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Abstract

This thesis studies several examples of how topology and interactions lead
to novel electronic phenomena in magic-angle twisted bilayer graphene, a
moiré heterostructure that has attracted much attention owing its diversity

of experimentally-observed correlated phases.

Part I focuses on neutral and charged excitations of the correlated insulators
predicted within the strong coupling framework, which emphasizes the close
connections of the central moiré bands to quantum Hall ferromagnetism. In
Chapter 3, we show that topological excitons can be formed from the quan-
tized anomalous Hall insulator at filling factor v = +3, and explore the possi-
bility of a new excitonic fractional quantum Hall hierarchy. In Chapter 4, we
study the properties of the three classes of domain walls that separate topolog-
ical domains in this insulator. In Chapter 5, we use microscopic Hartree-Fock
numerics to analyze charged spin and pseudospin skyrmions at various inte-
ger fillings, with an emphasis on the pairing of pseudospin skyrmions and its

consequences for skyrmion superconductivity.

Part II reconsiders the prevailing normal state phase diagrams of the strong
coupling framework. In Chapter 6, we explore the effects of heterostrain,
and demonstrate the emergence of a new electronic order, the incommensu-
rate Kekulé spiral, which possesses an unusual form of multiscale translation
symmetry breaking. We argue that the phenomenology of the intermediate
coupling regime is consistent with many experiments, and that strain and
the incommensurate Kekulé spiral are ingredients that should play important

roles in any umbrella theory of twisted bilayer graphene.
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Chapter 1

Introduction

Van der Waals (vdW) heterostructures form a class of materials that has generated con-
siderable attention over the last decade [1, 2]. They comprise of 2D atomic crystals [3]
that are stacked vertically and bound together by interlayer vdW forces. Direct me-
chanical assembly is currently the most common method of fabrication, whereby the
constituent layers (produced e.g. by mechanical exfoliation) are manipulated by vdW
forces and arranged into the desired configuration. Part of the allure of these systems
arises from the myriad of combinations conceivable in this paradigm—ypossible choices
of building blocks encompass semimetals (graphene), insulators (e.g. hexagonal boron
nitride), semiconductors and metals (e.g. various transition metal dichalcogenides).

If the layers are stacked with a lattice or rotational mismatch, even richer possibilities
arise due to the emergence of a long wavelength moiré pattern. The interplay of intralayer
and interlayer interactions with this new lengthscale has consequently ushered in a new
paradigm in condensed matter physics over the past few years. Coupled with the inherent
tunability of 2D systems, these factors have contributed to the intense experimental
and theoretical effort that has emerged to not only uncover the physical properties of
these designer materials, but also explore the potential for device applications and novel
functionalities.

The poster child of the moiré physics community is undoubtedly twisted bilayer
graphene (TBG) in the ‘magic angle’ regime. The pioneering experiments on correlated
electron behaviour in TBG by the Jarillo-Herrero group in 2018 [4, 5] triggered a flurry

of research activity into its novel electronic properties, which continues unabated to this



day. This has also catalyzed investigations into related moiré heterostructures, notably
other graphene-based materials and transitional metal dichalcogenide homobilayers and
heterobilayers.

This thesis represents the author’s contributions to the theoretical understanding of
TBG, in particular its topological and correlated properties. In Section 1.1, we sketch an
overview of TBG, primarily from the perspective of experiments. This is by no means an
exhaustive survey, and is biased towards aspects that are relevant for later chapters. In

Section 1.2, we provide an outline for the rest of this thesis.

1.1 Twisted bilayer graphene: a bird’s eye view

Monolayer graphene is a semimetal with two Dirac points at charge neutrality at the Bril-
louin zone (BZ) corners [6]. When two monolayers are stacked with a relative twist angle
0, the microscopic lattice periodicity is disrupted, and a new larger lengthscale arises from
the moiré beating phenomenon between the two layers. Assuming that the TBG system
is still spatially periodic!, the superlattice structure folds in the BZ and reconstructs
the electronic band structure. It was recognized early on [7-10] that for smaller angles,
the interlayer coupling leads to a downward renormalization of the Dirac velocity and a
migration of the associated van Hove singularities (VHS) towards charge neutrality. This
expectation was borne out by scanning tunneling microscopy/spectroscopy (STM/STS)
on few-layer graphene samples [11-13]. At sufficiently small ‘magic’ twist angles around
0 ~ 1.05° it was theoretically predicted that the central moiré bands (also called the
flat bands), which span the electronic filling factors —4 < v < 4, would have a vanishing
Dirac velocity and substantial band flattening [9]. This is exciting from the viewpoint
of correlation physics because the quenching of kinetic energy is generally expected to
promote the role of inter-electron interactions.

Indeed, the experimental discovery of proximate correlated insulating and supercon-
ducting phases in magic-angle TBG [4, 5] demonstrated the dramatic consequences of a
small relative twist. The samples in these newer experiments were synthesized using a

‘tear-and-stack’ approach allowing for sub-degree twist precision, in contrast to earlier

IThe distinction between commensurate and incommensurate twists will be discussed in Chapter 2.



studies which relied on largely uncontrolled techniques such as chemical vapour deposi-
tion or thermal decomposition of SiC. At v = £2, transport and capacitance (dielectric
loss) measurements detected electrical insulators with a resetting of the Hall densities
upon doping these away from charge neutrality (CN) v = 0 [4]. Despite the integer
filling per moiré unit cell, this insulating behaviour requires invoking correlation effects,
since the superlattice band gaps are only at |v| = 4 upon accounting for spin and val-
ley degeneracy. More striking was the appearance of superconducting domes that flank
the correlated insulator at ¥ = —2 [5], which generated a lot of excitement due to the
resemblance to the phase diagram of the high-T,. cuprates. While the measured T, in
TBG was at most ~ 2K, this is actually rather large in light of the tiny Fermi volume
expected from general considerations of moiré band folding and empirically confirmed
from quantum oscillations. The ratio 1./Tr, where T is the Fermi temperature, signif-
icantly exceeds those of normal BCS superconductors, and is comparable to values seen
in other strongly correlated families such as the cuprates, pnictides, and heavy fermion
superconductors.

Hence many early interpretations centered around the hypothesis of a parent Mott
insulator from which unconventional superconductivity descends. The connection to
cuprate phenomenology was further strengthened by the finding of near-Planckian scat-
tering rates and linear-in-T" resistivity down to the milli-Kelvin scale [14-17], possibly
indicative of a strange metal regime. In addition, STM spectroscopy has revealed evi-
dence of a ‘V’-shaped gap and nodal superconductivity [18], with related signatures in the
closely related twisted trilayer graphene (TTG) [19]. There is also evidence for nematicity
within the superconducting dome [20, 21].

Despite these similarities, TBG presents a fundamentally distinct arena to explore
strongly correlated physics. From a practical standpoint, the two-dimensional and engi-
neering nature of TBG devices confers them with many advantages (and some drawbacks)
compared with their crystalline counterparts. For example, hydrostatic pressure can be
easily applied, which increases the interlayer hopping and therefore the effective magic an-
gle [22]. The graphene sheets are typically sandwiched between hexagonal boron nitride
(hBN) substrate slabs, separating them from the metallic gates. Changing the thickness

of this spacer controls the screening of the long-range part of the Coulomb interaction.



This has been successfully exploited to examine the interplay between insulating and
superconducting orders by tuning the interaction strength [23-25]

The most significant experimental knob in TBG has to do with its gate tunability.
Owing to the tiny area of the reconstructed moiré Brillouin zone (mBZ), it is possible to
dope through entire electronic bands in situ, including into the remote bands |v| > 4,
just by adjusting the gate voltages. This sidesteps having to fabricate multiple samples
and dope using chemical substitution or impurities, which would unavoidably introduce
disorder and hinder the formation of delicate correlated orders. The transport data of
Ref. [26] provided the first demonstration that a single device could exhibit correlated
insulators and superconducting domes around all integer fillings within the central band
manifold, and not just at |v| = 2.

Even for samples and conditions where such ordered states are absent, there is still
an incontrovertible body of evidence in favour of symmetry-breaking and correlation ef-
fects throughout the flat-band regime. Landau fans track the field-dependent densities
where the longitudinal magnetoresistivity reaches its minimum due to filled Landau lev-
els (LLs), and yield valuable information on the Fermi surface degeneracies. They are
commonly found to emanate from fillings |v| = 0,2,3 with corresponding degeneracies
4,2,1[4, 5, 22-24, 26-33]. This necessitates the presence of carrier density resetting and
flavour polarization since spin/valley degeneracy would imply Landau fan degeneracies
of a multiple of 4. Compressibility probes [16, 29, 31, 34-37| give a complementary per-
spective by measuring the chemical potential p(v) as a function of density. They find
a characteristic sawtooth pattern in g—z with dips (sometimes strong enough to lead to
negative compressibility) near each integer filling. For single-gated devices, STM experi-
ments [38-40] also detect distinct changes in the excitation spectrum for integer v. The
overall consensus is that of ‘cascade physics’, referring to the sequence of density-tuned
flavour transitions which repeats roughly each time v is increased by one. Crucially, this
phenomenology continues to hold at elevated temperatures far above the Kelvin scale
of the correlated insulators and superconductors. The notion of non-trivial correlations
at higher temperatures is corroborated by signatures of Pomeranchuk physics around
lv] =1 [31, 34].

The tunability of TBG is accompanied with an even larger variability in observed



phenomena, which presents significant challenges when confronting experiments. Even
basic questions such as the existence of correlated insulators and superconductors find
contrasting answers in seemingly similar samples, pointing to the presence of confounding
variables that are not easily detected or adjusted. The twist angle is an important
parameter that an experimentalist would ideally be able to control to tune in and out of
the flat band regime. However, samples are vulnerable to twist angle disorder [30] which
is believed to have a substantial impact on the correlation phenomena but is difficult
to treat theoretically. In a similar vein, scanning probes have shown that unintentional
strain is ubiquitous across devices [38, 41-43]. These variations pose obstacles in the
search for a unifying perspective of TBG.

The Dirac cones of the underlying graphene layers qualitatively influence the nature
of the physics in TBG. Studying Hubbard-like models is a common route to gaining
insight into strongly correlated materials. However as recognized in early theoretical
works, applying this to TBG is complicated by the fragile topology carried by the central
bands [44-46], whose extended Wannier orbitals have been dubbed ‘fidget spinners’ due
to their shape. While real-space approaches in the extended Hubbard model have seen
theoretical successes, these issues suggest that another paradigm may be more appropri-
ate.

If the graphene layers are suitably aligned with the encapsulating hBN substrate, the
Dirac points in the mBZ become gapped, imbuing TBG with strong topology in the form
of nontrivial valley Chern numbers. If interactions are strong enough to spontaneously
break time-reversal symmetry (TRS), this raises the possibility of forming a spontaneous
Chern insulator. Indeed, this was experimentally realized and characterized through the
observation of the quantized anomalous Hall (QAH?) effect at v = 43 in zero magnetic
field [28]°. The presence of narrow Chern bands and strong interactions points to the
relevance of quantum Hall-like physics, the other paradigmatic setting for strong corre-
lations.

The connection to quantum Hall persists even when there is no substrate align-

2In this thesis, we will use ‘QAH’ to refer to either the transport effect, the quantum state that gives
rise to it, and/or the associated electronic phase. The meaning should be clear from the context. Similar
comments apply for other correlated states such as the IKS and the KIVC.

3Ref. [27] earlier reported an non-quantized anomalous Hall effect.



ment [47], and is strengthened in the presence of a perpendicular magnetic field B. At
small B well below the Hofstadter regime, numerous Chern insulators at different fill-
ings are stabilized, which cross over to a rich array of Hofstadter ferromagnets at larger
fields [16, 32, 33, 37, 39, 48-51]. There has also been recent evidence of fractional Chern

insulators that remain competitive for low fields [52].

1.2 Thesis outline

Chapter 2 covers the theoretical background required for the rest of this thesis. We
first give a self-contained review of the Bistrizter-Macdonald (BM) model for the non-
interacting band structure, which forms the backbone of much of the analytical and
numerical results in this field. We also explain some general features of moiré physics. We
then present a brief summary of the so-called strong coupling® framework for correlations
in TBG. This is predicated on a hierarchy of scales, where the dominant contribution is
the part of the Coulomb interaction that respects a hidden U(4) x U(4) symmetry. This
program fully embraces the quantum Hall viewpoint, and predicts a set of insulating
‘generalized ferromagnets’ at integer v. A brief recap of Hartree-Fock (HF) theory and
its implementation for TBG is included for completeness.

The main body of this thesis is divided into Parts I and II. In Part I, we build upon
previous theoretical work on the strong coupling insulators. We study various aspects of
their neutral and charged excitations, with an emphasis on seeking out novel phenomena
enabled by the coexistence of strong correlations and topology in this system.

The experimental detection of a spontaneous QAH at filling factor v = 43 was the
first clear piece of evidence supporting the topological nature of TBG [28]. In Chapter 3,
we theoretically study the excitons of the QAH insulator, focusing on the possibility of
nontrivial exciton topology inherited from the underlying electron bands which host dif-
ferent Chern numbers C' = £1 [53]. This idea is inspired from a toy model of LLs in

opposite magnetic fields, which yields exactly flat topological exciton bands. In a realistic

4This is not to be confused with the usual sense of strong coupling in the cuprates, which typically
refers to physics about the Mott insulating limit. We will use the terms ‘strong coupling insulators’
and ‘generalized ferromagnets’ interchangeably when referring to the correlated states predicted by the
strong coupling approach to TBG.



model for interacting TBG, we indeed find the presence of topological intervalley excitons
with suppressed dispersion. Based on this setting of flat-band topological bosons, we con-
sider the intriguing possibility of a novel fractional excitonic quantum Hall hierarchy [54].
Members of the hierarchy curiously share the same quantized charge Hall effect but differ
in valley and thermal responses.

Apart from excitons, domain walls represent another class of neutral excitations in
the QAH [55]. However, as we discuss in Chapter 4, the domain wall structure is more
complicated than the usual examples of quantum Hall ferromagnetism (QHFM), since
domains in TBG have freedom in both the choice of Chern number C' = 41 and valley
polarization. We show that domain edge modes can either be counter-propagating or
co-propagating, with significant consequences on the robustness of the QAH effect. By
developing a numerical framework to treat spatially inhomogeneous perturbations in the
BM model, we validate an effective field theory for domain walls and show that the
energetic competition between the different types is subtle and varies as a function of
twist angle and degree of substrate alignment.

In terms of charged excitations, spin skyrmions are natural candidates in the QAH
given the close connections to QHFM. However the possibility of charged flavour tex-
tures also extends to strong coupling insulators at other fillings. In particular, paired
pseudospin skyrmions have been predicted to form at even integer fillings, and are key
ingredients behind a recently proposed theory of purely electronically mediated skyrmion
superconductivity [56]. Such objects have been analyzed in the quantum Hall limit using
a sigma model description, but have never been constructed in a realistic TBG model. In
Chapter 5, we discuss our results for obtaining skyrmionic excitations for both the QAH
at v = 3 (spin) and the so-called Kramers intervalley coherent (KIVC) ground state at
v = 0,42 (pseudospin) in the interacting BM model [57]. We confirm the paired nature
of skyrmions at even integer filling, and compute the effective masses which are relevant
for understanding T..

In Part I, we switch gears and return to the fundamental question of what the normal
state in experimental TBG is. In Chapter 6, we critically assess the strengths and weak-
nesses of the strong coupling framework when compared to experimental findings, and

propose strain as an experimentally motivated perturbation that can help bridge the gaps



between theory and experiment [58]. In particular, our comprehensive mean-field studies
show that a small value of strain is capable of stabilizing an incommensurate Kekulé
spiral (IKS) order over a large range of fillings within the central band subspace [59]. We
demonstrate that strain and the IKS are ingredients that can and should form part of

any consistent umbrella theory for the correlated physics in TBG.



Chapter 2

Theoretical Background

In this chapter, we review the necessary theoretical ideas and tools that underpin the
physics in the subsequent chapters. In Sec. 2.1, we set the scene and establish notational
conventions by discussing the geometry and the various symmetries of graphene and its
twisted bilayer. In Sec. 2.2, we outline a derivation of the continuum model which is an
oft-used approximation of the non-interacting band structure. In Sec. 2.3, we introduce
interactions and give a recap of HF and its implementation in TBG. Finally in Sec. 2.4,
we summarize the strong coupling framework of interacting TBG, a popular approach to

understanding the correlated insulators that draws heavily from quantum Hall intuition.

2.1 Graphene

2.1.1 Monolayer

Graphene consists of carbon atoms on the sites of the honeycomb lattice, which are
subdivided into A and B sublattices (Fig. 2.1a) with intra-unit-cell coordinates 7a, 75.
Each carbon forms three o-bonds using the sp? hybridized orbitals, while the remaining
2p-orbitals form 7-bands which are intrinsically half-filled [6]. The dispersion of these
m-bands, shown in Fig. 2.1¢, can be calculated in a nearest neighbour tight-binding ap-

proximation to be

E(k) = £t|f(k)|, f(k)= e ¥ (2 cos \/gzk:gca + ew;ya> (2.1)



Energy/eV

Figure 2.1: a) Real-space repeating hexagonal cell in graphene with the two sublattices
labelled. Symmetry elements are also indicated. b) Graphene BZ showing the inequiv-
alent Dirac points K, K’ and the reciprocal lattice vectors bgy, bga. ¢) Tight-binding
dispersion of graphene.

where ¢ ~ 2.8¢V is the hopping amplitude and a ~ 1.42A is the C-C bond length.
At charge neutrality, this band structure hosts linear band crossing points at the two
inequivalent corners of the BZ. The Hamiltonian near these two valleys (K and K’ = —K)

can be expressed as 2D analogues of the relativistic Dirac equation!

B 3ta

HT(p) - T(pro'm - pyay) - UF<TpxUz - pygy)a (22)

where 7 = %1 is a valley index indicating £ K, vy ~ 9x10° ms™ is the bare Fermi velocity,
and the Pauli matrices o act in sublattice space. At low energies in the absence of atomic-
scale disorder, valley is good quantum number, and so we often speak of four flavours of
fermions (including the spin degree of freedom). Spin-orbit coupling is negligible in the
m-bands [60], so we will omit spin when discussing the non-interacting band structure?.

The point group is Dg, which is fully realized at the hexagon centres.

2.1.2 Untwisted bilayer

Before diving into TBG, it is worth quickly summarizing what happens in untwisted
bilayer graphene. The main stacking arrangements are AA-stacking where the all the
carbon atoms on the two layers lie directly on top of each other, and AB-stacking (Bernal)

where one layer is translated by 75 — T4 (see Figure 2.1a) such that half of the carbons lie

'Tn this section and the next, we use the convention that k denotes an absolute momentum, while p
refers to a momentum measured with respect to some special point such as the (moiré) BZ corner.

2For the case of graphene, the presence of inversion and time-reversal symmetry means that the bands
are not spin-split anyway.
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on the hexagon centres of the other layer. It turns out that AB-stacking is more common
because it has a greater vdW binding energy [61]. The low-energy band structure of
Bernal-stacked bilayer graphene consists of gapless quadratically dispersing fermions at

the BZ corners [62].

2.1.3 Twisted bilayer

Consider the following procedure for specifying a twist configuration in TBG. Begin
with AA-stacked bilayer graphene with interlayer spacing ¢; = 3.35 A. Without loss of
generality layers 1 and 2 are placed at z = £¢(/2, and rotated by £6/2 about a hexagon
centre. Finally, layer 1 (the top layer) is translated by an in-plane displacement d. With
the appropriate choice of # and d, this is capable of representing any arbitrary stacking
configuration with fixed interlayer spacing. Two key issues need to be addressed before
proceeding further: commensurability and symmetries [44].

The spatial motifs of the two layers interfere, causing the formation of a moiré
pattern [63]. Generic twist angles are incommensurate and lead to quasiperiodicity.
Strictly speaking, Bloch’s theorem ceases to hold and it is therefore inappropriate to
speak of energy bands. The condition for a commensurate and periodic superlattice
is the following. Let ag; be the unrotated monolayer primitive lattice vectors, and
Ry be a rotation matrix about the stacking axis. If there exists integers m;, n; such
that my Rgpaqy + maRgpacy = niR_gpac1 + n2R_gpage, then the system has discrete
translation invariance [64]. The full solution set of commensurate angles can be indexed
by two integers. Note that the statement of commensurability only depends on # and not
the interlayer shift d. From an experimental standpoint, such considerations are largely
irrelevant—it is impossible to determine whether a given sample has a commensurate
twist, let alone deliberately fabricate a device with exact twist precision. In any case,
experiments deal with systems of finite size. From the theory side, it is helpful to be able
to leverage the machinery of Bloch’s theorem and think in terms of crystal momenta.
Therefore some of the literature focuses on commensurate angles where a microscopic
starting point can be taken, for example the large unit cell tight-binding models con-

sidered in Refs [65, 66]. A disadvantage of such an approach is that increasingly bulky
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a) b)

Valley K' Valley K
/ K1 :K1
\ K2 2KZ
Layer 1
Layer 2

Figure 2.2: a) Real-space schematic of TBG with § = 5° and d = 0. The symmetry
elements C’GW and C’M are indicated. b) Extended zone scheme of the BZ showing how
the mBZ at each valley is formed from the rotated monolayer BZ’s. Circle zooms into
the mBZ showing the high-symmetry momenta and the moiré reciprocal lattice vectors

b;.

and unwieldy Hamiltonians are required to better approximate a fixed twist angle. The
problem of restricting to commensurate approximants is sidestepped in the continuum
model [9], which manages to generate a periodic Hamiltonian for any 6. At the expense
of full microscopic rigour, the phenomenological continuum model is more amenable to
analytical and numerical treatment.

The finite-order symmetries of TBG depend on both 6 and d. For an arbitrary
stacking of two graphene layers, the only guaranteed symmetry is (spinless) time-reversal
symmetry (TRS) denoted by 7. For d = 0, the maximal subset of monolayer symmetries
is preserved (Fig. 2.2a). The symmetry generators are TRS (72), sixfold rotation about
the z-axis (Cg.), and twofold rotation about the z-axis® (Cy,). The corresponding point
group is Dg. For large twist angles, qualitative details of the band structure, such as the
existence of Dirac points at charge neutrality, can depend on the symmetry group [64].
However for small twists near the magic angle regime, it is argued that such differences
are invisible at experimentally resolvable energy scales, and the description in terms of
Dg symmetry is the most appropriate [44]. This is effectively captured by the continuum
model since its spectrum is independent of d [9]. At small angles, intervalley hybridization
is weak because a high order of interlayer hopping is required to connect the two monolayer
valleys. Therefore in addition to charge conservation Ux (1), an approximate Uy (1) valley
conservation law emerges at low energies. In fact, this is promoted to an exact Uy (1) in

the continuum model, leading to a total internal symmetry SU(2)x x SU(2) g when spin

3This is often referred to as a ‘mirror’ symmetry M in the literature.
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is included.

2.2 Bistritzer-Macdonald model

2.2.1 Derivation

The continuum model [9] (often referred to as the Bistritzer-MacDonald (BM) model) is
a widely used approximation to the band structure of TBG. In this section, we provide a
clean and direct derivation to demonstrate the simplicity of the approach and highlight
where the approximations enter. The general premise is that in the low-energy limit, we
can focus on momenta near one of the valleys (say valley K') and think of four species of
fermions (two layers x two sublattices). Recall that we assume d = 0 and that the layers
are twisted by £6/2. The intralayer physics is simple and modelled by twisted versions of
the Dirac cones of (2.2). The interlayer coupling leads to a spatially-modulating hopping
amplitude between the layers, whose functional form is to be determined below.

We work in the basis of plane waves: for an electron residing in layer [ = 1,2 and

sublattice 0 = A, B, we define the Bloch states

k,lo) = |K' +p,lo) = > e EET) R o) (2.3)

1

VN R
where R is an untwisted monolayer lattice vector, the superscript [ = 1,2 on a vector
denotes rotation by R.ig/s, and the 7, are the intra-unit-cell coordinates introduced in

Fig. 2.1a. Therefore K' correctly identifies the new positions of valley K in each layer.

Consider the following interlayer matrix element
Tyw = (k. 10| Hpy [k, 20") (2.4)

which corresponds to an electron on sublattice ¢’ on the bottom layer with momentum
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k' hopping to sublattice o on the top layer with momentum k. Now compute

TZjZ: - % Z e R BT HK (R ) <Rl> 10‘ Hgym ‘RIQ, 20/>

R R
_ % Z 6—ik~(Rl+T;)+ik’-(R’2+r§,)t(R1 _R%4 7_; _ 7_3/)

R R

1 i(q—k)-R'+i(k'—q)-R? i(q—k)-T} i(k'—q)-T2, (2:5)
e X Y kT )

RR q

—= Z ge (G o G a,)6k+Gl,k/+G/2‘

e Avc

In the second line, we introduced the interlayer hopping matrix element ¢(7) which de-
pends only on the distance between the sites (two-centre approximation). In the third
line, we inserted the Fourier transform of the hopping element t(r) = m >ogtl@)e
where Ayc is the area of the unit cell. In the fourth line, the sum over lattice sites is used
to enforce ¢ = k + G' = k' + G for some G, G’ (in-plane Bragg scattering) belonging
to the unrotated monolayer reciprocal lattice.

At this stage, no additional approximations have been made. Now we exploit the fact
that we are interested in momenta close to the monolayer Dirac points, so |k — K|, |k’ —
K? < |K]|. Since the the orbital overlap is smooth as a function of inter-orbital distance,
the hopping element ¢(q) is expected to fall rapidly with |q|. Therefore in the sum over
G in the last line of (2.5), we only keep the terms G = 0, —bg1, —bga, where the bg; are
the monolayer reciprocal lattice vectors shown in Fig. 2.1b. These are the three terms for
which ¢(k+ G"') has the smallest argument—effectively we have kept the lowest harmonic
of the moiré potential (dominant harmonic approximation). Its value is approximated as
t(|K]). The delta function constrains G’ to take the same three reciprocal lattice vectors
if we demand that |k’ — K?| remains small.

Aggregating these observations and performing some straightforward algebra, we ob-

14



tain the following description of the continuum model

<k, 1| HBM |k7/, 1> = FLUFO';/2 . (k — Kl) 5k,k’ (26)
<k, 2‘ HBM ’ki/, 2> = hUFO'iQ/Q . (ki — KQ) 5k,k’ (27)
(k, 1| Hgm [K',2) = T10k—1r 0 + T20k—k by +bs + T30k—1' b, (2.8)
Tp0 = e~ (/o= (g 0;)6(i0/4)"z (2.9)
w w
= " P (2.10)
WAB WAA
wape’®
T, = AB (2.11)
wape”"? AA
wapge "
Ty = Ap (2.12)
wAB€ AA
(2.13)

Some comments to help decipher the above equations:

1. The sublattice degree of freedom has been absorbed into the matrix structure.

2. The intralyer kinetic terms pick up a twist (2.9) due to the rotation of the layers.
If we neglect this Pauli twist, which works well in the small-angle limit, the model

gains an exact particle-hole symmetry (PHS).

