Multiscale RBF collocation for solving PDEs on spheres
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Abstract In this paper, we discuss multiscale radial basis functalocation methods for
solving certain elliptic partial differential equations ¢he unit sphere. The approximate
solution is constructed in a multi-level fashion, each lexséng compactly supported radial
basis functions of smaller scale on an increasingly fine megb variants of the collocation
method are considered (sometimes called symmetric andnmesiric, although here both
are symmetric). A convergence theory is given, which buildsecent theoretical advances
for multiscale approximation using compactly supportetiakbasis functions.
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1 Introduction

Partial differential equations (PDESs) on the unit sphereshraany applications in the geo-
sciences. Since analytic solutions are difficult or impalssto find, good algorithms for
finding approximate solutions are essential. Radial basistions (RBFs) present a simple
and effective way to construct approximate solutions to ®ID& spheres, via a colloca-
tion method [16] or a Galerkin method [13]. They have beerdssecessfully for solving
transport-like equations on the sphere [3,4].

The quality of the approximation depends on the distributibthe centers of the RBFs
used to define the approximate solution. However, in pradtie solution usually repre-
sents some physical quantities, which are available in rpagigical scales. A solution using
RBFs with a single scale may fail to capture these featurdesa the radial basis function
has a large support and the number of centers is also largejlaigation which can be com-
putationally prohibitive. To overcome this, we propose dtiscale approximation scheme,
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in which the approximate solution is constructed using atirstdige process, in which the
residual of the current stage is the target function for #w stage, and in each stage, RBFs
with smaller support and with more closely spaced centdidbeiused as basis functions.

While meshless methods using RBFs have been employed t@ deninerical solutions
for PDEs on the sphere only recently [16,13,3,4], it showdvientioned that approxima-
tion methods using RBFs for PDEs on bounded domains havedreand for the last two
decades. Originally proposed by Kansa [11,12] for fluid dyits, approximation methods
for many types of PDEs defined on bounded domainR'irusing RBFs have since been
used widely. Examples include [1,6,9, 10].

For boundary value problems, the technique predominaistkg un the literature, with
the exception of [23], where a Galerkin method was used, bas bollocation, mainly be-
cause of the simplicity and the fact that there is no requérnfior numerical integration,
which is still a problematic issue in all meshfree methodwer€ are two popular approaches
to deriving the approximation scheme, usually called umagitnic and symmetric colloca-
tion. In the first approach the collocation matrix is unsynmoeon bounded domains be-
cause of the two different operators involved, the diff¢éilroperator and the boundary
operator. This however can lead to nonsolvable systems Mdjetheless, the method is
widely used since the solution is just a linear combinatibthe RBFs and usually shows
good approximation properties. In our case, where ourrgifféal operator is independent
of position and we do not have a boundary, the nonsymmetpcoagh turns out actually
to be an alternative symmetric approach, which we will rédeais thestandard collocation
method

In the classical symmetric approach the operators arepocated into the approxima-
tion space and hence the collocation matrix is symmetricaweys positive definite, but
the numerical solution is slightly more complicated to dams. Since the solution mini-
mizes a certain Hilbert space norm amongst all possibletiiume satisfying the collocation
condition, we will refer to this approach asrm-minimal collocationA comparison of the
two variants can be found in [19].

A common drawback of using RBFs in approximation schemePRIs is that the col-
location matrix arising from the approximation problemdsrio be ill-conditioned. There
are two main approaches to overcome this: either to use améoner, or to use a multi-
level approximation approach. With a multilevel metho@, tondition number of the matrix
at each level can be relatively small, and has only slow driowhere are papers [1, 2] deal-
ing with multilevel approximation methods for PDEs usingmactly supported radial basis
functions on bounded domainsIRf', however the theory there is incomplete. In this work,
we will prove convergence results in Sobolev spaces for kisitis of collocation method
for a class of elliptic PDEs defined on the unit spr&te R+,

The present paper builds upon theoretical advances insualé approximation for the
sphere [15], which were subsequently extended to boundgoh®inR" [25].

In Section 2 we will review necessary background on sphine@monics, positive defi-
nite kernels, and Sobolev spaces on the unit sphere. InoBettwe will present two variants
of the collocation method for solving PDEs on the unit sphesiag RBFs of a single scale.
In Section 4 we present the corresponding multiscale msthd@onvergence theorem for
the multiscale methods will be proved. Finally, Section&sgnts some numerical examples.



2 Preliminaries

In our work, we will use bizonal functions to construct appnoate solutions for the PDEs.
Bizonal functions orf" are functions that can be representedpés-y) for all x,y € S",
where ¢(t) is a continuous function ofi-1,1]. We shall be concerned exclusively with
bizonal kernels of the type

00 00

¢’(x7y):w(X-y):l;azPe(nH;X-y), a; >0, [;ae@o, 1)

where{P,(n+1;t)}7_, is the sequence ¢h+ 1)-dimensional Legendre polynomials nor-
malized toP,(n+ 1;1) = 1. Thanks to the seminal work of Schoenberg [22] and the later
work of [26], we know that such @ is (strictly) positive definite oi$", that is, the matrix
A = [p(Xi -xj)]i"f'jzl is positive definite for every set of distinct poinfss,...,xu} on S"
and every positive integéy.

