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Abstract

Two grand challenges under the context of limited data availability in structural dynamics are faced
in this thesis: the design of complex engineering structures, and the updating of data on already
existing critical structures by integration of physics-based models. The motivation to confront these
challenges is driven by the need to develop techniques able to prevent unforeseen failures of

structures that could result in significant losses.

To achieve this end, in this thesis, these two grand challenges were split into four subchallenges: a)
quantifying uncertainties at the design stage. The presence of uncertainties should be considered
during the design phase, so that the structure can be operated safely, even if it deviates from its
nominal design parameters. In this manner, designs robust to variability can be built; b) where should
measurements be taken? After the design stage, when the structure is built, velocity and acceleration
measurements may be obtained from sensors located in the structure. However, these sensors should
be placed at locations on the structure where the largest amount of information can be gained. This is
not a trivial task, as different locations may not provide the same information as others, and therefore,
some locations may not be optimal; ¢) updating the model: using physics-based models that represent
the structure of interest, and the measurements collected in the structure by sensors, the knowledge
on the condition of the structure can be updated; d) handling prior uncertainty under limited data
availability, the posterior prediction may be significantly sensitive to prior uncertainty.
Understanding how sensitive the posterior prediction might be under limited information may allow

the practitioner to be more or less confident about the condition of the structure.

The main contributions of this thesis are: (i) obtaining distributions of the modal parameters at the
design stage, when only data from a numerical model or prototype is available. This is achieved by
developing a non-parametric method based on the combination of Random Matrix Theory and the
Eigensystem Realization algorithm; (ii) the investigation of utility functions for optimal sensor

placement, that highlights the challenges found when using a Bayesian Optimal Design approach;



(iii) the investigation of Variational Inference for fast inference of the latent parameters of a physics-
based model; (iv) a new technique for the reduction of computational cost, a better capture of the
possible multi-modality of the latent parameters, and efficient sampling of the parameter space, by
using a cyclical schedule with the combination of Bayesian Quadrature and Variational Inference;
(v) developing a new approach that can be used when the prior is uncertain, based on interacting
Wasserstein Gradient Flows, able to compute the worst-case and optimal priors in the vicinity of a

selected prior, and their associated posteriors.



Chapter 1 - Introduction

1.1 Research motivation

In the field of structural dynamics, the improvement and development of methods that allow a better
understanding of the performance and condition of a system is currently a pressing issue. This fact
becomes especially significant for the cases that involve critical components or structures where their
unexpected failures may cause important immediate losses e.g., lives, repair costs; but also,

consequential losses like the ones derived from the inability to continue to operate the system.

During the design stage, before structures are built, and data can be obtained from them, the presence
of uncertainties should be taken into account, so the structure can be safely operated, even if it
deviates from its nominal design specifications [1]. The design of the structure may include numerical
and/or prototype phase/s, to ensure that the structure works safely, and it may be efficiently

maintained.

The numerical phase/s may include the development of a physics-based model that is used to
represent the engineering system, so its performance under different conditions may be understood
[2]. If the parameters of the physics-based model that represent the structure of interest are chosen to
be deterministic, (unrealistic) designs overfitted to those parameters may be obtained [2]. Therefore,
uncertainty in the parameters should be considered, so designs that show sufficient flexibility to
capture the variability in the system, and are robust to varying conditions of e.g., static and dynamic

loads, changes of geometry and mechanical characteristics of the materials, are produced [3].

These physics-based models may be used to provide outputs such as the static and dynamic response
of the structure and its components, that may be of great value to the practitioner. However, caution
should be exerted before the outputs of these physics-based models are used, as some of its
parameters, such as mechanical and dimensional properties of the elements, loads and boundary
conditions, may exhibit variability or uncertainty. Furthermore, during the development of the

physics-based model, implicit and explicit simplifying assumptions of the structural model are made,
1



mostly because of limited knowledge, and computational budget. These simplifying assumptions

compromise the accuracy and precision of the model and its intended objectives [2].

Data collected from the structure, such as velocity and acceleration readings, and modal information
derived from those readings, are usually employed in the field of structural dynamics to update the
physics-based models. The model updating framework, using observations collected in the structure,
is able to produce estimations of the parameters to be employed in the physics-based model
[2]. Model updating is becoming an increasingly relevant topic in Structural Health Monitoring
(SHM), as it may provide support for decision-making in processes and activities such as

maintenance, detection of anomalies, and diagnosis of failure of engineering structures [4,5].

1.2 Research challenges

Probabilistic Uncertainty Quantification for Structural
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Fig. 1. Grand challenges and subchallenges.

In this DPhil thesis, two main challenges currently faced in the area of structural dynamics have been
addressed. The first challenge is the design of complex engineering structures under limited data

availability, and the second challenge consists of updating information relevant to the structure’s
2



condition by using physics-based models and limited data. These research challenges are split into

four subchallenges, as shown on fig. 1, and are discussed in the following subchapters.
1.2.1 Quantifying uncertainties at the design stage

The behaviour of engineering systems is frequently simulated using either physical or numerical
models. The validity of the numerical models is based on their accuracy, precision and quality.
Nevertheless, a major challenge during the development of a numerical model is that several
properties (e.g., geometric or material properties, loading and boundary conditions) of the system,
are either unknown, or show some uncertainty. It also has to be considered that due to limited
computing power, lack of some information, and other reasons, simplifying assumptions about the

model are explicitly or implicitly made.

One of the main challenges found during the design process of structures, is the quantification of the
uncertainties on the modal parameters to be used for the assessment of the structures’ dynamic
performance [6,7]. This is due to uncertainties originated by the variability of the manufacturing
processes of structural components, boundary conditions and assemblage [8,9]. An adequate
identification of a prior distribution of the modal parameters across the ensemble of nominally
identical structures would enable an effective selection of designs that are robust to these

uncertainties, avoiding extensive modifications of the manufactured product [3].

At the design stages (before a prototype is being built), when a physics-based model is developed,
uncertainties on the model parameters are usually described using probabilistic [2,10,11] or non-
probabilistic uncertainty descriptions [12]. These uncertainties are then propagated through the
equations of motion to yield the corresponding description of the response. This is the so-called
parametric model of uncertainty. However, the choice of the uncertain parameters, and their
description, would directly affect the distribution of the resulting modal parameters [6,7,11]. Even
for cases where the probability density functions (pdfs) of the uncertain parameters of the structure

modelled by expensive-to-evaluate physics-based models are known, the numerical assessment of



the performance of the structures becomes impractical, as the number of evaluations of the physics-
based models required is very high. Therefore, a suitable approach that can avoid specifying the
uncertainties’ sources and the description of the model’s parameters uncertainty would be of interest,

as they are both often hard to determine.
1.2.2 Where should measurements be taken?

Sensorial data such as acceleration and velocity measurements are usually employed to infer
structural characteristics, particularly, the modal parameters: mode shapes, damping ratios, and
natural frequencies. The parameters obtained are subsequently employed to assess the state of the
structures. It should also be noted that the inference of the structural parameters may be significantly

impacted by the placement of the sensors.

From a general perspective, the approaches to sensor placement frameworks can be categorised in
two groups: those falling under non-information techniques, and those rooted in information theory
[13]. This DPhil primarily concentrates on information-based techniques, which to a great extent
depend on the use and enhancement of the general Bayesian methodologies. Readers interested in
non-information techniques are encouraged to refer to [13]. The general Bayesian framework,
initially introduced in [14,15] for system identification purposes, has subsequently been expanded to
address sensor placement problems [14]. The primary purpose of the sensor placement framework is
to choose the optimal amount and position of sensors in a manner that the information required for
estimating the uncertain parameters is maximised [16]. The selection of the most suitable optimisation
approach, and the characterisation of the metric to be employed for the assessment of the suggested

sensor layouts (positions and number of sensors), are the key issues tackled by the framework [17,18].

In this thesis, methods are developed for cases where the layout and working conditions of the
structure introduce a limited availability of the number of observations that may be taken from them,
their locations, and the time periods between those observations. Therefore, the standard approach of

positioning the sensors where traditional optimal sensor placement or expert knowledge recommends



may not be used to tackle the problem, as the layout of the structure may restrict the access to some

of its components. An example of this engineering problem, may be found in chapter 2 of this thesis.
1.2.3 Updating the model using measurements

In engineering, Bayesian model updating methods are commonly employed to compute the values of
unknown latent parameters of some physics-based models, or to evaluate the implicit variability of
uncertain latent parameters [19]. The Uncertainty Quantification (UQ) techniques allow the
consideration of the uncertainties of the parameters of the updated model, and the assessment of the

uncertainties of the system’s response.

Bayesian model updating methods require the numerical calculation of the posterior distribution. As
a result, for the cases where the computing power budget is limited, the extremely high number of
forward model runs required may represent a problem. Therefore, the implementation of new
approaches using advanced sampling algorithms is required [20]. These approaches for the problem
of inference of uncertain parameters of expensive-to-run physics-based models are of significant
interest, as frequently, due to budget or deadline constraints, only a limited number of model

evaluations may be performed.

Another reason why efficient sampling algorithms are required is to obtain uncertain parameters in
physics-based models which exhibit multi-modality. In this case, significant computational resources
are needed to sample the parameter space. There are several reasons that may create the multi-
modality of the uncertain parameters in structural dynamics. One frequent reason for multi-modality

to occur may be environmental changes (e.g., temperature changes may imply stiffness changes [21]).
1.2.4 Handling prior uncertainty

In Bayesian Inference, for cases under limited data availability, it may be observed that the
assumption of prior may influence significantly the posterior obtained. In some cases, e.g., the
opinions of several consulted experts differ, therefore, it may not be feasible to characterise priors for

the latent parameters. In those instances, and for a given prior, it is important to study how the choice
5



of priors in its neighbourhood may affect the predictions of their associated posteriors, as this might

affect later computations. Therefore, being able to handle prior uncertainty in structural dynamics is

of value, as this sensitivity to the choice of prior may impact decisions to be taken about the condition

of the system, its need of maintenance, and remaining lifetime.

1.3 Research questions and strategy

The main research questions involved in the development of this general framework are as follows:

How to efficiently characterise the uncertainties found in the design process for the
assessment of the dynamic performance of a structure. An efficient method that can bypass
the need to propagate the assumed uncertainties in expensive to evaluate models, such as large
finite element (FE) models would be of interest. Similarly, a very interesting problem is the
study of a methodology where from measurements performed on a prototype, a (reduced
order) model is created. This reduced order model may be used to investigate uncertainties
without defining the source of those uncertainties.

How to define what sensor locations in the structure may bring the greatest amount of
information. The choice of a specific metric, and the definition of parameters of interest, are
two important factors to determine the sensor locations.

How to reduce the computational cost involved in the process of updating the model using
measurements obtained from experiments. The development of a fast inference methodology
that efficiently samples the parameter space, especially when multi-modality is present, would
reduce the overall computational cost when complex to evaluate models are used.

How to produce the worst-case and optimal prior with respect to (w.r.t). a metric, and their
associated posteriors. Those posteriors can be used as upper and lower bounds for robustness

assessment computations.



1.4 Contributions of the thesis

The research work undertaken during this DPhil can be summarised as follows:

* the development of a novel approach that combines Random Matrix Theory and the Eigensystem
Realization algorithm, to evaluate the modal parameters distributions using measurements obtained

from a prototype, or numerical data from a model, described in paper I.

» the numerical investigation of utility functions for optimal sensor placement to highlight the current

challenges in the Bayesian Optimal Design approach, shown in paper II.

» the investigation of Variational Inference (V1) techniques for fast inference (paper 111) of the latent
parameters in a physics-based model, and the development of a new technique (paper 1V), for the
reduction of computational cost, and efficient sampling of the parameter space, when multi-modality
in the latent parameters is present, by using a cyclical schedule with the combination of Bayesian

Quadrature and V1.

« the development of a new method (paper V), based on a Robust Bayesian Inference framework that
employs an interacting Wasserstein Gradient Flow formulation. This new approach evaluates the
optimal and worst-case prior in the vicinity of a chosen nominal prior, and their corresponding
posteriors, which may be used as lower and upper bounds on subsequent calculations that require the

estimation of the posterior.
1.5 Outline of thesis

The introduction of this thesis (chapter 1), initially presents its research motivation, discussing both
the research challenges, and the research questions to be answered in this work. The key contributions

of the thesis, and its outline, are then given.

Next, in chapter 2, an overview of the building blocks required for tackling the four subchallenges
described in subchapter 1.2 is given. A review of the most relevant topics in UQ for structural

dynamics is given first. Then the physics-based model of the coupled-beam system that is used as a
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case study in a couple of papers in this thesis is introduced. The coupled-beam structure is first
described, and both, the numerical FEA model used to simulate the dynamical behaviour of the
structure, and the damping models used to simulate the damping phenomenon are shown. The
Bayesian Inference framework is also presented. V1 is then introduced as an alternative method to
the sampling techniques that formulates the inference problem into an optimisation approach. Lastly,
the concept of Gradient Flows and Wasserstein Gradient Flows for the optimisation of functionals in

the Wasserstein-2 space is presented.

Chapter 3 introduces the problem of limited information at the design stage. This is an important
topic, as it may allow to avoid costly modifications of the structure after it is built by ensuring the
robustness of the structure’s design to uncertainty. The attached paper I ‘On the Combination of
Random Matrix Theory with Measurements on a Single Structure’ proposes a new method based on
non-parametric uncertainty, that for an ensemble of nominally identical structural systems, allows the
calculation of the pdfs of the modal parameters, taking as inputs the value of a so-called dispersion
parameter, and observations taken from one member of the ensemble. The obtained pdfs of the modal
parameters include the effect of the modelling errors, variability of assembly, boundary conditions,
and manufacturing processes of the components. The importance of the knowledge of those
distributions lies in the fact that they can be used before the manufacturing of the product, and
therefore, a robust design can be chosen avoiding expensive alterations at later stages. The most
important feature of the technique is its lack of requirement of the specification of the sources of
uncertainty. If this approach is used, the numerical propagation of the uncertain parameters through
the equations of motion of the structure is not needed. This becomes of greater advantage for cases
where the model of the system is either unknown (that may result in significant modelling errors), or

implies high complexity (that involves important numerical requirements).

Chapter 4 tackles the challenge of limited information in operating conditions by focusing on where
measurements should be taken. In the paper II, ‘On the Investigation of Utility Functions on Optimal

Sensor Locations’, attached at the end of the chapter 4, a simple case study is investigated. The subject
8



of investigation is the optimal location of sensors for the identification of two physical parameters of
the structure. This is done using three different utility functions that each require the evaluation of
the posterior pdfs of the latent parameters. It was found that for all three different utility functions,
the optimal position of the sensors was identical. Most of the numerical cost of those calculations is

due to the Bayesian Inference approach employed.

In chapter 5, the challenge of updating our physics-based model is introduced using a Bayesian
Inference framework. VI is then presented as an alternative method to the sampling techniques that
formulates the inference problem into an optimisation approach. The first paper relevant to chapter 5
(paper III) ‘Structural Model Updating Using Variational Inference’, attached in this chapter,
shows that compared to Markov Chain Monte Carlo (MCMC), the number of model evaluations can
be significantly reduced if a technique based on VI is employed. The paper 111 describes a technique
that can be used for cases where the uncertain parameters may be approximated using a multivariate
Gaussian distribution. The paper Il proposes multivariate Gaussian pdfs with full covariance
matrices, as posteriors of the latent parameters. However, it should be noted that the lower numerical

cost of these optimization techniques is usually accompanied by a reduction of accuracy.

In the second paper relevant to chapter 5 (paper IV), ‘Cyclical Variational Bayes Monte Carlo for
Efficient Multi-Modal Posterior Distributions Evaluation’, a second approach, also based on VI is
developed. This technique may be used for the evaluation of multi-modal posterior pdfs of latent
parameters, for cases where given the available data, the physics-based model is expensive to
evaluate. The approach can achieve a better approximation of the posterior, as it uses a multivariate
Gaussian mixture as its postulated posterior. The method is built on a combination of VI with active-
sampling Bayesian Quadrature. The unnormalized posterior is cyclically annealed using an artificial
temperature parameter that enhances the exploration potential and mode coverage of the algorithm.
Under a limited number of model runs, the Cyclical Variational Bayesian Monte Carlo (Cyclical

VBMC) technique is able to deal with the restrictions imposed by poor initialisations.



In chapter 6, the problem of prior uncertainty is introduced. This is of particular relevance, as when
limited information is available, the assumed prior may significantly affect the posterior prediction
of the uncertain parameters. The paper V attached in chapter 6, discusses a novel method for Robust
Bayesian Inference. With the purpose of obtaining a robust estimation of the posterior pdfs of the
latent parameters, and given some experimental data, an algorithm based on interacting Wasserstein
Gradient Flows has been developed. The method produces estimations of the posteriors of the
parameters using the worst-case and optimal prior distributions with respect to a functional of interest.
To calculate the worst-case and optimal prior distribution, an ambiguity set is defined by a nominal
prior, and the Wasserstein-2 distance. The paper V includes the derivation from first principles of
the interacting Wasserstein Gradient Flow formulation, and the equations for the particle
discretisation used to evaluate the optimal and worst-case prior. The method reduces the numerical
cost, as the number of prior distributions to be evaluated is smaller than if all the possible prior

distributions that lie inside the ambiguity set have to be computed.

The proposed technique gives valuable information about the effects of the selected prior on the
predictions of the posteriors, and therefore, the effect on the structure’s maintenance needs,
particularly in the context of limited data availability. The approach first obtains the worst-case and
optimal prior, and subsequently produces the associated posteriors. Those may be used to infer upper

and lower bounds for the following computations that require estimations to the posterior.

In the seventh and last chapter of the thesis, a thorough summary of the research's conclusions, key

takeaways, and recommendations for future research are given.

10



Chapter 2 - Overview of building blocks

In order to undertake the research challenges described in subchapter 1.2, the following building
blocks (fig. 2) need to be investigated: UQ, physics-based models, Bayesian Inference and Gradient

Flows. These building blocks are described in the following subchapters.

[ Building Blocks ]

/ Chapter 2.1 \

i Uncertainty Quantification

Chapter 2.2
Physics-based Model

Chapter 2.3
Bayesian Inference

Chapter 2.4
\ Gradient Flows /

Fig. 2. Building blocks.

2.1 Uncertainty Quantification

2.1.1 Types of uncertainty

Depending on the particular research field, ‘uncertainty’ has different meanings [22]. For example,
uncertainty in the data and the model, and convergence of the model are factors that could contribute

to a system's response being uncertain [23].

The uncertainties of the inputs in a system are called data uncertainty [23]. Operational loads,

geometrical and mechanical properties in a structure, are some examples of these unknown inputs.

11



For a system, an algorithm that transforms input data into an associated output can be defined as a
model. Inaccuracies or oversimplifications in the model, or errors in its tuning parameters can
introduce uncertainty in its output [2]. If an oversimplified algorithm is used to represent the physical
problem at hand, model uncertainty is introduced [2]. This may happen for example, when modelling
the behaviour of a beam, the Euler-Bernoulli assumptions are used, instead of the more appropriate
Timoshenko assumptions, or when representing non-linear phenomena, linear models are used.
Model uncertainty is unavoidable, due to the impossibility of building models able to represent the

actual physical behaviours of the structures with absolute accuracy.

Two types of uncertainties may be found when dealing with engineering applications: aleatory
variability and epistemic uncertainty [24]. Aleatory variability is related to the system’s natural
random behaviour, while epistemic uncertainty is due to a lack of knowledge of the practitioner. The
main difference between aleatory and epistemic uncertainty is that the aleatory is generally
irreducible, and it cannot be decreased with additional knowledge. However, epistemic uncertainty
can be reduced, for example, by taking additional measurements with a sensor on a structure, this

additional data may reduce the uncertainty introduced by the noisy measurements.

In the next subchapters, uncertainty models for random engineering structures are categorised into

probabilistic or non-probabilistic, and parametric or non-parametric [23].
2.1.2 Probabilistic and non-probabilistic uncertainty

Two different approaches may be used to perform UQ. These two methodologies have their own

strengths and limitations that can be outlined as follows:

(i) According to the probabilistic approach, the uncertainty of a given parameter is studied presuming
that the parameter follows a specific pdf. The numerical model propagates this pdf to determine the
probability of obtaining a specific model output, or in some limited situations, this can be performed

analytically [25].

12



Two different approaches are taken in statistical inference for the interpretation of probability: the
Frequentist and the Bayesian, these differ in how the uncertainties are managed [26—28]. Frequentists
use frequencies to describe probabilities, while Bayesians use probabilities to represent subjective

ignorance.

Analysis of published works, especially in an industrial context, shows that trying to overcome this
difficulty, authors have frequently assumed the parameters to follow Gaussian distributions.
Nonetheless, the previous assumption may produce misleading results and poor estimations of the

model’s behaviour [25].

(i) The non-probabilistic approaches define the uncertainties by different methods, such as: an

interval defined by the range of the uncertain parameter [29], a convex region where parameters lie
[30], a fuzzy number usually represented by a membership function u(X), that associates a degree

of membership to each possible value of the uncertain parameter [31]. One of the main challenges
that the non-probabilistic approaches share with the probabilistic approaches, is the propagation of

the uncertainties through the model.
2.1.3 Uncertainty propagation through Monte Carlo Simulation

A method of uncertainty propagation of general use is the Monte Carlo Simulation (MCS) [23, 24,
25]. This approach involves the generation of a number of random samples sufficient to reflect the
level of uncertainty associated with a particular input quantity, the deterministic output for each of

the generated random samples, and the assessment of the statistical characteristics of the output.

It has to be considered that for the cases when the problem requires higher moments of the output, or
the use of an expensive-to-evaluate model, such as a FE model with a large number of degrees of

freedom, then the numerical cost of the MCS may result unaffordable.

With the purpose of overcoming that prohibitive computational cost, numerous sampling methods

have been created. These approaches have the aim of decreasing the number of evaluations required

13



to achieve a certain level of accuracy in the output statistics, or to enhance the sampling space
coverage. Some methods designed to decrease the number of evaluations are: the Subset Simulations
approach [32], used in cases that require the computation of small failure probabilities; Importance
Sampling [33] can be used in cases where the sampling concentrates on the failure zone, allowing for

faster convergence to the true failure probability.

Another method developed for the enhancement of the sampling space coverage is the Latin
Hypercube Sampling [34], this sampling method is frequently used to run computer experiments or

for Monte Carlo integration.
2.1.4 Parametric and non-parametric uncertainty

Uncertainty Quantification techniques under a parametric approach involve a three-step process: first,
the uncertain parameters have to be identified (for example some mechanical characteristics and
geometry of a structure); second, either a probabilistic or a non-probabilistic description should be
chosen; and third, the uncertain parameters are propagated through the model to estimate the output
of the system. If the parametric probabilistic approach is followed, assumptions of the pdfs of the
parameters to be propagated are required. As a summary, the objective of a parametric study is the

calculation of the uncertain output through the propagation of the uncertain inputs of the model.

Conversely, if a non-parametric representation of uncertainty is chosen, it is assumed that all the
uncertainties of the system may be encompassed by some ‘global uncertainty’ representation,
irrespectively of the specific characteristics of each of the uncertainties [23]. A well-known case in
Random Matrix Theory (RMT) [35], is the Gaussian Orthogonal Ensemble (GOE), for which, in
general terms, the specific statistics of the elements of the random matrix become less relevant, and

the local data of both, eigenvalues and eigenvectors tend to a global pattern imposed by the GOE.

The Maximum Entropy Principle [36] and RMT [11,37] has been used in FE models where the mass,
stiffness, and damping of structures are characterised using real positive-definite symmetric random
matrices. In these matrices, the mean value of the elements are the values that would be used to

14



construct the system’s matrices. Making use of the statistical properties of random matrices and MCS,

a methodology to efficiently produce an ensemble of random models can be designed.

In RMT, the so-called dispersion parameter may be used to define the variability of a matrix. The
maximum likelihood approach [9] may be used to assess the dispersion parameter from the response

variability of experimental data.
2.1.5 Forward and inverse Uncertainty Quantification

As shown on fig. 4, when facing the problem of uncertainty quantification, two major kinds of
problems can be found: the input to output, forward problem, studies the propagation through the

model (physical or mathematical) of the certain and uncertain parameters of the inputs [38].

On fig. 3, the inverse problem, from output to input, focuses on the study of the discrepancies between
the outputs of the experimental and the mathematical or physical model used to describe the system
studied. The inverse problem is of great interest, as designers may use the methodology for the

improvement and simplification of the model that characterises an actual engineering system [38].

¥, =PM(x,0)

certain uncertain m
parameters parameters

/o ™

0 Model, either:
{x’ } Physical ym

> =

mathematical (FE)

input PM 0 output
N

Voo =PM(x,0)+&

Fig. 3. Forward and inverse UQ.
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The forward uncertainty propagation quantifies the uncertainties of the outputs Y,, of the model
(e.g., in several papers attached in this thesis y,, refers to the modal parameters) for a given set {x,e}

of certain X and uncertain @ parameters. The main focus of this problem is the study of how the
outputs of the model are affected by the uncertainty of the input parameters introduced into the model
[38]. The implementation of this technique requires the generation of a great quantity of input samples
that are computationally run through the system to obtain the uncertainties of the response. As a

result, a significant computational cost is incurred.

Inverse UQ is a much more complex problem than forward UQ, and it is usually performed during
the process of model updating [38]. Some difficulties arise from the fact that experimental data is
required to update the model, this data is normally assumed to be affected by Gaussian noise & [38].
Experiments have to be run, and for these to produce useful data, the reading sensors have to be
properly located (for example using sensor placement techniques). Also, in inverse uncertainty
problems, multiple runs of the model have to be performed, and therefore, significant computational

resources are required.

The process of quantification and characterisation of the uncertainties associated with data and
computational models is called UQ. The UQ methodologies assess the uncertainties in the results
obtained by numerical models, and analyse how those uncertainties affect the reliability of those

outputs [2].

The UQ process identifies the sources of the uncertainties involved in a numerical simulation (input,
model), and propagates those through the model using statistical methods to obtain an estimation of
the output uncertainties. The process provides support to the designer to determine the inputs and

model parameters that exert the most significant influence on the output uncertainties [2].
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2.1.6 Uncertainty in statistical inference

A physics-based model is represented by PM (x,8) that defines the relationship between an input
vector of model parameters {x,0} , and the output response vector y,, . The vector of model
parameters is described by x, representing a vector with fixed properties known in advance, and a
vector of uncertain model parameters @ . In practice, the model response Y,, will be different to the
true output response Yy of the corresponding real system because of three different types of

uncertainties [2]: two of them related to the model (described below), and the last one related to the

measurements. The uncertainties related to the measurements are mainly caused by the sensor noise,
and will lead to a discrepancy &,,, between the real system response and the measurements Y., SO
that [2]:

Yoos = Y = Eops (1)

The uncertainties related to the model can be distinguished into modelling uncertainties and the
uncertainties associated with the model parameters. Modelling uncertainty represents simplifications,

modelling assumptions and numerical approximations that would lead to a discrepancy between the
real system, and the model that represents it. These uncertainties would cause a discrepancy &,

between the real system response, and the response yielded by the model, such that [2]:
Ym—Y =6, (2)

The uncertainties described in eq.(1) and eq.(2) are usually accounted for by using an additive error

modelling, such that [2]:

Yoos = PM(X,0) + & (3)

where ¢ indicates the total prediction error caused by model uncertainties &, (e.g., choosing Euler-

Bernoulli beam theory to model beam behaviour) and measurement errors €, (e.g., uncertainty in
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the modal properties due to noisy measurements), which are usually assumed to be independent and

identically distributed [2].

The main task in the Bayesian model updating framework [14] is then to update knowledge on the
uncertain model parameters § of the physics-based model by using measurements Y, taken on the

real system.
2.2 Physics-based model

To assess the general techniques developed in this thesis for structural dynamics under limited data,
some simple physics-based models have been used. In this subchapter, a physics-based model,
composed of simple structural elements, such as Euler-Bernoulli beams was chosen. Those elements
are able to represent the physical behaviour of coupled structural elements without adding further
complexity into the model. It consists of a coupled beam structure modelled by two beams connected
using translational, rotational and shear springs as shown in fig. 4. A more detailed explanation on

this physics-based model can be found in paper V.

TW—A(XB X Beam A
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Fig. 4. Example of theoretical model of a coupled beam structure used in [39].
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Models of greater complexity are not considered, as the emphasis of this project is the development
of general techniques to be used in structural dynamics under limited data, and not the modelling of
structures. The solution for more complex and larger structures may be obtained by generalising the
solution obtained for the simplified problem. Other numerical examples have also been used, and are

shown in the attached papers.
2.2.1 Motivation for using this physics-based model

In engineering, it is common to find structures that are composed of structural elements coupled
together in such a manner that some of their elements cannot be directly observed. However,
changes/damages on those inaccessible elements may compromise the overall performance of the
structure, causing unexpected failure during operating conditions. The layout of these structures
introduces a limitation on the number of observations that may be taken from them, their locations,
and the time periods between those observations. As it frequently occurs in engineering that

measurements can only be taken in certain parts of structures, this is a situation of practical interest.

A relevant example is found in the oil and gas industry, where drill strings (fig. 5) consisting of an
arrangement of multiple elements connected at their edges forming a string are used for drilling. Each
element is made of two concentric pipes of circular section connected at their ends. The internal part
of the element is called chassis and the external one collar. Laboratory tests at remote locations, and
the disassembly of the tool are necessary to access the chassis. This operation is costly and time

consuming. Therefore, vibration-based measurements must only be taken on the collar.
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Fig. 5. Collar with EcoScope logging-while-drilling service [40].

Understanding if the techniques developed in this thesis can be utilised for coupled structures, in
which some of the elements are not observable, would be of great interest. This would allow the
validation of the methods developed on a simplified case that simulates a real-world engineering

problem.
2.2.2 Finite Element Analysis (FEA): numerical model

In this subchapter, a FEA model is developed for the characterisation of the dynamical behaviour of
the coupled beam structure. This baseline model may be used to produce codes where further

complexity (different fault behaviours) may be introduced into the coupled beam structure.

The Finite Element Method (FEM) is a numerical method used for solving partial differential
equations [41]. It divides a large system into finite elements, and subsequently it produces a large
system of equations to model the entire problem. One dimensional Euler-Bernoulli finite elements

(fig. 6), with one node at each end, are used to model each beam of the assembly. As shown on fig.
6, each node has two (translation (U, ,U;) and rotation (U, ,U,)) degrees of freedom (DOFs),

therefore, each element has a total of four DOFs.
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Fig. 6. Geometry of a finite beam element.

Using the Lagrange equations [42], the elemental matrices for the stiffnesses of the springs are
derived. The stiffness and mass matrices for beam elements are calculated using third order shape
functions as described in [41], and summarised in Table 1. The beam finite element 1 represents an

element of the system.

Table 1: Elemental matrices. The length of the beam element is |
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2.3 Bayesian Inference

2.3.1 From prior to posterior

Compared to previous assumptions or knowledge, the Bayesian Inference framework generates an

updated statistical model able to combine prior assumptions with new knowledge.

Measurements from some observable quantities Y, , and a physics-based model, for which some

latent parameters @ are described by prior pdfs, are combined in the Bayesian model updating

approaches to update our knowledge on these latent parameters [14,15]. More specifically, the

information about the uncertain parameters & , before observations Y, are collected, is
represented using a prior probability density function p(@). The likelihood function p(yobs ]0)

defines the ability to describe the degree of adequacy of the model, given the collected Y,
observations, and the vector of uncertain parameters & . Information obtained from the observations

Yoos (€.9., modal parameters), and from the physics-based model, is used to define the likelihood

function p(yobs |0) .

Being the likelihood function P(Yy,|@) now available, using the Bayes theorem, the posterior

probability density function p(0| yobs) of the uncertain parameters, may be calculated [14,15]:

) — p(e) p(yobs | 0)
P(Yoss)

p (0 | yobs (4)

The term p(Y,,) is called the evidence, and it is used as a normalising constant of the posterior

distribution. For the cases where likelihood and prior are not part of the conjugate family, numerical

integration is required to obtain an approximation to the posterior [43].
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2.3.2 Bayesian utility functions

In [44] the foundations for Bayesian experimental design are established. The Bayesian Optimal
Design approach requires the definition of a utility function U(&,6,y). This utility function

represents the value of selecting from the design space =, a design &, that produces data y in a

model with parameters 8.

The object of the Bayesian Optimal Design is the search in the design space = of the design &

maximising the utility function U (£,6, y) w.r.t. the model parameters & and the data y . Therefore,

for some data y the design &, is the one that maximises the expected utility posterior.

Monte Carlo approaches, are often necessary for the calculation of the Bayesian utility functions, as
closed form solutions of the posterior pdf are only available for very particular cases. For the cases
where no closed form expression of the posterior pdf is available, computational methods are used to

get samples from the posterior or to estimate it. For each plausible data set y obtained from a sample

of the prior, the posterior distribution has to be calculated, this means that a great number of posterior
pdfs have to be computed [45]. Therefore, methods are currently being developed to reduce the
computational cost incurred from the calculation of these posterior pdfs for any given prior and

physics-based model.

For the cases where no closed expression of the posterior pdf is available, it may be approximated
using several methods such as: Laplace [46], Numerical Quadrature [47] and Monte Carlo [48]. The
traditional method of posterior distribution estimation for Bayesian utility function assessments is
MCMC [49]. The disadvantage of the use of MCMC for calculating predictions of the posterior pdfs
is the significant computational cost of the very many iterations needed during the Bayesian

experimental design process.
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Different experimental problems require different utility functions U (§, 6, y) . These utility functions

U (.5,0, y) should be defined considering the objectives of the experimental design. In other words,

some designs may show effectiveness for prediction of future observations, but may produce poor

estimations of the model parameter [45].