3. In the interlayer hopping terms, we have defined the moiré reciprocal lattice vectors

(RLVs) b; in the mBZ (Fig. 2.2)

by = (Rgj2 — R_9)2)(ba2 — ba1) = V/3ky(1,0)
(2.14)

1 V3
by = (Ryj2 — R_g/2)bcs = V/3ke(— 27 2)

where kg = 2kp sin 6/2 is the moiré wavevector and kp = 47/ 3v/3a is the monolayer

Dirac momentum.

4. There are now two interlayer hopping strengths ws, and wyp, while we initially

we had a single interlayer hopping amplitude #(|K|). This generalization is allowed
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by the symmetries. We always take wap = 110 meV.

5. Hpy is an infinite-dimensional matrix in the momentum basis, similar to the sit-
uation in the nearly free electron model. To solve the for energies numerically, we
impose a plane wave cutoff that preserves the point group symmetries, typically

keeping states with |k — K| < Tky and checking for convergence.

6. The expressions for valley K’ can be deduced using TRS.

2.2.2 Emergent moiré periodicity

Because the terms in (2.8) only allow momentum changes by integer combinations of by
and by, the resulting theory is periodic. Inspection of the new RLVs (2.14) reveals that
the new mBZ is the monolayer BZ rotated by 90° and shrunk by the moiré scale factor
2sin(6/2). Therefore, the real-space superlattice is similarly rotated and expanded by
1/(2sin(0/2))—a good rule of thumb is that the moiré lattice constant is ay ~ 14 nm.
By taking the inverse Fourier transform of (2.8), we can interpret the continuum model
as Dirac fermions on two layers with an interlayer hopping that is local and spatially
modulated with wavevector ~ kg.

How did a periodic Hamiltonian emerge from generically incommensurate twist an-
gles? There are two closely related reasons for this. First, we constrained the sum in (2.5)
to G = G’ with the rationale that a violation of this condition involves a state with a large
kinetic energy. However nothing strictly forbids us from picking say G = bg;, G' = 0.
Second, the intralayer physics is modelled by Dirac terms, which is a good approximation
when |k — K|a < 1 (hence the “continuum” designation). The full monolayer physics
would have allowed purely in-plane Bragg scattering by integer combinations of bé}j. Both
processes take us out of the original plane wave cutoff given roughly by the clumps of
mBZ hexagons in Fig. 2.2b. Now in general, blGj may not be expressible as an integer sum
of the b;. In this case, the incommensurability is evident if an electron is Bragg-scattered
by say —bg,, and subsequently hops back to within the plane wave cutoff through a
sequence of b; hops, but this is exponentially suppressed at small ¢ due the high order of

perturbation theory required?.

4This also explains the emergent Uy (1) valley conservation symmetry.
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Figure 2.3: Band structure of the BM model along a cut in the mBZ for different values
of the chiral ratio Kk = waa/wap. The twist angle is held constant at the magic angle
appropriate for the chiral limit x = 0 (f ~ 1.06°). Black (red) lines denote valley K (K).

2.2.3 Chiral ratio

Figure 2.3 plots the band structure of the BM model, focusing on the low-energy bands
closest to neutrality. For the ‘isotropic’ limit wpaa = wap originally considered by
Bistritzer and MacDonald [9], it was found that the Dirac points were left intact and
remained at CN°. Reduction of the twist angle suppressed the renormalized Dirac veloc-
ity v; and flattened the central eight bands (including spin and valley). At the magic
angle® of § ~ 1.05°, v} vanished, but the central two bands were not energetically isolated
from neighbouring remote bands, in contrast to experiments which strongly suggested
single-particle band gaps of the order of tens of meV [4]. This conundrum is resolved
by taking into account lattice relaxation and corrugation effects [70, 71]. In TBG, we
can identify regions that locally look like AA and AB-stacking. Recall that in bilayer
graphene, AB-stacking is energetically more favourable than AA-stacking. Therefore in
TBG, the AB regions expand at the expense of AA regions, which buckle out of plane
slightly. In terms of the interlayer hoppings, this leads to waa < wap. This cleanly

isolates the central bands from higher-energy states. The real-space weight of the central

5C,.T quantizes the Berry phase of an arbitrary loop in momentum space to 0 or 7, depending on if
it encloses an even or odd number of Dirac points. This is a Zy topological invariant which prevents the
Dirac points from gapping out individually [67]. In fact, a stronger condition holds as long as the central
pair of bands remain energetically isolated. For a two-band model there exists a Z winding number,
which takes the same value for the two Dirac points in a single valley of TBG. Therefore they cannot
annihilate without interference from remote bands [46, 67-69] or breaking of U(1)y. In addition, the
Dirac points are pinned at the mBZ corners due to Cs., symmetry—the degenerate states form a doublet
under the D3 symmetry group relevant for a single valley.

SNote that generally there is no unique definition for the magic angle. For example one could have
defined it as the angle for which the central bands have the minimal bandwidth. In any case, its precise
value depends on parameters, and what is important is that the band structure is such that interactions
play a dominant role.
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band wavefunctions is concentrated around the AA regions.

We define a key dimensionless parameter, the chiral ratio K = waa /wap. Its precise
value in experiments is debatable, but is expected to lie in the range 0.5 < £ < 0.8 [70-73].
Interactions have been argued to renormalize this down further [74]. In Ref [75], this was
taken to the extreme by setting x = 0. In this so-called chiral limit, the model acquires a
particle-hole symmetric spectrum due to the chiral symmetry {ﬁBM, 0.} = 0. This can be
thought of as an idealized version of realistic TBG: the central bands become degenerate,
exactly flat, and energetically isolated across the entire mBZ at the magic angle. In

addition, the Berry curvature and quantum geometry becomes maximally LL-like [76].

2.3 Interacting model

2.3.1 Form factors

Bloch eigenstates of the single-particle BM Hamiltonian in (2.6)—(2.13) are parameterized

as

Ura(K)) = tgrar(k) [k + G, 7, 1) (2.15)

where a is a band label, I is a composite index for layer [ and sublattice o, G is a moiré
RLV, and k is a momentum that lives in the mBZ. The associated creation operator is
¢l (k). The ket on the RHS is a plane wave state with momentum k + G measured with
respect to an arbitrary basepoint” which maps onto I'y in valley 7. The Bloch functions
are defined to be periodic in the mBZ, so the cell-periodic u’s are not periodic in its

momentum argument. In particular, we have
Uro(k+ G)) = e7C7 |ur (k). (2.16)
We define the continuum model form factors [77]

/\T,ab(kv Q) = <u7',a(k)|u7',b(k + q)> = /\:,ba(k +q, _q>’ (217)

"For convenience, the basepoints in the two valleys are chosen to be time-reversal related.
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where k is a mBZ momentum, but q runs over all (intravalley) momenta. This is an

important quantity since it determines the flavour-diagonal densities

ﬁ‘rs Z éj—as ‘rab k Q)C‘rbs(k + q) (218)

kab

where we have reintroduced the spin label.

2.3.2 Interactions

In terms of the form factors, the bare quartic part of the long-range interaction Hamil-

tonian is

Hip = AZZ Py (@)prs(a) -
=Y Y V@ @)X (K ) (2.19)

ss'tr!  q kokPc mBZ
abed

Tas(ka) T cs’(kﬁ + q)éT/dS'(kﬁ)éTbS(ka + Q),

where A is the area of the system. We consider a dual-gate screened interaction V(q) =

26 P tanh gd with screening length d = 25 nm and relative permittivity ¢, = 10 unless
otherwise stated [78]. Casting Hiye in the BM band basis makes sense since it is desirable
to truncate to a subset of low-energy bands rather than keep all degrees of freedom up to
the plane wave cutoff. Intervalley Coulomb scattering at momentum transfers g ~ K is
power law suppressed at small angles [79] and will be neglected for most of the ensuing
analysis. However, this term is important for helping to break the SU(2)x x SU(2)x
symmetry to the physical SU(2) and resolving some of the spin degeneracies of the
correlated insulators. It leads to a ferromagnetic ‘Hund’s coupling’ that prefers to align

the spins in the two valleys. Phonon scattering provides a comparable antiferromagnetic

contribution, such that the overall sign of the Hund’s coupling is uncertain [80].
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2.3.3 Hartree-Fock and subtraction

Consider a general interacting Hamiltonian in normal-ordered form

H = Hy, + Hyy = Z hagc cg+ = Z Vaﬁwgc C;C(SC,Y (2.20)

aﬁwé
A Slater determinant is described by its projector P,z = (¢l ¢g), i.e. the one-body density
matrix. In HF, we decouple the interaction term in the state P of the system. For reasons
to be explained shortly, we may want to perform the mean-field decoupling relative to
a reference projector P%—by this we mean that P° should have no explicit interaction
energy. This motivates the following HF Hamiltonian and expression for the total energy

which prevents ‘double-counting’ of interactions

HY [P Zhaﬁc st Y (P — Vs — Vo) Chés (2.21)
afyd
Z hagPop + 5 Z o — Pag — Pog) (Vargs — Varsp)- (2.22)
a675

Alternatively, we could have defined an equivalent description in terms of another Hamil-

tonian H , where the decoupling is done with respect to just P

ﬁ == -E[kin + ﬁint - -[;[d.c. (223)
= PYs(Vargs — Vanap)- (2.24)
afyo

Returning to TBG, it is tempting to declare that we should take the total Hamil-
tonian to be just H = F[BM + ﬁim without any additional modifications. However this
prescription quickly runs into difficulty. The issues relate to PHS and the dependence
on the plane wave cutoff in the BM model. For concreteness, let us assume that all the
interesting physics occurs within the eight active central bands, and relegate the other re-
mote bands to be spectator bands®. This means that we automatically fill (empty) all the

remote valence (conduction) bands in our calculations. Now for a typical state at filling

8 A more precise division is between active and frozen bands, since the term remote is generally used
to refer to any bands that are not part of the central flat manifold. However for most of this thesis, we
will take the active bands to be the central bands anyways, so any remote bands are indeed frozen.
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factor —4 < v < +4, the central bands will be heavily renormalized due to the Hartree
and Fock potentials of the filled remote bands, which formally constitute a reconstructed
Dirac sea. Note that this cannot be absorbed as a chemical potential shift since the
moiré superlattice imprints non-trivial momentum structure onto the moiré Bloch func-
tions. Hence it makes sense to ‘subtract’ off such remote contributions. Furthermore, it
is desirable to choose a scheme that respects the approximate PHS of the BM model?,
which requires subtracting off some central band pieces in f[d.c. as well. The net result is
that the one-body part of the Hamiltonian for the central band degrees of freedom can
be rather different from Hpy. We denote the total one-body piece by Hgp, which may
be augmented to account for other factors like strain and substrate alignment.

The above considerations can be translated into a choice of the reference projector P°.
There is no unique prescription for fixing P°, and several choices have been used in the
literature with varying properties and motivations [55, 57-59, 77, 78, 81-86]. We caution
that different schemes do not only lead to quantitative variations, but also contrasting
qualitative behaviours for certain physical properties [57]. The basic issue is that the
central bands are sufficiently narrow to begin with that the doping level and symmetry-
breaking order substantially deform the effective dispersion in a detail-dependent man-
ner [35, 87-90]. Ideally one would use multiple schemes and check that the theoretical
predictions are robust.

We will primarily use the ‘graphene’ scheme where P° corresponds to the density of
two decoupled graphene sheets at charge neutrality!® [78, 85]. The physical motivation
behind this choice is that the parameters (such as the bare Dirac velocity vg) of the BM
model are taken from ab initio calculations of monolayer graphene, and we should only
count interactions about this reference point. This would avoid complications such as the
logarithmic renormalization of the Dirac cone velocity [78].

In the charge neutrality or ‘CN’ scheme, P° is the density of filled valence bands up
to the charge neutrality point of the BM model [77]. This is part of a family of related

schemes parameterized by a reference filling ©°, which guarantee the self-consistency of

9The experiments also exhibit PHS in many aspects, but not for some correlation signtures.

0Typically beyond some band cutoff far away from the central bands (but within the plane wave
cutoff for diagonalizing the BM model), we assume that P° consists of the filled remote valence bands
for simplicity. Bands that are too far from chage neutrality will be inaccurate anyways since they
approach the boundary of the plane wave cutoff.
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the BM band structure at filling v = 1/ [77, 84, 86].

In the ‘average’ or ‘infinite-temperature’ scheme, P° consists of filled remote valence
bands, and takes the form %]1 in the central band manifold. The advantage of this scheme
is that it makes strong coupling hierarchy of Section 2.4 manifest. Note that when the
active bands consist of just the central bands, the final active Hamiltonian in the ‘CN’
and ‘average’ schemes makes no explicit reference to the remote bands.

Once a subtraction scheme has been chosen, the HF equations are solved in a self-
consistent manner to determine the lowest energy Slater determinant. Multiple instances
and types of input seed projectors are used to maximize the likelihood of convergence

to the global minimum?!.

Depending on the calculation, we allow certain flavour and
spatial symmetries to be broken, including moiré translation invariance if desired. The
simplest Roothaan method (iteration) to solve the HF equtions often diverges due to
‘charge-sloshing’, especially if moiré translation symmetry is relaxed. To sidestep this and

accelerate convergence, we employ the optimal damping algorithm which is guaranteed

to find a local minimum [91].

2.4 Strong coupling

2.4.1 Chern basis

Since the typical Coulomb scale (~ 4:;M ~ 30meV) exceeds the kinetic bandwidth
(~ 10meV) [92], the BM band basis may not be the most natural one in which to under-
stand interaction physics. Indeed, as outlined in Section 1.1, there is ample experimental
evidence for band reconstruction and flavour polarization, affording us the flexibility to
move away from the kinetic basis. The role of the substrate in stabilizing the QAH
at ¥ = 43 and the proliferation of Chern insulating phases at finite magnetic field B
advocate a different perspective that reveals the underlying topological character of the
central bands and the connection to QHFM. A more appropriate basis choice is hence

furnished by the Chern basis obtained by diagonalizing the sublattice operator o, [78].

Each Chern band is predominantly polarized on one sublattice, which allows us to label

"For skyrmions in Chapter 5, multiple seeds are useful for obtaining metastable skyrmion solutions
as well.
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the eight central bands with sublattice!? o, valley 7, and spin s. Combining these into
a single index a, we can write the Bloch functions as [t (k)) = e |u,(k)) with asso-
ciated creation operators cZL(k:) Crucially, these bands have non-trivial Chern number

C =o,7, [44, 78, 93] and can be grouped into Chern quartets.

2.4.2 Generalized ferromagnets

The link to QHFM is sharpened in the well-studied chiral limit x = 0 [75, 76], where the
kinetic bandwidth becomes exactly zero at the magic angle and the Chern bands become
completely sublattice polarized. In addition, the new chiral symmetry {o,, Hgm} = 0,
in concert with Cy, 7 and PHS 75, heavily constrains the form factors A\, s(k, q) to be
diagonal and to depend only the Chern number C,: this allows us to write [78]

Np(k, q) = FS(k, q)e'" RDC5, 5. (2.25)

where the superscript ‘S’ denotes ‘symmetric’. In the chiral-flat limit where the BM
kinetic term is neglected'?, this implies a huge U(4)c=; x U(4)c=_; symmetry, as can be
seen by checking the invariance of the density operator'® 53(q) = 3_, df (k)AS(k, q)d(k +
q) under independent Chern-number preserving rotations.

Remarkably in the chiral-flat limit at ¥ = 0 for any repulsive interaction V(q), one
can prove the existence of exact Slater determinant ground states, which simply involve
uniformly polarizing any four orthogonal directions within the Chern quartets (‘gener-

alized ferromagnets’) [78, 83]. This is seen by exploiting the positive definiteness of the

12Note that o does double duty as a Chern basis index and the microscopic sublattice index. It should
be clear from the context which interpretation is being used.

13Tn addition, the subtraction term needs to satisfy the same emergent U(4) x U(4) symmetry, which
is trivially the case for the ‘average’ scheme where PP is proportional to the unit matrix in the central
band subspace. For the other schemes, we’d need to artificially set a particular combination of one-body
terms (not just the BM kinetic term) to 0.

MMatrix-vector product over Chern band indices a, 8 is implied.

23



interaction Hamiltonian in the strong coupling limit

iy, = 52 3" Vi(a) [57°(@)]' 5°(a) (2.26)
59(a) = pla) ~ @), pla)= 3 D bag Tk, G), (227)
kG

which is just a rewriting of the interaction (including the subtraction term) in the ‘average’
scheme. Ug refers to the symmetric part of the interaction. Consider the action of §p°(q)
on any generalized ferromagnet |¥) at v = 0. This vanishes for ¢ # G because we have
filled Chern bands and the density operator is diagonal in this basis. For ¢ = G, we
could have terms like ~ >, F®(k, G)sin ¢°(k, G) |¥) if ¥ has non-zero Chern number.
However TRS T = 7.K, where K is complex conjugation, constrains F°(—k,—q) =
FS(k,q),¢°(—k,—q) = ¢5(k,q). Combining this with (2.17), we obtain F5(—k,G) =
FS(k,Q),¢°(—k,G) = —¢°(k,G). Therefore the summation over k vanishes, meaning
that we have an exact zero-energy ground state. In fact, the above construction for exact
generalized ferromagnetic ground states can be extended to non-zero integer fillings if
one imposes an additional ‘flat-metric condition’ on the form factors [83]'°. In this way,

we have analytic solutions for strong-coupling insulators at every integer v.

2.4.3 Hierarchy of scales

The utility of the chiral-flat limit lies in the existence of a hierarchy of scales which
permits corrections to be treated perturbatively within the manifold of U(4) x U(4)
ferromagnets [78, 83]. The energy scale of the full symmetry group is Us ~ 20meV,
and the main competing scales at physically relevant parameters are the single-particle
inter-Chern tunneling (ts ~ 5meV) and deviation from chirality (Ux ~ 5meV), with
intra-Chern dispersion (t4 ~ 1 meV) being subleading'®.

Focusing for simplicity on the spinless insulator at neutrality such that the parent

symmetry group is U(2) x U(2), the effects of the above perturbations can be captured

15The flat metric condition requires that Aos5(k, G) = £(G)dap. This is trivially true for G = 0, and
is approximately satisfied for large G due to the decaying Bloch function overlaps. Hence the largest
violations are for the smallest shell of non-zero RLVs. The integer correlated states obtained through
other numerical means suggest that the flat metric condition is a decent approximation [83].

16 Explicit expressions for these scales can be found in Refs. [57, 78].
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via anisotropies with positive strengths J and A (i.e. energy scales E; = AycJ and
E, = AycA). It turns out that the states that get energetically selected by these terms
have total C' = 0. Defining an intra-Chern Pauli triplet 7 and an inter-Chern Pauli triplet
Y

N = (04T, 02Ty, T2), Y = (O, 0yTs, 0.T2), (2.28)

we can parameterize the strong-coupling ferromagnets residing in the Chern-neutral sector

with two Chern-filtered pseudospins

n (k) = (U] di (k)03 = d(k) |) (229)
which are independent of k. Inter-Chern tunneling generates superexchange ~ .J, induc-
ing an anti-ferromagnetic (AFM) coupling between the two pseudospins, while a finite
chiral ratio k causes the density operator to develop less symmetric parts, manifesting
as a coupling ~ A that is AFM in-plane and FM out-of-plane. Both break the chiral-flat
symmetry to distinct U(2) subgroups [78]. The resulting easy-plane ground state with
n, = —n_ (and hence valley-U(1)y degeneracy) is the KIVC, so called because it pre-
serves a modified Kramers TRS 77 = 7,K, and possess intervalley coherence (IVC). An

equivalent description of the spinless KIVC is via its density matrix P = %(1 +@Q), where

Qxive = 0y(7, cos drve + 7, sin grye) (2.30)

is parametrized through the IVC angle ¢yc.

A similar analysis can be performed at the other integer fillings to determine the spe-
cific ferromagnets that are selected by the anisotropies [83, 94]. Complementary numerical
techniques, such as HF, DMRG, quantum Monte Carlo, and exact diagonalization obtain
ground states that are similar to generalized ferromagnets [58, 78, 81, 83, 85, 86, 95-99],
thereby validating the strong coupling treatment of the interacting BM model.
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Part 1

Neutral and charged excitations at

strong coupling
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Chapter 3

Topological excitons

The structure of the ground states of condensed matter systems intricately affects their
low-temperature properties, and is imprinted in the spectrum of low-energy quasiparti-
cles and long-wavelength collective excitations. Electrical insulators generically break no
continuous symmetries and hence lack gapless collective modes, and are gapped to charge
transport in their bulk. However, interactions can stabilize excitons, which are bound
states of a hole in the valence band and an electron in the conduction band. While also
gapped, excitons typically have lower energy than unbound particle-hole (PH) excitations
and dominate the optical response of direct-gap semiconductors, where they can be ex-
cited at zero wavevector. More generally, excitons form at a fixed center-of-mass (COM)
wavevector g set by the momentum separation between the valence band maximum and
conduction band minimum. The spectrum and transport properties of excitons can also
be modified by the topology of the electronic bands near these extrema [100, 101]. This is
captured by the ezcitonic Berry curvature [102] linked to the evolution of the two-particle
bound state across its BZ. Such considerations are relevant, for example, to 2D transition
metal dichalcogenides® [103], where the valley-contrasting anomalous velocity of excitons
has been experimentally observed [104].

In this chapter, we focus on excitons of the v = +3 QAH in TBG aligned with the
hBN substrate, i.e. hBN-TBG [27, 28]. We investigate features of the exciton spectrum

and topology in hBN-TBG that are linked to the flatness and nontrivial Chern number of

! Certain hexagonal TMDs can be loosely thought of as ‘gapped graphene’—the gapping of the Dirac
points leads to a high concentration of Berry curvature at the BZ corners.
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the underlying single-particle bands and the spontaneous breaking of time-reversal and
spin rotation symmetries. In Section 3.1, we root our understanding of the universal
topological features in an analytically tractable model that mimics the features of the
hBN-TBG band structure by leveraging the mapping between |C| = 1 Chern bands
and LLs. In Section 3.2, we return to TBG and demonstrate that topological excitons
with a narrow bandwidth can indeed arise in the interacting BM model. Motivated by
the emergence of flat-band topological bosons, we propose a fractional quantum Hall
hierarchy built from excitons in Sec. 3.3. We close with a conclusion in Sec. 3.4. The

work in this chapter is based on Refs. [53, 54].

3.1 Landau levels in opposite fields

3.1.1 Landau level mapping

In Sec. 2.4.1, we discussed how the Chern basis, obtained by diagonalizing the sublattice
operator o, highlights the topology of the central moiré bands. The alignment? of the
hBN substrate with the graphene layers gaps the Dirac cones and makes this topology
manifest, leading to four degenerate bands below and above charge neutrality [79, 105].
For simplicity in this section, we assume the effective sublattice splitting A is large
enough so that we can focus our attention on the four conduction bands (say polarized
on the A sublattice), which are distinguished by spin s =7, | and valley 7 = + quantum
numbers. The valleys have Chern numbers C' = 7 and are interchanged by TRS. At
v = +3 and near the magic angle, the suppressed bandwidth allows interactions to
stabilize TRS-breaking valley- and spin-polarized states in which a partial subset of the
bands is fully occupied—a mechanism proposed to explain the observed QAH response
in hBN-TBG [28]. Such systems are sometimes referred to as orbital Chern insulators
(OCIs) [106-108] to emphasize the central role played by the orbital physics rather than
spins (which remain disordered in the absence of external fields at finite temperature due
to the Mermin-Wagner theorem). This is in contrast to other QAH materials such as

magnetic topological insulator thin films [109].

2The question of what constitutes ideal alignment is subtle, since hBN and TBG have a slight lattice
mismatch—see discussion in Chapter 4.
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To gain physical intuition and make analytical progress, we exploit the topological
equivalence between |C| = 1 Chern bands and LLs, and consider a system of four flavors
of electronic lowest Landau levels (LLLs) confined to the plane. The two valleys 7 = +
experience opposite magnetic fields B = —7BZ, chosen to model the Chern structure
of the conduction bands of hBN-TBG, and we neglect Zeeman splitting since there is
no real external magnetic field. In Landau gauge A, = —7Buxy, the LLL wavefunctions
are ¢p (1) o< eikye_(x_;k)2, which are created by ¢f_.. We take (p = (hi/eB)"/? = 1
throughout. The projected LLL Hamiltonian is [110]

~ 1
§ ’ V. i 7 E V. T
H= 5 T’/ (k7 b, Q)Ck+q,7'sck+pfq,7—’s’ Chk+p,r's' Ck,Ts T+(ka b, O)CkTSCkTs const.,

kpq kpts
7788’

(3.1)

where the second term is the potential of a uniform background charge (equivalent to
a filled 7 = + LLL), and U(r) = €?/r describes Coulomb interactions with LLL ma-
trix elements Vi (k,p,q) = (k+ ¢, 7k +p—q,7|U |k, 7k +p,7')®. The form of (3.1)
is motivated by TBG, where interactions have SU(2) spin rotation invariance and the

suppressed intervalley scattering contributions are neglected [79].

3.1.2 Collective modes

We consider a uniform fully spin- and valley-polarized ground state, assuming without
loss of generality that the filled flavour is (4, 1), viz. |G) =[], c/,TchT |vac) (Fig. 3.1a). The
scenario with three filled flavours is equivalent via PH conjugation. Following Ref. [110],
we compute the collective mode spectrum in the time-dependent Hartree-Fock approxi-
mation (TDHFA, equivalent to the generalized random phase approximation [111]). We

solve the dynamics restricted to the basis of single PH pairs, created by the neutral

3The explicit expressions are

V++(k D, q ) \/>/ de0(|qx|)e 2(27 +2(p— Q)I-‘F‘Z +(p— ‘Z) ) (32)

Vo (k,p.q \/7/ dz Ko(|qz|)e (2 +(4k+2p)a+4k(k+p)+p*+4°) (3.3)
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Figure 3.1: a) Schematic of the four-flavour LLL at effective filling v = 1, showing the
exchange splitting U = \/gg and the different neutral excitation types. b) Spin
wave energy (blue curve) as a function of y-momentum ¢ for & = 0 (i.e. vanishing -
momentum). Spin wave dispersion is isotropic in 2D momentum space. Horizontal lines
show the momentum-independent valley-flip exciton energies. Both modes saturate to
UhE,

operators bl _(k,q) = CL +qrsCh+1 that satisfy the equation of motion

_iatbis(kv q) = (671_1317“; + Q) - GEE(]{;»bis(kv q) - E ,‘/T+<k +4q K —k— q, kK — k>bis(k/7 Q),
kl
(3.4)

where (7, 5) # (4, 1), and the k-independent HF energies are €y’ = —d4d-4 3°, Vi (-, p, p).

(3.4) is closed for a given 7, s, and momentum transfer ¢ as these are conserved by the
Hamiltonian. Therefore, TDHFA is ezact for the one PH subspace since we neglect LL
mixing.

