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Abstract

In this thesis, we first study the numerical scheme of path-dependent
quadratic backward stochastic differential equations (quadratic BSDE or
QBSDE for short). Under the assumption that the terminal condition is
of the form ®(X), where ® is a Lipschitz function on D(R™) (the space of
cadlag paths) and X is the solution to a Lipschitz SDE satisfying linear
growth conditions, we derive the path-regularity result which characterises
the solution (Y, Z). Motivated by the modified implicit BTZ scheme in
[12], we propose the modified (inner) explicit BTZ scheme and conduct a
perturbation analysis on Z-part of the scheme, followed by concluding the
error of the scheme is O(N~2) with N as the number of timesteps instead
of O(N—2%%) for some ¢ > 0 in [12]. Numerical experiments support our

conclusion on the convergence rate.

The second purpose of this thesis is to derive a partial differential equation
(PDE) for the single-time single-point probability density function (PDF')
of the velocity field of a turbulent flow. The PDF PDE is a highly non-
linear parabolic-transport equation, which depends on two conditional
statistical characteristics of important physical meaning. The PDF PDE
is a general form of the classical Reynolds mean flow equation [80], and
is a precise formulation of the PDF transport equation [77]. The PDF
PDE provides us with a new method for modelling turbulence. An ex-
plicit example is constructed, though the example is seemingly artificial,
it demonstrates the PDF method based on the new PDF PDE.

Lastly, vorticity random fields of turbulent flows are singled out as the
main dynamical variables for the description of turbulence, and the evo-
lution equation of the PDF of the vorticity field has been obtained. This
PDF evolution equation is a mixed type PDE of the second order which
depends only on the conditional mean (which is a first order statistic) of
the underlying turbulent flow. This is in contrast with Reynolds’ mean
flow equation which relies on a quadratic statistic. The PDF equation is

interesting on its own and is worthy of study as a PDE of second order.
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Chapter 1

Introduction

1.1 Background

Stochastic differential equations (SDE), which are usually based on the theory of 1t6’s
calculus and serve as natural models of time-dependent objects with random noise,
have applications in a variety of areas, involving physics, engineering, biology and
finance. An important aspect of stochastic analysis is developing a bridge between
probability and partial differential equations (PDE), in the sense that PDE problems
such as the existence and uniqueness of a parabolic equation, is solved by some
probabilistic techniques.

To demonstrate how deterministic functions in PDE are associated with random

variables in probability, we recall the classical homogeneous heat equation

1
Owu(t,z) = §Azu(t,x), (t,z) € (0,T] x RY,
U(O,[E) :g(ﬂf), x GRdv
where u : [0, T] x R? — R for some d > 1. In physics, this equation plays an important
role in describing the diffusion through a medium over time, such as the evolution of

temperature in reality when d = 3. Without going into the technical details, we find

the solution (see for example, Evans [26, Section 2.3])

u(t, x) :/Rd (2;)3 (y) exp (@) dy

= Elg(X(t,2))],

where X (¢t,x) = x + B; and B is the standard Brownian motion on R?.
It is not surprising that the phenomenon above was discovered in other PDEs. As a

generalisation, the theory of Markov processes was developed in the 1940s to provide



a probabilistic approach to a class of linear parabolic PDEs, while the Feynman-
Kac theorem indicated the solution to linear parabolic PDE can be written as an
expectation of a function of a Markovian SDE, if the solution exists and is regular
enough.

Suppose a new term f, which is a function of u(t, z) and V,u(t, z) with V, as the
gradient operator on x, is added to the heat equation. Instead of the initial condition,

we assume the terminal condition, in the sense that

duult, ) — —%Axu(t,x) [ (ult, @), Vault, @), () € [0,T) x RY,
w(T,z) = g(x), r € R

(1.1)

This equation is semi-linear and cannot be solved using the same technique. However,
the backward stochastic differential equation (BSDE), introduced at the end of the
last century, is indeed a probabilistic counterpart of a class of semi-linear parabolic

PDE. Instead of a forward SDE, a pair of adapted processes (Y3, Z;)ejo,r) is introduced

Yt=§+/Tf(YS,ZS)ds—/TZS-dBS (12)

for a terminal condition £, such that the pair (Y, Z) matches up with the solution
u and its derivative V,u respectively. Given & = g(X (¢, z)) with X (¢,z) = = + By,
we have Y; = u(t, X(t,2)) and Z; = (V,u)(t, X (¢,2)), which is called the non-linear
Feynman-Kac formula.

From a probabilistic point of view, BSDE on its own is a problem worth discussing
even if we don’t focus on the PDE aspect. Suppose f = 0 and d = 1 in equation
(1.2), the BSDE turns into

T
YtZS—/ ZsdBs,
t

where the process Y; is a martingale and Z; exists by the martingale representation
theorem. Therefore, BSDE can be regarded as a “non-linear martingale” to some
extent. Moreover, suppose £ is nice enough, the Clark-Ocone formula (see Proposition

B.1.2) suggests that Z component is obtained through
Zt - E[DtF | 52}] — DtE [F ’ JOZt] — Dt}/;fa

where D is the Malliavin derivative operator. If ¢ depends on the paths of Brow-

nian motion, such as { = sup,¢(o 7 |B;|, the PDE counterpart is unknown, but the



associated BSDE is well-defined and corresponds to problems in, for example, mathe-
matical finance. This motivated us to conclude a numerical scheme for BSDEs where
the terminal condition is a function of the path of the forward process.

Apart from the heat equation, the Navier-Stokes equation is also a parabolic

equation. It has the form

ou* » . OP

TR Ulx,t) - V,U'(2,t) = vAU" — o lsisd, (z,t) € R x (0,7,
m’t
V. Uz, t) =0, (z,t) € R? x [0, T],
U(x,0) = Up(x), r € R,

where P is known as the “pressure term” and v > 0 is the “viscosity constant”. This
equation is particularly important in physics. Flows are divided into laminar flows,
which are more smooth, and turbulent flows where the characteristics of such flows
vary in a disordered manner in space-time. Compared to laminar flows, turbulent
flows are more common in practice and much more effective in terms of transport-
ing and mixing the fluid. Unfortunately, they are also much more unpredictable in
contrast to laminar flows. The Navier-Stokes equation is particularly useful since it
accurately describes the evolution of the turbulent velocity U in time and space.

In order to evaluate the velocity at time 7" > 0, we can plug in the (deterministic)
initial velocity followed by applying direct numerical simulation (DNS) of the Navier-
Stokes equation. The DNS is intractable for high Reynolds number flows, whereas
turbulent flows often have high Reynolds numbers.

This motivates us to switch to the approach in the spirit of statistical physics and
to consider the initial velocity as a random field rather than a deterministic field.
When the initial velocity is random, the solution U(x,t) at (z,t) becomes a random
variable, which has a law (or called distribution) defined as the probability measure on
the Borel o-algebra of R®. Moreover, the distribution of the random field {U(x, )},
consists of, by definition, all possible finite-dimensional marginal joint distributions
of

Uz, ty), .o U, th)

where 2; € R3, t; > 0 and any positive integer n. We are keen to investigate its law,
in particular, we will focus on the probability density function (PDF) of U(z,t) at
some fixed (x,t) as it is sufficient to describe the law. An alternative way to model
turbulence is to analyse the vorticity W, which is defined as W = VAU. The PDF of
the vorticity, which is expected to be extracted from the vorticity equation together

with the random initial data, will be our main purpose in this scenario.



1.2 Outline

In Chapter 2, we list basic definitions and results covering Mallavin calculus, martin-
gale theory, classical numerical schemes for BSDE and the theory of turbulence.

The BSDE with path-dependent terminal condition and driver of quadratic growth
in the Z component is the main subject of study in Chapter 3. A path-regularity
theorem is established, followed by the analysis on the modified (inner) explicit BTZ
scheme which is motivated by the modified implicit scheme in [12]. As an application,
we illustrate the convergence of the numerical scheme for such type of BSDE with a
specified convergence rate.

The next two chapters include two projects on the study of velocity field Li et al.
[57] and vorticity field Li et al. [58] respectively. In particular, these projects are
based on the joint work of Professor Zhongmin Qian, Dr. Jiawei Li and the author.

Chapter 4 is devoted to characterising the PDF of the velocity field U(x,¢) which
satisfies the Navier-Stokes equation. The PDF is single-time and single-space, which
satisfies a PDE, the so-called PDF PDE. A stochastic representation formula is given
to solve the PDE under some assumptions.

In Chapter 5, we derive the PDE that is satisfied by the PDF of vorticity random
field. In contrast to the velocity field, only the conditional mean of the vorticity field
is involved in the equation. The PDF equation is interesting on its own and is worthy

of study as a PDE of second order.

1.3 Notations and conventions

We summarise the notations and list assumptions throughout this thesis, for the
convenience of the reader.

| - | is the Eucliean norm for vectors or scalars. For a vector I = (iy,...,0,...)
(or multi-index) with finite or infinite length, |I]; = > ;7 |ix|. For an A € RV*4,
|A| refers to the Frobenius norm i.e. |A| :== Tr(AAT) = \/ZZ]\; Z;l:l |Ai;|°. Vectors
are assumed to be column vectors, hence for any vectors a,b € RY and o € RVN*?,

N : .
a-b=>Y;, adbanda-c=0-a=(a'0)" =c'a €R% Given a a scalar function

u : RY — R which maps z € RV to u(x), we write the operator 0, = V,. For a

vector field u : RY — RM | the Jacobian matrix is defined as

Ot - Oynul
qu: ERMXN

Opu™ o QvuM



i.e. operators d,: are applied column-wise. Given a function f : RY — R, we write 9, f

as ggi. Given a multi-index I = (iy,..., 1), we denote O;f = 0;, --- 0;, f. For a vec-
tor x = (x',2%,...,2"), we write Jan f(z)daz = fR---fRf(ml,...,xN)dml--- dz?,

whereas fg Ve X, = Zf\il fot VidX! for vector-valued processes X, V, € RY. If H
refers to a Hilbert space, H®/ = ®Z:1 H for all integer j > 1. If f, g are functions in
some Hilbert space H, then we write f ® g € H®? and f®" = Q" [

A table of notations is also presented in the following. The assumptions, such as
[A6], unless we specified, are not assumed to be satisfied for all statements through-
out this thesis. An assumption is imposed if and only if we mention it in the
description of the result (such as lemmas, propositions, theorems, corol-

laries, remarks).

Constants

d The dimension of the Brownian motion (By):>o

m In Chapter 3, it refers to the dimension of the forward
SDE X,

N In Chapter 3, it refers to the number of time-steps

n In Chapter 3, it refers to the truncation parameter of
the driver f

T A deterministic positive constant, which denotes the
terminal time

C In Chapter 3, it is a generic constant that depends on

some irrelevant (or fixed) parameters

Spaces and Norms

C(A; A) The space of continuous functions f: A — A

~

C2( Ay x Ag; A) The space of functions f : A; x Ay — A such that
a;-continuously differentiable in A; and as-continuously

differentiable in A,

Operators and functions

D Malliavin derivative operator, see Definition 2.2.2
f dX; [t0’s integral with respect to a R-valued process X;
E(X) Stochastic exponential’ with respect to a process X

For a cadlag martingale X, the stochastic exponential satisfies £(X); = 1 + fgé'(X)s_ dX;.
Moreover, £(X); = exp(Xy — (X)) [[p<s<: (1 + AX;) exp(—AX,)), provided X € referring to the
continuous part of X and AX; := X; — X,_.



V7, 27)

(Y77, Z7)

R
R

<
<

—~
.
.

~—

(Vr, 2r)

Assumptions

Numerical scheme (3.4) for QBSDE with truncated
driver and approximated path-dependent data

Solution to the (general) modified BTZ numerical
scheme (3.22)

Perturbed scheme (3.27) with a (general) perturbation
¢Y on the Y component

Perturbed scheme (3.33) with a (general) perturbation
¢Z on the Z component

Implementation of scheme (3.4) with quantization tech-
niques, see (3.47)

Assumption [A1]
Assumption [A2]
Assumption [A3]
Assumption [A4]
Assumption [A5]
Assumption [A6]
Assumption [A7]
Assumption [A8]
Assumption [A9]

See page 24
See page 31
See page 31
See page 31
See page 60
See page 60
See page 62
See page 113
See page 113

Others

X~Y (X, || - ||x) is isometrically isomorphic? to (Y, || - |ly)
[ X]p The law of the random variable X w.r.t P

AT The transpose of matrix A

Table 1.1: Summary of basic notations in this thesis

2That is, there exist a bijective (or surjective, since an isometry is injective by construction)
linear map T : X — Y such that |Tz|ly = ||z||x for all z € X.

6



Chapter 2

Preliminaries

In this chapter, we quote classical results in the literature and present some intro-
ductory material which is helpful throughout the subsequent chapters. The notation
and terminologys used in this chapter will be consistent in the whole thesis unless we

specify.

2.1 Basic setup

Definition 2.1.1 (Function space on RY). Let f : RY — R be a function.

e C(RY;R) is the space of continuous functions f : RN — R. C"(RY;R) denotes
the space of n—times continuously differentiable functions such that for any
multi-index I = (iy,...,ix) € {1,...,N}* such that k < n, O;f ewists and
continuous. At last, C>°(RN;R) is the space of infinitely differentiable functions
i.e. f€C"(RY;R) foralln>1.

o C° (]RN;R) refers to the space of infinitely differentiable functions f : RY — R
such that partial derivatives Orf with multi-indices I have at most polynomial

growth.

The spaces C(RY;RN), C"(RYN; RY), C(RY; RY), C*(RY; RY) of vector fields f : RN —
RY are defined accordingly.

Definition 2.1.2 (Random variables on the probability space). Given the probability
space (2, F, (F)i, P) where (F;): satisfied the usual conditions, setting 1 < p < oo,

we define the following spaces:

o [P(RY, Fp P) = {X : Q — R | X is Fr-measurable, ||X||’2P(IP,) = E[|X]P] <

oo},



o L¥(RY) = {X : Q — R | X is Zr-measurable, || X ||lo = esssup eq | X (w)| <

oo},

o SR, P) == {Y : (t,w) € [0,T] x 2 = R | (V}); = (Y(t,-)); be an adapted
cadlag process such that ||Y|g, := E[supy 7 [Y:|"]},
o HEL(R™ P) == {X : (t,w) € [0,T] x Q — R™™ | (Xy); = (X(t,-)); be a
predictable matriz-valued process such that [| X |5, =E [(fOT | X2 d >2} },
T
e BMO,7(R:LP)) == {X : (t,w) € [0,T] x Q@ = R? | (Xy); = (X(¢,-)); be an

adapted cadlag martingale such that given any bounded stopping time 0 < 7 <
T, HX”%MOILT(]P’) = sup, [|E[| X7 — X: P | F][lo < o0},

° ]ﬁ)T(Rm) is the space of m-dimensional cadlag functions defined in [0,T]. We
equip this space with the norm || - ||gec @my €ither by || -[|py @my, which are defined

T
as ||@||®%°(Rm) = SUDPye(o,1) ©¢| and ||9||®1T(Rm) = fo O] dt,

° ]ﬁ)[sﬂ (R™) is the space of m-dimensional cadlag functions defined in [s,t], which
can be embedded into Dyp(R™) by defining © = Ol € Dr(R™) for any © €
Dps 4 (R™),

1
o DY(R,P) = {F||Flprrw) = (I1Fl7r@e) + IDFlal7s@e)? < oo, where D
is the Malliavin derivative operator and H = L*([0,T];R%)}, for some p > 2,

o Hyy o0 (REP) = {o: (t,w) €[0,T] x Q@ = RY| (as)sefo,r) is an adapted process
such that the process (My)icor) € BMO, (P, R), where M, == fg as- dBs}. The

space is equipped with the norm!

/ o, - dBg
0 BMO, r(P,R)

([ )|

Remark 2.1 (Notation and conventions). Throughout this thesis, we would like to

ol 650 = |

(M|

= sup ( E
te[0,T

use the following notation.

(i) We focus on the filtered atom-less probability space (2, F,(F)tcior, P) for

some T > 0 unless we specify otherwise, while the filtration (F)icjo.r) supports

"'We are allowed to consider deterministic times only. This will be explained in Corollary 2.3.13.



a d-dimensional Brownian motion (By)ieor), whose components are (B})ieqo 1]
for all1 <i < d. We denote the augmented filtration generated by (Bi)ico.r] as

FE. In general, we assume (Fy)ep,r) = F£ unless we specified.

(ii) As all norms are taken under P, we omit P unless we specify. Moreover, we also
omit T, such as SP(R?), HP(R?), BMO,(R?) and HE,,,,(R?). As the BMO norms

are equivalent (see Lemma 2.3.11), we sometimes write Hpyo(R?) instead of
Hp0R?).

(iii) Let © = (O¢)seor) be a cadlag process in [0,T] x Q. For any w € Q, O(w) €
D(R™) is a cadlag path such that ©(w)(t) = O,(w). For any ® : D(R™) — E;
(for example, Ey = R™ with my > 0), we write (O) : Q@ — E; as the E;
valued random variable such that ®(0)(w) = ¢(O(w)).

2.2 Malliavin derivative

As an infinite-dimensional differential calculus on Wiener space, Malliavin calculus
was first established to provide a proof of Hormander’s theorem. Our aim is to
introduce the basic definitions of the derivative operator adapted from [69], which
will be heavily used in a numerical scheme for BSDE. Let us consider the Hilbert
space H = L?([0,T];R?). We observe that L?(; H) ~ L*(T x ;RY) ie. they
are isometrically isomorphic, hence for every v € L?*(2; H), it can be treated as
an element in @ € L2([0,7T] x ;R%) by writing @(t,w) = u(w)(t). For simplicity,
we do not distinguish between u and %, and the same applies for L?(Q; H®*) and
L2([0, T)* x ; (RY)®F), for any k > 1. Now, we define the mapping which connects

H to the space of Gaussian random variables.

Definition 2.2.1 (White noise/Wiener integral). Let H = L*([0, T]; R%), with asso-

ciated inner product
t
(I, ha) :/ hi(s) - ha(s)ds  Vhy,hy € H.
0

The white noise is the linear isometry W : h € H — W (h) € L*(Q, %, P) such that
for every hy,hy € H, W(hy) is a centered Gaussian random variable and the function
(W(hy),W(h2))r2 = (h1, he) . FEquivalently,

T d
W (h) ::/0 Zhi(s)dB;‘,

which is known as the Wiener integral.



Definition 2.2.2 (The Malliavin derivative). Let S is the space of R-valued smooth

random variables such that

S={f(W(h),....W(h)) | hi € H for all 1 <i <k,
fe CEO(RI“,R) for some k > 1}.

The derivative operator D is first defined on S, such that the derivative DF with
F €S8 s given by

DF == zn: Oif (W (hy), ..., W(h)hs.

Notice that DF' is an H-valued smoothed random variable. Moreover, the operator D

can be applied iteratively on smooth random variable F', in the sense that

n

D*F = )" (00, YW (h),.... W (hp))hi, @ -+ @ hy, € L*(Q; H®),

valued in (R)®*. In particular, for smooth random variable F, it has the form

n

Df W F= Y (00, ) W(h),. .., W(hn)hi (1) @ - - & hy, (1)

77777

As D,F is a R¥*-valued random variable, we write it as a vector with components
DOYF, namely D,F = (D\VF, ..., D\ F).
Lastly, we define the spaces of random variables which has certain degree of Malli-

avin differentiablity.

1) The space D*P, which can be regarded as the domain of D* in LP(Q), is defined

as the closure of S with respect to || - ||k p, whose definition is

k P
1F Nk = (E[\Flp]JrZE[I!DjF\\Z@j]) , VE

j=1

Finally, the space of smooth Wiener functions is defined as

D> = ﬂpzl MNkeN Dk’p.

2) Similarly, D¥P(V') with some Hilbert space V denotes the V -valued random vari-

ables that are bounded under the norm

k P
1Elkpy = (E (IFIV]+)E [!\DjF|!Z®j®v}> :

j=1

10



Remark 2.2. The space (DV?)? consists of random vectors F = (F*,..., F?%) with

every component belongs D2. By construction, (D?)? ~ DH2(RY).

Similar to the classical Fréchét derivative, the Malliavin derivative possesses the
chain rule [69, Proposition 1.2.3, Proposition 1.2.4], at least for Lipschitz functions.

The operator D, satisfies the property
Dy (E[F | Z]) = E[DF | F] 1p.4(t),

by an application of [69, Proposition 1.2.8]. Moreover, we are able to view the space
D*2(V) for all k > 1 and some Hilbert space V, as a Hilbert space associated with

inner product

k
(F,G)praq) = Y ADF, DG rauessvy, VEF,G€D(V).

J=0

The adjoint of the Malliavin derivative operator D is known as the divergence

operator.

Definition 2.2.3 (The divergence operator). 0 is the adjoint of the Malliavin deriva-
tive operator D, such that 6 : L?(Q; H) — L?(Q) and it satisfies the following.

1) The domain of 6, denoted by Dom(6), is defined as

Dom(6) = {u € L*(Q; H) |E[(DF,u)y] < c(u)||F||2,

with some constant 0 < c(u) < oo, VF € D'?}.

2) The operator ¢ is characterised by
E[F3(u)] = E[(DF, u}u] .
for all w € Dom(d) and F € D2,

For w € Dom(5), we also use the following notation?

5(u) = /O Tu(s) 3B,

which is known as the Skorohod integral.

2The sign 6B, can be roughly viewed as - dB;, but it should not be confused with It6’s integral.
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The Skorohod integral has zero-mean as in the case of It0’s integral, since
E[6(u)] = E[(D1,u)y)] = 0.

Moreover, both operators are closed, see [70, Proposition 1.30] or Proposition B.1.1.
The space Dom(8) C L?(£2; H) is rather vague, we are often interested in the following

objects.
Definition 2.2.4 (Subspace of Dom(d)). Let p > 2.
1) We define LYP(R?) := DY?(H) C Dom(5), which associates with the norm de-
fined in Definition 2.2.2. Given u = (uy)sepor) € LY*(R?Y) and us = (u}, ..., u?),

s s

we write the R™-valued matriz Dyus with entries (Dyug);; = Dt(j)ui.
2) 1L2(R?) is the closed subspace of adapted processes {u(t,-)}i>o € LP(S%; H).

3) LyP(RY) = {(u € L2(R) | u(t,) € D'P(RY) a.s Vit € [0,T] and |ul 1» < oo},

where
s = <E ([ wora) |+e|([ [ Dsu<t>2dsdt)g]);.

By [69, Proposition 1.3.11], the Skorohod integral coincides with It6’s integral

D
2

+E

when u € LL?(R?), such that it is understood as an extension of It6’s integral when
the integrand is not adapted. The Malliavin derivative for such integral is given in

the following proposition.

Proposition 2.2.5 (Mallavin derivatives for Skorohod integrals, Proposition 1.3.8
in [69]). Given u € LY?(R?), we denote u, = (ul,...,u?) and the derivative operator
Dyl = (Dﬁl)ui, ce Dt(d)ué). We write

(/OT D,u, (5Bs>j =0 (Déﬂu)

and suppose {Dyus}seo,r) is Skorohod integrable for almost all t € [0,T]. If there is
a version of the process {fOT Dyus 6 Bs }repor) which belongs to L*([0, T) x ;R?), then
d(u) € D and

T
Dy(6(w)) :ut—I—/ Dug 0B,.
0

In particular, of X; = fot us- dBy for some square integrable adapted process {u}; €
LY2(RY), then

DY — us+ 30, [T DuidBl, 0<s<t
s 0, s>t

almost surely on T x €.

12



Lemma 2.2.6 (Malliavin derivative for diffusion processes, Section 2.3.1, equation
(2.59) in [69]). Let X; € RY be a solution to the SDE

t t
X, =z+ / b(s, Xs)ds + / o(s, Xs)dB;
0 0

where b : [0,T] x RY — RN and o : [0,T] x RY — R¥*4 are measurable functions
that belongs to class C**® for some a > 0.

Denoting the Jacobian matriz VX, with entries (V,X;)ij = 04X}, we write
(DeXy)ij = DYX] with 1 <i < N,1 < j <d for any 0,t € [0,T], which possesses

the representation formula
Dy X; = V. X; (V. Xg) ' 0 (0, Xo) Loy

For further details corresponding to Malliavin derivative, we refer to Nualart’s

comprehensive book on Mallavin calculus [69].

2.3 Martingale theory

Sharp estimates and characterisations of semi-martingales are vital in probability the-
ory, which are commonly used to show the stability of numerical schemes. Extending
classical inequalities to conditional expectations and exploring properties of BMO

martingales with applications to It&’s integrals are the two aims of this section.

2.3.1 Conditional inequalities

Within the following chapters of the thesis, we might encounter some circumstances
where we need to give an estimate of a conditional expectation. This motivates us to
develop some classical inequalities such as Markov inequality, Doob’s L” inequality
and Burkholder-Davis-Gundy (BDG) inequality, in the context of conditional expec-
tations. The proof will generally follow the strategy of the proof of these classical
inequalities within Revuz and Yor [79], hence the result is not very surprising, in the
sense that the conditional expectation preserves the monotonicity relation as well as
constants within those inequalities.

We defer most of the technical proofs in this subsection to section A.1.

Lemma 2.3.1 (Conditional Markov inequality). Let X be an integrable random vari-
able on the probability space (0, .%#,P). Suppose G C .Z is a sub-c-algebra. The
conditional Markov inequality is referring to, given a > 0,

E||X
P(X]2 4] G) =B 1y | 6] < 201

13



Proof. See section A.1. O
We first give a discrete version of Doob’s maximal inequality.

Lemma 2.3.2. Suppose (X,,)N_, is a L'-submartingale defined on probability space
(Q,F,(Fn)n>0,P). For any 0 < m < N and any A > 0, we have

)\P (X:;L,N Z /\ | ﬁm) S E |:XN]1{X;L Nz)\}

ﬁm] <E {\XNW{X;,NzA}

ﬁm} a.s,
where X7, = SUDy<p<y Xn-
Proof. See section A.1. m

Lemma 2.3.3. Suppose (X,,))_, be a L'-martingale or s positive submartingale de-
fined on probability space (0, F,(Fy)nz0,P). Let X7y = sup,,c <y [Xn| > 0. For

any 0 <m < N, any X > 0 and any p > 1, we obtain
VB (Xpx 2 A | Z0) SE[Xxl? | 2] SE (X0 | Fo

E
» \*
< (—) E[|XNP | Zm] a.s,
and for any p > 1,

p
B | 20l SB[ | 2] < (27 ) EIXNP | £ e
b p JR—
Proof. See section A.1. O
Accordingly, the cadlag version of Doob’s inequalities are extended from the dis-

crete version, even when the conditional expectation is involved.

Theorem 2.3.4 (Cadlag version of conditional Doob’s inequalities). Let (Xs)s>o be
a right-continuous martingale or right-continuous positive submartingale defined on
the probability space (Q, F,(F)i>0,P). We choose an arbitrary fized time T" < oo
and define X r = sup,;<.r |Xs| > 0.

(i) For anyt € [0,T], A >0 and p > 1, the conditional Doob’s mazximal inequality

is
NP(X[r > M| F) <E[|Xr]P | 7).
(i) For any t € [0,T] and p > 1, we get the conditional Doob’s LP-inequality
» \?
B [0 7] < (525) Bl | #)

14



The last conditional inequality in which we are interested is conditional Burkholder-
Davis-Gundy (BDG) inequality. .

Definition 2.3.5 (Domination relation, P162 in [79]). Let X; be a non-negative,
integrable and adapted right-continuous process with X, = 0 for all s < t. Let A; be
an integrable process with Ay = 0 for all s <t. Then X, is dominated by A if for all
bounded stopping times T > t,

E[X, | #] <E[A, | Z].

Lemma 2.3.6 (Probability inequality with domination relation). If X is dominated

by a continuous process A, then for all z,y > 0,
P(X! > 2, Au <y | F) < %E A hy | Z] as.
where X[ = supgs; X.
Proof. See section A.1. n

Lemma 2.3.7 (L* inequality with domination relation with k € [0,1)). Under the
hypothesis of Lemma 2.3.6, for any k € [0,1),

E[(X:)" | 7] < 22 PR [(An) | 2] as.

Proof. See section A.1. O

Theorem 2.3.8 (Conditional BDG). Let (M;);>o be a continuous local martingale
vanishing at zero, defined in the probability space (2,.%, (Fi)i>0,P). Given any stop-

ping time T > t, we have constants C' , and Cy,, such that for any p > 0,

[MIiS]

C(1,101['-?: (<M>T - <M>t)

7| <E { sup |M, — M,[?

t<s<t

[NM4S]

< Co B | (M) = (M)y)

ft] a.s.

Proof. 1f we can prove the special case 7 = 00, it is possible to obtain the general case
by replacing M by M7. Furthermore, provided that the BDG inequality holds for
bounded M and the constants C , and C5 ), are independent of the bound on M, we
can derive the same result for unbounded M by using the following trick. We replace
M by M™, where 7, .= inf{s >t | |M; — M;| = n}. Consequently M™ satisfies the
conditional BDG inequality, while we let n — co and obtain the desired result by the

conditional monotone convergence theorem.
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The remaining task is to prove for the following inequalities (which holds almost

surely),

eA gE{ sup |M, — M,|?

t<s<oo

fg\t:| y P Z 47 (21)

Z,] SE[ sup | M, — My|?

E

t<s<oo

C1,E [
C1oE | ((M)ao = (M)
{

sup |M Mt|p yt- < C2,pE [<<M>oo - <M>t)

E [ sup |M; — M,? 9}- < Oyl [(<M>oo — (M))

t<s<oo

where M is a continuous bounded local martingale with My = 0.
To deal with (2.3), we let p > 2 and fix s > ¢. As an application of It6’s lemma

and Holder’s inequality, we have

p—2

P
Fy

2
p
yt:| )

—1
E[M, — M | 7] < 22— Vg { sup | M, — M,J?

2 t<u<s

D
2

<E [<<M>s ()

while the conditional Doob’s LP inequality implies

p

) < (P (S2)) | on. - s

Finally, we force s — oo and interchange expectation and limit, as the supremum

E sup ‘Mu - Mt|p

t<u<s

process and quadratic variation are increasing processes.

Next, we focus on (2.1) and fix p > 4. It is sufficient to prove this inequality,
in the case where (M) is bounded and (', is independent of the bound on (M).
As a result, the general case can be extended by considering a stopping time r,, =
inf{s >t | (M), — (M), = n} and replacing M by M"™. Rewriting (M), — (M), =
(M, — My)* —2 ft (M, — M;) dM, for all s > t, we can bound the quadratic variation
part by

[MIS]

E | ((M)ss — (M)y)?

2] (- ont | 2]’

g

where a, is a universal constant depending on p only. Consider the equation x* —

%] <a, (E [Sup M, — M,|?

s>t

+E [sup |M,, — M,|?

s>t

a2 . .
apry < ayy?, we can deduce that (z — 3a,y)? < (a, + £)y?. Plugging in

1
2
ﬁt:| 9

v =E [ (M) — (M),)}

a%} L y=E [SUP |M,, — M,|?

s>t
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we get

[NiS)

E |((M)o — (M)

a12) p
%]g ay+ 2+ 2\ E |sup |M, — M,J? | 7] .
4" o

When 0 < p < 2, we choose X, = |M, — M;|?, As = Coo((M)s — (M);) and
set k = £. The inequality (2.3) has been able to show the the domination relation
between X and A, hence we apply Lemma 2.3.7 to conclude the (2.4). Finally, we
apply the similar procedure but with X, == Cy,((M)s — (M),)?, As = |Ms — M;|*
and k = £. The inequality (2.1) has shown that X is dominated by A, therefore we
conclude (2.2) by plugging in X, A into Lemma 2.3.7. O

Remark 2.3. An alternative strategy to show the conditional BDG inequality relies
on changing the martingale and the filtration. Given any stopping time 11, we choose
an arbitrary set A € F.,. Rewriting M. = M., — M, and F! = Fs, yields M|
is a martingale with respect to filtration F. under the measure P, where P’ is defined

as AP = P(A)~t14dP3. More explicitly, we implement Bayes’ rule to derive
E’ [M; ‘ gzz:] =E [Ms+‘r1 — M, ‘ tgaqun] = Mysr, — My,

provided s > u > 0. By observing (M'ys = (M)syr, — (M).,, we conclude that

| ZalLe] =& [T | #

[NIiS]

E [E[(M)n+m — (M)-,)

while for the supremum process, we are able to deduce

P(A
E |:]E |: sSup |MT1+S - MT1 |p | <gtr1:| I]-A:| = E/ [QE, |: sup |M;|p | ﬁ*é:| I]‘A:|

TISSSTIHT L4 T1<8<T1+T2

:E’[ sup |M;|p} P(A).

T1<S<T1+T2
The classical BDG implies

O, [(M’)i} IP’(A)gIE’[ sup |M;|p} P(A) < Cy B’ [<M’>§;] P(A),

T1<s<T1+T72

hence the result follows for conditional BDG.

3Due to the nature of conditional expectations, it is suffice to consider A such that P(A) > 0
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Remark 2.4. An important observation is the condition imposed on the process A
within Lemma 2.3.6 can be relaxed to being increasing and cadlag, as it sufficient to
guarantee the existence of Ao = limy_,o0 Ay [66]. Among its proof, {Ax <y} = {1, =
oo} up to null sets, which implies Theorem 2.3.8 holds for cadlag local martingales
M if the quadratic variation is suitably defined for such M. In fact, [39] has included
the standard BDG inequality for cadlag martingales, thus the conditional version can

also be deduced from remark 2.5.

2.3.2 BMO martingales

To begin with, we state the celebrated John-Nirenberg inequality in the theory of
BMO martingales.

Theorem 2.3.9 (John-Nirenberg (1), Theorem 2.1 [50]). If M is a cadlag martingale

and HMHBMO1(R) < %1, then

1
Elexp(|My — M._|) | #;] < ’
exp(IMr =M D1 ) < oo

where 7 < T is a stopping time.

Meyer gave a bound on the exponential of the quadratic variation of M, while the

following version is sometimes also known as the John-Nirenberg inequality.

Theorem 2.3.10 (John-Nirenberg (2), Theorem 2.2 in [50]). If M is a cadlag mar-
tingale and ||M || ppo,m) < 1, then

1

1- HM||QBM02(R)7

Elexp((M)r — (M),_) | F7] <

where T < T is a stopping time.

As an application of John-Nireberg inequality, the BMO norms can be shown
that they are equivalent for all 1 < p < oo, suggesting that the parameter p is not

important.

Lemma 2.3.11 (Equivalence of BMO norms, Corollary 2.1 [50]). Suppose 1 < p <
oo. For any uniformly integrable martingale M, there is a positive constant C, =
8- (2(])!))% such that

1M1 zyor ) < 1M ][ Bro, @) < Coll M| Bro, )-
There is more than one approach to verify whether A is a BMO,(R) martingale.

18



Lemma 2.3.12 (Deterministic time for BMO, Remark A.8.3 in [15] or Remark 76.4
in [21]). A cadlag martingale M, lies in space BMO,(R) if and only if

sup |[My— M, | <C, sup E[|Mr— MP| %] <C,
t€[0,T] t€[0,7]

where we set My = My as a convention.

In other words, we can replace the random stopping time by a deterministic time
at a cost of controlled jump size. By using the energy inequality arising from the

theory of potentials (see section B.2, and for references therein [66]),
E[((M)r = (M)e)" | 7] <nl|M|[Byo,@) nEN, (2.5)

we conclude that estimating the conditional increment of the quadratic variation is
equivalent to estimating the BMO norm (by the conditional BDG for cadlag mar-
tingales, see remark 2.4), Therefore, to characterise a BMO cadlag martingale, we

essentially require:

Corollary 2.3.13 (Quadratic variation of cadlag BMO martingale). A cadlag mar-
tingale M is in BMO,(R) for some 1 < p < oo (hence for all such p) if and only if

there exist some constant C' > 0 such that

sup |[M; — M, |+ sup E |((M)r — (M))? | Z| <C (2.6)

t€[0,T] t€[0,T

We next state a useful result called the reverse Holder inequality, which controls

the L? norm of the stochastic exponential of BMO martingales.

Theorem 2.3.14 (Reverse Holder inequality, Theorem 3.1 and Remark 3.5 in [50]).
Let M be a continuous local martingale. If || M || prro,m) < =(p) where p € (1,00) and

[1]>

defined below, then for every stopping time T

E[E(M)y | F+] < C,E(M)], (Rp)

1
, ) 1 2m—1\)?
subject to Z(p :<1+—10 <—)) — 1.
g ®) P P2 -1

Alternatively, if M is only a local martingale, we suppose inf,cor)(M; — M;_) >
—1+ € for some € € (0,1]. Then E(M) is a uniformly integrable martingale and

equation (R,) holds and the mazimum value of such p depends on || M || pro,m) only*.

4A review of the relationship between the reverse Holder inequality and the BMO property of M
can be found in Grandits and Rheinlander [35, Appendix].
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It is worth noticing that = (1,00) — R, is a positive, surjective and strictly
decreasing function, which implies that there must exist a suitable p > 1 such that

S(M)% yT] S

| M||Bpo) < Z(p) is satisfied. If | M||ppo,@) < Z(p) for some p, then E[E(M);

Cyp for all 1 < r < p. However, the maximum value p that can be taken is usually
quite small, as Z(2) = /1 + +log(3) — 1 = 0.049 and Z(1.1) = 0.57. As a conse-
quence of the reverse Holder’s inequality, we are allowed to switch to a new measure

Q at a cost of some constant.

Corollary 2.3.15 (Switching to new a measure). Suppose M is a BMO martingale,
let measure Q characterised by |yt = E(M);. Given an integrable random variable

X which is Fr-measurable, it satisfies

=]
*"“

UIX | 7] < CET|

7

where ¢* is the conjugate of ¢ and q is a value satisfying condition (R,).
Moreover, N; = ngS - dB2 is a BMO martingale under Q with B;Q as the Q-
Brownian motion, provided ]\7} = fot Y, - dBy is a BMO martingale under P.

Proof. As a simple application of reverse Holder inequality and Hdélder’s inequality,

®[zan ¥ 7] ==| (o)

L 1
q *

%]EUXI‘I*I%} < CE"[|X]" | 7]

while the second statement can be derived by implementing Theorem 2.3.8

T q e ~
(/ |Ys|2d5) ‘ c%] < CqHNH}%MOQq*(P,R)‘
t

]

R [(NT — N,)? ‘ %} < C,EF

By the martingale representation theorem, all L? martingales which are adapted
to .%; can be written in terms of It6’s stochastic integrals. This motivates us to focus
on the integrand rather than the martingale itself. If the martingale M is a stochastic

integral with a discrete integrand, we have the following characterisation.

Lemma 2.3.16 (BMO for Itd’s integrals with discrete integrands). Let M, = fo
dB; be a L?*-martingale, with K, € RY. Suppose there exists a sequence of Rd—valued
random variables K* which are F;,-measurable respectively, such that

N-1

K, = K(O)]l{o}(s) + Z K(i)ﬂ(ti,twﬂ(s)'

=0
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where 0 =tg <t; <---<ty=T. Then M is a BMO martingale if and only if

sup ||E <C.

0<i<N-1

N-1
D IKOP (i — 1) ‘ ﬁti]

j=i

Lo

for some C' > 0.

Proof. We only need to prove the if part. Observing that M is a continuous mar-
tingale, we only need to consider the conditional quadratic variation. Given a fixed

t € [th, trs1), we make use of the fact that K is .Z, -measurable to obtain

T thi1 N-1 ‘
EU K[ ds %} :EU K2 ds %}H@ S K9P, ds
t t .

—k+1

N-1
SEDK(’“)\% fftk} +E|E [Z |KD|2h; ds %M] ‘fft < 2C.
j=k+1
Therefore, || M||lpyo,®) = | K |lm,, @ < 2C. O

We close this section by the following remark on BMO martingales.

