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Diffusive dynamics and electrochemical regulation of weak polyelectrolytes across liquid interfaces
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We propose a framework to study the spatiotemporal evolution of liquid-liquid phase separation of weak
polyelectrolytes in ionic solutions. Unlike strong polyelectrolytes, which carry a fixed charge, the charge state of
weak polyelectrolytes is modulated by the electrochemical environment through protonation and deprotonation
processes. Leveraging numerical simulations and analysis, our work reveals how solution acidity (pH) influences
the formation, interactions, and structural properties of phase-separated coacervates. We find that pH gradients
can be maintained across coacervate interfaces, resulting in a clear distinction in the electrochemical properties
within and outside the coacervate. By regulating the charge state of weak polyelectrolytes, pH gradients interact
and modulate the electric double layer forming at coacervate interfaces, eventually determining how they interact.
Further linear and nonlinear analyses of stationary localized solutions reveal a rich spectrum of behaviors that
significantly distinguish weak from strong polyelectrolytes. Overall, our results demonstrate the importance of
charge regulation on phase-separating solutions of charge-bearing molecules and the possibility of harnessing
charge-regulated mechanisms to control coacervates and shape their stability and spatial organization.
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I. INTRODUCTION

In recent years, the understanding of liquid-liquid phase
separation (LLPS) has gained enormous interest because of
its putative role in the assembly of macromolecules (mostly
proteins and nucleic acids) into membraneless organelles (also
known as biomolecular condensates) in cells [1–3]. This phe-
nomenon has also been suggested as a primordial mechanism
for compartmentalisation in prebiotic cells, making it highly
relevant to understanding the origin of life [4–6]. However,
there are still open challenges in understanding how different
molecular mechanisms affect the formation, regulation, and
properties of biomolecular condensates in cells due to the
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complex and dynamic nature of the cellular environment and
its constituents [3].

Grounded in the seminal work by Flory and Huggins and
experimental evidence, the balance between enthalpic and
entropic interactions is considered to be the driving force
of LLPS. While this is often the case, theoretical and com-
putational studies have highlighted the important role that
electrostatic interactions, mediated by the presence of ioniz-
able groups, play in the process. By competing with entropic
effects, electrostatic forces can slow down, and even arrest
coarsening, potentially resulting in stable microphase separa-
tion [7–10].

In physical chemistry, the process by which liquid droplets
composed of charged polymers and counterions form is
known as coacervation. Detailed reviews and discussions of
recent advances in the experimental and theoretical studies
of coacervation can be found in Refs. [11,12]. Since the
first coacervation theory proposed by Voorn and Overbeck
(VO) in 1957 [13], significant efforts have been invested in
extending this framework to overcome its limitations. These
include field-theoretic [7–10,14,15] and liquid-state theories,
scaling arguments, and coarse-grained and (more recently)
atomistic simulations that have also been vital to validate theo-
retical predictions. Collectively, these approaches have helped
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elucidate the connection between the properties of coac-
ervates, the properties of their components and/or envi-
ronmental conditions, which aided the design of smart
materials—such as bioreactors, drug delivery, sensors [16,17],
and understanding of cellular physiology—from the electrical
excitability of cells [18–20] to the adaptive compartmen-
talization of the intracellular space [21,22]. For instance,
applications of random phase approximation have been used
to study the impact of charge connectivity and salt ions on
the coacervation of polyelectrolyte systems [8,14], findings
that helped explain experimental evidence about the role of
intrinsically disordered domain sequences on protein LLPS
[23–26].

Despite the significant advances in understanding coac-
ervates and the role of electrostatics in liquid-liquid phase
separation (LLPS), most of our understanding originates
from the study of strong polyelectrolytes (i.e., polymers
with approximately fixed charge). However, the majority of
biomacromolecules are weak polyelectrolytes, whose charge
is dynamically regulated by the local pH via protonation
and deprotonation of ionizable groups. Recently, experiments
have shown that coacervates of biomolecules can sustain a
stable pH gradient across coacervate phases, as this config-
uration minimizes the overall electrostatic repulsion [27] by
modulating ionization asymmetry across coacervate phases.
These findings further support the putative role of biomolec-
ular condensates in shaping pH gradients intracellularly and
highlight the importance of charge regulation mechanisms
in a theory of LLPS. There have been a few attempts at
characterizing the phase behavior of weak polyelectrolytes
and their pH-dependent coacervation, including experimen-
tal [28,29], computational [29,30] and theoretical [31–37]
studies. These have revealed the complexity and interesting
behavior of weak polyelectrolyte coarcevates, which include
asymmetric phase diagrams under pH-dependent conditions
[33], phase separation driven by charge symmetry breaking
[32] and reentrant phase behavior arising from pH-controlled
protonation equilibrium shifts [34]. Despite this progress,
unexplored questions remain on how pH and electrostatics
regulate the dynamics of liquid-liquid phase separation of
weak, rather than strong, polyelectrolytes. This is the focus
of this work.

In particular, the (diffusive) dynamics of dilute charge-
regulated macroions have only recently been addressed [38],
following earlier work by the same authors on the equi-
librium properties of these systems [35,36]. In the present
paper, we extend our previous work on the equilibrium prop-
erties of weak polyelectrolytes [34] to capture their dynamics
beyond dilute conditions as they spatially arrange into phase-
separated domains near thermodynamic equilibrium. In our
work, special emphasis is given to the role of electrostatic
interactions, captured within a mean-field description, and
pH gradients in the formation and properties of liquid inter-
faces emerging via phase separation of weak polyelectrolyte
solutions. In Sec. II, we start by presenting the underlying sta-
tistical physics description of the charge regulation polymer
solution, where we explicitly consider hydronium ions and
hence have access to pH. In Sec. III, the dynamics of phase
separation are studied both numerically and analytically, pro-
viding us with a quantitative handle on the emergence of

patterns via different types of instabilities. As for strong
polyelectrolytes, we find that electrostatic forces can signifi-
cantly affect phase separation; in particular, we find regimes in
which microphase separation and arrests of Ostwald ripening
can occur. Interestingly, we also identify nonlinear effects
that, to the best of our knowledge, are unique to weak poly-
electrolytes and arise from the nucleation of nanostructured
bulk solutions. In Sec. IV, we conclude by summarizing our
main findings and future extension of this work; in particular,
we discuss how our results highlight differences in the phase
behavior of strong and weak polyelectrolytes and possible
ways forward to extend our framework to LLPS in biology.

II. THEORETICAL MODEL

A. The free energy

We consider a solution consisting of four different mobile
species, which we list here together with the variable for
their corresponding local number density: water molecules
[cs(x, t )], positive and negative ions from a dissociated mono-
valent salt or strong base [c±(x, t )], and weak polyelectrolytes
[cp(x, t )]. We assume that H+ exists in the mixture but only
bound to either water molecules or polymer monomers. For
simplicity, we neglect self-ionization of water so that the
presence of hydroxide ions OH− can be accounted for in
the counterion species c−. Consequently, water molecules can
exist in either a neutral (H2O) or protonated (H3O+) state and
we denote by π

q
s (x, t ), the fraction of the water molecules

in charge state q = 0, 1 at location x at time t . We further
assume that the polyelectrolyte chains consist of N monomers,
of which Qp have a group whose charge state is regulated
via protonation and deprotonation, that is, absorption and
desorption, respectively, of H+, resulting in Qp + 1 different
charge states of the macromolecule; see Fig. 1 for a schematic
illustration. We denote by π

q
p (x, t ), the fraction of the macro-

molecules in charge state q = 0, . . . , Qp at location x at
time t .

We assume that all species in the mixture are incompress-
ible; for simplicity, we assume that solvent, counter-ions, and
monomers have the same molecular volume ν, independently
of their charge state. The molecular volume of H+ ions indeed
has a negligible contribution to the molecular volume of the
macromolecules and water molecules. Assuming there are no
voids in the mixture, the concentration of the different species
must locally satisfy

ν

⎛
⎝ ∑

i∈I\{p}
ci(x, t ) + Ncp(x, t )

⎞
⎠ = 1, (1)

where the set I collects the subscript indicating all the species
in the solution I = {p,±, s}.

