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Long-range entangled states are vital for
quantum information processing and quantum
metrology. Preparing such states by combin-
ing measurements with unitary gates opened
new possibilities for efficient protocols with
finite-depth quantum circuits. The complexity
of these algorithms is crucial for the resource
requirements on a large-scale noisy quantum
device, while their stability to perturbations
decides the fate of their implementation. In
this work, we consider stochastic quantum cir-
cuits in one and two dimensions comprising
randomly applied unitary gates and local mea-
surements. These operations preserve a class
of discrete local symmetries, which are broken
due to the stochasticity arising from timing
and gate imperfections. In the absence of ran-
domness, the protocol generates a symmetry-
protected long-range entangled state in a finite-
depth circuit. In the general case, by studying
the time evolution under this hybrid circuit,
we analyze the time to reach the target entan-
gled state. We find two important time scales
that we associate with the emergence of certain
symmetry generators. The quantum trajecto-
ries embody the local symmetry with a time
scaling logarithmically with system size, while
global symmetries require exponentially long
times. We devise error-mitigation protocols
that significantly lower both time scales and
investigate the stability of the algorithm to per-
turbations that naturally arise in experiments.
We also generalize the protocol to realize toric
code and Xu-Moore states in two dimensions,
opening avenues for future studies of anyonic
excitations. Our results unveil a fundamental
relationship between symmetries and dynam-
ics across a range of lattice geometries, which
contributes to a broad understanding of the
stability of preparation algorithms in terms of
phase transitions. Our work paves the way
for efficient error correction for quantum state
preparation.

1 Introduction

Entanglement is a resource that plays an essential role
in the exponential speedup of quantum algorithms [1—
7], the robustness of quantum teleportation [8], and
quantum error correction [9, 10]. Essentially, all prac-
tical applications of entanglement demand shielding
from external noise, for which quantum error correc-
tion is indispensable [6, 11-13]. Some of the proposals
for error-protected logical qubits require stable long-
range and multipartite entanglement, such as surface
codes [14-16]. These entangled states appear to be ex-
tremely hard to find and manipulate in nature. There-
fore, preparing them artificially using current digital
quantum simulators may allow the implementation of
quantum error correction beyond break-even in the
near term [17-21]. On the path to universal quan-
tum computing, the preparation of these states can
be an important milestone and may have an impact
on quantum teleportation and cryptography [8].
Preparing long-range entangled (LRE) states in ex-
periments using quantum gates and measurements is
a challenging task, since it is directly linked with
the control of a large number of qubits and main-
taining their quantum correlations [6, 22]. Therefore,
developing efficient state preparation protocols to en-
gineer LRE states has attracted significant attention
recently. Most of the efforts were focused on realiz-
ing such states as ground states of quantum many-
body Hamiltonians, where long-range entanglement
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Figure 1: Diagram of the stochastic quantum circuit studied
in this work, where the unitary evolution (gates in grey) is
interspersed with measurements (crosses). The initial state
is a product state in the X-basis. After time Tzz, which
is logarithmic in the system size L, the state exhibits local
Z;Zi+2 symmetries (in green). The state turns into a long-
range entangled cat state (in orange) after time 7z,, which is
exponential in L, when the global Zs symmetry emerges.
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is protected by the symmetries in the Hamiltonian.
The complexity and resource requirement for prepar-
ing LRE states through unitary time-evolution via a
Hamiltonian or a quantum circuit renders their im-
plementation inefficient. The circuit depth typically
grows extensively with the system size for local oper-
ations [23-30] and can be reduced to log-depth for
nonlocal operations [25, 31-33]. However, there is
a fundamental limit to these preparation algorithms
due to the Lieb-Robinson bound which restricts state
preparation protocols using unitary circuits [23, 34].

Interestingly, the breaking of unitarity through
quantum measurements allows access to new dynam-
ical phases of matter and phase transitions [35-37].
This opens a new regime for investigating quantum
many-body systems in state-of-the-art quantum sim-
ulators. In the presence of symmetries, introduc-
ing measurements in a unitary circuit for LRE state
preparation can reduce the circuit depth substantially,
which allows efficient implementation in large sys-
tems [38-46]. Measurement outcomes interspersed
through the circuit can feed forward into the hybrid
evolution that is closely connected to quantum error-
correcting codes [12, 15]. Remarkably, time-evolving
an initially separable state via a sequence of local two-
site unitary entangling gates, gives rise to a short-
range entangled state, for example, the so-called clus-
ter state [38]. Subsequently, applying single-site mea-
surements on a subsystem leaves the unmeasured de-
grees of freedom in a symmetry-protected long-range
entangled state with high fidelity. For instance, the
realization of the GHZ state and the toric code state
is possible, by performing measurements on the 1D
and 2D cluster state respectively [38, 39].

However, the stability of the protocols to errors in
the application of gates and measurements is a sig-
nificant factor for efficient, high-fidelity state prepara-
tion. Quantum fault-tolerance thresholds have been
recently probed in hybrid random circuits [47-52],
which allow direct access to the entanglement struc-
ture. In this work, we are considering the effects of
imperfections in the application of unitaries and mea-
surements and hence turning the state preparation
protocol into a stochastic process. This takes into con-
sideration different kinds of errors that can naturally
arise in a state preparation experiment, and which
preserve but also break the symmetries. Through the
study of the dynamics of the stochastic circuit under
the influence of errors, our analysis characterizes the
deviations in run time to converge to the LRE state
and their interplay with the local and global symme-
tries, and helps identify the quantum fault-tolerance
thresholds of the model. It is non-trivial that the
target state is achieved for all quantum trajectories
independent of the circuit realization.

In the presence of errors, the hybrid dynamics leads
to excursions away from the LRE states. We find
two characteristic time scales for the emergence of lo-

cal and global symmetries in the late time state. A
time scale logarithmic in system size is associated with
the evolving state exhibiting the local stabilizer sym-
metry. While in order to realize the global symmet-
ric state the system takes an exponentially long time
(see Fig. 1 for the intuitive picture). The exponen-
tial time scale is cut off if either unitaries or mea-
surements are perfectly applied with no errors. An
analytical understanding of these time scales is devel-
oped through a weighted graph connecting the errors.
We consider the stability of the target state under per-
turbations to the unitary elements of the circuit and
find a measurement-induced phase transition between
area-law and volume-law entangled states. We gener-
alize our results to two-dimensional lattices, where we
find states that can serve as topological quantum error
correction codes.

This work is structured as follows. First, in Sec. 2,
we present a LRE state preparation protocol with
measurements, that achieves a cat state with high fi-
delity in a finite-depth circuit. We then consider the
effect of randomly applied gates and measurements,
and provide an in-depth explanation of our analyti-
cal and numerical results. In Sec. 3, we explore three
different methods to speed up our stochastic proto-
col. These methods include the application of a local
decoder, a protocol where we halt the application of
unitaries when a specific fidelity is achieved, and lastly
by enforcing the global symmetry. Sec. 4 is focused
on the stability of the protocol under various imper-
fections: timing imperfections in the unitary evolu-
tion, and an additional interaction term that leads to
a measurement-induced phase transition. In Sec. 5,
we broaden our scope further and study a similar
stochastic protocol in two-dimensional lattices, which
support topological error-correcting states. We dis-
cuss our main findings in Sec. 6 and talk about future
work.

2 Long-range entanglement in stochas-
tic circuits

2.1 Exact case

The preparation of LRE states in local unitary cir-
cuits demands extensive depths [23], unless one inserts
measurements in such protocols, which overcomes this
barrier and leads to a finite-depth circuit. Here, we
discuss an example of such a state preparation proto-
col that was first introduced in Ref. [38], which uses
a finite depth circuit with measurements in order to
obtain a cat state with high fidelity. This protocol
was generalized recently to states with non-abelian
topological order [39].

