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Abstract

®

CrossMark

Ballooning mode saturation is investigated in realistic stellarator configurations using the flux
tube approach of Ham et al (2018 Plasma Phys. Control. Fusion 60 075017), Ham et al (2016
Phys. Rev. Lett. 116 235001). The method is adapted to account for the lack of exact force
balance in stellarator equilibrium solvers that assume existence of nested flux surfaces. A
variational approach for calculating flux tube energy is developed to overcome this force error
problem in stellarator numerical equilibria. Saturated (equilibrium) flux tube states that cross
10%—-20% of the plasma minor radius are shown to exist for linearly ballooning unstable
profiles. It is shown that several features of the displaced flux tube structure in a full nonlinear
MHD simulation of Wendelstein 7X are reproduced by our model. Saturated states are found in
a compact stellarator equilibrium close but below the marginal ballooning linear instability,
i.e. the unperturbed equilibrium is metastable. This suggests that edge-localized-mode-like

explosive MHD behavior may be possible in stellarators.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Stellarators usually have better MHD stability properties than
tokamaks due to their small net toroidal current. High /3 oper-
ation with average f from 3% to 5% has been demonstrated
in various devices such as W7AS [1], LHD [2] and W7X [3].
In contrast to tokamaks, where linear MHD stability analysis
predicts well the £ limits, stellarators can sometimes operate
beyond usual linear stability boundary like the Mercier inter-
change limit [4], or the ideal ballooning limit [4]. In these
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cases, magnetic fluctuations are observed after 3 exceeds these
linear stability limits, but their amplitude remains small and
they merely lead to an increase in transport without total loss
of confinement. This is known as a soft S limit, in opposi-
tion to hard S limits. Hard (3 limits are characterized by events
that end in bursty transport with large heat flux to the plasma
facing components, usually intolerable in reactor conditions.
Examples of hard S limits are disruptions and edge localized
modes (ELMs) [5] in tokamaks. We need to understand which
configurations have soft or hard § limits in stellarators, moti-
vating the use of nonlinear MHD models. Hard limits can
be particularly dangerous for future stellarator power plants
where the stored energy is much higher than in stellarators
today.

In this paper we focus on the nonlinear behavior of ideal
ballooning mode. Ballooning modes are high-mode-number
pressure-driven ideal MHD instabilities that extend along
magnetic field lines [6]. They can lead to both soft and hard

© 2026 The Author(s). Published by IOP Publishing Ltd on behalf of the IAEA
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B limits. An example of hard § limit related to ballooning
modes is ELMs in tokamaks. In stellarators, MHD phenom-
ena resembling ballooning modes has been observed during
high g operation of W7AS [7]. In addition, a ballooning mode
is suspected to be responsible for core density collapse in
LHD [8].

The linear behavior of ballooning modes has been studied
extensively in tokamaks [9, 10] and stellarators [11, 12], both
analytically and numerically [13—15]. For the nonlinear behav-
ior of ballooning modes, theory has been developed for the
early nonlinear stage [16—18] and the intermediate nonlinear
stage [19] when explosive growth of ballooning modes forms
isolated plasma ‘fingers’. A model for the nonlinear saturated
stage of ballooning modes has predicted that certain tokamak
configurations are metastable to ballooning modes [20, 21].

With the advances in extended MHD codes such as M3D-
C1, JOREK and NIMROD, the nonlinear behavior of balloon-
ing modes can be studied numerically. The recent extension of
M3D-CI to stellarator geometries [22] has enabled the study
of W7X high beta configurations near the ideal ballooning
limit where benign saturation is observed [23].

In this work, we study the nonlinear saturation of balloon-
ing modes in stellarators by implementing the flux tube model
described in [20] in realistic stellarator numerical equilibria
obtained with the DESC equilibrium solver [24]. We show that
saturation levels can be calculated and that metastable stellara-
tor equilibria exist. These metastable equilibria might explain
ELM-like behavior that has been observed in stellarators [1].

The paper is organized as follows. In section 2, the flux tube
model for ballooning modes developed in [20] is reviewed
and the numerical implementation in real stellarator geome-
tries is presented. In section 3, saturated ballooning modes
are qualitatively described. Convergence analysis and bench-
marks are presented. The model is then compared with the
flux tube structure observed in a recent M3DC1 simulation for
W7X [23] in the nonlinear saturation stage, The assumptions
used in the model are tested and the flux tube shape in the
simulation is compared with the model, showing good agree-
ment. In section 4, energy release is calculated. In section 5, a
case study of a compact QA (quasi-axisymmetric) equilibrium
[25] near ideal ballooning marginal stability is presented
and the existence of metastable equilibria is demonstrated.
In section 6, we discuss the applicability of the model and
how connections might be drawn to soft’/hard /S limits in
stellarators.

2. Flux tube model and numerical implementation

In this section we revisit the model in [20], and apply it to
general 3D configurations.

We consider a perturbed state of the equilibrium, with a
field line aligned flux tube displaced from its original posi-
tion, as shown in figure 1. The flux tube is thin and elongated
in the direction of its movement [20], so that the change of
the background magnetic field remains unimportant as the flux
tube slides along a surface that is everywhere tangential to

Figure 1. An illustration of the geometry of the flux tube model
using a compact QA [25] equilibrium. Flux surfaces are plotted in
grey. The surface of constant «, which is tangential to the
equilibrium field at all points, is depicted in blue. The perturbed flux
tube (orange color) moves on the « surface with its elliptical
cross-section elongated along the « surface. A field line inside the
flux tube is plotted in black—note that it is bent with respect to the
equilibrium field. We assume that the flux tube does not intersect
itself after going around the device. The field structure near the
displaced flux tube is illustrated in the close-up view below.

the background magnetic field. We call such a surface an o
surface—see equation (2) and the discussion below for more
details. By moving along an « surface, the perturbed flux tube
does not cross any background magnetic field lines, i.e. the
topology of the field lines does not change. The background
field lines part to allow the perturbed flux tube to pass without
reconnecting, as illustrated by the close-up view in figure 1.
The magnetic field and pressure inside the flux tube are
denoted B;, and pj,, respectively. Just outside the tube, the
magnetic field and the pressure are By and po,. We assume
the flux tube is sufficiently narrow that it does not perturb the
magnetic field nor the pressure outside the tube. Thus,

Bow =By = Viﬁ X VOZ(), Pout :Po(d)), (D

where By is the original equilibrium field, py(¢)) is the equi-
librium pressure profile and ) is the toroidal magnetic flux
divided by 27. The quantity oy = 6 — ¢ is the nonperiodic
Clebsch coordinate, where ( is an arbitrary toroidal angle,
0 is a corresponding straight field line poloidal angle, and
¢ = 1(1)) is the rotational transform. Since DESC [24] is used
for equilibrium calculation, ¢ from here on should be under-
stood as the toroidal angle in cylindrical coordinates. However,
the theory can be applied to any general toroidal angle without
any modifications.

Since By-Vayg=By- Vi =0, a general surface that is
everywhere tangent to the background equilibrium magnetic
field can be written as

a=a—f(¥) =0, @)
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where the flux function f(1)) is undetermined to the order that
we perform these calculation. We refer to the surface deter-
mined by equation (2) as o surface from here on. Note that
By = Vi) x Va for all f{¢)). Choosing an « surface is equiv-
alent to choosing f{¢)). The alpha surface intersects itself on
rational surfaces when traced around the machine one or more
times. However, we assume that the perturbed flux tube does
not intersect itself where the perturbation is significant. Since
the flux tube has a narrow cross-section and significant pertur-
bation is typically limited to a finite distance along the field
lines, only low order rational surfaces need to be avoided in
order to achieve this. In such cases, we can locate points on
the alpha surface by using the coordinates of ¥ and (.

