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Abstract

Larrauri and Živný [ICALP’24/ACM ToCL’24] recently established a complete com-
plexity classification of the problem of solving a system of equations over a monoid N
assuming that a solution exists over a monoid M , where both monoids are finite and
M admits a homomorphism to N . Using the algebraic approach to promise constraint
satisfaction problems, we extend their complexity classification in two directions: we obtain
a complexity dichotomy in the case where arbitrary relations are added to the monoids,
and we moreover allow the monoid M to be finitely generated.

1 Introduction

Solving Equations Deciding the solvability of systems of equations is a fundamental
problem in computer science and mathematics. In general, the equation satisfiability problem
for an algebraic structure A takes as input a set of equations of the form

spx1, . . . , xnq “ tpx1, . . . , xnq

where x1, . . . , xn are variables and s, t are terms over the algebraic symbols of the structure.
For example, over a monoid the terms would be simply words over the alphabet tx1, . . . , xnu,
over groups the terms would be words over the alphabet tx1, x

´1
1 , . . . , xn, x

´1
n u, and over rings

the terms would be multivariate polynomials. For now, the reader can imagine that the
terms may also contain constants from the algebraic structure A, but we will revisit this
assumption in the following. The question is to decide whether there exists an assignment
h : tx1, . . . , xnu Ñ A such that every equation becomes true under this assignment.

Besides their intrinsic mathematical appeal, equation satisfiability problems are very
natural for computer science, in particular in the case where the equations are to be solved
over a finitely generated free structure. Indeed, the elements of such structures are themselves
words or terms over the generators and the equation satisfiability problem then coincides with
the unification problem, where on an input consisting of equations as above, the goal is to
determine the existence of a substitution of the variables into terms that would make the
equations true, possibly modulo a background equational theory. For example, unification
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Author Accepted Manuscript version arising from this submission. All data is provided in full in the results
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problems over words with a finite alphabet Σ correspond to solving equations in the free
monoid generated by Σ. Unification is relevant to areas such as automated reasoning and
description logics [2, 3], among many others.

Depending on the underlying algebraic structure over which the equations are to be solved,
and depending on the type of equations to be solved, the complexity of the problem varies
wildly. While systems of linear equations over a field, where each term s, t in the input is a
linear polynomial, are known to be efficiently solvable to any undergraduate student, solving
arbitrary polynomial equations is NP-hard and is not considered to be efficiently solvable.
It is also known that the equation satisfiability problem in the group pZ,`q (or any finitely
generated free commutative group) is solvable in polynomial time [23], while the problem
becomes much more complex over arbitrary finitely generated free groups or monoids, for
which only algorithms requiring polynomial space are known [28].

Over finite structures, it has been known for several decades that the equation satisfiability
problem for finite groups is solvable in polynomial time when the group is commutative, and
is NP-complete otherwise [18]. For finite monoids, a similar dichotomy has been obtained by
Kĺıma, Tesson, and Thérien: the equation satisfiability problem is solvable in polynomial time
for regular commutative monoids, and is NP-complete otherwise [24].

Generalized Equations From here on we do not necessarily allow constants to appear in the
instances of the equation satisfiability problem. We outline two possible approaches to obtaining
polynomial-time algorithms solving more general problems than equation satisfiability.

On the one hand, one can start with a tractable equation satisfiability problem and
additionally allow in the input constraints that are not equations. A natural example for
this is to allow e.g. constraints of the form spx1, . . . , xnq ‰ tpx1, . . . , xnq or px1, . . . , xrq P R,
where R Ď Ar is a fixed subset. The appropriate framework to study these problems is that
of constraint satisfaction problems whose templates are expansions A “ pA,Rq of algebraic
structures by a relation; we introduce this terminology formally in Section 2. For finite
commutative groups, Feder and Vardi [15] showed that allowing any constraint that is not
itself expressible by a system of equations (so-called cosets) yields an NP-hard problem.
Interestingly, this is not true for finitely generated commutative groups [8] and in particular it
is possible in this setting to decide the satisfiability of a system of equations together with
disequality constraints as above.

On the other hand, one can start with an NP-hard equation satisfiability problem, and
restrict the instances allowed as input. This has been investigated e.g. in [26] in the following
form. Fix two finite monoids M,N . The promise equation problem only allows systems of
equations that are promised to be satisfiable in the monoid M or unsatisfiable in N , and
the problem is to decide which case applies. When M “ N , we see that we recover exactly
the classical equation satisfiability problem. Note that to specify this problem formally, one
needs to also specify a translation between the constant symbols corresponding to elements
of M and those corresponding to elements of N ; this is more than a technical detail, as the
complexity of the problem also depends on this translation. The suitable framework to study
such problems is that of promise constraint satisfaction problems [4,9] whose templates are
monoids M and N .

Main Result In this work, we generalize the state-of-the-art in both aforementioned
directions simultaneously. Let M,N be monoids, and let RpMq Ď M r and RpNq Ď N r
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be relations of some arity r. The problem that we consider takes as input a system of
constraints that are either monoid or group equations of the form spx1, . . . , xnq “ tpx1, . . . , xnq

as considered above, or constraints of the form px1, . . . , xrq P R. The problem is to decide
whether this system is satisfiable in M (with R interpreted as RpMq), or not satisfiable in
N (with R interpreted as RpNq). Until proper terminology is introduced below, we call this
problem the generalized equation problem.

For example, consider M to be the monoid pZě0,`q of non-negative integers, and N to
be the monoid pZ{nZ,`q for an arbitrary n ě 2. Let RpMq contain all the triples obtained
by permuting entries of tuples of the form pa, a, a ` 1q for a P N. Let RpNq be the relation
containing all triples except for pa, a, aq for all a P Z{nZ. An example of an instance to this
problem is tx ` y “ u ` v, px, y, uq P R, pu, v, xq P R, pu, v, yq P Ru, which is not satisfiable in
M “ pM,RpMqq, but is satisfiable in N “ pN,RpNqq for all n ě 2.

We note that deciding the satisfiability of such instances in M is NP-complete.1 Indeed,
1-in-3-SAT readily reduces to instances of M that do not even use monoid equations over
M and only use the constraints of the form RpMq. Similarly, deciding satisfiability of such
instances in N is NP-complete for all n ě 2 by a reduction from Not-All-Equal-SAT. However,
when the problem is to distinguish between instances satisfiable in M and those unsatisfiable
in N, then the problem becomes solvable in polynomial time when n is a multiple of 3 and
remains NP-hard otherwise.2

We are able to obtain a dichotomy result for the class of such problems where M is finitely
generated and where N is a finite monoid.

Theorem 1.1 (Main theorem, informal version). Let M be a finitely generated monoid, and let
N be a finite monoid. Let RpMq Ď M r and RpNq Ď N r be arbitrary relations of some arity r.
Then the generalized equation problem parameterized by M “ pM,RpMqq and N “ pN,RpNqq

is either solvable in polynomial time or is NP-hard.

We remark that this result generalizes the main dichotomy from [26]. At a high level,
the classification in [26] involves templates consisting of pairs of finite monoids M , and N3

enriched with constants c1pMq, . . . , cℓpMq, and c1pNq, . . . , cℓpNq. Such a problem can be
expressed as in the statement of Theorem 1.1 by letting RpMq “ tpc1pMq, . . . , cℓpMqqu and
RpNq “ tpc1pNq, . . . , cℓpNqqu.

Other Related Work In [13], the authors consider the complexity of the uniform CSP
over expansions of finitely generated free groups. Since the constraint relations are here part
of the input, a fixed encoding of the constraints needs to be agreed upon, and the authors
represent constraints by regular expressions over the generators of the group. In particular,

1NP containment holds, since for example this problem reduces to the existential theory of Presburger
arithmetic.

2The regularization of M is pZ,`q and any monoid homomorphism to N contains in its kernel the set nZ
of multiples of n. The coset Cos pRpMqq consists of all the triples pa, b, cq such that a ` b ` c “ 1 mod 3. In
particular, for all n not divisible by 3, it contains a tuple pa, b, cq such that a “ b “ c mod n, and therefore
there is no homomorphism from pZ,`,Cos pRpMqq to pZ{nZ,`, RpNqq. This implies, by our main result
(cf. Theorem 3.1), that PCSPpM,Nq is NP-hard. In contrast, if n is divisible by 3 then no tuple pa, b, cq

such that a “ b “ c mod 3 is in Cos pRpMqq, and therefore the canonical projection x ÞÑ x mod 3 is a
homomorphism from pZ,`,Cos pRpMqqq to pZ{3Z,`, RpNqq. By Theorem 3.1, in this case PCSPpM,Nq is
solvable in polynomial time.

3The phrase “infinite promises” in the tile of this article alludes to the fact that M can be infinite (if finitely
generated).
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not all possible constraints are allowed as input. Under those conditions, the problem is shown
to be solvable in polynomial space.

The literature on the equation satisfiability problem over monoids that are not finitely
generated is sparse as such problems are almost always intractable; see e.g. [17] where
the problem over pN;ˆq, the free commutative monoid with countably many generators, is
investigated.

Finally, an important related problem is the problem of trying to maximize the number of
satisfied equations, in cases where the input system cannot be fully satisfied. The promise
version of this problem has recently been considered in [11], where it is shown that beating the
random assignment is NP-hard, just as in the non-promise setting for systems of equations
over the commutative [20] and non-commutative groups [14]. A natural and interesting open
problem is to consider the complexity of this problem when constraints other than equations
are also allowed on the input.

2 Background

We adopt the convention that the set of natural numbers N begins at 1. Given an integer n ě 1,
we write rns for the set t1, . . . , nu. We implicitly extend functions f : U Ñ V to arbitrary
Cartesian powers by coordinate-wise application. In other words, we write fpu1, . . . , unq for
the tuple pfpu1q, . . . , fpunqq for all pu1, . . . , unq P Un. Given a tuple u “ pu1, . . . , umq P Um

and a map σ : rns Ñ rms, we write u ˝ σ for the tuple puσp1q, . . . , uσpnqq P Un.
We assume basic familiarity with the notions of semigroup, group, monoid, and their

homomorphisms (see, for instance [21]). Nevertheless, we recall some of the definitions in
order to introduce notation.