We assume that the mixture forms a dielectric medium
with permittivity ε; while this is, in general, a function of the
mixture composition [26,39], here, for simplicity, we take it to
be constant. The presence of charges in the solution gives rise
to an electric potential ψ , which satisfies the Poisson equation:

−∇ · [ε∇ψ (x, t )] = e�(x, t ), (2a)

�(x, t ) =
∑
i∈I

qi(x, t )ci, (2b)
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FIG. 1. Schematic of the proposed model of phase-separation in
ionic mixture with charge-regulated (CR) polymers. The protonation
of binding sites on the polymer chains is regulated by the local
pH—or, equivalently, the local concentration of hydronium ions.
Upon phase separation, asymmetric distribution of charges, includ-
ing hydronium (H3O+) ions, across the liquid interface results in the
spatial organization of polymer chains depending on their effective
charge, here spanning from 0 to 4.

where e is the elementary charge, � is the local charge density
of the mixture (in units of elementary charge), and qi(x, t ) is
the molecular charge of the ith component (in units of elemen-
tary charge). While the ions have a constant charge, q± ≡ ±1,
the charge in the solvent and on the polymer can change both
spatially and temporally because of charge regulation:

qs(x, t ) =
1∑

q=0

qπq
s (x, t ),

qp(x, t ) =
Qp∑

q=0

qπq
p (x, t ).

This contrasts with other models where the charge on macro-
molecules is taken to be fixed [15]. Equation (2) relates the
electric potential to the local charge density and naturally
introduces a length scale �B = e2/(4πεkBT ), also known
as the Bjerrum length, which describes the length scale at
which the energy due to the Coulomb force between two
charges and the thermal energy, kBT , balance.

We assume that the mixture is maintained at constant tem-
perature T and is locally at equilibrium. Consequently, the
thermodynamics of the mixture is given by the mean-field
Helmholtz free energy density f , which is composed of four
terms:

f [cm, ψ] = f̄
(
cm, πq

p

)+ κ

2

∣∣∇cp

∣∣2 − ε

2
|∇ψ |2 + ψe�. (3)

The first term f̄ corresponds to the bulk free-energy for a
homogeneous mixture, see, e.g., Refs. [34,37,40]:

f̄

kBT
= c+ ln νc+ + c− ln νc− + cs

1∑
q=0

πq
s ln
[
νπq

s cs
]+ cp

Qp∑
q=0

πq
p ln
[
Nνπq

p cp
]+ χNνcpcs + cp

Qp∑
q=0

πq
p

uq
CR,p

kBT

+ cs

1∑
q=0

πq
s

uq
CR,s

kBT
− λp

⎛
⎝1 −

Qp∑
q=0

πq
p

⎞
⎠− λs

⎛
⎝1 −

1∑
q=0

πq
s

⎞
⎠− λCR(cH − qpcp − qscs). (4)

In Eq. (4), the first three terms correspond to the standard
Flory-Huggins contribution containing the entropy of mixing
associated with each component of the mixture, the mean-
field interactions between the macromolecules and water with
strength χ , and the internal free energies associated with
different charge states uq

CR,m. We keep this expression of q
general in the derivation of the model but choose a particular
form later for the simulation results in Sec. III. For simplicity,
we have assumed that χ is independent of both the macro-
molecule and the water charge state. In Eq. (4), λp and λs and
λCR are Lagrange multipliers associated with the normaliza-
tion condition for the charge state distributions, π

q
p and π

q
s ,

and the local conservation of H+ ions by the charge regulation
mechanisms. Indeed, protonation and deprotonation reactions
only result in the exchange of charge between species, leading
to the local number density of H+ ions,

cH (x, t ) = qs(x, t )cs(x, t ) + qp(x, t )cp(x, t ), (5)

being conserved. The second term in Eq. (3) accounts for the
energy cost associated with the phase-separated polymer-rich
and polymer-poor regions, which scales with the interfacial
tension κ . For simplicity, we assume the latter to be constant,
i.e., independent of the mixture composition. Note that, in
writing Eq. (3), we have neglected the contribution due to
the gradient cost associated with the salt, which has been
investigated in Ref. [15]. The last two terms on the right-hand
side of Eq. (3) account for the electrostatic energy of the
mixture [41].

B. The CR mechanisms

For simplicity, we assume that charge regulation mech-
anisms occur at a much faster timescale than molecule
transport. As a result, the local polymer and solvent charge
distribution {πq

p}Qp

q=0 and {πq
s }1

q=0 can be obtained by mini-
mizing the free-energy density f̄ [see Eq. (4)] with respect to
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π
q
p . This procedure is equivalent to imposing detailed balance

for the charge regulation mechanisms (see Ref. [34] for more
details). Completing the minimization yields a similar result
as described in Ref. [34] for the polymer and water charge
distributions:

πq
s = exp

[−β
(
uq

CR,s + α̃q
)]

∑1
ζ=0 exp

[−β
(
uq

CR,s + α̃ζ
)] , q = 0, 1, (6a)

πq
p = exp

[− β
(
uq

CR,p + α̃q
)]

∑Qp

ζ=0 exp
[− β

(
uζ

CR,p + α̃ζ
)] , q = 0, . . . , Qp,

(6b)

where β = (kBT )−1 and the function

α̃ = eψ + kBT λCR (6c)

captures the contribution of the local environmental condi-
tions in regulating protonation and deprotonation reactions.
Note that the multiplier λCR is implicitly defined in terms
of the local number density of H+ ions by Eq. (5). This is
apparent when introducing the partition function Zm(α̃) =∑Qm

q=0 exp[−β(uq
m,CR + α̃q)], which contains the necessary in-

formation on the distribution π
q
m as the jth cumulant of π

q
m,

Q( j)
m , which is given by

Q( j)
m = −kBT

d j

dα̃ j
lnZm(α̃). (7)

C. Diffusive dynamics

The motion of the different species in the solution yields
changes to their local number densities cp, cs, c±, but can also
drive changes in the local number density of the H+ ions, cH .
The conservation of mass associated with the different species
is expressed by

∂t cm + ∇ · (cmv) + ∇ · jm = 0, (8a)

for m ∈ IH = {p,±, H, s}. In Eq. (14), v is the mixture ve-
locity and jm are the thermodynamic (or diffusive) fluxes
corresponding to each component. For simplicity, we here
neglect hydrodynamic effects and, subsequently, take the mix-
ture velocity v ≡ 0. As a result, we only have diffusion-type
fluxes in (14). Note that the fluxes are not independent; rather,

they must satisfy the constraint js + N j p + j+ + j− = 0 to
be consistent with the no-void condition (1). This constraint
can be weakly enforced by introducing the thermodynamic
pressure P.

The forms of the thermodynamic fluxes and pressure
are derived using the Maxwell-Stefan approach (details
are given in Appendix A). Under the assumption that the
friction coefficients between the different components are
proportional to their molecular volumes and independent of
their charge states, the Maxwell-Stefan conditions are eas-
ily invertible, and we obtain an explicit definition of the
fluxes:

jm = −
∑

K∈IH

MmK∇μel
K , m ∈ IH , (8b)

where MmK is the mobility matrix and the variables μel
m are

the electrochemical potentials for the different components
of the mixture. Based on our assumption M is almost di-
agonal [see Eq. (A7)] and cross terms only arise to account
for the couplings between the movement of proton-carrying
molecules (i.e., solvent and polymer) and H+ ions (see
Appendix A for more details).

