C"-topology” to refer to the weak Whitney C"-topology.

We have now specified a topology on C*°(M, N) with respect to which we can study
generic subspaces of smooth functions. To do so efficiently, it will help to have a tool
to prove genericity results. This will be Thom’s jet transversality theorem, which we

introduce in the next section.

1.2 Thom’s jet transversality theorem

We will first review transversality, which is a key notion in differential topology. It
provides a criterion for the intersection between two submanifolds to be suitably
generic. For example, the first two instances in Figure 1.1 feature a transverse
intersection between a circle and a line in R%: perturbing the submanifolds by a
small amount does not change the type of O-manifold defined by their intersection.
A wuseful criterion for capturing this behavior, which also constitutes the definition of

transversality for submanifolds, is:

Definition 1.2.1. Let W be a smooth manifold and let M, N C W be smooth
submanifolds. We say that M and N intersect transversally at w € M NN (and



write M M N at w) if the map
TwM ®T,N — T,W.

induced by the respective inclusions is an isomorphism. We say that M and N
intersect transversally (and write M h N) if M intersects N transversally at all
points w € M N N.

More generally, there is a notion of transversality for maps:

Definition 1.2.2. Let W be a smooth manifold as above, let f : M — W and
g: N — W be smooth maps, and let m € M,n € N be such that f(m) = g(n) = w,
i.e.,, (m,n) is an element of the pullback M xy N. We say that f intersects g
transversally at (m,n) (and write f M g at (m,n)) if the map

df (T M) & dg(T,N) — T, W

induced by the respective inclusions is an isomorphism. We say that f and g intersect

transversally if they intersect transversally at all (m,n) € M xy N.

Remark 1.2.1. By taking the maps f and g in the above definition to be submanifold
inclusions, we recover the definition of transversality for submanifolds. Similarly, by
taking one of the maps to be a submanifold inclusion, we obtain the definition of a

transversal intersection between a map and a submanifold.

One of the most important consequences of transversality is the following theorem

characterizing transversal intersections:

Theorem 1.2.2. Let W be a smooth manifold, f : M — W be a smooth map, and
N C W a smooth submanifold of W. Assume further that f th N. Then, f~*(N) is

a submanifold of M. Moreover,
codim(f~'(N)) = codim(N).

Remark 1.2.3. A useful consequence of the above theorem is the observation that if
dim(M) < codim(NN), then the only way f can be transverse to N is if f~}(N) = 0.

We will need to review some more preliminary definitions and facts before stating
Thom’s jet transversality theorem. These are standard and we will refer to [GG73]
for more details and proofs. The following proposition will later help us conclude that

the space of Morse functions is an open subset of C*°(M, R):



Proposition 1.2.1 (Proposition 4.5 in [GG73]). Let M and N be two smooth

manifolds with W a submanifold of N and consider
Tw ={f € C*(M,N) | fh W}

Then, Ty is an open subset of C*(M, N) (in the C'- and hence the C*°-topology) if
W is a closed submanifold of N.

The following will later help us conclude that the space of Morse functions is a dense
subset of C*°(M, N):

Definition 1.2.3. A subspace X of a topological space Y is called residual if it is

a countable intersection of open and dense subsets of Y.

Definition 1.2.4. A topological space Y is called a Baire space if every residual
subset X of Y is dense.

Proposition 1.2.2 (Proposition 3.3 in [GGT73]). Let M and N be two smooth
manifolds. Then, C*°(M, N) equipped with the C*-topology is a Baire space.

We are now well equipped to state Thom’s jet transversality theorem and an

immediate corollary:

Theorem 1.2.4 (Thom’s Jet Transversality Theorem (theorem 4.9 in [GG73])). Let
M and N be two smooth manifolds with W a smooth submanifold of J*(M,N) and

consider

Ty = {f € C=(M,N) | /*F 1 W,
Then, Ty is a residual subset of C*°(M,N).

Corollary 1.2.5. Let M, N, W C J¥(M,N) and Ty be as above. Then, Ty is a
dense subset of C°(M, N). If, furthermore, W is a closed submanifold, Ty is also

open.

Proof. The first part of the corollary follows immediately from Thom’s jet
transversality theorem and the fact that C*°(M, N) is a Baire space.
For the second part of the corollary, consider the maps
-k .
C®(M,N) —+— T'(M, J*(M,N)) —— C>(M, J*(M, N))
and let
Tw ={f € C=(M,J*(M,N)) | f h W}.

Then, Ty is open if W is a closed submanifold of J*(M, N)) by Proposition 1.2.1,
Moreover, Ty = (j* 0 4)~1(Ty), which completes the proof of the corollary. O
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We will, lastly, introduce a useful generalization of the above theorem, Thom’s

multijet transversality theorem.

Definition 1.2.5. Let X be a topological space. We will denote by X* the s-fold
Cartesian product of X by itself. We will denote by Confs(X) the configuration
space of s points in X. Namely,

Confy(X) = {(v1,...,2:) € X" | 3y = 2; & i = j}.
We can naturally identify Confs(X) with an open subset of X. When M is a smooth

manifold, we therefore conclude that Confs(M) inherits a smooth manifold structure.

Definition 1.2.6. Given smooth manifolds M and N, let 75, : J*(M, N)* — M* be
the map induced by the first factor projection my; : J*(M, N) — M. We define the
s-fold k-jet bundle of M and N, denoted by J¥(M,N), to be the pullback

JE(M,N) —— JE(M,N)?
i 2
Conf, (M) ——— M?*
In particular, J*(M, N) can be identified with (73,)~!(i(Conf,(M))), which is an open

subset of J¥(M, N)*, since i(Conf,(M)) is an open subset of M?. This lets us equip
JE(M, N) with a smooth manifold structure.

Unwinding definitions, we see that any (smooth) section s : M — J*(M,N)?
naturally induces a (smooth) section § : Confy (M) — J¥(M,N). We have seen
that any smooth map f : M — N induces a smooth section j*f : M — J*(M, N),
which in turn induces a smooth section
(75 F)* : M* — J*(M,N)*,

and hence a smooth section

j%f : Confy (M) — JE(M, N).
We can now state Thom’s multijet transversality theorem:

Theorem 1.2.6 (Thom’s Multijet Transversality Theorem, theorem 4.13 in [GG73]).
Let M and N be two smooth manifolds with W a smooth submanifold of J*(M, N)
and consider

Tw ={f € C*(M,N) | jif h W}.
Then, Ty is a residual, and hence dense, subset of C*°(M,N). Moreover, if W is

compact, then Ty is open.

We will now use these tools to introduce and study Morse functions.

9



1.3 Morse functions

1.3.1 Definition and basic properties

Thom’s jet transversality theorem indicates that in order to find a generic subset of
C>(M,R), we should perhaps look for a closed submanifold of J'(M,R). Recall that
JY(M,R) is the total space of the vector bundle

PY(R™ R) — J'(M,R)

lﬂIMXR

M xR

whose fiber P}(R™, R) is the space of degree 1 polynomials R™ — R with no constant
term, where m = dim(M). There is a natural stratification of P'(R™ R) with two
strata: the open stratum which consists of all non-zero polynomials and the one-point

closed stratum which consists of the zero polynomial. This induces a stratification of
JY(M,R) with two strata:

e An open stratum Sy, whose points consist of equivalence classes of triples

(z,0,y), where o is a germ at x with non-trivial differential.

e A closed stratum S; whose points consist of equivalence classes of triples
(z,0,y), where ¢ is a germ at x with trivial differential. We observe that

codim(S;) = dim(P*(R™,R)) = dim(M). Moreover, we have

p is a critical point of f € C*°(M,R) < j' f(p) € S,.

We can now define non-degenerate or Morse critical points and Morse functions:

Definition 1.3.1. Let f € C*°(M,R) and let p € M be a critical point of f. We say
that p is non-degenerate, or Morse, if j!f M S; at p. We say that f is Morse if all
of its critical points are non-degenerate, or, equivalently, if j'f M S;. We will denote

the space of all Morse functions by Morse(M).
Thom’s jet transversality theorem immediately implies the following:

Theorem 1.3.1 (Genericity of Morse functions). Let M be a smooth manifold. Then,
the space of Morse functions Morse(M) is an open and dense subset of C>°(M,R).

We will now collect some useful facts about Morse functions that will be later needed.
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Proposition 1.3.1. The critical points of a Morse function f € Morse(M) are

isolated.

Proof. The critical points of f are exactly the points in (5! f)7*(S;). Since f is Morse,
we have that j'f M S; and Theorem 1.2.2 implies that (j'f)~!(S;) is a submanifold
of M whose codimension equals the dimension M. Therefore, it is a O-dimensional

submanifold of M and, hence, it consists of isolated points. [

We can locally characterize Morse critical points without making any explicit reference
to the jet space J'(M,R). To do so we will introduce the Hessian of a function
f € C®(M,R) at a critical point p.

Definition 1.3.2. Let p be a critical point of f € C*°(M,R). We define the Hessian
of fatp
d*f,: T,M x T,M — R

as follows:

Given vy, vy € T,M, choose v : R* — M with v(0) = p and g—;(O) =v; € T,M for
1 =1,2. We now set

0*(f°1)

2 _
& fplvr,va) = 0x107

xr1=x2=0

Proposition 1.3.2. The Hessian is a well-defined, symmetric and bilinear. After

choosing a local coordinate system around p, it takes the form 83125;2 (p).

Proof. 1t follows from the chain rule. For details, see Appendix A in [Chal§|. N

Proposition 1.3.3 (Proposition 6.6 in [GG73]). Let f € C*(M,R) and let p € M
be a critical point of f. Then, the Hessian of f at p is non-degenerate if and only if

p is a Morse critical point.

Definition 1.3.3. Let p be a Morse critical point of f € C*°(M,R). We define the
index of p to be the index of the Hessian of f at p.

We can now use the non-degeneracy of the Hessian to obtain an explicit local

coordinate description of Morse critical points:

Theorem 1.3.2 (Morse Lemma). Let g : R” — R be given by
g1, xy)=c— (1 + ... +T) +Thyy + ..+ T2,

for some constant c. Then,

11



(a) g is a Morse function on R™ with a single critical point at 0 of index k.

(b) Given any f € C*°(M,R) with a Morse critical point p € M of index k, there
exists a neighborhood V' of the origin in R™ and an embedding ¢ : (V,0) — (M, p)

such that the following diagram commutes:

V"0 M
| f
R ——R

We can now specialize to a slightly more restrictive class of functions:

Definition 1.3.4 (Excellent Morse functions). A Morse function f : M — R is called
excellent if any two of its critical points have distinct images. We will denote the

space of all excellent Morse functions on M by FO(M).
Thom’s multijet transversality theorem implies the following:

Theorem 1.3.3 (Genericity of excellent Morse functions). Let M be a smooth

manifold. Then, the space of excellent Morse functions FO(M) is an open and dense
subset of C*°(M,R).

We have, so far, introduced Morse functions, explained why they are generic among all
smooth real-valued functions and explicitly described their local behavior. Another
useful property of Morse functions which we will now introduce is their stability. It
will be useful for later applications to introduce stability in the context of smooth

manifold triads:

Definition 1.3.5 (Definition 1.3 in [Mil63]). (W;0,W,0,W) is a (compact) smooth
manifold triad if W is a (compact) smooth n-manifold and W is the disjoint union
of two open and closed submanifolds dyWW and 0, W.

A smooth map of smooth manifold triads
F: (W, 80VV, 81W) — (W’; 80W', 81W’)
F W — W' that restricts to smooth maps F : oW — 0yW' and F : o)W — 0, W'.

Example 1.3.4. A simple example of a smooth manifold triad is the interval
(I =1[0,4]; {0}, {i}), for some i > 0.

12



Definition 1.3.6. A Morse function f on a smooth manifold triad (W;0yW, 4 W)
is a smooth map of smooth manifold triads with target (I = [0,4]; {0}, {i}) such that
the only critical points of f are of Morse type and lie in the interior of W.

We will denote by FO(W,I) the space of excellent Morse functions on a smooth
manifold triad (W; oW, 0, W) with target (I = [0,i]; {0}, {i}).

Remark 1.3.5. We will sometimes refer to a smooth manifold triad (W;0yW, 4 W)
merely as W, when the rest of the data are either clear or unnecessary given the

context.

Definition 1.3.7. A diffeomorphism D of smooth manifold triads W, W' is a
diffeomorphism D : W — W’ that restricts to diffeomorphisms D : 9yW — 9yW’
and D : o)W — O,W'. We will denote by Diff(W;0,W,0,W) the group of
diffeomorphisms of the smooth manifold triad W.

The group § := Diff(W; 9,W, 0, W) x Diff(I; {0}, {i}) acts on FO(W, I) via

(9,9)- f=gofog"

Given f € Morse(W, I), this action induces an orbit map
g
l(g,g’) — glofog™!
FOW, 1)
Theorem 1.3.6 (Stability of Morse functions, see p.205 in [Cer73]). Given f €
FOW, 1), there exists an open neighborhood U of f in FO(W,I) that lies within the

orbit of the above action. Moreover, the map

9
l(gyg’) = g'ofog™!
Orb(8)
is a fiber bundle.
Proof. See the Appendix in [Cer73]. ]

Corollary 1.3.7. Let G. denote the identity component of the group G and let
FOW,I; f)denote the path-connected component of f in FO(W,I). Then, the map

Se
l(g,g’) = g'ofog™!
FOW.I; f)
is a fiber bundle.
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Proof. We will first show that the map in question is well-defined. Given (g,¢’) € Ge,
there exists a path v : [0, 1] — G, with 7(0) = {id} and v(1) = (g,¢'). Then, v(¢) - f
is a path in FO(W, I) from f to g’o fog™!, which shows that g'o fog™ € FO(W, I; f).
It now suffices to show that the map in question is surjective and the corollary will
immediately follow from Theorem 1.3.6. Let h € FO(W,I; f) and let v : [0,1] —
FO(W,I; f) be such that v(0) = f and (1) = h. We know by Theorem 1.3.6 that
for any k € FO(W, I), there exists an open neighborhood U}, of k that lies within the
orbit of . Consider the open cover of F(W, I) by the open sets {Uy, }yegoaw.r). Then,
{7~ (Uy@) hiep,y is an open cover of [0,1]. Let {y™(Uyu:) Hto=0<t1<...<tnor<ta=1) DE
an open subcover, which we know must exist since [0, 1] is compact. Now consider

the graph G = (V, E), which has
o n + 1 vertices labeled by {to,...,t,},

« an edge between vertices labeled t; and t; exactly when v~ '(U;,) Ny~1(Uy,) is

non-empty.

The graph G must be connected, otherwise {1 (Uy ) Ftomo<ti <...<tn_1 <tn=1) wouldn’t
be an open cover. Consider a path that connects vertices t, = 0 and ¢, = 1
and let £y = 0,%1,...,4; = 1 be all the vertices it passes by in exactly that order.
By construction, for each 0 < 7 < [ — 1, there exists some D; € G, such that
D;-v(t;) =v(tj41). Let D=D; 10D; 50...0Dq. Then, h=~(1)=~() =D f,
which completes the proof. Il

Morse functions will help us decompose manifolds into simple pieces that can be fully
understood in terms of surgery. To achieve this, we need to equip a given manifold
not only with a Morse function but also with some additional data. This will be the

focus of the next two sections.

1.3.2 Morse data
Gradient-like vector fields

In this section, W will either denote a smooth, closed manifold or a compact smooth
manifold triad (W; W, 01 W). Let’s first recall the definition of (gradient) vector
fields.

14



Definition 1.3.8 ((Gradient) vector field). A vector field ¢ on W is a section of its
tangent bundle:

T™W
‘()
W
Recall that the differential of a function f € C*(W,R) is a section of the cotangent

bundle of W:
W
(I
%74

Further recall that a Riemannian metric ¢ on W defines an identification of the

cotangent and the tangent bundle of W:

(u,w)—>gw (u,— . T

Given a Riemannian metric g on W and a function f € C*(W,R), the vector field

obtained by pulling back the differential along this identification is called the gradient
vector field of f with respect to g and is denoted by V, f:

(u’w)’_)gw (“77)

W > T*W

N

By the Morse lemma, if p is an index ¢ Morse critical point of f : W — R, there exists

a local coordinate chart (U, ¢) on W centered at p, where f takes the form

[, my) = —a1 — ... — @)+ af g + .2
Definition 1.3.9. Let f be a Morse function on W. A Riemannian metric g on W
is adapted to f if around each critical point p of f, g agrees with the pullback of

the standard Euclidean metric under a Morse coordinate chart centered at p.

Definition 1.3.10 (Gradient-like vector fields). Let f be a Morse function on W. A
gradient-like vector field for f is a gradient vector field of f with respect to some

Riemannian metric g on W adapted to f.
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Remark 1.3.8. It is easy to show that there exist metrics adapted to f by a partition
of units argument. Conversely, in general, there are metrics which are not adapted
to f. See Chapter 6.2 in [Coh06] for an example. In particular, this implies that not
every gradient vector field of f is a gradient-like vector field for f, though the inverse

is true.

We will primarily use gradient - like vector fields through the flow lines they define.

Hence, we are led to the following definition:

Definition 1.3.11 (Horizontal distribution). A horizontal distribution for a Morse
function f is an equivalence class of gradient - like vector fields for f, wherein two

gradient - like vector fields for f are equivalent if they induce the same flow lines.

Standard Morse models

We have already introduced a collection of standard Morse functions, namely all these
functions ¢ : R™ — R that take the form

g1, xn) =c— (@14 ..+ 2) + (Thay + .o+ TD).

Our goal now is to define a standard model for an n-dimensional cobordism equipped
with a Morse function that has a single critical point of index k, which we will refer
to as a standard Morse model of index k£ in R™ and denote by W Recall the

definition of a cobordism:

Given two smooth, closed (n — 1)-dimensional manifolds Yy and Y3, a cobordism
between them is defined by a 5-tuple (W;9gW, ;W 19, 11)", where:

1. W is a compact n-dimensional manifold with boundary,
2. The boundary of W is decomposed as dgW L O, W,
3. There are boundary identifications:

Lo : W — Yy,

and
L1 81W — Yi

Following [Mil63], the underlying smooth manifold triad of W, denoted by
(Mp; 0o M, 01 M) is defined as follows:

IThe first three pieces of data constitute a smooth manifold triad.

16



o M is the submanifold of R" defined as

M = {(z,y) € RF*xR"* —1 < —|z|*+|y|* < 1 and |z||y| < sinh(1)cosh(1)}.

e The incoming boundary of M}' is

M = {(zy) €RE X R™H| —Jaf’ + |yl = 1},

e The outgoing boundary of M]! is

M = {(v.y) €RE x R™H| —Jaf + |y = 1},

M} is a cobordism between S¥~1x D"~* and D¥ x S"~%=1 (D" denotes the open disk of
radius 1 in R, centered at 0 and D" denotes its closure) with boundary identifications

defines as follows:
« The incoming boundary identification ¢y : S*~! x D" ™% — 9y M} is defined by

(u,0v) — (ucosh(f),vsinh()), where 0 < 6 < 1.

« The outgoing boundary identification ¢; : D x S"7*=1 — 9, M is defined by

(Ou,v) — (usinh(#),v cosh(f)), where 0 <6 < 1.

The standard Morse model of index k£ in R™ comes naturally equipped with an
excellent Morse function that has a single critical point of index k at the origin

0 € M, namely the function
h: (Ml?a 80M£781M1?> - ([_L 1]7 {_1}7 {1})

given by
R* x R™ 3 (x,y) — —|z* + |y|*

It also comes naturally equipped with a gradient - like vector field, namely the gradient
of h with respect to the standard Euclidean metric on R™. This vector field defines

gradient flow lines in M}’ which in turn define an identification
S (D"TR\A{0}) — (DM \ {0}) x §"F

given by
(u, 0v) — (Bu,v), where 0 < 6 < 1.
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Definition 1.3.12 (Standard Morse model embeddings). Let f : W — [ be a
function and let p € W be a Morse critical point of index k. A standard Morse
model embedding adapted to f at p is an embedding ¢ : M]' — W such that:

« 9(0)=p,

o There exists an increasing embedding ¢’ : [—1, 1] — I such that the following
diagram commutes:

Mr—2 W

J
[-1,1] —— I

If ¢ exists, it is uniquely determined by ¢ and f. We will sometimes denote a
standard Morse model embedding by (¢, ¢’), when we want to later refer to ¢’
explicitly.

Proposition 1.3.4. Given a function f : W — I with a Morse critical point of index

k, there always exists a standard Morse model embedding adapted to f at p.
Proof. This follows from the Morse lemma. For a detailed proof, see [Mil63]. ]

Every standard Morse model embedding ¢ induces embeddings of framed surgery

spheres:
pou: Sk=1 x D% 5 W,
pou : DF x SR W
that lie within the level sets f~(¢'(—1)) and f~'(¢'(1)), respectively. By abuse of

notation, we will denote both of these embeddings by ¢ when the context is clear.

Definition 1.3.13. Let f : W — I be a Morse function with a Morse critical point
p € W of index k and a standard Morse model embedding ¢ : M;' — W adapted to
f at p. Let £ be a gradient - like vector field for f. We say that ¢ is compatible

with ¢ if in the image of ¢ we have

Szvgfy

where ¢ is the push-forward of the standard Euclidean metric under ¢.
A horizontal distribution for f is compatible with ¢ if it has a representative gradient

- like vector field which is compatible with ¢.
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We will now state two lemmas regarding standard Morse model embeddings that will
become useful later when constructing elementary birth-death paths. Their proofs

are quite straightforward and will not be included.

Lemma 1.3.9. Let f : W — I be a smooth function with a Morse critical point
p € W of index k and a standard Morse model embedding (¢, ¢") : M — W adapted
to f at p. Let

v (SFEx DR x [0,1] = W

be an isotopy such that

° 7(_7 O) = ¢7
o the image of 7y lies in in the level set f~1(¢'(—1)).

Then, there exists an isotopy I' : M} x[0,1] — W of standard Morse model embeddings
adapted to f at p that induces v when restricted to S*=' x D"*. The analogous

statement for the dual framed attaching sphere also holds.

Lemma 1.3.10. Let f : W — I be a Morse function with a Morse critical point
p € W of index k and a standard Morse model embedding ¢ : M] — W adapted to
f at p. Let g be a Riemannian metric on W adapted to f such that the gradient-like
vector field V,f is compatible with ¢. Let g be another Riemannian metric on W
adapted to f that agrees with g in a neighborhood of p. Then, there exists a standard
Morse model embedding ¢ - M} — W adapted to f at p, that agrees with ¢ in a
neighborhood of p and is compatible with Vjf.

Regular level sets

Definition 1.3.14. Let f : W — I be an excellent Morse function, where [ is an
interval with endpoints ig and i;. A set of regular values {ip = ag < ... < a,, = i1}
will be called complete if for any 0 < ¢ < m — 1, there exists at most one critical
value in the interval [a;, a; 1]

Let p be a critical point of index k and (¢, ¢') : M) — W a standard Morse model
embedding adapted to f at p. A complete set of regular values {ag < ... < a,} is
compatible with (¢, ¢') if there exists 0 < i < m — 1 such that a; = ¢'(—1) and

a1 = ¢'(1).

We are now ready to define the notion of Morse data associated with an excellent

Morse function f:
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Definition 1.3.15. Let f : W — I be an excellent Morse function and let Crit(f)
denote the set of all its critical points. A choice of Morse data associated with f

consists of:

e For each p € Crit(f), a choice of standard Morse model embeddings (¢,, ¢}) :
M‘ﬁd(p) — W adapted to f at p.

1

e A horizontal distribution 7 compatible with every standard Morse model
embedding (¢, ¢;,).

o A complete set of regular values {ay < ... < a,} compatible with every
standard Morse model embedding(¢,, ¢/,).

For brevity, we will typically denote a choice of Morse data associated with f by Dy.
We will denote the set of all Morse data associated with f by MD(W; f) and the set
of all pairs (f,Dys) by MD(W). As we have seen already, the Morse lemma and a
partition of units argument shows that for any excellent Morse function f, MD(W; f)

is non-empty.

It will be useful to also consider choices of partial Morse data associated with f. This
is defined just like Morse data, but without the datum of the complete set of regular
values. We denote a choice of partial Morse data associated with f by PDy, the set
of all such choices by PMD(W; f), and the set of all pairs (f, PDs) by PMD(W).

It is not hard to regard PMD (W) as a space. The collection of all standard Morse
model embeddings forms a subset of the space of embeddings of standard Morse
models in W, and hence inherits the subspace topology. Similarly, the collection of
horizontal distributions compatible with these embeddings is a subset of the space
of all horizontal distributions, which itself is a quotient of the space of gradient-like
vector fields, a subspace of the space of vector fields. This equips PMD (W) with a
natural topology.

It is also useful to view MD(W) as a space, but for our purposes it is more
appropriate to restrict the allowed paths of regular values. Thus, by a mild abuse of

notation, we describe MD(WW) as a directed graph:
Definition 1.3.16. The directed graph MD (W) is defined as follows:

1. Its vertices are the elements of MD (W), i.e. a Morse function on W together

with a choice of Morse data.

2. Its edges are of two kinds:
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(a) edges consisting of a smooth path of Morse functions, together with

« a smooth isotopy of standard Morse model embeddings,
« a compatible smooth isotopy of horizontal distributions, and

« a compatible smooth isotopy of regular values.

In particular, the number of regular values remains constant throughout.

We refer to these as isotopy edges;

(b) edges corresponding to the birth or death of a single regular value. Here
the Morse function and horizontal distribution are required to be the same
at both vertices, while the standard Morse model embeddings at the source
vertex canonically determine those at the target vertex by flowing along
the horizontal distribution until the compatibility conditions are satisfied.

We will refer to these as reqular value edges.

A path in MD(W) is a finite directed path in this graph. Note that every path
in MD(W) has an inverse. We similarly define the directed graph MD(W; f) by
requiring the Morse function f to remain fixed throughout, and define paths in
MD(W; f) accordingly.

Remark 1.3.11. Isotopy edges naturally encode paths v: [0, 1] — MD(W). Likewise,
we may associate regular-value edges with paths v: [0,1] — MD(W). Such paths
are piecewise constant: they remain constant before and after the birth or death
of a regular value. Throughout such a path, the horizontal distribution stays fixed,
while the set of regular values—and possibly the standard Morse model embeddings—
changes at the critical time.

We will often represent paths in the graph MD(W) as actual paths in the set
MD(W) from this point of view. For example, we will typically denote an element
of MD(W) by (f, Ds) and a path in MD (W) by (fs, Dy.).

It will be useful to note that extensions of partial Morse data are connected:

Lemma 1.3.12. Let (f, PDy) be a choice of partial Morse data on W, and let (f,Dy)
and (f,D}) be two extensions of (f,PDy) to full Morse data. Then there exists a
path in MD(W; f) between (f,Dy) and (f, D) which fives (f,PDy) throughout.

Proof. The key observation is that any partial Morse data admits a canonical minimal
extension: namely, one obtained by taking the regular values determined by the

endpoints of the target interval together with the standard Morse model embeddings.
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Every extension of the partial Morse data necessarily contains these regular values by
compatibility. Any other extension can be connected to this minimal extension by a
path in MD(W; f). Since paths in MD(W; f) are invertible, the claim follows. [J

Corollary 1.3.13. Let (f,Dy) and (f', D) be two choices of Morse data on W. If
their induced partial Morse data are connected by a path of partial Morse data, then

(f,Dy) and (f',Dy) are connected by a path in MD(W).

We now introduce an equivalence relation on the set of all paths in MD(W; f).
Before doing so, it is helpful to visualize reqular-value edges. We color an interval
between two regular values blue if it contains no critical values and red if it contains
a single critical value. In the figures below, the horizontal axis represents the path
parameter and the vertical axis the function value; black horizontal segments depict
the regular values, which move in a piecewise constant fashion.

An edge recording the death of a regular value may be visualized in any of the

following three ways:

Analogously, an edge recording the birth of a regular value can be visualized in

any of the following three ways:

In all pictures, blue regions indicate intervals free of critical values, red regions indicate
an interval containing a single critical value, and black segments depict the chosen

regular values along the path parameter.

Definition 1.3.17. Two paths in MD (W) are said to be equivalent if they are related

by the equivalence relation generated by the following moves:
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1. Isotopy moves: paths of isotopy edges that define isotopic composite isotopies

are equivalent.

2. Commutation moves: composition of an isotopy edge with a regular value
edge commutes. In addition, edges recording data in disjoint intervals between

regular values commute.

3. Regular—value moves: paths of regular value edges are equivalent if they can
be transformed into one another by a finite sequence of the following graphical

relations:

Sliding red region moves

Inverse cancellation moves
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Coincidence moves
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These graphical equalities are to be understood up to rotation about the z—

and y—axes.
Equipped with this definition, we can now show the following:

Lemma 1.3.14. Any two paths of reqular value edges in MD(W; f) with the same

endpoints are equivalent.

Proof. We argue by reduction to a normal form.
First, consider the case where the endpoint vertices correspond to Morse data whose
underlying Morse functions have no critical points—equivalently, all intervals are

labeled blue. We first verify the Frobenius relation:

up to rotation about the xr—axis.
This follows from a combination of inverse cancellation and coincidence moves as

follows:

25



Let us begin with the special case where the endpoint vertices correspond to Morse
data having only two regular values, namely the endpoints of the target interval of
the Morse function. In this situation, we claim that the normal form of any path is

given by

—that is, the trivial path with no additional regular values.

A general path may contain extra horizontal segments of regular values appearing
inside the blue region. We show that the number of such segments can always be
decreased, which yields the claim by induction. Let tq denote the time of the first birth
of a regular value, and focus on the horizontal segment created at t,. We can shrink
this segment forward in the time parameter ¢ until we encounter the birth or death
of another segment adjacent to it. At that point, we apply the Frobenius relation or
the coincidence moves to continue shrinking past that time. Ultimately, the segment
can be completely contracted using the inverse cancellation move. This shows that
any path whose endpoints correspond to Morse data with exactly two regular values
is equivalent to the canonical normal form above. Using inverse cancellation moves
and this observation, we further conclude that any path whose endpoints correspond
to Morse data whose underlying Morse functions have no critical points is equivalent

to the normal form

Next, we consider the case where the endpoint vertices correspond to Morse data
in which every interval between consecutive regular values contains exactly one critical
value, i.e. every interval is labeled red. Using the sliding red region moves, together
with the earlier observation that any floating interval of regular values inside a blue

region can be eliminated, we conclude that any such path is equivalent to the normal
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form

Finally, applying the inverse cancellation moves reduces the general case of a path
whose endpoint vertices correspond to Morse data with critical points to the case
above, thereby completing the proof.

O

Corollary 1.3.15. Let vy, 71 be paths in MD (W) sharing the same endpoints. If their
induced paths of partial Morse data are equivalent in PMD (W), then 7o is equivalent

to 1.

Proof. This is a consequence of Lemma 1.3.14 together with the commutation

moves. O]

Finally, just as we have a notion of Morse function preserving diffeomorphisms,

we will need a notion of Morse data preserving diffeomorphisms.

Definition 1.3.18. Let W and W’ be smooth manifold triads equipped with Morse
functions f, f’ and associated Morse data Dy, D, respectively. An equivalence
D: W — W’ of smooth manifold triads that preserves the Morse functions is said to

preserve the associated Morse data if the following hold:
e D preserves the horizontal distributions;
e D induces an ordered bijection on the regular level sets;
o D preserves the standard Morse model embeddings up to the action of GEZ%

We will now explain the last point concretely. Let p be a critical point of f of

index k, and consider the standard Morse model embedding

Mp —2— W



adapted to f at p, which is part of D;. Since D preserves the Morse functions,
p' = D(p) is a critical point of f” of the same index k. Let

My W
hl ) lf’

—1,1] —2 J

be the standard Morse model embedding adapted to f” at p’, which is part of Dy .
We say that D preserves the standard Morse model embeddings ¢, and i, if there

exists Q) € Ggfﬁg) such that the following diagram commutes:

1174 D s W
~ \ / ~
g |
% X
M 3 > My

The inner square is included for completeness, although its commutativity already
follows from the assumption that D preserves the Morse functions. The existence of

() uniquely determines it.

1.4 Cerf’s fibration lemma

Morse data constitute the necessary tool for describing a cobordism in terms of ele-
mentary pieces. We will not only care about excellent Morse functions, however, but
we will also have to consider Cerf paths, which, in particular, include families of excel-

lent Morse functions. We will consequently need to talk about families of Morse data.

There is an evident projection map

PMD(W)

|

FO(W)

whose fiber over f € FO(W) is PMD(W; f). In order to study families of Morse

functions and associated families of Morse data, it would be very convenient if this
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map were a fibration and if we further had an understanding of the homotopy type of
its fiber. Thankfully, we find ourselves in this situation. Even more thankfully, Cerf
found himself in a similar situation too and we can directly benefit from his insights

without much extra work.

We will primarily use Cerf’s fibration lemma and the stability of Morse functions.

Lemma 1.4.1 (Cerf’s fibration lemma). Let E and B be two topological spaces and
let p: E— B be a continuous map. The following is a sufficient condition for p to
be a fiber bundle:

For each zy € B, there exists a topological group G that acts from the left on E and

B in such a way that the diagram

GxF ——F

Idg Xpl lp

GxB —— B

commutes, and the map G — B given by g — ¢ - xo admits a continuous section on

a neighborhood of x.
Proof. This is Lemma 1, p. 115 in [Cer68]. N

Taking G = Diff(W; W, 0,W) x Diff(I;{0},{i}) for f € FO(W,I), Cerf’s

fibration lemma and the stability of Morse functions imply that the projection map

PMD(W)

|

Fw)

is a fiber bundle. Following Cerf, let P(W) denote the space of pairs (f,Ps), where
Ps denotes a choice of standard Morse model embeddings {(¢p, ¢;,) }pecris(y) adapted
to f at its respective critical points. Cerf’s fibration lemma and the stability of Morse

functions apply in the same way to show that the projection map

PW5 f) —— P(W)

FO(W)

is a fiber bundle. Moreover, Cerf explicitly determines the homotopy type of the fiber
PW; f):
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 If f has no critical points, P(W; f) is empty and PMD(W; f) is contractible.

o If f has a single critical point p of index k, let J}P(W; f) denote the space of
1-jets at the origin of the standard Morse embeddings adapted to f at p. Cerf
shows that the map

PW: f)
.l¢k%jl¢(0)
JoP(W: f)

is a fiber bundle with contractible fiber. Moreover, JiP(W; f) = O(k,n — k)
in the unoriented case and JiP(W; f) = SO(k,n — k) in the oriented case.
Detailed proofs of these statements appear in the Appendix of [Cer73]. Their
combination implies that P(W; f) is weakly equivalent to O(k,n — k) (respec-
tively SO(k,n — k)) in the unoriented (respectively oriented) case.

Let Gy := O(k) x O(n—k) and G} == (O(k) x O(n—k))NSO(n). It is known
that ngr,)ﬁ) is homotopy equivalent to (S)O(k,n—k). Moreover, Ggfgﬂ) acts freely
on P(W; f) and J3P(W; f). The homeomorphism JJP(W; f) = O(k,n — k)
(respectively JiP(W; f) = SO(k,n — k)) is equivariant with respect to these

actions. Moreover, the following diagram commutes:

Gy X P(W: f) ——— P(W: f)

Id x jél lj%

G X JSP(Ws f) —— JIP(W; f)

The combination of these facts implies that P(W; f) is weakly equivalent to

(or)
G (nk)"

Lemma 1.4.2. PMD(W; f) is weakly equivalent to P(W; f) and hence weakly

equivalent to G Ezri) .

Proof. The key observation is that the fiber of the projection map PMD(W; f) —
P(W; f) is convex, and therefore contractible. The result then follows once we
establish that this projection is a Serre fibration— we will now sketch the proof

of a slightly weaker but sufficient fact.
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Suppose W is a manifold equipped with a Morse function f having a single critical
point p, and let U be a Morse coordinate chart around p. Using f, we obtain a nested

sequence of neighborhoods around p:
UDUyyp DUy D DUpjgn O -

Let F(U) denote the space of admissible horizontal distributions on U. Restriction

gives a tower of maps
F(U) — F<U1/2) — ... — F(Ul/gn) — e

and we define G(W, f) to be the filtered colimit of this system. Let H(W; f) denote
the space of admissible horizontal distributions on all of W with respect to f. A

standard partition of units argument shows that the natural restriction map
HW; f) — GW, f)

is a Serre fibration. Now consider the pullback diagram:

PMD(W; f) —— H(W; f)

| |

PWif) ——— GW. f)

The space ﬂ%(W, f) is a weaker version of PMD(W; f), where we only require the
standard Morse model embedding and the admissible horizontal distribution to be

compatible over some Uj/2». The map
PMD(W; ) = P(W; f)

is a Serre fibration as the pullback of a Serre fibration, and its fibers are convex, hence
contractible. It is, therefore, a homotopy equivalence. Finally, we observe that the

natural map

PMD(W; f) — PMD(W; f)

is a homotopy equivalence, which implies that the original projection
PMD(W; f) — P(W; [)

is also a homotopy equivalence. Il
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1.5 Cerf paths

We have already seen that the space of excellent Morse functions is an open and
dense subset of the space of all smooth real valued functions on a manifold. This
makes it very easy to show that there exists an excellent Morse function on any
given manifold. It does not, however, make it easy to choose one, since the space of
excellent Morse functions is far from contractible and, in fact, far from connected.
The reader unfamiliar with this statement is encouraged to think about two different
Morse functions on the cylinder fy, fi : ST x [0,1] — [0, 1] with a different number of
critical points. By the stability of Morse functions, any two excellent Morse functions
connected via a path of excellent Morse functions are in the orbit of the group
Diff(S* x [0,1]; S' x {0}, S' x {1}) x Diff(f; {0},{1}) and hence must have the
same number of critical points. On the other extreme, the space of all real valued
functions on a manifold is contractible, hence any two excellent Morse functions are
connected via a path of smooth real valued functions. Our goal in this section is to
describe a subspace of the space of real valued functions on a manifold W, F*(W),
that is explicit and small enough so that we can concretely understand it and broad

enough so that
Maps([0, 1], (F°(W) U T (W), F°(W)))

is a generic subset of

Maps([0, 1], (C*(W), F°(W))).

The space F' (W) consists of functions that only fail to be excellent Morse by having
either a single cusp critical point or two Morse critical points at the same critical

level. We will now study the former case in some detail.

1.5.1 Birth - death paths

As before, let W denote a smooth manifold or a smooth manifold triad and let
[ e C*(W;R) or f € C°(W;I), where I = ([0,i]; {0},{1}), respectively. For
parts of this section, we will follow [Chal8]. We have previously introduced the
Hessian of a critical point p € Crit(f) in section 1.3, as a symmetric bilinear map
d?f, « T,W x T,)W — R. The kernel of d*f, consists of all v € T,W such that
d?fy(w,v) = 0,Yw € T,W. We can now similarly define the intrinsic third derivative
at a critical point p € Crit(f), following [Chal8], as a map

d3fp - ker d2fp X kerdzfp x ker d2fp — R,
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constructed as follows:
Given vy, vq,v3 € kerd?f,, choose  : R® — M such that 7(0) = p and 5—92 = v, for
1=1,2,3. We set

9*(f on)
3 _
d fp<U1,U2;U3> a 8!E18[L‘28[L‘3

r1=x2=x3=0

Just as with the intrinsic Hessian above, we can show that d®f, is well-defined (i.e.

independent of the choice of 1) by an explicit calculation in a local chart, which can

be found in [Chal§].

Definition 1.5.1 (Cusp critical points). Given f € C*(WW) as above, a point p € W

is a cusp critical point of f if:
(i) p € Crit(f)
(ii) dimg(ker(d®f,)) = 1. Let v € T,M be such that Rv = ker(d*f,,).
(iii) d®f,(v,v,v) #0
We further define the index of p to be the index of the Hessian of f at p.

In analogy with Morse critical points, cusp critical points admit a standard local

coordinate description:
Theorem 1.5.1 (Cusp lemma). Let g : R™ — R be given by
g1, wn) =c— (1 + ...+ ap) FTh A
for some constant c¢. Then,
(a) g has a single cusp critical point at 0 of index k.

(b) Given any f € C®(W,R) with a cusp critical point p € W of index k, there
exists a neighborhood V' of the origin in R™ and embeddings ¢ : (V,0) — (W, p),
¢’ : R — R such that the following diagram commutes:

vV 2w

L b
RTR

Remark 1.5.2. In contrast to the Morse lemma, we cannot, in general, take ¢’ to
be the identity.
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Definition 1.5.2. We denote by F. (W) the subspace of C°°(W;R) consisting of

functions f such that:
o f has a single cusp critical point,
« all other critical points of f are of Morse type,
o for any two critical points py, pe of f, we have f(p1) # f(p2).

Definition 1.5.3 (Birth-death paths). A birth-death path on W is a smooth path
v :[0,1] — FO(W) U FL(W) that satisfies the three conditions listed below.

1. There exists a single time ¢y € (0,1) when ~(¢o) € FL.

2. 7(%) and v(*) lie in different connected components of FO(WW).

3. Let p € W be the cusp critical point of v(ty) and let v € T,V be such that
Rv = ker(d?f,). Consider

r:0,1]xW—=R

given by
(t,w) = (1) (w).

(%] ) oo

Note that the second condition can be derived from this transversality condition,

We require that

but we list it here separately for emphasis.

In this case, we will also say that v crosses F. (W) generically at a single point. If

v(to) has a cusp critical point of index k, « is called a birth - death path of index k.

Moreover, if v(%) has fewer Morse critical points than v(f1), then v will be called

a birth path of index k and otherwise v will be called a death path of index k.

Remark 1.5.3. Not every generalized birth-death path is a birth-death path.
Consider, for example, the birth path I": [0, 1] x R" — R given by

D(zy, .., xp)=c— (21 +...+2) +2py + .o+ a2 — (2t — 1)z, + 2.
Theorem 1.5.4 (Birth path lemma). Let B : [0,1] x R®™ — R be given by
B(w1,...,xn) =c—(xi+...+ap) +xfq + ...+ oo — (2t — D, + 22,

for some constant c. Then,
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(a) B is a birth path and B(1/2) has a single cusp critical point at the origin 0.

(b) Given any birth path of index k, T : [0,1] x W — R, there exists a neighborhood
V' of the origin in R™ and embeddings ¢ : V — W, ¢’ : R — R that respect the

critical points / critical values, such that the following diagram commutes:

0,1] x V —25 [0,1] x W

B r
S

There is an analogous death path lemma obtained by substituting t — —t in the above.

Proof. A proof can be found in Appendix A of [Chal8]. O

1.5.2 Crossing paths

We will now define crossing paths and Cerf paths.
Definition 1.5.4. We denote by F3(W) the subspace of C*°(W;R) consisting of

functions f such that:

o all critical points of f are of Morse type,

o there exist exactly two critical points p,q € W of f such that f(p) = f(q).

Definition 1.5.5 (Crossing paths). A crossing path on W is a smooth path
v :[0,1] = FO(W) U F4(W) such that:

« there exists a single time ¢y € (0,1) when () € ffé,

« (%) and y(2H) lie in different connected components of F°(W).
In this case, we will also say that ~ crosses ?é(W) generically at a single point.

