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A B S T R A C T 

Gi ven the gro wth in the v ariety and precision of astronomical data sets of interest for cosmology, the best cosmological constraints 
are invariably obtained by combining data from different experiments. At the likelihood level, one complication in doing so is 
the need to marginalize o v er large-dimensional parameter models describing the data of each experiment. These include both 

the relatively small number of cosmological parameters of interest and a large number of ‘nuisance’ parameters. Sampling 

o v er the joint parameter space for multiple experiments can thus become a very computationally expensive operation. This 
can be significantly simplified if one could sample directly from the marginal cosmological posterior distribution of preceding 

experiments, depending only on the common set of cosmological parameters. We show that this can be achieved by emulating 

marginal posterior distributions via normalizing flows. The resulting trained normalizing flow models can be used to efficiently 

combine cosmological constraints from independent data sets without increasing the dimensionality of the parameter space 
under study. The method is able to accurately describe the posterior distribution of real cosmological data sets, as well as the 
joint distribution of different data sets, even when significant tension exists between experiments. The resulting joint constraints 
can be obtained in a fraction of the time it would take to combine the same data sets at the level of their likelihoods. We construct 
normalizing flow models for a set of public cosmological data sets of general interests and make them available, together with 

the software used to train them, and to exploit them in cosmological parameter inference. 

Key words: methods: data analysis – methods: statistical – cosmology: cosmological parameters. 
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 I N T RO D U C T I O N  

ata analysis in cosmology is rapidly evolving. With data from past
nd current experiments such as Planck (Planck Collaboration VI
020b ), Kilo–De gree Surv e y (KiDS) (Asgari et al. 2021 ), and Dark
nergy Surv e y (DES) (Abbott et al. 2022 ), as well as forthcoming
urv e ys like Euclid (Amendola et al. 2018 ), Simons Observatory
Ade et al. 2019 ), Dark Energy Spectroscopic Instrument (DESI)
DESI Collaboration 2024 ), and the Vera Rubin Observatory, for-
erly known as the Large Synoptic Surv e y Telescope (LSST)

Ivezi ́c et al. 2019 ) amongst others, there is a growing need for the
evelopment of tools that can accelerate the analysis of cosmological
ata. 
Various techniques have been developed to accelerate compu-

ations in cosmology, depending on the tasks being investigated.
 or instance, generativ e models hav e been e xtensiv ely used in
eld-level analysis in Cosmology. Kodi Ramanah et al. ( 2020 )
uilt a Generative Adversarial Network (GAN) emulator for low-
esolution cosmological simulations. Tr ̈oster et al. ( 2019 ) explored
eep generative models to identify an accurate representation of the
arge-scale distribution of gas and its temperature. Jamieson et al.
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 2024 ) also developed a field-level emulator for large-scale structure
tructure. Emulators can also be developed at the power-spectrum
evel, though this can be computationally expensive due to the need
or numerous forward simulations and power spectrum computations
n joint analyses. Recently, symbolic regression techniques have
een used to derive mathematical expressions for linear and non-
inear matter power spectra (Bartlett et al. 2024a , b ). In the same
pirit, Aric ̀o et al. ( 2021 ) and Spurio Mancini et al. ( 2022 ) developed
ower-spectrum emulators based on deep learning. On the other
and, Mootoovaloo et al. ( 2022 ) developed a Gaussian Process (GP)
mulator for linear and non-linear matter power spectra, which can
lso be used for computing weak lensing power spectra. While these
echniques ef fecti vely accelerate computations, a major challenge is
efining the region of parameter space before building the emulator.
 naive broad prior can result in power spectra computations where

he cosmological data does not constrain the parameters. 
In short, the aim of these machine learning methods is to learn

n ef fecti ve model that is able to describe the data, using only the
ata as input. Data in this context can be any key quantity we are
nterested in, for example cosmological samples, bandpowers, and
ther forms of compressed data (Alsing, Wandelt & Feeney 2018 ;
ootoovaloo et al. 2020 ). On the one hand, we have generative
odels such as GAN, variational auto-encoders (VAE), normalizing
ows, and GP which can learn the data directly. On the other hand,
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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Figure 1. Directed acyclic graphs (D A Gs) showing the typical inference problem in cosmology in panel (a). Panel (b) shows the D A G for a joint analysis in the 
case where the forward model in experiment 1 also has nuisance parameters, β and for experiment 2, we have access to an approximate distribution, p( θ | x 2 ). 
In panel (c), we have marginalized o v er all the nuisance parameters and we have approximate p( θ | x 1 ) and p( θ | x 2 ). Note that we are working with independent 
data sets, hence, there is no link between any two data sets, x 1 and x 2 . 
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e have simulation-based inference (SBI) techniques which learn 
he parameters of the model by simulating data (see e.g. Bayesian 
ptimization for likelihood-free inference – BOLFI (Leclercq 2018 ). 
hile the two classes of machine learning methods (generative 
odels and SBI) are related by the fact that they both adopt a

robabilistic approach, their implementations and goals are different. 
 or e xample generativ e models hav e a loss function to learn the data
istribution, while SBI uses a forward model for the data and the
oal is to learn the parameters of the model. In this work, we focus
olely on generative model, in particular, normalizing flow models. 

In Cosmology, numerous publicly available chains for cosmologi- 
al and nuisance parameters have been obtained using Markov Chain 
onte Carlo (MCMC) approaches from different data sets. The ques- 

ion is whether we can exploit these chains (rather than the likelihood
nd theory prediction codes that generated them) to perform joint 
nalysis of different probes efficiently. A similar concept was inves- 
igated by Heavens et al. ( 2017a , b ), who utilized publicly available

CMC chains to estimate the marginal likelihood. Moreo v er, Bevins
t al. ( 2023 ) developed a technique which uses normalizing flows and
ernel density estimators to learn marginal posterior distribution of 
he scientific parameters in cosmology. Bevins et al. ( 2022 , 2024 )
urther applied this technique in 21cm experiments. In this work, 
e demonstrate how normalizing flows can be employed to learn 

hese marginal probability distributions and subsequently use them 

o perform joint analyses combining different experiments. This 
llows us to bypass having to sample computationally e xpensiv e 
nd slow joint posterior distributions, as is often the standard 
pproach. 

Normalizing flows have been used in various applications in 
osmology. F or e xample Alsing & Handle y ( 2021 ) combined nor-
alizing flow models with nested sampling. Recently, Srini v asan 

t al. ( 2024 ) developed a codebase, FLOWZ , to estimate the Bayesian
vidence from posterior samples. Normalizing flows have also been 
sed in the estimation of Bayesian evidence via the harmonic mean 
stimation (McEwen et al. 2021 ; Polanska et al. 2024 ). Recently,
aylor et al. ( 2024 ) studied the approach of training weighted
nsembles of normalizing flows to emulate individual and joint 
istrib ution. Our contrib utions in this work are as follows. (1) We
how that pre-trained normalizing flows can be used to ef fecti vely
nd precisely sample joint posterior distributions without increasing 
he dimensionality of the parameter space or the computational cost 
f including new complex likelihoods. We show that this is true even
or combinations of experiments that are in relatively large tension 
ith each other. (2) We also make many pre-trained models publicly 

vailable, together with an Application Programming Interface (API) 
hat makes it easy for anyone to include them in their likelihoods.The

ain difference between our approach and that of Taylor et al. ( 2024 )
s our aim to employ the trained normalizing flows as emulated 
ikelihoods that can be used as ef fecti ve priors in the joint analysis
f past experiments with new data within an MCMC scheme. 
This paper is organized as follows. In Section 2 , we describe the

ormalizing flow procedures before applying the concepts to simple, 
oy examples in Section 3 . In Section 4 , we apply the method to infer
he cosmological parameters and nuisance parameters. We take two 
pproaches, the first where a normalizing flow model is used as a prior
nd the second case, where we simply use two normalizing flows to
ample the joint distribution. Furthermore, we use existing publicly 
vailable MCMC chains to construct these normalizing flow models, 
s discussed in Section 5 . We also briefly co v er how the code works
n Section 6 . We discuss our results in Section 4.3 before concluding
n Section 7 . 

 N O R M A L I Z I N G  FLOW S  

ormalizing flows are a class of generative model which transform 

imple distributions into complex ones via invertible functions. They 
re efficient tools for density estimation and sampling. In effect, our
oal is to employ normalizing flows to learn the density function of
ublicly available MCMC chains of cosmological interest o v er a few
arameters of interest, marginalized o v er the rest. This is useful in
he task of joint analysis as well as specifying a prior before sampling
arameters of a model of choice. 

.1 Moti v ation 

uppose we have N experiments, each having its own set of
osmological parameters, θ i , nuisance parameters, β i , and data x i . 
e are also assuming that the data, x i is independent from each

ther. For simplicity, we will assume that we have a common set of
osmological parameters across all experiments. Let us also assume 
hat we have samples of { θ i , β i } , which are obtained by sampling
he posterior of all parameters in each experiment. The marginalized 
osterior distribution of the cosmological parameters 

( θ i | x i ) ≡
∫ 

p( θ i , β i | x i ) d β i , (1) 

an be obtained by considering only the values of those parameters
n the MCMC chain, ignoring the values of βi . 