The tangent space of the « surface is spanned by by and
e, where by = By/|By| is a unit vector in the direction of the
background magnetic field, and e is a vector perpendicular
to bg and Va,

e, =Vaxhb,. 3

All equilibrium quantities (e.g. e , by, Vo, By) are known on
the alpha surface as functions of ¢ and (. To simplify our nota-
tion, the a dependence is not made explicit for the rest of this
paper.

The perturbed flux tube has a width ¢, in the Vo direc-
tion, and a width of 4 along the « surface in the e direction.
We assume 0, < d; < L where L is the typical equilibrium
scale—for a more detailed discussion of the limit of validity
of this flux tube model, see [20]. Each field line inside the flux
tube stays on the alpha surface (to leading order in d,, /L < 1)
and is represented by its radial () displacement (with respect
to its initial location) 7 as a function of the position along the
line, given by the toroidal angle (,

Y=o +n(¢, ). 4

Here, 1)y is the flux surface label where the field line originally
locates. We assume that the field lines inside the tube are bent
with a radius of curvature of the order of the equilibrium length
scale; thus 91/0C¢ ~ O(tbedge ), Where eqge is the value of nor-
malized toroidal flux ¢ at the edge of the stellarator. Since the
magnetic field inside the flux tube is tangent to the « surface,
it can be represented as

Bin (QJPO) = B|| (CawO)BO (wa C) +B. (vaO) €1 ('(/)7(:) . (5)

Note that By and e are evaluated at the perturbed location
¥ =1y + n(¢) on the o surface. We can relate B, to ) and its
derivative,

dn| B -Vy Bie, -V
d¢ wo_ Bi,- V(¢ _B”B()'VCJFBLCL'VC.

(6)

The equilibrium state of the flux tube is obtained from
MHD force balance [20]. From parallel force balance (B, -
Vpin =0), we find that hydrodynamic pressure is constant
to lowest order along the perturbed field line. Since the per-
turbed flux tube connects to the initial surface vy at ( — oo,
Pin = po(p). The smallest spatial scale of the flux tube, d,, is

in the « direction. In the perpendicular force balance in that
direction, the magnetic field line tension can be neglected to
leading order compared to the total pressure (p + B>/(210))
gradient, where p is the vacuum permittivity. As a result,
Bin = |Bjn| is known as a function of spacial coordinates alone,

Bizn = B(2>ut + 2:“/0 (pout _pin>

=BG (¥,¢) + 240 (po (¥) — po (1)) , (N
where Boy = Bo(10,¢) and poy = po(%)) are evaluated at the

perturbed location of the flux tube. We can therefore relate B,
to B as

B” = \/1 +2qup/B(2) — |eJ_|2Bi_/B%, ®)

where Ap = po (%) — po(to)-

Using the results above and force balance in the e direc-
tion, we have an equation for 7. Using equation (7) and the
background magnetic field force balance By - VBy — V(po +
B3/2p0) =0, and imposing that the force along e on the
perturbed flux tube vanishes give the generalized Archimedes
principle equation

poF | :(Bin~VBin—BQ-VBO) -e; =0. ©)]

Using the representation of the Bj, in equation (5), this
equation can be expanded as

Bin-V (les"BL) + (B} 1) By -eL +BLB

X(eJ_'VB())'eJ_—BJ_(Bin'veJ_)'eJ_:0. (10)

Note that we have the following equalities

(eL -Vbg)-eL =—by-V]e |*/2+[eL x (V xeL)]-by
=bo-VleL[?/2—|eL|*bo- VBy/By. (11)

Here, the definition e; = Va xbg, by-Va=0, |e |>*=
|Val? and V - By = 0 are utilized to simplified the second term
on the RHS of the first equality. Substituting equation (11) into
equation (10), we derive the nonlinear ballooning equation

2
Bin-V<|eL| BJ_>+(B2|_1>BOI‘L'eJ_
By

—Bi_B()EJ_-V <el|2> =0.
2B}

12)

where K = by - Vby is the background magnetic field curva-
ture. For convenience, we introduce another variable Y,

13)

We note that By, - VY = (B, - V() g—zf . Thus,
Yo

dY By 2 |eJ_|2
bl - Ble, -V
dC |, ~ ByBo-V(+Bie. V¢ [ 164 ( 28
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Equations (6) and (14) along with the algebraic relations
equations (8) and (13) constitute two coupled first-order non-
linear ordinary differential equations for (¢, ) and Y(¢, ).
The right hand side of equations (6) and (14) can be eval-
uated algebraically given the background MHD equilibrium,
n, Y and the « surface. Note that 1)y is a parameter in these
equations and thus each field line in the flux tube can be solved
independently. In this paper we assume that the tube is small
enough that one field line is representative of the motion of the
whole flux tube and we do not attempt to solve for the structure
inside the tube.

We seek solutions of equations (6) and (14) with n — 0 and
Y — 0 as ¢ — £oo. This is justified for a sufficiently inter-
change stable equilibrium, where the solution to the linear
ballooning equation approaches zero at large distance along
the field line. (See appendix C for a discussion of the behav-
ior of the displaced flux tube for large (). The solution for a
chosen 1)y can in principle be found via a shooting method.
We chose a simulation domain extended along the field line,
given by ¢ € [(o, (1], where { and (; are large numbers, usu-
ally encompassing six or more toroidal turns. At (y, we impose
zero displacement and we provide a guess Y for the value
of Y. Equations (6) and (14) are then integrated numerically
to obtain Y(¢, ) and n({, o) for ¢ € [¢p, (1]. In general, for
any given guess Yy, 1 does not go to zero at (;, but for some
equilibria and particular nonzero discrete values of the ampli-
tude Y, the numerical solution satisfies the boundary condi-
tion n(¢;) = 0. If such nonzero values of ¥, exist then these are
valid saturated flux tube states. We use the brentq root finding
algorithm [26] to obtain these nonzero values of Y. First, a
set of solutions of equation (12) is generated using different
values of Y. We use this scan to determine the intervals in Y
that contain zero displacement solutions at the right boundary
1. The interval information is then passed to the brentq algo-
rithm to find the accurate Y, value that satisfies the boundary
condition.

We have obtained the solution for 7 for large values of ¢
(appendix C). This analytical solution is not used to prescribe
the boundary conditions for the shooting method because the
derivation assumes that the solution extends sufficiently far
along the magnetic field line that it samples a significant por-
tion of the flux surface /9. This would require extremely long
simulation domains.

In [27], an energy functional for saturated flux tubes was
derived. It is the total magnetic energy in a flux tube per unit
magnetic flux,

£ = lim (/ Bin-dl‘—/ B()'dl'())7
X— 00 —x —x

where the first functional integral is taken along a perturbed
field line (Bj,) on the « surface, with the field strength Bj,
given by equation (7), and the second integral in equation (15)
is along the unperturbed field line. Flux tube equilibrium solu-
tions to equations (6) and (14) are stationary field line paths
of the functional (i.e. paths for which the functional derivative
vanishes, 6& /dr = 0). Stable flux tube equilibria are (local or
global) minima of £. This energy functional plays a central

5)

role in the determination of the nonlinear stability of the dis-
placed flux tubes. If the energy of the displaced flux tube is
larger than the energy of the original flux tube, we expect the
system to be nonlinear stable.

In appendix B, a variational derivation of equation (12)
from the energy functional (15) is given. It is worth noting that
this derivation requires the assumption of equilibrium force
balance. It turns out that in a numerical equilibrium where
only approximate force balance is achieved, the compatibility
of this energy functional with the flux tube saturation equation
is not guaranteed. We will discuss this more in the following
sections.

