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We consider metric-aware quantum algorithms that use a quantum computer to efficiently estimate both
a matrix and a vector object. For example, the recently introduced quantum natural gradient approach
uses the Fisher matrix as a metric tensor to correct the gradient vector for the codependence of the cir-
cuit parameters. We rigorously characterize and upper bound the number of measurements required to
determine an iteration step to a fixed precision, and propose a general approach for optimally distribut-
ing samples between matrix and vector entries. Finally, we establish that the number of circuit repetitions
needed for estimating the quantum Fisher information matrix is asymptotically negligible for an increasing
number of iterations and qubits.
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I. INTRODUCTION

With quantum computers rising as realistic technolo-
gies, attention has turned to how such machines could
perform as variational tools [1–24]. This results in a hybrid
model with an iterative loop: a classical processor deter-
mines how to update the parameters describing a family of
quantum states (parameterized ansatz states), while a quan-
tum coprocessor generates and performs measurements on
that state (via an ansatz circuit). This is of particular inter-
est in the context of noisy, intermediate-scale quantum
devices [25], because complex ansatz states can be pre-
pared with shallow circuits [26–29]. Such shallow circuits
will potentially enable obtaining a useful value before the
era of resource-intensive quantum fault-tolerance methods.
As such, variational quantum algorithms promise to solve
key problems that are intractable to classical computers,
such as finding ground states [2,4,6,11,30]—as relevant in
quantum chemistry and in materials science—or approxi-
mately solving combinatorial problems [1] and beyond.

Despite their potential power, variational algorithms
might require an extremely large number of quantum-
circuit repetitions—optimally using quantum resources
will therefore have a crucial economic importance. Atten-
tion has recently been focused on statistical aspects of
these variational quantum algorithms [31–36], such as the
effect of shot noise and the reduction of their measure-
ment costs. It is our aim in this work to establish general
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scaling results by rigorously characterizing the number of
measurements required to obtain a single iteration step in
the case of so-called metric-aware quantum algorithms.
Let us first introduce basic notions.

A. Variational quantum algorithms

We consider variational quantum algorithms that typ-
ically aim to prepare a parameterized quantum state
ρ(θ) := �(θ)ρ0 where we model via a mapping �(θ)

that acts on the computational zero state ρ0 of N qubits
and depends continuously on the parameters θi with i ∈
{1, 2, . . . , ν}. This mapping can in general contain nonuni-
tary elements, such as measurements [37,38], but in many
applications one assumes that it acts (approximately) as a
unitary circuit that decomposes into a product of individual
quantum gates. These gates typically act on a small subset
of the system, e.g., one- and two-qubit gates.

Recently, a novel variational algorithm was proposed
for simulating real-time quantum evolution using shallow
quantum circuits [8] and was further generalized to imag-
inary time and natural gradient evolutions [37,39] that can
be used as optimizers of variational quantum eigensolvers
(VQEs) [2,4,16,40]. This was shown to significantly out-
perform other approaches, such as simple gradient descent,
in terms of convergence speed and accuracy according to
numerical simulations [37,39,41].

In this work, we consider generalizations of the afore-
mentioned techniques as variational algorithms that need
to estimate the following two objects: (a) a positive-
semidefinite, symmetric matrix, which is usually the quan-
tum Fisher information that characterizes sensitivity with
respect to parameters θk; (b) a vector object that is in
many applications the gradient vector of the loss function.
Examples of such algorithms are provided in Refs. [37,39,
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42–44], and we refer to them in the following as metric-
aware quantum algorithms. The metric tensor typically
depends only on the parameter values, while the vector
object additionally depends on, e.g., a Hermitian observ-
able H that in typical scenarios represents the Hamiltonian
of a physical system and decomposes into a polynomially
increasing number rh of Pauli terms.

B. Quantum natural gradient

To be more concrete, in the following we focus on
one prominent algorithm, the recently introduced quan-
tum natural gradient approach [37,44] that is equivalent to
imaginary time evolution when quantum circuits are noise-
less and unitary [37,39]. This approach can be used as a
VQE optimizer when minimizing the expectation value
E(θ) := Tr[ρ(θ)H] over the parameters θ . However, the
approach generalizes to any Lipschitz continuous mapping
as an objective function [37].

In particular, natural gradient descent governs the evo-
lution of the ansatz parameters according to the update
rule [37]

θ(t+1) = θ(t)− λF−1
Q g, (1)

where t is an index and λ is a step size. Here the inverse
of the positive-semidefinite, symmetric quantum Fisher
information matrix FQ ∈ R

ν×ν corrects the gradient vector

gk := ∂kE(θ) for the codependence of the parameters, and
both objects can be estimated efficiently using a quantum
computer, while the inverse F−1

Q is computed by a classical
processor.

We discuss different protocols for estimating the matrix
[FQ]kl and vector gk entries for both pure (idealized, perfect
quantum gates) and mixed quantum states (via imperfect
quantum gates or nonunitary elements as measurements)
in the Appendix. We now highlight two results. (a) We
derive the general upper bound [FQ]kl ≤ r2

g , where rg is the
maximal number of Pauli terms into which generators of
ansatz gates can be decomposed (Lemma 1). This bound is
a generalization of what is known as the Heisenberg limit
in quantum metrology [45] (see also Refs. [46–48]). (b)
The matrix FQ might be ill conditioned and the inversion
in Eq. (1) requires a regularization. We use the simple vari-
ant of Tikhonov regularization F̃−1

Q := [FQ+ηId]−1 in the
following; we derive analytical lower and upper bounds on
the singular values of this inverse matrix in Appendix B 3
(Lemma 3) using (a).

II. UPPER BOUNDS ON THE MEASUREMENT
COST

To motivate our approach, we illustrate in Fig. 1 [green
line in (a)] how naively using the same number of
measurements for estimating each matrix and vector entry,
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FIG. 1. Exact numerical simulations: a 12-qubit ansatz circuit with 84 parameters is initialized at a good approximation of the
ground state of a spin-chain Hamiltonian (see Appendix A). Natural gradient evolution from Eq. (1) is simulated with a regularization
parameter η = 10−1 (10−5); see the solid (dashed) lines. (a) Measurement overhead κ from Result 1 (red [49]) at every iteration
step t of the natural gradient evolution. This quantifies how much more it costs to estimate the natural gradient vector v(t) than it
would cost to estimate the gradient vector g(t) assuming the same precision ε. The overhead κ converges to its constant (black)
asymptotic approximation. Optimally distributing measurements (blue) via Result 3 significantly reduces sampling costs. However,
naively (green [49]) using a fixed number of measurements for estimating each matrix and vector element results in a substantial
overhead. (b) Multiplying g(t) (red) with the inverse of FQ results in v(t) (blue) whose norm might be orders of magnitude larger.
(c) In practice, a relative precision is required, such that ε is proportional to the vector norms; see the text. Carefully setting the
regularization parameter η significantly improves the practical applicability: solid lines with η = 10−1 result in a sampling cost of v(t)
comparable to (green shows κ = 1) or even smaller than g(t). Refer to Sec. IV for a remark about mitigating the initial high overheads
seen in graphs (a) and (c).
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such as in Ref. [41], can result in impractical sampling
costs.

