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This thesis is concerned with non-adiabatic effects in alkali /
halogen collision systems. After a general survey of non-adiabatic
molecular collision theory, and its application to such systems,
calculations have been performed relating to tnree topics

(i) Vibrational ener,y distributions resulting from electron
transfer collisions between alkali metal atoms and halogen molecules
are often treated by the multi-curve crossing approach to the classical
path approximation, in the form of two approximations, one valid at
high collision eneryy, the otuner at low energy; the performance of
these is evaluated over a wide energy range by comparison with the
results from an "exact" multi-curve crossing approach.

(ii) Classical trajectory calculations for reactive alkali /
halogen collisions are performed using a simple ionic potential energy
surface, developed earlier to imodel the weakening of the halogen bond
by the metal ion immediately after the electron transfer. letailed
comparison is made between the results and those from experiment;
good agreement is obtained for K/I, and comparison of tne results for
i./I, and Cs/I, indicates that this efiect is not merely dependent on
the charge of the ion.

(iii) “he population of cround and excited sodium atoms resulting
from Na/I charge neutralisation collisions is investigated using the
multi-curve crossing approach. Althoush it nas been sug_ested that
population inversions may be produced by such a process, it is shown
that this is only possible at extremely high collision energies.



Abstract

Three aspects of non-adiabatic effects in al«ali / halogen
collision systems are studied.
(i) Electron transfer collisions involving halogen molecules,

M+ X

Ca - . . . .
“2—7LL-PXQ , are currently receivin, extensive experimental

investigation by molecular beams. Theoretical interpretation,
particvlarly of vibrational energy distributions resulting from such
collisions, rests mainly on the classical path approximation, and
two approaches to this, the surface hopping trajectory method, and
the multi-curve crossing method, can be recognised. The latter is
applied as one of two approximations, the Bauer, Fisner & Gilmore
(BFG) metnod, and the Franck-Condon (¥C) method, applicable in the
limits of low and high collision eneryy respectively.

These approximations have bern ap»nlied somewhat indiscriminately,
and an investigation into their validity is presented. :in exact
formilation of the multi-curve croszing equations has been developed,
and used to test trne effectiveness of the two approximations by
comparison of the results obtained for the vibrational eneryy
distribution over a wide collision ener.y range. Solution of the
morse oscillator by a finite element method witn cubic splines was
investigated as a means of evaluating tne overlap integrals required
in these calculations. Solution of the coupled differential equations
in the exact formulation was investigated by an implementation of
the .agnus method of exponentiating the Hamiltonian matrix and also

by straightforward treatment of the simultaneous equations as an

initial value problem; the latter approacn was found to be more



satisfactory computationally.

From the results obtained for transition probabilities to low
vibrational levels of the covalent and ionic channels, it was found
that the FC and BFG methods agree surprisingly well with each other
at both high and low collision energies. The exact results oscillate
as a function of energy for a particular impact parameter, the
oscillations becoming less rapid as the eneryy is increased, and
eventually dyin, out; the results from the two approximations appear
to follow the exact results as they would be with the oscillations
averaged out; such averaying might well occur in practice, since it
was found tnat tne exact transition probabilities also oscillate
rapidly as a function of impact parameter.

Vibrational energy distributions within the ionic manifold and
within the excited levels of the covalent channel were also considered;
the ¥C method predicts no oscillations in these, regardless of
interference betlween ingoing and outgoing trajectories, and it was
confirmed that tie oscillations in the exact results for these two
distributions died out in the region in which the *C method is expected
to become valid.

(ii) Throughout the history of molecular beams, experimental
and theoretical investigation of alkali / halogen reactive collisions
hbf&2—7;3&#x has played a prominant role. In an earlier work, the
nhysical picture ol an electron jump followed by progressive
weakenin, of the bond in the xg’ by the electric field of the
approaching ¥ was used to construct a simple ionic potential energy
surface for classical trajectory calculations, with two variable
parameters used to determine the extent of the bond weakenin, efiect.

It was found that the calculated scattering results were sensitive

to the values of the parameters, ana in this wors, addition of initial
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reactant vibrational energy has been used to improve the dynamical
part of the calculation and permit closer comparison with experiment.

Yhe initial vibrational eneryy caused a smearing out of tne
calculated angular and translational energy distributions of the ¥X;
however, owing to the particular form of the lLonte Carlo method used,
viz. systematically chosen pseudo-random starting conditions,
bunching effects in the theoretical scattering continued to make
comparison with experiment difficult. Thus various properties of tne
scattering which involve averaging over many trajectories were
selected, and, using these as a basis for comparison, best values
for the variable parameters were found for K+-12, &iving quite good
arreement with experiment. These were then used for Cs-flz, but
poorer agreement was obtained, indicating that the halogen bond
weakening effect cannot be described as independent of the nature of
the alkali ion.

(iii) luch less extensively studied have been atom-atom charge
neutralisation collisions w'é o = i +%. Owing to the near coincidence
of the asymptotes for the curves for H(ZP)+~X and 1.7+ 17 in the
system Na / I, it has been su,_ested that such collisions migut be
capable of producing a population inversion of Na(3p) with respect
to Na(%s) and hence be used 2s a laser pumping mechanism. The multi-
curve crossing approach has been used to investipate this; in order
to do this, it was first necescary to calculate tne varization of tae
off-diagonal Hamiltonian matrix elements with internuclear separation,
usin, “hittaker function solutions for the sodiwm wavefunctions; the
results were found to fit guite well tine simple form <ﬂi0(r)= - Aref&l
and it was confirmed that the value of the interaction at the
crossing point between the curves for dat+ 17 ana Na(Zs)+ 1

vas in agreement with previously published values.
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The multi-curve crossing calculations indicated that production
of a significant population of Na(%p) by tlie collisional mechanism
proposed is only possible at extremely hi_ h collision energies
(~500 keV), and at the energies used experimentally (~.5 eV) there
is & negligable transition probability to the excited sodium; this
is readily rationalised by the observation that the asymptotic near
coincidence of the ionic and excited covalent curves is only
approached at vast internuclear separations, owing to the extreme
long range nature of the Coulomb potential; the interaction decreases
much more rapidly than the separation between the curves. Thus it
appears that the observed enhanced population of Na(Bp) in shock tube
experiments cannot be accounted for by a collisional charge
neutralisation process. It is pointed out tnat such a process is mucn
more likely to occur in some systems involving lithium, in which
there is an actual crossing between tne ionic and excited covalent

Curves.
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CHAPTER T

INTAODUCTION

Over the last fifteen years, molecular beams have been
extensively used to study elementary collisions in the gas phase
(Ross, 19663 Schlier, 1970; Fluendy & Lawley, 1974; Lawley, 1975).
Particularly well étudied have been various collisions involving
transfer of an electron between an alkali metal atom and a halogen,
or sometimes other non-metal, atom or diatomic molecule; such
collisions have also lent themselves readily to theoretical
interpretation, making much use of the techniques of non-adiabatic
molecular collision theory (see e.g. baede, 1975; Janev, 1976).
Aspects of the theory of such collisions form the subject of this
work.,

The simplest system is that of an alkali atom plus a halogen

atom. The charge exchange collision
Mo+ X = L+ X (1-1)

(1 = alkali metal; X =halogen) has been studied experimentally,
althouch to a fairly small extent. Total (lwoutinho, aten & Los,

1971, 1974) and differential (Delvigne & Los, 1973) cross sections
for the charge transfer have been measured. The total cross sections
rise rapidly from threshold to a maximum, and tnen drop slowly

with increasing collision eneryy; the differential cross sections
show sharp peaks at low and high k6, with a broad peak between them.
This is reviewe.d. by Wexler (1973) and Baede (1975). The alkali

halide molecules MX have been taken as an archetype of the curve-



crossing problem (Ewing et al, 1971). Of the various states involved,
only two, viz. the covalent state M(zs%) + X(sz) and the ionic
state M*(lso) + x”(lso) , both of symmetry -3’ (Baede, 1975),
need usually be considered; thus this is an ideal system for the
application of the two-state approximation.

The two-state curve-crossing problem has been well studied
(see e.g. Nikitin, 1964; Crothers, 1971; Delos & Thorson, 1972b).
The theory was originally formulated by Landau (1952), Zener (1932),
and Stlickelberg (1932), based on the assumptions of linear diabatic
potentials Hll(r) and H22(r), constant interaction ng(r), and
constant velocity v, in the crossing region. The result, usually
called the Landau-Zener formula, is that the probability of

staying on one diabatic curve during a single passage tinrough the

crossing region is given by:

-2

n

where ¥

T l»leiz
'KV(F

1 _FZ) r=r
c

where rc is the crossing radius, given by dll(rc) = H22(rc);

F. = 2H.. ;
1 11

or

and r is the internuclear separation,
Particularly important is t.e dynamic width 4 xq » which is a
velocity dependant region witnin which tne assumptions must apply

for the model to be valid. This is given by:

(1-3)




The LZS (Landau-zener—Stuckelberg) moael has been criticised (Bates,
1960; Coulson & Zalewski, 1962) because of the inflexibility which
its assumptions introduce, but it has enjoyed widespread application
to M + X and related collisions, and successfully predicts the
observed maximum in the total cross section as a function of energy
for these collisions.

‘he potentials generally used to describe the WM + X system
(Delvigne & Los, 1973; Janev, 1976) are, relative to zero energy at
infinitely separated W" + X~ , a simplefied kittner (1951)

potential for the diabatic ionic state (in atomic units):

Hyp(e) = Uign(m) = -1 = (e e vy) = 2y
r 2r4 r7
—r/k@“
- cion - Aione (1-4)
6
T
where cxh? = polarisability of K ion;
o - =polarisability of X  ion,

and a covalent diabatic potential with a C6 attraction and

exponential repulsion:

‘ “r/x.., 1
B () = U (£) = - A e / “aE  (1-5)

5
Q.
—
1

first ionisation potential of U

=
u

electron affinity of X.

These curves cross, usually at a fairly.large internuclear

separation, where Ucov(r) is virtually flat, as shown in fig. 1;
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Fig. 1. The crossing at r = r. between the ground diabatic

potential curves for an alkali halide MX.

the dashed curves are the adiabatic potentials, resulting from
interaction between these two.

Delvigne & Los (1973) distinguished "covalent" scattering,

under the influence of Ucov(r), responsible for the peak in the

differential charge transfer cross section at low K8, and "ionic"
scattering, under the influence of Uion(r), responsible for tne
peaks at nigher E €.

Much less clearly characterised is the interaction potential
le(r).~éwing to its occurrence in the L1235 formula, ng(rc) has

attracted most effort. Direct integration of ‘<§ 1‘H‘§ 2> y wnere



the $'s are the appropriate wavefunctions, has been facilated by the
fact that, at the fairly larie crossing distances involved, the
transferred electron is etfectively localised on one atom, and can
be described by an atomic orbital, or, more particularly, by its
asymptotic form. iagee (1940; 1952) and Berry (1957) applied this
method to M + X systems, and Grice « Herschbach (1974) have
extended the calculations to I + X2. They published results only
for the adiabatic splitting at the crossing AV(r ) (= 2|H12(rc)l ),

and fitted this to a form:
AV(r ) = exp((r° - r )/ar) (1-6)
c - c c

where the parameters rco and A r depend on the halogen but not on
the metal. They also fitted tneir results to an earlier empirical

expression due to Olson et al (1971; see also Smirnov, 1965):

A V’(rc) = rcy exp(-0.86r;() (1-7)

(in atomic units)

with reduced variables:

E R ¥ _ 1 .
v o- av ; r, 2(“!2114 +1l2bax)rc.

Viiax

Pl

The dependence of le on r for a particular system has attracted
less attention. Evers & DeVries (1976) su.gested an exponentially

falling dependence on (r - rc).

Interest has also been shown in the reverse process of (1—1),

i.e. mutual charge neutralisation:
WY+ X7 7 o+ X (1-8)

So far, molecular beam experiments, using the difficult technique



of merging beams, have, among alkali systems, only been used to
investigate ¥ + 0~ collisions (lloseley et al, 1970; weiner et al,
1971).

..ore complicated, but much more extensively studied, is the
collision of an alkali metal atom with a halogen molecule. Tiis
has three principal types of non-elastic outgoing channel (ignoring

electronic excitation of the M or X2):

0o T .
Mo+ X, (i)
Mo+ X, — M*+-x2’ (ii) (1-9)

KX + X (iii)

The first of these to Le studied experimentally was thne
reactive channel (iii). Reviews have been given by Herschbach (1966),
Kinsey (1972), Levine (1972), Toennies (1974), and Grice (1975).
Alkali / halogen reactions have been very popular for molecular
beam experiments (see e.g. Grosser & Bernstein, 1965; Birely &
derschbach, 1966; birely et al, 1967; Gillen et al, 1971; Lin,
Mascord & Grice, 1974; Van der hleulen et al, 1975; Sholeen et al,
1976). The observed characteristics of the scattering are typical
of the behaviour called "stripping" (Wilson et al, 1964; kinturn,
vatz & Becker, 1966): very large (~ 150 K2) total reactive cross
sections at tnermal collision energies; predominantly forward
product scattering in the centre of mass frame; rapid fall-off,
with angle, of elastically scattered and no rainbow or glory
effects; and appearance of tihe exothermicity of the reaction
mainly in vibration of the iX. The accepted model for the reaction
is as follows. The first step is an electron Jjump (Magee, 1940; see
also Miuturn, vatz & becker, 1966; lavidovits & laya, 1974), i.e.

channel (ii). This occurs at a large distance, with hich probavility,



giving rise to the large cross section. The electron acts as a
"harpoon" and the ions are rapidly drawn together by Coulomb
attraction; in the subsequent reaction, the relative times for
breakup of tne XE- ion and approach of the M' are intermediate
between those of the spectator stripping limit and the collision
complex 1limit (Datz &« Minturn, 1964; iMinturn, batz & Lecker, 1966;
Gover, 1975). The motion subsequent to the electron jump has been
studied by classical trajectory calculations on assumed ionic
potential energy surfaces of varying complexity (Godfrey <& Karplus,
1968; Blais, 1968 & 1969; Kuntz, Nemeth & Polanyi, 19v9; Gover,
1975; Dvers & DeVries, 1976). The surfaces found are "attractive"
or "early downhill", as the experimental results would sugwest, and
in agreement with less empirical surfaces (Nyeland & Ross, 1971;
Balint-Xurti & Karplus, 1971 & 1973).

As the collision energy is increased above about 1 eV, the
reactive cross section appears to drop off rapidly (Van der ileulen,
Rulis & DeVries, 1975), but the total cross section for channel (ii)
increases. It rises sharply after threshold to a maximum of tens
of Az , then slowly decreases with increasing enery.y (Laede et al,
1969; Helbing & hkothe, 1969; Lacmann & Herschvach, 1970; taede &
Los, 1971; Auerbach et al, 1973; Hubers, Kleyn & Los, 1976).
Similar cross sections are observed for other non-metal diatomics,
€5 O2 (noutinho, Baede & Los, 1971; .wochizuki & lacmann, 1976),
but are complicated by the fact that additional processes, e.y.
dissociation, are more likely. lieasurement of total cross sections
has been followed by that of differential cross sections (Delvigne
& Los, 1972; Young et al, 1974; iochizuki & Lacmann, 1976; Aten,
lanting & Los, 1977; Evers, 1977; Aten, ©vers, et al, 1977), and in

both cases, ouservations and interpretations have been similar to



those for i + X.
Theoretical interest has been much concerned with vibrational

" from (ii) and the X, from the

eneryy distributions, of the X >

2
inelastic channel (i). A start has recently been made on measuring
such distributions (Kashihira et al, 1974; Groszer & leyer, 1976;
kiochizuki & Lacmann, 1976). When considering vibrations, three
collisional energy regions can be distinguished (Hubers, £leyn &
Los, 1976):

(a) Threshold region: collision time 2 vibration time. The X2-
formed is vibrationally excited, but it is subsequently guenched
by the alkali ion;

(b) Post-threshold region: collision time ~ vibration time.
Effective quenching is no longer possible, but stretching of the
X-X bond occurs. The crossing radius increases during the collision,
which greatly increases the non-adiabatic transition probability on
the outward crossing, giving considerable ion-pair formation;

(c) High-velocity region: collision time « vibration time.
Vibrational motion is frozen throughout the collision, the final
distribution of X2- states being determined by the rranck-Condon
principle.

There are several popular theoretical methods which enable
vibrational eneryy distributions to be calculated, based on the
classical path approximation, in which some of the motion is
treated quantum mechanically, and the rest classically. Two methods
are particularly appropriate to region (¢) above, because X, bond
stretching is not specifically allowec for; they treat only the
relative motion as classical, and regard tae vibrational levels of

the diatomic as producing a network of curve crossings in one

dimension. appropriate at relatively low energlies 1is the "diffusion"



model of Bauer, Fisher & Gilmore (1969). In tnis, adjacent crossings
are assumed to be independent, being separated by more tnan the
dynamic width, The system is allowed to diffuse through the network,
branching as it reaches each crossing point. The brancning at the
crossing point T on between vibrational state n of the covalent
channel and vibrational state m of the ionic channel is usually

assumed to be governed by the Landau-Zener probability given in (1-2):

P = exp - 21T\Hl2(rnm)'2 (1-10)

Kv |F1(rnm) - FZ(rnm)l

where Hl2(rnm) = ng(rnm)j)'nm

Here ng is the electronic interaction integral, and Jl’nm is the
Franck-Condon overlap integral. The increase of the crossing
distance witn: the X-X separation P is includea in that T o
increases witih the quantum number n, but no dependence of the
potentials on Vs is includea. Appropriate at relatively high
collision energies is the Franck-Uondon model (Kendall & Grice, 19723
Child, 1973). In this the dynamic width encompasses all the crossing
points, and the system is described by a single electronic curve
crossing, with final probabilities for the vibrational levels in the
ionic channel after one traversal of the crossing region modulated
by Franck-Condon factors '!1 nm|2' Again, the Landau-zener formula
is often used, giving (assuming the system starts in tiie ground

vibrational state of the covalent channel) an overall probability

after one traversal of the crossing re,lon:

- 0 2
Pm(—O l)12 ,ﬂ()m‘ (1-11)
-0 2
where Plg = 1 - exp -2ﬂ1n12(rcﬂ

v lFl(rC) - F2(rc)1



where rc is some nominal crossing radius. both ol these methods
have been used fairly widely (see e.g. Fisher & Smith, 1971;
Gislason & Sachs, 1975; Yuan & Micha, 1976, for low eneryy;
loutinho, Aten & Los, 1971, for high enerdy) and vhild (1973) has
siven a validity criterion for the Franck-Condon approach.

Also popular is the surface hopping trajectory (SHT) method
of Tully & Preston (1971), which is appropriate to all velocity
regions in which the classical trajectory approximation is valid,
although in practice it becomes very difficult to implement at low
velocities. In this, only the electronic motion is treated gquantally,
the remainder classically. This is done by a full classical trajectory
calculation in which all appropriate potential ener.y surfaces are
considered. When a trajectory reacnes a seam (intersection) between
two diabatic surfaces, it is split into two branches, usually using
the L%S formula. “his method has been fairly widely used (see e.s.
vuren, 1973; Aten et al, 1976; Evers, 1977), and it has been
successful in calculating total and ditfferential cross sections. It
offers ready interpretation of the tnree peaks in the differential
cross section (Evers, 1977): a covalent peak, due to trajectories
winich undergo a non-adiabatic transition durin, the ingoing part, and
hence are scattered mainly under the influerice of the covalent
potential, at low E® ; an ionic rainbow, due to trajectories which
follow the lower, predominantly ionic, adiabatic surface on the way
in, reaching the potential well, and hop on tine way out, at hi_h 58 ;
and a oroad peak, due to ionic trajectories wnich do not reacn the
adiabatic well, at intermediate Lk® . As tne collision ener.y is
increased, the ingoing crossing becomes more diabatic, and the covalent
peak becomes stronger; the eitect of a-X bond stretching decreases,

and the outgoing crossin, becomes more diavatic owing to increased
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H12(rc), so that the ionic peak becomes weaker. While the ''SH method
provides much physical insight of this kind, it has the disadvantage

that it uses large amounts of computer time.

The present thesis is divided into three parts. In chapter III,
the vibrational energy distribution from collisions of the type
M+ X2-9 MY+ XZ— is considered. The sequential Landau-/Zener method
of Bauer, Fisher & Gilmore (which we shall call the BFG method)
and the Franck-Condon method are used extensively, yet their
validity criteria would suggest that their use is limited. in
"exact” formulation, within the framework of these two methods, but
applicable at all energies, has been developed. It is used to test
the effectiveness of the two approximations for a model system over
a wide enersy range.

In chapter IV, work on reactive collisions M + X2-ﬁ MX + X
is reported. Tue physical picture of the process is that after the
electron jump the X-X bond is weakened by the electric field of the
approaching Ii* ion, becoming weaker tne closer it approaches. In an
earlier work (Gover, 1975), this effect was modelled by a simple
and transparent device in a crude potential enerygy surface, and it
was discovered that the scattering is very sensitive to the one
parameter used. Here an improvement to the dynamical part of the
model, with no change in the simple surface, is described, and
further comparison with experimental results is made.

In chapter V, calculations on the charge ncutralisation
collision Na™ + I~ - Na + I are reported. It has been su.gested
(Gait & Berry, 1977) that because of tne asymptotic near
coincidence of the curves for Na*-f I~ and Na(zP 3p) + I(2P%>,
it may be possible in such a collision to produce a population

inversion of Na(3p) with respect to Na(3s). Calculations exploring

11



this, using the classical path approximation, are reported. Very
little information is available on the variation of the interaction
inte rals with internuclear distance; calculations of these are
also reported.

Non-adiabatic molecular collision theory, on which all of this

relies, is outlined in chapter 11 (see also Child, 1974; Baede,

1975; Janev, 1976; Tully, 1976).

The units used for most of the calculations were those
suggested by LaBudde (1973), which have the virtue of giving
reasonably sized numbers for atomic systems while being less

remote from SI units than are atomic units:

Mass: 1 ppg = 10727 kg = 0.602 amu;
Length: 1 £ = 10-10 m;
Time: 1 dps = 10-13 S3
-21
hence Eknergy: 1 cpe = 10 J

= 1.4%93 x 107" keal mo17t

N

6.2415 x 1072 eV.

Occasionally, atomic units were used; these are defined thus:

llass: m, = mass of electron = 9.109 x107% jejoltH

Length: a, = Bohr radius = 0.5292 £;

Action: K = h/2w = 1.055 cpe dps;

Charge: e = charge of proton;j

Hence:

En : Hartree = e2/4w£ a = 4.358 xlO3 cpes
ergy: 020 ;

Pime : bre o /e’ = 2.42 x107% aps.

