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Abstract

Algebraic Topology of Manifolds

Higher Orientability and Spaces of Nested Manifolds

Abstract

Part [ of this thesis concerns the question in which dimensions manifolds with
higher orientability properties can have an odd Euler characteristic. In chapter
I prove that a k-orientable manifold (or more generally Poincaré complex)
has even Euler characteristic unless the dimension is a multiple of 2¥*!, where
we call a manifold k-orientable if the i** Stiefel-Whitney class vanishes for
all 0 < i < 28 (k > 0). For k = 0,1,2,3, k-orientable manifolds with odd
Euler characteristic exist in all dimensions 2¥T!'m, but whether there exist a
4-orientable manifold with an odd Euler characteristic is an open problem. In
Chapter [2] T present calculations on the cohomology of the first two Rosenfeld
planes, revealing that (O @ C)P? is 2-orientable and (O @ H)P? is at least
3-orientable.

Part [T discusses the homotopy type of spaces of nested manifolds. I prove
that the space of d-dimensional manifolds with k-dimensional submanifolds
inside R™ has the homotopy type of a linearised model Ty.4, which can be
thought of as a space of off-set d-planes inside R"™ with a (potentially empty)
off-set k-plane inside of it, compactified with a point at infinity representing
the empty set. Applying an induction I generalise this result to the case of
higher nestings, establishing that the space W (R") of nested manifolds inside
R™, for I a finite list of strictly increasing dimensions between 0 and n — 1,

has the homotopy type of a linearised model space T7.
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Extended Abstract

Extended Abstract

Part [[| of this thesis concerns the question in which dimensions manifolds with
higher orientability properties can have an odd Euler characteristic. It is well-
known that odd-dimensional manifolds have Euler characteristic zero. Fur-
thermore, orientable manifolds have an even Euler characteristic unless the
dimension is a multiple of 4. In chapter [I]I give a generalisation of these state-
ments: a k-orientable manifold (or more generally Poincaré complex) has even
Euler characteristic unless the dimension is a multiple of 2!, where we call a
manifold k-orientable if the 7" Stiefel-Whitney class vanishes for all 0 < i < 2%
(k > 0). More generally, I show that for a k-orientable manifold the Wu classes
v; vanish for all [ that are not a multiple of 2¥. This work has been accepted
for publication in International Mathematical Research Notices, see [HoelT7].

For k = 0,1, 2,3, k-orientable manifolds with odd Euler characteristic exist
in all dimensions 2T!'m, but whether there exist a 4-orientable manifold with
an odd Euler characteristic is an open problem. In Chapter [2] this question is
approached by discussing ways to find such a manifold. In particular I present
calculations determining the action of certain Steenrod operations on the co-
homology of two manifolds with odd Euler characteristic and dimensions high
powers of two, in an effort to determine their orientability. These calculations
reveal that the 32-dimensional manifold known as the first Rosenfeld plane
(0 ® C)P?, or alternatively in Cartan’s classification of symmetric spaces as
EIII, is 2-orientable but not 3-orientable. Furthermore, the 64-dimensional
second Rosenfeld plane (O ® H)P?, also known as EVI, is 3-orientable, and

a condition is presented under which it is 4-orientable. This can at present




Extended Abstract

not be resolved, hence the question whether a 4-orientable manifold with odd
Euler characteristic exists remains open.

Part |lI] of this thesis discusses manifolds from a different point of view. We
define a nested manifold as a manifold endowed with a submanifold, which is
potentially endowed with a submanifold of its own, et cetera. We establish the
homotopy type of spaces of nested manifolds inside R”, with an eye towards
determining the homotopy type of a category of nested cobordisms. This is
in analogy to the work of Galatius, Madsen, Tillmann and Weiss establishing
the homotopy type of the cobordism category in [GMTWO09], and refinements
of this result by Galatius and Randal-Williams for the case of a cobordism
category subordinate to R™ in [GRWI0]. Chapter [3| discusses the motivation
and background to this work, as well as setting up the overall structure of the
ongoing program into which the results in this thesis fit.

Chapter 4| discusses the homotopy type of spaces of nested manifolds, with
a particular emphasis on technical details in differential geometry that lie at
the foundation of these sorts of proofs. Section 4.2 discusses the original proof
in [GRW10] that the homotopy type of the space of d-dimensional manifolds
inside R™ is captured by a linearised model given by the Thom space of the anti-
canonical bundle over the Grassmannian of d-dimensional planes inside R™.
In particular I highlight a new technical assumption concerning a continuous
choice of tubular neighbourhood on the space of manifolds that is added to
elucidate the proof.

Section [4.3]discusses the case of the space Wj4(R") of d-dimensional manifolds
inside R™ endowed with k-dimensional submanifolds. First I describes an

additional technical assumption concerning a continuous choice of a radius
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inside of which the tangential exponential map of the manifold at 0 is injective.
Subsequently a once-nested linearised model Tj.4 is defined, which can be
thought of as a space of off-set d-planes inside R"™ with a (potentially empty)
off-set k-plane inside of it, compactified with a point at infinity representing the
empty set. I then prove that this space is indeed weakly homotopy equivalent
to the space Wj4(R™). Section applies an induction to generalise this
result to the case of higher nestings, establishing that the space ¥;(R™) of
nested manifolds inside R", for I a finite list of strictly increasing dimensions

between 0 and n — 1, has the homotopy type of a linearised model space T7.
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Manifolds with odd Euler
characteristic and higher

orientability
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Chapter 1

Manifolds with odd Euler
characteristic and higher

orientability

1.1 Introduction

Manifolds are central objects of study in geometry and topology. A basic prop-
erty of a manifold is whether it is orientable. If an n-dimensional manifold M
is closed and connected, then M is orientable if and only if its n** homology
group H,(M;Z) is isomorphic to Z. An orientation on M is a choice of a
generator for this group. A manifold is also orientable if and only if the first
Stiefel-Whitney class w; of the tangent bundle of M vanishes. This character-
istic class is the obstruction to lifting the classifying map 7 : M — BO(n) of
the tangent bundle to BSO(n), which is the double cover of BO(n).

A more restrictive property of a manifold, extending orientability, is spinability.

11



1.1 Introduction

We call a manifold spinable if 7 admits a lift to BSpin(n), the 3-connected
cover of BO(n). For an orientable manifold the obstruction for this lift is given
by the second Stiefel-Whitney class wy. Hence a manifold is spinable precisely
if wy = wy = 0.

Orientability and spinability can be generalised to a sequence of higher ori-
entability conditions in different ways, of which we here discuss three. The first
two are well-studied, whereas the third notion is new. The first generalisation
of orientability is given by the property of being k-parallelizable. A manifold
is k-parallelizable if the classifying map of the tangent bundle 7 can be lifted
to the k-connected cover of BO(n). These connected covers form the White-
head tower of BO(n), of which each stage successively kills a higher homotopy
group. By Bott periodicity, BO = lim,, BO(n) has a non-trivial homotopy
group in dimensions 0,1,2,4 (mod8), and therefore non-trivial stages of the
Whitehead tower occur only in these dimensions. The first few non-trivial

stages have special names:

BO(n) < BSO(n) <— BSpin(n) <— BString(n) <— B5brane(n) < ...

For example, BString(n) is the stage at which the fourth homotopy group
is killed, and it is 7-connected. If 7 admits a lift to BString(n), we call
the manifold stringable, which corresponds to 7-parallelizable. For a spinable
manifold, this requires 7 to be trivial on the fourth homotopy group, which
is a strictly stronger condition than requiring that ws = 0. The obstruction
class to finding a string structure on a spin manifold is &- € H YM;Z). If a
manifold is k-parallizable for k = n, the dimension of the manifold, then the

manifold is parallelizable or frameable.

12



1.1 Introduction

A second notion of “higher” orientations arises from considering orientability
with respect to different (co)homology theories (see for example [Rud98]|, chap-
ter V). There are occasionally links between the notion of being k-parallelizable
and being orientable with respect to a certain cohomology theory. For exam-
ple, a smooth manifold admits an orientation in real K-theory if and only if it
is spinable ([ABS64]). If a manifold is stringable, then it admits an orientation
for tmf, the universal elliptic cohomology theory ([AHR]).

We now define a third sequence of orientability conditions that can also be

viewed as a natural generalization of orientability and spinability:
Definition 1.1. We call a manifold k-orientable if w; = 0 for 0 < i < 2*.

A manifold is l-orientable if and only if it is orientable. A manifold is 2-
orientable if and only if it is spinable. If a manifold is stringable, then it is
3-orientable, but the converse is not true. A counterexample is given by the
manifold CP?, all of whose Stiefel-Whitney classes vanish although it is not
stringable ([DHH10]). Generally, increasing parallelizability by one non-trivial
step in the Whitehead tower implies increasing orientability by one, but the

first poses a strictly stronger condition (for details see Lemma [1.12)).

Orientability bears a nice relationship to a very classical invariant of topolog-
ical spaces, the Euler characteristic x. It is a simple consequence of Poincaré
duality that manifolds with an odd dimension have vanishing x. For orientable
manifolds however, x is furthermore even in dimensions that are not a multiple
of 4. This pattern continues: spinable manifolds have an even x in dimensions
that are not a multiple of 8. This is implied by Ochanine’s theorem on the

divisibility of the signature of spin manifolds in dimension 8%k + 4 ([Och81]).

13



1.1 Introduction

The generalisation of these statements to higher k-orientability is the main

result of this chapter:

Theorem 1.2 (Corollary [1.16|). A k-orientable manifold or Poincaré complex
M (k > 0) has an even Euler characteristic x(M) if its dimension is not a

multiple of 2F+1.

This theorem follows as a corollary from the following stronger statement about

the vanishing of a large number of Wu classes.

Theorem 1.3 (Theorem [1.15)). Let M™ be a manifold or Poincaré complez of
dimension n. If M is k-orientable for some k, then the Wu classes v; vanish

for all | such that 2% ¥ 1.

The proof is based on a relation within the Steenrod algebra derived from
recursive application of the Adem relations.

In the 50’s and 60’s of the last century, the problem of relations between
Stiefel-Whitney classes of manifolds was studied in [Dol56, Mas60, BPG64].
The question posed was to find all polynomials in Stiefel-Whitney classes of
homogeneous cohomological degree that vanish for all manifolds of a given di-
mension n. Dold answered this question for degree n polynomials, and Brown
and Peterson gave a complete although indirect description of this set of poly-
nomials for arbitrary degree in terms of a right action of the Steenrod algebra
on the cohomology of BO. In the current work, we partially answer the subtly
different question “if w; = 0 for 0 < ¢ < 2*, does w,, vanish?” Indeed, Brown
and Peterson found an extended set of relations when considering the case of
orientable manifolds. It would be interesting to study the more general ques-
tion “if w; = 0 for 0 < ¢ < 2*, which w; can be non-vanishing?”, as well as to

make the relations found in [BP64] more explicit.

14



1.2 Preliminaries

Theorem in particular implies that 3-orientable and therefore stringable
manifolds have an even Euler characteristic unless the dimension is a multi-
ple of 16, that 4-orientable and therefore 5braneable manifolds have an even
X unless the dimension is a multiple of 32, et cetera. One might wonder
whether the theorem is strict: whether k-orientable manifolds with an odd Eu-
ler characteristic exist in all dimensions that are a multiple of 2¥*1. There are
non-orientable manifolds with odd y in every even dimension as y (RP*") = 1.
Similarly, even-dimensional complex projective spaces CP*™, even-dimensional
quaternion projective spaces HP?™, and powers of the octonion projective
plane or Cayley plane (@Pz)m are examples of manifolds with an odd Euler
characteristic that are orientable and of dimension 4m, spinable of dimension
8m, and stringable of dimension 16m respectively. Hence the theorem is strict
for k = 0,1,2,3. However, to the author’s knowledge, it is an open question
whether there exist 4-orientable manifolds with an odd Euler characteristic. In
particular, one might wonder whether there exist 8-connected manifolds with

an odd Euler characteristic.

Conventions

Throughout this chapter we will be considering (co)homology with Z/2 coef-
ficients, hence from here on we write H"(X) for H"(X;Z/2). Manifolds are

considered to be closed and without boundary.

1.2 Preliminaries

This section recalls definitions and some properties of Steenrod squares, Stiefel-

Whitney classes and Wu classes.
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1.2 Preliminaries

1.2.1 Steenrod Algebra

Steenrod squares are cohomology operations on Z/2 cohomology. We recall

from [SE62] their axiomatic definition:

1. S¢': H(X) — H""(X) are cohomology operations, i.e. they are natu-

ral with respect to maps of spaces.
2. Sq° is the identity homomorphism.
3. S¢l(z) =2 — m.
4. If i > |z|, where |x] is the degree of z, then Sq¢'(x) = 0.

5. The Steenrod squares obey the Cartan formula:

S*(x —y) = D S¢'(x) — S¢(y) (1.1)
i+j=k
It follows from these axioms that the Steenrod squares obey the Adem rela-

tions: for all a and b such that a < 2b, we have

lo/2]
ses =3 (P N sgrrmesye 1.2
@“Sa' = |, _,. )54 ¢ (1.2)

c=0

As a result of the Adem relations, certain composites of Steenrod squares al-
ways vanish, for example S¢**~1S¢" = 0, as for a = 2n — 1 and b = n all
binomials on the right hand side of the Adem relations vanish. Another con-
sequence of the Adem relations is that individual squares can be decomposed

into a sum of composites of smaller squares, unless they are of the form Squ

16



1.2 Preliminaries

for some 7. Steenrod squares, subject to the Adem relations, generate a graded
Hopf algebra over [Fy called the Steenrod algebra A.
One often groups the Steenrod operations into the total Steenrod square acting

on @@, H(X) given by

Sq =8¢+ Sq' + S¢* + ... (1.3)

1.2.2 Stiefel-Whitney classes

Stiefel-Whitney classes are Z/2 characteristic classes of vector bundles. We
recall some properties from [May99], Chapter 23. An n-dimensional vector
bundle R" — ¢ — M over a manifold M can be viewed as the pull-back of the
universal bundle R" — 7, — BO(n) under a classifying map which we shall
also denote &.