In particular, we aim to reduce the error due to shot noise
(finite sampling) ε of the vector v := F̃−1

Q g in the update
rule in Eq. (1). We first express how the error in the matrix
and vector entries propagates to the parameter-update rule
in Eq. (1). We quantify this error as the expected Euclidean
distance 〈‖�v‖2〉 = ε2, and this translates to the condi-
tion

∑ν
k=1 Var[vk] = ε2, where Var[vk] is the variance of

a single vector entry.
We derive an analytical formula in Lemma 2 in

Appendix B: we express the error ε in terms of the vari-
ances Var{[FQ]kl} and Var[gl] of the measurements used to
estimate the matrix and vector entries, respectively, as

ε2 =
ν∑

k,l=1

aklVar{[FQ]kl} +
ν∑

k=1

bkVar[gk]. (2)

The coefficients akl and bk describe how the error of [FQ]kl
and gk propagates through matrix inversion and subsequent
vector multiplication into the precision ε. We remark that
these results are completely general and can be applied to
any quantum algorithm that requires the estimation of both
an inverse matrix and a vector object, such as a Hessian-
based optimization.

We derive general upper bounds on the variances
Var{[FQ]kl} and Var[gl] for different experimental strate-
gies in the Appendix A; the error ε2 in Eq. (2) is reduced
proportionally when repeating measurements. In the fol-
lowing, we assume that NF measurements are assigned to
estimate the full matrix FQ, while Ng measurements are
used to estimate the gradient vector g [49]. We now state
an upper bound on them in terms of the precision ε.

Theorem 1. To reduce the uncertainty of the vector v =
F̃−1

Q g due to shot noise to a precision ε, the number of sam-
ples to estimate the matrix FQ in Eq. (1) is upper bounded
as

NF ≤ 2ε−2ν4Spc[F̃−1
Q ]2‖g‖2

∞fF , (3)

while sampling the gradient has a cost upper bounded by

Ng ≤ 2ε−2ν2Spc[F̃−1
Q ]Spc[H]fg . (4)

The overall measurement cost of determining the natural
gradient vector is NF+Ng. Here Spc[A] denotes the aver-
age squared singular values of a matrix A ∈ C

d×d via its
Hilbert-Schmidt or Frobenius norm as Spc[A] := ‖A‖2/d
and ‖g‖∞ is the absolute largest entry in the gradient
vector.

The constant factors fF and fg in Theorem 1 are specific
to the experimental setup used to estimate the matrix or

vector entries. For example, for rg = 1, the factor simpli-
fies as fF ≤ 2. The upper bounds in Theorem 1 crucially
depend on the regularization and we prove that Spc[F̃−1

Q ] ≤
η−2; see Lemma 3 in Appendix B 3. The product Spc[H]fg
is a constant that reflects the complexity of estimating the
expected value of the fixed H (and can be reduced with
advanced techniques that simultaneously estimate com-
muting terms [34,36,50–53]). It is interesting to note that
the sampling cost of the gradient vector Ng depends on the
metric tensor via Spc[F̃−1

Q ] (and vice versa). Let us illus-
trate this point in an example where one of the entries in
F̃−1

Q is extremely large in absolute value and therefore via
the matrix-vector product it magnifies both the mean and
the variance of the gradient entries. Indeed, reducing such
a magnified variance to our fixed precision ε requires an
increased number of measurements in the gradient vec-
tor. We finally remark that Theorem 1 is quite general
and the upper bounds apply to all metric-aware quantum
algorithms [37,39,42–44] up to minor modifications.

We establish in the following that in many cases sam-
pling the gradient vector Ng dominates the overall cost
of the natural gradient approach as NF+Ng ≈ Ng . Before
doing so, let us first bound the sampling cost of the nat-
ural gradient vector relative to the sampling cost Nsmpl of
the gradient vector that would be used in simple gradient
descent optimizations. Note that the difference between Ng
and Nsmpl is that the latter corresponds to the scenario when
we fix the metric tensor as the identity matrix FQ := Idν
and thus the precision is ε2 := 〈‖�g‖2〉.

Theorem 2. Determining the natural gradient vector to
the same precision ε as the gradient vector requires a
sampling overhead κ := (NF+Ng)/Nsmpl. This overhead is
upper bounded in general,

κ ≤ η−2 + y and κ ≈ Spc[F̃−1
Q ] + y,

up to the potentially vanishing term y = NF/Nsmpl, as in
Results 1 and 2. Here η is either a regularization param-
eter or the smallest singular value of FQ. The second
equality establishes an approximation as a constant factor
that is valid, e.g., when the evolution is close to the optimal
point.

III. SCALING AS A FUNCTION OF THE
ITERATIONS

Theorem 1 establishes that the sampling cost NF of
the matrix FQ depends on the norm of the gradient vec-
tor, which is expected to decrease polynomially during an
optimization. In a typical scenario we expect that, even
if initially estimating the matrix dominates the sampling
costs, asymptotically sampling the vector g dominates the
costs.
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Result 1. The upper bound in Theorem 1 results in the
growth rate NF + Ng = O[‖g(t)‖2

∞] + Ng when viewed as
a function of iterations or steps t. Assuming polynomial
convergence via ‖g(t)‖∞ = O(t−c) with c > 0, the nat-
ural gradient vector requires only a constant sampling
overhead asymptotically as

κ = (NF+Ng)/Nsmpl = O(Spc[F̃−1
Q ] + t−2c),

when compared to the gradient vector via Theorem 2.
We remark that convergence is guaranteed under mild
continuity conditions [31].

We have numerically simulated the natural gradient
evolution from Eq. (1) and determined its overhead κ .
This quantifies how much more it costs at every itera-
tion step t to estimate the natural gradient vector v(t)
than it would cost to estimate the gradient vector g(t)
assuming the same precision ε. Figure 1 [red line in (a)]
shows how this sampling overhead converges to its con-
stant asymptotic approximation as the average squared
singular values Spc[F̃−1

Q ] ≈ 106 (101.5) in Fig. 1 [black
line in (a)]. Figure 1 [dashed line in (a)] also demonstrates
that under-regularizing the inverse (via η = 10−5) results
in unfeasible sampling costs. In fact, carefully increas-
ing the regularization parameter (as η = 10−1) reduces
the sampling cost by several orders of magnitude with-
out significantly affecting the performance: both evolutions
decrease the gradient norm with a similar rate; compare the
solid and dashed red lines in Fig. 1(b).

It is striking that the overhead plotted in Fig. 1(a) can
be very high initially; while the focus of the present paper
is on the asymptotic costs with respect to time and size, it
is worth noting that this high initial cost could be straight-
forwardly mitigated by, e.g., only occasionally updating a
low-rank approximation of the metric tensor. This may be
expected to have little impact on the convergence rate since
in the early phase the advantage of using natural gradient
is typically less pronounced.

Recall that Fig. 1(a) via Result 1 assumes a constant
precision ε throughout the evolution that is not practi-
cal. In fact, one would require a relative precision such
that ε = ε0‖g(t)‖ in the case of the gradient vector and
ε = ε0‖v(t)‖ in the case of the natural gradient vector, for
some fixed ε0. In particular, using a moderate regulariza-
tion of the inverse as η = 0.1, the cost of estimating v(t)
is comparable or even smaller than estimating g(t); see the
solid red line in Fig. 1(c).

