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Abstract

In this Thesis, we study the problem of Shock Reflection-Diffraction by a Wedge for the
Nonlinear Wave System. Shock Reflection-Diffraction problems in Fluid Dynamics, and
the corresponding wave patterns have been studied by many authors, via many different
analytical, experimental and numerical methods.

The Nonlinear Wave System is obtained from the Full Euler System, by making the
assumption that the inertial terms are small. It has many similar properties (such as the
structure of the characteristics) in common with it, so is a useful model for understanding
the Full Euler System, and also plays an important role in some operator splitting schemes
in numerical analysis.

The solutions to the problem of Shock Reflection-Diffraction by a wedge that we seek
are Self-Similar Regular Shock Reflection-Diffraction configurations. The first necessary
ingredient in the structure of these solutions is the existence of local reflection at the point
where the incident shock hits the wedge. We find that there exists sonic and detachment
angles, depending only on the initial data, determining the existence of the local reflection,
and the pattern which appears. With the local theory in hand, we use a similar approach
to that used in [1, 26], by using a nonlinear method of continuity that relies on the Leray-
Schauder degree theory from [87], to obtain existence in all cases where the local reflection
exists.

There are three key difficulties in the approach. The first is the changing elliptic or
degenerate elliptic structure as the wedge angle passes through the sonic angle, and the
corresponding change in wave patterns. In particular, we find that for some subsonic wedge
angles, we require a new technique to attain suitable regularity near the reflection point,
from the limited structure estimates available. The second is the degenerate obliqueness of
the free boundary condition where the shock wave meets the flat part of the wedge. Because
obliqueness is a property that relies not just on the values of the coefficients, but on the
shape of the boundary, this is handled via a new technique involving imposing a cutoff on
the boundary itself. The third is ensuring that, in the iteration problem, we obtain a gain-
in-regularity so that compactness of the iteration map holds. This involves careful analysis
of the regularity of both the density and boundary.
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Chapter 1

Introduction

1.1 Introduction

Shock waves are steep fronts within a compressible fluid, where there is a sharp change
in the pressure and velocity. These can occur in nature due to physical processes such as
aircraft travelling faster than the speed of sound, explosions, or solar wind. Fluid motion
is modelled by the Euler equations; these were first formulated by Euler in [32, 33, 34],
based on earlier work by Bernoulli in [5], and were amongst the first PDEs describing a
physical situation to ever be written down. When a shock wave hits an object, shock

255. Airplane model in free flight at M=1.1. Shadow- tices from the tips. In the side view below, the herringbone
graphs show a winged model launched into atmospheric pattern is produced by pressure pulses from grooves in the
air from a gun, as in figure 252. The bow wave is margin- wing that trip the boundary layer to make it turbulent
ally attached at this slightly supersonic speed. In the plan over the rear half. NASA photographs, courtesy of W. G.
view above, the wings are lifting, as shown by trailing vor- Vincenti

Figure 1.1: A supersonic aircraft model [78][Fig. 255, pp. 157]

reflection-diffraction phenomena take place. One fundamental problem of this type is shock
reflection-diffraction by a wedge. When an incident shock wave collides with a wedge, it
experiences a shock reflection-diffraction process, and many authors have studied the wave
patterns that occur; see [2, 3, 4, 61, 80, 81, 82] and the references within.

The compressible Euler system for isentropic flow in two physical dimensions consists
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Regular reflection of a shock wave from a wedge.
: | pl hock wave striking a
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Figure 1.2: Regular Shock Reflection-Diffraction for a large-angled wedge; [78][pp.142]

of three conservation laws:
pt + (pu)z + (pv)y =0,
(pu)t + (u?p + p)e + (uvp)y =0, (1.1.1)
(pv)e + (wvp)e + (VP p +p)y =0,

where (p, p) are the pressure and density of the fluid and (u,v) are the components of the
velocity. The pressure-density constitutive relation is given by

_r
p(p) == 5

where v > 1 is the abiatic index of the fluid. Also, the local speed of sound c is given by
A(p) :=p'(p)=p 1.

, (1.1.2)
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In this thesis, we will consider the Nonlinear Wave System, which is obtained from (1.1.1)
by making the assumption the inertial terms (i.e. the terms quadratic in the velocity) are
small, and defining (m,n) = (pu, pv) to be the pseudo-momenta:

pt +mg +mny =0,
me + py =0, (1.1.3)

Though it is unknown if this system represents physical situations, it is a useful model in
understanding the full Euler system. For instance, its structures, in particular the char-
acteristic structure, are more similar to the Full Euler System than some other related
systems, such as the Unsteady Transonic Small Disturbance equations; see [79] for discus-
sion of the characteristic structure and other basic properties of the Nonlinear Wave System
and other related systems. The Nonlinear Wave System also appears within a numerical
operator-splitting scheme for the Full Euler System, where the compressible Euler equa-
tions are split into the Nonlinear Wave System (the pressure system), and Gradient Flow
(the pressure-less system); see [69, 71, 89, 90]. Some other, closely related transonic shock
wave problems to the one considered in this thesis have been studied both analytically and
numerically for the Nonlinear Wave System; for a sample of these, see [7, 13, 48, 50, 51, 75]
and the references within.

The fundamental questions that arise in the topic of shock reflection-diffraction for a
wedge include:

(i) The structure of the shock reflection-diffraction configurations,
(ii) The transition criteria between different patterns of shock reflection-diffraction,

(iii) The dependence of the patterns upon physical parameters, such as the wedge angle,
and the strength of the incident shock.

The complexity of shock reflection-diffraction configurations when a shock wave hits a
wedge, was first noted by Mach [61], who observed two patterns; Regular Reflection (RR),
and Simple Mach Reflection (SMR). The problem then remained dormant until the 1940s,
until it was found there are even more complex shock patterns than Mach ever found, for
example Double Mach Reflection (DMR), the von Neumann Reflection (vNR), and the
Guderley Reflection (GR). For a sample of experimental and numerical work identifying
these types of reflection, see [2, 3, 4, 28, 41, 42, 70, 74, 74, 75, 76, 78, 80, 81, 82, 83] and
the references within.

Asymptotic analysis has also been made for various other reflection-diffraction con-
figurations arising from shock waves interacting with objects; for a sample of these, see
(2, 3, 4, 28, 36, 44, 45, 46, 49, 59, 60, 63, 73, 80, 81, 82, 83| and the references within. There
has also been many numerical experiments; for a sample of these, see [2, 4, 21, 30, 31, 38,
39, 40, 41, 47, 64, 65, 67, 68, 75, 85, 86] and the references within.

However, many questions remain unanswered, particularly for global structure and tran-
sitions between different shock reflection-diffraction patterns. Often, when carrying out
experiments (both numerical and physical), limitations in the experiments, such as the ac-
curacy possible in numerical algorithms, and the precision of measuring equipment, lead to
unclear results, and unsatisfactory answers to the fundamental questions we wish to answer.
For example, it was observed in [2] that, for Shock Reflection-Diffraction by a Wedge, the
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Mach reflection of a shock wave from a wedge. shock waves at the triple point. The curve running down
Shadowgraphs show a vertical plane shock wave strikinga left from that point to meet the surface smoothly is the slip
25" wedge. The regular reflection shown on the opposite line, across which the entropy is discontinuous because
page is replaced for smaller wedge angles by this pattern of the air on each side has been subjacted to different shock
Mach reflection. A third shock wave, the Mach stem, runs waves. The time between photographs is 6 x 10 5. Schar-
normal to the surface and joins the incident and reflected din 1965, courtesy of H. Oenel, Sr.

Figure 1.3: Mach Reflection for a 25-degree angled wedge; [78][pp.142]

detachment and sonic angle are only a small fraction of a degree apart, so it was not possible
to accurately determine transition criteria. As another example, the theory indicates that
in Mach Reflection configurations, it is not normally possible to obtain a pure three-shock
pattern and a fourth wave must be present [28, 66], but pure-three shock patterns appeared
in experiments; see [78] and Figure 1.3. Therefore, a sensible approach to further the un-
derstanding of shock reflection-diffraction phenomena is to carry out rigorous mathematical
analysis, i.e. establishing the global existence, regularity, and structural stability of shock
reflection-diffraction configurations.

Shock Wave problems also fit into the structure of Global Entropy Solutions for Hyper-
bolic Conservation Laws. Riemann solutions (i.e. solutions for piecewise constant initial
data) are often used as building blocks to determine solutions for more complicated prob-
lems, such as fluid dynamics problems. See [10, 29, 41, 52, 53, 54, 62] for an overview of
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this area.

We now discuss some of the technical issues involved in the rigorous mathematical
analysis for the problem tackled in this thesis. We will seek Regular Self-Similar Shock
Reflection-Diffraction configurations for the Nonlinear Wave System, aiming to prove von
Neumann’s detachment conjecture.

xXo Reflectedélefrurted
Straight Shock

So N

ic circle for (2)

O
T ‘E
Figure 1.4: Initial data at t = 0 Figure 1.5: Self-similar supersonic regu-
lar shock reflection-diffraction configura-

tion

Firstly, we must carry out local analysis near the point where the incident shock meets
the wedge, to set up our boundary conditions. Motivated by the shape of wave patterns
attained experimentally, and invariance of the problem under the transformation (¢,x) —
(at, ax), we consider self-similar solutions, using the change of variables § = ¥. The initial
data at t = 0 then becomes an asymptotic boundary condition as |£| — co. We find that,
using the Rankine-Hugoniot conditions, the incident shock moves to the right, to a fixed
location & = & > 0 in the self-similar coordinates, depending only on the data. We then
turn to the local theory at the point Py = ({1, &1 tan ,,) where the incident shock meets the
wedge, and find that there exists a sonic angle 0o, and detachment angle 6; satisfying
0 <04 < Osonic < %, such that when the wedge angle 0,, satisfies:

e Oy € (Osonic, g), then local regular reflection exists and is supersonic;
e Oy € (04,0s0nic) then local regular reflection exists and is subsonic,
e O, < 04, then local regular reflection does not exist.

In fact, we actually find that, for each wedge angle 6, € (04, %), there exists two possible
values for the local reflection, the weak state and the strong state. There is some debate as
to which is more physical. We choose the weak state and discard the strong state, mainly as
this is the one that agrees continuously with the normal reflection solution, i.e. the solution
in the case where 6, = 7, and the wedge is a vertical wall. It is also the one that tends to
appear during physical experiments. This will be discussed further in §2.3 and §3.7.

We will formulate our problem as a mixed-type problem. Most of our analysis takes
place in an elliptic region €2, which is separated from the hyperbolic region by the shock
wave, which is formulated as a free boundary, where an oblique boundary condition will be
imposed, and the sonic arc, where the location is known, but the ellipticity degenerates.
In particular, we note that within the elliptic region, we can reduce the three conservation
laws that make up the Nonlinear Wave System into a single mixed-type divergence-form
equation for the density, and the Rankine-Hugoniot conditions into an oblique boundary
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condition for the density. We can then recover the velocity components, using the second
two conservation laws, taking advantage of the structure of the region, and the regularity of
the solution. In particular, the C™® regularity of the density, up to the origin, is required
to show that the momenta are not multi-valued.

To deal with the free boundary, we first observe the conditions imposed, which consist
of an oblique boundary condition, and an ODE describing the shape of the boundary, are
enough to fully determine both the position of the boundary, and the value of the density
on it. In our problem, the obliqueness of the boundary condition, and the ellipticity within
the elliptic region rely heavily on the strength of the shock wave being strictly positive.
As such, we must first attain a priori estimates on the strength of the shock, before we
can make any regularity estimates. A property that turns out to be useful in proving the
positive strength of the shock, is that in common with closely-related problems for the
Nonlinear Wave System (for example [7, 13]), the density is monotone on the free boundary
and the elliptic region € is convex. The convexity is important in the creation of the barrier
functions that allow us to prove the strength of the shock across the free boundary is strictly
positive. Free boundaries also arise in many other physical problems where there is a sharp
transition in the variables involved, and first originated in the study of the melting of ice.
For a recent overview of the state of research in free boundary problems, see [22] and the
references within.

The other part of the transonic boundary, the sonic arc, is not a free boundary, but we
instead have the issue that the ellipticity of the PDE degenerates as we approach it. To
deal with this issue, we take advantage of the specific form of the elliptic degeneracy to
obtain estimates near the sonic arc in appropriately weighted and scaled C1® spaces.

Another issue we must tackle is that at the point where the our shock wave reaches
the flat part of the wedge, the obliqueness of the boundary condition degenerates. Care-
ful analysis is required to impose a one-point Dirichlet condition at the point where the
obliqueness degenerates. Using the precise structure of our problem, it is possible to obtain
algebraic growth bounds, which allow us to both impose the one-point Dirichlet condition,
and obtain suitable local regularity.

To obtain the existence of solutions, we use a nonlinear method of continuity, taking
advantage of Leray-Schauder degree theory from [87]. Previously to this project, this type
of method has been used in the case of potential flow, for the cases of Prandtl-Meyer
reflection in [1], and Shock Reflection-Diffraction by a Wedge in [26]. There are three key
difficulties in the approach used here. The first is the different treatment of the changing
elliptic or degenerate elliptic structure as the wedge angle passes through the sonic arc.
In particular, we find that, for some subsonic wedge angles, we require a new technique
to attain suitable regularity near the reflection point, from the limited structure estimates
available. The second is the degenerate obliqueness of the free boundary condition where the
shock wave meets the flat part of the wedge that was mentioned above. Because obliqueness
is a property that relies not just on the values of the coefficients, but on the shape of the
boundary, this is handled via a new technique involving imposing a cutoff on the boundary
itself. The third is the iteration problem now being in terms of both the density, and the
boundary; so careful analysis involving the specific form of our problem is required to obtain
a gain-in-regularity, so the required compactness for the degree theory holds.

This type of rigorous mathematical analysis, involving questions such as existence,
uniqueness, and stability, has also been carried out for a wide variety of other shock wave
problems, corresponding to a large range of physical problems; see [6, 8, 9, 11, 12, 14, 15,
16, 18, 19, 20, 23, 24, 25, 27, 35, 63, 72, 88, 91] and the references within for a sample of

7



1.2. Shock reflection-diffraction by a wedge for the Nonlinear Wave System

these. The assumptions made in analytical study of shock wave problems are often rather
restrictive, such as being restricted to a small perturbation of a simple problem, the solu-
tion only being valid in a small neighbourhood of some point (such as a reflection point), or
analysis only being possible for steady equations. It is likely that in the future, the methods
used here will be used to remove these types of assumption in other problems.

We also remark that the mathematical issues present here and in other transonic shock
wave problems are also present in many other areas of research that use mathematical
analysis, such as solid mechanics, materials science, and differential geometry. Thus any
progress for shock wave problems is likely to contribute towards progress in other fields of
research and lead to new research opportunities.

We now outline the structure of the thesis. In Part I, we mathematically formulate
the problem we study in this thesis, Self-Similar Regular Shock Reflection-Diffraction by a
Wedge for the Nonlinear Wave System, as a free boundary problem. In particular, we carry
out the asymptotic analysis near the reflection point. We also prove some basic formulas and
properties for the Nonlinear Wave System, which will be used throughout the thesis. We
find it is most convenient to formulate the problem in terms of just the density component
p; we can eliminate (m,n) and obtain a second order divergence form equation, along with
mixed boundary conditions for p.

In Part II, we prove von Neumann’s sonic conjecture, for the Nonlinear Wave System.
We choose to first prove the sonic conjecture, for the benefit of the reader, as the analysis
involved in dealing with the transition between supersonic and subsonic reflection-diffraction
configurations is rather complex.

In Part III, we prove von Neumann’s detachment conjecture. The main point here will
be to add in the changes required to analyse the transition between supersonic and subsonic
reflection configurations. We also describe here how to recover the components (m,n).

1.2 Shock reflection-diffraction by a wedge for the Nonlinear
Wave System

The Nonlinear Wave System in two spatial dimensions consists of three conservation laws:

Pt + Mgy + Ny, = 07
m¢ + pg, =0, (1.2.1)
n¢ +p562 = 07

for (t,x) € [0,00) x RZ, where p is the density, p is the pressure and (m,n) are the conserved
momenta. The pressure-density constitutive relation is

pp)=p"/v, v>1, (1.2.2)
where 7 is called the abiatic index. The sonic speed ¢ = ¢(p) > 0 is determined by
Ap) =9 (p)=p " (1.2.3)

Let Sp denote the vertical planar shock in (¢,x) coordinates, with left constant state
(1) = (p1,m1,0) and right state (2) = (pog, 0,0), satisfying

my1 = +/(p(p1) — p(p0))(p1 — p0),  p1> po. (1.2.4)

8



1.2. Shock reflection-diffraction by a wedge for the Nonlinear Wave System

T2

S(]

1

Figure 1.6: Initial Data at t =0

When Sy hits a wedge with wedge angle 0, € (0, %),
W= {x= (z1,22) | 1 > 0,21 = 23cot O, } U {x = (21,22) | 21 < 0,29 =0}, (1.2.5)

as in Figure 1.6, it experiences a reflection-diffraction process, which we can formulate as
an initial boundary value problem as follows:

Problem 1.2.1. Seek a solution of (1.2.1) with the initial condition at t = 0;

(p0,0,0) in {0 < x1 < cotbyz}
(p1,m1,0) in {x; < 0,29 > 0},

(P7 m, n) |t=0: {

with the slip boundary condition
(m,n)-v=20 on OW, (1.2.6)

where v is the outer unit normal to OW.



Chapter 2

Mathematical Formulation and
Main Theorems

In this Chapter, we shall mathematically formulate the Self-Similar Shock Reflection-
Diffraction Problem, and state our main theorems.

2.1 Self-similar problem

We observe that Problem 1.2.1 is invariant under the self-similar scaling
(x,t) = (ax,at), (p,m,n)— (p,m,n) for a > 0. (2.1.1)

Thus we seek self-similar solutions of the form
(o, m)(t,%) = (p,m,m)(€)  for € =7, (2.1.2)
defined on the self-similar domain
A =A%) = (& = (&) €RY [ > max{0,¢ tan 6, }}.

Substituting the self-similar coordinates & = (£,7n) into the system (1.2.1) leads to the
following system of conservation laws;

(m—&p)e + (n—np)y +2p =0,
(p(p) — Em)e — (nm)y +2m =0, (2.1.3)
(&n)e — (p(p) — nn)y — 2n = 0.

Whenever (p,m,n) € C?, we can eliminate (m,n), and obtain the second-order divergence-
form equation

(¢ = €%)pe — Enpy + Ep)e + (2 = 1) py — Enpé +np)y — 2p = 0. (2.1.4)

We observe that once p is known within a region, the final two equations in (2.1.3) can be
used to obtain (m,n), provided (m,n) are known on a suitable boundary portion, and the
region is of suitable structure. We will see in Chapter 11 that this is possible for Regular
Shock Reflection-Diffraction configurations, thus throughout this thesis, we shall mainly
consider p and (2.1.4). The form of (2.1.4) shows that (2.1.3) elliptic (subsonic) if

A — € >0 (2.1.5)

10



2.2. The Rankine-Hugoniot shock condition

and hyperbolic (supersonic) if
® — ¢ <o. (2.1.6)

Also, motivated by (2.1.5) and (2.1.6), for a constant state p, we call the circle {|€] = c(p)}
the sonic circle for that state; i.e. where the constant state p transitions between being
elliptic and hyperbolic. This also means that it is often convenient to consider the polar
form of (2.1.3) and (2.1.4); taking the polar coordinates (r, ), where r = |£]|, we obtain

. sin 6 cos cos 6 sin 6
(rp —cosm —sinbn), + = n| =p+ m—i—Tn,
0
sin 6 cos
(= costp(o)), + (200 ) =m+ “lpie) 21
0
: cos 6 sin 6
(rn —sin@p(p)), + | ———»(p) | =n+—=p(p).
r 0 T
and
. 2 2
(=)o), + —pr+ | Zpo ) =0. (2.1.8)
r r 0

2.2 The Rankine-Hugoniot shock condition

In this section, we study the Rankine-Hugoniot condition on shock waves. In particular,
we derive the location of the incident shock in self-similar coordinates, and formulate the
Rankine-Hugoniot condition as an oblique boundary condition.

2.2.1 The incident shock

If we study a piecewise smooth weak solution of (2.1.3) with a jump in (p, m,n) across
a curve S with unit normal v = (v1,12), then the definition of weak solution yields the
Rankine-Hugoniot jump condition across S as in physics:

[(m,n)]- v —[pl€ - v =0,
plyy — [m]€-v =0, (2.2.1)
[plve — [n]§ - v =0,

where the bracket [w] denotes the jump of the quantity w across S. A discontinuity of
(p,m,n) on a curve S is called a shock wave if it further satisfies the physical entropy
condition;

p increases across S, where v is oriented so that £ - v <0, (2.2.2)

Le. p increases in the direction of increasing time. The plane incident shock in (¢,x)
coordinates with the left and right constant states (p, m,n)

(O) = (P0,0,0), (1) = (p1,m1,0)

corresponds to a continuous weak solution of (2.1.3) in the self-similar coordinates & of the
following form:

o (va 07 0) for 5 > 617
(p,m,n) = {(,01,7711,0) for ¢ < 1, (2.2.3)

11



2.2. The Rankine-Hugoniot shock condition

where from the Rankine-Hugoniot conditions (2.2.1),

&1 =2¢(p1,p0); (2.2.4)
m1 = +/(p1 — po)(p1 — po), (2:2.5)

and
¢(a,b) == p(bi:i(a). (2.2.6)

We note that due to the strict convexity of p — p(p), € is strictly monotone in each variable
(s,t). This leads to an asymptotic boundary condition for p:

as |€| — oo, (2.2.7)

_ po for &> &, n > {tan by,
p—pi=
p1 for £ <&,n>0

in the sense that limg o |0 — Pllo,a\Br0) = 0. We also note, using the second and third
equations in (2.1.3), the slip boundary condition in Problem 1.2.1 is equivalent to the oblique
boundary condition

Vp-r=0 on {n=0}U{n==~Etanb,}. (2.2.8)

Now, having turned the initial boundary condition and slip boundary condition in the space-
time coordinates into an asymptotic boundary condition and an oblique boundary condition
in the self-similar coordinates, we can state the following reformulation of our problem:

Problem 2.2.1. Seek a solution p of equation (2.1.3) in the self-similar domain A with the
slip boundary condition (2.2.8) and asymptotic boundary condition (2.2.7).

2.2.2 The Rankine-Hugoniot condition in polar coordinates

For a curved shock, is it more convenient to consider the Rankine-Hugoniot conditions in
polar coordinates (r,6) centred at the origin in the self-similar coordinates. Due to the
entropy condition (2.2.2), any C! shock wave S can be written as S = {r = r(#)} in polar
coordinates (r,#) with respect to the origin in the & coordinates, and the region {r < r(9)}
is the region where p is larger.

We now assume that across a shock wave, (p, m,n) jumps from a uniform state (p_, m_,n_)
in a region )_ to a variable state (p,m,n), with p > p_ in a region Q. Using (2.1.7), we
find that,

rlp] — cosO[m] — sin O[n] — r'(0) sin O[m] + ' () cos O[n]
rim] — cos 0[p] — r'(0) sin §[p]
rin] — sin@[p] + ' () cos O[p] = 0.

= ()7
=0, (2.2.9)

By first eliminating [m] and [n] to obtain an expression for 7/, and then eliminating 7’ and
taking the tangential derivative (see for example [50][§1.3] for full calculations), we can write
(2.2.9) in the following way:

B-Vp=pB1pr + Bapg =0,

(6) = 9(r, ) (2210)

12



2.3. Structure of solutions: Self-similar regular shock reflection-diffraction configurations

where 8 = (81, f2) and g(r, p) satisfy

B =1"(0) (362(02 —r?) = A(r? - Ez)),

By =2 (? —1?) =32 (r* - &), (2.2.11)
g(rvp) :*2 T2*62>
C

where ¢ = ¢(p, p—). Thus, as by (2.2.2) the inner unit normal to €2 in polar coordinates
points in direction (—1,7/(6)), the obliqueness of (2.2.11) as a boundary condition on SN
is equivalent to

B-(=1,7(0)) = = (0)r*(* =) >0, (2.2.12)

where, as p > p_, the above is only equal to zero if 7/(#) = 0, i.e. 7> = ¢2. In the case

where the obliqueness fails,

81 =0, and
By = (2 —12) = (2 — ) > 0. (2.2.13)

2.3 Structure of solutions: Self-similar regular shock reflection-
diffraction configurations

We now discuss the structure of solutions p of Problem 2.2.1 corresponding to shock
reflection-diffraction. As (p1,m1,0) does not satisfy the slip boundary condition (1.2.6)
on OW, the solution must differ from (pi,m1,0) in {§ < &} NA. The solutions we seek
are Self-Similar Regular Shock Reflection-Diffraction configurations; our mathematical for-
mulation of these will be similar to that used where the same problem was tackled for the
Potential Flow system in [26][§2.4]. A necessary condition for these configurations to exist

Incident Shock

(’l (O) 77 Incident Shock
_ 1) 1
S AR
Na AP
Reflected/Diffracted ( ) Sonic circle for (2) F({j;»f!pct(frdhDifkfra(:n:d
b t/ . =717~ Sonic circle for (2)
N 7
’ P \ / ,
/ o2 Sint, P
1 \
I Q B \
1 1
3 Py 3 3
Figure 2.1: Self-Similar Supersonic Reg- Figure 2.2: Self-Similar Subsonic Regu-
ular ShOCk Reﬂectlon—lefractlon Conﬁg— lar Shock Reﬂection_Diﬁraction Conﬁgu_
uration ration

is for there to exist a constant state (2) which satisfies the Rankine-Hugoniot conditions
(2.2.1) and slip boundary condition (1.2.6) at the reflection point Py = (&1, & tan 6,,) where
the incident shock meets the wedge. Supersonic reflection corresponds to when the point
Py where the incident shock intersects the wedge is outside the sonic circle for state (2);
subsonic reflection corresponds to when P is either on the boundary or the interior of the
sonic circle for state (2).
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2.4. wvon Neumann conjecture and formulation as a free boundary problem

In the case where the state (2) is supersonic at Py, the supersonic reflection configuration
from Figure 2.1 consists of three uniform states (0),(1),(2), and a non-uniform state in
domain = Py P, P3P;. The solution is equal to state (0) and (1) ahead of and behind
the incident shock Sy, away from PyP,Ps. The solution is equal to state (2) in subregion
Py Py Py, noting that (2) is supersonic in PyP; Py. The non-uniform state in €2 is subsonic;
ie. (2.1.3) for p is elliptic in . We denote the boundary parts of Q by

Cshock := P1Pa, 1_‘sym = P P3, Fwedge = P3Py, TDsonic = P1Py.

In the subsonic case, p matches with state (2) just at the single point Py, where it is elliptic,
and p is elliptic in Q.

In Chapter 3, we will find that for fixed initial data 0 < pg < p1 and v > 1, there exists
a detachment angle and a sonic angle, 0 < 03 < O5onic The local regular reflection exists for
0 > 04, does not exist for 0, < 4, is supersonic for § > 0y > Osonic, is sonic for Oy = Osonic
and is subsonic for 04 < 0y < Osonic. In actual fact, for 05 < 6, < 5 there exists exactly
two local reflections; the weak state and the strong state. There is long debate as to which
is physical for local theory; see for example [2, 3, 4, 28]. We choose the weak state, and
discard the strong state, as the weak state agrees continuously with the normal reflection
solution as 0, T 5, which implies a stability condition with the unique normal reflection; see
Theorem 3.2.1 and §3.7 for further discussion. Once the local reflection is found, finding a
regular shock reflection-diffraction solution is a matter of solving a boundary value problem
in , which we describe in the following Section.

2.4 von Neumann conjecture and formulation as a free bound-
ary problem

This project is motivated by the von Neumann Detachment Conjecture in [80, 81], which
for our purposes can be formulated as

The von Neumann Detachment Conjecture Whenever 6,, > 64, there exists a super-
sonic regular reflection-diffraction solution to Problem 2.2.1, as in Figure 2.1.

To solve the von Neumann Detachment Conjecture, we first formulate shock reflection-
diffraction configurations as Free Boundary Problems. The technicalities involved in con-
tinuously linking different cases as 6#,, crosses the sonic angle turn out to be rather complex;
thus, to simplify our analysis, we first deal with the Supersonic case in Part II, and then
extend to the detachment angle in Part III.

We thus formulate the following two free boundary problems, based on Figures 2.1, 2.2.

Problem 2.4.1 (Supersonic Regular Shock Reflection-Diffraction as a Free Boundary Prob-
lem). For a supersonic wedge angle 0y, € (Osonic, 5 ), find a shock wave Ipocr, and a function
p, defined in a region 1 as shown in Figure 2.1 such that

(1) p satisfies (2.1.3) in Q,
(il) (2.1.3) is strictly elliptic in Q;
> €2 in 2,

(iii) Tspock can be written as {r = r(0)}, and the Rankine-Hugoniot conditions (2.2.10)
and the entropy condition (2.2.2) are satisfied,

14



2.5. Leray-Schauder fixed point degree and nonlinear method of continuity

(lV) p = pP2 oN Fsonic;
(v) Vp-v =0 on I'yedge U Tsym,
where v is the interior unit normal to €.

Problem 2.4.2 (Subsonic Regular Shock Reflection-Diffraction as a Free Boundary Prob-
lem). For a subsonic or sonic wedge angle 0y, € (04, 0sonic|, find a shock wave T spock, and a
function p, defined in a region 2 as shown in Figure 2.2 such that

(1) p satisfies 2.1.3 in Q,
(ii) (2.1.3) s strictly elliptic in Q;
> €2 in €,

(iii) Tspock can be written as {r = r(0)}, and the Rankine-Hugoniot conditions (2.2.10)
and the entropy condition (2.2.2) are satisfied,

(iV) p = p2 at I‘sonic = {P0}7
(v) Vp-v =0 on I'yedge U Tsym,

where v is the interior unit normal to §2.

2.5 Leray-Schauder fixed point degree and nonlinear method
of continuity
We now discuss a relevant result in degree theory from [87], that we will use in our problem.

We also given an outline of the nonlinear method of continuity that will be used.
For our purposes, we require a very general result from [87][Section 11, Problem 13.6a].

Definition 2.5.1. Let X be a Banach space, K C X and f: K — X be an operator.

e f is compact if it is continuous, and maps bounded sets into relatively compact sets.
e f isi-compact if it is continuous, and the image f(K) is relatively compact.

We note that if K is bounded, i-compactness is equivalent to compactness. If K is
unbounded, i-compactness is stronger than compactness.

Definition 2.5.2. A mapping f: G C M — M is called admissible if;

(i) M is a closed convex subset of some Banach space X,

(ii) G is a relatively open set in M,

(iii) f isi-compact and has no fixed points on OG, where JG is determined by the subspace
topology on M.

From the above definition, we see that when we are defining our iteration set, we can
impose Banach space conditions and convex conditions (via X and M) that must be pre-
served by the iteration map, and open conditions (via G) that do not need to be preserved.
This provides much more freedom than say, the Schauder Fixed Point Theorem, where only
convex conditions can be imposed, and they must be preserved by the mapping.

We now state the existence of the Leray-Schauder degree for admissible maps;
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2.5. Leray-Schauder fixed point degree and nonlinear method of continuity

Proposition 2.5.3. There exists exactly one integer valued index for admissible maps f
defined by Definition 2.5.2, which satisfies the following axioms;

A1 - Normalization If f : G — M is a constant map whose image point lies in G, then

i(f,G)=1.
A2 - Existence Principle Ifi(f,G) # 0, then f has a fized point on G.

A3 - Additivity If G1,...,Gy, are pairwise disjoint open subsets of G, and the comple-
ment G\ UL1Gj contains no fized points of f, then

i(f,G) =Y i(f.Gy). (2.5.1)

Jj=1

A4- Homotopy Invariance Let J be a compact interval in R and let U be a relatively
open set in M x J. If H:U — M is i-compact and if H(x,t) # x on OU, then

i(H(-,t),U) = constant forallt e J, (2.5.2)
where Uy = {z | (z,t) € U}.

After we have obtained our estimates, the main points of the existence argument will
be:

e Creating an invertible coordinate mapping that maps regions with similar proper-
ties to those of the elliptic Q region (in particular, the shape of I'spoer), to the unit
square (0,1)2. Then, using this mapping to construct an invertible correspondence
between functions p and shock curves I'gpc1 that are close to Regular Shock Reflection-
Diffraction configurations, and pairs of functions (u,v) where u is defined on the unit
square, and v is defined on the unit interval.

e Creating an iteration map Z on K, mapping wedge angles and possible solutions to the
solution of an approximate problem. The approximate problem will contain cutoffs
to deal with the degenerate ellipticity and obliqueness, which must later be removed
to obtain solutions.

e Using continuous dependence of the problem that defines Z, and uniqueness of it’s
solutions, to prove appropriate continuity and compactness properties for Proposition
2.5.3 to apply. In particular, proving a gain-in-regularity is required for compactness
to hold; this will follow by careful analysis of where the Holder exponents in our
estimates arise.

e Proving that fixed points of this iteration map correspond to admissible solutions; in
particular, we must remove the cutoffs by using barrier functions.

e Using the fact that in the case 6, = 7, i.e. the case where wedge is a vertical wall, the
unique solution to Problem 2.4.1 is normal reflection, we find the unique fixed point

for 0, = 5 is the one corresponding to normal reflection. We then calculate the fixed

point degree at 0, = 7 to show that it is non-zero, and use (A4) to deduce existence

of fixed points for all wedge angles.
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Chapter 3

Local Theory & Von Neumann
Conjecture for the Nonlinear Wave
System

In this Chapter, we shall study local reflection near the point Py, as well as derive some basic
properties of the Nonlinear Wave System. As mentioned in Section 2.3, we will establish
existence of local reflection for all wedge angles and establish that there exists a detachment
angle and sonic angle 0 < 0; < Osonic, depending only on the shock strength via p;/pg and
the abiatic index <, such that the local regular reflection is supersonic for wedge angles
0w € (Osonic, 5], subsonic for 0, € [0g, Osonic), and does not exist for 6, < 3. We also find
that there always exists exactly two local reflections at point Py, the strong state and the
weak state. We discuss at the end of the chapter why we choose to discard the strong one,
and choose the weak one to form our Regular Shock Reflection-Diffraction configurations.

3.1 Normal reflection and its uniqueness

We first consider the shock reflection in the case 0,, = 7; i.e. where the wedge is a vertical

wall. The incident shock reflects normally and the reflected shock is a plane at £ = &; < 0,
which is defined below. We seek £, < 0 and a uniform state (2) = (py,mp,n,) which
satisfies the slip boundary condition (my,ny,) - v = 0 on I'yegge U Igym and the Rankine-
Hugoniot conditions (2.2.1), jumping to (p1,m1,0) across S; = {¢ = &, }. From (2.2.1) on
S1, we have

Ny =mn1 =0. (3.1.1)

Also, from the slip boundary condition (1.2.6) on I'yedge = {£ = 0},
my, = 0. (3.1.2)

As (3.1.1) implies implies the slip boundary condition is true on Iy, = {7 = 0}, so normal
reflection is a global solution. We shall see later that in the case 6, < 7, we always have
ng # 0 so that local reflection is never a global solution.

