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A B S T R A C T

Origami, derived from the Japanese words ‘ori’ meaning fold and ‘kami (gami)’ meaning paper, has found
extensive engineering applications in modern days. In the last decade, an emerging venue lies in robotics,
where origami is taken as an exoskeleton of a robot to generate desired behaviours. The motions of origami
are often coupled through in-built folds, leading to lower or more controllable degrees of freedom (DoFs)
while still exhibiting shape-changing properties akin to those of soft materials. This unique feature enhances
the compliance of robots without compromising their controllability. The prevalent use of zero-thickness sheets
makes origami robots prone to fatigue, necessitating the incorporation of origami made from durable thick
materials. Whilst substantial attempts have been made in the field of thick-panel origami, the concept was
originally conceived for space solar panels. Hence, existing research predominantly focuses on properties such
as flat foldability and kinematic equivalence. Consequently, many designs also end up with rigid panels of
non-uniform thicknesses, complicating the fabrication process. As a result, roboticists, who are interested in
shape-changing origami as well as its fabrication and control simplicity, often find it challenging to directly
implement those thick panels in the robotic design. This work addresses these research gaps by introducing
the first systematic approach to designing uniform-thickness origami capable of shape-changing, referred to as
morphing surfaces. Such surfaces are enabled by a comprehensive mapping between thick-panel origami and
spatial overconstrained linkages, followed by various tessellation methods. Bending, expanding, twisting, and
complex motion behaviours will be realised on the proposed surfaces, all with a single DoF. The surfaces are
thus readily applicable in robotics for targeted functions.
1. Introduction

Origami has found diverse applications across scales, ranging from
the microworld with examples likes DNA origami [1] and heart stent [2]
to macroscale domains including deployable shelters [3] and foldable
antennas [4]. The in-built crease structure of origami offers the po-
tential to emulate soft-bodied properties, positioning it as a viable
alternative to robots constructed solely from soft materials [5]. Once
folded, two-dimensional (2D) paper sheets can be transformed into
intricate three-dimensional (3D) configurations, which demonstrate be-
haviours such as bending [6], expanding [7], or twisting [8]. They form
the fundamental motions for robots to execute their functionalities.

The integration of origami into robotic structures has yielded ad-
vantages over both soft-material robots and those based on rigid links
and joints. Using origami as a skeleton not only simplifies the design
process but also facilitates the prediction and control of robot motions.
Successful examples include but are not limited to origami robots that
are capable of grasping [9], manipulation [8], and locomotion [10].
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Nonetheless, it is crucial to highlight that limitations still exist in
the current design of origami robots. First of all, up to the present,
the majority of, if not all, origami robots are constructed from existing
patterns based on zero-thickness sheets [11]. As such, paper [12] and
polymer films [13] are the primary materials used in origami robots,
which are susceptible to fatigue from repeated folding and unfolding.
3D-printed layers [14] are also exploited, which overlook the material
thickness and cause inaccuracies in motion predictions. Moreover, to be
functional, many patterns need to be pre-folded into cylindrical forms
from 2D sheets or directly made into 3D configurations, complicating
the manufacturing process. Lastly, despite the abundance of origami
patterns, there is still a lack of flexibility when designing desired
motions. For example, the twisting behaviour of Kresling origami is
intrinsically coupled with axial extension and contraction [15], re-
stricting the range of motion possibilities. New designs of origami are
necessitated.
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A few years ago, a novel approach was introduced to design origami
with finite and non-negligible thickness, wherein creases are replaced
by folding lines (folds) at either the top or bottom surfaces of a
igid thick panel [16]. The new mechanical model is known as thick-

panel origami (TPO). With the advent of this concept, it has become
feasible to consider material thickness in the design of origami, opening
avenues for new patterns and the incorporation of durable materials.

Various endeavours have been undertaken in the realm of TPO. A
ommon approach is to seek inspiration from existing zero-thickness

patterns and adjust the panel thickness, thereby establishing a mapping
with spatial linkages. Commonly investigated patterns include Miura-
ori origami [17], Diamond or Yoshimura origami [18,19], Waterbomb
origami [20], and Ron Resch origami [21], all of which are modelled
s an assembly of spatial overconstrained linkages covering the Bennett

linkage [22] and the plane-symmetric Bricard linkage [23]. Researchers
also draw inspiration from kirigami, a derivation and less restrictive
orm of origami, by adding slits or cuts in the patterns to create thick-
anel origami. The approach results in a more extensive mapping with
patial linkages, such as the 6R Waldron hybrid linkage [24] and
arious 8R linkages [25–27].

Given the distinct kinematic model of TPO in comparison to its
ero-thickness counterpart, the majority of, if not all, thick ones have
educed DoFs, offering additional potential for simplified control in
obotics. Moreover, some possess bifurcations, allowing the origami
o transit into different configurations at a specific state without an
ncrease in its overall mobility. Such phenomena make a natural link to
he concept of reconfiguration, where robots can change their morphol-
gy to better adapt to the environment. So far, however, TPO remains
xclusive to the robotics community, regardless of substantial advance-

ments in its design and analysis. This inaccessibility is attributed to
several barriers as listed below.

Firstly, roboticists aspire to harness the shape-changing capabilities
f origami, yet the motion possibilities of thick-panel variations remain
onstrained. Currently, TPO is derived from a limited set of spatial
inkages, leaving uncertainty about the applicability of other spatial
inkages.

Secondly, the prevalent focus of engineers on TPO design is its
lat foldability, i.e., whether the origami can be folded into a compact
olume. This is rooted in TPO’s initial purpose for space solar panels.
ith this in mind, all TPO designs, except for the thick-panel Diamond

rigami and the ones using slits, end up with non-uniform thicknesses
 a characteristic not suitable for fabrication simplicity.

Lastly, while kirigami offers the potential for uniform thickness,
he incorporation of slits often follows a trial-and-error approach, not

to mention that some kirigami designs are just a simple geometric
extension of the origami version without cuts.

In response to the aforementioned gaps and limitations, this re-
earch will introduce a more explicit, systematic, and comprehensive

design methodology focusing on origami with uniform-thickness pan-
els. The goal is to create a library of shape-changing units. Each
consists of interlinked rigid panels with uniform thickness and has a
single mobility. This unit library is designed to be accessible to anyone
interested in morphable structures, offering the flexibility to select units
and combine them to suit complex shape-changing behaviours. In par-
icular, with appropriate tessellations or assemblies, we have combined
ome of the units together to form morphing surfaces capable of various
otions, such as bending, expanding, or twisting — illustrated with

xamples in this paper. The results strive to expedite the design theory
f TPO and make it more suitable for targeted robotic applications.

2. Morphing units

A systematic approach is proposed to design modular shape-changing
structures with uniform thickness, namely morphing units. Inspired by

PO and the abundance of 6R spatial overconstrained linkages [28],
each unit is a closed chain of rigid panels connected by top or bottom
folds. A library of mobile units is derived, whose kinematic behaviours
are detailed.
2 
2.1. Design methodology

2.1.1. 2D patterns and geometric features
In origami, a base is the simplest element whose tessellation forms

he entire origami pattern. Fig. 1 shows four origami bases which will
be used to construct morphing units, including a single-vertex pattern
(SVP), a single-slit pattern (SSP), a triangular-void pattern (TVP), and
a quadrilateral-void pattern (QVP). We acknowledge that the four
particular bases cannot cover all possible patterns but the reason for
selecting them is detailed in Appendix A.

If we replace the sheet forming the base with panels of uniform
thickness ℎ, a unit is obtained. Each unit is composed of six rigid panels
which are joined by folds at either the top or bottom of panels as shown
in Fig. 1(e). These folds are numbered clockwise from 1 to 6 and Pi
refers to the panel between folds 𝑖 and 𝑖 + 1, where 𝑖 + 1 returns to
1 when 𝑖 = 6. The panels are connected to form a single closed loop.
When no connection exists between two adjacent panels such as P2 and
P5 in the SSP, a slit is introduced. Multiple slits result in a void in the
origami base, which yields the TVP and QVP.

For each base, the panels and their connecting folds are essentially a
6R closed chain if it can be folded. According to the Kutzbach criterion,
its DoF is zero. To be mobile, the linkage must be overconstrained. We
exclude the cases where:

• all folds are on the same surface of a unit, making it a spherical
linkage or its assembly; or

• only hinge-like motion exists due to aligned folds on the same
surface.

Denavit-Hartenberg (DH) parameters, as detailed in Appendix B,
are used to model each unit, where fold 𝑖 is a joint associated with
oordinate 𝑧𝑖 and revolute variable 𝜃𝑖. Physically, the variable 𝜃𝑖 can
e converted into the dihedral angle 𝜔𝑖, namely the angle between the
ide walls of two connected panels, which is also illustrated in Fig. 1(e).

Since the two panels cannot penetrate each other, 𝜔𝑖 must satisfy

0 ≤ 𝜔𝑖 ≤ 180◦, 𝑖 = 1, 2,… , 6 (1)

where each angle is continuous, starting from zero when the unit is
fully unfolded. When one dihedral angle reaches its limit first, other
angles cannot move forward, if the linkage has only one DoF.

For a mobile unit, its geometric conditions are characterised by its
2D base shape and fold arrangement. To understand the underlying
mathematics, panel Pi is defined by a sector angle 𝛼P𝑖, which is the
angle between its two adjacent folds as shown in Fig. 1(a). If a base
as a slit or void, the sector angle is decided by two side angles of

the panel, 𝛼P𝑖𝑖 and 𝛼P𝑖(i+1). For instance, the SSP in Fig. 1(b) gives
𝛼P2 = 𝛼P22 + 𝛼P23 − 180◦.

Mathematically, all sector angles must satisfy
6
∑

𝑖=1
𝛼P𝑖 = 360◦ (2)

where the associated angles are further restricted by constraints in
Table 1.

In addition, the TVP and QVP have an additional constraint coming
rom the void, i.e., the side lengths of each void must be positive and

compatible with its interior angles.
By observation, the four bases and their derived units exhibit a

few kinematic features as follows. With the aforementioned geometric
constraints, these features are subsequently used to evaluate whether a
unit is mobile.

• When certain geometric conditions are satisfied, the four bases
are kinematically equivalent and repeated cases are thus not
discussed. For example,

– the SVP is a special case of the SSP when the slit length 𝑑
reduces to zero;
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Fig. 1. Origami bases. (a) Single-vertex pattern where all folds intersect at a single point. (b) Single-slit pattern where the folds create two intersecting points. Note that the gap
in the slit is for illustration only and should be infinitely small. (c) Triangular-void pattern with three intersecting points. (d) Quadrilateral-void pattern. (e) Possible fold locations
at the top or bottom of adjacent panels and the associated dihedral angle.
– the QVP becomes an SSP when 𝛼P34 = 𝛼P61 = 180◦ as shown
in Fig. 2(a); and

– the QVP is equivalent to a TVP when the intersecting points
between folds 1 and 6, folds 4 and 5, as well as folds 2 and
3, can form a triangle, as shown in Fig. 2(b).