We solve (3.4) by finding operators v (q) = [ dk vy.s(k)bI,(k, q) such that to leading
order in v.4(q), [H, Y (k)] = wrs(@)y) o (k), where wr(q) is the excitation energy. The
coefficients ,,s(k) satisfy

(U™ — wrs(q)) Ygrs (k) = / dk' Ty (k, K ibgrs (K, (3.5)

where the kernel T, ,(k, k') = g—;VTJr(k’ +q,k—k —q,k— k') and the exchange splitting
Ut = \/gg Discretizing (3.5) yields a 1D hopping problem for each ¢, with matrix
element T, ,(k, k") between sites k, k'.
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3.1.2.1 Intravalley spin-wave mode

For (7,s) = (+,)) and fixed ¢, the hopping kernel T .(k, k') depends only on k — &'
With the ansatz 1,,s(k) ~ e*® [110], the energy of this spin wave collective mode is
given by [112, 113]

i) = U = [ dhe Ve (k= g, (3.6)

plotted in Fig. 3.1b. The dispersion is isotropic in the (¢, «) plane, where a can be
interpreted as the z-momentum [110]. As expected for the single Goldstone mode corre-
sponding to the ferromagnetically broken SU(2) symmetry [114, 115], wy (q) is gapless
and quadratic for ¢ — 0 [112, 113, 116]. For ¢ — oo it saturates to U™F (the loss of
exchange energy in creating a hole) since in this limit electron and hole are sufficiently

distant that their Coulomb interaction energy vanishes.

3.1.2.2 Intervalley exciton mode

A more interesting case is that of intervalley excitations where 7 = —. The spectrum is
spin-independent since H is SU(2)-symmetric. In fact, the spectrum w_(q) is also inde-
pendent of ¢, and hence macroscopically degenerate—a consequence of the ‘shift symme-
try’ of the kernel, T}, _(k, k") = T495—(k — 9, k' — &), where increasing g by ¢ corresponds
to shifting the effective 1D hopping problem by —§/2. This holds for any interaction
potential, not just Coulomb. The sign and the factor of two is strongly suggestive of the
notion that bl (k, q) creates an excitation that couples to the magnetic field with an effec-
tive strength 2e B (recall the position-momentum locking of LLs, (x) = 7kl%). This leads
to a discrete g-independent spectrum of excitonic bound states (Fig. 3.1b) described by
harmonic oscillator wavefunctions ¢y (k;n) o< H, [vV2(k + 1)] e~ *+2)” centered at —q/2,
where H,, is a Hermite polynomial corresponding to LLs in an effective magnetic field
2B.

For rotationally invariant interactions we can capture key features of the excitons [54]

by working in symmetric gauge and performing a PH transformation on the 7 = + valley,
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yielding a two-body Hamiltonian for the 7 = + hole and 7 = — electron

(Pe +€A)*  (pn+eA)’ _

Heyo = Ul(r), 3.7
5 T o (r) (3.7)
where we recall the opposite magnetic fields in the two valleys A, = —A;, = A.
Transforming to COM and relative coordinates R = ”TJ”'E, r = r;, — 1, and momenta
P = py+p.,p = P57, the Hamiltonian cleanly decouples into COM and relative sectors
(P +2cA)?
Hp=-~__“"""7 3.8
P (33)
+35A)°
o= PEEA (3.9)
m

The COM sector is a LLL problem for a charge —2e particle in field —BZ. Accordingly,
each discrete excitonic bound-state solution of H, has a 2Ng-fold degeneracy correspond-
ing to the LL degeneracy of the COM sector Hr. The relative motion corresponds
to a charge —e/2 particle in the same field and a Coulomb central potential. Solving

this in terms of Haldane pseudopotentials [117] yields discrete exciton binding energies

E _ e2 F(m—l—%)

= — {5 D (where m > 0 is an integer and I is the gamma function), in agreement

with the numerical solution of (3.5). The intervalley exciton is a composite neutral object
which sees an effectively doubled magnetic field, and whose COM and relative motion
are topologically non-trivial due to Landau quantization for any interaction. In analogy
to usual electronic LLs, we expect the exciton bands to have Chern number |Cey.| = 1,
as we verify in the next subsection. Semiclassical quantization also gives a macroscopic
COM degeneracy and discrete relative energy levels, because of the Lorentz-force de-
flection of electrons and holes as they attract in opposing magnetic fields. In contrast,
for the usual case of identical fields the PH pair is free to propagate and its energy is

non-degenerate [118].

3.1.3 Excitonic Berry curvature

We are ultimately interested in studying Chern bands in zero-field crystalline systems
with small but non-zero dispersion and non-uniform Berry curvature. To check what

aspects of our results survive away from the fine-tuned LLL limit, we perturb our model
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with a finite dispersion and Berry curvature inhomogeneity. To help bridge the gap to the
crystalline setting, we transform to the magnetic Bloch basis indexed by two-dimensional
momenta k in the magnetic BZ. Picking a square unit cell with side ¢ = /27 enclosing
unit flux (for magic-angle TBG with a ~ 14 nm, this corresponds to B ~ 5T), the single-

particle magnetic Bloch operators are [79] df = \/LNf SN gimha (ky +0Q) of where

n=0 ky+nQ,
Q = 27” is the BZ length and the spin index has been dropped as we are focusing on
intervalley modes. Following Ref. [79] we introduce a potential V(r) = —w(cos(22) +
Cos(2;r—y)), which is diagonal in this basis and projects to a single-particle dispersion
€, = —we ™ (cos kya + cos kya) in the LLL. Solving the discretized TDHFA equations,
we find that exciton energies evolve with the CM momenta g, forming bands within the
BZ. The topology of exciton bands is encoded in their Berry curvature [102], as we now
summarize.

The exciton state is
exc\ __ T
‘wq > = Z wq(k)kor%,_dk_%,Jr |G). (3.10)
k

After PH-transforming the + valley, we can write

|u3xc> = e*iquwq(k) ‘¢k+g,_> ¢Z—%,+> ) (3.11)
k

where |¢g. ) are the single-particle Bloch states, and the e—iaR prefactor ensures that the

exc

q > of |¢ZXC> satisfies g-independent boundary conditions [119].

cell-periodic part {u

The Berry connection and gauge-invariant Berry curvature are then computed from
ju). If @™ = i{ul| Vq|ul) and f7 = V4 x a.(q) are the Berry connection and
curvature of the underlying single-particle bands, the exciton Berry curvature takes the

form

Qexc(q) = Qsp(q) + Qe(q@) + Qspe(q), (3.12)
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where (defining ki = k £ ) the first contribution
Z (g (R){ ST (k) — £ (ky)} (3.13)
stems from the single-particle Berry curvature,
Qol@) = i) Outba(k)0u (k) —Dyq (k) Oy 5 (k) (3.14)
k
captures the BZ evolution of the envelope function, and

Upeld) = 5 S (00 ak)Par (k) — (2 ) (315)
2, =t

describes the coupling between the envelope function and the single-particle Berry con-
nection. Due to the ambiguity in defining a and the phase of ¥, (q), only the combination
Qe + Qgp e i1s gauge-invariant. Numerically eyc(q) is computed on a finite momentum
mesh by computing gauge-invariant (non-Abelian) lattice field strengths [120]. Integrat-

ing Qecxc(q) over the BZ gives a quantized exciton Chern number Cexe = [5, %Qexc(q).
Armed with this definition we return to our discussion of perturbing the solvable
limit. At w = 0 the bands are flat and two-fold degenerate, consistent with the COM
experiencing a doubled effective field. As the bandwidth is increased, the upper levels
merge into a continuum, which engulfs additional bands as w grows [53]. At large enough
w the lowest exciton band dips below E = 0, signaling an instability to a partially-
polarized state at the one-exciton level. We also introduce Berry curvature inhomogeneity
by artificially deforming the Landau gauge states® [53], and find that this also leads to a
weak exciton dispersion. These results illustrate that the exciton dispersion arises from

the interplay of the underlying band geometry, topology, dispersion, and interactions.

We have also explicitly verified that low-lying exciton bands remain topological® with

4This is done by introducing a ‘wobble’ factor w(k) into the Landau gauge eigenstates that respects
the square lattice periodicity w(k + Q) = w(k) and the the time-reversal relation of the two valleys
w(—k) = —w(k)

o =7 (htw(k))]?

1 .
bpr(w;r) = ———eMe™ z . (3.16)
Lym

[N

The resulting magnetic Bloch states have Berry curvature f7(k) = 7 + 70, w(ky).
5See Appendix A for an analytical calculation of the exciton Chern number in the absence of pertur-
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Figure 3.2: a) Spin- and valley-flip exciton spectrum of v = +3 QAH of hBN-TBG. b)
As the substrate potential is varied, intervalley exciton bands cross at I'y; in a topolog-
ical transition where the Chern numbers of the lowest bands change as indicated with
|ACexc| = 1. ¢) Berry curvature (multiplied by the mBZ area) and exciton energy for the
lowest valley-flip band of a) in the mBZ. (Note that the conventions for the basis RLVs
are different to those introduced in Sec. 2.2). d) Same as ¢) but for the Cey. = —1 band
of the final panel of b). System size is 20 x 20.
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Cexe = 1 under these perturbations, even as they acquire dispersion and Berry curvature

fluctuations of their own.

3.2 Excitons in TBG

We now turn to spin and valley-flip excitons of the OCI in hBN-TBG, for which our
starting point is the continuum model of Ref. [9] with twist angle § ~ 1.2°. We choose
waa = 80meV and introduce a sublattice splitting |A| = 20 meV on the bottom layer.

We use a dual-gate screened interaction with relative permittivity e = 9.5 and screening

bations.
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length ds. = 40 nm, and use the ‘graphene’ subtraction scheme. Projecting to the eight
central bands, we calculate the fully flavor-polarized self-consistent QAH state at the
experimentally-relevant filling v = +3 [28], from which we compute the single valley-flip
or spin-flip excitonic spectra using the TDHFA® [111, 121]. We do not consider interband
excitons that are not charged under valley or spin (such excitations exist since we keep
both valence and conduction BM bands). The results are shown in Fig. 3.2 (see caption
for more details). Consistent with previous studies that focused on energetics [116, 122],
we find that the lowest spin-flip mode is gapless and disperses quadratically at zero
momentum, while the valley-flip modes are all gapped (Fig. 3.2a). The lowest valley-flip
exciton has a narrow bandwidth ~ 1meV, and is energetically separated from higher
modes (Fig. 3.2c)

For the above parameters, we find that the lowest two exciton bands have Ce. = 0.
We emphasize however that the physics of TBG shows large sample-to-sample variations
sensitive to the precise device parameters and experimental conditions. Indeed, by varying
the substrate strength, we can induce a set of band touching events which renders the
lowest exciton band topological (Fig. 3.2b,d). This reveals that the different terms in
(3.12) can give competing contributions to the exciton Berry curvature. Specifically,
the non-trivial structure of the envelope function 14(k) can render exciton bands trivial
even if the underlying single-particle bands have equal and opposite Chern numbers and
yield a nonzero gauge-invariant €,(q). Despite these subtleties, it seems plausible that
hBN-TBG can host low-lying topological exciton branches in realistic parameter regimes.

As with other topological collective modes [123-125], a non-zero Chern number for
a bulk exciton band indicates the presence of chiral exciton modes [126-128] localized
at the boundary of the QAH domain, traversing the bulk exciton gap to connect to a
band with a distinct Chern number. These modes allow unidirectional exciton transport,
acting as chiral channels for valley charge, but only emerge in TBG for a narrow range of
parameters. However, even when the lowest exciton band has Ce. = 0, we nevertheless
find substantial curvature inherited from the underlying Chern bands (Fig. 3.2c). This
can drive anomalous exciton transport in the bulk [102, 104]. Each valley-flip exciton of

QAH systems such as hBN-TBG is associated with a U(1) valley charge. Since the latter

6See Appendix B for the technical details.
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is to very good approximation conserved in these systems, excitons are likely long-lived.
Direct optical addressing of these excitons is challenged by the momentum mismatch
between the valleys; however, it may be possible to supply this ‘missing momentum’

from another source, e.g. phonons [129].

3.3 Excitonic fractional quantum Hall hierarchy

3.3.1 Setup

The emergence of narrow-band topological excitons in hBN-TBG paves the way for the
possible formation of novel many-exciton phases similar to the bosonic fractional quantum
Hall (FQH) effect [54, 130]. To generalize our discussion to other OCI platforms, we
distill the minimal ingredients necessary for our theoretical proposal. We require our
system to possess two nearly-flat degenerate Chern bands with equal and opposite Chern
number C' = 7 indexed by a conserved ‘valley’ quantum number?, and we ignore spin for
simplicity. For sufficiently strong interactions, the ground state at v = 1 is a fully valley-
polarized Chern insulator (FVPI) with quantized Hall conductivity o,, = % We assume
the details of the system are such that the lowest intervalley exciton band is topological
|Cexc| = 1 with a small bandwidth.

As in Sec. 3.1, we capture the main qualitative features of the problem by replacing
the Chern bands with LLLs where the valleys experience equal and opposite magnetic
fields. The filling factor of the LLL pair is fixed at v = v, +v_ = 1, where v = N1 /Ny is
the filling factor in each valley, and Ng = A/27¢% is the LL degeneracy. The interacting

Hamiltonian (3.1) can be rewritten as

Hi = g 3 Vi) @i () (3.17)

q,7,7’

Here, we have introduced the projected density operators

— iqe 2
pila) = Fla) ) o™ hhe, oy o (318)

"We emphasize that for generality, this need not correspond to an actual valley degree freedom like
in hBN-TBG.
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where F'(q) = e~ /4 and Cchy, . is the creation operator of a Landau-gauge single-particle

2
LLL state ¢, +(z) =

ikyy o~ (e FkylH)? /20 L .
e "% We choose a phenomenological interaction that

\/LyKB\/E
only includes density-density terms

2me?

Vir(a) =v(q) = Ta

o’ Vi (a) = va(a) = v(q)e” 9, (3.19)

where d tunes the competition of inter and intravalley interactions. Essentially, this
interaction corresponds to that of a quantum Hall bilayer where the valley corresponds
to the layer. The FVPI at v = 1 is stable against both the inclusion of a weak nonzero
single-particle dispersion, as well as allowing d > 0. Although the former is also true
for conventional QHFMs where all bands have C' = 1, the latter is unexpected: arguing
in analogy with bilayer quantum Hall systems, we would anticipate that softening the
intervalley interactions in this way would stabilize intervalley-coherent states with v, =
v_ = % However when C', = —C'"_, even for d — 0 the symmetry is reduced relative to
the Cy = C_ case [79]. This is evident in the gap to the intervalley excitons of the FVPI
as discussed in Sec. 3.1, which used an isotropic interaction potential.

From the analysis of (3.8) and (3.9), we can write down wavefunctions for the inter-
valley exciton in the symmetric gauge after performing a PH transformation in the filled

T = + band. Letting z., z;, be complex coordinates for the electron and hole respectively,

242" h

5 — z¢, and freezing the relative coordinate u in the lowest

defining z = and u = z

excitonic bound state ¢ with relative angular momentum m = 0 yields
Yexe(z, 1) = f(2)e P Ppg(u) with ¢o(u) = e 1773, (3.20)

where f is analytic. Note that z (u) sees an effectively doubled (halved) field.

Each exciton also carries a unit of U(1)y valley polarization. Since the latter is con-
served it is meaningful to consider partially valley-polarized states corresponding to a
finite density of excitons. A coherent interlayer exciton condensate is expected for stan-
dard quantum Hall bilayers at v, = v_ = % [131]. However in the present situation,
similar HF trial states are energetically uncompetitive in much of the phase diagram

because exciton topology forces them to host a vortex lattice analogous to Type-1I super-
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Figure 3.3: Exciton-exciton interaction profile for different d, which tunes the competition
of intervalley and intravalley interactions.

conductors in a magnetic field [79]. Evidently, as bosons in a magnetic field the excitons
can form various other many-body states inaccessible to a HF analysis, depending on the
effective exciton-exciton interaction Vey.(R)

In order to estimate the inter-exciton interaction, we consider the following single-

exciton wavefunctions whose COM is localized at some position R

_|Rr?
[ 2

2

2(Ro,o—iRo,) ,— 4 — 22
e\ toa Tty o™ T T e (3.21)

7~/)exc,R(Zh7 Ze) =

We propose the following antisymmetrized state for two localized excitons separated by
R
IIjexc,R({'zh}a {Ze}) ~ AeAhwexc,R(Z?v Zf)wexc,O(Zg7 Z;) (322)

where Ay antisymmetrizes the holes (electrons). Evaluating the expectation value of

the interaction using the potential in (3.19), we obtain

Vo () = e~ 5 (FlIyv] — FlIyva)) + e~ 5 (F[Jov] — FlJova)) — e~ 5 FlJov] — e 25 FlIgv] + 2¢= % Flug)

1—2% +e R

F[I,V] = /Ooo dr 1, (f“) TV
FlJoV] = /Ooo drrJo (f) TV (r)

F[V] = /Oo dr 7’67%‘/(7”)
0
where Jy and I are the unmodified and modified Bessel functions of the first kind. This
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interaction is plotted in Fig. 3.3 for several values of d. The denominator reflects the
normalization—as the excitons come within ~ (g, their envelopes begin to overlap®.
Short-range interactions are repulsive if d/¢p 2 1, and attractive if d/{p < 1. For any
d > 0, excitons experience an asymptotic R~ repulsion that vanishes for d = 0. A

power-law tail is generically expected, but its exponent may depend on the choice of

v(r).

3.3.2 Excitonic many-body states

We consider fillings (v4,v-) = (1 — vy, 1) with 0 < v, < 3, corresponding to adding

v, Ng intervalley excitons to the FVPI resulting in valley polarization I} = % — v, per
electron. For now we assume that exciton binding sets the dominant energy scale and
that the inter-exciton interaction V. is always repulsive and short-ranged. Since each
exciton behaves as though it occupies a 2Ng-fold degenerate LL, the effective filling factor
is v, = v,/2. For v, = 1/m with m an integer, the tightly-bound excitons can form a

vy = 1/2m bosonic Laughlin state. A trial wavefunction that captures this is given by

\I]2m({zea Zh}) exc[ ({Z }) {Zh} Z Sgno {Zz o(7) H ¢0 u]a(g
ocESN
(3.23)
2 2 . . .

Here, ¥, ({z}) = [[;;(zi — 2;)"e” S5 and Pexe Projects electron-hole pairs into the
lowest excitonic level ¢g [(3.20)]. This antisymmetrizes over permutations o € Sy cor-
responding to different ‘pairings’ of the N = Ng/m electrons ¢ and holes o (i) to form
excitons centered at zj,(;) = 5(226 —I—zg(i)) at separation ;s (;) = zzh — z;’(i) and then projects

the latter onto ¢o°. Wy, ({2¢,2"}) is a many-body state of electrons in valley ‘—’ and

holes in valley ‘4, built on top of the FVPI parent state. Undoing the PH transformation

8This highlights a subtlety when considering many-body exciton phases, which is that single-exciton
states are not all independent [132]. While this is unimportant in the dilute limit v_ =1 —v; < 1, we
will be interested in fillings ¥_ = 1/m where m is not necessarily large. We will ignore this subtlety and
consider the excitons as bona fide bosons.

h e
9Explicitly, if ¥, ({z,u}) is the original wavefunction written in terms of COM (z; ,(;) = Z’EA)
and relative (u; ,(;) = 2t — zi(i)) variables for a given pairing o, then Pgy. acts as
Pexc ({25, 2"} = Y sgno/d{u W, ({z,u'}) H¢ Wi (1) 0" (U] g (3))- (3.24)

gESN
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Figure 3.4: a) Phase diagram for the ground state angular momentum L from exact
diagonalization for N, = N_ = 5 fermions on a sphere with flux N, = 16, appropriate for
the m = 4 excitonic Laughlin state. The Haldane pseudopotentials in units of Ey = e*/(p
are V! =1,V? =04,V}! = -4 V? = —0.46, while the magnitude of V°__, which

is always negative, is freely varied. Hence § controls the isotropy of the interaction (note
that VT?T does not affect the spectrum due to the Pauli principle). b) Energy gap between
lowest and first-excited multiplets.

in (3.23) in the ‘+’ valley yields a purely electronic wave function.

An alternative picture of the excitonic phase structure, which allows for relatively
straightforward numerical tests, is obtained by viewing the problem (after PH transfor-
mation to holes in valley ‘+’) as a two-valley system where each component sees the same
magnetic field and is at filling v = 1/m, and where intervalley (intravalley) interactions
are attractive (repulsive) [133]. This gives distinct pictures for odd and even m. In each
case, the electronic state is obtained after undoing the PH transformation.

For m odd and zero intervalley interactions, each component forms an independent
v = 1/m fermionic Laughlin state. Intervalley attraction locks these together, suppressing
fluctuations where a particle in one valley is far from a hole in the other. However, as
each valley is independently incompressible, the presence of a unique ground state in
numerics does not provide confirmation of the excitonic Laughlin state.

For m even, we can attach m quanta of flux to each valley separately, yielding an
equal density of composite fermions in each valley. For weak intervalley attraction we
anticipate that these are stable against pairing [134], yielding a compressible state. For

increasing attraction, we expect a transition into an intervalley paired state of composite
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fermions, schematically given by

Won ~ Pooe [ [ (5 = )™ [ — =) detlg(z — =) (3.25)
i< k<l

where the determinant describes pairing with wavefunction ¢(z), Prrr projects to the
LLL, and we have omitted Gaussian factors. For s-wave or strong-coupling higher-angular
momentum pairing, we expect g(z) ~ e */¢ as z — 0o, where & ~ O({p) is the pair size.
Qualitatively, this pairs electrons and holes into tightly-bound bosons that then form a
vp, = 1/2m Laughlin state. This is consistent with our picture of (3.23), so we conclude
that the two approaches describe similar physics. In non-s-wave cases, strong- and weak-
pairing regimes are separated by a phase transition. For p,+ip,-pairing where g(z) ~ 1/z,
this would be a transition between state (3.23) and the (m — 1,m — 1,1) Halperin state
which also has v = 1/m in each valley'?. For m = 4, preliminary exact diagonalization
studies'! find a unique ground state in this valley polarization sector for N = 4,6, 8, 10
particles on the sphere [117] at a shift [136] of 4 appropriate to (3.23) for certain short-
range interactions (see caption of Fig. 3.4 for details of the interaction). This suggests
that the excitonic Laughlin state is energetically competitive as there is no other obvious
incompressible candidate at this shift. (Note that this is not necessarily the global ground
state across all valley sectors.) Further numerical work is required to fully flesh out the
phase structure and verify the applicability of (3.23).

Other unconventional phases are also possible. For example, if v, = 2/q with ¢ odd,
the exciton filling is v, = 1/¢, ruling out bosonic Laughlin states. In this limit, attaching ¢
quanta of U(1)y valley flux to each exciton gives rise to a compressible excitonic composite
Fermi liquid (e-CFL). This does not obviously decouple into separate flux attachments to
constituent electrons/holes. The e-CFL has intervalley binding but no valley coherence,
and is hence distinct from interlayer coherent CFLs [137] proposed in QH bilayers.

So far we have ignored the long-range tail of Vix.(R). While this is unlikely to desta-

bilize FQH liquids favored by short-range repulsive interactions, the competition between

19The equivalence of (3.25) with p, + ip, pairing to the Halperin state follows via the Cauchy iden-
tity [131, 135].

HExact diagonalization numerics were performed using the DiagHam package [http://www.nick-ux.
org/diagham/wiki/] for multicomponent fermions on the sphere.
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short-range attraction and long-range repulsion [138] can drive the formation of vortex
lattices and bubble and stripe phases [139, 140]. Similarly at lower density, Wigner-crystal
like phases of excitons can be formed [141]. These states all have broken translational

symmetry.

3.3.3 Edge structure and response

We now discuss transport properties and bulk response of the states considered above.
Since the excitonic Laughlin state (3.23) is a bosonic FQH state, we expect a quantized
response in the ‘charge’ carried by this state, which leads to a fractional quantized valley
Hall response, o, = 0, U;/y = —VquV = —ﬁ%, where ¢ = 1 is the valley charge of
a single exciton. We can understand this also from an edge-state perspective. Before
implementing exciton projection, in terms of the underlying electrons we can view the
edge of (3.23) as built out of (i) a chiral v, = 1 mode of electrons in a filled LL; (ii)
a chiral v, = 1/m edge mode of holes in valley ‘+’; and (iii) a chiral v_ = 1/m edge
of electrons in valley ‘—’. Owing to the opposite charge of holes and the opposite sign
of B in the two valleys (ii) and (iii) counter-propagate relative to (i) and co-propagate
relative to each other. The exciton projection can then be viewed as binding the two co-
propagating fermionic FQH edge modes due to the attractive electron-hole interactions,
leading to a single bosonic v, = 1/2m mode propagating upstream of the charge mode.

Other cases are more complicated. For v, = 1/m with m even and weak intervalley
interactions, we have decoupled CFL-like states [133] in which the quantized charge Hall
response breaks down in favor of metallic transport. In contrast, for v, = 2/q with ¢
odd, since the exciton binding dominates, both compressible and incompressible phases
have a charge QH response. In the compressible e-CFL state this coexists with ‘metallic’
valley response from the exciton Fermi surface.

Experimentally, it is challenging to distinguish different exciton phases via electrical
measurements, since nearly all of them have identical o,, = €*/h charge Hall response.
While it is difficult to directly measure the valley Hall response, ‘upstream’ modes can be

detected by measuring thermal conductance Ky [142]. If the upstream and downstream

modes are fully thermally equilibrated, then Ky = 0, whereas if they are out of equi-
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librium we expect a doubled response relative to the integer quantum Hall case. Phases
with quantized valley Hall response show plateaus in valley polarization quantized at a

rational fraction of its value in the FVPI, which would be another diagnostic.

3.4 Outlook

Electronic topology is usually diagnosed through electronic properties, e.g. quantized
Hall conductivity o, in Chern insulators. In this chapter, motivated by the properties of
hBN-TBG at v = +3, we studied spontaneously TRS-breaking QAH systems (or OCIs)
whose non-interacting band structure possesses degenerate and nearly flat bands (‘val-
leys’) with opposite Chern numbers, and where interactions are sufficiently strong to open
a topological gap at integer filling. We found that the lowest intervalley excitons can be
remarkably flat with a non-trivial exciton Chern number [53]|. Furthermore, we proposed
a new class of correlated states where topological excitons form a bosonic Laughin state
on top of the parent QAH insulator [54].