Let us consider a 1D stabilizer circuit of length
L, where we start from the all-minus state |¢) =
S = |-)®L where |—) is the eigenstate of
Pauli X operator with an eigenvalue of —1. We evolve
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Figure 2: Quantum circuit (time on the z axis, space on the
y axis) showing evolution using unitary evolution (vertical
lines ending in dots) and measurements (crosses).

the system using the unitary evolution

U = exp (—iAtH)
= HeXp (—22Z1Z1+1) = H Ui,i+17 (1)
3 %

where the Hamiltonian is H = . Z;Z;41 and the
evolution time is set to At = /4. This is followed by
measurements in the X direction applied only on even
sites, M = [, ..on M7*. The unitary evolution alone
produces a cluster state when using At = /4 [38, 39]
— a state with stabilizers of the form X;[];cpq) Z;,
where E(i) designates the immediate neighborhood
of the site i. In the case of 1D circuit, this leads to

the ZXZ symmetry,
Ul) = Zi 1 X Zi 1 U ). (2)

Followed by a single layer of measurements, results
in a cat state on odd sites, while even sites become
separable. The stabilizers of the cat state are £ 7,7, o
(7 is odd) and a global symmetry of [], j4q Xi (parity
of spins in the X-direction on odd sites). Subsequent
applications of this protocol (see Fig. 2) do not disturb
the cat state. Note that starting from the product
state in the X basis is crucial. One could be tempted
to start instead from the Z-basis product state, where
the Z;Z;,9 stabilizers are already present — however,
this state lacks the global symmetry, and its evolution
does not produce entanglement.

Interestingly, the outcomes of the measurements
can be used to harmonize the signs of the stabilizers,
and to produce a GHZ state [38, 39]. In this work,
however, we will omit the discussion of the signs, as
these are not important to the entanglement struc-
ture of the state. It is worth noting, that the cluster
state consists is an example of a symmetry-protected
topological (SPT) phase which could be measured to
achieve a LRE state [53].

2.2 Stochastic case

Here we discuss the problem of achieving long-range
entangled cat states in circuits where unitary evolu-
tion and measurements are applied with probabilities

py and p,,, respectively. In this work, “errors” are
defined as the absence of a gate or a measurement,
which can be thought of as failed gates and unsuccess-
ful measurements. This is a simple model of errors
that are potentially relevant for experiments, where
the failed measurements are assumed to give a random
output. We assume no knowledge of the locations of
errors, unless specified otherwise. The main purpose
of introducing stochasticity is to test the thresholds
for errors in gates and measurements. Similar mod-
els have been studied within the context of quantum
error correction, where random unitary circuits with
intermittent measurements have been used to char-
acterize entanglement and purification phase transi-
tions, which can provide insights into the threshold
for quantum error correction [45, 54-56]. More specif-
ically, the transition is driven by the error rate, i.e.
random measurements, in these circuits, where at a
finite rate of measurement the system undergoes a
measurement-induced phase transition [47-51].

We first consider the gates from within the Clifford
group, while the measurements are Pauli operators.
This preserves the stabilizer states, and can be imple-
mented efficiently on a classical computer using the
Aaronson-Gottesman algorithm [57], which employs
the tableau formalism to represent the states. We con-
vert all Clifford gates to a series of Hadamard gates
H, phase gates S, and CNOT gates CX (generators
of the Clifford group) using the algorithm presented
in Ref. [58]. The gates used in this work include:

1

LT .
exp (fzzzazb) = 5(-i%2) (3)
1—i
' H, CXpo HaSaSh,
\/i b b

exp (—i%XaXb) - %HaHbSbe CXopSaHy. (4)
Measurements of any Pauli string can be implemented
by deconstructing the corresponding projector into
gates applied on the projectors of Z measurement.
The measurement of X can be implemented with the
addition of Hadamard gates,

MX = H,M?H,. (5)

Using this computational toolkit, we now consider
the behavior of the circuit with errors in the applica-
tion of gates and measurements. More specifically, we
apply the gates with probability p, and measurements
with probability p,,, where both can be tuned below
1. The measurements only act on even sites. First, we
study the expectation value of |(Z;Z;12)| (where i is
odd), which gives us information about the existence
of ZZ stabilizers, i.e. the local stabilizers of the cat
state. As seen in Fig. 3(a), these stabilizers emerge at
long times, where the timescales depend nontrivially
on both p,, and p,.

We also discuss the behavior of the von Neumann
entanglement entropy between subsystem A and its
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Figure 3: Initial behavior of the stochastic circuit: (a) the
expectation value [(Z; Z;12)| and (b) half-chain von Neumann
entanglement entropy S, averaged over 1000 realizations
for the system size L = 512. Dashed lines show expected
values for the Schrédinger cat state and the cluster state.
Dotted lines show the mean time Tzz needed for the state to
exhibit Z;Z; 2 stabilizers, for p,, = 0.5 and p,,, = 0.5. The
inset in (a) shows the distribution of time 72z for the same
parameters.

complement B, defined as S = —palogpa, where
pa = trpp is the reduced density matrix of sub-
system A calculated by tracing out the complement
B from the density matrix p = |¢)(¢|. For stabi-
lizer circuits, the entropy can be calculated by tak-
ing the stabilizer rows of the tableau and removing
columns and rows corresponding to complement B,
as well as the sign column, leaving matrix M. Then,
S = (rank(M) — L4)log2, where L, is the length
of subsystem A, and the rank is taken over binary
numbers (i.e. rank over mod 2) [59-61].

Measuring the mean of the half-chain entanglement
entropy S (where the subsystem is half of the en-
tire chain), we observe that generically the state may
start in an almost separable state of S ~ 0, then
the entanglement grows close to a cluster state value
with S ~ 2log(2), and finally, at long times the
state exhibits entanglement structure similar to a cat
state with S ~ log(2) [see Fig. 3(b)]. We note that
the long-time steady state of this circuit is a low-
entangled state with S ~ log(2), satisfying the area
law. An interesting situation happens when p,, = 0
and p, = 1, when the state oscillates between a clus-
ter state (S = 2log2) and a separable all-minus state
(S = 0). The temporal behavior of the stochastic
circuit suggests that at long times a cat state is pro-
duced.

We now aim to estimate the mean time to achieve
a Schrodinger cat, or equivalently, an average mini-
mum depth of the circuit. The distribution of this
depth is directly related to the notion of quantum
complexity [62-64] — in state preparation protocols,
complexity is usually defined through the minimum
depth required to represent a target state. Hence, by
characterizing the time distribution we reveal informa-
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Figure 4: Mean time T of achieving a cat state in a stochastic
circuit with unitaries of frequency p,, and measurements of
frequency pm. When either (a) pm = 1 or (b) py = 1, we
find that 7 ~ log(L). Lines are analytical estimates from
Egs. (27) and (35).

tion about the quantum complexity of this problem.
The upper bound on the mean time 7 is a naive

situation when in a certain circuit layer all possible

unitaries and measurements are applied, i.e.

7 S 1/[(pa)" (pm)*] = (Pupm) ™" ~ exp(L), (6)

which scales exponentially with the system size. De-
spite this, we find that for two scenarios: p, = 1 or
pm = 1, the mean time to achieve a cat state is log-
arithmic with the system size, 7 ~ log(L), see Fig. 4.
Ounly when both p, < 1 and p,, < 1, our results [see
Fig. 7] show exponential growth for large system sizes,
7 ~ exp(L), as the upper bound would suggest.

To understand the origin of the logarithmic and ex-
ponential time scales present in this stochastic state
preparation protocol, we proceed by investigating in
detail the dynamics of the circuit for each scenario.

2.2.1 Logarithmic divergence for p,,, =1

The behavior of the mean time 7 can be probed
through the emergence of cat state stabilizers: local
ZiZiy2 (i odd) and a global symmetry of ], 4 Xi-
In the case of p,, = 1, we can first note that the
Zo symmetry of [], 44 X is always preserved during
this evolution. Furthermore, a Z;Z; o stabilizer can
be produced when two unitaries neighboring a mea-
surement are applied (cf. red outlines in the diagram
in Fig. 5). This stabilizer is then stable towards fur-
ther evolution and measurements. One can note that
to produce the cat state, we only need to fix (L/2—1)
of Z;Z; 5 stabilizers, as the last stabilizer follows by
multiplying all other Z;Z; o stabilizers.
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Figure 5: Example of a circuit with p,, = 1 and p, < 1.
Red areas show where the Z;Z; 12 symmetries are absent,
and blue numbers designate the layers. Any two unitaries
neighboring the measurement are responsible for fixing a
Z;Zi+2 symmetry (highlighted by red outlines). Note that
one needs to fix (L/2 — 1) stabilizers, as the last stabilizer
follows naturally from combining other Z; Z; 5 stabilizers.