• In most cases, the link length between folds 𝑖 and 𝑖+ 1 is either ℎ
or zero. Specifically, when the two folds are both top or bottom
folds, they intersect with each other on the same plane, thus
producing a link length of 0. If one is the top fold and the other
is the bottom fold, the link length becomes ℎ. All possibilities are
enumerated in Fig. 3, where equivalent ones are removed.

• The link twist between folds 𝑖 and 𝑖 + 1 is

𝛼𝑖(𝑖+1) = 𝛼P𝑖 or 𝛼𝑖(𝑖+1) = 360◦ − 𝛼P𝑖 (3)

which also depends on the arrangement of folds 𝑖 and 𝑖 + 1,
assuming that the 𝑧 direction of each fold points outwards from
the centre.

• All folds on the SVP as well as folds 1 and 4 on the SSP have zero
joint offsets. To create zero offset for any other fold 𝑖, either case
below must be satisfied.

– Folds 𝑖− 1, 𝑖, and 𝑖+ 1 intersect at the same point on the 2D
base. For instance, the TVP in Fig. 4(a) has 𝛼P12 = 𝛼P34 =
𝛼P56 = 180◦. Folds 1, 2, and 6 meet, yielding 𝑅1 = 0, which
also applies to 𝑅3 and 𝑅5. Hence, 𝑅1 = 𝑅3 = 𝑅5 = 0
holds. Similarly, the QVP in Fig. 4 has 𝑅2 = 𝑅3 = 0 when
𝛼P11 = 𝛼P34 = 180◦.

– Fold 𝑖 is parallel to fold 𝑖 + 1. For instance, as shown in
Fig. 4(c), 𝛼 + 𝛼 = 180◦, giving zero joint offset for fold
P22 P23

3 
Table 1
Geometric constraints of 2D origami bases.
2D base Geometric constraints

SVP 0 < 𝛼P𝑖 < 360◦ , 𝑖 = 1, 2,… , 6

SSP 𝛼P2 = 𝛼P22 + 𝛼P23 − 180◦ , 𝛼P5 = 𝛼P55 + 𝛼P56 − 180◦
𝛼P1 + 𝛼P22 + 𝛼P56 + 𝛼P6 = 360◦ , 𝛼P23 + 𝛼P3 + 𝛼P4 + 𝛼P55 = 360◦
0 < 𝛼P𝑖 < 360◦ , 𝑖 = 1, 3, 4, 6; 0 < 𝛼P𝑖𝑖 , 𝛼P𝑖(i+1) < 360◦ , 𝑖 = 2, 5

TVP 𝛼P𝑖 = 𝛼P𝑖𝑖 + 𝛼P𝑖(i+1)−180◦ , 𝑖 = 1, 3, 5
𝛼P11 + 𝛼𝑎𝑐 + 𝛼P56 + 𝛼P6 = 360◦ , 𝛼P33 + 𝛼𝑎𝑏 + 𝛼P12 + 𝛼P2 = 360◦
𝛼P55 + 𝛼𝑏𝑐 + 𝛼P34 + 𝛼P4 = 360◦
0 < 𝛼P𝑖 < 360◦ , 𝑖 = 2, 4, 6; 0 < 𝛼P𝑖𝑖 , 𝛼P𝑖(i+1) < 360◦ , 𝑖 = 1, 3, 5
𝛼𝑎𝑏 + 𝛼𝑎𝑐 + 𝛼𝑏𝑐 = 180◦ , 0 < 𝛼𝑎𝑏 , 𝛼𝑎𝑐 , 𝛼𝑏𝑐 < 180◦

QVP 𝛼P𝑖 = 𝛼P𝑖𝑖 + 𝛼P𝑖(i+1)−180◦ , 𝑖 = 1, 3, 4, 6
𝛼P12 + 𝛼P2 + 𝛼P33 + 𝛼𝑒𝑓 = 360◦ , 𝛼P45 + 𝛼P5 + 𝛼P66 + 𝛼𝑔 ℎ = 360◦
𝛼P11 + 𝛼ℎ𝑒 + 𝛼P61 = 360◦ , 𝛼P34 + 𝛼𝑓 𝑔 + 𝛼P44 = 360◦
0 < 𝛼P𝑖 < 360◦ , 𝑖 = 2, 5; 0 < 𝛼P𝑖𝑖 , 𝛼P𝑖(i+1) < 360◦ , 𝑖 = 1, 3, 4,
𝛼𝑒𝑓 + 𝛼𝑓 𝑔 + 𝛼𝑔 ℎ + 𝛼ℎ𝑒 = 360◦ , 0 < 𝛼𝑒𝑓 , 𝛼𝑓 𝑔 , 𝛼𝑔 ℎ , 𝛼ℎ𝑒 < 180◦

2 or 3. When 𝛼P22 = 𝛼P23 = 90◦ as shown in Fig. 4(d), both
𝑅2 and 𝑅3 are zero. Note that in such cases, the link length
between folds 𝑖 and 𝑖 + 1 need to be recalculated and the
link twist 𝛼𝑖(𝑖+1) = 0.

• The quadrilateral void in the QVP can be modified without chang-
ing the joint offsets of its equivalent linkage. The only thing that
matters with regard to its kinematics is where adjacent folds meet
on the 2D base.
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Fig. 2. Special cases of the QVP. (a) The QVP is equivalent to the SSP. Folds 1, 5, and 6 intersect with the rest meeting at another point, hence producing the same geometric
feature as the SSP in Fig. 1(b). (b) The QVP is equivalent to the TVP.
2.1.2. Evaluation process and selection criteria
To explore the possibility of single-DoF morphing units, each pat-

tern in Fig. 3 is examined to see if it meets the requirement of a 6R
spatial overconstrained linkage, a full list of which is summarised in
Appendix C. The geometric features listed in 2.1.1 are used to simplify
the evaluation. The selection criteria for morphing units are as follows.

• A unit must be able to move with all folds. Units with hinge
motion only caused by collinear folds are excluded.

• A morphing unit may satisfy the geometric conditions of more
than one 6R linkage. It is only counted once if this situation
happens.

• Whilst a reference linkage is overconstrained, the unit could have
more than one DoF under certain conditions. Such cases are listed
in Appendix D.1.

• For some mobile units, physical interference between two dis-
connected but adjacent panels, such as P2 and P5 on the SSP in
Fig. 1(b), may occur but it can be eliminated the removal of some
of the panels. Such cases are not the focus of this study but will
also be summarised in Appendix D.2.

• Bifurcations that cause instantaneous mobility increase are not
considered as multiple DoFs.

• Bifurcations of a reference linkage do not mean that they also
exist on the unit. Some motion paths of a linkage may not satisfy
the geometric constraints in 2.1.1. For instance, they might be
physically blocked.

The entire evaluation process is tedious as there are 48 patterns
in Fig. 3 and 17 linkages from Appendix C. Instead of providing
mathematical derivations for all cases, only a few linkages and patterns
are presented. All mobile units are categorised in Section 2.2. Examples
of immobile cases are demonstrated in Appendix E.

2.2. Results

After evaluation, the mobile units are categorised into four types
based on their reference linkages. This section details their design bases
and kinematic behaviours.

2.2.1. Units based on the plane-symmetric Bricard linkage: type 1
As shown in Fig. 5, Units a1, a2, and a3 are based on the plane-

symmetric Bricard linkage. Two bottom folds are aligned, giving 𝛾 =
𝛼 + 𝛽 − 180◦. The top folds of Unit a3 are also collinear with respective
sides of the void. Each pattern is symmetric about its bottom folds. The
geometric conditions under DH notations defined in Table B.5 are given
as follows.

𝑎12 = 𝑎34 = 𝑎45 = 𝑎61 = ℎ, 𝑎23 = 𝑎56 = 0
𝛼12 = 360◦ − 𝛼61 = −𝛼

𝛼23 = 360◦ − 𝛼56 = 180◦ − 𝛼 − 𝛽

𝛼34 = 360◦ − 𝛼45 = 𝛽

𝑅 = 𝑅 = 0, 𝑅 = −𝑅 = − sin 𝛽
𝑑 , 𝑅 = −𝑅 = sin 𝛼 𝑑

(4)
1 4 2 6 sin (𝛼 + 𝛽) 3 5 sin (𝛼 + 𝛽)

4 
where 𝑑 is the equivalent slit length. 𝑑 = 0 for Unit a1 while 𝑑 is a
positive number for Unit a2. For Unit a3, 𝑑 becomes a negative number
and equals −𝑑0, where 𝑑0 is the horizontal width of the void as shown
in Fig. 5.

The geometric conditions are then substituted into the closure equa-
tion in Appendix B to analyse the kinematic behaviours of each unit. To
better understand the physical representation of these units, revolute
variables of each fold 𝜃𝑖 are converted to dihedral angles according
to Table 2 and the same process applies to all morphing units to be
discussed in this study. As such, the closure equations of Units 𝑎1 - 𝑎3
as a general plane-symmetric Bricard linkage are

𝜔1 = 𝜔4, 𝜔2 = 𝜔6, 𝜔3 = 𝜔5

t an 𝜔2
2

= 1
cos 𝛼

t an 𝜔1
2
, t an 𝜔3

2
= 1

cos 𝛽
t an 𝜔1

2
(5)

which is defined as path 1 of these units.
The panel thickness ℎ and equivalent slit length 𝑑 do not influence

the closure equations of Units 𝑎1 - 𝑎3. Taking 𝛼 = 60◦ and 𝛽 = 45◦, path
1 is plotted in Fig. 6 along with simulated models in SOLIDWORKS.

Feng et al. [29] has proven two general motion paths of the plane-
symmetric Bricard linkage. It should be noted that only one exists
here and the other is blocked. Regardless, it is still worth exploring
whether these units have kinematic bifurcations that could lead to
other configurations. Instead of solving the closure equations with
the possibility of missing a few solutions, the strategy is to evaluate
whether the derived 6R linkage of each unit can meet one of the
following requirements.

• The 6R spatial linkage can degenerate planar linkages with par-
allel folds. The simplest case could be two aligned folds.

• The 6R spatial linkage can degenerate 4R/5R spherical linkages,
where at least four folds intersect at the same point.

• The 6R spatial linkage can degenerate 4R/5R spatial linkages,
i.e., the Bennett linkage, the Myard linkage, and the Goldberg 5R
linkage.

Likewise, the same strategy will be applied for all morphing units
to be discussed in this section, thus identifying all of their bifurcations.