The electrochemical potentials for the components i ∈
{±, s, p} of the mixture have the standard form:

μel
i = Pνi + qieψ + ∂ f̄eff

∂ci
− κi∇2ci, i ∈ I, (8c)

while we find that the electrochemical potential for the H+
ions is set by the Lagrange multiplier associated with the
charge regulation, μel

H = −kBT λCR. In Eq. (8c), νi indicates
the molecular volume of the ith component (νp = Nν and
νs,± = ν otherwise), P is the thermodynamic pressure [see
Eq. (A4)], qi is the molecular charge associated with each
component, f̄eff is the effective free energy obtained imposing
chemical equilibrium of CR mechanisms, and the interfacial
tension parameter κi is non-zero only for i = p. Coexistence
of multiple phases requires the latter to have equal electro-
chemical potentials μel

m. This implies the equilibration of the
phases’ thermodynamic pressures P [see Eq. (A4)], and, con-
sequently, of their osmotic pressures � = P − μs/νs [34,42].
The form of the effective free energy is obtained by substitut-
ing Eqs. (6b) into Eq. (4):

f̄eff

kBT
= cs ln [νcs] + c+ ln [νc+] + c− ln [νc−] + cp ln[νNcp] + χNνcpcs − cHλCR

− cp

(
ln{Zp[α̃(ψ, λCR)]} + eqpψ

kBT

)
− cs

(
ln{Zs[α̃(ψ, λCR)]} + eqsψ

kBT

)
(8d)

To summarize, the system (8) governs the dynamics of the
mixture composed of charged components, some of which
can locally regulate their charge via the presence of ioniz-
able groups. Electrothermodynamic forces (i.e., gradients in
the chemical potentials) drive the dynamics of the system
towards its thermodynamic equilibrium and are influenced
by the electrostatics of the mixture via the electrostatic poten-
tial ψ defined by the Poisson equation, Eq. (2), and charge

regulation. The CR mechanisms enter the problem via
the multiplier λCR—corresponding to the electrochemical
potential of H+ ions—and the moments of the charge
distributions associated with the components that present
ionizable groups, which are locally defined by the non-
linear algebraic system given by Eqs. (5) and (6). A
list of the model variables is given in Table I, while a
list of model parameters, together with the default values
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TABLE I. Summary and description of the variables presented in
the model.

Variable Description

cs(x, t ) Solvent (water) local number density
c+(x, t ) Co-ions local number density
c−(x, t ) Counter-ions local number density
cp(x, t ) Polyelectrolyte chains’ local number density
cH (x, t ) Hydrogen ions’ local number density
ψ (x, t ) Electric potential
μel

m(x, t ) Electrochemical potential for the species
m ∈ {s,±, p, H}

π q
p (x, t ) Fraction of polymer chains with charge

q ∈ {0, . . . , N} at location x
π q

s (x, t ) Fraction of water molecules with charge
q ∈ {0, 1} at location x

�(x, t ) Local charge density of the mixture
qp(x, t ) Local mean polyelectrolyte charge
qs(x, t ) Local mean solvent charge

used, is provided in the Supplemental Material (Table SMI)
[43].

The nonlinearities in the model prevent its analytic
solution, and we therefore solve the dynamic equations nu-
merically. We consider the simplest case of an isolated system
consisting of a domain � and impose fluxes and stresses to
vanish at the boundary of the domain:

jm · n = 0, x ∈ ∂�, m ∈ IH , (9a)

∇φp · n = 0, x ∈ ∂�, (9b)

∇ψ · n = 0, x ∈ ∂�. (9c)

The no-flux conditions imply that the total concentration
of all species in the domain is conserved over time, while
the condition (9c) implies that there is no net electric
field across the solutions and requires the solution to be
electroneutral: ∫

�

�(x, t )dx ≡ 0.

However, this condition only imposes ψ up to a constant. We
therefore need to impose an additional constraint on its value;
without loss of generality, we require:

ψ (0, t ) = 0. (9d)

For the problem to be well posed, the initial conditions on
the number densities (cH , cp, cs, c±) must satisfy global elec-
troneutrality of the solution and the no-void condition, i.e.,
Eq. (1), locally.

III. RESULTS

We now employ the derived quantitative theory and a com-
bination of numerical and analytical approaches to study the
time-evolution and long-term behavior of phase-separated CR
polymer solutions. For simplicity, we start by focusing on
flat interfaces and consider a one-dimensional (1D) problem
defined on the interval � = [0, L], where L is the size of
the domain. Experimentally, the 1D might approximate an

elongated channel geometry. We present the nondimensional
1D form of the modeling equations in Sec. SMI of the Supple-
mental Material (SM) [43]. Following the literature on dilute
electrolyte solutions [44], we scaled space by the Debye-like
scale Lψ = √

ενkBT /e, even though this deviates from the
typical screening length for nondilute weak polyelectrolytes;
more details in Sec. III B. Details on the numerical approach
to solving the time-dependent problem and parameter values
used in the simulations are given in Sec. SMII of the SM
[43]. For the numerical simulations, a specific model for the
charge regulation mechanisms must be specified. Here, we use
the standard linear-quadratic form (Eq. (S-6) in SM) for the
charge regulation energy as in Refs. [34,37].

A. Coacervation dynamics of weak polyelectrolytes

We start by discussing the dynamics of phase separa-
tion of an initially homogeneous mixture when perturbed
by introducing noise in the initial concentration of polymer
macromolecules in a regime where demixing occurs. The
stability of homogeneous mixtures of weak polyelectrolytes
will be discussed in Sec. III B.

The initial perturbations in the polymer number density
rapidly lead to the formation of regions of higher liquid den-
sity [Figs. 2(a) and 2(e)]. As in recent works [7,10,15,45],
we observe the separation of the charges across the conden-
sate liquid interface, which results in the local breaking of
charge electroneutrality at the condensate interface. While
the mixture is neutral in the dilute homogeneous regions of
the domain [see Figs. 2(b) and 2(f)], an electric double-layer
forms across the condensate interface due to the asymmet-
ric distribution of the charges in the mixture that jumps
from being slightly negative outside the condensed regions
to being positive in their interior. In the initial transient, we
observe standard Ostwald ripening dynamics whereby smaller
condensates transfer mass towards the larger domains (see
Fig. 2(a) and Movie SM1 [43]) and eventually disappear.
The use of a logarithmic scale for time in Fig. 2(a) fails to
resolve the fast dynamics by which smaller droplets disap-
pear, giving rise to apparent discontinuities in the polymer
number density. However, as in standard phase separation
models, the predicted ripening dynamics is continuous (Movie
SM1 [43]). While the smaller condensates present at earlier
times are highly positively charged, as their number decreases
and size increases via coarsening, their interior tends to be
less positively charged [see Figs. 2(b) and 2(f)]. At longer
times (t ≈ 100T ), we observe that mass is transferred from
the larger (middle) to the smaller (left) domain. This inverse
transfer of material stabilizes the coexistence of the three
equally sized domains that persists until the end of the sim-
ulations (t = 20 000T ). The stabilization of the microscopic
domains at long times is well understood and arises from
the competition between two mechanisms [8]. On the one
hand, the electrostatic forces favor the asymmetric distribution
of co-ions and counter-ions across the domain interface to
balance the accumulation of the charged polymer phase in
the condensed region and restore electroneutrality. On the
other hand, the salt ion entropy favors homogeneous salt
distribution by driving diffusive fluxes across the domain
interface.
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initial condition final time

FIG. 2. Charge and phase-separation dynamics predicted by the model. (top) Plots illustrate the time evolution of (a) the local polymer
number density cp, in molar units; (b) the local charge density of the mixture �, in molar units [defined in Eq. (2)]; (c) the local number density
of hydronium ions qscs, in units of centi-molar; (d) the local mean charge on the polymer macromolecules qp. (bottom) Plots illustrate the
spatial distribution at the initial (t/T = 0) and final (t/T = 20 000) simulation times for (e) cp, (f) �, (g) qscs, and (h) qp. Model and scaling
parameters are listed in Table SM1 [43].

An interesting aspect resulting from the inclusion of the
CR mechanism is the significant redistribution of free H3O+
ions in the solution during phase separation [Figs. 2(c) and
2(g)], leading to spatial regulation of the local pH of the
mixture. In particular, we find that H3O+ ions are excluded
from the condensed domains and accumulate in the more
dilute regions. This is in line with predictions of asymmetric
proton partitioning in weak simple coacervates [34]. The local
modulation of the mixture acidity via phase separation results
in the self-organized arrangement of the polymer molecules
across the liquid interphase depending on their charge state
[Figs. 2(b) and 2(h)]. In particular, we find that the more
highly charged polymer chains are located in the dilute area
of the domains, where H3O+ ions are most abundant, while
the condensed regions are occupied by the poorly charged
macromolecules.