Remark 2.5. Given a process K; € R with K; € H%,,5(R), for any u € R with
lu| = 1, Ku € H%,,5(R?) since [ Kullsz,  rey = [ Killuz,, @) We denote My(u) =
fot Kgu - dBy and ||M(u)||pmo,r) remains constant for all w € R* with |u] = 1.
Observing that the constraint corresponds to the reverse Hélder inequality (Theorem
2.8.14 for E(M.(u)) depends on ||M(w)| pmo,m) only, the equation (R,) holds for

M, (u) uniformly in v with |u| = 1.

2.4 BSDE

Given a the probability space (2, %, (% )ici01), P)°, a BSDE, in its integral form, is

T T
Y; 25‘1‘/ f(t, Y, Zy) dt+/ (Z)" dB, (2.7)

where f is a Rl-valued, P ® B(R,) ® B(R') @ B(R%*!) measurable map and ¢ is a
Rl-valued .#r-measurable random variable. The solution to BSDE (2.7) is a pair
(Y, Z) such that (Y;)¢cpo,r is a R'-valued continuous adapted process, while (Zt)teo,m

is a predictable R™!-valued process satisfying fOT |Zs|> ds < oo® P-almost surely. The

SHere we specify .7, = .FF
6Z has value in R?*!, hence |Z,]| is the Frobenius norm of the matrix Z.
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terminal condition £ and the function f characterise the solution (Y, Z), hence (¢, f)
is also known as the generator of BSDE (2.7).

Bismut [4] first considered linear BSDEs to study stochastic control problems,
while Pardoux and Peng brought BSDE to the attention of many scholars in their
seminal paper 73], where they implemented the fixed point method to prove the well-
poseness of BSDE. In 1991, Peng [75] established the connection between decoupled
forward-backward stochastic differential equation (FBSDE) and PDE. The decoupled
FBSDE is essentially BSDE with terminal condition £ = g(X7) and the driver of the
form f(t, X;,Y;, Z;), where f : [0, T] x R™ x Rl x R**! — Rl is a deterministic function
and X is a forward SDE with values in R™. More precisely, given a decoupled FBSDE

Xbr =g +/ b(u, X5") ds +/ o (u, X)) dB,, X/*=z€R™,
t t
T T . (2.8)
Vi =g () + [ Xy ) au- [ (2 as,
t t

where b : [0 T x R™ — R™, 5 : [0 T] x R™ — R™*d with b = (b',...,b™) and

Il i R

{%—?(t,x) + Lu(t,z) + f (t,ac, u(t, ), (V:Eua)—r (t,x)) =0,
w(T, z) = g(x),
where u : Ry x R™ = Riu = (u',...,u'),: R" = Rg = (¢',...,¢') and the

operator L is defined as

(2.9)

m

m 2
E::;b(t :U)aa %Z: oo ”tx)aaax] Lu= (Lu',... Lu).

Under the standard Lipschitz condition of functions f, g, o0 and b, Peng [75] demon-
strated u(t,z) = Y;"*, provided u € C2([0,7] x R™; R!) solves the PDE (2.9). Re-
garding the reverse side, Pardoux and Peng [74] proved that, under sufficient regu-
larity of the terminal function g, driver f, the drift b and the volatility o (namely,
being a member of C3), the solution to the decoupled FBSDE is exactly the classical
solution to a system of quasi-linear (possibly degenerate) parabolic equation. Mean-
while, if the regularity assumptions on ¢, f, b and ¢ are reduced to being Lipschitz
and [ = 1 i.e. we focus on one equation instead of a system of PDEs, it is also shown
in Pardoux and Peng [74] that u(t,z) := Y;"* becomes a unique viscosity solution to
the PDE problem associated to the FBSDE.

Numerous efforts has been made to explore BSDE with new constraints on the
generator (&, f). Ma and Yong [62] introduced the coupled FBSDE, where the drift
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and volatility of forward SDE depend on the backward component (Y, Z). Another
extension to Pardoux and Peng [73] is relaxing the Lipschitz condition of the driver
f. Lepeltier and San Martin [56] studied the equation (2.7) in dimension one with
continuous driver and linear growth in (Y, Z), while Darling et al. [19] focused on
the BSDE with driver satisfying a monoticity condition. Finally, quadratic (or super-
quadratic) backward stochastic differential equation has attracted lots of attention in

the past two decades (see reference therein [9, 8, 20, 88]).

2.4.1 Lipschitz BSDEs and quadratic BSDEs

Regarding the Lipschitz BSDE, we recall the seminal work on the existence and

uniqueness.

Theorem 2.4.1 (Theorem 2.1 in [25]). Suppose f(-,0,0) € H*(R!), ¢ € L*(R!) and
f is uniformly Lipschiz in y, z i.e. there exists Ly > 0 such that

[F(ty:2) = F6 A < Ly (ly =o' + 2 = =)),

for ally,y' € R 2,2 € R (t,w) € [0,T] x Q2. Then there exists a unique solution
(Y, Z) € S(RY) x H2(R?) to the BSDE (2.7).

A particular case is the linear BSDE, where a closed form solution can be derived

based on this problem.

Proposition 2.4.2 (Proposition 2.2 in [25]). Let (£, f) be the generator of (2.7) such
that f(-,0,0) € H2(RY), & € LARY). If f: Q x [0,T] x R x R — R are of the form

fty,2) = dp+ap+2-5y, dce. f(w,t,y,2) = d(w)+ay(w)+z- G (w), Yw € Q, (2.10)

such that a € R and 3 € R? are bounded processes and ¢; € H?(R?), then there exists
a unique solution (Y, 7) € S?*(R) x H?(R?) to the BSDE (2.7) and

T
Y, =E [fré + [ Tios
t

with T% satisfying the SDE
dl' =Tla,ds+ g:dB,, Ti=1, s>t

As we mentioned in the first chapter, the Z component can be recovered as version
of Malliavin derivative, in the sense that there exists a version of Z; = D,Y; in
[0, 7] x Q, by [24, Proposition 5.3].
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We are now in the position to review quadratic backward stochastic differential
equations (QBSDE or quadratic BSDE). This type of equation received a lot of at-
tention, because it appears in many stochastic control problems when the utility
functions is in the form of an exponential or the cost is quadratic. Most of results
in this area restrict the dimension of Y to be one, such that a version of maximum
principle or a comparison theorem is allowed to be applied to establish a bound on
Y. Kobylanski [52] first developed a proof of the existence and uniqueness to such
BSDE via PDE-based methods. More explicitly, she added the following constraint
on the generators (&, f) with f: Q x [0,7] x R x R? — R.

Assumption [A1]. ||{]|Le@) + ] f(-,0,0)|lsemy < Ko for some Ko > 0. Moreover, f

1s uniformly Lipschitz in y and quadratic growth in z, namely
[f(ty,2) = f(t 9,20 < Lyly = o] + Kp(1+ [2] + |2])]2 = |

for some constants Ly > 0 and K; > 0 independent of y,z, for all y,y' € R and
2,2 € R

After people have realised the solution Y is uniformly bounded, Hu et al. [45]
utilised the theory of BMO martingales and first characterised the Z component
with a sharp estimate. Briand and Hu [8] proved the existence of solution when
the terminal condition £ is unbounded but has bounded exponential moments, while
they demonstrated the uniqueness of the solution if the driver is convex in [9]. For
multidimensional BSDE with quadratic growth in Z, all relevant works required a
special structure, for example Hu and Tang [44]. Meanwhile, Frei and Dos Reis [28]
gave an example based on [50], illustrating that the solution may not exist in the
multidimensional case even when bounded terminal conditions are imposed.

In this thesis, we will spend most of the time on the BSDE satisfying assumption
[A1] in dimension one. We quote the results on QBSDEs before we move on to the

numerics.

Theorem 2.4.3 (Well-posedness for QBSDE, [7]). Suppose (&, f) satisfies assumption
[A1]. Let (&, f) be the generator of the following BSDE

T T
Yt=§+/ f(s,Y;,Zs)ds—/ Z, - By, (2.11)
¢ t
then the solution (Y, Z) to equation (2.11) exists and it is unique. Moreover, (Y,Z) €
S®(R) x HZ,,0(R?) and

1vT A5 (50, 0)lls @) + 2Ly [V ]ls> @)
12050 < g (14 9

) exp (3K¢||Y ls~m)) ,
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1Y llsy < exp(LsT) (1€l + (0,0 [ls)T) -
The comparison theorem is also listed below.

Theorem 2.4.4 (Comparison theorem for QBSDE, Theorem 2.6 in [52] or Theorem
7.3.1in [91]). Let (&, fi) satisfies assumption [A1] for all i = 1,2, suppose (Y, Z")
is the corresponding solution for equation (2.11). If fi(t, Y}, Z}) > fo(t, Yy, Z}) for
eitheri=1o0ri=2 as and & > & a.s, then Y} > Y2 for all 0 <t <T a.s.

Other than using the comparison theorem stated above, we are in a position to
introduce a stability theorem, which also characterises the uniqueness of such BSDE
as well as specifies the error for further numerical schemes. It has first discovered in

[47], where we prove a similar result.

Proposition 2.4.5 (Stability on S*(R) x H?(R?), modification of Theorem 6.2 in
[47]). Let the pair (&, f;) satisfies assumption [A1] for all i = 1,2, suppose (Y, Z")
is the corresponding solution to (2.11). Denoting AE = &1 =2, Af(y,2) = f1(t,y,2)—
f2(t,y, 2), we have, for all p > 1,

LSHE

" =Ygy + 12" = 20 ey < CE

} T pq
AgPi 4 ( / rAf<s,Y£,Zf>rds) ]

for some constants C' > 0 and § > 1.

Proof. See section A.2. O

2.4.2 BTZ scheme

7

From the numerical point of view’, we are mostly interested in one-dimensional BSDE

dY; = —f (t,Y;, Z,) dt + Z, - dB,

2.12
Yo —¢. (2.12)

such that the terminal condition & : 2 — R is an .#p-measurable random variable
and generator f: Q2 xRy x RxR? = Ris a P @ B(R;) ® B(R) ® B(R?)-measurable
map. Therefore, (Y,Z) € R x R? and we will stick with such problems when we

discuss numerical schemes for BSDEs.

"In general, most numerical schemes for one-dimensional BSDE can easily be extended to multi-
dimensional BSDEs, as long as the multi-dimensional BSDE is well-posed
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Under the standard Lipschitz condition, the BTZ scheme was developed by Bouchard
and Touzi [5] for decoupled FBSDE and Zhang [90] for BSDE with terminal condition
as a functional, such that the pair (Y, Z) was approximated by the discrete version

1
Y =R Y, | Z] +0ft,Y7 2, Z7 = EE Y7 (Biyn — By) | F4]

for some partition 7w and time interval h > 0. The scheme itself is implicit in Y and
explicit in Z, hence we have to solve an equation, usually by Picard iteration, for Y;"
for every t. A sketch of the motivation as well as the idea of deriving the BTZ scheme
are deferred to Section B.3 for the interest of the reader.

Under standard Lipschitz assumptions, most of the numerical scheme aims to
solve decoupled FBSDE (2.8). The main difficulty of solving such BSDE numerically
is the pair (Y, Z) can only be represented as a form of conditional expectation in
the BTZ scheme. Various methods are developed based on such scheme, including
binomial tree methods [10], quantization methods [72, 71], Malliavin calculus [5, 33],
non-parametric regression [32, 5], cubature formulas [18] and some high order schemes
such as Runge-Kuta methods [11]. Finally, we remark that there are new methods
[31, 37, 41, 87, 38, 46] which are based on machine learning.

2.5 Turbulence

Numerous efforts has been done in the theory of turbulence, including E and Van- den
Eijnden [23] on passive scalar advection and Jan and Raimond on [49] on classifying
different types of flows. Meanwhile, Constantin and Iyer [16] provided an probabilistic
representation formula for the Navier-Stokes equation on R", which is extended by
Fang and Luo [27] to the Navier-Stokes equation on manifolds. Apart from these, the
study of statistical characteristics of turbulence also brings a lot of attentions. The
research on the statistical properties of turbulent flows can be traced back to the semi-
empirical theories of turbulence in the 1920’s and 1930’s, while the seminal advances
in the area include Prandtl [78], von Kédrmén [86] and Taylor [84, 85]. The goal of
statistical fluid mechanics is to provide good descriptions and computational tools
for understanding the distributions of the velocity random fields of turbulent fluid
flows. Unlike some other unsolved problems in theoretical physics, the equations
of motion for fluid dynamics, even for turbulent flows, have been known for over
a century. These equations are highly non-linear and non-local partial differential
equations, and it is difficult to extract information about the evolution of fluid flows

in a deterministic manner. Thus, as a matter of fact, the velocity and vorticity field
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of a turbulent flow is better to be considered as a random field arising from either
the random initial data or a random external force, or both.

To understand the statistics of turbulent flows, it is desired to know, if it is possi-
ble, the evolution of some distributional characteristics of fluid flows. The distribution
of a random field such as the velocity field is rather complicated and determining the
distribution of turbulent flows is a challenging task even when the initial distribution
is known. In 1950’s Hopf [43] (see also [68]) derived a functional differential equa-
tion for the law of the velocity random field, but his equation involves functional
derivatives and is infinite dimensional, which becomes too difficult to extract useful
information about turbulence. The dominating approach in the statistical theory of
turbulence, initiated in G. I. Taylor’s seminal work [84, 85], has been based on the
analysis of moment structural functions and relies on the spectral method, for this
aspect see for example [3, 68].

Convention and notation. As a general rule and to be consistent with popular
conventions in the research of turbulence, we apply Einstein convention i.e. repeated
indices are assumed to be summed, when we focus on topics that are related to

turbulence only.

2.5.1 Velocity field

Given a probability space (2, .7, P), the turbulent flow is described by its velocity U =
(U',U?,U?) and the pressure P, which are random fields and the three dimensional
Navier-Stokes equations

ou! ;o0U ‘

AU —
or TV gm T val

U(.I’, 0) = Uo(l‘),

oP
oz’ (2.13)

where 1 = 1,2,3 and v > 0 is the viscosity constant, together with the constraint

ou’

Fr i 0. (2.14)
The initial condition is also treated as a random field on R?® and each sample path
w € Q) corresponds to a deterministic function U(z,t;w), which serves as a solution
to equation (2.13) with initial data Up(z;w). We will discuss an ideal case, for the
purpose of understanding the local properties of turbulent flows, where the region
occupied by the fluid is the entire space R3. Moreover, without further qualifications,
the dynamical variables such as U(x,t) and P(x,t) decay to zero sufficiently fast as

|z| tends to infinity. In addition, to avoid technical difficulties, but not in any way
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implying that these issues are not important, we will assume that the dynamical
variables U(z,t) and P(z,t) are sufficiently smooth functions of (z,1).
Due to the divergence-free condition (2.14) , the pressure term satisfies the fol-

lowing Poisson equation

0*(UUY)
Oxioz!
Therefore, according to the Green formula, we have the integral representation
1 0*(UUI
P(z,t) :/ ( . ) dy, (2.15)
s 4mly — x| Oy Oy’

which implies in particular that the distribution of P is completely determined by

the distribution of the velocity random field.

2.5.2 Vorticity field
The equation of the vorticity motion for W = ¥V A U is the vorticity equation

oU!

ow jaW = v\ W+ Wi ——
oxJ

o "V om

(2.16)

for i = 1,2,3. Moreover, W' = 5ijk%U k where €% are the Levi-Civita symbols®.
As a standard assumption which is enforced throughout the paper, both U(z,t)
and W (z,t) have derivatives in space variable x of any order which decay to zero at
infinity sufficiently fast, so that possible boundary terms arising in applications of the
Stokes’ formula have no contributions in computations below. Therefore, since U is
divergence-free, A, U = —V A W, according to Green’s formula we may write

. 1 )
Uiz, t) = — = SR Wy, t)d
(z,1) /R3 pr P (y, t)dy,

which yields the Biot-Savart law:
, o) — gl
Ui, 1) = — / citk Yk (y 1) dy. (2.17)

fori=1,2,3.

8That is, if (i, 4, k) is an even permutation of (1,2,3), then €% = 1; if (i, j, k) is an odd permu-
tation of (1,2,3), 7% = —1; €% = 0 in other cases.
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Chapter 3

Path-regularity and Numerical
Simulation of Path-dependent
Quadratic BSDEs

3.1 Introduction

In this chapter, we study the following quadratic BSDE on the probability space
(Q, 7,P)

t ¢
X, =x+ / b(s, X,)ds +/ o(s, X,)dBs,
0 0 (3.1)

Y;:§+/Tf(s,Ys,Zs)ds—/TZs- dB,, &=®(X)

where (By)icp,r is the Brownian motion in R¢, X satisfies the SDE with drift b :
[0,7] x R™ — R™ and diffusion o : [0,7] x R™ — R™ 4 f:[0,T] x R x R - R is
a deterministic function with quadratic growth on Z , ® is a bounded functional on
DR™),Y; : Q — Rand Z, : Q — R%

To the best of our knowledge, most of the numerics of quadratic BSDE relies on
the BTZ method, while the terminal condition of such BSDE is g(Xr), where g is a
Lipschitz function and X is a forward diffusion process. This is in fact a decoupled
FBSDE. Richou et al. [82] considered such Markovian decoupled quadratic FBSDE
with a bounded terminal condition. Richou forced the diffusion term in the forward
process to be bounded and to depend on t only, while the regularity of ¢ is loosen
from Lipschitz to a-Holder continuous. After reviewing the regularity bound on Z
developed by Delbaen et al. [20], Richou claimed the Z component for FBSDE with

quadratic growth satisfies
|Zt’ < C(T - t)_%7

29



which suggested Z; had a large upper bound when ¢ tends to T'. He therefore con-
structed an irregular timestep and truncated the driver based on time t.

Chassagneux et al. [12] focused on the decoupled Markovian FBSDE with a termi-
nal condition £ = g(Xr) as well, but the assumption of the diffusion is more standard,
in the sense that g is Lipschitz and X is a standard Lipschitz SDE. They estimated
the driver by a Lipschitz function and use a regular timestep, while Y is computed
via an implicit scheme and Z is derived by an explicit scheme. Referring to this
numerical scheme as the modified implicit BTZ scheme, only the convergence rate of
the Y component, which is O(N ~31€) for all ¢ > 0 with N representing the num-
ber of discretisation, has been included in [12]. We also mentioned that [59] worked
independently, considered the case of BSDE that is one-side Lipschitz in y and sub-
quadratic in Z i.e. growth in the form of |Z|?*~¢ for some € € (0,2] instead of |Z]2.
Based on this assumption, they introduced a similar numerical scheme, which had
the convergence rate of O(N~1) in a stronger topology S®(R) x HZ,,o (R?).

Compared to conventional BSDE problems, our terminal condition depends on
the path of (X});>o and the driver has a quadratic growth in Z. More explicitly,
our objective is to establish a path-regularity theorem on Y, and Z; and to prove
the convergence of the modified (inner) explicit BTZ scheme on approximating the
solution to (Y}, Z;) with a suitable norm, based on the analysis of the modified im-
plicit BTZ scheme developed by Chassagneux et al. [12]. The path-regularity result,
which is interesting on its own, is a consequence of discretising the path X (w) into
(Xt (W), ..., Xty (w)), naturally leading to the study of BSDE that depends on a large
system of forward SDEs. Taking advantage of the fact that Z; serves as a Malliavin
derivative of Y;, we then show that |Z;| is bounded by C(1 + supy<,; |X;|) almost
surely for some constant C. Subsequently, we review the modified (inner) explicit
BTZ scheme and conduct a perturbation analysis on the Z component, followed by
concluding the error of the numerical scheme on estimating (Y, Z) (with a suitable
norm) is O(N~2) rather than O(N~2+¢).

This chapter will be organised as in the following. After the assumptions have
been listed, we present the main results that demonstrate our contribution, followed
by the proof of the path-regularity result in Section 3.2. In Section 3.3, we check
the essential properties of the modified explicit BTZ scheme, then a perturbation
technique will be applied to the Z component. Section 3.4 and Section 3.5 are devoted
to proving the convergence of the numerical scheme and to adapt the quantization

method for so-called constructible functionals. Several numerical experiments which
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are conducted by quantization technique and regression basis method, are included

in the last section to illustrate the performance of the numerical scheme.

3.1.1 Preliminaries and assumptions

Before we discuss the main contribution, we would like to write down the assumptions,
which are frequently used in this chapter. We will quote these conditions only when

they are used.

Assumption [A2] (Lipschitz SDE). X, is a diffusion process satisfying the SDE

t t
Xe=z+ / b(s, X,)ds + / o(s, Xs)dBs.
0 0

Meanwhile, the drift term b : [0, T] x R™ +— R™ and volatility term o : [0, T] x R™

R™ < qre measurable functions in (t,x) such that there exists Lx > 0 with

o [b(t,0)] +o(t,0)] < Lx,

o |b(t1, 1) — blty, 22)| + |o(ty, 21) — 0 (ta, )| < Lx(Jts — ta]2 + |21 — 22|,
for all t,ty,ty € [0,T], x1,29 € R™.
Assumption [A3] (Path-dependent functionals). £ = ®(X) € L*(R) where

o O is Lipschitz with respect to either || - ||D00(Rm) or || - ||@1(Rm) with Lipschitz

constant L,
o X satisfies the SDE and assumption [A2].

The regularity of the driver f in the ¢t variable is required in the numerical simu-

lation.

Assumption [A4] (Quadratic growth and regularity on f). The driver f satisfies

F(tyn, ) = (oo, 2)| < Ly (Jtn = taf + g1 — ]
+ Ky (L + |z1] + [22]) [21 — 2],
|f(t17070)| S LO,

for any t1,ts € [0,T], y1,y2 € R and 21,22 € R?, for some Lo, Ly, Ky > 0.
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The target of this chapter is to find a numerical scheme for equation (3.1) with the
generator satisfying assumption [A3] and [A4]. For simplicity, we assume that there
exists an uniform bound on ||[[ze, [|f(+,0,0)||s>(r), constants Lx, Ly, K; which are
corresponding to the SDE X and the driver f. The terminal time 7" and the initial
condition X, are fixed, regarding the equation (3.1). Therefore, we will omit the
dependence of |||z, [[f(-,0,0)|s~m®), Lx, L¢, K¢, T, Xy, when we mention the
generic constant C'.

We are now in the position of discussing the numerical scheme. Define f™ :
0,7] x R x RY — R by

min(|z|,n)

FPty,2) = f Ly, du(2),  dnl2) = z, (3.2)

2|

where ¢, : R* = R? and n > 0. By construction, f™ is Lipschitz in z with Lipschitz

constant L,(n) depending on n i.e.
1™ty 2) — F(ty, )| < Kp(1+2n)|2 — 2],

for all ¢,y,z,2. We recall the Euler-Maruyama scheme for the process (X;); with

some partition 7

where AB;, = B;, , — By, and h; = t;11 —t; for all 0 < ¢ < N — 1. It is natural to
define the path

)

with the convention [ty,ty) = {T'}, so that X™ € D(R™) and we introduce the

following explicit scheme

yf:E[)}ﬁl—l—f(n)(tuE[ f+1|9ti}>zzr>hi’9ti}>

ZZTZE[ Zr+1Hz‘R| yﬁi}’
(R ABL R R _AB —R) (34)
A Ly e A Y ;

Vhi o hi Vg Vhi  hi VI

Yy =@(X7), Z§=0.

HR =

(2

Comparing to the implicit scheme in [12], VT is obtained directly.
The most important element in the numerical scheme (3.4) is there exist some
e € (0,1), independent of N,n, R, such that

hL;+ sup |hHL.(n)] <1 —c¢, (3.5)

0<i<N-1
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where h = supg<;<y_1 hi- This can be achieved, provided

1
R=In(h™"), n="h"" for some o € (0, 5) (3.6)

and h small enough. This is vital for assumption [A7], which will be introduced in
Section 3.3.
3.1.2 Contribution and main results

The main results and the contribution of this project will be presented in the current
subsection. To begin with, we introduce the following notation. Given a Lipschitz

function g : R™*" — R which satisfies

|g<xlax27 s 71:7‘) - g(ylayQ ce 7%‘)’ < ZLEIZ)‘Z'Z - yZ|7
i=1

for any xq,xs,...,z, € R™ and y1,vs,...,y, € R, we write

as the sum of Lipschitz coefficients.
Theorem 3.1.1. Consider the BSDE (2.11) with the generator (€, f) such that

o Letmg:0=s9<- <81 <5, =T be apartition, we set { = g(X,, ..., Xs,.),

where g : R™" — R s Lipschitz and bounded, X 1is the solution to the SDFE
which satisfies [A2];

o f satisfies [A4].
Consider the partition 7 : 0 =ty <t; <--- <ty =T and h = sup; [t;;; —t;|. Then

we have, for allp > 1,

E | sup [Y, - Y,[*

u€|[s,t]

< Cpslt — s,

where 0 < s <t <T and

Nl ti+1 P
Y E (/ Z, — Zy,|? dt) < Cy 59?7, (3.8)
=0 L

for a constant C), 54y > 0. Moreover, C), s(y) s independent of the partitions mo, 7.
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We can regard the terminal condition § = g(X,,, ..., Xs,) as a special case of the
path-dependent terminal ®(X). The more generic result will be deduced in the next

theorem.

Theorem 3.1.2. Suppose & satisfies [A3] and f satisfies [A4]. Suppose (Y,Z) is
the solution to BSDE (3.1), associated with the generator (&, f). Let m : 0 =ty <
t; <o <ty =T be a partition and we define h = sup, |t;11 — t;|. Then, for any

p > 1, there exists a positive constant C) 1, such that

E | sup |V, - Y,[*

u€ls,t]

t]+1
/ — Zy, | dt

Moreover, C, 1, 1s independent of the partition .

< CPJ@’t - S|p

where 0 < s <t <T and

N-1 p

E < Cyr hP.

J=0

As an application of the path-regularity theorem, we consider the scheme (3.4)

and specify the error.

Theorem 3.1.3. Let & satisfy [A3] and f satisfy [A4]. Suppose (Y, Z) is the solution
to BSDE (3.1), associated with the generator (&, f).

Suppose the partition w: 0 =1to < -+ <ty =T with h = sup;(t;41 —t;) < KNt
for some K > 0. Recall X™ is given by (3.3) and (Y™, Z™) is the solution to the

numerical scheme (3.4). Then we have, for some ¢* > 1,

Z/ Z — 27 *ds

< Casetag e (B[IB(X) = ®XT)F7] 4 1)

{ sup |V, — yﬂ +E

0<i<N

where a, € appear in (3.5) and (3.6).

If we treat (Y, Z7)o<i<n as process by writing

N—-1

Yi(t) = Z Vi Lt 140) (1) + O(XT) Lp=ry (¢ Z ZT Lt 1) (¢ (3.9)

=0

Theorem 3.1.3 essentially controls | Z — Z7(-) |3 (ra)- Meanwhile, a convergence in Z

that is point-wise in t can be achieved through a simple analysis.
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Corollary 3.1.4. Let w(N) refer to the partition with N time-steps with mazimum
timestep h(N). Given a sequence of partitions {m(N)}n>1 such that h(N) < KN~!
for some K > 0, we let Z™N)(t) be the Z-component that is obtained in the numerical
scheme (3.4) when equations (3.5), (3.6) are satisfied.

Then Z™WN)(t) — Z, in L? a.s in t, provided that

E |[0(X) — o(x"™)[* | < oN
for some C,q*, 5 > 0.

Proof. Let = 2max{ [%L 1} and consider the sum of errors after applying Fubini
theorem, we apply Theorem 3.1.3 to obtain

T 00 . 9 [e’e) . A
/ ZE[ZS—Z”(NB)(S) ] dsSC’mK,L@’EZ (N_’Bﬁ—i-N_ﬂ) < 00,
0 N=1 N=1

leading us to > y_ E [|Zt - Z”(NB)(t)\Q} is finite a.s in t. Therefore,
E[|Z,— Z7™M@®)] -0, as N = oo
a.sint € [0,7]. O

Remark 3.1. [t is possible to add a further dependence on the forward process X on
the driver f by assuming that f(t,x,y,z) is Lipschitz and bounded in x. This will
lead to a modification of the proof of Theorem 3.1.2 and Theorem 3.1.5. In addition,
the error of the numerical scheme depends on the largest interval h, hence the scheme

might be extended to other potential non-equidistant partitions.

3.2 Path regularity to solutions of a class of BSDE

3.2.1 Classical differentiablity of BSDE

The purpose of this subsection is to establish an expression for the Z component,
through the Malliavin derivative of Y. To begin with, we need to review the sensitivity
of Y with respect to the initial condition x of the forward SDE X. The classical
derivative of Y should satisfy a BSDE whose driver is Lipschitz in z with stochastic
Lipschitz coefficients. Briand and Confortola [6] studied the existence and uniqueness
of such type of BSDE.

Theorem 3.2.1 (Theorem 10 in [6]). Suppose the pair (Y, Z) is the solution to BSDE

(2.11) where we make the following assumptions on the generator &, f:
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(i) The map (y,z) — f(t,y,2) is continuous and satisfies

(y - g)(f(tayv Z) - f(t gv Z)) < K2a|y - g|27
|f<t,y,z)| < \f(t,o,())\ +K3a!y\ +Kt\z\,

for some a € (0,1), where K; € H%,,,(R). In addition, there exists ¢ > 1 such
that for all 1 < q < q, E(fo' Kyu - dBy) satisfies the reverse Hélder inequality
(Theorem 2.3.14) for all' w € RY with |u| = 1.

(i) There exists some p* > % such that ||€|lse* ) + [1£(+, 0, 0) ||+ ) < 00.

Then there exists a unique solution (Y, Z) € SP(R) x HP(R?) for all p < p*. Moreover,

the norm of (Y, Z) is controlled in the sense that with p; = f,%;),

Y llsey < Cull€llse @y + 1 0, 0) | my
121l @ey) < Co (1Y llsrey + 1/ (0, Ollmee) + 1Y llsoy (1K ooy + 1K [l v) )

where Cy, Cy depends on p*, p.

The random variable under LP* norm can be controlled by an increasing function of

HK”HBN{OQ(R)'
on Y by a monotonicity condition with a positive stochastic Lipschitz condition.

The above theorem replaces the global Lipschitz property of the driver

Meanwhile, it is not difficult to deduce a comparison theorem for this type of BSDE,
with the global Lipschitz assumption on the driver of Y.

Lemma 3.2.2. Suppose (Y, Z1) and (Y2, Z?) are solutions to a BSDE of the type

T
=¢ 4 / fit, Y Zds — / Z!. dB;,
t
satisfying the same conditions as Theorem 3.2.1, except

fori =1,2. If we further assume &' > &% a.s. and Af(t,Y? Z?%) = fL1(t,Y? Z?) —
f2(t, Y2, Z%) > 0 a.s., then Y;' > Y2 almost surely.

Proof. The proof follows a standard argument, which has been deferred to Section
A2. [
!See Remark 2.5.
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We would also quote the following result.

Theorem 3.2.3 (Theorem 3.1.3 in [22]). Let & be a Fp-measurable random variable
which depends on x € R™ and we write £(x) to emphasize this dependence. Suppose
(&(x), f) is the generator of BSDE (2.11). We let p > 2 and impose the following

conditions.
o {(x) is bounded in (x,w) € R™ x Q and satisfies

sup (|Va€llzr@m) < 00, @+ Vi€ is continuous.
zeR™

o f satisfies [A4] and (y,2) — f(t,y,z) is CV1(R x R%R).
We denote (Y®, Z%) € SP(R) x HP(R?) as the solution to (2.11). Then there exists
a unique solution (V,Y* V,.Z%) to the following BSDE
T
VoY = Val(x) +/ (Vyf (s, Y5 ZONVLYT + Vo f(s, YT Z7) - VaZT) ds

t
T
— | v,z*. dB,
t

where V, f(t,y,2) = 0,f(t,y,2) and V. f(t,y,2) = (0 f(t,y,2),...,0.af(t,y,2)).
Therefore, we immediately have

Proposition 3.2.4. Suppose (£, f) is the generator of BSDE (2.11). We let p > 2,

x € R™ and impose the following conditions.
(i) &= Q(X:(pl), X;Q), . ,X(TT)). Moreover,

o g€ CLY{R™";R) is bounded;

o (X)) ic, are diffusion processes with drift coefficients {b@}; and diffu-

sion coefficients {0 };;

o XU satisfies [A2] for some constant Ly which is independent of i, for all
1< <ry

e the drift b9 (t,x) and diffusion term o (t,z) satisfy v +— b9 (t,x) € C1*+
and x — o (t,z) € C1*, for some a > 0 and for allt € [0,T], 1 <i <r.

(ii) f satisfies [A4] and (y,2) — f(t,y,2) is CP1(R x R%R).
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Let (Y*,Z%) where x = (xV, ..., 2™), be the solution to (2.11) with generator
(&, f). Then forall1 <i<r,

‘ T
V,0Y* = (Vo)X xP X0y v,6x0 - / V.0 2% dB,
t
T
b [ T 6 Y VY 4 V(5. V5 22) - V0 27)

t
Moreover, the solution (X®,V & Y*,V 0 2%) € SP(R™) x SP(R™) x HP(R¥™™) for
allp > 1.

Proof. According to Kunita [55, Theorem 4.6.5], the above assumption guarantees
the map x — X (¢,z) is continuously differentiable and the Jacobian matrix % (¢, z)
exists (together with its inverse, see Kunita [55, P176]). The conditions in Theorem
3.2.3 are satisfied and the result follows directly. O

Regarding the Malliavin differentiability of quadratic BSDEs, Ankirchner et al.
2] proved such a result. They assumed in £ € DY*(R) without using the excess
integrability of €. Their work was generalised by Fujii and Takahashi [30, Theorem
5.1] on QBSDEs with jumps, but we only state the simpler version here.

Theorem 3.2.5 (Theorem 8.4 in [2]). Let (&, f) be the generator for the BSDE (2.11)
with the solution (Y, Z). Suppose

o £ e DVY(R) N L>®(R);
o f satisfies [A4] and (y,2) — f(t,y,z) is CV1(R x R%R).

Then we have (Y, Z) € DY2(R) x (DY2(R))? and their derivative process satisfies
T T
DuY;f = Du£ _'_/ (Vyf(sa Y:% Zs>DuY; + vzf(sv Yrm Zs) : Dqu) ds — / Dqu : dBS)
t t

for0 <u <t <T. Foru>t, the D,Y; =0 and D,Z; = 0. In addition, {D;Y}}ie(0.1

is a version of {Z}iepo,m-

We next apply this result to the BSDE which has the terminal function depending

on a a system of SDEs. For simplicity, we write

99 g
VoogzW, . 2™y = =W, . 2, =W, )],
o\ Dty
where 2 = (2" .. 2{) is a vector.
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Proposition 3.2.6. Let (Y,Z) be the BSDE satisfying the same condition as in
Proposition 3.2.4. Then the Malliavin derivative of Y satisfies the BSDE

T

. T
DY = > (V,og)(Xw xP .. x{) DXy - / D.Z, - dB,
t

=1

T
+ / (Vo F (5, Yo, Z)DuYa + Vo f(s, Y, Z5) - DuZs) ds
t

while 0 < uw <t <T. Foru >t, the DY, = 0 and D,Z; = 0. In addition,
{DiYi}icpr is a version of {Z;}iep1)-
Inspired by the last two propositions, we obtain a non-surprising result which

formulates the 7, a.s. for all ¢t € [0,7], together with a bound for Z consisting of
forward SDEs.

Lemma 3.2.7. Let (Y, Z) be the BSDE satisfying the same condition as in Proposi-
tion 3.2.4. Then we are able to obtain the explicit representation of DyY; and Z,

r W -1 ;
DyY, = Z (Vx(i)Y;x)T (Vz(i)Xe(Z)> 0(1)(9, Xg( )),
i=1

Zy=DY, =Y (V,o¥) (VX)) e, X)) as,

=1

for some fized 6 € [0,t], where <Vx<i)X9(i)> is the inverse of VIa)Xéi). Moreover,
there exists C > 0 which is independent of r and {X{}1<i<, such that

z|<C (Z L (1 + yx,}”‘)) . (3.10)
=1

Proof. The first part of the proof is an extension of [2, Theorem 8.5]. Utilizing [69,
equation (2.59)], we are allowed to replace Dy X with

DpX{" = V0 X (Vo0 X§7) 1o (0, XJ1),
for any 1 < i <r with 6 <t. Setting I5(t) and Méi) as
]g(t) = Z vr(")y;tx : MQ(Z)a MG(Z) = (Vﬂc(i)Xéi))_lo-(i)(a XéZ))a
i=1

we now apply It6’s formula to I5(t) to derive
T T )
Iy(t) = Ip(T) — Z/ M A(V,0YX)
i=17?
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r . r T .
= ZVMY? MY - Z/ My? - d(V,0 YY)
- 1 Jt

T . T
_Z[vxmg ( ( ,X;Q),...,X;”ﬂ DuX7(3)+/ V,f(s,Ys, Z,)Io(s) ds
t

T
/ V.f(s,Ys, Zs) (va(l ZxM )ds—/ (ZVMZXM > - dB,.
t

Thanks to the integrability of the Jacobian of X, the terminal data of the above
BSDE is a member of LP for any p > 1. By the uniqueness of solution to such linear
BSDE with stochastic Lipschitz coefficients (see Theorem 3.2.1), we conclude the first

statement

- N .
DyY; = Z (Vg;(i)Y;x)T (Vﬂ@Xé”) g(z)(g’ X’{SZ))7

i=1
whereas the second statement is a result of Z, = D,Y;.
Regarding the bound of Z;, we use a classical strategy, which reformulates V ) Y;*

to derive
VoY = (Vo) (X9, X2, X)) V0 XYY
T
" / Vo V2 2V ds = [ Va2 B2,
t t

Here, the measure Q and the associated Radon-Nikodym derivative 7, are defined as

dB;Q = st - Bs dS, Bs - vzf(571/;xvz;()7 Nt = -

2|, -o(f )

This measure is well-defined as | 35| < C(1+4|Z;|) and fot Zs-dB, is BMO. Furthermore,
if we apply It6’s formula to I,V ) Y;, where

t
I'; = exp (/ Vyf(s, Y, ZY) ds) ,
0

followed by taking conditional expectation under QQ, we derive

IV, Y = EQ [FT(VW) 9) <X§3 X9 X(’“)) V,oX W | Jt] .
As T'; is positive and uniformly bounded in ¢, we can control a piece of Z; using
7 (7aonl?) " (1)
= E° ﬁ:::(vxmg) (Xj(f), L aXz(f)) Vi Xy <Va:(i)Xt(i))_l o <t>Xt(i)) | L%}
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< Ly exp (Ly(T = 1)) L.E2 UVﬂ“Xz(f)(VMXf”)‘I‘ ‘ ft} (1+1x).

where we have used the linear growth assumption of ¢®. In order to bound the
conditional expectation, we applied the reverse Holder inequality to 7; together with
the LY norm of the Jacobian Vm(i)Xt(i) to conclude

1

q* q
‘ yt] S an

EQ vau)X;z’(vMXg”)l ‘,%} < ¢ F

. A\ —1
‘VMX}’) (vxmxf“)

for some constants c,, C,,.
Notice that the above argument is valid for all 1 < ¢ < r, since our assumption

ensures the growth rate of all X is bounded by a uniform constant, i.e.

r N -1 . T A .
1z <Y ‘VMYK (Vo xi?) o (1, Xé”)‘ <oy (14 |x
i=1 =1

).

In general, a sequence of random variable (¢,.),>o of the type g(X:(Fl), . ,Xg))

may not converge to a random variable. We impose a more realistic assumption on

the terminal condition.