12



CHAPTER II

NON~ADIABATIC MOLECULAR COLLISION THEORY

A Adiabatic states and the Born-Oppenheimer approximation.

Consider an inelastic collision between two species, with T
representing the relative positions of the collision partners, and
; representing internal (rotational, vibrational, electronic)
degrees of freedom.

Vie can write the Hamiltonian for the system in the following

form:

- d - 2 -
H(3,2) = H () - 22VD o« VER) (2-1)

=

where HT is the total Hamiltonian, H, the internal Hamil tonian,

int

. 2 2
unperturbed by the proximity of the collision partners, - 1Y .
2 m

the kinetic energy of relative translation, m bein,, the appropriate
reduced mass, and V is that part of the potential energy which
involves an interaction between the partners; since there is no

interaction when they are completely separated,
Le Vv(F,z2) - o0 (2-2)
~ - O
The problem is to solve the Schrdodingcer equation for the

wavefunction @ of the system:

-

H(F,2)8(F,2)=88(7,7) (2-3) .

As usual, é' is expanded in terms of a complete, orthonormal,

13



basis set, which consists of some set of internal elgenstates of
the system. Writing the eigenstates {ij(f,;)lor { \j)} y then

putting the expansion

$(3,75) - T By (F7) , (2-4)

which is expected to be different at each value of T , in (2-1),

._;;vi FHV AL - E]ci(r = -%(H . ij)cj(i‘*) (2-5)
- iFe
where Hij = (jWH|j> H
H(T, p) = Hy (o) + v(T,7)
and A.. =<i!- 3>—t2<ii§(j>.§ (2-6)
ij o T r

The basis { ‘37} can be chosen in various ways, according to
the amount of V which is considered internal (Child, 1974). At one
limit is the method which is most familiar and intuitively useful
for reaction dynamics, the adiabatic (or kinetic) coupling scheme.

This uses the eigenstates )Cj(§;;) of the full internal Hamiltonian

.

BE,B) < () + V(ER):
[1,06(3) + VER ] X @8 = w, ()X, (337) (2-17)

This equation can be solved for any chosen value of ¥, which
is why the parameter T and aréumentlﬁ are separated by a semi-colon.

If the expansion is written

FGEp) = TYEX(Ep) (2-¢)
J

then, as usual, we have a set of coupled equations for the
cefficients (T):
c ¥, (@)
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£2v% 4y - wi(a;)J V.@) - - z[s?ij(;?). G+ Yij(ii)] ¥,6)

2m J

(2-9)
where the coupling terms are

N 2= o 22
Xij(r) = 2<Xi)zi;n. Vr’xj> ; Yij(r) —<Xi|_2_'% Vr‘xj>

(2-10)

corresponding to the second and first terms respectively of z@;ij
given in (2-6).

Consider the Born-Oppenheimer (1BO) approximation. As usually
stated, this says that electronic and nuclear motion can be
separated because of the large mass difference, with a corresponding
difference in velocity, between electrons and nuclei. It can be
extended to cover the difference in velocity between motion in
T - type desrees of freedom and that in‘; - type degrees of freedom,

in thermal energy collisions. The relative motion is assumed to be

— -
slow, so that terms in + 2V’, iJe. X.. and Y, ., are negligable.
5 ° ij ij

“hen the so-called adiabatic (nuclear) states Q?i(f) are decoupled,

A

and the wavefunction is a simple product:
= o S\ >
b (Fp) = X, (F2)¥, (&) (2-11)

"he system stays in one adiabatic state, and transitions to
another, as a result of nuclear motion, are not expected. In tnis
. — . N
product, X is obtained, at a given value of r, by solving the
m

Schrodinger equation (2-7) in which nuclear motion is "clamped",

~

and ?’mv is given by:

[ K2v s um(;)] ¥ () =5 T () (2-12)

2m
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Wm(;) has the effect of a potential energy term, and, as a function
of ;, it defines a potential energy surface (PES) on which the
relative motion takes place. Solving this motion, often using
classical mechanics, is the basis for trajectory studies of reactions
using a PES, e.g. those in chapter IV.

When X and Y have appreciable values, the BO approximation
will be expected to break down, and transitions will occur between
adiabatic states, so that trajectories cease to follow a unique PES.
It can be shown (Child, 1974) that X is usually the dominant term,

and has non-zero off-diagonal elements given by:

=2 c, oy 2 = _
K ) = - RSO vx sy o (e
m W .(r) - wj(ﬁ)
Similar expressions can be derived for the Yij's:
) s N .
Yip = -E S OxGIVIVDGy sXGIVETIX Y

ZM e 2
(wi - wk)

. . 2 . —
Yy (1¢J)=;ITI 2 > X3 VIVIX Y XV VXY

k#i, . .
‘ (wi - wk)(wk - wj)
- . ¥ —_ 2
+ 2 (v W, - vrwj) . (X ilvrlej> - (xi\vrvjxj>
. RN o .
(wi - hj) R

Since 2 is multiplied by i;r in the coupling element, we see
that breakdown of the BO approximation is expected when:

(i) The relative momentum (~'$I) is large; tnis is expected
from the qualitative description of the BO approximation, and can
arise in molecular collisions;

(ii) Wi(;) - Wj(f) is small or éIN'is large; there are two

. - . e - -
important situations in which this is found. rirstly, "i(r) - wj(r)

16



small occurs at crossings or weakly avoided crossings (pseudocrossings)
of two adiabatic levels i and j. Avoided crossin_s are more common,

and a typical example in one dimension is shown in fig. 2.

Energy

Fig. 2

v

In such a situation, Wi(;) - Wj(ﬁ) is small over a localised region.
This type of breakdown is found in alkali / halogen systems of-the
type under consideration, and can often be well described by the

1ZS tneory. Secondly, Wi(?) - Wj(f) can be small over a large
asymptotic region; this occurs in the perturbed symmetric resonance
or pemkov coupling case (bDemkov, 1964; Olson, 1972), and the dominant
region of breakdown is when f§£V is large ana Wi(?) - Wj(§) is still
small. this effect is found in alkali-ion / alkali-atom charge

exchange collisions.

From the expression for Y7i in polar coordinates:
L
vz :_’_2 V"'z 4+ ( {l(;;,‘ei)+ I -2_}
T r" dr dr tsinb Pl 00 sin B D¢"

-
it can be seen that X and Y contain radial and angular terms; both

17






With this definition, the diabatic states can be seen to be zero-
order approximations of thesdiabatic ones, and the two representations
occupy opposite limits, in that in the adiabatic case none of V is
excluded from the definin; Hamiltonian whereas in the diabatic

case all of it is excluded.

Writing the expansion
¢ (F.p) - Zy(E) #5(7) (2-15)
J

then the diabatic nuclear states are the solutions of the coupled

equations

LIVD s - Ei]xri@‘) PAMOENC (2-16)

where vij(i’) - gﬂZ(; W(F,0) gbj(; yaz  (2-17)

It can be seen that the diabatic states become decoupled, i.e.
a good description of the possible states of the system, in the
1imit of high collision energy, when Vij becomes negligable

compared with iz Vi.
2m

The nuclear states are tnen given by:

- _f_zvi + Hii(z)] \Fl(}:,) = L\Fl(;) (2-18)
2m

Note that, from (2-2),

ﬁrj(,?a’) - e Xj(f;ﬁ) ;

ol
'Ej = Le wj(?) - L Hii(i’) (2-19)
X4 o 2o

The diabatic and adiabatic nuclear potential energy curves,
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in the limits in which they become decoupled (which we shall call
the diabatic and adiabatic limits respectively), for the ground
covalent and ionic states of an alkali halide molecule MX are

sketched in fig. 3.

Energy

le—

—— Adiabatic W.l(r)
—---- Diabatic H..(r)
11

= B+ Vii(r)

Ny,
7

Fig. 3

C Classical path approximation.

The set of coupled differential equations for the nuclear
wavefunctions can be more easily solved by making use of a
semiclassical approach, the classical path (or trajectory)

approximation, in whicn we assume a classical path T(t) for

20



the relative motion, and replace the coefficients Q?i(?) in the
diabatic coupling scheme by time-dependent coefficients ci(t)

(see e.g. Delos, Thorson & Knudson, 1972; bates & Crothers, 1970).
The approach, first sug.ested by Mott (1931), is very much a hybrid,
in which the relative motion of the collision partners is treated
classically, while the internal motion is treated guantum
mechanically (Child, 1974). The classical path may be calculated by
integration of the motion over some YES, which may not be easy to
find if non-adiabatic transitions are occurring. As a further
approximation, however, it is often assumed that the trajectory is
a straight line with a constant speed. This is called the impact
parameter method, and if the speed is Vv and the impact parameter b,
tlien the magnitude of r is clearly given by r(t) = VG;;:?;a;? ,
with the zero of time at the point of closest approach.

Consider an expansion
@ (;’;’t) = Z Q/J(f’/-”) ‘F‘J(i“rt) (2’20)
J

and substitute it in the time-dependent Schrodinger equation

He - ik ¢ (2-21)
ot

. = 3 . . —
After multiplying both sides by ,az(r,/) and integrating over p
we get the coupled equations:

| Zﬂfj\{/j(f’,t) - ik ng[/i(f,t) (2-22)
J 4

Delos et al (1972) showed that if the diabatic basis is used
in (2-20), and H is the internal Hamiltonian (eqn. (2-6)), then

(2-22) can be reduced to

JZHijcj(t) = it%jcci(t) (2-23)
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where 4; (E‘(t),lz‘) = Zj_cj(t) ﬂ’j(/a‘) (2-24)

Their first derivation of tnis involved a classical wavepacket
description of the collision, and assumed that tne packet could, in
principle, actually be observed moving along the classical trajectory.
4 subsequent derivation, based on an extension of the semiclassical
WKB approximation, showed, however, that the equations are more
generally valid than this. The classical wavepacket validity criterion
is (%‘/ao)%-éil, where X is the DLe Broglie wavelength K/p and
ao is a nominal interaction region. The criteria for the semiclassical
derivation are (a): (X /ao)-« 1; (b): lHii(f) - Hjj(f)l« kinetic
enersy in regions where coupling due to Hij(f) is important; (c):
coupling must be negligable near classical turning-points. Under
the more stringent classical conditions, the coefficients ci(t)
have meaning as probability amplitudes at all times, but under
semiclassical conditions, they only have such meaning at 1t = teo,

The criterion (c¢) was shown not to be necessary in a third derivation
(belos & Thorson, 1972a) which involved a momentum space formulation,
The equations (2—25) can be derived in the following simple
way, which makes no attempt to justify the classical trajectory,

analogous to the method of "variation of constants" in time-
dependent perturbation theory:

Assume that the less tightly bound relative motion can be

treated classically, then write a wavefunction for the remaining

quantum motion

2,t) = (t) #.(p 2-2
(3,1 = Toy(t)#(F) (2-29)
and substitute this in the time-dependent Schrodinger equation

H(7 ,t) (7 ,t) = it;_té(;,t) (2-26)
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where H(p ,t) = Hint(;;) + V(g,t)

i.e. the relative motion is not included in the Hamiltonian, but
merely provides a relationship between T and t. then multiply by
ﬁ’;(,?), integrate over @, and use the orthonormality of the basis
{ gi(/;‘)} to obtain (2-23) directly.

Note that using the classical path approximation has enabled
a set of coupled second order differential equations to be replaced
by a set of first order equations, without doubling the size of tne

set, thus decreasing the effort involved in solving them.

D Two-state curve-crossing approximation.

Usually, we know that there are more than two adiabatic states
for a given system, but it is often a useful approximation to
consider only two of these (Baede, 1975), since the regions of
non-adiabatic coupling are localised, and often only two states
are appreciably involved in any one such region. 1f in addition T
has only one dimension, as in a collision between two atoms, then
the situation, the two-state curve-crossing problem, is one which
has been well studied. A typical pseudocrossing in this approximation

is shown in fig. 4.

kEnergy

—— Adiabatic Wi(r)

--- piabatic dii(r)

Fig. 4

/
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The adiabatic curves are shown as having an avoided crossing
in accordance with the theorem (Landau & Lifshitz, 19%8) which
asserts that adiabatic states of the same symmetry cannot cross.
For the two-state curve-crossing problem tue relations between
diabatic and adiabatic states can be readily explored and some

aspects of this are outlined below.

(i) Relation between the potential enery.y curves in the diabatic

and adiabatic representations.

The adiabatic eigenstates { Xﬁi} y whose eigenvalues are the
Wi(r), can be calculated from the diabatic eigenstates {Efi} by
diagonalisation of the full internal Hamiltonian matrix, in the
diabatic representation,»* . Thus the Wi's are given by the

eigenvalues E* of this matrix:

H11 - B H12 - 1S = 0
H12 - ES H22 - B
where S = <,9’1‘@/2>

. B 7% '
> B = Hyyt H22'2H125’\/(H11'H22) * 4{d11H225 + Hyp-Hy o S(Hy sz)}

2(1 - 52)

= - Y_ -
7 OE - F ( \/(Hll Hyy) {HllHZQS *le Hy,S(H  + H22
1-5°

(2-27)

At the crossing point T, of the tso diabatic curves, siven by

Hll<rc) =H22(rc), this is usually denoted zSV(rC):

z&V(rC) = 2(Hlls - le) (2-28)
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If exact diabatic states have been used, then S =0, and

—

5 2
£ _ 1 A -
E" = (i) v Hyp) 2\/(Hn - Hy,)" 4H);

2 AN _
@ Bl Hpp) e (B ) (L e 4 Wy, (2-29)

Hyp = Hy

Far from the crossing point T, (H,, - H22) is large, and (2-29)

11

can be expanded to give
| S Y afr - R
BT = gl + Hyy) # 2(H)) - Hy,)

= Hll or H22

i.e. as expected the adiabatic states approach the diabatic ones.

Egn. (2-27) becomes:

2 2
AE = E -E = \/FZHll - 522) + 455

and (2-28) becomes

AV(rC)

2 i ,(x,)] (2-30)

Further discussion of this much-used relation can be found in

cnapter V.

Note that if the adiabatic states are to cross at some point

T then
(Hll(rx) - Hyo(r ) “ v (a,(=))% = 0

If AE is zero, it is at a minimum, since AE > O always, in
accordance with the well~known principle that the eigenvalues of

a diagonal matrix move apart when Hermitian off-diagonal terms are
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L 2 2 .
introduced. Also, both (Hll - H22) and H,,, > 0, so the adiabatic
curves only "cross" (i.e. D= - 2.2 =

y ss" (i.e. meet) when AE (Hll H22) H, =0, and
this will only occur at a particular r if Hl2 is zero for all r, i.e.

the diabatic states are of different symmetry. This is the basis of

the non-crossing rule (Landau & Lifshitz, 1958) in one dimension.

(ii) Xelation between the diabatic and adiabatic wavefunctions.

It can be shovm that the adiabatic and diabatic eigenstates

are related by the orthogonal transformation:

Xf= o

1 sin8(r) ;

cos ©(r) - 2,

X" = #.sin€(r) + @, cos O(r) (2-31)

1 2

where tan 6 (r) = - 2H12(r) (2-32)

Hy(2) - Hyy(e)

Hence at r = T _, X" = 1(e

2

1595) 5

and at r = teo, X=B’l or &

and it is readily verified that <¥+}H’)C-> = Q.

(iii) The coupling in the diabatic and adiabatic representations.

We see from (ii) above that tne adiabatic states differ
appreciably from the diabatic ones at the diabatic crossing T but
approach them as we move away from T.. Since non-adiabatic efrfects
are expected only when the diabatic and adiabatic states differ
appreciably, we see that they are localised to tne all-important
"crossing region" around r, in which Hl2/(H'll - H22> is non-
negligable..This accounts for the success of the two-state

approximation, since if a third adiabatic state is present,its
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localised region of interaction probably doesn't intersect with the
one under consideration. As described in section B, the diabatic

states are coupled by H this is usually a smoothly varying

12}
function of r through the crossing region, waich is fairly easy to

deal with numerically. wost of tne coupling between adiabatic states

is usuall e ; HS - = .
vwally due to X12' e { X l VrV,X >.Vr and this peaks

+

E* - B
fairly sharply around T.» because EY - £~ has a minimum there. Tnis
is less easy to deal with numerically, but demonstrates again the

localisation of non-adiabaticity to the crossing region.

(iv) Coupled equations in the classical path approximation.

With just two states, eqn. (2-23) becomes:

H

itd c, (t)
dt t

i () H,(t) c (%) (2-33)
c,(t) i, () iy, () c,(t)

where $ (/'5 ,t) = cl(t) ﬂl(;:") + cz(t)ﬂz(;)

ile employ a common device to "remove" terms from the diagonal
in (2-33) and display the equations in a somewhat clearer form:

multiply the coefficients oy phase factors as follows:

€ A
Let cl(t) = ¥, (t)exp | -1 H’ll(t' )dt! ;
t
o
S =
02(t) = ¥ (t) exp | -1 |Hy, (t*)dt! (2-34)
_K
o .
Then
. €
ik dcl = exp |- i gﬂlldt :L‘f\ibi + XlHll exp - %\_ {Hlldt
at R dt
[+ [

“ence the first equation of (2-33) becomes
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< [ 4
» K _ . N - .
i dri exp i’& dlldtl + XlHll exp i S Hlldt
at 12 s
o J o
(7 *
=y, exp | -1 S Hydt| o+ Hp, ¥, exp | -4 (Hydt
K R
L 4 o
The terms in Xl now cancel, to give
(3
11;% ¥, = H, exp % S(Hll - Hy)dt | ¥, (2-35)

o] =2

Similarly, the second equation in (2-33) gives

€

ikd ¥, = Hj, exp | - K(Hll-ﬂzz)dt ¥y (2-36)

i
at .

]

Equations (2-35) & (2-36), in the diabatic representation,

can be transformed to the adiabatic representation using (2-31):
— + -
Let $(p,t) = c(t) X (p,t) + c (8)X(7,t)

and apply a transformation similar to that of (2-34):

c
c (t) = ¥(t)exp | -1 (¢ )at
%
o]
Then (Delos & Thorson, 1972a),
[
ika ¥ = -dafexp| i ((E" -k )at} ¥ _ (2-37)
at dt 1
[+
<
ikd x = dSexp | -1 ( (8% - x7)at | % (2-38)
at at %

i disadvantage of using the adiabatic representatibn in the

. . 4 -
classical path approximation 1s now apparent; L - E 1s always greater
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than Hll - H22, so that the equations in the adiabatic representation

oscillate more rapidly.

Ly) Non-adiabatic transition probability.

On traversing the crossing region, the system follows one of
the adiabatic curves in the limit of low velocity, and one of the
diabatic curves in the limit of hi h velocity. 4t intermediate
velocities, the coupled equations must ve solved. It is usual to
approxinate the diabatic curves by straizht lines in the crossing
region, and using this approximation, tog,etner with those of
constant le(r) and constant velocity, the non-aaiabatic transition
probability was worked out in 193%32. Landau and Zener each used the
classical path method, described here, and Stlickelberg used a phase
inte_ral method (see also Crothers, 1971).

With the assumptions

(i) Hii(r) = B, - Fi(r - rc) (i=1,2)

where EC is the energy at the crossing;

(ii) Hl2(r) = Hy, (constant);
(iii) ar = v = constant
dt

and the definition
X » r -r = v(t - tc),

tnen eqns. (2-35) & (2-36) are readily transformed back to time-

independent equations (the time dependence being in v):

av,  =-ipep(- iax?/2)y, (2-39)
dx
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a¥ *-if cxp(iax2/2) b’l (2-40)

_2
dx
} . "l — - x
where o~ El F2 3 -3 ﬂ12
Rv v
Eliminating Kz(x) and putting
N 2
aj(x) = ¥.(x) exp(gax”)
1 1
gives the second order equation
R VN -l I € BN
dx2 2 4

i.e. the curve-crossing problem is formally equivalent to that of

2.

motion through a quadratic potential barrier -Zo(2X2 with complex

energy (/gz - ig‘_) (Chila, 1972).
2

by substituting

\T/4 2 2
z = JK e X H vV o= /9 = H12
o t\v(Fl -F.)
we get the standard form of Weber's equation:
2

d2al + (n+3 -~ %2 )al = 0 (2-41)
dz
where n = iv

The solutions of this are given in terms of the parabolic cylinder

functions Dn(z) by

ay ~ ADn(z) + EDn(-z)
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where the Dn(z) have the following asymptotic forms as Jz( - e

n

Dn(z) ~ 2z exp(- %22) for - $w<arg z < 3w

(includes real + ve x)

Dn(z) ~ exp(~- 52

- 2w ™ z—(n+l) exp(+<%22) for gw<arg z< (v
T (-n)

(includes real -ve x)

Using these asymptotic forms, with the boundary condition cl(-ao) = 13

02(-"0) = 0,

‘cz(oO)’z = 1 - e-2WI,

and the probability of remaining in diabatic state 1 on a single

passage through the crossing region is

P = cl(xo)‘z = 1 - 'cz(ao)‘z
= exp(- 2¥%) (2-42)
where ¥ = 'lelz‘z
ﬁvlFl - F2|

This is the famous Landau-Zener-Stuckelberg (LZS) formula. Note
that in the limit of high velocity v, P21, giving diabatic behaviour,

while in the limit oi low velocity, P—-20, giving adiabatic behaviour,

as expected.

It can further be shown that the probability of crossing from

state 1 to state 2 or vice versa during a .double passage of the

crossing region is given by
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Py, = 4P(1 - P) cos2(T’+‘2;) (2-43)
where T = {E*(t) - 87(t)} at

i
*

o

and this is zero in both the diabatic and adiabatic limits, as

expected. The average of P._ over T is 2P(1 - P), which is the

12
result expected from classical probability theory.

As described in section (iii) above, non-adiabatic effects occur
over a localised region, and for the LZS model to be valid, its
assumptions must be true over this region. Hence we need an estimate
of the size of the region. The simplest method is to use the analogy
with the barrier penetration problem (Child, 1972). Equating the

width of the barrier to that of the transition region, the

extremities of the region are given by:

¢2x2 = R - i
4 2
27 =
x, «t2 |Bt+a?)E (2-44)
o 4
"he wiath is then given by
Ax = x, - x_ (2-45)

The condition 'xl <x, is equivalent to requirin, that the second

term in Vieber's equation (2-41) be non-negligable. At low v, B 4
will dominate tne bracket in (2-44) and, using (2-45), the width is:

Axs = 4p = 4H (2-46)

—_—

oA Fl - 52

This is called the static width.
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At high v, ¢.2/4 will dominate, and the width is

(2-47)

This is the velocity dependent dynamic width.
Physically the significance of these widths is: the static

width is the range over which H 5 1s significant compared with the

1
diabatic energy separation, i.e. the adiabatic curves differ
significantly from the diabatic ones; the dynamic width can be
shown (Child, 1974) to be the distance range which is consistent
with the uncertainty principle with the classical momentum
uncertainty between motion on the two diabatic curves. Alternatively
(chilq, 197%), it can be seen to correspond roughly to the range
outside which rapid oscillations in (2-39) & (2-40) start to damp
out the transition probability.