We now study how the dynamics of phase separation are
affected by the average concentration of H+ ions in solution—
which is a conserved quantity over time:

c0
H = 1

L

∫ L

0
cH (x, 0)dx.

The following simulation results were generated with the
same random initial condition for the polymer volume fraction
to ensure an appropriate comparison between the different
conditions.

In Fig. 3, we compare the coarsening dynamics (top panels)
and the impact of phase separation on the overall polymer
charge distribution (bottom panels) for increasing values of
c0

H . We find that the propensity of the mixture to phase sep-
arate depends nonmonotonically on c0

H . In particular, we find
that while the homogeneous state is unstable at low and at very
high levels of acidity, intermediate levels of acidity can favor
mixing, see Fig. 3(d). This is in line with previous analysis of

the equilibrium behavior of CR mixtures [34], which identi-
fied non-linear dependence of demixing on solution acidity
as a key feature of this system. In either very low or very
high c0

H values, the polymer phase exhibits minimal charge
heterogeneity in the homogeneous initial state: most polymers
are uncharged at very low c0

H and highly charged at very
high c0

H . Under these limiting conditions, we find that the
homogeneous states are unstable, and phase separation has a
negligible impact on the overall charge distribution. Charge-
heterogeneity in the initial homogeneous state peaks for
intermediate c0

H values [Figs. 3(h) and 3(i)]. Due to the convex-
ity of the entropic term

∑
z πz ln(πz ) in Eq. (4), homogeneous

states characterized by larger polymer charge heterogeneity
are associated with higher entropy. At medium c0

H values,
the homogeneous state remains unstable, and we observe a
significant increase in the overall charge-heterogeneity upon
spatial segregation of polymers in microdomains. In contrast,
for a high value of c0

H [Fig. 3(i)], the homogeneous state
stabilizes to noisy initial conditions. This corresponds to the
initial state of maximal charge heterogeneity, suggesting that
the contribution of charge heterogeneity to the entropy is
sufficiently strong (at least for the parameter value considered)
to compete with short-range interactions to counteract the
tendency of the polymers to phase separate and stabilize the
homogeneous state.

For conditions under which demixing occurs, in line with
previous observations, phase separation initially follows a
standard Ostwald ripening dynamics, whereby smaller con-
densates form and then dissipate to transfer mass towards the
larger domains. The timescale at which condensed domains
first appear, as well as their initial number, is controlled
by c0

H . This number decreases with c0
H in the low-medium

acidity regime, then increases again upon re-entrance in the
demixing region at very high acidity. It turns out that the
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very low low medium high very high

final timeinitial time 

FIG. 3. Simulation of the dynamics of phase separation for increasing value of the control parameter c0
H . (top) Plots illustrate the

spatiotemporal evolution of the polymer concentration for (a) νc0
H = 0.0001; (b) νc0

H = 0.001, and (c) νc0
H = 0.01; (d) νc0

H = 0.032; (e)
νc0

H = 0.063. (bottom) Plots compare the spatially averaged polymer charge distribution, π̄q
p (t ) = [

∫ L
0 π q

p (x, t )dx]/L at the initial and final
time of the simulations for (f) νc0

H = 0.0001; (g) νc0
H = 0.001, and (h) νc0

H = 0.01; (i) νc0
H = 0.032; (j) νc0

H = 0.063. Note that Figs. 3(c) and
2(a) are identical. Model parameters are as in Fig. 2.

same trend holds for the number of long-lasting condensed
domains. Interestingly, for low values of c0

H —corresponding
to an initially weakly charged polymer solution, we observe
that condensed regions of different sizes persist. In contrast,
in the medium and very high acidity cases, the remaining
condensates have similar sizes (see Figs. 3 and SM1 [43]).
This suggests that medium values of c0

H stabilize the structure
of long-lasting microdomains. We validate this hypothesis
further by running ensemble simulations of the model for
the same environmental condition but different noisy initial
conditions and characterizing the microdomains’ size distri-
butions at time t = 1000 T (Fig. SM1 [43]); the results are
detailed in the SM. We find that c0

H modulates the level of
heterogeneity in microdomain size, with medium levels of
acidity reducing variability. On the one hand, this is due to
the long-term coexistence of microdomains of distinct size
in low-acidity conditions [Fig. 3(a)]; additionally, this reflects
variability in the number of microdomains that persist at later
times. For example, for very low c0

H , out of 48 simulations,
we observe three or four microdomains with approximately
equal probability. In contrast, for medium c0

H , the three mi-
crodomains are highly likely; we observed them in 44 out
of 48 randomly initialized simulations. These results suggest
the system admits multiple spatially heterogeneous equilibria,
whose stability and existence are regulated by the total proton
concentration c0

H .

B. Emergence and coexistence of localized domains

Our previous results have shown that polymer solubility,
phase separation dynamics and the length-scale selection of
the long-term patterns are controlled by the total amount
of H+ ions; further investigation of the charge distribution
hints at the role that charge-heterogeneity plays in shaping
the phase behavior of polymers under variable pH. Inspired
by the presented dynamical simulations, we now focus on
investigating the mechanisms driving the emergence of spatial
patterns.

1. Linear stability of homogeneous weak polyelectrolytes

First, we analyze the linear stability of well-mixed elec-
troneutral solutions; details of the analysis are presented in
the SM [43]. We consider spatiotemporal perturbations of the
solution of the form

ci = c0
i + δui(x, t ), ψ = δuψ (x, t ), (10)

where i ∈ {p,±, s, H} δ � 1. We again consider the 1D prob-
lem: x = xex, x ∈ [0, L]. Substituting Eq. (10) in the original
modeling equations, keeping only the linear terms in δ, we
obtain a linear set of coupled PDE, which we solve using
standard separation of variables techniques by writing

ui = U r
i cos (rπx)eωr t , i ∈ {p,±, s, H, ψ}, (11)

where ωr is the growth rate of the perturbation associated
with the wavenumber r. In what follows, we consider a semi-
infinite domain so that the wavenumber r can take values
on the positive real line, i.e., r ∈ (0,∞). This approxima-
tion, which neglects the second no-flux condition at x = L,
is reasonable as long as the characteristic length scale of the
observed pattern is significantly smaller than L. The growth
rates ωr associated with the wave number r are given by the
solution of a generalized eigenvalue problem,

det [Ar − Bωr] = 0. (12)

The matrices B ∈ R4×4 and Ar ∈ R4×4 are symmetric ma-
trices which are derived in Sec. SMIII [43]. The matrix B
is independent of the wavenumber r and is totally positive
(hence positive definite) provided c0

j > 0. Both Ar and B
are symmetric, hence the growth rates ωr are real for all
wavenumbers r. This rules out the possibility of oscillatory
instabilities. In the linear regime, the onset of patterns can
therefore only result from stationary instabilities and the
boundary of the stability region for homogeneous solutions
can be studied by looking at the reduced problem of finding
r∗ > 0 such that det Ar∗ = 0.
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FIG. 4. Dispersion relation, ω̂r = max{ωr ∈ R s.t. Eq. (12) holds}, computed for the parameter values used in Fig. 3 as a function of the
solution acidity (a)–(c) νc0

H ∈ [0.001, 0.03] and (d), (e) νc0
H ∈ [0.03, 0.1]. (b), (c) Insets zooming into the region near the onset of low-c0

H

instability from panel (a). (d) Insets enlarging the region near the onset of high-c0
H instability from panel (e). Model parameters are as in Fig. 2.

Figure 4 illustrates how the dispersion relation changes as
a function of c0

H . When c0
H is either very small or sufficiently

large [dark curves in either Figs. 4(a) or 4(d)], we recover
the same qualitative behavior as for a standard conservative
Cahn-Hilliard model. In this case, the growth rate ω monoton-
ically increases with r up to a local maximum, corresponding
to the fastest growing spatial mode, which determines the
evolution of the system in the very early stages of spinodal
decomposition and then decreases monotonically to −∞. As
a result, all eigenmodes below a critical value of rII have a
positive growth rate ω. This implies that the homogeneous
state is unstable to both short- and long-wave perturbations.

