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Abstract

In this thesis, we first study the numerical scheme of path-dependent

quadratic backward stochastic differential equations (quadratic BSDE or

QBSDE for short). Under the assumption that the terminal condition is

of the form Φ(X), where Φ is a Lipschitz function on D̃(Rm) (the space of

càdlàg paths) and X is the solution to a Lipschitz SDE satisfying linear

growth conditions, we derive the path-regularity result which characterises

the solution (Y, Z). Motivated by the modified implicit BTZ scheme in

[12], we propose the modified (inner) explicit BTZ scheme and conduct a

perturbation analysis on Z-part of the scheme, followed by concluding the

error of the scheme is O(N− 1
2 ) with N as the number of timesteps instead

of O(N− 1
2
+ε) for some ε > 0 in [12]. Numerical experiments support our

conclusion on the convergence rate.

The second purpose of this thesis is to derive a partial differential equation

(PDE) for the single-time single-point probability density function (PDF)

of the velocity field of a turbulent flow. The PDF PDE is a highly non-

linear parabolic-transport equation, which depends on two conditional

statistical characteristics of important physical meaning. The PDF PDE

is a general form of the classical Reynolds mean flow equation [80], and

is a precise formulation of the PDF transport equation [77]. The PDF

PDE provides us with a new method for modelling turbulence. An ex-

plicit example is constructed, though the example is seemingly artificial,

it demonstrates the PDF method based on the new PDF PDE.

Lastly, vorticity random fields of turbulent flows are singled out as the

main dynamical variables for the description of turbulence, and the evo-

lution equation of the PDF of the vorticity field has been obtained. This

PDF evolution equation is a mixed type PDE of the second order which

depends only on the conditional mean (which is a first order statistic) of

the underlying turbulent flow. This is in contrast with Reynolds’ mean

flow equation which relies on a quadratic statistic. The PDF equation is

interesting on its own and is worthy of study as a PDE of second order.
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Chapter 1

Introduction

1.1 Background

Stochastic differential equations (SDE), which are usually based on the theory of Itô’s

calculus and serve as natural models of time-dependent objects with random noise,

have applications in a variety of areas, involving physics, engineering, biology and

finance. An important aspect of stochastic analysis is developing a bridge between

probability and partial differential equations (PDE), in the sense that PDE problems

such as the existence and uniqueness of a parabolic equation, is solved by some

probabilistic techniques.

To demonstrate how deterministic functions in PDE are associated with random

variables in probability, we recall the classical homogeneous heat equation

∂tu(t, x) =
1

2
∆xu(t, x), (t, x) ∈ (0, T ]× Rd,

u(0, x) = g(x), x ∈ Rd,

where u : [0, T ]×Rd → R for some d ≥ 1. In physics, this equation plays an important

role in describing the diffusion through a medium over time, such as the evolution of

temperature in reality when d = 3. Without going into the technical details, we find

the solution (see for example, Evans [26, Section 2.3])

u(t, x) =

∫
Rd

1

(2πt)
d
2

g(y) exp

(
|y − x|2

2t

)
dy

= E [g(X(t, x))] ,

where X(t, x) = x+Bt and Bt is the standard Brownian motion on Rd.

It is not surprising that the phenomenon above was discovered in other PDEs. As a

generalisation, the theory of Markov processes was developed in the 1940s to provide
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a probabilistic approach to a class of linear parabolic PDEs, while the Feynman-

Kac theorem indicated the solution to linear parabolic PDE can be written as an

expectation of a function of a Markovian SDE, if the solution exists and is regular

enough.

Suppose a new term f , which is a function of u(t, x) and ∇xu(t, x) with ∇x as the

gradient operator on x, is added to the heat equation. Instead of the initial condition,

we assume the terminal condition, in the sense that

∂tu(t, x) = −1

2
∆xu(t, x)− f (u(t, x),∇xu(t, x)) , (t, x) ∈ [0, T )× Rd,

u(T, x) = g(x), x ∈ Rd.
(1.1)

This equation is semi-linear and cannot be solved using the same technique. However,

the backward stochastic differential equation (BSDE), introduced at the end of the

last century, is indeed a probabilistic counterpart of a class of semi-linear parabolic

PDE. Instead of a forward SDE, a pair of adapted processes (Yt, Zt)t∈[0,T ] is introduced

Yt = ξ +

∫ T

t

f (Ys, Zs) ds−
∫ T

t

Zs · dBs (1.2)

for a terminal condition ξ, such that the pair (Y, Z) matches up with the solution

u and its derivative ∇xu respectively. Given ξ = g(X(t, x)) with X(t, x) = x + Bt,

we have Yt = u(t,X(t, x)) and Zt = (∇xu)(t,X(t, x)), which is called the non-linear

Feynman-Kac formula.

From a probabilistic point of view, BSDE on its own is a problem worth discussing

even if we don’t focus on the PDE aspect. Suppose f = 0 and d = 1 in equation

(1.2), the BSDE turns into

Yt = ξ −
∫ T

t

Zs dBs,

where the process Yt is a martingale and Zt exists by the martingale representation

theorem. Therefore, BSDE can be regarded as a “non-linear martingale” to some

extent. Moreover, suppose ξ is nice enough, the Clark-Ocone formula (see Proposition

B.1.2) suggests that Z component is obtained through

Zt = E [DtF |Ft] = DtE [F |Ft] = DtYt,

where D is the Malliavin derivative operator. If ξ depends on the paths of Brow-

nian motion, such as ξ = supt∈[0,T ] |Bt|, the PDE counterpart is unknown, but the
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associated BSDE is well-defined and corresponds to problems in, for example, mathe-

matical finance. This motivated us to conclude a numerical scheme for BSDEs where

the terminal condition is a function of the path of the forward process.

Apart from the heat equation, the Navier-Stokes equation is also a parabolic

equation. It has the form

∂U i

∂t
+ U(x, t) · ∇xU

i(x, t) = ν∆xU
i − ∂P

∂xi
, 1 ≤ i ≤ d, (x, t) ∈ Rd × (0, T ],

∇x · U(x, t) = 0, (x, t) ∈ Rd × [0, T ],

U(x, 0) = U0(x), x ∈ Rd,

where P is known as the “pressure term” and ν ≥ 0 is the “viscosity constant”. This

equation is particularly important in physics. Flows are divided into laminar flows,

which are more smooth, and turbulent flows where the characteristics of such flows

vary in a disordered manner in space-time. Compared to laminar flows, turbulent

flows are more common in practice and much more effective in terms of transport-

ing and mixing the fluid. Unfortunately, they are also much more unpredictable in

contrast to laminar flows. The Navier-Stokes equation is particularly useful since it

accurately describes the evolution of the turbulent velocity U in time and space.

In order to evaluate the velocity at time T > 0, we can plug in the (deterministic)

initial velocity followed by applying direct numerical simulation (DNS) of the Navier-

Stokes equation. The DNS is intractable for high Reynolds number flows, whereas

turbulent flows often have high Reynolds numbers.

This motivates us to switch to the approach in the spirit of statistical physics and

to consider the initial velocity as a random field rather than a deterministic field.

When the initial velocity is random, the solution U(x, t) at (x, t) becomes a random

variable, which has a law (or called distribution) defined as the probability measure on

the Borel σ-algebra of R3. Moreover, the distribution of the random field {U(x, t)}x,t
consists of, by definition, all possible finite-dimensional marginal joint distributions

of

U(x1, t1), . . . , U(xn, tn)

where xi ∈ R3, ti ≥ 0 and any positive integer n. We are keen to investigate its law,

in particular, we will focus on the probability density function (PDF) of U(x, t) at

some fixed (x, t) as it is sufficient to describe the law. An alternative way to model

turbulence is to analyse the vorticityW , which is defined asW = ∇∧U . The PDF of

the vorticity, which is expected to be extracted from the vorticity equation together

with the random initial data, will be our main purpose in this scenario.
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1.2 Outline

In Chapter 2, we list basic definitions and results covering Mallavin calculus, martin-

gale theory, classical numerical schemes for BSDE and the theory of turbulence.

The BSDE with path-dependent terminal condition and driver of quadratic growth

in the Z component is the main subject of study in Chapter 3. A path-regularity

theorem is established, followed by the analysis on the modified (inner) explicit BTZ

scheme which is motivated by the modified implicit scheme in [12]. As an application,

we illustrate the convergence of the numerical scheme for such type of BSDE with a

specified convergence rate.

The next two chapters include two projects on the study of velocity field Li et al.

[57] and vorticity field Li et al. [58] respectively. In particular, these projects are

based on the joint work of Professor Zhongmin Qian, Dr. Jiawei Li and the author.

Chapter 4 is devoted to characterising the PDF of the velocity field U(x, t) which

satisfies the Navier-Stokes equation. The PDF is single-time and single-space, which

satisfies a PDE, the so-called PDF PDE. A stochastic representation formula is given

to solve the PDE under some assumptions.

In Chapter 5, we derive the PDE that is satisfied by the PDF of vorticity random

field. In contrast to the velocity field, only the conditional mean of the vorticity field

is involved in the equation. The PDF equation is interesting on its own and is worthy

of study as a PDE of second order.

1.3 Notations and conventions

We summarise the notations and list assumptions throughout this thesis, for the

convenience of the reader.

| · | is the Eucliean norm for vectors or scalars. For a vector I = (i1, . . . , ik, . . . )

(or multi-index) with finite or infinite length, |I|1 =
∑∞

k=1 |ik|. For an A ∈ RN×d,

|A| refers to the Frobenius norm i.e. |A| := Tr(AAT ) =
√∑N

i=1

∑d
j=1 |Aij|2. Vectors

are assumed to be column vectors, hence for any vectors a, b ∈ RN and σ ∈ RN×d,

a · b =
∑N

i=1 a
ibi and a · σ = σ · a = (a⊤σ)⊤ = σ⊤a ∈ Rd. Given a a scalar function

u : RN → R which maps x ∈ RN to u(x), we write the operator ∂x := ∇x. For a

vector field u : RN → RM , the Jacobian matrix is defined as

∇xu =

 ∂x1u1 · · · ∂xNu1

...
. . .

...
∂x1uM · · · ∂xNuM

 ∈ RM×N

4



i.e. operators ∂xi are applied column-wise. Given a function f : RN → R, we write ∂if
as ∂f

∂xi . Given a multi-index I = (i1, . . . , ik), we denote ∂If := ∂i1 · · · ∂ikf . For a vec-

tor x = (x1, x2, . . . , xN), we write
∫
RN f(x) dx =

∫
R · · ·

∫
R f(x

1, . . . , xN) dx1 · · · dxN ,
whereas

∫ t

0
Vs · Xs :=

∑N
i=1

∫ t

0
V i
s dX

i
s for vector-valued processes Xs, Vs ∈ RN . If H

refers to a Hilbert space, H⊗j =
⊗j

i=1H for all integer j ≥ 1. If f, g are functions in

some Hilbert space H, then we write f ⊗ g ∈ H⊗2 and f⊗m =
⊗m

i=1 f .

A table of notations is also presented in the following. The assumptions, such as

[A6], unless we specified, are not assumed to be satisfied for all statements through-

out this thesis. An assumption is imposed if and only if we mention it in the

description of the result (such as lemmas, propositions, theorems, corol-

laries, remarks).

Constants

d The dimension of the Brownian motion (Bt)t≥0

m In Chapter 3, it refers to the dimension of the forward
SDE Xt

N In Chapter 3, it refers to the number of time-steps

n In Chapter 3, it refers to the truncation parameter of
the driver f

T A deterministic positive constant, which denotes the
terminal time

C In Chapter 3, it is a generic constant that depends on
some irrelevant (or fixed) parameters

Spaces and Norms

C(A; Â) The space of continuous functions f : A→ Â

Ca1,a2(A1 × A2; Â) The space of functions f : A1 × A2 → Â such that
a1-continuously differentiable in A1 and a2-continuously
differentiable in A2

Operators and functions

D Malliavin derivative operator, see Definition 2.2.2∫
dXt Itô’s integral with respect to a R-valued process Xt

E(X) Stochastic exponential1 with respect to a process X

1For a cádlág martingale X, the stochastic exponential satisfies E(X)t = 1 +
∫ t

0
E(X)s− dXt.

Moreover, E(X)t = exp(Xt − ⟨Xc⟩t)
∏

0≤s≤t ((1 +∆Xs) exp(−∆Xs)), provided Xc referring to the
continuous part of X and ∆Xt := Xt −Xt−.
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(Yπ
i ,Zπ

i ) Numerical scheme (3.4) for QBSDE with truncated
driver and approximated path-dependent data

(Y π
i , Z

π
i ) Solution to the (general) modified BTZ numerical

scheme (3.22)

(Ỹi, Z̃i) Perturbed scheme (3.27) with a (general) perturbation
ζY on the Y component

(Y̌i, Ži) Perturbed scheme (3.33) with a (general) perturbation
ζZ on the Z component

(Ŷπ
i , Ẑπ

i ) Implementation of scheme (3.4) with quantization tech-
niques, see (3.47)

Assumptions

Assumption [A1] See page 24

Assumption [A2] See page 31

Assumption [A3] See page 31

Assumption [A4] See page 31

Assumption [A5] See page 60

Assumption [A6] See page 60

Assumption [A7] See page 62

Assumption [A8] See page 113

Assumption [A9] See page 113

Others

X ≃ Y (X, ∥ · ∥X) is isometrically isomorphic2 to (Y, ∥ · ∥Y )

[X]P The law of the random variable X w.r.t P

A⊤ The transpose of matrix A

Table 1.1: Summary of basic notations in this thesis

2That is, there exist a bijective (or surjective, since an isometry is injective by construction)
linear map T : X → Y such that ∥Tx∥Y = ∥x∥X for all x ∈ X.
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Chapter 2

Preliminaries

In this chapter, we quote classical results in the literature and present some intro-

ductory material which is helpful throughout the subsequent chapters. The notation

and terminologys used in this chapter will be consistent in the whole thesis unless we

specify.

2.1 Basic setup

Definition 2.1.1 (Function space on RN). Let f : RN → R be a function.

• C(RN ;R) is the space of continuous functions f : RN → R. Cn(RN ;R) denotes
the space of n−times continuously differentiable functions such that for any

multi-index I = (i1, . . . , ik) ∈ {1, . . . , N}k such that k ≤ n, ∂If exists and

continuous. At last, C∞(RN ;R) is the space of infinitely differentiable functions

i.e. f ∈ Cn(RN ;R) for all n ≥ 1.

• C∞
p

(
RN ;R

)
refers to the space of infinitely differentiable functions f : RN → R

such that partial derivatives ∂If with multi-indices I have at most polynomial

growth.

The spaces C(RN ;RN), Cn(RN ;RN), C∞(RN ;RN), C∞
p (RN ;RN) of vector fields f : RN →

RN are defined accordingly.

Definition 2.1.2 (Random variables on the probability space). Given the probability

space (Ω,F , (Ft)t,P) where (Ft)t satisfied the usual conditions, setting 1 ≤ p < ∞,

we define the following spaces:

• Lp(Rd,FT ,P) = {X : Ω → Rd | X is FT -measurable, ∥X∥pLp(P) := E[|X|p] <
∞},
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• L∞(Rd) = {X : Ω → Rd | X is FT -measurable, ∥X∥∞ := ess supω∈Ω |X(ω)| <
∞},

• Sp
T (R,P) := {Y : (t, ω) ∈ [0, T ] × Ω → Rd | (Yt)t = (Y (t, ·))t be an adapted

càdlàg process such that ∥Y ∥pSp := E[sup[0,T ] |Yt|p]},

• Hp
T (Rd×m,P) := {X : (t, ω) ∈ [0, T ] × Ω → Rd×m | (Xt)t = (X(t, ·))t be a

predictable matrix-valued process such that ∥X∥pH2
T

:= E
[(∫ T

0
|Xt|2 dt

) p
2

]}
,

• BMOp,T (Rd,P)) := {X : (t, ω) ∈ [0, T ] × Ω → Rd | (Xt)t = (X(t, ·))t be an

adapted càdlàg martingale such that given any bounded stopping time 0 ≤ τ ≤
T , ∥X∥pBMOp,T (P) := supτ ∥E[|XT −Xτ− |p |Fτ ]∥∞ <∞},

• D̃T (Rm) is the space of m-dimensional càdlàg functions defined in [0, T ]. We

equip this space with the norm ∥ ·∥D̃∞
T (Rm) either by ∥ ·∥D̃1

T (Rm), which are defined

as ∥Θ∥D̃∞
T (Rm) = supt∈[0,T ] |Θt| and ∥Θ∥D̃1

T (Rm) =
∫ T

0
|Θt| dt,

• D̃[s,t](Rm) is the space of m-dimensional càdlàg functions defined in [s, t], which

can be embedded into D̃T (Rm) by defining Θ̂ = Θ1[s,t] ∈ D̃T (Rm) for any Θ ∈
D̃[s,t](Rm),

• D1,p(R,P) := {F | ∥F∥D1,p(R) = (∥F∥pLp(R,P) + ∥∥DF∥H∥pLp(R,P))
1
p < ∞, where D

is the Malliavin derivative operator and H = L2([0, T ];Rd)}, for some p ≥ 2,

• Hp
BMO,T (Rd,P) := {α : (t, ω) ∈ [0, T ]× Ω → Rd | (αt)t∈[0,T ] is an adapted process

such that the process (Mt)t∈[0,T ] ∈ BMOp,T (P,R), where Mt :=
∫ t

0
αs · dBs}. The

space is equipped with the norm1

∥α∥Hp
BMO,T (P,Rd) :=

∥∥∥∥∫ ·

0

αs · dBs

∥∥∥∥
BMOp,T (P,R)

= sup
t∈[0,T ]

E

[(∫ T

t

|αs|2 ds
) p

2
∣∣∣∣Ft

] 1
p

 .

Remark 2.1 (Notation and conventions). Throughout this thesis, we would like to

use the following notation.

(i) We focus on the filtered atom-less probability space (Ω,F , (Ft)t∈[0,T ],P) for

some T > 0 unless we specify otherwise, while the filtration (Ft)t∈[0,T ] supports

1We are allowed to consider deterministic times only. This will be explained in Corollary 2.3.13.
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a d-dimensional Brownian motion (Bt)t∈[0,T ], whose components are (Bi
t)t∈[0,T ]

for all 1 ≤ i ≤ d. We denote the augmented filtration generated by (Bt)t∈[0,T ] as

FB
t . In general, we assume (Ft)t∈[0,T ] = FB

t unless we specified.

(ii) As all norms are taken under P, we omit P unless we specify. Moreover, we also

omit T , such as Sp(Rd),Hp(Rd),BMOp(Rd) and Hp
BMO(Rd). As the BMO norms

are equivalent (see Lemma 2.3.11), we sometimes write HBMO(Rd) instead of

Hp
BMO(Rd).

(iii) Let Θ = (Θt)t∈[0,T ] be a càdlàg process in [0, T ] × Ω. For any ω ∈ Ω, Θ(ω) ∈
D̃(Rm) is a càdlàg path such that Θ(ω)(t) = Θt(ω). For any Φ : D̃(Rm) → E1

(for example, E1 = Rm1 with m1 > 0), we write Φ(Θ) : Ω → E1 as the E1

valued random variable such that Φ(Θ)(ω) = Φ(Θ(ω)).

2.2 Malliavin derivative

As an infinite-dimensional differential calculus on Wiener space, Malliavin calculus

was first established to provide a proof of Hörmander’s theorem. Our aim is to

introduce the basic definitions of the derivative operator adapted from [69], which

will be heavily used in a numerical scheme for BSDE. Let us consider the Hilbert

space H = L2([0, T ];Rd). We observe that L2(Ω;H) ≃ L2(T × Ω;Rd) i.e. they

are isometrically isomorphic, hence for every u ∈ L2(Ω;H), it can be treated as

an element in ũ ∈ L2([0, T ] × Ω;Rd) by writing ũ(t, ω) := u(ω)(t). For simplicity,

we do not distinguish between u and ũ, and the same applies for L2(Ω;H⊗k) and

L2([0, T ]k × Ω; (Rd)⊗k), for any k ≥ 1. Now, we define the mapping which connects

H to the space of Gaussian random variables.

Definition 2.2.1 (White noise/Wiener integral). Let H = L2([0, T ];Rd), with asso-

ciated inner product

⟨h1, h2⟩H =

∫ t

0

h1(s) · h2(s) ds ∀h1, h2 ∈ H.

The white noise is the linear isometry W : h ∈ H → W (h) ∈ L2(Ω,F ,P) such that

for every h1, h2 ∈ H, W (h1) is a centered Gaussian random variable and the function

⟨W (h1),W (h2)⟩L2 = ⟨h1, h2⟩H . Equivalently,

W (h) :=

∫ T

0

d∑
i=1

hi(s) dBi
s,

which is known as the Wiener integral.
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Definition 2.2.2 (The Malliavin derivative). Let S is the space of R-valued smooth

random variables such that

S :=
{
f(W (h1), . . . ,W (hk))

∣∣hi ∈ H for all 1 ≤ i ≤ k,

f ∈ C∞
p (Rk,R) for some k ≥ 1}.

The derivative operator D is first defined on S, such that the derivative DF with

F ∈ S is given by

DF :=
n∑

i=1

∂if(W (h1), . . . ,W (hn))hi.

Notice that DF is an H-valued smoothed random variable. Moreover, the operator D

can be applied iteratively on smooth random variable F , in the sense that

DkF :=
n∑

i1,...,ik=1

(∂i1 · · · ∂ikf)(W (h1), . . . ,W (hn))hi1 ⊗ · · · ⊗ hik ∈ L2(Ω;H⊗k),

for any k ≥ 1. By convention, we treat D0F = F .

The derivative can be also treated as the stochastic process {Dk
t1,...,tk

F}t1,...,tk∈[0,T ],

valued in (Rd)⊗k. In particular, for smooth random variable F , it has the form

Dk
t1,...,tk

F =
n∑

i1,...,ik=1

(∂i1 · · · ∂ikf)(W (h1), . . . ,W (hn))hi1(t1)⊗ · · · ⊗ hik(tk).

As DtF is a Rd-valued random variable, we write it as a vector with components

D(i)F , namely DtF = (D
(1)
t F, . . . , D

(d)
t F ).

Lastly, we define the spaces of random variables which has certain degree of Malli-

avin differentiablity.

1) The space Dk,p, which can be regarded as the domain of Dk in Lp(Ω), is defined

as the closure of S with respect to ∥ · ∥k,p, whose definition is

∥F∥k,p :=

(
E [|F |p] +

k∑
j=1

E
[
∥DjF∥p

H⊗j

]) 1
p

, ∀F.

Finally, the space of smooth Wiener functions is defined as

D∞ := ∩p≥1 ∩k∈N Dk,p.

2) Similarly, Dk,p(V ) with some Hilbert space V denotes the V -valued random vari-

ables that are bounded under the norm

∥F∥k,p,V :=

(
E [∥F∥pV ] +

k∑
j=1

E
[
∥DjF∥p

H⊗j⊗V

]) 1
p

.
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Remark 2.2. The space (D1,2)d consists of random vectors F = (F 1, . . . , F d) with

every component belongs D1,2. By construction, (D1,2)d ≃ D1,2(Rd).

Similar to the classical Fréchét derivative, the Malliavin derivative possesses the

chain rule [69, Proposition 1.2.3, Proposition 1.2.4], at least for Lipschitz functions.

The operator Dt satisfies the property

Dt (E [F |Fs]) = E [DtF |Fs]1[0,s](t),

by an application of [69, Proposition 1.2.8]. Moreover, we are able to view the space

Dk,2(V ) for all k ≥ 1 and some Hilbert space V , as a Hilbert space associated with

inner product

⟨F,G⟩Dk,2(V ) =
k∑

j=0

⟨DjF,DjG⟩L2(Ω,H⊗j⊗V ), ∀F,G ∈ Dk,2(V ).

The adjoint of the Malliavin derivative operator D is known as the divergence

operator.

Definition 2.2.3 (The divergence operator). δ is the adjoint of the Malliavin deriva-

tive operator D, such that δ : L2(Ω;H) → L2(Ω) and it satisfies the following.

1) The domain of δ, denoted by Dom(δ), is defined as

Dom(δ) :=
{
u ∈ L2(Ω;H)

∣∣E [⟨DF, u⟩H ] ≤ c(u)∥F∥2,

with some constant 0 < c(u) <∞, ∀F ∈ D1,2
}
.

2) The operator δ is characterised by

E [Fδ(u)] = E [⟨DF, u⟩H ] .

for all u ∈ Dom(δ) and F ∈ D1,2.

For u ∈ Dom(δ), we also use the following notation2

δ(u) =

∫ T

0

u(s) δBt,

which is known as the Skorohod integral.

2The sign δBt can be roughly viewed as ·dBt, but it should not be confused with Itô’s integral.
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The Skorohod integral has zero-mean as in the case of Itô’s integral, since

E [δ(u)] = E[⟨D1, u⟩H⟩] = 0.

Moreover, both operators are closed, see [70, Proposition 1.30] or Proposition B.1.1.

The space Dom(δ) ⊆ L2(Ω;H) is rather vague, we are often interested in the following

objects.

Definition 2.2.4 (Subspace of Dom(δ)). Let p ≥ 2.

1) We define L1,p(Rd) := D1,p(H) ⊆ Dom(δ), which associates with the norm de-

fined in Definition 2.2.2. Given u = (us)s∈[0,T ] ∈ L1,2(Rd) and us = (u1s, . . . , u
d
s),

we write the Rd×d-valued matrix Dtus with entries (Dtus)ij = D
(j)
t uis.

2) Lp
a(Rd) is the closed subspace of adapted processes {u(t, ·)}t≥0 ∈ Lp(Ω;H).

3) L1,p
a (Rd) :=

{
(u ∈ L2

a(Rd) | u(t, ·) ∈ D1,p(Rd) a.s ∀ t ∈ [0, T ] and ∥u∥L1,p
a
<∞

}
,

where

∥u∥L1,p
a

:=

(
E

[(∫ T

0

|u(t)|2 dt
) p

2

]
+ E

[(∫ T

0

∫ T

0

|Dsu(t)|2 ds dt
) p

2

]) 1
p

.

By [69, Proposition 1.3.11], the Skorohod integral coincides with Itô’s integral

when u ∈ L1,2
a (Rd), such that it is understood as an extension of Itô’s integral when

the integrand is not adapted. The Malliavin derivative for such integral is given in

the following proposition.

Proposition 2.2.5 (Mallavin derivatives for Skorohod integrals, Proposition 1.3.8

in [69]). Given u ∈ L1,2(Rd), we denote us = (u1s, . . . , u
d
s) and the derivative operator

Dtu
i
s = (D

(1)
t uis, . . . , D

(d)
t uis). We write(∫ T

0

Dtus δBs

)j

:= δ
(
D

(j)
t u
)

and suppose {Dtus}s∈[0,T ] is Skorohod integrable for almost all t ∈ [0, T ]. If there is

a version of the process {
∫ T

0
Dtus δBs}t∈[0,T ] which belongs to L2([0, T ]×Ω;Rd), then

δ(u) ∈ D1,2 and

Dt(δ(u)) = ut +

∫ T

0

Dtus δBs.

In particular, if Xt =
∫ t

0
us· dBs for some square integrable adapted process {ut}t ∈

L1,2(Rd), then

DsXt =

{
us +

∑d
i=1

∫ t

s
Dsu

i
r dB

i
r, 0 ≤ s ≤ t

0, s > t

almost surely on T × Ω.
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Lemma 2.2.6 (Malliavin derivative for diffusion processes, Section 2.3.1, equation

(2.59) in [69]). Let Xt ∈ RN be a solution to the SDE

Xt = x+

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dBs

where b : [0, T ] × RN → RN and σ : [0, T ] × RN → RN×d are measurable functions

that belongs to class C1+α for some α > 0.

Denoting the Jacobian matrix ∇xXt with entries (∇xXt)ij = ∂xjX i
t , we write

(DθXt)ij = D(j)X i
t with 1 ≤ i ≤ N, 1 ≤ j ≤ d for any θ, t ∈ [0, T ], which possesses

the representation formula

DθXt = ∇xXt (∇xXθ)
−1 σ (θ,Xθ)1θ≤t.

For further details corresponding to Malliavin derivative, we refer to Nualart’s

comprehensive book on Mallavin calculus [69].

2.3 Martingale theory

Sharp estimates and characterisations of semi-martingales are vital in probability the-

ory, which are commonly used to show the stability of numerical schemes. Extending

classical inequalities to conditional expectations and exploring properties of BMO

martingales with applications to Itô’s integrals are the two aims of this section.

2.3.1 Conditional inequalities

Within the following chapters of the thesis, we might encounter some circumstances

where we need to give an estimate of a conditional expectation. This motivates us to

develop some classical inequalities such as Markov inequality, Doob’s Lp inequality

and Burkholder-Davis-Gundy (BDG) inequality, in the context of conditional expec-

tations. The proof will generally follow the strategy of the proof of these classical

inequalities within Revuz and Yor [79], hence the result is not very surprising, in the

sense that the conditional expectation preserves the monotonicity relation as well as

constants within those inequalities.

We defer most of the technical proofs in this subsection to section A.1.

Lemma 2.3.1 (Conditional Markov inequality). Let X be an integrable random vari-

able on the probability space (Ω,F ,P). Suppose G ⊆ F is a sub-σ-algebra. The

conditional Markov inequality is referring to, given a > 0,

P (|X| ≥ a | G) := E
[
1{|X|≥a} | G

]
≤ E[|X| | G]

a
a.s.
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Proof. See section A.1.

We first give a discrete version of Doob’s maximal inequality.

Lemma 2.3.2. Suppose (Xn)
N
n=0 is a L1-submartingale defined on probability space

(Ω,F , (Fn)n≥0,P). For any 0 ≤ m ≤ N and any λ > 0, we have

λP
(
X∗

m,N ≥ λ | Fm

)
≤ E

[
XN1{X∗

m,N≥λ}

∣∣∣∣ Fm

]
≤ E

[
|XN |1{X∗

m,N≥λ}

∣∣∣∣ Fm

]
a.s,

where X∗
m,N := supm≤n≤N Xn.

Proof. See section A.1.

Lemma 2.3.3. Suppose (Xn)
N
n=0 be a L1-martingale or s positive submartingale de-

fined on probability space (Ω,F , (Fn)n≥0,P). Let X∗
m,N := supm≤n≤N |Xn| ≥ 0. For

any 0 ≤ m ≤ N , any λ > 0 and any p ≥ 1, we obtain

λpP
(
X∗

m,N ≥ λ | Fm

)
≤ E [|XN |p | Fm] ≤ E

[
(X∗

m,N)
p | Fm

]
≤
(

p

p− 1

)p

E [|XN |p | Fm] a.s,

and for any p > 1,

E [|XN |p | Fm] ≤ E
[
(X∗

m,N)
p | Fm

]
≤
(

p

p− 1

)p

E [|XN |p | Fm] a.s.

Proof. See section A.1.

Accordingly, the càdlàg version of Doob’s inequalities are extended from the dis-

crete version, even when the conditional expectation is involved.

Theorem 2.3.4 (Càdlàg version of conditional Doob’s inequalities). Let (Xs)s≥0 be

a right-continuous martingale or right-continuous positive submartingale defined on

the probability space (Ω,F , (Ft)t≥0,P). We choose an arbitrary fixed time T < ∞
and define X∗

t,T := supt≤s≤T |Xs| ≥ 0.

(i) For any t ∈ [0, T ], λ > 0 and p ≥ 1, the conditional Doob’s maximal inequality

is

λpP(X∗
t,T ≥ λ | Ft) ≤ E[|XT |p | Ft].

(ii) For any t ∈ [0, T ] and p > 1, we get the conditional Doob’s Lp-inequality

E
[
(X∗

t,T )
p | Ft

]
≤
(

p

p− 1

)p

E[|XT |p | Ft].
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The last conditional inequality in which we are interested is conditional Burkholder-

Davis-Gundy (BDG) inequality. .

Definition 2.3.5 (Domination relation, P162 in [79]). Let Xt be a non-negative,

integrable and adapted right-continuous process with Xs = 0 for all s ≤ t. Let At be

an integrable process with As = 0 for all s ≤ t. Then Xt is dominated by At if for all

bounded stopping times τ ≥ t,

E[Xτ | Ft] ≤ E[Aτ | Ft].

Lemma 2.3.6 (Probability inequality with domination relation). If X is dominated

by a continuous process A, then for all x, y > 0,

P(X∗
t,∞ > x,A∞ ≤ y | Ft) ≤

1

x
E [A∞ ∧ y | Ft] a.s.,

where X∗
t,∞ := sups≥tXs.

Proof. See section A.1.

Lemma 2.3.7 (Lk inequality with domination relation with k ∈ [0, 1)). Under the

hypothesis of Lemma 2.3.6, for any k ∈ [0, 1),

E
[
(X∗

t,∞)k | Ft

]
≤ 2− k

1− k
E
[
(A∞)k | Ft

]
a.s.

Proof. See section A.1.

Theorem 2.3.8 (Conditional BDG). Let (Mt)t≥0 be a continuous local martingale

vanishing at zero, defined in the probability space (Ω,F , (Ft)t≥0,P). Given any stop-

ping time τ ≥ t, we have constants C1,p and C2,p such that for any p > 0,

C1,pE
[
(⟨M⟩τ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
≤ E

[
sup
t≤s≤τ

|Ms −Mt|p
∣∣∣∣ Ft

]
≤ C2,pE

[
(⟨M⟩τ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
a.s.

Proof. If we can prove the special case τ = ∞, it is possible to obtain the general case

by replacing M by M τ . Furthermore, provided that the BDG inequality holds for

bounded M and the constants C1,p and C2,p are independent of the bound on M , we

can derive the same result for unbounded M by using the following trick. We replace

M by M τn , where τn := inf{s ≥ t | |Ms −Mt| = n}. Consequently M τn satisfies the

conditional BDG inequality, while we let n→ ∞ and obtain the desired result by the

conditional monotone convergence theorem.
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The remaining task is to prove for the following inequalities (which holds almost

surely),

C1,pE
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
≤ E

[
sup

t≤s≤∞
|Ms −Mt|p

∣∣∣∣ Ft

]
, p ≥ 4, (2.1)

C1,pE
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
≤ E

[
sup

t≤s≤∞
|Ms −Mt|p

∣∣∣∣ Ft

]
, 0 ≤ p ≤ 4, (2.2)

E
[

sup
t≤s≤∞

|Ms −Mt|p
∣∣∣∣ Ft

]
≤ C2,pE

[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
, p ≥ 2, (2.3)

E
[

sup
t≤s≤∞

|Ms −Mt|p
∣∣∣∣ Ft

]
≤ C2,pE

[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
, 0 ≤ p ≤ 2. (2.4)

where M is a continuous bounded local martingale with M0 = 0.

To deal with (2.3), we let p ≥ 2 and fix s ≥ t. As an application of Itô’s lemma

and Hölder’s inequality, we have

E[|Ms −Mt|p | Ft] ≤
p(p− 1)

2
E
[
sup
t≤u≤s

|Mu −Mt|p
∣∣∣∣ Ft

] p−2
p

× E
[
(⟨M⟩s − ⟨M⟩t)

p
2

∣∣∣∣ Ft

] 2
p

,

while the conditional Doob’s Lp inequality implies

E
[
sup
t≤u≤s

|Mu −Mt|p
∣∣∣∣ Ft

]
≤
(
p(p− 1)

2

(
p

p− 1

)p) p
2

E
[
(⟨M⟩s − ⟨M⟩t)

p
2

∣∣∣∣ Ft

]
.

Finally, we force s → ∞ and interchange expectation and limit, as the supremum

process and quadratic variation are increasing processes.

Next, we focus on (2.1) and fix p ≥ 4. It is sufficient to prove this inequality,

in the case where ⟨M⟩ is bounded and C1,p is independent of the bound on ⟨M⟩.
As a result, the general case can be extended by considering a stopping time rn :=

inf{s ≥ t | ⟨M⟩s − ⟨M⟩t = n} and replacing M by M rn . Rewriting ⟨M⟩s − ⟨M⟩t =
(Ms −Mt)

2 − 2
∫ s

t
(Mu −Mt) dMt for all s ≥ t, we can bound the quadratic variation

part by

E
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
≤ ap

(
E
[
sup
s≥t

|Mu −Mt|p
∣∣∣∣ Ft

] 1
2

E
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

] 1
2

+E
[
sup
s≥t

|Mu −Mt|p
∣∣∣∣ Ft

])
,

where ap is a universal constant depending on p only. Consider the equation x2 −
apxy ≤ apy

2, we can deduce that (x− 1
2
apy)

2 ≤ (ap +
a2p
4
)y2. Plugging in

x = E
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

] 1
2
, y = E

[
sup
s≥t

|Mu −Mt|p
∣∣∣∣ Ft

] 1
2

,
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we get

E
[
(⟨M⟩∞ − ⟨M⟩t)

p
2

∣∣∣ Ft

]
≤

(√
ap +

a2p
4

+
ap
2

)
E
[
sup
s≥t

|Mu −Mt|p
∣∣∣ Ft

]
.

When 0 < p < 2, we choose Xs := |Ms −Mt|2, As := C2,2(⟨M⟩s − ⟨M⟩t) and

set k = p
2
. The inequality (2.3) has been able to show the the domination relation

between X and A, hence we apply Lemma 2.3.7 to conclude the (2.4). Finally, we

apply the similar procedure but with Xs := C1,4(⟨M⟩s − ⟨M⟩t)2, As := |Ms −Mt|4

and k = p
4
. The inequality (2.1) has shown that X is dominated by A, therefore we

conclude (2.2) by plugging in X,A into Lemma 2.3.7.

Remark 2.3. An alternative strategy to show the conditional BDG inequality relies

on changing the martingale and the filtration. Given any stopping time τ1, we choose

an arbitrary set A ∈ Fτ1. Rewriting M ′
s := Ms+τ1 −Mτ and F ′

s := Fs+τ1 yields M ′
s

is a martingale with respect to filtration F ′
s under the measure P′, where P′ is defined

as dP′ = P(A)−1
1A dP3. More explicitly, we implement Bayes’ rule to derive

E′ [M ′
s | F ′

u] = E [Ms+τ1 −Mτ1 | Fu+τ1 ] =Mu+τ1 −Mτ1

provided s ≥ u ≥ 0. By observing ⟨M ′⟩s = ⟨M⟩s+τ1 − ⟨M⟩τ1, we conclude that

E
[
E[(⟨M⟩τ1+τ2 − ⟨M⟩τ1)

p
2 | Fτ1 ]1A

]
= E′

[
P(A)
1A

E′[⟨M ′⟩
p
2
τ2 | F ′

0]1A

]
= E′

[
⟨M ′⟩

p
2
τ2

]
P(A),

while for the supremum process, we are able to deduce

E
[
E
[

sup
τ1≤s≤τ1+τ2

|Mτ1+s −Mτ1|p | Fτ1

]
1A

]
= E′

[
P(A)
1A

E′
[

sup
τ1≤s≤τ1+τ2

|M ′
s|p | F ′

0

]
1A

]
= E′

[
sup

τ1≤s≤τ1+τ2

|M ′
s|p
]
P(A).

The classical BDG implies

C1,pE′
[
⟨M ′⟩

p
2
τ2

]
P(A) ≤ E′

[
sup

τ1≤s≤τ1+τ2

|M ′
s|p
]
P(A) ≤ C2,pE′

[
⟨M ′⟩

p
2
τ2

]
P(A),

hence the result follows for conditional BDG.

3Due to the nature of conditional expectations, it is suffice to consider A such that P(A) > 0
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Remark 2.4. An important observation is the condition imposed on the process A

within Lemma 2.3.6 can be relaxed to being increasing and càdlàg, as it sufficient to

guarantee the existence of A∞ = limt→∞At [66]. Among its proof, {A∞ ≤ y} = {τy =
∞} up to null sets, which implies Theorem 2.3.8 holds for càdlàg local martingales

M if the quadratic variation is suitably defined for such M . In fact, [39] has included

the standard BDG inequality for càdlàg martingales, thus the conditional version can

also be deduced from remark 2.3.

2.3.2 BMO martingales

To begin with, we state the celebrated John-Nirenberg inequality in the theory of

BMO martingales.

Theorem 2.3.9 (John-Nirenberg (1), Theorem 2.1 [50]). If M is a càdlàg martingale

and ∥M∥BMO1(R) <
1
4
, then

E[exp(|MT −Mτ− |) | Fτ ] ≤
1

1− 4∥M∥BMO1(R)
,

where τ ≤ T is a stopping time.

Meyer gave a bound on the exponential of the quadratic variation ofM , while the

following version is sometimes also known as the John-Nirenberg inequality.

Theorem 2.3.10 (John-Nirenberg (2), Theorem 2.2 in [50]). If M is a càdlàg mar-

tingale and ∥M∥BMO2(R) < 1, then

E[exp(⟨M⟩T − ⟨M⟩τ−) | Fτ ] ≤
1

1− ∥M∥2BMO2(R)
,

where τ ≤ T is a stopping time.

As an application of John-Nireberg inequality, the BMO norms can be shown

that they are equivalent for all 1 ≤ p < ∞, suggesting that the parameter p is not

important.

Lemma 2.3.11 (Equivalence of BMO norms, Corollary 2.1 [50]). Suppose 1 ≤ p <

∞. For any uniformly integrable martingale M , there is a positive constant Cp =

8 · (2(p!))
1
p such that

∥M∥BMO1(R) ≤ ∥M∥BMOp(R) ≤ Cp∥M∥BMO1(R).

