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Abstract

Given some samples from a data distribution, the central aim of generative modeling
is to generate more samples from approximately the same distribution. This
framework has recently seen an explosion in popularity, with impressive applications
in image generation, language modeling and protein synthesis. The striking success
of these methods motivates two key questions: under what conditions do generative
models provide accurate approximations to the underlying data distribution, and can
we extend the range of scenarios in which they may be applied? This thesis considers
these questions in the context of two classes of generative models: diffusion models
and importance weighted autoencoders.

Diffusion models work by iteratively applying noise to the data distribution and
then learning to remove this noise. They were originally introduced for real-valued
data. However, for many potential applications our data is most naturally defined on
another state space — perhaps a manifold, or a discrete space. We describe extensions
of diffusion models to arbitrary state spaces, using generic Markov processes for
noising, and show how such models can be effectively learned. We also provide a
detailed study of a specific extension to discrete state spaces. Next, we investigate
the approximation accuracy of diffusion models. We derive error bounds for flow
matching — a generalization of diffusion models — and improve upon state-of-the-art
bounds for diffusion models, using techniques inspired by stochastic localization.

Importance weighted autoencoders (IWAEs) work by learning a latent variable
representation of the data, using importance sampling in the evidence lower bound to
get a tighter variational objective. IWAEs suffer from several limitations, including
posterior variance underestimation, poor signal-to-noise ratio during training, and
weight collapse in the importance sampling ratios. We propose an extension of
the IWAE — the VR-IWAE — that addresses the first two of these three issues.
We then provide a detailed theoretical study of the third, showing that it persists
even for the VR-IWAE. We provide empirical demonstrations of these phenomena

on a range of simulated and real-world data.
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Introduction and Literature Review

Contents

©C O+

1.1 Motivation

Many of the most fundamental tasks which we may design algorithms to perform
involve, at some basic level, generating data. For example, we may desire algorithms
that can synthesize audio, write coherent text or draw images to match a description.
However, for most interesting tasks, the distribution of plausible data is very complex
and hard to specify explicitly — describing precisely what distinguishes a convincing
image or piece of text is incredibly challenging, and initial attempts to build artificial
intelligence systems that could perform these tasks to a human level mostly failed
for this reason. Fortunately, for many types of data which we wish to generate, there
are large quantities of existing data already available. This raises the possibility

that we could leverage this existing data to learn something about the underlying
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distribution, and then use what we have learned to inform our generation of new data.

Mathematically, this perspective is encapsulated in the core problem of generative
modeling: given samples from a data distribution pgat.(x), can we generate additional
synthetic samples coming from approximately the same distribution? More generally,
we ask whether, given samples from a joint distribution pgae. (&, %), we can generate
approximate samples from the conditional distribution pgae.(x|€). This allows us
to, for example, generate images x conditioned on a given text prompt £ Models
that can perform this task are known as generative models and can be a hugely
powerful technique for generating diverse types of conditional data.

In the last decade, the rise of deep learning has inspired an array of neural-
network-based techniques for generative modeling. These include generative adver-
sarial networks (Goodfellow et al., 2014)), variational autoencoders (VAEs) (Kingma
et al., 2014), normalizing flows (Rezende et al., 2015, autoregressive models (Oord
et al., [2016b), diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song
et al., 2021b)), and flow matching methods (Lipman et al., 2023; Albergo et al.,
2023b). These models have lead to striking progress across a wide variety of domains,
including image synthesis (Karras et al., 2020; Vahdat et al., 2020; Ramesh et al.,
2022 Saharia et al.,|[2022), text generation (Brown et al., 2020; Anil et al., 2023,
audio generation (Oord et al., |2016a; Popov et al., 2021; Le et al., |2023) and
molecular structure generation (Ingraham et al., 2019; Trippe et al., [2023)).

The incredible success of such methods raises two questions, which will be

the central themes of this thesis:

o (Can we understand the conditions under which these generative models provide

accurate approximations to the underlying data distribution?

o Can we expand the range of scenarios to which these generative models may

be applied?

While the space of possible generative modeling techniques is very large, in this
thesis we choose to focus on a subset of existing techniques. In the first part of the

thesis, we study diffusion modeling and its close cousin flow matching. In the second,
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we turn our attention to variational autoencoders, and in particular an extension
known as the importance weighted autoencoder (IWAE) (Burda et al., [2016).

Diffusion models were originally developed for data defined on R? (Sohl-Dickstein
et al., 2015 Ho et al., 2020; Song et al., 2021b)). However, there are lots of
forms of data which are not most naturally represented on R?. For example,
text data is naturally discrete, while geospatial data typically takes value on the
sphere S2. While we could choose to embed these distributions in a real vector
space, it may be preferable to develop diffusion models that respect the intrinsic
structure of the data distribution. The development of such models is the subject
of Chapters 2 and 3 of this thesis.

Second, we investigate how accurate the approximations provided by diffusion
models are. Concretely, we study the rate at which diffusion models on R¢ converge
to the true data distribution. We hope that understanding these convergence rates
provides insight into why diffusion models are empirically so successful. In addition,
we hope that it sheds light on the conditions under which they will, or will not,
provide an accurate approximation, and potentially motivates the design of more
effective diffusion methods. This is the subject of Chapters 4 and 5.

Third, in Chapter 6 we turn to the VAE and its cousin the IWAE, which uses
importance sampling in the variational objective to obtain a tighter variational
bound. These methods have been observed to have several practical limitations which
we seek to address. First, VAEs often suffer from posterior variance underestimation
(Minka, 2005), meaning that they typically do not achieve good coverage of the
data distribution. Previous work by Li et al. (2016) replaced the Kullback—Leibler
(KL) divergence in the VAE objective with Rényi’s alpha-divergence (Rényi, [1961))
in an attempt to encourage mode-seeking behaviour; we ask if this insight can
be generalized to the IWAE setting. Second, work has shown that although the
IWAE provides a tighter variational bound, it suffers from a low signal-to-noise
ratio (SNR) in practice (Rainforth et al., 2018). We study the effect that our
alpha-divergence-based extension of the IWAE has on this problem. Thirdly, we

suspect that the importance sampling in the IWAE bound should suffer from weight
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collapse in high dimensions (Bengtsson et al.,|2008)), which may render it ineffective
in practice; we aim to provide a quantitative analysis of this phenomenon and
demonstrate its practical relevance.

In the next sections, we present an introduction to the main areas of study in

this thesis: diffusion models, flow matching and variational autoencoders.

1.2 Diffusion Models

Diffusion models were first introduced in the discrete-time setting by Sohl-Dickstein
et al. (2015), and subsequently came to prominence due to work by Ho et al.
(2020). The first continuous-time diffusion models were introduced by Song et al.
(2021b), who also made the connection with score matching (Song et al., |2019;
Hyvérinen, 2005).

Diffusion models consist of a pair of stochastic processes. We start by defining
a fixed forward or noising process (Xi)ico,r;, Which is initialized according to
the data distribution Xy ~ pgata. We label the marginals of the forward process
¢:(x). Second, we construct a learned reverse or generative process (Y3).c(o,r], with
marginals denoted by p;(x). The basic idea is to pick the noising process (X¢):cjo1)
such that the marginals ¢; converge to some easy-to-sample reference distribution
for large times, and to learn a generative process (Y;);c0,r] which approximates the
reverse dynamics of the noising process. Then, we generate approximate samples
from pgata by sampling Yy ~ 7 and running the reverse process to produce a sample
Yr ~ pp, which should approximate ¢y = pdata-

For continuous-time diffusion models on R?, we define the forward process via

the stochastic differential equation (SDE)
dX; = b<Xta t)dt + dBt7 Xo ~ Pdata;

for some function b : R? x [0,7] — R%, where (B,)iejo7) is a standard Brownian

motion (Song et al., 2021b). A typical choice is b(x,t) = —1x, in which case

our forward process is an Ornstein—Uhlenbeck (OU) process, since the transition
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densities gyo(x¢|xo) are analytically tractable for the OU process and the marginals
converge exponentially to the standard Gaussian.

Under suitable regularity conditions on pqa.s., the reverse process satisfies the SDE
dY; = {=b(Y:, T —t) + Vlog gr—(Y:) }dt + d By,

where (B})co,r) is another Brownian motion (Anderson, |1982; Cattiaux et al.,
2022)). Therefore, in order to learn the dynamics of the reverse process it suffices to
approximate V log ¢;(x;). Typically, we learn a parametric approximation sg(x,t),
parameterized via a neural network with parameters # € R”. We would like to

fit & by minimizing the L? objective function

T
Zsm(so) :/0 By |1V 108 ¢4(%1) = (x4, )| -

This objective is not directly tractable, since it involves the marginals q;(x;).
However, we can use techniques from score matching (Hyvérinen, |2005; Vincent,

2011) to derive the equivalent denoising score matching objective

T
Tpsu(se) = /0 B (0 ||V 108 @i (e [x0) — 5031, 1)]]

We fit our diffusion model by minimizing Zpgy using empirical estimates for the
objective based on samples from the forward process and performing stochastic
gradient descent on #. Alternative equivalent objectives from the score matching
literature, such as implicit score matching or sliced score matching can also be used
for the objective function (Hyvéarinen, |2005; Song et al., 2020). Although the use
of Zpsm was initially motivated by Song et al. (2021b)) by comparison to the score
matching literature (Hyvérinen, 2005; Vincent, 2011)), later works showed that this
objective could also be derived in a principled fashion as a lower bound on the
log-likelihood of the diffusion model (Huang et al., |2021)).

Recently, several extensions of diffusion models to state spaces other than R?
have been proposed, including to discrete spaces (Austin et al., 2021; Hoogeboom
et al., 2021)) and Riemannian manifolds (De Bortoli et al., [2022; Huang et al.,
2022). However, these extensions have typically been ad-hoc, with new training

objectives needing to be proposed for each novel setting.
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In recent years there have been substantial efforts to obtain theoretical guarantees
on the performance of diffusion models, with most results taking the form of a
bound on the distance between pr and pgata under some distance measure, making
some smoothness assumptions on the data distribution or forward process, and
assuming some bound on the error of the score approximation. The first such
results were derived by De Bortoli et al. (2021]), Block et al. (2022), and De Bortoli
(2022)), but these all had exponential dependence in the relevant problem parameters.
Subsequent works were able to obtain bounds that held under strong smoothness
assumptions (e.g. a log-Sobolev inequality) (Lee et al., 2022; Yang et al., 2022)),
or provided non-quantitative bounds (Pidstrigach, [2022; Liu et al., 2022).

More recently, the first polynomial bounds on the convergence rates under
reasonable smoothness assumptions and an L? bound on the error of the score
matching approximation have been derived (Chen et al., 2023a; Chen et al., 2023c;
Lee et al., 2023; Li et al., 2023; Conforti et al., [2023). The most prominent method
for such bounds has been to use a version of Girsanov’s theorem to bound the KL
distance between the path measures of the forward and reverse processes (Chen
et al., 2023a; Chen et al., 2023c). This gives a bound that can be expressed
as the sum of terms corresponding to the L? error of the score approximation,
the error from discretizing the reverse SDE and the convergence of the forward
process. Methods mostly vary in their treatment of the error arising from the

discretization of the reverse SDE.

1.3 Flow Matching

Diffusion models as described in the previous section can provide very high quality
approximate samples from many data distributions. However, simulating the reverse
process requires many steps and therefore many serial evaluations — often hundreds,
or even thousands — of the neural network approximation, making diffusion models
expensive to train and sample from (Kong et al., 2021} Zhang et al., 2023)).
Various methods to speed up sampling from diffusion models have been proposed.

These include using the probability flow ODE (Song et al., [2021b)), a deterministic
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processes with the same marginal distributions as the reverse SDE which is cheaper
to simulate, using adaptive step sizes when simulating the reverse process (Jolicoeur-
Martineau et al., [2021]), and using denoising diffusion implicit models (Song et al.,
2021a)), which employ a Gaussian non-Markovian noising process to allow for
faster deterministic sampling.

Flow matching, introduced independently by Lipman et al. (2023), Liu et al.
(2023), and Albergo et al. (2023b)) is another alternative to SDE-based diffusion
models which allows for more efficient sampling. The core idea is to abstract away
the particular choice of noising process and instead focus directly on the set of
interpolating marginals (p;)icjo.r7. We first define a set of probability densities
(pt)tefo,m such that pg = 7 for some easy-to-sample reference distribution 7 and
PT = Ddata- Lhen, we construct a deterministic process with marginals (p;)icpo,r)-

To define the marginals (p;)co,r) We start by specifying an interpolating path
between any pair of points (xg,x7) € R? x R% We do this via an interpolant
function I(xg,x7,t) : R x R? x [0, 7] — R?, which may be either stochastic or
deterministic, and which satisfies I(xq,x7,0) = xo and I(xq,x7,T) = xr for all
xg, X7 € R%. Then, we define the process (X;)ep,r) by taking Xo ~ m, X7 ~ Ddata
independently and setting X, = I(Xo, X7,t) for each ¢ € (0,T). We let (p¢)scjo,r)
be the marginals of the process (X;)cjo,r)-

The process (X¢)iejo,77 is not a suitable choice of flow between 7 and pqata as it
is not causal (i.e. the construction of X; relies on knowledge of X7). However, we

may construct a suitable flow (Z;)co,r) by defining the expected velocity field as
v¥(x,t) =E [Xt | Xy = x} , for all x € supp(Xy),

where X, denote the time derivative of X;, and letting (Zt)tejo,r) be the solu-

tion to the ODE

dZ;

W :UX(Zt,t), Z() ~ Tr. (11)

This works because it can be shown that the process (Z;):cjo,7] defined in this way

has the same marginals (p;)cjo,r] as the original process (X;):cpo,1)-



1. Introduction and Literature Review 8

In order to simulate (Z;):cjo,r1, we learn a parametric approximation vg(x,t)

to vX(x,t). We do this by minimizing the L? objective
1 x 2
L(vs) :/0 E [va(Xt,t)—v (X0 1)| ]dt.
Although this is not tractable directly, we can rewrite it as
1 -2
L(vg) = / E [va(Xt,t) — Xt” } dt + const,
0

where the constant is independent of vy and so irrelevant to the optimization. Once
we have learned vy(x,t) we can create approximate samples from pgai. by drawing
Zy ~ 7, simulating the ODE and noting that Zp should be approximately
distributed according to pgata-

For a certain stochastic Gaussian choice of interpolating function I(xq,xr,1),
the flow learned by flow matching reproduces the probability flow ODE sampling
scheme for SDE-based diffusion models. However, flow matching can incorporate a
much wider class of possible sample paths than standard diffusion models, allowing
us to construct smoother interpolating paths and leading to more efficient training
and sampling (Lipman et al., 2023; Liu et al., 2023). In addition, the flow matching
training objective tends to be more stable and robust than previous score matching
methods (Lipman et al., 2023)).

Flow matching models can also be viewed as a specific instance of normalizing
flows (Rezende et al., [2015; Chen et al., |2018]), where the additional structure in
the interpolant probability densities means that we can find equivalent training
objectives which are much simpler to optimize. This makes training and sampling for
flow matching much more efficient compared to previous normalizing flow methods
(Grathwohl et al., 2019; Rozen et al., 2021} Ben-Hamu et al., 2022]).

Bounds on the approximation error for deterministic sampling schemes such
as flow matching are less well-developed than those for the stochastic sampling
of diffusion models. Albergo et al. (2023b)) bound the KL distance between the
end-point marginals of two flow ODEs in terms of the Lipschitz constant of the

velocity fields. However, their bound assumes a uniform-in-time Lipschitz constant,
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which is unrealistic in many settings, such as if the data distribution is supported
on a submanifold. Alternatively, Chen et al. (2023d) and Li et al. (2023) derive
bounds on the error of the probability flow ODE for a diffusion model. However,
Chen et al. (2023d) does not deal with learned approximations to the score, and
neither deals with the more general flow matching setting. Other works attempting
to bound the error of the flow matching procedure or probability low ODE have
required the injection of some stochasticity into the sampling procedure in order

to smooth the flows (Albergo et al., 2023a; Chen et al., 2023b)).

1.4 Variational Autoencoders

Variational autoencoders are another class of generative model based on latent
variable models, introduced by Kingma et al. (2014) and Rezende et al. (2015). The
basic idea is to learn to associate a latent representation z to each datapoint x and
vice versa. If we enforce an easy-to-sample prior on z, we can then generate synthetic
datapoints by sampling z from this prior and calculating the associated datapoint x.

Formally, VAEs consist of three parts: the generative or decoder network pg(x|z),
which gives a probabilistic mapping from the latent variable z to the datapoint
x, the inference or encoder network g,(z|x), which gives a probabilistic mapping
from the datapoint to the latent variable and which should invert py, and the
prior p(z) on the latent variable. Together, the prior and the decoder combine
to give the model likelihood py(x,z) = p(z)pe(x|z). The encoder g4(z|x) can be
thought of as a parametric approximation to the posterior py(z|x), essentially
performing amortized posterior inference.

In practice, the prior p(z) is typically fixed, for example to be a standard
Gaussian, while the decoder and encoder networks are typically parameterized via
neural networks. A common choice of parameterization is to let pp(x|z) and g4(z|x)
be Gaussian distributions with mean and variance given by the output of a neural
network with parameters 6 and ¢ respectively, i.e. py(x|z) = N(x; \g(z), 02(x)) and

o (2]x) = N (x; p1e(x), 75(x)) for some neural network functions Ay, g, 1 and 7.
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We would like to fit our VAE by maximizing the model log-likelihood log py(x).
Unfortunately, this is intractable directly as it requires marginalizing over z.

However, we can lower bound the model log-likelihood in the following way,

10gpe(x> = log ]Eq¢(z|x) [ziiZi)j;] > IE’q¢)(z|x) [IOg Z;jﬁ(();i;;] = E(Qa gbv X)'

The quantity £(6, ¢,x) is known as an evidence lower bound (ELBO), and can be
used as a surrogate optimization objective. It can be shown that maximizing the
ELBO is equivalent to minimizing the KL divergence KL(g4(z|x)||ps(z|x)).

We train our VAE by maximizing ¢(6, ¢, x) over § and ¢ simultaneously using
stochastic gradient descent. We obtain unbiased estimates of the gradient with
respect to # using samples from the data distribution and empirically estimating
the expectation. To obtain stable unbiased estimates of the gradient with respect to
¢, we use the reparameterization trick (Kingma et al.,|[2014]). This assumes that we
can find a differentiable function f4(x,€) of x, ¢ and an auxiliary variable € along
with a distribution ¢(€) such that we can simulate z ~ g4( - |x) for any x € R? by
drawing € ~ ¢(-) and setting z = f,(x, €). If this is the case, we can write

po(x,2)
qy(2]x)

po(x, fo(x,€))
qo(fo(x,€)[x) |’

V¢Eq¢(z|x) [10g ‘| = Eq(e) [V¢ 10g

and then the RHS can be estimated using samples from the data distribution and
an empirical estimate of the expectation.

One problem encountered by VAEs is that the ELBO objective heavily penalizes
samples from the encoder which have low posterior probability under py(z|x), so
¢o(z|x) tends to underestimate the true posterior variance (Minka, 2005). The
importance weighted autoencoder was proposed by Burda et al. (2016) to address
this problem. It modifies the ELBO objective used to train the VAE, replacing it with

N

1 p@(X,Zi)
14 97¢7X = IEz BN~ (Z]X% logi v
w( ) 1y 2N ~qp (2]%) N; Q¢(Zi|X)

which can be viewed as an N-sample importance weighted estimate for the model
log-likelihood. The hope is that this will be a decent lower bound if any of the

samples z; have reasonable probability mass under py(z|x).
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The IWAE bound ¢y (6, ¢,x) is a lower bound on the model log-likelihood for
any choice of N, and recovers the original ELBO for N = 1. In addition, the
bound becomes tighter as N increases (Burda et al., 2016), and it can in fact
be shown that the variational gap decays at rate 1/N when the latent dimension
remains fixed (Maddison et al., 2017; Domke et al., 2018)). We may hope that by
providing a tighter variational approximation, the IWAE allows us to fit a more
accurate model for the data distribution. However, Rainforth et al. (2018)) show
that although the IWAE bound is tighter, increasing the number of samples N
causes the signal-to-noise ratio of gradient updates during training to deteriorate,
limiting the usefulness of IWAEs in practice.

Other works have extended VAEs in a different direction, replacing the KL diver-
gence used to construct the ELBO with another distance measure. Li et al. (2016)
consider minimizing D, (gs(z|x)||pe(z|x)) instead of KL(g,(z|x)||pe(z|x)), where
D, (q||lp) denotes Rényi’s alpha divergence between the probability distributions
q and p, defined for a € R\ {1} by

D.(qllp) = [ log / ) dz,

and extended to a = 1 by continuity (when it recovers the KL divergence) (Rényi,
1961)). It can be shown that minimizing D, (g, (2|x)||pe(z|x)) is equivalent to

maximizing the objective

(0,6, x) =

i ; log (Eautapo) [woo(z:%)"]) |

where wp»(2;x) = pp(x,2)/qs(2z|x) denote the importance weights. We call
() (0, ,x) the variational Rényi (VR) bound.

The variational Rényi bound is decreasing in « and is a lower bound on the
model log-likelihood when a > 0. Li et al. (2016) therefore suggest it as a suitable
training objective for fitting our autoencoder. Unfortunately, the gradients of
0 (6, ¢,x) with respect to 6 and ¢ are intractable, and Li et al. (2016) therefore

rely on importance sampling approximations, leading to biased gradient estimates.
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1.5 Thesis Outline

This dissertation follows the format of an integrated thesis. It is composed of five
papers, all on the topics of understanding the theoretical properties of generative
models and extending them to new settings. This section provides a brief overview

of each chapter.

From Denoising Diffusions to Denoising Markov Models In Chapter 2, we
extend the standard framework for score-based generative modeling using SDEs
on R? (Song et al., 2021b) to arbitrary state spaces. We replace the forward and
reverse SDEs used on R? with general Markov processes defined via generators £
and IC to obtain a generalization of a diffusion model which we term a denoising
Markov model (DMM).

Following the methodology of Huang et al. (2021)), we find an expression for
the log-likelihood of our model, and then derive a lower bound for this model
log-likelihood (an ELBO) (Theorem 1) using generalizations of the Fokker—Planck,
Feynman—Kac and Girsanov theorems. We show that this lower bound can be

maximized by finding the equivalent tractable training objective

T L* " R
Tios(9) = [ Bty | S5t + Llog o) v,

where (x;,t) parameterizes the reverse generator IC. Then, we may fit an arbitrary
DMM by taking samples from the forward process, empirically estimating Z;sn/(5)
and minimizing it using stochastic gradient descent. This framework recovers
several particular instances of diffusion models (Song et al., [2021b; De Bortoli
et al., 2022) as special cases (Examples 5 and 7).

Next, we show that our training objective can be interpreted as a generalization
of previous score matching objectives (Hyvérinen, 2005; Vincent, 2011). This
gives a principled way to extend score matching to arbitrary state spaces, and
several of the intuitions behind score matching carry over to our more general
setting (Proposition 1). We also derive equivalent objectives (corresponding to

implicit, explicit and denoising score matching) and show that previously studied
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discrete-time diffusion models can be viewed as the natural first-order discretization
of our framework (Theorem 3).

Finally, we show that DMMs are effective in practice. We demonstrate their
performance on several tasks covering a range of classes of state space, including
performing posterior inference for synthetic data on R¢, image inpainting in discrete
pixel space, pose estimation in SO(3) and approximating distributions of measures

on a finite state space.

A Continuous Time Framework for Discrete Denoising Models In Chapter
3, we study a particular extension of diffusion models to discrete state spaces. This
can be viewed as a special application of the framework of the previous chapter.
We develop practical tools that allow for the efficient learning and sampling of the
reverse process, which takes the form of a continuous-time Markov chain (CTMC)
in discrete space. First, we propose a parameterization of the reverse generator R,
in terms of the forward generator R; and reverse transition densities go(xo[%),

A Gtjo(X[%0)

Ri(x,%) = Ry(x,%) >

dop(xolx), for x # .
soca o (X[%0)
Then, we learn an approximation pg‘t(xo\x) to qoit(Xo|x), which provides a more
stable target for learning. Second, we propose the use of tau-leaping, a method
for simulating CMTCs from chemical physics, for efficient sampling of the reverse
process (Gillespie, [2001)). Tau-leaping works by fixing a time step, sampling all of
the transitions that the CTMC would take within that time step, summing them
all up, and then applying them as a single update at the end of the time step,
thus avoiding having to simulate each transition individually. We demonstrate
that these innovations lead to competitive performance on real-world image and
audio generation tasks.

In addition, we provide a novel predictor-corrector scheme for our method, which
increases the fidelity of generated samples. We also derive a bound on the TV error
of the approximation learned by our model, showing that with a sufficiently good

approximation to the reverse rate matrix and a sufficiently fine grid of time steps,

we can approximate the original data distribution arbitrarily well.
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Error Bounds for Flow Matching Methods In Chapter 4, we provide the
first error bound for the general flow matching procedure with fully deterministic
sampling which applies even when the data distribution does not have full support.

Our result comes in two parts. First, we use the Alekseev—Grobner theorem to
bound the difference between the true and approximate flow ODEs. This leads to a
bound in 2-Wasserstein distance between the data distribution 7; and our learned
approximation 7, given in terms of the Lipschitz constant L; of the approximate

velocity field and the L? error € of our flow approximation (Theorem 1),

1
Wy (71, m) < eexp {/ L, dt}. (1.2)
0

Second, we provide a bound on the Lipschitz constant of the true velocity field
(Theorem 2). This bound holds under a certain regularity condition on the data
distributions my and 7, specifically that if Xq ~ 79 and X; ~ 7 independently,
then o; Xo + ;X1 is A-reqular for each t € [0, 1], where we say that an Re-valued
random variable W is A-regular if whenever we take 7 € (0,00) and & ~ N(0,7%1,)
independently of W and set W' = W + ¢, then we have ||[Covepr—x(&)|lop < A2
for all x € R?. (See Chapter 4 for more intuition on this regularity condition.)
For suitable choices of interpolating paths, the bound we obtain on the Lipschitz
constant is logarithmic in the problem parameters.

Combining this logarithmic dependence with the exponential in (1.2), we deduce
that there is a class of functions V such that if we optimize the flow matching loss
over all functions in V, then the resulting flow matching procedure has an error
which converges polynomially in the relevant problem parameters, subject to our
smoothness assumption (Theorem 3). We also explain the particular relevance
of our results in the case of the probability flow ODE, which can be viewed as

a special case of flow matching.

Nearly d-Linear Convergence Bounds for Diffusion Models Via Stochastic
Localization In Chapter 5, we derive the first convergence bounds for diffusion

models which are linear in the dimension d of the data distribution (up to logarithmic
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factors) without requiring smoothness assumptions on the data distribution, in
the setting of early stopping. As in Chen et al. (2023a) and Chen et al. (2023c),

we use a version of Girsanov’s theorem to deduce that

N-—1 g1 )
KLQIIP™) < Y- [ Eq [IVlog gr—i(¥) = so(Ye,, T — t)|I*] dt
k=0 "'k

where () and P are the path measures of the true and approximate reverse diffusion
process respectively. We then decompose the RHS into a term that is controlled
by our assumption that the score approximation is L?-accurate and a term which
corresponds to the error arising from the discretization of the reverse SDE.

Controlling the error from discretization boils down to controlling the quantity
Es; :=E|[|Viogqr_«(Y:) — Voggr_s(Ys)||?]. We do this by decomposing it into
several terms and applying It6’s lemma and [t6’s isometry to deduce a differential
inequality for E,;. Then, we use the equivalence between diffusion models and
stochastic localization, as shown by Montanari (2023), to relate the coefficients of
the differential inequality to quantities from stochastic localization.

The result is a bound on the convergence rate which is linear in the data
dimension (up to logarithmic factors) without smoothness assumptions on the
data distribution. It implies that diffusion models require at most O(%)

steps to approximate a given data distribution, smoothed with Gaussian noise of

variance d, to within €2 in KL divergence.

Alpha-divergence Variational Inference Meets Importance Weighted
Auto-Encoders In Chapter 7, we address several limitations of the IWAE, in
particular the problems of posterior variance underestimation, poor signal-to-noise
ratio of gradient estimates, and weight collapse in the importance sampling term of

the IWAE objective. Our main contribution is to introduce the VR-IWAE bound

[e% 1 —Q
$0,6,x) = T oo anas(alx) [log( wa z;x)" )] ;

and to propose its use as an objective for training variational autoencoders. The

VR-IWAE bound recovers the IWAE by setting a = 0 and the VR bound as N — oo,
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so can be thought of as a generalization unifying both methods and allowing us to
interpolate between the different bounds and trade off between mode-seeking and
mode-covering behaviour. In addition, the VR-IWAE recovers the ELBO as o« — 1.
First, we show that eﬁ@‘)(e,¢, x) is indeed a lower bound on the model log-
likelihood for all « € [0, 1), so is a suitable training objective. We also show how to
derive reparameterized gradient estimates for 43‘) (0, ¢, x). We find that the resulting
gradient descent scheme recovers the same gradient updates as the variational Rényi
procedure proposed in Li et al. (2016|). However, while Li et al. (2016) view their
gradient estimates as biased in the variational Rényi setting, from our perspective
they can be viewed as unbiased estimates of the gradients of the VR-IWAE bound.
Second, we show that for a € (0,1) the reparameterized gradient estimates
of the VR-IWAE bound have better signal-to-noise properties than those of the
IWAE bound. Concretely, we show that for v € (0,1) as N — oo the SNR of the
reparameterized estimates of vgeg")(e, ¢,x) and v¢£§§“> (0, ¢,x) are both O(v/N).
In contrast, Rainforth et al. (2018) found that the SNR of the reparameterized
estimates of V4l (6, ¢, x) was O(1/v/N), implying that for large N the ¢-gradients
of the IWAE have a much worse SNR, than those of the VR-IWAE bound for o > 0.
We also derive doubly reparameterized gradient estimates for the VR-IWAE bound
along the lines of Tucker et al. (2019) to improve the SNR in the general case.
Next, we turn our attention to investigating the tightness of the VR-IWAE
bound. First, we generalize the analysis of Maddison et al. (2017) and Domke
et al. (2018) when d is fixed and N — oo, and show that the variational gap
of the VR-IWAE decreases at rate O(1/N). However, we also indicate why we
do not typically expect this assumption to be realistic — essentially, because in
practice the latent dimension is usually large compared to the number of importance
samples used in the IWAE bound.
We therefore study the behaviour of the VR-IWAE bound as both d and N
go to infinity. We consider two assumptions on the distribution of the normalized

importance weights: (i) logwy 4(2;x) is normally distributed, or (ii) log Wy 4(z; x)
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can be expressed as the sum of d i.i.d. random variables (and therefore is approx-
imately normally distributed by the central limit theorem). We motivate these
assumptions by noting that if the encoder and decoder factorize over the latent
dimensions, then log Wy 4(z;x) can be expressed as the sum of d factors which we
expect to be approximately independent and identically distributed. We expect
this to be a reasonable approximation in high dimensions, and in Section 6 we
demonstrate that this is indeed the case in practice.

We can decompose the variational gap into a term corresponding to the largest
importance weight and a term corresponding to the contribution from all other
importance weights. Under either assumption above, we find that the term
corresponding to the largest important weight dominates, and we observe weight
collapse in the importance sampling in the VR-IWAE, as described in Bengtsson
et al. (2008). The key ingredients in our derivations are several concentration
results and limit theorems for large deviations of Gaussian random variables and
sums of i.i.d. random variables (Saulis et al., 1991)).

Under assumption (i), our main conclusion is that as d, N — oo the variational

gap is asymptotically

da2<1_2 210gN+ 1 2log N (loglogN))
2 do? 1—a do? VdlogN ) |’
so long as log N/d — 0. We see that in this regime, while increasing N does still
decrease the variational gap, the impact is negligible compared to the dominant
term do?/2. Thus, unless N grows exponentially with d there is little to be gained
over the ELBO from importance sampling in the variational objective. We also
derive a similar conclusion under assumption (ii), so long as log N/d'/3 — 0.
Finally, we test the accuracy of our theoretical results in practice, on both
simluated and real-world data. We find that while the results of Maddison et al.
(2017) and Domke et al. (2018)), which predict that the variational gap decays at
a rate of O(1/N), are reasonable for small values of d, when d becomes large our

asymptotic results provide a much better fit to the observed variational gap.
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Summary. Denoising diffusions are state-of-the-art generative models exhibiting remark-
able empirical performance. They work by diffusing the data distribution into a Gaussian
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points. The denoising diffusion relies on approximations of the logarithmic derivatives of
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on various applications.

Keywords: denoising diffusions, generative models, posterior simulation, score match-
ing, unifying framework

1. Introduction

Given a set of samples from an unknown distribution pgata(x), generative modelling is
the task of producing further synthetic samples coming from approximately the same
distribution. Over the past decade, a variety of techniques have been developed to tackle
this problem, including autoregressive models (Oord et al., 2016), generative adversar-
ial networks (Goodfellow et al., 2014), variational autoencoders (Kingma and Welling,
2014) and normalising flows (Rezende and Mohamed, 2015). These methods have had
significant success in generating perceptually realistic samples from complex data distri-
butions, such as text and image data (Brown et al., 2020; Dhariwal and Nichol, 2021).
A major motivation for the development of generative models is that they can be easily

tAddress for correspondence: Joe Benton, Department of Statistics, University of Oxford, 24-
29 St Giles’, Oxford, OX1 3LB, UK. E-mail: benton@stats.ox.ac.uk



2 Benton et al.

extended for Bayesian inference. In a typical setting, we make an observation £* based
on underlying datapoint x, for example a category label or partial observation of x, and
want to sample from the posterior distribution pgata(x|€*). We achieve this by learning
a conditional generative model for x given any observation £ based on samples from
Pdata(X, &). This approach is particularly useful in high-dimensional scenarios where tra-
ditional sampling methods, such as Markov chain Monte Carlo (MCMC) methods or
approximate Bayesian computation (ABC), are typically infeasible.

Recently, denoising diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song
et al., 2021) have emerged as effective generative models for high-dimensional data. They
work by incrementally adding noise to the data to transform the data distribution into
an easy-to-sample reference distribution, and then learning to invert the noising process,
which is achieved using score matching (Hyvérinen, 2005). Their use for inference has
recently seen an explosion of applications, including text-to-speech generation (Popov
et al., 2021), image inpainting and super-resolution (Song et al., 2021; Saharia et al.,
2022) and protein structure modelling (Trippe et al., 2023).

Most of the current methodology, theory and applications of denoising diffusion mod-
els are for diffusion processes on R%. However, many distributions of interest are defined
on different spaces. Recently, De Bortoli et al. (2022) and Huang et al. (2022) have
extended continuous-time methods and the analogy with score matching from R¢ to
general Riemannian manifolds in order to model data with strong geometric prior. Sev-
eral diffusion methods have also been developed for discrete data, such as text, music
or graph structures (Austin et al., 2021; Hoogeboom et al., 2021; Campbell et al., 2022;
Sun et al., 2023). Here though, the relationships to score matching, as well as between
these various methods and the Euclidean diffusion case, are less clear. All these recent
extensions have been somewhat ad hoc, with training objectives needing to be re-derived
for each new application.

The main contribution of this paper is to provide a unifying framework for such mod-
els, which we call denoising Markov models, or DMMs. We demonstrate how to construct
and train a DMM for data in any state space satisfying mild regularity conditions. This
yields a principled procedure for using these models for unconditional generation and
inference on a wider class of spaces than previously considered. Additionally this general
framework leads to a principled extension of score matching to general spaces. Finally,
we demonstrate the application of our framework on examples in continuous Euclidean
space, discrete space, for Riemmanian manifolds and on the simplex.

2. Background

A denoising diffusion model is a generative model consisting of two stochastic processes.
The fized noising process takes a data point xg drawn from a data distribution qg := pgata
on state space X and maps it stochastically to some xr € X. The learned generative
process takes xr € X drawn according to some initial distribution pp on X and maps it
back stochastically to some x¢ € X. Throughout, we denote the marginals of the noising
and generative processes by ¢;(x) and p;(x) respectively for t € [0, 7.

The basic idea is to pick a noising process so that (g:):>0 converges to some easy-
to-sample-from distribution ¢, which we then take to be pg. We learn a generative
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process which approximates the time-reversal of the noising process. Then, we can
generate approximate samples from gg by sampling x7 ~ pg and running the dynamics
of the reverse process to produce a sample xg ~ pp, which should be close to gg.

2.1. Continuous-time denoising diffusion models on R?

The framework for continuous-time diffusion models on R? was first set out by Song
et al. (2021). The “forward” noising process (Yz).¢[o,r) evolves according to the stochastic
differential equation (SDE)

dY; = b(Y;, t)dt +dB;, Yy = X0 ~ Pdata, (1)

for some chosen function b : R? x [0,7] — RY and standard Brownian motion B.
With this set-up, the time-reversed process X; = Y7_; can be simulated by initialising
Xo = X7 ~ qr and running the SDE

dX, = {=b(X,, T —t) + Vylog gr_(X;)}dt + dB,, (2)

where ¢;(x;) denotes the marginals of the forward process and B is another standard
Brownian motion (Anderson, 1982). We typically choose our forward process to be an
Ornstein—Uhlenbeck process, i.e. b(x,t) = —x/2, for which g7 & gt := N(0,1;), the
standard Gaussian distribution on R¢, for large T

To simulate the reverse process, we must approximate Vxlog¢;(x). We do this by
fixing a parametric family of functions sg(x,t), and then choosing the parameters 6 to
minimise the denoising score matching objective

1 T
IDSM(G) = 2/0 quw,,(x[),xt) [Hvx log Qt|0(xt|xo) - Se(xtat)Hﬂ dt, (3)

where qo¢(X0,%¢) and gy o(x¢|xo) denote the joint and conditional distributions of the
SDE (1). The conditional is available in closed-form for the Ornstein-Uhlenbeck process.
This is sensible since Zpgy is minimised when sg(x,t) = Vx log ¢;(x) for almost all x € X
and t € [0,7] (Song et al., 2021). If our score estimate were exact and py = ¢r, then
we would have p; = gp—¢ for all t € [0,7]. In practice, we use a neural network to
parameterise so(x,t) and use stochastic gradient descent to minimise Zpgni(6).

Once we have a score estimate sp(x,t), we compute approximate samples from the
reverse process by running the approximate reverse process

dX, = {—b(X;, T —t) + so(X;, T — t)}dt + dB, (4)

starting in Xy ~ po and setting xg = Xp. In practice, we use suitable numerical
integrators to simulate the approximate reverse process.

Alternatively, the objective Zpgy can be derived from a lower bound on the model
log-likelihood (also known as an Evidence Lower Bound, or ELBO) for gr(x), either
using Girsanov’s theorem and the chain rule for Kullback-Leibler divergences (Song
et al., 2021), or by combining the Fokker—Planck equation and Feynman-Kac formula
with Girsanov’s theorem (Huang et al., 2021).
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2.2. Diffusion models for inference

Denoising diffusions can also be used to sample approximately from a posterior pgata(x|€¥)
when we only have access to samples from the joint distribution pgata (%, £); see e.g. (Song
et al., 2021). We first draw a sample (xo,&p) ~ Pdata, set Yo = Xo and let (Y)ieo,m)
evolve according to Equation (1). If we condition on &, then the process Y has marginals
qt(x¢1€0) = [ qrjo(X¢%0)Pdata(¥01€p)dx0, Where gqjo(x¢[x0) is the transition kernel of the
forward diffusion in Equation (1). So, the time-reversed process X; = Y7_; conditioned
on &, can be simulated by initialising Xy ~ ¢r(-|§y) and running the SDE

AdX; = {=b(X,, T —t) + Vxlog gr_i(X; | &) }dt + dB,. (5)

If we have qp(-|€) = et for all € and an approximation sg(x,&,t) to Vy log ¢:(x[€), we
can obtain approximate samples from qo(:|€") = pdata(-|€") for any given £* by initialising
X0 ~ Do := Gref, simulating the reverse dynamics in Equation (5) with Vx log ¢r—¢(X¢|&p)
replaced by sg(X, €5, T — t), and setting xg = Xp. To learn syp(x, &, ), we minimise

1 T
Ipsm(f) = /0 Eqxoxg,) [V 108 Grjo(x¢1x0) — so(xt, &, 1)|I?] dt,

2
where we denote q(xo,%¢,&)) = Pdata(X0,&0)%o(Xe[X0). This objective is minimised
when sp(x,&,t) = Vxlog q:(x]€) for almost all z € X and ¢ € [0,T] (Song et al., 2021).

2.3. Score matching

The objective Zpgy defined in Equation (3) can also be interpreted as a score matching
objective. Score matching was introduced as a method for fitting unnormalised proba-
bility distributions defined on R¢ by Hyvirinen (2005). It approximates a distribution
go(x) with a distribution of the form p(x;6) = ¢(x;6)/Z(0) by minimising

1
= iEq(’(x) [HVX log qo(x) — Vx log q(x; 9)H2] )

known as an explicit score matching loss. This objective is intractable since it depends
on Vx log qo(x), but there are methods for rewriting it in an equivalent tractable form,
including implicit and denoising score matching (Hyvérinen, 2005; Vincent, 2011). Equa-
tion (3), which corresponds to denoising score matching, can also be written in explicit,
implicit or sliced score matching form (Huang et al., 2021).

J(0)

3. A general framework for denoising Markov models

In this section, we set out a general framework for DMMs. First, we explain how
to construct a DMM on an arbitrary state space with a forward noising process Y and
backward generative process X. Second, we derive an expression for the model likelihood
in terms of an expectation over an auxiliary process Z, defined in terms of X and running
forward in time. Third, we derive an ELBO by using Girsanov’s theorem to relate the
expectation over Z to one over Y. Finally, we show how this ELBO can be used to get
a tractable training objective. Our argument follows a similar structure to Huang et al.
(2021), but we work in terms of generic Markov generators, rather than specific operators
corresponding to diffusions on R%, and so require generalisations of the stochastic process
results therein. For simplicity, we present the framework for unconditional generation
and then explain how to adapt it for inference.
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state space X state space X

generator £, marginals g;(x)

generator K, marginals p;(x)

data distribution reference distribution
QO(X) = pdata(x) Po (X) = qref(x)

Fig. 1. Diagram of notation.

3.1. Notation and set-up

Our data is assumed to be distributed according to pgata On a state space X'. We assume
only that X comes with some reference measure v, with respect to which all probability
densities will be defined, and satisfies some regularity conditions given in Appendix B.1.
This includes R, discrete spaces and Riemannian manifolds (with or without boundary).

Our DMM consists of a noising process (Y;);c[o,7) and a generative process (X¢);ejo,17,
which are Markov processes. We consider Y fixed and learn X to approximate the reverse
of Y. Initially, we must fix a class of processes to which X and Y belong and within which
we will optimise X. The particular class and parameterisation we choose will necessarily
depend on X, but a typical choice for X = R% would be a diffusion (see Example 1),
while a typical choice when X is a finite discrete space may be a continuous-time Markov
chain (CTMC) (see Example 2). Our notation is depicted in Fig. 1.

As X and Y are not necessarily time-homogeneous, it is helpful to define the extended
processes X and Y by for example setting X; = X for t > T and letting X = (X3, t)¢>0.
Then X, Y are time-homogeneous Markov chains on the extended space S := X x [0, c0).

In general, it is most convenient to define X and Y via the generators of X and
Y, which we denote by K and L respectively. Informally, the generator of a Markov
process W with state space S is an operator A which acts on a subset D(A) of the
space of functions f : & — R and satisfies Af = lims_0(Psf — f)/s, where (Ps)s>0 is
the transition semigroup associated to W and Psf(x) = E [f(X;)|Xo = z]. For a more
formal definition, see Appendix A.1.

We denote the time marginals of the processes X, Y by p;(x), ¢:(x) respectively. We
make some smoothness assumptions on p, in Appendix B.2, and assume that K, £ satisfy
some regularity conditions, in Appendix B.3. Our assumptions hold for standard models
in the literature (Euclidean diffusions, CTMCs and manifold diffusions; see Appendix
F), plus some that are not covered previously, such as degenerate diffusions. For infinite
dimensional spaces, the assumptions of Appendix B.1 may fail and more care is needed.

One consequence of our assumptions is that the operator K decomposes as K = 0 +I€,
where K operates only on the spatial variables of a function f. We can therefore view
K as an operator on functions from X, rather than on functions from S, and we denote
by K* the adjoint of K acting on functions on X (see Appendix A2).

EXAMPLE 1 (EUCLIDEAN DIFFUSION). If X andY are diffusions on R? given by the
SDEs d Xy = u(Xy, t)dt + dB; and dY; = b(Yy, t)dt + d By, where B and B are Brownian
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motions, then the correspondmg generators are K = Oy+p- V—i— Aand L = &g—i-b-V%-%A,
where A = S0 8 denotes the Laplacian. We then have IC* =—pu-V—(V-p)+1iA
using integration by parts.

EXAMPLE 2 (D1sCRETE SPACE CTMC). If X andY are CTMCs, then K = 0y + A
and L = 0y + B, where A and B are the time-dependent generator matrices of X and
Y. In this case, IC* AT | the transpose of A.

3.2.  An expression for the model likelihood

We now derive an expression for the model likelihood pr(x). First, under our assump-
tions, a generalised form of the Fokker—Planck equation, stated prec:lsely in Appendix
C, implies that o;p = lC*p for v-almost every x € X. Typically, the adjoint operator K*
resembles the generator of another process in the same class as X and Y. We formalise
this idea by making the following assumption.

ASSUMPTION 1. Let v(x,t) = pr—¢(x). Then we can write the equation Oyp = K*p
in the form Muv + cv = 0 for some function ¢ : S — R, where M is the generator of
another auxiliary Feller process Z = (Zy, t)y>0 on S.

EXAMPLE 3 (EUCLIDEAN DIFFUSION). For Euclidean diffusions, the Fokker—Planck

equation can be written as Ov = p-Vo+ (V- p)v — 7AU Assumption 1 is satisfied with

—(V-p) and M =0 —pu-V+ %A, noting that M is the generator of the diffusion
process Z defined by dZ; = —p(Zy, T — t)dt + dBj, where B’ is a Brownian motion.

EXAMPLE 4 (DISCRETE SPACE CTMC). In the CTMC case, if ex = 3, Ayx,
and Dyy = Ayx—cxlx—y, then M = 0;+ D s the generator of a CTMC and Assumption
1 is satisfied. Here ¢ has a natural interpretation as a “discrete divergence”.

In general, we make two smoothness assumptions on ¢ and v, given in Appendix B.4.

Given the Fokker—Planck equation and Assumption 1, we apply a generalised form of
the Feynman-Kac Theorem (see Appendix C) to Z and v to get the following expression
for the model likelihood, which generalises that of Huang et al. (2021):

pr(x) = vlx.0) =E[m(znje { [ etz as) | 2=+ (©

This gives an expression in terms of an expectation over the auxiliary process Z. We
next make this tractable by converting it into an expectation over Y.

3.3. Deriving a tractable lower bound on the model log-likelihood

We would like to train our model by finding a reverse process X which maximises the

likelihood in Equation (6). Unfortunately this expression is intractable, but we can find

a tractable lower bound for log pr(x) which can then be used as a surrogate objective.
By taking logarithms in Equation (6) and applying Jensen’s inequality, we get

T
logpr(x) > Eq [log §5 +logm(¥e) + [ c(Yi,s) ds

m:{:xw (7)
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where P and Q are the path measures of the processes Z and Y respectively and fl%
denotes the Radon-Nikodym derivative.

To write £%° in a tractable form we need to evaluate log (%, which we do using a
generalisation of Girsanov’s theorem. To apply this result, we require that the generators
of the auxiliary process and the noising process are related in the following way.

ASSUMPTION 2. There is a bounded measurable function 5 : S — (0,00) such that
BIMf =L(B7Lf)—fL(B7Y) forall f : S — R such that f € D(M) and B~1f € D(L).

Since M is defined in terms of IC, we think of Assumption 2 as forcing a particular
parameterisation of the generative process in terms of 3. In general, not every generative
process in the same class as £ will have such a parameterisation. However, the true
time-reversal of £ can always be parameterised in this way with 8(x,t) = py(x), so this
parameterisation is sufficient to capture the optimal generative process. In addition, the
objective in Theorem 1 below can often be interpreted and used for a much broader set
of generative processes than those which satisfy Assumption 2.

Under Assumption 2, along with a further technical assumption given in Appendix
B.5, we may apply a generalised form of Girsanov’s Theorem (see Appendix C, and take
a = 7! in Theorem 6) and Dynkin’s formula (see Appendix A.1) to get

dp T 1 .
log dQ ~ /0 {—Llog B(Ys,s) — B(Ys,s)L(B7')(Ys, s) } ds + Q-martingale.

In addition, we get that ¢ = BL(5~!) — v~ 'BL(B~'v) by combining Assumption 2 with
f =wv and Assumption 1. This allows us to rewrite the ELBO from Equation (7) as

T “10)(Ya, s

Yy = X:| .
The final step required to get a tractable expression for £ is to remove the function v
from this expression. For this, we use the following lemma (see Appendix D).

LEMMA 1. Let the generator L and the functions 3 and c be as above. Then, we have
v IBL(B~ ) + Llog B = B~LL*B + Log B.

THEOREM 1. For DMMs as in Section 3.1-3.3, the log-likelihood is lower bounded by
LB(Ys, 5)
B(Ys, s)
This result extends the corresponding expression for R? in Huang et al. (2021). We

see the ELBO consists of a term representing the log-likelihood under the reference
distribution and an implicit score matching term arising from the change in measure.

T
£ =B [loxm(vi)|ta =] - [ Eq| | ElogB(¥ans)
0

Yy = x] ds. (8)

3.4. Finding suitable training objectives
Based on Theorem 1, we fit our generative model by maximising the expectation of £
with respect to pgata. This is equivalent to minimising the objective

EA*B(Xt, t)

B0x. 1) + Llog B(xy,t) | dt, (9)

T
Tism(B) = /0 Eg, (x:)
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which we call the implicit score matching objective, since it can be interpreted as an
extension of implicit score matching from R? (see Section 4 below for more intuition).
Since ¢; and L are determined by the noising process, which is known and assumed
easy to sample from, Zigv () and its gradient with respect to 8 can be estimated in
an unbiased fashion. Since 8 parameterises M via Assumption 2, and thus K through
Assumption 1, minimising Zign (8) over 3 is equivalent to learning the generative process.
We also have an equivalent denoising score matching objective (see Appendix E),

q.jo(-[%0)/B(:, ) (%, 1)
Grjo(xt|x0)/B(x¢, )

— Llog(q.o(-[x0)/B(+, ) (x¢, 1) | dt.

(10)
Both objectives are minimised when 5(x,t) o ¢;(x), as shown in Proposition 1. Zpgm (/)
can be interpreted as quantifying the difference between q;o(x¢[x0) and B(xy,t) via the
score matching operator ®(f) = f~'Lf — Llog f introduced in Section 4 below. These
objectives also generalise the following previously studied instances of diffusion models.
For all derivations and remarks on the choice of parameterisation, see Appendix F.

T ﬁ(
IDSM(B) :/0 Eflo,f,(xmxt) |:

EXAMPLE 5 (EUCLIDEAN DIFFUSION). In the setting of Example 1, Assumption 2

reduces to Vlog 8 = b+, and we have f'Lf — Llog f = %HVlongQ. If we substitute
sp(xt,t) = Vdog B(x¢,t), Ipsm(B) defined in Equation (10) reduces to Equation (3) and
the reverse process is parameterised as in Equation (4). We thus recover the results of
Song et al. (2021) and Huang et al. (2021).

EXAMPLE 6 (D1SCRETE SPACE CTMC). In the setting of Example 2, Assumption

2 reduces to Ayy = %Bxy for all x £ y. We may rewrite Tigm in terms of A to

recover the objective of Campbell et al. (2022),

T
Tism(A) = / eq(xt) [ — Ax,x, — E By, y log Ayx,,] dt + const.
0
Y#X:

EXAMPLE 7 (RIEMANNIAN MANIFOLDS). If X is a Riemannian manifold and we
take K= 0:+pu-V+ %A, L=0+b-V+ %A where A is the Laplace—Beltrami operator
associated to X, and perform the reparameterisation sg(x¢,t) = Vlog f(xy,t), then we
recover the framework for training diffusion models on Riemannian manifolds given in
De Bortoli et al. (2022) and Huang et al. (2022).

3.5. Inference

To use DMMs for inference, we follow a similar procedure to Section 2.2. To noise a

sample (xp,&y) ~ Pdata, We set Yo = x¢ and let Y evolve according to £. To generate xg

conditioned on an observation £*, we use a generative process X¢& conditioned on &*.

We parameterise X in terms of a function 3(xy, £*,t) which now takes £&* as an input.
We aim to learn X4 to approximate the time-reversal of Y conditioned on &*. The

following extension of Theorem 1 (proved in Appendix D) gives us a way to do this.
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THEOREM 2. With the above set-up, minimising the objective

T LlapCb0)/00 60 Nowt) 0
To(9) = [ Brni) | oo s g Llos(anx0) /AL ).

is equivalent to maximising a lower bound on the expected model log-likelihood.

Theorem 2 suggests that we may train conditional DMMs by maximising the objective
Ipsm(B) (or the equivalent Zisy(3) objective). Since gy o(x¢[xo) is known, we may do
this by calculating an empirical estimate for Zpgy(8) based on samples (xg, &y) drawn
from pgata and minimising over 5. Then, we generate samples from pgata(Xo|€*) by
initialising Xg* ~ po, simulating the reverse process with generator U parameterised by

B =p(-,&%, "), and setting xo = ngj.

4. Score matching on general state-spaces

When X and Y are Euclidean diffusions, the objective Zpgnm(8) in Equation (10) becomes
the score matching objective in Equation (3). Similarly, the objective Zign(8) from
Equation (9) reduces to the implicit score matching objective introduced by Hyvérinen
(2005). This suggests we can view Equations (9) and (10) as generalisations of score
matching objectives to arbitrary state spaces.

Given state space X on which we have a Markov process generator £ and an unknown
distribution go(x) we wish to approximate, the corresponding generalised implicit score
matching method learns an approximation ¢(x) to go(x) by minimising

Lrp(x)
p(x)
We can show that Jigy is equivalent to the generalised explicit score matching objective

L(g0/¢)(%)
(g0(x)/¢(x))

In addition, we define the corresponding generalised denoising score matching method,
which learns an approximation ¢, (x.) to the noised distribution ¢, (x;), formed by sam-
pling xo ~ qo() and x; ~ g, |o( - [X0), where g,|o is the transition probability associated
to L run for time 7. It does this by minimising the objective

L(qrj0(-[x0) /7 () (%7)
quo(XT|X0)/90T (xr)

Jism(p) = Eg(x) [ + Llog SO(X)] :

Fesut(9) = By [ . 10g(€lo/90)(x)] |

Tosnt(#r) = By ceue [ . clog<q7o<-er>/soT<->><xT>] |

Jpswm is equivalent to both Jisy and Jrsym when used to learn the smoothed distribution
qr(%;) (see Appendix E). All three objectives extend the corresponding score matching
objectives introduced for R? by Hyvirinen (2005) and Vincent (2011). They also coincide
with the extension of score matching for Riemannian manifolds of Mardia et al. (2016).

To illustrate further intuitions behind our objective functions, we define the score
matching operator ®(f) = f~1Lf — Llog f. Note that the time component of ® cancels,
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so we can view it as an operator on X. With this notation, the generalised explicit score
matching objective becomes Jrsm(p) = Eq,x) [®(q0/¢)(x)]. For Euclidean diffusions,
®(f) = 3||Vlog f||* (see Example 5). In the general case, we view ®(f) as measuring
the magnitude of a logarithmic gradient of f. We interpret the objectives Jpgy and

Jrsum as trying to fit ¢ to go by minimising this logarithmic gradient of the ratio go/¢.

PROPOSITION 1. Let Y be a Feller process with semigroup operators (Q¢)e>0, gener-
ator L and associated score matching operator ®. Then:

(a) ®(f) >0 for all f in the domain of ®, with equality if f is constant;
(b) for any probability measures m,my on X and t > 0,

4 d(m
3 KL(mQillm2Qt) = —Ex.q, [‘I) (dgégg)] ’

where KL(m1Q¢||m2Q¢) denotes the Kullback—Leibler divergence between w1 Qy, moQy.

Proposition 1(a) shows that ® is always non-negative, so Jgsym is minimised if
©(x) x go(x). Thus minimising any of our generalised score matching objectives should
typically correspond to learning an approximation to gy. Note though that if ¢); is not
ergodic and , mo are different invariant distributions of ¢); then Proposition 1(b) im-
plies that ®(dm /dme) = 0 mi-a.e., even though dm /dme is not constant. This suggests
that generalised score matching may fail if the noising process is not ergodic. Propo-
sition 1(b) was proved for score matching on R? by Lyu (2009). It suggests we can
interpret score matching as finding an approximation ¢ which minimises the decrease in
KL divergence between ¢y and ¢ caused by adding an infinitesimal amount of noise to
both according to L.

Our generalised score matching methods give a principled way to extend score match-
ing to fit unnormalised probability distributions on arbitrary spaces. Other extensions
of score matching have been explored, including to arbitrary sub-domains of R? (Yu
et al., 2022), ratio matching (Hyvérinen, 2007) and marginalisation with generalised
score matching (Lyu, 2009). However, these methods lack the generality of our frame-
work and do not respect the intuition coming from R? that Proposition 1(b) should
hold. There are also many other density estimation methods that seek to learn ratios of
density functions, including noise-contrastive estimation, which also approximates score
matching under certain conditions (Gutmann and Hirayama, 2011).

5. Relationship to discrete time models

Denoising diffusion models were originally introduced in discrete time by Sohl-Dickstein
et al. (2015). In this setting, the noising and generative processes are Markov chains
X0 = (th)]kvzo observed at a sequence of times 0 = tg < t; < --- < ty = T, with
fixed forwards transition kernel G(x;, |x,_,) and learned backwards kernel pg(xy, . |x¢, ).
To fit discrete time diffusion models, Sohl-Dickstein et al. (2015) minimise the following
Kullback—Leibler divergence with respect to 6:

Q(xtk |xtk—1 )

— + const. 11
p@(th1|th):| ( )

N
KL(G(x0r)|1Po(X0:1)) = D Egx, . x,,) [bg
k=1
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Given any DMM with generators K, £ and marginals p;, ¢; as in Section 3, we define its
natural discretisation to be the discrete-time model with G(xy, [x¢,_,) = Gp e, (%2, [Xt,_,)
and Pg (X, _, [%t,) = Pr—t,_,|7—t, (Xt,_, [%t, ). Then, the Kullback-Leibler divergence (11)
for the natural discretisation can be viewed as a first-order approximation to Zygy for
the continuous-time model.

LEMMA 2. Suppose X, Y are fived generative and noising processes with marginals
p, q as in Section 3, and suppose that they are related as in Assumptions 1 and 2 for
some sufficiently reqular function 8. Then for any 0 < s <t <T with~y =1 —s,

ﬁ*B(XS)
0| )

Applying this lemma on each interval [t,tr11], we get the following theorem.

s (Xt %)

prs|Tft(Xs|Xt)

YE + Llog B(xs)] =E,. ,(x.x) [log o(v).

THEOREM 3. For any DMM, the objective (11) for its natural discretisation is equiv-
alent to the natural discretisation of Iism to first order in 5 = maxg—o, . N—1 |tk+1 — tkl-

This theorem generalises to arbitrary state spaces a result of Ho et al. (2020), which
demonstrated the equivalence of minimizing (11) and the score matching objective for
Euclidean state spaces. For the proofs of Lemma 2 and Theorem 3, see Appendix H.

Lemma 2 also implies a general equivalence between one-step denoising autoencoders
and score matching. Vincent (2011) discussed this equivalence for autoencoders using
Gaussian noise in R%, but our methods allow us to extend this correspondence to arbi-
trary state spaces and noising processes. For more details, see Appendix I.

6. Experiments

We now present experiments demonstrating DMMs on several tasks and data spaces, for
unconditional generation and conditional simulation. All details are in Appendix J.

6.1. Inference on R? using diffusion processes

First, we use diffusion processes in R? to perform approximate Bayesian inference for
real-valued parameters. We consider pqasa(€]x) = Hf\il Pdata(§i|X), where pgata(&ilx) is
the g-and-k distribution with parameters x = (A, B, g, k) and d = 4, and we let pqata(X)
be uniform on [0,10]*. The g-and-k distribution is a 4-parameter distribution in which
A, B, g, k control the location, scale, skewness and kurtosis respectively.

We fix our noising process to be an Ornstein—Uhlenbeck process, and parameterise our
reverse process as in Example 5, with sp(x, &, t) being given by a fully connected neural
network. To train the model, we sample (xg,&;) ~ Pdata and minimise the denoising
score matching objective from Section 3.5 via stochastic gradient descent on 6.

To test our model, we first consider the case where there are a true set of underlying
parameters Xeue = (3,1,2,0.5). We generate an observation &y ~ pgata(&o|Xtrue) with
N = 250, sample from the approximate posterior using our DMM and plot the result in
Fig. 2. We compare our method with the semi-automatic ABC (SA-ABC) (Nunes and
Prangle, 2015) and Wasserstein SMC (W-SMC) (Bernton et al., 2019) methodologies,
as well as Sequential Neural Posterior, Likelihood and Ratio Estimation approaches
(SNPE, SNLE and SNRE) (see e.g. Lueckmann et al. (2021)). We see in Fig. 2 that the
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Fig. 2. Posterior kernel density estimates of samples generated using our DMM, SA-ABC, W-
SMC, SNLE, SNPE and SNRE for the g-and-k distribution, with x4, = (3,1,2,0.5) and N = 250.
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Fig. 3. Comparison of posterior samples x{, from our DMM approximation to pgaia(:|€,) and the
true parameter value xq for a range of x, in the prior distribution, with N = 10000.

DMM achieves more accurate posterior estimation for all parameters, except the kurtosis
parameter k for which W-SMC is more accurate. Among the other neural network-based
approaches, SNPE appears most competitive on this task, but is less accurate than the
DMM especially for parameters g and k. Additional experimental results comparing
DMMs to other simulation-based inference methods can be found in (Sharrock et al.,
2022; Geffner et al., 2023).

Next, we demonstrate that our model can perform inference for a range of observation
values £* simultaneously. We generate a series of 512 parameter values x¢ drawn from
Ddata(X0) and draw an observation &; from pgata(&p|x0) with N = 10000 for each xq.
Then, we generate 8 samples x{, from our approximation to the posterior pgata(x0/&p)
for each &,. We plot each component of the pairs (x¢,x() in Fig. 3. We see our model
is able to infer the original parameters across a range of parameter values.

6.2. Image inpainting and super-resolution using discrete-space CTMCs

Second, we demonstrate that our framework is applicable for large-scale Bayesian inverse
problems, such as super-resolution and inpainting for images. For these problems, the
prior pgata(x) is the distribution of images. Most ABC techniques such as SA-ABC
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Fig. 4. Samples from the MNIST inpainting task. The first column in each set plots the ground
truth images, and the second column has the centre 14 x 14 pixels missing.

and W-SMC are not applicable as they require an analytical expression for this prior,
whereas DMMs do not rely on such an expression.

We consider performing image inpainting for MNIST digit images, where each image
xo has 28 x 28 pixels with values in {0, ...,255}, and the observed incomplete image &,
has the middle 14 x 14 pixels missing. Since our state space X = {0,...,255}28%28 is
discrete, we use the set-up of Example 2 and let the generator of our noising process factor
over pixel dimensions. We use the denoising parameterisation of the reverse process (see
Appendix F.2) and train by minimising the form of the objective in Example 6.