For mathematical analysis it is sometimes convenient taestphe kernetp(x,y) into
a series of spherical harmonics. A detailed discussion barggal harmonics can be found
in [17]. In brief, spherical harmonics are the restrictiorsf of homogeneous polynomials
Y (x) in R which satisfyAY (x) = 0, whereA is the Laplacian operator iR"*. The
space of all spherical harmonics of degfeen S", denoted bys#;, has arl, orthonormal
basis

(Ya k=1,...,N(n,0)},

where
(2l4+n-1)r(£+n-1)
r+1r(n

N(n,0) =1 andN(n,¢) = for¢>1,

thus _
/S Yoo dS= & S

wheredSis the surface measure of the unit sphere. The space of sphkarmonics of
degree< L will be denoted by, := @}_,.7#; it has dimensioN(n+1,L). Every function
g € L»(S™) can be expanded in terms of spherical harmonics,

N(n,?)
9=>% > GuYa,  Gu= / gYadS
k=1 /8"

Using the addition theorem for spherical harmonics (seeample, [17, page 10]),

N(n,6) N(n,¢
> Yu(¥)Yaly) = — = )Pz(n+lix'y)> @)
K=1
we can write
o0 N(nl)/\ R n
d(X,y) = OYu(X)Y(y), where@p({) = ———ay, 3
(x,y) /; kzl O(0) Yo (X) Yok (y) o(0) N(n.0) 3)

wherew, is the surface area 8f'. We shall assume that, for sorae> n/2,

a(l+6)729 <) <c(1+6)729, ¢>0. (4)



In the remainder of the paper, we usec, . .. to denote specific constants whidg’,C are
generic constants, which may take different values at eactircence.

Assume that we are given a positive definite kernelSBrdefined from a compactly
supported radial basis functiéd: R"! — R

¢(X7y):R(X*y):p(|X*y|), XayGSn:

where| - | is the Euclidean distance "1, We may then define a scaled version,

osixy) = 5R(%5 ). xyesn

whered > 0 is a scaling parameter. In the following, we expapylas

00 N(ﬂf
5(%,y) = /Z) Z B (OYaOYi(y), X,y €S (5)
We assume, strengthening (4), that for same n/2,
Ci(1+30)7% < g5(0) <c(1+ 80", (>0 (6)

In fact, we have shown previously ([15, Theorem 6.2]) thatdition (6) is satisfied iR is
a compactly supported RBF of Wendland'’s type.
Thenative spacassociated withp is defined to be

1N 2 o N ‘§/k|2
No=:9€ 7' (") :|dllp = = <o,
° /;) k; ()
whereZ’(S") is the space of distributions @&?. It can be shown that/y is a Hilbert space

with respect to the following inner product

i}N(M foxGin f.ge to
1

Moreover, we can show tha is a reproducmg kernel farty, i.e. for allg € Ao,

<g(')a(b(xv')>¢ :g(X)7 XGSn‘ (7)
The Sobolev spadd? = H? (S") with real parameteo is defined by

w N(n0)
HO(S") := {969'(8”) lgllfo -—% z (1+¢ 2"|€9|a<2<°°}

Under the conditioro > n/2, the normg| - ||¢ and|| - ||ne are equivalent if (4) holds, with

the norms related by
ci’?lgllo < lgllwe < 5 (gllo- (8)

Using the scaled version of the kerrk(x,y), for a functiong € .4 we define the

following norm:
o N(n,€)|A 2 12
Okl
I9llos = = : ©)
° /,Zo k; @s(0)

This norm too is equivalent to the norfig||he. The following lemma gives information
about that equivalence.




Lemmal For o >n/2andd < 2, forallge H?(S"), we have

_g.1/2 —og.l/2
279¢12(lgl| o < llgllne <2967 7¢y %[0l os-

Proof. This is essentially Lemma 3.1 in [15]. a0

3 Single-scale Collocation for Solving PDEs

We consider the following PDE
Lu=f on S" (10)

wherelL is an elliptic self-adjoint differential operator with cstant symbof(é) and order
t, for somet > 0. That is, we can exparidi as a Fourier series

o0 N(n,é)/\
Lu= L(€) UV
2 2,

in which
c3(1+0)' <L()) <ca(l+0)', €20, (11)

wherecgs, ¢4 are two positive constants independent/ofor example, we may take =
—A* + w?, whereA* is the Laplace—Beltrami operator angl> 0, in which casdA_(Z) =
((f+n—1)+ w? andt = 2.

SinceL (¢) > 0 for £ > 0, we can define/2 by

o N(n/

)=
L2y = % \/L(0) Yk
=0 k=1

Note that we have an intrinsic relation between the smoathoéthe given functiorf
and the solutiom of (10), as follows:f € H if and only if u € H*'. Hence, in the future
we can make assumptions on the smoothness of the solytinich translate immediately
to assumptions off.

In this section, we will discuss collocation methods to s¢ll0) approximately. Initially,
our collocation methods will be based upon radial basistfans of a single scale. We will
discuss two single scale approaches, known in the litexasisymmetric and unsymmetric
collocation.