A commonly used Bayesian utility function is the expected information gain, also known as mutual
information, that quantifies the mutual dependence of two random variables. This utility function is
closely linked to the information theory concept of entropy, that for a random variable measures the
amount of information that contains. Abundant literature about efficient prediction of model

parameters using the concept of mutual information is available [46,50-52].
2.3.3 Variational Inference

Sampling based approaches, for an accurate estimation of the posterior distribution, depend upon a
high number of samples, and therefore, imply a high computational cost. However, they usually imply
higher flexibility and applicability to a greater variety of models than other Bayesian Inference

techniques [19].

The applicability of sampling methods becomes more limited as engineering problems grow in
complexity, requiring more intricate models to describe their physical behaviour [53,54]. Those high-
dimensional and multi-modal engineering problems require the evaluation of multiple expensive
likelihoods for model parameter inference [53,54]. In VI an alternative approach that allows to bypass
the computation of the evidence term is taken [55]. The Kullback-Leibler (KL) divergence between
the best member of the assumed family and the posterior density is minimised. As shown in greater
detail below, in VI, with the objective of obtaining the posterior distribution, the statistical inference

problem is transformed into an optimization problem.
In VI [55] a family of densities Q is postulated as an approximation to the posterior density

P(@]| Y,) , where the optimization scheme chooses the member of the family q(8) that is ‘closest’
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to the posterior density. The choice of members of the family is performed in such a manner, that it
is flexible enough to capture the posterior density, and simple enough to be optimised [55]. In VI,
‘over-fitting’ the posterior density by using highly flexible distributions is not a problem, as the highly

flexible distributions allow better approximations of the true posterior distribution [56].

VI chooses the optimal member q(@) of the family Q by solving the following optimisation problem

[55]:

q (6) =argmin KL(A(O)| PO Yays)) (5)

q(0)eQ

where KL is the Kullback-Leibler divergence (also called relative entropy), defined as:

KLaabselﬂjda 6
CIOIICIRS)! Rqu( )Og(p(myobs) (6)

and R® is given by the real coordinate space of dimension D.
The KL divergence is a measure of how different a distribution is from a second reference

distribution. The KL divergence is always non-negative KL(q(H)H P(@| Yy,)) 20 and is non-

symmetric (i.e., KL(q(G)H P(@]Y,,)) % KL(p(@| yobs)Hq(O))). When the distributions are the same

i.e., (@)= p(@]|y,.),the KL divergence is minimised, and therefore, it returns a value of zero [57].

However, the calculation of the optimal member q(€) of the family of densities Q that minimises

the KL(q(O)H P(@|Y,.)) in eq.(5) cannot be analytically computed, as the evidence term p(Y;)

should be known, as shown below [55]:
KL(A(O)] P(O] V) =B, [log a(6)] B, [l0g p(8] Yiy)] W)

KL(Q(0)] P(B] Yss)) = E, [1090(6) ]|~ E, [109 P(B, Yeg)]+109 P(Yis) 8)

where E, indicates the expectation with respect to q(9).
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As the KL divergence between the posterior approximation q(€) and the posterior p(@]y,) cannot
be directly computed, the objective function is changed to the evidence lower bound (ELBO), which
is equivalent to the negative KL divergence between the prior p(@) and posterior approximation

q(@), plus a constant [55]:

ELBO(q) =E, [10g p(6, V)] —E, [log a(8)] = E, [log p(Y, |6)]-KL(@(B)| p(6)) (9)

Therefore, maximising the ELBO objective function in eq.(9), is equivalent to the minimisation of

the KL divergence between the posterior approximation q(€) and the posterior p(@|vy,,) [53]:

arg max ELBO(q(6)) = arga)min KL@(O)[ PO Yors)) (10)
eQ

a(8)eQ q
In engineering problems, due to the complexity of the physics-based models, the term

B, [Iog p(o| yobs)] lacks a suitable form to permit a closed-form solution of eq.(10).

D
Typically, factorised posterior distributions with the form d(6) =] [,(6) , are chosen, such as in the

i=1
mean-field VI [58,59]. In that expression, (@), is the specific parametric form of a member of the
family Q, that most effectively approximates the posterior, and the number of parameters to be
inferred is D. The optimisation process in eq.(5) gets streamlined when those factorised posteriors
are used, but this occurs at the expense of the accuracy of the posterior p(@]Y,,) evaluation.
However, in practice, calculating the likelihood requires the execution of a costly physics-based

model, leading to a substantial rise in computational expenses, to the extent that it becomes

impractical, even when employing the mean-field algorithm [55].

In the field of computer science, various methods [53,54,60-64] have been devised to decrease the
number of runs of the physics-based model to be performed, and to eliminate the necessity of a closed-

form solution for the ELBO.
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2.4 Gradient Flows

With the purpose of facilitating the reader’s understanding of the paper V in chapter 6, a brief
introduction to the concepts of Gradient Flows and Wasserstein Gradient Flow is given in this

subchapter.
The mathematical tools called Gradient Flows (also known as steepest descents) are curves o(t) that

follow the direction of steepest descent of a functional E ‘R° >R [65,66]. In mathematical terms,

R® is a vector field, and the Gradient Flow is the flow of that vector field. The problem requires to

find the H(t) that produces the fastest minimisation of E starting from @,. This is, the Gradient

Flow of E(O), is the solution a(t) of the following partial differential equation:

0’(t)=_VE(0(t)) for teR", for a given initial condition 8, < R° , where the operator V is

defined as the gradient operator. A comprehensive review of Gradient Flows may be found in [65,66].

For the more specific case where R® represents a Euclidian space of dimension D, the Gradient
Flow can be expressed by an Ordinary Differential Equation (ODE). A gradient descent minimization

algorithm can be defined through discretization of the previously mentioned ODE.

For example, if the ODE is discretized using the Euler method, the following equation is obtained:

n+1 n

b =9 _ ve(em) (12)
T
that can be written as:

2
o -7 +E@0)| =0 12
o7 = (12)

0=6n+1

where 8" can be written as the solution to a minimisation problem (Jordan Kinderleher Otto (JKO)

scheme [67]):
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@™ =argmin {HO— o
T

T +E (0)} (13)

At this stage, the discrete scheme does not include gradients, and it can be generalised to a more

general metric space (X,d) where the space A is endowed with the metric d .

d(6.6")

0" eargmin
2t

+E(6) (14)

Therefore, the concept of Gradient Flow can also be applied in other types of metric spaces [65,66].

A possible time discretisation is given by:
6. (t)=6" where te [(n -1)z, m'] (15)

The discretisation scheme used to approximate the Gradient Flow converges to the continuous flow

in the limit 7 > 0.
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2.4.1 Wasserstein Gradient Flows

In paper V, it is of particular interest the study of Wasserstein Gradient Flows. The Wasserstein
Gradient Flow (WGF) is a specific type of Gradient Flow used in the optimisation of functionals of
probability measures [68]. The WGF applies on a probability measures space where a 2-Wasserstein

metric has been defined.

The Table 2 below provides a comparison of metrics, formulation of the minimisation problem,
formulation of the Gradient Flows, and discrete formulations for the Euclidean and Wasserstein-2

space also called the Probability Space.

Table 2: Euclidean versus Probability Space minimisation comparison

Euclidean Space Probability Space
Minimisation X =argmin E(x) p =argminE(p)
problem KeR? PeR(©)
Gradient Flow X' (t)=-VE (x(t)) {a,ot =-VE(p,)
(strong x(O) =X, P, is given
formulation)
JKO scheme 2 2 n
d , " N+ H W, P P:
(weak X" = argmin{ E(x)+ (szr ) o =arg£nln{E(p)+%}
X T
formulation)
Metric (o) ==y = inf Jlx-yf
Y y WZ(”’V)_ﬁe'rQE,v)I |x=y|| 7 (dx,dy)
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Chapter 3 - Limited information at the design stage

The UQ techniques are frequently used for the assessment of the pdfs of the natural frequencies,
damping ratios, and modal shapes of engineering structures. To avoid costly modifications of the
structure after it is built, at the design stage, the engineer should perform assessments to ensure the
robustness of the structure’s design. These calculations require the evaluation of the pdfs of the modal

properties of the structure so that its dynamic properties can be appropriately modeled.

However, existing methods of UQ require to specify the different sources of uncertainties [69], and
the description of the model’s parameters uncertainty, which are often hard to determine. Using the
existing UQ parametric methods, the uncertainty of the parameters has to be propagated through the
equations of motion, becoming this propagation a significant drawback when the model of the system
is highly complex or unknown, a situation that may introduce modelling errors that affect the overall

results.

In the following subchapter, paper | develops an approach that employs a non-parametric model of
uncertainty to calculate the pdfs of the modal parameters by exploiting Random Matrix Theory
(RMT) results [6,69]. Using a non-parametric approach, it avoids the need to specify the different

sources of uncertainties in advance.

31 Paper | — ‘On the Combination of Random Matrix Theory with
Measurements on a Single Structure’

This paper is reproduced as originally published with minor revisions:

‘Igea F., Chatzis M.N.., Cicirello A., On the Combination of Random Matrix Theory with

Measurements on a Single Structure. ASME J. Risk Uncertainty Part B, 2022°.
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Abstract

An approach is proposed for the evaluation of the probability density functions (pdfs) of the modal
parameters for an ensemble of nominally identical structures when there is only access to a single

structure and the dispersion parameter is known.

The approach combines the Eigensystem Realization Algorithm on sets of dynamic data, with an
explicit non-parametric probabilistic method. A single structure, either a mathematical model or a
prototype, are respectively used to obtain simulated data or measurements that are employed to build
a discrete time state-space model description. The dispersion parameter is used to describe the
uncertainty due to different sources such as the variability found in the population and the
identification errors found in the noisy measurements from the experiments. With this approach,
instead of propagating the uncertainties through the governing equations of the system, the
distribution of the modal parameters of the whole ensemble is obtained by randomising the matrices

in the state-space model with an efficient procedure.

The applicability of the approach is shown through the analysis of a 2-DoF mass-spring-damper

system and a cantilever system. The results show that if the source of uncertainty is unknown and it
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is possible to specify an overall level of uncertainty, by having access to a single system’s
measurements it is possible to evaluate the resulting pdfs on the modal parameters. It was also found
that high values of the dispersion parameter may lead to non-physical results such as negative

damping ratios values.
1 Introduction

The quantification of the uncertainties on the modal parameters during the design process of
structures is of great interest for the assessment of their dynamic performance [1,2]. The measurement
of the dynamic response across nominally identical structures can reveal largely different modal
parameter estimates due to uncertainties originated by the variability of the manufacturing processes
of structural components, boundary conditions and assemblage [3,4]. Identifying the distribution of
the modal parameters across the ensemble of nominally identical structures would enable the
selection of designs that are robust to these uncertainties, avoiding extensive modifications of the
manufactured product [5]. This paper proposes an approach for the evaluation of the probability
density functions (pdfs) of the natural frequencies, damping ratios and modal shapes of an ensemble
of nominally identical linear time-invariant systems, for cases where there is only access to a single
structure and additional information is known in the form of the so-called dispersion parameter. This
single structure, represented either as a mathematical model or a prototype, is used to obtain simulated
data or measurements, respectively, which in turn are employed to build a discrete time state-space
model description. This model is then used to efficiently assess the effects on the modal properties of
different levels of uncertainties, represented through suitably chosen dispersion parameters. This
method is also of interest within the Bayesian Inference framework, as it can be used to build a prior
distribution consistent with the available information, for the cases where there would be insufficient

information in the data so that resulting likelihood cannot overrule the prior assumptions [6].

At early design stages (before a prototype is being built), when a physics-based model is developed,
uncertainties on the model parameters are usually described using probabilistic [7-9] or non-

probabilistic uncertainty descriptions [10]. These uncertainties are then propagated through the
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equation of motions to yield the corresponding description of the response. This is the so-called
parametric model of uncertainty. However, the choice of the uncertain parameters and their
description would directly affect the resulting distribution of the resulting modal parameters [1,2,8].
An alternative approach is to employ a non-parametric model of uncertainty by exploiting Random
Matrix Theory (RMT) results [1,11]. This is useful as non-parametric methods [11] avoid the need to
specify the uncertainties’ sources and the description of the parameters model’s uncertainty, which
are often hard to determine. Moreover, using these methods modelling errors may also be accounted
for [1]. A review of different random matrices and their properties is given in [12]. The application
of these matrices to engineering problems, and in particular, for uncertainty quantification has been
the subject of much recent research [13-16]. Broadly speaking, random matrices can be applied using
an implicit approach that is based on the derivation of analytical results given a set of assumptions,
e.g., by assuming that the physical properties of a structural component are sufficiently random so
that the statistical distribution of the natural frequencies and mode shapes tends to a universal
distribution associated with the Gaussian Orthogonal Ensemble (GOE) of random matrices [17,18],
or also by using an explicit approach that is based on the use of Monte Carlo simulations to propagate

uncertainty [1,11].

Vishwajeet et al [19] have recently used results from RMT in combination with the system
identification (SI) method ERA for the calculation of the analytical expression of the pdfs of the
singular values of the Hankel Matrix. This was done by assuming that the elements of the Hankel
Matrix were Gaussian random variables, and therefore, the Hankel Matrix times its own conjugate
transpose conforms with the non-central Wishart distribution. This assumption might not be always
valid for linear-time-invariant systems, as noise is non-Gaussian in nature, and often only
approximated as Gaussian. Moreover, the prediction of the uncertainty of the properties of the modal
parameters associated to a priori knowledge of uncertainties related to manufacturing variability,
boundary conditions, and assemblage of other nominally identical structures, using measurements

taken from a single structure during the design stage, has not been addressed with current methods.

33



Quantifying the effect of those uncertainties on the untested members of the population becomes
paramount if reliable performance assessments of the structures must be produced. This is the focus
of the present paper, where no assumption is made on the type of the distribution followed by the
elements in the Hankel Matrix, and a non-parametric explicit implementation of RMT is used to build
the ensemble employed to evaluate the pdfs of the modal parameters, using the dispersion parameter
to control the level of uncertainty without specifying its sources. Relevant uncertainty propagation
approaches based on this type of explicit implementation of RMT are briefly reviewed in what

follows.

Soize [1,11] pioneered an RMT explicit approach that models the system’s matrices (mass, stiffness
and damping) as random matrices. Using the maximum entropy method and the information available
(system’s matrices are symmetric positive-definite, the second order moment of their inverse and
their mean matrices exist) an ensemble of random matrices can be used to model the uncertainty of
the system’s matrices in a non-parametric manner. This explicit implementation of RMT has been
successfully applied for building stochastic models to quantify uncertainty in nominally identical
systems by defining a single parameter, the so-called dispersion parameter [1,11]. The dispersion
parameter is used to control the overall level of uncertainty in the random matrix without the need to
specify its origin. This parameter can be used at the design stage to build an ensemble of nominally
identical models/structures, and it can be updated once experimental observations become available
[1,11]. The dispersion parameter is calculated by assuming that the nominal model/structure is
available (or approximated), and that the experimental observations are different realizations of the
ensemble of structures [1,20]. The dispersion parameter can be varied to create different ensembles
and evaluate the effect on the produced results [21]. An example, where the dispersion parameter that
controls the level of the uncertainty in the stiffness matrix, was identified from experimentally
obtained frequency response functions (FRF) of six nominally designed aircraft T-tails, used for the
calculation of the experimental modal parameters, is shown in paper [16]. Paper [14] illustrates

another recent application using experimental data from booster pumps thermal units to identify the

34



dispersion parameter. This dispersion parameter is used to build a stochastic computational model
that considers mode crossing and veering phenomena through the introduction of an adapted
transformation for the calculated modal quantities. Legault et al [21] applied this non-parametric
approach to simple numerical examples and studied its meaning and consequences for the output
space (e.g., average modal density, dispersion relation, etc.), especially for large values of the

dispersion parameters.

This current paper follows the explicit approach developed by Soize and comprehensively reviewed
in [1,11], where the general applicability and proofs of the approach are given. In particular, with the
proposed approach, starting from a set of measurements or simulated data obtained from either a
mathematical model or a prototype, the Hankel Matrix is calculated. The matrix resulting from the
multiplication of the Hankel Matrix times its own conjugate transpose is randomised using the
normalized positive definite ensemble defined in [1,11]. For each realization of the ensemble, the
Eigensystem Realization Algorithm (ERA) [22] is applied to identify the modal parameters (natural
frequencies, damping ratios and modal shapes). ERA has been chosen for its simplicity, although its
application is limited to the analysis of structures under some assumptions [22], such as impulsive
excitations or free vibration. If the appropriate changes to the proposed method are considered, other
loading conditions may be investigated, however, these changes are not explored in this paper. The
results of each realization are then used to build the pdfs of the modal parameters of the ensemble.
The proposed approach enables the assessment of the effect on the modal parameters’ uncertainties

of different dispersion parameter values and size of Hankel matrices.

It is worth noting that the pdfs of the modal parameters of an ensemble of nominally identical
structures obtained with the proposed approach correspond to those that would be obtained from an
ensemble of structures from a production line, such as cars, or by considering manufactured structures
which are realizable in principle, but for which only one sample may be built, such as a bridge. This
virtual ensemble accounts for a collection of linear structures (not all of them are necessarily existent

but are physically feasible) in which the geometric, mechanical properties and boundary conditions
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of all the elements of each structure are uncertain and conform to unknown distributions. The
applicability of the proposed approach is shown using numerical applications that represent situations

where the system is under free vibration.

This paper is structured as follows. The ERA method is reviewed in section 2. The steps involved on
how to combine RMT and ERA for the quantification of the uncertainty of the modal parameters are
found in section 3. The numerical results obtained are found in section 4. The physical consequences
of the application of RMT are then discussed on section 5. The appendix provides a short summary

of the ERA method.
2 Proposed approach

The proposed approach combines a Sl technique with a non-parametric uncertainty description to
quantify the effect of different levels of uncertainty on the modal properties of an ensemble of
nominally identical structures, using probability density functions of these modal properties. In
particular, by using measurements or simulated data obtained from a single structure, an ensemble
able to encompass different sources of uncertainty is built as a product of the Hermitian matrices,
which is the Hankel Matrix times its own conjugate transpose. The random matrix is specifically
constructed to reflect a given level of uncertainty (expressed in terms of the so-called dispersion
parameter) and to retain some properties of the Hermitian matrix (i.e., positive definiteness and the
existence of the second-order moment and of its inverse). In particular, the normalised positive-

definite random matrix (random matrix ensemble SG +) is chosen [11].

A schematic representation of the approach is shown in fig. 1. Each of the blocks of the approach are

discussed in more detail in the following subsections.
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Fig. 1. Schematic representation of the approach.

2.1 Measurements on a single structure to construct a virtual ensemble

When the physics-based model of a structure is available, and the structure is not yet built, the model
can be used for simulating its dynamic response, i.e., displacement, velocity or acceleration signals,
using its nominal properties [11]. The outputs signals can then be contaminated with noise. Therefore,
a set of response signals, ideal measurements, can be obtained by using the physics-based model.
Alternatively, real measurements can be carried out on a prototype of the real structure or on a
structure that is a member of an ensemble of structures that would be produced. These simulated data
or measurements on a single structure can then be used to create the nominal model, that in
conjunction with the dispersion parameters is used to construct the virtual ensemble. In this work, the
virtual ensemble consists of a set of linear structures, described by a set of common geometric
properties, mechanical properties, and boundary conditions, and where each realization corresponds
to a different structure across the ensemble. Therefore, this ensemble is used to account for structure-
to-structure response variability caused by different sources of uncertainty that may occur in the
modelling and manufacturing process. In addition, it has to be considered that the variability that the
virtual ensemble encompasses includes several sources of uncertainty, such as the noise of the

experimental measurements and the uncertainties introduced by the modelling process.

Starting from the simulated or real set of measurements, a discrete time state-space model description
can then be readily built or identified, respectively. The number of measurements (in terms of sensors)
needed depends on the model order, number of modes and the complexity of the structure. The

measurements used are those obtained from vibration-based experiments such as displacement,
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velocity and acceleration readings.

In this paper, the ensemble is constructed starting from the physics-based model in order to ensure

reproducibility of the results shown.
2.2 Evaluation of Hankel Matrix

Modal identification methods are used to obtain the modal properties (natural frequencies, mode
shapes and damping ratios) of a system. The approach proposed in this paper requires the evaluation
of the Hankel Matrix.

The Hankel Matrix H, (k -1) of size rx p by s, contains time series data from measurement data

[23], and it can be built as shown in eq.(1). The time series data available are arranged in r block

rows and s block columns that are used to build the Hankel Matrix H  (k—1). The values of r and
s, are called the observability and controllability indices respectively, and are chosen according to
the criteria explained in [22]. The output vector sequences Yo, p} contains the measurements read in
p channels at different times t, . Assuming free vibration conditions, the matrices

Yor Y11 Yo1 Y3u--+, Yy are obtained.

Yk Yea o Y
yk+1 yk+2 yk+s
H. (k-1)= . : . (1)
L yr+k—1 yr+k yr+k+s—2 |

In the present analysis, the Eigensystem realization algorithm (ERA) is chosen because of its
simplicity when dealing with systems excited using an impulse force (e.g., hammer strike) or systems

in free vibration [22].

However, other loading conditions may be considered if the appropriate changes to the proposed

approach are implemented. For example, the combination of the Natural Excitation Technique with
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ERA [24] allows to deal with situations where ambient excitation is observed. These methods are

beyond the scope of the present work, and the reader is referred to [25].

2.3 Defining uncertainty by using a dispersion parameter ¢, and Matrix randomization

In parametric probabilistic approaches for uncertainty quantification [7,8], the different types of
uncertainties (model noise, measurement noise, population uncertainty, etc.) are described by using
some assumed pdfs. The uncertainties can then be propagated through the relevant equations
describing the behaviour of the system, and the effects of the uncertainties on the parameters of

interest are assessed.

In this paper, an alternative approach that accounts for the effects of uncertainties without the need
to make explicit assumption on the pdf of specific model parameters is considered. In particular, a

non-parametric technique based on RMT is used by following the explicit approach proposed by
Soize [1,11]. A dispersion parameter o, is used to build the random matrix és that will be used to
create the virtual ensemble.

The dispersion parameter value encompasses the overall level of uncertainty caused by different
sources of uncertainty that may be present, such as modelling errors, manufacturing variability,

identification errors, errors in the recorded signals, and variability of the boundary conditions among

the members of the ensemble.
The prior estimation of the dispersion parameter ¢, can be classified into three cases:

i.  The first case occurs when no prior data are available, and two approaches can be considered.

The nominal value and the mean matrix of the stochastic model are the same. In this case, the
dispersion parameter J, is a variable that is used for a sensitivity analysis that relates the level
of uncertainties to the stochastic solution [1]. The sensitivity analysis is performed by varying

the uncertainty levels controlled by the dispersion parameter value ¢, in a predefined range
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and observing how the pdfs of the modal parameters (natural frequencies, mode shapes and
damping ratios) change [1].
Alternatively, Legault et al. [21], define a dispersion parameter o, that is set a priori based

on an expected level of uncertainty. For example, low, mid and high values of the dispersion
parameter were assigned in [21] to evaluate the effects on their chosen properties. When high
uncertainty is present, higher dispersion parameter values are used.

The second case occurs when prior data (either measurements taken on the ensemble of
structures or an existent computational model with specified parametric uncertainties) are
available [1]. For this case, from the observed data, it is possible to update the mean matrix,
and using the least-square method or the maximum likelihood method to obtain the value of
the dispersion parameter ¢ that optimizes the employed objective function (e.g., minimizing
the difference on the resulting coefficient of variation on the first natural frequency). A
detailed explanation about both methods may be found in [1].

The third case occurs when in addition to the parametric prior information (case (ii)) there is
also a statistically independent non-parametric prior information (case (i)). For example, the

uncertainty in the measurements noise can be specified as a zero mean Gaussian with a given

variance, and the modelling error is specified with a dispersion parameter &, . The goal is to

obtain an overall dispersion parameter o, = 6, + 9, , where J, is calculated as shown in case

(ii) without accounting for the non-parametric uncertainty.

The three cases above are investigated in the first numerical application (section 4.1). The dispersion

parameter quantifies the quadratic distance from the random matrix és to the identity matrix |, as

shown by eq.(2) below [1,11].

o. =

S

(EE{HGS -1
n

i}jﬂz @
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where || ||. denotes the Frobenious norm and n is the number of rows or columns of the matrix G, .

The dispersion parameter takes values within the inequality shown by the eq.(3) below [11]:

0<5, <\(n+1)(n+5)"  (3)

In general, as it is not possible to have multiple elements of the virtual ensemble or prior

measurements in the design stage, in this paper, the strategy (i) described in [21] is followed, and
different a priori values of the dispersion parameter o, are used to evaluate the effect of the dispersion

value on the resulting pdfs of the modal properties of the virtual ensemble. In particular, low and high

values of the dispersion parameters are considered.

For a given full row rank Hankel Matrix H (k-1), a Hermitian matrix S(k—1) is calculated [19]

using:
sk-D=H_(k-DHT (k-1 4)

A Hermitian matrix S(k —1) that is symmetric positive-definite may be Cholesky factorized [1,11] as

shown in the following equation:
Skk-D=LJLs (5

where L, is an upper triangular matrix.

In order to generate the ensemble of matrices S(k 1), the randomization of the matrix S(k 1) is

performed according to [1,11]:
S(k-1 = LGl (6)

where és is a normalized positive-definite matrix [1,11]. The expected value of the és matrix is
equal to the identity matrix I . As shown in eq.(2), the value of the dispersion parameter depends on

the size number n of the matrix G, .
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The randomizing matrix és is built using [1,11]:
és = I"\XGTS I:GS (7)
Where the elements ik (row, column) of the random upper triangular matrix ﬁGS are defined through

the equations below [11]:

if i<k, Ly, =0, ®)
ifi=k, L, =0s(V)?
where

55
“ " (nr1)” o

U, is a Gaussian random variable of unit variance and zero mean, and V, is a Gamma random

variable with parameters « , # [1,11] as:

n+1 1-i
a=—F+— (11),
25 2
B=1 (12)

The choice of the normalized positive-definite matrix és is motivated by the use of the maximum
entropy principle given the information available: there is a mean matrix S(k-1), it is positive
definite, and the second-order moment of its inverse exists [1,11]. The theoretical statistical properties

of the random matrix G can be found in [1,11].
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24  Probability density functions of the modal parameters for an ensemble of nominally identical

structures

To calculate a new matrix G, in each realization of the ensemble, a Monte Carlo simulation in which
independent random samples are drawn for the Gaussian random variable U, and the Gamma

random variable V;, is performed. The number of samples needed to generate the ensemble has to

ensure that the pdfs of the uncertain parameters obtained, converge to their true pdf. This is achieved
by checking the KL-divergence value of the pdfs of each identified parameter with respect to the pdfs
for incrementally increasing number of simulations. The modal parameters (natural frequencies,
damping ratios and modal shapes) estimated using ERA from each random realization of the system

are used to approximate the pdfs of the virtual ensemble using a kernel density estimate [26].
3 Advantages and summary of the steps for the proposed method

The main advantages of the proposed approach when compared to forward uncertainty quantification

methods with physics-based models, are:
(i) The different sources of uncertainties are not required to be specified explicitly.

(i) The uncertainty in the parameters does not have to be propagated through the equations of

motion.

(iii) In some cases, it may be difficult or impractical to model a structure/product based on physics.
Consequently, the results obtained would have been significantly affected by the ensuing
modelling errors. In these occasions, building the ensemble from the measurements of a

prototype structure, i.e., a data-driven model, can be advantageous.

(iv) Compared to other SI methods that account for uncertainties, this methodology does not require
to make explicit assumptions on the type of the pdfs of specific model parameters. Additionally,
the pdfs of the modal parameters may be produced without specifying the origin of such
uncertainties, and therefore, no assumptions on the sources of the uncertainties are required.
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The results of this method may also be applied to anomaly detection techniques, where the evaluated

ensemble’s distributions of the modal parameters can be directly used.
The steps proposed in this methodology are:

Step 1: A Hankel Matrix H_(k—-1) of size r by s is built by arranging the outputs Yy, (obtained

from the measurement signals) as shown on eq.(1).

Step 2: For a given full row rank Hankel Matrix H  (k —1), a Hermitian matrix S(k —1) is calculated
using eq.(4).

Step 3: The resulting matrix S(k—1) is symmetric positive-definite and is Cholesky factorized using
eq.(5), where Ls is an upper triangular matrix.

Step 4: The dispersion parameter value is defined. A realization és of the random matrix G, is

calculated using eq.(7), the theoretical statistical properties of the random matrix G, can be found in

[1,11]. The randomization of the matrix S(k —1) is performed according to eq.(6).

Step 5: The eigenvalues and eigenvectors of the matrix é(k —1) are calculated. The eigenvalues and
the eigenvectors of the matrix §(k—1) are respectively the squared singular values and the left
singular vectors of the Hankel Matrix H  (k —1) [23]. The right singular vectors of the Hankel Matrix

H,(k-1), are given by the product matrix H_ 7 (k —)UX™ [23].

Step 6: During step 5, the singular values of H_(k —1) are calculated. Physical singular values should

be separated from spurious (mathematical) singular values related to the noise in this process that
defines the model order of the system [23]. From a practical point of view the elimination of spurious
modes may be performed using stabilization diagrams [27]. In the numerical simulations shown in

sections 4 and 5 the number of singular values n kept are known.
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Step 7: The procedures defined from Step 1 to Step 4 are also applied to the shifted Hankel Matrix

H (k) . For every realization, the Gaussian random variable U, and Gamma random variable V,
are independently resampled to produce different realizations of the random matrices §(k—1) and

S(K) .

The randomization of S(k) is carried out with the same dispersion parameter value 5, but a different
realization és is used. This is because although the measurements used to construct S(k —1) and

S(k) are the same, they are obtained using the Hankel and the shifted Hankel matrices, respectively.

Step 8: Modal characteristics of the system (natural frequencies, modal shapes and damping defined
in the Appendix where further equations and explanations about the referred quantities are provided)

are calculated using eq.(13), eq.(14) and eq.(15) respectively [22].

A

@ = |4

(13)

¢=Cv,

(14)

Real(4,)

/1c(i)

(15)

Each realization of the modal characteristics is stored.

Steps from 4 to 8 are repeated for a prescribed number of times for each realization of the random
matrix S(k—1) and S(k). The modal parameters estimated from each random realization of the

system (via a Monte Carlo simulation) are used to approximate the pdfs of the virtual ensemble using

a kernel density estimate [26].

It is worth mentioning that the nominal damping matrix of the studied structure is proportional. For
the calculation of the damping ratios in eg.(15) only the real part is taken, this assumes that Rayleigh
or proportional damping is present. However, the perturbations introduced by the randomization

process introduced by the RMT do not necessarily introduce proportional damping in the system.
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Therefore, results obtained from eq.(15) for high values of the dispersion parameter may produce

non-physical values, as shown in section 4.
4 Numerical results

This section shows the applicability of the proposed approach by considering two different numerical
simulations: the first a two-degree-of-freedom (2-DoF) mass-spring-damper (subsection 4.1), and the
second a uniform mass cantilever system (subsection 4.2). For each simulation, two different
dispersion parameter values that translate to a low and high level of uncertainty are considered. In the
cantilever system the physical model that generated the signal, and the identified model have a

different state order. The dispersion parameter is used to calculate the realizations of the random
matrices S(k —1) and S(k). The values of the modal parameters obtained in each realization are used

to calculate the probability distributions of the modal parameters of the virtual ensemble of these
systems. The effects of the value of the dispersion parameter, the state order and their probability

distributions in this approach are also shown.
41 Two degree of freedom system

Let us consider the 2-DoF mass-spring-damper system shown in fig. 2. This is a toy problem that
shows the applicability of the algorithm, how it works, and the general trends observed when

uncertainty is introduced in the form of a dispersion parameter value.

A CI ,_. X C2 [_- v
E -
mi m:

ki k:

—WW P

Fig. 2. 2-DoF mass-spring-damper system.

The 2-DoF shear mass-spring-damper system has equal spring stiffnesses k, =k, =1Nm™; equal
masses M, =m,=0.05kg and equal viscous dampers with coefficients of damping
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C, =C,= 0.1Nsm™. The system is experiencing a free-vibrations response with non-zero initial
conditions: x (0)=x,(0)=0; % (0)=1m/s; X,(0)=0, where (') represents the derivative with
respect to time.

The undamped natural frequencies and damping ratios that correspond to the specified properties of

the two-degree-of freedom system are given by: f, =0.4399 Hz, f, =1.1517 Hz, ¢, =0.1382 and

¢, =0.3618.

For this example, no measurement noise is considered. Parametric uncertainties are assumed in
subsection 4.1.1. Non-parametric uncertainties are assumed in subsection 4.1.2. These uncertainties

in the system correspond to uncertain modal parameters which are investigated.

This simple example is used to: (i) directly compare the difference between a parametric and non-
parametric uncertainty description; (ii) assess the effect of the dispersion parameter value on the

resulting pdfs of the modal parameters.
4.1.1 Pdfsusing a parametric probabilistic approach

An example of model parametric uncertainty is shown to illustrate how this affects the uncertainty in

the natural frequencies of the 2-DoF mass-spring-damper system.

The parametric probabilistic approach requires the assumption of the pdfs of the uncertain input
parameters and the propagation of these uncertainties through the equations of motion. Given the
unavailability of information, uniform priors were used for both the stiffness, with

k, ~U (0.95,1.05) [N/m] and the mass m, ~U (0.0475,0.0525) [kg]. A Monte Carlo simulation
with 10,000 (kl,mz) pairs of independent samples was used to obtain the pdfs of the natural

frequencies of the 2-DoF mass-spring-damper system, which are shown in fig. 3. In this specific
example the computational complexity of the model is low, however if a more complex model had
been used, the computational cost required to obtain estimates of the modal properties would have

been substantially higher.
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a) first natural frequency. b) second natural frequency.