We now set (W) := FL(W) U F5(W).
Definition 1.5.6 (Cerf paths). A Cerf path is a smooth path

71 [0,1] = (FW) U T (W), F(W))

for which there exists a partition 0 = ap < a1 < ... < @y,_1 < @, = 1 such that for
all 0 <7 <m — 1, the path

f)/

laiaiy1]
is either a path of excellent Morse functions or a birth-death path or a crossing path.
We will denote by Cerf(1W') the space of all Cerf paths on W and refer to Cerf paths

that cross F1(IW) at most once as simple.
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A useful tool for analyzing Cerf paths is their singularity graphic, also known as
a Cerf graphic. Given a Cerf path ~, its Cerf graphic is the subset of I x R consisting
of the critical values of the functions along the path. Intuitively, it records how the
critical points move and interact over time. Examples of Cerf graphics corresponding

to death paths and crossing paths are shown in Figure 1.2.

Figure 1.2: Cerf graphics corresponding to crossing paths and death paths.

Theorem 1.5.5 (Genericity of Cerf paths). Cerf(W) is a generic subspace of the
space of all smooth paths on C*(W,R).

Proof. This theorem is another consequence of Thom’s (multi)jet transversality

theorem. For a detailed proof, see [Cer68, Chapter II, Proposition 4, p. 29]. O

It will be helpful to further examine the structure of the stratified space F=H (W) :=
FOW)UFL(W). A connected component of this space is often depicted pictorially, as
illustrated in Figure 1.3. One should, of course, be mindful of the usual limitations—
and often the misleading nature—of representing infinite-dimensional spaces using
two-dimensional pictures. In this case, however, Figure 1.3 suggests a structure that
is, in fact, accurate: the space FO(W)UJF! (W) is a conical, codimension-one stratified
space. Moreover, each point in (W) admits a neighborhood of the form U x I, where
U is a neighborhood in F*(W) and I is the cone on two points—that is, an interval.
This result was established by Cerf in [Cer68, Chapter II, Proposition 6, p. 33].
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Figure 1.3: A connected component of (W)U F(W) and a simple Cerf path v on
it.

1.6 Elementary Cerf paths

Before delving into the details of elementary Cerf paths, it is helpful to begin with
a conceptual overview of how various constructions in Morse and Cerf theory are
organized and interrelated. To this end, we present a table of analogies, shown in
Figure 1.4 below. This table includes notions that have already been introduced, as
well as others that will be developed later in this chapter. The latter appear in shaded
cells. We hope that the analogies drawn here will provide the reader with a rough
guide to what lies ahead.

The constructions introduced in this section form the technical backbone of the
first part of the thesis and will be used repeatedly in the arguments that follow.
These include the following pairwise-related notions: standard birth—-death models
and elementary birth—death paths, as well as standard ascending/descending models
and elementary crossing paths. Keeping the broad roadmap of Figure 1.4 in mind,
we now begin by describing standard birth—death models and elementary birth—death
paths in detail.
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Morse theory

Functions with no

Cerf theory

critical points

Paths of excellent Morse functions

Excellent Morse functions
(that have critical points)

Birth—death paths

Crossing paths

Morse functions with
a single critical point

Birth—death paths crossing
FL at a single time ¢,

Crossing paths crossing
ffé at a single time tg

Standard Morse function of
index ¢ on R"™:

hi(@) == a5+ ) o
j=1

j=it1

Morse lemma:

index ¢ on R™:

Standard birth—death path of

Pi(x) = hij(z)+a2£(2t—1)z,

No direct analogue

For every n-manifold M with
Morse function f and critical
point p of index i, there exists
an embedding of (R"™, h;)
adapted to f at p

Cusp lemma:

For every n-manifold M with
birth-death path [ and cusp
critical point p of index i,
there exists an embedding of
(R™ x R, P}) adapted to [ at p

No direct analogue

Standard Morse model of
index i: a model manifold
triad with a single critical
point of index %

Standard birth—death model
of index 7: a model manifold
triad with a birth-death path

that has a cusp critical
point of index ¢

Standard ascending/
descending model
of index 7 in R™

No direct analogue

Elementary birth—death
paths: such birth-death

paths are determined by
the initial Morse function
and a standard birth-death

model embedding

Elementary crossing
paths: such crossing
paths are determined
by the initial Morse

function and standard
ascending- descending
model embeddings in

crossing position

Figure 1.4: A table of analogies between notions in Morse and Cerf theory.
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1.6.1 Standard birth-death models

(Preliminary) standard birth-death models

We will describe the standard birth-death model for a pair of critical points of index
i and i+ 1 in R™, closely following Chapter 3.1 of [Cer73].
Let ¢ be an integer such that 0 <7 <n —1, A € [0,1] and choose € > 0 (e will soon

be chosen to be small enough to satisfy a desired a condition). Consider the path
L:[0,1]] xR"—=R
given by
Na) = ()= —af — . =l +al 4. e 2 — (20 — Dex,.

This is just a small modification of the birth-death path that locally characterizes the
generic birth-death paths of index 7. The function [, has:

1o critical points for A < 1/2,

« one cusp critical point at the origin for A = 1/2,

(2A—1)e
)

 two Morse critical points for A > 1/2, namely the points <O, ...,0, £

The critical points of [; are the points (O, .. .,O,i\/§>. For all A € (1/2,1], the
critical points of [ lie on the interval [— \/g , \/g} in the n-th coordinate. The point

<O, ooy 0, —y/%) is an index 7 + 1 Morse critical point of [, while the point

3
path of index 1.

<0, ..., 0, M) is an index ¢ Morse critical point of [, and the path L is a birth

We will now modify the path (1)) in order to obtain a birth - death path in R™ that
remains constant in time outside of a compact set in R™. We will call such paths
compactly supported.

Let w : R — [0,1] be an even, smooth bump function that is identically 1 near 0,
has support equal to [—1,1] and negative derivative on w='((0,1)) N {t > 0}, and
let @ : R™ — [0,1] be defined as @(z1,...,2,) = w(|z1]® + ... + |z,|?). This makes
@ a smooth bump function in R that has compact support around the origin and
furthermore depends only on the Euclidean distance to the origin. We now modify

the path () by setting
loa(z)=—af — ... —al + a2l +...+ 2l + 2 — (2\(x) — ey,
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where z = (21, ..., z,). This modified path (I5.,) has the following evident properties:
e On w1(0), the functions ly and [, coincide for all values of A € [0, 1].
o On w (1), the paths (1)) and (I5.,) coincide.

Therefore, the modified path (;.,) is constant in time outside of a compact set and
coincides with the path () in a neighborhood of the origin, namely w~!(1). We need
to make sure that everything interesting happens within that neighborhood of the
origin. By choosing € small enough, it is clear that we can ensure that all critical
points of (1) lie within w™'(1). We also need to ensure that by modifying (1), we
haven’t introduced any new critical points on the compact set @=1(0,1). This can

also be ensured by choosing € small enough:

Proposition 1.6.1. There exists ¢ > 0 such that for any 0 < € < ¢, the path I3\

has no critical points on the compact set w=1(0, 1).

Proof. We will first prove that if (v, ..., y,) is a critical point of I\ in w=1(0, 1), we
must have that y, # 0:
Suppose that (y1,...,Yyn—1,0) is a critical point of l;.,. Then,

Olg:n
’ ey Yn-1,0) =0 =
axk (y].? ’y 1 )
O
+ 22, + 2A w(x)e:zn =0= 1y, =0 Vk,
8a:k
(Y15-Yn—1,0)

which implies that the only possible critical point of /5., whose last coordinate is
zero is the origin and it’s easy to see by considering {gmﬂ that this only happens when

A = 0. In particular, no critical point of /5. in @=1(0, 1) can have last coordinate zero.

It, then, suffices to show that there exists ¢ > 0 such that [z, has no critical points
in w=1(0,1) \ {z, = 0} for all 0 < ¢ < ¢. We will show the stronger statement that
there exists ¢ > 0 such that

(a3 + (2\o(x) — 1)exy,)

pe #0in 0 10,1)\{z, =0}, VO<e<¢€.

Expanding the partial derivative, we have

Ow(x)

O(x3 + (220(x) — 1)ex,) 322 19

oz, . ex, + (2Aw(x) — 1)e := P(e).
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For every € € [0, 1] consider the statement: P(e) has a zero in w=1(0,1) \ {z, = 0}.
Since [0, 1] is compact, this statement is either always false or there exists a minimum
value of € for which this statement becomes true. If the statement is always false
in [0,1], let ¢ = 1. If the statement is not always false in [0,1], let ¢ = 1 min(e €
[0,1]] P(e) is true). Note that in this case we can’t have ¢ = 0, since 322 does not

have a zero in w=%(0,1) \ {z,, = 0}, which completes the proof. O

To sum up, if € is small enough, [\ and [, have the same critical points and coincide
in a neighborhood of these critical points, l;,, and [y coincide in all of R", while .

and [y coincide in w™!(0).

Following Cerf, we will now modify the path (lz.)) in order to obtain a birth-death
path in R™ that agrees with (I5.,) in a neighborhood of its critical points, and is the
last coordinate projection map x, : R® — R away from a compact set. To do that, it
suffices to find a diffeomorphism y : R® — R™, such that [y o x(x1,...,2,) = z, and
then consider the family I5., o x. Note that for fixed (z1,...,2,-1) € R"!, the map

R — R given by x,, — lo(x1,...,2,_1,2,) is a diffecomorphism since [y has no critical
points. Hence, the map
Y 1:R* - R"
given by
(1, ..y z) = (21, T, Do, -0y 2))

is a diffeomorphism. Moreover, Iy o y : R™ — R is just the last coordinate projection

map as desired.

Let (by) := (Iu:n © x) be the new modified path. Since (lz,) is compactly supported,
the same is true for (by). We will denote by B*(r) the closed ball of radius 7 in R,
centered at 0. Let B x J be a cylinder of the form B"*(u) x B'(u) C R". We
choose p large enough so that B x J contains the support of (by). The resulting
cylinder B x J equipped with the path (b,) will be the n-dimensional (preliminary)
standard birth-death model of index :. We will soon have to slightly modify it
again, hence why it is preliminary, but not in any major way, hence why “preliminary”

is parenthesized. Note that it has the following properties:
o bo(x) = x,, for all z € R",

o by(z) =m,, for all x € R™\ B x J and for all A € [0, 1].
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Standard Morse data on by and b;

The (preliminary) standard birth-death model provides us with a model transition
between two different connected components in the space of excellent Morse functions
through a function containing a cusp singularity. This transition is quite natural and
easy to explicitly understand at a level of functions. Indeed, if that was our sole
goal, the construction of the (preliminary) standard birth-death model above would
be unnecessarily complicated and the definition of birth-death paths would suffice.
However, recall that for our intended application, we will consider excellent Morse
functions equipped with Morse data. We would thus like to have a model transition
between two different connected components in the space of excellent Morse func-
tions equipped with Morse data through a function containing a cusp singularity.
Describing such a transition is rather subtle. Informally, the difficulty lies in the fact
that the Morse critical points which lie close to the cusp within a generic birth-death
path admit two kinds of coordinate systems: a coordinate system that comes from
the cusp lemma and a Morse coordinate system whose existence is implied by the
Morse lemma. A priori, there is no natural compatibility condition between them.
In order to address this issue, we will now make a choice of standard Morse data for
the Morse functions by and b; in R”, namely the endpoints of the birth-death path
our (preliminary) standard birth-death model is equipped with. In particular, this

entails a standard choice of Morse coordinate charts around the critical points of b;.

Morse data on by

The Morse function by has no critical points. Therefore, in order to define Morse
data associated with by, it suffices to choose a gradient-like vector field on R™ for by.
Let M be the pull-back of the standard Euclidean metric on R™ by the diffeomor-
phism y and let v be the gradient vector field of by on R™ with respect to M. The

distribution defined by v constitutes the standard Morse data associated with by in R™.

Morse data on by

We will now define standard Morse data associated with by in R™. We will first define
Morse data associated with [;, then modify them to get Morse data associated with
lz:1, and then pull those back via ¢ to Morse data associated with b; in R". We will
start by choosing appropriate standard Morse model embeddings adapted to l; at ¢;

and c,.

Recall that [; has two Morse critical points, the index ¢ + 1 critical point ¢; =
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Figure 1.5: The critical points of [;(x1,22) = —2% + x5 — exy in R? colored red and

purple. Some flow lines are suggestively drawn and appropriately colored after the
critical point they flow towards (with the exception of the xs-axis). The flow lines
that do not flow towards a critical point are colored teal.

<0, oo, 0, — g) and the index ¢ critical point ¢y := (0, .o, 0, \/§> Consider the
gradient flow of [; with respect to the standard Euclidean metric in R™.

By inspecting the gradient flow equation, we see that the descending disk of ¢
(denoted by D(cy)) lies in the hyperplane {z;;1 = ... = 2,1 = 0} and the as-
cending disk of ¢y (denoted by A(cg)) lies in the hyperplane {z; = ... = z; = 0}.
These hyperplanes intersect the 0O-level set of /; (denoted by Vj) at the three points
(0,...,0),(0,...,++/€) and by inspecting the direction of the gradient flow we see that
only the origin 0 := (0,...,0) further lies at the intersection of D(c;) and A(cs). Vo
is determined by the vanishing of a polynomial equation and we can readily calculate
its tangent space at 0 to be the hyperplane {x, = 0}. Moreover, in a neighborhood
of 0, D(c;) and A(cy) coincide with the hyperplanes {z;; = ... = z,_1 = 0} and
{z1 = ... = x; = 0}, respectively. Hence, we conclude that the restrictions of D(c;)
and A(cg) at Vj intersect there transversally at a single point. We will now construct
standard Morse model embeddings k; : M}, — R™ and ky : M* — R™ adapted to [;
at ¢; and ¢y respectively whose induced attaching spheres coincide with D(cq) N Vy
and A(cz) N V.

Let ky : M, — R™ and ky : Mj* — R" be two standard Morse model embeddings
adapted to [; at the critical points ¢; and ¢y, respectively. Let Sy (respectively S5)
be the level set where ki (0 (M) (respectively ka(Oout(M]"))) lies and assume that
k1, ko are chosen so that S; lies above V and Ss lies below V5. The embeddings k&
and ko push forward the standard Euclidean metric around the critical points ¢; and
cy. Let M denote the Riemannian metric on R™ which agrees with the standard

Euclidean metric outside of a neighborhood of the critical points ¢; and ¢; (we
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choose the neighborhood to be contained within the standard Morse models without
intersecting S; and S;) and further require M to agree with the push forward of the
standard Euclidean metric under the standard Morse model embeddings in a smaller
neighborhood of the critical points. We know that such a metric always exists by a
partition of unity argument. We now modify the standard Morse model embeddings
k1, ko to obtain embeddings r, o respectively, that are compatible with the metric M
and agree with ky, ks on a neighborhood of the critical points. This is always possible
by lemma 1.3.10. We further choose 71, r; so that the embeddings (0w (M7, )) and
79(Oout (M]")) continue to lie on the level sets S; and Sy, respectively, a requirement

7

which uniquely specifies r; and ry. Consider the embedding
Fo s Y gi prict 1, g

induced by r; and note that 7,(S°) is the attaching sphere of ¢; on S} with respect
to the Riemannian metric M. Likewise, 0D(¢;) is the attaching sphere of ¢; on S
with respect to the Euclidean metric on R™. Since the space of Riemannian metrics is
contractible, there is a path of Riemannian metrics that connects M with the standard
Euclidean metric on R™. This path induces an isotopy ~ of embeddings of S* in S;
from 7, to an embedding whose images coincides with D(c;)NS;. Since S? is compact
and S; has no boundary, the isotopy extension lemma implies that there exists an
isotopy 7 of S that induces v. Then, ¥ ory is an isotopy of embeddings of the framed
attaching sphere S* x D" ! in S;. By Lemma 1.3.9, there exists an isotopy I' of
standard Morse model embeddings adapted to [, at ¢;

M, % [0,1] —— R”

hxidl lll

1,1 x [0,1] —/—— R

such that I'y = r{ and Iy Bn(MZ, )+ We now define 31 =1T14. By

construction, j; is a standard Morse model embedding whose induced attaching sphere

Bn(MIL,) = Y OT1

gi {0y Gi 5 pr—i—1 _J 3,

coincides with D(¢;) N'S;. We modify 75 in an entirely analogous way and obtain a

standard Morse model embedding js : M — R"™ whose induced attaching sphere

gn—i-1 $Xd i o gn-io1 T2 S,
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Figure 1.6: A smooth manifold triad in R? which contains the critical points of ;
and is bounded by submanifolds of level sets of [;. The boundary is colored teal and
some gradient flow lines are pictured, appropriately colored after the target they flow
towards. This is a useful mental picture for a first approximation to the standard
birth-death model.

coincides with A(cy) NSy, We will now extend j; by using the gradient flow of I; with
respect to M from Vj to S; and define j; to be the induced standard Morse model
embedding. Since M agrees with the standard Euclidean metric in the region of R”
bounded by S; and V;, the embedding

g {0} Gi 5 pr—i—1 _J1 Ve

coincides with D(¢;)NVy. We likewise extend 52 to a standard Morse model embedding
72 such that

Ggn—i-1 J0pxid Di x §n—i-1 _ Vi

coincides with A(c2)N V. So far, j; and j; are two standard Morse model embeddings
whose attaching spheres intersect transversally at a single point in the level set V.
We would like to have some tighter control on the intersection of j;(S* x D""1)
and jo(D? x S"™71) in V), namely some tighter control on how the framings behave
in this intersection. Intuitively, and as illustrated in Figure 1.7, we would like the
intersection of j; (S*x D"~"~1) with jo(D*x S"~~1) to be diffeomorphic to D x D"~¢!
in a way that the factor D’ (respectively D"~*~1) pulls back to the fiber of S™~*"!

(respectively S*). We will now formalize this intuitive picture.

Definition 1.6.1 (Critical points in cancelling position). Let W be a smooth n-
dimensional manifold equipped with a Morse function f : W — R that has two
critical points ¢y, ¢y of index 7 + 1 and 4, respectively. Let ¢; : M, — W and
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D'l, St e,
Stx D1 —\,

Figure 1.7: Framed attaching spheres in framed vs non-framed cancelling position.

@2 M — W be two standard Morse model embeddings adapted to f at ¢; and ¢y

respectively. We say that c¢; and ¢y are in cancelling position with respect to

¢1a ¢2 if:

e The induced embeddings of framed attaching spheres ¢q|gixpn-i-1 and

o5

pixgn—i—1 lie at the same level set V4.

o 01(S" x {0}) and ¢2({0} x S™7!) intersect transversally at a single point in
.

We say that c; and ¢ are in cancelling position if they are in cancelling position

with respect to some standard Morse model embeddings ¢; and ¢s.

Definition 1.6.2 (Standard Morse model embeddings in cancelling position). Let
W, f,c1, ca, 1, 02 be as above and assume that c;, co are in cancelling position with
respect to ¢1, 2. We say that the standard Morse model embeddings are in cancelling

position if:

there exist diffecomorphisms r € O(n —i — 1), o € O(i),

o an embedding s; : D' — S¢ that coincides with the northern hemisphere
inclusion up to the right action by O(i + 1),

o an embedding s, : D" ! — S"7il that coincides with the northern

hemisphere inclusion up to the right action by O(n — 1),

 such that the following diagram commutes:

Dz' % Dn—z‘—l S1XT1 y Sz % Dn—i—l

T2 X Szl l(bl

Di x §n—i—t > W
P2
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Proposition 1.6.2. There is a choice of standard Morse model embeddings in

cancelling position adapted to the critical points of /; in R".

Proof. Here is a sketch of a proof. We have already constructed the standard Morse
model embeddings j; and j, with respect to which the critical points of /; are in
cancelling position. We need to modify j; and js so that they are themselves in
cancelling position. We can show more generally that this is always possible. Namely,
let W, f,c1,ca, 1, P2 be as in definition 1.6.1, assume that ¢; and ¢y are in cancelling
position with respect to ¢1, o and let V{) be the level set where ¢; and ¢5 meet. Then,
sixpr—i-1 and ¢g

1y that make the diagram

we observe that ¢,

Dpixgn—i—1 are isotopic in V) to embeddings 1/, and

Dt x pn—i—l S1XT1 Sz w pn—i—1

TgXSQl l 1

Dt x §n—i—l > W
P2

commute, wherein s1, So, 71, 79 are as in definition 1.6.2. To see this, let’s assume that
&1 (ST x{0}) NP ({0} x S*~~1) = {p} € V}. Since this intersection is transversal, there
is a local coordinate system around p € V; that makes ¢ (S? x {0})Ugo({0} x S*=i~1)
locally look like the R® U R"~i~! hyperplane union in R"~*. We can then isotope the
framings within this chart to intersect as in the definition 1.6.2. Then, by lemma

1.3.9, we can isotope ¢; and ¢ so that they assume cancelling position. [

(Final) standard birth-death models

The arguments presented above are not specific to the function /; in R”, and apply
equally well to Iz, and, by composing everything with the diffeomorphism 1, to b;.
Let ¢; and ¢ be two such standard Morse model embeddings and let U; and Us be
their corresponding images. We choose a Riemannian metric on R" that is compatible
with ¢; and ¢o. Let’s suppose that the “double neighborhood” U; U U, lies between
level sets Ly and Ly in R™. Using the gradient flow of the chosen Riemannian metric,
we can construct a “saturated double neighborhood” U that lies between L; and Lo
characterized by the fact that all points of U either lie in U; UUs or on a gradient flow
line that leads to U; U Us,. Furthermore, by Lemma 2 in Chapter 3.2.2 of [Cer73], we
can choose ¢ and ¢, so that U contains B x J. We choose such ¢; and ¢5 once and
for all. The corresponding U will be the standard saturated double neighborhood of
index ¢ in R™ and we will be denoting it by U(Sflfii) or simply by Ustd

(niy When (n, ) is

implicit or irrelevant. This is naturally a smooth manifold triad.
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Definition 1.6.3 (Standard birth-death model). The n-dimensional standard
birth-death model of index i consists of the smooth manifold triad U (Sfl"ii) equipped
with the birth-death path (by)iep- It comes further equipped with standard

Morse data associated with by and b; as follows:

o Standard Morse data associated with by:

1. by has no critical points, and hence admits no standard Morse model

embeddings.

2. The associated horizontal distribution defined by the Riemannian metric
we chose in the construction of U, (Sfldi).

3. The chosen regular level sets consist of the incoming and outgoing

boundary of U, (Sfldl)

Equipped with these data, U(Sfldi) becomes diffeomorphic to a cylinder D" ! x =,
where = is the interval im(b;). We choose such a diffeomorphism once and for

all (this amounts to just an identification of 0;,U, (Sfl"ii) with D" 1).

o Standard Morse data associated with by:

1. The standard Morse model embeddings ¢; and ¢, that are in cancelling

position as chosen above.

2. The associated horizontal distribution defined by the Riemannian metric

we chose in the construction of U (Sidi).

3. The chosen regular level sets consist of the incoming and outgoing

boundary of U(Std.) and the 0-level set of b;.

n,i

1.6.2 Elementary birth-death paths

Elementary birth paths
Definition 1.6.4. Let f : W — I be an excellent Morse function. An embedding

¢ UL = W

n,i)

is adapted to f with respect to 0, if there exists an orientation preserving

embedding ¢’ : = — [ such that the diagram



commutes.

A birth path (fi)xejo,1) that starts at f € FO(W) is called an elementary birth path
of index i if there exists an embedding ¢ : U, (S:L‘?i) — W adapted to f with respect to
bo such that for all A € [0, 1] we have

1. fn = f in the complement of the image of ¢, and

2. the diagram

commutes for all A € [0, 1].

Elementary death paths

Definition 1.6.5. A death path (fi)acp,1 is called an elementary death path of

index i if (fi-x)rejo,1) is an elementary birth path of index i.

Remark 1.6.1. Let f € F°(W) be an excellent Morse function with two cancellable
critical points ¢; and c3. A choice of Morse data associated with f that includes two
standard Morse model embeddings in cancelling position adapted to f at ¢; and co,
uniquely determines an embedding of the standard birthdeath model adapted to f

and hence an elementary death path starting from f.

Elementary birth-death paths play a crucial role in the constructions that follow. In
particular, it will be important to understand some homotopical information about
the space of all birth - death paths relative to the space of all elementary birth - death
paths. Thankfully, we only need to understand a modest amount that has mostly

been covered in Cerf’s work.

Lemma 1.6.2. Let f be an excellent Morse function on W. Let Bicth, (respectively
Death;) denote the space of all birth paths (respectively death paths) that start at f
and let €Bicth, (respectively @@eathf) denote the space of all elementary birth paths
(respectively elementary death paths) that start at f. Then,

mo(Death;, EDeath;) =0

and
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Proof. See Chapter 3 of [Cer73]. O

Lemma 1.6.3. Let f be an excellent Morse function on W and let o, 71 be elementary
birth paths (respectively elementary death paths) starting at f induced by standard birth
- death model embeddings ¢o and ¢1 adapted to f with respect to by (respectively by ).
If there exists a path of birth paths (respectively a path of death paths) between vy and
1, then there exists an isotopy of standard birth - death model embeddings adapted
to f with respect to by (respectively by) between ¢y and ¢;.

Remark 1.6.4. We can interpret this lemma as a weak version of the statements
m1(Death;, EDeath;) =0

and

While I believe these statements are true, I don’t currently have a complete proof of
them. Thankfully, the weaker statement above is sufficient for our purposes and is

substantially easier to prove.

Proof. We will address the case of birth paths. The case of of death paths can be

reduced to it using the stability of Morse functions.

Let gy and g; be the endpoint excellent Morse functions of v and ~;, respectively.
Since there is a path of birth paths between ~y and 7, there exists a path of excellent
Morse functions between gy and g;. This can only happen if the embeddings ¢, and
¢1 are such that im(f o ¢g) and im(f o ¢;) are not separated by any critical values.
Let W’ be a smooth manifold triad that is a submanifold of W containing im(¢,) and
im(¢ ) such that f|y~ has no critical points. In order for vy and 7; to be connected via
a path of excellent Morse functions, we need to further have that the embeddings ¢q
and ¢, lie in the same connected component of W’. Recall that the standard birth -
death model equipped with b is diffeomorphic to the cylinder D x =. The embeddings
¢o and ¢, are, then, determined up to isotopy and up to possibly a reflection (which
doesn’t effect the resulting elementary birth - death path) by the image of D. Any
two embeddings of D in the same connected component of W/ must be isotopic, which

completes the proof. O

20



1.6.3 Standard descending models

We will now present the analogous constructions for crossing paths, closely following

Chapter 2 of [Cer73].

Consider the n-dimensional standard Morse model of index k, M;' equipped with the
standard Morse function h : M} — [—1,1]. Choose a bump function w : R — [0, 1],

that satisfies the following conditions:

« w(0) =1 and %(0) = £¥(0) = 0,

dt?

the support of w is [—1, 1],

w is invariant under the involution ¢ — —t, and

L js strictly negative on (0, 1).

We now define the bump function @ : R¥ x R"* — [0, 1] given by

- (2 2y . |||y
W(l‘,y) - W( ‘.CL" + ‘y’ ) W(Sinh(l) COSh(l) :
Note that the support of w is exactly the closure of M}’ in R". Choose € > 0 small

enough such that for z € M}* and A € [0, 1], the path (h,) defined by

ha(x) = h(xz) — New(x)

has a single critical point throughout, namely the origin 0 € M}’ whose critical value
traces the corresponding path —Ae. This is possible by an argument similar to the
one used in the construction of the standard birth - death models above. We will refer
to M} equipped with the path (h,) as the n-dimensional standard descending

model of index k.

1.6.4 Elementary crossing paths

Elementary descending paths

Definition 1.6.6. A path (f\)xepo that starts at f € FO(W) is called an
elementary descending path of index k if there exists a standard Morse model
embedding
Mp—2 s W
|l
=2 7
such that for all A € [0, 1] we have
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1. fn = f in the complement of the image of ¢, and

2. the diagram
My W

h/\l lf}x

L} i

commutes for all A € [0, 1].

Elementary ascending paths

Definition 1.6.7. A path (f\)icp, is called an elementary ascending path of

index £ if (fi-)xeo,1 is an elementary descending path of index k.

Remark 1.6.5. Given a collection of disjoint standard Morse model embeddings
adapted to f at different critical points, it is straightforward now to define a path

that is simultaneously ascending / descending with respect to them.

Elementary crossing paths

The following lemma plays a key role in justifying the definition of elementary crossing

paths which follows.

Lemma 1.6.6 (Lemma 4, Chapter 2.1.2, p.42 in [Cer73|). Let f be an excellent Morse
function on W with a critical point ¢ of index k. Let D be a descending disk of ¢ with
respect to some Riemannian metric and let § be the lowest value in the interval f(D).
Then, there exists a standard Morse model embedding ¢ : M]' — W adapted to f at
¢ such that the following hold:

1. the descending disk defined by ¢ is D,
2. the image of ¢ is contained in an arbitrary small neighborhood of D, and

3. the elementary descending path (fy\) defined by ¢ is such that fi(c) is any given
point in the open set (0, f(c)).

Definition 1.6.8. Let f be an excellent Morse function on W that has two
consecutive critical points co and ¢; with f(cg) < f(c1). A crossing path (f))xeo,
starting at f such that fi(cy) > fi(c1) is called an elementary crossing path if it
is simultaneously an elementary ascending path for ¢y and an elementary descending

path for ¢; with respect to two disjoint standard Morse model embeddings.
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Remark 1.6.7. Cerf’s definition of elementary crossing paths is slightly different,
as it involves only an elementary descending path for ¢;. Here, we opt for a more
symmetric definition. This is not a substantial difference, but rather a matter of style.
It is fairly straightforward to see that the space of elementary crossing paths starting
at f, as defined by Cerf, is homotopy equivalent to the space of elementary crossing

paths starting at f as defined here.

As with elementary birth-death paths, elementary crossing paths play a crucial role in
the constructions that follow. In particular, it will be important to understand some
homotopical information about the space of all crossing paths relative to the space
of all elementary crossing paths. Thankfully, we only need to understand a modest
amount that has already been covered in Cerf’s work. We will denote by Cross; the
space of all crossing paths starting at f and by €C€ross; the space of all elementary
crossing paths starting at f. We will further denote by Wossf the Kan complex
whose points are the points in EC€rossy and whose higher simplices are induced by

n-parameter standard Morse model embeddings.

Lemma 1.6.8 ([Cer73, Proposition 2, p. 49]). Let f be an excellent Morse function
on W. The inclusion

CCross; — Crossy

induces isomorphisms
70(ECross ;) — mo(Crossy)
and, for all § € €Crossy and all j > 1,
7;(€Crossy; B) —— m;(Crossy; ).

Remark 1.6.9. We defined the spaces Birth,, Death,, €Birth,, and €Death; in
Lemma 1.6.2. Write Wrtbf (resp. m) for the Kan complex whose 0-simplices
are the points of Birth, (resp. EDeath;) and whose higher simplices are induced by
n-parameter standard birth (resp. death) model embeddings. In light of Lemma 1.6.3
and Lemma 1.6.8, one may ask whether, for all 8 € €Birth; and all j > 1,

7 (EBirth ;5 B) —— 7;(Bicth; B)
and similarly, for all 5 € €Death, and all j > 1,
m;(EDeath; f) —— m;(Death; ).
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Following Cerf’s proof of Lemma 1.6.8, one can approach this via Cerf’s lemme

des chemins élémentaires [Cer73, p. 200]. It implies that
m;(EDeath; f) —— m;(Death ;; B)

if and only if 7; (Q’Deatf)ﬁ; B) is trivial. Here €Death; denotes the Kan complex
whose points are the elementary death paths having the same intersection with F1
as [, and whose higher simplices are induced by n-parameter standard Morse model

embeddings. The analogous statement holds for €Birth,.

1.7 Cerf homotopies

In the previous section, we introduced the space (W), which satisfied the property
that any two excellent Morse functions on W are connected via a Cerf path in
FOW)UFH(W). In this section, we will introduce the space F*(W) and the notion of
Cerf homotopies. These will, analogously, satisfy the property that any two Cerf paths
in FO(W) U FH(W) are connected via a Cerf homotopy in FO(W) U FL (W) U F2(W).
We will closely follow Chapter 1 of [Cer73] and Section 2 of [GK15].

Definition 1.7.1 (Aj critical points). Let p € W be a critical point of some smooth
function f. We say that p is an Az critical point of index ¢ if there exists a local

coordinate chart centered at p in which f takes the form:
—x%—...—xf+x?+1+...+xi_1ixi.

Definition 1.7.2 (Codimension of critical points). Let p € W be a critical point of

some smooth function f.
1. If p is a Morse critical point, we define its codimension to be 0.
2. If p is a cusp critical point, we define its codimension to be 1.

3. If p is an Ajz critical point, we define its codimension to be 2.

Definition 1.7.3 (Codimension of a smooth function). Let f be a smooth function

on W that only admits Morse or cusp or Az critical points. Let
v1(f) = sum of the codimensions of the critical points of f,

vo(f) = sum of the multiplicities of the critical values of f.

We then define the codimension of f to be
codim(f) = vi(f) + va(f).
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Equipped with this definition, (W) consists of the codimension 0 smooth functions

on W and F*(W) consists of the codimension 1 smooth functions on W.

Definition 1.7.4. F2(W) consists of the codimension 2 smooth functions on W.

Unwinding this definition, we have the following cases for f € F2(W):

(a) v1(f) =2 and vy(f) = 0, which in turn consists of two cases:

(1)

(i)

f has a single Aj critical point, and all other critical points of f are of
Morse type. Moreover, no two critical points of f share the same critical

value. We denote by F2 the subset of F2 consisting of functions with this
property.
f has two cusp critical points and all other critical points of f are of Morse

type. Moreover, no two critical points of f share the same critical value.

(b) v1(f) = va(f) = 1, which in turn consists of two cases:

(i)

(i)

f has a cusp critical point, and all other critical points of f are of Morse
type. There is a Morse critical point that shares the same critical level
with the cusp critical point and no other two critical points of f share
the same critical level. We denote by 3% the subset of F2 consisting of
functions with this property.

f has a cusp critical point and all other critical points of f are of Morse
type. There are two Morse critical points of f that share the same critical

level and no other two critical points of f share the same critical level.

(¢) v1(f) =0 and vo(f) = 2, which in turn consists of two cases:

(1)

f only has Morse critical points. There are three Morse critical points
that share the same critical level and no other two critical points of f
share the same critical level. We denote by 3?/ the subset of F2 consisting
of functions with this property.

f only has Morse critical points. There are two pairs of Morse critical
points that share the same critical level and no other two critical points

of f share the same critical level.
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Informally, Cerf homotopies are smooth maps
v :[0,1] x [0,1] = F'W) UTF* (W) UTF*W)

that intersect the codimension 1 and codimension 2 strata transversally. Formally,

we use the following definition from [GK15]:

Definition 1.7.5 (Cerf homotopies). Let ~y(s) and ~;1(s) be two Cerf paths in
FOW)uF(W). A Cerf homotopy I'(s,t) between them is a homotopy through

FW)YUTTW)UTFHW)

such that, for each fixed s, the map t — I'(s, t) is a Cerf path, except at finitely many
values sg,..., S, € [0,1]. At each such exceptional value s;, there exists a unique
time ¢; € [0, 1] such that:

o I'(s4,t)]tcpo,q is @ Cerf path for all ¢ < t;, and
o I'(8:,t)|selq) is @ Cerf path for all ¢ > ;.

At each such singular point (s;, t;), one of the following events occurs (up to reversing

the parameter s or t):

1. T'(ss,t;) € Fh, but the 1-parameter family ¢ — T'(s;,t) fails to be a Cerf path
because it does not cross rfé generically. Around (s;,t;), the Cerf graphics of

I'(s,t) change (in the s-parameter) via a Reidemeister II move, as shown:

>~

2. T'(s;,t;) € FL, but the 1-parameter family ¢ — T['(s;,t) fails to be a Cerf path

because it does not cross F. generically. Let p € W be the cusp critical point

of I'(s;,t;). There are two cases to consider:

(a) There exist d,e > 0 such that in a neighborhood of p and T's, ;,(p), there
is a coordinate system (z1,...,x,) for which, whenever |s — s;| < § and

|t — t;| <€, the map I'(s,t) is given by:

Doi(@y, . an) = =25 —. . c—2p 42+ 2o+ (E—t) 2 —(5—8:) T t+2d.
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Moreover, there are no other singularities in the preimage of a small
neighborhood of 'y, ;,(p). Around (s;,t;), the Cerf graphics of I'(s, 1)

change via an eye birth—death move, as shown:

1<

(b) Similarly, if the local model is instead:

Uyi(T1, . n) = =27 —. . —2p42+. . Axe_ —(t—t) 2, —(5—8;) 2+,

then around (s;,¢;), the Cerf graphics of I'(s,t) change via a merge—

unmerge move, as shown:

PR

3. I'(s;,t;) € 3’3 Around (s;,t;), the Cerf graphics of I'(s,t) change via a

Reidemeister 111 move, as shown:

T b=

4. D(si,t;) € F3. Around (s;,t;), the Cerf graphics of T'(s,t) change via a beak

move, as shown:

D

27




5. ['(ss,t;) € F2. Let p € W be the unique critical point of T'(s;, ;) of type As.
There exist d,¢ > 0 such that in a neighborhood of p and Ly, ¢, (p), there is a
coordinate system (z1, ..., x,) for which, whenever |s — s;| < ¢ and |t — ;] <€,

the map I'(s,t) is given by:
Psi(xr,. .. xp,) = —z—.. .—xi+xi+1+. A2t (=t — (s —s) w, £l

Moreover, there are no other singularities in the preimage of a small
neighborhood of T, ;,(p). Around (s;,t;), the Cerf graphics of I'(s,t) change

via a swallowtail move, as shown:

e

This Cerf graphic move corresponds to the +x? case. Its upside-down reflection

corresponds to the —z? case.

6. ['(s;,t;) € F*\ (F2 U 3'% U EF%) This occurs when we have two codimension
1 phenomena occurring at the same time. For example, I'(s;,t;) might have
two cusp critical points. We require that around (s;,t;), ['(s;,t;) crosses F?

generically in the obvious way.
The following result is widely regarded as standard:

Theorem 1.7.1. The space of Cerf homotopies between two Cerf paths is a generic

subspace of the space of all homotopies.

This theorem appears as early as in the work of Hatcher—Wagoner [HW73],
and more recently in that of Gay-Kirby [GK15]. However, a single, self-contained
reference that explicitly provides a complete proof is not readily available in the
literature. In this thesis, we only require a mild application of genericity—namely,
the existence of a Cerf homotopy between any two given Cerf paths. For this purpose,

it suffices to prove the following:

Theorem 1.7.2. The space of Cerf homotopies between two Cerf paths is a dense

subspace of the space of all homotopies.
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Proof. The proof proceeds in two main steps. The first step analyzes the local
behavior of generic 2-parameter families using Thom’s jet transversality theorem. The
second step addresses the global structure by invoking Thom’s multijet transversality

theorem.

Step 1: Local structure via jet transversality.

We apply Thom’s jet transversality theorem to the space of smooth maps ¢ :
M x I? — R to determine the local singularities that generically arise in 2-parameter
families of functions. The theorem implies that the only such singularities are of types
A; (Morse), Ay (cusp), and As (swallowtail). These correspond to codimension 0, 1,
and 2 strata in the jet space. To fully understand the local behavior, we must also
analyze how these singularities unfold within 2-parameter families—a notion we will
make precise shortly. This leads us to conclude that the only local phenomena that
occur in generic 2-parameter families correspond to the swallowtail, eye birth-death
and merge-unmerge moves.

Consider the jet space J>(M x I?,R) and let n = dim(M). A point in this space
can be explicitly described by the tuple:

r,s,t; f(x,s,t); 8_f 3_f ﬁ o°f *f O°f O°f 9*f an.
T T 9 s OtT 022" 0x0s’ Oxot’ 0s?’ OsOt’ Ot?’

Pf odf Bf  Bf Bf  Bf Bf 03f O3f OBf
Ox3’ 0x20s’ 0x20t’ 0xds?’ dxdsOt’ Oxdt?’ 0s3’ Ds20t’ Dsot2’ ot3

Here, z = (z1,...,x,) denotes a point in M, s and ¢ are the two coordinates

on I?, and f is a germ defined around the point (z,s,t). We will often write

f(x,s,t) == fs¢(x). The partial derivative 9/ denotes the n-tuple <§£)1<’< , and

oz
similar conventions apply for the higher derivatives. In p&;rticular, % is the n?-tuple
consisting of the entries of the Hessian of f,; at x, and % is the n3-tuple consisting

of the entries of the third derivative tensor of f;, at z.
We now define the following submanifolds of J3(M x I? R):

o X100 consists of all points in J3(M x I?,R) for which % =0 and
det(Hess(fs.(x))) # 0. This imposes n independent conditions, so X1%0 is a
codimension n submanifold of J?(M x I R).

o XB10: consists of all points for which % = 0 and the Hessian Hess(f,.(z)) has
a 1-dimensional kernel. Let v € T, M be a nonzero vector spanning this kernel.

We require, in addition, that the third derivative tensor evaluated on (v, v, v) is
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nonzero. This imposes n + 1 independent conditions, so X0 is a codimension

n + 1 submanifold.

o XbLL consists of all points for which % = 0 and Hess(fs+(z)) has a 1-
dimensional kernel. Let v € T,M again span this kernel. We require that
the third derivative tensor evaluated on (v,v,v) vanishes. This imposes n + 2

independent conditions, so X1t is a codimension n + 2 submanifold.

(If the Hessian has kernel of dimension > 1 one obtains strata of strictly larger
codimension. )

By Thom’s jet transversality theorem a generic F' satisfies
j3F r-h 21,0,0’ ng rh 211,1,07 ]3F m 21,171.

Hence

o (FBF)7H(XY09) € M x I? is a submanifold of codimension n, so it has dimension

(n+2) —n = 2. These are the A; (Morse) singularities.

o (72F)71(3x"19) has codimension n + 1, hence dimension (n +2) — (n +1) = 1.

These are the Ay (cusp) singularities.
o (73F)~1(2YM) has codimension n + 2, hence dimension (n +2) — (n +2) = 0.
These are the Az (swallowtail) singularities.

In the Aj case, transversality at the 3-jet level forces the third derivative in the
kernel direction to vanish; transversality lifted to the 4-jet level then forces the
fourth derivative in that direction to be nonzero. (One can make this explicit

by considering the natural strata in J%.)

To make the consequences of the jet transversality argument more concrete, we
look at the local algebraic models, or normal forms, for the singularities that arise.
A celebrated classification theorem due to Arnold states that an A singularity has

local normal form
+" 4 Qag, ..., ),

where () is a non-degenerate quadratic form. In particular:
o« A f(z)=4x3 £+ 22
o Ao f(z) =23 +Q(x1,..., 70 1).
o Az f(z) =2t +Q(z1,. .., Tn1).
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The derivation of these normal forms is standard and proceeds by the Splitting
Lemma (Relative Morse Lemma) followed by a one-dimensional analysis of the
remaining degenerate germ.