SupposeX = {x1,...,xn} C S" is a given discrete set of scattered points onrihe
dimensional spher®". Then solving equation (10) by collocation on theXeheans to find
a functionuy, from a given approximation space which satisfies the cdlionaquations

Lun(xj) = Lu(x) = f(xj),  1<j<N. (12)



3.1 Standard Collocation

When working with radial basis functions, an obvious appho@ finding such an approxi-
mate solution is as follows.

Suppose that? is a kernel that satisfies condition (4) for some> (t +n)/2. This
assumption guarantees that we may afplp one of the arguments @b and still have
a continuous function. Hence, we may pick our approximatipfrom the approximation
space

Vx = span{®(-,Xj) : Xj € X}. (13)
To find u,, € Vx, we representi, as a linear combination of the basis function¥n
N
U= bj@(-,xj),

=1
and the condition (12) leads now to the linear system
Ab =1, (14)

whereA is the collocation matrix with entrieg j; = L®(x;,x;) and the right-hand side is

given byf = (f(x;)).
Here, the functio. @ is defined to be the kernel having the Fourier expansion

/i FOLOYa0)Yacly). (15)

which can be computed by applyirgto either of the arguments @p. In particular, the
new kerneL @ is symmetric and positive definite, since its Fourier cogfitsL(¢)@(¢) are
positive. This ensures that the system (14) is always uhicaodvable.

Lemma 2 Leto > (t+n)/2 and assume thab satisfieg4) and \k is given by(13). There
exists a unique functionyLe Vx satisfying the collocation conditions (12). The solutign u
belongs to H /2,

Proof. Existence and uniqueness have been established alreagl\setbnd part follows
from the fact that eaclp; := @(-,x;) belongs toH 9+/2_ To see this, we note from (3) that

8, () = @(0)Ya(x;), which leads via (4) to
‘¢JHHa+t/2 /% Z a 2Y/k (1+£)20+t

(n.0)
Y k(X))2(1+ 020

IN
Q

SEMS

2
2

IN
o NN
M g

) P(n+1;1)(140)2%0
(1+£)t—20+n—17

where we have used the addition theorem (2), the fact thaggendre polynomials are nor-
malized toP,(n+1;1) = 1, and the fact that the dimensidl{n, /) behaves likg1+ ¢)"~1.
This sum is finite it — 20 + n— 1 < —1 which is equivalent to our assumptionon O



This result stands in sharp contrast to standard RBF cditotdor boundary value
problems. In the situation of solving a PDE on a bounded domaih given boundary
values, this approach does not always lead to an invertidlecation matrix, see [10].
Nonetheless, it is widely used, usually under the namsymmetric collocatian

To understand the solution process, we introduce a new kétaefined by

y=L"10.

This kernel has Fourier coefficienfg(¢) = (Ap(l)/f(é) and hence defines an inner product
<'7'>W’ N e)
2 NI L) fadi o112
f, S f.geH , 16

(f.9)yp = /zo kZ o(0) 9 (16)
and the corresponding norm Hg||?, = (g,9)y. Under our assumptions (4) and (11) on the
kernel® and the operatdr, respectively, we easily see that the|w norm is equivalent to
the Sobolev nornjl - [|,;5+1/2, and thatH 9+/2 with the inner product (16) is a reproducing
kernel Hilbert space with kern&¥. As in the case of the original kernél, we can define a
scaled version o, that is

-1
Ws =L "s.
This kernel defines an inner prodL(Qt)L,J , which is defined by
00 N(ﬂe
LIPS f’kg@ f.ge HT2, (17)

and the corresponding norm gy, = 1/(g,g)%. This norm is also equivalent to the
Sobolev norny| - ||,0+1/2, s given in the following lemma.
Lemma 3 For o >n/2andd < 2, for all g € HO*/2(S"), we have
Cslgllws < [19llyort/2 < 60 79l
Proof. Sinced < 2, using (6), (11) and (17) we have

2 NOOT(0)|gad?

S es(0)
[ Nn[

/% Z l+€ \gék| 1+5€)

22‘70 © N0 220,
< [Z) Z G 2(1+ 0271 = ==
We also havél+ d¢) = (1/6+£) > 6(1/2+¢/2). Hence,
(1+0)%° <2295729(1+60)%°,
and again using (6) and (17),

ooNn/

HgHHaH/Z—/z Z |Gu[* (14 €)%
=

2
19ll; =

I /\

HQHHM/z

[ N(nZ)
< 220’6 20/2 z 1+€ ‘ng| (1+ 5@20 < 2205 20C20§1H9||l2¢15~
0 k

Settingcs := (c1/c4)Y?2-9 andcg := 29 (cy/c3)Y/? we obtain the result of the lemma.0



Lemma 4 Letuc Ho+/2with g > (t+n)/2. Let u, € Vi be the solution of the collocation
equation(12) by the standard approach. Then

(u—un, X)y =0forall x €Vx, (18)

and hence
lu—tnly < [luly. (19)

Proof. From the collocation equation (12) we have(x;) = Lun(x;) for all xj € X. This
means that the error functiosm = u— un satisfiesLen(xj) = 0 for all x; € X, and hence,
sincelL is invertible and self-adjoint,
(en, @(-,X}) )y = (Len, L (- X))y

= <LQ17L'U(UXJ')>W

= Len(xj) =0.
SinceVy is the finite dimensional space spannedily, x;) we obtain (18), which immedi-
ately implies Pythagoras’ theorem,

[[u—unl% + l[unll = [lullé,

from which inequality (19) follows. a
We will now discuss the errar— uy,. As usual, we will use the mesh noimg, which is
defined by

hx := supmin 8(x,Xj),
xeSnXj€X

where8(x,y) = cos 1(x-y) is the geodesic distance betweeandy.