Semigroups, Monoids, and Groups We introduce here several basic algebraic notions.
We warn the reader that our notion of inverse in a monoid deviates from standard references
(e.g., [12, 19,21]).

A semigroup S is a set S equipped with a binary associative operation a ¨S b. In most
cases the semigroup is clear from the context and we write ab for a ¨S b. A monoid M is a
semigroup that additionally contains an element eM P M satisfying eMa “ aeM “ a for all
a P M , which we call the identity element. A group G is a monoid where for each element
a P G there is another element a´1 P G satisfying aa´1 “ a´1a “ eG. We call a semigroup S
commutative if ab “ ba for each a, b P S. An element a P S is called idempotent if a2 “ a. A
semilattice is a commutative monoid where each element is idempotent. Given a semigroup
(resp., monoid, group) S and an integer n ě 1, the Cartesian power Sn inherits the semigroup
(resp., monoid, group) structure from S in the natural way.

A monoid homomorphism f from a monoid M to a monoid N , denoted f : M Ñ N , is a
map f : M Ñ N satisfying both fpeM q “ eN and fpabq “ fpaqfpbq for all a, b P M . We write
M Ñ N to denote the fact that M maps homomorphically to N .

Let M be a monoid and U, V Ď M be sets. We define U b V as the set tst | s P U, t P V u.
Similarly, given n ě 1, we define Ubn as

Ân
i“1 U , whereas Un denotes the n-th Cartesian

power of U . Finally, we write xUy to denote the submonoid of M generated by U , which is
the smallest submonoid of M containing all elements of U . We say that S generates M if
xSy “ M .
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Let S be a semigroup. A subsemigroup T ď S is called a subgroup of S if there is an
element eT P T that acts as the identity element in T , and each element s P T has an inverse
t P T satisfying st “ ts “ eT . Observe that even if S is a monoid, a subgroup T ď S is
not necessarily a submonoid: T does not need to contain the identity eS . A commutative
semigroup S is called regular if every element in S belongs to a subgroup 4. Under P‰NP,
systems of equations over a finite monoid M can be solved in polynomial time if, and only if,
M is commutative and regular [24, 26]. Given a semigroup S, the preorder a ĺ b contains all
the pairs a, b P S for which either a “ b or there exist elements c1, c2 satisfying c1b “ bc2 “ a.
We write aHb whenever both a ĺ b and b ĺ a hold. It can be seen that H is an equivalence
relation. This way, we denote the H-class of an element a P S by Ha. The following is
sometimes referred to as Green’s Theorem:

Theorem 2.1 ([21, Theorem 2.2.5]). Let S be a semigroup, and T Ď S be a H-class. Then
T is a subgroup of S if, and only if, T contains some idempotent element. In particular, no
H-class of S contains more than one idempotent element.

This result implies that the maximal subgroup containing an idempotent element d P S
is precisely Hd. Additionally, an element a P S belongs to a subgroup if, and only if, aHd
for some idempotent element d. In this situation we say that a is a group element of S and
write a´1 for its inverse in Ha. Equivalently, a

´1 is the only element satisfying aa´1 “ a´1a
together with a2a´1 “ a and a´2a “ a´1, where we use a´k to denote pa´1qk. 5 Given a set
S Ď M of group elements we write S´1 for the set t a´1 | a P S u.

Let M be a commutative monoid. A coset of M is a set U Ď M of group elements
satisfying U b pU´1 b Uq “ U . Given a set U Ď M of group elements, the coset generated by
U , denoted by Cos pUq, is defined as U b xU´1 b Uy. It can be seen that Cos pUq is a coset
for all U Ď M and it is also the intersection of all cosets containing U . We remark that in the
particular case where M is a group our notion of coset coincides with the usual one.

Relational Structures A relational signature Σ is a set of symbols where each R P Σ has
a number arpRq associated to it, called its arity. In this work we assume relational signatures
to always be finite.

Given a relational signature Σ, a Σ-structure A consists of a set A, called the universe of
A, and a set RpAq Ď AarpRq for each symbol R P Σ, which is called the interpretation of R on
A. A relational structure is a Σ-structure for some relational signature Σ.

A homomorphism f from a relational structure A to another relational structure B with
the same signature Σ is a map f : A Ñ B satisfying fpRpAqq Ď RpBq for each R P Σ. We
write f : A Ñ B to denote that f is a homomorphism from A to B, and A Ñ B to denote
that there exists such a homomorphism without specifying one.

Let Σmon be the relational signature consisting of a unary symbol Re and a ternary symbol
Rb. Given a monoid M , there is a natural Σmon-structure M associated to it whose universe
is M , and where RepMq “ teMu, and RbpMq “ tpa, b, cq P M3 | ab “ cu. Note however that
not every Σmon-structure is associated to a monoid. Observe that given two monoids M,N , a

4We remark that in the non-commutative setting, there is a difference between regular semigroups S, where
it is required that for each a P S there is some b P S such that aba “ a and bab “ b, and completely regular
semigroups S (also called unions of subgroups [19]), where each element belongs to a subgroup. For commutative
semigroups both notions coincide, so there should be no confusion regarding this.

5This notion of inverse is less general than the commonly adopted notion of inverse for semigroups, where it
is only required that aba “ a and bab “ b (e.g., [21]). In that setting inverses are not necessarily unique.
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map f : M Ñ N is a homomorphism from M to N if, and only if, it is a homomorphism from
M to N. If M is a monoid and R Ď Mn, we denote by pM,Rq the relational structure with
the three relations RepMq, RbpMq, and R.

Promise Constraint Satisfaction Problems Let A,B be relational structures such that
A Ñ B. The promise constraint satisfaction problem PCSPpA,Bq is the computational
problem of distinguishing, for a given input X, between the following two cases: (1) there
exists a homomorphism X Ñ A, and (2) there does not exist any homomorphism X Ñ B.
Instances falling into the first case are called Yes-instances, instances falling into the second
case are called No-instances. We write CSPpAq for the problem PCSPpA,Aq.

Note that by our convention, if M and N are expansions of monoids, the input to
PCSPpM,Nq is not assumed to be an expansion of a monoid, but a relational structure. This
differs, e.g., from [5, 7], where the CSPs of expansions of algebraic structures are investigated
and where the inputs are assumed to be themselves algebras. An input X to PCSPpM,Nq can
then be seen as a finite set of equations of the form spx1, . . . , xnq “ tpx1, . . . , xnq where s, t
are words over tx1, . . . , xnu, together with additional constraints involving the extra relations.

3 Dichotomy and Finite Tractability

We are now in position to state our main result (Theorem 1.1) formally.

Theorem 3.1. Let M “ pM,RpMqq,N “ pN,RpNqq be expansions of monoids such that
M Ñ N. Assume that M is finitely generated and N is finite. Then, either (1) there exists
a homomorphism h : M Ñ N whose image is a regular commutative monoid and such that
Cos phpRpMqqq Ď RpNq, in which case PCSPpM,Nq is solvable in polynomial time, or (2)
PCSPpM,Nq is NP-hard.

We note that our result also captures templates where M “ pM,R1pMq, . . . , RℓpMqq and
N “ pN,R1pNq, . . . , RℓpNqq are expansions of monoids by finitely many non-empty relations.
To see this, observe that PCSPpM,Nq is polynomial time equivalent to PCSPpM1,N1q where
M1,N1 are the expansions of M,N by the relations RpMq, RpNq obtained by concatenating
the tuples in R1pMq, . . . , RℓpMq and in R1pNq, . . . , RℓpNq respectively.

Interestingly, our proof of NP-hardness in Theorem 3.1 makes use of the algebraic approach
to promise constraint satisfaction [4] albeit in a setting where the left-hand side structure is
infinite and the right-hand side structure is finite. In [4], many of the statements for finite
structures hold for templates where the right-hand side template is infinite and the left-hand
side template is finite, however the direction that we take here is essentially new and works for
arbitrary algebraic structures (i.e., not only groups and monoids) under the natural condition
that the structures and their powers are finitely generated. Such structures with finitely
generated left-hand side and finite right-hand side also appear in the study of (non-promise)
constraint satisfaction problems for infinite structures with a large automorphism group [27].

The polynomial-time algorithm that we use to prove Theorem 3.1 is inspired by the work
of [24] on finite regular commutative monoids. We show that the CSP of an expansion of
a finitely generated regular commutative monoid by any finite number of cosets is solvable
in polynomial time. Although the monoid M in Theorem 3.1 is only assumed to be finitely
generated, we can apply our algorithm by showing that every finitely generated monoid M
admits a commutative regularization pM r.c., πr.c.q, as given by the following result. This fact
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and this proof might be folklore; we include the proof in the appendix (see Appendix B) for
the convenience of the reader.

Lemma 3.2. Let M be a monoid. Then there exists a regular commutative monoid M r.c. and
a homomorphism πr.c.

M : M Ñ M r.c. satisfying that for any monoid homomorphism f : M Ñ N
where N is commutative and regular, there is a homomorphism f 1 : M r.c. Ñ N such that
f “ f 1 ˝ πr.c.

M . Moreover, if S Ď M is a set generating M , then πr.c.
M pSq generates M r.c..

Let Mr.c. “ pM r.c.,Cos pπr.c.pRpMqqqq. Then CSPpMr.c.q is solvable in polynomial time
by our algorithm briefly discussed above , cf. Section 6 for all details. Theorem 3.1 together
with the universal property of Mr.c. imply that this structure serves as a classifier for the
complexity of problems of the form PCSPpM, q.