Now the Rankine-Hugoniot conditions (2.2.1) on {¢ = &, }, and the formula (3.4.1) imply
that

&1 = —¢(pn, p1) <0, (3.1.3)
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3.2.  Local regular reflection and state (2)

and
(p(pn) — p(p1))(pn — p1) = (P(p1) — P(p0))(p1 — po) = m3. (3.1.4)
Now we see there is a unique solution p, > p; of (3.1.4); indeed, if we define
F(s) = (p(s) — p(p1))(s — p1), (3.1.5)
then

F(p1) =0, lim F(s) = oo, and
sTeo (3.1.6)
F'(s) = (s)(s —p1) +p(s) —p(p1) >0 for s> py.

Therefore we conclude the following:

Theorem 3.1.1. There exists a unique normal reflection state (2), which is a global solution
to the Problem 2.4.1 in the case 0, = %, with velocity (m,,n,) = 0, and density p, €
(p1,00). The location of the reflected shock is

& = —¢(pn, p1) € (—cn, —c1), (3.1.7)

where (-, -) is defined in (2.2.6), and ¢, = py~" is the sonic speed for state (2).

3.2 Local regular reflection and state (2)

We recall from §2.1 that the incident shock Sy = {£ = &1} separates the uniform state
(0) = (po,0,0) from the downstream uniform state (1) = (p1,m1,0). The incident shock Sy
intersects the wedge boundary {n = {tan6,,} at point

PO = (51, 51 tan Hw), (321)

for £ asin (2.2.4). We study the local reflection at point Py; i.e. we seek a straight shock S;
passing through Py, which separates the upstream state (1) = (p1,m1,0) from a downstream
constant state (2) = (p2, ma, no) satisfying the slip boundary condition (2.2.8),the Rankine-
Hugoniot conditions (2.2.1), and the entropy condition (2.2.2) are satisfied on Sj.

We now state the main result for existence of local regular reflection.

Theorem 3.2.1. Let p1 > pg > 0. Then there exists

0 < 6y < Osonic < g (3.2.2)

depending only on p1/po and 7, called the detachment and sonic angles respectively, such
that

(i) For each 0, € (04,%), there exists exactly two states (2) satisfying (2.2.1), (2.2.8) and
(2.2.2), the weak reflection state (p;“’ew,m;”’ew,név’ew) and the strong reflection state

(pg’e‘” , mg’ew, ng’ew ), such that

p1 < pn < p;”ﬁw < p;ﬁw, (3.2.3)

where py, is the density of the normal reflection state (2) and

. 0 . s,0 5,0 s,0
lim (py "™, my " ny ") = lim (p5 ™, my"" ,ng ™).
ew\wd(pZ ’ 2 s 162 9w¢9d<p2 ’ 2 s 192 )



3.83. Shock polar for the Nonlinear Wave System

(ii) For 0, = 04, there exists a unique state (2), satisfying the slip boundary condition
(2.2.8), the entropy condition (2.2.2) and the Rankine-Hugoniot conditions (2.2.1)
which is equal to the limit in (1).

(iii) The weak state pg)’e“’ depends continuously on 0, € [0q, 5] and C°-smoothly on 0, €
(0a, 5]

The strong state pg’ew depends continuously on 0y, € (04,%) and C*>-smoothly on
O € (ada %)
(iv)
i, (5%, miy % ng %) = (pa, 0,0),
wlsy

. 0 0 0
wly

where py, is the normal reflection density from (3.1.7).

(v) State (1) is always strictly hyperbolic at Py:

€p| > 1 for all 6y, € (64, g] (3.2.4)

(vi) The ellipticity of state (2) at Py is as follows:

€p,| > P for 0, € (04, 5). (3.2.5)
™
’£P()’ < cwﬁwfor ew € (050717:07 5]7 (326)
|£P0| = Cwﬂwfor O = esonica (327)
’£Po’ > cw,waor ew € [edetach; esonic)- (3.2.8)
(vii) For the weak (strong) reflection,

2c3c3

2 262
> (< . 3.2.9
nl > (3 2% (3:29)

(viii) Let S denote the shock wave that separates state (1) and (2). Then denoting the
unit normal to Sy by (sinfs, — cosbs) for an angle 05,

0< By — 05 < g when 0y € (04, g), (3.2.10)
i.e S meets I'yedge at an angle Opeer € (0,
Cyedge to S1. In the case 0y = 5, 05 = 5
parallel to I'yeqge-

5), where the angle is taken to point from
, and the normal reflection shock wave is

3.3 Shock polar for the Nonlinear Wave System

In this Section, we explicitly construct the weak and strong states (2), to prove Theorem
3.2.1. We express the unit normal to the shock wave pointing from state (1) to state
(2), and the unit tangent to the shock wave pointing towards the reflection point Py, as
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3.83. Shock polar for the Nonlinear Wave System

v = (sinfs, —cosbs), 7 = (cosbs,sinbs) respectively, for some 0;. We now try to find
(p2, ma,ny) which satisfy the Rankine-Hugoniot conditions (2.2.1), the entropy condition
(2.2.2) and the slip boundary condition (2.2.8), by formulating equations for (p2, ma, 12, 05)
in terms of the variable 6,,, and depending on the initial data (po, p1,7). By (2.2.1),

(p2 — p1)&1 sec By, sin(0s — 0,,) = masin @ — na cos b, (3.3.1)

(mg —my) cosfs + ngsinfy = 0.
The entropy condition (2.2.2) becomes sin(f,, — 6;) > 0, i.e.
0<0,—0, <. (3.3.3)
The slip boundary condition (2.2.8) becomes
—mg sin B, + ng cos B, = 0. (3.3.4)

From (3.3.1)-(3.3.4), we can obtain the equivalent system of equations

2
cos? 0, = g%[m = f(p), (3.3.5)
cos (0 — 0;) = 500w 3.3.6

( ) [pl[e] 330

me = my — +/[p][p] sin bs, (3.3.7)

ny = /[p][p] cos b, . (3.3.8)

From here, we can use (3.3.5), in particular studying the shape of the graph of f, to
determine exactly for which 6, a suitable p exists. We then see that existence of a suitable
p for a given 6, is both a necessary and sufficient condition for local reflection to exist,
as once p is obtained, we can then always obtain suitable 65, m2,no using (3.3.6)—(3.3.8)
and the constraint (3.3.3). To be more precise, to obtain (mg,na,0s) from (p,6,,), we first
obtain #5 from (3.3.6) and the constraint (3.3.3) followed by, then my and ns from (3.3.7)
and (3.3.8). We also note that (3.3.6) strengthens the constraint (3.3.3) to the condition
0 <0y —0s<3.

Proposition 3.3.1. Let f: (p1,00) — R be defined as in (3.3.5). Then:

(i) 0 < f(p) < 1 for p > p1, exactly when p > p,, where p, is the density of the normal
reflection state

(ii) There ezists py, < pg < 0o where

f(pa) =0, f">0 on [pn,pa), and

<0 on (pg,0). (8:3.9)

(iii) There exists p, < ps < pa < oo where the state (2) determined by (3.3.5)-(3.3.8)
for a fixed p is degenerate at Py if p = ps, hyperbolic if p € (ps,00)) and elliptic if

p € [Pa, ps)-
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3.83. Shock polar for the Nonlinear Wave System

Proof. We first prove (i). We firstly note that from (3.1.6), that [p][p] — m? > 0 for p > py
exactly when p > p,,, and the expression is strictly monotone in p. Next, we note that

[p]* — migt = [1;] [o]e(p, p1) - miet (3:3.10)
> &i ([pllp] —mi),
because p > p1 > po, and the strict monotonicity of ¢(-, p1) due to (2.2.6).
Next, we prove (ii). We find that f/(p) satisfies
1
PP - mie) =22 ({4 + % - 2700)). (33.11)
so that )
F(p) > (<)0 if and only if f(p) < (>)%1 <62(p17p1) + ;) (3.3.12)

We next note that f(p,) =0 by (3.1.4), and lim, ,~ f(p) = 0 as the numerator is of order
p"t1 and the denominator of order p?¥. Thus, as f is positive and not identically zero, there
exists a global maximum point pg € (0,00) such that f'(pg) = 0. We now claim that f is
strictly increasing for p, < p < pg4, and strictly decreasing for pg < p < p,. Suppose not,
then by a preliminary argument there exists s < ¢t with f(s) = f(¢), f'(s) <0, f'(t) > 0 and
f(s) = f(t). But as the expression on the right hand side of (3.3.12) is strictly monotone
decreasing in p, it can be used to show this implies f(s) > f(¢), a contradiction.

Finally, we prove (iii). As r(P)? = & sec?0,, = %, we note that

¢® > (<)r? if and only if f(p) < (>)

2
%. (3.3.13)

2
We first note that for p > pg, f(p) > % by (3.3.12), so strong reflections are always

2
supersonic. For p, < p < pg, [ is strictly increasing, and % is strictly decreasing, so as

pn 18 supersonic and pg is subsonic, there exists a unique ps; which satisfies the conditions
required. O

Now, using Proposition 3.3.1, can conclude Theorem 3.2.1 by choosing

P = (F lfpnpa))  (c05”(0),
P = ([ lfpyoe)) (cos”(60),
0y = cos_l( f(Pd)>7 and

i = o™ (/7).

and using (3.3.3) and (3.3.5) to obtain (3.2.10), and (3.3.12) to obtain (3.2.9).
We also further note that Z—f, 04 and Oypie are dependent only on z—é and ~, as substi-

tuting in the expressions for £1,m1 in terms of pg, p1, 7,

20— 100 = 21 20y 2D~ PG~ D) — (1) —p(EN(A -~ 7
cos” by = f(p) = (1, pl) (p(%) ()2 — (p(1) —p(Z—?))Q )
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3.4. Basic properties of the weak state (2), and the definition of supersonic € subsonic
wedge angles

3.4 Basic properties of the weak state (2), and the definition
of supersonic & subsonic wedge angles

In this Section, we fix a wedge angle 0., € (64, 5 ), we consider the weak state (2) associated
with 60,,, and denote by (p2, m2,n2) the density and momenta associated with with state

(2).
Motivated by (2.1.5)-(2.1.6) and Theorem 3.2.1 (vi),

Definition 3.4.1. We call a wedge angle 0., € (64, 5]
e Supersonic if 6, € (Osonic, 5]
e Sonic if 0, = Osonic,
e Subsonic if Oy, € (Aa, Osonic)-

We shall now define mathematically the points and lines from Figure 2.1. First, we note
that eliminating [m] and [n] in (2.2.1), and using the entropy condition (2.2.2),

E-v= —E(pg,pl) S (—02, —Cl) (3.4.1)

for ¢(s,t) from (2.2.6), where the inequality for ¢ follows by monotonicity in both variables,
and (3.2.3). This expression implies that the straight shock S; between states (1) and (2)
meets the sonic circle for state (2) at two points. We now show that in the supersonic
case, the nearest intersection to Py lies within A. Using (3.4.1), S; can be written in polar
coordinates (r, ) as

r = csc(0 — bs)c(p2, p1).

In the supersonic case, r(6y) > c2. Also r is strictly decreasing on (0w, 0s+7%5) C (0s,0s+5)
with 7(0s + §) = c(p2, p1). Thus we can set

01(0y) := 05 + sin~? <C(”2’p1)> € (0, ) (3.4.2)
c(p2)
and define point P; by
P1 = CQ(COS 91, sin (91) (343)

Definition 3.4.2. Let 6, € (04,5]. Then the following lines, points and segments are
defined for the wedge angle 6,, corresponding to the data and the parameters of state (2):

e Line S to be the straight shock separating states (1) and (2), and vs, = (—sin 5, cos 6;)
to be the unit normal to S; oriented so that;

81 ={& vs, = —2(p2, p1) }, (3.4.4)

where we recall that from (3.2.10), the angle 0,0t between I'yeqqe and Sy satisfies
Omeet € (0, %) whenever 0, € (04, 5).

e Point Pj, using (3.4.2) for supersonic wedge angles, and P; = Py for sonic/subsonic
wedge angles.

o P3=0.
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3.5.  The self-similar nonlinear wave system in the (x,y) coordinates flattening the sonic
circle for state (2)

e For supersonic wedge angles, Py = ca(cos ,,,sin6,,); i.e the intersection in A of the
sonic circle for state (2) with the wedge.

e For subsonic/sonic wedge angles, Py = Fj.

i I‘wedge = P3Py.

e For supersonic wedge angles, I'sonic is the upper arc P; Py of the sonic circle of state
(2). For sonic/subsonic wedge angles, P = Fj.

Remark 3.4.3. From the explicit formulae defining them, Py depends continuously on 6, €
[0, 5). P1, Py depend continuously on 0., € [0g, 5].

3.5 The self-similar nonlinear wave system in the (z,y) coor-
dinates flattening the sonic circle for state (2)

Motivated by (2.1.5), and the polar coordinate expression (2.1.7), as well as condition (iv)
in Problems 2.4.1 and 2.4.2, we now look at the Self-Similar Nonlinear Wave System in the
transformed polar coordinates which flatten the sonic circle for state (2). Let (p,r) be a C?
solution of (2.1.3) in a domain D C R?. We will assume that for some M > 0,

0<p<M  inD. (3.5.1)

Throughout this section, C' will be a large constant that depends on M, and may get larger
at each occurrence. Let py > 0 be a constant density. We introduce the function

v=ci—-c inD, (3.5.2)
where we note that when p = ps, ¥ = 0; so ¥ is expected to be small near ['sopic in
supersonic cases.

We now derive our equation in terms of . Estimates for p are equivalent to estimates
for 1, provided p is bounded away from zero. Let (r,6) be the polar coordinates for &
centred at 0, and then introduce the (z,y) coordinates on D \ {0},

(2,y) = (c2 —1,0). (3.5.3)

We note by (2.1.5)-(2.1.6), the sonic circle for state (2) is {z = 0}, (2) is subsonic on
{0 < & < ¢2} and supersonic on {x < 0}. Writing (2.1.7) in non-divergence form, v satisfies
the following equation in D \ {0};

2 2 2
D Aij(a, )i+ Y A, )0 + > Bijla, )00 =
i=1

i,j=1 4,j=1
(2c01 — ¢ + O1(x, 1)) hee + (ca 4+ Oa(z, )y — (1 + Os(z,))2p? (3.5.4)
1
+(1+O4(x7¢))wyy_ <(,y_1)cg+05($7¢)>1/’§ :07
where .
O1(z,2) = —a2, Os(x,2) = =3z + o
2
_ 2 _

Os(w.2) = ~Lf (e =2 =a®), Oule9)= 2 =1 (355)

1 1

Os(,2) = m - %7
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3.5.  The self-similar nonlinear wave system in the (x,y) coordinates flattening the sonic
circle for state (2)

so that for 1 = 2, 3,4, 5,
012, )] , |DOx(w,2)| | 0i(z, )

22 x |z| + |z]

+|DO;(x, z)| < C. (3.5.6)

We now assume that p satisfies the oblique boundary condition (2.2.11), jumping discon-
tinuously from state (1), to a state p, across a shock curve I'gpocr. We assume introduce
the additional assumption that for M > 0 from (3.5.1),

1
PZ it g (3.5.7)
where we note that ps > p1 + ﬁ for M depending only on the initial data, from (3.2.3) and
continuous dependence of py on the parameters. Firstly, we find that provided r? — ¢ > 0
(which is the case when v, z are small),

v(0) = =2 \/c = & + Ol ), (3.5.8)
2
where

|06(x,2)| < C(la| + |2]). (3:5.9)

Thus we can write, whenever x, are sufficiently small,

Cshock N {0 <z < 6} = {y = f(x)}a

3.5.10
ON{0<z<et={0y, <y< f(z)|ze€(0,e)}, ( )
where 1 _ o
’ - C Co
) = = = + Or(x, z), 3.5.11
F(z) (y)  rVr2—¢2 02\/@ o(@2) ( )
with
O <C
0r(z,2)| < C(Jal + |2, o2
|DO7(z,2)] < C.
Thus the boundary condition (2.2.11) is equivalent to
M = By + Py = 0, (3.5.13)
where
B =30%(c? = 1%) = (= @) = —c3(c} — &) + Os(w,¥),
. (3.5.14)
o= f'(2)(@( —1?) = 33 (r* = &%) = =3e2ta V2 — & + Oy, 9)),
and for ¢ = 8§, 9,
Oi(z,2)| < C(lx| + |2]),
04, 2)] < C(lal +12) B
|DO;(z, )| < C.
Therefore, for o = (f'(z),—1),
B0 =2r2f"(x)(? — ) = 2eac0/ B — E 4 O1o(x, 2), (3.5.16)
where
O1o(z, 2)| < C(Jz] + [2]),
O1o(z, 2] < Clal + 2] o

’Dolo(iﬁ, Z)| S C
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3.6. FEllipticity and obliqueness principles for the Nonlinear Wave System

3.6 Ellipticity and obliqueness principles for the Nonlinear
Wave System

As mentioned when formulating our Regular Self-Similar Shock Reflection-Diffraction con-
figurations, we expect the ellipticity to degenerate at the sonic arc in supersonic cases. We
will also find later that the obliqueness degenerates at P> where the shock wave meets the
flat part of the wedge. Therefore, we will now derive ellipticity and obliqueness principles,
which will allow us to control these degeneracies.

3.6.1 Ellipticity principle

Using similar calculations to [50][Lemma 3.4], we derive an ellipticity principle for solutions
of (2.1.4). We start with an interior ellipticity principle.

Proposition 3.6.1. Let D C R? be an open, bounded region, and p € C?(D) is a solution
to (2.1.4) with ¢> —r? > 0 in D, and ﬁ < p < M. Then there exists o > 0, depending only
on M, such that if b € C*(D) and if b€ C*(DUT) and

b| + | Db| + |D?b| < o, (3.6.1)
then ¢ —r2 — b cannot attain a minimum in D.

Proof. Firstly, we find that if 2 < W%, then ¢ — 1?2 > le,l So, if o is small depending

on M, we may use the polar form (2.1.7). We find that u = ¢? satisfies

2

c 1 r2 r2 1 1 2
0= QU = (62 — TZ)UTT + ﬁueg + < <1 - > + >U% + ﬁ*ug + <T - 27’) Uy

v—1 c? c? 172
(3.6.2)
Treating u as a quasilinear operator with coefficients evaluated at u, we find that
Qrz > 2% > 2 (3.6.3)
- - M,y_l )

Thus if | Db| and | D?b| are sufficiently small, depending only on M, Q(c?* —r% —b) < 0, and
so the result follows by the comparison principle. O

We now turn to the shock boundary.

Proposition 3.6.2. Let D C R? be an open, bounded region, and I' C OD. Suppose that
p € C2(D)NCY(DUT) satisfies (2.1.4) in D, (2.2.11) on T, and i; +p1 < p < M in DUT,
A —r2>0mDUT and r?> = > 0 on . Then there exists o > 0 depending only on M
such that if b€ C'DUT) and

bl <o, 0b>-2r, 0pb<0, onT (3.6.4)
then ¢ — r2 — b cannot attain a minimum over DUT on T.

Proof. Firstly, as 7> > @ > ¢} on I', we may use the polar coordinate expressions. At a

minimum for ¢ — % —b on QUT located on I', ¢ — 2 < o by (3.6.4). Also, due to the

strict monotonicity of ¢ in both variables, and the condition p > ﬁ +p, 2 - > %,
so that 1

2 P> -F—-6>—" -0 3.6.5

r cc>c°—¢ = ( )
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3.6. FEllipticity and obliqueness principles for the Nonlinear Wave System

Thus, for § sufficiently small depending on M,

1
By =2 (=) =320 - < ~oan (3.6.6)
and 1
B =r'(0)(3¢3(? —r?) — E(r? - ) > cOI) (3.6.7)
so that
B-V(c® = 1% —b) = —p1(2r + 9,:b) — B2Ogb < 0, (3.6.8)
therefore result follows by the Hopf maximum principle. O

We now turn to to the wedge boundary.

Proposition 3.6.3. Let D C {6 > 6y} C R? be an open, bounded region, and that T C 0D
is a ray {6 = Oy} emanating from the origin. Suppose that p € C2(D UT) satisfies (2.1.4)
in D, the slip boundary condition on (2.2.8) on T, ﬁ <p<MinDUT, and > —r%2 >0
in DUT. Then there exists o > 0, depending only on M, such that if

b| + | Db| + | D?b| < o, (3.6.9)
then ¢ — 2 — b cannot attain a minimum on DUT.

Proof. As in the proof of Proposition 3.6.1, we may use the polar form (2.1.7). We then
note that we can extend p by even reflection:

Dt =DuU{x € R?| (r,0p — 0) € D},

Pt (r,0) = p(r, 00 — 0).

As (2.2.8) is equivalent to pg = 0, p*t € C?(D*'). Also, as (2.1.7) is invariant under the

transformation (7, 0) — (1,00 — 0), p* satisfies (2.1.7) in D¢, and the result follows in the
same way as the interior case. O

(3.6.10)

3.6.2 Obliqueness principle
Here, we derive an obliqueness principle for (2.1.4) and (2.2.11).

Proposition 3.6.4. Suppose that D C R? is an open bounded region, I' C dD, and and
that p € C*(D)NCH(DUT) satisfies (2.1.4) in D, and (2.2.11) on T, and p1+3; < p < M
in DUT. Then there exists o only depending on M such that if b € C*(D) N CH*(DUT)
satisfies

orb < 2r, 0pb < 0, 1b| < o, (3.6.11)

then > — ¢ — b cannot attain it’s minimum over T', in the interior of T'.

Proof. This follows by the same saddle point argument as originally in [50][Lemma 3.2],
where b is constant. The key point of the argument is that at a minimum point for r2 —¢? —b,

r? - <6, (3.6.12)
so that
A—r?>P - -
>C(r)—9 (3.6.13)
> C(7),
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3.7. wvon Neumann’s sonic and detachment conjectures

provided that ¢ is sufficiently small; thus
B1 <0 and B2 > 0, (3.6.14)

so that
M(r? — @ — b) = B1(2r — O,b) + B20gb < 0. (3.6.15)

A minimum point P € T for 72 — ¢ — b is either a minimum within D UT, in which case
the result follows by the Hopf maximum principle, or a saddle point. In the saddle point
case, the C1® regularity can be exploited to construct a modified function which attains a
minimum over I' at P, leading to a contradiction; see [50][Lemma 3.2] for details. O

3.7 von Neumann’s sonic and detachment conjectures

Here, we continue the discussion from §2.4. We have seen that local theory indicates that
in the case 0, < 7, there are two possible choices for state (2). There has been a long
debate as to which is more physical; see [2, 28] and the other references referred to in the
introduction.

In deciding which state (2) to use, we note that shock reflection-diffraction is not a local
problem; so the choice of state (2) should depend on global properties of solutions. We take
the same point of view as [17, 26], which that the selection of state (2) should depend on
the the stability of the configuration with respect to 6,,; so we take the weak state (2), as it
converges to normal reflection as 6, T 5, which is the unique solution in the case 0, = 5.
Also, it has been observed that in experiments, the weak state (2) is typically the one which
appears; see in particular [3, 4] and the references within.

Stability /Criterion Criterion to Select the Correct State (2): Since the normal
reflection solution is unique when the wedge angle 6,, = 7 , the global regular reflection-
diffraction configuration should be stable and converge to the unique normal reflection
solution when 6,, T 7, provided that such a global configuration can be constructed.

We also remark here that the difference between the wedge angles Osonic and 0y is
normally very small, i.e. Os0n;c and 6, are only small fractions of degree apart; see Figures
3.1 and 3.2.

1.2 T T T T T T 0.066

0.064 -
11+
0 0.062 |-

1t T~ 4 0.06
0.058
0.9
0.056

0.8 SO 0.054 -

0.052 -
0.7

0.048
o.

2 /{70 /g

Figure 3.1: p1/po against 0g, Osonic When Figure 3.2: p1/po against A = Osonic — 04
v=2.5 when v = 2.5
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Part 11

Part 1II - Existence up to the Sonic
Angle
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Chapter 4

Admissible Solutions and Basic
Estimates for Problem 2.4.1

4.1 Main theorem

In this Part, we shall prove existence of solutions to Problem 2.4.1:

Theorem 4.1.1. Let 0, € (Osonic, 5|- Then there exists a region S of the form described by
Figure 2.1, and functions p € C%(Q) N CH(Q\ Tsonic) N C(Q), r € C?((01,7)) N CL([01, 7)),
that solve Problem 2.4.1.

4.2 Definition of admissible solutions

Let v > 1, p1 > po > 0 be fixed. We use the terminology and notation introduced in Chapter
3. We will now define admissible solutions for Problem 2.4.1, motivated by the structure of
Regular Supersonic Shock Reflection-Diffraction configuration, described in Section 2.3.

Definition 4.2.1. Fix 0, € [0sonic, 5). A solution (p,r) to Problem 2.4.1 is called an
admissible solution if it satisfies the following:

(i) The shock Tspoer = {r =7(0) | 0 € (01, 7)} satisfies
1—\shock - (A \ Bcl)a (421)

and gk is C2 in its relative interior. Moreover, F‘;ﬁ’;ek, the extension of I'gpoer by
reflecting in {n = 0} and adding P, is C! in its relative interior, including P».

(ii) For some a € (0,1), p and r satisfy

p € COQ) NCH(Q\ {P2}) N CH(Q\ Tsonic) N C*(R),

re CHY [0, 7)) NC((01,7)) N CH ([0, ))
(iii) Equation (2.1.3) is strictly elliptic in Q\ Tsonic:
62 > |£|2 in ﬁ \ Fsom’c- (423)
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4.83. Monotonicity of p on Uspock and convezity of €2

(iv) The boundary condition (2.2.11) is strictly oblique on the interior of I'spock;

r2 -2 >0 on Tshock (4.2.4)

Remark 4.2.2. Due to condition (i), 7’(7w) = 0, so that by (2.2.12), the obliqueness of the
boundary condition (2.2.11) on Igpeer degenerates at Py. Thus by (2.2.13), (p,r) satisfy
the the following one-point Dirichlet condition at Ps:

¢(p,p1) =r(m) at Po. (4.2.5)

In the following Sections, we will now derive some basic estimates for admissible so-
lutions. We always assume that (p,r) is an admissible solution of Problem 2.4.1, in the
sense of Definition 4.2.1. We aim to obtain some basic pointwise estimates for admissible
solutions. Some of these will be uniform in the wedge angle 6, € (Osonic, g], for others, we

fix 0}, € (Osonic: 5 ), and the estimates will be uniform in 6,, € [0, 5.

4.3 Monotonicity of p on I',,+ and convexity of (2

In this Section, we establish monotonicity of p on I'gpock, as well well as convexity of the
elliptic region €.

Proposition 4.3.1. Let (p,r) be an admissible solution of Problem 2.4.1 in the sense of
Definition 4.2.1. Then p is monotone on Igpock-

Proof. This follows by the same argument as originally in [7], and later adapted in [13] to
require only uniform C%® regularity. The same argument used for convex-cornered wedges
(i.e. Shock Reflection-Diffraction down a step) holds here with no change; see [13][Appendix]
for details of the proof. O

Next, we prove that p is increasing in the direction from P; to P», and that € is convex.

Proposition 4.3.2. Let (p,r) be an admissible solution of Problem 2.4.1 in the sense of
Definition 4.2.1. Then p is monotone increasing on Ugpoct from Py to Py, and the elliptic
region §) is conver.

Proof. We calculate the curvature of I'spocr. Let pr denote the tangential derivative of p,
pointing from P; to Ps, i.e. the direction of increasing 6. We find, by explicit calculation,
using the formula for »/ in (2.2.11), that the curvature is equal to

T3 —2\/
=) (43.1)

r2+2(r")? - =
2V

so that either p is monotone decreasing, and the curve I'gp0 i convex, or p is monotone
increasing, and gpocr 18 concave. As Igpocr is vertical at Py by Definition 4.2.1 (i), and is
tangent to Sy at P; (and as 05 < 0, < g), we conclude that p is monotone increasing, and
Tsnock 1s concave, so €) is convex.

We also note here that this argument implies that when 6, = 7, the shock must be a
vertical line, and p must be constant; thus equal to the normal reflection solution, due to
the Dirichlet boundary condition on I'sypic. O

The convexity of 2 leads to the following Corollary:
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4.4. Bounds for the elliptic region Q0 and admissible solutions p within

Corollary 4.3.3. Let v, = (—sinf,,cos ) denote the outer unit normal to I'yeqge. Then
for any admissible solution to Problem 2.4.1 in the sense of Definition 4.2.1, denoting by
vy, the inner unit normal to I ghock,

Vsh " Vy < 767 (432)
where § depends only on the initial data.

Proof. At Py,
Vgh - Uy = VS, - Vy = sin(0s — 0y,) < =6, (4.3.3)

with § depending only on the initial data, due to (3.2.10), and continuous dependence of 0
on the initial data and wedge angle. At P, vg, = (1,0), so that

Vg - Vy = —Sinby, < —sinbgppic < 0, (4.3.4)

and hence (4.3.2) holds by convexity. O

4.4 Bounds for the elliptic region () and admissible solutions
p within

We first note that by the comparison principle, and the ellipticity (4.2.3) and the obliqueness
(4.2.4),

Lemma 4.4.1. For an admissible solution of Problem 2.4.1, in the sense of Definition
4.2.1, p can only attain its global mazimum and minimum on [ spock U Usonic:

sup p = sup 0, inf p = inf p. (4.4.1)
Q FsonicUFshock‘ Q

We next note the following properties of p and the region {2:

Proposition 4.4.2. For an admissible solution of Problem 2.4.1, in the sense of Definition
4.2.1, with wedge angle 0, € (Osonic, 5):

QC B, (4.4.2)
pp<p<sC in Q.

Proof. Firstly, (4.4.2) holds by the structure of the region described in Problem 2.4.1, as
by (2.2.11), ' <0, so r < r(61) = c2 on Tgpock-

We now turn to (4.4.3); by (4.4.1), we only need to bound p on I'gpeer. By ellipticity
and obliqueness from Definition 4.2.1, and as I'gpocr lies outside the sonic circle for state
(1) by (4.2.1),

2 <<l
and
A >r? > c%,
0 (4.4.3) holds. O

We now note that by the explicit formula (2.2.11) for r/, we can obtain a uniform
Lipschitz bound for I'gpoek;
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4.5. A uniform positive lower bound for p — p1

Proposition 4.4.3. There exists C' depending only on the initial data such that
Lip(r) < C. (4.4.4)

We now turn to uniform separations of the components of 9€2. This uniform separation
implies that when obtaining boundary estimates, we can consider each part of the boundary
separately, and piece local estimates together to obtain a global one.

Proposition 4.4.4. Let 0}, € (Osonic, 5). There exists C > 0 depending only on (po, p1,7),
such that for any admissible solution with wedge angle 0,, € (03, %),

. 1
dlSt(FsaniCanym) Z 67 (445)

. 1
dlSt(Fshocka Fweclge) > 5 (446)

Proof. Firstly, (4.4.5) follows by first noting that in the polar coordinates, I'gyr, = {6 = 7},
and Dsonic = {r = c2 | 0 € (6u,01)}. Then, we note that by (3.4.2), 61 < 7 + & where C
only depends on the initial data, by continuous dependence on parameters. (4.4.6) follows
similarly, as Tspock = {(r,0) | r = r(0),0 € (61,7)}, r > ¢1 by (4.2.1) and 6; > 0, + & by
(3.4.2) and continuous dependence on parameters. O

4.5 A uniform positive lower bound for p — p;

In this section, we derive a lower bound for p— p;. We note that by the obliqueness r? > ¢,
implies a lower bound for r — ¢1; hence this shows a lower bound for the hyperbolicity of
the Nonlinear Wave System in the region where Shock Reflection-Diffraction configurations
are equal to state (1). This estimate will be critical for deriving ellipticity and obliqueness
estimates on 2.

Proposition 4.5.1. Let 0}, € (Osonic, 5). There exists T, depending only on the initial
data and 07, such that for any admissible solution (p,r) of Problem 2.4.1 in the sense of

w?

Definition 4.2.1 with wedge angle 0., € [0}, 5],
p>pL+T. (4.5.1)

Proof. By Proposition 4.3.2 and Lemma 4.4.1 it suffices to prove p > p; + 7 at P», with
7 depending only on the initial data and 6;,. We use a similar argument to that used in
[13][Chapter 4], which was used to show p > p; on the boundary for their approximate
solutions, with a fixed wedge angle; the same argument can be used as the structure of
their shock wave is similar to ours. Here, the difference is that we are varying the wedge
angle, and taking a limit of exact solutions, so the contradiction obtained from the limiting
function leads to uniform lower bound for p — p;.

To outline the argument - we first suppose that the proposition is false; then there exists
a sequence of admissible solutions (pg, r;) with wedge angles 91% ) and points &, € Fg’,?o ok =
{r =r1(0) | 0 € (61,m)} such that pi(P2) — p1. By the same argument as the one used
in [13][Chapter 4], using local obliqueness and ellipticity arising from the results of Section
3.6, we can show that r converges in C1® to some limiting , and vak) converges to some 0,
and pj converges to some p, that satisfy (2.1.3) and (2.2.11). The barrier functions from
[13][Lemma 4.2,Lemma 4.5], whose construction relies on the convexity of w, can then be

used to derive a contradiction. O
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4.6.  Uniform obliqueness & ellipticity estimates

Using the obliqueness (4.2.4), we can then conclude

Corollary 4.5.2. Let 0% € (Osonic, g) There exists T, depending only on the initial data,
such that for any admissible solution of Problem 2.4.1, in the sense of Definition 4.2.1, with
wedge angle 6, € [07, 5],
+1<p< in €,
p1 p < p2 (4.5.2)
r>c +7T on Uspock-

4.6 Uniform obliqueness & ellipticity estimates

The global lower bound for p — p1, combined with the ellipticity and obliqueness principles
in §3.6 leads us to the following global ellipticity & obliqueness estimates for admissible
solutions:

Proposition 4.6.1. Let 0}, € (Osonic; 3). Then there exists X > 0, 6 > 0, depending only

on the initial data and 6}, such that for any admissible solution of Problem 2.4.1, in the

sense of Definition 4.2.1, with wedge angle 0., € [0}, 5],
¢ — 1?2 > Adist(€, Tsonic) in Q, (4.6.1)
r2 -2 >6§(r—0) on Tspock- o
Proof. For the first inequality, we first note that at P», due to Corollary 4.5.2,
02—7“2262—62>l (4.6.2)
- C) .0.

as ¢ defined by (2.2.6) is continuous, and strictly monotone in both variables, and C depends
only on 7 and the initial data. As 7 depends on #; and the initial data, C' depends on 6},
and the initial data. Because & — dist(&, Isonic) is merely Lipschitz, we must use a smooth
approximation to be able to apply the ellipticity principle in §3.6. Due to the similarities in
the structure of €2, the construction in [26][Lemma 9.6.4] can be used, and thus the proof
follows in the same way. To prove the second inequality, we may use Proposition 3.6.4, as

at Pl,
1

57

where C only depends on the initial data, again as ps > p; and ¢ is continuous and monotone
in both variables. The proof then follows with ¢ depending on C' and 7, and the uniform
positive lower bound for m — 61(6,,); thus only on the data and 6. O

7“2—62:0%—6% >
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Chapter 5

Regularity away from the Sonic
Arc

In this Chapter, we will obtain uniform estimates for admissible solutions away from the
sonic arc. The main points of interest here will be the wedge vertex P3, and the point P
where the obliqueness degenerates, as noted in Remark 4.2.2. We define

Qe = {E € ‘ diSt(ganomc) < 6}, (501)

and find estimates in Q2 \ Qc, for € > 0 small.
For this Chapter, we fix 0} € (Osonic, %), and obtain uniform estimates for admissible

solutions with wedge angle 6, € [0}, 5].