By observation, Units 𝑎1 - 𝑎3 have aligned bottom folds, producing
path 2 as

𝜔1 = 𝜔4, 𝜔2 = 𝜔3 = 𝜔5 = 𝜔6 = 0 (6)

which is a hinge-like motion. The bifurcation point exists at the un-
folded flat state of each unit, i.e., the origin in Fig. 6.

It is also found that Unit 𝑎2 can bifurcate into a 4R spherical linkage
as its path 3 when folds 2, 3, 5, and 6 intersect at the same point and
the dihedral angles of folds 1 and 4 are hence locked. The geometric
conditions for such a situation are

t an 𝜔1
2

= t an 𝜔4
2

=
𝑑 sin 𝛼 sin 𝛽
ℎ sin (𝛼 + 𝛽)

(7)
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Fig. 3. All possible fold arrangements on the origami bases.
Table 2
Relationship between the revolute variable 𝜃𝑖 and dihedral angle 𝜔𝑖 of morphing units.
𝜃𝑖 Unit 𝑎1 - 𝑎3 Unit 𝑏1 - 𝑏3, 𝑚1 Unit 𝑐1 - 𝑐3 Unit 𝑚2

𝜃1 180◦ + 𝜔1 180◦ + 𝜔1 180◦ + 𝜔1 180◦ + 𝜔1 + ar ct an 𝑎 sin 𝛿1
ℎ

𝜃2 180◦ − 𝜔2 180◦ − 𝜔2 180◦ − 𝜔2 180◦ − 𝜔2 − ar ct an 𝑎 sin 𝛿1
ℎ

𝜃3 −𝜔3 180◦ + 𝜔3 −𝜔3 −𝜔3 − ar ct an 𝑏 sin 𝛿2
ℎ

𝜃4 180◦ + 𝜔4 180◦ − 𝜔4 180◦ + 𝜔4 180◦ + 𝜔4 + ar ct an 𝑏 sin 𝛿2
ℎ

𝜃5 −𝜔5 180◦ + 𝜔5 180◦ − 𝜔5 𝜔5

𝜃6 180◦ − 𝜔6 180◦ − 𝜔6 −𝜔6 180◦ + 𝜔6
5 



C. Liu et al. International Journal of Mechanical Sciences 289 (2025) 109976 
Fig. 4. Special fold arrangement. (a) and (b) Examples of intersecting folds to create zero joint offsets. (c) and (d) Examples of parallel folds to create zero joint offsets.
Fig. 5. The origami bases of Units a1 - a3 based on the plane-symmetric Bricard linkage and their 3D models.
after which other dihedral angles can be derived from the 4R spherical
linkage.

To further illustrate where the third path happens, a special case
when 𝛼 = 𝛽 is taken for Unit 𝑎2. The corresponding dihedral angles in
path 3 are

𝜔1 = 𝜔4, 𝜔2 = 𝜔5, 𝜔3 = 𝜔6

t an 𝜔1
2

= 𝑑 t an 𝛼
2ℎ

t an 𝜔3
2

=
𝑑 sin 𝛼 t an 𝜔2

2

4ℎ cos2 𝛼 t an 𝜔2
2 − 𝑑 sin 𝛼

(8)
6 
Taking 𝛼 = 60◦, the plots of path 1 and path 3 of Unit 𝑎2 is given
in Fig. 7. The new bifurcation point exists where two paths intersect,
i.e., the unit is semi-folded. The point also varies along the ratio of slit
length and panel thickness 𝑑/ℎ. A simulated model in SOLIDWORKS is
illustrated by the side.

2.2.2. Units based on the plane-symmetric Bricard linkage: type 2
Units 𝑏1 - 𝑏3 in Fig. 8 are also modelled as the plane-symmetric

Bricard linkage, sharing exactly the same panels as Units 𝑎1 - 𝑎3,
respectively. However, their fold arrangements have been changed,
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Fig. 6. Path 1 of Units 𝑎1 - 𝑎3 and associated 3D models. The unit is a flat array of
thick panels when all angles are 0. Once fully folded, adjacent panels collide, yielding
dihedral angles of 180◦.

Fig. 7. Path 1 (black) and path 3 (coloured) of Unit 𝑎2 when 𝛼 = 𝛽 = 60◦. The 3D
models depict the configurations along path 3.

altering the geometric conditions as follows.
𝑎12 = 𝑎23 = 𝑎34 = 𝑎45 = 𝑎56 = 𝑎61 = ℎ

𝛼12 = 360◦ − 𝛼61 = −𝛼
𝛼23 = 360◦ − 𝛼56 = 180◦ − 𝛼 − 𝛽

𝛼34 = 360◦ − 𝛼45 = −𝛽
𝑅1 = 𝑅4 = 0, 𝑅2 = −𝑅6 = − sin 𝛽

sin (𝛼 + 𝛽)
𝑑 , 𝑅3 = −𝑅5 =

sin 𝛼
sin (𝛼 + 𝛽)

𝑑

(9)

where the joint offsets remain the same as those in Eq. (4).
The closure equation of Units 𝑏1 - 𝑏3 as a plane-symmetric Bricard

linkage is
𝜔2 = 𝜔6, 𝜔3 = 𝜔5 (10)

t an 𝜔1
2

= −𝐾 𝐼 + 𝐿
𝐻 𝐼 + 𝐽

, t an 𝜔3
2

= −2𝐴𝑏
𝐼

, t an 𝜔4
2

= − 𝑂 𝐼 + 𝑃
𝑀 𝐼 +𝑁

(11)

for path 1,
√

2
𝐼 = −𝐵𝑏 − 𝐵𝑏 − 4𝐴𝑏𝐶𝑏 (12)

7 
for path 2,

𝐼 = −𝐵𝑏 +
√

𝐵2
𝑏 − 4𝐴𝑏𝐶𝑏 (13)

where

𝐴𝑏 = ℎ sin (2𝛼)

𝐵𝑏 = 2𝑑 sin (2𝛼) sin 𝛽 + 4ℎ sin (𝛼 + 𝛽) cot 𝜔2
2

𝐶𝑏 = 3ℎ sin (2𝛼 + 2𝛽) + sin (2𝛽)(ℎ cot 𝜔2
2

+ 2𝑑 sin 𝛼) cot 𝜔2
2

𝐻 = −8ℎ sin2 𝛼 cos 𝛽 cot2 𝜔2
2

− 2 sin (2𝛼) sin 𝛽(ℎ + 𝑑 sin 𝛼 sin𝜔2) csc2
𝜔2
2

𝐽 = −8ℎ2 sin 𝛼 sin (2𝛼) sin (2𝛼 + 2𝛽) cot 𝜔2
2

−4ℎ2 sin 𝛼 sin (2𝛼) sin (2𝛽) cos𝜔2 csc2
𝜔2
2

cot
𝜔2
2

−8ℎ𝑑 sin2 𝛼 sin (2𝛼) sin (2𝛽) cot2 𝜔2
2

𝐾 = 4 sin 𝛼 sin (2𝛼)(ℎ cos 𝛽 cot 𝜔2
2

+ 𝑑 cos 𝛼 sin 𝛽)

𝐿 = 4ℎ2 sin2 𝛼 sin (2𝛼 + 2𝛽) + 4ℎ sin2 𝛼 sin (2𝛽)(ℎ cot 𝜔2
2

+ 𝑑 sin 𝛼) cot 𝜔2
2

𝑀 = 2ℎ sin (2𝛼) sin (2𝛼 + 𝛽) − 2 sin (2𝛼) sin 𝛽(ℎ cot 𝜔2
2

+ 2𝑑 sin 𝛼) cot 𝜔2
2

−8ℎ sin2 𝛼 cos 𝛽 cot2
𝜔2
2

𝑁 = −4ℎ2 sin 𝛼 sin2 (2𝛼) cot 𝜔2
2

− 12ℎ2 sin 𝛼 sin (2𝛼) sin (2𝛼 + 2𝛽) cot 𝜔2
2

−4ℎ sin 𝛼 sin (2𝛼) sin (2𝛽)(ℎ cot 𝜔2
2

+ 2𝑑 sin 𝛼) sin2 (2𝛼)

𝑂 = −8ℎ sin 𝛼 sin (2𝛼) cos 𝛽 cot 𝜔2
2

− 4 sin (2𝛼) cos 𝛼 sin 𝛽(ℎ cot 𝜔2
2

+ 𝑑 sin 𝛼)

𝑃 = −8ℎ2 sin2 (2𝛼) sin (2𝛼 + 2𝛽)
− 4ℎ sin2 (2𝛼) sin (2𝛽)(ℎ cot 𝜔2

2
+ 𝑑 sin 𝛼) cot 𝜔2

2

For Unit 𝑏1 where the slit length 𝑑 = 0, Eqs. (11)–(13) can be
simplified.

For path 1,

t an 𝜔3
2

=
sin (2𝛼) t an 𝜔2

2

2 sin (𝛼 + 𝛽) +
√

𝑄 t an 𝜔2
2

(14)

for path 2,

t an 𝜔3
2

=
sin (2𝛼) t an 𝜔2

2

2 sin (𝛼 + 𝛽) −
√

𝑄 t an 𝜔2
2

(15)

where

𝑄 =
4 sin2 (𝛼 + 𝛽) − sin (2𝛽)

t an2 𝜔2
2

− 3 sin (2𝛼) sin (2𝛼 + 2𝛽)

and

t an 𝜔1
2

=
sin 𝛼 sin (𝛼 + 𝛽) sin𝜔3

1 − cos𝜔2(1 − cos𝜔3) − cos (𝛼 + 𝛽) sin𝜔2 sin𝜔3

−
− cos 𝛼(sin𝜔2(1 − cos𝜔3) − cos (𝛼 + 𝛽) cos𝜔2 sin𝜔3)
1 − cos𝜔2(1 − cos𝜔3) − cos (𝛼 + 𝛽) sin𝜔2 sin𝜔3

(16)

t an 𝜔4
2

=
sin𝜔3 + sin (𝛼 + 𝛽)(cot 𝛼 csc𝜔2 cos𝜔3 − t an 𝛽 cot 𝜔2)

sec 𝛽(cos𝜔3 + (cos (𝛼 + 𝛽) cot 𝜔2 − cot 𝛼 sin (𝛼 + 𝛽) csc𝜔2) sin𝜔3)

−
cos (𝛼 + 𝛽)(cot 𝜔2 cos𝜔3 + cot 𝛼 t an 𝛽 csc𝜔2)

sec 𝛽(cos𝜔3 + (cos (𝛼 + 𝛽) cot 𝜔2 − cot 𝛼 sin (𝛼 + 𝛽) csc𝜔2) sin𝜔3)
(17)
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Fig. 8. The origami bases of Units b1 - b3 based on the plane-symmetric Bricard linkage and their 3D models.
According to Eqs. (10)–(17), the motions of Unit 𝑏1 is independent
from its panel thickness while those of Units 𝑏2 and 𝑏3 rely on the ratio
𝑑/ℎ.