To test our model, we plot the reconstructed image samples for a number of digits
in Fig. 4. We observe that the samples we obtain are consistent with conditioning and
appear to be realistic, but also display diversity in the shape of the strokes. In Appendix
J.2, we also compare our method to a continuous state space approach.

In addition, we train a conditional discrete-space DMM to perform super-resolution
on ImageNet images to demonstrate that this method provides perceptually high quality
samples even in very high-dimensional scenarios. For details, see Appendix J.3.

6.3. Modelling distributions on SO(3) using manifold diffusions

Thirdly, we demonstrate that DMMs can approximate distributions on manifolds using
two tasks on SO(3). Since SO(3) is a Lie group and so a Riemannian manifold, we use
the framework from Example 7. As our noising process, we use Brownian motion with
generator £ = 0y + %A. We can explicitly calculate the transition kernels gy o(x¢[xo) for
this process, allowing us to use the denoising score matching objective. We parameterise
this objective in terms of a neural network approximation sg(x,t) of the score. This is in
contrast to De Bortoli et al. (2022), in which the explicit transition kernels are not used
for sampling the forward process or in the loss function, both of which require further
approximations.

First we check that our DMM can learn simple mixtures of Wrapped normal dis-
tributions paata(x) = 37 Zm TN (x|, 02,), where NV (x | um,a ) is the wrapped
normal distribution on SO(3) with expectation j,, and variance o2, (De Bortoli et al.,
2022). We plot samples from our resulting DMM in Fig. 5. We see that our model pro-
vides a good fit to pgata(X), covering all modes. In Appendix J.5, we provide additional
results and show that we can also sample from the class conditional density pqata(x|m).

Second, we consider a more realistic pose estimation task on the SYMSOL dataset,
which requires predicting the 3D orientation of various symmetric 3D solids based on
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Ground truth Model

0°

Fig. 5. Samples from the ground truth and our DMM approximation to the mixture of wrapped
normal distributions. Each sample is denoted by a point, whose position represents the axis of
rotation and whose colour represents the angle of rotation. Stars denote the true cluster means.
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Fig. 6. Samples from the ground truth (plotted as stars, middle) and our pose estimation DMM
(right) conditioned on 2D views of two shapes (left). The axis of rotation and rotation angle are
represented by position and colour respectively.

2D views (Murphy et al., 2021). Due to the rotational symmetries, a key challenge is to
predict all possible poses when only one possibility is presented in training. We use a
conditional DMM where £ is the 2D image view. Fig. 6 shows two sets of samples from
our model conditioned on 2D images of two different solids. We see that our model learns
to sample from the ground truth accurately and infer the full set of rotational symmetries
for different views £. For further experimental details and plots, see Appendix J.6.

6.4. Approximation of distributions over measures using Wright—Fisher diffusions

Finally, we present an example of learning to approximate a distribution over measures on
a finite state space E = {1,..., N}. In this case X = P(FE), the space of measures on E.
This is of particular interest in compositional data analysis (Greenacre, 2021). Elements
of X can be parameterised by tuples of real numbers p = (p1,...,pn) € [0,1]" such that
Zi]\; pi = 1. We could approximate the data distribution using a diffusion model on R¥,
but such a model would not reflect the fact that our distribution should be supported
on a submanifold, the simplex. Using the standard setup for manifold diffusions as in
Example 7 would not respect the boundary of the simplex. Other methods have been
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Fig. 7. Histograms of samples from our simplex DMM and the ground truth mixture of Dirichlet
distributions for dimension N = 3, plotted over the whole space as a ternary plot (left) and over
the marginals per dimension (right).

presented in the literature, but they rely on either reflected diffusions (Lou and Ermon,
2023) or on projections of the simplex (Richemond et al., 2022).

We therefore use Wright—Fisher diffusions, a process used in population genetics to
model the evolution of allele frequencies, ajs our class of generative pr](\)[cesses. A Wright—
Fisher process has generator £ = 815—1—% > i1 Pi (6i5 — pj) %amjtzi?j:l qijpl-%, where

(gij)ij=1,..,N is some matrix such that Zjvzl gi; = 0 for each @ = 1,..., N. The process
takes values in the space of measures on F, and so respects the structure of our data
distribution (Ethier and Griffiths, 1993). For specific choices of g;;, the process converges
to a known invariant distribution and we can calculate the implicit score matching loss.
For details of the theoretical setup, see Appendix F.4.

We evaluate the proposed method by modelling pgata(x) = ﬁ Z%zl Dirichlet(ayy,),
a mixture of Dirichlet distributions with parameters a,, € R, for various values of N.
Fig. 7 shows two visualisations of samples drawn from our DMM compared to ground
truth samples in dimension N = 3. Our model is able to accurately approximate pqata (X).
For further evaluations and experimental details, see Appendix J.7.

7. Discussion

We have provided here a general framework which allows us to extend denoising diffu-
sion models to general state-spaces. The resulting DMMSs can be trained with principled
objectives and used for inference, generalizing along the way score matching ideas. Their
applicability and performance have been demonstrated on a range of problems. From a
methodological point of view, the proposed framework is general enough to accommo-
date, for example, general noising processes, mixed continuous/discrete processes and
some infinite-dimensional settings with finite representations (though our assumptions
on the state space (see Appendix B.1) may fail to hold in the infinite-dimensional setting
so more care is required).

However, we still lack a proper theoretical understanding of these models. Under
realistic assumptions on the data distribution, De Bortoli (2023) and Chen et al. (2023)
show that diffusion models on R? can in theory learn essentially any distribution given a
good enough score approximation and infinite data. However finite sample guarantees are
currently absent. Moreover, pgata is typically an empirical measure as we only have access
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to a finite set of datapoints, so ¢; is a mixture of Gaussians for an Ornstein—Uhlenbeck
noising diffusion and its score V log¢; is thus available. If we were simulating samples
using the exact time reversal of this diffusion, we would simply recover the empirical
distribution. It is because we are approximating the time-reversal and in particular
using an approximation of the scores that we are able to obtain novel samples. It is not
yet clear why the approximation of the score using neural networks appears to provide
perceptually realistic samples for many applications.

The effectiveness of such methods for inference, even in scenarios where standard
MCMC or ABC techniques are not applicable (Sharrock et al., 2022; Geffner et al.,
2023), may also be considered surprising. One perspective on the training process is that
it involves the model constructing its own summary statistics that allow it to perform
inference effectively on the training observations. It is not yet well understood why
the summary statistics the model learns appear empirically effective, or what sorts of
summary statistics our training procedure biases the model towards.

Overall, this contribution shows how the range of existing models relate to each other
and may help applying DMMs in practice to a large variety of problems. However, our
understanding of such models is still incomplete and deserves further attention.
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A. Background on Feller processes

We recall some basic definitions and properties associated with Feller processes which
we use for the derivations in Section 3. Our principal source is Dong (2003).

A.1. Definition of a Feller process

Let S be a locally compact, separable metric space and let Cy(S) denote the set of
continuous functions f : S — R such that for any € > 0 there exists a compact K C S
such that |f(z)| < e for all x ¢ K. Also, let ||f|| denote the supremum norm on Cy(S).

DEFINITION 1 (FELLER PROCESS). A time-homogeneous Markov process (X¢)i>o with
state space S and associated transition semigroup (P;)i>o is a Feller process if:

o Pif € Co(S) for all f € Cy(S) and t > 0.
o [IBfIl < [If1] for all f € Co(S).
o Pif(x) = f(x) ast — 0 for allz € S and f € Cp(S).

DEFINITION 2 (GENERATOR OF A FELLER PROCESS). Suppose X is a Feller process
on S as above and f is a function in Cy(S). If the limit

Af: —hmpf /

s—0

exists in Co(S), we say that f is in the domain of the generator of X. We call the
operator A defined in this way the generator of X and denote its domain by D(A).

In the main text, we are concerned with Feller processes X, Y defined on the extended
space S = X x [0,00) which are constructed by taking a time-inhomogeneous Markov
process X on X and defining X = (Xy,t);>0. In this setting, we have the following
variant of Dynkin’s formula.

LEMMA 3 (DYNKIN'S FORMULA). If X = (X¢,t)i>0 is a Feller process on S with
generator A and f € D(A), then

Mtf:f(Xta ) XUv / Af 558

is a martingale with respect to the natural filtration of X.

PROOF. See Theorem 27.20 in Dong (2003).

A.2. Adjoint of a generator
Given a state space S and a reference measure v on S, we can define an inner product
on Cy(S) by letting

(1) =/th a

for all f,h € Cy(S) such that the integral exists. This induces a Hilbert space structure
on Cp(S) and allows us to make the following definition, from Yosida (1965).
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DEFINITION 3 (ADJOINT OF AN OPERATOR). Given operator A with domain D(A)
contained in Cy(S), we define the adjoint operator A* acting at function f € Cy(S) by

(A*f,h) = (f, Ah)  for all h € D(A).

The domain D(A*) of A* is the set of all functions f such that there exists some function
A*f for which the above holds.

B. Assumptions for Section 3

Here, we list the assumptions under which our derivations in Section 3 hold. Note that
these assumptions can be verified in several relevant cases (see Appendix F).

B.1. Assumptions on the state space X

ASSUMPTION 3. The state space X is a locally compact, separable metric space. In
addition, there exists a reference measure v on X with respect to which all relevant
probability distributions are absolutely continuous.

B.2. Assumptions on the marginals p and q

ASSUMPTION 4. We have p; € D(K*) for each t € [0,T), where K* is the adjoint of
the spatial part of the operator IC. In addition, p is differentiable with respect to t and
Oyp is bounded.

B.3. Assumptions on the generators K and L
ASSUMPTION 5. X and Y are Feller processes with associated transition semigroups
(Py)t>0, (Qt)e>0 and generators IC, L respectively.

ASSUMPTION 6. K decomposes as K = 0 + K, where I@f is defined only in terms of
the spatial arguments of f, so we may view it as an operator on (a subset of) Co(X).

ASSUMPTION 7. There exists a subset Dy C D(K) N L*(X,v) which is dense in

L?(X,v), satisfies Kh € Dy for all h € Dy and such that every function in Dy is bounded
and has compact support.

B.4. Assumptions on M and ¢
ASSUMPTION 8. The function ¢ : S — R is bounded, and the function v : S — R is
bounded, in D(M) and satisfies fOT]E [[Muv(Z,,5)[*] ds < oo.

B.5. Assumptions on 3
ASSUMPTION 9. The functions =1, B~ v, logB and logv are in D(L), f~' and
BL(B™Y) are both bounded, and B € D(L*).
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C. Stochastic process theory

We provide full statements of the general stochastic process results used in Section 3.
For completeness, we also provide proofs of the given results adapted to our setting.

THEOREM 4 (FOKKER-PLANCK). Let (X¢)icpo,r] be a Markov process with generator
K and marginals py satisfying the assumptions in Appendiz B. Then p salisfies the
forward Kolmogorov equation Oyp = K*p for v-almost every x.

PRrROOF. For any h € Dy, by Assumptions 4 and 7 we may write

(O —K*p. 1) = [ (@)h = plich) dv
= OE [h(X;)] — E [zeh(xt)} .

Applying Dynkin’s formula to f(x,t) = h(x), taking expectations and using Fubini’s
theorem, we see that

B O]~ B (X0 = [ B [£h0x)] d.

Differentiating with respect to ¢, we deduce that (O;p — K*p, h) = 0. Since this holds for
all h € Dy and Dy is dense in L?(X,v), we conclude that d;p — K*p = 0 holds v-a.e. as
required.

THEOREM 5 (FEYNMAN-KAC). Let Z = (Zy,t)i>0 be a Feller process on S with
generator M. Suppose that we are given functions v,c: S — R and h : X — R such
that M, v, ¢ solve equation Muv + cv =0 (as in Assumption 1) with boundary condition
v(,T) = h(-). Suppose also that Assumption 8 is satisfied. Then we have

h(Zr) exp {/T (Zs, 5) ds}

PRrROOF. This result is well-known in the case of Euclidean diffusion processes (Karatzas
and Shreve, 1991). In the general case, the proof relies on the theory of semimartingales
(see for example Métivier (1982)). Fix 7 € [0,7] and for all ¢ € [7,T] define

v(x,7) =E Z;=x

forall0 <7 <T.

t
St = v(Z,t) exp {/ c(Zs, S)ds}
along with
t
Vi =v(Zy,t), Uy =exp {/ c(Zs,s)ds} .

Each of these processes is clearly a semimartingale, and so we may define dS;, dU; and
dV; accordingly (Métivier, 1982). The following lemma will allow us to express d.S; in
terms of dU; and dV4.
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LEMMA 4 (INTEGRATION BY PARTS FOR SEMIMARTINGALES). IfU and V are semi-
martingales and at least one is continuous then we have

A(UV;) = Up—dV; + U,_dV; 4+ d[U, V5,
where [-,-]¢ denotes the quadratic covariation.

PRrROOF. This is Theorem 2.7.4(ii) of Pulido (2011), or follows from applying Theorem
27.1 of Métivier (1982) to the function ¢(U,V)=UV.

Since v € D(M) by Assumption 8, by Dynkin’s formula we have that V' is a semi-
martingale and we may decompose

dV; = Modt + dM}

where M} is a martingale. Also, since ¢(x,t) is bounded by Assumption 8, U is a
continuous, adapted, previsible process of finite variation and satisfies

t
dU; = ¢(Zy, t) exp {/ c(Zs, s) ds} dt.

In addition, note that d[U, V]{ = 0 since U is continuous and of finite variation. There-
fore, by Lemma 4, we can calculate

t t
st—st/ Usdvs+/ Vi dU, + [, V];

¢ ¢
:/ US{Mv+cv}ds+/ Us dM?

t
:/ U, dM?

where we have used that Mv 4 cv = 0 in the last line. Therefore, S can be expressed as
a stochastic integral with respect to the martingale M".

The conditions we have imposed through Assumption 8 on ¢ and v imply that U is
bounded and MV is square-integrable. It follows, for example from Theorem 24.4.5 in
(Métivier, 1982), that S is a local martingale and hence, since it is also bounded, a true
martingale. We then have that

v(x,7) =E[S;|Z; =x] =E[Sr|Z; = X]

h(Zr) exp { / ! o(Zs, s)ds}

THEOREM 6 (GIRSANOV). Let Y = (Y3, t)i>0 and Z = (Zi,t)1>0 be Feller processes
on § with generators L, M and path measures Q, P respectively, such that Yy and
Zy have the same law. Suppose also that there exists a bounded, measurable function
a:8 — (0,00) in D(L) such that a~'La is bounded, and such that

aMf = L(fa) — fLa (12)

=K Jr =X

as required.
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for all functions f such that f € D(M) and fa € D(L). Then we have
dP a(wr,T) { /T La(ws, s)
= () = ) | EEEeg } 13
dQ () a(wop, 0) P 0 ofws,s) ° (13)

PRrOOF. This essentially follows from the work of Palmowski and Rolski (2002). Using
their terminology, their Proposition 3.2 implies « is a good function, so the RHS of
Equation (13) is a martingale and we may define a measure P by

dP a(wp,T) T La(ws, s)
@(M) - a(wjg;,O) exp{ _/0 a(ws, s) ds}.

Under the measure P, the canonical process (wt)tefo, is still Markov. By the proof of
their Theorem 4.2, we see that

Dl = fvi ) /Mst,s)

is a martingale for all sufficiently smooth functions f, implying that M is the generator
of (wt)sefo,r) under P. It follows that (wt)tepo,r) has the same law under P as Z does

under Q, which is sufficient to prove the result since Y and Z are Feller.

D. Proof from Section 3
We give the proofs of Lemma 1 and Theorem 2 from Section 3.

LEMMA 1. Let the generator L and the functions B and c be as above. Then, we have
v IBL(B~ ) + Llog B = B7IL*B + L1og B.

_ PrROOF. Let us define M to be the operator such that M = M + &;. Then, since
M+c= M+ c— 9 = K*, for any sufficiently rapidly decaying test function f we have
(Mf.1) + (ef, 1) = (K*f,1) = (f,K1) =0,

SO (Mf, 1) = —{c, f). Assumption 2, which states that S~ Mf = L(B71f) — fL(B™Y)
for all sufficiently rapidly decaying f, can be rearranged to M f = BL(B~1f)—BfL(B™L).

So, it follows that
(e, f) = —(BLEB1),1) +(BFL(B),1)
= _<f7 B_1£*6> + <fa B‘C(ﬂ_l»
for any sufficiently rapidly decaying f. We conclude that 3~ 1£*8 = Bﬁ(ﬁ_l) —c.
Next, using Assumption 2 with f = v we can write
v BL(B ) = BL(BTY) + v Mo
=BL(B) -
= —Oylog S+ BL(BY) — ¢
= —0;log B+ LB
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Finally, note that —Llog 8 + ﬁlog,@ = —0¢log 8. Combining this with the final line
above, we get the desired result.

THEOREM 2. With the above set-up, minimising the objective

(¢0(-[%0)/B(", &0, ) (x4, 1)
qrjo(x¢[x0)/B(xt, €0 1)

s equivalent to maximising a lower bound on the expected model log-likelihood.

T L
IDSM(B)Z/O Eq(xO,x,,fo)[ — Llog(q.o(-[x0)/B(-; &os 1)) (x4, 1) | dt

PROOF. Applying Theorem 1 to the generative process X& conditioned on observa-
tion &%,

log pr(x0[€") = Eqg | log po(Yr)| Yo = o)
T a *
LB(xe, €55t) | 4 ‘ ]
— | Eg| =TSy Plog B(xy, £7,1) | Yo = xo| dt.
/0 Q[ﬁ(xt,s,t) 86L& 1) | Yo =0
Replacing € by &, letting (x0, &) ~ Pdata and taking expectations, we get

Epoa(x0,8,) 1087 (%0(€0)] > Egp(xr) [log po(XT)]

T L*B(x1,€,1) | 4
- /0 Eq(xn&o) |:B(Xta£07t) + ‘C log /B(Xta EO? t):| dt

For any given &, we have

q(x+|€) B(Xt,g, t)
=K |:['(q'|0('|X07£)//8('7£7'))(Xtyt)
q(x0,%¢|€) qt|o(Xt\X075)/5(Xt,E,t)

by the argument of Appendix E (see below), where the constant depends only on the
dynamics of the forward process. Substituting &, for £ and taking expectations over

&0 ~ Pdata, noting that g, o(x¢[x0, &) = q¢jo(xt[x0), We get

+ Llog ﬁ(xt,g,w]

— Llog(q.o(-[x0,&)/B8(-, &) (xt, t)] +const

o [55@95075)
10x80) | "B, &g, 1)
_E {’C(CIWO(‘\XO)/M'?&O’ ) (x¢,t)
q(x0,%¢,€,) Qt\o(Xt\Xo)/ﬁ(Xt, £, )

It follows that

+£A10g5(xt7507t)}

- Elog(Q~\o('|X0)/5(', Eo, '))(Xt, t)] ~+ const.

E s t06,) 10827 (X01€0)] = B (xr) | 10g 20 (x7)]

_ / "k {ﬁ(q-o('|X0)/»3(‘,£o7 NEM)
00x0) | g0 (xelx0) /B (e €0, )

~ Llog(a(-x0)/B(- &, ->><xt,t>} at

+ const.
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The first term on the RHS and the constant are independent of the dynamics of the
reverse process. Hence minimising

(¢40(:[%0)/B( €05 1)) (X4, t)
qt\O(Xt’XO)/ﬁ(Xta &o; t)

T L
Tosw(8) = /0 Eq@o,xt,go){ ~ Llog(yo(x0)/B(- €0, ) (xe, 1) | i

is equivalent to maximising a lower bound on E,_ . (x,.¢,) [log pr(%0[€p)], Which is the
expected model log-likelihood.

E. Equivalence of generalised score matching objectives

First, we show that Zigy and Zpgym are equivalent training objectives.

E [ﬁ(q-lo(‘\XO)/ﬁ(u'))(xt,t)
qo,+(X0,X+) Qt\O(Xt\XO)/ﬁ(xt,t)

_ L(q.1o(-1x0)/B(, ) (xt, 1)
B /X /X (X0, Xt) { aro(xelx0)/B(xe t) £log(giol o)/ B, ) t)} dvxo)du ()

= [ antsa) [ Lotz (2050 )~ ot £10g (19750 ) 60 b vt )

= / QO(XO)/ 10 (Xt[%0) {E*ﬁ(xt’t) + Llog ﬂ(xt,t)} dv(x¢)dr(x0) + const
X X

 Llog(ajolxa) )0

B(x¢,t)

+ Llog B(xz)

+ const,

_ L*B(xz)
_eq(xt) [ B(Xt)

where the constants depend only on the dynamics of the forward process and so are fixed
during training. Integrating from ¢ = 0 to ¢t = T', we conclude that Zigy and Zpgy are
equivalent.

There is also an explicit score matching form of the general DMM training objective
as follows:

T . .« . Xt)
Tosaa(5) = [ By | IO Lrogq (/5,9 at
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To see that this is equivalent to Zigy and Zpgm, observe

LaOBENCRD
]eq(xt) [ a(x0)/B(xs, t) Llog(q.(-)/B(,))( tﬁ)}

. £l (/B ) (x0)
= [ o {ELILIOLD iy (6000 bt

= J 0 (56.5) atatios (55 )yt

= / (%) {W + Llog ﬂ(xt,t)} dv(xy) + const
X

ﬁ(xtv t)

L* ;
= Eq(x) [/B(ﬁ)(:)t) + Llog B(x¢)

+ const

and integrate fromt =0tot="1T.

F. Application to particular spaces

In this section, we show how our general framework can be applied in some particu-
lar cases of interest, namely to Euclidean diffusion processes, continuous-time Markov
Chains on finite discrete state spaces, diffusions on Riemannian manifolds and the
Wright—Fisher diffusion on the simplex.

A recurring theme we see in each example is that the default parameterisation given
by our framework in terms of [ is sub-optimal, either because we expect it to lead to
numerical instabilities when optimising the training objective, or because it only captures
a restricted subset of the class of reverse processes we are interested in. However, in each
case it turns out to be possible to reparameterise the generative process in a way which
captures a wider class of processes and lets us interpret the training objective on this
wider class. This allows us to optimise our generative process over this wider class of
processes. In addition this reparameterisation typically leads to a form of the objective
that we expect to be more numerically stable in practice.

F.1. Real vector spaces

We show how our framework recovers the setup of Song et al. (2021), described in Section
2.1, in the case where KC and £ are the Euclidean diffusion processes given in Example
1. For convenience, we recall that X and Y satisfy the SDEs

dX, = p(Xy, t)dt +dB;,  dY; = b(Yy, t)dt + dB, (14)
respectively, and the corresponding generators are
1 1
K:8t+u-V+§A, £:8t+b-v+§A.

First, we check the assumptions made in Appendix B. If we let our reference measure
v be the Lebesgue measure, then Assumption 3 holds. Assumption 5 is satisfied whenever
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b and p are Lipschitz functions (Schilling and Partzsch, 2012, Corollaries 19.27 and
19.31), and Assumption 6 follows given the form of I above. For Assumption 7 we take
Dy = C (Rd), the set of infinitely differentiable functions with compact support, and
note that this is dense in L?(X,v). Finally, we assume that the reverse process and pg
are sufficiently regular that Assumptions 4, 8 and 9 hold.

Using integration by parts, we can calculate the adjoint of K. We have

/f/&hdy = /f (M -Vh+ ;Ah> dv
:—/hv-(f,u)du—;/Vf-Vhdy
= [ (- vr - s+ AL
assuming f and h are sufficiently regular that all boundary terms are zero. Therefore,
IC*:—M-V—(V-M)Jr%A.
We see that Assumption 1 holds if we let ¢ = —(V - ) and
M:3t—u~v+%A,
noting that this is the generator of another diffusion process Z satisfying the SDE

Given this form of £ and M, Assumption 2 then becomes

BV SAAL =0 V(BT + A ) = b V(5T — SIAB,

which reduces to
Viog B =p+0, (15)

for some bounded measurable function 8. This puts a restriction on the class of reverse

processes K we may use; the condition that the drift 4 must be expressible as —b+V log 8

for some (3 is not automatically satisfied. However, the true time-reversal of the forward

process will satisfy this property. In addition, we will show that we may reparameterise

the training objective so that it can be interpreted for a broader class of reverse processes.
Assuming for the moment that Assumption 2 does hold, we can evaluate

®(f) 5 — Llog f
b- A
_ fvf+;ff—b~V10gf— %Alogf

1
— L v10g 1,
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and so the denoising score matching objective becomes

1 (7 2
Ipsm(B) = /0 Eqg o (x0,%:) [HVIOg qrjo(xt|x0) — Vlog B(x¢, t)| } dt. (16)

2
Looking at Equations (15) and (16) suggests that it is more natural to parameterise
the reverse process in terms of sg(x,t) = Vlog 5(x,t) instead of B(x,t). Making this
substitution, the objective becomes

1 (T
Tpsm(0) = /0 g, (x0.:) [HVIogqt‘o(xt\Xo) — SG(Xt,t)HQ} dt,

2
recovering the objective of Song et al. (2021).

Parameterising in terms of sp(x,t) rather than B(x,t) is preferable for a couple of
reasons. First, sg(x,t) is targeting the score Vlog ¢:(x), while 8(x,t) is targeting ¢:(x),
and we expect the former to typically be an easier target. Second, while Equation (16)
only makes sense when the forward and backward processes are related via Assumption
2, the objective in Equation (3) is valid for any forward and backward diffusion processes
as in Equation (14). Hence reparameterising allows us to capture a wider class of reverse
processes in our optimisation.

F.2. Discrete state spaces

Next, we show how to apply our framework when X and Y are continuous-time Markov
chains on a finite discrete state space as in Example 2. With a particular choice of
parameterisation, we end up recovering the set-up of Campbell et al. (2022).

Recall that we start with = 9; + A and £ = 9, + B, where A and B are the time-
dependent generator matrices of X and Y respectively. From this it follows immediately
that K* = AT. We will use the counting measure as our reference measure v.

On a finite discrete space, all functions are bounded and have compact support, and
D(K) = D(L) = Co(S) is the set of all functions on X. Assumptions 3, 5, 6 and 7 follow
immediately. In addition, we assume that the reverse process and pg are sufficiently
regular that Assumptions 4, 8 and 9 always hold.

In order for Assumption 1 to hold, we need to find M and ¢ such that M+c¢ = 9, +K*
(viewed as operators). Since M should be the generator of another CTMC, we write
M = 0, + D for some generator matrix D. We then require D + ¢ = AT, where c is
viewed as a diagonal matrix and D must have zero row sums. This holds if and only if
we take

ex =Y Ayx,  Dyy = Ayx — cxlymy.
yeX

With this choice of M, Assumption 2 becomes

BHx,1) Y Dyaf(2) = > Bxy B7Hz,0)f(2) = [(x) Y Buw B (2,1)

zeX zeX zeX

for all x € X. If we pick two distinct x,y and set f(z) = 1,—y in the above, we deduce

BHx,t)Dxy = B (y,t)Bxy forall x #y.
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Hence for Assumption 2 to hold, we require

_B(x.1)
Y Bly,t)
An elementary check also shows that this condition is sufficient for Assumption 2 to hold

for a given choice of 5.
With this parameterisation, the implicit score matching objective becomes

e BT B(xy) N
Tism(B) —/0 Eq, x,) [B(Xt) + Blog 5( t)] dt

T By, t) By, 1)
_ /0 Eq e );({Byxt Sy T Brvlos 5 t)} dt.

Byy forallx #y. (17)

Unfortunately, fitting 8 directly using this objective is typically likely to perform
poorly. This can be seen for a couple of reasons. Firstly, the optimal value of B(x,t) is
qt(x), and so learning [(x,t) should be roughly as hard as targeting the marginals of
the forward process directly. Secondly, the presence of 8 in the denominators can lead
to numerical instabilities in regions where the forward process has low density.

Fortunately, we have at least a couple of methods for avoiding these problems avail-
able. The first is to find an equivalent formulation of the objective in terms of the
generator of the reverse process, and then learn this generator using a denoising param-
eterisation. For x # y, we have

Bly,t)
B(x,1)

Byy
Ayx
= —DBxy log Ayx + const,

Byy log

= Byy log

where the constant depends only on the dynamics of the forward process, which are
fixed. We can therefore write

T
Tisu(A) = / By |Box+ 3 Axy — 3 Buylog Ayx, | i+ const
0 Y#X: Y#£X:

T
- / Egx) | =Axix, = Z By,y log Ayx, | dt + const,
0 Y#EX:

recovering the objective of Campbell et al. (2022). In addition, we can parameterise the
reverse generator A via

B aro(¥|x0) (1)
Ayy () = Byx XZ 7qt|0(x|xo)p9 (xo|x;) for x #y, (18)

where pg:) (xo|x¢) is some learned estimate of the original datapoint x( given the noised

observation x;, and 6 denotes the learnable parameters. This parameterisation should be
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more stable, as it avoids potentially exploding denominators, and we expect predicting
the original datapoint given the noised datapoint to be an easier goal than learning
the marginals ¢:(x). See Campbell et al. (2022) for more details on this denoising
parameterisation.

The second method is to reparameterise our objective in terms of the ratios sg(x,y,t) =
B(y,t)/B(x,t). Doing this, the training objective becomes

T
Tism(0) =/ Eq, (x,) Z {Byx,s0(xt,y;t) — Bx,ylogso(y, %)} | dt.  (19)
0
yeX

In addition, the generative process is now parameterised in terms of sy(x,y,t) via
Axy = ByXSQ(X, y; t) for x #y. (20)

Importantly, this objective matches the generalised objective from Section 3 when the
noising and generative processes are related by Assumption 2, and is still minimised
when sg(x,y;t) = ¢(y)/q(x).

This parameterisation is potentially beneficial for a couple of reasons. Firstly, by
removing 3(x,t) from the denominators, we expect that objective should be more nu-
merically stable. Secondly, this parameterisation captures a wider class of potential
reverse processes, since A is now given in terms of B via Equation (20), which is less
restrictive than Equation (17).

As discussed further in Section 4, the integrand in Equation (19) may be viewed as a
score matching objective for discrete state space. It shares certain similarities with ratio
matching techniques (Hyvérinen, 2007), in particular targeting the ratios 8(y,t)/5(x,t).
However, as far as we are aware this particular objective is not directly equivalent to
any previously studied score matching objective in discrete state space (Hyvérinen, 2007;
Lyu, 2009; Sohl-Dickstein et al., 2011).

F.3. Riemannian manifolds

Consider the case where X is a Riemannian manifold with metric tensor g and v is
the volume measure induced by ¢ (so that Assumption 3 holds). A diffusion in X may
be defined through its generator, so we let the noising and generative processes have
generators

1 1
K:8t+u-v+§A, £:8t+b-V+§A.

respectively, where A is the Laplace-Beltrami operator defined in local coordinates by

1 g
Af =—=0i(Vlglg”9;f)

V19l

and |g| denotes the determinant of the metric tensor. For such processes, Assumption

5 is satisfied under mild regularity conditions on the manifold and the coefficients of

the generators, as detailed by Molchanov (1968). As in the Euclidean diffusion case,

Assumption 6 follows from the given form of I, for Assumption 7 we may take Dy =

C>(X) and note that this is dense in L?(X,v) (Taylor, 2011, Section 4.4), and we
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assume that the reverse process and pg are sufficiently regular that Assumptions 4, 8
and 9 hold.

To calculate the adjoint operator of I@, we recall that the canonical volume element
on X induced by g is given by

dw=+/|g| dz' A--- A da™

and the divergence of a vector field a : X — T'X on a Riemannian manifold is given by

1 .
V-a:—@-a’ .
N (a*v/1g1)

Then, using the generalised Stokes’ Theorem, we have
(f - VB) = /Xf,ﬁ (Oh)/Tg] Azt A -+« A da”

- _/Xhé?i(/ﬂf\/@) dzt Ao Ada”
= (=(V-u)f = (u-Vf)h),

where we assume f and h are sufficiently smooth that we may disregard boundary terms.
In addition, we have

rah) = [ a/lalg0,b) dal Ao da”
=~ [ Viala" @u5)(0h) da’ Ao da”
=(Afh).
We conclude that the adjoint operator is given by
I@*:—M-V—(V-M)Jr%A.

Then, as in the Euclidean diffusion case we see that Assumption 1 holds if we let ¢ =
—(V - p) and
1
M:&g—u-v+§A,
noting that M is also the generator of a diffusion process Z on X. We also find that

Assumption 2 reduces to the condition Vlog S = u + b, as before.
Assuming this holds, we can evaluate

L
d(f) = ff — Llog f
b- A
_ fvf+;ff—b~V10gf—;A10gf

1
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where || - ||(;) denotes the norm on the tangent space T X induced by g.

Finally, as in the Euclidean diffusion we make a reparameterisation sy(x,t) = Vlog 5(x, t)
in order to sidestep Assumption 2 and provide an easier training target. The resulting
denoising score matching objective is

1 T
IDSM(Q) = 2/0 EqO,t(Xo,Xt) [HVIOg Qt|0(xt|x0) - 59(Xt7t)H§(xt)} dtv

which reproduces the result of De Bortoli et al. (2022) and Huang et al. (2022). Notably,
we find that all the relevant formulae in the manifold case are essentially the same as in
the Euclidean diffusion case, except for the inclusion of the metric tensor.

F4. Wright—Fisher diffusions
Suppose we wish to approximate a distribution pqa¢a(-) over the space X = P(E) of
measures on a finite set £ = {1,..., N}. A natural class of stochastic processes on X
are the Wright—Fisher diffusions, a model used in population genetics to describe the
evolution of allele frequencies in a population over time (Ethier and Griffiths, 1993).

We can parameterise measures in X' by tuples of real numbers p = (p1,...,pn) €
0,1]N such that SN | p; = 1. With this parameterisation, the Wright-Fisher diffusion
has generator

2

0 0
L=0+ Z pz zy p]) ap 8 + Z qijPi 75— ap

,j=1 J
with domain D(L) = {F|pg) : F(p1,...,PN) € CQ(RN)} where (gij)i j=1,..,n is some
matrix, potentially dependlng on p and ¢, such that Z ~1¢ij =0foreachi=1,...,N.

If we take ¢;; = 19 > 0forallp € X,t €[0,T] and i # j, then this process is ergodlc
and its invariant distribution is Dirichlet(0), the Dirichlet distribution with parameters
© = (V1,...,9n) (Ethier and Griffiths, 1993). Moreover, the transition function of the
process can be expressed as

N
(t,p,") Z d9(t) Z <Z> le-o""Dirichlet(oz +0)(+) (21)

a€(Zy):|al=n i=1

where d9(t) are smooth functions of ¢ given explicitly in Ethier and Griffiths (1993). Tt
follows that if we take 9J; > 2 for all j and we start the process in the interior of the
simplex, then the process almost surely does not hit the boundary and the marginals of
the forward process always vanish and have zero derivative at the boundary (since this
holds for any Dirichlet distribution where all parameters are greater than 2).

Note that X is compact and hence locally compact and separable. Since we can view
X as a subset of a linear subspace of R, it also has a natural Lebesgue measure, which
we take as the reference measure v. Hence we satisfy Assumption 3.

We let our noising process have generator £ as above and our generative process have
generator

02 0
K=0+ 2 Z pz zy p]) a 8 + Z szpzap'7

7]1 J
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where (rij)i,jzl,_..7 n is another matrix with zero row sums. The forward process Y is then
Feller from Ethier and Kurtz (1993, Theorem 3.4). It follows that the extended forward
process Y is also Feller and, since the process is pathwise continuous on a compact state
space, this implies that the extended backward process X is also Feller, so Assumption
5 holds. Assumption 6 follows from the given form of I, and for Assumption 7, we can
take Dy = {F|pg) : F(p1,--.,PN) € C>®(RM)}. As usual, we assume that the reverse
process and pg are sufficiently regular that Assumptions 4, 8 and 9 hold.

In order to calculate the adjoint operator X*, we require the following lemma, which
is essentially a form of the integration by parts formula for the space X.

LEMMA 5. Suppose we have F : RN — RN such that for all x € X, F(x)-1 =0,
where 1 is the unit vector in the (1,...,1)T direction. In addition, suppose that F(z) =0
for all x € 0X. Then

Y OF; OF B
/x;am(p) /x Z 31)] (p) =0.

PROOF. Since F(x)-1 =0 for all x € X, we can view F as a function from X to T'X,
the tangent bundle of X'. Then, since F(x) = 0 for z € dX, by the generalised Stokes’
theorem we have

/VX-Fdz/:(),
X

where V y- F denotes the manifold divergence on X. Finally, Vy-F =V-F—-1-V (F - 1),
where V is the standard gradient operator on R, and so the result follows.

First, we need to calculate the adjoint of K. To deal with the first order term, we
use Lemma 5 with F; = ri;p; fh for ¢ =1,..., N in turn to get

/Za ’l“szth dl/ /X Z Tzkpth dV( ) 07

whenever fh = 0 on dX. Since Zjvzl ri; = 0, the second term vanishes. Thus, summing
over i we get

[ S nndit s /Mhdy
i,j=1
/ Zw . / Zrupz ~dv(p) =0,

,j=1 1,j=1

from which we deduce that

N N
0 T
/ f E TiiPi A hdv(p) = —/ h E J + g T+ E ngpz ) fdv(p)
o \im o o \ig=1 ij=1 b
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whenever fh =0 on 9X.
To deal with the second order term, we use Lemma 5 with F; = p;(d;; — pj)(f0:h)
for each i = 1,..., N in turn to get

0 6 o)) d LS 2 ah)) du(p) = 0
3 a5y 05 =g o)~ [ 3 o= 73 ) o,

whenever fO;h =0 on 0X for each i = 1,..., N. Expanding the LHS, we get

/Z 5= b — 0,01) (fOM)A(p /sz 5~ P (O,1)(Oh) + J0,0;1)dv(p)

N

/ Z 61]5'Lk zgpk jkpl)(fa h)dl/( ) - ]1[/ Z pl((;zk: - pk)aj(falh)dj/(p)

k=1 X k=1

Now, the last term is zero since ch\;l pi(0;5 — pr) = 0. Simplifying and summing over 4,
we get

0
/Zl—Npl f;h dv(p / (sz ij ~ Pj apzap])hd”(p)

i,7=1

N
3 6 )@, 00m) dv(p) =
Yij=1
By symmetry, we may reverse the roles of f and h in this last equation and subtract the
resulting equations to get

0
/Zl—sz f@hdu / (sz i p] a ap])hdy(p)

J=1

i,j=1

0
/Z 1 — Np)hoif dv(p / (Z pi(dij = p; 8p18p])fdy(p) (23)

whenever fVh = hVf =0 on 0X. Finally, applying Lemma 5 with F; = fh(1 — Np;),
we get

N , N
/ > gy -t o) - | 5 ({1 = Npo) do(p) = .

whenever fh =0 on dX. Expanding, we have

/Zm—ijafdu /Zf 1 — Np;)d;h dv(p) — Q/thdu(p)
/Z 1— Np)d;(fh) dv(p +N/ fhdv(p

3,j=1
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which simplifies to

N N
h(1—Np;)0;f d — Np;)o;h d —N(N - hd =0.
/X; (1 pj)0; f V(P)JF/X;JC(:[ pj)0;h dv(p) ( 1)/Xf v(p) =0
(24)
Combining Equations (23) and (24), we see

/ Z 02 h du( )—1/h i (055 — )872 f dv(p)
o 1pz ij p] 6 8}93 p 2 Jx i Di\0ij — Dj i Op p

N
)
+/Xh (1—ij)@ f dv(p)

=1
- pravte), (25)

Putting together Equations (22) and (25), we conclude that the operator

N N
1 N(N —1)
2 iJZI 7 ( L/ 8271 8])] JZI J p] )
N or;
e o Zm 53 g

1,j=1

satisfies (Kof,h) = (f,Kh) for all functions f,h € {F|pg) : F(p1,...,pn) € C*(RY)}

such that fh = fVh =hVf =0 on 8X. We conclude that K* = Ky and h € D(I@*) for
all h such that h = VA = 0 on 0X. Therefore, we choose to define

1 & P = 0 = ]
M =0+ 2”2:11% (03 — ;) apiop, g(l - ij)@ - ”Zl ribig,

N O N
c= Z pz J Z Ti-

i,7=1

We see that Assumption 1 is satisfied, since v vanishes and has zero derivative on 0X

by our earlier remarks. Recalling that ¢;; = %193- for i # j and Z;V 17 = 0, if we let

uij:§j+%(19i—1)—mj, fori;«éj
i
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and set u;; = — Z#i u;j, then for each j =1,..., N we have

N
Z UijPi = Z UijPi — Z UjiPj
i=1

i#] 1#]
= Z (pitlj +pj (9 — 1)) — Z (pjYi + pi(9; — 1)) ZTUPZ
i£] i#j
N
=1-Np; - Z?‘ijpi-
i=1

We thus see that M is the generator of another Wright—Fisher process with transition
matrix (ugj)i j=1,...~. Hence Assumption 1 is satisfied. To check Assumption 2,

BL(EL) - BrL(pt) =D sz = D) (700, ) + 200,87 + F(@9;57)

1,j=1

N
+B8) qipi(BO5f + f0;87)

ij=1

PR N
= pi(6 —py) 0087 = BF D qijpid; BT

i,j=1 i,j=1

1Y N
=3 > il — i) (@i0; ) = > pildi; — p;)(0if)(9;10g B)

i,j=1 4,j=1
N
+ > qipi(9;)-
ij=1

Thus Assumption 2 holds if and only if

N N N

> wigpi = =Y pi(6i5 — p;) (0 log B) + Y aijpi

i=1 i=1 i=1

for each j = 1,..., N. This is satisfied if we take
9(log B)

pj
riy = 0; + 22(9; — 1) — p; — g 26
ij J Pi( i—1)—p; ap; 4ij (26)
for i # j and r; = — ) ., 7ij. We choose this parameterisation since if we start the

forward process in its invariant distribution and learn 8 so that the generative process
is the exact time reversal of the forward process then B(p,t) o g:(x) Hf\;1 p?iil. In
this case, Equation (26) reduces to 7;; = 9; — g;j;, so this parameterisation ensures that
if we start the forward process in its invariant distribution and learn the reverse process
perfectly then the transition matrix (r;j);j=1,..n» we learn is equal to the transition
matrix (gi;)ij=1,..n of the forward process.
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We can then calculate the score matching operator O(f)=f1Lf - Llog f,

_ 82 log f
Zpl l] p] f 8papj_7zp7f 7,] ] ( )

] 9pipj
N N
L, 0f d(log f)
+ Gipif 5 — QijPi—F
z]zz:l ’ Op; 2]2221 Hap J

_1 Z P (33 — 9(log f) d(log f)

ij=1 Opi apj

However, since we do not have access to the analytic forms of the transition kernel
@t|o(Pt|Po) for this model, we must fit 3 using the implicit score matching objective. We
thus calculate

Ak . N 2 N _
E0 Lo = 3 > il —py) B g+ D1 - Nyt - A

.J._l Opidp; o Ip; 2
N N
0q; 40
—Z q]—z(ki—zqz‘jpiﬁ 187?
ij=1 i=1 ij=1 Pj
32(10g5) d(log B)
+ = Z]Z:I pz ’Lj ] 8]31 ap] ZZI 17 Di 3pj
62 9*(log f) d(log ) (01og B)
pZ Z pl Z p
;1 i~ pi) dpiOp; ;1 IR apy o
> )
+ Z(l - 8P) 4 const
J=1

where we have discarded terms that do not depend on . Noting that the loss and the
reverse process only depend on 3 through d(log 3)/0p;, we reparameterise in terms of
sh(p,t) = piO(log B(p,t))/Opi. (We include the extra factor of p; for numerical stability
reasons, since if we start in the stationary distribution then p;d(log 5(p,t))/0p; should
be of constant scale.) Doing this, the implicit score matching objective becomes

r Al dsy(pe,t) | 1 A i j
Tism(0) = ; Eq. () Z (0i5 — pj) “op, + 3 Z (p; 65 — 1)sp(pe, 1) sp(Pe, t)
ij=1 ij=1

N
Zs pt,t ] t, (27)
J=1

and the reverse process is parameterised as the Wright—Fisher diffusion with transition
matrix (rj;); j=1,...N Where

1. p; D o
rij(p, T —t) = §ﬁj+i(9i_1)_i33(Pat)a i # j.
(3 (3
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G. Proof of properties of the score matching operator

We give the proof of the properties of the score matching operator from Proposition 1.

PROPOSITION 1. Let Y be a Feller process with semigroup operators (Q¢)t>0, gener-
ator L and associated score matching operator ®. Then:

(a) ®(f) >0 for all f in the domain of ®, with equality if f is constant;
(b) for any probability measures m,my on X and t > 0,

%KL(mQtHWQt) Ena. [q) GEZ;SZ;)] ’

where KL(m1 Q¢||m2Q¢) denotes the Kullback—Leibler divergence between mQy, maQy.

PROOF. Since log is a concave function, it follows that log(Q:f) > Q:(log f) for all
f in the domain of ® with equality if f is constant. Hence

log(Q:f) —log f _ Qi(log f) —log f
t = t

for all ¢ > 0. Taking the limit ¢ | 0, we deduce that (Lf)/f > L(log f) which gives the
first part of the lemma.

For the second part, we assume that m1Q; and m2(Q; are absolutely continuous with
respect to v and let 7 ¢(x) and mp (%) respectively denote their densities. Then

SKLmQUmQ) = 3 [ matx >1og(:;8> (%)
= /(‘)tth(x) <Z;Z Xi dv(x 7r17t(x)8t log 1 ¢(x)dv(x)

—/m )04 log 2.0 (x)dv (x)

/ﬁm 1og<7m3> /Lm )dv(x)
o (S )

using the Fokker-Planck equation on each term. Since (£*m4,1) = (m14, £1) = 0, we
may drop the second term and write

Um0 = Ex o | 0s (700 | B | (2209) £ (7))

oo ()]

which is the desired result.
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H. Discrete-time approximation proofs

In this section, we give the proofs of Lemma 2 and Theorem 3 from Section 5. In order
to prove Lemma 2, we use a couple of lemmas which we present first.

~ LEMMA 6. Given processes X andY as in Section 3, define a process W by setting
W, = (Xp_¢,t) and denote its generator by N'. Then we have

vNg=(M+c)(vg)
for all sufficiently rapidly decaying functions g.

__ ProoFr. First, we let % = —8, + N denote the generator of the time-reversal of
X. Then, the integration by parts formula of Cattiaux et al. (2023) implies that for all
sufficiently rapidly decaying test functions f and g we have

(pef, Kg + K g) + (pi, (£, 9)) =0,

where I'(f, g) = K(fg) — fKg — gKf denotes the carré du champ operator associated to
K. We deduce that

(£, Kg) = —(pef. Kg) — (pe, K(f9) - IKg = g f)
= —(pef, Org) — (K *pt>f9> ( “(9p), [)
—(ptOeg, f) — (90pr, f) + <’C*(9pt)a f)

= (K*(gpt) — Oe(pe9), f)

where in the third line we have used the Fokker—Planck equation. Since f was arbitrary,
it follows that

peXg = K*(gpe) — Du(prg).
Finally if we substitute ¢t — T — t in this final equation, we get

vNg = (K" + 0)(vg),

which gives the desired result when combined with the definition of M and ¢ from
Assumption 1.

LEMMA 7. Suppose 5 : S — (0,00) is a function such that Assumption 2 holds. If
we define ¢ = B, then for any function f decaying sufficiently rapidly, ¢ satisfies
CNf =L(f¢) — FLC.
PROOF. For any sufficiently rapidly decaying f satisfying f{ € D(L) and vf € D(M),
using Lemma 6 we have
L(fO) = fLC= LB f) = FLB V)
=B M(vf) = 7 Mo

=B YwNf — B wf + e of
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Now we can give the proofs of Lemma 2 and Theorem 3.

LEMMA 2. Suppose X, Y are fived generative and noising processes with marginals
D, q as in Section 3, and suppose that they are related as in Assumptions 1 and 2 for
some sufficiently reqular function B. Then for any 0 < s <t <T withy=1—s,

ﬁ*B(XS)
qs(xs) B(x,)

PROOF. Let P*s and Q% denote the path measures of W and Y respectively on the
interval [s, t] when we condition on the initial value x5. Assuming £ is sufficiently regular
so that ¢ is bounded away from zero and infinity and ¢(~'£( is bounded and continuous
in the time variable, by Girsanov’s theorem and Lemma 7 we have

dPX - C(wit) {_ " Ll(wr,7) }
dQXS(w)_C(ws,s) TP Cn) Y

Taking logarithms and writing v = t — s, to first order in v for any fixed path w this
becomes

Qt|s(xt|xs)

pT—s|T—t(Xs |x¢

7E + ﬁ log 5(Xs)] = Eqs,t(xs,xt) |:10g ):| + O(’Y)

dpx: C(wta t) Lg(wsa 8)

w) = lo — + o(7).
Since the first order terms depend only on the value of the path at its endpoints (ws, w;),
we conclude that

log

— 1o C(xt,1) L{(xs, ) )
a lgC(Xs,s) 7 C(xs,8) +o(7).

Qt\s(xt‘xs)

pT—t|T—s(Xt‘Xs)

log

It follows that

Q)5 (Xt ] %) _ v(xy, t) B C(x¢, 1) LE(xs, 9)
log pT—3|T—t(X5|Xt) a log U(Xsa S) log C(st 5) 7 C(Xs; 5) - 0(7)

Taking expectations and using the definition of the generator as a stochastic derivative,
we have

L{(xs, )

Eq (log =7Eq, (x.) [C(XS,S) — Llog ((xs, s) + L1log v(xs, S)] +o(7)

Gy (Xe|X5) ]
prs|Tft(xs’Xt)

LA*B(XSa s)

=7Eq,x.) [B(XSS) + Llog B(xs, 8) | + 0(7),

where in the final line we have used Lemma 1.

THEOREM 3. For any DMM, the objective (11) for its natural discretisation is equiv-
alent to the natural discretisation of Iigm to first order in 5 = maxg—o,. ~N—1 |tk+1 — tkl-

PRrROOF. Given time steps 0 = tg < t; < -+ < ty = T, define v, = tp41 — tg for
k=0,...,N —1 and set ¥ = maxy—o,.. N—1 7Yk Then the natural discretisation of the
objective Zigp (/) is given by

N-1 A
,C*ﬁ(xt‘) A
> WEq, (x,) | 2 + Llog B(x,
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Using Lemma 2 with s =t;_1 and t =t for k=1,..., N, we get

]Eij(xf,kil) [KL(Q(th—l |th)||]59(xtk71 ’th))]
Cj(xtk ’thq)
ﬁe(xtk—l ‘th)

EA*B(XM) A
= Yk—1 eqk—l(xtkfl) |:B()(tk) —+ Elog ﬁ(th):| + O('yk‘—l) + const.

= Egxi,_, x,) [log ] + const

Putting this together, we see that

N—-1 4
- . L* . A _
KL(@xor) 155 (x0r) = 3 Ea, oy [B Ccu) | f1og Bxe,) | + o) + const,
k=0

ﬂ(xtk)

so objective (11) is equivalent to the natural discretisation of Zigy to first order in 7.

. General equivalence between denoising autoencoders and score matching

A denoising autoencoder takes a datapoint xg drawn from a data distribution gy, noises
it according to some density ¢(x.|xp) and then tries to reconstruct xg given the noised
observation x, (Vincent et al., 2008). Traditionally, ¢-(x,|x¢) is taken to be Gaussian
with mean x¢ and some standard deviation ¢ and we make a point estimate fg(x,) for
X given x,. The parameters 6 are learned by minimising the MSE error

Ipae(0) =By xo) [1fo(xr) = xall?] -

For a general denoising autoencoder on state space X, we allow a probabilistic re-
(9)
olr
estimate. We fit § by minimising the objective

construction p, ~(xo|x;) of xo depending on a set of parameters 6, rather than a point

jDAE(G) = qu,.,(xo,xf) |:_ IOgPE)?i(XOIXT)

Note that this reduces to the MSE objective in the case where X = R? and pé?l(xde)

is Gaussian with mean fp(x;).
Suppose now that we have a generalised denoising autodencoder where the noising

distribution g - (x0, %) is given by the endpoints of a Markov process on X with gener-
(0)
0|
process on X with generator K. Suppose further that we parameterise the denoising
process K via some function f(x,t) according to Assumptions 1 and 2 as in Section 3.

Then Lemma 2 implies that Jpag is equivalent to first order to the objective

ator £ and the denoising distribution p;, ’(xg|x;) is given by the endpoints of a Markov

L£*B(xr,7)
6(XT) T)

or alternatively to the corresponding generalised denoising score matching objective as
in Section 4.

Jism(B) = Eq,(x,) + Llog B(x-,7)|
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This generalises the result of Vincent (2011), which demonstrated an equivalence
between denoising autoencoders and denoising score matching in the case of Gaussian
noise on R%. Indeed, we recover their result by considering the case where rjo(%r|X0)
2
the distributions of the endpoints of diffusion processes.

Our work extends this equivalence between denoising autoencoders and generalised
score matching as described in Section 4 to arbitrary state spaces and noising/denoising
distributions, provided that the noising and denoising distributions can be viewed as the
marginals at the endpoints of Markov processes with known generators.

and p;,”(xo|x;) are Gaussian, noting that these distributions are naturally induced as

J. Experimental details

We give the details of our experimental set-up and results from Section 6. Code for all
of our experiments can be found at github.com/yuyang-shi/generalized-diffusion.

J.1. Inference onR? using diffusion processes
The g-and-k distribution with parameters (A, B, g, k) is defined via its quantile function

FY(q|A,B,g.k)= A+ B [1 +0.8tanh <922(Q)>] (1+2(002)" 2(),

where z(q) denotes the gth quantile of the standard Gaussian distribution, and we require
B > 0 and k > —0.5. The parameters A, B, g, k control the location, scale, skewness and
kurtosis of the distribution respectively (Prangle, 2020). The prior on the parameters
is uniform on [0,10]*. For the diffusion model, we centre and rescale each parameter
linearly to [—1, 1] in our implementation, and transform back to [0, 10] for reporting.
As our noising process, we use the Ornstein—Uhlenbeck process dY; = —%Ytdt +dB;.
This has generator £ = 9 — x - V + A and transition densities o (X¢|x0) which are
Gaussian and available analytically. We can sample from the forward process at time ¢
by sampling xo ~ qo(%o) and then x; ~ g;o(%¢[Xo). In practice, we apply a time-rescaling
to the noising process following Song et al. (2021), in order to apply less noise at small
times and move more quickly to the reference distribution at large times, by considering

1
dY; = —iﬂ(t)Ytdt + /B(t)dB.
The 3 schedule is set to be linear and monotonically increasing, i.e.

B(t) = Bmin + (5max - 5min)t- (28)

We set Bmin = 0.001 and Bpax is selected using a grid search from 2,4, 6, 8, 10.

The reverse process is parameterised in terms of a conditional score network sq(x¢, €, t)
using multilayer perceptrons (MLPs). We first encode x and & into 128-dimensional
encodings using two separate MLPs with 3 layers and 512 hidden units in each layer.
We then concatenate the two encodings as well as the time ¢ and pass through another
MLP with 3 layers and 512 hidden units in each layer. The total number of neural
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network parameters is approximately 1.9M. For N = 250, we take in € the full set of
order statistics as inputs to our network, i.e. we sort the observation £ and take all
n = 250 values. For N = 10000, we take n = 100 evenly-spaced order statistics from our
observation as inputs, following Fearnhead and Prangle (2012).

Since we have access to the analytic transition densities, we train using the denoising
score matching objective Zpsy (f). We use a total of 10° training samples (xo, &) ~ Pdata
during training. We optimise the network using the Adam optimiser with batch size
512 and learning rate 0.0001 with a cosine annealing schedule for 2.5M iterations. For
sampling, we use the Euler-Maruyama method with 1000 steps to simulate from the
reverse SDE.

The ground truth posterior density is estimated with MCMC samples generated us-
ing the R package gk (Prangle, 2020). We compare our method with the semi-automatic
ABC (SA-ABC) and Wasserstein SMC (W-SMC) methodologies using the R packages
abctools (Nunes and Prangle, 2015) and winference (Bernton et al., 2019), as well
as with Sequential Neural Posterior (Greenberg et al., 2019), Likelihood (Papamakar-
ios et al., 2019) and Ratio Estimation (Durkan et al., 2020) approaches (SNPE, SNLE
and SNRE) using the sbi Python package (Tejero-Cantero et al., 2020). All methods
are set to use 10° data samples to generate 5000 posterior samples. We note that the
default configurations offered by the sbi package for SNPE, SNLE and SNRE use com-
paratively smaller neural networks compared to our choice of score network sg(xy, &, )
detailed above. We have correspondingly increased the size of the neural networks for
the three methods to approximately the same number of parameters. We also use Neural
Spline Flows (NSFs, Durkan et al. (2019)) for SNPE as it is reported to have superior
performance (Lueckmann et al., 2021). Other settings are kept to the default values.

Compared to SA-ABC and W-SMC methodologies, neural-network based approaches
including our DMM model require fitting a neural network and therefore are more com-
putationally expensive at training time. However, our model is able to produce more
accurate posterior estimates for fixed £, and perform amortised inference across a range
of parameter values using the same number of 10° data samples. Therefore, it is com-
paratively more data-efficient.

As well as the plots in the main text, we also provide a pair plot comparing the
approximate posterior from our diffusion model to the ground truth joint distribution
in Fig. 8. We see that our model provides results very close to the ground truth for the
parameters A, B and g and can model the dependency between parameters, but gives a
wider estimate in its reproduction of the posterior over k.

J.2. MNIST digit image inpainting using discrete-space CTMCs

Our implementation in discrete space closely follows that of Campbell et al. (2022), and
we refer to their paper for further details. We denote our states as xg = (x[l) . ,XOD ) and
for our noising process we use a CTMC with generator matrix B := BYP(x!:P yl:P)
which factorises over the dimensions, so B'P (x1P, y1:P) = Zi’il B(Xi,yi):ﬂ_xlzD\i:ylzD\i
for some rate matrix B acting on a single dimension. Thus each pixel evolves indepen-
dently as a CTMC on {0,...,255} with rate matrix B. We use the Gaussian rate matrix
of Campbell et al. (2022) for B, which respects the ordinal structure of our state space
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Fig. 8. Pair plots of the simulated posterior samples from the diffusion model and the ground
truth distribution using MCMC for the g-and-k distribution example, with xye = (3,1,2,0.5) and
N = 10000. The off-diagonal plots are the pairwise scatter plots between each component of x,
and the diagonal plots reproduce each parameter’s marginal kernel density estimate.

and has a discretised Gaussian as its invariant distribution. The transition probabili-
ties for this forward process can be calculated analytically efficiently by diagonalising
the matrix and using matrix exponentials. This allows us to sample directly from the
forward process at time .

Since we have access to the forward transition probabilities, we use the denoising

(t)

parameterisation of the reverse process in terms of p,’(xg|x;) given in Equation (18),

which we expect to lead to more stable training. We parameterise pét) (x0|x¢, &) using
a convolutional U-net (Ho et al., 2020), taking as inputs both x; and & (concatenated
in the channel dimension), as well as a sinusoidal embedding of the time ¢. The total
number of neural network parameters is approximately 6.1M. The output of the network
is defined as the mean and log scale of a logistic distribution for each pixel. The logistic
distribution is then discretised into bins {0, ..., 255}, and pét) (x0|x¢, &) is defined as the
product of the discretised logistic distributions across dimensions.

We used the MNIST dataset (LeCun et al., 2010) which consists of images of hand-
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Table 1. PSNR and SSIM scores for MNIST 14x14 inpainting using discrete-space
and continuous-space DMMs. Higher values denote better performance.
Discrete-space | Continuous-space (raw) | Continuous-space (rounded)
PSNR 16.63 16.72 16.75

SSIM 0.757 0.706 0.723

written digits. To train our model, we minimise the objective given in Example 6. For
optimisation, we use the Adam optimiser with batch size 128 and learning rate 0.0002 for
1M iterations. In order to simulate the reverse process efficiently, we use a tau-leaping
approximation with 1000 steps (for more details see Campbell et al. (2022)).

We compare our method to a continuous state space approach, as used for example in
Song et al. (2021) and presented in Appendix F.1. We first normalize the data to range
[—1,1], and then learn a continuous-space diffusion model with an Ornstein—Uhlenbeck
noising process. All training configurations are kept the same as the discrete-space
DMM. We report the Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity
Index Measure (SSIM) for both methods in Table 1. PSNR and SSIM are two image
quality metrics which measure the similarity between the generated posterior image and
the ground truth. PSNR measures the pixel-by-pixel difference between two images
and is a direct transformation of the mean squared error (MSE), whereas SSIM is a
structural and more perceptional metric based on luminance, contrast and structure.
For the continuous-space diffusion model, we report values for both the raw output
samples (rescaled back to original scale), as well as with a further rounding step to the
nearest integer in {0,...,255}. The discrete-space and continuous-space models appear
to achieve comparable results, with the discrete-space model having a slightly worse
PSNR score, but slightly better SSIM score, suggesting comparable perceptual quality.

J.3. Large-scale image super-resolution using discrete-space CTMCs
We perform an additional experiment using discrete-space DMMs for a large-scale image
inverse problem on the ImageNet dataset (Russakovsky et al., 2015). We train a DMM
using CTMC noising and generative processes to perform 4-fold image super-resolution.

Fach input image has 64 x 64 pixels and three RGB colour channels, and we aim to
output images at the higher resolution of 256 x 256 pixels which are consistent with the
input images. Our state space X = {0, ...,255}3x256%256

The noising process, reverse process parameterisation, and neural network design are
the same as in Section J.2, but we use a larger neural network for this task. As the
starting point of our network optimisation, we utilise the pretrained network weights
for continuous diffusions by Dhariwal and Nichol (2021), but we retrain the network
for our discrete-space DMM using the objective in Example 6. The total number of
neural network parameters is approximately 311.8M. We train the network using the
Adam optimiser with batch size 4 and learning rate 2 x 107> for an additional 200000
iterations. For sampling, we use tau-leaping with 1000 steps.

We plot the simulated super-resolution samples in Fig. 9 for a number of low-resolution
images generated from the ImageNet validation dataset. As shown in the images, the
discrete diffusion model outputs different super-resolution samples that are realistic to
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Fig. 9. Image super-resolution results (64 x 64 — 256 x 256) on the ImageNet dataset using our
DMM. The first column is the input image and remaining columns are samples from the DMM.
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the eye, and coherent with the low-resolution images, demonstrating that DMMs can
continue to provide high-quality posterior samples even in very high-dimensional sce-
narios situations where the prior pgata(x) is unavailable and standard ABC or MCMC
techniques are not available.

J.4. Modelling distributions on SO(3) using manifold diffusions

Recall that our noising process on SO(3) is Brownian motion with generator £ = 0,+1A.
Since SO(3) is compact, this converges to the uniform measure for large times; see e.g.
De Bortoli et al. (2022). For this process, the transition probabilities can be explicitly
written as

[ee] 1
_o(e+1y/2510 ((t+3)a)
o (Xt|x0) o ;0 (20+1)e sin(a/2) (29)

where o = arccos [27!(Tr(x{ x¢) — 1)] is the angle between x; and xo, and x4, xo € SO(3)
are in matrix form. For completeness, we provide the derivation of this result below in
Section J.4.1.