There is more than one approach to verify whether M is a BMOp(R) martingale.
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Lemma 2.3.12 (Deterministic time for BMO, Remark A.8.3 in [15] or Remark 76.4

in [21]). A càdlàg martingale Mt lies in space BMOp(R) if and only if

sup
t∈[0,T ]

|Mt −Mt− | ≤ C, sup
t∈[0,T ]

E [|MT −Mt|p | Ft] ≤ C,

where we set M0− =M0 as a convention.

In other words, we can replace the random stopping time by a deterministic time

at a cost of controlled jump size. By using the energy inequality arising from the

theory of potentials (see section B.2, and for references therein [66]),

E
[(
⟨M⟩T − ⟨M⟩t−

)n | Ft

]
≤ n!∥M∥2nBMO2(R), n ∈ N, (2.5)

we conclude that estimating the conditional increment of the quadratic variation is

equivalent to estimating the BMO norm (by the conditional BDG for càdlàg mar-

tingales, see remark 2.4), Therefore, to characterise a BMO càdlàg martingale, we

essentially require:

Corollary 2.3.13 (Quadratic variation of càdlàg BMO martingale). A càdlàg mar-

tingale M is in BMOp(R) for some 1 ≤ p < ∞ (hence for all such p) if and only if

there exist some constant C > 0 such that

sup
t∈[0,T ]

|Mt −Mt− |+ sup
t∈[0,T ]

E
[
(⟨M⟩T − ⟨M⟩t)

p
2 | Ft

]
≤ C (2.6)

We next state a useful result called the reverse Hölder inequality, which controls

the Lq norm of the stochastic exponential of BMO martingales.

Theorem 2.3.14 (Reverse Hölder inequality, Theorem 3.1 and Remark 3.5 in [50]).

Let M be a continuous local martingale. If ∥M∥BMO2(R) < Ξ̂(p) where p ∈ (1,∞) and

Ξ̂ defined below, then for every stopping time τ

E[E(M)pT | Fτ ] ≤ CpE(M)pτ , (Rp)

subject to Ξ̂(p) =

(
1 +

1

p2
log

(
2p− 1

2(p− 1)

)) 1
2

− 1.

Alternatively, if M is only a local martingale, we suppose inft∈[0,T ](Mt −Mt−) >

−1 + ϵ for some ϵ ∈ (0, 1]. Then E(M) is a uniformly integrable martingale and

equation (Rp) holds and the maximum value of such p depends on ∥M∥BMO2(R) only
4.

4A review of the relationship between the reverse Hölder inequality and the BMO property of M
can be found in Grandits and Rheinländer [35, Appendix].
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It is worth noticing that Ξ̂ : (1,∞) 7→ R++ is a positive, surjective and strictly

decreasing function, which implies that there must exist a suitable p > 1 such that

∥M∥BMO(R) < Ξ̂(p) is satisfied. If ∥M∥BMO2(R) < Ξ̂(p) for some p, then E[E(M)rT
E(M)rτ

| Fτ ] ≤

C
r
p
p for all 1 < r < p. However, the maximum value p that can be taken is usually

quite small, as Ξ̂(2) =
√

1 + 1
4
log(3

2
) − 1 = 0.049 and Ξ̂(1.1) = 0.57. As a conse-

quence of the reverse Hölder’s inequality, we are allowed to switch to a new measure

Q at a cost of some constant.

Corollary 2.3.15 (Switching to new a measure). Suppose M is a BMO martingale,

let measure Q characterised by dQ
dP |Ft = E(M)t. Given an integrable random variable

X which is FT -measurable, it satisfies

EQ [X | Ft] ≤ CqEP [|X|q∗ | Ft

] 1
q∗ ,

where q∗ is the conjugate of q and q is a value satisfying condition (Rp).

Moreover, Nt :=
∫ t

0
Ys · dBQ

s is a BMO martingale under Q with BQ
t as the Q-

Brownian motion, provided Ñt :=
∫ t

0
Ys · dBs is a BMO martingale under P.

Proof. As a simple application of reverse Hölder inequality and Hölder’s inequality,

E
[
E(M)T
E(M)t

X

∣∣∣∣ Ft

]
≤ E

[(
E(M)T
E(M)t

)q ∣∣∣∣Ft

]
E
[
|X|q∗ | Ft

] 1
q∗ ≤ CqEP [|X|q∗ | Ft

] 1
q∗ ,

while the second statement can be derived by implementing Theorem 2.3.8

EQ
[
(NT −Nt)

2

∣∣∣∣ Ft

]
≤ CqEP

[(∫ T

t

|Ys|2 ds
)q∗ ∣∣∣∣ Ft

] 1
q∗

≤ Cq∥Ñ∥2BMO2q∗ (P,R).

By the martingale representation theorem, all L2 martingales which are adapted

to Ft can be written in terms of Itô’s stochastic integrals. This motivates us to focus

on the integrand rather than the martingale itself. If the martingaleM is a stochastic

integral with a discrete integrand, we have the following characterisation.

Lemma 2.3.16 (BMO for Itô’s integrals with discrete integrands). Let Mt =
∫ t

0
Ks ·

dBs be a L2-martingale, with Ks ∈ Rd. Suppose there exists a sequence of Rd-valued

random variables Ki which are Fti-measurable respectively, such that

Ks = K(0)
1{0}(s) +

N−1∑
i=0

K(i)
1(ti,ti+1](s).
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where 0 = t0 < t1 < · · · < tN = T . Then M is a BMO martingale if and only if

sup
0≤i≤N−1

∥∥∥∥∥E
[
N−1∑
j=i

|K(i)|2(ti+1 − ti)

∣∣∣∣ Fti

]∥∥∥∥∥
L∞

≤ C.

for some C > 0.

Proof. We only need to prove the if part. Observing that M is a continuous mar-

tingale, we only need to consider the conditional quadratic variation. Given a fixed

t ∈ [tk, tk+1), we make use of the fact that K(k) is Ftk-measurable to obtain

E
[∫ T

t

|Ks|2 ds
∣∣∣∣ Ft

]
= E

[∫ tk+1

t

|K(k)|2 ds
∣∣∣∣ Ft

]
+ E

[
N−1∑
j=k+1

|K(j)|2hj ds
∣∣∣∣ Ft

]

≤ E
[
|K(k)|2hk

∣∣∣∣ Ftk

]
+ E

[
E

[
N−1∑
j=k+1

|K(j)|2hj ds
∣∣∣∣ Ftk+1

] ∣∣∣∣ Ft

]
≤ 2C.

Therefore, ∥M∥BMO2(R) = ∥K∥H2
BMO(Rd) ≤ 2C.

We close this section by the following remark on BMO martingales.

Remark 2.5. Given a process Kt ∈ R with Kt ∈ H2
BMO(R), for any u ∈ Rd with

|u| = 1, Ku ∈ H2
BMO(Rd) since ∥Ku∥H2

BMO(Rd) = ∥Kt∥H2
BMO(R). We denote Mt(u) :=∫ t

0
Ksu · dBs and ∥M(u)∥BMO2(R) remains constant for all u ∈ Rd with |u| = 1.

Observing that the constraint corresponds to the reverse Hölder inequality (Theorem

2.3.14 for E(M·(u)) depends on ∥Mt(u)∥BMO2(R) only, the equation (Rp) holds for

Mt(u) uniformly in u with |u| = 1.

2.4 BSDE

Given a the probability space (Ω,F , (FB
t )t∈[0,T ],P)5, a BSDE, in its integral form, is

Yt = ξ +

∫ T

t

f(t, Yt, Zt) dt+

∫ T

t

(Zt)
⊤ dBt (2.7)

where f is a Rl-valued, P ⊗ B(R+) ⊗ B(Rl) ⊗ B(Rd×l) measurable map and ξ is a

Rl-valued FT -measurable random variable. The solution to BSDE (2.7) is a pair

(Y, Z) such that (Yt)t∈[0,T ] is a Rl-valued continuous adapted process, while (Zt)t∈[0,T ]

is a predictable Rd×l-valued process satisfying
∫ T

0
|Zs|2 ds <∞6 P-almost surely. The

5Here we specify Ft = FB
t

6Z has value in Rd×l, hence |Zs| is the Frobenius norm of the matrix Z.
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terminal condition ξ and the function f characterise the solution (Y, Z), hence (ξ, f)

is also known as the generator of BSDE (2.7).

Bismut [4] first considered linear BSDEs to study stochastic control problems,

while Pardoux and Peng brought BSDE to the attention of many scholars in their

seminal paper [73], where they implemented the fixed point method to prove the well-

poseness of BSDE. In 1991, Peng [75] established the connection between decoupled

forward-backward stochastic differential equation (FBSDE) and PDE. The decoupled

FBSDE is essentially BSDE with terminal condition ξ = g(XT ) and the driver of the

form f(t,Xt, Yt, Zt), where f : [0, T ]×Rm×Rl×Rd×l → Rl is a deterministic function

andXt is a forward SDE with values in Rm. More precisely, given a decoupled FBSDE

X t,x
s = x+

∫ s

t

b
(
u,X t,x

u

)
ds+

∫ s

t

σ
(
u,X t,x

u

)
dBu, X t,x

t = x ∈ Rm,

Y t,x
s = g

(
X t,x

T

)
+

∫ T

t

f
(
u,X t,x

u , Y t,x
u , Zt,x

u

)
du−

∫ T

t

(
Zt,x

u

)⊤
dBu,

(2.8)

where b : [0, T ] × Rm → Rm, σ : [0, T ] × Rm → Rm×d with b = (b1, . . . , bm) and

σ = (σij)1≤i≤m,1≤j≤d, its corresponding semi-linear PDE problem is{
∂u
∂t
(t, x) + Lu(t, x) + f

(
t, x, u(t, x), (∇xuσ)

⊤ (t, x)
)
= 0,

u(T, x) = g(x),
(2.9)

where u : R+ × Rm 7→ Rl, u = (u1, . . . , ul), : Rm → Rl, g = (g1, . . . , gl) and the

operator L is defined as

L :=
m∑
i=1

bi(t, x)
∂

∂xi
+

1

2

m∑
i,j=1

(σσ⊤)ij(t, x)
∂2

∂xi∂xj
, Lu =

(
Lu1, . . . ,Lul

)
.

Under the standard Lipschitz condition of functions f, g, σ and b, Peng [75] demon-

strated u(t, x) = Y t,x
t , provided u ∈ C1,2([0, T ] × Rm;Rl) solves the PDE (2.9). Re-

garding the reverse side, Pardoux and Peng [74] proved that, under sufficient regu-

larity of the terminal function g, driver f , the drift b and the volatility σ (namely,

being a member of C3), the solution to the decoupled FBSDE is exactly the classical

solution to a system of quasi-linear (possibly degenerate) parabolic equation. Mean-

while, if the regularity assumptions on g, f , b and σ are reduced to being Lipschitz

and l = 1 i.e. we focus on one equation instead of a system of PDEs, it is also shown

in Pardoux and Peng [74] that u(t, x) := Y t,x
t becomes a unique viscosity solution to

the PDE problem associated to the FBSDE.

Numerous efforts has been made to explore BSDE with new constraints on the

generator (ξ, f). Ma and Yong [62] introduced the coupled FBSDE, where the drift
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and volatility of forward SDE depend on the backward component (Y, Z). Another

extension to Pardoux and Peng [73] is relaxing the Lipschitz condition of the driver

f . Lepeltier and San Martin [56] studied the equation (2.7) in dimension one with

continuous driver and linear growth in (Y, Z), while Darling et al. [19] focused on

the BSDE with driver satisfying a monoticity condition. Finally, quadratic (or super-

quadratic) backward stochastic differential equation has attracted lots of attention in

the past two decades (see reference therein [9, 8, 20, 88]).

2.4.1 Lipschitz BSDEs and quadratic BSDEs

Regarding the Lipschitz BSDE, we recall the seminal work on the existence and

uniqueness.

Theorem 2.4.1 (Theorem 2.1 in [25]). Suppose f(·, 0, 0) ∈ H2(Rl), ξ ∈ L2(Rl) and

f is uniformly Lipschiz in y, z i.e. there exists Lf > 0 such that

|f(t, y, z)− f(t, y′, z′)| ≤ Lf (|y − y′|+ |z − z′|) ,

for all y, y′ ∈ Rl, z, z′ ∈ Rd×l, (t, ω) ∈ [0, T ]× Ω. Then there exists a unique solution

(Y, Z) ∈ S2(Rl)×H2(Rd×l) to the BSDE (2.7).

A particular case is the linear BSDE, where a closed form solution can be derived

based on this problem.

Proposition 2.4.2 (Proposition 2.2 in [25]). Let (ξ, f) be the generator of (2.7) such

that f(·, 0, 0) ∈ H2(Rl), ξ ∈ L2(Rl). If f : Ω× [0, T ]× R× Rd → R are of the form

f(t, y, z) = ϕt+αt+z ·βt, i.e. f(ω, t, y, z) = ϕt(ω)+αt(ω)+z ·βt(ω), ∀ω ∈ Ω, (2.10)

such that α ∈ R and β ∈ Rd are bounded processes and ϕt ∈ H2(Rd), then there exists

a unique solution (Y, Z) ∈ S2(R)×H2(Rd) to the BSDE (2.7) and

Yt = E
[
ξΓt

T +

∫ T

t

Γt
sϕs ds

∣∣∣∣ Ft

]
with Γt

s satisfying the SDE

dΓt
s = Γt

sαs ds+ β∗
s dBs, Γt

t = 1, s ≥ t.

As we mentioned in the first chapter, the Z component can be recovered as version

of Malliavin derivative, in the sense that there exists a version of Zt = DtYt in

[0, T ]× Ω, by [24, Proposition 5.3].
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We are now in the position to review quadratic backward stochastic differential

equations (QBSDE or quadratic BSDE). This type of equation received a lot of at-

tention, because it appears in many stochastic control problems when the utility

functions is in the form of an exponential or the cost is quadratic. Most of results

in this area restrict the dimension of Y to be one, such that a version of maximum

principle or a comparison theorem is allowed to be applied to establish a bound on

Y . Kobylanski [52] first developed a proof of the existence and uniqueness to such

BSDE via PDE-based methods. More explicitly, she added the following constraint

on the generators (ξ, f) with f : Ω× [0, T ]× R× Rd → R.

Assumption [A1]. ∥ξ∥L∞(R)+ ∥f(·, 0, 0)∥S∞(R) ≤ K0 for some K0 ≥ 0. Moreover, f

is uniformly Lipschitz in y and quadratic growth in z, namely

|f(t, y, z)− f(t, y′, z′)| ≤ Lf |y − y′|+Kf (1 + |z|+ |z′|)|z − z′|

for some constants Lf > 0 and Kf > 0 independent of y, z, for all y, y′ ∈ R and

z, z′ ∈ Rd.

After people have realised the solution Y is uniformly bounded, Hu et al. [45]

utilised the theory of BMO martingales and first characterised the Z component

with a sharp estimate. Briand and Hu [8] proved the existence of solution when

the terminal condition ξ is unbounded but has bounded exponential moments, while

they demonstrated the uniqueness of the solution if the driver is convex in [9]. For

multidimensional BSDE with quadratic growth in Z, all relevant works required a

special structure, for example Hu and Tang [44]. Meanwhile, Frei and Dos Reis [28]

gave an example based on [50], illustrating that the solution may not exist in the

multidimensional case even when bounded terminal conditions are imposed.

In this thesis, we will spend most of the time on the BSDE satisfying assumption

[A1] in dimension one. We quote the results on QBSDEs before we move on to the

numerics.

Theorem 2.4.3 (Well-posedness for QBSDE, [7]). Suppose (ξ, f) satisfies assumption

[A1]. Let (ξ, f) be the generator of the following BSDE

Yt = ξ +

∫ T

t

f(s, Ys, Zs) ds−
∫ T

t

Zs ·Bs, (2.11)

then the solution (Y, Z) to equation (2.11) exists and it is unique. Moreover, (Y, Z) ∈
S∞(R)×H2

BMO(Rd) and

∥Z∥H2
BMO(Rd) ≤

1 ∨ T
3

(
1 +

4∥f(·, 0, 0)∥S∞(R) + 2Lf∥Y ∥S∞(R)

Kf

)
exp

(
3Kf∥Y ∥S∞(R)

)
,

24



∥Y ∥S∞(R) ≤ exp(LfT )
(
∥ξ∥L∞ + ∥f(·, 0, 0)∥S∞(R)T

)
.

The comparison theorem is also listed below.

Theorem 2.4.4 (Comparison theorem for QBSDE, Theorem 2.6 in [52] or Theorem

7.3.1 in [91]). Let (ξi, fi) satisfies assumption [A1] for all i = 1, 2, suppose (Y i, Zi)

is the corresponding solution for equation (2.11). If f1(t, Y
i
t , Z

i
t) ≥ f2(t, Y

i
t , Z

i
t) for

either i = 1 or i = 2 a.s. and ξ1 ≥ ξ2 a.s, then Y 1
t ≥ Y 2

t for all 0 ≤ t ≤ T a.s.

Other than using the comparison theorem stated above, we are in a position to

introduce a stability theorem, which also characterises the uniqueness of such BSDE

as well as specifies the error for further numerical schemes. It has first discovered in

[47], where we prove a similar result.

Proposition 2.4.5 (Stability on S2(R) × H2(Rd), modification of Theorem 6.2 in

[47]). Let the pair (ξi, fi) satisfies assumption [A1] for all i = 1, 2, suppose (Y i, Zi)

is the corresponding solution to (2.11). Denoting ∆ξ = ξ1−ξ2, ∆f(y, z) = f 1(t, y, z)−
f 2(t, y, z), we have, for all p > 1,

∥∥Y 1 − Y 2
∥∥p
Sp(R) +

∥∥Z1 − Z2
∥∥p
Hp(Rd)

≤ CE

[
|∆ξ|pq̈ +

(∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)pq̈
] 1

q̈

for some constants C > 0 and q̈ > 1.

Proof. See section A.2.

2.4.2 BTZ scheme

From the numerical point of view7, we are mostly interested in one-dimensional BSDE

dYt = −f (t, Yt, Zt) dt+ Zt · dBt

YT = ξ,
(2.12)

such that the terminal condition ξ : Ω 7→ R is an FT -measurable random variable

and generator f : Ω×R+ ×R×Rd → R is a P ⊗B(R+)⊗B(R)⊗B(Rd)-measurable

map. Therefore, (Y, Z) ∈ R × Rd and we will stick with such problems when we

discuss numerical schemes for BSDEs.

7In general, most numerical schemes for one-dimensional BSDE can easily be extended to multi-
dimensional BSDEs, as long as the multi-dimensional BSDE is well-posed
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Under the standard Lipschitz condition, the BTZ scheme was developed by Bouchard

and Touzi [5] for decoupled FBSDE and Zhang [90] for BSDE with terminal condition

as a functional, such that the pair (Y, Z) was approximated by the discrete version

Y π
t = E

[
Y π
t+h | Ft

]
+ hf(t, Y π

t , Z
π
t ), Zπ

t =
1

h
E
[
Y π
t+h(Bt+h −Bt) | Ft

]
for some partition π and time interval h > 0. The scheme itself is implicit in Y and

explicit in Z, hence we have to solve an equation, usually by Picard iteration, for Y π
t

for every t. A sketch of the motivation as well as the idea of deriving the BTZ scheme

are deferred to Section B.3 for the interest of the reader.

Under standard Lipschitz assumptions, most of the numerical scheme aims to

solve decoupled FBSDE (2.8). The main difficulty of solving such BSDE numerically

is the pair (Y, Z) can only be represented as a form of conditional expectation in

the BTZ scheme. Various methods are developed based on such scheme, including

binomial tree methods [10], quantization methods [72, 71], Malliavin calculus [5, 33],

non-parametric regression [32, 5], cubature formulas [18] and some high order schemes

such as Runge-Kuta methods [11]. Finally, we remark that there are new methods

[31, 37, 41, 87, 38, 46] which are based on machine learning.

2.5 Turbulence

Numerous efforts has been done in the theory of turbulence, including E and Van- den

Eijnden [23] on passive scalar advection and Jan and Raimond on [49] on classifying

different types of flows. Meanwhile, Constantin and Iyer [16] provided an probabilistic

representation formula for the Navier-Stokes equation on Rn, which is extended by

Fang and Luo [27] to the Navier-Stokes equation on manifolds. Apart from these, the

study of statistical characteristics of turbulence also brings a lot of attentions. The

research on the statistical properties of turbulent flows can be traced back to the semi-

empirical theories of turbulence in the 1920’s and 1930’s, while the seminal advances

in the area include Prandtl [78], von Kármán [86] and Taylor [84, 85]. The goal of

statistical fluid mechanics is to provide good descriptions and computational tools

for understanding the distributions of the velocity random fields of turbulent fluid

flows. Unlike some other unsolved problems in theoretical physics, the equations

of motion for fluid dynamics, even for turbulent flows, have been known for over

a century. These equations are highly non-linear and non-local partial differential

equations, and it is difficult to extract information about the evolution of fluid flows

in a deterministic manner. Thus, as a matter of fact, the velocity and vorticity field
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of a turbulent flow is better to be considered as a random field arising from either

the random initial data or a random external force, or both.

To understand the statistics of turbulent flows, it is desired to know, if it is possi-

ble, the evolution of some distributional characteristics of fluid flows. The distribution

of a random field such as the velocity field is rather complicated and determining the

distribution of turbulent flows is a challenging task even when the initial distribution

is known. In 1950’s Hopf [43] (see also [68]) derived a functional differential equa-

tion for the law of the velocity random field, but his equation involves functional

derivatives and is infinite dimensional, which becomes too difficult to extract useful

information about turbulence. The dominating approach in the statistical theory of

turbulence, initiated in G. I. Taylor’s seminal work [84, 85], has been based on the

analysis of moment structural functions and relies on the spectral method, for this

aspect see for example [3, 68].

Convention and notation. As a general rule and to be consistent with popular

conventions in the research of turbulence, we apply Einstein convention i.e. repeated

indices are assumed to be summed, when we focus on topics that are related to

turbulence only.

2.5.1 Velocity field

Given a probability space (Ω,F ,P), the turbulent flow is described by its velocity U =

(U1, U2, U3) and the pressure P , which are random fields and the three dimensional

Navier-Stokes equations

∂U i

∂t
+ U j ∂U

i

∂xj
= ν∆xU

i − ∂P

∂xi
,

U(x, 0) = U0(x),
(2.13)

where i = 1, 2, 3 and ν ≥ 0 is the viscosity constant, together with the constraint

∂U j

∂xj
= 0. (2.14)

The initial condition is also treated as a random field on R3 and each sample path

ω ∈ Ω corresponds to a deterministic function U(x, t;ω), which serves as a solution

to equation (2.13) with initial data U0(x;ω). We will discuss an ideal case, for the

purpose of understanding the local properties of turbulent flows, where the region

occupied by the fluid is the entire space R3. Moreover, without further qualifications,

the dynamical variables such as U(x, t) and P (x, t) decay to zero sufficiently fast as

|x| tends to infinity. In addition, to avoid technical difficulties, but not in any way
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implying that these issues are not important, we will assume that the dynamical

variables U(x, t) and P (x, t) are sufficiently smooth functions of (x, t).

Due to the divergence-free condition (2.14) , the pressure term satisfies the fol-

lowing Poisson equation

∆xP = −∂
2(U iU j)

∂xj∂xi
.

Therefore, according to the Green formula, we have the integral representation

P (x, t) =

∫
R3

1

4π|y − x|
∂2(U iU j)

∂yj∂yi
dy, (2.15)

which implies in particular that the distribution of P is completely determined by

the distribution of the velocity random field.

2.5.2 Vorticity field

The equation of the vorticity motion for W = ∇∧ U is the vorticity equation

∂W i

∂t
+ U j ∂W

i

∂xj
= ν∆xW

i +W j ∂U
i

∂xj
(2.16)

for i = 1, 2, 3. Moreover, W i = εijk ∂
∂xjU

k, where εijk are the Levi-Civita symbols8.

As a standard assumption which is enforced throughout the paper, both U(x, t)

and W (x, t) have derivatives in space variable x of any order which decay to zero at

infinity sufficiently fast, so that possible boundary terms arising in applications of the

Stokes’ formula have no contributions in computations below. Therefore, since U is

divergence-free, ∆xU = −∇ ∧W , according to Green’s formula we may write

U i(x, t) =

∫
R3

1

4π|x− y|
εijk

∂

∂yj
W k(y, t)dy,

which yields the Biot-Savart law:

U i(x, t) = −
∫
R3

εijk
xj − yj

4π|x− y|3
W k(y, t) dy. (2.17)

for i = 1, 2, 3.

8That is, if (i, j, k) is an even permutation of (1, 2, 3), then εijk = 1; if (i, j, k) is an odd permu-
tation of (1, 2, 3), εijk = −1; εijk = 0 in other cases.
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Chapter 3

Path-regularity and Numerical
Simulation of Path-dependent
Quadratic BSDEs

3.1 Introduction

In this chapter, we study the following quadratic BSDE on the probability space

(Ω,F ,P)

Xt = x+

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dBs,

Yt = ξ +

∫ T

t

f(s, Ys, Zs) ds−
∫ T

t

Zs · dBs, ξ = Φ(X)

(3.1)

where (Bt)t∈[0,T ] is the Brownian motion in Rd, X satisfies the SDE with drift b :

[0, T ]× Rm → Rm and diffusion σ : [0, T ]× Rm → Rm×d, f : [0, T ]× R× Rd → R is

a deterministic function with quadratic growth on Z , Φ is a bounded functional on

D̃(Rm), Yt : Ω → R and Zt : Ω → Rd.

To the best of our knowledge, most of the numerics of quadratic BSDE relies on

the BTZ method, while the terminal condition of such BSDE is g(XT ), where g is a

Lipschitz function and X is a forward diffusion process. This is in fact a decoupled

FBSDE. Richou et al. [82] considered such Markovian decoupled quadratic FBSDE

with a bounded terminal condition. Richou forced the diffusion term in the forward

process to be bounded and to depend on t only, while the regularity of g is loosen

from Lipschitz to α-Hölder continuous. After reviewing the regularity bound on Z

developed by Delbaen et al. [20], Richou claimed the Z component for FBSDE with

quadratic growth satisfies

|Zt| ≤ C(T − t)−
1
2 ,
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which suggested Zt had a large upper bound when t tends to T . He therefore con-

structed an irregular timestep and truncated the driver based on time t.

Chassagneux et al. [12] focused on the decoupled Markovian FBSDE with a termi-

nal condition ξ = g(XT ) as well, but the assumption of the diffusion is more standard,

in the sense that g is Lipschitz and X is a standard Lipschitz SDE. They estimated

the driver by a Lipschitz function and use a regular timestep, while Y is computed

via an implicit scheme and Z is derived by an explicit scheme. Referring to this

numerical scheme as the modified implicit BTZ scheme, only the convergence rate of

the Y component, which is O(N− 1
2
+ε) for all ε > 0 with N representing the num-

ber of discretisation, has been included in [12]. We also mentioned that [59] worked

independently, considered the case of BSDE that is one-side Lipschitz in y and sub-

quadratic in Z i.e. growth in the form of |Z|2−ϵ for some ϵ ∈ (0, 2] instead of |Z|2.
Based on this assumption, they introduced a similar numerical scheme, which had

the convergence rate of O(N− ϵ
4 ) in a stronger topology S∞(R)×H2

BMO(Rd).

Compared to conventional BSDE problems, our terminal condition depends on

the path of (Xt)t≥0 and the driver has a quadratic growth in Z. More explicitly,

our objective is to establish a path-regularity theorem on Yt and Zt and to prove

the convergence of the modified (inner) explicit BTZ scheme on approximating the

solution to (Yt, Zt) with a suitable norm, based on the analysis of the modified im-

plicit BTZ scheme developed by Chassagneux et al. [12]. The path-regularity result,

which is interesting on its own, is a consequence of discretising the path X(ω) into

(Xt0(ω), . . . , XtN (ω)), naturally leading to the study of BSDE that depends on a large

system of forward SDEs. Taking advantage of the fact that Zt serves as a Malliavin

derivative of Yt, we then show that |Zt| is bounded by C(1 + sup0≤s≤t |Xt|) almost

surely for some constant C. Subsequently, we review the modified (inner) explicit

BTZ scheme and conduct a perturbation analysis on the Z component, followed by

concluding the error of the numerical scheme on estimating (Y, Z) (with a suitable

norm) is O(N− 1
2 ) rather than O(N− 1

2
+ε).

This chapter will be organised as in the following. After the assumptions have

been listed, we present the main results that demonstrate our contribution, followed

by the proof of the path-regularity result in Section 3.2. In Section 3.3, we check

the essential properties of the modified explicit BTZ scheme, then a perturbation

technique will be applied to the Z component. Section 3.4 and Section 3.5 are devoted

to proving the convergence of the numerical scheme and to adapt the quantization

method for so-called constructible functionals. Several numerical experiments which
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are conducted by quantization technique and regression basis method, are included

in the last section to illustrate the performance of the numerical scheme.

3.1.1 Preliminaries and assumptions

Before we discuss the main contribution, we would like to write down the assumptions,

which are frequently used in this chapter. We will quote these conditions only when

they are used.

Assumption [A2] (Lipschitz SDE). Xt is a diffusion process satisfying the SDE

Xt = x+

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dBs.

Meanwhile, the drift term b : [0, T ]×Rm 7→ Rm and volatility term σ : [0, T ]×Rm 7→
Rm×d are measurable functions in (t, x) such that there exists LX > 0 with

• |b(t, 0)|+ |σ(t, 0)| ≤ LX ,

• |b(t1, x1)− b(t2, x2)|+ |σ(t1, x1)− σ(t2, x2)| ≤ LX(|t1 − t2|
1
2 + |x1 − x2|),

for all t, t1, t2 ∈ [0, T ], x1, x2 ∈ Rm.

Assumption [A3] (Path-dependent functionals). ξ = Φ(X) ∈ L∞(R) where

• Φ is Lipschitz with respect to either ∥ · ∥D̃∞(Rm) or ∥ · ∥D̃1(Rm) with Lipschitz

constant LΦ,

• X satisfies the SDE and assumption [A2].

The regularity of the driver f in the t variable is required in the numerical simu-

lation.

Assumption [A4] (Quadratic growth and regularity on f). The driver f satisfies

|f(t1, y1, z1)− f(t2, y2, z2)| ≤ Lf

(
|t1 − t2|

1
2 + |y1 − y2|

)
+Kf (1 + |z1|+ |z2|) |z1 − z2|,

|f(t1, 0, 0)| ≤ L0,

for any t1, t2 ∈ [0, T ], y1, y2 ∈ R and z1, z2 ∈ Rd, for some L0, Lf , Kf > 0.
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The target of this chapter is to find a numerical scheme for equation (3.1) with the

generator satisfying assumption [A3] and [A4]. For simplicity, we assume that there

exists an uniform bound on ∥ξ∥L∞ , ∥f(·, 0, 0)∥S∞(R), constants LX , Lf , Kf which are

corresponding to the SDE X and the driver f . The terminal time T and the initial

condition X0 are fixed, regarding the equation (3.1). Therefore, we will omit the

dependence of ∥ξ∥L∞ , ∥f(·, 0, 0)∥S∞(R), LX , Lf , Kf , T , X0, when we mention the

generic constant C.

We are now in the position of discussing the numerical scheme. Define f (n) :

[0, T ]× R× Rd 7→ R by

f (n)(t, y, z) = f (t, y, ϕn(z)) , ϕn(z) =
min(|z|, n)

|z|
z, (3.2)

where ϕn : Rd → Rd and n > 0. By construction, f (n) is Lipschitz in z with Lipschitz

constant Lz(n) depending on n i.e.

|f (n)(t, y, z)− f (n)(t, y, z̃)| ≤ Kf (1 + 2n)|z − z̃|,

for all t, y, z, z̃. We recall the Euler-Maruyama scheme for the process (Xt)t with

some partition π

Xπ
i+1 = Xπ

i + b (ti, X
π
i )hi + σ (ti, X

π
i )∆Bti , X

π
0 = x

where ∆Bti = Bti+1
− Bti and hi = ti+1 − ti for all 0 ≤ i ≤ N − 1. It is natural to

define the path

Xπ(t) = Xπ
i if t ∈ [ti, ti+1), 1 ≤ i ≤ N (3.3)

with the convention [tN , tN) = {T}, so that Xπ ∈ D̃(Rm) and we introduce the

following explicit scheme

Yπ
i = E

[
Yπ

i+1 + f (n)
(
ti,E

[
Yπ

i+1

∣∣ Fti

]
,Zπ

i

)
hi
∣∣ Fti

]
,

Zπ
i = E

[
Yπ

i+1H
R
i

∣∣ Fti

]
,

HR
i :=

(
R√
hi

∧
∆B1

ti

hi
∨ −R√

hi
, . . . ,

R√
hi

∧
∆Bd

ti

hi
∨ −R√

hi

)
,

Yπ
N = Φ(Xπ), Zπ

N = 0.

(3.4)

Comparing to the implicit scheme in [12], Yπ
i is obtained directly.

The most important element in the numerical scheme (3.4) is there exist some

ϵ ∈ (0, 1), independent of N, n,R, such that

hLf + sup
0≤i≤N−1

|hiHR
i Lz(n)| ≤ 1− ϵ, (3.5)
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where h = sup0≤i≤N−1 hi. This can be achieved, provided

R = ln
(
h−1
)
, n = h−α for some α ∈

(
0,

1

2

)
(3.6)

and h small enough. This is vital for assumption [A7], which will be introduced in

Section 3.3.

3.1.2 Contribution and main results

The main results and the contribution of this project will be presented in the current

subsection. To begin with, we introduce the following notation. Given a Lipschitz

function g : Rm×r → R which satisfies

|g(x1, x2, . . . , xr)− g(y1, y2 . . . , yr)| ≤
r∑

i=1

L(i)
g |xi − yi|,

for any x1, x2, . . . , xr ∈ Rm and y1, y2, . . . , yr ∈ Rm, we write

S(g) :=
r∑

i=1

L(i)
g (3.7)

as the sum of Lipschitz coefficients.

Theorem 3.1.1. Consider the BSDE (2.11) with the generator (ξ, f) such that

• Let π0 : 0 = s0 < · · · < sr−1 < sr = T be a partition, we set ξ = g(Xs0 , . . . , Xsr),

where g : Rm×r → R is Lipschitz and bounded, X is the solution to the SDE

which satisfies [A2];

• f satisfies [A4].

Consider the partition π1 : 0 = t0 < t1 < · · · < tN = T and h = supj |tj+1 − tj|. Then
we have, for all p ≥ 1,

E

[
sup
u∈[s,t]

|Yu − Ys|2p
]
≤ Cp,S(g)|t− s|p,

where 0 ≤ s ≤ t ≤ T and

N−1∑
j=0

E

[(∫ tj+1

tj

|Zt − Ztj |2 dt

)p]
≤ Cp,S(g)h

p, (3.8)

for a constant Cp,S(g) > 0. Moreover, Cp,S(g) is independent of the partitions π0, π1.
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We can regard the terminal condition ξ = g(Xs0 , . . . , Xsr) as a special case of the

path-dependent terminal Φ(X). The more generic result will be deduced in the next

theorem.

Theorem 3.1.2. Suppose ξ satisfies [A3] and f satisfies [A4]. Suppose (Y, Z) is

the solution to BSDE (3.1), associated with the generator (ξ, f). Let π1 : 0 = t0 <

t1 ≤ · · · < tN = T be a partition and we define h := supj |tj+1 − tj|. Then, for any

p ≥ 1, there exists a positive constant Cp,LΦ
such that

E

[
sup
u∈[s,t]

|Yu − Ys|2p
]
≤ Cp,LΦ

|t− s|p

where 0 ≤ s ≤ t ≤ T and

N−1∑
j=0

E

[(∫ tj+1

tj

|Zt − Ztj |2 dt

)p]
≤ Cp,LΦ

hp.

Moreover, Cp,LΦ
is independent of the partition π1.

As an application of the path-regularity theorem, we consider the scheme (3.4)

and specify the error.

Theorem 3.1.3. Let ξ satisfy [A3] and f satisfy [A4]. Suppose (Y, Z) is the solution

to BSDE (3.1), associated with the generator (ξ, f).

Suppose the partition π : 0 = t0 < · · · < tN = T with h := supj(tj+1− tj) ≤ KN−1

for some K > 0. Recall Xπ is given by (3.3) and (Yπ,Zπ) is the solution to the

numerical scheme (3.4). Then we have, for some q∗ > 1,

E
[
sup

0≤i≤N
|Yti − Yπ

i |2
]
+ E

[
N−1∑
j=0

∫ tj+1

tj

|Zs −Zπ
j |2 ds

]
≤ Cα,K,LΦ,q∗,ϵ

(
E
[
|Φ(X)− Φ(Xπ)|8q∗

] 1
4q∗ + h

)
,

where α, ϵ appear in (3.5) and (3.6).

If we treat (Yπ
i ,Zπ

i )0≤i≤N as process by writing

Yπ(t) =
N−1∑
i=0

Yπ
i 1[ti,ti+1)(t) + Φ(Xπ)1{t=T}(t), Zπ(t) =

N−1∑
i=0

Zπ
i 1[ti,ti+1)(t), (3.9)

Theorem 3.1.3 essentially controls ∥Z −Zπ(·)∥2H2(Rd)
. Meanwhile, a convergence in Z

that is point-wise in t can be achieved through a simple analysis.
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Corollary 3.1.4. Let π(N) refer to the partition with N time-steps with maximum

timestep h(N). Given a sequence of partitions {π(N)}N≥1 such that h(N) ≤ KN−1

for some K > 0, we let Zπ(N)(t) be the Z-component that is obtained in the numerical

scheme (3.4) when equations (3.5), (3.6) are satisfied.

Then Zπ(N)(t) → Zt in L
2 a.s in t, provided that

E
[∣∣Φ(X)− Φ(Xπ(N))

∣∣8q∗] 1
8q∗

< CN−β

for some C, q∗, β > 0.

Proof. Let β̂ = 2max{⌈ 1
β
⌉, 1} and consider the sum of errors after applying Fubini

theorem, we apply Theorem 3.1.3 to obtain∫ T

0

∞∑
N=1

E
[∣∣∣Zs −Zπ(N β̂)(s)

∣∣∣2] ds ≤ Cα,K,LΦ,ϵ

∞∑
N=1

(
N−ββ̂ +N−β̂

)
<∞,

leading us to
∑∞

N=1 E
[
|Zt − Zπ(N β̂)(t)|2

]
is finite a.s in t. Therefore,

E
[
|Zt − Zπ(N)(t)|2

]
→ 0, as N → ∞

a.s in t ∈ [0, T ].

Remark 3.1. It is possible to add a further dependence on the forward process X on

the driver f by assuming that f(t, x, y, z) is Lipschitz and bounded in x. This will

lead to a modification of the proof of Theorem 3.1.2 and Theorem 3.1.3. In addition,

the error of the numerical scheme depends on the largest interval h, hence the scheme

might be extended to other potential non-equidistant partitions.

3.2 Path regularity to solutions of a class of BSDE

3.2.1 Classical differentiablity of BSDE

The purpose of this subsection is to establish an expression for the Z component,

through the Malliavin derivative of Y . To begin with, we need to review the sensitivity

of Y with respect to the initial condition x of the forward SDE X. The classical

derivative of Y should satisfy a BSDE whose driver is Lipschitz in z with stochastic

Lipschitz coefficients. Briand and Confortola [6] studied the existence and uniqueness

of such type of BSDE.

Theorem 3.2.1 (Theorem 10 in [6]). Suppose the pair (Y, Z) is the solution to BSDE

(2.11) where we make the following assumptions on the generator ξ, f :
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(i) The map (y, z) 7→ f(t, y, z) is continuous and satisfies

(y − ỹ)(f(t, y, z)− f(t, ỹ, z)) ≤ K2α
t |y − ỹ|2,

|f(t, y, z)− f(t, y, z̃)| ≤ Kt|z − z̃|,

|f(t, y, z)| ≤ |f(t, 0, 0)|+K2α
t |y|+Kt|z|,

for some α ∈ (0, 1), where Kt ∈ H2
BMO(R). In addition, there exists q̃ > 1 such

that for all 1 < q < q̃, E(
∫ ·
0
Ktu · dBt) satisfies the reverse Hölder inequality

(Theorem 2.3.14) for all1 u ∈ Rd with |u| = 1.

(ii) There exists some p∗ > q̃
q̃−1

such that ∥ξ∥Sp∗ (R) + ∥f(·, 0, 0)∥Hp∗ (R) <∞.

Then there exists a unique solution (Y, Z) ∈ Sp(R)×Hp(Rd) for all p < p∗. Moreover,

the norm of (Y, Z) is controlled in the sense that with p1 =
pp∗

p∗−p
,

∥Y ∥Sp(R) ≤ C1∥ξ∥Sp∗ (R) + ∥f(·, 0, 0)∥Hp∗ (R),

∥Z∥Hp(Rd) ≤ C2

(
∥Y ∥Sp(R) + ∥f(·, 0, 0)∥Hp(R) + ∥Y ∥Sp(R)

(
∥Kα∥H2p1 (R) + ∥K∥H2p1 (R)

))
,

where C1, C2 depends on p∗, p.

The random variable under Lp1 norm can be controlled by an increasing function of

∥K∥HBMO2(R)
. The above theorem replaces the global Lipschitz property of the driver

on Y by a monotonicity condition with a positive stochastic Lipschitz condition.