A rough approximation of the mean time to pro-
duce all the cat state stabilizers, 7, can be performed
using the following argument. After a single layer,
the number of sites that did not have two consecutive
unitaries applied to them is L/2 x (1 — p2), on aver-
age. When the circuit reaches depth ¢, this number is
L/2 x (1—p?)t. If this number reaches unity, then we
should reach the cat state. This leads to

-, log(2/)
log(1 —p2)

A more precise extraction of 7 can be done by treating
each application of neighboring unitaries separately as
a random variable. This calculation can be found in
detail in Appendix A, which yields additional correc-
tion terms,

(7)

log(2/L)
log(1 —p2) log(l—p2)

where  is the Euler-Mascheroni constant. The more
precise expression from Eq. (27) is plotted in Fig. 4(a)
as solid lines and it agrees fully with our numerical
calculations.

Using the cumulative distribution function derived
in this calculation, we can also write the time needed
to achieve a certain fidelity ¢ (an average percentage
of states that will be Schrédinger cat states),

8(1—¢)
110g (L(L—Q))
- 1.
2 log(1—p3)
Importantly, this time is also logarithmic in the sys-
tem size, which provides a controlled protocol for

achieving a high-fidelity cat state in a simulation ex-
periment.

v—1 1

T

(¢, p2) ~

(9)

2.2.2  Logarithmic divergence for p,, =1

The case of p, = 1 is similar to that of p,, = 1, with
a few exceptions. The role of applying two unitaries
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Figure 6: Example of a circuit with p, = 1 and p,,, < 1. Red
areas show the absence of the Z;Z, 2 symmetry. We find
that measurements in odd layers (in blue) are responsible for
fixing the Z;Z;12 symmetry, while the measurements in even
layers (in green) are unimportant.

is now taken by an application of measurement, i.e.
p? is replaced by p,,. Additionally, if a measurement
is applied on i-th site in an odd layer, this produces
a Z;_1Z;41 stabilizer, which then is stable to further
evolution and measurements. However, a measure-
ment is not producing a stable stabilizer if it is applied
in an even layer (see the diagram in Fig. 6). Account-
ing for this, the mean time T is given by:

. log(2/L)  y-—1
ks (1og(1 o) Tog(1 = pm>) - (10

which is again logarithmic in the system size. Sim-
ilarly, the time needed to achieve a cat state given
certain fidelity can be estimated as 27(¢,p,,) from
Eq. (9), where the factor of 2 comes from the even-
odd layer effects.

2.2.3 Fast divergence for p, <1 and p,, <1

We now turn to the discussion of both p, < 1 and
Pm < 1. First to note is that the evolution does not
preserve the Zy symmetry on the odd sites. The indi-
vidual Z;Z; 15 stabilizers (where i is odd) get locked
similarly to the cases of p,, = 1 or p, = 1, so that
it takes a logarithmic time to reach Z;Z; . stabiliz-
ers on every pair of odd sites. However, one needs
to wait an exponentially long time to recover the Z,
symmetry of [[, 44 Xi. This generically results in an
exponential mean time 7 for larger circuits, as seen in
Fig. 7.

A more in-depth analysis can be performed by notic-
ing that the chain can be split into 3-site clusters. For
odd 7, both unitaries and measurements supported on
sites (4,7 + 1,4 + 2) commute with the unitaries and
measurements on sites (i+2,i+43,3+4). Therefore, ex-
cept for one global stabilizer that is always preserved
(Hf;ol X;), one can always write other independent
stabilizers as 3-site operators. Thus, we can consider
every possible transition between all 3-site clusters in
the circuit, which can be visualized as a weighted
graph in Fig. 8, where each state is represented by
its stabilizer generators. For example, the transition
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Figure 7: Mean time of achieving a cat state in a stochastic
circuit with unitaries of frequency p, and measurements of
frequency p,,,. When p,, < 1 and p., < 1, we find exponential
divergence of T for large system sizes. Solid lines are analytical
predictions based on Egs. (48) and (13).

from Vertex 1 to itself (the X-basis state remains an
X-basis state) can happen in two scenarios: when only
one unitary is applied and measurement is performed,
and when no unitaries are applied (and measurement
is either performed or not). The transition probability
for this process is, therefore, [2p,,pu (1—pu)+(1—py)?].
This idea of exploring different probabilities of tran-
sitions from one state to another is similar to noise
channels in quantum error correction [65, 66].

The weighted graph provides an intuitive picture of
the origin of both the logarithmic and the exponential
scalings. The initial state (all-minus state, Vertex 1)
always transitions into any of the two orange vertices
at long times, achieving the Z;Z; o stabilizer with a
certain nonzero probability. This directly leads to the
logarithmic mean time to achieve Z;Z;,o stabilizers
in the entire circuit,

Tzz ~ log(L). (11)

Secondly, to achieve the global Zs symmetry of
I1; oqq Xi, one needs to combine the global HiLz_Ol X;
symmetry with local X; stabilizers, which can only be
achieved when every possible 3-site state is Vertex 5.
The graph can be used to estimate a probability px
of obtaining one local X; stabilizer,

Pm + 4(1 _pm)pu(l _pu),

which then leads to the time 7z, of achieving a Zs
symmetry of [,  qq Xis

Px (12)

T2, ~ Py ~ exp(al). (13)

See Appendix B for detailed derivations.

Figure 8: Weighted graph showing six possible 3-qubit states
(each state is defined through stabilizer generators). Edges
correspond to possible transitions between different states.
Vertices 5 and 6 (in orange) are stable at long times, and
both correspond to states with Z; 7,5 stabilizers.

To summarize, when p, < 1 and p, < 1 the
mean time 7T needed for the cat state consists of
two timescales (see Fig. 1): (1) the time needed for
the local Z;Z; 5 stabilizers, which scales logarithmi-
cally with system size, 7zz ~ log(L), and (2) the
time needed to recover the global Zs symmetry of
IL; oqq Xi, which scales exponentially with the system
size, Tz, ~ exp(L). This implies that away from the
exact limits of p, = 1 or p,,, = 1, the system enters a
different manifold of state preparation time scales and
quantum complexity. We compare numerical results
with these analytical insights in Fig. 7) and we find
that our analytical predictions are consistent with the
numerics (cf. solid lines vs markers).

Interestingly, assuming that we know the locations
of measurements, one can synchronize the signs of the
stabilizers of the cat state, turning it into a coherent
GHZ state. To do this, we note the last measurement
outcome for each even site, and then flip the spins
using X gates analogous to the protocol of Ref. [39].

The emergence of the two timescales is of practical
importance, as it implies that certain local properties
of the long-range entangled states (like the Z;Z; o
symmetries) can be achieved with an efficient proto-
col in the presence of noise. Generation of stabilizers
with support larger than a single site is important for
the presence of long-range entanglement. The circuit
depth needed for this can be easily estimated using
our simple formula for 7(¢, p2p,,) from Eq. (9). On
the other hand, the existence of exponential scaling
can hinder the ability to produce desired states in
experimental setups, especially states endowed with
certain global symmetries. Our results guide us to
consider different speed improvements of this proto-
col by tackling either of the time scales.
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3 Error mitigation protocols

In this section, we propose protocols for mitigat-
ing the disruptive effects of errors and lowering the
mean time needed to achieve a long-range entangled
Schrodinger cat state. We can influence both the
log(L) growth, which dominates for small systems and
is related to local stabilizers, or the exp(L) growth,
which dominates at large systems and signifies the re-
covery of a global symmetry.

3.1 Local decoding of measurement outcomes

Quantum decoders are key ingredients in quantum
error correction when it comes to identifying and cor-
recting errors [45, 67-71]. They are used in various
quantum computing applications including quantum
cryptography and communication where fault toler-
ance and accuracy are crucial. An important ingre-
dient of a decoder is the ability to adapt given the
current state of the circuit (e.g. a measurement out-
come), effectively conditioning the future gates on the
current quantum information. Usually, local decoders
are used due to their relatively easy experimental im-
plementation, however, efficient global decoders can
be also implemented [70].

In our case, we introduce a local decoder in the
state preparation protocol circuit in an attempt to
impact the dynamics locally, as shown in Fig. 9(a).
The decoder is conditioned upon the result of the mea-
surement from the previous layer (if no measurement
has been applied, then the outcome is assumed to be
random): if the result is M;X = —1, the decoder is
applied, otherwise it is not applied. The decoder is
composed of two neighboring unitaries followed by a
measurement in the X direction. Each part of the de-
coder is assumed to be governed by the same p, and
Pm as in the full circuit (e.g. the decoder is imperfect
in our simulations).