Theorem 1 Assume that the exact solution u belongs fo"H2 with o > (t+n)/2. Let hy
be the mesh norm of the scattered set X¢ldde a positive definite kernel satisfyi(®) and
let u, € Vi be the approximate solution obtained by the collocatioratign (12). Then,

/2 /2
lu—unllL, < cllLY2(u—un) I, < e Zlu—tnllgousz < chg 2(lUllou -

Proof. Since the functiorLu — Luy, vanishes orX and belongs td49-%/2, the “sampling
inequality”, [14, Theorem 3.3], guarantees the existeri@amnstant > 0 such that

—t/2 —t/2
ILu—Lunlt, < ehg 2 Lu—Lunllyo vz < chg 2 u—tnllyore,

where, in the last step, we have used the condition (11) andefinition of Sobolev norms.
Using (11) again and the equivalence betweeri|thgs, norm and the nornfj - || o412, we
obtain

lu=unllL, < cILY2(u=un)L,
c|lLu— Lun||L,

chg /2 ([u— Un[lyyo-1r2

ohy 2 [lu—unlw

ohg ?||ullw

chg 2 ullyouves

where we used Lemma 4 in the last but one step. ad

ININ AN
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3.2 Norm-minimal Collocation

We will now discuss another collocation technique. Assuha e know that the exact
solutionu belongs taH? and assume thap is a reproducing kernel df9 in the sense that

its Fourier coefficients satisfy (4). Then, it seems nattwr@hoose an approximate solution
up, as the solution of

min{||s||¢ : s€ H? with Ls(x;j) = f(x)), 1<j<N}, (20)

i.e.,un is minimizing the native space norm amongst all possibletions that collocate the
given data. It turns out that this corresponds to what is knas/thesymmetric collocation
method see [24]. However, we have now to assume thatt +n/2.

It can be shown, in a much more general context, that theisolof (20) must neces-
sarily come from the finite dimensional space

Wy :=sparfL®(-,xj) : 1< j <N},

and that the concrete solution € Wx can be computed by imposing the collocation condi-
tions (12). To findu,, we can represeni, as a linear combination of the basis functions in
W

N
Unh = Z bjL®(-,x;)
=1
and condition (12) will then lead to the linear system
Ab =T, (21)

whereA is now the collocation matrix with entrieg; = LL®(x;,X;) and the right-hand side
is again given by = (f(xj)).

It is also well-known that this symmetric collocation sdadutis the best approximation
from Wk in the native space norm, see [24].

Lemma5 Suppose & H? with 0 >t +n/2is the exact solution of10). Let y, € Wx be
the solution of (20). Then,

(U—Un,X)e =0 forall xeWk, (22)

and hence
[u=tnllo < ulle. (23)

Proof. For j =1,...,N we have, using the reproducing property®@fand the self-adjoint
property ofL,

<U—Uh,L‘D(',Xj)>Q, = <L(U—Uh),¢’(~,Xj)>
= Lu(xj) — Lun(xj) =0,

from which the result follows immediately. ad
Error estimates for the norm-minimal collocation methogd)aven in the more com-
plicated situation of bounded domains, been derived in|[5, 8
The error between the solution and the approximate soldégends on the mesh norm
hx of the setX, as given in the following convergence theorem.
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Theorem 2 Assume that & H?, for 0 >t+n/2, is the exact solution ofL0) and u, € W
is the solution of (20). Then, provideg s sufficiently small,

lu=unllL, < chf~[lu—unllue < chgullo.

Proof. Since the functiorLu — Lu, vanishes onX, we can again employ the “sampling
inequality” from [14, Theorem 3.3], which gives a constant 0 such that

[ILu— Lun||L, < chf"[lLu—Lun|[yo-t < chg™"{|u— Un[|no
chy " fu—unlo,

IN

where in the last two steps we have used condition (11), tfieitien of Sobolev norms
and the equivalence (8). Using condition (11) again and ¢uévalence between the native
space nornj| - || and the Sobolev norij- ||yo we obtain

lu=nllL, < cllLu—LunllL, < e lu—unllo < chZ™ullo

< Ch07t||UHHa,

where in the second to last step we have used (23) from Lemma 5. ad

3.3 Sharpness of the Results

In both Theorems 1 and 2 we used an inequality of the form
[Ju—=un[L, < [Lu—Lun|lL,.

This clearly is a coarse estimate, which one might think wéehve some leeway for better
estimates. Interestingly, the following 1-dimensionahmple shows that the estimates in
Theorems 1 and 2 are the best we can hope for.

Lemma 6 Consider Lu= f on S! where L is defined bi(¢) = (1+ ), t > 0. Let X =
{xj =jm/m:1<j <2m}and let y, be any collocation solution satisfying kxj) = f(X;).
Assume that the collocation solution is constructed frorermdél @ which satisfieg4) for
someo >t/2+ 1/2 for the standard method, ar >t 4+ 1/2 for the norm-minimal method.
Then, for the standard collocation method

u—u _
sup MU=thlley o o2

UeHo+/2 Hu||Ho+t/2

while for the norm-minimal collocation method

u—u
qup LU=l
o e

>Chg .