Step 1.1: Applying the Splitting Lemma

The Splitting Lemma provides a canonical way to decompose a function germ

near a degenerate critical point.

Lemma 1.7.3 (Splitting Lemma, stated as Relative Morse Lemma in p. 364 in
[Gol78]). Let f : (R™,0) — (R,0) be a smooth function germ with f(0) = 0 and
Df(0) = 0. Suppose the Hessian matriz Hess,(f)|o has rank n —m (i.e., the corank
is m). Then there exists a local coordinate system (Yi,...,Ym, 21, -+, Zn—m) around
the origin such that f takes the form:

fly.2) =9, ym) + Qz1, -, Znm)

n—m

where Q is a non-degenerate quadratic form (i.e., Q(z) = > " €22 with €, = +1),
and the germ g : (R™,0) — (R, 0) has the property that its 1-jet and 2-jet both vanish
at the origin, i.e., g(0) =0, Dg(0) = 0, and Hess,(g)|o = 0.

We apply this lemma to our singularities of interest:

o For an A; (Morse) singularity: The Hessian is non-degenerate by definition.
Its rank is m, so the corank is m = 0. The Splitting Lemma implies
that the function is equivalent to a non-degenerate quadratic form in all n
variables. This is precisely the Morse Lemma, which establishes the normal
form f(z) ~ > +a?.

o For an A, (Cusp) or A; (Swallowtail) singularity: By definition, the
Hessian has a one-dimensional kernel. Its rank is n — 1, so the corank is
m = 1. The Splitting Lemma guarantees the existence of local coordinates

(y1,21, -, 2n—1) such that:

fyr,2) = g(y) + Q(z1, - -+, 201)
where ¢ is a germ of a single variable satisfying ¢(0) = ¢’(0) = ¢”(0) = 0.

The problem of finding the normal form for f in n variables is now reduced to finding
the normal form for the 1-dimensional germ g(y1).
Step 1.2: Analysis of the 1D Degenerate Germ

61



We now classify the germ ¢(y;) based on its first non-vanishing higher derivative,

which is the defining characteristic of the A; singularity types.

Ay Singularity (Cusp)

For an A, singularity, the third derivative of f in the direction of the Hessian’s kernel
is non-zero. This translates to the condition that ¢”’(0) # 0. Since g(0) = ¢'(0) =
g"(0) = 0, the Taylor expansion of g at the origin is:

~9"0) 5 g™ , 5 (g"(0) | g0
g(yl)—T%"’ 1 Yyt =Y 6 + o1 Y1+ ...
¢(‘Z;1)

The function ¢(y;) is smooth, and importantly, ¢(0) = ¢"”(0)/6 # 0. We can therefore
define a new smooth function ¥ (y;) = </¢(y1), which is well-defined near the origin.
This allows us to write:

9(y1) = (y1 - ()

Let’s define a new coordinate u; = y;1-1(y;). This is a valid local change of coordinates

because its derivative at the origin is non-zero:
du
| =@ )| =w(0) = ¥/6(0) #£0
n y1=0 y1=0

By the Inverse Function Theorem, the map y; — wu; is a local diffeomorphism. In
this new coordinate system, the germ g takes the form g(u;) = u3. Combining this
with the Splitting Lemma, we find that the original function f is locally equivalent

to u + Q(z1,...,2,_1), which is the normal form for an A, singularity.

As Singularity (Swallowtail)
The argument is identical. For an Aj singularity, we have g(0) = ¢'(0) = ¢”(0) =
g"(0) =0, but ¢*(0) # 0. The Taylor expansion is:

(4) (5) (4) (5)
~gM(0) 4, g™(0) 5 4 (g™M(0)  g™N(0)
g(yl) T Yy + 5l Yy + =" o4 120 Y1+ ...

b(on)

where ¢(0) = g™ (0)/24 # 0. We can define a smooth function () = /|o(y1)|.

Then we can write:

g(yr) = sgn(6(0)) - (y1 - (1))"
We define the new coordinate u; = y; - ¥(y1). As before, this is a valid coordinate

change since %b = 9(0) # 0. In this coordinate, g(u;) = +uj, where the sign is
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determined by the sign of ¢ (0). Combining this with the Splitting Lemma, we find
that the original function f is locally equivalent to +uj + Q(z1,. .., 2,_1), which is
the normal form for an Aj singularity.

These normal forms describe the singularity at a single point in the family.
However, we are interested in how these singularities behave as we vary the parameters
(s,t). This is captured by the concept of an unfolding of a singularity. The definitions
here follow [Gol78].

Definition 1.7.6. Let f : (R",0) — R be a germ of a function R* — R at 0. A
k-parameter unfolding of f is a germ F : (RF x R* 0) — R, where F(0,z) = f(z) for
r € R". We will denote F(t,z) by Fy(z), for t € R

Definition 1.7.7 (Definition 3, p.365 in [Gol78]). Let F;,Gs : (R",0) — R, where
s,t € R¥, be two k-parameter unfoldings of f. These unfoldings are (right) equivalent
if there is a k-parameter family of diffeomorphisms H : (R* x R”,0) — R", a smooth
invertible change of parameters ¢ = #(s) and a smooth germ K : (R*¥ 0) — R such
that

Ho(x) =2 and t(0) =0,

Gs(‘r) = E(s)(Hs(x)) + Ks

Definition 1.7.8 (Definition 3, p.365 in [Gol78]). A k-parameter unfolding F; :
(R™,0) — R of f is (locally) stable (at t = 0) if every nearby k-parameter unfolding
G, of f is equivalent to Fj.

Theorem 4.1 in [Gol78| asserts that stable unfoldings are generic in the space
of all unfoldings when the parameter space is low-dimensional (< 5). This theorem
implies that in order to understand the local behavior of generic 2-parameter families,
it now suffices to understand the stable unfoldings of the A; (Morse), As (cusp) and
Az (swallowtail) singularities. Morse critical points are stable so their 2-parameter
unfoldings are just 2-parameter families of Morse functions. Cusp and swallowtail
critical points are more interesting. Theorems A.3 and A.4 in [Lek09] imply that
their stable 2-parameter unfoldings are given by Table 1.1.

These, respectively, correspond to a path of Cerf paths, eye birth-death, merge-

unmerge and swallowtail moves, as desired.

Step 2: Global structure via multijet transversality.

We now consider how the singularities identified in Step 1 may interact globally. For
example, we are interested in whether multiple singularities (possibly of the same or

different types) can occur simultaneously—at the same time slice and at the same
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Germs Stable 2-parameter unfoldings
3+ Q(xy, ... Ty ) 3+ tr, + Q1. ., Tr)
23+ Q.. ) | 2+ P, + ST, + Q.. T )
23+ Q(xy, .. ) | 22—, + s, + Q21 .., Tp 1)

+ad + Q(zy, ..., xn 1) | F2t + 522 +tr, + Qz1, ..., T0)

Table 1.1: The stable 2-parameter unfoldings of A, and Az critical points. Here, @)
is a non-degenerate quadratic form.

critical level. Thom’s multijet transversality theorem helps us identify which such
interactions occur densely in the space of 2-parameter families. The theorem implies
that the only such interactions we need to consider correspond to the Reidemeister
IT, Reidemeister III, beak and coincidence moves.

We need to consider the following cases:
o Multiple Morse critical points share same critical levels at the same time
o Multiple cusp critical points share same critical levels at the same time

o Multiple Morse and cusp critical points share same critical levels at the same

time
o Multijet phenomena that include swallowtail critical points
Let w2 denote the composite
J3M x I2ZR) 225 M ox [P —— 2,

mr denote the projection
J3(M x I*)R) — R,

¢, denote the inclusion
J3(M x I*R) — J*(M x I*,R)",
and Ay« denote the diagonal of X*. We have:

1. Multiple Morse critical points share same critical levels at the same time:
Let Nj; denote the submanifold

SN x TR (Agey) X TRt (Arn X Aprs X ... X Agry) C J2(M x T2 R).

Let F' be our 2-parameter family and let’s suppose that for some time sg, %o,

F, .+, is a Morse function with » Morse critical points, such that r; of them are at
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the same critical level ¢;, for 1 <4 < k. This implies that j3(F') intersects Ny;.
By Thom’s multijet transversality, for a dense subset of 2-parameter families,

J3(F) intersects Ny, transversally. Let’s compute the codimension of Ny, in

J3(M x I?,R):
¢ Being a non-degenerate critical point imposes n independent conditions,
hence the codimension of ¢ 1((X1%0)") is n - r.

o Fixing the time parameter for r points imposes 2 - (r — 1) independent

conditions, hence the codimension of 7, (A(j2)) is 2+ (r — 1).

o Having r; critical points at the same critical level imposes r; — 1

independent conditions, hence the codimension of 7y I(Aer X Aprg X ... X

Agry) is (0 r) — k.

Therefore, the codimension of Ny in J3(M x I?,R) is n-r+2-(r—1)+ (3% ;) — k.
Recall that source of j3(F) is Conf,(M x I?), which has dimension r - (n + 2).

If j2(F) intersects Ny transversally, we must have
k k
nor42-(r=D+0Q r)—k<r-(n+2) e (O n)—2<k
1 1

Now, we make the following observation: if the function Fj, 6, has a Morse

0,to0

critical point at a different critical level with the rest, that would contribute
equally to the codimension of Ny, and the dimension of Conf,(M x I?). We

can then assume that
e 1, >2, forall 1l <i <k,

.« Y=,

e r>2and k > 1.
This implies that
k k
r
r= r; > 2=2ks k< -
Combined with the inequality established above, we have

r—2§k§g, r>2 and k> 1.

This implies that 2 < r < 4, which leads to the following cases:
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o =2
We must, then, have k£ = 1. This corresponds to a 2-parameter family
that passes by functions that have two Morse critical points at the same
critical level. Transversality implies that there exists a 1-dimensional
submanifold My of (M x I?)? consisting of points ((po, s,t), (p1,s,t)) such
that f(po) = f(p1). We now consider the map M, — I? that encodes
the s- and t-coordinates of the points in Ms. This is the bifurcation
diagram of F. Generically, a map from a 1-manifold to a 2-manifold is
an immersion, hence we may assume that the bifurcation diagram is an

immersed submanifold of I2. If we further consider the projection map

(s,t)—>s

I? I

restricted to the bifurcation diagram, it will have a finite number of critical

points. These correspond to the Reidemeister 11 move.

o r=23:
We must, then, have k£ = 1. This corresponds to a 2-parameter family
that passes by a function that have three Morse critical points at the same
critical level. Unpacking the implications of transversality in this case, we
see that this occurs at isolated times and corresponds to the Reidemeister

IIT move.

o =4
We must, then, have k = 2, and r; = ro = 2. This occurs at isolated times
and corresponds to a coincidence move, where we have at time (sg,%y) a
Morse function with two pairs of Morse critical points (a1, b;) and (az, b)

such that (a;, b;) lie at the same critical level.

2. Multiple cusp critical points share same critical levels at the same time:

A similar analysis to the one above shows that this can only correspond to a
coincidence move, where we have at time (s, %) a generalized Morse function
with two pairs of cusp critical points (ai, b;) and (ag, by) such that (a;, b;) lie at

the same critical level.

3. Multiple Morse and cusp critical points share same critical levels at the

same time:
A similar analysis to the one above shows that this can only correspond to the

following two moves:
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o A beak move. This occurs at isolated times where the 2-parameter family
I passes by a generalized Morse function that has a cusp critical point

and a Morse critical point that lie at the same critical level.

e A coincidence move. This occurs at isolated times where the 2-parameter
family F' passes by a generalized Morse function that has a cusp critical

point ¢ and a pair of Morse critical points (aq, by) such that f(a;) = f(by) #

f(e).

4. Multijet phenomena that include swallowtail critical points: It is straightforward

to see that Thom’s multijet transversality implies that there aren’t any multijet
phenomena that include swallowtail critical points. Namely, if ' passes by a
function that has a swallowtail critical point, all other critical points of that
function must be Morse and distinct critical points must lie at distinct critical

levels.

This completes the proof establishing the density of the space of Cerf homotopies
in the space of all homotopies.
]

Remark 1.7.4. Showing that the space of Cerf homotopies is also open—and hence
generic—is not difficult. Intuitively, it follows from the fact that transversality is
an open condition. Indeed, if we were only concerned with the local structure of the
singularities that appear (rather than their global interactions), openness would follow
immediately from Thom’s jet transversality theorem. However, this conclusion does
not directly follow from Thom’s multijet transversality theorem, and must instead be
verified separately. One reason for this is that Thom’s multijet transversality involves
maps defined on configuration spaces, which are not compact. The proof of openness
is entirely analogous to Cerf’s proof that the space of Cerf paths forms an open subset
of the space of all paths; see Proposition 4 on p. 29 of [Cer68]. The interested reader
is encouraged to adapt Cerf’s proof to the setting of Cerf homotopies. Since this is

not required for our purposes, we omit the details.

1.8 Elementary Reidemeister III homotopies

Just as there is a notion of elementary Cerf paths, it is natural to consider an
analogous notion of elementary Cerf homotopies. This idea is not developed in

[Cer73], and we will likewise not pursue it in full generality here, as it is not required
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for the main results of this thesis. However, a version of this notion will be needed
in the case of Reidemeister III homotopies. These will closely mirror the elementary
crossing paths introduced earlier. We now outline some basic ideas and properties
of these elementary Reidemeister III homotopies, which will become useful in what
follows.

As before, we begin by fixing standard Morse model embeddings for the three
critical points involved in the Reidemeister III move, and then consider a two-
parameter family of elementary ascending and descending paths for them. While
such a family can be chosen explicitly, the particular choice will not matter for our
purposes and offers limited additional insight. Instead, we illustrate the idea through
a sequence of Cerf graphics, which encode a representative movie of the homotopy
and allow one to directly extract the desired family of elementary ascending and

descending paths for the critical points involved.
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Let Reid denote the space of Reidemeister III homotopies, and let EReid C Reid
denote the subspace of elementary Reidemeister ITI homotopies. Let f € FO(W),
and define Reid; and EReid f to be the subspaces of Reid and EReid, respectively,
consisting of homotopies that are based at f—that is, they satisfy I'(0,0) = f.
Similarly, for g € F2(W), define ,Reid and ,EReid to denote the subspaces of
homotopies that pass through g.

We will need the following lemma:

Lemma 1.8.1. Let f be an excellent Morse function on W. Then
7TO<Reidf, EReidf) = 0.

Proof. This follows by adapting Cerf’s argument for Lemma 1.6.8. The key point is
to understand the local structure of the stratified space F=% around the 3’3 stratum.

The relevant geometry is depicted in the following diagram:

This figure suggests that the space
FOW)UFH(W)UFZ(W)
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is a codimension-2 conical stratified space. More precisely, each point in CT’?Y(W)
admits a neighborhood of the form U x B, where U is an open neighborhood in
?3(W) and B is a cone over a codimension-1 stratified space—mnamely, a circle with
six distinguished points corresponding to the codimension-1 strata. This conical
structure follows from an argument similar to the one used by Cerf to describe the
conical structure of F=! in [Cer68, Chapter II, Proposition 6, p. 33].

With this local model in hand, we invoke Cerf’s elementary paths lemma. Consider

the following diagram of maps:

Reid EReid
| |

where ¢ records the initial map, i.e., I' —= I'(0,0). By Cerf’s fibration lemma and the
stability of excellent Morse functions, both maps are locally trivial fiber bundles. It
follows that

7, (Reidys, EReidy) = 7 (Reid, EReid) for all k£ > 0.

Next, consider the maps

Reid EReid
| |
F2(W) F2(W)

which record the point at which the homotopy crosses the 3’3 stratum. Although
we lack a stability theorem for ?ﬁ(W), these maps are surjective, which suffices to

conclude that
mo(yReid, 4EReid) =0 = m(Reid, EReid) = 0.

It remains to analyze the space 4Reid. By the product structure around the
??y stratum, it has six connected components, corresponding to the six distinct
directions in which a Reidemeister III homotopy may unfold, and each component
is contractible. For each such direction, there exists an elementary Reidemeister 111

homotopy. Hence, my(,Reid, , EReid) = 0, which completes the proof. 0
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Chapter 2

Surgery presentations of bordism
categories

The purpose of this chapter is to provide a detailed overview of Juhasz’s classification
of TQFTs via surgery ([Juhl8]), simultaneously presenting both the oriented and
unoriented versions. Our goal is to express Juhasz’s proof of this classification result
in a language that will make its categorification more accessible. In particular, we
claim no originality in the proof itself, only in its exposition. While this chapter is not
logically necessary for obtaining our main results, we hope that it will help clarify the
structure of the argument we are subsequently presenting. All categories appearing
in this chapter are 1-categories.

Section 2.1 serves as a warm-up. It introduces the presentation of linear
diffeomorphism diagrams, Diffgzr_)l; ) and shows that the associated category

F Diffgzr_)l; < 18 equivalertt )to the groupoid of smooth manifolds and isotopy classes
(d=1; ~)
Section 2.2 introduces the presentation of linear surgery diagrams, Surgzrjl, d)

Notably, FSurEZT_)l, 5 corresponds to the category F(G,)/R discussed in [Juhl18]. A

)
key advantage of F’ Surgzr_)l; o) 1s that all of its 0- and 1-cells are diagrams labeled by

of diffeomorphisms, Man

(d—1)-dimensional data, whereas the 1-cells of Bordgzli)l_ 4) are a priori characterized

by d-dimensional data.

Section 2.3 introduces the category of smooth manifolds and equivalence classes of

d-dimensional cobordisms equipped with Morse functions, Bordl(\g(ffé’ dgor)’ and shows

or)
d—1; d)°
Then, section 2.4 introduces the category of smooth manifolds and equivalence

classes of d-dimensional cobordisms equipped with Morse data, Bordl(\g(irf? ;)ata’ (or)

that it is equivalent to Bordg
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and shows that it is equivalent to Bordl\gorfe dgor) thus establishing the equivalences

Morse data, (or) [data Morse, (or) FM"“be (or)
Bord, "y, 4 — Bord ;" Bo rd(d 1 d) -
Morse data allow us to associate cobordisms with linear surgery diagrams. We

describe this in detail in section 2.5, where we construct the functors

2] Morse dat
=N orse data, (or)
FSurdld)<_Bordd1d)

and show that they are equivalences, thus establishing the equivalence between

FSurd 1\ d) and Bord Zrl 0"

2.1 Linear diffeomorphism diagrams

This section serves as a warm-up. Rather than analyzing the full bordism

(or)

category, we focus on the groupoid Man(g_l; ~) whose 0-cells are closed, (oriented)

(d — 1)-manifolds and whose 1-cells are isotopy classes of orientation-preserving
diffeomorphisms. We introduce a generators-and-relations presentation of Mang 4 )1 ~)

as a symmetric monoidal category, using linear diffeomorphism diagrams, which we

denote by Diffgzr_)l )

2.1.1 The presentation of linear diffeomorphism diagrams

- ee(or)
lef(d_L )

The presentation Diffgzr_)l; - I8 defined as follows:

Generating 0-cells

Closed, connected, (oriented) (d — 1)-dimensional manifolds.

Generating 1-cells

Diagrams of the form
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where ¢ : X — Y is a(n orientation preserving) diffeomorphism. Composition of

1-cells is via vertical concatenation.

Generating relations

Isotopy relation:

Y Y
¢ e = G
X X

if ¢ and v are isotopic diffeomorphisms.

Unit relation:
X

== [ ] IdX

X X

The purpose of the unit relation is to relate the unit in F' Diffgzr_)l_ ~ which is the
diagram decorated with no diffeomorphisms, to the unit in Mangzrjl. ) which is the
identity diffeomorphism.

Composition relation:

A
(N )
Y
X

X X

The purpose of the composition relation is to relate the composition in F Diffgzl;)l, )

which is given by concatenating diagrams, to the composition in Mangzr_)l, ) which

is given by composing diffeomorphisms.
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Braid relation:

BUA BUA
(12) = $ (12)
AUB AUB

Here, the LHS denotes braid 1-cell that exists in FDiffEZr_)l, ~) due to Diffg;r_)l. ~)
being a symmetric monoidal presentation. The RHS denotes the generating 1-cell of

DiffEerl; ) labeled by the swap diffeomorphism.

2.1.2 The equivalence between F Diffgzr_)l, ) and Mangflr_)l, )

Given the above definitions, the equivalence between FDiffEZr_)l, ) and Mangzr_)l, )

becomes almost tautological. The functor

Man(y”, - —L— FDiff)

is the identity on 0-cells and sends a diffeomorphism ¢ : X — Y to the linear surgery
diagram
Y

X

X

The functor
FDiffe” ) — Man(y))

is also the identity on 0-cells, sends the unit diagram
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to the identity diffeomorphism Idy : X — X and the generating 1-cells
Y

X

X

to the diffeomorphism ¢ : X — Y. The unit and composition relations imply that
these functors are inverses of each other on the nose, hence establishing the equivalence

between F' Diffgzrjl; and Mangzr)l )

2.2 Linear surgery diagrams

The purpose of this section is to introduce the presentation of linear surgery diagrams,

Sur zr)l d) We will later demonstrate in section 2.5 that F Surgzr_)l; d) is equivalent

to the d-dimensional bordism category Bordggr 1. - To more accurately mimic
our strategy for obtaining surgery presentations for bordism bicategories we will

)1 d) in two stages. First, we will present Sur!® (d1; 2 which initially

introduce Sur'® d
omits some necessary relations. We will then introduce the additional relations needed
to fully define Sur(y_;. 4.

. . . (or), F°
2.2.1 The presentation of linear surgery diagrams Sur( d-1; d)
We define Surggr 1 d) by enhancing the presentation of lef ~) with additional
generating 1-cells and relations. Those inherited from lef(grfl‘ ~) are referred to as
diffeomorphism type generating 1-cells and relations. The new generating 1-cells and

or),

relations specific to Sur'® (d 1?2) are as follows:

Additional generating 1-cells

Surgery type generating 1-cells:

Diagrams of the form

90 :=(0x,0v,%,)
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where (0x,0y,1,) is a symmetric surgery triple. Namely,
ox : SFlx DRy X
oy : DF x Sy,

Uy s X\(ox (S x {0})) 5 Y\oy ({0} x 57 1),

In this case, we will say that o has index k. The embeddings ox,oy and the
diffeomorphism ¢, are assumed to be orientation preserving when we define the
oriented version of the category of linear surgery diagrams. Moreover, 1), is required
to be compatible with the framings of the spheres, i.e., the following diagram is

commutative:

SEUXADN{0}) ———— (DM\{0}) x §"7+

X\ox(Sk1 x {0}) — Y\oy ({0} x Sn=k-1)
where c is the diffeomorphism given by

(u, Av) = (v, Au), 0 <A <1

Additional generating relations

Naturality type relations:

< o N
4

= ¢ 00 = (ox,p00y,p01,)

o:=(ox,0v,%;) ¢

X X

0 = (UYJO-Zqu) ?
= ® (b*O' = (¢_1 o O—Y7027w0' © ¢)

Y
X
X
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Frame change type relations:

Y Y
0 = (O-Xvo-qu/)U)' = 'Q-O‘Z: (O-XOQ717UYOQ71V¢JU)
X X

where () € GEZYL). We define:

Gugy = O(k) x O(n—k), G\ = Gapy N SO(n).

(ni

Here, @ (and hence Q') induces diffeomorphisms:
Skfl % ank — Skfl % ank’ Dk % Snfkfl — Dk % Snfkfli

The group () € GE:;C) has two connected components unless £ = 0 or k£ = n. If we are
only interested in the 1-categorical setting, it suffices to include a single representative
@ from the connected component that does not contain the identity. In [Juhl8],

Juhasz considers the framing flip, which induces the diffeomorphism
Sk—l % Dn—k — Sk—l % Dn—k7

given by
(T1y ey Ty Ybads - -3 Yn) > (=15 oo Thy =Ykt 1y - -+ > Yn)

and the diffeomorphism
Dk % Sn—k—l N Dk X Sn—k—l

given by
(y17 o Yk T4y - - - 7xn) = <_y17 cooy Yky —Th41,y - - - ,l’n)-

Here, we allow for a general @) in Q) € GEZrL) in preparation for obtaining surgery

presentations of bordism bicategories.

or)

2.2.2 The presentation of linear surgery diagrams SurE d-1: d)

or), F0
d—1; d)

or)
d—1; d

further generating relations. Namely:

We will now define Surg ) by enhancing the presentation Surg with some
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Additional generating relations

Surgery type relations:

Cusp relations

Z Z
pP = (pY7pZ7wp) ¢

Y = [ Woy

o:=(ox,0v,%;) ¢

X X

Here, the following conditions are in place:
o The surgery triples ¢ and p have index k and k + 1, respectively.

o The attaching spheres oy ({0} x S"7*~1) and py (S* x {0}) intersect transversally
in Y at a single point. We will refer to such a pair of attaching spheres as being
in cancelling position. Following Cerf (see section 1.6 for details), this identifies

a path-connected component of Diff( X, 7).

o The diffeomorphism ¢ is an element of this path-connected component, hence

it is well-defined up to isotopy, which is enough given the isotopy relation.

Remark 2.2.1. Later, we will need to upgrade this relation to a generating 2-cell in
a 2-category. Specifying ¢ up to isotopy will then not be sufficient. Thankfully,
by working a bit harder, we can define what it means for a pair of framed
attaching spheres to be in a canceling position, strengthening the condition above
to also consider the framings. This will allow us to construct an explicit canceling
diffeomorphism ¢, given a pair of surgery triples whose induced framed attaching

spheres are in canceling position.

Crossing relations

A A
p:=(py,pz,%,) ¢ ¢ 0= (0yr,02,v5)
% = Y’

0 = (UXaUY7¢J) 4 ®p= (ﬁXaﬁYU¢ﬁ)
X X

Here, the following conditions are in place:
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Im(oy) C Y is disjoint from Im(py) C Y.

Im(py/) C Y’ is disjoint from Im(Gy+) C Y.

Y, 01, = 15 015, wherever both sides are defined.

* Yy0px = py and Y;00x = Ty.

prO'Y:&Z and wgoﬁy/ = pPz.

Remark 2.2.2. The above conditions imply that the left hand side 1-cell determines
the right hand side 1-cell on the nose up to a diffeomorphism Y’ — Y.

or)

d-1, - Figure 2.1 collects all the pieces of this

This completes the definition of Surg

definition in one place.
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Generating 0-cells

Closed, connected, (oriented) (d — 1)-dimensional
manifolds

Generating 1-cells

Diffeomorphism type

Surgery type

Y

¢
X

Y

o= (0x,0v,0s)

X

Generating relations

Diffeomorphism | Naturality type Surgery type Frame change
type type
[sotopy
Y Y c
_ usp
ot = (W
X X A A
-
if ¢ and 1 Z Z _
are isotopic 7 Y = y
Y = [oWes g
Unit é X X
X X X when the attaching
o spheres o and 7 are Y Y
o Id in cancelling position, o = Q- o
X X and ¢ is a compatible
cancelling diffeomorphism X X
COHlpOSitiOIl C . when o is of index k
- TOoSSINng ‘ (or)
Z Z A 7 == and Q € G,
5 ” Z Z
v " v P o’
= o ¢ = o*o
Y| = v
¢ ¢ )
X X X X iy !
X X
Braid when (o, p) and (¢, p')
BUA BUA are in compatible
| crossing positions
= 102
AUB | AUB

(or)

Figure 2.1: The presentation Sur,", d)
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2.3 Bordism categories equipped with Morse func-
tions

We begin by recalling the definition of the (oriented) d-dimensional bordism category

Bordgsr_)l, g in some detail. It has:

« 0-cells: Closed, (oriented) (d—1)-dimensional manifolds.

o 1-cells: Equivalence classes of (oriented) d-dimensional cobordisms between
them.

Here, given two cobordisms
(W,@OVV, 81W, Lo,Ll) and (W’;80W',81W';L6,L/1)

between Y, and Y, an equivalence between them is an orientation-preserving
diffeomorphism
D:W —W

that preserves the boundary identifications, meaning
to=tyoD and 1 =1joD.

Our goal in this chapter is to show that Bordgzr_)l; 4 1 equivalent to the category

or)

-1, ¢ While one could establish this equivalence

of linear surgery diagrams F Surg

directly by constructing a functor

(or) (or)
EFSur,”y, 4 — Bord,

and verifying that it is fully faithful and essentially surjective, a more instructive
approach is to break the proof into intermediate steps. This becomes especially
important in the 2-categorical setting, where checking all the details at once would
be intractable.

The purpose of this section is to describe the first such intermediate step, by

Morse, (or

introducing the category Bord( 1. d) ) and showing that the forgetful functor

Morse, (or) FMorse (or)
Bord(d_l; N — Bord(d_l; d)

is an equivalence.

or) . Morse, (or) .
-1, a» We introduce Bord, ;""" in two

stages. We begin by defining the subcategory Bordl(\g(flsf’ dgor), 7

Mimicking the construction of Surg
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2.3.1 The bordism category Bordl(\gorfe d)or), F0

The bordism category Bordl\gorfe 0 (©9: 7 i defined as follows:

0-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

A 1-cell between 0-cells Yy and Y; is (up to soon to be specified equivalence) a d-
dimensional cobordism (W; 9gW,0,W; 1y : W — Yo,01 : O1W — Y]) equipped
with an excellent Morse function f : (W; W, h W) — (I; {0},{i}), where I is the
interval [0,4], for some i > 0. Composition is by gluing of cobordisms and Morse
functions. This requires a choice of collar, but any two choices will result in equiva-

lent 1-cells.

Generating relations

There are two kinds of relations we quotient out by:

1. Two 1-cells (W; OW,00W; 1y : OoW — Yo,00 : OW — Yy, f W — 1)
and (W; oW, 0W; ) : OW — Yo, : OOW — Yy, f' @ W — I) between
0-cells Yy and Y] with the same underlying smooth manifold triad and isotopic
boundary identifications are equivalent if there exists a path of excellent
Morse functions on (W; 9yW,0,W;) connecting f and f’ that fixes a collar
of the boundary of W throughout.

2. Two 1-cells (W; W, 00W; 1o : W — Yo, : OW — Yy, f: W — I) and
(W' OW', OW's 1y« OW' — Yo, iy + OOW' — Yy, f' + W' — J) between
O-cells Yy and Y7 are equivalent if there exists a(n orientation preserving)

diffeomorphism
D : (W, ('901/[/, 81W) — (W/; 80W’,(91W/)

of smooth manifold triads that respects the boundary identifications and the

Morse functions. Namely, the diagrams

80W L) 80W’

|k

Yb:}/b
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commute, i.e. D is an equivalence of cobordisms, and there exists a
diffeomorphism of smooth manifold triads D’ : (I; {0},{i}) — (J; {0},{j})

such that the following diagram commutes:

w 2w

fl lf !

I -2

Here, the existence of D’ uniquely determines it.

There is an evident forgetful functor

Fptore: Bordyy " 7 — Bord(y, .

that simply forgets the Morse functions. It is the identity, and hence essentially
surjective, on 0-cells. It is full on 1-cells, since any manifold admits a Morse function,
as a consequence of the genericity of Morse functions. It is not, however, faithful
on l-cells, since the space of excellent Morse functions is not connected. We will
fix this by introducing some further relations, which will complete the definition of

Morse, (or)
Bor d( A1 d) -

2.3.2 The bordism category Bor dl\florfe ) or)

Morse, (or) Morse, (or), F°

The bordism category Bord (d-1; @) 18 obtained as the quotient of Bord( A1 d)

by the following generating relations:

1. Two 1-cells
(W 80W 81W Lo - (90 - Yb, Ly : (91W - Yi, f) and

(W5 OW, W5 1 : OW — Yy, o : OW — Y f)

between O-cells Yy and Y; with the same underlying smooth manifold triad and
isotopic boundary identifications are equivalent if there exists a birth—death
path on (W; 9yW,0,W) connecting f and f’ that fixes a collar neighborhood
of OW throughout.
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2. Two 1-cells
(W5 OW, W5 1o : OW — Yy, 11 : 00 W — Yy; f) and

(W5 OW,0W; 1 : OW — Yo, 11 : W — Yi; f')

between 0-cells Yy and Y; with the same underlying smooth manifold triad and
isotopic boundary identifications are equivalent if there exists a crossing path
on (W; dyW,0,W) connecting f and f’ that also fixes a collar neighborhood of
OW throughout.

Therefore, two 1-cells in Bordl(\fl‘irls_e’ dgor) that only differ by a choice of Morse function

will be equivalent as any two Morse functions are connected via a Cerf path. The

functor F)'™¢ above induces a functor

JMorse Bordl(\fl(flsf’ dgor) — Bordgzr_)l; d)

which, again, simply forgets the Morse functions.
Proposition 2.3.1. The functor F™°™¢ is an equivalence of categories

Proof. FM°r* is essentially surjective on 0-cells and full on 1-cells for the same reasons
as F)™re. Tt, thus, suffices to show that it is faithful on 1-cells, which is a consequence
of the genericity of Cerf paths. Namely, let (W; 9W,0,W; 1y : W — Yo, 11 :
W = Yy; f)and (W' oW’ 0.W'; 1y : OW' — Yo, 0y : OOW' — Y75 f') be two 1-
cells between the 0-cells Yy and Y; such that the induced 1-cells (W; 9gW, 0. W; 10 :
oW — Yo, : OOW — Yy) and (W'; W', O,W's 1y = QW' — Yo,0) : oW —

or)

d-1; d)" This implies that there exists a(n orientation

Y1) are equivalent in Bordg

preserving) diffeomorphism
D (W, 801/[/, 81W) — (W’; 80W,,81W/)

of smooth manifold triads that respects the boundary identifications. Namely, the
diagrams

00W L> 80W/

84



commute. The diffeomorphism D, however, need not be Morse function preserving
with respect to f and f’. Let D*f’ be the pullback of the Morse function f’ on the
smooth manifold triad (W; 0yW, 0, W). Then, the 1-cells (W; dW,0.W; 1o : oW —
Yo, 01 : OOW — Yi; D*f') and (W'; OoW', OLW'; 1fy - oW’ — Yo, iy : OW' — Yi; f)
are equivalent in Bordl(\fl(irlsf’ dgor) since the diffeomorphism D now preserves the Morse
function by construction. The 1-cells (W; OW, 0 W5 1o : OW — Yo, 11 : OOW —
Y1; f) and (W; OoW,00W; 19 : OgW — Yo, 11 : W — Yy; D*f') are also equivalent
in Bord?girie’ dgor) as they only differ by the choice of Morse function and any two Morse
functions are connected via a Cerf path, as a consequence of the genericity of Cerf

paths. O

Remark 2.3.1. The functor FM°™¢ is actually an isomorphism of categories.

2.4 Bordism categories equipped with Morse data

The purpose of this section is to introduce the second intermediate step in

relating Bordgzr_)l; g o F Surgzr_)l; d) namely the d-dimensional bordism category
equipped with Morse data, denoted Bordl(\fl‘irlsf3 ;)ata’ 1) In analogy with Section 2.3,

we will construct this category in two stages, beginning with the subcategory

Morse data, (or), F°
Bord( d—1: d) )

Morse data, (or), F°

2.4.1 The bordism category Bord(d_l; 0)

The bordism category Bordl(\glirf.e ;)ata’ 1) 7 i5 defined as follows:

0-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

A 1-cell between 0-cells Yy and Y; is (up to soon to be specified equivalence) a d-
dimensional cobordism (W; 9oW,0,W; 1o : OW — Yp, 11 : W — Y7) equipped
with an excellent Morse function f : (W; oW, h W) — (I; {0},{i}), where I is the
interval [0, ¢] and associated Morse data, which we denote by Dy. Recall that D con-
sists of a choice of standard Morse model embeddings adapted at the critical points
of f, a choice of regular level sets compatible with the standard Morse model embed-
dings and including the boundary level sets, and a choice of horizontal distribution for
f compatible with vector field induced by the standard Morse embeddings in their im-

age. Composition is by gluing of cobordisms, Morse functions and Morse data. This
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requires a choice of collar, but any two choices will result in equivalent 1-cells. For
brevity, we will denote a cobordism (W; 9gW,0.W; 19 : oW — Yy, 01 : OOW — Y))
by W, when we don’t need to refer to it explicitly.

Generating relations

There are two kinds of relations we quotient out by:

1. Two l-cells (W; f; Ds) and (W; f'; D) between O-cells Yy and Y;, with the
same underlying smooth manifold triad and isotopic boundary identifications,
are declared equivalent if there exists a path of Morse data in MD(W)
connecting (f,Ds) and (f’, D), as in Definition 1.3.16.

2. Two 1-cells (W; f; Dy) and (W'; f'; D) between 0-cells Yy and Y] if there

exists a(n orientation preserving) equivalence of cobordisms
D:W—=W

that preserves the Morse functions and the associated Morse data, as in
Definition 1.3.18.

There is an evident forgetful functor

data . Morse data, (or), 3° Morse, (or), FO
Ey .Bord(d_l; d) — Bord(d_l; d) ,

that simply forgets the Morse data.
Proposition 2.4.1. The functor F§®® is an equivalence of categories.

Proof. The functor F§# is the identity (and hence essentially surjective) on O-cells.
By the Morse lemma, every smooth manifold triad equipped with a Morse function
admits compatible Morse data, which implies that Fg#® is full on 1-cells. Therefore,
it suffices to show that F§#® is faithful on 1-cells, which follows from the stability
of Morse functions. In particular, we need to verify that both types of relations in

Morse, (or), 9 . . . . Morse data, (or), 30
Bord( d—1: d) induce corresponding relations in Bord( d—1: d) .

1. Let (W; f; D) and (W; f'; Dpr) be two 1-cells in Bordl(\giri3 ;)ata’ ) 7 Such
that the underlying 1-cells (W; f) and (W; f) are related in Bordl(\fl(irls?’ dgor) 5
via a path of excellent Morse functions from f to f’. We must show that

(W; f; Dy) and (W; f; Dy) are equivalent in Bordl(\flirff ;)ata’ (or), 3¢
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For simplicity, suppose that f (and hence f’) has at most one critical point
of index k. Since the general case follows by decomposing (W; 9yW,0,W)
into submanifolds satisfying this assumption, we restrict to this case for clarity.

Consider the fiber bundle

PMD(W; f) —— PMD(W)

|

FOW)
we introduced in section 1.3.2. Let
v:[0,1] = F(W)

be a path of excellent Morse functions that realizes the equivalence of (W; f)
and (W; f')in Bordl\gorfe dgor) . By the path lifting property for fiber bundles,

there exists a lift
PMD(W)

0,1] —1— FO(W)

such that 5(0) = (f; PDs) and 5(1) = (f'; PDy), where PD is not necessarily
the same as PDy. If f (and hence also f) has no critical points, the fiber over
f', PMD(W; f'), is contractible and the result follows immediately. If f (and
hence also f’) has a single critical point of index k, then the fiber over f’,
PMD(W; f'), admits a free action of G or) 1y and is weakly equivalent to G(Or)
We can, thus, choose the lift 4 so that fP@ f/ and PDy are in the same Gg
orbit. This implies that there exists () € G n,k such that

k)"

w4 5w

M 2 M

and the horizontal distribution in PD s agrees with the horizontal distribution
n :PDf/ .

Therefore, 7 is a path of partial Morse data from (W; f; PD;) to
Ww; f iPNQf/). We now extend (W; f; ‘PNDf/) to full Morse data
W f D ) in such a way that the identity on W is Morse-data-preserving
from (W; f'; PDy) to (W; f; PD’). By Corollary 1.3.13, the path 7 then
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extends to a path from (W; f; Dj) to (W; f D 7). Moreover, the identity
diffeomorphism W — W exhibits the equivalence of the 1-cells (W; f/; D )
and (W; f; D). This completes the first part of the proof.

Let (W; f; Dy) and (W’; f'; Dp) be two 1-cells in Bordl(\fl(irf? j)ata’ (o), 3°

such that the corresponding 1-cells (W; f) and (W’; f’) are related in

Morse, (or), F0 . . . .
Bord, o dgor) due to a Morse function preserving equivalence of cobordisms

D : W — W’. We will show that (W; f; D;) and (W’; f'; D) are equivalent

. Morse data, (or), F°
in Bord(dfl; d) .

generality that f (and hence also f’) have at most a single critical point of
index k. Let D*(Dy/) be the pullback of the Morse data associated with f” to
Morse data associated with D*(f") = f in W. The 1-cells (W; f; D*(Dy)) and
(W’; f'; D) are equivalent in Bordl(\flirls? ;)ata’ (or), 5
no critical points, then PMD(W; f) is contractible and hence there is a path of
Morse data connecting D*(Dy/) and Dy, which implies that (W; f; Dy) and
(W; f; D*(Dy)) are equivalent in Bordl(\fl(fie ;)ata’ (or), 3° 1t f has a single critical
point of index k, then there is a path of partial Morse data connecting PDy

For simplicity, let’s assume again without loss of

, by construction. If f has

and the orbit of D*(PD /) under the action of Glnry- We conclude once again
that (W; f; Dy) and (W; f; D*(Dy)) are equivalent in Bordl(\girie ;)ata’ (o), 3°,
thus completing the proof.

Remark 2.4.1. The functor F#® is actually an isomorphism of categories.

2.4.2 The bordism category Bord

Morse data, (or)
(d—1; d)

Morse data, (or

The bordism category Bord( d—1: d) ) is obtained as the quotient of
BordMorse data, (or), 3°

1.

(d—1; d) by the generating relations:

Two 1-cells (W; f; D¢) and (W; f'; D) between O-cells Yy and Y; with the
same underlying smooth manifold triad and isotopic boundary identifications

are equivalent if:

e The Morse function f has two cancellable critical points p and ¢ of index

k and k + 1, respectively.

e The ascending attaching sphere of p and the descending attaching sphere

of g, as determined by the Morse data Dy lie in the same level set, where
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they intersect transversally at a single point. Let A(p) be the ascending
disk of p and D(q) the descending disk of ¢, as determined by the Morse
data Dy.

o The Morse functions f and f’ are connected via an elementary death
path induced by an embedding of the standard double neighborhood on W
adapted to f at p and ¢ that preserves A(p) and D(q). We further assume
that this standard double neighborhood embedding does not intersect any
of the standard Morse model embeddings in D, other than those adapted
to f at p and q.

o The functions f and f’ only differ in the image of the standard double
neighborhood embedding from the previous step. We ask that all standard
Morse model embeddings in D agree with the corresponding ones in
Dy. Note that, since the space of horizontal distributions compatible with
given standard Morse model embeddings is contractible, this requirement

determines Dy up to equivalence.

2. Two l-cells (W; f; Dy) and (W; f'; Dp) between 0-cells Yy and Y; with the
same underlying smooth manifold triad and isotopic boundary identifications

are equivalent if they are related by an elementary crossing path.

The functor F§**? above induces a functor

Morse, (or)

data . Morse data, (or)
F + Bord (d—1; d)

(d—1: d) — Bord

Proposition 2.4.2. The functor F9# is an equivalence of categories.

