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Introduction

We shall say that a decision maker (DM) exhibits portfolio inertia with respect to a
financial asset if he strictly prefers to maintain a zero holding rather than take a non-zero
position of the asset when the price of the asset lies in a given (non-trivial) interval. A DM
exhibiting portfolio inertia is one whose reservation price to sell an infinitesimal amount
of an asset is strictly greater than her reservation price to buy the asset; hence, there is a
price interval on which he strictly prefers to hold a zero amount of the asset. We call the
interval between the two reservation prices the DM’s subjective portfolio inertia interval.
On the other hand, for the DM to exhibit no portfolio inertia would mean that there
is a unique, subjective, switch price, at which the DM is indifferent between holding a
“marginal” (positive or negative) unit of the asset or holding none. At any price above
the switch price he strictly prefers to go short on at least some amount of the asset
while below the switch price he strictly prefers to go long on a marginal unit. Results
in this note relate the presence of portfolio inertia of a DM on an asset to the DM’s
perception of the underlying payoff relevant events as ambiguous, as defined by Epstein
and Zhang (2001). What is, perhaps, of note is that the connection between portfolio
inertia and ambiguity is established without assuming any parametric preference form,
such as the Choquet expected utility (CEU) (Schmeidler (1989)) or the max-min multiple
priors model (Gilboa and Schmeidler (1989)).
We explore the link between ambiguity and portfolio inertia by analyzing the modal
preference pattern observed in the Ellsberg 2-color experiment. First, we show (Proposition 1) that if the Ellsberg bets were offered at a price then a DM with modal preferences
would exhibit portfolio inertia for bets on draws from the urn with an unknown mixture
of balls. Hence, the very same considerations (playing in the mind of the DM) that give
rise to the modal preference pattern are enough to generate portfolio inertia. Next, in
Proposition 2, we compare a DM’s portfolio inertia across two assets. The two assets
offer the same payoff possibilities but have different payoff relevant events. Suppose we
were to observe that the DM exhibits portfolio inertia for one of the assets, but with
respect to the other asset, either he shows no-portfolio inertia or shows a portfolio inertia
interval that falls strictly inside the portfolio inertia interval for the first asset. Then, we
prove, the DM’s preferences over the assets share a key feature of the modal preferences
observed for Ellsberg bets. The key feature is that the DM prefers either side of a bet
on one event to the corresponding sides of the same bet on another event. Finally, in
Proposition 3, we show that this key feature has several implications regarding the DM’s
ambiguity perceptions (and attitudes) towards the payoff relevant events; in particular,
it implies that some payoff relevant event(s) must be ambiguous.
Why might our findings be of interest? Models with specific functional forms motivated by ideas of ambiguity aversion1 , such as the CEU, have been used to “demonstrate”
that portfolio inertia is a key empirical implication of ambiguity aversion, in turn providing an explanation for many puzzling regularities.2 However, these demonstrations only
1

An alternative terminology for ambiguity aversion is uncertainty aversion, a term used in the pioneering papers of this literature, Gilboa (1987), Gilboa and Schmeidler (1989), Schmeidler (1989). The
term ambiguity aversion goes back a long way too, at least to Ellsberg (1961); recently, many researchers
have returned to this term, as for instance, Epstein and Zhang (2001) and Ghirardato and Marinacci
(2002).
2
Indeed this key, in one form or the other, such as kinkedness of the indifference curve graphing the
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link a parametric preference form to portfolio inertia, not ambiguity per se. While it is
not even clear if it is the algebra of the functional form which is really responsible for the
demonstrated link, the confusion actually goes a lot deeper; it is conceptual. Portfolio inertia can be generated by any preference order that involves first-order risk aversion – such
as preferences representing rank dependent expected utility (RDEU)(Quiggin (1982)), betweenness (Dekel (1986)), disappointment aversion (Gul (1991)) or the weighted utility
model (Chew (1989) and Chew, Epstein, and Wakker (1993)), which have nothing to do
with ambiguity since they are probabilistically sophisticated. Graphically, in the case
of binary gambles, a preference functional that embodies second but not first order risk
aversion has indifference curves that are tangential to the actuarially fair market line at
certainty; in the case of first-order risk aversion, there is a kink at the certainty line.
Further, it has been widely observed (see e.g., Segal and Spivak (1990), Epstein (1992)
and Machina (2000)) that this kinked nature of the functional holds the key to the important empirical implications of theories such as RDEU. Indeed Epstein and Zhang (2001)
showed that CEU (even with convex capacities) does not necessarily have anything to do
with ambiguity attitudes, a result which echoes an earlier finding by Wakker (1990) who
showed that the class of subjective RDEU maximizers is identical to the class of probabilistically sophisticated CEU maximizers. Hence, derivation of empirical implications
using parametric models begs two questions, at the least. One, “Can portfolio inertia,
generally, be caused by ambiguity attitudes pure and simple, i.e., without the aid of effects arising from (probabilistically sophisticated) first order risk aversion?” And if so,
two, “Is there a pattern of portfolio inertia that can arise only if ambiguity is involved?”
Proposition 1, in conjunction with Proposition 3, answers the first question. Proposition 2, in conjunction with Proposition 3, answers the second question and in addition,
generates insights on the conceptual distinctiveness of the portfolio inertia arising from
ambiguity and a test to determine whether or not a DM considers an arbitrary event
as ambiguous. As will be seen the test has one remarkable feature: it uses acts whose
payoffs may be entirely subjective to the DM and not known to the observer.
The rest of the paper is organized as follows. The next section concentrates on some
technical preliminaries along with a description of the formal setting; section 3 explains
the formal propositions; section 4 concludes, with a discussion of the implication of the
propositions.
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Preliminaries