The form of the decoder is chosen due to the ini-
tial all-minus state. The rationale is to detect and
rectify errors early in the circuit, while the signatures
of the initial state are still identifiable. To achieve
this, we investigate how the M;X = —1 result corre-
lates with the presence of errors when a 3-qubit cir-
cuit is applied to the all-minus state. A careful con-
sideration (see Table 1 in Appendix B) shows that
the decoder will change the probability of obtaining
a Z;Z;.+o stabilizer when starting from an all-minus
state. More specifically, if no decoder is applied,
this probability is p2p,,, but (for simplicity) if a per-
fect decoder is applied, the probability increases to
Papm + (1 = pu)?pm + 0.5(1 — py)*(1 — pyn) (corre-
sponding to the first, fourth and the eighth rows of
Table 1). An imperfect decoder considered in this
section will also increase the probability, albeit by a
smaller value.

Numerical results [see Fig. 9(b,c), open markers] in-
dicate that indeed the decoder takes care of recovering
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Figure 9: (a) Local decoder that is conditioned upon the
result of the measurement outcome: if the result is M;X = —1,
then the decoder is used. Unitaries and measurements in the
decoder are applied with probabilities p,, and p., respectively.
(b,c) Mean time 7 of achieving a cat state in a stochastic
circuit with a decoder (open markers) and without the decoder
(filled markers) for (b) pm = 0.8, and (c) pm = 0.9. Dashed
lines show fits to Eq. (14). The insets show the best-fit
parameters b and ¢/, where ¢’ = (c — px) x 10°. In insets
for b, solid lines show corresponding coefficients without the
decoder [Eq. (11)].

the Z;Z;1o symmetries faster, however, the exponen-
tial behavior for large system sizes persists. To better
understand the change, we fit the results to the form

7 =a+blog(L/2) +c¢ L2, (14)

with the corresponding best-fit parameters shown in
the insets in Fig. 9(b,c). The fitting ansatz includes a
logarithmic term similar to that of Eq. (8) and an ex-
ponential term, where the exponent base ¢ < 1 serves
the same purpose as probability px in Eq. (13). The
coefficient of the log term, b is reduced by the de-
coder, as compared to the protocol without the de-
coder [solid lines, Eq. (11)]. However, we find that
the base ¢ of the exponential term can sometimes be
increased (for low p,, ), indicating a slower exponential
growth, but for large values of p,, we find ¢ is lowered,
and the exponential growth is even faster than in the
protocol without the disorder. Therefore, we conclude
that the proposed decoder works well for low values
of p,, or for small systems when the logarithmic term
dominates. The exponential times, however, cannot
be impacted substantially by local decoding.
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Figure 10: Mean time T of achieving a cat state in a protocol
where the unitary evolution is halted. Solid lines are analytical
predictions based on Egs. (48) and (13) for the case without
halting. Dashed lines are fits to the numerical data for large
system sizes, with the fitting form 7 = a + blog(L).

3.2 Halting protocol

Having the knowledge of the two timescales, we can
construct another speedup protocol for our stochas-
tic state preparation scheme, where we aim to impact
the global properties of the circuit. First, we estimate
the moment when the Z;7;, - stabilizers are reached
from our analytical results for 72z, specifically Eq. (9)
involving fidelity. We then turn off the unitary evo-
lution, and the subsequent applications of measure-
ments will quickly lead to the recovery of the Zs sym-
metry. Note that by stopping the unitary evolution
we essentially impact the system globally by altering
the original protocol.

In detail, we halt the unitary evolution after times
[27(¢, p2pm) + 4], where the factor of 2 accounts
for the even-odd-layer effects close to p, = 1, and
the additive constant helps to describe the limit of
{pu. = 1,pm = 1} correctly. We set the fidelity to
¢ = 99%, which makes sure that in at least 99% of ran-
dom realizations, the circuit has reached the Z;Z;,o
stabilizers. Numerical results in Fig. 10 confirm that
the halting of the unitary process reduces the time
7 from exponential in the system size (solid lines) to
logarithmic (dashed lines). We also confirm that the
probability of failure is below 1%, as suggested by the
analytics.

3.3 Forced global symmetries

Another speedup protocol would be to enforce the
global symmetry of [, 44 Xi at the end of the evo-
lution. One way to do it is to measure the corre-
sponding nonlocal operator, which is equivalent to

Figure 11: Possible ways to realize H2 X; measurements
using Hadamard gates, CNOT gates and single qubit
Z-measurements. (a) Allowing nonlocal two-site gates leads
to ~ log(L) circuit depth, while (b) local two-site gates lead
to extensive ~ L depth.

performing a global parity check, a process often used
in quantum error correction [72, 73]. This, how-
ever, is experimentally hard to implement [74-76], as
one would need to use at least a log(L)-depth cir-
cuit with long-range two-site unitaries and one-site
measurements [see Fig. 11(a)], or an L-depth circuit
if only local two-site unitaries and one-site measure-
ments are allowed [see Fig. 11(b)] (the latter, due to
a requirement of locality, is directly related to the
light cone). Assuming the application of each gate
is imperfect, this would lead us back to exponen-
tial times and is therefore unfeasible. On the other
hand, recent advances in quantum computing archi-
tectures show promise of fault-tolerant multi-qubit
parity-check measurements [21, 77, 78], which would
make the enforcement of global stabilizer a more vi-
able option.

4  Stability of the long-range entangle-
ment in the stochastic protocol

In this section, we study how different perturbations
to the time evolution operator affect the existence of
the LRE state. Specifically, we consider timing imper-
fections and additional terms in the unitary evolution,
such as a transverse field term and a transverse inter-
action term.

4.1 Timing imperfections

We investigate the effects of imperfect timing in the
unitary evolution by setting At = (7/4) 6 in Eq. (1).
Here, 6 is not necessarily equal to 1, which means
the state is no longer always a stabilizer state, re-
quiring dense representation (a state being defined
through 2% complex coefficients of the computational
basis [79]) and allowing only for small system sizes.
To determine whether the desired state is achieved,
we calculate expectation values of desired stabilizers
(Zi Ziv2)|, K1, oaq Xi)|, and the mutual information
between two antipodal unmeasured sites A and B,

IQ(A:B)ZSA—I—SB—SAB. (15)
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Figure 12: Protocol with time imperfections: averaged ex-
pectation value of (a) stabilizers |{Z; Z;12)|, (b) the global
symmetry [([], ., Xi)|, and (c) the averaged mutual infor-
mation between two antipodal unmeasured sites A and B,
I;(A: B). Legend in (a) applies to (b) and (c). The system
size is L = 16.

When the state becomes a cat state, the two expecta-
tion values reach 1, while I5 reaches log(2). Finally,
we average the results over many trajectories (denoted
by overbar).

Numerical results for L = 16 shown in Fig. 12 reveal
that the cat state is recovered at long times when
pm = 1, and p, and @ are arbitrary. The times get
longer when 6 is increased from 1 to 2 and when p,
is decreased, which is to be expected. However, when
Pm < 1, we observe that the Z;Z; 5 stabilizers are
recovered, but the Z, symmetry of [], 4 X: is not
present. This is a qualitatively similar result to those
when no time imperfections are present. We expect
that this behavior is governed by similar processes in
both cases, i.e. for p,, = 1, the measurements on all
sites are responsible for fixing the global [[, 44 Xi
symmetry.

Thus, we conclude that the time imperfections have
surprisingly little impact on the qualitative behavior
of the circuit. In fact, one can show that [(Z;Z;0)|
never decreases on average after applying a one-time-
step circuit on a generic state (see Appendix D). To-
gether with the fact that Z;Z; o stabilizers are stable
under the evolution with timing imperfections, this
implies that the local stabilizers of the cat state are a
fixed point of this process.

4.2 The appearance of a measurement-induced
entanglement transition

Let us now consider unitary perturbations in the form
of additional terms in the Hamiltonian in Eq. (1).
First, we investigate a situation where a transverse
field term is introduced, and the Hamiltonian becomes
H =5 ,2Zi1+Tx),X; For generic values of
the field strength I'x, the stabilizer formalism can no
longer be used, and instead, we employ dense meth-
ods. We find (see Appendix C for more details) that
the transverse field generically leads to a steady state
that is not a cat state, therefore destroying long-range
entanglement.