Lemma 3.2.8. Let (Y, Z) be the BSDE satisfying the same condition as in Proposi-
tion 3.2.4, except & takes the special form £ = g(Xég), . ,Xs(fjf), Xs(:)) with 0 = sg <
1< <8 1< s, =T. If for all 0 < i < r, we set (y;,z) € R™ x R&*™ g5 the
solution to the BSDE

yilt) = & — /t 2(1) - dB,

T
[T Yo ZoJis) 4 Vo (Y20 20 () s
t
(0 (r-1) )" (@) ~ m
where & = ((Vmu)g) (XSO ooy Xep 1 5 Xs, )) V., Xs € R™. Then we deduce that
DG)/t - Zyz(t) : (vx(i)XH(i)>_lo-(i)(67Xe(i)>1{925i}7 0 S 0 S t,
i=0

Zy=DY, =Y yi(t) (Voo X\ ) oDt X ssy  as.
=1
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In particular, if X = XU foralli,j € {1,...,r} (and we simply write X' = X ),
there exists a unique solution V’Y; to the following BSDE

r T
VY =Y (V,09) (XSO,XSU...,XST)~V$XS¢—/ V?Z, - dB
= ' (3.11)

T
+/ (Vyf)(s,Yf,Zj’)VJYmL(sz)(s,Yf,Zf) 'VthdS'
t

Given a fized time t € [sj,5;41),0 < j < N where we set [s,, s,+1) = {T'} by conven-

tion,
DY, = (VYY) T (VuXe) 06, Xs), Z= (VY (VuX) o(t, X)), (3.12)

which implies the bound of Z

| Z| < Cs(q) (1 + sup | X |> t-a.s..

<s<t

Proof. The first part of the claim is straightforward if we notice that Dy X, = 0 when
0 > s;, hence we focus on the second part, starting with verifying the conditions in
Theorem 3.2.3. Given V,£0) = > iei (Ve ) (Xsgr - -+, X)) - Vo X, we immediately

have

sup sup ||V§3j)€”Lp(Rm) S (Z Lg(x(z))) sup ||va||SP(]Rm)
=0

0<j<rzeR™ 0<i<r

< S(g) sup || VaX||sp@mxm).

0<i<r

Consequently, we rewrite the previous proof to obtain the Mallaivin derivative of Y,

which is
DyY; = Zyz (VaXp)'0(6, Xo) gz, 0<6 <1,
where y;(t) € R™ is the solution to

5ilt) = (Varg) (Xegn - X)) VX, — / 5(t) - dB,
¢ (3.13)

" / (9, £(5. Yos Z2)yi(s) + Vo f (5. Yo, Z,) - 2(s)) ds.

Therefore, the bound of Z; follows directly and the result? has been derived as we

required. O

2This result can be viewed as an extension of [90, Lemma 2.5] in the context of quadratic BSDE.
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Remark 3.2. We are allowed to deduce a similar bound on Y when we replace the
terminal condition in Lemma 3.2.8 by a Lipschitz function ® : ]fD(Rm) — R with
respect 10 ||+ [[goo@my 07 || - g1y of @ forward SDE, provided the forward diffusion
X satisfies [A2].

If Z is the solution corresponding to (3.1), we set Z™ as the solution to BSDE in
Lemma 3.2.8. Z™ can be viewed as the approximation of Z. By the stability theorem
of QBSDEs, there exists a subsequence Z* — Z; t X w-almost surely. Such density
argument implies |Zy| < Cp,(1 4 supgc,<; | Xs]), leading us to Zy is bounded in LP
t-almost surely for any p > 1, with the bound depending on Le and p.

3.2.2 Proof of results on path regularity

The goal of this subsection is to show the path-regularity of ¥ and Z in equation
(3.1). We begin with stating two technical results, which are building blocks in the
proof of the main theorems. The first lemma is very helpful in transforming the sum

of differences in BSDE to sum of Riemann integrals.

Lemma 3.2.9. Let X;,Y; be adapted processes, where X; is a martingale and both
X,.,Y, € L?. Then we have

n n p
E[X,Y.] = E[XrYy), D laf < (Zmil) , (3.14)
=1 =1

while the latter inequality® remains valid for all p > 1.

Proof. See Section A.2. O

The following result allows us to control a sum of quadratic variation process by

the sum of the terminal value of martingales.

Lemma 3.2.10. Given some p > 1, let &(t) = (52»(1)(t), . ,5§’”) (t)) be a R™-valued
adapted martingale* in L?P(Q;R™) for all 0 < i < r, such that &(t) = a; + fot ni(u) -
dB, for some n; € R>™ (by martingale representation theorem). For any increasing
function ¢ : {0,1,... ,N=1} = {0,...,r}, we define ¢ : {0,...,r} = {—1,0,...,N—
1} as QNS(z) =sup{j | ¢(j) < i} with the convention sup() = —1. Then,

;fi <t¢~>(i)+1) —&(0)

where Cy, , s a constant depending on p,m and independent of r.
$When p € (0,1], the inequality becomes >_i [a;|P > (37, |a:])”.
1That is, E [55”@) | y} =D forall 1 < j < m.

2 p

r 2p

Nl pti
E Z/ Z ni(u)| du <CpmE
=0 7 i=

i=¢(5)
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Proof. We first define a square integrable progressively measurable process Hg,

N-1 T
Hy=(HD, . MY =313 miw) | L) (),
=0 \i=¢(j)

together with the corresponding It6’s integral M, = (Mt(l), e ,Mt(m)) = fot H,-dB; €
R™. Utilizing Jensen’s inequality, Burkholder-Davis-Gundy (BDG) inequality and

Doob’s L? inequality, we deduce

([t o e )

J=1

where Lemma 3.2.9 was used in the last line. As the left hand side is an integral of

H,, we have

E Z/ttm im(u) du :E[(/jmumuﬂ

=0 7t |i=g(j)

2p

& (tan) — &0

=0

2p
< CpmE (Z/ 3+ - dB ) < CpmE

after rearranging the sum and plugging in the definition of ¢ and ¢. ]

Taking the advantage of the expression of Z in Lemma 3.2.8, we now derive the
regularity results, in particular, Theorem 3.1.1 and Theorem 3.1.2. The regularity of
Y is not very surprising, as Y is a semi-martingale. Without adding any assumption
on the partition, we have the second inequality regarding the expectation of the
supremum on maximum Y increments. On the contrary, proving the regularity of Z
is a much more valuable result. The main difficulty within the proof is the lack of
integrability of the Radon-Nikodym derivative. After applying the explicit expression
of Z which is derived in Lemma 3.2.8, this obstacle is solved by establishing control

on the difference to y; within the expression through Lemma 3.2.10.
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Remark 3.3. Let @ be either Lipschitz with respect to || - [[gocgmy o7 || - [[p1gm). We
further assume that ©® € D(R™) is a continuous paths. By Ma and Zhang [63, Lemma
4.1, Lemma 5.2/, ®(©) may be gradually estimated by a family of functions {gr}n,
where m: 0 =59 < -+ < 8,1 <8, =T, such that

lim [®(0;) — g:(O(s0),...,0(5,-1),0(s,))| =0, |n|= sup [sit1— sil,

|7|—0 0<i<r—1

where O, (t) = hii((tz‘_i_l —1)Oy, + (t — t,)®y,,,) for any t € [t;,tiy1]. Moreover,
gr » R™7 +— R is a smooth function with bounded partial derivatives such that
S(gr) < CLg with some constant C > 0 which is independent of w. To ensure
the approximating function is bounded, we consider a sequence of mollifers {n,}, :

R™" — R with [ ¢, dxy--- dz, =1 and define

gz = (€l A g V (= lI€llzo2)) * Or-

Therefore, there exist a bounded smooth approzimation of ®(0). If X is a con-
tinuous process in the probability space (Q,P, (%)), then
Jx(X

S99 ¢t

, Xs,) = (X)) as |r| — 0.

The strategy of the proof of Theorem 3.1.1 is summarised in the following. As
the Z-component can be controlled by |Z;| < C (1 + supg<,<;|Xs|), the regularity
of Z uses the fact that supy,., |X;| is L” integrable for all p. The regularity of the
Y-component is a simply consequence of Jensen’s inequality combined with the BDG

inequality. The Z-component needs a bit more careful analysis on the partitions.

1. We assume the terminal data is smooth enough, aiming to extend the result by

a density argument.
2. The case m is wider than 7y and 7y is finer than 7y must be discussed separately.

3. In both cases, we focus on the expression Z; = (V*Y,)" (V. X;) lo(t, X;), fol-
lowed by analysing V*Y;, (V,X;)™! and o(t, X;).

4. We utilise the fact that the inverse of the Jacobian and the volatility o has

sufficient regularity.

5. Finally, V*Y; is a solution to the BSDE with stochastic Lipschitz coefficients,
which motivates us to change the measure and to apply the BMO property that

is related to the new measure Q.
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Proof of Theorem 3.1.1. We first show (i), followed by dividing the proof of part
(ii) into different sections which associates to various scenarios.
Step 1. Regarding the Y component, we apply Jensen’s inequality, BDG inquality

as well as Fubini theorem to obtain

E sup |YU_YS|2p

UE[s,t]

[ u 2p u 2p
< C,E | sup ((/ |f<r,YT,zT>|dT) +(/ ZT-dBT) )]
_ue[s,t] s s

t K2 2p ¢ p
<62 |( [ im0+ Ll Fizpar) + ([ 1zpe)

<c, ((t—s)2p+(t—s)2p_1 /:E (12,1 dr + (t — s)" /StIE 12, ] d7>.

By Theorem 2.4.3, Y is uniformly bounded, hence the constant C), is independent of
€ [s,t]. What remains to bound Z;. By Lemma 3.2.8, we have

2p
B(12:1%) < GE |(1+ s [X.])

< Cp,S(g)'
0<s<7

whereas E [|Z;|*%] < C,, 55 are deduced in a similar way.

Step 2. The remaining proof will start with assuming the function g, the driver
(y,2) — f(t,y,2), the drift (of the SDE X)), 2 — b(t,z) and diffusion (of the SDE
X) x+— o(t,z) are all continuously differentiable. We focus on E[|Z; — Z,,|*] since,

by applying Jensen’s inequality,

N-1 tit1 p N—-1
Y E (/ |Zt—th\2dt> ] < 'Y E
j=0 i j=0

t
Recall that the Z component has the expression by in in Lemma 3.2.8, where V*Y

tir1
/ \Zt — th]2p de] . (3.15)

t

and (y;, z;) are defined in (3.11) and (3.13) respectively. In the first scenario (in step
2 to step 4), we assume 7 is a partition wider than (or equivalent to) my. Without
loss of generality, we suppose t; = s;, for some increasing sequence (;)~,. For any

t €[Sk, Sk41) € [51;,51,,,) = [tj,tj+1), we are able to deduce

Z— 7, = (V') (VX)) Lot X,) — (vla‘Y%)T (vxxslj)l o1, X )
=1+ I+ I3,
L) = (VYD) (VX)) ™ (o (X)) = o (1, X))
by(t) = (V2%) T (VX0 = (VX)) o (1, X,).
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L(t) = (VFY; = V9Y,) ' (V.X,)  olty, X)),

by decomposing Z; — Z;, through using their explicit expression. Utilising Jensen’s

inequality, we get

t1+1
/ Zy,|* dt]

Nz

7=0

N-1

E

Jj=0

ti+1
/ (|11 () 7 + [ Lo ()P + | 15,;(2) ) dt] .
t

J

Denoting h; = t;41 — t;, we employ Holder’s inequality and the assumption on

o(t, X;) to compute the contribution of I; ;(t) and I ;(t)

Wl

E[|I,;(t)*"] <E Uv’fyt 6”] ]E[ Vth)‘1|6p]§E {((t—tj)é + Ly \Xt_th})Gp}

SCILS(Q)( J) < pS(Q)hJ7
1
3

Wl

1|6

& o ()]

E[|ILy(0)"] <E|[v'Y|"]"E U<VxXt>‘1 = (VaXy,)

< Cpsg) (t = 15)" < Cp5(9)h?,

where we have taken advantage of the standard path-regularity estimate for the for-

ward SDE. Theorem 3.2.1 together with Lemma 3.2.2 allow us to establish a uniform

bound on E [|VkY'S|6p], since | Y1 (V,w9) - Vo Xy, | U for all k > 0, where
U:=S5(g) sup |V.X;| (3.16)

0<s<T

and U € LP(R) for all p > 0.
Step 3. Regarding the last component, we make use of equation (3.14) that to

derive

N-1 tis N—-1lj+1—-1 fi1

Y E / 1I5,( |2pdt] <> M E V E[[V*Y; — V5Y, [ | #, )IA,, |2pdt}
j=0 tj Jj=0  k=l;

where A; = (V,X;) lo(t, X;) is a LP integrable random variable for all p > 0.

Meanwhile,

r k—1
VY = VY = 3w = Y wilt) = S w) — nit) — 3 wity)
i=k i=l;

>l i=k
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Define I'; = eXp(f(;f asds) with o, = (9,f)(s,Ys, Z,), which is a bounded process.
[yyi(t), according to [t6’s lemma, satisfies the BSDE

Lus(t) = Toyi(T) + / (0.F)(5, Yo, Z2) - mi(s) ds — / n(s)- dB,  (3.17)
— Ty (T) — / ni(s) - dB2, (3.18)

where 7;(s) = T,z(s) for all 0 < ¢ < m and dB® = dB, — B,ds with 3, =
(0.f)(s,Ys, Zs). By the mean-value theorem,

yi(t) = yilt;) = Ty [(Teya(t) — Toywilty) + (Teyya(ty) — Teyilt;))]

= T (Ta(t) — Toyuilt) + () (1 — 1),

t

where 7 € [t;,t]. Now we take the advantage of Theorem 2.3.8 and the boundness of

Ft_lg (/tt ni(u) - dB, — /tt mi(w) - B(u) du)

J J

a, and I'g to conclude

E[|VHY - Vo, [ | 7] <E

2p
r k—1
o I';
+F (=) wilty) + > _wilty)| | F,
t i—k i>l;
t r 2 P r 2p k—1 2p
< GE / < 771(“)) du | +|(t =0 wt)| + D wvilty)
ti \i=k i=k i>l;
t r 2 2
+ ( / (B(w)? + (me) du 'ﬂ
t i=k
til | T 2 P r 2p k—1 2p
<GE|| [T X n| du) + 6=t Y uw)| + > u)
t i=k i=k >l
ti+1 o tiv1 | 2p
+ / \5(u)|2 du + / Zm(u) du ’ i, | (3.19)
t]' tj i—=k

where we used the elementary inequality |a-b| < Cp,.q (Ja|® + |b]?) for any a € R%, b €

R%>m™ Therefore, we conclude that

ti+1
| st

tj

N-1
E

5
S Op (Z AZ) )
i=1

J=0
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where A; for 1 < ¢ <5 are defined as

N-1lj41-1 [ Sk+1 [ ti1 r 2 2p
A=Y Y E / E / > niw)| du ’3% Ay, [ dt ]
i=0 k=l;  |7sw |\t i=k
N_llj+1_1 [ Sk+41 [ tj+1 r 2 8
A= S E / E / > niw)| du ‘% Ay [ dt
=0 k=l | on i t i=k
N*llj-ﬁ-l_l i Sk4-1 r 2p
Az :Z Z K / E || —tj+1)2yi(tj) F |Atﬂ'|2pdt] ’
=0 k=l; L[/ i=k
N—1ln=l [ g [e % 1
Ay :Z E / E Zyi(tj) ytj ’Atj’2pdt ;
j=0 k=, | 7ok |2l d
N-1lipa-1 [ Sk+1 [ tit1 2
J=0 k=l; | 7ok |\

Step 4. We aim to estimate A; to As. We consider a partition finer than 7y,

namely m : 0 =vg <v; < -+ <y < -v- <y, < --- <V, = T such that
® vy = 5, = t; with p;41 — p; = v for some v > 0 large enough, for all 0 <4 <r;

o there exists py = 22tk which is independent of 4 for all 0 < k <y —1;

tiv1—1;
e 7 belongs to my and there exist a surjective function ¢(i, k) : {0,..., N — 1} x
{0,...,y=1} = {0,1,...,7} such that vs; 1 = seux) forall0 <7 < N —1 and
0<k<y-1

e moreover, [; < ¢(i, k) <l — 1 with ¢(i,k+ 1) > ¢(i, k), ¢(i + 1, k) > ¢(i,¢)
for all 7, k, ¢.

Therefore, the original partition 7y is included in the new partition and the definition
of my implies Zk o P = 1. Consequently, if we focus on one of the components and

use Holder’s inequality together with the elementary fact (3.14),

N— J+1 1 thrl r 2 2p -
= Z Z k1 — k) E / Zm(U) du ‘Atj’%
J=0 k=l L 1=k ]
N—1~-1 k 2 2 ]
—17- t;
ka _ka J+1
I | VA D SIS I
t‘+1 - t ts . i
j=0 k=0 7 J g i=¢(j,k)
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i 2 2p
y—1 N—-1 tit1 k
< prE / Z ni(u)| du SQP’Atj‘Zp h
k=0 7=0 \"t  |i=¢(jk) J
i 2 4p7 2
y—1 N—-1 tit1 k %
<> pE (D / > mw)| du E{SuplAtj!‘“’} h.
k=0 3=0 Yt |i=p(j.k) J

Meanwhile, equation (3.18) together with Lemma 3.2.10 suggest that we can re-
place the Riemann integral by conditional expectations of some random variables
under Q-measure. Therefore, we define qg(z, k) = sup{j | ¢(j, k) < i} with the con-
vention sup @ = —1 and &(t) == Tyy;(t) for all 0 < ¢t < T.

Moreover, there exists a ¢ > 1 such that [|B|lmz @e < Z(q), where Z is the
function defined in Theorem 2.3.14. We fix ¢ such that ¢ € (1,§) and close enough
to ¢, while we denote ¢* as the conjugate of g. By employing the reverse Holder
inequality,

2 4p

2 8pg* qi*
N-—1 tit1 k
< CpE / ni(w)| du
5=0 7t |i=g(jk)
o L
r 8pq* | ¢F
< 0, EC 1<t¢<,k)+1> £(0)
=0

1
q*

r 8pq
< C'MEQ ( E [||Vw<i)g||ooos<u£) V. X4, | ﬁtd;(i,k)+1:|) + EQ [VTYT]&M]*

1
*

< Cy (St 080 ) F + ECU]),

where U is defined as in (3.16) and 6 : R, ~— R, irrelevant with ¢(i, k), is defined as

il

Applying Doob’s maximal inequality and Holder’s inequality, we can provide an upper

O(y) = E° [( sup EC [ sup |V, X,|

0<s<T 0<u<T

bound of 6(y) depending on y for all y > 1, namely

o) < (L) &0

y—1

sup \VIXUF/} < Cpaguys

0<u<T

20



where the last inequality is a consequence of inverting the measure back to P via
applying Corollary 2.3.15. As this bound is uniform in £ and r, we get .

v—1

4 <Y pClp.q. S()E [sup \AM h < Clp.g, S(g))h
J

k=0

We are left with terms A;, ¢ € {2,3,4,5} to obtain the bound.Recall &; is the
terminal condition for the BSDE (y;, 2;) in equation (3.13). By implementing the
same procedure as estimating A, it is possible to conclude Ay < O, 55 h. Regarding
the bound for Az, we first notice that

t - t]+1 Zg/z

so we are able to deduce the following bound using the new partition 7y

)| < exp LfT)‘(t —tit1) thjyz ()1
i=k

y—1 (N1 k o
Az < CZpk]E Z hj|Ty, Z vi(t;) sup |Atj\2p dt| h;
k=0 | =0 i=¢(j,k) J
[ /N-1 k o
<C> pE hi| B (T Y ¢ ‘ sup [Ag, | dt | R
= | \s=0 i=@(j.k) !
y-1 ) 1
< Cp > pr(Asy)*E {Sup Ay, | dt} h
k=0 J
N-1 k Apa”
Az =B || Y mE®||Tr Y &l | 7, :
j= 7':¢(]7k)

where we have implemented equation (3.14), the Cauchy-Schwarz inequality and the
reverse Holder’s inequality accordingly. Observing that we are allowed to control the

expectation under Q by

N-1

k
A < EC h; < V ME@[
(Asp) 7 j Zk Ve glle S

=0 7':(1)(]7 )

<.

N-1
Jj=0 >

< (S(g)T) (B(4pg™)™ < G,

4pg™ | 24
|vm(z’)g||Loo> sup EY [ sup |V Xl ﬁ%)

0<s<T 0<s<T

o

o1



(Ag,k)i’q% is bounded by a constant independent of k£ and r, so the contribution of
As is at most of order O(h). It now comes to estimate Ay, using the same type of

technique as how we establish a bound on As:

¢(.j7k)71

Z yi(t;)

i=l;

N-1

v—1
Ay = Z prE Z
k=0

J=0

2p

|Atj |2p hj

2p
sup A, 17| h

7—1 N-1¢(j,k)—1 [

<G Y mEC (>0 ) HvxmgHLw S EQ
k=0

Jj=0 i=l;

0<s<T
< Cpge,5(9) P

Since |3,] < Ky(1+ 2|Z,|), we conclude that [; 8, - dB, is a BMO-martingale. Us-
ing the equivalence of BMO,(R) norms of [, f, - dB;, the upper bound which is

independent of r for As is constructed as the following:

N— J+1 1 tj+1 2p
Z Z Sk1 — Sk)E </ |B(u)|2 du) |Atj|2p
=0 k=l ¢

i
t]+1 2p
/ w)|* du| sup A, || b
J

_Nl
<E Z(
Jj=0 t

<E (/0T|5<u>|2 d)

1
2

E {sup |Atj|4p] h < Cph.
J

Finally, by realising ¢ is the conjugate of ¢*, we summarise the contribution of all
terms
N—-1 N— tit1
> E 6y L 0P a0 0 a
§=0

ti+1
/ | Zy — Zy, | dt
tj

7=0
N=1 4 N-1

<G, / 20 dt +C, Y B ([|I5,(t)]7]
=0 7t =0

< vaq,S(g)h'
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Recall (3.15), we get

N-1
E

J=0

ti+1 P
(/t IZt—th|2dt) ] < Cps(9)h”

Step 5. We are now in a position to consider 7 is a finer partition than g,

in this scenario.

assuming the function g, z — o(t,z) and = — b(t,z) are smooth functions. In this
scenario, however, we have s, = t;, for some increasing sequence (I;)7",. Noticing
that equation (3.15) still holds, what remains is to decompose Z; — Z;, for a given
t € [sk, Sky1),
_ T _
Z— 7, = (VF3) | (Vo X) ot X)) — (V') (VoXy,) olty, Xa,)
= I ;(t) + 125(t) + Is,5(2),
T _
[1J(t) = (Vk}/;g) (Vth) ! (O' (t,Xt) — 0 (tj, th)) y
T _ _
5y(t) = (V) (X007 = (Vo) ) o (45, %,,)
T _
Ly(t) = (VFY, = VFY,) (VX)) o (8, X0,) -
Apparently, we are able to construct the bound for E[|[;|?"] and E[|I;|*], namely
Cph%, if t € [ty,t;11]. Similar to step 2, we bound the contribution of I3 by

N—1 tis1 r—1 lpgy1—1
ol ] £
=0

tj k=0 j=li
and introduce a bound on the conditional expectation in the integrand:

/ “ka; — katjfp | L%j] A?f dt

E [|[V*Y, — V'Y, |7 | )]

tivr | T 2 P r 2p
<GE|| [T X mw| du) + -t Y
tj i=k i=k
2
ti+1 ) 2 tiv1 | g
([ ae) [T S| @) |
t t i=k
Therefore, we have the same type of estimation using terms A;
J+1
ZE [ el <, ZA”
r—1lgp1—1 i | »
S ISV R U ot e I EA TV
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r—1 lgy1—1 i tit1 tjt+1 T 2 P
a=y S E|[Te | [ aw| w) | 2| na)
k=0 j=l | t i=k
r—1 lgy1—1 B tiv1 r 2p
A=Y E/ E ||(t; = tjs1) > wilty) ‘ﬁtj |Atj|2pdt],
k=0 j=l; | tj i=k
r—1 lk+171 tj+1 tj+1 9 2p
= E | [ ([ rad) | s
k=0 j—lx tj L

By applying the BDG inequality and the reverse Holder inequality, we first give

a upper bound on Aq,

r—1 lpp1—1 tia | T 2 2p
A <E Z Z Zm(U) du | sup[A,[*| h
k=0 j=ly L i=k J
2 4pg* ] 2%
Nzl et 3
< C,E? Z/ Z ni(w)| du E {sup]/\tj]‘lp] h,
i=0 "t iz e()) !

where ¢ : {0,...,N—1} — {0,...,r—1} defined as ¢(j) = k for all I;, < j < 41— 1.
Define ¢ = sup;{j | ¢(j) < i} with the convention that sup () = —1. As a consequence,

we get
_ 1
r—1 ~ ~ 8pg* | 24%
A < Cp,qE § <t¢(k)+1) - 5(0) h
k=0 i
1
r r 8}7(]* r Spq* 2q
< Cp,th@ IV4ig|lp~ sup E® | sup |V X 3‘}] + £(0)
k=0 0<s<T 10<s<T =0

< Cp,q,S(g)h

by rewriting the first expectation via Lemma 3.2.10.

A by-product of above calculation is Ay < C, b, while Ay < C,h by similar
approach as in step 3. Finally, we aim to get a bound on Aj, by transforming y;(¢;)
to I',yi(t;) and rewriting this random variable as a conditional expectation of I'ry;(T)
under Q. More explicitly,
2p

Ay, | dt

Az < E h

’(tj — 1) Z yi(t;)




= pg” | 27
<G, E° hi|BC T > wi(T) ‘ T, ‘ h
J=0 i>¢(j)
: Aoa* %
N-1 P | 2
< Cp,qEQ h; IV,irg|lp~ sup EQ { sup |V, Xl 325] h
— — 0<s<T 0<s<T
J=0  i>9¢(j)

< Cp,q,S(g)h-

as we required. Summarising the contribution of each term, we obtain our desirable
result.

Step 6. The final task is to remove the continuity condition on g, f,b and o. Let
g, f, b, o satisfy the usual assumption, we assume ¢¢ is the mollifier of ¢ and ¢¢ — ¢
as € — 0. We define, similarly to ¢¢, f€, b and ¢¢, while we denote X*“ as the solution
to SDE corresponding to b and ¢¢. For all p > 1, we can derive

lim B []g°(X

for e X6 = 9(Xegs s X, )]
< Gyl (E [|g" (X, ... X0) — 9(Xiyo ... X0 )P
—E Ug(Xteoa s 7Xte,«) - g(Xtov s 7Xtr)|p])

=0,

by the dominated convergence theorem (DCT) together with the assumption on g.
Meanwhile, the stability theorem suggests that the solution (Y, Z¢) to the BSDE with
smooth coefficients, will converge to the original solution (Y, Z) in S??(R) x H?"(R?)

for all p > 1, because we further have

limE

e—0

T 2pq*
( [ iz - sy zo) dt) ] o
0

By Fubini theorem, we obtain lim, fOTIE[(Zt6 — Z;)?]dt = 0. Hence there exists
a subsequence of (Z¢)., namely (Z°¢):, such that limz o E[(Zf — Z;)?] = 0 t-almost
surely. A similar argument allows us to conclude that there exists a further subse-
quence (Z),, of (Z¢)¢, such that Z;' — Z; t-almost surely and w-almost surely. For
simplicity, we set the (Z¢), as the new sequence (Z),,. As there exists an L?’(; RY)
bound for both (7). and Z;, we apply DCT to obtain

Fe(t) =E[|Zf — Z;/**] = 0, as € = 0, t-almost surely,
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and F*(t) is bounded t-almost surely and uniformly in €. Back to our proof on path-

regularity, we easily see that for any t € [t;,1;41],
|Zs = Z, | < |25 — Zo|*P + | Z5 — Z; 1P + | 25, — Z4, P (3.20)

Regarding the right hand side of the inequality, we take limit on ¢ — 0 to kill first
and last term by the DCT. We have managed to show our result for Z¢ in step 2 to

step 5. Moreover, we observe the constant C), , is independent of ¢, thus

N-1 ti+1
E / |Zt - th |2p dt S Cp75(g)h,
=0 b
which implies the conclusion of this theorem. m

Theorem 3.1.1 can be viewed as an extension of Theorem 5.6 in [47] for QBSDEs
that have terminal conditions depend on multiple points on the paths. The next
theorem is a consequence of Theorem 3.1.1, which allows us to prove Zhang’s path

regularity theorem in the context of quadratic BSDE.

Proof of Theorem 3.1.2. Following a similar procedure as step 1 in the proof of
Theorem 3.1.1, we consider the uniform LP bound of Z; to derive

t

<G (=97 4= [E|27] ar

S

(= sy / B[z, ] df)

< Gyt — s)P.

E | sup |V, — Y|*

UE[s,t]

The proof of the path-regularity of Z is essentially a density argument. Let
(m(r))p>1 with w(r) : 0 = sp < 57 < -+ < 5. = T be a sequence of partitions
such that lim, , |7(r)| = 0, we consider the smooth function g,:)(X(so), ..., X(s,))
which is bounded and serves as the approximation to g. Moreover, g satisfies
S(gxr) < C for some C being independent of r. We denote (Y™ Z™(")) as the
solution to BSDE with the terminal condition gy (X

S0 ¢ ¢

., Xs,). According to re-
mark 3.2 and the DCT, there exists a subsequence of (7(r)),, namely 7(r) such that
27" 5 Z,in LP for any p > 2. The result follows directly. O
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3.2.3 Averaging Z; in time

We claim that the BMO property is not lost if we consider the “average of Z over a

small time interval” , whereas the proof has been deferred to Section A.2.

Lemma 3.2.11 (Lemma 2.1 in [12]). Let (Y, Z) be the solution for BSDE (2.11)
satisfying the same condition as Theorem 2.4.3. Given a partition m : 0 =ty < t; <
- <ty =T, we define the process Z(t) as

ti+1
/ Z,ds
t.

J

- - 1
J

%j] Vet ti), 0<j<N-—1,

together with Z(T) = 0. We get HZHHQBMO(W) < 2[|Z]|mz,, (ra)-

Due to the nature of BMO norm, providing a sharp estimate on the difference
of two BMO martingales is a challenge, while the relationship between various L

norms of BMO martingales are unknown. This is crucial, because the following term
appears within the error analysis:

N o it - Pa” T - pq*
A=E (Z/ |Z8—Zj|2ds> =K </ ]ZS—ZS|2ds) ]
j=0 Yt 0

We aim to show A is of order O(h?) where h = sup; |h;|. A sufficient condition is,

provided s € [t;,t41),
E UZS o th‘2p:| < Ch?’

which requires the path-regularity of E[|V,Y, —V,Y; [P']. The other approach is con-
trolling the expectation by the BMO,,,« norm, followed by implementing the equiva-
lence of BMO norms. Unfortunately, it remains as an open question whether taking

conditional expectations preserve the regularity for QBSDEs:

E[/tT|ZS—Z(s)|2ds

We try to overcome this obstacle by following the proof of [12, Proposition 3.2] i.e.

ﬁt] <Ch a.s.?

removing the impact of ¢* by re-introducing a new measure Q.

Proposition 3.2.12. Consider a partition my = 0 = to < t1 < --- < ty =T
with h = sup; |tiy1 — ti|. Let {xi}iy' be a sequence of random variables such that
Xi € L*(0%,,,,P),Elxi| #,] =1and x; € [6,2—¢€] forall0 < i < N -1
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with some € € (0,1) independent of N. Define the process x(t) and the probability

measure® Qn by

d
wW=TTw

t; <t

= X(t).

Fi

Suppose (Y, Z) is the solution to the QBSDE which satisfies the same condition
as in Theorem 3.1.2. If x(t) satisfies the reverse Hélder inequality (Theorem 2.5.14)
for some q that is independent of N, then

N-l tj+1 ! b
> ( / 12, — Z(@-)Pdt) \ f]
t,

j=i J

E| sup E™

0<i<N-1

S C(pa q, L@a v, E)hpva

for any v,p > 1.
Proof. See Appendix A.2. m

Remark 3.4. In fact, X(t) = E(M), where My =3, ., (xi—1) is a cadlag martin-
gale. Within the proof of Proposition 3.2.12, we repeatedly use the following inequality,

V(1 1

BRG] |7 =B | X )| 22 < B9 1F Gl 24
X(tiv1) €

where F(tiy1) is an %y, -measurable random variable. That is, we can trade Qn with

P at a cost of some constant depending on €. This phenomenon will be revisited in

the next few sections.

3.3 The Modified (inner) explicit scheme

Cheridito et al. [13] provided an example such that comparison theorem for the clas-
sical BTZ scheme failed under the quadratic assumption, supporting the fact that the
truncation of the driver is inevitable. As the challenge is the instability caused by
the growth condition on the Z component, the main strategy involves restricting the
growth of Z component by truncating the driver Z with a suitable truncation param-
eter. In addition, the variable H; is introduced to replace the Brownian increment
AB;, in the classical BTZ scheme to improve the stability of the scheme. These two
techniques preserves many essential properties, such as the comparison principle.
More explicitly, we let m : 0 = t; < t; < --- < ty = T be a partition, where
hi = tiy1 — t; and h = supg<;<n_1 hi- Our numerical scheme involves a sequence of

independent random vectors (H;)Y ' such that

"By definition, Qy (©2) = E [49x] =1
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e H; is a R%-valued random vector and is F, ., -measurable, for all 0 <7 < N —1;

e forall 0 <i < N — 1, H; satisfies

C;

E[H; | 7] =0 € R, E[H(H;)" | 7] =E [Hi(H)] = -

Iya, (3.21)

where A\ < ¢; < A for some constants (independent of i) A\, A > 0.

The modified inner (centred) explicit BTZ scheme is

i"=E [Y;j-l+fl (ti’E [Y;T—&r-l| ﬁtz} 7Zi7r> hi ‘ ﬁtz} )

7

zT =E Y] H; | %) (3.22)

1

Yy=¢ Zy =0,

such that (Y™, Z™)% are defined iteratively.

3.3.1 Properties of the explicit scheme

In most cases, H; is the scaled Brownian increment, but the numerical approximation
of the Brownian increment might not be centered. This motivated us to consider
a more general scheme, where the original collection of variables {H;}; is replaced
by Ré-valued {H,}; with mean not necessarily zero. Therefore, for all i > 1, H; is

F4,.,-measurable and independent of .%,,, such that

where [i;, ¢; satisfies that there exist constants C| A\, A such that
ﬂ::sup|ﬂi|§0, 0<A<¢ <A<oo.
To distinguish with the centred scheme, we write
V=B VL £ (6 E Y| )20 b | 2
Zr =E Vo0 | 7. (3.23)

Yi=¢ Z5=0.

Apparently, the centred scheme is a special case of (}A/”, Z”) The aim of this subsec-

tion is to conclude the boundedness in Y and BMO property in Z, as long as E[H;]

is small enough.

6Since the numerical solution (Y™, Z™) depends on the triplet (¢, {fi};, {H;}:) and the partition
m, we say (Y™, Z™) is the solution that corresponds to the triplet (&, {f;}i, {H;}i)-
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By the definition, we are allowed to write

~

Zr =E [A,f]i ﬁtz} +E [Y;j-l fti] i, Ai=Y7, —E [ffﬁd

7

gtii|7

which suggests that there exists an .7, -measurable variable v; satisfying

i+1
Yii=Y"— /i (tu [YZ—TH

h: / ~
Uz':Ai——Z( ZF—E[Y;L

&

cgzt,bj| 72271') hl_'_A’La

If }A/;L is bounded, then E[v;|.%#;,] = 0, E[(v;)?|.%;,] < oo and v; is orthogonal with

(3.24)

oo (1ms)| 7]
a[a(t-) | 5
b . )
_ ) [W
¢ |:(< 7 i+1
= B[V | Z) = T (2 —E[Va | 2] i) - T-Lana

=0 e R

We are now in the position to state the relevant assumptions.

Assumption [A5] (The driver being locally Lipschitz in 7). Given %, @ B([0,T]) ®
B(R) @ B(R?) measurable functions f; : @ x [0,T] x Rx R4 = R for all1 <i < N,

we assume the following:

(i) fi(t,0,0) € L*(#,) for all t € [0,T] and there exist Ly > 0 and L,(n) > 0

where L,(n) depends on some constant n > 0, such that for all yy, vy, 21, 22
|fi(t,yr, 21) — fi(t,yo, 22)| < Lylyr — yo| + La(n)]21 — 22,

(i) recall h = sup, h;, there exists a constant € € (0,1], independent of N,n, such
that

hL;+ sup |hHiL.(n)| <1—e

0<i<N-1

Assumption [A6] (Bounds on &, f;, and ). Given .%;, @ B([0,T]) @ B(R) @ B(R?)-
measurable functions f; : Q x [0,T] x R x R* — R satisfying assumption [A5] for all
1< < N.
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(i) In addition, { € L>*(Fr) and sup,<;<y |fi(t,0,0)| < Lo where Ly is independent
of N.

(ii) Moreover, iL.(n) < 1, where L,(n) is the Lipschitz constant of z which depends

on n.

Lemma 3.3.1. Let & € L? and f' satisfy assumption [AS] (i) for all | = 1,2,
suppose (Y™, Z™), be their corresponding solutions to the numerical scheme (3.23).
Moreover, we assume f,i(tk,}}k“,zk) = fi(tk,Yk”,Zk) for all0 < k < N. We write
AE =€ — & Afy = [l Y72, 207 — [t Y2 207, AY™ = Y™ — Y™ and
AZm i g g2,

(i) For all 0 <i < N, we have,

AV =B | T.AV

)

%i] +E

5

N—1

T,
S han e
k=i T

] , (3.25)

where Y is defined as

N-1
T = H by, =14 hioy + hif3; - Hi,

j=i

fi (tJ’E [Y;ﬁ | L%a} 72;,1> —f (tj’E [Yﬂﬁ | ‘%J} ’ZA;FJ)

Qi -
= [AY}ZI | 9’%}
“ Lalarz,12,)20p
i (EEI2) 2 - (BRI 2] 5
B; = AZF T pz 10y

|AZT|?

(ii) If we further assume [A5] (ii) is imposed, we can conclude Y;™' > Y™ for a
0 <i< N, when sz,r’l > Yﬁ’z and fjl(tj,Yf’Q,Z;rg) > sz(tj,YfQ,Z;’z) for all
N=>j=>i

(11i) Moreover, let assumption [A6] be imposed. Then the bound on 'Y is given as

sup V77| < ([[€]l e + CoT) exp (1 + LsT).
0<i<N

Proof. We make use of the expression AZAZ?T =FE [Aﬂ+1ﬁi|ﬁti to obtain the iterative
principle

AV =E [AV7, + hiosE [Aff;;l | %} + AT - B+ WA, | yti]
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—E |GAY, | F | + B[S | F) . (3.26)

An application of induction yields the first result of the Lemma.
The comparison principle is still valid, as all ¢; > 0 by our assumption. Eventually,
the upper bound of Y™ can be obtained by comparing l?;”’z, where ?;”’2 is the solution

to the numerical scheme with generators ||{||z~ and F;, where
Fi(t,y,2) = Lo+ Lyly| + La(n)|z].

Here L,(n) is the Lipschitz constant on z which corresponds to {f;};. As £ is deter-
ministic, we follow a simple induction argument to observe that V™2 is deterministic

and 2] = E[Y/PH; | %] = Y2 fi, which is also non-random. By definition,

fi<t7y7z> < L0+Ly|y‘ + L, ( )l | (t Y, < )

for all ¢, y, z, which implies yml < ym2 by the comparison result.

7T’

It remains to bound Y;"? with a constant independent of N. As Y™ satisfies the

following difference equation, we see that

V72 = V4 (Lo + LyVET + L) |l V37 )
<YTP (14 (Lp 4+ 1) hy) + Loh;
N-1 i
< TT (A + Ly +1)h) [|€] e + Z (H (Lj 4+ 1) h; )) Loh;
=0 =0 7=0
< ([[€llz + LoT) exp (1 + Ly)T) .
Meanwhile, the lower bound can be obtained by using symmetry. O]

The scheme is rather robust if we want to construct a bound on Y, since the error
fi is allowed to be of size ji ~ O(sup, hs|H;|). To check the BMO property of Z, we

impose the quadratic structure, which is the last ingredient.