§—"

L

M —— BO(n)

The Z/2 cohomology of BO(n) is given by:

H*(BO(n)) = Z/2[wy, wa, ..., wy), (1.4)

where w; with |w;| = i are the universal Stiefel-Whitney classes. We can ask

what the image of this cohomology is under the classifying map &.

Definition 1.4. Given a vector bundle ¢ over a manifold M, the i-th Stiefel-

Whitney class w;(§) € HY(M) is defined as

wi(§) = & (wi), (1.5)

17



1.2 Preliminaries

for w; € H*(BO) the universal i-th Stiefel-Whitney class.

By the Stiefel-Whitney classes of a manifold we mean the Stiefel-Whitney
classes of its tangent bundle. The Stiefel-Whitney classes of a manifold obey

the Wu formula:

Sq'(w;)

Il
i -
o
VRS
()
+
~
|
~.
|
—_
~_
g
L
&
+
<+
—~
[u—
D
SN—

1.2.3 Wu classes

Let M be an n-dimensional Poincaré complex (see for example [Ran02]) with

fundamental class u € H, (M) such that

—Np: H (M) — Hp,—.(M)

is an isomorphism. A topological manifold is a particular example of a Poincaré
complex, as is any finite CW complex that is homotopy equivalent to a mani-
fold.
Let

(,.y: H(M) x H;(M) — Z./2 (1.7)

be the pairing of cohomology and homology. M satisfies Poincaré duality for

Z/2 (co)homology, hence we have

Hom(H" *(M),7Z/2) = H,_(M) = H*(M), (1.8)

where a cohomology class y € H¥(M) corresponds to the homomorphism

x> (y — x,[M]). In particular, one element of Hom(H" *(M),Z/2) is given

18



1.2 Preliminaries

by z + (Sq*(z),[M]). Under the above isomorphism, this corresponds to a

degree k cohomology class v called the k-th Wu class, with

(vk — x, [M]) = (Sq" (), [M]), (1.9)

for all z € H"*(M). We can define the total Wu class as the formal sum

v=14v+ve+ .40, (1.10)

This allows us to replace equation (1.9)) by

(v —a,[M]) = (Sq(x), [M]), (1.11)

where Sq is the total Steenrod square and x € H*(M).
Because Sq¢'(z) = 0 if ¢ > |z|, an n-dimensional manifold only admits non-zero

Steenrod operations for ¢ < 5. Hence a manifold has maximally 5 non-zero

Whu classes.

For a smooth manifold M of dimension n, the Stiefel-Whitney classes of the
manifold can be determined from the Steenrod squares and Wu classes. Define

the total Stiefel-Whitney class as the formal sum

w=1+w +ws~+ ...+ w,. (1.12)

The total Stiefel-Whitney class w is then determined by the total Steenrod

square Sq and the total Wu class v via the relation (see for example [May99|,

19



1.3 Vanishing top Wu class implies even Euler characteristic

Chapter 23):
w = Sq(v). (1.13)

This formula can be used to define Stiefel-Whitney classes for a Poincaré com-

plex.

1.3 Vanishing top Wu class implies even Euler
characteristic

As a key step in the proof of Theorem we will need the statement that
the vanishing of the top Wu class of an even-dimensional manifold or Poincaré
complex implies that the Euler characteristic is even. The vanishing of the top
Wu class is in fact a stronger condition than having an even Euler character-

istic. This is a classical result, but will be recalled in this section.

Theorem 1.5 ([MST74]). For a smooth compact manifold M™, the top Stiefel-
Whitney class w,, is the modulo 2 reduction of an integral characteristic class
called the Euler class and it follows that the Stiefel-Whitney number (w,, [M])

equals x(M) modulo 2, hence w, = 0 if and only if x(M) is even.

For a manifold of even dimension 2n, equation [1.13|implies that the top Stiefel-
Witney class w,, = Sq¢"™v,, = vg, hence v,, = 0 implies wq, = 0, which implies
that the Euler characteristic is even.

In the more general case of a Poincaré complex, one can define Stiefel-Whitney
classes via the Wu formula. One can then show that it still holds that the top
Stiefel-Whitney class ws, is zero if and only if the Euler characteristic is even.

We here take a different route to illustrate an alternative proof method. In

20



1.3 Vanishing top Wu class implies even Euler characteristic

order to avoid the use of the Euler class we will prove that the vanishing of v,
implies an even Euler characteristic directly. For this we will first give a proof
of the statement that a symplectic vector space over any field, in particular
also Fy, has even dimension. This statement is very classical (see for example
[Jac74], section 6.2). We call a vector space V' over a field k symplectic if it
is endowed with a bilinear form A : V" x V® — k that is non-degenerate,

antisymmetric and has vanishing diagonal. The last condition is superfluous

if char(k) # 2.

Lemma 1.6. Let V" be an n-dimensional vector space over a field k and

AV X V™ = k an antisymmetric bilinear form with vanishing diagonal, i.e.
A(v,v) =0 Yve V" (1.14)

If n is odd, then A is degenerate i.e. det A = 0.

Proof. Consider the formula for the determinant:

det(A) = Z sgn(o) Hai’o(i)’ (1.15)

O'GSn

where S, is the symmetric group on n letters and a; ; are the matrix elements
of A in a given basis of V". As the diagonal of A expressed as a matrix
in this basis vanishes, any permutation o that leaves one or more indices
unchanged does not contribute to the sum. Hence, we can restrict to the set
of permutations ¥, containing no cycles of length 1. Within this subset, an
element is of order two (its own inverse) if and only if it consists of disjoint
cycles of length two. Since n is odd, there us no such element. Hence 3, can

be partitioned as 37 I3 such that ¥ consists of the inverses of the elements

21



1.4 k-orientability

in 7. The determinant formula then becomes:

det(A) = Z sgn(o) Hai,g(i) +sgn(o™ ) Hai,a—l(i)- (1.16)
i=1 i=1

cest
Note that sgn(o) = sgn(c~'). Furthermore, as A is antisymmetric and n odd,
I aio14) = =ity @1, = — I @i0(), by rearranging the terms in
the product. Hence the two products in equation cancel and hence

det(A) = 0. O

Theorem 1.7. Let M*" be a Poincaré complex of dimension 2n. Then v, = 0

implies that x(M) is even.

Proof. Define the (anti-)symmetric bilinear form
w:H"X)x HY(X) = Z/2

given by w(z,y) = ((z — y), ).

As 2? = Sq"(x) = v, — =0 for all z € H"(X), the diagonal of the w is zero.
It is furthermore non-degenerate because of Poincaré duality and because we
are working over a field. Therefore H"(X) is a symplectic vector space, and
thus has even dimension by Lemmall.6] The parity of the Euler characteristic
of a Poincaré complex is determined by the parity of the dimension of the

middle cohomology, hence it is even. O]

1.4 k-orientability

A manifold is called k-orientable if w; = 0 for 0 < ¢ < 2*. This definition

is motivated by [DHHI10], where it is noted that the condition w; = 0 for

22



1.4 k-orientability

0 < i < 2% for a manifold M is equivalent to the condition that H*(M) is
Poincaré dual with respect to the subalgebra A(k — 1) of the Steenrod algebra
spanned by Sq¢!, Sq¢?, ...,S¢*""". The latter means that the actions of these
squares are symmetrically distributed upon reflection in the middle dimension,
where we should take every operation to its image under the canonical anti-
homomorphism y from A(k) to itself (see [DHHI10] for a detailed explanation).
The well-known fact that the Stiefel-Whitney classes of degree a power of two
generate all Stiefel-Whitney classes of a manifold is a consequence of the Wu
formula and Lemma The latter we will also need for the proof of the

main theorem, hence we include both proofs.

Lemma 1.8. The Stiefel-Whitney classes of a smooth manifold are generated

by those of the form waqi.

Lemma implies that a k-orientable smooth manifold is k£ + 1-orientable
precisely if the class wyr vanishes. This motivates why in the definition of
k-orientability, it is natural to let the number of vanishing Stiefel-Whitney
classes double as we increase k£ by one. It also follows that in order for a
smooth manifold to be k-orientable it is enough to require w; to vanish for

i < 2M

Corollary 1.9. A smooth manifold is k-orientable if and only if w; = 0 for
0<i<2Ft

To prove Lemma [I.8 we need the following combinatorial lemma.

Lemma 1.10.

<2kmb_ 1) =1 (mod?2) (1.17)

for all0 < b <281 and m, k > 1.

23



1.4 k-orientability

Proof. By Lucas’s theorem ([Luc78]), the value of a binomial () modulo a

prime p can be calculated by considering the base p expansions of a and b:

(‘;) = H (Z) (modp), (1.18)

where a; and b; are the corresponding base p digits of a and b, and we use the
convention that (ZZ) =0if a; < b;.

Consider the case p = 2 with a = 2"m — 1 and b < 2¥~!. Let m =, m;2 be
the binary expansion of m, and iy the index of the lowest non-zero digit of m.

Then

a=2"m—1=> m2™—1=" " m2 420k _1, (1.19)
i i>i
hence the binary expansion of a ends in a sequence of 1’s: a; = 1 for 0 <
1 < 19+ k — 1. On the other hand, b; = 0 for ¢ > k. Hence every term in
equation ([1.18]) is of the form (é), G) or (8), each of which equals 1 and hence
(}) =1 (mod2). O

Proof of Lemma[1.8 We can rearrange the Wu formula ((1.20]) as follows:

i—1 . .
i—1 . jt—i—1
(j i )wjﬂ = Sq ('U}J) + E ( " )witwﬂt. (120)

t=0

Hence we can rewrite w,, in terms of Stiefel-Whitney classes of a lower degree
precisely if we can split up n as ¢ + j with 4,5 > 1 in such a way that (jzl)
is non-zero modulo 2. If n is not a power of 2, then n = 2* + i for some
i < 2% setting j = 2. Applying Lemma for m = 1 and b = 4, we see that
() =1 (mod?2).

7
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1.4 k-orientability

If n is a power of 2, then ¢ + j — 1 has only 1’s in its binary expansion, hence
every factor in the product given by equation computing (j ;1) modulo
2 is of the form (é) =1 or ((1)) = 0. Then the only choice of ¢ for which
(j :1) modulo 2 is non-zero is then ¢ = 0, in which case the Wu formula states

Wy, = W,

]

The lemma below shows that we could also have used the Wu classes rather

than the Stiefel-Whitney classes to define k-orientability.
Lemma 1.11. The following are equivalent:
(i) A manifold is k-orientable
(i) v; =0 for 0 < i < 2+1
(i4i) v; =0 for 0 < i < 2%
Proof. 1t follows from equation that

Li/2]

w; = Z S¢ (vi). (1.21)

From this formula it follows immediately that v; = 0 for ¢ < 2¥~! implies
w; = 0 for i < 2%-1 and that v; = 0 for i < 2¥ implies w; = 0 for i < 2%, giving
the implications (ii) = (i) and (ii) = (7).

We will show by induction that the lowest non-vanishing Stiefel-Whitney class
equals the lowest non-vanishing Wu class, i.e. if w; = 0 for 0 < @ < n, then

w; = v; for 7 < n. Note that w; = v;. Assume that w; = 0 for 0 < ¢ < n and
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1.4 k-orientability

by induction hypothesis v; = w; = 0 for 0 <7 < n — 1. Then

/2
Wy, = Uy, + Z S¢’ (vi—j) = vp.

j=1
It follows that w; = 0 for ¢ < n implies v; = 0 for ¢ < n, hence (i) = (i) and

]

When comparing k-orientability to k-parallelizability, one would naively ex-
pect that only 2*~!-parallelizability would imply k-orientability of a manifold.
However, by the classical work of Stong ([Sto63]), the Stiefel-Whitney classes
of the n-connective covers of BO vanish exponentially with n, with the number
of vanishing w; doubling at each non-trivial stage (occurring in degrees 0, 1, 2

and 4 modulo 8). Indeed, we have the following theorem:

Theorem 1.12 ([Sto63]). Let ¢(n) be the number of integers s with 1 < s <n
such that s =0,1,2,4 (mod8). If a manifold M is n-parallelizable for n with
o(n) >k, then M is k-orientable.

In other words, a lift of the classifying map of the tangent space of M to
the k' non-trivial stage in the Whitehead tower of BO(n) precisely implies

k-orientability.

In a similar way as one could consider lifts to a sequence of connected covers
of BO(n) to give a homotopy-theoretic definition of k-parallisability, one can

build a sequence of covers of BO(n) such that lifts give rise to a k-orientation:

BO(n) - BSO(n) <= BSpin(n) <— BOrs(n) <— BOry(n) «+ ...

26



1.4 k-orientability

Here we formally define BOrg(n) up to homotopy by taking the homotopy

fibre of the maps that classify the appropriate Stiefel-Whitney classes:

BOr,(n) — BOry_1(n) 2% K(z,/2,2F1). (1.22)

The class wqr-1 is non-trivial in the cohomology of BOr;_1 = lim,, BOr_1(n)

by the lemma below.

Lemma 1.13. wy:—1 is a non-zero characteristic class of the map BOry_1 —

BO.

Proof. For n such that ¢(n) = k — 1 and BO[n] the n-connected cover of BO,

consider the diagram

BOTk_l

BO[n] —— BO —“"1y K(7,/2, 261

By the work of Stong in [Sto63], BO[n] has the propery that its Stiefel-Whitney
classes w; vanish for 0 < i < 2¥~! but wyx—1 does not vanish. Hence the map
BO[n] — BO admits a lift to BOrj_4, while the composite of the maps along
the bottom of the diagram is not null-homotopic. Therefore the composite

BOr;,_, — BO 224 K(Z/2,2F1) is not null-homotopic either. O

By Lemma [1.8] it suffices to kill only the Stiefel-Whitney classes of the form
wqi for ¢ < k to classify k-orientable smooth manifolds.
For k > 3, the long exact sequence in homotopy corresponding to ([1.22)) re-

duces to the short exact sequence:

0 — mor1 (BOPy) = Z 225 7,/2 — 0, (1.23)
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1.5 Proof of Theorem |ﬁ|

hence mor-1(BOry) = Z.