We leveraged the topological equivalence of Chern bands and LLs to map the problem
to the simpler case of a pair of LLLs in opposite magnetic fields in order to extract the
key topological features. The quality of such an approximation is influenced by factors
such as band flatness and quantum geometry [75, 76]—part of the interest in TBG is
driven by the existence of limits where such properties are not far off from those in the
LL caricature. However, there are details which reveal some of the weak links of the
mapping. For example, in Sec. 3.2 we saw that the actual Cyy. of the lowest exciton
bands can depend sensitively on model parameters even though the QAH state remains
robust in hBN-TBG. It would be interesting to construct analytically tractable lattice-
based toy models to investigate how the contributions in (3.12) conspire to destroy the
exciton topology away from the LL limit, and refine our intuition as to what systems are
likely to harbour topological excitons. In Sec. 3.3, we used an inter-electron potential
corresponding to a bilayer system with finite separation d in order to induce repulsive
inter-exciton interactions required for the excitonic Laughlin states. However, the intra-
and inter-Chern interactions are comparable—the pertinent bands are related by TRS

and hence have the same spatial layer structure. The flexibility of the moiré paradigm
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provides alternative arenas for such physics that may prove more favourable. The QAH
has also been experimentally detected in ABC trilayer graphene aligned with hBN [143]
and AB-stacked MoTe;/WSe, [144]. Richer layer structures are present in twisted double
bilayer [145-148] and twisted mono-bilayer graphene [106, 149], which have valley Chern
numbers that are tuned by a vertical displacement field. In addition, the application of
a small perpendicular magnetic field stabilizes Chern insulators over a wider range of

fillings and systems.

45



Chapter 4

Domain walls

In the previous chapter, the starting point for the ground state in hBN-TBG at v = +3
was assumed to be a uniform bulk (translation-invariant) OCI, arising from full spin and
valley polarization. A key ingredient is thought to be the alignment to the hBN, which
is often modelled as a spatially constant sublattice splitting term ~ Ac,. The actual
situation encountered experimentally is likely more involved than the intuitive picture
painted above [55]. For example, the precise form of the substrate coupling is complicated
by the fact that graphene and hBN have a ~2% lattice mismatch and generally form their
own alignment-dependent moiré pattern [150-152]. For small deviations away from a
low-order commensurate superstructure, large regions (greater than the TBG moiré scale
ay ~ 14 nm) emerge which are distinguished by the local properties of the single-particle
bands, in particular the assignment of Chern numbers [152]. Other factors such as lattice
imperfections and relaxation can also contribute to the spatial variations. Therefore
in the presence of hBN-alignment, we generally expect electron interactions to locally
polarize the TBG bands into large domains differing by quantum numbers such a Chern
number and valley polarization.

Boundaries, or domain walls (DWs), between such domains host topologically-protected
gapless modes. Similar DWs in QHFMs have been studied previously [153-158] and have
been visualized on the surface of bismuth via STM [159]. As in QHFMs, DWs in magic-
angle TBG generically host a pair of gapless dispersing one-dimensional modes. However
as we discuss below, the unique setting of the OCI in hBN-TBG means that problem of

DWs here inherits qualitatively new features due the presence of a lattice and the richer
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Chern structure.

In this chapter, we focus on the properties and energetics of such DWs. In Sec. 4.1,
we delineate the different types of DWs that can arise in hBN-TBG, and write down an
effective field theory description. In Sec. 4.2, we develop a novel numerical technique to
simulate DWs within mean-field theory, and comment on the obtained results. We close

with an outlook in Sec. 4.3. The work in this chapter is based on Ref. [55].

4.1 Theoretical considerations

4.1.1 Effective field theory

We first review the notations for the central moiré bands of hBN-TBG. As we are inter-
ested in the orbital physics, we drop the spin index s since we assume that the spins are
always fully polarized at v = +3. The flat bands can be labelled by sublattice (A, B)
and valley indices (K, K'). We introduce Pauli matrices o,(7,) that act in the sublattice
(valley) space, with A, B (K ,K") corresponding to o, = 1 (1, = £1). Perfect sublattice-
polarization only emerges in the chiral limit [75], but it is physically reasonable to retain
this label more generally [56]. Locally, a sublattice potential < Ao, breaks Cs, symme-
try, gaps the Dirac points, and assigns equal and opposite Chern numbers C' = 0.7, to
the two valleys. At odd integer filling factors and in the presence of a uniform sublattice
coupling A, interactions lift the residual 7, = 41 degeneracy, leading to an OCI state
that spontaneously breaks valley and time-reversal symmetries. For example if A > 0,
favouring the B sublattice, then the empty band of the OCI is either KA or KA (we
will just call this K A- or K’ A-polarized, remembering that we are working at v = +3 so
that there is one unfilled band).

To simplify the analysis, we phenomenologically model the spatial modulation of the
substrate with a smoothly-varying (on the scale of ay, so that U(1)y continues to be
a good symmetry) sublattice splitting A(r) which can change sign. This captures the
Cs,-breaking effect of the hBN and generally allows for regions with locally different
Chern number assignments. In this way, we focus on the interaction physics and inter-

play between DWs, and remain agnostic to the precise single-particle mechanism that
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necessitates their formation.

If A(r) varies slowly, then we expect that the state locally resembles an OCI. Fluctu-
ations in the combined sublattice-valley space can be described by a C'P? nonlinear sigma
model (NLSM) [160], which can be understood from the strong coupling considerations in
Sec. 2.4. However we extract the important physics by approximating it by a simplified

free energy’ F = [ d?r f for fluctuations of Zy and O(3) order parameters m, and n,

where
2 _ 1 2 A
f~ps | (Vm,)* + (mg—z) + po(Vn)? — gr)mznz (4.1)
Bay, am

Recalling the inter-Chern (v) and intra-Chern (n) triplets in (2.28), we have defined
m, ~ (7,) and n ~ (n). m, represents the local Chern number, which is taken to be
Ising because of the energetic penalty arising from inter-Chern coherence [55, 79]%. The
second term inside square brackets in (4.1) suppresses smooth variations of the Chern
number. n is the local valley moment—note that the in-plane components n, ~ (0,7,)
for 4 = x,y so that they describe the valley orientation within the Chern sectors. The
stiffnesses p, and p, should be similar in magnitude, [ is an anisotropy parameter of
order unity, and we have neglected anisotropies for n that are allowed in principle, but
expected to be small [160]. The substrate potential couples to the sublattice polarization
m.n, ~ (0,). I is a coarse grained theory valid on scales large compared to ay; and is

not expected to be quantitatively accurate for faster variations.

4.1.2 Domain wall types

We can now identify three distinct types of DW in the OCI. For specificity, we take the
DWs to lie parallel to the y-axis and separate distinct ‘bulk’ regions. We fix m, =n, —
+1 [K A-polarized] for x — —oo, which is compatible with imposing A > 0 in this limit
(see Fig. 4.1). We can then classify DWs based on the limiting behavior of (m,,n.) as

T — 0o across the DW:

1. Chern walls, where the Chern polarization flips at the DW but the valley polar-

1See Appendix C for details of how this free energy is motivated from the NLSM.

2In other words, inter-Chern rotations are part of neither the U(4) x U(4) Goldstone manifold in the
chiral-flat limit, nor the pseudo-Goldstone manifold that persists upon introducing deviations away from
this idealized limit. See discussion in Sec. 2.4.
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Figure 4.1: Top-down view of DWs and numerical set-up. We study systems of N, =
N1 Ny moiré unit cells (N; = 6, Ny = 3 Chern DW shown for illustration) with periodic
boundary conditions. Black dots indicate AA stacking regions, where central bands have
largest weight (AB, BA regions are also shown on the right). The substrate potential
A(r) can vary along a; (the sign-changing choice shown can stabilize two Chern or valley
walls). Each Chern or intertwined DW hosts two localized co-propagating chiral modes,
while a valley wall hosts non-chiral gapless modes. Top plots show the order parameter
profiles for the Chern and valley walls.

ization stays the same: (m,,n,) — (—1,1) [K B-polarized].

2. Valley walls, where the valley polarization flips while the Chern polarization is

unchanged: (m,,n,) — (1, —1) [K’'B-polarized].

3. Intertwined walls, where both Chern and valley indices change: (m,,n,) —

(—1,—1) [K'A-polarized].

Examining F, it is evident that sign-changing substrate potentials (corresponding in our
example to setting A < 0 for x — o0) mandate the existence of intervening Chern or
valley DWs, pinned along lines where A = 0. In other words, the sublattice polarization
has to flip from A to B, but there is still a choice for the valley polarization on each side
of the A = 0 contour.

If sign(A(r)) is uniform, then the two order parameters are no longer independent:
a DW in m, necessarily induces one in m. One naively expects that in the absence of

substrate pinning, such intertwined DWs can propagate through the sample and annihi-
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late. However, the charge density of the central bands is modulated at the moiré scale so
DWs experience a periodic potential that may pin their locations even if the substrate is
uniform.

Therefore, for relatively uniform substrates, at any finite temperature entropic ef-
fects [161] will drive formation of intertwined domains weakly pinned at the moiré scale,
whose Chern and valley polarization are locked by the sign of A. In contrast, for non-
uniform substrates, we expect that the sample has Chern or valley domains that track
variations in sign(A(r)). Are Chern or valley DWs favoured in this substrate-dominated
regime? The answer has physical implications since Chern (and intertwined) DWs sew
together bulk regions which differ in Chern number by +2. Hence they necessarily host
at least a pair of chiral co-propagating edge modes—backscattering is forbidden by DW
chirality, locking the Luttinger parameter to its non-interacting value. Valley DWs carry
counter-propagating modes and their Luttinger parameters can be renormalized by for-
ward scattering, or they can be gapped by backscattering if microscopic Uy (1)-breaking
terms which we have neglected here are included.

Flipping valley polarization n, across a DW is associated with a loss of exchange
energy, penalizing the valley DW relative to the Chern DW. This cost is lowered if valley
DWs develop a spatial texture, i.e, rotate smoothly over some length scale ¢ due to the
finite valley stiffness. We expect that smaller substrate potential gradients will favour
valley DWs since they allow more texturing. Assuming a constant gradient A,.x/w that
switches sign at « = 0, variational arguments show that the width of a valley DW scales as
& ~ am[py/(anAmax/w)]*? [154]. In contrast a Chern DW cannot smoothly interpolate
between its two domains (recall m, in (4.1) is a Z, variable). Physically this is because
any region of inter-Chern coherence is topologically forced to admit vortices in its order
parameter [79], an effect that can counteract valley exchange physics. As a result, Chern
DWs do not texture, and have a substrate-independent width of order a,;. Hence we

expect smoother substrate gradients to benefit valley DWs over Chern DWs.
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4.2 Numerical calculations

4.2.1 Methods

To substantiate the theoretical arguments in the previous section, we perform numerical
HF calculations similar to those outlined in Sec. 3.2, but relax the requirement of trans-
lation symmetry in our HF projector P. For simplicity, we maintain moiré translation
symmetry along a, (envisioning a substrate modulation that is parallel to a moiré lattice

direction) so that the HF states satisfy
(e aa(kr, K)oy (K, D)) = Oyt 05, Py rasht rva (K2, ) (4.2)

and TrP(ky) = 7Ny, reflecting the 7 filled central bands at v = +3. This corresponds to
DWs oriented parallel to as. The states we find are always fully spin-polarized.

The substrate potential A(r) presents a numerical challenge since it is not clear how
to incorporate it into the translation invariant BM model. We innovate a method to
treat spatially inhomogeneous substrate configurations: we project A(r) into the fixed
Hilbert space spanned by the Bloch functions of the central bands [55]. This is justified
by the large energy gap between the central and remote bands. It can be checked that
the central band Hilbert spaces of the BM model solved with A = 0 have > 99% overlap
with those for the values of A # 0 considered here, justifying this approach.

We determine the HF DW states self-consistently for different substrate configura-
tions. We partition the system along a; into equally sized left (L) and right (R) regions
(Fig. 4.1). A convenient auxiliary basis for HF simulations is furnished by the single-
particle HF Wannier-Qi (HFWQ) states |Wxrns) [79, 93, 162-165]. These are strip wave-
functions maximally localized perpendicular to the DW, obtained by calculating the bulk
HF Bloch orbitals |77/J7I:I7F$(k)> in a valley-diagonal QAH state and taking a 1D Fourier
transform®. n denotes the HF band index, and the dependence on the substrate A is
not stated explicitly (the HFWQ construction is repeated for both positive and negative
values of A to obtain all four possible QAH bulk wavefunctions). The purpose of the
HFWQ construction is to provide an alternative basis for the bulk QAH phase that is

3There is no topological obstruction to exponential localization in 1D.
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localized perpendicular to the DWs. The expression for |Wg,ps) is

Ni—1

1 7.2771/17 As-l'n? ,7 _i2mmq - 707n(7:n2)
’WKT”S> _ Z me i m! =0 (m1 WL2) YN (ml 2 )‘ 71:1755 (m17m2)> (43)
m1=0
where K = %2 +my, my = 0,1,...,N; — 1, and the momentum in the discretized

No
momentum grid is k = ", Ttb;. The Chern number of the bulk HF bands can be obtained

by inspecting the winding of the 1D polarization 6., (mq) = (Zﬁi;é AW (ml,m2)>
mod 27, with AQ,Q(ml, ms) the discretized Berry curvature along b; direction. 0 < K <
N; is also approximately the average position of the HFWQ wavefunction in the a;
direction (it would be exactly the average position if the Berry curvature were uniform).

In the HF calculation of the DWs, the HFWQs are useful for constructing initial seed
projectors to target specific types of DW. For example, we can bias towards a Chern
wall by occupying the HFWQs corresponding to the K A-polarized QAH in region L,
and K B-polarized QAH in region R. The nature of the converged HF solution can be
ascertained by computing overlaps with the HFWQs (see Fig. 4.2).

Energy and spatially-resolved information on a DW solution |®) can be extracted by

computing the 7" = 0 local single-particle spectral function (see Fig. 4.2) which enters

the expression for the tunneling conductance in an STM experiment

As(w,r) =3 @ (9L (7)|2) 6w = B, + Ea) + | (0] drar(7) |2) [*6(w + B, — Es) |,

(4.4)
T

where v runs over excited states, and ¥,

(r) is a real-space creation operator for a
given valley 7, spin s, and layer/sublattice I. The electron removal and addition matrix

elements are approximated by their HF values using Koopman’s theorem.

4.2.2 Results

Fig. 4.2 shows representative results for the three types of DW. For the case of a sign
change in A(r), we choose A(r) so that it takes constant values £A,.x in region L/R.
Depending on the initial conditions, this leads to a (meta)stable state with two Chern or

valley DWs. For the Chern DW solution, there are clearly two pairs of co-propagating
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chiral modes that cross the bulk band gap, and are localized at each Chern DW. Similar
comments hold for the intertwined DWs that can exist as a metastable state without
a modulating sublattice potential. On the other hand, the solution for the valley DW
does not show any gapless modes at mean-field level because the broken U(1)y symmetry
allows the counter-propagating modes to gap out. However a gapless mode must reemerge
as quantum fluctuations restore U(1)y symmetry along the one-dimensional DW.

In order to investigate the competition between Chern and valley DWs, we pick A(r)
so that it takes constant values £A,,x deep inside regions L/R, and linearly interpolates
between them at the boundaries over a width 2w. Fig. 4.3 shows the energy difference
between the two configurations as a function of substrate gradient and twist angle. As
expected, lower substrate gradients benefit valley DWs by penalizing valley rotations less,
manifesting in the total exchange energy of valley DWs approaching that of Chern DWs
as the substrate gradient goes to zero. Furthermore, smaller twist angles favour Chern
DWs. One or the other DW type emerges from this competition as the lowest-energy
solution in different parameter regimes. While beyond-HF corrections (e.g. random
phase approximation) and different choices of interaction subtraction scheme can modify
precise phase boundaries, our calculations provide strong evidence that Chern-valley DW
competition is a generic feature of the Chern-insulating regime of TBG. [For small A,
the DW cost can exceed the bulk penalty for the ‘wrong’ sign of m_n,; for finite Ny, this
stabilizes a spurious uniform solution which will become uncompetitive as Ny — oo.]

Fig. 4.4 shows the characteristic width & of the Chern and valley DWs for a range of
substrate widths at fixed = 1.2°. Evidently & is controlled by the substrate gradient
Apax/w. For smaller A, /w, the valley wall is in the scaling regime with an exponent
which matches the Ginzburg-Landau prediction of —1/3. For large substrates, the scaling
regime is cut off by the moiré lengthscale. In contrast, the Chern DW is very sharp with
¢ < ay independent of A /w, consistent with a large easy-axis anisotropy [ in Eq.(4.1)
and with the topological arguments [79] that suppress inter-Chern coherence.

For uniform A(r), intertwined DWs naturally stabilize at half-odd-integer positions

between AA-stacking regions of maximal central band charge density?. For our largest

4One possible explanation is the following. The Chern number switching of the intertwined DW
means that it pays a large energy penalty in the region of inter-Chern coherence. This cost is minimized
if the DW is positioned between AA sites where the central band electronic density is not peaked. See
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system sizes and a range of initial conditions, intertwined DWs fail to relax to uniform
solutions even after many iterations, instead pinning on the moiré-scale charge inho-
mogeneity. This suggests that such domains can only grow or shrink in discrete steps
of ayy ~ 14 nm, i.e. intertwined DWs are long-lived metastable configurations. Despite
sharing the same valley exchange physics as valley DWs, intertwined DWs are far less tex-
tured with characteristic length ay; due to Chern number switching. With a domain wall
tension of ~ 4 meV /ay, this leads to a Curie temperature of order 40 K [166]. Therefore,
intertwined wall proliferation is likely not the temperature-limiting factor of the ordered
state. A similar analysis leads us to conclude that the phase transition arising from ther-
mal fluctuations between Chern and valley walls occurs at temperatures much too large

to be relevant for experiments [55]°.

4.3 Outlook

In this chapter, motivated by the likely presence of disorder/quasiperiodicity in the align-
ment of the substrate in hBN-TBG, we have proposed the existence of three distinct
types of DWs in the OCI regime at v = 43, and numerically computed their properties
in HF using the interacting BM model [55]. Chern and valley DWs emerge in substrate
fluctuation-dominated samples comprised of domains with opposite local effective sublat-
tice mass. Their competition is determined solely by the energetics at the DW region since
the corresponding bulk regions are degenerate, and depends sensitively on microscopic
details such as the twist angle and effective substrate gradient. In contrast, for more
uniform substrates the metastability of intertwined DWs due to moiré pinning points
to a distinct scenario where valley and Chern physics are locally linked. The substrate
modulations that induce Chern/valley DWs also produce additional bound states at ener-
gies far from the Fermi energy (compared to the temperature), absent in the intertwined

DW. While non-universal and topologically unprotected, these could provide a way to

similar comments on moiré pinning of skyrmions in Chapter 5.

5From the Chern versus valley DW phase diagram in Fig. 4.3, we can extract an effective line tension
€ ~ 0.5meV/ay for having the wrong DW. Assuming that the substrate forms a checkerboard pattern
that varies on a lengthscale £4;5, and is strong enough so that the bulk domains simply track the local
sublattice splitting, we can map the problem to a 2D Ising model of domain variables living on the
plaquettes of the checkboard, where the ‘ferromagnetic’ state corresponds to where the QAH domains
align according to the preferred type of DW. This gives a critical temperature T, ~ 13K X id—M

o4



distinguish the two regimes, e.g. via STM on single-gated samples (Fig. 4.2).

Our results suggest that variations in twist angle and the sign of the substrate potential
play a complex role in OCIs. In extreme limits where one type of DW is dominant across
the sample, we expect that they either disrupt global valley order while retaining a robust
global magnetization (if valley DWs dominate), or else lead to a vanishing net Chern
number but a robust global valley order (if Chern DWs dominate). More generally, we
expect a mixed scenario where both situations occur in different regions of a single sample.
An added subtlety is that such fluctuations are likely to be quasiperiodic rather than truly
random. In samples where sign(A(r)) is relatively uniform, we expect instead intertwined
domains that disrupt both valley order and magnetization, pinned to the moiré potential
or possibly to weak variations in A(r) or twist angle. Pinning of DWs of various kinds
is likely relevant to understanding current-driven magnetization reversal [108, 167].

Our results have implications for the observation of the QAH in TBG and other
OCIs. In particular, we provide a candidate explanation for why some TBG samples at
filling v = +3 exhibit the QAH whereas others do not. If electrical transport is dom-
inated by percolating Chern or intertwined DWs, macroscopic QAH response is always
destroyed due to the chiral DW network, which is similar in some respects to a doubled
Chalker-Coddington network model [168]. This would describe a transition between QH
plateaus whose Hall conductances differ by 2e?/h. Such a transition requires fine-tuning
in conventional quantum Hall systems but here the relevant network model emerges
naturally from disorder. A different situation pertains to valley DWs which host counter-
propagating modes protected against backscattering by U(1)y conservation. Microscopic
U(1)y-breaking terms (neglected above) could open a gap at such achiral DWs and fur-
ther lower their energy, leading to an orbital ferromagnetic, valley-disordered ground
state with a macroscopically robust QAH. Intermediate scenarios suggest a new type of
network model that has both chiral and achiral segments. Understanding the properties
of these unusually intricate DW networks is an intriguing open question.

After the initial transport measurements of the QAH in hBN-TBG at v = 43 [2§],
magnetometry experiments using a scanning superconducting quantum interference de-
vice (SQUID) have confirmed the orbital nature of correlations by detecting a magnetiza-

tion density of > 1up per moiré unit cell [169]. The spatial resolution of the probe allows
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for imaging of submicron scale domains, whose magnetic response to a chemical potential
sweep was attributed to the chiral edge states. Recently, more detailed measurements
have revealed an intricate ‘Chern mosaic’ pattern, as well as hysteresis and anomalous
Hall resistivity, at ¥ = +1 in a device that was not intentionally aligned with the en-
capsulating hBN [170]. Especially given the observation of significant variations across
the sample (which transport studies inevitably average over), this suggests that the DW
physics described in this chapter may be locally relevant in wider settings in TBG than

originally anticipated®.

6Indeed, the strong coupling analysis predicts (partially) valley polarized |C| = 1 states at |v| = 1,3
even without the help of an external sublattice coupling.
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Figure 4.2: HF bandstructure (left of each row)
by momentum parallel to the DW. Points are colour-coded according to the real-space
localization of the corresponding HF orbitals (cf. Fig. 4.1).
indicating gapless chiral modes. The DW solutions are generated for a given substrate
profile (bottom right of each row). Also shown are the overlap of the DW with the HFWQ
orbitals (top right of each row), plotted against the average x; position (in units of ay)
of the orbitals. K Left, K Right refer to the K-polarized HFWQ basis constructed in
a uniform substrate +A,., respectively, and analogously for valley K’. For the Chern
wall, we also show the spatially-resolved spectral function at selected energies; only one
moiré cell in the ay direction is shown as the results are periodic. Darker regions indicate

higher weight.
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Figure 4.3: Domain wall phase diagram in the twist angle (#)-substrate gradient (A .y /w)
plane, as determined by the energy difference of the two HF solutions Ecpern —
plotted as contours. Chern DWs have chiral edge modes whereas valley DWs have achiral
modes. Valley DWs are favoured at small A, /w, which allows more texturing and hence
reduces the exchange penalty. Contours for § < 1.05° are dashed since the gap to the
remote bands becomes small enough that treating the remote bands as inert is a poorer
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Chapter 5

Pseudospin skyrmions

The previous two chapters studied how the topological structure of the QAH at v =
+3 in hBN-TBG affected the properties of various neutral excitations. Throughout,
the intimate connection to QHFM in LLs provided valuable insights into the physics.
Drawing on this analogy further, one naturally expects that the charged excitations also
inherit non-trivial topology from the underlying bands. In particular, given the SU(2)g
ferromagnetism, additional charge carriers should enter the QAH as spin skyrmions rather
than single spin-flip quasiparticles [80, 171-176].

It will prove worthwhile to embrace the strong coupling framework more fully and con-
sider other filling factors and situations in order to harness richer Goldstone manifolds.
Moving away from v = +3 and removing the sublattice alignment unlocks new soft direc-
tions in pseudospin or flavour space, in particular valley and sublattice rotations. These
additional degrees of freedom may have subtly different properties than spin—an example
is the emergence of merons in quantum Hall bilayers driven by the easy-plane anisotropy
in layer space [131]. At charge neutrality and near the chiral-flat limit is where general-
ized skyrmions have extensive access to the approximate U(4) x U(4) symmetry of strong
coupling TBG. The importance of a detailed understanding of such topological objects is
underscored by a recent proposal [56] of purely electronic superconductivity arising from
bosonic ‘paired pseudospin skyrmions’ [177, 178] of charge 2e, whose stabilization arises
from the particular features of the strong coupling Hamiltonian. Such unconventional
Cooper pairs may be relevant for understanding the various superconducting domes in

TBG [5, 18, 20, 22-26], whose properties and origins remain the subject of intense debate.
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However, the investigation of such paired flavour textures has been limited to either
analyses of the effective NLSM [56] or numerical studies of a simplified model mimicking
the gross features of the central bands [179]'. While such studies provide qualitative
insight, a systematic exploration of these charged textures within a realistic microscopic
model of TBG is important for establishing their possible impact in experiments. There is
no guarantee that topological textures behave as expected once unavoidable complications
such as momentum space structure, finite kinetic energy and the presence of a moiré
lattice are accounted for, as exemplified by the topological excitons and domain walls in
Chapters 3 and 4.

In this chapter, we present calculations of skyrmions in TBG using self-consistent HF
calculations within the interacting BM model [57]. Our goals are to i) provide a proof-
of-principle of skyrmions and their pairing in appropriate limits of TBG, ii) investigate
whether such pairing can result in superconducting phenomenology consistent with that
seen in experiment (in particular the dome-shaped dependence of T, on twist angle [20],
requiring knowledge of the effective mass of paired skyrmions), and iii) establish the
regime in parameter space over which pairing survives away from the idealized limit.

In Sec. 5.1, we review the necessary theoretical background of the NLSM and strong
coupling picture, complementing the discussion in Sec. 2.3 and 2.4. In Sec. 5.2, we discuss
the properties of pseudospin skyrmions at charge neutrality. In Sec. 5.3, we present
various extensions, and discuss our results in the context of experiments. We close with

an outlook in Sec. 5.4. The work in this chapter is based on Ref. [57].

5.1 Theoretical considerations

5.1.1 Model and strong coupling hierarchy

We first briefly recall some important facts about the interacting Hamiltonian from
Sec. 2.2 and 2.3. We ignore the weak relative rotation of the Dirac cones in the two
layers so that the PHS P is exact. The chiral ratio  is a key parameter that controls

the properties of the eight central moiré bands, which we project onto. While the ex-

1See also more recent microscopic studies in Refs. [180, 181], which are related to aspects of the work
presented in this chapter.
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perimental relevance of the twist angle # as a tuning parameter is obvious, it will prove
theoretically useful to vary x away from the physical range 0.5 < k < 0.8. Gate-screened
intravalley interactions are introduced which preserve the global U(2)x x U(2)g: sym-
metry. Subtleties arising from the correct counting of interactions lead to a renormalized
one-body term Hgp which differs from the BM kinetic dispersion Hp. Crucially, the
subtraction scheme is not unique, and physical predictions may depend on the choice.
Most of the initial discussion of skyrmions will be based on the average scheme, which
effectively leads to no corrections when interactions are recast in the strong coupling form
analogous to (2.26).