Wote that x being outside tne range given by (2-44) is
sufficient for the validity criterion (Child, 1974) on an asymptotic

form to be satisfied:

« 1

LS

N oo ~1 2

f1 o 572 g%/ ? - 2i/e )}

« 1

2 2 . :
which is satisfied by x2 > ’4;;’ [T = 21/0(‘ > 2/« , because

then the numerator is <« 1 and the denominator ~1.

Thus the width of the transition zone over which tne assumptions
of the model must apply is seen to be the lareer of tue static and
dynamic widths given by (2-46) & (2-47). In practice, the static

width is only important at fairly low velocities, below that given by:
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2
> vV e 2 Hy, (2-48)

‘a(Fl - F,)

The dynamic width is usually more important, and it is useful

to define a "dynamic time" tO:

(2-49)

Although the LZS formula predicts the correct qualitative

behaviour at high and low velocities, it is in these regions tuat

the results become dubious, because the assumptions become difficult
to accommodate. At low velocities, the potentials governing the
motion will have a marked effect on the velocity, so that assumption
(iii) is no longer valid; at hignh velocities, the dynamic width
increases without limit, so that eventually assumptions (i) & (ii)
become unacceptable. wodifications to deal with the high velocity
limit have been examined (Coulson & Zalewski, 1962; Dubrovskii, 1964;

Child, 1971).

E smlti-curve crossing approach to atom / diatom systems.

The two-state curve-crossing moael is readily applicable to
atom / atom collisions, and the LiS formula has been extensively
used for such systems. Now consider an atom / diatom system, and in

perticular the electron transfer between an alkali atom and a
halogen molecule:
)T

o+ X, M ( X2_ (2-50)

2
where the product halogen molecule ion may be vibrationally and
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rotationallyrexcited. Although the L4S model is often associated
with theoretical considerations of this type of system, there are
clearly two ways in which it is more complicated than the two-state
curve-crossing problem:

(i) There are three atoms present; the coordinates used to
define the positions of these are shown in fig. 53

(ii) More than two states must necessarily be considered if the

internal energy of the X2 is to be studied.

Fig. 5. The coordinates used to describe the positions of

the atoms in M/X2 collisions.

Complication (i) is often dealt with by applying the two-
particle approximation (baede, 1975), in which tne molecule is
treated as a single particle with more internal structure than an
atom. Thus the three-dimensional potential ener.y surfaces are
reduced to potential curves. There are two objections to doing this.
Firstly the surfaces may be sensitive to tne X-X separation p,
and this may change considerably during a collision. Secondly, althou,,
in one dimension adiabatic states either cross or pseudocross

depending on their relative symmetries, in more tunan one dimension
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the relative symmetries are variable, and a conical crossing is
expected.

Within the classical path approximation, there are two approaches
to (i) &(ii), the multi-curve crossing approach, and the surface
hopping trajectory approach, described in section H.

In the multi-curve crossing approach (Bauer, Fisher & Gilmore,
1969; Child, 1973), which has been applied to vibrational energy
transfer, all internal motion is treated quantum mechanically, and
only relative motion classically. The two-particle approximation is
used, but conical crossings are allowed for by a dependence of H12(?)

on the angle & (see chapter III, B(i)). Having reduced the problem

CL{\H,‘“ 2:
[\ A e

P e

Energy

............

——————————

I A U,
(L!unadl 1:
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to one dimension, there remains (ii) to deal with. Ly ignoring
rotation, and treating vibration as internal, this is achieved by
introducing the idea of a networ« ot curve crossings between the
states arising from the various vibrational levels of X2 and X2-,
as shown, in the diabatic limit, in fig. 6.

Following the treatment of equations (2-25) & (2-26), and

ignoring rotational motion, write the wavefunction for the system

thus (Child, 1973%):

$@pat) = 5,@) 2 e, (1) 2 (F)

- -
+ 52(Q) Zczmv(t)/dev(/o) (2‘51)
ml
where E = electronic coordinates;
P’ = vibrational coordinates;

and channel 1 is the covalent channel, 2 the ionic channel,

and substitute it in the time-dependent equation

iHd = ik 2 ¢.
¢

¥ . ¥y o -
rultiplying by Sl(a)gfln(gi) and integrating over g & p :

z Hlnln'cln'(t> v E:,Hanm'CZm'(t) - 111dcln(t) (2-52)
n’ ~ —_—
at
NOW, H = Hmt (q,/Z‘) + Vv (q,,ﬂ,r(t>>

i.e. non-adiabatic transitions are induced by relative motion only.
fut by the two-particle approximation, V is independent of ;‘, i.e.

the interhal states reémain unperturbed, hence
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Hoyos §§{<a>¢{'ﬂ<;><ﬁmt<a,; )+ V(3,8)) §,(R).2, (2 )atap

= (B + v (8)) 8,

and
¥, - - - R
Hy oy = j $2@) 27 (B)H,_, + V) §,(@) g, ,(3)adas
- V12(t)'(‘)'nm'
where 'O'nm (element of overlap matrix fl ) is given by:
nnm ] j’gfn72md/g (2-55)

Hence, substituting in (2-52) and rearran_ing,

amt Comr (8 (2-54)

(iﬁg_t —Eln—Vll(t):[ e (t) = vlz(t)%ﬂ

Similarly, multiplying through by S;(Q) ,dgm(/?) and integrating

over 4 & p :

> [it% - B, =V, (t) ] Con(t) = V(DI Npe) (8) (2-55)
/ * -
where ﬂmn = jﬂ/,amﬁlnd/o
Assuming the gZ's are real, ‘n'/mn = ‘Qnm’ i.e.
N =0 (2-56)

Consider the product (2 f):

(2'N);, = %’Q'ijﬂjk

- .?l<2illa'><1a’12k>
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= <2il2k> by completeness of {ﬁ’li}

= 5ix by completeness of {ﬁf2i}

= NN-1 (unit matrix)
Similarly, aq'-1
Hence, comparing (2-56),
a (2-57)

€) is orthogonal, and so is .
Hence, with the assumption that Vl2(t) = V2l(t>’ the equations

(2-55) may be rewritten:
[itd -Eem-vw(t)} con®) = V()T QT e (6) (2e50)

where A;% will throughout be understood to mean A-l)...

Equations (2-54) & (2-58) are the basic sets of coupled equations
for multi-curve crossing theory. Before considerin, the methods for
solving them, a transformation due to Child (1973), which makes
them more physically transparent, will be outlined.

Prepare non-stationary vibrational states in the ionic channel

by the orthogonal transformation

Vo (7 ZQ (p)-

nm 2m

These overlap exactly with the covalent vibrational states:

>N N

nm - mn
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- §

nn'

i.e. n denotes the channel 1 level to which the transformed channel

2 level is coupled. Then, if we define "a-coefficients" by

%’ C2m(t>’a/2m - % a2n<t)‘f/2n

then apn(¥) =2 Q0 ep (4) (2-59)
and sz(t) Z Q mn? 2nr ) (2-60)
Z; ﬂ dont (t)

Substituting (2-59) in (2-54),

- [itd - B, -Vll(t)} el (1) = V(1) ay (4) (2-61)

and (2-60) in (2-58)

2 {l ‘\gi__ - 2m - sz(t))z Q mn'? 21’1' ) (t)ZQ mn' lnl(t)’

dt

Now add (E, - EQH)Z,Q “1 .. (%) to both sides, then multiply

by £) , and sum over m
nm

5 [itd_ - By, - v22<t>J 2n(t) = L (8) o+ Vpp(t)ey, (4)

dt
where X v % ‘O'nm(E2m - Ezn) 0 ;}l (2-62)
Now, if we choose for EZn
E—Zn - % O‘nmE2m'Q1;iL1 (2-63)

i.e. the expectation value for the energy of the transformed state V2n’
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then x =20 (8, -B )ﬂ;i

Witn this definition, for 1i# 3,

X.. =20, (8 -F,.)0 %

1) m im' T 2m 21 mj
= 2 Q. L -y
% im 2mﬂmj %‘O’imﬂ mj L"2;‘L

.. the matrix X is symmetric.

Since er= 0, we can write

nEA

{itgt -E, - V22(t)] a, (1) = S X, a,  (8) + V(1) o ()

(2-64)

Consider the new sets of coupled equations (2-61) & (2-64). If
it weren't for the coupling terms involving Xnn" they would represent
a single crossing between Jjust two states, i.e. some chosen

vibrational level in the covalent channel:

W (8) = B+ V(%) (2-65)

and the appropriate transformed mean level in tue ionic channel:

w2n(t‘) = Byt v22(t) (2-66)

This is shown in section ¥ to correspond to tne hign ener. y Franck-
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Condon model, the relative size of Xnn' determining the validity of
the model.

We shall call equations (2-61) & (2-64) the a-coefficient
equations, and (2-54) & (2-58) the c-coefficient equations.

Now check the asymptotic behaviour of (2-61) & (2-64). At large
distances, corresponding to very early or late times, V-»0, so put

Vab(t)’ 0 for all a & b in these equations. Nen (2-61) becomes

{ik%? - Em]cln(t) =0

~iB t/k

> cln(t) = cln(O) e Tt (2-67)
which is the correct free behaviour, while (2-64) becomes

[if‘d - E211] agn(t) - .Z;Xnn' 2 (1)

Returning X__= 0 to the sum,
nn

ikd a, (t) = 2.X
it 2n o

aZn'(t) + > E § a2n'(t)

nn'

where A, =

and a is a column vector of the a-coefficients.

Since A is independent of t, the matrix equation (2-68) is readily

solved (Mirsky, 1971) to give

2 (8) - exp{_}_ﬁ\%g (0) (2-69)
ik

explB=I[+lB*-‘—Bz*

where
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is defined for all square matrices B ; however, it is not readily

evaluated for a general matrix such as t A

it
Now, for any matrix U,
exp 8 = U vt {exp B} U gt
and by expanding the series it is readily shown that this is equal to

U'{exp ( U-lB‘U )g U~1

But suppose U diagonalises B ; then exp(U-IB U) is easily

evaluated, since clearly for ™M diagonal,
(exp ) = exp (M) 5
-1
and suppose we calculate Q= 2 AN

. -1
Then Qe - JZ g ﬂij (ij + Epy ij)ﬂkl

-1 ‘ = -1 -1 =
Z%ZPQQ (Bpp = Epy) e Qyq + 2 L55 Byy S
3

21 5il

and it can be seen that § diagonalises A and (2-69) can be

rewritten

2 () = O exp {L QA ﬂ}ﬂ"lgw)
ik
s ey (t) = IS O SE 0T e, (0) (2-70)
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Note that the modulus of asn varies with time even a long time
after the collision, so it is not possible to talk of the probability
of transition to one of these non-stationary states. lowever, we can
now derive the behaviour of the stationary states described by the

c-coefficients, and see that the modulus does not vary with time

asymptotically:

2 0o 2 (¥)

\I

c2n(t)

\t

52500, AT e (0)
il Ml

W
M
D
g\
o
l'
2
Tt
~
~
®
™
8
.
o
g

= c2n(0) e TiELE/ (2-71)

which is as expected.

F High energy limit - the Franck-Condon metnod.

Consider eguations (2-61) & (2-64) again:

[itg_ - B, - Vll(t)J ey () = V(%) a, (£) (2-61)
dt
{ihg_t e " sz(t)} fon(t) = Lhngy pgn (8) 4 Vyp(8) e (8)
wEn

The coupling terms in Xnn' can be regarded as responsible
for spontaneous decay of the non-stationary ionic states. In order

that the system may be approximated by a single crossing between

Wln= Eln+ Vll and the averaged curve W2n: E2n+-V22 , as described

in section E, the time-constant for this decay must be large
compared with some interaction time to. “"hat this should occur in

the limit of high velocity was suggested by Chiléd (1973); while the
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dynamic width for a particular crossing increases without limit as
the velocity is increased, until it encompasses all the crossing
points of the network, the interaction time, given roughly by tne
dynamic time (2-49), dependent on v-%, decreases and eventually
becomes small compared with the spontaneous decay time-constant.
This argument was expressed more quantitatively as follows:

First "remove" the diagonal zeroth order E terms and first

order V terms from (2-61) & (2-64) by a transformation analogous

to that of (2-34):

Let e (£) = ¥ _(t) exp ﬁ- i lenm dt} (2-72)
&

and a,n(t) = & (1) exp | - ;j Wy () dt} (2-73)
t

Then [itg_t -E, - Vll(t) } cln(t)

P

gwln(t)dt iﬁ%_t_ + it% (-i Swln(t)dt) -y (0¥ (%)

+ at

= exp ) - i fwln(t)dt} ikhd o+ Wln(t) - Wln(t)} Yn(t)

-
- e kg v (1)
at

where r‘n(t) = ijv.ln(t) dt

$imilarly, [i t% -E, - sz(t)] 2, (t)

- !
R Y. « (%)
at
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where An(t) = i gWZn(t) at

Hence egns. (2-61) & (2-64) become

it%xn(t) = V(1) e(r“‘“*)c«n(t) (2-74)

PRd (1) = T, e ™A o (1) w v (e) e Ty (1) (2-75)
dat nEn

where A - A E
n

S(E2n+ Vo, (t) - B, - Vp,(t))at

Now introduce a dimensionless time variable 7T = (t—-tx)/to, where
t_is the time at the crossing point Wln(tx)= wzn(tx), and t, is
some interaction time. Equations (2-74) & (2-75) now become

ide (v) = ty Vi, exp (1p(7)) ¢n(1v) (2-76)

aT K

ide (™) = oty U, exp ( =i (T )« (1)

ar X

- Z_ tO Xnn' exp ito (EZn - E2n')'r/>°‘n'(1y) (2-71)
nER 'k ‘k

where A (T) = 1, {wln(to'r') - W, (7)) ar
K

The condition for neglect of the second term in (2-77), for

moderate V12 's, 1is
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t. X &1 (2-78)

We now need an estimate for tO. Most of the contribution to the
first term in (2~77) comes from lﬁ (T')|< w , and for t, to represent
some interaction time, we require this to happen at lt - txl= tO’

i.e. = t1, How, B can be estimated using the constant velocity,

constant potential slope approximation, giving

B (r) = -'%2(%_-F2)vr2
2%
2 (s .
ty (kl - F,) v =
2K
>t (2-79)

Comparing (2-79) with (2-34), we see that this is of the same order
of magnitude as the dynamic time. Hence the condition for neglect of

the coupling is

A = X .,/ 21 « 1 (2-80)
nn
Rv (F1 - FZ)

Under these conditions, the eguations represent a single

crossing between one vibrational level in the covalent channel and
the appropriate transformed level in the ionic. The case when
tOV12/K &1 can be shown by first order perturbation theory to give

the same result (Child, 1973).

Now, in all collisions under consideration, initially only the

ground vibrational Jevel in the covalent channel is populated, hence

only the appropriate level quo is ever populated in one pass of the
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crossing region, so 250 is some non-zero numver, while all other

a-coefficients are zero. Hence, after a pass of the crossing region,

o
'

-1
om " %igl

mn a2n
-1
’flmo 220

Q1 a

om 290 (2-81)

i.e. the final coefficients in the ionic channel have a distribution

C2m o glOm

and the probabilities a distribution
2 kS
|02m‘ i ‘Sj'Om‘ ’

which is the so-called Franck-Condon factor. The constant of

proportionality a can be obtained e.g. by the LzS formula. The

20
result is that, at high collision energies, sufficient that condition
(2-80) holds, the system can be described as a single crossing, with
final probabilities in the ionic channel modulated by Franck-Condon
factors. This is the Franck-Condon model, described by hendall &
Grice (1972) and Child (1973).

In the type of collision being considered, the crossing region
is traversed twice, and a transition can occur at 0, 1, or 2 of
these crossings.

Consider tile case when two transitions occur:

Let there be a transition at T=T followed by evolution in
time, and then a transition back when r=»rX again, both transitions
being governed by the Franck-london principle.

Let T=1 for the first time at t-= —tf. Then tne ionic part
X
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of the wavefunction is given by
?lonlC:(/O 7—tf) = ZaQOQOmgzm(ﬂ ) by (2-81)
= [P0] 2 Qo200 )

where le = transition amplitude between the effective pair

of levels.

Assuming the ionic states each evolve freely until the next

transition, at t=—+tf,

- oin bk
ety le‘%QOmszm(/’ ) eI

A4t this point there is a transition back to the covalent

channel. Assuming the Franck-Condon principle holds again,
cov
P te) = 1T 2 App () #1,(p)

where jﬁ‘nl is the overlap between the nth level of the covalent

channel, and the overall ionic state:

N (1) = (@0 (e )P (e 0ty) ap

1]

gg:n(/’ ) [Tl & (Don @onle) RN ap

~2ik, £, /4
)T12\ % Qolme 7

W

amplitude Cln(tf) = {T12[Jl'nl(tf)

- lT12f2§ﬂ omlnm e TP/ (2-82)

This expression has been derived from a fairly physical picture of
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But gQ,n = 2’_{ ( 2; OOQOn cos qm)2+ (% nomﬂnm sin qm)2 }
.S S 2 . 2
" -~ (flomflnm cos qm> ¥ (rLOmglnm sin qm)

+ 2 {QOmQ’nm cos(a ¥ N cos(a;)
m,
mbj

+ ‘Q‘Omnnm sm(qm) nO,anj sin(qj\]}

33 {%(ﬂmnm)2 2 Doy cos oy - 33}

meEj
2
x + -
gﬂOm ».% $myomSoy cos (g, - a))
M*j
= 1
i.e. the total probability of two transitions = P2, which is as

expected.,

When less than two transitions occur, the situation is easier
to deal with, as there is no time evolution to ccnsider. If no
transitions occur, then we end up in the initial ground vibrational

state of the covalent channel, with probability PO:

P, = (1 - P)2 (2-84)

If one transition occurs, then, regardless of the crossing at
which it occurs, the distribution of the ionic states is according

2
to the Franck-Condon factors (Ilom)

. . . . 2
3 probability of emerging in ionic state m = P1 Ilom (2-85)

Note that here the distribution within the ionic manifold is

independent of the collision energy. Pl is the probatility of only
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one electronic transition occuring, and this is equal to the sum

of probabilities E;Pdi7oi because of the orthogonality of 0o,
”~

According to classical probability theory,

P, = 2 P(1-P) (2-86)

Aside from the fundamental limitation imposed by (2-78), the
Franck-Condon method is subject to inaccuracy arising from the
choice of a method for calculating P, e.g. the LZS method, and also
from the use of the classical formula (2-86), which ignores
interference effects between ingoing and outgoing trajectories.
However, within its validity range, it should successfully predict
the distribution among vibrational levels within the ionic channel,

since this is independent of the method used for calculating P.

G Low energy limit - the sequential Landau-Zener biG method.

Consider tiue network of crossings, shown again in fig. 7,

where the covalent and ionic states are now numbered consecutively.

o Toaie
N g
-
3
Energy

S

R .
SRR XYY o covatene

KK Y !

A IORRYC ,

Fig. 7

N\
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If adjacent crossings are further apart than tiie dynamic width, it
would be reasonable to treat each one independently, and move throug,n
the crossings in order, branching appropriately as each one is
encountered. This is the "diffusion" method described by bauer,

Fisher & Gilmore (1969) for the system Na+ N,; it has since been

0}
applied to alkali / halogen collisions by Gislason & Sacns (1975).
The individual crossings are usually dealt with by tne LzS method.
We shall call this approach the BFG method. Since the dynamic
width is proportional to v%, the method will be expected to be
valid only at low collision energies.

Consider the validity criteria for this low eneryy approach.

The condition required is:
Dynamic width <&  spacing of crossings

Now, an estimate ol the spacing ol tine crossings is given by
AE/IFl—F2$ , where AL is a nominal energy level spacing.

Hence, using (2-47),

_8%kv « 4B
[Fy - ¥yl £y - Pyl
etvlFl - FZF « 1 (2-87)
(aE)°

So, using the dynamic width criterion, the sFG method will Dbe

expected to approach validity for v below a value VBFG:

2
. (A E) 2-88
VERG L ( )

8k [F -

However, there is still the static width to consider. At low

v, this eventuall; becomes larger tnan the aynamic width, and is the
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important interaction width. The cross-over occurs at (2-48)

2 .
v = 2 Hl2 (2~89)

J“lFl - F

This must come in at a velocity lower than VBFG’ otherwise the

static width will always be too big

2 2
5 2 Hp, < (oE)
KiF, - Fyl 84 |r - Fyl
2 [l < o8 (2-90)

which is the same as saying that the static width must be less than
the spacing of the crossings, as an essential precondition for the
method to be valid.

Consider the progress through the network of crossings. At the
crossing point r=—rpq between covalent state p (=n+1) and
ionic state q (= m+1+DN, where N is the number of covalent states
considered), the amplitudes (or probabilities) for these two states

will be transformed by some matrix ( a b ) , and the total
c d

scattering matrix accumulated so far will be multiplied by

Column

4 14
= 1 { '
A pq ' «
! i

| { ")
1 i !

Row:

P a Q-0 D
0 l,‘ 0
0 1 0
4 - Y 0 - -0 d
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Since for p+#p', q#q'y, A__A

paprgr A

then on the
p'q'ﬂ\pq’

inward (or outward) trajectory it is sufficient to take the sets
of crossings grouped together in fig. 7 in order from rignt to left
(or from left to rigat), but within each group the order of taking

the crossings is arbitrary.

in
Let S be the total scattering matrix obtained going inwards,

out . . .
and S that obtained going out again. Then, ignoring bond

stretching in the X

o
if s A BC L XY say
then %t L Y X ......CBaA.
But for all qu, b=c¢c = /qu = %pq
s %% - ZTY¥X ......TTX
. gin
" total S . gout gin
N (2-91)

If each crossing is governed by the L.35 formula, tnen

a = d = P H
Pa
= = 1 ~P 2-92
b c P ( 9 )
where P = exp -2w ‘ (r_ ) , . (2-93)
jole] Hanm Dgq

{'\VR‘Fl(rpq) - F2(rpq) |
where v = radial velocity

R
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2.2
= 4 Jvit o+ b2 ( in the impact parameter approximation
ror

dt
-’P‘L

Note that in (2-93), tue interaction element between the actual

wavefunctions involved in the crossing is used, and, from section E,

H1n2m : Vl2nnm

Thus the Franck-Condon factor appears again, this time in the L4S

formula for each individual crossing:

P - exp ~2v(V12(rpq))2 (ngf

th‘Fl - F

ol

Again, sources of unreliability in this mei!oad over and above
the restrictions imposea by (2-87) & (2-90) lie in the choice of
the LZS method for each crossing probability, and t.e neglect of

interference between ingoing and outgoin, trajectories.