1.5 Proof of Theorem (1.2

We will now prove our main result that k-orientable manifolds have an even
Euler characteristic as long as their dimension is not a multiple of 2¥*!. In
order to do so, we first prove a technical result that describes a relation in the
Steenrod Algebra, arising from repeated application of the Adem relations. It
tells us how Steenrod squares decompose that are k — 1 times even but not &

times even.

Proposition 1.14. Let n = 2Fm + 2F1 for some m >0, k> 1. Then

2k71

Sq" = Z Sq'a™ ™, (1.24)
i=1

where o™~ is a sum of composites of squares.

Proof. For m =0, n = 2¥~1, thus the result follows.
Assume m > 1. For a and b with a < 2b, the Adem relations can be rearranged
as follows:

b—1 gy |
< )Sq“+b = S5¢*Sq® + Z < " )Sq“+b_cSqC. (1.25)
c=1

a — 2c

Applying this to a = 2871, b = 2Fm, with n = a + b, gives:

ok—2

2km — 1 n gk—1 gk 2km —c—1 e o c
( -1 >Sq =S¢* Sq +Z< o1 g )Sq S¢°. (1.26)

c=1
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1.5 Proof of Theorem |ﬁ|

. . 2km—1\ -
By Lemma |1.10] the binomial ( 2;”_1 ) is non-zero. Hence we have now ex-

pressed Sq¢" as the sum of a term with a small square in front, quk_15q2km,
and a remainder. Each term in the remainder contains Sq" ¢ for some ¢, with
1 < ¢ < 282 Define i = 2872 — ¢ such that S¢" ¢ = S¢2" ™. We use strong
induction on i to show that each of these squares can be written in the desired
form, as a sum of composites in which each term has a square on the left of
degree less than or equal to 2F71.

The base case is given by i = 1. Applying equation (1.25)) for a =1, b = 2*m

gives:

2Fm — 1
( m1 >S 2Pm41 _ qu m+l _ Go qu m (1.27)

which is of the desired form.

2k m+4

Suppose that Sq can be written in the desired form for all 7 < 75. We will

show that Sg2™*# can also be written in the desired form. Applying 1)

for a = 4o, b = 2"m gives:

2km — 1 , :
( m >Sq2km+zo — quOSqka
0

7
[0/2]

2km+io—c c
+Z< 0-20 )Sq Sq°. (1.28)

By Lemma [1.10} the binomial (zk%_l) is non-zero. The first term on the right

k s
2'm+tio—¢ can be

hand side is of the right form, and by the hypothesis, each Sq
written in the desired form. This concludes the induction.
Hence we observe that all terms in equation ([1.26)) are of the form Sq¢‘a™*

for some composite of squares o/™*. Collecting the terms with the same Sq’

in front and making use of the linearity of the squares renders the desired
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1.5 Proof of Theorem |ﬁ|

formula. O

Theorem 1.15. Let M™ be a manifold or Poincaré complex of dimension n.

If M is k-orientable for some k, then the Wu classes v; vanish for all | such

that 28 4 1.

Proof. By Lemma [1.11] v; = 0 for 0 < i < 2* as a consequence of the k-

orientability of M. Hence, by the definition of v;, the operations
Sq': H" (M) — H™(M)

vanish for i < 2.
Consider v; such that 2¥ { 1. Let &’ — 1 < k be the highest power of 2 dividing

1, such that [ = 2¥'m’ + 2¥~! for some m’. Then by Proposition m

lefl

Sql _ Z Sqial—i7
=1

for some operations !~*. We consider this square with target the top dimen-
sion:

Sq¢': H"N(M;Z/2) — H"(M;7Z/2).

In the decomposition of S¢, the operations
Sq': H"Y(M;7/2) — H"(M;Z/2)

are of degree 0 < i < 2¥~1 < 2% with target the top dimension and hence
vanish. Therefore Sq¢' with target the top dimension vanishes, which implies

that v; = 0. O
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1.5 Proof of Theorem |ﬁ|

Theorem for k > 1 now follows as a corollary of the theorem above.
Note that the case k£ = 0 is a trivial consequence of Poincaré duality: odd-

dimensional manifolds have zero, thus in particular even, Euler characteristic.

Corollary 1.16. A k-orientable manifold or Poincaré compler M (k > 1)

of dimension 2n has an even Euler characteristic x(M) if 281§ 2n.

Proof. We have that 2% { n, hence the top Wu class v,, vanishes by Theorem
[1.3] By Theorem this implies that the Euler characteristic is even.

31



Chapter 2

Orientability of the Rosenfeld

planes

2.1 Introduction

The fact that manifolds of odd dimension have a vanishing Euler characteristic
is a straightforward consequence of Poincaré duality. For orientable manifolds,
the Euler characteristic is moreover even in dimensions that are not a mul-
tiple of 4. Ochanine’s theorem for the divisibility of the signature of spin
manifolds implies that the Euler characteristic of spin manifolds is even unless
the dimension is a multiple of 8 ([Och81]). This sequence of statements was
generalised in the previous chapter: for higher orientable manifolds, the Euler
characteristic is even in more and more dimensions (Theorem |1.2)).

This chapter discusses the question of whether this theorem is strict: does a
k-orientable manifold with odd Euler characteristic (x) exist in all dimensions

admitted by Theorem for all values of k7 For k = 0,1, 2, 3, the answer is
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2.1 Introduction

yes, and the exemplifying manifolds are summarised in the following table.

k | corresponds to dimensions with k-orientable
odd Y possible | manifolds with

odd x

0 | any manifold 2m RP*™

1 | orientable manifolds dm cp?™

2 | spinable manifolds 8m HP?™

3 | implied by stringable 16m (OP*)™

4 | implied by fivebraneable 32m ?

Whether a 4-orientable manifold with odd Euler characteristic exists is cur-
rently an open question. By theorem [I.2] such manifolds would need to be
of dimensions that are a multiple of 32. One might look for examples of
highly orientable manifolds with odd Euler characteristic by considering spe-
cial classes of manifolds that generalise the sequence of projective planes over
division algebras. For example, [KS17] considers the existence of rational pro-
jective planes in different dimensions. Rational projective planes are simply
connected, smooth, closed manifolds with rational cohomology isomorphic to
Qla]/{a?), and thus odd Euler characteristic. Kennard and Su show that these
manifolds exist in dimensions 4, 8, 16, 32, 128 and 256, but there are none
in any dimension between 256 and 2'3, with the possible exception of 544,
1024, 2048, 4160 and 4352. Whether there exist infinitely many rational pro-
jective planes remains an open question. However, the authors did show that
no spinable rational projective planes exist in dimensions other than 8 and 16
([KS17], Theorem C). Hence all rational projective planes besides those in the

same dimensions as HP? and OP? are 1-orientable but not 2-orientable.
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2.1 Introduction

A different direction in which to generalise the notion of projective planes is
given by considering symmetric spaces. All projective spaces over different
division algebras are in particular symmetric spaces of different Lie groups.
Irreducible compact symmetric spaces were classified by Cartan and there are
seven infinite families and twelve exceptional spaces in this classification. Re-
cently, a uniform construction of all compact symmetric spaces was found,
describing them as different types of Grassmannians using the four division
algebras and the Freudenthal magic square ([HL11]). Three particularly inter-
esting symmetric spaces in this context are given by the Rosenfeld planes of
dimensions 32, 64 and 128. These manifolds have an odd Euler characteristic.
They can be described as Lie group quotients of the exceptional groups FEjg,

E; and FEg in the following way ([Bae(2]):

(O®C)P? = Eg/((Spin(10) x U(1))/Z/4)
(O@H)P* = Br/((Spin(12) x Sp(1))/Z/2)

(0®Q)P* = Es/(Spin(16)/7/2)

In Cartan’s classification scheme the Rosenfeld planes are denoted by EIII,
EVI and EVIII respectively. The cohomology of EIII or (O ® C)P? is known
integrally, for EVI or (O ® H)P? the cohomology is known modulo 2 and for
EVIII or (O ® Q)P?, as well as EV and EIX in the classification scheme, the
cohomology remains undetermined.

Rather than requiring the lowest Stiefel-Whitney classes to vanish, one can
equivalently require that Wu classes in the same degrees vanish (Lemma.

Hence, whether a manifold is k-orientable can be established by considering the
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2.2 Orientability of ETIT or (O ® C)P?

action of the Steenrod algebra on its cohomology. In this chapter we consider
the orientability of (O ® C)P? and (O ® H)P? by considering the action of the
Steenrod algebra on their mod 2 cohomology. The integral cohomology of (O®
C)P? was determined in [TW74], and the action of the Steenrod algebra was
determined in [[sh92]. The mod 2 cohomology of (O ®H)P? was determined in
[NakO1], and in the process the action of the Steenrod algebra was established
partially. We here calculate the action of specific Steenrod squares with target
the top cohomology in order to further our understanding of the orientability
of (0®C)P? and (O®H)P?. The computations make use of a program written
in Mathematica by the author that aids in the expansion of the Cartan formula

on large products. This leads to the following results for the orientability of

(0 ® C)P? and (O ® H)P2.
Theorem 2.1 (Theorem [2.6). (O ® C)P? is 2-orientable and not 3-orientable.

Theorem 2.2. (0 ® H)P? is S-orientable. It is j-orientable if 3" + V" =1,
where 3" is the prefactor of yayiyr2 in Sq®y12 and V" is the prefactor of y2y3yao

in Sq*ys0-

The prefactors 8”7 and v” are part of the indeterminacy in our current knowl-
edge of the action of the Steenrod algebra on the mod 2 cohomology of
(0O ® H)P? as established in [Nak0T].

2.2 Orientability of FII] or (0 ® C)P?

In this section we determine that the first Rosenfeld plane (O @ C)P? is 2-

orientable and not 3-orientable by performing calculations of the action of the
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2.2 Orientability of ETIT or (O ® C)P?

Steenrod algebra on its cohomology. The integral cohomology of this manifold

was determined as a ring in [TW'4]:

H*((0® C)P*Z) = Z[t, w]/(t — 3w’t, w® + 15w*t* — Jwt®), (2.1)

where ¢ is in degree 2 and w in degree 8. From this expression we determined
an additive basis in every degree using Mathematica, the result of which can
be found on [Hoe] under Additive cohomology of (O ® C)P?. As the integral
cohomology is concentrated in even degrees, the mod 2 cohomology is given
by

H*(0® C)P%7Z/2) = H (0 ® C)P%:Z) ® Z/2. (2.2)

We write ¢ and w’ for the mod 2 reductions of the generators ¢ and w. The
calculations are done by considering a general expression for the Steenrod

operations, for which we subsequently substitute the coefficients as established

in [Ish92].

Lemma 2.3. The action of the Steenrod algebra on H*((Q ®@ C)P%*Z/2) is

fully determined by four coefficients «, B,7,0 € Z/2, where:

SPw' = at’® + pt'u; (2.3)

Sgtw' = A%+ 5w (2.4)

Proof of Lemmal2.3. As there is no odd degree cohomology, all odd squares
are zero. The action of S¢* on any class can be decomposed into its action
on t' and w’ by use of the Cartan formula. Hence the entire action of the

Steenrod algebra is determined by Sq¢?t’ = t"2, S¢*w’, S¢*w’ and S¢¥w’ = w'.
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2.2 Orientability of ETIT or (O ® C)P?

H'"((0® C)P?;Z/2) is spanned by #° and #'w’, therefore Sq?w’ is some linear
combination of these. Similarly H'?((Q ® C)P?;Z/2) is spanned by " and

tle/. D
We list the signature of the manifold, which follows from the explicit compu-
tations.

Lemma 2.4. The signature of (O @ C)P? is 3.

Proof of Theorem [2.J] Computer calculations show that H**((Q® C)P?;Z) =
Z with t'6 = 78 2w = 45, t%w? = 26, t'w? = 15 and w? = 9. H(0O®

C)P?; Z) = 7?2 spanned by 8, tw and w? hence in this basis the cup square is

given by
78 45 26
45 26 15 (2.5)
26 15 9

which has three positive eigenvalues. O]

The orientability of (O ® C)P? can be established by computing the action of

the Steenrod squares reaching up to the top dimension.

Proposition 2.5. For a,f3,v,0 € Z/2 as in Lemma (0 ® C)P? is 2-
orientable if 5 = 1; 3-orientable if also 0 = 1, in which case it is also 4-

orientable.

Proof. As H'((0 @ C)P%Z) = 0, we have w; = 0 hence (0 ® C)P? is (1-
Jorientable.
Computer calculations show that H3°((0 ® C)P%Z) = Z with t1% = 78,

t'w = 45, t"w? = 26 and t3w?® = 15. In order to check whether wy, = 0,
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2.2 Orientability of ETIT or (O ® C)P?

we check whether S¢* : H*°((0 ® C)P%Z/2) — H*((0 ® C)P%Z/2) van-
ishes. Denote by ¢’ and w’ the images of t and w under the ring homomor-
phism given by tensoring H*((Q ® C)P?;Z) with Z/2. Then the generator of
H3((0 ® C)P?;,Z/2) can be represented as t'''w’ or as t*w’. Applying Sq¢>

to this and using the Cartan formula:

SEtMw) = S w + S (w')
= 2w + " (ot + Btw)
= (1+8)t"w + at®
= (14 8)t"

= (1+p5) (2.6)

And similarly

Sq2(tl3w/3) — (1+ﬁ)t'4w’3

= (1+5). (2.7)

Both #12w’ and #"*w” represent the generator of H3?((0 @ C)P?;Z/2), hence
we = 0 if and only if § = 1.
H?((0 ® C)P?%Z) = Z with t'* = 78, t'%w = 45, t5w? = 26 and t*w? = 15,

hence H*((0 ® C)P?;Z/2) = Z/2 generated by %’ or equivalently #"?w’.
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2.2 Orientability of ETIT or (O ® C)P?