Corollary 3.3. Assume P ‰ NP. Suppose that M “ pM,RpMqq,N “ pN,RpNqq are expan-
sions of monoids such that M is finitely generated and N is finite. Then PCSPpM,Nq is
solvable in polynomial time if, and only if, there exists a homomorphism Mr.c. Ñ N.

Another implication of Theorem 3.1 is that a similar dichotomy holds if the templates
M,N are expansions of groups instead of monoids. In that case, the terms appearing in an
input to PCSPpM,Nq can also use the inverse symbol. However, up to introducing a new
variable x´ and constraints x´x “ e “ xx´ for each variable x, we reduce “group instances”
to “monoid instances”. Moreover, a group is generated by U if, and only if, it is generated as
a monoid by U Y U´1.

Corollary 3.4. Let G “ pG,RGq,H “ pH,RHq be expansions of groups such that there exists
a homomorphism G Ñ H. Assume that G is finitely generated and H is finite. Then, either (1)
there exists a homomorphism h : G Ñ H with a commutative image such that rhpRGqs Ď RH ,
in which case PCSPpG,Hq is solvable in polynomial time, or (2) PCSPpG,Hq is NP-hard.

The problem PCSPpA,Bq is said to be finitely tractable if there exist a finite structure
C and homomorphisms A Ñ C and C Ñ B such that CSPpCq is solvable in polynomial
time. The study of finite tractability in promise constraint satisfaction is important, as it
highlights some essential differences between the non-promise setting (where A “ B). It is
known that there exist problems PCSPpA,Bq with A,B finite that are solvable in polynomial
time but that are not finitely tractable [1, 4]. A simple consequence of Theorem 3.1 is that
such problems do not appear in the class of problems under consideration.

Corollary 3.5. Assume P ‰ NP. Suppose that M,N are expansions of monoids M,N such
that M is finitely generated and N is finite. If PCSPpM,Nq is solvable in polynomial time,
then it is finitely tractable.

4 The Structure of Regular Commutative Monoids

In this section we introduce some elementary facts about monoids that will be used in our
main results. We refer to Appendix A for the short proofs, which we include for completeness
although they might be known. We start with the following characterization of regular
commutative monoids, which is a consequence of Green’s theorem.

Proposition 4.1 ([21, Proposition 4.1.1]). Let M be a commutative monoid. Then M is
regular if, and only if, each of its H-classes contains an idempotent element.
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Given a commutative monoid M , we write MI for its set of idempotent elements. Proposi-
tion 4.1 implies that if M is regular we can write M “

Ů

dPMI
Hd, where Hd is the H-class of

d P MI , which also is the maximal subgroup containing this element, by 2.1. The set MI has
the following nice properties.

Lemma 4.2. Let M be a commutative monoid and MI Ď M be the subset of its idempotent
elements. Then, (1) MI is a semilattice, and (2) if M is regular and finitely generated, then
MI is finite.

It is well-known that for any finite group G there is a constant C P N such that aC “ eG
for all a P G. For monoids the following analogue holds.

Lemma 4.3. Let M be a finite monoid. There is an integer C ą 1 such that aC is idempotent
for all a P M . If a P M is a group element, then it also holds that aC´1 “ a´1. Additionally,
given a P M , there is a unique idempotent element da that satisfies da “ an for some n P N.

This way, given an element a in a finite monoid M , we write da for the only idempotent
element that can be expressed as an for some n P N.

Lemma 4.4. Let M be a finite commutative monoid, MI Ď M its subset of idempotent
elements, and M: Ď M its subset of group elements. The following hold: (1) The map
πI : M Ñ MI given by a ÞÑ da is a surjective monoid homomorphism satisfying πI ˝ πI “ πI .
(2) M: is a regular submonoid of M . (3) The map π: : M Ñ M: given by a ÞÑ daa is a
surjective monoid homomorphism satisfying π: ˝ π: “ π:.

Given a finite commutative monoid M and an element a P M , we write a: for the product
ada and, if S Ď M , we write S: for ta: | a P Su.

Lemma 4.5. Let M be a monoid, and N be a commutative monoid. Let F be a finite family
of monoid homomorphisms f : M Ñ N , and g : M Ñ N be the homomorphism given by
gpaq “

ś

fPF fpaq.6 Then for each S Ď M , it holds that Cos pgpSq:q Ď
Â

fPF Cos pfpSq:q.

5 Hardness

We prove here the hardness side of Theorem 3.1. That is, we show that in the absence of a
suitable homomorphism M Ñ N we have that PCSPpM,Nq is NP-hard. For this, we first
introduce an additional decision problem from [4] whose NP-hardness can be proved under a
certain algebraic condition p‹q, then exhibit a reduction from this problem to PCSPpM,Nq

which holds beyond the setting of groups and monoids, and finally show that p‹q holds for the
templates under consideration in this paper.

Polymorphisms Given a relational structure A and a number n P N, the n-th Cartesian
power of A, denoted An, is defined in the natural way. That is, the universe of An is An,
and for each symbol R in the signature, RpAnq is the set of tuples pa1, . . . ,aarpRqq where
ai P RpAq for each i P rarpRqs.

Let A Ñ B be two relational structures. Given n P N, a n-ary polymorphism of the
pair pA,Bq is a homomorphism f : An Ñ B. We denote by PolpnqpA,Bq the set of n-ary
polymorphisms of pA,Bq, and use PolpA,Bq to represent the disjoint union

Ů

nPN PolpnqpA,Bq.

6Observe that this notation is well-defined because products commute in a commutative monoid.
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Given n,m P N, f P PolpnqpA,Bq, and σ : rns Ñ rms the element fσ P PolpmqpA,Bq is
given by fσpaq “ fpa ˝ σq for each a P Am. In this situation we say that fσ is a minor of
f . The unary minor of f is the polymorphism f τ , where τ is the constant map from rns to
r1s. In this situation, it is easy to see that pfσ1qσ2 “ fσ2˝σ1 for all suitable maps σ1, σ2, and
that fσ “ f whenever f P Polpnq, and σ is the identity over rns for some n P N. This sort of
algebraic structure has been called a minion in the literature [4].

Minor Conditions A minor condition Φ is a tuple pU, V,E, pϕpu,vqPEqq where U, V are finite
disjoint sets where each element u P U \V has an arity arpuq P N associated to it, E Ď U ˆV ,
and ϕu,v is a map from rarpuqs to rarpvqs for each pu, vq P E. We say that Φ is trivial if for each
u P V \U there is an index iu satisfying that ϕu,vpiuq “ iv for each pu, vq P E. Given relational
structures A Ñ B, we say that Φ is satisfiable over PolpA,Bq if for each u P V \ U there is

an element fu P PolparpuqqpA,Bq and there exists fv P PolparpvqqpA,Bq satisfying f
ϕu,v
u “ fv for

each pu, vq P E. It can be seen that if Φ is trivial, then it is satisfiable over PolpA,Bq for any
choice of A Ñ B.

Let A,B be relational structures such that A Ñ B, and let ℓ P N. The promise minor
condition problem, denoted by PMCℓpA,Bq,7 is the computational problem of distinguishing,
given a finite minor condition Σ with symbols of arity at most ℓ, between the following two
cases: (1) Σ is trivial, and (2) Σ is not satisfiable in PolpA,Bq.

Let A Ñ B be relational structures, and N Ď PolpA,Bq be a subset. A selection
function over N is a function I with domain N such that for every n ě 1, and every
f P N of arity n, Ipfq is a subset of rns, and such that whenever f P PolpnqpA,Bq X N and
σ : rns Ñ rms are such that fσ P N , then σpIpfqq X Ipfσq ‰ H. We say that I is bounded
if t|Ipfq| : f P N u Ď N is bounded. The proof of Theorem 5.21 in [4] implies the following
result (cf. also [6] and [25, Corollary 4.5]).

Theorem 5.1 ([4]). Let A Ñ B be relational structures. Suppose that

PolpA,Bq is the union of subsets M1, . . . ,Mk such that for each i P rks there exists
a bounded selection function for Mi.

(‹)

Then there exists some ℓ P N such that PMCℓ1pA,Bq is NP-hard for all ℓ1 ě ℓ.

Algebraic Approach in the Finitely Generated Case For finite relational structures,
the problem PMCℓpA,Bq is related to PCSPpA,Bq by the following result, which lies at the
heart of the so-called algebraic approach to promise constraint satisfaction.

Theorem 5.2 ([4]). Let A Ñ B be finite relational structures. Then PMCℓpA,Bq and
PCSPpA,Bq are equivalent under logspace reductions for all large enough ℓ.

Let M,N be monoids, where M is finitely generated and N is finite, and M,N be
expansions of M,N by a single relation RpMq, RpNq such that M Ñ N. The hardness side
of Theorem 3.1 is shown by reducing PMCℓpM,Nq to PCSPpM,Nq and then showing that
PMCℓpM,Nq is NP-hard for ℓ sufficiently large. The fact that M may be infinite means that
Theorem 5.2 does not yield the reduction we are looking for. In general, Theorem 5.2 is known
to fail for infinite structures, since PMCLpA,Bq is always in NP (since the computationally
harder problem to check whether a given minor condition Σ is trivial or not is itself in NP),

7For the sake of readability, we differ slightly here from the notation introduced in [4].
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while the (P)CSP of infinite structures can have arbitrary high complexities, even under strong
structural assumptions [16].

Our reduction is more general and applies to a wider context than for groups and monoids.
In order to present it, we will need the standard notions from universal algebra to put our
result in its natural habitat. An algebraic signature τ is a list of function symbols, each
having a finite arity n P N. As for relational structures, we assume in this work that algebraic
signatures are finite. A τ -algebra A is a tuple consisting of a set A together with, for each
n-ary operation symbol f P τ , an operation fA : An Ñ A. The operations fA are called the
basic operations of the algebra. A term (in the signature τ) is a formal operation obtained by
composing the symbols in τ in a way that respects the arities of the symbols. Every term
t can be evaluated naturally in any τ -algebra, yielding an operation tA. For example, if τ
consists of a single binary symbol ¨, then t1px, y, zq “ px ¨ yq ¨ z and t2px, y, zq “ x ¨ py ¨ zq are
both terms. Any set with a binary operation A “ pA, ¨Aq is a τ -algebra. We have tA1 “ tA2 in
any algebra where ¨A is associative, e.g., in monoids and groups.