Assumption [A7] (Quadratic structure). Given measurable functions f; : Qx[0, T x
R x R? — R satisfying assumption [A6] for all0 <i < N —1 (and hence they satisfy
[A5]), we further assume

(1) For all t,y1,ya, 21, 22, there exists a constant Ky > 0 such that
|filt,y1, 21) — fit g, 22)| < Lglyr — gl + Kp(1 + [21] + |22]) (|21 — 22]);

(i) pL,(n) < 1, where Lz(n) corresponds to the Lipschitz constant for Z.
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Proposition 3.3.2 (Preservation of BMO). Suppose assumption [A7] is imposed
on the triplet (§,{f:}i,{H:}i). Let (Y™, Z™) be the solution which corresponds to
(& {fiti {Hi}i)-

We define Z7(s) = ZT for all s € [ti;ti11), 0 <i < N. Then || Z7()[luz,, @ < C

for some C' independent of .

Proof. We adapt the strategy in the proof of [12, Proposition 2.7]. We divide the
terminal condition as well as f;(¢;,0,0) into K-segments, while we consider numer-
ical schemes (Y7 ZOmM K with each (Y7 Z07) corresponding to the terminal

condition & = £ and the driver

K
-1 -1
. A(t,0,0 - o
ff(ty,Z):%Jrfz (t,y+ E[Yfﬂ) %],HZZ( ) )
m=1 m=1
-1 -1
— /i <t, E [m%ﬂ ,/tl}, e “),
m=1 m=1

where Z?:l = 0 by convention. By the linearity and the uniqueness of the scheme,
we have Y;* = S5, VO™ and 27 = S A%

K K

Z Ai(l)ﬂr =E ZngI-I + Z]ZZZ (tiaE [ngl-l } ) z’ > )
=1 =1

K [ K

SN Z0T=E > VT H | 7|

=1 Li=1

K K
Srree YA
=1

Step 1. The remaining goal is to choose an appropriate K which is independent
N and prove the BMO property for each ZM: A linearisation argument leads to the
equation of the type (3.24)

A

ﬁtz:| >Z > h; +Alv A ngi)l —E [}A/;(i)lﬂr

where v; is a ., ,-measurable and L? integrable random variable. More explicitly,

o [t

Y;() —Y) —fl (%E[ngr)l
h; 50, (1),

Ul——AZ-——(ZZ-() —]E[Yi(ﬁl

)

Lg;h]?

we find v; obeys

~

Bl | %] =B [v (B — i) | #] =0, E[02 %] <o
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Squaring both sides and taking conditional expectations, we have

N 2 R 9 h ) . R )
E { v ' 3%] =E { A fftz} + 2207 —k [Yﬁ)f 3‘1] E [H}
Ci
+E [Jvif? | #,] - 2007 (6, B [ V0T | 2], 207) h

+ (fll (Q’;E |:}A/z‘$)1ﬂr

which leads to the bound on Z:

1 h ~
S |20 ‘<R (0212 - O 4 20O (B [V | 2] 207)
C’l
h; A (Do 2
+_E [3/7;(+l)1 gzn} I

(3

By the quadratic growth assumption on the driver f, we see that

1 3

lfl

1

‘le(tlayv )

| Lyl + S Kl

K

m:l

We write ||Y(l)’”||goo(R) ‘= ess Sup0§i§N|f/i(l)’ﬂ| and recall A < ¢; < A. The above

equation motivates us to sum over ¢ and to take conditional expectations to get

5L |0
(1),
E|> o5 |Z"| h %]
j=i
<E[0P72 - (502 | ]+ 17O R)Z % gy

)

j=t
N-1 -1 , N1 g ,
YR C-D)Y (2T b | |+ E [§Kf 207 b, %D'
j=i m=1 j=i
Rearranging, we have
N-1
1 0, (1), 2 a
ox KAV O sy ) B |Z0T| By | A
j=i
-1 N-1
~ 2L S(m),m 2
< VO g0 gy ((%H@) T+20-1)Y E 287 hy %D
m=1 Jj=t

R 02T
+ YO e gy (1 +2LT + “T> ,
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where i is in fact bounded by the definition of H;.

Step 2. In order to construct a bound on ZO7 we need to let

A(l) = > 0.

— 5Kf HY(Z)’W
$%°(R)

2A

By definition of fil, we observe fz-l(t,O, 0) = f"(i’?’o) < % and

= |fi(t,y +0:(1), 2+ 02(0)) fi(t, ¥ 4 01(1), 2" + 62(1)|
< Lfly —y'|+ L.(n)|z — 2,

)= Se 5| 2], a0 = 520

m=1
for all t € [0,7], y,4/ € R and z, 2" € R?, such that {f'}; satisfies [A6]. By Lemma
3.3.1 (i),

fz’l(t7 Y, Z) - le(t7 y/7 Z/)

o

< (1€mgo + sup I lls~e) ) exp (14 L)T)

Soo

< % (€llimgo) + LoT) exp (1 + L))

Therefore, we set K > 10AK; (||€]| o) + LoT) exp ((1 + L;)T) which is indepen-
dent of N to get

N—
Z(l

for some C} being independent of N. An induction argument on [ = 1,..., K will
show that for all 1 <[ < K,

< G

Z,,

for some constant C; being independent of N. What remains is to apply Lemma

2.3.16. [l

3.3.2 Perturbation of the centred scheme

We will discuss the impact of perturbation of the Y component of the centred scheme,
followed by quantifying the impact of a change in Z. The perturbation analysis is
vital for evaluating the accuracy of the numerical scheme. In particular, one version

of the perturbed scheme is exactly the non-centred scheme.
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Let (Y™, Z™) be the solution which corresponds to the triplet (&, {f:}:, {H;}:) and
suppose (&, {fi}s, {H;};) satisfies [A5]. The perturbed version on Y with ¢¥ of the
scheme (3.22), (Y, Z), is defined to be

Vi=E|Vin+F (6E[Y,

Fo| Zi) b

Lg\ti:|7

Z;=E | Vi H,

Fi |
Z=E[fnb| 7] o
YN = ga ZN - 07
1
Fi(t,y,z) = fi(t,y,z) + EQY, ¢ € LA(F)

for all 1 < i < N. Therefore, (Y, Z) corresponds to the triplet (¢, {F;};, {H;};), which
also satisfies [A5].
Given the perturbed scheme (3.27), the difference to the original scheme (3.22),
for all 1 <17 < N, is referred as
AY =Y, -Y" Az =27, -7

Then we introduce B}T and 77, given by

fj <tj’E [Y;—FH ‘ g[tj} ’Zj> - fj (tJVE [Y;Trll ‘ggtj} >ZJ7'F)

o 2T — Z;?
(Z; - Z;)H{AZ;yéo}a (3.28)
N-1
it = [+ hiH; - B7),
j=i
By [A5] (ii), we have, for all 0 <¢ < N — 1, 77 > 0 and
N-1
E[7| #)=E | [[(t+hH;-5) 3%] =1
j=i

It is valid to define a process {f"(t) }o<t<r and a probability measure Q"

~ AT d@ﬂ- ~

= 1 (v+ndrm), | =i, (3.20)
0<j<i—1, Tt
s.t. 1<t

since E [%} =1.

We aim to compare the scheme (3.27) and (3.22). We accommodate «; and ; in
Lemma 3.3.1 to be defined as in this context, by treating Y™ as Y. The key is to
control v; by finding I; such that

1/}]' _1—|—aj-|—bj_ (lj

1+b,  1+0b; +1+bj

I >

)
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where we write a; = a;h; and b; = Bf - H;h;j for simplicity. If a;b; > 0, we can choose
I; =1+ a; such that [;(1 +b;) = ¢; + a;b;. If a;b; < 0 and b; > 0, we set [; = 1.
Lastly, when aj > 0 but b; < 0, we pick I; = (1 —|—aj)%, where € appears in [A5], such
that I; > 1+ 2 ca; > 1+ %

which satisfies

T +b We will write I7 to emphasize the dependence on e,

o=

0<I5 < (L+Lghy)-.

Based on equation (3.25), we realise that the error is controlled by
L
k=i Tk

N—-1
(H I;) 7 |AYT | ‘ a@]
v e
S E L a@]
k=i Tl j=i

As both ¢} and Z_” are .#, -measurable for all k& > ¢, we apply Tower property to

k
obtain
n; Ui i o
B || 2|~ 2| id) et 2| 2] | 2] ~E 0] 2],
k
which leads to the bound on the accumulated error
) I.T ) N-1
Av7| <exp (0 ) E 1ot (rAY;;V\ P \) | 3?] BNEE
k=i

Treating 7 = Z:gg will enable us to replace 7 by a Q™. The difference is now given

Avr| <E[Ti|AY|| £] +E

+E

under Q™-measure

|AY| < CEY

N-1
(IAYJG\ +> IC]-Y\> ‘ %] : (3.31)
j=i

What remains is to control the measure Q7, which formally it is the “discrete
version” of measure’ Q in the continuous case. The measure Q™ must be absolute
continuous with respect to P for all such 7, which motivates us verify the following

claim.

"If we consider the difference of two solutions of two QBSDE, say (Y1, Z%), (Y2, Z?), we will
end up in a equation of the similar format where the Radon-Nikodym derivative of the measure Q
depends on Z*1, Z2.
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Proposition 3.3.3 (Analogue of Proposition 2.10 and 2.11 in [12]). Suppose the
triplet (&,{fi}i,{H:}:) satisfies [A7]. Let (Y™, Z™) be the solution which corresponds
to (& {fiti, {Hi}i)- o i

Consider the perturbed scheme (Y, Z) of (Y™, Z7) as in (3.27) and recall ™ as in
(3.28). We further assume HZ(-)HHQBMO(W) < C, where Z(s) = Z; for all s € [tj, tj11),
0 <j <N and Cy is independent of N.

Then we have

M, = Z B;T - Hjhi € BMO,r(P,R?), 1M grro, rprey < C2

tip1<t

for some constant Cy being independent of N. Moreover, 7™ (t) satisfies the reverse

Hélder inequality (Theorem 2.3.14) for some q > 1 that is independent of 7.

Proof. As the proof is similar to the proof of [12, Proposition 2.10 and 2.11], we defer
it to Section A.2. O

Consequently, the error is of the form

1

1 N—-1 q q
¢ fti]q IR (Z |¢f|) ‘% : (3.32)
j=t

Avy<c | E[JAvy

where ¢* is the parameter arising from the reverse Holder inequality of ™ (-).
We are now in a position to specify the impact of a perturbation ¢¥ to Z™. The
H2(R%) difference between the Z and Z™ is bounded by a formula involving AY and

G -

Proposition 3.3.4 (Modification of Proposition 2.12 in [12]). Under the same con-

dition as in Proposition 3.3.3, we get

v ~ T
E Z’AZ;’ hi gc<1@ [(AYN”)Q]JFE{ sup \AY:\‘*] +E ZAY,-”(QY)D,
=0 0<i<N-1 i=0

where C' depends on the BMO norm of N, which is defined as

t N—1

N = /0 > By, (s) - dB.
=0

Proof. See Section A.2. m
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Suppose the (Y™, Z™) is the solution that corresponds to the triplet (&, { fi}i, {H:}:)
and suppose (£, {f;}i, {H;}:) satisfies [A5]. Consider perturbations {¢Z}; which are
F,-measurable for each ¢ and square integrable for all . When the perturbation

{¢Z#}; appears in the Z component, the numerical scheme boils down to

Y, =E [Yiﬂ | F] + hif (t:, Yz, Z;)

. . 3.33
Zi=E [YiHHz' ’ L%J + ¢ ( )

We write

2
L
Z
L

Y(S) - Viﬂ[ti,ti+1)<8) + YNILSZTv Z(S> - Zi]l[ti,ti+1)(s)

i

I
<)
.
I
<)

such that Y, Z can be viewed as cadlag processes. (Y;, sz) has a different format than

Theorem 3.3.5 (Error by perturbation on Z). Suppose the triplet (&, {fi}i, {H;}:)
satisfies [A7]. Let (Y™, Z™) be the solution which corresponds to (&,{fi}:i, {H:}:)-
Consider the perturbed scheme (Y,Z) of (Y™, Z™) as in (3.33). We denote

AY™ =Y, -Y" AZF=27,— 7T,
B GETa ] £).5) — 4 0 E V] 5. 2)
7 E[Y/j_y}ﬁ‘ytj]

o Ji YT Z) = £, YT, ZT)

Liviwvrys

.= = (Zv—Zﬂ' 12 77,
J |Z;T_ZJ|2 J .7) {j# ]}
to define a process n™(t) and a (slightly abusing the notation) measure QT
T oy d@ﬂ— T
1A dP |,
0<j<i—1, 7t
tip1<t

Suppose Z(-) € HZ,,0(R?) and ||Z(-)||H23MO(Rd) are independent of N, we get

S8z > (gfm])

i=0 =0
where C depends on the BMO norm of N, which is defined as

E

<C (E [JAYT]’] + E [ sup |AY;»”|4} +E

0<i<N-1

t N—1

Nf ::/ > By, (s) - dB.
0 =0

Moreover, the impact of perturbation (7 on'Y is controlled by

N-1

> o1 PR

j=i

AY7| < C. | EY [JAY|| 2] +EY
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Proof. By rewriting A; .= AYT, —E [AY], | %] as

A =E|(Avg, ~E[AVE, | 7))

&4 1 A,
y hi < y p h; <
=E[AY] H; | #,] - Hi= + Avi = (AZT = ¢7) - Hi— + A,

C;

where Awv; is some square-integrable .%;  -measurable random variable such that

141

E[Av|.%,] = E[AvH|.%,,] = 0 € RY, the difference of two schemes in Y is equal to

(fz (tzaE[ z+1| Jt}’ ) fi (t“E[ H‘ll ‘/t} Z’Tr)) hi
— WATE[AYE, | 5] + bl AT,

Interpreting the error as AY11 = AY7T A; + A;, we square both sides using the
equality followed by taking conditional expectations, which results in

E[(AY7,)? | 2] = (AY7)? — 2AY7 A, + A2+ K [212 | ﬁt}
> (AY7)? + 2AY] (hy éﬂE [AYL | ,/t} + hfT - AZT)

+]Az[ +\cZ\ 2AZi-QZ;.
Rearranging the equation and the inequality 2ab < ca?+ ¢~ 1b? for any positive c, lead
us to
]AZ“] hi < E AV | ] - A7+ 20 [AYT [ E[JAYE || Z)

i 2 X o2 =120 K |2 2
+3C—i\<¢\ +3—Ci}AZi\ hi + 300y | 57| | AYT| +3—A|AZM h

followed by summing up all 7 and taking expectation to get

N-1
E N |AZ h| < Ca (]E [\Amf—mwﬂmqm{ sup ]AY”]]
i—0 0<i<N-1

N-1 , 2 % 1
a7 w4
(22: h; ‘,BJ| ) E Liu<p |AY]| ]
N1y
> WD

=0

+

Due to the fact that ]B]”\ < K¢(1+|Z7|+Z;]), N7 is a BMO martingale by Lemma
2.3.16 and Proposition 3.3.2. By the equivalence of BMO norms, E[(le\gol hi|/5’;’|2)2]%

is a constant independent of N.
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We cannot directly apply Lemma 3.3.1 as the scheme (3.33) has a different format
as in (3.23). Nevertheless, we can employ the same strategy to show that
AYT =E[AY], | 2] + GE[AYT | F] b+ B - (B [AYT Hi | F1] +€7) b
=E [AYZTH% | 1) + Bi - ¢Fhi
for all 0 <i < N — 1, where 151 is defined as
Ui =1+ hicy + hif3; - H,.

This result has a similar form as (3.26), so we can treat Afy in (3.26) as 5;¢7. Since
{f:}: satisfies [A5], we can conclude similar results as in (3.28) to (3.31), except we
replace ¢} by ¢Z - B;h; and the measure Q7 is defined slightly different® (as its Radon-
Nikodym derivative depends on /3 rather than /3 ). In fact, we will end up in the error

of the form

|AY| < CEY

N-1
(13731 Tz, ) | 5]

j=i
N-1 2 N-1 2
<C | B | DI R | | BY D15 ﬁ]
j=i j=i
+EY [|AYS || Z])
which is exactly what we are looking for. O]

3.4 Convergence of modified BTZ scheme

We are now ready to specify the convergence of the numerical approximation. As a
sketch of the proof, the solution of the QBSDE (Y, Z) will first be replaced by the
truncated version (Y, Z"), where the error of truncation is controlled by Proposition
3.4.2. The perturbed scheme with ¢¥, chosen in equation (3.35), will act as the
bridge between the numerical solution (Y™, Z™) and (Y, Z"). We fill the final gap

by introducing a few processes which estimates the Z-component.

3.4.1 Modification on the generators

The first step is discretising the terminal data and truncating the driver. The proof of
the following two results which are the generalisation of some conclusions in [90, 81],

are deferred to Section A.2.

8We will not try to differentiate different Q™ - after all, it will be replaced by raising the power

*

q .
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Lemma 3.4.1 (L? version of Corollary 4.4 in [90]). Let X be the solution to the SDE
which satisfies the [A2] and choose m: 0 =ty < t; < --- <ty =T as a partition
with h = sup, |t;v1 — t;|. Then,

C, (hln (%))p if ® is Lipschitz w.r.t || - ||D00(Rm),

E [|9(X) — o(X7)[*] < L
Cph? if @ is Lipschitz w.r.t || - [[51 gm)-

We then present a result on the difference of solutions to the BSDE having the
same terminal condition, but one with a quadratic driver and the other one with
a Lipschitz driver. The Lipschitz version of a quadratic driver f is constructed by
projecting Z in a Ball centred at origin with radius n, as in equation (3.2). We let
(&, f™) be the generator associated with pair of solution (Y™, Z™).

Proposition 3.4.2 (Generalisation of Remark 5.5 in [81]). Let the pair (€, f) satisfy
[A1] and let (&, f™) be the truncated generator, which also satisfies [A1]. Suppose
(Y, Z) be the solution to the BSDE with generator (&, f) and (Y™, Z™) represents the
solution to the BSDE with generators (&, f).

We further assume there exists a constant py > 1, such that

T j]
([ 1zzpmas)
0

where ¢, C), are constants independent of n. Then,

]E S Cp»pl

Y — Y"!\gp(R) + |1 Z — Zn”%p(]gd) < Cp,m,krflc N Cpp, €Xp (_Cpn2) )

for any p > 1 and any k£ > 0.

Proof. See Section A.2. O

As a consequence of the John-Nirenberg inequality, we can always establish a
sharper convergence rate if we choose a larger k. Meanwhile, truncating the quadratic
driver with a Lipschitz driver only works when there exist control of E[( fOT | Z;|?Pr dt)Pd]
with p; > 1. Based on our control on the Z component in Remark 3.2, the requirement

in the above assumption is obviously satisfied.

3.4.2 Estimating different versions of the 7/ component

Before we implement the modified BTZ scheme on our problem, we aim to characterize
the properties of Z in order to verify the assumptions in the perturbation results.

Motivated by standard arguments in [12], we introduce processes (Z(t));, (Z(t)),
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and (Z(t)); to transform the solution to the original problem (Z;); to the numerical
approximation (Z7);. Formally, we discuss whether the BMO property and the L?

boundedness are preserved during this sequence of approximations.

Lemma 3.4.3 (Extension of Lemma 2.2 in [12]). Let (Y, Z) be the solution to equation
(2.11), where the generator (&, f) satisfies [A1]. Given a partition m: 0 =ty < t; <

- <ty =T, we define the following processes

B _ _ 1 tj+1 _
26) =2 vt lttin). 4= 8| [ 25| 2| Zr=o
J t;
. . .1 ; 3.34
2(t) = Z; V€ [ty ti), Z; = -E [V, ABy, | #,], Zr =0, (3.34)
J

Z(t) = Zj vVt € [tj7tj+1), Zj =E [Ytj_HH]R } ﬁt].] s ZT = 0,

respectively where HE is defined in equation (3.4). They all belongs to the space
HZ,,0(RY) and their H%,,0(RY) norm depends on 1Z]|e2,,, (ra): but is independent of

.

Proof. The ||Z 12, (re) has been controlled by Lemma 3.2.11. Similarly, if we apply

tj1 tjr1 AB;.
Yt-_/ f(t,Y;,ZS)dS—f—/ Zs'st -
! t; ts h]

J
2

Holder’s inequality,

(Z; = Z;)°h; =

1 tjt1
— / Zs ds ﬁtj hj
h] tj
s AB, ’
= |— f(t,}/S,Zs) ds A L 9}], hj
i tj J

2
tj1
<E (/ |f<t,Ys,Zs>rds> '3%].
t.

J

Based on the assumption of the driver, we observe that for any p > 1

E [(/T |f(t,Ys, Zs)| ds) ﬁtk] < Cp(T —t)? + CE [(/T |ZS|2ds)

2
<C (T =t +1Z:)% o)
where we have used Theorem 2.3.8 together with Lemma 2.3.11. We are able to
conclude that Z € H2,,,(R?) using equation (3.14), as

5]

N-—1 N—-1 N—-1
E|Y (Z)hyds | Fo | =E D (Z)%h; | Fo | +E | (25— Z;)°hy f%k]
=k =k =k
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[N-1
<ciE ( 7,

| =k

T 2
<C+E (/ If(t,Ys,Zs)ldS)

ty

tj+1 2
/ f(t,Ys, Zs)| ds

J

F | <O+ C(T —t)?,

by using the inequality in (3.14) with p = 2.
What remains is to verify is the BMO property of Z. If we choose the perturbation

term ¢) in (3.27) as
7].2)) s

the perturbed version (Y}, Z;) that is associated with the driver fi(t,v,2) = f(t,y, 2)

in (3.27) will coincide with (Y3, Z;). By standard estimates on normal random vari-

d

E

¢ =e[ [ (v~ (1B [Ton 7| )

ables,

AB;,.
HE — J
J hj

AB, \?
Hif — —
( ! h; )

where (Ry(j))h; < C for some C' > 0°. Comparing Z; and Z], we realise

} N \/JQ?_deXp (_52) = Ralj), (3.36)

d\\/; (R+ R> exp <_52) hi' =t Ro(j), (3.37)

= AB,, 2
J

AB,, 2
=E |i(}/t]+1 - Yj) (HJR o h—tj) ‘ ‘gata] h;.
J

Applying Holder’s inequality, we arrive at

E Z(Zj - Z]')zhj <CE ZE [(Y;j+l - Y;fj)z ‘ ﬁtj} ’ ytk]
Jj=k Jjzk
tit1 tit1 2

SCE Z(/ f(t>Y9aZS)dS+/ ZS st) ’ytk
i>k \7ti b
i T 2 T

<ce|([rav.zia) « [jzpa| g, <c
|\l 22

where we also utilized the conditional BDG inequality. [

In fact, if we choose R = clog(N) for some ¢ > 0, we can show that H(é - ZA)(-)HH%MO(W) =
o(N~?) for any A > 0.
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Z(t) and Z(t) are not directly related to the numerical scheme, whereas Z; can be

realised as a result of the perturbed scheme (3.27) for some ¢¥. Nevertheless, they

do not lost the BMO property. The definition of £ is not used in the above Lemma,

whereas the next result which based on the control of Z; by the forward process X,
relies on the form of £ = ®(X).

Lemma 3.4.4. Let & satisfy [A3] and f satisfy [A4]. Let (Y, Z) be the solution to
equation (3.1), with the generator (§,f). Letm: 0=ty <ty < --- <ty =T be a

partition. Given Z, Z, Z which are defined in equation (3.34), we have

|Z;| < Cr, [1+E

1Z;| < Cry [1+E

1Z;] <Cp, | 1+E

sup | X
0<s<t 41
sup | X
0<s<tj+1
sup [ X
L0<s<tj+1

7,

F,

+/hE

0<s<tj+1

+VhE

0<s<tji1

where we recall, L is the Lipschitz constant for ®.

Sup |XS|4 gtj

sup | X" | 7,

ol

Proof. The LP-type of bound on Z can be established by considering Lemma 3.2.8,

Remark 3.2 as well as

_ 1
|Zj| < h_E

J

J

tj1
/ CLq»(
t4

1+ sup |X,|)dt

0<s<t

whereas the difference between Z and Z is controlled by

|Z; — 7|

<E

< CVhj+ Cry/IE

tj1

tj

J

J

A
ft,Ys, Z5) ds

tj1
/ P8, Z0) 2 ds
t

tj1
/ C+0C|Z,J*ds
t

sup | X,[*| 7,

0<s<t;jt1

Meanwhile, it is not difficult to show that

rj—ergE[m

1

|

‘3‘} <Cr,E |1+ sup
0<s<tjt1
B;.
J ﬁ )
hj tf]
-1
2
F,
1
2

1
2

| Xl

‘g\t]‘]7

(3.38)



_ 1
i1 ? ti+1 ? ’
<o |([Tisevazas) ([ 2 an, ‘a@ 0)
t; ts

J J

[ tj+1 tj+1 2
< 2E hj/ O+C|ZS|4ds+/ |ZS|2ds ’ 9}]. Ry(j)
tj t]‘
_ 1\? R?
§2GJ<R+E) exp( 1 ),
where Gj is defined as
1 1
B 2 2
Gj=1++/hE| sup |X,|* ‘ Fi,| +E| sup |X,|? ftj] : (3.39)
0<s<tj+1 0<s<tj+1

]

Remark 3.5. Given the truncation of the quadratic driver f, denoted by f™, we
recall the solution to this new BSDE is given as (Y™, Z™). The truncation preserves
the norm || [ Z ABy| pyoyrey < C and |Z}] < Cpy(1 4 supgc,<; | Xs)|, where the
constant C, Cr, are independent of n in both inequalities. Similar to equation (3.34),
we are allowed to define the sequence Zf,Zf,Z" and their corresponding processes
accordingly, while all Lemmas within this section are still valid if we replace Z™ by Z.

Unlike Chassagneux et al. [12], we never used the relation between n and N to
obtain the results in this section. This is mainly due to the process Z in this section
is closely related to Z". However, when it comes to the numerical solution ZT, the
truncation is necessary to maintain the comparison theorem in'Y and BMO property
of Z. In addition, it is an essential part to characterise the propagation error under

a new measure Q7.

3.4.3 Proof of Theorem 3.1.3

The claim in Theorem 3.1.3 will be divided into two parts, including Proposition 3.4.5
and 3.4.6. We will adapt the strategy of [12, Proposition 3.3] to estimate the error in
both Y and Z.

First of all, the choice of f™ {HF},.;<p satisfy the assumption [A7], since fi; = 0
for all ¢+ and

0<hL;+ sup hii(?) max{ K, 1})h™"
o<isN-1 Vi
< hLj+ 3max{K;, 1}hz *In(h"") = 0
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when h — 0. Recall equation (3.34), we observe that if

tit1 ~ =
t;

ﬁtl} . (3.40)

the perturbed scheme (3.27) with f;(t,y, z) = f™(t,y,2) and H; = HF i.e. truncating

the driver and the Brownian increment, by a induction argument, boils down to

=B [V [ ez as| 2] - v
t;
Z=E[Viunt| 7] =2
Yy =£(=®(X), Zy=0.
We write
AVF =Y =Y, AY™(t) = AY] Vit € [ti,tip1), AV™(T) = AVy, (3.41)

to differentiate with AY;", which refers to increment of the generic perturbed scheme
in Y compared to scheme (3.22). Moreover, in this case, we specify the Radon-

Nikodym derivative of Q™ (slightly abusing the notation) with respective as

dQr i—1
m(n) — T = H(l + thJR . B](n)),
Tt 7=0
() (1) -— (n) R dQ | )
0w = [I (1+ms”- a7, = (1)
0<j<i—1, ! ’ dP |4, (3.42)
tip1<t
i (4 v 27) =1 (v 2)
B = T (27 - 2) Lz g0}
t; 4

which is a specification of (3.29).

Proposition 3.4.5. Under the same condition as in Theorem 3.1.3, then there exist

some q* > 1 such that for allp > 1,

E { sup |V, — y;f|2p} < CppE[|O(X) — ©(X™)[*PT] 7 + CopicchP.

0<i<N

Proof. Recall that we require o € (0, %) and h < % in Theorem 3.1.3. We divided
the proof into two steps.

Step 1. By truncation, we notice that the total error can be divided into

B | s [, - 371) <6, (B | sup i = vrp] + 2| sup v - 9717 )

0<i<N 0<i<N 0<i<N

7



where the first component shrinks arbitrary fast in terms of n by Proposition 3.4.2.
We fix a € (0, 3) and conclude that E [supg<;<,, [Yi, — Y;/|*] < Caph?.

We recall the definition for Z*, ZI', ZI" in equation (3.34). If we focus on the second
component in the above inequality, we notice that equation (3.35) can be written as

o =E[G g g g

tg[tj:|7

IV FYy FYwE FYE TV Y2
where ¢; %, (Y, ("7, (%, (7 and ;7 are #;, -measurable and defined as

N tit1
= [ sz - 1 .0 20) s
t

- i+l
CjY:y - f(n) (tj,Y;n, Zg) _ f(n) (tj,Y;?, Z:) ds,
£
YyE i1 ) I (n) n o n
Cj = f tj,Y;j,Zs —f t;,E Y;fj+1 F; |, 47 ) ds,
2
e [T (pmlye |2 ]2 - (kv | 2] 20 d
Cj o ‘ f 172 i1 tj| s | f t, tj+1 b7 5
j I | L J
v ti+1 (n) E ‘Yn a | Zn (n) E _Yn g | Zn
3o [ 0 m o)) (o2 1| 2] )
j I | L |
Yz . tit (n) t: E -Yn ar | ZTZ (n) t.. K -Yn Z. ] én d
= ¢ f Al ‘/tj_’ i) 1 A hal R 2 th_’ J 5
J

Using Doob’s L inequality together with inequality (3.31), we change the measure

from P to Q™ at a cost of % to derive

E [ sup V7" —yﬂ?p]

0<i<N
N-1

(Z EY
j=i

+ }A%’&

7Y, 7Y, SYyE - SY.z | FY,2 | XY,E
G+ G+ GGG+

L+ h;HF- 7
2p
]

N_1 2pq” N—_1 2pq* N—_1 2pq* qi*
< Cpe | B |A3}Wq*+< | }‘ﬂ) +( | ;‘Z\) +( | ;‘Z\)
§j=0 §=0 §=0

sup EQ”

0<i<N

< C,E

N—1 N—1 2p
+E | sup E® ( !}“!) + (Z\Cf"”ﬁ) ‘%]
0<i<N s -
N—1 2p
+E sup EQ ( ’ ]KZ’> ‘ ‘g\tz] )
0<i<N p




because 1 + HJR . Bj(n)hj € (6,2 — ¢). Thanks to Lemma 3.4.1, we control AYy =
®(X) — ®(X™) and arrive at the first term on the right hand side of the inequality.
Step 2. We aim to analyse all the terms involving the exponent 2pq*. By the

assumption of the driver, we deduce \ijy| < ftjj Ly ‘Y;” - Yt”’ ds as well as

N—1 2pg* q% N-1 ., 2pg*
>y,
E (Z & y|> < |GE (Z / Y - ds)
7=0 j=0 7t
N-1 20"\
< [ CpoE Z sup |Y" = Y/"|h;
=0 €[t ,t511]
N-1 q%k
< Cp,qE Z sup ‘}/Sn . }/;:L‘qu h] T2pq*71
=0 €[t ,ti+1]
N-—1 qli*
< | Cphyq Z h; sup E | sup ‘YS" =Y 2pa
=0 0<j<N-1 Se[tjvtj+1]
= Cp7Q7L<I> h2p7

where we have used Doob’s LP inequality to remove the conditional expectation, have
applied Holder’s inequality to split the sum of products and have utilised Theorem

3.1.2 to obtain the final line. Furthermore, the assumption on the driver implies

N—1 2pg* qi*
£ (Z |<;<Z|)
j=0

Nl et

< CpyE (Z Kf<1+|Z"<s>\+\Z"<s>\>\2"<s>—2"<s>rds>

j=0 Y1t

1
qT

1

(/ C\zn(s) - 7o) as) ] o

where Holder’s inequality is applied in the last line. Meanwhile,

< Cp,q*

Ky(L+127(3)] + 12" |y B

*

([ 1z~ 26ra) ] ’

N-1
<E (Z hiCry <1+E

J=0

E

2pg* #
sup |X8|4 fftj]>hj>

OSSStj+1
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N-1 2pq N L
< Cor,PE Y | 1+E| sup |X,|*| 7, h; h;
j=0 0<S<tj+1 =0
e
< Gy, E [ sup |Xs|8”q*} h?, (3.43)
0<s<T

where we have applied equation (3.38) together with Hélder’s inequality within the
calculation. Recall the definition for R;(j) and Rs(j) defined in equation (3.36) and
(3.37), we proceed our verification using a similar procedure to the above inequality.
Due to the fact that || K (1+|2"(s)| +|Z2"(s)|)

of 7, n, we obtain
1

T ~ 2pq* 7] 24
([ 12260~ Zzpas)
0
[N-1 1 2pq* 5" /N_1 2pg 1
~ 12 —R? !
<SGE|Y (Gj (R+ }_z) exp< 0 )) h; ( hj>
=0 j=0

| J

' e 1 —R2\\?
< C,E | sup |X,[* } ((R + —) exp ( )) (3.44)
lo<s<T R 2

where G is defined as in equation (3.39). Provided R = In(h™1), (R+ %) exp (‘—RQ> <

||H§;3[g (&) < C for some C' independent

*

E

2™ where m(h) = £ In(h™') + W — 00 as h — 0. The contribution of error
for replacing Z by Z is of order o(h™?) for all v > 0.
Step 3. Now we deal with the term involving Q™. Using the assumption on

the driver f, \Cf’t\ < %Lf(hj)%, hence the contribution of C;/’t in the total error is

controlled by
N-1 2p N1, 2p
~ 3
(Z |c}”|> \f] < ( (gLf(hi)2)> < Cprh?.
=i i=0

Utilising the Lipschitz property of f, we have

E | sup E¥
0<i<N

N—
_ g YyE‘ ]
. +1
< EQ ZthE/ (Y020 ds| Z,| | 2,
=1 J
T
<cE | [y znlds| 7| n
tj
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< COEY

T
C (1 + sup |Y:9n| +/ |Z§|2 dS) | ﬁtz] h S CT,eh7
t.

se[tjvT] 3J

by the Corollary 2.3.15. Therefore,

E [ sup |A1(i)]2p] < Crph?.

0<i<N

By observing (1 + h;H; - 55»”)) € (¢,2 — ¢), we analyse the last component

N-1 o
(S| =
J=t

T
fSEQ”[/nJ?A1+WZ?++!Z”@MHZ?——Z”QNds
t .

2
A2 (Z) = EQW

2

ZT
<E” Ut K21+ 122 + 1 2°(5)])? ds

T
%i] EO" U 70— Zn(s)[2ds
t;

N tit1 B
S [z zepas
j=i Yt

where the last line is deduced by Corollary 2.3.15. Lastly, the following inequality is

5

Summarising all error will lead us to our claim. O]

< ||Kp(1+1]2" + ’Zn<')’>“§§gﬁo(mﬂ£) B

g&]?

a consequence of Proposition 3.2.12:

sup E?
0<i<N

T —
[ 1z -2k as
t .

J

E%wmhwﬂscmwﬁ

0<i<N

S C(p7 q, L<I>7 E)hp'

Proposition 3.4.6. Under the same condition as Theorem 3.1.3, there exists a con-
stant ¢* > 1 such that

T 1 1
B| [ 12~ 26 & < Coscaar (B [90) = 90X 13 41)
0

Proof. Considering the elementary inequality |Z,— Z7|> < 5(|Z,— Z|* +|Z" — Z"|? +
| Z7(s) — 272 + | Z7(s) — Z|* + |27 — ZT|?), we first bound

T
E {/ | Zs — Z§|2ds} <C <p, l) nw = C(p,a)N~' < C(p, oz)%,
0 a

by Proposition 3.4.2, the choice of n. The last inequality is the consequence of
h = sup; h;, as h < % leads to the contradiction ) ,h; < T. Considering the

tjt1
/ Z, du
t.

J

inequality
2

1
ZZ_——E

70 - 2N < 220 - Z 2|7 —
J

%1
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2
n n
zr— 7

_ 2
<212} - Zl*+ —E

d
h, b

/tj+1
tj

we implement Theorem 3.1.2 and Proposition 3.2.12 to deduce

ti+1
{/ |z — Z™(s |2ds} < 4E Z/ ‘Z Zt ? ds

As we have proved inequality (3.43) and (3.44), we easily seen that

e[ [ 76 - 26 o] vu[[ 20 - 2]

Recall that there exists a uniform bound, which is independent of N but depends

g&]?

< Cp,h.

ds} < Cyp,h.

on ¢, for Y* == Y” and Y. By Proposition 3.3.4, we focus on the term

N-1
B> AV
j=0

N1 27 2 N1 27 2 N1 272
-[=|(Ze) | = |(Ze) | 2| (S )
§=0 =0 =0

1 1

N-1 2] 2 N-1 2] 2 1
+E (i +E o ]E{ sup  |AYT 2}
<Z| j |> ( G !) o e

N-1
IS G R R S I KD
=0

1
We have seen the estimate of the term E [SUPogig No1 |AYF ]2} >. By step 2 within
the proof of Proposition 3.4.5, we only need to estimate the last element. Writing
V=E [Z;V:_Ol |Ay;5]”|} , we apply the assumption on the driver f to derive

V<E ZIAJ/”I/ Kp(1+|Z8| + |2 (s))N 28 = 27(s )|d8]

Lj=0

<E / Ky(L+1Z| + |2 (s)NIAY™ (s)l|1 28 — Z7(s )IdS]

<E| sup {/ Kp(L+|27] + | Z7(s) DAY (s)]| 22 — Z7(s)|ds

L0<i<N-1

5|

ti

Meanwhile, we make use of conditional Holder’s inequality to deduce

= [/t Ky(1+|Z| + 12" (s)DIAY™ ()| 27 — Z7(s)| ds

a
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1

1
1 T _ 2
<[ sy 10371t | 5| B[ [ 1z - 2reras| 2]
t;

N i<j<N-1

where A(t;) denotes

[

Alt;) =E (/tT K} (14|27 + yZ”(s)|)2ds>2

< Kf||1+ |27 4+ | 2™

Bumo (R)

for all 7. When we apply Proposition 3.2.12 and Doob’s martingale inequality, V' can
be controlled by

i : . ) .
V<CE| sup (]E { sup |AYT[* L%i] E [/ |z — Z™(s)|* ds ﬁ’ti] )]
0<i<N-1 i<j<N—1 t
_ 11 . ) !
<CE| sup E [ sup  [AYF|! L%i] E { sup E [/ |zt — Z"(s)*ds ﬁt”
0<i<N-1 [0<j<N-1 0<i<N-1 t
r 5
<CE| sup |Ay]’?|8} h.
L0<j<N-1

We reconsider Proposition 3.3.4 to deduce

E UOT(én(t) _ Z’r(t))th}

<C (IE { sup |A3};~r\4] ) +E { sup |Ay;r|2] s +E [ sup |Ay]’7|8} ) h5> ,

0<j<N 0<j<N 0<j<N

Jun

as we required. O

Proof of Theorem 3.1.3. This theorem is a direct consequence of Proposition
3.4.5 and 3.4.6, if we observe

2E [|B(X) — @(X7)] % a < E[|B(X) — B(X7)PT] T + a2,

3.5 Implementation of the numerical scheme

As we have seen, the modified BTZ scheme requires a further approximation to esti-
mate the conditional expectation at each step. [12] considered numerical integration
by taking advantage of the Markovian property of the problem. We aim to extend

their work to our generalised setting, but an extra assumption is required.