Given this expression, to sample from gy o(x¢[Xo), we follow Leach et al. (2022) and
first sample the rotation axis v uniformly from the sphere S? ¢ R3. Then, we sample
the rotation angle « € [0, 7| using inverse transform sampling from the distribution

1 — cos(a) o s sin ((0+ 1) @)
— 20 1 (e+1)t/2 2 ,
fila) ™ ;( +1)e sin(a/2)
where the normalising factor (1 — cos(a))/7 is the measure on rotation angles induced
by the uniform measure on SO(3). For larger ¢, we find that the above series converges
quickly and evaluating summation terms up to [ = 5 gives an accurate approximation.
For t < 1, the above series converges slowly, and so we use the approximation
3
1—cos(a) [t 2 :_ o2 2n2 2ma 2ra
~ — | = T —e ¢t —92 t 2 Tt )i|
fi(a) 2/ sin(a/2) <2> es [a e ((a me + + (a+2m)e

from Leach et al. (2022) instead. From the angle o and the axis v = (z,y, 2), we define
the skew symmetric matrix V associated to v to be

0 =z —y
V=|-2 0 =
y —z 0

and calculate the corresponding rotation matrix using Rodrigues’ formula
R =TI +sin(a)V + (1 — cos(a))V2.

Finally, we set x; = Rxg. In this way, we can directly sample from the noising process
at time .

The reverse process is generated by K = 0 + sp(x,t) -V + %A by Example 7, and the
score network is parameterised as sg(x,t) = S°_, sh(x,t)E;(x), using a basis {E;}?_; of
the tangent bundle.
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We use the denoising score matching objective Zpgn(€) to learn 6 (see Section F.3).
To compute the score Vlog gy o(x¢[x0), we use automatic differentiation on Equation
(29), where x;,xo € R3*3 are represented in matrix form, followed by projection to the
tangent space at x;. For small times, we find this can be numerically unstable, and so
we use Varadhan’s approximation

lim ¢V log g/ (x¢[x0) = exp,' (%o)
t—0

for the heat kernel q;o(x¢[x0) at small times instead (De Bortoli et al., 2022).

Once we have learned the score network, we generate approximate samples from the
reverse process using the Geodesic Random Walk method of De Bortoli et al. (2022),
which corresponds to performing an Euler-Maruyama discretisation, taking Gaussian
steps in the tangent space and then projecting back to the manifold using the exponential
map.

J.4.1. Derivation of analytic transition probabilities

First, we calculate the metric tensor using the quaternion chart on SO(3), where the
unit quaternion w + zi + yj + zk represents a rotation by an angle a = 2cos™!(w)
about the axis (x,y, z), and we consider the coordinates (x,y, z) to be our local chart.
If r = w+ xi + yj + zk, we find the metric at » by considering two small displacements
r + dr and r + dr’/, rotating r back to the identity, and then using the fact that near
the identity the metric is given by 4da? + 4dy? + 4dz? (where the scaling is chosen to
correspond to the definition of the exponential map used by De Bortoli et al. (2022) and
Leach et al. (2022)). Writing

r+dr=(w+dw) + (z+dz)i+ (y + dy)j + (= + d2)k,
r+dr’ = (w+dw') + (2 + d2')i + (y + dy)j + (z + d2)k,
where we have wdw + xdz +ydy + 2dz = 0 and wdw’ +zdz’ +ydy’ + zdz’ = 0, and noting

that composition of rotations corresponds to multiplication in the quaternion algebra,
we have

r i+ dr) = (w — zi — yj — 2k) (w + dw) + (z 4 dz)i + (y + dy)j + (z + d2)k)
=1+ (—zdw + wdx — ydz + 2dy) i + (—ydw + wdy — zdx + xdz) j
+ (—zdw 4+ wdz — 2dy + ydz) k

and similarly for 7=!(r + dr’). Therefore, the metric is expressed by
x? xz x 2
4 { (w + ) dz + (—y + 7) dz + (z + 7y) dy} + cyclic terms.
w w w

Multiplying out, collecting like terms and inspecting the coefficients of dz2, dzdy etc.,
we see that
4 w? 4 22 xry xrz
gi=—3| @ Wty yz
Tz Yz w? + 22
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and we can calculate |g| = 1/w?. Inverting the metric, we get

o (1—22) —:cy2 —xz
= e -y —wz
—zz —yz  (1-2%)

Now, we want to switch to using w as a coordinate, and to find expressions for A f where
f(w) is a function only of w. To this end, we have

of 1 f
2
sy, L0 “_‘j D :””j N\ wor
VI = " ow Y Y v I T Haw (Y
—xz —yz (1 —=2%) z z
S0 of oy
1 5, 3w 1—-w
A frnd 0 —ag¥ - = —_—— _—
f=wd (wg (Vf)j> Fow ' 4 ou?
If we make the substitution w = cos(a/2), where « is the angle of the corresponding
rotation, then dw = —1 sin(a/2)de, and we get
0 0?
Af = cot(a/?)—f + 870;];
To find the transition probabilities, we must solve the Fokker—Planck equation
9q _ 1
ot 2

on SO(3), subject to the initial condition of a delta mass at I. By symmetry, we know
the solution will be rotationally symmetric, so we can write the solution as ¢(a, t). Now,
we look for separable solutions of the form ¢(a,t) = T(t)A(«). We see that we must

have A 24
1dr 1 d
— 2)—=
T dt 24 ( te/ ) + da2>
Separating the two equations, we see that we require
dT 1 dA d%4
— =-\T t(a/2)— 4+ —5 = AA
a ~ 2 et T e ’
for some fixed X\. The first equation has solution T'(t) = e*/2, while a solution to the

second is given by
sin ((u + %) a)
A(CY) e I ——
sin(a/2)
where pu satisfies —p(p + 1) = A. In addition, the boundary conditions force i to be an
integer. Combining these expressions, we see that the solution is of the form

ZB 0(t41y/2 510 ((g + %) 0‘)

sin(a/2)
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for some coefficients ;. Finally, we have the initial condition that ¢(c,0) = 0 for
a > 0 and fSO(3) q(x,0)f(x)dv(x) = f(I) where v is the uniform probability measure
on SO(3). Up to a scaling factor, this is satisfied if and only if 5, o< (2¢ + 1). Putting
this all together, we obtain Equation (29).

J.5. Mixture of wrapped normal distributions on SO(3)

We consider modelling a mixture of wrapped normal distributions on SO(3). The
wrapped normal distribution N (x | g, 0?) with mean p and variance o? is defined
here as the transformed distribution via sampling w ~ A (w | 0,02), where w € R3%3,
from the standard normal distribution with variance o2, projecting w onto the tangent
space via v = W}WT, then applying the exponential map x = expu(v) at p. While we
could apply standard parametric learning methods which involve learning of { iy, o}
directly, we do not rely on the specific form of the data distribution pgata, which allows us
to model different distributions flexibly. We consider modelling of a mixture of wrapped
normal distributions with M = 16 mixtures.

We apply a time-rescaling for the noising process, which is given by £ = 0 + % B(t)A
with the linear 8 schedule given in Equation (28). Then, the reverse process is generated
by K = 8, + B(t)sa(x,t) - V + B8(t)A. We use an MLP with 5 layers and 512 hidden
units in each layer to output a vector of dimension 3 parameterising {s)(x,t)}7_,. We
train the network using the Adam optimiser with batch size 512 and learning rate 0.0002
with a cosine annealing schedule for 100000 iterations.

We learn both the unconditional distribution pgata(x) and the conditional distribution
Pdata(x|m) when conditioned on the cluster member m. In the conditional case, we learn
a conditional score model sg(x,m,t) under the same settings.

Fig. 10 shows the results from our conditional model for pgata(x|m), where we com-
pare the unwrapped distributions in the tangent space between the ground truth normal
distribution and the modelled distribution of mixture member m = 1, and plot a repre-
sentative sample from our conditional model. We see that our model targets the correct
mixture accurately. Our visualisations of distributions on SO(3) are adapted from Mur-
phy et al. (2021).

We compare our method to the method of De Bortoli et al. (2022), in which the
denoising diffusion model for this task is trained by simulating the forward process using
the Geodesic Random Walk and using the DSM loss with Varadhan’s approximation,
rather than using the analytic transition densities given in Appendix J.4.1 as we do. We
compare the two methods using the learned models’ test-set log-likelihood, calculated
using the probability flow ODE as in De Bortoli et al. (2022), as well as the average
time per training iteration. Our results are shown in Table 2. We see that both methods
achieve comparable log-likelihoods, but our method is about 15% more efficient during
training since having the analytic transition densities means that we can simulate the
forward noising process in a single step.

J.6. Pose estimation on the SYMSOL dataset
We give details for the pose estimation task on the SYMSOL dataset. We use a similar
network design for the conditional score sg(x¢, &, t) as Murphy et al. (2021), composed of
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Fig. 10. (Left) Histogram of samples from our model conditioned on the mixture member m =1
compared to the ground truth normal density, represented in the tangent space of SO(3). (Right)
Conditional samples from the model for m = 1. The axis of rotation and rotation angle are
represented by position and colour respectively.

Table 2. Test set log-likelihood and time per training iteration for denoising models on SO(3).
Mean and standard deviation reported over 5 seeds.

Time per
M =16 M =32 M =64 iteration (ms)
De Bortoli et al. (2022) | 0.864+0.026 | 0.1744+0.025 | -0.516+£0.016 55.18+2.783
Analytic (ours) 0.872+0.026 | 0.175£0.025 | -0.515£0.016 47.23+£2.134

a vision recognition model for processing the input images &€, and an MLP for outputting
the score. For the vision recognition model, we utilise pretrained ResNet-50 backbone
without the final fully-connected classification layer, which outputs a 2048-dimensional
embedding. We next get sinusoidal positional embeddings of x; and ¢, use linear layers
to transform all embeddings into 256 dimensions and take the summed embedding. This
also allows efficient computations of embeddings with a single & and multiple values
of (x¢,t) as the computationally expensive forward pass through the vision recognition
model only needs to be taken once. Thus, we simulate a small number of (x,t) pairs
given each pair (xo,&) at each step for more efficient training. We finally pass the
embedding into an MLP with 3 layers and 256 hidden units in each layer.

Compared to the Implicit-PDF methodology by Murphy et al. (2021), which main-
tains a grid on SO(3) and approximates the density pointwise, our DMM model directly
learns a sampling method and does not require maintaining a grid. Therefore, our
method is more general and not specific to SO(3). For our implementation, we modify
their network structure to take in the time ¢, and output the score parameterisation of
dimension 3 as opposed to the unnormalised log density of dimension 1. We optimise
the network using the Adam optimiser with batch size 128 and learning rate 0.0001 with
a cosine annealing schedule for 100000 iterations.

We include further visualisations of the generated samples when conditioned on 2D
views of different shapes in Fig. 11. As shown in the plots, the samples generated using
DMM are all close to the ground truth and cover all modes of the class of rotational
symmetries.
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Fig. 11. Samples from the ground truth (plotted as stars, middle) and our pose estimation DMM
(right) conditioned on 2D views of shapes (left). The axis of rotation and rotation angle are
represented by position and colour respectively.
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Table 3. True test data log-likelihood compared to the DMM model ELBO as given
by (8) using the ISM loss for the mixture of Dirichlet example. Mean and standard
deviation reported over 5 seeds.

Dimension of simplex N=3 N =5 N =10 N =20
Data 1.32140.340 | 4.12240.242 | 15.28840.389 | 45.9144+0.694
Model 1.1584+0.160 | 4.01740.208 | 15.06140.428 | 45.49440.698

J.7.  Approximation of distributions over measures using Wright—Fisher diffusions
Finally, we evaluate the Wright—Fisher diffusion framework from Appendix F.4 for mod-
eling distributions over measures on a finite state space. We test our framework by at-
tempting to model mixtures of Dirichlet distributions paata(x) = 2 Ei\le Dirichlet(cauy,)
with parameters a,, € RY. We consider M = 4 mixtures and vary the number of di-
mensions N of the simplex.

As in Appendix F.4, we use a Wright-Fisher diffusion with ¢;; = ¥; for all i # j as
our noising process, and set ¥; = 3 forall j = 1,..., N. We also apply a time rescaling to
the forward process as in Equation (28). We set fSpin = 0.001 and fpax is selected using
a grid search from 0.5,1,2. We simulate the forward diffusion process using the exact
simulation algorithm of Jenkins and Spano (2017), which exploits the eigenfunction de-
composition of the Wright—Fisher process transition function given in Equation (21) and
works by sampling from the ancestral process A?O(t) whose distribution is determined
by the functions {d9(t) : n = 0,1,...}. For very small times ¢, we also use a normal
approximation for simulating A9 (). For more details, we refer the reader to Jenkins
and Spano (2017).

We learn the score network with the parameterisation sj(p,t) = p;0(log 8(p, t))/0p;
using the implicit score matching loss (27). We parameterise sg(p, t) using an MLP with
4 layers and 512 hidden units in each layer to output a vector of dimension N. We train
the network using the Adam optimiser with batch size 128 and learning rate 0.0001 with
a cosine annealing schedule for 100000 iterations.

We visualise the results of this experiment in Fig. 7 for a 3-dimensional example. As
can be seen, the DMM model is able to learn the ground truth distribution very accu-
rately. We also report in Table 3 the ground truth log-likelihood of the data distribution
Ddata(x) and the ELBO of the DMM model given by (8) using the ISM loss, as the num-
ber of dimensions IV increases. We observe that the model’s ELBO is consistently close
to the true data log-likelihood, which demonstrates the scalability of the DMM model.
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Abstract

We provide the first complete continuous time framework for denoising diffusion
models of discrete data. This is achieved by formulating the forward noising process
and corresponding reverse time generative process as Continuous Time Markov
Chains (CTMCs). The model can be efficiently trained using a continuous time
version of the ELBO. We simulate the high dimensional CTMC using techniques
developed in chemical physics and exploit our continuous time framework to derive
high performance samplers that we show can outperform discrete time methods
for discrete data. The continuous time treatment also enables us to derive a novel
theoretical result bounding the error between the generated sample distribution and
the true data distribution.

1 Introduction

Diffusion/score-based/denoising models [1, 2, 3, 4] are a popular class of generative models that
achieve state-of-the-art sample quality with good coverage of the data distribution [5] all whilst using
a stable, non-adversarial, simple to implement training objective. The general framework is to define
a forward noising process that takes in data and gradually corrupts it until the data distribution is
transformed into a simple distribution that is easy to sample. The model then learns to reverse this
process by learning the logarithmic gradient of the noised marginal distributions known as the score.

Most previous work on denoising models operates on a continuous state space. However, there are
many problems for which the data we would like to model is discrete. This occurs, for example, in
text, segmentation maps, categorical features, discrete latent spaces, and the direct 8-bit representation
of images. Previous work has tried to realize the benefits of the denoising framework on discrete data
problems, with promising initial results [6, 7, 8, 9, 10, 11, 12, 13].

All of these previous approaches train and sample the model in discrete time. Unfortunately, working
in discrete time has notable drawbacks. It generally forces the user to pick a partition of the process at
training time and the model only learns to denoise at these fixed time points. Due to the fixed partition,
we are then limited to a simple ancestral sampling strategy. In continuous time, the model instead
learns to denoise for any arbitrary time point in the process. This complete specification of the reverse
process enables much greater flexibility in defining the reverse sampling scheme. For example, in
continuous state spaces, continuous time samplers that greatly reduce the sampling time have been
devised [14, 15, 16, 17] as well as ones that improve sample quality [4, 18]. The continuous time
interpretation has also enabled the derivation of interesting theoretical properties such as error bounds
[19] in continuous state spaces.

36th Conference on Neural Information Processing Systems (NeurIPS 2022).
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Figure 1: The forward noising process corrupts data according to Ry, the rate of corruption events
at time . The noising process’ time reversal gives the generative process which is defined through
Rf , the rate of generative events at time ¢. Rf is parameterized through the denoising network,
pg‘t(x0|xt), which outputs categorical probabilities over clean x values conditioned on a noisy x;.

To allow these benefits to be exploited for discrete state spaces as well, we formulate a continuous
time framework for discrete denoising models. Specifically, our contributions are as follows. We
formulate the forward noising process as a Continuous Time Markov Chain (CTMC) and identify
the generative CTMC that is the time-reversal of this process. We then bound the log likelihood
of the generated data distribution, giving a continuous time equivalent of the ELBO that can be
used for efficient training of a parametric approximation to the true generative reverse process. To
efficiently simulate the parametric reverse process, we leverage tau-leaping [20] and propose a novel
predictor-corrector type scheme that can be used to improve simulation accuracy. The continuous
time framework allows us to derive a bound on the error between the true data distribution and
the samples generated from the approximate reverse process simulated with tau-leaping. Finally,
we demonstrate our proposed method on the generative modeling of images from the CIFAR-10
dataset and monophonic music sequences. Notably, we find our tau-leaping with predictor-corrector
sampler can provide higher quality CIFAR10 samples than previous discrete time discrete state
approaches, further closing the performance gap between when images are modeled as discrete data
or as continuous data.

Proofs for all propositions and theorems are given in the Appendix.

2 Background on Discrete Denoising Models

In the discrete time, discrete state space case, we aim to model discrete data o € X with finite
cardinality S = |X|. We assume zg ~ pqan(zo) for some discrete data distribution paa, (o). We
define a forward noising process that transforms pya (o) to some distribution g (z ) that closely
approximates an easy to sample distribution pef(x ). This is done by defining forward kernels
Qhot1 & (Trt1|zr) that all admit p.r as a stationary distribution and mix reasonably quickly. For
example, one can use a simple uniform kernel [6, 81, qi1 1)k (Tr1]7x) = 0zyyy 2 (1 — B) + (1 —
Oapsr,2.)B/(S — 1) where § is a Kronecker delta. The corresponding prr is the uniform distribution
over all states. Other choices include: an absorbing state kernel—where for each state there is a small
probability that it transitions to some absorbing state—or a discretized Gaussian kernel—where only
transitions to nearby states have significant probability (valid for spaces with ordinal structure) [8].

After defining gy 1 1)x, we have a forward joint decomposition as follows
K-1
QO:K(JUO:K) :pdata(l“o) szo Qk+1|k(1'k+l|1'k>'
The joint distribution go. x (0. ) also admits a reverse decomposition:

Tt 11k (ETr41]2) qk (Tr)
qr+1(Trt1)

K—1
qo:xc (To:xc) = qr (T ) [ [o—g @rjk+1(Tr|Trs1) Where qrppr(Tr|oryr) =

Here g, () denotes the marginal of qo.x (7o.x ) at time k. If one had access to gy, and could
sample gx exactly, then samples from pya, (o) could be produced by first sampling zx ~ qx (+)
and then ancestrally sampling the reverse kernels, i.e. x ~ g k41 (-[Zr+1)-



However, in practice, gy ;41 is intractable and needs to be approximated with a parametric reverse
kernel, pz| wt1- This kernel is commonly defined through the analytic gy|x4 1,0 distribution and a

parametric ‘denoising’ model pg‘k 1 [6, 8],

pz|k+1(wk|wk+1) £ ZIO Qk|k+1,o($k\9€k+1,xo)pg|k+1(w0|$k+1)

akjo(zx|20)
= Gk (@rr1]2E) 2o, m;ﬂgwﬂ(moﬁkﬂ)- (1

Though g (2 k) is also intractable, for large K we can reliably approximate it with pyer(2 k). Note
that the faster the transitions mix, the more accurate this approximation becomes. Approximate
samples from pgy, () can then be obtained by sampling the generative joint distribution
K—1
P15 (o) = Pret(z ) [Ty pz|k+1(l’k|$k+1)a
where 6 is trained through minimizing the negative discrete time (DT) ELBO which is an upper
bound on the negative model log-likelihood
0 b (o) | _
EPdam(Iu) [_ Ingo(xo)] < EQO:K(IU:K) [_ log %} = Lpr(0).

It was shown in [1] that Lpt can be re-written as

£01(8) = By o) [KL(x0 (@ [20) [Prer(21)) = By o 0) [108 2811 (0l0)]

K—1
+ 2 k=1 Egpprjo(@iss |zo) {KL(Qk|k+1,O($k|xk+lax0)|‘p2|k+1(1’k|1‘k+1))} ]

where KL is the Kullback-Leibler divergence. The forward kernels g1 are chosen such that
qkjo(xk|T0) can be computed efficiently in a time independent of . With this, 6 can be efficiently
trained by taking a random selection of terms from Lpt in each minibatch and performing a stochastic
gradient step.

3 Continuous Time Framework

3.1 Forward process and its time reversal

Our method is built upon a continuous time process from ¢t = 0 to ¢ = 7'. State transitions can occur
at any time during this process as opposed to the discrete time case where transitions only occur when
one of the finite number of transition kernels is applied (see Figure 1). This process is known as a
Continuous Time Markov Chain (CTMC), we provide a short overview of CTMCs in Appendix A
for completeness. Giving an intuitive introduction here, we can define a CTMC through an initial
distribution ¢g and a transition rate matrix R; € RS*S | If the current state is 7, then the transition rate
matrix entry R (Z, x) is the instantaneous rate (occurrences per unit time) at which state Z transitions
to state z. Loosely speaking, the next state in the process will likely be one for which R (%, z) is
high, and furthermore, the higher the rate is, the less time it will take for this transition to occur.

It turns out that the transition rate, R;, also defines the infinitesimal transition probability for the
process between the two time points ¢t — At and ¢
Qtt—nt(T|T) = 02,z + Re (T, 2) At 4 0(At),

where o(At) represents terms that tend to zero at a faster rate than A¢. Comparing to the discrete time
case, we see that ?; assumes an analogous role to the discrete time forward kernel gj,4 1) in how we
define the forward process. Therefore, just as in discrete time, we design R; such that: i) the forward
process mixes quickly towards an easy to sample (stationary) distribution, pref, (e.g. uniform), ii) we
can analytically obtain g, (x¢|x¢) distributions to enable efficient training (see Section 4.1 for how
this is done). We initialize the forward CTMC at g (o) = Paaa(0) at time ¢ = 0. We denote the
marginal at time ¢ = T as qr(zr), which should be close to pres(zT).

We now consider the time reversal of the forward process, which will take us from the marginal
qr(z7) back to the data distribution paa, (o) through a reverse transition rate matrix, 2; € RS*5:
Qtje+at(T]2) = 03,0 + Re(x, T) At + o(At).

In discrete time, one uses Bayes rule to go from gy 1| tO g jx+1. We can use similar ideas to

calculate f?t from R; as per the following result.



Proposition 1. For a forward in time CTMC, {x}c[0,1), with rate matrix Ry, initial distribution
Ddata(T0) and terminal distribution qr(xT), there exists a CTMC with initial distribution qr(xT) at

t = T, terminal distribution pa.. (o) at t = 0 and transition rate matrix Rt that runs backwards
in time and is almost everywhere equivalent to the time reversal of the forward CTMC, {x}+c(r,0]-

Furthermore, Ry is related to R, by the following expression

Ri(w.) = R(@.2) T, 1 do(wole) for a3,

where qyo(x|xo) are the conditional marginals of the forward process and qo;(wolx) =
10 (2] 20) Paaa(20) /q¢ (x) with qi(x) being the marginal of the forward process at time t. When

=7 Ry(z,x) = — Dt Ry(x,2) because the rows must sum to zero (see Appendix A).

Unfortunately, Rz, is intractable due to the intractability of g;(z) and thus of qoj¢(wo|r). Therefore,
we consider an approximation Rf of R, by approximating qo|.(o|x) with a parametric denoising
model, pg‘t(xom):

RY(,5) = Ry(i,2) 3, L0800 (wola) for @ #F

x0 quo(fﬂro)po\t

and RY(z,x) = — PO RY(x,2') as before. As a further analogy to the discrete time case, notice

that when = # 7, Rf has the same form as the discrete time parametric reverse kernel, pz‘ kil defined
in eq (1) but with the forward kernel, g, 1)x, replaced by the forward rate, R;.

3.2 Continuous Time ELBO

In discrete time, 6 is trained by minimizing the discrete time negative ELBO, Lpr, formed from
the forward and reverse processes. We mirror this approach in continuous time by minimizing the
corresponding continuous time (CT) negative ELBO, Lcrt, as derived below.

Proposition 2. For the reverse in time CTMC with initial distribution pyf(xT), terminal dis-
tribution pg(xo), and reverse rate Rf, an upper bound on the negative model log-likelihood,
]Epdalu(wo) [_ logpg (‘To)]’ is given by

['CT(Q) = TEt~u(0,T)qt(m)rt(5c\m) [{ Zm/;ém Rf(l‘, JJ/)} — Zt(ll‘) 10g (Rf(.f?, .T)) } + C,
where C'is a constant independent of 0 and

Zix) = Zw,im Ri(z,z") re(Z|z) = (1 — 0z,2)Re(x, T) | 2 (2).

Here r(Z|z) gives the probability of transitioning from x to Z, given that we know a transition occurs
at time t. We can optimize this objective efficiently with stochastic gradient descent. For a gradient
update, we sample a batch of datapoints from pga, (o), noise each datapoint using a random time,
t ~U(0,T), x ~ qyo(x|xo) and finally sample an auxiliary & from r;(Z|z) for each x. Intuitively,
(z, ) are a pair of states following the forward in time noising process. Minimizing the second term
in Lcr maximizes the reverse rate for this pair, but going in the backwards direction, Z to x. This is
how Rff learns to reverse the noising process. Intuition on the first term and a direct comparison to
Lpr is given in Appendix C.1.

The first argument of fif is input into pg , S0 we naively require two network forward passes on x
and 7 to evaluate the objective. We can avoid this by approximating the g;(x) sample in the first term
with £ meaning we need only evaluate the network once on Z. The approximation is valid because,
as we show in Appendix C.4, Z is approximately distributed according to gy s: for 6t very small.

4 Efficient Forward and Backward Sampling

4.1 Choice of Forward Process

The transition rate matrix R; needs to be chosen such that the forward process: i) mixes quickly
towards pref, and ii) the g;o(x|zo) distributions can be analytically obtained. The Kolmogorov



differential equation for the CTMC needs to be integrated to obtain qt|0(x\a:0). This can be done
analytically when R; and R, commute for all ¢,#’, see Appendix E. An easy way to meet this
condition is to let R, = S(t) Ry, where Ry, € R5%S isa user-specified time independent base rate
matrix and 3(t) € R is a time dependent scalar. We then obtain the analytic expression

anoe = jlwo = i) = (Qexp [A fy B(s)ds| @7!)
where R, = QAQ ™1 is the eigendecomposition of matrix R, and exp[-] the element-wise exponential.

Our choice of 3 schedule is guided by [3, 4], 3(t) = ab'log(b). The hyperparameters a and b
are selected such that g7(2) = prer(x) at the terminal time ¢ = T" while having a steady speed of
‘information corruption’ which ensures that R, does not vary quickly in a short span of time.

We experiment with a variety of R;, matrices, for example, a uniform rate, R, = 117 — SId, where
117 is a matrix of ones and Id is the identity. For problems with a heavy spatial bias, e.g. images,
we can instead use a forward rate that only encourages transitions to nearby states; details and the
links to the corresponding discrete time processes can be found in Appendix E.

4.2 Factorizing Over Dimensions

Our aim is to model data that is D dimensional, with each dimension taking one value from S
possibilities. We now slightly redefine notation and say ='*” € X7, |X| = S. In this setting,
calculating transition probabilities naively would require calculating S© rate values corresponding
to each of the possible next states. This is intractable for any reasonably sized S and D. We
avoid this problem simply by factorizing the forward process such that each dimension propagates
independently. Since this is a continuous time process and each dimension’s forward process is
independent of the others, the probability two or more dimensions transition at exactly the same
time is zero. Therefore, overall in the full dimensional forward CTMC, each transition only ever
involves a change in exactly one dimension. For the time reversal CTMC, it will also be true that
exactly one dimension changes in each transition. This makes computation tractable because of
the S rate values, only D x (S — 1) + 1 are non-zero - those corresponding to transitions where
exactly one dimension changes plus the no change transition. Finally, we note that even though
dimensions propagate independently in the forward direction, they are not independent in the reverse
direction because the starting points for each dimension’s forward process are not independent for
non factorized pya,- The following proposition shows the exact forms for the forward and reverse
rates in this case.

Proposition 3. If the forward process factorizes as qys(xfP|xl?) = ngl ars(zf|zd), t > s,
then the forward and reverse rates are of the form

R%:D(i}I:D, wltD) = Zf:l Rgl(.’id, l'd)(swlzD\d@LD\d,
~ ~d|,.d
RtlzD(:lJLD, :i!lzD) = 25:1 Rg(i’d, ‘Td)(sml:D\d’il:D\d ng qO‘t(Ig‘(ELD)%,

where RY € RS*S and dp1:0\a g1:0\a is I when all dimensions except for d are equal.

To find RY P we simply replace go; (zd|z*") with pg‘t(xgknl’D) which is easily modeled with
a neural network that outputs conditionally independent state probabilities in each dimension. In
Appendix C.3 we derive the form of Lcr when we use this factorized form for R}'? and RY 1D,

4.3 Simulating the Generative Reverse Process with Tau-Leaping

The parametric generative reverse process is a CTMC with rate matrix Rf 1:D Simulating this process
from distribution prr(x3:P) at time t = T back to ¢ = 0 will produce approximate samples from
pdata(m})’D ). The process could be simulated exactly using Gillespie’s Algorithm [21, 22, 23] which
alternates between i) sampling a holding time to remain in the current state and ii) sampling a new
state according to the current rate matrix, fi’,f 1D (see Appendix F). This is inefficient for large D
because we would need to step through each transition individually and so only one dimension would
change for each simulation step.

Instead, we use tau-leaping [20, 23], a very popular approximate simulation method developed in
chemical physics. Rather than step back through time one transition to the next, tau-leaping leaps



from ¢ to ¢ — 7 and applies all transitions that occurred in [t — 7, ¢] simultaneously. To make a
leap, we assume f?f 1:D and }*P remain constant in [t — 7,¢]. As we propagate from ¢ to t — 7,
we count all of the transitions that occur, but hold off on actually applying them until we reach
t — 7, such that z}*” remains constant in [t — 7,t]. Assuming R? P and &}*" remain constant, the
number of times a transition from ;" to &' occurs in [t — 7, ] is Poisson distributed with mean

R@1 b %cl D g1P). Once we reach t — 7, we apply all transitions that occurred simultaneously

ie. ol = a}P + Y, P(@}P — x}'P) where P; is a Poisson random variable with mean

01:D(.1:D A
TRt ( Ty )

Z}P). Note the sum assumes a mapping from X’ to Z.

Using our knowledge of Rf 1D "we can further unpack this update.

Namely, RY 1P (x}:P wl'D) can only be non-zero when £? has
a different value to ' in exactly one dimension (rates for multi-
dlmenswnal changes are Zero) Explicitly summing over these options
we get &0 = 2l P + 30 ZS 1\od Pas(s = zd)e? where e? is
a one-hot vector with a 1 at dimension d and Py is a Poisson random
variable with mean 7R? 1P (21?21 4 (s—z¥)e?). Since multiple
P, can be non-zero, we see that tau-leaping allows " to change
in multiple dimensions in a single step. Figure 2 visualizes this idea.
During the [t — 7, t] interval, one jump occurs in dimension 1 and
O‘\O two jumps occur in dimension 2. These are all applied simultaneously

Sg, 7 once we reach ¢ — 7. When our discrete data has ordinal structure (e.g.

S Section 6.2) our mapping to Z is not arbitrary and making multiple

t = jumps within the same dimension (25:1\1;% Py, > 1) is meaningful.
253 Eas In 'the nf)n—ordinal/categorical case (e.g. Section 6.3) the mapping to

5 Z is arbitrary and so, although taking simultaneous jumps in different

dimensions is meaningful, taking multiple jumps within the same

Figure 2: 3D visualization dimension is not. For this type of data, we reject changes to z¢ for

of one tau-leaping step from any d for which Z wd Pys > 1. In practice, the rejection rate is

2 ={84,5} tox}2 = very small when RfD is suitable for categorical data (e.g. uniform),

{S2,S55}. Here, D = 2, see Appendix H.3. In Section 4.5, our error bound accounts for this

|X| =5, Pla = 1, Pog = 2, low probability of rejection and also the low probability of an out of
all other Pys = 0. bounds jump that we observe in practice in the ordinal case.

The tau-leaping approximation improves with smaller 7, recovering exact simulation in the limit as
7 — 0. Exact simulation is similar to an autoregressive model in that only one dimension changes
per step. Increasing 7 and thus the average number of dimensions changing per step gives us a
natural way to modulate the ‘autoregressiveness’ of the model and trade sample quality with compute
(Figure 4 right). We refer to our method of using tau-leaping to simulate the reverse CTMC as TLDR
(tau-leaping denoising reversal) which we formalize in Algorithm 1 in Appendix F.

We note that theoretically, one could approximate R9 1:D a5 constant in the interval [t — 7, ], and
construct a transition probability matrix by solvmg the forward Kolmogorov quuatDlon w1th the
matrix exponential P;_,|; ~ exp(7R? 7). However, for the learned R¢ " € RS”*S"” matrix, it is

intractable to compute this matrix exponential so we use tau-leaping for sampling instead.

4.4 Predictor-Corrector

During approximate reverse sampling, we aim for the marginal distribution of samples at time ¢ to be
close to ¢; () (the marginal at time ¢ of the true CTMC). The continuous time framework allows
us to exploit additional information to more accurately follow the reverse progression of marginals
{qt (w¢) }te[r,0) and improve sample quality. Namely, after a tau-leaping ‘predictor’ step using rate

Rt , we can apply ‘corrector’ steps with rate R{ which has ¢;(z) as its stationary distribution. The
corrector steps bring the distribution of samples at time ¢ closer to the desired ¢;(x+) marginal. RY is
easy to calculate as stated below

Proposition 4. For a forward CTMC with marginals {q:() }+c(0,1), forward rate, Ry, and corre-
sponding reverse CTMC with rate Rt, the rate R = R, + ]:Bt has q: () as its stationary distribution.



In practice, we approximate I2{ by replacing Ry with Rf . This is directly analogous to Predictor-
Corrector samplers in continuous state spaces [4] that predict by integrating the reverse SDE and
correct with score-based Markov chain Monte Carlo steps, see Appendix F.2 for further discussion.

4.5 Error Bound

Our continuous time framework also allows us to provide a novel theoretical bound on the error
between the true data distribution and the sample distribution generated via tau-leaping (without
predictor-corrector steps), in terms of the error in our approximation of the reverse rate and the mixing
of the forward noising process.

We assume we have a time-homogeneous rate matrix R; on X, from which we construct the factorized
rate matrix R} on X7 by setting RY = R, for each d. Note that by rescaling time by a factor of
B(t) we can transform our choice of rate from Section 4.1 to be time-homogeneous. We will denote
|R| = supse(o,1),zex [Re(z, )|, and let tyix be the (1/4)-mixing time of the CTMC with rate R;
(see [24, Chapter 4.5]).

Theorem 1. For any D > 1 and distribution pgu. on X2, let {xt}iepo,r) be a CTMC starting in

Pdaa With rate matrix Ry as above. Suppose that Rf LD js an approximation to the reverse rate
matrix and let (Y, )k=01,... N be a tau-leaping approximation to the reverse dynamics with maximum
step size T. Suppose further that there is some constant M > 0 independent of D such that

D

y#z

RP(2,y) - f?flzD(x,y)’ <M )

forallt € [0,T). Then under the assumptions in Appendix B.5, there are constants C,Cy > 0
depending on X and R; but not D such that, if L(yo) denotes the law of yo, we have the total
variation bound

1£(0) ~ pasalley < 3MT + {(BISDC)* + 1Ca(M + CSDIRD} 77 + 20xp { - %5}

The first term of the above bound captures the error introduced by our approximation of the reverse
rate R%:D with Rf 1:D_ The second term reflects the error introduced by the tau-leaping approximation,
and is linear in both 7" and 7, showing that as we take our tau-leaping steps to be arbitrarily small,
the error introduced by tau-leaping goes to zero. The final term describes the mixing of the forward
chain, and captures the error introduced since p.f and g are not exactly equal.

We choose to make the dependence of the bound on the dimension D explicit, since we are specifically
interested in applying tau-leaping to high dimensional problems where we make transitions in different
dimensions simultaneously in a single time step. The bound grows at worst quadratically in the
dimension, versus e.g. exponentially. The bound is therefore useful in showing us that we do not
need to make 7 impractically small in high dimensions. Other than gaining these intuitions, we do not
expect the bound to be particularly tight in practice and further it would not be practical to compute
because of the difficulty in finding M, C; and Cs.

The assumptions listed in Appendix B.5 hold approximately for tau-leaping in practice when we use
spatially biased rates for ordinal data such that jump sizes are small or uniform rates for non-ordinal
data such that the dimensional rejection rate is small. These assumptions could be weakened, however,
Theorem 1 would become much more involved, obscuring the intuition and structure of the problem.

5 Related Work

The application of denoising models to discrete data was first described in [1] using a binomial
diffusion process for a binary dataset. Each reverse kernel pz‘ p+1 Was directly parameterized without
using a denoising model pf)' % In [25] an approach for discrete categorical data was suggested using a
uniform forward noising kernel, g 41|x, and a reverse kernel parameterized through a denoising model,
though no experiments were performed with the approach. Experiments on text and segmentation
maps were then performed with a similar model in [6]. Other forward kernels were introduced in [8]
that are more appropriate for certain data types such as the spatially biased Gaussian kernel. [9, 13]
apply the approach to discrete latent space modeling using uniform and absorbing state forward
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Figure 3: Left: Hellinger distance between the true training distribution and generated sample
distributions with exact simulation or tau-leaping. With 7 small, we simulate the reverse CTMC
with the same fidelity as the exact simulation. Top Right: Histograms of the marginals during the
reverse generative process simulated using tau-leaping with 7 = 0.004. Darker and larger diamonds
represent increased density. Bottom Right: The same for 7 = 0.1, note the reduced sample quality.

kernels. Whilst a link to continuous time for the forward process is mentioned in [8], all of these
approaches train and sample in discrete time. We show in Appendix G that this involves making
an implicit approximation for multi-dimensional data. We extend this line of work by training and
sampling in continuous time.

Other works also operate in discrete space but less rigidly follow the diffusion framework. A
corruption process tailored to text is proposed in [12], whereby token deletion and insertion is also
incorporated. [26] also focus on text, creating a generative reverse chain that repeatedly applies
the same denoising kernel. The corruption distribution is also defined through the same denoising
kernel to reduce distribution shift between training and sampling. In [7], a more standard masking
based forward process is used but the reversal is interpreted from an order agnostic autoregressive
perspective. They also describe how their model can be interpreted as the reversal of a continuous
time absorbing state diffusion but do not utilize this perspective in training or sampling. [27] propose
a denoising type framework that can be used on binary data where the forward and reverse process
share the same transition kernel. Finally, in [11], the discrete latent space of a VQVAE is modeled by
quantizing an underlying continuous state space diffusion with probabilistic quantization functions.

6 Experiments

6.1 Demonstrative Example

We first verify the method can accurately produce samples from the entire support of the data
distribution and that tau-leaping can accurately simulate the reverse CTMC. To do this, we create a
dataset formed of 2d samples of a state space of 32 arranged such that the histogram of the training
dataset forms a ‘7’ shape. We train a denoising model using the Lct objective with pglt parameterized
through a residual MLP (full details in Appendix H.1). We then sample the parameterized reverse
process using an exact method (up to needing to numerically integrate the reverse rate) and tau-
leaping. Figure 3 top-right shows the marginals during reverse simulation with 7 = 0.004 and we
indeed produce samples from the entire support of pga,. Furthermore, we find that with sufficiently
small 7, we can match the fidelity of exact simulation of the reverse CTMC (Figure 3 left). The value
of 7 dictates the number of network evaluations in the reverse process according to NFE = T'/7. In
all experiments we use 1" = 1. Exact simulation results in a non zero Hellinger distance between the
generated and training distributions because of imperfections in the learned R¢ model.

6.2 Image Modeling

We now demonstrate that our continuous time framework gives us improved generative modeling
performance versus operating in discrete time. We show this on the CIFAR-10 image dataset. Images
are typically stored as discrete data, each pixel channel taking one value from 256 possibilities.
Continuous state space methods have to somehow get around this fact by, for example, adding a
discretization function at the end of the generative process [3] or adding uniform noise to the data.



Table 1: Sample quality metrics and model likelihoods for diffusion methods modeling CIFAR10
in discrete state space. Diffusion methods modeling CIFAR10 in continuous space are included for
reference. The Inception Score (IS) and Fréchet Inception Distance (FID) are calculated using 50000
generated samples with respect to the training dataset as is standard practice. The ELBO values are
reported on the test set in bits per dimension.

Method IS(t) FID () ELBO (1)
Discrete state D3PM Absorbing [8] 6.78 30.97 —4.40
D3PM Gauss [8] 8.56 7.34 —-3.44
7LDR-0 (ours) 8.74 8.10 -3.59
7LDR-10 (ours) 949 3.74 —-3.59
Continuous state DDPM [3] 9.46 3.17 —-3.75
NCSN [4] 9.89 2.20 -
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Figure 4: Left: Unconditional CIFAR10 samples from our TLDR-10 model Right: FID scores
for the generated CIFAR10 samples versus number of pg‘t evaluations during sampling (variation

induced by varying 7). Calculated with 10k samples, hence the discrepancy with Table 1 [28].

Here, we model the images directly in discrete space. We parameterize pg‘t using the standard

U-net architecture [3] with the modifications for discrete state space suggested by [8]. We use a
spatially biased rate matrix and train with an augmented Lct loss including direct pg‘ , supervision,

full experimental details are in Appendix H.2.

Figure 4 left shows randomly generated unconditional CIFAR10 samples from the model and we
report sample quality metrics in Table 1. We see that our method (7LDR-0) with O corrector steps has
better Inception Score but worse FID than the D3PM discrete time method. However, our TLDR-10
method with 10 corrector steps per predictor step at the end of the reverse sampling process (¢t < 0.17)
greatly improves sample quality, beating the discrete time method in both metrics and further closes
the performance gap with methods modeling images as continuous data. The derivation of the
corrector rate which gave us this improved performance required our continuous time framework.
D3PM achieves the highest ELBO but we note that this does not correlate well with sample quality.
In Table 1, 7 was adjusted such that both TLDR-0 and 7LDR-10 used 1000 pg‘ , evaluations in the
reverse sampling procedure. We show how FID score varies with number of pg , evaluations for
7LDR-{0, 3, 10} in Figure 4 right. The optimum number of corrector steps depends on the sampling
budget, with lower numbers of corrector steps being optimal for tighter budgets. This is due to the
increased 7 required to maintain a fixed budget when we use a larger number of corrector steps.

6.3 Monophonic Music

In this experiment, we demonstrate our continuous time model improves generation quality on
non-ordinal/categorical discrete data. We model songs from the Lakh pianoroll dataset [29, 30].
We select all monophonic sequences from the dataset such that at each of the 256 time steps either
one from 128 notes is played or it is a rest. Therefore, our data has state space size S = 129 and
dimension D = 256. We scramble the ordering of the state space when mapping to Z to destroy
any ordinal structure. We parameterize pg‘t with a transformer architecture [31] and train using a
conditional form of L¢r targeting the conditional distribution of the final 14 bars (224 time steps)
given the first 2 bars of the song. We use a uniform forward rate matrix, R;, full experimental details



Table 2: Metrics comparing generated conditional samples and ground truth completions. We
compute these over the test set showing mean=std with respect to 5 samples for each test song.

Model Hellinger Distance  Proportion of Outliers

TLDR-0 Birth/Death  0.3928 + 0.0010 0.1316 + 0.0012
TLDR-0 Uniform 0.3765 £ 0.0013 0.1106 £+ 0.0010
TLDR-2 Uniform 0.3762 £ 0.0015 0.1091 +0.0014

D3PM Uniform [8] 0.3839 + 0.0002 0.1137 £ 0.0010
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Figure 5: Conditional completions of an unseen music sequence. The conditioning 2 bars are shown
to the left of the black line. More examples and audio recordings are linked in Appendix H.3.

are given in Appendix H.3. Conditional completions of unseen test songs are shown in Figure 5. The
model is able to faithfully complete the piece in the same style as the conditioning bars.

We quantify sample quality in Table 2. We use two metrics: the Hellinger distance between the
histograms of generated and ground truth notes and the proportion of outlier notes in the generations
but not in the ground truth. Using our method, we compare between a birth/death and uniform
forward rate matrix R;. The birth/death rate is only non-zero for adjacent states whereas the uniform
rate allows transitions between arbitrary states which is more appropriate for the categorical case thus
giving improved sample quality. Adding 2 corrector steps per predictor step further improves sample
quality. We also compare to the discrete time method D3PM [8] with its most suitable corruption
process for categorical data. We find it performs worse than our continuous time method.

7 Discussion

We have presented a continuous time framework for discrete denoising models. We showed how to
efficiently sample the generative process with tau-leaping and provided a bound on the error of the
generated samples. On discrete data problems, we found our predictor-corrector sampler improved
sample quality versus discrete time methods. Regarding limitations, our model requires many model
evaluations to produce a sample. Our work has opened the door to applying the work improving
sampling speed on continuous data [14, 15, 16, 17, 32] to discrete data problems too. Modeling
performance on images is also slightly behind continuous state space models, we hope this gap is
further closed with bespoke discrete state architectures and corruption process tuning. Finally, we
note that the ELBO values for the discrete time model on CIFAR10 are better than for our method. In
this work, we focused on sample quality rather than using our model to give data likelihoods e.g. for
compression downstream tasks.
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The appendix is organized as follows. In Section A, we provide a short introduction to Continuous
Time Markov Chains, including the relevant results we use in this work. Proofs for all the Propo-
sitions and Theorems from the main text are in Section B. We then describe in Section C some
additional intuitions and forms of our proposed objective, Lct. In Section D, we describe how an
additional direct denoising model supervision term can be added to the objective to improve empirical
performance. Details for how we define the forward process in our model can be found in Section
E. Section F describes in more detail how CTMCs can be simulated and includes the algorithmic
description of tau-leaping. We argue in Section G that operating in discrete time forces an implicit
assumption when using a factorized forward process on multi-dimensional data. Full experimental
details for all investigations can be found in Section H as well as additional plots and results from our

models. Finally, in Section I, we consider the social impacts of our research.

14



Figure 6: Schematic representation of a 1-dimensional CTMC with 3 states.

A Primer on Continuous Time Markov Chains

A Continuous Time Markov Chain (CTMC) is a right continuous stochastic process {zt}te[o,T]
satisfying the Markov property, with x, taking values in a discrete state space X. Since the CTMC is
Markov, future behaviour of the process depends only on the current state and not the history. A
schematic representation of a CTMC path is shown in Figure 6. The process repeatedly transitions
from one state to another after having waited in the previous state for a randomly determined amount
of time.

A CTMC can be completely characterised by its jumps and holding times. Specifically, the time
between each jump or holding time is exponentially distributed with mean v(x) where x is the state
in which the process is holding. The next state that is jumped to is drawn from a jump probability
distribution r(&|z). The holding and jumping procedure is then repeated.

There is an equivalent definition involving the transition rate matrix, R € RS*5  that we use in the
main paper. The transition rate matrix is defined as

- o Qt\t—At(xﬂ)_éx@‘
R(oe) = fim MSTT

3)

where R(Z,x) is the (Z, z) element of the transition rate matrix and q;|;— a¢(|Z) is the infinitesimal
transition probability of being in state x at time ¢ given that the process was in state Z at time ¢ — At.
Conversely, the CTMC can itself be defined through this infinitesimal transition probability

Qt—ne(x|T) = 0z 5 + R(T, 1) At + o(At) 4
where o(At) represents terms that tend to zero at a faster rate than A¢. From this definition of the
transition rate matrix, we can infer the following properties:

R(zZ,z) >0 for I #ux, R(z,z) <0, R(z,x) = =3 4, R(z,2")  (5)
R(Z, z) is the rate at which probability mass moves from state Z to x. R(x, x) is the total rate at
which probability mass moves out of state x and is thus negative.
In the time-homogeneous case, R has simple relations to the jump and holding time definitions.
1 _ R(z, %)
) = ———— Zlr) = (1 —6z2)——~
V(‘Z) R(ZII,{L‘) T(‘E|‘Z) ( IA,I) —R(.’I/',.TJ)

In the time-inhomogeneous case, our transition rate matrix will now depend on time, R;, and these
simple relations to the jump and holding time definition do not hold. However, R, will still follow
equations (3), (4) and (5).
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The CTMC transition probabilities satisfy the Kolmogorov forward and backward equations. For
t>s,

Kolmogorov forward equation  0;q4|5(2|Z) = th‘s(ym Ri(y,x)

Kolmogorov backward equation 05y (z|T) = ZR z,y)qs(xly)

The Kolmogorov forward equation also gives us a differential equation for the marginals of the
CTMC.

Orge(x) = Z% VR (y, x)

Exponential and Poisson Random Variables In the time homogeneous case, holding times are
exponentially distributed with mean v(z) = —1/R(x, x). The tau-leaping algorithm relies on the fact
that the number of events in interval [0, ¢] is Poisson distributed with mean %t when the inter-event
times are exponentially distributed with mean v.

B Proofs

B.1 Proof of Proposition 1

Proof. We recall that a process {z;}+cjo,7) taking values in & is called a CTMC if it is right-
continuous and satisfies the Markov property. Denote {y; }+cjo,r] = {Z7—t}teo, 1) €xcept at the
jump times of the forward process 7, with n € N, where yr_, =z = lim;<r, +—-, ;. Hence,
{¥t}tepo, ) is almost surely equal to {z7_¢}¢c[o,r) and is right-continuous. Since the Markov
property is symmetric, we get that {y; },c[o,7] is a CTMC. We now compute its transition matrix. Let
z,x € X with x # Z, using the Kolmogorov forward equation, we have

5tpt\s(53|$) = Zye){ pt|s(y|z)RT7t(y,i) )

where {py|s, s,t € [0,T], t > s} is the transition probability system associated with {y; }+c[o,7] and
{RT_t}tE[O)T] is the transition rate matrix associated with {y; },<[o,7]. Note that

pys(@ =jl2 =) =P(ye = j | ys = 1)
(rp_t=j|wr_s =1)

P(zr_¢ = j)
Plxr_s =1)

_ - qr—i(z =)
=qr_s7—+(T =ilz = ])QT—S(‘% =)

P
P

(xp_s = tlxp_t = j)

where {qy|s, s,t € [0,T],t > s} is the transition probability system associated with {x; };c[o 7] and
{qs,t € [0, T]} are the marginals of {z;}c[o, 7). Now, writing the backward Kolmogorov equation
for {xt}te[O,T]

asqt|s(i'|$) == Zye)( R (z, y)Qt|s(a~3|y)

Re-labeling the time indices we obtain,

Or—1qr—si7—+(Z|2) = = 32 c 2 Rr—t(2, y)ar 57—+ (Z]y)
Oqr—siT—1(Z2) = 3_ ¥ Br—t(z,y)ar—s)7—1(Z[Yy)
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Letting s — ¢ and using that lim, ¢ gp_sp—¢(2|Z) = 0, we get that

RT—t(‘Ta T) = llg} 3tpt|s(fi"33)

= lim &; <QT—s|T t qT a )>
s qT s )

z)

)

- hm [at (gr—s)7— t(x|x)) 1= t(( +QT75|T7t($|-i')8;ii7;E§j)
= lli}l’% 815 (QT—S\Tft(xm.)) %

qr—+(7)
= fir-(@,2) qr—i(x)

Re-labeling the time-indices on the rate matrices, we obtain

R(1, %) = T,x 6(%)
el D) = B0

Now we write the marginal ratio qtgzg in a different form

)~ X i
—Zflf;(ﬁz ol ao).

Substituting in this form for the marginal ratio concludes the proof.

B.2 Proof of Proposition 2

In this section, we detail two proofs for Proposition 2. The first is a formal proof using results from
stochastic processes. We then provide a second informal proof for the same result to gain intuition
into the Lt objective that only relies on elementary results from CTMCs.

Proof 1 - Stochastic Processes

Proof. Let us write Q for the path measure of the forward CTMC with rate matrix Ry, @ for the path
measure of its exact time reversal and PY for the path measure of the approximate reverse process with

rate matrix Rf . Also, we use superscripts to notate conditioning on the starting point, for example
@70 denotes the path measure of the forward process conditioned to start in x.

With this notation, we have

logpo(xo) = log/pref(de)/ poer (dw)

{Wr=x0}
A dpref dIPa’xT
—lo / do / Q7T (dw T ~ w
¢ faroter) [ @@ g @n) @)
dpres (JJ )d]P)a’wT
dqrio g dQer

0,z
/qT|0 (dzr) /@(dw|W0 = zp, Wr = x0) {—log de> (w)}

= flog/qu(da:T) /Q(dw|Wo =z, Wr = z0) (w)Q*T { Wy = 20}

where P?, Q run in the reverse time direction. Writing W, for a reverse path and integrating wrt
pdata(dxo) we have
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[ passteo)-tog o)) < [ pasatan) [ aro(dor) [ QAW = w1 = a0)

T
x / R (Wods— Y logPh_ (Wi IWa )RS_, (W, ) b+ C,
5=0 S:WS,7$WS

where RY(z) is shorthand for —R? (z, z).
When 29 ~ paaa, T ~ qrjo(-|2o), W o~ @(dW\WO = a0, Wr = Zo), the reverse

path is distributed according to paya(dao)Qy, (AW) and therefore (W,_, W) is distributed like
(Wr_s, W(r_s)—) and thus we have

/ Pasa(20) [~ 10g P (o))

T
< /pdata(xo)(@zu (dW) / R’?"fs(W(T—s)—)dS — Z logpg"fs(W(T—s)—|WT*S)R%7S(WT?S) +C
s=0 s:Wir_oy—#Wr_s

Using Dynkin’s lemma and the fact that P¢ (z|y) R? (y) = RY(y, =) we can re-expresss this final line
as

T Z RT—s(xay) 7
= qr—s(dz RS (T, 2) Ry_s(z,2) vze log RS (y,z)
/L: - ) Z;C = ( Z;ﬁzx r ( Zz#z RT*S(%’Z) T (

T
- / / gr—o(dnyrr_o(dylz) { SR (5,2) = 3 Rr_o(, 2) log R, (3, )

zF#x zF#x

// gs(dz)rs(dy|x) ZR (z, 2) ZR z,z)log RO (y, )

z#x z#x
which rearranges to give the continuous time ELBO in the form of Proposition 2.

Proof 2 - Limit of Discrete Time ELBO

Proof. Consider a partitioning of [0,7],0 =tg < t1 < -+ <tp_1 <tp <tgpy1 < -+ <tgx_1 <
tx =T. Letty, —ty—1 = At for all k. In subscripts we use k as a shorthand for ¢;, when this does
not cause confusion. Considering a CTMC with this time partitioning converts the problem into
a discrete time Markov Chain with forward transition kernel, gy 1| (2x+1|2x) and parameterized

reverse kernel, pzl j41(Zk|Tr+1). Therefore, we can write the negative ELBO in its discrete time
form, Lpr

Lo1(0) = Epya(20) {KL(QKIO(xK‘-TO)Hpref(aJK)) — Eq, o (21]m0) [logpgu(lom)}
K—-1

0
+ 3 B oo [KL(qk\HLo(Ikl%H»Io)||pk|k+1($k|$k+1))]}
k=1
In the following, we will write the transition kernels in terms of the CTMC rate matrices and take the
limit as At — 0 to obtain a continuous time negative ELBO.

First, consider one item from the inner sum of Lpt

7
Ly = Epdulu(l,())qk+l‘0(mk+1|x[]) [KL(qk\k-O—l,O(Ik'IkJrl? IO)Hpk|k+1($k|xk+1))]
(7
7Emum(ﬂﬂo)%+1\o(mk+1\mo)%\k+1‘o($k\xk+1,mo) [logpk\k+l(xk‘mk+1)} +C

0
= —Eg@r)arpaie@rrlzn) {Ingk\kH(xk‘wkH)} +C
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where we have absorbed terms that do not depend on ¢ into C'. We now write pz‘ jt1 (Tk|Thi1) in

terms of Z%Z

pZ\k+1(xk‘xk+1) = 5wk,$k+1 + RZ($k+lv xk)At + O(At)

logpz|k+1(xk|9:k+1) =log (5mk,xk-+1 + RZ(xk_H, ) At + O(At))
=0y, z04, 108 (1 + RZ(mk, ) At + o(At))
(1= a0 (B (psr, 21) A+ (A1) )
s (R0 )AL+ o(AD))

(1= G ) 108 (R (asn, )AL+ 0(AD)) ©)

where on the last line we have used the series expansion for log(1 4+ z) = z — % + o(2?) valid
for |z| < 1,z # —1. For any finite RY (z, zx), At can be taken small enough such that the series
expansion holds. We now substitute this form for log pzl g1 into Ly and further write the expectation

OVer Gr11k(Thi1]Tr) = Oop zpyy + Bi(Th, Toy1) At + o(At) as an explicit sum.

L= —Ey (2 [ > { {5m,wk+1 + Ry(2r, T 1) At + O(At)} X

Thk+1

{5%’““ (Rz (zr, zr) AL + O(At))

+ (1= o) Yog (R (wsn, mi) AL+ 0(A1) ) | } +C

Ly = 7EQk(CEk:) [ Z {(Smk,wk+1RZ(Ikvxk)At

Tk+1

+ (1 - 51k7rk+1)Rk('rkal‘k+1)Atx

log (Rﬁ(wkH, Ti) At + O(At)) + O(At)} +C

We can isolate Rz within the log through the following re-arrangement

Atlog (RZ(ka, xp) At + O(At))
= Atlog At + Atlog (RZ(wkH, xr) + 0(1))
= Atlog At + Atlog (1 + o(1)) + Atlog (Rz(xkﬂ,;rk))

where the first two terms are independent of 6 and tend to 0 as At — 0. Note that we assume

RY(2ky1,21) > 0 for x4, # x4 pairs which have Ry, (g, zx41) > 0. This assumption is valid
because, for xx1 # x, we have

Qk\O(xk|1'0>

Rl (z , ) = Ri(zg, x —_
k(Tht1, k) = Ri(p k+1)ZQk|o(1’k+1|$0)

Zo

POk (wolzki1)

and we assume pg‘ +(Zo|Tk41) > 0 which is valid when we parameterize pg‘ . With a softmax output.
We assume an irreducible Markov chain, hence ggo > 0 for ¢, > 0.
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With this re-arrangement, and absorbing constant terms into C, we obtain

L, = _EQk(Ik) [ Z {ém,,mk+1RZ(l‘k,l‘k)At

Thk+1

+ (1 = Gy mrs1 ) Ric(Th, Tos1) At log (RZ(*TkJrl: xk))

+ O(At)} +C

Li = —Eg (a0 | Ri(xn, 2) AL + Z Ry (xp, wpg1) At log RY (w41, ) + o( At)
Th41 7Tk
The second term can be re-written so that it is more efficient to approximate with Monte Carlo.
Currently the denoising model pg‘ ,. has to be evaluated for each term in the sum ZIHI ~a, Which

would require multiple forward passes of the neural network. We can instead create a new probability
distribution to sample from as follows. Define

Ry (Tk, Thy1)

Tk(fck+1|$k) = (1 - 51‘1«,,1k+1) Zk(xk)

where
ZMaR) = Y Rilax, Thys)

I;c+1 FT
So we now have

Ly = 7Eq1«,(mk)7'k($k-+1|xk) [RZ(IIW xk)At + Zk(xk’)At log Rz(xk+17 xk) + O(At)}

Examining the other terms in Lpr we have B, (z0) [KL(qx|0(% i |#0)|[Pre(2 1)) ] Which does not

depend on 6§ and E, (2, |z) {logpg‘1 (x0|x1)} which we expand here

]Elluo(amlxo) [logpgu(xdh)}
= {02120 + AtR1(z0,71) + 0o(At)} log pfy (wo|71)
= logpgll(xo|xo) + Atz Ry (zo,x1) logpgll(z0|x1) + o(At)

T

= AtRY (20, 10) + At Z Ri(zo, 1) logpgll(xo\xl) + o(At)

where on the final line we have used eq 6. In summary,

Lot :AtEPdm(l‘u)quo(l‘l\IO) _R?(IO’ o) + Z Ri(zo,21) logpgl(l‘0|x1):|
K-1
— At Z EQk(l’k)Tk(fEk+1\00k) {RZ(:L.IW xk) + Zk(xk) log RZ(karl?wk)}
k=1
+o(At) +C

We now take the limit of Lpt as At — 0 and K — oo.

T
Jim Lo = Lor = - /O Equ oGl | 70 (@,2) + 2! () log (R (3,2) ) | dt + C

We can estimate the integral with Monte Carlo if we consider it to be an expectation with respect to a

uniform distribution over times (0,7"). We also write Rf (x, z) explicitly as the negative off diagonal
row sum to obtain

Ler(8) = TEvnsitomyatoyratalo) | { Turs B 2,2 } = 21(@) log (R (3,2)) | + €.
O
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B.3 Proof of Proposition 3

Proof. We assume qt‘s(wt D|xl:P) factorizes as ngr @)s(xf|z?) where qys(zf]ad), d =

1,..., D are the transition probabilities for independent singular dimensional CTMCs each with
forward rate R (&%, 2%). In the following, we will drop time subscripts on = arguments. To find the
correspondence between R}‘P and R¢, we use the Kolmogorov forward equation

atQt\s(m1:D|i1:D) _ Z qt‘s(ylzD|:E1:D)Rt1:D(y1:D7ml:D)

ylzD

Substitute in our factorized form for g4, into the LHS

D
8tQt\s(w1:D|551:D) =0 {H Qt|s($d|5d)}

d=1

D
= Z Qt\s(mliD\d‘il:D\d)athﬂs(xdmd)

D
= (@B Y g (v 3 RE (4, 1)

d=1 yd
D

= Z Z Qt\s($1:D\d‘jl:D\d)Qt\s(ydwd)R:ﬁi(ydv xd)dwl:D\d’yI:D\d
d=1y'"D
D

3 S e (P PN g () R, ) v g
d=1y1:D

D

= Z Qt\s(yl:D|m ZR 5 1:D\d y1:D\d

ybt:b d=1

We therefore obtain
D
1:D51:D 1:D¢, 1:D 1:D 1:D|51:D d(,d ,.d
> ays (WP IE P REP (P 2 P) = Y aus(yhP1E) Y R 205000 4100
yl:D ylzD d=1
This must be true for all possible factorizable forward process transitions, g s, including
a1)s(y P |®"P) = §,1.0 z1.0. This choice gives us our forward rate relation

D
Rtl:D(il:D, wl:D) = Z Rf(fd, xd)(sml:D\dvil:D\d
d=1

Substituting this into our expression for the reverse rate from Proposition 1 we obtain

H1: : ~1: qt |£13 ) : :
Rtl D(.’L'l D,ml D) = Z ZRt CE CC il:l Dl 1. D)qo|t( L D\wl D)(sml:D\d_’:il:D\d,

P d=1
d
o Gelo(228)

= Z ZRd tlidoqoﬁ(wo D|:131 D)(Swl:D\d’i:l:D\d

1Dd 1 qt|0(x |.’L' )

Gejo (27 1:D\d :

—ZRd(x J) mr D\d g1: D\quon JJO‘:Z: )ﬁ Z q0|t(m0 \ |xg7:cl'D)

d=1 g Gtjo\ T :EO wé:D\d

D

Qt|0(95d|xg)
Qt|0(xd|$g)

= Z P TR A R &LD\d Z%u(%‘w )

=1 xd
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B.4 Proof of Proposition 4

Proof. By the Kolmogorov forward equation applied to the forwards process, we have

e () = Z Ri(y, z¢)q:(y)

In addition, applying the Kolmogorov forward equation to the reverse process, which has the same
marginals as the forward but time-reversed, we get

—0iqe(2¢) = Z Rt(% 7¢)qi(y)

Summing these two equations gives

Z {Rt(y’ z¢) + Rt(yv‘rt)} qat(y) =0

Y

Therefore, by comparison with the Kolmogorov equation, I?; + Ry is the rate matrix of a CTMC with
invariant distribution ¢;. O

B.5 Proof of Theorem 1

In this section, we derive a bound on the error of our tau-leaping diffusion model. Because the tau-
leaping approximation is only interesting in the case where multiple jumps are made along different
dimensions in a single step, we choose to make the dependence of our bound on the dimension of our
model explicit, rather than simply considering the case of fixed D and 7 — 0.