It is well-known that if different parametric distributions would have been used (e.g., Lognormal),
the resulting pdfs of the natural frequencies would have been different. Therefore, this approach
would require the identification of the uncertainty parameters, the knowledge of the correct
parametric uncertainty affecting the system and the availability of the physics-based model used to

propagate the uncertainty in each run of the model to obtain the modal parameters of the system.
4.1.2 Pdfsusing the proposed approach

With the proposed approach, no previous knowledge on the uncertainty of specific parameters is
needed as described in case (i) of subsection 2.3. The statistics of the modal parameters (natural
frequencies, damping ratios and modal shapes) are investigated for two cases: low (&, =0.001) and
high dispersion parameter (5, =0.3). These two values correspond to a low and a high level of
uncertainty, without explicitly identifying the source of this uncertainty. For this numerical case, the
state order of the identified system is equal to four.

The free decay of the system is simulated for thirty seconds and the values of X; and X, (that are the

velocity of mass 1 and mass 2, respectively) are recorded using a sampling frequency of 10 Hz. The
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physics-based model is not needed in any of the following steps. These velocity signals shown in fig.
4 are used to construct the Hankel Matrix H . described in eq.(1) for H, (k—-1) and H (k). The

values of r and s in eq.(1) have been set to be equal to 50.

1.5
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1 — ——2nd mass | |
0.5
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£
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o
L 4
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0 5 10 15 20 25 30

Time (s)

Fig. 4. Velocity of the 1%t and 2" mass subject to specified initial conditions.

The algorithm’s steps 3 to 7 in section 3 are run 10,000 times to produce each time a realization of
the random matrices é(k -1) and §(k) . For the modal shapes the mean value, the deterministic value
and the 95th percentile bounds were calculated. To ensure that convergence was achieved after those
10,000 simulations, the KL-divergence value of the pdfs of each identified parameter with respect to
the pdfs for incrementally increasing number of simulations was calculated. It was found that when
comparing the distributions obtained from 5,000 vs. 10,000 simulations the KL-divergence value was

approximately equal to zero for each identified parameter.

The pdfs in fig. 6 and fig. 7 are obtained using a 200 points kernel smoothing function with the

ksdensity function in MATLAB [28] on the samples ( f,£,¢) produced by the combined ERA &
RMT method.

In this section, the general qualitative trends on these results are stated. In the following section 5,

the physical significance and limitations of these results obtained are explained by using new
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simulations where the dispersion parameter value and the Hankel Matrix size is varied.

The modal parameter f,¢ pdfs shown in fig. 6 and the modal shapes ¢ in fig. 8 are calculated for a

given dispersion parameter value 6, = 0.001. The dispersion parameter determines the randomization

level of the matrices é(k -1) and é(k), for this case a low level of uncertainty is introduced. As it

was expected, for this level of randomization, the deterministic and mean values of the uncertain
modal parameters are found to be approximately equal. The pdfs are also found to be fairly

symmetrical.

For the case with higher dispersion value (5S :0.3) which corresponds to higher uncertainties for

the identified parameters (fig. 7 and fig. 9), the pdfs of the identified modal parameters are found to
be slightly asymmetrical. Negative values in the support of the pdf are also found for the first damping
ratio. The mean and deterministic values for the modal shapes are shown to be quite similar with a
slightly higher deviation between them for the second mode. The 95% percentile bounds increase as
the mode number increases. These effects are also shown in fig. 17 and fig. 18 and are explained in

detail in section 5.

As expected, higher levels of uncertainty are seen for the case with higher dispersion value. In this
case there is a higher deviation between the mean and deterministic values, and the range of the 95th

percentile bounds increases compared to the case with low dispersion value.

It should be noted that slight discrepancies between the mean identified values and the deterministic
values of the system appear. These discrepancies are observed in the form of a shift in the mean
identified values. This shift is shown in fig. 17 where the mean identified values are affected by the
dispersion parameter and the size of the Hankel Matrix. The shapes of pdfs of the identified
parameters change significantly, and it has to be noted that although the mean is usually a good

descriptor, it may not be the best for cases with high dispersion values.
It has been found, that as expected, when a small dispersion parameter &, is considered, results are
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close to the deterministic values.
4.1.3 Comparison of results

For the parametric uncertainty example in subsection 4.1.1, the resulting densities of the modal

parameters are obtained from the prior knowledge of the uncertain physical parameters k, and m, ,

by propagation of uncertainties through the physical model. Therefore, for this parametric approach,
access to the model is required, and the computational cost involved in the propagation of that

parametric uncertainty is dependent on the complexity of that model.

For the non-parametric uncertainty method in subsection 4.1.2, a physical model is not required for
calculating the pdfs of the modal parameters. Calculations are based on the knowledge of the
dispersion parameter value, and measurements obtained from either a prototype or numerical

‘measurements’ from the nominal model.

The main difference between the parametric and non-parametric method is how the source of
uncertainty is defined [1]. In the parametric method each source of uncertainty needs to be specified,
however for the non-parametric approach it is not specified. As shown in example 4.1.2, the overall

uncertainty of the system is encompassed in the dispersion parameter.

The dispersion parameter value that yields the same coefficient of variation (2%) of the first natural
frequency for the parametric case, is calculated using the maximum likelihood method [1] as

described in case (ii) in subsection 2.3.
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a) first natural frequency. b) second natural frequency.

This equivalent dispersion parameter is 6, =0.098. By comparing fig.3 and fig.5, it is possible to

observe that the pdf of the first natural frequency is similar to the one obtained using the parametric
probabilistic approach. However, the second natural frequency obtained from the proposed approach
has a higher coefficient of variation compared to that obtained from the parametric probabilistic
approach. This is expected, since the dispersion parameter would inherently account for additional
model-parameter uncertainties. The parametric probabilistic approach is not capable of considering
those uncertainties. Even though the above is only shown for the parametric case of model parameters
(stiffness and mass), the same methodology can be applied for other cases such as the case of known
measurement noise. However, the user may believe that substantial modelling errors are still present
and would be dominating the overall uncertainty. Therefore, the user may represent the additional

level of uncertainty with 5, =0.202 to yield an overall dispersion parameter of &, = 0.3 as shown in
the example in subsection 4.1.2.

As a result, the sources of uncertainty for the parametric and the non-parametric methods are

different. Therefore, the overall results obtained from these two methods are not directly comparable.
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It should be noted that the method to be chosen is dependent on the information available on the

system and the sources of uncertainty.
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4.2 Cantilever system

The cantilever system shown on fig. 10 is the continuous system under investigation in this second

example.
= @ Sensors F l F
e e e e e e ==l
d L b

Fig. 10. Schematic representation of the cantilever system.
A force F (triangular pulse of length 4 ms and maximum amplitude of 2000 N) is used to excite the
tip of a cantilever beam modelled as a rectangular Euler-Bernoulli beam with uniform density. The
following geometric and material properties were used: L (length)=1.5 m; b (base)=0.05 m; h

(height)=0.03 m; p (density) =7850 kg/m3; E (Young’s modulus) =70 GPa. The cantilever has eight

velocity sensors that are at equally spaced intervals (fig. 10). The velocity values are recorded over
time with a sampling frequency of 1000 Hz in order to capture the frequency content well-excited by
the triangular pulse. As a rule-of-thumb, the modes of the system that are below a maximum
frequency given by 1.5 times the inverse of the pulse duration are used in the simulation. Therefore,

for this system, the number of modes that are used are those with frequencies below 375 Hz.

The response of the continuous system to the force F is numerically simulated using only the first
five modes. These free vibration responses are the signals used to construct the Hankel Matrices His
described in eq.(1) for His (k-1) and His (k). The values of r and s on the Hankel Matrices have been

set to be equal to 100.

The natural frequencies and damping ratios that correspond to the specified properties of the
cantilever system are given by: f,=6.4 Hz, f,=40.3 Hz, f;=112.9 Hz, f,=221.2 Hz, f:=365.6 Hz, (1= {»= (5=
G= §5=0.1.
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For this numerical case the order of the identified system is assumed to be equal to eight. This
corresponds to the assumption that the measured signals are given by the contribution of a model that
is described entirely by four modes. A lower order model, than the one that generated the data, has

been chosen to observe if the identified modal parameters distributions are affected by this choice.

The statistics of the modal parameters (natural frequencies, damping ratios and modal shapes) are

obtained for two cases: low, 5, =0.001, and high dispersion parameter, &, = 0.075. The same KL-

divergence checks and pdf estimations performed in subsection 4.1 were also carried out for this

system.

The pdfs of the modal parameters shown in fig. 11, fig. 12 and fig. 13 are calculated using the method

described in section 3 for a dispersion parameter value 5, = 0.001. With this small dispersion value,

it is shown that for the identified modal parameters the deterministic value is approximately equal to
the mean value and the pdfs are also fairly symmetrical. The range of the 95% percentile bounds also
appears to be small but it is increased as the mode number increases. It was found that these results

follow the same general trend described for the previous case in subsection 4.1.

For the case with higher dispersion value (5S =0.075), which corresponds to a case with higher

uncertainties for the identified parameters (fig. 14, fig. 15 and fig. 16), the natural frequencies pdfs
are asymmetrical. The first and second damping ratios show negative values in the support of the pdf.
As explained in section 3, this phenomenon occurs as a consequence of the randomization process of
the method. The appearance of negative values may occur because the realizations of the ensemble
may produce damping matrices that are non-proportional. The mean and deterministic values of the
natural frequencies show minor discrepancies. However, for the modal shapes larger discrepancies
are found between the mean and deterministic values. Assuming that classical damping/proportional
damping is observed, the modal shapes obtained are normalised by defining a unit modal amplitude
for the 8th node of the system. In some rare occasions, damping may be potentially non-proportional
and therefore, considering real mode shapes may not be optimal [29]. The 95% percentile bounds
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increase as the mode number increases. The results of this case are also found to follow the general

trend found in subsection 4.1, and their significance is also discussed in section 5.

Also, in this numerical application, higher deviation between the mean and deterministic values is
seen for the case with higher dispersion value, and the range of the 95th percentile bounds increases
compared to the case with low dispersion value. The pdf shapes of the identified parameters change

significantly with respect to the case with lower dispersion values.

In this example, the physical model that generated the signal, and the identified model have a different
state order. The results show that for the chosen assumption of the state order of the model identified,

the obtained results are not affected by the truncation order.
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5 Analysis of the effect of the dispersion value and the Hankel Matrix size on the modal parameters

This section further investigates the two-degree-of-freedom system (subsection 4.1) and the

cantilever system (subsection 4.2) models.

The examples were chosen in such a manner that the similarities and common trends between them,
when the method described in section 3 is applied, can be observed. For the two-degree-of-freedom
system the state order chosen for identification purposes corresponds to the same order of the system
that generated the data. However, for the cantilever system the state order of the identified model
(eight) is lower than the order of the physical model that generated the signal. The numerical results
obtained when the state order is different to the state order that generated the signal in subsection 4.2
show that the identified modal parameters are still of significance and have not been largely affected
either by the truncation order or the randomisation process in this example. This is because the

loading was such that primarily the first four modes were excited.

For both simulations it is observed that for low levels of dispersion parameter values the variability
introduced in the modal parameters is low. The mean identified modal parameters, the identified
parameters from the unperturbed Hankel Matrix and the modal parameters used to simulate the
velocity signal are approximately equal. However, both examples demonstrate that high levels of
dispersion value may lead to a shift between the mean of the occurring distribution of natural
frequencies and damping ratios and the underlying nominal values. The uncertainty introduced on

the modal parameters is higher than the one introduced by lower levels of dispersion value.

Therefore, further simulations of the two-degree-of-freedom system are used to investigate the
physical significance and limitations of the results obtained from the application of the method
described in section 3. Contour plots for the two-degree-of-freedom system have been created for

varying values of dispersion parameter . and numbers of columns/rows used to construct the Hankel

Matrix and are presented in the fig. 17. In fig. 17 the same number of rows and columns was used,

and it corresponds to the number value in the horizontal axis of the figure and the data used is taken
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from the beginning of the signal. For all contour plots in this paper, the colour scale limits were
selected as the maximum and the minimum of displayed data. The mean contour plots (fig. 17) show
that there are regions where the mean values of the uncertain parameters identified are the same as
the deterministic value of the system. However, if the dispersion value is significant and the number
of columns/rows used in the Hankel is low, a bias on the average value of the parameters identified

can be observed.
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Fig. 17. Contour plots of natural frequencies and damping ratios of their mean values. a) first

natural frequency. b) second natural frequency. c): first damping ratio. d) second damping ratio.

For the particular case in fig. 17 the mean values of the identified parameters decrease as the
dispersion value increases and as the number of columns/rows decreases. This is because the RMT
non-parametric method introduces a non-physical coupling when constructing the random matrices

used in steps 3 and 6 of section 3. In this case, the non-physical coupling may be due to the coupling
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of the measured signals at the different observed positions. This non-physical coupling was observed
before in [21] when a non-parametric approach was used for the modelling of uncertainties of
mechanical systems. RMT was applied in [21] to the mass and stiffness matrix, resulting in remote

coupling of nonadjacent degrees of freedom as a result of the randomization process.

Therefore, it is found that high values of dispersion parameter affect the underlying physical system

to be identified.
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Interval divided by their Mean values. a) first natural frequency. b) second natural frequency. c)
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It can be noted that in principle, the dispersion parameter should be specified as a function of the
Hankel Matrix size and cannot be defined independently. That is, the dispersion parameter for a given
Hankel Matrix size should be defined. To explain the shape of the 95% Confidence Interval/Mean
contour plots shown in fig. 18, two different effects should be considered. Firstly, as the number of
points used to construct the Hankel Matrix increases (i.e., more time steps of the measured signals
are used), and for a fixed level of noise, the identified values will tend toward the deterministic value
up to a limit where the number of data points will not increase the accuracy of the identified value.
Secondly, the effect of keeping the dispersion parameter fixed and increasing the number of
columns/rows rs of the Hankel Matrix, is that the uncertainty of the system is reduced, as shown in
fig. 18. This double effect is more significant for an identified system with greater dispersion value
and a smaller number of columns/rows rs of the Hankel Matrix than for a system with higher number
of columns/rows rs of the Hankel Matrix and the same level of dispersion value. This shows that the
95% Confidence Interval/Mean values are less sensitive to changes in the dispersion value when
Hankel Matrices of large size are used. This is in fact the reason that the 95% Confidence

Interval/Mean contour plots have this specific shape and both effects are observed.
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White Gaussian Noise (WGN).

A complementary investigation is performed as shown in fig. 19, considering that the signal used to
construct the Hankel Matrix is contaminated by white gaussian noise. A Monte Carlo simulation with

10,000 samples is used to build the contour plot on fig. 19, that has as its y axis varying levels of

standard deviation of a white gaussian noise contaminated signal and as the X axis the number of
columns/rows used to construct the Hankel Matrix. For a small number of columns/rows the contour
lines have a positive gradient. It is also seen that in fig. 19, after the number of rows/columns increase
to a specified value that depends on the standard deviation of the white gaussian noise, the contour
lines become horizontal. In fig. 19 the first effect described previously on the value of the 95%

Confidence Interval/Mean in fig. 18 is also clearly shown.

The uncertainty introduced by the dispersion parameter affects the modal parameters’ uncertainty
differently. As the dispersion value is increased, the uncertainty for both the natural frequency and
the damping ratio estimation is shown to decrease if the mode number is also increased, as shown in
fig. 6 in subsection 4.1 and also in subsection 4.2 for both fig. 14 and fig. 15. Therefore, the highest

levels of uncertainty are found on the lower mode number natural frequencies and damping ratios as
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shown in fig. 6, fig. 7, fig. 11, fig. 12, fig. 14 and fig. 15. For the cases studied, the modal shape
uncertainty is observed to increase as the mode number is increased as shown in fig. 9, fig. 13 and

fig. 16.
6 Conclusions

This paper presents a procedure for the evaluation of the pdfs of the modal parameters for an ensemble
of nominally identical structures when there is only access to a single member of the ensemble, and
additional knowledge on the statistical properties of the population expressed through the value of a
known dispersion parameter is also available. Given a set of measurements or simulated data,
acquired from either a prototype or mathematical model respectively, a discrete time state-space
model description is built. The normalized positive definite ensemble [1,11] is used to randomise the
matrix calculated by the multiplication of the Hankel Matrix by its own conjugate transpose. ERA is
applied to identify the modal parameters (natural frequencies, damping ratios and modal shapes), for
each realization of the random matrix. The results of each realization are used to build the pdfs of the

modal parameters of the ensemble.

This method is developed to evaluate the modal parameter distributions using the dispersion
parameter to account for the uncertain dynamic response across nominally identical structures
originated by uncertainties in the manufacturing processes of structural components, modelling
errors, boundary conditions and assemblage. Different a priori values of the dispersion parameter are
used to evaluate the effect of dispersion value on the resulting pdfs. These distributions are important
for the performance assessment of the designed structures, as this would enable the selection of
designs that are robust to these uncertainties, avoiding extensive modifications of the manufactured

product. The modal parameter distributions may also be applied in anomaly detection cases.

The main advantage of this approach is that it does not require to specify the different sources of
uncertainties in advance. The uncertainty of the parameters does not have to be propagated through

the equations of motion, becoming this of great advantage when the model of the system is highly

70



complex or unknown, a circumstance that may introduce modelling errors that affect the overall
results. In these circumstances, it may be more convenient to build the ensemble from the

measurements of a prototype structure.

Numerical studies were conducted on a two mass-spring-damper and a cantilever system to evaluate
the pdfs of the natural frequencies and the damping ratios. The mean and 95th percentile bounds of
the modal shapes are also calculated. The study illustrated the performance of the methodology for a
wide range of dispersion parameter values. The results obtained from this method generalize well
independently of the chosen system (discrete vs. continuous system). The physical consequences of
the introduction of high values of dispersion were highlighted. It was found that the use of RMT
introduces in the calculation a non-physical behaviour which affects the pdfs of the modal parameters
identified. An example of the non-physical behavior introduced by the method is the appearance of
negative values in the support of the pdf of the first damping ratio in the mass-spring-damper system.
It was also shown that the state order of the identified system does not affect the identified modal

parameters in the cantilever system.

Contour plots were produced to show the effect in the identified parameters’ uncertainties of the
number of rows/columns used in the Hankel Matrices and the dispersion parameter values. When the
dispersion value is significant, and the number of columns/rows used in the Hankel is relatively low,
the contour plots of the identified mean values show a systematic shift. This systematic bias increases
when either, the dispersion value is increased, and/or the number of columns/rows is decreased. Two
different effects can be observed on the 95% Confidence Interval/Mean contour plots. The first one
is that increasing number of points used in the Hankel Matrix, the identified values will tend toward
the deterministic value, and the second is that when fixing the dispersion parameter value and using
larger values of columns/rows, the uncertainty of the system is being reduced. Therefore, the
uncertainty introduced in the modal parameters is both dependent on the size of the Hankel Matrix

and on the dispersion parameter value.

It is also shown that the uncertainty associated with the natural frequencies and damping ratios is
71



decreased as the mode number increases and/or the dispersion parameter value is increased.

For the case of parametric uncertainty in subsection 4.1.1, the pdfs of the modal parameters are
calculated propagating the prior knowledge of those modal parameters through a physical model. For
the non-parametric case in subsection 4.1.2, only measurements (numerically obtained) from the
structure and the value of a dispersion parameter are available. The main difference between the

methods is that they depend on how the source of uncertainty is defined.

The prior estimation of the dispersion parameter &, is illustrated for three cases. The first case
assumes that no prior data are available, then, the dispersion parameter &, is used as variable in a

sensitivity analysis to assess the stochastic response of the model. The second and third cases assume
that prior data are available. Given the observed data, the value of the dispersion parameter value can
be calculated. However, for the third case there is also an additional level of uncertainty present that
is represented by and additional term that may be added to the dispersion parameter value calculated

from the observed data.

Future work will focus on the estimation of the dispersion parameter value for cases when
experimental measurements of the ensemble are available. Another potential direction of interest is
the use of different SI methods to determine the compatibility of different experimental conditions of

the system tested with the approach proposed in this paper.
Acknowledgments

Felipe Igea and Alice Cicirello thanks the EPSRC and Schlumberger for an Industrial Case
postgraduate scholarship (Grant ref. EP/T517653/1). Alice Cicirello gratefully acknowledges the

EPSRC for the Overseas Travel Grants (Grant Ref. EP/R008949/1).

72



References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

Soize, C., 2017, Uncertainty Quantification -An Accelerated Course with Advanced

Applications in Computational Engineering, Springer International Publishing, Cham.

Wright, M., and Weave, R., 2010, New Directions in Linear Acoustics and Vibration:

Quantum Chaos, Random Matrix Theory, and Complexity, Cambridge University Press.

Kompella, M. S., and Bernhard, R. J., 1993, “Measurement of the Statistical Variation of
Structural-Acoustic Characteristics of Automotive Vehicles,” SAE Technical Papers, SAE

International.

Durand, J.-F., Soize, C., and Gagliardini, L., 2008, “Structural-Acoustic Modeling of
Automotive Vehicles in Presence of Uncertainties and Experimental ldentification and

Validation,” The Journal of the Acoustical Society of America, 124(3), pp. 1513-1525.

Zhang, J., Shen, G., Du, Y., and Hu, P., 2013, “Modal Analysis of a Lightweight Engine Hood
Design Considering Stamping Effects,” Applied Mechanics and Materials, Trans Tech

Publications Ltd, pp. 364-3609.

Reich, S., and Cotter, C., 2015, “Probabilistic Forecasting and Bayesian Data Assimilation,”

Probabilistic Forecasting and Bayesian Data Assimilation, pp. 1-297.

Langley, R. S., 2000, “Unified Approach to Probabilistic and Possibilistic Analysis of

Uncertain Systems,” Journal of Engineering Mechanics, 126(11), pp. 1163-1172.

Soize, C., 2013, “Stochastic Modeling of Uncertainties in Computational Structural Dynamics

- Recent Theoretical Advances,” Journal of Sound and Vibration, 332(10), pp. 2379-2395.

Simoen, E., de Roeck, G., and Lombaert, G., 2015, “Dealing with Uncertainty in Model
Updating for Damage Assessment: A Review,” Mechanical Systems and Signal Processing,

56, pp. 123-149.

73



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Faes, M., and Moens, D., 2020, “Recent Trends in the Modeling and Quantification of Non-
Probabilistic Uncertainty,” Archives of Computational Methods in Engineering, 27(3), pp.

633-671.

Soize, C., 2005, “A Comprehensive Overview of a Non-Parametric Probabilistic Approach of
Model Uncertainties for Predictive Models in Structural Dynamics,” Journal of Sound and

Vibration, Academic Press, pp. 623-652.
Mehta, M., 2004, Random Matrices.

Arnst, M., and Soize, C., 2019, “Identification and Sampling of Bayesian Posteriors of High-
Dimensional Symmetric Positive-Definite Matrices for Data-Driven Updating of
Computational Models,” Computer Methods in Applied Mechanics and Engineering, 352, pp.

300-323.

Batou, A., Soize, C., and Audebert, S., 2015, “Model Identification in Computational
Stochastic Dynamics Using Experimental Modal Data,” Mechanical Systems and Signal

Processing, 50-51, pp. 307-322.

Ezvan, O., Batou, A., Soize, C., and Gagliardini, L., 2017, “Multilevel Model Reduction for
Uncertainty Quantification in Computational Structural Dynamics,” Computational

Mechanics, 59(2), pp. 219-246.

Vishwanathan, A., and Vio, G. A., 2019, “Numerical and Experimental Assessment of
Random Matrix Theory to Quantify Uncertainty in Aerospace Structures,” Mechanical

Systems and Signal Processing, 118, pp. 408-422.

Langley, R. S., and Cotoni, V., 2008, “Response Variance Prediction for Uncertain Vibro-
Acoustic Systems Using a Hybrid Deterministic-Statistical Method,” The Journal of the

Acoustical Society of America, 122(6), p. 3445.

74



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Langley, R. S., Cicirello, A., and Deckers, E., 2018, “The Effect of Generalised Force
Correlations on the Response Statistics of a Harmonically Driven Random System,” Journal

of Sound and Vibration, 413, pp. 456-466.

Vishwajeet, K., Singla, P., and Majji, M., 2017, “Random Matrix-Based Approach for
Uncertainty Analysis of the Eigensystem Realization Algorithm,” Journal of Guidance,

Control, and Dynamics, 40(8), pp. 1877-1891.

Soize, C., 2005, “Random Matrix Theory for Modeling Uncertainties in Computational
Mechanics,” Computer Methods in Applied Mechanics and Engineering, 194(12-16), pp.

1333-1366.

Legault, J., Langley, R. S., and Woodhouse, J., 2012, “Physical Consequences of a
Nonparametric Uncertainty Model in Structural Dynamics,” Journal of Sound and Vibration,

331(25), pp. 5469-5487.

Juang, J. N., and Pappa, R. S., 1985, “An Eigensystem Realization Algorithm for Modal
Parameter Identification and Model Reduction,” Journal of Guidance, Control, and Dynamics,

8(5), pp. 620-627.

Brunton, S. L., and Kutz, J. N., 2019, Data-Driven Science and Engineering, Cambridge

University Press.

Caicedo, J. M., Dyke, S. J., and Johnson, E. A., 2004, “Natural Excitation Technique and
Eigensystem Realization Algorithm for Phase | of the IASC-ASCE Benchmark Problem:

Simulated Data,” Journal of Engineering Mechanics, 130(1), pp. 49-60.

Reynders, E., 2012, “System Identification Methods for (Operational) Modal Analysis:
Review and Comparison,” Archives of Computational Methods in Engineering 2012 19:1,

19(1), pp. 51-124.

Silverman, B., 1986, Density Estimation for Statistics and Data Analysis.

75



[27] Wu, C., Liu, H., Qin, X., and Wang, J., 2017, “Stabilization Diagrams to Distinguish Physical
Modes and Spurious Modes for Structural Parameter Identification,” Journal of

Vibroengineering, 19(4), pp. 2777-2794.
[28] 2020, “MATLAB.”

[29] Sinha, S., and Allemang, R. J., 2006, “Techniques for Real Normalization of Complex Modal
Vectors for Updating and Correlation with FEM Models,” The Shock and Vibration Digest,

38(4), pp. 373-374.

76



Appendix — Eigensystem Realization Algorithm

The time evolution of a linear, time invariant, dynamic system can be described using a discrete-time

state-space representation:
X, = AX, + Bu, (A1)
y, =Cx, + Du, (A2)

Where x, eR", y, eR" and u_eR™ are respectively the state vector, collected output and the
value of the control input which remains constant between times t, and t,., . Matrices Ae R™,

BeR™ , CeR™ , and DeR™ are the system, input, output and feedthrough matrices

respectively.

The Eigensystem Realization Algorithm (ERA) [22] is a system identification method that is used to
estimate the modal parameters of a system by evaluating the so-called transformed matrices to the

modal-space. To evaluate the matrices A, B and C , ERA uses an output vector y, thatcontains the
measurements read in p sensors at the different times t, for a system excited by an impulse at time
zero and assuming zero initial conditions. ERA obtains a transformation of eq.(A.1) and eg.(A.2) that

has as its matrices A, B and C which correspond to the state vector X, . The eigenvalues of the

matrix A and the sensor-based modal shapes in eq.(A.9) are transformation invariant and can

therefore be used to obtain the eigenvalues and the sensor-based modal shapes of the original system

that generated the data. Subsequently, the eigenvalue decomposition of the matrix A (eq.(A.3)) is

used to determine the discrete time eigenvalues A, and the corresponding set of eigenvectors v, from

[22]:
A=AV (AD)

And the following matrix A and vector v can then be obtained [22]:
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A=diag(4, 4, .. 4,) (Ad)

V=[v, V,, ... V] (A.5)

The eigenvalues of the matrix A can then be used to calculate the eigenvalues Ay o Natural
frequencies and damping factors of the equivalent continuous in time system using eq.(A.6), eg.(13)

and eq.(15) respectively [22].

L _Iney

L= A.6
c(i) At ( )

where At is the sampling period and 9% denotes the real part. The sensor-based modal shapes are then
obtained using eq.(14) [22].

The steps required to obtain the A, B and C matrices are:

Step 1: Build the Hankel Matrix H_(k—1) of size rxp by S is built that contains time series data

from measurement data using eq.(1) [23].

Step 2: Build the matrix H (k) , also called the shifted Hankel Matrix which is one-time step into

the future of the matrix H (k-1).

Ve Yz o Vs |
yk+2 yk+3 yk+s+l
Hi(k) = (A7)
L yr+k yr+k+1 yr+k+s—1_

Step 3: Obtain the approximate expression of the H_(k-1) . By using the singular value

decomposition, the Hankel Matrix H _(k —1) can be expressed as [23]:
H.(k-)=UxV" (AS8)
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In eq.(A.8), *™ denotes complex conjugate transpose, matrices U e C™ and V « C*® are unitary,

have orthonormal columns, and matrix 2  R™ has at most S nonzero elements in its diagonal. The

exact expression of eq.(A.8) can also be written as [23]:
~ T oo(vT
Uy =\U U A9
: t]{o E}L/} a9

Where U, 3 and V™ denote truncated matrices containing the dominant singular values and
vectors, and where U, X and V,"" contain the non-dominant singular values and vectors that are

discarded in the approximation [23]:
H. (k-)=UZPT (A.10)
If the Hankel Matrix H  (k —1) does not have full rank, then £ may contain some zero singular

values and the eq.(A.10) will be exact. However, if £ contains a number of non-zero singular values

smaller than the rank of the Hankel Matrix, then the expression of eq.(A.10) is only approximate.

Step 4: In this step the realization matrices of the system are estimated using the U, 5 and V"

matrices as [23]:

A=ZUTH (KW (Al

B~IYAT L')m gm} (A.12)
< IP OP T $1/2
C~ly" o |92 (A.13)

P P

Where 0, and 1 are respectively matrices zero and identity of size pxp.

When the matrices A, B and C are used in a system of equations similar to eq.(A.1) and eq.(A.2)

become the discrete time modal-space representation of the dynamic system [23].

Using ERA, and the matrices A and C , deterministic values of the modal parameters of a system
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are obtained for a given set of measurements. However, these measurements might be affected by
different sources of uncertainties such as sensor noise. The existence of those uncertainties is
considered in ERA by averaging out the noise of the signals using several measurements to obtain

the deterministic values of the modal parameters.
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3.2 Conclusions

At early design stages (before a prototype is being built), when a physics-based model is developed,
the most common methods used to describe the uncertainty on the model parameters, are to employ
a probabilistic or non-probabilistic approach. However, when only limited information is available at
the design stage, specifying the uncertainties’ sources and the description of the parameters model’s

uncertainty, is a difficult task.

In paper I, a new non-parametric probabilistic approach applicable to the ensemble of nominally
identical structures that may arise during the modelling processes, due to the variabilities introduced
by modelling errors, boundary conditions, and the assembly process is developed. This non-
parametric approach can be used when only data from a single structure (either numerical model or
prototype) is available, and it uses as inputs the mentioned data, and a so-called dispersion parameter.
During the design process, the approach can be used to produce an appraisal of the dynamic
performance of the structure through the quantification of the uncertainties of the modal parameters.
This is important, as the modal parameters of nominally identical structures may exhibit important
differences among them. These differences are found as a consequence of the variability of the
boundary conditions, assemblage, and manufacturing processes among the members of the ensemble.
The approach can be used as a tool to avoid major modifications of the structure after it is completed,
as allows the selection of designs robust to the uncertainties of the distribution of the modal

parameters across the ensemble of nominally identical structures.

In the presence of uncertainty, the challenge of locating the positions in the structure where
observations should be taken arises. The information obtained varies based on where the observations

are taken. This challenge is investigated in the next chapter.
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Chapter 4 - Limited information in operating conditions — sensor

placement

Statistical experimental design is a methodology for the optimization of the collection of data. It may
be applied before the experiment is run in cases where uncertainty is present in the experimental
conditions, and also in cases where the values of the parameters of interest are uncertain. This
methodology defines which parameters will be monitored, and the recurrence, schedule, and number
of observations used to update the knowledge on each parameter. As limited data gathering resources

are available, their effective allocation becomes crucial.

In most cases, the estimation of model parameters is the main purpose of the experimental design. As
the experiment is designed before the model parameters are precisely known, the designer needs to

estimate their values, so that the experimental design process can be performed.

If the model parameters are poorly estimated, inferior designs may be produced. The assessment of
the initial parameters, such that a robust experimental design can be performed, is the object of
numerous research works [50,70,71]. In these studies, the so-called prior distributions for the model
parameters are estimated by using prior available information in the specific area of expertise. The
choice of a prior distribution is a fundamental part of the Bayesian design and Bayesian analysis. The
robustness of the experimental design to the selection of a prior pdf should be investigated, as it is

crucial for an efficient allocation of experimental resources [72].

The uncertainties in the model parameters may be better described using Bayesian Inference methods.
These methods combine the experimental data and the forward model used to simulate the system.
The Bayesian methods produce posterior distributions from which predictions of the unknown model
parameters can be inferred. The posterior pdfs are obtained using as inputs the prior knowledge of
the inputs (expertise in the area), and the likelihood deduced from the observational data
(experimental data obtained from sensors). The posterior pdfs may be used to support maintenance

decision-making such as repairment, further observation, etc.
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It is crucial to design the methodology of the experimental data collection in such a manner that the
amount of information gain is maximised, and therefore, the uncertainties of the parameters and
posterior pdfs are minimised. The design of the experiment should define the experimental
conditions, what variables, with which frequency, and where they are measured. This problem is
commonly referred to as Optimal Experimental Design (OED) [45]. Within the context of Bayesian
Inference the subject is referred to as Bayesian OED. The OED problems may be very complex, and
have multiple ramifications, as the underlying models are usually governed by a system of partial
differential equations (PDEs), and complications such as nonlinearities, couplings, etc., may be

present.