Panel (a) of Fig. 1 shows the directed acyclic graph (D A G) for this
et-up. θ i and β i are the latent variables and x i is the fixed data. We
re now interested in finding the joint posterior of the cosmological
arameters, θ gi ven the dif ferent experiments. In the first case, we
an think of a scenario where we want to enforce a more informative
rior in the analysis, for example a case where we have the likelihood
or a large-scale structure data ( x 1 ) and we want to use the posterior
istribution of cosmological parameters inferred by Planck ( x 2 ) as a
MNRAS 536, 190–202 (2025) 
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rior. In this case, 

( θ | x 1 , x 2 ) = 

∫ 

p( x 1 | θ , β) p( θ | x 2 ) p( β) d β (2) 

here p( x 1 | θ , β) is the likelihood of x 1 and p( θ | x 2 ) being a more
nformative prior based on the second data set, x 2 . See panel (b)
n Fig. 1 for this set-up. In the third scenario, we can also have a
ase where we simply use nuisance-marginalized models for joint
nference of the cosmological parameters. See panel (c) in Fig. 1 . 

If we were to do a joint analysis among the different experiments,
he total dimensionality of the problem can become large. For
xample if we assume we have b cosmological parameters and each
xperiment E i has c i nuisance parameters, the total number of param-
ters is b + 

∑ 

i c i . Standard sampling schemes such as Metropolis–
astings may struggle to learn the full posterior distribution of all
arameters. Furthermore, as we incorporate more experiments into
he analysis, it may become increasingly computationally intensive.
ur proposal is to sample the parameters in each experiment (or use
ublicly av ailable MCMC chains), follo wed by data fusion, which
e discuss in the next section. 

.2 Data fusion 

he process by which multiple data and knowledge is combined
ogether is known as data fusion (Wu et al. 2024 ). In machine
earning, a common practice to augment the knowledge of a single
odel is via federated learning. In this scenario, a model is trained

n a set of data, generating a local agent. This agent can further be
rained on another similar data set in a different location, thereby
ugmenting its knowledge and capability. In a Bayesian setting, each
xperiment has its own local estimate of its parameters. There are
ifferent ways in which this fusion process can be carried out, and its
erformance of this fusion process depends on the way the priors are
sed. F or e xample in non-parametric Bayesian methods such as GP,
echniques such as Product of Expert (PoE) and Bayesian committee

achine (BCM) have been developed to fuse local estimates of the
P posterior (Tresp 2000 ). This is particularly helpful in scaling GP

o millions of training points. In what follows, we will only co v er
arametric Bayesian methods, that is, a scenario where we have a
orward model with its cosmological and nuisance parameters which
re learnt from data. 

In the first case, assuming a common prior, p( θ), the joint posterior
s given by Bayes’ rule as: 

 ( θ | x 1 , x 2 , . . . x N ) = 

p ( θ ) 
∏ N 

i= 1 p ( x i | θ ) 

p ( x 1 , x 2 , . . . x N ) 
, (3) 

nd we have assumed that the joint likelihood can be factorized
nto their local, individual likelihood as a result of the conditional
ndependence. Under this formalism, where the prior is common
cross all experiments, each experiment returns a local posterior in
he data fusion process. One can also think of a scenario where each
xperiment has its local prior and we have a global prior for data
usion. In this case, we can write 

( θ | x 1 , x 2 , . . . x N ) = Z p( θ) 
N ∏ 

i= 1 

p( θ | x i ) 
p i ( θ) 

, (4) 

here Z is 

 = 

∏ N 

i= 1 p( x i ) 
p( x 1 , x 2 , . . . x N ) 

, (5) 

nd p i ( θ ) is the local prior for each experiment. In the case where
he data are independent from each other, Z = 1. These data fusion
NRAS 536, 190–202 (2025) 
echniques are known as conditionally independent likelihood (CIL)
ata fusion (Wu et al. 2024 ). 
On the other hand, it could also be possible that the N multiple

ifferent e xperiments, hav e been performed separately and we do
ot have access to the individual priors but only the local posteriors.
ne approach to data fusion in this scenario is the PoE, where these

ocal posteriors are multiplied together to generate a global posterior
iven by 

˜  ( θ | x 1 , x 2 , . . . x N ) = c 

N ∏ 

i= 1 

p( θ i | x i ) , (6) 

here c is some normalization constant and ˜ p ( θ | x 1 , x 2 , . . . x N ) is
ccurate compared to the true posterior, p( θ | x 1 , x 2 , . . . x N ) only
hen the assumption holds, that is, the case where the priors
lay an important role generating the global posterior. This data
usion technique is often referred to as the conditionally independent
osterior (CIP) data fusion (Wu et al. 2024 ). Interestingly, in
omplex data analysis problems which involve expensive and non-
inear models, it is highly unlikely that we can find the local, joint
osterior of the cosmological parameters only (marginalized o v er
he nuisance parameters), that is, p( θ i | x i ). Ho we ver, one can try to
pproximate this local joint posterior of the cosmological parameters
ia generative modelling frameworks. In this work, given that we
ave samples of θ , the density p( θ i | x i ) is approximated using a
ormalizing flow model. Hence, the approximate joint posterior is: 

ˆ  ( θ | x 1 , x 2 , . . . x N ) = k 

N ∏ 

i= 1 

p nf ( θ i | x i ) , (7) 

here p nf ( θ i | x i ) is the learned normalizing flow model for each
xperiment and k is just a normalization constant. Also note that
ˆ  is different from ˜ p . The assumption that we can combine each
ndividual posterior via the PoE rule, together with approximating
he individual posterior with a normalizing flow model, can lead to
 less accurate joint posterior compared to the true joint posterior,
( θ | x 1 , x 2 , . . . x N ). The approximate joint log-posterior is: 

og ˆ p ( θ | x 1 , x 2 , . . . x N ) = 

N ∑ 

i= 1 

log p nf ( θ i | x i ) + log k. (8) 

If we have access to log p nf ( θ i | x i ), we can draw samples from this
pproximate distribution and we can also compute the log-density.
his is crucial because we can then (1) use the log-density for joint
nalysis and (2) use the learned density as a prior in a completely
ew cosmological data analysis problem. 
Moreo v er, if we hav e a pre-trained normalizing flow model, it

s also possible to combine it in the analysis of a new data set. If
x new denotes the new data set and given a pre-trained flow model,
 nf ( θ | x old ) of an old data set, x old , the new posterior due to the joint
nalysis is: 

( θ, β| x new , x old ) ∝ p( x new | θ , β) p nf ( θ | x old ) p( β) , (9) 

here β are the nuisance parameters of the new experiment.
( x new | θ , β) and p( β) are likelihood and priors of the nuisance
arameters in the new e xperiment, respectiv ely. This is interesting
or various reasons. p nf ( θ | x old ) captures all the information about

x old in the cosmological parameters. In this regard, we are enforcing
 more informative prior on the cosmological parameters. Moreo v er,
e no longer have to explicitly e v aluate the likelihood due to the old
ata, which can be computationally e xpensiv e. 
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.3 Normalizing flow theory 

iven n samples of θ ∈ R 

d , a normalizing flow provides a simple way
o construct a flexible distribution o v er the cosmological parameters. 
he idea is to express θ as a transformation, 

= f ( z ) z ∼ p( z ) , (10) 

here z ∈ R 

d is sampled from a distribution, p ( z ). p ( z) is also known
s the base distribution. These base distributions are usually simple 
istributions such as normal distribution or multi v ariate normal 
istribution. 
The function f , also known as a bijector, has its own set

f unknown parameters which we denote as φ. These unknown 
arameters are learnt via optimization (see Section 2.3.2 below). 
n important characteristic of f is that it should be invertible and
oth f and f −1 should be differentiable. This also implies that the
unction is bijective, that is, there is a one-to-one correspondence 
etween elements in the domain of θ and elements in the codomain 
f z . An important property of these types of transformation is that
hey are also composable. For example if we have two functions, f 1 
nd f 2 , the composition f 1 ◦ f 2 is also invertible and differentiable.
he inverse is given by 

 f 1 ◦ f 2 ) 
−1 = f −1 

2 ◦ f −1 
1 . (11) 

In general, it is a common practice to combine multiple transfor-
ations (bijectors), that is, f = f M 

◦ . . . ◦ f 2 ◦ f 1 and each bijector
ransforms z m −1 into z m 

and z M 

= θ . 