The same strategy for Units 𝑎1 - 𝑎3 is employed to examine addi-
tional bifurcations of Units 𝑏1 - 𝑏3. It is found that paths 1 and 2 are the
only two motions of Units 𝑏1 - 𝑏3, which are switchable at the unfolded
state of each unit. Taking 𝛼 = 60◦, 𝛽 = 45◦, 𝑑 = 2ℎ and 𝑑0 = 1.2ℎ, the
kinematic behaviours of Units 𝑏1 - 𝑏3 are plotted in Fig. 9, respectively.

2.2.3. Units based on the line-symmetric Bricard linkage
In addition to the plane-symmetric Bricard linkage,

the line-symmetric one can also be used to design morphing units as
shown in Fig. 10. In Unit 𝑐1, three pairs of aligned folds exist, giving
𝛾 = 𝛼 + 𝛽 − 180◦. Without changing the direction of these folds, a tilted
slit and a parallelogram are introduced in Units 𝑐2 and 𝑐3 to maintain
the line symmetry. Their geometric conditions are

𝑎12 = 𝑎34 = 𝑎45 = 𝑎61 = ℎ, 𝑎23 = 𝑎56 = 0
𝛼12 = 𝛼45 = −𝛼 , 𝛼23 = 𝛼56 = 180◦ − 𝛼 − 𝛽 , 𝛼34 = 𝛼61 = 𝛽

𝑅1 = 𝑅4, 𝑅2 = 𝑅5, 𝑅3 = 𝑅6

(18)

The joint offsets of each unit are detailed as follows.
For Unit c1,

𝑅1 = 𝑅2 = 𝑅3 = 0 (19)

for Unit c2,

𝑅1 = 0, 𝑅2 = − sin (𝛽 − 𝛿)
sin (𝛼 + 𝛽)

𝑑 , 𝑅3 =
sin (𝛼 + 𝛿)
sin (𝛼 + 𝛽)

𝑑 (20)

and for Unit c3,

𝑅1 ≠ 0, 𝑅2 ≠ 0, 𝑅3 ≠ 0 (21)

which means no three consecutive folds intersect at the same point on
the 2D plane as depicted in Fig. 10.

The closure equations of Units 𝑐1 - 𝑐3 as a line-symmetric Bricard
linkage are

𝜔1 = 𝜔4, 𝜔2 = 𝜔5, 𝜔3 = 𝜔6 (22)

t an 𝜔2
2

=
−𝐵𝑐1 −

√

𝐵2
𝑐1 − 4𝐴𝑐1𝐶𝑐1

2𝐴𝑐1
, t an 𝜔3

2
=

−𝐵𝑐2 +
√

𝐵2
𝑐2 − 4𝐴𝑐2𝐶𝑐2

2𝐴𝑐2
(23)

8 
where

𝐴𝑐1 = 2𝑅1 sin 𝛼 sin (𝛼 + 𝛽) + 𝑅2 sin 𝛼 sin 𝛽(1 + cos 𝜃1)
+𝑅3(1 − cos 𝛽 cos (2𝛼 + 𝛽) + sin 𝛽 sin (2𝛼 + 𝛽) cos 𝜃1)
+2ℎ cos 𝛼 sin (𝛼 + 𝛽) sin 𝜃1

𝐵𝑐1 = 2 sin (𝛼 + 𝛽)(ℎ(1 + cos 𝜃1) + 𝑅3 sin 𝛽 sin 𝜃1)

𝐶𝑐1 = (1 + cos 𝜃1) sin 𝛽(𝑅2 sin 𝛼 + 𝑅3 sin 𝛽)

𝐴𝑐2 = 2𝑅1 sin 𝛼 sin (𝛼 + 𝛽) + 𝑅3 sin 𝛼 sin 𝛽(1 + cos 𝜃1)
+𝑅2(1 − cos 𝛼 cos (𝛼 + 2𝛽) + sin 𝛼 sin (𝛼 + 2𝛽) cos 𝜃1)
−2ℎ cos 𝛽 sin (𝛼 + 𝛽) sin 𝜃1

𝐵𝑐2 = −2 sin (𝛼 + 𝛽)(ℎ(1 + cos 𝜃1) − 𝑅2 sin 𝛼 sin 𝜃1)

𝐶𝑐2 = (1 + cos 𝜃1) sin 𝛼(𝑅2 sin 𝛼 + 𝑅3 sin 𝛽)

According to [30], a general line-symmetric Bricard linkage would
normally have two motion paths, However, when it comes to Units 𝑐1
- 𝑐3, one path is blocked and the remaining one in Eqs. (22)–(23) is
defined as path 1. Assign the following geometric parameters to Units
𝑐1 - 𝑐3 as 𝛼 = 60◦, 𝛽 = 45◦, 𝛿 = 15◦, 𝑑 = 2ℎ, 𝑅1 = −0.75ℎ, 𝑅2 = −1.6ℎ,
and 𝑅3 = 1.32ℎ. The kinematic behaviour of each unit in path 1 is
plotted in Fig. 11.

The three units are also examined regarding their kinematic bifur-
cations. Unit 𝑐1 has three pairs of aligned folds. Considering its zero
joint offsets, its motion paths are rewritten as

𝜔1 = 𝜔4, 𝜔2 = 𝜔5, 𝜔3 = 𝜔6 (24)

for path 1 of Unit 𝑐1,

t an 𝜔2
2

= 1
cos 𝛼

t an 𝜔1
2
, t an 𝜔3

2
= 1

cos 𝛽
t an 𝜔1

2
(25)

for path 2 of Unit c1,

𝜔1 = 𝜔2 = 0 (26)

for path 3 of Unit c1:

𝜔1 = 𝜔3 = 0 (27)

for path 4 of Unit c1:
𝜔2 = 𝜔3 = 0 (28)
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Fig. 9. Kinematic behaviour of Units 𝑏1 - 𝑏3 and associated 3D models. Path 1 of each unit is given at the top while path 2 is at the bottom.
Units 𝑐2 and 𝑐3 usually come with path 1 without bifurcations, whilst
special geometric conditions could lead to additional motion paths. For
instance, 𝛿 = 0 or 𝛿 = 𝛽 on Unit c2 will lead to hinge-like motions as a
result of aligned folds. Both units can also degenerate into 4R spherical
linkages as detailed below.

For Unit 𝑐2, if
𝛼 = 𝛽 , 𝛿 = 0, (29)

then

𝜔1 𝜔4 𝑑 t an 𝛼
t an
2

= t an
2

=
2ℎ

(30)

9 
where the unit becomes the special case of Unit 𝑎2 as discussed before.
Folds 2, 3, 5, and 6 intersect at the same point while folds 1 and 4 are
locked.

For Unit 𝑐3, if
t an 𝛿 =

sin (𝛼 − 𝛽)
2 cos 𝛼 cos 𝛽

𝑑1
𝑑2

=
sin (𝛼 − 𝛽) sin (𝛼 − 𝛿)

sin (𝛼 + 𝛽) cos 𝛼
(31)

then

t an 𝜔1
2

= t an 𝜔4
2

=
𝑑1 t an 𝛽

ℎ(t an 𝛼 − t an 𝛽) (32)

where folds 1 and 4 are locked again into the values above.
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Fig. 10. The origami bases of Units c1 - c3 based on the line-symmetric Bricard linkage and their 3D models.
Fig. 11. Path 1 of Units 𝑐1 - 𝑐3 and associated 3D models.
2.2.4. Units based on other 6R spatial overconstrained linkages
Two more types of morphing units are found, which are based on

the Wolhart 6R linkage and the Sarrus linkage, respectively.

As shown in Fig. 12 where 𝛼 + 𝛽 + 𝛾 = 180◦, Unit m1 is modelled as
the Wohlhart 6R linkage. Its geometric conditions are

𝑎12 = 𝑎23 = 𝑎34 = 𝑎45 = 𝑎56 = 𝑎61 = ℎ

𝛼12 = 360◦ − 𝛼23 = −𝛼 , 𝛼34 = 360◦ − 𝛼45 = −𝛽 , 𝛼56 = 360◦ − 𝛼61 = −𝛾
𝑅𝑖 = 0, 𝑖 = 1, 2,… , 6
(33)

10 
When the geometric conditions in Eq. (33) are substituted into
the closure equation in Appendix B, no symmetry is found among
the dihedral angles and solving the equation can be challenging. So
far, no analytical solutions of a general Wohlhart 6R linkage have
been reported either. Nonetheless, when additional symmetry is added,
i.e., 𝛼 = 𝛽 or 𝛼 = 𝛾, Unit 𝑚1 becomes a special case of Unit 𝑏1, which is
based on the plane-symmetric Bricard linkage. Its kinematic behaviours
can thus be analysed from Eqs. (10) and (16)–(15).

Assigning 𝛼 = 𝛽 = 𝛾 = 60◦ to Unit 𝑚1, its closure equation becomes
𝜔1 = 𝜔3 = 𝜔5, 𝜔2 = 𝜔4 = 𝜔6 (34)
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Fig. 12. The origami base of Unit 𝑚1 based on the Wohlhart 6R linkage and its 3D
model.

for path 1,

t an 𝜔2
2

=
sin 𝜔1

2

2 cos 𝜔1
2 −

√

3
(35)

for path 2,

t an 𝜔2
2

=
sin 𝜔1

2

2 cos 𝜔1
2 +

√

3
(36)

which are plotted in Fig. 13 along with simulated models. The kine-
matic bifurcation is at the unfolded state of the unit.