We can treat any algebra as a relational structure, by replacing a basic operation of arity n
by a relation of arity n ` 1. The notion of homomorphism between algebras can be defined as
homomorphisms between the associated relational structures. Alternatively, a homomorphism
between two τ -algebras A and B is a function h : A Ñ B such that

hpfApa1, . . . , anqq “ fBphpa1q, . . . , hpanqq

holds for every symbol f of arity n in τ and every a1, . . . , an P A. By a simple induction, one
sees that this equality must also hold for every term t.

For ℓ ě 1, the ℓth power of A, denoted by Aℓ, is the algebra with base set Aℓ and whose
fundamental operations are defined component-wise, i.e., by

fAℓ
pa1, . . . ,anq “ pfApa11, . . . , a

n
1 q, . . . , fApa1L, . . . , a

n
ℓ qq,

where aij denotes the jth component of the L-tuple ai. This coincides with the definition of
products for groups and monoids.

We say that an algebra A is finitely generated if there exists a finite subset A1 “

ta1, . . . , aru Ď A, called a generating set, such that every a P A is of the form tApa1, . . . , arq

for some term t.
In general, an algebra A can be finitely generated while its powers are not. A simple

example is the algebra with a single unary function N “ pN; sN q where sN pnq “ n ` 1. One
sees that t1u is a generating set of N , while any generating set of N2 must contain the elements
p1, 1q, p1, 2q, p1, 3q, . . . . However, if A is a finitely generated group (or a monoid) with identity
element e, then Aℓ is finitely generated for all L P N. Indeed, if G “ tg1, . . . , gru is a generating
set of A, then one sees that elements of the form pe, . . . , e, gi, e, . . . , eq for all i and all possible
positions of gi generate Aℓ.

Finally, we note the following. Suppose that A,B are τ -algebras and U “ tα1, . . . , αru

is a generating set of A. Let h : U Ñ B be a function. Then h can be extended to a
homomorphism h̃ : A Ñ B if, and only if, for all terms s, t of arity r, we have that if
sApα1, . . . , αrq “ tApα1, . . . , αrq, then sBphpα1q, . . . , hpαrqq “ tBphpα1q, . . . , hpαrqq. Indeed,
we can simply define h̃psApα1, . . . , αrqq as sBphpα1q, . . . , hpαrqq, which is well-defined by
assumption and is a total function by assumption that G generates A.

Proposition 5.3. Let A,B be algebras such that all finite powers of A are finitely generated
and B is finite. Fix m P N and RA Ď Am, RB Ď Bm such that A “ pA,RAq admits a
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homomorphism to B “ pB,RBq. Then there is a logspace reduction from PMCℓpA,Bq to
PCSPpA,Bq for any ℓ P N.

Proof. Consider an instance Σ of PMCℓpA,Bq. Without loss of generality, we can assume that
all symbols in Σ have arity ℓ (otherwise lower-arity symbols are padded by dummy variables).
We define an instance I “ IΣ of PCSPpA,Bq that is constructible in logspace from Σ. Let U
be a finite generating set of AL. We write U “ tα1, . . . ,αru. Without loss of generality, we
can assume that for every α P U and σ : rLs Ñ rLs, we have α ˝ σ P U as well.

For each x P X and α P U , let xpαq be a variable of I. Our goal is to obtain that in every
solution of I in B, the values xpαq define a map U Ñ B that extends to a homomorphism
x̃ : AL Ñ B. Note that there are only finitely many functions f : U Ñ B. For each such function
that does not extend to a homomorphism f̃ : AL Ñ B, there must exist a pair ps, tq of terms such

that sA
L

pα1, . . . ,αrq “ tA
L

pα1, . . . ,αrq while sBpfpα1q, . . . , fpαrqq ‰ tBpfpα1q, . . . , fpαrqq.
Make a finite list ps1, t1q, . . . , psk, tkq of such pairs of terms corresponding to maps U Ñ B
that do not extend to a homomorphism. For each such pair, and each variable x, add the
constraint

spxpα1q, . . . , xpαrqq “ tpxpα1q, . . . , xpαrqq

to I. Formally, for each variable x and pair ps, tq, this involves the introduction of a bounded
number of variables for each subterm of s and t and corresponding equations. All in all, in every
solution to I, we are guaranteed that x : U Ñ B extends to a homomorphism x̃ : AL Ñ B.

We now additionally want to make sure that the extension x̃ : AL Ñ B of x is a homo-
morphism AL Ñ B, i.e., that it is an element of PolpA,Bq. Note that there are only finitely
many homomorphisms AL Ñ B. Let f1, . . . , fk be those homomorphisms that are not homo-
morphisms AL Ñ B. For each i P rks, proceed as follows. First, pick elements r1, . . . , rL P RA

such that fipr
1, . . . , rLq ̸P RB. Each pr1j , . . . , r

L
j q for j P rrs is equal to tA

L

j pα1, . . . ,αrq for
some term tj . Add to I the constraint

pt1pxpα1q, . . . , xpαrqq, . . . , tarpRqpxpα1q, . . . , xpαrqqq P R.

Finally, we want that the resulting homomorphisms satisfy the minor condition Σ. Let
x “ yσ be a minor identity in Σ. We add the constraints

xpαq “ ypα ˝ σq

for every α P U , where we recall that α ˝ σ is also an element of U . We prove that if x̃ and
ỹ are the resulting homomorphisms AL Ñ B, then x̃pa1, . . . , aℓq “ ỹpaσp1q, . . . , aσpNqq holds

for all a1, . . . , aℓ P A. There exists a term t such that tA
L

pα1, . . . ,αrq “ pa1, . . . , aℓq. Thus,
tApα1i, . . . , αriq “ ai for all i P rLs. It follows that tApα1σpiq, . . . , αrσpiqq “ aσpiq for all i P rLs

and therefore tA
ℓ
pα1 ˝ σ, . . . ,αr ˝ σq “ paσp1q, . . . , aσpNqq. By definition of x̃ and ỹ, we have

x̃pa1, . . . , aℓq “ tBpxpα1q, . . . , xpαrqq

and
ỹpaσp1q, . . . , aσpNqq “ tBpypα1 ˝ σq, . . . , ypαr ˝ σqq.

Since I contains the constraint xpαiq “ ypαi ˝σq for all i P rrs, we obtain that x̃pa1, . . . , aℓq “

ỹpaσp1q, . . . , aσpNqq is satisfied.
It remains to prove that this is a correct reduction. We have already described above that

if I is not a No-instance of PCSPpA,Bq, i.e., if there is a solution ξ to I, then for each x P X
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the function U Ñ B defined by α ÞÑ ξpxpaqq extends to an element x̃ P PolpA,Bq showing
that Σ is satisfiable in PolpA,Bq and therefore not a No-instance of PMCℓpA,Bq. Therefore,
No-instances of PMCℓpA,Bq are mapped to No-instances of PCSPpA,Bq. Conversely, suppose
that Σ is a Yes-instance of PMCℓpA,Bq. Then there is a map x ÞÑ ix that satisfies σpixq “ iy
for any constraint of the form xσ “ y in Σ. Then, the map that sends each variable xpαjq to
the ix-th component of αj is a solution over A to our instance.

Polymorphisms of Expansions of Monoids For the NP-hardness part of Theorem 3.1,
we are left to show in this section that if there does not exist a homomorphism h : M Ñ N
whose image is a regular commutative submonoid of N and such that Cos phpRpMqqq Ď RpNq,
then the requirement in Theorem 5.1 is met.

The following two auxiliary results show that in a finite commutative monoid M , for a
sufficiently large ℓ and any set U Ď M , any product of the form

śℓ
i“1 ai, where ai P Cos pU:q

for each i, can be obtained alternatively as
śℓ

i“1 bi, where bi P U for each i.

Lemma 5.4. Let M be a finite regular commutative monoid. There exists ℓpMq P N such that
for all n ě ℓpMq and for all U Ď M we have Cos pUq

bn
“ Ubn.

Proof. Recall the decomposition of regular commutative monoids described in Section 4. Let
MI be the set of idempotent elements in M , and Hd the maximal subgroup of M containing
d for each d P MI .

For all n, we have |Ubn| ď |Ubn`1|. To see this, we simply show that |Ubn X Hd| ď

|Ubn`1 X Hd| for each d P MI . Suppose that |Ubn X Hd| ě 1 (otherwise we are done). Then
there must be some element a P U with d ĺ a. It follows that adHd, so ad P Hd. This way,

a b Hd “ a b pd b Hdq “ ad b Hd Ď Hd,

and therefore ab pUbn XHdq Ď Ubn`1 XHd. Moreover, |ab pUbn XHdq| “ |Ubn XHd| holds,
proving the statement. Thus, since M is finite, there exists a natural number ℓpMq such that
|Ubn| “ |UbℓpMq| “ λ holds for all n ě ℓpMq.