The set of ODEs in equations (6) and (14) is implemented
using MHD equilibrium solutions of the DESC equilibrium
solver [24]. First, an « surface is selected by choosing fin o =
6 — 1 —f(1p) = 0. Then, a 2D field line aligned grid is gener-
ated on the chosen « surface. This grid is uniform in p — pg
and (. Here the flux surface label, p = p(%)), is the square
root of the normalized toroidal flux, and pg = p(to) is the
flux surface label of the unperturbed flux tube. Equilibrium-
related quantities needed for evaluating the right-hand side of
the ODEs are calculated on the grid and interpolated. Saturated
flux tubes are calculated using the shooting method described
above. The detailed implementation based on DESC is out-
lined in appendix A.

For the boundary condition to work, the perturbed flux tube
must asymptotically approach the unperturbed flux tube for
large ¢. This requires 1 ~ (¥ with v < —1 as ( — oo because
the displacement in poloidal angle is A0 = ¢(voo +1(¢))¢ +
Fbo +n(C)) =~ ¢t'n(¢) ~ ¢V ! due to finite magnetic shear ¢”.
A displacement 1 ~ (¥ with v > —1 would cause a poloidal
displacement Af with respect to the original field line that
does not decrease as ¢ increases. The multi-scale asymptotic
expansion performed in appendix C predicts the value of v.
The exponent v is the same as the one obtained from the
Mercier analysis of the linear ballooning equation as long as
v < —1. Therefore, the calculation is limited t0 Yyvercier < —1.
For v > —1, the analysis in appendix C is no longer valid
because the displaced flux tube does not tend towards the orig-
inal flux tube for large (. We have found that, for v > —1,
numerical solutions to the nonlinear ballooning ODE with zero
displacement at the simulation boundary can still be found.
However, they intersect the original field line at a finite slope
and tend to balloon further radially outwards if the numerical
domain is extended, that is, for cases with v > —1, the solu-
tions for the displaced flux tube do not converge with simula-
tion domain size.

3. Flux tube saturated states and comparison with
M3D-C1

In this section, we first show typical numerical solutions to
the nonlinear ballooning equation (12) in general stellarator
geometry. We also benchmark the code with linear balloon-
ing stability calculations. Then, we compare the model with
nonlinear MHD simulations. We confirm key assumptions of
our model by examining a nonlinear M3D-C1 simulation of a
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Figure 2. Typical shape of the saturated flux tube states, plotted as
radial displacement in normalized minor radius Ap v.s. cylindrical
toroidal angles. This case is calculated on a compact QA [25]
equilibrium on a stellarator symmetric « surface in the domain

¢ € [—127,127]. Two saturated states are presented, each
corresponding to a stationary point of the energy curve. The
procedure for generating such energy curve will be presented in
section 4. Four solutions of different resolutions are plotted for each
saturated state, showing good convergence.

W7-X configuration that has benign saturation of ballooning
modes [23], and we compare the flux tube shape provided by
our model to the flux tube states extracted from that simulation.

3.1. Calculation of flux tube saturated states

In figure 2, examples of the shape of saturated flux tube states
are shown. In this figure, we plot the change in normalized
minor radius Ap = p(¢) — po as a function of ¢. There is a
discrete number of saturated flux tubes on a given « surface,
each corresponding to a stationary point on the energy curve.
In this particular case, there are two different nonlinear solu-
tions (other than the unperturbed state), and the flux tube with
the largest displacement is stable, whereas the other flux tube
is unstable. The stability is determined by the energy depen-
dence on the displacement. The stable flux tube is at a local
energy minimum and the unstable at a local maximum. We do
not show the energy map here. It will be discussed in detail
in section 4. The flux tube deforms radially outwards in the
region with bad curvature as in the linear ballooning mode cal-
culation. In fact, the shape of the nonlinear saturated flux tube
qualitatively resemble the linear ballooning eigenmode shape.

The convergence of the flux tube shape has been checked,
with respect to solution domain size, interpolation resolu-
tion, ODE solving tolerance and root finding tolerance for the
shooting method. As shown in the figure 2, curves obtained
with different resolutions overlap. For the base case, 500 ¢
grid points for ¢ € [—127,127] and 41 Ap grid points for
Ap € [-0.1,0.2] are used. A relative tolerance of 1 x 1076
and an absolute tolerance of 1 x 1077 for the displacement
in normalized minor radius (i.e. Ap) are used for the RK45
ODE solver. An absolute tolerance of 2 x 10~!2 and relative
tolerance of 1 x 10~!* are used for the root finding algorithm.

Figure 3. Benchmark against COBRAVMEC. Here, p is
normalized minor radius and 7 is linear ballooning growth rate
normalized to the Alfvén time. The growth rates calculated from our
nonlinear model with small initial condition are shown with solid
dots. The initial values Y have the unit of m ™! .

For the ‘lower tol_bvp’ case, the absolute tolerance of the root
finder is improved to 2 x 10~ 4. For the ‘lower tol_ivp’ case,
the relative tolerance and the absolute tolerance of the RK45
ODE solver are improved to 1 x 1071 and 1 x 10~!!, respec-
tively. For the double grid case, the grid points in the ¢ direc-
tion are increased to 1000.

The nonlinear solver is benchmarked against linear bal-
looning results from COBRAVMEC. This benchmark is per-
formed by adding the linear inertia term m; n; Apw?|e  |* /B3
on the RHS of equation (12). When the value of w? is pre-
scribed, equation (12) can be solved to obtain Ap as a func-
tion of ¢, with zero displacement and a very small slope start-
ing at one end of the simulation domain. Using a shooting
method, w? is then adjusted to have the solution Ap(¢) be
zero at the other end of the simulation domain. In the limit of
small flux tube amplitude, the w? obtained in this way should
agree with the linear ballooning growth rate on this field line.
The calculated growth rate is compared with COBRAVMEC
in figure (3), showing good agreement as the initial slope is
decreased.

3.2. Comparison with nonlinear MHD simulation

To verify the assumptions used in the derivation of this flux
tube model and check the accuracy of its prediction, we pro-
ceed to compare our model to a recent ideal MHD M3D-
C1 simulation of W7X where benign saturation of ballooning
modes is observed [23]. We show that the flux tube structures
studied in this paper are indeed present in the nonlinear satura-
tion stage of the simulation. We check the assumptions made
in the theory against the flux tube structure in the simulation. In
particular, we verify the following properties: that the pressure
perturbations, assumed to be the consequence of a displaced
flux tube, are aligned with an « surface and are constant along
the perturbed field line, and that the sum of hydrodynamic and
magnetic pressure is constant across the flux tube boundary.
We find that the assumptions are justified. As a result, the flux
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Figure 4. Pressure perturbation on the ¢ = /5 (left subfigure) and
¢ = 0 (right subfigure) cross sections at = 250074 of the M3D-C1
simulation reported in [23]. Red solid circles are the intersection of
the same field line with the cross sections. The three orange lines are
the « surfaces 0 — 1 = —2x/5,0,27/5.

tube shapes that we calculate are also in good agreement with
the flux tube structure extracted from the simulation.