Recall from the main text that we have a time-homogeneous rate matrix R; on X, from which we
construct the factorised rate matrix R}*P on X'P by setting R = R; for each d, and will denote
|R| = supie(o,1),zex | Bt(z, )|, and let iy be the (1/4)-mixing time of the CTMC with rate R;.

We also define addition on the state space X" using a mapping from X to Z as in Section 4.3 and
component-wise addition.

Theorem 1. For any D > 1 and distribution pga. on XP, let {x¢}iejo,1) be a CTMC starting in

Pdaa With rate matrix Ry'P as above. Suppose that Rf 1D js an approximation to the reverse rate
matrix and let (yi)k=01,... N be a tau-leaping approximation to the reverse dynamics with maximum
step size T. Suppose further that there is some constant M > 0 independent of D such that

> .R,}:D(%y) - Rfl:D(l‘,y)’ <M
y#T

forallt € [0, T). Then under the assumptions listed below, there are constants Cy,Cy > 0 depending
on X and Ry but not D such that, if L(yo) denotes the law of yo, we have the total variation bound

2 og?
1£(30) = panallry < 3MT +{ (IRISDC1)® + SCo(M + C1SDIR) } 7T + 2exp { — L2 4

The above theorem holds under the following assumptions, where we write = ~ g for x,y € S if
they differ in at most one coordinate.

Assumption 1. The data distribution pqa, is strictly positive.
Assumption 2. There exists a constant Cy > 0, depending on S and Ry but not D, such that for all
t €[0,T) and x,y € SP such that x ~ y, we have

(@) < (1.

at(y)

Assumption 3. There exists a constant Cy > 0, depending on S and Ry but not D, such that for all
t €[0,T) and all z,y € SP such that x ~ y, we have

> |z +2) - Rulyy+2)| < o
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If instead we were to allow C and C5 to depend on the dimension D, then Assumptions 2 and
3 follow trivially from Assumption 1 and the finiteness of the state space. However, we choose
the stronger formulation above in order to make explicit the dependence of the error bound on the
dimension, as previously explained.

As remarked in the main text, in most cases of practical interest (including the two examples explored
in Section 6), Assumption 3 holds only approximately. However, we still expect the bound in
Assumption 3 to hold whenever z, y are in addition chosen such that the tau-leaping approximation
of the reverse process makes a jump between them with reasonably high probability. For example, in
the case where our data is ordinal, we expect that for any x ~ y jumps from x to y are only common
when z is close to y, and thus R, (z, x + z) and R;(y,y + ) should be reasonably close whenever a
jump from z to y occurs. Under a weaker assumption of this form, the proof of Theorem 1 can be
adapted to work along similar lines, at the cost of a significant increase in technicality. We therefore
choose to focus on the simpler case where Assumption 3 holds as it illustrates the key ideas.

In order to prove Theorem 1 we will require the following lemmas.

Proposition 5. Let (x1):co,7) and (y:)+c(o,1) be continuous time Markov chains on a finite state
space S with generators Gy and H, respectively which are both bounded and continuous in t. Let the
Markov kernels associated to X and'Y be K and L respectively. Then for any probability distribution
v on S we have

T
vk —viliee < [ sup{ 3 Gelay) = Hulo. )]}
0

S
z€ y#£T

Proof. We define a coupling of (z¢):cjo,7) and (y¢):e[o,7] as follows, based on the construction in
Chapter 20.1 of [24]. First take Z ~ v and set xg = yo = Z. Also define the variables o = gy = Z.

Next, fix A such that |Gy (x, z)|, |[Hi(x, x)| < Aforallz € S,t € [0,T], let (Ns)1<s<7 be a Poisson
process on [0, T] of rate A, and set Ny = 0. We write N = N, and S, 52, ..., Sn for the arrival
times and set S,,+1 = 7. We construct x; and y; for ¢ > 0 inductively as follows. For ¢t € [0,.57) let
xy =y = xo. Let 1 < j < N. Given (z, : v < S;), (yr : 7 < S;), and Z;, §;, define the following
probability measures

(A4 — st(jj,’U_))/)\, w#ij
p](x,]vw) C {1—GS](J~3J,1U)/)\, w:j]’
! (17 — Hsj(ﬂj,w)/)\, U)?éﬂj
p](yjaw) {1—Hsl(g]7w)/)\’ w:gj

Sample (Z;11,;+1) from a maximal coupling of (pj, p’;) and for t € [S}, Sj41) set xp = 11,
Yt = Yj+1. Finally set x7 = x5, and yr = ys, .

Now, observe that (x4, ;):cjo,7) defined in this way is a coupling of the given Markov chains.
Moreover,

VK — vL|lrv < P(zr # yr)
N

=E | Y T{xs=y., s <5} 1{zs, #vs,}
j=1
o0 )\neiA n
:z% 7 ¥E[H{w5:ys,s<5j}ﬂ{xsj ;éijH
n= j=
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and using the fact that jumps are coupled maximally

oo )\”e*’\ n .
:Z S Y B[, =y s < S5} x oy (X, 1) = 75(Xs, )y

7=0
ne—x
:Z)\ ZE{H{CL’S—yS,S<S} Z‘GS T ) HS (‘TS] 19 )|:|
n=0 7=0
= [ Z Z|G Ts—, 2 H(-%'s ) )ﬂ
ST FLs—

—}\/SOE{A;|Gs(xs,z)Hs(ms,z)ﬂ
= [ B[S (6~ e 2)]as

as required. O
Proposition 6. Forallt € [0,T) and z,y € XP such that x ~ y, we have
|0:Re (2, y)| < 2|RI?SDCT

Moreover, it follows that f%t is bounded and continuous in t.
Proof. Omitting the superscripts for brevity where the notation is clear, we have
8tR}:D(I1:D7y1:D). _ ’Rt(y,Lt)a {Qt(y) H

(z)
_ - a(y) 2o, Rz, 9)a(z)  a(y) 2o, Rie(z, 2)qi(2)
’Rt(y’ ){q(m H
< 2|R*’SDC?

() at() ()

where the second line follows from Kolmogorov’s forward equation and the final inequality follows
from Assumption 2 plus the fact that R:(z, x) (resp. R:(z,y)) is only non-zero when x ~ z (resp.
y ~ z), and there are at most |S||D| values of z (resp. y) for which this holds. O

We now give the proof of Theorem 1.

Proof of Theorem 1. Let us label the time steps used in tau-leapingby 0 =t9 < t; < --- <ty =1,
denote 73, = t, — t_1, and denote the target stationary distribution by 72 (21:P) = [, w(2%),
where 7 is the invariant distribution of the single-dimensional transition matrix R;.

Also, let RZ’(T) be the Markov kernel corresponding to applying the tau-leaping approximation with
rate matrix Rffk to move from ¢, to tj_1, and denote R (") = R%(T)Ri}(ﬂ .. .R?’(T) so that R%:(7)
expresses the full dynamics of the tau-leaping process and we have £(5jo) = mPR%(7).

Then, as in [19] we can decompose
lmPROT) — pallry < [|7PROT) — 7P (@F)ppollrv + (177 = qrlly

where PF is the path measure of the exact reverse process.

We deal with the second term first. Let ¢,ix be the (1/4)-mixing time of the single-dimension CTMC
with rate matrix R}, i.e.

1
tmix = inf {t >0: sup |lgo( - |zg) — v < 4}

€S
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It then follows from
D

llago( - |267) = 71ty < llawo( - |25) — w1y
d=1
that tD . the (1/4)-mixing time of the full CTMC with rate matrix R}*", satisfies the inequality

tD. < {14 [logy D] }mix. If we view (Zmtp, )men as a discrete-time Markov chain, then standard
results on Markov chain mixing (see, for example Chapter 4.5 of [24]) show that

||q’mtmm ( : |1’0: ) - WDHTV S 27m
It then follows that for any 7' > 0 we have

Tlog?2 Tlog?2
b_ <2 — <2 - = -
I77 = arflv < 2expq =5 == p < 2o —m o

mix

completing the bound on the second term.

To bound the first term, we define P, = (P%)p_,;, | |7—¢, and decompose it as
7R — w(B) ol rv < sup R RYT — v Py
< sup HVR?\’,(T)R?\}(Q . .R?’(T) - VRJQ\}(T)PNA - Pillrv
+ sup IvRG D Py_1...PL — vPNPr—1...Pilltv

< bup HVRG ) .R?’(T) —VPN-1 ... Pillv + Sup ||VR0 () _ VPn||Tv

< Zsup ||1/720 T Py
k=1

by proceeding inductively. So it suffices to find bounds on the total variation distance accumulated on
each interval [t_1, tx].

Let RZ be the Markov kernel corresponding to running the chain from ¢, to t;_1 with constant rate

matrix Rfk Since by Proposition 6 the reverse rate matrix R, is bounded and continuous in ¢, using
Proposition 5 we made deduce that for any distribution v on S we have

ty R A
P vREliy < [ sup{ 3 |Ruloy) — Rl (o)} a

trp_1 TES .

S/ftk sup { 3 [Ru(e,y) — By (9|}

k_1 TES o
tr . R
[ s {3 o) - B )]} e
trp_1 TES .
The first half of this expression can be bounded using the Mean Value Theorem, according to
tr R tr
/ sup { Z ‘Rt z,Y) Rtk(l',y)|} dt < / |t —ti| - 2|RI2S2D?C} dt
tp_1 xES tk—1
< (|RISDCy7,)"

where in the first line we have used that the summand is only non-zero when y ~ z, and there are at
most |S||D| values of y for which this holds. The second term can be bounded using condition (2),
to get

tk A A
[ su {3 (o) - B, )} de < M
t

k1 TES .
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Combining these two expressions, we get a bound on ||[vPy, — vRY||1y.

[vPx — VRl < (|RISDCym)* + M

It remains to bound |[vRY — I/RZ’(T) ||ITv. Note that performing tau-leaping with rate matrix I:Bfk
starting in xy, is equivalent to running a continuous time Markov chain from time ¢, to t;_, with

+(7)

constant rate matrix Rt given by

~0,(r ~
Rtk( )(xvy) = R?k(xtk,y—l'-f-l‘tk)

(followed potentially by a clamping operation to keep us within X”). By an analogous argument to
the proof of Proposition 5,

|10z, RY — Oz, Rk T)HTV </ Z \Rtk T,y Rtk(;rtk,yfxt+ztk)| dt
th—1

yFTy

where the expectation is taken over (.Tt)te[t w_1,t,,] distributed according to the exact CTMC with

rate matrix Rfk (Note we have disregarded the clamping operation, since this can only decrease the
resulting total variation distance.)

We may rewrite this bound in terms of the exact reverse process using condition (2) to get

tr . .
620, RS — 6,0 ROy < / E[2M + 3[R (0,0) — R (e — w0+, | dt

th—1 YFTy

Let J; be the number of jumps that () makes between ¢, and ¢, and label the times of these jumps

as s1,...,5; wheret < sy <--- <s; <t and j = J; for convenience. Then by Assumption 3, we
have
Z ‘Rtk(xtvy) - étk(xtk?y — T+ xtk)| S Z |Rtk(xtaxt + Z) - Rtk(xsmxsl + Z)| +...
yFT z

+ Z |Rtk (xéj y Ls; + Z) - Etk (xtk;v Ty, + Z)|
z

< Cody

where we have made the substitution z = y — x, . We conclude that

tr
182, RY. = 0y, RY Iy < / E[2M + CoJy] dt

Q?tk
tr—1

tr R
< 2M|tk — tkfl‘ + CQ/ ‘tk - t| - sup |Rfk (ac,x)\ dt
T

tp—1
< 2Mo + 3ol R, I
< 2Mmy, + %CQ(M + C1SD|R|)7}
where to bound E[J;] we have observed that jumps of (x;) occur at a rate bounded above by

sup,, |R§k (x, )|, and in the last line we have used the condition (2) and Assumption 2. Since the
above holds for any choice of z,, , it follows that

- 1
sup [vRf, — vRY iy < 2Mr. + S Ca(M + CLSDIR|)7
Summing over k and putting all our bounds together, we get

1£(y0) — pawallrv < 3MT+ {(IRISDCY)” + LCo(M + C1SDIR) | 7T + 2exp { - L2 |

tmix log 4D

as required.
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C Continuous Time ELBO Details

C.1 Comparison with the Discrete Time ELBO

It is easiest to gain intuition on the Lcr objective by comparing it to its discrete time counterpart,
Lpr, and examining the way in which Lpr in the limit becomes Lct when we take the time step size
to be very small. We repeat the definition of Lt here for convenience

Ler(8) = TEvnsitomyaoyratalo) | { Turs B @2 } = 21(@) log (R (3,2)) | + €.

Recall that a single term from the KL sum in Lpt up to an additive constant independent of € is

0 .
_E% (gﬁk)Qk-H\k (93k+1 \Oﬁk) |:10gpk\k+1 (xk “L’k‘H)} :
Minimizing this term is to sample (zj, zx11) from the forward dynamics and then maximize the
assigned model probability for the pairing in the reverse direction. A similar idea can be used to
understand Lcr. First, we write log pz| ht1 (zk|Tk11) in terms of RY as

IngZ|k+1(xk|xk+l) :5wk,wk+1 (RZ (xkv xk)At + O(At))

+ (1 = 0uyzpsy ) log (Rz(xk+17 xp) At + O(At))

where we have separated the cases when xj, = =41 and when xy # x4 (see the proof of Lcr
for the full details). The first term will become the 3 _, . RY(z,2") term in Ler whilst the second

term will become the Z¢(x) log (Rf(i, z)) term. Now, when we minimize Lct, we are sampling
(z, %) from the forward process and then maximizing the assigned model probability for the pairing
in the reverse direction, just as in Lpr. The slight extra complexity comes from the fact we are
considering the case when x;, = x4 and the case when xj, # x4 separately. When xp, = 251,
this corresponds to the first term in Lcr which we can see is minimizing the reverse rate out of x
which is exactly maximizing the model probability for no transition to occur. When xj, # 41, this
corresponds to the second term in Lct, which is maximizing the reverse rate from & to « which in
turn maximizes the model probability for the Z to x transition to occur.

C.2 Conditional Form

For the conditional form of Lcr, denoted as Lcr, we instead upper bound the negative conditional
model log-likelihood, E,,,...(xo.) [— 108 p§ (20 |y)] where y is our conditioner. Lt has the following
form

ECT(H) = TEtNZ/{(O,T)pdm(wo,y)qt|o(m|mg)m(i|w) |:{ Zm';éz R?('Z‘a x/|y)}_zt (.%) IOg (é? ('i'a x|y)) i| +Ca

where

A - - Go(Z|x ~
RY(z,2|y) =Ri(Z, x) Z Mpg“(a:o\x,y) for z # 7.

+~ arjo(z|0)

=- Z Rl(z,a'|y) for z=37
z'Fx
This follows easily from considering the conditional form of the discret time ELBO, Lpr and using
the same arguments as before to go from discrete time to continuous time.
0 .
Po.x (To:xY) _7
— | =Lpr

El)dmu(l'()-,y) [7 Ing(g)(xow)] < ]Epdma(ro,y)lILKm(rl:K|$U) [ log q1‘K\O(J71-K‘-TO)

C.3 Continuous Time ELBO with Factorization Assumptions

In the following Proposition, we show the form of Lcr when we use a factorized for-
ward process. We note that in the proof we rearrange the sampling distribution from
pdata(w(l):D)Qt\O(ml:D|w(1):D)Tt(‘%1:D|m1:D) to pdata(wé:D)/wt(jl:D|w(1):D)¢t(ml:D|i1:Da m(IJ:D)' This
is not strictly necessary but it allows us to analytically sum over the intermediate 2" variable which
greatly reduces the variance of the resulting objective.
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Proposition 7. The Lcr objective when we substitute in the factorized forms for the forward and
reverse process given in Proposition 3 is

Lot = TEytt(0,7) puss (@) 110 (@2 [ 2) Z > R,

d=1 g/d£gd
7TEt~u(0 T)paaa (2 P )i (81D | P) Z Z QZ) d‘NlD )Zt( lD/ded) log (Red( 1:D xd)):|
d=1 gd£5d
+C
with

N D - - Qt\o \xo
R9d(m1.D’xd) :Rd(xd,xd) p9 (l‘d| lD)
t t Zd o)t ol qt\o(xd‘l‘o)

D
2@ ) =30 Y Rl
d:ljd;ﬁzd’
Ry, #)qyo (#P\ 0 2l )

t(m1:D\d o pnd) 5D RY (x4 37) ~1:D\d’' o /d’ | pp1:D
Z (iB \ o )Zd':l Zx"ﬂ;é;idl Zt(;lzD\d'ox/d’)qt\O(w \ ox ‘(130 )

( d|~1D é:D)

where o represents the concatenation of a D — 1 dimensional vector, €V P\% with a scalar %, such

that the resultant D dimensional vector has x¢ at its d™ dimension. 1, (2P |x§P) is defined as the
marginal of the forward noising process joint, [ qyjo(x" D P yry (&8P |2t D)dw LD

Proof. We first re-write the general form of Lt here

£r(8) = TBoniito myqu oy (o12) [ Sar R (2,0 } = 24(2) log (R (7,2)) | +C

where

ZHx) = 3 sy Relz,2) re(Z|z) = (1 — 0z ) Re(x, T) | 2 (2).
With a factorized forward process, I%f becomes
D
R? LD(:ELD, :iltD) = Z R? d(IBl:D, i‘d)(swlzD\d@LD\d
d=1

where

~d|.d

N Qt\O(x |z5)
RGd(wlD d) —Rd(x .L'd) P x |SB1 D)

Z O\t 0 @ \O(Id\ﬂio)

z

Substituting this form for Rf 1D into the first term in Lot we get

D
E E Rfd((El:D,.%'Id)(sml:D\d’wll:D\d

x/1:D£g1:D d=1

D
= ZZR?d(wl:D7$/d) Z 6m1:D\d,m'1’D\d(1 — (Sw/l:DazlzD)

d=1 g'd 2/1:D\d
D
pOd/ . 1:D _1d
= E E Ry (™, 2'%)
d=1grd£qd

Now we tackle the second term in Lcr. We first re-arrange the distribution over which we take the
expectation:

Pawa(@g ) a0 (27 2P )re (@121 0) = paaa(@o )1e (@1 |7 ) oo (1 P21, a?)
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We have,

¢t(w1:D|i1:D )O( qﬂO(m D|$0 D)’I‘ ( 1D‘m )

D ~
. . . 5 Zd:l Rf(l‘d, xd)(swl:D\d7i1:D\d
- qt‘o(a: 0 )( Z’i:lzD,:lil:D) Zt(:zzl‘D)

° Ri(29,2%) 1:D\d  ,.d|,1:D
= Z thlo( \ ox |2170' )6w1:D\d’a‘é1:D\d(1 — (Si:l:Dﬁcl:D)

1:D

To find the normalization constant, we can sum the proportional term over x

R zd, 3 .
Z Z Zt azl D\d o I’d) qt|0( 1:D\d o xd|m(1)'D)5w1:D\d_jl:D\d(1 - 65:1:D,:z>1:D)

xl:D d=1
D -
=Y T @ o ata?)
=2 ZH(g1D\d o zd)
Therefore,
D
gbt(:lil:Dkél:D :]3(1) D) (1 — (Si:l:D7w1:D) Z ¢t(xd|531:D7 xé:D)(sml:D\dﬁil:D\d
d=1
where
R (a8 qyo (&' P\ 0 2|2pP)

¢t($d|ii'1:D, m(1):D) _

t(71:D\d o pd) S D RY (a9’ ") ~1:D\d’ o /d’ | pp1:D
zZ (w \dog )Zd':l Z.r’d’;éid’ Zt(:ilzD\dlox/d/)Qt\O(w \og ‘wo )

Now we write the second term as

T Bttt (0,7) posa(wh P yoe (2 |2 ) [ Y olat Pzt apP) 2! @) log RY B (1P wltD)]

21:D

= —TE;14(0,7)pous (at D)wt(w1D|w1D)[Z Z ¢o (2|8, 2y ) 2H (@ P/ 0 27) log (RM( 1D’$d))]
d=1 gd+£zd

O

C.4 One Forward Pass

To evaluate the Lot objective, we naively need to perform two forward passes of the denoising
network: pg‘t(xom) to calculate RY(z,z) and pg‘t(xokﬁ) to calculate RY(Z, x). This is wasteful
because Z is created from x by applying a single forward transition which on multi-dimensional
problems means Z differs from x in only a single dimension. To exploit the fact that £ and x are very
similar, we approximate the sample & ~ ¢;(«) with the sample & ~ > ¢(x)r:(Z|x). This gives the
more efficient objective,

Lecr(0) = T Et14(0,T)qe (2)re (]2) HZI/;@ Rf(i,x’)} — 2'(z)log (R (, x))} +C
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Table 3: Metrics on the monophonic music dataset comparing training with the efficient Lect objective
vs the original Lct objective. We compute these over the test set showing mean=std with respect to
5 samples for each test song.

Model Hellinger Distance  Proportion of Outliers

TLDR-0 Uniform Lecr  0.3765 4 0.0013 0.1106 £ 0.0010
TLDR-0 Uniform Lcr 0.3797 4 0.0009 0.1128 £ 0.0007

The approximation is valid because ¢¢(x) and > g:(x)r+(Z|z) are very similar distributions, as we
now show.

o sy R@®)
th L (3]) = th( )(1 u)z,#gt(”)

x —qi(Z)Re(Z, 2 +th VR:(x, Z)

=q( ZRf3737)+anf()
@' £F

5 1
x ¢ (%) +

S B )
= qi(T) + 0t 94 qi (%)

8t‘]t(j)

where on the third line we have used the Kolmogorov forward equation and defined

= 1/ .4, Re(2,2'). The distribution } g:(z)r:(Z|z) is therefore giys:(Z) approxi-
mated using a first-order Taylor expansion around ¢;(Z). We notice that §t is the average time to the
next transition at time ¢. §¢ can be calculated for the practical settings we consider, its varies between
2x107%T and 2 x 10~8T in the image modelling task and is 1 x 10~37 in the monophonic music task.

We perform an ablation experiment comparing between training with L.cr and Lt on the mono-
phonic music dataset, the results are shown in Table 3. We find that we gain a small boost in
performance when using the more efficient L.cr objective alongside the improved efficiency. We
hypothesize that this is because of a slight reduction in variance for the L.ct objective due to increased
negative correlation between the two terms in the objective when Z is shared between them.

D Direct Denoising Model Supervision

Following [8], we can introduce direct pgl , supervision into the optimization objective which has

been found empirically to improve performance. We first contextualize the change by expressing Lcr
with the dependence on pg‘t made explicit.

qrjo(2'[mo ))po|t(xox)}

Lot = T Einits(0,7)qu (z)re (3]) [{ Z Ri(z',x Z P
/#m ‘0
Qt|0(m|x0) 0 .
————ph(zo|Z) )| +C
o) 0701

— Z%(z)log (Rt(z, z) Z

zo

4:10(120) e can also
qejo(Z]z0)

provide a direct denoising signal by predicting the clean datapoint x( from the corrupted version z
and using the negative log-likelihood loss.

The signal for pgl ;(@o|z) comes through a sum over x weighted by the ratio

Liy(0) = T Etntd(0.T)paa(w0)aujo(zl0) |~ 108 PG (w0l)

Proposition 8. The true denoising distribution, qo|;, minimizes Ly
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Proof.
T Eoaso a0y [KL (o1 (z0l) || Py (0])) |

= T]EtNZ/I(O,T)pdm(xo)qﬂo(I\Io) {7 IOngu(fO\f)} +C

where C is a constant independent of §. Therefore, minimizing L;; is equivalent to minimizing the
KL divergence between gq|; and pg‘t, which is minimized when pg‘t = qo|¢- O

If we obtain the true denoising distribution, pg‘ + = qo|t> then we will have the true reverse rate, Z%t.

[8] find that optimizing with an objective combining L;; and Lpy performs best, which we can also
do in continuous time
H‘leil’l ﬁCT(e) + )\L”(G)

where )\ is a hyperparameter. In [8], it was found that training with L;; alone resulted in poorer
performance than when the ELBO was included in the loss. We provide a theoretical hypothesis
as to why this may be the case here. We show that minimizing L;; is equivalent to minimizing an
upper bound on the negative ELBO in discrete time and thus by training with L;; we are simply
minimizing a looser bound on the negative model log-likelihood than if we were to use the negative
ELBO directly.

Proposition 9. Minimizing the sum of negative log-likelihoods
K—1

(4
Z Epdata($0)Qk+l\0(wk+l|$0) [_ 10gp0\k+1(x0|xk+1)
k=0

is equivalent to minimizing an upper bound on the negative ELBO.
Proof.
Lor(0) = Epy(wo) | KL(ax (0 (€K [0)||Pre( 1)) — Eg, o (21|20 10gp8|1($0\1“1)}
K—1
+ Zk:l IE‘Ik+1|O(Zk+1|IO) |:KL(qk|k+1,0(xk|xk+17 $0)|‘pi|k+1(l‘k|$k+1))i| :|
Consider one term from the sum
_ 0
Ly = Epdma(ﬂvo)%+1|o(wk+1\xo) [KL(q’clk+1,0(Ik‘$/€+l7330)‘|pk\k+1(zk|xk+l)}

0
= ]E’qk+1($k+1)q;c\k+1($k|$k+1) [_ logpk\k—H (xk ‘xk+1)}

+ Epdaza(wo)%+1|o($k+1 [£0)qk|k+1,0(Tk|Tr+1,70) [IOg Qk|k+1,0($k ‘Jfk-}-l, 1‘0)}

Now,

0
EQk+1(ﬂvk+1)qu+1(mk [Tr1) [_ 10gplc|k+1 (Ik |"rk+1)}

= Ef]k+1(xk+1)Qk;\k:+1(xk‘mk+1) |: 1og Z q(xk |j07 karl)p(e)\kJrl (jo xk+1)]

To
qojx (Tolrk) qk|k+1($k|$k+1)p9 (Folzres)
0|tk+1
qO\k+1(370|95k+1) Olf+1

_quc+1(mk+1)%k+1(wk¢k+1)|: log Z

Trlk1 (Tk|TRe1)

<E D ($0|xk+1)}
C]mk+1($o|ﬂfk+1) Ofk-+1

log

Qr+1(Th+1) k| k+1(Tk|Trt+1) 90k (ZolTk) |:_

6
= Epdma(-'L'O)QkJrl\O(l'k+l |zo) [_ 10gp0|k+1(x0|xk+1)}

Tkt 1 (T Ik+1)]

—log
qojk+1(To|Try1)

+ Epdum(l'{))‘bc\o(mk|10)Qk+1\k(mk+1‘mk) {
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Therefore,

K

Lpr < Z
k=0
+ B (z0) [KL(qxcj0 (2K |70)||PK (2K )]

1
0
{Epdala(wo)qk+1u(mk+l |zo) {_ 10gp0\k+1 (wo ‘$k+1)} }

K-1
+ E : {Epdala(-770)Qk+1|0(xk+lxO)Qk|k+1.0($k|zk+lvz0) [loqu|k+170($k‘$k+1,xo)]
k=1

qkk+1($k|$k+1)] }

E —1
+ Pdata (T0)qke |0 (Th |T0) 11k (Tht1]TK) |: Qolks1 (2o|Trr1)

We can see that only the first term depends on 6. O

E Choice of Forward Process

We need to choose the structure of R; such that we can analytically obtain g;o marginals to enable
efficient training.

Proposition 10. If R; and Ry commute for all t, t' then qo(x = jlxg = i) = (exp[fot des])

j
where exp here is understood to be the matrix exponential function.

Proof. Let (P;)ij = qo(z = jlxo = i). We show that P; = exp (fot des) is a solution to the

Kolmogorov forward equation, which in matrix form reads, 0; P, = P,R;. Writing the matrix
exponential in sum form

Now, differentiating and using the fact that R;, Ry commute.

t 1 t 2
atpt:Rt+/ deSRt+(/ des> R+ ...
0 0

2l
0o 1 t k

=y = / Ruds) R
k=0

= PR,

As stated in the main text, we achieve the commutative property by selecting Ry = 3(¢) R, where 3(t)
is a time dependent scalar and R, is a constant base matrix. We can utilize the eigendecomposition
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of Ry, = QAQ ™! to efficiently calculate P;,

P, =exp </Ot B(s)Rbds)
Sk ([ o)
(o [

:Z;(}fmm>Ql

k

Mg I MS

??"H

k

8

- { w(/ﬂ )}Ql
= qewp [ [ 95| @

Since A is a diagonal matrix, the matrix exponential coincides with the element wise exponential
making the final expression tractable to compute. We choose () = ab’ log b because this makes the

integral which dictates the variance of ¢;|o have a simple form fot B(s)ds = ab' — a.

For categorical problems, we found a uniform rate matrix works well, R; = 8117 — 5SId. This
is directly analogous to the discrete time uniform transition matrix: P = o117 + (1 — Sa)Id with
« depending on the time discretization used. Indeed, if one calculates the corresponding discrete
transition matrix for the uniform R; rate through the matrix exponential, the uniform transition matrix
is obtained. Another categorical corruption process is the absorbing state process. In discrete time,
the transition matrix is given by P = alel + (1 — a)Id where e, is the one-hot encoding of the
absorbing state. The corresponding absorbing state continuous time process has transition rate matrix:

= p1e” — pId. The correspondence for more complex transition matrices e.g. the Discretized
Gaussian matrix in [8] is much harder to find analytically especially if the time inhomogeneous case
is considered. For datasets with an ordinal structure, we construct a new rate matrix that maintains a
bias towards nearby states using a similar approach as that taken by [8] to construct the Discretized
Gaussian matrix.

We construct this matrix by first picking a desired stationary distribution, p, and then filling in
matrix entries such that we encourage transitions to nearby states whilst keeping py¢ as our stationary
distribution. Specifically, we let pr be a discretized Gaussian over the state space, i.e.

(z — po)®
208

To find a condition on the rate such that this is the case, recall the Kolmogorov differential equation

for the marginals

Pref(T) X eXp [

Orqe(z ZQt(ﬂc Ry (2, )

Now, consider a rate that is in detailed balance w1th Dref
pref('f)Rb(i'v :U) = pref(x)Rb (l‘a 'i‘)
Substituting this rate into the Kolmogorov equation, we see that p,.r is the stationary distribution

atpref(x Zpref Rb -75 -Z')
= Zpret Rb I I)
:pref(-T ZRb .%'7.%)

=0
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where the last line follows from the fact that the row sum of a rate matrix is zero. Note that any
R = B(t) Ry will also have this stationary distribution as the multiplication by 5(t) can be seen as
just a scaling of the time axis. From the detailed balance equation, we gain a condition on Ry such
that our desired pir is the stationary distribution

Ru#,0) _ perle) _ (@m0 _ (2= puo)?

Ry(z,Z)  pret(Z) P 203 203
This gives constraints on diagonal elements within R;, but does not fully define the entire matrix. To
do this, we first make the assumption that y is selected to be at the center of the state space. Then we
set off diagonal terms to the right of the diagonal in the top half of the rate matrix and off diagonal
terms to the left of the diagonal in the bottom half to be 1. Finally, progressing in from the top and
bottom of the rate matrix we make definitions of rate matrix values that have not already been defined
by the detailed balance condition. For clarity, we provide a pictorial representation of this scheme for
an 8 x 8 rate matrix below

r- 1 0 0 0 0 0O 0O
A 1 00040 A
AN -1 OO0 A A
NN AN - 1T A A A
NN AN A - A AA
AN A O 1 - A A
AN OODOD 1T - A
A OO 0O D0OD0O 1 -]

where [J represents a value we will define, A represents a value that is defined relative to another
entry through the detailed balance condition and - is a diagonal entry that is equal to the negative off
diagonal row sum. We could define [] values to be 0 to gain a sparse rate matrix, however, we found
in early experiments that allowing transitions to further away states greatly reduces the mixing time
and gives better performance. We define [J in each row similarly, by setting it equal to exp[—i?/c?]
where ¢ is the distance away from the ‘1’ value in that row and o, is a hyperparameter defining the
length scale in state space of a typical transition. This biases our forward process to make transitions
between nearby states, at a length scale of o,..

F CTMC Simulation

F.1 Exact CTMC and Tau-Leaping

In this section, we first describe exact CTMC simulation before giving an algorithmic description of
tau-leaping.

When a CTMC has a time-homogeneous rate matrix, we can use Gillespie’s Algorithm [21, 22, 23] to
exactly simulate it. This algorithm is based on the jump chain/holding time definition of the CTMC.
It repeats the following two steps:

* Draw a holding time from an exponential distribution with mean —1/R(x, ) and wait in
the current state x for that amount of time.

* Sample the next state from r(Z|z) = (1 — 5”;)%
This Algorithm can be adjusted for the case when we have a time-inhomogeneous rate matrix using
the modified next reaction method [33]. However, both algorithms still step through each transition in
the CTMC individually and are thus unsuitable in our case because only one dimension would change
for each simulation step making it very computationally expensive to produce a sample. Instead we
use tau-leaping that allows multiple dimensions to change in a single simulation step. We detail this
method in Algorithm 1.

F.2 Predictor-Corrector Discussion

In this section we compare predictor-corrector sampling schemes as applied to continuous state
spaces and discrete state spaces.
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Algorithm 1: Generative Reverse Process Simulation with Tau-Leaping

t+T
mtl:D ~ pref(m%“:D)
while ¢ > 0 do
Compute pg‘t(xgkc%:[’ ),d=1,...,D with one forward pass of the denoising network
ford=1,...,Ddo
fors=1,...,5\z¢ do

A : : o (slzg)
RO, 5)  Ri(s,a) Y 0 pl (af D) LoColet)

aejo(zflag)
Pys < Poisson (TR? dz}hP, s))
end

end
ford=1,...,Ddo

if data is categorical AND Zle Pys > 1 then

2 <« 28 // reject change
else
s
x?—r — xtd +Zs:1 Pds X (8 - .’L'f)
end
end
L« Clamp(z;Z, min = 1, max = 9)
t<t—17
end

The predictor-corrector scheme in continuous state spaces was introduced in [4]. It consists of
alternating between a predictor step and a corrector step:

Predictor @; < @1 + Viso(xip1,i+ 1) + iz, z~N(0,1)
Corrector  x; + x; + €;89(x;,1) +V2¢;2, 2z~ N(0,1)

where ; is the state at sampling step i, sy is the learned score model approximating V, log ¢:(x)
and v;, €; are the step sizes for the predictor and corrector respectively. We see that both take similar
forms, except the corrector adds in a factor /2 more Gaussian noise during the update step.

In discrete state spaces, rather than sampling using gradient guided stochastic steps as in the continu-
ous state space case, we sample by simulating CTMCs with defined rates. When we take a predictor
step, we simulate using Rf and when we take a corrector step we simulate using R§? = Rtg + Ry.
If we simulate the CTMC exactly, we have seen in the previous section that this amounts to sam-
pling next states from the categorical distribution defined by normalizing the row of the rate matrix
corresponding to the current state. Therefore, corrector sampling can be seen as sampling from a
slightly noisier categorical distribution defined through R$% as compared to the predictor categorical

distribution defined through Rf . This is analogous to the increased Gaussian noise applied during a
corrector step in continuous state spaces.

Adding corrector steps brings the marginal of the samples closer to ¢;(«) and continued application
of the corrector will further explore the domain of ¢;(x). In previous work on continuous state
predictor-corrector methods, the number of corrector steps has been small (e.g. 1 or 2 corrector steps
per predictor step) or indeed the corrector steps have been removed altogether. In this work we have
found that using up to 10 corrector steps per predictor steps can be beneficial during certain regions
of the reverse generative process. Additionally, in continuous state spaces, it has been observed that
too many corrector steps can result in unwanted noise in the generated data [34].

We hypothesize that corrector steps are better utilized in discrete state spaces to explore the domain of
g:() than in continuous state spaces. This is because, the corrector update is defined largely through
the reverse rate itself, Rf , just with the categorical probabilities being annealed slightly more towards
uniform through the addition of the forward rate 1?;. This may be a more effective update than simply
adding extra Gaussian noise in the continuous state space case. Furthermore, the denoising model in
continuous state spaces can be seen as outputting a point estimate of & of dimension D. However,
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Figure 7: Progression of x; for t = 0.4 by repeated application of corrector steps. In each pair of
rows, the top row is x; whilst the bottom row is the x( prediction made by pglt(mo |z;) (argmax of
the categorical probabilities in each dimension). Each column represents an additional 100 corrector
steps.

in discrete state spaces, the denoising model outputs a categorical distribution over every dimension
(output dimension D x S) allowing it to express some uncertainty information in the = prediction,
albeit with conditional independence between the dimensions. Adding corrector steps in discrete state
spaces would then allow information to mix between dimensions for the current time step, exploring
modes of g;(x).

We explore this idea on the image modelling task in Figure 7. We run the reverse generative process
until time ¢ = 0.4 at which point we hold the time constant and apply 1000 corrector steps. We see
that the resulting progression of x; states explores potential local modes of ¢;() in the local region
of image space.

G Implicit Dimensional Assumptions Made in Discrete Time

In discrete time, the parametric reverse kernel, pilk 41- is commonly defined through a denoising
model pglk 41 Here, we examine this definition in the multi-dimensional case where the forward

process factorizes, as in Appendix C.3 and previous discrete time work [8]. We begin by writing the
true full dimensional reverse kernel, g1, in terms of the true denoising distribution, gg|x4-1-

D
Goer1(@E P |2k D) = [ arpsr (@l 2ih)
d=1

1:d—1 1:
= H E qk,0|k+1 $k,$o|$ s Thi1)

d1wg

= H Z%|k+1($o|wk wk+1)Qk|0 Ky (2], $k+1)
d=1 zd

where on the final line we have used the fact that the forward process is independent across dimensions.
To create our approximate reverse kernel, pklk 41> We approximate Qojk+1(xd lzp ! ) PP with
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Pojir (i),
D

0 : : (4 :
pk\k-&-l(mt D\mllcﬂ) = H Zp0|k+1(x61|wi+’i)qk|o,k+1(rﬁIrrg, :ri+1)
d=1 gd

We throw away the extra w,lc’dfl conditioning because we use a non-autoregressive model that
takes in w}cfl and in a single forward pass gives conditionally independent probabilities over z{,
d=1,...,D. For finite K, this approximation can never match the true kernel because we are not
conditioning on all relevant information. Of course, as K gets larger, this approximation becomes
more accurate. Since we operate in the continuous regime, we do not have to make this approximation
because the conditionally independent denoising model, goj¢ (xd|xP), appears directly in our reverse

rate, étl:D , when we factorize the forward process (see Proposition 3).

H Experimental Details

In this section, we provide additional details for the experiments we performed ap-
plying our method to practical problems. The code for our models is available at
https://github.com/andrew-cr/taulDR. Before describing the specifics for each ex-
periment, we first explain the implementation details common to all.

When we evaluate the objective Lcr on each minibatch of training datapoints, we must sample a
time for each from ¢ ~ (0, 7") which represents the point in the forward process which we will
noise to. Training instabilities can be found if ¢ is sampled very close to 0 because the reverse rate,
Ry, becomes ill-conditioned in this region. This phenomenon is also observed in continuous state
space models because the score, V log g;(), becomes ill-conditioned close to ¢ = 0. The reverse
rate and score become ill conditioned close to the start of the forward process because the marginal
probability, ¢:(x), will be highly peaked around the data manifold and log ¢;(z) will explode in
regions that are not close to the data. To avoid these issues, a common trick is to set a minimum
time such that ¢ ~ U(e, T). € is set such that the level of noising at ¢ = € is very small and reverse
sampling to this point will produce samples very close to pga.. In our experiments, we set e = 0.017".

During reverse sampling, we use tau-leaping to simulate the reverse process from ¢ = T until ¢ = €
because the reverse rate is not trained for ¢ < e. This produces a sample close to pga,. We found
improved performance in metrics such as FID if we then complete a final step to remove the small
amount of noise that may still be present in the sample. Specifically, we pass the sample through
the denoising model pg| (@o|x¢) With ¢ = € to obtain an output of shape D x S where D is the
dimensionality of the problem. This is a probability distribution over the states for each of the
dimensions. We set the value of each dimension to the state with the highest probability. This then
produces a sample which has all of the noise removed.

The specific value of T' within our model is arbitrary because the forward process can be scaled in
the time axis to provide the same noising process for any 7". Therefore, we simply set 7' = 1.

H.1 Demonstrative Example

Our 2d dataset is created by sampling 1M 2d points from a 32 x 32 state space with probability
proportional to the pixel values of a 32 x 32 grayscale image of a 7 character.

For our forward process, we use a Gaussian rate (see Appendix E) with stationary distribution stan-
dard deviation og = 8 and rate length scale o, = 1. We use a rate schedule of 3(¢) = 5 x 5¢log(5).

To represent pg‘ . we use a residual MLP. The architecture consists of an input linear layer to lift

the input dimension of 2 to the internal network dimension of 16. Then, there are 2 residual blocks
each consisting of: a single hidden layer MLP of hidden dimension 32, a residual connection to the
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input of the MLP, a layer norm, and finally a FiLM layer [35] modulated by the time embedding.
At the output, there is a single linear layer with output size of 2 X 32 = 64 representing state
probabilities in each of the 2 dimensions. The time is embedded using the Transformer sinusoidal
position embedding [36] creating an embedding of size 32. Then, the embedding is further processed
by a single hidden layer MLP with hidden layer size 32 and output size 128. To create the FiLM
parameters in each residual block, the time embedding is passed through a linear layer with output of
size 32 to provide a multiplicative and additive modulation to the state dimension of 16. We minimize
the Lcr objective using Adam with a learning rate of 0.0001 and batch size of 32 for 1M steps.

For the exact simulation we use the next reaction method with modifications for time dependent tran-
sition rates [33]. This method steps through each transition in the exact simulation path individually
by calculating the time to the next occurrence of each transition type and applying the transition that
occurs soonest. Exact algorithmic details can be found in [33]. To calculate the time to the next
occurrence for a transition, we need to integrate the reverse rate matrix (eq (13) in [33]). We do this
with euler integration with a step size of 0.001.

H.2 Image Modeling

We train on the CIFARIO training dataset that contains 50000 images of dimension 3 x 32 x 32.
We evaluate the test ELBO on the CIFAR10 test dataset which consists of 10000 images. For the
forward noising process, we use the the Gaussian rate (see Appendix E) with stationary distribution
standard deviation of oy = 512 and rate length scale o, = 6. This effectively defines a uniform
stationary distribution since the state space is of size 256. We found this performs better than a more
concentrated Gaussian. Our 3 schedule is 3(¢) = 3 x 100! log 100. This was selected in accordance
with o such that the overall shape of progression of the g;|o variances approximately matches that of
the schedule proposed in [3].

Our pgl . model is parameterized with the standard U-net [37] architecture introduced in [3]. The

network follows the Pixel CNN++ backbone [38] with group normalization layers. There are four
feature map resolutions (32 x 32 to 4 x 4) in the downsampling/upsampling stacks. At each
resolution there are two convolutional residual blocks. There is a self-attention block between the
residual blocks at the 16 x 16 resolution level [39]. The time is input into the network by first
embedding with the Transformer sinusoidal position embedding [36]. This time embedding is passed
into each residual block by passing it through a SiLU activation [40] and then a linear layer before
adding it onto the hidden state within the residual block between the two convolution operations.

The original architecture of [3] has an output of dimension 3 x 32 x 32 as it makes a point prediction
of z( given x;. In order for the model to output probabilities over x( (i.e. an output dimension of
3 x 32 x 32 x 256) we make the adjustments suggested in [8]. Specifically, we use their truncated
logistic distribution parameterization where the model outputs the mean and log scale of a logistic
distribution i.e. an output dimension of 3 x 32 x 32 x 2. The probability for a state is then the
integral of this continuous distribution between this state and the next when mapped onto the real
line. To impart a residual inductive bias on the output, the mean of the logistic distribution is taken to
be tanh(z; 4+ p') where x; is the normalized input into the model and ' is mean outputted from the
network. The normalization operation takes the input in the range 0, . . ., 255 and maps it to [—1, 1].
In total, our network has approximately 35.7 million parameters.

We optimize with the auxiliary objective described in Appendix D with A\ = 0.001. Within the
auxiliary objective, we use the one-forward pass version of the continuous time ELBO, L.ct. We
optimize with Adam for 2M steps with a learning rate of 0.0002 and batch size of 128. We use the
standard set of training tricks to improve optimization [3, 4]. Throughout training we maintain an
exponential moving average of the parameters with decay factor 0.9999. These average parameters
are used during testing. At the start of optimization we use a linear learning rate warm-up for the first
5000 steps. We clip the gradient norm at a norm value of 1.0. We set the dropout rate for the network
at 0.1. The skip connections for each residual block are rescaled by a factor of % The input images

have random horizontal flips applied to them during training.
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For sampling in Table 1 we set 7 = 0.001 for TLDR-0 and set 7 = 0.002 for TLDR-10. The
10 corrector steps per predictor steps for TLDR-10 are introduced after ¢ < 0.17. We found that
introducing the corrector steps near the end of the reverse sampling process had the best improvement
in sample quality for the smallest increase in computational cost. When performing tau-leaping
with the corrector rate, Rf, we have control over what 7 we use since we are sampling a different
CTMC (with g as its stationary distribution) to the original reverse CTMC. We found that setting the
corrector rate 7 to be 1.5 times the original 7 for the reverse CTMC achieves the best performance in
this example.

We train using 4 V100 GPUs on an academic research cluster. To calculate Inception and FID values,
we use pytorch-fid [41] and a further development '. We verified this library produced comparable
values to previous work by calculating the Inception and FID scores for the published images from
the DDPM [3] method.

We show a large array of unconditional samples from the TLDR-10 model in Figure 8. We now also
present statistics from the reverse sampling process with standard tau-leaping with 7 = 0.001. Figure
9 shows the proportion of dimensions that transition during a single step of tau-leaping. We see that
during the initial stages, every dimensions changes during every tau-leaping step, but nearer the end
of the process, more dimensions will have settled in their final positions and the proportion is less. In
Figure 10 we show the proportion of dimensions that are clipped due to proposing an out of bounds
jump. Overall, the proportion is small. It is largest at the start of the process when we have initially
sampled from the approximately uniform p.¢ and there will be dimensions close to the boundary.
As pixel values settle to their final values, the proportion reduces. Figure 11 shows the progression
of a selection of dimensions during the reverse sampling process. A similar picture emerges where
dimensions eventually settle in a region of the state space. We also note that larger jumps are made in
a single tau-leaping step nearer the start of the reverse process and smaller jumps are made nearer the
end.

H.3 Monophonic Music

We generate our training dataset from the Lakh pianoroll dataset [29, 30] (license CC By 4.0). This
dataset consists of 174,154 multitrack pianorolls. We go through all songs and all tracks within each
song and select sequences that match the following criteria: they are monophonic (only one note
played at a time), there is not a period longer than one bar in which no note is played, there is more
than one type of note played in the sequence and finally there is no one note played for more than
50 time steps out of the total 256 time steps. This removes the uninteresting and trivial sequences
present within the dataset. We then remove any duplicates in the result. This leaves us with 6000
training examples and 950 testing examples. Each song consists of 256 time steps (16 per bar) and
each time step takes one from 129 values i.e. we have D = 256 and S = 129. This state value
represents either a note from 128 options or a rest. We scramble the ordering of this state space when
mapping to the integers from O to 128. When we input into the denoising network, we input as
one-hot 129 dimensional vectors.

For the forward noising process, we use a uniform rate matrix, R, = 1 17 — SId and set 8 (t) = 0.03.
We found a constant in time 3(t) was sufficient for this dataset. In our comparison, we used a
birth/death rate matrix defined as

A A 0 0 ... 0 0
A 24 A 0 ... 0 0
0 A -2\ A ... 0 0
0 0 0 0 .. A —A

this is the rate matrix for a birth/death process. We set A = 1 and 3(t) = % x 10000* log 10000.
These hyperparameters were selected such that the forward process has a steady rate of noising
whilst still having g7 very close to ps. We chose to compare these types of rate matrix because

the birth/death rate is inappropriate for this categorical data as adjacent states have no meaning

"https:/github.com/w86763777/pytorch-gan-metrics
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Figure 8: Unconditional CIFAR10 samples from our 7TLDR-10 model.
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Figure 9: Proportion of dimensions that transition during a single step of tau-leaping during the

reverse sampling process.
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Figure 10: Proportion of dimensions that are clipped during a tau-leaping step due to proposing an
out of bounds jump during the reverse sampling process.
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Figure 11: The progression of a selection of dimensions during the reverse sampling process.

since the mapping to the integers was arbitrary. The uniform rate is suitable for this categorical data
because, during a time interval, it has a uniform probability to transition to any other state. The
D3PM baseline was implemented also with a time homogeneous uniform forward kernel set such
that the rate of noising is matched in the discrete and continuous time cases.

We define our conditional denoising network, pg . (@o|x, y) using a transformer architecture inspired
by [31]. It takes an input of shape (B, D, S) where B is the batch size, D is the dimensionality (256)
and S is the state size (129). This final dimension contains the one-hot vectors. The conditioning on
the initial bars is achieved by concatenating the conditioning information y with the noisy input z. At
the start of the network, there is an input embedding linear layer with output of size 128 which is our
model dimension for the transformer. Then a transformer positional embedding is added to the hidden
state. Next a stack of 6 transformer encoder layers are applied which consist of a self attention block
and a one hidden layer MLP. The self attention block uses 8 heads and the MLP has a hidden layer
size of 2048. At the output of each internal block, we apply dropout with rate 0.1. Finally, there is a
stack of 2 residual MLP layers. Each consists of a one hidden layer MLP with a hidden dimension
of 2048. There is a residual connection between the input and output of the MLP. A layer norm is
applied to the output of the block. To create the output of the network, there is an output linear layer
with an output shape of (B, D, S) where now the S dimension has logit probabilities. To instill a
residual bias into the network, we add the one-hot input to the output logits. All activations are ReLU.
The time is input into the network through FiLM layers [35]. First, the time is embedded using the
sinusoidal transformer position embedding as in the U-net architecture used for image modeling to
create an embedding size of 128. This is then passed into a single hidden layer MLP with hidden size

41



0.0008

0.0006

0.0004

rejection rate

0.0002

0.0000

1 0.90.80.70.60.50.40.30.20.1 0
time

Figure 12: Proportion of jumps rejected during reverse sampling. The rejection rate is calculated
as the proportion of dimensions in a tau leaping step that have their jump rejected. The results are
averaged over a batch of 16.

2048 and output size 512. Within each encoder and residual MLP block, there is a FILM linear layer
which takes in the 512 time embedding and outputs two FiLM parameters each of size 128. These are
the scale and offset applied to the hidden state. In the encoder blocks, this FILM transform is applied
after the self attention block and again after the fully connected block. In the residual MLP blocks, it
is applied after the layer norm operation. Our network has approximately 7 million parameters in total.

We optimize using Adam for 1M steps with a batch size of 64 and learning rate of 0.0002. We use
the conditional Lct objective with additional direct pglt supervision as described in Appendix D with

weight A = 0.001. We also make the same one forward pass approximation as explained in Appendix
C.4. We use the standard set of training tricks to improve optimization [3, 4]. Throughout training we
maintain an exponential moving average of the parameters with decay factor 0.9999. These average
parameters are used during testing. At the start of optimization we use a linear learning rate warm-up
for the first 5000 steps. We clip the gradient norm at a norm value of 1.0. We train on a single V100
GPU on an academic cluster.

For sampling with 7TLDR-0 we use 7 = 0.001 and for sampling with TLDR-2 we include 2 corrector
steps per predictor step after t < 0.97". The corrector rate is simulated with 7 = 0.0001 which we
found to perform best. We reject any dimension in which 2 or more jumps are proposed as this
is categorical data. We plot the rejection rate in Figure 12. Most of the time, the rejection rate
is zero and there are few steps for which it increases slightly. We show a large batch of samples
from the first 10 songs in the test dataset in Figure 13. We see that there is variation between the
sampled completions and they consistently follow the style of the conditioning first two bars of the
song. Audio samples from the model are available at https://github. com/andrew-cr/taulDR.
Finally, we examine the progression of a random selection of dimensions during reverse sampling for
the uniform and birth/death rate matrix cases. Figure 14 shows the progression for the uniform case,
we see that large jumps through the state space are made throughout the reverse process. Figure 15
shows the progression for the birth/death case. At the start of reverse sampling, no dimensions move
as the rejection rate is high in this case because the rate matrix is not suitable for categorical data.
Nearer the end, small jumps are made between adjacent states but since large jumps between any
category do not occur for this rate matrix, the performance will overall be worse.

I Ethical Considerations

Our work increases our theoretical understanding of denoising generative models and also improves
generation capabilities within some discrete datasets. Deep generative models are generic methods
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dataset.
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Figure 14: The progression of a selection of dimensions during the reverse sampling process for the
uniform rate matrix.
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Figure 15: The progression of a selection of dimensions during the reverse sampling process for the
birth/death rate matrix.

for learning from unstructured data and can have negative social impacts when misused. For example,
they can be used to spread misinformation by reducing the resources required to create realistic fake
content. Furthermore, generative models will produce samples that accurately reflect the statistics
of their training dataset. Therefore, if samples from these models are interpreted as an objective
truth without fully considering the biases present in the original data, then they can perpetuate
discrimination against minority groups.

In this work, we train on datasets that contain less sensitive data such as pictures of objects and music
samples. The methods we presented, however, could be used to model images of people or text from
the internet which will contain biases and potentially harmful content that the model will then learn
from and reproduce. Great care must be taken when training these models on real world datasets and
when deploying them so as to mitigate and prevent the harms that they can cause.
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Abstract

Score-based generative models are a popular class of generative modelling techniques rely-
ing on stochastic differential equations (SDEs). From their inception, it was realized that it
was also possible to perform generation using ordinary differential equations (ODEs) rather
than SDEs. This led to the introduction of the probability flow ODE approach and denois-
ing diffusion implicit models. Flow matching methods have recently further extended these
ODE-based approaches and approximate a flow between two arbitrary probability distribu-
tions. Previous work derived bounds on the approximation error of diffusion models under
the stochastic sampling regime, given assumptions on the L? loss. We present error bounds
for the flow matching procedure using fully deterministic sampling, assuming an L? bound
on the approximation error and a certain regularity condition on the data distributions.

1 Introduction

Much recent progress in generative modelling has focused on learning a map from an easy-to-sample reference
distribution my to a target distribution m;. Recent works have demonstrated how to learn such a map by
defining a stochastic process transforming 7 into m; and learning to approximate its marginal vector flow, a
procedure known as flow matching (Lipman et al., 2023; Liu et al., 2023; Albergo & Vanden-Eijnden, 2023;
Albergo et al., 2023; Heitz et al., 2023). Score-based generative models (Song et al., 2021b; Song & Ermon,
2019; Ho et al., 2020) can be viewed as a particular instance of flow matching where the interpolating paths
are defined via Gaussian transition densities. However, the more general flow matching setting allows one
to consider a broader class of interpolating paths, and leads to deterministic sampling schemes which are
typically faster and require fewer steps (Song et al., 2021a; Zhang & Chen, 2023).

Given the striking empirical successes of these models at generating high-quality audio and visual data
(Dhariwal & Nichol, 2021; Popov et al., 2021; Ramesh et al., 2022; Saharia et al., 2022), there has been
significant interest in understanding their theoretical properties. Several works have sought convergence
guarantees for score-based generative models with stochastic sampling (Block et al., 2022; De Bortoli, 2022;
Lee et al., 2022), with recent work demonstrating that the approximation error of these methods decays
polynomially in the relevant problem parameters under mild assumptions (Chen et al., 2023c; Lee et al.,
2023; Chen et al., 2023a). Other works have explored bounds in the more general flow matching setting
(Albergo & Vanden-Eijnden, 2023; Albergo et al., 2023). However these works either still require some
stochasticity in the sampling procedure or do not hold for data distributions without full support.
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In this work we present the first bounds on the error of the flow matching procedure that apply with fully
deterministic sampling for data distributions without full support. Our results come in two parts: first, we
control the error of the flow matching approximation under the 2-Wasserstein metric in terms of the L2
training error and the Lipschitz constant of the approximate velocity field; second, we show that, under
a smoothness assumption explained in Section 3.2, the true velocity field is Lipschitz and we bound the
associated Lipschitz constant. Combining the two results, we obtain a bound on the approximation error of
flow matching which depends polynomially on the L? training error.

1.1 Related work

Flow methods: Probability flow ODEs were originally introduced by Song et al. (2021b) in the context
of score-based generative modelling. They can be viewed as an instance of the normalizing flow framework
(Rezende & Mohamed, 2015; Chen et al., 2018), but where the additional Gaussian diffusion structure allows
for much faster training and sampling schemes, for example using denoising score matching (Vincent, 2011),
compared to previous methods (Grathwohl et al., 2019; Rozen et al., 2021; Ben-Hamu et al., 2022).

Diffusion models are typically expensive to sample and several works have introduced simplified sampling
or training procedures. Song et al. (2021a) propose Denoising Diffusion Implicit Models (DDIM), a method
using non-Markovian noising processes which allows for faster deterministic sampling. Alternatively, (Lipman
et al., 2023; Liu et al., 2023; Albergo & Vanden-Eijnden, 2023) propose flow matching as a technique for
simplifying the training procedure and allowing for deterministic sampling, while also incorporating a much
wider class of possible noising processes. Albergo et al. (2023) provide an in depth study of flow matching
methods, including a discussion of the relative benefits of different interpolating paths and stochastic versus
deterministic sampling methods.

Error bounds: Bounds on the approximation error of diffusion models with stochastic sampling procedures
have been extensively studied. Initial results typically relied either on restrictive assumptions on the data
distribution (Lee et al., 2022; Yang & Wibisono, 2022) or produced non-quantitative or exponential bounds
(Pidstrigach, 2022; Liu et al., 2022; De Bortoli et al., 2021; De Bortoli, 2022; Block et al., 2022). Recently,
several works have derived polynomial convergence rates for diffusion models with stochastic sampling (Chen
et al., 2023c; Lee et al., 2023; Chen et al., 2023a; Li et al., 2023; Benton et al., 2023; Conforti et al., 2023).

By comparison, the deterministic sampling regime is less well explored. On the one hand, Albergo & Vanden-
Eijnden (2023) give a bound on the 2-Wasserstein distance between the endpoints of two flow ODEs which
depends on the Lipschitz constants of the flows. However, their Lipschitz constant is uniform in time, whereas
for most practical data distributions we expect the Lipschitz constant to explode as one approaches the data
distribution; for example, this will happen for data supported on a submanifold. Additionally, Chen et al.
(2023d) derive a polynomial bound on the error of the discretised exact reverse probability flow ODE, though
their work does not treat learned approximations to the flow. Li et al. (2023) also provide bounds for fully
deterministic probability flow sampling, but also require control of the difference between the derivatives of
the true and approximate scores.

On the other hand, most other works studying error bounds for flow methods require at least some stochas-
ticity in the sampling scheme. Albergo et al. (2023) provide bounds on the Kullback—Leibler (KL) error
of flow matching, but introduce a small amount of random noise into their sampling procedure in order to
smooth the reverse process. Chen et al. (2023b) derive polynomial error bounds for probability flow ODE
with a learned approximation to the score function. However, they must interleave predictor steps of the
reverse ODE with corrector steps to smooth the reverse process, meaning that their sampling procedure is
also non-deterministic.

In contrast, we provide bounds on the approximation error of a fully deterministic flow matching sampling
scheme, and show how those bounds behave for typical data distributions (for example, those supported on
a manifold).
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2 Background on flow matching methods

We give a brief overview of flow matching, as introduced by Lipman et al. (2023); Liu et al. (2023); Albergo &
Vanden-Eijnden (2023); Heitz et al. (2023). Given two probability distributions 7o, 71 on R¢, flow matching
is a method for learning a deterministic coupling between 7y and ;. It works by finding a time-dependent
vector field v : RY x [0,1] — R such that if Z* = (Z7),e[0,1] is a solution to the ODE

dzr

Tg = U(thvt)a Z())( =X (1>
for each x € R? and if we define Z = (Zt)teo,1) by taking x ~ my and setting Z; = Z* for all ¢ € [0, 1], then
Z1 ~ 1. When Z solves (1) for a given function v, we say that Z is a flow with velocity field v. If we have
such a velocity field, then (Zy, Z1) is a coupling of (mg, 71). If we can sample efficiently from 7 then we can
generate approximate samples from the coupling by sampling Zy ~ mg and numerically integrating (1). This
setup can be seen as an instance of the continuous normalizing flow framework (Chen et al., 2018).

In order to find such a vector field v, flow matching starts by specifying a path I(xg,x1,t) between every
two points xo and x; in R?. We do this via an interpolant function I : R? x R? x [0, 1] — R, which satisfies
I(x0,%1,0) = x¢ and I(xg,X1,1) = x31. In this work, we will restrict ourselves to the case of spatially linear
interpolants, where I(xg,x1,t) = a:Xg + frx1 for functions «, 8 : [0,1] — R such that ap = 1 = 1 and
a1 = By = 0, but more general choices of interpolating paths are possible.

We then define the stochastic interpolant between my and 7 to be the stochastic process X = (Xi)ieo,1
formed by sampling X, ~ 7, X1 ~ 71 and Z ~ N(0, I;) independently and setting X; = I(Xo, X1,t) +7:Z
for each t € (0,1) where v : [0,1] — [0,00) is a function such that 79 = 71 = 0 and which determines
the amount of Gaussian smoothing applied at time ¢. The motivation for including 7;Z is to smooth the
interpolant marginals, as was originally explained by Albergo et al. (2023). Liu et al. (2023) and Albergo &
Vanden-Eijnden (2023) omit v;, leading to deterministic paths between a given Xy and X;, while Albergo
et al. (2023) and Lipman et al. (2023) work in the more general case.

The process X is constructed so that its marginals deform smoothly from 7y to ;. However, X is not a
suitable choice of flow between 7y and m; since it is not causal — it requires knowledge of X; to construct
X¢. So, we seek a causal flow with the same marginals. The key insight is to define the expected velocity of
X by

v¥(x,t) =E [X; | X; =x], for all x € supp(X;), (2)

where X, is the time derivative of X;, and setting v (x,t) = 0 for x & supp(X;) for each t € [0,1]. Then,
the following result shows that v (x,t) generates a deterministic flow Z between my and m; with the same
marginals as X (Liu et al., 2023).

Proposition 1. Suppose that X is path-wise continuously differentiable, the expected velocity field v (x,t)
exists and is locally bounded, and there exists a unique solution Z* to (1) with velocity field vX for each
x € R, If Z is the flow with velocity field v (x,t) starting in mo, then Law(X;) = Law(Z;) for all t € [0,1].

Sufficient conditions for X to be path-wise continuously differentiable and for v (x, t) to exist and be locally
bounded are that «, (8, and v are continuously differentiable and that m,7; have bounded support. We
will assume that these conditions hold from now on. We also assume that all our data distributions are
absolutely continuous with respect to the Lebesgue measure.