5.1 Regularity away from P U ..

We now look at the regularity of (p,r) away from P, UTsni.. By Proposition 4.6.1, we find
that for any €, > 0, (2.1.4) is strictly elliptic in Q \ Q. with constant depending on ¢. We
also find, from (2.2.11), (4.5.2) and (4.6.1) that there exists C' depending only on the data
and 6}, such that

' (0) < —é(w — )2, and B-v > %(77 _g)'r2, (5.1.1)

so that the boundary condition (2.2.11) is strictly oblique on Igpocr \ Bs(P2) with obliqueness
constant depending on §. Also, by the formula for 7/, on Tgpoer \ Bs(P2) 1 is a Lipschitz
function of p and r, with Lipschitz constant depending on § and the initial data. Thus,
away from P3, we can use Propositions B.0.2, B.0.4, and B.0.6 to C™® estimates, depending
on the data and 6. We then use [56][Corollary 2.3] to obtain a C%* estimate near P,
followed by [57][Proposition 4.7.8] combined with [77][Lemma 1] to obtain a C** estimate.

We remark that the exponent « in the C1* estimate near P3 does not depend just on
the exponent in a Holder estimate for A;;, but the value of the C%: so we will only use the
C%® estimate in our iteration problem.

Theorem 5.1.1. For any €,6 > 0, there exists a € (0,1), C' > 0 depending on 9, €, the
initial data and 0}, such that if (p,r) is an admissible solution of Problem 2.4.1, in the sense
of Definition 4.2.1, with wedge angle 6, € [0}, 5],

<c,
pl1,0.0\@euBs (P2)) < (5.1.2)

Hr||2,a,[91+677r75]) <C.
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5.2.  Regularity near Py

5.2 Regularity near P,

In this section, we now turn to regularity near P», where the obliqueness degenerates. We
start by first estimating the degeneracy of the obliqueness at Ps.

Proposition 5.2.1. There exists C' depending only on the data such that on Ispocr, such

that

r? — ¢ SC(?T—@) on Ushock, (521)
—Cr—)Y2 <’ (0) <0  for6 e [0, o

Proof. As p is monotone on T'gpoer, and 6 — r(6) is Lipschitz with bound depending only
on the data given by (4.4.4),

12— <r?(Py) 4+ C(m — 0) — A(Py) = C(w — ), for all (r(6),6) € Tshock,

due to the one-point Dirichlet condition (4.2.5) at P». The explicit formula in (2.2.11),
combined with (8.2.6) and (8.2.7) then imply the second inequality. O

We now use the fact that the oblique boundary condition points towards Iy, to prove
an algebraic growth estimate on I'gpock.

Lemma 5.2.2. Let (p,r) be an admissible solution. Then there exists R > 0, depending
only on the data and 6},, such that for any integer m > 1, and M >0

w?

p—p(Po)—(+)M(m—0)™ does not attain a mazimum (minimum) on Tgpect N Br(P2).
(5.2.2)

Proof. We find, using (4.6.1) and (5.2.1), taking advantage of the uniform separation of P,
and Igonic from (4.4.6), that by the explicit formula (2.2.11),

1 1
br> 5 -CR> o, (5.2.3)

for C' depending only on the data and 6;,. Therefore, we find that
B-V(p—=p(P2) + (=) (1 = )™ = +(=)om(m — )" > (<)0, (5.2.4)

so that by the same argument used to derive the obliqueness principle Proposition 3.6.4,
we conclude (5.2.2). O

Therefore, using (4.4.3) and Lemma 5.2.2, noting that by property (iii) in Problem
2.4.1, O0BR(P2) N Tgpocr, will consist of P, and one point from the interior of T'spock,

Lemma 5.2.3. Let (p,7) be an admissible solution of Problem 2.4.1, in the sense of Defi-
nition 4.2.1, with wedge angle 0,, € [07, 5]. Then for R from Lemma 5.2.2, for any m > 1,

w2

there exists C' depending on R, 0}, and the data such that
|p - p(PQ)’ < C(ﬂ' - 9)m on I'spock N BR(PQ). (5.2.5)

We can now deduce the following:
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5.2.  Regularity near Py

Proposition 5.2.4. Let (p,r) be an admissible solution of Problem 2.4.1, in the sense of
Definition 4.2.1, with wedge angle 0, € [0y, 5]. Then there exists a € (0,1) depending on
the initial data and 0}, such that for e > 0 and § € (0,1), there exists C' depending on j3, e,
the initial data and 0}, such that if (p,r) is an admissible solution of Problem 2.4.1, in the

sense of Definition 4.2.1, with wedge angle 0., € [0}, 5], then

P:
ol oot < ¢, (5.2.6)
Il g 24 < C. (5.2.7)

Proof. Firstly, we focus on (5.2.6). Firstly, by using Lemma 5.2.3 to obtain the algebraic
growth bound on I'y,,0.. We then use the structure of 2, in particular the property ' < 0
to deduce that for any a > 0, the ball B, ({p, +a,0) is an exterior ball to Q2 at P, so we may
use [43][Theorem 1.1.15] to deduce that for C' depending only on M from Lemma 5.2.3, and
the ellipticity & boundedness of the coefficients in Br(P>) (so only on the data), that

p—p(P)| < Cle — &p 751 < ClE—€p)P, i Br(P)NQ,  (5.28)

for R small depending on the data and 8}, choosing m large depending only on 5. We
also find that for any o > 0, possibly reducing R depending only on the data and o, using
(2.2.11), (4.4.6), (3.6.4) and (5.2.1) imply

1
161] < o, fa > — on Br(P2) NTspock, (5.2.9)

ok
for C depending only on the data, uniform in R small enough. Thus by a standard argument
with rescaled functions, we can write the boundary condition in the form required for
Proposition B.0.7 to deduce that there exists «, depending only on the ellipticity in Br(FPs),
such that for any g € (0, 1), there exists C'(8) depending only on £, 6 and the data such
that

lp Hl an:(D?a}zm < C(B). (5.2.10)

and we can combine with (5.1.2) to obtain (5.2.6).

We now turn to (5.2.7). We use the explicit formula for 7’ from (2.2.10), alongside

(5.2.1) and the estimate (5.2.6). Consider the function
2 _ =2

r-—=c
u(r, ) = r? = (5.2.11)

From the lower bound for p in (4.4.3), u is a smooth function of p and r, thus (5.2.6) and
(5.2.10) imply that
(=8).{P2}
[ull}, a Q\(é UB., j2(P3)) = < CB). (5.2.12)
Also, by formula (2.2.11),
171l1,8/2,0:+em) < C(B)- (5.2.13)

Thus, providing we choose /2 > « so that 1+ 5/2 > 1 + «, we can deduce that
U(0) := u(r,0) satisfies ||U||1 forren] < C(pB). (5.2.14)

Next, we note that r'(§) = y/U(). The main point here in obtaining a weighted C%
bound is to estimate the difference quotient term, taking advantage of the lower bound for
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5.2.  Regularity near Py

U arising from the obliqueness. We note that from the obliqueness in (4.6.1) and the lower

bound in (5.2.6), that for C' depending only on the data and 6,
1

uo) = &(m—9),
so we find firstly that
U'(o)
" (0) = — ,
(©) 2,/U(0)
so that .
7(60)] < Cr = 0 2NN oy e
and for 0 < 0, we find that
- U'(6) —U'(6) . 1 1
[r"(0) = 1"(0)| < | ——"===—| + |U'(0) -
2,/U(6) 2,/U(0) 9 /U(é)
a1 - =
< Cr =) R U Ty om0~ 0

+C(m — )19 — g1u | &P

706,[91 +6,7T] ’

Because the second term is the one of larger magnitude, we conclude that

—(28-1%
17l < C(B),

so that as 8 € (0,1) is arbitrary, we deduce (5.2.7).
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Chapter 6

Regularity of Admissible Solutions
near the Sonic Arc

In this Chapter, we obtain regularity results near the sonic arc, valid for supersonic wedge
angles. Similarly to the methods in [1, 26], we exploit the degenerate elliptic structure

(4.6.1) to obtain estimates in the weighted-and-scaled C’f? ;") norm defined by (A.1.8) for

Y= c3 — *(p) (6.0.1)

The estimates we obtain here will depend on the length of the sonic arc being strictly
positive; i.e. they are not are not uniform in 6., € [@sonic, 5). We will remove this assumption
in Part III, by using a different scaling.

Here, we will assume that 6} € (Osonic, %) and obtain estimates depending on 6}, and
* ﬂ—].

the data, valid for wedge angles 0., € [0}, 5

6.1 Equation in (z,y) coordinates near [';,,;.

We will now use the expressions derived in §3.5 for our analysis near the sonic arc. Let
(r,0) be the polar coordinates for €, and

(JJ, y) = (CQ -, 9)
Then we recall that ¢ = ¢ — ¢? satisfies an equation of the form
2 2 2
D Al )i+ A, )i+ Y Bij(w, )ibib; =0 on Q, (6.1.1)
3,j=1 i=1 i,j=1

with expressions and estimates given by (3.5.4) and (3.5.5). We also see, from the definition
of (z,y), that the slip boundary condition (2.2.8) becomes

Oy =0 on Lyedge = {y = 0w} (6.1.2)

Also, noting that by (4.5.2), the assumption (3.5.7) holds with M depending on the data
and 67, we can write
[Cshock N OS2 == {y = f(l')},

Q={0<z<eb,<y< flx) (6.1.3)
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6.2. Pointwise estimates of p, and structure of Uspoct near Isonic

with expression for f’(x) given by (3.5.11), and the Rankine-Hugoniot condition on T'gpock
can be written as

BV = Bi(2, ) s + oz, )0y =0 on Q% N Cgpock, (6.1.4)

with expressions given by (3.5.14).
The following Lemma, relating smallness of 1 to ellipticity of (6.1.1) follows directly
from the expressions in Section 3.5.

Lemma 6.1.1. For any 0 < § < ca, M > 0, there exists € > 0 such that if 0 < x < € and
|z| < (2¢9 — 6)z, then

~

2% = AH(;’Z)C% + Ag(w, 2)(F < %\C\Z for ¢ = (G1,¢2) € R%. (6.1.5)

6.2 Pointwise estimates of p, and structure of I'y;,,+ near I'y,,;.

In order to obtain the estimates near I'sn;., We now analyse the structure of Q near I'sonie,
as well as attain pointwise estimates for .

Definition 6.2.1. We define the following points:

e P, the second point of intersection of S; lvith 0B.,, which exists by the computation
where P; was found in (3.4.2). Then |PyP1| > |Po Pyl

e () the midpoint of the arc P, P,
e (' the midpoint of the line segment P;P;.

From how we defined Py, P; and Q,
bp, =7+ 205 —0p

and Op + 6
TQ:027 9Q295+g:4P12 Pl.

We also note that using (3.4.4), the straight shock S; between states (1) and (2) may be
written as

y = fo(z) = 0, +sin?! <062x> for z € (0, c2), (6.2.1)
-

which satisfies

A~ C2

fol(z) =

(co —x)\/(co — )2 — Eg' (6.2.2)

We use these expressions to make the following estimates for the straight shock S;:

Proposition 6.2.2. There exists g >0, w >0 and M > 1 such that
2w < fi(x) < M for x € (—eo, €0), (6.2.3)

and A
[ folle3((—eo,e0)) < M. (6.2.4)
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6.2. Pointwise estimates of p, and structure of Uspoct near Isonic
Proof. This follows directly by the explicit expression (6.2.1). More precisely, ¢y can be
taken as cp — G2, which by (3.2.3) can be bounded below depending only on the data. I

We now turn to a Lipschitz bound for 1 up to I'sonse, which follows from the degenerate
ellipticity:

Lemma 6.2.3. There ezists e > 0 and § > 0 depending only on (po, p1,7,0,), such that
if (p,7) is an admissible solution with 6, € [0}, %), then

0<v<(2c0—0)x for xz € (0,€1) (6.2.5)

Proof. 0 < 1 follows as p < pa by (4.5.2). The other side of the inequality follows by (4.6.1);
because dist(&, I'sonic) > x,

Mt < —(ca —x)? = =t + 2c0m — 22, (6.2.6)
and taking e; < A\/2, d = \/2. O

This implies that (6.1.3) and (6.1.4) hold, and we can use the expressions from §3.5 to
make the following structure estimates:

Proposition 6.2.4. Let ¢y, €1 be the constants defined in Proposition 6.2.2 and Lemma
6.2.3. Then there exists C > 0, such that for any admissible solution with 0., € [0y, 3], and
any € € (07 61);

(i) Qe can be written in the form
Qe={0<z<eb,<y<f(z)} (6.2.7)
where f'(x) is given by the formula (3.5.11), and

00 N Lgpock = {O <r<6y= f(l')} (628)

(ii) The boundary condition on Uspocr, N {0 < z < €} can be written in the form
BV = By + Barhy = 0, (6.2.9)
with the expressions as in (3.5.14).

(iii) For the w and M from Proposition 6.2.2,

w< f(z) < M, (6.2.10)
and / N R
70~ fo)l | )= o] 62.11)
Moreover,
f'(x) = h(z,v) for z € (0,¢) (6.2.12)

where h € C*°(R x R), and a&kil)h(LO) = fék) (x) for all k > 1.

40



6.3. C(lz;‘;;) estimates in the scaled Holder norms near I sonic

(iv) The coefficients B= (Bl,ﬁg) in (6.2.9) satisfy

R 1 N 1
< —= < —= 2.1
and )
3.,> — .2.14
bovs g, (6214)

where v is the inner unit normal to S, expressed in (x,y) coordinates.

Proof. All the estimates above directly follow from (6.2.5) and the expressions and estimates
in §3.5. In particular, (3.5.1) and (3.5.7) hold with M depending on the data and 6, due
0 (4.5.2). O

1 . . .
6.3 C(];zr) estimates in the scaled Holder norms near I',,,,;.
In this Section, we will make a regularity estimate of 1 = c3 — ¢ and the shock curve
{y = f(x)} near I'spnic. For this, we will use the weighted norms introduced in the Appendix
A.1.2, using the following simplified notations:

(par

= ulass  Cly (D) = O, (D). (6.3.1)

m,a, D> (par)

(par) (Par) is defined with

Furthermore, for a function v € C*((0,¢)), the norm [|v||; (00 = Hv||2 0 (0.6)

only the x variable as follows;

HU||2,0,(oe Z sup x%~ Z\U ( i

i—1 2€(0,¢)

[U]Z,a,(o,e) = sup oz (mil’l{,l‘a, ya}v()y‘a(y)|> :

z,y€(0,e), \

We also recall that the function fg(l’) from (6.2.1), where &1 = {y = fo(v’ﬂ)} near Dsonjc-
Also, for any 6y, € (Osonic, 5],

(6.3.2)

O
T = {(0,9) |y € (0, 01)}, (6.3.3)
with #; — 6, > 0, and also 61 — 0,, — 0 as 0, | Osonic-

Proposition 6.3.1. There exists 0,C € (0, ) and o € (0,1), depending on the initial data
and 0}, such that the following holds: Let ls, > 0. Define

¢ = min{o, %, }. (6.3.4)

If 911) € [esonica g) Satz’sﬁes
91 - ew > lso; (635)

and (p,r) is an admissible solution with the wedge angle 6,,, then 1 = c% — 2 satisfies

Ilell . <C (6.3.6)
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6.3. C(lz;‘;;) estimates in the scaled Holder norms near I sonic

Proof. We follow a similar argument to [26][Proposition 11.4.3], except the setting is that we
now have L™ estimates and attain C1® estimates, rather than C%! estimates and attaining
C?“ estimates.

Step 1 - Defining small rectangles, contained in 5. We choose o € (0, 9 ) small enough
that results from §6.2 quoted below hold in €9,; so that o depends only on the data
and 6. We possibly reduce it further below, depending only on (po, p1,7) again. For

20 := (z0,90) € Qe and r € (0,1), we define

~ T T
Royy = ((s,t) s = a0l < Zao, [t =yl < Zﬁxo),

N (6.3.7)
Rzo,r = Rzo,r N Q.
First we observe that
3 5
R.,r CQN{(s,1) | %0 <s< Z.To} C Qae, (6.3.8)
so in particular,
R.or NTsonic =0, for all zy € Q.. (6.3.9)

Next, we observe that if ¢ is small, depending only on the data, then for any z € €.,
at least one of the following three cases holds:

(i) z € Rz 120 for Rz 120 = Rz 110,
(i) z € R, 174 for z,, = (2,0) € Tyedge N {0 <z < €},

(iii) z € R, 14 for z5 = (z, f(x)) € Dshock N {0 < x < €},

Thus, we only need to make estimates of ¥ on the following rectangles:
(1) Ry,
(ii) R.y1 for 2o € Typedge N {0 < < €},
(iii) Ry for 2o € Tspock N {0 < = < €}.

1/10 for zg € Qe with R, 1 /10 C Qae,

Next, by (6.2.10), we see

flx) > f(0) =yp, > lso+0,  forallze(0e),
2

so then due to the assumption € <%,

we see

R..1NTshock =10 for all zy, € I'ypedge N {0 < < €},

(6.3.10)
R, 1 NTyedge =0 for all zy, € Tspock N {0 < x < €}.

We now highlight the only place in the proof where the assumption € < [2, is used is
(6.3.10). However this is a crucial restriction, which is why we cannot obtain uniform
estimates in 2. up to the sonic angle using the method in this proof. We now denote

Q"‘ = (-’l“, 7")2,
and for fixed zy = (xg,y0) € €, introduce the variables (S,T') by the invertible
transformation
(z,y) = <900 + %S, Yo + VZOT>, (6.3.11)
so then for a subset Q&ZO) C Qp,
Reyr = {(@.0) | (5,7) € Q) }. (6.3.12)
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6.3. C(lz;‘;;) estimates in the scaled Holder norms near I sonic

Step 2 - Case (i) and a Quasilinear PDE for ¢ in (S,T) coordinates We first con-
sider Case (i) from Step 1. In this case,

1
Q) =@,  forall r € (0, o) (6.3.13)
We now rescale ¢ on R /109 by defining
1 VITo
(8, T) = —(ao + %S, o + %T) for (S,T) € Q1 10- (6.3.14)
0

Then, the estimates (6.2.5) imply that in Q/y0,
()| < L. (6.3.15)
Changing to (S,T) coordinates in (3.5.4), we find 1(*0) satisfies

AT (), $) 50 + AGY (10, S)pie)

(6.3.16)
+Agzo)(wgzo)’¢(zo)7s)wgz T B(ZO)(w(ZO)) + B(Zo(z/J( ))2 -0,
for (fll-j,fli,Bij) from (6.1.1), where
AP (2 8) =21 A 142
11 (2,8) = x5 A (woz, zo(1 + 4))7
(20) _ i 5
A22 (’Z7 S) - AQ?(‘TOZWTO(l + 4))7
. 1 - S
AT (2,8) = 1A (@oz, wo(1+ 7)), (6.3.17)
(20) ; S
By (2, 5) := Bu(woz, zo(1 + 7)),
(z0) 7 S
B22 (Z, S) = xong(woz,wo(l + 4)),
from (6.2.5) and (6.1.5), we have
|,<;|2 < A (p0) §)reyy 4+ AS (10| G)rigy < 7|H|2 (6.3.18)

for k € R, (S,7T) € ng/olo’ where A depends only on the data and 6},. We also find,

by first obtaining estimates for the original equation using the explicit expressions
and(3.5.6), and then using the expressions in (6.3.17), that

||(A(ZO) A(ZO) B(ZO)

ig 2t g HLOO(RQXRXQ(ZO) <C,

1/10) (6.3.19)

1D 57y (AGY, AP), B

)

<
ij HLOO(R?xRxQY/%) =G,

with C only depending on the initial data. Thus the conditions of Proposition B.0.2
apply, and for each a € (0, 1),

15 | 1o gy < Cle): (6.3.20)

We remark that we only require C%® regularity with respect to the (S, T') variables in
the coefficients to attain C1® regularity, provided that « is small enough depending
on the ellipticity of the rescaled equation. This will be used when applying the same
argument to the iteration set equation.

43



6.3. C(lz;‘;;) estimates in the scaled Holder norms near I sonic

Step 3 - Case (ii) and the slip boundary condition in (S,7") coordinates Let zp =
(20,0) € L'yedge N {0 < x < €}. Then, by (6.3.9) and (6.3.10), and assuming e is suffi-
ciently small depending on the data,

QP ={(S,7)€Q,|T>0} foralre(0,1]. (6.3.21)

We now define 1(*0)(S,T) by (6.3.14) for Sy € ng) N{T > 0}. ¥(*) satisfies the
same PDE (6.3.16) and estimates (6.3.15) in the new domain. Moreover, as dp9 = 0
on I‘wedge7

Oy =0 on {T=0}NQ.
So that by the same argument as Step 2, and reflecting in {7' = 0}, we obtain

[ < C(a). (6.3.22)

oo @)

Step 4 - Case (iii) and the Rankine-Hugoniot condition in (S,7) coordinates Using
Lemma 6.2.4, in particular (6.2.7), we obtain that for each r € (0, 1],

Qo) = {(S, T)eQ, |T< F(ZO)(S)}, (6.3.23)

where F(0)(8) = %(f(mo + 225) — f(a;o)> Then by (6.2.11),

o
IFE | g0 ((—pr) < Cy/T0 < CV/o. (6.3.24)

Now, by using (6.2.13), we can write
Ds0) = a0 () 5 TYopy)  on TG (6.3.25)

where for § = (B1, B2)(x, ¥) from (3.5.14),

~

S
b\ (2, (S, T)) = al <aroz, zo(1 + 4)>. (6.3.26)
2
Then, from (6.2.13), it follows that

16590 (2, S, T) | o @x (1,1 < C- (6.3.27)

Thus for ¢ sufficiently small, we can apply Proposition B.0.7 to obtain

(20) - <

[ ”CLD‘( 5,2/%)) <C, (6.3.28)

with o € (0,1) and C depending only on the data and 6. We again remark that we
only require C%* regularity with respect to the (S, T) variables in the coefficients to
attain C'b® regularity, provided that o is small enough depending on the ellipticity
of the rescaled equation. This will be used when applying the same argument to the
iteration set equation.

Step 5 - Concluding the result for ¢y Combining (6.3.20), (6.3.22) and (6.3.28), we ob-
tain

Hw(ZO)Hcl,a(Q(T) S C fOI’ aﬂ ﬁe \ Fsoniw (6329)
1/100

which implies (6.3.6).
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6.3. C(lz;‘;;) estimates in the scaled Holder norms near I sonic

O

We may now deduce the following global estimates by combining with with Proposition
5.2.4;

Corollary 6.3.2. Let 05, € (Osonic, 5), €0 as in Proposition 6.2.2. Then there exists a €
(0,1), depending on the data and 63,, such that for each § € (0,1) and e € (0, €], there exists
C' depending on the initial data, €, 0} and B such that if (p,r) is an admissible solution of
Problem 2.4.1, in the sense of Definition 4.2.1, with wedge angle 6,, € [0}, 5], then

w2

P € CONQ\{P)}),

P: ar
[l e + 18P, < (6.3.30)
01,7 (6w) ar
Il 20— £ ||;”a(>06 <c

Proof. The only thing to left to prove is the Cé ") estimate for f— fo. For this, we use
(6.2.12) and the expressions (A.1.8) and (6.3. 2) From (A.1.8), we find that for M =

max{[[0[|P¥Y, , Lip(f)}, and x = (z, f(2)),% = (7, f(2)) € Lapoct N O,

x —%| < Mz — 3, (6.3.31)
so that
[(x)| < M,
0 <M d < Mz'/?,
0001 <M, B0l < Ma 6552
|021p(x) — Os (X)\ < Ma™%e — 2%,
0,(x) — By(X)| < M2~z — Z|°.
Then, using (6.2.12), we find that
F@) = o) = bl ) <),
f'(@) = fo () = Ouh(z, ) — Oh(2,0) + 02 (1hz + f'(x)1y),
so that using (6.3.32), and the smooth dependence of h on (z,) implies the result. O
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Chapter 7

The Iteration Procedure and
Existence of Solutions

We now carry out the iteration procedure, where we argue similarly to [1, 26] which showed
existence for related problems, for the Potential Flow system. The first key difference here in
the construction of the mapping between functions on €2 and function on the iteration region
is that the iteration is now done in terms of two functions, the density p, and the boundary
r. Another crucial change is that we must now deal with the degenerate obliqueness at the
point P. As obliqueness is a property that depends both on the shape of the boundary and
the values of the coefficients, this involves using a new technique, imposing a cutoff when
deriving boundaries r from functions v on the unit interval.

7.1 Mapping to the iteration region

We now describe the mapping to the iteration region. Firstly when constructing our itera-
tion region, we note that by convexity, {2 is always contained in the region bounded by &1,
Lshocks sym and T'yeqge; so in principle, we only need to map from this region. However,
it is more convenient to expand this region slightly, so that ['spocx is strictly within the
interior of the region our mapping is defined on.

Fix a wedge angle 6,, € (6,, 7]. We replace the straight shock S; = {£ - vg, = —¢2} from
(3.4.4) by the line

8175* = {5 Vs = —Co — 5}, (711)

where 6, > 0 will be defined below. Let ) be the point defined in Definition 6.2.1. Due to
continuous dependence on the wedge angle, there exists d, > 0 such that

Si260 VAN N, (Tsonic) N{0 <z <€} C {0y <8 <0g— 5}, (7.1.2)

where we have used the polar coordinates from Chapter 6. We now define Py to be the
closest point of intersection of S; 5, with the sonic circle for state (2), (which is in A due to

(7.1.2)), and 1)t be arc PP,

sonic
We now note the region contained by S s,, ng’;l)ic, Iyedge and sy, may be unbounded.
To account for this, we restrict to {{ > —2M}, where M = supy, ¢ =y c2(0), noting

sonics g
that for admissible solutions, €2 C B,.

Definition 7.1.1. Denote by Q = Q@) the subset of A bounded by Si s, ng’;zic, Lwedges
Igym, and {{ = —2M}.
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7.1. Mapping to the iteration region

(6x)

We now use (x,y) coordinates near I'; . ,

€ € (0,¢€1], denote

and constant €; from Proposition 6.2.4. For

Dy.c = QNN (TP YN {0 <z <€} (7.1.3)

sonic

Similarly to (6.2.1), for small enough d. there exists fs, , € C°°([—e1,€1]) such that

D5*,€1 = {(:z:,y) | LS (0761)79741 <y< f51,5* (.CC)},

o) (7.1.4)
S16. MNe (T N{0 <z < e} ={(z,y) |z €(0,e1),y = fsis, (x)}

We now use the construction from [26][Lemma 12.2.2] to construct our coordinate map.
Though the form of the estimates we have on the shape I'spocr are somewhat different, we

Ow)

find that €2 has suitably similar structure that we can use the same mapping F} = Fl( to

create our mapping to the iteration region.

Lemma 7.1.2. There exists 0 > 0 and C > 0 depending only on the data, a one-to-one
map
_ T
= Fl(ew) 1 Q — [0, c2(0y)] x [0,00) for each 0y, € [Osonic, 5},

and a smooth function g : RxR — R such that, reducing ey from Proposition 6.2.2 depending
on the data, the following holds for (Fy, Q):

(1) F1(Q) is open, F1(0Q) = 0F1(Q), and there ezists a functionn = 77(91“) :10,5(0,)] — RT
such that
F1(Q) = {(s,t) | s € (0,¢c2),t € (0,m(s))}, (7.1.5)

™

and the rescaled functions s — 1% (é) depend continuously on 6, € [0y, 5] in the
C([0,1]) norm.

(ii) [[Filles) + HFl_lHCS(W) <C, and |det(F1_1)| > % in F1(Q), for all 0 € [Osonic, 5]

(iii) Fy depends smoothly on 6,. More precisely, QY := ere(esomc,g)g(ew) x {0y} is
open and bounded in R? x R, and the map (£,0,) — Fl(ew)(ﬁ) is in C°(QY). Also,
F1(QY) == Ug,ceo w)Fl(ew)(Q(ew)) x {0} is open and bounded in R? x R, and the

sonicy g

map ((s,1),00) — (FP)7L(s,t) is in C°(F1(QV).

(iv) Fi(P) = (z,y — 0y) for all P € D5, 10, where we have used the notation (7.1.3). In
particular,

Fi(P1) = (0,01 —0y), Fi(Py)=(0,0),

Fi(Tsonic) = {5 =0, € (0,01 — 0,)}. (7.1.6)

(v) Fi(P3) = (c2(0w),0). Moreover, for any P = (£,0) € 90Q N {n = 0} with £ < 0,
F1(P) = (c2,9%)(€)), where g € C*(R x R), ¢*)(0) = 0, and g*)) < —5 on R for
each 0.

(vi) Fi(Tyedge) = {(5,0) | s € (0,5(0w))} and e; - vy > 6 on Iyedge-
(vii) 9u(F1)7(s,t) - ec < =0 for any (s,t) € F1(Q),

(viii) e;-vgp < =0 on Ugpock for any admissible solution (r, p) with wedge angle 6,, € |
for & depending on 0}, € (Osonic, 5) and the data.

Z'ng],
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7.1. Mapping to the iteration region

Proof. We verify that the same construction as in [26][Lemma 12.2.2] is appropriate for our
case. As the Regular Shock Reflection-Diffraction structure of §2 is the same, except for
the known estimates on I'gpocr, the only property that needs to be verified is (viii). Fj is
constructed so that,

e; = ey in Dy, /10,

1
€ = —Vy in (Qm{n> IM )\D(S*,e/Bv (717)
1
€t = —€¢ in Qﬂ{?’/< M},
and smoothly interpolates between these values elsewhere, where we can choose M depend-

ing on the data and 6,. Using (6.2.10) near I'sonic, (5.2.1) near {n = 0}, and (4.3.2), we
obtain (viii) O

Lemma 7.1.3. Let €y, €1 be as in Lemma 6.2.4 and & be the o from Corollary 6.3.2. Fix
0%, € (Osonic, 2) Let (p,r) be an admissible solution for the wedge angle 0,, € (0, %]. Then

wr 9

for all B € (0, 7), and o € (0,@], there exists C depending on 03,, o, 3 and the initial data
such that _
Q:=F1(Q) ={(s,t) | s €(0,c2),0 <t < gsn(s)}, (7.18)
Fl(rshock) = {(S,t) | s € (0,62),t = gsh(s)}7
with .
1 ,C
lgsnl [0/;{ 4 <o, (7.1.9)
Moreover, denoting
Dey = {&-v > —C(p2,p1)} N AN NG (Dsonic) N {0 < 2 < e}, (7.1.10)
Fi1(Dey) :=A{(s,t) | s € (0,€0),0 <t < gs,(5)}, (7.111)
s, llc3 (o, < CC7H < g, <C on [0, ), o
and
l9h = 85, 15 o0y < Cl00): (7.1.12)
Furthermore,
O™t < gan(s) <n®)(s) - C 7, (7.1.13)

where n%) () is from Lemma 7.1.2 (i).

Proof. Firstly, we observe that property (viii) in Lemma 7.1.2 implies that the region {2
can be written in the form (7.1.8). We also find that

[0:F " |(es - vsn)

!
Js (5) = - — 5
" |0 (e - van)

(7.1.14)

so that (7.1.9) follows from (6.3.30) and Lemma 7.1.2 (viii). (7.1.11) and (7.1.12) follow
from Proposition 6.2.2, Corollary 6.3.2, and Lemma 7.1.2 (iv). The lower bound in (7.1.13)
follows from the uniform separation of I'spocr from I'yeqge, and the upper bound follows
from uniform separation of I'spoer from Sy 5, and {{ = —2c¢2}; in particular, as I'spocr lays
below Si, and within {{ > —ca}. O
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7.1. Mapping to the iteration region

We now construct a function f whose level sets are intended to approximate [gpock; the
intention being to use it’s level sets to map shock curves to and from the iteration region.
Near T'sonic, Proposition 6.2.4 (iii) implies that S; is a good approximation up to first
order; but near P, (5.2.1) implies that I'g.cx is near vertical, so a vertical line is a better
approximation. We also note that when 6,, = 7, &1 is vertical; so we choose the vertical
approximation to be such that it agrees with Sy in the case where 6,, = 7, so that the zero
level set is exactly &p in that case.

Proposition 7.1.4. For each 0y, € (Osonic, 5], there exists a function f = f(aw) defined on
Q such that for vg, from (3.4.4), and for C depending only on the data,

f=¢& vs +2inQ for b, = g, (7.1.15)
f =& vs, inDs, ¢ /2, for all 0, € [Osonics g], (7.1.16)
1 Flles (o) < C, (7.1.17)
0,f(£,0) =0 for (¢,0) € Q, (7.1.18)
% foFl(s,t) < =6 for all (s,t) € F1(Q), (7.1.19)
where f depends smoothly on 0.
Proof. Define
f31(€) :S'V51 + c2, fO(E) ::£+62a (7120)
and take 3
f=C)fs:(8) + (1= <(n))fo(€) (7.1.21)
where ¢ € C*°(R) such that
_J0 forz< ﬁ,
((2) = {1 for 2> 1 (7.1.22)

where M is from the proof of Lemma 7.1.2. Then property (7.1.15) follows as vgs, = (1,0)
when 6, = §, so that fy = fs,. Properties (7.1.16)-(7.1.19) follow by (7.1.7), combined
with (4.3.3) and Proposition 6.2.2. O

Now, given an admissible solution (p, ), define ggp, : [0, c2] — R using Lemma 7.1.3, and
define a map

s t
F2ugsh(£) = <027 gsh(s)) for (87t) € (07 62) X (Oyoo), (7123)
so then, for Q from (7.1.8),
Fag,,(92) = (0,1)° = Q" (7.1.24)

and Fy 4, on is invertible on Q, with Fh g, : Qiter — Q given by
Fyg,,.(5,1) = (c25,tgan(c2s)). (7.1.25)

Clearly, the regularity of Fpg4 , and F; Blsh is determined by the regularity of g, whose
regularity is determined by that of r (and hence gg,. This allows us to use the superior
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7.1. Mapping to the iteration region

regularity for r (equivalently I'spock) over p (equivalently, 1), to transfer our estimates to
the corresponding u defined on the iteration region.
Now, for an admissible solution (p,7), define u : Q%" — R, v: (0,1) — R by

u:¢oFfloF_1 (s,t),

:fOFl OF291}(8,1).

(7.1.26)

for ¢ determined from p and 6, via (6.0.1), and f from Proposition 7.1.4. For ¢y from

Lemma 7.1.3, we define

e = < , (7.1.27)

maxg, e 0

SOTL’L'C:E] C2

2

which depends only on the initial data, and is well defined by continuous dependence of co
on the wedge angle.