We examine the time slice 25007, of the two cross sections
at( = 0,7/5 of the EIM 5.4% (3 case in [23], where ballooning
modes have saturated. Here 74 = 0.46us is the Alfvén time, for
a reference length of 1m, a reference magnetic field of 17" and
a reference density (hydrogen plasmas) of 10°°m—3. The per-
turbed pressure dp is plotted in figure 4. Here dp = p — pg with
po obtained from the initial VMEC equilibrium and p obtained
from M3D-C1 simulation of t = 25007,. There are localized
peaks of pressure perturbation near the edge of the simula-
tion which resemble the saturated flux tube structures that we
are studying. We trace the magnetic field starting at the local
maximum of pressure perturbation at ( = 0, indicated by the
red dot in the right sub-figure. The same magnetic field line
goes through the region of maximum pressure perturbation at
¢ =7/5, as show in the left sub-figure. This confirms that the
localized peaks of pressure perturbation are a single flux tube
extended toroidally. At { = 7/5, the localized structure of the
pressure perturbation appears to be elongated radially. This is
consistent with our assumption of a flux tube elongated along
an « surface. The intersections of 6§ —:{ =0,—27/5,27/5
surfaces with the two toroidal cross sections are indicated by
the orange curves, and they indeed follow the direction of the
elongated structure in the pressure perturbation.

To further confirm that the observed structure is indeed
the saturated flux tube, we examine two important proper-
ties of our model. The first is the continuity of total mag-
netic pressure pyw = p + B% /2410 in the perpendicular direc-
tion of the flux tube. As shown in figure 5, the normalized total
pressure perturbation dpiora/po do not have the same small
scale variations observed in the pressure perturbation dp/pg
on the outboard side. Here dpoal = Protal — Protalo» Where protato
is obtained from the initial VMEC equilibrium, and pio, is
obtained from M3D-C1 simulation of ¢ = 25007,4. Therefore,
we conclude that 9,p = 0 is a good approximation. The
second property we check is that the pressure is constant inside
the displaced flux tube. In figure 6, the pressure inside the
flux tube pj, is compared with the pressure outside poy. Here
Pin 1s the pressure on the field line traced out in the saturated
stage of the simulation, starting at a local maximum of pressure

6pipg:%

OPsatarl Po:%e

ZIm]

56 5.8 6.0 6.2 56 58 6.0 6.2
[m] R[m]

(a) Pressure Perturbation  (b) Total Pressure Perturba-

tion

Figure 5. Comparison of relative pressure perturbation ép/po and
relative total pressure perturbation dpiowi/po, at ¢ =0, £ = 250074.
Notice that the small scale structures in dp/po are not present in
OProtal / Pos, justifying the assumption of total pressure continuity in
our model.
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Figure 6. The pressure inside the flux tube is compared with
pressure outside the flux tube. Here p;, denotes the value of pressure
in the simulation on the field line traced from the maximum of Jp at
¢ = 0. The quantity poy is the pressure in the VMEC equilibrium
along the same field line. In our model, pi, is assumed to be constant
and equal to the pressure at long distances along the flux tube, as
indicated by the blue line.

perturbation, and poy is the pressure outside the flux tube. It
is obtained by evaluating the pressure of the initial VMEC
equilibrium at the location of the flux tube. It represents the
average pressure on that magnetic surface. Compared with the
magnitude of variation of poy along the flux tube, the mag-
nitude of the p;, variation is about a factor of 6 smaller. This
means that assuming constant p;, along the flux tube is a good
approximation.

With all the above observations, we conclude that the local-
ized pressure perturbations observed in the simulation are
likely to be saturated ballooning flux tube states like the ones
we discuss in this paper. To allow quantitative comparisons of
the simulation with the nonlinear ballooning saturation theory,
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Figure 7. Average pressure profile at the saturated stage of the
simulation and the initial pressure profile.
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Figure 8. The flux tube shape extracted from the M3D-C1
simulation is compared with a flux tube obtained using the nonlinear
ballooning flux tube model. The brown curve represents the flux
tube extracted from the simulation by tracing the magnetic field line
indicated in figure 4. The blue curve is the solution to the nonlinear
ballooning equation with p(¢ = 0) = 0.837 and po = 0.71 to match
the pressure inside the flux tube. The light blue shaded region
represents the envelope of the solutions to the nonlinear ballooning
equation with p({ = 0) € (0.825,0.85). The yellow curve is the ayp
(i.e. @ — {) value on the flux tube, with the value of oy given on the
axis on the right.

we construct a DESC equilibrium from the M3D-CI1 results
at t = 250074. The new pressure profile is obtained by surface
averaging the pressure in M3D-C1 on the surfaces of the initial
VMEC equilibrium. As shown in figure 7, the pressure gradi-
ent has a slight flattening compared to the initial pressure gra-
dient. A new reconstructed DESC equilibrium is obtained with
this new pressure profile and zero net toroidal current.

In figure 8, we compare the flux tube shape extracted from
the M3D-C1 simulation by following the magnetic field line
at the maximum of dp in ¢ = 0 with the one calculated using
the nonlinear ballooning equations (6) and (14). The flux sur-
face that the unperturbed flux tube resides in, py, is prescribed
so that the pressure on that surface equals the pressure on the
flux tube extracted from the simulation at { = 27 /5, where p;,
and poy are the same (see the blue line in figure 8). The o

surface is set to be § — «( = 0, which is justified by the align-
ment of § — ¢ = 0 surface with the pressure perturbation con-
tour in the simulation. The slope of the flux tube dn/d(¢ in the
model is set to zero at ( = 0 given the stellarator symmetry
of the configuration. The value of 1 at ( =0 is prescribed to
be close to (but not exactly the same) to the value in the sim-
ulation. We use the small deviation from the exact location
to obtain a better overall agreement. This is justified because
deviations between the extended MHD simulation and our
reduced-physics model is to be expected. As shown in figure 8,
the agreement between the flux tube shape extracted from the
simulation and the flux tube calculated using our model is rea-
sonable. The shaded region in figure 8 indicates the agreement
is robust and does not depend much to the exact choice of ini-
tial 77 as long as it is near the location of the extracted flux tube
from the simulation. Note that the ¢ domain in this plot (also
for figure 6) is restricted to (0,27/5). At ¢ =2x/5, the flux
tube has gone back to the initial unperturbed location, which
marks the end of the flux tube. Beyond ¢ = 27/5, the field line
and the locations of maximum/minimum pressure perturbation
are not perfectly aligned due to accumulated small discrepan-
cies between the simulated field and the ideal model. There is
good agreement in ¢ € (0,7/5). The agreement is worse for
¢ > m/5, which leads to a discrepancy in the saturation level.
Since the flux tube has been obtained by choosing the value of
n at ¢ = 0 similar to the one extracted from M3D-C1 instead of
using the shooting method described in section 2, the flux tube
intersects the unperturbed flux tube at finite length along the
flux tube, and at those locations the slopes are discontinuous.
The slope discontinuity is such that the tension of the magnetic
field pulls the point radially outwards, as demonstrated by the
arrows in figure 8. As a result, we would have expected the
flux tube to balloon outward further. In the simulation, zero
radial displacement is imposed at the boundary, limiting fur-
ther movement of the flux tube radially outward near the last
closed flux surface (LCFS). Comparisons with free boundary
M3D-CI simulations will be worth investigating.

Interestingly, we can repeat the procedure detailed above,
but for a field line starting at the local minimum of the pres-
sure perturbation near the outboard midplane at ¢ = 0. With
this setup, we obtain an inwardly ballooned flux tube initially
at p = 0.83 and displaced to p = 0.72, as shown in figure 9.
Again, the constant p;, property holds approximately. A rea-
sonable agreement between the flux tube shapes obtained from
M3D-CI and the nonlinear flux tube model with p(¢ =0) =
0.68 and py = 0.83 is found.