83



Definition 3.5.1. A functional ® : D(R™) — R which is Lipschitz with respect to
| gee@my o I - [[51gmy s called constructible (with function g, g) if there exists

a family of functionals (®)o<i<r with ®; : D(R™) — R™ for some d; € N and a
function g : [0,T] x [0,T] x R% x Dy 4(R™) + R such that

(2) ‘I)t(@) - (I)t(@ﬂ[mt});
(M’) <I>t(@) = g(s, t (I)s(@)v 61[s,t])7

(i1i) x — g(s,t,x,y) is uniformly Lipschitz and y — g(s,t,x,y) is Lipschitz with
respect to || - ||lgmee 07 ||+ |m., with the Lipschitz constant being independent of

S’ t?
(iv) ®(0) = §(®1(0),0(T)) and § is Lipschitz in R x R™,
forany@é]ﬁ)(Rm) and any 0 < s <t <T.

As a direct consequence of the definition, (®;); is uniformly Lipschitz in ¢ with
respect to ||+ ||go gm) OF [+ [|1(gm)- If @ is constructible, then it is possible to introduce
a new random variable to account for the dependence of the path. As an example, if
P(O) = fOT@(t) dt, we pick ¢4(0) = fot O(s)ds and g(s,t, P4(0),014) = ,(O) +
fst(@]l[s,t])(u) du. In other words, the role of ®;(0©) is to carry the history of the path,
while the function g is designed to update the ®,(0).

3.5.1 Quantization and the lattice grid

Quantization method [34] provides a cheap algorithm to estimate expectation, by
establishing a grid associated with probability based on the distribution of the random
variable. We apply quantization to the Brownian increments, by replacing AB;, by
AB,,.

(3

Lemma 3.5.2 (Zador’s theorem, [34]). Given p > 1, there exists an function Gy :
R? s Ty where Ty is the optimal grid of standard d-dimensional normal distribution
with |Up| = M (i.e. number of grid points in Ty is M ). Moreover, Gy is defined
as the closest neighbour rule projection on I'y;. Denoting ABti = \/h_iGM(h;%ABti),
we obtain

1

E [|AB@ - ABtiyp] < O/ M
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Remark 3.6. According to [34], the optimal grid of a random variable is unique for
d =1 and not necessarily unique for d > 1. Moreover, the quantization version of a
symmetrical random variable does not necessarily need to be centred for d > 1. For

d =1, we can use symmetry to conclude the symmetry of the grid.

We discretise R into 2k + 2 points to form a grid in R™
I={z=(z',...,2™) e R" | |z — Xo| € 0Z™, |27 — X]| < k6, V1 < j < d}.

Meanwhile, we define a projection Projy, : R™ +— I, centred at Xy € I', such that
the j-th entry of Projy (z) is defined as

K

Projx, (#)’ = > (X8 +90)V[xz i by, xgecis o) (@)
=0

+ Z (Xp + ié)ﬂ[Xg+(i—%)5, X3+(i+2)5) («7)

i=—1
+ (X3 + 80 L i 1)5, o) (27) + (XF = KO T (Lo xa_ (1) (2)-

Remark 3.7. If the timesteps are not equidistant, naturally we will choose an adap-

tive projection, where each & depends on the timestep h;.

We are now in a position to discretise the path-dependent term @S(X ™). As the

discretisation for the forward SDE, we consider a fixed grid centred at ®¢(X), namely

D={z=(z",.. . 2m) e R" | |z — ®y(X)| € 6Z", |27 — Do(X )| < i, V1 < j < dy}.

Y

Similarly, the projection operator is defined as
i

(1) P T ;
PrOJq)O(X) (x) = Z(CIDO(X)J + Zd)]l[q)()(X)j+(i_%)5, ¢O(X)j+(i+%)5)(xﬂ)
i=0

+ Z (Po(X) + @'5)1[%()()@(1;%)8, <I>0(X)j+(i+%)3)(xj)
+ (R0(X)? + A0)Ljg, x5 14 1)5, ) ()
+ ((I)O(X)j - ’%8)1(_007 <1>O(X)j_(,g_%)$))($j)-

3.5.2 Discretisation of forward processes

Suppose the forward SDE (X;);> satisfies the assumption [A2]. We quote the sta-
bility theorem which corresponds to the numerical scheme of Euler-Maruyama type
in [12] and slightly generalise their result, which relies on BDG inequalities for cadlag

martingales [39] and discrete Gronwall lemma.
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Proposition 3.5.3 (Stability of Euler scheme, modification of Lemma A.1 [12]). Let
(t,z) — b(t,z) and (t,z) — o(t,z) be functions that are 3-Hélder continuous in t and
Lipschitz in x with |b(0,0)| + |0(0,0)| < co. Fiz p > 1 and set (&)Y, as a sequence
of L* integrable random variables. Assume (V;)o<i<n_1 € L?P(R?) is a sequence of

independent random variables such that for all0 <i < N —1

A |E[y]] 2 2
—sup — 2 R[> | 2, [ <cC

for some C > 0. Given two schemes (X;)o<i<y and (X;)o<i<n defined as

Xerl:Xz—'—b( X t X \/_717
X = X; +b(t;, X o (t: Xi) v/ hivi + G,

their difference can be controlled by

E | sup |X;—X;*

0<i<N
i1 2p
< Cpexp (Cp,T max(7, 1)2p) E [|X0 - X0|2p] +E (Z |§J|>
=0

Proof. Deferred to Section A.2. O

We are ready to state error due to the projection of the forward process on the
grid. As we have seen, the error of the scheme (on both SDE and BSDE) relies on

the largest interval h for any partition 7.

Lemma 3.5.4 (Section 4.1 in [12]). Suppose (X;)i>o satisfies the assumption [A2]
and ™ : 0 =1y <ty < --- <ty =T is a partition with h; = t;;1 —t; and h =
sup; |hi| < KN~ for some K > 0. Recall the Euler-Maruyama estimation of X,

Xiv = Xp 4 b(ts, X[ )hi +o(ts, XT)AB,,, X5 = X,
we propose the version with projection
X7, = Projy. (X” bt X7V + o(ts, XJ)AB”) . Xo=Xo. (3.45)
For any p > 2, the difference of the two schemes is given by

E [ sup | X7 — Xg|p] < C sup h;gM_g + CNP6P + C.N (ko)™

0<i<N 0<i<N
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1 _1
provided supy<;< y M~ ah; > < C and sup;(0h;) < C for some C > 0. Moreover, when

we define
X™(t) = XVt € [ty i), X™(T) = X%, (3.46)
for all0 <i < N —1, we also have

E| sup [X7() — X"(B)]?| < C sup h; M~ + ONP6” + C,N(kd) ™.

0<t<T 0<i<N
where X7 (t) is defined in (3.3).
Proof. See Section A.2. O

The following convergence is only based on two examples, as the choice of &,
depends on the choice of ® and the choice of ®, is not unique in many cases. We will
consider the following cases for the path-dependent element ®,(X) to illustrate our

scheme.

(i) Basket lookback put options: § = (K=Y " | w; info<i<r X?)T, where w; > 0 rep-
resents the weight of each info<;<7 X7 in the basket, such that >, .., w; = 1.
A natural choice is (®4(X))" = infpcge; X! forall 0 < ¢ < T and 1 g_z' _§ m, with
corresponding function (g(s,t, ®4(X), X Ljs4))" = min{(Ps(X))", (X L)'}, while

one can define the version where supy«,~p is used instead.

(i) Basket Asian put options: £ = (K — > ", w; fOT X"ds)*, where w; > 0 rep-
resents the weight of each X! in the basket, such that > ;. w; = 1. We
can choose ®4(X) = > w; fOT Xids for all 0 < ¢t < T to ensure D, (X)
is one-dimensional, while we are allowed to choose g(s,t,®(X), X1y) =

Oy(X) + [! X (u)Lisq(u) du.
In order to choose appropriate & and § to estimate oy, (X ™), we try to show:

Lemma 3.5.5. Let (X“) defined as equation (3.46) and let the assumptions in Lemma
3.5.4 be satisfied. Let ® be the payoff of either Basket lookback put option or basket
asian put options, with (iDti (X”) defined as

ci)ti+1 (Xﬂ') = PTO]EI}g(X)(g(t“ ti+17 qA)ti (Xw>’ XW]—[ti,tHl]); (i)O(XW) = (I)O(X)
Fizing an arbitrary p > 2. For basket lookback options, we have

E |: sup ‘(i)tz(Xﬂ> - (I)tz(Xﬂ>

0<i<N

} <O [ sup |X7(8) = X™(1)]"] |

0<t<T
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while for basket Asian options, there exists a constant C, such that

]

< Cy(NO)? + C, NP (i0) " + C,E [ sup | X™(t) — X”(t)|p} .

0<t<T

E { sup ‘@t — B, (XT)

0<i<N

Proof. Splitting the error and applying the definition of ®, as the following

p
E [ sup ]
0<i<N

<C, (IE { sup ‘(i)ti(Xﬂ) — @, (X7)

0<i<N

by, (X7) — @y, (XT)

p} +E { sup )Q)tl ~ 3, (X7)

0<i<N

1)

it remains to calculate the error for the first term. Regarding the basket lookback
options, we can set & = x and 6 = 4, since the value of D, (X ™) also lies on the grid

I. As a result, for any i and X™, &, = @, and error is

E { sup ‘CDt — 3, (X7)

0<i<N

| <8 | s 10 - xmor].

0<t<T

The error corresponding to basket Asian options requires more computation, starting

with rewriting the scheme as

. . A n tivr S
Oy (X7) = 0 (X7) + )y / X™(s)ds + ¢, Po(X™) = Bo(X),
- t;

Ci = PrOjEI)lo)(X) <¢t1> - q)tiﬂ (I)ti = Cpti (Xﬂ) + Z wj/ XW’J(S) ds.
j=1 ti

~ & _ r+1
As (; <0+ S (::;EX” 1113, —oo(x)|>rs): We are able to show that
E { sup ’@t ~ 3, (X7 ]
0<i<N

< CP(NS)p + Cpr(/%g)—rpE |: sup |(i)t1 _ (I)o(X)|p(r+1):| ’

0<i<N

whereas the moments of &, — ®(X) is bounded if we consider the inequality
0 [ & . e
Projy” | @, — Po(X) + ij X™(s)ds
j=1 ti
<> [

(iti+l - CDO(X)’ S

X”’j(s)‘ ds.
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3.5.3 Impact on the backward component

Lemma 3.5.6. Let ® be constructible with functions g and g and let m: 0 = t5 <
ty < --- <ty =T be a partition with h; = t;.1 — t; and h = sup; |h;| < KN~ for
some K > 0. Let X satisfies [A2], we introduce the following forward processes

b,

X7) 1= Projy) ey (g(ti tisn, @ (X7), X", ,0), Po(X™) = Bp(X),

X7y = Projy, (X740t XDhi + 0 (6, X7)AB,) - X7 = X,

7

i+1(

we obtain the following implicit scheme based on quantization

V=BV, | F| O (6B V5527

. " . AB,,

T . T R R .__ t;
Z ._E[ ™ HE | ﬁti] =0, (h—) (3.47)
V=g (cﬁm(f(”),f(;;) , Zy =0

Then, the process (Y7, ZF, &, (X™), X7) defined in equation (3.47) is a Markov

process.

Proof. XT is a Markov process by construction. Meanwhile, there exists a sequence

of transition kernels (P;)N ;' such that
E [F (ci)ti+1(X7r>’XZr+1> ‘ gtzi|
(1 T\ YT e
=E [F (PTOJ;D)(X)(Q(QJHM‘Dtm(X )vX ﬂ[t1,t¢+1])aXz‘+1> ‘ ytz]
= [ PP (). XD, ),
R x R4
for any Borel measurable F' : R x R? — R.
Regarding the backward components, we write YT = u™ (t;, &, (X™), X7) and ZF =

o™ (t;, @y, (X™), X7) and apply induction starting with N. Given (Y7, , Z7,,) that can

be written in to borel functions of (;, ®,(X™), X), the representation of ZT in terms

of Borel measurable functions v™ can be proved easily. By definition,
Vi = hif™ (fz»ﬂﬂ(ti,(i’ti(Xﬂ)aXfH)»Uﬂ(tu(i’ti(j(w)af(f) :
+am(t,, Dy, (X’T), X”) (3.48)
0 (b, b1, (X7), X70) = B [0 (b, B, (X7), K7,0) | €, (X7), K7
as we required. O
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By observing that @, (X™) and X7 only take discrete values, the above lemma al-
lows us to compute the conditional expectation explicitly via computing the values v™
and u™ on the grid. Implementing the discrete structure of ABti, (3.47) is equivalent

to

Corollary 3.5.7. Under the same condition as in Lemma 3.5.6, (YT, ZF) within the

numerical scheme (3.47) has the representation

( Azﬂ?ZAzﬂ) = (uﬂ <tia®ti(Xﬂ)7Xiﬂ> 7U7r (thq)ti()zﬂ)a)%iﬂ))

~

for some Borel-measurable functions u™,v™. For any (z,y) € I' x T,
(yiTr‘fbti(X”),XZ’)Z(m,y)?Zf’@,gi(f(”),)zzf):(x,y)> = (" (t;, 2,y),v" (i, 2, y))
such that (u™(t;, x,y),v™(t;, x,y)) is computed by

uﬂ(tiwru y) = aﬂ(tiv xvy) + hlf(n)<tla ﬂﬂ(tiv xvy)a Uﬂ—<ti7‘r7 y))?

M

v (t,x,y) = Zu” (ti+17 ijgo) (9 (ti tiva, z,y, w™ (i, y, hiy 25)))
j=1
M

- T (1 ™

U (ti7xa y) = Zu <ti+17 P?”Oj((bg (g (tiati-‘rl)xu Yy, w (tw Y, hia Z]))) ’
j=1

wTF(ti?ya hmzj))pj’
UW(tN,[L',y) :g(xay)v Uﬂ(tl\”xay) =0,

where p; =P (GM (%) = zj> and

wﬂ(tia Y, h’i7 ZJ) = PTOon (y + b(tlv y)hl + 0<ti7 y) \/EZJ)

We revisit the case of basket lookback option and the case of Asian options to

conclude the convergence rate.

Theorem 3.5.8. Assume m : 0 = to < t1 < --- < ty = T is a partition with
hi = ti1 —t; and h = sup; |h;| < KN~ for some K > 0. Moreover, the assumptions
and the choices of parameters R,n, o are inherited from Theorem 3.1.53. Suppose the

number of grid points (of discretising Brownian motion) M is at least of order
da d
M~ O (N2 sup \hﬂ‘?) :
Let p > 1 be fized and consider (Y™, Z™) defined in (3.47).
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(i) For basket lookback options, we have

E { sup | VT — Yti|2p} < C sup hi_pM_%p + CN?*§% + C.N?P (k)P

0<i<N 0<i<N

1 p
+ C,hP In (E) + Coprceh?,

N-—1 tiv1
E Z/ |27 — Z,|>ds| < C sup h;'M~i + CN?6* + C,N*(k6) >
i—o Jti 0<i<N

1
+ Chln (E) + Ca,K,eh-

(ii) For basket Asian-type options,

E [ sup | V7 — Y, |?| < C sup h;pM_%Tp + ON?§% + C.N?*(k6) P

0<i<N i 0<i<N

+ Co(NO)? + Cp o NP (i:0) ™2 + Clyp . cIP,

E

0<i<N

N-L1 ot . i
> / |27 — Z,>ds| < C sup h;y'M~i + CN?6* + C,N?(k8)™
i=0 Yt i

+ C(NJ)? + C.N?*(#0) > + Cy g ch.

Proof. This result can be obtained by the application of Theorem 3.3.5, Theorem
3.1.3 and Lemma 3.5.5. The mean of HE is controlled by

. | i 1
= ‘IE [Hﬁ” <—E HABti _AB, M4,

7

} <Cigq

where C 4 is the constant related to the quantization of Gaussian random variables.
A sufficient condition on M to satisfy [A6](ii) is

1 1 Ne
M iCN“<1 = Mi>——
N = = CraCVhi

1

Moreover, for M ~ O <N% sup; |hi|_g>, M~ sup,(h; ?) = O(N~z), which satisfies

the the constraint in Lemma 3.5.4.

;L. (n) <Chig

As the error can be split into

E | sup |a>f—m2p] <c, (E{p W—Wﬁ] +E{sup w;f—ym?p]),

0<i<N 0<i<N 0<i<N

we focus on the latter term and plug in the expression of AJ}}{,, (jZ as in

(2

F=E Vi (R - oY) | 7] (3.50)
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into Theorem 3.3.5 to derive

. o L Nl 2
| swp 197 - 7] <Gy | B Ay 4 (Z rcﬂ?m)
=0

0<i<N

L

<¢, (LE s 1570 - X7 |

0<t<T

*

1
2pq* ] 2¢F
2

< Cp ( sup hi_pM_%p+CN2p(52p+C,,N2p(/Q(S)_2Tp+ Sup hi_pM_Zf>

0<i<N 0<i<N

N—-1
+E (Z 1978 g | F1 — HE
=0

=G ( sup h; "M~ F + CN#6™ + CTN”’(/&)W) :

0<i<N
where we have used the fact that

AB, AB,

" . < Crav/hiM.

E HHf—Hﬁ

<

Meanwhile, we apply our result on Y to derive the error appears in Z-component

N-1
E Y |27 - Z7Phi| < C ( sup hy "M~ + CN?6* + OTNQ(/«F)‘QT>
=0 0<i<N

N—1 2
3 (z 57 BT an?hz-)
1=0

<C < sup h;'M~i + CN?5? + CTNQ(F@(S)‘”) .
0<i<N
Regarding the convergence error on Asian-type options, the only difference within

the argument is adding the error of new grid. O

Assume we have a uniform grid, then the requirement on M is it is at least of order

O(N%). We can sce that the optimal choice of M is of order O(N), § = N~2 and
3
2
of grid is k™ x &k for Asian options, while the grid size changed to x*™ for lookback

5= N2, Suppose r = 2, we then choose Kk = Ng, and # = N3. The total number

types of payoff (depending on the definition of the option). As O(M) computations
is required to compute the value for one grid at time ¢;, the overall complexity for

Asian option is O(number of grid x M x N), where

complexity = O <N%(m+1)> x O (N%) x O(N).
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In particular, if d = m, the computation cost is of order = O <N %(dﬂ)), which

is enormous especially when d is large. Due to the restriction on k, the complexity
5+€

must be at least of order O (N 2 (d“)), provided kd = O(N%E) for some € > 0.

3.6 Numerical experiments

This section is devoted to demonstrating the effectiveness of our scheme, through
a series of numerical examples. For simplicity, m = d = 2 will be fixed. Given
a standard Brownian motion B; = (B}, B?), we consider the forward process as a

geometric Brownian motion
dX} = r X} dt + o1 X} dB},
dX}? = ro X7 dt + 02 X7 (pdB} + /1 — p2dB}), (3.51)
Xy =25 €R, X§ =15 €R,

such that the explicit expression for X; is given by

1
th = X& exp <(7‘1 — 50%) t+ U1Bt1> )

1
X? = X exp <(T2 — —ag) t+ oo (thl + 1 —pQBf)> .

2

As a classic example, we consider f to be a quadratic function of Z.

Example 3.1 (Square driver f). Let f(t,y,z) = %|z|* for some a € R, the BSDE is

2
then
T, T
Y :§+/ 3 |Z,|? ds —/ Z, - dB, (3.52)
¢ ¢

Three types of bounded terminal conditions are considered, namely

1) (sin payoff with an integral) £ = a(sin(X7 + X7) + sin(55 fOT X!+ X2du)),

2) (Put payoff with an integral) £ = (K — 57 fOT X+ X2du)t,

8) (Put payoff with infimum) & = a (K — infoc,<p{ X}, X2})7.

As a consequence of the Cole-Hopf transformation, we convert equation (3.52) in
Example 3.1 to (Y, Z) = (exp(aY), aexp(aY)Z), where

~ ~ 2 ~ ~ ~
dY; = a¥, (—%|Zs|2ds + 7, st) + %YS|ZS\2ds =7, dB,, Yr = exp(af).
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This is a linear BSDE such that Y is given by

Yy = Elexp(ag) | #4],

Y, = o (Efexp(at) | )

Meanwhile, assuming & € D2, Theorem 3.2.5 implies

Elexp(al) D€ | F]

=

Elexp(ad) | 7]~ 7"

_ E[exp(a&) Dof]

Elexp(ag)]

Yo = o n (B fexp(ag)).

Hence the exact solution can be simulated directly by Monte-Carlo methods.

Figure Figure 3.1, 3.2 | Figure 3.3, 3.4 | Figure 3.5, 3.6 | Figure 3.7, 3.8
(X, X3) (1,1.2) (5,6) (5,6) (1,1.2)
(r1,72) (0.1,0.05) (0.1,0.05) (0.1,0.05) (0.2,0.4)
(01,09) (0.5,0.4) (0.4,0.3) (0.4,0.3) (0.6,0.3)
p 0.6 0.4 0.4 -0.3
a -1 —0.2 —0.2 2
Type sin Put, K =8 Put, K =8 Put, K =3
Path Integral Integral Integral Minimum
a 2 2 2 -2
r 1 ; ; :
Method Quantization Quantization Regression Regression
o 0.4 0.4 0.4 0.4
Timestep | N =4,8,...,20 | N=4,8,...,20 | N=2',...,20 | N =22 28

Table 3.1: Summary of parameter choices corresponding to Example 3.1

Example 3.2 (Utility example). Consider a world with three different type of assets,
including a tradable risk-free bond with zero interest rate, a tradable financial index

P, and a set of observable but non-tradable assets S = (S*,S5?). For all i € {1,2},
their dynamics are given by

t t
Pt:P0+/ ut’ P, ds+/ (c"P,) - dB,
0 0

t t
:P0+/ uPPSds+/ P&t - A - dB;,
0 0

t t
Stl:SéJr/ r15;d5+/ SiatdBl,
0 0
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t t
$=S§+/rﬁ&b+/xﬁﬁ<mﬁﬁ+dl—fdﬁ>
0 0

0
where A =

p V1-p?

Let ®(S) = (K — 5= fOT St+ 52 du), which is the payoff of a claim written on S

and (Y*, Z*) is the pair which solves

T T T

Y = A®(S) +/ 65 ds +/ f(s, Zs)ds —/ (Z2) - dB,,
0 t t

P2 P

B U L IS iy

) 2= S

v 2
2|2

f(s,2) = =2 l=I +

Suppose the claims pays ®(S) at time T > 0, the utility indifference price of such
a claim at time t, denoted by U7, is the difference Y,* — Y. The hedging strategy 11,
which demonstrates the value of extra investments due to purchasing \-units of the
deriwvative at time t, is —%.

We remark that the driver in the Example 3.2 is Lipschitz when there is only one
asset S and quadratic in Z when d > 2. For further details on utility indifference
pricing when the utility is an exponential, we refer to [40]. The relevant parameters
that are used in testing with Example 3.1 and 3.2 are listed in Table 3.1 and Table
3.2 respectively.

Both quantization and regression methods are implemented for the numerical
scheme for QBSDE. Moreover, we set the partition 7 : 0 =ty < --- <ty =T to be
uniform i.e. ¢; = JWT for all 0 < j < N. We will plot the error for computing (Yp, Zo)

when the explicit solution is known.

3.6.1 Quantization

Two tests have been performed to validate the quantization scheme. In both scenarios,
we consider Example 3.1 and pick M = 1000 as the number of supported points'’
in the discrete random variable that serves as the replacement to the 2-dimensional
Gaussian random variable. Moreover, we set kK0 = o = % and choose r = %.

Setting (X}, X2) = (1,1.2) with (ry,7m2) = (0.1,0.05),0 = (0.5,0.4) and p = 0.6
for the forward SDE, the terminal condition £ of the BSDE includes a sin-type payoff

10The optimal quantization grids for multi-dimensional Gaussian random variables are listed
on http://www.quantize.maths-fi.com/gaussian_database, without extra costs. However, for
multi-dimensional random variables, the size of quantization grids is less than 1450.
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Numerical Scheme for BSDE - Error
quantization = 1000, payoff type: sin
run time: [0.437 2.35 6.06 22.1 94.8 194 600 1.11e+03 2.87e+03]
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Figure 3.1: Error analysis for sin type
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Figure 3.2: Estimation of Yy, Z;, Z2 under sin-type payoff using quantization methods

with a = 2, T" = 1 and depends on the integral of the trajectory. The truncation
parameter is o = 0.4, which satisfies the requirement, leading us to the convergence
rate of roughly O(N~2) in (Y, Z), as in the log, - log, plot (Figure 3.1). The result of
our experiment over-performs the predicted rate, O(N ’%). As the terminal condition
is a smooth functional and belongs to D°°, it might be possible to apply Taylor
expansion carefully to obtain a sharper rate.

A maximum of 20 timesteps is used when we carried out such experiment, since
the computational time rises from 0.4 seconds to 2870 seconds, as we increase the
number of timesteps N from 4 to 20. The rise in computational time is attributed to
the rise in the number of points in the space discretisation. Figure 3.1 suggests the
error starts increasing from 27° after the N = 16 instead of reducing as in the theory.

However, this phenomenon is caused by the quantization error, which is of order

O( \/110%). When N = 16, the quantization error accidentally offsets the discretisation
error, which improves the final precision.

Now we consider the same setting as the last example, except p = 0.4, T = %, a =
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Numerical Scheme for BSDE - Error
guantization = 1000, payoff type: Put
run time: [0.381 1.53 6.41 20.9 73.6 171 419 970 1.99%e+03]
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Figure 3.3: FError analysis for Lipschitz payoff, log-log
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Figure 3.4: Estimation of Yy, Z}, Z2 under Put type payoff using quantization meth-
ods

—0.2, Xo = (5,6) and the terminal data is a Put payoff with an integral. Fixing
K = 8§, the convergence is even faster than the sin example, but the fluctuation
appears in approximating the Z-component when N is large. The variance of X
with Xy = (5,6),0 = (0,4, 0.3) is significantly larger in contrast to the first example,
therefore we need to trade-off between capturing the heavy tail of X and reducing
the gap within the grid. A finer grid is more efficient when the number of timesteps
is large, as k0 = N 3 is sufficient to cover most of the density of X. On the contrary,

the tails will contribute a significant error, when N is small.

3.6.2 Regression basis

The regression of basis method, which is widely accepted in this area (see [61, 91]),
provides an alternative approach to approximate the conditional expectation. The
overarching idea is based on the fact that the conditional expectation E[F'|¥4] where

F € L? and ¢4 C % is sub-o-algebra, is equivalent to the projection of F in
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Numerical Scheme for BSDE - Error
MC samples = 80000, payoff type: Put
run time: [2.93 6.45 9.69 17.8 40.9 T1.4]

= 3 = Errorof ¥,
k. Nt"“:* - 3 = Errorof / 1
X Error of Z5
1 o Gradient -1.2 |
- \{“M\ Gradient -1.2
2 : o Gradient -1 i

Error size, log, scale

-9 I |

Number of step size, log, scale

Figure 3.5: Error analysis for (Y, Zy) with Asian Put type payoff
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Figure 3.6:

Estimation of Yy, Z3, Z2 for Asian Put type payoff, using regression
techniques

L*(Q,9,P). If there exists a basis {e;}; for L*(Q2,%,P), the conditional expectation
E[F | ¥] is a linear combination of the basis {e;};, which minimises || F' —E[F'| 4]|| 2.
Replacing the expectation operator E by the average of M Monte-Carlo samples, a
numerical scheme is obtained accordingly. To compute the conditional expectation,
the coefficients associated with the basis is deduced by regression, which minimises the
L2-error for samples 1,..., M. A recent development in this technique is [1], where
the author proposed two correction methods to reduce the variance of estimating the
Z-component in the context of smooth Markovian BSDEs.

The quantities (Y;7, ZT) are both adapted to the filtration .%;,, which suggests

that a desirable basis must be able to span L*(Q,.%;,,P). Verifying the feasibility
and the performance of the basis is an obstacle except for a few cases, such as the
indicator basis which discretises R™*! by cubes. The polynomial basis, which is a
popular choice, is used in this subsection and we assume that the error due to the

basis is negligible compared to other forms of the error. Throughout this subsection,
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we fix M = 80000 as the number of sample paths, such that the Monte-Carlo error
is of order O(27%).
We test the regression method with the second example that is used in the quan-

tization technique: Xy = (5,6),7 = (0.1,0.05),0 = (0.4,0.3),p = 0.4,a = —0.2,a4 =

2,T = 1 and K = 8. To obtain an error of O(27%) in the ¥ component, the regres-

sion method requires 17.8 seconds as shown in Figure 3.5, compared to a minimum
of 970 seconds needed in the quantization method. There is also an advantage in

approximating the Z component in terms of computational time.

Numerical Scheme for BSDE - Error Numerical Scheme for BSDE - Modified error
MC samples = 80000, payoff type: Pui MC samples = 80000, payoff type: Pui
run time: [6.16 11.8 21.2 38.7 £3.2 137 265] run time: [6.16 11.8 21.2 38.7 83.2 137 265

Errer size, log, scale
Modified error size, log, scale

Value of ¥

0 50 100 150 200 250 300
Number of step size Number of step size Number of step size

Figure 3.8: Estimation of Yy, Z3, Z2 with lookback Put type payoff, with regression
techniques

Setting Xy = (1,1.2),r = (0.2,04),0 = (0.6,0.3),p = —0.3,a = 2,6 = —=2,T = %
and K = 3, we move to the next scenario, which is a Put-payoff associating with the
infimum of the forward process. Figure 3.7 includes the log, - log, plot for the error
and the modified error against the number of timesteps N. By Theorem 3.1.3, the
error of Y is controlled by O(N~z(log(V))2), indicating the log, error is of the form
—310g,(N) 43 log,(log,(N)) +C for some constant C. If we naively plot the log, error
against the time-step, convergence rate in Y is O(N~°4). Modifying the log, error by
taking away the 1 log,(log,(N)) term, we get the log, modified error'!, which leads

' The modified error does not reflect the true error. The aim of introducing this term is to verify
the order O(N~2 (log(N))2).
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us to the correct plot and coincides with our theory. The drop in convergence rate is

due to the drop in the regularity of £&. As we expected, approximating the solution

(Y, Z) with a terminal condition being Lipschitz with respect to || - [|gec(gm) is more
challenging than estimating the one which is Lipschitz with respect to [| - [|51 gm)-
A\ 1,2,3 | 0.15 | (5%,62) | (0.6,0.15)
(S1,82) | (10,14) | (r1,7s) | (0.05,0.03) | (51,52) | (0.4,0.3)
p 0.4 y 1.2 T :
K 14 M 80000 o} 0.45

Table 3.2: Summary of parameter choices corresponding to Example 3.2

As an application to the utility indifference pricing theory, we consider Example
3.2 with parameters listed in Table 3.2. To evaluate the utility indifference price,
two numerical experiments need to be conducted to evaluate Y,* and Y, respectively,
hence the computational cost is doubled!?. Figure 3.9 demonstrates the impact of
discretising the interval into finer time intervals. In order to simualte the price for
2-units of the claim, the computational cost rises from 20.7 seconds to 1070 seconds
as we boost the number of intervals N = 23,24 ...29 However, we observe N = 128

is sufficient to estimate the value of the 2 units of the claim.

Utility indifference price for 2 units of the claim F SO :
MC samples: 80000 d Hedging strategy for 2 units of the claim

run time: [20.7 39.2 73.9 138 293 576 1.07e+03]
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Figure 3.9: Utility indifference pricing and hedging strategy for 2 units of the claim

Table 3.3 compares the utility indifference price and the hedging strategy'® for
1,2,3 units of the claim. The price for a European derivative with terminal payoff

AP(S) in the classical Black-Scholes theory is linear in the A, since the price is a

12The computational time can be reduced by parallel computing.
13See Example 3.2
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solution to a linear PDE. On the contrary, the utility indifference price is non-linear

in A, while the price difference of an extra claim is decreasing with respect to A.

Units of Claim 1 2 3

Utility indifference price | 1.97 | 3.58 | 4.73

Hedging strategy 4.1 | 76 | 98

Table 3.3: Hedging strategy and utility indifference price of Example 3.2

Finally, we consider the difference between explicit and implicit scheme. Similar
to the choice corresponding to Figure 3.7, we inherit most of the parameters, except
choosing f(t,y, z) = 2max{y + |z — 1|*,3} 4+ ¢|2|* and set a = 1, p = —0.6. We still
observe a reduction in the computational time, as in Table 3.4, even though most of

the computational power is devoted to computing conditional expectations.

N 2 4 8 16 32

Time saved in the ex- | 0.1043 | 0.1756 | 0.1375 | 0.4398 | 0.7327
plicit scheme (s)

Table 3.4: Difference of computational time of the explicit and implicit scheme
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Chapter 4

On distributions of velocity
random fields in turbulent flows

4.1 Introduction

In the past decades, the probability density function (PDF) method, based on the
transport equation, a formal adjoint equation of the Navier-Stokes equation, has
been developed into a useful tool for modelling turbulent flows. This method focuses
on evaluating the one-point one-time PDF p(u;z,t) of the velocity field U(z,t) or
equivalently the centred field U(x,t) — U(z,t). The exact transport equation for
the PDF, which involves the mean of the pressure term as well as the conditional
expectation of the pressure term, has been derived by Pope and can be found in
[76, 77] for details. However, only few features can be extracted from the formal
PDF transport equation for the purpose of modelling turbulent flows. Therefore,
applications of the PDF method have been based on the generalised Langevin model,
where the time-dependent velocity U(t) of a particle at position X () is assumed to
satisfy a stochastic differential equation (SDE).

The main contribution in this chapter is the derivation of the PDF partial differen-
tial equation (PDE) for the velocity random field which is much more explicit than the
formal PDF transport equation. This PDE is a generalisation of Reynolds mean flow
equations, which can be closed by introducing Reynolds stress tensor field. Having 6
dimensions in space (u,z) and 1 dimension in time ¢, our PDF PDE can be regard as
a parabolic-transport equation which has a parabolic operator %815 4+u-V,+rA, in
x and transport operator %3,5 + V- in u. However, the PDF PDE for velocity fields
is a second order partial differential equation which is in general not parabolic due to
the appearance of a mixed derivative term 0,:0,xp. Even this mixed derivative does

not appear in the PDF PDE (which is the case for some turbulent flows which will be
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explained below), the parabolic part in the PDF PDE involves only the variable z,
and therefore even for this case the PDF PDE is highly degenerate. This feature of
the PDF PDE distinguishes itself from the prevalent parabolic PDEs or other types
of PDE theories in the literature.

The PDF PDE that we have obtained, relies on two conditional structure func-

tions, which are the conditional average increment

p(z,y,u,t) =E [U(y,t) — Uz, t) |U(z,t) = u]
and the conditional covariance

o (z,y,u,t) =E [U(y,)U’ (y,t) | U(z,t) = u] .

These conditional structure functions describe the interactions of the velocity random
field at different positions, hence they are natural to appear in the PDF PDE. The
fact that the distribution of velocity random fields is characterised by the conditional
first and second moments is an interesting feature revealed in this Chapter. These
statistical characteristics are local, which have the capacity to determine the PDF
PDE. Moreover, these local statistical characteristics can localise many concepts, such
as homogeneity, isotropy etc, which were introduced firstly by Taylor and Kolmogorov
[53, 54, 85], allowing us to generalise such concepts to their weak versions.

This chapter, which is based on [57], has the following structure. In Section 4.2,
we introduce definitions related to random fields, which are cornerstones of our main
results. The evolution equation for the distribution of the velocity random field of
turbulence over time will be derived, under the assumption that the random field is
regular. The PDE is going to be applied to various types of flows in Section 4.3, in-
cluding both the viscid and inviscid cases. We also obtain a stochastic representation
formula for the solution of the PDF PDE, together with the constraint that ensures
the solution is indeed a PDF for all time ¢ > 0 and position € R3. These theoretical
results are important when we apply the PDF PDE for modelling turbulent flows.
Section 4.4 is thus devoted to an example of modelling the PDF of turbulence, which
has the ability to demonstrate the change of distribution at a fixed position x over
time. This Chapter will be closed by a few remarks in the last section.

Conventions on notation. The following set of conventions is employed throughout
the Chapter. Firstly Einstein’s convention on summation on repeated indices through
their ranges is assumed, unless otherwise specified. If A is a vector or a vector field
(usually in the space of dimension three) dependent on some parameters, then its

components are labelled with upper-script indices so that A = (A%) = (A, A% A3).
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The same convention applies to coordinates too. The derivative operators V and A
are labelled with subscripts to indicate the variable to which the operator is applied,
such as A, = 0,0, and V, - A := 0,:A". Finally, the velocity vector field will be
denoted by U = (U"), unless we specified.

4.2 PDF equation of velocity fields

In this section, we aim to introduce some fundamental concepts on random fields
and to derive the evolution equation for the random velocity field {U(z,t)},:, where
r €R3 t >0 and U(z,t) takes values in R3.

4.2.1 Random fields and their statistical characteristics

Given a random field {U(x,?)},, on a probability space (€2, 7,P), U(z,t) is, by
definition, an R3-valued random variable for every x € R?® and ¢ > 0. The most
important statistical property for understanding a random field is the correlation
function of two random variables, which plays the dominant role in the study of
turbulence [3, 68]. In this Chapter, we however emphasize the use of a few statistical
characteristics based on the conditional distribution. Let us introduce these statistical

characteristics, which we believe are of the most importance.

Definition 4.2.1. Given a time-dependent random field {U(z,t)},, on a probability
space (Q,.Z,P), for v,y,u € R® and t >0, and i € {1,2,3},

1) the conditional average increment function p* is defined as

p(z,y,u,t) =E [U(y,t) — Uz, t) |U(z,t) = u], (4.1)

2) the conditional covariance function o(x,y,u,t) is defined to be the covariance

of U(y,t) — Ul(z,t) given U(x,t) = u,

oz, y,u,t) = cov [(Ui(y,t),Uj(y,t)) |U(x,t) = u] ) (4.2)

From the definition, it is clear that for every 7, the conditional mean function is

of the form
V(z,y,u,t) =E[U(y,t)| Uz, t) =u] = p'(z,y,u,t) + u' (4.3)
and p(x,z,u,t) = 0 for all u, z and ¢. As the Reynolds stress is given by
r(z,t) =E [(U'(z,t) — E[U' (2, ))(U (z,1) — E[U7(z,1)])]
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the conditional covariance function o%(x,y,u,t) can be treated as the conditional
Reynolds stress. These statistical characteristics have explicit representations in
terms of the two-point joint distribution. For our purpose, we assume that the dis-
tribution of U(x,t) for every (z,t) has a probability density function (PDF) with

respect to Lebesgue measure on R?, denoted by p(u;z,t), in the sense that

E [Liv@pery] = /Ep(u;m,t) du  for any Borel set E € %(R?).