Proof. Let f (x) = sir(mx) = %(1— cosanx), me N, and letk=2m. The pseudo-differential
operatorL of ordert is defined by its effect on the eigenfunctions,
L(cog¢x)) = (1+0) cogtx), L(sin(£x)) = (1+£)'sin(¢x).

Then the pseudo-differential equatibn = f admits the exact solution

1 cogkx)
=3 (17 (1+k>t)'
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For the chosen collocation points we heayg;) = 0 and hence the approximate solutign
is identically zero. It is easily seen that the mesh norK @f hy = r7/k. We therefore have

T T

T
lu=unlE, = Iullt,= 5+ 77wz = 5-
2 27 2 T A1+KZE T 2

TheH? norm ofu can also be computed,

e = 5 + 5 (L4270,

2

For the norm-minimal case we hawe> t, and hencéju||3, < ck?¥(9-Y and

lu—unfl, _ [ulle,

_ > Ckf(crft) -C aft.
Tule~ Jule i

Similarly, theH?+/2 norm ofu can also be computed,

m T

2 20—
Hu||Ha+t/2 = 2 + Z(1+k) ot
Thus, for the standard collocation case we have (sicet/2) ||u\|f|(m/2 < ck?9~t, and
hence
u=tnll, _ [lulli

> ck (912 = chg V2,

ullgosz — lullyo

4 Multiscale Collocation for Solving PDEs

While the (fixed) single scale approach for solving PDEs bocation yields good ap-

proximation in both the standard and the norm-minimizingrapches, it suffers from two
major drawbacks. On the one hand, the condition number grapislly with decreasing

fill distance. On the other hand, even when using compacppated RBFs, the matrices
quickly become dense, and as a result the computationabeosimes prohibitive.

Recently (see [15,25]), in the case of interpolation, a isedie technique has been
proven to have the advantages of good approximation and w@tignal efficiency. We
are now going to analyze how this method can be carried oveoltong PDEs. We know
already from numerical examples that, at least in the baynd#lue PDE case (see [1]),
the approach has to be modified to be successful. The thetow véll guide us to an
appropriate modification for PDEs on the sphere.

The general idea of the multiscale approach can be desaibtdlows.

We start with a widely spread set of points and use a basis function with a large
scaled,; to recover the global behavior of the solutigrby solving the collocation equation
Lsi|x, = f|x,- We then seti; = s; as the first approximation, so that the residual at the first
step isf; = f — Ls;. To reduce the residual, at the next step we use a finer seirpo
and a smaller scal&, and compute a correctiaa from an appropriate finite dimensional
space by solvindisy|x, = f1|x,. We then obtain a new approximatiap = u; + S, so that
the new residual i$, = f1 — Lsp; and so on. Stated as an algorithm, this takes the following
form. We first setip = 0 andfg = f. Then, we do forj = 1,2,...:
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— Determine a correctios; as the solution in a prescribed finite-dimensional space of
Lsj(x) = fj_1(x) for all x € X;.

— Update the solution and the residual according to

Uj = Uj—1+Sj
fj = fi_1—Ls;
As a consequence, fgr> 1, we have
Luj+fj=Luj_1+fj_1=...=Lug+ fo = f.

Hence, the residual at levgis fj; = f — Lu;. Sincel is injective, letej := L~1f;, for j > 1.
We note that

g =L tj=L"1f—u=u—uj,

thuse; is the error at step, and also we have
€ =€j_1—§5j. (24)

In the following, we will analyze this multiscale algorithasing either standard collo-
cation or norm-minimal collocation for the local reconstian step. The proofs are similar
to each other and follow proofs from [15, 25] but require &alreonsideration of the details.

4.1 Standard Multiscale Collocation

We begin with standard collocation for the local recondtac Hence, the setting is as
follows. Supposexs, Xy, ... is a sequence of point sets 8A with decreasing mesh norms
h1,hy, ... respectively. For every=1,2,... we choose a basis functieh; = Ps; whered;

is a scaling parameter dependinglgnSpecifically, we will choose

5 = vhi V/(29)
|

for some fixed constant > 1, which means thad; /h; = vh; /19 is not a constant but

grows mildly with h; decreasing to zero. We also define for eqeh 1,2, ... finite dimen-
sional spaces

Vj = span{®;j(-,x) :x € Xj}.

Hence, we pick the local solutics) from V; such thats;(x) = fj_1(x) for all x € X;. This
means thas; € Vj is the standard collocation approximationlte; ; = fj_1 on X; using
the kerneld;.

To analyze the convergence of the algorithm, we introdusén ¢he case of the single
scale method, kernetg, = L~ 1o;.

With this notation, we are able to formulate and prove out éicsvergence result.
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Theorem 3 Assume that & H*/2 is the exact solution of10) with g > (t +-n)/2. Sup-
pose that X, X, ... is a sequence of point sets 8fhwith decreasing mesh normsg,hy, ...
respectively. The mesh norms are assumed to sajisfy hj,1/h; < u for some fixed con-
stantsy and u in (0,1). Let @ be a kernel satisfyin¢4) and let®; = P, be a sequence of

scaled kernels, where the scales are definedjby (h;/u)*""/(29). LetW; = L~1®;. Then
there exists a constant C independentiof and f such that

lu—ujlly,, <Bllu—uj_afly forj=12...,
with B = Cu?°~, and hence there existsc0 such that
Ju— k|, < cB¥ullyoryz fork=1,2,....