We proceed with considering an additional interac-
tion term, which preserves the Clifford character of
the circuit, as a perturbation in the unitary element
of the protocol. When the unitary evolution is given
by Eq. (1) without any extra terms, the entanglement
entropy grows up to a system-size independent con-
stant value. Therefore, the steady state of such evo-
lution may be long-range entangled, yet never reach
a volume-law entangled state. In order to investigate
the robustness of this feature, we investigate a model
where the evolution operator is replaced by

-1 [exp (—z%XiXiH) exp (—Z%ZiZi-Hﬂ
z (17)

= H Uiit1s
i

where the two-site unitaries U, ;41 are applied in a
brick-work fashion and do not commute with each
other [as opposed to the unitaries in Eq. (1)]. This
translates to adding the ZZ X;X;+1 interaction term
in the Hamiltonian H from Eq. (1). The unitary
U;.i+1 is a Clifford gate and preserves stabilizer states,
allowing us to use the tableau formalism. We are in-
terested in the steady-state properties, hence we first
evolve the system for equilibration time proportional
to the system size, before considering the steady-state
values.

We find that this evolution operator U induces
growth of entanglement, and consequently the emer-
gence of a measurement-induced entanglement transi-
tion [47-50] within the steady-state dynamics of the
system. This novel type of transition occurs when the
entropy changes its behavior from extensive (volume
law) to sub-extensive (area law) when measurement
frequency p,, is varied. The volume law phase oc-
curring for infrequent measurements is expected to
be useful for quantum error correction [54, 56], al-
though the existence of an efficient decoder appears
non-trivial.

When p, < 1, we find clear signatures of a
measurement-induced transition within the entangle-
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Figure 13: Measurement-induced transition when the unitary evolution includes both ZZ and XX terms. (a,b,c) Average
half-chain entanglement entropy S as a function of the system size. A clear pattern emerges, where for low p,, we observe the
volume law S ~ L and for high p,, we see the area law S ~ O(1). (d,e,f) Tripartite mutual information I3(A : B : C') can be
used as a transition diagnostic. Insets show data collapses of I3 and the best-fit values of critical parameters. The left column
is for p, = 0.7, the middle column is for p,, = 0.8, and the right column is for p, = 0.9.

ment entropy [see Fig. 13(a-c)]: for low values of p,,,
the entropy is extensive, S ~ L, while for high values
of ppn,, the entropy saturates to a constant value for
large system sizes, S ~ O(1). In order to pinpoint the
transition and its critical properties, we use tripartite
mutual information [80] given by

Ig(A:B:C)ZSA-i-SB—I—SC
— SaB — SBc — Sac + Sasc, (18)

where the system is divided into four equal continuous
regions A, B, C, D, each of length L/4. This quantity
serves as a proper transition diagnostic, as it cancels
the boundary contributions to the entropy [80, 81].
Near the transition region, I3 obeys the following scal-
ing relation [80],

I3 ~ F[(pm - pgn)Ll/y]’ (19)

where F[-] is an unknown scaling function, p¢, is the
critical point, and v is the critical exponent of the
correlation length. Fig. 13(d-f) shows the results for
I3, while the insets show the data collapses for the
scaling ansatz of Eq. (19), together with best-fit val-
ues for pS, and v. Albeit the critical point pf, is
not universal, we expect that v should be universal
and independent of the value of p, chosen. Indeed,
our estimates of v &~ 1.3 are roughly constant for
pu € {0.7,0.8,0.9}. Additionally, this value is con-
sistent with the corresponding exponent found in the
literature for random stabilizer circuits with measure-
ments, v = 1.265(15) [80, 82-84], which is known to be
in the universality class of perturbed Potts model [56].

We also note that, contrary to the random mod-
els, we find that I3 becomes positive in the area law
phase, which implies that information about correla-
tions in the system is shared between different parts
of the system [85-88] (i.e. mutual information Iy is
not monogamous). This is somewhat expected, as
random states generically have non-positive I3 [87],
while certain long-range entangled states (such as the
GHZ state) have positive I3 [88]. In fact, for p, = 1,
we find that the circuit always produces a cat state in
the Y basis, with I3 = log(2). Numerical results for
L = 384 in Fig. 14 show that in the area-law phase, I3
is remarkably stable at log(2), implying similar prop-
erties to a cat state. We also find that in the area law
and near p, ~ 1, the state has a high chance of recov-
ering the Y;Y;;2 local symmetry, albeit, below p, =1
the Zy global symmetry is generically not present.

The presence of the Y;Y; o stabilizers implies a pos-
sible existence of a cat state in the Y direction. In
fact, as we increase the system size, we find that
the kink in Fig. 14(c) near the transition becomes
more pronounced, leading us to conclude that in the
volume-law phase, the chance of obtaining a cat state
vanishes quickly as compared to the area-law phase.
This can be intuitively understood by noticing that
the volume law is ergodic — the state explores the
whole Hilbert space roughly equally, with a finite but
rapidly diver%ing time in system size to achieve a cat
state (7 ~ 2% /2 which is the number of possible sta-
bilizer states of L qubits [57]). On the other hand, in
the area law, the Y;Y; o stabilizers appear with finite
probability, and one only requires to wait until the Z,
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Figure 14: Proximity of the steady state to a cat state in
the Y direction for a circuit with unitary evolution including
both ZZ and XX interaction terms, system size L = 384.
(a) Tripartite mutual information I3 is nearly log(2) in the
area law, while being mostly negative in the volume-law phase.
(b) Bipartite mutual information I vanishes in the volume
law and is finite in the area law. (c) Expectation value of
local stabilizers of the cat state, |(Y;Yi42)|, vanishes in the
volume law and is finite in the area law. (d) Expectation
value of the global stabilizer of the cat state, [([], .., X:)l.
vanishes nearly everywhere in the phase diagram.

symmetry is recovered.

To summarize, when including interaction terms
with nearest neighbor isotropic XX and ZZ terms,
the system exhibits a measurement-induced entangle-
ment transition. The state is featureless in the volume
law, while in the area-law phase, it behaves similarly
to a cat state in the Y basis when the probability of
applying the unitaries approaches unity.

5 Long-range entanglement in higher
dimensions

Higher-dimensional systems are of vast importance for
state preparation protocols, as they host a plethora
of exotic phases, such as spin liquids and topological
order [89]. Therefore, the move from one to higher
dimensions is a non-trivial step, as it offers new av-
enues for quantum error-correcting codes. Specifically,
although LRE states in 1D, such as cat states, are im-
portant, they offer limited use in quantum algorithms.
On the other hand, the 2D toric code state [14, 89]
serves as a paradigmatic example of topological quan-
tum error correction which has recently been realized
in Rydberg atom arrays [90, 91] and a superconduct-
ing quantum processor [92]. This gives hope that re-
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Figure 15: (a) Lieb lattice. (b) Square lattice. We perform
unitary operations between sites connected by a line, and
measurements on sites marked by red dots. Dashed regions
designate unit cells.

alizations of topological quantum computing through
surface codes [15, 16, 93] could be possible in the near
future. Recent advancements [94, 95] also lead us to
consider anyonic excitations present in the toric code
as viable proposals for fault-resistant topologically-
protected quantum computing.

In this section, we consider two-dimensional lat-
tices subject to the stochastic protocol that we in-
troduced in 1D, details of which we describe below.
Non-stochastic state preparation protocols with mea-
surements were already shown to be effective in pro-
ducing a toric code state [40]. Specifically, we will
discuss the results for the Lieb lattice and the square
lattice, shown in Fig. 15, with periodic boundary con-
ditions putting the system on a torus. Unitary gates
from Eq. (1) are now applied between each pair of
neighboring sites (solid lines in the figure), and the
measurements in the X direction are applied on red
sites only. L now designates the linear size of the lat-
tice, i.e. the number of unit cells (dashed regions) in
either X or Y direction. Therefore, for the Lieb lat-
tice, the total number of spins is 3L?, while the square
lattice consists of L? spins. On the Lieb lattice, it is
useful to define a “star”, which is composed of one red
site surrounded by four blue sites, and a “plaquette”,
which is composed of four blue sites with no site in
the middle. This introduces a standard language for
the description of the toric code states.

5.1 Toric code states on the Lieb lattice

We start the discussion of the state preparation pro-
tocol on a Lieb lattice by considering the exact case
of p, = 1 and p,, = 1, where after one layer
of unitaries, the system is in a cluster state. Lo-
cal stabilizers of the cluster state on the Lieb lat-
tice are shown in Fig. 16(b), namely a star stabi-
lizer Xi’jZifl’jZi+17jZi’jflzi’jJrl (1n green), and two
versions of the stabilizer ZXZ placed on the edge
of the plaquette horizontally or vertically (in blue
and red). Four ZXZ stabilizers around a plaque-
tte can be combined to obtain a plaquette stabi-
lizer Bp = XiJrl,in,j+1Xi+1,j+2Xi+2,j+1 (11’1 yellow).
Global stabilizers can be obtained by combining the
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Figure 16: Stochastic protocol results on a Lieb lattice.
(a) Mean time to achieve a toric code state on a Lieb lattice.
(b) Local stabilizers of the cluster state: the star stabilizer
(in green), horizontal plaquette edge stabilizer (in blue), and
vertical plaquette edge stabilizer (in red). Plaquette edge
stabilizers can be combined to obtain a plaquette stabilizer (in
yellow). (c) Global stabilizers of the cluster state are vertical
and horizontal line stabilizers (in purple and in dark green,
respectively).