Consider a subject (DM) choosing among Savage acts f : S → R, where S denotes the
state space and R the set of real payoffs. The set of all acts f is denoted by F. It will
be assumed that the DM has a well defined, complete, and continuous (i.e., whose upper
contour sets are closed) preference ordering, %, over such acts. Set S = {s1 , s2 , s3 , s4 } ; it
is a maintained assumption throughout the paper that S is the product space generated
by the payoff relevant events of two families of acts, one of which is measurable with
CEU and max-min multiple prior functionals or the non-additivity of the Choquet integral, is present
in almost all applications of these models. The list of papers obtaining empirical implications using this
key ingredient include Dow and Werlang (1992), Epstein and Wang (1994), Epstein and Wang (1995),
Ghirardato and Katz (2000), Mukerji (1998), Mukerji and Tallon (2000), Mukerji and Tallon (2001).
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respect to the partition {{s1 , s2 } , {s3 , s4 }} while the other is measurable with respect to
{{s1 , s3 } , {s2 , s4 }} . The payoff vector (ai )i=1,...,4 describes an act a that pays ai conditional on the event {si }, i = 1, ..., 4; correspondingly, λa, λ ∈ R, denotes the act that pays
λai conditional on the event {si }, i = 1, ..., 4. The state space S and the two families of
acts will be used to model two different, hypothetical, decision theoretic “experiments”.
In both experiments the DM is assumed to have an initial wealth W. Since W is assumed
to be constant across the contingencies, we suppress it w.l.o.g. in our notation for final
payoffs obtained from any choice.
In one experiment, we think of S as the product space generated by an Ellsberg
experiment. Thus, letting the two colors be red (R) and black (B), and writing first the
outcome of the random drawing from the urn with known (50-50) proportion of red and
black balls and next the outcome of the draw from the urn with unknown proportion,
we have s1 = RR, s2 = RB, s3 = BR, s4 = BB. Hence, bets on the draw from the urn
with known (respectively, unknown) proportion of balls are acts measurable with respect
to {{s1 , s2 } , {s3 , s4 }} (respectively, {{s1 , s3 } , {s2 , s4 }}). The DM’s task is to express his
preferences between the bets on offer.
The other experiment involves the DM making a portfolio choice with respect to an
asset offered at a price p. The portfolio decision will be the amount of asset to hold,
allowing for zero, negative, and fractional holdings. We will compare the DM’s behavior
across two “replications” of the experiment, the two replications using two different assets.
One asset will have payoffs measurable with respect to {{s1 , s2 } , {s3 , s4 }}, while the other
will have payoffs measurable with respect to {{s1 , s3 } , {s2 , s4 }}. Thus, in this second
experiment, S is the product space generated by payoff relevant events of the two assets.
The following axiom, to be invoked in the proof of Proposition 2, will be assumed to
hold for the preference ordering %. The axiom essentially asserts that if a DM prefers
a small fraction of an act f to a small fraction of an act g then the direction of the
preference remains unaltered when the DM considers small fractions of acts f + c and
g + c where c is a constant act (i.e., c pays off the same amount irrespective of the
resolution of uncertainty).3
0

Axiom 1 Let f, g be two acts and c be a constant act and λ, λ ³
∈ R++
´ . If for all λ ∈
¡ ¢
0
0
0
0, λ , λ(f +c) Â λ(g +c) then there exists λ such that for all λ ∈ 0, λ , λ0 (f ) Â λ0 (g).
The following formal notion of ambiguity, due to Epstein and Zhang, will be applied
throughout the paper.4 At the heart of the idea is the notion that a DM’s beliefs are
3