Now let us show that |U b pU´1 b Uqbn| ě |Ubn| for all n P N. To do this we define
an injective map from Ubn X Hd to U b pU´1 b Uqbn X Hd for each d P MI . Suppose that
Ubn XHd is not empty. In particular, there must be some element a P U satisfying d ĺ a. We
claim the map b ÞÑ a1´nb is an injective map from Ubn X Hd to U b pU´1 b Uqbn X Hd. This
is a well-defined map: if b P Ubn XHd, then we can write b “ s1 ¨ ¨ ¨ sn for some s1, . . . , sn P U ,
and then a1´nb “ apa´1s1q ¨ ¨ ¨ pa´1snq, which belongs to U b pU´1 b Uqbn. The fact that
b P Hd and s ĺ a implies a1´nb P Hd. Finally, let us show that the map b ÞÑ a1´nb is injective.
Observe that b “ db, for all b P Hd, so a1´nb “ a1´nb1 if, and only if, pa1´ndqb “ pa1´ndqb1 for
each b, b1 P U b pU´1 b Uqn X Hd. However, the fact that d ĺ a implies that a1´nd P Hd, so
pa1´ndqb “ pa1´ndqb1 holds if, and only if, b “ b1.

Now we can see that Cos pUq “ Ubn for some n. Indeed, Cos pUq “ U b pU´1Uqbn for
all large enough n, so in particular |Cos pUq | ě |Ubn| “ λ. Since U´1 Ď UbkM´1 for some
constant kM , we get Cos pUq Ď Ubp1`nkM q and this set has size at most λ, so the two sets are
equal.

Finally, for all n, we trivially have Ubn Ď Cos pUq
bn and since for n ě ℓpMq the two sets

have size λ, we get Ubn “ Cos pUq
bn.
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Lemma 5.5. Let M be a finite commutative monoid. There exists ℓpMq P N such that for all
n ě ℓpMq and for all U Ď M we have Cos pU:q

bn
Ď Ubn.

Proof. Let k P N be such that ak is idempotent for all a P M , as given by Lemma 4.3. Let
λ be a constant witnessing Lemma 5.4 with respect to M:. Let ℓ “ maxpλ, 2k|M |q. We
claim that ℓ satisfies the lemma’s statement. Fix n ě ℓ. Then, it is enough to show that
Cos pU:q

bn
Ď Ubn.

Let a P Cos pU:q
bn. By Lemma 5.4, a “

ś

iPrnspbiq: for some b1, . . . , bn P U . Another way

of writing this identity is a “
ś

bPU 1 b
nb
:
, where U 1 Ď U , and the nb denote positive integers

satisfying
ř

bPU 1 nb “ n. As n ě 2k|M |, and |U 1| ď |M |, there are integers pmbqbPU 1 such that
ř

bPU 1 mb “ n that satisfy both mb “ nb mod k, and mb ě k for all b P U 1. Let us construct
this sequence. For each b P U 1, let 0 ă n1

b ď k be the only integer satisfying n1
b “ nb mod k.

Define m1
b “ n1

b ` k for each b P U 1. Define

τ “
ÿ

bPU 1

m1
b ´

ÿ

bPU 1

nb.

As n ě 2k|M | and m1
b ď 2k for each b P U 1, we have that τ ď 0. Moreover, by construction

m1
b “ nb mod k for each b P U 1. This way, τ “ 0 mod k. In order to obtain the desired

pmbqbPU 1 , define mb “ m1
b ` τ for one b P U 1, and mc “ m1

c for all c P U 1ztbu. This way,

a “
ź

bPU 1

bnb
:

“
ź

bPU 1

bmb
:

“
ź

bPU 1

bmb .

The last term belongs to Ubn, so this completes the proof.

With this in hand, we are now able to provide a bounded selection function for the subset
of the polymorphisms of pM,Nq with commutative image, and whose unary minor has a
regular image.

Let M be a monoid with identity e. We say that two sets, S, T Ď M commute if ab “ ba
for every a P S, b P T . Let M,N be monoids and f : Mn Ñ N be a homomorphism. For
i P rns, we define the homomorphism fi : M Ñ N by fipxq “ fpe, . . . , e, x, e, . . . , eq, where x is
at position i. This way, fpx1, . . . , xnq “

śn
i“1 fipxiq. Moreover, Impfiq and Impfjq commute

for each i ‰ j. We say that i, j P rns are f-equivalent if fi “ fj . This clearly defines an
equivalence relation on rns whose equivalence classes are called f-equivalence classes. If I is
an f -equivalence class, we define fI as the homomorphism fi for an arbitrary i P I.

Observation 5.6. Let M,N be monoids, f : Mn Ñ N a homomorphism, and g “ fσ for
some σ : rns Ñ rms. Then, gipaq “

ś

jPσ´1piq fjpaq for each i P rms, a P M .

Observation 5.7. Let M,N be expansions of monoids M,N by a single relation RpMq, RpNq

such that M Ñ N. Then a map p : Mn Ñ N is a polymorphism in PolpM,Nq if, and only if,
p is a monoid homomorphism from Mn to N and pppRpMqqnq Ď ppRpNqq.

Proposition 5.8. Let M,N be monoids with M Ñ N , where N is finite. Fix r P N and
relations R Ď M r, S Ď N r. Let M Ď PolpM,Nq be the subset of polymorphisms f such
that (1) Impfq is commutative, (2) the unary minor h of f has a regular image, and (3)
Cos phpRqq ̸Ď S. Given f P M , let Ipfq Ď rns be the union of all f -equivalence classes of size
smaller than ℓpN rq, where ℓ is given by Lemma 5.5. Suppose that Ipfσq X σpIpfqq “ H for
some f, fσ P M . Then fpRnq ̸Ď S, where n denotes the arity of f .
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Proof. Let f, g P M be polymorphisms satisfying fσ “ g, and Ipgq X σpIpfqq “ H. Suppose
the arities of f and g are n and m respectively. Let J1, . . . , Jp Ď rms be a list of the g-
equivalence classes. By assumption Cos phpRqq ̸Ď S, where h is the unary minor of g and f .
Let c P Cos phpRqq zS. By Lemma 4.5, there exist elements bi P Cos pgipRq:q for each i P rms

satisfying
ś

iPrms bi “ c.

In this paragraph, we construct a second sequence pb1
iqiPrms whose product is also c, but

where b1
i P gipRq for each i R Ipgq. First, we define b1

i “ bi for each i P Ipgq. Now let J ̸Ď Ipgq

be a g-equivalence class. Then

ź

jPJ

bj P Cos pgJpRq:q
b|J | .

We know that |J | ě ℓpN rq, so by Lemma 5.5 we conclude there are elements b1
i P gJpRq for

each i P J satisfying
ś

jPJ bjdbj “
ś

jPJ b
1
j . Applying this reasoning to each g-equivalence

class J ̸Ď Ipgq, we define an element b1
i P gipRq for each i R Ipgq. This way,

ś

iPrms b
1
i “ c.

We now construct another sequence pajqjPrns whose product equals c. For each i P Ipgq,
by Observation 5.6 it holds that gi “

ś

jPσ´1piq fj . Thus, by Lemma 4.5, Cos pgipRq:q Ď
Â

jPσ´1piq Cos pfjpRq:q. We use this fact to obtain elements aj P Cos pfjpRq:q for each j P

σ´1piq satisfying
ś

jPσ´1piq aj “ b1
i. Similarly, for each i P rmszIpgq, we have that b1

i “ gipαq

for some α P R, so we define aj “ fjpαq for each j P σ´1piq. This way,
ś

jPσ´1piq aj “ b1
i as

well. Hence, we have obtained a sequence pajqjPrns satisfying
ś

jPrns aj “ c. Observe that,

according to our construction, if j R σ´1pIpgqq, then aj P fjpRq. Finally, we construct a
fourth sequence pa1

jqjPrns whose product equals c and where a1
j P fjpRq for each j P rns. Given

j P Ipfq, we define a1
j “ aj . Observe that by the assumption of the lemma, in this case

j R σ´1pIpgqq, so a1
j P fjpRq. Now let J ̸Ď Ipfq be an f -equivalence class. Then

ź

jPJ

ajdaj P Cos pfjpRq:q
bp|J |q .

By the definition of I, we know that |J | ě ℓpN rq, so by Lemma 5.5 we conclude there are
elements a1

i P fJpRq for each j P J satisfying
ś

jPJ ajdaj “
ś

jPJ a
1
j . Applying this reasoning

to each f -equivalence class J ̸Ď Ipfq, we define an element a1
j P fjpRq for each j R Ipfq. This

way,

ź

jPrns

a1
j “

¨

˝

ź

jPIpfq

aj

˛

‚

¨

˝

ź

jPrnszIpfq

ajdaj

˛

‚“
ź

jPrns

aj “ c.

To see the second equality, observe that c is a group element, and c ĺ aj for all j P rns, so
cdaj “ c. Now, by construction a1

j “ fjpαjq for some αj P R, for each j P rns. In particular,
fpα1, . . . ,αnq “ c. However, fpα1, . . . ,αnq P fpRnq, and c R S, so this proves the result.

We conclude this section proving the NP-hardness part of our main theorem (Theorem 3.1).

Proposition 5.9. Let M be a finitely generated monoid, N be a finite monoid, and RpMq Ď

M r, RpNq Ď N r be relations of arity r satisfying that M “ pM,RpMqq maps homomorphically
to N “ pN,RpNqq. Suppose that there is no homomorphism f : M Ñ N with regular
commutative image such that Cos pfpRpMqqq Ď RpNq. Then PCSPpM,Nq is NP-hard.
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Proof. We show that PMCkpM,Nq is NP-hard for sufficiently large k. By Proposition 5.3
this proves the result.

We describe PolpM,Nq as the union of three subsets (0) the set M1 of polymorphisms f
such that Impfq is not a commutative submonoid of N , (2) the set M2 of polymorphisms f
such that Impfq is commutative and whose unary minor g satisfies that Impgq is not a regular
submonoid of N , and (3) M3, the complement of M1 Y M2 in M .

Using that that N is finite, the proof of [26, Theorem 3] on pages 3:14–3:15 therein shows
the existence of a selection function for M1 and M2. It remains therefore to construct a
selection function for M3.