As the solution acidity increases from νc0
H = 0.001 to

νc0
H = 0.03, that is, from dark to light green curves in

Fig. 4(a), we observe a significant change in the shape
of the dispersion curve, which now presents two local ex-
tremal points in r ∈ (0,∞) [Fig. 4(b)]. Despite the gradient
structure of the modeling equation, the growth rate associ-
ated with small wavenumbers becomes negative, while larger
wavenumbers remain unstable. As a result, the homogeneous
steady state is unstable to short-scale perturbations while
it remains stable to large-scale perturbations (correspond-
ing to r → 0). The damping of the large-scale instabilities
is common in system coupling gradient systems with the
Poisson equation [9,44,46]. As shown in the inset see Fig.
4(c)], the instability transition due to dilution of c0

H below
the critical value νc0

H = 0.024 45 is associated with the typ-
ical length scale, (r∗)−1 ≈ 20Lψ . Interestingly, we observe a
different behavior for the re-entrant instability observed for
even larger solution acidity [see Figs. 4(d) and 4(e)]. In this
case, the dispersion relation presents at most one extremum
for r > 0. Upon increasing the solution acidity past the criti-
cal value νc0

H ≈ 0.0568, we find that the homogeneous state
first becomes unstable to long-range perturbations and only
subsequently to short-range perturbations. This corresponds
to the standard picture of spinodal decomposition in Cahn-
Hilliard models, which is associated with macroscopic phase
separation.

2. Microphase separation of weak polyelectrolytes

The presence of a short-scale instability and its connec-
tion with microphase separation is a characteristic feature

of models of electrically controlled phase separation [7–10]
and it is exemplified by the canonical Ohta-Kawasaki (OK)
model [47]. In particular, short-scale instabilities are con-
trolled by the relative strength of short-range and long-range
(i.e., Coulombic) interactions, which is captured by the nondi-
mensional parameter

�κ = e

kBT νN

√
κ

ε
.

When �κ � 1, the cost associated with interfacial tension
dominates over the electrostatic forces and the only driver of
phase separation is the polymer hydrophobicity—captured by
the Flory-Huggins term and phase separation is not sufficient
to drive a breaking of electro-neutrality across the liquid in-
terface [10]. In contrast, when �κ � 1 short- and long-range
interactions can compete; consequently, electrostatic forces
can drive demixing in the presence of short-range charge
fluctuations. As shown in Ref. [15], this can also result in the
formation of charge layers near liquid interfaces. However, the
analysis is more complicated in the case of concentrated solu-
tions [15,44], where composition-dependent effects come into
play. For weak polyelectrolytes, the competition amongst en-
tropy, long- and short-range interactions is further modulated
by the CR mechanisms. This is apparent in the computation
of the stability of homogeneous states, detailed in Ap-
pendix B. In particular, we find that the competition between
short- and long-range interactions is captured by the effective
parameter

�̃κ = �κ

√
b

a
, (13a)

where

a = χ2c0
s −
(
ν−1 − χc0

s

)2
ν−1 − Nc0

p

− 1

(Nν)2c0
p

, (13b)

b = 2c0
+ + 2c0

H + c0
pσ

0
p − q0

pc0
p

(
1 + q0

pc0
p

ν−1 − Nc0
p

)
, (13c)

and σ 0
p = 〈q2〉p − q2

p is the standard deviation of the charge
distribution in the homogeneous steady state. Note that in
defining �̃k , we are assuming that the homogeneous solution
is such that a > 0, which is the most interesting case since
a < 0 corresponds to the entropy-dominated regime in which
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large-scale instability

small-scale instability

unphysicalunphysical

macrophase separation

microphase separation

stability

unphysical unphysical

FIG. 5. Spinodal phase diagram in the (c0
+, c0

H ) coordinates. (a) Phase diagram for weak polyelectrolytes; same parameter values as in
Fig. 3. (b)–(e) Phase diagram for strong polyelectrolytes with increasing fixed charge Qp. Black dots indicate a tricritical point (or Lifshitz
point) where the microphase separation spinodal vanishes. Microphase separation region: homogeneous state only unstable to short-range
perturbations; Macrophase separation region: homogeneous state unstable to long-range perturbations; White region: homogeneous state stable
to both long- and short-range perturbations. Model parameters are as in Fig. 2.

the steady state is stable. By looking at Eq. (13), we see that
the CR mechanisms come into play via the coefficients b,
as the latter depends on both the mean and standard devia-
tion of the charge distribution. By entering positively into the
factor b, σ 0

p effectively increases �̃κ , favoring the contribution
from short-range interaction over electrostatics. In the linear
problem, this appears by taking the variation of the mean
polymer charge qp with respect to the electric field; therefore,
larger values of σ 0

p imply the charge-state of the polymer
phase is more sensitive to the electrostatic environment. In this
regime, upon macrophase separation, the exclusion of protons
from the condensed region can contribute to reducing the
repulsion between polymers within the condensed domain and
the need for charge separation across the interface. In contrast,
increasing the mean charge on the polymer q0

p reduces �̃κ

by increasing the strength of electrostatic interactions. In our
model, q0

p and σ0 are not independent variables but are rather
set by the properties of the internal free energies of different
polymer charge states uq

CR,p.
We now compare the phase behavior of weak and strong

polyelectrolytes by computing the spinodal curves associated
with both macro- and microphase separation, or equivalently,
short- and long-range instabilities. In particular, we investi-
gate the phase behavior of weak and strong polyelectrolytes
in response to the average proton concentration c0

H and the
average concentration of added salt c0

+. The results are shown
in Fig. 5(a), where colored and white areas indicate phase
space regions where homogeneous solutions are unstable
and stable, respectively. Spinodal curves in the plot indicate
codimension-one bifurcations, while the black dot indicates

codimension-two bifurcations, specifically tricritical Lifshitz
points, i.e., points in the phase diagram where homogeneous,
micro- and macrophase separation can coexist. We find that
the stability of weak and strong polyelectrolytes is controlled
by both axes considered, even if in a different manner. A
stabilization of homogeneous states at intermediate levels of
acidity is only possible at sufficiently low salinity (the refer-
ence value used in our simulations is c0

+ ≈ 0.055 M).
The corresponding phase diagrams for strong polyelec-

trolytes are given in Figs. 5(b) and 5(e) (details on the
computation for the strong polyelectrolyte case can be found
in Sec. SMIII [43]). Since in the weak polyelectrolyte case,
molecules can exist in any charge state qp ∈ [1, Qp], we
compute the phase diagrams for strong polyelectrolyte with
fixed charges in the same range [see Figs. 5(b)–5(e)]. Note
that because of the presence of fixed charges, we have the
additional constraint that c0

H � Qpc0
p, which limits the area

of the phase space which corresponds to physical states.
As we increase the fixed charge Qp on the molecules, we
find that the phase space region in which demixing occurs
reduces. Microphase separation only occurs for medium-
charged polymers with Qp = 2, while in all other cases,
only macrophase instabilities are observed. When comparing
the weak and strong phase diagrams, we find that the first
appears like a combination of the others but also presents
unique features such as the codimension-two bifurcations.
This suggests the phase behavior of weak polyelectrolytes can
deviate significantly from that of strong polyelectrolytes due
to the coupling between local environmental conditions and
the polymer’s charge state, which allows for electrochemical
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FIG. 6. Simulation of the dynamics of phase separation for νc0
H = 0.02425 and νc0

+ = 0.001, which lies in the region of microphase
separation in Fig. 5(a). (b)–(g) Plot illustrating the spatial polymer concentration at different time points within the pink-shaded area in panel
(a). Note that the y axis is changed in panels (b)–(f). To help comparison, the gray line indicates the initial polymer concentration [cp(x, 0) ≈ c0

p]
and the shaded yellow area indicates the interval |cp − c0

p| < 0.1. Values of model parameters are as in Fig. 2.

regulation of short- and long-range interactions during phase
separation.