Meanwhile, it is not difficult to deduce a comparison theorem for this type of BSDE,

with the global Lipschitz assumption on the driver of Y .

Lemma 3.2.2. Suppose (Y 1, Z1) and (Y 2, Z2) are solutions to a BSDE of the type

Y i
t = ξi +

∫ T

t

f i(t, Y i
s , Z

i
s) ds−

∫ T

t

Zi
s · dBs,

satisfying the same conditions as Theorem 3.2.1, except

|f i(t, y, z)− f i(t, ỹ, z)| ≤ Lf |y − ỹ|

for i = 1, 2. If we further assume ξ1 ≥ ξ2 a.s. and ∆f(t, Y 2, Z2) := f 1(t, Y 2, Z2) −
f 2(t, Y 2, Z2) ≥ 0 a.s., then Y 1

t ≥ Y 2
t almost surely.

Proof. The proof follows a standard argument, which has been deferred to Section

A.2.

1See Remark 2.5.
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We would also quote the following result.

Theorem 3.2.3 (Theorem 3.1.3 in [22]). Let ξ be a FT -measurable random variable

which depends on x ∈ Rm and we write ξ(x) to emphasize this dependence. Suppose

(ξ(x), f) is the generator of BSDE (2.11). We let p ≥ 2 and impose the following

conditions.

• ξ(x) is bounded in (x, ω) ∈ Rm × Ω and satisfies

sup
x∈Rm

∥∇xξ∥Lp(Rm) <∞, x 7→ ∇xξ is continuous.

• f satisfies [A4] and (y, z) → f(t, y, z) is C1,1(R× Rd;R).

We denote (Y x, Zx) ∈ Sp(R)×Hp(Rd) as the solution to (2.11). Then there exists

a unique solution (∇xY
x,∇xZ

x) to the following BSDE

∇xY
x
t = ∇xξ(x) +

∫ T

t

(∇yf(s, Y
x
s , Z

x
s )∇xY

x
s +∇zf(s, Y

x
s , Z

x
s ) · ∇xZ

x
s ) ds

−
∫ T

t

∇xZ
x
s · dBs

where ∇yf(t, y, z) = ∂yf(t, y, z) and ∇zf(t, y, z) = (∂z1f(t, y, z), . . . , ∂zdf(t, y, z)).

Therefore, we immediately have

Proposition 3.2.4. Suppose (ξ, f) is the generator of BSDE (2.11). We let p ≥ 2,

x ∈ Rm and impose the following conditions.

(i) ξ = g(X
(1)
T , X

(2)
T , . . . , X

(r)
T ). Moreover,

• g ∈ C1(Rm×r;R) is bounded;

• (X(i))1≤i≤r are diffusion processes with drift coefficients {b(i)}i and diffu-

sion coefficients {σ(i)}i;

• X(i) satisfies [A2] for some constant LX which is independent of i, for all

1 ≤ i ≤ r;

• the drift b(i)(t, x) and diffusion term σ(i)(t, x) satisfy x 7→ b(i)(t, x) ∈ C1+α

and x 7→ σ(i)(t, x) ∈ C1+α, for some α > 0 and for all t ∈ [0, T ], 1 ≤ i ≤ r.

(ii) f satisfies [A4] and (y, z) → f(t, y, z) is C1,1(R× Rd;R).

37



Let (Y x, Zx) where x = (x(1), . . . , x(r)), be the solution to (2.11) with generator

(ξ, f). Then for all 1 ≤ i ≤ r,

∇x(i)Y x
t = (∇x(i)g)(X

(1)
T , X

(2)
T , . . . , X

(r)
T ) · ∇x(i)X

(i)
T −

∫ T

t

∇x(i)Zx
s · dBs

+

∫ T

t

(∇yf(s, Y
x
s , Z

x
s )∇x(i)Y x

s +∇zf(s, Y
x
s , Z

x
s ) · ∇x(i)Zx

s ) ds.

Moreover, the solution (X(i),∇x(i)Y x,∇x(i)Zx) ∈ Sp(Rm) × Sp(Rm) × Hp(Rd×m) for

all p ≥ 1.

Proof. According to Kunita [55, Theorem 4.6.5], the above assumption guarantees

the map x 7→ X(t, x) is continuously differentiable and the Jacobian matrix ∂X
∂x

(t, x)

exists (together with its inverse, see Kunita [55, P176]). The conditions in Theorem

3.2.3 are satisfied and the result follows directly.

Regarding the Malliavin differentiability of quadratic BSDEs, Ankirchner et al.

[2] proved such a result. They assumed in ξ ∈ D1,∞(R) without using the excess

integrability of ξ. Their work was generalised by Fujii and Takahashi [30, Theorem

5.1] on QBSDEs with jumps, but we only state the simpler version here.

Theorem 3.2.5 (Theorem 8.4 in [2]). Let (ξ, f) be the generator for the BSDE (2.11)

with the solution (Y, Z). Suppose

• ξ ∈ D1,2(R) ∩ L∞(R);

• f satisfies [A4] and (y, z) → f(t, y, z) is C1,1(R× Rd;R).

Then we have (Y, Z) ∈ D1,2(R)× (D1,2(R))d and their derivative process satisfies

DuYt = Duξ +

∫ T

t

(∇yf(s, Ys, Zs)DuYs +∇zf(s, Ys, Zs) ·DuZs) ds−
∫ T

t

DuZs · dBs,

for 0 ≤ u ≤ t ≤ T . For u > t, the DuYt = 0 and DuZt = 0. In addition, {DtYt}t∈[0,T ]

is a version of {Zt}t∈[0,T ].

We next apply this result to the BSDE which has the terminal function depending

on a a system of SDEs. For simplicity, we write

∇x(i)g(x(1), . . . , x(r)) :=

(
∂g

∂x
(i)
1

(x(1), . . . , x(r)), . . . ,
∂g

∂x
(i)
m

(x(1), . . . , x(r))

)
,

where x(i) = (x
(i)
1 , . . . x

(i)
m ) is a vector.
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Proposition 3.2.6. Let (Y, Z) be the BSDE satisfying the same condition as in

Proposition 3.2.4. Then the Malliavin derivative of Y satisfies the BSDE

DuYt =
r∑

i=1

(∇x(i)g)(X
(1)
T , X

(2)
T , . . . , X

(r)
T ) ·DuX

(i)
T −

∫ T

t

DuZs · dBs

+

∫ T

t

(∇yf(s, Ys, Zs)DuYs +∇zf(s, Ys, Zs) ·DuZs) ds

while 0 ≤ u ≤ t ≤ T . For u > t, the DuYt = 0 and DuZt = 0. In addition,

{DtYt}t∈[0,T ] is a version of {Zt}t∈[0,T ].

Inspired by the last two propositions, we obtain a non-surprising result which

formulates the Zt a.s. for all t ∈ [0, T ], together with a bound for Z consisting of

forward SDEs.

Lemma 3.2.7. Let (Y, Z) be the BSDE satisfying the same condition as in Proposi-

tion 3.2.4. Then we are able to obtain the explicit representation of DθYt and Zt

DθYt =
r∑

i=1

(∇x(i)Y x
t )

⊤
(
∇x(i)X

(i)
θ

)−1

σ(i)(θ,X
(i)
θ ),

Zt = DtYt =
r∑

i=1

(∇x(i)Y x
t )

⊤ (∇X(i)
t )−1σ(i)(t,X

(i)
t ) a.s,

for some fixed θ ∈ [0, t], where
(
∇x(i)X

(i)
θ

)−1

is the inverse of ∇x(i)X
(i)
θ . Moreover,

there exists C > 0 which is independent of r and {X i
0}1≤i≤r such that

|Zt| ≤ C

(
r∑

i=1

L(i)
g

(
1 + |X(i)

t |
))

. (3.10)

Proof. The first part of the proof is an extension of [2, Theorem 8.5]. Utilizing [69,

equation (2.59)], we are allowed to replace DθX
(i)
t with

DθX
(i)
t = ∇x(i)X

(i)
t (∇x(i)X

(i)
θ )−1σ(i)(θ,X

(i)
θ ),

for any 1 ≤ i ≤ r with θ ≤ t. Setting Iθ(t) and M
(i)
θ as

Iθ(t) :=
r∑

i=1

∇x(i)Y x
t ·M (i)

θ , M
(i)
θ := (∇x(i)X

(i)
θ )−1σ(i)(θ,X

(i)
θ ),

we now apply Itô’s formula to Iθ(t) to derive

Iθ(t) = Iθ(T )−
r∑

i=1

∫ T

t

M
(i)
θ · d(∇x(i)Y x

s )
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=
r∑

i=1

∇x(i)Y x
T ·M (i)

θ −
r∑

i=1

∫ T

t

M
(i)
θ · d(∇x(i)Y x

s )

=
r∑

i=1

[
(∇X(i)g)

(
X

(1)
T , X

(2)
T , . . . , X

(r)
T

)]⊤
DuX

(i)
T +

∫ T

t

∇yf(s, Ys, Zs)Iθ(s) ds

+

∫ T

t

∇zf(s, Ys, Zs) ·

(
r∑

i=1

∇x(i)Zx
sM

(i)
θ

)
ds−

∫ T

t

(
r∑

i=1

∇x(i)Zx
sM

(i)
θ

)
· dBs.

Thanks to the integrability of the Jacobian of X, the terminal data of the above

BSDE is a member of Lp for any p ≥ 1. By the uniqueness of solution to such linear

BSDE with stochastic Lipschitz coefficients (see Theorem 3.2.1), we conclude the first

statement

DθYt =
r∑

i=1

(∇x(i)Y x
t )

⊤
(
∇x(i)X

(i)
θ

)−1

σ(i)(θ,X
(i)
θ ),

whereas the second statement is a result of Zt = DtYt.

Regarding the bound of Zt, we use a classical strategy, which reformulates ∇x(i)Y x
t

to derive

∇x(i)Y x
t = (∇x(i)g)(X

(1)
T , X

(2)
T , . . . , X

(i)
T ) · ∇x(i)X

(r)
T

+

∫ T

t

∇yf(s, Y
x
s , Z

x
s )∇x(i)Y x

s ds−
∫ T

t

∇x(i)Zx
s · dBQ

s .

Here, the measure Q and the associated Radon-Nikodym derivative ηt are defined as

dBQ
s = dBs − βs ds, βs = ∇zf(s, Y

x
s , Z

x
s ), ηt =

dQ
dP

∣∣∣∣
Ft

= E
(∫ t

0

βs · dBs

)
.

This measure is well-defined as |βs| ≤ C(1+|Zs|) and
∫ t

0
Zs· dBs is BMO. Furthermore,

if we apply Itô’s formula to Γt∇x(i)Yt, where

Γt = exp

(∫ t

0

∇yf(s, Y
x
s , Z

x
s ) ds

)
,

followed by taking conditional expectation under Q, we derive

Γt∇x(i)Yt = EQ
[
ΓT (∇x(i)g)

(
X

(i)
T , X

(i)
T , . . . , X

(r)
T

)
∇x(i)X

(i)
T | Ft

]
.

As Γt is positive and uniformly bounded in t, we can control a piece of Zt using∣∣∣∣∇x(i)Y x
t

(
∇x(i)X

(i)
t

)−1

σ(i)
(
t,X

(i)
t

)∣∣∣∣
= EQ

[
ΓT

Γt

(∇x(i)g)
(
X

(i)
T , X

(i)
T , . . . , X

(r)
T

)
∇x(i)X

(i)
T

(
∇x(i)X

(i)
t

)−1

σ(i)
(
t,X

(i)
t

) ∣∣ Ft

]
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≤ L(i)
g exp (Lf (T − t))LxEQ

[∣∣∣∇x(i)X
(i)
T (∇x(i)X

(i)
t )−1

∣∣∣ ∣∣∣∣ Ft

](
1 + |X(i)

t |
)
,

where we have used the linear growth assumption of σ(i). In order to bound the

conditional expectation, we applied the reverse Hölder inequality to ηt together with

the Lq∗ norm of the Jacobian ∇x(i)X
(i)
t to conclude

EQ
[∣∣∣∇x(1)X

(2)
T (∇x(i)X

(i)
t )−1

∣∣∣ ∣∣∣∣ Ft

]
≤ cqE

[∣∣∣∣∇x(i)X
(i)
T

(
∇x(i)X

(i)
t

)−1
∣∣∣∣q∗ ∣∣∣∣ Ft

] 1
q∗

≤ Cq,

for some constants cq, Cq.

Notice that the above argument is valid for all 1 ≤ i ≤ r, since our assumption

ensures the growth rate of all X(i) is bounded by a uniform constant, i.e.

|Zt| ≤
r∑

i=1

∣∣∣∣∇x(i)Y x
t

(
∇x(i)X

(i)
t

)−1

σ(i)
(
t,X

(i)
t

)∣∣∣∣ ≤ C
r∑

i=1

L(i)
g

(
1 +

∣∣∣X(i)
t

∣∣∣) .

In general, a sequence of random variable (ξr)r≥0 of the type g(X
(1)
T , . . . , X

(r)
T )

may not converge to a random variable. We impose a more realistic assumption on

the terminal condition.

Lemma 3.2.8. Let (Y, Z) be the BSDE satisfying the same condition as in Proposi-

tion 3.2.4, except ξ takes the special form ξ = g(X
(0)
s0 , . . . , X

(r−1)
sr−1 , X

(r)
sr ) with 0 = s0 ≤

s1 ≤ · · · ≤ sr−1 ≤ sr = T . If for all 0 ≤ i ≤ r, we set (yi, zi) ∈ Rm × Rd×m as the

solution to the BSDE

yi(t) = ξi −
∫ T

t

zi(t) · dBt

+

∫ T

t

(∇yf(s, Ys, Zs)yi(s) +∇zf(s, Yz, Zs) · zi(s)) ds

where ξi =
(
(∇x(i)g)

(
X

(0)
s0 , . . . , X

(r−1)
sr−1 , X

(r)
sr

))⊤
∇x(i)X

(i)
si ∈ Rm. Then we deduce that

DθYt =
r∑

i=0

yi(t) · (∇x(i)X
(i)
θ )−1σ(i)(θ,X

(i)
θ )1{θ≥si}, 0 ≤ θ ≤ t,

Zt = DtYt =
r∑

i=1

yi(t) · (∇x(i)X
(i)
t )−1σ(i)(t,X

(i)
t )1{t≥si} a.s.
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In particular, if X(i) = X(j) for all i, j ∈ {1, . . . , r} (and we simply write X i = X),

there exists a unique solution ∇jYt to the following BSDE

∇jYt =
r∑

i≥j

(∇x(i)g) (Xs0 , Xs1 , . . . , Xsr) · ∇xXsi −
∫ T

t

∇jZt · dBs

+

∫ T

t

(∇yf)(s, Y
x
s , Z

x
s )∇jYt + (∇zf)(s, Y

x
s , Z

x
s ) · ∇jZt ds.

(3.11)

Given a fixed time t ∈ [sj, sj+1), 0 ≤ j ≤ N where we set [sr, sr+1) = {T} by conven-

tion,

DθYt =
(
∇jYt

)⊤
(∇xXθ)

−1σ(θ,Xθ), Zt =
(
∇jYt

)⊤
(∇xXt)

−1σ(t,Xt), (3.12)

which implies the bound of Z

|Zt| ≤ CS(g)

(
1 + sup

0≤s≤t
|Xs|

)
t-a.s..

Proof. The first part of the claim is straightforward if we notice that DθXsi = 0 when

θ > si, hence we focus on the second part, starting with verifying the conditions in

Theorem 3.2.3. Given ∇xξ
(j) :=

∑r
i=j(∇x(i)g)(Xs0 , . . . , Xsr) · ∇xXsi , we immediately

have

sup
0≤j≤r

sup
x∈Rm

∥∇(j)
x ξ∥Lp(Rm) ≤

(
r∑

i=0

Lg(x
(i))

)
sup
0≤i≤r

∥∇xX∥Sp(Rm)

≤ S(g) sup
0≤i≤r

∥∇xX∥Sp(Rm×m).

Consequently, we rewrite the previous proof to obtain the Mallaivin derivative of Y ,

which is

DθYt =
r∑

i=0

yi(t) · (∇xXθ)
−1σ(θ,Xθ)1{θ≥si}, 0 ≤ θ ≤ t,

where yi(t) ∈ Rm is the solution to

yi(t) = ((∇x(i)g) (Xs0 , . . . , Xsr))
⊤ ∇xXsi −

∫ T

t

zi(t) · dBt

+

∫ T

t

(∇yf(s, Ys, Zs)yi(s) +∇zf(s, Yz, Zs) · zi(s)) ds.
(3.13)

Therefore, the bound of Zt follows directly and the result2 has been derived as we

required.

2This result can be viewed as an extension of [90, Lemma 2.5] in the context of quadratic BSDE.
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Remark 3.2. We are allowed to deduce a similar bound on Y when we replace the

terminal condition in Lemma 3.2.8 by a Lipschitz function Φ : D̃(Rm) → R with

respect to ∥ · ∥D̃∞(Rm) or ∥ · ∥D̃1(Rm) of a forward SDE, provided the forward diffusion

X satisfies [A2].

If Z is the solution corresponding to (3.1), we set Zπ as the solution to BSDE in

Lemma 3.2.8. Zπ can be viewed as the approximation of Z. By the stability theorem

of QBSDEs, there exists a subsequence Zπ1
t → Zt t × ω-almost surely. Such density

argument implies |Zt| ≤ CLΦ
(1 + sup0≤s≤t |Xs|), leading us to Zt is bounded in Lp

t-almost surely for any p ≥ 1, with the bound depending on LΦ and p.

3.2.2 Proof of results on path regularity

The goal of this subsection is to show the path-regularity of Y and Z in equation

(3.1). We begin with stating two technical results, which are building blocks in the

proof of the main theorems. The first lemma is very helpful in transforming the sum

of differences in BSDE to sum of Riemann integrals.

Lemma 3.2.9. Let Xt, Yt be adapted processes, where Xt is a martingale and both

Xt, Yt ∈ L2. Then we have

E[XtiYti ] = E[XTYti ],
n∑

i=1

|ai|p ≤

(
n∑

i=1

|ai|

)p

, (3.14)

while the latter inequality3 remains valid for all p ≥ 1.

Proof. See Section A.2.

The following result allows us to control a sum of quadratic variation process by

the sum of the terminal value of martingales.

Lemma 3.2.10. Given some p ≥ 1, let ξi(t) = (ξ
(1)
i (t), . . . , ξ

(m)
i (t)) be a Rm-valued

adapted martingale4 in L2p(Ω;Rm) for all 0 ≤ i ≤ r, such that ξi(t) = αi +
∫ t

0
ηi(u) ·

dBu for some ηi ∈ Rd×m (by martingale representation theorem). For any increasing

function ϕ : {0, 1, . . . , N−1} → {0, . . . , r}, we define ϕ̃ : {0, . . . , r} → {−1, 0, . . . , N−
1} as ϕ̃(i) = sup{j | ϕ(j) ≤ i} with the convention sup ∅ = −1. Then,

E

N−1∑
j=0

∫ tj+1

tj

∣∣∣∣∣∣
r∑

i=ϕ(j)

ηi(u)

∣∣∣∣∣∣
2

du

p ≤ Cp,m E

∣∣∣∣∣
r∑

i=0

ξi

(
tϕ̃(i)+1

)
− ξi(0)

∣∣∣∣∣
2p
 ,

where Cp,m is a constant depending on p,m and independent of r.
3When p ∈ (0, 1], the inequality becomes

∑n
i=1 |ai|p ≥ (

∑n
i=1 |ai|)

p
.

4That is, E
[
ξ
(j)
i (t) |Fs

]
= ξ

(j)
s for all 1 ≤ j ≤ m.
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Proof. We first define a square integrable progressively measurable process Hs,

Hu =
(
H(1)

u , . . . , H(m)
u

)
:=

N−1∑
j=0

 r∑
i=ϕ(j)

ηi(u)

1[tj ,tj+1)(u),

together with the corresponding Itô’s integralMt := (M
(1)
t , . . . ,M

(m)
t ) :=

∫ t

0
Hs· dBs ∈

Rm. Utilizing Jensen’s inequality, Burkholder-Davis-Gundy (BDG) inequality and

Doob’s Lp inequality, we deduce

E
[(∫ T

0

|Hu|2 du

)p]
≤ mp−1

m∑
j=1

E
[(∫ T

0

∣∣H(j)
u

∣∣2 du

)p]

≤ Cp,m

m∑
j=1

E
[∣∣∣M (j)

T

∣∣∣2p]

≤ Cp,mE

[(
m∑
j=1

∣∣∣M (j)
T

∣∣∣2)p]
= Cp,mE

[
|MT |2p

]
,

where Lemma 3.2.9 was used in the last line. As the left hand side is an integral of

Hu, we have

E

N−1∑
j=0

∫ tj+1

tj

∣∣∣∣∣∣
r∑

i=ϕ(j)

ηi(u)

∣∣∣∣∣∣
2

du

p = E
[(∫ T

0

|Hu|2 du
)p]

≤ Cp,mE

∣∣∣∣∣∣
∫ T

0

N−1∑
j=0

 r∑
i=ϕ(j)

ηi(u)

1[tj ,tj+1)(u) · dBu

∣∣∣∣∣∣
2p

≤ Cp,mE

( r∑
i=0

∫ tϕ̃(i)+1

0

ηi(u) · dBu

)2p
 ≤ Cp,mE

∣∣∣∣∣
r∑

i=0

ξi

(
tϕ̃(i)+1

)
− ξi(0)

∣∣∣∣∣
2p
 ,

after rearranging the sum and plugging in the definition of ϕ and ϕ̃.

Taking the advantage of the expression of Z in Lemma 3.2.8, we now derive the

regularity results, in particular, Theorem 3.1.1 and Theorem 3.1.2. The regularity of

Y is not very surprising, as Y is a semi-martingale. Without adding any assumption

on the partition, we have the second inequality regarding the expectation of the

supremum on maximum Y increments. On the contrary, proving the regularity of Z

is a much more valuable result. The main difficulty within the proof is the lack of

integrability of the Radon-Nikodym derivative. After applying the explicit expression

of Z which is derived in Lemma 3.2.8, this obstacle is solved by establishing control

on the difference to yi within the expression through Lemma 3.2.10.
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Remark 3.3. Let Φ be either Lipschitz with respect to ∥ · ∥D̃∞(Rm) or ∥ · ∥D̃1(Rm). We

further assume that Θ ∈ D̃(Rm) is a continuous paths. By Ma and Zhang [63, Lemma

4.1, Lemma 5.2], Φ(Θ) may be gradually estimated by a family of functions {gπ}π,
where π : 0 = s0 < · · · < sr−1 < sr = T , such that

lim
|π|→0

|Φ(Θπ)− gπ(Θ(s0), . . . ,Θ(sr−1),Θ(sr))| = 0, |π| = sup
0≤i≤r−1

|si+1 − si|,

where Θπ(t) := 1
hi
((ti+1 − t)Θti + (t − ti)Θti+1

) for any t ∈ [ti, ti+1]. Moreover,

gπ : Rm×r 7→ R is a smooth function with bounded partial derivatives such that

S(gπ) < CLΦ with some constant C > 0 which is independent of π. To ensure

the approximating function is bounded, we consider a sequence of mollifers {ηr}r :

Rm×r → R with
∫
ϕr dx1 · · · dxr = 1 and define

ĝπ = (∥ξ∥L∞ ∧ gπ ∨ (−∥ξ∥L∞)) ∗ ϕr.

Therefore, there exist a bounded smooth approximation of Φ(Θ). If X is a con-

tinuous process in the probability space (Ω,P, (Ft)t), then

ĝπ(Xs0 , . . . , Xsr) → Φ(X) as |π| → 0.

The strategy of the proof of Theorem 3.1.1 is summarised in the following. As

the Z-component can be controlled by |Zt| ≤ C
(
1 + sup0≤s≤t |Xs|

)
, the regularity

of Z uses the fact that sup0≤s≤t |Xs| is Lp integrable for all p. The regularity of the

Y -component is a simply consequence of Jensen’s inequality combined with the BDG

inequality. The Z-component needs a bit more careful analysis on the partitions.

1. We assume the terminal data is smooth enough, aiming to extend the result by

a density argument.

2. The case π1 is wider than π0 and π1 is finer than π0 must be discussed separately.

3. In both cases, we focus on the expression Zt = (∇kYt)
⊤(∇xXt)

−1σ(t,Xt), fol-

lowed by analysing ∇kYt, (∇xXt)
−1 and σ(t,Xt).

4. We utilise the fact that the inverse of the Jacobian and the volatility σ has

sufficient regularity.

5. Finally, ∇kYt is a solution to the BSDE with stochastic Lipschitz coefficients,

which motivates us to change the measure and to apply the BMO property that

is related to the new measure Q.
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Proof of Theorem 3.1.1. We first show (i), followed by dividing the proof of part

(ii) into different sections which associates to various scenarios.

Step 1. Regarding the Y component, we apply Jensen’s inequality, BDG inquality

as well as Fubini theorem to obtain

E

[
sup
u∈[s,t]

|Yu − Ys|2p
]

≤ Cp E

[
sup
u∈[s,t]

((∫ u

s

|f(r, Yτ , Zτ )| dτ
)2p

+

(∫ u

s

Zτ · dBτ

)2p
)]

≤ Cp E

[(∫ t

s

|f(τ, 0, 0)|+ Lf |Yτ |+
K2

f

2
|Zτ |2 dτ

)2p

+

(∫ t

s

|Zτ |2 dτ
)p
]

≤ Cp

(
(t− s)2p + (t− s)2p−1

∫ t

s

E
[
|Zτ |4p

]
dτ + (t− s)p−1

∫ t

s

E
[
|Zτ |2p

]
dτ

)
.

By Theorem 2.4.3, Y is uniformly bounded, hence the constant Cp is independent of

τ ∈ [s, t]. What remains to bound Zt. By Lemma 3.2.8, we have

E
[
|Zτ |2p

]
≤ CpE

[(
1 + sup

0≤s≤τ
|Xs|

)2p
]
≤ Cp,S(g).

whereas E [|Zτ |4p] ≤ Cp,S(g) are deduced in a similar way.

Step 2. The remaining proof will start with assuming the function g, the driver

(y, z) 7→ f(t, y, z), the drift (of the SDE X), x 7→ b(t, x) and diffusion (of the SDE

X) x 7→ σ(t, x) are all continuously differentiable. We focus on E[|Zt − Ztj |2p] since,
by applying Jensen’s inequality,

N−1∑
j=0

E

[(∫ tj+1

tj

|Zt − Ztj |2 dt

)p]
≤ hp−1

N−1∑
j=0

E

[∫ tj+1

tj

|Zt − Ztj |2p dt

]
. (3.15)

Recall that the Z component has the expression by in in Lemma 3.2.8, where ∇kY

and (yi, zi) are defined in (3.11) and (3.13) respectively. In the first scenario (in step

2 to step 4), we assume π1 is a partition wider than (or equivalent to) π0. Without

loss of generality, we suppose ti = sli for some increasing sequence (li)
N
i=1. For any

t ∈ [sk, sk+1) ∈ [slj , slj+1
) = [tj, tj+1), we are able to deduce

Zt − Ztj =
(
∇kYt

)⊤
(∇xXt)

−1σ(t,Xt)−
(
∇ljYslj

)⊤ (
∇xXslj

)−1

σ(slj , Xslj
)

= I1,j + I2,j + I3,j,

I1,j(t) :=
(
∇kYt

)⊤
(∇xXt)

−1
(
σ (t,Xt)− σ

(
tj, Xtj

))
,

I2,j(t) :=
(
∇ljYt

)⊤ (
(∇xXt)

−1 −
(
∇xXtj

)−1
)
σ
(
tj, Xtj

)
,

46



I3,j(t) :=
(
∇kYt −∇ljYtj

)⊤ (∇xXtj

)−1
σ(tj, Xtj),

by decomposing Zt − Ztj through using their explicit expression. Utilising Jensen’s

inequality, we get

N−1∑
j=0

E

[∫ tj+1

tj

|Zt − Ztj |2p dt

]

≤ Cp

N−1∑
j=0

E

[∫ tj+1

tj

(
|I1,j(t)|2p + |I2,j(t)|2p + |I3,j(t)|2p

)
dt

]
.

Denoting hj = tj+1 − tj, we employ Hölder’s inequality and the assumption on

σ(t,Xt) to compute the contribution of I1,j(t) and I2,j(t)

E
[
|I1,j(t)|2p

]
≤ E

[∣∣∇kYt
∣∣6p] 1

3 E
[∣∣(∇xXt)

−1
∣∣6p] 1

3 E
[(

(t− tj)
1
2 + LX

∣∣Xt −Xtj

∣∣)6p] 1
3

≤ Cp,S(g) (t− tj)
p ≤ Cp,S(g)h

p
j ,

E
[
|I2,j(t)|2p

]
≤ E

[∣∣∇kYt
∣∣6p] 1

3 E
[∣∣∣(∇xXt)

−1 −
(
∇xXtj

)−1
∣∣∣6p] 1

3

E
[∣∣σ (tj, Xtj

)∣∣6p] 1
3

≤ Cp,S(g) (t− tj)
p ≤ Cp,S(g)h

p
j ,

where we have taken advantage of the standard path-regularity estimate for the for-

ward SDE. Theorem 3.2.1 together with Lemma 3.2.2 allow us to establish a uniform

bound on E
[∣∣∇kYs

∣∣6p], since |
∑r

i=k(∇x(i)g) · ∇xXti | ≤ U for all k ≥ 0, where

U := S(g) sup
0≤s≤T

|∇xXs| (3.16)

and U ∈ Lp(R) for all p > 0.

Step 3. Regarding the last component, we make use of equation (3.14) that to

derive

N−1∑
j=0

E

[∫ tj+1

tj

|I3,j(t)|2p dt

]
≤

N−1∑
j=0

lj+1−1∑
k=lj

E
[∫ sk+1

sk

E[|∇kYt −∇ljYtj |2p | Ftj ]|Λtj |2p dt
]
,

where Λt := (∇xXt)
−1σ(t,Xt) is a Lp integrable random variable for all p > 0.

Meanwhile,

∇kYt −∇ljYtj =
r∑

i=k

yi(t)−
∑
i≥lj

yi(tj) =
r∑

i=k

(yi(t)− yi(tj))−
k−1∑
i=lj

yi(tj).
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Define Γt = exp(
∫ t

0
αs ds) with αs := (∂yf)(s, Ys, Zs), which is a bounded process.

Γtyi(t), according to Itô’s lemma, satisfies the BSDE

Γtyi(t) = ΓTyi(T ) +

∫ T

t

(∂zf)(s, Ys, Zs) · ηi(s) ds−
∫ T

t

ηi(s) · dBs (3.17)

= ΓTyi(T )−
∫ T

t

ηi(s) · dBQ
s , (3.18)

where ηi(s) = Γszi(s) for all 0 ≤ i ≤ m and dBQ
s = dBs − βs ds with βs =

(∂zf)(s, Ys, Zs). By the mean-value theorem,

yi(t)− yi(tj) = Γ−1
t [(Γtyi(t)− Γtjyi(tj)) + (Γtjyi(tj)− Γtyi(tj))]

= Γ−1
t (Γtyi(t)− Γtjyi(tj)) +

ατΓτ

Γt

yi(tj)(tj − t),

where τ ∈ [tj, t]. Now we take the advantage of Theorem 2.3.8 and the boundness of

αs and Γs to conclude

E
[∣∣∇kYt −∇ljYtj

∣∣2p ∣∣ Ftj

]
≤ E

[∣∣∣∣∣Γ−1
t

r∑
i=k

(∫ t

tj

ηi(u) · dBu −
∫ t

tj

ηi(u) · β(u) du

)

+
ατΓτ

Γt

(tj − t)
r∑

i=k

yi(tj) +
k−1∑
i≥lj

yi(tj)

∣∣∣∣∣∣
2p ∣∣∣∣ Ftj


≤ CpE

∫ t

tj

(
r∑

i=k

ηi(u)

)2

du

p

+

∣∣∣∣∣(tj − t)
r∑

i=k

yi(tj)

∣∣∣∣∣
2p

+

∣∣∣∣∣∣
k−1∑
i≥lj

yi(tj)

∣∣∣∣∣∣
2p

+

∫ t

tj

(β(u))2 +

(
r∑

i=k

ηi(u)

)2

du

2p ∣∣∣∣ Ftj

]

≤ CpE

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

p

+

∣∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣∣
2p

+

∣∣∣∣∣∣
k−1∑
i≥lj

yi(tj)

∣∣∣∣∣∣
2p

+

(∫ tj+1

tj

|β(u)|2 du

)2p

+

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p ∣∣∣∣ Ftj

 , (3.19)

where we used the elementary inequality |a · b| ≤ Cm,d (|a|2 + |b|2) for any a ∈ Rd, b ∈
Rd×m. Therefore, we conclude that

N−1∑
j=0

E

[∫ tj+1

tj

|I3,j(t)|2p dt

]
≤ Cp

(
5∑

i=1

Ai

)
,
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where Ai for 1 ≤ i ≤ 5 are defined as

A1 :=
N−1∑
j=0

lj+1−1∑
k=lj

E

∫ sk+1

sk

E

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p ∣∣∣∣ Ftj

 |Λtj |2p dt

 ,
A2 :=

N−1∑
j=0

lj+1−1∑
k=lj

E

∫ sk+1

sk

E

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

p ∣∣∣∣ Ftj

 |Λtj |2p dt

 ,
A3 :=

N−1∑
j=0

lj+1−1∑
k=lj

E

[∫ sk+1

sk

E

[∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣2p ∣∣∣∣ Ftj

]
|Λtj |2p dt

]
,

A4 :=
N−1∑
j=0

lj+1−1∑
k=lj

E

∫ sk+1

sk

E

∣∣∣∣ k−1∑
i≥lj

yi(tj)

∣∣∣∣2p ∣∣∣∣ Ftj

 |Λtj |2p dt

 ,
A5 :=

N−1∑
j=0

lj+1−1∑
k=lj

E

∫ sk+1

sk

E

(∫ tj+1

tj

|β(u)|2 du

)2p ∣∣∣∣ Ftj

 |Λtj |2p dt

 .
Step 4. We aim to estimate A1 to A5. We consider a partition finer than π1,

namely π2 : 0 = v0 < v1 < · · · < vρ̂1 < · · · < vρ̂2 < · · · < vρ̂N = T such that

• vρ̂i = sli = ti with ρ̂i+1 − ρ̂i = γ for some γ > 0 large enough, for all 0 ≤ i ≤ r;

• there exists ρk :=
vρ̂i+k+1−vρ̂i+k

ti+1−ti
which is independent of i for all 0 ≤ k ≤ γ − 1;

• π belongs to π2 and there exist a surjective function ϕ(i, k) : {0, . . . , N − 1} ×
{0, . . . , γ− 1} → {0, 1, . . . , r} such that vρ̂i+k = sϕ(i,k) for all 0 ≤ i ≤ N − 1 and

0 ≤ k ≤ γ − 1;

• moreover, li ≤ ϕ(i, k) ≤ lj+1 − 1 with ϕ(i, k + 1) ≥ ϕ(i, k), ϕ(i + 1, k) ≥ ϕ(i, ι)

for all i, k, ι.

Therefore, the original partition π0 is included in the new partition and the definition

of π2 implies
∑γ−1

k=0 ρk = 1. Consequently, if we focus on one of the components and

use Hölder’s inequality together with the elementary fact (3.14),

A1 =
N−1∑
j=0

lj+1−1∑
k=lj

(sk+1 − sk)E

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p

|Λtj |2p


=
N−1∑
j=0

γ−1∑
k=0

vk+1 − vk
tj+1 − tj

E


∫ tj+1

tj

∣∣∣∣∣∣
k∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

2p

|Λtj |2p

hj
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≤
γ−1∑
k=0

ρkE

N−1∑
j=0

∫ tj+1

tj

∣∣∣∣∣∣
k∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

2p

sup
j

|Λtj |2p

h

≤
γ−1∑
k=0

ρkE


N−1∑

j=0

∫ tj+1

tj

∣∣∣∣∣∣
k∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

4p


1
2

E
[
sup
j

|Λtj |4p
] 1

2

h.

Meanwhile, equation (3.18) together with Lemma 3.2.10 suggest that we can re-

place the Riemann integral by conditional expectations of some random variables

under Q-measure. Therefore, we define ϕ̃(i, k) = sup{j | ϕ(j, k) ≤ i} with the con-

vention sup ∅ = −1 and ξ̃i(t) := Γtyi(t) for all 0 ≤ t ≤ T .

Moreover, there exists a q̃ > 1 such that ∥β∥H2
BM0(Rd) ≤ Ξ̂(q̃), where Ξ̂ is the

function defined in Theorem 2.3.14. We fix q such that q ∈ (1, q̃) and close enough

to q̃, while we denote q∗ as the conjugate of q. By employing the reverse Hölder

inequality,

E


N−1∑

j=0

∫ tj+1

tj

∣∣∣∣∣∣
k∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

4p


≤ Cq∗EQ


N−1∑

j=0

∫ tj+1

tj

∣∣∣∣∣∣
k∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

8pq∗


1
q∗

≤ Cp,q∗EQ

∣∣∣∣∣
r∑

i=0

ξ̃i

(
tϕ̃(i,k)+1

)
− ξ̃i(0)

∣∣∣∣∣
8pq∗
 1

q∗

≤ Cp,qEQ

( r∑
i=0

E
[
∥∇x(i)g∥∞ sup

0≤i≤r
|∇xXti |

∣∣∣∣ Ftϕ̃(i,k)+1

])8pq∗

+ EQ [∇rYT ]
8pq∗

 1
q∗

≤ Cp,q

(
S(g)8p(θ(8pq∗))

1
q∗ + EQ [U ]8p

)
,

where U is defined as in (3.16) and θ : R++ 7→ R, irrelevant with ϕ̃(i, k), is defined as

θ(y) := EQ
[(

sup
0≤s≤T

EQ
[
sup

0≤u≤T
|∇xXu|

∣∣∣∣ Fs

])y]
.

Applying Doob’s maximal inequality and Hölder’s inequality, we can provide an upper

bound of θ(y) depending on y for all y > 1, namely

θ(y) ≤
(

y

y − 1

)y

EQ
[
sup

0≤u≤T
|∇xXu|y

]
≤ Cp,q,y,
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where the last inequality is a consequence of inverting the measure back to P via

applying Corollary 2.3.15. As this bound is uniform in k and r, we get .

A1 ≤
γ−1∑
k=0

ρkC(p, q, S(g))E
[
sup
j

|Λtj |4p
] 1

2

h ≤ C(p, q, S(g))h.

We are left with terms Ai, i ∈ {2, 3, 4, 5} to obtain the bound.Recall ξi is the

terminal condition for the BSDE (yi, zi) in equation (3.13). By implementing the

same procedure as estimating A1, it is possible to conclude A2 ≤ Cp,q,S(g)h. Regarding

the bound for A3, we first notice that∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣ ≤ exp(LfT )

∣∣∣∣(tj − tj+1)
r∑

i=k

Γtjyi(tj)

∣∣∣∣,
so we are able to deduce the following bound using the new partition π2

A3 ≤ C

γ−1∑
k=0

ρkE

N−1∑
j=0

hj∣∣∣∣Γtj

k∑
i=ϕ(j,k)

yi(tj)

∣∣∣∣
2p

sup
j

|Λtj |2p dt

hj
≤ C

γ−1∑
k=0

ρkE

N−1∑
j=0

hj

∣∣∣∣EQ

ΓT

k∑
i=ϕ(j,k)

ξi

∣∣∣∣ Ftj

 ∣∣∣∣
2p

sup
j

|Λtj |2p dt

h
≤ Cq∗

γ−1∑
k=0

ρk(A3,k)
1

2q∗E
[
sup
j

|Λtj |4p dt
] 1

2

h

A3,k := EQ


N−1∑

j=0

hjEQ

∣∣∣∣ΓT

k∑
i=ϕ(j,k)

ξi

∣∣∣∣ ∣∣∣∣ Ftj

4pq∗
 ,

where we have implemented equation (3.14), the Cauchy-Schwarz inequality and the

reverse Hölder’s inequality accordingly. Observing that we are allowed to control the

expectation under Q by

(A3,k)
1

2q∗ ≤ EQ


N−1∑

j=0

hj

k∑
i=ϕ(j,k)

(
∥∇x(i)g∥L∞EQ

[
sup

0≤s≤T
|∇xXs|

∣∣∣∣ Ftj

])4pq∗


1
2q∗

≤ EQ

(N−1∑
j=0

hj

(∑
i≥0

∥∇x(i)g∥L∞

)
sup

0≤s≤T
EQ
[
sup

0≤s≤T
|∇xXs|

∣∣∣∣ Fs

])4pq∗
 1

2q∗

≤ (S(g)T )2p (θ(4pq∗))
1

2q∗ ≤ Cp,,
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(A3,k)
1

2q∗ is bounded by a constant independent of k and r, so the contribution of

A3 is at most of order O(h). It now comes to estimate A4, using the same type of

technique as how we establish a bound on A3:

A4 =

γ−1∑
k=0

ρkE

N−1∑
j=0

∣∣∣∣ ϕ(j,k)−1∑
i=lj

yi(tj)

∣∣∣∣2p|Λtj |2p
hj

≤ C

γ−1∑
k=0

ρkE

N−1∑
j=0

∣∣∣∣ ϕ(j,k)−1∑
i=lj

Γtjyi(tj)

∣∣∣∣2p sup
j

|Λtj |2p
h

≤ Cq∗

γ−1∑
k=0

ρkEQ


N−1∑

j=0

∣∣∣∣EQ

ϕ(j,k)−1∑
i=lj

ΓT ξi

∣∣∣∣Ftj

 ∣∣∣∣
4pq∗


1

2q∗

E
[
sup
j

|Λtj |4p
] 1

2

h

≤ Cp,q∗

γ−1∑
k=0

ρkEQ


N−1∑

j=0

ϕ(j,k)−1∑
i=lj

∥∇x(i)g∥L∞ sup
0≤s≤T

EQ
[
sup

0≤s≤T
|∇xXs|

∣∣∣∣Fs

]4pq∗


1
2q∗

h

≤ Cp,q∗,S(g)h.