H Surface hopping trajectory approach to atom / diatom systems.

An alternative approach to the complications of atom / diatom
systems described in section b is the surface hopping trajectory (SHT)
method (Tully & Preston, 1971). In this, only electronic motion is
considered internal, the rest being external and treated classically.
A trajectory 1is started on the appropriate surface, and inte_rated
until-a crossing seam in the diabatic surfaces is reacned, when it
is split into branches, with weights equal to the transition
probagilities to each surface. sach branch is continued, and may meet

further seams. The probabilities are calculated using the LuS
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formula, or by a more general classical path method; it is assumed
that over the region of strong coupling the surfaces are similar
enough that the choice of path is not critical. A large number of
trajectories, with a distribution of starting conditions, is
calculated, as in adiabatic trajectory work, and tne results are
calculated by considering all the final branches from every
trajectory, weighted appropriately. Alternatively, at each seam, a
weighted decision is made on whether to hop or not, so that for each
trajectory only one particular branch is followed. These two methods
have been called the "ants" and "anteater" methods respectively.
The calculation of the classical trajectory can be done using
diabatic or adiabatic surfaces; in the latter case a velocity
correction must be made at eacn hop to conserve energy and angular
momentum,

Interference between brancaing trajectories is not taken into
account; this is done in the liller & George (1972 ) method, in
which a semiclassical phase is accumulated by calculating the classical
action along tne trajectory. The trajectory goes into the complex
plane to reach transition points where the adiabatic surfaces intersect,
thereby conserving energy and angular momentum. However, there are
considerable computational difficulties in calculating the trajectory
and finding the crossing points in the complex time plane, and an
intermediate scheme has been proposed (komornicki, George & ilorokuma,
1976). Although the simpler TSH method 1is precdominantly classical
and allows much physical interpretation, it still uses large amounts
of computer time, and is particularly troublesome at low energies,

when the trajectory can cross itile seam many times.
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CHAPTER III

CONMPARISON OF wETHODS ¥OX CALCULATING VIBHATIONAL ENERGY

DISTRIBUTIONS IN BLECTRON TKALSFER COLLISIONS WM + Xz-ﬁ MY+ X2

A Introduction.

If an alkali metal atom and a halogen molecule in their
respective ground states collide, at a sufficiently high velocity,
there is a chance that an electron will be transferred from the
metal to the halogen to give ions in their ground electronic states.

The states involved (Zfaede, 1975) are known to be:
2 l—+ +, 1 L = 2+
m(%s) + X, ( zg)-am(s) « X, (°Z)) (3-1)

The Xz- ions produced are vibrationally excited, and some work
has been done towards measuring vibrational energy distributions
resulting from these collisions (see Kashihira et al, 1974; Groszer
& leyer, 1976; kochizuki & Lacmann, 1976 (for hn+02); Aten, lanting
& Los, 1977). Two methods are available within the classical path
approximation for calculating such distributions, the multi-curve
crossing approach, and the surface hopping trajectory approach (see
sections E & H of chapter II). The multi-curve cros:ing approach
has only been used in the form oi two approximations, the low
eneryy sequential Landau-Zener BKG model and the higii enerygy Franck-
Condon model (see sections G & F of chapter I11), in spite of the
limitations on the validity of these methods. “he primary aim of

this chapter is to test the validity of these two approximations

bv comparison of results obtained from tuem with those obtained
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from solution of the coupled differential equations of the general

multi-curve crossing approach.,

B Description of the model system.

To emphasise the comparison of different approximations being
made, a model system M / X2 was invented, with parameters
appropriate to a typical alkali / halogen system. These parameters,

with associated assumptions, are given below.

(i) Parameters and assumptions.

Diatom potentials:

The ground states of X2 and X. were represented by liorse

2
potentials:
L1 2
W(p) = pf1-exp (8o, -p))} (3-2)
where B =TV 3/:‘-
D
and p = internuclear distance

The lorse potential is commonly used to describe covalent bonds of
this type. It has the correct qualitative behaviour: an infinite
repulsive wall at low p (although V » e« as p = -eo rather than as
P 0), a minimum at the equilibrium distance o , and a finite value
as p2ef higher than the minimum by the dissociation energy . 1f
the morse oscillator potential is expanded about P =P then the
first term is in (/oe -/0)2, and taken alone this corresponds to

a harmonic oscillator of freguency ¥ . Whe parameters usea were:

Reduced mass M= 12 ppg (corr. to A.vW. of X~15)
- -1
Lyt v = 1500 cm L. 4.5 dps .
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Pe = 1.2 L

D + 500 cpe (~3 eV),;
2 A = 3.0 47t
X, v : 1000 em™F - 3.0 dps T .
P 1.2 £
Electron affinity of X =By » 275 cpe ;
Adiabatic electron affinity of Xz EZX . 250 cpe ;
b S
a
2 D = ] -
X; De, * By, Ex
= 475 cpe
> A = 2.2 47t

These potentials are in agreement with the observation that the

Xz- is generally less tightly bound than X2, with a larger equilibrium
distance and smaller dissociation energy. They are chosen to be
somewhat more similar than is found in practice, so that the

overlap matrix () is not too diffe-ent from the unit matrix, so that

only a fairly small number of vibrational states need be included

in the calculation.

M/ X, potentials:
For the covalent diabatic potential, a Lennard-Jones 6-12

potential was used:

Vll(r) = i{<§>l2 - 2<°;'>6} (3-3)

This has the same qualitative shape as a horse potential, but the
repulsive wall is at r= 0, and the long range behaviour is the
observed Van der aals C6 attraction. The parameters were chosen to

give loose binding:
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e - 3L ; £+ 50 cpe (~0.3 eV)

The zero of energy is seen to be infinitely separated M+X, with

no vibrational energy.
For the ionic diabatic potential, a simplefied Kittner (1951)

rotential was used:

- 2 2 -r/k a
V22(r)— - e - e (a]_1— «,) * he Ly E’a’)&1 (3-4)

4v£d: BWE&A

with IM = lst ionisation potential of i = 500 cpe ;

oy = polarisability of w = 0,2 33;

oo = u 1« XZ-“ 5 KB;
6

A = 1.5x10° cpe ; k ~ 0.2 §.

This potential becomes infinitely attractive at the origin,
but this can be ignored because the exponential repulsion Ae-r/k
produces a high wall between this and the potential well. Note that
the inclusion of the asymptotic difference IM - E:Xz means that
the energies Eln and E2m (see section E of chapter II) should
be measured relative to the bottoms of the respective wells.

Befare finaing an expression for VlZ(r), it is necessary to
consider the conical crossing which is expected between the adiabatic
surfaces in two dimensions. 1t is easy to see how this arises by
examining the symmetries of the gquasimolecular groups arising from

(3-1) as a function of the orientation £, defined in fig. 5.

The possible symmetry point groups for the system are:

o = 0 Cgov
w/2 Couy
other C
s



and the symmetries of the two electronic states are (baede, 1975):

CZV Ccov Cs
2 2+ 2
M
X Ay 3 A
+ _‘_ - 2 2 + 2
M X2 B2 b2 Al

For » =1u/2, le(rc)"HIQ(r) =0, and the adiabatic states
cross. This dependence of le(r) on ¢ is readily modelled in the
two-particle approximation by inclusion of a factor cos & (see
Anderson & Herschbach, 1975). This approximate angular dependence
was confirmed by the ab initio calculations of Ealint-Xurti & Karplus
(1971; 1973) and similar angular dependences for other symmetries
of il / X2 systems were estimated by Gislason & Sachs (1975).

The expression used for the interaction potential was that

suggested by Lvers & veVries (1976), which includes the cos ¢ factor:

V() = §nER r e 0  cos g exp (- oS (x - T} (5-5)

where §- % {\}2 I 2 1, }

in atomic units, with c = 0.6

This consists of the Olson et al (1971) expression for VlZ(rc)
multiplied by the cos # factor and an exponentially falling
dependence on (r - rc). This expression was later multiplied by

a factor f, chosen in such a way that the LsS probability P~ 0.5 for
a particular energy region, to allow comparison of the approximations
with transition probabilities reasonably different from O or 1. To
convert from atomic units, the two constants 0.86 and c¢ must be
multiplied by 2.86 x 10-2; ana the whole expression must also be

: . -1, .. -t
multiplied by this factor (which is (ao) (siartree) ™, as required
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by dimensional analysis). r

is the nominal crossing radius, given
by

_ 2

T =~ e

¢ a
4w e (I, - By )

(3-6)

= 9,21 %

in this case.

Classical path:

The impact parameter approximation was used throughout, with
a fixed impact parameter, and with the X2 axis parallel to the

direction of motion. Referring to fig. 8, with time t rununing from
-0 to +0 with t=0 at the point of closest approach:

vel v
T

At time t,

(3-7)

and cos @ = Vi

"
<
C"

(3-8)
If the collision energy is E, then

v = 2 E

Max,
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The following values were used for the impact parameter and W / X2

reduced mass:

b = 5 4 H /“H,A’L= 20 ppg.

Before solving the multi-curve crossing equations (2—61) & (2-64),

it now remains to calculate the energies E & E2m’ and the overlap

1n
matrix (Y.

iii) ilorse oscillator wavefunctions and energies.

Consider the Morse oscillator. The solution of I{V}1=En‘rh

with V(/o) given by (%-2) is (Shore, 1973b):

v (p) = 1 1 e g ng (2K A sl (3-9)

-2l
JU Af2xe 4t
n

vwhere M is whittaker's function, expressible in terms of a confluent
hypergeometric function (see Abramowitz & Stegun, 1964, and chapter

V below),

and K = vV2uD ; N = T(n+ )0 (2K =2n -1)
At B T (2K - n)

These eigenvectors are not easy to calculate (see chapter V),

but in contrast the eigenvalues have a simple form, wnich is not
dependent on /pe:

2.2

B = A - 47X (3-10)
4D
where A = te (zhv) ; X=n + 5,

Here the second term is an anharmonicity term, and « is the angular
frequency of the harmonic oscillator which fits the potential at the

bottom of the well (see part (i) above). The energy levels are
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relative to the bottom of the well as zero.

The highest level in the well is found by putting E =D

3 x = 20D (= K)
and at this point, ok = O

Equation (3—10) was used to calculate some energy levels for

X, and XZ-, and the results are shown in table 2.

2

(iii) Harmonic oscillator overlap integrals.

Some idea of the form of the overlap matrix €1 can be gained
by replacing the wavefunctions (3-9) by harmonic oscillator

wavefunctions:

p - -p/2
v, (p) N H (pe
where p = P (/ - pO);
N = P , a normalisin;; constant,

of nlw
and Hn(x) is a Hermite polynomial.

Using the generating function for the Hermite polynomials
(Abramowitz & Stegun, 1964), expanding the exponential, and equating

coefficients, it is possible to derive an expression for overlap

integrals between these wavefunctions, as su.gested by Schrodinger

(1926; see also Hutchisson, 19%30). The result is:

(3-11)




where
int(3n) int($m) min(n-2a,m-2b)

Knm = jz: EZ: S 22 Bb c® Dn-2a—c Em—2b—c
a=0 b=0 c=0 a'b'c!(n-2a-c)! (m-2b-c)!
where int(x) = largest integer < x
min(x,y) = smaller of x and y

and A= 2P -1 B= -4 3 C - 4PQ ;
2 2 2 2
P+ Q )
) 2 2 2 2
D= 2P(P'p, + Q7ay) - 2Ppy; B= 2Pp,+ Qaqp) - 2Qq ;
v g . 2
2 2 |2 2.2 2 2
F= (P'py+ Qap) - 2(F7pg + Q)
2(¥ « &)
It is readily verified that this gives 2 __ = § if P=Q and
nm nm

Py Q- Using (3-11), the top left hand corner of §) for XZ/XZ- is

as given in (3-25).

(iv) Solution of lorse oscillator by finite element method.

As already mentioned, it is not easy to work out tue iorse
oscillator wavefunctions (3-9), and overlap integrals between them.
Numerical solution of the one-dimensional Schrodinger equation was
therefore indicated, and since a fairly large nunber of wavefunctions
was required, a global method, the finite element method using cubic
splines, studied in particular by Shore (1973a; 197%c), was
investigated.

writing the Schrodinger equation in 1-D:

2

im

+ B - V(p) (3-12)

3

o(*lf(/?)=0 where o<:=‘f\_2
2m p

o)

consider an approximation i;gp) of the true bound state (h;co)
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solution V’(p ), given by a linear combination of basis functions

# , which in general do not form a complete set:

Y(p)rLe #(p) (3-15)

nel

with an outer boundary condition ﬁn(/o )=0 for Y ;/oma_x'

In the finite element method, each basis function Aﬁh(/’) is
non-zero over a limited range of P » Particularly popular for this
is a cubic spline, which is a bilecewise continuous function, with
continuous first and second derivatives, expressible as a cubic
polynomial in any subinterval of its domain. The cubic splines used

2 (p) = #(p- nn)

where ,60(/0 ) =0 lpl > 2n
or = £ = (2 - |p/n[)’ 2h ¥ ol > n b (3-14)

or = £, + (2~ |p/m)? - (- {p/m)? w20l

These are B splines (Schoenberg, 1946), with knots (indicated in
fig. 9) equidistant with spacin, h.

The simplest method for obtaining the coefricients in (3-13)
is the collocation method (see Collatz, 1966), which reguires that
Q;(/7) satisfy (3-12) exactly at various collocation points P
N such collocation points produce an Nx N generalised matrix

eigenvalue equation:
(A—Efg)s = 0

2 “
where Ain = - g}{ ﬁn(/oi) + V(/o i) gn(/a i) :

B. = ,@/n(/ol)

in
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The collocation points were placed, as suggested by Shore (1973a),

at the spline knots, and the values of ;in and ¢;'1 at these are:

P An-2*/n-3 ete. An-1 Pn Pnsl /onr2’fnf3 etc.
2.(p): 0 i 1 i 0
o (p)- 0 i 1 3 0

where N is the collocation point at the knot e+ nh. As a result
of the choice of collocation points, the matrices A and 8 are seen
to be tridiagonal; production of banded matrices is one of the main
advantages of the finite element method. However, there remains the
important problem of boundary conditions, and in particular the
form of the top left hand corners of the matrices. The right hand

boundary condition

Se o (p ) =0 (3-16)

14}

is accommodated by using a finite basis set, with the collocation
points ranging from some lower bound to Pu C Poax 2h, Writing

V(/o i) =V, and §2K2 = q, the collocation equations are:
m

(_g__-t-_l_(E-Vi))ci_l + (—__g +(E-Vi)>ci
h

2
2h2 4

+(_9? +1 (& - Vi) cipp = O (3-17)
2h 4

From the left hand boundary condition

2 c, #,(0) 0 (3-18)

it is clear that ﬂ_l(/o) must be included; (3-18) can be rewritten

69



cq = - (400 + Cl) (3-19)
Putting i -0 in (3-17) and combining with (3-19)
% ¢, = 0 and hence c = -
\F\(;(/o)'» -cl,J_l(/o) + “Z”cnﬂn(,o) (3-20)

where the coefficients in the summation are determined from

(A -EB)¢ =0

ith . .
" Aig &t Vi
h
A in A Vg
pl 4
- . i
Bijg =0 L s Bi i <«
A,. = B,. = 0 for Ji - jl»2
ij ij

The simple collocation method has been described mainly to
illustrate manipulations with cubic splines. However, as reported
by Shore (l973a), tne eigenvalues it gives are rather poor. For an
02(X 3§:é ) Liorse potential (using = 1580.361 cm-l; Lo 1.207%9 £&;
D=5,080 eV (Herzberg, 1950)), collocation with h=0.04 ﬁ; N =100
(hence over the range 0-4 ﬁ) save the results shown in table 1
(note that all eigenvalues given are relative to the separated atoms).
Substantial improvement is obtained by recognising that
collocation is just a special case of the general Galerxin method,
in which (3-13) is substituted in (3-12) and various equations

obtained by taking the scalar products of various functions fi<P )

with the resulting equation:
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V() = X5 (0) - 0

n30

and the inner boundary conaition is automatically satisfied.
Thus a 7-bandwidth generalised eigenvalue problem (A - E‘B)g =0

has to be solved, with

._4/

Ay - f}w 7. (p )((/p)ﬁj(/:p) Y (,op)),
BlJ = ;swpﬂi(pp)ﬁa(/p) ;
A= Byg= 0 for i - 3124 (3-23)

In table 1, results are given for a lorse approximation to
0, (x 32:; ) using the HERG method with various values of h, and
N =100 in each case. These are compared with exact results using (3-10)
and results from a collocation calculation. It can be seen that the
2iG results are much better than the collocation ones, also that
the finite element results tend to give lower energies than the exact
ones at low n, and higher energies at high n. i4djusting h can then
be used to obtain a "best fit" over a given range of n.
with X, and X

2 2 ’

for both calculations, to facilitate calculation of tne overlap

it was necessary to use the same value of h

matrix (see (v) below). An optimum value of h=0.04 £ was arrived

at. Using this, the eigenvalues calculated were as shown in table 2.

(v) Morse oscillator overlap integrals.

The lowest 16 eigenvectors for X2 and X2- corresponding, to the
eigenvalues given in table 2 were calculated, and from them a
16 x 16 truncated overlap matrix was calculated.

in element of tie overlap matrix is given by:

7 Q) (2)

n =1y, (plv, (p)ap

mn

72



Eigenvaluel/cpe

(relative to separated atoms)

n Exact | Collocation KKG KRG RRG
h+0.04 £ h=0.04 f|h=0.035 £lh =0.02 £
0 198.3 197.4 198.5 198.4 198.3
1 767.5 763.6 768.5 768.0 767.7
2 1373 728.4 139.9 138.7 137.8
3 707.7 693 .2 712.6 710.4 708.8
4 678.7 655.9 685.7 683.1 680.5
5 650.3 627.0 659.6 656.8 652.9
6 622.5 600.6 633.9 631.4 626.1
7 595 .4 551.7 602.0 606.7 600.0
8 568.8 505.8 575.0 582.5 574.1
9 542.¢% 499.0 554.9 558.6 550.0
10 517.5 446.7 516.5 534 .6 526.1
20 297.3 118.3 227.1 300. 5 338.1
30 137.8 7.3 49.1 125.8 174.4

Table 1. O2 (x 32:% ) orse eigenvalues

by finite element method with cubic splines
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[Bigenvaluel /cpe

n lmorse Harmonic lorse Harmonic

Exact RRG Exact RRG Exact RRG Exact KRG

0| 485.2 | 485.4 | 485.1 | 485.1 | 465.1 | 465.2 | 465.1 | 465.1
1 456.3 } 457.0 | 455.3 | 455.3 | 445.7 | 446.0 | 445.2 | 445.2

2| 428.2 | 430.2 | 425.4 | 425.7 | 426.6 | 427.5 | 425.3 | 425.4
31 401.1 | 404.8 | 395.6 | 396.2 | 406.0 | 409.7 | 405.4 | 405.6
4| 374.8 | 380.6 | 365.8 | 366.7 | 589.8 | 392.6 | 385.5 | 385.9
5 549.5 | 357.4 | 335.9 | 337.4 | 372.0 | 376.1 | 365.6 | 366.3

6 305,0 | 3%4.7 | 306.1 | 308.2 | 354.6 | 360.1 | 345.7 | 246.7
7 501.4 | 310.9 | 276.3 | 279.2 | 357.6 | 344.7 | 325.9 | 327.1
8 278.7 | 268.6 | 246.4 | 250.2 | 321.1 | 329.6 | 306.0 [ 307.6
9 256.9 | 270.0 | 21b.6 | 221.4 | 304.9 | 314.7 | 286.1 | 280.0
10 235.9 | 247.0 | 186.6 | 192.7 | 289.2 | 299.7 | 266.2 | 268.4
11 215.9 | 221.1 | 157.0 | 164.2 | 273.9 | 284.9 | 246.3 | 248.7
12 196.8 | 195.7 | 127.1 | 135.8 | 259.0 | 271.0 | 226.4 | 228.5
13 176.5 | 161.2 97.3 | 107.5| 244.0 | 257.0 | 206.5 | 208.0
14 161.1 | 169.1 67.5 79.3 | 23%0.5 | 241.1 | 186.6 | 187.0

15 144.7 146.8 37.6 Hb1.3 216.9 225.2 166.8 165.6

Table 2. X2 & XQ_ sorse and Harmonic oscillator eigenvalues

The RHG results are with h=0.04 £ (iorse) anu h=0.016 & (Harmonic)
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o ~;
(5 55D 7)) o

"2 %°1(1)°a‘(2) j;yi(f)aj(/’) i (5-24)

Consider the integral in (3-24). For li - jl ¥ 4, the contribution to
the sum will be zero, since the domains of the two basis splineé do
not intersect. For the remainder, the integral will take one of a few
values; these were all worked out analytically in advance. Thus,
provided the sets of eigenvectors have both been calculated using

the same spline basis, calculation of the overlap integrals is now

very easy. The non-zero contributions to tne sum are given below.

If i& j >2, then

Y?i(,o)ij(/)df = (ﬂ’i(/)ﬁj(,o)d/ = hQ

where Qij can take the following values:

- 3l > 4: Q= 0
h
~4
_ 5] =3: =1 ~ dp = _1 = 4.464%10
li-3l=3: Ut 3 gﬂ_l(/’) P dp 5555
[+
26 5
(i -3l -2 Q.- L 2o (rp)de = 3 = 5357510
1J l.\ 56
L6 1
. e 1. =1 {7 de = 1191 = 5.317x10°
-l el J o) R ) 4 - L
~k
1(‘{ }2
- e .. = 1 y -4 ) d = l‘j_]: = 10079
1L=]0 QlJ : g O(/J P 140

-2

If i or j € 2, we require the following additional Q. .'s:
+J

15



20

£ QOO + 16Q—1,—l - SQ’—l,O
= 3943 = 14.08
280
Qo = G - %‘ g[ﬁo(ﬂ -ae 1 (p))e(p) - p(p))as
= 4.1 exactly
W2 J (00(p) - #,()]° ap

> 2,05 exactly

%o Top 7 2 [ [oglp) - 48 ()] 0,(p) ap

- 29 - 5.179)‘10'2
560
Uy = Gy - % J[ﬁl(/") - 2 ()] o) ap
- 17 - 0.5%125
77

Using these relations, the overlap of each vibrational state
with itself was first calculated. The coefficients cn were then
divided by the square root of this overlap to normalise the wavefunction.
The elements of the overlap matrix were then calculated in the same

way.