Unit m2 shown in Fig. 14 is based on the Sarrus linkage, whose
geometric conditions are

𝑎12 =
√

ℎ2 + 𝑎2 sin2 𝛿1, 𝑎23 = 𝑎56 = 0

𝑎34 =
√

ℎ2 + 𝑏2 sin2 𝛿2, 𝑎45 = 𝑎61 = ℎ

𝛼12 = 𝛼34 = 𝛼45 = 𝛼61 = 0, 𝛼23 = 𝛼56 = 𝛼 + 𝛽 + 𝛿1 + 𝛿2 − 180◦
𝑅1 = 𝑎 cos 𝛿1, 𝑅2 = 𝑅3 = 0, 𝑅4 = −𝑏 cos 𝛿2

𝑅5 = − 𝑐 sin (𝛽 + 𝛿1)
sin (𝛿1 + 𝛿2 − 𝛾)

, 𝑅6 =
𝑐 sin (𝛼 + 𝛿2)

sin (𝛿1 + 𝛿2 − 𝛾)

(37)

where 𝑎
sin 𝛼

= 𝑏
sin 𝛽

= 𝑐
sin 𝛾

and 𝛼 + 𝛽 + 𝛾 = 180◦ must hold.
The closure equation of Unit m2 gives

sin𝜔6 = sin𝜔2 − (1 − cos𝜔2)
ℎ1
ℎ

(38)

t an 𝜔3
2

=
−𝐵𝑚2 +

√

𝐵2
𝑚2 − 4𝐴𝑚2𝐶𝑚2

2𝐴𝑚2
(39)

sin𝜔5 = sin𝜔3 − (1 − cos𝜔3)
ℎ2
ℎ

(40)

𝜔1 = 𝜔2 − 𝜔6, 𝜔4 = 𝜔3 − 𝜔5 (41)

where

ℎ1 = 𝑎 sin 𝛿1, ℎ2 = 𝑏 sin 𝛿2

𝐴𝑚2 = −4ℎ22
− (2ℎ + ℎ cos𝜔2 − ℎ cos𝜔6 − ℎ1 sin𝜔2)(ℎ cos𝜔2 − ℎ cos𝜔6 − ℎ1 sin𝜔2)

𝐵𝑚2 = 4ℎ2(ℎ − ℎ cos𝜔2 + ℎ cos𝜔6 + ℎ1 sin𝜔2)

𝐶𝑚2

= −(ℎ cos𝜔2 − ℎ cos𝜔6 − ℎ1 sin𝜔2)(ℎ cos𝜔2 − ℎ cos𝜔6 − ℎ1 sin𝜔2 − 2ℎ)
Unit m2 has only one motion path. By letting 𝑎 = 𝑏 and 𝛿1 = 𝛿2 = 𝛿,

Eqs. (38)–(41) are simplified as
𝜔4 = 𝜔1, 𝜔3 = 𝜔2, 𝜔5 = 𝜔6, 𝜔2 = 𝜔1 + 𝜔6

sin𝜔6 = sin𝜔2 −
𝑎 sin 𝛿 (1 − cos𝜔2)

(42)

ℎ

11 
Taking 𝛼 = 𝛿 = 60◦ and 𝑎 = 3ℎ, the kinematic behaviour of Unit 𝑚2
is plotted in Fig. 14. The unit’s movement is blocked when 𝜔6 returns
to zero.

3. Morphing surfaces

The morphing units can be combined with shared folds to produce
versatile motions. This section gives a few examples of tessellations and
assemblies that demonstrate a wide range of motion possibilities.

3.1. Tessellations of morphing units

A tessellation is the covering of a surface using one or more geo-
metric shapes with no overlaps or gaps [31]. This part details how the
tessellation of morphing units can produce bending-, expanding-, and
twisting-like motions similar to those in soft materials but with a single
mobility.

3.1.1. Bending behaviours
Bending motions can be achieved by tessellating Units 𝑎1 - 𝑎3 as

follows.
Fig. 15(a) illustrates a strip where two Units 𝑎1 are connected. They

are assigned with different geometric parameters, i.e., 𝛼1, 𝛽1, 𝛼2, and 𝛽2.
The upper and bottom edges of the strip are parallel to the bottom folds.
The shared fold, denoted by a star in the middle, passes the motion
from one unit to the other. As such, the strip remains single mobility.
According to Eq. (5), the use of slit or void does not influence the
kinematic behaviours of these units as a Bricard linkage. The strip can
thus be lengthened or shortened by changing one of Units 𝑎1 to Unit 𝑎2
or 𝑎3, as shown in Figs. 15(b) and 15(c), respectively.

The strip in Fig. 15(a) can be extended vertically by adding an
extra Unit 𝑎1 with parameters 𝛼3 and 𝛽3 as shown in Fig. 15(d). The
numbering of each fold is given, thereby representing the associated
dihedral angles. The two units from the original strip give two angle
inputs to the bottom unit with 𝛼3 and 𝛽3 via the shared folds, i.e., folds
15 and 32, folds 26 and 33. If the tessellation is mobile, the two angles
must be compatible with the motion of the bottom unit, which is
t an 𝜔33

2
=

cos 𝛼3
cos 𝛽3

t an 𝜔32
2

(43)

where 𝜔32 = 𝜔15 and 𝜔33 = 𝜔26, as given by the shared folds.
The mathematical demonstration is as follows. Geometrically, we

know

𝛼3 = 𝛽1, 𝛽3 = 𝛼2, 𝜔14 = 𝜔21 (44)

According to Eq. (5), we can obtain

t an 𝜔𝑖1
2

= cos 𝛼𝑖 t an
𝜔𝑖2
2

= cos 𝛽𝑖 t an
𝜔𝑖3
2

, 𝑖 = 1, 2 (45)

𝜔𝑖1 = 𝜔𝑖4, 𝜔𝑖2 = 𝜔𝑖6, 𝜔𝑖3 = 𝜔𝑖5, 𝑖 = 1, 2 (46)

Eqs. (44)–(46) yields Eq. (43), making the motion of all units
kinematically compatible. Thus, the tessellation is foldable and remains
single-DoF.

Using such methods, various Units 𝑎1 - 𝑎3 can be tessellated to form
large-scale surfaces with single mobility. Fig. 16 illustrates a general
tessellation surface bending into an ellipse shape. The previously dis-
covered origami and kirigami structures [18,24], which are composed
of uniform-thickness panels, belong to a subset of the tessellation given
here. In addition to the bending behaviour where each unit has a
general Bricard linkage motion, the surface also has bifurcation paths
caused by the alignment of bottom folds.

The bending curvature of such tessellations can be altered by tuning
the geometric parameters of their constituent units. To obtain a regular-
shaped curvature, identical panels are used to form the units. Fig. 17(a)
depicts the tessellation of a triangle with interior angles 𝛼, 𝛽, and
𝛾, which can roughly bend into a circular shape. When 𝛼 = 𝛽, the
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Fig. 13. Kinematic behaviours of Unit 𝑚1 when all sector angles are 60◦. 3D configurations of the two motion paths are also displayed.

Fig. 14. The origami base of Unit 𝑚2 based on the Sarrus linkage and its 3D model. Its kinematic motion paths when 𝛼 = 𝛽 = 𝛾 = 𝛿1 = 𝛿2 = 60◦ and 𝑎 = 3ℎ are plotted by the side.

Fig. 15. Tessellations of Units 𝑎1 - 𝑎3 from Fig. 5 and their 3D models. (a), (b), and (c) Horizontal strips based on the connection of Units 𝑎1 - 𝑎3 (d) Vertical extension of a strip.
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Fig. 16. The general tessellation of Units 𝑎1 - 𝑎3 and its bending motion. (a) The fold pattern and its simulated model in the flat unfolded and semi-folded states. (b) The bending
motion on a physical prototype made from 3D-printed prisms (rigid panels) and glass fibre tapes (folds).
tessellation becomes Fig. 17(b), which is the thick-panel version of the
Diamond pattern or the Yoshimura origami.

Identical trapezoids can also be used to create a tessellation of
Units 𝑎2 with slits. A special case is illustrated in Fig. 17(c), where
the trapezoid is isosceles. The surfaces have single DoF when all units
undergo the general motion of a Bricard linkage but could also move
into other configurations due to the aligned folds. Theoretically, the
surface can shift from bending to twisting when each unit degenerates
into a 4R spherical linkage at the semi-folded state, as detailed in
Eq. (8). However, this turns out physically impossible due to panel
collisions.

3.1.2. Expanding behaviours
Identical Units 𝑏1 - 𝑏3 can be connected into a two-layered surface

capable of expanding. Taking Unit 𝑏1 as an example, the tessellation
method is as follows.

The patterns of Units 𝑏1.1 and 𝑏1.2, composed of identical triangular
prisms, are given in Fig. 18. Their geometric parameters have the
following relationship: 𝛼1 = 𝛽2 = 𝛼, 𝛼2 = 𝛽1 = 𝛽, and 𝛾1 = 𝛾2 = 𝛾. Hence,
the two units are kinematically equivalent but positioned upside down.
When Units 𝑏1.1𝑎 and 𝑏1.2 are in their paths 1 and 2 respectively, their
finished configurations are the same. This enables three Units 𝑏1.1 to be
connected with Unit 𝑏1.2 by three pairs of edges highlighted in Fig. 18.
Each pair of connections plus folds between the pairs form a planar 4R
linkage. The connection also blocks the bifurcation paths as a result of
physical interference. Hence, these connected units remain single-DoF
and become bifurcation-free.

More Units 𝑏1 can be joined to form a two-layered tessellation
as shown in Fig. 19. The constituent units in Fig. 19(a) are derived
from a general triangle base. The tessellation in Fig. 19(b) is based on
equilateral triangles, making the individual unit also a special case of
Unit 𝑚1. The input angle 𝜔1, marked in Fig. 18, increases from 0 to
180◦ to illustrate the expanding motions.

The tessellations originating from Unit 𝑏1 are possible as a result of
the plane symmetry among dihedral angles and the alternative top and
bottom fold arrangements on each unit. Therefore, Unit 𝑏2 or Unit 𝑏3,
which has similar properties, can be connected in the same way. Their
examples are not detailed here.

3.1.3. Twisting behaviours
Units 𝑐1 - 𝑐2 exhibit line (or rotational) symmetry in the folding pro-

cess, which is commonly observed in twisting structures. Identical units
are connected to form large-scale tessellations as shown in Figs. 20–
22, some of which clearly show twisting behaviours. The tessellation
process is detailed below.
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Fig. 20 is a tessellation of Unit 𝑐1, where each unit based on triangles
with 𝛼, 𝛽 and 𝛾 as the internal angles. The kinematic motion is passed
from one unit to another via the shared folds, and thus the mechanism
remains single mobility when all units are in the general motion path
of a Bricard linkage. In the meantime, the mechanism also has multiple
DoFs at the flat state due to aligned folds.

Unit 𝑐2 or Unit 𝑐3 can also be arranged similarly. The tilted slits or
voids will destroy aligned folds, thereby eliminating hinge-like motion
paths on such tessellations. For instance, Fig. 21 illustrates an example
of Unit 𝑐2 tessellation. The bases consist of identical quadrilaterals.
A more evident twisting behaviour is observed and the motion is
bifurcation-free.

Unit 𝑐3 with a parallelogram void can also be tessellated as de-
picted in Fig. 22. Before assembling, the unit’s central void shape is
modified into a hexagon, which would not change the unit’s kinematic
behaviours, as depicted in Fig. 22(a). The hexagon’s sides are parallel
to the respective folds of the unit. The opposite sides of the hexagon
are also equal. Then each panel of the unit is replaced by the same
hexagon as the central void, making the unit ready to be tessellated
into a surface shown in Fig. 22(b). Note that none of the folds on Unit
𝑐3 are aligned, and thus, the bifurcation paths caused by colinear folds
are removed. The physical prototype of the tessellation and its folding
process are illustrated in Fig. 22(c).

3.2. Assemblies of morphing units

In addition to full-surface tessellations capable of basic motions, the
morphing units can be assembled in a less systematic way to produce
complex behaviours as another type of morphing surface. Regardless of
the infinite permutations, this section only presents a limited number
of surfaces that can undergo complex movements and morph into
functional configurations.