We can learn an approximation to v by minimising the objective function

L(v) = /011E [wt (X, t) — UX(Xt,t)HQ} dt,

over all v € V where V is some class of functions, for some weighting function w; : [0, 1] — (0, 00). (Typically,
we will take wy = 1 for all £.) As written, this objective is intractable, but we can show that

1
L(v) = / E [wt ||’U(Xt,t) — XtH2i| dt + constant, (3)
0
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where the constant is independent of v (Lipman et al., 2023). This last integral can be empirically estimated
in an unbiased fashion given access to samples Xg ~ 7y, X7 ~ m; and the functions oy, B, 7+ and w;. In
practice, we often take V to be a class of functions parameterised by a neural network vg(x,t) and minimise
L(vg) over the parameters 6 using (3) and stochastic gradient descent. Our hope is that if our approximation
vy is sufficiently close to v, and Y is the flow with velocity field vy, then if we take Yy ~ m the distribution
of Y7 is approximately 7.

Most frequently, flow matching is used as a generative modelling procedure. In order to model a distribution
7 from which we have access to samples, we set m; = m and take my to be some reference distribution from
which it is easy to sample, such as a standard Gaussian. Then, we use the flow matching procedure to learn an
approximate flow vy (x, t) between 7y and 7. We generate approximate samples from 7, by sampling Zy ~ mg
and integrating the flow equation (1) to find Z;, which should be approximately distributed according to 7.

3 Main results

We now present the main results of the paper. First, we show under three assumptions listed below that
we can control the approximation error of the flow matching procedure under the 2-Wasserstein distance
in terms of the quality of our approximation vg. We obtain bounds that depend crucially on the spatial
Lipschitz constant of the approximate flow. Second, we show how to control this Lipschitz constant for the
true flow v¥ under a smoothness assumption on the data distributions, which is explained in Section 3.2.
Combined with the first result, this will imply that for sufficiently regular g, m; there is a choice of V which
contains the true flow such that, if we optimise L(v) over all v € V, then we can bound the error of the flow
matching procedure. Additionally, our bound will be polynomial in the L? approximation error. The results
of this section will be proved under the following three assumptions.

Assumption 1 (Bound on L? approximation error). The true and approzimate drifts v (x,t) and vy(x,t)
satisfy [y E [lvg(Xs, t) — v (X, £)[|2] dt < 2.

Assumption 2 (Existence and uniqueness of smooth flows). For each x € R? and s € [0,1] there eist
unique flows (Y)ie(s,1) and (Z3,)eefs,1) starting in Y, = x and ZF; = x with velocity fields ve(x,t) and
vX(x,t) respectively. Moreover, Y and Z7F, are continuously differentiable in x, s and t.

Assumption 3 (Regularity of approximate velocity field). The approzimate flow vo(x,t) is differentiable

in both inputs. Also, for each t € (0,1) there is a constant Ly such that ve(x,t) is L,-Lipschitz in x.

Assumption 1 is the natural assumption on the training error given we are learning with the L? training
loss in (3). Assumption 2 is required since to perform flow matching we need to be able to solve the ODE
(1). Without a smoothness assumption on vg(x,t), it would be possible for the marginals Y; of the solution
to (1) initialised in Yy ~ 7y to quickly concentrate on subsets of R? of arbitrarily small measure under the
distribution of X;. Then, there would be choices of vy (x,t) which were very different from vX (x,¢) on these
sets of small measure while being equal to v (x,t) everywhere else. For these vg(x,t) the L? approximation
error can be kept arbitrarily small while the error of the flow matching procedure is made large. We therefore
require some smoothness assumption on vy (x,t) — we choose to make Assumption 3 since we can show that
it holds for the true velocity field, as we do in Section 3.2.

3.1 Controlling the Wasserstein difference between flows

Our first main result is the following, which bounds the error of the flow matching procedure in 2-Wasserstein
distance in terms of the L? approximation error and the Lipschitz constant of the approximate flow.

Theorem 1. Suppose that mo, w1 are probability distributions on R?, that Y is the flow starting in my with
velocity field vg, and @y is the law of Y1. Then, under Assumptions 1-3, we have

1
Wa(#1,71) < € exp {/ L, dt}.
0

We see that the error depends linearly on the L? approximation error £ and exponentially on the integral
of the Lipschitz constant of the approximate flow L;. Ostensibly, the exponential dependence on fol L, dt
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is undesirable, since vy may have a large spatial Lipschitz constant. However, we will show in Section 3.2
that the true velocity field is L;-Lipschitz for a choice of L} such that fol L} dt depends logarithmically on
the amount of Gaussian smoothing. Thus, we may optimise (3) over a class of functions V which are all
L;-Lipschitz, knowing that this class contains the true velocity field, and that if vy lies in this class we get
a bound on the approximation error which is polynomial in the L? approximation error, providing we make
a suitable choice of oy, B; and ~;.

We remark that our Theorem 1 is similar in content to Proposition 3 in Albergo & Vanden-Eijnden (2023).
The crucial difference is that we work with a time-varying Lipschitz constant, which is required in practice
since in many cases L; explodes as t — 0 or 1, as happens for example if 7y or m; do not have full support.

A key ingredient in the proof of Theorem 1 will be the Alekseev—Grébner formula, which provides a way to
control the difference between the solutions to two different ODEs in terms of the difference between their
drifts (Grobner, 1960; Alekseev, 1961).

Proposition 2 (Alekseev-Grobner). Let u(x,t) : R x [0,7] — R? be a function which is continuous in
t and continuously differentiable in x. Let X : R? x [0,T]?> — R? be a continuous solution of the integral
equation

t
X;‘,t =x +/ w(r, X;fr) dr,

and let Y : [0, T] — R? be another continuously differentiable process. Then

T
dy,
XY vy, :/ VX (u rY,) — ’”)dr.
0,T T o ( ,T) ( ) dt

We now give the proof of Theorem 1.

Proof of Theorem 1. Define YX, and Z¥, as in Assumption 2. As VX, € C(R% x [0,1]?), Z&, € C*(R%x [0,1])
and vg(x,t) € COL(R? x [0,1]) for any x € R?, the Alekseev—Grébner formula implies that

Yoy — 2o = /Ot (nys%) (Uo(ZS7 5) — vX(Z,, 5)) ds. (4)
We can write Y, = x + f: ve (Y, ) dr, and so
Vi Y& =1+ /t Vg (Yo, r) Vi Y, dr.
It follows that

-,t||op7

0 1oy 0o
2 VY2, < || 5 V¥

oy = Vv (V2 VY|, < Lo || VY

where || - ||op denotes the operator norm with respect to the ¢2 metric on RY. Therefore, by Grénwall’s lemma

we have HVXYS”‘tHOp <exp { f; L, dr} < K, where K := exp { fol Ly dt}. Applied to (4) at t =1, we get

1 1
||Y1x_Zi‘||2§/ |V p||UX(Zs,3)—vg(ZS,s)HQdSSK/ [vX(Zs, 5) — vo(Zs, 5)]|, ds.
0 0. 0

Letting x ~ my and taking expectations, we deduce

(/01 0% (Z,t) Ue(zt,t)Hth> T

1
<K [ B [t = 0¥ 060,
0

E[|V: - Z1|3] < K°E

Since Wo(#1,m) = Wa(Law(Y1),Law(Z;)) < E [||Y; — Z1||§]1/27 the result follows from our assumption on
the L? error and the definition of K. O
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The application of the Alekseev—Grobner formula in (4) is not symmetric in Y and Z. Applying the formula
with the roles of Y and Z reversed would mean we require a bound on ||V t|| , which we could bound
in terms of the Lipschitz constant of the true velocity field, leading to a more natural condition. However,
we would then also be required to control the velocity approximation error |Jvg(Y;,t) — vX(Y;,t)||2 along the
paths of Y, which we have much less control over due to the nature of the training objective.

3.2 Smoothness of the velocity fields

As remarked in Section 3.1, the bound in Theorem 1 is exponentially dependent on the Lipschitz constant
of vg. In this section, we control the corresponding Lipschitz constant of vX. We prefer this to controlling
the Lipschitz constant of vy directly since this is determined by our choice of V), the class of functions over
which we optimise (3).

In this section, we will relax the constraints from Section 2 that 79 =1 = 0 and ag = 51 = 1. We do this
because allowing v; > 0 for all ¢ € [0, 1] means that we have some Gaussian smoothing at every ¢, which will
help ensure the resulting velocity fields are sufficiently regular. This will mean that instead of learning a flow
between 7y and 7; we will actually be learning a flow between 7y and 71, the distributions of ag Xy + v 2
and 1 X7 + 11 Z respectively. However, if we centre Xy and X; so that E [Xo] = E [X;] = 0 and let R be
such that || Xol|2, || X1]l2 < R, then Wa (7o, m0)? < (1 — a)?R? + dr3 and similarly for 71,71, so it follows
that by taking g,y sufficiently close to 0 and «ag, 81 sufficiently close to 1 we can make 7o, 71 very close in
2-Wasserstein distance to mg, m respectively. Note that if 7wy is easy to sample from then 7y is also easy to
sample from (we may simulate samples from 7y by drawing Xo ~ 7, Z ~ N(0, I4) independently, setting
Xo = ap Xy + 74 and noting that XO ~ 7p), so we can run the flow matching procedure starting from 7.

For arbitrary choices of my and 71 the expected velocity field vX (x,t) can be very badly behaved, and so we
will require an additional regularity assumption on the process X. This notion of regularity is somewhat non-
standard, but is the natural one emerging from our proofs and bears some similarity to quantities controlled
in stochastic localization (see discussion below).

Definition 1. For a real number A > 1, we say an R%-valued random variable W is A-regular if, whenever
we take T € (0,00) and & ~ N(0,721,) independently of W and set W' =W + &, for all x € R? we have

HCOV§|W/=X(€)H < A2

op —

We say that a distribution on R® is A\-reqular if the associated random variable is \-reqular.

Assumption 4 (Regularity of data distributions). For some A > 1, ay Xo+: X1 is A-regular for allt € [0, 1].

To understand what it means for a random variable W to be A-regular, note that before conditioning on W’
we have || Cov(€)lop = 2. We can think of conditioning on W’ = x as re-weighting the distribution of§
proportionally to py (x— f) where py (+) is the density function of W. So, W is A-regular if this re-weighting
causes the covariance of £ to increase by at most a factor of A for any choice of 7.

Informally, if 7 is much smaller than the scale over which log py (-) varies then this re-weighting should have
negligible effect, while for large 7 we can write ||Covejywr—x(§)[lop = |Coviy|w—x(W)]|lop and we expect this
to be less than 72 once 7 is much greater than the typical magnitude of W. Thus A = 1 should suffice for
sufficiently small or large 7 and the condition that W is A-regular controls how much conditioning on W’
can change the behavior of ¢ as we transition between these two extremes.

If W is log-concave or alternatively Gaussian on a linear subspace of R?, then we show in Appendix A.1 that
W is A-regular with A = 1. Additionally, we also show that a mixture of Gaussians 7 = Zfil N (x4, 0%1y),
where the weights p; satisfy Zfil uwi =1, 0 >0, and [|x;|| < R for i« = 1,..., K, is Aregular with
A = 1+ (R%/0?). This shows that A-regularity can hold even for highly multimodal distributions. More
generally, we show in Appendix A.2 that we always have ||Covejy—x(€)op|| < O(d7?) with high probability.
Then, we can interpret Definition 1 as insisting that this inequality always holds, where the dependence on
d is incorporated into the parameter A. (We see that in the worst case A\ may scale linearly with d, but we
expect in practice that A will be approximately constant in many cases of interest.)
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Controlling covariances of random variables given noisy observations of those variables is also a problem which
arises in stochastic localization (Eldan, 2013; 2020), and similar bounds to the ones we use here have been
established in this context. For example, Alaoui & Montanari (2022) show that E [CovﬂW/:x(W’ )] <72,
in our notation. However, the bounds from stochastic localization only hold in expectation over x distributed
according to the law of W', whereas we require bounds that hold pointwise, or at least for x distributed
according to the law of Y, which is much harder to control.

We now aim to bound the Lipschitz constant of the true velocity field under Assumption 4. The first step is
to show that v¥X is differentiable and to get an explicit formula for its derivative. In the following sections,
we abbreviate the expectation and covariance conditioned on X; = x to Ex[ - | and Covx(+) respectively.

Lemma 1. If X is the stochastic interpolant between wo and 71, then v (x,t) is differentiable with respect

to x and .
Mt

Vv X X, t) = —
( ) Vi

1 .
I;— —Cove(Xt, Z).
Tt

The proof of Lemma 1 is given in Appendix B.1. Using Lemma 1, we can derive the following theorem,
which provides a bound on the time integral of the Lipschitz constant of vy.

Theorem 2. If X is the stochastic interpolant between two distributions my and m on RY with bounded
support, then under Assumption 4 for eacht € (0,1) there is a constant L} such that v (x,t) is L} -Lipschitz

mn x and L . . L
/L;“dt<)\</ mdt)+/\1/2R(/ de/ Wdt),
0 o M o M o M

where supp T, supp w1 C B(0, R), the closed ball of radius R around the origin.

Proof. Using Lemma 1 plus the fact that X =, Xo + BtXl + 4 Z, we can write
Vo X (x,8) = 1 (Id — Covx(Z, Z)) = Y v (Xo, Z) — P Cova(X1, 2).
Vt Vt Tt

Since we can express X; = (a:Xo + 5t X1) + 1+ Z where oy Xy + 5t X1 is A-regular by Assumption 4 and
vZ ~ N(0,7214), we have ||Covx (7 Z)]lop < My7. It follows that

op —

114 — Cov(Z, Z)|,. < max (1, |Cov(Z, Z)Hop) <A
Also, using Cauchy—Schwarz we have

1Covx(Xo, Z)|l4p < [[Cova(Xo)lIE? |Covx (Z)[|1F < AV/2R,

op —
and a similar result holds for X; in place of Xj.

Putting this together, we get

X [l || |6:]
[0 .0, < 2% s = Covx(Z, 2) | + 22 [ Cov(Xor Z) g + 21 [Cor( X1, 2
< AMJMWR <|at|+|ﬂt|>. (5)
Ve Ve Ve

Finally, since vX(x,t) is differentiable with uniformly bounded derivative, it follows that v*(x,t) is Lj-
Lipschitz with L} = supycga HVXUX(x,t)Hop. Integrating (5) from ¢ = 0 to ¢t = 1, the result follows. O

We now provide some intuition for the bound in Theorem 2. The key term on the RHS is the first one,
which we typically expect to be on the order of 10g(Ymax/Vmin) Where Ymax and Ymin are the maximum and
minimum values taken by +; on the interval [0, 1] respectively. This is suggested by the following lemma.
Lemma 2. Suppose that v9 = ¥1 = Ymin and 7y increases smoothly from ymin at t = 0 to ~Ymax before
decreasing back to Ymin att = 1. Then f01(|"yt|/’yt) dt = 210g(Ymax/Ymin)-
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Proof. Note that we can write |¥:|/v = |d(log~:)/dt], so f01(|"yt|/'yt) dt is simply the total variation of log:
over the interval [0, 1]. By the assumptions on ~y;, we see this total variation is equal to 210g(Ymax/Ymin)- O

The first term on the RHS in Theorem 2 also explains the need to relax the boundary conditions, since
1. .
70 = 0 or 71 = 0 would cause [ (]9:|/~¢) dt to diverge.

We can ensure the second terms in Theorem 2 are relatively small through a suitable choice of ay, ; and
~¢. Since ay and f; are continuously differentiable, |¢y| and |3;| are bounded, so to control these terms
we should pick 7y such that R fol(l/%) dt is small, while respecting the fact that we need v < 1 at
the boundaries. One sensible choice among many would be v, = 2R\/(0 +t)(1+ 6 —¢t) for some § < 1,
where f01(|f'yt|/'yt) dt ~ 2log(1/v/$) and fol(l/fyt) dt ~ 2m. In this case, the bound of Theorem 2 implies
fol LF dt < Mog(1/8)+2rA\1/? supte[o’l](|dt|+|ﬁt\), 0 if § < 1 the dominant term in our bound is Alog(1/9).

3.3 Bound on the Wasserstein error of flow matching

Now, we demonstrate how to combine the results of the previous two sections to get a bound on the error
of the flow matching procedure that applies in settings of practical interest. In Section 3.2, we saw that
we typically have fol Ly dt ~ Alog("Ymax/Ymin). The combination of this logarithm and the exponential in
Theorem 1 should give us bounds on the 2-Wasserstein error which are polynomial in € and Ymax, Ymin-

The main idea is that in order to ensure that we may apply Theorem 1, we should optimise £(v) over a
class of functions V which all satisfy Assumption 3. (Technically, we only need Assumption 3 to hold at the
minimum of £(v), but since it is not possible to know what this minimum will be ex ante, it is easier in
practice to enforce that Assumption 3 holds for all v € V.) Given distributions g, 71 satisfying Assumption
4 as well as specific choices of a;, B; and v, we define K; = A(|5:|/7:) + A2 R{(Jcw|/as) + (|5:|/B:)} and let
V be the set of functions v : R? x [0, 1] — R% which are K;-Lipschitz in x for all ¢ € [0, 1].

Theorem 3. Suppose that Assumptions 1-4 hold and that ~y; is concave on [0,1]. Then vX € V and for any
vg €V, if Y is a flow starting in Ty with velocity field vg and 7y is the law of Y1,

2
Wg(ﬁhfrl) S C/\I/QE (M> 5

“Ymin
. 1 . 1 A
where Ymin = infecio,1) Ve, Ymax = SUDsefo,1) v and C = exp { R { [y (|au|/v) dt + [y (18] /7:) dt}}.

Proof. First, note that v is K;-Lipschitz in x for all ¢ € [0, 1] by the proof of Theorem 2, so vX € V. Then,

since 7; is concave, f01(|"yt|/'yt) dt < 210g(Ymax/Ymin) by Lemma 2. Thus, fol K; dt < 2X\108(Ymax/Vmin) +
A/21og C. Hence for any vy € V we may apply Theorem 1 to get

1 2
Wz(ﬁl,ﬁl)SEexp{/ K, dt}SC””a(”"l""‘) :
0

Ymin

where 7y, 1 are replacing 7y, 7, since we have relaxed the boundary conditions. ]

Theorem 3 shows that if we optimise L£(v) over the class V, we can bound the resulting distance between
the flow matching paths. We typically choose 7; to scale with R, so C should be thought of as a constant
that is ©(1) and depends only on the smoothness of the interpolating paths. For a given distribution, A is
fixed and our bound becomes polynomial in & and Ymax/Vmin-

Finally, our choice of i, controls how close the distributions 7y, 71 are to m, m respectively. We can
combine this with our bound on Ws(#1,71) to get the following result.

Theorem 4. Suppose that Assumptions 1-4 hold, that ~; is concave on [0,1], and that o = 51 = 1 and
Yo = Y1 = Ymin- Lhen, for any vg € V, if Y is a flow starting in 7y with velocity field v and 71 is the law
of Y1,

2
WQ(ﬁ_laﬂ_l) S CAIME <’7mdx> + \/E’Ymin

“Ymin
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WHETe Ymin, Ymax and C are as before.

Proof. We have Wo(7t1,m1) < Wa(@t1,71) + Wa(#1,m1). The first term is controlled by Theorem 3, while for
the second term we have Wa(71,71)? < (1 — 1) R? + dv3, as noted previously. Using 31 = 1 and combining
these two results completes the proof. O

Optimizing the expression in Theorem 4 over Ymi,, we see that for a given L? error tolerance €, we should
take Ymin ~ d— 1/ A2/ @A) We deduce the following corollary.

Corollary 1. In the setting of Theorem 4, if we take ymin ~ d— 1/ 2D/ A then the total Wasserstein
error of the flow matching procedure is of order Wa(#y,m1) S d?M (A+2)1/(2A+1)

4 Application to probability flow ODEs

For generative modelling applications, 7 is the target distribution and mq is typically chosen to be a simple
reference distribution. A common practical choice for 7y is a standard Gaussian distribution, and in this
setting the flow matching framework reduces to the probability flow ODE (PF-ODE) framework for diffusion
models (Song et al., 2021b). (Technically, this corresponds to running the PF-ODE framework for infinite
time. Finite time versions of the PF-ODE framework can be recovered by taking [y to be positive but small.)
Previously, this correspondence has been presented by taking v, = 0 for all ¢ € [0,1] and 7o = N(0,1;) in
our notation from Section 2 (Liu et al., 2023). Instead, we choose to set oy, = 0 for all ¢ € [0, 1] and have
¢ > 0, which recovers exactly the same framework, just with Z playing the role of the reference random
variable rather than Xy. We do this because it allows us to apply the results of Section 3 directly.

Because we have this alternative representation, we can strengthen our results in the PF-ODE setting. First,
note that Assumption 4 simplifies, so that we only need to assume that 7 is A-regular. We thus replace
Assumption 4 with Assumption 4’ for the rest of this section.

Assumption 4’ (Regularity of data distribution, Gaussian case). For some A > 1, the distribution w1 is
A-reqular.

We also get the following alternative form of Lemma 1 in this setting, which is proved in Appendix B.2.

Lemma 3. If X is the stochastic interpolant in the PF-ODE setting above, then vX(x,t) is differentiable
with respect to x and _
Yt Yo B
VX X, t)=—1;— < — ) Covy(Z).
(1) Tt ¢ Yo B 2)

Using Lemma 3, we can follow a similar argument to the proof of Theorem 2 to get additional control on
the terms L.

Theorem 5. If X is the stochastic interpolant in the PF-ODE setting above, then under Assumption 4’ for
each t € (0,1) there is a constant L} such that vX (x,t) is L}-Lipschitz in x and

1 1
/L;* dtgA(/ 15l dt> /mm{ Al , A/2R wf'}
0 o M 0 Yt

Proof. From Theorem 2 we know that v (x,t) is differentiable and Lipschitz with some constant L}. From
(5) in the proof of Theorem 2, for any x € R? we have

[V o), < Al yrvzg 18 (6)
op Vt Y
since &y = 0 in this setting. Also, using Lemma 3,
\7 | IIJ’ | el , 18
[0 .0, < 214 = Cova(Z)l + 1 [ Cov(D)], < AT+ AL )

As L} = supycga || Vxo™ (x, t)||0p, combining (6), (7) and integrating from ¢ = 0 to ¢t = 1 gives the result. [
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To interpret Theorem 5, recall that the boundary conditions we are operating under are 79 = 1 = 1,
Bo =0 and v1 < 1, so that 7o = N(0,1;) and 71 is 7 plus a small amount of Gaussian noise at scale ;.
The following corollary gives the implications of Theorem 5 in the standard variance-preserving (VP) and
variance-exploding (VE) PF-ODE settings of Song et al. (2021b).

Corollary 2. Suppose that we are in the setting of Theorem 5, so that vX (x,t) is L}-Lipschitz in x. Then,

(i) if v¢ = Rcos((5 — 0)t) and By = sin((§ — 0)t) for 6 < 1, corresponding to the VP ODE framework
of Song et al. (2021b), then f01 Ly dt < A1 +1log(1/m));

(i) if By = 1 for all t € [0,1] and ~; is decreasing, corresponding to the VE ODE framework of Song
et al. (2021b), then [, Lj dt < Alog(1/m).

Proof. In both cases, we apply Theorem 5 to bound fol L;. As v is decreasing, we have fol |5e] /e dt =
log(v0/71), similarly to in the proof of Lemma 2. For (i), the second term on the RHS of Theorem 5 can be
bounded above by A, while for (ii) it vanishes entirely. O

In each case, we can plug the resulting bound into Theorem 1 to get a version of Theorem 3 for the PF-ODE
setting with the given noising schedule. We define K; = (|| /v¢) + min{A(|3¢|/8:), \'/2R(|B¢| /v¢)} and let
V be the set of functions v : R? x [0, 1] — R? which are K;-Lipschitz in x for all ¢ € [0, 1] as before.

Theorem 6. Suppose that Assumptions 1-8 and 4’ hold and we are in either (i) the VP ODE or (ii) the
VE ODE setting above. Then vX €V and for any vy €V, if Y is a flow starting in 7o with velocity field vy
and 7ty s the law of Y7, then

(i) in the VP ODE setting, we have Wo(#y,71) < e(e/y1)*;

(ii) in the VE ODE setting, we have Wa(#1,71) < e(1/y1).

Proof. That vX € V follows analogously to the proof for Theorem 3. The results then follow from combining
Theorem 1 with the bounds in Corollary 2, as in the proof of Theorem 3. O

5 Conclusion

We have provided the first bounds on the error of the general flow matching procedure that apply in the
case of completely deterministic sampling. Under the smoothness criterion of Assumption 4 on the data
distributions, we have derived bounds which for a given sufficiently smooth choice of oy, B, v+ and fixed
data distribution are polynomial in the level of Gaussian smoothing Ymax/Ymin and the L? error ¢ of our
velocity approximation.

However, our bounds still depend exponentially on the parameter A from Assumption 4. It is therefore a
key question how A behaves for typical distributions or as we scale up the dimension. In particular, the
informal argument we provide in Section A.2 suggests that A may scale linearly with d. However, we expect
that in many practical cases A should be ©(1) even as d scales. Furthermore, even if this is not the case,
in the proof of Theorem 1 we only require control of the norm of Vyvs(x,t) when applied to VY. In
cases such as these, the operator norm bound is typically loose unless VY, is highly correlated with the
largest eigenvectors of Vxuvg(x,t). We see no a priori reason why these two should be highly correlated in
practice, and so we expect in most practical applications to get behaviour which is much better than linear
in d. Quantifying this behaviour remains a question of interest.

Finally, the fact that we get weaker results in the fully deterministic setting than Albergo et al. (2023) do
when adding a small amount of Gaussian noise in the reverse sampling procedure suggests that some level
of Gaussian smoothing is helpful for sampling and leads to the suppression of the exploding divergences of
paths.
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A Exploration of Definition 1

A.1 Special cases of \-regularity

First, we show that all log-concave random variables are A-regular for A = 1. The key ingredient in the proof
is the following result of Brascamp & Lieb (1976).

Proposition 3 (Brascamp-Lieb 1976). Suppose that W is an R%-valued random variable with density func-
tion pw(x) = e=?) where ¢ is strictly convex on RY and twice differentiable. Assume that D*p > uly
with >0 and g € C*(R?). Then,

Varw (9(W)) < E [((D*¢) ™' Vg(W), Vg(W))] < iE [IVg(W)I?] .

Lemma 4. Suppose that W is an R%-valued log-concave random variable. Then W is A-reqular for A = 1.

Proof. Fix 7 > 0 and denote the density of W by pw (x) = e ¢ for some convex function ¢. Take
&~ N(0,721;) and set W' = W + &. Then, the density of & conditional on W’ is given by

P (€x') oc eIy (! — ) = exp { L — (' — 9)}.

Let u € RY be an arbitrary unit vector, and consider g(W) = u”W. Since ¢'(£) = HfTH; +p(x’ = &) is strictly
convex in &, and
D*' =77%1s+ D*p(x' = §) = 771,

we can apply Theorem 3 to the random variable ¢ conditional on W’ with = 772 to get
Varg‘W/(qu) <7E [HuH%} =72

Then,
HCOV€\W’(§)HOP < sup Varg‘W,(uTg) < 72

lull2=1

O

Second, we show all random variables which are Gaussian on a linear subspace of R? are A-regular for A = 1.

Lemma 5. Suppose that W is an R%-valued random variable supported on some linear subspace S C R% and
that W restricted to S is Gaussian with positive definite covariance matriz. Then W is A-regular for A = 1.

Proof. We decompose £ into two orthogonal components £, and &), so that £ = £, + §, and &, is perpen-

dicular to S while §| is parallel to S. Then, we can write W' = (W 4 §|) + 1. We denote WI/\ =W +¢
and note that Wﬁ € S. From observing W’ = x we can deduce the values of both Wﬁ and &, . Therefore,

Covepwr=x(§) = Covepw—x(§)) = COVgu|W|":x” (&), where x| denotes the projection of x onto S.

By restricting our attention to the subspace S, we may therefore reduce to the case where W is Gaussian with
full support. The result then follows from Lemma 4, since Gaussians with full support are log-concave. [l

Third, we show that all random variables which are locally at least as smooth as a Gaussian of covariance
0%1; and are bounded up to Gaussian tails of covariance o2l are A-regular.

Lemma 6. Suppose that W is an R%-valued random variable which can be decomposed as W = U +n, where
U and n are independent random variables such that |U|| < R for some R > 0 and n ~ N(0,0%14) for some
> 0. Then W is \-reqular for A =1+ (R?/0?).

Proof. Fix 7 > 0, so that W/ = W + & = U +n + & where n ~ N(0,0214) and & ~ N(0,7%21,) and U, n, &
are all independent. By the law of total variance, we have

Covep (€) = E [Covepru (&) | W] + Cov(E [€ | W', U] | W).

14
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The distribution of & | W/, U is the same as the distribution of & | (n + £), so it suffices to understand the
latter. To this end, we define p = n + ¢ and w = 02¢ — 725. Tt is straightforward to check that p and w are

independent centered Gaussians with covariances (02 + 72)I; and 027%(0? + 72)I,; respectively. Then, we

can write £ = 021?(7% + w), from which it follows that

Coveywr,u(§) = (ﬁ)Q Cov(T?p+w|p) = (;227_::2) 1.

2

Therefore, E [Covew (&) |W'] = (0"27_[;) 1;. In addition, we have

E[¢| W', U] = (%ﬁ)E {72P+W|P} = (0277;772) P
so Cov(E [¢ | W', U] |W') = (0277;-2)2 Covyy eyw(n +€). Finally, we have

ICovn ew (0 + &), = [|Covuw (W’ = )], = [|Covuw (U], < B*.
Putting this all together, we see that
[Coveyw ()|, < [E [Covew v (€) W', + ICov(E €] W, UT | W],

op —

2.2 2 2
o°T T

< R?

— 0—2+72 + (0—2+72)

< A2

for A = 1+ (R%/0?), as required. O

We note in particular that Lemma 6 can be applied in the case where our target distribution is a bounded
mixture of Gaussian components with covariance 021, for some ¢ > 0. We obtain the following corollary.

Corollary 3. Suppose that m = Zfi1 wiN (x;,0%1y) is a mizture of Gaussian components of covariance

o2l for some o > 0, where the weights p; satisfy Zfil wi =1 and we have ||x;|| < R foralli=1,..., K.
Then 7 is A-reqular for A\ =1+ (R?/o?).

Proof. This follows immediately from the fact that = can be represented in the form required to apply Lemma
6, by taking U to have distribution Zf; Hilx; - O

A.2 High-probability bounds

Lemma 7. Suppose that W is an R%-valued random variable. For any T > 0, if we take & ~ N(0,7%1,) and
set W =W +¢&, then we have
||COV£|W/ (§)||0p < 2d027'2

with probability at least 1 — 6de<"/? for any ¢ > 1.

Proof. First, we have

[[Coveyw (€)]|,, < sup Vargw(u”€) < sup B [(u”€)?] <E[|¢]153 | W].

p =
lull2=1 [lafl2=1

Next, we bound the quantity E [||¢[|3 | W'] using Markov’s inequality. If [|£[|3 > dc®r?, then we must have
&2 > ¢?72 for some i between 1 and d. Therefore,

E (€18 L1ez>a0-2] < B [IEl3Lezeare]
d
_dE [gfnggxzrz} +d> E [gfnggxzfz}
=2

—dE {5?1@0272} +d(d— 1P (€2 > *r?) .

15



Published in Transactions on Machine Learning Research (02/2024)

A standard Chernoff bound gives P (¢ > ¢?72) < 2¢=°"/2, and

e/ 4z

) [e%s} 22
E[gh 272}:2/ B

) 00 22 2/2
=27 / ——e /% dz
c V27
= 272 { < 6_22/2]00 + 272 /OO —1 e/ 4z
c c V2w

V2T
272¢ —e2/2 49 2p (§ S )
= ——e¢ T cT
V2T !

< 272e¢/2 < ¢ + 1)
o V2
< 4er2e=/2,
Hence
E 2 pepeageene| < 4dc7'26_°'2/2+2d27'26_°2/2
22[ElI53>dc?T
< 6d2CT26_62/2.

It follows by Markov’s inequality that

E [H£||§]I|\§H2>dc27—2}
P (E [IeI30jeigoacer | W] 2 de?7?) < o

< 6de_‘32/2.

Finally, we can write
E (I3 | W] < E [IEI3L1ez5a0072 | W] +de*e?,

and so ||Cove ({)Hop < E [||¢]]3 | W'] < 2dc*7? with probability at least 1 — 6de="/2, as required.

B Derivation of formulae for gradients of velocity fields

B.1 Proof of Lemma 1l

In order to prove Lemma 1, we use the following intermediate result.

Lemma 8. If X is the stochastic interpolant between g and 71, then
1
Vx E[XO ‘ Xt = X] = —;COVX(XQ,Z).
t
Moreover, a similar expression holds for X1 in place of Xo.

Proof. First, note that X;|Xo, X1 ~ N (s Xo + B:X1,7214), 50

1
Vx IOE,'(IDQ\XO,X1 (X|X0, X1)) = —?(X — 04X — /BtXI)T-
t
Therefore,
1
Vxlog(px,(x)) = ——= " Vx (/ / DX, | X0, X, (X[X0, X1)Px0,x, (X0, X1) dXodX1)
px, (%) R4 JRd
1
= 7/ / Px,|Xo,x: (X[X0, X1)Px0,x, (X0, X1) Vx 10g(px, | x4, x, (X[%0,%1)) dxodx;
Px,(X) Jra Jra

1
= _?E[(Xt —ayXg — 5tX1)T| X = X]
t
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We can then calculate

1
Vx E[Xo | X; = x] = Vx </ / X0 DX, | Xo,X1 (X|X0, X1)Px0,x, (X0, X1) dXodX1>
Px, (%) Jra Jra

1
= 7/ / X0 P, | X0, (X[X0, X1)Dx0, x1 (%0, %1) Vi (108 D, x0,x, (X[%0,%1)) dxodx;
px, (%) Jra Jra
1
— (Vxlogpx, (x)) (/ / X0 PX,| X0, X1 (X[X0, X1)Px0,x, (X0, X1) dXOdX1>
px, (%) Jra Jra
1 1
= _?Ex [Xo(X; — o Xo — B X1)T] + ?Ex[(Xt — o Xo — BiX1)" | Ex [ Xo]
t t
1
= 7*COVX(XQ, Z)
VMt

O

Lemma 1. If X is the stochastic interpolant between 7o and 71, then v (x,t) is differentiable with respect
to x and .
X Y 1 :
Vv (x,t) = —I; — —Covg(Xy, Z).

Tt Tt
Proof. Since X; = oy Xo + 5: X1 + 7:Z and X = Xo + BtXl + 4+ Z, we can write
E [X: | Xi =x, X0 =x0, X1 = X1] = cuXo + Bix1 + % (x — auxp — Bix1)
and therefore
E [0 X, = x] = Jy g @000 gry g G2 iy x, .

VMt VMt Tt
Taking gradients with respect to x and applying Lemma 8,

Voo (o, 8) = dtpy — Qe o x 7y B30 oo (x, 2)

Yt Vi Vi
Ve Ve 1 . :

= f]d + jCOVx(Xt — ’YtZ, Z) — fCOVx(OétXO + /BtXla Z)
VYt Vi Yt
. | .

=11~ = Cove(Xy, 2).
Tt Yt

B.2 Proof of Lemma 3

Lemma 3. If X is the stochastic interpolant in the PF-ODE setting above, then vX (x,t) is differentiable
with respect to x and

vaXx,t :ﬁ[ —<%—5t)Con.
( ) ’Ytd Tt Bt V()

Proof. From Lemma 1, we have
. 1 '
VX (x,) = 141, — =~ Covy (X3, Z).
Tt Tt

Then, since oy = 0 we have X; = 5; X7 + v Z and X, = BtXl + 4+ Z, so we can write

) 1
VXUX(X, t) = EId — fCOVx <ﬁt (Xt — ’ytZ) + ’.}/tZ, Z)
t

Tt Tt B
e Fe 5t>
=—Lji—-|—-=]C Z),
Tt (% B «(2)
noting that we may discard the X; term since we are conditioning on X; = x. O
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NEARLY d-LINEAR CONVERGENCE BOUNDS FOR
DIFFUSION MODELS VIA STOCHASTIC LOCALIZATION

Joe Benton; Valentin De Bortolij Arnaud Doucet; George Deligiannidis*

ABSTRACT

Denoising diffusions are a powerful method to generate approximate samples
from high-dimensional data distributions. Recent results provide polynomial
bounds on their convergence rate, assuming L?-accurate scores. Until now, the
tightest bounds were either superlinear in the data dimension or required strong
smoothness assumptions. We provide the first convergence bounds which are lin-
ear in the data dimension (up to logarithmic factors) assuming only finite second
moments of the data distribution. We show that diffusion models require at most

O(%) steps to approximate an arbitrary distribution on R¢ corrupted with
Gaussian noise of variance § to within £2 in KL divergence. Our proof extends
the Girsanov-based methods of previous works. We introduce a refined treatment
of the error from discretizing the reverse SDE inspired by stochastic localization.

1 INTRODUCTION

Denoising diffusion models are a recent advance in generative modeling which have produced state-
of-the-art results in many domains (Sohl-Dickstein et al., 2015; Song & Ermon, 2019; Ho et al.,
2020; Song et al., 2021b), including image and text generation (Dhariwal & Nichol, 2021; Austin
et al., 2021; Ramesh et al., 2022; Saharia et al., 2022), text-to-speech synthesis (Popov et al., 2021),
and molecular structure modeling (Xu et al., 2022; Trippe et al., 2023; Watson et al., 2023). De-
noising diffusion models take data samples, corrupt them through the iterated application of noise,
and learn to reverse this noising procedure. For data on R?, we typically use a stochastic differential
equation (SDE) as the noising process. Then, learning the reverse process is equivalent to learning
the score of the noised distributions (Vincent, 2011; Song & Ermon, 2019; Song et al., 2021b).

Recently, significant progress has been made on improving our theoretical understanding of diffu-
sion models, including several works which have established polynomial convergence bounds for
such models (Chen et al., 2023a;d; Lee et al., 2023; Li et al., 2023). The current state-of-the-art
bound without Lipschitz assumptions on the score of the data distribution is provided by Chen et al.

(2023a), who show that diffusion models require at most O(%) steps to approximate a

given distribution to within £2 in KL divergence, assuming only a finite second moment of the target
distribution and early stopping at time J. However, Chen et al. (2023a;d) suggest that the iteration
complexity ought to scale linearly in the data dimension (see e.g. Chen et al. (2023d, Theorem 6)).

In this work, we close this gap. We derive the first convergence bounds for diffusion models which
are linear in the data dimension (up to logarithmic factors) without smoothness assumptions. We de-

duce that an early stopped diffusion model has iteration complexity O(%). Our proof builds
on Chen et al. (2023a;d), who use Girsanov’s theorem to measure the distance between the true and
approximate reverse paths. However, we provide a refined treatment of the time discretization error,
using techniques from stochastic calculus to derive a differential inequality for the expected differ-
ence between the drift terms at different times. By bounding the terms of this differential inequality,
we achieve tighter bounds on the difference between the true and approximate path measures.

A key ingredient in our proof will be Lemma 1, which allows us to perform several calculations ex-
plicitly. This result is inspired by stochastic localization (Eldan, 2013; 2020), developed to study the

*Department of Statistics, University of Oxford, {benton, doucet,deligian}@stats.ox.ac.uk
TCNRS, ENS Ulm, Paris, valentin.debortoli@gmail.com
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KLS conjecture and applied to sampling. Stochastic localization sampling is equivalent to diffusion
models (Montanari, 2023), letting us transfer insights from stochastic localization to our proof.

1.1 DIFFUSION MODELS

A diffusion model starts with a stochastic process (X¢)¢c[o,7] constructed by initializing Xy in the
data distribution pgae, and then evolving according to the Ornstein—Uhlenbeck (OU) SDE

dX, = —X,dt + v2dB, for0<t¢<T, 1)

where (Bt)te[o,T] is a Brownian motion on R (Song et al., 2021b). We then learn the dynamics of
the reverse process (Yt)te[o,T] defined by Y; = Xp_;. If we let g;(x;) denote the marginals of the
forward process, then under mild regularity conditions on pg,,, the reverse process satisfies the SDE

dY; = {Y; + 2V log gr—(Y;) }dt + V2d B, Yo ~ qr, )

where (Bé)te[o,T] is another Brownian motion (Anderson, 1982; Cattiaux et al., 2022). We can thus
generate samples & ~ pgaa by sampling Y ~ ¢p, running the reverse SDE, and setting £ = Y.

The OU process is a convenient choice of forward process as its transition densities are analytically
tractable, with 4o (x¢|x0) = N (x¢;x0e ™", 0713) where 07 := 1 — e~ 2. In what follows, we will
denote the posterior mean my(x;) = Ey; ,(|x,) [Xo] and variance 3 (x¢) := Covg,,(1x,)(Xo);

my, is related to the score function via Vlog ¢;(x;) = —o, 2%, + eto, 2m, (see Lemma 5 below).

For convenience, we will assume throughout that our data distribution pg,, has identity covariance
matrix (as is standard in applications), though our analysis holds similarly without this assumption.
We also focus on an OU noising process rather than a general noising SDE (as in e.g. Chen et al.
(2023e)), since the OU process is most common in practice. However, our results can be straight-
forwardly extended to any linear SDE (including in particular the VE SDE (Song et al., 2021b)).

To simulate (2), we must make three approximations. First, as we do not have access to V log ¢; (x;)
directly, we learn an approximation sg(x, t) to Vlog g:(x;) for ¢t € [0, T] by minimising

T
L(sg) :/ E,, [Hse(Xt,t) — Vlog qt(Xt)HQ} dt. 3)
0

Although L(sg) cannot be estimated directly, there are techniques such as denoising or implicit
score matching which provide equivalent tractable objectives (Hyvirinen, 2005; Vincent, 2011). In
practice, we empirically estimate these objectives using samples drawn from the forward process,
which can be analytically simulated. We typically parameterize sg(x;,t) via a neural network for a
vector of parameters # € RP and minimise the objective function using stochastic gradient descent.

Second, since we do not have access to the initial distribution g of the reverse process, we instead
initialize the reverse process in the standard Gaussian, which we denote 7. This is a reasonable
approximation since the OU process converges exponentially quickly to w4 (Bakry et al., 2014).

Third, since (2) is a continuous-time process we must discretize time in order to simulate it. We pick
time steps 0 = to < t; < --- <ty < T, sample Yy ~ 74 and define (Y;);c[o 7] via the SDE

Yy = {Yi +2s0(Y,, T — tr) }dt + dB, )
for each interval [tg,tr4+1] and kK = 0,..., N — 1, for a Brownian motion (Bt)te[O,T]- We use the
notation vy, := tx4+1 — ti for the step size and denote the marginals of the approximate reverse

process by p;(x). The sampling scheme defined via (4) is known as the exponential integrator
(Zhang & Chen, 2023; De Bortoli, 2022; Chen et al., 2023a). An alternative is the Euler-Maruyama
(EM) scheme, which replaces the time-dependent drift term in (4) with its value at the start of the
associated interval (Song et al., 2021b; Chen et al., 2023a). Both methods give similar asymptotic
convergence rates, as indicated by Chen et al. (2023a), so we focus on the exponential integrator.

Finally, instead of running (4) all the way back to the start time, we perform early stopping and set
ty = T — ¢ for some small 6. We do this because for non-smooth data distributions V log ¢; can
blow up as t — 0. This means that our model will approximate gs rather than gy = Dgata, Which is
acceptable since for small § the distance (e.g. in Wasserstein-p metric) between gs and pga, is small.
Early stopping is frequently used in practical applications of diffusion models (Song et al., 2021b).
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1.2 STOCHASTIC LOCALIZATION

Stochastic localization sampling schemes were developed by El Alaoui et al. (2022); Montanari
(2023). To sample from a distribution pg.,, We construct a measure-valued stochastic process
(ts)s>0 such that ps “localizes” as s — oo, meaning that there a.s. exists some & such that jo; — ¢
as s — 00, and & ~ pgara. We construct this process by sampling & ~ pqar, and defining a sequence
(Us)s>0 of noisy observations of { via

U, = st + Wi, 5)

where (W) s>0 is a Brownian motion on R? (Montanari, 2023). We then define s = Law(¢ | Us),
so that ji, is a random measure depending on Us. Since Us/s — £ almost surely as s — 0o, we see
(1s)s>0 does indeed localize and lim,_, o, Uy /s is distributed according to pyata-

However, constructing (Us)s>0 via (5) requires sampling & ~ pgaa, Which we cannot do. Fortu-
nately, we avoid this using the observation that if pga, has finite second moments, then (Us)s> is
equivalent in law to the unique solution to the SDE

dUs = as(Ug)ds + dW, (6)

where (W/)s>0 is a Brownian motion and a,(Us) = E,,, [£] = E [¢ | U] (Liptser & Shiryaev,
1977; Montanari, 2023). This allows us to construct the stochastic localization process without direct
access to Pya, SO long as we have access to the function as(Us). We also define A ;(Us) = Cov(ps).

Diffusion models and stochastic localization are equivalent under a time change (Montanari, 2023).
If we define (X¢)¢>0, (Us)s>0 according to (1), (5) respectively and let ¢(s) := % log(1+s~1), then
(Us)s>0 and (set(s)Xt(s))Szo have the same law. In addition, a,(Us) and m;(X;) have the same
law and A,(U;) and 3;(X;) have the same law when ¢ = ¢(s). We will sometimes suppress the

dependence of a;, A and my, 3; on Ug and X; respectively when the meaning is clear. For more
details and an explicit derivation of the equivalence, see Appendix A.

We now recall two lemmas from the stochastic localization literature. The first can be found in Eldan
(2013); Alaoui & Montanari (2022). The second follows from the first plus the argument in Eldan
(2020). We provide proofs for both results in Appendix B for the reader’s convenience.
Proposition 1 (Alaoui & Montanari (2022), Theorem 2). If we define Ls(x) = fp*:;a (x), then
dLs(x) = Ls(x)(x — as) - AW forall s > 0.

Proposition 2 (Eldan (2020), Equation 11). For all s > 0, %E [As] = -E [Az]

Translating Proposition 2 into the language of diffusion models, using that A ; and 3; are equal in

law when t = % log(1 + s~ 1), we get the following directly from Proposition 2 and the chain rule.
3

Lemma 1. Forallt >0, 7= B[] = E [27].

Lemma 1 is the key insight that allows us to control the discretization error more precisely than

previous works. In Lemma 5, we will see that 3, is related to the Jacobian of the score. Control of
>3, via Lemma 1 will thus allow us to control time-discretization terms F, ; (defined in Section 3).

1.3 RELATED WORK

Convergence of diffusion models Initial results on the convergence of diffusion models required
restrictive assumptions on the data distribution such as a log-Sobolev inequality (Lee et al., 2022;
Yang & Wibisono, 2022), or produced bounds that were non-quantitative (Pidstrigach, 2022; Liu
et al., 2022) or exponential in the problem parameters (De Bortoli et al., 2021; De Bortoli, 2022;
Block et al., 2022). Recently however, several works have proven polynomial convergence rates for
diffusion models (Chen et al., 2023a;d; Lee et al., 2023; Li et al., 2023).

First, Chen et al. (2023d) gave polynomial TV error bounds, assuming a Lipschitz score for all
t > 0. They used Girsanov’s theorem to measure the KL divergence between the true and ap-
proximate reverse processes (similar to Song et al. (2021a)), with an approximation argument since
the standard assumptions for Girsanov’s theorem do not hold in their setting. Second, Chen et al.
(2023a) developed this method, introducing a tighter bound on the drift terms and an exponentially
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Regularity condition Metric Complexity Result
Vt, Vlog q; L-Lipschitz | TV(qo, pr)? O(45%) (Chen et al., 2023d, Thm 2)
Vt, Vlog g L-Lipschitz | KL(qo||pr) O(45%) (Chen et al., 2023a, Thm 1)
None KL(gs||pty) O(W) (Chen et al., 2023a, Thm 2)
None KL(qs|pey) | O %) This work: Corollary 1

Table 1: Summary of previous bounds and our results. Bounds expressed in terms of the number
of steps required to guarantee an error of at most £ in the stated metric, assuming perfect score
estimation. We assume pga, has finite second moments and is normalized so that Cov(pgan) = L4

decaying sequence of time steps. They provide two bounds on the KL error. The first (Theorem 1) is
linear in the data dimension d but requires Lipschitz scores for ¢ > 0 and depends quadratically on
the Lipschitz constant. This is unideal since the Lipschitz assumption excludes many distributions
of interest, such as those supported on a submanifold. In addition, the Lipschitz constant can hide
additional dimension dependence in some cases (such as when the data are approximately supported
on a submanifold). The second (Theorem 2) uses early stopping and applies to any data distribution
with finite second moments but is quadratic in d. The latter gives the current best bound on the
iteration complexity of diffusion models without smoothness assumptions of O (W) I

In parallel, Lee et al. (2023) derived weaker polynomial convergence bounds using a y2-based anal-
ysis and a method to convert L>-accurate score estimates into L?-accurate estimates. Most recently,
Li et al. (2023) demonstrated bounds for several deterministic and non-deterministic sampling meth-
ods using elementary techniques, directly in discrete time and assuming a perfectly accurate score
estimate. We summarise the results of Chen et al. (2023a;d) and compare them to ours in Table 1.

In addition, several works have studied the convergence properties of deterministic or approximately
deterministic sampling schemes based on diffusion models (Chen et al., 2023c;e; Albergo & Vanden-
Eijnden, 2023; Albergo et al., 2023; Benton et al., 2023; Li et al., 2023). Other work has focused on
the problem of score estimation. In particular, Oko et al. (2023) bound the error when approximating
the score with a neural network and show that diffusion models are approximately minimax optimal
for a certain class of target distributions, while Chen et al. (2023b) study the sample complexity and
convergence properties of diffusion models when the data lies on a linear submanifold.

Stochastic localization Stochastic localization was developed by Ronen Eldan to study isoperi-
metric inequalities (Eldan, 2013) such as the Kannan-Lovéasz—Simonovits (KLS) conjecture (Kan-
nan et al., 1995) and the thin shell conjecture (Anttila et al., 2003; Bobkov & Koldobsky, 2003). It
was based on the original localization methodologies of Lovasz, Simonovits and Kannan (Lovasz &
Simonovits, 1993; Kannan et al., 1995) used to study high-dimensional and isoperimetric inequal-
ities. Subsequently, stochastic localization has been used to make significant progress towards the
KLS conjecture (Lee & Vempala, 2017; Chen, 2021), as well as to prove measure decomposition
results (Eldan, 2020; Alaoui & Montanari, 2022) and for studying mixing times of Markov Chains
(Chen & Eldan, 2022). Recently, several works developed algorithmic sampling techniques based
on stochastic localization (El Alaoui et al., 2022; Montanari & Wu, 2023), and Montanari (2023) has
shown that these sampling approaches are equivalent in the Gaussian setting to diffusion models.

Concurrent work:  After the first version of our work was made publicly available, an independent
work appeared by Conforti et al. (2023) who derive similar bounds. In contrast to our work, they take
a stochastic control perspective and work under a finite Fisher information smoothness condition.
This condition can be removed with early stopping, giving bounds that are linear in data dimension
up to logarithmic factors, similar to our own.

2 MAIN RESULTS

The core assumption required for our main result is the following control of the score approximation.

"Note that their bound is stated incorrectly in their abstract; the correct bound can be found in their Table 1.
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Figure 1: Illustration of a typical choice of step sizes satisfying v, < kmin{1,T — tx41}.

Assumption 1. The score approximation function sg(x,t) satisfies
N-1

Z ’YkE(hk [HVIquT—tk (th) - Sg(th,T - tk)HQ} < Egcore' (7)
k=0

We can view (7) as a time-discretized version of £(sg), so Assumption 1 suggests we learn a score
approximation with L? error at most €g.ore, adjusting for the discretization of the reverse process.
Though this assumption is standard in the literature (Chen et al., 2023a;b), there may be statistical
barriers to efficient estimation of the score in high dimensions (Biroli & Mézard, 2023; Ghio et al.,
2023) and Assumption 1 may not capture the full practical difficulty of learning the score.

Assumption 2. The data distribution pya, has finite second moments, and Cov(pga) = L.

The first part of Assumption 2 is required for the convergence of the forward SDE. We include the
second part for convenience when stating our results. Our analysis is not dependent on it, and we
outline how to adapt our proofs for a general covariance matrix in Appendix C.

Theorem 1. Suppose that Assumptions 1 and 2 hold, that T' > 1, and that there is some k > 0 such
that for each k =0, ..., N — 1 we have v, < kmin{1, T — tg41}. Then,

KL(gs/[ptn) S €hoore + £dN + KdT + de ™",
where f1 < fa denotes that there is a universal constant C such that f; < C'fs.

This is our main bound, and it consists of three parts. The first term 2, . measures the error from

using a learned rather than exact score. The second terms x2dN + kdT are due to the discretization
of the reverse SDE. The final term de 2" controls the convergence of the forward SDE.

We interpret & as controlling the maximum step size; -y, is bounded by « for ¢ € [0,T — 1], and for
t € [T — 1,T] the condition vy, < k(T — tj41) forces v, to decay exponentially at rate (1 + )~ L.
We visualise this in Figure 1. As in Corollary 1 below, for any [V there is a choice of time steps such
that k = O(1/N), up to factors which are linear in 7" and logarithmic in 1/8. Since T will scale
logarithmically in d and €4.ore, We think of the second terms in Theorem 1 as scaling like O(d/N ).

We expect the first term €2, . to scale linearly in d in many cases, e.g. if the target distribution were

the product of i.i.d. components. The convergence of the forward process is also linear in d. As
such, Theorem 1 improves upon the previous state-of-the-art bounds (Chen et al., 2023a;d), which
either require strong smoothness assumptions on pgq, or have at least quadratic dependence on d.

We next show that given /N we can choose a suitable sequence of time steps. This results in a bound
on the iteration complexity of the diffusion model.

Corollary 1. ForT > 1,6 < 1 and N > log(1/)), there exist 0 =ty < t; < -+~ <ty =T —9¢
such that for some k. = @(%ﬂ/é)) we have v, < kmin{l, T—ty41}foreachk =0,...,N—1.
Then, if we take T' = %log (%) and N = @(W), we have KL(qs||pty ) = O(e%,0)-

score
score

~ 2
Hence, the diffusion model requires at most O(dloge—z(l/é)) steps to approximate qs to within €2 in

KL divergence, assuming a sufficiently accurate score estimator.

Corollary 1 shows that by making a suitable choice of 7', N and ty,...,%ty we achieve a bound
on the iteration complexity which is linear in the data dimension (up to logarithmic factors) under
minimal smoothness assumptions, resolving the question raised in Chen et al. (2023a). The proof of
Corollary 1 is deferred to Appendix D, where we show that taking half the time steps to be linearly
spaced between 0 and T — 1 and half to be exponentially spaced between T'— 1 and T — 4, as illus-
trated in Figure 1 is sufficient. This choice is similar to that made in Chen et al. (2023a), reflecting
their observation that exponentially decaying time steps appear optimal, at least theoretically.
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The tightest previous bounds on the iteration complexity were obtained by Chen et al. (2023a;d).
Assuming only finite second moments of pgar,, Chen et al. (2023a) showed that diffusion models with

early stopping have an iteration complexity of (N)(%) Alternatively, Chen et al. (2023a;d)

showed that if the score is L-Lipschitz for all £ > 0 then the iteration complexity is O(%) The
Lipschitz assumption can be removed using early stopping at the cost of an additional factor of 1/6,
arising from the fact that for an arbitrary data distribution the Lipschitz constant of V log ¢; explodes
atrate 1/ t? ast — 0 (Chen et al., 2023d, Lemma 20). As the distance between qo and g5 scales with
d*’? (e. g. in Wasserstein-p metric), for a fixed Wasserstein-plus-KL (or Wasserstein-plus-TV) error

we should scale § proportionally to d~'/2. As a result, for a fixed approximation error for paa, the
bounds of Chen et al. (2023d) and Chen et al. (2023a, Theorem 2) also scale superlinearly with d.

3 PROOF OF THEOREM 1

We now provide the proof of Theorem 1, which comes in three steps. We view Step 1 as our main
novel contribution, while Steps 2 and 3 closely follow Chen et al. (2023a;d).

Step 1: We bound the error from discretizing the reverse SDE (see Lemma 2 below). Previous
works bound E; ; := E [||Vlog qr—¢(Y;) — Vlog qr—s(Ys)||?] using a Lipschitz assumption. We
use a new It6 calculus argument to get a differential inequality for E, ; (Lemmas 3 and 4), relate
the coefficients of this inequality to m; and 3; using known results (Lemma 5), and bound the
differential inequality coefficients using our key Lemma 1 (resulting in Lemmas 6 and 7).

Step 2: We bound the KL distance between the path measures of the true and approximate reverse
process (Lemma 8). We use an analogous Girsanov-based method to Chen et al. (2023a;d).

Step 3: We use the data processing inequality to bound KL(gs||p:, ) in terms of the distance between
reverse path measures and the distance between ¢ and 7;. We bound the former using Step 2 and
the latter using the convergence of the OU process (Proposition 4), as in Chen et al. (2023a;d).

Rather than work with two processes (Yt>te[0,T] and (Yt)te[o,T] which are solutions to (2) and (4)
under the same probability measure, it is more convenient to follow Chen et al. (2023a;d) and fix a
single process (Y3 );c[0,7] and then define @ and P to be two different probability measures such
that (Y;f)te[O,T] is a solution to (2) under @ and to (4) under P™<. In addition, we define a probability
measure P77 under which (Y3 );c[o,77 is a solution to (4) but with the initial condition Yy ~ g7

3.1 BOUNDING THE DISCRETIZATION ERROR

Lemma 2 (Bound on discretization error). If (Yt)te[o,T] is the solution to the SDE (2), then we have

N-1 ot
Z / Eq [HVlog qgr—+(Yy) — Vg gr_4, (ng)HQ] dt < k?dN + kdT.
— tk

Proof. We start by controlling E, ; for 0 < s < t < T, where (Y;);>( follows the law @ of the
exact reverse process (2). Since Vloggr_¢(x) is smooth, we may apply It6’s lemma to get the
following result, proved in Appendix E.

Lemma 3. If (Y;)[o,1) is the solution to the SDE (2), then for all t € [0,T) we have

d(Vlogqr—+(Yi)) = —=Vlog gr—+(Y:)dt + Vov? log gr_+(Y3) - dB;.

From Lemma 3 and the product rule, we have d(e?V log gr_¢(Y;)) = v2e!'V2log g7 (V) - dB,.
Since, by (13) below, [ ¢*"Eq [|[V2log gr—.(Y,)[|%] dr < oo for 0 < s < t < T, where we

denote by || A||z = Tr(AT A)/? the Frobenius norm of a matrix A, the RHS is a square-integrable
martingale. So, we may apply Itd’s isometry (Le Gall, 2016, Equation 5.8) and differentiate to get

d
3B [lle'Viogar—i(Yy) — e'Vioggr—o(Y)[*] = 2¢*Eq [|[V* loggr (Vi) [F] . ®)
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In addition, for 0 < s <t < T where s is considered fixed and ¢ may vary, from Lemma 3 we have
d(Vlogqr—(Ys) - Vlogqr—_+(Yy)) = =Viogqr_s(Ys) - Viog qr—(Y:)dt
+V2Vlog grs(Ys) - V2 log gr—(Y7) - dB;.

Since fst Eq [IVZlog gr—r(Yy)||%] dr < oo for 0 < s < ¢ < T, the final term is a square-
integrable martingale. Integrating and taking expectations, we get

d
E]EQ [Vilogqr—s(Ys) - Vlogar—(Yi)] = —Eq [Vlog gr—s(Ys) - Vlogqr—«(Ye)],  (9)

where again we may interchange integration and expectation using Fubini. Combining (8) and (9),
we deduce the following differential inequality for F, ;. (See Appendix E for full derivation.)

Lemmad4. Forall) < s <t < T, we have

dEs,t

o = 2o [1IV*1og qr—+(Yy) 7] — 2Eq [V 1og gr—¢(Yz) — Viog qr—s(Ys)|?]

+2Eq [{Vlog gr—s(Ys) — Vlog qr—+(Y3)} - Vlog qr—s(Ys)] . (10)
To further bound the RHS of (10), note that by Young’s inequality
Eq [{Vlog ar—s(Ys) — Vlog qr—(Yy)} - Vlog gr—s(Ys)]
< 2 {Ba [IVIogar (¥ — Viogar (V)] +Eq [V logar (V)] }

lheref()re, 2 2 11
(lEgt Y 2 + V og qr—t §t

We must thus bound Eq [||V log g7 (Y5)||%] and Eq [||V?log gr—:(Y3)||%]. We make use of the
following lemma, which is found in previous work on diffusion models (see e.g. De Bortoli (2022);
Lee et al. (2023); Benton et al. (2023)) and which we prove for completeness in Appendix E.

Lemma 5. For all t > 0, we have Vlog g:(x;) = —Ut_zxt + e’tot_th and V?*log q;(x¢) =
—0; %] +e 2oy,

We may use Lemma 5 to rewrite ||V log gr—s(Y5)||? and || V2 log g7—+ (Y;) || % in terms of Y;, m; and
3;. Expanding out the resulting expressions, the first can be bounded using elementary properties
of the OU process, while the second can be bounded using properties of the OU process plus our
key Lemma 1. We obtain the following inequalities (see Appendix E for derivations).

Lemma 6. If (Y;).c(o,7 is the solution to the reverse SDE (2), then for all t,s € [0,T) we have
Eq [[IVlog gr—s(Yo)|’] < doz?,, (12)

and

d
o (072, E [Tr(S7_)] ) |rt. (13)

N | —

Eq [|IV?log qr—:(Yy)|3] < dor?, —

Putting the bounds in (12) and (13) together, we get
Eq [|V1og gr—s(Ys)|?] + 2Eq [V 1og g (Y2)|%]

_ _ d, _
< dUTEs + 2d("'Tis T ar (UTirE [Tr(E7—,)] )|r:t-

Let us denote the two parts of this error term by

s,

_ _ d, _
EY) :=do?, +2doyt,,  EY) = — 3 (07 E [T (S1-,)] ) =

From (11), it follows that
t

t
By < / Eq [V 1og g, (Ys,) 2] + 2Eq [|[V? log gr—(Y:)[3] ds < / B} + B ds.
tr tr
(14)
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We now bound the contributions to Fy, ; from E,fi)g and Et(f)s It will be convenient to divide our
time period into intervals [0, 7'—1] and [T'—1, T'— 0] and treat these separately. We therefore assume
there is an index M with t5; = T — 1. This assumption is purely for presentation clarity and our
argument works similarly without it. Then, the following lemma bounds the various contributions
to Ey, . The proof of Lemma 7 is elementary but technical, so we defer it to Appendix E.

Lemma 7. The error terms Et(; ?S satisfy

M-1

tht1 N-—-1 tht1
3 / (/ Et(:)éds> dt <kdl, Y / </ Egggds) dt < k%2dN, (15
k=0 Ytx tk k=M 7tk tr
and the error terms Ef(k )9 satisfy
N-—1 thi1
> / ( / Et(f)sds) dt < kd + k2dN. (16)
k=0 vtk b
Finally, by combining (14) with (15) and (16) we complete the proof of Lemma 2. O

3.2 BOUNDING THE KL DISTANCE BETWEEN PATH MEASURES

Lemma 8 (Bound on distance between path measures). If Q and PIT are the true and approximate
path measures respectively then KL(Q||P7) < 2, . + k2dN + rdT.

score

Proof. We use the following result from Chen et al. (2023d) (proof recalled in Appendix F).