As reviewed in Sec. 2.4, the Chern basis d,(k), where a is a composite index for
sublattice o, valley 7 and spin s, reveals the topological nature of the central bands
which split into Chern quartets with C' = o,7,. There exists an approximate hierarchy
of scales Us > Ua,ts > ta (see Sec. 2.4.3 for a discussion of these energy scales)—the
purely symmetric U(4) x U(4) model at the scale Us emerges in the chiral-flat limit
where exact generalized ferromagnet ground states at v = 0 can be constructed. Positive
anisotropies J, A arise from a finite dispersion and chiral ratio respectively. As we are
primarily interested in pseudospin physics, we will mostly neglect the spin, resulting in
an approximate U(2) x U(2) subspace (Fig. 5.1a). At neutrality, the orientation of C'= 0
generalized ferromagnets within this manifold is given by the Chern-filtered pseudospins
ny defined in (2.29). Away from the chiral-flat limit, the ground space is resolved as

KIVC states with n_ = —n_ lying in-plane.

5.1.2 Non-linear sigma model and pseudospin textures

To understand low-energy excitations and spatially non-uniform configurations, it is use-

ful to consider a continuum NLSM description purely in terms of the pseudospins [56].
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The energy functional?, familiar from QHFM, is

Eng,n_] :/dQ’P [@ ((Vny)? +(Vn_)?)

2
+(J+A)ng-n_ -2 n7n? (5.1)
1
+3 / d*r' 5p(r)V (r — r")op(r')

where p,s is the pseudospin stiffness in the isotropic (chiral-flat) limit, and p = dp; +dp_
consists of the topological charge (Pontryagin index) densities of the two Chern sectors

e

5pj:<7') = :l:eptop,:l:(r) = :l:47'r

ny - c%ni X (9yni. (52)

The skyrmion number is given by Niop 1 = [ d*r piop+ (1), where skyrmions and anti-
skyrmions have Ny, = +1 and Ny, = —1 respectively.

The NLSM parameters J, \, p,s are plotted in Fig. 5.1b%. In the ‘average’ subtrac-
tion scheme, the superexchange J has a prominent minimum and nearly vanishes around
0 ~ 1.08°, coincident with where the bare BM bandwidth is smallest. A is a monotoni-
cally increasing function of wa and is largely insensitive to #. The pseudospin stiffness
~ 1.3meV is a property of the maximally-symmetric manifold and has a very weak de-
pendence on twist angle. While there are sizable regions where A > .J, this only occurs for
the average scheme where J is directly tied to the bare BM scale, which is substantially
smaller than the bandwidth obtained via STM measurements of the vHS’s in the density
of states [38, 41-43, 182]. Therefore we will mostly be interested in the case J 2 A that
is conducive to skyrmion pairing as explained below.

Consider first the isotropic limit J = A = 0 where the Chern sectors decouple. The
ground state at v = 0 is specified by free choices of uniform pseudospins nY.. An additional
charge enters as a le-skyrmion (in one of the Chern sectors) rather than a particle-like
excitation if the energy for a well separated skyrmion-antiskrymion pair (8mpps) exceeds
the particle-hole gap (Apn). We can use the Polyakov solution [171] which minimizes

the gradient energy. Due to the lack of any Zeeman-like term, the skyrmion prefers to

2Note that at this level of approximation, the energy functional contains anisotropic couplings betwen
n, and n_, but not anisotropic fields.
3The explicit expressions, which are somewhat involved, can be found in Appendix A of Ref. [57].
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Figure 5.1: a) Schematic of Chern sectors with C' = +1. In the spinless isotropic limit,
there is a U(2) x U(2) symmetry. At neutrality for a generalized ferromagnet with net
C = 0, one can define pseudospins m, which are coupled by the symmetry-breaking
anisotropies J, A (wiggly lines). b) NLSM parameters E; = JAyc, Ex = Myc as a
function of twist angle 6 and interlayer hopping parameter waa. The pseudospin stiffness
Pps = 1.5meV, calculated in the isotropic limit, does not depend on waa and subtraction
scheme, and is largely insensitive to . c¢) Strong-coupling energy scales Us, Ua, ts,ts as
a function of # and waa. All quantities calculated using the average subtraction scheme.

expand to infinite size to minimize the Coulomb term.

Reintroducing dispersion leads to an effective AFM coupling J, constraining the par-
ent ground state n = —n® which now belongs to an SO(3) manifold. A skyrmion of
radius R, in say m, now experiences a Zeeman penalty oc R? arising from misalignment
with n®. The skyrmion becomes finite with a size determined from the competition
between J and the interaction term. (Note that in order to avoid divergences with sys-
tem size, the tails of the skyrmion profile must decay faster in space than the Polyakov
ansatz [56, 172, 183].) For large enough J, the skyrmion shrinks and crosses over to an
ordinary particle-like excitation. Having instead a finite A leads to similar conclusions,
except with a different residual SU(2) manifold. Including both perturbations restricts
the insulator to a KIVC parameterized by a U(1) valley angle.

Adding instead a net charge of |Q)] = 2e to the system leads to substantially different

conclusions. In the scenario with non-zero J, the AFM interaction leads to the pairing of a
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skyrmion in m, with an antiskyrmion in n_ (the total charge is 2e, a crucial consequence
of the opposite assignment of Chern numbers). To see this, note that the AFM inter-
Chern coupling is completely satisfied if the two textures are centered at the same position
with exactly the same profile such that 1., (7) = ny(r) = —n_(r). In this case the
resulting ‘paired 2e-skyrmion’ dilates without limit to avoid the Coulomb self-energy.
Hence an n,-skyrmion and an m_-antiskyrmion will bind for any positive value of J,
even though the underlying electron-electron interaction is purely repulsive. A paired
skyrmion configuration preserves T -symmetry, which is a useful numerical diagnostic.
In the presence of an additional A\ term, the paired skyrmion experiences an energy
penalty oc R? from regions where 7, (7) is not lying in-plane. This not only leads to a
finite size, but also elongates the texture somewhat to reduce the area spent pointing out-
of-plane. When A is comparable to .J, the texture deforms to resemble the topologically
equivalent configuration of two paired le-merons separated by a finite distance. This can
be understood as the A-term shrinking the costly m ., || £ regions such that they become

the cores of the merons. If \/J is sufficiently large, pairing is no longer favorable.

5.1.3 Skyrmion superconductivity

We now assume that the microscopic parameters are chosen such that charges enter as
skyrmions rather than particles. le-skyrmions from opposite Chern sectors attract to
form paired skyrmions. Even if particle excitations are slightly lower in energy, this
typically occurs in a small region of the mBZ centered at I'y;. Hence above a critical
doping, additional charges are expected to form skyrmions [56].

A non-zero superconducting T, requires a finite boson effective mass M,;,, which can
be motivated within the phenomenological picture of a pair of coupled quantum Hall
ferromagnets [56] in equal and opposite magnetic fields. A single le-skyrmion feels a net
magnetic field and hence has a flat-band dispersion. On the other hand, the magnetic
fields experienced by a paired skyrmion cancel out. To understand the generation of
an effective mass in this case, imagine a paired skyrmion propagating at some velocity
v. The Lorentz forces in the two sectors act to push the constituent le-skyrmions in

opposite directions, which is counteracted by a restoring force depending linearly on J
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and the separation (A is assumed small). By balancing the two, one can deduce that
My is inversely proportional to J. Therefore the paired skyrmions condense with a
finite superfluid stiffness and associated Berezenskii-Kosterlitz-Thouless (BKT) transition

temperature [184]

vh? _ vJAuc

T, — _
2kpAucMpair 2kp

(5.3)

We define a corresponding filling-independent energy scale E. = kgT./v, which equals
E;/2 in this framework. Above, v should be taken to be the doping relative to the integer
filling of interest.

Note the sensitive dependence on the superexchange J, which potentially provides a
litmus test for the applicability of this mechanism to realistic samples of TBG. Namely,
experiments observe a superconducting dome in 7, as a function of twist angle, which
peaks around 6 = 1.08° [20]. The value of J, and indeed the effective mass as computed
independently in Sec. 5.2, are also affected by € through the evolution of the bandwidth
and character of the BM bands. However as we discuss later, the precise relationship is
subtle and differs based on the choice of interaction subtraction. In particular, while the
nature of the ordered normal state at ¥ = 0 is unambiguous, depending only on the signs
of J and A, finer details such as skyrmion effective masses are susceptible to the specifics

of the subtraction scheme.

5.1.4 Numerical methods

Underpinning the discussion in the following sections are explicit mean-field solutions |¢)
for the (pseudo)spin skyrmions, constructed using self-consistent HF calculations. Since
such configurations break translation symmetry and flavor rotation symmetries, the HF

density matrix takes the most general form

~

Pk:TSO';kIT/S/U/ = <C§L7—sgdk’fr’s’a’>' (54)

We take system sizes L = N; = Ny throughout so that a non-degenerate moiré band
can accommodate L? electrons. The filling is fixed by the constraint TrP = (4 + v)L? =
(4+ 1) L* + N, where vy is the parent integer filling factor and N represents the number
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of additional doped electrons. Near v = 0, we neglect spin for simplicity and hence omit
the index s when calculating both skyrmion and particle excitations.
We map real-space images of the pseudospin textures with the ‘diagonal’ Chern-

filtered pseudospin density

ia, 7 I+ CTZUZ 7
ng(r) = _(Wi(r)—— iy (r)) (5.5)
I
where n is defined in (2.28) and I runs over microscopic sublattice and layer. The net

global Chern polarization is defined by the difference in fractional occupation in each

Chern sector. Above, the Chern band-filtered real-space creation operator is

D) =D W)l 1) L (k). (5.6)
k

where 70 labels the Chern band. However, the in-plane components of (5.5) identically
vanish in the chiral limit k = 0, where the Chern basis becomes completely sublattice
polarized. For example, for the C' = +1 Chern sector, n; , and ny, should measure
coherence between the KA and K’B bands, but [¢)!]x4 ([¢1]x5) is non-zero only when

I =1A,2A (1B,2B).
To remedy this, we occasionally consider an alternative definition that includes off-

diagonal terms in the layer/sublattice degrees of freedom

o “ 14+Cro, -
ng(r) = S0 ) r) (). (57)
o
To address the question of the effective mass, we perform variational calculations in
the space of states obtained by translating a localized paired skyrmion |¢g) by all possible

moiré lattice vectors R to obtain |¢g). This defines an effective skyrmion hopping model

through the overlaps and Hamiltonian matrix elements of the localized skyrmions

) =Y crlor), Y [S'Hlrrcr = Ecr
R R (5.8)

Srr = (¢rlOr), Hrr = (¢r|H |dr).
Due to moiré translation invariance, this is essentially a variational calculation of delo-
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Figure 5.2: a) Charge density dp(r) of le-skyrmions in the entire simulation cell relative
to v = 0 ground state. Panels show different combinations of turning on/off dispersion
and achirality, which determine J and A. Calculations performed on 18 x 18 systems
at @ = 1.05°. Textures manually translated to the center for clarity. b) Relative energy
AE = FEjo gy — Ere of le-skyrmions (compared to particle excitations) as a function
of system size. Apart from the isotropic limit (black triangles), le-skyrmions are not
favored. ¢) AF for different § and was. Dispersion is always included. System size is
11 x 11. Missing data points indicate parameters where HF was unable to find skyrmion
solutions. d) Local alignment of Chern pseudospins corresponding to the rightmost panel
of a). All calculations used the average scheme.

calized ‘Bloch skyrmions’ [¢4) = %2 R TRy |o), with an ideal pseudospin structure
at mean-field level. M,;, can be extracted from the minimum of the paired skyrmion
dispersion E(q) in the mBZ. Note that this way of calculating the paired skyrmion mass,
which goes beyond mean-field theory, is completely different from the classical calculation

of Mpair used to obtain the second equality of (5.3).
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5.2 Pseudospin skyrmions at neutrality

5.2.1 le-skyrmions

Fig. 5.2a shows the charge density of a le-skyrmion relative to the translation-invariant
v = 0 ground state. The Chern couplings J and A can be controlled by tuning the
effective one-body term? and the chiral ratio respectively. Since the Hamiltonian obeys
PHS, adding holes instead of electrons leads to analogous results.

In the isotropic limit with J = A = 0, the ground state can be any member of
the U(2) x U(2) manifold® described by independent choices of m,,n_. As verified
numerically, the extra charge enters as a delocalized skyrmion solely in one of the Chern
sectors, while the other sector remains unchanged. Hence its properties are qualitatively
the same as for spin skyrmions about the v = +3 QAH insulator (see Sec. 5.3). Consistent
with the absence of anisotropies, the skyrmion expands as much as possible and is only
limited by the finite simulation cell. This explains the slow convergence in Fig. 5.2b of
the le-skyrmion energy Ejegky: (measured with respect to the translation invariant le-
particle excitation energy Fj.) with the linear system dimension L compared with other
cases. Note that both Eicuy and Fj. are many-body energies that are computed self-
consistently, and hence account for possible reorganizations of the original ¥ = 0 insulator
induced by the added electron. Fitting to a power law AFE(L) = AFE(oc0) + aL™7, we
obtain AF(o0) = —4.1meV, a = 18.3meV and v = 0.68. Note that the band gap at
v = 0 depends only weakly on L since there is a direct gap at ['y;. In the NLSM picture,
the L dependence is expected to predominantly arise from the system size constraint on
R, which controls the interaction contribution to (5.1). Given that the gate screening
length is comparable to the moiré length dy. >~ ay, one expects v > 1 in the continuum
limit for Ry > ay. The discrepancy suggests that lattice corrections (the dotted patterns
in Fig. 5.2a denote the AA-stacking regions) and finite size effects have a quantitative
impact here. We find that the centres of the lowest energy skyrmions pin to AB/BA
sites. This is reasonable since such a configuration distributes the charge at the core

more evenly compared to an AA-centred skyrmion, thereby reducing the Coulomb cost.

4In the average scheme, this corresponds to artificially switching off the BM dispersion.
5Strictly speaking the |C] = 2 ferromagnets are also ground states, but these do not allow for textures.
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In the presence of anisotropies, the le-skyrmions become finite-sized. For example
in the chiral-nonflat limit with J # 0, A = 0, the charge density is localized to within
a few moiré lengths, leading to faster energy convergence with system size. This is
consistent with the intuition from the NSLM, and the energetics of the skyrmion becomes
significantly less favourable. The parent insulator is a member of the SU(2) family
containing the KIVC and the valley Hall state (e.g. polarizing into KA and K’A bands).
The global net Chern polarization is less than 1/L?, consistent with the fact that the
superexchange tunnels between opposite Chern sectors. The skyrmion is now pinned
to the AA sites. This makes sense since the skyrmion is penalized by violations of the
J-term at the core, and this centering reduces the number of AA sites which have to pay
this cost.

A similar story holds for the nonchiral-flat limit with J = 0, A # 0, except the v = 0
insulator now interpolates between the KIVC and the valley-polarized state. This time,
the added skyrmion is perfectly Chern polarized. Furthermore, the energy penalty from
the anisotropies now occurs away from the skyrmion core, such that the skyrmion returns
to AB/BA pinning to reduce the Coulomb energy.

Including both perturbations, which is the case for realistic TBG, the symmetry re-
duces to the U(1) family of KIVC insulators, and the Chern polarization of the skyrmion is
imperfect again. Fig. 5.2d illustrates that the localized violation of Chern anti-alignment
occurs at the same position as the charge density modulation, confirming the skyrmionic
nature of the added charge. In Fig. 5.2c, we chart the relative energy of the skyrmions as
a function of # for different chiral ratios. For the average scheme, the le-skyrmions are
actually most costly near the magic angle where J is suppressed (compare with Fig. 5.1b).
This is despite the fact that artificially turning off J while keeping other parameters fixed
improves the skyrmion energy significantly (Fig. 5.2b). On the other hand, \ is largely
constant as a function of §. This suggests that the continuum description in terms of a
small number of coupling parameters is not completely adequate.

The numerical results for AE in any plot such as Fig. 5.2¢ are generally expected to
represent upper bounds for two reasons. First, our calculations are performed on finite
system sizes L. In the thermodynamic limit L — oo, the skyrmions will have some ideal

radius Rg(00) set by the intrinsic properties of the BM model and interaction potential.
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Figure 5.3: a) Charge density dp(r) of 2e-skyrmions in the entire simulation cell relative
to v = 0 ground state. Panels show different combinations of turning on/off dispersion
and achirality, which determine J and \. Calculations performed on 16 x 16 systems at
0 = 1.05°. Textures manually translated to the center for clarity. b) Local alignment
of Chern pseudospins corresponding to the leftmost panel of a). The system cell has
been duplicated three times for presentation. c) Relative energy AE = Eo, gyr — Eoe of
2e-skyrmions (compared to adding two particle excitations) as a function of system size.
Both FEse gy and Ey. are computed self-consistently. d) AE for different 6§ and wya.
Dispersion is always included. Note that some of the solutions (indicated with crosses
rather than squares) for 1.05° < 6 < 1.13° are not T’-symmetric paired skyrmions.
System size is 11 x 11. All calculations used the average scheme.

Unless L > R(o0), the pseudospins in our calculation will experience some degree of
frustration from the finite simulation cell, leading to an energy penalty. In addition, a
larger L introduces a greater number of basis Bloch states which allows for smoother
pseudospin rotations. Second, the restriction to single Slater determinants in HF likely
impacts skyrmions more than particle-like excitations. As shown in Sec. 5.2.3, skyrmions
can gain a small delocalization energy by going beyond mean-field and restoring the

translation symmetry.
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5.2.2 2e-skyrmions

Fig. 5.3a shows the textured configurations when two electrons are added to the translation-
invariant ¥ = 0 ground state. As before, the Chern couplings J, A can be controlled
through the effective one-body term and the chiral ratio respectively.

For J = X = 0, the texture breaks moiré translation symmetry completely, but the
charge density appears to spread throughout the system without a clear identification
of one or two well-defined objects. Interestingly, the lowest energy solution consists of
both additional charges entering the same Chern sector, meaning that from a symmetry
standpoint the situation will again be qualitatively similar to adding two charges to the
spinful QAH state. Asshown in Fig. 5.3b, the pseudospin alignment (note that one Chern
sector has a constant pseudospin) rotates in a complicated fashion without reconstructing
a new superlattice periodicity. However in analogy to the case of SU(2)-invariant spin
textures in Sec. 5.3, the inclusion of more doped electrons can result in a so-called ‘double-
tetarton lattice’ [185] with emergent periodicity if they all Chern polarize.

In the chiral non-flat limit with J # 0, A = 0, the charge density consists of a single
smooth modulation with approximate circular symmetry. This is precisely an explicit
realization of a paired 2e-skyrmion: a skyrmion and an antiskyrmion with identical spatial
profiles in the two Chern sectors exactly overlapping. This binding is induced by the
superexchange J, as evidenced by the perfect anti-alignment of Chern pseudospins (and
hence 7" -symmetry). In the absence of other perturbations, the paired skyrmion spreads
out and is limited only by the system size, leading to slow convergence in Fig. 5.3c. Hence
the resulting physics controlling the texture is similar to that of the le-skyrmion in the
isotropic limit, and the skyrmions tend to be centred at AB/BA regions.

In the nonchiral-flat limit with J = 0, A # 0, one may naively expect a similar paired
skyrmion where the pseudospins are locked instead as ny . = n_, and ny ,, = —n_ 4.
However this does not work as it leads to an electrically neutral object. The numerics
reveal that both charges predominantly go into the same Chern sector. For small system
sizes, the state closely resembles the double-tetarton lattice of the isotropic limit, which
is reflected in the energetic trends in Fig. 5.3c for small L. For larger sizes, the lattice

deforms such that the texture is better described by a nearby pair of 1le-skyrmions. While
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Figure 5.4: a) Charge density dp(r) of paried skyrmions for different was. b,c) Local
pseudospin orientation in one Chern sector corresponding to first and third panels of a).
System size is 16 x 16 with average scheme.
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this may be considered pairing (actually since AE > 0, it is a metastable bound state that
is unstable towards decaying into two particles), we reserve the term ‘paired skyrmion’
for the %’—symmetric cases where a skyrmion and an antiskyrmion from opposite Chern
sectors bind. It is noteworthy that AFE increases as a function of L, bucking the trends
of all other types of le- and 2e-skyrmions. This occurs because for L < Rg(c0), the
constituent skyrmions are forced to strongly interact with each other in the confined
system area, and may therefore form a delocalized configuration with better energetics.

It is clear from Fig. 5.3c that reintroducing dispersion to the achiral-flat limit is
favourable to the textures, which are once again paired skyrmions. The faster convergence
of the relative energy with L is a hint that these paired skyrmions are now finite in
size. This is clear from Fig. 5.4a, which illustrates that increasing the chiral ratio not
only reduces the skyrmion area, but also leads to an elliptical shape. As discussed in
Sec. 5.1.2, this could be anticipated from the NLSM analysis which predicts that the
A-term penalizes the pseudospins when they anti-align out-of-plane. This anisotropy is
apparent in Fig. 5.4b,c, where n, ,(7) has a much tighter profile than n, ,,(r). At mean-

field level, the orientation of the n, lobes is very soft, with distinct HF solutions differing

72



by < 10 ueV. The n, lobes seem to be pinned at AB/BA regions.

The energetic trends of the 2e-skyrmions as a function of  and waa are shown in
Fig. 5.3d. Note that specific to the average scheme, \ significantly exceeds J for a finite
region of # around the flat-band point. Consequently in the range ~ 1.05° to ~ 1.13°,
the best textured solution has finite Chern polarization and breaks 77, and hence is not

a paired skyrmion.

5.2.3 Effective mass of paired skyrmions

A key prediction of the NLSM analysis is that paired skyrmions have a finite disper-
sion [56], which is crucial for generating a finite BKT energy scale E. for superconductiv-
ity. In the NLSM framework, this generation of a finite mass is non-trivial, arising from
the interplay between the superexchange J and the contrasting magnetic fields. An im-
portant question is how this picture holds up in the periodic moiré setting, where magnetic
fields and flat bands are replaced by inhomogeneous Berry curavtures and interaction-
renormalized dispersions. We address these issues using the effective hopping model
described in Sec. 5.1.4, paying close attention to the dependence on the twist angle  and
subtraction scheme.

In Fig. 5.5a,b, we show the resulting band structure of le-skyrmions and paired
skyrmions, measured relative to the energy of the starting texture. The le-skyrmion
is characterized by a sharp peak at I'y; and shallow minima near the zone boundaries
(the positions of these features may change for larger waa, but the overall structure re-
mains the same). Usually a large number of overlaps and matrix elements beyond nearest
neighbours needs to be computed to converge for a fixed set of parameters.

On the other hand, the paired skyrmions are robustly associated with a broad energy
minimum at 'y and peaks at the zone corners. Typically only matrix elements for
distances < 2ay need to be computed to accurately describe the properties of the full
hopping model. The skyrmion mass My, and hence the BKT energy scale E., can be
estimated by fitting a parabola to the band minimum. This typically leads to T, of order
1 K. Fig. 5.5¢ plots the convergence of FE, with system size L, which implies that the

finite-size calculations here will typically underestimate the L — oo results.
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Figure 5.5: a,b) Dispersion of le-skyrmion and paired skyrmion respectively in the mBZ,
obtained using an effective hopping model. Energy is measured relative to the localized
HF solution. Black dot indicates I'y;. For the paired skyrmion, we also show its band
structure along a cut in the mBZ. Red line indicates the extraction of the effective mass.
System size is 14 x 14 with average scheme. ¢) Convergence of the superconducting BKT

2 . . . . .
scale B, = ﬁ for the paired skyrmion with system size, in the average scheme.

The effective mass M, is fitted to the minimum of the skyrmion dispersion. Inset
shows log-log plot. d) Left: Paired-skyrmion energy AE = FEs gy — Ea. relative to
particle excitation as function of 6 for different waa in the CN scheme. System size is
11 x 11. Right: FE. (solid) extracted from the skyrmion dispersion, compared with the
superexchange scale E;/2 (dotted) computed directly from the properties of H. e) Same
as d) except using the graphene scheme.

Having established the basic properties of the hopping model for paired skyrmions, we
now turn to details of the dependence of E.. on various parameters. The main motivation
is to touch base with experiments which have observed a T, dome as a function of twist
angle [20]. However as noted in Sec. 5.2.2, there is a large window of 6 centred at
the magic angle where paired skyrmions cannot be found in the average scheme. The
utility of this scheme is that J can be easily toggled by artificially turning off the kinetic
Hamiltonian, but the drawback is that J therefore becomes substantially smaller than
A when the BM bands are flat, leading to a different type of 2e-skyrmion. To address
this issue, we consider now two alternative schemes which are not fine-tuned to have a
vanishing superexchange.

Fig. 5.5d charts the relative energy of the paired skyrmion as a function of # and waa
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for the ‘charge neutrality’ (CN) scheme. In contrast to Fig. 5.3d, the paired skyrmions
are energetically favored in an energy window centered around the magic angle. Again,
AF has an inverted relation compared to .J, which is plotted with dotted lines in the
right panel. Note that paired skyrmions can be found up to way = 60meV for L = 11,
which should improve with increasing system size. Looking at the hopping model results,
E. appears to qualitatively follow the same trends as J for the whole range of twist
angles investigated, suggesting that the physical intuition from the NLSM maintains some
level of validity in the lattice case. Notably, the CN scheme suggests that a skyrmion
superconductor would have a 7. dome around the magic angle.

The graphene scheme in Fig. 5.5e paints a somewhat different picture—F, mono-
tonically increases in concert with J for decreasing twist angle. For smaller angles the
applicability of this calculation will be cut off by the fact that the parent insulator is no
longer the ground state. Similarly the paired skyrmions, at least for small chiral ratios,
become less favourable compared to particle excitations. Hence it is still possible for the
hopping model results in the graphene scheme to be consistent with a T, dome.

The stability of paired skyrmions in the CN, graphene and average schemes is sum-
marized in Fig. 5.6. Energetically favorable skyrmions can be found up to waa ~ 50 meV
for the right twist angles in the CN and graphene schemes (this is likely an underesti-
mate when accounting for skyrmion delocalization and finite system size). Beyond this,
metastable solutions are obtained for chiral ratios as large as waas ~ 65meV. Closer to
the upper bound of the realistic values of wxs ~ 80meV, we find that HF is not able to
converge to any paired skyrmion states. In the average scheme, the paired skyrmions are
energetically unfavourable close to the magic angle.

It is notable that different subtraction schemes lead to radically different behaviors
in £.% Indeed we believe that this is one of the few cases where such a choice impacts
a physical quantity in a qualitative way. Many theoretical studies focus primarily on the
type of symmetry-breaking order [58, 77, 78, 81, 83, 85, 86, 92, 95, 96, 186-191]—all the
schemes studied here lead to the KIVC which only requires that J, A > 0. On the other

hand, we are interested in the #-dependence of E. which depends sensitively on the value

6The origin of this discrepancy can be traced by examining the effective dispersion HSP in more
detail [57].
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Figure 5.6: a) Phase diagram in the 6 vs waa plane showing where paired skyrmions
are energetically favorable (blue) or unfavorable (orange) compared to 2 particle-like
excitations about the spinless ¥ = 0 insulator. Grey indicates regions where HF fails to
find a metastable paired skyrmion solution. System size is 14 x 14 with CN scheme. b,c)
Same as a) but with graphene and average schemes.

of J itself.