.3.1 Change of variables 

et us consider a 1D example. Suppose we have the continuous 
andom variable, x and its probability density function is p( θ ). In
rder to change variables, we can write the following: ∫ 

� 

p ( θ ) d θ = 

∫ 

Z 

p ( z) 

∣∣∣∣ d z 

d θ

∣∣∣∣ d θ, (12) 

here � and Z are the support of θ and z, respectively. Therefore,
he probability density function of θ can be written as: 

og p( θ ) = log p( z) + log 

∣∣∣∣ d z 

dθ

∣∣∣∣ . (13) 

In the high dimensional case ( d > 1), we can write the probability
ensity function as: 

og p( θ) = log p( z ) + log 

∣∣∣∣det 

(
∂ z 
∂ θ

)∣∣∣∣ , (14) 

here J ≡ ∂ z 
∂ θ

∈ R 

d×d is the Jacobian. Intuitively, we can think of 
he function, f as warping the space R 

d by moulding the density 
 ( z ) into p ( θ ). The absolute Jacobian determinant term accounts

or the volume correction factor. If instead we have a series of
ransformation, that is, f = f M 

◦ . . . ◦ f 2 ◦ f 1 , then 

og p( θ) = log p( z ) + 

M ∑ 

m = 1 

log 

∣∣∣∣det 

(
∂ z m −1 

∂ z m 

)∣∣∣∣ , (15) 

here z M 

= θ , z 0 = z and z = f −1 
1 ◦ . . . ◦ f −1 

M 

( θ). Ideal normal-
zing flows should be e xpressiv e, inv ertible to ensure precise re-
onstruction of inputs, and have computationally efficient Jacobian 
eterminants to enable quick e v aluation and optimization of prob-
bility densities, making them amenable to model complex data 
istributions. 
.3.2 Optimization 

uppose p ∗( θ ) is the unknown target distribution and we have
amples { θ} n j= 1 . The Kullback–Leibler (KL) divergence between the 
arget distribution, p ∗( θ ) and the flow-based model, p( θ | φ) is 

 ( φ) ≡ D KL [ p ∗( θ ) || p( θ | φ)] . (16) 

implifying the abo v e, we can write the KL-divergence as: 

L ( φ) = −
∫ 

p ∗( θ ) log p( θ | φ) d θ + constant 

= − E 

p ∗( θ) 

[
log p( z) + log 

∣∣∣∣det 
∂ z 

∂ θ

∣∣∣∣
]

+ constant 

≈ − 1 

n 

n ∑ 

j= 1 

[
log p( z j ) + log 

∣∣∣∣det 
∂ z j 

∂ θ j 

∣∣∣∣
]

. 

(17) 

Recall that z = f −1 ( θ ; φ), that is, the bijector f , modelled using
sing neural networks, has unknown parameters φ. Interestingly, 
inimizing the KL-divergence (equation 17 ) via the Monte Carlo 
ethod is equi v alent to fitting the flo w model via maximum likeli-

ood estimation. 
In short, once the normalizing flow model is trained, this means

hat we can do two important tasks. First, we can draw samples of z
rom the base distribution and transform them into θ via θ = f ( z ).
econd, we can calculate the probability density at any point in the
 domain via equation ( 14 ). The latter is the most crucial aspect for

onducting the joint analysis in this work. 

.4 Flow models 

hroughout this work, we will make use of Affine autore gressiv e flow
odel to learn the complex distribution, p( θ). Typically, the base

istribution, p( z ) is mapped to the p( θ) distribution in the forward
ransformation and is reversed in the backward transformation. In 
hort, in the forward transformation, z → θ and in the reverse 
ransformation, θ → z . A straightforward example is a scale-location 
ransformation that meets the monotonicity criterion, that is, 

 

′ = sz + t, (18) 

here s and t are the scale and location parameters, respectively.
s described in Section 2.3.1 , it is possible to apply a series of M 

ijective transformations. For a single training point θ j , 

z ( k) 
m 

= s ( k) 
m 

(
z 

( <k) 
m −1 

)
· z ( k) 

m −1 + t ( k) 
m 

(
z 

( <k) 
m −1 

)
, (19) 

here k is the index denoting the k th dimension of the vector θ and
 is the m th transformation. Moreo v er, z 0 = z and z M 

= θ . Both
 and t are parametrized by neural networks. Moreo v er, for each
ransformation m and each training point, j , the absolute Jacobian 
eterminant is 

og | det ( J m 

) | = 

d ∑ 

k= 1 

log 
∣∣∣s ( k) 

m 

(
z 

( <k) 
m −1 

)∣∣∣ , (20) 

nd the total absolute determinant due to M transformations is simply
he sum of the abo v e, that is, 

og | det ( J tot ) | = 

M ∑ 

m = 1 

log | det ( J m 

) | . (21) 

This type of affine transformation yields a lower triangular 
acobian matrix, allowing the determinant to be computed as the 
roduct of its diagonal elements. This process is repeated for all
raining points, and the loss is calculated using equation ( 17 ). By
MNRAS 536, 190–202 (2025) 
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M

Table 1. The different metrics (as discussed in Section 2.5 ) for the different analyses performed. The columns correspond to δμ, δσ , and δq for the 
joint analysis involving the CGG21 and P18 data sets. Columns 2 to 4 present the metrics when the P18 flow is used as a prior in the analysis, while 
the final three columns show the metrics when two normalizing flows are used. The last row gives the energy metric, which measures the degree of 
similarity of two distributions from their respective samples. 

P18 flow as a prior CGG21 flow and P18 flow 

δμ δσ δq δμ δσ δq 

Amplitude of density fluctuations, σ8 0.000 0.006 0.002 0.002 0.021 0.273 
CDM density, 	cdm 

0.000 0.015 0.017 0.006 0.107 0.254 
Baryon density, 	b 0.000 0.007 0.021 0.002 0.107 0.187 
Hubble parameter, h 0.000 0.027 0.011 0.002 0.096 0.252 
Scalar spectral index, n s 0.000 0.031 0.041 0.000 0.036 0.012 
Optical depth to reionization, τ 0.005 0.025 0.023 0.067 0.052 0.318 
Energy distance, ˜ D ( p, ˆ p ) ∼ 0 . 001 ∼ 0 . 01 
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inimizing the KL-divergence, the neural network parameters, φ
an be optimized. In this w ork, we emplo y three transformations,
ach with a dense architecture consisting of three layers, each having
2 hidden units and using the tanh acti v ation function. 
If we are given a test point, θ test and we want to compute the

og-density, it is mapped to z via the reverse transformations, f −1 
m 

nd the log-density of the base distribution is calculated. Moreo v er,
sing equation ( 21 ), the log-determinant of the Jacobian is computed,
ollowed by the computation of log p( θ test ). On the other hand, if we
ant to draw N samples from the normalizing flow model, N samples

rom the base distributions are drawn and the forward transformations
re applied to map them to the θ space. 

.5 Metrics 

n order to quantify the difference between the approximate posterior
built upon the normalizing flow models) and the known joint poste-
ior, we can compute metrics related to the statistics of marginalized
osterior distribution of each parameter in 1D. For example we can
ompare the mean, μnf , obtained using the normalizing flow models
ith the expected mean, μ, that is, 

μ = 

∣∣∣∣μ − μnf 

μ

∣∣∣∣ . (22) 

This essentially gives a measure of how accurate the samples
rom the normalizing flow model is compared to known samples
rom the joint posterior. Moreo v er, we also compare the width of the
istribution, that is, the standard deviation using 

σ = 

| σ − σnf | 
σ

. (23) 

This ef fecti vely quantifies whether the precisions of the two set of
amples are comparable. We can also take the difference of the means
ivided by the quadrature sum of the errors in both experiments, that
s, 

q = 

| μ − μnf | √ 

σ 2 + σ 2 
nf 

. (24) 

Note that these metrics apply only in the 1D case. As discussed by
emos et al. ( 2021 ), there is no universal method for quantifying

he differences in multidimensional parameter spaces. However,
he lower the values of these metrics, the better the reconstructed
osteriors with the normalizing flow models. The question is whether
e can have a metric to assess the similarity of the two distributions

known joint posterior and the joint posterior due to the normalizing
ow models). One could use the analytic expression for the KL
ivergence or the Bhattacharyya distance or other variant such as
NRAS 536, 190–202 (2025) 
he Jensen–Shannon (JS) divergence to quantify the similarity of
he two distributions. Ho we v er, these e xpressions apply only in the

ulti v ariate normal case and in our case, we can have non-Gaussian-
ike posteriors – see Fig. A1 . 

In our case, we have samples from the posteriors and one option is
o use the maximum mean discrepancy (MMD) which is commonly
sed in GANs (Bi ́nkowski et al. 2018 ). The idea is to embed the
istributions into the reproducing kernel Hilbert space (RKHS) and
easure the distance between the means in the embedded space, that

s, 

MD ( p, ˆ p ) = 

∥∥μp − μ ˆ p 

∥∥
H 

. (25) 

F or e xample we can use the Gaussian kernel to embed the samples
nd compute the distance using equation ( 25 ). Ho we ver, the resulting
istance can be inconsistent due to its dependence on the bandwidth
f the Gaussian kernel. Instead, one can use the energy distance
hich does not depend on any hyperparameter at all. It is given by 

 

2 ( p, ˆ p ) = 2 E 

∥∥∥θ − ˆ θ
∥∥∥ − E 

∥∥θ − θ ′ ∥∥ − E 

∥∥∥ ˆ θ − ˆ θ
′ ∥∥∥ , (26) 

here ‖ ·‖ is the Euclidean norm. θ and ˆ θ are samples from p and ˆ p ,
espectively. The energy metric is inspired by Newton’s concept of
ravitational potential energy, where the potential energy becomes
ero when the gravitational centres of two particles coincide. If
he two distributions ( p and ˆ p ) are exactly the same, then D = 0.
o we ver, as argued by Rizzo & Sz ́ekely ( 2016 ), the abo v e distance

tatistics is not standardized and in order to interpret the value, one
an use 

˜ 
 ( p, ˆ p ) = 

2 E 

∥∥∥θ − ˆ θ
∥∥∥ − E 

∥∥θ − θ ′ ∥∥ − E 

∥∥∥ ˆ θ − ˆ θ
′ ∥∥∥

2 E 

∥∥∥θ − ˆ θ
∥∥∥ , (27) 

here 0 ≤ ˜ D ( p, ˆ p ) ≤ 1. A lo w v alue of ˜ D ( p, ˆ p ) indicates a higher
egree of similarity between the distributions. There is no clear
onsensus on what constitutes a good energy metric; relative compar-
sons are generally more meaningful. We take a random set of 3000
amples from each distribution and compute ˜ D ( p, ˆ p ) in the two
xperiments we have performed. The results are quoted in Table 1 . 