Proposition 7.1.5. Fiz 0}, € (Osonic, 5) and define @ = min{a, %} for the a from Corollary
6.3.2, and let (p,r) be an admissible solution of Problem 2.4.1, in the sense of Definition
4.2.1, with wedge angle 0., € [0, 5]. Then the functions u and v defined by (7.1.26) satisfy
the property that for any o € [0,@l, B € (0, 3), there exists C depending on 0}, v, B and the
initial data such that

«),{(1,0),(1,1)} (par)
H Hl aQ”e’ﬂ{s>eo/10} + ” Hl ,0,QiterN{s<el } < C’ (7 1 28)
lollS iy + ol e <c B
2,a 2,a,(0,1)N{s<ep} —
and )
u >0 on Q" v(1) >0,
u=0 on {s =0}, (7.1.29)

v(0) =v'(0) = 0,

v'(1) =0,

with € from (7.1.27), and the parabolic norms are with respect to s = 0, where we use the
1-parabolic norm for u, and 2-parabolic norm for v.

Proof. We first note that (7.1.28) follows from Corollary 6.3.2 combined with the C® regu-
larity of Ffl from Lemma 7.1.2, and the properties of g from Lemma 7.1.3; in particular,
the fact that gy, satisfies uniform C1* estimates and is bounded below with constant de-
pending only on the data..

Now, for (7.1.29), we note from (7.1.26) and the construction of f,
v(1) = f(P2) = &p, +ep2, p1) = —c(p(P2), p1) + C(p2, p1) > 0, (7.1.30)
(St) (02_C)OF1 OFZgl;(‘S?t)ZOv -

as p < pa (and so 3 — ¢ > 0) by (4.5.2). Next, we note that u = 0 on {s = 0} follows
because p = p2 on Igpnie. Finally, v(0) = v/(0) = 0 and v'(1) = 0 follow by construction
of f, and the fact that by (6.2.11), Tspock agrees with S; up to first order at P, and by
(5.2.1), Dspock is vertical at P. d

We now invert the mapping (p,r) — (u,v), i.e. we will describe the process of obtaining
(p,r) from suitable (u,v), to be able to determine our iteration equation from (u,v). For
simplicity, we postpone imposition of the oblique cutoff, and then discuss in §7.1.1 how to
add it to the construction.

20



7.1. Mapping to the iteration region

Definition 7.1.6. For 0,, € [0;, 7] and s* € (0, c2(0.)), denote

wr
Q(s*) := QN F ' ({s = 5*}), (7.1.31)
Let v € CY([05,, 5]) satisfy
~ s* ~
inf f<wv(—)< sup f, 7.1.32
dnf f <o) Q(s*)f ( )

for all s* € (0, cz]. Let a, 8 € (0,1), and consider the set & = &(*#) defined by

u(0,-) = v(0) = '(0) =0,
S =< (u,v,0,) € CO¥(Qiter) x CHP([0,1]) x [67, g]) v'(1) = 0,v(1) > 0,v satisfies (7.1.32),
u>0
(7.1.33)
We then define:

(i) A function b, : (0,1) — Ry by for each s* € (0, 1), setting hgp(s*) = t*, where (cos™*, t*)
is the unique point on Fy(Q(¥»)) N {s = éys*} such that

F(F7 (cas™, %)) = v(s™). (7.1.34)
such a point exists by (7.1.32) and is unique by (7.1.19).
(ii) A function gy, : (0,c2) = Ry by setting gon(s) = bsn(Z),
(iii) A map §: Q%" — A(6,) defined by
F=Fo(Fag,)! (7.1.35)

(iv) Sets:
Fshock = Ffl({(svgsh(s)) | se (0702)}) = %’((07 1) X {1})7

. itor (7.1.36)
Q= F ({(s,1) [ s € (0,¢2),t € (0,95n(5))}) = F(Q™)
(v) Let a, M > 0. Consider (u,v,0,) € & that satisfy
u < c3—cl
v 1
a < g£h79w) < R}
a (7.1.37)
lull g gery + 0l oy < M.
£ v<—a on I'spock,
and then define
&\ = {(u,v,0,) € & (7.1.37) hold }. (7.1.38)
Then we first define ¥ on €2, depending on u by setting
& =u(F(9), (7.1.39)
and we can also define p : Q@ — R and r : [#1,7] — R, determined by u and v, such

that
2 _1
p= (CQ _1#)7717
Fshock = {(7", 9) ‘ r= 7’(9),91 <0< 71'}, (7140)
Q={r<r@),r <ce,b, <0<}
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7.1. Mapping to the iteration region

where
p > p1in Q. (7.1.41)

We now state the following Lemma, relating properties of (u,v) to properties for p, r

and .

Lemma 7.1.7. Let o, € [0,1) and a > 0. Then for all (u,v,0,) € & = &P the
following holds:

(i) b € CHB([0,1]) and g, € CHB([0, ca]).
(i1) Tspock and § introduced in Definition 7.1.6 satisfy:

a. QU Tpock € Q C A, and Tgpoer @5 continuous up to its endpoints Pi(0,,) and
Py e {77 = 0}.

b. P = (F1) (0, gsn(c2)) and Py = (F1)~!(ca, gsn(ca)).
c. Dshock 18 tangent to S1 at Py, and is vertical at Ps, so that

g:4(0) = fo(0), 9,,(0) = f5(0),

(7.1.42)
glsh(CQ) =0,

where fg is from (6.2.1). In particular, gsp is determined up to first order at P,
by the wedge angle and initial data.

(iii) 0N consists of line segments and curves I'yedge, Usonics I'shock and I'sym so that

Fshock = 3((07 1) X {1})7 I_‘som'c = 8"({0} X (07 1))1

Iyedge = 5((0,1) x {0}, Csym = F({1} x (0,1)). (7.1.43)

and these segments do not intersect in their relative interiors.

(iv) For ey from Lemma 7.1.3, QN D;s, o in the (z,y) coordinates has structure (6.2.7),
with f = gsn + 0. Moreover, if for v being the inner unit normal to Ispocr, in €,
€-v < —a, Dspoek is of the form {r = r(0) | 6 € [0y, 7]}, with r € CYB([01,7]), and
r'(m) = 0.

(v) The corresponding v = c3 — ¢* satisfies 1 € CO*(Q), and

P >00nQ, andp =0 on Tsonic, (7.1.44)

7.1.1 Oblique cutoff for r near P,

Here, we now add an oblique cutoff for 7’ to the process of obtaining (p,r) from (u,v),
to ensure that our linearised boundary condition is degenerate oblique; more precisely,
that it satisfies (5.1.1) with different constants. This cutoff is understood to be imposed
immediately after defining r from v, but before defining ¢ from w; v will be imposed on
the cutoff region, not the original one. Let 3 = /2, for ¢ from (4.6.1), where we note that
as 2 — ¢ > 1, 7(#) < —V/d(m — 0)'/2 for admissible solutions, making explicit the relation
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7.1. Mapping to the iteration region

with (5.2.1). We set 63 = /33. We also let o1 > 0, where o1 > 0 will be fixed later in the
argument. Once we have constructed r as described in Definition 7.1.6, we define

r'(s)

6
F=cy+ /91 <<2(7r —s)r'(s) + (1 — G(m — ) (7 — 5)1/2C1(m

Cshock = {T = 7:(9) | 0 € [9177T]}'

)> s, (7.1.45)

where (1, (5 satisfy

t for t > —0s, 1 fort> o,
Q) =9 , o Q)= ! (7.1.46)
—50  fort < —%ds, 0 fort<oy/2.

and 0 < ¢} <2, ((t) <t,and ¢4(t) > 0.

We need to check that 7 arising from this cutoff still defines a suitable shock curve
Tshock, such that we can obtain g, : [0,3(fy)] — R that describes Ipoer in the iteration
region Q, so that we can define ¢ from v via (7.1.39). Firstly, we note that because

G ()] < C(|t] + 9), (7.1.47)

7(m) = 0. Next, we need to check that r satisfies Lemma 7.1.2 (viii). If o sufficiently
small, depending on ¢, the region where the cutoff applies is contained in the region where
e; defined in Lemma 7.1.2 is equal to —e¢. Possibly reducing o further, as the cutoff increases
the magnitude of r’ to at most do. Thus the inner unit normal to f‘shock is sufficiently close
to eg, such that the property e; - Uy, < —d, for 6 depending only on the data still holds,
and we can write [gyoep in the (s,t) coordinates as {(s,t) | t = gsn(s),s € (0,c2)}, and we
then define v from u using g, instead of ggp.

Next, we need to check the regularity of 7 in terms of the regularity of r. We also need
to check that 7 depends continuously on r, so that necessary conditions for I'gpock can be
imposed as conditions for v. In these workings, we neglect the (o part of the cutoff, as
owing to the fact (o € C*°(R), it will only increase the regularity, and will not affect if 7
depends continuously on r or not. We also note that due to the the smoothness of (i, (s,
and the form of the mapping, the regularity of 7 is the same as that of r away from 6 = m,
so we need only consider regularity near § = w. We will show that the (; part of the cutoff
preserves C'17 regularity for r, provided # € (0, 3], but C’é:f’g ){m} regularity for r only

’ 2
_og_1
leads to Cé;ﬁ 2):im} regularity, for similar reasons to the proof of Proposition 5.2.4.

To check the O regularity, we define
z
g9(z,8) = Cl(g)s (7.1.48)

As [¢1(t)] < C(6+ [t]), we find that

'(0)] T — 9)1/2
cor (m — 9)1/2)( g (7.1.49)

< C(m = 01)"2 + [I7|l1,0,f01,)»

|7 (0)]

so that
I7ll1,0,061,7 < C (7.1.50)
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7.1. Mapping to the iteration region

for C' depending only on the data, 0;,, § and [|r[|1 ¢ (g, - For the difference quotient terms,
we find that .

\azg(z,s)\ = |Ci(g)| < C’

5 (7.1.51)

Bg(=,9) = 0 (5) - G () < ¢,
for C' depending only on the choice of ¢; (so on §), so that
7(8) = 7(0)| = lg(r(0),6"/2) ~ 9(r(0),0"/%)]
< c(|r<e> r(@)] +10"/2 - §'/7)) (7.1.52)
< C(|r(0) = (@) + 10— 6'?),

so that for 3 € (0,1),
I7111,8,161,7 < C, (7.1.53)

with C' depending only on 4, the data, and |[r([; g g, -- This also implies that 7 depends
continuously on r up to first order, hence on v up to first order.
We now look at the second derivatives. We find that

nigy _ ' (0) " 1 7'(9) 1 r'(0) -1/2
r (@—Q(m) r (9)+*fe —*Cl((_w)( —0)
o TO) s r'(6) r'(6) r'(6) “1/2
_Cl(m)r ( ) Cl(( 0)1/2)( 9)1/2 _Cl((ﬂ'—e)l/z) (71-_0)
(7.1.54)
so that firstly, we find that, again as r/(7) = 0,
1 1 _ _
O] < I o (7 = 8P Hrlbo oy (7 — 07+ Clr— 0)Y2, (7.055)
so that ) ()
7 ”20 gl’ﬁ] " <C, (7.1.56)
for C' depending only on ¢, the data, and |[|r ||(201[afﬂ and [|7]|; 5,6,,x- To examine the

difference quotient term, we define

1 1
) =) (wt55) - al)y (7.1.57)
and find that
1! 1
) =G (45 5).
huo(zw,8) = G5, (7.1.58)
2 1

itz =G (-5 - 5) - a5 +alg

so that, noting that [t2¢}(¢)|, [t¢}(t)| < O, |¢}(t)| < Ct, and that |¢1(t) — t(](t)| < C,

ha(zw, )| < C (5% + ),
|hoo (2, w, )| < Cz] |w| ™Y, (7.1.59)
(2,0, )| < C(s7% + 57 Huwl),
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7.2. Defining the iteration set

Sothatfor91§9§§§7r,
7'(6) = 7'(0) < C (((m = )" + 07 rllS ), I (8) — /(B)
[r"(8) = (B)] + (071 + 07730 - 51?)

e i (7.1.60)
< C (Irlhponm O+ 7S o o k0"~ 10 — 6)°
17l o1, 0772710 = B+ (971 + 07 3) )0 - 9]/2)
therefore, using the fact 0 < 8 < %, and assuming 8 > «,
3)Am}
IFIS 2 2 < (7.1.61)

for C' only depending on 4, the data, and ||rH2 ol[elﬁzr]{ﬂ and ||7|1,5,(6,,7- Because 28 + 3 1<

1 + 3, we conclude that there is a loss in regularlty here; but it will turn out that the
Cé 1-8)

_9op_1
C’; o f-2) regularity for the original shock curve is still sufficient to get better-than

regularity for the new shock curve obtained by the iteration problem.

7.2 Defining the iteration set

Let Q%" = (0,1)2. An iteration set in terms of (u,v), K C C%*(Qiter) x CHA(]0,1]) x
[0, 5] is defined below, for appropriate a, 3 € (0,1), based on the estimates for admissible
solutions. We will also define our iteration problem.

We use constants €y and €; from Lemma 6.2.4.

Definition 7.2.1. (i) Denote by (u("""), (")) the functions in the iteration region cor-

responding to the unique normal reflection solution. By Theorem 3.1.1 and (7.1.26),
(unorm Uno’rm) — (O 0)'

(ii) For real 0 > 0 and «a € (0, 1) we use the following norm for Q“¢" with ¢ from Propo-
sition 7.1.5:

_ a),{(1,0),(1,1)} (par)
H ||1anter N || Hl a/g taerm{s>€0/10} + ||u”1a/2 Qlterﬁ{s<6/}7 (721)
and we denote by Cij?(Qit”) the space of u where (7.2.1) is finite. We use the

it )((O 1)) norm for v.

2 a/2
We now define the iteration set. Let a € (0,1), and 8 € (0,1/2), and we always assume

that )

1+o¢§2ﬁ—§, a2 <0, (7.2.2)

where 0* = é. We set
B = C;’Q(Q”QT) X Cé a2 ),

(7.2.3)
C :=Bn{u(0,-) = v(0) =2'(0) ='(1) = 0,v(1) > 0,u > 0},

and note that B is a Banach Space, and C is a closed, convex subset of B. We will eventually
show that for each 0,, € [0, 5], K(6,,) is relatively open in C.

wr 2

95



7.2. Defining the iteration set

Definition 7.2.2. The iteration set K C C x [0, 5] is the set of all (u,v,6,,) such that;

w2

(i) (u,v,6,) satisfy the estimates;

||U||1 ,Q taer < N07

1 0,1
1ol i < No,

(7.2.4)

Where Ng = 10M for the constant M from Proposition 7.1.5.

(i) (u,v,0,) € G as defined in (7.1.33), so that gsn, 2, Tshock and 1 are defined as in
Definition 7.1.6. Also, denoting the inner unit normal to I'gpockin &€ coordinates by v,

£ v<—cy, (7.2.5)
so that Tspoer can be written in the form {r = r(0)} for » € C'1,8([01,7]) N
_og_1
Cé j/; 2)([01,7r]), and has a cutoff as imposed in §7.1.1. Also, for No = 2C from
(7.1.13),
1 1
— < < pW)(s) — —. 2.
< 0as) <70 (s) - (7.2:6)
(iii) p is well defined, and satisfies
p1+ 11 < p < po, (7.2.7)

where 71 = 3, for 7 as in Corollary 4.5.2.

(iv) p, ¢, r(0) and ¥ = 2 — ¢%(p) determined by u and v satisfy;

|| < (2¢0 — d2)x in QN (Deo \De/lO)a (7.2.8)
|| < (2¢0 — d2)€ in De,, (7.2.9)
lr2 — % < Nyo, |r'| < Nyol/? on Lgpoek N{0 — 1 < 0}, (7.2.10)
1
2g(r, p) < 7'(0) < ig(r, p) on Dgpoer N{m — 0 > 0 /10}. (7.2.11)
where g(r, p) is defined in (2.2.11), 63 = g for ¢ from (6.2.5), and Ny = 2C for C from

(5.2.1).
(v) Uniform ellipticity in Q\ D1
& — 12 > A\dist(€, Tsonic)s for all £ € Q\ Do, (7.2.12)
where \; = 3, for A from (4.6.1).
(vi) Uniform obliqueness away from Ps:
r2 — 7 > 53(m — 0) on Tgpoer, N {7 — 0 > 0/10} (7.2.13)
where d3 = g, for § is from (4.6.1), as set at the start of §7.1.1.

(vii) The boundary value problem, and updated boundary, determined by (u,v,6,,), as
defined below in Problem 7.2.7 has a solution (¢, 7) which satisfies;

2 k,0% /2
% = dlIyo g < Oa, (7.2.14)
and
I — 711,872,017 < 5- (7.2.15)
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7.2. Defining the iteration set

Remark 7.2.3. By construction, the region € determined by (u, v, 8,,) € K satisfies
QC QcC By, (0), (7.2.16)

where M., only depends on the initial data, by the construction in §9.1.

Remark 7.2.4. Let (u,v,6,) € K. Then, by Lemma 7.1.2, Proposition 7.1.4, Definition
7.1.6, (7.2.5), (7.1.53), (7.1.61), (7.2.6), and the assumption (7.2.2), we obtain

a),{P2,P: ar *
16155y + I35, < ONo = NG,

()(/2 Q\Q //1
HTHM 01,7 < C7, (7.2.17)
28— ){91771'} *
H H201/2 921,7r] <C

where C' only depends on the data, and Na; thus on the data and 6;,. C* depends on Ny,
N> and the initial data.
7.2.1 Closure of the iteration set

We now look at properties of the closure of the iteration set; this will be necessary for
defining the iteration map on . We now introduce the following notation:

Definition 7.2.5. For the iteration set K defined in Definition 7.2.2,
(i) K¢ is the set of all (u,v,0,,) € C which satisfy properties (i)-(vi) of Definition 7.2.2
(ii) K and Ke%t are the closures of K and K in C, respectively.
(iii) For each € € {KC,K°*'}, K, K¢, and for each 0., € [0}, 3],

C(bw) == {(u,v) | (u,v,0,) € €}. (7.2.18)
We note that by definition, L

KcKet, K cKeat (7.2.19)

Lemma 7.2.6. The sets introduced in Definition 7.2.5 satisfy the following properties;
(i) Koot € &; any (u,v) € Kt satisfies (7.1.32).

(ii) For any (u,v,0,) € K&, properties (i)-(vi) are satisfied with non-strict inequalities,
and Remark 7.2.4 still holds.

Proof. For (i), we note that from (7.1.5), (7.1.19), and (7.2.6), for each s* € (0,c2), for
(u,v,0y,) € Kt

St F= PR () < FUT 6 gn(57) = 37 = 00 = 37
N (7.2.20)
P : 1 1
Qj;l(ls*) f = f(Ffl(S*v 0) > f(Ffl(S*vgsh(S*)) + M = U(S*) + M,

where M depends on N, hence on the data, and the same inequality will hold with a
non-strict inequality when taking the closure. (ii) is a direct consequence of the continuous
dependence of (p, r) on (u,v), which follows by the regularity of F; ! and the cutoff map. [
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7.2. Defining the iteration set

7.2.2 Boundary-value problem for the iteration

In order to complete Definition 7.2.2, we now set up the boundary value problem for a new
density p in Q, and a new shock curve, Ispock = {r =#(0)}. We will in fact formulate the
problem in terms of finding a new ) = c2 — c(p), noting that this is equivalent to finding
a new p, except that no divergence form equation similar to (2.1.4) is available. However,
we do need the divergence form here, as it was only used for obtaining C*® bounds for the
oblique problem via Proposition B.0.4. Here, this will not be necessary, due to the coefficient
regularity from the iteration set. Similar to the process in §3.5, we write (2.1.4) in non-
divergence form, multiply by (v — 1)p?~2, and find we can write an equivalent equation of
the form

2 2 2
S AW, &)+ 3 AL (W, )i + Y BY (1, &)y =0, (7.2.21)

i,j=1 i=1 ij=1

which when written in the (z,y) coordinates from §3.5, is equivalent to (3.5.4). We will use
the (x,y) coordinates and (3.5.4) near I'sopnic, and (7.2.21) away from I'sppic. We also note
that (2.2.8) and (2.2.11) hold for ¢, simply replacing p with ¢ by multiplying by (y—1)p7 2.

For the elliptic operator, we cannot exclude the possibility that Aj;(,z) is negative,
based on the iteration set assumptions, as the bound (7.2.17) only implies |¢| < Nozf, so
we must impose a cutoff. When defining the coefficients in the elliptic equation, we will
define them separately on QN D, and Q\ D, /10, and then smoothly piece them together.

For the oblique boundary condition, as the cutoff (7.1.45) has been applied, we can sim-
ply linearise it. Due to the cutoff, combined with properties (7.2.10), (7.2.11) and (7.2.13),
the property ' = 0 from Lemma 7.1.7 (iv), and the cutoff in §7.1.1 imply obliqueness that
degenerates at P, is small near P», and is strict away from Ps.

We assume that the € in Definition 7.2.2 satisfies

€< % (7.2.22)
Problem 7.2.7.
2 ) 2 o 2 A
N@) =" Aiphee, + > Bijtbe,tbe, + Y Aibe, =0 in Q, (7.2.23)
ij=1 ij=1 i=1

My = Biiy + Bathg = 0 on Cypoc,  (7.2.24)
b =0 on Dyonie,  (7.2.25)
Vi -v=0 on Cyedge U Tsym,  (7.2.26)
p =19 at Py, (7.2.27)

r

e —
(0) = co /91 (). 5) \/r(s)2 2(p(r(s),s),p1)ds for 0 € [0y, x|, (7.2.28)

>

where € is as in (2.2.6), and 1 is defined by finding p such that &(p, p1) = r(P»), and
then setting 1 = ¢ — c?(p).

7.2.3 The oblique boundary condition on Iy},

On I'gpock, we linearise the boundary condition, freezing the coefficients at the 1 and r
determined by u and v. We use the expressions (2.2.11) (multiplying by (y — 1)p7~2 to
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7.2. Defining the iteration set

obtain an equation for ) in the (r,0) coordinates centred at the origin for the self-similar
coordinates for &:

Bi (W, )y + Ba(3h, )by = 0. (7.2.29)

We note that when the boundary condition is linearised, we get the same expression as
for the obliqueness as in (2.2.12), with all terms evaluated at v (equivalently p) from the
iteration set;

B-v=—r(0)r?(c? -2, (7.2.30)

so that (7.2.7), the cutoff (7.1.45) and (7.2.13) ensure uniform obliqueness away from Ps,
the property (7.1.42) ensures the obliqueness degenerates at P,, and Lemma 7.1.7 (iv), and
(7.2.10) ensure the boundary is almost vertical, and the obliqueness small near P». More
precisely, due to the properties mentioned in the above, we find that for C' depending only
on the data,

Clr -2 <p.v<Col/2 (7.2.31)

Also, by Remark 7.2.4 and the assumption (7.2.2), for each 7 > 0, there exists C only
depending on N and hence the data, and C(7) depending on N and 7 such that

”/BZ H07av]~—‘shock S C7

—a),{P:
1B e, < O,

(7.2.32)

We now remark on the boundary condition near P, with the intention that we will be able
to use the arguments of Proposition 3.6.4 and Proposition 5.2.4, to be able to obtain a
lower bound for 72 — 2, and estimates near P, for solution to the iteration problem. Using
(7.2.10), (7.2.12) and the cutoff (7.1.45) we find that if we choose o small enough depending
only on the data, there exists C' depending only on the data (and is uniform in o once o is
chosen small enough) such that

1
—00'1/2 < /81 < 07 ﬁ2 > 6 on Fshock N {0 <m- 0 < J}' (7233)
We next remark on the boundary condition near I'spnse, with the intention to use the

argument of Proposition 6.3.1 to obtain Cfp ;") estimates near I'son;.. For small enough e,

by (7.2.11) and (7.2.13), Tspock N Ne(Tsonic) can be written in the form {y = f(x)}, and the
linearised boundary condition (7.2.24) is equivalent to (3.5.14) with coefficients evaluated
at ¢ and f; R X

ﬁl ('¢a x)d)x + ﬁ2(¢v :C)wy =0 on Fshock m-/\/‘6(1—‘50711'0)- (7234)

Then, by (6.2.13) and (7.2.8), for € small enough depending on the data, we have the
estimates of Proposition 6.2.4 (iv) for our linearised coefficients;

N 1 A 1 A 1
ﬁl < _67 52 < _67 ﬁ ‘v 2> 6 on Fshock OA/’E(FSOTL’iC)a (7235)

where v = (f’(x),—1) is the inner unit normal to € expressed in (x,y) coordinates.

7.2.4 The quasilinear equation in (2, away from [',,,;.
Away from Dsonic, in '\ D..,/10, We use (7.2.21), with the coefficients frozen at 1; i.e. for
(AE;?),AZ(O), BZ(;)) from (7.2.21), we set

(AL, AL BLY(E) = (A9, AP B (w(€), ), (7.2.36)
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7.2. Defining the iteration set

and impose

2 2 2
AL, &), + > Blibebe, + Y AlDE; =01in Q\ D, 0. (7.2.37)
=1

i,j=1 1,j=1

The conditions (7.2.12) and (7.2.22) ensure that the equation is uniformly elliptic in € \
D.,,/10- Also, from Remark 7.2.4, and that the coefficients are smooth functions of (¢, §),

(ol Bl with

h fficients lie in
the coeflicients lie Cl,a/2,Q\Deeq/w

1AL AL BY) | ocmirarn < C, (7.2.38)

i
1’a/2’Q\Dseq/lD

where C' only depends on the data, €., and Ng from Remark 7.2.4; thus on the data, e
and 6;,.

7.2.5 The quasilinear equation & oblique boundary condition in (2, near

Fsom'c

We now define the iteration equation in Q N D, i.e. near ['gopnie. We will work in the (z,y)
coordinates given by (3.5.3) and use the form (6.1.1). We note that here, we need to use a
cutoff based on the estimate (6.2.5); the estimate (7.2.17) only implies that || < Nox®', so
AH(’QZJ, x) may be negative. We make a cutoff such that;

a. Any fixed point 1& = 1) satisfies the original equation,
b. The modified equation has degenerate ellipticity structure (6.1.5) for (z,y) € QN Dey,
c. Bn(x) ~ —1,A1 = ¢,

The cutoff is based on the estimate (6.2.5), and condition (7.2.8):. Let {; € C*°(R) (which
depends on 6,, via dependence on cz, but its bounds will be uniform in 6,, € [0}, §]) satisfy

s if |s| < 2¢9 — 5—2,
(s) = { Lo Tsl<2e = (7.2.39)
2cy — 1Esign(s) if [s| > 2co — 3B,
where ,
>0onR,
G1(s) 20 on (7.2.40)
C1(—=s) = —=(i(s) on R.
We now define the modified equation in the (z,y) coordinates as follows:
(2021’ —x(q (i) + O~1> T/;xx + (CQ + OQ)Q&QC — (1 + O3> lﬁg
(7.2.41)

+ <1 + 04)72}1/31 - <(7 —11)63 + O~5>'¢§ =0,

)) (7.2.42)

where O;, i = 1...5 are defined as
0; =0; (ﬁ,l‘Cl(
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7.2. Defining the iteration set

Lemma 7.2.8. Let e, € (0,€9) and suppose (7.2.22) holds. If (u,v,0,) € &, and the
corresponding 1 satisfies (7.2.8)-(7.2.9), with constants d2 and N3 depending only on the
data, then

01(z,y)| < C22,  |Oi(z,y)| < Cx, fori=2...5, (7.2.43)

where C depends only on the data.

Proof. This follows directly from (3.5.5), and the fact (; is bounded with bound depending
only on the initial data. O

Now, we write (7.2.41) in (z,y) coordinates in the form;
0= N2(4) = A2ty + Avathyy + A1ty + B2 + Bagi)?, (7.2.44)

Where the A2

i flzz, BZ] are functions of (x,y), and an equivalent form in the & coordinates;

2 2 2
N2()) o= " AL(E)i + Y Bij(&)vi; + > A€ = 0. (7.2.45)

i,j=1 i,j=1 i=1
Now, by the construction of our coefficients, and Remark 7.2.4, we find that:

Lemma 7.2.9. There exists A > 0,¢cq € (0,%), and Neg > 1 depending only on the data
such that

(i) For any (z,y) € QND,,, and ( € R?,

€eq
A? T,y - 1
N < D 4 e ), < el (7.2.46)

(ii) (A2, A2, B2) € CY2(QNDeq \ Tsonic), and

12 12 H2
1(AZ;, A7, BY) 10,0900y < Neg, (7.2.47)

H (A?jv Aga ij)) || 1,0/2,(2NDeq)\Ns (Tsonic) < Neq5_4-

(iii) For all (x,y) € QND

€eq?

. R N 1
A <o+ Neqeeq, B < -1+ Neqeeq, By < -3 + Neqéeq, (7.2.48)
(v —1e3
(iv) Suppose that ¢ = ¥, and 1 satisfies
[Y(z,y)| < (2¢2 — 62/5)z i 2N D10, (7.2.49)
then in QN De,,, ¥ satisfies (6.1.1) in QN De,,.

Proof. (7.2.46) follows from the explicit expression (7.2.41), the estimate for Oy in (7.2.43),
and as [(1(s)] < 2¢9 — %. (7.2.48) follows from the explicit expression and the estimates for
09,03 in (7.2.43). Assertion (iv) follows directly from the construction of ¢; in (7.2.39).
We now prove (7.2.47). We note that from the explicit expressions in §3.5, the original
coefficients (flij, A, Bij)(x, z) are smooth functions of (z, z), so have the same regularity as
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7.2. Defining the iteration set

¥ if evaluated at (z,1)), but the cutoff means that we must make similar considerations to
§7.1.1. We first find that

26 ()| < C,
GCNI=1GC) - GO <C (7.2.50)
D= ()] = ¢ <§>rs

so that (x,z) = x(1(Z) is Lipschitz, and thus the first estimate in (7.2.47) follows from
(7.2.17) and the smooth dependence of the original coefficients on (z, z). Now, continuing
the calculation (7.2.50), we find

< _
so that using (7.2.17), and similar considerations to the above, we attain (7.2.47). O

We are now ready to define the equation on €2, by combining the equations above as
follows. First, we define the cutoff function; for 7 > 0, let (5, = (T) € C*(R) satisfy;

0 ifs<?Z 1
Gi)=4" 72T ando<d(s) < ﬁ on R. (7.2.52)
1 ifs>r,

We then define for 6,, € [0}, 5], and 7 € (0, %), with map F| = Fl(e“’) from Lemma 7.1.2,

w2

gm0 = (R(€)  forallé e Q, (7.2.53)

so then, we note the following properties, for Q¥ from Lemma 7.1.2,

(6:0u) = &7 (8) € CH(@Y),
||C2T’9w)\|03(Q) < C for all 0y, € [Osonics z

2 (7.2.54)
C(T,Gw) _ {0 on Qv:0w) N DT/27

5 I on QU9 \ D, for all (u,v,6,) € &.

We are now ready to define the coefficients in (7.2.23) by:

(Asj, Ai, Bij)(€) = S0P (¢) (AL, AL, BLY(€) + (1 — ¢ (€)) (A2, A2, B2)(€) (7.2.55)

(YH 59

where the coefficients (A}, A} Bl) are from (7.2.37), and (A%, A? Bz) are from (7.2.41).

177 177
We obtain the following properties:

Lemma 7.2.10. Let the coefficients be defined as in (7.2.55). Then the resulting equation
satisfies:

(i) The exists Ao > 0, depending only on the data, such that for &€ € Q, and ¢ € R?,
2
Ao dist(€, Tsonic)[C1* < Y A(€)Gi¢ < Aot I¢)?, (7.2.56)
ij=1
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7.8. Solvability of the iteration problem and estimates of solutions
(ii) Fors < (0,%9),
[(Aij, Bij, Ai)ll0,a,2 < Negs
1(Asjs Bij, Ai) 1072010, < Negs ™.

(iii) In the region QN D, /2, (7.2.23) in the (x,y) coordinates is (7.2.41).

(7.2.57)

Proof. This follows directly from the construction of the coefficients, in particular using
(7.2.17) again away from I'sopic. O

We now finish our formulation by stating the following criteria for removing the elliptic
cutoff for a fixed point.

Lemma 7.2.11. Let e,y be as in Lemma 7.2.9. If € € (0, E%q in Definition 7.2.2, then the
following holds. Let (u,v,0,) € K satisfy 1 = ¥ in Q, for ¥ being the solution of (7.2.23).
Then, if in the (x,y) coordinates,

[Y| < (2c2 — po/5) in QN Do, (7.2.58)
then 1 satisfies the the original nonlinear wave system (7.2.37) in Q.

Proof. This follows directly from the construction of the cutoff; firstly, we find that by
(7.2.9), (7.2.58) holds in 2N D,,. Then, we see from (7.2.39), (7.2.54) and (7.2.55) that
this is a sufficient condition for the cutoff to be removed. O

7.3 Solvability of the iteration problem and estimates of so-
lutions

We now turn to solvability of the iteration problem. The main point here is that for our
solutions, we attain a gain-in-regularity over the ingredients of the equation, corresponding
to compactness of our iteration map.

We start by first obtaining existence, and very basic estimates.

Proposition 7.3.1. Suppose that the parameters o1, €, and dx > 0 are small depending
only on the data and 0,. Then for each (u,6,,) € Kt which satisfies

[u = wll oo qitery + 107 = vl oy + 105 — Ol < 6k, (7.3.1)

for some (u#,v# 0%) € K, then there exists a unique solution ¥ € C2(Q)NCH(Q\ (T sonic U
{P})NC(Q) of Problem 7.2.7 determined by (u,v,0,), such that

0 < P(x,y) < Cx in QN De,,

A o (7.3.2)
0 <¢(z,y) < in
for C depending only on the data, where v is from(7.2.27).
Proof. This follows by Proposition B.0.8. O

We now turn to better estimates of zﬂ, as well as establishing well-definedness of 7,
aiming to gain regularity for (u,v), via showing that (@,f) have better regularity than
(u,v). This will require very careful arguments, focusing on how the constant « in our a
priori estimates arose; i.e. precisely how it arose from the data, or from improving previous
estimates. We first focus on the estimates away from I'sppic, and the well-definedness of 7.
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7.8. Solvability of the iteration problem and estimates of solutions

Proposition 7.3.2. Let @ZA) be the solution to Problem 7.2.7 from Proposition 7.3.1. Then,
7 is well defined by (7.2.28). Fiz s € (0,€9/2). Then there exists & € (0,1) depending on s,
such that &/2 < 6., where if we choose the parameters o = &/2, B > & in the iteration set,
then the following holds (where we note the a, 3 in the following sentence are not the ones
from the iteration set:

For each o € (0,&) and S € (0, %), there ezists Cs.o > 1 depending only on the data, 0,
and s, and Cs o g also depending on 3 such that 1[1 and 7 satisfy

a),lsymU{P2,P:
11 aim R < C,

(1+5)
H HZ a/2,[s,m] = Cs,a,,B'

(7.3.3)

Proof. Firstly, by taking dx and d4 sufficiently small, depending on o1, properties (7.2.13),
(7.2.7) and (7.3.2) imply that p corresponding to 1 can be defined, and

J
12 —E(p) > = (7 — ) on Dypoer, N {m — 6 > ¢/10},
2 (7.3.4)
A 1. =
p > p1 + 5 m Qv
thus using (7.2.31) and (7.2.33), we can use the argument of Proposition 3.6.4 to deduce
that

)
2 —E(p) > 53(71' —0) on I'spock, (7.3.5)

so that once we prove the bound for v in (10.3.4), the bound for # follows immediately by
the argument in Proposition 5.2.4.

