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ABSTRACT

The technique of muon spin rotation (uSR) has emerged in the last few decades as one of the most powerful methods of obtaining local
magnetic information. To make the technique fully quantitative, it is necessary to have an accurate estimate of where inside the crystal
structure the muon implants. This can be provided by density functional theory calculations using an approach that is termed as DFT + f,
density functional theory with the implanted muon included. This article reviews this approach, describes some recent successes in particular
USR experiments, and suggests some avenues for future exploration.
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of decay.” Detecting the direction along which the positron is emitted

Very often, in condensed matter physics, it is necessary to have allows one to infer which direction the muon spin was pointing at the
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very detailed information about the magnetic properties of materials
measured at a local level. Standard magnetic characterization can be
provided by measurements of magnetic susceptibility y; this quantifies
the magnetic response of a sample, revealed by its magnetic moment

moment of its decay. Each muon lives for a different amount of time
(according to the radioactive decay law) and so each muon decay gives
rise to a positron whose detection at time t at a particular angle of
emission contributes to a data point. Making many such positron
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detections, taken over many million muon decays, allows one to build
up a histogram A(%), yielding the average muon spin polarization P(f)
of the large ensemble of muons as a function of time, allowing both
static and dynamic local fields to be probed.

The technique has a number of key advantages. First of all, muon
beams have 100% spin polarization (owing to parity violation in the
weak interaction), in contrast to the very weak thermal polarizations
obtained in nuclei in nuclear magnetic resonance (NMR) experiments.
Second, muons have a larger gyromagnetic ratio than any nucleus in
NMR, resulting in high sensitivity. It is very helpful that there is no
restriction or necessity for specific nuclear isotopes, with muons usable
for measurements in any material (in contrast to both NMR and neu-
tron scattering). The ability to use an extended field range for mea-
surements, from zero field (ZF) up to 10T, and a wide range of
temperatures (using dilution refrigerators, helium cryostats, or furna-
ces) means that uSR experiments are compatible with a very wide
range of sample environment. Finally, the technique allows the user to
study the time dependence of local magnetic fields, and the technique
gives access to dynamical information with a very wide range of corre-
lation times (1071°-107° ) that fit neatly between a.c. susceptibility”
on one hand and neutron scattering’ on the other (the longest times
are limited by the muon lifetime and the shortest times depend on the
local field distribution®). Consequently, it has been widely used to
study problems in magnetism,” superconductivity,” organic conduc-
tors,” and many other systems (for an up-to-date review of applica-
tions of SR to a very wide range of topics, see Ref. 4) and has become
a frequently deployed method alongside other experimental techni-
ques, such as magnetic neutron diffraction.”

Despite many successes of the technique, there is a perceived
drawback of the technique that arises from the lack of knowledge of
the muon’s stopping site in materials, raising the question of which
magnetic fields are actually being probed. Consider the dipolar field
Bgip measured by the muon, resulting from the ordered magnetic
moments in the sample. The a-component of the dipolar (o« = x, y or

z) is given by
o BB
By =22 D'mj, M
joobB
where the first sum is taken over all the magnetic moments m; within
the Lorentz sphere (i.e., out to a large enough radius from the muon)
and the dipolar tensor for the jth moment at position ; is given by

-~
w_ o (SRR oy
D" = 3 5 o, 2)
AN

where R; = r; — ry, and r,, is the muon position. These expressions
are often used to model ordered magnetic arrangements, and this can
be a very good test of the validity of a muon site, but notice that the
expressions depend on the coordinates R;, which are measured with
respect to the (unknown) muon position r,. There are other contribu-
tions to the field at the muon site in addition to By (such as the
hyperfine field and, in the case of ferromagnets, the Lorentz and
demagnetization fields"), but Bg;, is the most significant and illustrates
the point that the field at the muon site is a function of the unknown
quantity 7.

Even more serious is the unknown effect that the positively
charged muon has on its local environment, raising the question of
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whether intrinsic behavior is being measured, or whether instead the
experimental results are caused by the presence of the implanted
muon itself. One can suspect that, if the final muon stopping state
involves relatively little contact hyperfine coupling, the stopped muon
will resemble something like a bare particle playing the role of an
interstitial defect, albeit “dressed” by interactions with the electronic
system. This might involve, for example, the muon acquiring a screen-
ing cloud of electronic charge in a metal, or acquiring a strain field in
an insulator as it deforms atoms in its vicinity. Knowledge of the
muon’s stopping site in such cases would allow us insight into the local
fields and interactions at a known position. If the muon instead forms
a bound paramagnetic state such as muonium, or induces a large spin
density at its position, knowledge of the muon site would, therefore,
allow us to identify the electronic state that gives rise to the measured
hyperfine coupling constants, and hence direct insight into the local
electronic structure. To address this drawback of 4SR, a density func-
tional theory (DFT) ab initio approach has been developed to deter-
mine the muon site.'” ' We call this approach DFT +y, density
functional theory with an implanted muon, and this review will
describe the method and demonstrate some of its recent successes.

Il. THE SITE PROBLEM

The location of the muon site is determined by all the electro-
static interactions in the system, including the distortions produced in
the material by the presence of the implanted muon, and interactions
between all the particles in the system. This is a complicated problem,
but it is pretty well described by non-relativistic quantum mechanics.
The system comprising the stopped muon and its host material can,
therefore, be described by the Schrodinger equation, and so a compu-
tation of the wavefunction of the system should, in principle, be possi-
ble. The system is, however, rather large, comprising the muon and
the large number of electrons and nuclei in the sample. This is a many
body problem and, therefore, extremely complex. Even if we restrict
ourselves to focusing only on the electronic part of the wave function
(which makes sense, as it is the behavior of the more mobile electrons
that ultimately determines the muon site) the task is formidable.* In
Sec. 111, we will describe how this problem can be treated with elec-
tronic structure calculations, but in the remainder of this section, we
will describe some methods that have been used previously.

A. The intuitive approach

Even without the use of sophisticated electronic structure calcula-
tions, it is possible to think about where a muon is likely to sit using
chemical intuition. Most uSR experiments use positive muons (u"),
and since the muon behaves like a light isotope of hydrogen, the u* is
likely to implant at a site that would be favored by the H' cation.
Therefore, one can immediately deduce some ad hoc rules of thumb
for guessing muon sites. For a start, one can conclude that positive
muons favor sites close to negatively charged anions. A good example
is provided by the large number of magnetic oxides that have been
widely studied in condensed matter physics. In these, it is usually
found that the muon sits around 1 A from an O%~ ion (a result which
was concluded during studies of the cuprate superconductors, ” which
all consist of a collection of cations and oxygen anions). The resulting
state behaves like a hydroxyl OH group, which has a bond length close
to 1A."° In fluorides, it is known that muons form F —u—F bonds'”
in which the muon sits between the two fluoride ions, forming an
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analogue of the bifluoride ion (HF; ). We will return to this important
example later. In elemental metals, the muon would be expected to
occupy a highly symmetrical site, such as an interstitial site inside the
face-centred cubic lattice of copper for example.'® These empirical
rules of thumb are often useful and lead to the identification of highly
plausible muon sites, albeit in a limited range of materials.