Since |βs| ≤ Kf (1 + 2|Zs|), we conclude that
∫ ·
0
βs · dBs is a BMO-martingale. Us-

ing the equivalence of BMOp(R) norms of
∫ ·
0
βs · dBs, the upper bound which is

independent of r for A5 is constructed as the following:

A5 =
N−1∑
j=0

lj+1−1∑
k=lj

(sk+1 − sk)E

(∫ tj+1

tj

|β(u)|2 du

)2p

|Λtj |2p


≤ E

N−1∑
j=0

(∫ tj+1

tj

|β(u)|2 du

)2p

sup
j

|Λtj |2p
h

≤ E

[(∫ T

0

|β(u)|2 du

)4p
] 1

2

E
[
sup
j

|Λtj |4p
] 1

2

h ≤ Cph.

Finally, by realising q is the conjugate of q∗, we summarise the contribution of all

terms

N−1∑
j=0

E

[∫ tj+1

tj

|Zt − Ztj |2p dt

]
≤ Cp

N−1∑
j=0

E

[∫ tj+1

tj

|I1,j(t)|2p + |I2,j(t)|2p + |I3,j(t)|2p dt

]

≤ Cp

N−1∑
j=0

∫ tj+1

tj

2h2pj dt+ Cp

N−1∑
j=0

E
[
|I3,j(t)|2p

]
≤ Cp,q,S(g)h.
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Recall (3.15), we get

N−1∑
j=0

E

[(∫ tj+1

tj

|Zt − Ztj |2 dt

)p]
≤ Cp,S(g)h

p

in this scenario.

Step 5. We are now in a position to consider π1 is a finer partition than π0,

assuming the function g, x 7→ σ(t, x) and x 7→ b(t, x) are smooth functions. In this

scenario, however, we have sk = tlk for some increasing sequence (lk)
m
k=0. Noticing

that equation (3.15) still holds, what remains is to decompose Zt − Ztj for a given

t ∈ [sk, sk+1),

Zt − Ztj =
(
∇kYt

)⊤
(∇xXt)

−1σ(t,Xt)−
(
∇kYtj

)⊤
(∇xXtj)

−1σ(tj, Xtj)

= I1,j(t) + I2,j(t) + I3,j(t),

I1,j(t) :=
(
∇kYt

)⊤
(∇xXt)

−1 (σ (t,Xt)− σ
(
tj, Xtj

))
,

I2,j(t) :=
(
∇kYt

)⊤ (
(∇xXt)

−1 −
(
∇xXtj

)−1
)
σ
(
tj, Xtj

)
,

I3,j(t) :=
(
∇kYt −∇kYtj

)⊤ (∇xXtj

)−1
σ
(
tj, Xtj

)
.

Apparently, we are able to construct the bound for E[|I1|2p] and E[|I1|2p], namely

Cph
p
j , if t ∈ [tj, tj+1]. Similar to step 2, we bound the contribution of I3 by

N−1∑
j=0

E

[∫ tj+1

tj

|I3,j(t)|2p dt

]
≤

r−1∑
k=0

lk+1−1∑
j=lk

E

[∫ tj+1

tj

E
[∣∣∇kYt −∇kYtj

∣∣2p | Ftj

]
Λ2p

tj dt

]

and introduce a bound on the conditional expectation in the integrand:

E
[
|∇kYt −∇kYtj |2p | Ftj

]
≤ CpE

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

p

+

∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣2p

+

(∫ tj+1

tj

|β(u)|2 du

)2p

+

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p ∣∣∣∣ Ftj

 .
Therefore, we have the same type of estimation using terms Ai

N−1∑
j=0

E

[∫ tj+1

tj

|I3,j(t)|2p dt

]
≤ Cp

4∑
i=1

Ai,

A1 :=
r−1∑
k=0

lk+1−1∑
j=lk

E

∫ tj+1

tj

E

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p ∣∣∣∣ Ftj

 |Λtj |2p dt

 ,
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A2 :=
r−1∑
k=0

lk+1−1∑
j=lk

E

∫ tj+1

tj

E

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

p ∣∣∣∣ Ftj

 |Λtj |2p dt

 ,
A3 :=

r−1∑
k=0

lk+1−1∑
j=lk

E

[∫ tj+1

tj

E

[∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣2p ∣∣∣∣ Ftj

]
|Λtj |2p dt

]
,

A4 :=
r−1∑
k=0

lk+1−1∑
j=lk

E

∫ tj+1

tj

E

(∫ tj+1

tj

|β(u)|2 du

)2p ∣∣∣∣ Ftj

 |Λtj |2p dt

 .
By applying the BDG inequality and the reverse Hölder inequality, we first give

a upper bound on A1,

A1 ≤ E

 r−1∑
k=0

lk+1−1∑
j=lk

∫ tj+1

tj

∣∣∣∣∣
r∑

i=k

ηi(u)

∣∣∣∣∣
2

du

2p

sup
j

|Λtj |2p
h

≤ CqEQ


N−1∑

j=0

∫ tj+1

tj

∣∣∣∣∣∣
∑
i≥ϕ(j)

ηi(u)

∣∣∣∣∣∣
2

du

4pq∗


1
2q∗

E
[
sup
j

|Λtj |4p
] 1

2

h,

where ϕ : {0, . . . , N−1} 7→ {0, . . . , r−1} defined as ϕ(j) = k for all lk ≤ j ≤ lk+1−1.

Define ϕ̃ = supj{j |ϕ(j) ≤ i} with the convention that sup ∅ = −1. As a consequence,

we get

A1 ≤ Cp,qEQ

[∣∣∣∣ r−1∑
k=0

ξ̃
(
tϕ̃(k)+1

)
− ξ̃(0)

∣∣∣∣8pq∗
] 1

2q∗

h

≤ Cp,qhEQ

( r∑
k=0

∥∇xig∥L∞ sup
0≤s≤T

EQ
[
sup

0≤s≤T
|∇xXs|

∣∣∣∣ Fs

])8pq∗

+

∣∣∣∣ r∑
k=0

ξ̃(0)

∣∣∣∣8pq∗
 1

2q∗

≤ Cp,q,S(g)h

by rewriting the first expectation via Lemma 3.2.10.

A by-product of above calculation is A2 ≤ Cp,qh, while A4 ≤ Cph by similar

approach as in step 3. Finally, we aim to get a bound on A3, by transforming yi(tj)

to Γtjyi(tj) and rewriting this random variable as a conditional expectation of ΓTyi(T )

under Q. More explicitly,

A3 ≤
r−1∑
k=0

lk+1−1∑
j=lk

E

[∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣2p|Λtj |2p dt

]
h

≤ E

( r−1∑
k=0

lk+1−1∑
j=lk

∣∣∣∣(tj − tj+1)
r∑

i=k

yi(tj)

∣∣∣∣
)4p


1
2

E
[
sup
j

|Λtj |4p dt
] 1

2

h

54



≤ Cp,qEQ


N−1∑

j=0

hj

∣∣∣∣EQ

ΓT

∑
i≥ϕ(j)

yi(T )

∣∣∣∣ Ftj

 ∣∣∣∣
4pq∗


1

2q∗

h

≤ Cp,qEQ


N−1∑

j=0

hj
∑
i≥ϕ(j)

∥∇x(i)g∥L∞ sup
0≤s≤T

EQ
[
sup

0≤s≤T
|∇xXs|

∣∣∣∣ Fs

]4pq∗


1
2q∗

h

≤ Cp,q,S(g)h.

as we required. Summarising the contribution of each term, we obtain our desirable

result.

Step 6. The final task is to remove the continuity condition on g, f, b and σ. Let

g, f, b, σ satisfy the usual assumption, we assume gϵ is the mollifier of g and gϵ → g

as ϵ→ 0. We define, similarly to gϵ, f ϵ, bϵ and σϵ, while we denote Xϵ as the solution

to SDE corresponding to bϵ and σϵ. For all p ≥ 1, we can derive

lim
ϵ→0

E
[
|gϵ(Xϵ

t0
, . . . , Xϵ

tr)− g(Xt0 , . . . , Xtr)|p
]

≤ Cp lim
ϵ→0

(E
[
|gϵ(Xϵ

t0
, . . . , Xϵ

tr)− g(Xϵ
t0
, . . . , Xϵ

tr)|
p
]

− E
[
|g(Xϵ

t0
, . . . , Xϵ

tr)− g(Xt0 , . . . , Xtr)|p
]
)

= 0,

by the dominated convergence theorem (DCT) together with the assumption on g.

Meanwhile, the stability theorem suggests that the solution (Y ϵ, Zϵ) to the BSDE with

smooth coefficients, will converge to the original solution (Y, Z) in S2p(R)×H2p(Rd)

for all p ≥ 1, because we further have

lim
ϵ→0

E

[(∫ T

0

|f ϵ(t, Y ϵ
t , Z

ϵ
t )− f(t, Y ϵ

t , Z
ϵ
t )| dt

)2pq∗
]
= 0.

By Fubini theorem, we obtain limϵ→0

∫ T

0
E[(Zϵ

t − Zt)
2] dt = 0. Hence there exists

a subsequence of (Zϵ)ϵ, namely (Z ϵ̃)ϵ̃, such that limϵ̃→0 E[(Z ϵ̃
t − Zt)

2] = 0 t-almost

surely. A similar argument allows us to conclude that there exists a further subse-

quence (Zϵ1)ϵ1 of (Z ϵ̃)ϵ̃, such that Zϵ1
t → Zt t-almost surely and ω-almost surely. For

simplicity, we set the (Zϵ)ϵ as the new sequence (Zϵ1)ϵ1 . As there exists an L
2p(Ω;Rd)

bound for both (Zϵ
t )ϵ and Zt, we apply DCT to obtain

F ϵ(t) := E[|Zϵ
t − Zt|2p] → 0, as ϵ→ 0, t-almost surely,
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and F ϵ(t) is bounded t-almost surely and uniformly in ϵ. Back to our proof on path-

regularity, we easily see that for any t ∈ [tj, tj+1],

|Zt − Zti |2p ≤ |Zϵ
t − Zt|2p + |Zϵ

t − Zϵ
tj
|2p + |Zϵ

tj
− Ztj |2p. (3.20)

Regarding the right hand side of the inequality, we take limit on ϵ → 0 to kill first

and last term by the DCT. We have managed to show our result for Zϵ in step 2 to

step 5. Moreover, we observe the constant Cp,q is independent of ϵ, thus

N−1∑
j=0

E

[∫ tj+1

tj

|Zt − Ztj |2p dt

]
≤ Cp,S(g)h,

which implies the conclusion of this theorem.

Theorem 3.1.1 can be viewed as an extension of Theorem 5.6 in [47] for QBSDEs

that have terminal conditions depend on multiple points on the paths. The next

theorem is a consequence of Theorem 3.1.1, which allows us to prove Zhang’s path

regularity theorem in the context of quadratic BSDE.

Proof of Theorem 3.1.2. Following a similar procedure as step 1 in the proof of

Theorem 3.1.1, we consider the uniform Lp bound of Zt to derive

E

[
sup
u∈[s,t]

|Yu − Ys|2p
]
≤ Cp

(
(t− s)2p + (t− s)2p−1

∫ t

s

E
[
|Zτ |4p

]
dτ

+(t− s)p−1

∫ t

s

E
[
|Zτ |2p

]
dτ

)
≤ Cp(t− s)p.

The proof of the path-regularity of Z is essentially a density argument. Let

(π(r))r≥1 with π(r) : 0 = s0 ≤ s1 ≤ · · · ≤ sr = T be a sequence of partitions

such that limr→∞ |π(r)| = 0, we consider the smooth function gπ(r)(X(s0), . . . , X(sr))

which is bounded and serves as the approximation to g. Moreover, gπ(r) satisfies

S(gπ(r)) < C for some C being independent of r. We denote (Y π(r), Zπ(r)) as the

solution to BSDE with the terminal condition gπ(r)(Xs0 , . . . , Xsr). According to re-

mark 3.2 and the DCT, there exists a subsequence of (π(r))r, namely π̃(r) such that

Z
π̃(r)
t → Zt in L

p for any p ≥ 2. The result follows directly.
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3.2.3 Averaging Zt in time

We claim that the BMO property is not lost if we consider the “average of Z over a

small time interval” , whereas the proof has been deferred to Section A.2.

Lemma 3.2.11 (Lemma 2.1 in [12]). Let (Y, Z) be the solution for BSDE (2.11)

satisfying the same condition as Theorem 2.4.3. Given a partition π1 : 0 = t0 < t1 <

· · · < tN = T , we define the process Z̄(t) as

Z̄(t) := Z̄j :=
1

hj
E

[∫ tj+1

tj

Zs ds

∣∣∣∣∣ Ftj

]
, ∀t ∈ [tj, tj+1), 0 ≤ j ≤ N − 1,

together with Z̄(T ) := 0. We get ∥Z̄∥H2
BMO(Rd) < 2∥Z∥H2

BMO(Rd).

Due to the nature of BMO norm, providing a sharp estimate on the difference

of two BMO martingales is a challenge, while the relationship between various Lp

norms of BMO martingales are unknown. This is crucial, because the following term

appears within the error analysis:

A = E

( N∑
j=0

∫ tj+1

tj

|Zs − Z̄j|2 ds

)pq∗
 = E

[(∫ T

0

|Zs − Z̄s|2 ds
)pq∗

]
.

We aim to show A is of order O(hp) where h = supj |hj|. A sufficient condition is,

provided s ∈ [tj, tj+1),

E
[
|Zs − Ztj |2p

]
≤ Chpj ,

which requires the path-regularity of E[|∇xYs−∇xYtj |pq
∗
]. The other approach is con-

trolling the expectation by the BMOpq∗ norm, followed by implementing the equiva-

lence of BMO norms. Unfortunately, it remains as an open question whether taking

conditional expectations preserve the regularity for QBSDEs:

E
[∫ T

t

|Zs − Z̄(s)|2 ds
∣∣∣∣ Ft

]
≤ Ch a.s.?

We try to overcome this obstacle by following the proof of [12, Proposition 3.2] i.e.

removing the impact of q∗ by re-introducing a new measure QN .

Proposition 3.2.12. Consider a partition π1 = 0 = t0 < t1 < · · · < tN = T

with h = supi |ti+1 − ti|. Let {χi}N−1
i=0 be a sequence of random variables such that

χi ∈ L∞ (Ω,Fti+1
,P
)
, E [χi | Fti ] = 1 and χi ∈ [ϵ, 2 − ϵ] for all 0 ≤ i ≤ N − 1
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with some ϵ ∈ (0, 1) independent of N . Define the process χ̂(t) and the probability

measure5 QN by

χ̂(t) =
∏
ti≤t

χi,
dQN

dP

∣∣∣∣
Ft

= χ̂(t).

Suppose (Y, Z) is the solution to the QBSDE which satisfies the same condition

as in Theorem 3.1.2. If χ̂(t) satisfies the reverse Hölder inequality (Theorem 2.3.14)

for some q that is independent of N , then

E

[
sup

0≤i≤N−1
EQN

[
N−1∑
j=i

(∫ tj+1

tj

|Zt − Z̄(tj)|2 dt

)v ∣∣∣∣ Fti

]p ]
≤ C(p, q, LΦ, v, ϵ)h

pv,

for any v, p ≥ 1.

Proof. See Appendix A.2.

Remark 3.4. In fact, χ̂(t) = E(M)t, where Mt =
∑

ti+1≤t(χi−1) is a càdlàg martin-

gale. Within the proof of Proposition 3.2.12, we repeatedly use the following inequality,

E [|F (ti+1)| |Fti ] = EQN

[
χ̂(ti)

χ̂(ti+1)
|F (ti+1)|

∣∣∣∣ Fti

]
≤ 1

ϵ
EQN [ |F (ti+1)| | Fti ] ,

where F (ti+1) is an Fti+1
-measurable random variable. That is, we can trade QN with

P at a cost of some constant depending on ϵ. This phenomenon will be revisited in

the next few sections.

3.3 The Modified (inner) explicit scheme

Cheridito et al. [13] provided an example such that comparison theorem for the clas-

sical BTZ scheme failed under the quadratic assumption, supporting the fact that the

truncation of the driver is inevitable. As the challenge is the instability caused by

the growth condition on the Z component, the main strategy involves restricting the

growth of Z component by truncating the driver Z with a suitable truncation param-

eter. In addition, the variable Hi is introduced to replace the Brownian increment

∆Bti in the classical BTZ scheme to improve the stability of the scheme. These two

techniques preserves many essential properties, such as the comparison principle.

More explicitly, we let π : 0 = t0 < t1 < · · · < tN = T be a partition, where

hi = ti+1 − ti and h = sup0≤i≤N−1 hi. Our numerical scheme involves a sequence of

independent random vectors (Hi)
N−1
i=0 such that

5By definition, QN (Ω) = E
[
dQN

dP
]
= 1
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• Hi is a Rd-valued random vector and is Fti+1
-measurable, for all 0 ≤ i ≤ N −1;

• for all 0 ≤ i ≤ N − 1, Hi satisfies

E[Hi | Fti ] = 0 ∈ Rd, E
[
Hi(Hi)

⊤ | Fti

]
= E

[
Hi(Hi)

⊤] = ci
hi
Id×d, (3.21)

where λ < ci < Λ for some constants (independent of i) λ,Λ > 0.

The modified inner (centred) explicit BTZ scheme is

Y π
i = E

[
Y π
i+1 + fi

(
ti,E

[
Y π
i+1

∣∣ Fti

]
, Zπ

i

)
hi
∣∣ Fti

]
,

Zπ
i = E

[
Y π
i+1Hi

∣∣ Fti

]
Y π
N = ξ, Zπ

N = 0,

(3.22)

such that (Y π, Zπ)6 are defined iteratively.

3.3.1 Properties of the explicit scheme

In most cases, Hi is the scaled Brownian increment, but the numerical approximation

of the Brownian increment might not be centered. This motivated us to consider

a more general scheme, where the original collection of variables {Hi}i is replaced

by Rd-valued {Ĥi}i with mean not necessarily zero. Therefore, for all i ≥ 1, Ĥi is

Fti+1
-measurable and independent of Fti , such that

µ̂i := E
[
Ĥi

∣∣∣ Fti

]
= E

[
Ĥi

]
, V

[
Ĥi(Ĥi)

⊤
∣∣∣ Fti

]
= V

[
Ĥi(Ĥi)

⊤
]
=
ci
hi
Id×d,

where µ̂i, ci satisfies that there exist constants C, λ,Λ such that

µ̂ := sup
i

|µ̂i| ≤ C, 0 < λ ≤ ci ≤ Λ <∞.

To distinguish with the centred scheme, we write

Ŷ π
i = E

[
Ŷ π
i+1 + fi

(
ti,E

[
Y π
i+1

∣∣ Fti

]
, Ẑπ

i

)
hi

∣∣∣ Fti

]
,

Ẑπ
i = E

[
Ŷ π
i+1Ĥi

∣∣∣ Fti

]
,

Ŷ π
N = ξ, Ẑπ

N = 0.

(3.23)

Apparently, the centred scheme is a special case of (Ŷ π, Ẑπ). The aim of this subsec-

tion is to conclude the boundedness in Y and BMO property in Z, as long as E[Ĥi]

is small enough.

6Since the numerical solution (Y π, Zπ) depends on the triplet (ξ, {fi}i, {Hi}i) and the partition
π, we say (Y π, Zπ) is the solution that corresponds to the triplet (ξ, {fi}i, {Hi}i).
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By the definition, we are allowed to write

Ẑπ
i = E

[
AiĤi

∣∣∣Fti

]
+ E

[
Ŷ π
i+1

∣∣∣Fti

]
µ̂i, Ai := Ŷ π

i+1 − E
[
Ŷ π
i+1

∣∣∣Fti

]
,

which suggests that there exists an Fti+1
-measurable variable υi satisfying

Ŷ π
i+1 = Ŷ π

i − fi

(
ti,E

[
Ŷ π
i+1

∣∣∣ Fti

]
, Ẑπ

i

)
hi + Ai,

υi = Ai −
hi
ci

(
Ẑπ

i − E
[
Ŷ π
i+1

∣∣∣ Fti

]
µ̂i

)
·
(
Ĥi − µ̂i

)
.

(3.24)

If Ŷ π
i+1 is bounded, then E[υi|Fti ] = 0, E[(υi)2|Fti ] < ∞ and υi is orthogonal with

Ĥi − µ̂i i.e.

E
[
υi

(
Ĥi − µ̂i

) ∣∣∣ Fti

]
= E

[
Ai

(
Ĥi − µ̂i

) ∣∣∣ Fti

]
− hi
ci
E
[((

Ẑπ
i − E

[
Ŷ π
i+1

∣∣∣ Fti

]
µ̂i

)⊤ (
Ĥi − µ̂i

))(
Ĥi − µ̂i

) ∣∣∣∣ Fti

]
= Ẑπ

i − E
[
Ŷ π
i+1

∣∣∣ Fti

]
µ̂i −

hi
ci

(
Ẑπ

i − E
[
Ŷ π
i+1

∣∣∣ Fti

]
µ̂i

)
· ci
hi
Id×d

= 0 ∈ Rd.

We are now in the position to state the relevant assumptions.

Assumption [A5] (The driver being locally Lipschitz in Z). Given Fti ⊗B([0, T ])⊗
B(R)⊗ B(Rd) measurable functions fi : Ω× [0, T ]× R× Rd → R for all 1 ≤ i ≤ N ,

we assume the following:

(i) fi(t, 0, 0) ∈ L2(Fti) for all t ∈ [0, T ] and there exist Lf ≥ 0 and Lz(n) ≥ 0

where Lz(n) depends on some constant n > 0, such that for all y1, y2, z1, z2

|fi(t, y1, z1)− fi(t, y2, z2)| ≤ Lf |y1 − y2|+ Lz(n)|z1 − z2|,

(ii) recall h = supi hi, there exists a constant ϵ ∈ (0, 1], independent of N, n, such

that

hLf + sup
0≤i≤N−1

|hiĤiLz(n)| ≤ 1− ϵ.

Assumption [A6] (Bounds on ξ, fi, and µ̂). Given Fti ⊗B([0, T ])⊗B(R)⊗B(Rd)-

measurable functions fi : Ω× [0, T ]×R×Rd → R satisfying assumption [A5] for all

1 ≤ i ≤ N .
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(i) In addition, ξ ∈ L∞(FT ) and sup1≤i≤N |fi(t, 0, 0)| ≤ L0 where L0 is independent

of N .

(ii) Moreover, µ̂Lz(n) < 1, where Lz(n) is the Lipschitz constant of z which depends

on n.

Lemma 3.3.1. Let ξl ∈ L2 and f l satisfy assumption [A5] (i) for all l = 1, 2,

suppose (Ŷ π,l, Ẑπ,l)l be their corresponding solutions to the numerical scheme (3.23).

Moreover, we assume f i
k(tk, Ŷ

π
k , Ẑk) = f i(tk, Ŷ

π
k , Ẑk) for all 0 ≤ k ≤ N . We write

∆ξ := ξ1 − ξ2, ∆fk := f 1
k (tk, Ŷ

π,2
k , Ẑπ,2

k )− f 2
k (tk, Ŷ

π,2
k , Ẑπ,2

k ), ∆Ŷ π := Ŷ π,1 − Ŷ π,2 and

∆Ẑπ := Ẑπ,1 − Ẑπ,2.

(i) For all 0 ≤ i ≤ N , we have,

∆Ŷ π
i = E

[
Υi∆Ŷ

π
tN

∣∣∣ Fti

]
+ E

[
N−1∑
k=i

hk∆fk
Υi

Υk

∣∣∣∣∣ Fti

]
, (3.25)

where Υ is defined as

Υi :=
N−1∏
j=i

ψj, ψi := 1 + hiαi + hiβi · Ĥi,

αj =
f 1
j

(
tj,E

[
Ŷ π,1
j+1 |Ftj

]
, Ẑπ,1

j

)
− f 1

j

(
tj,E

[
Ŷ π,2
j+1 |Ftj

]
, Ẑπ,1

j

)
E
[
∆Ŷ π

j+1 |Ftj

]
× 1{E[∆Ŷ π

j+1 |Ftj ] ̸=0},

βj =
f 1
j

(
tj,E

[
Ŷ π,2
j+1 |Ftj

]
, Ẑπ,1

j

)
− f 1

(
tj,E

[
Ŷ π,2
j+1 |Ftj

]
, Ẑπ,2

j

)
|∆Ẑπ

j |2
∆Ẑπ

j 1{∆Ẑj ̸=0}.

(ii) If we further assume [A5] (ii) is imposed, we can conclude Ŷ π,1
i ≥ Ŷ π,2

i for a

0 ≤ i ≤ N , when Ŷ π,1
N ≥ Ŷ π,2

N and f 1
j (tj, Ŷ

π,2
j , Ẑπ,2

j ) ≥ f 2
j (tj, Ŷ

π,2
j , Ẑπ,2

j ) for all

N ≥ j ≥ i.

(iii) Moreover, let assumption [A6] be imposed. Then the bound on Y is given as

sup
0≤i≤N

|Ŷ π
i | ≤ (∥ξ∥L∞ + C0T ) exp (1 + LfT ) .

Proof. We make use of the expression ∆Ẑπ
i = E

[
∆Ŷi+1Ĥi|Fti

]
to obtain the iterative

principle

∆Ŷ π
i = E

[
∆Ŷ π

i+1 + hiαiE
[
∆Ŷ π

i+1 |Fti

]
+ hi∆Ẑ

π
i · βi + hi∆fi | Fti

]
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= E
[
ψi∆Ŷ

π
i+1 | Fti

]
+ E [hi∆fi | Fti ] . (3.26)

An application of induction yields the first result of the Lemma.

The comparison principle is still valid, as all ψi > 0 by our assumption. Eventually,

the upper bound of Ŷ π can be obtained by comparing Ŷ π,2
i , where Ŷ π,2

i is the solution

to the numerical scheme with generators ∥ξ∥L∞ and Fi, where

Fi(t, y, z) = L0 + Lf |y|+ Lz(n)|z|.

Here Lz(n) is the Lipschitz constant on z which corresponds to {fi}i. As ξ is deter-

ministic, we follow a simple induction argument to observe that Ŷ π,2 is deterministic

and Ẑπ,2
i = E[Ŷ π,2

i+1Ĥi |Fti ] = Ŷ π,2
i+1 µ̂i, which is also non-random. By definition,

fi(t, y, z) ≤ L0 + Ly|y|+ Lz(n)|z| = Fi(t, y, z)

for all t, y, z, which implies Ŷ π,1 ≤ Ŷ π,2 by the comparison result.

It remains to bound Ŷ π,2
i with a constant independent of N . As Ŷ π,2

i satisfies the

following difference equation, we see that

Ŷ π,2
i = Ŷ π,2

i+1 +
(
L0 + Lf Ŷ

π,2
i+1 + Lz(n) |µ̂i| Ŷ π,2

i+1

)
hi

≤ Ŷ π,2
i+1 (1 + (Lf + 1)hi) + L0hi

≤
N−1∏
i=0

(1 + (Lf + 1)hi) ∥ξ∥L∞ +
N−1∑
i=0

(
i−1∏
j=0

(1 + (Lf + 1)hj)

)
L0hi

≤ (∥ξ∥L∞ + L0T ) exp ((1 + Lf )T ) .

Meanwhile, the lower bound can be obtained by using symmetry.

The scheme is rather robust if we want to construct a bound on Y , since the error

µ̂ is allowed to be of size µ̂ ∼ O(supi hi|Ĥi|). To check the BMO property of Z, we

impose the quadratic structure, which is the last ingredient.

Assumption [A7] (Quadratic structure). Given measurable functions fi : Ω×[0, T ]×
R×Rd → R satisfying assumption [A6] for all 0 ≤ i ≤ N −1 (and hence they satisfy

[A5]), we further assume

(i) For all t, y1, y2, z1, z2, there exists a constant Kf > 0 such that

|fi(t, y1, z1)− fi(t, y2, z2)| ≤ Lf |y1 − y2|+Kf (1 + |z1|+ |z2|)(|z1 − z2|);

(ii) µ̂Lz(n) < 1, where LZ(n) corresponds to the Lipschitz constant for Z.
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Proposition 3.3.2 (Preservation of BMO). Suppose assumption [A7] is imposed

on the triplet (ξ, {fi}i, {Hi}i). Let (Y π, Zπ) be the solution which corresponds to

(ξ, {fi}i, {Hi}i).
We define Ẑπ(s) := Ẑπ

i for all s ∈ [ti, ti+1), 0 ≤ i ≤ N . Then ∥Ẑπ(·)∥H2
BMO(Rd) < C

for some C independent of π.

Proof. We adapt the strategy in the proof of [12, Proposition 2.7]. We divide the

terminal condition as well as fi(ti, 0, 0) into K-segments, while we consider numer-

ical schemes (Ŷ (l),π, Ẑ(l),π)Kl=1 with each (Ŷ (l),π, Ẑ(l),π) corresponding to the terminal

condition ξl = ξ
K

and the driver

f̃ l
i (t, y, z) =

fi(t, 0, 0)

K
+ fi

(
t, y +

l−1∑
m=1

E
[
Ŷ

(m),π
i+1

∣∣∣ Fti

]
, z +

l−1∑
m=1

Ẑ
(m),π
i

)

− fi

(
t,

l−1∑
m=1

E
[
Ŷ

(m),π
i+1

∣∣∣ Fti

]
,
l−1∑
m=1

Ẑ
(m),π
i

)
,

where
∑0

i=1 = 0 by convention. By the linearity and the uniqueness of the scheme,

we have Ŷ π
i =

∑K
l=1 Ŷ

(l),π
i and Ẑπ

i =
∑K

l=1 Ẑ
(l),π
i i.e.

K∑
l=1

Ŷ
(l),π
i = E

[
K∑
l=1

Ŷ
(l),π
i+1

∣∣∣∣ Fti

]
+

K∑
l=1

f̃ l
i

(
ti,E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
, Ẑ

(l),π
i

)
,

K∑
l=1

Ẑ
(l),π
i = E

[
K∑
l=1

Ŷ
(l),π
i+1 Ĥi

∣∣∣∣ Fti

]
,

K∑
l=1

Ŷ
(l),π
N = ξ,

K∑
l=1

Ẑ
(l),π
N = 0.

Step 1. The remaining goal is to choose an appropriate K which is independent

N and prove the BMO property for each Ẑ(l),π. A linearisation argument leads to the

equation of the type (3.24)

Ŷ
(l),π
i+1 = Ŷ

(l),π
i − f̃ l

i

(
ti,E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
, Ẑ

(l),π
i

)
hi + Ai, Ai = Ŷ

(l),π
i+1 − E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
,

υi = Ai −
hi
ci

(
Ẑ

(l),π
i − E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
µ̂i

)
·
(
Ĥi − µ̂i

)
,

where υi is a Fti+1
-measurable and L2 integrable random variable. More explicitly,

we find υi obeys

E [υi |Fti ] = E
[
υi

(
Ĥi − µ̂i

) ∣∣∣ Fti

]
= 0, E

[
υ2i |Fti

]
<∞
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Squaring both sides and taking conditional expectations, we have

E
[∣∣∣Ŷ (l),π

i+1

∣∣∣2 ∣∣∣∣ Fti

]
= E

[∣∣∣Ŷ (l),π
i

∣∣∣2 ∣∣∣∣ Fti

]
+
hi
ci

∣∣∣Ẑ(l),π
i − E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
E
[
Ĥi

]∣∣∣2
+ E

[
|υi|2 |Fti

]
− 2Ŷ

(l),π
i f̃ l

i

(
ti,E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
, Ẑ

(l),π
i

)
hi

+
(
f̃ l
i

(
ti,E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
, Ẑ

(l),π
i

)
hi

)2
,

which leads to the bound on Z:

1

2

hi
ci

∣∣∣Ẑ(l),π
i

∣∣∣2 ≤ E
[
(Ŷ

(l),π
i+1 )2 | Fti

]
− (Ŷ

(l),π
i )2 + 2Ŷ

(l),π
i hif̃

l
i

(
ti,E

[
Ŷ

(l),π
i+1

∣∣∣ Fti

]
, Ẑ

(l),π
i

)
+
hi
ci
E
[
Ŷ

(l),π
i+1

∣∣∣ Fti

]2
|µ̂i|2 .

By the quadratic growth assumption on the driver f , we see that

|fi(ti, y, z)| ≤ L0 +
1

2
Kf + Lf |y|+

3

2
Kf |z2|,

|f̃ l
i (ti, y, z)| ≤

L0

K
+

1

2
Kf + (l − 1)

l−1∑
m=1

∣∣∣Ẑ(m),π
i

∣∣∣2 + Lf |y|+
5

2
Kf |z|2.

We write ∥Ŷ (l),π∥S∞(R) := ess sup0≤i≤N |Ŷ (l),π
i | and recall λ ≤ ci ≤ Λ. The above

equation motivates us to sum over i and to take conditional expectations to get

E

[
N−1∑
j=i

1

2Λ

∣∣∣Ẑ(l),π
j

∣∣∣2 hj ∣∣∣∣ Fti

]

≤ E
[
(Ŷ

(l),π
N )2 − (Ŷ

(l),π
i )2

∣∣∣ Fti

]
+ ∥Ŷ (l),π∥2S∞(R)

N−1∑
j=i

hj
λ

|µ̂j|2

+ 2∥Ŷ (l),π∥S∞(R)

(
N−1∑
j=i

E
[(

L0

K
+

1

2
Kf + Lf∥Ŷ (l),π∥S∞(R)

)
hj

∣∣∣∣ Fti

]

+
N−1∑
j=i

E

[
(l − 1)

l−1∑
m=1

∣∣∣Ẑ(m),π
j

∣∣∣2 hj
∣∣∣∣∣ Fti

]
+

N−1∑
j=i

E
[
5

2
Kf

∣∣∣Ẑ(l),π
j

∣∣∣2 hj ∣∣∣∣ Fti

])
.

Rearranging, we have(
1

2Λ
− 5Kf∥Ŷ (l),π∥S∞(R)

)
E

[
N−1∑
j=i

∣∣∣Ẑ(l),π
j

∣∣∣2 hj ∣∣∣∣ Fti

]

≤ ∥Ŷ (l),π∥S∞(R)

((
2L0

K
+Kf

)
T + 2(l − 1)

l−1∑
m=1

E

[
N−1∑
j=i

∣∣∣Ẑ(m),π
j

∣∣∣2 hj
∣∣∣∣∣ Fti

])

+ ∥Ŷ (l),π∥2S∞(R)

(
1 + 2LfT +

µ̂2T

λ

)
,
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where µ̂ is in fact bounded by the definition of Ĥi.

Step 2. In order to construct a bound on Ẑ(l),π, we need to let

A(l) :=
1

2Λ
− 5Kf

∥∥∥Ŷ (l),π
∥∥∥
S∞(R)

> 0.

By definition of f̃ l
i , we observe f̃ l

i (t, 0, 0) =
fi(t,0,0)

K
≤ L0

K
and∣∣∣f̃ l

i (t, y, z)− f̃ l
i (t, y

′, z′)
∣∣∣ = |fi(t, y + θ1(l), z + θ2(l))fi(t, y

′ + θ1(l), z
′ + θ2(l)|

≤ Lf |y − y′|+ Lz(n)|z − z′|,

θ1(l) =
l−1∑
m=1

E
[
Ŷ

(m),π
i+1

∣∣∣ Fti

]
, θ2(l) =

l−1∑
m=1

Ẑ
(m),π
i+1 ,

for all t ∈ [0, T ], y, y′ ∈ R and z, z′ ∈ Rd, such that {f̃ l
i}i satisfies [A6]. By Lemma

3.3.1 (iii), ∥∥∥Ŷ (l),π
∥∥∥
S∞(R)

≤
(
∥ξl∥L∞(R) + sup

i
{∥f̃ l

i∥S∞(R)}T
)
exp ((1 + Lf )T )

≤ 1

K

(
∥ξ∥L∞(R) + L0T

)
exp ((1 + Lf )T ) .

Therefore, we set K > 10ΛKf

(
∥ξ∥L∞(R) + L0T

)
exp ((1 + Lf )T ) which is indepen-

dent of N to get

E

[
N−1∑
j=i

∣∣∣Ẑ(l),π
j

∣∣∣2 hj ∣∣∣∣ Fti

]
≤ Cl

(
1 +

l−1∑
m=1

E

[
N−1∑
j=i

∣∣∣Ẑ(m),π
j

∣∣∣2 hj
∣∣∣∣∣ Fti

])
,

for some Cl being independent of N . An induction argument on l = 1, . . . , K will

show that for all 1 ≤ l ≤ K,

E

[
N−1∑
j=i

∣∣∣Ẑ(l),π
j

∣∣∣2 hj ∣∣∣∣ Fti

]
≤ Cl

for some constant Cl being independent of N . What remains is to apply Lemma

2.3.16.

3.3.2 Perturbation of the centred scheme

We will discuss the impact of perturbation of the Y component of the centred scheme,

followed by quantifying the impact of a change in Z. The perturbation analysis is

vital for evaluating the accuracy of the numerical scheme. In particular, one version

of the perturbed scheme is exactly the non-centred scheme.
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Let (Y π, Zπ) be the solution which corresponds to the triplet (ξ, {fi}i, {Hi}i) and
suppose (ξ, {fi}i, {Hi}i) satisfies [A5]. The perturbed version on Y with ζY of the

scheme (3.22), (Ỹ , Z̃), is defined to be

Ỹi = E
[
Ỹi+1 + Fi

(
ti,E

[
Ỹi

∣∣∣ Fti

]
, Z̃i

)
hi

∣∣∣ Fti

]
,

Z̃i = E
[
Ỹi+1Hi

∣∣∣ Fti

]
,

ỸN = ξ, Z̃N = 0,

Fi(t, y, z) := fi(t, y, z) +
1

hi
ζYi , ζ

Y
i ∈ L2(Fti)

(3.27)

for all 1 ≤ i ≤ N . Therefore, (Ỹ , Z̃) corresponds to the triplet (ξ, {Fi}i, {Hi}i), which
also satisfies [A5].

Given the perturbed scheme (3.27), the difference to the original scheme (3.22),

for all 1 ≤ i ≤ N , is referred as

∆̃Y π
i := Ỹi − Y π

i , ∆̃Zπ
i = Z̃i − Zπ

i .

Then we introduce β̃π
j and η̃πi , given by

β̃π
j :=

fj

(
tj,E

[
Y π
j+1

∣∣ Ftj

]
, Z̃j

)
− fj

(
tj,E

[
Y π
j+1

∣∣ Ftj

]
, Zπ

j

)
|Zπ

j − Z̃j|2

(Z̃j − Zπ
j )1{∆̃Zπ

j ̸=0},

η̃πi :=
N−1∏
j=i

(1 + hjHj · β̃π
j ).

(3.28)

By [A5] (ii), we have, for all 0 ≤ i ≤ N − 1, η̃πi > 0 and

E [ η̃πi | Fti ] = E

[
N−1∏
j=i

(1 + hjHj · β̃π
j )

∣∣∣∣∣ Fti

]
= 1.

It is valid to define a process {η̃π(t)}0≤t≤T and a probability measure Qπ

η̃π(t) :=
∏

0≤j≤i−1,
s.t. ti+1≤t

(
1 + hjβ̃

π
j ·Hj

)
,

dQπ

dP

∣∣∣∣
Ft

:= η̃π(t), (3.29)

since E
[
dQπ

dP

]
= 1.

We aim to compare the scheme (3.27) and (3.22). We accommodate αj and ψj in

Lemma 3.3.1 to be defined as in this context, by treating Y π,1 as Ỹ . The key is to

control ψj by finding Ij such that

Ij >
ψj

1 + bj
=

1 + aj + bj
1 + bj

= 1 +
aj

1 + bj
,
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where we write aj = αjhj and bj = β̃π
j ·Hjhj for simplicity. If ajbj ≥ 0, we can choose

Ij = 1 + aj such that Ij(1 + bj) = ϕj + ajbj. If ajbj < 0 and bj > 0, we set Ij = 1.

Lastly, when aj > 0 but bj < 0, we pick Ij = (1+ aj)
1
ϵ , where ϵ appears in [A5], such

that Ij > 1 + 1
ϵ
aj ≥ 1 +

aj
1+bj

. We will write Iϵj to emphasize the dependence on ϵ,

which satisfies

0 < Iϵj < (1 + Lfhj)
1
ϵ .

Based on equation (3.25), we realise that the error is controlled by

∣∣∣∆̃Y π
i

∣∣∣ ≤ E
[
Υi

∣∣∆Y π
tN

∣∣ ∣∣ Fti

]
+ E

[
N−1∑
k=i

∣∣ζYk ∣∣ Υi

Υk

∣∣∣∣∣ Fti

]

≤ E

[(
N−1∏
j=i

Iϵj

)
η̃πi
∣∣∆Y π

tN

∣∣ ∣∣∣∣∣ Fti

]

+ E

[
N−1∑
k=i

∣∣ζYk ∣∣ η̃πiη̃πk
k−1∏
j=i

Iϵj

∣∣∣∣∣ Fti

]
.