We finally stress that in Fig. 1(a) we do not actually
compare the overall performance of the simple and natural
gradient methods, but only their per-iteration (per-epoch)
costs. We therefore conclude that the natural gradient opti-
mization requires overall less samples to converge (i.e.,
asymptotically constant overhead but faster convergence
rate) when compared to simple gradient descent; see also

Refs. [37,39,41]. Moreover, we prove in the following that
even the significant initial overheads in Figs. 1(a)–1(c) do
in many practical applications asymptotically vanish for an
increasing number of qubits.

IV. SCALING WITH THE SYSTEM SIZE

Let us now consider how the upper bounds in Theorem
1 scale with the number of qubits N . First, we con-
sider the general growth rate ν = O[Na(N )] of the num-
ber of parameters ν, where a(N ) is the depth of the
ansatz circuit. For example, polylog(N )-depth circuits
constitute a very general class of ansätze via a(N ) =
O[x log(N )y] for some x, y > 0. Second, we establish that
the spectral quantity scales with the number of qubits as
Spc[F̃−1

Q ] = O[N−sa−s(N )] with 0 ≤ s ≤ 2; see Lemma 3
in Appendix B 3. Third, if H decomposes into a number rh
of Pauli terms that grow polynomially (e.g., N 4 in the case
of chemistry applications) then we obtain a polynomial
growth rate Spc[H]fg = O(N b) in Theorem 1 [Eq. (4)]
with some b ≥ 1. We finally obtain the growth rates

NF = O[N 4−2sa4−2s(N )‖g‖2
∞], (5)

Ng = O[N 2−s+ba2−s(N )]. (6)

Note that the vector norm ‖g‖2
∞ might in general also

depend on the number of qubits, e.g., exponentially van-
ishing gradients in the case of barren plateaus [54–56] that
would result in an exponentially decreasing relative sam-
pling cost of the metric tensor. One may also think of
scenarios where the gradient norm grows; however, one
could then in practice decrease the inverse precision ε−1

proportionally as typical at the initial stages of an opti-
mization. To simplify our discussion, we assume that the
gradient norm ‖g‖∞ is fixed (bounded), e.g., the evolution
is initialized in a close vicinity of the optimal parameters
as a good classical guess is known. This also encom-
passes scenarios where the optimization is near termination
approaching a fixed, e.g., chemical, precision. We sum-
marize the resulting measurement cost in the following
result.

Result 2. Assume that the number of Pauli terms
in the Hamiltonian grows polynomially, implying that
Spc[H]fg = O(N b) for some b ≥ 1, and that the gradient
norm ‖g‖∞ = O(N 1) is bounded. The relative sampling
cost of the matrix FQ vanishes for general polylog(N )-
depth circuits when b > 2−s and, following Theorem 2,
determining the natural gradient vector requires at most a
constant overhead asymptotically,

κ = (NF+Ng)/Nsmpl = O(Spc[F̃−1
Q ] + N 2−b),

when compared to the gradient vector.
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FIG. 2. (a) Sampling cost NF of the matrix FQ relative to the sampling cost Ng of the gradient vector g from Theorem 1 for an
increasing number of qubits determined at randomly selected ansatz parameters with a fixed ‖g‖ = 0.1. The relative sampling cost
NF/Ng vanishes asymptotically if the number rh of Pauli terms grows quadratically (blue), cubically (brown), or beyond as established
in Eqs. (5)–(6); see also Result 2. Shading represents the standard deviation; see the Appendix. (b) Color maps showing the optimal
number of measurements, [NF ]kl and [Ng]k assigned to individual elements of the Fisher matrix and gradient, respectively, after 1, 5, 15
iterations. For clarity, here we have scaled the data by a constant factor such that if measurements are distributed uniformly then every
matrix and vector element would receive one measurement, i.e., we set the total number of measurements Nopt to be the number of
degrees of freedom. Most of the measurements are assigned to the gradient vector for an increasing number of iterations, as established
in Result 1.

Note that Result 2 guarantees a vanishing sampling
cost of the matrix FQ when the number of terms in the
Hamiltonian grows faster than quadratically, i.e., b > 2.
We have explicitly calculated the growth rates b in the
case of three example Hamiltonians in the Appendix A
as b = 1, 2, 3, respectively, and plot the relative sampling
costs NF/Ng in Fig. 2. We remark that this result can
be applied to the general class of metric-aware quantum
algorithms [37,39,42–44].

V. OPTIMAL MEASUREMENT DISTRIBUTION

So far, we have assumed that NF (Ng) measurements
are distributed uniformly among the ν2 (ν) matrix (vec-
tor) entries [49]. However, the overall number of samples
NF + Ng (from Theorem 1) needed to obtain the vector
v = F̃−1

Q g to a precision ε can be minimized by distribut-
ing samples between the elements of FQ and g optimally
[34]. The matrix [NF ]kl and the vector [Ng]k entries rep-
resent the number of measurements assigned to individual
elements in FQ and in g, respectively. The number of sam-
ples required is reduced to Nopt = �2/ε2 with Nopt ≤ NF +
Ng . We now state explicit expressions for determining �,
[NF ]kl, and [Ng]k.

Result 3. Measurements are distributed optimally when
the number of samples for determining individual elements
of the matrix and gradient are given by

[NF ]kl = ε−2�
√

aklVar{[FQ]kl}, (7)

[Ng]k = ε−2�
√

bkVar[gk], (8)

respectively. Here Var[·] is the variance of a single mea-
surement of the corresponding element and we explicitly
define � via the coefficients akl and bk as

� :=
ν∑

k,l=1

√
aklVar{[FQ]kl} +

ν∑

k=1

√
bkVar[gk]. (9)

Furthermore, the symmetry of the Fisher matrix can be
explicitly included just by modifying the coefficients akl, as
discussed in the Appendix C.

We remark that this result is completely general and can
be applied to any of the metric-aware quantum algorithms
[37,39,42–44].

Figures 1(a) and 1(c) (blue line) shows how the optimal
distribution of samples reduces the measurement overhead
across the entire evolution—most significantly for small
regularization parameters [Figs. 1(a) and 1(c), η = 10−5],
in which case some matrix elements might be crucially
larger than others. Moreover, Result 3 automatically takes
into account the decreasing sampling cost of the matrix,
as established in Results 1 and 2. This is illustrated in
Fig. 2(b); for the first few iterations, far from convergence,
the bulk of the measurements are directed to the matrix,
and comparatively few go to the elements of the gradient
[Fig. 2(b), t = 1]. However, close to convergence, consis-
tent with Result 1, the gradient takes the majority of the
measurements [Fig. 2(b), t = 20].

VI. DISCUSSION AND CONCLUSION

In this work we have established general upper bounds
on the sampling cost of metric-aware variational quantum
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algorithms (e.g., natural gradient). We have analyzed how
this sampling cost scales for increasing iterations in Result
1 and for increasing qubit numbers in Result 2. The lat-
ter establishes that the relative measurement cost of the
matrix object FQ is asymptomatically negligible in many
practically relevant scenarios, such as in case of quantum
chemistry applications.

Natural gradient has been shown to outperform other
optimization approaches in numerical simulations [37,39,
41]. We prove in this work that, for both an increasing
number of iterations and number of qubits, the sampling
overhead per iteration (per epoch) of the natural gradi-
ent approach is constant asymptotically when compared to
simple gradient descent. The most important implication
of our results is therefore that the overall cost of natural
gradient is lower since it converges to the optimum faster.