B. Bayesian methods

One fruitful approach to solving (or at least avoiding) the muon
site problem is to deny that knowledge of the muon site is necessary. If
the goal is to measure a magnetic moment of a magnetic ion in a struc-
ture, is the muon site really needed and can one include our quantified
ignorance of it in the calculation? This approach leads to a Bayesian
method'” and is based on the observation that evaluating the dipolar
field, given the muon site and the magnetic moment, is an easy prob-
lem [just use Egs. (1) and (2)], but the reverse problem is hard. The
inversion between the two calculations is accomplished using Bayes’s
theorem, which states that P(A|B) = P(A)P(B|A)/P(B). Here, P(A)
is called the prior probability, since it is the probability of A occurring
without any knowledge as to the outcome of B. The quantity which
you derive is P(A|B), the posterior probability. For the muon problem,
we write Bayes’s theorem as

P(ulv) = wa )

P(v|u)P(i') dil

where v is a muon precession frequency, and u is the magnetic
moment of an ion in the crystal. Equation (3) gives the probability of a
magnetic moment, given the observed muon precession frequency
(the experimental problem, which is hard), in terms of the probability
distribution of the muon precession frequency, given the size of the
magnetic moment (the computational problem, which is easy). These
are probabilities, since we do not know the muon site a priori and so
the muon site is described by some probability distribution within the
unit cell (and for the case of total ignorance of the muon site, the prob-
ability distribution can be uniform throughout the unit cell). Thus, we
can compute the distribution of dipolar fields within the unit cell
under some assumed distribution of muon sites (reflecting the level of
our ignorance), which we can express as a probability density function
(pdf) f(v/u), evaluated as a function of precession frequency v
divided by magnetic moment p (since the precession frequency scales
with the magnetic moment). This function f(v/u) allows us to evalu-
ate P(v|p) of Eq. (3). Thus, P(v|u) = f(v/p), and since f(v/p) is
normalized so that [f(v/u)d(v/u) = 1, the factor of i is needed so
that [ P(v|p) dv = 1.

Since v is obtained from a real experiment, what we would like to
know is g(u|v), the pdf of ;1 given the observed v. This can be obtained
from our calculated f(v/u) using Bayes’s theorem in the form of Eq.
(3), which yields

L twiw
e — @
J /i)

where we have assumed a prior probability [P(u)] for the magnetic
moment that is uniform between zero and u,,, and so, P(u) is

pubs.aip.org/aip/are

replaced by the uniform probability density 1/, [which cancels on
the top and bottom of Eq. (4)]. We choose fi,,,,, to take a large value,
although it is found'” that results are insensitive to the precise value of
Umax- When multiple frequencies v; are present in the spectra, it is nec-
essary to multiply their probabilities of observation in order to obtain
the chance of their simultaneous observation, so we evaluate
glul{vi}) o< I1; j;ijAA;’ f(vi/p) dv;, where Av; is the error on the fit-
ted frequency. These results have been applied successfully in a num-
ber of studies.”” >

C. Knight shift measurements

An experimental method that has been used to identify or verify
a muon site involves applying a transverse magnetic field Bey to the
sample and measuring the Knight shift. This occurs because the field
at the muon site B, may not be exactly the same as the applied field
Bexi, due to contributions from the dipolar field, the hyperfine contact
interaction, the Lorentz field, and the demagnetization field. In a trans-
verse field experiment, one is often interested in the difference between
the two, B, — By, but measured along Bey. This is because the com-
ponent of B, — Bey measured perpendicular to By makes very little
difference to the precession frequency. The Knight shift K is then
defined by

(Bu - Bext) ° Bext
B? '

ext

K= (5)
and, hence, B, =~ (1 + K)Bex. The dipolar field from ordered
moments contributes to K, but even in the paramagnetic state, the
moments can become partially polarized in an applied field and take
the value

xBextAI/c
mj = = ’ (6)
Ho
where ¥ is the volume per magnetic ion, and y is the magnetic sus-
ceptibility tensor. Hence,

Bdip = ZZBext 3 (7)

where 9 = Z—; Zj D; is the total dipolar tensor. Similarly, the contact
hyperfine interaction By is given by

By = ngext 3 (8)

where &7 is the analogous hyperfine tensor. The contact coupling
is usually independent of the field direction, and so this can be
written as a scalar in the majority of cases. This provides us with all
we need to model the effect of rotating a single crystal in a constant
magnetic field and predicting the Knight shift for a particular
muon site, the anisotropy of the dipolar coupling resulting in angle
dependence, while the contact interaction gives an angle-
independent contribution.

Another experimental test of the validity of a candidate muon
site can be obtained using the contribution of nearby nuclear dipoles
to the decay rate of a transverse-field precession measurement. The
damping of the precession signal arises from contributions from
nearby nuclear dipoles, which are not ordered, but sometimes add and
sometimes subtract from the applied field. In a transverse field mea-
surement, the broadening is given at short times by a Gaussian
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relaxation function exp (—a?t2/2), where the parameter g2 (also
4,23-25

known as the second moment M, in NMR) is given by

” =3 ( ) /uZV?I”

This depends on the spin I of the nearby nuclei, and their position r;
and gyromagnetic ratio y;. This depolarization rate is angle-dependent
(0; is the angle between the applied field and the vector between the
muon and the nucleus), so this broadening can be measured experi-
mentally. In the case of a zero-field measurement, the relaxation takes
on the Kubo-Toyabe form with a value of A* given by

A= ( )WZ VI +1) 3C°se), (10)

— 3 cos?0;)’ ©)

t

which again can be checked by an experiment. Moreover, in some for-
tunate cases (particularly fluorides), the zero-field signal from the
nuclei contains much more structure than a simple Kubo-Toyabe
relaxation (which is derived from an assumption of a Gaussian-
distributed random distribution of local field components). In those
cases, there is much more information to go on to deduce the muon
site and understand the local environment.

lIl. DFT+p

The methods described in Sec. II can all be useful in guessing and
experimentally checking the muon site. However, electronic structure
calculations are now proving to be extremely reliable as an ab initio
technique for deducing muon sites, as well as for calculating the result-
ing distortion induced by the presence of the muon. In this section, we
first review briefly the ideas behind density functional theory (DFT)
(for an excellent introductory review, see the book by Giustino™) and
then describe how DFT can be implemented for muon site
calculations.

A. Density functional theory

The many body wave function is a complex object to evaluate
and store (making demands on memory size that grow exponentially
with system size, resulting in one of the pioneers of the subject even
doubting whether the many body wave function is a legitimate scien-
tific concept for systems of more than a handful of atoms!'*). The
approach taken in DFT'*** is to dispense with the many body wave
function and instead deal with the functional E[n(r)] whose output is
the ground state energy of the N-electron system and whose input is
the electron density function n(r). The electron density is not a func-
tion of all of the coordinates of all of the electrons; it is simply a func-
tion of the three position coordinates r = (x, y,z); thus, we treat the
electron density as a fluid and forget that the electrons are really indi-
vidual quantum objects obeying antisymmetry conditions. The func-
tional is therefore a quantity averaged over 3N — 3 of the degrees of
freedom of the N-particle wavefunction. It seems surprising that we
can make such a severe simplification and still compute the energy of
a system, but that this is possible is the result of the two
Hohenberg-Kohn (HK) theorems.”’