The calculation was first performed using harmonic oscillator
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wavefunctions for x2 and XQ_. The eigenvalues calculated with the
chosen value of h=: 0.016 § are yiven in table 2. ¥or these
calculations, the origin was shifted 1.5 £ to tie right, i.e. the
domain of the wavefunctions was from p = 1.5 £ to p= 3.1 K with
N=100. It is intuitively clear that such a shift of the origin

should not affect values of the energy levels or tne overlap integrals,
but a large region in which the wavefunctions are effectively zero

is removed from the calculation. In other words, the overlap integrals
are dependent only on the difference between tie two equilibrium
distances, and this is confirmed by examination of (3-11), when it
can be readily shown that replacing p, by (pO - qo) and g, by zero
.dqes not alter tne expression. The top left hand corner of the full

16 x 16 harmonic oscillator matrix calculated in this way is as

follows:

Ne) . o [ .8423 (5243  .1115 -.0455  .0336  .0014  .0057 ...
o | L4277 -.5582 -~.6703 -.21%2 -.0720 -.07%31  .0064
1| .2729 -.4226  ,3203%  .7214 -.3179  .0851 -.1214
v -.1502 L3697 -.3219  .1352 -.7106 -.4162 -.0628
“| -.0861  .2412 =-.3934  .15613 0051  .6566 -.5007
s | -.0470  .1597 -.2966  .3635  .0313  .0713  .5740
¢ | -.0259  .0969 -.2248  .3136  .2972 .1085  .0984

(3-25)

This should be compared with the exact matrix calculated using

(3-11):
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ﬂh.o.

(exact)

: 8429 -.5234  .1106  .0458 -.05%4  .0011  .0058 ...
L4274 5606 -.6692  ,2109  .0729 -.0726  .0055
2724 .4230  .3250 -.7209  .3137  .0870 -.1204
<1495 03695  .3243  .1418 -.7119  .4104  .0862
-0851  .2402  .3945  ,1862  .0128 -.6608  .4935
-0460  .1578  .2963  .3670  .0388 -.0638 -.5819

.0251 .0949 .2226 .3152 5039 -.0992 -.0929

(3-26)
and it can be seen that, apart from the arbitrary appearance of
phase factors of -1 applied to some eigenvectors, there is quite
good agreement.

The calculation was then performed using Lorse oscillators, and
the result, corresponding to the eigenvalues given in table 2, is

as follows:

N = -.8454  .5010 -.1804 -.0256  .0200 ~ .0210  .Ol1l& ...
L4687  .5570 -.6070 ~-.3058 =-.0707 =-.0278  .0429
-.2370 -.5264 -.3094 -.6160 =-.4099  .1329  .0235
L0853 03596 .4924 -,1072 -.5673 4864 -.2047
..0300  .1533 4397 -.4142 -.0454 -.4861  .5%15
L0062 L0613 2137 -.4830  ,3162 -,1518 -.3880

-.,0018 -.0135 =-.0957 L2675 -,5101 -.2379 . 2243

(3-27)

This is fairly similar to the harmonic oscillator result, the
difference becoming greater furtiner from the top left hand corner.

Using the 16x16 version of £, the following matrices were

calculated:
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anoo o --8458  .4690 -.2393  .0875  .0305  .0064 -.0019 ...
5006 .5585 -.5271  .3668  ,1604  .0642 -.0145
-.1802 -.6060 =-.3136  .4935  .4550  .2307 -.10%3
-.0268 -.3039 -.6149 -.1159 -.41%6  .5113  .2999
-0180 -.0727 =-.4040 -.5683 =-.0305 .3122 -.5555
-.0197 -.0219 1334 4744 -.4925 1285 -.2264

.0120 .0374 0125 -,1992 .5125 4059 .1920

.
-
.

(3-28)

X /cpe =(2.03:10% 10.13  -2.68 -1.83  0.805 -0.253 7.05+10" ...
10.13 -1.74x10" 14.57 =4.60  3.58 -1.78 -0.490

-2.80  14.56 -0.135 18.15  6.02 -5.80 -3.23

-1.71  -4.33 18.08 -0.530 =-21.16 -7.31 -8.31

0.835  3.15  5.42 -20.97 -1.36 -23.92  7.19

-0.426  -1.74  -4.65 -6.09 =23.49 -3.20 27.58

-0.195 -0.919 -2.79 -5.87  5.41 26.54 -6.98

(3-29)

Note that, ideally,

-1/'\./
N7 0
= X,
ij ji
X.. :0
11

4 slight discrepency is expected because only 16 vibrational states
in each channel have been used, instead of a complete set. In

calculations below which use X', the diagonal elements were set to

7ZeTr0.
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Calculation of 256 (16 x16) elements of £1 took ~900 seconds
of computer time (including calculation of the eigenvectors), i.e.
< 4 sec for one integral on average, achieving an absolute accuracy
indicated by the harmonic oscillator calculation of about % 0.001.
One important advantage of the finite element method is the production
of banded matrices; unfortunately this was not made use of since the
only generalised eigenvalue routine available was for general matrices.
Use of a routine for banded matrices would be expected to speed up
the calculation, also to free much of the core, so that a larger N

could be used.

C The Magnus approximation.

One approach to the solution of the differential equations
arising from the multi-curve crossing theory is to propagate the
solution in matrix form from one time to another using a method due
to wagnus (1954). This remained fairly unknown until the work of
Pechukas & Light (1966), which is that usually referred to.

Consider the a-coefficient differential equations (2-61) & (2-64):

[ikd_t - E,_ - Vll(t)} ey (8) = V(%) a, (t) (2-61)

d

[ik% -E, - V22(t)J 2, (1) - %A X, a, () + Y ,(8) o ()
(2-64)

These can be rewritten in matrix form:

(2-61): if;%z,gl(t) = W) g (1) + V() T oay(t) (3-30)
where (wpdyy = (Byy ¢ V(1)) &4

and ¢, and &, are column vectors of the c- and a-coefficients

respectively;
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(2-64): itg_t_gz(t) » V() Te (1) + (W, « X)) a,(8)  (3-31)

h i = (L&
where (““2)13 (L2i + V22(t)) 5ij

Equations (3-30) & (3-31) can be combined by a direct swmnation:

itkad y(t) = H(e) u(t) (3-32)
at

This is the important final form for the matrix formulation oi the
problem, If the ionic and covalent basis sets are truncated to N

elements, v is a 2N-dimensional column vector:

v(t) - cqp(t)

and H(t) is a 2N x2N matrix:

HI(E) = [ gy (8) V(0L

V(0T W,(t) ¢ X

Equation (3-%2) is superficially similar to (2-68), and the

solution is written formally:

t

w(t) - {exp -;XH(t')dt' v(0)  (3-33)

r

but care must be taken in evaluating it, because M is a function of

t, and its value at one time does not generally commute with that at
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another. It is usual first to convert (5—32) to an operator eguation

(Child, 1974) by introducing the time evolution matrix U :

w(t) = U(tty) xl(t)

2 iﬁ%{ U(t,ty) = HI(L) U(t,t) (3-34)

with the boundary condition \/(to,to) = 1L

2 L/(t,to) > exp | - i g“ﬂ(t') dt! (3-35)
K

(2
Hence the scattering matrix ﬁr, which describes tne only

evolution physically measurable, is written formally

”o

{exp{- i (H(t) dt] (3-36))
k

bl -4

"

5 = U(‘”’—"")

OUne method for giving meaning to this expression is to turn the
differential equation (3-34) into an integral equation, and iterate

the right hand side, giving a series analogous to the Born series

(Child, 1974):
t € &

U(t,to) =L -3 lHl(ti) dt, + (;)2 gw—u(tl)w(tz)dtz dty
+

~
o

[3
' + ... (3-37)

A disadvantage of this series is that if it is truncated, the
unitarity of V, necessary for conservation of probability, is

destroyed. iore useful computationally is the Lagnus form for (3-55)

(Pechukas & Light, 1966):

U(t,ty) = exp [A(t,t,)) = TrA(t1))+ FAT(E 1) +een (5-36)

where Aty - AL ) e APy L (5og)
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where A(1)(‘6,’50) = -3 SH(tl) dt, 3
+
(2) ) ol
ANt t,) = %e_\) { [}H(tl),H(tz)] dtz}dtl ;
(3) i 0\ 3 y ( - ,
w4y [ ]| et
€ & .

+ HH(%),‘H‘(Q)] ,H(tl)] )dt5] at, | at,

and so on. Note the appearance of the non-zero commutators in the
second and higher order terms. Now, if W is Hermitian, it can be
shown that A is anti-Hermitian, no matter where the series for it
is truncated, using the fact that the commutator of two non-commuting
Hdermitian matrices is anti-Hermitian. Hence UV is always unitary,
being the exponential of an anti-Hermitian matrix (provided the
exponential series is worked out in full).

kefore considerine the evaluation of the two series (3-38) &

(3-39), consider the various possibilities for the basis X(t):

(i) Basis A:

Tl & 2L ! V1oX
25 VoI W2 + X

This is the basis discussed in the introduction to the wagnus
method above, i.e. it corresponds to the basic a-coefficient
equations (2-61) & (2-64). Notice that, as required, H(t) is
Hermitian, because &/l and 672 are diagonal, and X is symmetric.,
(ii) The series (3-38) will converge very slowly for the matrix

correspondin,, to basis 4, because of the very large terms on the
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diagonal. The situation can be improved by "removing" the zeroth

order E terms from the diagonal into phase factors, as in the

transformation of (2-34), i.e. define

ey (t) = X;(t) exp ﬂ -iE) t}

k
and aZn(t) z o(n(t) exp { - i E.?n tz
Then, with ()= 1 B, v A (t) - ;}7211 t
£

(2-61) vecomes

{ikg_t - vu(t)] ¥o(8) = V(8) exp(T = 4 )al(8)  (3-40)

and (2-64) becomes

[ik_d_ - ng(t)} € (8) = XX, exp(A, - &, )« ,(t)
dat nEn
+ Vlz(t) exp(An - 1"n) X;(t) (3-41)

Combining (3-40) & (3-41) in matrix form, we again get

ikd v(t) = HI(E) w(t)
at

where now we are using

Basis B: ("interaction picture")

v =[ ¥(t) ; = (v T I

11 12
2 (t) oy Vo L+ X
where X’H(t) = cln(t) exp {‘i Ej ot } ;
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(Ko )s 5 Vip(t) &5, exp ii (£ - '11)"} ;
(>z<)ij = 0 for i= j
or Xij exp {i (E’Qi - Ezj)e} for i+ j
”<l2 and 'KEI are diagonal, with corresponding elements complex

conjugates of each other, and X is symmetric ® X is Hermitian,

hence H((t) is Hermitian once again.

(iii) Further improvement in rate of convergence of (3-38) will
clearly be obtained by removing the first order V terms from the
diagonal as well. This has already been discussed in the treatment
leading up to equations (2-74) & (2-75), and conversion of these to

matrix form gives

Basis C:
v(t) = gt)yy ;5 W=/ o0 K., (3-42)
5(t) ‘Kgl X
[ 4
where ¥ (8) = o) (4) exp{ﬂwmw)dt'} ; (3-43)

"

anﬂt) = a2n(t> exp {.i giﬁgn(t') dt'} i (3-44)

©

i (8) = B+ Vi (8) (2-65)
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and (X).. = o for i=j

(iv) So far, the basis sets have all been based on the a-coeflicient

approach. Two examples follow using the c-coefficient approach.

Basis D:

v(t) = El(t) ; M- WJI v,
g (t) Vlzjl—l W,
where (“Jl)ij > (Eli + Vll(t)) 513 ;
(Woli = (Byy « Vpplt)) 4y

This is the matrix form of the original coupled eguations (2-54) &
(2-58).

Basis K

‘Y,(t> Zl(t> j b - 0 ‘Klg (3'45)

"

¥o(t) Ko 0
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where Xln(t) = cln(t) exp {_1 g Wln(t) dt } 3 (3-46)
K

v, (t) * o, () exp {g;g Wy (£) dt} ;o (3-47)
k

h [ !
where Wzm(t) By * V22(t)

i.e. this is a c-coefficient formulation with all terms removed

from the diagonal of Hl;

1
@D
»
ho]

(|f<12)ij VlEnij {i g(wli - \"/23) dt§ ;

-1 . ) , ,
("(21)13 = Vl2ﬂij exp {i g(wgi - wlj) dtl

P
= (K 5y )55

It is readily verified t.at H is Hermitian for the bases C, D & L.
E can be derived from 1 in the same way as C from A. Alternatively,
it can be derived from C directly, by matrix manipulation, as
follows:

We need a transformation between (3-43) & (3-44) and (3-46) &

(3-47). Comparing (3-43) & (3-46),
y. (t) = ¥ (%)

Now, (3-47) » o, (1) = ¥, (%) exp ﬁ-; ngm(t) th
K

> ay(t) s .0 e (t)

= an, xzm,(t) exp i—i szm,(t) dt}
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where (}i)ij : jlij exp { i X(W2i - W2j) dt]

pe R

v o= HH with Ml given by (3'42)

with M = P—MHP - W‘litP

which is the required new * matrix.

Now, P * < I 0 )
0 n

and kP - (o o)
0 itR



= 0 o0
—-1 -1
nTK, nxn
w o S
and P ik P = {0 0
0 Al A
. I 0
™M 0 Klzﬂ
- -1 ~-lec =  =-1
ATK,, O
Now (R);; = 0y exp {; j (Wyy = ¥iys) at
t
~ -1 -1 . o
> (n )ij . ﬂi,] exp {_;L: g(in '123) at

and (xm)ij - 25 ny (i, - By )0 -0
P ~



> nij(w2. - W2i)

Comparing this with (3-48), we see that ihJl = X 7
Moo= 0 K,

2

N K 0

= Vi, nla exp {_i_ S(Wl - W, ) dt}
X
and  (R7TK )
21733
=% L, exp {_i. g (Wyy - Wzk)dt i V125K exp {1 g(WZk - v/lj)dt%
K K
= vV n -1 ex i (W - W ) dt
T2 7 P { E 2i 1j

which is the result given in (3-45).

D Kagnus solution to coupled equations.

Consider equation (3-32):

ikd y(t) = WH(t) x(t) (3-32)
dt
The problem is, given E(-OO), to find v(+ee ), and in the lagnus
method this is solved by calculating tne scattering matrix ,g'given
vy (3-36). In practice, the collision is defined to take place
between large times -tf and tf, large enough tnat L)(tf,—tf) does

not differ significantly from S. Mnen the final vector of csefficients
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is given by:

The advantages of the .ilagnus method are:

(i) A complete scattering matrix is produced, so that once it
is calculated the results of collisions with any starting conditions
are readily calculated by a simple matrix multiplication (3-50);

(ii) The scattering matrix produced is unitary, provided series
(3-38) is sumnmed fully.

However, a disadvantage is that truncation of (3-39) still
introduces errors, so that unitarity of the scattering matrix is no
guarantee of its accuracy.

L)(tf,—tf) could be calculated directly by summing (3-38) &
(3-39) for the entire time interval [-tf,tf]. However, in view of
the disadvantage mentioned above, and the desirability of truncating
both series to a few terms, an alternative implementation of the
Magnus method was investigated:

Consider L/(t,to), where t and t,. are very nearly equal. Then

0]
the commutators between MH's at different times are small, and series
(%3-39) can be truncated to one term. This preserves the unitarity

of V, althouzh the results will be slightly different. Lowever, A
itself is small, so (3-38) can be truncated to two terms, although
this does remove the unitarity of the matrix slijhtly. Bearing

these properties of small time intervals in mind, the technique is

to divide the time interval [—tf,tf] into small segments 5t; then
U(t + 8%, —tf) = U(t + S, t)U(t, ~t) (3-51)

L/(tf,-tf) is calculated by multiplying togetner successive

increments U(t + 5t,t) until t + 3t 1tf. tor each increment, §t is
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assumed sufficiently small that both series (3-38) & (3-39) may be
truncated to first order. When this is done, it can be seen that it
is equivalent to truncating the Born type series (3-37) to first
order.,

Now, if the system starts off in the ground vibrational state
of the covalent channel, which we shall always assume, then the

initial vector is

o O

e s s s s e

and substituting this in (3-50) gives
y/(tf) = first colum of U(tf,-tf) (3-52)

The square modulus of each final c-coefficient then gives the
probability of transition to the appropriate vibrational level from
the initial ground state covalent level.

This method was tried with various bases v(t), and non-unitarity
oY the scattering, gauged by comparing the sum of the transition
probatilities with unity, was used as an indication of the poorness
of the results, although, as described above, unitarity is not
expected to be a completely reliable indication of goodness. After
calculations in which a-coefficients were involved, i.e. based on
the coupled equations (2-61) & (2-64), the coefficients at the end
were transformed back to c-coefiicients using (2-60) so that transition
probabilities could be calculated. When usin, tne interaction type
bases ¥, C & E, the final c-coefficients are multiplied by some

phase factor, but this was ignored as only square moduli were reguired.
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All calculations were performed at the high collision energy
of 105 cpe (~ 625 eV), at which the impact parameter approximation
is good, and with an impact parameter of § £ and initial diatom
orientation as described in section B(i) above. Initially, a value
te= Bx 1072 dps (8 x 10717 sec) was selected.

Table 3 shows results from the use of basis A, i.e. the
a-coefficient method with no terms removed from the diagonal, using
a time interval of &t =5 xlO-3 dps. Tne sum of the transition
probabilities is 2;49,x104, representing a large departure from
unitarity, and indicating that a much smaller §t is required. However,
although the computation will take a little longer, using basis B,
which differs in that the E terms have been removed from the diagonal
of H, will be expected to give better results with the same value
of Xt. This can be seen in table 4, in which the improvement with
decreased gt can also be seen. However, the computation times are
prohibitively high, and the improvement over use ol basis A is slight.

Clearly, the only sensible basis is C or k, a-coefficient and
c-coefficient methods respectively, in which all terms have been
removed from the diagonal of H, For a given §t, the computation

time is considerably longer, because further integration is necessary

¢
in terms such as exp {:i [Wli(t,) _ ng(t') ]dt'} , but the
K

result is much improved, as can be seen in table 5, where results
using the c-coefficient basis E are set out. tHere transition
probabilities into the bottom five states only of each channel are
shown; the remainder are very small.

Since the more reliable calculations snow that transitions into
the higher vibrational states have low probability, the basis k
calculation, with bt :1.6 ’(10-5 dps, was repeated with only the

lowest five vibrational states in each channel considered, but with
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E=105 cpe; b=5 £; t

f

. 8x107° dps; §t:5 x1072 dps

Final probabilities in vibrational level n of

Covalent channel

Ionic chammel

10
11
12
13
14

15

5443
9.49(-1)
1.61(-1)
2.24(-2)
2.45(-3)
1.38(-4)
2.27(-4)
1.23(-3)
2.18(—2)
5.14(-2)
5.30(-2)
2.96
4.01(1)
1.85(3)
4.18(3)
1.65(4)

2.49(2)
2.46(1)
1.26
1.90(-2)
4.56(-3)
1.37(-3)
1.27(-2)
8.26(-2)
1.23(-1)
1.12(-2)
9.78(-1)
1.48
7.00
5.36
7.24(1)
2.46(1)

Total probability = 2.49

x 104

Table 3. Hesults for m1‘K2'?L*+-X2— using the iagnus

method with basis A

. : m
The notation n(m) means n » 10
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§t-5x10™ dps 5t-5x10"% dps St-1x10"% dps
n | Covalent| Ionic | Covalent| TIonic | Covalent | Ionic
0 | 1.99(1) | 3.84(2) | 8.82(-1)| 1.74(-1)| 9.11(-1) [8.61(-2)
116.79 6.70(1) | 1.96(-3)| 1.43(-2)| 9.08(-5) |8.18(-3)
2 | 1.18 3.72(1) | 7.40(-4)] 1.84(-3)| 7.45(-5) [4.27(-3)
3 | 5.52(-1)] 5.04 2.23(-4)| 2.26(-4)| 2.19(-5) |2.94(-4)
4 | 2.11(-1)| 7.67(-1)| 2.67(-4)| 1.62(~4)| 1.07(-5) | 7.20(-5)
5 | 2.87(-2)| 2.58(-1)| 8.52(=5){ 3.45(~6)| 1.50(=7) |4.46(-5)
6 | 1.79(-3)| 5.40(-2)| 2.32(-5)| 2.38(-5)| 3.16(-7) |1.24(-4)
7 | 2.31(-4)| 2.07(-2)| 5.19(-6)| 5.36(=6)| 1.31(-7) |2.27(-5)
8 | 7.57(-5)1 2.45(-2){ 9.30(-7) 4.14(-6)| 8.21(-8) |1.10(-7)
9 |6.59(-6){ 1.50(~2) | 3.41(-7)| 8.65(-6)| 1.38(-8) |1.99(~7)
10 | 1.92(-6)] 1.16(-2){ 1.02(-7)| 3.76(-6)] 4.11(-9) [1.89(-8)
11 | 2.02(-6){ 9.41(-3) ‘6.52(-8) 3.72(=6){ 4.79(-10)[1.62(-9)
12 |5.99(=7) | 2.96(-3) | 2.04(-8) | 4.02(-6) | €.59(-12)| 1.94(-11)
15 | 1.81(-5) | 8.95(-3) | 5.93(-8) | 2.02(-6) | 9.44(-11)] 4.41(-9)
14 [2.05(-6) | 3.71(-3) | 6.22(=9) | 3.96(~6) | 6.85(-12)| 5.42(-9)
15 |1.64(-6) ] 1.89(-2) | 2.47(-9) | 1.31(-5) | 4.02(-12)] 2.65(~9)
rotal probability:
5.23(2) 1.076 1.011
Computation time / sec:
320 991 63567

Table 4. hesults from use of basis B
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5t =5 X107 dps 5t - 2.5x1o'3 dps St =1.6 x10"2 dps

n Covalent Jonic Covalent Ionic Covalent Jonic

0} 9.65(-1) 8.06(-2)] 9.44(-1) | 7.87(-2) | 9.36(-1) | 7.80(-2)
1| 3.32(-5)| 6.43(-4)| 3.71(-5) | 6.67(~4) | 3.80(-5) | 6.75(-4)
2 | 1.18(=3){ 4.21(-4)| 1.24(-3) | 3.90(-4) |1.26(-3) | 3.79(~4)
31 1.47(-5) | 2.22(-5)| 1.39(-9) [ 1.86(-5) [ 1.37(-5) | 1.75(-5)
4 | 6.48(-5)| 5.42(-6)| 6.72(-5) | 6.69(-6) [ 6.74(~5) | 7.07(~6)
5 1 2.79(-7) | 1.07(-6)| 1.76(-7) | 1.52(-6) | 1.45(-7) | 1.73(-6)

Total probability:
1.048 1.025 1.017

Computation time / sec:
827 1557 2400

Table 5. Lesults from use of basis k

~ 0.1 % (Vll - V22)). The results are

c1.6x107" dps (at which V,,

tf
shown in table 6, and in figs 10 & 11 the square moduli of the
coefficients for v =0 in the covalent channel, and v-=0 and 1 in the
ionic channel are plotted as a function of time. The point labelled

0 is the time at whiéh the crossing rc, between the electronic
diabatic curves without vibration, shown as dashed lines in fig. 6,
is reached. Points 1, 2, 3, 4 show when the v =0 vibrational curve

of the covalent channel crosses the v=0, 1, 2, 3 curves respectively
of the ionic channel. In fig. 12, the sum ‘clof2+-lc20\2+—]czl]2,

which includes virtually all of -the transition probability, is

plotted as a function of time, and the progressive departure from
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unitarity can be seen. Note that using t_= 8:(10"2 dps does not

£
include all of the interaction, which is to be expected, as it
corresponds to a point just outside the crossing point. This
calculation took several hundred seconds of computer time to complete,
and clearly an even smaller §t is desirable. It was decided that

the computation time involved would be unacceptable, so a different
approach, that of direct numerical inte,ration of the coupled

differential equations as an initial value problem by Krogh's method,

was investigated.

tf:l.éxlo‘l dps; St ~1.6 x1070 dps
n Covalent Ionic
0 8.90(-1) 1.37(~1)
1 2.83(~4) 1.28(~2)
5 1.66(~3) 2.91(-4)
3 5.42(-5) 1.29(-5)
4 5.24(=5) 3.84(=6)

Table 6. hesults from E basis calculations
shown in figs 10, 11, 12

Sum of probabilities =1,042
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E__Krogh solution to coupled eguations.