Since there is no homomorphism h : M Ñ N with regular commutative image and such
that Cos phpRpMqqq Ď RpNq, all the elements of M3 satisfy the assumption of Proposition 5.8.
Thus, by Proposition 5.8, the map I where for an n-ary f P M3 we define Ipfq to be the
union of all f -equivalence classes of size smaller than the constant ℓpN rq given in Lemma 5.5
is a selection function. It remains to show that it is bounded. Since M is finitely generated
and N is finite, there is a finite number λ of homomorphisms M Ñ N , and therefore for an
n-ary f P M3 there are only λ possibilities for fi with i P rns. Thus, the number of distinct
f -equivalence classes is λ for each f P M3. Therefore, at most λ of those f -equivalence classes
have size smaller than ℓpN rq. It follows that I is a bounded selection function, which concludes
the proof.

6 Tractability

Let A Ñ B be two relational structures, and i P N. A 2-block symmetric polymorphism
f P PolpA,Bq of arity 2i ` 1 is a homomorphism f : A2i`1 Ñ B such that fσ “ f for all
bijections σ : r2i ` 1s Ñ r2i ` 1s satisfying σpri ` 1sq “ ri ` 1s (i.e., σ preserves the sets
t1, . . . , i ` 1u and ti ` 2, . . . , 2i ` 1u). We use the following characterization of solvability of
PCSPs via the BLP+AIP algorithm defined in [10].

Theorem 6.1 ([10]). Let A Ñ B be finite relational structures. Then PCSPpA,Bq is solvable
in polynomial time via BLP+AIP if, and only if, PolpA,Bq contains 2-block symmetric
polymorphisms of all odd arities.

The following shows the tractability side of our main result, Theorem 3.1.

Proposition 6.2. Let M “ pM,RpMqq, N “ pN,RpNqq be expansions of monoids such that
there exists a homomorphism M Ñ N. Assume that M is finitely generated and N is finite.
The following are equivalent.

(1) There is a homomorphism h : M Ñ N with regular commutative image, satisfying that
Cos phpRpMqqq Ď RpNq.

(2) PolpM,Nq contains 2-block symmetric polymorphisms of all odd arities.

(3) There is a finite structure A satisfying M Ñ A Ñ N such that CSPpAq is solvable via
BLP+AIP.

(4) There is a homomorphism from pM r.c., rπr.c.
M pRpMqqsq to N, where M r.c., πr.c.

M are given
by Lemma 3.2.
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Proof. We show that (1) is equivalent to each of the other items. The arguments are similar
to those in [26], but the implication (2) ùñ (1) is significantly more complex.

(1) ùñ (2) Let i P N. We construct a 2i ` 1-ary 2-block symmetric polymorphism
f P PolpA,Bq. We define

fpa1, . . . , ai`1, b1, . . . , biq “

i`1
ź

j“1

hpajq
i

ź

j“1

hpbjq
´1

for each pa1, . . . , ai`1, b1, . . . , biq P M2i`1. The fact that f is a monoid homomorphism from
M2i`1 to N follows from Imphq ď N being commutative and regular. We only need to show
that f

`

RpMq2i`1
˘

Ď RpNq. This can be seen as follows:

f
`

RpMq2i`1
˘

“ hpRpMqqbi`1 b ph
`

RpMqq´1
˘bi

“

hpRpMqq b phpRpMqq´1 b hpRpMqqqbi Ď Cos phpRpMqqq Ď RpNq.

(2) ùñ (1) Suppose, for the sake of a contradiction, that there is no homomorphism
h : M Ñ N satisfying (1). In Proposition 5.9 we show that in this case PolpM,Nq is in the
scope of Theorem 5.1. This means that PolpM,Nq is the union of subsets M1, . . . ,Mk such
that there exists a bounded selection function Ii for Mi for each i P rks. Let ℓ be a bound on
|Iipfq| for all i P rks, f P Mi. Let f be a 2-block symmetric polymorphism of arity 4ℓ ` 1, and
let i be such that f P Mi. Because |Iipfq| ď ℓ, and each block of f has size at least 2ℓ, there is
a bijection σ : r4ℓ` 1s Ñ r4ℓ` 1s that preserves each block and satisfies Iipfq X σpIipfqq “ H.
However, f “ fσ, so this contradicts the fact that Ii is a selection function on Mi. We derived
this contradiction from the assumption that (1) does not hold, so this completes the proof.

(1) ùñ (3) Let A be the expansion of the monoid Imphq by the relation Cos phpRqq.
Observe that h is a homomorphism from M to A and the inclusion is a homomorphism from
A to N. We show that CSPpAq is solvable via BLP+AIP. By Theorem 6.1, we just need to
find a 2-block symmetric polymorphism f P PolpAq of arity 2i` 1 for each i P N. Here PolpAq

denotes PolpA,Aq. We define

fpa1, . . . , ai`1, b1, . . . , biq “

i`1
ź

j“1

aj

i
ź

j“1

b´1
j ,

for each a1, . . . , ai`1, b1, . . . , bi P Imphq. The fact that f is a well-defined monoid homomorph-
ism from Imphq2i`1 to Imphq follows from the fact that Imphq is commutative and regular.
Let T “ Cos phpRqq. To see that fpT 2i`1q Ď T , observe that fpT q “ Tbi`1 b pT´1qbi “

T b pT´1 b T qbi “ T , where the last equality uses the fact that T is a coset.
(3) ùñ (2) Suppose there is a finite structure A such that CSPpAq is solvable via

BLP+AIP, and there are homomorphisms g1 : M Ñ A and g2 : A Ñ N. Let i P N. We show
that PolpM,Nq has a 2-block symmetric polymorphism f of arity 2i ` 1. By Theorem 6.1,
PolpAq contains a 2-block symmetric polymorphism h of arity 2i ` 1. Then we can define
f “ g2 ˝ h ˝ g1. (1) ùñ (4) Follows directly from Lemma 3.2.

(4) ùñ (1) Follows from the fact that the homomorphic image of a regular commutative
monoid must be commutative and regular, and the homomorphic image of a coset is a coset.

Algorithm for Infinite Templates Let M be the expansion of a finitely generated regular
commutative monoid M by a coset RpMq Ď M r. We sketch a polynomial-time algorithm
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solving CSPpMq. This way, using item (4) in Proposition 6.2, we obtain that all the tractable
problems PCSPpA,Bq within the scope of our main theorem, Theorem 3.1, can be solved by
an algorithm that does not depend on the second structure B of the template. Our algorithm
is an extension of the algorithm outlined in [24, Lemma 23], which is a polynomial-time
algorithm to solve systems of equations over a finite regular commutative monoid, although
we observe the algorithm can also be applied to finitely generated monoids. The full details
can be found in Section 7

By Proposition 4.1, we can describe M as the disjoint union
Ů

dPMI
Hd, where MI ď M

is the semilattice formed by the idempotent elements in M and Hd is the H-class of d P MI ,
which is a subgroup of M . Using the fact that M is finitely generated, Lemma 4.2 yields
that MI is finite. We define πI : M Ñ MI as the natural projection that sends each element
a P M to the only idempotent element δa in its H-class. Finally, let RpMIq Ď M r

I be the set
tπIpaq|a P RpMqu, and MI be the expansion of MI by RpMIq.

Let X be an instance of CSPpMq. We can see this instance as a set of variables X
and constraints of the form x1x2 “ x3, x “ e, and px1, . . . , xrq P R. If there is a solution
f : X Ñ M, then πI ˝ f is a solution for X in CSPpMIq. It is not difficult to see that
homomorphisms h : X Ñ MI are closed under point-wise products. Hence, if there exists
such a homomorphism, there must be a minimal homomorphism hmin. “Minimal” here means
that hminpxq ĺ hpxq for any h : X Ñ MI , x P X. It can also be seen that if f : X Ñ M and
h : X Ñ MI are homomorphisms, then their point-wise product fh is still a homomorphism
from X to M. This way, we can conclude that if there is such a homomorphism f , then there
must be one satisfying πI ˝ f “ hmin. Our algorithm aims to find a homomorphism f with
this property.

Firstly, arc-consistency (e.g., [4]) or a slight modification of the algorithm in [24, Lemma 19]
allows us to find h “ hmin if X is a satisfiable instance. Using the homomorphism h we reduce
the problem of finding f : X Ñ M to the problem of solving a system of linear equations ΣX

over Z, which can be solved in polynomial time using Gaussian elimination. The key insight is
that for each d P MI , the group Hd is commutative and finitely generated, so it is isomorphic
to the homomorphic image of some power of Z (e.g., [22, Theorem 1.4, Chapter II]). In other
words, Hd is isomorphic to Zkd{Gd for some number kd P N and some subgroup Gd ď Zkd .
This way, we can choose a big enough number k P N such that all the elements in M can be
represented with pairs of the form pd,vq, where d P MI is an idempotent element, and v P Zk is
an integer vector that is mapped to the quotient Zkd{Gd. We refer to Section 7 for the details.
In ΣX we represent each variable x P X by a vector of integer variables vx “ pvx1 , . . . , v

x
kq.

Constraints of the form x “ e are translated to vx “ 0. Given a constraint of the form xy “ z
in X, we add to ΣX equations ensuring vx ` vy “ vz inside Hd, where d “ hpzq. Finally, we
observe that for each d P RpMIq, the intersection RpMq X Hd is a coset 8. A coset U in a
commutative group G can be expressed (using additive notation) as a ` H, where a P G is an
element, and H ď G is a subgroup. This way, the condition a P RpMIq can be expressed via
a set of linear equations inside each group of the form Hd with d P M r

I . Using this insight, we
represent each constraint px1, . . . , xrq P R in X with a set of linear equations in ΣX ensuring
pvx1 , . . . , vxrq P RpMIq X Hd, where d “ phpx1q, . . . , hpxrqq. This completes the reduction.

8We remind the reader that the notion of coset introduced in Section 2 generalizes cosets in Abelian groups,
so there should be no confusion here.
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7 Algorithm For Infinite Templates

Let N be a semilattice with identity element epNq, Q a set, and let λ : N Ñ 2Q be a map
satisfying λpaq Ď λpbq whenever b ĺ a, for any a, b P N . The monoid M “ N ˆλ Z consists of
the set

ğ

aPN

tau ˆ Zλpaq.