We reserve judgment on the matter of which scheme is most appropriate for capturing
the physics in experimental TBG. Each choice has its own merits and justifications. The
average scheme is the simplest and puts the strong coupling hierarchy front and center.
The graphene scheme aims to prevent additional renormalizations of the Dirac cones that
have already been accounted for in the input value for the bare Dirac velocity. The CN
scheme provides a basepoint (i.e. charge neutrality of the BM model) at which the BM
kinetic energy is precisely the mean-field band structure. However it is known to lead
to incommensurate Kekulé spiral order at extremely small strains for non-zero integer
v [58]. The microscopically correct answer is likely complicated and may differ based on

the twist angle itself.
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Figure 5.7: a) HF dispersion of spin-polarized KIVC insulator at v = +2. Red (black)
indicates minority (majority) spin carrier. System size is 24 x 24 with 6 = 1.06°. b)
Relative energy AE = Foc(n)-siyr — Faen) of %’—symmetric paired 2e- and 2h- skyrmions
about v = +2. Note sharp minimum of unfilled band at I'y;. System size is 11 x 11 with
CN scheme.

5.3 Extensions and discussion

5.3.1 Other fillings

We now reintroduce spin and turn to filling factors near || = 2 where the mean-field
ground state is also a KIVC insulator (we only show results for v = +2, but the situation
at v = —2 can be inferred from PHS). A representative member of the spin-degenerate
manifold of states, arising from the approximate SU(2)x x SU(2)x symmetry, consists
of fully filling the spin-1 flat bands while forming a spinless KIVC in the (minority) spin-|
subspace. We concentrate on pseudospin skyrmions by enforcing collinear spins.

Paired skyrmions can be constructed as before by treating the majority spin bands as
spectator bands and performing non-trivial pseudospin rotations in the half-filled minor-
ity spin bands, but there are complications compared with the spinless neutrality case.
First, the NLSM parameters J, A reflect the relevant energy scales at the neutrality point
of the strong-coupling Hamiltonian. However the starting insulator now contains addi-
tional majority carriers, which impacts the effective energetics of the minority subspace.
Second, this additional interaction renormalization enters in a particle-hole asymmetric
way. Generally the bands away from neutrality have a significantly enhanced bandwidth
with a prominent extremum at I'y [35, 87-90, 192] (Fig. 5.7a), which disfavors skyrmions
because they are built from momentum states throughout the mBZ. Third, the edge of
the majority spin bands can lie inside the minority band gap which reduces the gap to

particle-hole excitations. On the other hand, a pseudospin skyrmion cannot be formed
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by adding holes to a completely filled spin sector. This is reflected in the HF calculations
in Fig. 5.7b at v = +2, showing that paired 2e-skyrmions on the electron-doped side are
more expensive than paired 2h-skyrmions on the hole-doped side. Overall the relative
energies AF are less favorable than the results at charge neutrality.

We also briefly discuss spin textures near v = 43 that arise from doping the Chern-,
spin-, and valley-polarized QAH. The situation here is significantly simpler because of
the SU(2)s spin-rotation symmetry that holds independent of the presence of dispersion
or deviation from the chiral limit. The low-energy charged topological excitations are
expected to be spin skyrmions [175, 179, 185] in the partially filled Chern sector without
any texturing in the fully filled Chern sector. In the HF numerics, there is again a clear
preference for skyrmion formation when doping towards instead of away from neutrality
due to the interaction renormalization of the band structure. The 1A- and 2h-skyrmions
look similar to the pseudospin skyrmions in the chiral flat limit (Fig. 5.2a and 5.3a), since
the relevant Goldstone manifolds are SU(2) without anisotropies. Doping additional
charges can lead to skyrmion crystals with a new superlattice periodicity [57, 185].

Motivated by the particular physics and questions relevant to TBG, we have so far
imposed restrictions on the directions in flavor space that the skyrmions are allowed to
rotate in. The strong-coupling insulators at different integer v are all Chern ferromagnets,
and starting from the fully symmetric limit, one can consider more general skyrmions
where the only constraint is that locally the state is polarized within the Chern sectors.
For instance, starting from the v = 43 QAH, it is possible to form a texture in both spin
and pseudospin to create an ‘entangled’ skyrmion, akin to what happens at |[v| = 1 in the
zeroth LL of monolayer graphene [193]. With the full Hamiltonian, pseudospin rotations
will be gapped since the QAH is easy-axis, while spin rotations remain low-energy due
to the SU(2)s-symmetry.

These considerations can be generalized to any integer filling. Starting from a gen-
eralized ferromagnetic insulator with ¢ filled bands in Chern sector C| the local flavor
configuration is parameterized by two matrix spinors fo(r) living in Grassmannian pro-

jective spaces [194]
SU(4)

fo(r) € SU(we) x SU(4 —ve) x U(1)

(5.9)
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where 7, + 7. = v. The factors in the normal subgroup represent unitary rotations
within the filled bands, unfilled bands, and the phase difference between the filled and
unfilled bands respectively. The presence of four flavors and two spinors leads to a
large manifold of skyrmions. The leading corrections from the U(4) x U(4) limit will be
anistropic couplings between the spinors, while additional single-particle perturbations
such as substrate coupling may manifest as anisotropic fields. The relevant space of

textures will be dictated by the energetics at a given filling.

5.3.2 Detecting skyrmions

The presence of spin textures about the QAH at v = +3 could be detected by mea-
suring the degradation of magnetization for small dopings, e.g. through NMR measure-
ments [195], NV center magnetometry, or using a SQUID [169]. However there is an
orbital contribution from the spontaneous Chern polarization which is likely larger than
the spin contribution [169]. A more direct probe would be spin-resolved STM near im-
purity sites that could pin a localized skyrmion.

Measuring pseudospin textures at even integer filling is trickier since experimental
techniques are not able to directly couple to the valley degree of freedom. IVC generally
leads to v/3 x /3 spatial order at the microscopic graphene scale, but the T -symmetry of
the KIVC insulator means that it does not exhibit a Kekulé density distortion (KD) [196,
197]. Paired skyrmions preserve 77 and hence do not give rise to KD [197]. They may
still leave a dipole-shaped fingerprint in sublattice polarization within regions where the
state is locally in the valley Hall configuration, i.e. pseudospins anti-aligned and pointing
along the z-axis (Fig. 5.4c), but this is likely a faint signature since away from the
chiral limit the Chern basis is only partially sublattice polarized. On the other hand,
le-skyrmions are tightly localized within a few moiré lengths and give rise to a spatially
varying KD when pinned by charged impurities. KD has been observed in the related
context of QHFM within the lowest LL of monolayer graphene [198-200], including the
imaging of an individual valley skyrmion [199]. We caution that KD in TBG has also
been predicted for incommensurate Kekulé spiral order in the presence of a small amount

of strain [58, 197] (see Chapter 6).
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5.3.3 Skyrmion superconductivity

We finally turn to the implications of our results for skyrmion superconductivity. First,
note that two important factors controlling the feasibility of this proposed mechanism
are the stability of paired skyrmions (i.e. relative energy AE compared to particle excita-
tions) and their effective masses. In general, we can conclude that paired skyrmions are
especially favored close to the strongly-interacting isotropic limit. The realistic value of
wan lies in the range 55 — 90 meV (i.e. K ~ 0.5 — 0.8) and we only find paired skyrmions
in the lower range of these values (Fig. 5.6). A mechanism has been proposed that might
drive a downward renormalization of the chiral ratio x [74]. We note also that large
skyrmions, which are relatively classical and relevant for small wy, are likely to be well
captured in our mean-field treatment. However, for larger waa, the paired skyrmions
become smaller and quantization effects are more important, and fluctuations can be
more significant. In this regime the mean-field result is really only an upper bound on
the skyrmion energy, which could be lowered by fluctuations that are not expected to
substantially affect the single-particle excitations.

Our numerics find that enhancing interactions by suppressing screening, either through
increasing the gate distance d. or decreasing the permittivity ¢,, also favours skyrmions.
However, this observation makes the superconducting domes that persist in Refs. [18, 23—
25] upon reducing the interaction strength difficult to reconcile with a topological mecha-
nism. In these experiments, the insulators at integer v, from which the skyrmions would
be seeded, disappear with increasing screening. The superconducting region can also
straddle the integers where the BKT transition temperature from (5.3) seemingly van-
ishes. We find that substrate coupling rapidly destroys pseudospin skyrmions, consistent
with the absence of superconductivity in aligned samples [27, 28]. This topological mecha-
nism would not be effective in other moiré platforms that lack C’gz-symmetry [56, 143, 145—
147]. Heterostrain takes the system away from the strong-coupling regime’ and similarly
disfavors skyrmions in numerics: for instance, the parent insulator has been predicted to
give way to a symmetric semimetal at charge neutrality or an incommensurate Kekulé

spiral at non-zero integer fillings [58, 97]. Hence the general expectation from our work

"The effects of strain will be comprehensively studied in Chapter 6.
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and from these experimental observations is that skyrmion superconductivity is most
likely to emerge in ‘pristine’ samples with minimal screening.

The question of effective masses (and hence T, via (5.3)) is more subtle. We have
demonstrated that the dependence of the BKT transition scale E. on 6 is rather sensitive
to precise details of how electron interactions are incorporated. Without further external
inputs, e.g. from detailed ab initio studies or spectroscopic probes of the band structure
over a range of twist angles, it is difficult to make quantitative contact with experiments
such as Ref. [20] which show a dome in T, near the magic angle. Any comparison would
also inevitably be complicated by the presence of confounding variables such as twist angle
disorder [30] which are difficult to fully characterize, let alone control. However, what
we can reliably distill from our numerical study is that paired skyrmions can in principle
emerge with a sufficient mass to support an estimate of 7. < 5K that is comparable to
experimentally observed values. Both the CN and graphene schemes are able to support
a non-vanishing superfluid velocity at the magic angle, and the fragility of the parent
correlated insulators to deviations of € will tend to also reduce the strength of skyrmion
superconductivity away from this regime.

Another potential challenge to the applicability of the skyrmion mechanism to TBG
lies in the fact that superconductivity is most frequently observed near v = —2 on the
side away from charge neutrality. On the other hand, our numerics show that paired
skyrmions are relatively harder to stabilize at |v| = 2 compared to v = 0 (Fig. 5.7b).
Furthermore, the skyrmions are more disfavoured when doping in the direction away from
charge neutrality. This latter observation can be explained by the increased dispersion
due to the interaction renormalization from the extra filled bands (Fig. 5.7a), and has

been argued to be consistent with the asymmetry of the Landau fans [87].

5.4 QOutlook

In this chapter, guided by intuition from QHFM and the NLSM [56], we have investigated
(generalized) skyrmions of the strong coupling insulators using microscopic HF calcula-
tions of the interacting BM model [57]. Of special focus was the pairing of pseudospin

skyrmions at even integer filling. Our analysis provides clear evidence that skyrmion pair-
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ing can indeed occur in microscopically faithful treatments of TBG, thereby illustrating
that a purely electronic “topological” Cooper pairing mechanism can operate away from
the exactly-solvable limit without leveraging any approximate sigma-model description.
However, despite this in-principle demonstration of the feasibility of a novel pairing mech-
anism, we cannot on the basis of present evidence definitively attribute superconductivity
in TBG to this mechanism. This is highlighted by the difficulty in reconciling the dele-
terious effect of variations in strain, interaction screening, and deviation from the chiral
limit on the stability of skyrmions with the apparent robustness of superconductivity to
such effects.

Despite this, the uncertainty of various microscopic parameters and the mean-field
nature of our study leave open a real possibility that a skyrmionic mechanism may ul-
timately survive these challenges. We cannot rule out a scenario where skyrmion su-
perconductivity is operative in only a subset of samples, for instance the device studied
in Ref. [26] which is nominally non-aligned with hBN and exhibits an remarkably large
number of correlated insulators and superconducting domes, including near neutrality.
Another moiré material where the skyrmion mechanism may be a plausible explanation of
superconductivity is mirror-symmetric magic-angle TTG, which is closely related to TBG
but has a somewhat larger value for the magic-angle [201]. Interestingly, the supercon-
ductor in TTG is observed to have a very short coherence length [202], and an associated
pseudogap regime [19]. Partly because of this, Refs. [19, 202] suggested that part of the
TTG superconducting dome is in the BEC regime. Skyrmion pairing is a natural way to
get preformed charge-2e bosons, and is at least known to give rise to superconductivity
in the chiral limit of TBG [80]. It is therefore worthwhile to investigate whether this
mechanism can explain at least a subset of the experimental observations in TTG.

We remark on the qualitative agreement of the paired skyrmion mass (Fig. 5.5d,e)
between our effective hopping model and the NLSM, which is surprising given the stark
differences in the two approaches. The NLSM utilizes a semiclassical picture that involves
relative deformations in the two Chern sectors. On the other hand, our variational Bloch
skyrmions maintain perfect pseudospin anti-alignment even for non-zero g, owing to the
T -symmetry of the mean-field solution |¢). It is possible that introducing deformations

to the input localized skyrmion will improve the energetics and further renormalize the ef-
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fective mass. One can consider the following generalization of our calculation that would
account for this. The Bloch skyrmions [¢g) = 1+ > 5 BTy |¢g) are still constructed as
plane-wave superpositions of a Slater determinant. However, the energetic optimization is
performed on the final Bloch skyrmion energy. Hence the intermediate localized state |¢4)
is generally g-dependent and not a self-consistent mean-field solution. This procedure is
significantly more challenging to carry out since there is no self-consistency property to
exploit, and |¢,) generally involves a many-body reconstruction of the starting insulator.
In the absence of such a computation, we believe that the effective hopping model cur-
rently provides the most concrete estimate of the effective mass. This is especially true
in the physically relevant regime of intermediate chiral ratios x, where the semiclassical
intuition leveraged in the NLSM approach loses its justifcation due to factors like the

increased band dispersion and Berry curvature modulation.
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Chapter 6

Incommensurate Kekulé spiral

The popular strong coupling picture of TBG is conceptually appealing, and forms the
basis of the various topological excitations presented in the previous chapters. While
this framework provides candidate explanations for many empirical observations, there
are inconsistencies with many aspects of the experimental phenomenology. This is not
surprising given the heterogeneous collection of experimental results on this material—no
single theory could possibly account for the often contrasting behaviours across different
samples. The most salient example of sample-to-sample variations is the nature of the
ground state at charge neutrality, which is predicted to be a robust insulating KIVC
within the strong coupling persepctive [78, 83]. While some groups indeed detect a clear
gap [15, 23, 26-28, 32, 35, 48], most observe semimetallic or metallic behaviour [4, 5, 16,
20, 22, 24, 25, 29-31, 34, 50], a conflict which cannot be fully resolved by considering
alignment with the hBN substrate.

Motivated in part by the conundrum above, we return to the question of the par-
ent correlated states of TBG in this chapter. In particular, we focus on the candidate
normal states at integer fillings. While the scope may seem rather restrictive, the na-
ture of the commensurate states is expected to provide insights into other regions of the
phase diagram. The cascade transitions and Landau fans suggest that the integer orders
control the properties of the Fermi surface and its quasiparticles at non-integer doping.
Furthermore, the proximity of correlated insulators and superconducting domes hints at
their possible relationship. A better handle of the correlated normal states would provide

guidelines as to the mechanisms that aid, or perhaps hinder, superconductivity in TBG.
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At the very least, it would be useful to consolidate our understanding of the connections
between theory, which has much to say about correlated insulators, and experiments.

In our quest to go beyond the well-established boundaries of the strong coupling frame-
work, we turn to heterostrain, an unintentional perturbation which has been experimen-
tally demonstrated to be ubiquitous across TBG samples [38, 41-43], and theoretically
proposed as the key ingredient in recovering a semimetallic state at neutrality [97]. We
perform a comprehensive mean-field analysis of TBG at all integer v, and find that strain
dramatically alters the phase diagram by stabilizing an incommensurate Kekulé spiral
(IKS) order at non-integer fillings. The defining feature of the IKS is translation symme-
try breaking (TSB) that manifests at both the moiré and the microscopic graphene scale.
In contrast to the strong coupling insulators, the IKS is driven by momentum-resolved
features of the (interaction-renormalized) dispersion, and is more appropriately described
as belonging to the intermediate coupling regime. We argue that the IKS complements
the properties of the strong coupling ferromagnets in several ways, and helps bridge the
gap between theory and experiments.

In Sec. 6.1, we elaborate on the motivation and prior theory regarding the integer
states. We also flesh out the role of strain and its implementation within the continuum
model. To help orient the reader in later sections, we provide an overview of the numerical
phase diagram. Sec. 6.2 presents a detailed exposition of the properties of the IKS at
|v] = 2. Sec. 6.3 deals with the analogous states at odd integer fillings. We briefly cover
some subsidiary topics, such as disorder and non-integer dopings in Sec. 6.4, and discuss
strain and the IKS within the backdrop of experiments. We close with an outlook in

Sec. 6.5. The work in this chapter is based on Ref. [58].

6.1 Background

6.1.1 Motivation

At first sight, the phase diagram of TBG resembles that of the cuprate high-temperature
superconductors, with electrostatic gating playing the role of chemical doping. This

prompted initial attempts to model correlation effects within a single-band Hubbard
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model for electronic states localized to a triangular moiré superlattice. Although this ap-
proach has proven fruitful in studying moiré heterostructures of MoS, and other transition-
metal dichalcogenides [203], its applicability to TBG is limited by the fragile topology
of the BM bands [44-46]. The latter requires that the simplest tight-binding model
that faithfully captures the symmetries of TBG involves a pair of crystallographically-
inequivalent Wannier orbitals centered on sites of a honeycomb lattice, but with their
charge densities peaked on a triangular lattice formed by the centers of its hexagons
[44, 65, 72]. A corollary of this Wannier representation is that it implies extended inter-
actions and a higher degree of itineracy than can be captured via a minimal honeycomb
lattice Hubbard model with on-site repulsion and nearest-neighbor hopping.

The utility of a Hubbard description is further challenged by the early experimental
observation of a QAH resistance in hBN-TBG at v = +3. One explanation of this
phenomenon invokes a compelling analogy to the other paradigmatic setting for strong
correlations: the celebrated LLs of an electron in a magnetic field. By fully polarizing in
spin and valley, the system minimizes its interaction energy by virtue of Pauli exclusion,
and opens a topological charge gap due to the non-trivial topology (made explicit by the
sublattice coupling to the substrate) of the underlying bands. A similar QAH state was
also observed at v = 1 [48]. While the formation of such orbital Chern insulator states can
in principle be captured within a Hubbard description [204], the close parallels to quantum
QHFM [131, 172, 205] has motivated a distinct perspective, where TBG is viewed as a
generalized multicomponent quantum Hall system. This naturally explains both the
observed QAH response as well the propensity for insulating states at commensurate
filling, and motivates a sigma model description based on a hierarchy of perturbations
around a hidden limit with U(4) x U(4) symmetry [78, 83, 92]. The picture, which
we have referred to as the strong coupling approach throughout this thesis, receives
further experimental support by the observed stabilization of QAH insulators® with Chern
numbers C' = £3,4£2,+1 at v = +1, 42, +3 on applying a small out-of-plane magnetic
field, even in the absence of substrate alignment [32, 33, 48-50].

However, the TBG bands nevertheless retain features absent in LLs. For instance,

1Strictly speaking, these are not anomalous since they only emerge in a finite magnetic field. However
the small fields required (significantly smaller than ~ 10 T corresponding to one flux per unit cell) suggest
that these Chern states remain competitive at zero field.
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their dispersion (though small) remains nonzero, and is enhanced when perturbations
such as strain are included. Such effects are likely important in giving an accurate
description of experimental samples. As a case in point, even at commensurate fillings
some experiments report insulators with Chern numbers that cannot be captured in the
QHFM picture (35, 48]. Moreover, in contrast to the predictions of the strong coupling
framework, most experiments only observe robust correlated insulators at |v| = 2 and 3,
while at neutrality and |v| = 1 they usually see evidence of a semimetallic or metallic
state. This suggests that departures from the flat band /QHFM limit are non-negligible
and that the competition between itineracy and localization characteristic of Hubbard
physics remains relevant to TBG.

Given its enticing position at the intersection of two dominant themes of strong cor-
relations, it is natural to conjecture that orders that are natural from both perspectives
could be particularly robust candidate ground states in TBG. One example (and our focus
here) is furnished by states with TSB, which emerge in relatively well-understood limits
of both the Hubbard and quantum Hall settings. The formation of charge and/or spin
stripe order is believed to be a near-universal consequence of hole-doping the cuprates
away from commensurate filling: while purely on-site Hubbard repulsion favors phase
separation, the inevitably present further-neighbour interactions frustrate this in favor of
spatially-ordered phases [206-218]. For similar energetic reasons a variety of stripe and
bubble phases are known to be competitive ground states in high Landau levels [219-
222]: phase separation is driven by exchange physics and frustrated by Hartree contri-
butions. As noted above, any Hubbard description of TBG must involve substantial
further-neighbour interactions. Meanwhile, single-particle corrections and Hartree reno-
ralization can significantly perturb the flat band limit, penalizing full occupation of the
mBZ. Since exchange interactions still favor insulating behaviour, one resolution is to
reconstruct the bands via finite-wavevector ordering. Thus, from both points of view, it

appears that conditions in TBG might favour TSB states over their competitors.
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Figure 6.1: The presence of non-local tunneling, strain and substrate potential breaks
various symmetries and affects the BM dispersion.

6.1.2 Strain and numerical modelling

In this chapter, we explore TSB order at commensurate integer fillings in TBG. The
fundamentals of our numerical method?—completely general self-consistent Hartree-Fock
analysis of the (spinful) interacting BM model—have already been discussed in previous
chapters (see Sections 2.3, 4.2.1, and 5.1.4). Our analysis here incorporates three experi-
mentally important deviations from the original version of the BM model: a C’Qz—breaking
substrate potential (extensively discussed in Chapters 3 and 4), C’gz-breaking strain, and

non-local tunneling.

6.1.2.1 Heterostrain

Uniaxial strain of strength ¢ = 0.1 — 0.7% is observed in many TBG samples using
STM/STS [41-43, 223]. At charge neutrality, this small strain is believed to be an
important driving force behind the weakening of symmetry-broken insulators found in
numerics at zero strain in favour of semimetallic phases [77, 97, 187]. In the context
of van der Waals homobilayers, it is useful to distinguish between homostrain, where
strain is applied identically to both layers, and heterostrain, where the layers are strained

oppositely. Since homostrain, to first order, does not account for the experimentally

2For most calcuations, we use the parameters was = 82.5meV, wap = 110meV, § = 1.08°, ¢, = 10,
and dual gate screening length dy. = 25 nm. Interactions are incorporated using the graphene scheme.
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observed distortion of the moiré lattice, and has a substantially smaller impact on the
electronic structure [224], we focus on heterostrain [97, 225], which is believed to be
experimentally relevant.

The moiré geometry is deformed depending on the value of the strain ratio € and strain
angle ¢ with respect to the x-axis. The orthogonal direction is also stretched/compressed
due to the Poisson ratio vp ~ 0.16 [226]. Following Refs. [97, 225], the effect of uniaxial
strain on the unstrained graphene lattice vectors r» and RLVs g is expressed through

layer-dependent transformation matrices M,

T = MlTra g = Mlilg

€xa €oy — 0
E~R(O)—1+ S(e, ) ~ ; (6.1)
€y + 0 €y
. — 0
S(e,p) = R (p) R(y)
0 wvpe

where R(0) is a rotation matrix. Heterostrain constrains the parameters to satisfy 6; =
—0y =0/2, v1 = s = p, and € = —ey = €/2. To first order in € and 0, the twist angle is
unaffected. In analogy with the pure twist case (2.14), the new moiré RLVs are, in terms

of the monolayer RLVs?,
by = (M;' — My ") (bga — bg1), by = (M;' — My b (6.2)

This will affect the sampling of the long-range interaction on the momentum grid.

The strained and rotated intralayer kinetic term in valley 7 becomes

TO,
<k§, l‘ HBM ’k/, l) = hUF [Ml(k — TAZ) — KT] . 5k:k’ (63)
—0oy
A= ﬁ(e — €y, —2€4y) (6.4)
2a xx Yy xy

where § = 3.14, and a is the C-C bond length. Note that k above is measured with

3The geometrical deformation of the mBZ will not be shown explicitly in the figures.
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respect to the global momentum origin, and K, = 7K is the original Dirac momentum
in valley 7. A; acts as an effective layer-dependent vector potential in a similar fashion
to the orbital effect of an in-plane magnetic field [227] (except for the contrasting valley
dependence).

Strain preserves OQZ but breaks C’gz and C’gx. Hence the Dirac points which are pro-
tected by Cy, T remain intact, but are unpinned from the Ky and K}, points and migrate
towards the mBZ center. The Dirac points also separate in energy leading to compen-
sated Fermi pockets at CN, and the overall bandwidth of the central bands increases

dramatically (Fig. 6.1).

6.1.2.2 Non-local tunneling

The standard BM Hamiltonian obeys PHS very well—the only violations come from
small twists in the Dirac cone kinetic terms which are suppressed in 0 [45, 228]. However,
many experiments show pronounced electron-hole asymmetry [5, 20, 22, 26-28, 35|, with
stronger superconductors on the hole side and more robust insulators on the electron side.
We model this PHS-breaking by augmenting the BM model with a non-local interlayer
tunneling (NLT) term [71, 186, 229, 230], which for valley K is

(k,1| Hxip |k, 2) = Ty (K, K )0p—rr0 + To(k, K )or—r.crscy + Ta(ky K )0kt

~ 1 )\1 )\2 . >\1 )\3 .
Ti(k,K) = —3 { (Pz — ipy) + (P + @py)}
/\3 )\1 )\2 >\1
~ , 1 )\16i¢ /\2€_i¢ . /\1€_i¢ >\3 ) (65)
Io(k, k') = —5 | (e = ipy) + | | (P2 +ipy)
)\3 )\1614s )\261(]5 )\167“%)
~ 1 /\167%) )\2€i¢ ) /\1€i¢ A3 .
k) = | N IR R G R )
A3 )\167“15 )\2672(1) )\16“;5

with Ay = 2X; = 0.18 eVA, A3 = 0. The above form can be shown to hold even in the
presence of heterostrain. This correction respects all the symmetries of the original BM
Hamiltonian, and can be thought of as the next order in the Taylor expansion of the
interlayer hopping. Note that p defined above is simply the sum of the two momenta

of |k, 1), |K’,2), but each measured with respect to the respective K' = M; 'K of the
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Figure 6.2: Summary of phases found in self-consistent HF at all integer fillings v for
different heterostrains and substrate potentials A, with NLT included. Color plot di-
agnoses IVC order (dark blue indicates unbroken U(1)y symmetry). Dashed red lines
indicate approximate phase boundaries, and hatched areas denote absence of a charge
gap. Properties of each phase are tabulated in Table 6.1. [IKS: incommensurate Kekulé
spiral, QAH: quantized anomalous Hall state, KIVC: Kramers intervalley coherent state,
VH: valley Hall state, IVC: intervalley coherence, SM: semi-metal]

layers. Consistent with density functional theory calculations, the effect of this term is

to make the conduction bands more dispersive than the valence bands (Fig. 6.1).