Thus the standard multiscale collocatiop eonverges linearly to u in theslnorm if u <
Cfl/(20'7t)_

Proof. From (17) and (6) we have, widy = u—u;,

1 N(n,é)/\ N
lejllf,, < = L(0)[8).ad*(1+ j416)%

1 N(n¢)
+= ; > L6 a1+ 8107
151735, k=1
1
= (S+%).
C1
Sincedj1¢ < 1 in the first term, we have
S < 227|LM %2,

We note thassj € Vj is the approximate solution with the standard collocaticgtirad of
Lej_1 = fj_1. Thus by (24) and Theorem 1 and Lemma 3 we have

1/2 1/2 g—t/2
1L 26|, = ILY2(e)-1—5))llL, < ch2llej1llyyo-tr2

IN

—t/2 < _
ch /257 lej_1lly = cu®/?|ej 1w,

and hence
S < 2P ey afy.

where we have used] = (h;/u)*/(29).
For the second sui®, we note that

&1/ = (hysa/hy) /0 < piv/29),
and sincedj; 1/ > 1 we have
(14 8j:16)%% < (25,10)% < (2utY(29)5;0)20 < 220 20-Y(1 4 5;4)%°.
Therefore, from (6) and (17)

S < 0221y 1§ = 22270 o1 — i [1§ < 2227127 lejalffy



14

where in the last step we used Lemma 4 witteplaced byej_; and¥ by ¥;. Therefore
20

2 _
lejli%,, < C—l(c/+<:2)”za “Ilej -1l
So if we write8 = Cu°—Y/2 whereC := 29 (¢’ + cz)Y/2/c}/? then

€ llw,, < Bllej-llw- (25)

Using (24), Theorem 1 and Lemma 3 and then repeating #5)es gives

u—uglle, = llexll, = llex-1—sklle, < Chfft/ZIIQ,lfs(HHM/z
= off el yosre

ohy 25 el

ollello.

CBkHUH% < CBKHUHHUH/L

IAIN

IN

where we have used the fact that

hy /2809 = (b /N 1) V2 < /270,

4.2 Norm-minimal Multiscale Collocation

We will now analyze the multiscale method using norm-midiellocation in the local
reconstruction step. Again, we have a sequence of poinkgexs, ... onS" with decreasing
mesh normdy, hy, ... For everyj = 1,2,... we choose a scaled basis functidn = cb(;j,
whered; is a scaling parameter dependinglgnThis time, however, we choose

& =vhiV?
for some fixed constant > 1, which means thaj; /h; = vhj_t/o is again not a constant but

grows mildly withh; decreasing to zero. Again, in a similar way to the singleescabke, we
also define, forj = 1,2,.. ., finite dimensional spaces

W = span{L®;(-,x) : x € X}

and pick the local reconstructias; from W; as the norm-minimal collocation solution to
Lej_1 = fj_1 based on the s&¢ and the kernef;.
Our convergence result this time takes the following form.

Theorem 4 Assume that & H? is the exact solution ofLO)with o >t+n/2. Let X, Xo, . ..
be a sequence of point sets ®hwith mesh normshh,, ... satisfyingyuh; < hj.1 < ph;
forall j =1,2,..., for some fixed: € (0,1) andy € (0,1).

Letd; = (hj/u)H/", for j=1,2,..., be a sequence of scale factors. dgt= @5 be
a kernel satisfying6). Then there exists a constant C independent,pfaind f such that

||u_uj||¢j+1SaHu_uj*l”@j forj:1727"'7
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with a = Cu°t, and hence there exists=0 such that
lu—ukllL, < ca¥||uljye fork=1,2,....

Thus the norm-minimal multiscale collocatiogp ebnverges linearly to u in the,Lnorm if
U< c V(o)
Proof. From (9) and (6) we have, witly = u—u;,
1 N(n,¢)
lejll3., < = > (& ul?(1+8110)%
CLi<i73,,, 1
1 N(n,0)

+— ; > 18 a1+ 8110
C1ir., &1

1
= (S+S)
C1
Sincedj1¢ < 1 in the first term, we have
S < 2%%||ejlIE,

We note thas; € W, is the approximate solution dfej_; = fj_; with the norm-minimal
collocation method. Hence, by using Theorem 2 and Lemma laweaonclude that

lejlle, = llej—1—sill, < chf*llej-1llne
< 2762?1570 lej-1llo, = C2° M i1l
where in the last step we have usgd= (h;/u)*~/9. This means that
S1 < 2292 2 lej_y 3.
For S, note thawj.1/8j = (hj;1/h;)¥/? < u1Y/9. Sincedj 1¢ > 1 we have
(14 6j:16)%° < (25j110)% < (2utY95;4)%° < 220 129~ 2(1 4 5;¢)%°.
Thus, we have the upper bound
S < 227 pP7 2 g%, = 22 P o1 — sl < 22%7u77 g1l
where in the last step we used Lemma 5 withieplaced by®;.
Therefore
2 220 / 20-2t 2
lejlls,., < Tl(c +C2)H lej-1ll%,
Hence, if we choose = Cu?—t whereC = 29(c/ +c2)1/2/ci/2 then
Hej||¢'j+1 < aHejleGﬁ'- (26)
Using (24), Theorem 2, Lemma 1 and then (26) repeatetiiyes, gives
[u—uklle, = llexll, = lle-1—slle,
chf " le-1 —scllne = ch " [lexlne
o a e o
oy ?lledl o,
caX|ue, < cak|ufue.