We implicitly identify Zλpaq with the subspace of ZQ consisting of all vectors v satisfying vα “ 0
for all α R λpaq. This way, given a, b P N , u P Zλpaq,v P Zλpbq it holds that u ` v P Zλpabq.
Hence, we define pa,uq ¨ pb,vq “ pab,u ` vq for all pa,uq, pb,vq. The identity element of the
resulting monoid M is the element pepNq,0q. It is easy to see that M is commutative and
regular. The idempotent elements of M are precisely pd,0q for each d P N , so MI is isomorphic
to N , and the H-class of pd,0q is the subgroup tdu ˆ Zλpdq.

Let Ξ : N Ñ 2Z
Q
be such that Ξpdq be a subgroup of Zλpdq for each d P N , and Ξpaq Ď Ξpbq

whenever b ĺ a. Then we define N ˆΞ
λ Z as the quotient of N ˆλ Z by the equivalence relation

– defined by pa,uq – pb,vq, whenever a “ b and u ´ v P Ξpaq. Given pd,vq P N ˆλ Z, we
write rd,vs for its corresponding –-class in N ˆΞ

λ Z. It is not difficult to see that N ˆΞ
λ Z

equipped with the product
ra,usrb,vs “ rab,u ` vs

is a well-defined monoid. Moreover, N ˆΞ
λ Z must be commutative and regular because it is a

homomorphic image of N ˆλ Z.

Lemma 7.1. Let M be a regular commutative monoid generated by a finite set Q Ď M .
Then there are suitable maps λ : MI Ñ 2Q and Ξ : MI Ñ 2Z

Q
such that M is isomorphic to

MI ˆΞ
λ Z.

Proof. Let λ : MI Ñ 2Q be the map defined by d ÞÑ tα P Q|d ĺ αu. We first prove that M is
a homomorphic image of MI ˆλ Z. Consider the map ρ : MI ˆλ Z Ñ M given by

pd,vq ÞÑ d
ź

αPλpdq,vα‰0

αvα . (1)

We claim that ρ is a is a monoid homomorphism. By construction, ρ preserves the identity
element. Let us show that it also preserves products. Another way of writing (1) is

pd,vq ÞÑ d
ź

αPλpdq

αvα ,

where we adopt the convention that α0 “ dα. To see that this is equivalent to (1), observe
that, by definition of λ, the fact that α P λpdq implies that d ĺ dα, so ddα “ d. Let
pd1,uq, pd2,vq P MI ˆλ Z. Then

ρpd1,uqρpd2,vq “ d1d2
ź

αPλpd1qYλpd2q

αuα`vα

“ d1d2
ź

αPλpd1d2q

αpu`vqα “ ρpd1d2,u ` vq.

This shows that ρ is a monoid homomorphism. Now, it is also not hard to see that ρ is
surjective. Let a P M . Then a can be expressed as

ś

αPQa
αnα for some subset of generators
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Qa Ď Q and some integers nα ą 0 for each α P Qa. In particular, it must be that da ĺ α for
each α P Qa, so Qa Ď λpdaq. Additionally, the fact that a “ daa implies a “ da

ś

αPQa
αnα .

Define v P Zλpdaq by letting vα “ nα if α P Qa and vα “ 0 otherwise. Then a “ ρpda,vq.
The fact that M “ Impρq implies that M is isomorphic to the quotient of MI ˆλ Z

by the congruence – given by pa,uq – pb,vq whenever ρpa,uq “ ρpb,vq. Let us analyze
this congruence. The first observation is that if c “ ρpd,vq, then dc “ d. This shows
that pa,uq – pb,vq implies that necessarily a “ b. For each d P MI , define Ξpdq Ď Zλpdq

as the submodule consisting of the vectors v satisfying ρpd,vq “ ρpd,0q. By construction
pa,uq – pb,vq if and only if a “ b, and u ´ v P Ξpaq. This shows that M is isomorphic to
MI ˆΞ

λ Z.

In the following result we will consider the expansion of a monoid M of the form N ˆΞ
λ Z

by a relation R Ď M r. It will be convenient to represent tuples prd1,vrs, . . . , rdr,vrsq P M r as
pairs rd,us where d “ pd1, . . . , drq and u P

ś

iPrrs Zλpdiq is a vector whose projection to Zλpdiq

is vi{Ξpdiq for each i P rrs. This way, we identify M r with the set

ğ

dPNr

tdu ˆ
ź

iPrrs

Zλpdrq.

Theorem 7.2. If M is an expansion of a finitely generated regular commutative monoid M
by a coset R Ď M r, then CSPpMq is solvable in polynomial time.

Proof. Let X be an instance of CSPpMq. We can see X as a set of variables X together
with expressions of the form (1) x1x2 “ x3 for x1, x2, x3 P X, (2) x “ e for x P X, and (2)
px1, . . . , xrq P R for x1, . . . , xr P X.

By Lemma 4.2, the fact that M is finitely generated implies that the submonoid MI ď M
of idempotent elements is finite. Hence, by Lemma 7.1, we can assume that M is of the form
N ˆΞ

λ Z, where N is a finite semilattice, λ : N Ñ 2Q for some finite set Q, and Ξ : N Ñ 2Z
Q
.

Recall that M “
Ů

δPMI
Hδ, where Hδ denotes the H-class of the idempotent MI , which is a

subgroup of M . As M “ N ˆΞ
λ Z, we have that MI “ trδ,0s | δ P Nu. We abuse the notation

and identify N with MI via the isomorphism δ ÞÑ rδ,0s. This way, given δ P MI , the subgroup
Hδ is defined as trδ,vs |v P Zλpδqu.

Given a P M , we write δa for the unique idempotent element satisfying δaHa. Similarly,
if a P M r, we write δa for the unique idempotent element in the H-class of a (such element
exists because M r is a regular commutative monoid). Let MI be the expansion of MI by
the relation RpMIq “ tδa|a P Ru. Then the projection πI : M Ñ MI defined by a ÞÑ δa is a
homomorphism. Suppose that f : X Ñ M is a homomorphism. Then πI ˝f is a homomorphism
from X to MI . Additionally, if h : X Ñ MI is a homomorphism, then the product fh is also
a homomorphism from X to M. Indeed, fh clearly preserves products and sends epXq to
epMq. To see that fh preserves the relation R, observe that if RpXq contains a tuple x, then
fpxq P RpMq and hpxq P RpMIq Ď ppRpMqq´1 b RpMqq. This way, using the fact that RpMq

is a coset, we obtain

fhpxq “ fpxqhpxq P RpMq b ppRpMqq´1 b RpMqq Ď RpMq.

Additionally, this new solution fh satisfies πI ˝ pfhqpxq ĺ hpxq for all x P X. Now, observe
that if X Ñ MI then there must be a minimal homomorphism h : X Ñ MI , meaning
that for any h1 : X Ñ MI it holds that hpxq ĺ h1pxq for all x P X. To see this define
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hpxq “
ś

h1:XÑMI
h1pxq. This way, if there is a solution f 1 : X Ñ M then, by defining

f “ f 1h, we can obtain a solution f : X Ñ M such that πI ˝ f is the minimal homomorphism
h : X Ñ CSPpMIq. Our algorithm aims to find such a solution f .

By [24, Lemma 19], we can find a minimal solution h : X Ñ MI in polynomial time if
one exists. Otherwise we reject the instance X. Now we look for a map f : X Ñ M such
that fpxq is of the form rδ,vs P Hδ for some, whenever hpxq “ δ. Next we construct a system
ΣX of linear equations over Z. For each variable x P X, we include a vector vx of integer
variables pvxαqαPλphpxqq. The intuition is that our intended solution f should be defined as
fpxq “ rhpxq,vxs. For each x P X and each α R λphpxqq we add to ΣX an equation vxα “ 0.
For each constraint in X of the form x “ e, we add to ΣX equations ensuring vx “ 0.

We make use of the well-known result that any subgroup of a finitely generated commutative
group is itself finitely generated [22, Theorem 1.6, Chapter II] For each δ P MI , let Wδ be a
finite set generating the subgroup Ξpδq Ď Zλpδq. For each constraint in X of the form xy “ z,
we add to ΣX equations ensuring

vx ` vy “ vz `
ÿ

uPWhpzq

nuu

where nu is a fresh variable for each u P Whpzq. This simply ensures that

rhpxq,vxs ` rhpyq,vys “ rhpzq,vzs.

For each δ P πIpRq, let Rδ be R
Ş

Hδ. Using the fact that R is a coset of M r, we obtain
that Rδ must be a coset of Hδ. This way, there must be a coset Uδ Ď

ś

iPrrs Zλpδrq such that
Rδ “ tδu ˆ Uδ. It is not hard to show that a coset U in a commutative group G must be of
the form a ` H (using additive notation), where a P G and H ď G is a subgroup. Using again
the fact that subgroups of finitely generated commutative groups must be finitely generated,
we conclude there is a vector oδ P

śr
i“1 Zλpδiq and Vδ Ď

śr
i“1 Zλpδiq a finite subset such that

Rδ “ trδ,us |u P oδ ` xVδyu.

Then, for each constraint in X of the form x “ px1, . . . , xrq P R, we add to ΣX equations
ensuring

vx “ ohpxq `
ÿ

uPVhpxq

nuu,

where vx denotes the vector pvx1 , . . . ,vxrq, and nu is a fresh variable for each u P Vhpxq. This
ensures that rhpxq,vxs P RpMq. Now, by construction, ΣX has a solution over the integers if
and only if X has a solution in CSPpMq. Systems of linear equations over the integers can be
solved in polynomial time via Gaussian elimination, so this completes the proof.