It is relatively straightforward to show that the axiom holds for EU, CEU and MMEU preferences so
long as the relevant utility index, u, is a smooth function. The sketch of the argument for EU is as follows.
¢
¡
Let f, g and c be acts as in Axiom 1 and assume that Eu(λ(f + c)) > Eu(λ(g + c)) for all λ ∈ 0, λ .
Then, by a Taylor expansion at 0, it is the case that Eλ(f + c)u0 (0) > Eλ(g + c)u0³(0) and
´ hence, since c
0
0
is a constant act, Ef > Eg. Now, assume that there exists λ such that for all λ0 ∈ 0, λ , λ0 (f ) ≺ λ0 (g),
i.e., Eu(λ0 f ) < Eu(λ0 g). A similar argument, applying Taylor expansion as above, shows that Ef < Eg,
a contradiction. The arguments for CEU and MMEU are very similar, a point that is evident once one
notices that λ(f + c) and λ0 f are collinear (and, thus, also comonotonic) acts for λ, λ0 > 0.
4
Ghirardato and Marinacci (2002) provide an alternative definition of ambiguous events. A main
reason why we do not adopt the alternative definition is that, while a principal point of this paper is
to separate the empirical implication of non-expected utility theories that do depart from probabilistic
sophistication from those theories that do not, Ghirardato and Marinacci’s definition does not always
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untainted by ambiguity if his ranking of any two events A and B in terms of likelihoods
(derived behavioristically, say, from the ranking of acts measurable w.r.t. the events
A and B, respectively) is independent of how payoffs vary across states lying in the
complement of A ∪ B.
Definition 1 (Ambiguity) (Epstein and Zhang (2001)) Let A, B, T, T c be subsets of
S. An event T is unambiguous if: (a) for all disjoint subevents A, B of Tc , acts h, and
outcomes x∗ , x, z, z 0 ,


 ∗

x
if
s∈A
x
if
s∈A


 x
 x∗ if
if
s∈B
s∈B
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 h (s) if s ∈ T c \A ∪ B 
 h (s) if s ∈ T c \A ∪ B 
z
if
s∈T
z
if
s∈T



 ∗
x
if
s∈A
x
if
s∈A


 ∗ if
 x
s∈B
if
s∈B

 %  x
⇒
c
c
 h (s) if s ∈ T \A ∪ B  ;
 h (s) if s ∈ T \A ∪ B 
z 0 if
s∈T
z 0 if
s∈T
and (b) the condition obtained if T is everywhere replaced by Tc in (a) is also satisfied.
Otherwise, T is ambiguous.
The set of unambiguous acts, denoted F ua ⊆ F , is the set of acts measurable with
respect to the sub-algebra of unambiguous events in S, denoted A. We will assume that
there exists a unique probability measure on A, such that the ranking of all unambiguous
acts is based on this measure, i.e., the DM’s preferences on F ua are probabilistically
sophisticated. We will work with the following notions of ambiguity attitudes, formulated
in Epstein and Zhang (2001).
Definition 2 (Ambiguity attitude) (Epstein and Zhang (2001)) % is ambiguity neutral on S if there is no event E ⊆ S, which is ambiguous given that acts defined on S
are ordered in accordance with % . % is ambiguity loving if there exists a probabilistically
sophisticated preorder %p.s. such that for all f ∈ F and h ∈ F ua
f %p.s. h ⇒ f % h
% is ambiguity averse if there exists a probabilistically sophisticated preorder %p.s. such
that for all f ∈ F and h ∈ F ua
h %p.s. f ⇒ h % f
Next, we give formal definitions of the terms portfolio inertia and no-portfolio inertia.
The formal definitions, below, correspond exactly to the verbal definitions as they appear
in the opening paragraph of the paper. Before stating the definitions, we introduce a
allow such a separation. It would be beyond the scope of this paper to enter into an extensive discussion
comparing the two definitions but we do want to note that the two definitions do agree, in all essential
respects, in the Ellsberg 2-color experiment. Since the setting of this paper may viewed as a generalization
of the Ellsberg experiment, we believe that adopting the alternative definition would not alter our results.
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piece of notation. Consider an asset a with payoff vector (ai )i=1,...,4 available at a price p.
Then, we write a − p for the act


a1 − p
 a2 − p 


 a3 − p  .
a4 − p
Further, let 0 be the constant act yielding 0 in all four states.
Definition 3 (Portfolio inertia) Consider an asset a with payoff vector (ai )i=1,...,4 defined on S. A DM is said to exhibit portfolio inertia for a if there exists an interval (p, p)
(“the subjective portfolio inertia interval”) such that, when a unit of asset a is available
at a price p, the following conditions (a) and (b) are satisfied:
(a) ∀λ > 0 and ∀p ∈ (p, p), 0 Â λ (a − p) and 0 Â λ (p − a)
(b) ∃ε > 0 such that ∀λ ∈ (0, ε),
(i) λ (a − p) Â 0 Â λ (p − a), if p < p
(ii) λ (p − a) Â 0 Â λ (a − p), if p > p
Definition 4 (No portfolio inertia) Consider an asset a with payoff vector (ai )i=1,...,4
defined on S. The DM is said to exhibit no-portfolio inertia for a if there exists a unique
p∗ (the “subjective switch price”) such that, when a unit of the asset is available at a price
p, the following condition is satisfied: ∃ε > 0 such that ∀λ ∈ (0, ε),
(i) λ (a − p) Â 0 Â λ (p − a), if p < p∗
(ii) λ (p − a) Â 0 Â λ (a − p), if p > p∗
Accordingly, in the definition for portfolio inertia, below, the condition (a) essentially
captures the idea of an interval of prices at which the DM prefers not to hold a position.
The reason for including condition (b) in the definition is that we want to concentrate
on the largest interval on which the DM exhibits portfolio inertia. Hence, condition (b.i)
states that at a price below the lower bound of the interval the DM strictly prefers to go
long by some positive amount and condition (b.ii) requires that if the price were above the
upper bound of the interval the DM would strictly prefer a short position. No-portfolio
inertia is characterized by the existence of a unique switch price, rather than an interval:
by condition (i) at a price below the level of the switch price the DM strictly prefers to
go long by some positive amount and by condition (ii) if the price were above the upper
bound of the interval the DM would strictly prefer a short position.