4. Flux tube energy calculation

In this section, we describe the general behavior of the change
in energy due to displaced flux tubes and the subtleties of cal-
culating this energy change in a numerical MHD equilibrium.
First, we show the importance of choosing the right toroidal
angle to integrate the change in the energy density of the flux
tube. The Boozer toroidal angle [28] is one of the possible right
choices. Second, we show the error in the flux tube energy cal-
culation caused by force errors in stellarator MHD equilibria
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Figure 9. Inwardly ballooned flux tube. In the left panel, the brown
curve represents the flux tube extracted from the simulation by
tracing the magnetic field line starting at the local minimum of the
pressure perturbation at ¢ = 0. The blue curve is the solution to the
nonlinear ballooning equation with p(¢ = 0) = 0.68 and py = 0.83
to match the pressure inside the flux tube. In the right panel, the blue
curve represents the pressure value inside the flux tube in our model.
The brown curve is the the pressure value in M3D-C1 on the flux
tube extracted from the simulation. The green curve is the pressure
value in the DESC equilibrium on the flux tube extracted from the
simulation, representing poy: in our model.

are potentially very large. This makes the convergence of the
energy change calculated by directly integrating equation (15)
difficult. Finally, we introduced a variational approach to cal-
culate the flux tube energy that overcomes the force error prob-
lem. Convergence on equilibrium resolution is demonstrated.

4.1. Energy density and choice of toroidal angle

Rewriting the energy functional (15) as an integral with respect
to ¢, we have

dly

+oo
e= [ (Bn00(0.0 g ~ B0

where [ is the arc length of the field line, d{/dl = Bin - V{/B;,
evaluated at (p(¢),¢) and d¢/dly =By - V{/By evaluated at
(po,¢). The integrand of the energy functional (16) represents
the energy density of a given flux tube element. If the inte-
grand is plotted directly as a function of the cylindrical toroidal
angle (, the energy has large oscillations even when the flux
tube has wrapped around more than 10 toroidally turns, and
the displaced flux tube approaches the unperturbed flux tube,
as demonstrated by the blue dashed line in figure 10. However,
this does not mean that the part of the flux tube at large dis-
tance along its length contributes significantly to the energy.
The large oscillations are due to the fact that we are not com-
paring with the right flux tube element of the unperturbed flux
tube, as there is no reason that the perturbed flux tube element
should have the same cylindrical toroidal angle as the origi-
nal unperturbed flux tube element. Expanding the integrand
assuming (p({) — po)¢ — 0, we have

dl di
Bm(P(C);C)& —Bo(po7c)d—< ~
p(€):¢ p0,C
Boge By an
¢ £0,€,0=t0C+1q (p—p0)¢ ¢ p0,¢,0=10¢

Figure 10. Energy density of a flux tube plotted against cylindrical
toroidal angle versus Boozer toroidal angle.

Here the dominant contribution is the difference in energy of
two neighboring flux tubes located at 6 and 6 + ¢}(p — po)¢
because ¢f(p — po)¢ is much larger than (p — po) when ( is
large. If Bodl/d( is dependent on 6, we will have oscillations
in local energy density. Note that there will not be such con-
tribution if we are doing calculations in a tokamak and we use
0 as the coordinate along the flux tube instead of ¢ because by
holding 6 constant, we are comparing flux tube pieces that are
similar.

In order to have a physical energy density such that the con-
tribution of flux tube displacement in 6 vanishes, we should
use the Boozer toroidal angle (g, since Bod//d(g = B(z) /Bo -
V(g is a flux function, and not dependent on 6. As shown by
the orange line in figure 10, the energy density is now free from
large oscillations at large distances along the flux tube.

4.2. Convergence issue due to numerical equilibrium force
error

In addition to the subtlety of having to choose the variable of
integration, the consistent calculation of the flux tube energy is
complicated by the numerical nature of stellarator MHD equi-
libria. A direct calculation of the energy of two saturated flux
tubes by direct integration of equation (16) is presented as iso-
lated triangular markers in figure 11 (at this point the reader
should ignore the continuous lines which will be explained in
the later part of this section). The result does not match the
physical picture obtained from flux tube displacement calcu-
lation and linear stability analysis. Linear ballooning stability
analysis shows that the equilibrium is stable to linear balloon-
ing modes at the minor radius of the unperturbed flux tube.
This means that the the unperturbed flux tube is on a local
minimum ot the energy. The equilibrium flux tube states with
smaller displacement (corresponding to triangle markers near
Ap=0.7 in figure 11) should be at a locally unstable equilib-
rium state. This means that the energy of the flux tube state
with the smaller displacement should be larger than zero, but
the energy of this state is below zero. Moreover, the calculated
energy of the flux tubes does not converge with the size of the
domain, even though the calculated flux tube displacement in p
is converged. This mismatch comes from the force error in the
numerical equilibrium. Unlike tokamak equilibria, which is
proved to exist and numerically converges to zero force error,
stellarator equilibria with integrable magnetic fields have not
been proved to exist, and the numerical equilibria are not guar-
anteed to converge to zero force error.
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Figure 11. Comparison between the direct energy calculation and
the variational method on a stellarator symmetric o surface on the
compact QA equilibrium [25] with pg = 0.85. The horizontal axis is
the displacement of the flux tube at ¢ = 0. Triangle markers indicate
energy calculated directly for saturated flux tubes with different grid
resolution and box size. Dashed curves shows the energy calculated
directly for piecewise-equilibrium flux tubes with discontinuous
slope at ¢ = 0. Solid curves show the energy calculated using the
variational method for piecewise-equilibrium flux tubes with
discontinuous slope at ¢ = 0. Cases with different simulation
domain sizes in ¢ are indicated by different colors (one turn equals
27 in ¢). The systematic shift in energy with increasing simulation
domain size when using direct integration hints at a spurious
contribution from the equilibrium force error.

To illustrate the contribution of the force error, we compare
the energy of two adjacent flux tubes by studying variations
around a flux tube,

d/
55:/51' [BO'VBO*Bin'VBin+,UO(vp*JXB)]B7'~
(18)

For a detailed derivation, refer to appendix B. We can apply
formula (18) to the part of a saturated flux tube at large dis-
tances along the field line, where the displacement from the
unperturbed flux tube is small and hence this variational for-
mula gives the first order approximation to the energy contri-
bution of this part of the flux tube. For an equilibrium flux tube,
r- (By- VBg — By, - VBy,) = 0, leading to

or-Ferr
58—/ 3 di,

in

19)

where Fer = 1o(Vp — J x B) is the force error of the numer-
ical MHD equilibrium. Expanding Jr at small Ap, we find

or = %L'Ap( + g—;Ap. (20)
The leading contribution as ( — oo comes from the displace-
ment in the 6 direction due to finite magnetic shear. As dis-
cussed in section 2, the saturated flux tube radial displace-
ment behaves as Ap ~ (¥ when { > 1. For —2 < v < —1, the
integral (19) does not converge in general. This is supported

slope discontinuity points towards the saturated state. Calculated
from a finite 5 ESTELL [29] equilibrium with a non-stellarator
symmetric « surface and pg = 0.85.

by the behavior of energy directly calculated when changing
the simulation domain size in figure 11. The deviation grows
with domain size while the saturated flux tube displacement is
almost unchanged.

4.3. Overcoming the force error problem: a variational
approach

To calculate an energy that converges with box size and to be
consistent with the flux tube displacement behavior, we uti-
lize the variational formula (18). First, to be able to perform
a variational calculation, we allow the flux tube to be piece-
wise C! and piece-wisely in equilibrium, that is, we allow a
jump of derivative at a particular ¢, (., as shown in figure 12.
The sections on either side of the flux tube are in equilibrium,
i.e. they satisfy equations (6) and (14). With this discontinu-
ity in slope, there is now a continuous family of piece-wise
equilibrium flux tubes, labeled by the displacement s = Apcy,
at Coy- The flux tubes with continuous slope in this family are
the flux tubes in force balance.