Solving the PDEs systems required to characterise the physical model implies a significant
computational effort. The high dimensionality of the problem after it is discretized, combined with
dependency of the uncertain parameters to be estimated with respect to (w.r.t.) time and space, and
the requirement of complex numerical integrations w.r.t. the uncertain parameters, make the solution
of the OED computational problem highly complex [72]. The numerous times the evaluation of the
OED obijective function has to be performed, further increases the vast requirement of numerical

resources.

4.1 Paper Il — ‘On The Investigation of Utility Functions on Optimal Sensor
Locations’
This paper is reproduced as originally published with minor revisions:

‘Igea F., Chatzis M.N.., Cicirello A., On the Investigation of Utility Functions on Optimal Sensor
Location. Proceedings of the 4th ECCOMAS thematic conference on Uncertainty Quantification in

Computational Sciences and Engineering (UNCECOMP 2021), 2021°.

https://doi.org/10.7712/120221.8030.19059
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Abstract

Structural Health Monitoring uses data collected from sensors placed on structures to determine their
operating condition and whether maintenance is required. Often, optimal sensor placement strategies
are used to find the optimal locations for the identification of their modal properties, structural
parameters and/or abnormal behaviours under the influence of model and measurement uncertainty.
An approach that has been frequently used to solve the problem of sensor placement is the Bayesian
experimental design. This approach chooses the locations using the data measured by the sensors to
reduce the prior uncertainty of the parameters that are being inferred. The Bayesian experimental
design minimizes the uncertainty of the parameters to be inferred through the use of metrics called
utility functions. Most of these metrics are based on functions of the posterior distribution. In this
paper, the use of three utility functions (Bayesian D-posterior precision, Bayesian A-posterior

precision, and Expected Information Gain) is investigated for the problem of sensor placement.

The case study chosen consists of a beam with translational and rotational springs connected to the
ground subject to an impulsive load. The goal of the analysis is to select the most informative position
of a sensor in order to update the distribution of two uncertain physical parameters of the beam based
on natural frequencies extracted using the Eigensystem Realization Algorithm. It is shown that for

the case investigated, the three utility functions yield the same optimal sensor location.

Keywords: Optimal Sensor Placement, Uncertainty Quantification, Structural Health Monitoring.

85



1 Introduction

Structural Health Monitoring (SHM) often focuses on non-intrusive structure damage detection [1].
It can be used to provide early warnings on the health status of engineering systems. The equipment
required for implementing SHM, includes sensors and data acquisition systems. The real time
information obtained from the sensors has to be post-processed and statistical procedures are
implemented to detect anomalies and suggest preventive actions [1,2]. Technological advances in
sensor monitoring allow the development of optimal sensor strategies that have made SHM cost

effective and easier to implement.

Structural parameters are usually inferred from the sensorial data (such as velocity or acceleration
measurements), especially the modal parameters (natural frequency, damping ratio and mode shape).
The inferred parameters are then used to assess the acceptability of the models of structures and to
evaluate the structures’ condition. For some cases, local forms of damage may be identified by a shift
in the modal properties [3]. The position of the sensor can strongly influence the inference on the
structural parameters. This has led to the widespread development of optimal sensor strategy
techniques [4]. Broadly speaking, the sensor placement framework methods can be split into methods
based on information theory or non-information methods [4]. The non-information-based methods
are not discussed in this paper, however, more information on these techniques can be found in [4].
Work based on information theory heavily relies on the application and development of the general
Bayesian framework [5]. This framework was proposed for system identification in [5,6] and it has
been consequently extended to the problem of sensor placement [7-10]. The main objective is the
selection of the location and number of sensors that maximises the information needed to estimate
the uncertain parameters [8]. The research challenges linked to these approaches are the definition of
the metric to be used to assess the different configurations of sensors (hnumber and location of the

sensors) and the choice of the most adequate optimisation technique [11,12].

In this paper a Bayesian experimental design framework [13] is used to solve the sensor placement

problem. Within this framework, the number and locations of the sensors are chosen by using the
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data obtained from the sensors to reduce the prior uncertainty on the parameters to be inferred.
Therefore, the framework’s focus is the minimization of the uncertainty of certain physical
parameters of interest to the practitioner by comparing different metrics, the so-called utility
functions. Two physical parameters of a beam attached to ground using translational and rotational
springs subject to an impulsive load have to be inferred by using a single sensor. The beam is
investigated by building a Finite Element model. Numerical simulations of the dynamic response
(velocity signal) at different locations are used to obtain numerical ‘measurements’ of possible sensor
locations. An intermediate step requires the post-processing of the numerical ‘measurements’ to
obtain the modal parameters that are subsequently used as the data used to reduce the model
parametric uncertainty via Bayesian model updating. This is achieved by using the Eigensystem
Realization Algorithm. Model updating is then used to obtain the posterior probability density
function of the parameters to be inferred, having assigned a uniform prior distribution and applying
Monte Carlo sampling-based strategies. The obtained posterior is used to evaluate a utility function

that is then used to select the optimal sensor location. Three utility functions are investigated.
2 Bayesian Optimal Design framework

Bayesian Optimal Design [13] allows the designation of resources required to obtain information for
reduction of systematic error, inference of unknown parameters (i.e., reduction of prior uncertainty),
obtaining future predictions and the comparison of models chosen to represent a system [13]. The
framework’s objective is the maximisation of the information obtained from a set of measurements
for the inference of the unknown parameters of the model used to describe the physical system [13].

The choice of the optimal design improves parameter inference and reduces the experimental costs.

Lindley proposed a unifying theory of Bayesian Optimal Design in [14]. The definition of the best
possible design given a set of objectives and restrictions is described by a utility function. The
maximization of this function is used to choose the possible design that measures how well the set of

objectives and restrictions are obeyed [15].
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One of the major challenges in Bayesian Optimal Design methods is the reduction of their high
computational cost incurred in the calculation of their utility functions [13]. This is because the utility
functions require the knowledge of the posterior distribution of the parameters to be inferred. These
distributions are dependent on the set of measurements available and therefore are different when

different designs are considered.
2.1 Bayesian framework

Probability density functions are used to model the uncertain model parameters in the Bayesian
Inference framework [5,16]. The prior knowledge on the uncertain parameters before any

measurements or data is obtained, is described by the prior density function p(@). The likelihood
function p(y|@), is normally assumed to follow a specific distribution (e.g., Gaussian). The
P(y| @) measures the degree of suitability of the model to justify the obtained measurements. The

denominator P(Y) of eq.(1) below is the evidence pdf and normalizes the pdf of the posterior. If the

above described pdfs are known, the eq.(1) can be used to calculate the so-called posterior distribution

p(@1y):

p(@)p(yl0)

0|y)=
p@1|y) o)

(1)

The posterior distribution obtained can then be used to determine the utility function. Hence, it is
important to obtain accurate estimations of both location (median or mean) and scale (interquartile
range or standard deviation) of the posterior [13]. Most frequently, it is not possible to express the
posterior distributions with a closed form, so computational methodologies are used to obtain samples
from the posterior or to approximate it [16-21]. In this work, the sampling-based model updating
techniques are used. Specifically, the Sequential Monte Carlo (SMC) [16] sampling and the
Transitional Markov Chain Monte Carlo (TMCMC) [20] are chosen to infer the two physical

parameters of the case study investigated.
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2.2 Bayesian utility functions

Many different utility functions have been developed for inferring parameters of a model [13].
Metrics that quantify the performance of experiments are obtained by using a set of utility functions
that are maximized (or minimized) with the objective of identifying the optimal experiment [13].

Three utility functions are reviewed in what follows.

A well-known utility function is expressed as the inverse of the determinant of the posterior
covariance matrix [13]. This utility function also known as the Bayesian D-posterior precision

maximises the posterior precision of the model parameters to be inferred and it is given by [13]:

1

YoldY) = eov@rd.y) @)

Where d is the vector that represents the experimental design to be optimized (e.g. the sensor

positions for a given number of sensors).

Another useful utility function similar to the Bayesian D-posterior precision is given by the inverse
of the trace of the posterior covariance matrix [15]. This utility function also known as the ‘Bayesian
A-posterior precision” maximises the marginal posterior precision of the model parameters to be

inferred and it is given by [15]:

1
Valdy)= trace(cov(@|d, y)) ®)

Alternatively, the utility function may be expressed as the expected Kullback—Leibler (KL)
divergence from the posterior distribution to the prior distribution [14]. The expected KL divergence
utility function is also known as Expected Information Gain (EIG) over the parameters to be inferred

[22], and it is expressed as:

UEIG(d):Ey[DKL(pOWH Pa)}Hp(ﬁl)’)lOg( ]p(y)dyde (4)
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Where [, is the expectation with respect to the measurements vy, DKL(pmyH po) is the KL-

divergence from the posterior distribution to the prior distribution, Y and & are the support of the

measurements y and the parameters to be inferred @ respectively.

The EIG can be interpreted as a non-linear generalization of the Bayesian D-optimal utility function

[23]. It has been found [24] that this metric can be approximated using a Monte Carlo approach:

NOUt

0(d) = {m[p(y'16"¢)]- p('14]] ®

out i=1

\B

p(y 1d)=-- Y p(y 10'.d) ©

in j=1

Where N_, is the number of samples used in the outer loop and N;, is the number of samples used

out
in the inner loop of the Monte Carlo approximations. The samples are obtained from the prior

distribution and the likelihood is evaluated for these samples.
The number of likelihood function evaluations can be reduced if N =N, =N, so that [24,25]:

N

U(d)z%Z{ln[p(yi Iei,d)]—ln[% : p(y |0j,d)]} (7)

i=1 i

However, this result is a biased estimate of the EIG [24,25]. A large number of samples may be
required if the prior assumed has a large support at regions of low probability density, as this results

in arithmetic underflow [26].

Another way to calculate the EIG is by calculating the difference between the differential entropy of

the prior h(@) and the differential entropy of the posterior h(@|y,d)[15]:
Uge,(d)=1(6,y)=h(8)-h(8]y.d) (8)
The calculation of the differential entropy using samples from the posterior distribution can be
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approximated using the recursive copula splitting approach given in [27].
3 Numerical results

A beam connected to the ground via two sets of translational and rotational spring positioned along
the length of the beam, as shown on fig. 1, is investigated in this paper. This simple case study has
been chosen as it can represent a variety of practical situations where a component is attached to some
fixtures, but there are uncertainties that may due to its assembly, boundary conditions and/or
manufacture. In particular, in this case, the location of the first set of springs and the magnitude of
the rotational spring are investigated. A prior distribution is assigned to each of these two parameters.
The goal of the analysis is to select the most informative position of a sensor in order to update the
distribution of these two uncertain parameters. The utility functions defined in section 2 are used to

assess the optimal position of the sensor.

A A A Y o A A Ao,

L )
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L. |

Fig. 1. Beam attached to ground by translational and rotational springs.

The following geometric and material properties were used: L (length)=0.6 m; b (base)=0.04 m; h
(height)=0.003 m; p (density) =8000 kg/m3; E (Young’s modulus) =100 GPa; ki (translational spring
stiffness) = 1 kN/m; k> (rotational spring stiffness) = 101.7 Nm/rad; L1 (length to springs) = 0.181 m;
L2 (length to springs) = 0.4 m. Modal damping was introduced into the system (n=0.01 for all modes).

A force F (triangular pulse of length 10 ms and maximum amplitude of 50 N) applied at length L is

used to excite the beam. The parameters to be inferred are the stiffness k, of both rotational springs

and the location L, of the first rotational spring.
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A Finite Element (FE) model is used to calculate the transversal velocity signals of the beam at several
locations, to investigate the effects of the position of a single sensor on the utility functions. In
particular, a 2-dimensional Euler-Bernoulli beam model is considered. This is discretized uniformly
using 200 Euler-Bernoulli beam FEs with 2 degrees of freedom per node. Moreover, to simulate
experimental conditions, for each transversal velocity signal measure at each node point, ten different
realizations are created contaminating each signal using a white Gaussian noise with a noise to signal

ratio (rms) of 5%.

The numerically contaminated velocity signals obtained at each possible sensor location (where the
locations available are the ones at each node of the FE system) are post-processed using the
Eigensystem Realization Algorithm (ERA) [28] to calculate the modal properties. Therefore, it was
required to apply ERA 200 times to cover all the possible sensor locations in the system. These modal
properties are then used as the data observed in the likelihood function. The likelihood function is
then approximated by using the kernel smoothing function (ksdensity function of MATLAB [29])
on the set of modal properties obtained from ERA using the 10 different realizations of the
contaminated velocity signals for each possible sensor location. Uniform priors were used for both

the stiffness (100 Nm/rad to 103 Nm/rad) of the rotational springs and location (0.17 m to 0.19 m) of
the rotational spring. The joint posterior distribution of k, and L, is calculated using two Bayesian

model updating techniques [16]: Sequential Monte Carlo (SMC) sampling and the Transitional
Markov Chain Monte Carlo (TMCMC). In the SMC sampling approach [16] the samples obtained
from the prior were reused in all possible sensor locations to reduce the amount of forward
simulations needed and to investigate how the bias resulting from this approach could affect the
calculation of the utility functions. The results obtained with this implementation of SMC were
compared with the result obtained using the unbiased TMCMC [20] that required new simulations
each time a possible sensor location was considered. While SMC required 20,000 forward simulations
to obtain acceptable estimations of the posterior distribution, the TMCMC required only 6,000

simulations but each time a new sensor position was considered the forward simulations could not be
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reused.

Figures 2, 3 show the precision values obtained for the Bayesian D-posterior precision and Bayesian
A-posterior precision utility functions as a function of a sensor location along the length of the beam
when using SMC and TMCMC. In the following figures, for the TMCMC approach, no data is shown
for positions above a value of around 0.5 m, this occurs because from that position the TMCMC
algorithm fails to calculate the utility functions. However, the SMC approach is able to calculate the

utility functions for those locations.
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Fig. 2. Bayesian D-posterior precision values vs sensor location.
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Fig. 3. Bayesian A-posterior precision values vs sensor location.

The results obtained with the EIG utility function are shown in fig. 4. These results were obtained by
using the recursive copula splitting approach from [27] as using the Monte Carlo approximation
shown in eq.(7) resulted in evaluating likelihoods at supports of low probability density which lead

to arithmetic underflow.
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Fig. 4. Expected information gain vs sensor location.
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It can be observed that the three utility functions used have identified the same best sensor location
that is 0.106 m. Locations where the utility values were low were close to nodal points and hence the
modal properties resulting from ERA were less accurate. For this beam, the results obtained using the
three different utility functions investigated, have been found to be similar. However, it is expected
that if a large number of physical parameters would have been inferred, the utility functions may have
shown dissimilar results as the sensor location that maximises the joint posterior precision may have

not been the same as the sensor location that maximises the marginal posterior precision.

It was also shown that for this case study the SMC and TMCMC provide similar results. The
discrepancies found in the values of the utility function are largely due to the bias introduced by
reusing samples from the prior and the choice of using a sequential importance sampling algorithm
instead of a sequential importance resampling algorithm. If a sequential importance resampling
algorithm had been chosen a lower bias would have been introduced in exchange for a higher

computational cost.
4 Conclusions

The optimal sensor placement for the identification of two physical parameters of a beam attached to
ground by translational and rotational springs has been investigated by considering three utility
functions: Bayesian D-posterior precision and Bayesian A-posterior precision, and Expected
Information Gain. It was shown that these utility functions led to the same best sensor location. As
expected, poor values of the utility function were found for locations close to nodal points, as the
modal properties estimated by ERA were less accurate. This result is expected as the measurements

obtained at nodal points would not have as much information as other points along the beam system.

The utility functions chosen require the calculation of the posterior distribution. Therefore, the
computational cost is reliant on the Bayesian Inference technique being used. However, the choice of
the inference technique usually shows a trade-off between computational cost and accuracy. Reusing

samples, as in SMC techniques, may limit the amount of likelihood evaluations but this is at the risk
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of not evaluating samples close to regions of high probability densities. However, it was found that
SMC and TMCMC lead to the same results for the case under investigation. The current challenge
for the Bayesian Optimal Design approach would be the development of a fast inference technique

that estimates the posterior at a limited computational cost.
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4.2 Conclusions

In the paper Il attached in this chapter, the sensor placement problem is investigated using a Bayesian
experimental design framework. Information collected by the sensors is used to define the locations
and number of sensors that minimise the prior uncertainty associated with the parameters to be
estimated. Consequently, the primary objective of the framework is the minimisation of the
uncertainty related to specific physical parameters defined by the practitioner. This is accomplished

by comparison of various metrics known as utility functions.

In paper Il, an example of sensor placement involving a beam connected to the ground by two
supports, each built with two springs, one rotational and one translational is illustrated. The example
investigates the optimal sensors’ locations along the beam according to three different utility
functions, so two physical parameters can be identified. It was found that the readings of sensors
located at areas close to nodal points produce poor estimations of the modal properties, and therefore,
their information content is low. It was also found that for all three utility functions, the optimal

locations to place the sensors were the same.

Theoretically, the algorithm can be applied for an increasing number of sensors. This would be done
by seeking the configurations that maximise the utility functions for those greater number of sensors.
However, as the number of sensors is increased, the computational cost of the calculation escalates
to the point of becoming unfeasible. An alternative procedure to obtain the optimal sensor
configuration would be to use a sequential approach. This procedure would begin with a unique
sensor for which the position that maximises the chosen utility function is found. Then, without
changing the position selected for the first sensor, a second sensor location is chosen in such a manner
that it maximizes the utility function. The process is iterated until the chosen number of sensors is
reached. Although the scheme might not result in the most optimal sensor configuration, it reduces

significantly the computational cost associated with the sensor location optimization.
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An important issue identified in this paper is the robustness of the selection of the optimal sensor
location. This phenomenon may be studied considering the values of the utility function in the
proximity of the optimal location. It may occur that the value of the utility function drops significantly
in the proximity of the optimal location, and therefore, the placement of the sensor will be very
sensitive to misplacement. In paper I, the key issue identified is the requirement of a quick inference
method that may allow the calculation of the posterior of the relevant uncertain parameters at a low

computational cost. This key issue is tackled in the next chapter.
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Chapter 5 - Limited information in operating conditions — updating

our physics-based model

To assess the behaviour of an engineering system characterised by uncertain parameters, statistically
updated models may be used. Observations taken from an experiment may be used as inputs in a
statistical model updating framework with the purpose of defining the values or intrinsic variability

of those latent parameters [19].

The engineering problem of inferring some uncertain parameters that is encountered in some physical
systems characterised by an expensive-to-run detailed deterministic model, is tackled in this chapter.
The detailed deterministic model is considered as a black-box function. The likelihood function
calculated during the inference process is determined by analysing the differences between the
features derived from the physics-based model, and the ones generated by the gathered experimental
data. The objective is to present a methodology that can be implemented even in the cases where
there are restrictions in computational and/or time resources, and therefore, the number of runs the
simulation code can be performed is limited. This approach allows a computationally efficient

Bayesian model updating approach.

Two main disadvantages arise when sampling-based methods are employed: a first drawback is that
usually, these techniques demand the adjustment of a significant number of parameters to achieve
sampling efficiency of the algorithm; a second weakness is the necessity of using a significant number
of samples, and as a consequence, the high computational burden implied. The applicability of these
sampling methods might be limited if tight time constraints or restricted computational budget are
present, as those techniques involve multiple evaluations of the expensive-to-run models used to
describe the physics of the real system. Additionally, some limitations in the scalability and range of

applicable problems [53,54,61-63,73] are found in the MCMC techniques [74-76].

Some engineering problems in structural dynamics imply multimodal distributions of some model

parameters. Therefore, a methodology able to manage this kind of distribution of the model
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parameters is required. Precise capture of multimodal distributions may not be performed unless
many simulations are run. This is a common problem in engineering as only a limited number of

evaluations is possible, and this increases the chance of poor predictions of the uncertain parameters.

With the objective of overcoming the above-mentioned limitations, V1 is investigated. The Machine
Learning community has employed VI [55] with the purpose of approximating posterior distributions

using an optimisation-based perspective to the inference process.
5.1 Paper Il — ‘Structural Model Updating Using Variational Inference’

This paper is reproduced as originally published with minor revisions:

‘lgea F., Chatzis M.N., Cicirello A., Structural Model Updating Using Variational Inference,
Structural Health Monitoring 2021, Enabling Next-Generation SHM For Cyber-Physical Systems,

2021°.

https://doi.org/10.12783/shm2021/36282

5.2 Paper IV — ‘Cyclical Variational Bayes Monte Carlo for Efficient Multi-
Modal Posterior Distributions Evaluation’

This paper is reproduced as originally published with minor revisions:

‘Igea F., Cicirello A., Cyclical Variational Bayes Monte Carlo for Efficient Multi- Modal Posterior

Distributions Evaluation, Mechanical Systems and Signal Processing, 2023’.

https://doi.org/10.1016/j.ymssp.2022.109868
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Abstract

Monte Carlo sampling approaches are frequently used for probabilistic model updating of physics-
based models under parametric uncertainty due to their high accuracy. The model updating
framework produces a model that represents the real system more accurately than the prior knowledge
or assumptions. This statistically updated model may prove useful if Structural Health Monitoring
(SHM) techniques are to be applied. However, the updating of the models requires the use of a high
number of samples, implying a high computational cost. Another additional disadvantage of these
methods is that most of them require the calibration of a high number of parameters for their algorithm

to become sampling efficient.

Variational inference (V1) is an alternative approach for inference often used by the machine learning
community. An optimization algorithm is employed to choose from a family of distributions the
member that best approximates the posterior. In the method described in this paper the variational

posterior that maximises the evidence lower bound (ELBO) is chosen.

An approach based on V1 is proposed and implemented on two different numerical examples to infer
the uncertain parameters by postulating a variational posterior distribution given by a multivariate
Gaussian approximation. It has been found that the number of samples required for the calculation of

the posterior is reduced compared with Monte Carlo sampling approaches, however this occurs at the
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cost of some accuracy. The methodology will be helpful for the development of enhanced SHM

strategies that require fast inference under a limited computational budget.
1. Introduction

Structural Health Monitoring (SHM) includes non-intrusive methods for detection of abnormal
conditions on a structure [1]. To achieve so, a Bayesian Inference framework can be used to update
a model using measurements obtained from sensors deployed in the structure so that possible
structural damages can be observed [2]. In particular, Model Updating (MU) techniques can be

employed for the detection and assessment of possible structural damages [3].

The application of stochastic MU methods based on sampling techniques might be severely limited
if the behaviour of the structure is described by a model of high complexity [4,5], as in these cases
the methodology implies a high computational cost or lengthy lead times. In particular, in the
structural dynamics community stochastic MU methods have relied on the use of sampling Monte
Carlo methods such as the Markov Chain Monte Carlo (MCMC) technique [3]. These techniques can
introduce a bias [6], and even though the Markov Chain converges to the posterior distribution, the
number of samples required to achieve convergence may not be known before the algorithm is run
[3]. Therefore, their applicability for optimal sensor placement statistical schemes [7], and for

Bayesian experimental design [8] is compromised.

As an alternative to the computationally expensive MCMC techniques, Machine Learning (ML) users
have developed an optimization approach for the inference problem called Variational Inference (V1)
[9]. The VI methods suggest several distributions from which, based on the available data, the
distribution that approximates best the posterior is selected at a lower computational cost. These
methods differ from approaches such as variations of the Kalman Filter [10,11] that are commonly
used for online time series forecasting and input estimation. The main differences that VI methods
have are that the postulated posterior is not limited to Gaussian distributions, how the sampling is

chosen and the optimisation routine used to update the unknown variables is based on the
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maximisation of the Evidence Lower Bound (ELBO).

In this paper, an efficient methodology to infer uncertain parameters for structural systems described

by deterministic models, based on the VI methods, requiring a limited number of runs, is proposed.
2. Bayesian Inference framework

The Bayesian Inference framework allows the combination of a physics-based model with uncertain
model parameters @ and information Y, obtained in the form of measurements on some observed
variables. Before any measurements are performed [3], the prior knowledge of the uncertain

parameters @ is described by the prior pdf p (0) . As new information becomes available in the form

of measurements on some variables Y, a likelihood function p(yobs |0) can be used to describe
how acceptable is the model to describe the observed measurements given the uncertain parameters

@, is chosen. The likelihood function p(yobs | 0) is constructed as a function of both the model and

the measurements performed [3]. Using the Bayes theorem [3], the posterior p(0| yobs) of the

uncertain parameters of the model @ are calculated using eq.(1):

) — p(e) p(yobs | 0)

0 obs
p( | y i p(yobs) (1)

The posterior pdf p(0| yobs) is normalised using the evidence term p(yobs). The evidence term

p(yobs) is usually neglected as it is not necessary in the inference of the uncertain parameters [3].

The accuracy that can be reached using sampling methods is mainly limited by the number of samples
used by the sampling algorithm [3]. As a result, those methods’ precision is restricted only by the

computational power and time available.
3. Variational inference for model updating

Variational inference (VI) is a method that frames the probabilistic inference of the posterior

probability density function (pdf) into an optimization approach [9]. Usually, in this approach the
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posterior pdf is approximated assuming that the posterior pdf belongs to a family of densities ¢, and
the member q(e) that best approximates the posterior density is chosen using an optimization

scheme [9]:

q (6) =argmin KL(G(6)] p(6] Vo)) )
q(0)e0
where KL is the Kullback-Leibler (KL) divergence (relative entropy), defined as:

KL o N Alog] — "2 |d@
(Q( )” p(6 | yo )) :[q( ) g( p(6 | yobs)]

The KL divergence is used to measure how dissimilar is a distribution compared to a second reference

distribution. It is a non-negative measure and it is non-symmetric.

The calculation of the optimal member q(H) and its parameters that minimize eq.(3), cannot be
analytically computed as the evidence term should be known beforehand [9].

In this paper, to approximate the posterior, a multivariate Gaussian with a full covariance matrix able
to capture highly correlated posteriors for which parameters are obtained by maximizing of the

evidence lower bound (ELBO) using stochastic gradient descent [12], is assumed, as described in

what follows.
3.1 Postulated posterior

The multivariate Gaussian approximation of the posterior facilitates the capture of posteriors
p(0| yobs) that are frequently encountered in engineering applications. The q(t9) is therefore

expressed as:
q(6)=q,(0) =NV (6, 1%) (4)

In eq.(4) above, X is a full covariance matrix, and u is the mean. Parameterization of the variational
posterior (@) is performed in terms of ¢ = (u,Z).
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3.2 Evidence lower bound (ELBO) equation

It is not feasible to calculate analytically the KL divergence between the posterior p(49| yobs) and its

approximation q(H) in a direct manner [9]. Therefore, it is common [9] to rewrite the objective
function in terms of the evidence lower bound (ELBO) shown by eq.(5) that equals to a constant

minus the KL divergence between the prior p(&) and posterior approximation ¢ (6).

ELBO(q) = Z[log p(8, Yus) ]~ E[log ()] = £[l0g P(Yys | )] -KL((E)] P(6)) ©)
This leads to the following optimization problem:

argmax ELBO(q) = arg min KL(q(6)] (6] Y,s)) (6)

q(6)eQ q(0)eQ

For most of the problems found on structural dynamics, the models are highly complex, and therefore,

an analytical solution for eq.(6) cannot be found, as no simple expression of the expectation

E[log p(8]|y,,)] exists.
3.3 Implementation of proposed method

The proposed approach can be summarized in the following steps:

i.  Asetof simulations of the physics-based model to be updated are run.
a. For the samples chosen, prior and likelihood values are calculated.
ii.  Calculation of ELBO value.
iili.  Update the terms of the variational posterior.

iv.  Check if stopping criteria have been met, if not repeat from step i.

A flowchart of the main blocks involved in the proposed method are shown in fig. 1.
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Fig. 1. Flowchart of proposed approach.

At each iteration a prescribed number of iterations is set to calculate the ELBO value. The stopping
criteria can be chosen to be based on a total number of simulations or number of iterations or when
the algorithm has reached convergence. To assess if convergence has been reached, a parameter
defined as patience term [12] is specified. This patience term is the number of successive times that

it is admissible for the ELBO to have an equal or greater value to the preceding ELBO.

The stochastic Gaussian variational approximation algorithm proposed by Zhou et al [12], is used to
solve the optimization problem in eq. (6). The method factorizes the covariance matrix employing a
low rank plus diagonal (LR+D) structure, guaranteeing the unique optimal variational parameters
through the introduction of two geometrical manifold constraints on those variational parameters

[12]. The detailed steps of the algorithm can be found in [12].
4. Numerical results

Numerical results obtained using the proposed method for two different examples are shown: the first
a two-degree-of-freedom (2-DoF) mass-spring system and the second a uniform mass beam system.

For both examples, results obtained with the proposed method and MCMC are compared.
4.1 Two degree of freedom system

Let us consider the 2-DoF mass-spring system shown in fig. 2 below. The 2-DoF shear mass-spring
system has springs of equal stiffnesses k =k, =2N/m; and masses m, =1kg and m, =5kg. The
natural frequencies that correspond to the specified properties of the two-degree-of freedom system
are given by: f, =0.4359 Hz, f, =2.0518 Hz . To simulate experimental conditions where the natural

frequencies are taken as measurements to update the physics-based model, two assumptions are made:
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the system is assumed to experience free vibration and the two natural frequencies of the system
follow likelihood functions with means the actual deterministic values of those two natural
frequencies, and standard deviations of 2% of the values of the natural frequencies. In this example,

the 2"¥ mass is assumed to be unknown and using the ‘experimental measurements’ the posterior pdf

of the m, parameter is updated.

k: k-

L ANANANM mi J\/\N\/\_ m;:

Fig. 2. Two degree of freedom system.

For the proposed method, to achieve convergence on the parameters of the Gaussian variational
approximation, with the patience term set to five, it was required to run 34 iterations of 5 samples

each (5 simulations of the physics-based model), giving a total of 170 simulations.

When running the MCMC approach using the Metropolis-Hastings algorithm, 2000 samples were

needed for convergence (in mean and standard deviation) to the posterior distribution.

Results shown in the Table 1 indicate that to obtain values of comparable accuracy the proposed
approach requires a significantly lower number of samples than the MCMC method. The number of

samples refers to the number of forward evaluations of the physics-based model.

It can be seen from fig. 3b that after approximately eight iterations the ELBO value stabilizes. During
the first eight iterations, a high variation of the values of the mean and standard deviation of the
variational Gaussian approximation is observed in fig. 3c and fig. 3d. After approximately twenty-
five iterations, the mean and standard deviation reach values significantly similar to the final

estimations.
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Fig. 3. Results for 2-DoF shear mass-spring system using MCMC and proposed approach. a)
MCMC trace plot for 2" mass. b) Evidence lower bound (objective function) at each iteration. c)
Mean of the normal distribution of the 2" mass at each iteration. d) Standard deviation of the

normal distribution of the 2" mass at each iteration.

Table 1: Comparison of results

Method Mean Std. N. of Iterations ELBO
samples
MCMC 5.03 0.213 2,000 - -
Proposed
5.01 0.226 170 34 4.38
approach

4.2 Uniform mass beam system

A uniform mass beam system connected to ground via two sets of translational and rotational springs
positioned along the length of the beam, as shown on fig. 4 below, is investigated in this section. This
case study has been chosen as it can represent a variety of practical situations where a component is
attached by some fixtures, but there are uncertainties in the physical properties of the fixtures that

may be due to its assembly, boundary conditions and/or manufacture.
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An FE model is used to calculate the natural frequencies of the system assuming free vibration
conditions. Moreover, to simulate experimental conditions, it was assumed that the likelihood
function of each natural frequency has as the mean the values of deterministic system, and as its
standard deviation a 2% magnitude. The following geometric and material properties were used: L
(length)=0.6 m; b (base)=0.04 m; h (height)=0.003 m; p (density) =8000 kg/m3; E (Young’s modulus)
=100 GPa; ki (translational spring stiffness) = 1 kKN/m; k> (rotational spring stiffness) = 500 Nm/rad;
L1 (length to springs) = 0.2 m; L2 (length to springs) = 0.4 m. The natural frequencies that correspond

to the specified properties of the uniform mass beam system are given by:

f =9.26 Hz, f, = 26.80 Hz, f, = 48.74 Hz, f, =86.17 Hz, f, =210.06 Hz, f, = 295.75 Hz,

f, =407.80 Hz and f, =623.59 Hz . In this example, the density of the uniform mass beam p and the

rotational springs stiffnesses k. are assumed to be unknown and using the ‘experimental

measurements’ their posterior pdf is updated.

As shown on fig. 5, a total of 850 simulations (85 iterations of 10 samples each) has been required to
achieve convergence on the parameters of the Gaussian variational approximation, where a patience
value of ten was used. A total of 2000 samples (forward evaluations of the physics-based models)

were required for the posterior distribution to converge when the MCMC method was used.

B R A ]

L L

Fig. 4. Beam system attached to ground by translational and rotational springs adapted from [13].
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Fig. 5. Results for uniform mass beam system of the evidence lower bound (objective function) at

each iteration for the proposed approach.

Table 2: Comparison of results

Method Mean Cov. Std. N.of Iterations ELBO
samples
80235]  [268109 62542 [163.7]
MCMC 2,000 - -
| 511.8 | | 62542 26776| | 51.7 |
Proposed [8006.2]  [204052 4329.1] [142.8]
850 85 -18.37
approach | 508.0 | | 4329.1 21190 | | 46.0 |

As in the previous example, Table 2 above shows that to find results of comparable accuracy, the
number of samples required by the proposed approach, is lower than the one needed when the MCMC
method is used. The proposed approach is able to deal with several highly correlated parameters due

to the use of a full covariance matrix.
5. Conclusion

An approach has been proposed to estimate the posterior distribution of the uncertain parameters of
physics-based model when new data becomes available. In particular, Variational Inference (V1) for
model updating is used as an alternative to sampling approaches to reduce the number of model

evaluations. In the cases studied (a two-degree of freedom system and a beam system attached to
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ground by translational and rotational springs) is has been shown that the number of samples required
to obtain an estimation of the posterior with the proposed approach are lower than when using the
MCMC approach. However, a reduction of computational time is usually seen at the expense of lower
accuracy due to the reduced number of simulations and/or postulated posterior that are not able to

capture the true posterior.