Proof. F% is essentially surjective on O-cells and full on 1-cells for the same reasons
as Fgata Tt thus, suffices to show that it is faithful on 1-cells. Let (W; f; D;) and

(W'; 5 Dpr) be two 1-cells in Bordl\gorfe ;ata’ ) hetween 0-cells Yy and Y7, such that

the corresponding 1-cells (W; f) and (W’; f’) in Bordl\gorlSe dgor) are equivalent. We

have to show that (W; f; D) and (W’; f'; D) are equivalent in Bordl\gorlSe ;)ata (or)
It suffices to show that in the special case when (W; f) and (W’; f') are related via

a generating relation.

We have already seen in the proof that F* is an equivalence that if (W; f) and

W f! ) are related via a generating relation in Bordl\florlSe dg Y7 then (W f; Dy)

and (W’; f's Dp) are related in Bordl\florlSe ;)ata (cr). rfo and hence will be related in
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Morse data, (or)
B d(dfl; d)

Let (W; f) and (W; f’) be related via a death path relation in Bordl(\fiirlsf’ dgor)’ ie.
there is a death path v € Death, that kills the critical points p and ¢ of f, such that
(1) = f'. Since mo(EDeath,;, Death;) = 0, there is an isotopy I' : [0,1] — Death,
such that I'(0) =y and I'(1) = 7 € €Death;. Let f' be the endpoint Morse function
of the elementary death path 7. Let D 7 be new Morse data adapted to f that consist
of the same standard Morse model embeddings as Dy apart from those adapted to
f at p and ¢. The standard Morse model embeddings at p and ¢ will come from a
standard double neighborhood embedding that induces the elementary death path
7. We further assume that the partition into level sets in D ¢ agrees with that in
D¢ in the complement of [f(p), f(q)]. Furthermore, the horizontal distribution in
D ¢ is chosen to be compatible with that induced by the standard double neigh-
borhood embedding. A choice of D s as above uniquely specifies a choice of Morse
data ®f, for f/. The l-cells (W; f; ®f) and (W; f; @Jz,) are, then, equivalent

in Bordl(\flirlsf3 ;)ata’ ©r) as they are related by an elementary death path. The 1-cells

(W; f; Dy) and (W; f; Dy) are related in Bordl(\s(ff? ;)ata’ (or), 30 and, hence, in

Bord?girffa ;)ata’ 1) as they live over the same 1-cell (W: f) in Bordl(\gcfls?’ dgor), 7 and

we have already seen that F§at is faithful. Lastly, there is a path of excellent Morse

functions connecting f' and f, given by I'(t)(1). Hence, the 1-cells (W; f’) and
(W; f') are equivalent in Bordl(\g(ff?’ dgor), 7 and, thus, the 1-cells (W; f; D ) and

(W7, f'; Dy are equivalent in Bordl(\g(:rls_e j)ata’ (or), (JFO, which implies that they are also
equivalent in Bordl(\girlsf3 j)ata’ 1) This completes the proof that the 1-cells (W; f; D f)

and (W’; f'; D) are equivalent in Bordl(\gcfls;e j)ata’ 1) " as desired.

Let’s assume that (W; f) and (W; f’) are related via a crossing path relation in
Bordl(\girf?’ dgor), i.e. there is a crossing path v € Cross; along which the critical
level of the critical point p essentially crosses the critical level of the critical point
q exactly once and no other critical levels cross, such that v(1) = f’. Using the
fact that mo(ECrosss, Crossy) = 0, the same argument as in the case of death paths
applies and shows that the 1-cells (W; f; Dy) and (W’; f/; D) are equivalent in

Bordl(\fl(irie ;)ata’ ©r) " which completes the proof. O

Remark 2.4.2. The functor FMo™¢ is actually an isomorphism of categories.
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2.5 The equivalence between [ Surgzr_)l; ) and Bord@?ls 0)

We have, so far, constructed the equivalences

Morse data, (or) [Fdata Morse, (or) [Morse (or)
B rd(d_l; d - Bord(d_l; F Bord(d_l; d) -

The purpose of this section is to construct the functors

(or) B Morse data, (or)
EFSur, 7y, g —><T Bord ;3 o)

and show that they are equivalences, thus completing the comparison between

Sur®. - and Bord®”, . We will first construct the functors
(d—1; d) (d—1; d)

(or), F° i> Morse data, (or), F°
FSur iy S Bord ;. g)

and show that they are equivalences.

(or), F° and BordMorse data, (or), F°

2.5.1 The equivalence between FSur(d_l; 0) (d—1: d)

We will first construct the functor

By : FSurly), 7y — Bordye oot 1 7

To do so, we need to specify where it maps the 0-cells and the generating 1-cells, and

verify that the proposed assignment satisfies the generating relations.

O-cells

By is the identity on 0-cells.

Generating 1-cells

Diffeomorphism type generating 1-cells
By sends the 1-cell

Y
X
X
to the 1-cell in Bordl(\g(fff3 j)ata’ ©9: 7 ith source X and target Y consisting of:
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3.

4.

. the mapping cylinder cobordism

(X x[0,1]; X x {0}, X x{1}; Idx: X x {0} = X,¢: X x {1} = Y),

. the Morse function f : X x [0,1] — [0, 1], which is simply the second factor

projection map,
the horizontal distribution Ty(.)([0, 1]) C T.(X x [0, 1]).

the complete set of regular values {0, 1}.

Surgery type generating 1-cells

By sends the 1-cell

¢ 0:=(ox,0v,%s)

X

to the 1-cell in BordMe® data, (o), I°

1.

(d—1; d) with source X and target Y consisting of:

The symmetric trace of the surgery cobordism m. The underlying
manifold triad of W (XY, o) is given by Milnor’s trace of the surgery W (X, ox),
as constructed in [Mil63]. The bottom boundary identification is the identity,
while the top boundary identification is determined by oy and 1),.

The Morse function that W (XY, o) naturally carries shifted by 1 so its target
is the [0, 2] interval.

The Morse data that W(X,Y, o) is naturally equipped with. Note that the

chosen complete set of regular values is {0, 2}.

We now need to verify that By is well-defined, i.e. that it respects all of the generating

relations.

Generating relations

Diffeomorphism type relations
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Unit.
The images of the 1-cells
X

o IdX

X X

under By are both the identity mapping cylinder on X, namely
(X x[0,1]; X x {0}, X x {1}; Idx : X x {0} — X, Idx : X x {1} — X)),

equipped with the standard Morse data. The identity diffeomorphism witnesses their
equivalence in Bordl(\flirf,e d?ata’ (0r), 32, Therefore, this relation is satisfied by Bj.
Composition.

The image of the 1-cell
A
(PN )
Y
X

X

under By has underlying smooth manifold triad given by the gluing

W =X x[0,1] U Y % [0,1]
¢: X x{1}—=Y x{0}

with boundary identifications
Idy : X x {0} — X, Y x {1} — Z.

It is equipped with a Morse function f: W — [0, 2] obtained by gluing the projections
X x[0,1] = [0,1] and Y x [0, 1] — [0, 1]. The horizontal distribution is T'.)([0, 1]) C
Tw(W x [0,1]), and the regular values are {0, 1,2}.
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The image of the 1-cell

under By is the mapping cylinder cobordism
(X x[0,1]; X x {0}, X x{1}; Idx : X x {0} — X, ¢po¢p: X x {1} — Z),

equipped with the projection Morse function g: X x [0, 1] — [0, 1]. Here the horizontal
distribution is T(.y([0,1]) C T.(X x [0, 1]), and the regular values are {0,1}.

These two bordisms with Morse data are related in Bordl(\fl(irie dsiata’ (or), 5° as follows:

1. There exists a path of regular value edges in MD(W; f) that eliminates the
regular value 1. Recall that this can be depicted as:

2. Using the horizontal distribution, we obtain a Morse-data-preserving diffeomor-

phism from the resulting bordism to
X x[0,2],
with boundary identifications
Idy : X x {0} — X, vod: X x{2} — Z,
and Morse data given by:

« Morse function: projection b : X x [0,2] — [0, 2];
« horizontal distribution: Tj.)([0,2]) C T.(X x [0,2]);

o regular values: {0,2}.
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3. The diffeomorphism
X x[0,2] — X x [0, 1], (x,t) = (z,t/2),

identifies this bordism with the image of the 1-cell

under By, preserving the Morse data.

Therefore, this relation is satisfied by B,.
Isotopy.
The image of the 1-cell

X
under By is the mapping cylinder cobordism
(X x[0,1]; X x {0}, X x{1}; Idx : X x {0} — X,¢: X x {1} = Y),

equipped with the projection Morse function f: X x [0,1] — [0,1]. The horizontal
distribution is 7. ([0,1]) C T5(X x [0, 1]), and the regular values are {0, 1}.

Similarly, the image of the 1-cell
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under By is the mapping cylinder cobordism
(X x[0,1]; X x {0}, X x {1}; Idx : X x {0} — X,¢: X x {1} = Y),

with the same Morse data (projection Morse function, horizontal distribution
T+ ([0, 1]), and regular values {0,1}).

Now suppose there exists an isotopy 8 from ¢ to 1. This isotopy induces a path

of Morse data on
(X x[0,1]; X x {0}, X x {1}; Idx : X x {0} — X,¢: X x {1} = Y),

that fixes the Morse function and regular values while isotoping the horizontal
distribution.  The final horizontal distribution then determines a Morse-data-

preserving diffeomorphism from the bordism at the end of this path to
(X x[0,1]; X x{0}, X x {1}; Idx : X x {0} — X,¢: X x {1} = Y),

with the Morse data as described above. Therefore, this relation is satisfied by Bjy.

Naturality-type relations
The image of the 1-cell

~ e N
&

o:=(ox,0v,%;) ¢

X

under By has underlying smooth manifold triad given by the gluing
W =W(X,o0x) U Y % [0,1],
Y x(X,ox) 77 Yx{0}

with boundary identifications

Idy : X\ (ox(S*! x {0}) U Skl w Dk 5 X,
ox: SEF=1x(D"=F\{0})—=X\(ox (S*—1x{0})

o: Y x {1} — Z.

It comes equipped with a Morse function f : W — [0, 3] obtained by gluing
the standard Morse function on W(X,ox) (shifted by 1) with the projection
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Y x [0,1] — [0,1]. The standard Morse model embedding is the one naturally
associated to W (X, o), and the horizontal distribution is obtained by gluing the
standard horizontal distributions on W (X,ox) and Y x [0, 1]. The regular values are
{0,1,2}.

The image of the 1-cell

¢ 00 = (0ox,p00y,p0,)

X

under By is the cobordism W(X, Z, ¢*0). It comes with the Morse function g :
W — |0, 2] induced by the standard Morse function on W (X, ox), together with its

natural Morse model embedding and horizontal distribution. The regular values are

{0,2}.
These two bordisms are related in Bordl(\goffé d‘;ata’ (©1):7% as follows. First, there is a

path of regular value edges in MD(W; f) that eliminates the regular value 2. Recall
that this can be depicted as:

At the end of this path, we obtain a Morse-data-preserving diffeomorphism from
W, equipped with its modified Morse data, to W (X, ox) with its standard Morse
data.

Any such diffeomorphism is determined by a map [0,3] — [0, 2] sending 0 +— 0,
3+ 2, and 1 — 1 (preserving the critical value). Moreover, any two such maps are
isotopic, and hence the resulting Morse-data-preserving diffeomorphism is unique up

to isotopy.
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Therefore, the naturality-type relation

A A
10X )
Y| = ¢¢0:=(ox,000y,¢01,)

g = (0X7 Oy, 7%)

X X

is satisfied by By.

A completely analogous argument shows that By also respects the naturality

relation

A A

o:=(oy,02,%;) ¢

Y - ® ¢*U = ((b_l o0y, 0z, ’l/}U o ¢)
X
X X

Frame change type relations
The image of the 1-cell

Y
o:=(ox,0v,%,) @

X

under By consists of the smooth manifold triad

W(X,ox) =X\ (S""x{o}) x[-1,1] | My

ox, flow lines

The image of the 1-cell

Y

? Q t0 = (O-X © Q_17O-Y o Q_17¢0)

X
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under By consists of the smooth manifold triad

W(X,0x 0Q 1) := X\ (85! x {0}) x [-1,1] U M}

oxo@~1, flow lines

Here, recall that Q € GE‘::Z;), which induces a diffeomorphism M;* — M} that respects
the Morse function and flow lines of M}, which we also refer to as ) by abuse of

notation. The diffeomorphisms
Id: X\ (S*!' x {0}) x [1,1] = X \ (S*' x {0}) x [~1,1]
and
Q: M — M}

glue to produce a diffeomorphism

D:W(X,ox) = W(X,o0x0Q").

Both W(X,ox) and W(X,0x o Q') come naturally equipped with standard Morse
model embeddings, given by the evident inclusions, and the following diagram is

commutative:

W(X,ox) —2— W(X,0x0Q ")

M 9 » M

Moreover, it is straightforward to see that D preserves the boundary identifications
and the Morse data. It is, thus, an equivalence of 1-cells in Bordl(\g(frffe ;)ata’ (or), Sto, as

desired. This completes the proof that the functor By is well defined.

We will now construct the functor

. Morse data, (or), F° (or), 30
So : Bord(dfl; d) — FSur(dfl; d)

which will end up being inverse to Bj.

Our choice of Morse data was mainly motivated by making the definition of Sy as
easy to state as possible. As part of the Morse data, we have a choice of regular
level sets, which is compatible with the choice of standard Morse model embeddings.
This means that between two regular level sets there exists at most one critical point.
In order to construct Sy, we will specify where it sends 1-cells with only two regu-

lar level sets in their Morse data, as any 1-cell can be obtained as a composite of those.
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If we only have two regular level sets X and Y, and no critical points between them,
the horizontal distribution which is part of the Morse data induces a diffeomorphism
¢: X — Y and Sy will send this 1-cell to the diffeomorphism type generating 1-cell
labeled by ¢.

If we only have two regular level sets X and Y, and a single critical point between
them, the standard Morse model embedding and the horizontal distribution which
are part of the Morse data will induce a surgery triple datum o on (X,Y’), since
the regular level sets are assumed to be compatible with the standard Morse model
embeddings. Sy will then send this 1-cell to the surgery type generating 1-cell labeled
by o.

Just like with By, we have to show that Sy is well-defined. This will be equivalent to
showing that By is faithful on 1-cells. In particular, we need to verify that Sy respects

the generating relations in Bordl(\g(irf:3 j)ata’ (on), T,

Morse data preserving diffeomorphisms
Let (W; f; D) and (W’; f'; D) be two 1-cells in Bordl(\g(frffe dc)lata’ ©9: 7% elated by

a Morse-data-preserving diffeomorphism. By definition, such a diffeomorphism pre-

serves the Morse function, the horizontal distributions, and all regular level sets. It
also preserves the standard Morse model embeddings up to an action of ngr,)g) It
follows that the induced images of (W; f; Dy) and (W’; f'; D) under Sy differ
by frame change and naturality type relations. Therefore, Sy respects Morse-data-

preserving diffeomorphisms.

Paths of regular value edges
Let (W; f; D) and (W; f; D's) be two 1-cells in Bordl(\g(ff? ;)ata’ ©0: 7 that are
related by a path of regular value edges in MD(W; f). Then, their images under S

will be related via composition and naturality type relations.

Isotopies of Morse data with fixed regular level sets
Let (W; f; Dy) and (W; f; D) be two 1-cells in Bordl(\fl‘irf? j)ata’ ©: 7% that are
related by a path of Morse data, with a fixed choice of regular level sets.. We will

o, 7' There are three cases to

show that their images under Sy are related in F' Surg o1, d)

consider:
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1. (W; f; Ds)and (W; f'; Dy) are related by a path of excellent Morse functions
and a compatible path of Morse data. Let v : [0,1] — F°(IW) be a path of
excellent Morse functions with v(0) = f and (1) = f’. By the stability of
Morse functions and corollary 1.3.7, there exists an isotopy of diffeomorphisms
in W that induces the isotopy of Morse functions . By pulling back the isotopy
of Morse data via this isotopy of diffeomorphisms, we get an isotopy of Morse
data on W that keeps the Morse function fixed throughout. Thus, this is the

only case we need to consider.

2. Let’s suppose that (W; f; D;) and (W; f; D';) are related via an isotopy
of horizontal distributions. It suffices to consider 1-cells with just two regular
level sets, as a general 1-cell will be a composite of those. In this case, we
can directly see that the images of the 1-cells under Sy will be related via a
combination of composition, naturality and isotopy relations. Note that we
arrive at the same observation if we also allow a compatible isotopy of standard

Morse model embeddings with fixed framed attaching spheres.

3. Let’s suppose that (W; f; Dy) and (W; f; D’;) are related via an isotopy of
standard Morse model embeddings, ¢;, and a compatible isotopy of horizontal
distributions, 7;. Let’s suppose without loss of generality that we have chosen
exactly two regular level sets on W, X and Y. We will show that ¢, and 7; are

induced by ambient isotopies of X and Y.

By considering the closure of the standard Morse model embeddings, we obtain
an isotopy g_zﬁf( of S¥~1 x D% on X and an isotopy 52/ of DF x S" %1 on Y.
Let tx : X x[0,1] — X and ¢ty : Y x [0, 1] — Y be ambient isotopies extending
Ef{ and Ef , respectively. Their existence is guaranteed by the ambient isotopy
lemma. Consider the isotopy of Morse data induced by ¢;, 7 composed with
the ambient isotopies 5" and «3'. This produces an isotopy of Morse data
that fixes the framed attaching spheres. By the previous point, this induces a
new isotopy of Y, which we denote by #y. Then, the ambient isotopies tx and
Ay o 1y induce the original isotopy of standard Morse model embeddings. This
implies that the images of (W; f; D) and (W; f; D’;) under Sy are related

via naturality and isotopy relations.

This completes the proof that the functor Sy is well-defined. It is now easy to check
that the functors By, Sy are inverses of each other, which implies that the categories

0 0
F Surgzr_)’l,?d) and Bordi\gcfffe j)ata’ (0r): 77 are equivalent, and, in fact, isomorphic.
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2.5.2 The equivalence between [ Surl” (d— 1 ¢ and Bor dl(\gorfe ;)ata (or)

We will now show that the functors By, Sy induce functors

B
F Surgzr,)l- 2 _> BordMorse data, (or)

(d—1; d)
which will allow us to conclude that F Sur'® @ )1 4 and Bordl\gorfe j)ata ©) are equiva—
lent, and, in fact, isomorphic. The relations in Sur( d)l g and Bordl\gorlSe ;)ata ) have

been chosen in order to make this step essentially tautological:

1. Two 1-cells in F Surgzr_)l, 4 are related via a cusp relation if and only if their

images under By are related via an elementary birth - death path and vice versa.

2. Two 1-cells in F' Surggr_)l_ 4 are related via a crossing relation if and only if their

images under By are related via an elementary crossing path and vice versa.

This completes the proof of the equivalence between F Surgzr_)l; A and Bordg A1 d)-

102



Chapter 3

Surgery presentations of bordism
bicategories

In this chapter, we categorify the results of Chapter 2 to obtain a surgery presentation
of the symmetric monoidal (2, 1)-category Bord " (d— 1 4 ~- This (2, 1)-category has as
objects closed, (oriented) (d— 1)-dimensional manifolds, as 1-morphisms (oriented) d-
dimensional cobordisms, and as 2-morphisms isotopy classes of orientation-preserving
diffeomorphisms.

Section 3.1 recalls from [SP14] the notion of unbiased semistrict symmetric
monoidal 2-categories and their presentations via generators and relations, which
we refer to as unbiased semistrict symmetric monoidal 2-presentations. Since these
are the only kinds of 2-categorical presentations considered in this thesis, we will often
refer to them simply as 2-presentations.

Section 3.2 serves as a warm-up. It introduces the 2-presentation of planar
diffeomorphism diagrams, lefgflr I ~y)» and shows that the associated 2-category
F Diffgzl;)l; ) 18 equivalent to the 2-groupoid of smooth manifolds, diffeomorphisms,

and isotopy classes of isotopies, denoted Mangzr)l o)’ Section 3.3 then introduces the

2-presentation of planar surgery diagrams, Sur'® d )1 d ~)) which categorifies Sur'® d )1 4

Section 3.4 introduces the symmetric monoidal (2, 1)-category Bordg’rf1 d: )N)
whose objects are closed, (oriented) (d — 1)-manifolds, whose l-morphisms are
(oriented) d-dimensional cobordisms equipped with Morse functions, and whose
2-morphisms are equivalence classes of orientation-preserving mapping cylinders
equipped with Cerf paths. As a direct application of the genericity of Morse functions,

Cerf paths, and Cerf homotopies, we show that the forgetful functor

Cerf . Cerf, (or) (or)
F 0 Bord 1y ) — Bord g5y

is an equivalence.
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Section 3.5 introduces the symmetric monoidal (2, 1)-category Bordgleifl;dza’w)(or),

whose 1-morphisms are (oriented) cobordisms equipped with Morse functions and
compatible Morse data, and whose 2-morphisms are mapping cylinders equipped with

Cerf paths and compatible Cerf data. We show that the forgetful functor

data | Cerf data, (or) Cerf, (or)
FE 2 Bord -y ) — Bord gy ~)

is an equivalence, thereby establishing the chain of equivalences

B dCerf data, (or) Fdata B

Cerf, (or) FCerf (or)
(d=1; d; ~) d Bord

OTd(g—1; a5 ~) OTA(g-1; d; ~) -

Cerf data allow us to associate diffeomorphisms of cobordisms with planar surgery

diagrams. We describe this in detail in section 3.6, where we construct the functors

(or) B Cerf data, (or)
FSur(d_l; d: ~) —><T Bord(d_l; d ~)

ans show that they are equivalences, thus establishing the equivalence between

(or) (or)
FSur(Z_l; i ~) and Bord(z_l; d ~)-

3.1 2-presentations

Our goal in this chapter is to introduce a generators-and-relations presentation of

or)
d—1; d; ~)

must first clarify what is meant by a presentation of a symmetric monoidal bicategory

the symmetric monoidal (2, 1)-category Bordé . To even begin such a task, we
via generators and relations—a notion that is far from straightforward. In fact, even
defining symmetric monoidal bicategories is a formidable undertaking. Fortunately,
this has been addressed in detail by Schommer-Pries in [SP14], and we will adopt the
technical framework developed there.

To simplify matters, we work with unbiased semistrict symmetric monoidal 2-
categories. These are stricter versions of symmetric monoidal bicategories in which
many coherence 2-cells are taken to be trivial. Crucially, every symmetric monoidal
bicategory is equivalent to an unbiased semistrict symmetric monoidal 2-category.
We begin by recalling the definition of these categories and then describe their
presentations. Our aim is not to reproduce the full theory from scratch, but to provide
sufficient background for the unfamiliar reader to follow the upcoming developments.
For further detail, we refer to [SP14].
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3.1.1 Unbiased semistrict symmetric monoidal 2-categories
Wire diagrams

We will use the wire diagram calculus for 2-categories described by Bartlett in [Bar14].
We briefly recall the basics, following [Bar14] almost verbatim. Given a 2-category

G, we denote:

o An object x of C is represented by the diagram

T

o The identity 1-morphism on an object x of € is drawn as

Xz

X

When it is clear from context that we are not simply referring to the object z,
we will often abbreviate this by omitting the label:

X

i

e A l-morphism f:x — y of C by the diagram
Y

T

e A 2-morphism « : f = g in € by the diagram

Yy Yy
i
xXr xr
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Composition of 1-morphisms in € is represented by vertical stacking of diagrams:

z z
9]
i) = |v

T X

Vertical composition of 2-morphisms is (somewhat confusingly) represented by
horizontal stacking of wire diagrams:

Y Y Y

/][] =[]
xz i T

We will simply refer to this as composition of wire diagrams.
Now suppose fi, fa, f3 are composable 1-morphisms and o : fo, = ¢ is a 2-

morphism. Then the whiskering of a by the identity 2-morphisms on f; and f3
is represented as follows:

5] 5]
] 2 o]

Yy Y
7] 7]

Finally, horizontal composition in € is expressed through a combination of
whiskering and wire diagram composition.

For more details, the reader is encouraged to consult [Barl4].
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Definitions

Equipped with the wire diagram calculus, we can now define unbiased semistrict
symmetric monoidal 2-categories. We begin by recalling the definition of a stringent

monoidal 2-category, following [Barl4].

Definition 3.1.1. A stringent monoidal 2-category M = (M,1,®, ¢s,) consists
of:

A strict 2-category M,

e An object 1 € M, drawn as the invisible wire:

o Strict left- and right-tensor functors x ® — and — ® x from M to itself for every

object x € M. For any two objects x,y € M, we draw x ® y as

T Y

« Interchangor 2-isomorphisms ¢ : (f®Id)o(Id ®g) = (Id ®g)o(f®I1d), drawn

as

This data is subject to relations, which we omit here and refer the reader to [Barl4]
for a complete list. These relations ensure that the interchangor 2-cells are natural
and behave coherently with respect to composition of 1-cells, tensoring, and units.

We highlight here a particularly important identity, known as nudging:
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Definition 3.1.2. An unbiased semistrict symmetric monoidal 2-category is

a stringent monoidal 2-category (M, 1, ®, ¢s,) equipped with:
o For every n-tuple of objects ay,...,a, € M and every o € ¥, a 1-cell
B7ra1® Q@ an = Ay-1(1) @+ & g-1(n),

drawn as
o=1(1) @+~ & Ao-1(n)

]

a1 Q- Qap

o The following structure 2-cells and their inverses (omitting labels for

readability):

— For the identity permutation e € ¥,,, a 2-isomorphism

Xe

— For all 0,0’ € ¥,,, a 2-isomorphism
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o For every n-tuple of objects ay,...,a, € M, every o € ¥, with o(i) = j, and

every l-morphism f; : a; — b;, define:
fiizld®“'®fi®"'®1dia1®"'®ai®"'®@n‘)(l1®"‘®bz‘®"'®an,

fz" = Id@“'®fu*1(j) ®---®Id: Ur-1(1) @+ @ Up1(j) ® *+* @ Gp—1(n)
— A5-1(1) R ® ba—l(j) R ® Ag=1(n)-

Then, there exists a coherence 2-cell

This data is subject to relations, which we omit here. We refer the reader
to [SP14, Section 2.6] for a complete list. These relations express the associativity
and unitality coherence laws for X, and X, ., and ensure compatibility with the

operadic composition in symmetric groups.

3.1.2 Presentations of unbiased semistrict symmetric monoidal
2-categories

We describe presentations of unbiased semistrict symmetric monoidal 2-categories in
five stages. To keep things concise, we refer the reader to [SP14, Sections 2.10, 2.12]
for full details.

Definition 3.1.3. An unbiased semistrict symmetric monoidal 0-computad

consists of a set Gy. A word in G is defined recursively as follows:
e The empty word is a word in GY;
e If a € G°, then a is a word in G?;
e If v and v are words in G°, then v ® v is a word in G°.

We denote the set of words in G° by W (GY).

Definition 3.1.4. An unbiased semistrict symmetric monoidal 1-computad
consists of a set G°, a set G', and a pair of maps s,t : G' — W(G°). We define

elementary sentences in G' as follows:
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o The empty sentence is a sentence in G with source and target the empty word.
o For every word w € W(GY), the wire diagram

w

is an elementary sentence in G*.

o For every word w = (w;) in W(G") of length n and every permutation o € 3,,,

the wire diagram

where w' = (w,-1(;)) is the result of applying o to w, is an elementary sentence
in G'.

o For any words w,w’ € W(G°) and f € G', the wire diagram

w@t(f) @u

Idw ®f @ Id,,

w® s(f) @w'

is an elementary sentence in G'. If w or w' is empty, this is modified in the

obvious way.

If v denotes a wire diagram, we define s(y) to be its bottom label and ¢(7) to be
its top label.

A sentence in G! is defined recursively as follows:
o If f is an elementary sentence in G, then f is a sentence in G|.

o If f and g are sentences in G with ¢(f) = s(g), then the composition fog is a

sentence in G' with source s(f) and target ¢(g).
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o If f and g are sentences in G', then f ® ¢ is a sentence in G' with source
s(f) ® s(g) and target t(f) ® t(g).

By definition, sentences in G* are represented by wire diagrams, with composition
and tensoring of wire diagrams defined as above. We denote the set of such sentences
by S(G° G, s,t).

Definition 3.1.5. An unbiased semistrict symmetric monoidal 2-computad
consists of an unbiased semistrict symmetric monoidal 1-computad (G°, G, s,t), a
set Gy, and a pair of maps s,t : Go — S(G°,G',s,t). These maps are required to
satisfy

s(s(e)) = s(t(e)) and i(s(e)) = t(t(e))

for all e € Gs.

We define elementary paragraphs in G5 as follows:

« For every sentence f € S(G° G', s,t), the identity on f is an elementary

paragraph in Gy with source and target f.

e The structure 2-cells X., X, ./, the coherence 2-cells B(Ufi), and their inverses
(for all 0,0’ € ¥, and f € S(G° G',s,t)) are elementary paragraphs in Gy

with their natural sources and targets.

o The interchangor 2-cells ¢;, (for all f,g € S(G° G',s,t)) are elementary

paragraphs in GGy with their natural sources and targets.

o For any sentences f,g € S(G° G',s,t) and u € G?, the tensor Id; ®u ® Id, is
an elementary paragraph in Gy with source f ® s(u) ® g and target f®t(u)®g.

A paragraph in G? is defined recursively as follows:
o If u is an elementary paragraph in G2, then u is a paragraph in G2.

e If u and v are paragraphs in G? with ¢(u) = s(v), then the composition
(concatenation) of the wire diagrams representing v and v is a paragraph in

Go with source s(u) and target t(v).

e If u and v are paragraphs in G? with ¢(s(u)) = s(s(v)), then the horizontal

composition of u and v is a paragraph in G? with source s(u) o s(v) and target

t(u) o t(v).

111



o If w and v are paragraphs in G2, then v ® v is a paragraph in G? with source
s(u) ® s(v) and target t(u) @ t(v).

Definition 3.1.6. Let G = (G° G',G?) be an unbiased semistrict symmetric
monoidal 2-computad. We define F(G) as the unbiased semistrict symmetric

monoidal 2-category constructed as follows:
¢ Objects: words in G?;
e l-morphisms: sentences in G';

« 2-morphisms: equivalence classes of paragraphs in G2, where the equivalence
relation is the finest one generated by the relations imposed by the structure of

an unbiased semistrict symmetric monoidal 2-category.

Definition 3.1.7. Let C be a symmetric monoidal bicategory, and let R be a set of
pairs of 2-morphisms («, f) in € such that « and 8 have the same source and target.
We call R a set of generating relations. It determines an equivalence relation—also
denoted by R by abuse of notation—on the 2-morphisms of €, defined as the finest
equivalence relation containing R that is compatible with the symmetric monoidal

bicategory structure of C.
Remark 3.1.1. In this work, we only consider relations at the level of 2-morphisms.

Definition 3.1.8. An unbiased semistrict symmetric monoidal 2-presentation,
or simply a 2-presentation, P consists of an unbiased semistrict symmetric monoidal
2-computad G together with a set of generating relations R for the unbiased semistrict

symmetric monoidal 2-category F(G). We define

to be the unbiased semistrict symmetric monoidal 2-category presented by P.

3.2 Planar diffeomorphism diagrams

This section serves as a warm-up. Instead of studying the full bordism (2, 1)-category,

we will focus on the bigroupoid Mangzr_)l; ., that has:
o 0O-cells: closed, (oriented) (d — 1)-dimensional manifolds,

o 1l-cells: (orientation preserving) diffeomorphisms
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o 2-cells: isotopy classes of isotopies.
We will graphically encode this structure using planar diffeomorphism diagrams,

which we now introduce.

3.2.1 The 2-presentation of planar diffeomorphism diagrams
Diff(”,

The 2-presentation Diffgzr_)l; ,) is defined as follows:

o Generating 0-cells

Closed, connected, (oriented) (d — 1)-dimensional manifolds.

o Generating 1-cells

Yo

where ¢ : Yy — Y] is a(n orientation preserving) diffeomorphism.

Remark 3.2.1. We will denote the structure 1-cell 57 of the generated unbiased

semistrict symmetric monoidal 2-category by

Yg—l(l) H . H Yafl(n)

e,

VIl 1%
This is distinct from the generating 1-cell

Yg—l(l) H . H Yg—l(n)

ocEX,®

%Il... 11V,
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corresponding to the diffeomorphism induced by o. The reader is cautioned as

this seemingly small distinction has caused the author quite some headache.

o Generating 2-cells

Compositor 2-cells

Planar diagrams of the form

C C
(8
B Yoo
¢
A A
alongside their mirror image.
Isotopy 2-cells
Planar diagrams of the form
B B
0
¢ o (0
A A
where 6 is an isotopy from ¢ to .
Symmetry 2-cells
Planar diagrams of the form
B B
o o— 0
A A
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alongside their inverses. These 2-cells express the compatibility between the
structure 1-cells 5% and the generating 1-cells arising from diffeomorphisms

induced by elements of the symmetric group.
Remark 3.2.2. We will denote the structure 2-cells X, by

A

Ida

A A

We will omit the label Id4 from now on, wherever it is required and can be

easily deduced from context. We will denote the structure 2-cells X, ,» by

C C

o

B ogodo
O_/

A A

We will denote the structure 2-cells 62’@) by

o b;
B / B
o / o

« Relations

1. Associativity relations
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B B B
®3 ¢3
®2 (p30¢a)opr = o
o1 o3}

A A A

alongside their mirror image.

2. Unitality relations

B B B

¢ ._\ ¢ = ¢

A A A

B B B

¢ ¢ = ¢
/

A A A

alongside their mirror images.

3. Isotopy invariance:

B B B

0 0
¢ o ¥ = ¢ o
A A A
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if @ and @ are isotopic isotopies. Moreover,

B B
id

¢ - Y

A A

B B
¢ ¥
A A

where id denotes the constant isotopy A x [0,1] — B given by (a,t) — ¢(a).

4. Concatenation of isotopies:

B

Oy o1 6O
o -~ o
A

B B
Oy % 0

b0 0. i 05

A A

Here, 6, * 0, is the concatenation of the isotopies 6y and 6. Any two ways of

concatenating two isotopies are isotopic, hence we don’t need to make a specific

choice given the isotopy invariance relation.

5. Isotopy - compositor crossing:

C

®2 0
®3

B

01
A

[ IS

N
S

¢3 0 @1

A

Here, 0 is the induced isotopy from ¢y o ¢y to @5 o ¢y, given by level-wise

precomposing 6 by ¢;.



3
B

b1
A

P2

[ IS}

N
S

¢3 0 P

A

Here, 6 is the induced isotopy from ¢, o ¢1 to ¢5 o ¢y, given by level-wise post-

composing 6 by ¢s.

The isotopy-compositor crossing relations further include all the mirror images

of the above.

6. Symmetry - compositor crossing:

02

01

02

01

:"2%

~~_ o

i

09 O 01

0200

B/
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alongside their mirror images.

®i o Gi / o
A

A A A

alongside its mirror image, whenever ¢ and ¢; satisfy the necessary conditions

in the definition of the structure 2-cell BE’@_).

6. Invertibility relations:

A A A A

A A A A

A A A A

A A A A
— =

A A A A
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9 o =

A A A A

C C C C

(0 (0 (0 (0

B B = B B

¢ ¢ ¢ ¢

A A A A

C C C C
(U

voo f—B>—— oo = wo voo

¢

A A A A

This completes the definition of the unbiased semistrict symmetric monoidal 2-

presentation Diffgzrzl; )

3.2.2 The equivalence between FDiffEZr_)l; -, and Mangzr_)l; )

(or)
(d=1; ~2)

to the identity isotopy from the identity diffeomorphism to itself, the compositor 2-

There is an evident functor F Diff — Man(y_;. .,y which sends the unit 2-cell
cell to the identity isotopy from 1) o ¢ to itself and the isotopies of diffeomorphisms
2-cells to the underlying isotopies. We can directly check that this functor respects
the relations, i.e. it is well-defined.

In this subsection we will show that this functor F Diffgzrf)l‘ ) — Maniy_y, ., Is

an equivalence using the Whitehead theorem for symmetric monoidal bicategories,
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proved in [SP14]. Namely, we will show that it is essentially surjective on objects,
essentially full on 1-morphisms and fully faithful on 2-morphisms. To do so, we will
prove a normal form lemma for the 2-cells in F Diffg;r_)l. )" We begin with the

following lemma:

Lemma 3.2.3. The 2-cells in FDiffgzr_)l; ~2) satisfy the Frobenius relation:
C C C C
& ¢30 b2 03
®3 0 Oo ,
¢2 B = B B’
B P30 P20 ¢y
P200
o ¢1 P20 1
o}
A A A A
C C C C
93002 ¢3 0 62 ¢
?3
B = B B’
i . $3 0 @20 Py
$1 B
P1 P20 1
G20 P1
A A A A

Proof. We will show that the first equality holds, the second following by a similar
argument. Using the third type of invertibility relations, the LHS of the first equation

is equivalent to the 2-cell

C C

®3 "

$3 0 Oo \ / '
& ¢30 P20 Py \ B

B (@)
raperd P20 ¢
¢1
A A
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We now express this 2-cell as a composition of 2-cells:

C

$3 0 Po
B

b1
A

N

Using the associator relation in the middle 2-cell, we have

b3

2

b1
A

¢3 0 P2 0 Py

A

C

b3
B

b2

b1
A

N

b3
B/

¢2 0 1

¢30 P2 0 Py

which implies that the 2-cell we started with is equivalent to the 2-cell

C

$3 0 Po

1

b3

P2

¢30 ¢ 0 Py

/
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which is in turn, using the fourth type of invertibility relations, equivalent to

C C
P30 P2 b3
b P30 P20 P o
b1 P20 ¢
A A
thus completing the proof. Il

We will use Lemma 3.2.3 to prove the following normal form lemma:

Lemma 3.2.4. Any 2-cell in FDiffEZr_)l, ) 18 equivalent to either the empty diagram

2-cell or a 2-cell having one of the following four forms:

On bn
O2 05
o1 1

(e

0
(5 ——
1

Before proving lemma 3.2.4, we first show how it implies the theorem:

Theorem 3.2.5. The functor FDiffgzr_)h ~y — Mang .,y is an equivalence of

symmetric monoidal 2-categories.

Proof. We will apply Whitehead’s theorem for bicategories. The functor in question
is the identity (hence essentially surjective) on 0O-cells, essentially full (in fact, full) on

1-cells and full on 2-cells. The only non-trivial step is to show that it is faithful on
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2-cells. Suppose that we are given two 2-cells in F' DiffEZ?l. ~2) that map to the same

2-cell in Man(; ;. _,). By lemma 3.2.4, there are three cases to consider. Suppose

that the two 2-cells are

¢n ¢k ¢n
05 )9 ®2
o1 (0 1

These 2-cells map to the same 2-cell in Man(; ,) if and only if 6 and ¢ are isotopic,

—1; ~
and by the isotopy invariance relation we conclude that the two 2-cells are equivalent
in F Diffgzr_)l, ~2)" The same argument works for the other two cases, thus showing
that the functor is faithful in 2-cells and hence an equivalence by Whitehead’s theorem

for symmetric monoidal bicategories. [
We will now prove lemma 3.2.4:

Proof. Step 1. We first reduce the lemma to the following claim: Any 2-cell in
F Diffgzrzl; ~2) between generating 1-cells is equivalent to a 2-cell having the following

form:

Let’s see how this claim proves lemma 3.2.4:

or)

Suppose that we are given a 2-cell C'in F Diffg 4ot ~2) between the 1-cells

¢n [ J * ¢k
o5 (>
o1 I (20
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with n, k > 0.

By iteratively using the third invertibility relation, we get the equivalences

Pn

P2
b1

and

Vi

(C>
(G

Consider the 2-cell

bn bn,
' = : :

P2 $2

¢1 o3}

On bn
®2 b2
1 1
Py, Yy,
(o> () |
Uy (0
Py, Py,
o C o : D
(D) 1y
(0N (O

C" is equivalent to C, since the 2-cells we pre- and post- composed with are equivalent

to the identity. But we can also express C’ as a composition of the three 2-cells

Pn

o5
¢1

@F
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where

¢n 1/%
C = : o C o :
®2 1y
®1 (20

Since C' is a 2-cell between elementary 1-cells, the above claim now implies that C' is

equivalent to

¢n wk
b2 1y |
o1 (0

The cases n = 0 or k = 0 follow identically, which shows that lemma 3.2.4 follows

from the claim above.

Step 2. We will now prove the claim made in Step 1, which focuses on 2-cells
between two generating 1-cells. This is the most involved part of the proof of theo-
rem 3.2.5.

First, note that any such 2-cell in F Diffgzr_)l; ~2) consists of an underlying labeled
graph with a marked source (respectively target) vertex which lies in the source (re-
spectively target) linear diffeomorphism diagram. This graph only has vertices of
valence 1 (corresponding to unitors), 2 (corresponding to isotopy 2-cells and symme-
try 2-cells) and 3 (corresponding to compositors). Using the isotopy - compositor
crossing and the unitality relations, we can eliminate all univalent vertices apart from
the source and target vertices, and thus assume that our given graph only has vertices
of valence 2 and 3. It the suffices to show that any such graph is equivalent, through
the relations in F' Diffgzr_)l; .y toa bivalent tree, as the result will then follow by using
the concatenation of isotopies and invertibility of symmetry 2-cells relations. In turn,
it suffices to show that the graph is equivalent to a tree without introducing any

univalent vertices along the way, since then we wouldn’t be able to have a trivalent
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vertex without having a cycle.

We will use an induction argument on the number of elementary cycles, ensuring that

no univalent vertices are introduced along the way.

Definition 3.2.1 (Elementary cycles and graphs). Let s,t label the starting and
ending vertices respectively. Each cycle in our graph divides the plane in two
regions. We call the region that contains s,¢ exterior and its complement interior
with respect to the cycle. An elementary cycle is a cycle whose interior is empty.
An elementary graph is a graph every cycle of which is either elementary or contains

an elementary cycle in the closure of its interior.

A given labeled graph can only fail to be elementary if there exist cycles with valence
1 vertices in their interior. Since we assume that our given graph has no univalent ver-
tices, we can safely assume that it is elementary. In the base case and induction step
we will show how to eliminate a given elementary cycle using again an induction argu-

ment on its length, while being careful to not introduce any new cycles along the way.

Base case

Let’s assume that the underlying labeled graph which defines a given 2-cell only has
a single elementary cycle. We will use an induction argument to eliminate it. Let
n > 2 be the length of the cycle. If n = 2, the cycle must look like

#

Using isotopy - compositor crossing and the invertible relations, we can eliminate it.
If n > 2, we will show that the cycle is equivalent to a cycle of length n — 1, without
introducing any new cycles. We will now color the part of the graph that is part of
the cycle orange, and the part of the graph which is not part of the cycle black. Then,

there must exist a trivalent vertex of the graph that looks like
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otherwise we would not be able to choose a direction within the cycle. Let’s consider
now the various possibilities for what the graph may look like if we try to complete

its lower right side:

This case is not allowed since the corresponding cycle is not elementary.

N

In this case, we can use the associativity relations to obtain an elementary cycle

of length n — 1 without introducing any new cycles along the way.
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d

In this case, we can use the Frobenius relations to obtain an elementary cycle

of length n — 1 without introducing any new cycles along the way.