As both ζYk and
η̃πi
η̃πk

are Ftk-measurable for all k ≥ i, we apply Tower property to

obtain

E
[∣∣ζYk ∣∣ η̃πiη̃πk

∣∣∣∣ Fti

]
= E

[
E
[∣∣ζYk ∣∣ η̃πiη̃πk E [ η̃πk | Ftk ]

∣∣∣∣ Ftk

] ∣∣∣∣ Fti

]
= E

[∣∣ζYk ∣∣ η̃πi ∣∣ Fti

]
,

which leads to the bound on the accumulated error

|∆̃Y π
i | ≤ exp

(
LfT

ϵ

)
E

[
|ηπi |

(
|∆̃Y π

tN
|+

N−1∑
k=i

|ζYi |

) ∣∣∣∣ Fti

]
. (3.30)

Treating η̃πi = η̃π(T )
η̃π(ti)

will enable us to replace η̃πi by a Qπ. The difference is now given

under Qπ-measure

|∆̃Y π
i | ≤ CϵEQπ

[(
|∆̃Y π

N |+
N−1∑
j=i

|ζYj |

) ∣∣∣∣ Fti

]
. (3.31)

What remains is to control the measure Qπ, which formally it is the “discrete

version” of measure7 Q in the continuous case. The measure Qπ must be absolute

continuous with respect to P for all such π, which motivates us verify the following

claim.

7If we consider the difference of two solutions of two QBSDE, say (Y 1, Z1), (Y 2, Z2), we will
end up in a equation of the similar format where the Radon-Nikodym derivative of the measure Q
depends on Z1, Z2.
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Proposition 3.3.3 (Analogue of Proposition 2.10 and 2.11 in [12]). Suppose the

triplet (ξ, {fi}i, {Hi}i) satisfies [A7]. Let (Y π, Zπ) be the solution which corresponds

to (ξ, {fi}i, {Hi}i).
Consider the perturbed scheme (Ỹ , Z̃) of (Y π, Zπ) as in (3.27) and recall β̃π as in

(3.28). We further assume ∥Z̃(·)∥H2
BMO(Rd) < C1 where Z̃(s) = Z̃j for all s ∈ [tj, tj+1),

0 ≤ j ≤ N and C1 is independent of N .

Then we have

Mt :=
∑
ti+1≤t

β̃π
j ·Hjhi ∈ BMOp,T (P,Rd), ∥M∥BMOp,T (P,Rd) < C2

for some constant C2 being independent of N . Moreover, η̃π(t) satisfies the reverse

Hölder inequality (Theorem 2.3.14) for some q > 1 that is independent of π.

Proof. As the proof is similar to the proof of [12, Proposition 2.10 and 2.11], we defer

it to Section A.2.

Consequently, the error is of the form

|∆̃Y π
i | ≤ Cϵ

E
[
|∆̃Y π

N |q
∗ | Fti

] 1
q∗

+ E

(N−1∑
j=i

|ζYj |

)q∗ ∣∣∣∣ Fti

 1
q∗
 , (3.32)

where q∗ is the parameter arising from the reverse Hölder inequality of ηπ(·).
We are now in a position to specify the impact of a perturbation ζY to Zπ. The

H2(Rd) difference between the Z̃ and Zπ is bounded by a formula involving ∆Y π
i and

ζYi .

Proposition 3.3.4 (Modification of Proposition 2.12 in [12]). Under the same con-

dition as in Proposition 3.3.3, we get

E

[
N−1∑
i=0

∣∣∣∆̃Zπ
i

∣∣∣2 hi] ≤ C

(
E
[
(∆̃Y π

N )
2
]
+ E

[
sup

0≤i≤N−1
|∆̃Y π

i |4
] 1

2

+ E

[
N∑
i=0

∆̃Y π
i (ζ

Y
i )

])
,

where C depends on the BMO norm of Nπ
t , which is defined as

Nπ
t :=

∫ t

0

N−1∑
i=0

β̃π
j 1[tj ,tj+1)(s) · dBs.

Proof. See Section A.2.
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Suppose the (Y π, Zπ) is the solution that corresponds to the triplet (ξ, {fi}i, {Hi}i)
and suppose (ξ, {fi}i, {Hi}i) satisfies [A5]. Consider perturbations {ζZi }i which are

Fti-measurable for each i and square integrable for all i. When the perturbation

{ζZi }i appears in the Z component, the numerical scheme boils down to

Y̌i = E
[
Y̌i+1 | Fti

]
+ hif(ti, Y̌i, Ži)

Ži = E
[
Y̌i+1Hi | Fti

]
+ ζZi .

(3.33)

We write

Y̌ (s) =
N−1∑
i=0

Y̌i1[ti,ti+1)(s) + Y̌N1s=T , Ž(s) =
N−1∑
i=0

Ži1[ti,ti+1)(s)

such that Y̌ , Ž can be viewed as càdlàg processes. (Y̌i, Ži) has a different format than

Theorem 3.3.5 (Error by perturbation on Z). Suppose the triplet (ξ, {fi}i, {Hi}i)
satisfies [A7]. Let (Y π, Zπ) be the solution which corresponds to (ξ, {fi}i, {Hi}i).

Consider the perturbed scheme (Y̌ , Ž) of (Y π, Zπ) as in (3.33). We denote

∆̌Y π
i := Y̌i − Y π

i , ∆̌Zπ
i = Ži − Zπ

i ,

α̌π
j :=

fj
(
tj,E

[
Y̌j+1

∣∣ Ftj

]
, Žj

)
− fj

(
tj,E

[
Y π
j+1

∣∣ Ftj

]
, Žj

)
E
[
Y̌j − Y π

j

∣∣ Ftj

] 1{Y̌j ̸=Y π
j },

β̌π
j :=

fj(tj, Y
π
j , Žj)− fj(tj, Y

π
j , Z

π
j )

|Zπ
j − Žj|2

(
Žj − Zπ

j

)
1{Žj ̸=Zπ

j }
,

to define a process ηπ(t) and a (slightly abusing the notation) measure Qπ

η̌π(t) :=
∏

0≤j≤i−1,
ti+1≤t

(
1 + hjβ̌

π
j ·Hj

)
,

dQπ

dP

∣∣∣∣
Ft

:= η̌π(t).

Suppose Ž(·) ∈ H2
BMO(Rd) and ∥Ž(·)∥H2

BMO(Rd) are independent of N , we get

E

[
N−1∑
i=0

∣∣∆̌Zπ
i

∣∣2 hi] ≤ C

(
E
[
|∆̌Y π

N |2
]
+ E

[
sup

0≤i≤N−1
|∆̌Y π

i |4
] 1

2

+ E

[
N∑
i=0

(
ζZi
)2
hi

])
where C depends on the BMO norm of Nπ

t , which is defined as

Nπ
t :=

∫ t

0

N−1∑
i=0

β̌π
j 1[tj ,tj+1)(s) · dBs.

Moreover, the impact of perturbation ζZi on Y is controlled by

|∆̌Y π
i | ≤ Cϵ

EQπ [|∆̌Y π
N | | Fti

]
+ EQπ

[
N−1∑
j=i

|ζZj |2hj

∣∣∣∣∣ Fti

] 1
2

 .
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Proof. By rewriting Ãi := ∆̌Y π
i+1 − E

[
∆̌Y π

i+1 | Fti

]
as

Ãi = E
[(
∆̌Y π

i+1 − E
[
∆̌Y π

i+1 | Fti

])
Hi

∣∣∣∣ Fti

]
·Hi

hi
ci

+ ∆̌vi

= E
[
∆̌Y π

i+1Hi | Fti

]
·Hi

hi
ci

+ ∆̌vi =
(
∆̌Zπ

i − ζZi
)
·Hi

hi
ci

+ ∆̌vi,

where ∆̌vi is some square-integrable Fti+1
-measurable random variable such that

E[∆̌vi|Fti ] = E[∆̌viHi|Fti ] = 0 ∈ Rd, the difference of two schemes in Y is equal to

∆̌Y π
i = ∆̌Y π

i+1 + Ai − Ãi,

Ai :=
(
fi
(
ti,E

[
Y̌i+1

∣∣ Fti

]
, Ži

)
− fi

(
ti,E

[
Y π
i+1

∣∣ Fti

]
, Zπ

i

))
hi

= hiα̌
π
i E
[
∆̌Y π

i+1

∣∣ Fti

]
+ hiβ̌

π
i · ∆̌Zπ

i ,

Interpreting the error as ∆̌Y π
i+1 = ∆̌Y π

i − Ai + Ãi, we square both sides using the

equality followed by taking conditional expectations, which results in

E
[
(∆̌Y π

i+1)
2 | Fti

]
= (∆̌Y π

i )
2 − 2∆̌Y π

i Ai + A2
i + E

[
Ã2

i | Fti

]
≥ (∆̌Y π

i )
2 + 2∆̌Y π

i

(
hiα̌

π
jE
[
∆̌Y π

i+1

∣∣ Fti

]
+ hiβ̌

π
j · ∆̌Zπ

i

)
+
∣∣∆̌Zi

∣∣2 hi
ci

+
∣∣ζZi ∣∣2 hici − 2∆̌Zi · ζZi

hi
ci
.

Rearranging the equation and the inequality 2ab ≤ ca2+c−1b2 for any positive c, lead

us to

1

ci
|∆̌Zπ

i |2hi ≤ E
[∣∣∆̌Y π

i+1

∣∣2 | Fti

]
−
∣∣∆̌Y π

i

∣∣2 + 2Lf

∣∣∆̌Y π
i

∣∣E [∣∣∆̌Y π
i+1

∣∣ ∣∣ Fti

]
hi

+ 3
hi
ci

∣∣ζZi ∣∣2 + 1

3ci

∣∣∆̌Zπ
i

∣∣2 hi + 3Λhi
∣∣β̌π

i

∣∣2 ∣∣∆̌Y π
i

∣∣2 + 1

3Λ

∣∣∆̌Zπ
i

∣∣2 hi,
followed by summing up all i and taking expectation to get

E

[
N−1∑
i=0

∣∣∆̌Zπ
i

∣∣2 hi] ≤ CΛ

(
E
[∣∣∆̌Y π

N

∣∣2 − ∣∣∆̌Y π
0

∣∣2]+ 2LfTE
[

sup
0≤i≤N−1

∣∣∆̌Y π
i

∣∣2]

+ E

(N−1∑
i=0

hi
∣∣β̌π

j

∣∣2)2
 1

2

E
[
sup

0≤i≤N
|∆Y π

i |4
] 1

2

+E

[
N−1∑
i=0

hi
λ
|ζZi |2

])
.

Due to the fact that |β̌π
j | ≤ Kf (1 + |Zπ

j |+ |Žj|), Nπ
t is a BMO martingale by Lemma

2.3.16 and Proposition 3.3.2. By the equivalence of BMO norms, E[(
∑N−1

i=0 hi|β̌π
j |2)2]

1
2

is a constant independent of N .
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We cannot directly apply Lemma 3.3.1 as the scheme (3.33) has a different format

as in (3.23). Nevertheless, we can employ the same strategy to show that

∆̌Y π
i = E

[
∆̌Y π

i+1

∣∣ Fti

]
+ α̌iE

[
∆̌Y π

i+1 |Fti

]
hi + β̌i ·

(
E
[
∆̌Y π

i+1Hi |Fti

]
+ ξZi

)
hi

= E
[
∆̌Y π

i+1ψ̌i |Fti

]
+ β̌i · ζZi hi

for all 0 ≤ i ≤ N − 1, where ψ̌i is defined as

ψi := 1 + hiα̌i + hiβ̌i ·Hi.

This result has a similar form as (3.26), so we can treat ∆fk in (3.26) as β̌iξ
Z
i . Since

{fi}i satisfies [A5], we can conclude similar results as in (3.28) to (3.31), except we

replace ζYi by ζZi · β̌ihi and the measure Qπ is defined slightly different8 (as its Radon-

Nikodym derivative depends on β̌ rather than β̃). In fact, we will end up in the error

of the form

|∆̌Y π
i | ≤ CϵEQπ

[(
|∆̌Y π

N |+
N−1∑
j=i

|ζZj β̌j|hj

) ∣∣∣∣ Fti

]

≤ Cϵ

EQπ

[
N−1∑
j=i

|ζZj |2hj

∣∣∣∣∣ Fti

] 1
2

EQπ

[
N−1∑
j=i

|β̌j|2hj

∣∣∣∣∣ Fti

] 1
2

+EQπ [ |∆̌Y π
N |
∣∣ Fti

])
which is exactly what we are looking for.

3.4 Convergence of modified BTZ scheme

We are now ready to specify the convergence of the numerical approximation. As a

sketch of the proof, the solution of the QBSDE (Y, Z) will first be replaced by the

truncated version (Y n, Zn), where the error of truncation is controlled by Proposition

3.4.2. The perturbed scheme with ζY , chosen in equation (3.35), will act as the

bridge between the numerical solution (Yπ,Zπ) and (Y n, Zn). We fill the final gap

by introducing a few processes which estimates the Z-component.

3.4.1 Modification on the generators

The first step is discretising the terminal data and truncating the driver. The proof of

the following two results which are the generalisation of some conclusions in [90, 81],

are deferred to Section A.2.
8We will not try to differentiate different Qπ - after all, it will be replaced by raising the power

q∗.

71



Lemma 3.4.1 (Lp version of Corollary 4.4 in [90]). Let X be the solution to the SDE

which satisfies the [A2] and choose π : 0 = t0 < t1 < · · · < tN = T as a partition

with h = supi |ti+1 − ti|. Then,

E
[
|Φ(X)− Φ(Xπ)|2p

]
≤

{
Cp

(
h ln

(
1
h

))p
if Φ is Lipschitz w.r.t ∥ · ∥D̃∞(Rm),

Cph
p if Φ is Lipschitz w.r.t ∥ · ∥D̃1(Rm).

We then present a result on the difference of solutions to the BSDE having the

same terminal condition, but one with a quadratic driver and the other one with

a Lipschitz driver. The Lipschitz version of a quadratic driver f is constructed by

projecting Z in a Ball centred at origin with radius n, as in equation (3.2). We let

(ξ, f (n)) be the generator associated with pair of solution (Y n, Zn).

Proposition 3.4.2 (Generalisation of Remark 5.5 in [81]). Let the pair (ξ, f) satisfy

[A1] and let (ξ, f (n)) be the truncated generator, which also satisfies [A1]. Suppose

(Y, Z) be the solution to the BSDE with generator (ξ, f) and (Y n, Zn) represents the

solution to the BSDE with generators (ξ, f (n)).

We further assume there exists a constant p1 > 1, such that

E

[(∫ T

0

|Zn
s |2p1 ds

)pq̈
]
≤ Cp,p1

where q̈, Cp1 are constants independent of n. Then,

∥Y − Y n∥pSp(R) + ∥Z − Zn∥pHp(Rd)
≤ Cp,p1,kn

−k ∧ Cp,p1 exp
(
−Cpn

2
)
,

for any p ≥ 1 and any k ≥ 0.

Proof. See Section A.2.

As a consequence of the John-Nirenberg inequality, we can always establish a

sharper convergence rate if we choose a larger k. Meanwhile, truncating the quadratic

driver with a Lipschitz driver only works when there exist control of E[(
∫ T

0
|Zt|2p1 dt)pq̈]

with p1 > 1. Based on our control on the Z component in Remark 3.2, the requirement

in the above assumption is obviously satisfied.

3.4.2 Estimating different versions of the Z component

Before we implement the modified BTZ scheme on our problem, we aim to characterize

the properties of Z in order to verify the assumptions in the perturbation results.

Motivated by standard arguments in [12], we introduce processes (Z̄(t))t, (Ẑ(t))t
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and ( ˜̃Z(t))t to transform the solution to the original problem (Zt)t to the numerical

approximation (Zπ
t )t. Formally, we discuss whether the BMO property and the Lp

boundedness are preserved during this sequence of approximations.

Lemma 3.4.3 (Extension of Lemma 2.2 in [12]). Let (Y, Z) be the solution to equation

(2.11), where the generator (ξ, f) satisfies [A1]. Given a partition π : 0 = t0 < t1 <

· · · < tN = T , we define the following processes

Z̄(t) := Z̄j ∀t ∈ [tj, tj+1), Z̄j :=
1

hj
E

[∫ tj+1

tj

Zs ds

∣∣∣∣∣ Ftj

]
, Z̄T = 0,

Ẑ(t) := Ẑj ∀t ∈ [tj, tj+1), Ẑj :=
1

hj
E
[
Ytj+1

∆Btj

∣∣ Ftj

]
, ẐT = 0,

˜̃Z(t) := ˜̃Zj ∀t ∈ [tj, tj+1),
˜̃Zj = E

[
Ytj+1

HR
j

∣∣ Ftj

]
, ˜̃ZT := 0,

(3.34)

respectively where HR
i is defined in equation (3.4). They all belongs to the space

H2
BMO(Rd) and their H2

BMO(Rd) norm depends on ∥Z∥H2
BMO(Rd), but is independent of

π.

Proof. The ∥Z̄∥H2
BMO(Rd) has been controlled by Lemma 3.2.11. Similarly, if we apply

Hölder’s inequality,

(Ẑj − Z̄j)
2hj = E

[(
Ytj −

∫ tj+1

tj

f(t, Ys, Zs) ds+

∫ tj+1

tj

Zs · dBs

)
∆Btj

hj

− 1

hj

∫ tj+1

tj

Zs ds

∣∣∣∣ Ftj

]2
hj

= E

[
−
∫ tj+1

tj

f(t, Ys, Zs) ds
∆Btj

hj

∣∣∣∣ Ftj

]2
hj

≤ E

(∫ tj+1

tj

|f(t, Ys, Zs)| ds

)2 ∣∣∣∣ Ftj


Based on the assumption of the driver, we observe that for any p ≥ 1

E
[(∫ T

tk

|f(t, Ys, Zs)| ds
)p ∣∣∣∣ Ftk

]
≤ Cp(T − tk)

p + CpE
[(∫ T

tk

|Zs|2 ds
)p ∣∣∣∣ Ftk

]
≤ Cp

(
(T − tk)

p + ∥Zs∥2pH2
BMO(Rd)

)
,

where we have used Theorem 2.3.8 together with Lemma 2.3.11. We are able to

conclude that Ẑ ∈ H2
BMO(Rd) using equation (3.14), as

E

[
N−1∑
j=k

(Ẑj)
2hj ds

∣∣∣∣ Ftk

]
= E

[
N−1∑
j=k

(Z̄j)
2hj

∣∣∣∣ Ftk

]
+ E

[
N−1∑
j=k

(Ẑj − Z̄j)
2hj

∣∣∣∣ Ftk

]
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≤ C + E

N−1∑
j=k

(∫ tj+1

tj

|f(t, Ys, Zs)| ds

)2 ∣∣∣∣ Ftk


≤ C + E

[(∫ T

tk

|f(t, Ys, Zs)| ds
)2 ∣∣∣∣ Ftk

]
≤ C + C(T − tk)

2,

by using the inequality in (3.14) with p = 2.

What remains is to verify is the BMO property of ˜̃Z. If we choose the perturbation

term ζYi in (3.27) as

ζYi = E
[∫ ti+1

ti

(
f(s, Ys, Zs)− f

(
ti,E

[
Ỹi+1

∣∣∣ Fti

]
, ˜̃Zi

))
ds

∣∣∣∣ Fti

]
, (3.35)

the perturbed version (Ỹj, Z̃j) that is associated with the driver fi(t, y, z) = f(t, y, z)

in (3.27) will coincide with (Ytj ,
˜̃Zj). By standard estimates on normal random vari-

ables,

E
[∣∣∣∣HR

j −
∆Btj

hj

∣∣∣∣] =
√
2d√
π

exp

(
−R2

2

)
h
− 1

2
j =: R1(j), (3.36)

E

[(
HR

j −
∆Btj

hj

)2
]
≤ d

√
2√
π

(
R +

1

R

)
exp

(
−R2

2

)
h−1
j =: R2(j), (3.37)

where (R2(j))hj < C for some C > 09. Comparing Ẑj and
˜̃Zj, we realise

( ˜̃Zj − Ẑj)
2hj = E

[
Ytj+1

(
HR

j −
∆Btj

hj

) ∣∣∣∣ Ftj

]2
hj

= E
[
(Ytj+1

− Ytj)

(
HR

j −
∆Btj

hj

) ∣∣∣∣ Ftj

]2
hj.

Applying Hölder’s inequality, we arrive at

E

[∑
j≥k

( ˜̃Zj − Ẑj)
2hj

∣∣∣∣ Ftk

]
≤ CE

[∑
j≥k

E
[
(Ytj+1

− Ytj)
2
∣∣ Ftj

] ∣∣∣∣ Ftk

]

≤ CE

∑
j≥k

(∫ tj+1

tj

f(t, Ys, Zs) ds+

∫ tj+1

tj

Zs · dBs

)2 ∣∣∣∣ Ftk


≤ CE

[(∫ T

tk

|f(t, Ys, Zs)| ds
)2

+

∫ T

tk

|Zs|2 ds

∣∣∣∣ Ftk

]
≤ C,

where we also utilized the conditional BDG inequality.

9In fact, if we choose R = c log(N) for some c > 0, we can show that ∥( ˜̃Z − Ẑ)(·)∥H2
BMO(Rd) =

o(N−λ) for any λ > 0.
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Z̄(t) and Ẑ(t) are not directly related to the numerical scheme, whereas ˜̃Zi can be

realised as a result of the perturbed scheme (3.27) for some ζY . Nevertheless, they

do not lost the BMO property. The definition of ξ is not used in the above Lemma,

whereas the next result which based on the control of Zs by the forward process Xs,

relies on the form of ξ = Φ(X).

Lemma 3.4.4. Let ξ satisfy [A3] and f satisfy [A4]. Let (Y, Z) be the solution to

equation (3.1), with the generator (ξ, f). Let π : 0 = t0 < t1 < · · · < tN = T be a

partition. Given Z̄, Ẑ, ˜̃Z which are defined in equation (3.34), we have

|Z̄j| ≤ CLΦ

(
1 + E

[
sup

0≤s≤tj+1

|Xs|
∣∣∣ Ftj

])
,

|Ẑj| ≤ CLΦ

1 + E

[
sup

0≤s≤tj+1

|Xs|
∣∣∣ Ftj

]
+
√
hjE

[
sup

0≤s≤tj+1

|Xs|4
∣∣∣ Ftj

] 1
2

 ,

| ˜̃Zj| ≤ CLΦ

1 + E
[

sup
0≤s≤tj+1

|Xs|
∣∣∣∣ Ftj

]
+
√
hjE

[
sup

0≤s≤tj+1

|Xs|4 | Ftj

] 1
2

 ,

where we recall, LΦ is the Lipschitz constant for Φ.

Proof. The Lp-type of bound on Z̄ can be established by considering Lemma 3.2.8,

Remark 3.2 as well as

|Z̄j| ≤
1

hj
E

[∫ tj+1

tj

CLΦ
(1 + sup

0≤s≤t
|Xs|) dt

∣∣∣∣ Ftj

]
≤ CLΦ

E

[
1 + sup

0≤s≤tj+1

|Xs|
∣∣∣∣ Ftj

]
,

whereas the difference between Ẑ and Z̄ is controlled by

|Ẑj − Z̄j| ≤ E

[∣∣∣∣ ∫ tj+1

tj

f(t, Ys, Zs) ds
∆Btj

hj

∣∣∣∣ ∣∣∣∣ Ftj

]

≤ E

[∫ tj+1

tj

|f(t, Ys, Zs)|2 ds
∣∣∣∣ Ftj

] 1
2

≤ E

[∫ tj+1

tj

C + C|Zs|4 ds
∣∣∣∣ Ftj

] 1
2

≤ C
√
hj + CLΦ

√
hjE

[
sup

0≤s≤tj+1

|Xs|4
∣∣ Ftj

] 1
2

. (3.38)

Meanwhile, it is not difficult to show that

| ˜̃Zj − Ẑj| ≤ E
[
(Ytj+1

− Ytj)
2

∣∣∣∣ Ftj

] 1
2 √

R2(j)
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≤ 2E

(∫ tj+1

tj

|f(t, Ys, Zs)| ds

)2

+

(∫ tj+1

tj

Zs · dBs

)2 ∣∣∣∣ Ftj

 1
2 √

R2(j)

≤ 2E

[
hj

∫ tj+1

tj

C + C|Zs|4 ds+
∫ tj+1

tj

|Zs|2 ds
∣∣∣∣ Ftj

] 1
2 √

R2(j)

≤ 2G̃j

(
R +

1

R

) 1
2

exp

(
−R2

4

)
,

where G̃j is defined as

G̃j := 1 +
√
hjE

[
sup

0≤s≤tj+1

|Xs|4
∣∣∣∣ Ftj

] 1
2

+ E

[
sup

0≤s≤tj+1

|Xs|2
∣∣∣∣ Ftj

] 1
2

. (3.39)

Remark 3.5. Given the truncation of the quadratic driver f , denoted by f (n), we

recall the solution to this new BSDE is given as (Y n, Zn). The truncation preserves

the norm ∥
∫ ·
0
Zn

t dBt∥BMO2(Rd) ≤ C and |Zn
t | ≤ CLΦ

(1 + sup0≤s≤t |Xs)|, where the

constant C,CLΦ
are independent of n in both inequalities. Similar to equation (3.34),

we are allowed to define the sequence Z̄n
i , Ẑ

n
i ,

˜̃Zn
i and their corresponding processes

accordingly, while all Lemmas within this section are still valid if we replace Zn by Z.

Unlike Chassagneux et al. [12], we never used the relation between n and N to

obtain the results in this section. This is mainly due to the process Z in this section

is closely related to Zn. However, when it comes to the numerical solution Zπ
i , the

truncation is necessary to maintain the comparison theorem in Y and BMO property

of Z. In addition, it is an essential part to characterise the propagation error under

a new measure Qπ.

3.4.3 Proof of Theorem 3.1.3

The claim in Theorem 3.1.3 will be divided into two parts, including Proposition 3.4.5

and 3.4.6. We will adapt the strategy of [12, Proposition 3.3] to estimate the error in

both Y and Z.

First of all, the choice of f (n), {HR
i }1≤i≤R satisfy the assumption [A7], since µ̂i = 0

for all i and

0 ≤ hLf + sup
0≤i≤N−1

hi
R√
hi
(3max{Kf , 1})h−α

≤ hLf + 3max{Kf , 1}h
1
2
−α ln(h−1) → 0
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when h→ 0. Recall equation (3.34), we observe that if

ζYi = E
[∫ ti+1

ti

f (n)(s, Y n
s , Z

n
s )− f (n)

(
ti,E

[
Ỹi+1

∣∣∣ Fti

]
, ˜̃Zi

)
ds

∣∣∣∣ Fti

]
, (3.40)

the perturbed scheme (3.27) with fi(t, y, z) = f (n)(t, y, z) andHi = HR
i i.e. truncating

the driver and the Brownian increment, by a induction argument, boils down to

Ỹi = E
[
Ỹi+1 +

∫ ti+1

ti

f (n)(s, Y n
s , Z

n
s ) ds

∣∣∣∣ Fti

]
= Y n

ti
,

Z̃i = E
[
Ỹi+1H

R
i

∣∣∣ Fti

]
= ˜̃Zn

i ,

ỸN = ξ = Φ(X), Z̃N = 0.

We write

∆̃Yπ
i := Y n

ti
− Yπ

i , ∆̃Yπ(t) = ∆̃Yπ
i ∀t ∈ [ti, ti+1), ∆̃Yπ(T ) = ∆̃Yπ

N , (3.41)

to differentiate with ∆̃Y π
i , which refers to increment of the generic perturbed scheme

in Y compared to scheme (3.22). Moreover, in this case, we specify the Radon-

Nikodym derivative of Qπ (slightly abusing the notation) with respective as

η
(n)
i :=

dQπ

dP

∣∣∣∣
Fti

=
i−1∏
j=0

(1 + hjH
R
j · β(n)

j ),

η(n)(t) :=
∏

0≤j≤i−1,
ti+1≤t

(
1 + hjβ

(n)
j ·HR

j

)
,

dQπ

dP

∣∣∣∣
Ft

:= η(n)(t),

β
(n)
j =

f (n)
(
tj, Y

n
tj
,Zπ

j

)
− f (n)

(
tj, Y

n
tj
, ˜̃Zj

)
∣∣∣Zπ

tj −
˜̃Zj

∣∣∣2
(
Zπ

j − ˜̃Zj

)
1{

Zπ
j −

˜̃Zj ̸=0
},

(3.42)

which is a specification of (3.29).

Proposition 3.4.5. Under the same condition as in Theorem 3.1.3, then there exist

some q∗ > 1 such that for all p ≥ 1 ,

E
[
sup

0≤i≤N
|Yti − Yπ

i |2p
]
≤ Cp,q∗E

[
|Φ(X)− Φ(Xπ)|2pq∗

] 1
q∗ + Cα,p,K,ϵh

p.

Proof. Recall that we require α ∈ (0, 1
2
) and h ≤ K

N
in Theorem 3.1.3. We divided

the proof into two steps.

Step 1. By truncation, we notice that the total error can be divided into

E
[
sup

0≤i≤N
|Yti − Yπ

i |2p|
]
≤ Cp

(
E
[
sup

0≤i≤N
|Yti − Y n

ti
|2p
]
+ E

[
sup

0≤i≤N
|Y n

ti
− Yπ

i |2p
])
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where the first component shrinks arbitrary fast in terms of n by Proposition 3.4.2.

We fix α ∈ (0, 1
2
) and conclude that E

[
sup0≤i≤n |Yti − Y n

ti
|2p
]
≤ Cα,ph

p.

We recall the definition for Z̄n
i , Ẑ

n
i ,

˜̃Zn
i in equation (3.34). If we focus on the second

component in the above inequality, we notice that equation (3.35) can be written as

ζYj = E
[
ζ̃Y,tj + ζ̃Y,yj + ζ̃Y,z̄j + ζ̃Y,y,Ej + ζ̃Y,ẑj + ζ̃Y,z̃j

∣∣∣ Ftj

]
,

where ζ̃Y,tj , ζ̃Y,yj , ζ̃Y,y,Ej , ζ̃Y,z̄j , ζ̃Y,ẑj and ζ̃Y,z̃j are Ftj+1
-measurable and defined as

ζ̃Y,tj :=

∫ tj+1

tj

f (n) (s, Y n
s , Z

n
s )− f (n) (tj, Y

n
s , Z

n
s ) ds,

ζ̃Y,yj :=

∫ tj+1

tj

f (n) (tj, Y
n
s , Z

n
s )− f (n)

(
tj, Y

n
tj
, Zn

s

)
ds,

ζ̃Y,y,Ej :=

∫ tj+1

tj

f (n)
(
tj, Y

n
tj
, Zn

s

)
− f (n)

(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Zn

s

)
ds,

ζ̃Y,z̄j :=

∫ tj+1

tj

f (n)
(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Zn

s

)
− f (n)

(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Z̄n

j

)
ds,

ζ̃Y,ẑj :=

∫ tj+1

tj

f (n)
(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Z̄n

j

)
− f (n)

(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Ẑn

j

)
ds,

ζ̃Y,z̃j :=

∫ tj+1

tj

f (n)
(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, Ẑn

j

)
− f (n)

(
tj,E

[
Y n
tj+1

∣∣∣ Ftj

]
, ˜̃Zn

j

)
ds,

Using Doob’s Lp inequality together with inequality (3.31), we change the measure

from P to Qπ at a cost of 1
ϵ
to derive

E
[
sup

0≤i≤N
|Y n

ti
− Yπ

i |2p
]

≤ Cp,ϵE

[
sup

0≤i≤N
EQπ

[(
N−1∑
j=i

EQπ

[
|ζ̃Y,tj + ζ̃Y,yj + ζ̃Y,y,Ej + ζ̃Y,z̄j + ζ̃Y,ẑj + ζ̃Y,z̃j |

1 + hjHR
j · βn

j

∣∣∣∣Ftj

])

+
∣∣∣∆̃Yπ

N

∣∣∣ ∣∣∣ Fti

]2p]

≤ Cp,ϵ

E

|∆̃Yπ
N |2pq

∗
+

(
N−1∑
j=0

|ζ̃Y,yj |

)2pq∗

+

(
N−1∑
j=0

|ζ̃Y,ẑj |

)2pq∗

+

(
N−1∑
j=0

|ζ̃Y,z̃j |

)2pq∗
 1

q∗

+ E

 sup
0≤i≤N

EQπ

[(
N−1∑
j=i

|ζ̃Y,tj |

)
+

(
N−1∑
j=i

|ζ̃Y,y,Ej |

) ∣∣∣∣ Fti

]2p
+E

 sup
0≤i≤N

EQπ

[(
N−1∑
j=i

|ζ̃Y,z̄j |

) ∣∣∣∣ Fti

]2p ,
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because 1 + HR
j · β(n)

j hj ∈ (ϵ, 2 − ϵ). Thanks to Lemma 3.4.1, we control ∆̃YN =

Φ(X)− Φ(X̂π) and arrive at the first term on the right hand side of the inequality.

Step 2. We aim to analyse all the terms involving the exponent 2pq∗. By the

assumption of the driver, we deduce |ζ̃Y,yj | ≤
∫ tj+1

tj
Lf

∣∣Y n
s − Y n

ti

∣∣ ds as well as

E

(N−1∑
j=0

|ζ̃Y,yj |

)2pq∗
 1

q∗

≤

CpE

(N−1∑
j=0

∫ tj+1

tj

|Y n
s − Y n

tj
| ds

)2pq∗
 1

q∗

≤

Cp,qE

(N−1∑
j=0

sup
s∈[tj ,tj+1]

|Y n
s − Y n

ti
|hj

)2pq∗
 1

q∗

≤

(
Cp,qE

[(
N−1∑
j=0

sup
s∈[tj ,tj+1]

∣∣Y n
s − Y n

ti

∣∣2pq∗ hj)T 2pq∗−1

]) 1
q∗

≤

(
Cp,q

(
N−1∑
j=0

hj

)
sup

0≤j≤N−1
E

[
sup

s∈[tj ,tj+1]

∣∣Y n
s − Y n

ti

∣∣2pq∗]) 1
q∗

= Cp,q,LΦ
h2p,

where we have used Doob’s Lp inequality to remove the conditional expectation, have

applied Hölder’s inequality to split the sum of products and have utilised Theorem

3.1.2 to obtain the final line. Furthermore, the assumption on the driver implies

E

(N−1∑
j=0

|ζ̃Y,z̄j |

)2pq∗
 1

q∗

≤ Cp,q∗E

(N−1∑
j=0

∫ tj+1

tj

Kf (1 + |Z̄n(s)|+ |Ẑn(s)|)|Z̄n(s)− Ẑn(s)| ds

)2pq∗
 1

q∗

≤ Cp,q∗∥Kf (1 + |Ẑn(s)|+ |Z̄n(s)|)∥2p
H4pq∗

BMO(R)
E

[(∫ T

0

|Z̄n(s)− Ẑn(s)|2 ds
)2pq∗

] 1
2q∗

,

where Hölder’s inequality is applied in the last line. Meanwhile,

E

[(∫ T

0

|Z̄n(s)− Ẑn(s)|2 ds
)2pq∗

] 1
2q∗

≤ E

(N−1∑
j=0

hjCLΦ

(
1 + E

[
sup

0≤s≤tj+1

|Xs|4
∣∣∣∣ Ftj

])
hj

)2pq∗
 1

2q∗
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≤ Cp,LΦ
hpE

N−1∑
j=0

(
1 + E

[
sup

0≤s≤tj+1

|Xs|4
∣∣∣∣ Ftj

])2pq∗

hj

 1
2q∗ (N−1∑

j=0

hj

) 2pq∗−1
2q∗

≤ Cp,LΦ
E
[
sup

0≤s≤T
|Xs|8pq

∗
] 1

2q∗

hp, (3.43)

where we have applied equation (3.38) together with Hölder’s inequality within the

calculation. Recall the definition for R1(j) and R2(j) defined in equation (3.36) and

(3.37), we proceed our verification using a similar procedure to the above inequality.

Due to the fact that ∥Kf (1+ |Ẑn(s)|+ |Z̄n(s)|)∥H4pq∗
BMO(R) < C for some C independent

of π, n, we obtain

E

[(∫ T

0

|Ẑn(s)− ˜̃Zn
s |2 ds

)2pq∗
] 1

2q∗

≤ CpE

N−1∑
j=0

(
G̃j

(
R +

1

R

) 1
2

exp

(
−R2

4

))2pq∗

hj

 1
2q∗ (N−1∑

j=0

hj

) 2pq∗−1
2q∗

≤ CpE
[
sup

0≤s≤T
|Xs|8pq

∗
] 1

2q∗
((

R +
1

R

)
exp

(
−R2

2

))p

(3.44)

where G̃j is defined as in equation (3.39). ProvidedR = ln(h−1),
(
R + 1

R

)
exp

(
−R2

2

)
≤

2hm(h) where m(h) = 1
2
ln(h−1) + ln(ln(h−1))

ln(h)
→ ∞ as h→ 0. The contribution of error

for replacing Ẑ by ˜̃Z is of order o(h−v) for all v ≥ 0.

Step 3. Now we deal with the term involving Qπ. Using the assumption on

the driver f , |ζY,tj | ≤ 2
3
Lf (hj)

3
2 , hence the contribution of ζY,tj in the total error is

controlled by

E

 sup
0≤i≤N

EQπ

[(
N−1∑
j=i

|ζ̃Y,tj |

) ∣∣∣∣ Fti

]2p ≤

(
N−1∑
i=0

(
2

3
Lf (hi)

3
2

))2p

≤ Cp,Th
p.

Utilising the Lipschitz property of f , we have

A1(i) := EQπ

[
N−1∑
j=i

∣∣∣ζ̃Y,y,Ej

∣∣∣ ∣∣∣∣∣ Fti

]

≤ EQπ

[
N−1∑
j=i

LfhjE

[∫ tj+1

tj

|f(s, Y n
s , Z

n
s )| ds

∣∣∣∣∣ Ftj

] ∣∣∣∣∣ Fti

]

≤ CϵEQπ

[∫ T

tj

|f(s, Y n
s , Z

n
s )| ds

∣∣∣∣∣ Fti

]
h
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≤ CϵEQπ

[
C

(
1 + sup

s∈[tj ,T ]

|Y n
s |+

∫ T

tj

|Zn
s |

2 ds

) ∣∣∣∣∣ Fti

]
h ≤ CT,ϵh,

by the Corollary 2.3.15. Therefore,

E
[
sup

0≤i≤N
|A1(i)|2p

]
≤ CT,p,ϵh

2p.

By observing (1 + hjHj · β(n)
j ) ∈ (ϵ, 2− ϵ), we analyse the last component

A2(i) := EQπ

[(
N−1∑
j=i

|ζ̃Y,z̄j |

) ∣∣∣∣ Fti

]2

≤ EQπ

[∫ T

ti

Kf (1 + |Zn
s |+ |Z̄n(s)|)|Zn

s − Z̄n(s)| ds
∣∣∣∣ Fti

]2
≤ EQπ

[∫ T

ti

K2
f (1 + |Zn

s |+ |Z̄n(s)|)2 ds
∣∣∣∣ Fti

]
EQπ

[∫ T

ti

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣ Fti

]
≤
∥∥Kf (1 + |Zn|+ |Z̄n(·)|)

∥∥2q∗
H2q∗

BMO(P,R) E
Qπ

[
N∑
j=i

∫ tj+1

tj

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣ Fti

]
,

where the last line is deduced by Corollary 2.3.15. Lastly, the following inequality is

a consequence of Proposition 3.2.12:

E
[
sup

0≤i≤N
|A2(i)|p

]
≤ C(p, q)E

[
sup

0≤i≤N
EQπ

[∫ T

tj

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣∣ Fti

]p ]
≤ C(p, q, LΦ, ϵ)h

p.

Summarising all error will lead us to our claim.

Proposition 3.4.6. Under the same condition as Theorem 3.1.3, there exists a con-

stant q∗ > 1 such that

E
[∫ T

0

|Zs −Zπ(s)|2 ds
]
≤ Cα,K,LΦ,q∗,ϵ

(
E
[
|Φ(X)− Φ(Xπ)|8q∗

] 1
8q∗ h

1
2 + h

)
Proof. Considering the elementary inequality |Zs−Zπ

s |2 ≤ 5(|Zs−Zn
s |2+ |Zn

s −Z̄n
s |2+

|Z̄n(s)− Ẑn
s |2 + |Ẑn(s)− Z̃s|2 + | ˜̃Zn

s − Zπ
s |2), we first bound

E
[∫ T

0

|Zs − Zn
s |2 ds

]
≤ C

(
p,

1

α

)
n− 1

α = C(p, α)N−1 ≤ C(p, α)
h

T
,

by Proposition 3.4.2, the choice of n. The last inequality is the consequence of

h = supi hi, as h < T
N

leads to the contradiction
∑

i hi < T . Considering the

inequality

|Zn
s − Z̄n(s)|2 ≤ 2|Zn

s − Z̄n
tj
|2 + 2

∣∣∣∣∣Zn
tj
− 1

hj
E

[∫ tj+1

tj

Zn
u du

∣∣∣∣∣ Ftj

]∣∣∣∣∣
2
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≤ 2|Zn
s − Z̄n

tj
|2 + 2

hj
E

[∫ tj+1

tj

∣∣∣Zn
u − Zn

tj

∣∣∣2 du

∣∣∣∣ Ftj

]
,

we implement Theorem 3.1.2 and Proposition 3.2.12 to deduce

E
[∫ T

0

|Zn
s − Z̄n(s)|2 ds

]
≤ 4E

[
N−1∑
j=0

∫ tj+1

tj

∣∣Zs − Ztj

∣∣2 ds

]
≤ CLΦ

h.