VAN VANVA

IN
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4.3 Condition Numbers of Collocation Matrices

In each step of the multiscale algorithm, we have to solvaeali system arising from the
collocation condition on a s&t = {x1,...,Xn}:

Asb=f, (27)

where the collocation matrif is the collocation matrix with entries eith&®;(xi,X;)
(standard collocation) drL®;s(x;, X;j) (norm-minimal collocation).

Since the matriA 5 is symmetric and positive definite in both cases, an itezatiethod
such as the conjugate gradient method can be used to solveffigiently. The complexity
of the conjugate gradient method depends on the conditiotbreuof the matriXA s and on
the cost of a matrix-vector multiplication.

The collocation equation (12) can be viewed as an intenpolg@roblem with the kernel
L®5(x,y) (or LL@s(x,y) in the norm-minimal case). It is well known, see for exampié, [
Section 12.2] that the lower bound of the interpolation imatepends on the smoothness of
the kernel and the separation radgysof the setX,

1
— ZminB(x, X
Ox ;= 5 min (Xi,Xj),

wheref(x,y) := cos 1(x,y) is the geodesic distance between two pokasidy on the unit
sphereS". This geodesic separation radius is comparable to thedaarli separation radius
x of the setX when being viewed as a subsetRift,

O 'f}min|x-—x-|
= P =il

We can use a result for condition numbers of multiscale pulation [15, Theorem 7.3]
to arrive at the following conclusion.

Theorem 5 The condition numbex (As) in the standard approach is bounded by

R(Ag) <C (@) e (28)

while the condition numbex (As) of the collocation matridA s in the norm-minimal ap-
proach is bounded by

5 1+2(o—t)
K(Ag) SC(G?) : (29)

Proof. The kerneL @®(x,y) can be expanded as

0 N(n,()/\ N
®(x,y) :; kzl L(€)@(0)Yare(X)Yarc(y)-

Using the assumptions (4) and (11) on the unscaled k&rregid the differential operatar
we obtainf(é)(ﬁ(é) ~ (1+4¢)729%t (Here,A ~ B means that there a two positive constants
candc’ such thatB < A < ¢'B). Thus we can apply [15, Theorem 7.3] with 2 1+ 20 —t
to derive (28). R
Similarly, using the Fourier expansion bE®(x,y), since[L(£)]2@(£) ~ (1+¢)~20+2
we can apply [15, Theorem 7.3] witlr2= 1+ 20 — 2t to derive (29). ad
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This indicates that a choice & proportional togyx would lead to a level independent
condition number. However, to derive convergence, we aralfmwed to choosé propor-
tional to gx. The specific choices a¥ in our situation lead to the following result. Here

qj = qu .

1-t/(20)

Corollary 1 In the standard approach, the choiég= vh;

condition number of the form

1+20-t
7 <C hj\ " 25 (+20-1)
] aj j ’

leads to a level-dependent

which, in the case of quasi-uniform data sets apd reduces to

In the norm-minimal approach, the choidg= vhjl’t/o leads to a level-dependent condition

number of the form
R‘ -c <m> l+2(0'7t> hf%(l+2(07t))
1=>\q j ’
which, in the case of quasi-uniform data sets apd1/2 reduces to

t

Rj <Ch @20 ccp2,

It is important to see that, though the condition number gresth 1/h;, the order of this

growth is bounded by the order of the operator (or twice thdeopf the operator in the
norm-minimal case). This has to be compared to the largeraigrowth of a single scale

collocation method, which follows from Theorem 5 by settétp constant:
K(A5) < Ch)—((l+207t)'
Thus for the single-scale method and quasi-uniformity tlieeoof growth of the condition

number is larger by a factor ofdi2/t > 1+ n/t (sinceo > (t+n)/2) for the standard case,
and larger by a factor af /t > 1+n/(2t) for the norm-minimal case (sinae >t +n/2).