We now turn to the estimates of . Firstly, using [56], we can obtain C%® estimates
near P3, with a depending only on the ellipticity of the iteration equation near Ps (thus the
data, by (7.2.46)), and the wedge angle, but uniform in 6., € [@sonic, 5]. We can then use a

)’{P3}(BR(P3) N Q) regularity, for R depending on

standard scaling argument to attain C’f;a
the data.
Next, we focus on P,. Due to (7.2.33), we can obtain the algebraic growth bound as

in Lemma 5.2.3, on I'gpocr N Br(P2) for R depending only on the data. We then apply

the argument of Proposition 5.2.4, to attain C’%;ﬂ)’{PQ}(BR(Pg) N Q)) regularity, for some
R depending on the data, R and 6},. In particular, we note that in Proposition B.0.7, the
exponent « only depends on the ellipticity, hence on the data and 6}, (7.2.56).

Now, we turn to estimates on I'gpocr, noting that we now only require estimates away
from P», and on 9(2\ Ds). Due to (7.2.57) and (7.2.32), away from P, U Pj, the coefficients
are C%!1 and the boundary C1!, (with constants depending on s and the R from above) so
the a in Proposition B.0.6 only depends on the data and s, via the ellipticity (7.2.56).

We now just need to obtain estimates in the interior of Q \ D, and on the remaining
parts of I'yeqge UL sym by even reflection. By the first part of the proof of Proposition B.0.2,
we can attain C1® estimates, with a depending only on the ellipticity.

We have now attained the required estimates on all of 2\ D, and the proof is complete.

O

We now turn to the estimate near I'sonic.
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7.8. Solvability of the iteration problem and estimates of solutions

Proposition 7.3.3. There exists écq € (0,€cq), depending only on the data, such that
possibly reducing the & for s = écq/2 in Proposition 7.3.1, depending on the data, if we
make the same assumptions as Proposition 7.3.2, then

11 ., < Cos

1 1)
|| ||2a[01,91+€eq} S Ca-

(7.3.6)

Proof. This follows by using the bound (7.3.2), and the argument for Proposition 6.3.1, with
€cq small enough. In particular, similarly to the argument used for regularity near P in the
above Proposition, & is determined by A; in (7.2.46) (hence on the data), as A\; determines
the ellipticity of the rescaled equation used in the argument of Proposition 6.3.1. The bound

(p 7),1

for 7 follows as C} regularity implies C%! regularity, and the estimate (7.3.4). O

We now can conclude the following global estimate, by combining the two Propositions,
by taking s < eeq,

Proposition 7.3.4. Under the assumptions of Proposition 7.3.2 and Proposition 7.3.3,
fixing any 5 € (0, %) such that 8 > & in the iteration set, (where we recall that o = &/2 is
assumed)
(—&),Lsym (par)
I, o+ 191, <C,
(7.3.7)

(3+8))
|7 H2a/2 o =C

This leads to the following gain-in-regularity for v and v:

Corollary 7.3.5. Suppose the assumptions of Proposition 7.3.4 hold. Let @ : Q%" — R
and v : (0,1) — R be determined as follows; define 4 by

i=foFy? OFQJh(s,t), (7.3.8)

where gsp, was obtained from v. Also, we may take d3 small enough in the iteration set,
depending on the data, so that 7 from (7.2.28) satisfies

Dahock == {r =7(0) | 0 € [61,7]} C Q, (7.3.9)

where Q is from Lemma 7.1.2, and Lemma 7.1.2 (viii) holds for Lehock- Then define 0 by
the same formula as (7.1.26), using Uspock. Then, 4 and v satisfy

; 7<§+1)§)> <c (7.3.10)

<C, H HQQ/Q (0

where C only depends on the data and 0.

Proof. This follows using Proposition 7.3.4 and the same argument as Proposition 7.1.5.
In particular, the assumption 8 > & ensures that the regularity of r is better than the
regularity of ¢ (via (7.2.17), thus the estimates transfer appropriately. O
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7.4. Iteration map

7.3.1 Openness of the iteration set

In this subsection, we show that the iteration set K is relatively open in C from (7.2.3).

Lemma 7.3.6. K is open in {v(1) >0} NC x [0;, T].

Proof. Properties (i),(ii), the left hand side of (iii), (iv),(v),(vi) are all open conditions
as they involve strict inequalities, and due to the continuous dependence of 1) and r on (u, v)
by the construction in §7.1. The right hand side of (iii) is a relatively open condition in C
as it is equivalent to u > 0, by (7.1.26). Property (viii) follows by uniqueness of solutions
to the iteration problem, using a contradiction argument; see [26][Proposition 12.8.2] for
details of this argument. O

7.4 Iteration map

We now define the iteration map Z = Z(*») on K, as well as prove the remaining techni-
cal conditions to apply the Degree Theory from §2.5. First, we will show continuity and
compactness of the iteration map. We will then show that fixed points (u,v) of the itera-
tion map correspond to admissible solutions. We next show that 7(3) has non-zero degree,
taking advantage of uniqueness of the normal reflection solution. We then show that fixed
points cannot lie on the boundary of the iteration set. This will then complete the argu-
ment that fixed points exist, and correspond to admissible solutions. As this can be done
for any 6, € [fsonic, 5, this shows existence of solutions up to the sonic angle. We define
the iteration map Z as follows:

Definition 7.4.1. The iteration map Z : K — C is defined by
Z(u,v,0,) = (u,0), (7.4.1)

where @ and ¢ are defined in Corollary 7.3.5.

7.4.1 Continuity and compactness of the iteration map

In this Section, we establish Continuity and Compactness of the Iteration Map.
Lemma 7.4.2. 7 is continuous, and i-compact.

Proof. The continuity follows from the uniqueness of solutions to the iteration problem for
a fixed (u, v, 0,,), and continuous dependence of the coefficients of the equation on (u, v, 6,,),
by the same argument as [26][Lemma 13.2.2, Corollary 13.2.3]. The compactness follows
from the estimate (7.3.10) and compact embedding results for Holder spaces and Lemma
A.1.3,, because 0* < 1, and &/2 < &. O

7.4.2 Fixed points are admissible solutions

In this subsection, we show that fixed points of the iteration map correspond to admissible
solutions. We note that for a fixed point (u,v) of Zw) for a wedge angle 6,, € [0, 5], the
corresponding (p, r) satisfy:

e The quasilinear equation (2.1.4) in Q\ Q5. In Q_ /, the equation in the (z,y)
coordinates is (7.2.41)
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7.4. Iteration map

e The Dirichlet conditions p = p on I'sppic, and r2 =22 at Py

e The nonlinear oblique boundary condition (2.2.10), with no cutoffs on the f; coeffi-
cients, but the following cutoff on the relation for r’ in terms of (p,r):

'(0) = Ga(m — 0)g(r, p) + (1 — G — 0)) (1 — 0)/2G <(7rg(_r’9’;3/2>, (7.4.2)
where ¢ is from (2.2.10), and (; and (» are from (7.1.45).

Thus, to show that (p,r) is an admissible solution, we must remove these cutoffs. We first
focus on the elliptic cutoff. By Lemma 7.2.11, we need to show that

|| < (2¢0 — %)az in {0 < x <¢/10}. (7.4.3)

To show this condition, we will take advantage of (7.2.8), (7.2.22), (7.2.35) and (7.2.48).

Lemma 7.4.3. Let (p,r) correspond to a fized point (u,v) of IO for some wedge angle
0. Then if € in the iteration set is chosen sufficiently small depending on the data,
corresponding to p satisfies

0<y<(2— %2)9: in QN{0 <z <¢e/10}. (7.4.4)

Proof. 1 > 0 follows from (7.3.2). For the other side, we essentially refine the constant M
in that same estimate, by using the fact that due to ¢ now being a fixed point, we can use
(7.2.8) to control M. Let A =2— %2, and set v = Ax. If we take €., (and so €) small enough
so that (7.2.48) implies

A(Cl + ABH) <0 in Q2N Deq, (745)

which is possible as A > ¢, then for N from (7.2.23),

Nv <0 in Q. (7.4.6)
We also find that
Vv-v=0v=0 on I'yedge, (7.4.7)
and by (7.2.35),
Mo = Aﬁl < 0 on Pshocky (748)
and by (7.2.8),
v <1 on {x =¢/10} N Q. (7.4.9)
The result now follows by the comparison principle. ]

We now focus on the oblique cutoff, taking advantage of similar considerations. From
the construction of {7 in §7.1.1, we need to show that

V12— > 03(m — 0)4/? on Typoek N{0 < 7 — 6 < 0} (7.4.10)

oIl =3

Lemma 7.4.4. Let (p,r) correspond to a fized point (u,v) of T) for some wedge angle
0. Then 1 corresponding to p satisfies

V12— > 53(m — 0)'/? on Lspock N{0 <7 —0 < 0} (7.4.11)

ol =3
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7.4. Iteration map

Proof. This follows by essentially the same argument as 7.4.3. Using Proposition 3.6.4,
owing to (7.2.33), and (7.2.13), we deduce that

=@ >8r—0Y2>0  onTagen{0<r—0<o}, (7.4.12)

and then noting 03 = 531,/2 to deduce (7.4.11). O
Thus we can conclude that;

Proposition 7.4.5. Let (u,v,0,) be a fizred point of T. Then the corresponding (p,r) is an
admissible solution of Problem 2.4.1 in the sense of Definition 4.2.1.

7.4.3 Unique fixed point & Fréchet derivative for 0,, =

We have shown in §7.4.2 that fixed points of the iteration map correspond to admissible
solutions. In the case where 6, = 7, we see that normal reflection is the unique admissible
solution, which is a consequence of the convexity, as remarked at the end of Proposition
4.3.2. Therefore, the unique fixed point of Z(2) is (0,0), i.e the (u,v) corresponding to
normal reflection.

To establish that the fixed point degree of the iteration map for 6, = 5 is non-zero, we
must show that the unique fixed point (u,v) = (0,0) has non-zero index. Due to how the
fixed point degree is defined in [87] for closed convex sets in Banach spaces, it is sufficient to
show that the Frechét derivative of Z satisfies the property that I — DZ(0,0, 5) is invertible.

As the mappings which take (u, v) to (p,r), and the mapping which takes (p, #*) to (@, 0)
will be mutual inverses in a neighbourhood of the fixed point (as the cutoff map is equal
to the identity in a neighbourhood of the fixed point), we need only consider the Fréchet
derivative of the map F : (¢,7) — (¢, #), defined by Problem 7.2.7.

We write the Fréchet derivative of F' evaluated at the normal reflection as (A, B) =
DF(p,r)(e, f), where A and e refer to the p direction, and (B, f) to the r direction (so that
A and e are functions on 2, and B and f are functions on [f1,7]). Taking the directional
derivative in direction e, f of Problem 7.2.7, we find that (A, B) satisfy the following:

2

Z (Aij0i; A + 0, Ai;0i500e),
ij=1

2
+ ) (Aidi A+ 0.Adnpe) =0
=1
2

+ > (Bij0id; A+ 0;A05% + 0. Bij0p0y1pe) in €, (7.4.13)
ij=1
A=0 on FsonicU{PQ}a
VA-v=0 on I'yedge U Lsym,
B,V A+ (8.B0,pB + Al + 8, B)dip = 0, on T'snock
[
B(6) = / 9:(prf(s) + A(r(s),s))gr-B(s) ds for 0 € [61, 7,
01

where (A;j;, Ai, Bij) are from (7.2.21), and ; are from (2.2.11). As ® is constant, 9j1) = 0
for all j. From (7.4.13), we see that A satisfies a strictly elliptic PDE in Q, and either

68



7.4. Iteration map

oblique, or zero Dirichlet boundary conditions on the whole of 9). Thus A =0 on Q. We
now turn to B.

We find that, evaluated at the normal reflection solution, so that p = py and r =
—Cysec,
e —2r?

eVr? — ¢

gr = = 2tanf + cot 0, (7.4.14)

—C

so B : [01, 7] — R satisfies the following initial value problem;

B(#) =0,
/ (7.4.15)
B'(#) = (2tan6 + cot §)B(0),
hence B = 0 on [0y, n]. Thus Z(2)(0,0, 5)(A, B) = (0,0), the normal reflection solution is a
regular value of the iteration map, and the fixed point degree is nonzero.

7.4.4 Fixed points do not lie on the boundary of the iteration set

The last remaining technical condition we require to apply the Leray-Schauder degree theory
is that the fixed points of the iteration map do not lie on the relative boundary of K within
C. This follows directly because fixed points correspond to admissible solutions, and the
choice of the constants in Definition 7.2.2 corresponding to open conditions were chosen to
be strictly increased or decreased in comparison to those valid for admissible solutions. As
the boundary is taken relative to C, the conditions arising from being part of C, such as the
fact p < po2 in 2, do not imply that the fixed points lay on the boundary of K within C.

7.4.5 Existence of admissible solutions up to the sonic angle

We have now proved that 7 (2) has non-zero index, and that all conditions required to apply
the Leray-Schauder theory from §2.5 apply, and therefore Z(®») has a fixed point for any
0w € [0, 5]. As 05, € (Osonic, 5) is arbitrary, we have now proven existence admissible
solutions for all supersonic wedge angles.
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Part 111

Part III - Existence up to the
Detachment Angle
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Chapter 8

Admissible solutions & Uniform
Estimates up to the Detachment
Angle

In this Chapter, we extend our definition of admissible solution and basic estimates in
Chapter ?? to subsonic cases. Here, we fix 0, € (04, %), and some of our estimates will
depend on 6, and be valid when the wedge angle satisfies 0,, € [0, 5]; others will be

w? wr 2
uniform in 6, € (g, 5).

Remark 8.0.1. When defining the mapping to the iteration region, and constructing the
iteration set, we will often need both the original estimates from Part II for supersonic
cases, and estimates from Part III for subsonic cases. For convenience, we will always make
clear in the following sections which estimate from Part II is being extended, and only
cross-reference to the extended estimate in Part III.

8.1 Main theorem

In this Part, we will prove existence of solutions to Problem 2.4.2.

Theorem 8.1.1. Let 0,, € (04, Osonic]. Then there exists a region S of the form described by
Figure 2.2, and functions p € C?(Q2) N CHQ\ Tsonic) NC(Q), 7 € C?((0, 7)) NC ([0, 7)),
that solve Problem 2.4.2.

8.2 Admissible solutions & basic estimates for the subsonic
case

8.2.1 Definition of admissible solutions

We start by extending Definition 4.2.1 to subsonic wedge angles.

Definition 8.2.1. Fix 60, € [04,0s0nic]- A solution (p,r) to Problem 2.4.2 is called an
admissible solution if it satisfies the following:

(1) The shock Dgpoer = {r =1r(0) | 6 € (61, 7)} satisfies

Fshock C (A \ Bcl)y (821)

71



8.2. Admissible solutions & basic estimates for the subsonic case
and Tgpoer is C? in it’s relative interior. Moreover, Fg%ck, the extension of I'gpocr by
first reflecting in {7 = 0} and adding P, is C' in its relative interior, including P.
(ii) For some « € (0,1), p and r satisfy

p e CONQNCHQ\{P}) N C*HQ),

. ) (8.2.2)
r € CH¥([Ow,m]) N C*((0y,))
(iii) Equation (2.1.3) is strictly elliptic in Q\ Tsonic:
> in Q\ Taonie (8.2.3)
(iv) The boundary condition (2.2.11) is strictly oblique on the interior of I'spock;
2 2
r* —c¢" >0 on 'gpock (824)

8.2.2 Monotonicity of p on 'y, and convexity of (2

Here, we extend the monotonicity of p on I'gpocr, and the convexity of the elliptic region
), as described in Proposition 4.3.2 to the subsonic case with no changes, as the one-point
Dirichlet condition can be treated in the same way as when the sonic arc has positive length.

Proposition 8.2.2. Let (p,r) be an admissible solution of Problem 2.4.2 in the sense of
Definition 8.2.1. Then p is monotone increasing from Py to Po on Uspock, and the elliptic
region §) is conver.

We may then extend Corollary 4.3.3 in the following way, as it is a direct consequence
of convexity combined with property (3.2.10) of the local reflection.

Corollary 8.2.3. Let v,, denote the outer unit normal to I'yeqge. Then, for any admissible
solution to Problem 2.4.2 in the sense of Definition 8.2.1, denoting by v, the inner unit

normal to Uspock,
Vsh - Vyy < —6, (8.2.5)

where § depends only on the initial data.

8.2.3 Estimates for the density p and the elliptic region ()

We now extend the pointwise estimates of §4.4, noting that none of them relied on the
positive length of the sonic arc, except the separation estimates. We first extend Proposition
4.4.2 and Proposition 4.4.3.

Proposition 8.2.4. Let (p,r) be an admissible solution of Problem 2.4.2, in the sense of
Definition 8.2.1, with wedge angle 0, € (04, %). Then there exists C' depending only on the
data such that

QC B, (8.2.6)
pr<p<C, (8.2.7)
Lip(r) < C. (8.2.8)
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8.2. Admissible solutions & basic estimates for the subsonic case

We now remark on the separation of the shock curve from the wedge. Clearly, the shock
curve now meets the wedge at the reflection point; however, as ['spock is written in the form
Dshock = {r =r(0)}, we can ensure uniform separation away from the reflection point. We
will in fact find in §9.1, when doing our analysis near the reflection point that we have linear
separation.

Proposition 8.2.5. Let r > 0. Then there exists C > 0 depending only on (po, p1,7),
and C(r) > 0 only depending on the data and r, such that for any admissible solution of
Problem 2.4.2, in the sense of Definition 8.2.1,

1

st (P, Toym) > =, (8.2.9)
. 1
dlSt(FShock \ Br(Pl), Fwedge) > m (8.2.10)

We now turn to the uniform lower bound for p — p;. This again, follows by the same
argument as for the supersonic case; the change from a Dirichlet condition on the sonic arc
to a 1-point Dirichlet condition at the reflection point does not affect the argument.

Proposition 8.2.6. Let 0;, € (0q,%). There evists T > 0, depending only on the initial
data, such that for any admissible solution (p,r) of Problem 2.4.2 in the sense of Definition
8.2.1 with wedge angle 0., € (0%, Osonic,

+7<p< in Q,
P p=r (8.2.11)
r>c1+ 7 on Ugpock-

8.2.4 Uniform ellipticity & obliqueness estimates

We can now again use the global lower bound for p — p;, and the results of §3.6 to deduce
global ellipticity & obliqueness; more precisely, we extend Proposition 4.6.1 as follows:

Proposition 8.2.7. Let 0y, € (04,%). There exists A > 0,{ > 0,0 > 0 depending only on
the initial data and 6},, such that for any admissible solution of Problem 2.4.2, in the sense

of Definition 8.2.1, with wedge angle 0y, € 0%, Osonic),

A — 2 >min(32(P) —r3(P) + A —P,A in €,
> min(c(Py) = r*(P1) + Ag - Pil. ) s212)
r2 — @ > 6(m —0) on Dspock.

Proof. The only change here from Proposition 4.6.1 is the behaviour of the ellipticity and
obliqueness at ['sonic = {P1} for subsonic cases. For the ellipticity estimate, the changed
expression follows from the fact that on sopic, ¢ — 172 = ¢2(Py) — r2(P;) > 0 for subsonic
cases, rather than being equal to zero in supersonic cases; the constant 6 arises from the
condition (3.6.1). For the obliqueness estimate, we need to prove that r? — ¢ is positive at
the P; for subsonic solutions, with lower bound for it’s value only on the data and 6;,. For
this, we find that from (3.2.9), that at the reflection point,

7‘2—02>207%E%—02:i(02—62)>0 (8.2.13)

ca+d P E+a ’
where C' depends only on the data, by (3.2.3) and continuous dependence on the parameters
and the data. O
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8.2. Admissible solutions & basic estimates for the subsonic case

We remark that in the ellipticity estimate (8.2.12), if the wedge angle is subsonic but
close to the sonic angle, ¢?(P;) — r2(Py) will be small, and the first term will be the smaller
one near the reflection point, but if the wedge angle is far away from the sonic angle, the
second term is the smaller one. This continuous transition in elliptic structure will be crucial
in our analysis.

8.2.5 Regularity away from the reflection point

We now conclude this chapter by remarking that as nothing has changed away from [sypnic,
the results of Chapter 5 still apply with no changes, and we extend Propositions 5.2.1 and
5.2.4. We recall the definition of the region €Q.:

Qe = {€ € Q| dist(&, Tsonic) < €}, (8.2.14)

with the understanding that we denote ['sonic = {P1} in the subsonic case.

Proposition 8.2.8. Let 0y, € [04,5). There exists o € (0,1) and eg > 0, depending on the
initial data and 0}, such that for 0 < € < ¢y and B € (0,1), there exists C depending on e,
B, 0 and the data such that for any admissible solution of Problem 2.4.2, in the sense of
Definition 8.2.1, with wedge angle 0, € [07, Osonic),

,,a2 _ 52 < C(Tr — 0) on Lshock,

1
~Clr = 0)!2 <1'(0) < —(m = 6)'/* for 6 € [61,7), (8.2.15)
B-v> %( 9)1/2 on Uspock,
and APs}
lellfwata <. (8.2.16)
1 2){m o
H ”éa 9154/“71'{] } — <C.
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Chapter 9

Regularity near I',,,;- up to the
Detachment Angle

In this Chapter, we will fix 0 € (64, 5], and shall make a priori estimates up to I'sonic,

uniform in 6, € [0}, 5]. We shall consider four separate cases;
e The supersonic-away-from-sonic case where the ellipticity degenerates at the sonic
arc, and the sonic arc has a positive length bounded below by some constant, and the

estimates will depend on this constant. This is precisely the case of Chapter 6.

e The supersonic-near-sonic case, where the sonic arc has a positive, but small length.
In particular, we cannot use Proposition 6.3.1 to obtain estimates that are uniform
as Oy | Osonic, as the assumption (6.3.5) implies the estimates given are not uniform
as the sonic arc shrinks to zero. We will derive algebraic growth estimates that are
valid when the sonic arc is sufficiently small depending on the data, and use them
alongside a different scaling to the supersonic-away-from-sonic case derive parabolic
C1® estimates in this case.

e The subsonic-near-sonic case, where the sonic arc has zero length, but ¢?(Py) —r?(P)
is still small. Using (8.2.12), the ellipticity is still small near the reflection point, and
p still close to ps, so that small elliptic structure and coefficient estimates, similar
to the degenerate elliptic structure in the above two cases are still available, and it
turns out that the method from the supersonic-near-sonic case can be used with little
change.

e The subsonic-away-from-sonic case, where the sonic arc has zero length, and the
ellipticity is strict. Also, only limited coefficient estimates are available near P;, as
c? —r? is no longer small, and we no longer know that |p — p2| < 1. However, we can
still use the fact p < py and the fact we chose weak reflection so that(3.2.9) holds, to
deduce that B2 < —\ near P;. This allows us to obtain algebraic growth on I'specr,
similar to the treatment of P, to allow us to obtain C% regularity up to the reflection

point for any 8 € (0,1).

Remark 9.0.1. In separating out our cases, we note that from how we define state (2)
in Section 3.3, p is a strictly decreasing function of 6, € [04, 5], and r(P1) is a strictly
increasing function of 6,,, so that

eso(Ow) = c% — rz(Pl),

dso(Ow) := xp, (9.0.1)
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9.1. Pointwise estimates for admissible solutions up to the detachment angle

are both strictly increasing functions of 6,,. Also, from (3.3.6), 6,,—0s is a strictly decreasing
function of 6,,, and from (3.4.2), 61 — 05 is a strictly increasing function of 6,,, so that

bso(0) == 01(0y) — Ouy (9.0.2)

is a strictly increasing function of 6,. Thus we remark that controlling the ellipticity,

the length of the sonic arc, and the wedge angle are completely equivalent. Thus we will

characterise the four cases described above by the wedge angle; i.e. for some small §;; > 0,
* ™

they will correspond to 6y € [fsonic + 6, 51, (Bsonics Osonic + 03y), [Osonic — 07y Osonic] and
(04, Osonic — 0] respectively.

9.1 Pointwise estimates for admissible solutions up to the
detachment angle

In this Section, we extend the estimates made in Section 6.2, but with some differences. The
key point will be that in the subsonic-near-sonic case, we have the smallness of ¢ via (6.2.5)
available, so all estimates of Proposition 6.2.4 still hold. In the subsonic-away-from-sonic
case, this is no longer true, but we may use (3.2.9), and the fact p < po from (8.2.11) to
obtain useful estimates.

We first make a similar definition to Definition 6.2.1 for subsonic solutions, except now
consider intersections of S; with the circle of radius r(P;). Similarly to (3.4.2), these
intersections are given by

9:95+sin_1<r(c;1)>, (9.1.1)

where one solution, the smaller one, is § = 6,, by definition of P, and second one 8 € (0,,, )

S )
exists, as by (3.2.9), rp, > %2, using ¢%(p2, p1) > ¢*(p2,0) = %2

Definition 9.1.1. Let 0, € (04, 0s0nic] be a subsonic or sonic wedge angle. Py = P; = Py,
and Dsonic = {P1}, so we define the following points:

e P as the second intersection of S; with 9B, (p,), which exists by the discussion above,
e () as the midpoint of the arc P, Py,
e (' as the midpoint of the line segment P P;.

We note that from how P;, P; and Q are defined here,

TQ == T_Pla and 9?1: g +98 € (9w77r)7

We note that again, that Sy N {0 € [0,,,00)} can be written as {y = fo(x)} , for fo(z) given
by (6.2.1), and Proposition 6.2.2 can be extended as follows:

Proposition 9.1.2. Let 0, € (0q, 5]. Then there exists g > 0,w > 0 and M > 1 such that
2w < fl(z) <M for x € (—€o, €0), (9.1.2)

and A
||f0||03([760760]) <M. (913)
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9.1. Pointwise estimates for admissible solutions up to the detachment angle

We will now establish estimates for ¢ near I'sopic, that are uniform up to the detachment
angle. We first obtain from Proposition 8.2.6 that

Lemma 9.1.3. Let (p,r) be an admissible solution of Problem 2.4.1 in the sense of Defini-
tion 8.2.1, and ¢ = ¢ — c*(p). Then there exists C depending only on the initial data such
that;

0<y<C in Q (9.1.4)

We now extend Proposition 6.2.4. The key point here is that though we no longer yet
have any estimate of the smallness of ¢, we can instead use (8.2.11) to deduce that we can
still write Q. in the (z,y) coordinates from §3.5. We can also use the fact we chose weak
reflection, to use (3.2.9) to attain estimates of /31, Ba.

Proposition 9.1.4. Let 0y, € (0q,%). There exists C > 0, and €1 > 0, depending on 0y,
such that if (p,r) is an admissible solution of Problem 2.4.2, in the sense of Definition 8.2.1,
with wedge angle 0., € [0}, %], and € € (0,€1),

wr
(i) Q¢ can be written in the form
Qe={0<z—2p <e€b,<y< f(x)}, (9.1.5)
where f'(x) is given by the formula (3.5.11), and

002 N [shock = {(CC,y) ’ 0<z-— rp <€Y= f(ﬂj)} (916)

(ii) The boundary condition on I'spock N {0 <z — xp, < €} can be written in the form
BV = Prve + Bay =0, (9-1.7)
with expressions as in (3.5.14).

(iii) For some w >0, M > 0,
w< fi(z) <M, (9.1.8)

and
o) =hwd)  forae (0,6, 9.1.9)
where h € C*°(R x R), and a&kil)h(x,(]) = fék) (x) for all k > 1,

(iv) The coefficients (31,32) in the oblique boundary condition satisfy

B' v Z l:
-« (9.1.10)
62 < _6

where v is the inner unit normal to , expressed in (x,y) coordinates.

Proof. For (x,y) € €, using the fact p < p from Proposition 8.2.6, and the bound (3.2.9),
we find that for €; sufficiently small depending only on the data

r2—@>r(P)? - —Ce

2.2 _ 22
c5(c5 —¢3)

> Q%49 &

=T a2+ €1 (9.1.11)
1

>7a

- C

7



9.1. Pointwise estimates for admissible solutions up to the detachment angle

which alongside (9.1.4) and the explicit expressions (3.5.11), (3.5.14) and (3.5.16), implies
(i),(ii),(iii),(iv) and the first inequality in (v). For the final inequality in (v), we note
that from the explicit expression in (3.5.14), and conditions (3.2.9) and (8.2.11),

ﬁQ = f(z )(40262 — ’1”2(362 + EQ)

/
< 5( 2) (402020 + 4¢%%E — 3% c3 — ce*ed)
) Cz
9.1.12
Sf/( 0202(C _CZ) ( )
a+c
1
g
- C
O

We now extend Lemma 6.2.3 from supersonic cases, to the subsonic-near-sonic case.

Lemma 9.1.5. There exists 1 € (0,e0) 6 > 0 and 0., > 0, depending only on (po, p1,7),
such that if (p,r) is an admissible solution of Problem 2.4.2, in the sense of Definition 8.2.1,
with Oy € [Osonic — 01y, 5], then the corresponding < satisfies

0<1v<(2c0—0)x for xz € (0,¢€1). (9.1.13)

Proof. This follows in the same way as Lemma 6.2.3. If ¢} is sufficiently small depending
only on the data, then by Remark 9.0.1, ¢3 — r?(P) is sufficiently small that the first term
is the smaller one in (8.2.12) and

Mz —2p) < — (2 — )% = =+ 2con — 22, (9.1.14)
so the result follows in the same way as Lemma 6.2.3. O

With this bound in hand, we may now fully extend Proposition 6.2.4 to subsonic-near-
sonic wedge angles.

Lemma 9.1.6. There exists 0;, > 0 such that if p,r) O, € [Osonic—04, 5], then the remaining
estimates of Proposition 6.2.4 hold; i.e. in addition to the estimates of Proposition 9.1.4

above, we also have;

(ii)’

/(@) = (@) | 1f(@) = folo)] <C

T T

(9.1.15)

(iv)’
A 1
Prs—7 (9.1.16)
We also have the following estimate, which extends (9.1.13) to all subsonic wedge angles,
but with a weaker constant. This estimate is somewhat artificial, but is necessary when

defining the iteration set to allow a continuous transition between cases.

Lemma 9.1.7. There exists g > 0 and C' depending only on (po, p1,7, 0, such that if (p,r)
is an admissible solution of Problem 2.4.2, in the sense of Definition 8.2.1,

0<¢<Cx in Q. (9.1.17)
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9.2. FEstimates up to the sonic arc or reflection point

Proof. From Lemma 9.1.5, there exists d;; > 0, depending only on the data, such that if the
wedge angle 6,, satisfies 0y, > Osonic — 0, then (9.1.17) holds. Then, from Remark 9.0.1,
there exists d > 0, such that if 6, € (Odetach, Osonic — 05], then xp, > d, so that from (9.1.5),
x> d in Q. Thus, by (9.1.4),

0<y< i;x in Q,, if O € (04, Osonic — 5], (9.1.18)

so combining (9.1.13) and (9.1.18), we obtain (9.1.17). O

9.2 Estimates up to the sonic arc or reflection point

9.2.1 The supersonic-away-from-sonic case

We first examine at the supersonic-away-from-sonic case. This is simply the case from Part
I1, with estimates given by Corollary 6.3.2, by choosing 8. = Osonic + 05, for 65 > 0.

Corollary 9.2.1. Let 0}, > 0, €y as in Proposition 9.1.2. Then there exists a € (0,1),
depending on the data and 5, such that for each 5 € (0,1) and € € (0, €], there exists C
depending on the initial data, €, 0}, and B such that if (p,r) is an admissible solution of
Problem 2.4.1, in the sense of Definition 4.2.1, with wedge angle 0y, € [Osonic + 0y, 5], then

Y € COHQ\ {P2}),

a),{P: ar
Il soe o + 191, (9.2.1)
01,7 ar
[ Vi ||;’a306 <C.

9.2.2 The supersonic-near-sonic case

As 0, | Bsonic, Proposition 6.3.1 no longer provides estimates in €2, uniform in €, so a
different technique must be used. The aim here is to find estimates for admissible solutions
with wedge angles 0., € (Osonics Osonic + 0s,)), for 8, small. The outline of the procedure is
as follows:

(i) Firstly, using Proposition 6.3.1, we may obtain estimates in 2 for bso(6h) as defined
in Remark 9.0.1. We note that bs,(6,,) > 0, but bso(0y) | 0 as 0y | Gsonic, so the
estimates we obtain here are not uniform in ,, up to the sonic angle.

(ii) We next, using Proposition 9.1.4, in particular (9.1.5) and (9.1.8), note that for k
depending only on the initial data,

Qe, C{x € (0,€),y € (0,bso + kz)},
1 (9.2.2)
{z €(0,€),y € (0,bso + %a:)} C Qe -

where k£ > 1 can be chosen uniformly for all supersonic reflection solutions, depending

only on the data. We will show that for all integers m > 2, and sufficiently small

bso depending only on the data and m, a solution ¥ (x,y) has the following growth in
b2

Qen{z > 3¢ ,

bZ,
0 <¢Y(z,y) < Cz™ in QcN{x>->=2

5 (9.2.3)
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9.2. FEstimates up to the sonic arc or reflection point

for some € > 0 and C, both depending only on the data and m. In the proof, we use
the smallness of bs,, and the elliptic degeneracy near I'sopic. The main point is that
bso can be arbitrarily small, but once bg, is small enough depending on the data, C' is
independent of by,.

(iii) We use the algebraic growth with m = 3 to obtain estimates of ¢ in Q. N {zx > %
by using a different scaling from that in the supersonic-away-from-sonic case. As
the length of the sonic arc is now small, rectangles defined by (6.3.7) do not satisfy
the property (6.3.10). Instead, we note that by (9.2.2), we can use a rectangle with
side length proportional to xg to have a property similar to (6.3.10). Also, for the
degenerate elliptic structure (8.2.12) to become a uniformly elliptic equation for the

rescaled function, we require the ratio of the side lengths in the x— and y— directions
b2

to be proportional to \/zg. Therefore, for (zo,y0) € Qc N {z > 3¢}, we consider the
rectangle;

» 3/2 fy)

R(Z’o,yo) = {]r — x| < 1‘0/ Jy — ol < m} N Q, (9.2.4)

so that the ratio between the side lengths is 10k,/z¢; i.e. the same as (6.3.7), up
to a multiplicative constant that is uniform in 8,,. These rectangles do satisfy the
property that they fit in to ); i.e. rectangles centred on points on I'yeqge do not
intersect I'gpock, and rectangles centred on point on I'gpeer do not intersect I'yegge-
Then, rescaling to a portion of the square (—1,1)2,

~ P x
Qlroo) = {(5,T) € (=1,1)% | (zo + xS, yo + m—(}fT) e, (9.2.5)

we obtain a uniformly elliptic equation for

1 T .
YW (S, T) i= i + ) “Soo + 1o 1) for (S.T) € Qo) (9.2:6)
0
and the algebraic growth of ¢ when m = 3 implies [¢)(*0:%0)| < M, for M depending
only on the data. Then, a similar argument to Proposition 6.3.1 implies C'%* estimates
for the rescaled functions. Then, combining with the estimates from Proposition 6.3.1

(par)
1,

mentioned in part (i), we obtain the C' estimates for .