3.2.1. Wrapping and curling behaviours
Wrapping behaviours can be achieved on a circular assembly of

Units 𝑎1 or Units 𝑐1 when they have both line and plane symme-
try. Three-unit, four-unit, and five-unit assemblies are illustrated in
Fig. 23. The corner panels of each assembly can wrap around the
central base when the units are in their respective path 1. The single-
DoF feature is preserved due to shared common folds whilst each
assembly also possesses kinematic bifurcations as a result of aligned
bottom folds. Notably, the four-unit assembly has also been used as a
gripper backbone to explore its functionalities of grasping and in-hand
manipulation [32,33]. The assembly can also be regarded as a unit and
then tessellated into mechanical metamaterials with negative Poisson’s
ratio [34].
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Fig. 17. Tessellations of identical panels to achieve regular bending shapes. The panels’ bases include (a) general triangles, (b) isosceles triangles, and (c) isosceles trapezoids.
Repeated individual units of each tessellation are highlighted.
The chain-like assembly shown in Fig. 24 can generate curling
motions. The surface is composed of two types of morphing units,
i.e., Units 𝑎2 and 𝑏1. The pattern is symmetric about its central axis, as
denoted by the dashed line. The units repeat one after another along
the chain.

When all Units 𝑎2 and 𝑏1 are in their respective motion path 1, a
curling behaviour of the chain is produced, whose cross-sectional view
is illustrated in Fig. 24(b) left. When Units 𝑎1 remain in the same path
and all Units 𝑏1 switch to their motion path 2, another curling motion is
generated in Fig. 24(b) right. The surface has been exploited to mimic
a millipede’s behaviour and achieve robot reconfiguration [35,36]

3.2.2. Functional configurations
Assemblies of morphing units can also provide a straightforward

way to turn an array of uniform-thickness panels into stable 3D con-
figurations, with the aid of a few fixtures. For instance, Unit 𝑏 or 𝑚
1 1
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can be turned into a hill-like shape as shown in Fig. 25(a), where each
panel is based on equilateral triangles. The bending surface can morph
into a cylinder as shown in Fig. 25(b), where the units on both sides are
connected appropriately. Similarly, the curling surface can also form a
wheel-like closed-loop configuration which is depicted in Fig. 25(c).
Each finishing configuration is a stable structure rather than a mobile
mechanism as the only DoF is restricted by the connected panels. This
approach is transferrable to large-scale construction projects.

In addition to the aforementioned surfaces, arbitrary units can be
combined to produce more complicated shapes. For example, a cylin-
drical configuration can also be achieved by an array of parallelograms
and triangles as shown in Fig. 26(a), where each unit is essentially Unit
𝑚2. A spherical configuration is possible through the arrangement of
Units 𝑎1 and 𝑏1, as shown in Fig. 26(b). It is actually impossible to
enumerate all potential shapes as the possibilities are infinite.
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Fig. 18. Assemblies of Units 𝑏1 from Fig. 8 for expansion. 𝜔1 of Unit 𝑏1.2 is taken as input.

Fig. 19. Expanding behaviours on the tessellations of Units 𝑏1 where the two-layered surfaces are based on (a) general triangles with interior angles as 45◦, 75◦, and 60◦, and
(b) equilateral triangles. The latter has a more uniform expansion.
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Fig. 20. Tessellation of repeated Units 𝑐1 from Fig. 10. The surface is based on identical triangle panels, where 𝛼 = 60◦, 𝛽 = 45◦, and 𝛾 = 75◦. The fold pattern, simulated model,
and physical prototypes are all displayed.
Fig. 21. Tessellation of repeated Units 𝑐1 from Fig. 10. The surface is based on identical triangle panels, where 𝛼 = 60◦, 𝛽 = 45◦, and 𝛾 = 75◦. The fold pattern, simulated model,
and physical prototypes are all displayed.
4. Discussions

4.1. Morphing units

Using a systematic design approach, i.e., mapping all 6R spatial
overconstrained linkages with thick-panel origami, a complete library
of morphing units is uncovered and summarised in Table 3. Each unit
is made from uniform-thickness panels and possesses a single mobility.
Among all the units, Units 𝑎1 and 𝑐1, Units 𝑎2 and 𝑐2, and Units 𝑏1
and 𝑚1 are interchangeable with each other under certain geometric
conditions. Some units are bifurcation-free with only one path, whilst
the rest have at least two sets of motions. In addition to the general
6R overconstrained linkage motion, other paths are caused by either
aligned folds to produce hinge-like motions, or the intersection of four
folds to create a spherical linkage. The units are ready to be assembled
to create large-scale morphing surfaces.

It should also be noted that some units or their special cases have
already been reported in the literature. In particular, the constituent
16 
units of the uniform-thickness Diamond pattern developed by Zhang
and Chen [18] can be regarded as Unit 𝑎1. In addition, the units from
a kirigami tessellation based on the Waldron hybrid linkage found
by Wang et al. [24] are equivalent to Unit 𝑎2. [37] later reported each
unit’s kinematic bifurcations using the predictor–corrector numerical
method, to which the analytical solutions in this paper are comple-
mentary. A special case of Unit 𝑚1 was taken as a three-fold symmetric
Bricard linkage [38]. Our work not only covers these designs but also
provides more varieties that were previously neglected.

4.2. Morphing surfaces

Soft-material-like behaviours such as bending, expanding, and twist-
ing are realised by tessellating some units into morphing surfaces. In
real-world applications, identical panels are often desired for fabrica-
tion simplicity. Given this fact, a new categorisation of identical basic
shapes, i.e., triangles, quadrilaterals, and hexagons, is given in Table 4,
to form versatile morphing surfaces.
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Fig. 22. Tessellation of repeated Units 𝑐3 from Fig. 10 and their modifications into an assembly of identical hexagon panels. (a) and (b) Single unit modification process and its
tessellation pattern. (c) Folding process of the physical prototype.
Fig. 23. Wrapping motions of (a) three-unit, (b) four-unit, and (c) five-unit assemblies.
Compared to the properties of morphing units in Table 3, it is found
that some surfaces, i.e., the ones capable of expanding, have a smaller
number of bifurcations than their constituent units. This is because
new physical interferences are introduced to remove one of the original
17 
motion paths. Some twisting surfaces have only one DoF as a result of
their bifurcation-free units.

Note that QVP-based morphing units, i.e., Units 𝑎3, 𝑏3, and 𝑚2, are
not well included in Table 4 except for Unit 𝑐 . However, this does
3
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Fig. 24. Design of a curling surface. (a) Top view of the origami pattern. (b) and (c) Cross-sectional views of two curling configurations.
Table 3
Summary of morphing units and their kinematic properties.

Unit Base Linkage Number of
motion paths

Bifurcation point

𝑎1 SVP

Plane-symmetric
Bricard linkage

2∗ Flat
𝑎2 SSP 3 Flat, semi-folded
𝑎3 QVP 2 Flat
𝑏1 SVP 2 Flat
𝑏2 SSP 2 Flat
𝑏3 QVP 2 Flat

𝑐1 SVP
Line-symmetric
Bricard linkage

4 Flat
𝑐2 SSP 1∗∗ Flat, semi-folded
𝑐3 QVP 1∗∗∗ Semi-folded

𝑚1 SVP Wolhart 6R
linkage

2 Flat

𝑚2 TVP Sarrus linkage 1 None
∗ The number of motion paths rises to 4 when Unit 𝑎1 has line and plane symmetry, i.e., 𝛼 = 𝛽.
∗∗ The number of motion paths in Unit 𝑐2 rises to 2 when 𝛿 = 0 or 𝛿 = 𝛽, and rises to 3 when 𝛿 = 0 and 𝛼 = 𝛽. Both
cases have aligned folds and the latter is a special case of Unit 𝑎2.
∗∗∗ The number of motion paths rises to 2 when Unit 𝑐3 meets the condition set in Eq. (31).
Table 4
Basic shapes and their tessellation properties.
Shape Requirement Unit Motion of

tessellated surface
Number of
motion paths

Triangle
General

𝑎1 Bending >1

𝑏1 Expanding 1

𝑐1 Twisting
(imperceptible)

>1

Equilateral 𝑎1/𝑐1 Bending >1

𝑏1/𝑚1 Expanding
(isotropic)

1

Quadrilateral
General 𝑐2 Twisting

(obvious)
1

Trapezoid 𝑎2 Bending >1

𝑏2 Expanding 1

Hexagon Equal and parallel
opposite sides

𝑐3 Twisting
(imperceptible)

1

not mean that those units cannot be used for surface tessellations as
this section only aims to give a few examples to achieve bending,
expanding, and twisting motions. It should be emphasised that the
possibilities are unlimited and all units in Table 3 can be combined
according to the specific needs, as exemplified by the assemblies of
morphing units. Motions can be passed via shared folds, producing
complex behaviours with low DoFs.

5. Conclusions

Roboticists have vastly used origami structures as skeletons for
desirable motions. Origami engineers also make efforts to design novel
structures for shape-changing. Despite the substantial progress and
18 
promising potential, a particular type of origami, i.e., thick-panel
origami, is yet accessible to the robotics community, due to a few
barriers. To address the research gaps, this work proposes a systematic
approach to designing kinematic morphing units inspired by thick-
panel origami. A library of morphing units is achieved by an exhaustive
mapping between thick-panel origami and 6R spatial overconstrained
linkages. The obtained units are capable of versatile motions, whose
kinematic behaviours are analysed in detail. To make the results
more inclusive to the roboticists, we also give a series of examples
which combine morphing units by tessellation or assembly, yielding
morphable surfaces that can bend, expand, twist, or undergo complex
behaviours. With a proper selection and combination of morphing
units from the library, the surfaces’ shape-changing possibilities are
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Fig. 25. Units and surfaces morph from flat configurations to provide 3D structures,
which are based on (a) Unit 𝑏1 or 𝑚1, (b) the bending surface in Fig. 17(b), and (c) the
curling surface composed of equilateral triangles and isosceles trapezoids. The coloured
parts are 3D-printed fixtures.

unlimited. Notably, all the morphing surfaces retain single mobility
as their constituent units, whilst bifurcations may accumulate or be
eliminated. The work paves the way to exploit TPO in the design of
future origami robots.
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Appendix A. Pattern selection

The most general origami base should be composed of both creases
and slits. For TPO design, each base can be modelled as a spatial
linkage where all creases are treated as revolute joints. Here we only
focus on six-crease bases as their equivalences are 6R spatial overcon-
strained linkages, which are most abundant in number and relatively
less studied for TPO design.

For the most simple base without a slit, all creases should intersect
at a single vertex as shown in the SVP in Fig. 1(a). If the creases
intersect at more than one vertex, slits must exist to connect these
vertices. In the meantime, a vertex indicates that at least two creases
have met here. The cases are thus listed as follows.