Similarly, the joint distribution of U(z,t) and U(y, t) at two distinct points = # y
has a joint PDF, denoted by po(uy,us;x,y,t). It follows that the conditional law of
U(y,t) given that U(x,t) = u possesses the following conditional PDF
pon(vi,2.9.8) = P(U(y,8) = v| Ula,#) = w) = 22000 1)

p(u;z,t)
with pop(viu, 2, y,t) = 0 if p(u;z,t) = 0. In terms of the conditional law, the joint
PDF of U(z,t) and U(y,t) may be split into a product

pZ(ula U2;2,Y, t) = p(ula xz, t)p2|1(U2, Uy, x,Y, t)
= P(U2; Y, t)qu(Ul; Uz, Y, T, t)-

As a result, we are allowed to represent the conditional average difference function

(4.1) and covariance function (4.2) as an integral of the conditional density, namely

Py t) = [ (0= upn(viu ey ) do (44)
R3

and
eyt = [ (=8 (0 =8 panlos ) o
R3

The use of the conditioning techniques is in fact the main reason for advocating
the foundation of statistical fluid mechanics based on the probability theory, rather
than on an average procedure, which was first explicitly proposed by Kolmogorov
[53, 54]. The homogeneity and the isotropy can be defined in general for random
fields indexed by a space variable x € R?, which has been introduced into the study
of turbulence by G. I. Taylor. The local homogeneous and local isotropic flows were
introduced by Kolmogorov for formulating K41 theory (and its improved version K61
theory). According to Kolmogorov [53, 54], a random field {U(x,t)}
homogeneous if for any z,y € R3, the conditional distribution of U(y,t) — U(x, s)

¢ 18 locally

given U(z,s) = u depends on y — x and u, and further it is locally isotropic if the

conditional distribution depends only on |y — x| and w. By using the conditional
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average and the conditional covariance functions, it is possible to generalise these
terminologies to their weak versions. We are now in a position to state technical

assumptions on the random field.
Definition 4.2.2. The random field {U(x,t)}.+ on the probability space (Q, F,P) is

1) regular if the conditional average increment function p has derivatives up to

second order and p(z,y,u,t) has a Taylor expansion (for every x,u and t fized)

about y:
_ E_ _k 1 , J_ 0\ (ofF — F
+0(|y—x|2)
as |y — x| — 0, where
By, u,t) = o pla ) s At = =0 oy t)|  (46)
r,u,t) = —plx,y,u (v, u,t) = ——p(z,y,u .
kL W,y aykp Y, U, y:x’ jk\ Ly W, ayjﬁykp Y, U, y:xa

and B and A are differentiable in x*,u’,t for all i € {1,2,3};

2) weakly homogeneous if givenu € R3¢ > 0, p'(x,y,u,t) = o(jly—=z|) as l[y—z| —
0 for alli,y,x;

3) weakly isotropic if both p(x,y,u,t) and o(x,y,u,t) depend only on |y — x|, u

and t, and AL, only depends on u and t.

The functions Bj, and A’ in the Taylor expansion of the conditional average

increment p'(z,y,u,t) also have the form

oxk

Bi(z,u,t) =E |-2.U(x,t) ‘ Ulx,t) :u} :

OxJ Oxk

w(rut) =E | 522 Ui(xat)‘U(%t)—u}

for i,j,k € {1,2,3}. Moreover, if the {U(x,t)}, is weakly homogeneous, we have
the equivalent characterisation
P+ e® u 1)

Bi(z,u,t) = }:I_I)I(l) . =0

for all i, k € {1,2,3}, where e®) is the unit vector at the k-th direction.
Unlike Kolmogorov’s definition of isotropic flows and homogeneous flows, our con-
cept of weak isotropy has no direct relationship to weak homogeneity. Nevertheless,

a regular locally homogeneous turbulent flow in the sense of Kolmogorov satisfies the
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condition that A%, depends only on u, since the conditional average increment of such

a flow must obey p'(z,y,u,t) = ¢g'(y — z,u) for some function g* and

; 82 gi
Ajk(xa u, t) = W(Oa u)
Moreover, if we further assume the flow is locally isotropic, the conditional average

increment function satisfies p'(z, y,u,t) = ¢*(|y — x|, u) and

_pl<m7 T — Ee(k)a u, t)

, i B) .t
Bi(z,u,t) = lim plozteetut) = lim

e—0t IS e—0t e

is well-defined if and only if B! = 0. Therefore, this turbulent flow is both weakly
homogeneous and weakly isotropic in our sense.

Apart from extending Kolmogorov’s definitions on homogeneity and isotropy, the
significance of introducing these terminologies is they will eliminate the mixed-terms
in the PDF PDE, which will be thoroughly explained in section 4.3.

4.2.2 The evolution equation for the velocity distribution

In this subsection, we derive the main theoretical result, which provides the theoretical
foundation of modelling PDFs of turbulent flows based on two statistical character-
istics. We consider an incompressible turbulent flow, inviscid or viscous, with kinetic
viscosity constant v which is positive for viscous fluid, or v reads as zero for inviscid
fluid.

We assume that {U(z,t)},; is a regular random field. Since U(z,t) is divergence-

free as in equation (2.14), we have for all ¢, k,

o0 . . ) .
Gy @) =0 Bi=0, Ay = Aj =0,

as well as the following integral condition for PDF of U(z,t)

0
ox’

/ u'p(u; z,t) du = 0, (4.7)
R3

which will appear as a natural constraint for the PDF PDE we will derive.
Recall that the Reynolds equation (see [80]) is obtained by taking the average in
(2.13), more explicitly

OE [U'] N i OE[P]
5 +E{U M} = vAE [U'] R
OE[U7] _
o~ 0



The conventional treatment for the non-linear term on the left-hand side is to write
QU* - OE[U ’] 0

E|\U'—| =E |U’ : .

[ Ox } 7] Ox * Ox!

ij

The PDF equation can be obtained by carrying out this computation for the average
E[F(U)] where F : R® — R is set as a smooth function with a compact support,
instead of choosing F(x) = z for each velocity component in the case of Reynold

stress. We are now in a position to establish the most important work in this Chapter:

Theorem 4.2.3. Let {U(z,1)},,
probability space (2,.%,P) and take values in R3. Suppose {U(x,t)}m satisfies the
Navier-Stokes equation (2.13) and the divergence-free condition (2.14), then the PDF
p(u;z,t) of the velocity U(x,t) satisfies the evolution equation:

dp _ ;0p o ( J(pBy)
T PP T By <V Ox*

ot ori
p(u; z,0) = po(u; ),
where py(u; x) is the PDF of the Uy(x) in the random field {Uy(x)}, and

. y' — ot 9% (0% + bIbF)
(z,u,t) = L4 4.9
Qo) = [ et ay, (19

JER3xR be a regular random field defined on the

— vpA' + sz) , (4.8)

apl<x7 y’ u? t)

B, = By

= A, (z,u,t). (4.10)

) and Ai(x,u,t) = Aypi(ﬁ,y,u,t)}

Y=z

y=z

Proof. Let F' € D(R?) be a test function, which is a smooth function taking values in
R with a compact support. For simplicity, we denote F}(u) == 9,: F(u) € D(R?). Ap-
plying 0; on the average E [F'(u)] followed by exchanging integral and their derivative

operator, we have

%E [F(U(x,1))] = /F(U)ap(u;ﬂc,t) du.

On the other hand

d 0
GEIF U 0] =E| 2 FU0) (4.11)
together with utilizing the Navier-Stokes equations (2.13), we get
) _ OWIFWU))  OF(U) U oP
(at ”Am) FO ==z e

Substituting this into (4.11), we obtain that

0
oxt

E { 0 F(U)} =vAE[F(U)] - =E[U'FU)] + Ji + Ja,

at

108



where the first two terms are equivalent to
vAE[F(U)| = / F(u)vA,p(u; z,t) du,
R3

and _8(;]]3 VD)) = /R Fw (_ui%p(u;x,t)> du.

Subsequently, the remaining Ji, J5 are of the form

OF,(U) QU
oxk  Oxk

le—VEl

} . h=-E {Fi(U)aP} |

ox’

The evaluation of J; and Jy requires invoking the joint distribution at two points
together with taking limits. Here we depart from this approach by expressing this
term via the PDF, which allows us to perform similar computations for a general

au’

case. The partial derivative 3- may be written as a limit

Uj(m,t)%U’(:v,t) = Ilzli% EUJ(z,t) Uz + hel t) — U(x,1)) .

Assuming that we are able to take the average under the limit i.e. the dominated

convergence theorem can be applied, we are able to write the non-linear term in terms

of

~ lim ~E (U (2,t) (U'(x + heWD,t) — Uz, t))] =: lim L*(h).

h—0 h h—0

OU?
]
E {U 8x3}

The average appearing on the right-hand side, denoted by L'(h), may be evaluated

in terms of the two-point joint distribution
L'(h) :/ / W py(u, uy; o, x4+ hel? 1) duy du—/ujuip(u;:z,t) du
r3 JR3
= /ujp(umt) V Wpopi (wis u, z, x + hel, t) dul] du
R3
—/ wu'p(u; x,t) du
R3
= / uw!p(u; x,t) [/ (ul — u')pap (ur; u, z, x + heW 1) dul} du
R3 R3
:/ wWp(u;x,t)p'(z, 2 + heW u, t) du,
R3
which follows that
0

__ Jrre] — J Rt .
&W']E [U U} = /Rsu Bi(z,u,t)p(u; z,t) du.
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Now we deal with J;. Writing the space derivatives ‘9?;5 ) gg; as the following limits

lim % (F(U(x + he®, 8)) — F(U (2, 1)) (Ui + he®, t) — U'(x, 1),

where e(!) = (1,0,0) and so on. Taking expectation first, we obtain that

3
1 , A
Ji = —vlim s E / (Fi(u2) — Fi(w)) (uh — u}) paur, ug; z,x + he® ) duy dusy
k=1"R

h—0
o [ Fwim 0 g
=v b u) lim e U,

where

Iwmwzjkm—wﬂmwnwax+haﬂwmu
R3

+/ / (ul — u')po(u; uy, z, 2 + he®™  t)du,.
R3 JR3

Using the conditional probability notation that we introduced, we may write this

as

I (h) =p(u; = + he™, 1) / (uy = u)paps (us; u, @ + he®, 2, 1) duy
R3

() [ (= (urs -+ he®, 0

R3

:p<ua T+ he(k)7 t) (pz(x + he(k)7 T, u, t) + pl(x’ T+ he(k)) u, t))
— (Pl + he®, 1) = p(us 2, 0)) (o, + he®, 1),

The last equality is a result of applying (4.4), which converts integrals into conditional
average increments p'. As a consequence of the regularity condition on the random
field, we make use of (4.5) to deduce

Pz + he® z ut) + pi(z, x4+ he® u,t)
= {B,i(:r;, u, t)h + %Azk(x, u, t)h? + 0(h2)}
+ {—B,i(q: + he™ u,t)h + %A;k(ag + he™ u, t)h? + 0(h2)}
= (Bi(z,u,t) — Bj(x + he®™ u,t)) h + % (Al (z,u,t) + Al (4 he®™ u, 1)) h?
+ o(h?)
and therefore
lim %I”“(h) = —p%B}€ +pA" — %B,@

110



9 . .
= —@(pBi) + pA'.

We perform integration by parts to derive

Jy = 43F(u) {_aii (,, [—%(pB,i) +pAZ‘D] du.

Next we handle Jo. Applying the representation (2.15), we arrive at
oP _/ yi—at *H(UIUY)

. d
Ot Y,

e 4mly —x* OyFoys

yi _ $i aZ(UjUk)
=-E |F, — dy| .
% [ v) /]R?’ dnly —alP ogray Y

which implies

Writing the derivative in terms of

O*(UIU*) (. . . .
2 7 lim =4 7 (k) () k (k) ()
250y }lg% h2{U (y+ h(e™ + V), ) U (y + h(e™ +eY)),t)
— U/ (y + he®, t)U*(y + he™, 1)
- Uj (y + he(j), t>Uk(?J + he(j), t) + Uj(ya t)Uk(ya t)}
and using the two-point PDF by integrating then taking limit as h — 0, lead us to
i — 92 N
J - - Fz ~<]J d d )
’ /Rs ) [/R& drly — x> dyray y} ¢

where the integral Jgk has the following form

7= [ gt iy, 0
R3

ZP(U§$7t)/ U{Ulfp2|1(u1;uaxvy,t)dul
R3
= p(u; z,t) (7" + V) (2, y,u,1),

through using equations (4.1, 4.2). Therefore, substituting this into the equation for

Jo yields

= /Rs F(u)% [p(u; 2, 6)Q"(x,u,t)] du.

Putting all terms together, we deduce that

/Rs F(u) ( 0 (Va (»B;) (z,u,t) — vp(u; 2, t) A"z, u, t) + p(u; 2, 1) Q" (z, u, t))

ou oz
+ (O +u-V,—vAy) plu;z,t)) du =0

for all such F' € D(R3). Therefore, we must have (4.8). O
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We finish this section by adding several comments. The PDF PDE (4.8) may be

written as

0 .0 0 - Op :
—+u'— —vA, |p=— |vB=— +pC" |, 4.12
(aﬁ“axz v )p o (” Fouk TP ) (4.12)
where for simplicity we introduce the following vector field
i oB;, i i
"= vk T vA"+Q (4.13)

for i = 1,2,3. The equation (4.12) is a mixed type of parabolic and transport PDE.

The parabolic operator in variables (z,t)

is independent of fluid flows, which is a significant feature.

Although the PDF PDE (4.12) appears to be linear in the PDF p(u;x,t), it is
much more complicated than it looks. In particular, the coefficients A, B and @) are
functionals of the conditional average and covariance functions, which are in general
not determined by the PDF p(u;z,t) alone. Therefore the PDF PDE (4.12) is not
a closed partial differential equation. The significance of the PDF PDE lies in the
fact that if the statistical characteristics p and ¢ are considered as given, which will
be the case for modelling turbulent flows, then the PDF PDE is a partial differential
equation of second order, though mixed type of parabolic and transport in general.

Nevertheless, the PDE (4.8) is a challenging obstacle even if A, B, @ are all con-
sidered as given. The function B can be understood as the mean velocity gradient at
(x,t) conditioning on the velocity vector at (z,t), which brings the mixed derivatives
0,i0yxp, while the corresponding diffusion matrix (D;;)1<; j<¢ collecting the second

order terms is of the form

0 1<4,j<3,
vBi, 1<i<3,4<j<6,
vBl, 1<;j<34<i<6,
Vg 4<i,j<6,

Dij -

if we consider (u,x) as a whole. The matrix D;; is not necessarily symmetric and
not non-negative definite even if it is symmetric. It poses a challenging mathematical
problem developing a theory of this kind of mixed type partial differential equations
to facilitate the modelling of turbulent flows based on the PDF PDE.
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4.3 Application to turbulent flows

As we have seen, our PDE (4.8) does not fit into any existing categories of PDE
theories. However, functionals A, B, ) will be derived, if the conditional statistics
can be obtained or estimated through practical experiments. Therefore, tracking the
PDF of the turbulent flow is equivalent to measuring or modelling the conditional
mean and conditional variance, followed by solving the PDF PDE (4.8) using some
numerical methods. This brings a new approach to the modelling of turbulent flows.

In this part, we establish some mathematical tools for the purpose of modelling
turbulence based on the PDF PDE.

For convenience, let us introduce the following technical assumptions on a function

f.

Assumption [A8]. For a function f(x,u,t) which is uniformly continuous in t, there
exist constants Ky, Ky > 0 such that

for all z,y,u,w € R and t > 0.

Assumption [A9]. The function f(u;z) with u € R* and x € R?® is continuous and
has up to polynomial growth in (u,x).

4.3.1 Weakly homogeneous and weakly isotropic flows

When the viscous incompressible flow is weakly homogeneous, the mixed-derivative
term disappears and the PDF PDE is simplified to

0 ;0 0 ;
(a+uaxi_yAx>p_8ui (pC’),

p(u; z,0) = po(u; x),

(4.14)

where C' = Q — vA, A and @ are given by equations (4.9) and (4.10) respectively.
By the definition of B, a weakly homogeneous flow has the property that the velocity
gradient condition on the velocity vector at the same location is a centred random
vector. The weak homogeneity allows us to state the representation formula, which

provides a useful tool when we model weakly homogeneous turbulent flows.

Theorem 4.3.1. Given the explicit form of C, we suppose that C' satisfies assumption
[A8] and po(u; x) satisfies assumption [A9] respectively.
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1) Let p(u;x,t) be the solution to equation (4.14). Assuming p has up to polynomial
growth in (u,x) and p € CH*1(R3 x R3 x [0,T]) with some fized T > 0, the

solution p is unique and possesses the following representation form
pu;z,t) = Epo(Y(t); X (2))q(t)] (4.15)

where for any given t € [0, T] and (x,u), (X,Y,q) is the unique strong solution
to the system of SDEs

dX'(s) = —Y'(s)ds + V2vdM'(s), X(0) =z,

dY'(s) = C'(X(s),Y(s),t — s)ds, Y(0)=u,

and -
dg(s) = Q(S)W

fori = 1,23 and s € [0,t], associated with M = (M", M? M?) being the

Brownian motion in R® with M(0) = 0 defined on some probability space.

(X (s),Y(s),t—s)ds, ¢(0)=1,

2) The equation (4.15) is the unique viscosity solution to the PDF PDE (}.14).

Proof. 1f C'is Lipschitz, the previous system of SDEs for (X, Y") has a unique solution
(X,Y) and ¢ is given via the exponential function. Notice (X,Y,q) depends on
(z,u) as well. Let 0(s) = (Y (s); X(s),t — ), n(s) = (X(s),Y(s),t — s) and denote
Z(s) = p(0(s))q(s). According to Ito’s formula,

AZ(5) = qs) 52 (B()AY"(5) + als) S (B()AX"(5) + a(s)wAp(0(s)) ds
— a() 2 (0() s + pl6(5)) dal)
= (P50~ w6061 G (05D~ SNV
FABOE) — TL0(5) ) ) s+ VErg(s) 22 0() A ()

0 .
= V2uq(s) 55 (0(s)) dM(5)
it follows that (Z(s))scpo,q is a local martingale

dp
oxt

Z(s) = Z(0) + V2 / a2 () i),

which associates with an increasing sequence of stopping times {7, },>0

T, = min{t, inf{s >0 : |(Y(s), X(s)) — (u,z)| > n}}.
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After taking expectations and utilising the continuity and growth condition of p, we
apply the dominated convergence theorem to obtain

plu;z,t) = Z(0) = lim E[Z(n,)] = E[Z(1)],

n—oo

which coincides with the representation formula.

Regarding the second part 2), we introduce functions C%(z,u,t) and pg.(u;z),
which are smooth functions (e.g. obtained from convolution with mollifiers) and
converge to C, po uniformly on compact sets. We further define the system of non-

degenerate SDEs on the time interval [0, ¢]

dX?(s) = —Yi(s)dt + V2 dM(s), X.(0) =z,
dY(s) = CH(X(s),Yi(s),t — s)ds + v/edM'(s), Y(0) = u,

and bounded process (¢=(5))sefo,4

oC*
ouk

Consider the following parabolic PDE

dQE<S> = qz—:(s) (X(S)v Y(S>7t - 5) ds, QE<O) =1

o .0 o,
(E‘FU%_VA:p_gAu)pE_%(pscg)u

pe(uv x, t) = p075<u; $),

it admits a unique classical smooth solution p. with |p.|(u; z, )| < v exp(y1 (|u>+]|x]?)
for some positive constants 79,71 by [29, Chapter 1, Theorem 12]. Moreover, the

solution possesses the representation

pe(u; z,t) = Epoc(Y(t), X())q-(t)] |

if we make use of 1). Applying Burkholder-Davis-Gundy and Gronwall inequalities

and routine arguments for stability of SDEs, we have

E | sup |(Ye(s), Xo(s)) = (Y(s), X(s))]| =0

0<s<t

as ¢ = 0. Therefore, at least through a subsequence, (Yz(s), X.(s)) = (Y(s), X(s))

almost surely, leading to

pe(usz,t) = E[poe(Ye(t), Xe(t))g=(t)] — E [po(Y (1), X (1))q(t)] = p(u; z, 1),

uniformly on compact sets. Therefore equation (4.15) is a viscosity solution by Propo-

sition 5.9 in [89], whereas the uniqueness follows from [48]. O
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The PDF PDE (4.14) boils down to a degenerate parabolic PDE after the weak
homogeneity has been applied. Apart from solving the PDE, the stochastic represen-
tation (4.15) offers a route to numerically solving the PDE. The PDE (4.14) has 6
dimensions in space and 1 dimension in time, which is a challenging task for classical
finite difference methods due to the size of grid in space. Instead, we can simulate

the solution based on Monte-Carlo methods directly.

Remark 4.1. Moreover, the stochastic representation formula can be extended to

non-weakly homogeneous turbulent flows. Indeed,
plu;z,t) = E [po(Y (); X(2))q(t)],
is a solution to (4.8) subject to the system of SDEs
dY'(s) = C'(X(s),Y(s),t — s)ds, Y(0)=u,
dX'(s) = =Y'(s)ds + V2vdM'(s), X(0)=u,

with C* = y% —vA"+ Q' for all i € {1,2,3} if we impose the following condition

on p:
Oui (B'(x,u,t) - Vyop(u;z,t)) = 0.

We are now in a position to verify the solution of our PDF PDE (4.14) is indeed
a PDF. That is, it must carry two properties, including positivity and the mass
preservation property. It turns out that under some technical assumptions, the mass

preservation property is equivalent to the divergence-free condition.

Lemma 4.3.2. Let C' be a given function which satisfies assumption [A8], while
po(u; x) satisfies assumption [A9]. Let p(u;x,t) be the solution to equation (4.14).

We have the following statements:
1) If po > 0 then p(u;z,t) > 0.

2) If we further assume there exists m > 1 such that limyy e po(u; x)u|™ =
uniformly in v as |u| — oo, then limy o p(u; x,t)|u|™ = 0 uniformly in x.

Moreover, if m > q+ 3 for some q > 1, then [, |ul?p(u; z,t) du < co.
8) Suppose po also satisfy the conditions in 2) and [4s po(u; x)du = 1, we have
Jgs p(us x,t) du =1 for all x,t if and only if

0 ( . —
o /R3 u'p(u; z,t) du = 0. (4.16)
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Proof. 1) follows directly from the stochastic representation formula (4.15). To
deal with 2), let Y(s;u) and X(s;u) denote the solutions to the SDEs in Theo-
rem 4.3.1, while we put u in the representation of X,Y to emphasize their depen-
dence on the initial data u. As a result of the Lipschitz condition, we deduce that
|C(X (s;u),Y (s;u),t —s)-Y(s;u)| < 5K (1+]Y(s;u)]?) for some K > 0. Introducing

scalar processes Z(s;u) == |Y (s;u)|?, a(s;u) and B(s;u):
dZ(s;u) =2C(Y (s;u), X(s;u),t —s) - Y(s;u)ds,
da(s;u) = =K (1 + a(s;u))ds,
dB(s;u) = K(1+ B(s;u)) ds,

with a(0;u) = B(0;u) = |Y(0;u)|* = |ul?, Z(s;u) must satisfy the inequality a(s;u) <
Z(s;u) < B(s;u), since we are able to make use of the comparison theorem (see for

example, [65]) and
—K(1+ Z(s;u)) <2C(Y(s;u), X(s;u),t —s) - Y(s;u) < K(1+ Z(s;u))
for all Z(s;u) > 0. Therefore
Z(s;u) € [exp(—Ks)(|ul* + 1) — 1, exp(Ks)(Jul* + 1) — 1].
Applying the dominated convergence theorem, we get

‘llim Ip(u; x,t)||u]™ < exp(Kt)E L l‘im |po(Y (t;u); X (¢, u))||u|™] = 0.
u|—oo Ul—>00

Recall that po(u; z) has at most polynomial growth in (u,z), i.e. po(u;x) < L(|ul' +
|z|") for some [, L > 1. Denoting B(0, R) as the ball centred at the origin with radius
R > 0, the moment bound can be obtained by

lp(us 2, ) du < / ot exp (K8 E |V (s: )] + |X (55 0)]'] du
B(0,R)

1
+/ [u"p(u; z,t) ———du
R3\B(0,R) |u|m=a

< 00,

RS

where R is chosen large enough such that |u|"p(u; z,t) < K; for all |u| > R and some
constant K; > 0.

In order to check 3), we consider f(x,t) = [ps p(u;2,t) du. Integrating the PDF
PDE with respect to the variable u, we obtain that

0 9, i
<§—1/Ax) f(z,t) =5 /Rgup(u,x,t) du+/ V- (pC) du,

R3
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f(z,0) =1.
Therefore, [pC| — 0 and the conclusion follows immediately. m

Remark 4.2. There ezists a (viscosity) solution to equation (4.14) when we assume
C is Lipschitz in (z,u) and uniformly continuous in t, but the fact that C* is bounded
in x for all i € {1,2,3} is crucial to part 2) of Lemma 4.5.2. Assuming C*'(y, x,t) =
2a'y’ + b'a’ + c'(t) for some a',b" € R, (a')? > b' and bounded function ¢', where no
Einstein’s convention is applied, the solution to the system of SDEs (Y, X*)T is given

by

Yi(s . u’ s , c(r
( ) = exp (L's) ' +/ exp (L'(s — 1)) ") dr
X'(s) " 0 0
s , 0 ,
+ / exp (M'(s — 1)) dM;,
0 V2v
, 2a" b
L' =
-1 0

The corresponding eigenvalues of L' are A\i; = a' + /(a’)? =0 and Ng; = a' —
(a*)? — b, which implies

. 1 —/\171' exp()\ut) + )\211‘ eXp(/\Q’Z't) bl (— exp()\ut) + eXp()\Q’it))

exp (L't) = ————

Agi = A exp(Aqit) — exp(Aa,it) Az, exp(Arit) — Av; exp(Ag;it)

and Y'(s) is independent of u' provided s = % > 0. In particular, a* < 0 and

bt > 0 with (a*)* > b° leads to s > 0, and therefore
plusz,t) = Epo(Y (t); X(£))q(t)]

not necessarily vanishes at |u| — oo for all (z,t) if we only assume po(u;x) — 0 as

lu| = 00 t.e. [pup(u;z,t) du = oo for some t > 0.

We introduce a sufficient condition for the mass-preservation property when C!

satisfies the constraints in the following Lemma.

Lemma 4.3.3. Suppose C, py satisfy condition 2) in Lemma 4.5.2 with m > 2 and
define {U(x,t)}.+ to be the corresponding random field such that U(x,t) has the PDF
p(u;x,t) for all (x,t). If equation (4.16) is satisfied, we have for all (z,t) € R3 xR,

V. E[C(z,U(z,t),t)] = —0,:0,E [U'(z,t)U (z,1)] .
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Proof. We apply u -V, on both sides of the PDE (4.14) followed by integrating with

respect to u, resulting

/R3 (u-Vy) (0 — vAL) pu;z,t) du = (0; — vA,) V. - / up(u; z,t)du =0

RS

as well as

/ (u-Vy)u-Vep(u;z,t)du = / w'u? 0,4 0 p(u; ., 1) du
R3 R3

= 0,1 0B [U' (2, )U (2, 1)] .

Eventually, the right-hand side can be written in terms of

/R3<U V)V - (p(u;z,t)C(x,u, t)) du = /R3 0,V - (u'p(u;z,t)C(z,u,t)) du

_ /R3 V- (p(u;z,t)C(z,u,t)) du
= -V, E [C(% U(Jj,t), t)] )

provided |p(u;x,t)C(z,u, t)u’| — 0 as |u| — oo. This has been guaranteed by the
growth condition on C". O

Remark 4.3. As we only used the growth condition of C' and the fact that p(u; z, t)|u|™ —
0 as |u| = oo, Lemma 4.3.3 is also valid different types flows, other than weakly ho-

mogeneous flow or weakly isotropic flows.

If we further assume the incompressible viscous turbulent fluid flow is both weakly

homogeneous and weakly isotropic, the PDF PDE is a parabolic-transport equation

0 ;0 0 ;
(a +u o VAx> p= D (pC) , (4.17)

where C' is essentially
C'(x,u,t) = —vA'(u,1) + Q'(x, u, 1)

| yi 0% (o9 + bb)
= —pA* t -
v A t) + /R3 drly|  Oykowy

(y, u, 1) dy
depending only on u and ¢ but not on =x.

Corollary 4.3.4. Let C*(u,t) be Lipschitz continuous in u and uniformly continuous
int, for alli € {1,2,3}. Fort >0 and (z,u) € R3xR3, (X,Y,q) denotes the unique
solution to the system of equations for all i € {1,2,3} and s € [0,¢]:

dX?(s) = —Yi(s)ds + V2w dM! X(0) =z,
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dY'(s) = O (Y (s),t —s)ds, Y(0)=u,

and
dg(s) = —als) G r (V(s),t = ) s, (0) = 1.

Suppose p(u;x,t) is a CVLHR3 x R? x [0,T]) solution to (4.17) then
plusz,t) = q(t) | H(z,t,zu)po(Y(t); 2) dz,
R3
where )
1 ‘y—x#—fotY(s)du‘
(4mwt)3/2 e 4t

H(x,t,y;u) =

Therefore if po(u; x) > 0 for every x, then so is p(u;x,t) for any (z,t). If po(u;x) is
a PDF for all x, then p(u;x,t) is again a PDF for all (z,t) if only if the following

constraint holds:

&aﬂ /R3 u'p(u; x,t) du = 0.

Proof. By definition, Y and ¢ are deterministic processes, while X is a 3-dimensional
Gaussian process such that for all £ € #(R?) and s € [0, t],

P(X, € E) = / H(z,s,z;u)dz.
As a result of Theorem 4.3.1,
p(usz,t) = q()E [p(Y(t); X(1),0)] = q(t) g H(w,t,z;u)po(Y(1); 2) d.

The remaining part is a consequence of Lemma 4.3.2. O

4.3.2 Inviscid flows

The modelling of inviscid incompressible flows is significantly simplified comparing to
modelling viscid flow, since the PDF PDE can be solved without imposing the weak
homogeneity or the weak isotropy conditions. As v = 0, the velocity U(z,t) fulfils
the Euler equations, while the PDF PDE becomes the following transport equation

dp ;Op 0

ot T ort  ou (sz) ’

p(u;z,0) = po(u; ).

(4.18)
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Theorem 4.3.5. Suppose that Q'(z,u,t) satisfies assumption [A8], po(u;x) satisfies
assumption [A9] and p € CPVHR3,R3,[0,T]) for some fivred T > 0 is a solution to
the transport PDE (4.18), we have

pu;z,t) = po(Y (t); X(t))q(t) (4.19)

for everyt > 0,  and u, where (X,Y, q) is the unique solution to the following system

of ODEs:
dX'(s) = —=Y'(s)ds, X(0) =z,
dY'(s) = Q" (X (s),Y(s),t — s)ds, Y(0)=u (4.20)
dq(s) = q(s)(V, - Q)(X(s),Y(s),t —s)ds, q(0)=1.
for i =1,2,3. Moreover, if p(u;x,0) > 0 for every x, then so is p(u;x,t) for any
(x,t). If p(u;x,0) is a PDF for all x and po(u;x)|u|™ — 0 uniformly in x for some
m > 1, then p(u; z,t) is again a PDF for all (x,t) if only if the the following constraint

18 satisfied:

9 i
o /Rgup(u,x,t) du = 0.

Proof. The system of ODEs (4.20) has a unique solution pair (X,Y’) and
S 8@@

0 oul

q(s) = exp (

which is a bounded process by the Lipschitz assumption. Let 0(s) = (Y(s); X(s),t —
s), n(s) = (X(s),Y(s),t — s) and define

(X(r),Y(r),t —r) dr) ,

then h(0) = p(u; x,t) and h(t) = p(Y (t); X (t),0)q(t). Moreover for s € [0,t], we have

1(6) = als) (G009 5 + S200) G = L1619 ) +pl6(0) 5
=9 (SE O 6N + FE O 6) = S0 + p(0() G2 0(5)

hence h is constant on [0,¢] and we make use of p(u;x,t) = h(t) to deduce (4.19).
Regarding the positivity and mass preservation properties, the proof is almost the
same as the proof of Lemma 4.3.2; except (4.20) is not stochastic: if py > 0 then
p(u; x,t) > 0 directly and

lm |p(u; z,t)[|ul™ < sup |q(s)] lim [po(Y(¢;u); X (¢ w))[[ul™ = 0.
[u|—o00 5€[0,t] [u[—o00
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Let f(x,t) = [gs p(u; 2, t) du. If py is a probability density, then f(z,0) = 1 for all .
By integrating the equation (4.18) with respect to u, we obtain

0 0 i (0 _
5 (m,t)—axi/Rsup(u,m,t)du—O,

which leads us to the conclusion. O

4.4 Modelling the PDF: a concrete example

On one hand, from the modelling point of view, only those solutions to the PDF PDE
which satisfy the natural mass conservation condition (4.16) can be used as models
of distributions of turbulent velocity fields. On the other hand, from view-point of
PDEs, the mass conservation property of solutions to the PDF PDE imposes a strong
constraint on its solutions. As a matter of fact, most solutions of PDF PDE with given
A, B, Q do not satisfy this constraint. In general, solutions to the PDF PDE do not
have an explicit expression, although our stochastic representations established in the
previous sections may be helpful in dealing with the mass conservation. Consequently,
it brings a next level of difficulty to verify the constraint (4.16). It turns out that
the natural condition that [o, p(u;x,t)du = 1 for a solution p(u;x,t) to the PDF
PDE, which is equivalent to the mass conservation, is a very strict constraint for
whatever the coefficients A, B and () which may be modelled or measured. At least
our experience demonstrates that the explicit PDF solutions to the PDF PDE are
rare and difficult to find. In addition, we see that the PDF solution p(u;z,t) is not so
sensitive for the choices of A, B and @, in the sense that different choices of A, B, Q)
might leads to the same solution. Therefore the PDF PDE together with the mass
conservation constraint is very rigid, and hence is good for modelling the PDF of
turbulent flows. We hope to see further exploration in this direction in the future.
In this section, we study an explicit example to the PDF PDE, where the mixed-
derivative term vanishes in the PDE i.e. the turbulent flow is weakly homogeneous.
The example seems artificial, but as we have explained above, we believe that this

example has relevance to real turbulent flows.

4.4.1 Space homogeneous density with perturbation

For simplicity, the viscosity parameter in this example is set to be v = 1. As the
solution to the PDE (4.14) is solely determined by the initial data po(u; x) as well as

the function C'(x,u,t), we consider the simplest scenario C' = 0. Meanwhile, instead

122



of setting up a common distribution such as Gaussian or exponential distribution for
the initial data, we introduce the following non-negative function: for every z € R3,
let

po(u; x) = au) + Bu)y(z), (4.21)

where «a(u) is a PDF given by

) = \/%31 —eo (—%uTa—lu)

)i_QIL{i:j}, corresponding to the PDF of a centred Gaussian vector with

3
2

independent components. Here, 5 satisfies fR3 f(u)du = 0, and is chosen to be the

with 045 = (

product of reciprocals

1 ul u2 U3
B(U)Z{quﬂ ( ) ’ )617

0, otherwise,

and truncated if u is not in the region I, where [ is defined as

= (e[t < (et (2o

We further set the last function v as

B 30(zt — 1) (xH)? 1 ; cos(z? + %)
(@) = { 30+ 3(22)2 + 2(x%)2 T (_ 3 3o (Z“’ )) NSy

4o |z |? 1 1
exp| ———= )¢ —
P\ 7200 f 36 (varn)®

which vanishes at |z| — co. We select these functions so that the positivity and mass

w

preserving properties are fulfilled, and the initial velocity is a random field whose
marginal density at z is given by (4.21).
By the stochastic representation formula, the PDF of the random field at (z,t)

has the form
plu;z,t) = alu) + fu)E [’y (x —ut+ \@Mt)] . (4.22)

We focus on the PDF in the random field {U(x,t)},; at = (0,0,0) and plot
the graph of p(u; x,t) against u at ug = 0.3 for different time ¢. At t = 3, p(u;z,t)

is discontinuous on the boundary of I as in Figure 4.1. If we compare the density

of p(u; z, %) and p(u; z,0) by evaluating p(u; z, %) — p(u;z,0), we can see the change

of density in the region I. Meanwhile, the discontinuity becomes less apparent on
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Density at uy = 0.3, { = 0.5 Difference at uy = 0.3, i =05 and ¢t =0

PDF density
PDF density

Figure 4.1: = = (0,0,0), t = %

the plot when we increase the time to ¢t = 40. From Figure 4.2, the PDF of U(z,1)
is close to the density of a Gaussian random variable with density function «, even
if the discontinuity still exists. This is due to the fact that v vanishes at infinity
and E[y(X;)] — 0 as t — oco. However, the impact of 8 does not disappear from
the velocity field. There is a strong discontinuity near (§,%,2) on p(u;z,t) when
x = (12,12,12) and ¢t = 40. The PDF at = (12,12,12) is asymmetric and has a
different evolution than the density at the origin, which demonstrates that the impact

B gradually shifts from the origin to somewhere far away as time changes.

4.4.2 Motivation for the construction

The mass-preserving property of the PDE (4.14) corresponds to the divergence-free
condition (4.16), which is difficult to verify explicitly even when we have the stochastic
representation. Apart from describing the motivation for choosing o, and v, we
will demonstrate our solution to the PDF PDE (4.22) satisfies the divergence-free
constraint.

Assuming C' = 0 does not imply that the turbulence flow associated to solution
p(u; z,t) is weakly isotropic. For example, we force the conditional average increment

to satisfy
pi('xa y7u>t> = O(|y - x|3)

when |y — 2| — 0 and to vanish sufficiently fast when |y| — oo, which naturally leads
to A%, = 0. In addition, we let

Pz, y +x,u,t) = p'(z, —y + x,u,t)
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for all 4. If the conditional variance is of the form o/*(x,y,u,t) = ¢+ [[, fijx(vi —

x;, )A(z,u,t), we conclude that

. 1 a 82 (O'kl—f—bkbl)
Q“’“’”‘%/ Wy Py ofoy

2: 1 o3
B Oy ik (Ui) M, u, t
3.k /47T|y|3 aylay]ayk (Hf,],k(y) ( )

+ (ﬁ(m,y + I7U»t)Pk(1‘ay + [E,U,t)) ) dy - Oa

provided that f;; is an even function in z with f;;x(z,t) — 0 sufficiently fast as
z = 0 and z — oo for all £. In particular f;;x(z,t) = %24 exp <—@> fits the

criterion that we required. A pair of the conditional statistics p, o obeying the above

constraints is a reasonable choice leading to C' = 0.

Density at ug = 0.3, { = 40 Difference at ug = 0.3, ¢ = 40 and t = 0.5

PDF density
o
=
=
PDF density

SRR

S
N

0’:”
: o:"‘.:.‘.:\
AR

KA
&
s

Figure 4.2: = = (0,0,0), t = 40

Regarding the initial data po(u; x) of the form (4.21), there is no strong restriction
on «, hence « is allowed to be replaced by another PDF, which does not necessarily
correspond to a Gaussian vector. The crucial ingredients in pg(u;z) are S and 7,
which ensure the solution p(u;z,t) satisfy the mass conservation property. As a
consequence of the fact that C' = 0, the right-hand side of equation (4.17) vanishes,
ending up an equation which depends solely on the derivatives of p with respect to
(t,x). Moreover, the relevant SDEs in the stochastic representation (4.15) have the
explicit form Y; = u and X, = x — ut +v/2vM, , while the divergence-free constraint

reads that

V.- / up(u; z,t)du =E {/ - Vep(u,z + V2UuM;, — ut,0)du| = 0.
R3 R3
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for all x € R3,t > 0. In particular, if
/ u-Vep(u,z —ut,0)du =0 (4.23)
R3

is ensured for all (z,t), [s p(u;x,t) du =1 is guaranteed.
When t > 0, the left-hand side of the equation (4.23) has the following form

/ u- Vyp(u;z —ut,0)du = / u- Vyy(z — ut)B(u) du
R3 R3
=1 [ Vbt~ ut)pe) du

__1 / (Vu- (e = ut)Bw)

t
— V- (uB(u))y(r — ut)) du.

If v and (8 decay sufficiently fast as |u| — oo for all z, the first term in the integrand
has zero contribution after integrating with respect to u. Apart from our consideration
on the mathematical side, our choice of v guarantees the impact of § vanish as
|z| — oo, but the speed of decay is slow enough such that the impact of f is still

observable when ¢ is rather large. Last but not least, it must satisfy the following

constraint

p(u)

<
@)l < sup | o

ueR3

We remark that under the current form of 3, v decays as |z| — 0 is not a necessity.
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The remaining problem turns into finding the right £ such that
/ Vo - (uB(u))1(z — ut) du = 0
R3
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for all t > 0 and [y ufB(u)du - Vyy(z) = 0, which ensure the initial data must also
satisfy the divergence-free condition (4.16). Our choice on § is motivated by the fact
that equation (4.23) is satisfied provided we impose the constraint V,, - (uf8(u)) = 0
on . 3 is truncated to this form, in order to guarantee the integrability as well as the
positivity of po(u; z). Moreover, we can ensure [oq 3(u)du =0, [pqu'f(u)du = 0 and
Oyi (' B(u)) = Oy (WuF)t = 0foralli = 1,2,3 and i, j, k being distinct. Nevertheless,
the purpose of symmetry of the interval I and 3 is to simplify our example and [ can
be asymmetrical.