As we have proved inequality (3.43) and (3.44), we easily seen that

E
[∫ T

0

∣∣∣Z̄n(s)− Ẑn(s)
∣∣∣2 ds

]
+ E

[∫ T

0

∣∣∣Ẑn(s)− ˜̃Zn
s

∣∣∣2 ds

]
≤ CLΦ

h.

Recall that there exists a uniform bound, which is independent of N but depends

on ϵ, for Ỹ n
i := Y n

ti
and Yπ

i . By Proposition 3.3.4, we focus on the term

E

[
N−1∑
j=0

∆Yπ
j ζ

Y
j

]
= E

[
N−1∑
j=0

E
[
∆Yπ

j

(
ζ̃Y,tj + ζ̃Y,yj + ζ̃Y,y,Ej + ζ̃Y,z̄j + ζ̃Y,ẑj + ζ̃Y,z̃j

) ∣∣∣ Ftj

]]

=

E

(N−1∑
j=0

|ζ̃Y,tj |

)2
 1

2

+ E

(N−1∑
j=0

|ζ̃Y,yj |

)2
 1

2

+ E

(N−1∑
j=0

|ζ̃Y,y,Ej |

)2
 1

2

+E

(N−1∑
j=0

|ζ̃Y,ẑj |

)2
 1

2

+ E

(N−1∑
j=0

|ζ̃Y,z̃j |

)2
 1

2

E
[

sup
0≤j≤N−1

|∆Yπ
j |2
] 1

2

+ E

[
N−1∑
j=0

∆Yπ
j ζ̃

Y,z̄
j

]
.

We have seen the estimate of the term E
[
sup0≤i≤N−1 |∆Yπ

i |2
] 1

2 . By step 2 within

the proof of Proposition 3.4.5, we only need to estimate the last element. Writing

V := E
[∑N−1

j=0 |∆Yπ
j ζ̃

Y,z̄
j |
]
, we apply the assumption on the driver f to derive

V ≤ E

[
N−1∑
j=0

|∆Yπ
j |
∫ tj+1

tj

Kf (1 + |Zn
s |+ |Z̄n(s)|)|Zn

s − Z̄n(s)| ds

]

≤ E
[∫ T

0

Kf (1 + |Zn
s |+ |Z̄n(s)|)|∆Yπ(s)∥Zn

s − Z̄n(s)| ds
]

≤ E
[

sup
0≤i≤N−1

E
[∫ T

ti

Kf (1 + |Zn
s |+ |Z̄n(s)|)|∆Yπ(s)∥Zn

s − Z̄n(s)| ds
∣∣∣∣ Fti

]]
,

Meanwhile, we make use of conditional Hölder’s inequality to deduce

E
[∫ T

ti

Kf (1 + |Zn
s |+ |Z̄n(s)|)|∆Yπ(s)∥Zn

s − Z̄n(s)| ds
∣∣∣∣ Fti

]
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≤ A(ti)E
[

sup
i≤j≤N−1

|∆Yπ
j |4
∣∣∣∣ Fti

] 1
4

E
[∫ T

ti

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣ Fti

] 1
2

,

where A(ti) denotes

A(ti) := E

[(∫ T

ti

K2
f (1 + |Zn

s |+ |Z̄n(s)|)2 ds
)2 ∣∣∣∣ Fti

] 1
4

≤ Kf∥1 + |Zn|+ |Z̄n|∥H4
BMO(R)

for all i. When we apply Proposition 3.2.12 and Doob’s martingale inequality, V can

be controlled by

V ≤ CE

[
sup

0≤i≤N−1

(
E
[

sup
i≤j≤N−1

|∆Yπ
j |4
∣∣∣∣ Fti

] 1
4

E
[∫ T

ti

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣ Fti

] 1
2

)]

≤ CE

[
sup

0≤i≤N−1
E
[

sup
0≤j≤N−1

|∆Yπ
j |4
∣∣∣∣ Fti

] 1
2

] 1
2

E
[

sup
0≤i≤N−1

E
[∫ T

ti

|Zn
s − Z̄n(s)|2 ds

∣∣∣∣ Fti

]] 1
2

≤ CE
[

sup
0≤j≤N−1

|∆Yπ
j |8
] 1

8

h
1
2 .

We reconsider Proposition 3.3.4 to deduce

E
[∫ T

0

( ˜̃Zn(t)−Zπ(t))2 dt

]
≤ C

(
E
[
sup

0≤j≤N
|∆Yπ

j |4
] 1

2

+ E
[
sup

0≤j≤N
|∆Yπ

j |2
] 1

2

h
1
2 + E

[
sup

0≤j≤N
|∆Yπ

j |8
] 1

8

h
1
2

)
,

as we required.

Proof of Theorem 3.1.3. This theorem is a direct consequence of Proposition

3.4.5 and 3.4.6, if we observe

2E
[
|Φ(X)− Φ(Xπ)|8q∗

] 1
8q∗ a ≤ E

[
|Φ(X)− Φ(Xπ)|8q∗

] 1
4q∗ + a2.

3.5 Implementation of the numerical scheme

As we have seen, the modified BTZ scheme requires a further approximation to esti-

mate the conditional expectation at each step. [12] considered numerical integration

by taking advantage of the Markovian property of the problem. We aim to extend

their work to our generalised setting, but an extra assumption is required.
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Definition 3.5.1. A functional Φ : D̃(Rm) 7→ R which is Lipschitz with respect to

∥ · ∥D̃∞(Rm) or ∥ · ∥D̃1(Rm) is called constructible (with function g, g̃) if there exists

a family of functionals (Φt)0≤t≤T with Φt : D̃(Rm) 7→ Rd1 for some d1 ∈ N and a

function g : [0, T ]× [0, T ]× Rd1 × D̃[s,t](Rm) 7→ R such that

(i) Φt(Θ) = Φt(Θ1[0,t]),

(ii) Φt(Θ) = g(s, t,Φs(Θ),Θ1[s,t]),

(iii) x 7→ g(s, t, x, y) is uniformly Lipschitz and y 7→ g(s, t, x, y) is Lipschitz with

respect to ∥ · ∥D̃m,∞ or ∥ · ∥D̃m,1, with the Lipschitz constant being independent of

s, t,

(iv) Φ(Θ) = g̃(ΦT (Θ),Θ(T )) and g̃ is Lipschitz in Rd1 × Rm,

for any Θ ∈ D̃(Rm) and any 0 ≤ s ≤ t ≤ T .

As a direct consequence of the definition, (Φt)t is uniformly Lipschitz in t with

respect to ∥·∥D̃∞(Rm) or ∥·∥D̃1(Rm). If Φ is constructible, then it is possible to introduce

a new random variable to account for the dependence of the path. As an example, if

Φ(Θ) =
∫ T

0
Θ(t) dt, we pick Φt(Θ) =

∫ t

0
Θ(s) ds and g(s, t,Φs(Θ),Θ1[s,t]) = Φs(Θ) +∫ t

s
(Θ1[s,t])(u) du. In other words, the role of Φt(Θ) is to carry the history of the path,

while the function g is designed to update the Φt(Θ).

3.5.1 Quantization and the lattice grid

Quantization method [34] provides a cheap algorithm to estimate expectation, by

establishing a grid associated with probability based on the distribution of the random

variable. We apply quantization to the Brownian increments, by replacing ∆Bti by

∆B̂ti .

Lemma 3.5.2 (Zador’s theorem, [34]). Given p ≥ 1, there exists an function GM :

Rd 7→ ΓM where ΓM is the optimal grid of standard d-dimensional normal distribution

with |ΓM | = M (i.e. number of grid points in ΓM is M). Moreover, GM is defined

as the closest neighbour rule projection on ΓM . Denoting ∆B̂ti =
√
hiGM(h

− 1
2

i ∆Bti),

we obtain

E
[
|∆Bti −∆B̂ti |p

] 1
p ≤ Cp,d

√
hiM

− 1
d .
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Remark 3.6. According to [34], the optimal grid of a random variable is unique for

d = 1 and not necessarily unique for d > 1. Moreover, the quantization version of a

symmetrical random variable does not necessarily need to be centred for d > 1. For

d = 1, we can use symmetry to conclude the symmetry of the grid.

We discretise R into 2κ+ 2 points to form a grid in Rm

Γ = {x = (x1, . . . , xm) ∈ Rm | |x−X0| ∈ δZm, |xj −Xj
0 | ≤ κδ, ∀1 ≤ j ≤ d}.

Meanwhile, we define a projection ProjX0
: Rm 7→ Γ, centred at X0 ∈ Γ, such that

the j-th entry of ProjX0
(x) is defined as

ProjX0
(x)j =

κ∑
i=0

(Xj
0 + iδ)1[Xj

0+(i− 1
2
)δ, Xj

0+(i+ 1
2
)δ)(x

j)

+
−κ∑

i=−1

(Xj
0 + iδ)1[Xj

0+(i− 1
2
)δ, Xj

0+(i+ 1
2
)δ)(x

j)

+ (Xj
0 + κδ)1[Xj

0+(i+ 1
2
)δ, ∞)(x

j) + (Xj
0 − κδ)1(−∞, Xj

0−(κ− 1
2
)δ))(x

j).

Remark 3.7. If the timesteps are not equidistant, naturally we will choose an adap-

tive projection, where each δ depends on the timestep hi.

We are now in a position to discretise the path-dependent term Φs(X̂
π). As the

discretisation for the forward SDE, we consider a fixed grid centred at Φ0(X), namely

Γ̂ = {x = (x1, . . . , xd1) ∈ Rd1 | |x− Φ0(X)| ∈ δ̂Zd1 , |xj − Φ0(X)j| ≤ κ̂δ̂, ∀1 ≤ j ≤ d1}.

Similarly, the projection operator is defined as

Proj
(1)
Φ0(X)(x)

j =
κ̂∑

i=0

(Φ0(X)j + iδ̂)1[Φ0(X)j+(i− 1
2
)δ̂, Φ0(X)j+(i+ 1

2
)δ̂)(x

j)

+
−κ̂∑

i=−1

(Φ0(X)j + iδ̂)1[Φ0(X)j+(i− 1
2
)δ̂, Φ0(X)j+(i+ 1

2
)δ̂)(x

j)

+ (Φ0(X)j + κ̂δ̂)1[Φ0(X)j+(i+ 1
2
)δ̂, ∞)(x

j)

+ (Φ0(X)j − κ̂δ̂)1(−∞, Φ0(X)j−(κ̂− 1
2
)δ̂))(x

j).

3.5.2 Discretisation of forward processes

Suppose the forward SDE (Xt)t≥0 satisfies the assumption [A2]. We quote the sta-

bility theorem which corresponds to the numerical scheme of Euler-Maruyama type

in [12] and slightly generalise their result, which relies on BDG inequalities for cádlág

martingales [39] and discrete Gronwall lemma.
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Proposition 3.5.3 (Stability of Euler scheme, modification of Lemma A.1 [12]). Let

(t, x) 7→ b(t, x) and (t, x) 7→ σ(t, x) be functions that are 1
2
-Hölder continuous in t and

Lipschitz in x with |b(0, 0)| + |σ(0, 0)| < ∞. Fix p ≥ 1 and set (ξi)
N
i=0 as a sequence

of L2p integrable random variables. Assume (γi)0≤i≤N−1 ∈ L2p(Rd) is a sequence of

independent random variables such that for all 0 ≤ i ≤ N − 1

γ̂ = sup
j

|E[γj]|√
hj

, E
[
|γi|2p

∣∣∣ Fti

]
= E

[
|γi|2p

]
≤ C

for some C ≥ 0. Given two schemes (Xi)0≤i≤N and (X̃i)0≤i≤N defined as

Xi+1 = Xi + b(ti,Xi)hi + σ(ti.Xi)
√
hiγi,

X̃i+1 = X̃i + b(ti, X̃i)hi + σ(ti.X̃i)
√
hiγi + ζi,

their difference can be controlled by

E
[
sup

0≤i≤N
|Xi − X̃i|2p

]

≤ Cp exp
(
Cp,T max(γ̂, 1)2p

)E
[
|X0 − X̃0|2p

]
+ E

( i−1∑
j=0

|ζj|

)2p
 .

Proof. Deferred to Section A.2.

We are ready to state error due to the projection of the forward process on the

grid. As we have seen, the error of the scheme (on both SDE and BSDE) relies on

the largest interval h for any partition π.

Lemma 3.5.4 (Section 4.1 in [12]). Suppose (Xt)t≥0 satisfies the assumption [A2]

and π : 0 = t0 < t1 < · · · < tN = T is a partition with hi = ti+1 − ti and h =

supi |hi| ≤ KN−1 for some K > 0. Recall the Euler-Maruyama estimation of X,

Xπ
i+1 = Xπ

ti
+ b(ti, X

π
i )hi + σ(ti, X

π
i )∆Bti , Xπ

0 = X0,

we propose the version with projection

X̂π
i+1 = ProjX0

(
X̂π

i + b(ti, X̂
π
i )hi + σ(ti, X̂

π
i )∆B̂ti

)
, X̂0 = X0. (3.45)

For any p ≥ 2, the difference of the two schemes is given by

E
[
sup

0≤i≤N
|X̂π

i −Xπ
ti
|p
]
≤ C sup

0≤i≤N
h
− p

2
i M− p

d + CNpδp + CrN(κδ)−rp
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provided sup0≤i≤N M
− 1

dh
− 1

2
i ≤ C and supi(δhi) ≤ C for some C > 0. Moreover, when

we define

X̂π(t) = X̂π
i ∀t ∈ [ti, ti+1), X̂

π(T ) = X̂π
N , (3.46)

for all 0 ≤ i ≤ N − 1, we also have

E
[
sup

0≤t≤T
|X̂π(t)−Xπ(t)|p

]
≤ C sup

0≤i≤N
h
− p

2
i M− p

d + CNpδp + CrN(κδ)−rp.

where Xπ(t) is defined in (3.3).

Proof. See Section A.2.

The following convergence is only based on two examples, as the choice of Φt

depends on the choice of Φ and the choice of Φt is not unique in many cases. We will

consider the following cases for the path-dependent element Φt(X) to illustrate our

scheme.

(i) Basket lookback put options: ξ = (K−
∑m

i=1wi inf0≤t≤T X
i
s)

+, where wi > 0 rep-

resents the weight of each inf0≤t≤T X
i
s in the basket, such that

∑
1≤i≤mwi = 1.

A natural choice is (Φt(X))i = inf0≤s≤tX
i
s for all 0 ≤ t ≤ T and 1 ≤ i ≤ m, with

corresponding function (g(s, t,Φs(X), X1[s,t]))
i = min{(Φs(X))i, (X1[s,t])

i}, while
one can define the version where sup0≤t≤T is used instead.

(ii) Basket Asian put options: ξ = (K −
∑m

i=1wi

∫ T

0
X i ds)+, where wi > 0 rep-

resents the weight of each X i
s in the basket, such that

∑
1≤i≤mwi = 1. We

can choose Φt(X) =
∑m

i=1wi

∫ T

0
X i

s ds for all 0 ≤ t ≤ T to ensure Φt(X)

is one-dimensional, while we are allowed to choose g(s, t,Φs(X), X1[s,t]) =

Φs(X) +
∫ t

s
X(u)1[s,t](u) du.

In order to choose appropriate κ̂ and δ̂ to estimate Φti(X̂
π), we try to show:

Lemma 3.5.5. Let (X̂π) defined as equation (3.46) and let the assumptions in Lemma

3.5.4 be satisfied. Let Φ be the payoff of either Basket lookback put option or basket

asian put options, with Φ̂ti(X̂
π) defined as

Φ̂ti+1
(X̂π) = Proj

(1)
Φ0(X)(g(ti, ti+1, Φ̂ti(X̂

π), X̂π
1[ti,ti+1]), Φ̂0(X̂

π) = Φ0(X).

Fixing an arbitrary p ≥ 2. For basket lookback options, we have

E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X

π)
∣∣∣p] ≤ CpE

[
sup

0≤t≤T
|X̂π(t)−Xπ(t)|p

]
,
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while for basket Asian options, there exists a constant Cr such that

E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X

π)
∣∣∣p]

≤ Cp(Nδ̂)
p + Cp,rN

p(κ̂δ̂)−rp + CpE
[
sup

0≤t≤T
|X̂π(t)−Xπ(t)|p

]
.

Proof. Splitting the error and applying the definition of Φt as the following

E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X

π)
∣∣∣p]

≤ Cp

(
E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X̂

π)
∣∣∣p]+ E

[
sup

0≤i≤N

∣∣∣Φti(X̂
π)− Φti(X

π)
∣∣∣p]) ,

it remains to calculate the error for the first term. Regarding the basket lookback

options, we can set κ̂ = κ and δ̂ = δ, since the value of Φti(X̂
π) also lies on the grid

Γ. As a result, for any i and X̂π, Φ̂ti = Φti and error is

E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X

π)
∣∣∣p] ≤ CpE

[
sup

0≤t≤T
|X̂π(t)−Xπ(t)|p

]
.

The error corresponding to basket Asian options requires more computation, starting

with rewriting the scheme as

Φ̂ti+1
(X̂π) = Φ̂ti(X̂

π) +
m∑
j=1

wj

∫ ti+1

ti

X̂π,j(s) ds+ ζi, Φ̂0(X̂
π) = Φ0(X),

ζi = Proj
(1)
Φ0(X)

(
Φ̃ti

)
− Φ̃ti , Φ̃ti := Φ̂ti(X̂

π) +
m∑
j=1

wj

∫ ti+1

ti

X̂π,j(s) ds.

As ζi ≤ δ̃ +
(Φ̃ti+1−Φ0(X))r+1

(κδ)r
1{|Φ̃ti−Φ0(X)|>κδ}, we are able to show that

E
[
sup

0≤i≤N

∣∣∣Φ̂ti(X̂
π)− Φti(X̂

π)
∣∣∣p]

≤ Cp(Nδ̂)
p + CpN

p(κ̂δ̂)−rpE
[
sup

0≤i≤N
|Φ̃ti − Φ0(X)|p(r+1)

]
,

whereas the moments of Φ̃ti − Φ0(X) is bounded if we consider the inequality∣∣∣Φ̃ti+1
− Φ0(X)

∣∣∣ ≤ ∣∣∣∣∣Proj(1)0

(
Φ̃ti+1

− Φ0(X) +
m∑
j=1

wj

∫ ti+1

ti

X̂π,j(s) ds

)∣∣∣∣∣
≤

m∑
j=1

wj

∫ ti+1

t0

∣∣∣X̂π,j(s)
∣∣∣ ds.

88



3.5.3 Impact on the backward component

Lemma 3.5.6. Let Φ be constructible with functions g and g̃ and let π : 0 = t0 <

t1 < · · · < tN = T be a partition with hi = ti+1 − ti and h = supi |hi| ≤ KN−1 for

some K > 0. Let X satisfies [A2], we introduce the following forward processes

Φ̂ti+1
(X̂π) := Proj

(1)
Φ0(X)(g(ti, ti+1,Φti+1

(X̂π), X̂π
1[t1,ti+1]), Φ̂0(X̂

π) = Φ0(X),

X̂π
i+1 = ProjX0

(
X̂π + b(ti, X̂

π
i )hi + σ(ti, X̂

π
i )∆B̂ti

)
, X̂π

0 = X0,

we obtain the following implicit scheme based on quantization

Ŷπ
i := E

[
Ŷπ

i+1 | Fti

]
+ hif

(n)
(
ti,E

[
Ŷπ

i+1 |Fti

]
, Ẑπ

i

)
,

Ẑπ
i := E

[
Ŷπ

i+1Ĥ
R
i | Fti

]
, ĤR

i := ϕ
Rh

− 1
2

i

(
∆B̂ti

hi

)
Ŷπ

N = g̃
(
Φ̂tN (X̂

π), X̂π
N

)
, Ẑπ

N = 0.

(3.47)

Then, the process (Ŷπ
i , Ẑπ

i , Φ̂ti(X̂
π), X̂π

i ) defined in equation (3.47) is a Markov

process.

Proof. X̂π
i is a Markov process by construction. Meanwhile, there exists a sequence

of transition kernels (Pi)
N−1
i=0 such that

E
[
F
(
Φ̂ti+1

(X̂π), X̂π
i+1

) ∣∣∣ Fti

]
= E

[
F
(
Proj

(1)
Φ0(X)(g(ti, ti+1,Φti+1

(X̂π), X̂π
1[t1,ti+1]), X̂

π
i+1

) ∣∣ Fti

]
=

∫
Rd1×Rd

F (y1, y2)Pi((Φ̂ti(X̂
π), X̂π

i ), d(y1, y2)),

for any Borel measurable F : Rd1 × Rd 7→ R.
Regarding the backward components, we write Ŷπ

i = uπ(ti, Φ̂ti(X̂
π), X̂π

i ) and Ẑπ
i =

vπ(ti, Φ̂ti(X̂
π), X̂π

i ) and apply induction starting with N . Given (Ŷπ
i+1, Ẑπ

i+1) that can

be written in to borel functions of (ti,Φti(X̂
π), X̂π

i ), the representation of Ẑπ
i in terms

of Borel measurable functions vπ can be proved easily. By definition,

Ŷπ
i = hif

(n)
(
ti, ũ

π(ti, Φ̂ti(X̂
π), X̂π

i+1), v
π(ti, Φ̂ti(X̂

π), X̂π
i

)
,

+ ũπ(ti, , Φ̂ti

(
X̂π), X̂π

i

)
ũπ(ti, Φ̂ti(X̂

π), X̂π
i+1) := E

[
uπ(ti+1, Φ̂ti+1

(X̂π), X̂π
i+1) | Φ̂ti(X̂

π), X̂π
i

]
.

(3.48)

as we required.
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By observing that Φti(X̂
π) and X̂π

i only take discrete values, the above lemma al-

lows us to compute the conditional expectation explicitly via computing the values vπ

and uπ on the grid. Implementing the discrete structure of ∆B̂ti , (3.47) is equivalent

to

Corollary 3.5.7. Under the same condition as in Lemma 3.5.6, (Ŷπ
i , Ẑπ

i ) within the

numerical scheme (3.47) has the representation(
Ŷπ

i , Ẑπ
i

)
=
(
uπ
(
ti,Φti(X̂

π), X̂π
i

)
, vπ

(
ti,Φti(X̂

π), X̂π
i

))
for some Borel-measurable functions uπ, vπ. For any (x, y) ∈ Γ̂× Γ,(

Ŷπ
i |Φti (X̂

π),X̂π
i )=(x,y), Ẑ

π
i |Φti (X̂

π),X̂π
i )=(x,y)

)
= (uπ(ti, x, y), v

π(ti, x, y))

such that (uπ(ti, x, y), v
π(ti, x, y)) is computed by

uπ(ti, x, y) = ũπ(ti, x, y) + hif
(n)(ti, ũ

π(ti, x, y), v
π(ti, x, y)),

vπ(ti, x, y) =
M∑
j=1

uπ
(
ti+1,Proj

(1)
Φ0

(g (ti, ti+1, x, y, w
π(ti, y, hi, zj))) ,

wπ(ti, y, hi, zj))ϕ R
hi

(
√
hizj)pj, (3.49)

ũπ(ti, x, y) =
M∑
j=1

uπ
(
ti+1,Proj

(1)
Φ0

(g (ti, ti+1, x, y, w
π(ti, y, hi, zj))) ,

wπ(ti, y, hi, zj)) pj,

uπ(tN , x, y) = g̃ (x, y) , vπ(tN , x, y) = 0,

where pj = P
(
GM

(
∆Bti√

hi

)
= zj

)
and

wπ(ti, y, hi, zj) := ProjX0
(y + b(ti, y)hi + σ(ti, y)

√
hizj).

We revisit the case of basket lookback option and the case of Asian options to

conclude the convergence rate.

Theorem 3.5.8. Assume π : 0 = t0 < t1 < · · · < tN = T is a partition with

hi = ti+1 − ti and h = supi |hi| ≤ KN−1 for some K > 0. Moreover, the assumptions

and the choices of parameters R, n, α are inherited from Theorem 3.1.3. Suppose the

number of grid points (of discretising Brownian motion) M is at least of order

M ∼ O

(
N

d
2 sup

i
|hi|−

d
2

)
.

Let p ≥ 1 be fixed and consider (Ŷπ, Ẑπ) defined in (3.47).
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(i) For basket lookback options, we have

E
[
sup

0≤i≤N
|Ŷπ

i − Yti |2p
]
≤ C sup

0≤i≤N
h−p
i M− 2p

d + CN2pδ2p + CrN
2p(κδ)−2rp

+ Cph
p ln

(
1

h

)p

+ Cα,p,K,ϵh
p,

E

[
N−1∑
i=0

∫ ti+1

ti

|Ẑπ
i − Zs|2 ds

]
≤ C sup

0≤i≤N
h−1
i M− 2

d + CN2δ2 + CrN
2(κδ)−2r

+ Ch ln

(
1

h

)
+ Cα,K,ϵh.

(ii) For basket Asian-type options,

E
[
sup

0≤i≤N
|Ŷπ

i − Yti |2p
]
≤ C sup

0≤i≤N
h−p
i M− 2p

d + CN2pδ2p + CrN
2p(κδ)−2rp

+ Cp(Nδ̂)
2p + Cp,rN

2p(κ̂δ̂)−2rp + Cα,p,K,ϵh
p,

E

[
N−1∑
i=0

∫ ti+1

ti

|Ẑπ
i − Zs|2 ds

]
≤ C sup

0≤i≤N
h−1
i M− 2

d + CN2δ2 + CrN
2(κδ)−2r

+ C(Nδ̂)2 + CrN
2(κ̂δ̂)−2r + Cα,K,ϵh.

Proof. This result can be obtained by the application of Theorem 3.3.5, Theorem

3.1.3 and Lemma 3.5.5. The mean of ĤR
i is controlled by

µi :=
∣∣∣E [ĤR

i

]∣∣∣ ≤ 1

hi
E
[∣∣∣∆B̂ti −∆Bti

∣∣∣] ≤ C1,d
1√
hi
M− 1

d ,

where C1,d is the constant related to the quantization of Gaussian random variables.

A sufficient condition on M to satisfy [A6](ii) is

µ̂iLz(n) ≤ C1,d
1√
hi
M− 1

dCNα ≤ 1 =⇒ M
1
d ≥ Nα

C1,dC
√
hi
.

Moreover, for M ∼ O
(
N

d
2 supi |hi|−

d
2

)
, M− 1

d supi(h
− 1

2
i ) = O(N− 1

2 ), which satisfies

the the constraint in Lemma 3.5.4.

As the error can be split into

E
[
sup

0≤i≤N
|Ŷπ

i − Yti |2p
]
≤ Cp

(
E
[
sup

0≤i≤N
|Y π

i − Yti|2p
]
+ E

[
sup

0≤i≤N
|Ŷπ

i − Yπ
i |2p

])
,

we focus on the latter term and plug in the expression of ∆̂Yπ
N , ζ

Z
j as in

ζZi = E
[
Ŷ π
i+1(Ĥ

R
i −HR

i )
∣∣∣ Fti

]
(3.50)
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into Theorem 3.3.5 to derive

E
[
sup

0≤i≤N
|Ŷπ

i − Yπ
i |2p

]
≤ Cp

E
[
|∆YN |2pq

∗] 1
q∗ + E

(N−1∑
i=0

|ζZi |2hi

)2pq∗
 1

2q∗


≤ Cp

(
L2p
g̃ E

[
sup

0≤t≤T
|X̂π(t)−Xπ(t)|2pq∗

] 1
q∗

+E

(N−1∑
i=0

∥Ŷπ∥2S∞(R)E
[∣∣∣ĤR

i −HR
i

∣∣∣]2 hi)2pq∗
 1

2q∗


≤ Cp

(
sup

0≤i≤N
h−p
i M− 2p

d + CN2pδ2p + CrN
2p(κδ)−2rp + sup

0≤i≤N
h−p
i M− 2p

d

)
≤ Cp

(
sup

0≤i≤N
h−p
i M− 2p

d + CN2pδ2p + CrN
2p(κδ)−2rp

)
,

where we have used the fact that

E
[∣∣∣ĤR

i −HR
i

∣∣∣] ≤ E

[∣∣∣∣∣∆B̂ti

hi
− ∆B̂ti

hi

∣∣∣∣∣
]
≤ C1,d

√
hiM

1
d .

Meanwhile, we apply our result on Y to derive the error appears in Z-component

E

[
N−1∑
i=0

|Ẑπ
i − Zπ

i |2hi

]
≤ C

(
sup

0≤i≤N
h−1
i M− 2

d + CN2δ2 + CrN
2(κδ)−2r

)

+ E

(N−1∑
i=0

∥Ŷπ∥2S∞|E[ĤR
i −HR

i ]|2hi

)2


≤ C

(
sup

0≤i≤N
h−1
i M− 2

d + CN2δ2 + CrN
2(κδ)−2r

)
.

Regarding the convergence error on Asian-type options, the only difference within

the argument is adding the error of new grid.

Assume we have a uniform grid, then the requirement onM is it is at least of order

O(Nd). We can see that the optimal choice of M is of order O(Nd), δ = N− 3
2 and

δ̂ = N− 3
2 . Suppose r = 3

2
, we then choose κ = N

5
2 , and κ̂ = N

5
2 . The total number

of grid is κm × κ̂ for Asian options, while the grid size changed to κ2m for lookback

types of payoff (depending on the definition of the option). As O(M) computations

is required to compute the value for one grid at time ti, the overall complexity for

Asian option is O(number of grid×M ×N), where

complexity = O
(
N

5
2
(m+1)

)
×O

(
Nd
)
×O(N).
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In particular, if d = m, the computation cost is of order = O
(
N

7
2
(d+1)

)
, which

is enormous especially when d is large. Due to the restriction on κ, the complexity

must be at least of order O
(
N

5+ϵ
2

(d+1)
)
, provided κδ = O(N

1
2
ϵ) for some ϵ > 0.

3.6 Numerical experiments

This section is devoted to demonstrating the effectiveness of our scheme, through

a series of numerical examples. For simplicity, m = d = 2 will be fixed. Given

a standard Brownian motion Bt = (B1
t , B

2
t ), we consider the forward process as a

geometric Brownian motion

dX1
t = r1X

1
t dt+ σ1X

1
t dB

1
t ,

dX2
t = r2X

2
t dt+ σ2X

2
t (ρ dB

1
t +

√
1− ρ2 dB2

t ),

X1
0 = x10 ∈ R, X2

0 = x20 ∈ R,

(3.51)

such that the explicit expression for Xt is given by

X1
t = X1

0 exp

((
r1 −

1

2
σ2
1

)
t+ σ1B

1
t

)
,

X2
t = X2

0 exp

((
r2 −

1

2
σ2
2

)
t+ σ2

(
ρB1

t +
√

1− ρ2B2
t

))
.

As a classic example, we consider f to be a quadratic function of Z.

Example 3.1 (Square driver f). Let f(t, y, z) = a
2
|z|2 for some a ∈ R, the BSDE is

then

Yt = ξ +

∫ T

t

a

2
|Zs|2 ds−

∫ T

t

Zs · dBs (3.52)

Three types of bounded terminal conditions are considered, namely

1) (sin payoff with an integral) ξ = â(sin(X1
T +X2

T ) + sin( 1
2T

∫ T

0
X1

u +X2
u du)),

2) (Put payoff with an integral) ξ = â(K − 1
2T

∫ T

0
X1

u +X2
u du)

+,

3) (Put payoff with infimum) ξ = â (K − inf0≤t≤T{X1
t , X

2
t })

+
.

As a consequence of the Cole-Hopf transformation, we convert equation (3.52) in

Example 3.1 to (Ỹ , Z̃) = (exp(aY ), a exp(aY )Z), where

dỸt = aỸs

(
−a
2
|Zs|2 ds+ Zs dBs

)
+
a2

2
Ỹs|Zs|2 ds = Z̃s · dBs, ỸT = exp(aξ).
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This is a linear BSDE such that Y is given by

Ỹt = E [exp(aξ) | Ft] , Yt =
1

a
ln (E [exp(aξ) | Ft]) , Y0 =

1

a
ln (E [exp(aξ)]) .

Meanwhile, assuming ξ ∈ D1,2, Theorem 3.2.5 implies

Zt =
E[exp(aξ)Dtξ | Ft]

E[exp(aξ) | Ft]
, Z0 =

E[exp(aξ)D0ξ]

E[exp(aξ)]
.

Hence the exact solution can be simulated directly by Monte-Carlo methods.

Figure Figure 3.1, 3.2 Figure 3.3, 3.4 Figure 3.5, 3.6 Figure 3.7, 3.8

(X1
0 , X

2
0 ) (1, 1.2) (5, 6) (5, 6) (1, 1.2)

(r1, r2) (0.1, 0.05) (0.1, 0.05) (0.1, 0.05) (0.2, 0.4)

(σ1, σ2) (0.5, 0.4) (0.4, 0.3) (0.4, 0.3) (0.6, 0.3)

ρ 0.6 0.4 0.4 −0.3

a −1 −0.2 −0.2 2

Type sin Put, K = 8 Put, K = 8 Put, K = 3

Path Integral Integral Integral Minimum

â 2 2 2 −2

T 1 1
2

1
2

1
2

Method Quantization Quantization Regression Regression

α 0.4 0.4 0.4 0.4

Timestep N = 4, 8, . . . , 20 N = 4, 8, . . . , 20 N = 21, . . . , 26 N = 22, . . . , 28

Table 3.1: Summary of parameter choices corresponding to Example 3.1

Example 3.2 (Utility example). Consider a world with three different type of assets,

including a tradable risk-free bond with zero interest rate, a tradable financial index

Pt and a set of observable but non-tradable assets S = (S1, S2). For all i ∈ {1, 2},
their dynamics are given by

Pt = P0 +

∫ t

0

µPPs ds+

∫ t

0

(
σPPs

)
· dBs,

= P0 +

∫ t

0

µPPs ds+

∫ t

0

Psσ̃
P · Λ · dBs,

S1
t = S1

0 +

∫ t

0

r1S
1
s ds+

∫ t

0

S1
s σ̃

1 dB1
s ,
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S2
t = S2

0 +

∫ t

0

r2S
2
s ds+

∫ t

0

S2
s σ̃

2
(
ρ dB1

s +
√

1− ρ2 dB2
s

)
,

where Λ =

1 0

ρ
√

1− ρ2

.

Let Φ(S) =
(
K − 1

2T

∫ T

0
S1
u + S2

u du
)
, which is the payoff of a claim written on S

and (Y λ, Zλ) is the pair which solves

Y λ
t = λΦ(S) +

∫ T

0

θs ds+

∫ T

t

f(s, Zs) ds−
∫ T

t

(Zλ
s ) · dBs,

f(s, z) = −γ
2
∥z∥2 + γ

2∥σP
s ∥2

∣∣∣∣(σP
s ) · z −

µP
s

γ

∣∣∣∣2 − θs, θs =
|µP

s |2

2γ∥σP
s ∥2

.

Suppose the claims pays Φ(S) at time T > 0, the utility indifference price of such

a claim at time t, denoted by Ψλ
t , is the difference Y λ

t −Y 0
t . The hedging strategy Πλ

t ,

which demonstrates the value of extra investments due to purchasing λ-units of the

derivative at time t, is − (σP
t )·(Zλ

t −Z0
t )

∥σP
t ∥2 .

We remark that the driver in the Example 3.2 is Lipschitz when there is only one

asset S and quadratic in Z when d ≥ 2. For further details on utility indifference

pricing when the utility is an exponential, we refer to [40]. The relevant parameters

that are used in testing with Example 3.1 and 3.2 are listed in Table 3.1 and Table

3.2 respectively.

Both quantization and regression methods are implemented for the numerical

scheme for QBSDE. Moreover, we set the partition π : 0 = t0 < · · · < tN = T to be

uniform i.e. tj =
jT
N

for all 0 ≤ j ≤ N . We will plot the error for computing (Y0, Z0)

when the explicit solution is known.

3.6.1 Quantization

Two tests have been performed to validate the quantization scheme. In both scenarios,

we consider Example 3.1 and pick M = 1000 as the number of supported points10

in the discrete random variable that serves as the replacement to the 2-dimensional

Gaussian random variable. Moreover, we set κδ = κ̂δ̂ = 2
3
and choose r = 9

4
.

Setting (X1
0 , X

2
0 ) = (1, 1.2) with (r1, r2) = (0.1, 0.05), σ = (0.5, 0.4) and ρ = 0.6

for the forward SDE, the terminal condition ξ of the BSDE includes a sin-type payoff

10The optimal quantization grids for multi-dimensional Gaussian random variables are listed
on http://www.quantize.maths-fi.com/gaussian_database, without extra costs. However, for
multi-dimensional random variables, the size of quantization grids is less than 1450.
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Figure 3.1: Error analysis for sin type

Figure 3.2: Estimation of Y0, Z
1
0 , Z

2
0 under sin-type payoff using quantization methods

with â = 2, T = 1 and depends on the integral of the trajectory. The truncation

parameter is α = 0.4, which satisfies the requirement, leading us to the convergence

rate of roughly O(N−2) in (Y, Z), as in the log2 - log2 plot (Figure 3.1). The result of

our experiment over-performs the predicted rate, O(N− 1
2 ). As the terminal condition

is a smooth functional and belongs to D∞, it might be possible to apply Taylor

expansion carefully to obtain a sharper rate.

A maximum of 20 timesteps is used when we carried out such experiment, since

the computational time rises from 0.4 seconds to 2870 seconds, as we increase the

number of timesteps N from 4 to 20. The rise in computational time is attributed to

the rise in the number of points in the space discretisation. Figure 3.1 suggests the

error starts increasing from 2−5 after the N = 16 instead of reducing as in the theory.

However, this phenomenon is caused by the quantization error, which is of order

O( 1√
1000

). When N = 16, the quantization error accidentally offsets the discretisation

error, which improves the final precision.

Now we consider the same setting as the last example, except ρ = 0.4, T = 1
2
, a =
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Figure 3.3: Error analysis for Lipschitz payoff, log-log

Figure 3.4: Estimation of Y0, Z
1
0 , Z

2
0 under Put type payoff using quantization meth-

ods

−0.2, X0 = (5, 6) and the terminal data is a Put payoff with an integral. Fixing

K = 8, the convergence is even faster than the sin example, but the fluctuation

appears in approximating the Z-component when N is large. The variance of X

with X0 = (5, 6), σ = (0, 4, 0.3) is significantly larger in contrast to the first example,

therefore we need to trade-off between capturing the heavy tail of X and reducing

the gap within the grid. A finer grid is more efficient when the number of timesteps

is large, as κδ = N
2
3 is sufficient to cover most of the density of X. On the contrary,

the tails will contribute a significant error, when N is small.

3.6.2 Regression basis

The regression of basis method, which is widely accepted in this area (see [61, 91]),

provides an alternative approach to approximate the conditional expectation. The

overarching idea is based on the fact that the conditional expectation E[F |G ] where

F ∈ L2 and G ⊆ F is sub-σ-algebra, is equivalent to the projection of F in
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Figure 3.5: Error analysis for (Y0, Z0) with Asian Put type payoff

Figure 3.6: Estimation of Y0, Z
1
0 , Z

2
0 for Asian Put type payoff, using regression

techniques

L2(Ω,G ,P). If there exists a basis {ej}j for L2(Ω,G ,P), the conditional expectation

E[F |G ] is a linear combination of the basis {ej}j, which minimises ∥F −E[F |G ]∥L2 .

Replacing the expectation operator E by the average of M Monte-Carlo samples, a

numerical scheme is obtained accordingly. To compute the conditional expectation,

the coefficients associated with the basis is deduced by regression, which minimises the

L2-error for samples 1, . . . ,M . A recent development in this technique is [1], where

the author proposed two correction methods to reduce the variance of estimating the

Z-component in the context of smooth Markovian BSDEs.

The quantities (Y π
i , Z

π
i ) are both adapted to the filtration Fti , which suggests

that a desirable basis must be able to span L2(Ω,Fti ,P). Verifying the feasibility

and the performance of the basis is an obstacle except for a few cases, such as the

indicator basis which discretises Rm+1 by cubes. The polynomial basis, which is a

popular choice, is used in this subsection and we assume that the error due to the

basis is negligible compared to other forms of the error. Throughout this subsection,
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we fix M = 80000 as the number of sample paths, such that the Monte-Carlo error

is of order O(2−8).

We test the regression method with the second example that is used in the quan-

tization technique: X0 = (5, 6), r = (0.1, 0.05), σ = (0.4, 0.3), ρ = 0.4, a = −0.2, â =

2, T = 1
2
and K = 8. To obtain an error of O(2−6) in the Y component, the regres-

sion method requires 17.8 seconds as shown in Figure 3.5, compared to a minimum

of 970 seconds needed in the quantization method. There is also an advantage in

approximating the Z component in terms of computational time.