Z X 7 stabilizers in either horizontal or vertical lines,
giving either [[, Xo;41 ; or Hj Xi 2541, which are usu-
ally called line symmetries [see Fig. 16(c)].

Measurements have the following effect: the ZXZ
stabilizers disappear, while the star stabilizers, pla-
quette stabilizers, and global symmetries are left in-
tact. Since the measurements produce stabilizers
+X; ; on the measured sites, these can be combined
with the star stabilizers, obtaining the stabilizers
:l:Av = :‘:Zifl’jZH,LjZi’jlei’jJrl, which we will call
the toric code vertex stabilizers. The resulting state
on the blue sublattice is an eigenstate of the toric code
Hamiltonian [14, 89],

H=-Y A,—> B, (20)

a well-known model exhibiting topological protection
of qubits.

Similar to the previous protocol for the cat state, if
one lowers p,, and/or p,,, the toric code state is still
achieved, but within some mean time 7. The results
for p, = 1 and varying p,,, are shown in Fig. 16(a),
where we find that the mean time is logarithmic with
the system size. This can be explained as follows. The
B, stabilizers are always present after the cluster state
is created at ¢ = 1. Each measurement may create
(with probability p,,) a +A, stabilizer if it is in the
odd layer (cf. Sec. 2.2.2), which is then stable towards
further evolution. Finally, (L? — 1) A, stabilizers are
needed to create all toric code vertex stabilizers, as
the last one follows naturally by combining all others.
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Figure 17: Stochastic protocol results on a square lattice.
(a) Mean time to achieve a Xu-Moore state. (b) The star
stabilizer (in green) is a local stabilizer of the cluster state
on the square lattice, and can be combined to get a global
diagonal stabilizer (in blue). (c) Other global stabilizers have
a cone shape (in red).

Therefore, the mean time is

TR

log(1/L?) y-1
(1og(1 o) logl —pm>) @)

which coincides with our numerical data [see solid
lines vs markers in Fig. 16(a)].

When p, < 1, we find that the time to reach a toric
code state grows rapidly, owing to the fact that the
plaquette stabilizers B), are no longer stable. We ex-
pect this growth to be exponential, as each B, has
a probability of occurrence approximately equal to
PmpPt, i.e. the mean time is ~ 1/(pmpﬁ)L2. This time
can be cut down by applying a halting protocol, as in
Sec. 3.2, where only a logarithmic time will be needed
to reach a toric code state.

The toric code states achieved in this stochastic
protocol are not necessarily ground states — instead,
generically, the protocol produces excited toric code
states, which can be viewed as quasiparticles obeying
anyonic statistics. The resulting state consists of de-
fects connected by well-defined strings of flipped spins,
as opposed to a superposition of all possible paths be-
tween the two endpoints. During the braiding of two
anyons, this gives direct access to the process where
the quasiparticle acquires a phase factor. Therefore,
our protocol opens an avenue for further investiga-
tions of multi-particle anyon braiding. Deforming the
structure of the Lieb lattice can also lead to non-
abelian anyons [96], which are of particular interest
for topological quantum computation [94, 97, 98].
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5.2 Xu-Moore states on the square lattice

We turn to the discussion of the protocol on a square
lattice. First, we again consider the exact case of
pe. = 1 and p,, = 1. After the unitary evolu-
tion, the resulting state is a cluster state on a two-
dimensional square lattice, which can be described by
local star stabilizers Xi,jZi—l,jZi+1,jZi,j—1Zi,j+1 [m
green in Fig. 17(b)]. These can be combined along-
side any diagonal to get global diagonal line stabiliz-
ers of [[, Xiitc or [[; Xs,—itc [in blue in Fig. 17(b)].
The local star stabilizers can also be combined to pro-
duce global cone stabilizers [in Fig. 17(c)], which have
a cone shape on an infinite lattice, while on a finite
periodic lattice resemble a diamond.

All aforementioned global symmetries survive the
application of measurements. The star stabilizers cen-
tered around the red sites also survive, and can be
combined with the new measurement stabilizers £.X ;
to give :|:A<> = :l:Zi—1,jZi+1,jZi,j—1Z'i,j+1- The Ao
stabilizers exist on the blue sublattice, which is in fact
another square lattice, rotated by 45°. Therefore, the
resulting state on the blue sublattice is an eigenstate
of the Xu-Moore Hamiltonian [99],

H=-) A, (22)

This self-dual model arose as a proposed description
of superconducting arrays [99, 100], but also is often
connected to the transverse-field toric code [101]. The
Xu-Moore Hamiltonian is equivalent to the quantum
compass model [102], which is known to exhibit topo-
logical protection of qubits [103-105]: specifically, the
topological phase is protected against the introduc-
tion of a transverse field.

In the stochastic case of p, = 1 and varying p.,,
we show that the circuit depth to recover a Xu-
Moore state scales logarithmic with system size [see
Fig. 17(a)]. The A, stabilizers, when produced by
measurements in the odd layers, are stable to fur-
ther evolution. The mean time 7 should therefore be
bounded from above by the time needed to measure
each of the L?/2 sites at least once, which is indeed
logarithmic.

However, near p,, — 1, we find significant devia-
tions from purely logarithmic behavior, which can be
understood as follows. First, note that A, stabiliz-
ers can be joined together along a diagonal or in a
cone shape, mimicking the global symmetries. One
missing A, can naturally arise given all other stabi-
lizers are present on a diagonal or in a cone. When
pm — 1, many A, stabilizers will be present after
a few time steps due to random measurements, and
even more can arise due to the aforementioned pro-
cess. This leads to the pinning of the mean time T to
values close to (2n + 1),n € Z (where the factor of 2
is again due to the even-odd layer effects, similar to
Sec. 2.2.2). We examine this understanding by sim-
ulating a coin-toss experiment, where we toss L?/2

coins, fix the heads results, check if any tails should
be flipped due to a diagonal or a cone, and repeat
until all coins are heads. The results are plotted as
solid lines in Fig. 17(a) and match the numerical data.
Again, we expect that when both p, and p,, are be-
low unity, the time needed to achieve the Xu-Moore
state diverges exponentially. However, we also specu-
late that the halting protocol should reduce this time
to an efficiently simulable time scale.

5.3 Measurement-induced entanglement transi-
tion in two dimensions

Having extended our stochastic protocol results to two
dimensions, where we discovered the ability to pre-
pare states with topological order, we now turn our
attention to the possibility of finding a measurement-
induced transition akin to the one-dimensional case.
To explore this, we employ the non-commuting gates
described by Eq. (18) and utilize the Lieb lattice de-
picted in Fig. 15(a). Our approach involves apply-
ing the gates in four layers, following the pattern:
apply the unitary gates U|[(i,7), (4,5 + 1)], followed
by U[(i,5), (6,5 — 1], Ul(é,5), (i + 1,7)], and finally
U[(%,7), (i — 1,7)]. In this context, (i,j) represents
a red site, and Ula,b] denotes a unitary operation
applied on sites with indices a and b. Subsequently,
measurements are exclusively performed on the red
sites. For the calculation of the tripartite mutual in-
formation I3, we define the regions to be strips of size
L x (L/4).

As presented in Fig. 18, the results indicate the
presence of an entanglement transition between a vol-
ume law phase with half-plane entropy S ~ L? and an
area law phase with S ~ L. In the area law phase, the
quantum state closely resembles a cat state oriented
along the Y direction, with I3 approaching log(2), and
with an increased likelihood of generating the Y;Y; sta-
bilizers associated with the cat state (where ¢ and j
are unmeasured sites). In contrast, the volume law
is featureless, with the Y;Y; stabilizers occurring with
a vanishing probability in the infinite volume limit.
Hence, the results generalize the effects observed in
one dimension, revealing an underlying universality of
our approach. Indeed, we believe that a similar pro-
tocol can be leveraged to design entanglement transi-
tions in many different lattices, where the area law is
constructed to resemble a long-range entangled state.