A single slit connects two vertices. The six creases can be distributed
equally on the two vertices as shown in the SSP in Fig. 1(b). Another
possible base is having two creases meet at one vertex and leaving the
other four intersecting at the other vertex. It is kinematically equivalent
to the pattern in Fig. 4(b) and later demonstrated impossible to be
mobile as TPO units. Hence, this pattern is excluded from the four
selected bases.
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Table B.5
Kinematic parameters of a joint.

𝑧𝑖 Coordinate axis along the revolute joint 𝑖

𝑥𝑖 Coordinate axis common normal from 𝑧𝑖−1 to 𝑧𝑖
𝑦𝑖 Coordinate axis determined by the right-hand rule
𝜃𝑖 Rotation angle from 𝑥𝑖 to 𝑥𝑖+1 about 𝑧𝑖, revolute variable of joint 𝑖

𝛼𝑖(𝑖+1) Rotation angle from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖+1, link twist of link𝑖(𝑖+1)

𝑎𝑖(𝑖+1) Distance between 𝑧𝑖 and 𝑧𝑖+1, link length of link𝑖(𝑖+1)

𝑅𝑖 Distance between 𝑥𝑖 and 𝑥𝑖+1, positive along 𝑧𝑖, offset of joint 𝑖

When there are three vertices, a triangle void composed of three
slits can help to connect them together. Since there are six creases in
total and at least two creases are needed to create a vertex, the only
possibility is to equally distribute the creases among three vertices, as
shown in the TVP in Fig. 1(c).

Whilst the SVP, SSP, and TVP have covered the majority of bases,
special cases can occur when some creases are parallel to each other.
Hence, a base with a quadrilateral void, i.e., the QVP, is introduced
in Fig. 4(d) to cover special cases, where a vertex no longer requires
two creases to meet. Whilst the current crease distribution among four
vertices is 1-2-1-2, it is not difficult to demonstrate that any other
distribution is essentially the same as this one by adjusting the void
shape.

Appendix B. DH notations and closure equations

To model thick-panel origami, researchers often employ a matrix
method with DH notations [39]. The method standardises the setup of a
coordinate system at each joint in a linkage presented in Fig. B.27. The
kinematic parameters that define the joint and the two links it connects
are given in Table B.5.

A vertex in rigid origami is modelled as a single-loop closed kine-
matic chain of n links, whose closure equation is
𝑇21𝑇32...𝑇1𝑛 = 𝐼4 (B.1)

where 𝐼4 is a 4 × 4 identity matrix.
The transformation matrix T (i+1)i is

𝑇(𝑖+1)𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

cos 𝜃𝑖 − cos 𝛼𝑖(𝑖+1) sin 𝜃𝑖 sin 𝛼𝑖(𝑖+1) sin 𝜃𝑖 𝑎𝑖(𝑖+1) cos 𝜃𝑖
sin 𝜃𝑖 cos 𝛼𝑖(𝑖+1) sin 𝜃𝑖 − sin 𝛼𝑖(𝑖+1) sin 𝜃𝑖 𝑎𝑖(𝑖+1) sin 𝜃𝑖
0 sin 𝛼𝑖(𝑖+1) cos 𝛼𝑖(𝑖+1) 𝑅𝑖
0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

(B.2)
When i+1>n, it is replaced by 1.
T (i+1)i transforms the expression in the (i+1)-th coordinate system

to the 𝑖th coordinate system. The inverse transformation matrix T i(i+1)
has the following property.

𝑇𝑖(𝑖+1) =

⎡

⎢

⎢

⎢

⎢

⎣

cos 𝜃𝑖 sin 𝜃𝑖 0 −𝑎𝑖(𝑖+1)
− cos 𝛼𝑖(𝑖+1) sin 𝜃𝑖 cos 𝛼𝑖(𝑖+1) sin 𝜃𝑖 sin 𝛼𝑖(𝑖+1) −𝑅𝑖 sin 𝛼𝑖(𝑖+1)
sin 𝛼𝑖(𝑖+1) sin 𝜃𝑖 − sin 𝛼𝑖(𝑖+1) sin 𝜃𝑖 cos 𝛼𝑖(𝑖+1) −𝑅𝑖 cos 𝛼𝑖(𝑖+1)

0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

(B.3)

For origami of zero-thickness sheets, the offsets and link lengths of
each vertex are zero. For the origami of thick panels, these parameters
need to be revised due to fold displacement. The kinematic behaviours
of thick-panel origami discussed in this work will be based on the
solutions of Eq. (B.1).

The focus of this research is on the thick-panel origami consisting of
six panels, which are further modelled as a 6R linkage. Thus, Eq. (B.1)
can be simplified as

𝐸 = 𝑇21𝑇32𝑇43 − 𝑇61𝑇56𝑇45 = 04×4 (B.4)

where 0 is a null matrix.
4 × 4
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Fig. 26. Other configurations based on (a) Unit 𝑚2 and (c) a combination of Units 𝑎1 and 𝑏1.
Fig. B.27. DH notations of adjacent links connected by revolute joints.

Appendix C. 6R spatial overconstrained linkages

There are a limited number of spatial linkages that are overcon-
strained, as summarised by You and Chen [28]. Hence, it is feasible
to exhaustively map all the linkages with thick-panel origami. One
4R linkage, i.e., the Bennett linkage, has been well studied [17,40].
The two 5R linkages, i.e., the Myard linkage [41] and Goldberg 5R
linkage [42], have less symmetry and are not desirable for tessellations.
Thus, the research only focuses on 6R linkages. According to their
geometric conditions, these linkages are categorised into three groups
shown in Table C.6, Table C.7, and Table C.8.

The first group, Table C.6, includes the linkages whose joint offsets
have to be all zero. The second group, Table C.7, and the third group,
Table C.8, are the linkages derived from the Bennet linkage and the
Bricard linkage, respectively. These cases also permit non-zero joint
offsets. Whilst some linkages are not included, such as the plano-
20 
spherical hybrid linkage [43] as well as the Yu and Baker’s syncopated
linkage [44], they can be regarded as special cases or derivatives of the
ones summarised here. The three tables are the foundation for creating
a mapping between overconstrained linkages and thick-panel origami.

Appendix D. Additional morphing units

This appendix summarises units that do not satisfy the selection
criteria detailed in Section 2.

D.1. Multi-DoF units

Fig. D.28(a) is a unit based on the Waldron hybrid linkage, where
𝛼P1 = 𝛼P22 = 𝛼P23 = 𝛼P3 and 𝛼P4 = 𝛼P55 = 𝛼P56 = 𝛼P6. The case was also
reported by [60]. Fig. D.28(b) is a special case Unit 𝑐2 derived from
the line-symmetric Bricard linkage, where 𝛼P1 = 𝛼P22 = 𝛼P4 = 𝛼P55 and
𝛼P23 = 𝛼P3 = 𝛼P56 = 𝛼P6. Both units have two DoFs at the flat state due
to the aligned folds, i.e., folds 2 and 6 as well as folds 3 and 5. When
these folds are fully folded, each unit can move into a single-DoF path
via the newly aligned folds 1 and 4.

D.2. Units with physical interference

Figs. D.28(c) - D.28(g) illustrate single-DoF units with physical
collisions. These units are based on the Bennett 6R hybrid linkage,
the Bricard linkage, and the Sarrus linkage and should satisfy the
relevant geometric conditions. For instance, the unit in Fig. D.28(e) is
derived from the plane-symmetric Bricard linkage. Hence, 𝛼P1 = 𝛼P6,
𝛼P22 = 𝛼P56, 𝛼P23 = 𝛼P55, and 𝛼P3 = 𝛼P4. The overlapping areas of these
units are marked in red. Currently, self-intersection of these structures
is analysed through SOLIDWORKS simulations. However, a geometric
model could be developed in the future to predict which structures may
cause physical interference.

Appendix E. Demonstration process

The design methodology specified in Section 2 not only yields a
series of morphing units, but also concludes which linkages or which
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Table C.6
Geometric conditions of 6R overconstrained linkages whose joint offsets are all zero.
Linkage Link length Link twist Other conditions

Extended Myard 6R
linkage
[41]

𝑎12 = 𝑎34 = 𝑎45 = 𝑎61
𝑎23 = 𝑎56 = 0

𝛼12 = 𝛼34 = 𝛼45 = 𝛼61
𝛼23 + 𝛼56 = 360◦

Goldberg 6R linkage
(series)
[42]

𝑎12 = 𝑎34
𝑎23 = 𝑎45 + 𝑎45 + 𝑎61

𝛼12 = 𝛼34
𝛼23 = 𝛼45 + 𝛼45 + 𝛼61

sin 𝛼𝑖(𝑖+1)
𝑎𝑖(𝑖+1)

= 𝑘𝐵 (𝑖 = 1, 4, 5, 6)

Goldberg 6R linkage
(L-shaped)
[42]

𝑎12 = 𝑎34 + 𝑎56
𝑎23 = 𝑎45 + 𝑎61

𝛼12 = 𝛼34 + 𝛼56
𝛼23 = 𝛼45 + 𝛼61

sin 𝛼𝑖(𝑖+1)
𝑎𝑖(𝑖+1)

= 𝑘𝐵 (𝑖 = 3, 4, 5, 6)

Wohlhart
double-Goldberg
linkage
[45]

𝑎12 = 𝑎34
𝑎23 = 𝑎56 = 𝑏 + 𝑐
𝑎45 = 𝑎61

𝛼12 = 𝛼34
𝛼23 = 𝛼56 = 𝛽 + 𝛾
𝛼45 = 𝛼61

sin 𝛼𝑖(𝑖+1)
𝑎𝑖(𝑖+1)

= 𝑘𝐵 (𝑖 = 1, 4)
sin 𝛽
𝑏

=
sin 𝛾
𝑐

= 𝑘𝐵

Chen & You
double-Goldberg
linkage 1
[46]

𝑎12 = 𝑎45
𝑎23 = 𝑎56 = 𝑏 − 𝑐
𝑎34 = 𝑎61

𝛼12 = 𝛼45
𝛼23 = 𝛼56 = 𝛽 − 𝛾
𝛼34 = 𝛼61

sin 𝛼𝑖(𝑖+1)
𝑎𝑖(𝑖+1)

= 𝑘𝐵 (𝑖 = 1, 4)
sin 𝛽
𝑏

=
sin 𝛾
𝑐

= 𝑘𝐵

t an 𝛼12
2

t an 𝛼61
2

= t an 𝛽
2
t an 𝛾

2
Chen & You
double-Goldberg
linkage 2
[46]

𝑎12 = 𝑎34
𝑎23 = 𝑎56 = 𝑏 − 𝑐
𝑎45 = 𝑎61

𝛼12 = 𝛼34
𝛼23 = 𝛼56 = 𝛽 − 𝛾
𝛼45 = 𝛼61

Same as Chen & You
double-Goldberg linkage 1

Altmann linkage
[47]
[48]