We now prove our algebraic growth bounds, working in the (z,y) coordinates from §3.5.
We consider equation (3.5.4) as a quasilinear equation, obtained by freezing the coefficients

at ¥;

2 2

QY= > ay(z,y)ditb + a1 (2, y) e + D bii(w,y)(h)* = 0. (9.2.7)

ij=1 i=1
Using (3.5.5) and (6.2.5), we have the following structure for (9.2.7) in €, with sufficiently
small € > 0 depending only on the data;

1
C
|(a1,b11,c11)(z, )| < C, b11,b22 < 0.

C'z < ary(z,y) < Cu, < a(z,y) <C,

(9.2.8)

where C only depends on the data. Furthermore, using (3.5.13), the boundary condition
on I'spock can be written as a linear condition;

N = b(il}, y)- V=0 on I'spoer M O, (929)
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9.2. FEstimates up to the sonic arc or reflection point

where from (9.1.10) and (9.1.16),

1
~C<bi<—5  on Lo N fori=123, (9.2.10)

and the boundary condition (9.2.9) is strictly oblique in the sense that

1
b-v>—. 9.2.11
v (9211)
Also, the slip boundary condition (2.2.8) is
9,0 =0 on Tyeqge N O (9.2.12)
Also, recall that from (9.1.4), v satisfies
= 0 on Isonic,
4 (9.2.13)

¥ < C on €.

Also, from the structure estimates in Proposition 9.1.4, in particular (9.1.8), there exists
k > 0 depending on (pg, p1,7) such that

Qe C{z € (0,¢),0<y—0, <0,bgo + kz},
1 (9.2.14)
{z €(0,€),0 <y —0y < bso+ %l' C Q).
We now show the desired algebraic growth bound by constructing a suitable supersolution
to (9.2.7) with boundary conditions (9.2.9) and (9.2.12).

Lemma 9.2.2. Let m > 2 be an integer. Then there exists §;, > 0,¢ > 0 and C >0
depending only on m and the initial data, such that (p,r) is an admissible solution of
Problem 2.4.1, in the sense of Definition 4.2.1, with 0y € (Osonic, Osonic + 0o), and € < €,

we have )

. max o , b
Y(z,y) <C 89621{ }¢$m in QN {z > %6 , (9.2.15)
€

for bso(0y) as defined in Remark 9.0.1.

Proof. We use a similar barrier function to [26][Lemma 16.4.1]. The difference is the pres-
ence of the quasilinear by1, beo terms (which are negative, so do not hinder us), and the a;
term is now positive. We write out the full construction & proof here. Without loss of
generality, applying a linear transformation, we may assume 6,, = 0. We now show that for
suitable M, L > 0, for any A > 0, the following function

v(z,y) = A((z + Mb2)™ — L(z + Mb2)™ 'y?) (9.2.16)

is a positive supersolution of equation (9.2.7) with boundary conditions (9.2.9) and (9.2.12).
Then, choosing A suitably implies (9.2.15). In the following proof, the dependence is as
follows; we set M = N L, and choose L, N large depending only on the data via (9.2.8) and
(9.2.10). The smallness condition is explicitly:

€< — (9.2.17)
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which in particular implies bg, < % We now use (9.2.14) to obtain that for (z,y) € Q,

1

Az + gyt ) = o Mbs, = Ly

> x + Mb%, — L(bs, + kx)? (9.2.18)

>+ Mb2, — 2Lb%, — 2Lk

Then, choosing M = NL > 1, and assuming e satisfies (9.2.17), and choosing N =
4max{1,k?}, and using that = € (0,¢€) in Q., we have

SIES

v(z,y) > =(x + Mb2)™ > 0. (9.2.19)

Similarly, we find that
vz, y) > A%(:c + M2 )™ > 0, (9.2.20)

and

1
Vea(, ) > Am(";)(a: + Mb2)"2 > 0, (9.2.21)

by further increasing N if necessary. We also find that
[vez (2,9)] < Am(m — 1)(z 4+ Mb2,)™ 2, (9.2.22)
We now turn to estimating v, and v,,. Again, using (9.2.14) and (9.2.17) €2, so

oy (@, )| = A = 2L(z + MbZ,)" "y
< 2AL(z + Mb2,)" (bso + k) (9.2.23)

2AC
< T(l‘ + MbZ,)" !

and
vyy(7,y) = —2AL(x + Mb2 )™ (9.2.24)

Now, we combine these estimates to show that v is a supersolution; we first focus on
(9.2.7). We find that

4110z < ACx(z 4+ Mb2)™ "2 < C(x + Mb2)™ 1,
a2y < —2LAC(x + Mb2 )™t

biivii <0,

|arvz| < Cla + Mbg,)™ ™,

(9.2.25)

so that taking L large ensures Qu < 0. Next, using (9.2.10), (9.2.20) and (9.2.23), we can
ensure Nv < 0 by taking N large. Also v, = 0 on {y = 0}; so we have now shown that v is
a supersolution of (9.2.7), (9.2.9) and (9.2.12). To complete the proof, we note that if we

chose A = ZW, then from (9.2.19),

v20=1 in Q,
v> max > on Q.N{r =} (9.2.26)
Qen{z=e}
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9.2. FEstimates up to the sonic arc or reflection point

so that by the maximum principle,
Yp<w on {Q, (9.2.27)

and thus (9.2.15) follows, as when z > b2,/10, (9.2.16) implies

M
v(z,y) < A1+ To)mmm (9.2.28)

Combining with (9.1.4) allows us to deduce the following:

Proposition 9.2.3. For every integer m > 2, there exists small 6;,,e > 0 and large C,
depending only on the initial data and m, such that if (p,r) is an admissible solution of
Problem 2.4.1, in the sense of Definition 4.2.1, with wedge angle 0., € (Osonics Osonic + 0r)
then

m ; bgo(ew)
0<¢(x,y) <Cz™ inQeN{z> 10 s (9.2.29)

where by, is defined in Remark 9.0.1.

Now, using the growth estimate in Proposition 9.2.3, we will prove a priori estimates
of solutions in the weighted and scaled C1® spaces. Analogously to [26][Lemma 16.4.3],
we extend the argument of Proposition 6.3.1. We will prove results for 1 that satisfy an
equation, boundary condition and growth conditions on a domain of appropriate shape, with
more general rescalings, without necessarily assuming v is a regular reflection solution. This
result will also be used for the subsonic-near-sonic case, an for the iteration problem.

Lemma 9.2.4. Let 0, € R, and € > 10xp, > 0, and let Qe be of structure (9.1.5)
and (9.1.8), with f(0) > 0y i.e. including both supersonic and subsonic cases. Note that
x =xp, on Usonic. Denote

dso(x) == — 2P, (9.2.30)

50 dso > 0 in Qex, and dso = 0 on Tsonic. Let g,h € C([xp,,xp, + €]) satisfy that on
(:I:prpl + 6*]7

g(+) and h(-) are monotone increasing, (9.2.31)
dso()
< 2.
0 < h(z) < Vo (9.2.32)
0 < g(z) < 2'/%n(z), (9.2.33)
9(x) < M, ) < M, (9.2.34)

9(x — dso(x)/2) ~

Let e € (0,5) and let ¢ € C(Qae) NCH Qe N {ap, <z < xp, + 26}) N CH( Qo) satisfy the

equation;

h(z —dso(z)/2) —

2 2 2
ST Ay, ) + > Aidip+ Y Bijthih; =0, (9.2.35)

ij=1 i=1 ij=1
with the degenerate elliptic structure

it
2=

A¢? < GG < AR, (9.2.36)
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and the bounds

Ay (2, y), )| < Ma®~ 2,

||(Az,Bzg)HL°°(Rxﬂze + ||Dz I(A’LJ’A Blj)||L°°(RxQ2€) < M»
&5 h(@)0p A (2, 2,9)| + 25 ~2h(2)0, Aij (2, 2,y)| < M, (9.2.37)
2% h(@)20, Ai(z, 2, )| + |22 h2(2)0, Ai(z, 2, y)| < M,

275 g@)h(2)0: By (=, v, y)| + o ¥ (@) h(2), By (=, y)| < M.
Also, let ¢ satisfy the boundary conditions and estimates:

wx = ﬁ(?/)(%, y)vxa y)% on Pshock N 89267

(9.2.38)
% =0 on I‘weclge N s,

where
18(,%)|cor(m) < M,

HIB<Z7 ')HCO»Q(FShOCkﬂaQ%) S M7 (9239)
1 llcor(zp, ap, +a) < M.
Assume Tpor € [Py, xp, +€) and

dso (xbot)

[Y(z,y)l < Mg(z)  for all (z,y) € Qae N {dso(2) > —

1. (9.2.40)

For zo = (x0,%0) € (Qe N{x > zpor} and r € (0, 1], consider the rectangle:

Reor = {(2,9) | & — 20| < rv/Toh(z0), |y —yol < rh(zo)},

(9.2.41)
Rzo,r = Rzo r N Q.
We assume that f(-), h(-) and € are such that
sz,l N Fshock: = @ fOT all Zw = (SE, 0) S Fwedge N {xbot <z < T p; + E}, (9 9 42)
st,l NTwedge =0 for all zs = (x, f(2)) € Tspock N {por < & < zp, + €} o
Furthermore, introducing by (S,T) the invertible change of variables
(,y) = (zo + Vzoh(z0)S, yo + h(x0)T), (9.2.43)
we find there exists Q&ZO) C Qp := (—r,1)? such that
Reyr i= { (w0 + Vah(20)S,y0 + h(z0)T) | (S,T) € QG }. (9.2.44)
Define
1
YOS, T) i= ——(x0 + VToh(x0)S, yo + h(z0)T). (9.2.45)

9(o)
Then, there exists € € (0,€*) and a € (0

,1) depending only the constant M, and the
constants w and M from the structure (9.1.8), such that if € < & 5, Tp < %1,

(20) Cla or z0 € Qe N {x > xpor b 9.2.46
I gy S OO Jor €0 o> ] (9.2.40)
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9.2. FEstimates up to the sonic arc or reflection point

Proof. We highlight the changes required to extend Proposition 6.3.1, which is the special
=YL glz) =1

case where xp, = Tyt = 0, h(z) = -, g(x I

Step 1 From (9.1.5) and (9.1.8), it follows that for any (zo,yo) € Q¢ and r € (0, 1],

& dso dso
RZ()7TCQQ{(£U,:U)|[B— ($O) <x<aj0+ﬂ}
c Qn{(z,y) | TO <z< TO}CQ%.
In particular, L
Rep NTgonic =0  forall z € Q. (9.2.48)

Next, as in the proof of Proposition 6.3.1, we consider the three cases of rectangles
R

(1) Rzo,l/IOa for zg € Qe N {x > pot } Where Rzo,l/lo = Rzo,l/ma

(ii) RZO’l/Q, for 2o € Twedge N {Zpot < < xp, + €},

(iil) R.o1 for 20 € Tspoek N {Zpor < T < Tp, + €}.

Then, using structure (9.1.8), we see this is equivalent to taking three cases for ngo);
(1) Q%O) = Ql/l()a

(ii) ngoz) = Q12 N{T > 0},

(iii)
(z0) — {(S, TYeQ|-1<T< F(ZO(S)} (9.2.49)
where . .
h —
Feo)(g) = @0 T vT0h(20)5) = f(20) (9.2.50)
h(zo)
Where we note that by using (9.2.39),
||F(ZO)||COJ([—1,1}) < C\/zg < Cé€; (9.2.51)

Step 2 Now, similarly to Proposition 6.3.1, we obtain a uniformly elliptic equation for
¥(#0) from (9.2.45), and also boundary conditions for the cases (ii) and (iii) Firstly,
we compute that

bila,y) = ZEiZ; od ),

L 9.2.52
Yij(z,y) = 9(x0) 1512 (z0) ( )
2] z,Yy)= h(mo)g% g
So that after multiplying (9.2.35) by hg((z 00))2, ¥(%0) satisfies
2 2
ST A (), 8, T)9u ) + 3 A (p0) S, T)8;0(0)
ij=1 i=1
(9.2.53)

2
+ 37 BEI @), 8, 1)0u )90 ~ 0.

ij=1
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where

it+J —92

A'E;O)(Z’S’ T) = ‘/1:02 Aij(g(xo)z,a:,y),
2 1—1
AP (2 8. T) = h(zo)ad ' Ailg(xo)z, z, y), (9.2.54)
(20) Wi
B;;"(2,8,T) = g(xo)zy*

We now note that, by (9.2.31)—(9.2.33),

Bij(g(.%'g)z, xz, y)

0 < h(z) < z'/?, 0<g(z) <uw, (9.2.55)
so we find that by (9.2.37)

(A5 A7 BEY)W(8,T),5.T)] < M, (9.2:56)

7 ]
and also using (9.2.31)—(9.2.34), as well as (9.2.37), we find that

I D sy (AGY, AP BED) 1 < M, (9.2.57)

We show the calculations for the Agzlo) term to demonstrate; the calculations for the
other terms are similar. Firstly, we find that for S, T € [~1,1]2, (x, %) given by (9.2.43)
satisfy
1 1
|z — xo| = |\/Toh(z0)S]| < sto(l“o) < 150 (9.2.58)
by (9.2.32).
Next, we find from (9.2.54) that

10:A5° (2,8, T)| = w5 g(x0)[0:Aij (g(x0) 2, 2,)| < C, (9.2.59)

using the fact that by (9.2.32) and (9.2.33), g(zo) < xo. Next, we find that from
(9.2.37) and (9.2.34) combined with (9.2.58),

105 A (2,8, T)| = |y *h(20) 0 A11 (9(20) 2, 2, y)]
h(xzo) x1/? o
N x(l)/g h(z) =

(9.2.60)
0 ALY (2 5,7)| = |z h(20)d, Ans (g(x0)z, 2,)]
h(zg) x
- xo h(x) —
So that by (9.2.36), for ¢ € R?,
NP < AR (w0(8,T), 8, T)6ig; < A7 ¢ (9.2.61)
We now focus on the oblique boundary condition. We find from (9.2.38),
s = x5/ *Blg(wo)z 20 + V/Eoh(20)S. y0 + h(x0)T), (9.2.62)

so that the boundary condition scales into a near-tangential boundary condition in
the same way as Proposition 6.3.1.
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9.2. FEstimates up to the sonic arc or reflection point

Step 3 From (9.2.40) and as g is increasing, 1 is bounded, we have
w0 < C, (9.2.63)

and from here we have all necessary estimates in hand to follow the same proof as
Proposition 6.3.1.

O]

We can now prove the a priori estimates for admissible solutions in the supersonic-close-
to-sonic case.

Proposition 9.2.5. There ewxists 6, > 0, a € (0,1) and € € (0,%) depending only on
the initial data such that the following holds; if (p,r) is a admissible solution of Problem
2.4.1, in the sense of Definition 4.2.1, with wedge angle 0y, € (Osonic, Osonic + 0.,,), then the
corresponding v satisfies

lIPes, < (9.2.64)

Proof. Step 1. Let (0}, €) be as in Proposition 9.2.3 with m = 3. Moreover, reducing e if
necessary, we can assume € < o, for o from Proposition 6.3.1. By taking ¢;, smaller,we
can assume b2, < ¢, and obtain the estimate

Hiﬂlh”;”gb2 <C. (9.2.65)

Step 2. Now, we estimate » and €, we apply
Proposition 9.2.3 with m = 3 and further reduce ¢ if needed to obtain the following
growth estimate in o :

b0 (0u)

0 < ¢(z,y) < Ca® in QN {x>-=2

T (9.2.66)

Moreover, due to (9.1.8), there exists k > 1 depending only on the data such that
0<z<e0<y—0, <b50+%} C Qo (9.2.67)

We now define the rectangle for the present case. We consider

IOk

sz = {(:L‘,y) | |z — o] < 0k

:UO )y — ol < xo} (9.2.68)

and set

N

Rayr = Ry N Q. (9.2.69)

Then, using (6.2.10), we have
szl N Cshock = 0 for all z,, = (2,0) € Tyedge N {z < €}, (9.2.70)
st,l NTyedge =0 for all zg = (x, f(x)) € Tspoek N {z < €}, o

i.e. the rectangles in (9.2.68) fit in the domain .. Now, using (9.2.70), we can apply
Lemma 9.2.4 with the following choices:

T x3 b2
= h = — = — p— 780 .2‘ 1
Py 07 (IE) 10k’g(m) 10kambot 5 ) (9 7 )
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9.2. FEstimates up to the sonic arc or reflection point

and then deduce that for rectangles }?ZO,T defined by (9.2.68), and the corresponding
ngo) and (%) that there exists o € (0,1) depending on the data such that:

(|00 | <C. (9.2.72)

arn(0)
b (Q1/(ioo

Now if we set D := Q. N{z > bé" }, and repeat the proof of Lemma A.1.1, we obtain

sup (m 2 = 3\8’“6?51&(2)])

0<kti<1?€P
kAl kal ~
+ Z sup | min(z2@tRH=3 g5(ath)+-3) 1050, (2) — 95 0,(2))| <C
Etl—1 2,2€D,z#% 5((Xpa7") (Z, 2)

(9.2.73)
Now, comparing (9.2.73) to the right hand side of the definition of H@Z’HSC)J,%M) in (A.1.8)

we see that, the exponent of z is larger in the expression for Hle o gar) than the above. So
assuming € < 1, we obtain

110, gass2, 5y < (9.2.74)
where C is from (9.2.73). We now combine with (9.2.74) to obtain (9.2.64). O

Now, combining with Proposition 8.2.8, we find the following global regularity for the
supersonic-near-sonic case:

Corollary 9.2.6. Let 6, be as in Proposition 9.2.5 and €y as in Proposition 9.1.2. Then
there ezists a € (0,1), depending on the data, such that for each B € (0,1) and € € (0, g},
there exists C' depending on the initial data, €, and 5 such that if (p,r) is an admissible
solution of Problem 2.4.1, in the sense of Definition 4.2.1, with wedge angle 6,y € [Osonic +

oy, 5, then
v e CON@\{P)),
P ar
IS 2B + I, < ¢, (9.2.75)
1 2),{01,7 ar
[ VA e [ o

9.2.3 The subsonic-near-sonic case

We now consider the subsonic near sonic case; i.e. here we will obtain estimates for the
case Oy € (Osonic — 0.5, Osonic), for small enough 67 . In this case, all estimates in Proposition
8.2.7, Lemma 9.1.5, and Lemma 9.1.6 are available to us, so we have small elliptic structure,
which takes the same form as the degenerate elliptic structure in supersonic cases. Firstly,
we look at the main steps involved:

(i) From (9.1.8) in the subsonic case, the domain €, satisfies the following;

QeCc{0<z—2p <6,0<y—0, <kds(x)},

1 (9.2.76)
{0<z—2zp, <e,0<y—06,< Edso(x)} C Qe,

where k£ > 1 can be chosen uniformly for any subsonic reflection solution, and P, = Py
in this case, where
dso(x) := 2 — xp,, (9.2.77)
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9.2. FEstimates up to the sonic arc or reflection point

as introduced in Remark 9.0.1. We then show, for each integer m > 3, and sufficiently
small bs, (equivalently, sufficiently small 67 ), depending only on the data and m,
¥(x,y) has growth dso(z)™ in Q.:

0 <¢(z,y) < Cdgo(x)™ in Q, (9.2.78)

where € > 0 and C depend only on the data and m. In this proof, we take advantage
of the small ellipticity, and the shape of the region (9.1.5).

(ii) Using the algebraic growth, with m = 4, we obtain estimates of ¢ in € by using a
different scaling from the supersonic cases. To have a property like (6.3.10), we now
need to use a rectangle with side length approximately %dso(xo) in the y direction.
Again, for the small elliptic structure from , the ratio of the sides of the rectangle
must be proportional to /7o, to obtain a uniformly elliptic equation after rescaling
to a square. Therefore, for 29 = (zg,y0) € Q¢ \ {Po}, we consider the rectangles:

A A/ L0 1
20 . _ o Ly — ——dg, Q, 2.
R {lz = o] < S5 dso(0), [y = yol < {57 dso(w0)} N (9.2.79)

and the corresponding square

i) 1
Ve , ——dy,(z)T) € Q}, (9.2.
e dsol0) S, yo + o duo(@)T) € Q) (9.2.80)

and then then a very similar argument to the supersonic-near-sonic case can be used.

QU = {(8,T) € (~1.1)* | (w0 +

We again consider v in the (z,y) coordinates from §3.5, using the expressions and estimates
(9.2.7)-(9.2.14), where (9.2.14) is amended to:

Qec{0<z—zp <€,0<y—0,<kds(z)},
(9.2.81)

1
{0<z—2zp <e6,0<y—10,< %dso(ac)} c Q..

We now prove a similar algebraic growth bound to Lemma 9.2.2.

Lemma 9.2.7. Let m > 2 be an integer. Then there exists d,, > 0,€ > 0 and C >0
depending only on m and the initial data, such that (p,r) is an admissible solution of
Problem 2.4.2, in the sense of Definition 8.2.1, with 0y, € (Osonic — 05, Osonic), and € < €, we

have
A MAXoQ N{z=2p, +€} (

Y(z,y) <C
for bso(0y) as defined in Remark 9.0.1.

(x —xp )™ in €, (9.2.82)

em

Proof. We argue similarly to Lemma 9.2.2, this time similarly to [26][Lemma 16.5.1]. Firstly,
we may replace y by y — 0y, so that (9.2.81) is now

1
{0<z—2p <e€,0<y< E($—J/‘P1)}CQ€0,

Qe C{0<z—2p, <€,0<y<klr—xp)}

(9.2.83)

We shall show that if L > 0 is sufficiently large, and ¢y > 0 is sufficiently small, then
whenever zp, € [0,€), then for any A > 0, the following function:

v(z,y) = A((:v —xp )" — %(w - $p1)m_2y2> (9.2.84)
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9.2. FEstimates up to the sonic arc or reflection point

is a supersolution of (9.2.7), with boundary conditions (9.2.9) and (9.2.12). We employ
(9.2.83) to find that if L > 2k2,

k2 _
v(z,y) > (@ —ap)" = (2 —ap)" Y >

7 (x —xp, )™ for (z,y) € Q.. (9.2.85)

N

We also find similarly that if L > 207212,

wnle9) = (o = )3 (o - o2 = 227,

L
- m—2
> (z —xp )™ (m(a: —zp )’ — A k*(x — xp1)2> (9.2.86)
> %(x —zp)"™ > 0.

Similarly, by further increasing L;

vas(2,y) = (2 — )" <m<m - an)? -

> (@ = an)"H(mlm = o = op)? = 2D a2 (0287
> MM (0 gy
and so
[Vez (2,9)] < m(m —1)(x —zp )™ 2. (9.2.88)

We now turn to vy, and v,. Using (9.2.83), in particular the fact Q. C {0 <y < k(x—zp,)}

)

2 .
vyy(@,y) = =7 (z —zp) ?, (9.2.89)

2 m—2 c m—1
oy(2,y)l = =7 (@ —2p)" Ty < —F (@ —ap)" (9.2.90)

Now that we have obtained a similar supersolution the one in Lemma 9.2.2, we can conclude
the result by a similar argument. O

We may now deduce the following;

Proposition 9.2.8. For every integer m > 2, there exists small 6},,¢ > 0 and large C,
depending only on the initial data and m, such that if (p,r) is an admissible solution of
Problem 2.4.2, in the sense of Definition 8.2.1, with wedge angle 0y, € (Osonic — 0.5, Osonic),

then
€

x ew S P
nfu) < 15 (9.2.91)
0 <Y(x,y) <Cz™ in Q..

Proof. The first inequality follows by Remark 9.0.1; once € is fixed, 4 can be reduced
further to establish this. The second inequality follows from (9.2.82), using (9.1.4) and the
same argument as Lemma 5.2.3. 0

We now deduce the following regularity near the reflection point:
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9.2. FEstimates up to the sonic arc or reflection point

Proposition 9.2.9. There ewists 6, > 0, e € (0,%9), C > 0 and « depending only on the
data, such that if (p,r) is an admissible solution of Problem 2.4.2, in the sense of Definition
8.2.1, with wedge angle 0y, € (Osonic — 0.5, Osonic), then the corresponding v satisfies

[Yllore@,) < C,
(V(FR), Vip(Po)) = (0,0),

where the last assertion strengthens the Dirichlet boundary condition given by Problem 2.4.2
(iv).

Proof. This follows similarly to Proposition 9.2.5, except with different scaling. We follow
the proof of [26][Proposition 16.5.3].

Firstly, we take 6, > 0 to be the one from Proposition 9.2.8, and also take € to be half
the one from that Proposition. We then apply Proposition 9.2.8 with m = 4, to obtain the
growth estimate

(9.2.92)

0 <(z,y) <C(z —xp)* in Q. (9.2.93)
We now, as described earlier, for each zg = (29, y0) € Q. \ I'sonic, we consider the rectangle

T/ X r R ~
T\/Edso(:no), ly — vo| < —dso(20)}, Ragr 1= Ragr N Qae, (9:2.94)

sz = {|z — x| < 0k

so that (9.2.42) holds for € small, i.e. the rectangles in (9.2.94) fit into Q9. Now, we can
apply Lemma 9.2.4 to obtain, that for the rescaled functions

10k /L0 1
#0)(8,T) = ———— V2 deo(20)S ——dgo(w0)T (#0) 9.2.95
YIS, T) dso($0)4¢($o + ok (70)S, yo + 0% (z0)T') on Q;*, ( )
that the following estimate holds:
(0) — < C for zp € Q.. 9.2.96
W ey = ’ (9.2.96)

for C, a depending on the data.
Now, similarly to Proposition 9.2.5, using the fact that when k,[l are positive integers
with k+1=1, € (0,1), and zp, >0,

_y4 kta
Ghto = (2 —ap)FHTo4g (9.2.97)
is a decreasing function of = € (zp,, 00), we have

sup ((x — wp, )1 12M 2 050 (=)

0<kti<1 #€8%

o |0k — kol y(z
Y sw [ (max(e,8) - op)F (max(r, 2) 5 220 ({z)> VN
k+l=1 2,2€06,2#% 5apa'r‘ (272)
(9.2.98)

for C' depending only a and the C' from (9.2.96), so only on the data and «, and 5&””) is
defined in (A.1.7). We now note that the norm (9.2.98) is stronger than the C**(£2,) norm.
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Indeed, we note that as zp, € [0,€), as k+1+a—4 <0and 3(k+a)+1—4 <0 for all
(k,l,a) with 0 < k,1 <1 with k+1=1, and o € (0,1), we find that for x,Z € (xp,, TP, e,

(z— xpl)k+l—4x§ > gakth—d > €%k+l—47
~ k+i+a—4 ~yy Bte ~\\ 2 (k+a)+1—4 (9.2.99)
(max(z, %) — vp,) (max(z,2))"2" > (max(z, ))? ,
and also assuming without loss of generality that e < 1, (A.1.7) implies
6P (2, 2) < |z — 3| (9.2.100)

Thus the expression on the right hand side is stronger than the C*%(Q,) norm, with constant
depending only on (¢, @), i.e. depending on the data and a. We also note that from (9.2.98)
that

|Vi(2)| < Cx —zp,)?, (9.2.101)

so that Vi (0) = 0. O
Now, combining with Proposition 8.2.8, we find

Corollary 9.2.10. Let 67, be as in Proposition 9.2.9.Then there exists a € (0, 1), depending
on the data, such that for each § € (0,1), there exists C depending on the initial data, and
B such that if (p,r) is an admissible solution of Problem 2.4.2, in the sense of Definition
8.2.1, with wedge angle 0., € [Osonic — 05y Osonic), then

Y€ CHQN\ {P)),

el 25 < e, (9.2.102)
1-8/2),{n}
|7 IIM 01.7] < C.

and

) Vi) =0, V(A ):? (9.2.103)

f(xpl) = fO(xP1)’ f/($P1) = fé(:cpl), f//(xpl) (

9.2.4 The subsonic-away-from-sonic case

In this Section, we prove a priori estimates for the subsonic-away-from sonic case, where we
now have strict ellipticity, and a one-point Dirichlet condition at P;. We note that we do
not have obliqueness at P; in the sense of [56, 57], or the Harnack inequality would imply
that it is not possible to impose the one-point Dirichlet boundary condition. We also note
that we do not have a priori C%! estimates up to Pj, so the results of [58] also do not
apply. Thus we must use (9.1.10), alongside the structure of the region 2, to apply the
same technique as Proposition 5.2.4 and attain C%(P;) estimates for each 8 € (0, 1), using
the same argument as that used near P,. We will fix 6,, € (64, 5], and attain estimates for
Ow € (02, Osonic — 05], where 6 > 0, and the estimates depend on 6}, §, and the data.
We now outline the main steps:

(1) We first take advantage of (9.1.10) to obtain algebraic growth of p on I'gpeck. Using the
same argument as the obliqueness principle in §3.6.2, similar to the treatment of P
in §5.2, we can show that for any A > 0 and integer m > 2,

A(y — 0,)™ — 1 does not achieve a minimum on I'gppcr, N OS2, (9.2.104)
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9.2. FEstimates up to the sonic arc or reflection point

so that using (9.1.4), we find that for A depending only on the data,

0<y < A(y — Gw)m on I'gpoer N Ok, (9.2.105)

(ii) Now, owing to the structure in (9.1.5), €. satisfies an exterior ball condition at 0, so
we may use the barrier function from [43][Theorem 1.1.15] to deduce that for any
B € (0,1), there exists C' depending only on f3, the data and 6}, such that

0<<Clx—xpl|? in Q, (9.2.106)

(iii) We can then, using a standard scaling argument, combined with the obliqueness in

(3.5.16), deduce C’f 02 regularity, for o depending only on the initial data. We note
the difference here from the treatment at P» is the obliqueness is now strict, rather
than small.

We first obtain the algebraic growth of ¢ on I'gpck-

Lemma 9.2.11. Let A > 0, and m > 1 be an integer, and (p,r) be an admissible solution
of Problem 2.4.2, in the sense of Definition 8.2.1, with wedge angle 0., € (04,%). Then
Ay — 0)™ — ¢ cannot achieve a minimum on the interior of Tspock N ONe.

Proof. We observe that, for 8 from (3.5.14), using (9.1.10),
B-V(A(y — 0,)™ — ) = 2AmBa(y — 0,,)™ 1 <0 on Lgpper NI, (9.2.107)
and then we can use the same argument as Lemma 5.2.2 to deduce the required result. [

Corollary 9.2.12. Let (p,r) be an admissible solution of Problem 2.4.2, in the sense of
Definition 8.2.1, with wedge angle 0., € (0q,5). Then for any integer m > 1, there exists A
depending only on the initial data and m such that

0<vy <Ay —0,™ on Dspock N 0. (9.2.108)

Proof. Similarly to Lemma 5.2.2, using, (9.1.5), the relative boundary of 'y N €2 in
09, is equal to

{(0,£(0)), (e, f(€))}- (9.2.109)
as f(0) = 0y, we find that at (0, f(0)), A(y — 0,)% — 1 = 0. At (e, f(€)), f(e) > %6, SO
A 2 A m
y oYz one — M0, (9.2.110)
by taking A sufficiently large, depending on € and M, hence only on the data. O

Now, using the same argument used for P in Proposition 5.2.4, except using Proposition
B.0.6 instead of Proposition B.0.7, we find that

Proposition 9.2.13. Then there exists o € (0,1), depending only on the data, 0, 67,
such that for any B € (0,1), there exists C > 0 depending on the data, &, and 0}, such that
if (p,7) is an admissible solution of Problem 2.4.2, in the sense of Definition 8.2.1, with
wedge angle 6y, € (0%, Osonic — 0),

Il 25 < (9.2.111)
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Now, again combining with Proposition 8.2.8, we deduce

Corollary 9.2.14. Let 0, be as in Proposition 9.2.13, €y as in Proposition 9.1.2. Then
there exists o € (0,1), depending on the data and 0}, such that for each 5 € (0,1) there
exists C' depending on the initial data, 07, and [ such that if (p,r) is an admissible solution
of Problem 2.4.1, in the sense of Definition 4.2.1, with wedge angle 0., € [0;,, 5], then

lolias ™™ < C.

01,7
IS <

(9.2.112)

94



Chapter 10

Existence Theory up to the
Detachment Angle

We now turn to the existence theory up to the detachment angle. The first key point here
is that we must combine the estimates near I'sppn;c for 9, into a unified estimate for u in
the iteration set. For this, we note that in subsonic cases, due to 'y, now being a single
point, the map from the physical region 2 to the iteration region Q%" = (0,1)? is no longer
one-to-one on {s = 0}. It turns out the linear separation of I'spoer and I'yedge, given by
(9.1.8), allows us to find estimates for u in a specially constructed norm, given by (10.1.19).
We are then able to relate this norm to the parabolic norm (A.1.8), which assists in finding
an appropriate unified estimate.

The other key point will be to extend the definition of the iteration set in Definition
7.2.2, to subsonic cases. In particular, we need to ensure that (7.2.23) satisfies an elliptic
structure like (8.2.12). We note that the cutoff used in supersonic cases is only suitable when
the first term in the ellipticity of (8.2.12) is the smaller one. in particular, we essentially
need (9.1.13) and the full estimates of Proposition 6.2.4 to remove the cutoff used for the
supersonic case; this estimate is not available in subsonic-away-from-sonic cases, so the
cutoff needs to be removed for subsonic-away-from-sonic cases.

10.1 Mapping to the iteration region

We start by following the construction in Chapter 7, extending to all wedge angles 6, €
[0, 5]. The main changes are to the notation in the subsonic case, in which we employ the
convention that Py = P, = Py and Isonie = {Fo}, and to the treatment of the region near

Tsonic. We define
‘§(9w) = |P4‘(0w)7 (10.1.1)

noting that for supersonic wedge angles, $(6,) = c2(0y), and for subsonic/ (sonic) wedge
angles, §(0y) < (=)c2(fy). Using Definitions 6.2.1 and 9.1.1, we can find §, > 0 so that

(7.1.2) still holds. We can then define S5, as in (7.1.1), point Py as the closest point of

intersection of S5, with dy,,), the arc FE‘Z;),-C

always an arc, and Q as in Definition 7.1.1.
Now, to define the region Ds, ., for € € (0, €g], we modify (7.1.3) in the following way.

as the smaller arc P, P of 9Bs(,,), which is
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We let €; now be from Lemma 9.1.4, and denote for € € (0, ¢1],

Dir = QNANN, (T
= Qm-/\[ﬂ(

o) 1 e, < < py ) (10.1.2)

ﬂ{a?pl <x<xp1+e}

SO’N/LC)

so that similarly to (6.2.1) for small enough ds, there exists fo5, € C*([0,€1]) such that,
similarly to (7.1.4),

D5*,E1 = {(l’ y) ‘ T e (‘TP17‘TP1 + 61) ‘ Oy <y< fO,é*(x)}a

St N Na (Do) N ep, <@ <ap + et = {(2.y) | 2 € (zp.ap + ),y = fos (@)}
(10.1.3)
We now state the following extension of Lemma 7.1.2.