The proposed approach uses a multivariate Gaussian postulated posterior with a full covariance
matrix able to capture highly correlated posteriors. This approach is useful for cases where the
uncertain parameters can be approximated by a multivariate Gaussian distribution. A possible
extension to this approach would be the use of Gaussian mixtures for the postulated posterior, as they
are able to capture complex smooth posteriors and/or multimodal posteriors. The method would also
benefit from the development of a sample-efficient algorithm that chooses samples in the vicinity of
the high values of the unnormalized posterior, and from the reuse of samples in such a manner that

the amount of simulations would be further reduced. These topics are currently under investigation.
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Abstract

Multi-modal distributions of some physics-based model parameters are often encountered in
engineering due to different situations such as a change in some environmental conditions, and the
presence of some types of damage and non-linearity. In statistical model updating, for locally
identifiable parameters, it can be anticipated that multi-modal posterior distributions would be found.
The full characterization of these multi-modal distributions is important as methodologies for
structural condition monitoring in structures are frequently based in the comparison of the damaged
and healthy models of the structure. The characterization of posterior multi-modal distributions using
state-of-the-art sampling techniques would require a large number of simulations of expensive-to-run
physics-based models. Therefore, when a limited number of simulations can be run, as it often occurs
in engineering, the traditional sampling techniques would not be able to capture accurately the multi-
modal distributions. This could potentially lead to large numerical errors when assessing the

performance of an engineering structure under uncertainty.

Therefore, an approach is proposed for drastically reducing the number of models runs while yielding

accurate estimates of highly multi-modal posterior distributions. This approach introduces a cyclical
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annealing schedule into the Variational Bayes Monte Carlo (VBMC) method to improve the
algorithm’s phase of exploration and the finding of high probability areas in the multi-modal

posteriors throughout the different cycles.

Three numerical and one experimental investigations are used to compare the proposed cyclical
VBMC with the standard VBMC algorithm, the monotonic VBMC and the Transitional Ensemble
Markov Chain Monte Carlo (TEMCMC). It is shown that the standard VBMC fails in capturing
multi-modal posteriors as it is unable to escape already found regions of high posterior density. In the
presence of highly multi-modal posteriors, the proposed cyclical VBMC algorithm outperforms all
the other approaches in terms of accuracy of the resulting posterior, and number of model runs

required.

Keywords: Bayesian Inference; Variational Inference; Bayesian Quadrature; Gaussian Process;

Model Updating; Cyclical Annealing;

1 Introduction

Statistical model updating techniques are frequently used in engineering to quantify the inherent
variability of some uncertain latent parameters, or to identify the unknown values of latent parameters
used in physics-based models in the light of measurements of some observable quantities [1]. These
statistically updated models can then be used to evaluate the behaviour of an engineering system
under uncertainties. For example, the statistically updated model can be used for assessing the
performance of a structure with uncertain input parameters under various loading and environmental

conditions, and/or to assess the remaining useful life of such structure [1-4].

Multi-modality on the distributions of some physics-based model’s parameters of an engineering
system is frequently found [5]. Multi-modality in the latent parameters of a physics-based model may
be encountered due to different reasons such as changes in the environmental conditions [6] (e.g.,

change in stiffness due to varying temperature), the presence of some types of damage and non-
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linearity [7] (e.g., change in localised stiffness due to opening and closing of a crack). In statistical
model updating it is also expected to find multi-modal distributions for locally identifiable problems

[8] (e.g., multiple stiffnesses combinations result in the same observations).

Several papers have illustrated practical engineering examples, in which either the input or response
parameters follow multi-modal distributions. In these engineering examples, as either the input or
response parameters are shown to follow multi-modal distributions, it is expected that the distribution
of the latent uncertain parameters that are affected by either the input or response will also result in a
multi-modal distribution. The vibratory load undertaken by the blade of a wind turbine [9], shows a
multi-modal distribution when under stochastic excitations. Stresses found at the start and shutdown
of generator turbine rotors also show multi-modal distributions [9]. Using long-term monitoring data,
it was verified [10,11] that the structural fatigue stress of a steel bridge follows a bi-modal
distribution. For nanostructured zirconia coatings, it was observed [12] that the Knoop microhardness
follows a bi-modal distribution. Papers [13,14] demonstrated that the axle load spectra can be used
for estimating the relative pavement damage of roads. The axle load spectra follow a bimodal

distribution as it considers the trucks’ weights when unloaded and loaded.

This paper is focused on the inference of multi-modal uncertain parameters of expensive-to-run
detailed physics-based models frequently encountered in engineering problems. Within the standard
statistical model updating framework [1], the misfit between the features extracted from the
measurements and those obtained from the model are used to calculate the likelihood function that is
used in the inference scheme. However, because of computational budget and/or time constraints, the
number of model evaluations that can be carried out, may be limited. This would significantly hinder
the accuracy of the resulting posterior even when applying state-of-the-art statistical model updating
approaches. For example, statistical model updating is often implemented by using sampling-based
techniques [1]. However, these techniques, including Markov Chain Monte Carlo (MCMC), show a
trade-off between computational cost and accuracy, as the convergence of the Markov Chain to the

posterior distribution is improved as the chain size lengthens, and therefore the number of physics-
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based model runs increases [1]. Moreover, Monte Carlo-based techniques introduce a bias, and the
number of runs required to achieve convergence is generally unknown when starting the algorithm

[1,15].

Alternatively, Variational inference [16] has been used by the machine learning community to
estimate posterior distribution approximations employing an optimization approach to reduce the
number of model runs required for the inference problem. In simple terms, most variational inference
methods propose a family of distributions where the member of the family that best approximates the
posterior is chosen [16]. Compared to sampling techniques such as MCMC [17-19], the recent
variational inference techniques [20-24] are more numerically scalable and may be used in a wider
range of problems due to significant advances in the optimization process [16]. Nevertheless, MCMC
based techniques are still the preferred method, as they guarantee convergence to the correct
posteriors [23]. However, the disadvantage of these techniques is their high computational cost in
order to yield accurate posterior distribution estimates, especially in the presence of highly multi-

modal posteriors.

The Variational Bayes Monte Carlo (VBMC) [24,25] has been recently developed to provide an
efficient estimation of the model evidence and of the posterior. The method combines active-sampling
Bayesian quadrature [26,27] with variational inference [16]. In a nutshell: (a) a postulated posterior
is obtained using a Gaussian mixture; (b) the parameters of the Gaussian mixture are obtained using
the evidence lower bound (ELBO) as the objective function to be maximised; (c) the expensive to
evaluate log unnormalized posterior distribution is replaced by a statistical surrogate model
constructed using a GP [28]; (d) active sampling is carried out using ‘smart’ acquisition functions
applied to the GP model to perform a guided local refinement of the GP model; (e) the Bayesian
quadrature [26,27] is implemented to carry out fast integrations in the variational objective; (f) a
warm-up process is introduced to avoid the algorithm getting initially stuck in areas of very low
probability under the true posterior. During the initial phases of the warm-up, significant

improvements of the ELBO are rapidly obtained; (g) the algorithm adaptively adjusts the number of
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components in the variational mixture, adding or removing components based on the level of
improvement found on the solution. As a result, the VBMC framework [24,25] is highly efficient.
However, the application of VBMC to statistical model updating in engineering problems requires
addressing the following challenges: (i) How to select the limited number of initial simulations to
build the initial GP? (ii) How to select the new samples to account for multi-modality in the posterior

distribution?

To tackle these challenges, the cyclical VBMC approach is proposed. Both first (i) and second (ii)
issues, are tackled by introducing an artificial temperature parameter that anneals the unnormalized
posterior. This parameter improves the exploration abilities and mode coverage of the algorithm, so
the limitations introduced by the limited number of samples and a poor initialization are overcome.
This annealing schedule enhances the exploration phase of the cycle and the discovery of regions of
high probability density in multi-modal posteriors, as it avoids the algorithm getting stuck in the

initially found regions of high probability.

The core of the inference strategy employed in the standard VBMC is the same as the one shown in
[29], and it is based on Bayesian quadrature and Variational Inference with a postulated multivariate
Gaussian mixture. However, both approaches [29] and [24,25], are such that once a mode of the
distribution is found, they are not capable to explore further the uncertain variable domain to identify

other modes.

Compared to the work by Ni et al [29], the main differences introduced by the proposed algorithm
are: (a) the use of a different acquisition function that selects new points prioritizing the areas of
greater probability density compared to the acquisition function based on the absolute value of the
mean divided by the standard deviation of the GP surrogate model; (b) variational whitening is
performed to deal with posteriors that are highly correlated; (c) convergence criteria based on ELBO
compared to the use of criteria related to the vector of variational parameters and the values of the
Gaussian mixture weights; (d) the introduction of a warm-up process; (e) the adaptive adjustment of

components in the variational mixture; (f) a cyclical annealing schedule to improve the exploration
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capabilities of the algorithm for dealing with multi-modal posteriors.

The performance of the proposed cyclical VBMC method is assessed with respect to the standard
VBMC [24,25], the monotonic VBMC, and the state-of-the-art sampling approach Transitional
Ensemble Markov Chain Monte Carlo (TEMCMC) [30] considering both multi-modal and unimodal

posteriors of physics-based models’ parameters.

The paper is structured as follows. In section 2, the Bayesian model updating framework and
variational inference are reviewed. The main building blocks on the cyclical VBMC algorithm are
described in detail in section 3. The results obtained from three numerical examples and one
experimental investigation are presented in section 4. The conclusions of the proposed cyclical

VBMC algorithm are then discussed in section 5.
2 Bayesian model updating framework

The Bayesian model updating strategy enables the combination of a physics-based model that
includes uncertain parameters @ which cannot be directly observed (also known as latent variables),

described by probability density functions, the so-called prior distribution, with new information
obtained from measurements of some observable quantities Y, [2,3]. These measurements can be

expressed in different forms such as time history, modal properties, etc. This approach results into an
updated physics-based model with parameters described as probability density functions, the so-
called posterior distributions. This statistical updated model, that is more representative of the real
system, can then be used to investigate the behaviour of the system under different loading conditions

in order to predict its performance with respect to safety, quality, design or cost constraints [1-4].

In particular, a prior probability density function p(é) that reflects the prior knowledge of the
uncertain parameters @ before any measurements on some observable variables y are taken, is
assigned to the parameters. Then a likelihood function P(Y,,|60) that reflects the level of
acceptability of the physics-based model, given a set of uncertain parameters @ to describe the
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measurements is constructed. This is done by using features extracted (e.g., natural frequencies) from
the response obtained with the physics-based model, and the corresponding ones extracted from some

measurements. The approach results into an updated statistical physics-based model with its latent
variables described as posterior probability density functions P(@]Y,,) that can be calculated using

[2,3]:

P(@) P(Yoss | ©)

1
p(yobs) ( )

PO Yous) =

where p(Y,,) is defined as the evidence, and it serves as a normalization constant for the posterior

probability density functions. The posterior p(€]Y,,) can be computed analytically if the prior and

likelihood distributions are part of the conjugate family. However, this is not necessarily always the

case, and therefore, numerical integration may be necessary.

As the evidence term in Bayesian Inference is a numerical constant, and it is independent of the
uncertain parameters @ [1], sampling techniques (e.g., MCMC) [8,31,32] can be used to obtain

samples from the posterior distribution using the following proportional relationship:

p(e | yobs) o p(a) p(yobs | 0) (2)

Variational inference takes an alternative approach to sampling methods by minimising the KL
divergence between the best member q(6) of a postulated family of densities Q and the posterior
density, and therefore bypassing the calculation of the evidence term [16]. The posterior distribution
is then obtained by transforming the statistical inference problem into an optimization problem. The
optimization scheme chooses the member of the family () that is ‘closest’ to the posterior density

by converting the minimization of the KL divergence in a maximization of the evidence lower bound

(ELBO) objective function. An extensive review of variational inference can be found in [16].

In computer science, several approaches [21-25,33,34] have been developed to circumvent the need

of an analytical expression of the ELBO equation, and to reduce the number of evaluations of the
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physics-based model to be carried out. One of these approaches is the Variational Bayesian Monte
Carlo (VBMC) [24,25]. In this paper, a variant of the approach called cyclical VBMC is proposed
for addressing the statistical updating problems in engineering where multi-modal posteriors are

expected.
3 Cyclical Variational Bayesian Monte Carlo framework

The cyclical VBMC approach is based on the VBMC algorithm, it has been developed to deal with
multi-modal posteriors in an efficient way by introducing an artificial temperature parameter that
anneals the unnormalized posterior. The proposed method overcomes the drawbacks of limited
function evaluations and a poor initialization of the VBMC algorithm by introducing the cyclical

schedule that improves the exploration abilities and mode coverage of the algorithm.

Given an expensive-to-evaluate computational model of an engineering system, for which prior
information on the unknown latent parameters and measurements obtained from the engineering
system are available, the proposed approach aims at minimising the number of function evaluations
compared to state of the art Bayesian sampling approaches, while obtaining an accurate description
of the posterior. The approach consists of two main parts: the initialization of the algorithm and the
procedure used to update the parameters in the posterior variational distribution. These two main

parts are shown in fig. 1 and fig. 2 respectively.
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Fig. 1. Initialization blocks of Cyclical VBMC algorithm.
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Fig. 2. Cyclical VBMC algorithm blocks.

The initialization of the algorithm shown in fig. 1 begins with assuming a variational posterior that is
flexible, and able to capture smooth posteriors. This is done by using a Gaussian mixture as the
postulated posterior. The multivariate Gaussian mixture model provides a flexible way of describing
any continuous density by taking linear combinations of Gaussian distributions (with adjusted means,
covariances and the linear combination coefficients). Almost any continuous density can be
approximated to arbitrary accuracy [35], therefore, this is chosen as the postulated posterior. Then,
an initial set of parameters that is given as input to the physics-based simulation is chosen, and its
output is calculated. Given an assumed prior and likelihood function, the logarithm of the
unnormalized posterior is calculated. Cyclical annealing is also introduced by replacing the log
unnormalized posterior values with the annealed log unnormalized posterior values. A Gaussian
Process (GP) regression model using as training points the logarithm of the annealed unnormalized
posterior values is employed to build a probabilistic surrogate of the logarithm of the annealed
unnormalized posterior. Using Bayesian quadrature [26,27], the GP can then be used to calculate the
ELBO and evidence lower confidence bound (ELCBO) values. Finally, the updated variational

parameters are obtained.

The second part of the algorithm shown in fig. 2, consists of a total of T iterations, and it starts with
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active sampling to select samples for the physics-based model that are run at locations that maximize
an acquisition function. The acquisition function is chosen in such a manner that sampling is
encouraged at high probability regions of the log unnormalized posterior. A prescribed number of
cycles and total iterations is set to produce both, an exploration phase and an exploitation phase. The
GP regression model is built and the GP’s hyperparameters are automatically set by using the
maximume-a-posteriori estimates. In this paper it is done by employing initially slice sampling [36],
and subsequently gradient based optimization, as recommended to improve computational efficiency
in [24,25]. Bayesian Quadrature [26,27] is used to calculate the value of the ELBO. The ELCBO is
also calculated, and employed to evaluate the variational approximation’s improvement and also as
a convergence diagnostic. For each iteration, the stochastic gradient ascent is used to update the
parameters of the variational posterior. Variational whitening is also performed every few iterations
to deal with highly correlated posteriors. Once the stopping criteria have been fulfilled, the method

returns the variational approximation of the posterior, and the expectation and variance of the ELBO.

More details about the approach setup, core building blocks (dashed blocks of fig. 1 and fig. 2),
adaptive K components selection, active sampling, variational whitening and stopping criteria are

given in the following subsections.
3.1 Approach setup

Given a set of observations Y,,, and a model PM(X,8), x represents a vector with fixed model

properties known in advance, and @ is a vector of uncertain model parameters. The setup used in the

cyclical VBMC algorithm is described in the following subsections.

3.1.1 Variational approximation of the posterior q(&)
The selection of the variational posterior q(@) is flexible [22], and it should be made with the intent

to capture multi-modal posteriors P(@]Y,,) that can be encountered in engineering applications.

Without loss of generality, the variational posterior q(@) can be expressed with a non-parametric
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approximation that is provided by a Gaussian mixture with K components [24,25]:
¢ 2

Q(a)zzwk/l/(e;ﬂk’7kz) 3)
k=1

where the mixture weight, mean and scale factor are respectively given by Wk,M(,}/f, and X is the

covariance matrix:
s - diag [/1“)2,...,/1“”2] (4)

with d representing the number of unknown parameters to be inferred (i.e., length of the vector of

uncertain parameters & ).

The variational posterior is parameterized in terms of the vector of parameters

¢ = (wl,...,WK,M,...,yK,yl,...,yK,/l). As a result, the number of parameters to optimise in the

variational posterior d,(6) is given by d +(d +2)K, which is the length of the vector ¢ .

3.1.2 Selection of initial physics-based simulations

Given the uncertain parameters @, the initial step requires samples to be generated. If available, the
plausible lower bound ( PLB) and the plausible upper bound (PUB ) which limit the region of the
parameter space of high posterior probability mass should be specified. A set of points (as a rule-of-
thumb a total of 10 points) situated in the plausible box would be uniformly distributed at random

[24,25].

It might occur that the PLB and the PUB are not known. In that case, a set of initial points can be
chosen using different sampling methods such as Latin Hypercube Sampling (LHS) [37]. LHS is used

in the examples shown in section 4.

The initial points &, :[61,...,0 ] are used as inputs for the physics-based model to obtain the

Ninit
output response, where N, is the total number of initial points. The output response can be used to

construct features that are then used to evaluate the likelihood values given an assumed likelihood
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function. The likelihood function reflects the level of agreement between the features obtained by the
mathematical model and the measurements. Then, the unnormalized posterior of the initial points can
be calculated to build the GP of the annealed logarithm of the unnormalized posterior as described in

subsection 3.2.2.

3.2 Core building blocks

3.2.1 Cyclical annealing

The annealing process is used to flatten the objective function (the ELBO), and to reduce the chance
of the algorithm getting stuck in some local optima of the parameters of the variational posterior. The
annealing process produces a deterministic deformation of the objective function [38], by means of a

temperature parameter [30]:

1 1
p(0| yobs)temp oC [ p(e) p(yobs |0)]temp (5)
A fixed temperature implies that the true objective is optimized at a constant schedule, as
implemented in the standard VBMC algorithm. Monotonic annealing schedules, in which the
temperature is progressively reduced, are the most frequently used. The temperature decreases until

the algorithm reaches the true posterior [39].

Although the cyclical annealing schedule [39-42] has been used to deal with multi-modal posteriors
in the machine learning field. In this paper, it is the first time that the cyclical annealing schedule is
introduced into the combined Variational Inference and Bayesian Quadrature framework (VBMC
method) to yield a better representation of the posterior through the introduction of an exploration
phase with an improved target guidance. The introduction of the annealing schedule into the VBMC
method is of great interest as it is able to remove its inability to deal with multi-modal posteriors.
This occurs because the standard VBMC is unable to escape already found regions of high posterior

density. The theoretical foundations of the proposed strategy are described in [43].
Specifically, two phases, exploration and exploitation may be found as the temperature is decreased
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from its maximum to its minimum within each cycle. These phases are cyclically repeated for a
prescribed number of times to improve convergence. This enables the algorithm to explore areas of
high probability density that may otherwise have not been found. Specifically, during the exploration
phase, “paths” would start forming in regions where sampling would take place, producing a high
coverage of the support of the target distribution. During the exploitation phase, sampling takes place
at regions of high probability density. Therefore, the cyclical schedule gradually improves

convergence by reopening paths, and by leveraging on the previous cycles as warm re-starts.

The temperature parameter is the inverse of the parameter g, :
temp =1/ (6)

The parameter g, is defined in the interval [0,1], and it is calculated for each iteration step in the

cyclical VBMC algorithm. According to [39], the S, can be expressed as:
r
B=1{s’ (7)

where:

_mod(t—l,[S/M])
- SIM

(8)

and t=1:1:T is the iteration number, T is the number of total iterations for the annealing schedule,

M is the number of cycles, and S is a control parameter. The exceptional case of S, =0 is
circumvented by defining temp as an interval variable temp e[l, 50]. The control parameter S is

set to 0.5 as described in [39].

As a rule-of-thumb, if the user has a maximum number of simulations available N _ (e.g., 1000),

20% of these simulations (200) will be allocated for carrying out the cyclical annealing schedule.

Therefore, the total number of iterations for the cyclical annealing is obtained by considering the total
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number of simulations assigned per iteration (for example, 5 simulations per iteration would lead to
a total of T =40 iterations of the cyclical annealing schedule). The choice of the number of cycles
M depends on the trade-off between exploration and exploitation that the user wants to investigate.
For example, if M =5, it would mean that 8 iterations form 1 cycle, in which the temperature (eq.(6))
decreases from its maximum to 1. Once the total number of iterations for the cyclical annealing

schedule has been reached, the temperature is set to 1.

To introduce the cyclical annealing schedule into the algorithm, the log unnormalized posterior
log p(8, y,,,) is replaced with the annealed log unnormalized posterior 109 P eseq (6 Yore) , that is

defined as:
1
IOg Panneated (0’ yobs) = m Iog p(o’ yobs) (9)

3.2.2 Gaussian Process (GP) of the annealed logarithm unnormalized posterior

For the proposed cyclical VBMC, cyclical tempering is introduced into the algorithm, by simply

replacing the log unnormalized posterior f =log p(6,Y,,.) with the annealed log unnormalized

pOStEI’iOI’ f = IOg pannealed (0’ yobs)-

The annealed log unnormalized posterior f =100 Py exeq (6 Yors) , IS approximated using a GP

regression model [28]:

f ~GP(m, (6).k,,(6.8) (10)

where My, (0) is the mean function, and a covariance matrix is defined in terms of a kernel function

kgp (0, 0’). The typical choice when little is known about the function to be approximated [28] is to

use the squared exponential kernel that is expressed as:
/ 1 / —. !’
kgp(o,e):afAexp[—E(e—e)T z,l(o-o)j 1)
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Where o is the output length scale, and:
da.d
A=(2z)2 [IV (12)
i=1

is the normalization of the Gaussian, | is the vector of input length scales, the superscript ) refers

to the i-th dimension and X, is a diagonal covariance matrix:
s, =diag(1"",..., 1) (13)

The likelihood is assumed to be Gaussian with an observation noise o, >0 (to obtain numerical

stability [44]), and the shape of the mean function is assumed to be given by [24,25]:

s (69 -62,)
My, (‘9) =M, _1 g

— 14
A=g (4

Where M, is the mean’s maximum value, 6., is the location of the mean’s maximum value, and r
is the length scales’ vector [24,25].
The hyperparameters that define the GP are collected in a vector yxz[l,of ,oobs,mo,em,r], of

dimension 3d+3 . These hyperparameters y , are themselves defined in terms of a uniform

distribution or a truncated Student’s T distribution with mean 4, standard deviation 0, and v =3
degrees of freedom. Some of these GP hyperparameters [I,af o r] are defined in the log space.

The same distributions used in references [25] have been directly implemented and are given in Table

1.
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Table 1: Prior’s hyperparameters.

Hyperparameter Description Prior mean Prior scale

Input length scale .
logl® log Ngl-(')} log/10°

(i-th dimension)

log o, Output scale Uniform -

log o, Base observation noise log \/10_4, 0.5
m, Mean function maximum Uniform -
oW Mean function location Uniform -

max

(i-th dimension)
logr® Mean function scale Uniform -

(i-th dimension)

LY is defined by:

LD — pu® — pLB® (15)
Where the PLB and PUB limit the region of the parameter space of high posterior probability mass.
The calculation of the maximum-a-posteriori (MAP) of the hyperparameters may be performed by
any appropriate algorithm. Another possible option to calculate the hyperparameters would be to use
the maximum-likelihood-estimate (MLE) method. In this paper, the MAP of the hyperparameters is
first calculated using slice sampling, and the estimation is subsequently switched to a gradient based

optimization approach when the variability of the expected log unnormalized posterior is below a

threshold [24,25].
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By conditioning, the resulting GP predictive posterior mean function f_E (0) and posterior covariance
function C5(6,6') for a training data set E={@,h,o,,,,} (for N training inputs @=[6,,...,6, |, and

N observations h= f (@) with observation noise o, > 0) is given in closed-form [28] as:

f.(6)=E[(6)|E.¥]=k(6.0)[k(0,0)+Z,,(®)] (h-m(®))+m(6) (16)

C.(6,6')=Cov[ f (), (8)|Ew]=k(6.6')—Kk(6,0)[k(6.0)+%,,(0)] k(©.6')(17)

The observation noise matrix has the following form:
- dlag( obs ( ) U(fbs (eN )) (18)

As the annealed log unnormalized posterior 109 P, c.ied (6 Yos) is approximated using a GP model,

an analytical computation of the integral involved in the ELBO and ELCBO equation can be derived

using Bayesian Quadrature [26,27], as described in what follows.
3.2.3 The Evidence Lower Bound (ELBO) and Evidence Confidence Lower Bound (ELCBO)

The ELBO can now be expressed as [24]:
ELBO(g, f) =E,[10g P(6, V)] —E, [l0ga(6)] = E - [ E, [ ] ]+ 7 [a(6)] (19)

Where 72’[q(6’)] is the entropy of the variational posterior [24]. The integrals in eq.(19) can be

analytically computed [24,25] with the Bayesian MC statistical method also known as Bayesian

quadrature, so that [26,27]:

E=[2]=[ T (6)(6)de (20)
Vie[Z]=[[C.(66)7(0)x(6)dode (21)
where:

z=[.9(8)x(0)de (22)

135



In the proposed cyclical VBMC algorithm the function g(0) is given by the annealed log

unnormalized posterior 10g f (€) =109 P, eaeq (6 Yops) and 71(0) is the variational approximation to

the posterior q(8) [11,13].

The variational approximation’s #[q(6)] entropy is calculated using Monte Carlo sampling, and the

gradient is propagated using a reparameterization trick [34,45], which allows stochastic gradient

ascent [46] to be used to optimize the ELBO equation.

The evidence lower confidence bound (ELCBO) is [24]:

ELCBO(4, 1) =E - [E, [ f]]+Z[a(O)]~ BrcoyVie[E,[F]] (23)

where the term S, ., represents a risk-sensitivity term.

The ELCBO is the probabilistic lower bound of the ELBO, and it can be used to judge the variational
approximation’s improvement. As Vg [E¢ [ f ]] in eq.(23) decreases, the ELCBO value will
converge to the ELBO value [24].

The first two terms of the ELCBO equation are estimated as described before. The risk sensitivity

term [24] is usually setto S .z =3.

3.24 Update of variational parameters

The variational posterior is parameterized in terms of the variational parameters in the vector ¢ .

These variational parameters are updated by solving an optimization problem [24,25]:

é=arg ;nax {ELBO(g, )} (24)

This optimization is carried out using a stochastic gradient descent algorithm based on a variant of

the Adam optimization algorithm [47] to obtain the updated variational posterior.
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3.3 Adaptive K components selection

A warm-up stage is used in the initial iterations of the algorithm. In this phase, the variational

posterior is specified in terms of a K =2 Gaussian mixture with w, =w, =0.5. The warm-up phase

finishes when the improvement of the ELCBO for three consecutive iterations is smaller than 1, this

implies that the variational solution is stabilizing.

An adequate number of components K should be used to capture the true posterior [22]. The number
of components in the Gaussian mixture used for the approximation is adaptively chosen as described
in [24]. For this purpose, a component can be added to or removed from the Gaussian mixture. A
component is added to the Gaussian mixture after the ELCBO of the current iteration is greater than
the ELCBO found in the last four iterations. This is done as long as during the last iteration no mixture
component was removed. An additional condition can also be set to speed up the approximation as
explained in [24,25]. A component of the Gaussian mixture can also be randomly removed from the
variational solution, if it simultaneously occurs that the mixture weight is smaller than 0.01, and the
difference between the ELCBO of the variational solution in this iteration, and the ELCBO of the
variational solution after removal of that component, is smaller than 0.01. More information can be

found in [24,25].
34 Active sampling

Active sampling is employed to select a number of prescribed samples within each iteration at

locations which maximize an acquisition function.

These samples are the input parameters for which the physics-based model is evaluated. The

acquisition function a_, is chosen in such a manner that sampling is encouraged at high probability

regions of the log unnormalized posterior [24,25]:
B0 (6) =52 (0)exp( (), (6) (25)

where sé(e) is the variance of the GP posterior, exp(fE(e)) is the exponentiated GP posterior
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mean for a given training set =, and q, (0) is the variational approximation of the posterior at & .

Therefore, this acquisition function favours mostly exploitation of the knowledge obtained in the
previous iterations. To add an exploration phase, cyclical annealing is also introduced. This enables
the algorithm to explore areas of high probability density that may otherwise have not been found.
As shown in the first and second numerical example, cyclical annealing allows sampling of multi-
modal regions as an exploration phase occurs in the initial iterations of each annealing cycle. Due to
the exploitation nature of the acquisition function, the last iterations of each annealing cycle sample

at the already found modes.
3.5 Variational whitening

To deal with highly correlated posterior distributions, variational whitening is introduced in the
cyclical VBMC algorithm. This is carried out using a linear transformation of the inference space to
a new space where the covariance matrix results in a unit diagonal matrix [25]. The transformation

matrix W (rotation and scaling) is obtained using singular value decomposition (SVD) of the

covariance matrix of the variational posterior q(8). Variational whitening occurs after the reliability

index p(t) described in the next subsection is lower and or equal to 3. It is applied in increasingly

spaced intervals within iterations as illustrated in [25].

3.6 Stopping criteria

To determine the number of required iterations, the algorithm uses a reliability index p(t) >0, that
suggests the stability of the variational solution. The algorithm is finished if the value p(t)<1is

found at the end of n 8 consecutive iterations, where a maximum of one intermediate iteration

stable —

may be unstable, or if a predetermined number of iterations n,.,, is reached.

The value at iteration t of the reliability index is calculated as the average of the three reliability

features p, (t) for j=1,2,3:
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p(t):pl(t)+p2(t)+p3(t) (26)

The value of the reliability index p, (t) is calculated as a function of the KL divergence between the
previous and the current variational posterior. The reliability index p, (t) is a function of the change

of ELBO between two consecutive iterations, and p,(t) is a function of the estimation of the

variance of the ELBO. These indices give an overall measure of how the variational posterior is

converging throughout the iterations and are defined as [24,25]:

) [E[ELBO(t)]-E[ ELBO(t-1)]|

At . (27)
V| ELBO(t
SD
KL KL
pu ()=l q2)A+ (%] 9) 29)

The parameters A,, and Ay, should be chosen in such a manner that the values of the individual
reliability features meet the inequality p, <1, where j=1,2,3, for the values of p(t) considered
representative of good solutions. In the cyclical VBMC algorithm, the values of Ay, and A, are

respectively set at 0.1 and 0.01/d .

3.7 Steps of the approach
The proposed approach can be summarised in the following steps:

1. Initialization of Algorithm (fig. 1):
a. Initial training set for physics-based simulation is run.
b. Cyclical Annealing is introduced (eq.(9)).

c. Logarithm of (annealed) unnormalized posterior of the initial set is calculated.
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d. GP surrogate model of the (annealed) logarithm unnormalized is built using the
initial training set values calculated in 1.b.

e. ELBO and ELCBO are calculated (eq.(19) and eq.(23)).

2. Second part of the algorithm (fig. 2):

a. Selection of new samples using an acquisition function (eq.(25)), these are used to
actively update the GP surrogate model.

b. Cyclical Annealing is introduced (eq.(9)).

c. The GP surrogate model of the (annealed) logarithm unnormalized posterior is built.

d. Calculation of ELBO and ELCBO value (eqg.(19)) and eq.(23)).

e. Update the variational parameters (variational whitening may also be applied at this
step).

f. Check if stopping criteria have been met, if not repeat from step 2.a.

Where the main outputs of the algorithm are the variational posterior, the expected value of the

ELBO, and the variance of the ELBO.
4 Results obtained from the case studies investigated

This section has the purpose of comparing the proposed cyclical VBMC algorithm with the standard
VBMC algorithm, the monotonic VBMC algorithm and the Transitional Ensemble Markov Chain
Monte Carlo (TEMCMC) sampling algorithm. The functions plotmatrix and ksdensity from

MATLAB [48] were used to plot the posterior distributions obtained with the TEMCMC algorithm.

Four case studies have been chosen to showcase the advantages and disadvantages of the cyclical
VBMC for different distribution modality: one highly multi-modal (first example), one mildly multi-
modal (second example), one unimodal (third example) numerical examples and a multi-modal

experimental case study.

The number of function evaluations (number of samples), the number of iterations used to achieve
convergence (this will determine the number of function evaluations needed), and the number of
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modes found, are used to compare the performance of the algorithms on the multi-modal examples.
On the unimodal example, for the same purpose, the samples mean, coefficient of variation, number
of function evaluations and number of iterations are used. For all the VBMC implementations,
300,000 samples of the variational posterior are taken to compute the sample mean and sample

coefficient of variation.

Ten initial samples are picked using LHS [37] for all the case studies that use a form of the VBMC
algorithm, and for every iteration that occurs within the algorithm, five samples are chosen using the
acquisition function, and are evaluated. The samples chosen, correspond to evaluations of the physics-

based model.

The monotonic annealing schedule used in the monotonic VBMC is calculated for a total number of
iterations T =40, with one cycle M =1 and a parameter S=0.5. However, for the cyclical
annealing schedule in the cyclical VBMC, the number of cycles is M =5. The monotonic schedule
maximum temperature of fifty is subsequently decreased in each iteration until a minimum
temperature of one is reached. The same concept is applied to the cyclical annealing schedule that
has five cycles where a pre-set maximum temperature of fifty is subsequently decreased in each

iteration until a minimum temperature of one is reached in each cycle.