This completes the proof of the base case. Namely, an elementary graph of the form

we consider with a single elementary cycle is equivalent to a bivalent tree.

Induction step
Let’s suppose that the given graph has k elementary cycles. The inductive argument
we used in the base case applies verbatim here and shows that the graph is equivalent
to one with k£ — 1 elementary cycles. This completes the proof of Step 2 and hence of
theorem 3.2.5.

O

3.3 2-presentation of planar surgery diagrams

The goal of this section is to introduce the unbiased semistrict symmetric monoidal
2-presentation of planar surgery diagrams in a sequence of increasing complexity. In

particular, we will construct the tower of 2-presentations

(or), 3°
Sur(d—l; d; ~)

|

(or), F*
(d-1; d; ~)

|

(or)
Sur(d—l; d; ~)

Sur

In subsequent sections, we will construct corresponding towers of bordism bicategories
decorated with data that come from Morse - Cerf theory and show that all categories

at the same level are equivalent. These towers help us to slowly and steadily build
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our way towards a surgery presentation of the bordism bicategory, one manageable

step at a time.

3.3.1 The 2-category of planar surgery diagrams Sur'® (d- 133 ~)

We will define Sur(zr_’l,gs. -y by enhancing the 2-presentation Diff(zr_l, .,y With some

further generating 1-cells, 2-cells and relations. We will denote the generating 1-cells,
2-cells and relations coming from Diffggi)l; ~y) B8 diffeomorphism type generating 1-
cells, 2-cells and relations, respectively. The additional generating 1-cells, 2-cells and
relations of Surgzr_)’l;rf;; -y are as follows:

Additional generating 1-cells

Surgery type generating 1-cells:

These are exactly the surgery type generating 1-cells in Sur! (d— 1 i) Recall that these

1-cells are diagrams of the form

Y

® 0= (O-X7O-Y7,l/}0)

X

where (ox,0y,1,) is a symmetric surgery triple, as defined in 2.2.

Additional generating 2-cells

Surgery type generating 2-cells:

Isotopies of Morse data

Y Y
eM
0= (Ux,Uy,’QDU) ® 0/: (0-3(70-§/a¢a’)
X X

where 9 is an isotopy of Morse data and boundary identifications on W (X,Y, o)
from the natural Morse data that W (X,Y, o) is equipped with to the Morse data
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that induce the surgery triple o’.

Naturality type generating 2-cells:

These are the planar surgery diagrams which encode the composition of a symmetric

surgery triple with a diffeomorphism and take the form

A A
¢
Y
o= (0x,0v,9,) ¢*c = (ox,po00y,po,)
X X
A A
g = (O-Y70'Z7¢0') ¢*U = (gbil o O-Yao-Zaqbil O,lvba)
Y
o
X X
A A
0
Y
¢ o = (0x,p00y,po,) o= (ox,0v,¥,)
X X
A A
o= (¢ ooy, 02,07 0hy) o= (0y,02,%)
Y
¢
X X
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Remark 3.3.1. We will denote the structure 2-cells BE’T ) by

C C

U / i
) / ?
Ti g

A A

Remark 3.3.2. For brevity, we may sometimes suppress an explicit green-to-blue
color change when writing a naturality type 2-cell. In such cases, the reader should
interpret the 2-cell as including first a green-to-blue color change, followed by a blue—

red crossing.

Frame change type generating 2-cells:

For each symmetric surgery triple of index £ and each () € GEZZ), we have generating

2-cells that take the form

O

Q0= (oxoQ ' oyoQ 1 ,)

0 = (UXa Oy, wo)
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Additional generating relations

Surgery type relations:

‘Isotopy of Morse data invariance

Y Y Y Y
0 07

o o o = o O o’

X X X X

where 07 and 07 are isotopic isotopies of Morse data. Moreover, we have

Y Y Y Y
Id

o - o = 0 o

X X X X
‘ Compatibility of isotopies‘
y Y y o, y

OM \
-3 : T e /
o 9,( T

X X X X
This relation holds under certain conditions on 6,;, fx and 6y. Namely, 8 denotes

an isotopy of Morse data and boundary identifications on W (X,Y, o), while fx and
0y induce an isotopy of Morse data and boundary identifications on W(X,Y, o). The
above relation holds when the corresponding isotopies of Morse data and boundary

identifications are equal.
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Remark 3.3.3. In section 2.5 we saw how the isotopy extension lemma implies that,
given OM | we can always find compatible fx and 6y. This makes the isotopy of Morse
data 2-cells obsolete. Indeed, for the same reason, they did not appear as relations
at the 1-categorical case. However, they are still useful, as they make the definition

of Sur'® d )1 32 a bit more natural, and, as we will see later, make the functor

or), FO

Cerf data, (or), F°
Sp : Bord — Surl® (dots d: ~)

(d—1; d; d+1)

a bit easier to define.

‘Isotopy of Morse data - naturality cmssz’ng‘

Z| 4 Z Z
¥
Y GM AN Y ¥* 9"
L g @
o T y*t T o 5 Y e
X X X
Z Z 7 Z
4 M
o ? T P, T _— o "”;B
— ‘f.d' (r";
Y b
"’ ¥
X X X X

alongside their mirror images.

‘ Concatenation of isotopies of Morse data‘

y Y y Y

M ~N 9 H* 'é'M

oD
[ Neod
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‘Isotopy of Morse data - frame change crossing‘

Y

X

Y

X

X

X

if the isotopies of Morse data O™ and 6 differ by a path ~ : [0,1] — ngrzc) from Q

to (). Note that this relation trivializes all isotopies of Morse data that come from

loops in ngr,)ﬁ). Moreover, in the special case of the constant path at (), we get the

relation:

Y

Y

X X
Naturality type relations:
Naturality - 4-valence
Z z
LP
v Vig's
o ¢'e o
Y
\|I
X X

X

Q Q.p"
g Q'd‘ Qot
X
Z
yio \Y¥.o
Y
y & 581

alongside their mirror image. We further now introduce surgery diagrams of the form
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Z
z
¥
7 e e
P Y.Yo=yvy, o
y
Y
2 X

alongside their mirror image, representing the same 2-cell as the surgery diagrams in

the above relation. Moreover, we have the following relation:

C C C
g T o Ti
B B’ = B B’
Ti o T o
A A A
‘Natumlity - Reidemeister H‘
72 z 2 V) 2
0
y \ / y Y y
o y'e o TS o
X X X
pd z 2 2
E —
v,o \V/ v.0 = y.o
g
X X X X
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X

Y

z
o P o
/ y
4 4
X
rA
¥
/’\
Yy & Y
X
‘Natumlity - Unitality‘
Y Y
(-4 o :
X X
b4 Y
- \ c :
X X

X

Naturality - C’ompositor‘

z
Yy

' Ve

y 4

y 3 (ko) (q/o\f)‘o—

G
Kol

X

~

137
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(o
Yy b4
* i X
72 2
g
X X
Y Y
25 - 7 =
X X
Y /_. Y
o = =
X X X
Yy 74
? T e
\ Tl gt (k) (y-¢)
o- ~
% Y
7’/
Kol
A
X




alongside their mirror image.

Frame change type relations:

Frame no change

Y Y Y Y
Id

o o o = 0 o

X X X X

‘ Frame change composition‘

Y Y Y

Q Q' QoQ

o Qe a-@d) o Q*Q)eo

X X X

‘mee change - naturality crossing‘

£ S

Zz pd =z
\
Y Q N Y \ Q
o Qo ¥*(Q-0) R o Yo 2 Qe (y*o)
X X P
Z Z
o ? Qo — o e
y ; /" 4 (@0 = y/ ¢, o Q (y, o)
?
¥ X X
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alongside their mirror images.

. . (or), F!
3.3.2 The 2-presentation of planar surgery diagrams Sur( A1 d: ~)
We will define Surgzr_)’lill; ~) by enhancing the presentation Surgzr_)’lfz; -y with some

further generating 2-cells and generating relations.
Additional generating 2-cells

Surgery type generating 2-cells:

A A

T = (Ty,Tz,%r)
Y ¢(o,7)

o= (0ox,0v,%,)

X X

alongside its mirror image. The framed attaching spheres oy and 7y are in cancelling
position in Y. This specifies an embedding of the standard double neighborhood
on the bordism obtained by gluing W(X,Y, o) and W(Y, Z, 7). This embedding, in
turn, determines an elementary death path which specifies a cancelling diffeomor-

phism ¢(o, 7) on the nose.

Crossing

A Z
p:(anpY7¢p> 5:(5Y’75—Z7¢5’)
Y Y’

0 = (O-X7O-Y777Z)O'> ﬁ = (ﬁX?ﬁY’7wﬁ>
X X

Here, as in the crossing relations of Surgzr_)l, ) the following conditions are in place:

e Im(oy) C Y is disjoint from Im(py) C Y.
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Im(py/) C Y’ is disjoint from Im(Gy+) C Y.

Y, 01, = 15 o1, wherever both sides are defined.

e Y,0px =py and ¢Y;00x = Gy

Y,00y =0z and Yz o pyr = pz.

Remark 3.3.4. The above conditions imply that the source 1-cell determines the
target 1-cell on the nose up to a diffeomorphism Y’ — Y.

Additional generating relations

Surgery type relations:

‘ Cusp - isotopy relatz'ons‘

Vi H 74 Z Z

[
. \
\/ q(all P') g y 2

X X X X

alongside their mirror image. Here, 2 and 024 are isotopies of Morse data that remain
in cancelling position throughout. They induce an isotopy of elementary death paths
which in turn determines an isotopy of cancelling diffeomorphisms, 6. Note that in
this case, the data in the left hand side of the relation completely determine the data
on the right hand side of the relation.
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Crossing - isotopy relations

M ~M
~/ ~
P ® o & P a o >
Y ye | e y!
0. \ 0
o 3 o/ X P a X P ot -P—,

Here, 6™ and 024 are isotopies of Morse data that remain in crossing position through-
out. This induces an isotopy of elementary crossing paths which completely specifies
60X and 6% up to an isotopy Y’ x [0,1] — Y that is the identity at time 0. Note
that in this case, the data on the left hand side of the relation determine the data on

the right hand side up to some ambiguity, but the space of ambiguities is contractible.

Eye
Z “

P

"“"_P'<> ¢ Loy p) . ¢ Lo p)
o

X X
‘Merge - unmerge
- 74
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\ Reidemeister 11

Remark 3.3.5. The eye, merge - unmerge and Reidemeister II relations encode the

invertibility of the cusp and crossing 2-cells.

Naturality type relations:

Naturality - beak

X
2
5 P
v y ¥ plys vi*e) = y> ¢lo; p)
o \P‘lo- (o
X X X X
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alongside their mirror images.

Naturality - Reidemeister 111

fup

Q

y/
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alongside their mirror images.

Frame change type relations:

Frame change - cusp‘

2
el
; a7
Y
o
X
2z

alongside their mirror images.

Frame change - crossing

k'P( S P)

P
o

o

Qo p
=l

o

144

o

¢lo; p)

¢lo; p)

yl

[ §5)

QN
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e

I3

1
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or)

3.3.3 The 2-category of planar surgery diagrams Surg A1 d: ~)

We define Surgzr_)l; i ~) by enhancing the presentation Surgzr_)’l;?;; ~) with additional

generating relations, all of surgery type. These new relations encode Cerf homotopies

that cross the codimension-2 strata. We obtain these relations by pulling them back

Cerf, (or) Cerf data, (or) or)
(d-1; d; ~) 20 BOrdigy 4L d-15 d; ~)°

the functors F12* and By, defined in Sections 3.5 and 3.6 respectively, will play a role

from Bord , and finally to Surg Consequently,
here.

We acknowledge that this entails referring the reader to a later section in order to
fully understand a construction appearing here; nonetheless, we believe it is valuable
to provide a complete definition of Surgzr_)l; a4 ~) at this stage. In future work, we
intend to replace this with a smaller set of relations given by an intrinsic description
in terms of surgery data and to prove that these suffice to account for all codimension-
2 relations in Bordgleifl’;(zj)w). Achieving this requires a stability theorem for Cerf
paths—a standard fact, though one not readily found in the literature.

Additional generating relations of surgery type

Swallowtail

“ Z
BH
Sole : =
X
.
. M
= : = -
Y X

145



Here, the surgery data on left hand side 2-cells define a Cerf path on W(X, Z, o)
using F#% o By, which we will denote by {f,} . The conditions for the swallowtail

relation are:

1. There is a two parameter swallowtail homotopy Fj, such that F;, = f, and

gs := Fj 1 is a path of excellent Morse functions.

2. We can equip the path of excellent Morse functions g, with an isotopy of Morse
data connecting o and 7. Note that we can always equip g, with Cerf data that
consist of an isotopy of Morse data connecting ¢ and 7 up to applying a frame
change on 7. The extra assumption we make here is that the embeddings ¢ and
7 are chosen to be isotopic and, thus, no framing flip is necessary to connect
them. #M is an isotopy of Morse data we obtain this way and any two choices

for it will be equivalent due to the faithfulness of the functor Fata,

Remark 3.3.6. In future work, we will show that it suffices to only include the
swallowtail relations for which the isotopies of Morse data 6)',6) and 6} are all
identities. This is especially easy to see in low dimensions. If X,Y,Z are 0- or 1-
dimensional, it is easy to see that any isotopies of Morse data that start in cancelling
position have to remain in cancelling position throughout, hence we can use the cusp
M QM
p Vo
can reach the same conclusion when XY, Z are 2-dimensional using the results in

Appendix C of Behrens’ thesis [Beh14].

- isotopy relations to eliminate 6 and 6M. Albeit a bit less clear a priori, we
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alongside their reflections on the z- and y- axes.

Here, the surgery data on left hand side 2-cells define a Cerf path on the bordism
represented by the source 1-cell using F#%% o B;, which we will denote by {f,} . The

conditions for the beak relation are:

1. There is a two parameter beak homotopy Fj; such that F; o = fs, and g, := Fs
has the Cerf graphic suggested by the surgery diagram on the right hand side..

2. The isotopies of Morse data §M, §M and éé” come from a choice of Cerf data for
{gs} and any two choices will lead to equivalent surgery diagrams due to the
faithfulness of the functor Fdata, Note that a choice of Cerf data resulting in
the surgery diagram always exists since p and p must be isotopic embeddings
by spelling out all the compatibility conditions for the surgery data in the left

hand side diagram.

Remark 3.3.7. In future work, we will show that it suffices to only include the beak

relations for which all the isotopies of Morse data are identities, namely the relations:

-
o e ey
A g b

PI Y plo,x)
S
X
‘ Reidemeister ]H‘
A

e A (3'I e o!
74 7_' z 2%
- e <!

Y Y 7 ¥

o Pl o P’

X X
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Here, we have omitted some labels for readability (and because the Reidemeister I11
relation will eventually be simplified and we won’t have to worry about them anyway).
The same principle as per the two previous relations applies: the surgery data on left
hand side 2-cells define a Cerf path on the bordism represented by the source 1-cell
using F1%% o By, which we will denote by {f;} . The conditions for the Reidemeister

III relation are:

1. There is a two parameter Reidemeister III homotopy F;; such that Fso = fs,
and gs := Fs; has the Cerf graphic suggested by the surgery diagram on the
right hand side..

2. The isotopies of Morse data on the right hand side 2-cell (whose labels are
omitted) come from a choice of Cerf data for {gs} and any two choices will lead
to equivalent surgery diagrams due to the faithfulness of the functor Fda%a. By
spelling out all the compatibility conditions for the surgery data in the left hand
side diagram, we see that there won’t be a need for frame change type 2-cells

on the right hand side surgery diagram.
Remark 3.3.8. We have seen in Lemma 1.8.1 that
mo(Reidy, ElReidy) = 0,

which implies that it suffices to solely include the following Reidemeister I1I relations:

-~

z
’\'
74,
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3.4 Bordism (2,1)-categories equipped with Cerf
paths

Recall that our goal in this chapter is to show that the d-dimensional bordism

(2, 1)-category Bordgz 1. & ~) 1S equivalent to the (2, 1)-category of planar surgery

or)
1; d;

by constructing a functor

diagrams F' Sur® (d . While in principle it should be possible to do this directly

(or) (or)
Sur(d_l; &~ Bord (do1; d: ~)
and verifying the Whitehead criteria, directly checking all the details is overwhelming,
if not utterly unmanageable. It is more instructive to break down the proof of the
equivalence into intermediate steps. The purpose of this section is to describe the first
such intermediate step by introducing the (2, 1)-category Bord((ffrf1 & o)

that the forgetful functor

and showing

Cerf, (or) FCerf (or)
Bord(dfl; &~y T Bo rdd 1 d; ~)

or)
1; d;

Bor d&erfl gr) ., in three stages, constructing a tower of (2, 1)-categories

is an equivalence. Mimicking the construction of Sur'® (d— )y We will introduce

Cerf, (or), 3°
Bo d(dfl; d; ~)

|

Cerf, (or), F
Bord "y . N)

J

Cerf, (or)
Bor dd 1; d; ~)

We begin now by introducing Bord(cderf1 o )N)SVO .

Remark 3.4.1. Verifying all of the coherence data required to define a symmetric
monoidal bicategory is a formidable task. Fortunately, there is a convenient
framework for constructing symmetric monoidal bicategories due to Shulman and
Hansen [SH19], which works exceptionally well for bordism bicategories and applies
to Bordczfrf1 Zr) )? as well as all other bordism (2, 1)-categories we will consider.
This approach is explained in detail in Chapter 3 of [SP14], and we encourage
the interested reader to consult it for more background. In this thesis, we will

define all necessary bordism (2,1)-categories somewhat informally by specifying
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their morphisms and their composition, while implicitly relying on the framework
of Shulman and Hansen to guarantee that the resulting structures indeed form

symmetric monoidal bicategories.

Cerf, (or), F°

3.4.1 The bordism (2,1)-category Bord; | ;" J

Cerf, (or), F'

(d—1; d; ~) " is defined as follows:

The bordism (2, 1)-category Bord
0-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

A 1-cell between 0-cells Y, and Y] is a d-dimensional cobordism

W = (W; OoW,00W; 1y : 0W — Yy, 11 : HW — Y1)
equipped with a collar and an excellent Morse function
[ (W5 QW 00W) — (I; {0}, {z}),

where [ is the interval [0,:]. Composition is by gluing of cobordisms and Morse func-
tions, with the help of the chosen collars.
2-cells

We will first need a preliminary definition:

Definition 3.4.1 (Cylindrical 2-cobordisms). Let W, and W) be two cobordisms
from Yy to Y;. A cylindrical 2-cobordism Z x [ between them consists of the

following data:

1. A smooth manifold with corners (Z; 0yZ,0,Z) x I obtained as the product of
a smooth manifold triad with I = [0, 4].

2. Isotopies of diffeomorphisms jo: Yo x I — 9yZ x I and j; : Y1 X I — 01 Z x I.
3. For each t € I, we have an induced cobordism
Zy = (Z; 00Z,00Z; jo(—,1) : Yy = O Z, j1(—,t) : Y1 — O 7).
Part of the data of the cylindrical 2-cobordism Z x I are equivalences of

cobordisms hg : Wy — Zy and hy : W, — Z5.
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This data is required to satisfy compatibility conditions on the corners, namely:

Wo — s 7 % {0} v, %y o)

xS !

Yy 1%y o) Wy —12 s Z % {0}
and

Wy My 7w (1) v, Uy oy

I !

Yy Sy ) Wy M 7w {1

Pictorially, we can organize the data of a cylindrical 2-cobordism as follows:

Yy Y; x I
o — -
o [
alZ x I
ho h1
Wyl —— Z x I —
a()Z x I
e [ o
o — = <——
}/b )'() X 1

We will refer to Z x {0} U Z x {1} as the vertical boundary and 0yZ x I U0, Z x I

as the horizontal boundary of (Z; 0pZ,01Z) x 1.

), F°.

We can now describe the 2-cells in Bord(cdeifl’,(z,lr oE

Let (Wy, fo) and (W1, f1) be two 1-cells from Yj to Y;. A 2-cell between them is (up
to soon to be specified equivalence) a cylindrical 2-cobordism Z x I between W, and
W1 equipped with a path of excellent Morse functions {g,} such that the boundary

equivalences of cobordisms hg and h; are Morse function preserving diffeomorphisms

hie - Wi, fr) = (Zy, gr), for k= 0,4.
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Moreover, the 1-cells (Wy, fo) and (W1, fi) are cobordisms equipped with the germ
of a collar and the 2-cobordism Z x I comes equipped with a compatible germ of
a collar both in its horizontal and vertical boundary, with the Cerf path remaining
constant throughout the vertical and horizontal collars. Pictorially, we visualize a

2-cell as follows:

Y1 Y, x 1 Y1
o — «—— @
lon [ I
alZ x I
hO 7 % I hl
W07f0 I e thl

A path {gs} in F°(2)

aozX]

Equivalence relation
Let (Wo, fo) and (Wi, f1) be two 1l-cells from Yy to Y and let (Z x I,{g.}),
(Z" x I',{g.}) be two 2-cells between them. Instead of spelling out all of the data

symbolically, let’s make them explicit through the following two pictures:
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Y3

lon

W07f0

W07f0

ZOO

Yo

There are three kinds of relations we quotient out by:

Yy x I
H %
|1
81Z x I
hO Z X [ hl
{gs}
80Z x I
Jo
7 Yo X 1 “*
Y, x I’
H %
14
T x T
K, Z'x I K,
{g.}
I x I'
7
7 Yo x I’ o

Wl)fl

lo

Wl)fl

Lo

1. Reparameterization of the interval I. Namely, consider any interval I" = [0, 7]
and a diffeomorphism ¢ : I — I’ such that ¢(0) = 0 and ¢(i) = ¢’. This induces

a diffeomorphism
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We then get an equivalent 2-cell by taking

e 7' =7

. h{):hoandh’lzhl

e jo=Pojyand j; =Poj;

* Y= Go1(s)

. Change of the underlying smooth manifold triad. Namely, consider another
smooth manifold triad (Z’; 0yZ’,01Z') and a diffeomorphism of smooth
manifold triads d : (Z; 0yZ,0Z) — (Z'; 00Z',01Z'). This induces a

diffeomorphism
D=dxId;: ZxI—7Z x1.

We then get an equivalent 2-cell by taking

L] [/ = [

e hy=Dohy=dohyand hy =Doh; =doh

e jo=Dojyand j; =Doj

* gi=gso d-!
. Homotopy of excellent Morse functions and compatible isotopy of boundary
identifications. Namely, let G, be a homotopy of excellent Morse functions that
remains constant through the germ of a collar of Z x I such that G;¢ = gs. Let

Hy, (respectively H;,) be an isotopy of diffeomorphisms between cobordisms
Wy — Zy (respectively Wy — Z;) such that

Hy, : (W(]a fo) = (707 Got)

and, respectively,
Hyy: (Wh, i) = (Z1,Ghy)

are Morse function preserving. Lastly, let Jy; (respectively J;,.) be an isotopy
of isotopies between Yy x I and 0yZ x I (respectively Y; x I and 1 Z x I),
compatible with Hy; (respectively H; ;). The compatibility conditions spelled

out are:
Wy —2ts 7 % {0} v, %y« fo
Loo]\ TJO,t Lml ljl,t
Yo % v« {0y Wy —2s 7 % {0}
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and, respectively,

Wy w1 v, Uy oy
Llo]\ TJo,t Lul J/Jl,t
Yy Sy W, M 7% (1)

We then get an equivalent 2-cell by taking

Z'=Zand I =T

h() = HO,l and hll = Hl,l

= Jo,1 and Jj1 =11
. gé =G

Cerf, (or), 3°

This equivalence relation completes the definition of the 2-cells in Bord (et d; ) -

The horizontal composition of 2-cells (in our diagrams this refers to composition
going up along the page) is given by reparameterizing and gluing with the help of
germs of collars. There is no canonical way of doing that, but any two choices will
lead to equivalent 2-cells. The vertical composition (in our diagrams this refers to
composition going from left to right along the page) is determined by the relations

above and by defining the composition

Yi . Y x I HY1H Y x K . Yi
J1 . N l/i
l l Jil—,1? :i 770 l
o nTZ x I i) 7 x K =
h Z x 1 Zx K h
W07f0 ’ & E / <71 W17f1
0 Z x I 07 x K
s 0 (= 8)=1(=,0) L Lo
T/ T./l)
°« — — 0 — - - +— o
}/0 )[) X 1 }/b Y“ X 1\ }/b

to equal the 2-cell
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Yy Vi x (I + K) Yy

° — —
ln \“ *Ji I
hZ x(I+K)
ho Zx(I+K) hy
W07f0 — { ,} A W17f1
gq*ge
Z x (I +K)
loo “i % 5! Lo
v, Yo x (I + K) —*y

This completes the definition of Bordcderf1 p )rfo .

Cerf, (or), F*

3.4.2 The bordism (2,1)-category Bord, "} "0

The bordism (2, 1)-category Bord(cderf1 (zr ) 7 is defined as follows:
0O-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

A 1-cell between 0-cells Y and Y; is a d-dimensional cobordism
W = (W; OW,00W; 15 : OW — Yy, 11 : OW — Y7)
equipped with a collar and an excellent Morse function
f (W5 OW,00W) — (I; {0},{i}),

where I is the interval [0,:]. Composition is by gluing of cobordisms and Morse func-

tions, with the help of the chosen collars.

2-cells
The 2-cells of Bordglerf1 gr ? " are defined exactly like the 2-cells of Bordglerf1 gr) ;’r O,

but the path (gs) of functions can now be any Cerf path and is not restricted to be a
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path of excellent Morse functions. A 2-cell is further equipped with a partition into
cut-times (cy < ... < ¢,) such that (gs)scfas,as,,) 18 €ither a path of excellent Morse

functions, or a birth-death path or a crossing path.

Equivalence relation

The equivalence relation on the 2-cells of Bordﬁlerf1 d);fo also apply here.

Furthermore, we have:

1. Homotopy of birth-death paths and compatible isotopy of boundary identifi-
cations. This relation applies if the path (gs) is a birth-death path and the
partition into cut-times is just (ag, a1 ). Its form is then exactly the same as the

homotopy of excellent Morse functions relation.

2. Homotopy of crossing paths and compatible isotopy of boundary identifications.

This is exactly analogous to the relation above.

3. Isotopies of partitions. Birth of new partition times. Removal of a partition
time if the resulting partition is admissible. For example, if (gs)scfa; ;) 15 @
birth-death path and (gS)SE[ai,ai L] is a crossing path, we cannot remove time a;
from the partition. These guarantee that any two partitions into cut-times are

equivalent.

4. Eye birth-death, merge-unmerge and Reidemeister II homotopies of Cerf paths

and compatible isotopies of boundary identifications.

5. Naive Cerf homotopies and compatible isotopy of boundary identifications.
These are the Cerf homotopies that witness a codimension-2 phenomenon in
the simplest possible way, namely by passing through functions that have two
cusp critical points or two pairs of Morse critical points at the same critical

level or one of each.

Composition in Bord&crf1 o er), )5: " is defined just like in Bordcffrf1 (ET)N) :

3.4.3 The bordism (2,1)-category Bord(;";} '

) N)
This is simply the quotient of B01rd<cderf1 Zr)’) by the Cerf homotopies that cross

F? (swallowtail, beak and Reidemeister II1T) and compatible isotopies of boundary

identifications.
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Proposition 3.4.1. The forgetful functor

FCert . BopqCert (or) “ = Bord

(d—1; d; dldw)

is an equivalence of bicategories.

Proof. This is an immediate consequence of the genericity of Cerf paths and density

of Cerf homotopies. O

3.5 Bordism (2,1)-categories equipped with Cerf
data

The purpose of this section is to introduce the second intermediate step in relating
Bordgzr 1 d; ~) With Sur(”” 0 1 4: ~)» hamely the d-dimensional bordism (2, 1)-category
equipped Wlth Cerf data Bordcderf1 (zr) ) In analogy with section 2.3, we will construct

Bo d((fierfl Zr .y in three stages, building a tower of (2, 1)-categories

Cerf data, (or), F°
B rd(d—l; d; ~)

|

Cerf data, (or), F*
B d(d—l; d; ~)

|

Cerf data, (or)
B d(dfl; d; ~)

We begin by introducing a convenient refinement of Morse data.

3.5.1 Colored Morse data

Recall from Definition 1.3.15 that Morse data for an excellent Morse function f consist
of a collection of standard Morse model embeddings, a horizontal distribution, and
a choice of regular level sets, all subject to the specified compatibility conditions.
In addition, we label the intervals between consecutive regular values: red if the
interval contains a single critical value, and blue otherwise. To more closely parallel
the definition of Sur'®" (d 1 4 ~)» it is convenient to refine this structure by allowing four
possible labels for such intervals: red, blue, green, and transparent. The admissible

labelings are defined as follows.
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Definition 3.5.1 (Admissible labelings). Let a; and a;41 be two consecutive regular
values chosen as part of the Morse data of f. An admissible labeling of the interval

la;, a;11] is given by:
1. If there exists a critical value in [a;, a;11], then the interval is labeled red.
2. If there is no critical value in [a;, a;41], then:

o If the horizontal distribution induces a diffeomorphism f~'(a;) —
f~Ya;y1) that is not merely a permutation induced by a symmetric group

action on the connected components, then the interval is labeled blue.

o If the induced diffeomorphism is given by a nontrivial symmetric group

action, then the interval may be labeled either blue or green.

o If the induced diffeomorphism is the identity, then the interval may be

labeled either blue, green, or transparent.
Combining this with Definition 1.3.15, we obtain:

Definition 3.5.2 (Colored Morse data). Let f : W — I be an excellent Morse
function, and let Crit(f) denote its set of critical points. A choice of colored Morse

data associated with f consists of:

o for each p € Crit(f), a pair of standard Morse model embeddings
(0ps &)1 MLy(,y — W adapted to f at p;

e a horizontal distribution 7 compatible with every standard Morse model
embedding (¢, ¢,,);

 acomplete set of regular values {ay < - -+ < a,,} compatible with every standard
Morse model embedding (¢, ¢,);

« an admissible labeling of the intervals [a;, ;1] for all 0 < ¢ < m — 1.

For brevity, we denote a choice of colored Morse data for f by CD;. The set of
all such choices is written CMD(W; f), and the set of all pairs (f,CD;) is denoted
CMD(W).

We now define paths of colored Morse data. As in the case of ordinary Morse
data, this is done by introducing the graph CMD (W), adapting Definition 1.3.16.

Definition 3.5.3. The directed graph CMD(W) is defined as follows:
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1. Vertices. The vertices are the elements of CMD(IV), i.e. a Morse function on

W together with a choice of colored Morse data.
2. Edges. There are three kinds of edges:

(a) Isotopy edges: given by a path of Morse functions, together with a smooth
isotopy of standard Morse model embeddings and a compatible isotopy
of horizontal distributions, keeping the set of regular values fixed. These
occur only between vertices whose colored Morse data use only red and
blue labels.

(b) Color-changing edges: changing labels from transparent to green or from

green to blue, and their inverses.

(¢) Regular-value edges: corresponding to the birth or death of a regular value.
Here the Morse function and horizontal distribution remain fixed, while
the standard Morse model embeddings at the source vertex canonically
determine those at the target vertex by flowing along the horizontal
distribution until the compatibility conditions are satisfied. For a death
move, i.e. merging two intervals, the labels of the source vertex determine

the labels at the target as follows:

transparent + anything + anything,
red 4+ blue +— red,
red 4+ green ~— mnot allowed,
blue + blue + blue,
green + green +— green,

green + blue +— not allowed.

A birth move is defined as the inverse of a death move.

A path in CMD(W) is a finite directed path in this graph. Every path in CMD (W)
has an inverse. Similarly, we define the directed graph CMD(W; f) by requiring the
Morse function f to remain fixed throughout, and we define paths in CMD(W; f)

accordingly.

Remark 3.5.1. This is the analogue of Remark 1.3.11 in the colored setting. Isotopy
edges naturally encode paths ~: [0,1] — CMD(W). Likewise, we may associate
regular-value edges with paths v: [0,1] — CMD(W). Such paths are piecewise
constant: they remain constant before and after the birth or death of a regular value.

Throughout such a path, the horizontal distribution stays fixed, while one or more

160



of the set of regular values, the standard Morse model embeddings, and the interval
labels may change at the critical time.

We will often represent paths in the graph CMD (W) as actual paths in the set
CMD(W), from this point of view. For example, we will typically denote an element
of CMD(W) by (f,CDy) and a path in CMD (W) by (fs,CDy,).

Definition 3.5.4. Two paths in CMD (V) are said to be equivalent if they are related

by the equivalence relation generated by the following moves:

1. The isotopy, commutation, and regular-value moves in MD(W), as defined in
Definition 1.3.17.

2. Additional regular-value moves:

(a) Suppose two consecutive intervals can be merged by the death of a regular
value, producing a final interval labeled fy. If the labels of the initial
intervals can be changed so that their merge instead yields a final interval

labeled f;, then the following two paths are equivalent:
(i) perform the merge and then change the label fo — fi (if fo # f1);
(ii) first change the labels of the initial intervals and then perform the

merge.

For example, if two consecutive intervals are labeled green, then performing
the death that merges them—yielding a green interval-—and subsequently
changing its label to blue is equivalent to first changing the two green

intervals to blue and then performing the death.

(b) If the inverses of two paths are related by move (a), then the paths

themselves are also related.

(¢) Any two sequences of label changes with the same endpoints are equivalent.
In particular, the composite of a label-change path with its inverse is

equivalent to the constant path.
Equipped with this definition, we can now show the following:

Lemma 3.5.2. Any two paths of regqular-value edges in CMD(W; f) with the same

endpoints are equivalent.
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Proof. The argument proceeds by reduction to a normal form, just as in

Lemma 1.3.14. We distinguish two cases.

Case 1: The endpoints lie in MD(W; f). In this case every interval between
consecutive regular values is labeled either red or blue. We show that any such
path in CMD(W; f) is equivalent to a path entirely contained in MD(W; f).

If the path consists exclusively of label changes (and hence no births or deaths
of regular values), then the claim follows directly from move (c) of Definition 3.5.4,
which relates any two sequences of label changes with the same endpoints.

Suppose instead that the path contains births or deaths of regular values. We
first show that it is equivalent to a path with the following property: whenever two
intervals are merged or unmerged during a birth or death, both are labeled red or
blue. To achieve this, consider any merge or unmerge that fails this property. Apply
move (c) to rewrite a participating interval labeled ¢ as ¢ — blue — ¢, and then use
move (a) or (b) of Definition 3.5.4 to adjust accordingly. This produces a path with
the desired property.

Thus every interval labeled green or transparent arises only through a label change,
and such intervals disappear (via a label change) before they interact with any birth
or death of regular values. Consequently, the path reduces to one consisting only of

red and blue intervals, and the proof of Lemma 1.3.14 applies to yield a normal form.

Case 2: The endpoints lie outside MD(W; f). In this case, we use move (c) of
Definition 3.5.4 to pre- and post-compose the given path with paths equivalent to
the constant path, which rewrite any interval labeled ¢ (transparent or green) as

¢ — blue — ¢. This reduces the situation to Case 1 and completes the proof.
]

Corollary 3.5.3. Let g, 1 be paths in CMD (W) sharing the same endpoints. If their
induced paths of partial Morse data are equivalent in PMD (W), then 7o is equivalent

to 1.

Proof. This is a consequence of Lemma 3.5.2 together with the commutation

moves. ]

Definition 3.5.5. A colored Morse data preserving diffeomorphism is a Morse data
preserving diffeomorphism in the sense of Definition 1.3.18, considered between 1-cells
equipped with colored Morse data. In particular, we do not require it to preserve the

labels of the corresponding intervals.

Cerf data, (or), F°

We can now introduce Bord( A1 d: ~)
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3.5.2 The bordism (2, 1)-category Bordaeifl;dzt;a;)(or), F0

The bordism (2, 1)-category Bord(czleffl;dflfa’w)(or)’ 7 is defined as follows:
0-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

A 1-cell between 0-cells Y, and Y; is a d-dimensional cobordism
W = (W; OW,00W; 19: OW — Yo, 11 : LW — Y7)
equipped with an excellent Morse function

(W5 oW, 00W) — (I; {0},{7}),

where I = [0, ], together with associated colored Morse data, denoted CDy.
Recall from Definition 3.5.2 that €Dy consists of:

standard Morse model embeddings adapted at the critical points of f;

a horizontal distribution for f, compatible with the vector fields induced by the

standard embeddings on their images;

a choice of regular level sets, compatible with the embeddings and including

the boundary levels;

an admissible labeling of the intervals between consecutive regular values.

Composition of 1-cells is given by gluing cobordisms and gluing Morse functions, us-
ing the collar germs induced by the horizontal distributions that are part of the Morse
data.

2-cells
Let (W, fo, CDy,) and (W1, fi, CDy,) be two 1-cells from Yj to Yi. A 2-cell between

them is, up to a soon-to-be-specified equivalence, a cylindrical 2-cobordism
Z x I
between W, and W, equipped with:

« a path of excellent Morse functions {gs}, and
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« an associated path of colored Morse data CD,_, as in Definition 3.5.3.

We will view such a path of colored Morse data as a map ~: [0,1] — CMD(W),
following Remark 3.5.1. It comes equipped with cut times 0 =cy < ¢y < -+ < ¢ =1
such that each restriction 7|, ., ,] represents an edge in the graph CMD(W): either
a smooth isotopy (labeling an isotopy edge) or a piecewise constant path (labeling a
regular-value edge), as in Definition 3.5.3.

The boundary identifications are required to be colored Morse data preserving

diffeomorphisms:

ho : (W(), f(]) eﬂfo) - (707 9o, eggg);
ha <Wl’ fl’ Gﬂfl)*)<7ia gHGDgz)

The Morse data €Dy, and €Dy, induce collar germs on the boundaries of the 1-cells.
Similarly, the path €D, induces a collar germ on the vertical boundary of 7 x 1. We
require that the boundary identifications hg, h; respect these collar germs, since they
are Morse data preserving.

Finally, we further equip Z x I with a collar germ along its horizontal boundary
and require that the Cerf path and the associated colored Morse data remain constant

along this horizontal collar.

Pictorially, we visualize a 2-cell as follows:

Y1 Yy x I Y1
o — «—— o
ln 1 I
alZ x I
Z x 1
ho hy
W07f07CDf0 — A— Wl?flachl
{gS’OD.(]s}

a()Z x I
loo [‘/n Lo
[ J— = «— o
Y, Yo x I Y,

164



Equivalence relation

Let (W, fo,CDy,) and (Wi, f1,CDy) be two l-cells from Yy to Y; and let
(Z x I,{gs,CDy.}), (Z" x I',{g.,,€Dy }) be two 2-cells between them. Instead of
spelling out all of the data symbolically, let’s make them explicit through the following

two pictures:

Y1 Yy x I Yi
e — «— o
lOl l/l lll
(‘31Z x I
Z x I
ho hl
W07f07CDfo — < Wl?flacDﬁ
{QS?CDQS}
802 x I
b Ti o
o — «—— @
}/0 S() x I }/b
Y1 ix I Y1
o — <— @
lo1 Lll I
0 7' x I
hl 7' x I K,
W()?anCD - < Wl?flaoD 1
" {glqaCDgg} !
002 x I
loo Tj‘/’ l1o
o — = ; — o
1/6 S() x I S/b
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There are four kinds of relations we quotient out by:

1. Reparameterization of the interval /. Namely, consider any interval
I' = [0,7] and a diffeomorphism ¢ : I — I’ such that ¢(0) = 0 and ¢(i) = 7'.

This induces a diffeomorphism
O=Idyx¢p: Zx1—7ZxI.
We then get an equivalent 2-cell by taking

L] ZI:Z

h6 :ho and hll = hl
o ¢ =o¢(c)
e jo=®ojpand j; = Poj;

* 9o =9go1(s) and Dy =Dy,

2. Change of the underlying smooth manifold triad. Namely, consider
another smooth manifold triad (Z'; 0yZ', 01 Z') and a diffeomorphism of smooth
manifold triads d : (Z; 0yZ,00Z) — (Z'; 00Z',0,Z'). This induces a
diffeomorphism

D=dxId;: ZxI—7Z x1I.

We then get an equivalent 2-cell by taking

e hy=Dohy=dohyand hy =Doh; =doh

Jy=Dojoand = Dojy
o go=gsod ' and Dy =do D,

3. Equivalence of paths of colored Morse data and compatible isotopies
of boundary identifications. This relation is given by an equivalence between
two paths of colored Morse data €Dg, and CD¢; as in Definition 3.5.4. We do
not require this equivalence to fix the endpoints of the paths. However, we do
assume that the initial and final endpoints are related by isotopies of colored

Morse data (i.e. the number of regular values remains constant).
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More explicitly, suppose we are given isotopies €Dy and €D, ; of colored Morse
data such that:
GDOJ: @@GO ~ GDG67

C@liz G@Gj ~ eDgg,
where the paths D¢, and €D¢: are parameterized by [0, j].

Our compatibility condition for the boundary identifications is as follows. There

exist isotopies
Hoy: Wo — 7, Hip:Th — 7

such that
HO,t: (W(); egfo) - (77 G‘DO,t)a Hl,t: (Wh e‘Df1) - (77 e®1,t)

are colored Morse data preserving diffeomorphisms for all ¢. In addition, there

exist isotopies of isotopies
J(MZYE)XI*)aoZXI, Jl,t:lelﬂale]

compatible with Hy; and H 4, in the sense that the following diagrams commute
for all ¢:

1d x {0}

Wo — 7 x {0} Yi Y1 x {0}
R
Yy 1%y o) Wy —22% 7 % {0}
W, M 7 % {1} v, Uy
o I S
Yy Sy W, M 7 % {1}

We then obtain an equivalent 2-cell by setting:

. 7'=7,
o the final path of colored Morse data on Z to be CDg,
. h6 = H(),l and hll = Hl,la

® j(’) = Jo,l and ]1 = J1,1'
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4. Frame change. Let {¢s : M} — Z} be an isotopy of standard Morse model
embeddings that is part of D, , and let {Qs} be a path in GESL) Consider the
isotopy of Morse data D', obtained by substituting {¢s : M}’ — Z} in D,
with {Qs - ¢s : M' — Z} and keeping all other elements of D, the same. We
then get an equivalent 2-cell by taking

e ZJ'=Z,I"=1I,and ¢, =¢
L h{]:hoandh’lzhl

s Jo=Jjoand j; = ji

» g.=gsand Dy = D'y,

This completes the description of the relations. Finally, the composition in

Bo d(cderf1 dzta )(Or)’ 7 is defined in direct analogy with the composition in

Cerf data, (or), F0

Cerfor?~
Bord (d—1; d; ~)

(do1: d: ~) , which completes the definition of Bord

Consider the forgetful functor

Cerf, (or), 30

data , Cerf data, (or), F°
Fo™™ : Bord (d—1; d; ~)

(de1; d ~) — Bord

that simply forgets the Cerf data.

Proposition 3.5.1. The functor F@®® is an equivalence of symmetric monoidal

bicategories.
Proof. We will apply the Whitehead criteria:

« Being essentially surjective on O-cells: F§# is the identity (and hence essentially

surjective on 0-cells).