We use an updated version of the variational formula
that takes discontinuity of slope into account (derived in
appendix B, equation (B.7)),

+o0 1
08 = / F (B() . VBO — Bin . VBin + Ferr) -ordl

— [Bin] oy - OTcut- (1)

cut
Here [A] denotes the jump of quantity A across ¢ = (qy. The
variation dr is a continuous vector function of /. The contri-
bution from the force error (the first term) and the rest (the
second term) can now be separated. The part that is indepen-
dent of force error can be calculated by integrating [Biy] - %
in displacement s. It can be readily seen that the energy calcu-
lated in this way is consistent with the behavior of flux tube
displacement: since [Bi,] is zero for equilibrium flux tubes,
they are automatically the stationary point of the energy curve.
With this method, the procedure for calculating the energy of
an equilibrium flux tube is as follows. First, a family of flux
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tubes is obtained by integrating from the two ends of the sim-
ulation domain to where the cut is. All the flux tubes have zero
radial displacement at the ends of the domain by construction.
Each flux tube ends at a different radial location at the ( y.
Note that it is not necessary that flux tubes calculated in this
way join at the cut unless the (. is chosen to be at a symmetry
point. With the family of flux tubes calculated in this way, B;,
on both sides of the cut can be interpolated as a function of
radial displacement at the cut, and then [B;,] can be integrated
to calculate the energy of each piece-wise equilibrium flux
tube. The stationary point of the energy curve correspond to
the energy and displacement of the equilibrium flux tubes. We
can also get the shape of the equilibrium flux tubes by interpo-
lating the family of the piece-wise equilibrium flux tubes as a
2D function Ap((,s), where the radial displacement at the cut
s works as a flux tube label. The equilibrium flux tubes shape
are Ap(,seq), Where seq are the radial displacement at the cut
that correspond to a stationary point on the energy curve.

This method is effectively a nonlinear extension of
Newcomb’s principle [30]. In the linear limit, if the solution
crosses zero, we can truncate the solution at the intersection
and join it with the unperturbed flux tube. Using the argument
of field line tension described in figure 12, the flux tube tends
to move upwards at the cross-over location, i.e. it is unstable.

As a side note, using the shooting method to find the satu-
rated flux tubes, described in section 2, requires first mapping
out the flux tube behavior by varying the slope at one end.
This generates a curve of Ap(¢ =(;) v.s. Y(¢p). The inter-
val to find the correct Y is the one that includes the value of
Y(¢o) where Ap(¢ = (1) crosses zero. Once the bounds of the
slope are obtained, a root finding algorithm is used. Compared
with the variational approach, the shooting method requires
a coarser scan of the slopes, but the second root finding step
requires additional ODE IVP solves and it is serial. Instead, the
variational approach can be easily parallelized. It also gener-
ates the energy value using the discontinuity in slope at the
cut. The variational approach is typically more computational
advantageous.

We plot the energy of a family of flux tubes as a function of
s in figure 11. The energy curves are insensitive to the simula-
tion domain size. The dashed lines are the energy curves calcu-
lated for the family of piece-wise equilibrium flux tubes using
equation (16). The difference between the two sets of curves
is the contribution from the equilibrium force error. This con-
tribution is significant, especially near marginality where the
energy is small.

To further illustrate the problem with the equilibrium force
error, we confirm in figure 13 that in a tokamak equilibrium,
where the force error is three orders of magnitude lower than
that in the compact QA case [25] that we are using, the two
ways of calculating the energy match each other.

Given that the cut location is arbitrary, the energy of the sat-
urated flux tubes should be independent of this choice. This is
demonstrated by figure 14, which illustrates that the stationary
points of all energy curves generated with differing cut loca-
tions coincide.

We have found that the nonlinear ballooning satura-
tion calculation is convergent with respect to numerical
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Figure 13. Comparison between the piecewise C! flux tube energy
calculated using the variational method and the same energy
calculated using the direct method in a tokamak equilibrium (The
DSHAPE Case in [24]). The « surface is up—down symmetric on
the outboard mid-plane. The simulation domain is ¢ € [0,24]. The
relative force error Femor/|VB?| is smaller than 10~° in this
equilibrium.
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Figure 14. Energy of nonlinearly saturated flux tubes in a compact
QA equilibrium [25] calculated using the variational method with
different location of the slope discontinuity (cy. The horizontal axis
is the displacement of the flux tubes at ¢ = 0. The local maximum
and minimum of energy curve correspond to the saturated flux tube
state. They remain unchanged when (¢ varies.

choice in the solver and box size. In figure 15 we
demonstrate the convergence with respect to numeri-
cal equilibrium resolution. We generated four equilibria
with increasing resolution for an ESTELL fixed bound-
ary equilibrium with finite 5 [29]. Due to the nature of
the variational calculation method, the energy of a flux
tube converges as long as the flux tube shape calculation
converges.

One thing to note is that, similar to linear ballooning cal-
culations, the nonlinear ballooning calculation is sensitive to
small changes in equilibrium. A correct calculation usually
requires a high resolution for the numerical equilibrium and a
careful convergence analysis. As a rule of thumb, the nonlin-
ear results is usually correct when the linear ballooning growth
rate converges in the entire domain of the nonlinear calcula-
tion (which also indicates convergence of the Mercier stability
calculation).



Nucl. Fusion 66 (2026) 086021

le—6
12;12;06
21 —— 18;18;09
—_— 24:24:12
E 1, — 30;30;15
=
>
2 0
(]
C
[N}
-1
“-0.05 0.00 0.05 0.10 0.15
Apatl=0

Figure 15. Convergence of flux tube energy curves, calculated
using the variational method, for the same unperturbed flux tube
with different equilibrium resolution. The equilibrium resolution is
labeled by a tuple of three integers, each representing radial mode
number, poloidal mode number and toroidal mode number [24]. The
equilibrium is for a finite 3 version of ESTELL at py = 0.85.

We have found stellarator equilibria whose nonlinear bal-
looning calculation does not converge with increasing equi-
libria resolution to the level of resolution that we could afford.
However, in those cases, their linear ballooning growth rate
did not converge either. The study of this lack of convergence
is out of the scope of this paper.

5. Case study on a compact QA [25] equilibrium

In this section we study the behavior of nonlinear satu-
rated flux tubes in typical optimized stellarator equilibria. We
choose to perform the calculation on a series of compact QA
equilibria [25] to illustrate the behavior of the nonlinear sat-
urated flux tubes in general stellarators. First we will show
that in the standard configuration of [25], stable, unstable and
metastable magnetic flux tubes exist. Then, we construct a
modified equilibrium with slightly lower 3, just below the lin-
ear instability boundary, and we show that in this globally lin-
early stable case, metastable flux tubes exist.

We follow the following procedure for each equilibrium.
For each equilibrium configuration, linear stability is analyzed
near the stellarator LCFS. Then, for each radial location, the
nonlinear ballooning equation is solved on the stellarator sym-
metric « surface centered at § = 0, ¢ = 0 to find saturated flux
tubes that do not balloon outside the LCFS. For each saturated
flux tube, we also calculate the energy (equation (15)). We
have chosen the « surface to be stellarator symmetric because
on most flux surfaces, the most unstable ballooning modes are
symmetric with respect to ( = 0,0 = 0.

5.1. Standard configuration with linear ballooning instability

In figure 16, the maximum radial displacement along the satu-
rated flux tube is plotted as a function of the radial location of
the corresponding unperturbed flux tube, for the compact QA
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Figure 16. Saturated flux tube maximum displacement calculated
on a compact QA [25] equilibrium. Here, Ap denotes the
displacement of the flux tube at { = 0, and py denotes the flux
surface label of the original, unperturbed flux tube. We also plot the
normalized (to Alfven frequency) linear ballooning growth rate ~y
(values given on the right). The corresponding energy curve of the
flux tube initially at p = 0.8 is shown on the lower left corner. The
two branches correspond to the stationary points of the energy curve
as indicated.
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Figure 17. Saturated flux tube shape on the compact QA
equilibrium [25]. The y axis is the minor radius p instead of
displacement Ap. Note that for the py = 0.98 case, the Ap; branch
of figure 16 is plotted since it has a lower energy. For the rest of the
cases, the Ap, branch has lower energy and is plotted.