3. Analysis of localized states: The role of nonlinear mechanisms

In the previous section, we investigated the phase behavior
of weak polyelectrolytes under small amplitude perturba-
tions, which allowed us to neglect nonlinear effects. Even
in the linear regime, we identify the possibility of mi-
crophase separation, i.e., the coexistence of spatially localized
states. However, the evolution and interactions between such
domains are eventually regulated by nonlinear interactions be-
tween Coulombic and interfacial forces. Similar to the case of
strong polyelectrolytes, as discussed in Sec. III A, these non-
linear effects influence the dynamics following macrophase
separation, potentially arresting or reversing standard Ostwald
ripening to stabilize the coexistence of microdomains. Here,
we discuss additional features that are unique to weak
polyelectrolytes as they arise from the interaction of CR
mechanisms, microphase separation and the re-entrant behav-
ior of the phase diagram.

In Fig. 6, we illustrate the phase separation dynamics for
values of c0

H near the onset of a multiscale instability. In
this regime, the linear stability analysis predicts microphase
separation and selection of a persistent typical length 1/r∗ ≈
20Lψ . We find that this is what occurs in the initial transient,
until t ≈ T . Unlike in Fig. 2, Ostwald ripening does not occur.
On the contrary, the system quickly converges towards a lay-
ered configuration, in which small-amplitude microdomains
coexist. However, after this transient, the dynamics signif-
icantly change due to a nucleation event on the left-hand
side of the domain, which is driven by a small asymmetry
in the initial condition [Figs. 6(b) and 6(d)]. Interestingly,
nucleation does not lead to the dissipation of the layered
domains, which occupy the right-hand side of the domain
[Fig. 6(d)]. Eventually, a second nucleation event breaks the
layered structure and drives the formation of two condensed
domains that stabilize over time.

The phase separation dynamics illustrated in Fig. 6 are
unexpected compared to standard microphase separation.

Although nonlinear instabilities have also been reported in
models of strong polyelectrolytes, they usually preserve the
layered structures and the associated length scales [44]. This
indicates that the interplay between short- and long-range
Coulombic interactions alone can not fully explain the ob-
served dynamics. Instead, it suggests that this behavior may
be unique to weak polyelectrolytes and is driven by charge-
regulation (CR) mechanisms.

We study the structure of localized states by looking at
stationary solutions of our model, which can be obtained by
setting all temporal derivatives in Eq. (8a) to zero. As detailed
in Sec. SMIV [43], the corresponding system of five coupled
boundary value problems can be reduced to a system of two
coupled boundary value problems for the stationary (rescaled)
electric potential � = �(x) and the polymer volume fraction
�p = �p(x):

−� ′′ = F̃ψ (�p, �;C0), (14a)

�2
κ�

′′
p = F̃φ (�p, �;C0), (14b)

with the boundary conditions:

�(0) = � ′(�) = �′
p(0) = �′

p(�) = 0, (14c)

where F̃φ , F̃ψ denote variations of the function

F̃ (φ,ψ ;C0) = (1 − φ) ln[γs(φ,ψ ;C0)(1 − φ)]

+ χφ(1 − φ) + φ

N
ln[γφ (ψ ;C0)φ], (14d)

with respect to its first two scalar arguments. Because of
the choice of no-flux boundary conditions, the dynamics of
the number densities cm preserve both the local and global
mass of each component m ∈ IH . While the no-void and elec-
troneutrality conditions constrain two of the five degrees of
freedom associated with mass conservation, three additional
constraints have to be specified for the computation of station-
ary solutions. Here we decide to impose the average number
density of polymer, co-ions, and protons, which emerges in
Eq. (14) by the dependency of the functional F̃ on the constant
vector C0 = [c0

p, c0
+, c0

H ]. Here �p corresponds to the equilib-
rium polymer volume fraction, so that �p = 1 corresponds to
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B
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homogeneous

acrophase separation
microphase separation

FIG. 7. (a) Characteristic bifurcation diagram for Eqs. (14) using numerical continuation with c0
H as a control parameter. Here, the focus

is on the steady phase-separated solutions that branch from the homogeneous steady state. Shown is the normalized L2-norm as a function of
the average proton number density c0

H . Different colors are used to indicate the eigenmode from which the branches first appear. Dots identify
the bifurcation points of the homogeneous states, where the color indicates the corresponding spatial modes. As in Fig. 5, the yellow and red
shaded area indicates the regions in which the linear stability analysis predicts macro- and microphase separation, respectively. (b) A close-up
look at the bifurcation diagram in the interval νc0

H ∈ [0.01, 0.1]. (c) Example profiles of the polymer spatial distribution �p(x) corresponding
to the points A–D in panel (b). Note that because of the symmetries of Eqs. (14), each branch in panels (a) and (b) corresponds to two solutions,
see cyan and red curves in panel (c). Model parameters and scalings are as listed in Fig. 2, except for the domain size, which is reduced to
L = 50Lψ .

the space being fully occupied by polymer molecules, while
�p = 0 corresponds to the space being fully occupied by the
solution phase, which includes solvent, salt, and hydronium
ions. The system energy F̃ has the standard form of the energy
describing the mixing of a binary mixture of nonideal immis-
cible fluid phases, where the function γs and γφ are the activity
coefficients, a unitless correctional factor that describes the
extent to which the component of the mixture deviates from
the ideal behavior [48].

Equations (14) are highly nonlinear. We solve them using
numerical continuation techniques, which allow us to follow
how solutions change as a function of a given model param-
eter and track local bifurcations. We unfold the structure of
model solutions as a function of the control parameter c0

H
(Fig. 7). Since the number of solutions increases significantly
with the domain size, we consider solutions on a domain
that is 10 times smaller than in the dynamical simulations
(L = 50Lψ rather than L = 500Lψ ). While this simplifies the
structure of the bifurcation diagram, it retains all of the inter-
esting features that can explain the nonlinear instabilities in
the dynamical simulation presented in Fig. 6.

While we illustrate the full bifurcation diagram for com-
pleteness [Fig. 7(a)], we focus on discussing the subpart of the
diagram presented in Fig. 7(b), which enlarges the region of
mixing for intermediate values of c0

H [Fig. 7(b)]. Interestingly,
we find two different types of nonlinear instabilities. The
first is associated with the appearance of the spatial mode
r = 2, which is characterized via a fold (or type-II) bifur-
cation [49][see point A in Figs. 7(b) and 7(c)]. Dynamical

simulations reveal that of the two branches originating from
(A), the one that persists at low c0

H is stable, while the one that
eventually crosses the trivial solution via a subcritical pitch-
fork bifurcation is unstable. Similar bifurcations are observed
in strong polyelectrolyte systems and can be studied ana-
lytically via weakly nonlinear analysis [9,44]. Significantly
different instead is the behavior of the eigenmode r = 1, for
which we find the coexistence of multiple branches. Branch
(III), which bridges the two boundaries of the stability region,
is unstable and plays an important role only in determin-
ing the critical value c0

H for re-entrant phase separation. Of
the two that exist in dilute conditions [see (I) and (II) in
Fig. 7(b)], branch (II) corresponds to standard macrophase
separation (see point C), while branch (I) is modulated by
the nonlinear interactions interaction of mode r = 1 and mode
r = 3 (see point B). Dynamical simulations reveal that branch
(I) is unstable to numerical noise while (II) is stable. Even-
tually, branch (I) disappears by crossing the homogeneous
solution; this is the point at which the linear stability analysis
predicted microphase separation. However, the top branch
persists beyond the end of the demixing region, leading to
a regime of multistability. First, a region of bistability be-
tween the micro- and macrophase separated states (see shaded
red area); then a region of tristability between the former
two and the homogeneous state; and finally, for even larger
values of c0

H , a region of bistability between the mixed and
macrophase separated solutions. This explains the possibil-
ity of nucleation of microphase separated states observed in
Fig. 6.
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IV. CONCLUSION

Building on previous studies [34,38], we presented a
theoretical framework to investigate the phase separation
dynamics of weak polyelectrolytes in solutions containing
protons and salt. This framework extends standard kinetic
models for the coacervation of strong polyelectrolytes by
incorporating charge regulation mechanisms; specifically, we
account for the rapid protonation and deprotonation dynamics
of binding sites along polymer chains, which regulate their
charge state in response to the local solution acidity. The
movement of components in the solution is guided by dif-
fusive dynamics, via thermodynamic fluxes, and the electric
field, which is accounted for via a mean-field description.