Throughout the examples it will be shown that the monotonic VBMC and cyclical VBMC require a
higher amount of samples evaluations compared to the standard VBMC for problems with low
dimensionality (i.e., low number of inferred parameters). This is expected as a total number of
iterations T =40 is prescribed for both algorithms, meaning that forty is the lowest number of

iterations possible.
4.1 Himmelblau multi-modal posterior

A multi-modal problem based on [30,49] is introduced in this subsection. The posterior used (4 peaks,
2-dimensional) can be observed on fig. 3 and it has as its mathematical expression [49] the
Himmelblau's function HB(6,,6,) :

141



HB(0, 0,) = (67 +6,-11) +(6,+ 62 ~7) (30)
The HB(4,,6,) is frequently used to assess the performance of optimization algorithms.

It has four distinct solutions of local minima at {6,6,} ={3,2} , {6,6,}, ={-2.805,3.131} ,

{4, 6?2}3 ={-3.779,-3.283} and {6?1,492}4 ={-3.584,-1.848} .
The posterior of interest is then defined as follows [30,49]:
P(8| Y,ys) < exp[ -HB (6,6, ) ] (31)

That ensures that the local minima of HB(6,,6,) become regions of high probability density,
producing the 4 peaks shown in fig. 3. The likelihood function is modelled as the exponential function

of —HB(6,,6,), and thus takes the same mathematical form as the posterior [30,49]. The uniform

priors g, ~U (-5,5) and 6, ~U (-5,5) have been used.
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Fig. 3. Contour plot of the Himmelblau’s function using eq.(31) taken from [30]. The values of the

posterior are given by the numbers on the colour chart.

The results found using the standard VBMC algorithm after running several iterations are illustrated
in fig. 4. The final 1-D and 2-D marginal posterior distributions obtained by the standard VBMC
algorithm are shown in fig. 5. The figures show that only one mode has been found, as due to the

nature of the algorithm, the active sampling used is unable to escape from that mode. In other words,
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the algorithm proceeds to only sample in the vicinity of that mode due to its exploitation nature. A

total of 75 function evaluations were required, and only one mode was found.

VBMC (iteration 4) VBMC (iteration 14)
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4 — 4 —
® &
2 2
o © o <0 o © o
o o

270 o 270 o
4 o -4 o

I I I I T T I I

4 0, 4 4 0, 4 -4 0, 4 4 0, 4

Fig. 4. Resulting 1-D and 2-D marginal posterior distributions from VBMC at 4" and 14™
iterations. Red dots indicate samples taken at the current iteration. Black circles indicate samples

used for the GP model of the unnormalized posterior at each iteration.
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Fig. 5. Final 1-D and 2-D marginal posterior distributions from VBMC algorithm.
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The results obtained with the monotonic and the cyclical VBMC algorithm are shown in fig. 6 and

fig. 7, it is found that the overall results of these two schedules significantly differ.

It can be seen in fig. 6 that in the monotonic VBMC algorithm, for the first few iterations, the samples
are chosen following an exploration approach. In the final iterations of the monotonic algorithm
shown in fig. 7, the samples chosen are close to the two modes found. The resulting refined postulated
posterior of the algorithm when using a monotonic annealing schedule is only able to account for two
modes. The monotonic VBMC algorithm needs a total of 235 function evaluations to converge to the

2-mode estimated posterior shown in fig. 8.

It can be seen in fig. 6, that in the proposed cyclical VBMC algorithm, for the first few iterations, the
samples are chosen following both an exploration and an exploitation approach. For the final
iterations of the cyclical algorithm, it can be seen in fig. 7, that the samples chosen are close to the
four modes found. The resulting refined postulated posterior of the algorithm, using the cyclical
annealing schedule shown in fig. 8, is able to account for all four modes. A total of 300 function

evaluations were needed to converge to the estimated posterior.

The empirical cumulative density functions (ECDFs), shown in fig. 9 were calculated using samples
obtained from both the cyclical VBMC, and the TEMCMC algorithm, applying the function cdfplot
from Matlab [48]. For the TEMCMC algorithm, the number of samples used to calculate the ECDFs
were progressively increased until convergence occurred. It was found that the converged ECDFs
obtained by the TEMCMC algorithm, required a much larger number of samples than the cyclical

VBMC algorithm.

The computational cost is significantly reduced for the three VBMC algorithms compared to the
TEMCMC sampling algorithm, where 5000 evaluations of the likelihood function were needed as
shown in [30]. The proposed cyclical VBMC algorithm is the only VBMC variant that is able to find
the four modes of the Himmelblau posterior. The numerical results for the Himmelblau multi-modal

posterior are summarised in Table 2.
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Table 2: Comparison of numerical results for the Himmelblau multi-modal posterior

Method N. of samples  N. of Total Iterations for N. of modes
Convergence found
VBMC 75 14 1
Monotonic VBMC 235 46 2
Cyclical VBMC 300 59 4
TEMCMC [37] 5000 5 4
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Fig. 6. Resulting 1-D and 2-D marginal posterior distributions from VBMC at 1%t and 11" iterations.
Red dots indicate samples taken at the current iteration. Black circles indicate samples used for the
GP model of the unnormalized posterior at each iteration. a8) Monotonic annealing schedule at 1%
iteration; b) Cyclical Annealing Schedule at 1% iteration; ¢) Monotonic annealing schedule at 11™"

iteration; d) Cyclical Annealing Schedule at 11" iteration.
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used for the GP model of the unnormalized posterior at each iteration. a) Monotonic annealing

schedule at 40" iteration; d) Cyclical Annealing Schedule at 40™ iteration.

schedule at 32" iteration; b) Cyclical Annealing Schedule at 32" iteration; ¢) Monotonic annealing
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Fig. 8. Final 1-D and 2-D marginal posterior distributions from VBMC algorithm. a) Monotonic
annealing schedule; b) Cyclical Annealing Schedule.
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Fig. 9. Marginal ECDFs using Cyclical VBMC and TEMCMC. a) Parameter 6, ; b) Parameter 6,.
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4.2 Mass-spring system (multi-modal posterior)

In this example taken from [50], a 2-dimensional multi-modal Bayesian model updating system that
may be found in engineering problems, is used to compare the differences in the performance of the
aforementioned algorithms. For the purposes of this subsection, the numerical performance will be
based on the number of samples used to compute the posterior, the number of modes found in each

algorithm and the empirical cumulative density function.

As shown in fig. 10, a 2-degrees of freedom (2-DoF) system with masses m, =16.531x10%kg ,
m, =16.131x10% kg joined by springs with stiffness k, =k ,, k, =k 6,, where k =29.7x10°N /m
is defined, and 6, and 6, are the uncertain parameters to be inferred. For the spring constants, the

uniform priors 6, ~U (0.01,3) and 6, ~U (0.01,3) have been used.

X5 X7

K, k;
m, MWW m, AW

[T

Fig. 10. First mass-spring system.

Two independent likelihood functions are used with standard deviations o, = 0.02, (2% of the

deterministic values of the natural frequencies) and with means that equal the deterministic values of

the natural frequencies.

From fig. 11, it can be observed that the standard VBMC is only able to find one mode, and that the
active sampling is again unable to escape from that mode. The standard algorithm uses a total of 75
function evaluations to obtain the resulting posterior distribution that only accounts for a single mode.
The final 1-D and 2-D marginal posterior distributions obtained by the standard VBMC algorithm

are shown in fig. 12.
149



For the monotonic VBMC algorithm, an exploration phase is shown in the first few iterations. An

exploitation phase that samples in the vicinity of the two found modes is illustrated in fig. 13.

However, for the cyclical VBMC algorithm both exploration and exploitation occur in the early
iterations, as shown in fig. 13. The final 1-D and 2-D marginal posterior distributions obtained by the
monotonic and cyclical VBMC algorithm are shown in fig. 14, where it is possible to observe that

both methods account for the two modes.

In fig. 16 the ECDFs for the cyclical VBMC, monotonic VBMC, and TEMCMC are shown. The
resulting ECDFs are found to be similar, with a slight difference observed for the ECDFs obtained

from the TEMCMC algorithm.

Table 3 summarises the number of evaluations and iterations needed for the three analysed VBMC
algorithms, and the sampling method TEMCMC (fig. 15). It can be seen that when using the three
VBMC algorithms, the computational cost is significantly reduced compared to the TEMCMC
sampling algorithm, where 5000 evaluations of the likelihood function were needed to obtain samples

from the posterior distribution.
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Fig. 11. Resulting 1-D and 2-D marginal posterior distributions from VBMC at 4™ and 13"

iterations. Red dots indicate samples taken at the current iteration.
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Fig. 12. Final 1-D and 2-D marginal posterior distributions from VBMC algorithm.
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Fig. 13. Resulting 1-D and 2-D marginal posterior distributions from VBMC. Red dots indicate

samples taken at the current iteration. Black circles indicate samples used for the GP model of the

unnormalized posterior at each iteration. a) Monotonic annealing schedule at 11" iteration; b)

Cyclical Annealing Schedule at 11" iteration; ¢) Monotonic annealing schedule at 40" iteration; d)

Cyclical Annealing Schedule at 40" iteration.
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Fig. 14. Final 1-D and 2-D marginal posterior distributions from VBMC algorithm. a) Monotonic

annealing schedule; b) Cyclical Annealing Schedule.
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Fig. 15. Resulting plots from TEMCMC algorithm. a) Scatterplot; b) 2-D Posterior distribution.

The values of the 2-D posterior are given by the numbers on the colour chart.
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Fig. 16. Marginal ECDFs using Cyclical VBMC, Monotonic VBMC and TEMCMC.

Table 3: Comparison of numerical results for the mass-spring (multi-modal) system.

Method N. of samples N. of Total Iterations N. of modes
for Convergence found
VBMC 70 13 1
Monotonic VBMC 275 54 2
Cyclical VBMC 260 51 2
TEMCMC 5000 5 2

1.4

154



4.3 Mass-spring system (unimodal posterior)

In this example taken from [30], for a 4-dimensional Bayesian model updating system, the two

Degrees-of-Freedom (DoF) system shown in fig. 17 is used to compare the performances of all

algorithms.

X X5

k K17 k
MWW m (W m AW

s / /

Fig. 17. Second mass-spring system.

ey

The 2-DoF system has equal masses m=0.5kg attached to edge springs with stiffness k =0.6 N /m

, and the stiffness of the spring between the two masses is k, =1N/m.

The natural frequencies that correspond to the specified properties of the two-degree-of freedom

system are given by [30]:
. k

_ |2 32
@ = (32)

. k+2k
@, = '/—m 12 (33)

The values of the natural frequencies o, and @, are corrupted with noise as shown below [30]:
W =0 +& (34)
W, =0, + &, (35)

Where &, and ¢, are the noise terms, that follow Gaussian statistical distributions. The mean of both
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Gaussian distributions is 0Hz, and their standard deviations are respectively o, =0.1@, = 0.110 Hz

and o, =0.1w, =0.228 Hz . The likelihood function is then given by the following equation [30]:

— = 1 _(a)l,n _é)l)_(a)zn _@Z,n)
P(yObs | 0) - 1,]1 2o, 0, =P 20-12 20-22 (36)

In this example, the parameters {k,k,,,0,,0,}=1{6,,6,,6,,6,} are assumed to be unknown. The

uniform priors k ~U (0.1,4) [N/m]and k,, ~U (0.1,4) [N/m] have been used for the stiffnesses. The
prior uniforms taken for the standard deviations o, and o, are 01~U(10‘5,1) [Hz] and

o,~U (10’5,1) [Hz]. The posterior probability density function of the parameters is updated using

the ‘experimental measurements’, for this example, the fifteen individual experimental

‘measurements’ of @, and @, used are found in [30].

The final posterior using 1D and 2D marginal distributions are shown in fig. 18, fig. 19 and fig. 20.

<
> 0.3

0.8 0.8 1 1.2 0.125 0.25 0.2 0.4
0

3

Fig. 18. Final 1-D and 2-D marginal posterior distributions from standard VBMC algorithm.
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Fig. 19. Final 1-D and 2-D marginal posterior distributions from monotonic VBMC algorithm.
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Fig. 20. Final 1-D and 2-D marginal posterior distributions from cyclical VBMC algorithm.
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Table 4: Comparison of numerical results for the mass-spring system (unimodal

posterior).
Method Sample Mean Sample C.0.V N. of N. of Total Iterations
[%] samples for Convergence
0.633N/m 5.21
0.962N/m 6.67
VBMC 220 43
0.114Hz 20.66
0.217Hz 20.82
0.633N/m 5.68
Monotonic 0.963N/m 6.73
265 52
VBMC 0.114Hz 20.70
0.216Hz 19.71
[0.632N/m ] [ 5.34 ]
Cyclical 0.962N/m 6.85
260 51
VBMC 0.114Hz 21.32
| 0.217Hz |  20.85 |
[0.625N/m | [ 5.67 ]
TEMCMC 1.013N/m 6.80
5000 5
0.121Hz 17.25
[30]
| 0.229Hz | | 26.15 |
0.6N/m |
IN/m
True Values - - -
0.11Hz
0.228Hz |

Table 4, for a 4D dimensional problem, shows that a significant lower amount of model evaluations

is needed for the three VMBC approaches to obtain similar results to the obtained with the TEMCMC

algorithm. The results obtained using the TEMCMC algorithm are taken from [30].
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4.4 Experimental validation: aluminium frame problem

An aluminium frame experimental case study presented in [30,51], and schematically shown in fig.

21 is used to compare the four statistical model updating algorithms.

The aluminium frame structure is composed of a total of seven beams. Out of those seven, four beams
are vertical (two short internal ones and two long external ones) and three beams are horizontal (all
with identical length). Two masses m, and m, of variable position also form part of the structure.
Each of those two masses is attached to one of the two short vertical beams at distances from the

bottom of the beam pm, and pm,. The movable masses are used in the structure to induce an effect

in the modal properties of the system comparable to the one induced by possible structural damages.

Fig. 21. Schematic representation of aluminium frame with moveable masses (adapted from [30]).

Experimental data was used to obtain the first six natural frequencies of the structure for eleven

different combinations {pml, pmz} . A summary of the results is found on Table 5.
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Table 5: Experimental results (data from [52])

Mode 1 2 3 4 5 6
Modal 1stin-  1stout- 1st 2nd in-  2nd out- 2nd
shape plane  of-plane torsional plane  of-plane torsional

bending bending mode bending bending  mode

mode mode mode mode
Exp. Positions Frequencies
(pm1,pm2) [Hz]
teml oy 0, ) 0, 5 s
1 (5, 5) 20.11 22.79 47.52 63.96 183.82  283.51
2 (5, 20) 18.72 20.46 46.97 72.24 21484  296.32
3 (5, 35) 17.72 18.29 46.42 63.45 196.38  278.70
4 (20, 5) 19.40 22.39 46.32 61.78 173.49  259.76
5 (20, 20) 17.91 20.28 45.67 64.73 190.84  284.09
6 (20, 35) 16.71 18.21 45.18 56.53 17797  264.44
7 (35,5) 17.71 21.76 44.00 59.48 164.05  254.48
8 (35,20) 1691  19.82 4315 60.06 17575 279.10
9 (35, 35) 15.95 17.89 42.44 50.66 163.55  257.82

10 (11, 11) 19.58 21.73 47.00 67.54  196.21  285.95

11 (29, 29) 16.65 18.85 43.93 55.43 17435 284.84

Following the same approach used on [30], a surrogate model of the expensive-to-evaluate Finite
Element Model (FEM) of the aluminium frame structure is built. An Artificial Neural Network
(ANN) is trained using a set of simulated values of the expensive-to-evaluate FEM from the database
[52]. The architecture for the ANN and calibrated model of [30] is also used. The ANN’s architecture
includes three layers: input, hidden and output with respectively two, ten and six nodes. Further

details on the calibration procedure employed can be found in the paper [30].
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The set of input data presented in the form of a scatterplot are shown in fig. 22.
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Fig. 22. Set of input data used for calibration of the ANN.

In this example, the parameters { pm,, pm,,o,...,0,}={6,,6,.,6,,...,6,} are assumed to be uncertain

and independent from each other. The uniform priors pm, ~U (5,35) [cm]and pm, ~U (5,35) [cm]
have been used for the position of the masses. The uniform prior taken for all the measurement

‘noises’ o, corresponding to the natural frequency o, (for v=1,...,6) are o, ~U (10‘3,100) [Hz].

The overall likelihood function LF is given by the weighted addition of the three likelihood functions

If,,If,,If, defined below [30,51]:

|f1 — H\il 1 exp {_w:| (37)

(38)

-
e
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3
LF =§Zlfp (40)
p=1

Where M, is the model output for w, .

In this example, only the last two experiments (10 and 11) of Table 5 were used as observations in
the Bayesian model updating framework. These two experiments were selected to recreate an
example where during an observation period, two different states of damage might occur. Therefore,
these two different states of damage of the structure will have distinct natural frequencies that

correspond to different values of the uncertain physical parameters to be inferred.

Figure 23, fig. 24, fig. 25 and fig. 26 show the final 1-D and 2-D marginal posterior distributions
obtained from the algorithms. The modes of the posterior are not found at the positions of the masses
on the experiments 10 and 11. This is due to two reasons: using an ANN that had not been trained
with enough samples covering the entire parameter space as shown in fig 22, and the fact that the
experiments do not bring enough information to make the Bayesian model updating problem globally
identifiable. As a result, a highly multi-modal posterior of great interest to test the applicability of the

three VBMC algorithms is found.

From fig. 23, it can be observed that the standard VBMC is unable to find one of the modes shown
in the marginal posterior of &, . However, this missing mode on fig. 23 is clearly seen in the monotonic
VBMC and cyclical VBMC of fig. 24 and fig. 25 respectively. It can also be seen in fig. 25 that the
cyclical VBMC posterior has the highest degree of similarity to the posterior obtained in fig. 26 by
the TEMCMC algorithm. It is also found that the three VBMC approaches face slight difficulties to
obtain an approximation to the posterior compared to the previous numerical examples. This is due
to the very multi-modal posterior found in this problem, where the greatest difficulty is found in the

approximation of the tail behaviour of the true posterior.

In fig. 27 the ECDFs for the cyclical VBMC, monotonic VBMC, VBMC and TEMCMC are shown.

The resulting ECDFs are found to be similar to the one obtained by the TEMCMC, with the cyclical
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VBMC showing the highest similarity.
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Fig. 23. Final 1-D and 2-D marginal posterior distributions from VBMC algorithm.
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Fig. 24. Final 1-D and 2-D marginal posterior distributions from monotonic VBMC algorithm.
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Fig. 25. Final 1-D and 2-D marginal posterior distributions from cyclical VBMC algorithm.
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Fig. 26. Final 1-D and 2-D marginal posterior distributions from TEMCMC.
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Fig. 27. Marginal ECDFs using Cyclical VBMC, Monotonic VBMC, VBMC and TEMCMC (5000

samples).

Table 6 compares the results obtained using the three VBMC approaches and TEMCMC. It can be
seen that for a significantly lower amount of model evaluations, all the three VBMC algorithms show

similar results to the TEMCMC algorithm.

Table 6: Comparison of numerical results for the multi-modal aluminium frame

problem
Method N. of samples N. of Total Iterations for Convergence
VBMC 135 26
Monotonic VBMC 270 53
Cyclical VBMC 265 52
TEMCMC 20000 4
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45 Discussion of results
The results obtained for the case studies illustrated in section 4 indicate that:

The standard VBMC algorithm displays an excellent performance for the unimodal posterior
distribution example, however, for the three multi-modal posterior examples it gets stuck at the
initially found mode. This is due to the nature of the algorithm: the active sampling used is unable to
escape from that mode. In other words, the algorithm proceeds to only sample in the vicinity of that
found mode due to its exploitation nature. A better approximation of the posterior may have been
found if a higher number of function evaluations had been used for the initial training set, as that
would have meant a better exploration of regions with high probability density. The disadvantage of
running a higher number of function evaluations would be that as no guided exploration is used, a

significant number of those function evaluations performed would be wasted.

For the three examples featuring the multi-modal posterior distributions, it was shown that the
cyclical VBMC outperforms the other methods: it gradually improves convergence by reopening
paths and by leveraging on the previous cycles as warm re-starts. When the monotonic VBMC
algorithm is used, the paths are formed throughout the iterations, but they are not reopened, meaning
that once the exploration phase has finished, exploitation of the previously found regions of high

probability density occurs.

The second numerical example focuses on a mildly multi-modal distribution where the difference

between the monotonic and cyclical VBMC results is expected to be modest.

In the other multi-modal examples, it was found that to obtain ECDFs of similar accuracy to the
TEMCMC algorithm, the cyclical VBMC algorithm required a significantly lower amount of function
evaluations of the model (at least an order of magnitude lower). It can be concluded that the annealing
schedule improves the convergence of the approximated posterior to the true posterior. This
improvement is at the expense of a slight additional computational cost compared to the standard

VBMC when dealing with unimodal posterior distributions. This extra computational cost is certainly
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justified when the interest is the accurate evaluation of highly multi-modal posteriors which are
expected to be found in the Bayesian model updating problems of engineering applications. This is
certainly of great interest for methods that require the evaluation of cumulative density functions,

such as reliability analysis technigues.
5 Conclusions

In this paper, an approach based on variational inference for the estimation of the multi-modal
posterior distributions of the latent parameters of an expensive-to-evaluate physics-based model,
given available data, has been proposed. The proposed cyclical VBMC approach yields a non-
parametric estimation of the posterior distribution of the identified parameters by combining the
active-sampling Bayesian quadrature with a Gaussian-process based variational inference. Multi-
modal smooth posteriors can be captured as it uses a multivariate Gaussian mixture postulated
posterior. Variational whitening is also used in this proposed approach for a more accurate posterior
approximation. The cyclical VBMC algorithm overcomes the constraints raised by poor
initializations when the number of model runs that can be explored is small. This is done employing
an artificial temperature parameter that cyclically anneals the unnormalized posterior, improving the
mode coverage and exploration abilities of the procedure. Three numerical examples and one
experimental investigation have shown the advantages of the cyclical VBMC when dealing with

multi-modal posteriors and a limited number of physics-based model runs.

The proposed cyclical VBMC approach may benefit other engineering applications, including
Bayesian Experimental Design [53-55], and optimal sensor placement frameworks based on
information theory [56,57], since it may reduce the computational cost required for the statistical
model updating part of these approaches when dealing with less than 20 uncertain parameters. These
applications are currently being explored, with particular interest to the cases with more than 20

uncertain parameters, which are often encountered in engineering.
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5.3 Conclusions

In the paper Il attached in this chapter, the use of Variational Inference (V1) for structural model
updating is investigated. An optimization algorithm is employed to choose from a family of
distributions the member that best approximates the posterior of the uncertain parameters. In the
method described in this paper, the variational posterior that maximises the evidence lower bound
(ELBO) is chosen. A variational posterior distribution defined by a multivariate Gaussian estimation
is assumed with the purpose of inferring the uncertain parameters. This investigation shows that in
comparison with MCMC using the Metropolis Hastings algorithm, a smaller number of samples is
required with the suggested method. Nevertheless, it is also found that the accuracy of the proposed
algorithm is lower than the obtained with the MCMC approach. The advantages of the method are

more evident when fast inference, in a context of restrictive computational allocation is required.

The second V1 work, paper IV, also attached in this chapter, illustrates the combination of a Gaussian-
process based VI, with active-sampling Bayesian Quadrature, to produce non-parametric estimations
of the posterior pdfs of the relevant parameters. The algorithm illustrated in paper IV, introduces in
the VBMC algorithm a cyclical annealing schedule. This allows the algorithm to have exploration
and exploitation phases in each annealing cycle. This is possible as the temperature is initially started
at a high value, and is decreased to unity at the end of each cycle. These cycles are repeated for a
prescribed number of times. The developed Cyclical VBMC method is able to efficiently manage
multi-modal posteriors and the number of evaluations is reduced by roughly a factor of twenty

compared to the sampling algorithm TEMCMC.
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Chapter 6 - Limited information in operating conditions — updating

our physics-based model under prior uncertainty

Bayesian Inference may show great sensitivity to the choice of priors for the latent parameters
especially for cases where the availability of data is limited. As a result, some of the processes that
require the evaluation of the posterior can be affected by the choice of priors, and therefore, certain
recommendations related to the structure (e.g., maintenance is required) may change for different
assumed priors. There are some situations e.g., when experts may show conflicting opinions, where
it is not possible to agree on a proposal for the prior to be used for the latent variables. For these
situations, it would be ideal to know how predicted posteriors are affected by the choice of priors in
the vicinity of a given nominal prior. Accordingly, the development of a methodology able to find
out the optimal and worse distributions in the vicinity of a specific prior w.r.t. a functional, would be

of great significance.

The paper V attached, develops a method in the context of Bayesian Inference under prior uncertainty,

able to assess the robustness of the posterior prediction to changes in the prior distribution.

6.1 Paper V — ‘An Interacting Wasserstein Gradient Flow Strategy to Robust

Bayesian Inference’

This paper has not yet been published, but has been submitted to the open-access journal Data-Centric

Engineering and is available on arXiv.

https://doi.org/10.48550/arXiv.2401.11607
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Abstract

Model Updating is frequently used in Structural Health Monitoring to determine structures’ operating
conditions and whether maintenance is required. Data collected by sensors are used to update the
values of some initially unknown physics-based model's parameters. Bayesian Inference techniques
for model updating require the assumption of a prior distribution. This choice of prior may affect
posterior predictions and subsequent decisions on maintenance requirements, specially under the
typical case in engineering applications of little informative data. Therefore, understanding how the

choice of prior may affect the posterior prediction is of great interest.

In this paper, a Robust Bayesian Inference technique evaluates the optimal and worst-case prior in
the vicinity of a chosen nominal prior, and their corresponding posteriors. This technique employs an

interacting Wasserstein Gradient Flow formulation.

Two numerical case studies are used to showcase the proposed algorithm: a double-banana-posterior
and a double beam structure. Optimal and worst-case prior are modelled by specifying an ambiguity
set containing any distribution at a statistical distance to the nominal prior, less or equal to the radius.
Examples show how particles flow from an initial assumed Gaussian distribution to the optimal
worst-case prior distribution that lies inside the defined ambiguity set, and the resulting particles from

the approximation to the posterior.
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The resulting posteriors may be used to yield the lower and upper bounds on subsequent calculations
used for decision-making. If the metric used for decision-making is not sensitive to the resulting

posteriors, it may be assumed that decisions taken are robust to prior uncertainty.
Impact Statement

Bayesian Inference may be significantly sensitive to assumptions about the priors chosen for the latent
parameters of the structure, especially if due to some restrictions such as time constraints and cost,
the number of observations available is limited. In these cases, the selection of priors may affect the
resulting posteriors, and as a consequence the decisions about reliability, useful lifetime and
maintenance of the structure are influenced. To address these limitations a Robust Bayesian Inference
approach based on interacting Wasserstein Gradient Flows has been developed in this paper. The
method estimates the optimal and worst cases of priors, and calculates their corresponding
approximations to the posterior that may be used as lower and upper bounds on subsequent
calculations used for decision-making. If the resulting metric used for decision-making does not
change significantly from using the lower to using the upper bound, it may be assumed that the

decisions taken are robust to prior uncertainty.

Keywords: Robust Bayesian Inference; Interacting Wasserstein Gradient Flows; Ambiguity sets.
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1. Introduction

Numerical simulations are used in a multitude of scientific and engineering areas to study the
behaviour of complex systems under various conditions. However, the resulting numerical
‘observations’ from those numerical simulations have to be cautiously used during the inference
process when compared with the corresponding experimental observations, as otherwise unfaithful
posterior estimates of the uncertain parameters will be produced (Hermans et al., 2021). It should also
be mentioned that the observations employed in the inference should be informative, providing new
information about the system under analysis. In this paper, a Bayesian Inference approach is
developed with the purpose of assessing the sensitivity of the posterior predictions with respect to

(w.r.t.) uncertain priors.

When a model is chosen to generate data, the statistical model is just an approximation, and some
errors are unavoidable (Dewaskar et al., 2023): data noise, assumption of model normality, incorrect
assumptions about parameters, etc. For the inference of some model’s parameters, significant impact
may be produced by only small errors on the specification of the statistical model (Dewaskar et al.,
2023). The traditional approach has been the use of a statistical model flexible enough to explicitly
include the intricacies of the actual data (noises, outliers, etc.). As models characterising systems
have grown in complexity, methodologies able to perform inference in these cases with intricate
likelihood functions have been developed (Frazier, 2020). Unreliable approximations of the system’s
behaviour are mainly produced by not accounting for all plausible values of the observations that may
be obtained from experiments. In engineering, this is of particular interest, as the number of
experiments that may be run is limited due to the high cost incurred and time constraints. In these
cases where the complexities of the likelihood are increased to improve the models’ accuracy, and
therefore, the reliability of the inferences, techniques such as: mixture models (Diakonikolas et al.,
2020), nonparametric or semiparametric models (Lyddon et al., 2018), and models with heavier tails
(Gongalves et al., 2015) have been used as likelihood functions (Dewaskar et al., 2023). Nonetheless,

the introduction of those methodologies to define the likelihood functions frequently lead to a set of
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new issues: higher numerical cost, definition of parameters, and harder interpretability. Although
these techniques to define complex likelihood functions may improve the model’s specification, some

amount of inaccuracy is unavoidable (Dewaskar et al., 2023).

Current literature shows two main methodologies for robustifying inferences in the presence of model
misspecification by focusing on the likelihood, and those can be broadly grouped into: (i) modified
likelihood functions (Ghosh & Basu, 2016; Hooker & Vidyashankar, 2011), and (ii) distance-based
estimation (Chérief-Abdellatif & Alquier, 2019; Matsubara et al., 2021). In the paper (Ghosh & Basu,
2016) an algorithm designed to produce robust Bayes estimators through modified likelihood
functions, using the density power divergence is described. The method is designed to overcome the
problems to manage outliers that may arise when the usual Bayesian estimator based on the ordinary
posterior density is used. Another paper that uses the concept of modified likelihood functions is
(Hooker & Vidyashankar, 2011). The method proposed is based on disparity theory, and it produces
efficient and robust Bayesian inferences. Substituting the log likelihood by a suitably scaled disparity,
the authors, using several examples, illustrate that robust inferences are obtained. The concept of
distance-based estimation is used in the paper (Chérief-Abdellatif & Alquier, 2019) to produce a
robust pseudo-posterior that is called the MMD-Bayes. MMD stands for Maximum Mean
Discrepancy. The authors show that even for cases where noisy data and outliers are present, the
MMD-Bayes posterior shows robustness to model misspecification. In their methodology, robustness
is introduced through the substitution of the likelihood by the exponential of the MMD. In other
words, this algorithm introduces in the Bayes equation the MMD-Bayes as a substitute loss function.
Another example where robustness is sought through distance-based estimation is shown in
(Matsubara et al., 2021). In (Matsubara et al., 2021), the loss function used in the Bayesian Inference
scheme is a Stein discrepancy. This method produces a robust posterior for cases where the likelihood
is intractable/misspecified, and it generates a tractable posterior for Markov Chain Monte Carlo

(MCMC).

However, when little data is available, Bayesian Inference may be significantly sensitive to the
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assumptions of the prior for the latent parameters. In these cases where a limited number of
observations is available, the choice of the prior may substantially affect the posterior obtained. In
engineering, this may affect subsequent decisions such as those used to assess the reliability of a
structure, its remaining useful lifetime, and whether a structure requires predictive maintenance.
Therefore, a method able to quantify the robustness of the posterior prediction when the assumptions
of the prior are changed, is of great interest. More specifically, if the optimal prior and the worst-case
prior with respect to a metric could be obtained, the resulting posteriors may be used as lower and
upper bounds on subsequent calculations used for decision-making. If the difference between the
upper bound and lower bound found using the method is low for the metric used to support a decision,
then it may be confirmed that the decision taken is robust to prior uncertainty. This is the focus of the

present paper.

More specifically, it might not be possible to define exactly the prior for the latent variables. This
type of situation could arise in the presence of conflicting opinions from experts. For those cases, we
would like to explore how the approximation to the posterior might be affected by distributions that
are in the neighbourhood of an assumed nominal prior, as this might have consequences on
subsequent calculations. Therefore, it would be useful to develop a method that could determine the
worst or most optimal distribution inside that neighbourhood of distributions in terms of a particular

functional of interest.

In this paper, the problem of robustness to prior uncertainty in Bayesian Inference is dealt with by
developing an interacting Wasserstein Gradient Flow combined with a so-called ambiguity set. An
interacting Wasserstein Gradient Flow is derived to find: a) the best approximation to the posterior
by minimising the Kullback-Leibler divergence (KL divergence) between the posterior and the
approximation to the posterior, where the posterior is subject to change (due to the prior also
changing). b) the (optimal or worst-case) prior that either minimises or maximises the KL divergence
between the posterior and the approximation to the posterior. The proposed approach calculates the

resulting optimal or worst-case prior by constraining the space of distributions to be explored using
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an ambiguity set. This ambiguity set is defined by a nominal distribution and all the distributions that
lie within a specified value of a statistical distance, where both are assumed to be known. The
robustness of the method is derived from this distance metric. A useful property of the Wasserstein
distance is that distributions that do not share the same support may be investigated inside the
ambiguity set (Kuhn et al., 2019). A particle-based interacting Wasserstein Gradient Flow
Wasserstein-2 space algorithm is developed and the results from two numerical case studies are

presented.
2. Robust Bayesian Inference framework

The proposed Robust Bayesian Inference approach is based on the Wasserstein Gradient Flow
formulation (Santambrogio, 2016). This method has been developed to deal with situations where the
prior is uncertain, but it can be described by an ambiguity set (Bayraksan & Love, 2015). This is
useful, as in some Bayesian Inference problems significant difficulties arise to define the priors of
the latent parameters to be inferred. For example, when the suggestions of different experts about
which priors should be used significantly differ. For the cases where the amount of observed data is
limited, significant changes of posterior may be found for different choices of prior, and therefore,
decisions to be taken for predictive maintenance may be affected. In these situations, an ambiguity
set defined by a nominal prior, a statistical distance and a radius may be assumed, and the posterior
resulting from identifying the optimal and the worst-case prior can be investigated by limiting the
distribution space to priors within a statistical distance & of the nominal prior. In the next subsection,

the concept of ambiguity set is defined.
2.1. Ambiguity set

An ambiguity set is a set of distributions close to a reference distribution p(@) with respect to some

statistical distance r (Bayraksan & Love, 2015). An ambiguity set is defined by the nominal

distribution p(@), a statistical distance r and a radius & . The ambiguity set is used to restrict the

space of distributions that the prior could in theory take to solve the optimisation of the chosen
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functional. Figure 1, shows an ambiguity set that is centered at a nominal distribution p(&) and

contains any distribution p” within a statistical distance r less or equal to & , this may be expressed

as:

A(e, p):{p*:r(p*(e)ll p(H))gg} 6]

Fig. 1. Ambiguity set centered at p(&) with radius & .