 TOY  EXAMPLES  

n this section, we will look at two examples (1D and 2D) to
emonstrate (1) how the normalizing flow model works and (2) how
t can be used to sample the joint posterior of parameters of interest
ithout requiring the original data sets and likelihoods. 



Normalizing flows in cosmology 195 

Figure 2. The plot shows the training samples in blue. They are 
generated using a mixture of three normal distributions, with means, 
[ −1 . 0 , 0 . 5 , 0 . 0] and standard deviations [0 . 25 , 0 . 50 , 0 . 10]. Therefore, p( θ ) = 

∑ 3 
i= 1 w i N ( μi , σi ), where w i = 

1 
3 is fixed. The probability distribution 

learned by the normalizing flow model is shown in violet, while the dashed 
black curve shows the known distribution. The flow model accurately captures 
the distribution of the generated samples. See explanation in Section 2.3.1 
for further details on the implementation. 
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Figure 3. The figure shows the joint posterior distribution of a Gaussian 
posterior, obtained from a Gaussian Linear Model and a banana posterior. See 
Section 3.2 for implementation details. The blue and orange colours show the 
posteriors of the two parameters θ0 and θ1 , sampled using MCMC, for the 
Gaussian Linear Model and the banana, respectively. The normalizing flows 
are built using these samples and are shown in green and red, respectively. 
The purple shaded region shows the joint distribution using the individual 
likelihoods, while the brown contour shows the joint distribution using only 
the normalizing flow models. 
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.1 1D distribution 

et us consider a mixture of three Gaussian distributions, 

( θ ) = 

3 ∑ 

i= 1 

w i N 

(
μi , σ

2 
i 

)
, (28) 

here 
∑ 3 

i= 1 w i = 1. The means and the standard deviations as-
umed are μ = ( −1 . 0 , 0 . 5 , 0 . 0) and σ = (0 . 25 , 0 . 50 , 0 . 10). We
ill assume a uniform distribution as the base distribution, that is,
( z) = U[0 , 1]. We will define the bijector, z = f −1 ( θ ) as a linear
ombination of cumulative density function, � ( μ, σ 2 ), of the normal
istributions, that is, 

 = 

C ∑ 

c= 1 

w c � 

(
θ ; μc , σ

2 
c 

)
, (29) 

here C is the number of components which we are free to choose.
n this case, we fix C = 3. In total, there are nine parameters in this
odel: { μc , σc , w c } 3 c= 1 . The deri v ati v e of the abo v e function with

espect to θ is analytical and can be written as 

d z 

d θ
= 

C ∑ 

c= 1 

w c N 

(
θ ; μc , σ

2 
c 

)
. (30) 

We draw 10 000 samples from the true underlying distribution 
equation 28 ) and fit for the nine parameters { μc , σc , w c } 3 c= 1 by
aximizing equation ( 13 ) (equi v alent to minimizing the ne gativ e of

he log density) using all the samples. The final probability density 
earnt is shown in violet in Fig. 2 . The same technique explained for
his toy 1D example can be extended to higher dimensional scenarios, 
ith the exception, that the bijector is now composed of neural 
etwork blocks to accommodate for more e xpressiv e functions. 

.2 Gaussian linear model and banana posterior 

efore building the normalizing flow models for complex posteriors 
n Cosmology, in this example, we show that we can reco v er the
oint posterior distribution, solely using the normalizing flow models, 
ithout needing the original data sets and likelihood functions. 
Let us consider a Gaussian Linear Model (GLM) of the form
 ( x; θ) = θ0 + θ1 x. The fiducial point is θ = [0 . 25 , 0 . 25] and we
enerate data points, y = f ( x; θ ) + ε, where ε ∼ N (0 , 1). The next
unction we consider is a banana-shape posterior, whose functional 
orm is g( θ ) = θ0 + 0 . 1 θ2 

1 . As in the GLM, we generate 100 data
oints, that is, w = g( θ ) + ε. We assume independent normal priors
with mean centred on zero and standard deviation equal to one – on

he parameters, θ . p( y | θ ) and p( w | θ ) are the Gaussian likelihoods
or the two data sets, y and w , respectively. 

We sample the posterior of the individual data using EMCEE 

F oreman-Macke y et al. 2013 ) and the joint posterior between θ0 and
1 is shown in Fig. 3 . The blue one corresponds to the GLM while
he orange one corresponds to the banana function. As explained 
n Section 2.1 , we can also do a joint analysis by combining the
ikelihoods, that is, 

( θ | y , w ) ∝ p( y | θ ) p( w | θ ) p( θ) . (31) 

This joint posterior is shown in Fig. 3 in purple. Given that we have
CMC samples, that is, θy ← p( θ | y ) and θw ← p( θ | w ), we can use

 subset of these samples to fit a normalizing flow model to learn
he posterior probability distribution independently. We first apply 
n affine transformation (rotation and translation) to the original 
amples, that is, 

′ = L −1 ( θ − μ) , (32) 

here L is the Cholesky factor of the covariance of the samples, θ and
is the mean of the samples. We then choose independent normal

istributions, p( z ; z med , σ
′ ), where z med and σ ′ are the median and

tandard deviation of the θ ′ samples, respectively. We choose the 
edian because posteriors may have complex shapes, for example 

he banana posterior, and hence the median is a more representative
easure of central tendency. Note that the normalizing flow will 

utput the density of p( θ ′ ). We can draw samples from the original
istribution by first sampling, θ ′ , followed by applying the inverse 
ransformation, that is, θ = L θ ′ + μ. We can calculate the density
MNRAS 536, 190–202 (2025) 
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sing 

 ( θ) = 

p ( θ ′ ) 
| det ( L ) | , (33) 

here | det ( L ) | is the absolute determinant of the Cholesky factor and
ccounts for the volume correction factor. 

Once the normalizing flow models are trained, we can draw
amples in green and red for the GLM and banana functions,
espectively, in Fig. 3 . By inspecting the blue and green posteriors for
he GLM, and the orange and red posteriors for the banana function,
t is evident that the flow models excel at learning the distribution.
ur next task is to learn the joint distribution using the normalizing
ow models only, that is, p( θ | y , w ) ∝ p nf ( θ | y ) p nf ( θ | w ). We sample

his joint distribution using EMCEE and the joint posterior is shown
n brown in Fig. 3 . This is an important result as it demonstrates
he ability to reco v er the joint distribution using the flow models
lone, with MCMC samples from individual experiments serving as
raining points. 

 VA LIDATION  

n obvious application of emulated marginalized posterior distri-
utions using normalizing flows is the possibility of using them as
f fecti ve priors in the joint analysis of past experiments with new
ata sets without having to sample the full parameter space of the
ast data sets (including their nuisance parameters). The aim of this
ection is validating this approach, applying it to two real data sets
hat are in mild tension with one another (and for which, therefore,
he normalizing flow emulator must be able to capture the outskirts of
he distributions). We present the two data sets used [a large suite of
arge-scale structure data from Garc ́ıa-Garc ́ıa et al. ( 2021 ), and CMB
ata from Planck ], the methodology used for parameter inference,
nd the results of this validation e x ercise. 

.1 Data 

e make use of two cosmological data sets. The first one is the
018 Planck data set (P18 hereafter), combining auto and cross-
orrelations between temperature and E-mode polarization. We use
ata from the COMMANDER component separation algorithm for the
ow- 
 data (2 ≤ 
 ≤ 29) and the PLIK likelihood for the high- 
 data
n the range 30 ≤ 
 ≤ 2508 for T T and 30 ≤ 
 ≤ 1996 for T E 

nd EE (Planck Collaboration V 2020a ). We also include the CMB
ensing autocorrelation, considering the range of scales 8 ≤ L ≤ 400
Planck Collaboration VI). We generate MCMC chains using the
ublic likelihoods implemented in COBAYA (Torrado & Lewis 2021 ),
arginalizing o v er nuisance parameters with priors as recommended

n Planck Collaboration V ( 2020a ). 
The second data set consists of a large combination of projected

arge-scale structure data, analysed in Garc ́ıa-Garc ́ıa et al. ( 2021 )
CGG21 from now on). Details about the data set itself and the
odel used to analyse it are described in detail in CGG21, and
e provide only a short summary here. The data set is composed
f the angular power spectrum of the auto and cross-correlation
f galaxy clustering from DES-Y1 RedMaGiC (Rozo et al. 2016 ),
ESI Le gac y Surv e y (DELS) (specifically, the sample defined in
ang et al. 2021 ), and extended Baryon Oscillation Spectroscopic
urv e y (eBOSS) quasars (QSO) targets (Hou et al. 2021 ); weak

ensing from the DES-Y1 METACALIBRATION sample (Zuntz
t al. 2018 ) and KiDS-1000 (Asgari et al. 2021 ); and Cosmic
icrowave Background (CMB) lensing from Planck 2018 (Planck
ollaboration VIII 2020c ).We only consider correlations between
NRAS 536, 190–202 (2025) 
airs of data sets that have non-zero sky overlap, we discard cross-
orrelations between different galaxy clustering samples, as well as
he CMB lensing autocorrelation. To a v oid modelling the covariance
etween DELS and DES RedMaGiC, all the region declination
< −36 deg in DELS was remo v ed. 
The CGG21 data set was analysed starting at the catalogue level

n order to ensure a consistent measurement and analysis pipeline
or the different data sets, and to properly account for the correla-
ions between them. Maps of all large-scale structure tracers were
enerated using with a HEALPIX resolution parameter N side = 4096,
nd power spectra and their covariance were estimated using the
seudo- C 
 approach with NAMASTER (Alonso et al. 2019 ) method
nd the Gaussian part of the covariance with the impro v ed Narrow
 ernel Approximation. Po wer spectra involving galaxy clustering
ere analysed on scales k < 0 . 15 Mpc −1 , and weak-lensing data
as analysed with a small-scale cut 
 < 2048. Different large-scale

uts were used for different tracers depending on the evidence of
arge-scale systematics in them. 