» Being essentially full on 1-cells: According to the Morse lemma, every smooth
manifold triad that comes equipped with a Morse function admits compatible

Morse data, which implies that F§#® is full (and hence essentially full) on 1-cells.

o Being full on 2-cells: Let (W, fo,€Dy) and (Wi, f1,CDy,) be two 1-cells
from Yy to Y. Let (Z x I1,{gs}) be a 2-cell between (Wy, fo) and (W7, f1)
in Bordcderf1 (gr) 2
boundary 1dent1ﬁcations Jos 1. We must show that there exists a path of colored

Morse data {€D,, } associated with {gs} on Z x I, and that hy (respectively hq)

, with vertical boundary identifications hg, h; and horizontal
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is colored Morse data preserving with respect to €Dy, and €D, (respectively
CDy, and CD,,).

The proof of the faithfulness of the functor

Morse, (or), F0

data, , Morse data, (or), F°
F5**: Bord (d—1; d)

given in Proposition 2.4.1 implies that there exists a path of partial Morse data
{PD,,} associated with {gs} on Z x I, and that hy (respectively hy) is partial
Morse data preserving with respect to PDy, and PD,, (respectively PDy, and
PD,).

Such a path of partial Morse data canonically determines a minimal path of

colored Morse data, where:

— all intervals are labeled red or blue, and

— all regular values are determined by the standard Morse model embed-

dings.

The colored Morse data at the endpoints of this path may not agree with €Dy,
and CDy,. In that case, we adjust the colored Morse data at the endpoints

using the colored version of Lemma 1.3.12.

This completes the proof that a path of colored Morse data {€D, } with the

desired properties exists.

Being faithful on 2-cells: Let (Wy, fo, CDy,) and (W, f1,€Dy,) be two 1-cells
from Yy to Yy, Let (Z x I,{gs,CDy,}) and (2" x I, {g,,CDy }) be two 2-cells
between them and let’s assume that the 2-cells (Z x I,{gs}) and (Z' x I',;{g.})

are equivalent in Bordcderf1 g~y - We will then show that (Z x I,{gs,CD,.})

and (Z' x I', {g.,CD, }) are equ1valent in Bordcdcrf1 dzta )(or . After the proof

of the fullness of Fd** it suffices to only consider the case when (Z x I,{gs})
Cerf, (or), 39
(d=1; d; ~) *
Moreover, using Lemma 3.5.2, it suffices to show that there exists an equivalence

and (Z' x I';{g.}) are related via a generating relation in Bord

of the underlying partial Morse data. We will start with some special cases and

we will then reduce all other cases to those:

1. First, we will address the case (gs)ser = (¢.)ser and then we will reduce
all other cases to this one. In this case, PD,, and PD’, will be two paths

of partial Morse data on the same path of excellent Morse functions g,.
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Moreover, let’s assume that the identity Z — Z is colored Morse data
preserving for (€D, CD’, ) and (CD,,, CD’,.). Let’s suppose without loss
of generality that gy has a single critical point of index k (the case when
go has no critical points is easy and if it has more than one critical points,

we can decompose it into elementary pieces that don’t).

Let 3°(Z),, (respectively MD(Z),,) denote the connected component of
go in FO(Z) (respectively MD(Z)). Cerf’s fibration lemma implies that we

have a fiber bundle
MD(Z),,

|

FNZ) o

There is a free action of G, ;) on MD(Z),, which induces a fiber bundle

g0

(n,k)

MD(Z)QO/G

FNZ) o

whose fiber, MD(Z; go) /Gor is contractible. Since we assume that the
90: PD'g) and (PD,,, PD’,.),

(nk)

identity on Z is Morse data preserving for (PD

the images of PD,, and PDy in MD(Z),, Jaor are two paths with the
(k)

same endpoints over the same path in F°(Z),,. The long exact sequence

in homotopy groups then implies that PD, and PD, are connected

in MD(Z),, /Gor through an endpoint preserving homotopy H. Thus,
(nk)

there exists an endpoint preserving homotopy in MD(Z),, from PDy, to
a path of Morse data that coincides with PD, up to a path in G‘()fl k)

which implies that the original two 2-cells we considered are equivalent in

Cerf data, (or), F0
Bord(dfl; d: ) .

. We will now assume that (gs)ses is isotopic to (g.)ses rel boundary and
again assume that the identity Z — Z is colored Morse data preserving
for (€D,,,CD’,) and (CDy,,CD’,,). The same proof as above will apply

in this case.

. Second, we will consider the same case as above but now we will not assume
that the identity on Z is colored Morse data preserving for (€D,,, CD', )
and (CD,,,CD’,,), but rather two, potentially different, diffeomorphisms
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isotopic to the identity are. This reduces to the previous case. We have
colored Morse data preserving diffeomorphisms hg, h{ and an isotopy H
between them. This induces an isotopy on Z x [ that agrees with H
on Z x {0} and is constantly the identity on Z x {i}. This in turn
induces an isotopy of Morse functions and colored Morse data on Z x [
ending with a path of colored Morse data €D, such that the identity
on Z is colored Morse data preserving for (€D, ,CD", ) and, moreover,
¢D", = CD’,,. We then apply the same argument on the other end and

recover the conditions of the previous case.

4. Third, we will consider the general case when (gs) and (g,) are connected
via path of excellent Morse functions and there is also a compatible isotopy
of boundary identifications. This can now be reduced to the above two.

5. The other generating relations in Bordgfrf1 d) .y translate verbatim to

Cerf dat F0
relations in Bord( PRy z.aw)(Or) .

Cerf data, (or), F!

3.5.3 The bordism (2, 1)-category Bord(dil; d: ~)

This is now defined in analogy with Bordcderf1 (;r) 7 Namely, the bordism (2, 1)-

~)
Cderf1 di}ta )(Or) 7 is defined as follows:

category Bord
0-cells

Closed, (oriented) (d — 1)-dimensional manifolds.

1-cells

Exactly the same 1-cells as Bord%eifl;dza’w)(or)’ 7

2-cells

The 2-cells of Bord(iierf1 dzta )(Or) are defined exactly as in Bordgeifl.dj;a’w)(or)’ 70

that the path (gs) of functions and the associated Cerf data may now be any

, except

elementary Cerf path with associated Cerf data, and are no longer required to form

a path of excellent Morse functions.

A 2-cell is further equipped with a partition into cut times ¢y < --- < ¢ that refines

Cerf data, (or), F°
(d—1; d; ~)

(gs)se[ci,ci+1} may now also be:

the cut times used in Bord . For each interval [¢;, ¢;11], the restriction
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« an elementary birth—death path (with associated Cerf data, i.e. Morse data at
its endpoints that determine the path), or

 an elementary crossing path (again with associated Cerf data given by Morse

data at its endpoints).

Moreover, the Morse data must be compatible at all cut times.

Equivalence relation
All of the relations in Bord

Cerf data, (or), J

(d-1; d: ~) 7 also apply here. Furthermore, we have:

1. Homotopy of elementary birth-death paths and compatible isotopy of boundary
identifications. Here we only regard homotopies that come from isotopies
of standard birth-death model embeddings, or equivalently from isotopies of
standard Morse model embeddings in cancelling position. This relation applies
if the path (gs) is an elementary birth-death path and the partition into cut-
times is just (ag,a1). Its form is then exactly the same as the homotopy of

excellent Morse functions with associated Morse data relation.

2. Homotopy of elementary crossing paths and compatible isotopy of boundary
identifications. Here we only regard homotopies that come from isotopies
of standard Morse model embeddings in crossing position. This is exactly

analogous to the relation above.

3. Eye birth—death, merge—unmerge, and Reidemeister II Cerf homotopies. Here,
two 2-cells are equivalent if their underlying Cerf paths are equivalent via one

of these three kinds of homotopies.

4. Naive Cerf homotopies alongside compatible homotopies of Cerf data and
compatible isotopy of boundary identifications. Recall that these are the Cerf
homotopies that witness a codimension-2 phenomenon in the simplest possible
way, namely by passing through functions that have two cusp critical points or

two pairs of Morse critical points at the same critical level or one of each.

Cerf data, (or), F* .
(d—1; d; ~)

Consider now the forgetful functor

Cerf data, (or), F°

is defined just like in Bord (do1: d: ~)

Composition in Bord

data Cerf data, (or), F* Cerf, (or), F!
Fy7 e Bord gy g0 — Bordy_1. . L)

that simply forgets the Cerf data.
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Proposition 3.5.2. The functor F#® is an equivalence of symmetric monoidal

bicategories.

Proof. Applying the Whitehead criteria in this case includes everything we covered

in the proof of proposition 3.5.1. The extra things we need to check are:

e For fullness on 2-cells:

— Every birth-death path is isotopic to an elementary birth-death path
conjugated by isotopies of Morse data fixing the starting point. This

follows from lemma 1.6.2.

— Every crossing path is isotopic to an elementary crossing path conjugated
by isotopies of Morse data fixing the starting point. This follows from
Lemma 1.6.8.

e For faithfullness on 2-cells:

— If two elementary birth-death paths are connected via a path of birth-
death paths, then they are connected via a path of elementary birth-death
paths induced by an isotopy of standard birth-death model embeddings.
This is lemma 1.6.3.

— Every homotopy of crossing paths between two elementary crossing paths
is homotopic to a homotopy of elementary crossing paths induced by an
isotopy of standard Morse model embeddings in crossing position. This

follows again from lemma 1.6.8.

3.5.4 The bordism (2, 1)-category Bord(cdeffl;dzt;a:v)(or)

Cerf, (or)
(d—1; d;

collection of generating relations R consisting of Cerf homotopies—namely, the

.y as the quotient of Bordcderf1 d)N;f ' by a

Earlier, we constructed Bord
Cerf homotopies that cross the codimension-2 stratum F? (swallowtail, beak, and
Reidemeister III).

We now construct Bordgfrf1 dzta )(Or) as the quotient of Bordglerf1 dzta )(Or)’ 7 by the
pullback of R along Fdaa  Since we are pulling back precisely the new relations in
Bord %t 1) ., along Fdata which we have already shown to be an equivalence, it

(d-1; d;
follows that the induced forgetful functor

data . Cerf data, (or) Cerf, (or)
Fia: Bord (™ % () — Bord
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is well-defined and is an equivalence of bicategories.

3.6 The equivalence between F SurEZ?l; i ~

(or)
Bord(d_l; & ~)

) and

The purpose of this section is to prove that

(or) ~ (or)
FSur(d_l; 4~ = Bordty

To this end, we compare the towers

(or), 0 Cerf data, (or), FO
FSurg5 g Bordy 4 )

(or), F1 Cerf data, (or), F*
FSur, 7 ) and Bord ;" 4.

| |

(or) Cerf data, (or)
FSurgZy; g Bordg_y;'4; )

and show that they are levelwise equivalent.  Together with the fact that

Bord(zleifl,df;a’w)(or) is equivalent to Bord(ccleifl’,(y)N), which in turn is equivalent to

Bordﬁzr_)l, i ~) this establishes the desired equivalence.

0
(or), F° and BordCerf data, (or), F

3.6.1 The equivalence between FSur(d_l; g ~) (d—1; d: ~)

f
. BordCer data, (or), F°

r), F0
The functor By : FSurEZ_)l; g ~) (d-1: d: )

To construct the functor

. (or), F° Cerf data, (or), F°
By : FSur(d_l; &~ Bord(d_l; i ) ;

r), F0
—1; d; ~)

and then verify that this assignment respects the generating relations. We have es-

we must first specify what it assigns to the generating 0-, 1- and 2-cells of Surgz

sentially already described the assignment Bj on the generating 0-, 1- and 2-cells in
Section 2.5, where we compared Surgzrjl, 4 With Bordglei,dzga’ 1) For completeness,
we now recall these constructions:

0-cells
By is the identity on 0-cells.
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Generating 1-cells

Diffeomorphism-type generating 1-cells

The functor By sends the generating 1-cell
Y

X

X

Cerf data, (or), F°

to the 1-cell in Bord(d_l; d: )

with source X and target Y, consisting of:
1. the mapping cylinder cobordism
(X x[0,1]; X x {0}, X x{1}; Idx: X x {0} — X, ¢: X x {1} — Y,
2. the Morse function f: X x [0,1] — [0, 1], given by projection,
3. the horizontal distribution Ty(.)([0, 1]) C T.(X x [0, 1]),

4. the complete set of regular values {0, 1}, with the interval [0, 1] labeled blue.

Remark 3.6.1. The images of the generating 1-cells
Y

50‘

X X

and

are defined in the same way, except that the interval between the regular values is

labeled green and transparent, respectively.

Surgery-type generating 1-cells

The functor By sends the generating 1-cell
Y

¢ 0:=(ox,0v,%s)

X

Cerf data, (or), F°

to the 1-cell in Bord(d_l; d: )

with source X and target Y, consisting of:
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1. the symmetric trace of the surgery cobordism W(X,Y,0). Its underlying
manifold triad is given by Milnor’s trace of the surgery W(X,ox), as
constructed in [Mil63]. The bottom boundary identification is the identity,

while the top boundary identification is determined by oy and ,;

2. the Morse function that W (X,Y, o) naturally carries, shifted by 1 so that its
target is the interval [0, 2];

3. the Morse data that W(X,Y, o) is naturally equipped with. In particular, the
chosen complete set of regular values is {0, 2}, and the interval [0, 2] is labeled
red.

Remark 3.6.2. Let (W, f,CD;) be a 1-cell in Bordgieifl;d?lta’w)(or)’ 7°_ Using the colored
Morse data on W, we can construct an equivalent cobordism W’ which is a composite
of mapping cylinders and symmetric surgery traces, each equipped with their standard
Morse data and with interval colorings inherited from those on W. Moreover, using
the colored Morse data on W and on W', one can find a colored Morse data preserving
diffeomorphism between them, which is unique up to isotopy. This shows that By is

essentially full on 1-cells.

Generating 2-cells

Diffeomorphism type generating 2-cells

Symmetry 2-cells

The functor By sends the generating 2-cells

B B
B — 5
A A

to the label-swap 2-cell that changes the label of the interval [0, 1] from green to blue.

Compositor 2-cells

176



The functor By sends the generating 2-cells

C C

Y

B Yoo
¢

A A

to the 2-cells defined by the following composite in Bordﬁleffl;d;ti)(or)’?o:

1. Start with a path of regular-value edges in MD(W; f) (where (W, f) denotes
the underlying cobordism and Morse function of the source) that eliminates the

regular value 1. This is depicted schematically as:

2. Using the horizontal distribution, obtain a Morse data—preserving diffeomor-

phism from the resulting bordism to
X x [0,2],
with boundary identifications
Idy : X x {0} — X, vod: X x{2} — Z,
and equipped with the following Morse data:

o Morse function: projection h: X x [0,2] — [0, 2];
« horizontal distribution: Tj.)([0,2]) C T.(X x [0,2]);

o regular values: {0,2}.

3. The diffeomorphism

X x[0,2] — X x[0,1],  (2,8) = (2,¢/2),
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identifies this bordism with the image of the 1-cell

under By, preserving the Morse data.

All relevant intervals are labeled blue throughout.

Isotopy.
The functor By sends the generating 2-cells

B B
0

¢ ° ¥

A A

(Cdeifl;d;ta;)(or),?o. The isotopy € from ¢ to 1 induces an

to the following 2-cell in Bord
isotopy ¢! o @ from the identity to ¢~! o +). This, in turn, induces an isotopy of

horizontal distributions on the mapping cylinder cobordism
(X x[0,1]; X x {0}, X x {1}; Idx: X x {0} — X,¢: X x {1} —= Y),

which is the image under By of the source of the isotopy 2-cell. At the end of this path,
the cobordism is equipped with Morse data whose horizontal distribution integrates
to the diffeomorphism ¢! o). This horizontal distribution then defines a Morse data
preserving diffeomorphism whose target is the image under By of the target of the

0
Cerf data, (or),5° A1) Lelevant

isotopy 2-cell. This construction defines a 2-cell in Bord( d—1;d; ~)

intervals are labeled blue throughout.
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Remark 3.6.3. The images under By of the 2-cells

and
/80’
B

i
A

A C
ﬂa’
Id, B
Gis
A A

/
/

5707

o
B/

60’
A

are defined in the same way as above, with the addition of the appropriate label swaps

indicated by the diagrams.

Surgery type generating 2-cells

Recall that the only kind of surgery type generating 2-cell is an isotopy of Morse data:

Y

0 = (UXa Oy, ?%)

X

QM

Y

/

g = (03(70§/>¢a/)

X

Here, 0™ is an isotopy of Morse data (and boundary identifications) on W (X,Y, o),
from the natural Morse data that W(X,Y, o) is equipped with to Morse data that

induce the surgery triple o’

Therefore, the decorations in this 2-cell naturally determine its image under Bjy:

it is the isotopy-of-Morse-data 2-cell in Bordgleifl,d;ti)(or)’?o on W(X,Y, o), followed by

the Morse data—preserving diffeomorphism uniquely determined by the Morse data
on W(X,Y,0) at the end of the isotopy and the Morse data on W (X,Y, ).
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Naturality type generating 2-cells

The functor By sends the generating 2-cells

SR N

~—

0 = (O'Xao-Yaz/}U

¢*0: (O-X7¢OUY7¢O’¢0)

X X

Cerf data, (or),FO0

to the following 2-cell in Bord(dfl;d; )

First, observe that the image under By of the source 1-cell

<~ e N
L 4

o:=(0x,0v,%;) ®

X

has underlying smooth manifold triad

W :=W(X,ox) U Y x [0,1],

¥ x(X,ox) 7 Y x{0}

with boundary identifications
Idx: X\ ox(S* ' x {0}) Uy, SF'x D" — X, ¢V x{1} = Z

It comes equipped with a Morse function f: W — [0,3] obtained by gluing
the standard Morse function on W(X,ox) (shifted by 1) with the projection
Y x [0,1] — [0,1]. The standard Morse model embedding is the one naturally
associated to W (X, o), and the horizontal distribution is obtained by gluing the
standard horizontal distributions on W (X,ox) and Y x [0, 1]. The regular values are
{0,1,2}.
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The image under By of the target 1-cell

Z

¢ 0o = (ox,p00y,p0,)

X

is the cobordism W (X, Z, ¢*0). It carries the Morse function g: W — |0, 2] induced
by the standard Morse function on W (X, ox), together with its natural Morse model

embedding and horizontal distribution. The regular values are {0,2}.

These two bordisms are connected in Bordaeifl,d;ti)(or)’go by a 2-cell defined as

follows. First, there is a path of regular-value edges in MD(W; f) that eliminates the

regular value 2:

At the end of this path we obtain a Morse data—preserving diffeomorphism from
W, equipped with its modified Morse data, to W (X, oy) with its standard Morse
data. Any such diffeomorphism is determined by a map [0, 3] — [0, 2] sending 0 — 0,
3 — 2, and 1 — 1 (preserving the critical value). Moreover, any two such maps
are isotopic, so the resulting Morse data—preserving diffeomorphism is unique up to
isotopy.

Hence this determines a well-defined 2-cell in Bord(cileffl;d;ti)(or)’go. Throughout, the
labels of all intervals are red and blue exactly as indicated in the diagrams. The im-

age of the other three kinds of naturality-type 2-cells under By is defined analogously.

Frame change type generating 2-cells
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The functor By sends the generating 2-cells

Y Y

¢ O

Q0= (0x0Q oyoQ ' 1y,)

o= (ox,0v,%s)

X X

Cerf data, (or),F0

to the following 2-cell in Bord ;. ;")

First, observe that the image of the source 1-cell

Y
g = (O'Xao'Yawo) 4

X

under By is the smooth manifold triad

W(X,ox) =X\ (S x{0})x[-1,1] | M.

ox, flow lines

The image of the target 1-cell

Y

?Q 0=(0xoQ oy oQ 1)

X

under By is the smooth manifold triad

W(X,0x0Q7 1) := X\ (¥ x {0}) x [-1,1] U M.

oxo@~1, flow lines

Here (Q € GEZTL), which induces a diffeomorphism @ : M} — M* preserving both
the Morse function and the flow lines of M;'. By abuse of notation, we denote this

diffeomorphism also by ). Gluing the diffeomorphisms
Id: X\ (St x {0}) x [-1,1] — X\ (S** x {0}) x [-1,1]
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and
Q:M; — M

produces a diffeomorphism

D:W(X,ox) — W(X,0x0Q™).

Both W(X,0x) and W(X,0x o Q') come naturally equipped with standard
Morse model embeddings, given by the evident inclusions, and the following diagram

commutes:

W(X,ox) —2— W(X,o0x0Q™Y)

My ¢ M

Moreover, D preserves both the boundary identifications and the Morse data. It
is therefore a 2-cell in Bordgeifl,d;ti)(or)’?o, as desired. All intervals are labeled red

throughout, as indicated in the diagrams.

Proposition 3.6.1. The assignment By described above induces a well-defined

symmetric monoidal functor

. (or), F° Cerf data, (or), F°
By: FSur(d_l; &~y Bord(d_l; d: ) .

Proof. We must check that B, respects all generating relations in Surgzr_)’lfdo; )

For each family of generating relations, we indicate the corresponding relations in

Cerf data, (or), F°0
Bord(d_l; i ) .

1. Diffeomorphism type relations.

o Associativity is realized by the (all-blue) coincidence regular-value moves
between Morse data; see Definition 1.3.17.

o Unitality and symmetry—compositor crossing are realized by the first two

additional regular-value moves for colored Morse data in Definition 3.5.4.

o Isotopy invariance and concatenation of isotopies are realized by the

isotopy moves between Morse data in Definition 1.3.17.

o [Isotopy—compositor crossing is realized by the commutation moves in
Definition 1.3.17.

o Invertibility is realized by the inverse-cancellation regular value moves in
Definition 1.3.17 together with the third additional regular-value move in
Definition 3.5.4.
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2. Surgery type relations.

o Isotopy of Morse data (invariance, compatibility, and concatenation) is

realized by the isotopy moves in Definition 1.3.17.

o Isotopy of Morse data—naturality crossings and isotopy of Morse data—
frame change crossings are realized by the commutation moves in
Definition 1.3.17.

3. Naturality type relations.

e Naturality 4-valence and naturality—compositor relations are realized by
the red-blue coincidence regular-value moves and the sliding-red-region

moves in Definition 1.3.17.

o Naturality—Reidemeister 11 is realized by the red-blue inverse-cancellation

regular-value moves in Definition 1.3.17.

o Naturality—unitality is realized by the first two additional regular-value

moves in Definition 3.5.4.

4. Frame change type relations.

o No-change (trivial frame change): the two sides have identical images

under By.

o Composition of frame changes: the left-hand side maps to the vertical
composite of the two Morse-data—preserving diffeomorphisms, while
the right-hand side maps to the single diffeomorphism given by their
composition. This equality follows directly from how vertical composition

of 2-cells is defined in Bordgleffl;di’:a;)(or)’ 50

o Frame change—naturality crossing is realized by the relation that changes

Cerf data, (or), F9

the underlying smooth manifold triad of a 2-cell in Bord ", ;")

These cover all relations in Surgzr_)’l_?do, ~y» SO By is well defined. L]

The functor S : Bordaeifl;dza’w)(or)’ TS F Surgzr_)’l;?; )

We now construct the functor

. Cerf data, (or), 30 (or), F0
So : Bord(d_l; d: ) — FSur(d_l; i ~) -
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We will not verify that Sy is symmetric monoidal-—although we expect this to be the
case—since this is unnecessary for our purposes. By contrast, the symmetric monoidal
structure of By was automatic from its computadic definition. Our ultimate goal is
to show that By is a symmetric monoidal equivalence. To do this, it suffices to prove
that By and Sy are inverse as plain functors, which is precisely what we will establish
after constructing Sy.

To construct Sy, we must first specify what it assigns to 0-, 1- and 2-cells of

Cerf data, (or), . Cerf data, (or), F9
Bord(d_l; i ) in Bord(d_l; d ) .

We have essentially already described the assignment Sy on the 0-, 1- and 2-cells in

7 and then show that this assignment respects all relations

Section 2.5, where we compared Surgzr_)l, d) with Bord&eifl,dzga’ 1) For completeness,

we now recall and expand on these constructions:

0-cells

Sp is the identity on 0-cells.

1-cells

Our choice of Morse data was designed to make the definition of Sy as straightfor-
ward as possible. Recall that part of the Morse data is a choice of regular level sets,
compatible with the chosen standard Morse model embeddings. This ensures that
between any two consecutive regular level sets there is at most one critical point. To
define Sy, it therefore suffices to specify its value on 1-cells whose Morse data contain
only two regular level sets, since any 1-cell can be expressed as a composite of such

pieces.

Suppose we have two regular level sets X and Y with no critical points between
them. The horizontal distribution (which is part of the Morse data), together with
the boundary identifications (if non-trivial), induces a diffeomorphism ¢: X — Y,
and S sends this 1-cell to the diffeomorphism-type 1-cell labeled by ¢. The label
of the interval [f(X), f(Y)] (blue, green, or transparent) determines the color of the
dot—or its absence—recording the diffeomorphism in the diffeomorphism type 1-cell:
if it is blue, we obtain a generating 1-cell with a blue dot; if it is green, we obtain

the structure 1-cell S with a single green dot; and if it is transparent, we obtain the
(or), F°

empty 1-cell, which is the unit in F’ Sur( Aot d: ~)-

Suppose instead that we have two regular level sets X and Y with a single critical

point between them. The standard Morse model embedding, horizontal distribution
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(which are part of the Morse data), together with the boundary identifications (if
non-trivial), then induce a surgery triple o on (X, Y), since the regular level sets are
chosen to be compatible with the standard Morse model embeddings. In this case,

So sends the 1-cell to the surgery-type generating 1-cell labeled by o.

This fully specifies So on the 1-cells of Bordaeffl;dza’w)(or)* 70
as the identity on the 1-cells of F Surgor)’ 7

d—1; d; ~)
generating 1-cells of Surgzli)’l_gs, ) In particular, this implies that Sy is full on 1-cells.

. Moreover, Sy o By acts

, which can be verified directly on the

2-cells
Recall that a 2-cell in Bord(cdeifl.di‘;a’w)(or)’ 50

Morse data preserving diffeomorphism, followed by a path of colored Morse data, fol-

consists of three components: a colored

lowed by another colored Morse data preserving diffeomorphism. Moreover, the path

of colored Morse data v: [0,1] — CMD(W) is equipped with cut times 0 = ¢y < ¢; <

-+ < ¢ = 1 such that each restriction represents a single edge in the graph

[ci\cit1]
CMD(W): either a smooth isotopy (labeling an isotopy edge) or a piecewise constant

path (labeling a regular-value edge), as in Definition 3.5.3. Therefore, to define the

Cerf data,(or),3°
(d—1;d;~)

Morse data preserving diffeomorphisms, on smooth isotopies of colored Morse data

assignment of Sy on 2-cells of Bord , it suffices to specify it on colored
(isotopy edges), and on piecewise constant paths of colored Morse data (regular-value

edges).

Morse data preserving diffeomorphisms

Let (W,f,€D;) and (W7, f',€D;) be two l-cells in Bord&ejﬂ;d;iaﬁ“)’?‘) . and let

D: W — W’ be a colored Morse data preserving diffeomorphism. By definition, such

a diffeomorphism preserves the Morse function, the horizontal distributions, and all
chosen regular level sets. It also preserves the standard Morse model embeddings
up to an action of GEZ?C) These constraints are extremely rigid: colored Morse data
preserving diffeomorphisms are unique up to isotopy through such diffeomorphisms,
and they are entirely determined by a diffeomorphism of the target intervals of f and

f' that respects all chosen regular and critical values.

In order to associate a surgery diagram to such a diffeomorphism D, we proceed as
follows. First, use the Morse data on the source and target to replace each cobordism
by its associated standard cobordism—that is, a cobordism lying in the image of

By, decomposed as a composite of mapping cylinders and traces of surgeries. The
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diffeomorphism D then induces a diffeomorphism between these standard cobordisms.

This induced diffeomorphism is completely determined by two pieces of data:

o the diffeomorphisms that D induces on the chosen regular level sets, and

» the actions of GE(:L) that D induces on the standard Morse model embeddings.

Together, these determine a surgery diagram representing the image of D under .Sy.

Concretely, suppose D induces a diffeomorphism ¢ from a chosen regular level set
B of (W, f) to the corresponding regular level set B’ of (W', f'). Assume the intervals
with endpoints at the corresponding regular values are labeled blue. Then, the local

part of the surgery diagram around these regular level sets is:

¢—1

B B’
¢

A A’

If instead one of the corresponding intervals is labeled red, we obtain the same local
picture except that the relevant horizontal lines are red rather than blue. Moreover,
such red lines may be further decorated with a black dot recording a frame change,
labeled by the corresponding element of GEZTL) uniquely determined by D.

Finally, if the relevant intervals are labeled green or transparent, we first insert a
color-swap surgery diagram (symmetry 2-cell or unitor) to turn them blue, then apply
one of the diagrams above, and then postcompose with another color-swap diagram
to restore the target labels. This completes the description of the surgery diagram

associated to a colored Morse data preserving diffeomorphism.

Paths of regular value edges

Let (W, f,€Dy) and (W, f,€D’) be two 1-cells in Bordgieifl;dlzti’) ©:7° connected by

a 2-cell that records a regular value edge in CMD(W) (i.e. the birth or death of a

5(0
i) that

regular value or label swap). We assign such a 2-cell to a 2-cell in F’ Surggr_)’l

is either a compositor or a naturality type 2-cell.
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For example, suppose the regular value edge corresponds to the picture

Then, the associated surgery diagram is:

NS &
<
o
-

A

Here, the labels are induced by the underlying horizontal distribution, which stays
fixed throughout the path.

Similarly, if the regular value edge corresponds to the picture

then the associated surgery diagram is:

~ S N

~—

¢p*o = (0x,po00y,poy,)

o= (UX70-Y7¢0'

X X

Here, the labels are determined by the underlying horizontal distribution (which

again remains fixed) together with the standard Morse model embeddings in the

188



source and target. The remaining cases of birth/death of regular values are all
analogous to the two examples above.
Regarding label swaps, a transparent-to-green label swap is assigned to the unitor

2-cell
A

Ida

A A

and the green-to-blue label swap is assigned to the symmetry 2-cell

B B
o o 0
A A

This completes the description of the surgery diagrams associated to paths of

regular-value edges.

Isotopies of Morse data

Let (W; f; CDy) and (W; f'; €Dy) be two 1-cells in Bord(cdeifl,d?a’w)(or)’ 7 connected

by an isotopy of Morse data.

We first note that it suffices to consider the case where the underlying path of
excellent Morse functions remains constant. Indeed, suppose this is not the case.
Let v: [0,1] — F%(W) be a path of excellent Morse functions with v(0) = f and
v(1) = f’. By the stability of Morse functions and Corollary 1.3.7, there exists an
isotopy of diffeomorphisms of W inducing the isotopy of Morse functions . Pulling
back the given isotopy of Morse data along this isotopy of diffeomorphisms produces
an isotopy of Morse data on W that keeps the Morse function fixed throughout.

Thus, any isotopy of Morse data is equivalent to an isotopy of Morse data
with fixed Morse function, followed by a Morse data preserving diffeomorphism. It

therefore suffices to treat the case where the underlying Morse function stays constant.
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In this situation, the isotopy of Morse data directly corresponds to the isotopy-

of-Morse-data 2-cell in F Sur(®”’ , namely:

(d-1;d;~)
Y Y
QM
o= (ox,0y,%,) o o' = (dy,00,10)
X X

(This shows the case with a single critical point; in general, one obtains composites
of such 2-cells.) This completes the description of the surgery diagrams associated to
isotopies of Morse data, and hence the description of the surgery diagrams that Sy

assigns to the 2-cells of Bordgleifl.dj;a’w)(or)’ .

Proposition 3.6.2. The assignment S, described above induces a well-defined

functor

. Cerf data, (or), F° (or), F°
So: Bord,— ) — F'Sur, 7"y )

Cerf data, (or), 0

(do1: d; ~) . For each
or), 0

d—1; d; ~)°

Proof. We must check that Sy respects all relations in Bord

family of relations, we indicate the corresponding relations in F Surg

1. Reparameterization of the interval I.

The exact interval is irrelevant in the definition of Sy, hence this relation is

automatically respected.

2. Change of the underlying smooth manifold triad.
Cerf data, (or), F°
(d—1; d; ~)

identification is the identity. Let a be such a 2-cell, and let 8 be an equivalent

Every 2-cell in Bord is equivalent to one whose first boundary

2-cell whose underlying smooth manifold triad is different. It suffices to show
or), 30

that the 2-cells assigned by Sy to a and [ are equivalent in F Surg A1, d: ~)-

The surgery diagram for [ begins with a diagram encoding the Morse

data preserving diffeomorphism appearing as its first boundary identification.
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Locally, such a diagram looks like:

¢—1

B B’
¢

A A’

When surgery type 1-cells are involved, the diagram takes an analogous form,
potentially including frame changes. Using the normal form for diffeomorphism-
type 2-cells, together with the isotopy of Morse data - naturality crossing,
isotopy of Morse data - frame change crossing, naturality - 4-valence, naturality
Reidemeister II, naturality compositor, and frame change naturality crossing
relations, one can slide the compositors and frame changes encoding this initial
Morse data preserving diffeomorphism across the surgery diagram and compose
them with the diagram for the Morse data preserving diffeomorphism given by
the final boundary identification. This recovers the surgery diagram for « and

shows that this relation is respected.

. Equivalence of paths of colored Morse data and compatible isotopies of boundary

identifications.

o Isotopy moves between Morse data as in Definition1.3.17 are realized by
the isotopy invariance, concatenation of isotopies, and isotopy of Morse

data (invariance, compatibility, and concatenation) relations

o Commutation moves as in Definition r1.3.17 are realized by the isotopy
- compositor crossing, isotopy of Morse data - naturality crossing, and

isotopy of Morse data-frame change crossing.
o Regular value moves as in Definition 1.3.17 are realized as follows:

— Sliding-red-region mowves are realized by the naturality 4-valence, and

naturality compositor relations.
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— Coincide moves are realized by the associativity, naturality 4-valence,
and naturality - compositor moves.
— Inverse-cancellation moves are realized by the invertibility diffeomor-

phism type, and naturality - Reidemeister II relations.

o Additional regular value moves as in Definition 3.5.4 are realized by
the unitality, symmetry-compositor crossing, invertibility, and naturality-

unitality moves.

4. Frame change.

This is realized by the isotopy of Morse data - frame change crossing relations.

Cerf data, (or), F°

These cover all relations in Bord ;""" )

, S0 By is well defined.

Proving the equivalence

Proposition 3.6.3. The functors By and S; constructed above are equivalences

and inverses of one another (as plain functors).

Proof. As observed already in their definitions, these functors are both the identity
on 0-cells. Moreover, we have seen that By is essentially full on 1-cells, Sy is full on

1-cells, and that the composite
Sop o By

is the identity (on the nose) on 1-cells.
It therefore remains to show that By and S, are fully faithful on 2-cells and,

moreover, that the composite
SD o) BO

is the identity (on the nose) on 2-cells. By the Whitehead criteria, this will then

imply that By and S are inverse equivalences of categories. To establish these

Cerf data, (or), F°

facts, it will help to describe a normal form for the 2-cells in Bord( d-1; d )

and F' Surgzll)’l;?;; ~) 80 that we can more easily compare them.
0
Let’s begin by describing a normal form for the 2-cells in F’ Surégrj’l.?d, - There

are three cases to consider:

1. The source and target 1-cells contain no surgery type generating 1-cells.

We have already seen that in this case a 2-cell between them admits the normal
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form

¢n '@Dk‘
o5 (> |
o1 (20

2. The source and target 1-cells contain a single surgery type generating 1-cell.

In this case a 2-cell between them has the normal form

or), Y
d—1; d; ~)

the isotopy - compositor crossing relations to arrange that all isotopies occur

which can be derived using the relations in Surg as follows. First, use
only in blue segments that connect directly to the red line. Then, apply the
compatibility of isotopies relation to rewrite all such blue isotopies as isotopies of
Morse data. As in the diffeomorphism type case, use relations to eliminate cycles
consisting of blue segments. Next, apply the naturality compositor relations to
break any blue line that crosses the diagram without meeting the red line into
two pieces that intersect the red line. Use the isotopy of Morse data — naturality
crossings and the frame change — naturality crossings to slide blue segments past
red and black dots. Apply the naturality — compositor relations again to bring
the blue segments into the form shown above. Finally, use the isotopy of Morse
data — frame change crossings, concatenation of isotopies of Morse data, and

frame change composition relations to obtain the claimed normal form.

. The source and target 1-cells each contain a single surgery-type generating 1-
cell.

In this case a 2-cell between them admits the normal form
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«(k Kk

sb

The argument is analogous to the previous case of a single surgery type

generator. The only new feature here is the presence of blue segments
connecting two distinct red lines. Using the naturality — compositor relations,
together with the isotopy of Morse data — naturality crossings and the frame
change — naturality crossings, we can slide and collect these blue segments into

the configuration displayed in the normal form above.

We now describe a normal form for the 2-cells in Bordgfrf1 dzta )(Or) 7 As noted

in the construction of the functor Sy, the stability of Morse functions implies that
every 2-cell in Bord(cdeifl;dza;)(or)’ s equivalent to one whose underlying path of Morse
functions remains constant. We will therefore assume this throughout when describing
normal forms.

There are three cases to consider, directly analogous to the normal forms for 2-cells

in F Sur ;r)lg;) '

1. The source and target 1-cells are cobordisms equipped with Morse functions,
each with no critical points.

Recall that a path of regular value edges with such endpoints is equivalent to
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the normal form (see the proof of Lemma 1.3.14)

Using the commutation and isotopy moves of Definition 1.3.17, we may assume
that the path of Morse data has a single isotopy edge inserted in the middle of
this normal form. The image of the resulting 2-cell under S is exactly the first
case of the normal forms for 2-cells in F Surgzli)fdo; Y namely the case where the

source and target 1-cells contain no surgery type generating 1-cells.

. The source and target 1-cells are cobordisms equipped with Morse functions,
each with a single critical point.

Recall that a path of regular value edges whose endpoints have Morse data
consisting of a single red interval and no blue intervals is equivalent to the

normal form (see the proof of Lemma 1.3.14):

Using the commutation and isotopy moves of Definition 1.3.17, we may assume
that our path of Morse data has a single isotopy edge inserted in the middle
of this normal form. Using the change of underlying smooth manifold triad

relation, we may also insert a potential frame change in the middle.

More generally, the endpoints may also contain blue intervals. In this case,
applying the inverse cancellation moves, we obtain the following normal form:
first a path of regular values eliminating all blue intervals in the source, then the
red normal form described above, and finally a path of regular values creating
all blue intervals in the target.

The image of the resulting 2-cell under 5, is exactly the second case of the

r), FO
1;d;~

normal forms for 2-cells in F' SurEZ ) namely the case where the source and

target 1-cells each contain a single surgery type generating 1-cell.
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3. The source and target 1-cells are cobordisms equipped with Morse functions,
each with multiple critical points.
Recall that a path of regular value edges whose endpoints have Morse data
consisting of multiple red intervals and no blue intervals is equivalent to the

normal form (see the proof of Lemma 1.3.14):

Using the commutation and isotopy moves of Definition 1.3.17, we may assume
that our path of Morse data has a single isotopy edge inserted in the middle
of this normal form. Using the change of underlying smooth manifold triad

relation, we may also insert a potential frame change in the middle.

More generally, the endpoints may also contain blue intervals. In this case,
applying the inverse cancellation moves, we obtain the following normal form:
first a path of regular values eliminating all blue intervals in the source, then the
red normal form described above, and finally a path of regular values creating

all blue intervals in the target.

The image of the resulting 2-cell under 5 is exactly the third case of the normal
forms for 2-cells in F Surgzr_)fz, ) namely the case where the source and target

1-cells each contain multiple surgery type generating 1-cells.

Having described these normal forms, we see that Sy o By acts as the identity on
2-cells of F Surgzr_)fdow) in normal form, and hence on all 2-cells. We have already
seen that Spo By is the identity on 0- and 1-cells, so altogether we obtain Syo By = Id.

We now show that the functors Sy and By are fully faithful on 2-cells:

1. Fullness:
The fullness of Sy follows immediately from the fact that Syo By = Id. For the
fullness of By, let Wy and W, be two 1-cells of Bordgleffl;d?;a;)(or)’ 70 lying in the
image of Sy, and let a be a 2-cell between them in normal form. The Morse

data of Wy and W, determine the path of regular values that forms part of
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«. Thus, the remaining data of a consist of the isotopy edges, the Morse data
preserving diffeomorphisms (possibly contributing a frame flip in the middle),
and any blue squares preceding the isotopies. Each of these three pieces can be
directly encoded in a surgery diagram in normal form, whose image under By

recovers « on the nose by definition.

2. Faithfullness:
The faithfullness of By follows immediately from the fact that Soo By = Id.

For the faithfullness of Sy, let @ and 8 be two 2-cells of Bord&effl,d?;a’w)(or)’ 70

in normal form with the same source and target. The Morse data on the
source and target will determine the path of regular values that forms part of
«a and . The rest of the data are the isotopy edges, the Morse data preserving
diffeomorphisms (possibly contributing a frame flip in the middle), and any

blue squares preceding the isotopies. If the rest of the data define 2-cells in
or), J0

d—1;d;~)
be related via an isotopy of Morse data - frame change crossing, which induces

Cerf data, (or), F° .
(d—1; d; ~) , hence o and 3 are equivalent.

normal form Sy(«) and Sp(5) which are equivalent in F Surg , they must

a relation in Bord

This completes the proof that the functors By and Sy are equivalences and

inverses of one another (as plain functors).

]

. BordCerf data, (or), F0

Corollary 3.6.4. The functor By : FSurEZr_)’l;?; ) (dot: d: ) is a

symmetric monoidal equivalence.

3.6.2 The equivalence between F' Surgzr_)’l;?;; ) and Bord&eifl;di;ak)(or% F!

The functors Sy and By extend to functors

B 1
(or), F* _1> Cerf data, (or), F
FSur(d_l; &~ g Bord(d_l; d: )

or), F1
d—1; d; ~)

encode precisely the elementary birth—death paths, while the crossing generating 2-

This follows from the observation that the cusp generating 2-cells in Surg

cells encode precisely the elementary crossing paths. In particular, this specifies

the assignments of By and S} on the new 2-cells appearing in F Surgzr_)’l;?; ) and

Cerf data, (or), F?
Bord(d_l; d ) :

Proposition 3.6.4. The assignments B; and 57 induce well-defined functors.
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Proof. We must check that By and Sy respect the additional relations used to pass
(or), F° or), J1 Cerf data, (or), F0 toB dCerf data, (or), F1
(d—1; d; ~ d—1; d; ~ (d=1; d; ~) O DO 15 4, ~) )
The two corresponding sets of extra relations were chosen so as to match directly:

from Sur ) to Surg ) and from Bord

1. cusp—isotopy relations correspond to homotopies of elementary birth—death

paths,

2. crossing—isotopy relations correspond to homotopies of elementary crossing

paths,

3. eye, merge—unmerge, and Reidemeister II relations correspond to the respective

homotopies,

4. naturality—beak, naturality—Reidemeister III, frame change—cusp, and frame
change—crossing relations correspond to changes of the underlying smooth

manifold triad in an elementary birth—death path or crossing path,

5. naive Cerf homotopies correspond to relations that hold automatically in any
unbiased semistrict symmetric monoidal 2-category with respect to the order of

vertical composition.