The PDF (4.22) at (z,t) is discontinuous in the variable u, but it is still a strong
solution to the PDE, because the 0,:p disappears in the PDE (4.17) in this circum-

stance.

4.5 Concluding remarks

This Chapter derives a new PDE which describes the evolution of the one-time one-
point PDF of the velocity random field of a turbulent flow. The PDF PDE, which is
highly non-linear and is determined by two conditional statistics of a turbulent flow,
should be a useful tool in modelling distributions of turbulence velocity fields.

The modelling of viscous turbulence in various environments by solving numeri-
cally the PDF PDE (4.12) with measured data or based on the priori determination
of A, B and @ should be beneficial in understanding turbulent flows. To implement
good models of PDFs for turbulent flows, we need to numerically calculate solutions
of the PDF PDE, with fed data which determine the functions A, B and (). The so-
lution has to satisfy the natural constraint, that the mass must be preserved through
out the evolution of the PDF. The conservation of the total mass of the solution is an
important topic itself and is worthy of further study. Finally, we would like to point
out that the coefficients A, B and @) defined in equation (4.10), which determine
the statistics of the turbulence at one-time one-point, must have significant physical
meaning in turbulence. These coefficients, which are considered as turbulent flow

parameters, should play their roles in further research.
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Chapter 5

On the transport equation for
probability density functions of
turbulent vorticity fields

5.1 Introduction

The vortex dynamics in turbulence have been studied long ago by many researchers
(see for example [14, 17, 64, 67, 83] and the literature therein). For incompressible
fluid flows, the Navier-Stokes equation is equivalent to the vorticity equation (see
(2.16)), and therefore it is natural to consider the vorticity W = V A U as the main
fluid dynamical variable in the study of turbulence [67]. There are good reasons why
we should concentrate on the vorticity. The velocity of a turbulent flow is unlikely
to be independent or possess Markov property (i.e. conditional independence) with
respect to the spatial variable, while the vorticity motions of many turbulent flows
that can be observed in nature (such as vortex lines, vortex rings) are close to being
conditionally independent. In fact there is good evidence, which is already applied in
vortex methods (see [17, 64] for a comprehensive account), demonstrating some sort
of superposition property of vorticity may be maintained, although not exactly due to
the highly non-linear and non-local nature of the fluid dynamics. These observations
are valuable in modeling turbulence via the vorticity, especially through the PDF
method based on the vorticity.

The main contribution of the present work is the partial differential equation of
the probability density function of the vorticity (wich will be called the PDF PDE,
or called the PDF equation for short) which will be derived in the main body of the
chapter. The PDF PDE we discovered is highly non-linear, and its most striking
aspect is that the PDF PDE for the vorticity depends only on one single first order
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statistical characteristic of the turbulent flow. More precisely, we identify the main
statistical characteristic for the PDF PDE, that is the conditional mean function of

the increment of the vorticity given the current vorticity:
p(z,y,w, t) =E [Wi(y,t) — Wiz, t)|W(z,t) = w] (5.1)

for i = 1,2,3, where z,y,w € R3 and t > 0. The PDF of the vorticity W is a
solution to the PDF PDE, which is a second-order partial differential equation where
coefficients appearing in the PDF PDE depend on g only. Besides its theoretical
interest, this PDF PDE paves the way towards practical modeling of turbulent flows
based on the vorticity PDF.

The chapter, which is based on [58], is organized in the following way. In Section
5.2, several notions and notation together with several standard assumptions about
fluid dynamical random fields will be introduced, and the main result, namely the
PDF PDE for vorticity will be derived. In Sections 5.3 and 5.4, the theoretical foun-
dation, based on our PDF PDE for vorticity, will be laid for the purpose of modeling
various turbulence flows. In Section 5.5, we propose the most direct way of modeling
the PDF of the vorticity by specifying the conditional mean function p‘. The PDF
PDE considered purely as a PDE theory is over-determined, due to its non-linearlity
in the sense that the coefficients appearing in the PDF PDE are not independent
of its solutions. Therefore care is needed to ensure that the additional constraint is
satisfied. In the last section, we propose the heat flow method to model statistical
quantities needed for closing the PDF PDE and obtain concrete PDF examples.

Conventions on notation. The following set of conventions are used throughout
this Chapter. We follow the notation (such as the Einstein convention) that is used
in Chapter 4. Moreover, the velocity vector field will be denoted by U. W =V AU

is its vorticity so that W' = e*-&U* where £9* are the Levi-Civita symbols.

5.2 PDF equation for the vorticity

In this section we consider the vorticity W (z,t) of an incompressible fluid turbulent
flow as the main dynamical variable. Therefore for every pair (z,t), W(z,t) is a ran-
dom variable on some probability space. The goal is to derive an evolution equation
for the PDF of W (z,1).
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5.2.1 Prelims and assumptions

At each point z and instance t > 0, W(z,t) is a random variable defined on a
probability space (£, F,P), taking values in R?, and therefore its law (or called its
distribution) is a probability measure on (R?, B(R?)). In order to discuss the statistics
of the turbulent flow, certain assumptions must be imposed, which will be made
explicit in the following.

We assume that W (x,t) has a positive and smooth probability density function
(PDF), denoted by f(w;z,t), so that

P(W(x,t) e A) = /Af(w,a:,t) dw.

The joint distribution of W(x,t) and W (y,t) for any pair x # y has a positive and
smooth PDF, denoted by fo(wy,ws;z,y,t). Let

f?(w17w;x7y7t)
. t) =
f2|1(wawlax>y7 ) f(wl;w,t)

be the conditional PDF of W(y,t) given W (z,t) = wy, and

fQ(w7w2;x7y7t)
f2 1(w;w27y7x7t> =

is the conditional PDF of W (z,t) given W(y,t) = wy. Then we have the following

integration splitting equations:

fo(wi,woy 2, y,t) = fwy;,t) fop (was wi, 2, y, 1) = flwe;y,t) fop (wis wa, z,y,t).
This helps us to define the conditional mean function u‘(z,y, w,t) is defined by
i,y w,t) = E[Wy, t) = Wz, 1) |W(z,t) = w]

. . 5.2
:/ (wi _wz>f2\1(w1;wux7y7t) dwh ( )
R3

for i = 1, 2,3, which will play an important role in the sequel.
Regarding the regularity of the conditional mean function u, we assume the deriva-
tives of u of any order exist and decay to zero sufficiently fast at infinity. Consequently;,

1 has an asymptotic expansion

(s, y,w,t) = ag (@, w, 8) (y* — ) + 05 (2, w0, 1) (yF —2*) () —27) + 0 (ly — =]?) (5.3)

as |y — x| — 0, where ai’s and b;k’s are continuous with respect to all of their

arguments. We denote b* = 22:1 b, for i = 1,2, 3. By definition, we observe that

oW’ 0

(z, t)‘ W(x,t) = w} 2y, w, 1) (5.4)

y=zx
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which represents the local change rate of the vortex motion over the turbulent region,

whereas

, 1 . 1 .
V(@ w, 1) = SE[AW (2, )W (2,1) = w] = 5 Ay’ (z,y,0,8)] - (5.5)

5.2.2 PDF equation and its derivation
In this section, we derive the main result of this chapter.

Theorem 5.2.1. Under the assumptions and notation established in subsection 5.2.1,
suppose the PDF f(w;x,t) of the vorticity is smooth in (w,z,t) and has finite mo-
ments, that is [os |w]" f(w;x,t)dw < oo for every n > 1. Then f satisfies the follow-

ing partial differential equation:

0 0B .0 0 0 , , 0 ,
— -+ B'— — VA = - —— n) —2b — (fD" .
(atJraszr Rt )f v <(‘9mk (fai) bf)JrawZ (fD%), (5.6)
where A, is the Laplacian with respect to the space variable x, a; and b are given as

in (5.4) and (5.5),

) 1 0
B t)y= [ ———F — t)d :
@)= [ et ) du 5.7

and

D Do [ V7T w0 £ d 5.8

One direct consequence of the above theorem is the following result.

Corollary 5.2.2. Assume that the derivatives of a, b', B' and D" are continuous
and decay to zero sufficiently fast as |w| — oo. Then

0
oxt

/ B'(z,w,t)f(w;x,t)dw =0 (5.9)
R3
for all z € R3,t > 0.

Proof. This follows easily by integrating (5.6) over R and the fact that
flw;z,t)dw = 1.

R3
[l

The PDF equation (5.6) can be regarded as the adjoint equation® of the vorticity
equation (2.16) which is however non-linear, and therefore the PDF equation requires

a careful derivation which will be the subject of the remaining part of this section.

1Thls is the adjoint equatlon in the sense that there exist an “adjoint operator” £ such that
Jos F(w)0 f(w; 2, t) dw = [o F(w) (L f)(w; 2, t) dw.
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Proof. (Proof of Theorem 5.2.1) Let F be a smooth function on R?® with a

compact support, and let us consider the quantity

0
SEF(W(2,1)).

On one hand we have

) 0
o BE(W (1)) = a/w F(w) f(w;z,t) dw

0
= /]Rg F(w)af(w;x,t) dw

and on the other hand

)
SE[F(W (x,))] = E [—F(W(x,t))] .

Hence, we have

/Rg F(w)%f(w;x,t) dw=E [%F(W(x,t))} '

We need to express the right-hand side expectation in terms of the PDF f(w;z,1)

together with the statistical numerical characteristics. This will be done by using the

equation
0 O(U'F(W)) U7 OF;(W) oW’
—F t)) = vA,F e Y — — J
ot (W(z, 1)) = vA.F(W) ox? + EW)W x| ozk  ozk’
where, for simplicity, F; denote the partial derivatives % of ', 7 = 1,2,3. This

equation follows directly from the vorticity equation. From this equation we obtain
that

E [%F(W(x,t))] =vE[AF(W)] - E {%ZC(W))}
iE [ngij ] _E [%;Z” %m
=L+ L+I3+ 1 (5.10)

Let us calculate I;’s on the right-hand side of the equation (5.10). First, it is easy to
see that by definition

I = vALE [F(W)] = / Flw)wA, f(w: 2, t) dw.
R3
For the second term in the sum, we recall (2.17) is equivalent to

A 1 e O
Uz, t) = [ ————e* ZWk(y,t)d
(z,1) /RS =g oy (y, 1) dy,
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for i = 1,2,3. We thus obtain that

I,=-E {M} 9

ozt - _axiE [F(W)UZ]

0 g 1 0
= ——E|FW)e* | ——— Z Wy, t)dy| .
e { (W)e /R3 4W|y_x|ayJW (y,t)dy

To work out Iy, we rewrite the partial derivative as a limit:

R .1 k ) k

a—ij (y, 1) = }ng(l)ﬁ (W*(y + heV) 1) = W*(y, 1)),

where e\) represents the unit vector with j-th component equal to 1, and the other
two components equal to 0, e.g. e = (1,0,0) and so on. Using the above limit

definition, the second term Iy turns into

B, 1 y 1 .
Iy = ——lim -E ( F(W)e¥*k | —— (W* heW t) — Wh(y. 1)) dy ) .
2 ort hli%h ( ( )8 /1%3 47T’y —513" ( (y+ ey ) (y> )) Yy

Before taking the limit, the expectation part in this expression can be written in

terms of the two point joint distribution of the random field W as follows:

ciik 4
F k . ()
fore |y (vt (e s

—fQ(w,wl;a:,y,t)> dw1> dy} dw,

where the inner integral against the variable w; equals

flw;z,t) (p(z,y + heP w, t) — pla,y, w,1)) -

After substituting this in and sending A — 0, we obtain that

I —/ F(w) |— 0 f(w'xt)/ ii Moy, w,t)d dw
2 — - a.CCl )y - 47r|y—:l:|8yﬂu Y, W, Yy :

Next we deal with I3. Again, using (2.17), we may write

9 V-2 g 9
Ui ) = | LTt T rk(y, 1) d
Gl = [ et .y,

and thus

I=E {FZ-(W)WJ' 8Ui]

oxd

y — ! e O ok
" —W%(y, t)dy| ,
sdmly —x3 Oyl (v 1) dy

=E {Fi(W)Wj/R
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which can be evaluated by using the two-point joint PDF. Indeed, we may repeat the

same idea as in the computation of the second term I, and this leads to

0 y —axl 0
I3 = F . t)e' / — t)dy| dw.
3 /R3 (’LU) o' |: f(’LU Z, )5 - 471"1/ _ iIZ”3 ayl:u (;E,y,w, ) Yy w

Similarly, for the last term I, we write

h:-ykZIEPF( )an}

oxk  Oxk

=—v Y lim —E [(F(W(z + he® 1)) — F;(W(x,t))) (W(z + he®),t) — W(z,1))]

1 , .
= V/ Fi(w) lim — Z {f(w; x4 he® 1) / (w} — w') fop(wi;w, z + he® z 1) dw,
RS k=1 RS

+f(w;w,t)/

(wli - wi) f2|1(w1; w,T, T+ he(k),t) dwl} dw
RS

_ 2 (k) . i (k)
V/RsF(w flg%hZZ{ f(w;z 4+ he™ t) — f(w;z,t)) p'(z + he™ 2, w,t)
+ f(wyz,t) (W' (2, + he® . t) —i—,ui(x—khe(k),x,w,t))} dw.

For convenience, let us denote the sum by I} i.e.

3
" ::Z {(fw;z + he® t) — flw;z,t)) p'(x + he®, 2,w,1)
+ flwyz,t) (1 (z, 2+ he® w,t) + i (x + he® 2w, 1)) } .

Notice that I} can be evaluated by using the regularity condition (5.3) when h is

sufficiently small, by which we mean that
pi(z, x4+ he® w,t) = al(z,w, t)h + b, (z,w,t)h? + o (h?)
and
(x4 he®™ 2 w,t) = —al(x + he® , w, t)h + b, (x + he™ w,t)h* + 0 (h?) .
Consequently, we have
gz, x + he®™ w, t) + pi(z 4+ he® z,w, 1)
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= — (aj(z + he® w,t) — dl (z, w,t)) h
+ (b};k(x, w,t) + b, (z + he™ w, t)) h?+o (hQ) ,

which yields that
. Loy 0 i i
lim ﬁ[4 = ok (fap) + Qf;bkk-
Then, we conclude that
I4 = —V/ Fz(w)
R3
0 0 ; ;
_ /R Fluw)o— [u@ (fal) —2yfzk:bkk] dw.

Putting all together the results we just derived for I; to I, we deduce the PDF
equation (5.6). O

o . .
Ok (fai) =21 bék] dw
k

Remark 5.1. The partial differential equation (5.6) is in fact, although it appears
linear in the PDF f, highly non-linear, more importantly, the coefficients a,b, B and
D cannot be in general determined by f solely. We have seen that these functions are
functionals of the conditional mean function i, hence the PDF f cannot be obtained
solely through the PDF' equation. However, the PDF PDFE provides an appealing and
new method for modeling the PDF' f based on the modeling of i only, we will provide
in this work several results on modeling the PDF f based on the PDF equation we

Just derived.

Remark 5.2. By feeding in the data on the conditional mean function u, which is
equivalent to that all coefficients are considered as given, we can pose the initial value
problem for solving the PDF PDE. The good news is that then the PDF PDFE is a
scalar linear partial differential equation of second order, but it is, in general, a mixed
type of partial differential equations of second order on a 6 dimensional space, which
1s a kind of mizture of parabolic and transport equations. To the best knowledge of
the authors of the present chapter, it seems that a theory for this kind of partial

differential equation is not yet available.

5.3 Inviscid flows

In this section we consider an ideal inviscid “turbulent” flow. Suppose {U(z,t)} is a

random field satisfying the technical assumptions listed in Section 5.2.1, and U(z, t)
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satisfies the Euler equation

0 aUl
Il g1 J _V.P
8tU + U T V.P,
and 4
oU*
oxrt

Let W =V AU. Then PDF f(w;x,t) now satisfies the (non-linear) transport differ-

ential equation
0 , 0 .
a{ e - (fB') = 3 (fD"), (5.11)

where B and D are given as in (5.7) and (5.8) respectively.

The following theorem provides the necessary mathematical tool for modeling the

PDF of an inviscid turbulent flow.

Theorem 5.3.1. Consider PDE (5.11) where the data B and D are assumed as given.
Assume that B and D are Lipschitz continuous in (x,w) uniformly int > 0. Suppose
f(w;x,t) is a solution to (5.11) with initial data f(w;x,0) which is continuous, and
suppose fD decays to zero sufficiently fast as |w| — oco. Then we have the following.
1) f(w;x,0) >0 for all v € R3, then f(w;xz;t) >0 for allx € R® and t > 0.
2) Suppose [ps f(w;z,0)dw =1 for all x € R?, then
flw;z,t)dw =1
R3
for all z € R® and t > 0, if and only if
0
ox’

for allz € R® and t > 0.

/ Bi(x,w,t)f(w;x,t)dw = 0 (5.12)
R3

Proof. Let us define the integral curves X and Y by the following ordinary differential

equation system:

{%Xi(m):_m (t,5).Y(t,s).t —s)), X(£,0) =1z,
%Yi<t73) ( (7 )7Y( ’S) 3)), Y(t,O) =w.

Consider the function defined by
h(s) = f(Y(t,s); X(t,s),t — )N @)

for all s € [0,¢], where for convenience

N(w;z,5) == /0 (gf}; - g) (Y (t,r); X(t,7),t — ) dr.
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Then h(0) = f(w;z,t) and

It is clear that

0 N Of O, of 9
&S‘h(s) _eNﬁwZ 3SY (t: )+ eN@xl &SX (t,)
6Dz OB"
)
{2 L) )
ow' ozt ot
=0,

so by integrating the variable s over [0, ], we may conclude that

Flw: . t) = F(V(£,1): X (£,1),0) exp [/0 (gi: - gf:) (Yt 8): X(t,5),t — s) dr

The conservation of positivity property 1) follows immediately from this represen-
tation. To show 2) we consider the function u(z,t) = [5s f(w;z,t) dw for x € R® and
t > 0. If u(x,t) =1 for all z and ¢ > 0, then by integrating (5.11) over R® we obtain
(5.12). Conversely, if (5.12) holds, by integrating (5.11) over R?® then

0
au(as t) =0,

which yields that u(z,t) = 1. O

5.4 Weakly homogeneous and weakly isotropic flows

As it has been pointed out in the section 2 and 3, the coefficients in the PDF PDE
are determined by the conditional mean function p(z,y,w,t) defined in (5.1). The
significance of this statistical quantity of a turbulent flow has been demonstrated in
the derivation of the PDF PDE for vorticity. Due to its clear meaning, this statistical
characteristic can be used in the classification of turbulent flows. In section, we define
weak homogeneous and weak isotropic conditions, then study the PDF equation under
these assumptions.

The homogeneity and the isotropy can be defined in general for random fields
indexed by a space variable x € R? which has been introduced into the study of
turbulence by G. I. Taylor. The local homogeneous and local isotropic flows were

introduced by Kolmogorov for formulating K41 theory (and its improved version
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K61 theory). According to Kolmogorov [54, 53], a random field {Z(z,t)} is locally
homogeneous if the conditional distribution of Z(y,t) — Z(x,s) given Z(z,s) = z
is independent of (z,s,z) for any ¢t > s, and further it is locally isotropic if the
conditional distribution of Z(y,t) — Z(z,s) depends only on |y — z|. The usage of
conditional mean function makes it possible to generalize these concepts to their weak
versions.

We may simplify the PDF PDE for turbulent flows when the vorticity random
field W (z,t) is weakly homogeneous in the sense that for every pair (y,z) and ¢ > 0,
the conditional mean of W(y,t) — W*(z,t) given W(z,t) = w depends only on y — ,

w and ¢t > 0 but independent of x, so that we may write

,ui(ac,y,w,t) - Bz(y - x,w,t),

where 3°(0,w,t) = 0. Then we can simplify expressions in equation (5.4) and (5.5),
and write that 4
i op'
ap(x,w,t) = @(O,w,t),
and

bi(z,w,t) = A0, w,t),

which are still denoted by a} (w,t) and b*(w, t), though independent of z, and similarly

now we have

. 1 ... 0B*
B(w,t)= [ ——e¥"—— t)d
(w, ) /RB =l oy (y, w,t)dy,

and

l k
; Y i 00
Di(w,t) =w' | —Z—gikF_ t)d

which again, are functions of (w,t) only. Therefore the PDF PDE can be simplified
to be the following mixed type PDE

o .9 0 (., of a .
(55 ¢ 7am o) 1= v (s ) + g )

Al= Dl — 20,

where

with i = 1,2, 3.
We say a random field {Z(z,t)} indexed by (z,t) is weakly isotropic, if

E[V.Z(x,t)|Z(x,t) =w] =0

holds for all z,w and ¢. By definition, a random field {Z(z,t)} is locally isotropic in

Kolmogorov’s sense, then it is weakly isotropic.
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If W is weakly homogeneous and weakly isotropic, then a = 0, B and A depend

on (w,t) only, so for this case, the PDF PDE becomes a parabolic-transport equation

0 ;0 0 .
(& + B - VAJC) f=55 (fAY). (5.13)

After we have deduced the PDE (5.13), then there is no need to assume that B

and A are independent of x. Therefore we may consider the following PDE

0 .0 OB! 0 ,
— + B'— - — VA, = - (fA"). 14
(8t+ axz—i_@x’ g )f 8w’(f ) (5.14)
where both B and A are functions of three variables x, w and ¢.
The following theorem provides the foundation for modeling weakly isotropic tur-
bulent flows based on the vorticity PDF.

Theorem 5.4.1. Consider the parabolic-transport differential equation (5.14), where
A and B are considered as given. Assume that A(z,w,t) and B(x,w,t) are Lipschitz
continuous in the space variable (z,w) uniformly int. Suppose f(w;z,t) is a solution
to (5.14) such that fA is continuous and decays to zero sufficiently fast as |w| — oco.
Then the following holds:

1) If f(w;2,0) >0 for all x and w, then f(w;x,t) >0 for allt >0, x and w.

2) If f(w;,0) is a PDF for every x, i.e. it is non-negative and [4, f(w;x,0)dw =
1 for every z, then so are f(w;x,t) for all x and t > 0 if and only if

6./ B (x,w,t)f(z;w,t)dw = 0 (5.15)
or’ R3

for all x and t > 0.

3) Suppose in addition B is independent of w and %f: = 0. Then if f(w;z,0) is

a PDF for every x, f(w;x,t) is also a PDF for every x and for everyt > 0.

The proof of this result, is rather similar to the proof of Theorem 5.3.1, so we only

provide an outline of its proof below.

Proof. Let (M})¢>0, i = 1,2,3 be a standard Brownian motion on a probability space
(2, F,P), and we assume that M? and M7 are independent if i # j. In this case for
every fixed ¢ > 0 we run the following SDE system:

dXi(t,s) = vV2vdM! — BY(X(t,s),Y(t,s),t —s)ds, X(t,0) =,
dY'(t,s) = AY(X (t,s), Y (t,s),t — s)ds, Y(t,0) =w
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which has a unique solution running up to ¢t. Apply Ito’s formula to

Hy = f(Y(t,s); X(t,s),t— s)eP(s),

where ,
Pis) = [ LX), vt ), -1
s) = . ow T, T, r) dr.
Then
B af ;. Of ; 0A*  Of
dH, = e” {8 -dY, +a - d X + f@wi 88d3+VAxfds}
f )
- 2 P—. ]\4-Z
ve axld o
so that

0 )
Hy = H; — 2wer 2L dM:.
ox’
By taking expectation, one may deduce that the solution can be expressed as

flw;a,t) =E [f(Y(t,t);X(t,t),O) exp ( Ot gij (X(t,5),Y(t,s),t —s) ds>] .

Statements 1) - 3) can be easily shown using this expression, and the argument in
the proof of Theorem 5.3.1. If B is independent of w and divergence-free in x, then,

by integrating (5.13),

9, ;0
<§ + B o VAm) u(z,t) =0,

where u(x, t) fR3 w; x,t) dw. Thus 3) follows from the uniqueness of the previous

parabolic equation. O

5.5 Modeling the PDF of weakly isotropic flows

In this and the next sections, several simple models based on our PDF equation
for modeling vorticity distributions in turbulence are discussed. Clearly, the most
straightforward way for modeling the distribution of vorticity is to assign the condi-
tional mean function u(x,y,w,t). The other parameters in the PDF PDE may be
determined accordingly.

For practical reasons which will be clarified in our computations below, the sim-
plest yet not trivial model for pu(z,y,w,t) should be a function of |y — z|* only and
i decays sufficiently fast at infinity. For such a model, the parameters B and D"
appearing in the PDF PDE (5.6) vanish identically. The other parameters a; and
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b;k are determined by the asymptotic condition as |y — x| — 0. For this reason, we
assign for all i € {1,2,3},

—Sly—af, iflz—y| <é,

5.16
Wy — ), if [z =yl >0, (516)

p @,y w,t) = {
for some 6 > 0, where h is a C!'-function such that h and its derivative decay suf-
ficiently fast at infinity. C' > 0 is a model parameter which should reflect certain
physical properties of the underlying flows. The other parameters can be read out
from this model easily: aj, = 0, b%, = —d;1& and therefore b = —&. With this model
of u, the PDF PDE is simplified to be the following parabolic-transport equation:

0 L of
(E - VAI) f = (5:17)

The solution to (5.17) has a nice probabilistic representation which may be read

out from the proof of Theorem 5.4.1. In fact
flwyz,t) =E[f(Y(t,1); X(2,1),0)] (5.18)

where f(w;x,0) is the PDF of the initial vorticity, and X and Y are solutions to the

SDE:
dXi(t,s) = V2vdM!, X(t,0) =,
dY'(t,s) = C'ds, Y(t,0) = w,

where M is a standard 3D Brownian motion. The solutions when s =t are given by
Yi(t,t) = w' + Ct
and
X(t,t) =+ V2uM,.

Substituting these into (5.18) we obtain

fwyz,t) =E [f(w +Ct;x + @Mt,O)]
_E [f(w + Ctia + V20, 0)} , (5.19)

where ¢ is a random vector with the standard 3D normal distribution N (0, I3). Clearly

the representation (5.19) may also be written in terms of Gaussian density

1 L
otz J, /(W Otz 0)emrd

1 2|2
= (a2 / f (w +Ct,z + V2uiz, 0) e dz. (5.20)
R3

flwyz,t) =
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Both representations (5.19) and (5.20) may be used to evaluate f(w;z,t) by using
for example Monte-Carlo scheme by sampling Gaussian random variables.
The initial PDF f(w;x,0) is determined by the initial vorticity distribution. For

a turbulent flow, the initial vorticity may be written as a sum:
W(x,0) = wo(z) + (z),

where wy(x) is the initial mean vorticity at the location z, and (x) represents a small
random perturbation. It is reasonable, therefore, to assume that ¢(x) has a normal
distribution N(0,0(x)?), where the variance o(x) may or may not depend on the
location z. However, if ¢(x) is allowed to depend on the location z, then the noise
e(x) has to satisfy the divergence-free condition as well?. Tt is reasonable to assume
that the initial vorticity mean wy is distributed in a small region of the space. In
particular wy decays to zero sufficiently fast near infinity. Under this assumption on

the initial vorticity,

w; T - ex _—|w—w0(m)|2
flw;z,0) (27r0(a:)2)3/2 p{ 20(z)? ] (521

By substituting this into the representation (5.19), we obtain

1 . ‘w+C’t7wO(z+m§)‘2
fw;z,t) =E e 2o(ervae)’ : (5.22)

(27m (x n \/ﬁg)z)iﬁz

It is easy to see that f(w;x,t) is no longer Gaussian except for special cases which
we would like to discuss below.
If wy vanishes and if o is a positive small constant, the initial distribution is

homogeneous and equation (5.22) leads to a simple expression

1 lw + Ct[”
f<w7 x? ) (27[_0_2)3/2 eXp < 20_2 ) 9

which is independent of the location = and remains a Gaussian density. The inter-
esting feature about this model is that the variance stays as the constant o but new
mean vorticity —C't is created evenly after duration ¢. This is the case of a turbulence
with a small constant random perturbation. For turbulent flows observed in nature,

the initial vorticity mean wy does exist and does not vanish, and the random noise

2wo(z) = E[W (x,0)] is divergence-free, hence e(x) = W (x,0) — wp(z) must be divergence free.
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e(x), for simplicity, may be modeled by a Gaussian random variable independent of

x. Therefore when o > 0 is a small constant, we have

202

flwyz,t) =

|lw+Ct—w (‘L+\/27§)\2
- ; ] , (5.23)

(27r02)3/2E {6

where £ ~ N (0, I3). For this case the mean vorticity w(x,t) at (x,t) can be evaluated.

Indeed
|lw4+Ct—w (z+\/m{)\2
w(z,t) :/ LME |:€_ 207 ] dw
R* (210?)

2o

w 7|w+Ct7w0(z+\/2ut§)|2
—3/26 202 dw
r3 (2m0?)

=E [wo (x + \/ﬂo] — Ct,

=K

and therefore

- Wi(y) el
w'(x,t) = ———e  wt dy— Ct. 5.24
@t = [ T y (5.24)

This equality shows that the vorticity mean w(z,t) under this simple model is in-
dependent of the noise parameter o2, and w(x,t) evolves according to the heat type
equation

%w(x, t)— C =vAw(z,t), w(x,0)=wy(x),

which is a rather crude approximation to the mean vorticity equation.

5.6 Heat low method

In this section we propose another model for the PDF of the vorticity, based on the
heat low method, in which the conditional mean function p is generated by a random
field R(x,7). The random field R(z,7) evolves according to the heat flow

<a% - qu) Ri(z,7) =0, (5.25)

where R(z,7) = (R'(x,7), R*(x,7), R*(x,7)). The initial value R(z,0) = {(z) =
(€i(x)) is a centered Gaussian noise® white in space in the sense that the co-variance

of £ at two locations u and v in R3 is given by

E [¢'(w)€' (v)] = 0(u —v). (5.26)

3We remark that equation (5.26) is a informal representation. For a proper definition of White
noise, see Hairer [36, Example 3.56] and Hairer [36, Section 3| on cylindrical Wiener processes.
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Also, we assume that s are i.i.d. random variables. For simplicity, we assume that
R is centered here, but our argument can definitely be generalized to the case when
it is non-centered.

The solution to equation (5.25) is given by

R(x,7) :/R (; e (y) dy, (5.27)

s (4mvT)2

so that R(z,7) is a centered Gaussian random field with its co-variance

_Jz—ul 4 y—v]* u| +|y— v\2 i .
vT ]E 1 1
(@) /R:a /]Ra 47r1/7' ) [5 (u)§ (U)] dudv
/ / St UF‘S(U —v)dudv
rs Jrs ( 47r1/7- )

‘z y|2 Ju— (33+y)|2
:e 8vT —67 2vT du
/Rs (4mvT)3
1 _le—yl?
:—36 8vr |
8(2mvT)?2

It follows that the conditional distribution of R(y,7) given R(x,7) = w has a normal
distribution with mean e~ & 87;‘ w and co-variance matrix

1 ( _wy|2)
= (1)
8(2mvT)2

Therefore the conditional mean of R(y,7) — R(x,7) given R(z,7) = w can be easily

found to be ,
— (1 — e_‘xs_uyfl ) w,

which will be our p(z,y,w,t) with 7 = ©(t) is a reparametrization as part of the

model. For simplicity let us consider the power law model, that is,
T=M(t+ N)Y, a>0, (5.28)

where A\; and Ay are two positive numbers which then become our model parameters.

Since )
e gow,t) = = oo =y
Y 8vT
therefore aj, = 0 and by, = —djrg=w’. In particular,
: 3w
bV (w,t) = - 5.29
<w’ ) 8V)\1 (t + )\2>a ( )
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for i = 1,2,3. Since the conditional mean function p depends only on |z — y|* which

decays exponentially fast at infinity, therefore B* = 0 and D? = 0, which implies that

3w’

Ai(w,t) = —Y
e WIF W

(5.30)

Thus the PDF PDE with these parameters is reduced to the simple parabolic-transport

equation
0 0 .
— —vA =—(A"f).
(8t Y ) =g A1)
The divergence of A is given by

%(x w t) = L
Owi "7 AN (E+ Ag)e

If « # 1 but o > 0, by using the Feynman-Kac formula we have
flw;z,t) = 0(a, t)°E [F(Y (£, 1), X(£,1),0)] (5.31)

where we have introduced

3((t+ M) = A7)
O(a,t) = .32
(o, t) = exp N a) (5.32)
for simplicity, and X and Y are solutions to the SDE
dX'(t,s) = V2v dM, X(t,0) =,
AYi(t,s) = sz ds, Y(t,0) = w
If « =1 then
flw;z,t) = AR [f(Y (1), X(¢,1),0)], (5.33)
where ,
L+ A\ 1
) = ( * 2) . (5.34)
A2

The previous SDEs have explicit solutions:
X(t,t) =x+ V2uM,

and
Y(t,t) = wl(a,t)

if « # 1, and

Y(t1) = At)w
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if a =1.
Therefore, if & > 0 and « # 1, by plugging these explicit solutions X and Y into
(5.31) we have

fw;z,t) = 0(a, t)°E [f (w@(a,t),m +V2uM,, O)}
— 0(a,t)°E [f (we(a, t),x + V20t 0)} (5.35)

where & ~ N(0, I3).

As in the previous section, the initial vorticity is assumed to be of the form
W(x,0) = w(z) +e(x),

where £(r) has a normal distribution N (0, 0?) and w(z) is the mean vorticity at x, so
that

) - w—w(@)f
0 = e |52

and therefore, according to (5.35),

fw;z,t) = 0(a, t)’E

1 - |w9(a,t)—w(z+\/m§)|2
3/2 € 20(e+v2vte)? )
(270 (z + V2u1€)?)

where £ ~ N(0, I3). Hence f(w;x,t) is no longer a Gaussian density unless o(x) is
independent of  and w = 0 identically.

Let us discuss a special case where w = 0 identically and o > 0 is constant. Then

O(a,t)? o [_ywe(a,tw]

(271'0'2)3/2 202

flw;z,t) =

is a Gaussian density with mean 0 and variance p*I3, where
1 2

N (5.36)

pQ(xa t) =

If o > 0 is a constant and w does not vanish identically, then f(w;z,t) is not

Gaussian, but has a nice representation:

flwyz,t) =

O(c. 1) [wé(a,t)—w(e+v2rEe) >
—(Oé, ) |: - 202 :| , (537)

(2702)*?
where & ~ N(0, I3), and 6(«,t) is defined by (5.32).

A similar discussion applies to the model where o = 1, which is certainly inter-
esting too. For this model the PDF f(w;z,t) is given by

flw:z,t) = \t)°E [ f (w)\(t), © + V2L, o)] (5.38)
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where & ~ N(0, I3) and A(t) is defined by (5.34).

Suppose again the initial vorticity
W(z,0) = w(x) +e(x)

where £(r) has a normal distribution N(0,0?(x)) and w(x) is the mean. Then

)\(t)3 |wA() —w(at+vEvie)|?
20 (z+V/2vt€)2 . (539)
(270 (z 4+ V2ut€)?)

which is not Gaussian except for the following special case.

flw;z,t) =E

3/2

If o(x) =0 > 0 is a constant and w(z) = 0, then

AP
f(w, Z, t) = W@ 202

is Gaussian with mean zero and variance p?I3, where

3
A Yy
p*(z,t) = o < 2 ) -

t+ Ao

The most interesting case for the purpose of modeling turbulent flows is the model

where o > 0 is a small parameter and w is not zero, so that

)3 |wA(t)—w(a+varEe)|?
f(w’x’t): <> |: - 2 :|

(2102)3/2 ’

where & ~ N(0,I3). Although it is no longer Gaussian, some its features can be
extracted by doing Monto-Carlo simulations.

We may conclude that this model provides some nice features of the propagation
of the vorticity which may be helpful for the understanding of the energy dissipation

in turbulence, and we will explore this in the future work.

147



Appendix A

Technical Proofs and Auxiliary
results

A.1 Proofs on conditional inequalities
Proof of Lemma 2.3.1. For any A € G, we have
EP(X|2 ] 9) L] = E (L L] < [ Sligvsntaae
< E[X|Li = ~E[E[X] | 6] L.
0

Proof of Lemma 2.3.2. Let 7 = inf{n € [m,N] | X,, > A}, while 7 = N if
X, < Aforall n and 7 = m if X,, > A. Since 7 is a bounded stopping time, we are

allowed to get

E(Xy | Zn >E[X, | %, =E [XTR{X;,N»}

ffm} +E |:XTI]-{X;L7N<)\}

%]

Z )\E |:]]'{X:n,,N>)‘}

ﬁm] +E |:XNIL{X;*n’N<)\}

5]

where we applied optional stopping theorem and use the fact that X, = X on the
set {X7 v < A}. The first inequality can be deduced by subtracting both sides by

E | XnLixs  <xy | fm], whereas the second inequality follows from basic properties

of the conditional expectation. O]

Proof of Lemma 2.3.3. As X, is a either a martingale or positive submartingale,
| X,,|P is again a submartingale. By Lemma 2.3.2, we are able to bound the conditional

probability by

P (X755 >N | F) < ATE [\XN\pn{X;; o %n] <ATPE[| Xy | F]  as..
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If we truncate X, n by X n Ak for some positive k, we are able to bound the

conditional expectation of (X} y A k)P by

X:ﬂN/\k
E[(XpnANE)P|Z ]:E{ p_ldy‘ﬂm]
k
:/ pyr Il{x* >y}|9]
=E {/ |XN|]1{X N>y} dy ‘ }

B P
— B [l 2 (b

' 7]

p—1

— LB Xal | ZlE | (K AP | 2
Hence, we obtain

E (o AkP | 2] < (1) Blxp | 70,

while we apply conditional Monotone convergence theorem to remove the truncation

k. ]

Proof of Theorem 2.3.4. Let D = QN [t,T] where Q denotes the set of rational
numbers, such that D is countable. We can construct a sequences of sets (D, )m>2
with D,, = {s{’,...,s"} such that t = s§* < --- < s =T, D = Up>oD,, and
D,, T D. By the previous Lemma, we already seen that

p
NP <Sup X, > )\ | %) < (L) E(XrP | %] as.
p

SE€EDm -1
Meanwhile, by conditional Montonotic convergerce theorem,
]P’(Sup | Xs| > A ,@t) TP(sup|X5] >\ ﬁt) a.s m — oQ.
SED, seD

We observe that sup,cp |Xs| = supep 7 |Xs|, as X has right continuous sample
paths.