We finally establish a general technique that optimally
distributes measurements when estimating matrix and vec-
tor entries, further reducing the cost of general metric-
aware quantum algorithms. Let us finally remark on the
generality of our results: our techniques are immedi-
ately applicable to other problems beyond metric-aware
approaches, for example, to Hessian-based optimizations
via Eq. (2) as detailed in Appendix D.
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APPENDIX A: DETERMINING VARIANCES

1. Pauli decompositions

Let us denote the set of Hermitian matrices of dimension
d as Herm[Cd×d]. The Hamiltonian H ∈ Herm[Cd×d] of a
qubit system in general decomposes into a sum over Pauli-
operator strings via

H =
rh∑

l=1

hlPl with R 
 hl := Tr[HPl]/d, (A1)

where the Pl ∈ Herm[Cd×d] are tensor products of single-
qubit Pauli operators that act on an N -qubit system and
form an orthonormal basis of the Hilbert-Schmidt oper-
ator space, and d = 2N is the dimensionality. We denote
by rh ∈ N the Pauli rank, i.e., the number of nonzero

Pauli components in the Hamiltonian. Note that, in general,
rh ≤ 4N .

In the following derivations we assume for simplicity
that ansatz circuits Uc are unitary and decompose into a
product of individual gates

Uc(θ) = Uν(θν) · · · U2(θ2)U1(θ1) (A2)

that typically act on a small subset of the system, e.g., one-
and two-qubit gates. We assume in Eq. (A2) for ease of
notation that each quantum gate depends on an individual
parameter θi with i = {1, 2, . . . , ν}.

Individual gates Uk(θk) ∈ SU(d) of the quantum cir-
cuit from Eq. (A2) are in general of the form Uk(θk) :=
exp[−iθkGk] and their generators Gk ∈ Herm[Cd×d]
decompose into a sum of Pauli strings, resulting in

Uk(θk) = exp[−iθkGk] = exp
[

−iθk

r(k)g∑

l=1

gklPl

]

with

R 
 gkl := Tr[GkPl]/d,

where r(k)g ∈ N is the Pauli rank of the generator Gk. We
additionally assume that gkl ≤ 1/2 for simplicity—but any
other upper bound could be specified. It follows in general
that the derivative ∂kUk(θk) decomposes into a sum of r(k)g
unitary operators as

∂kUk(θk) = −i
r(k)g∑

l=1

gklPlUk(θk). (A3)

For ease of notation, in the following we consider circuits
via Eq. (A2) that decompose into gates Uk(θk) with Pauli
rank rg = 1. This is naturally the case for a wide variety
of ansatz circuits, e.g., circuits that consist of single-qubit
rotations and two-qubit ZZ or XX evolution gates, as
depicted in Fig. 3. This assumption results in a simplified
structure of the gates as Uk(θk) := exp[−iθkPk/2] and their
derivatives as

∂kUk(θk) = − i
2

PkUk(θk), (A4)

where Pk is the Pauli generator of the gate Uk(θk). This
construction simplifies our following derivations; how-
ever, the generalization to arbitrary parameterized gates
straightforwardly follows from linearity of Eq. (A3).

We finally define the partial derivative of the circuit in
Eq. (A2) using our simplified ansatz as

Dk := 2i∂kUc(θ) = Uν(θν) · · · PkUk(θk) · · · U2(θ2)U1(θ1),

which itself is unitary via [Dk]† = [Dk]−1 (and we omit its
explicit dependence on the parameters θ ) and PlP

†
l = Idd.
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FIG. 3. Example of an 8-qubit ansatz structure used in our simulations. It consists of repeated blocks of single qubit X and Y
rotations and two-qubit ZZ evolution gates. All gates here have Pauli rank rg = 1, as discussed in Appendix A 1. Rx, Ry and Rz are
single-qubit rotations while Rz-Rz are two-qubit entangling gates.

We remark that in the case of nonunitary parametriza-
tions one would need to consider the general mapping
ρ(θ) := �(θ)ρ0. The circuit derivative then decomposes
into Pauli terms as

∂kρ(θ) =
r(k)p∑

m,n=1

pkmnPmρ(θ)Pn. (A5)

2. Upper bound on the quantum Fisher information

We now derive a general upper bound on the quantum
Fisher information for unitary parametrizations.

Lemma 1. In the case of unitary ansatz circuits that act on
arbitrary quantum states ρ via quantum gates that decom-
pose into at most rg Pauli terms, entries of the quantum
Fisher information matrix are upper bounded as [FQ]kl ≤
r2

g.

Proof. When the ansatz circuit consists of unitary gates,
the quantum Fisher information assumes its maximum
for pure states. Considering the pure state ρ = |ψ〉〈ψ |, it
follows from Ref. [37] that

[FQ]kl = 2 Tr[(∂kρ)(∂lρ)].

Applying the Cauchy-Schwarz inequality yields

2Tr[(∂kρ)(∂lρ)] ≤ 2
√

Tr[(∂kρ)(∂kρ)]Tr[(∂lρ)(∂lρ)]

≤ Fmax,

where Fmax is a bound on the scalar quantum Fisher infor-
mation, i.e., diagonal entries of the matrix FQ. Let us

determine this bound via

[FQ]kk = 4Re[〈∂kψ |∂kψ〉] − 4|〈∂kψ |ψ〉|2
≤ 4Re[〈∂kψ |∂kψ〉] = 4〈∂kψ |∂kψ〉 (A6)

for an arbitrary |ψ〉. It follows from Eq. (A3) that

〈∂kψ |∂kψ〉 =
r(k)g∑

l,m=1

gkl gkm〈ψl|ψm〉 ≤ (rg)
2/4, (A7)

where the |ψm〉 are some valid, normalized states and,
therefore, 〈ψl|ψm〉 ≤ 1, and where we have used the fact
that gkl ≤ 1/2. This finally establishes the general upper
bound for unitary ansatz circuits whose gates decompose
into at most rg Pauli terms as

[FQ]kl ≤ r2
g ,

and in the case of simplified ansätze with rg = 1 from
Appendix A 1 one obtains [FQ]kl ≤ 1. �

3. Components of the gradient

Components of the gradient vector can be measured via
the Hadamard test. We discuss this on the example of
simplified ansätze from Appendix A 1, while the general-
ization follows from linearity. Let us first express the gra-
dient components gk := ∂kE(θ) in terms of the derivative
circuits from Eq. (A4) as

gk = −Im[〈0|[Dk]†HUc|0〉] = −
rh∑

l=1

hlMkl,
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where the second equation uses the decomposition of the
Hamiltonian into Pauli operators from Eq. (A1) via denot-
ing the matrix elements Mkl := Im〈0|[Dk]†PlUc|0〉. These
matrix elements can be estimated by using an ancilla qubit
via the circuits in Fig. 2 of Ref. [8] and the corresponding
proof can be found in footnote [53] of Ref. [8]; see also
Ref. [43]. The probability p of measuring this ancilla qubit
in the |±〉 basis with outcome +1 determines the matrix
elements via (2pkl−1) = Mkl for every Pauli component in
the Hamiltonian Pl. This finally yields the explicit form of
the gradient vector

gk = ∂kE(θ) = −
rh∑

l=1

hl(2pkl−1) (A8)

in terms of the measurement probabilities 0 ≤ pkl ≤ 1.
Note that each probability pkl is estimated by sampling a
binomial distribution that has a variance σ 2

kl = pkl(1 − pkl).
It follows that the variance of the gradient components are
determined by these individual variances via