6.1.3 Phase diagram

The phases obtained from our HF study are summarized in Fig. 6.2 and Table 6.1.
The phase diagrams are obtained in the presence of NLT as a function of both strain
(horizontal axis) and substrate potential (vertical axis). The colour scale diagnoses the
magnitude of U(1)y-breaking, which is sufficient to distinguish the different phases.

We now briefly describe the topology of the phase diagrams, beginning at even integer
fillings. At v = 0, we recover previous results from the literature. The 7’-symmetric spin
singlet KIVC [78, 83| is the ground state at zero strain and substrate. It consists of
a filled intervalley coherent band in each Chern sector (duplicated in each spin sector),
and can be succinctly described by ordering of 7, ,0,. The absence of coherence between
opposite Chern sectors sidesteps the energy penalty induced by vortices in the order
parameter that would be topologically required for other IVC candidates. It gives way
to a symmetric semimetal (SM) at finite strains well within experimental bounds [97]
(gaplessness is indicated with white hatching). For a strong enough sublattice potential,
the system becomes a valley Hall (VH) insulator due to the splitting of the valence and
conduction bands.

At v = £2 in the absence of symmetry-breaking perturbations, the lowest energy state
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Phase lv| spinpol. wvalley pol. U(1l)y 7T =K "= Tylﬁ w, Ta,edem/2 |C|
IKS 1 * 0 X v X X v 0
2 0 0 X v X X v 0
3 * 0 X v X X v 0
QAH 1 1 1 v X X v 1
2 0 2 v X X v 2
3 1 1 v X X v 1
KIVC 0 0 0 X X v v 0
2 * 0 X X v 4 0
VH 0 0 0 v v v/ v 0
2 * 0 v v v v 0
IVC+QAH 1 1 1 X X X v 1
SM 0 0 0 v v v 4 0

Table 6.1: Symmetries and order parameters of HF phases at integer fillings v that ap-
pear in Fig. 6.2. Spin (valley) polarization indicates the number imbalance of 1 vs |
(K vs K') electrons per moiré unit cell. The spin quantization axis is arbitrary due to
SU(2)s-symmetry, and an asterisk indicates a degenerate manifold obtained by perform-
ing a valley-dependent spin-rotation. 7, are Pauli matrices in valley space, and K is
complex conjugation. IKS phases break a subset of moiré translations T, a;, but preserve
the combined valley-rotation + translation symmetry Taieiq'“m/ 2 where q is the IKS
wavevector.

is the spin-polarized version of the KIVC?*. At a finite substrate potential strength, the
optimal state becomes a sublattice-polarized U(1)y-symmetric generalized ferromagnet,
which can either be the QAH ~ .7, or the VH ~ o,. These are exactly degenerate at
HF level since the VH state is obtained by applying T on one spin component of the
QAH.

Along the strain axis, we find a first-order transition to a novel phase, which we
dub the incommensurate Kekulé spiral, at an experimentally relevant strain ratio of
€ ~ 0.1 —0.2%. The main characteristic of the IKS is the breaking of moiré translation
symmetry at a single wavevector g, as explained in detail in Sec. 6.2. Since the spins
within each valley are unpolarized, inclusion of intervalley Hund’s coupling does not lead
to qualitative changes.

The IKS order persists for fairly large substrate potential strengths. This means that

the ordering is flexible enough to polarize onto one sublattice, as evidenced from the

4Actually, each valley has perfect spin polarization which is free to rotate under the SU(2)x x
SU(2) g+ symmetry. Depending on its sign, intervalley Hund’s coupling will resolve this into either a
spin ferromagnet or spin-valley locked antiferromagnet.
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fairly constant magnitude of IVC throughout the phase. On the other hand, the KIVC
is progressively weakened under increasing sublattice potential, and gives way to U(1)y-
preserving ferromagnets since its mechanism relies on inter-sublattice coherence® [79)].
The strong PHS-breaking effect of NLT manifests in the shifted phase boundaries between
v = —2 and +2. Furthermore, the zero-substrate band gaps (of order 10meV) of both
the KIVC and IKS phases are larger on the electron side than the hole side by 10 — 30%,
which is consistent with the experimental trend of more robust insulators at positive
fillings.

For v = £3, a significantly smaller strain (¢ ~ 0.02 —0.05%) is able to destabilize the
QAH. Typically we find a direct transition from the QAH to the IKS under increasing
strain. The IKS at v = 43 has the same symmetry properties as the one at v =
+2 (including TRS since we consider the spinless version), except that it can carry a
spin polarization at U(2)x x U(2)g level (of maximum lup per moiré cell). For (anti-
)Jferromagnetic Hund’s coupling, the spin moments carried by the two valleys will (anti-
)align. Given the tiny strains required for the IKS to beat the QAH at v = £3, a natural
question that arises is whether the IKS can in principle be the ground state at zero
strain. We emphasize that there is no fundamental reason that prohibits this scenario
from occurring; for strong enough perturbations about the U(4) x U(4) limit, the strong-
coupling insulators can be superseded by states outside the QHFM paradigm. While our
HF' calculations suggest this is not the case for our choice of parameters, the fact that
the IKS can be obtained self-consistently without strain is a strong indication that the
IKS remains a highly competitive state.

At v = £1, the weak substrate potential region of the QAH phase has non-zero IVC.
The transition from the QAH and QAH+IVC to the IKS now occurs at a larger strain
(€ ~ 0.15 — 0.2%). The effect of intervalley-Hund’s terms is similar to that at v = £3,
i.e. a net spin polarization of (0) 1 for (anti-)ferromagnetic coupling. In contrast to the
other integer fillings, at v = £1 the IKS state never develops a charge gap.

The phase diagrams are very similar in the average subtraction scheme, with only

quantitative changes in the phase boundaries®. While the topologies of the CN scheme

5Recall the intertwining of sublattice and valley in each Chern sector C' = 7,0,.
6In addition, the gaps of the QAH state at || = 3 are significantly smaller than those of the graphene
scheme used for the figures in this chapter.
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phase diagrams are unchanged, the strain scales involved are unphysically smaller by
roughly two orders of magnitude, even in the presence of sublattice coupling. Given the
heightened fragility of the v = +3 QAH against tiny amounts of strain, we believe that

this scheme is not an appropriate choice (at least for finite strains).

6.2 Spin-unpolarized Kekulé spirals at v = £2

The emergence of the IKS at all non-zero integer fillings, and its relative stability against
sublattice alignment, points to its ubiquity in the presence of moderate levels of strain.
In this section, we dissect the properties and anatomy of IKS order, and show how they
contribute to its robustness. We focus on v = +2, though most of the statements made
below apply equally well to the IKS at ¥ = £3 (and even metallic IKS states at v = +1

and non-integer fillings).

6.2.1 Symmetries and generalized Bloch theorem

We begin by discussing its non-translational symmetries. The IKS preserves a spinless
version of TRS 7 = 7,K7. The colouring on the phase diagrams indicates that it possesses
non-zero IVC and breaks U(1)y. As Oy, does not commute with valley rotations, it is
generally broken. However there always exists a combination of (s, and valley rotation,

ol

5., which depends on the intervalley phase and remains a good symmetry. As we will

see, this is linked to the fact that U(1)y rotation manifests as a translation of the TKS
order.

An important feature of the IKS that sets it apart from the strong coupling insulators
is its breaking of moiré translation symmetry Ta However, distinct from other candidate
TSB orders such as stripes [35, 187, 204, 231], it continues to satisfy a modified translation
symmetry T[ll =T 2,€9%™/2 which is simply the usual translation augmented with a
valley rotation. The generally non-zero wavevector q, which lives in the mBZ, depends

on the particular IKS realization under consideration. At the level of HF projectors, this

"This continues to be true even at non-integer fillings [59].
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Figure 6.3: In the IKS, the graphene valleys hybridize at a finite wavevector q. This is
in contrast to ¢ = 0 strong coupling ferromagnets with IVC, such as the KIVC, which
would hybridize the red dot in valley K’ with the dotted circle in K.

is realized as the following structure of intervalley density matrix elements

<ék+p77:+ék,~r’=—> ~ f(k)5p,q= (6-6)

where the band /sublattice and spin indices are left implicit. In short, the valleys hybridize
at a finite wavevector g, as sketched in Fig. 6.3. Crucially the IVC occurs at a single q,
leading to a circular IVC spiral of definite handedness, as there is no symmetry relating
the spiral to the analogous spiral at —q.

In fact for the parameters studied, we find a whole family of spirals which differ only
in g and are close in energy, as shown in Fig. 6.4. The ideal wavevector qq is slightly
greater than 1/3 of the mBZ, and evolves weakly with strain magnitude. The ideal spiral
ordering appears to occur at an incommensurate g since there aren’t any noticeable
energetic features at commensurate wavevectors. The energy density of the IKS can
be fitted to the form £ (q — go)?, from which we estimate the wavevector stiffness to
be ps ~ 0.4meV, without strong spatial anisotropy. Fig. 6.4 shows that as the strain
angle ¢ rotates, qo also changes, but appears to have roughly constant magnitude and
predominantly lies near a moiré crystallographic axis. NLT does not affect the qualitative
features of these plots.

~

T’-symmetry implies a generalized Bloch theorem, which stipulates that the single-
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Figure 6.4: Top: IKS energy relative to the lowest translation-symmetric state for dif-
ferent strains, fillings, system sizes, and spiral wavectors g along b;. Bottom: Relative
energies of IKS states for different strain angles ¢ (blue axis) and enforced IKS wavevec-
tors q. Red stars denote q’s corresponding to period-tripling along the moiré axes, and
white circles denote minimum energy wavevectors qg. Non-IKS states that converged to
higher energies were discarded. Strain is 0.2%.

particle wavefunctions satisfy
Gi(r + a;) = eFsemiam/2y, (), (6.7)

Here, k is a new momentum label restricted to the first mBZ, which differs from the
conventional crystal momentum. In particular, k labels real, physical momenta I;:—H'Zq /2
in the two valleys 7, = 4+. From (6.7), it follows that we can write the single-particle

wavefunctions as

V() = e Em=alDy () (6.8)

where ug(r) is the periodic part satisfying uz(r + a;) = ug(r)®. As a result, we can
define a HF band structure in the mBZ for general IKS, even if the order wavevector q is

incommensurate with the moiré lattice. We note that a similar observation has previously

8A corollary is that if we are interested in obtaining IKS states of a particular g, we can reduce the
numerical cost by performing translation invariant HF, except that the valleys are boosted in momentum
space by a relative shift g (as done in Fig. 6.4). Of course to obtain the lowest energy IKS, we would
have to minimize over all values of q. Note that even without enforcing a particular q, HF still only
converges to a single-q state.
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been made for incommensurate circular spin spiral states [232, 233].

Another, but closely related, consequence of the T o, Symmetry is that the IKS can
only have a non-zero energy gap (ignoring the Goldstone modes?) at integer fillings, unless
it breaks additional symmetries or develops non-trivial topological order. To understand

this, we first add the following small perturbation to the Hamiltonian at v = 42

~

V=nh / d*r [cos(q - 7 + @)U (1) 7,0,0(r) + sin(q - 7 + @)Y (r)ry0,0(r)].  (6.9)

This preserves Tt’ll but explicitly breaks U(1)y, thereby inducing a gap o |h| in the
Goldstone modes. Then, we invoke a generalized Lieb-Schulz-Mattis theorem which states
that the IKS with gapped Goldstone modes can have a unique ground state on the
cylinder geometry which is separated by a non-zero energy gap from all other states
in the spectrum only if the charge per unit cell is an integer. To show that such a
theorem indeed holds, we can employ the standard adiabatic flux-insertion arguments
by Oshikawa. [234, 235]. The extra factor €’4%7=/2 in the translation operator does not
affect this argument, as it commutes with the charge U(1) symmetry. This explains why,
despite involving a modulation that is incommensurate with the moiré lattice, the IKS
insulator is tied to densities that are commensurate with it.

Microscopically, the T-invariant IVC order of the IKS induces a Kekulé-like pattern
on the graphene scale, with orientation determined by the local IVC angle Opyc'® (see
Fig. 6.5). Since the symmetry-breaking occurs predominantly within the central bands'?,
the Kekulé or v/3 x /3 pattern, which triples the graphene unit cell, is strongest in the
AA regions where the flat band wave functions are spatially localized. However, the
finite-q character of the IKS state means that the microscopic Kekulé-like patterns differ
between different AA regions, as dictated by the combined moiré lattice translation and
valley-U (1) rotation symmetry Tl'll Regions lying along a strip perpendicular to g will

have the same local Kekulé distortion, while the Kekulé phase along g will rotate with

9At |v| = 2, the spin singlet IKS has four linear Goldstone modes from the broken generators {7, 7. s; }.
At |v| = 3, the ferromagnetic IKS (spin-polarized along §.) has one linear type-A mode from {7} and
two quadratic type-B modes from {s,, s, } and {7,s,, 7.s,} [114, 115].

0Explicit real-space images of the microscopic bond/site ordering have been computed in Ref [197].

"This can be surmised by increasing the number of active bands from 8 to 24, and checking that the
new active remote bands do not possess substantial IVC.
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Figure 6.5: Real-space picture of an IKS with g = b;/3. The colorplot on the superlattice
scale shows the charge density, with darks spots corresponding to AA regions. Black
arrows represent the complex IVC order parameter ~ (7,0,) + i(7,0,). For each of the
three inequivalent AA regions, the expectation value of CLCB + c]TgcA on the microscopic
graphene bonds is shown. Blue (red) dots correspond to positive (negative) expectation
values, and the center of the AA region is marked with a black cross. The different
inequivalent AA regions have different approximate v/3 x v/3 Kekulé-like patterns on the
graphene scale.

spatial period 27/|g|. Since the TSB is purely IVC, with no —q or higher harmonic
components, there is no additional charge reconstruction at the moiré scale.

Before concluding the discussion of TSB, we point out the following subtlety. In
the absence of Cy, symmetry (which is broken by strain), 'y in the single-valley BM
model is no longer a high symmetry point. From this one might conclude that the
choice of Ty in one of the two valleys becomes arbitrary (I'y; in the other valley is
still fixed by either (s, or 7A’) Making a different choice for I'y; does not go without
consequences for the IKS, as this changes the wavevector q at which the intervalley
coherence occurs. For commensurate twist angles, however, there is a preferred I'y-point
in the mBZ even in the absence of C’gz—namely, it is the point that should fold on top
of the T-point of the monolayer graphene BZ (which is fixed by C,, or 7A’) From this
it is clear that the wavevector q is well-defined for commensurate twist angles, and that
the corresponding superlattice translation symmetry is unambiguously broken. In our
numerical simulations at incommensurate twist angles, we have always used the same
choice for I'yy as in the commensurate twist angle case, such that the location of I'y

varies continuously as a function of 6. However, for incommensurate twist angles a
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Figure 6.6: mBZ-resolved properties of the IKS at ¥ = —2. a) Valley populations of the
IKS. b) Frobenius norm of the IVC at wavevector ¢ = G1/3. System size is 48 x 16,
strain is 0.2%, substrate is A = 0meV, and NLT is not included. ¢) Dispersions of the
lower band for the metastable symmetry-preserving self-consistent SM. Hatched (dotted)
lobes, situated near low (high) energy regions, will be predominantly filled (empty) in the
IKS. Black lines indicate the Fermi surface, and black stars mark Dirac point locations.
d,e) Schematic construction of the IKS—a relative momentum boost of the valleys by g
allows the lobes to overlap each other. Regions not within the lobes participate strongly

in IVC.

different choice for I'y; is possible in principle, and thus the wavevector g of the IKS state
becomes ‘gauge dependent’. This is consistent with the fact that for incommensurate

twist angles, there is strictly speaking no superlattice translation symmetry.

6.2.2 Structure and energetics of the IKS

Insight into the properties of the IKS can be gained by analyzing its momentum-resolved
single-particle density matrix in more detail. Fig. 6.6b plots the strength of IVC at
v = —2 in momentum space, showing that it is close to the maximum value of 1/ V2
throughout most of the mBZ. The exceptions are at two lobes in the mBZ, where the
electron populations N, (k) in the two valleys (Fig. 6.6a) are close to 0 or 2. The total
occupation at each k is 2 consistent with an insulating state. The strong momentum-
dependence of the IKS state sets it apart from previously studied strong coupling phases

[79, 83]. From our numerics we find that the same coherence structure is repeated for
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both spin species. Therefore, we henceforth consider spin to simply be a spectator degree
of freedom, an assumption which is further validated by the ‘basis spiral’ analysis in
Sec. 6.3.

The locations of IVC-depletion provide strong clues as to the mechanism underlying
IKS formation. In Fig. 6.6¢, we calculate for each valley the HF spectrum of the lower
band of the self-consistent symmetry-preserving SM. This captures the major momentum-
dependent effects that strain and interactions have on the band structure. The dispersions
of the two valleys are related by TRS. All Dirac points lie above Er at v = —2. Near I'y,
there is a region of very high energy (red) that coincides with one of the Dirac points.
There is also a region of low energy (dark blue) lying in some other region of the mBZ.
Because of TRS, the low/high energy lobes (indicated by hatched/dotted regions) in the
two valleys are related by k — —k.

We now sketch an intuitive picture for how these dispersion features influence the
parameters of the IKS order. Fig. 6.6d,e demonstrates that coupling the two valleys at
a finite ¢ can pairwise align a high energy lobe with a corresponding low energy lobe
in the other valley. In these momentum regions, the system will choose to polarize into
the energetically favorable valley. Elsewhere, substantial valley hybridization is induced,
such that the valley order rotates smoothly in momentum space and maintains good
exchange energy. In this way, the IKS is able to maximize IVC while respecting the
prominent characteristics of the band dispersion. Each k is equally populated, allowing
for an insulating state. Note that attempting to induce IVC at ¢ = 0 instead runs into
issues—a large portion (~ 4xlobe area) of the mBZ would be unable to participate in
the IVC since the lobes have small overlap. Furthermore, the total electron occupations
would vary as a function of l;:, meaning the state cannot be insulating.

This perspective naturally explains the strong k-dependence of IVC and the slow
variation of the IKS energy with q. The somewhat diffuse features of renormalized
dispersion mean that for nearby gq, the locations/shapes of the lobes only change slightly,
leading to a small and roughly isotropic wavevector stiffness. A simple estimate for the
ideal wavevector gy can be made by connecting the minimum energy momentum in valley
K’ with the maximum energy peak in valley K. The predicted qq is broadly consistent
with HF results of the IKS for a range of strain angles ¢.
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Figure 6.7: a) Band structure of the IKS at v = —2, with color indicating the valley

polarization of the HF orbitals. b) z-component of the vector m(k) in the parameter-
ization of (6.10). Dashed lines indicate mBZ path in a). In both plots, k refers to the
valley-dependent boosted momentum k + 7,q/2.

We emphasize that this scenario opens a gap at Er but, unlike most of the translation-
invariant insulators, does not rely on gapping out the Dirac points, which remain high
in energy above Er. Instead the k-dependent IVC hybridizes the two valleys at finite g
and pulls the occupied band below the rest of the states (Fig. 6.7a).

We can construct a simple ansatz for the IKS projector in the absence of substrate
alignment, which matches the HF numerics extremely well. We partially fix the Chern
basis gauge by requiring that C'gz acts as 7,0, and T as Txlé—the remaining gauge freedom
acts as €“?*™=9=  The spin-singlet IKS state at ¥ = —2 can then be parameterized by the
projector

Py—_s(k) = i(]l—i—n;c-'y)(]l—i-m,;-n), (6.10)

where the 7 and ) matrices are defined in (2.28), the gauge-variant nj, is entirely in the
r — y plane, and an identity matrix in spin space is implicit. Across most of the mBZ,
the vector my, lies in-plane with a constant angle that can be changed by a global U(1)y-
rotation. At the lobes, mj orients towards the poles, reflecting the valley polarization
in these momentum regions (recall that n, = 7,) (Fig. 6.7b). Since v,,7, in (6.10)
anticommute with the Chern number ~,, there is both inter-Chern and intra-Chern IVC
in the IKS with equal magnitude. This implies that the IVC significantly entangles
bands with opposite Chern number, in contrast to the U(4) x U(4) strong coupling
ferromagnets. Importantly, this distinguishes the type of IVC order found here from the
uniform TIVC state of Ref. [78] (which also preserves TRS at even integer fillings). In

terms of symmetries, the only differences between the TIVC and IKS states are that
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the former is translationally invariant and cannot be made spin singlet by opposite spin
rotations in the two valleys. Both states can be made C’gzj'—symmetric by a suitable
global valley-U (1) rotation. The IKS projector at ¥ = 42 can be approximately found
by particle-hole conjugation.

The construction outlined above, involving the nesting of features of a parent symmetry-
preserving band structure, is suggestive of a weak-coupling instability. However the
U(1)y-breaking coherence occurs nearly everywhere in the mBZ, instead of just the lobe
boundaries. Furthermore, the Fermi surfaces of the SM or the non-interacting BM model
generically bear little relation to the momentum structure in the IKS state. Indeed, both
strain and interactions play a vital role in renormalizing the central bands and setting
the stage for symmetry-breaking phases—the non-interacting BM bands have a total
bandwidth ~ 5meV, which broaden to ~ 15meV in the presence of strain (breaking
Cs, and shifting the Dirac points up/down), and finally 2 50meV with the inclusion
of interactions. We find that strengthening the Coulomb interaction (by reducing e,)
favours the strong coupling states. Strain thus effectively tunes the system from strong
coupling, where Chern-diagonal ferromagnetic states dominate, to intermediate coupling
where other phases (such as the IKS) emerge that violate the U(4) x U(4) hierarchy. In
other words, strain substantially increases the dispersion, which undermines the pertur-
bative stability of the strong coupling ferromagnets and allows the IKS to undercut them
in energy. On the other hand, twist angle, which weakly influences the non-interacting
central band dispersion, does not have a significant impact on the phase diagram.

This strong- to weak-coupling crossover can also be viewed through the lens of direct
versus exchange energy [88]. The intra-Chern states at small strain are stabilized by
exchange, in analogy with QHFM. At larger strains, including just the Hartree piece
of the interaction already recreates the key features of the band renormalization. As
evidenced in Fig. 6.2, the IKS is more competitive farther away from charge neutrality,
in harmony with the larger Hartree peak (dip) expected for increasing hole (electron)
doping [35]. All particles will feel this increased Hartree potential, while exchange effects
are only applicable between electrons of the same flavor. We caution though that this
direct-exchange dichotomy is not so clear-cut in practice—separation of the IKS energy

into its components reveals that both Hartree and Fock contributions change significantly
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with comparable magnitude as a function of q. Also, exchange does significantly perturb
the band structure of the self-consistent SM, and its inclusion is necessary to obtain
reasonable predictions for qg. This implies that a proper treatment of both terms is

required to adequately capture the physics of TBG for realistic parameters.

6.3 Kekulé spirals at odd integer filling

All numerically obtained IKS states preserve spinless TRS 7, implying that the Chern
number C' vanishes. This fact is remarkable for the odd fillings, since the strong coupling
ferromagnets can only accommodate phases with odd C'. However, recent experiments
have shown the existence of even-C' gapped phases extending down to zero magnetic field
at odd fillings [35]. One possible route to achieving this is by folding the mBZ in half
and forming period-2 charge order, as theoretically argued by some authors [35]. Each
Chern band (a finite sublattice splitting was considered) splits into a |C'| = 1 and 0 mini-
band, and a variety of different C' states can be obtained by selectively polarizing these.
Our work proposes a fundamentally distinct scenario, relying instead on IVC to produce
the requisite C' = 0 bands, and on ‘modified” moiré translation breaking to minimize
the energy. The IKS is agnostic to the presence of substrate alignment, and is a natural
robust insulating candidate for experiments where strain is often an external confounding
factor. Characterizations of the moiré charge order or strain in the sample of Ref. [35]
would help determine which theoretical scenario is operative there.

Since the TKS states have similar properties at all non-zero integer fillings, we expect
them to be closely related. To make the connection explicit, we consider the |v| = 3 IKS
as a ‘basis spiral’. We start with the v = —3 IKS with total spin-polarization enforced for
simplicity. In order to construct a v = —2 IKS, we take two copies of the v = —3 basis
spiral in order to obtain a spin-unpolarized IKS. The same construction is possible at
positive filling by particle-hole conjugation. The notion of the |v| = 2 TKS as two copies
of the |v| = 3 IKS is consistent with the relative factor of v/2 of the U(1)y-breaking order
parameter in Fig. 6.2.

For the v = —1 IKS, we note that TSB is entirely in one spin sector, whereas the

other spin sector has the same symmetries as the VH state at v = —2. This motivates
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Figure 6.8: Comparison of the energies of the translationally invariant state, the ideal
IKS and the IKS trial state at v = —2. The IKS trial state is obtained by combining two
copies of the IKS HF solution at v = —3. System size is 12 x 12, A = O0meV and NLT
is included.

the following construction: We start with the spin-polarized VH state at v = —2 and
add to it the v = —3 IKS in the opposite spin sector. Consistent with this fact, the
U(1)y-breaking order parameter has the same magnitude in the IKS phases at |v| = 1
and 3.

We show in Fig. 6.8 that the trial states for the v = —2 IKS based on this construction
have energies that are very close to the self-consistent HF solution at those fillings. We
also find that HF simulations using these trial states as initial inputs converge very quickly
to the self-consistent IKS ground state at that filling, demonstrating that the trial states
have the correct correlations. For v = —1 the trial state energies are not as close to those

of the self-consistent IKS due to the fact the IKS is not insulating at this filling.

6.4 Discussion

6.4.1 Quenched disorder and finite temperature

For the KIVC, which occurs at very small strain, quenched disorder is relatively innocu-
ous. The reason is that this state breaks TRS, while physical impurities in graphene are
time-reversal symmetric, which implies that they cannot couple as random-field disorder
to the KIVC order. The IKS, on the other hand, preserves TRS and is consequently less
protected against disorder. For example, because the IKS state has a Kekulé pattern on
every AA region, graphene-scale bond disorder couples to the IVC order as a random

field. A Schrieffer-Wolff analysis suggests that actually long-wavelength disorder is most
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important. This is due to the large gap to the remote bands, and the fact that the flat
band wave functions vary slowly on the moiré scale [58].