Proposition 3 (Section 5.2 of Chen et al. (2023d)). Let Q and P be the path measures of the
solutions to (2) and (4) respectively, both started in Yo ~ qr and run fromt = 0tot = t. Assume
that
tht1
> / Eq [||V log gr—(Y:) — so(Ye,, T — tx)[|?] dt < oo.

Then, we have

tk+1

N-1
L@IPT) < Y [ B [IWTogar-o() — 5o (Y5, T~ 1))
k=0
To apply Proposition 3, we note that by Lemma 2 and Assumption 1 we have

k41
> [ a1V togar-u(¥) = sol¥ T — )]
tre

N-1
< D wEq [IViogar—s, (Ya,) = so(Ye,, T — ti)||’]
k=0
tet1 )
+3° [7 B IV ogar (i) - Viogar—s, (¥i)|F]
t
< €2 e + K2AN + kdT < oco.

Therefore, the conditions of Proposition 3 hold and Lemma 8 follows by applying Proposition 3. [

3.3 COMPLETING THE PROOF

Finally, we show how to complete the proof of Theorem 1 from Lemma 8. As a corollary of Lemma
8, we see that () is absolutely continuous with respect to P7. Since P?” and P™¢ differ only by

a change of starting distribution, we can write igx (y) = ‘diqTZ(yo) for a path y = (y¢)icjo,en)»
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and deduce that P77 and P™ are mutually absolutely continuous. It follows that @) is absolutely
continuous with respect to P™¢ and d‘llj—%d(y) = ddQ (y) quT (y) = ddQ (y) dgr (¥0). Therefore,

PaT P7d PaT dmg
d d
KL(QIIP™) = Eq [los (8- (1 F (4) )] = KL@IIP™) + Kilarllna) — 7)

The first term is bounded by Lemma 8. The second is controlled by the convergence of the forward
process in KL divergence and can be bounded using the following proposition (which is very similar
to Lemma 9 in Chen et al. (2023a)). We defer the proof of Proposition 4 to Appendix G.

Proposition 4. Under Assumption 2, we have KL(qr||7q) < de=2T for T > 1.

Since g5 and p; , are the pushfowards of the path measures @ and P under f : (wt)se[o,tx] = Wiy
the data processing inequality implies that KL(gs||p:y) < KL(Q||P™). Finally, combining this
with (17), Lemma 8, and Proposition 4 completes the proof of Theorem 1.

4 DISCUSSION

Inspecting our bound in Theorem 1, the error from approximating g7 by 74 decays exponentially in
T and so is typically negligible. If the L? error of our score approximation is €2, then we cannot
hope to improve on the term of order €2, . for the KL error due to using an approximate score. It

remains to consider how tight the term corresponding to the discretization of the reverse process is.

Our proof shows that under our assumptions, with perfect score approximation and initializing the
reverse SDE in g7, the KL error induced by discretizing time is of order x2dN + xdT. As explained
in Section 2, we can think of this as being O(d/N ), assuming a suitable choice of time steps and «,
or equivalently O(dn) where 7 is the average step size. We note that the linear dependence on d (up
to logarithmic factors) here is optimal (for justification, see Appendix H).

However, it is unclear whether the linear dependence on 7 is optimal here. On the one hand, the
KL divergence between the true and approximate reverse path measures is ©(dn) in the worst case
(consider the case where pga, is a point mass, or see Theorem 7 in Chen et al. (2023d) in the
critically damped Langevin setting). Thus, our Girsanov-based method cannot improve upon the
rate of O(dn) without significant modification. In addition, the best known convergence rates in
KL divergence for Langevin Monte Carlo (LMC) under various functional inequalities are O(dn)
(Cheng & Bartlett, 2018; Vempala & Wibisono, 2019; Chewi et al., 2022; Yang & Wibisono, 2022).

On the other hand, the increasing noise schedule of diffusion models may allow for improved con-
vergence rates compared to LMC. As evidence, Mou et al. (2022) show that the EM discretization
of an SDE has error O(n?) in reverse KL divergence, under smoothness assumptions which should
be satisfied under early stopping, making only mild additional assumptions on the data distribution
such as bounded support. We could apply their results to get O(n?) convergence bounds for the
diffusion model, but the implicit constant would depend on d and on the smoothness parameters,
which in turn depend polynomially on d and 1/4. This leads to bounds which are quadratic in 7 but
superlinear in d. We expect such bounds to be tighter than our own when ! > poly(d).

We may also get better convergence bounds by working in weaker metrics. Under some smoothness
assumptions on Pgar, our KL error bounds imply a bound of O(\/ﬁ) in Wasserstein-2 distance via a
Talagrand inequality (Otto & Villani, 2000). However, there is evidence that this rate is suboptimal.
Under smoothness assumptions on the drift, the EM discretization has error O(7) in Wasserstein-p
metric for p > 1 (Alfonsi et al., 2015). Under smoothness and convexity assumptions on the data
distribution, LMC converges at rate O(n) (Durmus & Moulines, 2019; Li et al., 2022). However,
these results require additional smoothness assumptions and have superlinear dependence on d.

Ultimately, there appears to be a trade off between the dependence on the data dimension and the
step size. Our key to obtaining bounds which are tight in d was to use bounds on the drift coefficient
of the reverse SDE which hold in expectation. All methods of which we are aware that achieve a
better dependence on 7 require stronger (e.g. L°°) control on the drift. These necessitate worse
dimension dependence and additional smoothness assumptions. We leave bridging the gap between
these two strands of proofs to future work.
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A EQUIVALENCE OF DIFFUSION MODELS AND STOCHASTIC LOCALIZATION

Suppose that (X;);>o follows the OU SDE defined in (1). Using the integration by parts formula
for continuous semimartingales (Le Gall, 2016),

d(e'X;) = e X,dt + et {—X,dt + V2dB,} = v2¢'dB,.

By the Dubins—Schwarz theorem (Le Gall, 2016, Theorem 5.13), there is a process (Wg)szo such

that .
WGZs,I = / \/§€rdBT
0

and (W, )4>o is a standard Brownian motion with respect to the filtration (F(,)s>0 Where 7(s) =
3 log(1 + s). Then, for all s € (0, 00) we can write
eT(S)XT(S) =Xy + Ws.

If we set Uy = 0 and i
U, = 567(1/5)){7_(1/5) =sXo+ SWI/s

for s € (0,00), then we observe that (Us)s>o satisfies the definition of the stochastic localization

process in (5), since the law of (sz/S)SZO is the same as the law of (Ws)s>¢. Thus the forward

diffusion process and the stochastic localization process are equivalent under the chance of time

variables ¢(s) = 3 log(1 +s71).

In addition, we see that conditioning on Us is equivalent to conditioning on X, and thus ys and
qoj¢( - | X¢) define the same distributions when ¢ = #(s). It follows that a,(U;) and m;(X;) have the
same law and A (U;) and 3;(X;) have the same law when ¢ = ¢(s).

B PROOFS OF STOCHASTIC LOCALIZATION RESULTS

Propositions 1 and 2 are well-known and we reproduce the proofs here for convenience. Proposition
1 can be found for example in Eldan (2013); Alaoui & Montanari (2022); El Alaoui et al. (2022)
and our proof of Proposition 2 is based on the argument on pages 8-9 of Eldan (2020).

Proof of Proposition 1. From (5), we can deduce that
1 S 2
po(dx) = - exp {x- Uy = 2 x]* } pawa(x),
Zg 2
where Z, = fRd exp {x -Ug — %HXHZ} Pdata(dX) is the normalizing constant. Therefore,
1
dlog Ls(x) = x - dUs — §||xH2ds—dlong. (18)
Writing h(x) = x - Us — $||x||* and using the definition of U in (5) plus d[W, W], = ds, we
have dh,(x) = x - AU, — 3|x||?ds and d[h(x), h(x)]; = ||x[|*ds. Since h,(x) is a continuous

semi-martingale and exp is smooth, we may apply It6’s lemma to exp {h,(x)} and integrate with
respect to Paaa (X) to get

4z, = /R ) (dhs(x) + %d[h(x), h(x)]s) eh 0 i (dx)

= / X- dUsehS(x)pdm(dx)
]Rd
= Zs(a, - dUs).
Then, via another application of Itd’s lemma, since Z is continuous and log is smooth,

dZ, 1dZ),
dlogZ, = S25 — -
©8 Z, 2 22

1
a,-dUs — iHaSHst.
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Substituting this into (18), we see that
1
leg Ls(x) = (X - as) : (dUs - asds) - §||X - as||2d8

1
= (x—a,) AW~ flx - a,|*ds

where we recall the definition of (W/),>¢ from (6). The result then follows via a final application
of Itd’s lemma.

Proof of Proposition 2. First, using Proposition 1 we have

da, =d </Rd XLS(X)pdala(dX)>
= [ %L X)paas(ax)

= / X ® (x — ag)Ls(x) - AW paaa(dx).
Rd

This implies that
dag=E, [£® (£ —a,)|dW,=A,-dW_.
It then follows from It&’s isometry that

d
g 27 =& [a2]
The result then follows from the fact that E [A,] = E,,, [¢®?] — E [a%?]. O

C ADAPTATIONS REQUIRED TO HANDLE A GENERAL COVARIANCE OF Pgaa

We briefly outline the changes required in our proofs to handle a data distribution with a general
covariance matrix. The main changes required are in the proofs of Lemmas 6 and 7 and Proposition
4. In this section, we replace Assumption 2 with the following.

Assumption 3. The data distribution paya has finite second moments, with My := K, [|| Xol|?].

First, we note that the proofs of Lemmas 3, 4 and 5 go through unchanged, and so these results also
hold in the more general setting. For Lemma 6, the proof of (12) can be adapted, replacing each
time we use E [[| Xo[|?] = d with E [[| Xo||?] = M- and noting that since X, and X; — e~* X are
independent, we have E [[| X, [|?] = E [(X; — e7'Xo) + e 'Xo|?] = dof + e 2 M. We find
that all instances of M cancel in the final result and (12) holds unchanged. In addition, the proof of
(13) needs no alteration.

The only change in the proof of Lemma 7 comes towards the end, when we assert that E [Tr(X;)] =
E [E [ Xol?|X:] — |E [Xo|X¢] [|?] < E [||Xo]/*] = dfort € [1,T]. Under Assumption 3, this
becomes E [Tr(3;)] < E [||Xo||?] = M>. Propagating this through the rest of the proof, we find
that (16) should be replaced by

N-—1 thi1 t
3 / ( / E,ff?sds> dt < kM + K2dN. (19)
k=0 “tr e

The final change that must be made is to Proposition 4, which must be replaced by the following
more general version that can be proved along identical lines.

Proposition 5. Under Assumption 3, we have KL(qr||mq) < (d + Ma)e 2T for T > 1.

Putting all of these changes together, we arrive at the following more general version of Theorem 1.
Theorem 2. Suppose that Assumptions 1 and 3 hold, that T > 1, and that there is some k > 0 such
that for each k = 0, ..., N — 1 we have v, < kmin{1, T — ty41}. Then,

KL(gs||pty) S €ore + K2AN + kdT + My + (d 4 My)e 7.

Theorem 2 holds even in the case where the covariance is not strictly positive definite, and in the
case where it is unknown to our diffusion model algorithm. Since we expect M5 to scale linearly in
d in most cases, we consider this result to be in essentially the same spirit as Theorem 1.
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D PROOF OF COROLLARY 1

Proof of Corollary 1. For convenience, we assume that N is even. We take tog = 0, Inj2 = T-1,
andty =T — 4, and pick £1,...,¢x_1 such that to, ...,y are linearly spaced on [0,7 — 1] and
T —tny2,...,T — ty are an exponentially decaying sequence from 1 to J (illustrated in Figure 1).

Then, v, < kmin{l,T — ty41} foreachk =0,...,N — lifandonlyif x > (T —1)/(IN/2) and

K > (1/8)'/N — 1. The former is satisfied if we take x = (%) and the second is satisfied provided

that k = Q(W), since N > log(1/4) and e* < 1+ (e — 1)z for z < 1. Therefore, for some
k= ©(THos(1/5))
part of Corollary 1.

we have v, < kmin{l,T — ¢4} foreach k = 0,..., N — 1, proving the first

For the second part, suppose that we set 7 = 1log () and N = @(w). Then,

score score

we have k2dN = O(el,.), kdT = O(e2,.), and de 2T = O(e2,.). We may therefore apply

score

Theorem 1 to get that KL(gs||pt, ) = O(g%,,.)- The bound on the iteration complexity then follows

score
since T" depends only logarithmically on d and egcore. ]

E OMITTED PROOFS FROM SECTION 3
Here, we provide the proofs of Lemmas 3, 4, 5, 6 and 7 which were omitted from Section 3.

Proof of Lemma 3. Recall that the reverse process (Y3 );c[o, 1) satisfies

dY; = {Y; + 2V log gr—(Y;) }dt + V2dB,.

Since V log gr—¢(x) is smooth for ¢ € [0,T), by Itd’s lemma we can write

d(Vloggr (Y1) = {V*logqr—¢(X;) - {Y; + 2V log gr (Y1)} + A(Viog gr—) (V) } dt

n d(Vloggr—¢)(Yy)
dt
The Fokker—Planck equation for the forward process is

dge(x) = {=V - (=x¢:(x)) + Agi(x)}dt,

dt + vV2V2loggr_,(Y;) - dBj. (20)

from which we can deduce
d(log g1)(x) = {d + x - Vlog g (x) + Alog ¢;(x) + ||V log g;(x)[|* }dt.
It follows that

d(Vlogqr—+)

at (x) = —{Vlog gr—+(x) + V*1og gr+(x) - x + V(Alog gr—+(x))

+2V?log gr—+(x) - Vlog gr—:(x)},

by interchanging the order of the derivative operators. Substituting this into (20) and simplifying,
we obtain the desired result. O

Proof of Lemma 4. First, expanding (8) we get

d
e [IV log gr—(Y)|%] + 2Eq [||V log gr—¢ (V) |)?]

d
—2e77) 2 Eq [Viogar—s(Y3) - Viogar—(Yy)]
—2¢""9Eq [Viog gr_s(Ys) - Viog gr— (V)]
=2Eq [|IV*log qr—+(Y2)|I%] -
Combined with (9), this shows that

d
3B [IIViogar—(Y)|*] + 2Eq [|V log ar— (V) |*] = 2Eq [|V* logar— (YV2)lI7] -
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Then,
dFE, d d
1 = 3Ea [IVlogar—(Y)|*] — 24 Eq [Vioggr.(Y:) - Vg ar—(¥:)]
= 2Eq [IV*log gr—(Y2)ll%] — 2Eq [V log gr—«(Y))|1?]
+2Eq [Viog gr—s(Ys) - Viog qr—i(Yy)]
which rearranges to give (10). O

Proof of Lemma 5. Part (i) is a classical result, sometimes known as Tweedie’s formula (Robbins,
1956). Part (ii) has been established in previous works (see e.g. De Bortoli (2022, Lemma C.2) or
Lee et al. (2023, Lemma 4.13)). We provide proofs of both results for reference.

For (i), we have
1
Vlog qi(x:) = 7/ V log 410 (x¢]%0)q0,¢ (%0, X¢)dxo.
qt(xt) Jra
Since gy0(x¢|x0) = N (x¢;x0e ™, 021), it follows that V log gy0(x¢|x0) = —0; *(x; — Xge ™).
Therefore,
Viog gi(xt) = Egoy, (-1, [—0, % (x¢ — Xoe™)]

= —U;ZXt + e_tJ;th.

For (ii), we can write

v? log g; (Xt)

1 2
= V~<lo X¢|X Xp, X3 )dx,
t( t) B th|O( t| O)qo,t( 05 t) 0

1
"‘7/ (VIOth\O(xt|x0)(VIOth\O(xt|XO))TQO,t(XOaXt)dXO
qt(xt) Jpa

qt (X%

1 —_ _ p—
_072[ + Egope ([0 [Ut Hxy — Xoe ") (3¢ — Xoe t)T]

T
1
] (/d Vlog Qto(XtXO)QO,t(Xth)dXo) </d Vlog Qtlo(xt|X0)QO,t(X07Xt)dx()>
R R

_ _ T
- ]qu|t('|xt) [_U?(Xt — Xoe t)] ]Eq()|t('|xt) [_J?(Xt — Xoe t)]

= —Jt_QI + 0;4Covq0“(.|xt)(xt — Xoe_t)

-2 —2t _—4
=—0; T+e o, "%,

Proof of Lemma 6. First, using the first part of Lemma 5 and expanding, we see that

Eq, [IV10g (X0 %] = o7 'E [ Xel|*] — 2¢7'07 "E [X - my] + €07 'E [|Jmy*]
where all expectations are with respect to X; ~ g;. Then,
E[X: my] =E[X; E [Xo|X]] =E [X; - Xo] = E [Xo - E [X¢|X0]] = e 'E [|| Xo||?] = de™".
Also, Tr (%) = E [|| Xol?|x:] — [[my[|%, so E [||m||?] = d — E [Tr(%;)]. We conclude that

E,, [[|V1oga:(Xy)|?] = do; % — 640, °E [Tr(Ze)]
where we have used 6,0, = e~2. This implies that
Eq [[Vioggr—(Yy)|*] < dor?,.

Second, using the second part of Lemma 5 along with the definition || A|% = Tr(AT A) and expand-
ing, we see that

Eq, [[IV?log q:(Xy)||7:] = do;* — 26,0, °E [Tx(24)] + 670, °F [Tr(57)] .
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Taking traces in Lemma 1, we get

o} d o} d o d _ 2
Ye—2t df E [Tr(Z)] = 26,0, di E [Tr(3)] = 26, dt [Tf(zt)]*E[Tr(Etﬂ’

and since E [Tr(X7)] > 0, it follows that %E [Tr(X¢)] > 0. Therefore,

. 1. 4d
Eq, [IV*log qu(X0) 7] = oy = 26,0, "B [Tx(Z0)] + 5610, LB [Tr(%)]
1d
< det t (-
<dort+ 5= (o7 E[M(Z)] ).

where we have used that 0,6, < 1. This implies that

1d,
Eq [IV?log qr—+(Yy)|F] < dog?, + 5ar (o, 2E [Te(2,)] ) |-t
o, 1d,
<dopt, - 5@(%:1@ [Te(S7-r)] ) lr=t-

O

Proof of Lemma 7. First we control the error terms Et(: ?s. Ifs,t € [0,7—1]theno2 0% ,>1/2
and so &/ é,lt) < 10d. We therefore have

M=1 ..., M—1
3 / (/ Et(l)éds> dt <5d > 7
k=0 'tk k=0

< kdT,

since we have assumed that v, < k. This proves the first part of (15).
Ifs,t € [T —1,T — 4] then (T — 5)/2 < 02__ < 2(T — s) and similarly for ¢. Therefore,

N-1 tht1 tet1
Z/ (/ Et(l)sds>dt<12d2/ (/ T—s)" 2ds>
k=M "tk tx k=M " tr tr
<12d Z
ja M _t’““
< k2N

since we have assumed that v, < x(T" — t+1). This proves the second part of (15).
Next, we control the error terms Ef(f)g Note that o;f
decreasing in t by Lemma 1. Therefore,

tet1 @) N-1 ity 4
/ < E; 5ds> dt < Z/ (072, E[T(2rr,)] — 072 B [Tr(2r_y)]) dt
Tk

, is increasing in ¢ and E [Tr(37_;)] is

O'T BT (Br—,)] — aT o B [Tr(ET tk+1)])'

”Mzi

Wesplitthissumintok:O,...,M—landk: M,...,N—1.Fork=0,...,M — 1, we have
—4
Yeor_y, < 4y < 4k and so

Z Tk UT ty Tr(ET tk)] - G;ftkE [TT(ET—tk-H)})

< 4k Tl" (Zr- tk)] - [TF(ET*tHl)])

< 45E [Tr(ZT)] .
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Fork::M,...,Nflwehave*ykagftk§47k/(T—tk <4k /(T — tx) and so

Z e (072 E[Te(Sr—y,)] — 072, E [Tr(Sr—y,,)])

< 4k Z — tk TI‘(ET tk)] [TI(ET—thA)])
=
Ry VE—1
< AKE [Tr(4)] + 4k k:%ﬂ T @ 4 F [Tr(S7_4,)]
< 4KE [Tr(24)] + 42 2 ﬁE [Tr(B7—¢,)] -
k=M+1

We then have E [Tr(%,)] = E [E [||[ Xo|*|X:] — |E [Xo|X:] [|I?] < E [||Xo|?] = dfort e [1,T]
and

E [Tr(X;)] = e*E [Tr(Cov(Xoe ™" — X;|Xy))]
=e”E [E [| Xoe " — X¢||*|X¢] — ||E [Xoe™ — X¢|X:] [I7]
< €”E [|| Xoe™" — X¢||°]
< de*o?
< 16dt
fort € (0, 1]. Putting this together, we conclude that

/tk“ </t Eﬁf)sds> dt <4RE [Tr(Z7)] + 46E [Tr(X1)]

Z T E[Tr (7, )]

k=M+1
< kd + K*dN.
This proves completes the proof of (16). O

F APPLICATION OF GIRSANOV’S THEOREM

We now recall the proof of Proposition 3. The following approximation argument is essentially
identical to that of Chen et al. (2023d, Section 5.2) and we reproduce it here simply for clarity of
presentation.

The main ingredient in the proof will be Girsanov’s theorem, which we recall below. The version
we state can be obtained from Theorem 4.13 combined with Theorem 5.22 and Pages 136139 in
Le Gall (2016).

Proposition 6 (Girsanov’s Theorem). Suppose that (Q, F, (F;)i>0,Q) is a filtered probability
space and (by)ieo,7] is an adapted process on this space such that Eq | fOT [[bs|[?ds] < oco. Let

(Bt)t>0 be a Q-Brownian motion and define Ly = fot bsdBgs. Then, L is a square-integrable Q-
martingale. Moreover, if we define

t t
5(£)texp{/ bSstfl/ ||bS||2ds}
0 2 0

fort € [0, T] and suppose that Eq [E(L)r] = 1 then E(L) is a Q-martingale and so we may define
a new measure P = E(L)rQ. Then, the process

t
ﬁt = Bt —/ bsds
0

19
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Proof of Proposition 3. We will apply Girsanov’s theorem on the interval [0, ¢ ] in the case where
( is the path measure of the solution to (2), (Bj)>o is our ()-Brownian motion, and

be = V2 {so(Ye,, T — ty) — Viogar—¢(Y:)}

fort € [tg,tx11] and each k = 0,..., N — 1. Note that (b;).c[0,¢,] is an adapted process and we
have

i1
Eq {/ 1] ds}zz/ o [IV10g ar—i(Y)) — so(¥iu, T — )[[2] dt < oo
0

by the assumptions of Proposition 3. Therefore, if we define £; = fot bsd B’ as in Proposition
6 then (E(L)¢)efo,r) is a continuous local martingale (Le Gall, 2016, Proposition 5.11). So, we
can find an increasing sequence of stopping times (7),),>1 such that T,, — ¢y almost surely and
(E(L)¢aT, )tefo,tn] is a continuous martingale for each n.

Let us define £} = fot bslio,7,)(s)dB, forall t € [0,fx] and n > 1. Then we have £(L)inr, =
E(L™)¢, so E(L™) is a continuous martingale, and it follows that Eg [E(L™);, ] = 1. Therefore, we
may apply Girsanov’s theorem (Proposition 6) to £™ on the interval [0, ¢ 7]. We deduce that we may
define a new probability measure P™ := £(L™);, @ and a new process

¢
ﬁ? = B; */ bs]l[(),Tn](S)dS
0
such that (57")c[0,:] is @ P"-Brownian motion.
Since (2) holds almost surely under @, we see that

Ay = {Y; + 259(Yy,., T — tx) Yo, 1,1 ()dt + {Y: + 2V log g (Vi) iz, 41 (£)dt + V2457

In addition,

dpn

1 Tn,
Ly [ Ras
0

tht1
<> [ Eo IVl ar(¥) — oV T - )], @)

KL(QI|P") = Eq [mg 4o } — _Eq [log£(L")]

since L is a -martingale.

Now, we consider coupling P" for each n and P47 by taking a fixed probability space and a single
Brownian motion (W;);>o on that space and defining the processes (Y;"):c(o,¢x] and (Y)ic(o,tx]
via

dY;* = {Y;" +2s¢ (Y;T, T— tk)}]]-[O,Tn] (t)dt +{Y;" + 2V log qT_t(Yt")}]l[Tth] (t)dt + \/ith

and
AY, = {Y; + 2s9(Vs,, T — t3,) }dt + V2dW,,

and taking Xy ~ qr and setting X} = X, for each n. Then, the law of Y" is P" for each n and
the law of Y is P97,

Fix ¢ > 0 and define 7. : C([0,tnx];R?) — C([0,tn];R?) by 7. (w)(t) = w(t A (txy — €)) for
t € [0,tn]. Then, m.(Y™) — m.(Y") uniformly over [0, ¢ 5] almost surely and hence (7. )4 P" —
(e ) P weakly (Chen et al., 2023d, Lemma 12). We then have that

KL((7) QI () P7) < lim inf KL((m2) 4 Q) (m2) - P")
< lim inf KL(Q|| P")

tr41
<3 [ Eo IV Iogar—i(¥) — sul¥i T~ )| dt, @2
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where in the first line we have used the lower semicontinuity of the KL divergence (Ambrosio et al.,
2005, Lemma 9.4.3), in the second line we have used the data processing inequality, and in the third
line we have used (21).

Finally, letting ¢ — 0 we have that 7. (w) — w uniformly on [0, 7] (Chen et al., 2023d, Lemma 13),
and hence KL((7:)£Q||(7:) 4 P97) — KL(Q||P9") (Ambrosio et al., 2005, Corollary 9.4.6). We
therefore conclude by taking ¢ — 0 in (22). O

G CONVERGENCE OF FORWARD PROCESS

We show that the forward OU process converges exponentially in KL divergence under Assumption
2. We note that the exponential convergence of the OU process under various metrics is well-
established, and the particular result we prove here is very similar to Lemma 9 in Chen et al. (2023a).

Proof of Proposition 4. Since qyo(x¢[x0) = N (x¢; x0e ™", 0714), we have
1 _ _
KL(gsjo( - [x0)l[ma) = 5 {dlogo, P —d+do} +|le” %0} -
By the convexity of the KL divergence,
KL(arllma) = KL( [ ario(- bxo)pusa(dxo) )
Re

< [ KLlaro(- o)l s (dxo)

1
=5 {dlog 052 —d+ dcr% + e_2TIEpdm [ |X0||2] }
= —dlog(1 — e™27T)
5 de*ZT
for T > 1, where we have used that E,,, [[| Xo|?] = d since Cov(paaa) = Ia. O

H LINEAR DEPENDENCE ON DATA DIMENSION IS OPTIMAL

Suppose that we have a data distribution p, on R? such that a diffusion model approximating p.
using the exact scores, initialized from ¢ rather than 7,4, and using a given sequence of discretiza-
tion times ¢, . . ., ¢y has a KL error of 2. Then, if we consider approximating the product measure
p™ on (R%)™, again using the exact score, initializing from q%?m, and using the same sequence of
discretization times, the reverse process will factorize across the m copies of R%. Consequently, the
total KL error will be me?2 by tensorization of the KL divergence. Thus the KL error of the diffusion
model scales linearly in the data dimension in this case, demonstrating that the linear dependence of
our KL bounds on d is optimal.
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Abstract

Several algorithms involving the Variational Rényi (VR) bound have been proposed to
minimize an alpha-divergence between a target posterior distribution and a variational
distribution. Despite promising empirical results, those algorithms resort to biased stochastic
gradient descent procedures and thus lack theoretical guarantees. In this paper, we formalize
and study the VR-IWAE bound, a generalization of the importance weighted auto-encoder
(IWAE) bound. We show that the VR-IWAE bound enjoys several desirable properties and
notably leads to the same stochastic gradient descent procedure as the VR bound in the
reparameterized case, but this time by relying on unbiased gradient estimators. We then
provide two complementary theoretical analyses of the VR-IWAE bound and thus of the
standard IWAE bound. Those analyses shed light on the benefits or lack thereof of these
bounds. Lastly, we illustrate our theoretical claims over toy and real-data examples.
Keywords: variational inference, alpha-divergence, importance weighted auto-encoder,
weight collapse, high dimension

1. Introduction

Variational inference methods aim at finding the best approximation to a target posterior
density within a so-called variational family of probability densities. This best approxi-
mation is traditionally obtained by minimizing the exclusive Kullback—Leibler divergence
(Wainwright and Jordan, 2008; Blei et al., 2017), however this divergence is known to have
some drawbacks (for instance variance underestimation, see Minka, 2005).

As a result, alternative divergences have been explored (Minka, 2005; Li and Turner,
2016; Bui et al., 2016; Dieng et al., 2017; Li and Gal, 2017; Wang et al., 2018; Daudel et al.,
2021, 2023; Daudel and Douc, 2021; Rodriguez-Santana and Herndndez-Lobato, 2022), in
particular the class of alpha-divergences. This family of divergences is indexed by a scalar
a. It provides additional flexibility that can in theory be used to overcome the obstacles
associated to the exclusive Kullback—Leibler divergence (which is recovered by letting o« — 1).

*. Equal contribution

(©2023 Kamélia Daudel, Joe Benton, Yuyang Shi and Arnaud Doucet.
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Among those methods, techniques involving the Variational Rényi (VR) bound introduced
in Li and Turner (2016) have led to promising empirical results and have been linked to key
algorithms such as the importance weighted auto-encoder (IWAE) algorithm (Burda et al.,
2016) in the special case & = 0 and the black-box alpha (BB-«) algorithm (Hernandez-Lobato
et al., 2016).

Yet methods based on the VR bound are seen as lacking theoretical guarantees. This
comes from the fact that they are classified as biased in the community: by selecting
the VR bound as the objective function, those methods indeed resort to biased gradient
estimators (Li and Turner, 2016; Hernandez-Lobato et al., 2016; Bui et al., 2016; Li and
Gal, 2017; Geffner and Domke, 2020, 2021; Zhang et al., 2021; Rodriguez-Santana and
Hernéndez-Lobato, 2022).

Geffner and Domke (2020) have recently provided insights from an empirical perspective
regarding the magnitude of the bias and its impact on the outcome of the optimization
procedure when the (biased) reparameterized gradient estimator of the VR bound is used.
They observe that the resulting algorithm appears to require an impractically large amount of
computations to actually optimise the VR bound as the dimension increases (and otherwise
seems to simply return minimizers of the exclusive Kullback—Leibler divergence). They
postulate that this effect might be due to a weight degeneracy behavior (Bengtsson et al.,
2008), but this behavior is not quantified precisely from a theoretical point of view.

In this paper, our goal is to (i) develop theoretical guarantees for VR-based variational
inference methods and (ii) construct a theoretical framework elucidating the weight degener-
acy behavior that has been empirically observed for those techniques. The rest of this paper
is organized as follows:

e In Section 2, we provide some background notation and we review the main concepts
behind the VR bound.

e In Section 3, we introduce the VR-IWAE bound. We show in Proposition 1 that
this bound, previously defined by Li and Turner (2016) as the expectation of the
biased Monte Carlo approximation of the VR bound, can be actually interpreted as a
variational bound which depends on an hyperparameter « with o € [0,1). In addition,
we obtain that the VR-IWAE bound leads to the same stochastic gradient descent
procedure as the VR bound in the reparameterized case. Unlike the VR bound, the
VR-IWAE bound relies on unbiased gradient estimators and coincides with the IWAE
bound for o = 0, fully bridging the gap between both methodologies.

We then generalize the approach of Rainforth et al. (2018)—which characterizes the
signal-to-noise ratio (SNR) of the reparameterized gradient estimators of the IWAE—
to the VR-IWAE bound and establish that the VR-IWAE bound with a € (0,1)
enjoys better theoretical properties than the IWAE bound (Theorem 1). To further
tackle potential SNR difficulties, we also extend the doubly-reparameterized gradient
estimator of the IWAE (Tucker et al., 2019) to the VR-IWAE bound (Theorem 2).

e In Section 4, we provide a thorough theoretical study of the VR-IWAE bound. Following
Domke and Sheldon (2018), we start by investigating the case where the dimension of
the latent space d is fixed and the number of Monte Carlo samples N in the VR-IWAE
bound goes to infinity (Theorem 3). Our analysis shows that the hyperparameter «
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allows us to balance between an error term depending on both the encoder and the
decoder parameters (6, ¢) and a term going to zero at a 1/N rate. This suggests that
tuning « can be beneficial to obtain the best empirical performances.

However, the relevance of such analysis can be limited for a high-dimensional latent
space d (Examples 1 and 2). We then propose a novel analysis where N does not
grow as fast as exponentially with d (Theorems 4 and 5) or sub-exponentially with
dvs (Theorem 6), which we use to revisit Examples 1 and 2 in Examples 3 and 4
respectively. This analysis suggests that in these regimes the VR-IWAE bound, and
hence in particular the IWAE bound, are of limited interest.

e In Section 5, we detail how our work relates to the existing litterature.

e Lastly, Section 6 provides empirical evidence illustrating our theoretical claims for
both toy and real-data examples.

2. Background

Given a model with joint distribution py(x,z) parameterized by 6, where = denotes an
observation and z is a latent variable valued in R%, one is interested in finding the parameter
0 which best describes the observations D = {x1,...,zr}. This will be our running example.
The corresponding posterior density satisfies:

T
po(2|D) o [ [ po(wi, i) (1)
i=1
with z = (z1,..., 2z1), so that the marginal log likelihood reads
T
0(0;D) = ZE(@; x;) with £(0;x) := logpg(z) = log (/pg(x, z)dz) . (2)
i=1

Unfortunately as this marginal log likelihood is typically intractable, finding 6 maximizing
it is difficult. Variational bounds are then designed to act as surrogate objective functions
more amenable to optimization.

Let gy(2|x) be a variational encoder parameterized by ¢, common variational bounds
are the Evidence Lower BOund (ELBO) and the IWAE bound (Burda et al., 2016):

ELBO(6, ¢;z) = /q¢(z|x) log wg 4(2; ) dz,
TWAE N 1 &
EEV )(0, o;x) ://H%(zi]m) log NZwa(zJ;x) dz1.y, N e N~
i=1 j=1

where for all z € RY,

p9($7 Z)
qp(2lz)”

w9,¢(2§9€) =
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The IWAE bound generalizes the ELBO (which is recovered for N = 1) and acts as a lower
bound on ¢(0;x) that can be estimated in an unbiased manner. Instead of maximizing
£(0; D) defined in (2), one then considers the surrogate objective

T
SOV (9, ¢ )
=1

which is optimized by performing stochastic gradient descent steps w.r.t. (6,¢) on it
combined to mini-batching. Optimizing this objective w.r.t. ¢ is difficult due to high-
variance gradients with low signal-to-noise ratio (Rainforth et al., 2018). To mitigate this
problem, reparameterized (Kingma and Welling, 2014; Burda et al., 2016) and doubly-
reparameterized gradient estimators (Tucker et al., 2019) have been proposed.

Crucially, stochastic gradient schemes on the IWAE bound (and hence on the ELBO)
only resort to unbiased estimators in both the reparameterized (Kingma and Welling, 2014;
Burda et al., 2016) and the doubly-reparameterized (Tucker et al., 2019) cases, providing
theoretical justifications behind those approaches. In particular, under the assumption that
z can be reparameterized (that is z = f(e, ¢; ) ~ gy (-|z) where € ~ ¢) and under common
differentiability assumptions, the reparameterized gradient w.r.t. ¢ of the IWAE bound is
given by

9 (IWAB) o wy p(z;m) O N
8¢€ //Hq v (J S wa g2k T )8¢ logw97¢(f(5],¢,a:),x)) derw

and the doubly-reparameterized one by

0 (IWAE)

N N wo (255 ) i)
- [ [ at (Z ( ik ) 5 10gw9¢’(f(5j;¢§95)§x)|¢’=¢) dery. (3)

Ek 1 Wo.6(2k;5 T)

Unbiased Monte Carlo estimators of both gradients are hence respectively given by

VT R
j=1 SN wp (21 ) O logwe,¢(f(ej, d;2); ) (4)

and

2
; 0
z:: (kaf;i:;(j:’ )) 8¢ log wy ¢’(f(5j,¢, 1‘) x>|¢,_¢’

with €1,...,en being i.i.d. samples generated from ¢ and z; = f(ej,¢;x) forall j=1... N.
Maddison et al. (2017) and Domke and Sheldon (2018) in particular established that the
variational gap - that is the difference between the IWAE bound and the marginal log-
likelihood - goes to zero at a fast 1/N rate when the dimension of the latent space d is fixed
and the number of samples N goes to infinity.
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Another example of variational bound is the Variational Rényi (VR) bound introduced
by Li and Turner (2016): it is defined for all « € R\ {1} by

1

—

£)(6, g5) = 1 log ( [ ao(zle) woglz) 7 dz ) (5)
and it generalizes the ELBO (which corresponds to the extension by continuity of the VR
bound to the case o = 1, see Li and Turner, 2016, Theorem 1). It is also a lower (resp.
upper) bound on the marginal log-likelihood ¢(0; z) for all & > 0 (resp. a < 0).

In the spirit of the IWAE bound optimisation framework, the VR bound is used for
variational inference purposes in (Li and Turner, 2016, Section 4.1, 4.2 and 5.2) to optimise
the marginal log-likelihood ¢(0, D) defined in (2) by considering the global objective function

T
> L0, ¢ ;)

=1

and by performing stochastic gradient descent steps w.r.t. (6, ¢) on it paired up with
mini-batching and reparameterization. This VR bound methodology has provided positive
empirical results compared to the usual case @ = 1 and has been widely adopted in the
literature (Li and Turner, 2016; Bui et al., 2016; Hernandez-Lobato et al., 2016; Li and Gal,
2017; Zhang et al., 2021; Rodriguez-Santana and Hernédndez-Lobato, 2022). As discussed
in the remark below, this methodology is obviously not limited to the choice of posterior
density defined in (1) and is more broadly applicable.

Remark 1 (Black-box alpha energy function) Let po(z) be a prior on a latent variable
2 valued in R? and by p(x|2) the likelihood of the observation x given z, we might consider
the posterior density

T
p(2D) o po(2) [ ] plail2), (6)
i=1
leading to the marginal log-likelihood
R T
(D) = log (/p(D, Z)dZ> = log (po(Z) Hp(a:iIZ)dZ> -
i=1

Here, the latent variable z valued in R? is shared across all the observations. Now further
assume that the prior density po(z) = exp(s(2)T¢g — log Z(¢o)) has an exponential form,
with ¢ and s being the natural parameters and the sufficient statistics respectively and Z(¢g)
being the normalizing constant ensuring that po is a probability density function.

In order to find the best approzimation to the posterior density (6), Hernandez-Lobato
et al. (2016) offers to minimize the black-box alpha (BB-c) energy function, which is defined
by: for alla € R\ {1},

- 1y 11—«
£(¢) = log Z(90) ~ log Z(9) — 1—— > log (/ ol (pg&)) dz)
=1
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where fy(2) = exp(s(2)T @) is within the same exponential family as the prior and qs(z) =
exp(s(2)T ¢ —log Z(¢)) with ¢ = T'p+ ¢ denoting the natural parameters of qp and Z() its
normalizing constant. Here, the minimisation is carried out via stochastic gradient descent
w.r.t. ¢ combined with mini-batching and reparameterization.

As observed in Li and Gal (2017), minimizing E(¢) w.r.t. ¢ is equivalent to mazimizing
the sum of VR bounds

T

D

i=1

tog ([ as(ehwno(z0) 7 d:

l—«

w.r.t. ¢, where this time wp 4(2; ) = p(xi|2)Tpo(2)/qs(2).

However, the stochastic gradient descent scheme originating from having selected the VR
bound as the objective function suffers from one important shortcoming: it relies on biased
gradient estimators for all a ¢ {0, 1}, meaning that there exists no convergence guarantees
for the whole scheme. Indeed, Li and Turner (2016) show that the gradient of the VR bound
w.r.t. ¢ satisfies

O g ey L1 W05 2) " gyloguno(fle, dia)ix) de
8¢[’ ((9; QJ),Q?) = fq(s) w6,¢(z§ x)l—a de )

with z = f(e,¢;2) ~ q4(-|x) where ¢ ~ ¢q. The gradient above being intractable, they
approximate it using

wog(zj;2)' ™ 0
57 logwe ¢(f(cj, d;7); 2), (7)
j=1 legvzl wp, ¢ (2x; )1~ ¢ 6. J

where €1,...,ey are i.i.d. samples generated from ¢ and z; = f(ej,¢;x) forall j=1...N.
The cases o = 0 and o = 1 recover the stochastic reparameterized gradients of the IWAE
bound (4) and of the ELBO (consider (4) with NV =1). As a result, we can trace them back
to unbiased stochastic gradient descent schemes for IWAE bound and ELBO optimisation
respectively. Yet, this is no longer the case when « ¢ {0, 1}, hence impeding the theoretical
guarantees of the scheme.

In addition, due to the log function, the VR bound itself can only be approximated using
biased Monte Carlo estimators, with (Li and Turner, 2016, Section 4.1) using

1 1 Y
log | = > Zj )t
- log Nj:1w9,¢( i T) (8)

where Z1,..., Zy are i.i.d. samples generated from g4. Furthermore, while the VR bound
and the IWAE bound approaches are linked via the gradient estimator (7), the VR bound
does not recover the IWAE bound when « = 0.

The next section aims at overcoming the theoretical difficulties regarding the VR bound
mentioned above.
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3. The VR-IWAE Bound

For all & € R\ {1}, let us introduce the quantity

() 1 il 1 & -
0N (0, ¢;x) == T a //Hq¢(zl|x) log N;w9,¢(zj;x) dz1.w, (9)

which we will refer to as the VR-IWAEFE bound. Note that for the VR-IWAE bound to be
well-defined we will assume that the following assumption holds in the rest of the paper.

(A1) It holds that 0 < py(x) < oo and the support of g4(-|x) and of py(-|x) are equal.

We may omit the dependency on z in z — gg(z|x) and z — wg(2;x) for notational
convenience and we now make two remarks regarding the VR-IWAE bound defined in (9).

e Contrary to the VR bound, VR-IWAE bound (i) can be approximated using an
unbiased Monte Carlo estimator and (ii) recovers the IWAE bound by setting o = 0.
Under common differentiability assumptions, we also have that

lim £ (0, ¢:7) = ELBO(6, 65 )
a—

(see Appendix A.1 for details), meaning that the VR-IWAE bound interpolates between
the IWAE bound and the ELBO.

e Li and Turner (2016) interpreted the quantity defined in (9) as the expectation of the
biased Monte Carlo approximation of the VR bound (8). They established in (Li and
Turner, 2016, Theorem 2) some properties on this quantity. In particular, they showed
that (i) for all & <1 and all N € N*,

(000, ¢) < £$,(8, ¢.) < LB, ¢ )

and (ii) for all @ € R, Eg\?) (0, ¢; x) approaches the VR bound L) (0, ¢;x) as N goes to
infinity if the function z — wy 4(z) is assumed to be bounded.

Based on the two previous remarks, Eg\?)(& ¢; x) seems to be an interesting candidate as a
variational bound which generalizes the IWAE bound. We take here another perspective
on the quantity 65\?)(9, ¢; x) by wanting to frame it as a variational bound with ties to the
Rényi’s a-divergence variational inference methodology of Li and Turner (2016) and to the
IWAE bound, hence the name VR-IWAE bound. We now need to check that the VR-IWAE
bound can indeed be used as a variational bound for marginal log-likelihood optimisation in
the context of our running example.

3.1 The VR-IWAE Bound as a Variational Bound

As underlined in the following proposition, the VR-IWAE bound is a variational bound for
all @ € [0,1) which enjoys properties akin to those obtained for the IWAE bound (Burda
et al., 2016) and which becomes looser as « increases.
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Proposition 1 (Properties of the VR-IWAE bound) The following properties hold
for the VR-IWAE bound.

1. For all « € 10,1) and all N € N*,
ELBO(0, ¢; ) < £)(0, ¢s.2) < £5¢),(0, ¢i2) < L0(0, ¢52) < £(6;2).  (10)

Moreover, if the function z — wg 4(2) is bounded, then Eg\?‘)(ﬁ,qﬁ;x) approaches the VR
bound L\ (0, p;x) as N goes to infinity.

2. For all aq,as € (0,1) such that oy > ag and all N € N*,
V0, ¢2) < 0570, ¢2) < (36, 65), (11)

where the case of equality is reached if and only if z — wg ¢(2) is constant for v-almost
all z € R (with v denoting the Lebesgue measure).

3. Further assuming that z can be reparameterized, that is z = f(e,¢) ~ qy where € ~ g,
we have under common differentiability assumptions that

9 ()0, ;)

0"
-1/ Hqsz ( weolza) 20 gwe¢<f<ej,¢>>> derw (12

= DI 1w9¢(zk)1 @ 99

and an unbiased estimator of 0653‘)(9, ¢;x)/0¢ is given by

DL L W) (13)
TN wp g (2) 0 06 g
where €1,...,ey are i.i.d. samples generated from q and z; = f(g;,¢) for all
j=1...N.

The proof of Proposition 1 is deferred to Appendix A.2 and we now comment on Proposition 1.
Observe that both the VR and VR-IWAE bounds share the same estimated reparameterized
gradient w.r.t. ¢, that is (7) is exactly (13), hence they lead to the same stochastic gradient
descent algorithm. However, when « € (0,1), a key difference is that in the VR bound case
this estimator is biased while it is unbiased for VR-IWAE bound.

This motivates the VR-IWAE bound as a generalization of the IWAE bound that
overcomes the theoretical difficulties of the VR bound, as unbiased gradient estimates provide
the convergence of the stochastic gradient descent procedure (under proper conditions on
the learning rate). In fact, and as we shall see next, the estimated reparameterized gradient
w.r.t. ¢ written in (7) and (13) - that we have now properly justified using the VR-IWAE
bound - also enjoys an advantageous signal-to-noise ratio behavior when « € (0, 1).
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3.2 Signal-to-noise Ratio (SNR) Analysis

Rainforth et al. (2018) identified some issues associated to using reparameterized gradient
estimators of the IWAE bound. They did so by looking at the signal-to-noise ratio (SNR) of
those estimates: their main theorem (Rainforth et al., 2018, Theorem 1) shows that while
increasing IV leads to a tighter IWAE bound and improves the SNR for learning 6, it actually
worsens the SNR for learning ¢.

Let us now investigate if and how the conclusions of (Rainforth et al., 2018, Theorem 1)
extend to the VR-IWAE bound. To this end, we first recall the definition of the SNR used
in Rainforth et al. (2018). Given a random vector X = (X1,...,X) of dimension L € N*,
the SNR may be defined as follows:

V(X)) V(X))
Writing 6 = (61, ...,0r) and ¢ = (¢1,...,¢r/) and with L, L’ € N*, we now consider for all

¢=1...Landall ¢/ =1...L the unbiased estimates of the reparameterized gradient of the
VR-IWAE bound w.r.t. §; and w.r.t. ¢y given by: for all M, N € N* and all o € [0, 1),

YANC ! S~ 0 log [ — 3 Lot 14
~n(0) = mmZ:I% og N;w9,¢(f(€m,p¢)) ; (14)
o L0 _
5](\/[,)N(¢é/) - (1 —1(1)M Z Odyr log ( Z’LU@@, Em,j7¢))1 a) ) (15)
m=1

where (€p,)1<m<mi<j<n are i.i.d. samples generated from ¢ and z,,; = f(em,j, ¢) for all
m=1...M and all n = 1...N. Note that the link with the reparameterized gradient
estimator (13) from Proposition 1 can be made by considering the case M =1 in (15). We
then have the following theorem.

Theorem 1 (SNR analysis) Let o € [0,1) and for all N € N* and all j = 1... N, define
Wy = wes(fle1j,d)) and ZyNo = N1 E;v 1 QIJ}]O‘ Assume that the eighth moments of
ﬁ)ﬁ , Oy 7 17/00¢ and 8w% 1%/0¢p are finite, where £ is an integer between 1 and L and
0 is an mteger between 1 and L. Furthermore, assume that there exists some N € N* for

which B((1/Z1 n.a)*) < 0o. Lastly, assume that O (i} 1%)/00¢ # 0 and that

OV (b1 1%)/0¢y >0, ifa=0
OE(w11%)/06e #0, ifa € (0,1). (16)
Then, under common differentiability assumptions, the SNR of the VR-IWAE bound repa-

rameterized gradient estimates w.r.t 6y and w.r.t ¢pp defined in (14) and (15) respectively
satisfy

SNR[847x (60)] = ©(VMN) (17)

O(/M/N) ifa=0,

O(WMN) ifac(0,1). (18)

SNR[6x (60)] = {
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The proof of Theorem 1 can be found in Appendix A.3. Theorem 1 states that for o € (0, 1),
the SNR for learning the generative network (6) and for learning the inference network (¢)
both improve as N increases, unlike the IWAE bound case a = 0 where the second SNR
worsens as N increases. This provides theoretical support suggesting that taking o > 0 in
the VR-IWAE bound may help to ensure a good training signal, thus leading to improved
empirical performances compared to the IWAE bound.

In the following, we investigate another way to provide gradient estimators of the
VR-IWAE bound with an advantageous SNR behavior in practice.

3.3 Doubly-reparameterized Gradient for the VR-IWAE Bound

To remedy the SNR issue identified in Rainforth et al. (2018), Tucker et al. (2019) proposed a
new estimator of the gradient of the IWAE bound (3) under the name doubly-reparameterized
gradient estimator. As written in the theorem below, the doubly-reparameterized gradient
estimator of the IWAE bound (3) in fact generalizes to the case a € (0,1).

Theorem 2 (Generalized doubly-reparameterized gradient) Under common differ-
entiability assumptions and assuming that z can be reparameterized, that is z = f(e, ) ~ g4
where € ~ q, we have that: for all a € [0,1],

0

%g(a) //Hq &) (Zh logw9¢/(f(5g7¢))|¢' >d51:N7 (19)

with zj = f(ej,¢) forallj=1...N and

11—« Nl—« 2
hj(a) N ’(U@@(Zj) + (1 B a) ( w97¢(2]) a) .

SRl we g (zk) e Yl wo,p(2k)'

An unbiased estimator of 855\?)(9,@ x)/0¢ is then given by

Zh (a) logwe & (f(€5,0))lgr=o (20)

where €1,...,en are i.i.d. samples generated from q and z; = f(ej,¢) forallj=1...N.

The proof of Theorem 2 is deferred to Appendix A.4. One can then check that we recover
the usual doubly-reparameterized gradient estimator of the IWAE bound (resp. the ELBO)
when o = 0 (resp. a = 1). Like the reparameterized gradient estimator (13), which we
have studied in Section 3.2 as it corresponds to the special case M = 1 in Theorem 1, this
second (doubly-reparameterized) gradient estimator too may lead to improved empirical
performances. From there, large-scale learning occurs by using that Proposition 1 implies

T
0(6;D) = Ze(e ;) > Zda)(e sxi) > 300, ¢5)

i=1
and by following the training procedure for the IWAE bound. Indeed, we have access to
an unbiased estimator of the lower bound of the full data set S~ EE\O,‘)(G, ¢;x;) (as well

10
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as an unbiased estimator of its reparameterized/doubly-reparameterized gradient) using

mini-batching. Seeking to maximize the objective function S>7 | £(®)(0, ¢; x;) by optimising
r 1355“)(9, ¢; ;) in fact amounts to seeking to minimize a specific Rényi’s a-divergence

with a mean-field assumption on the variational approximation (see Remark 2 for detail).

Remark 2 Define z = (21,...,2r) and q4(2) = [11_1 q5(2:). Then, for all a € (0,1):

T T
1
(@) 0, ¢;xi) = I (/ R lfozd )
Z:Zlﬁ ( a¢7xl) Zzzl I — o og q¢(z)w07¢(z7ml) 5
T

1 _
> ] log (/ (2 wo.p(2i; ;) adZi)
=1t ¢
log (//H de (z) H w9¢ Z],:r] CYle:T)

1 i o log (/ q6(2)wp ¢(2; D)l_adz)

where pg(D, z) = [Ti_1 p(xi, 2;) and wp 4(z; D) = pg(D, 2)/qs(2). Observe that the last equal-
ity is a VR bound, meaning that maximizing the global objective function Z;*F:1 L) (0, ;)
s equivalent to minimizing the Rényi’s a-divergence between the two probability distributions
with associated probability densities q4(2z) and p(z|D) respectively w.r.t. the Lebesgue mea-
sure. Hence, this approach belongs to alpha-divergence variational inference methods with the
particularity that it makes a mean-field assumption on the variational approximation qs(z).

At this stage, we have formalized and motivated the VR-IWAE bound. We now want to get
an understanding of its theoretical properties.

4. Theoretical Study of the VR-IWAE Bound

The starting point of our approach is to exploit the fact that prior theoretical works study
the particular case a = 0 (corresponding to the IWAE bound) when the dimension of the
latent space dim(z) = d is fixed and the number of samples N goes to infinity.

4.1 Behavior of the VR-IWAE Bound when d is Fixed and N goes to Infinity

A quantity that has been of interest to assess the quality of the IWAE bound is the
variational gap, which is defined as the difference between the IWAE bound and the marginal
log-likelihood:

N
An (6, 632) 1= ()6, 61:) — (850 = [ / Hq¢ 2:) log (;,Zwm(zj)) dany (21)
J=1

where for all z € R?

Wy 4(2) == wy,(2) _ we,¢(2)
O By, (wo9(2)) — po(e)

11
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so that Wg¢(21),...,We¢(2n) correspond to the relative weights. The analysis of the
variational gap (21), first performed in Maddison et al. (2017) and then refined in Domke
and Sheldon (2018), investigated the case where dim(z) = d is fixed and N goes to infinity.
Informally, they obtained in their Theorem 3 that the variational gap behaves as follows

with ~y denoting the variance of the relative weights, that is

% = Vg, (Wo.4(2)).

This result suggests that using N is very beneficial to reduce the variational gap, as it goes
to zero at a fast 1/N rate. It motivates a study - in a regime where d is fixed and N goes to
infinity - of the more general variational gap defined for all a € [0,1) by

A9, ¢2) = (0, ¢32) — £(8; ).

The following result generalizes (Domke and Sheldon, 2018, Theorem 3) to the VR-IWAE
bound.

Theorem 3 Let o € [0,1). Then, it holds that

0< Ezwqd)(wg@(Z)lfo‘) < 00. (22)
Further assume that there exists 8 > 0 such that

Ezq, ([T (2) = 17+) < oo, (23)

where we have defined Egi;(z) = wp,¢(2)" " /Ezng, (wo,s(Z) ™) for all z € R, Lastly,
assume that the following condition holds

limsupE(1/Ry n) < 00, (24)

N—oo

where, for all N € N*, Ry n = N1 EZ]\LI wqug(Zi)l"" and Z4,...,ZN are i.i.d. samples

(a)

generated according to qg. Then, denoting 3 = (1 — a) 'V, (W, +(2)), we have:

2
@ (g 1.\ @ 4N pip o e <1>
The proof of this result is deferred to Appendix B.1 and we now aim at interpreting

Theorem 3, starting with the conditions (23) and (24).

4.1.1 CONDITIONS (23) AND (24)

A first remark is that the conditions (23) and (24) stated in Theorem 3 exactly generalize
the ones from (Domke and Sheldon, 2018, Theorem 3), which are recovered by setting o = 0.
This then prompt us to investigate in the following proposition how restrictive the conditions
(23) and (24) are as a function of a.

12
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Proposition 2 Let oy, g € [0,1) with a; > . Then, the two following assertions hold.
1. If (23) holds with o = aw, then (23) holds with o = ay.

2. If (24) holds with o = g, then (24) holds with o = .

The proof of this result is deferred to Appendix B.2. It notably relies the fact that the
condition (24) is equivalent to the statement that there exists some N € N* for which
E(1/Rq,n) < 00, which follows from Lemma 4 in Appendix A.3 with & = 1. Notice that this
provides an interesting equivalent condition to (24) that might be easier to check empirically.

Proposition 2 then states that the conditions (23) and (24) with o = ay are at worse as
restrictive as the case o = a9, where a; > ag. Putting this into perspective with Domke
and Sheldon (2018), the conditions (23) and (24) when « > 0 are hence not more restrictice
than the conditions presented in (Domke and Sheldon, 2018, Theorem 3) for the more usual
IWAE bound case o = 0. In fact, one would even be inclined to think that those conditions
become easier to satisfy as « increases, motivating once again the use of @ € (0, 1) in practice
to be in the conditions of application of Theorem 3.

4.1.2 INTERPRETING (25)

Under the assumptions of Theorem 3, (25) states: for all a € [0,1),

(@) Ya 1
AL 0, 6:) = L0, 010) ~ 0:2) — T2 0 ().

The variational gap Ag\?)(& ¢;x) is hence composed of two main terms:

e A term going to zero at a 1/N rate that depends on v2. Here 2 is controlled thanks
to (23), as (23) implies that V., (Eéaqz(Z)) < oo or equivalently that 72 < oc.

e An error term £(® (0, ¢; 2) — £(0; x). This term decreases away from zero as a increases
due to the fact that £(% (6, ¢;x) decreases away from its upper bound £(f; ) as
increases (see for example Li and Turner, 2016, Theorem 1). It is equal to zero when
a = 0 or when the posterior and the encoder distributions are equal to one another.

Unless a = 0 or the posterior and encoder distributions are matching, the error term
L0, ¢; ) — €(0; ) hence maintains a dependency in (6, ¢) in the variational gap
even as IN goes to infinity. This is coherent with Theorem 1, in the sense that the case
a € (0,1) might ensure a better learning of both # and ¢ in practice compared to the
case a = 0 (as the latter does not keep a dependency in ¢ as N goes to infinity).

Since the error term £ (0, ¢; ) — £(6; x) is decreasing away from zero as « increases and
the term going to zero at a 1/N rate depends on the behavior of v2 (with v2 going to 0 as
a goes to 1, see Lemma 5 of Appendix B.3), there might then be a tradeoff to achieve when
choosing « in order to obtain the best empirical performances.

To the best of our knowledge, and by appealing to the link between the VR-bound
and the VR-IWAE bound methodologies established in Section 3.1, Theorem 3 is the
first result shedding light via (25) on how the quantity 72 alongside with the error term

13
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L0, ¢, z) — £(6; ) may play a role to guarantee the success of gradient-based methods
involving the VR-bound. While the result obtained in Theorem 3 is encouraging and
might further motivate the use of a € (0, 1) in practice, one may seek to identify potential
limitations of Theorem 3.

4.1.3 LIMITATIONS OF THEOREM 3

To investigate the limitations of Theorem 3, let us provide below two insightful examples in
which all the terms appearing in (25) are tractable.

Example 1 Let o >0, S1,...,Sn be i.i.d. normal random variables and assume that the
distribution of the relative weights W 4(21), - .., We,4(2N) s log-normal of the form
2
d
log W (i) = —% —oVdS;, i=1...N, (26)

where the relationship between mean and variance ensures that the relative weights have
expectation 1. Then, we can apply Theorem 3: for all o € [0,1),

A 0,6:2) = £90,6:2) ~ 1(0:2) ~ 15 0 ()

2N N
with
2 1— 2.2 -1
C(a)(Q,qﬁ;x) —l(0;2) = _aod and ~2 = exp [( 1 (i)aa il .

In particular, we can write the weights under the form (26) with o =1 by setting pp(z|z) =
N(z;0,1q), qp(2|x) = N(z;0,14), 0 = 0-uy and ¢ = uy, where I is the d-dimensional
identity matrix and ug the d-dimensional vector whose coordinates are all equal to 1.

The proof of Example 1 is deferred to Appendix B.4 and we now comment on Example 1. A
first comment is that as a increases, the error term £(®) (6, ¢; ) — £(0; x) worsens linearly
with o while 73 decreases with «, which supports our claim that there might exist an optimal
« that balances between the two terms appearing in the variational gap as a rule of thumb.

Furthermore, the variance of the relative weights and more generally 72 is exponential
with d. This means that the analysis of Domke and Sheldon (2018)—that we extended to
a € [0,1) in Theorem 3—may not capture what is happening in some high-dimensional
scenarios as we may never use IV large enough in high-dimensional settings for the asymptotic
regime of Theorem 3 to kick in. We now present our second example.

Example 2 We consider the linear Gaussian example from Rainforth et al. (2018), that is
po(2) = N(2;0,1,), po(z|2) = N (3 2,1) with 0 € RY, and q4(z|x) = N(z; Az + b,2/3 1)
with A = diag(a) and ¢ = (a,b) € RY x R, Here, the optimal parameter values (6*,¢*) are
given by 0* = T~*S°L | x4 and ¢* = (a*,b*) with a* = 1/2uy and b* = */2 (see Rainforth
et al., 2018, Appendiz B). Furthermore, the true marginal likelihood and true posterior
density are given by pg(z) = N (x;0,214) and pe(z|x) = N(2; (0 +x)/2,1/2 1) respectively.
Then, we can apply Theorem 3: for all o € [0,1),

(@) V2 1
AR, 6:) = L0, 050) — 0:0) — 2+ 0 ().

14
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with
d 4 1 3 3a 0+ x)2
£ (g _ bt = _ _
(0, 0;2) —L(0;2) = 2[log<3)+1_alog<4_a)] HAac—H) 5 H
s 1 Cdpqspon—d 24(1 — )? _9—|—x2 B
Yo =14 (4 —a)%(15 — 6cx)” 2 exp 5= 20)d—= aHA r+0b 5 H 1.

The proof of Example 2 is deferred to Appendix B.5. To interpret Example 2, observe that
the case of optimality is particularly telling in this example, since when (6, ¢) = (6*, ¢*) it
holds that 72 = (1 — )~ '[(4 — @)¥(15 — 6a)~%? — 1] and ~2 is thus exponential in d despite
the parameters (0, ¢) being optimal for the setting considered.

Hence, and in line with our conclusions for Example 1, the relevance of Theorem 3 can
be limited for a high-dimensional latent space d. This calls for an in-depth study of the
variational gap as both d and N go to infinity.

4.2 Behavior of The VR-IWAE Bound when both d and N go to Infinity

To better capture what is happening to the VR-IWAE bound in high-dimensional scenarios,
we now let d, N — oo in the variational gap

A0, 65x) 1= L300, 65 x) — La(0; ),

where we have emphasized notationally the dependence on d in the VR-IWAE bound (9),
the log-likelihood (2) and in the variational gap. We will consider the two cases:

log N
(i) d N oo with —2 0,
log N
(i) d N — oo with ‘()ﬁ —

that is, N grows slower than exponentially with d as in (i) or slower than sub-exponentially
with d'/3 as in (ii). As we shall see, those two cases will rely on a different set of assumptions
each in order to carry out the analysis. In both scenarios, we will prove that a single
importance weight dominates all the others, which strongly impacts the variational gap.
To this end, let us rewrite the variational gap Ag\(i)d(ﬁ, ¢; x) under a more convenient form.
Writing w; = Wy ¢(2;) for all i = 1... N, we first re-order the weights wy,..., Wy as

N~ )

o0 <@ <... < D cw

where we have made the assumption that the weights have no tie almost surely. Now

denoting by qéN) the density of wN) and defining for all a € [0,1)

(a) N1 /) \ ¢ o7
Z ) (27)

(we have dropped the dependency in z appearing in T](Va()j for notational ease here), we then
have the following proposition.
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Proposition 3 For all a € [0,1), the variational gap Ag@i)d(é’,dn x) can be rewritten as

o a,MA
A0, 6:2) = AT (0,012) + R0, 0:) 2%)
where
X log N
A0, = o g () )+ PN
0< RS0, )S—MT}V“Z» (30)

The proof of Proposition 3 can be found in Appendix B.6. To continue the analysis, the key
intuition will be that the log weights typically satisfy a central limit theorem (CLT), hence the
weights are approximately log-normal as the dimension d increases. One such case for instance
arises when the posterior and variational distributions are such that the log weights satisfy

d
logw; = » X;j, i=1...N, (31)

where, foralli =1...N, X;1,...X, 4 areiid. random variables and E(exp(z;lzl Xij) =1
(since the relative weights satisfy E(w;) = 1). Indeed, denoting & ; = —(X;; — E(X1,1)),
=V(&,1) and S; = ;l:l &i/(0V/d), (31) can equivalently be rewritten as

log@; = — log E(exp(—oVdS;)) —oVdS;, i=1...N, (32)

where under the assumption that o2 < oo, S; converges in distribution to the standard
normal distribution by the CLT for all ¢ = 1... N. Consequently, the distribution of the
weights originating from (32) can be approximated in high-dimensional settings by the
log-normal distribution from Example 1, that is

log@i————a\[&, S; ~N(0,1), i=1...N.