[25] standard configuration. There are two different branches
of saturated flux tubes, each corresponding to a stationary
point on the energy curve, as indicated by the energy curve
in the subfigure in figure 16. On top of the displacement, the
linear ballooning growth rate is also plotted for reference. As
indicated, there is a linear unstable region from minor radius
p = 0.85100.95. Some typical saturated flux tubes of the sec-
ond branch (orange colored) are plotted in figure 17. Note that
the y axis in figure 17 is the minor radius p of instead of the
radial displacement Ap and therefore different saturated flux
tubes go back to different p, their unperturbed location.

In figure 18, the energy of the flux tubes in figure 16 is plot-
ted. As we can see, the nonlinear saturated flux tubes exist
from minor radius pp =0.7 all the way to the LCFS. For
po € (0.7,0.77), both branches of the saturated flux tubes Ap
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Figure 18. Saturated flux tube energy calculated on the compact
QA [25] equilibrium. Here, po denotes the flux surface label of the
original, unperturbed flux tube. We also plot the normalized linear
ballooning growth rate v (see values on the right).

and Ap, have higher energy than the original flux tube, making
the plasma nonlinearly stable to localized perturbations in this
region. For pg € (0.77,0.85), the branch Ap, of the saturated
flux tubes has lower energy than the original flux tube, whereas
the branch Ap still has higher energy than the original flux
tube. In this region, flux tubes are metastable, with a maxi-
mum displacement of 15% of the minor radius. In both of these
regions, the saturated flux tubes in branch Ap; correspond to
local maxima of the energy curve. The flux tubes on the branch
Ap are hence unstable and in reality only branch Ap, of the
saturated flux tubes or the unperturbed flux tubes can exist.
For pp € (0.85,0.95), the ballooning mode becomes linearly
unstable as indicated by the non-zero linear growth rate. Both
branches of the perturbed flux tubes have lower energy and
the nonlinear theory predicts their saturation levels. One of the
branches balloons radially inwards, and the other branch bal-
loons radially outwards, which is expected since the leading
order term of the energy functional is quadratic in amplitude.
In the region close to marginality, one of the two branches of
the saturated flux tube should have small saturated level and
small energy release, and go to zero at the marginally stable
surface. This is indeed the case in the nonlinear calculation,
where the saturated flux tube displacement and energy curves
go to zero exactly where linear growth rate goes to zero.

In the compact QA [25] standard configuration, nonlinearly
stable, metastable and linearly unstable flux tubes exist in dif-
ferent minor radii.

5.2. Modified linearly stable configuration: metastability

We scale down the pressure profile to 92.8% of the stan-
dard value, and adjust the rotational transform in the edge
region (beyond 85% minor radius) to increase the edge mag-
netic shear. A systematic scan of the linear ballooning growth
rate using COBRAVMEC, with a 3D grid of 98 radial points,
50 poloidal points, and 50 toroidal points (per half period),
shows that the new configuration is linearly stable to balloon-
ing modes everywhere. We then perform the same nonlinear
ballooning analysis procedure as in the previous subsection

Figure 19. Saturated flux tube maximum displacement calculated in
the compact QA equilibrium [25] with modified pressure and
rotational transform profiles. Here, Ap denotes the displacement of
the flux tube at { =0, py denotes the flux surface label of the
original, unperturbed flux tube. We also plot the normalized linear
ballooning growth rate v (see values on the right), indicating that
this « surface is globally stable.
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Figure 20. Saturated flux tube shape on the compact QA
equilibrium [25] for branch Ap; in figure 19. The y axis is the
minor radius p instead of displacement Ap.

on this new equilibrium. The nonlinear saturated flux tube dis-
placement and energy are plotted in figures 19-21.

At pg = 0.85, we can see that despite the equilibrium being
linearly stable across the entire minor radius, there still exist
metastable flux tubes. Note that the energy release is small
compared to the metastable flux tubes in the standard compact
QA equilibrium [25]. However, this is expected to be sensitive
to how close the equilibrium is to marginality and the radial
extent of the marginally stable region [20].

Note that we only calculated the saturated flux tubes on a
stellarator symmetric « surface, which is justified in the stel-
larator symmetric equilibria in this section. In general, the non-
linear stability characteristics of a flux tube vary with the o
surface. A comprehensive characterization of nonlinear bal-
looning stability would ultimately require a systematic anal-
ysis across a set of o surfaces and initial radial locations. A
systematic exploration of flux tubes on all possible « surfaces
lies beyond the scope of the present work.
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Figure 21. Saturated flux tube energy calculated on the compact
QA [25] equilibrium. Here, po denotes the flux surface label of the
original, unperturbed flux tube. We also plot the normalized linear
ballooning growth rate « (values on the right). The arrow points to
the energy curve for the piecewise C' flux tubes calculated for

po = 0.85, showing the existence of metastable state.

6. Conclusions

We have developed a set of novel tools to calculate the non-
linear saturation of ballooning modes in stellarators using
the model in [20] and the DESC equilibrium solver [24].
Convergence analysis and benchmarks against linear balloon-
ing codes have been performed. A variational method for flux
tube energy calculation was developed to eliminate the contri-
bution due to the finite force error in the stellarator numerical
equilibrium. This contribution impeded the convergence of the
direct way of calculating energy.

By analyzing a recent simulation of W7X using M3D-
C1 [23], we show that nonlinear saturated flux tube struc-
tures like the ones proposed in [20] and in this article exist
in a global nonlinear MHD simulation. In the nonlinear satu-
rated stage, the pressure perturbation has localized peaks in a
toroidal cross-section. These peaks of the pressure perturba-
tion roughly follow field lines, thus resembling the flux tube
in [20]. The shape of the pressure perturbation contour near
the peak is elongated along an « surface. Total pressure bal-
ance across the o surface and hydrodynamic pressure balance
along the flux tube were each checked to hold approximately.
We have compared the flux tube displacement extracted from
the simulation with our nonlinear ballooning model, finding
good agreement.

A study of modified compact QA equilibria [25] shows the
existence of stable, unstable and metastable flux tubes. When
the equilibrium is linearly stable globally but close to marginal
stability, lower energy states can also be found, thus the unper-
turbed equilibrium is metastable. This indicates that explosive
MHD behavior can also happen in stellarator. The existence of
such metastable flux tube states might be related to ELM-like
bursts observed in stellarators [1].

One thing to note here is that the calculation of the nonlinear
saturated state is very sensitive to the numerical equilibrium.
This behavior is also observed in linear ballooning growth
rate calculations. Careful convergence studies of the equilib-
rium resolutions need to be conducted for each calculation.

The results might not converge for some highly shape equi-
libria, for which the required resolution is not attainable with
the computation power that we had. A general rule of thumb
is that the nonlinear ballooning calculation is convergent as
long as the linear ballooning growth rate calculation has con-
verged for each field line on each flux surface. Further studies
on which part of the equilibrium lead to this sensitivity and
how to reduce such sensitivity are needed.