Figure 3.7: Error analysis for (Y0, Z0) with lookback Put type payoff

Figure 3.8: Estimation of Y0, Z
1
0 , Z

2
0 with lookback Put type payoff, with regression

techniques

Setting X0 = (1, 1.2), r = (0.2, 0.4), σ = (0.6, 0.3), ρ = −0.3, a = 2, â = −2, T = 1
2

and K = 3, we move to the next scenario, which is a Put-payoff associating with the

infimum of the forward process. Figure 3.7 includes the log2 - log2 plot for the error

and the modified error against the number of timesteps N . By Theorem 3.1.3, the

error of Y is controlled by O(N− 1
2 (log(N))

1
2 ), indicating the log2 error is of the form

−1
2
log2(N)+ 1

2
log2(log2(N))+C for some constant C. If we naively plot the log2 error

against the time-step, convergence rate in Y is O(N−0.4). Modifying the log2 error by

taking away the 1
2
log2(log2(N)) term, we get the log2 modified error11, which leads

11The modified error does not reflect the true error. The aim of introducing this term is to verify
the order O(N− 1

2 (log(N))
1
2 ).
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us to the correct plot and coincides with our theory. The drop in convergence rate is

due to the drop in the regularity of ξ. As we expected, approximating the solution

(Y, Z) with a terminal condition being Lipschitz with respect to ∥ · ∥D̃∞(Rm) is more

challenging than estimating the one which is Lipschitz with respect to ∥ · ∥D̃1(Rm).

λ 1, 2, 3 µp 0.15 (σ̃p
1, σ̃

p
2) (0.6, 0.15)

(S1
0 , S

2
0) (10, 14) (r1, r2) (0.05, 0.03) (σ̃1, σ̃2) (0.4, 0.3)

ρ 0.4 γ 1.2 T 1
2

K 14 M 80000 α 0.45

Table 3.2: Summary of parameter choices corresponding to Example 3.2

As an application to the utility indifference pricing theory, we consider Example

3.2 with parameters listed in Table 3.2. To evaluate the utility indifference price,

two numerical experiments need to be conducted to evaluate Y λ
t and Y 0

t respectively,

hence the computational cost is doubled12. Figure 3.9 demonstrates the impact of

discretising the interval into finer time intervals. In order to simualte the price for

2-units of the claim, the computational cost rises from 20.7 seconds to 1070 seconds

as we boost the number of intervals N = 23, 24, . . . 29. However, we observe N = 128

is sufficient to estimate the value of the 2 units of the claim.

Figure 3.9: Utility indifference pricing and hedging strategy for 2 units of the claim

Table 3.3 compares the utility indifference price and the hedging strategy13 for

1, 2, 3 units of the claim. The price for a European derivative with terminal payoff

λΦ(S) in the classical Black-Scholes theory is linear in the λ, since the price is a

12The computational time can be reduced by parallel computing.
13See Example 3.2
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solution to a linear PDE. On the contrary, the utility indifference price is non-linear

in λ, while the price difference of an extra claim is decreasing with respect to λ.

Units of Claim 1 2 3

Utility indifference price 1.97 3.58 4.73

Hedging strategy 4.1 7.6 9.8

Table 3.3: Hedging strategy and utility indifference price of Example 3.2

Finally, we consider the difference between explicit and implicit scheme. Similar

to the choice corresponding to Figure 3.7, we inherit most of the parameters, except

choosing f(t, y, z) = 2max{y + |z − 1|2, 3} + a
2
|z|2 and set â = 1, ρ = −0.6. We still

observe a reduction in the computational time, as in Table 3.4, even though most of

the computational power is devoted to computing conditional expectations.

N 2 4 8 16 32

Time saved in the ex-
plicit scheme (s)

0.1043 0.1756 0.1375 0.4398 0.7327

Table 3.4: Difference of computational time of the explicit and implicit scheme
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Chapter 4

On distributions of velocity
random fields in turbulent flows

4.1 Introduction

In the past decades, the probability density function (PDF) method, based on the

transport equation, a formal adjoint equation of the Navier-Stokes equation, has

been developed into a useful tool for modelling turbulent flows. This method focuses

on evaluating the one-point one-time PDF p(u;x, t) of the velocity field U(x, t) or

equivalently the centred field U(x, t) − U(x, t). The exact transport equation for

the PDF, which involves the mean of the pressure term as well as the conditional

expectation of the pressure term, has been derived by Pope and can be found in

[76, 77] for details. However, only few features can be extracted from the formal

PDF transport equation for the purpose of modelling turbulent flows. Therefore,

applications of the PDF method have been based on the generalised Langevin model,

where the time-dependent velocity U(t) of a particle at position X(t) is assumed to

satisfy a stochastic differential equation (SDE).

The main contribution in this chapter is the derivation of the PDF partial differen-

tial equation (PDE) for the velocity random field which is much more explicit than the

formal PDF transport equation. This PDE is a generalisation of Reynolds mean flow

equations, which can be closed by introducing Reynolds stress tensor field. Having 6

dimensions in space (u, x) and 1 dimension in time t, our PDF PDE can be regard as

a parabolic-transport equation which has a parabolic operator 1
2
∂t + u · ∇x + ν∆x in

x and transport operator 1
2
∂t +∇u· in u. However, the PDF PDE for velocity fields

is a second order partial differential equation which is in general not parabolic due to

the appearance of a mixed derivative term ∂ui∂xkp. Even this mixed derivative does

not appear in the PDF PDE (which is the case for some turbulent flows which will be
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explained below), the parabolic part in the PDF PDE involves only the variable x,

and therefore even for this case the PDF PDE is highly degenerate. This feature of

the PDF PDE distinguishes itself from the prevalent parabolic PDEs or other types

of PDE theories in the literature.

The PDF PDE that we have obtained, relies on two conditional structure func-

tions, which are the conditional average increment

ρi(x, y, u, t) = E
[
U i(y, t)− U i(x, t) |U(x, t) = u

]
and the conditional covariance

σij(x, y, u, t) = E
[
U i(y, t)U j(y, t) | U(x, t) = u

]
.

These conditional structure functions describe the interactions of the velocity random

field at different positions, hence they are natural to appear in the PDF PDE. The

fact that the distribution of velocity random fields is characterised by the conditional

first and second moments is an interesting feature revealed in this Chapter. These

statistical characteristics are local, which have the capacity to determine the PDF

PDE. Moreover, these local statistical characteristics can localise many concepts, such

as homogeneity, isotropy etc, which were introduced firstly by Taylor and Kolmogorov

[53, 54, 85], allowing us to generalise such concepts to their weak versions.

This chapter, which is based on [57], has the following structure. In Section 4.2,

we introduce definitions related to random fields, which are cornerstones of our main

results. The evolution equation for the distribution of the velocity random field of

turbulence over time will be derived, under the assumption that the random field is

regular. The PDE is going to be applied to various types of flows in Section 4.3, in-

cluding both the viscid and inviscid cases. We also obtain a stochastic representation

formula for the solution of the PDF PDE, together with the constraint that ensures

the solution is indeed a PDF for all time t ≥ 0 and position x ∈ R3. These theoretical

results are important when we apply the PDF PDE for modelling turbulent flows.

Section 4.4 is thus devoted to an example of modelling the PDF of turbulence, which

has the ability to demonstrate the change of distribution at a fixed position x over

time. This Chapter will be closed by a few remarks in the last section.

Conventions on notation. The following set of conventions is employed throughout

the Chapter. Firstly Einstein’s convention on summation on repeated indices through

their ranges is assumed, unless otherwise specified. If A is a vector or a vector field

(usually in the space of dimension three) dependent on some parameters, then its

components are labelled with upper-script indices so that A := (Ai) = (A1, A2, A3).

103



The same convention applies to coordinates too. The derivative operators ∇ and ∆

are labelled with subscripts to indicate the variable to which the operator is applied,

such as ∆x := ∂xi∂xi and ∇x · A := ∂xiAi. Finally, the velocity vector field will be

denoted by U = (U i), unless we specified.

4.2 PDF equation of velocity fields

In this section, we aim to introduce some fundamental concepts on random fields

and to derive the evolution equation for the random velocity field {U(x, t)}x,t, where
x ∈ R3, t ≥ 0 and U(x, t) takes values in R3.

4.2.1 Random fields and their statistical characteristics

Given a random field {U(x, t)}x,t on a probability space (Ω,F ,P), U(x, t) is, by

definition, an R3-valued random variable for every x ∈ R3 and t ≥ 0. The most

important statistical property for understanding a random field is the correlation

function of two random variables, which plays the dominant role in the study of

turbulence [3, 68]. In this Chapter, we however emphasize the use of a few statistical

characteristics based on the conditional distribution. Let us introduce these statistical

characteristics, which we believe are of the most importance.

Definition 4.2.1. Given a time-dependent random field {U(x, t)}x,t on a probability

space (Ω,F ,P), for x, y, u ∈ R3 and t ≥ 0, and i ∈ {1, 2, 3},

1) the conditional average increment function ρi is defined as

ρi(x, y, u, t) = E
[
U i(y, t)− U i(x, t) |U(x, t) = u

]
, (4.1)

2) the conditional covariance function σ(x, y, u, t) is defined to be the covariance

of U(y, t)− U(x, t) given U(x, t) = u,

σij(x, y, u, t) = cov
[(
U i(y, t), U j(y, t)

)
|U(x, t) = u

]
. (4.2)

From the definition, it is clear that for every i, the conditional mean function is

of the form

bi(x, y, u, t) := E
[
U i(y, t) |U(x, t) = u

]
= ρi(x, y, u, t) + ui (4.3)

and ρ(x, x, u, t) = 0 for all u, x and t. As the Reynolds stress is given by

rij(x, t) := E
[
(U i(x, t)− E[U i(x, t)])(U j(x, t)− E[U j(x, t)])

]
104



the conditional covariance function σij(x, y, u, t) can be treated as the conditional

Reynolds stress. These statistical characteristics have explicit representations in

terms of the two-point joint distribution. For our purpose, we assume that the dis-

tribution of U(x, t) for every (x, t) has a probability density function (PDF) with

respect to Lebesgue measure on R3, denoted by p(u;x, t), in the sense that

E
[
1{U(x,t)∈E}

]
=

∫
E

p(u;x, t) du for any Borel set E ∈ B(R3).

Similarly, the joint distribution of U(x, t) and U(y, t) at two distinct points x ̸= y

has a joint PDF, denoted by p2(u1, u2;x, y, t). It follows that the conditional law of

U(y, t) given that U(x, t) = u possesses the following conditional PDF

p2|1(v;u, x, y, t) := P(U(y, t) = v | U(x, t) = u) =
p2(u, v;x, y, t)

p(u;x, t)

with p2|1(v;u, x, y, t) = 0 if p(u;x, t) = 0. In terms of the conditional law, the joint

PDF of U(x, t) and U(y, t) may be split into a product

p2(u1, u2;x, y, t) = p(u1;x, t)p2|1(u2;u1, x, y, t)

= p(u2; y, t)p2|1(u1;u2, y, x, t).

As a result, we are allowed to represent the conditional average difference function

(4.1) and covariance function (4.2) as an integral of the conditional density, namely

ρi(x, y, u, t) =

∫
R3

(vi − ui)p2|1(v;u, x, y, t) dv (4.4)

and

σij(x, y, u, t) =

∫
R3

(
vi − bi

) (
vj − bj

)
p2|1(v;u, x, y, t) dv.

The use of the conditioning techniques is in fact the main reason for advocating

the foundation of statistical fluid mechanics based on the probability theory, rather

than on an average procedure, which was first explicitly proposed by Kolmogorov

[53, 54]. The homogeneity and the isotropy can be defined in general for random

fields indexed by a space variable x ∈ R3, which has been introduced into the study

of turbulence by G. I. Taylor. The local homogeneous and local isotropic flows were

introduced by Kolmogorov for formulating K41 theory (and its improved version K61

theory). According to Kolmogorov [53, 54], a random field {U(x, t)}x,t is locally

homogeneous if for any x, y ∈ R3, the conditional distribution of U(y, t) − U(x, s)

given U(x, s) = u depends on y − x and u, and further it is locally isotropic if the

conditional distribution depends only on |y − x| and u. By using the conditional
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average and the conditional covariance functions, it is possible to generalise these

terminologies to their weak versions. We are now in a position to state technical

assumptions on the random field.

Definition 4.2.2. The random field {U(x, t)}x,t on the probability space (Ω,F ,P) is

1) regular if the conditional average increment function ρ has derivatives up to

second order and ρ(x, y, u, t) has a Taylor expansion (for every x, u and t fixed)

about y:

ρ(x, y, u, t) = Bk(x, u, t)(y
k − xk) +

1

2
Ajk(x, u, t)(y

j − xj)(yk − xk)

+ o
(
|y − x|2

) (4.5)

as |y − x| → 0, where

Bk(x, u, t) =
∂

∂yk
ρ(x, y, u, t)

∣∣∣∣
y=x

, Ajk(x, u, t) =
∂2

∂yj∂yk
ρ(x, y, u, t)

∣∣∣∣
y=x

, (4.6)

and B and A are differentiable in xi, ui, t for all i ∈ {1, 2, 3};

2) weakly homogeneous if given u ∈ R3, t ≥ 0, ρi(x, y, u, t) = o(|y−x|) as |y−x| →
0 for all i, y, x;

3) weakly isotropic if both ρ(x, y, u, t) and σ(x, y, u, t) depend only on |y − x|, u
and t, and Ai

kk only depends on u and t.

The functions Bi
k and Ai

jk in the Taylor expansion of the conditional average

increment ρi(x, y, u, t) also have the form
Bi

k(x, u, t) = E
[

∂
∂xkU

i(x, t)

∣∣∣∣U(x, t) = u

]
,

Ai
jk(x, u, t) = E

[
∂2

∂xj∂xkU
i(x, t)

∣∣∣∣U(x, t) = u

]
for i, j, k ∈ {1, 2, 3}. Moreover, if the {U(x, t)}x,t is weakly homogeneous, we have

the equivalent characterisation

Bi
k(x, u, t) = lim

ε→0

ρi(x, x+ εe(k), u, t)

ε
= 0

for all i, k ∈ {1, 2, 3}, where e(k) is the unit vector at the k-th direction.

Unlike Kolmogorov’s definition of isotropic flows and homogeneous flows, our con-

cept of weak isotropy has no direct relationship to weak homogeneity. Nevertheless,

a regular locally homogeneous turbulent flow in the sense of Kolmogorov satisfies the
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condition that Ai
kk depends only on u, since the conditional average increment of such

a flow must obey ρi(x, y, u, t) = gi(y − x, u) for some function gi and

Ai
jk(x, u, t) =

∂2gi

∂yj∂yk
(0, u).

Moreover, if we further assume the flow is locally isotropic, the conditional average

increment function satisfies ρi(x, y, u, t) = gi(|y − x|, u) and

Bi
k(x, u, t) = lim

ε→0+

ρi(x, x+ εe(k), u, t)

ε
= lim

ε→0+

−ρi(x, x− εe(k), u, t)

ε

is well-defined if and only if Bi
k = 0. Therefore, this turbulent flow is both weakly

homogeneous and weakly isotropic in our sense.

Apart from extending Kolmogorov’s definitions on homogeneity and isotropy, the

significance of introducing these terminologies is they will eliminate the mixed-terms

in the PDF PDE, which will be thoroughly explained in section 4.3.

4.2.2 The evolution equation for the velocity distribution

In this subsection, we derive the main theoretical result, which provides the theoretical

foundation of modelling PDFs of turbulent flows based on two statistical character-

istics. We consider an incompressible turbulent flow, inviscid or viscous, with kinetic

viscosity constant ν which is positive for viscous fluid, or ν reads as zero for inviscid

fluid.

We assume that {U(x, t)}x,t is a regular random field. Since U(x, t) is divergence-

free as in equation (2.14), we have for all i, k,

∂

∂yi
ρi(x, y, u, t) = 0, Bi

i = 0, Ai
ik = Ai

ki = 0,

as well as the following integral condition for PDF of U(x, t)

∂

∂xi

∫
R3

uip(u;x, t) du = 0, (4.7)

which will appear as a natural constraint for the PDF PDE we will derive.

Recall that the Reynolds equation (see [80]) is obtained by taking the average in

(2.13), more explicitly

∂E [U i]

∂t
+ E

[
U j ∂U

i

∂xj

]
= ν∆xE

[
U i
]
− ∂E [P ]

∂xi
,

∂E [U i]

∂xi
= 0.
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The conventional treatment for the non-linear term on the left-hand side is to write

E
[
U j ∂U

i

∂xj

]
= E

[
U j
] ∂E [U i]

∂xj
+

∂

∂xi
rij.

The PDF equation can be obtained by carrying out this computation for the average

E [F (U)] where F : R3 → R is set as a smooth function with a compact support,

instead of choosing F (x) = x for each velocity component in the case of Reynold

stress. We are now in a position to establish the most important work in this Chapter:

Theorem 4.2.3. Let {U(x, t)}(x,t)∈R3×R+
be a regular random field defined on the

probability space (Ω,F ,P) and take values in R3. Suppose {U(x, t)}x,t satisfies the

Navier-Stokes equation (2.13) and the divergence-free condition (2.14), then the PDF

p(u;x, t) of the velocity U(x, t) satisfies the evolution equation:

∂p

∂t
+ ui

∂p

∂xi
= ν∆xp+

∂

∂ui

(
ν
∂ (pBi

k)

∂xk
− νpAi + pQi

)
,

p(u;x, 0) = p0(u;x),

(4.8)

where p0(u;x) is the PDF of the U0(x) in the random field {U0(x)}x and

Qi(x, u, t) =

∫
R3

yi − xi

4π|y − x|3
∂2
(
σjk + bjbk

)
∂yk∂yj

dy, (4.9)

Bi
k =

∂ρi(x, y, u, t)

∂yk

∣∣∣∣
y=x

, and Ai(x, u, t) = ∆yρ
i(x, y, u, t)

∣∣
y=x

= Ai
kk(x, u, t). (4.10)

Proof. Let F ∈ D(R3) be a test function, which is a smooth function taking values in

R with a compact support. For simplicity, we denote Fi(u) := ∂uiF (u) ∈ D(R3). Ap-

plying ∂t on the average E [F (u)] followed by exchanging integral and their derivative

operator, we have

d

dt
E [F (U(x, t))] =

∫
F (u)

∂

∂t
p(u;x, t) du.

On the other hand
d

dt
E [F (U(x, t))] = E

[
∂

∂t
F (U(x, t))

]
(4.11)

together with utilizing the Navier-Stokes equations (2.13), we get(
∂

∂t
− ν∆x

)
F (U) = −∂ (U

iF (U))

∂xi
− ν

∂Fi(U)

∂xk
∂U i

∂xk
− Fi(U)

∂P

∂xi
.

Substituting this into (4.11), we obtain that

E
[
∂

∂t
F (U)

]
= ν∆xE [F (U)]− ∂

∂xi
E
[
U iF (U)

]
+ J1 + J2,
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where the first two terms are equivalent to

ν∆xE [F (U)] =

∫
R3

F (u)ν∆xp(u;x, t) du,

and

− ∂

∂xi
E
[
U iF (U)

]
=

∫
R3

F (u)

(
−ui ∂

∂xi
p(u;x, t)

)
du.

Subsequently, the remaining J1, J2 are of the form

J1 = −νE
[
∂Fi(U)

∂xk
∂U i

∂xk

]
, J2 = −E

[
Fi(U)

∂P

∂xi

]
.

The evaluation of J1 and J2 requires invoking the joint distribution at two points

together with taking limits. Here we depart from this approach by expressing this

term via the PDF, which allows us to perform similar computations for a general

case. The partial derivative ∂U i

∂xj may be written as a limit

U j(x, t)
∂

∂xj
U i(x, t) = lim

h→0

1

h
U j(x, t)

(
U i(x+ he(j), t)− U i(x, t)

)
.

Assuming that we are able to take the average under the limit i.e. the dominated

convergence theorem can be applied, we are able to write the non-linear term in terms

of

E
[
U j ∂U

i

∂xj

]
= lim

h→0

1

h
E
[
U j(x, t)

(
U i(x+ he(j), t)− U i(x, t)

)]
=: lim

h→0
Li(h).

The average appearing on the right-hand side, denoted by Li(h), may be evaluated

in terms of the two-point joint distribution

Li(h) =

∫
R3

∫
R3

ujui1p2(u, u1;x, x+ he(j), t) du1 du−
∫
ujuip(u;x, t) du

=

∫
ujp(u;x, t)

[∫
R3

ui1p2|1(u1;u, x, x+ he(j), t) du1

]
du

−
∫
R3

ujuip(u;x, t) du

=

∫
R3

ujp(u;x, t)

[∫
R3

(ui1 − ui)p2|1(u1;u, x, x+ he(j), t) du1

]
du

=

∫
R3

ujp(u;x, t)ρi(x, x+ he(j), u, t) du,

which follows that

∂

∂xj
E
[
U jU i

]
=

∫
R3

ujBi
j(x, u, t)p(u;x, t) du.
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Now we deal with J1. Writing the space derivatives ∂Fi(U)
∂xk

∂U i

∂xk as the following limits

lim
h→0

1

h2
(
Fi(U(x+ he(k), t))− Fi(U(x, t))

) (
U i(x+ he(k), t)− U i(x, t)

)
,

where e(1) = (1, 0, 0) and so on. Taking expectation first, we obtain that

J1 = −ν lim
h→0

1

h2

3∑
k=1

∫
R3

(Fi(u2)− Fi(u1))
(
ui2 − ui1

)
p2(u1, u2;x, x+ he(k), t) du1 du2

= ν

∫
R3

Fi(u) lim
h→0

I i,k(h)

h2
du,

where

I i,k(h) :=

∫
R3

(ui1 − ui)p2(u1;u, x, x+ he(k), t)du1

+

∫
R3

∫
R3

(ui1 − ui)p2(u;u1, x, x+ he(k), t)du1.

Using the conditional probability notation that we introduced, we may write this

as

I i,k(h) :=p(u;x+ he(k), t)

∫
R3

(ui1 − ui)p2|1(u1;u, x+ he(k), x, t) du1

+ p(u;x, t)

∫
R3

(ui1 − ui)p2|1(u1;u, x, x+ he(k), t) du1

=p(u;x+ he(k), t)
(
ρi(x+ he(k), x, u, t) + ρi(x, x+ he(k), u, t)

)
−
(
p(u;x+ he(k), t)− p(u;x, t)

)
ρi(x, x+ he(k), u, t).

The last equality is a result of applying (4.4), which converts integrals into conditional

average increments ρi. As a consequence of the regularity condition on the random

field, we make use of (4.5) to deduce

ρi(x+ he(k), x, u, t) + ρi(x, x+ he(k), u, t)

=

{
Bi

k(x, u, t)h+
1

2
Ai

kk(x, u, t)h
2 + o(h2)

}
+

{
−Bi

k(x+ he(k), u, t)h+
1

2
Ai

kk(x+ he(k), u, t)h2 + o(h2)

}
=
(
Bi

k(x, u, t)−Bi
k(x+ he(k), u, t)

)
h+

1

2

(
Ai

kk(x, u, t) + Ai
kk(x+ he(k), u, t)

)
h2

+ o(h2)

and therefore

lim
h→0

1

h2
I i,k(h) = −p ∂

∂xk
Bi

k + pAi − ∂p

∂xk
Bi

k
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= − ∂

∂xk
(pBi

k) + pAi.

We perform integration by parts to derive

J1 =

∫
R3

F (u)

[
− ∂

∂ui

(
ν

[
− ∂

∂xk
(pBi

k) + pAi

])]
du.

Next we handle J2. Applying the representation (2.15), we arrive at

∂P

∂xi
=

∫
R3

yi − xi

4π|y − x|3
∂2(U jUk)

∂yk∂yj
dy,

which implies

J2 = −E
[
Fi(U)

∫
R3

yi − xi

4π|y − x|3
∂2(U jUk)

∂yk∂yj
dy

]
.

Writing the derivative in terms of

∂2(U jUk)

∂yk∂yj
= lim

h→0

1

h2

{
U j(y + h(e(k) + e(j)), t)Uk(y + h(e(k) + e(j)), t)

− U j(y + he(k), t)Uk(y + he(k), t)

− U j(y + he(j), t)Uk(y + he(j), t) + U j(y, t)Uk(y, t)

}
and using the two-point PDF by integrating then taking limit as h→ 0, lead us to

J2 = −
∫
R3

Fi(u)

[∫
R3

yi − xi

4π|y − x|3
∂2

∂yk∂yj
J jk
2 dy

]
du,

where the integral J jk
2 has the following form

J jk
2 : =

∫
R3

uj1u
k
1p2(u, u1;x, y, t) du1

= p(u;x, t)

∫
R3

uj1u
k
1p2|1(u1;u, x, y, t) du1

= p(u;x, t)
(
σjk + bjbk

)
(x, y, u, t),

through using equations (4.1, 4.2). Therefore, substituting this into the equation for

J2 yields

J2 = −
∫
R3

Fi(u)p(u;x, t)

∫
R3

yi − xi

4π|y − x|3
∂2
(
σjk + bjbk

)
∂yk∂yj

dy du

=

∫
R3

F (u)
∂

∂ui
[
p(u;x, t)Qi(x, u, t)

]
du.

Putting all terms together, we deduce that∫
R3

F (u)

(
− ∂

∂ui

(
ν
∂ (pBi

k)

∂xk
(x, u, t)− νp(u;x, t)Ai(x, u, t) + p(u;x, t)Qi(x, u, t)

)
+(∂t + u · ∇x − ν∆x) p(u;x, t)) du = 0

for all such F ∈ D(R3). Therefore, we must have (4.8).
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We finish this section by adding several comments. The PDF PDE (4.8) may be

written as (
∂

∂t
+ ui

∂

∂xi
− ν∆x

)
p =

∂

∂ui

(
νBi

k

∂p

∂xk
+ pCi

)
, (4.12)

where for simplicity we introduce the following vector field

Ci = ν
∂Bi

k

∂xk
− νAi +Qi (4.13)

for i = 1, 2, 3. The equation (4.12) is a mixed type of parabolic and transport PDE.

The parabolic operator in variables (x, t)

∂

∂t
+ ui

∂

∂xi
− ν∆x

is independent of fluid flows, which is a significant feature.

Although the PDF PDE (4.12) appears to be linear in the PDF p(u;x, t), it is

much more complicated than it looks. In particular, the coefficients A,B and Q are

functionals of the conditional average and covariance functions, which are in general

not determined by the PDF p(u;x, t) alone. Therefore the PDF PDE (4.12) is not

a closed partial differential equation. The significance of the PDF PDE lies in the

fact that if the statistical characteristics ρ and σ are considered as given, which will

be the case for modelling turbulent flows, then the PDF PDE is a partial differential

equation of second order, though mixed type of parabolic and transport in general.

Nevertheless, the PDE (4.8) is a challenging obstacle even if A,B,Q are all con-

sidered as given. The function B can be understood as the mean velocity gradient at

(x, t) conditioning on the velocity vector at (x, t), which brings the mixed derivatives

∂ui∂xkp, while the corresponding diffusion matrix (Dij)1≤i,j≤6 collecting the second

order terms is of the form

Dij =


0 1 ≤ i, j ≤ 3,

νBi
j−3 1 ≤ i ≤ 3, 4 ≤ j ≤ 6,

νBj
i−3 1 ≤ j ≤ 3, 4 ≤ i ≤ 6,

ν1{j=k} 4 ≤ i, j ≤ 6,

if we consider (u, x) as a whole. The matrix Dij is not necessarily symmetric and

not non-negative definite even if it is symmetric. It poses a challenging mathematical

problem developing a theory of this kind of mixed type partial differential equations

to facilitate the modelling of turbulent flows based on the PDF PDE.
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4.3 Application to turbulent flows

As we have seen, our PDE (4.8) does not fit into any existing categories of PDE

theories. However, functionals A,B,Q will be derived, if the conditional statistics

can be obtained or estimated through practical experiments. Therefore, tracking the

PDF of the turbulent flow is equivalent to measuring or modelling the conditional

mean and conditional variance, followed by solving the PDF PDE (4.8) using some

numerical methods. This brings a new approach to the modelling of turbulent flows.

In this part, we establish some mathematical tools for the purpose of modelling

turbulence based on the PDF PDE.

For convenience, let us introduce the following technical assumptions on a function

f .

Assumption [A8]. For a function f(x, u, t) which is uniformly continuous in t, there

exist constants K1, K2 ≥ 0 such that

|f(x, u, t)− f(y, w, t)| ≤ K1(|x− y|+ |u− w|),

|f(x, u, t)| ≤ K2 (1 + |u|) ,

for all x, y, u, w ∈ R3 and t ≥ 0.

Assumption [A9]. The function f(u;x) with u ∈ R3 and x ∈ R3 is continuous and

has up to polynomial growth in (u, x).

4.3.1 Weakly homogeneous and weakly isotropic flows

When the viscous incompressible flow is weakly homogeneous, the mixed-derivative

term disappears and the PDF PDE is simplified to(
∂

∂t
+ ui

∂

∂xi
− ν∆x

)
p =

∂

∂ui
(
pCi
)
,

p(u;x, 0) = p0(u;x),

(4.14)

where C = Q − νA, A and Q are given by equations (4.9) and (4.10) respectively.

By the definition of B, a weakly homogeneous flow has the property that the velocity

gradient condition on the velocity vector at the same location is a centred random

vector. The weak homogeneity allows us to state the representation formula, which

provides a useful tool when we model weakly homogeneous turbulent flows.

Theorem 4.3.1. Given the explicit form of C, we suppose that C satisfies assumption

[A8] and p0(u;x) satisfies assumption [A9] respectively.
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1) Let p(u;x, t) be the solution to equation (4.14). Assuming p has up to polynomial

growth in (u, x) and p ∈ C1,2,1(R3 × R3 × [0, T ]) with some fixed T > 0, the

solution p is unique and possesses the following representation form

p(u;x, t) = E [p0(Y (t);X(t))q(t)] , (4.15)

where for any given t ∈ [0, T ] and (x, u), (X, Y, q) is the unique strong solution

to the system of SDEs

dX i(s) = −Y i(s) ds+
√
2ν dM i(s), X(0) = x,

dY i(s) = Ci(X(s), Y (s), t− s) ds, Y (0) = u,

and

dq(s) = q(s)
∂Ck

∂uk
(X(s), Y (s), t− s) ds, q(0) = 1,

for i = 1, 2, 3 and s ∈ [0, t], associated with M = (M1,M2,M3) being the

Brownian motion in R3 with M(0) = 0 defined on some probability space.

2) The equation (4.15) is the unique viscosity solution to the PDF PDE (4.14).

Proof. If C is Lipschitz, the previous system of SDEs for (X, Y ) has a unique solution

(X, Y ) and q is given via the exponential function. Notice (X, Y, q) depends on

(x, u) as well. Let θ(s) = (Y (s);X(s), t − s), η(s) = (X(s), Y (s), t − s) and denote

Z(s) = p(θ(s))q(s). According to Itô’s formula,

dZ(s) = q(s)
∂p

∂ui
(θ(s))dY i(s) + q(s)

∂p

∂xi
(θ(s))dX i(s) + q(s)ν∆xp(θ(s)) ds

− q(s)
∂p

∂s
(θ(s)) ds+ p(θ(s)) dq(s)

=

(
∂(pCi)

∂ui
(η(s))− p(θ(s))

∂Ci

∂ui
(η(s))− ∂p

∂xi
(θ(s))Y i(s)

+ν(∆xp)(θ(s))−
∂p

∂s
(θ(s))

)
q(s) ds+

√
2νq(s)

∂p

∂xi
(θ(s)) dM i(s)

=
√
2νq(s)

∂p

∂xi
(θ(s)) dM i(s),

it follows that (Z(s))s∈[0,t] is a local martingale

Z(s) = Z(0) +
√
2ν

∫ s

0

q(r)
∂p

∂xi
(θ(r)) dM i(r),

which associates with an increasing sequence of stopping times {τn}n≥0

τn = min {t, inf{s ≥ 0 : |(Y (s), X(s))− (u, x)| ≥ n}} .
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After taking expectations and utilising the continuity and growth condition of p, we

apply the dominated convergence theorem to obtain

p(u;x, t) = Z(0) = lim
n→∞

E [Z(τn)] = E [Z(t)] ,

which coincides with the representation formula.

Regarding the second part 2), we introduce functions Ci
ε(x, u, t) and p0,ε(u;x),

which are smooth functions (e.g. obtained from convolution with mollifiers) and

converge to C, p0 uniformly on compact sets. We further define the system of non-

degenerate SDEs on the time interval [0, t]

dX i
ε(s) = −Y i

ε (s) dt+
√
2ν dM i(s), Xε(0) = x,

dY i
ε (s) = Ci

ε(X
i
ε(s), Y

i
ε (s), t− s) ds+

√
ε dM i(s), Yε(0) = u,

and bounded process (qε(s))s∈[0,t]

dqε(s) = qε(s)
∂Ck

ε

∂uk
(X(s), Y (s), t− s) ds, qε(0) = 1.

Consider the following parabolic PDE(
∂

∂t
+ ui

∂

∂xi
− ν∆x − ε∆u

)
pε =

∂

∂ui
(
pεC

i
ε

)
,

pε(u;x, t) = p0,ε(u;x),

it admits a unique classical smooth solution pε with |pε|(u;x, t)| ≤ γ0 exp(γ1(|u|2+|x|2)
for some positive constants γ0, γ1 by [29, Chapter 1, Theorem 12]. Moreover, the

solution possesses the representation

pε(u;x, t) = E [p0,ε(Yε(t), Xε(t))qε(t)] ,

if we make use of 1). Applying Burkholder-Davis-Gundy and Gronwall inequalities

and routine arguments for stability of SDEs, we have

E
[
sup
0≤s≤t

|(Yε(s), Xε(s))− (Y (s), X(s))|2
]
→ 0

as ε → 0. Therefore, at least through a subsequence, (Yε(s), Xε(s)) → (Y (s), X(s))

almost surely, leading to

pε(u;x, t) = E [p0,ε(Yε(t), Xε(t))qε(t)] → E [p0(Y (t), X(t))q(t)] = p(u;x, t),

uniformly on compact sets. Therefore equation (4.15) is a viscosity solution by Propo-

sition 5.9 in [89], whereas the uniqueness follows from [48].
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The PDF PDE (4.14) boils down to a degenerate parabolic PDE after the weak

homogeneity has been applied. Apart from solving the PDE, the stochastic represen-

tation (4.15) offers a route to numerically solving the PDE. The PDE (4.14) has 6

dimensions in space and 1 dimension in time, which is a challenging task for classical

finite difference methods due to the size of grid in space. Instead, we can simulate

the solution based on Monte-Carlo methods directly.

Remark 4.1. Moreover, the stochastic representation formula can be extended to

non-weakly homogeneous turbulent flows. Indeed,

p(u;x, t) = E [p0(Y (t);X(t))q(t)] ,

is a solution to (4.8) subject to the system of SDEs

dY i(s) = Ci(X(s), Y (s), t− s) ds, Y (0) = u,

dX i(s) = −Y i(s) ds+
√
2ν dM i(s), X(0) = x,

with Ci = ν
∂Bi

k

∂xk − νAi + Qi for all i ∈ {1, 2, 3} if we impose the following condition

on p:

∂ui

(
Bi(x, u, t) · ∇xp(u;x, t)

)
= 0.

We are now in a position to verify the solution of our PDF PDE (4.14) is indeed

a PDF. That is, it must carry two properties, including positivity and the mass

preservation property. It turns out that under some technical assumptions, the mass

preservation property is equivalent to the divergence-free condition.

Lemma 4.3.2. Let C be a given function which satisfies assumption [A8], while

p0(u;x) satisfies assumption [A9]. Let p(u;x, t) be the solution to equation (4.14).

We have the following statements:

1) If p0 ≥ 0 then p(u;x, t) ≥ 0.

2) If we further assume there exists m ≥ 1 such that lim|u|→∞ p0(u;x)|u|m = 0

uniformly in x as |u| → ∞, then lim|u|→∞ p(u;x, t)|u|m = 0 uniformly in x.

Moreover, if m > q + 3 for some q ≥ 1, then
∫
R3 |u|qp(u;x, t) du <∞.

3) Suppose p0 also satisfy the conditions in 2) and
∫
R3 p0(u;x) du = 1, we have∫

R3 p(u;x, t) du = 1 for all x, t if and only if

∂

∂xi

∫
R3

uip(u;x, t) du = 0. (4.16)
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Proof. 1) follows directly from the stochastic representation formula (4.15). To

deal with 2), let Y (s;u) and X(s;u) denote the solutions to the SDEs in Theo-

rem 4.3.1, while we put u in the representation of X, Y to emphasize their depen-

dence on the initial data u. As a result of the Lipschitz condition, we deduce that

|C(X(s;u), Y (s;u), t− s) ·Y (s;u)| ≤ 1
2
K(1+ |Y (s;u)|2) for some K > 0. Introducing

scalar processes Z(s;u) := |Y (s;u)|2, α(s;u) and β(s;u):

dZ(s;u) = 2C(Y (s;u), X(s;u), t− s) · Y (s;u) ds,

dα(s;u) = −K(1 + α(s;u)) ds,

dβ(s;u) = K(1 + β(s;u)) ds,

with α(0;u) = β(0;u) = |Y (0;u)|2 = |u|2, Z(s;u) must satisfy the inequality α(s;u) ≤
Z(s;u) ≤ β(s;u), since we are able to make use of the comparison theorem (see for

example, [65]) and

−K(1 + Z(s;u)) ≤ 2C(Y (s;u), X(s;u), t− s) · Y (s;u) ≤ K(1 + Z(s;u))

for all Z(s;u) ≥ 0. Therefore

Z(s;u) ∈ [exp(−Ks)(|u|2 + 1)− 1, exp(Ks)(|u|2 + 1)− 1].

Applying the dominated convergence theorem, we get

lim
|u|→∞

|p(u;x, t)||u|m ≤ exp(Kt)E
[
lim

|u|→∞
|p0(Y (t;u);X(t, u))||u|m

]
= 0.

Recall that p0(u;x) has at most polynomial growth in (u, x), i.e. p0(u;x) ≤ L(|u|l +
|x|l) for some l, L ≥ 1. Denoting B(0, R) as the ball centred at the origin with radius

R > 0, the moment bound can be obtained by∫
R3

|u|qp(u;x, t) du ≤
∫
B(0,R)

|u|q exp (Kt)E
[
|Y (s;u)|l + |X(s;u)|l

]
du

+

∫
R3\B(0,R)

|u|mp(u;x, t) 1

|u|m−q
du

<∞,

where R is chosen large enough such that |u|mp(u;x, t) ≤ K1 for all |u| > R and some

constant K1 > 0.

In order to check 3), we consider f(x, t) :=
∫
R3 p(u;x, t) du. Integrating the PDF

PDE with respect to the variable u, we obtain that(
∂

∂t
− ν∆x

)
f(x, t) = − ∂

∂xi

∫
R3

uip(u;x, t) du+

∫
R3

∇u · (pC) du,
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f(x, 0) = 1.

Therefore, |pC| → 0 and the conclusion follows immediately.

Remark 4.2. There exists a (viscosity) solution to equation (4.14) when we assume

C is Lipschitz in (x, u) and uniformly continuous in t, but the fact that Ci is bounded

in x for all i ∈ {1, 2, 3} is crucial to part 2) of Lemma 4.3.2. Assuming Ci(y, x, t) =

2aiyi + bixi + ci(t) for some ai, bi ∈ R, (ai)2 > bi and bounded function ci, where no

Einstein’s convention is applied, the solution to the system of SDEs (Y i, X i)T is given

by  Y i(s)

X i(s)

 = exp
(
Lis
) ui

xi

+

∫ s

0

exp
(
Li(s− r)

) ci(r)

0

 dr

+

∫ s

0

exp
(
M i(s− r)

) 0
√
2ν

 dM i
r,

Li :=

 2ai bi

−1 0


The corresponding eigenvalues of Li are λ1,i = ai +

√
(ai)2 − bi and λ2,i = ai −√

(ai)2 − bi, which implies

exp
(
Lit
)
=

1

λ2,i − λ1,i

 −λ1,i exp(λ1,it) + λ2,i exp(λ2,it) bi (− exp(λ1,it) + exp(λ2,it))

exp(λ1,it)− exp(λ2,it) λ2,i exp(λ1,it)− λ1,i exp(λ2,it)


and Y i(s) is independent of ui provided s =

ln(λ2,i/λ1,i)

λ1,i−λ2,i
> 0. In particular, ai < 0 and

bi > 0 with (ai)2 > bi leads to s > 0, and therefore

p(u;x, t) = E [p0(Y (t);X(t))q(t)]

not necessarily vanishes at |u| → ∞ for all (x, t) if we only assume p0(u;x) → 0 as

|u| → ∞ i.e.
∫
R3 p(u;x, t) du = ∞ for some t > 0.

We introduce a sufficient condition for the mass-preservation property when Ci

satisfies the constraints in the following Lemma.

Lemma 4.3.3. Suppose C, p0 satisfy condition 2) in Lemma 4.3.2 with m ≥ 2 and

define {U(x, t)}x,t to be the corresponding random field such that U(x, t) has the PDF

p(u;x, t) for all (x, t). If equation (4.16) is satisfied, we have for all (x, t) ∈ R3×R+,

∇x · E [C(x, U(x, t), t)] = −∂xi∂xjE
[
U i(x, t)U j(x, t)

]
.
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Proof. We apply u · ∇x on both sides of the PDE (4.14) followed by integrating with

respect to u, resulting∫
R3

(u · ∇x) (∂t − ν∆x) p(u;x, t) du = (∂t − ν∆x)∇x ·
∫
R3

up(u;x, t) du = 0

as well as ∫
R3

(u · ∇x)u · ∇xp(u;x, t) du =

∫
R3

uiuj∂xi∂xjp(u;x, t) du

= ∂xi∂xjE
[
U i(x, t)U j(x, t)

]
.