𝑎12 = 𝑎45 , 𝑎34 = 𝑎61
𝑎23 = 𝑎56 = 0

𝛼12 = 𝛼23 = 90◦
𝛼45 = 𝛼56 = 90◦
𝛼34 = 𝛼61 = 270◦
Table C.7
Geometric conditions of 6R overconstrained linkages derived from Bennett linkage with non-zero offsets.
Linkage Link length Link twist Joint offset

Dietmaier 6R linkage
[49]

𝑎23 = 𝑎56 𝛼23 = 𝛼56
sin 𝛼12
𝑎12

=
sin 𝛼61
𝑎61

,
sin 𝛼34
𝑎34

=
sin 𝛼45
𝑎45

sin 𝛼12
𝑎12

(cos 𝛼12 + cos 𝛼61)
=

sin 𝛼34
𝑎34

(cos 𝛼34 + cos 𝛼45)

𝑅3 = 𝑅6 = 0
𝑅1 = 𝑅5
𝑅2 = 𝑅4

Bennett-joint 6R linkage
[50]

𝑎12 = 𝑎34
𝑎23 = 𝑎56
𝑎45 = 𝑎61

𝛼12 = 𝛼34
𝛼23 = 𝛼56
𝛼34 = 𝛼61
sin 𝛼12
𝑎12

=
sin 𝛼45
𝑎45

𝑅1 = 𝑅4 = 0
𝑅2 = 𝑅5 (𝑅6)
𝑅3 = 𝑅6 (𝑅5)

Bennett 6R hybrid
linkage
[51]

𝑎12 = 𝑎34 = 0
𝑎45 = 𝑎61 = 0

𝑅1 = 𝑅4 = 0

Double-Hooke’s-joint
linkage
[52]

𝑎12 = 𝑎34 = 0
𝑎45 = 𝑎61 = 0

𝛼12 = 𝛼34 = 𝛼45 = 𝛼61 = 90◦ 𝑅𝑖 = 0 (𝑖 = 1,… , 4)

Sarrus linkage
[51,53]

𝑎12 = 𝑎34
𝑎45 = 𝑎61
𝑎23 = 𝑎56 = 0

𝛼12 = 𝛼34 = 𝛼45 = 𝛼61 = 0
𝛼23 = 𝛼56 ≠ 180◦

Waldron hybrid linkage
[54]

𝛼23 + 𝛼61 = 180◦ + 𝛼45
𝛼34 + 𝛼56 = 180◦ = +𝛼12
𝑎12
𝑎61

= − sin 𝛼12
sin 𝛼61

,
𝑎34
𝑎45

= − sin 𝛼34
sin 𝛼45

𝑅1 = 𝑅4 = 0
𝑅2

𝑅3
=

sin 𝛼45
sin 𝛼61

𝑅5

𝑅6
=

sin 𝛼12
sin 𝛼34
bases cannot be transformed into a mobile unit with uniform thickness.
This appendix illustrates the evaluation steps on selected linkages and
ases. Some immobile cases are found and the evaluation process is

transferable to other overconstrained linkages and origami bases.

E.1. Extended myard 6R linkage

According to Table C.6, the extended Myard 6R linkage requires all
joint offsets to be zero. It is hence examined on all bases in Fig. 1 as
follows.
21 
• If the linkage is transformed to an SVP and can still be mobile,
the fold arrangement has to be either of the two cases shown in
Fig. E.29(a). This is because the linkage requires 𝑎23 = 𝑎56 = 0
and 𝛼23 + 𝛼56 = 360◦.

– Case 1 would not work as the link length condition 𝑎12 =
𝑎34 = 𝑎45 = 𝑎51 cannot be satisfied, no matter how folds 1
and 4 are arranged.

– Case 2 has two sub-cases satisfying the link length require-
ment, as shown in Fig. E.29(b).
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Table C.8
Geometric conditions of 6R overconstrained linkages derived from Bricard linkage with non-zero offsets.
Linkage Link length Link twist Joint offset

Line-symmetric Bricard
linkage
[23,55][56]

𝑎12 = 𝑎45
𝑎23 = 𝑎56
𝑎34 = 𝑎61

𝛼12 = 𝛼45
𝛼23 = 𝛼56
𝛼34 = 𝛼61

𝑅1 = 𝑅4
𝑅2 = 𝑅5
𝑅3 = 𝑅6

Plane-symmetric Bricard
linkage
[23,55][56]

𝑎12 = 𝑎61
𝑎23 = 𝑎56
𝑎34 = 𝑎45

𝛼12 + 𝛼61 = 360◦
𝛼23 + 𝛼56 = 360◦
𝛼34 + 𝛼45 = 360◦

𝑅1 = 𝑅4 = 0
𝑅2 = 𝑅6
𝑅3 = 𝑅5

Schatz linkage
[57,58]

𝑎12 = 𝑎56
𝑎23 = 𝑎34 = 𝑎45
𝑎61 =

√

3𝑎23

𝛼12 = 𝛼23 = 𝛼34 = 90◦
𝛼45 = 𝛼56 = 90◦
𝛼61 = 0

𝑅1 = −𝑅6
𝑅2 = 𝑅3 = 𝑅4 = 𝑅5 = 0

Wohlhart 6R linkage
[59]

𝑎12 = 𝑎23
𝑎34 = 𝑎45
𝑎56 = 𝑎61

𝛼12 + 𝛼23 = 360◦
𝛼34 + 𝛼45 = 360◦
𝛼56 + 𝛼61 = 360◦

𝑅1 = 𝑅3 = 𝑅5 = 0
𝑅2 + 𝑅4 + 𝑅6 = 0
Fig. D.28. Morphing units with more than one DoF or physical collisions. (a) Unit based on the Waldron hybrid linkage. (b) Unit based on the line-symmetric Bricard linkage. Both
start with two DoFs and then reduce to a single mobility. (c) and (d) Units based on Bennett 6R hybrid linkage. (e) and (f) Units based on the plane-symmetric and line-symmetric
Bricard linkages, respectively. The collision occurs between P2 and P5 on these four units. (e) Unit based on the Sarrus linkage and the interference exists between P2 and P6.
The interfered area of each unit is identified by the SOLIDWORKS simulation and marked in red.
)
∗ Case 2.1 gives 𝛼12 = 360◦ − 𝛼P1 and 𝛼34 = 𝛼P3. If they
satisfy the link twist condition 𝛼12 = 𝛼34, we can get
𝛼P1 + 𝛼P3 = 360◦, conflicting the constraints in Eq. (2)
and Table 1.

∗ Case 2.2 meets the link twist condition with all folds
on the same surface. The unit thus becomes a 6R
spherical linkage and the only valid motions are caused
by aligned folds.
22 
• If the unit is not based on the SVP, only the patterns in Figs. E.29(c
and E.29(d) have zero offsets. However, the link twist conditions
are unsatisfied.

Given the analysis above, it is concluded that the extended Myard
6R linkage cannot be used to design morphing units from any base in
Fig. 1.
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Fig. E.29. Evaluation of the extended Myard 6R linkage on a morphing unit. (a) and (b) Possible cases to meet certain geometric conditions on the SVP. (c) and (d) Possible
cases to meet the zero joint offsets on the SSP and TVP.
Fig. E.30. Patterns that satisfy (a) the Bennett 6R hybrid linkage and (b) the line-symmetric Bricard linkage. The physical interference exists between P2 and P5.
E.2. Altmann linkage and Schatz linkage

The second example looks at the Altmann linkage and the Schatz
linkage on the SVP. The former linkage requires 𝛼12 = 𝛼23 = 𝛼45 =
𝛼56 = 90◦, which yields 𝛼P1+𝛼P2+𝛼P4+𝛼P5 ≥ 360◦ according to Eq. (3).
The result conflicts with constraints in Eq. (2) and Table 1. Similarly,
the Schatz linkage requires 𝛼12 = 𝛼23 = 𝛼34 = 𝛼45 = 𝛼56 = 90◦, leading
to the same geometric conflict.

E.3. Bennett 6R hybrid linkage

The Bennett 6R hybrid linkage is evaluated on the SSP. The pattern
in Fig. E.30(a) satisfies the linkage condition and it has a single mo-
bility. Only when 𝛼P1 + 𝛼P6 > 180◦ and 𝛼P3 + 𝛼P4 > 180◦, the dihedral
angle range in Eq. (1) could be satisfied. However, the corresponding
3D model simulated in SOLIDWORKS indicates that the lower edge of
P2 interferes with the upper edge of P5 when the unit is folded from flat.
The overlapping areas are highlighted in red as shown in Fig. E.30(a).
23 
Due to the physical interference, such cases are not counted as mobile
units.

The physical collision may also occur to linkages that are already
feasible to design morphing units. Notably, Unit 𝑐2 discussed before is
based on the line-symmetric Bricard linkage. It could have an alterna-
tive fold arrangement as shown in Fig. E.30(b), where 𝛼P1 = 𝛼P4, 𝛼P22 =
𝛼P55, 𝛼P23 = 𝛼P56, and 𝛼P3 = 𝛼P6. If the dihedral angle range in Eq. (1)
is met, the sum of 𝛼P1 and 𝛼P22 should exceed 180◦. Nonetheless, a
collision between adjacent panels is detected, as shown in Fig. E.30(b).
Hence, the case is considered immobile unless the overlapping parts are
removed.

E.4. Wohlhart 6R linkage

The Wohlhart 6R linkage has found a mobile counterpart on the
SSP as Unit 𝑚1. When it comes to the TVP, the situation turns out to
be different.

The linkage requires joint offsets 𝑅1, 𝑅3, and 𝑅5 to be all zero as
detailed in Table C.8, which is normally not the case of a TVP. To create



C. Liu et al. International Journal of Mechanical Sciences 289 (2025) 109976 
zero joint offsets on non-single-vertex 2D patterns, a few strategies have
been introduced in Fig. 4. Although the pattern in Fig. 4(a) naturally
meets the requirement of 𝑅1, 𝑅3, and 𝑅5, another geometric condition
of the linkage 𝑅2 +𝑅4 +𝑅6 = 0 cannot be satisfied. This is because the
offsets of other folds become 𝑅2 = 𝑎, 𝑅4 = 𝑏, and 𝑅6 = 𝑐, where 𝑎,
𝑏, and 𝑐 are the side lengths of the triangular void. As for the parallel
folds in 4(c), at least three zero link twists will be produced to ensure
𝑅1, 𝑅3, and 𝑅5 are zero, making it impossible to meet the linkage’s link
twist condition such as 𝛼12 + 𝛼23 = 360◦.

Data availability

No data was used for the research described in the article.
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