Var[gk] = 4
rh∑

l=1

h2
l σ

2
kl = 4

rh∑

l=1

h2
l pkl(1 − pkl). (A9)

Reexpressing this variance in terms of the matrix elements
via pkl = (Mkl+1)/2 yields the simplified form

Var[gk] =
rh∑

l=1

h2
l (1−[Mkl]2). (A10)

This expression is related directly to the parameterized
quantum state |ψ(θ)〉 via the expectation value as Mkl =
−2Re〈∂kψ(θ)|Pl|ψ(θ)〉. In complete generality, i.e., when
gates decompose into a linear combination of at most rg
Pauli terms, the variance of the gradient entries is upper
bounded [via Eq. (A9)] as

Var[gk] ≤ rg

rh∑

l=1

h2
l = rgSpc[H], (A11)

where Spc[H] follows from the Hilbert-Schmidt scalar
product as

Spc[H] := ‖H‖2/d := Tr[HH]/d

=
rh∑

k,l=1

hkhlTr[PkPl]/d =
rh∑

l=1

h2
l ,

via Eq. (A1) and recalling that Tr[PkPl] = dδkl, where δkl
is the Kroenecker delta and d = 2N .

So far, we have assumed that each term in the Hamilto-
nian is estimated separately from outcomes of independent

ancilla measurements and the above variance therefore
corresponds to overall rh measurements. Indeed, advanced
techniques could be used for simultaneously measuring
commuting terms in the Hamiltonian (possibly without
an ancilla qubit), reducing the overall number of shots
[34,36,50–53] and we would like to take this into account
in our final result. We conclude by stating the upper
bound on the variance Var[gk] of a single measurement to
estimate the gradient entry gk as

Var[gk] ≤ Spc[H]fg . (A12)

Here we have introduced the constant factor fg . We can
generally state the bounds 1 ≤ fg ≤ rgrh as fg depends on
the system (type of gates via rg) and on the measurement
technique used for estimating terms in the Hamiltonian
(number of commuting groups). Here the lower bound
(best-case scenario fg = 1) is saturated for Pauli gates
(rg = 1) and Hamiltonians from Eq. (A1) in which all
terms commute and are measured simultaneously. The
upper bound (worst-case scenario) is saturated by Hamil-
tonians from Eq. (A1) in which all rh terms are estimated
from separate measurements (all terms are noncommut-
ing) and all terms have comparable strengths (optimally
distributing samples does not reduce Var[gk]). The factor
fg interpolates between these two extremal cases and will
correspond to a value in the bounded range 1 ≤ fg ≤ rgrh.
In most of this work we assume a fixed H and therefore we
can treat fg and Spc[H] as constants. The only exception is
our derivation in Result 2 where we make the mild, general
assumption that the number rh of terms in the Hamiltonian
grows polynomially and therefore necessarily the prod-
uct Spc[H]fg = O(N b) grows in some polynomial order
b with the number of qubits N . To illustrate this, we con-
struct three example Hamiltonians in Appendix A 5 and
explicitly compute the polynomial order b in which the
cost Spc[H]fg of estimating gk grows with the number of
qubits N .

Let us now consider mixed quantum states, e.g., due
to gate imperfections, via the eigendecomposition ρ =∑

n pn|ψn〉〈ψn|. If the parametrization θ is approximately
unitary via ∂pn/∂θk ≈ 0 then gradient components of the
expectation value Tr[ρ(θ)H] can be expressed as

∂

∂θk
Tr[ρ(θ)H] ≈

∑

n

pn
∂

∂θk
[〈ψn(θ)|H|ψn(θ)〉]

=
∑

n

pn[gk]n, (A13)

where [gk]n is the gradient that would be measured by the
above protocol for the pure eigenstate |ψn(θ)〉. The above
discussed protocol therefore estimates the correct gradient
for mixed states—as long as the parametrization is approx-
imately unitary, such as in case of noisy gates. The same

030324-8



MEASUREMENT COST OF METRIC-AWARE VARIATIONAL... PRX QUANTUM 2, 030324 (2021)

upper bound holds for the variances via
∑

n pn = 1 and
0 ≤ pn ≤ 1, and the bound is only saturated by pure states.

In summary, the variance of the gradient entries is upper
bounded as Var[gk] ≤ Spc[H]fg , where fg is a constant
factor that depends only on the ansatz structure, on the
particular quantum algorithm that is used to estimate the
entries, and on the Hamiltonian. We remark that the above
discussed protocol is used in other metric-aware quantum
algorithms, and our bounds therefore apply to other vector
objects used in these algorithms [37,39,42–44].

4. Components of the quantum Fisher information
matrix

We now focus on determining variances of the quantum
Fisher information entries [FQ]kl. For pure states as ρ =
|ψ〉〈ψ |, entries of the quantum Fisher information can be
expressed via the state-vector scalar products [37]

[FQ]kl = 4Re[〈∂kψ |∂lψ〉 − 〈∂kψ |ψ〉〈ψ |∂lψ〉]. (A14)

The second term in the above equation vanishes when
the global phase evolution of |ψ〉 is zero [43], and an
experimental protocol for measuring the remaining com-
ponent Re〈∂kψ |∂lψ〉 was used in Ref. [39] for simulating
imaginary time evolution.

We now propose a protocol that determines both
terms in Eq. (A14). Assuming the simplified ansatz from
Appendix A 1, our protocol allows us to evaluate the
coefficients by measuring an ancilla qubit

Akl = 4Re〈∂kψ |∂lψ〉 = Re〈0|[Dk]†Dl|0〉 = 2[pa]kl−1,

Bk = 2Re〈∂kψ |ψ〉 = Re〈0|[Dk]†Uc|0〉 = 2[pb]k−1,

Ck = 2Im〈∂kψ |ψ〉 = Im〈0|[Dk]†Uc|0〉 = 2[pc]k−1,

using the circuits in Fig. 2 of Ref. [8]; see footnote [53] of
Ref. [8] for a proof. These circuits allow for estimating the
probabilities pa, pb, and pc by sampling the ancilla qubit as
a binomial distribution. The quantum Fisher information is
then obtained as

[FQ]kl = Akl + BkBl − CkCl = (2[pa]kl−1)

+ (2[pb]k − 1)(2[pb]l − 1)

− (2[pc]k − 1)(2[pc]l − 1).

Since the probabilities pa, pb, and pc are determined from
binomial distributions, their variances are given by, e.g.,
[σ 2

a ]kl = [pa]kl(1 − [pa]kl). It follows that

Var{[FQ]kl} = 4[σ 2
a ]kl + 4[σ 2

b ]kB2
l + 4[σ 2

b ]lB2
k

+ 4[σ 2
c ]kC2

l + 4[σ 2
c ]lC2

k .

Substituting 4[σ 2
b ]k = (1 − [Bl]2) and 4[σ 2

c ]k =
(1 − [Cl]2), we can express the variances as

Var{[FQ]kl} = (1−[Akl]2)+ (1 − [Bk]2)B2
l + (1 − [Bl]2)B2

k

+ (1 − [Ck]2)C2
l + (1 − [Cl]2)C2

k ,

in terms of the estimated quantities Akl, Bk, and Ck, where
we have used the notation (Akl +1)/2 = [pa]kl for example.