The first HK theorem establishes a one-to-one correspondence
between an external potential V(r) and the ground state electronic
density n(r). It can be proved that the ground state density n(r)

pubs.aip.org/aip/are

uniquely determines the potential, and hence all of the properties of
the system. So, for example, the ground state energy E, can be written
as a unique functional of the electron density n(r) via an expression of
the form

E[n(r)] = T[n(r)] + Eee[n(r)] + Een[n(r)]

= F[n(r)] + Jd3r 1(r) Ven (1), (11)

where, in the final line of Eq. (11), we have separated out the
electron-nuclear part of the energy E., and have written the rest as
F[n(r)] = T[n(r)] + Eee[n(r)], which is a functional encoding all of
the purely electronic contributions to the energy. If we have access
to E[n(r)], then we might be able to solve the problem of finding
the electronic configuration corresponding to it by minimizing E
with respect to the electron density n. That is, we continually adjust
the function n(r) until we find a form that gives us the lowest-
energy electron density E. Is this a safe strategy? The second HK
theorem tells us that it is.

The second HK theorem states that E[n(r)] gives the lowest
energy if, and only if, the input density n(r) is the true ground state
electron density. If we do not use the true density, then we obtain an
upper bound on the ground state energy. Thus, the idea is to minimize
the functional E[n(r)] with trial functions n(r), and if we find the
actual minimum, then we will have the true electron density. There is,
however, a problem, in that we do not actually know the exact form of
the electron functional F[n(r)]. So, how do we find it?

A major simplification of the calculation of the electron density is
made if we use the Kohn-Sham formulation,” the idea of which is to
reformulate the problem by replacing the interacting system of many
electrons by a non-interacting system of many electrons constrained
to have the same electron density. Thus, the idea is to approximate the
interacting kinetic energy T[n(r)] of the N interacting particles by the
kinetic energy Ts[n(r)] of N non-interacting particles with the same
density n(r). We also extract from F[n(r)] the Hartree component
Uln(r)]. The Hartree component is simply the classical Coulomb
interaction between regions of charge density and can be easily written
in terms of n(r). We then write

F[n(r)] = Tgn(r)] + Uln(r)] + Ex. (12)

We have, therefore, bundled up our remaining ignorance into the
functional Ey., known as the exchange-correlation energy. To summa-
rize, the HK theorems tell us we can find the ground state energy by
minimizing a functional E[n(r)] = F[n(r)] + fdz’r Ven(r)n(r) with
respect to the density n(r). The KS formulation, with its replacement
of the interacting system with an equivalent non-interacting one,
allows us to say that this minimization will be equivalent to a simpler
procedure where we minimize the total energy of a non-interacting
system subject to an effective potential Vi, whose form is

V(1) = Ven(r) + Viu(r) + Vi (r). (13)

The first term in the effective potential represents the electron-nuclear
potential, the second the Hartree interaction, and the third the
exchange-correlation potential. The end result of the KS approach is
that we can solve the ground state density for the interacting system
by first solving the Schrodinger equation for a single particle in an
effective potential, using the set of KS equations defined as
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B— + Vs(")} di(r) = &ip(r). (14)
m

The solutions of these KS equations give a set of KS wavefunctions
and energy levels labeled by i. These states are filled up by the set of
available electrons, and the density can be constructed from these
non-interacting wavefunctions as n(r) = 3_ |$,(r)|’, where the sum
runs over the occupied states.

Although we now have a set of single-particle problems to solve,
we do not actually know the potential. Our ignorance has two aspects:
the first is the functional form of Vi, the second is that the Hartree
potential Vi and the exchange correlation potential V. both depend
on n(r), the solution to the problem, which in turn is constructed
from ¢;(r). The first problem can be addressed by approximating V.,
using, for example, the local density approximation (LDA)”® or some
more sophisticated approach.”” *' We then solve the equations itera-
tively: (i) an initial guess is first made of n(r), and the potential Vs is
computed; (ii) the single-particle wavefunctions are computed; and
(iii) the set of occupied ¢; is used to compute n(r), and then we start
again by returning to step (i) and recalculating the potential. This pro-
cedure is repeated untdl some suitable convergence criterion is
reached.

Central to the use of DFT is the Born-Oppenheimer (BO)
approximation. This approximation makes use of the fact that atomic
nuclei are much heavier than electrons, and therefore that the energy
scale for the electronic part of the wavefunction is significantly larger
than that of the nuclear part of the wavefunction, allowing these to be
separated. The approximation, therefore, allows us to treat the atomic
positions as parameters of an electron-only Hamiltonian that obeys a
Schrodinger equation. The Born-Oppenheimer approximation basi-
cally clamps the nuclei at given fixed positions and the appropriate
electron wavefunction is the one corresponding to this clamped
nuclear configuration. However, nothing tells us whether the configu-
ration of nuclei we specify is an equilibrium one. Since one of our
main purposes in using DFT is finding the details of the nuclear struc-
ture that accommodates the muon, we must repeat our calculation of
the electronic density for different nuclear structures until a global
minimum in the ground state energy has been found. To do this, we
allow the nuclei to move under the effect of forces, until these forces
become small enough that we judge the system is at equilibrium. This
process is called a geometry optimization (or a relaxation of the
structure).

The BO approximation will be important in applying DFT tech-
niques to a crystal containing a muon impurity. The muon is treated
as a nucleus (a reduced-mass hydrogen) which, like all nuclei within
BO, is clamped into position. The fact that the muon is 1/9 the mass of
a proton and, therefore, somewhere between a nucleus and an elec-
tron, ultimately limits the applicability of the technique, as we discuss
in Sec. [V E.

B. Adding the muon

The DFT + p technique is based around using DFT to optimize
the geometry of a material along with a muon impurity using methods
developed for first-principle calculations of defect states.’” In practice,
we can start by randomly assigning an initial muon site in a unit cell
of the target material and relaxing the structure by allowing both the
muon and the atoms in the crystal to adjust their positions via

REVIEW pubs.aip.org/aip/are

repeated iteration until the forces on them are reduced below the
threshold. We then evaluate the total energy of the final relaxed config-
uration. For crystalline materials, we generally use DFT codes that
assume periodic boundary conditions. Since the muons in a uSR
experiment are implanted in the ultra-dilute limit, to ensure the
boundary conditions never result in muon-muon interactions, we
usually specify the structure via a supercell, containing a number of
unit cells and a single muon. The charge state of the muon is deter-
mined by the overall charge of the defect [+1 for diamagnetic and
neutral, zero for paramagnetic states], which is fixed initially; note that
for the diamagnetic case, a uniform, smeared-out Hartree-like com-
pensating charge is added to the supercell to ensure overall neutral-
ity,” " and the final charged state of the impurity is to be determined
by the final relaxed configuration.

The geometry optimization is repeated for several other ran-
domly chosen initial muon sites, with the lowest total energy of the
relaxed structure yielding the most likely muon site, as well as provid-
ing an estimate for the structural distortion the muon introduces.
Often this procedure will lead to a range of candidate muon sites being
produced. It is then necessary to form these into clusters of roughly
equivalent sites, which is most efficiently done by making use of the
underlying symmetry of the unperturbed material’s structure, along
with some assumptions about the nature of the distortion and the
energy ranges of sites that are likely to be realized. The method has
proved extremely successful, providing results which are in quantita-
tive agreement for cases in which the muon site can be independently
verified (for example, ionic fluorides provide a valuable test-bed for
evaluating the method because of the quantum coherent oscillations
produced in F-u-F states,'” see Sec. [V A).