We use our framework to characterize both the kinetic and
equilibrium phase behavior of weak polyelectrolytes. To do
so, we integrate dynamical simulations, linear stability analy-
sis, and numerical bifurcation analysis. These reveal the rich
behavior of weak polyelectrolytes and interesting features that
distinguish their behaviorfrom that of strong polyelectrolytes.
Our results reveal the formation of condensed domains and
the emergence of persistent pH gradients across liquid in-
terfaces, which remain stable over long timescales (Fig. 2).
These sustained gradients lead to a continuous variation in
the charge state of the polymer across the liquid interface
and align with recent experimental observations [27]. Our
observation further extends theoretical predictions from Ref.
[38] on the spatial modulation of charges on macroions across
electric double layers formed near charged solid surfaces
to liquid interfaces. We show that the proton concentration
shapes the demixing of weak polyelectrolytes in a nonlinear
manner, and, in the case of phase separation, it can impact
the coarsening dynamics and the long-term shape and number
of condensed regions. Interestingly, we observe nonstandard
effects—such as reverse Ostwald ripening—that lead to the
stabilization of states in which multiple condensed regions
coexist. This is due to the effect of long-range Coulomb forces
that are driven by the asymmetric distribution of charges
across the diffusive interfaces between condensed and dilute
phases.

Linear stability analysis around homogeneous states con-
firms the nonlinear dependence of homogeneous solution
stability on solution acidity and further reveals how acidity
modulates the type of transition (or bifurcation) that leads to
spontaneous demixing of weak polyelectrolytes. On the one
hand, destabilization of the homogeneous state at a high level
of acidity is modulated by a large-scale instability which is
typical in models of macrophase separation. In contrast, the
destabilization of the homogeneous solutions at low levels
of acidity is associated with a small-scale (or finite length)
instability, which results in stable microphase separation in
which multiple condensed domains of the same characteristic
size coexist and are stabilized by the electric-field driven
separation of charges across the liquid interface. While mi-
crophase separation can also occur in solutions of strong
polyelectrolytes, our results highlight how, for weak poly-
electrolytes, the existence of metastable microphase states can
be controlled via modulation of the acid environment, which
impacts electrostatic forces via the regulation of charges
on the polymer. Interestingly, full nonlinear analysis of

stationary solutions reveals the possibility of metastable
regions in the acidity space, where the macrophase, mi-
crophase, and homogeneous states are all stable, introducing
additional complexity compared to strong polyelectrolyte
systems.

The present work represents an initial investigation of the
complex phase behavior of weak polyelectrolyte solutions
and their ability to self-organize into localized coacervates
in an environment-dependent manner. While the bifurcation
analysis in Sec. III B 3 reveals interesting transitions in which
acidity regulates the coacervation of weak polyelectrolyte
systems, this study is not exhaustive and motivates further
analytical and numerical exploration to fully characterize the
patterns predicted by Eqs. (14). This may be achieved by
leveraging the variational structure of the problem. As we
show in Appendix C, Eqs. (14) can be reformulated as a
four-dimensional (4D) reversible Hamiltonian system, a class
of systems known for exhibiting rich homoclinic unfolding,
as exemplified in the well-known Swift–Hohenberg model for
pattern formation [50,51]. From this point of view, a gen-
eralization of the standard Maxwell construction [52] could
be employed to construct such homoclinic (i.e., localized)
solutions to better characterize the phase behavior of weak
polyelectrolytes in response to different control parameters
(such as salt content and solution acidity).

For simplicity, we have focused our study on flat inter-
faces, neglecting the impact of curvature on the interactions
of weak polyelectrolyte coacervates. While we expect some
of our findings to extend to higher dimensions, curvature
plays a substantial role in defining the interplay between
multiple condensed domains. It would therefore be of interest
to explore dynamical model predictions of nonplanar inter-
faces to characterize the structure, interaction and regulation
of weak polyelectrolyte coacervates via full two-dimensional
(2D) simulations.

The proposed theoretical framework reveals a rich and in-
teresting range of physical behaviors that highlight the critical
role of charge regulation mechanisms in shaping the formation
and interactions of coacervates. However, further theoretical
developments are needed to generalize our findings to liquid-
liquid phase separation of biomolecules. In particular, this
would require extending our framework to account for the
complexity of biopolymers and of the cytoplasm. For exam-
ple, we have here assumed binding sites along the polymer
chain to be identical; however, biomolecules, such as protein,
are often heterogeneous and consist of distinct amino acids,
which can differ both in their binding affinity and/or charge.
From this point of view, a natural extension of our work is to
consider weak polyampholytes, which are a better theoretical
model of proteins. Furthermore, while mean-field theories are
extremely useful in improving our understanding, they are
limited as they assume polyelectrolytes are macromolecules.
In contrast, proteins often present intrinsically disordered re-
gions, which have been shown to play a significant role in
determining intracellular LLPS. The local electrochemical en-
vironment and charge state can have a substantial influence
on the conformation of such intrinsically disordered regions,
hence contributing to the formation and mesoscopic organiza-
tion of biomolecular condensates [25,53]. Such conformation
dependency can not be easily captured using mean-field
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descriptions of phase separation dynamics. It would, there-
fore, be interesting to complement our results with the study
of these effects using molecular simulations [45,53,54].

Overall, our work lays the foundation for a continuum
theory of pH-mediated coacervation of weak polyelectrolytes
and emphasizes the role of charge regulation mechanisms in
mediating the dynamics, interactions, and structure of these
assemblies.
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APPENDIX A: COMPUTATION
OF THE THERMODYNAMIC FLUXES

To define the fluxes, we adopt the Maxwell-Stephan ap-
proach [56], which is based on balancing the friction forces
between relative phases with the thermodynamic forces. An
important aspect to consider in our system is the presence
of heterogeneous phases that require a careful derivation of
appropriate effective Maxwell-Stephan conditions. Here, we
assume that the friction coefficient for heterogeneous compo-
nents is independent of their charge state. Then, the balance
of forces acting on the ith component takes the standard
form

T i +
∑
i �= j

ηi j (c j ji − ci j j ) = 0, i, j ∈ {±, p, s}2, (A1)

where ηi j > 0 are the friction coefficients satisfying the sym-
metry condition ηi j = η ji, ji is the thermodynamic flux for
the component i and T i is the thermodynamic force acting
on the component i. For homogeneous components, such
as salt ions, the thermodynamic force takes the standard
form

T ± = c±∇μel
±, (A2)

where μel
± is the electrochemical potential [see Eq. (8c)].

For heterogeneous components such as the solvent and the
polymer macromolecules, the thermodynamic forces include
an additional contribution associated with the presence of
variable charges:

T p =
Qp∑

q=0

T q
p = cp∇μel

p + qpcp∇μel
H . (A3)

Summing over i in Eq. (A1), we conclude that the total force∑
i T i must vanish. This defines the value of thermodynamic

pressure P up to an arbitrary constant P̄:

P = P̄ + f̄eff −
∑

m

cm
∂ f̄eff

∂cm
+ ε

2
|∇ψ |2

+ κp

(
cp∇2cp − |∇cp|2

2

)
, (A4)

where m ∈ {±, s, p, H}. Here we assume that the dissipation
between all components scales with their molecular volume
ηi j = ηνiν j �= 0. Then the flux of each component is sim-
ply proportional to the thermodynamic force they experience,
namely,

j p = −T pν

ηνp
. (A5)

The flux of the H+ ions can be estimated by summing over
the flux of H+ ions transported by both polymer and solvent
macromolecules and reads as follow

η jH = cpqp

N
∇μel

p + csqs∇μel
s +
(

〈q2〉scs + 〈q2〉p
cp

N

)
∇μel

H ,

(A6)

where 〈q2〉i indicates the second moment of the charge dis-
tribution associated with the component i, namely, 〈q2〉i =∑Qi

q=0 q2π
q
i . Equations (A5) and (A6) can be written in the

compact form given in the main text:

jm =
∑

K∈{p,s,H,+,−}
MmK∇μK ,

by defining the mobility matrix M as

M = Dβ

⎡
⎢⎢⎢⎢⎢⎢⎣

cp

N 0 qpcp

N 0 0

0 cs qscs 0 0
qpcp

N qscs 〈q2〉scs + 〈q2〉pcp

N 0 0

0 0 0 c+ 0

0 0 0 0 c−

⎤
⎥⎥⎥⎥⎥⎥⎦
(A7)

based on the following order for the indices: p, s, H , +, and
−. In writing Eq. (A7), β = (kBT )−1 is a constant and D is the
diffusion coefficient, which is related to the friction coefficient
η in Eqs. (A5) and (A6) via D = kBT/η.