Note that the inequality (1 − [Bk]2)B2
l ≤ 1/4 is satu-

rated when Bk = 1/
√

2 and in general |Akl|, |Bl|, |Cl| ≤ 1.
Using this inequality, we can establish the general upper
bound

Var{[FQ]kl} ≤ 2r2
g , (A15)

when gates decompose into a linear combination of at most
rg Pauli terms.

When assuming noisy unitary circuits, Result 3
of Ref. [37] establishes that [FQ]kl ≈ 2Tr[(∂kρ)(∂lρ)]
and the approximation becomes exact for pure states
as ρ = |ψ〉〈ψ |. The Hilbert-Schmidt scalar products
Tr[(∂kρ)(∂lρ)] can be measured using the circuit based on
SWAP tests from Ref. [43] and one can directly estimate
the quantity [FQ]kl = 2pkl − 1 by measuring the proba-
bility pkl of an ancilla qubit in the case when using the
simplified ansatz from Appendix A 1, i.e., when gates
decompose into single Pauli terms. We remark that this
implementation requires more qubits when compared to
the above introduced pure-state approach. However, it is
preferable as it results in negligible approximation errors
when gates are imperfect; see Ref. [37]. The variance fol-
lows as Var{[FQ]kl} = 4pkl(1 − pkl) = (1 − [FQ]2

kl) ≤ 1 in
the case of the simplified ansatz from Appendix A 1 and
we have used [FQ]kl ≤ 1 from Lemma 1.

In complete generality, i.e., when gates decompose into
a linear combination of at most rg Pauli terms, the variance
of the matrix entries is upper bounded as

Var{[FQ]kl} ≤ r2
g . (A16)

In summary, the variance of the matrix entries are upper
bounded as Var{[FQ]kl} ≤ fF , where fF is a constant factor
that depends only on the ansatz structure and the approach
used to estimate the matrix entries. We remark that the
above discussed two protocols are used in other metric-
aware quantum algorithms and our bounds therefore apply
to other matrix objects estimated by these algorithms
[37,39,42–44].

5. Numerical simulations

In our numerical simulations we use the ansatz illus-
trated in Fig. 3. This decomposes into repeated blocks. The
first block B1 consists of single-qubit X rotations, while
the second block B2 decomposes into nearest-neighbor
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Pauli ZZ gates followed by single qubit Y and X rota-
tions. Each gate depends on an individual parameter θk
with k ∈ {1, . . . , ν}. In our numerical simulations we use
the ansatz structure B1B2B2 that has a linearly growing
number of parameters ν = O(N ) in the number of qubits
via the constant depth a(N ) = O(N 0).

In Fig. 1 we simulate the natural gradient approach for
finding the ground-state energy of the spin-chain Hamilto-
nian

H =
N−1∑

i=1

J [σ {i}
x σ

{i+1}
x + σ {i}

y σ
{i+1}
y + σ {i}

z σ
{i+1}
z ]

+ J [σ {1}
x σ {N }

x + σ {1}
y σ {N }

y + σ {1}
z σ {N }

z ] +
N∑

i=1

ωiσ
{i}
z ,

(A17)

which contains identical couplings xx, yy, and zz between
nearest neighbors with a constant that we set as J = 1.
Here the σ {k}

α represent Pauli matrices acting on qubit k
with α = {x, y, z}. We select on-site frequencies ωi ran-
domly according to a uniform distribution with values
varying between −1 and 1. The resulting Hamiltonian has
a nontrivial, highly entangled ground state that we aim to
approximate using the (not necessarily optimal) ansatz cir-
cuit shown in Fig. 3. We initialize the optimization at a
point in parameter space close to the optimum and we set
the step size as λ = 0.2.

In Fig. 2 we simulate various different Hamiltonians
using the same technique. In particular, we use Eq. (A17)
as the linearly scaling Hamiltonian in Fig. 2 (red). We
define the quadratically scaling Hamiltonian in Fig. 2
(blue) as

H =
N∑

k>l=1

J [σ {k}
x σ {l}

x + σ {k}
y σ {l}

y + σ {k}
z σ {l}

z ] +
N∑

k=1

ωkσ
{k}
z ,

(A18)

while we chose the cubically scaling Hamiltonian in Fig. 2
(brown) as

H =
N∑

l>k

N∑

m>l

Jσ {k}
x σ {l}

y σ
{m}
z +

N∑

k=1

ωkσ
{k}
z . (A19)

In our simulations we start the optimization at a random
initial point in parameter space, i.e., θ is selected randomly,
and run the optimization until the gradient vector is such
that ‖v‖ ≈ 10−1. This ensures that the we approximately
randomly select points in parameter space for which the
gradient norm is fixed, hence satisfying our assumption
in Result 2. We compute the values of NF and Ng at 25
instances of such randomly selected ansatz parameters.
The dots, shading, and solid lines in Fig. 2 respectively

show the average, the standard deviation, and the fitting of
the ratio NF/Ng .

Let us now compute how the product Spc[H]fg =
O(N b) from Result 2 [which reflects the cost of estimat-
ing a gradient entry gk via Eq. (A12)] grows with the
number of qubits. Terms in the above Hamiltonians can
be grouped into a constant number of commuting groups
that can be measured simultaneously and, therefore, fg =
O(1) in Eq. (A12). Furthermore, the squared sum of the
coefficients grows as Spc[H] = ∑rh

l=1 h2
l = O(N b) with

b = 1, 2, 3. We therefore conclude that our upper bound
in Eq. (A12) grows as Var[gk] ≤ Spc[H]fg = O(N b) and,
indeed, the product in Result 2 grows as Spc[H]fg =
O(N b) with b = 1, 2, 3.

APPENDIX B: PROPAGATING VARIANCES

Lemma 2. Let us define the regularized inverse F̃−1
Q :=

[FQ+ηId]−1 of the Fisher information matrix for some
regularization parameter η ≥ 0 and recall that we have
defined the error measure ε2 := ∑ν

k=1 Var[vk] with v :=
F̃−1

Q g in the main text. If the elements of FQ and g are mea-
sured independently and their errors are sufficiently small
then the error measure can be written in the form

ε2 =
ν∑

k,l=1

aklVar{[FQ]kl} +
ν∑

k=1

bkVar[gl], (B1)

where akl :=
ν∑

i,j =1

[F̃−1
Q ]2

ik[F̃−1
Q ]2

lj g2
l ,

bk :=
ν∑

l=1

{[F̃−1
Q ]kl}2. (B2)

Proof. Under the assumption that the elements are mea-
sured independently and are sufficiently small, it is appro-
priate to use the variance formula [59]; thus, we can write
the error measure in terms of the variance of the elements
in F̃−1

Q and g, yielding

ε2 =
ν∑

k=1

Var[vk]

=
ν∑

k,l=1

Var{[F̃−1
Q ]kl}g2

l + {[F̃−1
Q ]kl}2Var[gl]. (B3)

Now we use the result derived in Ref. [60] to relate the
variance of elements of F̃−1

Q to elements of FQ, namely,

Var{[F̃−1
Q ]kl} =

ν∑

i,j =1

[F̃−1
Q ]2

ikVar{[FQ]kl}[F̃−1
Q ]2

lj . (B4)
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Here we have used the fact that Var{[F̃Q]kl} = Var{[FQ]kl}.
Substituting this result into the error metric and trivially
rearranging yields

ε2 =
ν∑

k,l=1

[ ν∑

i,j =1

[F̃−1
Q ]2

ikVar{[FQ]kl}[F̃−1
Q ]2

lj

]

g2
l

+ {[F̃−1
Q ]kl}2Var[gl]