Since this procedure is rather well defined for most systems, it is
possible to create simple software solutions that allow it to be carried
out automatically. The first calculations'”'" utilized bespoke programs
calling the open-source electronic structure code QUANTUM
ESPRESSO.*® Recently, some examples have started to become avail-
able for general use. MuFinder” is a tool that enables users to carry
out muon-site calculations via a simple graphical user interface (GUI).
The procedure for calculating muon sites, by generating initial muon
positions, relaxing the structures, and then clustering and analyzing
the resulting candidate sites, can be done entirely within the GUI The
software was originally configured to make use of the plane wave elec-
tronic structure code CASTEP.” Once candidate muon sites have
been determined, the local magnetic field at the muon site can then
also be computed within the program, making use of the Magnetic
structure and mUon Embedding Site Refinement (MuESR) software,””
allowing the connection between the muon sites obtained and experi-
ment to be made. Alternative software tools are also available, includ-
ing one based on a combination of ab initio random structure
searching (AIRSS) and machine learning.”’ Here, AIRSS is a general
scheme for randomly generating possible structures a system can
adopt and then introduce biases based on chemical, experimental,
and/or symmetry grounds."’

The method described so far can be quite computationally costly,
owing to the need for many iterations of the optimization procedure
to relax the structure. In view of this, an alternative scheme is the
unperturbed electrostatic potential (UEP) method, in which the charge
density of the host material obtained from a DFT calculation is used,
unperturbed by the presence of the muon. This provides an estimate
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of the Coulomb force acting on each of the u* in the initial muon-
containing structures. This potential is a direct output of the DFT cal-
culation, being the opposite of the Coulomb potential experienced by
electrons, and its minimum represents the candidate site where the
muon feels zero force. Although approximate, the UEP method is
extremely fast and works reasonably well in materials in which atomic
displacements do not play a major role in stabilizing a diamagnetic
muon site.””

To further reduce computational cost, semi-empirical methods
can be employed, which rely on simplifying approximations and
parameterizations to allow more efficient computations. Hartree-Fock
(HF) theory"’ was much used before DFT became established. For
speeding up HF calculations, a useful series of semi-empirical methods
were developed in which a set of empirical parameters is derived for
each chemical element treated by the method. This is done by optimiz-
ing against a training set of molecular data, which includes properties
such as geometry, ionization energy, and electric dipole moment, and
is generally limited to light atoms and molecular materials.” In view of
the success of the efficient HF semi-empirical approach, attempts were
made to apply similar semi-empirical ideas to the DFT calculation
framework. This led to the method known as density functional tight
binding (DFTB), which focuses on parametrizing the interactions
between pairs of atoms.** The DFTB method is relatively fast, since
each stage in the geometry relaxation only requires a single diagonali-
zation of the energy matrix, rather than the iterative self-consistent-
field loop of a usual DFT calculation. Although the semi-empirical
methods are useful for rapidly obtaining geometries for a subset of
problems, such as muoniated molecular radicals, they are not able to
produce accurate spin structures. Thus, in order to produce a reliable
spin distribution and corresponding hyperfine parameters, it is neces-
sary to follow on with a single-point DFT calculation after the semi-
empirical geometry optimization.*

IV. EXAMPLES

The location of the muon site in a solid is chiefly determined by
the electrostatic interactions of the positively charged muon and its sur-
roundings. In metals, we expect to find bare muons (often called dia-
magnetic muons), uncoupled from unpaired electron density. In
insulators, there is also the possibility of forming muonium (Mu): a
bound state of an electron and muon with a binding energy of 13.54 eV
(in vacuo). However, our interest below is mostly in bare muons. We
expect a stopped bare muon to be self-trapped by its own local distor-
tion to the lattice," such that (classically) it sits at the bottom of an elec-
trostatic potential well. The energy scales chiefly at play determining
muon sites are therefore electrostatic ones of order 0.1-10 V. This large
range of scales, which is often reflected in the energy differences between
candidate muon-containing structures found using DFT follows from
that found in the cohesive energies of different types of solid, from
molecular crystals (of order 0.1eV/molecule), through metals (1eV/
atom), to insulators (10 eV/atom).” Such scales are well described by
electronic-structure methods such as DFT. Its worth noting that mag-
netic interactions, whose energy scales are typically determined by inter-
actions of order tens of millivolts and below, are rather smaller still. So
while the electronic state of a material, and the consequent distribution
of electron density, will likely affect the muon-stopping state, the mag-
netic state of a material (and the consequent distribution of electron
spin density) is unlikely to determine the muon site.
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A. Fluorides

Ionic fluorides were one of the first systems ' to be studied
using DFT + p. This is because the muon site in fluoride systems can
be identified using the characteristic experimental signature of an
F-i—F state.'” Even though there is no electronic magnetism in many
of these compounds, a clear and rather complex precession signal was
observed, and they have some rather special properties: (i) fluorine is
extremely electronegative and thus attractive to the positively charged
muon, (i) F~ has a very small ionic radius (so that the muon sits very
close), (iii) the fluorine nucleus has spin one-half (so that any relaxa-
tion retains a simple, yet characteristic, time dependence), and (iv) the
fluorine nucleus has a large nuclear moment, associated with an iso-
tope which occurs with 100% abundance (so that all states behave the
same). It was recognized that the effect could be explained if a muon
stops between two fluorine ions to form what is known as an F-u-F
state. This state can be described by the Hamiltonian # given by

H = Hyr + Hrr, (15)

10,11

the sum of two terms expressing the dipolar interaction between the
muon and the fluorine nuclei,

2h2vv 3(S, - r:)(Spi - 1;
o — i_; Wi, s _W . (le)
i1 i i
and the dipolar interaction between the fluorine nuclei,
3 3(Sp1 - rer) (Sp2 -
Hpp = &_!F Sp1 - Sk — Sl rFFz( 2 i) : a7)
4 ryp TEg

If we ignore the interaction between the two fluorine moments, then

%3, 0, and M, all in units of hwg

eigenvalues are -1, 3
= pohy,yp/(4nr’) and twice-repeated, so the energy levels are four
doublets. The polycrystalline average polarization is then given by an

analytical form
1 1
(P,(1)) zz-i—gZa,- cos (2mqt), (18)
i=1

with a; =1, uzzlf\/ig, a3:1+%, o =1, azz%g, and

o3 = #3 If the interaction between the two fluorine moments is also
included then the factors in this expression change a little bit (and the
expression does not look as pretty). Nevertheless, the form of the oscil-
latory signal provides information concerning the nature of the inter-
action (whether with one fluorine, or two, and whether the F-u-F
bond is straight or bent), and the timescale of the oscillatory signal is
set by wg, and hence by r, so that the muon-fluorine bond length can
be accurately measured. This provides crucial quantitative information
on the muon site and its local distortion, allowing a rigorous test of the
accuracy of the DFT +u calculations.

The oscillations in the muon polarization described in Eq. (18)
have been observed experimentally in many inorganic fluorides, ”*°
fluoropolymers,” "’ and fluorine-containing molecular magnets.
DFT +u calculations'” in a variety of inorganic fluorides (LiF, NaF,
CaF,, BaF,, and CoF,) reveal a linear F-u-F state with a F-F internu-
clear distance between 2.31 and 2.36 A, whose range includes 2.36 A,
the measured distance of the (FHF)~ molecular bifluoride ion in
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FIG. 1. (a) The crystal structure in NaF. (b) After implantation of the muon, two
nearby fluorine ions are pulled in and two nearby sodium ions are pushed out.
Adapted with permission from J. Wilkinson and S. J. Blundell, Phys. Rev. Lett. 125,
087201 (2020). Copyright 2020 American Physical Society.””

vacuum.”' The bifluoride ion has various vibrational modes (e.g.,a
bending mode of frequency around 1290 cm™"), but the calculated
modes for F-u~F are around a factor of three larger'’ (due to the
muon mass being approximately one ninth of the proton mass). This
results in the muon in a F-u-F state having a zero-point energy of
~0.8 eV, considerably larger than the value of ~0.3 eV for the proton
in the bifluoride ion."’ We will return to this point in Sec. IV F.