For this reason, we first show in the following how the rest of the analysis unfolds when
the distribution of the weights is assumed to be exactly log-normal. We will then use this
analysis as a stepping stone to treat the more general case where the distribution of the
weights is approximately log-normal of the form (32).

4.2.1 LOG-NORMAL DISTRIBUTION ASSUMPTION FOR THE WEIGHTS

Let Si,..., SN beii.d. random variables and let the weights w1, ...,wx be of the form
logﬁi————a\f&, S; ~N(0,1), i=1...N, (33)
that is we consider the case where the distribution of the weights is log-normal. Let S() <
. < S denote the ordered sequence of Si,..., Sy and recall that o < ... < w®

denotes the ordered sequence of wy,...,wy. We then have the following lemma, which
provides asymptotic results on the expectation of S as N — co.
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Lemma 1 Let Sy,...,Sy be i.i.d. normal random variables. Then,
loglog N
E(SM) = —/2log N o() 34
(5) = —v2lg N + 0 (52E2 (3)

The proof of this lemma can be found in Appendix B.7.1. Intuitively, Lemma 1 will serve
as the basis to study the two terms appearing in Equation (28) of Proposition 3, as both

AS@’%AX)(H, ¢; ) and E(T](Vat)i) depend on S™) through the relation

2
log@(N) = —%d —oVdSW,

From there, we can derive the two propositions below.

Proposition 4 Let Sy,...,Sn be i.i.d. normal random variables. Further assume that the
weights Wy, ..., Wy satisfy (33). Then, for all a € [0,1),

do? 1—a do? Vdlog N

a do? 2log N 1 2logN loglog N
im Asw><e,¢;xw(1_2 N, L 2o (loslos ))
N,d—oo ’ 2

Proposition 5 Let Sq,...,Sn be i.i.d. normal random variables. Further assume that the
weights w1, ..., wy satisfy (33). Then, for all a € [0,1), we have

lim  E(T%) =o. 35
i ETva) (35)
log N/d—0

The proof of these two propositions are deferred to Appendix B.7.2 and Appendix B.7.3
respectively. Importantly, Proposition 5 implies that the largest weight @) converges to 1
in probability, meaning that there is a weight collapse when N,d — oo with log N/d — 0
(following the definition of weight collapse given in Bengtsson et al., 2008). By using (35)
with a = 0, this weight collapse indeed follows from Markov’s inequality (in order to get
that T](\? )d converges to 0 in probability) combined with the fact that w") = (1 + T](\? )d)_l.

Builaing on Proposition 3, Proposition 4 and Proposition 5, we now deduce the folfowing
theorem, which describes the asymptotic behavior of the variational gap as N,d — oo in the
log-normal distribution case for values of « in [0, 1).

Theorem 4 (i.i.d. normal random variables) Let Si,...,Sy be i.i.d. normal random
variables. Further assume that the weights Wy, ..., Wy satisfy (33). Then, for all a € [0, 1),
we have

do? 2log N 1 2logN loglog N
lim A6, ¢z)+ = [1-2 <> =
oo N0 @) + 2 do? + 1—a do? +0 Vdlog N 0

)

log N/d—0

While Theorem 4 states that increasing IV decreases the variational gap AS\%L(G, ¢;x) for N
large enough, it does so by a factor which is negligible compared to the term —do?/2. This
is in sharp contrast to Theorem 3 and more specifically to Example 1, which predicts that
for log-normal weights the variational gap decreases in 1/N in the fixed d, large N regime.
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Contrary to Example 1, the term —do?/2 does not depend on « here. In fact, by taking
the expectation in (33), ELBOy(0, ¢; ) — £4(0; x) = —do?/2, meaning that the following
approximation of the variational gap in the context of Theorem 4 holds: for all a € [0,1),

A0, 65 2) ~ ELBOG (6, ¢ x) — £4(0;2), as N,d — oo with &Y — 0.

Hence, Theorem 4 shows that in high-dimensional scenarios and under the log-normal
distribution assumption (33), we cannot expect to gain much from the VR-IWAE bound
unless IV grows exponentially with d, in the sense that the improvement is negligible compared
to the ELBO. This result holds for all values of o in [0,1), thus it holds for the IWAE
bound (a = 0) as well.

We obtain the following slightly more general result by building on the proof of Theorem 4.

Theorem 5 (General i.i.d. normal random variables) Let Si,...,Sn be i.i.d. nor-
mal random variables. Further assume that the weights wy,...,WyN satisfy
B2
1ogm:—7d—3dsi, i=1...N, (36)

and that there exists o_ > 0 such that By > o_+/d. Then, for all a € [0,1), we have

2
lim Aﬁ2(97¢;x)+&‘{1—2v210g]\7+ ! 210gN+O(1°g1°gN)}:0

N,d— 2 By 11—« Bg Bgy/log N
log N/d—0

The proof of Theorem 5 can be found in Appendix B.7.4. We now revisit the Gaussian
example given in Example 1 in the context of Theorem 5.

Example 3 Set py(z|z) = N(2;0,14) and qs(z) = N(z; ¢, 1), with 0,¢ € R Denoting
By = ||0 — ¢||, we can write the weights wy,...,wx under the form (36) (see (81) of
Appendiz B.4). Hence, Theorem 5 applies if there exists o > 0 such that Bg > o_+\/d. This
is for example the case if 0 = 0-ug and ¢ = ug with o_ = 1.

As we shall see next, our conclusion regarding the behavior of the VR-IWAE bound in high-
dimensional settings extends to cases where the log-normal assumption does not necessarily
hold exactly, that is if we assume instead that (32) holds, where S, ... Sy are i.i.d. random
variables whose distribution is close to a normal as N,d — oo.

4.2.2 BEYOND THE LOG-NORMAL DISTRIBUTION ASSUMPTION

Following (32), let us set

logw; = — log E(exp(—oVdS;)) —oVdS;, i=1...N, (37)
where the i.i.d. random variables S1,..., Sy are defined as follows:
1 d
Si=——= iy t=1...N. 38
1 U\/g jzl g’lv] ( )

The assumption (A2) below ensures that Sp,...Sy have a distribution that is close to a
normal as N, d — oo, so that (33) is recovered in the limit.
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(A2) Foralli=1...N,

(@) &,1,...,&.q are i.i.d. random variables which are absolutely continuous with respect
to the Lebesgue measure and satisfy E(&;1) =0 and V(&;1) = 0% < <.

(b) There exists K > 0 such that:
E(¢F)| < kKR 202, k>3

Here, the condition (A2)b corresponds to the well-known Bernstein condition. Paired up
with (A2)a, this condition permits us to appeal to classical limit theorems for large deviations
in order to enlarge the so-called zone of normal convergence beyond the CLT (Petrov, 1995;
Saulis and Statulevicius, 2000). This enables us to establish preliminary results which are
used to prove the results of Section 4.2.2 we will now present (we refer to Appendix B.8.2
for the statement of those preliminary results). We first provide the equivalent of Lemma 1
in the more general context of (38) and under (A2).

Lemma 2 Assume (A2). Let Si,...,Sn be as in (38). Then, as N,d — oo, with 1;’%/];[ — 0,
(34) holds.

The proof of this result is deferred to Appendix B.8.3. Notice that we are now assuming
that N grows slower than sub-exponentially with d'/? in Lemma 2. The following two
propositions give results akin to those obtained in Proposition 4 and Proposition 5.

Proposition 6 Assume (A2). Let S1,...,Sn be as in (38). Further assume that the weights
Wi, ..., wN satisfy (37). Then, setting

a = log E(exp(—£&1,1)), (39)

we have that a > 0 and that for all a € [0,1),

) log N loglog N
1 AGMA) (g grw) +da{1 -2 () =
Mmoo Ava 0 ¢iw) +da N a T\ Jaen 0

log N/d'/3—0

Proposition 7 Assume (A2). Let Si,...,Sn be as in (38). Further assume that the weights
wy,...,wy satisfy (37). Then, for all a € [0,1),
lim  E(T) = 0.

N,d—o00 )
log N/d'/3—0

The proof of Proposition 6 and Proposition 7 can be found in Appendix B.8.4 and Ap-
pendix B.8.5 respectively.

Remark 3 The log-normal case corresponds to setting a = o2 /2 in Proposition 6 (this can
be checked using the definition of a in (39) combined with (94) from the proof of Proposition 6
in Appendiz B.8.4). Contrary to Proposition 4, the (1 — a)~1(do?)™12log N term is now
subsumed by the final O(loglog N/v/dlog N) term in Proposition 6, which comes from the
fact that Proposition 6 makes the additional assumption log N/dl/3 — 0 as N,d — oo.
Hence, Proposition 4 and Proposition 6 agree with each other in the log-normal case.
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Proposition 3, Proposition 6 and Proposition 7 lead to the theorem below, which characterizes
the asymptotics of the variational gap as N,d — oo for a € [0,1) in the more general case
where the distribution of the weights is approximately log-normal according to (37).

Theorem 6 (i.i.d. random variables) Assume (A2). Let S1,...,Sn be as in (38). Fur-

ther assume that the weights Wy, ..., Wy satisfy (37) and let a > 0 be defined as in (39).
Then, for all a € [0,1),

. 2log N loglog N
1 A (0. ¢ x)+da|[1-7 ( ) _
Mim Anal,éiw) +da N a PO\ Vamen 0

log N/d'/3—0

We have thus obtained that, under the assumptions of Theorem 6, the VR-IWAE bound is
of limited interest for all values of a € [0,1) unless N grows at least sub-exponentially with
d'/3. In fact, by taking the expectation in the expression of the log-weights, we have that
ELBOy(0, ¢; x) — £4(0; ) = —da (using for example (95) from the proof of Proposition 6 in
Appendix B.8.4). Hence, the following approximation of the variational gap holds in the
context of Theorem 6: for all « € [0, 1),

A (0, 6;2) ~ ELBOG (6, ¢ x) — £4(0;2), as N,d — oo with 2N — 0.

Since the weights are assumed to be approrimately log-normal this time as opposed to
Section 4.2.1, the condition that N should grow at least exponentially with d to avoid a
weight collapse effect has now been replaced by the less restrictive yet still stringent condition
that N should grow at least sub-exponentially with dL/3.

As described below, the assumptions on the distribution of the weights—that is, on the
ratio between the posterior and the variational distributions—appearing in Theorem 6 are
met for the linear Gaussian setting from Example 2.

Example 4 We consider the linear Gaussian setting from Rainforth et al. (2018) that we
recalled in Example 2. Denoting A = |52 — Az — b||/V/d, the weights can be written in the
form of (37) with 0 = 1/18 + 8/3A2 and we also have a = A\?> +1/6 + 1/2log(3/4). As a
result, we can apply Theorem 6 if (A2) holds. This is for example the case at optimality when
(0,¢) = (0%, 9") (and the derivation details for this example can be found in Appendiz B.8.6).

Example 4 states that we are in the conditions of application of Theorem 6 when the
parameters (6,¢) are optimal, with corresponding optimal posterior density pg«(z|z) =
N(z; (0% +x)/2,1/214) and optimal variational density gy (z|z) = N (z; (0* +x)/2,2/31 ).

This example showcases how, in some instances where the variational family is not
large enough to contain the target density, there can be a weight collapse phenomenon as
d increases that severely impacts the VR-IWAE bound, even when the parameters (6, ¢)
are set to be the optimal ones for the problem considered. This concludes our theoretical
study of the VR-IWAE bound, which sheds lights on the conditions behind the success or
failure of this bound. In the next section, we describe how our theoretical results relate to
the existing literature.
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5. Related Work

Alpha-divergence variational inference. Our work provides the theoretical grounding behind
VR-bound gradient-based schemes (Hernandez-Lobato et al., 2016; Bui et al., 2016; Li and
Turner, 2016; Dieng et al., 2017; Li and Gal, 2017; Zhang et al., 2021; Rodriguez-Santana and
Hernandez-Lobato, 2022). It also unifies the VR and IWAE bound methodologies (Burda
et al., 2016; Rainforth et al., 2018; Tucker et al., 2019; Domke and Sheldon, 2018; Maddison
et al., 2017) and serves as a foundation for improving on both methodologies.

Proof techniques. Several of our theoretical results generalize known findings from the
literature in order to build the VR-IWAE bound methodology and to characterize its
asymptotics. Some of our proofs are straightforwardly derived from existing ones, such
as the proofs of Theorems 2 and 3 (which are established by directly adapting the proofs
written in Tucker et al. (2019) and in Domke and Sheldon (2018) respectively). However, a
number of our proof techniques differs significantly from/alter parts of known proofs (see
Appendix C for details). Lastly, the derivations made in Section 4.2 for the asymptotics of
the VR-IWAE bound when N, d — oo are, to the best of our knowledge, the first of their kind.

Importance sampling. Common variational bounds and their gradients can often be expressed
in terms of the importance weights wg  (with our novel VR-IWAE bound being no exception
to that rule). As such, the success of gradient-based variational inference has been known
to depend on the behavior of the importance weights and there has been a growing interest
in understanding this behavior through the use of insights and tools from the importance
sampling (IS) literature (Maddison et al., 2017; Domke and Sheldon, 2018; Dhaka et al.,
2021; Geffner and Domke, 2021). In particular, it is well-known that IS can perform poorly
in high dimensions unless the target and reference/proposal distributions are close.

Picklands III (1975) for instance showed that, under commonly satisfied assumptions,
the right tail of the importance weights distribution approximates a generalized Pareto
distribution, that is, a heavy-tailed distribution with three parameters (u, o, k) and moments
of order up to |1/k|. This behavior is typical in high dimensions and it makes IS fail, as the
IS estimators are dominated by the few largest terms. Leveraging this result, Dhaka et al.
(2021) considered the case of black-box variational inference and viewed the importance
weights as approximately drawn from a generalized Pareto distribution with tail index k.
The importance weights taken to an exponent 1 — « are then approximately distributed
according to a generalized Pareto distribution with tail index (1 — )k and they deduced
that the estimates should be more stable as « increases towards 1 due to lighter tails.

The analysis from Dhaka et al. (2021) goes hand in hand with our findings, as (i)
Theorems 1 and 3 predict improvements in terms of SNR and variance as « increases, at
the cost of an increasing bias and (ii) our results from Section 4.2 show that, as d increases,
the VR-IWAE bound fails regardless of the value of o € [0,1) and provides negligible
improvements compared to the ELBO (« = 1). However, one main specificity of our work is
our precise characterization of how the distribution of the importance weights impacts the
tightness of the VR-IWAE bound. Specifically, Theorem 3 generalizes Domke and Sheldon
(2018) to the VR-IWAE bound, while the results from Section 4.2 provide the first theoretical
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justification behind the empirical findings from Geffner and Domke (2021) regarding the
impact of weight collapse on the tightness of variational bounds.

The next section is devoted to illustrating the theoretical claims we have made thus far
over toy and real-data experiments.

6. Numerical Experiments

In this section, our goal is to verify the validity of the theoretical results we established over
several numerical experiments, starting with a Gaussian example in which the distribution
of the weights is exactly log-normal.

6.1 Gaussian Example

We consider the Gaussian example described in Example 3, for which the weights wq, ..., wy
can be written under the form (36) with By = ||@ — ¢||, meaning that the distribution of the
weights is log-normal. On the one hand, Theorem 3 predicts that for all a € [0, 1),

_aB]  exp[(1-a)*B] —1+0<1>

2 2(1 — )N N (40)

A (6, ¢0) =

(this follows from a straightforward adaptation of Example 1). On the other hand, Theorem 5
tells us that if there exists o_ > 0 such that By > o_+/d, then: for all a € [0,1),

\/210gN+ 1 2logN+O( loglogN> B
By l-a B2 BgVlogN /) [

lim A0, ¢; )+B—3 1-2
N,ér—r:oo N,d\™ & 2
log N/d—0

(41)

We now want to check the validity of the two asymptotic results above. To do so, we need
to be able to approximate the variational gap Ag\?)d((?, ¢; ), which can be done using the
unbiased Monte Carlo (MC) estimator given for all N € N* by

with Zi,...,Zy being i.i.d. samples generated according to g4. As for the approximation
returned by Theorem 3, we will represent it according to (40) through functions of the form
aB? exp[(1-a)’B} -1 ¢

2 2(1 — a)N N

Cl F— — (42)

and for the approximation returned by Theorem 5, we will represent it according to (41)
through functions of the form
logN caBgloglog N

— ——2% + Byyv2log N
C2 + d og + — 1 Tog N
We first consider the case where § = 0 - ug and ¢ = ug. In that setting, By = v/d and we

have that (i) the 1/N term from (40) is exponential in (1 — a)2d and (ii) we are in the
conditions of application of Theorem 5 by setting o_ = 1.

(43)
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Consequently, for this choice of (0, ¢) and regardless of the value of a € [0,1), we are
expecting Theorem 5 to capture the behavior of the variational gap as d and N increase in
such a way that log N/d decreases. This is indeed what we observe in Figure 1, in which
we let d € {10,100,1000}, o € {0.,0.2,0.5}, N € {2/ : j=1...9} and we compare the
behavior of the variational gap to the behavior predicted by Theorem 5 through curves of
the form (43).

Unsurprisingly, although valid in low dimensions for a proper choice of «, the analysis of
Theorem 3 requires an unpractical amount of samples N to properly capture the behavior of
the variational gap as d increases (additional plots providing the comparison with Theorem 3
are made available in Appendix D.1 for the sake of completeness).
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Figure 1: Plotted in blue is the MC estimate of the variational gap AS\%(Q, ¢; ) (averaged
over 1000 MC samples) for the toy example described in Section 6.1 as a function
of N, for varying values of (a,d) and with (0, ¢) = (0 - ug, ug) so that By = V/d.
Plotted in orange are curves of the form (43) with tailored values of ca.

We next train the parameter ¢ in order to measure the impact of the training procedure
on the validity of our asymptotic results. Here, this impact is reflected in the quantity By
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through the simple relation By = ||# — ¢||. In case the training is successful, B;/v/d is then
anticipated to decrease from 1 to 0 (having set § = 0 - ug and initialized with ¢ = ug).

Hence, as the training progresses, we will be less and less able to find o_ > 0 such that
By >o_ \/E, which will contradict the assumption we make in Theorem 5. At the same time,
the 1/N term from (40) will decrease thanks to its dependency in By, meaning that (40)
may become a better approximation than (41) during the training procedure.

This behavior is empirically confirmed in Figure 2 (and we also check in Figure 14
of Appendix D.1 that By/v/d indeed goes from 1 to 0 during the training procedure).
In those plots, the parameter ¢ was optimised via stochastic gradient descent using the
reparameterized gradient estimator (13) with N = 100 and we set a = 0.2 and d = 1000
(and a similar trend can be observed for other values of « and d).

Variational gap (= 0.2,d= 1000, epoch=1000) Variational gap (= 0.2,d= 1000, epoch=3000) Variational gap (= 0.2,d= 1000, epoch=5000)
525+

AY,(6,6:7)

o 100 200 300 400 500 o 100 200 300 400 500

1Mariational gap (a=0.2,d=1000, epoch=1000) Variational gap (a=0.2,d= 1000, epoch=3000) Variational gap (a=0.2,d= 1000, epoch=5000)

o
1

-
3

—— MC approximation 800 - —— MC approximation —— MC approximation

Figure 2: Plotted in blue is the MC estimate of the variational gap AS\%)d(G, ¢; x) (averaged
over 1000 MC samples) at epochs {1000, 3000, 5000} for the toy example described
in Section 6.1 as a function of N, for « = 0.2 and d = 1000. Plotted in orange
(resp. in purple) are curves of the form (43) with tailored values of ca (resp. of
the form (42) with tailored values of ¢y).

The main insight we get from our first numerical experiment is then that: as the
dimension d increases and N does not grow faster than exponentially with d, we should
not expect much empirically from the VR-IWAE bound as a lower bound to the marginal
log-likelihood when the distribution of the weights is log-normal. This is true unless the
encoder and decoder distributions become very close to one another, in which case Theorem 3
does apply instead of Theorem 5.

Thus, while this limitation of the VR-IWAE bound holds for all « € [0, 1), it may be
mitigated by (i) proposing successful training procedures (further shedding light on the im-
portance of finding gradient estimators with good SNR properties) and (ii) selecting suitable
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variational families which can capture the complexity within the target posterior density.
Furthermore, the analysis provided by Theorem 3 may also apply in lower dimensional
settings, under the condition that the variance term appearing in Theorem 3 is well-behaved
and that the value of « is properly tuned. We next present a second numerical experiment,
where this time the weights are not exactly log-normal.

6.2 Linear Gaussian Example

We are interested in the linear Gaussian example from Rainforth et al. (2018), which we
already highlighted in Examples 2 and 4. The data set D = {x1,...,z7} is generated by
sampling 7' = 1024 datapoints from A (0,21;) and we will consider three initializations for
the parameters (0, ¢) involving a Gaussian perturbation of standard deviation operturh, Of
the ground truth values (6%, ¢*):

(i)  operturb = 0.5: the parameters are initialized far from (6*, ¢*),
(i) operturb = 0.01: the parameters are initialized close to (6*, ¢*),
(iii) operturb = 0.: the parameters are equal to (6%, ¢*).

The first two initializations follow from Rainforth et al. (2018) and should notably permit
us to approximately characterize the behavior of the linear model before and after training.

Our first step is to check that, as written in Example 4, the distribution of the weights is
approximately log-normal as d increases for the initializations above. To do so, we randomly
select a datapoint x, draw N = 1000000 weight samples in dimension d = {20,100, 1000} for
Operturb € {0.5,0.01, 0.}, before plotting for each d a histogram of the resulting log-weight
distribution as well as a Q-Q plot to test the normality assumption of those log-weights.

The results are shown on Figure 3 and we see that while the log-normality phenomenon
happens in dimension d = 100 when a large perturbation is being considered, even a small
perturbation to no perturbation at all can induce some log-normality of the weights as d
further increases, which is in line with the theory (and similar plots can be observed for
other randomly selected datapoints).

We next want to test the validity of our asymptotic results. On the one hand, Theorem 3
predicts that: for all a € [0,1),

2
a a 704,d 1
A6, ¢32) = L0, ¢32) — La(6;2) — o o <N> , (44)

where ﬁ&a) (0, ¢;x) — g and 727 4 can be analytically computed using Example 2 (and we have
emphasized the dependency in d in each of those terms). On the other hand, Theorem 6
predicts under (A2) that: for all a € [0, 1),

. (@) ) _ o [2log N (loglogN> _
N,ldH—I}oo AN a0, ¢;z) +da (1 g +0 JdTog N =0,

log N/d'/3—0
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Figure 3: Plotted is the distribution of log w; and the corresponding QQ-plot for the linear
Gaussian example described in Section 6.2 for a randomly selected datapoint x,
varying values of d and three different initializations of the parameters (6, ¢).

where 02 and a can be computed analytically according to Example 4. Hence, to check
whether these results apply, we want to look at functions of the form

«@ 701
(Theorem 3) ¢ — E& )( 0, ¢;2) — La(0;7) — 2—]\7 + N (45)
Vdloglog N

(Theorem 6) ¢ — —da + Vdo\/2log N + @ (46)

Vg N

and see how well they approximate the behavior of the variational gap AS\O,i)CI(G, ¢;x). Based
on Example 4, we are expecting the regime predicted by Theorem 6 to apply as d increases
if N does not grow faster than d*/3 and this is indeed what we observe in Figure 4.

While this process is noticeably quicker for an initialization that is far from the optimum
(Operturb = 0.5), all three initializations considered here eventually exhibit the behavior
predicted by Theorem 6 as d further increases. As already mentioned in Section 4.2.2,
this sends the important message that the VR-IWAE bound can strongly deteriorate as d
increases due to a mismatch between the targeted density and its variational approximation,
even though the parameters themselves are optimal.

As for Theorem 3, we obtain that this theorem applies in low to medium dimensions
when the value of « is well-chosen and/or the parameters are close to being optimal, but
fails as d increases unless we use an unpractical amount of samples N (see Appendix D.2.1).

We now want to get insights regarding the training of the VR-IWAE bound in practice.
We follow the methodology used in Rainforth et al. (2018), which looked into the convergence

26



ALPHA-DIVERGENCE VARIATIONAL INFERENCE MEETS IMPORTANCE WEIGHTED AUTO-ENCODERS
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Figure 4: Plotted in blue is the MC estimate of the VR-IWAE bound zﬁ)d(e, ¢; x) (averaged
over 1000 MC samples) for the linear Gaussian example described in Section 6.2
as a function of N, for varying values of (a,d) and three different initializations
of (6, ¢). Plotted in green are curves of the form (46) with tailored values of ca.

of the SNR for the numerical example considered here in the specific case of the IWAE
bound (a = 0). Our goal is thus to check whether we can observe the SNR advantages when
a > 0 predicted by Theorem 1 in the reparameterized case.

Let us decompose 0 as (0¢)1<¢<q and ¢ as (¢p)1<er<d+1- We then look at the reparame-
terized estimated gradients of the VR-IWAE bound (5§a]3,(94))1sg§d and (5§a]¢(¢g/))1gg/§d+1
defined in (14) and (15) respectively as a function of N , for varying values of «, varying
values of d and for the two initializations opertur, = 0.01 and opertur, = 0.5. The results are
shown in Figure 5 (resp. Figure 6) and they have been obtained by randomly selecting 10
indexes ¢ ranging between 1 and d and averaging over the resulting SNR((S%%,(HZ)) values
(resp. by randomly selecting 10 indexes ¢’ ranging between 1 and d + 1 and éveraging over
the resulting SNR(%%(QM)) values). Theoretical lines have also been added to Figures 5
and 6 in order to reflect the asymptotic regimes predicted by Theorem 1.
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SNR: 6 gradient (d=20, oy = 0.01) SNR: ¢ gradient (d=100, 7y, =0.01) SNR: 6 gradient (d=1000, Gy, = 0.01)

SNR

SNR: 6 gradient (d= 20, 0y, = 0.5)

P

SNR

Figure 5: Plotted is the SNR of the generative network () gradients in the reparameterized
case (computed over 1000 MC samples) for the linear Gaussian example described
in Section 6.2 as a function of N, for varying values of («, d), a randomly selected
datapoint = and 10 different initializations of the parameters (6, ¢).

Observe that, in the favourable setting of low to medium dimensions with a small
perturbation near the optimum (that is d € {20,100} with operturb = 0.01), the asymptotic
rates predicted by Theorem 1 for the SNR match the observed rates. In particular, the SNR
of the inference network gradients vanishes for « = 0 while it does not for a > 0, which
showcases the potential benefits of using the VR-IWAE bound with a > 0 instead of the
IWAE bound. More generally, increasing « increases the SNR of both the generative and
the inference networks, with what seems to be a monotonic increase with «.

However, the improvement in SNR for both the generative and inference networks
becomes less pronounced as we get further away from the optimum (opertur, = 0.5) and/or
increase d (d = 1000). We relate this behavior to the weight collapse effect established
in Theorem 6 and anticipate that observing the asymptotic rates predicted by Theorem 1
requires an unpractical amount of samples N as d increases, regardless of the value of
a € [0,1). Note that the use of doubly-reparameterized gradient estimators for ¢ mitigates
the decay in SNR (see Figure 16 of Appendix D.2.2).

Lastly, the behavior of the VR-IWAE bound as well as the SNR, behavior of its gradient
estimators are not the only way to measure the success of gradient-based methods involving
the VR-IWAE bound. For example, we observe that while increasing o does not lower the
Mean Squared Error (MSE) for log-likelihood estimation, it can be useful in lowering the
MSE of the 0 gradient estimates (see Figures 17 and 18 of Appendix D.2.2). We now move
on to our third and final numerical experiment, in which we examine a real-data scenario.
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SNR: ¢ gradient (d=100, oy SNR: 6 gradient (d= 1000, 0,0, = 0.01)

SNR

10t 107 100 10?

SNR

Figure 6: Plotted is the SNR of the inference network (¢) gradients in the reparameterized
case (computed over 1000 MC samples) for the linear Gaussian example described
in Section 6.2 as a function of N, for varying values of («, d), a randomly selected
datapoint = and 10 different initializations of the parameters (6, ¢).

6.3 Variational Auto-encoder

We consider the case of a variational auto-encoder (VAE) model designed to generate
MNIST digits with a d-dimensional latent space, where pg(2) is a fixed standard Gaussian
distribution, py(x|z) is a product over the output dimensions of independent Bernoulli
random variables with logits mg(2), ¢s(2|x) = N (2; uy(z),04(x)) and the functions my(z)
and (ug(x), o4(x)) are parameterized by neural networks. More precisely, both the encoding
and decoding networks are MLPs with two hidden layers of size 200 and tanh nonlinearities.

We first want to investigate whether the distribution of the weights appears to become
log-normal in this setting as the dimension of the latent space d increases.

To verify this claim empirically, we randomly select a datapoint x in the test set and for
d € {5, 10,50, 100, 1000, 5000} we randomly generate some model parameters (6, ¢), before
drawing N = 1000000 (unnormalized) weight samples. For each d, we then normalize
the weights and plot a histogram of the resulting log-weight distribution, alongside with
a QQ-plot to test the normality assumption of those log-weights. The results are shown
in Figure 7 and they illustrate the fact that the weights tend to become log-normal as d
increases (and similar plots can be obtained for other randomly selected datapoints and
other initializations of the parameters (6, ¢)).

From there, we want to check the validity of our asymptotic results. To do so, a first
comment is that, regardless of the distribution of the weights, Theorem 3 predicts the

29



DAUDEL, BENTON, SHI AND DOUCET
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Figure 7: Plotted is the distribution of logw; and the corresponding QQ-plot for the VAE
in Section 6.3, for a randomly selected datapoint z in the test set, randomly
generated model parameters (6, ¢) and varying values of d.

following: for all & € [0, 1),

2
(63 « FYQ{ 1
£0,0:0) = L0, 610) - 32 +0 (). (47)

where, Eg\%(ﬁ, ¢; z) denotes the VR-IWAE bound, L((ia)(H, ¢; z) the VR-bound and 7§7d =

(1—a) 'Vzng, (@éﬁ(Z )) (and we have emphasized the dependency in d in each of those
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terms). If we further make the assumption that the weights are of the form (37) (which
appears to approximately be the case as the dimension d increases as per Figure 7), then
Theorem 6 predicts under (A2) that: for all a € [0, 1),

. a \[loglogN
Jlim 6,8, ¢; 2) — ELBO,4(8, ¢; ) — V. o\/QIOgN—l-O( w0 48

log N/d'/3—0
Here we have emphasized the dependency in d in ELBOg4(0, ¢; z) and we have also used the
fact that ELBO4(6, ¢; x) — £4(0; ) = —da (as previously stated, this follows from taking the

expectation in (95) from the proof of Proposition 6 in Appendix B.8.4). Hence, to check
whether these results apply, we want to look at functions of the form

(Theorem 3) 1 = £,7(0, ¢:2) - ;Nfl ty (49)
(Theorem 6) ¢ = ELBO4(0, ¢; ) + Vdo/2log N + M (50)

Vlog N

and see how well they approximate the behavior of the VR-IWAE bound fs\(i)d(ﬁ,qﬁ;x).
Although the functions above contain unknown terms, those terms can all be estimated: the
VR bound can be estimated using MC sampling as in (8) and so can the ELBO. As for o, it
can be estimated from the sample standard deviation of the log-weights (and '73,(1 can be
estimated in a similar fashion).

Note as a side remark that we are considering the VR-IWAE bound as the quantity of
interest whose behavior shall be mimicked by (47) or (48) (through (49) or (50)). Indeed,
while we were working with the variational gap in our previous numerical experiments, com-
puting this quantity requires us to estimate both the VR-IWAE bound and the log-likelihood
here, which would have incurred an additional source of randomness that we have been able
to avoid in both (47) and (48).

Based on Figure 7, we expect two situations to arise at this stage: (i) the asymptotic
regime suggested by Theorem 3 captures the behavior of the VR-IWAE bound in low to
medium dimensions and (ii) the asymptotic regime predicted by Theorem 6 is accurate as d
increases and N does not grow faster than d'/3.

This is exactly what we observe in Figures 8 and 9, in which ¢ is estimated with the
1000000 (unnormalized) weight samples used to build Figure 7 and so are the VR bound
and the ELBO (additional plots are also available in Figures 19 and 20 of Appendix D.3). In
particular, we see in Figure 8 that the asymptotic regime of Theorem 3 mimics the behavior
of the VR-IWAE bound in low to medium dimensions as long as 73’ 4 does not grow too
quickly with d (and we already observe a mismatch between the two for o = 0 and d = 100).

Nevertheless, the VR-IWAE bound ends up straying away from the behavior predicted
by Theorem 3 as d increases unless N becomes impractically large (with the particularity
that this process happens slower as « increases). We then see on Figure 9 that, as d increases
to reach high-dimensional settings so that the ratio log N/ d'/? becomes small for the values
of N considered here, the behavior predicted by Theorem 6 starts to emerge.
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Figure 8: Plotted in blue is the MC estimate of the VR-IWAE bound Eg\?)d(ﬁ, ¢; x) (averaged
over 100 MC samples) for the VAE in Section 6.3, for a randoml&r selected datapoint
x in the test set, randomly generated model parameters (6, ¢) and varying values
of (o, d). Plotted in purple are curves of the form (49) with tailored values of ¢;.
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Plotted in blue is the MC estimate of the VR-IWAE bound Eg\?’)d(ﬁ, ¢; x) (averaged

over 100 MC samples) for the VAE in Section 6.3, for a randomly selected datapoint
x in the test set, randomly generated model parameters (6, ¢) and varying values
of (a,d). Plotted in green are curves of the form (50) with tailored values of cs.
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SNR: ¢ gradient (d=100) SNR: ¢ gradient (d=1000) SNR: ¢ gradient (d=5000)

Figure 10: Plotted is the SNR, of the generative network (6) gradients in the reparameterized
case (computed over 10000 MC samples) for the VAE in Section 6.3 as a function
of N, for a randomly selected datapoint x in the test set, randomly generated
model parameters (0, ¢) and varying values of («, d).

SNR: ¢ gradient (d=100) SNR: ¢ gradient (d=1000) . SNR: ¢ gradient (d=5000)

Figure 11: Plotted is the SNR of the inference network (¢) gradients in the reparameterized
case (computed over 10000 MC samples) for the VAE in Section 6.3 as a function
of N, for a randomly selected datapoint x in the test set, randomly generated
model parameters (6, ¢) and varying values of («, d).

We now look into the training of the VR-IWAE bound and more specifically into the SNR
in medium to high dimensions at initialization, since this scenario corresponds to situations
where the VR-IWAE bound seems to resemble more and more the behavior predicted
by Theorem 6 (as observed in Figure 9). Following the methodology from the previous
subsection, the results are presented in Figures 10 and 11, in which we have plotted the SNR
for the generative network and for the inference network respectively in the reparameterized
case alongside theoretical lines that reflect the asymptotic regimes predicted by Theorem 1.

As already observed in Section 6.2, the SNR benefits from setting o > 0 and the
asymptotic rates predicted by Theorem 1 do not capture the SNR behavior as d increases
(unless N is unpractically large and/or we appeal to higher values of «). Furthermore, and
as we can see in Figure 12, resorting to doubly-reparameterized estimators improves the SNR.
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SNR: ¢ gradient (d=100) SNR: ¢ gradient (d=1000) SNR: ¢ gradient (d=5000)

Figure 12: Plotted is the SNR of the inference network (¢) gradients in the doubly-
reparameterized case (computed over 10000 MC samples) for the VAE in Sec-
tion 6.3 as a function of IV, for a randomly selected datapoint = in the test set,
randomly generated model parameters (0, ¢) and varying values of («, d).

We thus confirmed that approximately log-normal weights can arise in real data scenarios
as d increases and that our theoretical study provides a useful framework to capture the
impact of the weights on the VR-IWAE bound as a function of N, d and «. In line with
our empirical findings for the SNR, we also obtained that the asymptotic rates predicted
by Theorem 1 match the observed rates in low to medium dimensions and we postulated
that the weight collapse occuring in the VR-IWAE bound as d increases may deteriorate
the SNR too.

One aspect that remains unexplored empirically is the role of M in the VR-IWAE bound
methodology, and in particular the interplay between M and N in the learning outcome.
Indeed, the total number of samples needed per iteration in the gradient descent procedure
is N x M, with M being responsible for the usual 1/M variance reduction in gradient
estimators such as (14). Intuitively, and following a similar line of reasoning as for a, we
expect to see a bias-variance tradeoff between increasing M or N while keeping M x N fixed
(we refer to Appendix D.3 for details).

Furthermore, if the weight collapse appearing in the VR-IWAE bound as d increases ends
up badly impacting the associated gradient descent, our results indicate that practitioners
should either (i) set N = 1 and allocate the maximum computational budget to M, which in
fact corresponds to setting & = 1 in the VR-IWAE bound, (ii) find more suitable variational
approximations that can capture the complexity within the posterior density or (iii) resort
to/construct better gradient estimates (e.g. doubly-reparameterized gradient estimators).

7. Conclusion

In this paper, we formalized the VR-IWAE bound, a variational bound depending on an
hyperparameter « € [0,1) which generalizes the standard IWAE bound (o = 0). We showed
that the VR-IWAE bound provides theoretical guarantees behind various VR bound-based
schemes proposed in the alpha-divergence variational inference literature and identified other
additional desirable properties of this bound.
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We then provided two complementary analyses of the variational gap, that is of the
difference between the VR-IWAE bound and the marginal log-likelihood. The first analysis
shed light on how o may play a role in reducing the variational gap. We then proposed a
second analysis to better capture the behavior of the variational gap in high-dimensional
scenarios, establishing that the variational gap suffers in this case from a damaging weight
collapse phenomenon for all a € [0,1). Lastly, we illustrated our theoretical results over
several toy and real-data examples.

Overall, our work provides foundations for improving the IWAE and VR methodologies
and we now state potential directions of research to extend it. Firstly, one may investigate
whether the weight collapse behavior applies beyond the cases we highlighted. Looking into
how this weight collapse affects the gradient descent procedures associated to the VR-IWAE
bound could be a second direction of research. Thirdly, and in order to improve on the
VR-IWAE bound methodology beyond the weight collapse phenomenon, one may seek to
further build on the fact that the VR-IWAE bound is the theoretically-sound extension of the
IWAE bound that originates from the alpha-divergence variational inference methodology.
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Appendix A. Deferred Proofs of Section 3

A.1 Extension of Eg\?) to the Case oo =1

We prove that under common differentiability assumptions, the following limit holds:

lim 0490, ¢; ) = ELBO(9, ¢; ).
oa—r

Proof Setting f(a) = [ [ Hfil 4s(2i) log (% Zj\]:l w97¢(zj)1’a) dz1.n, the bound Eg\?) (0, ¢;x)
can be rewritten as
fla) = f(1)

00, 650) = 15—

and hence, lim,—,1 Zg\?) (0,¢;x) = —f'(1). We then get the desired result by observing that

N LS N —log(we g(2))we.g(z:)
o) = //HQ¢(Zi) <N > j—1 —log(we0(2)))we,0(2;) >d21;N
i=1

N - -
N Dje1 Wep(2)t

and letting o — 1 in the quantity above. ]
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A.2 Proof of Proposition 1

Proof of Proposition 1 The results for the case a = 0 follow from Burda et al. (2016)
and we focus on the case « € (0,1) in the proof below.

1. One the one hand, (Li and Turner, 2016, Theorem 1) implies that: for all a € (0,1),
L0, ¢y z) < £(0; ). (51)
On the other hand, we obtain from (Li and Turner, 2016, Theorem 2) that:
o Forall Ve N*and all a < 1
00, 03) < (770, 030) < L0, 65)
which gives (10) when paired with (51).

o If the function z — wg4(2) is bounded, then 653)(0, ¢;x) approaches the VR
bound £ (0, ¢; ) as N goes to infinity.
1—aq
2. Let 1 > a; > as > 0. Then, the functions u — u™°2 and u — u' =2 are concave for
all v > 0 and hence Jensen’s inequality implies

00 (0, ¢ x) =

N 1—aq
Z [we o(z)'” OQ] 2 dayy
=1
< 6392(0, ¢; )
<138, ¢:2)

The desired result (11) follows by using that 653)(9, ;) = 0, ¢;x). As for the
case of equality, it is obtained as the case of equality of Jensen’s inequality.

A
0

3. Under the reparameterization trick,

N
W0s0= [ [ Hq@ log (;wa(ﬂw»la) devy

leading, under common differentiability assumptions, to
6 o N We R0J f({;‘ 7¢>) aiweﬂb(f(sﬁ ¢))
aig( ) 7¢7 .’L') = //H q( Z : o0 1— ’ dEl:N‘
¢ =1 ot ey wo o (f (e, 9))

The desired result (12) is then obtained using the REINFORCE trick

O
oo ?

(f(ej,0)) = w0¢>(f(5j7¢)) 10gw9¢>( (5, 9))

and the unbiased estimator (13) follows immediately.
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A.3 Proof of Theorem 1

The proof of Theorem 1 is based on the proof of the corresponding result in (Rainforth et al.,
2018, Theorem 1) (arxiv version of 5 Mar 2019). First, we prove the following useful lemma,
which is an extension of (Rainforth et al., 2018, Lemma 1).

Lemma 3 Suppose we have random wvariables X;; for all i = 1...r and j = 1...N
satisfying

(1)) E(X;;)=0foralli=1...randj=1...N;
(it) E(|X;;]") <oo foralli=1...7r and j=1...N;
(7it) for eachi=1...r, the random variables X;1,...,X; Ny are i.3.d.;

(iv) for eachi=1...r and j=1...N, the random variables X; ; and {Xy js}ir=1..r; j'#j
are independent.

1 Y 1 Y
X |y 2 X
7=1 7j=1

Proof We have

(lefjxu)(;vixj):; > (H Xi,ﬁ)...(H Xi,jt) (52)

Jj=1 J=1 {A1, AL} (J1,e05t) \P€AL i€A;

Then
E

B O(N—"/?) if v is even,
oYY i e s odd.

where the first sum is over all partitions {A41,..., A;} of the set {1,...,7} (so that ¢ is an
integer between 1 and r for each partition) and the second sum is over all tuples (ji,...,jt)
with each element being a distinct integer between 1 and N (e.g. for the partition {A;}
with A; = {1,...,r} and ¢t = 1, the second sum reduces to the sum over j; =1...N and
for the partition {A1,..., A, } with A, = {p} forall p=1...r and t = r, the second sum
corresponds to the sum over all permutations over the subsets of length r of (1,..., N)).

Now consider the case where |A,| = 1 for some integer p between 1 and ¢ in a certain
partition {4i,...,A4;}. Without any loss of generality, we let |[A;] = 1. Then, by the
independence of condition (iv) followed by condition (i), we have

(H XZ»,ﬁ) (H Xm»t)] =E[Xi ;] E [( 11 XZ-@) (H tht)]
1€Aq 1€ Ay 1€ Ao 1€AL

=0

E

where ¢* is the single element of A;. Hence, we can restrict the sum over {A;,..., A} to
only consider partitions where every partition has at least two elements. Furthermore, by
the generalized Holder’s inequality (i.e. given the r random variables X, ..., X,, it holds
that E(|[,=1 Xpl) < Ilp=1 E(|X,|")}/") and conditions (i) and (iii), we also have

- ” (H Xi’jl) (H Xivjt) H < ﬁE(|Xi,1|r)l/r < o0,

i€EAL 1€EAL
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where we have used that the product on the l.h.s. of the equation above contains exactly r
terms since {A1, ..., A¢} is a partition of {1,...,r}. Putting this together with (52) yields:

1 Y 1 X 1
el (1sox) ZXT,)] S (Treqx)
P

1
< t 1/7’
< 2 N (HE [ Xial") )
{A1,...,A¢}
all |Ap|>2

Finally, note that (i) any partition {Ay,..., A;} of {1,...,r} where each part has size at
least 2 can have at most |r/2| parts, so t < [r/2] and (ii) we can crudely bound the number
of partitions by r". Hence

1 N 1 N T’T r r 1/7‘
‘E [(N;XLJ) (N;Xm)] ‘ < Nrr/2] (i_l_[lEﬂXi,ﬂ )

B O(N—"/?) if r is even
oW TED/2) i s odd.

We next prove a second lemma.

Lemma 4 Let k be a positive integer. Set Ry n = N ™ ZN 1 wo,6(Z; )1 &« where Z1,...,ZN
are i.i.d. samples generated according to q4. Then, the condition

limsup E ((1/Ra7N)k) < 0 (53)

N—oo

is equivalent to the statement that there exists some N € N* for which E((1/Ran)F) < oc.

Proof of Lemma 4 Fix a positive integer N > 2. For all 2 € [0,1), we have by convexity
of the function x ~ (1 — 2)~* that

() = G5) () (5

It follows that if z1,...,zx € (0,1) are such that Y, #; = 1, then

*Z <1 —x)k <NA—]1>k

Given «a € [0,1) and N positive reals wi, ..., wy, we may set x; = wl-l_a/ ( o wil_a) in

the above to get
k

k
Iy > (N )
N N 1-a - N 11—« :
i=1 Z] 1'[1]] 7j=1 wj
J#i
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Now consider setting w; = wg 4(Z;) where the Z; are i.i.d. samples generated according to
qs- We see that the r.h.s. of the above expression is distributed as (1/Rq n)", while each
term in the sum on the Lh.s. is distributed as (1/Rq n—1)¥. We conclude that

E((1/Ran-1)") > E ((1/Ron)¥)

for all N > 2. Hence E ((I/RQ,N)’“) is decreasing in NV, so limsupy_,o E ((1/RQ’N)’C) < 00
if and only if there exists some N such that E ((1/RQ,N)’“) < 00. [ |

We now move on to the proof of Theorem 1.
Proof of Theorem 1 We use the following shorthand notation

W j = wo(f(Emyj,®), m=1...M, j=1...N
Zo = Berg(wog(f(e,9))' %)

and we also recall the notation
Dive= z ol
1,N,a = N = 1,5 -

We will first prove that

V(w}z )} +o(

)

VN _ Za 0
NG5 = o om,

SNR[3 )y (60)] = VM (54)
’ 2
ﬁ (70 [ - )2 - 255%1%) 4 0 (4)
‘ NZa _ Zo 0 [V0014%) )} +0 (547)
o by~ 2/N Oy Z2 N3/2
SNR[8Y y (¢0)] = VM ‘ - (55)

~2(1—a) _ OQlogwi,1  dlog Za 2 1
o (07 [ - g - 2]y o ()
As the two expressions above follow the same form, it is in fact enough to only prove
(54). We will do so by studying the asymptotic variance and expected value of SJ(VCF?N(HZ) =

1—a)sl® 0¢) separately, before combining them to deduce (54).
M,N

o Study of V(57 (6,)).

We start from the identity

alog Zl,N,Oc o 810g Za + i Zl,N,a - Za . Zl,N,a — Za . i Zl,N,a — Za
9, 06, 96, Za 06, Za ’

Zl,N7o¢

which can for example be verified by using the following identity (which is a version of the
Taylor expansion to first order with an explicit form for the remainder)

t

—dt
14+t

log(ler):x—/
0
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substituting z = (21, N.o — Za)/Zq, differentiating with respect to 6, and using the chain
rule where necessary. Hence,

~(a “(a 0log 27 a
- ) = i) = (2
_y(QlsZa O I\No—Za\ (21 Na = Za ZiNa = Za
N 00,y 00, Za Zl N, 89(

v i Zl,N,a - Za B Zl,N,a - Za 0 Zl N, — Zoz
00, Zg ZALN@ 894 Z
0 Zl N, — Za
— V 14V
(895 < Za
42 Cov 0 (ZiNa — Za ’ 21,]Y,a —Za\ O Zi\No — Za
895 Za Zl,N,a 00, Za
+V Zl,]y,a - Za . i Zl,N,a - Za
Zl,N,a 805 ZOé
Furthermore, observe that
i Zl,N,a_ «a f:i wija_Za
26\ Za 200, \ " Za
@15%) _ 1-a 07,
Za 3}9; —wy ;" 90, (56)
72 '

«

I
z| =
= 1

<
Il
_

As a result,

. (@3, oz
ZiNa — Za El—%5—1 — 352
]Ela( st )] S =0, (57)

09, Zg, Zy,
where we have used that under common differentiability assumptions E[(w; *)/06,] =

0Z4/ 00y, that is we can interchange the order of integration and differentiation. Consequently,
we can simplify the expression of M -V (55&%,(95)) to obtain that

A 2
S(a 0 Zl,N,a_Za
i) -2 [ (22572 )
~ ~ 2
ZlNa_Za 0 ZlNa_Za
+ 2E AL N Py bt e ——
(( Z\ Na ) [89€< Za ﬂ)
ZlNa_Za 0 ZlNa_Za
+v || SRe Ta) . — [ ZLNae T T 58
(( Z1Na >39f< Za )) %)

We now control the three terms in the r.h.s. of (58) separately.
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1. First term in the r.h.s. of (58). To control the first term in the r.h.s. of (58), we use
(56) to get that

5 2 N T ~1—a 2
0 (ZiNe— Za _ 1 0 (W," ~Za
E ([3% ( Zo, )} ) N N2]E (le _893 ( Zo,

[, 0@15%) 108z,

_lg (% Zo g6, — 01" 5o,

- N2 . 72
)

— 17 7 48(12)%7;&) _ ~1—aaZOé— i
T NzE\ |7 e, T e,

1 - oy . 0Z4) 13
= NZ4E 1,1 {(1 — Q)ZQTHE — wi,1 89£ }] ) s
(59)

where the cross-terms disappeared due to the independence of the (e1;)1<j<n paired
up with (57).

12

2. Second term in the r.h.s of (58). We deal with the cross term in (58) by splitting it
into two parts

E Zl,N,a - Za . i Zl,N@ - Za 2
Zl,N,a aeé Za
—F 21,N,oz - Za . i Zl,N,a - Za ?
- Za 96y Za
A ~ 2
Zl,N,a - Za i Zl,N,a - Za Za
e (B 2) [ (22| ()

Zl,N,a_Za

Using the expression of 8%2 (Za> given in (56) and the fact that

5 1 ~l—a
DiNe = Za = szl (@15% = Za), (61)
we set: forall j=1...J,
X1j =01, = Za,
Zad(ﬁ’},}a) _ leadZa
XQJ — X37j — 692 1,] 39@

and we can then apply Lemma 3 with » = 3 (by noting in particular that the required
moments are finite under our assumptions): we thus obtain that

5 2
. O (Zing— Za _ 1
(o) a5 (252 ) o ()
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which controls the first term in the r.h.s. of (60). The second term in the r.h.s. of
(60) can be bounded as follows

E Zl,N,a - Za i Zl,N,a - Za 2 Za 1
Za (?Qg Za ZALN@
~ 2 ~ 4\ 1/2 o\ 1/2
ZlNa_Za 0 ZlNa_Za Za
< 3tV - - - = b .
<E ((Za ) [695 ( A ﬂ ) E ((ZLNA 1) ) (62)

By taking this time: for all j =1... N,

_ _ ~l-«
X1 = Xoj =W ;" — Za,

o ~1—a
d(ij )_ ~1—a 02,

a9, — Wi; g,
72 ’

«

X3j=Xuj=X5;=Xej =

in Lemma 3 with 7 = 6 (and noting once again that the required moments are finite
under our assumptions), we see that the first term in the r.h.s. of (62) is O(N~3/2).
As for the second term of the r.h.s. of (62), Cauchy-Schwarz implies that

2 1/2 1/2
7 1 N 4
E (A = 1) §E<A4 > E((ZQZLN,OL)> .
Z1,N Zi N

Now note that under our assumptions, Lemma 4 can be applied with & = 4 so that
(53) with £ = 4 holds and controls the first term in the r.h.s. above. Furthermore,
applying Lemma 3 with r =4 and for all j =1... N,

~1—a
X1 =X =X3; =Xy j =w ;" — Za

N 4 1
E ((Za ~ Z1N0) ) -0 <N2) .
We can then conclude that
= (77
E — -1 =0|—=), 63
((ZLN,Q ) ) N1/2 ( )

and so the r.h.s. of (62) is bounded above by O(N~2). It follows that the second term
in the r.h.s. of (60) is O(N~2) too and we can conclude that

A A 2
ZiNa = Za) | O (Z1Na— Za —o( L
E((z) o (%, )])‘OW) o

that is the second term of the r.h.s. of (58) is O(N~2).

yields
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3. Third term of the r.h.s. in (58). For the third term of the r.h.s. in (58), note that

A21IVa _'Zﬁ 0 Zlea —'Zﬁ
\Y PN & e S [ i e
Zl,N,a 895 ZOC
E ZI,N,a - Za . i Zl,N,a - Za 2
Zl,N,a 90, Za

N 4\ 1/2 1/2
5 0 Zl N,a — Za 1
< — P S S b
<E ([(ZLN,a Zo) 50 ( 7 )} ) E (Z%N)

where the final line follows from Cauchy-Schwarz. As a result, using (56) and (61),
taking forall j=1... N

IN

~1—a
X1 =X =X3; =Xy j =w ;" — Za

~1—a
A(wy ;%) — plm@9Za
— _ - T 06, 1,j 06,
X5, =Xe;=X7; =Xg; = 72 ,

«

and since the required moments are finite under our assumptions, Lemma 3 with r = 8

implies that
- 4
- 0 (ZiNag— Za B 1
E ([(ZLNﬁy_'Zd)'é%%( Zﬁ )1 ) —-C)<[v4>.

Combined with (53) with k& = 4 (which holds under our assumptions by Lemma 4 with
k = 4), this implies that

ZlNa_Za 0 ZlNa_Za 1>
v | 2e e = (ZLNe T Fa ) o ). 65
(( Z Na ) 095( Za )) (N2 (%9)

Putting (58), (59), (64) and (65) together, we see that
5l b e g oy 0Za)]’ 1

1 ~2(1a){ B alongl_@logZar < 1 )
“MNZZ" (“’M 0=, o6, | ) O\

and it follows that

“(a 1 2(l—a Ologiy, Olog Zy,1? 1
VN 00) = e E(wfﬁl - R ])+0<N>

1 ~2(1_a)[ B 8logw171810g2a]2 <1>
~ VMNZ, E(“”vl T 0, 1+0\y

1 Ng(la)[ B 8logw171_810gZa]2 (1)
= 7MNZQ (\IE <w1,1 (1-a) 20, 90, +0 N
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o Study of E(3}}y(4)).

We start from the identity

2 00,
+ (ZI,N,a - Za)2 i Zl,N,a - Za
Za . Zl,N,a 895 Z‘l ’

which can for example be proved using the following identity (which is a version of the
Taylor expansion to second order with an explicit form for the remainder)

8log Zl,N,a o 8log Za 1o} ZALN@ — Za 10 ZALNA — Za 2
00, 00, 00,

06, Z, Zq,

x? z 2

log(1+ ) =& — —
og(l+x)==x 2-1— L T17

dt,

substituting z = (21, N.o — Za)/Zq, differentiating with respect to 6, and using the chain
rule where necessary. It follows that

£ (S](\(/X[,)N(el)) =E (55?}3;(95)) —E (al‘)gailf\fa>

E dlog Z,, n 0 ZiNo — Za 10 Zy N — Z ?
89g 89g Za 2 89£ Za
+ (ZI,N,a - Za)2 i Zl,N,a - Za
Za . ZALN’a 395 Za

~ 2
. (910g Za 1 0 ZLN@C - Za -
=6, " (aeg ({z] ))  RaZ1n0)

_ Olog Z, 1 0 [V(wi_la)

+ Ra(Z1na) (67)

90, 2N, | Z2

where we denote

5 (21Na_Za)2 a ZlNa_Za
Ry (Z =E ~—— o | — |
2(Z1,N,0) (( Za Zine ) 06 Z
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and where we have used (56), (57), (61) and the fact that under common differentiability
assumptions, we have that

g (2 ([Zaxva 2]\ _ o ([Drrve=2a] @ ([Zive—Z0
06, Zo - Zo 00, Za

A(wi®) _
1 1, ~1-adZ,
2 N 0,7 — Zg Za—5— — W «

1,7 06,
- N\ 06 Za

_ 1o V(@)
N oo, Z2

ere the cross-terms disappear due to the independence of the (g1 ;)1<j<n paired up wi
here th terms di due to the independence of the (7 )1<j<n paired up with
(57)). Notice then that we can split up Ra2(Z1 n,a) as

5 _ (Zl,N,a - Za)2 i Zl,N,a - Za
Ro(Z1ne) =E (( Z2 90, Za

(ZI,N,a - Za)2 Za - i Zl,N,a - Za
+E (( 7 i 1) 5 7 G (68)

The first term in (68) can be bounded by applying Lemma 3 with » = 3 and forall j = 1... N,
X1 = Xa; =" ~ Za,
0@ %) 10 oz,
o Dm0 ey
3,7 — 22 )

noting the required moments are finite under our assumptions, so that

5 2 0 Zl,N,a - Za . 1
E <<217N7a - Za) 8706 (Za )) — O (]\]2> .

The second term in (68) can be bounded using Cauchy-Schwarz as follows

E (Zy N — Za)? Zoa 1 0 ZiNeo — Za
z2 ZLN’Q 00, Zq
N " 1/2 1/2
<E (ZI,N,a - Za)2 2 i Zl,N,a - Za 2 E Za 1 2
o Zg 00, Zo, Zl,N,a

The second term is O(N~1/2) by (63), while the first can be bounded by O(N~3/2) using
Lemma 3 with r =6 and for all j =1... N:

_ _ _ _ ~l—«
Xij=Xoj=X3;=Xyj=01;" — Za,

o ~1—
d(wl,ja) o l—adZy
o _ “a 96, 1,7 96,
X5 = X5 = 72 :
«
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Hence by combining with (67), we have

~1—a
(@) dlogZo, 1 0 V(w;1%) <1>
E(00n) = "og avan | 2| TO (69)

e Deducing SNR[(SJ(\??N(HU].

Finally, putting (66) and (69) together, we get

dlog Zn 1 0

V(wl 04)
90, N oo |7 }‘FO( )
_2(1—a) dlog 1, dlog Zu 12
/7M§VZQ (\/E (wm {(1 —a) agee“ - B%e } ) +0 (ﬁ,))
N 9Za o [V 1)
‘\/»agz - Q\ﬁaeg 75 ] +O(N3/2)

\/E (wi(ll_a) {(1 . a)@loagOiuJ B BIB%EZQ}Q) +0 (%)

SNR[647x (60)] =

=VM

which is exactly (54). Since we have assumed that %% is non-zero and since this term
corresponds to the leading order term, we then deduce that

SNR[3\y (6:)] = ©O(VMN)

and we thus recover (17).
Similarly, (55) holds for SNR[6}7y (¢¢)] and we obtain the desired result (18) by splitting
the cases a € (0,1) and « = 0. In the former, we have 0Z,/0¢y = 8E(w1 19)/0¢p # 0 by

(16), so the leading order term is ©(v/ M N), while in the latter case we have 0Z,/0¢y = 0
while 8V(w *)/0¢p > 0 and so the leading order term is ©(\/M/N) [ |

A.4 Proof of Theorem 2

Proof of Theorem 2 Recall from Proposition 1 that

9 @ g wp(2)' ™ 0 |
8(/56 //Hq(& (] IZk 1 w6 (21) 1~ adg log we,¢(f (53705))) dey.n.

We will now follow the reasoning of Tucker et al. (2019). To do so, we expand the total

derivative of Kg\(;) with respect to ¢ by using that

, ) )
2 logww( (6j,9)) = — a¢10gq¢( (€j,¢))|¢':¢+%f(€ja¢) 87jlogwe,¢(2j)
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which gives

0 (a) w9¢(z )1—a 9 o
%E //Hqu ( Zk 1LU9;(zk)1 aa¢logq¢(f(517¢))’¢/¢) der:n

l1—a o
+//H‘J(5Z ( kafz](:;z ni= aa¢f(€j’¢) (%jlogwe,¢(2j)) der.n
Jj=1

= —-A+ B. (70)

Notice now that

N N -«
- , wo.6(2) 9 /
=3 e (zﬁ_lwe,w i g 80 Dlor=s )dm

N N I—a
= Z//Hqu(Zi) ( w9,¢(Z])Zk)1 aaaqs gq¢( )|Z _2J> dzi.n, (71)
j=1 i=1

Zk 1 Wo,(

where we have set 2/ = f(e;,#'). Observe in addition that for all j = 1... N, the reparame-
terization trick implies:

wp, (zj)t@ 0
/%(Zj) o log qs())|r —z; dz;

i1 w6 (24) 1 06
_ \ 9 wo,p(2)! " a .. ,
B /q(gj) 0z (Eé\le w0,¢(zk)1a> 3¢f(8j7¢> 43

and hence

N wee(z
/Q¢(ZJ) Zk 1w9¢(2k)1 aa¢

w 2 11—« w P l1-«a 2
= (l—a)/q(ﬁj)[ 67¢( J) - < 67¢( j) ) ] - f(e ]7¢) 10gw9 ¢(Z]>d6]'

)1—a

log g5 (25)2; =2 dz;

She1 Wop(zk) ™\ ol wa,g(2k)

The desired equality (19) is then obtained by combining the last equality above with (70)
and (71). [ |

Appendix B. Deferred Proofs and Results of Section 4

B.1 Proof of Theorem 3

Proof of Theorem 3 For convenience in the proof, let us first introduce the notation
R, = w97¢(Z)1’O‘

with Z ~ g, and let us observe that under (Al) we have that E(R,) > 0. Furthermore, (Al)
and Jensen’s inequality applied to the concave function u — u!'~® yield

E(R,) < pg(x)lfo‘ < 00, (72)
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meaning that (22) holds. Now decompose the variational gap into the two following terms:

A0, ¢52) = 050, ¢1.0) = L0, ¢5.2) | + [£(6, 50) — €(65)] -

To get the desired result (25), we only need to study the behavior of the term inside the
first bracket. This will be done via an adaptation of the proof of (Domke and Sheldon,
2018, Theorem 3) to our more general framework, which is provided here for the sake of
completeness. We write

690, 6:2) — L0, 652) = T+ E(log (1 + 6u.x))

where for all z € R,

Ra,N
E(Raq)

5(17]\[: —1€ (—1,00).

The second-order Taylor expansion of log (1 + dq ) gives

5a N a’;2
log (14 0a,N) = ba,N — (5 / d:r:.