S¢* (") = S¢*(t")w + SPF()SP (w') + 0S¢t (w')
— (120> (Sq2(#))” ®w' + 0 + "0 (41° + 51w
= (1+6) 2w +~t"°
= (1+0) "

= (1+490) (2.8)

and similarly

Sq4(tl2w/3) — <1+5)tl4wl3

= (1+9). (2.9)

Hence (O ® C)P? is 3-orientable if and only if 5 =1 and § = 1.

H*((0 ® C)P?;Z) == 72 with t'2 = (3,9), t"8w = (2,5), t'w? = (1,3) and
w3 = (3,0). After tensoring with Z/2, we thus get that in H?*((Q®C)P? Z/2),
"2 = (1,1), %' = (0,1), *w”? = (1,1) and w" = (1,0). First we act on

50 = (0,1).

Sq8(t/8w/> — Sq8(tlg)w/ + Sq6(t’8)5q2(w’) + Sq4(t’8)5q4(w’)
+S¢ (%) S0 (w') + "8 Sqg® (w')
_ t/sw/2

= 0. (2.10)
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2.3 Orientability of EVT or (O @ H)P?

Alternatively, acting on ' = (1, 1) gives

S = t3(S¢*")* (Using Mathematica)

t16

- 0, (2.11)

hence Sq¢® : H**((0 ® C)P?%,Z/2) — H**((0 ® C)P?;Z/2) also vanishes on
(1,0) = (1,1) + (0,1), thus it vanishes entirely. This implies that (O ® C)P?

is automatically 4-orientable if it is 3-orientable. [
Theorem 2.6. (O ® C)P? is 2-orientable (spin) and not 3-orientable.

Proof. By [Ish92], « = 8 = v = 1 and 6 = 0. Hence by Proposition [2.5]

(0 ® C)P? is 2-orientable but not 3-orientable. O

2.3 Orientability of EVI or (0 @ H)P?

For (0 @ H)P? the mod 2 cohomology was established as a ring by [Nak01],
and it is generated by five classes in degrees 2, 3, 12, 16 and 20, modulo an
ideal generated by twelve relations. In [Nak(0l] also the action of Sq¢*, S¢?,
Sq* and S¢® was determined on all generators, modulo twelve undetermined
coefficients. We here perform calculations that show that (Q®H)P? is at least
3-orientable, but because of two of the undetermined coefficients it cannot be

established from this information whether (O ® H)P? is 4-orientable.

Theorem 2.7 ([NakO1]).

H*((0 @ H)P?, Z/2) = Z/2 [y2, Y3, Y12, Y16, Y20) / (2.12)
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2.3 Orientability of EVT or (O @ H)P?

where J 1s an ideal generated by twelve homogeneous relations:

Y, Y16Y2 + Y12Y3 + YSY2, Y16Y3, Yiala + Y12Yays + Yooy,
Y3, Y12Y16 + 9%4 + 9129393 + yélyé‘i, Yy + Y16Y20 + yé’yzoyi,

Yial16 + Yso + Y1203 Y3, Yial20 + Y125°Y3 + Y12Ys 2003,

Y12Yis + Y12U3° Vs, Uis T Y12Y16Y20 + Y12YsY20Y3, YisYoo + Ya Y203

Along the way to establishing Theorem [2.7] a number of Steenrod operations

are determined in [Nak01] and used in the computation.

Lemma 2.8 ([Nak01]). Sq¢'y; = 0 unless i = 2, in which case

Sq'ys = s

Lemma 2.9 ([Nak01]).

S (yi2) = Ys + yayiz2 + Yy
Sq*(yi2) = vs+ yayie + Y33,

qu(ym) = Yo+ ygle + a”y§y§ + 3"923432,%2»

for some coefficients o/, ", B" € 7./2.
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2.3 Orientability of EVT or (O @ H)P?

Lemma 2.10 ([Nak01]).

S¢*(y16) = 0
Sq4(yl6) = y;yg,,

S (yis) = i +7'¥3Y5 + 8 Ysyi v,

for some coefficients v, §" € 7./2.

Lemma 2.11 ([Nak01]).

Si*(y20) = Ya' + Yoyoo + HYSY3 + VYSY3 Y12,

Sqt(y0) = y2 + ySyre + WydyE + V'ySytua,

S (y20) = yrayie + Yiyrz + Ny w2 + 1" y3y3 s + vy ys0,

for some coefficients p, v, y', v/, N, p’, v" € Z/2.

In order to determine the entire action of the Steenrod algebra on the coho-
mology of (O ® H)P?, one would need to establish the values of the twelve
unknown coefficients above and compute Sq'6yq.

In the sections below we calculate the remaining actions of the Steenrod op-
erations up to Sq¢® on the generators, namely the action of S¢3, Sq¢°, S¢° and
Sq". A program in Mathematica was written to aid with the expansion of the
Cartan formula on larger products and to automatically replace the previously
established smaller squaring operations, which can be found on [Hoe] under

Expanding the Cartan formula in Mathematica.
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2.3 Orientability of EVT or (O @ H)P?

After establishing these smaller squares we calculate the action of Sq', S¢?,
Sq* and Sq¢® up to the top dimension to establish the orientability of (Q®H)P2.
The use of the Mathematica code is essential especially for these latter calcu-
lations as the expansion of the Cartan formula on larger products with high
squares involves a large number of terms. For example, the Cartan formula
for expanding S¢® on a product of twelve generators contains 75,582 terms,
each of which is a product of twelve sums with up to five terms each, most of
which are repeated an even number of times and hence vanish in the end. A

note is made in all places where Mathematica was used.
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2.3 Orientability of EVT or (O @ H)P?

2.3.1 Computing the action of S¢® on the generators

S¢*ys = 3

Sy = Sq'S¢Pyio
= Sq"(y3 + yay1o + v2u3)
= Sq'(ys) + Sq* (y2y12) + Sq* (vay3)
= ySys + ysvia + 0+ Sq (yh)Z + viSq' (43)

= ySys + Y3Y12

Sy = S¢'S¢Pye

= 0

ngyzo = 5(115(12920
= 5q' (y3" + yaweo + HY5Y3 + vYsYsY2)
= Sq' (y2)ua" + Sq* (y2)y20 + ¥259 (y20) + 1Sq" (593) + vSq' (Y5y3v12)
= 45ys + ysy0 + 115q (¥3)y3 + vSqat (13)yiya

= y3%Ys + Yaya0
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2.3 Orientability of EVT or (O @ H)P?

2.3.2 Computing the action of S¢° on the generators

Sq5y12

Sq5y16

Sq5y20

Sq'Sq'yi
Sq' (y5 + yayia + a'y5y3)

/.4 3
QYsYs3

Sq' Sq*yie
Sq* (yay3)

Ysys

Sq' Sq ya

Sa' (yts + YSyrz + WYSY3 + V' Ysy3yia)

Sq' (yis) + Sq' (ysy12) + 1'Sq* (y393) + V'S (y3y3v12)
Sq' (Ys)yr2 + ¥55¢" (yr2) + 1'Sq" (¥3)vs + 1'v35¢" (v3)
+V'Sq (3) vz + V'Y Sq (U3 w2 + Y'Yy Sqt (112)

0+0+1/Sq" (y3)ys + 0+ v'Sq" (¥3)y3y12 + 0+ 0

1Y5Ys + V'Y3ysyna
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2.3 Orientability of EVT or (O @ H)P?

2.3.3 Computing the action of Sq¢° on the generators

Sq6y12

Sq6y16

Sq6y20

Sq°Sq 12 + S¢*Sq*yia

0+ Sq*(y5 + yayrz + o'y303)

(Sq' (12))* + S¢*(y3mr2) + 'S (y3v3)

0+ 5 + ySy2 + yyia + Yoy + &'ySy2  (Using Mathematica)

ys 4+ (1 + o )ysys + vavaz + y3yia

Sq®Sq yi6 + Sa*Sq*y1e

0+ Sq*(y3y3)

Sq*(ys)ys + Sq*(y3)Sq (y3) + y3S4* (v3)
(v5 + y5y)ys +0+0

Ysy3 + Ysys

Sq°Sq ya0 + Sq°Sq ya0
0+ S (yiy + ysyrz + WYSY3 + Vysysua)
(Sq'y12)* + S (Ys12) + 1'Sq* (y33) + V'S¢* (Y395 012)
0+ 13” + 13°y3 + vy + sz + 1 (13°y3)
10, 2

+V’(y2 Y5 + ygyg + yzyéylg) (Using Mathematica)

yad + (14 1/ 4 )12 + yovio + yayayio + V (Ysys + vaysyi)
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2.3.4 Computing the action of Sq¢” on the generators

Sq7y12

5617916

S q7yzo

Sq'Sq°(y12)

Sq' (5 + (14 a")y5u3 + yayrz + Yayr2)

Sq'(yy) + (1 +a')Sq' (y593) + Sq' (Y5y12) + Sq' (Y3912)
Y5ys + 0+ y5ysy12 + 0

YoUs + Y3Ysyio

Sq'Sq®(yi6)
Sq (y5ys + v5ys)
Sq' (v5y3) + Sq* (y5ys)

0

Sq"Sq®(y20)
Sq* (yy® + (1 + 1/ + V)3 + yayio + yayavia + V'yays + V'yaysyi2)
Y2y + 0+ y5ysy12 + 0 + V'ySy5 + V'y5y1

Ya2ys + ySysya + V'ySys + VySynn

2.3.5 3-orientability of (O ® H)P?

The orientability of (O ® H)P? can be established by calculating the actions

of the Steenrod squares that reach up to the top dimension. An additive basis

for the cohomology, together with the monomials in all generators expressed

in this basis, was calculated from the presentation given in Theorem [2.7] using
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MAGMA, with the help of Robert Bruner. It can be found on [Hoe] under
Monomials in additive cohomology of (O @ H)P?. This description lists all
monomials in the five generators ys, y3, ¥12, y16 and yso up to degree 64, listing
which of these are zero in the cohomology and which are equated. The list of
ranks of H*((O ® H)P?;Z/2) from dimension 0 up to and including dimension

32 is as follows:
(1, 0,1,1,1,1,2,1,2,1,2,1,3,1,3,2,4,2,4,2,5,2,5,3,6,3,6,3,6, 3,6, 5, 2, 7).

The image of Sq' is also calculated in [Nak01I] and since H*((0O ® H)P?%; Z)
has only 2-torsion, the integral cohomology of (O ® H)P? can be determined

additively from this information.

Lemma 2.12. (O ® H)P? is 1-orientable.

Proof. H'((0 ® H)P?,Z/2) = 0, hence w; = 0. O
Theorem 2.13. (0 ® H)P? is 2-orientable.

Proof. In order to establish 2-orientability of (O ® H)P?, we will compute the
action of Sq? on H®?((O®H)P? Z/2), which is generated by yay3,. We expand
the Cartan formula with the use of Mathematica, and substitute in the results

for the smaller squares obtained in sections - This gives:

SE(aye) = D Sq'y2S¢y20 5S¢y Sq'y20

it j+k+1=2

= Y5 Yao + HYSY3Ya0 + VY Y3Y12Y50

= 0.
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Hence we see that the Sq¢? to the top dimension vanishes, hence wy = 0. As

(0O ® H)P? is a smooth manifold, ws = 0 as well. O
Theorem 2.14. (0O ® H)P? is 3-orientable.

Proof. H((0 ® H)P?;Z/2) = Z/2 generated by y3,. Expanding the Cartan

formula and substituting in lower squares in Mathematica we see that

Sq*(yz) = Z S4"y20 S¢y20 Sq"ya0

it j+k=4
= 200 + 12Uyt 000 + VAR a0 + 1YYy,

U Y3y Y12Y50 + YioYao T YaYao

= 0.

Hence the action of Sq¢* up to the top dimension is zero, hence w, = 0. Then

ws = wg = wy = 0 as well. O

2.3.6 Potential 4-orientability

Theorem 2.15. (O ® H)P? is f-orientable if 3" + 1" = 1.

Proof. H®((0 @ H)P?;Z/2) has two generators. Generator yi2y;ays has a
unique monomial representing it. The other generator has five representing
monomials, one of which reads y5y2y12y20. Expanding the Cartan formula and

substituting in lower squares in Mathematica yields:
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ng(ygygylgygo) =0

Sq® (Y2 y1aya0) = (14 8" + " )yays,

Hence Sq¢® vanishes on both generators of H*¢((Q ® H)P?;Z/2) precisely if
B” + V" =1, in which case (0 ® H)P? is 4-orientable. O

The coefficient 3" is the prefactor of yay3y12 in Sqdy12 and v is the prefactor

of y2y§yzo in 5q8y20-
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Chapter 3

Overview of program of
studying nested manifolds and

cobordisms

3.1 Introduction and background to the study

of nested manifolds and cobordisms

3.1.1 Nested manifolds and cobordisms

The classical notion of cobordism groups, of which elements are given by man-
ifolds up to cobordism, can be viewed as the connected components, 7, of a
cobordism category. Cobordism categories have as their objects closed mani-
folds of a certain dimension and morphisms are given by cobordisms between
the objects. The higher homotopy groups of cobordism categories extend the

notion of cobordism groups, and they were computed in the influential pa-
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3.1 Introduction and background to the study of nested manifolds and
cobordisms

Figure 3.1: An example of a nested manifold My.i.9: a surface endowed
with a 1-dimensional submanifold, which is endowed with a 0O-dimensional
submanifold.

per [GMTWQ9] to equal the stable homotopy groups of the Madsen-Tillmann
spectrum.

Part [[T of this thesis concerns the study of spaces of nested manifolds. This
forms a foundational part in the study of nested cobordism categories, which are
objects that generalise the usual cobordism categories studied in [GMTW09].