3

The propositions

We first consider the 2-color Ellsberg experiment (Ellsberg (1961)). Correspondingly, S is
the product space generated by the bets used in the experiment, in the manner explained
in the previous section. Suppose that the payoff is w if the subject has bet correctly on
the outcome of a draw and z otherwise. (In the usual telling of the Ellsberg example,
w = 100 and z = 0.) A1 and A2, below, are restrictions on preferences that formalize
the “modal” preferences observed in the Ellsberg experiment. A1 says, assuming w > z,
6

that the DM prefers to bet on Red from Urn I (known to have fifty red and fifty black
balls) to betting on Red from Urn II (unknown proportion of red and black balls) and
also prefers to bet on Black from Urn I to betting on Black from Urn II. A2 says that
the subject is indifferent between bets on the draw from Urn I.

 
 
 

w
w
z
z
 w   z   z   w 
 
 
 

A1 Let w, z ∈ X ⊆ R, w 6= z. Then, 
 z  Â  w  , w  Â  z .
z
z
w
w

 

w
z
 w   z 
 

A2 Let w, z ∈ X ⊆ R, w 6= z. Then, 
 z  ∼  w .
z
w
The first proposition, below, shows that the modal preferences contain key information
that allow us to predict how a DM with such preferences would choose if he were offered
all possible portfolio positions, including the zero position, on an asset available at a
price p per unit, which pays off w and z corresponding to draws of R and B, respectively,
from Urn II. The proposition shows that, given two additional assumptions about %,
A1 and A2 imply that there exists a non-degenerate price interval on which the DM
would strictly prefer to take a zero position on the asset. The two assumptions are, (1)
the (complementary) events defined by the draw from the urn with known proportion of
balls are unambiguous events and (2) (weak) risk aversion, that is, the subject prefers
(weakly) getting the expectation of a random variable for sure rather than the random
variable itself on the domain of unambiguous acts. A simple way to see the intuition
behind the result would be to consider the case where the DM behaves as an (risk averse)
expected utility maximizer with respect to unambiguous acts, even though expected
utility is not presumed in the second assumption. To make things yet simpler, suppose
that the payoffs are such that w = −z and the price of the asset is 0. Given these payoffs,
clearly, going long or short on the asset is the same as betting on R or B, respectively.
Note that, the expected value of a bet on the known urn is 0; hence, by risk aversion, this
bet is worth no more than getting 0 for sure. By modal behavior, going long (short) on a
bet on the known urn is strictly preferred to going long (short) on the asset. Therefore,
any non-zero position on the asset must be worth strictly less than the worth of taking a
zero position on this asset. Continuity (of the preference ordering) ensures that the strict
preference for the zero position holds over a neighborhood around p, thereby showing the
existence of a subjective portfolio inertia interval for the asset around p.
Proposition 1 Assume events {s1 , s2 } and {s3 , s4 } are unambiguous events and that %
is (weakly) risk averse on F ua . Suppose % satisfies A1 and A2 for all values of w and
z, i.e.,
= R. Then, corresponding
to a given pair {w, z}¡, there
¡ w+zfor
¢ X¡ w+z
¢
¢ exists an interval
w+z
w+z
Nε 2 = 2 − ε, 2 + ε , ε > 0, such that for all p ∈ Nε 2 and all λ > 0:
 

 



0
w−p
0
p−w
 0 

 