The original coupled differential equations in the c-coefficient
method (2-54) & (2-58) were now solved using a variable order Adams
method due to Krogh (1973), which is available in the NAG library,
and was used in a previous work (Gover, 1975). Since this is designed
to solve an initial value problem, the starting values of the
coefficients must be specified each time the equations are solved.
Using the same starting conditions as those described for the iagnus
calculations,it can readily be seen that this method is hoped to be
faster than the agnus method simply because it gives only the first
column of the scattering matrix rather than all of it. Krogh's method
was applied to the préblem in the following way:

The c-coefficients were split into real and imaginary parts:

e (€)= Ry (8) + L, (%) 3
(3-53)

W\

czm(t) Rzm(t) + iIQm(t)

If N vibrational states in each channel are considered, this

gives rise to 4N simultaneous first order differential equations:

Kd R = V,, 20 1 *’(Elanll)Iln;

P 1n 12 nm ~2m
*‘%{ 1,5 (Vs Ry e (B V) Ryp) s
(3-54)
Kd Rpy ¢ Vo 2, Tk (B + Voo) Iop 3
at
t‘g‘g I, - "(Vlzzﬂnm By + (L2 + V22) R, )

Before attempting any solutions, V12 was modified by the factor

f described in section B(i) to give, for each energy range, interesting
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results with which to compare the high and low energy calculations
with the exact results. The factors used were: for high energy,
f=3.5 (increasing the interaction to make the system behave more
adiabaticallj); for low energy, f = 0.2 (decreasing the interaction,
to make the system behave less adiabatically).

A typical result from a high energy calculation is given in

table 7.
E =10° cpe; b=5%; te= 3 «107% aps;
error bound (see Gover, 1975) = 107°
Transition probability to level n of:
n Covalent channel Ionic channel
0 5.69(-1) 2.13(-2)
1 5.26(-2) 3.21(-1)
2 1.90(-2) 9.60(-3)
3 5.87(-3) 4.44(~4)
4 1.50(~4) 9.43(-4)
5 7.00(-6) 1.17(-4)
6 4.86(-7) 1.09(-4)
7 1.05(-6) 6.05(-5)
8 2.56(=7) 4.86(-17)
9 1.23(-7) 1.688(-6)
Total probability - 1.0000

Table 7. i+ X,7 M"fxé results from calculation using Krogh's method
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This calculation took 57 sec of computer time. This is clearly
a vast improvement on the kiagnus approach, and Krogh's method was
used for the remaining calculations. The progress of this collision
is shown in fig, 15, and again the crossing point T, of the dashed
diabatic electronic curves in fig. 6 is indicated by the points
labelled O,

Attention was focussed on the v =0 level of X, and the v =0 and

2

v=1l levels of X2-. It was found that the results could be relied

on to 3 figure accuracy with specified error =lO-4 (see Gover, 1975),

only five levels in each channel considered, and t,.= 0.3 dps for

£
B =1O5 cpe, corresponding to starting and finishing at r~ 40 K;
5

refining the error to 10 ° or 10-6, using 10 levels in each cnannel,

or increasing the value of t_. by 50% had no effect to 3 significant

f
figures in a number of test cases. With these conditions, calculations
at ~10° cpe (~600 eV) took ~10 sec, and those at ~100 cpe

(~ 0.6 eV) took ~300 sec; it can be seen that the computation time

is roughly proportional to the real collision time, and this is
reasonable since it is roughly proportional to the number of
oscillations in the solution, which are roughly evenly spaced in time.
The latter time was reckoned still too long, and a slight improvement
was obtained by using Krogh's method with the equations corresponding
to the basis E, i.e. all diagonal terms of Hl removed in a

c-coefficient formulétion, instead of the original equations (2—54)

& (2-58). The equations are:

ifa e : 0 K .4
a /7 Z 12 ~1
dt .
¥ Koy 0 %
» ikd ¥, =K., ¥
it 1 12 2
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z VlQ%‘Qnm (cos p__ + i sin Pon) Yon
Vs %_ﬂnm (cos p  + i sin pnm)(R + iI2m) say

2m

= ikd (R, + iI. )
3t In In

» 4&d R - v,2a (I, cosp + R, sin pnm)

at In 12 = nm
and
‘k% I, ° Vl2§ ﬂnm (—R2m cos p_ + I, sin pnm)
€
where P, = 1 (wln - w2m) dt
H
o
€
= (B, - By )t o+ L (Vg - V,,) dt
h +
[~4
Similarly, ikd_Zz z }K21 ¥,
at
» ikd Y, - Vlzz.ﬂ. exp § i (W2n - wlm) dt 3/11
dt £
> t\gt }{2 VlZS' 'n'mn (Il cos p_ - Ry sin pmn)
and t;_g_t_ IZn = V12 %ﬂ'mn (-le cos p_ - Ilm sin pmn)
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where hs) z

> =

(1
g(vll - Vo) at
[

€
Note that the complete integrals j (Vll - V22)dt were not worked

[
ko

out at each step; (Vll - V22) dt was calculated for a grid of

values t and for any t the nearest tO was found, and the integral

0’
from to to t evaluated; this was then added to the integral from O
to tO’ already known.

At E =lO5 cpe, with f = 3,5, using the original equations (2—54)
& (2-58) took 13 sec, whereas using the transformed equations took
17 sec. At E =100 cpe, with £= 0.2, using the original equations
took %36 sec and gave a total transition probability of 0.9973; using
the transformed equations took 237 sec and gave a total probability
of 1.0000. This improvement in time and unitarity was found for
several other low energies, and the transformed equations were used
taroughout in the low energy regime.

Plots of transition probability as a function of collision
energy appear in figs 14-19; results from the present calculations
are labelled "Exact". It can be seen from fig. 13 that strong
interaction takes place during about half of the collision computed;
the approximate number of %, vivrations (at v = 4.5 /dps) occurring

during this part of the collision was calculated for various collision

energies, and these numbers are shovn in bracxets on the energy scales

of figs 14, 15 & 19.
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F Discussion of results.

Some of the calculations described above were repeated using
the high energy Franck-Condon method (described in chapter II section
F; results shown as points labelled "F.C." in figs 14-19), and the
low energy Bauer, Fisher & Gilmore method (described in chapter II
section G; results shown as points labelled "B.F.G." in figs 14-19).

Consider the Franck-Condon method. Calculations were performed
using equations (2-83), (2-84) & (2-85). Probabilities for population
of the initial ¢round covalent vibrational level from the two possible
routes involving rio transitions and two transitions were added
together, The transition probability P in these eguations was
calculated using the LZS formula (2-42); in this, the crossing
distance r = 9.21 K, obtained from (3—6), was used, and the slopes

c
Fi(r)=.iL Vii(r) were obtained from (3%-3) & (3-4):
or

v, (2) = 2{ (5)12 - 2(961 -6

2 F(r) - 12¢ {(:)6 - (5)12} (3-55)

r r r
sz(r) = - e2 - e2 (o(l 4+ o 2) + Aenr/k + const,
4
4we T 8¢ T
0 0 (3-4)
9 Bx) = e 2% (ay v wy) - oaeE (3056)
4wy Or2 4 ﬂ'iol‘5 k

The validity criterion (2-80) suggests tnat we can expect the
approximation to become valid above the velocity given by A= 1; this

corresponds to a collision eneryy EFC given by:
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o 2
2wX_ (3-57)

¥C M

1
2 K|, - 5l
Putting Xnn' equal to its maximum value for tne levels of interest,
of ~25 cpe, this gives EFC~f5>r106 cpe (~18 keV).

Now consider the Bauer, Fisher & Gilmore method. Calculations
were performed using equations (2-91), (2-92) & (2-93). The slopes
Fi(r) in the LS formula were calculated using (3-55) & (3-56), and

the various crossing points rpq were calculated from:

Y+ E._ =V + B
q

Vi lry, 1 = Voolz) + By

The values found were as follows:

rpq/ﬁ: Covalent p: 1 2 3 4 5
Ionic g
6 9.418 10.672 12.257 14.321 17.112
7 8.730 9.794 11.111 12.778 14.952
8 8.148 9.066 10.181 11.561 13.309
9 7.650  8.452  9.411 10.577 12 019
10 7.220  7.929 8.765 9.765 10.980

From the validity criterion (2-87), we can estimate a collision

energy EBFG below which the method will be hoped to be valid:

2

2 84 |Fy - ¥,

Putting AR~ 25 cpe, then E. . ~40 cpe (~.25 eV), which is somewhat
higher than thermal (~5 cpe). With £=0.2, and the nominal crossing

radius T_< g.21 £, V12(r0>= 1.1 cpe, so condition (2-90) is reasonably
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well satisfied. Note that at the low eneryy of 40 cpe, the impact
parameter approximation is not good; however it provides a framework
within which the performance of the BFG method can be tested.

both depend to the

Note also that the energies E and EBF

FC G
fourth power on a quantity which varies according to the actual pair
of levels involved in a crossing of the network, i.e. Xnn' and AL
respectively.

In fig. 14, the transition probabilities to XQ(V’=0) and
Xz-(v :0,1) are plotted as a function of collision energy in the range
0 to 106 cpe. The exact results are seen to oscillate, the oscillations
becoming more rapid as the energy is decreased. The FC results seem
to agree reasonably with the exact results as they would be with the
oscillations averaged out, and it is possible that if interference
between ingoing and outgoing trajectories were included in the FC
treatment, then similar oscillations would be produced. In fig. 15,
the scale is increased by a factor of ten, and the oscillations in
the exact results seem to die out (as was confirmed by calculations

up to lOlO cpe). At energies considerably above E the I'C results

FC’?
approach agreement; however, this is partly because both models
predict completely diabatic behaviour (i.e. no transition out of the
initial ground state covalent level) in the high energy limit,
Perhaps more useful is the comparison in figs 16 & 17, in which the
final distribution over the vibrational levels of the ionic channel,
which in the FC model is completely independent of any assumptions
about interference between ingoing and outgoing trajectories, is

shown as a function of collision eneryy over the same eneryy ranges
0—106 cpe and O—lO7 cpe. The final probabilities for the bottom three
jevels v=0,1, 2 of XQ- were divided by the total probability for

all five levels considered in XZ- to give these distributions. In the
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FC model, the distribution is given by (2-85): lcgmlg “‘(Ilom)z’

which is independent of the collision energy. As can be seen, the
exact results again have oscillations. Such oscillations of transition
probabilities within a single electronic channel can be distinguished
from covalent versus ionic oscillations in that they could not be
produced in the FC model by including interference between ingoing
and outgoing trajectories. The oscillations again die out in the

region of the energy E._.. However, the exact results appear to

¥C
approach asymptotes which are not coincident with the ¥C results. It
was thought that the FC results may be in error because of the slight
departure from orthogonality of the overlap matrix used, since the

result (2-85) comes from Ic |2 o (51;%)2 via this orthogonality.

2m

However, reference to (3%-27) & (3-28) shows that replacing f\om by
-1 .

fLmO has no appreciable effect on the results. Also, since the sum

X - < -142
is 0.9993 (or 2 (N1 )" =0.9995),

of the five probabilities (flom)2 ;
-
re-normalising the results will have no significant effect. Hence
the difference between the asymptotes for the ecact and FC methods
seems to be a real effect; calculations at energies up to lOlo cpe
show no indication of the exact results turning back towards the FC
ones.
also expected to be independent of any assumptions about
interference between ingoing and outgoing trajectories is the
distribution over the covalent vibrational levels other than the
initial ground one; these are reached by two transitions, and the
distribution in the ¥C approximation is given by (2—85), This
distribution is plotted as a function of energy over the range
o.5>-:105 cpe in fig. 18, and here it can be seen that the two methods

do approach agreement in the region of EFC'
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Turning now to the low energy regime, fig. 19 contains a plot
of the transition probabilities to X,(v=0) and x2"(v- 0,1) as a
function of collision eneryy over the range 0-100 cpe. It can be seen
that the exact results now oscillate much more rapidly, and the points
plotted are not sufficiently close together to resolve these
oscillations. Alsc plotted are results using both the low energy BFG
and the high energy FC methods; these show surprisingly similar
behaviour with energy, and also, for the three most highly populated
states shown, are in reasonable agreement on the transition
probabilities., Both methods seem to jive good estimates of the exact
results as they would be with the oscillations averaged out. Hesults
obtained from the BFG method at hish energies are also shown in figs
15 & 17. In fig. 15, it can be seen that there is a remarkable
similarity in the transition probabilities predicted by the two
approximations at high energies also. However, it can be seen in fig.
17 that in predicting distributions in the ionic level, the EXG

method is not as good as the FC method.

G Summary and conclusions.

Pistributions among the vibrational levels of X2 and XZ- after
alkali / halogen electron transfer collisions i+ Xg-ﬁ LY+ X2-
were investigated, and the performance of the hi_h energy Franck-
Condon (FC) and low energy Bauer, Fisher & Gilmore (BFG) sequential
Landau-~Zener approximations in calculating such distributions was
evaluated by comparison of the results obtained from them with those
from exact calculations within tile framework ol the multi-curve

crossing formulation of the classical trajectory approximation.
(i) Calculation of the overlap integrals between the wavefunctions

of two different lLiorse oscillators was investigated, using solutions
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of the oscillators obtained by the finite element method with cubic
splines. Consideration of the corresponding harmonic oscillator
problem showed that the results were good to an absolute accuracy of
about £ 0.001; calculation of 256 elements, including calculation
of the relevant eigenvectors, took about 900 sec of computer time.
Our method would be much improved if the method of solution of the
generalised matrix eisenvalue problem made use of the fact that the
matrices are banded.

(ii) Solution of the coupled differential equations arising
from the multi-curve crossing problem was attempted by the Hagnus
method, with the overall scattering matrix accumulated from the
product of approximate time evolution matrices {corresponding to
truncating the Born series to first order) over small time increments.
It was found that considerable improvement in computation time and
unitarity of the $ matrix could be achieved by transformation of
the basis to remove terms from the diagonal of the H matrix.
However, it was found that the particular method used was still
inferior to solution of the coupled equations as an initial value
problem by krogh's method, althou,h this is partly because the latter
gives effectively only one column of the S matrix rather than all
of it.

(iii) The FC and BFG approximations were compared with the exact
solution of the multi-curve crossing problem using Krogn's method,
at various collision energies and a particular impact parameter and
diatom orientation.

Considering the probabilities for transition into X2(v~ 0) and
Xg_(V= 0,1), it was found that the FC and BFG results had similar
greed surprisingly well with each other at both high

behaviour and a

and low ener,ies. iio oscillations in the probabilities as a function
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of collision energy were produced, since in the implementation of
both methods interference between ingoing and outgoing trajectories
was not taken into account. The exact results were found to oscillate,
but the FC and BFG results seemed to agree with what these results
would be if the oscillations were averaged out. At high energies,
the oscillations die out, and the three methods approach agreement,
but this is to be expected as tuey all have the same, diabatic,
behaviour in the limit of high energy.

Considering the distributions over the vibrational levels of

X2 and over the excited levels of XZ’ the FC method predicts no
oscillations in these, regardless of interference between ingoing
and outgoing trajectories. The exact results still have oscillations,
but these die out in the region in which the FC method is expectled
to become valid. The results for X2(v=]ﬂ2) then approach agreement,
but in the ionic levels (v =0,1,2) there is a slignt residual
disagreement between the exact and ¥C results which has not been
explained; there is, as expected, however, a much greater disagreement
between these and the BFG predictions at these high energies.

geveral further calculations suggpest themselves, e.g. at
intermediate energies, but in particular the variation of the results
with impact parameter would be interesting; it is thought that the
oscillations of the exact results with collision energy may be
averaged out by rapid oscillations with impact parameter, when
predicting the results of real experiments, in which all impact
parameters have to be taken into account; in this case the FC and BrG
methods, which use very small amounts of computer time at all energies,
might well be more useful. As a preliminary investigation, the

calculation for E 2lO5 cpe (with f= 3.5) vas repeated for several

values of b, and the results are given below:
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Final probability in:

b/k X, (v=0) X, (v + 0) X, (v+1)
1.5 -3904 .4363 L0715
2.0 .1485 .7885 .0002
2.5 L4661 .3112 .1314
3.0 .1414 7433 .0566
3.5 .5932 .0195 3017
4.0 - 4495 2556 .2133
4.5 .4828 .1705 2687
5.0 .5700 .0211 .3221
5.5 .2608 L6271 . 0269
6.0 .3482 - 3045 «2743
6.5 +3996 .4650 L0375
7.0 L4167 .0960 3562
7.5 .0959 .6618 .1682
8.0 5951 3679 0056
8.5 .9384 .0320 L0157
9.0 .9519 . 0135 .0287

It can be seen that there is indeed a rapid variation with impact

parameter.
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CHAPTKER TV

TRAJECTORY STULIES OF KBACUIVE SCATTERING

OF ALKALT MTAL ATOLS WITH HALOGmN 1.OLiCULLS

A Introduction.

Since the early days of molecular beams, reactive scattering
has been particularly well studied in collisions involving an alkali
metal atom and some molecule containing one or more halogen atoms
(see e.g. Birely et al, 1967; Gillen, Rulis & Bernstein, 1971; Lin,
Mascord & Grice, 1974; Van der Keulen, kulis & LeVries, 1975; Grice,
1975; Sholeen et al, 1976). Two extreme types of behaviour were soon
recognised, the "rebound" reactions, e.g. those involving alkyl

halides:
M+ KX = KX 4 R (4-1)

characterised by relatively small total reactive cross sections,
backward product scattering in the C.l. (centre of mass) frame, and
appearance of the exothermicity of the reaction mainly in product
translation; and "stripping" reactions, e.g. those involving

diatomic halogen and interhalogen molecules:
Mo+ XY = X + Y (4-2)

characterised by very large total cross sections, forward product
scattering in the C.il. frame, and apnearance of the exothermicity
mainly in LK vibration. Stripping reactions have been understood as

occurring in two stages, viz. an electron jump:

Lo+ AY it o+ XY (4-3)
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i.e. the type of process considered in chapter II1I, followed by
reaction initiated by the Coulomb attraction between the oppositely

charged ions:
it e XY - WX o+ Y (4-4)

The motion subsequent to the electron jump has been studied by
considering classical trajectories over a potential energy surface
for MXY with lonte Carlo averaging of the initial conditions (see
e.g. Godfrey & Karplus, 1968; Blais, L968 & 1969; Kuntz, Nemeth &
Polanyi, 1969; bvers & DeVries, 1976).

In a previous work (Gover, 1975), such trajectory calculations
were performed in two dimensions over a simple ionic surface
designed to investigate the effect on the calculated scatterin; of
varying the amount of weakening of the bond in XY by the field of
the approaching 11t ion, this weakening being considered the central

cause of the reaction. The PES uscd was:

V(r,p) = D eﬁ(ﬂ'ﬂ) (eﬁ(ﬁ‘ﬂ) - 2§11 - ed(n;r)} )
S B gy e )
4wenyr 8vgor4

where r & p are the magnitudes of the vectors

T = displacement of X from kj
P - - - Y - X

and the products are M+Y.

The first term is a llorse potential for XY , with the attractive
part reduced by the presence of the k¥, and decreasing as r decreases;
« was chosen as a variable parameter determining the rate at wnich

this occurs; the parameter o which determines the distance at which
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this attraction becomes repulsion, was in practice determined by the
requirement that the total reactive cross section be a constant. The
Temaining terms are a simplefied Rittner (1951) potential for X,
Calculations were performed for the systems K+ 12 and K-*Brg; the

Parameters used are collected together below:

/oe/K D/cpe v/cm_:L A /A—l </ pD8

1, (a) 2.67 247 215 1.87
- 105.37
I, (a) 3.1£0.1 11250 11550 1.5
Br, (b) 2.28 315 323 1.97
_ 66.41
Br, (p) 2.8+0.1 184#£100 150£50 1.2
3 3
ocl/K «2/21 A/cpe x/f
K+I, (¢) 7.16 5.52x106 0.311
0.84 6
K+ Br, (c) 4.83 1.60 x10 0.3%28

References: (a) Person, 1963
(b) rendall & Grice, 1972

(¢c) Rittner, 1951

The surface (4—5) is of the attractive or early downhill type,
as can be seen from the example plotted in fig. 20.

It was assumed that all reactive encounters start with an
electron jump, the probability of which is independent of any of the
initial conditions, and hence can be considered as unity. kach
trajectory is started on the ionic surface, reaction taking place
with the halogen atom nearer to the alkali atom, and stays on it
for the remainder of the encounter, the startin. conditions being
determined by its intersection with the covalent surface; since
initial reactant vibration was ignored, as also was the slight

r-dependence of the covalent surface due to weak Van der Waals
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attraction, this was effectively replaced by a flat surface at the
level of the bottom of the XY well. Hence the method is a simple SHT
method, and uses a diabatic formulation, although at thermal energies
the motion is essentially adiabatic, and Evers & DeVries (1976) have
shown that use of the lower adiabatic surface is preferable.