We give the following definition of a nested manifold, illustrated in Figure|3.1
Definition 3.1. Given a finite sequence of non-negative integers I = d; <
dy < ... < d,,, a nested manifold with dimensions I is an ordered tuple

MI = (Mm7 Mm—b ERE) M1)7

where M,, is a smooth d,,-dimensional manifold and for ¢ < m, we have that
M; is a closed subset of M;,; that is diffeomorphic to a smooth manifold of
dimension d; without boundary. Note in particular that if the submanifold M;

is the empty set, then so are the submanifolds M .; of lower dimensions.

Similar and related notions are also known by the name of relative manifolds
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3.1 Introduction and background to the study of nested manifolds and
cobordisms

(e.g. [YoslT]), stratified manifolds (e.g. [Lur09]), manifolds with singularities
or simply manifolds with submanifolds (and potentially subsubmanifolds et
cetera). Note that we here consider manifolds without boundary, hence a pair
of the form (M,0M) is not considered to be a nested manifold. However, a
manifold with boundary can be doubled along the boundary, yielding a closed
manifold with the original boundary as a submanifold.

The central object of study in chapter [4is a space of nested manifolds inside
R™, referred to as W;(R"™), of which we shall determine the homotopy type.

We here give the definition of U;(R") as a set, and it will be endowed with a

topology in []

Definition 3.2. Let I be the list d; < ds < ... < d,,,, with d; > 0 and d,, < n.

We define U (R™) to be the set of m-tuples of subsets

MI = (Mm7 Mm—la ey Ml);

of R™, that are nested in the sense that M,, D ... D My D M, and for each
7, M; is a smooth d;-dimensional submanifold of R” without boundary and

closed as a subset of R".

The set U (R") equals the set of nested manifolds My where I’ = I < n and
M, 1 =R".

Studying the space of nested manifolds conjecturally relates to the study of
nested cobordism categories in ways that are explained in detail in sections
and The following can be thought of as an intuitive definition of a nested

cobordism category, illustrated in Figure [3.2]

Predefinition 3.3. For non-negative integers k < d, a once nested cobordism
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3.1 Introduction and background to the study of nested manifolds and
cobordisms

Figure 3.2: Example of a morphism in Cys.

cateqory Cr<q 1S a category with:

o An object in Cr<q is given by a (d — 1)-dimensional manifold M with a

(k — 1)-dimensional submanifold N .

e A morphism from (M,N) to (M',N') is a pair (W, V') where W is a d-
dimensional cobordism between M and M', V is a k-dimensional cobor-

dism between N and N', and V is a submanifold of W .

To define higher nested cobordism category C; for a sequence of dimensions I
as before, the submanifolds and subcobordisms are again endowed with subsub-

manifolds and subsubcobordisms, et cetera.

3.1.2 Cobordism categories with additional structure

A number variants of cobordism categories with additional structure have been

studied before. In [RWTI] an embedded cobordism category Cq(M) is stud-
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3.1 Introduction and background to the study of nested manifolds and
cobordisms

ied, with as objects (d — 1)-dimensional manifolds embedded in some fixed
background manifold M, and morphisms cobordisms inside M x [0, 1]. For ev-
ery choice of n-dimensional manifold M, this category forms a subcategory of
the nested cobordism category Cy-,,. Other examples of cobordism categories
with additional structure or constraints include the work by Genauer studying
cobordisms with specific types of corners (|[Genl2]), and by Perlmutter con-
sidering cobordisms with Baas-Sullivan singularities ([Per14l [Per15]). In each
of these cases, the homotopy type of these categories is established.

Ayala in his thesis studied a general method using equivariant sheaves to
prescribe “geometric structures” on the cobordism category and describe the
homotopy type of the resulting cobordism categories with additional structure
([Aya08]). One instance of such an additional structure corresponds to the
once nested cobordism category. The project of establishing the homotopy
type of nested cobordism categories that part [LI] of this thesis fits into (see
section will recover Ayala’s result with a different proof strategy, based
on [GRWI(]. It will furthermore refine this result by considering a cobordism
category internal to R™ rather than R*°, as well as treating the case of higher

nestings.

3.1.3 Applications of nested cobordism categories

A main application of nested cobordism categories is the study of defects in
topological quantum field theories (TQFTs). TQFTSs in physics model systems
in which transition amplitudes only depend on topological properties of the
system, which can happen in supercooled systems displaying superconductiv-

ity. A quantum field theory at higher temperatures will depend on geometry,

o6



3.1 Introduction and background to the study of nested manifolds and
cobordisms

but it is difficult to define a rigorous mathematical framework for such theories.
A TQFT with domain a nested cobordism category provides an intermediate
point of view by introducing additional content to the system without losing
the benefit of the rigorous TQFT description of quantum field theory. On the
side of physics this could be interpreted as the introduction of propagating
defects in the theory.

TQFTs with singularities or defects represented by embedded subcobordisms
are already being studied in mathematical physics, particularly in the case
of one-dimensional cobordisms inside two-dimensional ones, i.e. TQFTs with
domain Ci<o (see for example |[CRS17]). Establising the homotopy type of
nested cobordism categories can contribute to the study of invertible TQFTs
with defects, in similar way as the homotopy type of the usual cobordism
category has been used for the classication of invertible TQFTs by Freed and
Hopkins ([FH16]).

The classification of TQFTs of a certain dimension commonly identifies a pre-
sentation of a cobordism category and shows that the cutting and gluing of
manifolds corresponds to a certain algebraic structure (e.g. [Koc03, SP11]
BDSPV15, Juh14]). A similar process is feasible for low-dimensional nested
cobordism categories. Indeed it appears that there are interesting algebraic
structures that correspond to TQFTs with a nested cobordism category as a
domain. For example, one can consider the nested cobordism category Ci.o
with one-dimensional cobordisms inside two-dimensional cobordisms as mor-
phisms, and restrict to a subcategory of genus zero morphisms with one in-
coming boundary circle per connected component. A TQFT defined on this

subcategory appears to correspond to a planar algebra as described by Jones
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3.1 Introduction and background to the study of nested manifolds and
cobordisms

[Jon99], see also [Yos1T7].

The nested cobordism category is also of interest for a number of purely topo-
logical reasons. Manifolds with specified submanifolds and their cobordisms
are studied in low-dimensional topology, for example in knot theory. Indeed,
cobordism and concordance of knots form subcategories of the nested cobor-
dism category Co—4. In the nested cobordism category Co.,, cobordisms are
endowed with configurations and hence there is a link to configuration spaces.
Homological stability of configurations in a fixed manifold has been studied
in [CMP15]. Considering Cycy,, i.e. choosing our submanifolds to be surfaces,
relates the study of nested cobordism categories to the results on homological
stability for embeddings of a surface into a fixed manifold modulo diffeomor-
phisms of the surface by [CMRW17]. Here the stabilisation map is given by
increasing the genus of the surface. These results give credibility to the con-
jecture that homological stability for moduli spaces of embeddings may hold
in a more general framework, as discussed in the next section.

Nested cobordism categories also trigger new topological questions. For exam-
ple, what are the connected components of the nested cobordism categories,
nested cobordism groups? A cobordism group moCr«4, with product given by
disjoint union on the larger manifold, admits forgetful maps to the cobordism
groups moCq and moCx. While the first map is surjective and split, the sec-
ond map is less well-behaved, particularly in low codimension. Studying the
image of this map may reveal information about embedding dimensions of

k-dimensional manifolds up to cobordism.
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3.2 Nested cobordism categories: the overarching program

3.2 Nested cobordism categories: the overar-
ching program

Part [[I} of this thesis describes partial results that fit into a larger overarching
project studying nested cobordism categories, to be continued in the next few
years. The first goal in the project is to establish the infinite loop space mod-
eling the homotopy type of these categories. The homotopy type of the once
nested category was also studied by Ayala in his unpublished thesis [Aya0§].
Chapter [4] presents a fundamental step in deriving the homotopy type of the
once nested cobordism category with background R”, as well as that of the
higher nested versions, using methods different from |Aya08], that are instead
inspired by the proof for the non-nested case described in [GRW10].

Beyond the goal of deriving the homotopy type of nested cobordism categories,
the project aims to establish the stable homology of certain moduli spaces of
embeddings of manifolds through application of the study of nested cobordism
categories, in analogy to the work in [GRW14]. In that paper, the calculation
of the stable homology for moduli spaces of manifolds under repeated con-
nect sum with S¢ x S? is based on the method of parametrised surgery. This
entails performing a surgery to a submanifold of R* x R at —oo along the
direction of composition of the cobordisms, after dragging the appropriate
surgery datum there. This procedure is applied to reduce the cobordism cat-
egory (with highly connective tangential structure) to a monoid with highly
connected morphisms, without changing the homotopy type of the category
(i.e. of its classifying space). Application of the group completion theorem to

this monoid then yields that the “group completed” limit morphism space has
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3.2 Nested cobordism categories: the overarching program

the same homology as the entire cobordism category.

In the nested cobordism category, moduli spaces of embeddings rather than
moduli spaces of manifolds occur as morphism spaces of the category. Par-
ticularly, in the once nested cobordism category, a morphism space between a
pair (M, N), representing a manifold M with a submanifold diffeomorphic to

N, and another pair (M’, N'), is given by the space

|| mvaw) = || (Emba(W, R™) x Emb?(V, W)/Diffa(V)> /Diff? (W)
WL,IV] WL,IV]
ml (6]
= |_| Difff’(V)\E b (V’W)//Diff@(vv)
WV

Here the disjoint union is taken over diffeomorphism classes [W] of cobordisms
between M and M’ and diffeomorphism classes [V] of cobordisms between N
and N’. A term in the disjoint union corresponds to the space of submani-
folds of R*® diffeomorphic to W, containing a submanifold diffeomorphic to V.
Emba(V, W) is the space of embeddings of V into W such that the image of the
boundary of V under the embedding corresponds to the submanifolds N in M
and N’ in M’. This embedding space may be empty, in which case the cartesian
product on the first line is empty. The quotient by Diff?(W) identifies (¢, [1/])
with (¢ o f, f~" o [¢]) for ¢ € Emb?(W,R>), [¢/] € Emb?(V, W) /Diff’(V') and
f € Diff?(W). Indeed (¢, [¢)]) and (¢o f, f~o[1)]) give rise to the same nested
pair of submanifolds of R* for all f € Diff?(W).

Because moduli spaces of embeddings appear as morphisms spaces in the
nested cobordism category, applying a procedure analogous to the one in

[GRWT4] has the potential to relate the homology of these moduli spaces
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to the homology of the nested cobordism category. This may lead to insights
about embedding spaces, since the homology of the nested cobordism category
is computable.

The stabilization procedure in the classical case corresponds to repeatedly
connect summing manifolds a manifold of the form (S? x S9). One might
therefore conjecture that in the once nested case we can stabilize by connect
summing with a nested pair (S¢ x S, S* x S*¥), with a given embedding.

In order to apply a similar methodology of reducing the entire nested cobor-
dism category to a submonoid, one should construct a version of parameterised
surgery for nested cobordisms. This will be subject to certain dimension re-
strictions. It will make use of recent generalisations of classical theorems such
as the transversality theorem and separation of Morse points to a situation of
nested or relative manifolds by Yoshida ([Yos1T]).

In [GRW17, GRW]| Galatius and Randal-Williams moreover prove a homolog-
ical stability result for the relevant stabilisation procedure. This tells us that
at a given finite homological grading, the homology up to this grading of the
cobordism category agrees with the homology of BDiff(#9S™ x S", D*") for
some finite g. This result can be used to compute characteristic classes of
manifold bundles with fibre #95™ x S™, and a similar result holds for mani-
fold bundles with fibre W#95™ x S™ for any 2n-manifold W. This series of
papers by Galatius and Randal-Williams has been very influential in the field
of algebraic topology of manifolds in recent years.

If the nested cobordism category admits reduction to a suitable submonoid by
means of nested parameterised surgery without changing the homotopy type

of the category, then this would yield a proof for the following conjecture. Let
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V, = #9(S* x S*) and W, = #9(5¢ x S%).

Conjecture 3.4. Let C5, _,, be the once nested cobordism category with suf-
ficiently highly connected tangential structure . Then for certain k£ and d,

there is a homology isomorphism

hocolim M (Vy; W) — QBCS, s,

g—o0

As in the case of the normal cobordism category, one then hopes to further-
more prove homological stability. If such a result holds, then the homology
of this limit space corresponds to the homology of concrete moduli spaces of
embeddings in low degrees. The framework for proving homological stability

outlined in [Kral7] can be applied to this situation.

3.3 How the space of manifolds relates to the
cobordism category

We can think of the morphisms of a cobordism category as manifolds embedded
in R* that are “long” in the direction of composition and compact in all other
directions. This relates the classifying space of the category, where we forget
the directions of morphisms and only consider its composition structure, to the
space of all manifolds embedded in R*°. The space of d-dimensional subman-
ifolds of R™ is referred to as W4(R™) (see Definition [4.4] for a precise definition
as a set and Definition for a description of an appropriate topology). The
relationship between W;(R™) and the cobordism category with d-dimensional

morphisms was made precise in [GMTWO09] and later in [GRWI10]. We de-
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fine ¥4(n, k) C Uyu(R™) as the subset of those manifolds that are embedded in

(—1,1)" % x R

Theorem 3.5 ([GRWI10]). We have the following homotopy equivalences:
(A) BCa(R™) =~ ¢a(n, 1)

(B) w4(n,1) =~ Q" hy(n,n) = Q" 10, (R")

(C) Ta(R™) 2= Th(vz,)

Which together amount to:
BCy(R™) ~ Q" 'Th(vg,). (3.1)

A similar setup can be applied to determine the homotopy type of the real-
isations of nested cobordism categories BCj.q or BCy, which are not defined
in detail in this thesis. In this thesis the equivalent statement of Theorem
(C) is proved for the case of nested manifolds. This is presumably the step
where the proof of a theorem analogous to Theorem for nested cobordism

categories will differ most fundamentally from the original proof.
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Chapter 4

Homotopy type of the space of

nested manifolds

4.1 Introduction

In [GMTW0Q9], Galatius, Madsen, Tillmann and Weiss identified the homo-
topy type of the classifying space of the cobordism category with objects
d — 1-dimensional manifolds embedded in R*. This result was refined by
Galatius and Randal-Williams in [GRW10] to the case of a cobordism cate-
gory subordinate to R™, where the objects are d — 1-manifolds embedded in
R"! and the morphisms are d-dimensional cobordisms inside R" for some fi-
nite n. One key step in the proof of the latter is to show that the space W(R")
of d-dimensional manifolds in R™ is homotopy equivalent to the Thom space
of the bundle vjn — Grye(R™), the canonical perpendicular bundle over the

Grassmannian of d-planes in R™.