  Â λ  z − p  and  0  Â λ  p − z 
 0 
 w−p 
 0 
 p−w 
0
z−p
0
p−z
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Next, we consider the second experiment, involving two assets, mentioned in the
previous section. Let a0 and a be the two assets, each with two possible payoffs, p+ and
p− , p+ > p− . The asset a0 pays off p+ and p− at {s1 , s2 } and {s3 , s4 }, respectively, while
a pays off p+ and p− at {s1 , s3 } and {s2 , s4 }, respectively. First, we observe the DM
declaring his preferred portfolio positions on a0 at various prices, which we generically
denote by p. We then repeat the exercise, but now with the asset a instead of a0 . The
starting point of Proposition
¡ ¢2 is that we observe that the DM exhibits a subjective
portfolio inertia interval, p, p for asset a. Suppose that we observe one of the following:
(a) the DM also exhibits a subjective portfolio inertia interval, (p0 , p0 ), for a0 , where
¡ ¢
(p0 , p0 ) lies inside p, p , or (b) the DM does not exhibit portfolio inertia with respect
¡ ¢
to a0 and that the switch price, p∗ , is such that p∗ ∈ p, p . Then, Proposition 2 finds,
we may conclude that, with respect to acts defined on the space S, the DM’s preferences
satisfy A1. The key step in the proof involves showing, given either assumption about
how the DM behaves w.r.t. each asset individually, how the DM would compare a short
(or long) position on one asset to a corresponding position on the other asset, if both
assets were offered at the same price. It is shown, given hypothesis (a), that the DM
would prefer going long on a0 to going long on a if p were below the lower bound of the
subjective portfolio inertia interval for a0 but above the lower bound of the subjective
portfolio inertia interval for a. Similarly, the DM would prefer going short on a0 to going
long on a if p ∈ (p0 , p), the interval between the upper bounds of the two subjective
portfolio inertia intervals. Given hypothesis (b), the situation is analogous, once we
think of the switch price p∗ as a degenerate subjective portfolio inertia interval for a0 .
This is similar to what goes on in the Ellsberg experiment where the DM strictly prefers
each side of a bet (say, on a Red draw) from the known urn to the corresponding side of
the bet on the unknown urn. Effectively, the two assets take the place of the bets on the
two urns. Notice, though, that the situation with the assets is actually quite a bit more
complicated, as compared to that with the Ellsberg bets. Each side of a0 is preferred to
the corresponding side of a, but the comparison of the long sides and of the short sides
take place at different prices. The same asset at different prices, technically, represent
different bets. Hence here, unlike with the Ellsberg bets, we are not considering two
sides of the same bet, per se. A substantial part of the argument in the proof involves
maneuvering around this complication using Axiom 1.
 + 
 + 
p
p
 p+ 
 p−  + −



Proposition 2 Consider two assets, a0 = 
 p−  and a =  p+ , p , p ∈ R. Supp−
p−
pose the DM exhibits portfolio inertia for a on the interval (p, p), where p+ > p > p > p− :
(a) If the DM also exhibits portfolio inertia for a0 on the interval (p0 , p0 ), where p0 > p
and p > p0 , then there exists a set X ⊆ R such that A1 is satisfied by the DM’s
preference ordering %.
(b) If the DM does not exhibit portfolio inertia for a0 and the switch price p∗ lies in
(p, p), then there exists a set X ⊆ R such that A1 is satisfied by the DM’s preference
ordering %.
8

Are there meaningful examples of assets a0 and a, whose payoffs are based on events
in the “real world”, to which the above proposition may apply? Next, we give examples
of pairs of such assets, and the corresponding constructs of S, that will figure prominently
in the discussion following in the next section. In all the examples a0 is constructed the
same way: it is an “artificial” asset, in the sense that the two payoff relevant events are
generated artificially by spinning a “balanced” spinner. The asset is defined by dividing
the dial of the spinner into two complementary sectors and associating a payoff to each
sector. The actual values of the payoffs are those associated with the particular example
of a to be considered. The DM knows the sizes of the sectors. In our first example,
a is an asset from the “real world”, which has two possible payoffs, say the possible
asset prices in the next period, p+ and p− . It is doubtless difficult to find a real world
asset with just binary payoffs. But we can always create a binary “derivative” asset,
corresponding to any arbitrary real world asset, by offering (arbitrary) payoffs p+ or p−
depending on whether or not the realization of the market price of the original asset at a
given future date were above a given level. Such a derivative asset is our second example
of a. Finally, we go a step further and take any arbitrary, well defined real world event,
e.g., “Bush (presently the president of the U.S.) will win a second term,” and create an
asset by offering payoffs p+ or p− depending on whether or not the event occurs. This is
our third example of a. In each of these examples, we may take S be the product space
generated by taking the product of the pairs of payoff relevant events affecting a0 and a,
respectively.
A1, we recall, encapsulates the essence of the Ellsberg pattern of preferences: i.e., a
DM preferring either side of a bet on one event to the corresponding sides of the same
bet on another event. The first point of our final proposition shows that this feature,
in itself, is immediate proof that the DM considers some event(s) to be ambiguous. To
see the intuition here notice that, while the first preference order in A1 suggests that
the DM (assuming w > z) thinks {s2 } is more likely than {s3 }, the second preference
order suggests just the opposite. Notice, the change in the direction of the likelihood
ranking occurred because of a change in the payoffs on events in the complement of
{s2 } ∪ {s3 }; hence, it would follow from the definition of ambiguous events that at least
some event(s) in the complement of {s2 }∪{s3 } is (are) ambiguous. We can go further and
pin down the “real culprit” if we were to assume (a priori) that {s1 , s2 } and {s3 , s4 } were
unambiguous events (these events correspond to the urn with the known number of balls).
Armed with this we can show that the events in the partition {s1 , s3 } and {s2 , s4 } (events
corresponding to the urn with the unknown number of balls) are ambiguous. The same
assumption also implies that the preference pattern A1 is inconsistent with ambiguity
love but consistent with ambiguity aversion. Finally, we note that an immediate corollary
of Proposition 3 (a) is that %, assuming that it satisfies A1, is incompatible with any
parametric preference form in which choices are based on a monotonic transformation of
a probability measure, e.g., the functional forms that incorporate first-order risk aversion
while maintaining probabilistic sophistication. In particular, % is not consistent with
RDEU or betweenness or disappointment aversion or the weighted utility model.
Proposition 3 Suppose there exists a non-empty set X ⊆ R such that A1 holds.
(a) % is not ambiguity neutral on S : in particular, at least one of {s1 } and {s4 } is an
ambiguous event.
9