This establishes that B; and S; respect all additional relations and hence are well
defined. o

Proposition 3.6.5. The functors By and S; constructed above are equivalences and

inverses of one another (as plain functors).

Proof. By construction, the functor S is full on cusp and crossing generating 2-cells,
while Bj is full on elementary birth—death and crossing paths. Together with the
fullness of Sy and By, this implies that S; and B are full on all 2-cells.

Moreover, S; o By acts as the identity on cusp and crossing generating 2-cells.
Since we already know that Sy o By = Id, it follows that S; o By = Id.

Faithfulness of S; and B; on 2-cells follows from a normal form argument, entirely
analogous to the one used for Sy and By. In particular, the computadic definition

of F Surggr_)’l.?;, ~) provides a normal form for its 2-cells, which is compatible with

Cerf data, (or), F*
(d—1; d; ~)

composites of paths of excellent Morse functions, elementary birth—death paths, and

the normal form for 2-cells in Bord , where 2-cells decompose into

elementary crossing paths, all equipped with their associated Cerf data.

Finally, the precise correspondence between the additional relations introduced

in Surgzr_)’l,?;, ~) and those introduced in Bord&eifl_d?a;)(or)’ ?1, as described in
Proposition 3.6.4, together with these normal forms, completes the proof. Il
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Corollary 3.6.5. The functor B; : FSurEZr_)’l;?;; “ Bord%eifl;dzga;)(or)’ s a

symmetric monoidal equivalence.

Cerf data, (or)

3.6.3 The equivalence between FSurEflr_)l; 4. ~yand Bord "~ 7" )

Cerf data, (or),

Bord ! 42 (1) ig ohtained as the quotient of Bord ;"\ 0.0 T by a set of relations

(d-1; d; ~)
R corresponding to the Cerf homotopies that cross the codimension-2 strata exactly

once trasversally (beak, Reidemeister 111, and swallowtail homotopies).
F Surgzr_)l; d ~) 18 obtained as the quotient of I Surgzr_)’l;?;; ~) by the set of relations
that constitute the pullback of R by B; (or equivalently the push-forward by S).
We immediately conclude that the functors S; and B; can be extended to functors
(or) B Cerf data, (or)
FSur, g —><T Bord ;o %)
which are equivalences and, in fact, inverses of each other.

This concludes the proof of our main result:

)

Theorem 3.6.6. The symmetric monoidal bicategories FSurEZY_I, d ~) and
Bordgzr_)l; 4 ~) are equivalent.
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Part 11

From surgery presentations to
finite presentations
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Chapter 4

Skeletal 2-presentations

The purpose of this chapter is to define what it means for a presentation of an
unbiased semistrict symmetric monoidal 2-category to be skeletal, and to describe
a general procedure for skeletalizing such presentations. We begin by recalling and

establishing some foundational definitions.

4.1 Definition

We first start with some preliminary definitions. We will use the wire diagram calculus

introduced in Section 3.1 throughout.

Definition 4.1.1 (Invertible 2-cells). A 2-cell

Yy )
&
xr a

Y Y
-l
_

T T

in € such that «oa™! =id, and o™ o = idy. Such a 2-cell a~! will be called an

inverse of a.
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Definition 4.1.2 (Invertible 1-cells). A 1-cell f : © — y in a 2-category C is
called invertible if there exists a l-cell f~' : y — 2 in C and invertible 2-cells
Lflfflof—)idx, Zflfof71—>idy.

We will now define some equivalence relations on the collection of 1-cells of a

2-category C.

Definition 4.1.3. Given two 1-cells f,g: x = y in C, we say that f is isomorphic
to g (f ~ g) if there exists an invertible 2-cell a: f = g.

A more general equivalence relation is given by weak conjugation:

Definition 4.1.4 (Weak conjugation). Let V' be a collection of invertible 1-cells in a

2-category C, closed under composites and inverses up to isomorphism, that is:
« for each v € V, there exists an inverse v=! of v in V,
« for each composable vg,v; € V, there exists v € V' such that v ~ vy o vy.

Given two 1-cells

) )
i
T '

in C, we say that f is weakly conjugate to g via V (f ~y g) if there exist 1-cells

' Yy
|
x Y

in V', and an invertible 2-cell
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T T

We leave it as an exercise to show that weak conjugation is indeed an equivalence

relation. We will now define the analogous notion for 2-cells:

Definition 4.1.5 (Biconjugation). Let V and H be two collections of invertible 2-cells

in a 2-category €, closed under composites and inverses. Given two 2-cells

Y Yy Y Y
/

&, ’ @

xr s 17/ ZIZ'/

in C, we say that « is biconjugate to o/ via (V,H) (a 3 ~vy ) if there exist:

e invertible 2-cells between invertible 1-cells

! o Yy Yy

Vy w0 Vy wl
)] L [
T T y/ y/

in H
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o invertible 2-cells

Yy Yy
ny n
J—0] . ] —
x x’
6 [
x x x x
in'V,
such that
Y Yy Yy Yy Yy Yy
Kl ]
Y Yy
nf o sy Mg
=] —— ] —&x = [UH—1I0
x! x’
nE
T x x x x x

We once again leave it as an exercise to show that biconjugation is indeed an
equivalence relation. We will next explain what we mean by skeletal presentations
of unbiased semistrict symmetric monoidal 2-categories after first recalling some

“elementary” definitions mostly appearing in Section 3.1:

Definition 4.1.6. Let P = (G° G',G?% R) be a presentation of an unbiased
semistrict symmetric monoidal 2-category.

The elementary 1-cells in F'P are of two kinds:

o l-cells of the form 87 : w — w'. Here, w = (w;) is a word in G° of length
n, o € ¥, is a permutation, and w’ = (w,-1(;)) is the result of applying this
permutation to w. We let X denote the collection of all elementary 1-cells of

this kind.
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o l-cells of the form id, ® f ® id,s, where f € G' and w,w’ are words in GY (i.e.,
objects in F'P). We will say that such an elementary 1-cell is ®-generated by f.

Remark 4.1.1. The 1-cells in ¥ depend only on G°, and not on G*.
The elementary 2-cells in FP are of three kinds:

o The structure 2-cells X, and X, , (for all 0,0’ € %,), together with their

inverses. We let 8 denote the collection of all elementary 2-cells of this kind.

« The coherence 2-cells 57, (for all 0 € X, and f; € S(G° G', s,t)), the
interchangor 2-cells ¢, (for all f,g € S(G° G*,s,t)), and their inverses. We

let J denote the collection of all elementary 2-cells of this kind.

o 2-cells of the form idy o(id;q, ® a®ididw,)oidg, where o € G? and f, g are 1-cells
in F'P. We will say that such an elementary 2-cell is ®-generated by «a.

Remark 4.1.2. The 2-cells in 8 depend only on G°, and not on G* or G?. The 2-cells
in J depend only on G° and G, and not on G?.

Definition 4.1.7 (0-skeletal presentations). A presentation P = (G°, G',G?* R)
of an unbiased semistrict symmetric monoidal 2-category is called 0-skeletal if it
satisfies the following condition: for every pair of distinct generating O-cells z,y in

GY, there exist no invertible 1-cells f : 2 — y in F'P.

Remark 4.1.3. Note that generating O-cells are still allowed to have non-trivial

automorphisms in F'P.

Example 4.1.4. Consider Surgzr_)l, i ~) This presentation is not 0-skeletal, as we can
find two distinct diffeomorphic (d — 1)-dimensional manifolds with invertible 1-cells

between them. However, we can construct a 0-skeletal presentation as follows:

« Choose a representative (d— 1)-dimensional manifold from each diffeomorphism

class (using the axiom of choice)

o Construct the full sub-presentation spanned by these chosen manifolds, namely

the sub-presentation that has:

0. Generating O-cells: the chosen representative (d—1)-dimensional manifolds

1. Generating 1-cells: all the generating 1-cells of Surgzr_)l; i ~) with source

and target generated by the generating 0-cells chosen in the previous step
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or)
d—1; d; ~

and target generated by the generating 1-cells chosen in the previous step

2. Generating 2-cells: all the generating 2-cells of Surg ) with source

erl, i ~) with

source and target generated by the generating 2-cells chosen in the previous

3. Generating relations: all the generating relations of Surg

step

This sub-presentation is O-skeletal and generates an equivalent unbiased semistrict
symmetric monoidal 2-category. This equivalence relies crucially on our choice to
work with symmetric surgery data; in general, the process of 0-skeletalization requires

more careful consideration.

Remark 4.1.5. The unbiased semistrict symmetric monoidal 2-category F'P

generated by a O-skeletal presentation P is not, generally, 0-skeletal itself.

To define 1-skeletal presentations, we first establish a preorder on the set of initial

generating 1-cells.

Definition 4.1.8. Let f, g be initial generating 1-cells in G}. We say f > ¢ if there
exists a 1-cell A in F'P; such that:

e his ®-generated by ¢, and
o h is weakly conjugate to f via X.

In this case, we say that f is weakly permutogenerated by g. If h is already

equivalent to f without any conjugation via 3, we say that f is weakly ®-generated

by g.

Definition 4.1.9 (1-skeletal presentations). A presentation P = (G°,G',G* R)
of an unbiased semistrict symmetric monoidal 2-category is called 1-skeletal if it
satisfies the following condition: there is no pair of distinct generating 1-cells f, g € G*

such that f is weakly permutogenerated by g.

Example 4.1.6. The presentation Surg;.. is not 1-skeletal, since

-1 +1 -1 +1
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as witnessed by the existence of the following invertible 2-cell:

4.2 Skeletalization procedure

Given a 0-skeletal presentation, our aim in this section is to construct an equivalent 1-
skeletal presentation through a sequence of well-defined, though non-canonical, steps.
While there is a useful analogy between skeletal categories and skeletal presentations,

the reader should be aware of the following caveats:

Warning. It is not always possible to construct a skeletalization of an arbitrary
presentation without imposing finiteness assumptions. For example, suppose a
presentation has generating 1-cells fi, fo,... such that for all ¢, f; > f;11, and
fi # f; for any j < ¢. In this situation, one cannot find a subset of generating
1-cells containing no pair g,h with ¢ > h and also satisfying the condition that
every generating 1-cell r is weakly permutogenerated by some ¢ in the subset. Both
conditions are necessary for producing a 1-skeletal presentation that still generates
an equivalent category. Thus, the procedure we describe cannot always be carried
out. However, whenever it can be carried out, it yields a 1-skeletal presentation that
generates a category equivalent to the one generated by the original presentation. In
the examples we consider, the procedure is applicable, and is, therefore, sufficient for
our purposes.

Moreover, the analogy with skeletal categories has an important limitation.
Skeletalizations of categories always exist and are unique up to isomorphism. By
contrast, skeletalizations of presentations, when they exist, are not unique up to
isomorphism. By definition, however, they always generate equivalent (though not

necessarily isomorphic) categories.

Let P; = (G? G},G?; R;) be a 0-skeletal presentation, which we call the initial

presentation. Here:
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e (@Y, G}, G?) forms an unbiased semistrict symmetric monoidal 2-computad,
denoted G;.

« G*% denotes the collection of all initial generating k-cells. The k-cells of F(P;)

will be referred to as initial k-cells.

o R; denotes the collection of all initial generating relations. The relations

generated by R; will be referred to as initial relations.

We will construct, if possible, a 1-skeletal presentation P; = (G%, G}, G3; Ry),
called the final presentation, such that F'P; and F'P; are equivalent as unbiased
semistrict symmetric monoidal 2-categories. Similarly, we denote by G the computad
(GY%,G},G7), and by G'} and R; the collections of final generating k-cells and relations
respectively. Final k-cells and relations are defined analogously.

The skeletalization procedure outlined below is general but non-canonical:
different choices made along the way may yield distinct—yet equivalent—final

presentations. For concrete understanding, the reader is encouraged to follow this

procedure alongside its application in Section 5.1.1, where we apply it to Surgi’fo,

the simplest presentation considered in this thesis.

Our construction proceeds in four major stages:

0. Construction of the underlying 0-computad (Gg)c)
1. Construction of the underlying 1-computad (G'})
2. Construction of the underlying 2-computad (G%)

3. Construction of the final relations (Ry)

4.2.1 Stage 0: Final generating 0-cells

As the initial presentation P; is already O-skeletal, we simply set GY := GY.

4.2.2 Stage 1: Final generating 1-cells

We choose G} C G} to satisfy the following two conditions:

1. (Completeness) Every initial generating 1-cell in G} is weakly permutogen-

erated by some element of G} U %,

2. (Minimality) No two distinct elements f, g € G} satisfy f > g¢.
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The subset G} thus forms a collection of minimal elements (“roots”) with respect
to the preorder defined above, and will serve as the chosen set of final generating
1-cells. For a concrete example of Stage 1, see Subsection 5.1.1.

We emphasize again that such a choice is not always possible; if it fails, the
procedure terminates at this stage. For the examples we consider, however, the choice

can be made, and we then proceed to the next stage.

4.2.3 Stage 2: Final generating 2-cells

The selection of final generating 2-cells ch is more intricate than the previous steps
and requires careful consideration. We proceed in three phases: first choosing
auxiliary “pointing” 2-cells, then using these to define two types of final generating
2-cells that together will form G7.

o Phase 2.1: Selection of pointing 2-cells

For each initial generating 1-cell f: 2 = y in G}, we select a collection of

invertible 2-cells

in F'P;, where each g;: * = y is a final (not necessarily generating) 1-cell in
FP;. In the special case where f is already a final generating 1-cell, we include
the identity 2-cell on f among the 77; . We refer to all such 77; as pointing 2-cells,
and denote their collection by ?

Remark 4.2.1. Although the presentation P; has not yet been fully specified,
our prior choices of the final generating 0- and 1-cells (G(} and G}) already
determine all 1-cells in F'P;, independently of the choices still to be made for
G?p and . We may therefore refer unambiguously to these final 1-cells already.

<
For each chosen njf , we also select its inverse (njf )~L. Let P denote the collection
of all such 2-cells in F'P;.

<=
We then define the set V to be the closure of P U(8UJ;) under horizontal and
vertical composition and under ®-generation. Here, J; denotes the collection of

elementary 2-cells of the second kind in F'P;, as per Definition 4.1.6.
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Rprd
Hence, V consists of all paragraphs in P, according to Definition 3.1.5. We

refer to any 2-cell in 'V as a generalized pointing 2-cell.

Remark 4.2.2. While pointing 2-cells do not appear directly in the final
skeletal presentation, they serve a crucial role in the selection of both final
generating 2-cells and relations. Their importance lies in their ability to connect

initial and final 1-cells in a controlled manner.

Remark 4.2.3. From this point onward, we will almost exclusively work with
generalized pointing 2-cells. For brevity, we will write simply “pointing 2-cells”
to mean generalized pointing 2-cells. Whenever we wish to refer to pointing
2-cells that are not generalized pointing 2-cells, we will explicitly call them

(non-generalized) pointing 2-cells.

We now introduce a definition that will be useful in the next two phases of this

stage of the skeletalization procedure:

Definition 4.2.1. A 2-cell in F'P; is called 1-final if both its source and target

are final 1-cells.

Consider an initial 2-cell of the form

where f and ¢ are not necessarily final 1-cells.

Our choice of pointing 2-cells ensures that there exist such 2-cells v and § for

which the composite 2-cell

is 1-final.

Any such 1-final 2-cell obtained from « is called a 1-finalization of «.
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o Phase 2.2: Selection of type I final generating 2-cells

We now select a set of final generating 2-cells of type I, based on the collection of
pointing 2-cells V. Consider the subset V; C 'V consisting of all 1-final pointing
2-cells. We select a subset Ich C V; satisfying the following condition:

Every 2-cell in V; can be expressed, up to R;, as a composite of 2-cells ®-

generated by elements of IG?C UsuJy.

Here, J; denotes the collection of elementary 2-cells of the second kind in F'Py,
as per Definition 4.1.6. Since J; depends only on the underlying 1-computad of

P, we can already refer to it unambiguously at this stage.

The 2-cells in [G? constitute our chosen final generating 2-cells of type I. The
composites of 2-cells ®-generated by elements of IG} U 8 U Jp—that is, the
paragraphs in ;G2, according to Definition 3.1.5—will be referred to as the
final 2-cells of type I

Remark 4.2.4. We do not impose the stronger condition that no two 2-cells
in IG? be equivalent via R;. This flexibility may prove useful in practical

applications.

o Phase 2.3: Selection of type II final generating 2-cells

We now select a set of final generating 2-cells of type II, based on the collection
of initial generating 2-cells that are not in V. To do so, we first impose a

preorder on G? using our chosen pointing 2-cells.

Definition 4.2.2. Let «, 3 be initial generating 2-cells in G?. We write o > 3
if there exists a 2-cell v in F'P; such that:
— 7 is ®-generated by 3, and

— v is biconjugate to a via (V,8).

When « > 3, we say that « is (V, 8)-generated by (.

We select a subset Aff C G?, excluding the initial pointing 2-cells, such that A?
forms a collection of roots for this preorder. That is, every initial generating
non-pointing 2-cell is (V, §)-generated by some 2-cell in A3 U Jy, up to R;. We
do not require that distinct o, 5 € A?c satisfy a0 # 5.

Since our final generating 2-cells must have both source and target being final

1-cells, we next select a 1-finalization for each 2-cell in A?c. We denote by HG}
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the resulting collection of 1-finalizations, which constitutes our chosen set of

final generating 2-cells of type II.

We complete the construction of the underlying final 2-computad by setting
ch = IG?I U HG?. For a concrete example of Stage 2, see Subsection 5.1.1.

Remark 4.2.5. Although one might initially hope that HG} alone would suffice as
the complete set of final generating 2-cells, this is generally not the case. In particular,
we must account for final generating 2-cells that arise from pointing 2-cells. For
example, if all initial generating 2-cells were invertible and chosen as pointing 2-
cells, then HG} would be empty, yielding a final presentation that is not generally
equivalent to the initial one.

One might attempt to resolve this by imposing additional restrictions on the
choice of pointing 2-cells—e.g., requiring uniqueness of a pointing 2-cell for each initial
generating 1-cell. While such a restriction could in principle allow HG} to suffice,
it is often impractical to implement in concrete examples. Our choice to explicitly

include final generating 2-cells of type I provides a simple and robust alternative.

4.2.4 Stage 3: Final generating relations

The selection of final generating relations is the most complicated to describe and
requires a carefully structured approach that builds upon our previous work with
2-cells. We proceed in three phases. In Phase 3.1, we select pointing relations, which
play the same conceptual role for relations as pointing 2-cells did for 2-cells. These
pointing relations will allow us to express (up to equivalence) arbitrary 2-cells in terms

of final generating 2-cells of type I or type II.

« Phase 3.1: Selection of pointing relations

We begin by choosing specific collections of initial and final relations that will
serve as pointing relations, analogous to the pointing 2-cells introduced in Stage

2 above. We distinguish two types of pointing relations:

1. Initial and final pointing relations of type I

Our choice of final generating 2-cells of type I ensures that every initial
1-final pointing 2-cell is equivalent, up to R;, to some final 2-cell of type I.
We would like this final 2-cell to be determined in a suitably unique way.

Based on this, we select two collections of relations:
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— /T; C R;: initial pointing relations of type I. These are relations
between pointing 2-cells, which include all invertibility relations

between pointing 2-cells

— 1Ty C; T;: final pointing relations of type I between final 2-cells of
type I

These collections must satisfy the following two properties:

— Every 1-final pointing 2-cell in F'P; is equivalent, up to ;7;, to a final
2-cell of type L.

— Given any two final 2-cells o and § of type I, if « is equivalent to
up to ;7;, then « is equivalent to 8 up to ;7%.

2. Initial and final pointing relations of type II

Our selection of final generating 2-cells of type II ensures that each initial
generating non-pointing 2-cell is (V, 8)-generated by a final generating 2-
cell of type II or a 2-cell in J¢, up to R;. We now select:

— 7T; C R;: initial pointing relations of type II. These are relations
between 2-cells that are (V,8)-generated by initial generating non-
pointing 2-cells

— 11y Cyr T;: final pointing relations of type II between final 2-cells

These must satisfy the following defining properties:

— Every initial generating non-pointing 2-cell is (V, §)-generated, up to
T; =1 T;U 11T}, by a final generating 2-cell of type II or a 2-cell in Jy.

— Given any two final 2-cells a and S, which are (V,8)-generated
by some final generating 2-cell of type II or a 2-cell in Jf, if «

and ( are equivalent up to 7T;, then o and  are equivalent up to
Tf = [TfU [[Tf.

o Phase 3.2: Selection of good 1-finalizations

For each initial generating 2-cell o, we now select a 1-finalization 3 that is ®-
generated by a final generating 2-cell or a 2-cell in J¢, up to conjugation by &
and up to T;. For each chosen 1-finalization, we also select a corresponding such
final 2-cell. Moreover, we require that the collection of all these chosen final

2-cells includes all final generating 2-cells.

Our choices in stage 2 ensure that this selection is possible. We refer to these

chosen 1-finalizations as good.
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Let
(P;F = (G?)G%)G?; Tl)v

Pi = (G}, G}, G} Ty)

and
o 0 1 2 .
inood = (Ggooda Ggood’ CTygood7 RgOOd)’
where
_ 0 _ 0 _ 0
G(good - Gz =G )
_ 1 _m
C;'good - Gf’

— Ggood consists of all final 2-cells that are equivalent, up to 7; to a good

1-finalization,
- Rgood = Tf
Proposition 4.2.1. The inclusion functor

I7 0 FPuoq — FPT

(2

is an equivalence of unbiased semistrict symmetric monoidal 2-categories.

Proof. We will apply the Whitehead criteria:

— I? is the identity, and hence essentially surjective, on 0-cells
— We chose the final generating 1-cells so that I7 is full on 1-cells
— Let

be an initial generating 2-cell in F'P? with final source and target. Here,
we have omitted the labels from the 1-cells for readability. We will show
that « is in the image of I7. Since « is an initial generating 2-cell, there

exists a good 1-finalization 3 given by
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where v and § are pointing 2-cells. Recall that ;7; includes all invertibility

relations for pointing 2-cells, hence « is equivalent, up to T}, to:

7y 1 o 5 51

Here, v is a pointing 2-cell with final source and target, hence it is
equivalent, up to 7;, to a final 2-cell of type I. Since good 1-finalizations
include all final generating 2-cells of type I, v is in the image of I7. The
same holds true for 71, Lastly, ! o a0 § is a good 1-finalization, hence
it lies in the image of I{. We thus conclude that « is in the image of I{.
A straightforward generalization of this argument shows that ¢ is full on
2-cells.

— The defining conditions of the initial and final pointing relations are chosen
to imply that 7 is faithful on 2-cells.

]

Let I] : FPT — FPT denote the inclusion functor. It is clear that I7 factors
through FP}. Namely, the functor

19 FPgooa = FP}

induced by our choice of final 2-cell for each good 1-finalization makes the

following diagram commute

FoT

e

Ftpgood T) F:P;T

due to the conditions imposed on the initial and final pointing relations.

Proposition 4.2.2. The functor [ 53 is an equivalence of unbiased semistrict

symmetric monoidal 2-categories.

Proof. Applying the Whitehead criteria in this case is quite straightforward. [
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Corollary 4.2.6. The functor I : FPL — FPl is an equivalence of unbiased
semistrict symmetric monoidal 2-categories. Namely, the 2-presentations PT

and 'P? are equivalent.

o Phase 3.3: Selection of the remaining final generating relations

We begin by extending our notion of 1-finality to relations:

Definition 4.2.3. A relation a ~ (8 between 2-cells in F'P; is called 1-final if
both o and [ are 1-final 2-cells.

Consider an initial relation of the form

Y ) Y )
a g

0] ~ L]

x x T x

where a and [ are not necessarily 1-final. Our selection of pointing 2-cells
ensures the existence of pointing 2-cells v and 6 such that we can form the

1-final relation:

[~
B
[~
e
=]
2
[~
-2
[~
=]

i T T i T i T T

Any such 1-final relation constructed from o ~ g is called a I-finalization of
a~ f.

To select the remaining final generating relations, we proceed as follows:

1. Consider the set R; \ T; of remaining initial generating relations, i.e. the

set of all initial generating relations in R; not induced by T;.

2. Define an equivalence relation on R; \ T; induced by T;: two generating
relations r1, ro in R; \ T; are equivalent if either implies the other through

relations generated by T;.

3. Select a set of representatives [R; \ T;] for each equivalence class.
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4. For each relation in [R; \ T;], choose a 1-finalization. This 1-finalization
corresponds uniquely, via the process used to show fullness of the functor

I7, to a relation between final 2-cells.

5. Let Ry \ Ty denote the collection of all relations between final 2-cells
obtained through this process.

We complete the construction by setting
Rf = (Rf \ Tf) U Tf, Tf = (GO,G},G2; Rf)
We now have:

Proposition 4.2.3. The presentations P; and P; are equivalent. In particular,
whenever the skeletalization Py exists, it generates an unbiased semistrict
symmetric monoidal 2-category equivalent to the one generated by the initial

presentation P;.

Proof. We first observe that the initial set of relations is equivalent to the set
of relations given by (R; \ Tf) U T;. Indeed, by construction, every relation in
(Ry \ T§) UT; is generated by a relation in R; = (R; \ T;) U T;. Conversely,
let r € (R;\T;)UT;. If r € T;, then r € (Ry \ Ty) UT; as well. If instead
r € (R; \ T;), then using the relations in 7; we can rewrite r as a relation in
(R \ T¥), by the construction of (R; \ T¥).

Therefore, the initial presentation
P = (GY,G},G?; Ry)

is equivalent to (GY, G}, G#; (R;\Ty)UT;). By Corollary 4.2.6, the presentations
Pl = (G}, G}, G}, T;) and P} = (GY,G},GF; Ty) are equivalent. It follows
that (GY,G}, G35 (Rp \ Ty) UT;) is equivalent to (G%, G}, GF; (Rp \ Ty) UTy),
which is just Py := (G}, G}, G35 Ry).

To summarize, we obtain the chain of equivalences
> (G},G}, G (R \Ty) UTy) = (G}, G}, G} Ty) = P

which completes the proof. O

For a concrete example of Stage 3, see Subsection 5.1.1.
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Chapter 5

Constructing a finite presentation
of Bordéoli

This chapter focuses on the skeletalization of two key presentations: Surg;. and
Surgi~. We will construct skeletal versions of these presentations and compare them
with the invertible part of the presentations of Bordg;, and Bordgs established by
Schommer-Pries in [SP14]. Following Example 4.1.4, we will assume that all 2-
categories of surgery diagrams under consideration are already 0-skeletal.

Moreover, we will work with slightly simplified versions of Surg;. and Surg..
Since all diffeomorphisms between 0-manifolds arise from symmetric group actions,
we will discard all diffeomorphism-type generating 1-cells, 2-cells, and relations.
Likewise, any generating 2-cells and relations involving isotopies will be omitted.
In all other cases where diffeomorphisms appear in the presentations, they will be

indicated in green, following the conventions established in Chapter 3.

5.1 Skeletalization of Surg;,.

In this section, we provide a detailed implementation of the skeletalization procedure
developed in Section 4.2, applying it to obtain a skeletal presentation for Surg; .
For clarity and pedagogical purposes, we divide this construction into three steps,

beginning with the skeletalization of Surgﬁ’fo

5.1.1 Skeletalization of Surgi’,v?o

We first apply our skeletalization procedure to P; = Surgﬁ’fo, which serves as the

foundational example for understanding the general process. This presentation, while

simple, exhibits many key features that will appear in more complex cases.
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Stage 0: Final generating O-cells

Since the initial presentation is already 0-skeletal, the final generating 0-cells remain

unchanged from Surgi’fo, consisting of two elements:

1.

* +

(positively oriented point)
2. | (negatively oriented point)

Stage 1: Final generating 1-cells

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.2.

We select G} to consist of two final generating 1-cells:

These correspond to the generating 1-cells of Bordg,, described in [SP14]:
D
Remark 5.1.1 (Notational differences). Two important differences from [SP14]
should be noted as they can potentially cause some confusion:

o Our 1-cells are read from bottom to top (versus left to right in [SP14])

« Our presentation explicitly shows boundary identifications (which are implicit
in [SP14))

Verification that G} satisfies the desired conditions:

To show that this choice of G} satisfies the conditions required by our skeletalization
procedure from Subsection 4.2.2, we must verify that every initial generating 1-cell is
weakly permutogenerated by one of our chosen final generators (completeness) and
that no final generating 1-cell is weakly permutogenerated by the other (minimality).

Initial generating 1-cells in Surgi’fo take one of two forms:
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oT11) o 12) o l(i-1) o l(iH]) T ol(i-1) o i) T o i(n)

[ ]
+ ¥
12 ""7i=1 e 441 """ 5—-1 e j+1 """ n
or
+ F

o~ 1(1) o=1(2) """ o"1(i—1) e o~ l(i+l) " o 1(j—1) e o~ l(j+1) " o~ 1l(n)
[ ]

12 i—1 il i1 gl n

Remark 5.1.2. We omit the signs of the green points in these diagrams for

readability.

Using the invertible 2-cells of naturality type:

A A A A

o T OxT
Y Y

T o*T o

X X X X

we can show that:
1. Any generating 1-cell of the first form is weakly permutogenerated by our first

final generator:

+ —
°

2. Any generating 1-cell of the second form is weakly permutogenerated by our
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second final generator:

Moreover, neither of these final generating 1-cells can be permutogenerated by
the other, ensuring our choice satisfies the minimality condition of the skeletalization

procedure.

Stage 2: Final generating 2-cells

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.4.

Phase 2.1: Selection of pointing 2-cells

For each initial generating 1l-cell f: = vy, we must select invertible 2-cells in
FSurd 7 of the form

where each g; is a final 1-cell in F'P;.

Our choice here is maximal: for each initial generating 1-cell f, we select all
b g‘o

~

invertible 2-cells in F' Sury;.) satisfying this condition.

Proposition 5.1.1. With this choice, the pointing 2-cells in F’ Surgﬁ’fo are precisely

the composites of:
o Initial generating 2-cells of naturality type
e 2-cells in S U J;
Phase 2.2: Selection of type I final generating 2-cells
We can show that every 1-final pointing 2-cell decomposes as follows:
Proposition 5.1.2. Every 1-final pointing 2-cell can be expressed as a composite of:

o Elementary 2-cells in &
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o Elementary 2-cells in J;
up to the equivalence relation induced by R;.

Corollary 5.1.3. There are no final generating 2-cells of type I.

Phase 2.3: Selection of type II final generating 2-cells

In this case, we find that A?p = () because all initial generating 2-cells are pointing

2-cells. Consequently:
Proposition 5.1.3. There are no final generating 2-cells of type II.

Remark 5.1.4. This remarkably simple outcome - having no final generating 2-cells
, 70

~

of either type - reflects the special nature of Surg;” where all essential 2-cell structure

is captured by symmetries and interchangors.

Stage 3: Final generating relations

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.4.
Since there are no final generating 2-cells, we do not expect the final presentation
to admit any generating relations. Even though it is easy to directly check that in
this example, it is still useful to carefully go through the skeletalization procedure for

future reference.

Phase 3.1: Selection of pointing relations

It is easy to check that the following choices are compatible with the skeletalization

procedure:
o ;T; consists of all naturality type relations
e 1Ti=10
« Ty =1 T, =0

Remark 5.1.5. In this case, we have T; = R;.

222



Phase 3.2: Selection of good 1-finalizations

Remark 5.1.6. Since Ty = () and R; \ T; = 0, this step is not necessary, but we will

nonetheless address it.

We will describe explicit 1-finalizations for each initial generating 2-cell, by

specifying a pointing 2-cell with source any given initial generating 1-cell:

1. If the given initial generating 1-cell is already final, the chosen pointing 2-cell
will be the identity.

2. If the given non-final initial generating 1-cell is of the form

ot (1) o71(2) T oTMi—1) o7+l T eTi( -1 oTH(EH) T o H(n)
®
+ F
12 """ ¢-1 e i+1 """ j—1 e j+1 """ n

then the chosen pointing 2-cell will be the naturality type 2-cell:

o71(1) o=12) T oTl(i-1) oTl(41) T oml(-1) oTl(+D) T oml(n)
12 """ 4¢—1 441 """ 45j—=1 441 """ n
+ —
12 """ q¢-14¢¢+1 """ j5-1 j4+41 """ n e e
+ F
12 " i=1 e i+l """ j—-1 e j+1 """n

3. If the given non-final initial generating 1-cell is of the form

+ F
o~ 1(1) o=1(2) """ o71(i—1) e o~1(i+1l) " o~ l(j—1) e o~ l(j+1) " o~ 1(n)
o
1 2 i—1 41 j—1 j+1 n




then the chosen pointing 2-cell will be the naturality type 2-cell:

* F
o~1(1) o71(2) " o71(i—-1) e o 1(i+l) "o 1(j—1) e o~1(j+1) "o 1(n)
-+
o=1(1) o= 1(2) "o 1(6—1) o 1(i+1) "o 1(j—1) o~1(G+1l) "o l(n) e e
oml1) 0-1(2) T om1(iml) o-l(i41) T oml(o1) o-1(GH1) *°* omi(n)
1 2 i—1 41 j—1 j+1 n

Phase 3.3: Selection of the remaining final generating relations

Since T; = R; in this case, there are no initial generating relations remaining to study.
We, therefore, conclude that Ty = 0.

Remark 5.1.7. This completes our skeletalization of Surgﬁ’fo. The resulting skeletal
presentation consists only of two 0-cells and two 1-cells, with all higher structure

captured implicitly through the symmetric monoidal bicategory structure.

. . or, F!
5.1.2 Skeletalization of Surg;

We now proceed to skeletalize Surgi’fﬂ, building upon our previous results. This

case introduces new complexities while maintaining some structure we have already

identified.

Stages 0 and 1: Final generating 0- and 1-cells

The fundamental structure at the lowest categorical levels remains unchanged from

or, 30
Surgy

+

¢ The final generating O-cells are again | and

o The final generating 1-cells remain the same two generators we identified

previously
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Stage 2: Final generating 2-cells

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.4.

Phase 2.1: Selection of pointing 2-cells

The pointing 2-cells in Surgﬁ’fl are identical to those in Surgy 7 Let V be the

. .. . r, J1 -
collection of all pointing 2-cells in F Surgy.

Phase 2.2: Selection of type I final generating 2-cells

o 1 0 1
The pointing 2-cells of Surjy ” are the same as those of Surdy ", therefore Surdy ”

will also have no type I final generating 2-cells, i.e. Ich = 0.

Phase 2.3: Selection of type II final generating 2-cells

We first need to select A?. The non-pointing initial generating 2-cells consist of two

types:
o Cusps
o Crossings
We can make the following simplifications:
Lemma 5.1.8. 1. Any crossing 2-cell is (V, 8)-generated by an interchangor 2-cell

2. Any cusp initial generating 2-cell is (V,8)-generated by one of the following four

cusps:
Id Id
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-+ + -+
Id Id
+ -+ + -+

)

Proof. This follows immediately from our choice of good 1-finalizations, as outlined

below in Phase 3.2. of the procedure. O

We now choose Afc to consist precisely of these four initial generating 2-cells. Since

these cells are already 1-final, we have ;;G7 := A7.

Remark 5.1.9. These cells correspond to the following generating 2-cells of Bordg),

described in [SP14]:

+ permutations

Stage 3: Final generating relations

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.4.

Phase 3.1: Selection of pointing relations

It is easy to check that the following choices are compatible with the skeletalization

procedure:
1. [T; consists of all initial generating relations between pointing 2-cells
2. 17T} consists of:

(a) All naturality-cusp relations

(b) All naturality-crossing relations
3. ]Tf =JI Tf = @

Remark 5.1.10. In this case, we have T; = R;.
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Phase 3.2: Selection of good 1-finalizations

Remark 5.1.11. As in the skeletalization of Surgi’fo this step is not necessary here,
since Ty = () and R; \ T; = 0, but we will nonetheless address it.

We will describe explicit 1-finalizations for each initial generating 2-cell:

1. If the given initial generating 2-cell is already 1-final, its good 1-finalization will
be itself.

2. If the given initial generating 2-cell is pointing, its good 1-finalization is that

described in the skeletalization of Surgrl’fo.

3. If the given initial generating 2-cell is a cusp, we will describe its good 1-
finalization through an example that is easy to generalize. Namely, we choose

the good 1-finalization of the cusp 2-cell

+
|
o +

to be

- + + - + -
o o e o e o
+ - + + =

e o o o e o o o

Id

-+ - + + + - -

e o o o e o o o
= =+ + + -
o o e o o o

which, in turn, is equivalent to
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+_
o o
+_
- + o o
o o
-+ - +
e o o o
Id
- + - +
e o o o
- +
o o + -
o o
Jrf
o o

via the relation generated by R;.

4. If the given initial generating 2-cell is a crossing, we will describe its good 1-
finalization through an example that is easy to generalize. Namely, we choose

the good 1-finalization of the crossing 2-cell

to be

+
o
o o e o
e o e o
+
[
+ - -+ + - -+
e o o o e o o o

o +
° |
o +
o |
° +
° |
o +
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which, in turn, is equivalent to

via the relation generated by R;.

Phase 3.3: Selection of the remaining final generating relations

There are three families of remaining initial generating relations that we need to
consider: eye birth-death, merge-unmerge, and Reidemeister II. Relations in the last
family are equivalent, up to 7;, to relations that automatically hold for interchangor
2-cells, so we don’t need to consider them any further. We will now examine the

relations in the first two families up to 7;.

Eye birth - death: Up to relations induced by 7;, all eye birth - death relations

are induced by the following two relations:

+
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or

They correspond to the following relations of Bordg,, described in [SP14]:

Merge - unmerge: Up to relations generated by 7;, all merge - unmerge

relations are induced by the following two relations:

+ + +
L] [ ] °
+ - + 4+ - 4+ + - +
e o o e o o ©c 0O ©
+ -+ + - + I
e o o e o o o o o
+ + .
L] [ ] O
L] [ ] L]
e o o e o o ©c O O
-+ - -+ - _ 4
e o o e o o o o o
L] [ ] O

They correspond to the following relations of Bordg,,, described in [SP14]:

Remark 5.1.12. This completes our skeletalization of Surgi’fl. The resulting

skeletal presentation consists of two 0-cells, two 1-cells, four 2-cells and four relations.

5.1.3 Skeletalization of Sur;

We now proceed to skeletalize Surg,; ., building upon our previous results.

Stages 0, 1 and 2: Final generating 0-, 1- and 2-cells

The final generating 0-, 1- and 2- cells are the same as in Surgi’fl. The same holds

true for the pointing 2-cells.
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Stage 3: Final generating relations

To recall the corresponding step in the skeletalization procedure, see Subsection 4.2.4.

Phase 3.1: Selection of pointing relations

The pointing relations are also the same as in Surgﬁ’fl. Namely,
1. [T} consists of all initial generating relations between pointing 2-cells
2. 11T; consists of all naturality-cusp and naturality-crossing relations
3. (Tr=Tr =10

Remark 5.1.13. In this case, it is no longer true that all relations in R; are induced

by the relations in 7.

Phase 3.2: Selection of good 1-finalizations

9‘1

~

The good 1-finalizations are the same as in Surg,

Phase 3.3: Selection of the remaining final generating relations

There are three families of remaining initial generating relations that we need to
consider: swallowtail, beak, and Reidemeister III. Relations in the last two families
are equivalent, up to 7T;, to relations that automatically hold for interchangor 2-cells,
so we don’t need to consider them any further. We will now examine the relations in

the first family up to T;.

Swallowtail: Up to relations generated by T;, all swallowtail relations are

induced by the following two relations:

° |
o +
° |
o +
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* +

and

° +

They correspond to the following relations of Bordg,, described in [SP14]:

+ permutations
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Remark 5.1.14. This completes our skeletalization of Surg;,.. The resulting skeletal

presentation consists of two 0-cells, two 1-cells, four 2-cells and six relations.

5.2 Skeletalization of Sury;.

In this section, we provide a (not so detailed) implementation of the skeletalization
procedure of section 5.1.1, applying it to obtain a skeletal presentation for Surg;..

Just like in the oriented case, we divide this construction intro three steps, beginning

with the skeletalization of Surgfw.

5.2.1 Skeletalization of Surng

Stage 0: Final generating 0-cells

The same as the initial generating 0-cell of Surgfw, namely e.

Stage 1: Final generating 1-cells

We choose G} to consist of two final generating 1-cells:

-1 +1

These correspond to the generating 1-cells of Bord(y, ;. 5) , described in [SP14]:

o

We can verify that any initial generating 1-cell in Surng is weakly permutogenerated
by one of these chosen final generating 1-cell via essentially the same argument as in

the oriented case.
Stage 2: Final generating 2-cells
Phase 2.1: Selection of pointing 2-cells

The pointing 2-cells in F' Surg;., are all composites of

« Initial generating 2-cells of naturality type
e 2cellsin 8UJ;

We let 'V denote the collection of all pointing 2-cells in F' Surg;..
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Phase 2.2: Selection of type I final generating 2-cells

We can show that every 1-final pointing 2-cell decomposes as follows:

Proposition 5.2.1. Every 1-final pointing 2-cell can be expressed as a composite of:
o Elementary 2-cells in 8
« Elementary 2-cells in Jy;

up to the equivalence relation induced by R;.

Corollary 5.2.1. There are no final generating 2-cells of type I

Phase 2.3: Selection of type II final generating 2-cells

We first need to select Afc. The non-pointing initial generating 2-cells consist of frame

change type 2-cells. We can make the following simplification:

Lemma 5.2.2. Any frame change type initial generating 2-cell is (V,8)-generated by

one of the following four:

@ @
-1 41 +1 —1 +1 -1 -1 41
o o o o o o o o
)
+1 -1 -1 +1 -1 +1 +1 -1
o o o o o o o o
@ @
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Remark 5.2.3. Note that the two 2-cells

-1 +1

are (V,8)-generated by each other, and the same holds true for the other two,
so we could have chosen BJ% to only consist of two 2-cells if we so wanted. The
interested reader is encouraged to carry out the skeletalization procedure for this

more economical choice of B]% and verify that it leads to a presentation equivalent to

that obtained here.

+1 -1

Y

+1 -1

-1 +1

We now choose a 1-finalization for each 2-cell in A2, as follows:

+1 -1 -1 +1
o o o o
-1 41 +1 -1
o o o o

+1 -1

-1 +1

These four 2-cells constitute ;;G% = ch and correspond to the following generating
2-cells of Bordg;~. described in [SP14]:

Y
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o
Symmetry generators

Stage 3: Final generating relations

Phase 3.1: Selection of pointing relations

The pointing relations of Surg;.. are as follows:
1. ;T; consists of naturality type relations between pointing 2-cells

2. 1/T; consists of frame change - naturality type relations that involve symmetries
which do not affect the relative position of the two points in the image of the

O-dimensional attaching sphere
3. [Tf =II Tf = @

Phase 3.2: Selection of good 1-finalizations

This is mostly the same as in the oriented case.