Theorem 4.1 ([GRWI10] Theorem 3.22, reproved here as Theorem [4.12)).
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There is a homotopy equivalence
U4(R™) =~ Th(vg,)- (4.1)

This chapter discusses the proof of this theorem and proves an analogous
theorem in the situation of spaces of nested manifolds inside R".

Section [4.2] gives a recapitulation of the proof of Theorem [4.12] It focuses in
particular on a technical lemma regarding the injectivity radius of the normal
exponential map (Lemma that can be used to resolve in more detail a
step in the proof concerning the set of manifolds with a unique closest point to
the origin. A proof of the lemma is given as well as how it fits into the proof
of Theorem [4.12

Section [4.3] discusses the homotopy type of the space of once nested manifolds,
i.e. the space ¥y.4(R™) of d-dimensional manifolds with k-dimensional sub-
manifolds inside R, defined in detail in Definition .14 We first discuss a
further technical lemma (Lemma [£.13)), which is similar in nature to Lemma
4.10) although not entirely analogous. In Definition 4.16| we define a suit-
able linearised model Ty4(R™) for the homotopy type of the space of nested

manifolds and prove the statement:

Theorem 4.2 (Theorem [4.17)). There is a weak homotopy equivalence
Viea(R") = Tpca(R™). (4.2)

Section generalises to the situation of a space W;(R") of arbitrarily nested
manifolds of dimensions [ inside R", where [ is a finite list of the form £k <

ky < ... < kp, (Definition [4.19). With an induction on the previous proof we
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show that

Theorem 4.3 (Theorem [4.21)). There is a weak homotopy equivalence

Here T;(R") is a linearised model defined in Definition [£.20}

4.2 Homotopy type of the space of embedded

manifolds

4.2.1 Definitions

Definition 4.4. For d < n non-negative integers, let U;(R") be the set of
subsets M of R™, where M is a smooth d-dimensional submanifold of R™

without boundary and closed as a subset of R"™.

We endow this space with the plot topology 7gp defined by Schommer-Pries
in [SP17], which was shown to be equivalent to the original topology Tcrw
defined in [GRWI10]. The plot topology is defined using the method of plots:
we define a topology on a set Y as the finest topology such that a collection
of maps into Y, referred to as plots, are continuous.

Consider a space X and a map of sets f : X — W,(R™). We define the graph

of f not in the usual manner but as the following set:
I'(f) ={(z,w) € X xR"|w € f(z) CR"}.

Definition 4.5 ([SP17]). For N a smooth manifold, we define a map p :
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N — ¥4(R™) to be a plot if I'(p) is a smooth submanifold of N x R™ and the

projection of I'(p) onto N is a submersion.

Definition 4.6 ([SP17]). Let 75p be the finest topology on W4(R™) such that

for all smooth manifolds N, plots p : N — W(R") are continuous.

This topology has the property that a compact manifold can be pushed off to
infinity in a continuous manner. In other words, if M € ¥4(R"™) is a compact
manifold, then there exists a continuous path v : [0,1] — W,(R™) such that
7(0) = M and (1) = &. Another useful property of this topology on the
space of manifolds is that it acts as a sheaf of topological spaces over R™.
For U and open subset of R", W,(U) is the space of smooth d-dimensional
submanifold of R" without boundary and closed as a subset of U, topologized

analogously to ¥,(R™). We have the following theorem:

Theorem 4.7 ([GRWI10] Theorem 2.11). For U,V open subsets of R", the
map
Emb(U, V) x Uy(U) — Vyu(V)

given by (4, M) — j=Y (M), is continuous.

This implies in particular that any self-diffeomorphism of R"™, or embedding

of R™ into itself, induces a continous map on W,(R™).

4.2.2 Technical lemma concerning the size of tubular

neighbourhoods

Consider a manifold M € V,(R"™). The normal bundle vy is an n — d-

dimensional vector bundle over M that is given fiberwise by the complement
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of the tangent space T, M as a subspace of T, R"™, which inherits a natural met-
ric from R™. The isometric map vy, — R"™ that takes vectors in the normal
bundle at x € M to actual affine vectors in R™ normal to T, M is called the
(normal) exponential map. It is the restriction of the exponential map of R"™
to vyy C TR™. The exponential map identifies the zero section of vy, with
M C R™.

Every manifold M € V,(R") admits a tubular neighbourhood N (M) (for ref-
erence see for example [Lee03], chapter 10). This is an open neighbourhood of
the zero section of the normal bundle on which the exponential map restricts
to an embedding, with image N (M) C R™ an open neighbourhood of M in
R™.

N(M) C vy —25 N(M) C R"

| |

M —————— MCR"

For a compact manifold, this tubular neighbourhood can be chosen to have
uniform width, i.e. N(M) can be chosen to be a disc bundle with fiber a ball
of radius ¢ for some small enough € > 0. More generally, we can choose N (M)
to be a disc bundle with varying radius e(z) > 0.

Consider I'.(N(M)) the space of compactly supported sections of the normal
bundle vy taking values in N (M) C vy, endowed with the strong Whitney C'>°
topology (see for example [Mic80]). The normal exponential map now extends
to a map ['.(N(M)) — P4(R™) realising a section of the normal bundle as
an embedded manifold inside N(M) C R™. We will use the following result

relating open sets in W4(R"™) with open sets in I'.(N(M)).
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4.2 Homotopy type of the space of embedded manifolds

Lemma 4.8 (J[GRWI0], see also [CMRWIT7, [SP17]). Let M € Wy4(R™), and
choose a tubular neighbourhood N (M) C vy. Given a compact subset K C R”
and an open set U C T'.(N(M)), the set Mgy of manifolds M’ such that
M N K =expy(f(M))NK for a section f € U, is open in Vy(R").

Let U9 C W4(R™) be the subspace of manifolds containing 0. We will use
the choice of a small enough neighbourhood U C I'.(N(M)) to argue that we
can make the choice of radius for the tubular neighbourhood locally constant

inside Y.

Lemma 4.9. For every M € WY there exists an open neighbourhood V C WY
of M and an & > 0 such that for every M’ € V, M'NB,(0) admits an e-tubular

neighbourhood.

Proof. Note first that for any » > 0, M N B,(0) admits tubular neighbour-
hood of constant width. Choose r = 2 and call the width of the tubular
neighbourhood ¢'.

We will construct the neighbourhood V' of M by choosing U C I'.(N(M)) in
Lemma to be a small open d-ball in the Whitney C? topology for some
sufficiently small 1 > ¢ > 0. This implies in particular that we restrict the
absolute values of the section and its first and second order partial derivatives
to be smaller than §. As 6 < 1 =r — 1, exponentiating the sections does not
move points of M outside the B,(0) ball into the B;(0) ball.

The maximal width of a tubular neighbourhood of M" = exp,,(f(M)) is de-
termined by the distance to its medial axis or cut locus in R™, defined as the
collection of points that are equidistant to two or more points of M’ (for ex-

ample see [MMO02]). In other words, the medial axis is given by points where
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4.2 Homotopy type of the space of embedded manifolds

the normal exponential map restricted to vectors of length [ is not injective,
for a given [. See figure for illustration.

A point may belong to the medial axis of M’ either for local or for global
reasons (or both). A point p € R™ may locally be on the medial axis because
it is a focal point of a point m on the manifold. This means that there is a
circle in a normal plane at m centered at p that is tangent to the manifold
at m up to second order, hence locally there are normal rays originating from
the manifold in a neighbourhood of m that focus at p. Alternatively, the
manifold may on a global scale curve back on itself such that two points on
the manifold that are distant along the manifold are close to each other within
the encompassing R".

Given that M admits an &’-tubular neighbourhood, by restricting both the
value and the first derivatives of a section f, we can make sure that no new
global points in the medial axis appear at a distance less than £’/2 away from
M’ N B1(0) = expy, (f(M)) N By(0).

The appearance of focal points is determined by the second fundamental form
a(z,y). In particular, for v € T, M, a geodesic through m in the direction of

v can locally be written as ([MMASCI14])

Yo(t) = m + vt + ap (v, v)t2 + O(t2).

Thus, a geodesic on M infinitesimally within R™ looks like a parabola with a
focal point determined by a;js. The second fundamental form of the exponen-
tiated section M’, ayyr, is determined by s and in a continuous way by the
section and its first and second partial derivatives. Hence, by restricting the

values of the second order derivatives we can accomplish that no new focal
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4.2 Homotopy type of the space of embedded manifolds

Figure 4.1: Example of the medial axis (red) to a manifold (black), together
with a maximal tubular neighbourhood (light blue) with radius determined
by the minimal distance between the manifold and its medial axis. All points
of the medial axis can be thought of as lying at the centre of a circle that is
tangent to the manifold at two or more points. The dark blue points belongs to
the medial axis for local reasons because these are focal points of the manifold:
centres of circles that are tangent to the manifold to second order. The green
point, as well as other points in this example, belong to the medial axis for
global reasons, lying at the centre of a circle that touches the manifold at
distinct points.
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4.2 Homotopy type of the space of embedded manifolds

points appear within a distance ¢’/2 of M.
Hence, by choosing § small enough, we obtain that M’ N B;(0) admits an

e := ¢’ /2-tubular neighbourhood. ]

Lemma 4.10. There exists a continuous map € : W9 — (0,1) such that for all

M € WO(R™), M N By(0) admits an e(M)-tubular neighbourhood.

Proof. Lemma yields a cover of WY of open neighbourhoods Vj, for M €
WY, together with constant functions Vy; — £); with property that M’ N B;(0)
admits an e(M)-tubular neighbourhood for all M’ € Vy;. As U9 C ¥y(R")
is metrizable ([BM14] [CMP15]), hence paracompact, we are allowed to take a
locally finite refinement of this cover (see [Mun00], §41). Using a partition of
unity subordinate to the new cover, we glue the constant functions Vy; — ey,

thus constructing a continuous function ¢ : W9 — (0,1), with the property

that M N B;(0) admits an (M )-tubular neighbourhood. O

Let vy be the vector bundle over W9 with fiber over M given by the normal
bundle to M at 0. Lemma implies that for v € vy with [jv|| < e(M),
v has a unique point in M closest to it, and this point is 0. Equivalently, the
shifted manifold M + v has the property that v (now lying on M) is the unique
closest point of M to 0. We define e : 1y — Uy(R") to be the map that takes
(M,v) to M +v. Let D.(1p) be the disc bundle inside v with fiber over M
the disc of radius (M) normal to M at 0. Then Lemma [4.10|implies that the
map e is injective on D.(vyp).

In the rest of this chapter we will assume that the tubular neighbourhood
given by ¢ is not the maximal, in the sense that the map e is still injective on
the sphere bundle S.(vy). If this were not the case then we could replace ¢

with a map & : U9 — (0, 1) that is strictly dominated by .
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4.2 Homotopy type of the space of embedded manifolds

Lemma 4.11. The map e : D.(vy) — ¥4(R™) is an open map.

Proof. Take (M,v) € Du (1), where ¢ is a continuous function satisfying
the condition in Lemma and dominating €. For U C lo);(yo) an open
neighbourhood of (M, v), we will construct a neighbourhood V' of e(M,v) =
M + v such that V' C e(U). We first make a choice of tubular neighbourhood
N(M) with radius less than ¢(M) around M and then choose to consider
N(M)+v as a tubular neighbourhood of M +v. The bundle D.(1y) is locally

trivialisable, hence there exists a 0 < 6 < &’(M) such that
w0 o
(M,v) € Ug* x Bs(v) C U,

0
where U, (;I} 4 is an open neighbourhood of M in ¥,(R™) as discussed in Lemma
intersected with U9, given by exponentiating sections in the tubular neigh-
bourhood of M that are §-small in the C'*° topology (the value and all deriva-

tives are bound by §) and have value 0 at 0, and
Bs(v) := {w e R" | |w —v| < 8}.

The image of U (;Ij T B%(U) under e contains the open neighbourhood V' given
by by exponentiating sections in the tubular neighbourhood of M + v that are
d-small in the C'*° topology. Hence we have constructed an open set V' := qu/d
such that M 4+ v € V C e(U). The map e is therefore open on D, (1) hence

in particular on D, (vy). O

4.2.3 Homotopy type of the space of manifolds

We will now apply Lemma in the proof of Theorem below.
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4.2 Homotopy type of the space of embedded manifolds

Theorem 4.12 (|[GRW10]). There is a homotopy equivalence
Wa(R") = Thizd,) (4.4

Reformulated proof. There is an injective map ¢ : Th(”yin) — W4(R™) defined
by ¢(0) = @; q(P,v) = P + v, by which we mean P € Gry(R") realised
as a plane in R" shifted by the normal vector v away from the origin. Re-
stricted to the zero-section Gry(R™) C Th(vg,), ¢ lands in WY. Call its image
Ly = q(Grq(R™)), the space of linear manifolds. First we show that L is a
deformation retract of ¥9. Let T; : R® — R™ be multiplication by 1=, which

is a diffeomorphism of R" for ¢ # 1. Define the homotopy F : U9 x [0, 1] — ¥9
by

T,(M) 0<t<1
F(M,t) =

oM  t=1.