The rigidity of the F-u~F bond will introduce a distortion into
the crystal. For example, in CaF,, the F- distance is found by experi-
ment to be 1.172 A (with the DFT 4y calculation giving 1.134 A), but
this value is much lower than a/4 = 1.362 A, the distance between
the muon site and the fluorine ion in its undistorted position, demon-
strating a significant distortion.”” The same effect in NaF is illustrated
in Fig. 1. In the undistorted structure, each ion sits 1.64 A from the site
of the muon; following implantation, the distance from the muon to the
nearest-neighbour fluorine (sodiuum) ion becomes 1.20 A (231 A). The
results of these DFT +p calculations are in excellent agreement with
experimental results for which the complex precession signals due to the
dipolar couplings with all nearby nuclei can now be calculated and
high-statistics measurements have now been performed.”

This approach has now been extended to other fluorides, including
YF; (see Fig. 2) and a-PbF,; in the latter compound, the SR data and
analysis provide evidence for a Mu™ = ute e™ stopping site in an
anion Frenkel defect.”” Although fluorine is the most ideal ion for
exploring these effects, it is not the only one. SR data obtained on V;Si
shows evidence for quantum coherent oscillations, which can be related
to a V—u-V state.”* These experiments highlight the extreme sensitivity
of the entangled states to the local structural and electronic environ-
ments, which, in the case of these A15 compounds containing V (and
also Nb), emerges through the quadrupolar interaction with the electric
field gradient. This demonstrates that positive muons, usually thought
of as a purely magnetic probe, can also be deployed as quantum sensors
to measure structural and charge-related phenomena.™

B. Magnetism

Magnetism remains a key research area for SR, and many appli-
cations of the DFT + u techniques have concentrated on systems that
are magnetically ordered. Here, a knowledge of the muon site tells us
which magnetic fields are causing the time-evolution of the muon’s
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FIG. 2. uSR experimental data on YF3 with the fitted muon polarization using the
muon site obtained by DFT + . This site is displayed on the YF3 crystal structure
in the inset. Adapted with permission from Wilkinson et al. Phys. Rev. B 104,
1220409 (2021). Copyright 2021 American Physical Society.**

spin, potentially giving us access to more information on the local
magnetic field distribution and its dynamics.

A simple, topical example is found in materials adopting the
double-perovskite structure exemplified by antiferromagnetic
SrzFeOsOG.55 In this system, the muon site is found from DFT to be
approximately 1 A from an oxygen atom in the basal plan of the oxy-
gen octahedra surrounding the Os ions, validating the rule of thumb
that such sites close to O®~ ions are most likely in oxides. In this case,
the site is consistent with the dipole-field map computed for the
known magnetic structure, giving confidence that the DFT-derived
site is likely the one realized. Other ionic systems in which DFT+pu
calculations show that the muon occupies a site close to the anion
include the honeycomb system™ o-RuCl;, and the spin-Jahn-Teller
antiferromagnets’w’58 CoTi,Os and FeTi,Os. A similar approach
applies in the case of the ferromagnet Nd,Fe;,B, where the muon site
is identified [the 8i site (0.6745, 0.8838, 0)] near the square base of a
NdFe;B pyramid, leading to a quantitative measurement (using the
observed uSR precession frequencies) of the moment on the Nd and
Fe atoms.”

More stringent tests of DFT-computed sites are found in materi-
als with more complicated, often noncollinear, magnetic structures
and/or hyperfine contributions. The helimagnet MnSi has been the
subject of several illuminating investigations of its properties using
muons””®" and provides a good example of site-determination in a
more complicated magnetic system, In this material, the muon site
computed using DFT methods (shown in Fig. 3) is consistent with the
symmetry properties derived from Knight-shift measurements, and
also with the very restrictive details of the complicated magnetic struc-
ture of the material.”’ This information proved very useful in provid-
ing a complete analysis of the measured uSR spectra in terms of a
magnetic structure and hyperfine interaction,” that did not require
the invocation of a more exotic muon stopping state that had been
previously suggested.””

Noncollinear magnetism magnetic structures are especially rele-
vant to the study of skyrmion systems. Skyrmions™* are vortex-like
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FIG. 3.The muon site in MnSi is found experimentally to be at
(0.532,0.532,0.532) (indicated by small circles at crystallographically equivalent
sites). These positions are enclosed by the regions where the unperturbed electro-
static potential computed by DFT takes a minimum. Reproduced with permission
from Amato et al., Phys. Rev. B 89, 184425 (2014).”° Copyright 2014 American
Physical Society.

magnetic excitations found in a growing number of magnetic materi-
als. These include MnSi, which hosts Bloch skyrmions. Another exam-
ple skyrmion compound, this one hosting Néel skyrmions, is GaV4Xg
(X=S, Se). Structural relaxations of a supercell of GaV,Sg™ reveal
four distinct muon sites (Fig. 4). Three of these (labeled I-III) involve
the muon sitting close to a single S atom. A fourth site (site IV) has the
muon closer to V atoms and is the highest energy site. In the lowest
energy site (site I), the muon sits between two S atoms, in the plane

pubs.aip.org/aip/are

defined by three S atoms within V,S, units. The two x-S distances
are unequal (1.4 and 2.0A) with greater electron density found
between the muon and the nearest S atom. This site is therefore best
described in terms of the muon forming a ¢S bond (rather than an
S-u"-S state), though the presence of a second nearby S atom does
seem to stabilize this geometry. Two further sites involve the muon sit-
ting close to a single S atom.

Perhaps, the most pressing problem with the DFT + u method is
determining which sites are actually realized given an energy-ordered
list of candidate states. This problem is particularly relevant for the
results of analogous calculations for GaV,Seg. These give stopping sites
(labeled 1-4 in the order of ascending energy) that are similar to those
calculated for GaV,Sg, with three of the four sites involving the muon
sitting close to a Se atom (sites 2-4) and a site in which the muon sits
above a face of a V,Se, unit (site 1). However, the ordering of sites is
inverted in the Se case, compared to the S-containing series. In partic-
ular, the cube face site (site 1), which corresponds to the highest energy
stopping site for GaV,Sg, is the lowest energy site for GaV,Ses.
Although the difference in energy ordering is interesting, without
access to a method to compute the capture cross section for each site,
the interpretation of this information remains an open question.