The model used to analyse these data in CGG21 includes 40
ifferent nuisance parameters: linear biases for all clustering samples
11 parameters), multiplicative biases for all comic shear samples (9
arameters), redshift distribution shifts for all photometric samples
18 parameters), and intrinsic alignment amplitude and evolution pa-
ameters (2 parameters). Of these, the multiplicative bias parameters
nd the redshift distribution shifts are marginalized o v er analytically
sing the methods described in Hadzhiyska et al. ( 2020 ) and Ruiz-
apatero et al. ( 2023 ), leaving 13 nuisance parameters to marginalize
 v er at the level of the likelihood. 
As in CGG21, we compute the linear matter power spectrum P mm 

ith the Boltzmann code CLASS (Blas, Lesgourgues & Tram 2011 )
nd the non-linear correction with HALOFIT (Takahashi et al. 2012 ).
he kernels and angular power spectra are computed with the Core
osmology Library ( CCL ) (Chisari et al. 2019 ). 
Finally, we use CMB data from Planck 2018. We use the public

ikelihoods, as implemented in COBAYA . In particular, we use the
uto and cross-correlations of the temperature ( T ) and polarization
 E) fields. We use the data from the COMMANDER component
eparation algorithm for the low- 
 data (2 ≤ 
 ≤ 29) and the PLIK

ikelihood for the high- 
 data in the range 30 ≤ 
 ≤ 2508 for
 T and 30 ≤ 
 ≤ 1996 for T E and EE Planck Collaboration V
 2020a ). We marginalize o v er the nuisance parameters with priors as
ecommended in (Planck Collaboration V 2020a ). Finally, we include
he CMB lensing autocorrelation power spectrum, considering the
ange of scales 8 ≤ L ≤ 400 (Planck Collaboration VI 2020b ). We
ill denote the CGG21 data set as x cgg21 and the Planck data as x p18 .

.2 Parameter inference 

e run MCMC chains to sample the individual likelihoods of the
GG21 and P18 data sets. For the CGG21 analysis, we have a set of
3 nuisance parameters, which we denote as β. In addition to these,
e consider five � CDM cosmological parameters, which we denote
: 

= { σ8 , 	c , 	b , h, n s } . 
or the P18 analysis, there are ∼20 nuisance parameters, and the
osmological parameters also include the optical depth to reionisa-
ion τ . We use top-hat, uninformative flat priors on all cosmological
arameters. 
Having generated chains for each individual experiment, we

rain two normalizing flows to reco v er the marginalized posterior
istribution of cosmological parameters in each data set. With both
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Figure 4. Figure showing the joint posterior of the cosmological parameters 
only (marginalized o v er the nuisance parameters) from the P18 data set. The 
green contours correspond to the samples obtained using the normalizing 
flow model and the black contours are the original samples. 
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ows at hand, we can now consider three different set-ups to sample
he joint likelihood of both experiments: 

(i) The exact joint cosmological constraints, obtained from the 
roduct of the P18 and CGG21 likelihoods marginalized o v er 
uisance parameters: 

( θ, τ | x p18 , x cgg21 ) ∝ 

∫ 

d βp18 d βcgg21 

p( x p18 | θ , τ, βp18 ) p( x cgg21 | θ , βcgg21 ) 

p ( βp18 ) p ( βcgg21 ) p ( θ, τ ) . (34) 

(ii) The product of the true CGG21 likelihood with the normaliz- 
ng flow for the marginalized P18 distribution, using it as an ef fecti ve
rior: 

( θ, τ | x p18 , x cgg21 ) ∝ p nf ( θ , τ | x p18 ) ∫ 

d βcgg21 p ( x cgg21 | θ , βcgg21 ) p ( βcgg21 ) . (35) 

his set-up has the advantage that we do not need to e v aluate the
elativ ely e xpensiv e theoretical model and likelihood of the P18 data,
nd that we do not increase the dimensionality of the parameter space
y combining it with CGG21. 
(iii) The product of normalizing flows for both CGG21 and P18: 

( θ, τ | x cgg21 , x p18 ) ∝ 

p nf ( θ | x cgg21 ) p nf ( θ, τ | x p18 ) 

p( θ, τ ) 
. (36) 

As described in CGG21, analysed within the model described 
bo v e, the CGG21 data set exhibits tension with P18 in the value of
 8 ≡ σ8 

√ 

	m 

/ 0 . 5 at the level of 3.5 σ . The normalizing flow models 
ust therefore capture the tails of both distributions with sufficient 

ccuracy for them to reco v er the correct joint posterior distribution.
uantifying this is the goal of the next section. 

.3 Validation results 

et us start by studying the performance of the normalizing flows 
enerated for each experiment individually. The 1D and 2D marginal- 
zed constraints obtained from the P18 chain (black contours) and 
rom its normalizing flow (green contours) are shown in Fig. 4 . The
ow is able to reco v er the marginalized posterior with excellent
ccuracy. A similarly accurate flow density is reco v ered for the
GG21 data. We used 2 × 10 4 training points, randomly selected 

rom the MCMC chain, to train the normalizing flow model. Since 
he models depend only on five or six parameters training them is
ery quick, taking ∼2 min on a desktop computer. After training, 
enerating samples from the trained flow is nearly instantaneous. 
Having access to the flow-based emulators for the individual 
arginalized posterior distributions, we can now ask ourselves 
hether these are accurate enough to be used in the joint analysis of
ifferent experiments. In a typical scenario, we want to combine the 
osmological constraints obtained from a previous le gac y e xperiment 
ith data from a new experiment, for which the model depends 
n a given set of nuisance parameters, in addition to the common
osmological parameters. In this case, the emulated marginalized 
osterior for the le gac y e xperiment may be used as an ef fecti ve
rior in the posterior distribution of the new data, a v oiding the need
o extend the full model parameter space to include the nuisance 
arameters of the le gac y e xperiment. The combination of CGG21
nd P18 allows us test this approach in a particularly challenging 
cenario. As discussed in CGG21, the CGG21 data display a ∼ 3 . 5 σ
ension in the value of S 8 with respect to P18. Thus, a combination
f both data sets making use of the P18 emulated posterior is only
ossible if the flow is able to describe the tails of the distribution
ccurately. If the method is able to succeed in this case, its application
o joint analyses of experiments that are in better agreement with one
nother would only be more reliable. The result is summarized in the
eft panel of Fig. 5 . The figure shows, in black, the exact marginal
osterior distribution on the � CDM cosmological parameters, found 
y sampling the product of the CGG21 and P18 likelihoods, including 
ll their nuisance parameters. In turn, the constraints obtained by 
ampling the CGG21 likelihood using the P18 trained flow as an
f fecti ve prior are shown in green. The latter approach is able to
eco v er the e xact posterior at v ery high accurac y. This is further
uantified in Table 1 , which lists the distance metrics ( δμ, δσ , δq ).
osterior means are reco v ered with sub-per cent accuracy, while
osterior widths are determined with a precision of 2–3 per cent.
he energy distance metric ˜ D is very close to zero, signifying an
xcellent agreement between both distributions. 

The right panel of Fig. 5 shows the result of using the product
f both trained flow models in order to obtain joint cosmological
onstraints. In this case we see that, although the product of emulated
osteriors yields contours that are very similar to the true posterior
shown again in black), the differences between them are clearly 
isible. As quantified in Table 1 , these correspond to shifts in the
osterior means of up to ∼0.3 σ , and the energy distance metric
˜ 
 grows by a factor ∼10 with respect with the previous case

while still staying relatively low). As discussed abo v e, this is not
ntirely surprising, since the level of tension between these data sets
equires both normalizing flow models to describe the distribution 
utskirts accurately. Given the two results presented in this work, we
ecommend using the emulated posterior as a prior in a likelihood
nalysis to achieve improved precision. 