This is a continuous map and it restricts to the identity on Ly, hence ¥° ~

LO = GT’d(Rn)

Let vy be the (n — d)-dimensional vector bundle over W9 given over M by
the normal bundle to M at 0, i.e. vyu = vap. We can define a continuous
map e : vy — Uyu(R™) given by (M,v) — M + v, the translate of M by wv.
Over the deformation retract Ly C WY, 1 restricts to g.(7z,) Restricted to
||v]| < e(M) as defined in Lemma [4.10] the map e is injective. Hence the disc
bundle D,y embeds into ¥,4(R™) as a neighbourhood of Y.

Let C' be the complement in W4(R™) of e(D.(a10). By applying the homotopy

equivalence between S"~! and D™\ {0} fiberwise, we have that de(D.1j) =~
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4.3 Homotopy type of spaces of once nested manifolds

e(D.vp) \ WY, hence €' ~ C" = Uy(R?) \ ¥9. C’ is the set of manifolds that
do not contain the origin. Hence C” can be contracted to @ by the homotopy

F': C"x [0,1] — C" given by:

Ty(M) 0<t<1
F'(M,t) =

1] t=1.

We have that C' C V where V' is the complement of e(De(ar)/2v0), which is open
by Lemma [4.11] Applying the homotopy equivalence between the annulus and
the circle fiberwise, we see that C' is a neighbourhood deformation retract of
V. Hence collapsing C' in W,4(R™) yields a homotopy equivalent space, which is
homeomorphic to the space obtained by collapsing the sphere bundle S vy,

i.e. the Thom space of vy — WY. This Thom space is homotopy equivalent to

4.3 Homotopy type of spaces of once nested

manifolds

4.3.1 Technical lemma concerning the injectivity radius

of the tangential exponential map

The embedding of a manifold M in R™ naturally endows M with a Rieman-
nian metric. This implies that at every point x € M, we have a tangential
exponential map T, M — M, which is length-preserving on vectors radiating

from 0 € T, M, which are mapped onto geodesic rays in M radiating from z.
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4.3 Homotopy type of spaces of once nested manifolds

This tangential exponential map is a diffeomorphism in a small neighbourhood
of . Explicitly, every point x of a Riemannian manifold admits a radius r
such that exp : B,.(0) C T, M — M is injective.

For the situation of nested manifolds, we will require not only a continuous
tubular neighbourhood as prescribed by the function ¢ in the previous section,
but also a continuously varying tangential neighbourhood.

In order to establish the homotopy type of the space of nested manifolds,
we will need to establish that the we can define a radius within which the
exponential map at 0 is injective in a continuous way with respect to varying

the manifold M € ¥ within the topology on the space of embedded manifolds.

Lemma 4.13. We can define a continuous function n : W9 — (0, 00| such that

the following conditions are met:

(C1) n is smaller than the injectivity radius of the tangential exponential map

at 0, i.e. for TyM™ = ToM N B,(0), expy, : ToM" — M s injective;

(C2) For every x € ToM", the ray sx + (1 — s)exp(z), for x € TyM" and
s € [0,1] intersects M only in exp(zx), where we have identified x with
a point in R™ wusing the inclusion TyM C ToR™ and the fact that the

exponential map exp,; : ToR™ — R™ is a global diffeomorphism;

(C3) All points of M inside the ball of radius n/2 in R™ are image points of
the exponential map on TyM™". i.e. BE;;(O) N M C expy (ToM™).

(C4) If M is a plane, i.e. M € Grg(R™), then n = cc.

Proof. For any smooth manifold M embedded in R"™ it is possible to find a

radius 7, such that conditions C1-C3 are met. If M is a plane then this
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radius can be chosen to equal co. If M is perturbed with a smooth compactly
supported section, then the radius of injectivity of the tangential exponential
map at 0 (C1); the radii within which the rays above do not intersect the
manifold elsewhere (C2); and the radii of a balls in R™ which only contain
image points of the exponential map (C3), all vary continuously with respect
to the derivatives of the section.

Hence, with a similar argument as provided in Lemma we can find an n <
ny and a small enough neighbourhood V,; of M consisting of exponentiated
sections as in Lemma[4.8] such for each M’ € V), n satisfies conditions C1-C3.
If M = P a plane, then by restricting derivatives we can find a neighbourhood
of compactly supported sections of the normal bundle of M such that expo-
nentiating any of these sections does not violate conditions C1-C3 for n = oo.
This gives a series of neighbourhoods Vp for P € Gry(R™).

We have thus constructed a cover of W9 of open neighbourhoods Vjy, for M €
U9, together with constant functions Vi — ny, with the desired property. We
take a locally finite refinement of this cover, making sure to include all planes
in a neighbourhood of the form Vp.

We can take a local refinement as U4 C W,(R™) is metrizable ([BM14,[CMP15]),
hence paracompact. Using a partition of unity subordinate to the new cover,
we glue the constant functions V3, — mn,, thus constructing a continuous
function n : WY(R™) — (0, 1), with the property that n(M) satisfies conditions

C1-C3, and that takes the value oo on P € Gry(R"). O
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4.3.2 Definitions

Definition 4.14. For k < d < n non-negative integers, let U;_4(R") be the
set of pairs of subsets (M, N) of R™, where M is a smooth d-dimensional
submanifold of R" without boundary and closed as a subset of R” and N is a
smooth k-dimensional submanifold of M, and thus in particular of R", without
boundary and closed as a subset of M. This set pointwise includes into the set
U,y (R™) x Wi (R™), the product of the sets of manifolds insider R" of dimension
d and k respectively. These sets were endowed with a topology in [GRW10].
In [SP17] a topology was defined on these spaces using the method of plots,
see also Definition [4.6] which was then shown to be equivalent to the original
topology. We endow Wj_4(R™) with the subspace topology from its inclusion
in this product, so that a sequence of manifolds (M, N,,) converges to (M, N)
precisely if M,, converges to M and N,, converges to N in W,(R™) and ¥, (R")

respectively.

Since Wj4(R™) has the subspace topology, the inclusion i : Wy 4(R") —
Uy (R™) x WUy (R™) is continuous. Hence, by composing this map with the re-
spective projection maps onto the two components, we obtain that the forgetful
maps Fy : U q(R") — Uy(R") and Fj, : Upq(R") — Uy (R™) are continuous.
The first forgetful map is clearly surjective and has a canonical section, given

by sending M to (M, ). The second forgetful map is less well-behaved.
Lemma 4.15. The forgetful map Fy: WV q(R™) — Wu(R™) is open.

Proof. Let V' C Wi-4(R™) be open. Take (M, N) € V. We will construct an
open set U C W4(R"™) such that M € U C Fy(V). By the definition of the
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subspace and product topologies, we have that
(M,N) e Vyx VN \Ifk<d(Rn) cV,

for some open sets V; and Vi in W,(R™) and W, (R™) respectively.

By Lemma , M has a neighbourhood Uy that is given by exponentiating
compactly supported sections in the tubular neighbourhood N(M). Similarly,
N has a neighbourhood U, that is given by exponentiating compactly sup-
ported sections in the tubular neighbourhood N(N). Such open sets form a
neighbourhood basis (see [CM16]) for the topologies on W4(R™) and W (R™),
hence I can choose these open sets small enough such that U, C V; and
U, C Vi. Furthermore, by rescaling the tubular neighbourhoods, one can re-
alise N(M) C N(N). Hence for appropriate choice of open sets in the spaces
of compactly sections of the tubular neighbourhoods, we have U, C Uy, where
we interpret an element of Uy, which is an exponentiated section of M, by
what it does to N C M instead[]

Hence we have
(M,N) € Uy x Ug N Wpoeq(R™) C Uy x Uy N Weg(R™) C Vi X Vi N Wg(R).

We have
M e Fd(ﬁd X ﬁd N \Ifk<d<Rn)) = Ud = U,

which is open in W4(R").

"Note that Uy is not necessarily open as a subset of Wy (R™).

79



4.3 Homotopy type of spaces of once nested manifolds

Definition 4.16. Let 7 : Ex.q — Gry(R") be the fiber bundle

Th(’)/kl’d — GT’k(P)) EE— Ek<d —T G?"d(Rn),

where P € Gry(R™) is the base element over which the fiber is given. The fibers
are homeomorphic to the Thom space of the anti-canonical vector bundle kad
over the finite Grassmannian Gry(R9).

The projection 7 has a canonical global section given by P+ (P, 00), where
we take the point at infinity of the Thom space in every fiber. Furthermore
by including the zero-section into every fiber, we obtain an inclusion into F of
an object we will refer to as Gry.q(R™), the Grassmannian of d-planes in R"
with a chosen k-dimensional subplane.

Consider the pullback under 7 of the anti-canonical bundle vz, — Grq(R")
and let

Tk<d(Rn) =Th (ﬂ'* (’Yj:n) — Ek<d) .
An element of Ty.4(R™) is either

e the basepoint oo, which can be thought of as the empty set (Figure [4.2al),

or

e of the form (e,v), where e € Ej_4 is given by e = (P, f), P € Gry(R")
with f one of the options below, and v is a vector in R™ perpendicular

to P.

o f = o0, in which case we have an element of the form

((P,00),v).
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4.3.3

(b) ((P,00),v) (e) (P, (L, w)),v)
Figure 4.2: Examples of elements of Tj4(R™).

This can be thought of as a d-dimensional plane P inside R™ offset

from the origin by a vector v perpendicular to it. This is illustrated
in Figure
f = (L,w) with L € Gri(P) and w a vector in P perpendicular to

L, and v is a vector in R™ perpendicular to P. Then the element is

of the form

(P, (L, w)),v)

and can be thought of as a d-dimensional plane P inside R" offset by
a vector v, endowed with a k-dimensional subplane L that is offset

by a normal vector w in P away from v € P. This is illustrated in

Figure [£.2d

Homotopy type of the space of once nested man-

ifolds

The rest of this section is devoted to proving that Wj4(R™) has the homotopy

type of Ti<q(R™).
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Theorem 4.17. There 1s a weak homotopy equivalence

Upca(R") =~ Thca(R"). (4.5)

Let U9_, C Uy4(R™) be given by the pairs of manifolds (M, N) such that
0 € M, and furthermore let U9, C ¥)_, be given by the pairs (M, N) such
that 0 € V.

There is an injective map ¢ : Tp<g(R") < Wr4(R™) defined by

Q((Pa OO>7U) = (P - Uv®>7

by which we mean P realised as a plane in R" shifted by v away from the

origin together with the empty subplane, and generically

Q<<P7 (L7w>>7v) = (P_UvL_U —w),

realising P as an affine hyperplane in R" shifted by v, with L as an affine

subplane within P shifted by a vector w € P away from v. Note that restricted

to the zero-section Eycq C T<q(R™), ¢ lands in U9_,. Restricted furthermore

to Gry<a(R™) C E, q lands in ¥9° ,. Although we will not need this fact in
0

the proof, it is interesting to point out that ¢(Gri<q(R™)) sits inside U2, as

a deformation retract, with retraction given by radial expansion.
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Proposition 4.18. There is a weak homotopy equivalence
\Ij12<d ~ Ek<d-

Proof. Consider the projection ¥9_, — Gry(R™) given by sending (M, N) to
the tangent space TyM of M at the origin. This map is a fibration with fiber
0P given by the pairs of manifolds (M, N) in W9_, such that TyM = P €
Gryg(R™). Define Wy (P C R™) to be the elements of \Dg’fd for which M = P,
so the space of submanifolds of P considered as a subspace of R"™.

We have the following diagram, the left triangle of which is illustrated in Figure
4.3

Wty ——— Vg o= Gra(R")

@/ bed T

V(P CR™) q q

o~

Th(’)/]i"d — GT’k<P)> —_— Ek<d ﬁ GT’d(Rn)

(e

(4.6)
All upward arrows can be thought of as inclusions where some of the manifolds
are linear, and hence this diagram commutes. We have that the map @ is

a homotopy equivalence by the non-nested version of Theorem proved in

[GRWT0|] (Theorem in the previous section).

We will now show that the map @ includes ¥, (P C R") into \Ifz’fd as a

deformation retract. We precompose the function 1 : ¥9 — (0,00) from
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Th ('ykfd — Grk(P))

Figure 4.3: An illustration of typical elements of the spaces of manifolds \Ifgfd
and ¥, (P C R"), and of Th (fyk{d — Grk(P)), viewed as a space of affine

linear k-manifolds in P?.
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Lemma with the forgetful map W)_, — WY, calling the resulting con-
tinuous map again 1. We have that all (M, N) € \Ilg’fd have the property
that exp : ToM = P — M is a diffeomorphism within the ball of radius
n(M). Moreover, we can interpolate between the manifold and its tangent

space viewed as a subspace of R™ using the rays described in condition (C2).

We want to define a homotopy F : \Ilg’fd x [0,1] — \Ilg’fd with the property
that
F((M, N),O) — (M, N),

F((M,N),1) € W(P C RY),

and

F((P, N), 1) — (P,N).

To do this we will apply a combination of the following two continuous proce-
dures. We will flatten M in a ball of radius 1/2 around 0 to match its tangent
space, using the annulus between 1/2 and 7 to interpolate, while in the process
lifting up the submanifold N to a submanifold of TyM"™? = TyM N B,;/5(0)
(Lifting). At the same time we will expand the ball of radius 1/2 around 0 in

R™ to increasingly fill all of R™ (Expanding).

Lifting

By Lemma [£.13, we have that inside the ball of radius 7, the map exp,, :
ToM — M is injective, and moreover for a fixed z € TyM" the ray sx + (1 —
s)expys(x), for s € [0, 1], intersects M only in exp(z), and that B,(0) N M =
R
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0 172 1

Figure 4.4: Example of a smooth interpolating function f.

Let f : R>p — R>o be a smooth map with the properties that it equals 1 on
the interval [0, 1/2], it is monotonically decreasing on the interval (1/2,1) and
it is 0 on [1, 00), as shown in figure [4.4]

For each (M, N) € \Ifg’fd, we will define a diffeomorphism 5+ : R* — R in

the following way. Consider all the points on these rays, i.e.