(b) Suppose, also, that {s1 , s2 } and {s3 , s4 } are unambiguous events, given % . Then:
(i) the events {s1 , s3 } and {s2 , s4 } are ambiguous.
(ii) Condition A1 violates the conditions required for % to be ambiguity loving, but
is consistent with the conditions required for % to be ambiguity averse.

4

Discussion

Propositions 2 and 3, taken together, lead to some interesting conclusions which we
now discuss. Suppose a DM exhibits portfolio inertia with respect to an asset like, say,
one of the three examples of a discussed at the end of Section 3. The propositions
give two kinds of (alternative) sufficient conditions, which, if satisfied, would allow one
to infer, from this observation, that the DM considers (some of) the payoff relevant
events to be ambiguous. One kind of sufficient condition is that the DM behaves like an
expected utility maximizer with respect to any lottery (i.e., risky acts, with “objective”
probabilities) or, if at the least, w.r.t. any act whose outcomes are generated by spinning
some “balanced” spinner, the DM behaves as if he were approximately risk neutral when
the stakes are very small. In either case the implication would be that we could define an
artificial asset a0 that would satisfy the conditions required in Proposition 2(b): the DM
would show no-portfolio inertia behavior w.r.t. a0 and its switch price will lie within the
portfolio inertia interval for a (the latter can be ensured by choosing the outcomes p+
and p− to obtain with appropriate probabilities). Hence, portfolio inertia (alternatively,
kinkedness of the indifference curves) which is manifest on some domain of events (i.e.,
a partition of the state space) but not all, is distinctively due to ambiguity.
However, it may be that the DM does not behave as if he were approximately risk
neutral when choosing between risky lotteries with very small stakes. This could be
because his risk preferences involve first order risk aversion arising from, say, disappointment aversion or rank dependence type of effects. Such first order risk aversion would
imply that the DM exhibits portfolio inertia for any bet, including a bet such as a0 . Could
ambiguity attitudes affect, in a distinctive way, portfolio inertia of even those DMs whose
preferences are affected by first order risk aversion? Could the effect of ambiguity be
disentangled and detected in these circumstances? Proposition 2(a) shows ambiguity can
be detected in portfolio inertia behavior even in the presence of first-order risk aversion.
The DM may exhibit a portfolio inertia interval for a0 , but nevertheless, we may infer
that ambiguity is at work if the subjective portfolio inertia interval for a contains the
interval5 for a0 .
So what can we say of the various empirical phenomena which have been linked to
portfolio inertia (alternatively, to kinkedness of the indifference curve); when may the
link be justifiably made to ambiguity but less justifiably to the other theories? What
the foregoing analysis suggests is that ambiguity can be seen as a contributing factor
5