Phase 3.3: Selection of the remaining final generating relations

There are two families of remaining initial generating relations we need to consider:

composition of frame changes and frame change - naturality relations.

Composition of frame changes: Up to relations induced by 7;, all relations

coming from compositions of frame changes are induced by the following four:
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° °
-1 +1 +1 -1 -1 +1 — -1 +1

[ ] [ ] [ [ [ ] [ ] [ ] [ ]
@ ®

il =1l -1 +1 - — -

[ ] [ ] [ ] [ [ ] [ ] [ ] [ ]

-1 +1 +1 -1 —1 +1 -1 +1

° o [ ] [ ] ° ° o ° °

237




+1 -1 -1 +1 +1 -1 +1 -1

Each of them will correspond to a final relation after 1-finalizing according to the

skeletalization procedure. We explicitly see this in two examples below:

+1 —1

-1 +1

-1 +1

+1 —1

+1 -1

+1 -1

-1 +1
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+1 -1

These four relations correspond to the following relations of Bordg;. described in
[SP14]:

Frame change - naturality relations: Up to relations induced by T;, all frame

change - naturality relations are induced by the following two:

& &
-1 +1 +1 -1 -1 +1 I -1 +1 +1 -1 -1 +1
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Al =il 1N+1 =il 4l =il -1 +1 4l =il
[ ] [ [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [
L] L ]

Each of them will correspond to a final relation after 1-finalizing according to the

skeletalization procedure. We explicitly see this in the example below:

-1 +1 " +1 -1 -1 +1 -1 +1/ +1 -1 -1 +1

The left hand side is equivalent, through pointing relations, to the final 2-cell

°
/ =il il dol =il
[ ] [ ] [ ] [ ]

and the right hand side is equivalent, through pointing relations, to the final 2-cell
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®
-1 +1 +1 -1

These two relations correspond, after rearranging and using the already established

relations, to the following relations of Bordy;.. described in [SP14]:

Remark 5.2.4. This completes our skeletalization of Surgfw. The resulting skeletal

presentation consists of one generating 0-cells, two generating 1-cells, four generating

2-cells, and six generating relations.

5.2.2 Skeletalization of Surgllw

We now proceed to skeletalize Surgllw, building upon our previous results.

Stages 0 and 1: Final generating 0- and 1-cells

The fundamental structure at the lowest categorical levels remains unchanged from

5
Surg;,.:

o The final generating 0-cells is again a single point e.
o The final generating 1-cells remain the same two generators we identified

previously

Stage 2: Final generating 2-cells
Phase 2.1: Selection of pointing 2-cells

The pointing 2-cells in F' Surgllw are all 2-cells in F' Surgfw. Let V denote their

collection.
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Phase 2.2: Selection of type I final generating 2-cells

Ich consists of all the final generating 2-cells of Surgfw, namely the four symmetry
generators. Note that according to the choices we made, these are now type I final

generating 2-cells, while they were type II final generating 2-cells for Surgfw.

Phase 2.3: Selection of type II final generating 2-cells

We first need to select Afc. The non-pointing initial generating 2-cells consist of two

types:
o Cusps
o Crossings
We can make the following simplifications:

Lemma 5.2.5. 1. Any crossing 2-cell is permutogenerated by an interchangor 2-

cell

2. Any cusp initial generating 2-cell is permutogenerated by one of the following

two cusps:
+1 -1 +1 -1
Id Id
~1 +1 -1 +1
Proof. This is similar to the oriented case. [

We now choose Afc to consist precisely of these two initial generating 2-cells. Since

these cells are already 1-final, we have ;;G7 := A7

Remark 5.2.6. These cells correspond to the following generating 2-cells of Bordgs
described in [SP14]:

o
Cusp generators
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Stage 3: Final generating relations

Phase 3.1: Selection of pointing relations

The pointing relations of Surgllw are as follows:
1. ;T; consists of all relations in Surng
2. 17T} consists of:

o Naturality-cusp and naturality-crossing relations
e Frame change-cusp and frame change-crossing relations

3. [T consists of all final relations in Surng

4. Ty =0

Phase 3.2: Selection of good 1-finalizations

This is mostly the same as in the oriented case.

Phase 3.3: Selection of the remaining final generating relations

There are three families of remaining initial generating relations that we need to
consider: eye birth-death, merge-unmerge, and Reidemeister II. Relations in the last
family (Reidemeister II) are equivalent, up to T;, to relations that automatically hold
for interchangor 2-cells, so we do not need to consider them further. The first two
families—eye birth-death, and merge-unmerge—are treated in essentially the same
way as in the oriented case, so we omit the details here. In the end, we obtain one

merge-unmerge final relation, and one eye birth-death final relation.

Remark 5.2.7. This completes our skeletalization of Surng. The resulting skeletal
presentation consists of one generating O-cells, two generating 1-cells, six generating

2-cells, and eight generating relations.

5.2.3 Skeletalization of Surg;-

We now proceed to skeletalize Surg;.. building upon our previous results.

Stages 0, 1 and 2: Final generating 0-, 1- and 2-cells

The final generating 0-, 1- and 2- cells are the same as in Surgllw. The same holds

true for the pointing 2-cells.
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Stage 3: Final generating relations

Phase 3.1: Selection of pointing relations

. . . . 1
The pointing relations are also the same as in Sur, .

Phase 3.2: Selection of good 1-finalizations

The good 1-finalizations are the same as in SurgllN.

Phase 3.3: Selection of the remaining final generating relations

There are three families of remaining initial generating relations that we need to
consider: swallowtail, beak, and Reidemeister III. Relations in the last two families
(beak, and Reidemeister I1I) are equivalent, up to 7;, to relations that automatically
hold for interchangor 2-cells, so we do not need to consider them further. The first
family—swallowtail—are treated in essentially the same way as in the oriented case,

so we omit the details here. In the end, we obtain two swallowtail final relations.

Remark 5.2.8. This completes our skeletalization of Surg;.. The resulting skeletal
presentation consists of one generating 0-cells, two generating 1-cells, six generating

2-cells, and ten generating relations.
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Chapter 6

Constructing a finite presentation
of Bord(,

This chapter focuses on the skeletalization of Sur(;_, a key result of this thesis.
We implement the skeletalization procedure developed in Section 4.2 to produce
a finite presentation equivalent to Sur(; . Up to a well-understood ambiguity—
which we make explicit and are currently working to fully resolve—this finite
presentation coincides with the F2-presentation described in Appendix ??, and
is almost identical to the invertible part of the “Morse presentation” of Bord(;
conjectured in [BDSPV14].

Before beginning the skeletalization procedure, we slightly simplify Surys._ to
streamline the construction. Following Example 4.1.4, we assume that all 2-
categories of surgery diagrams under consideration are already 0-skeletal, with a single
generating O-cell: a once-and-for-all chosen positively oriented circle. Moreover, we
omit the “Isotopy of Morse data” 2-cells from the list of generating 2-cells by using
the “Compatibility of isotopies” relation and the ambient isotopy lemma, as explained
in Remark 3.3.3. All relations involving isotopy of Morse data 2-cells are adapted
accordingly.

To enhance clarity, we organize the construction into three steps, beginning with

the skeletalization of Sur‘l)g’fo.

6.1 Skeletalization of Sur(fg’wgo

The purpose of this section is to show that Suri’g’fo is equivalent to a skeletal

presentation, which we refer to as the J° presentation. The F° presentation has 1
generating O-cell, 4 generating 1-cells, 6 generating 2-cells, and 7 generating relations,

and is defined as follows:
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Generating 0-cell: =

Generating 1-cells:

& © o

Generating 2-cells:

B s 8 es 0
5 & & 0 —0
B—l B-l 9—1

Generating relations:

1. Inverses.

Each of the generating 2-cells w satisfies ww™ = id and w'w = id.

2. Naturality - Frame flip.

B2 & =

3. Isotopy of Morse data invariance.
g——9 T ©——09 IMD ()

Remark 6.1.1. For many of the relations we introduce, a rotated version along the
x-axis and/or the z-axis also holds. For brevity, we include only one representative
form of each such relation and indicate the existence of its rotated counterparts by
annotating it with “(z)”, “(2)”, or “(xz)”. Our conventions regarding rotation of
relations follow those established in [BDSPV14].

Remark 6.1.2. We will often denote the composite 2-cell

~ il B P
— &
55 &

simply by

- B!
Lo
The analogous convention holds for 5.

We will now begin the skeletalization procedure for P; = Sur‘fg’fo.
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Stage 0: Final generating O-cells

Since the initial presentation is already 0-skeletal, the final generating 0-cells remain

unchanged from Sur‘l)g’fo, consisting solely of the chosen positively oriented circle:

Stage 1: Final generating 1-cells

We select G} to consist of four final generating 1-cells:

_|_

® O-"O

O-"O O

O

Remark 6.1.3. The pictures above only capture the embeddings of the attaching
spheres. The rest of the surgery data are then uniquely determined up to isotopy and

will not generally be shown for readability.

These correspond to the generating 1-cells of the F° presentation:
N
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Verification that G} satisfies the desired conditions:

To show that this choice of G} satisfies the conditions required by our skeletaliza-
tion procedure from Section 4.2, we must verify that every initial generating 1-cell is
weakly permutogenerated by one of our chosen final generators (completeness) and

that no final generating 1-cell is permutogenerated by the other (minimality).

Minimality condition. Given a 1-cell f, we consider
#(Connected components of f’s target) — #(Connected components of f’s source).

This number remains the same for all 1-cells permutogenerated by f. Moreover, every

2-cell a in Surcl’g’fo is invertible and satisfies the following condition:
#(Connected components of a’s source) = #(Connected components of a’s target).

Equipped with these two observations, we can easily verify that no two 1-cells in G}

are permutogenerated by one another.

Completeness. This closely parallels the completeness argument used when selecting

the final generating 1-cells of Surgi’fo. The only difference is that here we need not

only naturality-type 2-cells to encode swaps of distinct connected components, but

also isotopies to bring the surgery spheres into the “correct” position.

Stage 2: Final generating 2-cells

Phase 2.1: Selection of pointing 2-cells

The pointing 2-cells in Sur‘fg’fo are chosen to be all composites of
 Initial generating 2-cells of diffeomorphism type
o Initial generating 2-cells of naturality type
e 2-cellsin 8UJ;

We let 'V denote the collection of pointing 2-cells in F’ Sur‘fg’fo.
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Phase 2.2: Selection of type I final generating 2-cells

We choose the final generating 2-cells of type I to be the two 1-final 2-cells:

O 06 O % O @60
L

© .0 0.0 SROHE H@HO)

These correspond to the following generating 2-cells of the Morse presentation

described in [BDSPV14]:
- 9 -
o
)Tk

We will refer to them as the right- and left-handed Dehn twists, respectively. Using
the standard form of 2-cells in Sur‘fg’fo, we can now verify that this choice of I ch is

compatible with the skeletalization procedure, namely:

Lemma 6.1.4. Every 1-final pointing 2-cell is, up to the equivalence relation generated

by R;, a composite of 2-cells ®-generated by
o Dehn twists
o 2-cells in 8U Ty
o Identity 2-cells
Remark 6.1.5. We henceforth denote 27 by 6.

Phase 2.3: Selection of type II final generating 2-cells

We first need to select A?c. The non-pointing generating 2-cells are precisely the initial

generating 2-cells of frame change type. The following lemma then follows easily:

Lemma 6.1.6. Any initial generating 2-cell of frame change type is (V,8)-generated
by one of the following four:
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We now choose Aff to consist precisely of these four initial generating 2-cells. To

choose ;G?%, we select a 1-finalization for each of the four 2-cells that make up A?c as

follows:
O ® ©
6 6 0
6/a
oL 0 o o 3
00 0.0 00 *oo%
—6/a
00 00 OO
00 00 0O
6 & 0
® " O¢ 0
—6/a
e 0 \©O o
00/ ‘00. ‘00. /o0 00
6/a
0C OC OO
00 0O 0O
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Stage 3: Final generating relations

Selection of pointing relations

or,

The pointing relations of Surmf0 are as follows:

1. ;T; consists of:

o Diffeomorphism type relations

o Naturality type relations

2. 117T; consists of:
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—6/a
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6/a
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OO0 OO0 OO
6/a
(0X0) Koo ‘00 (0,X0) O-*0
S SRR
—6/a
O 60 E
@ © ©

These correspond to the following generating 2-cells of the F° presentation:

Remark 6.1.7. Unless explicitly stated otherwise, our convention is that if a single

isotopy label is used for multiple connected components, then the same isotopy is
applied to each of them.




o Frame change naturality relations involving symmetries that preserve the
relative position of the two points in the image of the 0-dimensional

attaching sphere.

. 11y consists of the relation witnessing the fact that the right- and left-handed

Dehn twists are inverses of one another, namely

a0y = u
and
a2 gy = u

. [[Tf is empty

It is straightforward to check that these choices are compatible with the skeletalization

procedure, namely:

Lemma 6.1.8. 1. Every 1-final pointing 2-cell is equivalent, up to ;T;, to an

identity 2-cell or a composite of 2-cells ®-generated by:

(a) Dehn twists
(b) 2-cells in 8 U Iy

These are exactly the final 2-cells of type I.

. Given any two final 2-cells of type I o and B, if « is equivalent to 8 up to ;T;,
then o is equivalent to 8 up to [Ty.

. The only non-pointing initial generating 2-cells are those of frame change type.
Any such 2-cell is (V,8)-generated, up to T;, by a final generating 2-cell of type
II.

. Given two final 2-cells a and B, which are (V,8)-generated by some final
generating 2-cell of type II, if o and B are equivalent up to T;, then they are
equivalent up to T.
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Phase 3.2: Selection of good 1-finalizations

It suffices to select a good 1-finalization for each initial generating 2-cell. We

distinguish the following cases:

1.

« is a pointing initial generating 2-cell:

If « involves index 1 surgeries whose 0O-dimensional attaching spheres lie
in disconnected components that are not adjacent, we begin by pre- and
post-composing « with swaps to bring the component containing +1 to
the immediate right of the component containing —1, without otherwise
modifying the configuration. We then further pre- and post-compose with

counterclockwise isotopies to place the surgery spheres in standard position.

« is an initial generating 2-cell in A?:
In this case, the desired 1-finalization is the one already selected as part of the

definition of the final generating 2-cells.

« is a non-pointing initial generating 2-cell not in A?c:
We first pre- and post-compose a with swaps and counterclockwise isotopies to
obtain a 2-cell equivalent (up to 7;) to one of the four elements of A7. We then

use the corresponding 1-finalization selected in the previous case.

Phase 3.3: Selection of the remaining final generating relations

There are three families of remaining initial generating relations we need to consider:

1.

Frame change composition

Frame change - naturality crossings that involve symmetries which change the
relative position of the two points in the image of the 0-dimensional attaching

sphere

Isotopy of Morse data invariance

Frame change composition

Up to the equivalence relation induced by T}, all relations coming from frame change

composition are induced by the following four:
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These four relations correspond to the four braiding invertibility relations of the Morse
presentation in [BDSPV14]. For example, let’s focus on the first of these relations,
with the other three admitting a similar treatment. This happens to be a relation
between 1-final 2-cells. Using the good 1-finalizations described in the previous phase,
and their induced functor from Proposition 4.2.2, we see that the left-hand side is

equivalent to the final 2-cell:

S0 /c} S ©
00 o0 ‘0 *oow

OC OC OO
CcO OO0 OO
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OO -0

o © ©
fe  © ¢) o)
W*oo *00. /00
i 00 00 00
i OO0 00 00
ot Hols Ho
5 0 O
oo S 6
oo\ 0o ‘00 w
’ OC 0C OC
00 00 0O
o1 e #75o)
® © o
g 9 o) o )
o0/ *0 0. 00 /00 (oX0)
0C 0C 00
OC OO0 ©O

Remark 6.1.9. Here, the 2-cell does not fit in a single line, so we are denoting it as
a composite of four 2-cells, each occupying a single line. This will happen often from

now on, and we will use the dotted side as an indication.

The composite of the two middle 2-cells is a 1-final pointing 2-cell that is equivalent to
an identity 2-cell, while the first and last 2-cells are final generating 2-cells. Therefore,
the left hand side of the first frame change composition relation is equivalent to the

final 2-cell

AN
”
and the corresponding final relation is the braiding invertibility relation
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N AN :
o = id
<D
Similarly, the remaining three frame change composition relations correspond to the

other three braiding invertibility relations:

AN

N B

Frame change - naturality crossings
Up to the equivalence relation generated by 7T;, all frame change-naturality crossing

relations are consequences of the following two:

& o g S e
00/ 00 00| — ["00. OO/ 'O
00 00 00| — oo @eN 6B
g col © & 9 0

We will see that these correspond to the “N-F (z)” relations of F° presentation:

Bl - = 0 -
D=0 = ool
3 ’

2R o 6
vEg-v - wily
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For example, let’s focus on the first of these relations, with the other admitting a
similar treatment. The two 2-cells involved in this relation are not 1-final, so we first
need to make an arbitrary 1-finalization. We choose the 1-finalization which leads to

the relation:

+ + 5 Y

O 0 o0 &

@/ 06/ G © GFe 01O
\— ~0

%/

Q. el e el
S

eEeY/ Tole e (7 o0 \O_*O
\ —6/a

Using the good 1-finalizations, we see that the left-hand side is equivalent to the final
2-cell

+ + +

Q ® Q

O-"0O/ +O_O- \ O—_O
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which is equivalent, up to ;7;, to the final generating 2-cell

o

(5 : Q /2
e

@6 &6 \O_*O
=6/

Likewise, we see that the right-hand side is equivalent to the final 2-cell

€/ 0
OO0 EEE 6 W0
©&@ . 00 .\ Bee 00
—9/ —0/a

—0/a —0/a %%

s Mla P o |
co/ 1 ool ol e
O/ 73 —6

—6/a 6/a
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which is equivalent, up to T}, to the final 2-cell

SRS
ol 0 C

—6/a
= +

S o6

%+ e
o o6 60
3
In summary, the initial generating relation
+ + - i = =
¢ o 9 Bl e

o 0000 - lee oo

corresponds, via the skeletalization procedure, to the relation
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We can now compose both sides of this relation with the invertible final 2-cell

o /2
6.0
e

©- € O € E)]
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The left-hand side becomes

: & o .
© 9 Q. Q
00 0 \O-*O 6o N OO
—6/a —0/a

The right-hand side becomes

5] . —6/a

e L9 .
OO Lo_+o/ S G
-

—0/a

which is equivalent, up to 7; and the braiding invertibility relations, to the final 2-cell

o

- O
@\ el
-0

This corresponds to the N-F relation of the F° presentation:

R RN _ = 0 _
LY== = o5
5 0, 6
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Similarly, the initial generating relation

00\ 00 00| = ['00. ©o\a©
ol Sl ) 9 jeo e

Isotopy of Morse data invariance
Up to the equivalence relation generated by T;, all isotopy of Morse data invariance

relations are consequences of the following four families:

O o O o
oo Lo oo o

g0 o e P oo
S oo
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We have omitted isotopy labels in the diagrams to improve readability. Each
relation compares diagrams with identical underlying shapes but differing isotopy
labels that, nonetheless, represent isotopic isotopies of Morse data. Basic
considerations from the mapping class group show that the first two families of
relations do not yield any new final relations. The third family corresponds to the
IMD relation in the F° presentation:

S :9> g = © L 5]
The fourth family similarly corresponds to the IMD z relation in the F° presentation.

The above discussion establishes the following result:

Theorem 6.1.10. The surgery presentation Suriy T s equivalent to the F°

~

presentation: a skeletal presentation with one generating 0-cell, four generating 1-
cells, sixz generating 2-cells, and seven generating relations, as defined at the beginning

of this section.

6.2 Skeletalization of Suri’g’fﬂ

The purpose of this section is to show that Suruf1 is equivalent to a skeletal
presentation, which we refer to as the ' presentation. This presentation builds
on the Y presentation by adding 22 additional generating 2-cells and 23 additional

generating relations:

202G L=
RIZ5 204
= 056 olc
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N-F-Cusp (z2)

id and wlw = id.

N-F-Cross-1 (z)

o
o
0
R
o
=
<
=
.

N-F-Cross-3 (z)

QXTI 1]
)

1

o Further generating relations:

1. Inverses.

A
Frame flip - Crossing.

Co
EE
|

(S
7|
I

Each of the further generating 2-cells w satisfies ww™

2. Naturality - Frame flip - Cusp.

3. Naturality

5
5\ /0

R

.

P

O
-

5

\ /5
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= o1, -
o
Remark 6.2.1. It is instructive to compare the ' presentation with the Morse
presentation in [BDSPV14]. Notably, the N-F-Cross (z) relations do not appear
explicitly in the Morse presentation. While they can be derived from the other
relations given there, our current derivation relies on relations involving non-invertible
2-cells, and it is unclear whether such a derivation exists using only invertible 2-cells.
Moreover, the Morse presentation includes a single relation labeled (FFG2) in
place of the N-F-Cross-3 and N-F-Cross-3 (x) relations found here. Our two relations
together imply (FFG2), but we are not currently aware of a way to deduce them from
(FFG2) from the other relations in the Morse presentation.
Lastly, we can show that the N-F-Cross-4 and N-F-Cross-5 relations introduced
here are equivalent to the (FFG3) and (FFG4) z relations in the Morse presentation.

We will now begin the skeletalization procedure for P; = Sur‘fg’fl

Stages 0 and 1: Final generating 0- and 1-cells

The final generating 0- and 1-cells of Sur®; ”" are identical to those of Sur ”

Stage 2: Final generating 2-cells
Phase 2.1: Selection of pointing 2-cells

The pointing 2-cells in F Surcl’g’fl are all the 2-cells in F Sur%’fo, namely all

composites of the following:
o Initial generating 2-cells of diffeomorphism type

 Initial generating 2-cells of naturality type
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« Initial generating 2-cells of frame-change type

e 2-cellsin SUJ;

or, 1

We let V denote the collection of pointing 2-cells in F'Suryy

Phase 2.2: Selection of type I final generating 2-cells

Since the pointing 2-cells in F' Sur(fg’fl are exactly the 2-cells in F' Sur‘fg’fo, and since

the generating relations set of Sur({g’fo is strictly contained in that of Sur‘fg’fl, it

follows that the type I final generating 2-cells in F! are precisely the final generating
2-cells already selected in F°. These consist of the right- and left-handed Dehn twists
and the four geometric braidings.

Phase 2.3: Selection of type II final generating 2-cells

We first need to select A?. The non-pointing initial generating 2-cells are of the

following two types:
o Cusps
e Crossings
It is easy to check that we can make the following simplifications:

Lemma 6.2.2. Any cusp initial generating 2-cell is (V,8)-generated by one of the

following 8 cusps:

O &)
O @ 2F (@)

@rue) & @

Q QO

O O
@ (@) QO

SO GO
- =

Q Q
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Lemma 6.2.3. Any crossing initial generating 2-cell is permutogenerated by one of
the following 14 crossings:

Case 1: O
Type 1A: C) / (D

000~
eie s« 0
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We now define Afc to consist of the 8 cusp 2-cells and 14 crossing 2-cells selected
above. These 22 2-cells account for the additional generating 2-cells in the F*
presentation. To construct HG?, we choose a 1-finalization for each of these 22 2-cells

as follows:

1. Cusps

The chosen 1-finalization for

O
& @

00
o

O
G0
0-*0

o

Here, we choose an isotopy from the canceling diffeomorphism to the identity,
which keeps the west pole of the circle fixed throughout - any two such isotopies
are isotopic rel boundary and no further specification is thus needed. This final

generating 2-cell corresponds to the generating 2-cell of the F! presentation:

g 2. I
We choose the 1-finalizations of the remaining 7 initial cusps in A?c in an entirely

analogous manner. The final generating 2-cells thus obtained correspond to the

generating 2-cells of the F! presentation:
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The chosen 1-finalizations for the 14 crossing 2-cells in A?c are grouped below

2. Crossings

by type, together with their corresponding final 2-cells in the ' presentation.

Case 1: O
Type 1A: C) / (:)

(240 %)
000 .
00O % : OO QO

/D = &

271



Type 1B:
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Stage 3: Final generating relations

Phase 3.1: Selection of pointing relations

The type I pointing relations in Sur‘fg’fl are chosen as follows:

1 . . 50
o [T; consists of all relations in Surly

o T} consists of all final relations in Sur‘fg’fo
Lemma 6.2.4. This choice of type I pointing relations is consistent with the

skeletalization procedure.
Proof. Follows immediately from Section 3.1. O

Choosing the type II pointing relations is a bit more intricate, though verifying
that our choice is compatible with the skeletalization procedure should be relatively

straightforward. Let’s begin with choosing ;;7; - it consists of:

o All naturality - beak relations

o All naturality - Reidemeister III relations for Type 1A, Type 2A and Type 3
crossings. For Type 1B and 2B crossings we include all naturality - Reidemeister
III relations that involve diffeomorphisms which do not permute past each other
the circles where the image of the attaching surgery spheres lie. Moreover, the

following naturality - Reidemeister III relations are also chosen to be in ;;7;:

— For Type 1B crossings:

OO SO

¢

S

O

O
0N

0

o

!
k@

o\

and the analogous relations for the remaining three type 1B crossing 2-cells
in A?.

277



— For Type 2B crossings:

Tes o % Q

O_+

and the analogous relations for the remaining type 2B crossing 2-cell in
A2,

o The following frame flip—crossing relations:

— Type 1A crossings: Relations that encode the movement of the frame
flip dot across the descending diagonal in the Cerf graphic of the underlying

surgery diagram.

— Type 2A crossings: There are four such 2-cells in A%, each relating
2-cells whose source manifold is a disjoint union of two circles. The
two bottom surgery data induce two embeddings of surgery spheres:
one entirely contained within a single connected component, and one
intersecting both. We consider frame flip—crossing relations across the

diagonal corresponding to the embedding contained in a single component.

— Type 2B crossings: Relations encoding the movement of the frame flip

dot across the descending diagonal in the underlying Cerf graphic.

— Type 3 crossings: Relations encoding the movement of the frame flip

dot across the ascending diagonal in the underlying Cerf graphic.

Furthermore, we choose ;T to be empty. The following lemma holds by a direct,

albeit tedious, unwinding of the definitions:

Lemma 6.2.5. This choice of type II pointing relations is consistent with the

skeletalization procedure.

Phase 3.2: Selection of good 1-finalization

This is analogous to the selection of good 1-finalizations for Sur(; .
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Selection of the remaining final generating relations

We now turn to the remaining initial generating relations that are not of pointing type.
These include all eye birth-death, merge-unmerge, Reidemeister II, frame flip—cusp
relations, as well as the non-pointing frame flip—crossing and naturality-Reidemeister
III relations. For each of these families, we will select representative relations that
generate all others up to T}, and specify the corresponding final relation associated

with each representative.

Eye birth-death, merge-unmerge and Reidemeister 11
These correspond to the generating relations in the F! presentation labeled

Inverses.

Frame flip-cusp relations
Up to T;, it suffices to consider the following frame flip—cusp relation and its

analogues for the remaining seven cusp 2-cells in A?c:
= 3 -
0 Q
@@ ©-© OO
@@ 0 @
O O

The corresponding relation in the F* presentation is N-F-Cusp:

= o

/| |
£
—_—
J—
The corresponding relations for the other three cusp 2-cells representing death paths
are N-F-Cusp x, N-F-Cusp 2z and N-F-Cusp xz. For cusp 2-cells representing birth

paths, the relevant frame flip—cusp relations correspond to final relations equivalent

to those already obtained for the cusp 2-cells representing death paths.
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Relations involving crossings
1. Frame flip-crossing relations

e Type 1A crossings:

Up to the equivalence relation T;, it suffices to consider the following:

|0:00 |

This corresponds to the final relation N-F-Cross-1.

o« Type 1B crossings:

Up to T;, we distinguish two cases:

— For the crossings in Afc corresponding to III and IIT™":

(a) The frame flip—crossing along the descending diagonal corresponds

to N-F-Cross-4.

(b) The one along the ascending diagonal corresponds to N-F-Cross-5.

— For the crossings corresponding to III' and III'": These can be deduced

from the above two using relations in 7;.

e Type 2A crossings:

Up to T;, it suffices to consider the frame flip—crossing across the

diagonal associated with the surgery sphere embedding that intersects both

components of the source manifold, for the crossings in A?c corresponding
to ¢1 and ¢o. These give rise to the relations N-F-Cross-2 and N-F-Cross-

2 z.

o Type 2B crossings:

Up to T;, it suffices to consider the frame flip—crossing along the ascending

diagonal of the Type 2B crossing in A? corresponding to the II. This gives

the relation N-F-Cross-3.

o Type 3 crossings:

Up to T;, consider the frame flip—crossing along the descending diagonal

of the Type 3 crossing in Aff corresponding to «. This corresponds to

N-F-Cross-1 z.
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2. Naturality-Reidemeister 11

Up to the equivalence relation T}, it suffices to consider the following:

Seei
53 % | =
%*C \

Sl ot
® O
%—*O !

This corresponds to the final relation N-F-Cross-3 z.

The above discussion establishes the following result:

Theorem 6.2.6. The surgery presentation Surcl’];’f1

is equivalent to the F*

presentation: a skeletal presentation with one generating 0-cell, four generating 1-

cells, twenty-eight generating 2-cells, and thirty generating relations, as defined at the

beginning of this section.

6.3 Skeletalization of Sur{,.

The purpose of this section is to describe the current status of our efforts to establish

that Sur” is equivalent to a skeletal presentation, which we refer to as the F?

presentation. This presentation extends the F! presentation by incorporating 36

additional generating relations, organized as follows:

1. Swallowtail.

281

vﬂ :ﬁ> 6 =id ST1 (z)
g\- 2, = id ST?2 (z)
%7 Ll ii = id ST3 (zz)



2. Beak.

v
U O\
p; ﬂ Jl 01 B1 (z2)

P
""" 4,
)\ﬂ L™t B2 (z2)
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3. Reidemeister III.

o A A ~2
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T10 (z)

We will explain why exactly thirty-six initial generating relations remain to
be accounted for and describe which additional relations in the 2 presentation
correspond to them. However, the reader should note that we have not yet explicitly
carried out the skeletalization for the Reidemeister III relations marked in red—
namely: T2 (z), T3 (z), T4 (z), T5 (z), T7 (x), T9 (), and T10 (x). While we do
identify the initial generating relations to which these correspond, the precise form
they take in the 2 presentation should for now be regarded as conjectural. We are
currently working to complete the necessary computations and expect to resolve these

remaining details shortly.

Remark 6.3.1. The Morse presentation in [BDSPV14] includes z-rotated versions
of certain Reidemeister III relations. However, as we demonstrate below, these are

redundant: each such relation follows from the others up to equivalence.

We now proceed to skeletalize Sur{;,, building upon the results established in the

previous sections.

Stages 0, 1, and 2: Final generating 0-, 1-, and 2-cells

The final generating 0-, 1-, and 2-cells are identical to those of Sur{; . The same

holds for the pointing 2-cells.
Stage 3: Final generating relations
Phase 3.1: Selection of pointing relations

The set of initial pointing relations 7; includes all relations from Sur(fg’fl, while the set

T of final pointing relations consists of all relations appearing in the F' presentation.
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Phase 3.2: Selection of good 1-finalizations

We retain the same choices of good 1-finalizations as in Sur{s,_.

Phase 3.3: Selection of the remaining final generating relations

Three families of remaining initial generating relations require analysis: swallowtail,
beak, and Reidemeister III. As expected, representatives of these families correspond
to the swallowtail, beak, and Reidemeister III relations in the J? presentation,
respectively.

The swallowtail and beak relations can be treated relatively directly (up to
T;), with only a minor subtlety—which we will address via an explicit example.
In contrast, the Reidemeister III relations remain one of the most challenging

components of the project. We now examine each of these families in more detail.

Swallowtail
We begin by recalling that the initial swallowtail generating relations take one of

the following two forms:

2 2
eH
= e =2
X
z
- BE
= = .
Y X

We focus on swallowtails of the first form, as the treatment of the second is entirely
analogous. Up to Tj, all such relations are determined by the triple (Y, py, 7y, dy),
where the surgery sphere py intersects both 7y and &y transversely at a single point in
Y, and where 7y and &y are disjoint. This geometric condition significantly constrains

the possible configurations. There are two main cases to consider:
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1. pis an index 1 surgery. Then 7 and ¢ are disjoint index 0 surgeries, and Y has

two connected components.

2. pis an index 2 surgery. Then 7 and ¢ are disjoint index 1 surgeries, and there

are two subcases:
(a) Y has two connected components, each appearing in the image of both 7
and &.

(b) Y has three connected components, only one of which lies in the image of
both 7 and o.

Each of these cases is represented by one of the following diagrams. Up to T}, any

initial swallowtail generating relation of the first form is equivalent to one of these:

9,
e e
. 9
o O
00 /00
13
0,
e O
010, 7100
9
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These correspond respectively to the relations ST1 x, ST3 xz, ST3 x, and ST2 z
in the 2 presentation.

One subtlety remains in establishing this correspondence. In the initial swallowtail
relations, the isotopy of Morse data on the right-hand side is not explicitly specified.
Fortunately, in dimension 2, this ambiguity can be resolved directly. For example,
to verify the relation ST3 (x), it suffices to determine the isotopy class of the right-
hand side by tracing the image of a collection of generic curves in the source 1-cell
through the sequence of 2-cells on the left-hand side. This allows us to determine any
additional isotopies that must be included in the right-hand side. The same method
applies to all swallowtail relations.

Finally, using an entirely analogous argument, we obtain the x-rotated

counterparts of the swallowtail relations discussed above.

Beak

The analysis of the beak relations proceeds in a manner entirely analogous to that
of the swallowtail relations, and so we omit the details here. The only subtlety arises
from the same type of ambiguity encountered in the swallowtail case—namely, the
specification of the isotopy on the right-hand side of the relation. As before, this can
be resolved by examining the images of generic curves under the composite of 2-cells
in the finalized form of the left-hand side, thereby determining the necessary isotopy
directly.

Reidemeister 111
The analysis of the Reidemeister III relations is the most intricate part of the
skeletalization of Sur(; . In what follows, we outline the main ideas underlying this
part of the construction.
We begin begin by recalling that the initial Reidemeister I1I generating relations

take the following form:
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The first key observation is that a Reidemeister III relation is determined, up
to T;, by the following data: the source manifold X and the embeddings of surgery

spheres
ox, Yy ory, and (Yro¢,) ! opy
into X.

As a concrete example, consider the following Reidemeister III relation in Sur(;_:

0-*0+0O

0."0Q

0000

Q0 Q

Here, we color the three strands of the underlying Cerf graphic to keep track of
which corresponds to which embedding of surgery spheres, and we record all such
embeddings in each manifold appearing in the diagram. In the example above,
the source manifold is a single circle, and the surgery sphere embeddings yield a
configuration of six points in it, grouped into three pairs. This configuration—
considered up to rotation of the circle—uniquely determines the Reidemeister 111

relation up to 7;.
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Furthermore, flipping the signs of both points in any one pair (i.e., for a fixed
color) results in an equivalent Reidemeister 111 relation up to 7;: one simply pre- and
post-composes with frame flips and invokes the frame flip—crossing relations studied
earlier.

It is also worth noting that the source manifold is always a disjoint union of at most
four circles. If there are more components, the entire cobordism can be decomposed
into disjoint pieces.

In summary, equivalence classes of Reidemeister III relations up to 7T; are
classified by a closed 1-manifold with at most four components and a configuration
of three pairs of points in it, labeled (and colored) purple, red, and orange. This
yields a significant simplification: although there are a priori infinitely many initial
Reidemeister III relations, we have now reduced the problem to a finite—though
still large—set of configurations, each corresponding to a specific arrangement of six
labeled points. This brings us to our second key observation, which will help us refine

this classification further.

Lemma 6.3.2. Let a configuration of three pairs of points in a closed 1-manifold
correspond to a Reidemeister III relation. If two colors in the configuration are
swapped—for example, if all red points are relabeled purple and all purple points red—
the resulting configuration determines a Reidemeister II1I relation that is equivalent to

the original one up to T;.

Proof. The lemma follows from one simple observation and a small trick.

The key observation is that there are two ways to realize a swap of two colors in
a configuration. One is to swap the colors assigned to the points in the configuration
while keeping the colors of the strands in the Reidemeister III diagram fixed.
The other is to swap the colors of the strands in the diagram while keeping the
configuration fixed. Both result in the same underlying diagram up to relabeling.
Therefore, it suffices to show that swapping two colors of the strands in the diagram
results in an equivalent Reidemeister III relation.

This leads us to the following trick. We start with a Reidemeister III relation as

shown:
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Our goal is to use relations in T; to deduce the Reidemeister III relation obtained
from swapping the colors red and orange in the strands of the underlying Cerf graphic.

We pre- and post-compose with crossing 2-cells as shown:

/\

P

hd
<P

Then, using the Reidemeister 11 relations, we obtain

A similar argument shows that we can also deduce the purple-orange color swap
on the initial Reidemeister III relation up to 7;. Since any color swap can be written
as a composition of such transpositions, it follows that we can deduce all color swaps.
This completes the proof.

]

This color swap symmetry significantly reduces the number of configurations
we need to consider. Further constraints arise from the choice of source manifold,
which imposes additional restrictions on the allowable configurations, as illustrated

below. With these simplifications in place, we are now in a position to list all
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relevant configurations that must be checked—each corresponding to a distinct final

Reidemeister I1I relation.

1. The source manifold has one connected component

In this case, final Reidemeister III relations are represented by cyclic
configurations of three pairs of points on a circle, colored purple, red, and
orange, considered up to color swaps. We show that there are exactly five such

configurations up to equivalence:!

Definition 6.3.1. Given a configuration as above, define the red distance to
be the smallest number of other points that a path must cross to go from one
red point to the other (traversing the circle in either direction). Define the
purple distance and orange distance analogously. Let min and max denote the

minimum and maximum, respectively, of these three distances.

For any valid configuration, we must have min > 0, max < 2, and min < max.

This leads to the following cases:

e (max,min) = (0,0): The only possible configuration is RROOPP. This

corresponds to the final relation T5 x.

o (max,min) = (1,0): The only possible configuration is ROROPP. This
corresponds to T2 x.

e (max, min) = (1,1): No such configuration is possible.

e (max,min) = (2,0): The only possible configuration is RROPPO. This

corresponds to T1 x.

e (max,min) = (2,1): The only possible configuration is ROPRPO. This

corresponds to T3 x.

o (max,min) = (2,2): The only possible configuration is ROPROP. This

corresponds to T4 x.

These cases account for all Reidemeister III relations in the 2 presentation

whose source has a single connected component.

'Special credit to Christoph Weis for coming up with this argument on the spot during a longer-
than-expected train trip!
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2. The source manifold has two connected components

In this case, there is an additional constraint and an additional symmetry to
account for. The constraint is that no connected component may contain
only two points of the same color, as such a configuration would correspond
to a disconnected cobordism. The additional symmetry is the interchange of
the two connected components. Using arguments similar to those in the one-
component case, we find that there are exactly eight admissible configurations

up to equivalence:

« R ROPPO: corresponds to T6 .
« R ROOPP: corresponds to T7 z.
« R ROPOP: corresponds to T2.

« PR ROOP: corresponds to T9 .
« PR ROPO: corresponds to T3.

« PPR ROO: corresponds to T8 .
« POR RPO: corresponds to T10 x.
« POR ROP: corresponds to T4.

These configurations account for all Reidemeister III relations in the F?2

presentation with source manifolds consisting of two connected components.

3. The source manifold has three connected components

As in the previous case, we consider configurations of three pairs of points up
to cyclic permutation, color swaps, and interchange of connected components,
excluding those that lead to disconnected cobordisms. We find that there are
exactly five admissible configurations up to equivalence:

« PPR RO O: corresponds to T6.

« POPR R O: corresponds to T8.

« PPOR R O: corresponds to T7.

« PR RPO O: corresponds to T9.

« PR RO OP: corresponds to T10.

These configurations account for all Reidemeister III relations in the J?

presentation with source manifolds consisting of three connected components.
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4. The source manifold has four connected components

We find that there are exactly two admissible configurations up to equivalence:

« R RO OP P: corresponds to T1.
« POR R P O: corresponds to T5.

These configurations account for all Reidemeister III relations in the F?2

presentation with source manifolds consisting of four connected components.

This analysis shows that it suffices to consider exactly twenty Reidemeister 111
relations in the final presentation, each corresponding to one of the configurations
listed above. Moreover, we now have all the tools required to explicitly construct
representatives for each of these relations. The procedure is as follows: given a
configuration, we assign signs to the points, identify the resulting initial Reidemeister
IIT relation, and then apply the skeletalization procedure to extract a relation between
final 2-cells.

For some configurations, this process is especially straightforward. For example,
T1 (z) corresponds to the configuration RROPPO, which gives rise to the initial

Reidemeister 111 relation:
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]

0. 0.0 0’00

This relation can be directly translated into the T1 (x) relation in the F?
presentation.
On the other hand, T2 (x) corresponds to the configuration ROROPP, which

yields the following initial Reidemeister III relation:
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To obtain the corresponding final relation, we must carry out the 1-finalization
according to the skeletalization procedure. While this involves no conceptual
difficulties, it is somewhat tedious. For instance, applying the procedure to the right-
hand side of the above relation produces the surgery diagram shown in Figure 6.1,
which indeed matches the lower side of the T2 (z) relation in the F? presentation.
We have verified the relations corresponding to configurations T1 (z), T6 (z), and
T8 (z). Applying the skeletalization procedure to the remaining Reidemeister 111

relations is ongoing work.
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Figure 6.1: The 1-finalization corresponding to the RHS of the T2 x relation.
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Appendix A

The 72 presentation of Bord?,

Although the F? presentation has appeared in fragmented form throughout Chapter
6, we include it here in full due to its central importance. It is a presentation of
an unbiased semistrict symmetric monoidal 2-category with 1 generating 0O-cell, 4

generating 1-cells, 28 generating 2-cells and 66 generating relations defined as follows:
o Generating O-cell: =

o Generating 1-cells:

7 © o
o Generating 2-cells:
- L. I 2,
—& v =& 90
-1 6-1 6—1

ALa X A g X g
=z b=z
p A P A
- o e oo
N X Vi

e I _1r
RN =6 66
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o Generating relations:

1. Inverses.

Each of the generating 2-cells w satisfies ww™ = id and w'w = id.

2. Naturality - Frame flip.

- B 4 - -
f?ﬁ = o (N-F) z
55 0+, 6
3. Isotopy of Morse data invariance
s_? .o = o_id, (IMD)

4. Naturality - Frame flip - Cusp.

A
ol

J—¢

5. Naturality - Frame flip - Crossing.

CI i -
NSoa N7 gt €S

(N-F-Cusp) zz

(N-F-Cross-1) x

(N-F-Cross-2) z



(N-F-Cross-3) x

(N-F-Cross-4)
(N-F-Cross-5)

=G D@
5>

Ir
I11
9-1

47
)

I 1

6. Swallowtail.

(ST1)

= id

L = id

7. Beak.

(B1) zz

MRy G

=G
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