A Auxiliary Results About Monoids

Lemma 4.2. Let M be a commutative monoid and MI Ď M be the subset of its idempotent
elements. Then, (1) MI is a semilattice, and (2) if M is regular and finitely generated, then
MI is finite.

Proof. Item (1) is straightforward. Let us prove (2). If M is regular, then the quotient M{H
is isomorphic to MI through the map that sends each H-class to the single idempotent element
belonging to it. Hence if M is finitely generated, so is MI . Since MI is a finitely generated
semilattice, it is finite.
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The following is a characterization of group elements in finite regular commutative monoids.

Lemma A.1 ([26, Lemma 1]). Let M be a finite commutative monoid, and a P M an element.
Then the following are equivalent.

(1) a2b “ a for some b P M ,

(2) ak “ a for some k ą 1,

(3) a is a group element,

(4) a ĺ a2.

Lemma 4.3. Let M be a finite monoid. There is an integer C ą 1 such that aC is idempotent
for all a P M . If a P M is a group element, then it also holds that aC´1 “ a´1. Additionally,
given a P M , there is a unique idempotent element da that satisfies da “ an for some n P N.

Proof. Let a P M . As M is finite, there must be some ℓa, ka P N satisfying that

aℓa`n “ aℓa`m, (2)

for any integers n,m ě 0 satisfying m “ n mod ka (see e.g., [12][Section 1.6]). This way, the
element akaℓa is idempotent. Indeed,

a2kaℓa “ aℓa`p2ka´1qℓa “ aℓa`pka´1qℓa “ akaℓa .

Here, the second equality uses (2). The constant C that witnesses the result can be defined as
C “

ś

aPM kaℓa. If a P M is a group element, then it belongs to a subgroup whose identity
must be aC , so a´1 “ aC´1.

Fix a P M . We show that there is a unique idempotent element da of the form an for
some n P N. We have shown that there is at least one idempotent an of this form. Suppose
that there is another positive integer m ‰ n such that am is idempotent as well. It holds that
amHan. Indeed, there are numbers k, ℓ P N satisfying km ą n and ℓn ą m, so

an “ aℓn “ amaℓn´m “ aℓn´mam,

and
am “ akm “ anakm´n “ akm´nan.

By Theorem 2.1, there is at most a single idempotent element in each H-class of M , so
am “ an. This completes the proof.

Lemma 4.4. Let M be a finite commutative monoid, MI Ď M its subset of idempotent
elements, and M: Ď M its subset of group elements. The following hold: (1) The map
πI : M Ñ MI given by a ÞÑ da is a surjective monoid homomorphism satisfying πI ˝ πI “ πI .
(2) M: is a regular submonoid of M . (3) The map π: : M Ñ M: given by a ÞÑ daa is a
surjective monoid homomorphism satisfying π: ˝ π: “ π:.

Proof. (1) The map πI preserves the identity element, because deM “ eM . To see that πI
preserves the product, let k P N be such that ak “ da for each a P M , as given by Lemma 4.3.
Then dadb “ akbk “ pabqk “ dab for each a, b P M . (2) Let k P N be such that ak is idempotent
for all a P M , as given by Lemma 4.3. We have that a P M is a group element if and only
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if ak`1 “ a. Indeed, if ak`1 “ a then a is a group element by Lemma A.1. Conversely, if
a is a group element, by Theorem 2.1 its H-class is a subgroup of M . The identity of this
subgroup must be ak, so ak`1 “ a. (3) The map π: clearly preserves the identity element.
To see that it also preserves products, observe that by (1), dadb “ dab for every a, b P M , so
adabdb “ abdab. Finally, by (1), it holds that dada “ dadda “ d2a “ da for all a P M . This way,
π: ˝ π:paq “ padaqdada “ adada “ ada for all a P M .

Lemma 4.5. Let M be a monoid, and N be a commutative monoid. Let F be a finite family
of monoid homomorphisms f : M Ñ N , and g : M Ñ N be the homomorphism given by
gpaq “

ś

fPF fpaq.9 Then for each S Ď M , it holds that Cos pgpSq:q Ď
Â

fPF Cos pfpSq:q.

Proof. Let a P Cos pgpSq:q. Then we can express a as a product of the form gpbq:

ś

iPrks gpsiq:gptiq
´1
:

,
for some elements b, si, ti P S. By Lemma 4.4, for each s P M it holds that gpsq: “

ś

fPF fpsq:.
Hence, we can write

a “
ź

fPF

¨

˝fpbq:

ź

iPrks

fpsiq:fptiq
´1
:

˛

‚.

This shows that a P
Â

fPF Cos pfpSq:q, as we wanted to prove.

B Commutative Regularization

The aim of this section is to prove Lemma B.1. More explicitly, given a monoid M , we
construct its commutative regularization. This is a second monoid M r.c. (r.c. standing for
regular commutative) together with a homomorphism f : M Ñ M r.c. satisfying the following
universal property: for every regular commutative monoid N and every homomorphism
g : M Ñ N , there exists a unique homomorphism h : M r.c. Ñ N satisfying g “ f ˝ h.

We use the notion of a monoid presented by a set of generators and relations [21]. This
way, in a monoid M presented by a set of generators S and some relations, the elements of M
are equivalence classes of S˚, where S˚ denotes the set of non-empty words over S. Given a
word α P S˚, we write rαs to denote its equivalence class in M .

Let M be a monoid. Informally, to define M r.c. we add inverses to each element a P M
and we impose relations that make the resulting monoid commutative. We define M r.c. as the
monoid presented by the set of generators Ω that contains the symbols pa,qa, 1a for each element
a P M , and the set of relations containing all identities of the form (1)

ś

iPrks pai “
ś

jPrℓs
pbj for

each equality
ś

iPrks ai “
ś

jPrℓs bℓ that holds in M , (2) pa1a “ pa for each a P M , (3) paqa “ 1a
for each a P M , (4) xeM “ e, and (5) xy “ yx for each x, y P Ω.

Lemma B.1. The monoid M r.c. is commutative and regular. Moreover, for each a P M , the
idempotent element in the H-class of rpas is r1as, and rpas´1 “ rqas.

Proof. Commutativity follows from (5). In order to see that M r.c. is regular, first observe that
the elements r1as are idempotent for all a P M :

r12as “ r1apaqas “ rpaqas “ r1as.

Now let us see that M r.c. is regular. By Proposition 4.1 we just need to show that there
is an idempotent element in each H-class of M r.c.. As M r.c. is a commutative monoid and

9Observe that this notation is well-defined because products commute in a commutative monoid.
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tras|a P Ωu is a set of generators, any non-identity element c can be expressed as
ś

iPrksrbis
ni

for some elements b1, . . . , bk P Ω and some integers n1, . . . , nk ě 1. For each i P rks define
b1
i “ qa if bi “ pa, b1

i “ pa if bi “ qa, or b1
i “ bi if bi “ 1a. This way rbisrb

1
is is an idempotent

element, and rbis
2rb1

is “ rbis. We define c1 “
ś

iPrksrb
1
is
ni . It holds that cc1 is idempotent, and

c2c1 “ c, proving that M r.c. is regular.
To prove the last part of the statement, observe that both rpasrqas “ r1as and rpas2rqas “ rpas

hold for all a P M , and r1as is an idempotent element.

Lemma B.2. Let S Ď M be a set of generators of a monoid M . Then the set

rS “ trpas | a P Su Y trqas | a P Su

is a set of generators of M r.c..

Proof. We show that every element of the form rbs for b P Ω can be generated by these
elements. Let c P M be an arbitrary element. By assumption c “ tM pa1, . . . , akq for some
term t and some elements a1, . . . , ak P S. Suppose that b “ pc. Then, because M r.c. satisfies all
identities in (1), it must hold that rbs “ tM

r.c.
prpa1s, . . . , rpaksq. Suppose that b “ qc. We know

that rqas “ rpas´1 for all a P M , and that the map that sends each element to its inverse is an
endomorphism of M r.c.. Hence it must be that rbs “ tM

r.c.
prqa1s, . . . , rqaksq. Finally, suppose

that b “ 1c. In other words, rbs is the idempotent element in Hrpcs. Recall that the map
sending each element a P M r.c. to the idempotent element in Ha is a homomorphism. Hence,
tM

r.c.
pr1a1s, . . . , r1aksq must be the idempotent element in Hrpcs, which equals rbs. Observe that

r1as “ rpasrqas for each a P M , so each r1ais is generated by the elements in rS. This completes
the proof.

Consider the map πM
r.c. : M Ñ M r.c. defined by a ÞÑ rpas. By definition M r.c. satisfies all

identities in (1), so πM
r.c. preserves products. By the identity (4), r xeM s is the identity element

in M r.c., so πM
r.c. is a monoid homomorphism.

Lemma B.3. Let f : M Ñ N be a monoid homomorphism, where N is a regular commutative
monoid. Then there is another monoid homomorphism g : M r.c. Ñ N such that g ˝ πM

r.c. “ f .

Proof. Let Ω be the set of generators in the definition of M r.c.. We define a map h : Ω Ñ N
as follows. For each a P M let hppaq “ fpaq, hpqaq “ fpaq´1, and hp1aq “ dfpaq. It is easy to
see that for each identity tpx1, . . . , xkq “ spy1, . . . , yℓq in the presentation of M r.c., the identity
tN phpx1q, . . . , hpxkqq “ sN phpy1q, . . . , hpyℓqq holds. This way, by the universal property of a
semigroup given by a presentation, the map g : M r.c. Ñ N given by rxs ÞÑ hpxq is a well-defined
semigroup homomorphism from M r.c. to N. To see that it is also a monoid homomorphism,
observe that hppeq “ fpeq, and fpeq must be the identity element of N .

Finally, the fact that g˝πM
r.c. “ f is straightforward. Given s P M , we have πM

r.c.psq “ rpss,
and gprpssq “ hppsq “ fpsq, as we wanted to show. This completes the proof.
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