So far we have seen examples of the commonly encountered
cases of sites near fluorine and near oxygen. An interesting case of a
system where both sites near oxygens and fluorines are predicted is
barlowite, a frustrated magnet kagome antiferromagnet with formula
[Cuy(OH)4FBr].”” In this system, DFT suggests two distinct classes of
muon stopping site. The first localizes 1.0 A away from the oxygen
atoms in the hydroxide groups that connect the Cu®" ions within the
kagome layers. This forms a triangular u-OH complex, with the
muon-proton distance of 1.54 A in the lowest-energy sites. In the sec-
ond class, muons localize near the fluoride anions in between the
kagome layers, with a —F separation of 1.1 A. These latter sites lie at
substantially higher energies above the lowest energy sites in the calcu-
lations (=1 eV). Although this suggests, on purely energetic grounds,
that the formation of u~F complexes in barlowite is unlikely compared
to u-OH. However, the measured spectra in the paramagnetic regime
show clear dipole-dipole oscillations consistent with a u-F complex,

(i

FIG. 4. Left: the four classes of muon stopping site determined for GaV,Ss. Right: local geometry around the muon for each of the four classes of muon stopping site in GaV,Ss.
The sites are numbered in order of increasing energy. Adapted with permission from Franke et al., Phys. Rev. B 98, 054428 (2018). Copyright 2018 American Physical Society.”*
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implying that during the stopping process, muons are indeed captured
in these latter potential minima.

The study of H-like defects in semiconductors and insulators using
first-principles methods is a mature field,”>*>* and understanding the
analogous muon-like states is clearly related.””*® A recent development
has come from the suggestion that in certain oxides, such as Cr,Os, the
muon can form a charge-neutral complex composed of a muon and an
electron polaron.”” Cr,05 contains Cr’" (3d%) ions, but the idea is that
the 1t binds to an oxygen anion but an excess electron localizes on an
adjacent Cr ion, changing its charge state to Cr*" (3d*), which is
Jahn-Teller active, resulting in a Jahn-Teller polaron. The existence of
this state is supported by first-principles calculations, and an analogous
effect has been proposed’” for Fe,O;.

C. Superconductivity

An important use of muon in superconducting materials is the
investigation of the vortex lattice in type-II superconductors, where
the muon can be used to measure the penetration depth. In such mea-
surements, the muon site is often of secondary importance since the
length scale of the vortex state is large on the scale of the underlying
unit cell, so the muons effectively probe the whole of the flux lattice,
whatever their stopping site in the crystal. However, the physics of
unconventional superconductors is inextricably bound up with mag-
netic phenomena (and sometimes questions of phase separation and
coexistence), and so in x* SR studies of materials showing unconven-
tional superconductivity, it is usually absolutely necessary to have
knowledge of the muon stopping state.

In the cuprate superconductors, it has been thought for a long
time that the muon site will be about 1A away from an oxygen
anion."” A recent study of muon sites in La,CuO, has concluded that
most muons stop near the apical oxygen, but there are two additional
sites that also receive a tiny fraction of muons.”" Iron-based supercon-
ductors provide another informative example of an unconventional
superconducting series of materials.”””* The DFT calculation allows a
straightforward identification of the muon site using the UEP
approach. In the case of the 1111 structure, this allows the identifica-
tion of three sets of potential minima shown in Fig. 5. Similar results
have been obtained for’* UTe,.

One area where uSR has proven important is in attempts to
determine instances of time-reversal symmetry breaking (TRSB) in
superconducting systems, since this can provide a tight constraint on
the symmetry of the superconducting gap.”” The assignment of TRSB
is made through the appearance of spontaneous magnetic fields found
using uSR measurements. (Importantly, this effect is absent for most
superconductors.) The effects observed are frequently small, and
sometimes only seen in muon measurements, and so it is natural to
ask whether a muon-induced perturbation is a contributing factor to
the observations. A recent DFT + y study of these materials”* suggests
that the muon is an innocent probe of these materials. We shall con-
centrate on one candidate TRSB material: the layered perovskite
superconductor Sr,RuO,.

In the lowest-energy muon site found for Sr,RuQO,, the muon is
bonded to an oxygen (O,) with bond distance 0.973 A, consistent with
muon sites in other oxides including high-temperature superconduct-
ing cuprates and pyrochlores. The small muon-induced displacement
vanishes rapidly as a function of distance from the muon site, such
that significant distortions are observed only for atoms within 6 A of
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FIG. 5. Muon sites identified in the LaFeAsO unit cell. Gold-shaded areas represent
the volume of zero point displacement for the muon. Reproduced with permission
from De Renzi et al., Supercond. Sci. Technol. 25, 084009 (2012). Copyright 2012
Institute of Physics Publishing.”

the muon site. We can, therefore, conclude that there is little structural
distortion, but what about a distortion to the physics at the next largest
energy scale: the electronic structure? It is found that the dominant
contribution to the electronic density of states (DOS) close to the
Fermi energy is that from the Ru atoms. The effect of muon implanta-
tion on the projected DOS of the Ru atom closest to the muon site is
shown in Fig. 6. There is an increase in the DOS at around 1 eV below
the Fermi energy caused by small changes in the splitting of the Ru
4d_, and 4d_, states at the Fermi level, which are not observed for Ru
atoms further away from muon. However, after summing the d-state
contributions from all of the Ru ions in the supercell, the small state
splitting is no longer resolvable. The projected density of states corre-
sponding to the muon itself lies around 8 eV below the Fermi energy.
Since this is very large interval in energy, it is highly unlikely the muon
has any effect on the electrons near the Fermi energy and so these
results suggest that the implanted muon does not have a significant
effect on Sr,RuO,. A similar conclusion was reached for other TRSB
systems investigated in this study.”

D. Molecular systems

Muons are routinely used to elucidate the properties of molecular
materials. These systems are attractive owing to their tunability, but
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their chemical complexity regularly leads to questions about the nature
of the muon stopping state. These materials are rather soft in compari-
son to their inorganic counterparts, and so we might expect that the
muon-induced distortion could present a relatively large perturbation
to the electronic or magnetic properties of the system.

One class of these materials are coordination polymer magnets,
where a magnetic ion is linked via molecular ligands to form a low-
dimensional magnet. These are of interest since the low-dimensional
character often suppresses long-range magnetic order, reducing the
size of the response of conventional measurement techniques owing to
the small moment size and small change in entropy upon ordering. In
these systems muons are often able to detect transitions that prove
invisible to magnetic susceptibility or specific heat.

The staggered molecular spin chain [pym-Cu(NOs),(H,0),]
(pym = pyrimidine), known as Cu-PM, is a good example.”” Here, a
magnetic order was detected using muons at T'= 0.23 K. Three distinct
classes of muon stopping site were determined (Fig. 7). Sites where the
muon sits around 1 A from an O atom in a nitrate group [Fig. 7(a)] or
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H,O ligand [Fig. 7(b)] are the lowest and second lowest energy classes
of sites, respectively. We also find candidate sites where the muon sits
1.0 A from an N atom in a pym ligand [Fig. 7(c)], which are substan-
tially higher in energy and result in larger local distortions to the crys-
tal structure. These sites can be mapped to features in the ZF spectra
by considering the dipolar fields resulting from candidate antiferro-
magnetic structures. From dipolar field calculations, one obtains fields
of 9-40 mT/uc, for the nitrate site, 57-63 mT/u¢, for the H,O site,
and 93-99 mT/uc, for the N(pym) site, where p, is the ordered
moment of the Cu”" ions in Bohr magnetons. The relative size of the
calculated fields for the H,O and nitrate sites is consistent with the
ratio between observed frequencies measured in the ordered regime.
This assignment gives an estimate i, ~0.38 uy for the ordered
moment.”