It was found in this earlier work that variation of the single
parameter o« produced a considerable change in the scattering results,
it being possible to change from stripping to rebound behaviour by
a fairly small increase in & (e.g. from 1 to 3 ﬁ—l for Kn&BrQ). By
comparison with the experimental results of Gillen, Rulis & Bernstein
(1971), it was decided that the "best” value of « for K+I, was
~1.4 K—l. The effect of increasing « is: to increase the product
repulsion, making the surface less attractive, with the result that
the scattering becomes more backward, and tne ratio of product
translational to vibrational energy increases. Also it was found that
the final conditions become less sensitive to the initial ones, and

_the trajectories require fewer steps for their integration.

B Inclusion of initial vibrational eneryy.

The previous study (Gover, 1975) i_nored the presence of reactant
zero point energy, which was a serious limitation. In particular, when
considering the distribution of product translational energy, the
theoretical results tended to give very sharp cut-offs at high enerygy
instead of the smooth tail observed experimentally (see e.gs Gillen
et al, 1971). Initial X2 vibration was included by the following
crude method: five initial values of p , spaced about the eguilibrium
separation /oe, were selected, and a set of trajectory calculations
was performed for each of these, with the nunber of trajectories

weighted by a Gaussian distribution (with the width determined by the
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Squere of the ground state vibrational wavefunction \roz(p )) about

P ot This corresponds to the electron jump probability beiny governed
by the high energy Franck-Condon model described in chapter I1 section
F; the Franck-Condon factor is equal to the square of the overlap of
the ground vibrational wavefunction of X2 with a high vibrational
level of XZ- represented by a delta function centred on the initial

value of p , corresponding to a "vertical" transition, as shown in

fig. 21.

Energy X

- - - -

o J

Fig. 21. A vertical transition from the ground vibrational state of
X, to a high vibrational state of xz‘.
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If the initial value of P is Pi?

and X, ground state wavefunction = Y(/a )  say,

x2_ " = §(p 'ﬂi)

o

then overlap oC \V(/o ) f(,o - /’i) d/

where q = s

% probability o exp {— q2 (/’i - /oe)2}

giving rise to a Gaussian distribution in [2 (p —/oe) of
£

the electron jump probability, and hence trajectory weiznting, about

Pe*

C Calculations for K +12.

Trajectory calculations with the addition of initial diatom
vibration were performed for the system K+ 12, and compared with the
detailed cross section measurements of Gillen, hulis & Lernstein
(1971). The measurements were made at three values of the initial
reactant relative translational energy, and the middle one of these,
L= 2.67 keal mol_l (=11.2 kJ mol_l, equivalent tc relative velocity
815 ms_l), was chosen for the comparisons. The values for /oi used
were (/R): 2.62, 2.65, 2.67, 2.69, 2.72, the outer values bein,
rouzhly at the classical turnin, points of the ground state

2w = 28.41 &"1, and a Gaussian

vibrational motion. For 12,
~
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distribution gives the following weightings:

pi/4 Weighting w 1/(1-w)
2.62, 2.72 0.365 1.6
2.65, 2.69 0.851 6.7

2.67 1 00

The starting value for r in each case was ri, determined by the

intersection of the ionic and covalent surfaces:
Ve py) + g =B +Dp = 0

The results of the new calculations with the previously
determined "best" value of « = 1.4 ﬁ_l are plotted in fig. 22, which
is a polar plot of C.i. product scattering angle against final
product relative velocity D. Also shown on tne velocity scale is the
final velocity of the KI with respect to the C.il., Wkl’ and the
translational energy corresponding to this, E%rans' kach dot represents
the outcome of a counted trajectory; since it is not possible to
indicate fractions of trajectories in such a plot, the weighting
described in part B was crudely applied by not counting 2 in 3
trajectories for Pt 2.62, 2,72, and 2 in 13 trajectories for Ps=
2.65, 2.69 f. The contours are obtained from the velocity-angle polar
plot of Gillen et al by deweighting the experimental distribution by
the final product velocity Wkl to convert experimentally measured
fluxes to number densities, which correspond to tne analysis of the
calculations (this was not done in the earlier work, and the
comparison there is not valid). The experimental contours are not

continued into the backward hemisphere, since sufficient measurements

were not made in this region.

Figs 23 & 24 are corresponding plots for «= 1,0 ﬁ—l and = 2.0 &7

128

1






| R
¢z Std /

P

X

Yy 2T Ox
Tm 0°T- » )

suel
_Tow 0¥ L9°Z = tg TergTul ¢ B

T

UQU\?.'\D
> L i Ny
L5/ s \ bs
TWLWW‘\. ~ ) Am ¢ W ﬁ
0__ RN — SR saasanssanRRNRNRRRNRNENY
B : RSy aumnEuAREN NN NNNNY N
f
5 g
»
L) e ) r
- D
Y
X = ,,
e d

29 ol =¥ b 8 oL 3

130



Yg *9ta %
. 0 >
¥ Tetes
fozs
sueIy ¢ Cron
[ Tow TEN L972 = q TeTdTUL ¢ ‘T4
A\
X }
>d ::-JW A . y
>/ N L ; s ,
. y , NaoSs ¢ B
_-Al\ / MM Wv , A -1 Y i LL,\
|¢.QWW.\ 1 T %. &) e . }‘u = ,,T
‘ . I A e RESERRRRNE me
po) } * AT ] Qg o e - |
ml - i —— : ‘,
| m S . A - ]
put + \m,/ \\, v \\ 7
A e S
- AT A 5
o g SR RN AN
9% S e A ey y ;
g e 55 ,@w [ofet ,v
D b .V\/Y,W. s \\ A - /
4 N \Y,/ \r { !
M XK N g ; :
< \ «f/ X, < - WAN/IN X
- A% N K g y ) £ .
N < : 7S
\ \ Bgts /
R 4 e <
¢ . o ./‘ & /
% \ ] / 0
/ : e v
7 i )
—|— < £ . & /
. \ ® A ,/TJI,"F.IL\lT\Tl e g . g

131



The somewhat regular distribution of points in fig. 24 is caused by
the choice of starting values in the ionte Carlo methody rather than
using random values of the impact parameter and initial diatom
orientation, the values were obtained from regularly spaced grids of
values of b2 and sin ¥, which functions have flat probability
distributions (see Gover, 1975); it was found that as &« is increased,
the final conditions vary more smoothly with the initial conditions,
and approach a systematically spaced grid. llowever, for all three
values of &« , the effect of including initial diatom vibration is a
considerable smearing out of the results. Althougn the results for

-1 _ -
<=2k clearly a.ree poorly with experiment and « = 1.4 & L

appears to give better agreement than « = 1.0 ﬁ—l, it is not easy to
decide from such diagrams on the optimum value of & , and whether
this gives good agreement with experiment.

nore detailed plots for our '"best" value of e = 1.4 ﬁ-l appear
in figs 25 & 26. In fig. 25, experimental and theoretical angular
distributions, averaged over all final velocities, are compared. These
are sinX -wei hted distributions, which take out of plane scattering
into account. The theoretical results were weighted by WkI to oive
fluxes, which are suitable for comparison with the experimental
results. It can be seen that there is gualitative agreement although
a quantitative comparison leaves a little to be desired. In fig. 26,
sections through the polar plot of fig. 22, but a.ain velocity-
weigzhted to pive fluxes, are shown at six different C.n., scattering
angles, with the experimental results normalised to pive the same
total area under the six curves taken together. For each angle X,
trajectories falling in the range x -10% to x +10° were counted.

Although the distributions generally agree in peaking at fairly low

product translational energy (corresponding to high internal energy),
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the overall agreement is fairly poor.

While polar velocity-angle plots contain the maximum information
about the scattering, it is not easy to compare results with
experiment using them. Hence it is desirable to find a few guantities
which characterise the distributions and compare these. For various

ranges of X it was decided to calculate three numbers, which

Cu’
were: the percentage of the total flux falling within that range, the
mean velocity, and the flux-wei hted mean velocity (i.e. the next
higher moment of the velocity distribution). These quantities were
calculated from the experimental results (using velocity distributions
at the middle of each angular range), and for the three sets of
trajectory calculations. Three further sets of trajectory calculations,
at intermediate values of & , were also performed, and the results
are collected together in table 4.

Examining this table, it can be seen that it 1s still not easy
to decide on an optimum value of « from the numbers presented. One
factor contributing to this is the coarseness of the grid of
starting values of the trajectories. As described above, use of
systematically chosen pseudo-random instead of random starting
conditions tends to produce a bunchin, effect in tne final conditions,
which is accentuated by the fairly small number of trajectories
calculated {~ 300 for each calculation), and would be ¢radually
smoothed out with an increasing number of trajectories. This is
thoushit to be responsible for the oscillations observed in tne plots
of figs 25 & 26, also 28 & 29, and will make the numbers in table 4
fairly unreliable as each one is calculated from only a few
trajectories.

thus it is instructive to calculate properties of the distritution

which involve a large nunber of trajectories. ihe quantities chosen,
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Theory ; & /ﬁ-l

X CM/deg Expt.
1.0 | 1.2 | 1.4 1.6 | 1.8 | 2.0
0-20 | 7.1 | 6.4 | 7.1 | 4.7 3.4 | 2.3 | 1.1
20-40 [14.4 |14.9 |14.7 [10.4 [10.8 | 6.6 | 4.9
% total 40-60 |15.8 {17.1 [16.8 {19.7 |16.2 |13.0 |13.1
flux 60-80 |14.4 |16.8 |1e.0 |21.0 |21.4 |19.7 |15.8
80-100 |12.5 [16.8 [15.0 |17.5 |18.7 [22.4 |25.5
100-120 |11.8 {10.8 {10.4 | 9.3 |11.9 |14.4 |15.7
0-20 | 241 | 30% | 214 | 227 | 198 | 292 | 506
20-40 | 303 | 292 | 324 | 224 284 366 | 497
liean 40-60 | 293 | 336 | 300 | 315 299 | 403 | 512
vel/ms™t 60-80 | 305 | 289 | 307 | 290 | 06 | 378 | 479
80-100 | 232 | 370 | 299 | 291 | 282 | 385 | 484
100-120 | 374 365 345 281 276 342 465
0-20 | 451 457 325 380 280 579 519
Flux-wtd 20-40 | 410 | 413 | 454 | 352 358 | 425 | 511
mean 40-60 | 410 | 424 | 391 | 361 341 | 429 | 530
vel/ms™t 60-80 | 435 | 408 | 373 | 356 | 375 | 402 | 494
80-100 | 467 457 407 396 332 413% 501
100-120 [ 502 | 460 | 398 351 307 371 | 4e8

rable 4.

138




. o 0
which were calculated for scattering into tne C.ii. region [ 0°, 180 ],
were the overall mean velocity, the velocity weighited mean velocity,

and the mean C.il. scattering angle. These are shown below:

Theory ; « /ﬁ—l;

Expe.
1.0 1.2 1.4 1.6 1.8 2.0

Liean vel/ms™t 321 | 3271 304 | 283 | 288 | 374 | 485
Vel-wtd mean vel/ms"l 442 433 | 396 | 366 | 343 | 405 | 503

llean X . /deg 62.2 |63.3162.% |65.5 |68.7 |74.6 |78.1

CM/

These quantities vary gquite smoothly with « , indicating that
they contain information from enough trajectories to smooth out any
bunching, as can be seen from fig. 27, in which tney are plotted as
a function of &« , with the experimental results shown as straight
lines. From this graph and the table, it is clear that, of the six
values of & considered, £ = 1.0 X-l is the optimum. In figs 28 & 29,
angular and velocity distributions corresponding to those of figs

25 & 26 are plotted for this value of o« .

D Calculations for Cs*—Iz.

Hdaving decided that for K+ 1, the optimum <« 1is 1.0 E_l, it is

2

interesting to test whether the optimum value of & 1is independent
of the alkali metal, which it might reasonably be expected to be, if

the 12 bond weakening effect modelled is purely dependent on the

electrical charge of the approaching ion, by repeatin, the calculation

with the same « and ro for Cs +12. For this, the following parameters

had to be changed:

u

iags of Cs 220.694 ppg

A

$ Moo, 1, 144.846 ppe; Mo o = 107.798 ppg;
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141.576 ppgs;

a = m = 0.74423 ; (see Gover, 1975)

LI . = 0.51155.

Xoge ™ 2.44 XB; A = 35200 eV = 5.64::106 cpes
k = 0.306 £ (Rittner, 1951)
The initial relative translational energy used was

- -1
Etrans = 1.14 kcal mol

corresponding to a relative velocity of 0,331 £ dps—l. This then

allows comparison with the experimental results of Birely et al (1967).
In fig. 30, the sinX -weiphted angular distributions from the

theoretical and experimental results are plotted, normalised to the

same total area. From this it can be seen that the agreement is not

as good as for K*-I2, indicating that for Cs*'12 different optimum

values for e« and T, are required, and hence that the bond weakening

effect as modelled cannot be taken to be independent of the nature

of the alkali metal atomn.

I Swmnary and conclusions,

Following the work of (Gover, 1975), further classical trajectory
calculations have been carried out for the reactive system n+-12 -
XI + I, anéd more detailed comparison made with experiment.

(i) Allowance for the spreaa"of initial diatom separations as

a result of ¢round state vibration, in the crude manner described,
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was responsible for a general smearing out of the results. llowever,
owing to the relatively small number of trajectories calculated, and
the systematic method of choosing starting conditions, it was found
that there was still a tendency for the results to bunch together.
Thus comparison of theory with experiment using polar velocity-angle
plots and sections through them has proved a little difficult.

(ii) The following quantities were calculated from theory and
experiment for trajectories falling in 20 degree regions of the C.i.
scattering angle: percentage of the total flux falling in the region,
mean velocity, and flux-weighted mean velocity. Comparisons with
these numbers are still difricult, as each number is calculated from
only a small fraction of the trajectories. Thus, numbers dependent
on nearly all trajectories were calculated, viz. the mean C.I.
scattering angle, overall mean velocity, and flux-weighted mean

velocity, for the trajectories falling in the X(j range 0% - 120°.

i
Since these numbers vary smoothly with the one parameter « , it is
thousht that they contain information from sufficient trajectories.
On the basis of this comparison,= = 1.0 ﬁ—l was chosen as the "best"
value for K+-Iz.

(iii) The calculation was repeated for CS‘+12 with the same best
values for o and Toe Agreement with experiment was not as good as

for K+ 1 indicating that the 12 bond weakening effect as modelled

21
cannot in fact be described as independent of the nature of the

alkali ion and merely dependent on its charge.
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CHAPTER V

CHARGE NEUTHALISATION IN Na“+ I~ COLLISIONS

AS A POSSIBLE LASKR rULPING LECHANISH

A Introduction.

The type of collision considered in this chapter is the reverse
of that considered in the previous two, i.e. mutual charge
neutralisation of oppositely charged ions. A few beam experiments,
using the technique of merging beams, have been performed on such
collisions, e.g. with N"+ 0  (4berth et al, 1968), H*+ H  (ioseley
et al, 1970), Ka*+ 0 (Weiner et al, 1970; 1971). In the latter case,
it was observed that excited sodium atoms Na(3d) were formed with
high probability. By analogy with this, and because of the observation
of intense sodium D line emission in shock generated sodium iodide
plasmas, Gait & Eerry (1977) have su..ested tunat Na(3p) could be
formed with high efficiency in the process Na* + I »Ha+I, and that
it may be possible in this way to produce a population inversion of
Na(3p) with respect to the ground state ka(3%s). In this chapter,
calculations on this system, using the multi-curve crossing formalism
developed above, are reported.

Considering the electronic states of the Na atom, and ignoring
the internal states of the I atom, two covalent channels are

energetically accessible:

La(%s) + 1
a®t o+ 1T — (5-1)

La(3p) + I
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Sugeested (Gait & Berry, 1977) tnat this proximity of the curves

Over a large range of r could be responsible for a considerable

Probability of transition between the diabatic curves 1 and 3.
Using published expressions for the diagonal matrix elements

Hll and H22, and calculated values for H,, and H

12 13’ the probability

of such a transition was investigated in the framework of the

classical trajectory approximation.

B The coupled equations.

Consider the time-dependent coupled equations of the classical
trajectory approximation:
YH.. c.(t) = ikd c.(t) (2-23)
j 3 J at
With i,j=1, 2, 3, these were applied to the three diabatic states
shown in fig. %31. This in itself is an approximation, since the three
states do not form a complete basis set, and in particular the
overlap < i}j> between ionic and covalent states may be considerably
different from zero.
Splitting the coefficients into real and imaginary parts, this

produces 6 simultaneous first order differential eqguations:
Putting ci(t) - Ri(t) + i Ii(t),

ik%{ (1{i+ i Ii) =%.Hij(mj+ \Ij)

at
and £d I.=-2H..K.
e IR B

These equations were solved using srogh's metunod. The evaluation of
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the M matrix elements Hij and the classical trajectory are considered

in sections C & D.

C__Calculation of the M matrix elements.

{i) Diagonal elements.

The diagonal elements were obtained from those piven by Delvigne

& Los (1973). For the ionic diabatic potential, a Kittner (1951)

Potential was used:

H c = -
RACP AL PN CO B € A R
4
4rrgor 8Trgor 2rr£0r
_r/ks'or\ N
- ion *+ A1on © (5-2)
6
T

This establishes the zero of energy as infinitely separated Na*+ 1.

The values of the parameters used were:

- 5,
X yoe = 04408 &7

&1~ = 6.431 KB;

6 -6
c. = 1810 cpe £ (~11 ev &)
i0on
A, ; 3.0660 %107 cpe ;  (~1.8 keV)
ki, = 0-3489 £.

The ¢round state covalent diabatic potential contains a C6

long range attraction and an exponential short range repulsion:

. - . - ~ —r/ktw -
ﬂgz(r) B Uoov(r) L'cov * Acov € - Ahl (5-3)
6
hd
where AEl = INa - baI ,



With the parameters

C = 1.602 x10° cpe 16 3 (~0.9 keV K6)

cov
AL, * 5.047 x105 cpe 3 (~3.1 keV)
kcov - 0.435 1

and INa = 1lst ionisation potential of Na = 823%.3 cpe;

EaI = electron affinity of I = 490.8 cpe (Berry & Reimann,
1963)

> AEl = 332.,5 cpe.

The curves Hll(r) & Hgg(r) cross at a point r=r_ given by
Hyy(r) = Hyp(x,)
» T, = 6.97 £

The excited state covalent diabatic curve H55(r) was assumned to
be parallel to H22(r) and separated from it by the asymptotic energy

difference, which is the energy of the sodium "u" line:

H%(r) = Ucov(r) + Ak, (5-4)

- 2
where AE2 = BE(Na 3p 2P‘i) - E(a 3s “s.)
2 2

= 337.2 cpe (sicore, 1949)

Notice that this is very nearly equal to AEl, hence, as described

in section A above, H and H come very close together asymptotically:

11 55

1]
o
.
8
+
[
o
]
o

H33<w> - H,(e) =

4.7 cpe  (~0.025 eV)
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(cof. well depth of Na*1~~910 cpe).

H11, 322 and H__ are plotted as functions of r in fig. 33, where

33

it can be seen that, although Hll and H35 become very close

asymptotically (the asymptote of H,, being at zero), owing to the

11
extreme long range nature of the Coulomb attraction, this condition

is only approached at very large separations.

(31) Introduction to calculation of off-diagonal elements.

Since H22 and H35 never come close together, H ) was assumed

23(r

to be zero.

Very little work has been done on the variation of the off-

diagonal integrals with r. Hence it was decided to calculate Hl2 and

H13 at various values of r, and fit these to a simple functional
form. They were estimated by the method described by lagee (1940;

1952), Ferry (1957), Grice & Herschbach (1974), and idelman &

Herschbach (1977).

Following Magee (1952), we use a two-electron approximation,
with the various distances involved being labelled as shovn in

fig. 32 for a general I / X system. For ease of writing and later
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Numerical calculation, this part of the work was done in atomic units,

inWhiCh ‘f‘ﬂm r e =]
e

The Hamiltonian for the system is then

2
H = - Vl - Véz -1 - 1 - 1 -1 + 1 +1 (5'5)
Tim Tox Tix Tem a2 T

In the ionic configuration M*+-X_, both electrons are on the halogen

atom, and the wavefunction can be written as a simple product
fi> = x'(1) x'(2) (5-6)

where x' is the appropriate atomic orbital of X .
In the covalent configuration i+ X, one electron is on each

atom, and the wavefunction is assumed to be a symmetrised product:

fe> = 1 (1) x(2) r m(2) x(1)}
N
where m and x are the appropriate orbitals of i & X respectively.

Combining this with (5-5) & (5-6),

Hy o= ildfe>
+ 1 (m(1) x(2) + m(2) x(1)) H(1,2) x'(1) x'(2) dndn
v2©

e (g n(1) x(2) € x'(1) x'(2) drdn

-1 -1

——

1
r2x rlx I‘2m

5 1H_ - ng(l) x(z){-vi—vg—__l_—

V@" I'lm

+_;_+;]x'(1) x'(2) drdr,
1‘12 T
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Now, put m(1) x'(1) d% > S__,3 x(2) x'(2) ax, * S,

and assume S s 1

Also, note that

2 2 -
{"71 O N N J—} xt(1) x(2) = B+ xT) xt(1) x'(2)
1x Fox Tz

where E(A+ B) means the energy of infinitely separated A & B.

Hy =BT+ XT)s 5+ ng(l)x(Q) -1 -1 41 x'(1)x'(2)aram,

J? T T T

1lm 2m

But the energy scale is defined such that E(i*+ X ) =0

o=

2

5 H_ =-S5, gnmlj 1ox'(1) amw -8, (x(2) 1 x'(2) ax

Bl

Pim Tom

- “ a(1) x(2) 1 x'(1) x'(2) aran

r

liow, if electron 1 is the one which is transferred, and r is
large, which it generally is in alkali / halogen systems, with thneir
large crossing distances, then r, <r, and, as an approximation, we
(<5} 3 2m ?

cancel the last two terms, to give

B, = V2 |m(1) L x'(1) dm (5-7)

ic =
1m

Using this approximation, H_. * {ilH{id> is also readily

calculated:

im

Hyp oo - Sxﬂ(l) 1 x'(1) ar~ - gx'(Z) 1 ox'(2) ar
T T,
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r

N ng'(l) ©1(2) 1 x'(1) x'(2) av an,

= -2 Sx-(z) A ox(2) dan + Sg x'(1) x'(2) 1 x'(1) x'(2) dr, dm
I‘2m T

1"t

—];. Syx‘
T .