=
ν∑

k,l=1

[ ν∑

i,j =1

[F̃−1
Q ]2

ik[F̃−1
Q ]2

lj g2
l

]

︸ ︷︷ ︸
akl

Var{[FQ]kl}

+
ν∑

k=1

[ ν∑

l=1

{[F̃−1
Q ]kl}2

]

︸ ︷︷ ︸
bk

Var[gk], (B5)

as required. �

1. Proof of Theorem 1

Recall that Lemma 2 establishes the error propagation
formula that we abbreviate as ε2 = ε2

F + ε2
g via

ε2
F :=

ν∑

α,β=1

aαβVar{[FQ]αβ}, ε2
g :=

ν∑

l=1

blVar[gl]. (B6)

The coefficients aαβ can be upper bounded as

aαβ =
ν∑

k,l=1

g2
l [F̃−1

Q ]2
kα[F̃−1

Q ]2
lβ

≤ ‖g‖2
∞

ν∑

k=1

[F̃−1
Q ]2

kα

ν∑

l=1

[F̃−1
Q ]2

lβ and

bl =
ν∑

k=1

[F̃−1
Q ]2

kl,

where ‖g‖∞ is the absolute largest element in the gradient
vector. We assume that every matrix and vector element
is assigned measurements uniformly as NF/ν

2 and Ng/ν,
where NF and Ng are the overall numbers of measure-
ments required to estimate the matrix and vector objects
such that the vector v is obtained to a precision ε. Using
the upper bounds on the variances of individual gradient
vector entries from Eq. (A11) and individual matrix entries
from Eqs. (A16) and (A15), we derive the explicit bound

Var{[FQ]αβ} ≤ VF := ν2NF
−1fF ,

Var[gl] ≤ VG := νNg
−1Spc[H]fg ,

where ‖H‖ is the Hilbert-Schmidt or Frobenius norm of
the Hamiltonian and fF , fg are constant factors that depend

on the ansatz structure and the approach used to estimate
the gradient or Fisher matrix; see Appendix A 1. For exam-
ple, for the simplified ansatz (rg = 1) in Appendix A 1,
we obtain fF ≤ 2 and 1 ≤ fg ≤ rh. Here the lower bound
fg = 1 is saturated when all terms in the Hamiltonian from
Eq. (A1) commute and can be measured simultaneously,
while the upper bound fg = rh is saturated when all rh
terms in the Hamiltonian need to be estimated indepen-
dently (because they do not commute) and their strengths
are comparable; see Appendix A 3.

We use the above derived upper bounds and obtain

ε2
F ≤ VF‖g‖2

∞
ν∑

α,k=1

[F̃−1
Q ]2

kα

ν∑

β,l=1

[F̃−1
Q ]2

lβ = VF‖g‖2
∞‖F̃−1

Q ‖4,

(B7)

ε2
g ≤ VG

ν∑

k,l=1

[F̃−1
Q ]2

kl = VG‖F̃−1
Q ‖2, (B8)

where ‖F̃−1
Q ‖ is the Hilbert-Schmidt or Frobenius norm of

the inverse matrix F̃−1
Q .

We now require that ε2/2 =: ε2
F and ε2/2 =: ε2

g as a
possible choice to satisfy ε2 = ε2

F + ε2
g . This results in

the explicit bound on the number of measurements after
substituting VF and VG as

NF ≤ 2ν2‖g‖2
∞‖F̃−1

Q ‖4ε−2fF ,

Ng ≤ 2ν‖F̃−1
Q ‖2ε−2Spc[H]fg .

We introduce the notation Spc[F̃−1
Q ] := ‖F̃−1

Q ‖2/ν =
(1/ν)

∑ν
k=1 σ

2
k (F̃

−1
Q ) to denote the average of the squared

singular values of F̃−1
Q . Note that, for example, the identity

matrix yields Spc[Id] = 1 and we derive upper and lower
bounds in general in Lemma 3.

We finally establish the upper bounds

NF ≤ 2ν4‖g‖2
∞Spc[F̃−1

Q ]2ε−2fF ,

Ng ≤ 2ν2Spc[F̃−1
Q ]ε−2Spc[H]fg .

2. Proof of Theorem 2

Recall that in Appendix B 1 we defined the precision
associated with the gradient vector in the natural gradi-
ent approach as ε2

g := ∑ν
l=1 blVar[gl]. We also defined the

total number of measurements Ng that needs to be assigned
to determine the gradient vector g to a precision ε2

g as

Ng := ν

ε2
g

ν∑

l=1

blVar[gl],

since each gradient entry gl receives Ng/ν samples.
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In the limiting case F̃−1
Q → Id and Var{[FQ]kl} → 0 the

natural gradient approach reduces to the simple gradient
descent approach with bl = 1. We can therefore define the
total number of measurements Nsmpl required to reconstruct
the gradient vector in the simple gradient descent approach
via bl = 1 as

Nsmpl := ν

ε2
g

ν∑

l=1

Var[gl].

Let us start by explicitly writing the ratio of measurements
as

Ng

Nsmpl
=

∑ν
l=1 blVar[gl]

∑ν
l=1 Var[gl]

,

and let us consider the term

bl =
ν∑

k=1

[F̃−1
Q ]2

kl = ‖Coll[F̃−1
Q ]‖2

= ‖F̃−1
Q Bl‖2 ≤ ‖F̃−1

Q ‖2
∞ = σmax(F̃−1

Q )2 ≤ η−2,

where η is either a regularization parameter or the small-
est singular value of FQ, Coll[F̃−1

Q ] denotes the lth column
vector of the matrix F̃−1

Q , and Bl is the lth standard basis
vector with ‖Bl‖ = 1. Our general upper bound follows as

Ng

Nsmpl
=

∑ν
l=1 blVar[gl]

∑ν
l=1 Var[gl]

≤ η−2
∑ν

l=1 Var[gl]
∑ν

l=1 Var[gl]
= η−2.

We now establish an approximation under the assumption
that Var[gl] does not significantly depend on the index l,
e.g., when the gradient is vanishing close to an optimal
point via Mkl → 0 in Eq. (A10) as, e.g.,

Var[gk] =
rh∑

l=1

h2
l (1−[Mkl]2) →

rh∑

l=1

h2
l = Spc[H]. (B9)

This results in

Ng

Nsmpl
=

∑ν
l=1 blVar[gl]

∑ν
l=1 Var[gl]

≈
∑ν

l=1 bl

ν

=
∑ν

k,l=1[F̃−1
Q ]2

kl

ν
= ‖F̃−1

Q ‖
ν

= Spc[F̃−1
Q ].

3. Remarks on Theorem 2

We establish bounds in the case of the relative-precision
scheme, i.e., when ε ∝ ‖g(t)‖ and ε ∝ ‖v(t)‖ in the case
of the gradient and natural gradient vectors, respectively.

The upper bound follows via

‖g‖2

‖v‖2 = ‖g‖2

‖F̃−1
Q g‖2

≤ σmin(F̃−1
Q )−2, (B10)

and a lower bound can be specified as

‖g‖2

‖v‖2 = ‖g‖2

‖F−1
Q g‖2

≥ σmax(F̃−1
Q )−2, (B11)

and in complete generality

Ng

Nsmpl

‖g‖2

‖v‖2 ≤
[
σmax(F̃−1

Q )

σmin(F̃−1
Q )

]2

=: Cnd[F−1
Q ]2, (B12)

and Lemma 3 establishes that Cnd[F−1
Q ] ≤ η−1(νrg + η).