The ability to use trained flow models to describe the marginal
osterior of le gac y data sets leads to significant gains in computa-
ional speed for joint analyses. The exact joint posterior found by
ampling the product of the P18 and CGG21 likelihoods – which 
MNRAS 536, 190–202 (2025) 
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M

Figure 5. Panel (a) shows the joint posterior of the cosmological parameters where the P18 normalizing flow is used as a prior in the analysis. Panel (b) shows 
the posterior in the case where the posterior is sampled using the local posterior due to the CGG21 and P18 data sets, where each density is learnt by the 
normalizing flow model. In both plots, the green contours correspond to the posterior due to the normalizing flow models, whereas the black contours are the 
known posterior as obtained by Garc ́ıa-Garc ́ıa et al. ( 2021 ). 
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ncludes the union of their full parameter spaces – using COBAYA

akes ∼24 days using two HPC nodes until convergence is reached
t the level of R − 1 ≤ 0 . 02. If instead we use the P18 flow model
s a prior to the CGG21 likelihood, the joint posterior is reco v ered
fter only ∼6 days, corresponding to a factor ∼4 speed-up. On the
ther hand, if we simply use the two flow models, joint constraints
an be obtained in under ∼15 min by generating 120 000 MCMC
amples using EMCEE on a desktop computer. 

In addition to this study, we also perform additional tests, exploring
ther experiment combinations. These are described in Appendix A .
n particular, we investigate the joint analysis of KiDS-1000 and
ES-Y3 (Section A1 ) and the combination of P18 and DES-Y1

Section A2 ). These cases correspond to posterior distributions
xhibiting lo wer le vels of tension than the CGG21 + P18 case
escribed here, but displaying markedly less ‘Gaussian’ marginalized
onstraints. The qualitative results obtained above are confirmed and
emain valid in these cases. 

Although we have only considered pairwise combinations of
xperiments, normalizing flow models may be used to facilitate
he combination of arbitrary numbers of independent data sets.
are should be taken, ho we ver, that no indi vidual-data set posterior

ncorporates informative priors on the cosmological parameters, and
hat an y non-informativ e but non-flat priors are corrected for. For
nstance, using Bayes’ theorem: 

( θ, β| x 1 , . . . , x N ) ∝ p( x 1 | θ , β) p( θ, β) 
N ∏ 

i= 2 

p nf ( θ | x i ) 
p( θ) 

, (37) 

here x 1 and β are the data and nuisance parameters of the main
 xperiment, respectiv ely, θ are the shared cosmological parameters,
nd p( θ ) is the uninformative prior on θ assumed in all cases. 
NRAS 536, 190–202 (2025) 
 PUBLIC  L I K E L I H O O D S  

n addition to the abo v e analyses, we have also created a ‘Cosmolog-
cal Zoo of Normalizing Flow Models’, where we have taken public

CMC samples, processed them in such a way that we retain only the
osmological parameters, ef fecti v ely marginalizing o v er the nuisance
arameters. We then train and store the respective normalizing flow,
hich can then be used for two purposes as investigated in Section 4 ,

1) to perform joint analysis using the flow models only and (2) to
se them as a prior in a cosmological analysis (see equation 2 ) using
ndependent data sets. We will briefly describe the emulated chains
elow. The software used to generate these emulated chains is made
ublicly available, and users can easily expand on this set of public
mulated likelihoods. 

.1 Planck 2018 

 variety of MCMC chains were made publicly available by
he Planck collaboration. For concreteness and simplicity, we use
he base plikHM TTTEEE lowl lowE MCMC samples (Planck
ollaboration VI 2020b ). 
As outlined in section 2 of Planck Collaboration VI ( 2020b ),

he samples were produced using a base � CDM cosmologi-
al model e v aluated with CAMB (Le wis, Challinor & Lasenby
000 ). This particular experiment focused on the TT, TE, and
E power spectra for 
 > 30, along with the low- 
 likelihoods.
o estimate the TT, TE, and EE power spectra, the PLIK high
ultipole lik elihood w as applied, emplo ying a Gaussian approx-

mation. For modelling the small-scale non-linear matter power
pectrum, HMCODE (Mead et al. 2015 , 2016 ) was used. Six cos-
ological parameters and numerous nuisance parameters were

ampled, with derived parameters such as σ8 and H 0 also being
ecorded. 
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.2 DES Y3 

e build a normalizing flow for the marginalized cosmological 
osterior of the DES Y3 ‘3 × 2-point analysis’ using the full 5000
eg 2 of imaging data (Abbott et al. 2022 ). The data vector includes
he two-point functions for galaxy clustering, galaxy–galaxy lensing 
nd cosmic shear: 

 ≡ { ̂  w 

i ( θ ) , ˆ γ
ij 
t ( θ ) , ˆ ζ ij 

± ( θ ) } 
here only autocorrelations are considered for galaxy clustering. 
fter applying the necessary scale cuts, we are left with 462 elements

n the data vector. Abbott et al. ( 2022 ) employed two cosmological
odels, namely, � CDM and wCDM, which have a total of 31 and

2 parameters, respectively, including 25 nuisance parameters. We 
mulate the MCMC chains with fixed neutrino mass. 

.3 KiDS-1000 

or KiDS-1000, we generate normalizing flow emulators for the 
 CDM chains obtained from different analysis choices. 
Asgari et al. ( 2021 ) made use of different two-point statistics for
odelling the cosmic shear data. In particular, correlation functions, 

and power spectra, and the Complete Orthogonal Sets of E-/B- 
ntegrals (COSEBIs) were used, marginalizing over seven nuisance 
nd astrophysical parameters. The posterior is sampled using nested 
ampling (Feroz et al. 2019 ). The forward cosmological model entails 
he calculation of the linear matter power spectrum with CAMB (Lewis 
t al. 2000 ) and the non-linear contribution using HMCODE (Mead 
t al. 2015 , 2016 ). The different statistics yield different constraints
n the cosmological parameters (see Fig. 6 from Asgari et al. 2021 ).
e provide normalizing flow models, for each of these three types 

f two-point statistics. 
On the other hand, Heymans et al. ( 2021 ) performed a joint

osmological analysis using KiDS-1000, BOSS (Alam et al. 2015 ), 
nd the 2-degree Field Lensing Survey (2dFLenS) (Blake et al. 2016 )
ata. The flat � CDM forward model has 20 parameters, 5 cosmo-
ogical parameters and 15 nuisance and astrophysical parameters, 
nd the posterior was sampled using nested sampling. The posterior 
istribution displays a ∼ 3 σ with Planck in the value of S 8 . The
re-trained normalizing flow based on the MCMC samples of this 
xperiment is also made available. 

Finally, Dark Energy Surv e y and Kilo-De gree Surv e y Collab-
ration ( 2023 ) performed a hybrid analysis using DES Y3 and
iDS-1000 cosmic shear data only. The goal was to investigate and 

ompare different modelling strategies employed by the DES and 
iDS teams separately. When the DES data only are used, the model
as 17 parameters (6 cosmological and 11 nuisance and astrophysical 
arameters). On the other hand, when modelling the KiDS-1000 
ata, there are 14 parameters (6 cosmological and 8 nuisance and 
strophysical parameters). We also train normalizing flow models 
or each individual experiment in this set-up. 

.4 ACT DR4 

e also used the public MCMC chains (DR4 TT + TE + EE) for
he Atacama Cosmology Telescope (ACT), to build a normalizing 
ow models for the joint cosmological parameters. Aiola et al. 
 2020 ) performed different analyses which include joint analyses 
ith Wilkinson Microwave Anisotropy Probe (WMAP) and Planck 

eparately. In this work, we use the MCMC samples generated 
sing ACT data alone including T T , T E , and E E binned CMB
andpowers. The � CDM model, with six cosmological parameters, 
s used in the parameter estimation task and two derived parameters
 H 0 and σ8 ) are also recorded. 

.5 SDSS 

ecently, Alam et al. ( 2021 ) conducted e xtensiv e cosmological
nalyses using data from the completed Sloan Digital Sky Survey 
SDSS), encompassing SDSS, SDSS II, the Baryon Oscillation 
pectroscopic Surv e y (BOSS), and the e xtended BOSS (eBOSS).
hese data sets allow for the extraction of various cosmological 
easurements, including baryon acoustic oscillations (BAO). Alam 

t al. ( 2021 ) explored several joint analyses involving cosmic shear,
MB temperature and polarization, supernovae, BAO, and other data 

ources to gain deeper insights of different cosmological models. 
e use the CMB + BAO and CMB + BAO + SN chains to train two

eparate normalizing flow models. Training each flow model with 
0 000 MCMC samples took only about 2 min. The original analyses
nvolved 6 cosmological parameters and 20 nuisance parameters, 
hich were marginalized o v er using COBAYA . 

 SOFTWARE  

he software used to generated normalizing flow emulators of 
arginalized cosmological posteriors is publicly available. We de- 

cribe this software briefly here. 
In the first step, the user processes the data in such a way that

nly the samples for a reduced set of cosmological parameters are
etained. Specifically, we use the five � CDM parameters 

= { σ8 , 	c , 	b , h, n s } . (38) 

 configuration file is then created for this specific experiment, 
ontaining the experiment name, the learning rate, the number of 
ptimization steps and the number of training points to be used
or training the normalizing flow model. If we do not specify the
umber of training points, all the samples will be used for training.
o we ver, we recommend using around 2 × 10 4 , if available. The
odel can be trained both for a single configuration or a combination

f configurations (different learning rates, number of optimization 
teps, number of training points). After the training procedure, the 
ode stores the trained model and plot the loss curve and the projected
D and 2D distributions of the original samples and the samples
enerated by the normalizing flow model. 
Once the models are trained, users may use them in joint

osmological analyses. We provide example code that describes 
ow to use the trained normalizing flows as part of an MCMC run
sing EMCEE (F oreman-Macke y et al. 2013 ) (although nothing in
he software limits its use to this particular sampler). 