Summarizing this section, we find that in two di-
mensions, our stochastic protocol involving unitaries
and measurements is endowed with state preparation
time scales consistent with higher-dimensional gener-
alization of one dimension. In this case, the target
states are an error-correcting toric code state and a
Xu-Moore state. We specifically show the existence of
a logarithmic time scale, where local symmetries of de-
sired states are recovered, and exponential long times
to recover global symmetries. Owing to the higher
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Figure 18: Measurement-induced transition present on a two-
dimensional Lieb lattice, with the unitary evolution including
both ZZ and XX terms. (a) Half-plane entanglement entropy
as a function of the measurement probability. The inset
shows a dependence on the linear system dimension L, colors
corresponding to different p,, (small values in blue, large
values in red). Dashed line shows a slope of ~ L?, while
dotted line shows a slope of ~ L. (b) Tripartite mutual
information I3(A : B : C) with a clear signature of a phase
transition. Each region is a rectangle of size L/4 x L. The
inset shows a zoomed-in version of the plot, where I3 is near
log(2) in the area-law phase. (c) Expectation value of local
stabilizers of the 2D cat state |(Y;Y;)|. In all plots, p, = 0.9.

dimensionality of the problem, the number of global
symmetries is larger (extensive in the system size),
and hence, the recovery of the target state is harder.
However, the halting protocol can be used to produce
the target states in a viable amount of time. Further-
more, we find that by using non-commuting gates one
can force a measurement-induced entanglement tran-
sition in a two-dimensional lattice, characterized by
an area law reminiscent of a cat state. Our 2D results
suggest that our findings for the stochastic protocol
in one dimension have a strong degree of universality
and can be used to design similar protocols on other
geometries.

6 Discussion

In this work, we explored the effects of imperfections
and stochasticity in state preparation protocols for
long-range entangled states consisting of unitary gates
and measurements in one and two dimensions. We
propose a general mechanism that describes the dy-
namical stability of these protocols under a wide range
of perturbations. Our main result is the emergence of
two timescales for achieving the desired state: a time
scale logarithmically diverging in system size, which
we relate to the presence of local symmetries in the
system, and an exponentially diverging time required
to recover the global symmetries of the desired state.
The relationship between timescales and symmetries
provides a fundamental constraint on the stability of
the protocols. We investigate methods for speeding
up the protocol, such as a local decoder and a halting
protocol and find the latter to be significantly more ef-
ficient, which tackles the exponential growth of time
scales. Surprisingly, our stochastic protocol is rela-
tively stable in the presence of timing imperfections,
where our state may no longer be a stabilizer state.
Moreover, the insertion of an additional interaction
term in the evolution leads to the emergence of a
measurement-induced entanglement transition, where
for a high frequency of measurements we find that the
steady state behaves similarly to a cat state. Through
our results, we are able to probe the thresholds on ex-
perimental errors and give insights for efficient error
correction. The similarity of our results across one
and two dimensions provides a solid basis for the gen-
erality of the two timescales observed in this study,
while the entanglement transition serves as a univer-
sal measure of the robustness of the state preparation
protocol.

An extension of our work could involve the inclusion
of error correction of logical qubits in stochastic cir-
cuits. In particular, whether efficient correction can
be performed with an efficient scaling of the overhead,
specifically so that the additional resources scale sub-
extensively [106, 107]. Novel methods of quantum er-
ror correction using additional flag qubits [108] could
provide an alternate route with a scalable complexity
of the protocol. At a broader level, classification of the
complexity of the preparation protocols could be more
rigorously defined, and in particular the relationship
of the protocol to no-go theorems for resource purifi-
cation [109]. Another interesting avenue for future
explorations involves incorporating feedback into the
protocol with non-commuting gates. Feedback in sys-
tems exhibiting entanglement transitions may lead to
an absorbing-state transition [110-115], which could
be leveraged to stabilize our target long-range entan-
gled state.

Investigations of the stochastic protocol in higher
dimensions open new exciting directions. Prepara-
tion of multi-particle anyon states in the toric code
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can be a first step to a realization of anyon manipula-
tion and direct investigations of anyonic braiding pro-
cesses, especially since our protocol prepares a well-
defined string operator. This has direct implications
in the highly active field of topological quantum com-
puting [94, 95, 98, 116, 117]. Secondly, one can pose a
question of the quantum fault-tolerance threshold for
anyons, a natural problem to be investigated within
the context of stochastic circuits with measurements.
Furthermore, it would be interesting to investigate
the existence of a local decoder for the 2D stochastic
surface code protocols, a topic that has received some
recent attention [118-121]. The development of such a
decoder could help to stabilize anyonic particles under
random processes and make them viable platforms for
investigating anyon statistics in experimental setups.
Generalizing the projective measurement protocols
for state preparation to weak measurements can be
advantageous for experiments [122-124]. Weak mea-
surements to steer the state close to the manifold of
the target state could provide scalable protocols which
provide a shorter preparation time given a fidelity
for the long-range entangled state [125-127]. These
factors are relevant for superconducting circuits with
weak measurements and provide a realizable model
for stochastic measurements. Theoretical implica-
tions of weak measurements may allow the develop-
ment of protocols with unitary evolution not given by
frustration-free elements [128] relevant to classify the
complexity of dynamics of open quantum systems.
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A Logarithmic times in the stochastic
circuit

Here we provide a precise calculation of the mean time
to reach a cat state 7, which can be performed by
treating each application of neighboring unitaries sep-
arately as a random variable. Firstly, let us analyze
the case of p,, = 1, illustrated in Fig. 5. The mean
time to the first occurrence of two neighboring uni-
taries is described by the geometric distribution with
probability mass function (PMF) f(t) and cumulative
distribution function (CDF) F(t),

f&) =1 —p3)'pr,

F(t)y=1-(1-p;)"™" (23)

(a) 0.10 (b) 1.0
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Figure 19: (a) Probability mass function féf”)(t) and (b) cu-

2
mulative distribution function fésp"')(t) of time to reach a cat

state (example for L = 100, p, = 1, p, = 0.4). Orange lines
show the asymptotic exponential behavior.

The mean time to get a cat state is then described by
the situation when we choose the 2nd largest time out
of L/2 trials (as the last Z;Z; 2 stabilizer follows from
the global symmetry). The PMF of this new distribu-

2
tion fc(,S“)(t) is given by a formula for the (L/2—1)-th
order statistic,

9 0)
N~ (L2 P L/2j

j_o( ) (- Fa o)

S (- FO) + Y EG - F0)) (@
(- (=g
—(1=(=p)H*

(25)
The mean time 7 is therefore
N 00
T=) tfos(t)+1 (26)
t=0
~ 1_B(pi)(1+%’0)_H(%) ]i+l (27)
- log(1 —p2) 2 2
log(2/L) v—1 1
- — 28
L—oo log(1—p2) log(l—p2) + 2’ (28)
where Bg(a,b) = [fu*'(1 — w)’ldu —
a— o0

2N (1 = we)P g ~ 0 s the in-
complete Beta function and H(n) = Y1, 1 —
~ + log(n) is the Harmonic number. The first approx-
imation is done by rewriting a sum as an integral,
while the second approximation is a series expansion
at L — oco. Note that this expansion has the same
leading term as the naive calculation from Eq. (7).