R:={sx+ (1 —s)expy(z) |z € TyM"; s € [0,1]}.

We first define the action of ¢y on R. Let p = ¢f(||z||) for f as above and

t €[0,1), and define

Yui(se+ (1 —s)expy(x)) :=sx+ (1 — ) (pa: +(1-0p) eXpM(x)>. (4.7)

In words, ¥ has the effect on R that it shrinks the ray sz + (1 — s) expy,(2)
by a factor of tf(||x||) while fixing z, as illustrated in figure. We have that
Yae(R) C R. To define what 1y, does to points outside of R, we pick a small
open neighbourhood D(R) of R. Outside of D(R), ¢, is the identity map.
On D(R), we interpolate between the action on R and the identity map, which

can be done because ‘shrinking’ is homotopic to the identity. We can choose
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D(R) and ¢M7t‘ D(R) in such a way that the only points of M that are moved
by ¥ are contained in R. Note that for t = 0, ¥4 is the identity map on
R". B

We now define a map L : U2, x [0,1) — W7, as follows:

L<(M, N),t) — Yy 0 (M, N)

Here by ¢+ 0 (M, N) we mean the subsets (M’, N’) of R" that are the image
of (M, N) under applying 15+ to R” (alternatively, they are pulled back with
respect to the diffeomorphism @D&{t). As t — 1, L; approaches a map that
flattens M, and N inside of it, in a disc of radius 1/2 such that it matches
ToM = P. In the annulus between 7/2 and 7, the new pair of manifolds
interpolate smoothly between the flattened disc and the rest of (M, N), which
is unchanged outside the ball of radius 7. This is illustrated in Figure
and [4.5D

The function 7 varies continuously with respect to varying M. For fixed
x € ToM = P, the points exp,,(z) also vary continuously with respect to
changing M. Hence the manifolds 15, 0 (M, N) vary continously with respect

- 0,P . .
to changing W,° , as well as ¢, hence L is a continous map.

Expanding

For a € (0, 00], define the smooth family of diffcomorphisms ¢, from R" to

B,(0) given by:

“Note that we have not shown that 15+ is a smooth family of diffeomorphisms with
respect to varying (M, N) € \I/%fd, which would require a consistent choice of D(R).
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(a) Lifting the manifold.

(b) Lifting the manifold. (c) Expanding the manifold.

Figure 4.5: This figure illustrates the lifting and expanding procedures. We
flatten the manifold in a disc around 0 to match its tangent space (lifting) and
subsequently expand the disc such that it fills the plane, while keeping finite
distances finite (expanding).
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p

0 x=0
Pa(z) = aarctan(@) T >0 a<oo
x a = 00.

\
In the following we will set a@ = 7/2t, where 7 : \I’g’fd — (0,00] is the map
from Lemma m precomposed with the forgetful map \Ilg’fd — W9, Now we

can define a map E : U2, x [0,1] — W) as follows:

E((M,N),t) Oy e (M, ).

The map E' is continuous because the map 7 and therefore the family of dif-
feomorphisms (b;(lM) It is continuous with respect to varying (M, N), and they

also depend continuously on ¢.

We will combine the lifting and expanding procedures in the deformation re-

traction F: U0 x [0,1] — W)L

EtoLt<(M,N)) 0<t<1
(P, N") P—1.

Where (P, N') € Wy(P C R"), with N’ given by ¢, /z(eng%Q(o)(N)): the
submanifold N lifted to the tangent space of M at 0 within an n(M)/2 disc,
which is subsequently expanded to fill the plane P. If M was P to start with,
then by construction 7(P) = oo, hence both the tangential exponential map
at 0 and ¢yn)/2¢ act as the identity, hence F((P, N),t) = (P,N) for all ¢.

This is illustrated in Figure 4.5¢
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4.3 Homotopy type of spaces of once nested manifolds

Hence we conclude that the map @ is the inclusion of ¥, (P C R") as a

. 0,P
deformation retract of W, —d

Between the top and bottom line of diagram we now have a map of fibra-
tions, of which the outermost maps are homotopy equivalences. Applying the
five lemma to the long exact sequence in homotopy yields that the map in the
middle is a weak homotopy equivalence, as required.

[]

Proof of Theorem [{.17. ¥)_, supports a vector bundle v of dimension n — d
which is given over a point (M, N) by taking the normal bundle of M at 0
as a subspace of R". On ¢(Fj<q) C ¥)_,, this normal bundle restricts to
G (7 (Vi) = Er<a)-

There is a continuous map exq : Yo — Viq(R™) given by
((M, N),v) — (M + v, N +v),

the translate of (M, N) by v. This map is injective on D.op,(14), where € is
the map on Wy(R™) defined in Lemma and Fy : Upq(R") — ¥u(R") is

the forgetful map. We have the commuting diagram

Deor,y (1) —=%5 Wy g(R™)

le lpd

De(vy) —=2— T 4(R™),

where e; = e is the map used in the proof of Theorem [4.12] Both F' and ey
are continuous open maps, hence it follows that e;.4 is an open map.

We proceed analogously as in the proof of Theorem |4.12] Let C' be the com-
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plement in Wy 4(R™) of exq(Deor, ). By applying the homotopy equivalence

between S"~ ! and D"\ {0} fiberwise, we have that

86.’<:<d(DaoFdV0) ~ ek<d(D€oFdV0) \ \I/2<da

hence C' >~ C" = ¥y 4(R™) \ ¥)_,. C’ is the set of pairs of manifolds (M, N)
such that M does not contain the origin. Hence C’ can be contracted to @ by

the homotopy F’: C' x [0,1] — C" given by:

F'((M,N),t) = T((M,N)) 0<t<1

%] t=1.

We have that C' C V where V is the complement of e,<q(Deor,/210), Which is
open as €4 is an open map. Applying the homotopy equivalence between the
annulus and the circle fiberwise, we see that C' is a neighbourhood deformation
retract of V. Hence collapsing C' in Wy.4(R") yields a homotopy equivalent
space, which is homeomorphic to the space obtained by collapsing the sphere
bundle Seop,1p, i.e. the Thom space of vy — W¥9_,. This Thom space is

homotopy equivalent to T'h (ﬂ*(*ydi’n) — Ek<d> = Tr<a(R™).

91
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4.4 Homotopy type of spaces of arbitrarily nested

manifolds

4.4.1 Definitions

Definition 4.19. Let [ be the list k; < ky < ... < k,,, with k; > 0 and

ku < n. We define U;(R™) to be the set of m-tuples of subsets
MI = (Mm> Mm—la ) M1)7

of R™, that are nested in the sense that M,, D ... D My D M, and for each 1,
M; is a smooth k;-dimensional submanifold of R” without boundary and closed
as a subset of R™. Note in particular that if the submanifold of dimension k;
is the empty set, then so are the manifolds of lower dimensions. This set
pointwise includes into the set Wy (R") x ... x Uy (R"™). We endow ¥;(R")

with the subspace topology from its inclusion in this product.

Definition 4.20. Let I be the list k1 < ky < ... < k,,,, for k1 > 0. We define
T7(R™) by induction on m, the length of the ordered list I. The base case for
a list of length 2 is given in Definition . Suppose we have defined T;(R™)
for lists J of length less than m and any n’ such that J < n’. In particular we

have defined Ty, <k, <...<k,,_, (R¥") := Tp(R*). Consider then the fibration

TI/(Pkm> —_— E[’<d % G’f’km (Rn)’

where P*m € Gry, (R") is the base element over which the fiber is given.
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4.4 Homotopy type of spaces of arbitrarily nested manifolds

Define

T1(R") = Ty <y, (R") :==Th (W*(W/lﬂ_m,n) - EI’<d)-

An element of T;(R™) is either oo or of the form (P, L,v), for P € Gry(R"™),

L € Tp(P) and v € vg,(P), a vector normal to P in R™.

4.4.2 Homotopy type of spaces of nested manifolds

The rest of this section is devoted to proving that W;(R™) has the homotopy
type of Tr(R™).

Theorem 4.21. There 1s a weak homotopy equivalence
U (R") ~ T (R™). (4.8)

We will proceed by induction of the length of the list I. The base case for
|I| = 2 was shown in Theorem [4.17P} Now let

I=1 <d,

and assume that we have shown W (R") ~ T (R") for all n > I'.

We can inductively define an injective map ¢ : T;(R") < W (R"™) realising an
element in 77(R™) as a nested sequence of off-set planes. Specifically, suppose
we have defined the map ¢ : T (R?) — ¥ (RY). An element of T7(R") is either

oo or of the form (P, Ly, v), for P € Grg(R"), Ly € Tp(P) and v € 7z,,(P), a

3The |I| = 2 case was separated out for clarity, we could also have started the induction
with |7| = 1, the non-nested case.
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4.4 Homotopy type of spaces of arbitrarily nested manifolds

normal vector to P in R". We define
q(00) =2

and

Q(P’ LI’?”) = (P - UaQ(LI’))a

the shifted plane P — v together with the I’-nested manifold ¢(Lp) € Uy (P —
v C RY) 22 Uy (RY).

Let W9 C W;(R") be given by the lists of manifolds such that 0 € M9, i.e. the
origin is contained in the top dimensional manifold. The map q restricted to

the base E lands in W9,

Proposition 4.22. There is a weak homotopy equivalence
\IJ? ~ E[.

Proof. This proof will proceed along similar lines as the proof of Proposition
. Consider the projection ¥9 — Gry(R") given by sending M; to ToM<,
the tangent space at the origin of the top dimensional manifold. This map
is a fibration with fiber \I/?’P given by sequences of manifolds M; such that

ToM?® = P € Gryg(R"). We have the following commuting diagram:
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4.4 Homotopy type of spaces of arbitrarily nested manifolds

0,P 0 ™ n
\IJI’<d } qjl'<d< ’ Grd(R )

@/

\If[/(Pd C Rn)

IR

where W (P? C R") the space of I'-nested submanifolds of P = R?. The map

(4.9)

[}
Q

Ty(P?) —— Epca 7= Gra(R"),

[

@ is a weak homotopy equivalence by the induction hypothesis. We will now
show that the map @ is the inclusion of a deformation retract by applying
the same procedure of lifting and expanding as in the proof of Proposition
[4.18] For either case, we precompose the map 1 constructed in Lemma

with the forgetful map W;(R") — Uyu(R™).

Lifting

Define 1y, : R — R" as before. We now define a map L : ¥97 x[0,1) — 9

as follows:

L<MI, 75) = Ypy 0 My

Ast — 1, L, approaches a map that flattens the top dimensional manifold M?,
and with it the I"-nested submanifold inside of it, in a disc of radius 1/2 such
that it matches TpM? = P. In the annulus between 7/2 and 7, the new pair
of manifolds interpolate smoothly between the flattened disc and the rest of
M7, which is unchanged outside the ball of radius 1. By the same arguments

as before, L is continuous.
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Expanding

Define the smooth family of diffeomorphisms ¢, from R" to B,(0) as before.

We can then define a map E : W97 x [0,1] — ¥ as follows:

E<MI’ t) = by M-
As before this map is continuous.

We will combine the lifting and expanding procedures in the deformation re-

traction F: WP x [0,1] — ¥7:

EtoLt<MI> 0<t<l1
F(Mf,t) -
(P,N") f=1.

Where (P, Nj,) € V(P C R"), with N}, given by (b;(lM)/z(exp;}M (Np/)): the
n/2

(0)
nested submanifold N;; C M lifted to the tangent space of M¢ at 0 within an
n(M)/2 disc, which is subsequently expanded to fill the plane P9 If M was
P to start with, then by construction n(P) = oo, hence both the tangential
exponential map at 0 and ¢, )2 act as the identity, hence F ((P7 Np), t) =

(P, Nyp) for all t.

P

g 1t follows that the

Hence ¥ (P? C R") is a deformation retract of \IJ?}
vertical maps in diagram again form a map of fibrations with the outer
maps homotopy equivalences, hence the middle vertical map ¢ : U,/ (R") —

T;(R™) is a weak homotopy equivalence.

]

Proof of Theorem[{.21 This proof proceeds analogously to the proof of The-
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orem [4.17]

Let I = I’ < d. The space WY supports a vector bundle vy of dimension
n — d which is given over a point M; by taking the normal bundle of the top
dimensional manifold M = M% at 0 as a subspace of R". On ¢(E;) C W9, this
normal bundle restricts to q.(7*(vz,) = Ei).

There is a continuous map e; : vy — V;(R") given by
<M[,U> — My + v,

the translate of all manifolds M; by v. This map is injective on D.op, (1),
where ¢ is the map on V4(R"™) defined in Lemma and Fy @ V;(R") —

U, (R™) is the forgetful map. We have the commuting diagram

DsoFd<V0> L \IJI(RTL)

le le

D.(vy) —=— Ty(R™).

For e; = e the map used in the proof of Theorem 4.12, Both F and e, are
continuous open maps, hence it follows that e; is an open map.

Let C be the complement in W;(R") of e;(D.or,0). By applying the homotopy

equivalence between S"~! and D™\ {0} fiberwise, we have that

aeI(DEOFdV()) ~ el(DeoFdVO) \ \I/(I),

hence C' ~ C" = WU (R") \ Y.
(" is the set of nested manifolds M; such that the top dimensional manifold M

does not contain the origin. Hence C’ can be contracted to @ by the homotopy
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F':C" % [0,1] — C’ given by:

- T,(M;) 0<t<1
I =

%] t=1.

We have that C' C V' where V' is the complement of e;(D.op,/210), which is
open as ey is an open map. Applying the homotopy equivalence between the
annulus and the circle fiberwise, we see that C' is a neighbourhood deformation
retract of V. Hence collapsing C'in ¥;(R") yields a homotopy equivalent space,
which is homeomorphic to the space obtained by collapsing the sphere bundle
S.or,V0, i.e. the Thom space of vy — WY. This Thom space is homotopy

equivalent to Th (7‘['* (Van) = EI> = T;(R™).
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