While many MCMC chains are available from past experiments, 
e strongly encourage current and future collaborations to make 

heir MCMC chains publicly accessible. This would enable the rapid 
oint analysis of cosmological data sets using the method presented 
ere. Additionally, it is feasible to extend this approach to higher
imensional posteriors, beyond the 5D or 6D cases explored in 
his work, by employing the normalizing flow method presented 
n this work. Ho we ver, achie ving reliable posterior reconstruction
n higher dimensions may require a larger training set, potentially 
xceeding 2 × 10 4 samples. The optimal number of training points 
epends on both the dimensionality of the problem and the precision
onstraints on the parameters set by the data. The code outputs a
omparison plot of the 1D and 2D marginal posterior distributions 
MNRAS 536, 190–202 (2025) 
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rom samples generated by the pre-trained flow model and the
raining set, providing a useful tool for assessing the robustness of
he flow model. 

 C O N C L U S I O N  

n this work, we have explored how normalizing flow models can
e used to learn the cosmological posterior distribution marginalized
 v er nuisance parameters. Once trained and stored, these models can
e used for various purposes, such as generating large numbers of
amples of cosmological parameters, or calculating the log-density
t any point in parameter space, which can lead to a significant
implification in the way data from independent experiments are
ombined. 

We have performed and assessed different experiments of how the
re-trained models can be used. Using the PoE approach explained
n Section 2.2 , any N normalizing flow models can be combined by
ultiplying them together, ef fecti vely summing the log-posterior and

ence enabling fast sampling of the joint posterior of N experiments.
e hav e inv estigated this approach using two methods: (1) applying

he flow model as a prior in a likelihood analysis, and (2) using
wo or more normalizing flow models to sample the joint posterior.
hese techniques have been thoroughly tested with a combination
f large-scale structure data sets and Planck, as well as with other
xperiments like DES Y3 and KiDS-1000 in Appendix A . 

Even in the case where we have a significant degree of tension
etween two sets of parameters in the joint analysis of P18 and
GG21, we have shown that we can recover the marginalized
osterior distribution of the cosmological parameters, with good
recision ( δσ � 0 . 11) and accuracy ( δμ � 0 . 07). When the flow
odel is used as a prior, the joint posterior is closer (lower δμ,

σ , δq , and ˜ D ) to the posterior of the full analysis. This is expected
ince we are coupling only one approximate density (compared to
wo or more) with the likelihood. 

To test the method further, we have also used other data sets to
ample the joint posterior. For example a joint analysis using the
ES Y3 and KiDS-1000 data using their flow models results in a

omparable posterior with the known joint posterior distribution of
he cosmological parameters. If we extend this further and add the
ontribution due to the P18 normalizing flow model, the parameters
hift in the expected directions (see Appendix A ). 

In addition to using our own MCMC samples for the abo v e
 xperiments, we hav e also processed, trained, and stored normalizing
ow models for public MCMC chains. A few highlighted here are
lanck , DES Y3, KiDS-1000, ACT, and SDSS. The software used to

rain and exploit these normalizing flows is written in a simple way
nd it should be straightforward for users to implement and train
e w models. Importantly, training ne w models, or extending the
osmological model under study (e.g. to include neutrino masses or
ynamical dark energy), is both straightforward and computationally
ne xpensiv e, as long as sufficient training data exists in the form of

CMC samples. 
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NRAS 536, 190–202 (2025) 
C K N OW L E D G E M E N T S  

e thank Dr Zafiirah Hosenie for re vie wing this manuscript and
roviding useful feedback. AM was supported through the LSST
isco v ery Alliance (LSST-DA) Catalyst Fellowship project; this
ublication was thus made possible through the support of Grant
2192 from the John Templeton Foundation to LSST-DA. DA
nd CGG acknowledge support from the Beecroft Trust. JRZ was
upported by UK Space Agency grant ST/W001721/1. We made
 xtensiv e use of computational resources at the University of Oxford
epartment of Physics, funded by the John Fell Oxford University
ress Research Fund. 

ATA  AVAI LABI LI TY  

he code and part of the data products underlying this article can be
ound at: https:// github.com/Harry45/emuflow/ . The processed data
nd pre-trained normalizing flows are also made public in the folders
amples/ and flows/ , respectively. 

EFERENCES  

bbott T. M. C. et al., 2022, Phys. Rev. D , 105, 023520 
de P. et al., 2019, J. Cosmol. Astropart. Phys. , 2019, 056 
iola S. et al., 2020, J. Cosmol. Astropart. Phys. , 2020, 047 
lam S. et al., 2015, ApJS , 219, 12 
lam S. et al., 2021, Phys. Rev. D , 103, 083533 
lonso D. , Sanchez J., Slosar A., LSST Dark Energy Science Collaboration ,

2019, MNRAS , 484, 4127 
lsing J. , Handley W., 2021, MNRAS , 505, L95 
lsing J. , Wandelt B., Feeney S., 2018, MNRAS , 477, 2874 
mendola L. et al., 2018, Living Rev. Relativ. , 21, 2 
ric ̀o G. , Angulo R. E., Contreras S., Ondaro-Mallea L., Pellejero-Iba ̃ nez

M., Zennaro M., 2021, MNRAS , 506, 4070 
sgari M. et al., 2021, A&A , 645, A104 
artlett D. J. , Wandelt B. D., Zennaro M., Ferreira P. G., Desmond H., 2024a,

A&A , 686, A150 
artlett D. J. et al., 2024b, A&A , 686, A209 
evins H. , Handley W., Lemos P ., Sims P ., de Lera Acedo E., Fialkov A.,

2022, preprint ( arXiv:2207.11457 ) 
evins H. T. J. , Handley W. J., Lemos P., Sims P. H., de Lera Acedo E.,

Fialkov A., Alsing J., 2023, MNRAS , 526, 4613 
evins H. T. J. , Heimersheim S., Abril-Cabezas I., Fialkov A., de Lera Acedo

E., Handley W., Singh S., Barkana R., 2024, MNRAS , 527, 813 
i ́nkowski M. , Sutherland D. J., Arbel M., Gretton A., 2018, preprint

( arXiv:1801.01401 ) 
lake C. et al., 2016, MNRAS , 462, 4240 
las D. , Lesgourgues J., Tram T., 2011, J. Cosmol. Astropart. Phys. , 2011,

034 
ampagne J.-E. et al., 2023, The Open Journal of Astrophysics , 6, 15 
hisari N. E. et al., 2019, ApJS , 242, 2 
ark Energy Surv e y and Kilo-De gree Surv e y Collaboration , 2023, The Open

Journal of Astrophysics , 6, 36 
ESI Collaboration , 2024, preprint ( arXiv:2404.03002 ) 
eroz F. , Hobson M. P., Cameron E., Pettitt A. N., 2019, The Open Journal

of Astrophysics , 2, 10 
 oreman-Macke y D. , Hogg D. W., Lang D., Goodman J., 2013, PASP , 125,

306 
arc ́ıa-Garc ́ıa C. , Ruiz-Zapatero J., Alonso D., Bellini E., Ferreira P. G.,

Mueller E.-M., Nicola A., Ruiz-Lapuente P., 2021, J. Cosmol. Astropart.
Phys. , 2021, 030CGG21 

arc ́ıa-Garc ́ıa C. , Zennaro M., Aric ̀o G., Alonso D., Angulo R. E., 2024, J.
Cosmol. Astropart. Phys. , 2024, 024 

adzhiyska B. , Alonso D., Nicola A., Slosar A., 2020, J. Cosmol. Astropart.
Phys. , 2020, 056 

https://github.com/Harry45/emuflow/
http://dx.doi.org/10.1103/PhysRevD.105.023520
http://dx.doi.org/10.1088/1475-7516/2019/02/056
http://dx.doi.org/10.1088/1475-7516/2020/12/047
http://dx.doi.org/10.1088/0067-0049/219/1/12
http://dx.doi.org/10.1103/PhysRevD.103.083533
http://dx.doi.org/10.1093/mnras/stz093
http://dx.doi.org/10.1093/mnrasl/slab057
http://dx.doi.org/10.1093/mnras/sty819
http://dx.doi.org/10.1007/s41114-017-0010-3
http://dx.doi.org/10.1093/mnras/stab1911
http://dx.doi.org/10.1051/0004-6361/202039070
http://dx.doi.org/10.1051/0004-6361/202449854
http://dx.doi.org/10.1051/0004-6361/202348811
http://arxiv.org/abs/2207.11457
http://dx.doi.org/10.1093/mnras/stad2997
http://dx.doi.org/10.1093/mnras/stad3194
http://arxiv.org/abs/1801.01401
http://dx.doi.org/10.1093/mnras/stw1990
http://dx.doi.org/10.1088/1475-7516/2011/07/034
http://dx.doi.org/10.21105/astro.2302.05163
http://dx.doi.org/10.3847/1538-4365/ab1658
http://dx.doi.org/10.21105/astro.2305.17173
http://arxiv.org/abs/2404.03002
http://dx.doi.org/10.21105/astro.1306.2144
http://dx.doi.org/10.1086/670067
http://dx.doi.org/10.1088/1475-7516/2021/10/030
http://dx.doi.org/10.1088/1475-7516/2024/08/024
http://dx.doi.org/10.1088/1475-7516/2020/10/056