Compared with tokamaks, no qualitative difference in the
existence and behavior of nonlinear saturated flux tube states
has been observed so far. Near marginal stability, the second
order terms in the energy principle approach zero. As long as
there is a non-zero third order term, metastable equilibria gen-
erally exist. This can be backed up by the fact that we found
metastable equilibria in our case study and no special changes
of the magnetic geometry were introduced to find them. Lower
energy saturated states even exist in configurations that are lin-
early stable over the whole volume. The energy release is small
in the metastable cases we presented, but this is expected to be
configuration dependent. From empirical experience with this
model on tokamaks, increasing the radial extent of marginal
stable region generally increases the energy release of the
metastable flux tubes [20].
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Appendix A. Numerical implementation of the
nonlinear ballooning equations (6) and (14)

Initially, the computational domain, namely the « surface, is
set up. We construct a 2D uniform grid in (pgsc and p on the
« surface. The alpha surface is defined by

a = Opesc + Apesc — Cpesc —f(p), (A1)

where fis a prescribed function, such as a polynomial. Here,
CpEesc is the toroidal angle used in DESC, which is the same
as the cylindrical toroidal angle, Opgsc is the poloidal angle
used in DESC, and Apgsc is the difference between the straight
field line poloidal angle corresponding to {pgsc and Opgsc. On
the grid points, equilibrium quantities required to calculate the
RHS of equations (6) and (14) given ( and Y are calculated and
interpolated using cubic splines.

After the setup stage, equations (6) and (14) are solved
using the RK45 integrator given initial condition for 7 and Y.
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To find a saturated state, two methods can be used. One option
is a shooting method that seeks flux tubes that satisfy n({p) =
n(¢1) =0 at the boundary of the simulation box. Brent’s
method [26] is used to find the value of ¥, that gives n(¢;) =0,
where Y is Y at ¢ = (p. The other method utilizes the piece-
wise C! equilibrium flux tubes introduced in section 4. A series
of flux tubes is calculated starting with different Yy at both ends
of the simulation domain and ending at a preset = (¢ in the
middle. On both sides of (.., the solutions is interpolated as
a function of ¥, and ¢, n(¢, Yp). When Yj is fixed and ¢ var-
ied, n(¢,Yo) is a solution to equations (6) and (14) with ini-
tial condition Y = Yj. The equilibrium flux tube is found when
Aen(Caus Yo) = 0cn (¢, Yo) with the piecewise C! solutions.
The energy of the flux tube can be calculated by the variational
approach introduced in section 4.

Appendix B. Variational derivation of equation (12)

We want to minimize the functional in equation (15) with the
constraint that the variation stays on the « surface

or-Va=0. (B.1)
With this constraint, we have
Or = dribin +0re (B.2)

where dr; and 0r, are scalars and by, = By, /|Bis| is the unit
vector parallel to the displaced flux tube. The displacement §r
should be a continuous function of /.

The change in the energy functional due to the displacement
or, after integrating by part, is

I
6 = | &r-(VBi, — Bibiy - Vbi, — by (by, - VBy,) ) di
Io
+ (Bin - 07)] - (B.3)
For a smooth perturbed flux tube that goes to zero at —co
and +o0, equations (B.2) and (B.3) gives

bin : (VBin - Binbin . VI:)in - bin (bin . vBln)) = 07 (B4)

and

€, - (VBin - Binbin . Vbin - bin (bin . vBin)) =0. (BS)

Equation (B.4) is automatically satisfied. Equation (B.5)
gives Equation (12) after some manipulations. Indeed, Using
equation (7), we find

Bin [VBin - Binbin ‘ Vbin - bin (bin : VBIH)}
=V (B(Z)/Z + MOP) —Bin- VBj,

=By -VBy—Bj, - VB, + (1oyVp—J xB).  (B.6)

Therefore, for a numerical equilibrium where poVp —J x
B # 0, there will be a mismatch between the solution of the

flux tube equilibrium solution and the stationary point of the
energy functional.

For section 4, it is useful to consider a perturbed flux tube
that goes to zero at —oo and +oo but has a discontinuity of
slope at a location /.. The change of energy due to a displace-
ment dr of such a flux tube is

ICU[
o€ = / or- (VBin — Binbin . vbin - bin (bin . vBin)) dl

“+o0
+ / or- (VBin — Binbin . Vbin - bin (bin . VBin)) d/
lCI.Il

— [Bin), (B.7)

cut

6r|lcm =— B, - 6r|lcm .

The last equality holds when the flux tube pieces on both sides
of the discontinuity are in equilibrium.

Appendix C. Behavior of the displaced flux tube at
large ¢

In this appendix, we calculate the behavior of the nonlin-
ear ballooning equation at large ( by performing a two-
scale expansion of the full nonlinear ballooning equation (12).
We need a two-scale expansion because the coefficient in
equation (12) have two different dependence on (: some of
them oscillate and some of them change secularly with (. The
particular term that increase secularly is |e |, which can be
conveniently expressed as

2

B
e > = |V LG + szp. (C.1)
Here L, = ¢'(n)¢ — h(n,¢) and
h= w (C.2)

[Vi[?
When ( is large (n — 0), L, can be approximated by L, which
is defined as

L=1"[y¢—h|y(C). (C.3)

The subscript |y indicates that the function is evaluated on an
approximation to the « surface, with the coordinates given by
po. ¢ and 6 = f(po) + t(po)C + ¢"(po)n(C)¢.

Since |e | can be approximated by L|V1| at large L, we
find it convenient to use the two scale expansion for n

n=L"" () +m QL +m(QL).  (C4)
Here the functions 7; with i > 0, represent the fast variation of
1 with (, and L is the slow scale along the field line. We assume
L > 1. Note that for v < 1, the displaced flux tube does not
converge to the original flux tube because 6 ~ +'n¢ for large
¢. Thus from here on we assume v > 1.

Fory>1landL> 1,n~ L Y anddn/d¢ ~ dny/d(L™7 +
noL~7~!. Therefore, the derivative of 7 with respect to ¢
tends to zero even when multiplied by the large coordinate
L, Ldn/d¢ ~ O(L'=7) < 1. This means that |e B, | tends
to zero as L — oo and By ~ (By-V({/By)dn/d( to lead-
ing order in L. Using this fact, we can estimate the leading
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order behavior of different terms in the nonlinear ballooning
equation. The field line bending term By, - V|[(|e1 |>/Bo)B.]
is O(L*dn/d¢) ~ O(L*77), the instability drive term (Bj —
1)Bok - e is O(max(L'~7no,L3(dn/d(¢))?) and the nonlinear
local shear term B2 Boe - V(le L |>/2B3) is O(L3(dn/d¢)?).
The leading order term among all the three terms is the lin-
ear field line bending term, which consists of only fast scale
derivatives of 19

d [V dp _
i B dC

This equation has a solution of the form of dny/d¢ =
B3C/|V|*, where C is a constant of integration. For 7 not
to change secularly with ¢, B3C/|V|* needs to average to
zero after several toroidal turns. This is only possible if C = 0,
and hence we have dny/d¢ = 0.

The result drny/d¢ =0 means that we have dn/d¢ ~
O(L=7~1). The nonlinear local shear term B2 Bpe, -
V(leL|?/2B3)is O(L'~2") < O(L™7). One can also show that
the leading order nonlinear contribution in both the field line
bending term By, - V[(|e.|*/Bo)B.] and the instability drive
term (Bﬁ —1)Bok -, are O(L'=%7) or smaller. Therefore,
the contributions of O(L'~7) and O(L~") are all from linear
terms. This leads to the same results that one obtains expand-
ing the linear ballooning equation at large ¢ (see [31]) and
hence predicts same . This is the v provided by Mercier
analysis.

To summarize, even for the fully nonlinear ballooning
equation, the behavior of the displaced flux tube is predicted by
the exponent v from the Mercier analysis of the linear balloon-
ing equation when v > 1. As we explained above, the solutions
for v > 1 are not physical.

0.

(C.5)
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