Hence, again putting Sxx =1,

H., = - (5-8)

1
ii =
r

and it can be seen that the approximation is equivalent to taking
only the first term in the Kittner expression, which is acceptable
for large r.

The overlap Sic = {iled is also readily calculated, to give
S'ic: ) \I—Tsmx' Sxx'
or, with Sxx' = 1 again,
5, = \/?omx, (5-9)

Using the notation n(l) simd 5 x(1) = §x> 3

X'(l) : lx‘> Ty ¢ P

and substituting (5-7), (5-8), and (5-9) in (2-28), we get

s

AV(rC) =2 Hii Sic- ic

= o7 KD < ol 7',-“— Ly (5-10)

1—82

with s =242 {xix' D <mix")
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where all quantities are evaluated at r =T, and {xix'"> =1 has
been restored. (5-10) is the expression used by Grice & ierschbach
(1974) to calculate AV(rC) (see also bates & loiseiwitsch, 1954;
Bates & Boyd, 1956; Adelman & Herschbach, 1977). The values
calculated in this way are often converted back to Hic values using
the simpler formula (2-30) (see e.g. Laede, 1975), which is a little
suspect here, since even if S is quite small, as it is shown below
to be in this system, Hii(rc) may be si_nificantly large, e.g.

~ -330 cpe in this case.

(iii) Calculation of wavefunctions.

Consider the evaluation of the wavefunctions in (5-7). The

operator(_l —‘l) is the so-called post-interaction operator; it

Pu T
vanishes at the X nucleus, so an asymptotic expression can be used
for \x'} , whereas 1t is large near the i nucleus, so we need a
better approximation for {m) .

Hence, following Grice & Herschbach (1974), for Vx'Y (lSO) we

use the pseudopotential form:

fx) = N Ip;l eXP(-)’,OX) for p_ Y/,

(5-11)
or 0 for /oX </0XO

where /Ox is the distance of the electron from the X nucleus;
and X=V2ha
where Ba = electron atffinity of Xj;

and Ny is a normalising constant:

N = Y exp( Y/’yo)
21 )
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This then ensures that

gy&?pj&medﬁﬁﬁd#-l

For X =1, the parameters take the values

B,z 3.063 eV
= 1.125 x 1077 Hartree
Pyo 201 a (Grice & Herschbach, 1974)

For Im» , Grice & Herschbach (1974) suggest using a Whittaker
function solution. This is derived as follows: assume the outer
electron on the alkali metal atom is in a Coulomb field of effective
nuclear charge 1. Then find a "Coulomb" wavefunction which vanishes
at Po= e and truncate it at an inner boundary by applying an
infinite repulsive wall at its outermost zerc. The radial Coulomb

vavefunction multiplied by satisfies the equation {(in a.u.):
£

-

-14 - 1 4+ L{(L+1) 4+ I\y =0 (s-12)
2 2
“%u P ?Pn
where I = - B (i.e. is an ionisation potential);
and L = angular momentum guantum number.

Now, this is an example of a general form called “hittaker's

equations
@ -1 + Kk + £-p" VP (2) =0 (5-13)
_.__5 = — 5 K’,u
dz Z Z

Equations (5-12) & (5-13) can be compared by an appropriate scaling:

Let /)m=o<z
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2
d/)m A dz

? (' 1 d® -1+ n@el) +I1\Y =0
2&2 d22 & 7z 2«222
2 2
2 d 4 2« - L(L+1) - 2&7I\W¥ =0
2 2
dz Z 2z

Comparing coefficients with (5-13),

X =z 1 = 1 where v /21 H
81 2v
K = 2& = _]__ H
2 . 1
M2 3o+ L(Le1)
© (Le2)
3 Moz L+

Jence, applyin, the repulsive wall at the outermost zero /om *£0r

the radial part of tie wavefunction is given by:

HL (/Dm) = L Fl/v,Lf‘i(2v/om) P >//omO
m

(5-14)

<
or 0 /am /omO

The function F "//“‘(Z) igs called wWhittaker's function. There

are two possible solutions for it (see Abramowitz & Stegun, 1964 ):

1'1 (Z) - e‘éz Z/A*&L’I(%(’/“"K’l*z/“iz);
',



i
W u2) = e7% 2* (G epm 14 20 ,2) (5-15)

The function W'%M(z) has already been met in the solution of
the llorse oscillator (egqn. (3-9)).

In the H-atom problem, the Whittaker function approach can be
used, and applying boundary conditions atlp: 0 and L cives
conditions on the possible values for k, and the familiar radial
wavefunctions; here, however, tne technique is to apply the rignht
hand boundary condition and use the experimentally determined E; in
general this will mean that the solution diverges at the origin, but
this is avoided by truncatin, it at its outermost finite zero.

Since, in the limit of large z, il(a,b,z) contains a term in eZ,
the h;%#(z) solution is unacceptable. U(a,v,2z) has tie asymptotic

form:

Lﬁ U(a,b,2) = 2 2 (1+0(lzt™)) (5-16)
(2=

Since this becomes multiplied by e-éz, this is acceptable, and the

final form for (5-14) is

L - ~‘Jlom
e
m

R (p ) = (25)*L P WL+l - /v ,2(L+1),2v 0 )

/Om >/am()
(5-17)

or 0 /Om</0m0

¥waluation of U raises two types of problem., First the power
series expansion about the origin for U (tbramowitz & Stegun, 1964)
is invalid for integral values of b (= 2(L+1)). Cecondly tre
alternative logarithmic form was found to converge very gslowly.

Bquation (5-12) was therefore instead solved nurerically using

a Runge-Xutta method available from the NiG library. It was split into
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two simultaneous first order differential equations by using Y and

dv as independent variables; integration was performed inwards

df:m

from a large starting value of P with initial conditions ¥ =0
m

and d¥ = asymptotic value at initial P which was calculated as

P

follows:
From (5-16) & (5-17),

Lo Vipw) s o070
P

= e—vﬂ"(2

K
> o

"

w w=1l ~Vi.
2 l dv (2v)" p e k= wpy)
ap
m
ot

Note that since the wavefunction is later normalised, the starting
value for the slope is in fact arbitrary.

This calculation was performed for Na(3s) and Na(%p), and the
wavefunctions stored as values at a grid of /:m values. If the
solution is VfL(/)m), then the final wavefunction required is the

product of radial and angular parts:
= ; -
Im.> = Zw (p) L G(e,7) (5-19)
m
where G is the angular part, and N is a normalising constant.

The parameters used were as follows:

For Na(3s),

L = 0
I = 823%.3 cpe = 0.1889 Hartree

2 YV = 0.6147 a.u.;

"

G(e,#) 1.
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On performing the integration, the outermost zero was found to
occur at

P ol3s) = 0.9080 ag

which is in agreement with the value found by Grice & Herschbach

(1974).

The normalisation condition is

El_2 = ggg Wi (Pm);l_é/ori sined/amdedgé

0 /amo

= 4Anad

(.4
where J

ve (o) dp,

0-10%

and this was estimated from the numerical results by cubic spline

fitting.

For Na(}p),

L = 1;
I = 486.1 cpe = 0.1115 Hartree
P vV = 0.4723 a.u.;
G(e,#) = cos®é.

The outermost zero was found to be at

P aol3p) = 1.0333 a,

and the normalisation condition used was

1o

1 = g
N2
(4

w ©

2 e
SS Vp (/o ) cos Qﬁ;sinzed/;mdedgf
(=]

Peno
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thexe . g VP(/’m)d/am
(o333

The radial parts of the wavefunctions, including the normalising

constants, for Wa(3s) and Na(3p) are plotted in figs %4 & 35.

(iv) Caleulation of off-diagonal elements.

The integrals H12 and H13 were calculated numerically using (5-7),
(5-11), and the stored values for the sodium wavefunctions, which were
interpolated by cubic spline fitting.

Since the wavefunctions {m) and {x'> are truncated at
Pm = o and P+ = Px0’ the integration was performed outwards from
these boundaries, using Lo’ /p , and ¢ as integration variables

m X
(using /Jm’ © and ¢ for instance would involve integrating across

a discontinuity at P =/pxo). It is therefore necessary to obtain

the volume element. keférring to the diagram:

we know that the volume element may be expres:ed in the spherical

polar form

ds = pi:ﬂnedfmdedg
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But d/amdex 3(/9”‘,9)d/amd/oX ‘
?(/oms /DX)

:(iﬁ }d/)md/’x
.

2
s = L sin‘?()_e ) Lpndp ar
) 4
P,
2 2 2
Now, Py = Pat T - 2/0mr cos®
2 2p, = 2p sina(,)_o\)
P,
20 = _Px
()/ox P sin @
Prm
> 4 = Pmnlx Cpatpds (5-20)
T
A8 a check, it can be shown that
I PV 2y = 3090 2 = mn Ax
/Dm, PX’ V4 /){Tl’ /o){’ﬁ r

and this element is also obtained geometrically.

The limits are clearly:
7 (o0, 2w] ;
P [ £y0 w] (5-21)
pi (o pa e = 00]

wnere Lax(x,y) = larcer of = &y
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brovided P mo <5 which is satisfied, since all r values chosen were
£reater tha .
& /DmO
The use of these novel integration variables was first checked
by using them to calculate an integral given by kyrin,, Walter &

Kimble (1944):

-r
I = Vo, Yy 4T = e (l+1r)
m
all gpace
where v, = 1 N H Yy ® L e-—f’x

Ve NE

Using our integration coordinates, this can be shown as follows:

1 &L vepy
= -Pm "PN
1 dg 1 € € /om Px d/Dmd/’x
W) © P r
(] (o} ‘r—p,d
o vth.
- "ﬁm "’/")g
S T IR
(-4 {r-/J,‘[
®, lr')‘l
= 2 g [e-y] e"X x dx
T
2 "4
o &
= 2 S e*lr—xle—x x dx - 2 ge-(mx) e x dx
r r
o (4]
- ©
= 2 e*(r-x) e * x ax + 2 e—(x—r) ™ % ax
T r
o -
o
- -2
- 2 e r g e x x dx
T
©
=T e T + e Tf1+ 1 - e T
2T 2r
= e—I‘ (1+I‘>

168



which is the correct result.
The off-diagonal elements H12 & H13 were now calculated, for
various values of r, using the following formulae:

o v+Px

fp = g g 5 L [AYY Iy x2(= ¥ p,) oo p 3Pl ?
o /°~° Mo 3 /om /Om /OX r
(A“o,lf-h‘l)
=ewN_ N SS \(fs(,om) exp(- X,ox) dodp, (5-22)
rp.
Similarly,

Pnm

2 2 2
where cos® = T Y opL Py

2r/om

The integration was done by Patterson's method, available
from the NAG library, and, to ensure reliability of the results,
the inte,ration range for /ox was split into small segments. The
contributions from the segments were summed, w.til each contribution
was too small to affect the fourth figure of the total, and was
less than half the previous contribution. The results o1 the

calculations are shown in table 6.

Consider H12. Lecause of its occurrence in tne LzS formula,
the value at the crossing point, ng(rc), has attracted most

. - 2 . . .
attention. For the system i+ X = ii(ns “S)+X, Grice & Herschbach

(1974) arrived at thne following empirical formula:

puzy) = exp [ - z)/ a5 (5-24)
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r/ag | Hy,/Hartree | 1n( Hyo/r ) | Hyg/tartree | In( Hyy/r )
4 -2.188(-1) -2.906 -1.597(-1) -3.220
6 | -1.149(-1) -3.956 -1.313(-1) ~3.822
8 -5.083(-2) -5.059 -8.102(-2) -4.593
101 -2.0717(-2) -6.177 -4.379(-2) -5.431
12 -8.122(-3) -7.297 -2.197(-2) -6.30%
14 ~3.105(-3) -8.414 -1.052(-2) -7.194
16 | -1.167(-3) -9.526 -4.870(=3) -8.097
18 -4.344(-4) -10.63%2 -2.202(-3) -9.009
Table 6.

0
where the parameters T, and Ar depend on the halogen but not on

the metal. For ..+ I, they determined

Using our value for M = Na of r. = 6.97 k =13.2 ay (5-24) yives
Av(z)) = 3.85 x107 Hariree

Grice & Herschbach also fitted their results to tine formula of

Olson et al (1971) (see egn. (1-7)), and obtained

au(r ) = V¥ x2.44 rc"‘ exp(-0.996 rc"') (5-25)
where r’( = v 4 Y T
C C
2
and vV =2 1.



¥ = 42 haI

For Na +I, v= 0.6147 a.u.; ¥ = 0.4746 a.u. and (5-25) with

these values gives
‘ -3
AV(rc) = 3,956 x10 © Hartree

Inspired by the form of (5-25), and assuming that the behaviour
of Hl3 is similar to that of Hl2’ it was decided to find out whether

the data in table 6 for both inteyrals fit a simple functional form

H o = - Ar exp(-Br) (5-26)
2 In H. = ln A - Br
ic
r

If (5-26) is a good description of tne behaviour, then a plot of

ln(

figs 36 & 37, and it can be seen that, apart from the short range

H.
ic

r

) azainst r will be a straight line. Such plots apoear in

region for H this behaviour is well followed. dence tne data were

13
fitted to the form (5-26), and, reverting to LaBudde's system of

units, the values of the slopes and intercepts pave tne following:
Hl2(r) t -AT exp( - Bsr) ; (5-27)
HlS(r> z - Ap r exp(- Bpr) (5-28)

where A= 4.61){103 cpe; BS= 1.00 ﬁ-l;

Ap" 3.15 xlO5 cpe; sz 0.85 X-l

As a check, (5-27) was used to calculate le(rc); with r_= 6.97 %,
this gives Hl2(rc)s -19.87 cpe. The overlap S between Na*+ 1 ana

ya(gs)+ I at the croszing point was also calculated, using tne same
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metnod as that dcseribed for H12 and H15 above, and found to be

-2 . .
5.35%10 °, which is fairly small; substituting these values in

(5-10) then gives

AsV(rC) 17.60 cpe (c.f. 2]312(rc)l= 39.74 cpe)

n

4,04 Hartree

and this agrees well with the results from the empirical formulae
(5-24) & (5-25).

In summary, the expressions used for the five non-zero
matrix elements were those given in eqns (5-2), (5-3), (5-4), (5-27)

& (5-28).

D The classical trajectory.

Since the impact parameter approximation becomes invalid at
low collision energies, the classical trajectory was calculated in
two dimensions under the influence of an effective potential V(r).

Refexring to the diagram:

% (initial position)

initial direction of motion

the l'ewton's second law form of tne classical eguations of motion

(Labudde, 1973) is

pE = - X
=
T
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D
>

4
2
e
[
1
B3
e
(]
}
o)
<

LY
]
%4

D%

where x and y are the x- and y-components of T

~ "~ .
and i and j are unit vectors along the x- and y-axes

7MY = - )V i - v
Ix 9y

hence, putting x =V_3 y'=vy, we have four first order differential

equations
\; = -1 H v = - x H =
x = 21 ’ Vy l _)_V. ’ X VX ’ Yy V}/
/“ 2}( /u )y
where 3V = V. 2xr - g 2V (q =x,5)
dq dr dq r Idr

These four egquations were combined with tne six coupled equations
from (2-2%) to give an overall system of ten simultaneous first order
differential equations, which were solved using Hrogh's method (see
chapters III & IV).

Since non-adiabatic transitions are expected, tne choice of V
for the classical trajectory is not clear cut. Tne ionic diabatic
potential was used, since we are considering transitions out of 1tne
ionic state; we are intcrested in what happens from the time when the
effect of tiie Coulomb attraction is first felt, which will be very
early, because of the long-range nature of the Coulomb potential,
until the relatively small interaction region has been passed; the
initial approach, wnich is definitely under tiae influence of the
ionic potential, occupies most of this time, so use of tune ionic
potential is preferred. In tne L@é‘formalism, tnis would then ensure

the correct velocity at the crossing point. The choice of potential
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is more critical for the trajectory after the interaction region has
been passed, but since we are only interested in transition
probabilities, which are not changed by this trajectory, this is
not relevant.,

Thus a simplefied Kittner potential was used:

2 2 -r/k
vV = - -
e e (a:l+ ¢2) + A e
dwgr Bug, —
2 -
3 IV . e e? (<5 + ) - Ae v/k
_ 1Y %2 A
p 2 5
T 4ngor 2wior k

Since the interactions le & Hl3 fall off exponentially, it is
acceptable to integrate the probabilities only over tne region in
which they change appreciably (this mi_ht not be the case for a long
range interaction, e.g. ~/r—1; see Lebeda & lhorson, 1970). However,
tiie trajectory must be started much further out, so that it follows
the correct route in the region in which interaction is occur;ing.
Thus the method used was to integrate the four classical trajectory

equations in from some large initial r= T, with initial velocity

v o= 2E , where E is the collision energy, until T =T, 82y, then
M

integsrate all ten equations until r = Ty azain, tnen stop.

k viscussion of results.

The results of tlie various calculations performed are given in

table 7. By varying Tq and oy it was founa tnat the results could

be relied on to an absolute accuracy ol * 0.001 with ro=-20 :;

r. = 500 2 (integration between Ty and ry vas very iast, so that
i
increasing r. made no significant increase in the computation time ).
~ i

Thus the small transition probabilities are unreliable but definitely

small.
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———— e

Collision Final probabilities in:
energy/cpe | b/k Nat+ 17 Na(2s) 4 I Ha(3p)+ I
1 5 9.981(~1) 1.733(-3) 1.766(-10)
10 2 9.771(-1) 2.360(-2) 1.500(~10)
5 9.928(-1) 7.399(-3) 1.094(~4)
8 9.884(-1) 1.082(-2) 7.661(-11)
100 2 9.588(-1) 4.084(-2) 8.024(-10)
5 9.970(-1) 1.118(-3) 2.812(-10)
8 9.786(-1) 2.056(~2) %.698(-6)
6 w104 5 6.182(-1) 3.820(~1) 2.579(=7)
8 »107 2 4.195(-1) 5.806(-1) 6.615(-7)
5 8.189(-1) 1.812(-1) 2.568(-7)
107 2 | 9.795(-1) 2.047(-2) 6.295(~1)
5 4.514(-1) 5.487(-1) 2.410(-7)
8 . 9.615(~1) 3.861(-2) 4.340(~8)
106 2 8.986(~1) 1.012(-1) 1.499(~-4)
5 7.8%5(~1) 2.165(-1) 6.040(-5)
g 9.694(~1) 3.058(-2) 2.661(-6)
107 5 £.392(-1) %.490(=1) 1.169(-2)
10° 2 | 1.387(-1) 1.336(-1) 7.277(-1)
5 6.566(-1) 6.761(-2) 2.758(-1)
3 9.915(-1) 4.921(~4) 7.969(-3)

Tatle 7.
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The immediate conclusion from these results is that, at encr_ies
from somewhat above thermal (which is ~5 cpe) up to the re.ion where
the Lzs probability for staying on diabatic curve 1 during a passage

4

through the crossing point r, is ~0.5 (at ~8x 10" cpe), the
probability of transition to excited sodium Na(3p)+ I is very small.
Referring back to fi; . 32, this seems quite reasonable, for, as
stated earlier, although asymptotically Hll and H55 become very
close, this is only approached at very lar,e separations, and in
particular, in the outer region, this energy difference never becomes

comparatively small to H,,. However, as the collision energy is

13
increased still further, considerable population of Na(3p) does
appear to become possible, in the region of 10° cpe (~625 keV),
which is an extremely high energy. At such an energy, the trajectory
is essentially a straight line, so the distance of closest approach
will be equal to the impact parameter. Thus when b =2 £, the high

probability of transition to channel 3 may be explained by the fact

that i, becomes comparable with (d57 - Hll) in the region of the
J

N

Hll potential well.

At more reasonable collision energies, however, forimation of
a population inversion of Na(3p) with respsct to Ha(3s) does not
seem to be possible. The possibility is, though, preswiably more
favourable the smaller the asymptotic separation H55(ao) - Hll(oo),
and it is worth examinin_ otier alkali / halogen combinations in

this respect. The separation is _iven by:

++K‘\)

N ‘ I S-S B
q,,(02) =i () = B {u P np)+ 4} - Ll

. {m(?pé_ ap)} -l e () - ()

;L2
Lo - P
ar = P np)
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Using published values for tie electron affinities EaK (CKC Hsndbook
of Chemistry and Physics, 1972) and excited state ionisation

potentials I (ioore, 1949), the separations are as follows (/cpe):

F cl Br I
Li ~15 11 -29 =17
Na 66 92 52 5
K 115 141 101 53
kb 133 159 119 71
Cs 151 177 137 89

It can be seen that the smallest positive value indeed occurs for

Na/I. However, for three combinations involving Li, the separation
is negative, i.e. there is an actual crossing; this would indicate
that formation of a population inversion by collisional charge

neutralisation would be much more favourable in these cases,

¥ Sumnary and conclusions.

Calculations within the classical trajectory approximation were
performed on the process Na¥t+ I 2 La +I, to investigate tne
possibility of forming a population inversion of excited ta(3p) with
respect to Na(%s) via such a collision.

(i) The integrals H,, & H between la® + I and Na(3s)+ I and

12 & Hi3p
a(3p)+ I respectively, vere calculatcd for various values ol the

internuclear separation r. It was found that the results fit quite

well the simple form

d. (r) = - A r exp(-37)

1

with 4= 4.61):'105 cpe; & =1.06 £77 for Na(3s) and A= 3.15 xlO5 cpe;

L= 0.85 ﬁ—l for Na(3%p); and it was confirmed that tne value for
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ng(:c) calculated from this is in agreement with published values.

(ii) It was found that, within the approximations of the
classical trajectory formulation on the three state basis Hat + I—,
Ka(3s)+ I, and Na(3p)+ I, transitions into Na(3p)+ I only become
significant (P> 0.1) at extremely high collision eneryies (& ~500 keV).
The mechanism postulated for tne enhanced population of Na(3p)
observed, i.e. transition as a result of the asymptotic near
coincidence of the diabatic curves for Wa(3p)+ I and Na'+ I, does
not appear to be important, since the energy separation in fact
falls much more slowly than the interaction integral Hl5 with
increasing r.

(iii) Consideration of other alkali / halogen pairs shows that
with Li+ ¥, EBEr, I an actual crossing occurs between the ilonic state
and the excited covalent state, so it is thought that conditions
may be more favourable for formins a population inversion in these
systems. It should be noted that possible uncertainty (~% 0.03 eV;
see Berry & Keimann, 1963%) in the electron affinity of iodine allows
the formal possibility of a distant crossing (ry2.3 xlO4 K) between
H and H even for Nal, but the magnitude of the interaction H

11 3% 13

at this distance (< 10777 cpe) rules out any poszibility of

significant population inversion due to a curve crossing mechanism.
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