An example of the PMF of the time distribution is
shown in Fig. 19. The distribution decays exponen-
tially in time according to:

$200) o (L -DLE - R0 - ) (29)
~ exp(—at) (30)

Similarly, the CDF is exponentially approaching 1 ac-
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Circuit Probability Stabilizer change Outcome
pPapm X2 = Xz Rand.
YQZ3 — X2
X2 — Xo
I " 1— Rand.
Pu(1=pu)pm YaZs — Xo
| X2 — X2
1— Rand.
Pu(1=pu)pm Yo Zs — Xo
— (1—pu)?pm X2 = Xz Determ.
Y2Z3 — X2
— p2 (1—pm) X2 = Xo Rand.
_ & YoZs3 — Yol
X2 — Y2Z3
1— 1— Rand.
I pu(1=pu)(1=pm) YaZs > Xo
| X2 — Y2Z3
1— 1— Rand.
Pu(1=pu)(1=pm) Yo Zs — Xo
X2 — X2
1—pu)2(1— Rand.
(1=pu)?(1=pm) YoZs — YaZs

Table 1: All possible 3-qubit one-time-step circuits and the
corresponding probabilities. The third column shows how the
circuit transforms X5 and Y2 Zj3 stabilizers [see the discussion
of Eq. (49)]. The fourth column shows whether the measure-
ment outcome is random or deterministic, if one starts from
the separable |—)®F state.

cording to:

1
FE(t) —— 1= S(L= 2L - p2)2+D) (31)
~ 1 —exp(-bt), (32)

which can be interpreted as follows: in order to
achieve the fidelity of ¢, one needs to reach the times

of
8(1—9)
1log( L(I— 2)) _1

The case of p,, = 1 is similar to that of p,,, = 1, how-
ever, one needs to account for the even-odd layer dif-
ference in producing stable Z; 17, stabilizers. This
leads to the mean time 7 of

(¢, p%) ~ (33)

oo

Z pm) (34)
L 1=B, (0+50-H&) .,
~ T Pt (35)
log(2/L) -1
L—oo 2 (log(l —pm)  log(l— pm)) -9

In the 2D Lieb lattice, a similar process can be used
to estimate the mean time when p, = 1. (L% — 1)
stabilizers need to be fixed, thus resulting in

T=2 tfE() + (37)
t=0
- 1-B,, (1+L?0)— H(L?) 2
~ 2 TR —pn (38)
log(1/L?) -1
L—o0 2 <1og(1 —pm) log(l —pm)> - (39

B Exponential times in the stochastic
circuit

In this section, we give a detailed derivation of the
mean time to reach a cat state 7 for the case when
both p,, and p,, are below 1. This time consists of two
parts: time 7zz to achieve all local Z;Z, o stabilizers,
and time 7z, to recover the global Z, symmetry of
ILi oaa Xi-

Naively, one could estimate the mean time needed
to recover all the Z;Z;,- stabilizers using a similar
procedure as for p,, = 1 or p, = 1, by assuming that
the necessary stabilizers are produced any time two
neighboring unitaries are followed by measurements.
This would then lead to

Tzz = th(p pM)( t)+1 log(2/L) (40)

P log(1 — pipm)

However, the scenarios leading to a stable Z;Z; 5 sym-
metry are more complicated and the naive estimation
fails at small times. We instead should consider all
possible 3-site one-time-step circuits (see Table 1) and
their effects on the local stabilizers. We find six 3-
qubit states which are possible during the evolution,
and here we list their stabilizer generators:

1
2
3
4
)
6

X1, X2, X3),

X1, Z9Y3, X2 X3),

X3, Z2Y1, X2 Xq),

Y125, Z5Y3, Z1 X2 Z3),

7173, Xo, X1 X2 X3),
123, Y2723, X1 X5 X3).

W
=

(
(
(
(
(
(

- O D D O —

( (
( (
( (
( (
( (
(Z (

Transitions between the different states can be sum-
marized in the graph in Fig. 8, where each edge has a
weight corresponding to the probability of the transi-
tion. This weighted graph has the following adjacency
matrix A,
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2PmPuut+qZ:  PmPE+PmaE+Puqu  PmPE+PmaZ +Pudu
gmquPu qm q12,, qmpz%
A= ‘ImlIuI;u ‘Imp% ‘Im‘h%
qmDpPy, dmGuPu dmquPu
pmpﬁ PmQuPu Pmqupu
0 0 0

where ¢, = 1 —p, and ¢, = 1 — py,. Element A, ;
corresponds to the probability of transition from state
(j) to state (7).

Note that states 5 and 6 from Eqgs. (45) and (46) are
stable at long times and both have a Z;Z; o stabilizer.
As a function of time ¢, the CDF of obtaining a Z; Z; o
stabilizer is therefore:

Fzz(t)=(0 00 01 1)A* (1 0 0 0 0 0)T, (48)

which takes into account that one starts from state 1
and ends at state 5 or 6. This then can be used in
the formula for the order statistic from Eq. (24), and
finally, to obtain the mean time 7.

After reaching Z;Z;, o stabilizers on every pair of
odd sites, we find that the Zy symmetry of [], j4q Xi
needed for the cat state may still be absent (in fact,
for larger systems it is almost always absent after 7).
We note that only two types of states are possible: ei-
ther state 5 with stabilizer X, or state 6 with stabi-
lizer Y;Z; 1 for every even i. To recover the Zs sym-
metry of [, qq Xi needed for the cat state, one can
combine the global Hf;ol X; symmetry with local X;
stabilizers (state 5), assuming they are present on ev-
ery possible even site. The mean time to this situation
Tz, can be calculated as follows. Using the transitions
corresponding to local circuits from Table 1, one can
write the following equation involving the probability
px of obtaining one local X; stabilizer (i.e. obtaining
state 5):

px = px((1=pu)*(1 = pm) + po(l — pm))
+2(1 = px)pu(l = pu)(1 — pm)
+ Dins (49)

where the first term corresponds to obtaining X; while
starting from X; and not applying a measurement, the
second term corresponds to obtaining X; while start-
ing from Y; Z; 1 and not applying a measurement, and
the last term corresponds to a circuit with a measure-
ment that leads to an X; stabilizer. Therefore,

P+ 2(Pm — D)pu(pu — 1)

B DPm + 4(pm - l)pu(pu - 1)' (50)

Px

The time 7z, is distributed according to geometric
distribution, which has a mean of

P 1/pL/2 _ <pm + 4(pm - l)pu(pu - 1)>L/2
: X P+ 2(Pm — 1)pu(pu —

(51)

2pmqupu +pi
dmquPu
gmqupPu
qui 0 0
Pm (13 2pmPuqu er% ‘HLQL Pmp%, +pm ‘112; +2puqu
0 2¢mqupu Q'mpvzl ‘HImqﬁ

o O o
o O O

(47)

B Iy =025p,=0508Tx=025p,=1
B Ty =05p,=05 B Tx=05pn,=1
Bly=1p,=1
Bly=2p,=1

?_ 06 O Tlx=1p,=05
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Figure 20: Protocol with an additional transverse field term:
averaged expectation value of (a) stabilizers (Z; Z;12), (b) the
global symmetry <Hl oag Xi), and the mutual information
between two antipodal unmeasured sites A and B, I2(A : B).
Legend in (a) applies to (b) and (c). The system size is
L =14.

C Stability under transverse field

We investigate a protocol where the Hamiltonian in
Eq. (1) acquires a transverse field term. The new
Hamiltonian is given by H =), Z; Z; 11 + T'x >, X;.
The unitary evolution can no longer be split into two-
site unitaries, and instead, to efficiently implement
exp(—iAtH)|), we use a dense method (where the
state is represented as a vector of 2F complex coeffi-
cients) based on exponential integrators [130].

We find (see Fig. 20) that the transverse field gener-
ically leads to a steady state that is not a cat state.
When p,, = 1, we note that the evolution preserves
the global [], ,4q Xi symmetry, but there is no stable
Z;iZiyo symmetry.

D Analytical results for the stability un-
der time imperfections
In this section, we aim to prove that when using uni-

tary gates with time imperfections, the expectation
value |(¥|Z;Z;12|t)|, averaged over applications of
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unitaries, measurements, and measurement outcomes,
does not decay and can only grow or stay constant.
Without the loss of generality, we focus on i = 1, i.e.
expectation value |(1|Z1 Zs|1p)|. We prove this for a
one-time-step circuit on a 3-qubit cluster, and there-
fore, by extension, for the entire evolution.

Let us consider a representative contribution to the
statistical average, where both the unitaries and the
measurement are present in the system,

5 |(Y'|Z12Z3|9")]
PmPa D Pe
i (¥ [4")]
—p? Y p)|<¢|Uf2U2T3P521Z3P§U12U23|¢>|
) (| Uf,Udy Ps UraUns 1))
(52)

Se{“"#*}

where |10} is the initial wave function, [¢') is the wave
function after one time step, and the only sum left
is over measurement outcomes s. P? = |s)(s| is the
projector corresponding to the outcome s. Noticing
that the probability of the measurement outcome is
ps = (WU UL PsU 2Uss )], one can use the trian-
gle inequality to show that

2 |('| 21 Z3|Y") ]
bl DL P

5€{+»7}

> pupy, |(WULUL | Y PS5 | Z125U12Uss|¢)

SE{+,—}
= pmp5| (V|21 Z3|0)).

Averaging over applications of measurements and uni-
taries, we conclude that

E|(Y'|Z1Z3|y")| = (¥ Z1Zs]4)],

where E(z) designates an average over all possible tra-
jectories.

(55)
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