This is not hard to check (in principle!) so long as the DM’s behavior is probabilistically sophisticated
on a domain of events with known probabilities (such as that generated by a balanced spinner). Then,
prob(p+ )
the location of the portfolio inertia interval for a0 will be determined by the ratio prob(p
− ) . Hence, by
adjusting the probabilities appropriately, we can check if the portfolio inertia interval for a0 could lie
inside that for a.
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in those cases where portfolio inertia intervals exist only selectively (or at least, more
pronouncedly) across certain partitions of the state space. The same point informs us
of an intuition about what type of capacities (in the CEU model) distinctively model
ambiguity attitudes, rather than departures from expected utility that are consistent with
probabilistic sophistication. Larry Epstein, in personal communication, has conjectured
that a CEU model with a product capacity which is the product of a probability and a
convex capacity, can be construed as a model of ambiguity. Proposition 2 provides us
a simple behavioral intuition for the conjecture. To see this, observe that, in a CEU
framework, a portfolio inertia interval for a is possible only by having a (strictly) convex
capacity on the partition {{s1 , s3 } , {s2 , s4 }} while a no-portfolio inertia for a0 requires a
probability on the partition {{s1 , s2 } , {s3 , s4 }}.
If, indeed, there were even one rich enough partition of the state space (e.g., a balanced
spinner) over which the DM’s behavior was like that of an EU maximizer, we would have
a very simple way of testing whether an event was ambiguous (to the DM). Whatever
the event, call it E, we offer the DM an asset that pays a certain amount if E occurs
but pays nothing if E does not occur. If the DM shows portfolio inertia for the asset,
we know that E is ambiguous.6,7 The test is very simple in one significant way: the
observer/experimenter does not actually have to know what the contingent payoffs are;
the payoff (for E) could be a banana whose value to the DM could be entirely subjective
and unknown to the observer. All that has to be observed is whether or not portfolio
inertia obtains. The point is significant because it suggests the possibility of applying
the idea, in future research, to develop a criterion for determining whether a particular
subjective state (Dekel, Lipman, and Rustichini (2001)) were ambiguous. We close with
an example which, it is hoped, will illustrate the possibility more vividly. Suppose,
following the spirit of the examples in Dekel et al., we are in a world with just one
objective/exogenous, future, contingent state and two commodities b and b0 . Consider the
contracts, {b, b0 }, {b} and {b0 }, available today. The contract {b, b0 } would allow the DM
to choose, when the future (objective) contingency arises, between the delivery of a unit
of either commodity. However, the contracts {b} and {b0 } do not allow a choice when the
future arrives: {b} delivers a unit of b and {b0 } delivers b0 . Suppose the DM’s preferences
exhibit a preference for flexibility, i.e., {b, b0 } Â {b} and {b, b0 } Â {b0 }, revealing that
the DM perceives the objective state to be partitioned into two subjective contingencies,
one where he prefers b and another where he prefers b0 . Hence, the contract {b} has two
possible (subjective) payoffs for the DM; one payoff corresponding to the state where b
is preferred to b0 and the other where it is not. Suppose {b} were available, at a price,
exactly in manner of an asset (i.e., we allow the DM to take short and long positions).
Let us also assume, in the manner of some of the analysis in Dekel et al., that the DM
behaves as an EU maximizer w.r.t. lotteries. Now, if we observe the DM exhibiting
portfolio inertia w.r.t. to the “asset” {b}, then we may conclude, given the analysis in
this paper, that the DM perceives the subjective contingencies to be ambiguous.
6

Notice that, we are comparing, albeit indirectly, acts across two different partitions of the state
space; the partition {{s1 , s3 } , {s2 , s4 }} and the partition {{s1 , s2 } , {s3 , s4 }}. This comparison across
different partitions is what is needed to make the effects of ambiguity evident from behavior, a point
noted earlier in Epstein and Zhang (2001).
7
It is worth pointing out that observing a portfolio inertia involves observing choice behavior at
different prices. As was pointed out in Epstein (2000), it is necessary to observe behavior at different
prices to infer the lack of probabilistic sophistication.
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Appendix

Proof of Proposition 1. Fix w 6= z ∈ R. Since A1 holds for X = R, we have, for all
p > 0 and the given w and z:
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Now, {s1 , s2 } and {s3 , s4 } are unambiguous events and therefore 
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are unambiguous acts. Let π be a probability measure such that % is probabilistically
sophisticated with π on the set of unambiguous acts. Then A2 implies π ({s1 , s2 }) =
π ({s3 , s4 }) = 1/2, since {s1 , s2 } ∪ {s3 , s4 } = S. Therefore these two acts have zero
expected value under the probability π. Hence, by (weak) risk aversion, it is the case
that
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Thus, taking (2) and (3) together,
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Finally, since A1 holds for all w 6= z ∈ R, it follows that for
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w+z
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all λ > 0 and the given w
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p−w 
p−z

Proof of Proposition 2. (a) From the hypothesis we know that, if both assets
are available at a price p ∈ (p0 , p), then the DM would strictly prefer a zero position to
taking any non-zero position on a and will strictly prefer to go short on some amount
of a0 rather than a zero position (see, part (a) and (b)ii) of the definition of portfolio
inertia). Hence, for p ∈ (p0 , p) , ∃ε > 0 such that ∀λ ∈ (0, ε),
λ(p − a) Â 0 Â λ(p − a0 )

(4)

Fix p∗ , a point in the interval (p0 , p0 ). Then, there exists α > 0 such that p ≡ p∗ + α,
and, with obvious notation, we may rewrite (4) as below:
λ(p∗ + α − a) Â 0 Â λ(p∗ + α − a0 )
³
0
From Axiom 1, we may then conclude that there exists λ such that for all λ0 ∈ 0, λ
λ0 (p∗ −a) Â 0 Â λ0 (p∗ −a0 )

(5)
´
0
(6)