Lemma 10.1.1. Lemma 7.1.2 holds for any wedge angle 0, € [0q, 5], with c2(6y,) gener-
alised to §(0y) defined by (10.1.1), constants 6,C > 0 depending only on the data, with the
following notational changes for subsonic/sonic wedge angles; Py = Py = Py for subsonic
wedge angles, and assertion (iv) is replaced by the following (where the assertion applies to
all wedge angles):

(iv)’ Fi(P) = (xp —xp,,yp — Oy) for all P € Dg(j“é)GOM under the notation of (10.1.2). In
particular,
Fl(Pl):(anpl —?JP4), Fl(P4):07

F1(Tsonic) = {s =0,0 <t <yp, —yp,}.

AZSO Fl(de\D(; 360/4) Fl(de)m{S > %%}

(10.1.4)

Proof. This follows exactly as Lemma 7.1.2, with the use of the extended estimates for the
shape of T'spoer given by Corollary 4.3.3, (8.2.15) and Lemma 9.1.4. O

Next, we extend Lemma 7.1.3, with the change that owing to (9.1.8), the strict positivity
of gsp, is replaced by linear separation.

Lemma 10.1.2. Let 0, € (0q,%). Then Lemma 7.1.8 holds for any admissible solutions
with 0, € [07, 5], with constants C,M > 0 depending on the data, given the following
changes;

(i) Instead of (7.1.9), there exists o € (0,1) such that for any 8 € (0,3), there exists C(f3)
such that -
lgshlly o zaoy " < C(8). (10.1.5)

(ii) Instead of (7.1.13), for any s € (0,3(0y)) and 0, € [0;,,5),

m@m>M;}mm<m@mHmw%wg)<mm

where gsp,(0) = Op, — 0, > 0, and M > 1 only depends on the initial data.

Proof. (10.1.5) follows by using the regularity of the shock expressed in Corollaries 9.2.1,
9.2.6, 9.2.10 and 9.2.14, combined with the original argument in Lemma 7.1.3. (10.1.6)
follows from (9.1.8) combined with (10.1.4). O
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We next turn to the function intended to approximate the shock curve. Due to the fact
we have extended the estimates for the straight shock in Proposition 9.1.2, and the definition
of the coordinate map from Lemma 7.1.2 to Lemma 10.1.1, we find that Proposition 7.1.4
holds without change.

Proposition 10.1.3. For each 0., € (Ogetach, g], there exists a function f = f~(9w) defined
on Q such that for vs, from (3.4.4), and for C depending only on the data,

s

f=¢€ vs +3 inQ forb, = 3 (10.1.7)
f=€ vs, inDs, . for all by € [Bsonic, g], (10.1.8)

Hch:z%(g) <C, (10.1.9)

O f(€,0) =0 for (£,0) € Q, (10.1.10)

95, F7 (s, t) < =6 for all (s,t) € Fi(Q), (10.1.11)

ot
where f depends smoothly on 0.

Now, in the same way as §7.1, given an admissible solution (p,r), we define gg, :
[0,5(6)] — R, Fygy, : Q" — Q by (7.1.23) and (7.1.25), as well as u : Q" — R
and v : (0,1) — R by (7.1.26). The key difference in this case is that gs,(0) = 0 for subsonic
angles, so the transformation Fy g, given by (7.1.23) is now singular near {s = 0}; but
the linear separation (10.1.6) means we can still obtain estimates for u, in a weighted and
scaled norm.

We now first study the regularity in the case where 6, € (04, 0sonic], with the aid of
(10.1.6). Using the property (iv)’ in Lemma 10.1.1, we can use the (x,y) coordinates in
QN De 1o for any 0, € (04, 7). For for £ € Q¢ /10, we set (s,t) = Fag,, o F1(§); then, the
(z,y) coordinates for £ satisfy, for h = §(6,,),

x—xp,y — O0y) = (hs,gsn(hs)t for all s € (0,¢€,/10),t € (0,1), 10.1.12
1 0

where €, is defined similarly to (7.1.27), with 64 replacing Osonic;

/ €0
oo — (10.1.13)
0 maxewe[gd%] S(ew)
where € is from Proposition 9.1.4, and we have used the continuity of 8,, — $(6,).
Now, using (10.1.4), we find that for ¢ corresponding to (p, ), we have

B T —xp Y — Oy
¢(:Cay)_u< h ’gsh(ﬂﬂ—ZEPl))

Now, the estimates of Chapter 9 imply that in in all subsonic and sonic cases ¥ €

C;;%’E{PI} with ¢(Py) = 0, for any 5 € (0,1), and uniform ¢ > 0. Thus we first investigate

equivalent estimates for u, particularly assisted by (10.1.6). After possibly increasing M,
noting that gs,(0) = 0, we can write (10.1.6) in the following form:

for all (z,y) € Qcy/10- (10.1.14)

% < gsn(s) < Ms for s € (0, h). (10.1.15)

We now look at the properties of functions u obtained by formula (10.1.14) with when
(NS C’Yaﬁ S)),e{P1} ; where we obtain similar results to [26][§17.2], but with one less derivative
expected, and we must also obtain estimates for when « # (.
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10.1. Mapping to the iteration region

Let h > 0, zp, € R, and 6, € R, and let gs,(-) be a function on [0, h] satisfying the
estimate (10.1.15). Then, we obtain a map x : R? — R2? defined by formula (10.1.12).

Then, the map x is one-to-one on (0, 10) (0,1), but not one-to-one on [0, 10) (0,1); more
precisely, x is not one-to-one on {s = 0} x [0, 1].
For e € (0, h), define
=x(Qq),  Pi=P =P :=x(0,0), (10.1.16)

where ¢ = . Then Q. is of the same form as in (6.2.7), where f(z) = 6y + gsn(z — zp,).
Now, for k € {0,1} and g € (0,1) satisfying k + o > 3, denote

Crani™ = {ﬂ’ e Cp ol () = 0}- (10.1.17)

We now begin to describe the space of functions u on QEB obtained by formula (10.1.14),

with ¢ € Ck, o )Q{Pl}.~ For this purpose, we define a norm as follows. For a € (0,1) and
= (s,t) and § = (§,t), denote

5 (s,8) 1= (Is — 51° + (max(s, )%t — %) 7, (10-1.18)

and then for o > 0, € (0,1) and m € N, define

Jalsa™ = > sup (s jokofu(s)l )

0<kti<m SE€Qe

k kAal, (&
WO = S sup (mm( ath—o soth-ay s s Opu(s) — 0 8&(5)) (10.1.19)

m,a, Q. WaTs €0, 6(subs) (S, S)
b b ,(sub
) T80 = [ S 4 [u] 00

where Q = Q""" Q. = QN {s < ¢}, and k,l € N. We define

- m subs)
Cm(subs)(@e) = {U eC ( ) | ” Hm Ol(Qe OO}

We next note, that in (10.1.19), we can use min(s, §) instead of max(s, §) and obtain an
equivalent norm, with constant depending only on (m, «):

Lemma 10.1.4. Let 5,3,t,t € (0,1), then
|s — 8|* + (max(s, 8))?|t — #[* < 5(|s — 3|* + (min(s, §))?|t — f|2). (10.1.20)

Proof. This follows as in [26][Lemma 17.2.4]; assume s,35,t,t € (0,1), and § < s. Firstly, if
s < 23, then as § < s, max(s, §) < 2min(s, §), so (10.1.20) holds.
In the opposite case, as 0 < 5 < 3,

1 1 -
5s—5> % =3 max(s, §) > 5 max(s, §)|t — t, (10.1.21)
so that
5|s — 512 > |s — 3|? + max(s, 3)?|t — #|?, (10.1.22)
and we obtain (10.1.20). O
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10.1. Mapping to the iteration region

We now turn to the first main fact about the spaces C (subs)(Qﬁ)'

Lemma 10.1.5. LetM My >1,zp € R, m e {0,1} and o, B € (0,1) such that m+a > 3,
and 0, € R. Leth € (5 -, M) and € € (0, by Assume that a function g (s) on (0, €) satisfies
(10.1.15) on (0,€), and

lgsnllS, 26 < M. (10.1.23)
Define a function u on Qg by
u(s,t) = Y(xp, + hs, 0 + gsn(hs)t), (10.1.24)

0 (10.1.14) holds. Then 1 € o a)Q = if and only if u € C (subs)’ and

uwu( Dby < ul D150 < || DR (10.1.25)

m,o,Qe m,o,Q s m,a,Qe
where C' depends only on (M, M), and we have used the notation from (10.1.19).

Proof. The proof has three steps.

Step 1 It is clear, from the definition (A.1.5) that for m = 0,1 and «, 3 € [0 1) such that
m + « > 3, the space C( o), {€P1} and be categorised the set of ¢ € C’m ){Pl} such

that the norm Hme(aﬂg)zE as deﬁned below is finite;
o= > sw (o —en D)),
0<|y|<m xEQe
W(=8) ._ : m+a—pB |4 m-+a—p |D U( ) D%U(i”
P ( = sup <m1n T —Tp |z — ,
(¥l e |Z ol (minde =z 7 = ap )
B
g, = lolaio, + i,
(10.1.26)
Moreover, the norms || - Hm aq, and |- m(;og are equivalent on C’fn S)Q{Pl} with
constant C' depending only on M, M;. Thus it suffices to prove that
1 b -
clliala, < el < Clivlga. (10.1.27)
where C only depends on M, M;.
Step 2 We now note that the first derivatives of 1 are expressed as follows;
1 ! 1
Yo = U — t%, Yy = (10.1.28)
where g is used to denote gs;,. We now directly show:
P bs) P
ZISEEY < 1l S < o, (10.1.29)
Indeed, we examine the case m = 1. Then, for u € C’é (()Subs (Qe), we have, for
subs)
- || ||1 ,0,Q )
lu(s,t)] < Ls®,  |us(s,t)| < Ls®,  Juy(s,t)| < Ls”. (10.1.30)

99



10.1. Mapping to the iteration region

Thus, using the expressions (10.1.28), and the lower bound g(s) > 7 from (10.1.6),
1 51
|thy| = \Em\ < CL(x —xp)" 7, (10.1.31)

and similarly, again using (10.1.6), in addition to other properties, we have

1 /
[Vl = |7 us — t%ut\ < CL(x —zp,)" ", (10.1.32)

and from (10.1.30), || < CL(z — xp,)?, so we conclude that
(= ,(sub
w154 < Cllullffse. (10.1.33)

The case m = 0 is similar. The other side of the estimate can be obtained similarly,
using only the upper bound |g(s)| < Ms.

Step 3 We now just need to show the estimates for the difference quotient terms, i.e.;

[w] (=B) < C,HUH(,8),(subs)7 [u](,é’),(subs) < C”w” (=6) (10134)

m,o, Qe m,o, m,o, Qs m,o, Qe

We will show the details for just one term, in the case m = 1, where k =0 and [ = 1;
i.e. we will show that

sup min(s* 7, ga_ﬁ)M < C'H?,Z)H;’Sg) . (10.1.35)
S,5€Q . 5#8 6%5“ )(s,3) e

To prove this, we use the following fact; there exists C' depending only on (M, M),
such that for the transformation s — x(s) from (10.1.12),

L (subs ~ ~ subs ~
55/2 /(5,8) < |x(s) — x(3)|7 < €85 (s,3). (10.1.36)
to see this; for fixed s = (s,t) and § = (5, 1),

1x(s) — x(8)|* = h%(s — 5)% + (g(hs)t — g(h3)t)>. (10.1.37)

without loss of generality, we can assume § = min(s,§). We can now use the upper
bound |g(s)| < Ms from (10.1.6) to obtain;

[x(s) = x(3)* = h*(s — 5)* + (t(g(hs) — 8(h3)) + g(h3)(t — 1))*

< C((s _ 5)2 + 52(75 _ 5)2), (10.1.38)

so taking the power /2, the upper bound is proved. For the lower bound, we must

consider two cases. Firstly, if |s — §| > 52|t — #[, we find
1
Ix(s) — x(8)> > 5\3 — 5% (10.1.39)
and in the opposite case, when |s — 8| < 57|t — t|, we find, by first writing
g(hs)t — g(h3)t = t(g(hs) — g(h3)) + g(hs)(t — 1), (10.1.40)
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10.1. Mapping to the iteration region

and using the lower bound g(s) > 7, that
[x(s) = x(8)| = la(hs)(t — )] — |a(hs) — g(h3)]
hs . _
a7t~ tl = Mhls = 3| (10.1.41)

hs
oaft t,

| V

\ \/

and so formula (10.1.38) is proved.
Now, we resume the proof of (10.1.35). Without loss of generality, we may assume

§<s,s0%—xp, <z —xp,and using Lemma 10.1.4, we find

a-B Ut((i)b; Utgé) < Clz—ap)* P gz $P1)¢y(|>;)__§‘(ﬁ$ —zp) Py (x|
oy (s,8)

|g(SU - xP1) — g(i - $P1)|

< e —ap)"P (rwy<x>r

x —x|°
+9(% — xp,) “by(f;)__gjé(x)')

ORI RN |y N G

+( —2p) ), (@ = 2p,)7 7 7)

—Q

<Oz —ap )" <

(10.1.42)
0

Corollary 10.1.6. Let ¢ € (0,1), and m,m € {0,1}, o, B, & .6 € (0,1) such that m +
a < m+ a, (mdﬁ<ﬁ,m+a>ﬁ,m+a>ﬁ Then if there exists M > 0 such

that if ||uk||ma‘5d:s) < M for a sequence of functions {ur}3>, on Qe, then there exists a
subsequence {uy;}32, converging in norm || - HmasQuljs).

Proof. This follows by Lemma 10.1.5, by taking h = 1, xp, = 0, = 0, € = hej = ¢; and
(- ){Pl} in C( ){Pl}_ O

gsn(s) = s, and using the compactness of C Y

We now turn to estimates that also apply in supersonic cases, to aid in the construction
of the norm for our iteration set; in particular, we relate the norm subsonic norm (10.1.19)
to the parabolic norm (A.1.8). Specifically, we now let g5 be a function on [0, k] satisfying
linear growth conditions as in (10.1.6):

min(gsh(O) n i,58h> < gun(s) < gon(0) + Ms, (10.1.43)

M

where 5, > 0, and 0 < gg,(0) < dg,. Now, with zp, € R fixed, we again use map (10.1.12);
for € € (0,h), denote

Qe :=x(Q¢) with € = % and Qg = Q" N {s < €},
P :=x(0,1) = (zp, 00), Pr:=x%(0,0) = (zp,, 00 + 951(0)), (10.1.44)
Lsonic := 08 N{x = zp } = x({0} x (0,1)).
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10.1. Mapping to the iteration region

and again, similarly to (10.1.17), for k£ € {0,1} and o’ € (0,1) with k + o/ > 3, we define
Oy e = (g e ol DefToomed | 4 = 0 on Tonse). (10.1.45)

Lemma 10.1.7. Let M, My, Ms > 1, zp, € R and 6, € R. Lethe( -, Mi), 0sn > 51

and € € (0,%). Let m € {0,1} and o, B € [0,1) with m + a > B. Assume that a function

gsn(s) on on (0,€) satisfies (10.1.6) and

losnll$, % < M (10.1.46)

Let u be a function on Qe , and define 1 on Q¢ by (10.1.14). Then if u € ng’gubs)(Qe/),
¢ 6 C 6) {Fsonzc} (]//Ld
||¢||( IB {Fsonzc} < CHUH subs) (10147)

m,a,$2e maQ/ ’

where C' only depends on (M, My, Ms), and we have used notation from (10.1.19).

Proof. The proof is similar to [26][Lemma 17.2.8], except with a # /3, and one less derivative,

and is similar to the one of Lemma 10.1.5. We firstly note that x = xp, on I'sonic, so that
C( 04) {Fsonzc}

m,o, e
set of all v € C'( ){FS”’“C} where HzZ)H Q < 00, where ||1/JH Q is as in (10.1.26). Next,
we note that the norms are equivalent, Wlth C depending on (M Ml) Therefore, we only
need to show that

similarly to Lemma 10.1.5, we can characterise can be characterised as the

11,5, < Cllull i (10.1.48)

m,o,Qe ma,QE/h

with C' depending on (M, My, Ms).
Firstly, we consider the case where ¢ < MMQ; here, for s € (0,€),

1 S
Ogp, > — > — 10.1.4
sh Z M2 =M ( 0 9)
so that by (10.1.43),
s
s > —, 10.1.50
gon(s) = = (10.1.50)

so we can follow the proof of (10.1.48) in Lemma 10.1.5, noting that it only required the
lower bound for gsp,, and we obtain (10.1.48) with constants depending only on M, M;.

If e > MMQ, we first observe (10.1.48) is already proved with é = MMQ, instead of €. Next,
from (10.1.46) and (10.1.43), the transform (10.1.12) is one-to-one from Q. /5, \ Q¢/21, onto
Qe \ /2, and both x, x~ ! are C™ on their respective domains, with norms only depending

on M, My, My. Moreover, the norms || - ‘|;;f,<_1,65%6\95/2 and || - H(B ,2?/8,1)\@ o L€ equivalent to

the standard C"™¢ norms on their domains, with constants dependlng only on €, €; thus on
(M, My, My), because ML > ¢ > ¢ = ]\]‘44 , SO we obtain

(subs)
||¢||man \2jp < Cllu HmaQe/h\Q m (10.1.51)

for C' depending only on (M, My, Ms). Then, combining with (10.1.48) for e = € = %, we
obtain the result. O

o),(par) ,(subs
)s(p and || - ” )

We now derive results relating the || - Hm Q. o Q i

norms.
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10.1. Mapping to the iteration region

Lemma 10.1.8. Let ¢ € (0,1), a € (0,1), o0 > 0, and m a non-negative integer. Then the
subsonic norm is stronger than the parabolic norm (A.1.8); i.e

ar ,(subs
]| 0PI < | ()5S (10.1.52)

maQ/ ma,Q/

Proof. This assertion follows directly from comparing the expressions (10.1.18) and (10.1.19)
with (A.1.7) and (A.1.8), noting that the weights on the corresponding terms are always
larger in the subsonic norm than those in the parabolic norm, noting that in the region
considered, s,§ € (0,1). In particular, sk+3—o < sF=7 and sath+s—o < s¥tk=oand
5P (s,8) > 65 (s, 8). O

In this next Lemma, we restrict to a € (0, 3.

subs)’

Lemma 10.1.9. Let € € (0,1) and a € [0,1/3). Ifu € C (Qe) then u € Ca(

and
,(subs)

?Q/

where the parabolic norm is with respect to {s = 0}.

(1).(par) (10.1.53)

<2||u 100,

Proof. Firstly, we observe that as s € (0,1) whenever (s,t) € Q¢ ,

bs) _
| u Hoo (subs) — = [ls7%ulloo < [T uHoo = Hu”oo par)- (10.1.54)

Thus, we now just need to estimate the difference quotient term, i.e.:

sup M (10.1.55)
s5€Qus#5 657 (s,8)

Now, from (10.1.18), we find that because a € (0,1/3],
Vs =8 < |s — 3| < 559 (s, 8),
- . (10.1.56)
\/max(s, 8)[t — 7] < (max(s, 8)[t — )" < 55 (s, 3).
Thus, by (A.1.7) and (A.1.8), we find that for s,8 € Q¢ with s < 3,
[u(s) — u(8)| < |uls,t) —u(3, )] + [u(3, 1) — u(5,1)|

< nax lus(s',t)||s — 3| + max |ug(s, t')||t — £
USIER t'e[t,t]

3

< IIUH%Zgﬁr) (ls — 8|+ V3|t - fl) (10.1.57)
< Julliggs” (Vs =3+ Vavi-)
< 2fu {55765 (s, 9),

where we used (10.1.56). O

We can now extend the estimates for (u,v) in Proposition 7.1.5 to wedge angles 6. €
(Qdetachs 5 ). We use € as in (10.1.13).
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10.2. Iteration set

Proposition 10.1.10. Let 0, € (Ogetach, ), and B € (0,1/2). Then there exists M, M(B) >
0 and @ € (0, ] depending only on the data and 6, such that for any admissible solution
(p,r) for 6, € [ vy 5, functions w and v defined by (7.1.26) satisfy that for any o € [0,a,

«a (a),(subs)
lally ot a5 < A,
, // , Oy /
1 B).{0.1) < (10.1.58)
I HM O < (),

where Q. = Q™" N{s < €}, and the parabolic norms are with respect to {s =0
€0 0

Proof. The estimate for u follows by combining all the global estimates we attained in
Chapter 9 with the relations and estimates found above. More precisely, in all four cases,
away from the I'sonic, we use (10.1.5) combined with (10.1.6); the difference is when near
[Csonic. For the supersonic cases, we use Lemma 10.1.8 and Lemma 10.1.9 with (10.1.6) to
attain the desired bound from Corollaries 9.2.1 and 9.2.6. For the subsonic cases, we use
Lemma 10.1.5 with (10.1.6), and Lemma 10.1.8 to attain the desired bound from Corollaries
9.2.10 and 9.2.14.
The second estimate for v follows from (10.1.5), combined with (10.1.9) and (10.1.11).
O

We now turn to mapping from the iteration region; i.e. inverting the map (p,r) — (u,v).
We describe here the changes required to extend the construction from Definition 7.1.6 to
all wedge angles. We fix 6}, € (64, 5). Because P, = Pj in the subsonic or sonic case, and
Py # Py otherwise, the inequality (7.1.32) now takes the form:

inf f<o< sup 1, (10.1.59)
0Q4 NPy ({s=0}) 0Q\%) " ({s=0})

with equality on the right if and only if 6,, € (04, Osonic-
We now note that the definition of & from Definition 7.1.6 applies without changes; more
precisely, & and &(6,,) are defined by 7.1.33. Also, Lemma 7.1.7 holds without change.
We now conclude the construction of the mapping to the iteration region by remarking
that the oblique cutoff can be imposed here exactly as in §7.1.1 with no changes, as the
cutoff only applies locally to Ps, i.e. away from Isopnic, due to (8.2.9).

10.2 Iteration set

We now extend our iteration set, up to the detachment angle. We fix 0, € (64, 5], and
define

Definition 10.2.1. We define norms for use in our iteration set as follows.
(i) For a € (0,1), we define

Hok 1,0),(1,1 b
||u||§ anter e Huul a/Q{ngtezrg{sg}; /10} + Huulao)[/(ng), + || ”004,5% S), (1021)

where we use norms defined in (10.1.19) and (A.1.8), with respect to {s = 0}.
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10.2. Iteration set

(ii) For 0 € [0detach; 5), and o € (0, €g], denote

D§9w> = {0, <y < fo(z)} N A m/\/q( ©) A {xp, <z <ap +o0}, (10.2.2)
Ow) (0, <y < fo} NANN, (TP A {zp, <2 <o}, (10.2.3)

6w
0 somc

Dy

where fo is defined in (6.2.1), 6, and %% are defined at the start of §10.1, and €; is

sonic
from Proposition 9.1.4. We also often drop the 0,, dependence from the notation.

Remark 10.2.2. From (10.2.2) and (10.2.3), it follows that for o € (0, €];
e Dy, C D, for all wedge angles,

e Dy, = D, for all supersonic and sonic wedge angles,
e Dy, = () for subsonic wedge angles satisfying zp, > o,
e From (9.1.5), it follows that for any admissible solution,

Q, =QND, for any o € (0, €). (10.2.4)

We next note the following compactness property of C’2a (Q™e), which follows from
Corollary 10.1.6, Lemma A.1.3, and the standard Compactness property of C1#(0,1):
Lemma 10.2.3. Let 0 < & < a < 1. Then C(l;f)(Q””) is compactly embedded into

Léa /i
C(*j) (taer) .

We now turn to defining the iteration set. Let «, 5 € (0,1), and we make the following

assumption;

1
L+a<28+ . (10.2.5)

Again, we consider K as a subset of C from (7.2.3), but replace Ci? by C(l;‘:)(Qit"). We also
fix 6y, to be small enough that Lemma 9.1.5, Lemma 9.1.6, Corollary 9.2.6 and Corollary
9.2.10 all hold.

Definition 10.2.4. The iteration set KL C C x [0, §] is defined as the set of (u,v,6,,) such
that;
(i) (u,v) satisfy the estimates;

||u”1 Q taer — N07

(1+8)),{0,1}
ol < N,

where Ny = 10M for the constant M from (10.1.58).

(10.2.6)

(i) (u,v,0,) € S as defined by (7.1.33), so that gsn, 2, Dspock and 1 are defined as in
Deﬁn1t10n 7.1.6. Also, denoting the inner unit normal to I's,.ex in &€ coordinates by
V7

£ v < —a, (10.2.7)

so that Tgpeer can be written in the form {r = r(6) for some r € C1#([6y, Z]). Also,
for Ny = 2C from (10.1.6),

1
min(gshm) — ) < gunls) < min(gshm) 1 Nys, 70 (s) - ) (10.2.8)
for any s € (0,3(0w), and 0., € [0}, T), where we note gs,(0) = tp, () > 0.
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10.2. Iteration set

(iii) p is well defined, and satisfies
p1+11 < p<po, (10.2.9)

where 71 = 3, for 7 from (8.2.11).

(iv) p,c?,7(0) and ¥ = 3 — c%(p), determined by u and v satisfy;

] < ma(Ow)x in 2N (Dey \ Do e/10) 5 (10.2.10)

Y| < Nae inQND,,, (10.2.11)

r? — @| < Nyo, || < Nyo'/? on Dypoer N {0 — 7 < 01}, (10.2.12)
1

29(7‘, ,0> < r’(&) < ig(Tv ,0) on I‘shock N {7T —0> 01/10}7 (10213)

where D, and Dy, are as in (10.2.2) and (10.2.3) and 72 € C(R) is defined by

2 — Ho if 0w S [esonic - 5:;;/27 gL
772(910) = N3 if Qw S (ed, esonic - 5:;]7 (10214)

linear elsewhere,
where pg = §/2 for § from Lemma 9.1.5, and N3 = 2C for C from Lemma 9.1.7.
(v) Uniform ellipticity in Q\ Dy ¢/10:

¢ —r* > min(c3 — r*(P1)(0w) — Mdist(€, Toonic); A2),  for all € € @\ Dy 19,

) (10.2.15)
where A\; = A/2, and A2 = (/2, for the constants from (8.2.12).
(vi) Uniform obliqueness away from Pj:
r2 - > 03(m —0) on Tgpoer N {7 — 60 > 01/10}, (10.2.16)

where 03 = g, for § from (8.2.12)

(vii) The boundary value problem determined by (u,v,0,) in Problem 7.2.7 has a solution
(1, 7) which satisfies

[ — @I!f;)/g,g < b4, (10.2.17)
and 1 2),{6
I = S S < 6. (10.2.18)

We first extend Remark 10.2.5, noting that the unified estimate for u arose from different
estimates for each case.

Remark 10.2.5. Let (u,v,0,,) € K. Firstly, we note that using the estimate for v in (10.2.6),
that for the determined g and r satisfy, for C' depending non-linearly on Ny and the data
(due to the oblique cutoff),

(26+73)),{0,3(6w)}

Hgsh”za (0,5(6)) + lgsn 180,500y < C, (10.219)
(284%)).{61,7} o
H ||2a (61 7r] ' + H 1,8,[01,7] < C.
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10.2. Iteration set

Next, due to (10.2.8), the first and second terms in (10.2.1), the regularity of the ingredients
in the explicit formula (7.1.26), and as 1+ /2 < 1+ 3, we find that for 7 € (0,€p/2), there
exists C; depending on the data (via Np), 6 and 7, such that for the corresponding v,

—a) { P2,P:
I sy < Cr. (10.2.20)

Finally, using the final term in (10.2.1) and the linear separation (10.2.8), as well as Lemma
10.1.7, we find that
[ ll0,0.0 < C. (10.2.21)

10.2.1 The equation and boundary conditions for the iteration

We now extend the definition of Problem 7.2.7 to subsonic wedge angles. The only change
will be to the elliptic equation, but the estimates for the oblique boundary coefficients (and
the reason why they hold) on Iy, will also change, similarly to Proposition 9.1.4 and
Lemma 9.1.6. We will re-define (7.2.23) so that:

e The equation satisfies the same ellipticity structure as (8.2.12),

e For a fixed point 1 = 1, the equation (7.2.23) coincides with the original Nonlinear
Wave System,

e The equation depends continuously on 6,,.

This will be done by using the same cutoff as the supersonic cases in some subsonic-near-
sonic cases, but having no cutoff in subsonic-away-from-sonic cases.

The oblique boundary condition on I'y,,qx

We first discuss the oblique boundary condition on I'g;oc. We note now, that analogously
to Proposition 9.1.4 and Lemma 9.1.6, we no longer have the property that [p — po| < 1
near ['sonic in subsonic-away-from-sonic cases; this is highlighted in (10.2.10). However,
the only properties that were required in Proposition 9.1.4 for the estimates near P; were
p < p2, which holds in the iteration set by (3.2.9) and (10.2.9), which is a property of weak
regular reflection. Thus we find that the same argument as §7.2.3, that (7.2.30)—(7.2.33) and
(7.2.34) hold without change, but (7.2.35) and the proceeding comment change as follows:
For € small enough only depending on the data,

ol on Lgpock N Ne(Tsonic) for all wedge angles,
1 (10.2.22)

,81 < - on Tspock N Ne(Tsonic) if 0w € [Osonic — 0y,/2, 7]

The quasilinear iteration equation

We now turn to extending the definition of the quasilinear coefficients. We first choose ¢
small in the iteration set, depending only on the data (via J};) to ensure that:

xp, > €/10 when 0., < Osonic — 6,,/4, (10.2.23)

so that either estimate (10.2.10) or (10.2.15) is always available to us; i.e. we always either
have the degenerate or small elliptic structure, or strict ellipticity.
We will define our modified coefficients as follows:
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10.2. Iteration set

o If Osonic > 0w > Osonic—9;,/4, then we have either small or degenerate elliptic structure,
the equation in this section agrees completely with the one defined in (7.2.55) for
the supersonic case, and the cutoff can be removed as in Lemma 7.4.3, again using
(10.2.10).

o If Osonic — 05/2 < O < Osonic — 0 /4, then the cutoff is automatically removed due
to (10.2.10),(10.2.14), and (10.2.23), and we still have the small elliptic structure via
(10.2.10).

o If 0, < d} /2, then the equation does not contain a cutoff, i.e. it is (7.2.21) completely
linearised with coefficients evaluated at v, and is strictly elliptic.

First, we let (3 € C*°(R) satisfy
0 ifs> Gsonic — oy, 47
Gs)=4" "°= w/ (10.2.24)

1 if s < Osonic — 95,/2,

and 6'(s) > 0 on R.

We now define, denoting the coefficients from (7.2.55) used in the supersonic case by
(AS“p), Agsum, ngum), and using (Az-lj, Al Bilj) from (7.2.37) which are the original coeffi-
cients linearised with no cutoff:

(A Aiy Bij)(€) = G0 (AL, AL BY)(E)+(1-C(0,)) (A, AT B™) (), (10.2.25)

i) v

and we denote by (A;;, A;, Bij the coefficients of (7.2.23) written in the polar coordinates
(2,9).

We now state the properties of the adjusted coefficients in the following Lemmas.

We first extend the estimates of Lemma 7.2.9 and Lemma 7.2.10 to subsonic-near-sonic
cases, i.e. when 6, > Osonic — 0F

.
Lemma 10.2.6. There exists \,A\g > 0, €cq € (0,9), and Neg > 1 depending only on the
data, such that whenever 6y, € [Osonic — 05, %],

(i) For any (z,y) € QN De,,, £ € Q and ¢ € R?,

Aqq(z, A 1
N < 2D e dwy < Hie? (10.2.26)
and )
Aodist (€, Toonic)[C1* < D Ay (€)G¢ < AM¢P (10.2.27)
i,j=1

(ii) Fors < (0,%9),
I|(Aij, Bij, Ai)llo,a,0 < Neg,

(10.2.28)
[(Aijs Bijs Ai)ll1,a/2.0\D0., < Ns-

(iii) For (z,y) € QND

€eq?

1
5+ Negeeq,  (10.2.29)

A < N, Bip < —-1+N, Byp<——
1 < 2+ Negéeq, 11 > + Neg€eq, 22 > (7 — 1)02
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10.3. Solutions of the iteration problem - Existence and estimates

Proof. These estimates follow as in Lemma 7.2.9 and Lemma 7.2.10; the only change is that
we now instead use (10.2.20) and (10.2.21) to obtain (10.2.28), and the second estimate no
longer has an easy explicit dependence on s due to the form of (10.2.20), opposed to the
parabolic norm in (7.2.17). O

We now state estimates valid for subsonic-away-from-sonic cases.

Lemma 10.2.7. Let 6 > 0. Then there exists C > 0, A(6) > 0, depending on the data, 6,
and § such that whenever 0, € [0%, Osonic — 0],

(i) For any £ € Q, ( € R,

2

A@)[¢ < Z Aij (€)¢i¢ < MO)THCP, (10.2.30)

2,7=1

(ii) Fors € (0,9 ), there exists Nog depending on the data, 0}, and §, and N also depending
on s, such that
[[(Aiz, Bij, Ai)llo,a,0 < Neg,

[(Aijs Bijs Ai)ll1,a/2,.0\D0., < Ns-

Proof. (10.2.30) follows by (10.2.15) and the form of the coefficients. (10.2.31) follows from
(10.2.20) and the smooth dependence of the coefficients on (z, z). O

(10.2.31)

We now write an analogous condition to Lemma 7.2.11 for removing the elliptic cutoff:

Lemma 10.2.8. Let €., be as in Lemma 10.2.6. If € € (0, 6;‘1) in Definition 10.2.4, then
the following holds. Let (u,v,0,) € K satisfies 1) = ¥, for ¥ solving (7.2.23). Then, if
either:

(1) The wedge angle 0., satisfies O, € (02, Osonic — 02, /4], or
(ii) In the (z,y) coordinates,

[9] < (2c2 — po/5)x in 2N Do /10, (10.2.32)

Then, 1) satisfies the original nonlinear wave system (7.2.37) in .

Proof. Firstly, we note that there is no cutoff when 60, € [0, Osonic — 95,/2] by (10.2.25),
and that when 6, € [fsonic — 05,/4, 5], the equation (10.2.25), and the relevant assumption
(10.2.10) match the original equation and (7.2.8), so the conclusion follows as in Lemma
7.2.11. Thus we only need deal with the case 0, € [Osonic — 0.,/2, Osonic — 0., /4]. Here, we
find that as (10.2.14) implies (10.2.32) in Q@ N De,,, as Dy /10 = @ by (10.2.23); thus the
cutoff is removed by (10.2.10). O

10.3 Solutions of the iteration problem - Existence and esti-
mates

We now turn to existence of solutions to the iteration problem. We will first show existence
of solutions to the iteration problem, using Proposition B.0.8 and B.0.9. We then show
estimates for the solution, ¢ and 7, essentially using the same methods as used for admissible
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10.3. Solutions of the iteration problem - Existence and estimates

solutions, but now with a linear equation, where we must show the solution is more regular
than it’s ingredients to attain the gain-in-regularity. A subtle point here is that the &7,
used to distinguish the near-sonic cases from the away-from-sonic cases relied on the data
via bounds on the coefficients; in particular, through (9.2.8) and (9.2.10). The iteration
equation satisfies the same bounds, but with different constants, still depending on the
data. Thus, in this case, the near-sonic cases will be separated out from the away-from-
sonic cases using some constant 0 < §75, < dy,.