Now using that E(d, y) = 0 and that E(52 N) = VZN%( é(g( ))/N, we deduce
( a N x )

= 0. (73)

(6, ¢:2) = L9, 632) = —
All that is left to prove is then that

6a,N x2
lim N |E / dz
N—oo 0 1+=x

By (Domke and Sheldon, 2018, Lemma 7), we have that for all ¢ > 0 and all 5 € (0, 1] there
exist positive constants C; and Dg such that

5a,N x2
/ dx
0 142
and as a result

6a,N 1‘2
N |E / dz
0 1+
Recall that under our assumptions, there exists 5 > 0 such that (23) holds. Without loss

of generality, one can assume that 8 € (0,1]. [Indeed, assuming that 5 > 1, we can find
0 < ' <1< pso that

1 lis 24+3¢
<C.|— SuN| TF 4+ Dgldy n[*HP
<C gy |00, n| ¥ + Dglda,n|

e
1 14

1+5a,N

< C.NE ( |6a,N21++3§) + DgNE (|5a7N|2+5) . (74)

Eznq, ([T (Z) = 11777) < 00

which follows from Jensen’s inequality applied to the concave function u — u(2+8)/(2+5) and
from (23).] Let us now show that the two terms in (74) go to 0 as N — oo for a suitable
choice of ¢ (¢ = 3/3).
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e First term of (74). Observe first that Holder’s inequality with p = (1 4 ¢)/e and
q = 1 + ¢ implies the following:

From there, we deduce that

1
1+5a,N

N—oo

limsup NE (

N—o00 1+ 5a,N N—oo

<limsupE (

T+e 1
) lim sup {NIE (|5a,N|2+35) 1+1 ,

having used that for any two sequences of non-negative real numbers (ay)yen+ and
(bN) Nen+, limsupy_ o (anby) < limsupy_,o, an - limsupy_, o bN-

We then obtain that the first limit is bounded by a constant by appealing to (24).
[Indeed, (24) means that for sufficiently large N, E(1/R,, n) is bounded by a constant,
and hence so is E(|1/(1 + dq,n)|) by combining the boundedness of E(1/R, n) with

(72)].
As for the second limit, (Domke and Sheldon, 2018, Lemma 5) with s = 2 + 3¢ > 2

(@)

and U; = w, ¢(Z ) — 1 implies that there exists a constant B > 0 such that
_ O 24-3¢
E(|5Q7N|2+3a) < B.N-(2439)/2, (\wéa(g 7) - 1‘ )
Setting ¢ = /3, we can rewrite the term on the r.h.s. as
_ (o 246
Bg/sN (2+B)/2EZ <‘wé¢2 Z) — 1‘ )
leading in particular to the inequality

E (\5Q’N|2+ﬁ) < 35/3]\[—(2%)/21@2 ()wé‘)‘dz ’2+’8) . (75)

Hence, by (23) and since N~(2+8)/2 = o(N~1), we obtain

1
lim sup [NE <|5a,N|2+3€) HE} =0 whene= (/3.

N—oo

As a consequence

1 %Jra 2+3¢
limsup NE | | ———— |0a,n| = | =0 when ¢ = 3/3. (76)
N—o00 1+ 5a,N
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e Second term of (74). Using (75) combined with (23) and since N~(+8)/2 = o(N—1),
we deduce:

: 248\ _
Jim D NE (|da,v[*7) = 0. (77)

Combining (74) with (76) and (77) yields (73) and the proof is concluded. [ ]

B.2 Proof of Proposition 2

Proof of Proposition 2 We prove the two assertions separately.

1. Assume that (23) holds with o = «ve, that is, there exists § > 0 such that
248
EZ~(1¢ (‘(OQ)(Z — 1’ ) < 00

or equivalently using (22) with o = ary and setting ag := Ez~q, (wg,4(Z)'7?) so that
ay € (0, 00),

B 248
Efma, (‘ww(zﬂ ° — gy > < 0. (78)

We now want to prove that (78) implies (23) with o = ay. Using that |u7—1] < |u—1]
for all u > 0 and all € (0, 1), we have: for all z € R?,

1—ao
i) - 1] < | el =
EZqu)(w@,Qﬁ(Z)l_al)lial
where we have set n = (1 —aq)/(1 — ag). Hence,
. 248 o _ _ |2+8
Ezngy (’wéaé)( )~ 1. ) < a7 ' Ezng, <‘we,¢(2)1 - al‘ > (19

where @ = agl_az)/(l_al) with a1 := Bz, (wg,¢(Z)' ™). Note in particular that a;

belongs to (0,00) as a consequence of (22) with & = a; and thus so does a;. Now
observe that, setting p = 2 + 8 > 1, Minkowski’s inequality implies that

_ _IP\» _ N il
s (1002~ )P < By (00021 — a2} + By, a2~ 0}
that is

1 1

_ _ |28\ 2+8 _ 248\ 2+8 _
Ez~q, (‘we,¢(Z)1 "~ | ) < Ez~g, <‘we,¢(2)1 °? — ay) > +laz —
We then deduce that (23) holds with a = a1 by combining (79) with the inequality
above and the fact that (i) a;' < oo, (ii) EZq, (Jwo,g(Z)' 2 — ag |2V CHE) < oo

by (78) and (iii) |ay — a1| < 0.
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2. Assume (24) holds for @ = a. Then by Lemma 4 with £ = 1 we may pick N such
that E(1/Rq,,n) < 0o. Observe now that

N
E(1/Ra, n) =E
W) =2 (s

N
.
Pim1 Wy p(Zi) T

we.¢(Zi) < po(x) foralli=1,... ,N)

where we have used that N/(X¥, wg 4(Z;)'~*1) is a decreasing function of each
wy,¢(Z;), with wy ¢(Z;) being independent random variables. Since o > a, it follows
that

Npg(l’)al*a?
S we ()10
_ 1
polay (R

a2, N

E(]./Rag,N)
P (w9,¢(Z) < p@(x))N

E(1/Ry n) <E (

we.¢(Zi) < po(x) foralli=1... N>

IN

‘ wy,¢(Z;) < po(x) for all i = 1...N>

< py(x)™ ™
< 00

since E(wp ¢(Z)) = pp(x) which implies that P (wg 4(Z) < pp(x)) > 0. We see that
there exists a choice of N for which E (1/R,, n) < 00, from which (24) follows by
Lemma 4 with k = 1.

B.3 Behavior of 72

Lemma 5 Let « € [0,1). Then, under common integrability and differentiability assump-
tions

lim 72 = 0.

mi =0

Proof By definition of 72, we have that

1 1 2
2 et l—«a
= . E —E .
T E(wy)? 1—o <[w97¢ (g )} )

On the one hand, we have that E(w;;") — 1 as @ — 1 under convenient integrability
assumptions. On the other hand, for all z € R¢,

lim [w (2)t7 — IE(wl_o‘)}2
a—>11 — o 0. 0.6

= lim {2 {wad)(z)l_a - E(wé;‘l)] : {—w97¢(z)1_°‘ logwy g(z) + E (wéfdf‘ log we,¢)”

a—1
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so that under convenient differentiability assumptions,
2
1- 1-
E <[w9’¢°‘ — E(wa(z)a)} ) =0

thus implying that lim, 1 72 = 0. ]

lim
a—11— «

B.4 Proof of Example 1
Proof of Example 1 Using (26), we first deduce that: for all m € R,

mo?d
Ez~qy (Wo,6(Z)™) = Esn(0,1) [GXP (— 5 ma\@S)]

~exp <_ mfjd) Eseion [op (~movas)]

( m02d> <m202d)
=exp | — 5 exp 5

Therefore, plugging in m =1 — q,

1 aoc?d
() co) — 00 3) — _
LG, p;x) — £(0; x) T a 5

which gives the desired result for £ (0, ¢; ) — £(; x). In addition: for all m € R,

log B, (Wo,6(2)' ) =

E Znq, (wo,6(Z)™) = exp <m<m_21)ad> po(x)"™. (80)

Now note that (26) can be rewritten as: for alli =1... N,
o?d

log wg (%) = 5 oVdS; + logpg(z), S; ~N(0,1).

Hence, we get that: foralli=1... N,

log ) (21) = (1 — o) log wy (i) — 10g Ezug, (wp,6(2)' )

= —(1—a)oVdsS; - (1 -a)%07d o;)zazd

where we have used (80) with m =1 — a. As a result,

— 20.2
Vzreqy (W9 (2)) = Vno (exp {~(1-a)oVds}exp {_W})

= exp ((1 - a)202d) (exp ((1 - a)202d) - 1) exp <—(1 - a)202d)
= exp ((1 - a)202d) -1,
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which yields the desired result for v2. In addition, we show that (23) and (24) both hold,
meaning that we can apply Theorem 3. To see this, note that Ez.q, (wes(Z2)™) and
Ez~qy (Eéaqg(Z )™) are well-defined and finite for all o, m € R. Furthermore, observe that by

convexity of the function u +— |u|>*? with 8 > 0, it holds that
Z~q5\10,0 = Zrqy (W

thus (23) holds for all 8 > 0. Lastly, E(1/R, n) < E(N"' SN, wp 4(Z;)* ") by the HM-AM
inequality and the r.h.s. is finite for all @ € R thus (24) also holds.
In the particular case pg(z|z) = N(2;0,14) and qy(z|z) = N(z;¢,14): foralli=1...N,

1
log @o.9(2) = — (ll2i = 0II” = Ilzi = 911
1
5(“9“2 I8l + 2(zi, & — 6))
1
(0= 6.0+6)+ 2.0 -0)
1
30000020 20 0=0)
=3 (Bﬁ +2(z — 6,6 — 0))
Bj |
= 5 ByS; with S; = §< — ¢, — 9) (81)
where we have set By = ||¢ — 0]|. Since z; — ¢ ~ N (0, 1), it follows that S; ~ N (0,1) as
required. Lastly, when 6 = 0 - ug and ¢ = ug, we have that By = V. |

B.5 Proof of Example 2

Proof Let us first prove that pg(xz) = N (z;0,21,) and pg(z|z) = N (z; (0 + x)/2,1/2 I).
To see this, note that

mie.2) = (gaz) o (—3 I =00 + I = =17}).

As a result, only considering the dependency in z, we have that

po(x, z) x exp <_; . 2HZ B Q;m“2> |

which implies that pg(z|z) = N (z; (0 + x)/2,1/2 I4). Furthermore,

po(x) = /pg(m,z)dz

1 1 1 0422 11 )
— 2.9y = . R
(27r~2)d/2/(27r-1/2)d/2 eXp( 2 | 2 H )dz eXp( 3 3lf x”)

= N(z;60,21,).
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Hence, for all z € R?

log Wy, (%) = log (];Zgji;) = log (W exp [—Hz ! _|2_ * H2 + ZHZ — Az — sz})

and from there, we can straightforwardly deduce that: for alli=1... N,

_9+x
2

- d 4 2 3
logwg (zi) = 5 log <3> — ||z H + ZHZZ — Az —b|)?. (82)

Using (82) we can write that

L0, ¢;x) — £(0;2) =

1 i - log ( / q¢(Z|$)w9,¢(Z)1_adz>

d 4 1
= Zog [ = log (I
5 og<3)+1_a og (I)

where

_ 1 3 2 brz®, 3 ?
I_/Wexp {_4||z—Aa:—b|| +(1—-a) (—Hz— 5 H +1||Z—Aac—b|| )}dz

1 3a 9 0+ x)2
_/(477/3)d/2 exp |:—4||Z—A(E—b|| —(1—04)Hz— 5 H }dz.

1 is well-defined and finite for all o < 4. Completing the square leads to

= () e () [E e

e I R ]

As a result,

L0, ¢;z) — 0(0;7) = g [log @) 1 i o 8 <4 E a>]

Aa:+b)+(lfa)0;xH2— x4 - |

41— «)

4 3 0+ x2
* (4—a)(1—a)HZ( 2 I

2
It can then be checked that the second line simplifies to —f’_—o‘aHAa: +b— Q‘LT‘” , from

which we deduce the desired result for £(®) (0, ¢:2) — £(f; ). [Notice in particular that
L0, p;x) — £(6; x) is well-defined for all a # 1, < 4 with continuous extension at o = 1.]
On the other hand, we have that

1 (a 1 (Egeg, (Wog(Z2)*>)
V2= Vg, (@)(2)) = ( e 1.
Eznq, (Wo,6(2)' )

l-«a -«
Furthermore, for all @/ € R\ {1}, it holds that
E g, (W0,6(2)' ) = exp (1= /) [£04)(0, ¢3.2) — £(6;2)] ). (83)
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Now using (83) with o/ = « and &’ = 2a — 1 and combining with the expression of
L8, ¢; ) — £(0; x), we obtain

= (exp(4) — 1)

with

O e ) R i a

-20- o { s () + g (25)] - g e o - 257

d 4—a)? 24(1 — 0 2
- e (G50 ) + R g ae s 0 5]

from which we deduce the desired result for 42 [notice in particular that 2 is well-defined
for all @ < 5/2].

In addition, the assumptions made in Theorem 3 are satisfied for all a € [0,1). To see this,
set m =1 — o in (83) and use that £(® (0, ¢; z) — £(6; ) is well-defined for all a # 1, < 4
with continuous extension at a = 1, so that Ez., (Wp,4(Z2)™) and thus Ez.,, (wg,¢(Z)m)

and Ezq, (wéa(;(Z )™) are well-defined and finite for all m > —3. Furthermore, the convexity

of the function u + |u|**# with 8 > 0 implies that
B, (05 (2) = 1*7) < 212 (B, (@) (2)47) + 1)

thus (23) holds for all 8 > 0. Lastly, E(1/R, n) < E(N"' SN, wp (Z;)* ") by the HM-AM
inequality and the r.h.s. is finite for all & > —2 thus (24) also holds. [ ]

B.6 Proof of Proposition 3

Proof of Proposition 3 For all « € [0,1), we can rewrite the variational gap Aﬁ?fd(e, ?)

;) log ( wjl ) dwi.n
1 yl=a | dqo
(2i)log W 2 (') dwi.n
SN TE SR

+//H% =) log (1+ Z (z:((N))> a) dwl;N]

aMAX «@

A0, ¢;2)

==

EMZ i Mz
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where we have used (29) and where we have set
N N—-1 )
@) (0 ) e L T] (= w @
RN,d(Q,éf?, T) 1= H//iﬂqu(zz)log (1 + < (w(N)> ) dwy. .

All that is left to do is now to prove (30). Observe that by definition of T](VC)I in (27) and
since a € [0, 1), we can write

1 a _
0 < R{Y0, 612) = Nat) Ay
S d dwi.y
1
- — E(T&?&)
which concludes the proof. |
B.7 Deferred Proofs of Section 4.2.1
B.7.1 PrROOF OF LEMMA 1
Proof of Lemma 1 First, note that since Si,..., Sy are i.i.d. normal random variables,
so are —951,...,—Sn. Setting My = max;<;<ny —S5;, we also have SM) = _My. A standard

result (obtained, for example, by combining Theorem 1.1.2 and Example 1.1.7 in de Haan
and Ferreira, 2007) is that for all z € R,

lim P (a]_vl (My —by) < x) = exp(—e ™) (84)

N—o00
with ay = 1/y/2log N and by = 2logN — %(loglogN + log4n)/(v/2log N). Since
E(|My|) < E(MF)Y? <E(XZN, 52)1/2 < N2 < oo for all N, it follows by (Pickands III,
1968, Theorem 2.1) that

lim ay' (E(My) —by) = E(U),

N—oo

where U is a Gumbel random variable and E(U) is given by the Euler-Masceroni constant.
Using that S0 = — My, we deduce

lim —ay! (E(SW) + by ) = E(U).

N—o0

Finally, plugging in the definition of ay and by, we obtain

loglog N + log4m E(U) 1
E(SW) = —\/2log N ()
(5% BNt T Alog N VZlog N S2log N

loglogN>
—v/2log N + 0O
o8N+ ( Viog N

and we have thus recovered (34). [ ]
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B.7.2 PROOF OF PROPOSITION 4

Proof of Proposition 4 First note that

logw™) = —— — VdoSW.

Combining this result with the definition of A%‘;‘X(H, ¢;x) in (29) yields

AMAX(G’ ¢) _as \[ ]E(S(l)) logN

Now using (34), we deduce

AMAX (g gy = 2 + Vido (\/WJFO <1<\>§1<;7g]é\7>> "

2 2log N 1 2logN loglog N
—da{l—Q 08T o8 +O<Og0g >}

log N
a—1

do? 1-—a do? Vdlog N

which concludes the proof. |

B.7.3 PROOF OF PROPOSITION 5

We first prove a useful intermediate lemma regarding the concentration of S,

Lemma 6 Let Sy,...,Sy be i.i.d. normal random variables, set S = mini<;<n S;, and
define Iy = [—4+/log N, —/log N|. Then as N — oo, we have

P(SM g Iy)=0 (;4) .

Proof We control the probability of the events {S™1) > —/Tog N} and {S1) < —4\/Tog N}
separately. First, note that

logP(SM > —\/log N) = N log(®(—+/log N))
= Nlog (1 - CD(\/logN))
—N®(y/log N)(1 + o(1))
__noWlogN)
=N eew (1+0(1)) (85)

where in the final line we have used the standard approximation

¢(z)

P(z) = (1+o0(1)) (86)

as x — oco. We deduce that

~1/2
B(S® > —/iog W) = exp {‘Nﬂ%m“ " o<1>>} —o(yi) 7
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as N — co. Second, as N — oo we have, by a union bound, that

P(S"M < —4,/log N) < N®(—4,/log N)
¢(4y/log N)
e (1+0(1))

-7

2

=N—F"FT==-

2

VN (14 o(1))

~0 ;4) (88)

2

and so the result follows. [ |

We now prove Proposition 5 by building on the proof from Snyder et al. (2008) and on
Lemma 6.

Proof of Proposition 5 Denote 0, = (1 — a)o for all & € [0,1). A first remark is that,
conditional upon S, we can think of the sum in (27) as the sum over N — 1 i.i.d. random
variables

E(T{)SD) = (N = E (exp (—oa V(S — s1)))

where the expectation is w.r.t. the density of .S given by

p(z) = qj(béfl)))u(z > M),

with ¢(z) denoting the standard normal density and ®(z) = [ °¢(z)dz denoting the
normalizing constant. Then,

(N —1) [s0) exp <—aa\/(§ <z - S(l))) o(z)dz
P(SM) '

R(Tyl5®) =

We can then calculate explicitly

/OO exp (—O’a\/g (z - S(l))) ¢(z)dz

S(1)

— exp(oa/dSW + 02d/2) / " (Vam) e (—;(z + aa\/&ﬁ) de
S
= exp(0aVdSW 4+ 62d/2)B(c,Vd + SW).

Denoting Iy = [~4yIog N, —/Iog N], on the event {S() € Iy}, as N,d — oo with
log N/d — 0, we have
Ua\/a+ SH = Ua\/g(l + ON,d(l))7

where we use the notation oy 4(1) to denote that the implicit constant, which goes to zero
as N,d — oo with log N/d — 0, does not depend on S™). Using the approximation (86) for
®(x) as r — o0,

d(aovd+ SM)

(o, My —
(0o Vd+ SM) oAt 5D

(1+ona(1)).
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Hence, observing that exp(c,VdSW + 02d/2)p(coVd + SM) = ¢(SM), it follows that

o e (o (s = 50)) eterte = 25 D1 4oty

on the event {S(M) € Iy}. Using (86), we can also write

_ —sm
a(s0) =B(-50) = 22D (14 oy ()
Combined with ¢(—SM) = ¢(SM), this allows us to deduce that

[ oo (o (s 5)) ot = =225 o

< a(s) VER lojgN
Oa

all on the event {S() € Iy}. Finally, since S() < —y/Tog N implies

(1+0N,d(1))7 (89)

B(SW) =1+ ona(1),

we have

BT{ISY) < (V= Da(s) 2221+ oy (1)

We conclude by using the tower law of expectation and splitting according to whether
SM e Iy, giving

E(Ty) = E (E(T\5S™M))

<8 (15010 - 1051

4+/log N
——EF
oo Vd

(1+0(1) + 0 (@) 0

4+/log N
W(l + ON,d(l))> +E (]1{5(1)¢]N})

IN

(N —-1)

4+/log N
S _r =
aa\/ﬁ

where in the final line we have used Lemma 6 and that ®(S™)) is distributed as the minimum

of N independent uniform random variables on [0, 1] and so E(®(S™M)) = ﬁ

(2(5™M)) (1 +0(1)) + P(SV ¢ L)

B.7.4 PROOF OF THEOREM 5

First note that Lemma 1 and Lemma 6 are not affected by the change in the distribution of
the weights we have made in (36). As for Proposition 4 and Proposition 5, they are modified
according to Proposition 8 and Proposition 9 below.
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Proposition 8 Let Sy,...,Sn be i.i.d. normal random variables. Further assume that the
weights Wy, ..., Wy satisfy (36) and that there exists o_ > 0 such that Bq > o_+/d. Then,
for all a € ]0,1),

B2 V2log N 1 2logN log log N
lim Agsj“x)(e,@ )+ 241 -2 o8 + Og2 (Og o8 ) =0.
’ 2 Bd 11—« Bd Bd\/logN

N,d—o0

Proof First note that )
B
logw™Y) = _Td — BgSW.

Combining this result with the definition of A%’;‘X(e, ¢; ) in (29) yields

log N
a—1"

B2
AN (0,9) = =51 — BE(SY) +

Now using (34) of Lemma 1, we deduce

B? loglog N log N
AMNIX(0,0)=-"2+B <\/21 N 0< ))
N (0,9) 5 T+ B gN+O\ ) Tast
which concludes the proof. |
Proposition 9 Let Sy,...,Sn be i.i.d. normal random variables. Further assume that the

weights Wy, ..., Wy satisfy (36) and that there exists o_ > 0 such that Bq > o_+/d. Then,
for all a € [0,1), we have

: (a)y _
i, BTa) =0
log N/d—0

Proof Conditional upon S we can think of the sum in (27) as the sum over N — 1 i.i.d.
random variables

E(T{S®) = (N — DE (exp (1~ ) Ba(s — 5)))
where the expectation is w.r.t. the density of S given by

p(z) = (;(b;z)))]l(z > s,

with ¢(z) denoting the standard normal density and ®(z) = [ °¢(z)dz denoting the
normalizing constant. Now denoting o, = (1 — a)o_ for all @ € [0,1) and using that

E(TJ(VCZ\S(U) <(N-1)E (eXp (—aa\/&(s — 5(1))))

we obtain by following the proof of Proposition 5 that the term on the r.h.s. above goes to 0
as log N/d — 0 with N,d — co. We deduce the desired result by combining this with the

fact that ]E(T](V‘TC)AS(U) > 0. [ |

The proof of Theorem 5 then follows immediately from Proposition 8 and Proposition 9.
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B.8 Deferred Proofs and Results of Section 4.2.2

We start by recalling some useful results from Saulis and Statulevic¢ius (2000) regarding
large deviations for sums of independent random variables.

B.8.1 LARGE DEVIATIONS FOR SUMS OF INDEPENDENT RANDOM VARIABLES

The random variable ¢ is said to satisfy the assumption (A-§) if the following holds.

(A-§) There exists A > 0 such that [T'x(¢)] < % for all integer k > 3, where I';(£) denotes
the k-th cumulant of £.

We now state without proof (Saulis and Statulevi¢ius, 2000, Lemma 2.3) and (Saulis and
Statulevi¢ius, 2000, Theorem 3.1) in the particular case v = 0.

Lemma 7 ((Saulis and Statuleviéius, 2000, Lemma 2.3) with v =0) Let¢ be a ran-
dom variable with E(¢) = 0 and E(¢?) = 1. Denote by G(-) the cdf of &. Assume that (A-€)
holds and set

V2

T 36
Then, in the interval 0 < x < Ag, the relations of large deviations

Ay A.

1—G(z) = (1 — ®(z)) exp(P(z)) (1 + elf(x)x;)l)

G(—z) = ®(—z) exp(P(—z)) (1 + 92f(96)xA+01)

are valid, with ® denoting the standard normal distribution. Here, P and f are defined by

P(z) = i Mez® 40 (/1)

k=3

60(1 + 10AZ exp {— (1 —2/A) JKO})
- 1-— x/AQ ’

f(x)

where 0,601,02 are some variables not exceeding 1 in absolute value and where for all k > 3
2 k-2
[Ak| < T (16/A)

so that

3 z3

and P(—x)>———

< .
P(.f) - 3Ag

- 2(1: -+ SA())

Theorem 1 ((Saulis and Statulevi¢ius, 2000, Theorem 3.1) with v =0) Let&,...,
&4 be independent random variables with E(&;) =0 and 0]2- = V(&) < oco. Set

Sd—B}d(&-l-...—Ffd),
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where B% = 2?21 0]2. Assume that there exists K > 0 such that: for allj=1...d,

E(eH)] < KF202, k> 3. (90)
Then,
k!
Te(Sa)| < =, k>3
Ay
with
By

Ag=—-——, where Kgz;=2max {K, max aj} ,

1<j<d
that is, (A-§) holds with £ = Sg and A = Ag.

B.8.2 PRELIMINARY RESULTS

Building on Lemma 7 and Theorem 1, we can now state some preliminary results that will
come in handy when proving the results from Section 4.2.2.

Lemma 8 Let &1,...,& be i.i.d. random variables with E(&1) = 0 and 0 = V(&) < oo.
Set

1
Sg=— ..
1= B, (E1+...+&),
where By = ovd. Assume that there exists K > 0 such that:
&R < KEF 202, k> 3.

Set Ay = By/Ky where Ky = 2max{K,o}. Then, as d — oo, there exists an analytic
function Py such that the cdf of Sg, denoted G4(-), satisfies

L= Gu(@) = (1 — B(x)) exp(Palx)) (1 + o(1))
Ga(—) = D(—a) exp(Pa(—2)) (1 + o(1))

uniformly for all x > 0 and x = o(v/d). Here, ® denotes the standard normal distribution,
Py is such that

Py(x) =Y Apaz”
k=3

with
Al < A(e/VA)* 2, k>3
for some constants A,c > 0.

Proof Observe first that Sy satisfies E(S;) = 0 and E(S?) = 1 with By = 0v/d and
K4 =2max(K, o). Furthermore, (A-£) holds with £ = S; and A = A, by Theorem 1. Then,
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we can apply Lemma 7 with £ = §4 and A = A, to obtain that in the interval 0 < x < Ag 4,
the relations of large deviations

1= Gala) = (1 - (a)) exp(P()) (1 - mmiﬁj) ,

R (TRt

are valid. Here, Ag 4 = %Ad and P, f are defined by

P(z) = Py(z) + 0 (v/Doa)?

60(1 + 10Ag7d exp {— (1—-2/Apa) \/AO,d})
f(.i)f): 1_55/A0,d

o0
Py(x) = Apaa®,
k=3

where 60, 01, 05 are some variables not exceeding 1 in absolute value and
2
Ml < 2(16/80)2 < Ae/Va)2, k23

for some constants A,¢ > 0. Under the assumption z = o(v/d), P(z) = Py(z) + o(1),
f (x)ﬁ = 0(1) and we can thus deduce that as d — oo the relations of large deviations

become
1 —Ga(x) = (1 — @(z)) exp(Pa(x)) (1 + o(1))
Ga(—x) = (=) exp(Pa(—x)) (1 + o(1))
uniformly for all z > 0 and z = o(\/d). [ |

The corollary below then follows from Lemma 8.

Corollary 1 Under the assumptions of Lemma 8, as d — oo,

(1 —®(x))(1+o(1))
O(—z)(1+0(1))

1— Gd(x) =
Ga(—x) =

uniformly for all x >0 and x = o(d"/%).

Proof Since we consider the case x > 0 and x = 0(d1/6), we can apply Lemma 8 to get: as
d — 00,

1—Gy(z) = (1 — @(z)) exp(Pa(x))(1 + o(1))
Ga(—z) = ®(—z) exp(Py(—x))(1 + o(1))
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where P, is defined in Lemma 8. In addition, using successively that (i) [\g.q| < A(c/Vd)F~2
by Lemma 8 (i) # = o(v/d) and (iii) 2° = o(v/d), we have that:

| Pa(x)] < Z | Ak, alz®

< Aca’d1/? Z (c:val_l/z)k_3

k=3
< Acx®d™1?(1 4 0(1))
=o(1).
Similarly, |P;(—z)| = o(1) and consequently,
1= Ga(z) = (1 = 2(2))(1 +0(1))
Ga(=z) = ®(—z)(1 +o(1))
uniformly for all z > 0 and z = o(d"/). [ |

We also prove the following concentration result, which parallels the corresponding result
Lemma 6 from the exact log-normal case and which will be useful in subsequent proofs.

Lemma 9 Let Sy,...,Sy be i.i.d. distributed according to (38), set S = min <<y S;
and define Iy = [—4y/log N, —/Iog N|. Then as N,d — oo with log N/d'/®> — 0, we have

P(SM ¢ Iy) = O <]\1;4> .

Proof The proof follows the same structure as the proof of Lemma 6, using Corollary 1 to
relate the approximately log-normal case to the exact case.

We control the probability of the events {S() > —\/log N} and {SV) < —4,/Tog N}
separately. First, since v/Iog N = o(d'/%) as N,d — oo with log N/d'/3 — 0, by Corollary 1
we have

log P( S(l) > —/log N) = N log (1 — Ga(—+/1og N))
(

= Nlog (1 - (1+o0(1) (\/logN)>
_ y¢(Iog N)
= -NEI (o)

using the same method as in (85). Following (87), we deduce that

1
P(SM > —\/log N) = ( )
Second, we can write
P(S"M < —4,/log N) < NG4(—4+/log N)
= N®(4y/log N)(1 + o(1))

=0 ()

using the same method as in (88), from which the result follows. [ ]
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B.8.3 PROOF OF LEMMA 2

Proof of Lemma 2 The idea of the proof will be to relate it to the case where S1,..., Sy
are exactly normally distributed, which was proved in Section B.7.1. Recall that we have
S1,..., Sy with cdf G4 and S = minj<;<ny S;. Also, let 51, .. .,SN be auxiliary i.i.d.
standard Gaussian random variables, and set S = minj<;<n S;.

By the assumption that the & ; are absolutely continuous with respect to the Lebesgue
measure, G4 is continuous and hence we can construct Si,...,Sy and Si,...,8y on a
common probability space by drawing N uniform random variables Uy,...,Un ~ UJ0,1]
and setting S; = G;'(U;), S; = ®71(U;). We then have that SV = G;1(UW) and
SM) = o-H(UW),

From Lemma 1 we know that

~ loglog N
E(SM) = —/2log N 4+ O ()
(S*) og N + Toe N
so it suffices to prove that

~ loglog N
E(SM — sy =0 () : 91
( =0 (nts (o1)

Letting In = [—4+y/log N, —/log N], we will split the above expectation according to whether
SW e Iy.

e Assuming first that S() € Iy, so that S() = o(d'/9), if we let h € R be an arbitrary
real satisfying h = oy 4(1), then using Corollary 1 we can write
Ga(SW +h) = &(SM + h)(1 + on.a(1))
~ 9(8W +n)
= W(l +on,a(1))
o(50) + b
$(SM)
=UW exp {—hS(l) - h2/2} (14 on4(1))

= o(SW) (14 onq(1))

and so it follows by the continuity of Gg4 that there is a choice of h, satisfying
h = Oy q(1/+/log N), such that Ga(SM 4+ h) = UM, We conclude that

~ 1
S _sW <o ()
| < Ona log N

and so 1

e On the other hand, we may also write

E (IS0 smgry;) < E (15115, 582)) +E (181141, <neynsogrn)

1 -

< 3 B(S1) + NP (S ¢ 1v)
1

<0 (NQ)
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where we have used E(|S1]?) = 1 and Lemma 6 to bound the second term.

The same result also holds with S} in place of S (e.g. by considering taking the &; to
be i.i.d. Gaussians), and so we see that

N
~ ~ 1
B (IS0 =D s0gr,) < B (15 = Sillisigr,y) = O <N> (%)
i=1

Combining (92) and (93) yields (91) and the proof is concluded. [ |

B.8.4 PROOF OF PROPOSITION 6

Proof of Proposition 6 First, note that since the weights satisfy (37), we may write
logwY) = log( (exp(— U\fSl))) —oVdsW.

In addition, using the definition of Sy written in (38), that is

1 d
- é‘l’.
Vd ; g
where the &1 1,...,&1,4 are i.i.d. random variables, we have that

d
E(exp(—oVdS1)) HE(eXp( £1,5))

E(QXP( &))"
Thus,
flog( (exp(— 0\[51))) = —dlogE(exp(—£&1,1)) = —da (94)
By Jensen’s inequality applied to the strictly convex function u — —log(u), we have that
a<E(;1)=0.
Hence,
logw™) = —da — ov/dS™M (95)

with a > 0. Following the proof of Proposition 4 in Appendix B.7.2, we can then conclude
by combining (95) with the definition of AMAX(G, ¢) in (29). Indeed,

log N

o —

ANAX(9, ¢;.0) = —da — oVAE(SW) +
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and using (34), we deduce:

log log N log N
ANAX(9, ¢ )——da+a\/3<\/2logN+O<(\)§lo(;7gN>>—|—O(jg_1

2log N 1 logN (log logN)
=—d 1——“
a{ a d +1—oz da +0 vdlog N '

Hence, using now that 7 1 leN _ <log logN) under the assumption log N/d"/? — 0, we

—a da \/dlog N

can deduce

. (a0, MAX) o [2log N (loglogN) B
N, AN W’”d“{l N—a TO\Vamen) [T

log N/d'/3—0

which yields the desired result. |

B.8.5 PROOF OF PROPOSITION 7

Proof of Proposition 7 The proof will build on the proof of Proposition 5. As in that
proof, we denote o, = (1 — a)o for all & € [0, 1) and observe that, conditional upon S(l), we
can think of the sum in (27) as the sum over N — 1 i.i.d. random variables

E(T)ISD) = (N = VE (exp (—oa V(S — SV)))

where the expectation is w.r.t. the density of S given by

ga(2)

m
Ssmyie =S,

p(z) =

with gq denoting the pdf of Sy and Gg4(z) = [;° ga(z)dz for all z € R, that is

)fsu) exp(—o \/&(z — SW))ga(z)dz

E(Ty 4|SM) = (N —

We are thus required to show that

ex Z — @ zZ)az
(N - DE [fsu) p(=0 Gfi(s (1))5 )ga(=)d

] —0 (96)

as N,d — 0 with log N/ d'/3 — 0. First, we show that contributions due to extreme values
of S are negligible. To see this, note that

5t exp(—oaVd(z — S1))ga(2)dz
Gq(SW)

<1

)
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so that Lemma 9 implies

J5t exp(—oavd(z — SM))ga(z)dz
(N — 1)E |:]1{5(1)§§IN} @(S(l))

< (N = DE (Tigmgryy) = 0.

Hence it suffices to show that

38 exp(—oaVd(z — SW))ga(2)dz
Ga(SW)

(N - 1DE [ﬂ{su)eh\,} ] — 0.

Note that by Corollary 1, we have Gq(S™M) > G4(0) = 1 — ®(0)(1 + o(1)) on the event
{SM ¢ In} as N,d — oo with log N/d'/? — 0, so G4(S™)) is uniformly bounded below. It
thus suffices to prove

o0 1 T
(N-1)E l::[l{s(l)eIN} /S<1> exp(—oaVd(z — S )))gd(z)dz_ — 0.
We will in fact show that

(V= D [Lsiveryy [ esp(-aaVilz = SO))o(2)dz] 0 (97)

and

/SC: exp(—aaVd(z = SM)) (ga(2) - 6(2)) d=

(N — 1)E [H{S(I)GIN} ] — 0. (98)

e Proof of (97). Following the proof of Proposition 5, we see that (89) holds whenever
S € Iy. Restricting to the event {S() € Iy} and taking expectations over SV we
get

(N-1E [1{5(1)611\1} /S(: eXp(_Ua\/E(Z - S(l)))qﬁ(z)dz}

< (V= )ERE (1001, (5] (14 o),

Since S = o(d'/%), Corollary 1 implies that
(M) = Ga(SM)(1 + ona(1)),

where the uniformity over z in the statement of the theorem implies that the implicit
constant is independent of SM). Restricting to {S™) € Iy} and taking expectations
again, noting that G4(S™) is distributed as the minimum of N uniform random
variables on [0, 1], we see

E [1swen ®5)] = B [1isueryGa(s®)] (1 +0(1)) < 5 (1+0(1). (99)
We conclude that
(¥ = D [tgsineny [ expl-oavilz - s)o(z)] < B 14 o1)) 0

proving (97).
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e Proof of (98). Two applications of integration by parts give

/Sjj) exp{—0caVd(z — SW)}ga(z)dz = —G4(SW)

+ 0 oaVdexp{—ooVd(z — SM)}Gy(2)dz
S

and

/ " exp{—oaVd(z — SV)}e(2)dz = —b(SD)

S1)

+ /oo oaVdexp{—o,Vd(z — SW)}®(2)dz.
S

It follows that

\ [, expl=oa(z = 3V)) (gul2) - 6(2) dz

S(1)

<

@(S(l)) — Gd(S(l))‘ + ’/SZ Ua\/gexp{—aa\/&(z — S(l))}(Gd(z) — ®(2))dz|.

We now deal with each of these terms separately. On the event {S(l) € Iy}, we know
d(SW) = Gg(SW)(1 + on4(1)) so we have

[@(SW) = Ga(SD)| < on.a(1)Ga(S™)
and so by restricting to {S(") € Iy} and taking expectations
(N=1)E (Lismrepyy |2(5D) = Ga(SD)|) < (N=1)-0(1)E (150 ¢,y Ga(S™)) — 0.

along the same lines as (99).

We split the second term as an integral from S to 0 and an integral from 0 to oo
and we write:

‘ /S f) oa/dexp{—oav/d(z — SOVNGu(z) — B(2))dz| < A1 + As

with
0
A = ) Ua\/gexp{—aa\/;i(z - S(l))} |Ga(z) — @(2)]dz
S

Ag = oaVdexp{—ooVd(z — SM)}dz.
0

Again, we bound each term individually. For A, assuming that S() € Iy we have the
bound

Ay = exp{oaVdSW} < exp{—ca/dlog N} < exp{—o4(log N)?}
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for sufficiently large N,d with log N/d'/3 — oo and so (N — DE(1ggeryyAz2) = 0.
To bound A1, note that by Corollary 1

Ga(z) = @(2)] < on,a(1)®(2)

for all z € [5(1),0] so long as S e Iy, and hence under this assumption we can write
0
A <ona(l) o oaVdexp{—ooVd(z — SM)}d(2)dz.
S 1

Changing the upper limit from 0 to oo, which can only weaken the bound, and then
integrating by parts gives

< ona(l) ;) ooV dexp{—caVd(z — SV)}B(2)dz
< ona(l) {@(sm) + /S : expl{—oa/d(z — S(l))}¢(z)dz} .
We conclude that
(N = DE (Tgmeryy A1) < oD{(N = DE (1s0e1,32(5M))
+(N-1E <11 seny) /S i) exp{—oa/d(z — S(l))}¢(z)dz) !

The former term tends to zero by (99) and the latter tends to zero by (97). We thus
see that (98) holds, completing the proof.

B.8.6 PrROOF OF EXAMPLE 4

Proof of Example 4 Recall that by (82): foralli=1...N,

_d 4
logw; = ilog <3> —

We want to show that if z; ~ gy(-|z) = N(Ax + b,2/3 I), then logw; can be written
in the form of (37). For this purpose, denote 1 = (1,...,1)T and observe that there

exists an orthogonal matrix U such that U ((""TZ — Az — b) = A1l. We can then sample
2 ~ N(Ax +b,2/3 I4) by setting z; = U~ ly; + Az + b where y; ~ N(0,2/3 I;). With this
parameterization, (82) becomes

0+ x
2

24

H2 + %Hzi — Az — b

0+ x
2

3
= —|lyi — A1|* + Z”‘%HQ + const.

d 3
==Y {(3/13 -2 = yfj} + const.
Jj=1 4

log@i:—HUflyi—l—Ax—l-b— H2—|—%||U71yi||2+const.
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where const. denotes a fixed constant which depends only on d, 0, A, b and .

Let us now set (ij = (yi; — A)? — 3y;/4 and &5 = Gij — E((i5). Since y; ~ N(0,2/314)
it follows that & 1,...,& 4 are i.i.d. random variables with E (& ;) = 0. Now defining
02 =V(£11) < oo, we have that 0% can be computed analytically by observing that

3 1 1
B(Gy) =B ((us — V) B (o) = B0 + 32 = 5 +3°
from which we can deduce that
1 112
o? = E ([ - B(Gy)]*) =E ([4y — 2hyij — 6] )
_ Ly 2 1) 2y, L
= 16]E(yij) + <4/\ 2 E(y;;) + 36
1 8,

Hence, (37) holds by defining S; as in (38) (noting that the constant terms must match
since w; is normalised and so has expected value 1). In addition, we can also analytically
compute the quantity a defined in (39) by noting that

E (exp (—&1,1)) = /OO exp (— LlluQ —2\u — éD N e 1% du

—o0 27‘("%
1
= ﬁexp <)\2 + 6)

1 1 3
a:/\2++10g<>.

so that

6 2 4

Finally, we check that (A2) holds in the case where (6,¢) = (6*,¢*). For this choice of
parameters, A = 0, hence o is independent of d. Furthermore, §; ; is clearly absolutely
continuous with respect to the Lebesgue measure, and the distribution of §; ; is independent
of d. Tt follows that (A2)a holds using our previous observations.

To now check (A2)b, we let k > 3. In that case, u + |u|* is convex and for all real-valued
u1,u2 and ug, we have that:

—Uu] + U2 + -u —|u1| + = |u2| + =|u
3 1 3 2 3 3 = 1 2 3

so that, setting u; = (y;; — N2 up = —%yfj and uz = —E (¢;;), it holds that
-<7A27§27E . k< k-1 )2k § 2 E () |F
(yzj ) 4%]' (Gj)| <3 (vij )+ 4%3 + [E (ij) -

Using a similar argument applied to (y;; — A% we then deduce that

2 3 2 k k—1 2k—1 2k 2k 3 o k
(= N = 0BG | <3 (2 (2 )+ (o) +IEG)IT)-
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Hence,
E (|§z‘,1|k) =K <‘(sz -2 - 29123 —E(Gj) ‘k)
. 32k
<3+ (z%l (B2 +X) + 5B + [E (Gy) ’“)

< gk=1 [ (92k-1 ﬁ.%_l,,?j 92k=13\2k | || (¢ k
<T@ ) @k - Dl +[E(Gy) |

42k
k—1 2k—1 32k 22k 2k—1+y2k 1 2 b
<3 ((2 +4W)'3T;'k!+2 A +<6+/\))

where we have used that the (2k)-th moment of a standard Gaussian random variable is
(2k — 1)!I. Finally, since A = 0 in our case, we obtain that

E (|§i,1|k) < KIKF252

for some sufficiently large choice of K which is independent of d, and (A2) thus holds. W

Remark 4 We have obtained that (A2) holds when (0, ¢) are equal to the optimal parameters.
If we now assume that x, 0 and ¢ are initially drawn from Gaussian distributions with
bounded covariance matrices (like it is the case in Rainforth et al., 2018), we anticipate that
(A2) should approzimately hold even for values of the parameters other than the optimal
choice. Notice indeed that in that case we inuitively expect || 5% — Az —b|| = O(V/d) for most
values of x, 6 and ¢. It follows that we should expect A = O(1) and o = ©O(1) in practice as
d — 00, and so (A2) should approzimately hold.

Appendix C. Futher Details Regarding Related Proof Techniques

As mentioned in Section 5, a number of our proof techniques differs significantly from/alter
parts of known proofs, which in some cases impacts the corresponding theoretical results.
Namely,

e Theorem 1. The proof of this result is based on the proof for the case o = 0 written
in the arxiv version of 5 Mar 2019 of (Rainforth et al., 2018, Theorem 1), which was
the latest version available to us. Nevertheless, and contrary to Rainforth et al. (2018),
we (i) use an explicit form for the remainder term in Taylor’s theorem rather than
the mean value form of the remainder, allowing us to get more precise control on
the magnitude of the remainder and its gradients, and (ii) we consequently rely on
Lemma 3, which is a non-immediate extension of (Rainforth et al., 2018, Lemma 1).

This significantly impacts the proof technique and as a result, the main difference
in terms of assumptions compared to (Rainforth et al., 2018, Theorem 1) is that,
for a given a € [0, 1), we are requiring the eighth moments of uﬁi_la, 87])%7_10‘/895 and
01])%30‘ /O¢p to be finite in Theorem 1, where (Rainforth et al., 2018, Theorem 1) asked
for the fourth moments to be finite with o = 0. In addition, we need to further assume
that there exists some N € N* for which E((1/Z) y.a)?) < co.
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e Proposition 5. The proof of this result mostly mirrors the proof written in (Snyder
et al., 2008, Section 4.a) which considers the case o = 0 and is used in the context of
particle filtering. The main difference is that we require an additional lemma (Lemma 6
of Appendix B.7.3) to provide us with a more precise concentration result for O8N
This lemma will also have other uses in the rest of the paper. This does not result in
any change of assumptions compared to (Snyder et al., 2008, Section 4.a).

e Proposition 7. The proof of this result is arguably the one that required the most
alterations out of the three discussed here. It borrows some ideas from the proofs
written in the context of particle filtering in Li et al. (2005); Bengtsson et al. (2008);
Li et al. (2005), which all aimed at establishing that E(TJ(\? )d) — 0 in the approximate
log-normal case under some conditions on N and d. Howevér, we are significantly more
thorough in our control of the error terms, which we bound precisely with the aid of
two results from Saulis and Statulevic¢ius (2000) and Lemma 9, rather than simply
working under convergence in probability.

In terms of assumptions, it is closest to Li et al. (2005), except for the fact that our
result relies on a Bernstein condition while Li et al. (2005) uses Cramer’s conditions.
Both are in fact equivalent in the i.i.d. setting, and we choose to use Bernstein
condition as we believe it might make it easier to generalize our result beyond the i.i.d.
case using the results from Saulis and Statulevi¢ius (2000) recalled in Appendix B.8.1.

Appendix D. Additional Numerical Experiments and Derivation Details
D.1 Gaussian Example from Section 6.1

Figure 13 empirically confirms that the asymptotic regime predicted by Theorem 3 does not
reflect what is happening in reality in the variational gap Ag\?)d(ﬁ, ¢; x) when the dimension
d increases, N is small and the distribution of the weight is lbg—normal.

Note that we only plotted the variational gap Ag\c,f)d(ﬁ, ¢; x) for the cases d = {10,100} in
the figure above. This is due to the fact that when d = 1000, computing 72 the 1/N term
returns an overflow, further illustrating the limitations of the approach from Theorem 3 in
the specific setting considered here. Note also that since the variance term is exponential
in (1 — )?d, increasing o does play a role in decreasing 72 so that the asymptotic regime
predicted by Theorem 3 applies in lower dimensions (e.g. d = 10 with o = 0.5).

D.2 Linear Gaussian Example from Section 6.2
D.2.1 EMPIRICAL EXPERIMENTS FOR THEOREM 3 IN THE CONTEXT OF SECTION 6.2

Figure 15 empirically confirms that we need an unpractical amount of samples N for the
asymptotic regime predicted by Theorem 3 to capture the behavior of the variational gap as
d increases when opergur, = 0. Note that similar plots and conclusions can be obtained for
Operturb € {0.01,0.5}. Those are not given here for the sake of conciseness.
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Variational gap (a=0.2,d= 10, epoch=0)
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Figure 13: Plotted in blue is the MC estimate of the variational gap Ag\o;)d(@, ¢; ) (averaged
over 1000 MC samples) for the toy example described in Section 6.1 as a function
of N, for varying values of (a,d) and with (8, $) = (0 - ug, ug) so that By = V/d.
Plotted in purple are curves of the form (42) with tailored values of ¢;.

0

B} /d during training (d= 1000, N=100)

1000

— a=02

3000 4000 5000 6000

iterations

2000

Figure 14: Evolution of Bg /d during the training of the ¢ parameter for the toy example
described in Section 6.1.

D.2.2 ADDITIONAL EXPERIMENTAL RESULTS FOR SECTION 6.2

We provide some additional results in the context of Section 6.2 regarding the signal-to-noise
ratio (SNR) in the doubly-reparameterized case and the Mean Squared Error (MSE) for the
VR-IWAE bound and its 6, ¢ gradients.

e SNR in the doubly-reparameterized case. In line with Tucker et al. (2019), we
observe in Figure 16 that using the doubly-reparameterized gradient estimator for ¢
increases the SNR when oo = 0. We in fact see that the SNR is increased for all values
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Figure 15: Plotted in blue is the MC estimate of the VR-IWAE bound 8532(9, o; ) (averaged
over 1000 MC samples) for the linear Gaussian example described in Section 6.2
as a function of N, for varying values of (a,d). Plotted in purple are curves of
the form (45) with tailored values of ¢;.

of a, extending the conclusions from Tucker et al. (2019) to a € [0,1) in the example
considered here.

However, as we get further away from the optimum (opertur, = 0.5) and/or increase
the dimension (d = 1000), we observe that it still remains challenging to obtain an
increasing SNR for the ¢ gradients for small values of «, even when using doubly-
reparameterized gradient estimators.

e MSE for the VR-IWAE bound and its 6, ¢ gradients. We observe on Figures 17
and 18 that while increasing a does not lower the MSE of the VR-IWAE estimator

1 X
log Nng,(ﬁ(Zj;x)l*O‘
j=1
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SNR: ¢ gradient (d= 20, Gy = 0.01) SNR: & gradient (4= 100, Gy, = 0.01) SNR: ¢ gradient (d=1000, 5., = 0.01)

SNR

SNR: ¢ gradient (d=20, G =0.5) SNR: ¢ gradient (d= 100, 0., = 0.5)

Figure 16: Plotted is the SNR of the inference network (¢) gradients in the doubly-
reparameterized case (computed over 1000 MC samples) for the linear Gaussian
example in Section 6.2 as a function of N, for varying values of (a, d), a randomly
selected datapoint x and 10 different initializations of the parameters (6, ¢).

for log-likelihood estimation, it can be useful in lowering the MSE of its € gradients

compared to the 0 gradients of the true log-likelihood Vyly(6; x).

In the low perturbation regime (operturb = 0.01) and in medium to high dimensions
(d =100, 1000), we indeed see in Figure 17 that every tested value of o > 0 achieves
lower 6 gradient MSE than a = 0 for low values of N. As we increase to N = 2, the
value of a achieving the lowest MSE is o = 0.3 for d = 100, and a = 0.8 for d = 1000.
This sheds light on a bias-variance tradeoff between low bias at « = 0 and low variance
at @ = 1, and is in line with the findings of Theorem 3.

In the high perturbation regime (operturb = 0.5), we see in Figure 17 that the choice of
« appears to make less of a difference, especially when the dimension d is high. This
suggests that bias reduction may be more important when the inference distribution
¢s(2|z) is far from the optimum.

D.3 Variational Auto-encoder from Section 6.3

We present additional results for the VAE example discussed in Section 6.3.
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MSE: 9 gradient (d=20, o, =0.01) MSE: 6 gradient (d =100, 0y, = 0.01) MSE: 9 gradient (d=1000, o,y =0.01)

9x107
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et ¥
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Figure 17: Plotted is the MSE of the generative network () gradients (computed over 1000
MC samples) compared to the log-likelihood gradients for the linear Gaussian
example described in Section 6.2 as a function of N, for varying values of («, d),
a randomly selected datapoint x and 10 different initializations of the parameters

(6, 9).

MSE: VR-IWAE (d =20, 0yt = 0.01) MSE: VR-IWAE (d =100, 0y, = 0.01) MSE: VR-IWAE (d = 1000, 00, = 0.01)

Figure 18: Plotted is the MSE of the VR-IWAE estimate (computed over 1000 MC samples)
compared to the log-likelihood gradients for the linear Gaussian example described
in Section 6.2 as a function of N, for varying values of («, d), a randomly selected
datapoint 2 and 10 different initializations of the parameters (6, ¢).
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D.3.1 COMPLEMENTARY PLOTS FOR THE VR-IWAE BOUND

Figures 19 and 20 provide additional plots to Figures 8 and 9 reinforcing the conclusions
drawn in Section 6.3.
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Figure 19: Plotted in blue is the MC estimate of the VR-IWAE bound Es\‘;)d(G, ¢; x) (averaged

over 100 MC samples) for the VAE in Section 6.3, for a randomly selected
datapoint x in the testing set, randomly generated model parameters (0, ¢) and
varying values of (a,d). Plotted in purple are curves of the form (49) with
tailored values of ¢;.

D.3.2 IMPACT OF @ AND OF M ON EMPIRICAL PERFORMANCES

We discuss here the impact of o and of M on the empirical performances of the VR-IWAE
bound metholodogy in the reparameterized and doubly-reparameterized cases.

Impact of o on the empirical performances. We investigate how the choice of
impacts the Negative Log Likelihood (NLL) after training the VAE with the VR-IWAE
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VR-IWAE bound (d=5) VR-IWAE bound (d=10) VR-IWAE bound (d=50)
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Figure 20: Plotted in blue is the MC estimate of the VR-IWAE bound Es\o/’)d(ﬁ, ¢; x) (averaged
over 100 MC samples) for the VAE in Section 6.3, for a randomly selected
datapoint x in the testing set, randomly generated model parameters (0, ¢) and
varying values of («, d). Plotted in green are curves of the form (50) with tailored
values of cs.

bound. The NLL can indeed be used to evaluate the empirical performances of VAEs
(since a lower NLL corresponds to a higher likelihood of the data under the VAE model,
which indicates better training of the generative network 6). Furthermore, although
the NLL is intractable, following Burda et al. (2016) it can be approximated using the
negative IWAE bound with N = 5000.

We plot in Figure 21 the NLL estimate on the MNIST test set as a function of a after
training VAEs on the MNIST training set using either the reparameterized (“rep”) or
the doubly-reparameterized (“drep”) gradient estimators of the VR-IWAE objective
with NV = 10,100 and d = 50. Here, all the models are trained for 1000 epochs using
the Adam optimizer with learning rate le — 3 and batch size 100.

We observe that the doubly-reparameterized gradient estimator generally achieves
better NLL results than the reparameterized one when « is fixed. In addition, for both
cases the value of « achieving the best NLL performance lies in the middle of (0, 1),
around a = 0.5. In line with Theorem 3, this suggests that there is a bias-variance
tradeoff to consider when choosing «, and that the best setting can lie between the
standard IWAE («a = 0, low bias) and ELBO (« = 1, low variance) objectives, with
the optimal choice of a being dependent on the data set, model architecture, as well
as the stochastic gradient descent procedure used for training.

e Impact of M on the empirical performances. We investigate how the choice of M
and N affects the training of VAE when M x N is fixed in the VR-IWAE bound method-
ology. We plot in Figure 22 the NLL on the MNIST test set after training the VAE on
the MNIST training set for 1000 epochs, with M x N =100, d = 50 and « € {0,0.2}.

We observe a bias-variance tradeoff that is similar to the analysis above for the impact
of a. Indeed, the cases M = 100 and M = 1 have a particular meaning in the plots
of Figure 22: M = 100 corresponds to the ELBO with maximum computational
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NLL after training (d =50, N=10, epoch =1000) NLL after training (d =50, N=100, epoch =1000)
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Figure 21: Plotted is the Negative Log Likelihood (NLL) estimate on the test set of the
MNIST data set as described in Section 6.3 as a function of «, after training on
the train set for 1000 epochs with N € {10,100}. The error bars are computed
over 3 trials with different network initialisations and seeds during training.

NLL after training (¢ =0, d=50, M x N=100, epoch =1000)

NLL after training (a=0.2, d=50, M x N=100, epoch=1000)
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Figure 22: Plotted is the Negative Log Likelihood (NLL) estimate on the test set of the
MNIST data set as described in Section 6.3 as a function of M while fixing
M x N = 100, after training on the train set for 1000 epochs with a = 0,0.2.

The error bars are computed over 3 trials with different network initialisations
and seeds during training.

budget for M (i.e. « = 1, low variance), while M = 1 corresponds to the VR-IWAE
bound with maximum computational budget for N (i.e. low bias, with the lowest
bias being achieved for a = 0). Here, the best value of test NLL is obtained for
a=02,M =4, N = 25 among our tested combinations. Note that one potential
advantage of tuning « instead of M and N is that « resides on a one-dimensional
continuous interval, whereas M and N are integer values and so their choice is more
limited (that is, they can be more difficult to tune for a given computational budget).
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Conclusion

In this final chapter, we summarize the main contributions of this thesis and indicate

some outstanding open questions which may provide the basis for further research.

7.1 Contributions

This thesis has focused on two central questions. First, under what conditions do
current generative modeling methods provide good approximations to the data
distribution? Second, can we extend the existing methods to new settings? We
have addressed these questions in the particular contexts of diffusion models and
importance weighted autoencoders.

First, we have shown how to extend diffusion models beyond real vector spaces
to a much wider class of state spaces using the DMM framework. This opened up
a broad range of applications, including to discrete spaces, to manifolds and to
distributions over measures. Furthermore, we demonstrated that DMMs perform
competitively in practice for each of these applications. In the case of discrete spaces,
we also developed several optimizations that significantly improved performance,
including using tau-leaping to simulate the reverse process, developing a predictor-
corrector scheme to increase the accuracy of samples, and finding good choices for

the forward rate matrix and the parameterization of the reverse process.

2/8
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Second, we derived new bounds on the approximation error of diffusion models.
We improved on state-of-the-art KL error bounds for SDE-based diffusion models
using techniques inspired by stochastic localization. In addition, we provided the
first bounds for the more general flow matching framework which hold in the fully
deterministic setting even for data supported on a submanifold of R?. Both bounds
converge polynomially in the relevant problem parameters, and the former holds
without smoothness assumptions on the data distribution. The fast convergence
rates of these bounds go some way towards explaining why diffusion models can
efficiently learn to approximate the data manifold well even in high dimensions.

Finally, we turned our attention to the importance weighted autoencoder. In
an attempt to address some of the limitations of the IWAE, we introduced the
VR-IWAE bound, which extends both the IWAE and variational Rényi methods.
We explained how the VR-IWAE allows one to interpolate between these methods,
trading off between mode-covering and mode-seeking behaviour. We also explained
how it improves on the signal-to-noise properties of the IWAE bound. Finally, we
explored the phenomenon of weight collapse in these bounds, and demonstrated
theoretically and empirically how it limits the effectiveness of both the original

IWAE bound and our extension the VR-IWAE.

7.2 Open Questions

Despite the progress made during this thesis there remain many important and
exciting open questions surrounding the topics discussed. We highlight some of

the most interesting ones here.

Can we find additional applications of DMMs? While we presented several
example applications of DMMs in Chapter 2, the scope for possible applications
is likely much greater. For example, our framework could in principle incorporate
state spaces which have both continuous and discrete components, or some infinite-
dimensional spaces with finite representations (though care must be taken to ensure

the relevant assumptions of local compactness and separability hold). Alternatively,



7. Conclusion 250

we could consider modeling distributions which can be naturally embedded in R¢,
but using alternative noising processes which might better respect the underlying
structure in the data or encode some prior, perhaps derived from domain-specific
knowledge, on the data distribution. For example, some works have explored using
noising processes specifically designed for learning categorical data (Richemond

et al., 2022) or data defined on manifolds with a boundary (Lou et al., [2023)).

Are there ways to improve the efficiency of training or sampling DMMs?
Sampling from diffusion models is often expensive, as we must typically take many
sequential steps to simulate the reverse process, requiring many neural network
function evaluations. There has been much work to speed up the sampling of
diffusion models on R?, including using the probability flow ODE (Song et al.,
2021b), using more efficient methods to simulate the reverse ODE (Jolicoeur-
Martineau et al., 2021} Zhang et al., [2023), or using alternative noising processes
(Song et al., 2021a; Lipman et al., 2023)). However, much of this machinery does
not transfer easily to our more general framework for DMMs.

We would like to find methods for more efficient training and sampling of general
DMNMs, or particular sub-classes of DMMs other than those defined using SDEs
on R?. For example, our work using tau-leaping for discrete-space diffusion models
in Chapter 3 can be viewed as one instance of such an optimization. Extensions
of the probability flow ODE to the manifold setting are another (De Bortoli et al.,
2022)). Other possibilities might include extensions of the probability flow method
to other state spaces, extensions of the flow matching framework, or higher-order

sampling methods for more general Markov processes.

Is generalized score matching effective at learning distributions on state
spaces other than R%? In Chapter 2, we introduced generalized score matching
and explained how it could be used to find an approximation ¢ to a data distribution
qo whose density was known only up to a normalizing constant. It is known that
score matching can be effective in learning unnormalized probability distributions

on R4 (Hyvérinen, 2005). However, we did not study the empirical effectiveness of
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generalized score matching on other state spaces. It would be interesting to assess
the viability of generalized score matching on alternative state spaces, and compare

it to other extensions of score matching which have been proposed (Hyvéarinen,

2007; Lyu, [2009; Yu et al., |2022]).

What are the inductive biases imparted by diffusion models? All of the
results in this thesis concerning the effectiveness of diffusion models have been
framed in terms of a bound on the distance between the learned approximation and
the true data distribution. However, optimal performance according to this criterion
would mean perfectly reproducing the empirical data distribution — such a generative
model would be useless! Instead, the value of a good generative model is that it
can interpolate reasonably between the observed samples and generate datapoints
which are not in the training dataset but are nevertheless perceptually convincing.

That diffusion models are able to do this with such success indicates that there
is some aspect of their design which gives them a favourable inductive bias and
allows them to detect the data manifold without overfitting. As yet, we lack
a proper understanding of this behaviour, which seems essential for explaining
the empirical success of these methods. Initial work by Pidstrigach (2022)) has
highlighted conditions under which diffusion models learn to completely recover the
data manifold or memorize the data distribution. However, practical applications
of diffusion models operate far away from the regime discussed in that work, so

the broader question still remains very much open.

Does the approximation error of flow matching converge polynomially
for non-smooth distributions? Our convergence results for low matching in
Chapter 4 require the assumption that oy, Xo + £, X7 is A-regular for all ¢ € [0, 1].
Conversely, existing results for the general flow matching setting which do not
assume smoothness of the data distributions instead require some stochasticity
in the sampling procedure to smooth the resulting marginals (Albergo et al.,
2023a)). However, we suspect that the approximation error of fully deterministic

flow matching should converge polynomially under much weaker assumptions than
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those made in Chapter 4, for example requiring only a small amount of Gaussian
smoothing of the target distribution (as in Chapter 5). As evidence, we note that
Chen et al. (2023d) indicate the error of the deterministic probability flow ODE with
the true score converges polynomially under minimal smoothness assumptions, and
that Li et al. (2023) derive polynomial error bounds for the probability flow ODE
with a score approximation under the additional assumption that we can control
the difference between the derivatives of the true and approximate scores. We
therefore ask whether it may be possible to replace the assumption of A-regularity
by a weaker or more natural assumption and still obtain polynomial error bounds,
or alternatively to provide a more natural interpretation of what it means for

a distribution to be A-regular.

How does weight collapse in the VR-IWAE bound influence the gradient
descent procedure? In Chapter 6, we showed that the VR-IWAE bound suffers
from weight collapse in high dimensions. However, as Rainforth et al. (2018]) indicate,
it is not necessarily the case that a tight variational bound is preferable for learning
the data distribution. Indeed, it may be the case that the VR-IWAE is an effective
generative model despite weight collapse. To investigate this further, we would want
to study how weight collapse affects the gradient decent procedure. For example,
is it the case that a single weight dominates the gradient updates, and if so, what

implications does this have for the effectiveness of the learning procedure?
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