IKS order breaks the valley-charge conservation symmetry and superlattice transla-
tion. Ignoring the explicit symmetry-breaking effects of strain, it also breaks Cy via a
non-zero q. Because the IKS is invariant under a combination of superlattice translation
and valley U (1) rotation, only local operators with a non-zero valley charge can detect the
TSB. A corollary of this observation is that the TSB order is replaced by quasi-long range
order at non-zero temperature, and is completely lost once vortices of the IVC order pro-
liferate at Tpxr S mps/2 ~ 7 K. The rotational symmetry breaking, on the other hand,
can be detected by operators which have zero valley charge. This means that the nematic
order, can persist as true long-range order at non-zero temperatures. However, because
TBG is a two-dimensional material, reintroducing quenched moiré disorder will, strictly
speaking, destroy all ordered phases (breaking both discrete and continuous symmetries).
For sufficiently weak disorder, the Imry-Ma domains of the discrete C’g—breaking order is
expected to be much larger than the relatively small TBG devices currently being used
in experiment. In this case, nematicity will survive the presence of quenched disorder as

vestigial order of the IVC spiral state.

6.4.2 Experiments

We have demonstrated that IKS order is ubiquitous at nonzero integer fillings in the
presence of small amounts of heterostrain, largely independent of substrate or fine details
of twist angle. This fact, combined with the absence of IKS order at charge neutrality
in favour of a gapless SM, potentially provides a unified explanation of several recent
experiments. This picture requires the assumption that small heterostrain is inveitably
present in typical experimental samples; this is not unreasonable, particularly given the
modest heterostrain needed to stabilize IKS order (which is comparable to experimentally
observed strains [41-43]).

Before discussing the connection of our integer results to experiments, we note that
the mean-field analysis above has been extended to non-integer dopings throughout the

central band range in the presence of strain in Ref. [59]. IKS order persists for a finite
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range of v about the integers, and is interleaved with other types of flavour-polarized or-
ders. Interestingly, the ideal wavevector gy can change rapidly as the density is tuned. By
computing the density-dependent chemical potential 1(v), we find that the characteristic
sawtooth pattern in the experimentally measured inverse compressibility can be repro-
duced both in the zero and intermediate strain regime. This suggests that this ‘cascade
physics’ cannot discriminate between the strong coupling [87], intermediate coupling, and
‘Dirac revivals’ [29] scenarios. The calculated Fermi surface degeneracies in the strained
regime are also consistent with the experimental Landau fans'2.

The global properties of the phase diagrams (Fig. 6.2) in the strained regime are
broadly in agreement with many transport experiments. At neutrality, moderated strained
TBG is semimetallic, while at v = +1, it is metallic but with a significantly lower carrier
density than the non-interacting BM model due to strong IKS order. At v = 42, +3, it
becomes an IKS insulator. While no single experiment matches all of these characteristics
at once, the IKS and heterostrain present an alternative regime to the weak and strong
coupling limits, so that theory is better equipped to interpret the myriad of experiments.

At even integer fillings, the IKS can be distinguished from the KIVC by probing the
spin physics. In particular, in a small magnetic field the KIVC at v = +2 has a local spin
moment of < 2up per moife unit cell'®, whereas the IKS at v = 42 has a vanishing local
moment. It follows that in samples with negligible strain, which would have a strong
KIVC gap at neutrality (assuming there is also negligible hBN alignment), the insulators
at v = 42 should have a non-zero local spin moment, whereas strained samples with
semi-metallic behaviour at neutrality should have no (spin or orbital) magnetic moment
at v = £2. By applying a small strain to an initially unstrained sample, one should
therefore observe a strong first order transition associated with an abrupt disappearance
of the local moment as one enters the IKS phase. If the strain in experiment can both be
slowly increased and decreased, hysteretic behaviour should be observed for the local spin

moment around the KIVC-IKS transition. We note that Ref. [22] indeed found evidence

12Experiments typically see Landau fans emanating from |v| = 0,2,3 with slopes corresponding to
4,2, 1 degenerate Fermi surfaces respectively.

13Adding a ferromagnetic intervalley Hund’s coupling to the Hamiltonian would induce a magnetic
moment of 2up per unit cell for the KIVC at ¥ = 42, even in the absence of a magnetic field. If, as was
argued in Refs. [236, 237], the intervalley Hund’s coupling is anti-ferromagnetic as a result of e.g. phonon
scattering [80], then a small magnetic field will cause the spins in the two valleys to cant, producing a
magnetic moment per unit cell which is smaller than 2up.
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for spin-unpolarized insulators at ¥ = +2 in a sample which is semi-metallic at neutrality,
which is consistent with the IKS/nematic SM scenario under the assumption that their
samples are heterostrained at the ~ 0.1 — 0.2% level.

At v = 43, the IKS also has a smaller local magnetic moment than the QAH which
occurs in the absence of strain. As both states are spin polarized in a small field, this
difference is now due to the large orbital moment of the QAH, which is absent in the IKS
owing to T-symmetry. However, the easiest way to distinguish the IKS from the QAH is
via the transverse or Hall resistance R,,. This quantity is zero in the IKS as dictated by
the spinless TRS, but takes on a quantized non-zero value in the QAH. In Refs. [22, 48],
insulating states were observed at v = +3 which show Landau fans in magnetotransport
measurements that are consistent with a zero Chern number. Given the semi-metallic
behaviour at charge neutrality, we thus expect such samples to be strained and therefore
the insulators at ¥ = +3 to have IKS order.

Given that the nematic order of the IKS survives at finite temperature, we antic-
ipate that the IKS insulators at v = £2,+3 should show strong interaction-induced
nematicity, much stronger than what one would naively expect from the small strain
present in the sample. This prediction is in harmony with the experimental observations
of Ref. [20, 21], where nematicity was observed in the superconducting dome between
v = —3 and v = —2. Indeed, unless the insulators at integer fillings are separated from
the superconducting dome by a strong first order transition, one would generally expect
the insulators and the superconductors to either both be isotropic or both be nematic.
Ref. [59] shows that TKS order persists for a finite range of doping around the integers
and survives to temperatures'* much greater than the experimental 7, suggesting that
the superconducting dome could indeed inherit physics from the IKS. Furthermore, the
ideal ordering wavevector g (which is naturally soft as illustrated in Fig. 6.4) changes con-
tinuously as a function of density, analogous to the evolution of the nematic axis of the
superconductor [20]. Such behavior is harder to rationalize for other rotation symmetry-
breaking parent states such as stripes. So even without making any assumptions about

the nature of the superconducting state, we can interpret the observations of Ref. [20] as

14This refers to the mean-field transition temperature Tyr ~ 50 K which is related to exciton binding
energies. There is a lower energy scale TggT ~ 7 K controlled by the stiffness, above which the phase of
the IKS is disordered (though likely still nematic).
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indirect evidence for the TKS.

While the above evidence is reasonable, it remains to a degree circumstantial. C’gx-
like and T symmetries preclude observable signatures like second harmonic generation
and orbital magnetization. A more direct and definitive diagnostic for IKS order is
possible in principle by detecting the Kekulé pattern at the AA regions directly using
STM/STS. Kekulé order in monolayer graphene induced by mobile adatoms or substrate
vacancies [238, 239] has been measured in Ref. [240], whereas Kekulé order induced
by large (isotropic) strain [241, 242] has been observed in Ref. [243]. However, only a
very small fraction of the total number of electrons, i.e. those occupying the central
bands, participate in the IKS order. As a result, the signal coming from the graphene-
scale v/3 x v/3 Kekulé pattern in the IKS will be significantly smaller than that seen in
the above-mentioned monolayer experiments. On the other hand, the STM studies of
Ref. [198, 199] were able to detect a Kekulé distortion in monolayer graphene in a high
magnetic field at densities that are comparable to those of TBG. The theory here is based
on the approximate SU(4) symmetry of the zeroth Landau level, which is close in spirit
to the U(4) x U(4) limit of TBG, but the anisotropies and associated mechanisms are
different [244].

6.5 Outlook

By combining the results obtained in this chapter at non-zero integer fillings with the
findings of Ref. [97] at neutrality, we conclude that by adding a small amount of uniaxial
heterostrain to the interacting BM model, one obtains from self-consistent HF a global
picture of the normal state TBG phase diagram that is compatible with many exper-
imental observations at integer fillings. Furthermore as shown in Ref. [59], the doped
descendants of the finite-strain integer orders examined here exhibit Landau fans and
compressibility signatures that are consistent with those measured experimentally. A key
player in the strained regime is IKS order which is associated with multiscale TSB. To-
gether with strong coupling (QHFM-like) and weak coupling (BM dispersion dominated)
treatments, this intermediate coupling perspective should form an important part of the

umbrella of theoretical regimes used to understand the experimental phenomenology.
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While the present analysis has predominantly relied on HF, the overall picture of
the IKS in this chapter should be robust to fluctuations beyond mean-field theory. For
instance, the strong coupling ferromagnetic ground states obtained in more sophisticated
treatments are known to be remarkably close to single Slater determinants. On the
other hand, the IKS has a soft ordering wavevector g and its projector has significant
variations across the mBZ, suggesting it may benefit comparatively more from beyond-
HF corrections. Therefore, adding fluctuations to the phase diagrams of Fig. 6.2 would
only shift the IKS phase boundaries to the left. While this is a qualitative argument, we
note that Ref. [245] has confirmed that the IKS is the ground state in DMRG at |v| = 3,
and remains competitive even in the absence of strain.

Our results open up several interesting directions for future work. For example, a
generalized Pomeranchuk effect has been observed in TBG [31, 34|, which causes high-
entropy insulators to win over metallic states with increasing temperature. It would be
useful to analyze the finite-temperature properties and the collective mode spectrum of
the IKS, and see if it can be fit into this Pomeranchuk scenario.

Arguably the most interesting direction for future work is to investigate the relation
between the IKS and superconductivity. For example, the KIVC has recently been argued
to be a natural parent state for superconductivity in Refs. [56]. As summarized in Chap-
ter 5, that is a strong coupling scenario in which the topological structure of the bands
facilitates the generation of preformed bosons. A future direction would be to adapt this
mechanism to the IKS, or investigate whether local KIVC correlations are strong enough
to allow the same mechanism to be operative. It would also be interesting to consider if
a similar approach to coupling superconductivity via topological terms in Ref. [246, 247]
could be generalized to the ‘dominant lobe’ physics of the IKS. Given the intermediate
coupling nature of the IKS, a better approach may be to take a more Fermi surface
oriented approach where details of the g-dependent strain- and interaction-renormalized

dispersion near Er are important.
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Chapter 7

Conclusions

In this thesis, we studied how the unique combination of topology and correlations in
TBG can lead to a profusion of novel electronic phenomena. In Part I, we focused on
three classes of excitations of the strong coupling correlated insulators at integer v, where
theoretical intuition can be gained via the close connections to QHFM, with the crucial
generalization that narrow Chern bands of both C' = £1 are involved.

The first two classes arise from the v = +3 spin- and valley-polarized QAH insulator in
hBN-aligned TBG. We demonstrated that for certain parameter regimes, the intervalley
excitons in this system have a nearly flat dispersion and a non-trivial excitonic Chern
number. In the Landau level limit, we proposed a new type of quantum Hall state, which
can be understood as a Laughlin state of topological excitons constructed on top of the
spontaneous QAH insulator. We also studied domain wall defects in the flavour and
Chern polarization of the orbital ordering and their interplay with spatial variations in
the sublattice potential. The topological structure of the underlying bands gives rise to
different types of domain walls with distinct properties, and we showed that there can
be close energetic competition between valley and Chern walls, which affects the global
transport properties of the sample.

The third class of excitations is skyrmions, which can appear at other integer fillings
and involve rotations in both spin and pseudospin space. Our focus was on even inte-
ger fillings, where singly-charged pseudospin skyrmions in opposite Chern sectors have
previously been proposed to form charge-2e bound states, which can then condense to

induce skyrmion-based superconductivity. We analyzed such paired skyrmions using HF
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numerics, establishing that such binding in a microscopically realistic model is in prin-
ciple possible. We also investigated the limitations of this mechanism, in particular the
reliance on a moderately low chiral ratio, the filling factor dependence, and the sensitivity
to details of the modelling.

In Part II, we uncovered an alternative paradigm for the integer orders, operative
for moderate strain ratios well within experimental bounds, that is physically decoupled
from the strong coupling perspective, yet distinct from weak coupling treatments of the
BM model. At neutrality, the KIVC insulator gives way to the symmetric SM. However,
at all non-zero integer fillings, we found the emergence of the IKS, whose defining char-
acteristic is translational symmetry breaking at the graphene scale (Kekulé distortion)
and the moiré scale (rotation of the Kekulé phase). We identified a ‘lobe’ mechanism in
which the ordering wavevector q is selected by momentum-space details of the strain- and
interaction-normalized dispersion. Hence, the strained phase diagrams can be understood
as products of an intermediate coupling regime. We argued that the this picture is consis-
tent with many experimental observations, and should be considered, along with the other
prevailing theoretical approaches, when interpreting the experimental phenomenology.

A recurring theme throughout this thesis is the variability of TBG samples. Many
factors could be at play—to name a few: twist angle, strain, substrate alignment, gate-
screening distance, and impurities. Some are experimentally tunable, at least at an
averaged level, while others, such as strain, are still beyond precise control. The upside
is that TBG can be considered highly tunable, such that a plethora of vastly different
phenomena can be obtained in a single material. On the other hand, there are plenty of
confounding variables that could qualitatively influence physical signatures, and obfuscate
the key underlying correlations and physics. A persistent issue, which is difficult to tame
both theoretically and experimentally, is the often invisible spatial inhomogeneity in twist
angle and strain. A successful program to understand the correlated phenomena in TBG
would likely require careful synthesis of the smorgasbord of experimental and theoretical
results accumulated so far, and future progress in disentangling the myriad of external
factors.

While this thesis has concentrated on TBG, we must not forget that this material is

part of a larger family of heterostructures whose members may have nominally different
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phase diagrams, but are interlinked by the common thread of moiré physics. The ability
for TBG to host such a diversity of correlated and topological phenomena is remarkable
in its own right. However, more broadly, TBG can inspire novel phenomena, which may
be relevant for other platforms. Examples briefly mentioned in this thesis include paired
skyrmions in TTG, and topological excitons and many-body excitonic physics in QAH
platforms with a richer layer structure.

Ultimately, the holy grail of TBG is an understanding of the mechanism(s) behind the
(numerous) superconducting domes, which will undoubtedly continue to drive research
efforts for a long time. Apart from the chapter on paired skyrmions, this thesis does not
directly address this question, instead focusing on the topic of the integer normal orders
and their properties and excitations, which is of course a worthy research area in its
own right. However, we believe an improved understanding of the proximate correlated
phases will also help guide and constrain interpretations of the superconducting phases,
as has been the case for the high-T, cuprates. Whether or not the similarities between

the cuprate and TBG phase diagrams are physically significant remains to be seen.
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Appendix A

Cexc In the Landau level limit

In the language of the magnetic Bloch basis, we can analytically compute the Berry
curvature of the valley-flip exciton in the LLL in the absence of perturbations, since we
know the analytical form of the envelope wavefunction. Recall the the form of the exciton

creation operator 'y;m for the m-th degenerate exciton level in the Landau gauge

Vg,m = /dk wq,m(k)bT(kaQ) (A.1)
b (K, q) = ¢y chs (A.2)
Gaan(k) ¢ Hyn [V2(k+ )] e ¢ = (b + 2) (A.3)

where H,, is the m-th Hermite polynomial. (k) is centered at the origin with mean

zero. Now consider following magnetic Bloch operator for the exciton

1

b= t — 4 (g, +2nQ
1—‘q,m = Nx Z ryqy—‘,—QnQ,me 2 (@ ) (A4)

whose wavefunction is (after performing a PH transformation in the 7 = 4 band)

exc 1 T — iz n, *
Vgm(Te;Tn) = VN, Z/dk U (k) e 2 (ay+2 Q)¢k+%’+nQ7—(Te)¢k—%—nQ,+(rh)- (A.5)
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To verify that this is the right candidate, we check the magnetic Bloch theorem by shifting

the exciton COM coordinate R = MT”L

. et .

gf‘ﬁl(re +az,ry, +az) = e"I2Q) ¥ pidsa Zf‘fn(re, 1) (A.6)
a. a. iQy 2 ) ex

am(Te T SYTht §y) =" W2 (re, Th). (A7)

In the first line, the factor of two in the phase e ~*(?@) 5™ veflects the fact that the exciton

has twice the coupling to the magnetic field. Therefore, the magnetic unit cell shrinks by

a factor of two in the y-direction, so that the magnetic BZ of the exciton doubles in area.
The ‘cell-periodic’ part of the Bloch function is ug*(re, r1,) = exp(—iq . ’”T"")¢gxc(re, ),

and we can straightforwardly compute the Berry connections

. . Gz
— i (uq| 0y, [ug) =0, —i{uq| 8y, |ug) = == (A.8)
leading to a curvature f,, = —%. Integrated over the doubled magnetic BZ, this leads to

Cexe = —1.
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Appendix B

TDHFA for TBG

We describe the equations for computing the spin-flip and valley-flip exciton bands in
TBG. Our approach is equivalent to diagonalizing in the subspace of single PH pairs
in the relevant symmetry sector. We do not consider ‘inter-band’ excitons that are not
charged under valley or spin.

We begin with a set of self-consistent HF band operators dLTsa associated with a QAH
state |HF) at v = +3, where 7, s refer to valley and spin. Since our ‘active’ subspace of
the continuum model comprises the eight central bands, the HF band index takes values
a = +, —. Without loss of generality, we assume that |HF) is flavor polarized such that
dL x|+ 1s the operator for the single unfilled band.

We first focus on intervalley excitons. Following the notation of Ref [121], we param-

eterize the exciton creation operator at momentum q as
Qi(q) = Z XIZa(q)dL+q,K’¢+dk,K¢a7 (Bl)
ka

where v labels the exciton branch. The exciton envelopes X}, (q) and energies w,(q) are

obtained by solving the eigenvalue equation
D Araw (00 Xiou(@) = ()X (@), (B2
%

The matrix Ay, (g) can be split into a ‘single-particle’ and an interaction piece.
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The single-particle contribution is

Alscg;k:'y(q) = 6kk' (Hgiq,K’¢;++5wy - HEE(ZL;y:c) (B3)

where the effective single-particle Hamiltonian H5F is off-diagonal only in HF band index.
This includes the BM term, the external sublattice potential, as well as the interaction
subtraction term.

The interaction piece is

int _ pKla;kK |y k+q,K'|+;pK'|—
k:x;k:’y(q) - 5kk' Z VpKl,a;kK\Lx - 5kk'5a:y Z VkJrq,K/J,Jr;pK’if (B4)
pa P
k+q,K'|+;pTsa kK |y;pTsa
ot D (G Vot b — vhmne ) ., (B.5)
pTsa
k+q,K'|+k' Ky
= VK ok rq KL+ (B.6)

where V;:(;SB = (o B| V' |6;7) is the interaction matrix element and n,, is 1 if the band
is filled and 0 otherwise. The first line above reflects the loss of exchange energy of the
created hole and the gain of exchange energy of the added electron. The second line
accounts for the interaction of the PH pair with the filled active bands. The third line
describes the mutual interaction of the electron and the hole.

The corresponding expressions for the spin-flip exciton are

Q,T/(Q) = ZXZa(Q)dL+q,K'¢+dk,K/¢a (B.7)
ka
Aig;k’y(q) = 6kk' (ng—l;)-q,K’L;—l-—&—(SLEy - HIE,P;(’T;yx) (B8)
i K'ta;kK' k+q,K'|+;pK'|—
ll?a?;k’y(q) = O Z V;)K/TTLZICK%? - 5kk'5:vy Z Vk—:ql{K’j-:r;ppK’j— (B-9)
pa P
O Y (O Vet — S ) (B.10)
pTsa
k+q,K'|+;k' K"t
- kK’?\x;k'+q,K/J,+y’ (Bll)
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Appendix C

Domain wall Ginzburg-Landau

theory

The effective strong-coupling NLSM is described in terms of a basis of eight states cor-
responding to sublattice (o = A, B), valley (7 = K, K’), and spin (s =1,]) degrees of
freedom. We let «, 8 be combined indices. The states are naturally divided into Chern
sectors C' = o,7,. Consider starting from a uniform insulating/semimetallic Slater de-
terminant state at filling v described by projector P(k). The energy of long-wavelength
fluctuations of this state can be described using the following energy functional derived

in Refs. [56, 160] in terms of the matrix-valued field Q = 2P — 1

o~ A(r)

B |Q(r)| =£w(VQ)* - Tr(Qr.)* - = (Qan.)
+Ll@u)? + (@u)] - §ul(@un) + @uny) (CD

Qap(k) = <[02570ka]>, Q)P =1, trQ(k)=2v.

The dynamical term has been omitted above. Q is related to Q by a k-dependent transfor-
mation, which accounts for the momentum-space vortices when performing inter-Chern
rotations [160]. Ground states therefore involve a k-independent uniform ). The first
term is a gradient cost derived in the U(8)-symmetric limit (this can be done exactly if
the Berry curvature is concentrated at a point). The non-symmetric terms in the Hamil-

tonian are incorporated primarily as mass terms, but they can also make the stiffness
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Basis State ‘ O, =70, | . =1, ‘ C =, ‘ CP3 field w

KA +1 +1 +1 (1,0,0,0)
K'A 1 —1 —1 (0,1,0,0)
KB —1 +1 —1 (0,0,1,0)
K'B —1 —1 +1 (0,0,0,1)

Table C.1: Basis states relevant for domain walls.

anisotropic in the Q-manifold. The a-term reflects the energetic penalty of inter-Chern
coherence due to the vortex lattice [79, 160]. To account for the external sublattice po-
tential, we have added a linear term with coefficient A(r), which acts as an effective
sublattice mass.

We consider the spinless problem for simplicity, and work at » = —1 (this corresponds
to one filled central band—the discussion for v = 1 is analogous since it involves specifying
one empty band). This allows us to define a C'P? field via df, = 3__ wqach  where d is the
operator for the filled band. This leads to Qus = 2waws — 00

We now show how the NLSM may reduce to a C'P! theory when discussing domain
walls in the large o limit. Table C shows the properties of the basis states. We consider
each configuration in turn. While a may not actually be much larger than J, A, considering
a dominant a-term is a useful organizing principle since it emphasizes the (spinless)

U(2) x U(2) division into Chern sectors.

1. Uniform solution: Consider first the case of zero sublattice mass. The a-term
forces us to choose a Chern sector 7, = +1 to place our filled band in. Within a
given Chern sector, we are left with an effective C'P! field. This reflects the fact
that CP} _; x CP) __, can be embedded into CP?. For instance for v, = 1, we
have w = (cos g, 0,0, e sin g) The J, X\ terms vanish for this set of states. Hence at
this order in the field theory, the uniform QAH (6 = 0, 7) and intervalley coherent
states (in-plane) are degenerate. A finite sublattice mass will break this degeneracy
by selecting the state with the correct sublattice polarization'. Hence there are two

degenerate ground states labelled by the Chern number ~,.

2. Valley wall: A sign-changing substrate ~ ¢, means that we are forced to rotate

!Considering even smaller terms in perturbation theory, such as those arising from the antisymmetric
tunneling t,, reveals that the valley polarized state is energetically preferred [83] even in the absence of
an external A.
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from {KA, K'A} to {KB, K'B} between the bulks. To satisfy the a-term, we
should only rotate within the same Chern sector v,—this automatically means we
switch valley across the wall. Hence we are again left with an effective C'P! field
(with the same C'P} _, x CP] __, embedding as in the discussion for the uniform
solution). The J, A terms do not contribute. Therefore the C'P' theory (which can
be recast into a unit 3-vector m = (n)) involves just the stiffness term and the

out-of-plane sublattice term

En(r)] = %(vnf — o — A(r)n.. (C.2)

. Chern wall: A sign-changing substrate ~ o, means that we are forced to rotate
from {KA, K'A} to {KB, K'B} between the bulks. This time the a-term can-
not be fully satisfied because by definition the Chern wall rotates between Chern
sectors. Consider for concreteness that the left and right bulks are in KA and
K B respectively. The most natural rotation is within the { KA, KB} subspace,
which would allow for a C'P! description. In principle nothing stops the system
from rotating into the other valley as well. However this would be energetically
disadvantageous due to the stiffness term—if the J, A are small then the minimal
configuration should involve traversing the shortest path between KA and KB to
reduce the gradient cost. In this case, Q commutes with 7., so that the J and A
terms act to largely cancel each other out. In this limit, the C'P' theory (which can
be recast into a unit 3-vector m = (v)) involves the stiffness term, the easy axis

a-term, and the substrate term

Em(r)] = %(Vm)2 —am? + %(mﬁ — 1) = n.A(r)m.. (C.3)

Note that this involves a different CP, _; xCP, __; embedding than the valley wall.
We have used a different stiffness p; than the valley wall since this is generically

allowed by the symmetries.

Comparing the effective C'P! theories for the Chern wall and the valley wall, the

only difference (ignoring the J — A contribution) is that the easy-axis anisotropy
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term of the Chern wall is frustrated with the stiffness term, while the anistropy term
of the valley wall is always satisfied. This would seem to suggest that the valley
wall should always be energetically better than the Chern wall. However what this
simple analysis does not capture is that the Chern wall does not actually rotate
from complete A to B sublattice polarization. If it did, then the exchange physics
would be the same as the valley wall (since the interaction is density-density in layer,
sublattice, spin and valley space). But the actual HF bulks for the Chern wall have
finite overlap due to partial sublattice polarization, and hence finite inter-domain
exchange. This counteracts the anisotropy cost, and helps facilitate Chern-valley

DW competition.

4. Intertwined wall: Since the sublattice mass is of constant sign, the bulks have the
same fixed value of o,. However for this class of solutions, we require the system
to rotate between valleys. Similar considerations to the Chern wall lead to yet
another CP) _; x CP} __, embedding, where here each C'P" is restricted to a fixed

sublattice, so that the 3-vector can be given by t = (7)

Elt(r)] = %(W)? — a2 — o, A(r). (C.4)

While the different C'P! theories provide adequate descriptions of each individual
DW, it is instructive to construct an approximate Ginzburg-Landau theory that can
incorporate multiple DWs into a single formulation. We focus on the valley and Chern
walls that were described by O(3) vectors (n) and (7). Consider a sign-changing substrate
that flips sign at x = 0. Starting in KA for x — —o0, the valley wall wants to end up
in K'B while the Chern wall wants to end up in K B. The intra-Chern rotation of the
valley wall can again be described by the vector n ~ (n), which has the interpretation
of a Chern-filtered valley polarization. However due to the strong a-term, the field (),
which involves inter-Chern rotations, can be approximated as an Ising field m,. This can
be roughly thought of as the order parameter corresponding to the Chern number. The
substrate term can then be summarized as the coupling A(7)n.m. between the order

parameters. A phenomenological Ginzburg-Landau free energy density that accounts for
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the stiffnesses, easy-axis anisotropy, and substrate coupling is

m? —1)? A
[~ ps [(Vm2)? + (2—2) + pu(Vn)? — (2
BPay, (g

Various parameters have been rescaled by the moiré length.
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