First, we apply our basic existence theorems Proposition B.0.8 and Proposition B.0.9,
to deduce existence, and very basic estimates, to the iteration problem.

Proposition 10.3.1. Suppose the parameters o1,€, and dx > 0 are small depending only
on the data and 6,. Then, for each (u,v,0,,) € Kt which satisfies

[u# — || oo qitery + 07 = vl cr o)) + 107 — 6] < Ok, (10.3.1)

for some (u?,v*, HZZL) € K, then there exists a unique ¥ € C?2()NCHO\ Tsonic U{P}) N
C(Q) of Problem 7.2.7 (updated for the subsonic cases), determined by (u,v,0,) such that

0<<¢ inQNDy,

. (10.3.2)
||¢||0,Q < 07
for C depending only on the data, and for 1) from (7.2.27). Moreover, when the wedge angle
O satisfies Oy € [Osonic — 5’1(5;;, 7], then
0<¢p<Cx  inQ. (10.3.3)

We first remark that as nothing has changed away from the sonic arc, Proposition 7.3.2
extends immediately:

Proposition 10.3.2. Let 1[1 be the solution to Problem 7.2.7 from Proposition 10.3.1. Then,
7 is well defined by (7.2.28). Fix s € (0,e0/2). Then there exists & € (0,1) depending on s,
such that &/2 < 6., where if we choose the parameters o = &/2, B > & in the iteration set,
then the following holds (where we note the o, B in the following sentence are not the ones
from the iteration set:

For each a € (0,&) and 8 € (0, %), there exists Cs o > 1 depending only on the data, 0,
and s, and Cs o g also depending on 3 such that 1& and 7 satisfy

11 im R < Cg,

1+
I7ll5 o 1 < Coape

(10.3.4)

We now turn to the estimates away from I'sopn;e for (¢, 7) in each of the different cases,
with the view to gain a unified estimate for (u,v). We first consider the case of supersonic-
away-from-sonic wedge angles,

Proposition 10.3.3. Let 6 > 0. There exists éqq € (0, €¢q), depending only on the data and
d, such that possibly reducing the & for s = €.q/2 in Proposition 10.3.1, depending on the
data, if we make the same assumptions as Proposition 10.5.2, and the wedge angle satisfies
Ow € [Osonic + 6, 5], then

||¢||§”;“"m < Cos,

< Cus-

(10.3.5)
H ||2,a 91,91+€eq] -
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10.3. Solutions of the iteration problem - Existence and estimates

Proof. This is a restatement of Proposition 7.3.3, noting that the equation did not change
from the one in the supersonic case, for any supersonic wedge angles. O

We now turn to supersonic-near-sonic wedge angles.

Proposition 10.3.4. There exists é.q € (0,€cq), it > 0, depending only on the data,
such that possibly reducing the & for s = é.4/2 in Proposition 10.5.1, depending on the
data, if we make the same assumptions as Proposition 10.3.2, and the wedge angle satisfies
Hw S [esoniwasonic + 5it]7 then

kulpi”m < O,

H H2a [91,91+€eq} S Ca-

(10.3.6)

Proof. This follows in a similar way to Proposition 10.3.3, applying the techniques used
for admissible solutions, to the iteration problem. The key part in being able to attain
the algebraic growth used for Proposition 9.2.5 was that the length of the sonic arc was
small enough, dependent on the L bounds of the coefficients. We note we can attain
(9.2.8), (9.2.10) and (9.2.11) from (7.2.31), (10.2.22), (10.2.26) and (10.2.29), but with
different constants (still depending only on the data). Because the constants are different,
a different smallness of by, is needed. As by, only depends on the wedge angle, we may take
d;+ depending only the data. The other key point is to note that the « in Proposition B.0.7
only depends on the ellipticity of the rescaled equation (thus on A in (10.2.26)), the and
L™ bounds of the data; thus only on the data. ]

We now turn to subsonic-near-sonic case, which follows by essentially the same adapta-
tions as the above.

Proposition 10.3.5. There exists éqq € (0, €cq), it > 0, depending only on the data, such
that possibly reducing possibly reducing the & for s = écq/2 in Proposition 10.5.1, depending
on the data, if we make the same assumptions as Proposition 10.8.2, and the wedge angle
satisfies Oy € [Osonic — dit, Osonic), then

W!h a,0nDe,, < Cas

1-1),{61}
” H2a[91,91+€eq] S Ca-

(10.3.7)

Proof. This follows by identically the same argument as Proposition 10.3.4, except this time
Proposition 9.2.9 is adapted instead, noting the similarities between Proposition 9.2.5 and
Proposition 9.2.9. ]

Finally, we consider the subsonic-away-from-sonic case.

Proposition 10.3.6. Let 6 > 0. Then there exists €.q, depending only on the data and ¢,
such that possibly reducing possibly reducing the & for s = €.q/2 in Proposition 10.3.1, if
we make the same assumptions as Proposition 10.5.2, and the wedge angle satisfies 6,, €
0%, Osonic — O], then

n 7Fsoni,
[ e < Cas

(-1-a/2) {9}
#1552 <

(10.3.8)
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10.4. FEzxistence of admissible solutions up to the detachment angle

Proof. This follows by adapting Proposition 9.2.13. More precisely, the estimate (10.2.22)
implies we can obtain the same algebraic growth. Then, following the argument of Proposi-
tion 9.2.13, using the estimates (10.2.22), (10.2.19), (10.2.28), we can attain (10.3.8), with
& depending only on the data, via the ellipticity (10.2.30), depending only on the data and
0. O

We now, using the same argument as Proposition 10.1.10 and the condition 8 > & from
Proposition 10.3.2 (which ensures r has better regularity than 1), attain a unified estimate
for (4, v). This leads to an increase-in-regularity, extending Corollary 7.3.5.

Corollary 10.3.7. Suppose the assumptions of Proposition 7.3.4 hold. Let @ : Q%" — R
and v : (0,1) — R be determined as follows; define 4 by

i=foF ' oF;) (s1), (10.3.9)

where ggp, was obtained from v. Also, we may take d3 small enough in the iteration set,
depending on the data, so that

Lshoek = {r =7(0) | 0 € [0, 7]} C Q, (10.3.10)

where Q is from Lemma 7.1.2, and Lemma 7.1.2 (viii) holds for fshock' Then define v by
the same formula as (7.1.26). Then, 4 and ¥ satisfy

y **72 ~ (_1_(l+§))
||u||17d7Qiter S C) HU|’2’&/27(%)’1)2 S O, (10311)

where C' only depends on the data and 0y,.

10.4 Existence of admissible solutions up to the detachment
angle

Now that we have attained the gain-in-regularity, we conclude the proof of existence of
admissible solutions up to the detachment angle in the same way as for supersonic wedge
angles in Chapter 10. In particular, we note that we carefully set up the elliptic cutoff so
that the same argument as Lemma 7.4.3 can be used to remove it when it is present. All
other parts of the argument in Chapter 10 hold without change.
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Chapter 11

Recovering the Momentum
Components (m,n)

When formulating our problem in §2.1, we remarked that we can obtain (m,n) once we
have attained a solution for p. We now describe how to attain the components, and discuss
the regularity of (m,n) that arise from the regularity of p.

We find that in non-conservation form, (2.1.3) is equivalent to

me +ny =& - Vp,
rmy =& -Vm = pe, (11.0.1)
rn, =& -Vn = py,
so that we can recover (m,n) within Q by obtaining the values on I'sonic U I'spock, and then

taking rays from the origin to determine (m,n) elsewhere.
We first define R : [0, 7] — R by

for 6 € [0, 01),
R(o) = 4@ for0€lfn,6) (11.0.2)
r(0) for 6 € [0, 7],
so that in the (r, ) coordinates,
Q={(r,0) |0<r <R(),0, <0 <m}. (11.0.3)
Next, we use (2.2.9) to determine the values of (m,n) on I'gpocr, defining:
(mg,ng) for 0., € [0, 61),
M,N 6 = ! . . r
( )(6) {(ml—i-(wfe—951n0)[p],—($;19+5?)6039>[p]) for 0,, € [61, 7],
(11.0.4)

where all terms in the first part are evaluated at (r(6),0). We now, by the second two
conservation laws in (11.0.1), determine (m,n) as follows
R(0) 1
(. n)(r, 0) = (M, N)(6) + / L9 (s, 0) ds. (11.0.5)
s
,
We note that the second two conservation laws in (11.0.1) are valid due to the construction
in the formula. Then, the first conservation law can be derived from satisfying the second
two, combined with p satisfying (2.1.4) and (2.2.10), and (m,n) satisfying (11.0.4).
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At first sight, it appears that (m,n) may be multi-valued at the origin; it is not clear
that the formula (11.0.5) with » = 0 is independent of #. Indeed, in the related problem
of shock reflection-diffraction down a step in [13], only C%® regularity is obtained at the
wedge vertex, so it is possible the momenta have a singularity. However, we can prove that
in fact (m,n) € Cf;a)’{&}, and (m,n) = (0,0) at & = 0.

We first note, that as the the slip boundary condition and C'%* regularity of p up to P3
implies that Vp(0) = 0, and

Vol < Cre, (11.0.6)

where V is in the € coordinates, and C' depends on the C'*® norm of p restricted to a neigh-
bourhood of P3. Next, using the slip boundary condition, on I'yy,, for the first inequality,
and I'yeqqe for the second, we note that:

r(m) 1
n(0,m) = / —pp(s,m)ds =0,
0 S

RO | (11.0.7)
(m,n)(0,0y) - vy = / ng UV (8,0,)ds = 0.
0
Next, we find that from the second two conservation laws, and (11.0.6), that
[(myyny)| < Cro ! (11.08)

Next, returning to the original space-time system of conservation laws (1.2.1), we find

8t(m502 - nx1) = (parl):cz - (pxg)xl = 07 (11.0.9)

SO Mg, — Ng, is independent of time; thus as the initial data satisfies mz, — ngy, = 0 (in
the sense of distribution, as the jump in [m] is only in the z; direction), mg, —ny, = 0 for
t > 0. Thus in the self-similar coordinates,

my —ng =0, (11.0.10)
which in polar coordinates is equivalent to
rsin@m, — r cos On, + cos mg + sinfny = 0, (11.0.11)

so that from (11.0.8),
| cos @my + sin Ong| < Cre. (11.0.12)

Also, the first conservation law is equivalent to
r€ - Vp —rcosfm, — rsinfn, + sinfmg — cos ng = 0, (11.0.13)
thus from (11.0.6) and (11.0.8),
| sin @my — cos Ong| < Cre. (11.0.14)
Combining (11.0.12) and (11.0.14), we obtain
|(mg, ng)| < Cr® (11.0.15)
Therefore, from (11.0.7), combined with (11.0.8) and (11.0.15) we deduce that for all » > 0,

[(m,n)|(r, 0)] < C(m — 0,)r* = Cr, (11.0.16)
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with C depending on the C*® norm of p near P3. The above working also shows that (m,n)
satisfy the slip boundary condition (1.2.6) on the whole wedge boundary OW.

By combining Corollaries 9.2.1, 9.2.6, 9.2.10 and 9.2.14 with the above, deduce the
following regularity for the full system in (p, m,n), for the original self-similar problem in
terms of (p,m,n), Problem 2.2.1:

Theorem 11.0.1. For all 0., € (04, %], there exists a global solution to Problem 1.2.1, with
Self-Similar Regular Shock-Reflection-Diffraction structure as described in §2.8. Moreover,
the regularity within the elliptic region £ is as follows. There exists 0.+ depending on the
data, such that:

o If 0y > Osonic, then for a depending only on the data, and any g € (0,1),

p € COYQ\ {P2}) N C¥P(Q) N CH(Q\ (Toonic U {P2}),

(m, TL) € Co’l(ﬁ\ {PQ, Pg}) N Co’ﬁ(ﬁ\ {Pg}) N CO,a(ﬁ) N Cl’a(ﬁ\ (Fsonic U {PQ, Pg})
(11.0.17)

o If 0% € (Ocrit, Osonic) is fized, then there exists a depending on the data and 07, such
that if O, € [0%), Osonic, and B € (0,1),
p e COP@)NCH(Q\{P}),

(m,n) (S Coﬁ(ﬁ\ {Pg}) N CO,a(ﬁ) n Cl’a(ﬁ\ {P2’P3})’ (11.0.18)

o If0 € (04,050nic) is fized, then there exists o depending on the data and 8}, such that
if O € 102, 0sonic), and B € (0,1),

p € COP(Q)NCH(Q\ {1, P2}),

(m,n) € CO,ﬁ(ﬁ\ {(Ps}h) N Co’a(ﬁ) n Cl’a(ﬁ\ (P1, P>, Py)), (11.0.19)
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Appendix A

Relevant Results for Quasilinear
Elliptic Equations

A.1 Norms & scaled Holder spaces

In this section, we introduce notation for norms that will be used throughout the thesis.
We use the same notation & proofs as [26][Chapter 4].

A.1.1 Holder norms

Let  C R? be an open bounded set. We introduce the Hélder norms in Q. For a € (0,1)
and m € N, define

lullmog =Y sup|D u(x)],

0<|8l<m *€%
o= 3 sup |Du(x) — Du(y)| (A.1.1)
m,a,Q = )
1B/=m X,y €EQ,x#yY |X - Y‘a
| m,a, ) T HuHm,O@ + [u]m,%ﬂ’

We denote by Cy, a0 or C"™%(€2) the space of functions with finite norm ||ul/;,a,0. Let
3 C 092. We now define partially interior norms in 2 U X. For x,y € €, define

dyx = dist(x, 00\ X), dxy = min{dx, dy }. (A.1.2)

For o € (0,1) and m € {0,1,...}, the partially interior norms in QU X are

lullogos == Y. sup(dd|D7u(x)]),

0<|8l<m X€
) |DPu(x) — DPu(y)| (A.1.3)
U = g sup amie , i
[ ]m’a’QUE B x,yGQ,x?ﬁy( i Ix —yl|@

[ellin,a.00s = l[ullm00us + [Wna0us:

We then denote by Cy, o.qus or C"*(Q U X) the space of functions with finite norm || -
an aus- We finally define notation for the Holder norms in {2 weighted by distance to X.
Set

Ix = dist(x, X), dx,y = min{dy, dy } for x,y € €. (A.14)
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Then, for K € R, a € (0,1) and m € N, define

(k),= max k,0
lullis = > sup (a1 D))

0<|pl<m *<°
DB — DB
W®Z, = sup ( gmax{mert.o) | D u(x) ! U(y)l>’ (A.1.5)
18|=m X,y E€Q,x#y ‘X - y‘
(k),= P
lullen = el e + oo
We denote by C'( )2 o0 the space of functions with finite norm || - || Q We also define the
following 1nter1or norm for the case o = 01,
),00
lullfe = llullien’e,  keR. (A.1.6)

A.1.2 Holder spaces with parabolic scaling

We now follow [26][§4.6], defining norms convenient for analysing degenerate elliptic equa-
tions, in an open domain D C {(x1,z2 | z1 > 0} C R2, with ellipticity degenerating on
{z1 = 0}. For a € (0,1), denote

5&pmq) (X, f() = (]a;l — .%1‘2 + max{xl, a~c1}|x2 — {2.2’2)04/2. (A.1.7)

For any non-negative m, real ¢ > 0, a € (0,1), we define the parabolic Holder norms,
weighted and scaled by the distance to {x1 = 0} by:

(S sup< 710k, 0% u(x )>,

0<k+i<m *€P
kL k4L 8 81 8k 8l X
[l = 3" sup (minfa)"" "2 . Ty 9,2, (( 2”,) 21 O, () ;
o k= mxiED x#X S (%, %
| (0),(par) [u ” pa'r) +[u ](0)7(’PW)
m,a,D = m, O D m,a,D
(A.1.8)
We denote by C'm(;‘w)( ) the completion of the set {u € C*°(D) | HuHm a%ar) < oo} in the
norm || - H (PaT) e now state a characterisation of C™® . in terms of C™ norms of

m,a,D  * > o,(par)
rescaled functions in parabolic rectangles.

Let € > 0 be fixed, and define D, = DN {0 < = < €}. For x = (x1,22) € D, and
€ (0, 1], define

Repi={(s,t) | Is —a1| < Zar, |t =] < Zym} N, (A.19)

so that for p € (0,1),
3 )
Ry, C DN {(s,t) | o <s< le} (A.1.10)

We then, for p € (0,1], denote @, := (—p, p)%. Then, we find that

QEJX) = <(S, T)eQ,| (z+ %S, T2 + @T) € DE>, (A.1.11)
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A.1. Norms & scaled Holder spaces

and denote by u® (S, T), the following function:

1
uO(S,T) = —uler + 228 2 + VI for (5.T) € Q) (A.1.12)

x{ 4
and then the following criteria, from [26][Lemma 4.6.1] holds:

Lemma A.1.1. For any e € (0,1), and p € (0,1],

Ct sup (B oo <l < € sup [ut)] (A.1.13)

m,a,De (%) 5
xED3, /4 x€D, mseQp

where C' only depends on (m,«, o, p); in particular, it does not depend on D or e.

We now quote three more useful properties of the parabolic norms, which will be used
in our analysis; see [26][Lemma 4.6.2, Lemma 4.6.3, Lemma 4.6.4] for details.

This first Lemma allows us to combine locally-obtained C’,(,fﬂ")’(g) estimates together.
We note that this result highlights that a function being in Cﬁf?;)’(”), but not in Cy, o is
a local property near {s = 0}, because from (A.1.8), we see that if D C {s > €}, then the
C’,(ﬁg) norm is equivalent to the (), o norm, with constant depending on e.

Lemma A.1.2. Let D be an open bounded subset in R?. Let m > 0 be an integer, o € (0, 1),
and o > 0. Then, there exists C, such that for any e > 0,
Il 57 < € (Il g + Il 2s) (A114)

m,a D m,a,DN{z1>e} m,o, DN{x1 <2€}

for any u e C™ o (D).

pa?")

We next state a compactness property, that will be used in the proof of gain-in-regularity
for our iteration map.

Lemma A.1.3. Let D be an open bounded subset of R?, with Lipschitz boundary. Let
mi,mg > 0 be integers, aq, e € [0,1), and my + a1 > mg + ag. Let o1 > 09 > 0. Then

C’;T(’;‘;T) (D) is compactly embedded into Cm2(’gjr)(D)

We also now note that though o1 > o9 is necessary to obtain compactness, it is still
possible to obtain an continuous embedding (with explicit constant) when o1 = os.

Lemma A.1.4. Let 0 < a1 < as <1, 0 >0 and let m be a non-negative integer. Then,

[l P8 < offu (05 (A.1.15)

m,aq,D magD
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Appendix B

Regularity Results for Elliptic
Equations

In this Chapter, we shall collect together some relevant existence & regularity results, that
will be applicable to both the Nonlinear Wave System itself, and approximate solutions
used in the iteration set. Most of our results arise from using the interpolation lemma from
[77] to adapt the results in [26][Chapter 4], where typically, C%! regularity is assumed and
C?® regularity attained, to here, where, L regularity is assumed and C1® regularity is
attained. Throughout this section, we will consider elliptic equations on a bounded, open
region ) C R?, either of the Divergence form

0i(Asj(u(x),x)0ju) + B;(u(x),x)0u + cu =0, (B.0.1)
or the Quasilinear form
Ajj(u(x),x)0iu + Bij(u(x), x)0udju + A;(u(x),x)0;u = 0. (B.0.2)
We also consider oblique boundary conditions of the form
6 - Vu = p;0;u =0, where g -v > 0. (B.0.3)

We note that provided A;; is differentiable, (B.0.1) is a special case of (B.0.2). We will also
assume the following strict ellipticity:

ACP < Ag(u(x), x)G¢G < ATHC (B.0.4)

We will also, in results that involve boundary regularity, we assume assume that for some
¢ : R — R with ®(0) =0, € is of the form

Q:={z2 > ®(x1)}, = {z2=2(x1)}, (B.0.5)
and we define, for r > 0,

Q, =QnB(0), T,=CnB0) (B.0.6)

B.0.1 An interpolation lemma

We quote a relevant interpolation result to deal with nonlinear terms; in particular, the
quadratic terms in (B.0.2). From [77][Lemma 1],

120



Proposition B.0.1. Let Q C R" be bounded. Let w € C*(;R™), and suppose that for any
ball B = Br(y) CC Q we have

[Dwl, g < ¢(RM1)(1 + M), (B.0.7)

where 0 < a < 1, My = |Dw|o,p, and ¢ : [0,00) — [0,00) is a non-decreasing function.
Then we have the estimate

[whi o < Cla, d(|ulo))(|ulo + diam(€2)). (B.0.8)
We now note that as consequence, in the case where Q = B1(0), (B.0.8) implies that

[ Dwlo, B, ,,(0) < C, (B.0.9)

and then using (B.0.7), we may obtain
[ Dwlo,a,B, ,(0) < C. (B.0.10)

B.0.2 Interior estimates
We will start by deriving interior estimates.

Proposition B.0.2. Suppose that u € C?() satisfies (B.0.2) in a region 2, and By CC Q,
and that the coefficients satisfy (B.0.4), and

[(Aij, Bij, Ai)llcromxn) < M,

(B.0.11)
[ulloo < C.
Then for any a > 0, there exists C depending only on A\, M, « such that
ull2,0,, < C. (B.0.12)

Proof. By [37][Theorem 12.4], and rescaling from Bg(y) to B1(0) then scaling back, there
exists 8 € (0,1) depending only A such that for any B = Br(y) CC B,

Wi 5.8 < CON)(lullo.s + | R Bijdiudju + RA:dzulo.5

) (B.0.13)
< C(N)(llullo,z + R7[| Dullo,5 + R||Dullo,5),
so by the remark after Proposition B.0.1, we find that
lull1,.B5,, < C(A, M). (B.0.14)

In particular, combining (B.0.11) and (B.0.14), we find that

[ Aijllo,1,8,,, < C(A, M),
1Bij0iudjullo,p,Bs,, < C(A, M), (B.0.15)

|Ci0iullo,,B,,, < C(A, M),

so that by [37][Theorem 6.2],

I

276735/4 S C()\7M)' (B.O.lﬁ)

We can then repeat the step (B.0.15), but improving all three estimates to C%! estimates.
This allows us to deduce (B.0.12). O
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Remark B.0.3. All that was required in the step (B.0.13), and thus in the C® estimate
(B.0.14) was the fact the coefficients are bounded when evaluated at u. The fact we can
gain Ch* regularity, depending only on the ellipticity of the second-order terms, and the
boundedness of the coefficients, will be useful during the gain-in-regularity argument for
the iteration map.

B.0.3 Strictly oblique boundary problems

We now assume u satisfies (B.0.3), and the region 2 and the boundary function I' are of
the form in (B.0.5) and (B.0.6),

Blu(x),x) - v(u(x),x) > A onT, (B.0.17)

where v is the inner unit normal to I'. We will first derive a C%% regularity result for
oblique boundary conditions of conormal form, for divergence form equations, which only
depends on the ellipticity and L° bounds on the coefficients.

Proposition B.0.4. Let u € W2(Q) satisfies (B.0.1) on a region Q satisfying a uniform
exterior ball condition, where the coefficients satisfy (B.0.4), and we also have the following
bounds:

|(Aij, Bi, cllorxa < M,

B.0.18
<0 ( )

Suppose that v satisfies the conormal boundary condition
A;jOiuv; =0 onI' C 00 (B.0.19)

in the weak sense. Then there exists o € (0,1) depending on A, and C' depending on M,
such that if B C QUT,

[u]o,a,BR/Qmﬁ < Clulg (B.0.20)
Proof. This follows in the same way as the interior estimates in [37][Theorem 8.24], noting
that due to the definition of weak solution for the conormal problem, and using the exterior
ball condition, I' can be treated in the same way that the interior of € is treated in that
proof. O

Remark B.0.5. If u satisfies a general oblique boundary condition §;0;u = 0, and we can
extend the unit normal v = (v1,12) on I' to a function on 2, we may adjust A;; by an
asymmetric part o;; — a;; as described in [84]. Define

0 — AijViVj
Bivi
= 08— Ay (B.0.21)
Qij = VjTi,
and then set
Az‘j = Aij + (Oéij — aij). (B022)

Then, /L-j has the same ellipticity structure as A;;, as A;;(;(; = /L-jg}-gj for any ¢ € R?. If
we assume that 3, v only depend on (u(x),x), the adjusted divergence form equation is

Gl(flmaju) + (C»L + am]. (Oéij — aﬂ))&u =0, (B.0.23)
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noting that the adjustment does not add quadratic non-divergence terms, as these would
be
(82()éij - 8zaji)8iu6ju =0. (B.0.24)

Then, provided the boundary condition is strictly oblique, the derivatives of the coefficients
are bounded with respect to x, and the boundary is C'?, we have converted the general
oblique boundary problem to a conormal one, satisfying the hypotheses of Proposition B.0.4.

We now turn to C1® estimates, adapting [26][Theorem 4.2.10], using Proposition B.0.1.
Proposition B.0.6. Assume that u € C?(Q)NCY(Q) satisfies (B.0.2) and (B.0.3). Suppose
that the equation (B.0.2) satisfies (B.0.4). Then there exists o € (0,1), depending only on
A, such that if § € (0,a], and

(Aij, Bij, Ci)llo,o < M,
1@l < M,

1Billo,s.0 < M, (B.0.25)
HU‘ 0,2 < M7

1
>
fvzap

then, there exists C' depending on X\, 3 and M such that

ull1,88, < C (B.0.26)

Proof. Following the proof of [26][Theorem 4.2.10], our result follows via the following
changes, and remarks about where certain assumptions were used.

Step 1 Rather than using a full flattening of the boundary, we may instead apply local
flattenings of the boundary, given by

Yy = 2,

B.0.27
Yo = x5 — ' (0)x1 — ®(0). ( )

This will reduce our problem to the case where
B2(u(0),0) = A, (B.0.28)

and ®(0) = ®'(0) = 0. Due to (B.0.25), this coordinate transform is bounded in C?
with bounds depending only on M, and is invertible.

Step 2 We also note that similarly to the original proof, we can make a linear change of
variables to reduce to the case where 5(u(0),0) = (0, 1), defined by

X = ﬂio)(@(om — B1(0)as, ), (B.0.29)

and again, this coordinate change will be bounded & invertible, with bounds depend-
ing on A and M.
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Step 3 In the same way as the original argument (using a covering argument), combining
with Proposition B.0.2, it suffices to prove that there exists € € (0,1) and C depending
only on A, M such that any x € I' N By,

ull1,8,Bs. (z)n02 < C- (B.0.30)
We now scale from Bsc(x) to 3 by defining
v(x) = —(u(ex) — u(0)) (B.0.31)

and then v satisfies

Aijajv + Bl'jai’uajv + C’iaiq) =0, in o,

] (B.0.32)
Oov = -Vu on Yo,
where _
Aij(z,x) = Ajj(ez + u(0), ex),
Bi- z,X) = eBji(ez + u(0), ex),
3 (21%) = By ez +u(0). €x) 503
Ci(z,x) = eCji(ez + u(0), ex),
B(z,x) = (=Bi(ez + u(0), ex, —f2(2, ex) + 1).
The boundary >, is now given by
~ 1
d(x) = E@(eaz), (B.0.34)
so that Lip(®) = Lip(®). Similarly to [26], wy = dav is a weak solution of
2;112 AQQ BZ '81'1]8‘1] + ézaﬂ] .
Onwe + 0| =—01w2 + =—0owy | = —Oa | —2 L ; in 9,
( An An ) ( A1
g = B201v on X,
(B.0.35)
we find that, for D C Q, using the C%P regularity of £,
[9]0,6,0 < C(A, M)(”[|Dollo,g.p + [|Dvllo,0,0 + [1D0][5 0.5) (B.0.36)

Using this estimate for the C%? norm of g, and rescaling from balls B = Br(2) to
B1(0). We can then find o depending on A (via [37][Theorem 8.29]), such that for any
B € (0,a], and B CC QUT,

18.Br < ; 1,0,Bg 1,0,Br “Plull g8y )- 0.
[u] < C\B)(Rlull + R2||ullf .5, + € lu] (B.0.37)

Thus taking e sufficiently small, and using Proposition B.0.1, we obtain the desired
result.

O]
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B.0.4 Near-tangential problems

We now adapt [26][Theorem 4.2.4] to quasilinear equations.

Proposition B.0.7. Let u € C%(Q)NCY(Q) satisfy (B.0.2) and (B.0.4). Then there exists
€ (0,1), depending only on X\, such that if B € (0,«a], then the following holds. Firstly,

assume that
|(Aij, Bij, Ai)lloo < M. (B.0.38)

Next, let ® € CL(R) satisfy
[®[[10r < M, ®(0) =0, (B.0.39)

and suppose §) is of the form (B.0.5). Let B(z,x) satisfy

B8] < e,
18(,z)l10rx0 < M, (B.0.40)
18(2; )lo,srx0 < M,
and
Uy, = Bu(x), X)ug, onT. (B.0.41)

Then there exists €y, depending on M, \ and  such that if € < € in (B.0.40), then there
exists C' depending on
ullt,0,8, < C. (B.0.42)

Proof. Again, this follows by the same argument as [26][Theorem 4.2.4], with some small
changes, and the use of the interpolation inequality in Proposition B.0.1. Following the
proof, we find instead that for g = f(u(x),x), for any D C Q,

[9)o,30 < C(N)(e[Dulo,g.p + | Dullop + || Dullf p), (B.0.43)
and we obtain that for any Bgr CC Bs, by scaling to By and then back to Bp,
[W]f a5, < COV)(eluli o5, + RlIDullo,py + R?|| Dullf 5,,), (B.0.44)

and the result follows by using Proposition B.0.1. O

B.0.5 Existence for the iteration problem

Here, we deal with existence to the Iteration Problem. These proofs are similar to [26][Proposition
4.7.2], noting that our iteration problem is a linear problem, owing to the lack of Vi de-
pendence in the coefficients. The main difference here in the treatment of the one-point
Dirichlet condition, is that in the one-point Dirichlet case, we do not have the property
b1 < =\, so we need to use the algebraic growth argument used in the subsonic-away-
from-sonic case. Also, we need to deal with the degenerate obliqueness at P,, which can be
treated with the algebraic growth argument.

We will write these results to be specific to our case, though they may adapt to more
general conditions with similar properties.

We first look at the supersonic and supersonic-near-sonic cases. We note that this exis-
tence result always applies in the section of Part II, but we refer to the extended properties
stated in Part III.
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Proposition B.0.8. Suppose that the wedge angle 0., satisfies Oy, € [Osonic — 25;, 5]. Then
there exists a unique solution 1 € C(Q)NCHQ\ Laonic) N C2(Q) to (7.2.23)~(7.2.27), which

satisfies

0< 1[; < in Q,
0< 1& < Czx in 9, (B.0.45)
[P0, < C,

for C' depending only on the data.

Proof. We will consider approximate problems defined as follows. Let v1,v2 > 0, and define

Qy, =Qn{z>zp +7}

Fsomc =QN{r=zp +m}
We consider the following approximations of Problem 7.2.7:
N(@) =01in Q,,,
M+ =0 on Tspock 0{91 <f<m *’72}7
Yp=0onTV . (B.0.47)

V’(/J =0on FwedgE7
Qz)zaonrshockm{ﬂ—_'}ﬂ <9<7T}.

By [55][Lemma 3], using the regularity properties of the coefficients, we find that there exists

a solution 1%1 s € CH)NCHONT spock NTwedge) NC() which for some a(v1,72) € (0,1)

depending on ~y; (via the ellipticity of (7.2.23), which depends on 77, the length of ng}ic,

and the data via (10.2.27)) and C' > 0 depending on the data (via parameters of the iteration
set), 71 via the ellipticity in (7.2.56) and the length of I')! . and 72 via the obliqueness in
(7.2.31) and the length of Tgpper N{T — 72 < 0 < 7},

),00
[ e s i < €, (B.0.48)
and also by the maximum principle,
0<thypn<t¥  inQy,. (B.0.49)

To take 1,72 | 0, we need to obtain estimates that are uniform in 7;, 7. The reason that
(B.0.48) depend on 71,72 is the degenerate ellipticity at I'sonic, and degenerate obliqueness
at P». Thus we need to attain estimates near I']} . . and near P, that do not depend on v
or 72, but need only be valid for small 71, 7.

We first focus on the behaviour of the approximate solutions near the point P,. Using
(10.2.22), we find that if 72 < o, we can attain similar algebraic growth as in Lemma 5.2.2
(with m = 1),

|@Z§71,A,2 — | <O(m — 72— 0) on Dgpock N{m — 2 <0 <7m—0}, (B.0.50)

for C depending on the parameters of the iteration set. So as by (10.2.19), the boundary

is locally Cb! at every point, thus satisfies an exterior ball condition at PZ(W) = (r(m —
v2), ™ —7y2) (in the (r,0) coordinates). Thus,we find via the argument of Proposition 5.2.4,
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that for some a € (0,1),C > 0 and R > 0 only depending on the parameters of the iteration
set (i.e. not depending on (7y1,72)), that

& shoc ™ o<m
(R, w\lﬁaBR }32’“”{ i< < o) (B.0.51)

Next, we focus on the behaviour near I'sonic. Due to (10.2.26), (7.2.48), (10.2.22) and
(B.0.49), we find that for C sufficiently large, depending only on the data, x — C(z — 1)
is a supersolution of (B.0.47) in ©,, N D,,,, so that

€eq?

0< 4y <Cl—m)<Ce  nQy,ND (B.0.52)

€eq*

Thus, talfing a diagonal subsequence, we find that for a subsequence 1[1@-, there exists a
limiting v € C?(Q) NCHQNT)NC(Q),
Ui — 1 in C**E)(K) for any K cC Q,
¥ — 1 in CH) for any K cC Q\ {Py U Tgonic}, (B.0.53)
1@- — 1& pointwise on £,

so that using the fact ;(Py) = ¢ for all 4, and (B.0.52), we find ¢ satisfies (7.2.23)-(7.2.27),
and (B.0.45). O

We then prove a result for the strict elliptic case.

Proposition B.0.9. Let 0, € [0, Osonic]. Then there exists a solution 1) € C(Q)NCHQU
)N C%(Q) of (7.2.23)-(7.2.27) which satisfies

0<y <y inQ. (B.0.54)

Proof. The only difference here is in the treatment of I'spnic, where we no longer have
the second estimate in (10.2.22), but now have access to (10.2.30). We can now treat P;
similarly to the treatment of P», using the argument of Proposition 9.2.13 to obtain uniform
C% regularity up to FZ}L ock» Which implies the result.

O
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