Lemma 3. Assuming the simple regularization F̃−1
Q :=

(FQ + ηIdν)−1, the largest singular value of the inverse
is upper bounded as σmax(F̃−1

Q ) ≤ η−1 and the smallest
singular value is lower bounded via σmin(F̃−1

Q ) ≥ (νrg +
η)−1. Moreover, the bounds (νrg + η)−2 ≤ Spc[F̃−1

Q ] ≤
η−2 and Cnd[F̃−1

Q ] ≤ η−1(νrg + η) hold in general. Here
rg is the largest Pauli rank of the ansatz gates from
Appendix A 1.

Proof. It immediately follows that

σmax([FQ + ηIdν]−1) = [σmin(FQ + ηIdν)]−1 ≤ η−1

via σmin(FQ + ηIdν) ≥ η. Now we use the boundedness of
the matrix elements as |[F−1

Q ]kl| ≤ r2
g from Lemma 1 that

establishes the matrix norm ‖FQ‖max := maxk,l |[FQ]kl| ≤
r2

g . This bounds the largest singular value of FQ as

r2
g ≥ ‖FQ‖max ≥ ‖FQ‖∞/ν := σmax(FQ)/ν.

The smallest singular value of the inverse is therefore
bounded as

σmin([FQ + ηIdν]−1) = [σmax(FQ + ηIdν)]−1

≥ (νr2
g + η)−1.

We can now establish the bound

(νr2
g + η)−2 ≤ σ 2

min(F̃
−1
Q ) ≤ Spc[F̃−1

Q ]

≤ σ 2
max(F̃

−1
Q ) ≤ η−2. (B13)

We can therefore bound the growth rate of the quantity
Spc[F̃−1

Q ] as Spc[F̃−1
Q ] = O(νs) with −2 ≤ s ≤ 0. �
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APPENDIX C: OPTIMAL MEASUREMENTS

Lemma 4. Measurements are distributed optimally when
the number of samples for determining individual elements
of the matrix and gradient are given by

[NF ]kl = ε−2�
√

aklVar{[FQ]kl}, (C1)

[Ng]k = ε−2�
√

bkVar[gk], (C2)

respectively. Here Var[·] is the variance of a single mea-
surement of the corresponding element and we explicitly
define � via the coefficients akl and bk from Appendix B as

� :=
ν∑

k,l=1

√
aklVar{[FQ]kl} +

ν∑

k=1

√
bkVar[gk]. (C3)

Proof. From Lemma 2 we write the error measure as

ε2 =
ν∑

k,l=1

aklVar{[FQ]kl} +
ν∑

k=1

bkVar[gk], (C4)

where Var[·] denotes the variance in the statistical aver-
age over many measurements. Now we allow Var[·] to
denote variance in a single measurement, while [NF ]kl and
[Ng]k are the number of measurements assigned each ele-
ment [FQ]kl and gk, respectively, so that the error measure
becomes

ε2 =
ν∑

k,l=1

aklVar{[FQ]kl}
[NF ]kl

+
ν∑

k=1

bkVar[gk]
[Ng]k

. (C5)

By minimizing the error measure, in this form, subject to
the constraint of a fixed total number of measurements, so
that

Nopt =
ν∑

k,l=1

[NF ]kl +
ν∑

k=1

[Ng]k, (C6)

we find that the optimal fraction of measurement to be
assigned to each element is

[NF ]kl

Nopt
=

√
aklVar{[FQ]kl}

�
,

[Ng]k

Nopt
=

√
bkVar[gk]
�

,

(C7)

where � :=
ν∑

k,l=1

√
aklVar{[FQ]kl} +

ν∑

k=1

√
bkVar[gk].

(C8)

By substituting this results into the error measure we can
remove the dependence on the total number of measure-
ments Nopt to yield the required result. �

1. Fisher matrix symmetry

Lemma 5. The symmetry of the Fisher matrix can be
accounted for by replacing the elements akl with a′

kl, where

a′
kl :=

⎧
⎪⎨

⎪⎩

0, k < l,
akk, k = l,
akl + alk, k > l.

(C9)

Proof. As the Fisher matrix is symmetric, measurements
of the [FQ]kl element also constitute measurements of
the [FQ]lk, so Var{[FQ]kl]} = Var{[FQ]lk}. Thus, the error
measure can be written as

ε2 =
ν∑

k=1

akkVar{[FQ]kk} +
ν∑

k>l

2aklVar{[FQ]kl}

+
ν∑

k=1

bkVar[gk]. (C10)

It is possible to force this back into the original form of the
error measure if we define

a′
kl :=

⎧
⎪⎨

⎪⎩

0, k < l,
akk, k = l,
akl + alk, k > l,

(C11)

so that the error measure error measure can be written as

ε2 =
ν∑

k,l=1

a′
klVar{[FQ]kl} +

ν∑

k=1

bkVar[gk]. (C12)

Using the error measure written in this form as a starting
point for the derivation in the proof of Lemma 4, we triv-
ially obtain the same results with the elements akl replaced
with a′

kl. �

APPENDIX D: APPLICATIONS BEYOND
NATURAL GRADIENT

Let us now comment on how the main results of this
work can be applied to other quantum algorithms beyond
natural gradient optimization. For this reason, we now con-
sider three categories of algorithms and review how the
results in the main text can be tailored to these algorithms.
We note that all algorithms considered in the following use
a parameter update rule whereby an inverse matrix A−1 is
applied to a vector v.

Metric-aware optimization algorithms. We have cov-
ered metric-aware optimization algorithms in the main text
that include quantum natural gradient descent and imagi-
nary time evolution [37,39,42–44]. In this case the matrix
object A is the quantum Fisher information, which depends
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only on the ansatz circuit, while the vector object is the gra-
dient vector that depends on both the ansatz circuit and on
the Hamiltonian.

Variational quantum simulation. The time evolution
of a quantum system under a Hamiltonian can be simu-
lated using techniques described in Refs. [42,43]. In such a
scenario the matrix object (imaginary part of the quantum
geometric tensor) still depends only on the ansatz circuit
and the vector object is related to the gradient vector and
therefore all our results apply, except for Result 1. The rea-
son is the following. In Result 1 we assumed that, when
increasing the number of iterations, the norm of the gra-
dient vector v vanishes due to convergence. However, in
the case of variational simulation, the norm of the vector
object does not necessarily decrease.

Hessian optimization. Analogously to metric-aware
optimizations here the inverse of the Hessian matrix is
applied to the gradient vector. Thus, our error propagation
formula in Eq. (2) and our optimal measurement distribu-
tion scheme in Result 3 immediately apply to this scenario
too. The main difference to the previously discussed sce-
narios is that the Hessian matrix now depends on both
the ansatz circuit and on the Hamiltonian. For this rea-
son, Theorems 1 and 2 need to be modified such that the
dependence on the Hamiltonian is taken into account. As
such, the main conclusion of Result 1 will still hold: as
the optimization converges, the vanishingly small gradi-
ent becomes increasingly more expensive to determine to
a sufficient precision. However, via Result 2, it is expected
that, when we increase the number of qubits, the Hessian
matrix becomes increasingly more expensive to estimate
due to its dependence on the Hamiltonian.
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