Similarly,
´from the hypothesis we know that, if both assets were available at a price
³
p ∈ p, p0 , then the DM would strictly prefer a zero position to taking any non-zero
position on a and would strictly prefer to go long on some amount of a0 rather than a
zero
(see, part (a) and (b)i) of the definition of portfolio inertia). Hence, for p
³ position
´
∈ p, p0 , ∃ε > 0 such that ∀λ ∈ (0, ε),
λ(a − p) Â 0 Â λ(a0 −p) ⇒ λ(a − p) Â λ(a0 −p)

(7)

Hence, writing p ≡ p∗ − β, β > 0 and applying Axiom 1 as³ in the
´ argument leading to
00
00
00
(6), we conclude that there exists λ such that for all λ ∈ 0, λ :
λ00 (a − p∗ ) Â λ00 (a0 −p∗ )
To conclude the argument, rewrite (6) as
 −
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with c = 2p∗ − p+ − p− . Then by Axiom 1, there exists µ0 such that for all µ0 ∈ (0, µ0 ) ,


 −
 −
p − p∗
p − p∗
∗ 
 +
 p− − p∗ 
 Â µ0  p− − p∗ 
(9)
µ0 
+
∗
 p −p 
 p −p 
p+ − p∗
p+ − p∗
³
´
00
Finally, to get the desired result, pick any µ in 0, min(µ0 , λ ) and observe that (8)
and (9) yield the same pattern of preferences as in A1 with X = {µ (p+ − p∗ ) , µ (p− − p∗ )} ,
e.g. w = µ (p+ − p∗ ) and z = µ (p− − p∗ )
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(b) The proof for this part is very similar to that in part (a); essentially, the role of
the interval (p0 , p0 ) is replaced by its (degenerate) counterpart, the switch price p∗ . First,
from the hypothesis we know that, if both assets are available at a price p in (p∗ , p), then
the DM would strictly prefer a zero position to taking any non-zero position on a and
will strictly prefer to go short on some amount of a0 rather than a zero position. Hence,
for p ∈ (p∗ , p) , ∃ε > 0 such that ∀λ ∈ (0, ε), (4) holds and writing p = p∗ + α we may
then proceed to (6), just as in part (a). Secondly,
¡ ∗ ¢from the hypothesis we also know that,
if both assets are available at a price p in p, p , then the DM would strictly prefer a
zero position to taking any non-zero position on a and would strictly
to go long
¢
¡ prefer
∗
on some amount of a0 rather than a zero position. Hence, for p ∈ p, p , ∃ε > 0 such
that ∀λ ∈ (0, ε), (7) holds and writing p = p∗ − β we may then proceed to (8), just as in
part (a). Rest of the proof proceeds exactly as in part (a).
Proof of Proposition 3. (a) Assume to the contrary that both {s1 } and {s4 } are
unambiguous events. Then,
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 ⇒  w  Â  z  since {s4 } is unambiguous
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z
z
w
w

 

z
z
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⇒
 z  Â  w  since {s1 } is unambiguous.
w
w
A contradiction.
(b.i) Recall if an event T is unambiguous, so must be T c . Thus, if we were to assume
to the contrary that at least one of the two events {s1 , s3 } and {s2 , s4 } is unambiguous,
it would imply that both events are unambiguous. Thus,
{{s1 , s2 } , {s3 , s4 } , {s1 , s3 } , {s2 , s4 }} ⊂ A
Hence, there exists a probability distribution p on A such that the DM is probabilistically
sophisticated (p.s.) w.r.t. that probability for events that are measurable w.r.t. A. Notice
that all the acts mentioned in A1 are measurable w.r.t. A.
Define %l to be the likelihood relation associated with % . Under A1, assuming w.l.o.g.
that w > z, we get that {s1 , s2 } Âl {s1 , s3 }, i.e., the DM prefers to bet on {s1 , s2 } rather
than on {s1 , s3 } and similarly {s3 , s4 } Âl {s2 , s4 }. Since the DM is p.s. w.r.t. to acts
measurable w.r.t. A, this implies that (Epstein and Zhang (2001))
p ({s1 , s2 }) > p ({s1 , s3 }) and p ({s3 , s4 }) > p ({s2 , s4 })
and hence p ({s1 , s2 })+p ({s3 , s4 }) > 1, a contradiction to the fact that p ({s1 , s2 , s3 , s4 }) =
1. Observe that if in A1 w < z, then a similar reasoning (with the inequalities reversed)
shows that p ({s1 , s2 }) + p ({s3 , s4 }) < 1, a contradiction.
(b.ii) Let %p.s. be any p.s. preorder. We first start by establishing that
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p.s.
Define %p.s.
. Then
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Take f = 
 z  and h =  w . Observe that h so defined is an unambiguous act
w
w
(since by assumption, the events {s1 , s2 } and {s3 , s4 } are unambiguous events). Further,
by assumption A1, h Â f. Hence, f %p.s. h and h Â f, which shows that % cannot be
ambiguity loving
this case.
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desired result.
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