The proof to part (ii) is very similar to above, as we are able to show

p
B swp 1| 2] < (S27) BIGP 12 0
SEDm P — 1
E [sup | X [P ﬁm} TE {sup | X [P ‘ ﬁm} a.s m — oo.
SED, seD
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Proof of Lemma 2.3.6. Consider stopping times 7, = inf{s > t | A, > y} and
Sy = inf{s >t | X; > y}, while inf{(} = co by convention. By the continuity of A,
we first observe that the event {A, < y} is equivalent to {7, = co}. Moreover, the
event has the inclusive relation { X} > x, A, <y} C {Xg, > z,(1, = 00) N (5, <
o00)} C {Xg, >z, (1y NSy < 00)} C {X;,ns, > x}. As a consequence,

1
]P(X;OO > 'CU;AOO S Yy | ﬁt) S ]P(XTTI/\S(B Z €T | ﬁt) S —E |:X7'y/\5x | ﬁt} ,
9 1 I !

if we apply Lemma 2.3.1. Up to replacing 7, AS; by 7,ASY with v > t and set u — oo,
we are able to extend the domination relation E [XTy ASaAu | ﬁt} <E [ATy ASaAu | ﬁt}

to
E |:X7'y/\5x | g{;} S llll;IiloI.}fE |:X7'y/\51-/\u | ﬁt} s
E |:X’Ty/\s;(;/\u | gt} < uh_{l;loE [ATy/\Sm/\u | yt} =K |:ATy/\Sm | yt} ’

if we apply the conditional Fatou’s lemma and conditional Monotonic convergence
theorem. Therefore,
E [14‘@/\5'z ‘ yt]

X
E[Afy/\ASI|JOZt} < IE[AOO/\y|97t]

P(Xiw >, Ac Sy [ F) <

x x
U

Proof of Lemma 2.3.7. 1t is sufficient to focus on the case k € (0,1). Let f :
R, — R, be a continuous and increasing function with f(0) = 0. As {X; >z} C
({Xi > 2,Ax <2} U{A, > x}), we obtain

Elf(X{) | #] < /OO]P)(X* >z, A <2 | F) + P(A > | F) df (2)

—E [A Ax(Qpa<oy + Lansay) | F) + P(As > 2 | F) df(2)

where we used Fubini theorem for conditional expectations as well as Lemma 2.3.6.

<)
/ so(Lian<at) | F] + 2P (A > 2 | F) df(2)
<E [/ iA (Lfaw<ay) df (2) 1%} +E [/Ooo 2L pcay df(z)

<k|a. [ L] #] 422040 | 21,

Ao T

What remains is to take f(z) = 2", hence

E[(X;)" | #] <E {Am/ kxh 2 dx

] +2E [(Ax)* | F]
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A.2 Proofs on BSDEs and related numerics

Proof of Proposition 2.4.5. Let AY =Y!' —Y? AZ = 7' — Z%. The difference
in Y satisfies the following BSDE

T T
AYt_Ang/ Af(s,ﬁ,Zf)Jrfl(s,Y;l,Z;)—fl(s,yf,zf)ds—/ AZ, - dB,
t t

T T
:A£+/ Af(s,Yf,Zf)—|—asAY;+ﬂSAstS—/ AZ, - dB,,

t t
f1<571/317Zsl)_f1<57Y;2>Zl)

o = NG >~ 1iav,£0}
fl(S,Yf, Zsl) — fl(says27 Z?)
Bs = AZ AZSII{AZS¢0}.

The assumption on f provides bounds on «a;, and f:
las| < Ly, 8] < Kp(1+12,] +1Z2)),

hence I'; := exp(f(f g ds) lies in region [exp(—L;T), exp(L;T)] and [, B - dB; is also
a BMO martingale. Applying It6’s formula on I';AY; yields

T T
IAY, = FTA§+/ T Af(s, Y2, Z%)ds —/ I,AZ, - dBY, (A.1)
t t

where dBY® = dB, — 8, and measure Q is characterized by the Radon-Nikodym
derivative 1, .= 22|z, = £([) B, - dB,). As [;T,AZ, - dB2 is BMO under Q, we are

allowed to take the conditional expectation with respect to measure Q,

T
IT,AY,| < E2 [FT|A§|+/ LJAf(s, Y2, Z2)| ds
t

yt:|7

followed by

1
q

T q* *
4 (/ |Af(s,yf,zg)|ds) ‘ ﬂt] :
t

where ¢ is the coefficient appears in the reverse Holder inequality and ¢* is the con-

|AY,| < Cyexp(LyT)E | |AS

jugate of ¢q. For all p > 1, applying Doob’s maximum inequality yields,
i

* q*
E { sup ’AY;tlp:| <E { sup [AY;[* ]

0<t<T 0<t<T

151



1
p——.
a*

T pq
M (/ |Af<s,Ys,Zs>|ds) ]

To establish a control on [[AZ]|gr, we rearrange the equation (A.1), raise both

S CP:Q]E |A£

sides to the power of p and set t = 0,

T g T p
(/ r§|AZs\2ds) ] — C,E© K/ DAZ, - dB?) }
0 0

T p
= C,E? [(FTAg + / DAf(s, Y2 Z2)ds — FOAYO) }
0

EQ

where we used Burkholder-Davis-Gundy’s inequality. As an application of the bound

on I'; and I'yYy, we get

(] mzspds)j

T p qi
<m0 |1agr+ ([ Iare vz zlas) | 482 | s i)
0

0<t<T

EQ

<Gy E

+E [ sup ]Yt]p‘f} "

0<t<T

T pq*
(\Agw / |Af<s,Y£,Z§>|ds)

In the next stage, we estimate the following

£ (— /OTﬁs- d39>) (/OT!AZsPds)g]

— v L
Pq q*

T 2
= C,E (/ |AZS|2ds)
0

|AZIE, i o) = E2

Hp (P,R4

T p(g*)? ﬁ
<Gy E (\Am / |Af<s,Y£,zf>|ds) ] |
0

Alternatively, || AZ||gepgay might be controlled by applying It’s formula on AY

to derive
T
AYP = A& + 2/ AY(Af(s, Y2, Z2) + asAY; + B,AZ) ds
0
T T
- 2/ AY,AZ, - dB, — / IAZ,|? ds.
0 0
By the assumption on the driver, we are allowed to control the following term

T T
/A}/S(QSA}/S+BS~AZS) dsg/ LyAY? + K |AY,[|8,]|AZ| ds
0 0

152



T 1 T
< sup (AY?) (LfT+/ K]%(|AY5|2(1+|251|+|Z§|)2ds) +Z/ IAZ,|” ds.
0 0

0<s<T

We rearrange the above equation and raise two sides by power £ to obtain

T 5
(/ IAZ, | ds)
0

+E { sup (AYS)QLfT} +E

0<s<T

1
=K

5 <G, (EHAWHE (/ TAn(Afmc?,Zf))ds)p

([ 1av o d)]
(/OT(AYSAZS)Q ds) 2])

T £
up |Av 4 ([ are v z)a)
0<t<T 0

»
| I

+E { sup (AYS)Q} +E

0<s<T

+ 1Y 50wy

<G, (Ellagk] +
T P13 3
+E [(/ \5S|2 ds) 1 E { sup |AYS\2”}
0 0<s<T
o[, 7]

T £1:2
(/ IAZ,| ds>
0 0<s<T

Subsequently, using ab < a + \b? with A\ = Tp, we bound the LHS by

T p
1821 0, < G (16l + B ([ 1875, 2105) | 41V Imy + 1V B )

1
2q*

+E

2pq*

T
< Cp E [|AE»?T + (/0 |Af(s,y3,zf)|ds>

Finally, combining the estimation of AY and AZ, we obtain the desired result.
0

Proof of Lemma 3.2.2. Set AY, = Y1 — Y2 A¢ = ¢ — €% and define I, =
t
exp( [, s ds) where

f1(87)/sl’Zsl) _f (S Y2 Zl)

o = Ay T{ay, 01
fl(sayrf?Zsl) _f (8 Y2 ZQ)

As a consequence of equation (A.1), we take conditional expectations on both sides

under measure Q to deduce

T
I,AY, = E© {FTA§+/ LAf(s, Y2 Z%)ds
t

tg[t:| 207
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where measure QQ is characterised by the Radon-Nikodym derivative

00 i :5(/;@5--(135).

Proof of Lemma 3.2.9. The equality is a direct consequence of Tower property,

OP

]

hence we focus on the inequality. Suppose > 7 | |b;] =1, then |b;| < 1foralll <i<n
and |b;|? < |bi| < |bi|? for any p > 1.

STl < STl <Y bl
=1 =1

=1

Substituting b; = Zn'ai"a_l > 0, we arrive at
=1 1"

1
Z?:I |a|P <1< Z?:l |ai|?

iy lail)” iy lail)

hSA

as we requested. O

Proof of Lemma 3.2.11. By Lemma 2.3.16, it is suffice to derive a bound on the
following random variable,
/ Zs - dB;
0

N—-1 T
E Z\Zj|2hj Fi, :EU | Z,|* ds %k} g‘ <C.
=k bk

BMO2(R%)

]

Proof of Proposition 3.2.12. We prove this this theorem in a similar approach
to the proof of Theorem 3.1.1 and 3.1.2.

Step 1. Assume the terminal condition is of same type with £ in the condition
of Theorem 3.1.1. As x; € [¢,2 —¢] for all 0 <i < N — 1, we are allowed to replace

|Zs — Z(s)|? by
tj1
/ Zﬁdu yt].
t.

tjt1 9
/ Z) = Zy,)|” du | F, |
t

J

2
1

E
h

Zs — Z(s)]> < 2|Zy — Zy, P + 2|2y, —

J
2

E@N
]’LjC

<2Z,— Zy,|* +
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since the integral within the conditional expectation is .%; -measurable. Jensen’s

Ni (/tt+ 7, - Z(tj)|2dt>v ’ %r]

j:z J

< O(Eup’ U)hp(v_l)F7 (A2>
N-L ot P

Z/ |2, — 24, dt ' %] ] .

j=i Yt

It is suffice to assume the function g, the drift (y,z) — f(t,vy,z), the drift x —
b(t,x) and volatility term x — o(t,z) are all continuously differentiable. In the first

inequality implies

I=E| sup EW

1<i<N-1

F:=E| sup E

1<i<N-—1

scenario, we assume m; is a partition wider than (or equivalent to) my. Without
loss of generality, we suppose t; = s;, for some increasing sequence ([;)Y,. For any

t €[Sk, Sk41) € [51;,51,,,) = [tj,tj+1), we are able to deduce

—Zy, = (kat) (Vo Xy) o (t, Xy) — (vlijlj)T (vzxslj)_l o (slj, Xsl])
=1 ()+I2J()+]3J t),
I (1) ) (Vo Xo) (o (8, X0) — 0 (8, X4,))

= (V*
L (t) (Vayt) ( VLX) = (VX)) o (1, X,)
‘[3] t ( —Vh Yy, ) (Vthj)_la (tijtj) :
Therefore, we have

F<CpU(F1+F2+F3)

j+1
Fi=E| sup E% Z/ |, ()Y dt | #, ,

1<i<N-1

L J=1 . .

[ j+1 177
F,=E| sup E® Z/ L) dt | #, | |,

| 1<i<N-1 = I

41
F;,=E| sup E®™ Z/ I, () dt | Z,

1<i<N-1
L — — L J=1 i

Denoting h; = t;;1 —t;, we apply Holder’s inequality to compute the contribution
of [1( )

1
217 2q*

N=Lo et -
F<C,E| sup E (Z/ |1 () dt) ’ Z,,
. ~ I,

1<i<N—1
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1

*

7 N-1 2pq 2%
< CpqE ( ; Z ‘Il,j(tﬂ%l[twt]‘ﬂ)(t) dt)
j=0

N—
<Cpy (/

%
Z | opa” ]ltj’ ]+1)(t)] dt) S Cp?qhvp’
where the last line has made use of step 2 in the proof of Theorem 3.1.1. The

=0
contribution of I j(t) can be derived accordingly.

We consider a partition finer than 7y, namely m : 0 = vy < -+ < v; <
- < vpy = T and the corresponding function (j,k) — ¢(j, k) such that they
are defined using the same way as in step 4 of proof to Theorem 3.1.1. Denoting
Ay = (V. Xy) to(t, X;) which is a LY integrable random variable for all v > 0, we

recall the our notation in equation (3.17) and (3.18). The last component can be
regarded as

ti+1
I5(i) == B Z/ |13.5(t |2”dt‘ ]

| / |13]()|2”dt‘ H%]

N 1 lj+l 1

<@2-oE™ (> ) / [IV*Y; = VY, |12 | ] dt Ay ]™
] =1

k=l;

< EQ~ Z EQ~

L j=t

e
N J+l 1
. v 2v
< (2 — ) EW Z Z skp1 — sR)E [[VRY, = VBY, 2 | 7] AT | Z
-1 N-
<2_6>E@N n S E S A | 7| 8 f_] h
k=0 j=t =1
N- ]+1 2
¢)EQV Z Zdu | Ay ‘% h
where we applied inequality (3.19) and A;; are defined as
2 2v 2 v
ti+1 T tj+1 r
A= / Z ni(u)| du] , Agjp = / Z ni(w) | dul ,
G lie(ik) b Ji=e(ik)
r 2v #(5,k) 2p

= |(t; —tip1) Y wilty)
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Consider the consequence of Holder’s inequality

(Z Mkﬂk) < (Z (Mk)ppk:) (Zpk)

which implies the following control on the I3 term

Fy = IE[ sup 13(2‘)?’}

0<i<N-1

y—1 N-1 4 p
1
< C,h’E | sup E EOV 12N Ao | F | A2 | 2,
-7 0<7,<]1\Df 1 kz%pkz € z_: R I B g
=t =1
N-1 1 tita 2 P
+ChPE | sup EOY | Y B |- / B du | Ay | 'ﬁ
0<i<N—1 ‘= € t : :
4 p
<C,h> E| sup EW A sup  |AL P |
- P ZZ1 0<7,<J£f) 1 Zpk (Z Uk) 0§j§]1\3/—1| 4l "
T 2v p
+C, WE | sup EQ~ (/ \ﬁ(u)|2 du) sup |Atj|2” ﬁti] ]
0<i<N—1 t: 0<j<N—1

q* 2
< Cp,ehpZE sup E (Z Pk <Z Azjk> sup \Atj]%) ’ F,

0<j<N-1

2vg*

T 2
( / Bl du) sup |Atj|2”q*2p]
" 0<j<N-1

[ /-1 N-1 2q" 7 2
< Cpech? Z E (Z Pk (Z Al,j,k> sup |Atj |2v> + Cpegoh?”
k=0 =0

0<j<N-1

4 -1 N-1 ek 1
<G B[S pe () | B[ s a e | Gt
I=1 | k=0 =0 OsjsN-1

Within the proof of Theorem 3.1.1, the bound has already been established for
-1 N-1 4pq
Sz | (3 o)
k=0 §=0

Hence we have shown that, if m; is finer than =,

*

I < Ce,p,v)R"""D(C(p,q)h*" + Cl(e,p, q,0)h") < C(e, p, q, v)h™.
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The proof to the situation where 7y is wider than 7, is very much similar to the proof
to the first case, hence we omit here.

Step 2. We briefly review the density argument. By step 6 within Theorem 3.1.1,
there exist Z; — Z; t x w-a.s such that the argument within step 1 is applicable to

Z¢. Inequality (3.20) showcases that it is sufficient to consider the differences term

N=ZLo et P
E| sup E® Z/ |ZE — Z,|* + | Z — Z,)* dt ‘ .
0<i<N-—1 L= J
1
N-1 ¢ e
<E sup K / Z;, — th|2@ + 12 - Zt‘% dt Fi;
0<i<N—1 — J+. 7
Jj=0 """
1
N-1 tir1 2g*
< N2pq*_1h2pq*—1 Z E / |Zt67 . th|41)pq + |Zt€ . Zt|4qu dt ] -0
§=0 tj '

as € — 0, by applying Dominated convergence theorem as well as Jensen’s inequality.
Apply a similar argument in the proof of Theorem 3.1.2, we obtain the inequality as

you required. O

Proof of proposition 3.3.3. By construction, BJ’T < K1+ |2 + |Z7]), hence
M| < CA+Z( ez, ey T 127 ()l (mey) for some C' depending on Ky. Mean-
while, M; is a discrete process, which suggests M; = 20§s§t<M5 — M,_) and the

stochastic exponential is of the form

E(M)t = €xXp (Mt) H ((1 + Ms - Ms—) exXp (_(Ms - Ms—))) = ﬁw(t)'

0<s<t

By construction, we conclude our result by Theorem 2.3.14. ]

Proof of Proposition 3.3.4. The proof has adopted the strategy of the proof of
[12, Proposition 2.12]. Writing Y; without the conditional expectation, we have

%] Z) Nye g @(Zi)THi "

()

Y; = Y/iJrl + hi fi (%E |:}~/i+1

0; is an %, -measurable random variable such that E[¢;|.%,] = 0, E[(0;)?|%,] < oo
and E[0; H;|-%#;,] = 0. Together with equation (3.24), we deduce that

A= F (6E |Yin | 2| Zi) b= i (W E (Y0 | 2] 20) b

— aTE | AV,

Fo| + hBFAZT +¢
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where Av; == ¥; — v; and af is the change in Y component of f;, associated with B{r :
We get
(AVZ)? = (AYT)? + 28V (AYE, = AY]) + (AY, — AYT)?
. . h; ~ . h; ~ S
= (AY)? + 2AY] (-Azgf - H; + Av; — Ai) + (—Azgf : Hi> + (Av;)?
C; C;

+ (A2 — 24 Az —QAAUZ—I—Qh AZT - H,Av
C;

while taking the conditional expectation yields

2
B AV | £) 2 B|Avrp 4 28v7 (-a) + (Bazrn) |2,

7

= (AY7)? - 2AY" (hio?;?E [AYZL

L%i] + th;r : AZZT)

i1~ 12
“AZT

C;

—2AY7(¢) +

Consider the inequality 2ab < ca® + ¢~!b? for any positive ¢, the bound on ¢; yields

1+« 2 ~
S Az b < E[(Av5)* | #] - Ay 4 2Ry ()

2
hia

|

_ _ 2 1 (-
+2L,AVTE[AYE, (AY7) + 5 )Azgf

f/}} hi + Ah;

K3

5

followed by summing up all ¢ and taking expectation

N—
Z (AZT)h;
=0

AY”

E [(AYN’T)Q - (AYJ)Q] +2L,TE { sup

0<i<N—1

1
A

+2E

/871'

(Ay7)?

N-1
zAh > Aveer
=0

Due to the fact that |B~J”| < Kyp(L+|Z7| + |Z;]), N is a BMO martingale by Lemma
2.3.16 and Proposition 3.3.2. Finally, we apply conditional BDG to bound

NS, 2 B 3
E hi |BT| (AY;)? h; | BT E| su AY” 4}
; de (Z ﬁ ) {05131%-1( )
%
sauN“H%Mmm)E[ up (A7)
0<i<N-1
with some constant C; > 0. O
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Proof of Lemma 3.4.1. Suppose we are focusing on the SDE satisfying assump-
tion [A2] (iii). Let us introduce the Euler-Maruyama approximation X®7 and the
step process X/ corresponding to a partition 7 : 0 = 59 < 51 < ..., < s, =T, defined

as

t t
XEm(t) =2 +/0 b (W(u),Xf(’;r) du) —i—/o o (W(U),Xﬁ%) dB,

E77'r _ E,ﬂ'
r—1
m(u) = Ztil[ti,ti+1)(u) + Ly (u).
i=0
The estimation on the strong error of Euler-Maruyama scheme is well-known,

| s [Xo- X570 ] < G0+ o
0<t<T

which can be found in Kloeden and Platen [51, Proposition 10.2.2]. By following a
similar procedure to Zhang [90], we estimate the error of the step process

sup E[| X, — X™(t)|*] <C, sup sup E[|X;— XP7(t)[* + [ XP7(t;) — X7 (¢)|*]

0<i<T 0<i<r—11;<t<tit1

< C,(1 + |z|™)hP.

We observe that supg<,<; |Bs| = supgc,<; (Bf + B;) < supg<,<; B + supy<,<; By,
where supg<,<; Bf = supg<,<; By has the same distribution as |B;| by the reflection
principle. Let us denote (N;);>; are standard i.i.d Normal random variables valued

in R, classical results on N, indicate

2 (2p)la* —1

Vor 2Pp! a —%

for all integers p > 1, while it is valid to take a = hln (%) in the following analysis.

E ([Nl Linzzazy | <

If we swap the supremum and expectation, we obtain a similar sharp bound at a cost

of In (%)p,

E | sup |X; — X’T(t)\ﬂ < E{ sup |X; — XPT(t)[P+ sup  sup  [b(ty, XPT(8))](hi)*P
0<t<T 0<t<T 0<i<r—1t;<t<t; 1

+ sup sSup ’U(tiuXEm(ti))|2p|Bt - Bti

2p
0<i<r—1t;<t<t;y1

3
< Cy(1 + |z)*) (hPHE[ sup  sup |Bt_Bt1:)|4p}>

0<i<r—1t;<t<t;;
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=

< Cp(1+ [z[*) (h“rE{ sup h?p‘Ni‘llp} )

0<i<r—1

< Cy(1+ |f?) <h1n (%))p

Notice that for the last inequality holds for all p > 1, as we can raise p-norm to

[p]-norm, as we required. H

Proof of Proposition 3.4.2. By Proposition 2.4.5, it remains to estimate

T pq %
E ( / |f<s,n”,zz>—f<”><s,Y:,Z:>|ds) ]
0

~ T pq | q
<E </ Kf(1+|Z§’+’¢n(Z:)|)|Z:Ul{|Z?|>”}ds) ]
0

I T pg T pg p’f%
<E (/ C(l + |Z§|2p1) ds) (/ ﬂ{|Zg|>n} ds) ]
0 0
) JRE 1
T ) Pq | p1d T m
(/0 C(1+ |27 Pl)d3> ] (/0 E [ILWOT|Zm2ds)k>(n2T)k}} ds) ,

where the above inequality holds for any £ > 0. Recall Lemma 2.3.11 and Markov

1
P14q

E

< CE

inequality, we are allowed to obtain

1
< —Ck (O(Zn>2))k7 C(va 2) = HZQH]?%IQ

E |:1{(IOT \Z?\st)k>(”2T)k}] - <n2T)k Buo (RY)

By the arbitrary choice of k, we derive the following proposition. In fact, the error

decreases exponentially as

E[1 ] <P(e ;/Tmﬁd > exp (L

Uzz>nh] =5\ PN o0 (zn,2) J, 720 ) = P\ 2020, 2)
1 e n?T

o (s [ 1200) oo (e

while Theorem 2.3.10 was applied to the last line.
m

Proof of Proposition 3.5.3. By plugging the expression of X; and X; repeatedly,
we have

X, —X; =X, — X; 1 + (b(ti—1,Xi—1) — b(ti—1, Xi—1))h;
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+ (o(ti- 17X¢ 1)

—XO_X0+Z

— 0 (tim1, Xim1)) vV hic1%ie1 — G

) = b(t;, X,))h;

+Z o(t;, X;) — o(t;, X;))/hE[y]
i1
+Z o(t;,X;) — o(t;, X)Vhi(v —Elyl) = > ¢
=0
Taking suitable norm followed by apply Jensen’s inequality yields
i-1 %P
E | sup |X; — )"(kPP] <C,|E [|X0 — XOPP] +E | sup Gl |+ 0L+ I+ I
0<k<i 0sk<i|;iZo
where I, I, I3 are defined as
[ k-1 2p
I =E | sup Z( (t;, X;) \/_]E’yj ,
0<k<i |y
[ k-1 2p
L=E | sup > (b(t;,X;) = b(t;, X;)hy| |,
0<k<i |y
[ k-1 2p
I; =E Sup j O(U(tj’Xj) — a(t;,X;))v/hi(v; — E[y;])

By the assumptions on o,

i—1

L <E <Z CyLx|X; — X,|4h

J=0

2p
'L) S Cp,T’AyQP]E

we bounded [; using Holder’s inequality

i—1
Z sup |Xk _Xk|2phi] )

=0 0<k<j

whereas I, can be bounded in a similar way. An application of BDG inequality for

cadlag martingales implies

= E[y;])*h;

< C,sE

0<k;<]

i—1
> s Ko, |

i—1 p
I; < C,E (Z(Xj —X;) (5 — E[’Yj])Zhj> ]
=0
i—1 3
< CorE | 1X = X7 (v;
=0
Consequently,

E [ sup | Xy — Xk]%] <,
0<k<i

i-1 2p
E (1% - %ol +E (;0 ygj|>
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i—1

+q”ﬂmM%D%§:E{ﬁm|Xk—Xﬁﬂhj

‘= Lo<ks<g

i—1 2p
< Cpexp (Cprmax(y,1)%) | E [|X0 - XOW} +E (Z |Cj|>
=0

]

Proof of Lemma 3.5.4. Define a function ¢¥(b,0,t;, hi,x,y) = x + b(t;, x)h; +
o(t;,x)y. Beginning with replacing the Brownian increment AB,, by AB,., we get a
new scheme

XTI = 6500, ti, b, X7, ABy,) = 67 (b0, ti, b, X ABy) + ¢,
X = X,

where CiX’(l) =0 (ti,XZr’(l)> (AB;, — AB,,). Meanwhile, we are allowed to write X7
as

XZ"+1 = ¢E(b7 g, ti7 hi7 szr7 ABQ) + Ciﬂ—’@),

XO = X07
(:7(2) = PrOon (Xzﬁ—&’-(lm) - XZT—&Z(E)? er—ii(f) = ¢E(b7 o, l;, hi7 XZT7 A‘étz)

Since the error can be computed as

e [, e ]

0<i<N

<6, (B[ s 1X70 - 7P| B | sy 17 - X7 ),
0<i<N

0<i<N

we apply Lemma 3.5.3, plug in the expression of CZX ’(1), together with BDG inequality
to get

E {Sup \X;r’(l) — X;|p}

0<j<i

S(%E:<;:U@px?m>«ABQ_ABH_EMBM>+E[A&JM>7

p

)

J

L 2 (AB, — AB,. — E[AB,])?
< OE ( a(tj,X”’(1)> ( t t [ tg])

163



i—1 R D ]E |:|ABtJ - ABtj|p
< CprE (Op + sup | X7 |"+ sup | X7 — X] ) h;

= 0<k<j 0<k<j (hy)P

p i1 p
< Cpr sup by M~ aexp | Cpr Y Iy M ihy,
0<k<i P
where we also used Holder’s inequality as well as the fact that
1
E[aB]|<E[|aB, - aB,[]".
Observing the perturbation is controlled by
7T,(2) T+1
() (X;7 = Xo)
G =0+ KT o7 ]1{\Xi”‘(2)—Xo|>m5}

for all » > 0, we directly get

E | sup |er — X;T’(l)|p}

0<i<N

< CP exp (Od,p,TfSO (Np(;p + NPE [ sup ’XZF»(Q) o

0<i<N

1

(r+1)
0 ! :| (Hé)_rp) )

where 7 = max(supgc;<y M~ ih; 2, ) In order to control the error, it is sufficient

to prove the moments of supg<;<y are bounded by a value independent of N.

Consider X" ™) = XZT X which satisfies the numerical scheme
XH—(l ) PI‘OJ <¢E(67 5-7 ti7 hi7 Xim(g)) ABtz)) ) ng(?’) - 0)
b(t,z) =b(t,x + Xy), &(t,z) =0tz + Xo).

By definition of projection, we define b(t;, z) = b(t;, z) + \fé and derive

- - d
O (0,6t hiy X7, A, ) + éa

2
(3
xnPP? <

<> bty XT h|2+Zyat XTAB, \2+22X b(t;, X7 )hy
pr ~
+Z2X”(3 (t;, X7 P)AB, +22b XTI Nho(t, XPOAB,,.
7=0

Following a similar approach as the proof of Proposition 3.5.3, we raise the power to

’—2’ to have

E[sup bl |]

0<j<i
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< Cpr <C+ sup ((5hi_1)g + sup (E[ABti]h;I)g + sup (5E[ABti]h;2)g)

0<i<N-1 0<i<N-1 0<i<N-1

N-1
X E[sup yx;“(?”v’} C, <O+ sup (E[Aén]h{l)g) h.
=0

0<i<j 0<i<N-1

J

What remains is to apply discrete Gronwall inequality.
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Appendix B

Supplement Material

B.1 Malliavin calculus and Watanabe theory

Proposition B.1.1 (Closability of D and 4). D : L*(Q) — L*(;H) and § :
L3(Q2; H) — L3(2) are both closed operators.

Proof. Recall that an operator A : By — B, where A is defined on By C By is closed

if given a sequence of {z,}, € By such that
T, — xin By, Az, — yin By,

we must have x € By and Ax = y. By the linearity of D and 4, it is sufficient to
consider a sequence x, — 0.
Given a sequence X,, — 0 in L*(Q) with X,, € S such that DX,, — Y in L?(Q; H),
we have, for any Z € S and h € H
E[Z{Y, h)p] = lim E[Z{DX,, h)]

n—oo

lim B [X,ZW (h) — X.(DZ,h)y] — 0,

n—0o0

if we apply integration by parts formula for smooth random variables together with
the dominated convergence theorem. Hence, Y = 0 by the arbitrariness of Z, h. The
similar strategy applies to d(u): let u, be a sequence of smooth random variables in
L2([0,T] x ;R?), such that u, — 0 in L?([0,7] x Q;R?) and 6(u,) — Y € L3().
By definition and repeatedly using the dominated convergence theorem (DCT), for
any I € D12

E[Fo(u)] = lim E[Fd(u,)] = lim E[(DF,u,)u] — 0,

n—o0 n—oo

which implies Y = 0. O
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Proposition B.1.2 (Clark-Ocone, Proposition 1.3.14 in [69]). Assuming d =1 such
that the filtration (%), is generated by one-dimensional Brownian motion B. For all
F € DY2, we have

T
F =E[F] +/ E[D:F | #]dB;.
0
Remark B.1. The Skorohod integral is linear
S(crut + cou?) = e16(ut) + b (u?),

but does not satisfy
T T
/ Xut5Bt #X/ Ut(th.
0 0

B.2 A note on energy inequalities

We review some classical results within potential theory, which can be found in Meyer
[66].

Definition B.2.1. A potential (X;)i>0 is a cadlag positive supermartingale such that

lim E[X,] = 0,

t—o00

i.e. X; — 0 a.s. and in the sense of L',

By Doob-Meyer decomposition, we have a unique expression X; = M; — A; where
M; is a right-continuous martingale and A; is a right-continuous increasing finite
variation process. If X, is uniformly integrable, then A, is integrable as E[M,] and
E[X;] are both bounded. As integrability of A is equivalent to the integrability of
As. Therefore M, exists and M; is also a uniform integrable martingale. Writing
X; = E[My|#] — A;, we deduce that M, = A, by the fact that X, = 0. This

motivates us to define

Definition B.2.2. A potential (X;);>0 is generated by a right-continuous increasing
and integrable process Ay if Xy = ElAs — Ay | F). The generalised energy of such
potential X generated by A is, for some integer p > 1,

1
ep(X) = SE[(Ax)"].
p!
The classical definition for energy is the above equation but choosing p = 2. We

are now in a position to introduce the energy inequality.
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Theorem B.2.3. Given a potential X generated by a right-continuous increasing and

integrable process A, the generalised energy is bounded by, provided X; < ¢ a.s,

1
p(X) = E[(Au)] <
Given M, is a BMO martingale, an example of application is choosing A; =
SUPg<4<; | M|, which leads to the John-Nirenberg inequality. Alternatively, setting

A, = (M), yields Theorem 2.3.10.

B.3 Remarks on BTZ scheme for Lipschitz BSDEs

We aim to sketch the idea of deriving the BTZ scheme. Meanwhile, there are many
variants of the BTZ scheme (see for example, Lionnet et al. [60]). Suppose the ter-
minal condition £ can be generated, for example, £ = g((X;)o<t<r) Where X satisfies
an SDE. Let m: 0 =1ty <t; <--- <ty =T be a partition with path (By,)o<i<n, the
approximation of terminal condition is denoted by ™. As we are mainly interested

in the backward component Y and we observe that

tir1 tit1
Y, =Y, + | f(sYeZ)ds —/ Z, - dB.. (B.1)
t

ti i

A naive Euler discretisation of BSDE is, setting h; = t;,1 — t;
YZT = Y;SZF_H + f(ti’ Y;SZT’ Zg)h’t - ZZZ(BUH - Btz‘)'

However, the pair (Y™, Z™) is not necessarily adapted. To avoid this issue, we take the

conditional expectation to analyse Y;, = E[Y;,,, + ftt,"“ f(s,Ys, Zs)ds | Z,], together

with approximating the integral by a 6;-scheme, similar to [92] to conclude:

YT =E|Y]

tit1

Zﬂ'

tit1

tit1?

)hl | ﬁti+l

Therefore, ; = 1 keeps the implicit term f(¢;,Y;T, ZT), whereas ¢; = 0 keeps the
explicit term f(t;,Y," , ZT

i1 2, ), which requires Z7.

Regarding to estimating the Z component, we estimate the k-th component Z*
where k € {1,...,d}. Multiplying the Brownian increment ABf = Bf  — Bf on
both sides of equation (B.1) and taking conditional expectation yields

J]

tit1

ABE F(s,Ys, Z) ds

t;

0=E[Y, ,AB; | #,| +E

tit1
—E ABQ_/ Zs - dB
t

i
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ti+1

=E[Y;,,AB} | #,] +E f(8,Ys, Z)ABf ds | #,| —E

i

tit1
/ ZFds
ti

ti

After replacing the integral by fs-approximation, we have

ABF
~E|Y,. :

‘gatz} +E |:f(ti+17 -}/iiJrl’ Zti+1)(1 - QQ)ABZ

To summarise, numerical scheme of BSDE of backward Euler type is

Y7 = [y + 00 f (1 Y7 Z0)hs + (1= 00) f(t:, Y, Z00hi | P2
T,k 71' ™ 7r ABtkl
Z;" =K (Yz‘+1 + ftivn, Y, Z54)(1 — 92)hi)

h;
Yi =&Y, Z% = (Dré) Lig,z1y.,

9ti:| s k= 1, ce ,d, (BQ)

where the operator Dr is relevant to the Malliavin derivative, as in Definition 2.2.2.
As a dynamic programming algorithm, the scheme is partially implicit in Y and
explicit in Z for any values of 6,. Selecting 6; = 1 makes a implicit scheme (in Y'),
whereas taking #; = 0 imposes an explicit scheme.

This type of scheme appears in [60, 61], while some modification of such backward

Euler scheme exists. One can develop an explicit inner scheme:
Y7 =BT | Zu) + f (G E Y| Pl 27) i,

which avoids computing Z%, and can be found in Pages and Sagna [71].

We add a remark on BTZ scheme on QBSDEs. The original BTZ scheme is
designed for Lipschitz BSDEs. An intuitive idea on numerically simulating QBSDEs
is to approximate the driver f by a Lipschiz version, followed by numerical simulation
based on the estimation of f. However, if we attempt to apply any previous methods
on Lipschitz approximation, we cannot control the rise of the Lipschiz constant L.

Hence the rate of convergence will be L if N is the number of timestep.
& os(V) P

B.4 Utility pricing in incomplete market

We introduce briefly a problem which is specified by Henderson and Liang [40]. Con-

sider a world with three type different assets, including a tradable risk-free bond
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with zero interest rate, a tradable financial index P, and a set of observable but non-
tradable asset S = (S!,...,S%). For all i € {1,...,d}, their dynamics are given
by

t t
B:P0+/ ,ufPsder/ (ef'P,) - dB,,
St = So+/ LS ds—l—/ (0L5%) - dB,
0 0

where pf) il € R and o, oF € R?. We focusing on path-dependent contingent claims
written on non-tradable asset S, where the terminal payoff is given as ®(S) with no
early exercise rights. The market in incomplete in the sense that this contingent claim
cannot be replicated by asset S and bond.

Setting the t € [0, 7] as the starting time, the holder of the derivative has the initial
wealth X, while the value corresponding to A-units of contingent claim with payoff
®(9) is given by V;*. The investor is not allowed to trade the claim before maturity,
but he/she is able to invest in the tradable index with price P and riskless bond freely.
Subject to purchasing V, at time ¢, we denote (X§Xt_vm)s€[t,ﬂ an .%#;-adapted process
to indicate the wealth of process of the holder of the claim. Regarding the risk arising
from the contingent claim written on non-tradable assets, the holder will follow some
admissible strategy which allows him/her to partially hedge the risk. The investor
will choose the optimal strategy in the sense that he/she maximises the expected
utility of the terminal wealth under this strategy, hence we are looking for the pricing
formula and hedging strategy of the financial derivative in this circumstance.

In order to solve this problem, some assumptions on the asset and the payoff has

to be made on the price dynamics and utility function of the holder of the claim.

Assumption [A10]. P, S; and ®(S) satisfy

P

o are F-predictable processes which are uni-

P
s

(i) The coefficients ut, i and ot o

formly bounded. Moreover, the volatility term o’ is uniformly elliptic, which is

equivalently imposing ||o¥|| > € for some ¢ > 0 independent of (s,w);
(i) The terminal payoff ®(S) is a bounded and non-negative functional of S.

Assumption [A11]. The investor has an exponential utility function with parameter

v > 0 with respect to the terminal wealth, where

Ur(x) = —exp(—7yx).
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The investor of the claim will choose an admissible strategy 7 to spend on risky

asset P, which is a process m € A,q4[0, T with
Aaa[0,T) = {(m)sejo,r) Fi-predictable process, 7 : [0,7] x Q — R |7 € Hyo(R),

T
E|K>e>0suchthate§E{exp (—7/ %dPs>] SK}.

S

As a result, the wealth process corresponds to a fixed admissible strategy 7 and
satisfies the following SDE:

XAV () = X = VP + / % dp,
t u

= X, —W+/ wuufder/ mu(c”P,) - dB,.
t t

As the total wealth of the holder of the claim at maturity is X}Xt_vtk) +®(9), optimal
EIDN

I

admissible strategy subject to purchasing A units of the claim at initial time ¢, 7

is the one which maximises the expected terminal utility

esssup EF [— exp (’yXT(XﬁVtA) + fyCD(S)) ' 9}] .
TEALq[¢,T]
Meanwhile, the investor may decide not to invest in the financial derivative, while

he/she will follow the optimal strategy, 7*° satisfying

esssup EF [— exp (VX}X’/U ‘ ,?t] )
TEAL4[t,T]
By no-arbitrage condition, we realise V;* = 0, hence that not investing in the claim is
equivalent to taking A = 0.
We are now in a position to state the definition for utility indifference price of
the financial derivative. Formally, it is treated as the price where the purchasing the

claim does not offer any expected utility at maturity than not investing in it.

Definition B.4.1. Given \-units of contingent claim with payoff ®(S) and investor’s
utility function of terminal wealth Uy, its utility indifference price V; is the solution
to

esssup EF {UT (X;Xt_vm + @(S)) ‘ ﬂt] = esssup EF [UT (Xq(fm> ‘ ﬁt] )
mEAqalt,T] TEAqq[t,T]

A

Moreover, we refer m* — 7% to the hedging strateqy corresponds to the \-units of

claim with price V.
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Corresponding to this definition, Henderson and Liang [40] proposed that the

problem can be formulated in terms of BSDE, while the utility indifference price V;}

*,0

and hedging strategy 7" — 70 are associated to solution a to BSDE.

Theorem B.4.2. We impose assumption [A10] and [A11]. Consider (Y*, Z) is
the pair which solves the quadratic BSDE

T T T
=)+ [ st [ g zds— [ (2 as,
0 t t

where the driver f(s,z) and 0y is defined as

2 P2
9. 6= l12s |

P

Hs

(o) 2= — e
2l F TP

r-)/

f(s,2) = =222 + =

o B.3
LT (B:3)

The utility difference price V is the difference to the solution of (B.3)
‘/;)\ — }/;)\ o }/;0’

whereas the optimal admissible strategy for the investor who invest in A\-units of claim

and not purchasing the claim are

o _(00)-Z2 wo_ _(00)-28  ulP

== ==
t leZl2  Allalz lol1® - Al l*

respectively. Consequently, the hedging strategy which corresponds to the A-units of

claim has the value

*,A *0 (Jf) ) (Z? — Zg)

N PR

B.5 Other useful results

Lemma B.5.1 (Discrete Gronwall, [42]). Let (x,)n>0 and (yYn)n>0 be non-negative

sequences. Assuming there exist ¢ > 0 such that

T, < c+ Z Tl

0<i<n—1

for all n >0, then every x, satisfies

n—1 n—1
T, < cH(l +y,) < cexp (Zyz> )

=0
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