When the ambiguity set is defined, two conditions must be met (Go & Isaac, 2022):[ p*(ﬁ)dﬁ =1
Q

and r(p"(0)ll p(0))<e.

Any statistical distance may be used to define the ambiguity set, but care should be taken in choosing
this distance, as which distributions lie inside that ambiguity set are defined by that statistical
distance’s properties. For example, if a phi divergence is used as the statistical distance in the
ambiguity set, all distributions inside the ambiguity set must be absolutely continuous w.r.t. the
nominal distribution (van Parys et al., 2017). However, if the 2-Wasserstein distance is used to define
the ambiguity set, then the distributions that lie within the ambiguity set do not need to be absolutely
continuous w.r.t. the nominal distribution (Kuhn et al., 2019). The use of the 2-Wasserstein distance

also means that distributions that lie within the ambiguity set do not need to share the same support
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(Kuhn et al., 2019).

Depending on the information that the practitioner has available, the nominal distribution may be
given by either an empirical distribution or a parametric distribution (e.g., Gaussian distribution) as

shown in fig. 2. In fig. 2, p is a possible nominal distribution, N is the number of data points, & is

the Kronecker delta function, & is the parameter of the data, /\/(/}N ,iN) is a Gaussian distribution

with sample mean 4, and sample covariance ﬁN , Obtained from N data points.

Empirical distribution Parametric distribution

i g g & & £

ib‘; }3 - N—(/&N>iN)

L1
P=N 4

Fig. 2. Nominal distributions: empirical vs. parametric distribution.

The chosen statistical distance for the ambiguity set is the 2-Wasserstein distance, as previously
mentioned, this allows us to explore distributions that do not need to share the same support as the

nominal distribution.
2.2. Simultaneous optimization of approximated posterior and optimal or worst-case prior

In this paper, we explore the problem of the simultaneous optimization of the approximation to the
posterior and the optimal or worst-case prior by using an interacting Wasserstein Gradient Flow
(WGF) scheme. The proposed approach differs from current Bayesian Inference WGFs based

approaches, as it formulates a new problem that requires interacting WGFs for the simultaneous
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optimization of the chosen functional. This interacting WGF simultaneously obtains the best
approximation to the posterior, and the optimal or worst-case prior that either minimises or maximises

a certain functional. The ambiguity set is used to restrict the space of distributions that the prior could
in theory take to solve the optimisation of the chosen functional E(p(@), p(@)). In this present

paper, the min-max (or min-min) formulation problem that needs to be solved is:

min — minormax E(p(6),p(9))

P(0)eP(Q) pX(0)eW(p(0).pX(0))<z

where E (p )= r(6) Iog( )p (6) J @

(Vops 16)

The distribution (@) is the approximation to the posterior, the likelihood distribution is p(y,,|6)

the density p (&) is the prior, and 1V is the 2-Wasserstein distance chosen to define the ambiguity
set. The chosen functional E(p(@), p(a)) is the KL divergence between the unnormalized posterior
p(8.Y,, ) and the approximation to the posterior o (@). This functional is chosen as it recently has

been used to derive a WGF for Bayesian Inference (Y. Chen et al., 2023; Gao & Liu, 2020; Wang et

al., 2022).

By using the properties of the logarithm, the functional in equation (2) can be rewritten as:

E(p Ip )log(p(6))d6 - Ip )log(p ))de—jp(e)log(p(yw))da

The first term of the equation corresponds to the definition of entropy # w.r.t. the approximation to

the posterior, therefore, the functional can be further expressed as:

E(p(8),p(8)):=- ))-[ p(6)log(p(8))do—[ p(6)log(p(y16))d6 ()
The purpose of deriving an interacting Wasserstein Gradient Flow is to locate the pair of probability
distributions (,0*, p*) that balances the simultaneous minimisation and maximisation (or

minimisation) of the functional in equation (3). In other words, we are interested in finding

simultaneously the distribution o (@) that minimizes the KL divergence between the unnormalized
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posterior p(@.y,,) and the approximation to the posterior p(@), and the prior/s that
minimizes/maximises the KL divergence between the unnormalized posterior p(8,y,, )and the

approximation to the posterior p(8).

In numerous occasions, efforts have been made to prove the convergence of algorithms with
interacting Wasserstein Gradient Flows to their global solution (Chizat & Bach, 2018; Mei et al.,
2018), but these attempts generally require entropy regularization. The entropy regularisation is
already included in the formulation of the functional shown in equation (3), where the first term
regularises the partial differential equation of the WGF that minimises the KL divergence between
the posterior and the approximation to the posterior. The second term in equation (3) serves as a
regulariser of the WGF that minimises/maximises the KL divergence between the posterior and the
approximation to the posterior to obtain the optimal or worst-case prior respectively. In this paper, it
is assumed that the regularisers allow convergence to the pair of probability distributions that are
sought. Proving convergence to this pair of probability distributions is still a problem currently under
investigation, and not attempted to be solved in the current paper, the reader is referred to the Mixed

Nash Equilibria literature for more details (Ding et al., 2023; Lin et al., 2019; Y. Lu, 2022).
2.3. Proposed algorithm and workflow

The proposed approach is schematically summarised in fig. 3, and it is composed of three main parts,
the inputs, the simultaneous functional optimization and the outputs. The physics-based model
(analytical, numerical or equivalent surrogate model) of the engineering system of interest, a nominal
prior distribution on the unknown latent parameters with a specified radius, a statistical distance to
define the ambiguity set, an assumed likelihood and measurements taken from the engineering system
are needed as inputs. The main outputs, as shown in fig. 3, are the optimal or worst-case prior

distribution and, consequently, the approximation to the posterior.
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Fig. 3. Main inputs, functional optimization and main outputs of the proposed approach.

In fig. 4, the elements of the optimization block shown in fig. 3 of the proposed approach are
described. At first, we allow the approximation to the posterior to minimize the KL divergence
between the posterior and the approximation to the posterior without changing the prior distribution.
This is done by making the step size z equal to zero of the WGF that results from either maximising
or minimising the functional in equation (3) with respect to the prior for a prescribed amount of

iterations N, . The optimization to find the best approximation to the posterior is performed as
follows. For the first iteration, N, initial particles are chosen at random (usually drawn from the
nominal prior), and the same set of particles are used for both the initial prior p, (@) and the initial
approximation to the posterior o, (@) . Ateach iteration i <N, the physics-based model PM () is
run at the corresponding particle positions ® of the approximation to the posterior. These numerical
simulations at the particle positions ®" are then used to calculate the gradient of the logarithm of the
likelihood V,log p(y,, | @) at those respective locations. The gradient of the logarithm of the prior
V,log(p(6)), and the gradient of the logarithm to the approximation to the posterior Vv log g, (8),

are approximated using a kernel density estimation approach, where the bandwidth is chosen using

the median approach (Q. Liu & Wang, 2016). Using the equation (17), a new set of N particles

oN

i+1

~ p,.. (@) are obtained. This process is repeated until the iteration number reaches i = N,, this
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is done to ensure that the approximation to the posterior has converged to the true posterior.

Once the prescribed number of iterations has been reached, the step size 7 is allowed to be non-zero

and positive, such that at every iteration i > N, a new set of prior particles g" are obtained using

prior,i+1
the second equation (40). At this stage, both the approximation to the posterior and prior are updated
using equation (40), such that the resulting new set of particles corresponds to independently and

identically distributed samples from the distributions o, (@) and p,,, (@) of the next iteration

number i+1.

Additionally, with the purpose of constraining the distribution to be optimised inside the ambiguity
set, the 2-Wasserstein distance from the nominal prior to the prior at iteration i is calculated at each
iteration of the proposed method. If the distribution lies outside the ambiguity set, the distribution is
discarded, and the size of the step in the particle flow algorithm is reduced until the distribution lies
within the ambiguity set. In this way, the step size is controlled to restrict the prior within the radius
of the Wasserstein ambiguity set. This is based on the assumption that the distribution that maximises
or minimises the KL divergence between the actual posterior and the approximation to the posterior

lies at the radius of the ambiguity set. Moreover, if a preset number N, of distributions are discarded

when determining whether a distribution belongs in the ambiguity set, the distribution at iteration

i+1 is reset to the distribution from an earlier iteration i—N_ to avoid the optimisation getting

trapped at one of the local optima. Convergence of the prior to the optimal or worst-case prior is

assumed if the previously mentioned resetting occurs N ..., times. In this case, the prior is no longer

reset

reset, and in a manner similar to the one defined at the beginning of the algorithm, an additional
number of iterations N, are allowed, so the approximation to the posterior can converge. At this
stage, the algorithm checks if the stopping criteria have been fulfilled, if it has not, a new iteration

i +1 is started. The stopping criteria are set as: (i) the maximum number of allowed iterations N,

is reached; (ii) a maximum number of prior distributions N are reset to the distribution from an

reset
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earlier iteration, and an additional number of iterations N_ are allowed for the approximation to the

posterior to converge.

Initial Particles Initial Particles
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Fig. 4. Pictorial description of simultaneous optimization of chosen functional.

A summary of the steps to be run for the proposed method are given below:

1. Calculate approximation to the posterior for the initial prior (by setting 7z, =0)
a. Obtain N, initial particles from the prior, and approximation to the posterior.

b. Calculate next set of particles of the approximation to the posterior using equation
7).
c. Repeat from 1a) until iteration number reaches i=N,.

2. Simultaneous optimization of equation (2) to calculate the approximation of the posterior and

optimal or worst-case prior (allow z, >0):
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a. Calculate the next set of particles of the approximation to the posterior and prior using
equations (17) and (37) or (39).
b. Check if the prior lies outside the defined ambiguity set:
i. if false, continue to 2c).
ii. if true:
1. reduce the time step 7, until it is inside ambiguity set.
2. check if the number of discarded distributions is less than N, .
a. if true, continue.
b. if false, reset current prior particles to prior particles from
iteration i —N_.

3. check if the number of times prior distributions have been reset is less

than N

reset -
a. if true, continue.
b. if false, skip to step 3.
c. Repeat from 2a) until iterations reach N, and stop running the algorithm.
3. Calculate the approximation to the posterior for the final prior (by setting 7, equal to zero,

and allowing an additional number of iterations N, ):

a. Calculate next set of particles of the approximation to the posterior using equation

7).
b. Repeat from 3a) until iterations reach N, or the additional number of iterations is

reached.

The system illustrated in fig. 5 is used to show the main results that would be obtained by using the

proposed algorithm. A 1D mass-spring system with mass m=1 [kg], stiffness k =1 [N/m], and

k . . . : .
angular frequency a):\/% [rad/s] is studied. In this example, a Gaussian observational error
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o =+0.1 is assumed when obtaining a numerical observation of the angular frequency

a,

obs

k : . . .
= p~ +¢, where ¢ ~ A/(0,0). It is also assumed, that the uncertain parameter is the spring

stiffness k =@ [N/m]. The initial Gaussian prior (which is the same as the nominal prior of the
ambiguity set) is assumed to be p(@)=A/(1,0.1). Two different runs to obtain the optimal prior
and the worst-case prior (and their corresponding approximation to the posterior) w.r.t. the chosen
functional in equation (2) are shown in fig. 6. An ambiguity set with a radius £=0.005 is chosen.
For the both optimal and worst-case prior, the step sizes in the interacting particle flow WGF
algorithm cases are o =3*10"° and 7 =3*10". The values of N,, N,, N_, N, and N__ used
to run the algorithm are the same as the two numerical examples shown in Section 6 and they can be
found in the introduction of that section. Also, in this example, the number of initial particles
N, =100 is chosen. The obtained probability density functions plotted in fig. 6 are calculated using
the kde function in (MATLAB, 2020) with the standard options, and using 100 samples from their

respective distributions.

/

Fig. 5. 1-Degree of freedom mass-spring system.
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Fig. 6. Kernel density estimates of the distributions for a 1D mass-spring system given an
initial/nominal prior (red — initial prior; blue — final approximation to the posterior; black — final

prior): (a) Optimal prior case (b) Worst-case prior case.

As expected, it can be seen on fig. 6, that the optimal prior case assigns higher probability density at
regions of high posterior density, while the worst-case prior moves prior density away from regions
of high posterior density. The optimal prior has its support reduced w.r.t. the initial prior, whilst for
the worst-case prior its support is increased. A slight multimodality can be seen for the optimal prior,
with its main mode at the same location as the only mode found for the approximation to the posterior.
Both the optimal and worst-case prior distributions are non-Gaussian and non-symmetric, even

though the initial prior was Gaussian, and therefore symmetric.

The following sections of this paper build upon the knowledge needed to understand the main

concepts and algorithmic approximations required for the proposed approach.
3. Wasserstein Gradient Flow

In this paper, to be able to consider the optimisation of functionals with respect to probability
measures, the Wasserstein Gradient Flow (WGF) (Santambrogio, 2015) concept is introduced. The

WEFG applies on a probability measures space where a 2-Wasserstein metric has been defined.
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Let us first consider the functional E (p) , Where E: P(Q) — R maps a probability measure to a real

value, where the P(Q) is the space of probability measures on @ < R", and D is the number of

dimensions.

To investigate the optimisation of the functional E(p) as a Wasserstein Gradient Flow, the Jordan

Kinderleher Otto (JKO) scheme (Ambrosio et al., 2005; Santambrogio, 2016) is used. The JKO
scheme solves the variational problem by defining the time discretization of the diffusion process,
for this discretization the approximate probability density, P at the i+1 timestep is calculated:

W2 , z
Py =arg min{E(p)+M} @)

el 27
Where W, is the 2-Wasserstein distance, = > 0 is the size of the timestep, and as the size of the

timestep approaches zero r — 0, the expression above converges to the exact Wasserstein Gradient
Flow. The 2-Wasserstein distance (curve length between two distributions) is defined as

(Santambrogio, 2015):

VVZZ(,u,v): inf 6-6

yel(u,v)dQxQ

zy(de,de*) ®)

Where, y is the deterministic coupling that minimises equation (5) and y is inside the set of all

possible couplings or joint distributions F(,u, v) over @ and 6, where 1 and v are the marginal

distributions of @ and @ . In the context of transport optimization, the calculation of the 2-

Wasserstein distance can be interpreted as the transformation of elements in the domain x to the

domain v at a minimum cost. Then, from this perspective, in the equation (5) of the 2-Wasserstein

distance, HG—H*HE is the transportation cost of @ in u, to @ in v (Santambrogio, 2015). By
defining the cost function ¢ as HO—H*HE , the equation (5) can be rewritten to:

W (uv)=inf [ c(6,7(8))du(6) (6)

For the cases where there is a unique solution for the problem of minimum transportation cost from
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@ in u,to @ in v, the unique solution can also be expressed as a mapping 7 :R° — R, that
pushes elements @ of the domain x to the domain v (C. Chen et al., 2018). The solution is unique
when the marginal distribution of probability x is absolutely continuous w.r.t. the Lebesgue measure

(C. Chen et al., 2018).
If {,ut }te[O 1 is an absolutely continuous curve with finite second-order moments in the probabilistic

space P(Q), then the changes of 4, in that curve will be defined through investigation of
WE (14, 14, )- Studying the changes of 4, is related to the original JKO problem (Ambrosio et al.,

2005; Santambrogio, 2016) of the minimisation of the functional shown in equation (4). These

. T(6.)-6 ) _—
changes can be described using a velocity field given by: v, (8):= ImgL. This velocity field
T—> ’Z‘

v, (6) defines in P(Q2) the gradient flow (Ambrosio et al., 2005):

Oty +V-(Vr,)=0 (7)

Solving the equation (7) requires finding a velocity field v(t) such that its flow agrees with

Iim(ﬁf (t)) The WGF can be shown to have a velocity field v(t) that minimises the functional

70

. . _ o %E(p) . E(p) .
E(p), with the following form v(t) ——Va— (Ambrosio et al., 2005), where o is called the
P P

first variation of E(p) at p. Based on this, the WGF may be expressed as:

- v.(up)=v | pv EL) 8
atpt_ V(tht)_VLPtV apt j (®)

Therefore, to derive the WGF for the optimisation of the functional E(p) the following requirements

are introduced:

needs to be

(o)
op

1. The first variation of the functional E(p) with respect to the density

calculated.
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2. A perturbation that follows the formal definition of a derivative in the probability space has
to be introduced.

3. The probability p is a probability density o <P () that has to be perturbed to p+sgy
which is also another probability density such that it also lies in the probability space 7 ()

, inthisway E(p+sgy) is well defined.

4. Forall small £ >0, both, the perturbed probability density is defined in the probability space

p+egeP(Q),and o=p+yeP(Q).

This can also be rewritten as p+ ey = p+e(o—p)=p(l—¢&)+eo, Where p(1-¢)+co e P(Q),

aslong as p and o are also probabilities densities.

oE
Now that the requirements have been introduced, the first variation of E(p), 8(p) can be found,
P
and it is given as (Ambrosio et al., 2005; Santambrogio, 2016):
0 OE(p)
—E(p+e =|———=x(0)do 9
S E(P z)g_o i " x(8) ©)

forall y=o—p. If aconstant C is added, j(aEa—("J)+c];((a)de, it can be found that the first
o P

variation may be defined uniquely only up to additive constants, as that second integral j;((o)de
Q

includes the difference of 2 probability densities y =oc—p.

4. Wasserstein Gradient Flow for Bayesian Inference

Approximations to the posterior can be obtained using many different methods. Recently, methods
based on Variational Inference (V1) have been gaining popularity (Blei et al., 2017). These methods

are based on the minimisation of the KL divergence between the posterior p(y,,|@) and a probability

density (usually parametric) defined inside a family of distributions ¢, to quantify the degree of
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dissimilarity between two distributions over the same domain:

p =argminKL(p| p(8] Yy ) (10)

ped

where the KL divergence is defined as:

KL(21P(8] Yars)) = iplog(m]dé’ (11)

The approximation to the posterior is obtained by finding the member of the family and its respective

hyperparameters that best minimise the KL divergence (Blei et al., 2017).

An alternative to VI would be to use the Wasserstein Gradient Flow to define an iterative procedure

that uses the set of data y,, to update a chain of , (&) with the purpose of approximating
p(&]Y,,) given the minimisation of a suitable functional E(p). In WGF, the optimisation of the

functional can be solved by using equation (8). To be able to solve this equation, the velocity field

v(t) given the chosen functional is required. In a first analysis, it may be thought that as the posterior
P(&]Y,, ) is not known in advance, (because of the presence of the normalization constant p(y,.)

), then the functional of equation (11) cannot be used to derive a WGF. But as the first variation of

the functional is only uniquely defined up to additive constants, a simpler functional E (o) where the
posterior p(@|y,, ) is replaced for the unnormalized posterior p(8, y,,, ) may be used (Gao & Liu,

2020). Therefore, the velocity field that results from replacing the posterior with the unnormalized

posterior would be the same as the velocity field as in the functional in equation (11).

By obtaining a WGF of the functional E(p), the partial differential equation can be solved to flow
the approximation to the posterior p, () to its equilibrium p(@|y,, ) for the observed data. The
dynamic system is defined by an initial density o, (@) that is given by the prior p(6), and o, (&)

tends to the posterior distribution, (Gao & Liu, 2020). In a more rigorous manner, in a manifold M

in the parameter space, a pushforward density p, (6)=7,#p(€)<M is considered, where # is the
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push forward operator, and the best curve (under certain restrictions) p,, that drives p, to p, has

to be found (Gao & Liu, 2020).

The WGF of the chosen functional E( p), may be performed by first calculating the first variation

(where the bounds are omitted for clarity):

=0

:a_iU(p+;(€)Iog((p+;(5))d0—.|.(p+;(£)Iog(p(¢9, yobs))dé’}

0
Yk
- (p+5;{)

=0

:D;{Iog(p+;(8)d0+'[(p+;(.9)(/m_#8)d0—j(p+;(g)|og(p(t9, yobs))de}

:_[Zlog(p)d0+j)(d0—_fz|09( p(é, yobs))dezj.(log(p)+l_log( (0. Yas))) 246
(12)

The first variation of the functional E () with respect to the density p is then given by:

oE
a—(p) =log(p)+1-log(p(6. Yy )) (13)
0
and the velocity field is:
oE
v(t) =—V%p) =V(Iog( p(6. yobs))—log(p)—l)zwog(p(e, Yo )~ V109 (0) (14)

If the first variation of the functional E(p) is introduced into the continuity equation, the following

equation is obtained (Wang et al., 2022):

at:Ot = V'(:Ot(vmg( p(0, Yobs ))_VIOQ(pt))) (15)
The KL WGF is an approximation in continuous time of the deterministic mean-field particle system

called mean-field Wasserstein dynamics (Wang et al., 2022):

dé, = [V log(p(8. Ve ))-V Iog(pt)} dt (16)
The mean-field term is derived from the fact that the dynamics’ evolution varies with the current

density function p,. The deterministic particle descent WGF may be obtained from the mean-field

Wasserstein dynamics (Wang et al., 2022):
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8..= 6, +a,(Vlog(p(8. Yy, ))-Viog(p,)) an
The equation (17) represents one of the two particle discretisation WGFs equations needed for the
simultaneous optimization of the chosen functional in equation (3) shown in Section 2. In equation

(17), an approximation of Vlog(p,) is required, as no analytical expression is available. Many

different methods may be used to obtain an approximation. In this paper, a kernel density estimate
(KDE) approach is chosen and explained in subsection 5.1. It should be noted that the WGD follows
a deterministic rule for the updating, and therefore the initial positions of the system determine the

particle interactions and randomness.
5. Approximations in Wasserstein Gradient Flow for Robust Bayesian Inference

This section provides a more detailed explanation of some of the mathematical tools required for the

application of the algorithm described in fig. 4.

5.1 Approximationto v, log( p) from samples

When the velocity field v(t) is to be approximated, one of the difficulties that arises is the estimation

of Vlog p(#) (C. Liuetal., 2018). Only a finite set of samples {9(”}:‘:1 of p(8) is known. However,

N .
a direct approximation of , (@) using the empirical distribution 5(8) ::%26(0—0(')) , Where
i=1

S is the Dirac delta function is not possible. The reason why that direct approximation cannot be

performed is because the WGF of the KL divergence at (@) is not defined, consequence of 5(9)

not been absolutely continuous. Using the absolutely continuous approximated expression

N .
p(0)=(p*K)(8)= %Z K (67, 19(')) (“¥” symbolizes convolution), the velocity field v(t) can be

i=1

well-defined by smoothing 5 (&) through a smooth kernel K on & .

In this paper, the approximation of p(@) is produced using the KDE p(@) , where
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K(a, 0(”):RD xR® — TR is a given positive and differentiable kernel function, and the Gaussian

kernel is used:

K(0.6")=(27h) 2 le-T.
= 2 P
(6.67)=(27h) 2 exp o

(18)

N is the number of samples used to define the kernel function K(0, 0*), h is the bandwidth and it

is defined by h=med?®/log(N), and med represents the median of distances of the samples (Q. Liu

& Wang, 2016).

When the KDE is used as an approximation of p(8), the following expression may be used to

calculate an approximation of Vlog o(8)(Wang et al., 2022):

Vlog p(0)= =1L : (19)

The kernel chosen does not affect the solution of the Gradient Flow if the size of the ensemble tends
to infinity (J. Lu et al., 2019). Nonetheless, the distribution of particles for a finite number of them,
may not be unique. An alternative manner to explain this is that for different given kernels, that is,
with different particle flows, different results (final positions in the state space of the particles) are
obtained. However, for those kernels as their number of particles increases, the representation of the

posterior probability density function (pdf) becomes more accurate.

5.2. Approximation to V,, 1og( p(8, Y, ))

In this paper, two different ways to estimate the gradient of log likelihood are considered. The first
one uses local estimations of that Jacobian matrix of the model’s ensemble, whereas the second one
uses gaussian processes. The first approach is only able to obtain estimates of the gradient of log

likelihood at particle positions where the model has been run previously. However, the Gaussian
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Process approach is able to obtain estimates of the gradient of log likelihood at particle positions that
have not been evaluated by leveraging on the prior assumptions and previous model runs. The choice
of approach is usually based on the computational cost of dealing with the physics-based model

involved.

In general v,log(p(@)) can be calculated analytically, as most of the log(p(&)) chosen in

Bayesian Inference are differentiable. However, if an analytical expression is not available,

V, Iog(p(e)) may be approximated using equation (19) as long as samples from the prior are

available.
5.2.1. Gradient of log likelihood using ensemble method

Assuming a multivariate Gaussian likelihood, p(y,, | €) can be written as:

1 1 _
p(yobs | 0) = —dexp(_g( Yobs ~ Yimodel )T X ' ( Yobs — Ymodel )j (20)
(27r) detx

In the above expression, d refers to the dimensionality of the observation space (the number of

observations), Y,.. and V... respectively are the nx1 vectors of simulated and observed states,

and the inverse of the nxn error covariance matrix X is denoted by ™.

By taking the gradient of the logarithm of the multivariate Gaussian likelihood, the below expression

is obtained:

1 -
Va |Og p(yobs | 0) = Eva ymodesz ' ( Yobs — ymodel) 1)
In equation (21), VY. 1S @ matrix of dimensions nx D . The number of model parameters is
denoted by D. The elements of the Vv, Matrix are the partial derivatives of each simulated state

(associated to rows 1, ..., n) w.r.t. each parameter (associated to columns 1, ..., D). The states are

simulated introducing input parameters @ into a computational model:
ymodel =PM (X) 9) (22)
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The expression above assumes that the observed states are directly simulated by the model. If the
Jacobian is defined as J () =V, PM (X, H)T, the matrix of dimensions (Dxn), equation (21) can

be rewritten as:

1 _
vg |Og p(yobs | 0) = E ‘] (G)T Z ! ( yobs - ymodel) (23)
As a result, using the equation (23), the log likelihood gradient may be evaluated using local

estimations of that Jacobian matrix. Computational difficulties arise during the evaluation of the

Jacobian matrix J (@) of dimensions (nxD), as the closed form of this matrix is frequently
unavailable.

To solve the mentioned difficulty, an approach that consists of obtaining nonintrusive estimations of
the Jacobian J (9) may be taken (Ramgraber et al., 2021). The vector @, that has the parameters as

elements, is perturbed in a small increment in each of its D dimensions, and the Jacobian matrix

J (0) is approximated using the obtained two or three-points finite difference derivatives. This

computational differentiation may produce very accurate results, but it becomes unpractical if the

model has a high number of parameters D . If the ensemble size or number of particles is denoted
N , and a set of local Jacobians is to be required, the model has to be run (D+1) N times if two-
points finite difference derivatives are used, or even more times(2D+1)N , if three-points finite

difference derivatives are chosen (Ramgraber et al., 2021). Those numbers are well above the number

of evaluations of the model that practitioners may consider affordable.

A technique that requires only N model evaluations PM(x,8) , and it is able to produce the

estimation of the Jacobian matrix J (@), directly from the ensemble, may be found in (Ramgraber et

al., 2021). This methodology makes use of the relative differences between particles:

0" -6
||0r _05” ||‘9r _05”

r S

P )-PM (8,) [PM(6,)-PM(6,)
) W;HPM(Q)—PM(GS)'

(24)
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In the equation (24) above, P is the rank expected for the Jacobian matrix J (0) , this expected rank

is the smallest value between N —1 and D. Inside the summation symbol three fractions are found,

in correlative order: the vector from particle 8, to the particle 6, (normalized), the scalar gradient

between the observation and the parameter space, the normalized vector in parameter space. The

equation (24) may be simplified as follows (Ramgraber et al., 2021):

S

(PM (6,)-PM (6,))(6

r -0, ! )
=y |6, -6,

(25)
The factor % external to the sum is made up of a correction factor P to consider that the maximum

possible contribution of each vector to the rank of the Jacobian is one, and a factor % to account for

an arithmetical average. For N —oco and an isotropic arrangement of particles, the Jacobian in
equation (25) should converge against the correct one (Ramgraber et al., 2021).

5.2.2. Gradient of log likelihood using Gaussian process

For cases where the physics-based model is expensive-to-evaluate, an approximation of the gradient
of the log likelihood may be produced using a Gaussian process. This methodology allows the

estimation of the gradient at particle positions where the physics-based model has not been evaluated.

Assuming that the likelihood function is given by a multivariate Gaussian with zero error mean and

covariance X, the log likelihood function is:

d 1 1 _
IOg p(yobs | 0) = _E IOg (27[) _E Iog (detz)_E( yobs - ymodel )T ) ! ( yobs - ymodel) (26)
Focus is placed on the last term of the equation (26), as the gradient of the log likelihood function
w.r.t. the parameter @ only depends on that term. Consequently, the partially observed potential is

modelled as (Dunbar et al., 2022):
1 _
VL (0) = E( Yobs — Ymodel )T b2 ' ( Yobs — Ymodel ) (27)
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Where Vv, (©) is a Gaussian process f ~GP(0,k), and k denotes a positive definite kernel on R®

that has been chosen according to the explanations below.

In this paper, k is a Gaussian radial basis function kernel that has the form

%112
. 0-6
k(e,o ;ﬂ,l) = ﬁexp{—”—zl. In this expression, | >0 denotes the kernel bandwidth, and A >0

2

is the amplitude of the kernel. A function f is sought so that for some & >0, and for some noisy
evaluations of the potential at the ensemble of points ©, =(6},...,0, ) e R"® then (Dunbar et al.,

2022):

Vi (6})=f(0))+os, &=(&...&")~N(01) 28)

The mean function of the associated Gaussian process posterior for f is (Rasmussen, 2003):

ul6')=k(6" ©)K(©.6)"V,(6) (29)
and the expression for the variance function is (Rasmussen, 2003):
o’ (¢67)=k(6".6")-k(6",0)K (0,6) 'k(0,6) o)
Where K(@, ®) :diag<02)+k(®,®). Equations (31) and (32) express the well-defined gradient

of the posterior mean (Rasmussen, 2003):

v (67)] oB[V.(¢')] o(e.0) B
E[ 50 ]_ T K(©,0) "V, (0) (31)
ok(6°,0) 4
VVL(0)=— K(©,0)"V, () (32)
d 6'=0

Both the energy term V, (9) and the hyperparameters (a, /1,I) are updated at each iteration, and are

calculated considering the new incoming data (Rasmussen, 2003).
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5.3. Derivations of Wasserstein Gradient Flow equations for optimal or worst-case prior

In section 4, the WGF for the case when the approximation to the posterior is made to vary to
minimize the KL divergence between the posterior, and the approximation to the posterior has been
derived. Now, the WGF that either maximises or minimises the KL divergence between the posterior
and the approximation to the posterior with respect to the prior needs to be calculated. Currently, the

interacting WGF has the following form:

00 =V+(p(V10g(P(6. V)~V l0g 0, )))

(33)
o.p,(8)= n[—v-[ p <e>v[$,,)<p, p(@))]ﬁ

The first step is to calculate the first variation of the functional E((8), p(6)) With respect to the
prior p(&). When the optimal prior is of interest, this results in the minimization of equation (3), to

obtain an expression of the first variation we first need to calculate the following:

8%E(p(e)w;() 7 =8—a€:jplogpd9—fplog(p(9)+8z)d9—fp'°9(p(9l Vs))40] =
:__J'pmdeloz—fﬁzde (34)

Now an expression of the first variation of the functional to be optimized can be obtained and it is

given by:

—=~(p(8))=-—L~ (35)

and the velocity field is:

o (6)) p(6) (p(8)) p(9)

The resulting particle-based Wasserstein Gradient Flow, using an Euler discretisation, is given as:

v(t)z—VaE(p)=V[p’0 J:p(o)v( P ]: 2_(Viogp-Viogp(6)) ()
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9.
elg\lfior,wl = eerior,t T a EQP“OV ; (V log p, <0prior ) —Vlog p <0prior )) (37)
t prior

If the maximization of the KL divergence is sought instead, this requires the calculation of the worst-
case prior, and the resulting velocity field is given as the negative of the previously calculated velocity
field:

v(t)zﬁ(vmg p(8)-Vlog p) (38)
Therefore, the resulting particle-based Wasserstein Gradient Flow using an Euler discretisation is
given as:

_ 0“ pt (eprior)

6, priort ~ht| T o (V IOg Py (eprior ) -V IOg Py (eprior )) (39)
t (eprior )

prior,t+1

Now that the particle based WGF for the minimisation or maximisation of the functional with respect

to the prior has been derived, an interacting particle based WGF can be defined as follows:

6,=6" +a,(V1og(p,(6. Yas))-Vlog (1))

oN =o" +7 M(V |Og P (aprior ) -V IOg Pr <0prior )) 0

prior,t+1 prior,t — "t 0
pt ( prior )

The resulting simultaneous equations (40) are composed of: a) the top equation which is the particle
discretisation of the WGF that results from the minimisation of the KL divergence between the
posterior and the approximation to the posterior w.r.t. the approximation to the posterior, and b) the
bottom equation that results from either minimising or maximising the KL divergence between the
posterior and the approximation to the posterior w.r.t. the prior. These simultaneous equations may
be used to obtain the prior that either maximises or minimises the functional, and their resulting

approximations to the posterior. For the case where the step size z, of the bottom equation in the

simultaneous equation (40) is zero, the original particle based WGF for Bayesian Inference would be

recovered, as this would mean the prior is static (it does not change with time).
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5.4. Density ratio estimation from samples
The equations (37) and (39), require the calculation of the pdf of the 2 (Bprior ) and the pdf of
P, (aprior)' This may be done for example using kernel density estimates. In this paper, rather than

doing the direct estimation of the densities, the density ratio is calculated directly:

_ P (aprior)
g (aprior ) - D, (0pri0r) (41)

Numerous methods have been developed for the calculation of the density ratio in equation (41), the
method chosen in this paper is the one called Relative unconstrained Least-Squares Importance

Fitting (RULSIF), and the interested reader can find it in (Yamada et al., 2011).
6. Dataand numerical models

In this section, the proposed method is validated using two numerical examples. These two case
studies have been selected to showcase the applicability of the proposed approach to deal with
problems of different complexity, and an engineering case study is included. In the first example, the
2D double banana posterior problem (Detommaso et al., 2018) is used to show the resulting particles
obtained from the optimal and worst-case prior, and also the resulting particles from the
approximation to the posterior. In the second example, a double beam system is used to show the
differences between the ensemble method and the Gaussian process to numerically estimate the

gradient of the logarithm of the likelihood at the particle positions.