Normalizing flows in cosmology 201 

H
H
H  

H  

H
H
I
J  

K  

L
L
L
L
L  

M  

M  

M  

M  

M  

M  

P
P
P
P
P  

R

R  

R
R

S  

S  

T  

T  

T
T
T  

V
W  

W  

Y  

Z

Figur e A1. The mar ginalized posterior distribution of the cosmological 
parameters using KiDS-1000 and DES Y3 data. The contours in black shows 
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vezi ́c Ž. et al., 2019, ApJ , 873, 111 
amieson D. , Li Y., Villaescusa-Navarro F., Ho S., Spergel D. N., 2024,

preprint ( arXiv:2408.07699 ) 
odi Ramanah D. , Charnock T., Villaescusa-Navarro F ., W andelt B. D., 2020,

MNRAS , 495, 4227 
eclercq F. , 2018, Phys. Rev. D , 98, 063511 
emos P. et al., 2021, MNRAS , 505, 6179 
ewis A. , 2013, Phys. Rev. D , 87, 103529 
ewis A. , 2019, preprint ( arXiv:1910.13970 ) 
ewis A. , Challinor A., Lasenby A., 2000, ApJ , 538,

473 
cEwen J. D. , Wallis C. G. R., Price M. A., Spurio Mancini A., 2021, preprint

( arXiv:2111.12720 ) 
ead A. J. , Peacock J. A., Heymans C., Joudaki S., Heavens A. F., 2015,

MNRAS , 454, 1958 
ead A. J. , Heymans C., Lombriser L., Peacock J. A., Steele O. I., Winther

H. A., 2016, MNRAS , 459, 1468 
ootoo valoo A. , Heav ens A. F., Jaffe A. H., Leclercq F., 2020, MNRAS ,

497, 2213 
ootoov aloo A. , Jaf fe A. H., Heavens A. F ., Leclercq F ., 2022, Astron.

Comput. , 38, 100508 
ootoovaloo A. , Ruiz-Zapatero J., Garc ́ıa-Garc ́ıa C., Alonso D., 2024,

MNRAS , 534, 1668 
aszke A. et al., 2019, preprint ( arXiv:1912.01703 ) 
lanck Collaboration V , 2020a, A&A , 641, A5 
lanck Collaboration VI , 2020b, A&A , 641, A6 
lanck Collaboration VIII , 2020c, A&A , 641, A8 
olanska A. , Price M. A., Piras D., Spurio Mancini A., McEwen J. D., 2024,

preprint ( arXiv:2405.05969 ) 
eback J. et al., 2020, pandas-dev/pandas: Pandas 1.0.0 , Zenodo, 

doi:10.5281/zenodo.3630805 
izzo M. L. , Sz ́ekely G. J., 2016, Wiley Interdiscip. Rev. Comput. Stat. , 8,

27 
ozo E. et al., 2016, MNRAS , 461, 1431 
uiz-Zapatero J. , Hadzhiyska B., Alonso D., Ferreira P. G., 

Garc ́ıa-Garc ́ıa C., Mootoovaloo A., 2023, MNRAS , 522, 
5037 

purio Mancini A. , Piras D., Alsing J., Joachimi B., Hobson M. P., 2022,
MNRAS , 511, 1771 

rini v asan R. , Crisostomi M., Trotta R., Barausse E., Breschi M., 2024,
preprint ( arXiv:2404.12294 ) 

akahashi R. , Sato M., Nishimichi T., Taruya A., Oguri M., 2012, ApJ , 761,
152 

aylor P. L. , Cuceu A., To C.-H., Zaborowski E. A., 2024, The Open Journal
of Astrophysics , 7, 86 

orrado J. , Lewis A., 2021, J. Cosmol. Astropart. Phys. , 2021, 057 
resp V. , 2000, Neural Comput. , 12, 2719 
r ̈oster T. , Ferguson C., Harnois-D ́eraps J., McCarthy I. G., 2019, MNRAS ,

487, L24 
irtanen P. et al., 2020, Nat. Methods , 17, 261 
 ebb S. , 2022, FlowT orch, (Last accessed in July 2024), Github, https:

//github.com/f acebookincubator/f lowtorch 
u P. , Imbiriba T., Elvira V., Closas P., 2024, IEEE Trans. Signal Process. ,

72, 275 
adan O. , 2019, Hydra—A framework for ele gantly configuring comple x

applications, (Last accessed in July 2024), Github, https://github.com/f 
acebookr esearch/hydr a 

untz J. et al., 2018, MNRAS , 481, 1149 

fl

PPENDI X  A :  A D D I T I O NA L  TESTS  

o further test the method described in this work, we perform
dditional tests using other data sets. First, in Section A1 , we
onsider the KiDS-1000 and DES Y3 cosmic shear analysis, where 
he posteriors are broad, with strong constraints on only relatively 
ew cosmological parameters. In Section A2 , we use the normalizing
ow model for the Planck public MCMC samples as a prior in a

oint cosmological analysis and compare the results with the case 
here two normalizing flow models are used jointly. Using these 
ata sets, we reach conclusions consistent with those from the main
osmological examples (CGG21 and Planck 2018) discussed in this 
ork. This consistency highlights the robustness and reliability of 

he method presented in this paper. 

1 KiDS-1000 and DES Y3 

o test the performance of the pre-trained normalizing flows, we 
lso look into inferring cosmological parameters only from large- 
cale structure data sets, which currently yields broad posteriors 
nd a non-Gaussian joint posterior in the σ8 and 	m 

plane. Garc ́ıa-
arc ́ıa et al. ( 2024 ) carried out a joint analysis of the KiDS-1000,
ES Y3, and HSC-DR1 cosmic shear data sets. To model the non-

inear matter power spectrum, Garc ́ıa-Garc ́ıa et al. ( 2024 ) use the
ACCOEMU emulator whilst taking advantage of the baryonification 
rocedure implemented in the algorithm. The forward model for 
ither data set consists of different nuisance parameters (shifts in the
edshift distributions and multiplicative biases). 

We build two normalizing flows based on the cosmological 
amples, θ and we compute the joint posterior using EMCEE . This
osterior is compared to the MCMC samples obtained from the full
un, where the nuisance parameters in the forward modelling both 
ata sets are marginalized o v er. Results are shown in Fig. A1 . The two
ows when sampled together, are able to capture the non-Gaussian 
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igur e A2. The mar ginalized posterior distribution of the cosmological
arameters in the joint analysis of the DES Y1 and Planck 2018. For the
atter, we use the public MCMC chains for Planck 2018 to train a normalizing
ow model, which is then used as a prior in conjunction with the DES Y1

ikelihood. This result is shown in black. In a separate analysis, we also simply
se two normalizing flows (DES Y1 and Planck 2018) to sample the joint
osterior, which is shown in green. There are mild differences between the
wo distributions (black and green), thus demonstrating the robustness of the

ethod. 

anana-shape posterior in the σ8 and 	c plane and there are only
ery mild differences in the posterior distributions. This difference
ight also arise due to the o v erlapping area of the DES Y3 and
iDS-1000 surv e ys, which is not fully accounted for in the original

oint analysis. 
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imilar to the analysis done in Section 4 , in this section we would
ike to investigate if we can use a pre-trained model as part of a cos-

ological analysis, that is, we want to simulate a scenario in which
e aim to explore the constraints obtained with a new experiment

n combination with a previous independent data set (for which we
a ve b uilt a normalizing flow model). As an example, we will use
and-powers data for DES Y1 galaxy clustering and cosmic shear
ata set, as well as the Planck public constraints. The forward model
s described in Mootoovaloo et al. ( 2024 ). It has five cosmological
arameters, similar to the ones used for building the normalizing
ow model discussed in the main text. The forward model also has
0 nuisance parameters, which we would like to marginalize o v er.
e will also use the pre-trained normalizing flow for the Planck

018 ( base plikHM TTTEEE lowl lowE ). As discussed in Sec-
ion 2.1 , we only have to marginalize over the nuisance parameters,
, for DES Y1, where we have introduced the approximate posterior
uilt using the normalizing flow model for Planck 2018. Note that
he normalizing flow model should be weighted by the prior in the 
nalysis. 

To sample the joint posterior, we have used the Metropolis–
astings sampler implemented in COBAYA (Lewis 2013 ). We have

et the specifications as follows: the number of samples is 5 × 10 5 

nd the Gelman–Rubin convergence criterion is R − 1 = 0 . 01. The
ampler will stop once either of these criteria is met. A total
f 215 × 10 3 MCMC samples were generated and the Gelman–
ubin convergence criterion was met. Sampling takes around
 hours in this set-up, roughly similar to what it would take if
e were to sample the cosmological and nuisance parameters in
ES Y1. 
On the other hand, we also use each indi vidual flo w (DES Y1

ow and Planck flow) to find the joint posterior distribution of the
osmological parameters (see Fig. A2 ). Sampling the joint in this
ase is quick and takes ∼15 min on a desktop computer. 
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