There have been claims,”” supported by some experimental evi-
dence,”® that a muon implanted in some spin chains could form an
unusual spin-singlet state, not unlike that found in the Kondo effect.
However, results on materials such as Cu-PM and the linear chain

77

FIG. 7. Low-energy muon sites in Cu-PM. Lighter spheres represent the ionic positions in the unit cell without the muon. H atoms have been omitted for clarity where appropriate. (a) The
nitrate site. (b) The H,O site. (c) The N(pym) site. Reproduced with permission from Huddart e al,, Phys. Rev. B 103, L060405 (2021). Copyright 2021 American Physical Society.
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FIG. 8. Example muon site in the molecular spin ladder (Hpip),CuBr,. Reproduced
with permission from T. Lancaster et al., New. J. Phys. 20, 103002 (2018).
Copyright 2018 Institute of Physics Publishing.*’

Cu(pyz)(NO3)2,79 do not provide evidence for the realization of these
states. An example where a substantial muon-induced perturbation
seems to be present is the molecular spin-ladder material
(Hpip)ZCuBr4,8“ where the muon forms states based on Br- u-Br
bonds. This state causes a sizeable local distortion to the atoms neigh-
boring the muon and consequently to the electronic structure (Fig. 8).
Although it might be feared that this would prevent the muon from
faithfully measuring the properties of the material, this seems not to be
the case as the magnetic phase diagram is determined by physics on a
length scale that is very long compared to the muon and its distortion.
As a result the transitions in the material are observed with uSR at the
fields and temperatures found using other techniques.

An example of a rather different structure is the organic radical
2-(4,5,6,7-tetrafluorobenzimidazol-2-yl)-4,4,5,5-tetramethyl-4,5-dihy-
dro-1H-imidazole-3-oxide-1-oxyl (F4BImNN),”"  which  forms
hydrogen-bonded chains and exhibits one-dimensional ferromagnetic
exchange. Here, three energetically similar sites are predicted: (i) where
the muon forms a covalent bond with the oxygen in the nitronyl nitro-
xide group (see Fig. 4), (ii) where the muon forms a covalent bond
with the vacant nitrogen and hydrogen-bonds to the one oxygen in
the nitronyl nitroxide group (this is the lowest energy site), and (iii)
where the muon bonds to the other oxygen in the nitronyl nitroxide
group. Interestingly, despite the presence of fluorine in this sytem, an
F-p-F state is not predicted.

E. Muon-induced distortions

This example of a spin-ladder material from Sec. IV D is a case
where the muon-induced distortion likely leads to a probe state com-
prising both the muon and its surrounding perturbation that is never-
theless sensitive to the intrinsic properties of the material. However, it
is natural to ask about other cases where the muon has a strong effect
on its surroundings.

An important example of this was found in a family of quantum
spin ices; a muon-induced change of the local crystal field dominates
the measured response in a way that could be fully quantified,”” dem-
onstrating that the concerns raised above can be of critical importance.
Spin ice materials are based on the pyrochlore structure and the phys-
ics of such pyrochlore materials, with the general formula A,B,0, it is
strongly dependent on the crystal field surrounding the lanthanide cat-
ion A. Thus, the introduction of a muon into the structure could alter
that crystal field and change the nature of the ground state.

REVIEW pubs.aip.org/aip/are

This effect is realized in the material Pr,Sn,0O,, which exhibits
quantum spin ice behavior.”> Without the muon, the Pr*" ion is sur-
rounded by eight oxygen anions and adopts a doublet crystal field
ground state, resulting in an effective spin-% moment.”* However, DFT
+p calculations imply that the presence of the muon [the site is identi-
fied as (—0.013, 0.047, 0.203)] distorts the local symmetry around
nearby Pr jons. The largest effect is found to be an anisotropic distor-
tion, with one Pr-O bond strongly rotated (bent) and another signifi-
cantly extended (see Fig. 9). The net result is that the doublet ground
state is split on each of the neighboring Pr cations has a singlet ground
state. Then, via a hyperfine enhancement mechanism,””*® a distribu-
tion of static magnetic moments is produced in which the average
moment size grows on cooling. The model (involving DFT +pu calcu-
lations of the distortion and crystal field calculations of the resulting
Pr environments) produced quantitative agreement with the tempera-
ture dependence of the observed muon response, demonstrating the
validity of this approach.”” The Pr’" ion has a non-Kramers ground
state and so is particularly vulnerable to electrostatic perturbations.
For the case of Dy, Ti,0, the Kramers doublet ground state of Dyﬁ s
unaffected by the muon, even though the muon site and resulting
anisotropic distortion are pretty much identical to that shown in Fig. 9
for Pr,Sn,0,.

F. Quantum effects

The DFT treatments described so far have assumed that the
muon is a classical particle sitting statically at its equilibrium position.
This is a consequence of the Born-Oppenheimer approximation
where we make a clear distinction between the classical nuclei (includ-
ing the positive muon, which is treated as a light proton) and the
quantum electrons. However, this approach neglects quantum
mechanical effects of muons and nuclei, such as zero-point motion,
tunneling, and large zero-point energies (ZPEs). These can change the
energetic ordering of muon sites, destabilize certain classical muon

FIG. 9. Muon stopping site (white sphere) and atomic positions (oxygen ions are red,
Pr ions are yellow, and Sn is suppressed) in the quantum spin ice Pr,Sn,07 as calcu-
lated by DFT + . Bonds are shown as solid black lines, with the bonds of the unper-
turbed lattice (yellow lines) included for comparison. Pr ions are numbered in order of
separation from u with Pr1 being the closest. The pair Pr2 and Pr 2’ is equidistant
from the muon, as are Pr4 and Pr 4’. Adapted with permission from Foronda et al.,
Phys. Rev. B 92, 134517 (2015). Copyright 2015 American Physical Society.””
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sites, or cause several sites to merge into one if ZPE overcomes the
potential-energy barriers between them. For nuclei, all of these effects
are mass dependent and, therefore, especially pronounced for light
particles such as the muon. The result is that, in reality, the muon
wavefunction is expected to be spread over an appreciable volume in
the material, rather than concentrated at a single point. All observable
quantities such as muon coupling constants have, in principle, to be
suitably averaged over the whole extended muon wavefunction, rather
than sampled at a single classical point as in the Born-Oppenheimer
approximation. The significant spatial extent of the wavefunction of
the implanted muon is known to be relevant in many systems. Well-
known examples are the quantum diffusion of muons in metallic sys-
tems such as copper or of muonium in insulating systems such as solid
nitrogen.

Dealing with quantum effects is, of course, a difficult problem
(DFT being a scheme invented to avoid this!) and so several approxi-
mations have been proposed and attempted. Perhaps, the simplest
class of approximation is a harmonic one. This starts with a DFT cal-
culation of the (I"-point) phonon spectrum for the classical muon site
geometry. An additional assumption often made is that, since muons
are lighter than nuclei, muon zero point motion is adiabatically
decoupled from the lattice over some relatively short length scale.

An example is, once again, provided by the fluorine states
described in Sec. IV A. In vacuum, the linear F-u~F anion has four
vibrational modes: a symmetric stretch, bending (twofold degenerate),
and an asymmetric stretch. In a solid, the twofold degeneracy of the
bending mode is broken due to the symmetry of the site: in LiF, NaF,
CaF,, and BaF,, there are two fundamentally inequivalent directions
of bending; one is toward a neighboring cation and is shifted up in fre-
quency, while the other direction is into a gap in the crystal structure
and is shifted down in frequency. From the frequencies of these
decoupled vibrational modes, we can estimate the zero-point energy
(ZPE) of the muon. The strong bond in this case, combined with the
small muon mass leads to a large ZPE for the F-u~F center of 0.80 eV
in vacuum. This is larger than the ZPE of any natural triatomic mole-
cule (the ZPEs of H,O and Hj are 0.56 and 0.54 eV, respectively),
demonstrating the importance of quantum effects in muon
localization."’