In both case studies, the number of initial samplesis N, =100 for the approximation to the posterior

and also the prior, and those initial samples are picked from identically and independently distributed
draws from the nominal prior. Each iteration of the algorithm uses the same number of particles

(N =100) and corresponds to evaluations of the physics-based model at the positions of those

particles. As described in section 2, in the beginning of the method 7 is set to zero until the number

of iterations reaches N, =50.
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The Gaussian kernel in equation (18), is used to produce the estimations of Vlog o and Vlog p(é?)

, and the bandwidth is chosen using the median methodology.

If the distribution that is being optimised lies outside the ambiguity set, the size of the step in the
particle flow algorithm is reduced to half until the distribution lies within the ambiguity set. Also, the

distribution at iteration i+1 may be reset to a distribution from an earlier iteration i—N_, where
N, =10, if a preset number of distributions (N, =5) are discarded when determining whether a

distribution belongs to the ambiguity set. The maximum number of prior distributions that are allowed

to be reset is N, =2, once this number is reached, an additional number of iterations N, are

reset

allowed. The total maximum allowed number of iterations N, =400.

6.1. Double banana posterior example

This first example is based on the paper (Detommaso et al., 2018) that results in a two-dimensional
double-banana-shaped posterior distribution. The equation that defines the model used is given by

the logarithmic Rosenbrock function used in (Detommaso et al., 2018):

PM (6) = log ((1—491)2 +100(6, - 6% )2) (42)
The initial prior chosen is a standard multivariate Gaussian, (0, 1). The numerical observation

is a random

rue

used to update the prior knowledge is obtained by y,, =PM (8, )+¢ , where 6,

variable drawn from the assumed prior, the standard deviation of the observational error is ¢ = 0.3,

and 4’~N(0,02I).

For the ambiguity set, the nominal prior is chosen to be the same as the initial prior. The statistical

distance used is the 2-Wasserstein distance, and a radius & =0.05 has been chosen.

Using the algorithm inputs described above, the interacting Wasserstein Gradient Flows are used to
find the resulting distributions for two different cases: a) the optimal prior and its resulting

approximation to the posterior and b) the worst-case prior and its resulting approximation to the
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posterior. In this example, the ensemble method described in section 5.2.1 is used to calculate an

approximation to the gradient of the log likelihood at the particle positions to be evaluated.

The step sizes in the interacting particle flow WGF algorithm for the optimal prior case are
a=3*10" and r=1.5*10". For the worst-case prior case, the step sizes in the interacting particle

flow WGF algorithm are o =3*10"° and 7 =3*10"".

In this numerical case two different subcases are run, fig. 7 to fig. 13 correspond to the situations
when the optimal prior and its approximation to the posterior are calculated. Figures 14 to 16
correspond to the situations when the worst-case prior and its approximation to the posterior are

calculated.

In fig. 7 and fig. 8 respectively is shown, for each iteration, the positions of the particles from the
optimal prior and from the approximation to the posterior. In both plots of fig. 7, it may be seen that

after iteration i=N, the inner particles of the prior initially tend inwards, i.e., to the direction of
smaller absolute values of parameters 6, and 6, , this is due to the fact that the prior tries to move the

closest particles to the positions of the particles of the approximation to the posterior. It can also be
seen that the prior particles after a number of approximately 150 iterations do not change much of
position, this occurs because of the step size decrease performed with the purpose of constraining the
prior inside the defined ambiguity set. Figure 8 illustrates how the particle positions of the
approximation to the posterior start moving into the regions of higher probability density. After

iteration i = N_, the particles’ positions of the approximation to the posterior concentrate even more

into regions of high probability density due to the prior having a greater effect on the positions of the

particles.

Figures 9 and 10 show respectively, for each iteration, the values of the gradient of the logarithm of
the prior and the gradient of the logarithm of the likelihood at the particles @' positions. Figure 9

shows how the values of the gradient of the logarithm of the prior at the particle positions of the

approximation to the posterior start to decrease as the prior particles start concentrating around the
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particles of the approximation to the posterior. As the iterations progress, the values of the gradient
of the logarithm of the prior at the approximation of the posterior particle positions start decreasing,
this is because the particles of the prior become closer to the particles of the approximation to the
posterior. This also means that the particles of the approximation to the posterior are becoming closer
to regions of high prior density as the iterations progress. Figure 10 shows that during the initial
iterations, high absolute values of the gradient of the logarithm of the likelihood may be found. This
happens because during the initial stages of the algorithm there are particles that are still distant from
the regions of high likelihood density. After around twenty to thirty iterations the values concentrate

in a more defined region, even though some occasional extreme values can still be found.

In fig. 11, the initial particle positions (where the prior and approximation to the posterior particles
are the same, shown in red), the final particle positions of the prior (black) and the approximation to
the posterior (blue) can be seen. As expected, the final positions of the particles from the
approximation to the posterior are shown to resemble the double-banana posterior in (Detommaso et
al., 2018). It can also be observed that most of the final positions of the particles from the prior
(optimal prior) are near the particles of the approximation to the posterior, and a smaller number of
particles lie close to the initial prior particles. This means that the optimal prior assigns a high
probability to the region close to the approximation to the posterior, and a lower probability to the

outer particles far from the approximation to the posterior density.

Figure 12 shows a quiver plot, also known as vector plot, that is produced by the generic function
quiver in (MATLAB, 2020). The scaling of the quiver function's default setting is chosen to prevent
arrow length overlap. In this plot, the gradients of the logarithm of the prior, and the logarithm of the
likelihood at the particle’s positions from the approximation to the posterior in the final iteration are

plotted. The gradients of the logarithm of the prior at the final prior particle positions are also shown.

Figure 13 illustrates the 2-Wasserstein distances at each iteration. Three plots can be found. The

following distances at each iteration are plotted: the first is from the initial prior to the approximation
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of the posterior; the second from the approximation to the posterior and the prior; and the third from

the initial prior to the prior.

In fig. 14 and fig. 15 respectively, the positions of the particles from the worst-case prior, and from
the approximation to the posterior, are shown for each iteration. In fig. 14 (a and b), it may be seen
that the inner particles of the worst-case prior tend to move outwards to the direction of higher

absolute values of parameters ¢, and 6, as more iterations occur. Figure 14 also illustrates that after

approximately 200 iterations the prior particles do not change much their positions. This is due to the
decreasing size of the time step that is introduced with the purpose of limiting the prior inside the
ambiguity set. In a similar manner to what occurs for the optimal prior case, in fig. 15 it can be
observed that the particle positions of the approximation to the posterior also move to areas of higher

probability density as iterations advance.

The final particle positions of the worst-case prior (black), initial particle positions (where the prior
and approximation to the posterior particles are the same, shown in red), and its approximation to the
posterior (blue) can be seen in fig. 16. As anticipated, the layout of the final positions of the particles
from the approximation to the posterior takes a shape similar to the one shown by the double-banana
posterior in (Detommaso et al., 2018). The worst-case prior assigns a higher density to areas of a low
posterior density and vice versa. In a manner consistent with the previous statement, fig. 16 also
shows that most of the final positions of the particles from the prior (worst-case prior), are positioned

away from the final positions of the approximation to the posterior.

A direct comparison of the optimal prior and worst-case prior in the form of scatter plots and
histograms of the latent variables is found on fig. 17. Figure 17 has been produced using the
plotmatrix function from (MATLAB, 2020). It can be clearly seen that the optimal and worst-case
prior differ from the initial prior and are no longer Gaussian. A very similar support can be seen of

the optimal prior w.r.t. worst-case prior.

213



Particle positions

Scatter plots and histograms can also be found on fig. 18. For the cases where the optimal prior and
worst-case prior have been estimated, the scatter plots and the histograms of the latent variables of
the resulting approximation to the posterior are plotted. Very small differences are found when
comparing between the resulting approximations to the posteriors. This is a consequence of the small

sensitivity of the posterior to changes of the considered uncertain prior.
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Fig. 8. Approximation to posterior particle positions at different iterations: a) particle positions at

6, ; b) particle positions at 6, .

214



Value of Gradient

1.5 - T - T T T T T T 15 T T T T T T T T T
1 | 1
|
0.5 — = | = 05 = — S
——— - 1] & — =
| / — | g o 7 =
[ . - (D =
-0.5 {li= | o -05 = — S
=} —_— |
s 7 |
- - —
1.5 ]
0 20 40 60 80 100 120 140 160 180 200 0 2 40 60 80 100 120 140 160 180 200
Ilterations Iterations
(@) (b)
Fig. 9. Gradient of log prior at different iterations and at particle positions ®@" w.r.t.: a) latent
parameter 6, ; b) latent parameter 6, .
200 . . . . . 200 : : : : : :
100 1 1
T IS
)] \| \ [}
-— N v - —
8 \/ V ® 100
9 -100 |f V)
o kS
-200
E g
T -200 .
= = 300 -
-300 -
-400
-400 ! ! L ! L L L L ! -500 I 1 | I 1 | I 1 |
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Iterations Iterations
(a) (b)

Fig. 10. Gradient of log likelihood at several iterations and at particle positions @" w.r.t.: a) latent

parameter 6, ; b) latent parameter 6, .

215



251

L]
® |nitial Prior
2r o ®  Final Approximation
o . ®  Final Prior
1.5 e . %
N - - f L] °
(S 1F . ° .' ]
n % . [T}
c o Lo . M '] Sy °
o 0.5 S % 8 e e, [ 4 $ s,
— o ® [ 0o o
s L X J L) Y Y
8 0r o S ®e ‘.. ° . o & ® e
o ° o« ¥, e . °
) & . ¢ e e ° ® e
S o5t L c Mt
-"E o o ¢ : ° o
© -1k * . .o ° ° ° . %
o ° i o
A5} . ‘ ”~
o r] oo .c
-2 B . °
_25 1 1 1 1 1 * Il | 1 ]

1
25 2 45 -1 05 0 05 1 15 2 25
Particle positions 01

Fig. 11. Initial prior, final approximation to the posterior and final prior particle positions.

25 T T T T T T T
Gradient of Log Prior at 6
2r ——= Gradient of Log likelihood at §
N —= Gradient of Log Prior at 6 prior
15 \ l/ .
&L Y i M |
» NN
S osf =N e
:% = >\\ | _
3 | = -— - |
a ° —= =" -
9 _0 5 L //;7%\'{\ && -
[&) . —_— SN
5 f "
® 1L — i
a /m
—
15 F Vi T \ .
2+ / 1 ~_ 4
_25 1 Il 1 1 1 1 1 1
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Particle positions 91

Fig. 12. Gradient/Quiver plot of log prior and log likelihood.

216



Wasserstein 2 Distance

Wasserstein 2 Distance

0 L | | . L | | ! . 0
0 20 40 60 80 100 120 140 160 180 200

Iterations

(@)

! 1 1 L ! 1 1 L !

20 40 60 80 100 120 140 160 180 200
Iterations

(b)

0.05 T T

0.045 -

0.04 -

0.035 -

0.03

0.025 -

Wasserstein 2 Distance
o
=
[6,]

o

o

oS

a
T

0 I 1 1 1

0 20 40 60 80 100 120

Iterations

(©

140 160 180 200

Fig. 13. 2-Wasserstein distance at different iterations | between: a) initial prior and approximation to

posterior; b) approximation to posterior and prior; c) initial prior and prior.

217



Particle positions

Particle positions

0 50

100 150 200 250
Iterations

@

300

Particle positions

Fig. 14. Worst-case prior particle positions at different iterations: a) particle positions at &, ; b)

particle positions at &, .

T T T T T

150
Iterations

200 250

(@)

25 : : . . ;

2 . -
1.5 .

1 = -
0.5 F i
1 WE i
15 F .
2 E 4
25 . . . . .

0 50 100 150 200 250 300
Iterations
(b)
2.5 T T

[2])

[

i)

I

o

o

<

O .

=

[

o

25 . . ‘ ‘ ‘
50 100 150 200 250 300
lterations
(b)

Fig. 15. Approximation to posterior particle positions at different iterations: a) particle positions at

0, ; b) particle positions at &, .

218



Particle positions 62

251

Particle positions 91

® |Initial Prior
2F . ®  Final Approximation
. . ®  Final Prior
1.5 . .
L]
e *® ° .
1+ . * *
° L] [}
:.: ° o . :: . ‘. . [} ’. oo
0.5 . o T IO .
°° o 4, °° :‘ ..'\‘ . "
ok . ®e . ° ° . o i .. '.o. [
° ° ° '. ° .‘ . ° ®e
-05+F N . M op.‘ © - T
L] ° L] ‘ s : h
r . ° oo ‘. .o - ®
A5F e ot
° P Fid %
-2 [ ° L3
L]
_25 1 1 1 1 1 1 1 1 ]
-2.5 2 -1.5 1 -0.5 0 0.5 15 2

Fig. 16. Initial prior, final approximation to the posterior and final worst-case prior particle

positions.

Fig. 17. Scatterplots and histograms show the prior, black — optimal prior case; red — worst-
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6.2. Double beam structure example

The structure is shown on fig. 19, two connecting fixtures composed of three springs each: one
translational, one shear, and one rotational, link two beams. This example shows practical interest, as
it can be used to depict structural conditions where the attaching ensembles between elements show
uncertainty. The causes of such uncertainty can be derived from boundary conditions and
manufacturing variability. More specifically, the four uncertain parameters chosen are the spring

stiffnesses and the young’s modulus of both beams: the rotational springs k, =5006, [Nm/rad], the
shear springs k, =10"@, [N/m], the translational springs k, =10°6, [N/m] and the Young’s modulus

of both beams E, =E, =210*10°¢, [Pa]. For those four uncertain parameters, the initial prior
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distribution is a multivariate gaussian prior chosen as N(I ,0.03I).

Beam A
A —A—]
k, 3
kl k, kl k,
Beam B ‘

Fig. 19. Theoretical model of a coupled beam structure.

Dimensions and mechanical characteristics of the double beam model may be found on Table 1.

Table 1: Coupled beam dimensions, distances from edges to connections, and

mechanical characteristics.

Young’s
Thickness ~ Width Length Density
g ol om0 ™ kg
mm mm mm m
[GPa] s
Beam A 6
25 600 20 20 210 7800
Beam B 3
k, ks Kk,
Springs [MN/m] [Nm/rad]
100 10 500

Using the data on Table 1, the first eight natural frequencies of the model were assessed and

introduced on Table 2.
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Table 2: Coupled beam structure natural frequencies [Hz].

16.0 50.2 92.8 134.6 2453 260.7 428.0 478.6

The numerical frequencies obtained on Table 2 were produced using a Finite Element (FE) code. The
code assumes a 2-dimensional Euler-Bernoulli beam model. Uniform discretization with two hundred

FEs for each beam was used. Each FE has two nodes and each node has two degrees of freedom.

The likelihood function is assumed to be a multivariate gaussian distribution, the mean is given by
the deterministic value of the eight natural frequencies in Table 2, and the covariance is assumed to

be diagonal covariance matrix that has standard deviations of 2% of their deterministic values

(o; =0.02f,).

In this example, for the definition of the ambiguity set, the statistical distance used is also the 2-
Wassertein distance, where the radius is £ =0.04, and a nominal prior equal to the initial prior is

selected.

The values described above are used as inputs of the algorithm, and the interacting Wasserstein
Gradient Flows are used to find the resulting distributions for two different cases: a) the optimal prior
and its resulting approximation to the posterior, and b) the worst-case prior and its resulting
approximation to the posterior. In this example, the gaussian process method described in section
5.2.2 is used to calculate an approximation to the gradient of the log likelihood at the particle positions

evaluated.

The values of step size used in the interacting particle flow WGF algorithm for the optimal prior case
are  =5*10" and 7=2.5*10". The values used for the worst-case prior case are a=5*10" and
7=5%10".

Figures 20 and 21 respectively illustrate the positions of the particles from the optimal prior and from

222



the approximation to the posterior for each iteration. In fig. 20, after iteration i=N,, it can be seen
that for 6,, 6, and 6, the prior particle positions start concentrating at values close to one. It can

also be seen that @, has the most rapid change out of all the latent variables, this is probably due to
being the latent variable which most affects the model output. However, the opposite effect can be

observed for &, , this is most likely due to the low sensitivity of the model output to changes of the

latent variable 6, . Figure 21 shows how the particles of the approximation to the posterior also
concentrate to values closer to one as the number of iterations progresses for all the latent variables

except for 6;.

Figure 22 show scatter plots and histogram produced by the plotmatrix function of (MATLAB,
2020), of the initial particles from the prior/approximation to the posterior (red), the final particles
from the optimal prior (black) and the final particles from approximation to the posterior (blue). It

can be seen that the particles positions from the optimal prior and the approximation to the posterior

are quite similar for all latent variables except for &;. From the histogram, it can be also seen that

for the latent variable 6, , the optimal prior has a bigger support than the initial prior.

The positions of the particles from the worst-case prior, and from the approximation to the posterior

for each iteration are shown on fig. 23 and fig. 24 respectively. Figure 23 shows that after iteration
i=N, for €,, 6, and 6, the prior particle positions part from values close to one. This is the
opposite of what occurs for the optimal prior case. In a manner similar to what happens for the optimal
case, the latent variable @, experiments the fastest change of all the uncertain parameters. This is

most likely due to the higher sensitivity of the model output to the changes of this latent variable.
Figure 24 illustrates how as the number of iterations progresses the particles of the approximation to
the posterior depart from values close to one. However, in this case, the change in the positions of the

particles of the approximation to the posterior is not as significant as in the case for the optimal prior.
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Histograms and scatter plots produced by the plotmatrix function of (MATLAB, 2020), can be
found on fig. 25. The graphs illustrate the positions of the particles. In blue, the final particles from
approximation to the posterior. In black, the final particles from the optimal prior. In red, the initial
particles from the prior/approximation to the posterior. From the histograms, it can be deduced that
in the worst-case prior, the supports of the graphs of all latent variables are bigger compared to the
ones of the initial prior. The scatterplots show that worst-case prior particles have moved in such a

manner that most of its particles lie in regions of lower posterior density.

Figure 26 directly compares the optimal prior and worst-case prior using the plotmatrix function
from (MATLAB, 2020) by plotting scatter plots and the histograms of the latent variables. In general,
for most of the latent variables it can be seen that the support of the worst-case prior is bigger than

the optimal prior.

Figure 27 also has scatter plots and the histograms of the latent variables of the resulting
approximation to the posterior when the optimal prior and worst-case prior has been calculated. When
comparing the resulting approximations to the posteriors, it can be seen that for the case with the
optimal prior the resulting approximation to the posterior is more concentrated compared to the
approximation to the posterior that results from the worst-case prior. In this example, it is seen that

the posterior is slightly sensitive to the considered uncertain prior.
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Fig. 26. Scatterplots and histograms show the prior, black — optimal prior case; red — worst-

case prior.
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7. Conclusion

In this paper, a Robust Bayesian Inference approach, based on Wasserstein Gradient Flows for the
robust estimation of the latent parameters’ posterior of a physics-based model, given observed data,

has been proposed.

The proposed approach yields an estimation of the posterior distribution of the identified parameters
by finding the optimal and worst-case prior distribution. This estimation is produced by an algorithm
that combines an interacting Wasserstein Gradient Flow formulation with an ambiguity set. The
ambiguity set is defined by a nominal distribution, a statistical distance and a radius. In this paper,
the 2-Wasserstein distance is used as the statistical distance. Due to the properties of the 2-
Wasserstein distance, this means that the distributions that lie inside the prescribed radius do not need
to have the same support. The ambiguity set may be used to explore the sensitivity of the posterior
prediction of the system to uncertainty in the prior. This investigation may be of particular interest

for cases where the opinions of different experts are conflicting.

The interacting Wasserstein Gradient Flow formulation is derived from first principles, obtaining
particle discretisation equations for the calculation of the optimal and worst-case prior. The derivation
of the interacting WGFs, allows the development of the proposed method, which may reduce the
computational cost incurred if all the possible prior distributions that lie inside the ambiguity set were
to be tested directly. A kernel density estimator is used to obtain estimates of the gradient of the
logarithm of the prior, and of the gradient of the logarithm of the approximations to the posterior with

respect to the particle positions.

The paper illustrates how the gradient of the logarithm of the likelihood may be estimated either using
an ensemble method, or a gaussian process regression method. Two numerical examples have been
used to show both the optimal and worst-case prior and their resulting approximation to the posterior.
In these examples, it is shown that for the optimal prior case the particles’ positions tend to be near

the particles of the approximation to the posterior, this means the optimal prior assigns a higher prior
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density close to regions of high posterior density. For the worst-case prior, the opposite behaviour
may be seen, the particles tend to move to positions far from the particles of the approximation to the

posterior density. As a consequence, the worst-case prior has a bigger support than the initial prior.

The proposed approach may be of application to areas outside the scope of structural engineering,
with particular interest to the commonly occurring engineering cases where some of the latent

parameters may exhibit higher uncertainty than others.

Future work may focus on the convergence properties of the proposed approach and the dynamic
selection of step sizes, as this would allow the proposed approach to become more computationally
efficient. The method would also benefit from the development of a sample-efficient strategy, in
which the reuse of samples from previous iterations may be integrated into the proposed
methodology, reducing the number of simulations further. Another potential direction of interest is
the development of a principled approach for the selection of the nominal prior and its radius, as at

this stage is assumed to be known. These topics are currently under investigation.
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6.2 Conclusions

The paper V attached develops an approach based on the combination of an ambiguity set defined on
a nominal prior, and interacting Wasserstein Gradient Flows to evaluate the worst-case and optimal
priors in the vicinity of a chosen nominal prior and their associated posteriors. The worst-case and
optimal priors are obtained w.r.t. a metric illustrated in the paper. The worst-case and optimal prior
are obtained by exploring a reduced probability space limited by an ambiguity set, defined by a
statistical distance and a nominal distribution. This ambiguity set contains all the distributions in the
vicinity of the nominal distribution at a lower distance than a specified value. The 2-Wasserstein
distance is used as the statistical distance in the ambiguity set, therefore, the distributions that lie

inside the prescribed radius do not need to have the same support [77].

Two numerical examples demonstrate how, in the case of the optimal prior, the particle positions tend
to be close to those of the approximation to the posterior. This indicates that the optimal prior places
a greater prior density close to areas with a high posterior density. The opposite behaviour for the
worst-case prior can also be observed as the particles prefer to shift to positions far from the particles
of the approximation to the posterior density. As a result, the worst-case prior has a bigger support

than the initial prior.
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Chapter 7 - Conclusions and future work

7.1 Conclusions

At the design stage, before the structure is built, and no access to a prototype is available, a physics-
based model of the structure can be used to infer predictions of the expected observations. Based on
the data simulated using the physics-based model, optimal sensor placement studies may be
performed. This is important as the collection of data, through sensors, is used to infer information
about the condition of the structure, which can be subsequently used to support maintenance decision-
making. After measurements are obtained from the sensors, and the condition of the structure is
inferred given this new information (using for example Bayesian Inference), an optimal action given
the inferred condition can be taken. Some of the possible actions may be repairment, further

observation, etc.

In this thesis, in the context of limited data availability, two grand challenges in structural dynamics
are tackled, the design of complex engineering structures, and the updating of information on already
existing critical structures by integrating physics-based models. The motivation to complete these
challenges is derived from the need to prevent unforeseen failures that could result in significant
losses, such as lives or high repair expenses. To this end, in this thesis, these two grand challenges
were split into four subchallenges: a) quantifying uncertainties at the design stage; b) where should

measurements be taken?; c) updating the model using measurements; d) handling prior uncertainty.

Having established these four subchallenges, the main outcomes from this thesis can be summarised

as follows:

In chapter 3, a non-parametric approach is developed for the evaluation of the pdfs of the natural
frequencies, damping ratios, and modal shapes of an ensemble of nominally identical linear time-
invariant systems. These distributions are important for the performance assessment of the designed
structures, as this would enable the selection of designs that are robust to these uncertainties, avoiding

extensive modifications of the manufactured product. The developed approach employs a non-
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parametric model of uncertainty by exploiting Random Matrix Theory (RMT) results [6,69]. This is
useful, as nonparametric methods [69] avoid the need to specify the uncertainties’ sources, and the
description of the model’s parameters uncertainty, which are often hard to determine. The main
advantage of this approach is that it does not require to specify the different sources of uncertainties
in advance. The uncertainty of the parameters does not have to be propagated through the equations
of motion, becoming of great advantage when the model of the system is highly complex or unknown,
a situation that may introduce modelling errors that affect the overall results. In these circumstances,

it may be more convenient to build the ensemble from the measurements of a prototype structure.

The single structure, represented either as a mathematical model, or a prototype, is used to obtain
simulated data or measurements, respectively, which in turn are employed to build a discrete time
state-space model description. This model is then used to efficiently assess the effects on the modal
properties of different levels of uncertainties, represented through suitably chosen dispersion
parameters. Numerical studies to evaluate the pdfs of the natural frequencies and the damping ratios
on a two mass-spring-damper (discrete system), and a cantilever system (continuous system) for two
levels of dispersion parameter values were conducted. For high values of dispersion parameter value,
it is observed on the pdf of the modal parameters a non-physical behaviour. The presence of negative
values in the support of the pdf of the first damping ratio in the mass-spring-damper system is an

example of the non-physical behavior brought about by the approach.

During the investigation of the Bayesian framework for optimal sensor placement in chapter 4, to
obtain the best location where to take measurements, it was found that most of the computational cost
is due to the high number of runs required for the inference of the parameters of the physics-based
model. As a high requirement of numerical resources became apparent, an alternative to the
traditional sampling-based approaches that are typically used for Bayesian Inference was required.
Three different utility functions were used to investigate the optimal sensor location for the
identification of two physical parameters in the case of a beam connected to the ground by two

supports, each made of one translational and one rotational spring. In this particular study, it is shown
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that for the three different utility functions, the same location is chosen as the optimal. It was also
confirmed that the values of the utility function at locations close to the nodal points are low. This
occurs because the modal properties estimated at those locations are less accurate due to the lower
information content of the observations taken near nodal points compared to readings performed in

other points of the beam.

In chapter 5, V1 is found to be an excellent alternative to the traditional sampling-based approaches
for updating the model using measurements under a Bayesian framework, as reliable and efficient
approximations of the posterior distributions of the latent parameters of interest were obtained. In the
first paper attached in this chapter (paper I11), an application of the VI methodology is investigated.
A multivariate Gaussian variational is chosen as a posterior distribution of the parameters of interest,
and its hyperparameters are optimised by maximising the evidence lower bound (ELBO). The second
paper attached to this chapter (paper 1V) deals with the VI of multimodal uncertain parameters in
physical models characterised by numerical approximations that require significant computational
resources when evaluated. There are several reasons that may create multimodality of the uncertain
parameters in structural dynamics. One frequent reason for multimodality to occur may be
environmental changes (e.g., temperature changes may imply stiffness changes [21]). Multimodal
and unimodal posteriors of physics-based models parameters were chosen to compare the results of
the proposed method (Cyclical VBMC), with the advanced Transitional Ensemble Markov Chain
Monte Carlo (TEMCMC) [78], the monotonic VBMC, and the standard VBMC [53,54]. It was found
both that the Cyclical VBMC reduces the number of evaluations by at least a factor of twenty
compared to TEMCMC, and that it was better equipped to deal with multimodality compared to the

monotonic VBMC and the standard VBMC.

Lastly, in chapter 6, the robustness of the posterior prediction to changes in the prior distribution in
Bayesian Inference is addressed. An approach that uses a combination of the concepts of ambiguity
set and interacting Wasserstein Gradient Flows is used to obtain the worst-case and optimal prior. A

metric defined in the paper is used to calculate the optimal and worst-case priors. The priors are inside
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an ambiguity set, this reduces the probability space needed to be explored. The ambiguity set is the
set that contains a nominal distribution, and all the distributions at a lower statistical distance to the
nominal distribution. As illustrated by the two numerical examples, the optimal prior case assigns a
higher prior density in regions of high posterior density, and the placements of the particles of the
prior tend to be close to the approximation to the posterior. In the worst-case prior, the behavior is
the opposite, the prior's particles have a tendency to go to locations that are far from the
approximation's particles to the posterior density. Therefore, compared to the initial prior, the worst-

case prior exhibits a larger support.

The physics-based models used throughout the papers, have been used to showcase the applicability
of the methods derived and investigated in this thesis. The examples were fairly simple and with a
low number of uncertain parameters. However, the methods can be extended to more complex
physics-based models, and applied for a higher number of uncertain parameters. To deal with a higher
number of uncertain parameters, dimensionality reduction, or sensitivity analyses methods may be

used with the purpose of reducing the overall number of uncertain parameters.

It should be noted that although the main goal of this thesis was to tackle the main pressing challenges
in structural dynamics, most of the methods developed can be used in other fields of engineering

where uncertainty is present.
7.2 Suggestions for further work

The following challenges can be classified as possible future work, and natural progression of the

work described in this thesis:

1) In the paper attached in chapter 3, the Eigensystem Realization Algorithm limits the use of this
method to free vibration. However, this assumption may be relaxed by using other system
identification techniques, for example the Natural Excitation Technique - Eigensystem Realization
Algorithm. The extension of the combination of Random Matrix Theory with other system

identification methods would allow it to be used in different operational conditions.
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2) In chapter 4, the main challenge faced was that to produce a Bayesian Optimal Design technique
for sensor placement, methods able to obtain accurate predictions of the posterior pdfs of the latent
parameters under conditions of limited computational budget are required. Therefore, variational
approximations on the posterior would result in a significant reduction in the overall computational
cost. Another potential direction of research would be the investigation and development of a robust
optimal sensor placement framework. The robustness of the sensor configuration would be
understood with respect to the choice of the prior distribution and/or likelihood, this could be
implemented by extending the method developed in chapter 6 by obtaining interacting Wasserstein
Gradient Flows with respect to a metric of interest, such as the expected information gain. This study
would allow the understanding of how sensitive the optimal sensor configuration is with respect to

our prior assumptions, under limited data availability.

3) In the first paper in chapter 5 (paper I11), VI was first explored as a possible alternative to the
common sampling-based Bayesian Inference methods, and it was confirmed to be a good option to
reduce computational cost. Natural extensions to the approach used in paper 1l are: a) the use of
Gaussian mixtures for the postulated posterior, as they possess the capability of modelling intricate
smooth posteriors, as well as posterior distributions with multiple modes; b) the creation of an
algorithm that efficiently selects samples from areas close to the higher values of unnormalized
posterior ; ¢) the development of a technique for sample reusing, so that the numerical resources
required would be further reduced. These three extensions were tackled in the development of the
Cyclical VBMC approach (paper 1V) that significantly reduces the number of model evaluations

compared to state-of-the-art sampling-based methods such as TEMCMC.

4) As mentioned in point 2, the proposed Cyclical VBMC approach found in ‘Cyclical Variational
Bayes Monte Carlo for Efficient Multi-Modal Posterior Distributions Evaluation’ (paper IV) may be
used to significantly reduce the computational cost required for the statistical model updating
involved in optimal sensor placement information-based methods. However, this approach is only

suitable for applications with less than 20 uncertain parameters, as the use of Gaussian processes
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implies a limitation to the number of uncertain parameters. Therefore, applicable methods in cases
with a high number of uncertain parameters may be explored. For example, the Cyclical VBMC could
be extended to cases with a high number of uncertain parameters by using a likelihood informed
subspace method [79], thereby reducing the number of uncertain parameters to a lower amount that

could be handled by the Gaussian process.

5) Subsequent research to enhance the computational efficiency of the method suggested in paper V
‘An Interacting Wasserstein Gradient Flow Strategy to Robust Bayesian Inference’ may centre on
investigating the step size selection. For example, accounting for the magnitude of the gradients of
the logarithm of the likelihood at the sample positions may be used to dynamically select the step
size. Another option would be to restrict how much the distribution changes at each time step by
allowing a maximum Wasserstein distance between two distributions obtained at consecutive time
steps. A further improvement to the approach would be the introduction of a methodology in which
samples of preceding iterations could be reused, increasing the numerical efficiency through the
reduction of the number of simulations. For example, Gaussian Processes may be used to obtain a
surrogate model of the gradient of the likelihood, however, one should ensure that the samples used
to create this surrogate model are appropriate to estimate the gradients at samples where the physics-

based model has not been evaluated.
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