APPENDIX B: STABILITY ANALYSIS

The analytical steps used in deriving the conditions for
the linear stability of homogeneous, electroneutral, weak
polyelectrolyte mixtures are detailed in SM Sec. SMIII [43].
We note that in the derivation we use the nondimensional form
of the modeling equations (see SM Section SMI).

Ultimately, the stability of homogeneous and electroneutral
states ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

cp

cs

c+
c−
cH

ψ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

c0
p

1 − c0
p − 2c0

+ − c0
H

c0
+ + c0

H

c0
H
0

⎞
⎟⎟⎟⎟⎟⎠
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is connected to the existence and number of real roots of the
following fourth-order polynomial:

�2
κ (π r̂)4 − 2

[
�2

κ F̃ 0
ψψ − F̃ 0

φφ

2

]
(π r̂)2 − det

(
H0

F̃

) = 0, (B1)

where det(H0
F̃

) = F̃ 0
ψψ F̃ 0

φφ − (F̃ 0
ψφ )2 is the determinant of the

Hessian of the functional F̃ [see Eq. (14d)] evaluated at the
equilibrium point (φ,ψ ;C0) = (νNc0

p, 0; [c0
p, c0

+, c0
H ]):

F̃ψψ = q0
pc0

pν

(
1 + νq0

pc0
p

1 − Nνc0
p

)
− 2νc0

+ − 2νc0
H − νc0

pσ
0
p ,

(B2a)

F̃φφ =
(
1 − χνc0

s

)2
1 − νNc0

p

+ ν

(Nν)2c0
p

− χ2νc0
s , (B2b)

F̃ψφ = q0
p

N

1 − χν2Nc0
pc0

s

1 − Nνc0
p

− χν
(
cH − qpc0

p

)
. (B2c)

If we denote

� =
(

�2
κ F̃ 0

ψψ − F̃ 0
φφ

2

)2

+ �2
κdet(HF̃ ),

then we distinguish three regimes:
(I) When det H0

F̃
> 0, Eq. (B1) has two real roots {±r̂CH},

r̂CH = 1

π�κ

√√√√(�2
κ F̃ 0

ψψ − F̃ 0
φφ

2

)
+

√
�,

the homogeneous solution is unstable in time to spatial pertur-
bations with modes in the interval rLψ ∈ (0, r̂CH).

(II) When det H0
F̃

< 0, � > 0, and �2
κ F̃ 0

ψψ − F̃ 0
φφ > 0,

Eq. (B1) has four real roots {±r̂+
T ,±r̂−

T }:

r̂±
T = 1

π�κ

√√√√(�2
κ F̃ 0

ψψ − F̃ 0
φφ

2

)
±

√
�,

the homogeneous solution {φ0
m} is unstable in time to spatial

perturbations with modes in the interval rLψ ∈ (r̂−
T , r̂+

T ).
(III) Otherwise, Eq. (B1) has no real roots, the homoge-

nous solution is linearly stable in time to spatial perturbations.
While regimes (I) and (III) are common to models of

phase separation (such as classical Cahn-Hilliard models),
regime (II), where the homogeneous state is unstable to
small-scale but not long-scale perturbations, is associated with
microphase separation. We note that the condition �2

κ F̃ 0
ψψ −

F̃ 0
φφ > 0 necessary to be in regime (II) can be expressed in

terms of the characteristic length scale �̃κ = �κ

√
F̃ψψ/F̃φφ and

the coefficient a = −F̃φφ defined by Eq. (13) as

a
(
1 − �̃2

κ

)
> 0.

Taking a > 0, this highlights how the length scale �̃κ mediates
the transition to the regime in which microphase separation is
possible.

Spinodal curves. Spinodal curves are identified as the
curves that determine the onset of instability of the
homogeneous solution. This corresponds to transitions from
the regime (III) described above to either regime (I) or (II).
While the former corresponds to a standard Cahn-Hilliard (or
large-scale) instability, the second case leads to a Turing-like
(or short-scale) instability [57]. In light of this, the boundaries
of the Cahn-Hilliard and Turing spinodals are defined respec-
tively by the conditions

det(HF̃ ) = 0, �2
κ F̃ 0

ψψ < F̃ 0
φφ, (B3)

and(
�2

κ F̃ 0
ψψ − F̃ 0

φφ

)2 + 4�2
κdet(HF̃ ) = 0, �2

κ F̃ 0
ψψ > F̃ 0

φφ. (B4)

We can further characterize the critical wavenumber r∗
T se-

lected at the onset of the Turing bifurcation by substituting
condition (B4) into the definition of r̂T given above:

r∗
T = 1

Lψπ�κ

√
�2

κ F̃ 0
ψψ − F̃ 0

φφ

2
. (B5)

Note that r∗
T can also be expressed in terms of the characteris-

tic length scale �̃κ introduced in Sec. III B:

r∗
T = 1

Lψπ�κ

√
a

1 − �̃κ

2
, (B6)

where a is as defined in Eq. (13).
A similar result holds for the case of strong polyelectrolyte

solutions. Assuming that the polymer is characterized by fixed
charges Q, then the spinodals are still defined by the con-
ditions given above provided that q0

p → Q and σ 0
p → 0 in

Eqs. (B2); furthermore, the possible homogeneous states are
now constrained by electroneutrality which requires νc0

H ∈
[Qνc0

p, 1).

APPENDIX C: SPATIAL DYNAMICS

Following the steps detailed in the SM, we reduce the prob-
lem of computing stationary solutions of the model presented
in Sec. II to a system of two coupled, nonlinear, boundary-
value problems (14). Here we show how Eqs. (14) can be
rewritten as a 4D reversible Hamiltonian system so that local-
ized solutions can be described as homoclinic orbits of such
a system [50] in terms of the stationary (rescaled) electric
potential � = �(x) and the order parameter � = �(x). To do
so, we introduce the moment variables qψ and qφ and rewrite
Eq. (14) as

� ′ = −qψ,

�2
κ�

′ = qφ,

q′
ψ = F̃ψ (�,�;C0),

q′
φ = F̃φ (�,�;C0), (C1a)
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where the prime is used to denote the spatial derivative and F̃φ , F̃ψ are the partial derivatives of a functional F̃ defined by
Eq. (14d). As mentioned in the main text, it corresponds to the free energy of two immiscible nonideal fluids, where the nonideal
nature is described by the activity coefficient:

γs(φ,ψ ;C0) = 1

1 + e−ψ+μ�+ (C0 )+χφ + e−ψ+μ�
H (C0 ) + eψ+μ�− (C0 )+χφ

, (C2a)

γφ (ψ ;C0) = eNμ�
p (C0 )

⎛
⎝ Qp∑

q=0

e−βuq
CR−q(ψ−μ�

H (C0 ))

⎞
⎠

−1

, (C2b)

where the constants μ�
±,p indicate the equilibrium chemical potential difference between salt ions and solvent, and polymer and

solvent, while μ�
H is the equilibrium chemical potential of protons (both expressed in nondimensional units). These are unknowns

and can be determined by imposing electroneutrality and the spatially averaged concentrations of each species; more details are
given in Sec. SMIV [43]. The Hamiltonian

H = −1

2
q2

ψ + 1

2

(
qφ

�κ

)2

− F̃ (�,�;C0)

generates Eqs. (C1) and is the first integral along trajectories in (�,�, qψ, qφ ) space.
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