More generally, the quantum muon problem can be addressed
using a range of single-particle approximations where the muon
sits in the potential of its surroundings and the Schrodinger equa-
tion is solved for the muon only. These schemes can be most easily
addressed in two limits: weakly and strongly bound muons. In
both of these, an effective single-particle potential is constructed
from the total DFT energy. To do this, the muon is displaced from
its classical site, while (i) keeping the nuclei fixed at the positions
corresponding to the unperturbed muon site (in the weakly bound
case), or (ii) letting the nuclei relax to new lowest-energy positions
(in the strongly bound case), while keeping the center of mass of
the system fixed.

An example of an attempt to apply these approaches is the case
of 2-N,.*” Here, the muon forms an extended electric-dipole polaron
around a central, quantum-entangled [N,~u~N,]* complex. The ZPE
in the approximation schemes is shown in Figs. 10(a) and 10(b). The
muon wavefunction is estimated to be significant on the length scale
of the underlying crystal, making the quantum calculation necessary.
Unfortunately, the two single-particle schemes give rather different
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FIG. 10. (a) and (b) Effective muon potential in a~N, on a square-root linear scale
(i.e., harmonic potentials appear as straight lines) along different directions for dif-
ferent approximations (left axis) with the corresponding muon probability density
(right axis), directional contributions, mean muon displacements, wavefunction
widths and inflection points. (c) I'-point phonon spectra for muonated o-N, vs
muon mass. Shading gives the muon amplitude squared in the normal modes.
Reproducedwith permission from Gomilsek et al., “Many-body quantum muon
effects and quadrupolar coupling in solid nitrogen,” arXiv:2202.05859 (2022).°

estimates of the ZPE. The phonon calculation [shown in Fig. 10(c) as a
function of muon mass] shows the problem here: a strong hybridiza-
tion of the longitudinal muon normal mode with intra-molecular
vibrations of both N in the [N,--N,] ™ complex, which implies sig-
nificant muon-nuclear entanglement. As a result, both the single parti-
cle and harmonic approximations provide only a very rough guide to
the quantum effects and do not agree between themselves. In cases
such as that of N,, an exact approach is, therefore, needed. This is car-
ried out using path-integral molecular dynamics (PIMD), in which
observables are calculated from arbitrary muon-nuclear zero-point
motion. This scheme, based on discretizing an imaginary-time path
integral, is very intensive on computer power, but can yield reliable
numerical estimates. In the case of N, it confirms that the muon and
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its surroundings are strongly entangled, but leads to a very precise esti-
mate of the "*N nuclear quadrupolar coupling constant.”

Continuing the theme of quantum mechanical effects, transition-
state searches provide a route to evaluating the possibility of muon dif-
fusion between candidate sites (an early example of this was applied to
the study of muon diffusion in copper®"). In a general geometry opti-
mization process, the coordinates of the atoms are adjusted so that the
energy of the structure is brought to a stationary point, in which the
forces on the atoms are small. A transition state (TS) is a stationary
point that is an energy maximum in one direction and an energy mini-
mum in all other directions. A procedure that automates a search for
TSs in codes such as CASTEP™ is particularly useful for predicting
barriers to chemical reactions and determining reaction pathways. In a
chemical reaction, for example, starting from reactants, energy
increases to a maximum and then decreases to the energy of the prod-
ucts. The maximum energy along the reaction pathway is the activa-
tion energy and the structure corresponding to this energy is the
transition state. These ideas can be used to find diffusion barriers,
which is where its use in uSR arises.

A recent example of the use of transition-state analysis to evalu-
ate muon diffusion in a solid is the case of TaSz.88 Here, the muon sites
form four distinct groups (Fig. 11). Muons in site 1 bond to one S
atom in each of two adjacent TaS, layers forming a linear S-S state
with unequal bond lengths. In site 2, the muon is bonded to only a sin-
gle S atom (with a bond length of 1.4 A), with these sites being around
0.03 eV higher in energy than site 1. In site 3, the muon stops inside
the S layer, slightly displaced from the center of the triangle defined by
three S atoms. For site 4, the muon site is displaced by around 0.7 A
along the c-axis above the center of the triangle defined by three Ta
atoms. To investigate the possibility of muon diffusion, TS searches
between each pair of distinct muon stopping sites associated with a
single Ta$, layer were carried out. The energy barrier between sites 1
and 2 is very close to the difference in energy between the two. This,

pubs.aip.org/aip/are

coupled with the large estimated ZPEs of both sites (0.35 and 0.51 eV,
respectively), means that the muon is likely to be delocalized between
these two geometries, rather than there being two distinct stopping
sites. Similarly, the barrier between sites 2 and 3 is less than their ZPE.
Thus, sites 1, 2, and 3 are expected to form a single quantum delocal-
ized state.

V. OUTLOOK AND CONCLUSION

DFT + u is computationally costly, particularly for complex mate-
rials, and each new material investigated has to be studied from scratch
in the same way. Many of the most exciting materials that are currently
being discovered (including spin liquids) tend to be chemically complex,
and this puts severe demands on the feasibility of electronic structure
calculations. Although we have concentrated on calculations of the
muon site and associated local distortions, DFT calculations can also be
used to estimate muon contact hyperfine fields in metals.”””

The uSR technique concentrates on using the positive muon, but
experiments with negative muons can also be performed.” There is no
problem with identifying the u~ site because it is captured by the
nucleus. This does result in an atom with atomic number Z behaving
as a muonic atom with effective nuclear charge +(Z — 1)e, the pu~
partially screening the full nuclear charge. The effect on this state on
the local crystal structure can then be calculated using DFT.”" (This
method can be termed DFT +p~ to distinguish it from the usual DFT
+ut technique.)

A notable feature of the method used in (positive muon) DFT +pu
of randomly initializing muons in sites and then relaxing the structure is
that it is rather unlike the real-life situation of the muon finding its stop-
ping site by impinging on the sample with an energy of 4 MeV and then
shedding energy through interactions with the solid, before eventually
coming to rest." This means that it is not possible, given an energy-
ordered list of calculated muon sites, to tell which is realized, nor to reli-
ably estimate the relative occupancy of several multiply occupied sites.

FIG. 11. Muon stopping sites in TaS,. Ta and S are represented by blue and yellow spheres respectively. Sites 1 and 2 occupy the interlayer region. Site 3 is associated with
the S layer and site 4 with the Ta layer. Reproduced with permission from Manas-Valero et al., npj Quantum Mater. 6, 69 (2021). Copyright 2021 Springer Nature.*®
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Ultimately, a capture cross section for each site is needed, whose value
will reflect not only the energy, but also some details of the final stages
of the muon stopping process. This is likely to be an avenue of future
research whose solution will allow further information to be squeezed
from results obtained using the uSR technique. Nevertheless, the pro-
gress obtained within the last few years using DFT+-y has already trans-
formed the way in which muon data are both interpreted and
understood. Though this method is in its infancy, it has become an
indispensable part of how muon experiments are now conducted.
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