5 Numerical Experiments
In this section, we consider the following PDE of ordlet 2 on the unit spherg? c R3:
Lu(x) := —A*u(x) + w?u(x) = f(x), xe§?
whereA* is the Laplace-Beltrami operator @&t and w is a positive constant. The PDE
arises from discretizing the heat equation on the sphere.
Let w =1 and letf be defined so that the exact solution is given by the Franketibm

[7] defined on the unit sphe®&?. To be more precise, let

X = (X,Y,2) = (sin@cosgp,sinfsing,cosf) for 6 € [0,m], @ € [0,2m).
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Table 1 Mesh norms and separation radii of sets of point

X1 X2 X3

M 1500 6000 | 24000
hx | 0.0647 | 0.0325| 0.0162
gx | 0.0423| 0.0212 | 0.0106

Then we define

) = 075exp —ZELY Y ooy (XU )

_ 72 Y
+O.Sexp<—(gx 7 Z(gy 3 )—O.2exp(7(9x—4)27(9y—7)2)
and compute the functiohvia the formula

) du) 1 02u+w2u(x(9’(p))’

1 0

A plot of the exact solutiom is given in Figure 1. Even though the algorithm allows the

@))

0.2 0.4 0.6 0.8 1

Fig. 1 Exact solution

collocation points to be scattered freely on the spheregsing sets of collocation points
distributed roughly uniformly over the whole sphere sigrfitly improves the quality of
the approximate solutions and condition numbers. To this @re sets of points used to
construct the approximate solutions are generated ustnggihal area partitioning algorithm
[21,20]. The mesh norms and separation radii of these setsted in Table 1. The RBF
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used is
W) =(1-r)S@E+18 +357%),  Ys(r)=05"2y(r/s),
and
Ps(x,Y) = Ws([X—y|) = Ws(/2—2X"y).
It can be shown tha®y is a kernel which satisfies condition (6) with= 7/2 ([18]).
The kernel®ds is a zonal function, i.e®s(x,y) = @s(x-y) wheregs(t) is a univariate
function. For zonal functions, the Laplace-Beltrami oparaan be computed via

A" gs(x-y)=Zgs(t), t=xy,

where q q
_Y94_ 29
"g_dt(l t)dt
In our case,
112 —80t2 4+ 85t
)= 25(V2—2t—8)* (252 -1 t_154 2 T
Ls(t) 510( d) <5t o+ 5+ N )

At each level the normalizeld; error ||gj|| is approximated by afy error, thus in principle

we define
1 , 1/2
o= g 160 —uy 9%

1 (7 p2m 5 . 1/2
(g [ [ 6.0 -uy(e. g)Psinecigae )

and in practice approximate this by the midpoint rule at Ireegntervals,

1/2
(12“2 > U<97¢>—u;<97¢>2sme> ,

am |g| x(8,9)e¥

where¥ is a longitude-latitude grid containing the centers of aagles of size 1 degree
times 1 degree an@| = 180- 360= 64800. We also record the condition numbeyef the
collocation matrix

As = [L®j(X,Y)]xyex;

for the standard approach and the condition numkerf the collocation matrix
A5j = [LL(DJ (ny)]x,yexj

for the norm-minimal approach. The errors and condition bers of the collocation matri-
ces at each step of the multiscale algorithm for two variahte collocation method are
listed in Tables 2 and 3 respectively. In the upper part ohdable we use the results for
the scaled; taken proportional td;, whereas in the lower part we use the scale in accor-
dance with Theorem 3 or 4. As can be seen from the tables, ié¢hlng parameter§;
decrease linearly with respect to the mesh ndnmsve may not get good convergence rate,
at least in the norm-minimal case, whereas in both cases & @m®od convergence rate if
we follow the theoretical predictions. Figure 2 shows thpragimate solutions using the
standard approach at each level correspondiny t02; 1.2230;07438, in accordance with
Theorem 3. If we use one-shot approximation on the final s24000 points with various
scalesd then we obtain the errors listed in Tables 4 and 5. As can hefsem the tables,
the multiscale approach provides a more accurate appréivimaith a collocation matrix
of a smaller condition number.
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Table 2 The approximation errors and condition numbers of multiscpfgaimation using the standard
approach

Level 1 2 3
M 1500 6000 24000
9j 2.0 1.0 0.5

He; | | 2.1173E-04| 3.9021E-06 | 1.1509E-07
Ki | 4.4028E+04| 4.4172E+04| 4.4562E+04
3, 2.0000 1.2230 0.7438

lejll | 2.1173E-04 | 3.8357E-06| 1.0944E-07
Ki | 4.4028E+04| 1.2154E+05| 3.2279E+05

Table 3 The approximation errors and condition numbers of multiscaler@aimation using the norm-
minimal approach

Level 1 2 3
M 1500 6000 24000
0; 2.0 1.0 0.5

lejll | 5.1048E-02| 3.4713E-02| 3.3648E-02
Kj | 1.7471E+02| 2.1987E+02| 3.1605E+02
3, 2.0000 1.4820 1.1033

lej|l | 5.1048E-02| 7.2364E-03| 2.6972E-04
Ki | 1.7471E+02| 5.7738E+02| 1.8929E+03

Table 4 Errors by one-shot approximation ofwith various scales using the final set of 24000 points (stan-
dard approach)

[ 2.0000 1.2230 1.0000 0.7438 0.5000
llefl | 1.1372E-07 | 2.8564E-07 | 1.0765E-06 | 8.4260E-06 | 1.3642E-04
K 4.6265E+07| 3.9109E+06| 1.4203E+06| 3.2273E+05| 4.4562E+04

Table 5 Errors by one-shot approximation ofvith various scales using the final set of 24000 points (norm-
minimal approach)

o 2.000 1.4820 1.1033 1.000 0.500
llell | 3.9640E-04 | 8.0738E-03| 6.2875E-02| 1.1298E-01| 5.7892E-01
K 1.1200E+04| 4.6228E+03| 1.8927E+03| 1.8927E+03| 3.1605E+02
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