Eventually, the right-hand side can be written in terms of∫
R3

(u · ∇x)∇u · (p(u;x, t)C(x, u, t)) du =

∫
R3

∂xi∇u ·
(
uip(u;x, t)C(x, u, t)

)
du

−
∫
R3

∇u · (p(u;x, t)C(x, u, t)) du

= −∇x · E [C(x, U(x, t), t)] ,

provided |p(u;x, t)C(x, u, t)ui| → 0 as |u| → ∞. This has been guaranteed by the

growth condition on Ci.

Remark 4.3. As we only used the growth condition of C and the fact that p(u;x, t)|u|m →
0 as |u| → ∞, Lemma 4.3.3 is also valid different types flows, other than weakly ho-

mogeneous flow or weakly isotropic flows.

If we further assume the incompressible viscous turbulent fluid flow is both weakly

homogeneous and weakly isotropic, the PDF PDE is a parabolic-transport equation(
∂

∂t
+ ui

∂

∂xi
− ν∆x

)
p =

∂

∂ui
(
pCi
)
, (4.17)

p(u;x, 0) = p0(u;x),

where C is essentially

Ci(x, u, t) = −νAi(u, t) +Qi(x, u, t)

= −νAi(u, t) +

∫
R3

yi

4π|y|
∂2
(
σjk + bjbk

)
∂yk∂yj

(y, u, t) dy

depending only on u and t but not on x.

Corollary 4.3.4. Let Ci(u, t) be Lipschitz continuous in u and uniformly continuous

in t, for all i ∈ {1, 2, 3}. For t > 0 and (x, u) ∈ R3×R3, (X, Y, q) denotes the unique

solution to the system of equations for all i ∈ {1, 2, 3} and s ∈ [0, t]:

dX i(s) = −Y i(s) ds+
√
2ν dM i

s, X(0) = x,
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dY i(s) = Ci(Y (s), t− s) ds, Y (0) = u,

and

dq(s) = −q(s)∂C
k

∂uk
(Y (s), t− s) ds, q(0) = 1.

Suppose p(u;x, t) is a C1,1,1(R3 × R3 × [0, T ]) solution to (4.17) then

p(u;x, t) = q(t)

∫
R3

H(x, t, z;u)p0(Y (t); z) dz,

where

H(x, t, y;u) =
1

(4πνt)3/2
exp

−

∣∣∣y − x+
∫ t

0
Y (s) du

∣∣∣2
4νt

 .

Therefore if p0(u;x) ≥ 0 for every x, then so is p(u;x, t) for any (x, t). If p0(u;x) is

a PDF for all x, then p(u;x, t) is again a PDF for all (x, t) if only if the following

constraint holds:
∂

∂xi

∫
R3

uip(u;x, t) du = 0.

Proof. By definition, Y and q are deterministic processes, while X is a 3-dimensional

Gaussian process such that for all E ∈ B(R3) and s ∈ [0, t],

P(Xs ∈ E) =

∫
E

H(x, s, z;u) dz.

As a result of Theorem 4.3.1,

p(u;x, t) = q(t)E [p(Y (t);X(t), 0)] = q(t)

∫
R3

H(x, t, z;u)p0(Y (t); z) dz.

The remaining part is a consequence of Lemma 4.3.2.

4.3.2 Inviscid flows

The modelling of inviscid incompressible flows is significantly simplified comparing to

modelling viscid flow, since the PDF PDE can be solved without imposing the weak

homogeneity or the weak isotropy conditions. As ν = 0, the velocity U(x, t) fulfils

the Euler equations, while the PDF PDE becomes the following transport equation

∂p

∂t
+ ui

∂p

∂xi
=

∂

∂ui
(
pQi
)
,

p(u;x, 0) = p0(u;x).
(4.18)
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Theorem 4.3.5. Suppose that Qi(x, u, t) satisfies assumption [A8], p0(u;x) satisfies

assumption [A9] and p ∈ C1,1,1(R3,R3, [0, T ]) for some fixed T > 0 is a solution to

the transport PDE (4.18), we have

p(u;x, t) = p0(Y (t);X(t))q(t) (4.19)

for every t > 0, x and u, where (X, Y, q) is the unique solution to the following system

of ODEs:

dX i(s) = −Y i(s) ds, X(0) = x,

dY i(s) = Qi(X(s), Y (s), t− s) ds, Y (0) = u

dq(s) = q(s)(∇u ·Q)(X(s), Y (s), t− s) ds, q(0) = 1.

(4.20)

for i = 1, 2, 3. Moreover, if p(u;x, 0) ≥ 0 for every x, then so is p(u;x, t) for any

(x, t). If p(u;x, 0) is a PDF for all x and p0(u;x)|u|m → 0 uniformly in x for some

m ≥ 1, then p(u;x, t) is again a PDF for all (x, t) if only if the the following constraint

is satisfied:
∂

∂xi

∫
R3

uip(u;x, t) du = 0.

Proof. The system of ODEs (4.20) has a unique solution pair (X, Y ) and

q(s) = exp

(∫ s

0

∂Qi

∂ui
(X(r), Y (r), t− r) dr

)
,

which is a bounded process by the Lipschitz assumption. Let θ(s) = (Y (s);X(s), t−
s), η(s) = (X(s), Y (s), t− s) and define

h(s) = p(θ(s))q(s),

then h(0) = p(u;x, t) and h(t) = p(Y (t);X(t), 0)q(t). Moreover for s ∈ [0, t], we have

h′(s) = q(s)

(
∂p

∂ui
(θ(s))

∂Y i

∂s
+
∂p

∂xi
(θ(s))

∂X i

∂s
− ∂p

∂s
(θ(s))

)
+ p(θ(s))

∂q

∂s

= q(s)

(
∂p

∂ui
(θ(s))Qi(η(s)) +

∂p

∂xi
(θ(s))Y i(s)− ∂p

∂s
(θ(s)) + p(θ(s))

∂Qi

∂ui
(η(s))

)
= 0,

hence h is constant on [0, t] and we make use of p(u;x, t) = h(t) to deduce (4.19).

Regarding the positivity and mass preservation properties, the proof is almost the

same as the proof of Lemma 4.3.2, except (4.20) is not stochastic: if p0 ≥ 0 then

p(u;x, t) ≥ 0 directly and

lim
|u|→∞

|p(u;x, t)||u|m ≤ sup
s∈[0,t]

|q(s)| lim
|u|→∞

|p0(Y (t;u);X(t;u))||u|m = 0.
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Let f(x, t) =
∫
R3 p(u;x, t) du. If p0 is a probability density, then f(x, 0) = 1 for all x.

By integrating the equation (4.18) with respect to u, we obtain

∂

∂t
f(x, t)− ∂

∂xi

∫
R3

uip(u;x, t) du = 0,

which leads us to the conclusion.

4.4 Modelling the PDF: a concrete example

On one hand, from the modelling point of view, only those solutions to the PDF PDE

which satisfy the natural mass conservation condition (4.16) can be used as models

of distributions of turbulent velocity fields. On the other hand, from view-point of

PDEs, the mass conservation property of solutions to the PDF PDE imposes a strong

constraint on its solutions. As a matter of fact, most solutions of PDF PDE with given

A,B,Q do not satisfy this constraint. In general, solutions to the PDF PDE do not

have an explicit expression, although our stochastic representations established in the

previous sections may be helpful in dealing with the mass conservation. Consequently,

it brings a next level of difficulty to verify the constraint (4.16). It turns out that

the natural condition that
∫
R3 p(u;x, t) du = 1 for a solution p(u;x, t) to the PDF

PDE, which is equivalent to the mass conservation, is a very strict constraint for

whatever the coefficients A,B and Q which may be modelled or measured. At least

our experience demonstrates that the explicit PDF solutions to the PDF PDE are

rare and difficult to find. In addition, we see that the PDF solution p(u;x, t) is not so

sensitive for the choices of A,B and Q, in the sense that different choices of A,B,Q

might leads to the same solution. Therefore the PDF PDE together with the mass

conservation constraint is very rigid, and hence is good for modelling the PDF of

turbulent flows. We hope to see further exploration in this direction in the future.

In this section, we study an explicit example to the PDF PDE, where the mixed-

derivative term vanishes in the PDE i.e. the turbulent flow is weakly homogeneous.

The example seems artificial, but as we have explained above, we believe that this

example has relevance to real turbulent flows.

4.4.1 Space homogeneous density with perturbation

For simplicity, the viscosity parameter in this example is set to be ν = 1. As the

solution to the PDE (4.14) is solely determined by the initial data p0(u;x) as well as

the function C(x, u, t), we consider the simplest scenario C = 0. Meanwhile, instead
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of setting up a common distribution such as Gaussian or exponential distribution for

the initial data, we introduce the following non-negative function: for every x ∈ R3,

let

p0(u;x) = α(u) + β(u)γ(x), (4.21)

where α(u) is a PDF given by

α(u) =
1

(
√
2π)3

√
detσ

exp

(
−1

2
uTσ−1u

)
with σij = (3

2
)i−2

1{i=j}, corresponding to the PDF of a centred Gaussian vector with

independent components. Here, β satisfies
∫
R3 β(u) du = 0, and is chosen to be the

product of reciprocals

β(u) =

{∏
i

1
ui , (u1, u2, u3) ∈ I,

0, otherwise,

and truncated if u is not in the region I, where I is defined as

I :=

([
1

4
, 1

]
∪
[
−1,−1

4

])
×
([

1

4
, 2

]
∪
[
−2,−1

4

])
×
([

2

7
, 3

]
∪
[
−3,−2

7

])
.

We further set the last function γ as

γ(x) =

{[
30(x1 − 1)

30 + 3(x2)2 + 2(x3)2
exp

(
−(x1)2

3
+

1

3
sin

(∑
i

xi

))
+

cos(x2 + x3)

(|x|2 + 1)

]

+2 exp

(
−|x|2

200

)}
1

36

1

(
√
2π)3

,

which vanishes at |x| → ∞. We select these functions so that the positivity and mass

preserving properties are fulfilled, and the initial velocity is a random field whose

marginal density at x is given by (4.21).

By the stochastic representation formula, the PDF of the random field at (x, t)

has the form

p(u;x, t) = α(u) + β(u)E
[
γ
(
x− ut+

√
2νMt

)]
. (4.22)

We focus on the PDF in the random field {U(x, t)}x,t at x = (0, 0, 0) and plot

the graph of p(u;x, t) against u at u3 = 0.3 for different time t. At t = 1
2
, p(u;x, t)

is discontinuous on the boundary of I as in Figure 4.1. If we compare the density

of p(u;x, 1
2
) and p(u;x, 0) by evaluating p(u;x, 1

2
)− p(u;x, 0), we can see the change

of density in the region I. Meanwhile, the discontinuity becomes less apparent on
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Figure 4.1: x = (0, 0, 0), t = 1
2

the plot when we increase the time to t = 40. From Figure 4.2, the PDF of U(x, t)

is close to the density of a Gaussian random variable with density function α, even

if the discontinuity still exists. This is due to the fact that γ vanishes at infinity

and E[γ(Xt)] → 0 as t → ∞. However, the impact of β does not disappear from

the velocity field. There is a strong discontinuity near (1
4
, 1
4
, 2
7
) on p(u;x, t) when

x = (12, 12, 12) and t = 40. The PDF at x = (12, 12, 12) is asymmetric and has a

different evolution than the density at the origin, which demonstrates that the impact

β gradually shifts from the origin to somewhere far away as time changes.

4.4.2 Motivation for the construction

The mass-preserving property of the PDE (4.14) corresponds to the divergence-free

condition (4.16), which is difficult to verify explicitly even when we have the stochastic

representation. Apart from describing the motivation for choosing α, β and γ, we

will demonstrate our solution to the PDF PDE (4.22) satisfies the divergence-free

constraint.

Assuming C = 0 does not imply that the turbulence flow associated to solution

p(u;x, t) is weakly isotropic. For example, we force the conditional average increment

to satisfy

ρi(x, y, u, t) = O(|y − x|3)

when |y−x| → 0 and to vanish sufficiently fast when |y| → ∞, which naturally leads

to Ai
jk = 0. In addition, we let

ρi(x, y + x, u, t) = ρi(x,−y + x, u, t)
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for all i. If the conditional variance is of the form σjk(x, y, u, t) = c +
∏

i fi,j,k(yi −
xi, t)λ(x, u, t), we conclude that

Qi(x, u, t) =
∑
j,k

∫
1

4π|y − x|3
∂

∂yi
∂2
(
σkl + bkbl

)
∂yk∂yl

dy

=
∑
j,k

∫
1

4π|y|3
∂3

∂yi∂yj∂yk

(∏
i

fi,j,k(yi)λ(x, u, t)

+
(
ρj(x, y + x, u, t)ρk(x, y + x, u, t)

) )
dy = 0,

provided that fi,j,k is an even function in z with fi,j,k(z, t) → 0 sufficiently fast as

z → 0 and z → ∞ for all t. In particular fi,j,k(z, t) = 1
8
z4 exp

(
− z2(1+t)

2

)
fits the

criterion that we required. A pair of the conditional statistics ρ, σ obeying the above

constraints is a reasonable choice leading to C = 0.

Figure 4.2: x = (0, 0, 0), t = 40

Regarding the initial data p0(u;x) of the form (4.21), there is no strong restriction

on α, hence α is allowed to be replaced by another PDF, which does not necessarily

correspond to a Gaussian vector. The crucial ingredients in p0(u;x) are β and γ,

which ensure the solution p(u;x, t) satisfy the mass conservation property. As a

consequence of the fact that C = 0, the right-hand side of equation (4.17) vanishes,

ending up an equation which depends solely on the derivatives of p with respect to

(t, x). Moreover, the relevant SDEs in the stochastic representation (4.15) have the

explicit form Yt = u and Xt = x− ut+
√
2νMt , while the divergence-free constraint

reads that

∇x ·
∫
R3

up(u;x, t) du = E
[∫

R3

u · ∇xp(u, x+
√
2νMt − ut, 0) du

]
= 0.
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for all x ∈ R3, t > 0. In particular, if∫
R3

u · ∇xp(u, x− ut, 0) du = 0 (4.23)

is ensured for all (x, t),
∫
R3 p(u;x, t) du = 1 is guaranteed.

When t > 0, the left-hand side of the equation (4.23) has the following form∫
R3

u · ∇xp(u;x− ut, 0) du =

∫
R3

u · ∇xγ(x− ut)β(u) du

= −1

t

∫
R3

u · ∇u(γ(x− ut))β(u) du

= −1

t

∫
R3

(
∇u · (uγ(x− ut)β(u))

−∇u · (uβ(u)) γ(x− ut)
)
du.

If γ and β decay sufficiently fast as |u| → ∞ for all x, the first term in the integrand

has zero contribution after integrating with respect to u. Apart from our consideration

on the mathematical side, our choice of γ guarantees the impact of β vanish as

|x| → ∞, but the speed of decay is slow enough such that the impact of β is still

observable when t is rather large. Last but not least, it must satisfy the following

constraint

||γ(x)||∞ ≤ sup
u∈R3

∣∣∣∣β(u)α(u)

∣∣∣∣.
We remark that under the current form of β, γ decays as |x| → 0 is not a necessity.

Figure 4.3: x = (12, 12, 12), t = 40

The remaining problem turns into finding the right β such that∫
R3

∇u · (uβ(u)) γ(x− ut) du = 0
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for all t > 0 and
∫
R3 uβ(u) du · ∇xγ(x) = 0, which ensure the initial data must also

satisfy the divergence-free condition (4.16). Our choice on β is motivated by the fact

that equation (4.23) is satisfied provided we impose the constraint ∇u · (uβ(u)) = 0

on β. β is truncated to this form, in order to guarantee the integrability as well as the

positivity of p0(u;x). Moreover, we can ensure
∫
R3 β(u) du = 0,

∫
R3 u

iβ(u) du = 0 and

∂ui(uiβ(u)) = ∂ui(ujuk)−1 = 0 for all i = 1, 2, 3 and i, j, k being distinct. Nevertheless,

the purpose of symmetry of the interval I and β is to simplify our example and β can

be asymmetrical.

The PDF (4.22) at (x, t) is discontinuous in the variable u, but it is still a strong

solution to the PDE, because the ∂uip disappears in the PDE (4.17) in this circum-

stance.

4.5 Concluding remarks

This Chapter derives a new PDE which describes the evolution of the one-time one-

point PDF of the velocity random field of a turbulent flow. The PDF PDE, which is

highly non-linear and is determined by two conditional statistics of a turbulent flow,

should be a useful tool in modelling distributions of turbulence velocity fields.

The modelling of viscous turbulence in various environments by solving numeri-

cally the PDF PDE (4.12) with measured data or based on the priori determination

of A,B and Q should be beneficial in understanding turbulent flows. To implement

good models of PDFs for turbulent flows, we need to numerically calculate solutions

of the PDF PDE, with fed data which determine the functions A, B and Q. The so-

lution has to satisfy the natural constraint, that the mass must be preserved through

out the evolution of the PDF. The conservation of the total mass of the solution is an

important topic itself and is worthy of further study. Finally, we would like to point

out that the coefficients A, B and Q defined in equation (4.10), which determine

the statistics of the turbulence at one-time one-point, must have significant physical

meaning in turbulence. These coefficients, which are considered as turbulent flow

parameters, should play their roles in further research.
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Chapter 5

On the transport equation for
probability density functions of
turbulent vorticity fields

5.1 Introduction

The vortex dynamics in turbulence have been studied long ago by many researchers

(see for example [14, 17, 64, 67, 83] and the literature therein). For incompressible

fluid flows, the Navier-Stokes equation is equivalent to the vorticity equation (see

(2.16)), and therefore it is natural to consider the vorticity W = ∇ ∧ U as the main

fluid dynamical variable in the study of turbulence [67]. There are good reasons why

we should concentrate on the vorticity. The velocity of a turbulent flow is unlikely

to be independent or possess Markov property (i.e. conditional independence) with

respect to the spatial variable, while the vorticity motions of many turbulent flows

that can be observed in nature (such as vortex lines, vortex rings) are close to being

conditionally independent. In fact there is good evidence, which is already applied in

vortex methods (see [17, 64] for a comprehensive account), demonstrating some sort

of superposition property of vorticity may be maintained, although not exactly due to

the highly non-linear and non-local nature of the fluid dynamics. These observations

are valuable in modeling turbulence via the vorticity, especially through the PDF

method based on the vorticity.

The main contribution of the present work is the partial differential equation of

the probability density function of the vorticity (wich will be called the PDF PDE,

or called the PDF equation for short) which will be derived in the main body of the

chapter. The PDF PDE we discovered is highly non-linear, and its most striking

aspect is that the PDF PDE for the vorticity depends only on one single first order
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statistical characteristic of the turbulent flow. More precisely, we identify the main

statistical characteristic for the PDF PDE, that is the conditional mean function of

the increment of the vorticity given the current vorticity:

µi(x, y, w, t) = E
[
W i(y, t)−W i(x, t)|W (x, t) = w

]
(5.1)

for i = 1, 2, 3, where x, y, w ∈ R3 and t ≥ 0. The PDF of the vorticity W is a

solution to the PDF PDE, which is a second-order partial differential equation where

coefficients appearing in the PDF PDE depend on µ only. Besides its theoretical

interest, this PDF PDE paves the way towards practical modeling of turbulent flows

based on the vorticity PDF.

The chapter, which is based on [58], is organized in the following way. In Section

5.2, several notions and notation together with several standard assumptions about

fluid dynamical random fields will be introduced, and the main result, namely the

PDF PDE for vorticity will be derived. In Sections 5.3 and 5.4, the theoretical foun-

dation, based on our PDF PDE for vorticity, will be laid for the purpose of modeling

various turbulence flows. In Section 5.5, we propose the most direct way of modeling

the PDF of the vorticity by specifying the conditional mean function µi. The PDF

PDE considered purely as a PDE theory is over-determined, due to its non-linearlity

in the sense that the coefficients appearing in the PDF PDE are not independent

of its solutions. Therefore care is needed to ensure that the additional constraint is

satisfied. In the last section, we propose the heat flow method to model statistical

quantities needed for closing the PDF PDE and obtain concrete PDF examples.

Conventions on notation. The following set of conventions are used throughout

this Chapter. We follow the notation (such as the Einstein convention) that is used

in Chapter 4. Moreover, the velocity vector field will be denoted by U . W = ∇ ∧ U
is its vorticity so that W i = εijk ∂

∂xjU
k, where εijk are the Levi-Civita symbols.

5.2 PDF equation for the vorticity

In this section we consider the vorticity W (x, t) of an incompressible fluid turbulent

flow as the main dynamical variable. Therefore for every pair (x, t), W (x, t) is a ran-

dom variable on some probability space. The goal is to derive an evolution equation

for the PDF of W (x, t).
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5.2.1 Prelims and assumptions

At each point x and instance t ≥ 0, W (x, t) is a random variable defined on a

probability space (Ω,F ,P), taking values in R3, and therefore its law (or called its

distribution) is a probability measure on (R3,B(R3)). In order to discuss the statistics

of the turbulent flow, certain assumptions must be imposed, which will be made

explicit in the following.

We assume that W (x, t) has a positive and smooth probability density function

(PDF), denoted by f(w;x, t), so that

P (W (x, t) ∈ A) =

∫
A

f(w, x, t) dw.

The joint distribution of W (x, t) and W (y, t) for any pair x ̸= y has a positive and

smooth PDF, denoted by f2(w1, w2;x, y, t). Let

f2|1(w;w1, x, y, t) =
f2(w1, w;x, y, t)

f(w1;x, t)

be the conditional PDF of W (y, t) given W (x, t) = w1, and

f2|1(w;w2, y, x, t) =
f2(w,w2;x, y, t)

f(w2; y, t)

is the conditional PDF of W (x, t) given W (y, t) = w2. Then we have the following

integration splitting equations:

f2(w1, w2;x, y, t) = f(w1;x, t)f2|1(w2;w1, x, y, t) = f(w2; y, t)f2|1(w1;w2, x, y, t).

This helps us to define the conditional mean function µi(x, y, w, t) is defined by

µi(x, y, w, t) = E
[
W i(y, t)−W i(x, t)|W (x, t) = w

]
=

∫
R3

(wi
1 − wi)f2|1(w1;w, x, y, t) dw1,

(5.2)

for i = 1, 2, 3, which will play an important role in the sequel.

Regarding the regularity of the conditional mean function µ, we assume the deriva-

tives of µ of any order exist and decay to zero sufficiently fast at infinity. Consequently,

µ has an asymptotic expansion

µi(x, y, w, t) = aik(x,w, t)(y
k−xk)+ bijk(x,w, t)(y

k−xk)(yj −xj)+ o
(
|y − x|2

)
(5.3)

as |y − x| → 0, where aik’s and bijk’s are continuous with respect to all of their

arguments. We denote bi =
∑3

k=1 b
i
kk for i = 1, 2, 3. By definition, we observe that

aik(x,w, t) = E
[
∂W i

∂xk
(x, t)

∣∣∣∣W (x, t) = w

]
=

∂

∂yk
µi(x, y, w, t)

∣∣∣∣
y=x

(5.4)
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which represents the local change rate of the vortex motion over the turbulent region,

whereas

bi(x,w, t) =
1

2
E
[
∆xW

i(x, t)|W (x, t) = w
]
=

1

2
∆yµ

i(x, y, w, t)
∣∣
y=x

. (5.5)

5.2.2 PDF equation and its derivation

In this section, we derive the main result of this chapter.

Theorem 5.2.1. Under the assumptions and notation established in subsection 5.2.1,

suppose the PDF f(w;x, t) of the vorticity is smooth in (w, x, t) and has finite mo-

ments, that is
∫
R3 |w|nf(w;x, t)dw <∞ for every n ≥ 1. Then f satisfies the follow-

ing partial differential equation:(
∂

∂t
+
∂Bi

∂xi
+Bi ∂

∂xi
− ν∆x

)
f = ν

∂

∂wi

(
∂

∂xk
(
faik
)
− 2bif

)
+

∂

∂wi

(
fDi

)
, (5.6)

where ∆x is the Laplacian with respect to the space variable x, ak and b are given as

in (5.4) and (5.5),

Bi(x,w, t) =

∫
R3

1

4π|y − x|
εijk

∂

∂yj
µk(x, y, w, t) dy, (5.7)

and

Di(x,w, t) = wl

∫
R3

yl − xl

4π|y − x|3
εijk

∂

∂yj
µk(x, y, w, t) dy. (5.8)

One direct consequence of the above theorem is the following result.

Corollary 5.2.2. Assume that the derivatives of aik, b
i, Bi and Di are continuous

and decay to zero sufficiently fast as |w| → ∞. Then

∂

∂xi

∫
R3

Bi(x,w, t)f(w;x, t) dw = 0 (5.9)

for all x ∈ R3, t > 0.

Proof. This follows easily by integrating (5.6) over R3 and the fact that∫
R3

f(w;x, t) dw = 1.

The PDF equation (5.6) can be regarded as the adjoint equation1 of the vorticity

equation (2.16) which is however non-linear, and therefore the PDF equation requires

a careful derivation which will be the subject of the remaining part of this section.

1This is the adjoint equation in the sense that there exist an “adjoint operator” L such that∫
R3 F (w)∂tf(w;x, t) dw =

∫
R3 F (w)(L f)(w;x, t) dw.
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Proof. (Proof of Theorem 5.2.1) Let F be a smooth function on R3 with a

compact support, and let us consider the quantity

∂

∂t
E [F (W (x, t))] .

On one hand we have

∂

∂t
E [F (W (x, t))] =

∂

∂t

∫
R3

F (w)f(w;x, t) dw

=

∫
R3

F (w)
∂

∂t
f(w;x, t) dw

and on the other hand

∂

∂t
E [F (W (x, t))] = E

[
∂

∂t
F (W (x, t))

]
.

Hence, we have ∫
R3

F (w)
∂

∂t
f(w;x, t) dw = E

[
∂

∂t
F (W (x, t))

]
.

We need to express the right-hand side expectation in terms of the PDF f(w;x, t)

together with the statistical numerical characteristics. This will be done by using the

equation

∂

∂t
F (W (x, t)) = ν∆xF (W )− ∂ (U iF (W ))

∂xi
+ Fj(W )W i∂U

j

∂xi
− ν

∂Fj(W )

∂xk
∂W j

∂xk
,

where, for simplicity, Fj denote the partial derivatives ∂F
∂xj of F , j = 1, 2, 3. This

equation follows directly from the vorticity equation. From this equation we obtain

that

E
[
∂

∂t
F (W (x, t))

]
= νE [∆xF (W )]− E

[
∂ (U iF (W ))

∂xi

]
+ E

[
Fj(W )W i∂U

j

∂xi

]
− E

[
ν
∂Fj(W )

∂xk
∂W j

∂xk

]
:= I1 + I2 + I3 + I4 (5.10)

Let us calculate Ii’s on the right-hand side of the equation (5.10). First, it is easy to

see that by definition

I1 = ν∆xE [F (W )] =

∫
R3

F (w)ν∆xf(w;x, t) dw.

For the second term in the sum, we recall (2.17) is equivalent to

U i(x, t) =

∫
R3

1

4π|y − x|
εijk

∂

∂yj
W k(y, t) dy,
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for i = 1, 2, 3. We thus obtain that

I2 = −E
[
∂(U iF (W ))

∂xi

]
= − ∂

∂xi
E
[
F (W )U i

]
= − ∂

∂xi
E
[
F (W )εijk

∫
R3

1

4π|y − x|
∂

∂yj
W k(y, t) dy

]
.

To work out I2, we rewrite the partial derivative as a limit:

∂

∂yj
W k(y, t) = lim

h→0

1

h

(
W k(y + he(j), t)−W k(y, t)

)
,

where e(j) represents the unit vector with j-th component equal to 1, and the other

two components equal to 0, e.g. e(1) = (1, 0, 0) and so on. Using the above limit

definition, the second term I2 turns into

I2 = − ∂

∂xi
lim
h→0

1

h
E
(
F (W )εijk

∫
R3

1

4π|y − x|
(
W k(y + he(j), t)−W k(y, t)

)
dy

)
.

Before taking the limit, the expectation part in this expression can be written in

terms of the two point joint distribution of the random field W as follows:∫
R3

F (w)

[∫
εijk

4π|y − x|

(∫
R3

wk
1

(
f2(w,w1;x, y + he(j), t)

−f2(w,w1;x, y, t)
)
dw1

)
dy
]
dw,

where the inner integral against the variable w1 equals

f(w;x, t)
(
µ(x, y + he(j), w, t)− µ(x, y, w, t)

)
.

After substituting this in and sending h→ 0, we obtain that

I2 =

∫
R3

F (w)

[
− ∂

∂xi

(
f(w;x, t)

∫
R3

εijk

4π|y − x|
∂

∂yj
µk(x, y, w, t) dy

)]
dw.

Next we deal with I3. Again, using (2.17), we may write

∂

∂xj
U i(x, t) =

∫
R3

yj − xj

4π|y − x|3
εilk

∂

∂yl
W k(y, t) dy,

and thus

I3 = E
[
Fi(W )W j ∂U

i

∂xj

]
= E

[
Fi(W )W j

∫
R3

yj − xj

4π|y − x|3
εilk

∂

∂yl
W k(y, t) dy

]
,

133



which can be evaluated by using the two-point joint PDF. Indeed, we may repeat the

same idea as in the computation of the second term I2, and this leads to

I3 =

∫
R3

F (w)
∂

∂wi

[
−f(w;x, t)εilkwj

∫
R3

yj − xj

4π|y − x|3
∂

∂yl
µk(x, y, w, t) dy

]
dw.

Similarly, for the last term I4, we write

I4 = −ν
3∑

k=1

E
[
∂Fi(W )

∂xk
∂W i

∂xk

]

= −ν
3∑

k=1

lim
h→0

1

h2
E
[(
Fi(W (x+ he(k), t))− Fi(W (x, t))

) (
W i(x+ he(k), t)−W i(x, t)

)]
= −ν

3∑
k=1

lim
h→0

1

h2

∫∫
R3×R3

(Fi(w2)− Fi(w1))
(
wi

2 − wi
1

)
f2(w1, w2, x, x+ he(k), t) dw1 dw2

= ν

∫
R3

Fi(w) lim
h→0

1

h2

3∑
k=1

{
f(w;x+ he(k), t)

∫
R3

(
wi

1 − wi
)
f2|1(w1;w, x+ he(k), x, t) dw1

+ f(w;x, t)

∫
R3

(
wi

1 − wi
)
f2|1(w1;w, x, x+ he(k), t) dw1

}
dw

= ν

∫
R3

Fi(w) lim
h→0

1

h2

3∑
k=1

{(
f(w;x+ he(k), t)− f(w;x, t)

)
µi(x+ he(k), x, w, t)

+ f(w;x, t)
(
µi(x, x+ he(k), w, t) + µi(x+ he(k), x, w, t)

)}
dw.

For convenience, let us denote the sum by Ih4 , i.e.

Ih4 :=
3∑

k=1

{(
f(w;x+ he(k), t)− f(w;x, t)

)
µi(x+ he(k), x, w, t)

+ f(w;x, t)
(
µi(x, x+ he(k), w, t) + µi(x+ he(k), x, w, t)

)}
.

Notice that Ih4 can be evaluated by using the regularity condition (5.3) when h is

sufficiently small, by which we mean that

µi(x, x+ he(k), w, t) = aik(x,w, t)h+ bikk(x,w, t)h
2 + o

(
h2
)

and

µi(x+ he(k), x, w, t) = −aik(x+ he(k), w, t)h+ bikk(x+ he(k), w, t)h2 + o
(
h2
)
.

Consequently, we have

µi(x, x+ he(k), w, t) + µi(x+ he(k), x, w, t)
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= −
(
aik(x+ he(k), w, t)− aik(x,w, t)

)
h

+
(
bikk(x,w, t) + bikk(x+ he(k), w, t)

)
h2 + o

(
h2
)
,

which yields that

lim
h→0

1

h2
Ih4 = − ∂

∂xk
(
faik
)
+ 2f

∑
k

bikk.

Then, we conclude that

I4 = −ν
∫
R3

Fi(w)

[
∂

∂xk
(
faik
)
− 2f

∑
k

bikk

]
dw

=

∫
R3

F (w)
∂

∂wi

[
ν
∂

∂xk
(
faik
)
− 2νf

∑
k

bikk

]
dw.

Putting all together the results we just derived for I1 to I4, we deduce the PDF

equation (5.6).

Remark 5.1. The partial differential equation (5.6) is in fact, although it appears

linear in the PDF f , highly non-linear, more importantly, the coefficients a, b, B and

D cannot be in general determined by f solely. We have seen that these functions are

functionals of the conditional mean function µ, hence the PDF f cannot be obtained

solely through the PDF equation. However, the PDF PDE provides an appealing and

new method for modeling the PDF f based on the modeling of µ only, we will provide

in this work several results on modeling the PDF f based on the PDF equation we

just derived.

Remark 5.2. By feeding in the data on the conditional mean function µ, which is

equivalent to that all coefficients are considered as given, we can pose the initial value

problem for solving the PDF PDE. The good news is that then the PDF PDE is a

scalar linear partial differential equation of second order, but it is, in general, a mixed

type of partial differential equations of second order on a 6 dimensional space, which

is a kind of mixture of parabolic and transport equations. To the best knowledge of

the authors of the present chapter, it seems that a theory for this kind of partial

differential equation is not yet available.

5.3 Inviscid flows

In this section we consider an ideal inviscid “turbulent” flow. Suppose {U(x, t)} is a

random field satisfying the technical assumptions listed in Section 5.2.1, and U(x, t)
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satisfies the Euler equation

∂

∂t
U i + U j ∂U

i

∂xj
= −∇xP,

and
∂U i

∂xi
= 0.

Let W = ∇∧ U . Then PDF f(w;x, t) now satisfies the (non-linear) transport differ-

ential equation
∂f

∂t
+

∂

∂xi
(
fBi

)
=

∂

∂wi

(
fDi

)
, (5.11)

where B and D are given as in (5.7) and (5.8) respectively.

The following theorem provides the necessary mathematical tool for modeling the

PDF of an inviscid turbulent flow.

Theorem 5.3.1. Consider PDE (5.11) where the data B and D are assumed as given.

Assume that B and D are Lipschitz continuous in (x,w) uniformly in t > 0. Suppose

f(w;x, t) is a solution to (5.11) with initial data f(w;x, 0) which is continuous, and

suppose fD decays to zero sufficiently fast as |w| → ∞. Then we have the following.

1) f(w;x, 0) ≥ 0 for all x ∈ R3, then f(w;x; t) ≥ 0 for all x ∈ R3 and t > 0.

2) Suppose
∫
R3 f(w;x, 0) dw = 1 for all x ∈ R3, then∫

R3

f(w;x, t) dw = 1

for all x ∈ R3 and t > 0, if and only if

∂

∂xi

∫
R3

Bi(x,w, t)f(w;x, t) dw = 0 (5.12)

for all x ∈ R3 and t > 0.

Proof. Let us define the integral curves X and Y by the following ordinary differential

equation system:{
∂
∂s
X i(t, s) = −Bi(X(t, s), Y (t, s), t− s)), X(t, 0) = x,

∂
∂s
Y i(t, s) = Di(X(t, s), Y (t, s), t− s)), Y (t, 0) = w.

Consider the function defined by

h(s) = f(Y (t, s);X(t, s), t− s)eN(w;x,s)

for all s ∈ [0, t], where for convenience

N(w;x, s) :=

∫ s

0

(
∂Di

∂wi
− ∂Bi

∂xi

)
(Y (t, r);X(t, r), t− r) dr.
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Then h(0) = f(w;x, t) and

h(t) = f(Y (t, t);X(t, t), 0)eN(w;x,t).

It is clear that

∂

∂s
h(s) =eN

∂f

∂wi

∂

∂s
Y i(t, s) + eN

∂f

∂xi
∂

∂s
X i(t, s)

− eN
∂

∂t
f + eNf

∂Di

∂wi
− eNf

∂Bi

∂xi

=eN
{
∂(fDi)

∂wi
− ∂(Bif)

∂xi
− ∂

∂t
f

}
=0,

so by integrating the variable s over [0, t], we may conclude that

f(w;x, t) = f(Y (t, t);X(t, t), 0) exp

[∫ t

0

(
∂Di

∂wi
− ∂Bi

∂xi

)
(Y (t, s);X(t, s), t− s) dr

]
.

The conservation of positivity property 1) follows immediately from this represen-

tation. To show 2) we consider the function u(x, t) =
∫
R3 f(w;x, t) dw for x ∈ R3 and

t ≥ 0. If u(x, t) = 1 for all x and t > 0, then by integrating (5.11) over R3 we obtain

(5.12). Conversely, if (5.12) holds, by integrating (5.11) over R3 then

∂

∂t
u(x, t) = 0,

which yields that u(x, t) = 1.

5.4 Weakly homogeneous and weakly isotropic flows

As it has been pointed out in the section 2 and 3, the coefficients in the PDF PDE

are determined by the conditional mean function µ(x, y, w, t) defined in (5.1). The

significance of this statistical quantity of a turbulent flow has been demonstrated in

the derivation of the PDF PDE for vorticity. Due to its clear meaning, this statistical

characteristic can be used in the classification of turbulent flows. In section, we define

weak homogeneous and weak isotropic conditions, then study the PDF equation under

these assumptions.

The homogeneity and the isotropy can be defined in general for random fields

indexed by a space variable x ∈ Rd, which has been introduced into the study of

turbulence by G. I. Taylor. The local homogeneous and local isotropic flows were

introduced by Kolmogorov for formulating K41 theory (and its improved version

137



K61 theory). According to Kolmogorov [54, 53], a random field {Z(x, t)} is locally

homogeneous if the conditional distribution of Z(y, t) − Z(x, s) given Z(x, s) = z

is independent of (x, s, z) for any t ≥ s, and further it is locally isotropic if the

conditional distribution of Z(y, t) − Z(x, s) depends only on |y − x|. The usage of

conditional mean function makes it possible to generalize these concepts to their weak

versions.

We may simplify the PDF PDE for turbulent flows when the vorticity random

field W (x, t) is weakly homogeneous in the sense that for every pair (y, x) and t > 0,

the conditional mean of W i(y, t)−W i(x, t) given W (x, t) = w depends only on y−x,

w and t > 0 but independent of x, so that we may write

µi(x, y, w, t) = βi(y − x,w, t),

where βi(0, w, t) = 0. Then we can simplify expressions in equation (5.4) and (5.5),

and write that

aik(x,w, t) =
∂βi

∂xk
(0, w, t),

and

bi(x,w, t) = ∆xβ
i(0, w, t),

which are still denoted by aik(w, t) and b
i(w, t), though independent of x, and similarly

now we have

Bi(w, t) =

∫
R3

1

4π|y|
εijk

∂βk

∂yj
(y, w, t) dy,

and

Di(w, t) = wl

∫
R3

yl

4π|y|3
εijk

∂βk

∂yj
(y, w, t) dy,

which again, are functions of (w, t) only. Therefore the PDF PDE can be simplified

to be the following mixed type PDE(
∂

∂t
+Bi ∂

∂xi
− ν∆x

)
f = ν

∂

∂wi

(
aik
∂f

∂xk

)
+

∂

∂wi

(
fAi

)
,

where

Ai = Di − 2νbi,

with i = 1, 2, 3.

We say a random field {Z(x, t)} indexed by (x, t) is weakly isotropic, if

E [∇xZ(x, t)|Z(x, t) = w] = 0

holds for all x,w and t. By definition, a random field {Z(x, t)} is locally isotropic in

Kolmogorov’s sense, then it is weakly isotropic.
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If W is weakly homogeneous and weakly isotropic, then a = 0, B and A depend

on (w, t) only, so for this case, the PDF PDE becomes a parabolic-transport equation(
∂

∂t
+Bi ∂

∂xi
− ν∆x

)
f =

∂

∂wi

(
fAi

)
. (5.13)

After we have deduced the PDE (5.13), then there is no need to assume that B

and A are independent of x. Therefore we may consider the following PDE(
∂

∂t
+Bi ∂

∂xi
+
∂Bi

∂xi
− ν∆x

)
f =

∂

∂wi

(
fAi

)
. (5.14)

where both B and A are functions of three variables x, w and t.

The following theorem provides the foundation for modeling weakly isotropic tur-

bulent flows based on the vorticity PDF.

Theorem 5.4.1. Consider the parabolic-transport differential equation (5.14), where

A and B are considered as given. Assume that A(x,w, t) and B(x,w, t) are Lipschitz

continuous in the space variable (x,w) uniformly in t. Suppose f(w;x, t) is a solution

to (5.14) such that fA is continuous and decays to zero sufficiently fast as |w| → ∞.

Then the following holds:

1) If f(w;x, 0) ≥ 0 for all x and w, then f(w;x, t) ≥ 0 for all t ≥ 0, x and w.

2) If f(w;x, 0) is a PDF for every x, i.e. it is non-negative and
∫
R3 f(w;x, 0) dw =

1 for every x, then so are f(w;x, t) for all x and t > 0 if and only if

∂

∂xi

∫
R3

Bi(x,w, t)f(x;w, t) dw = 0 (5.15)

for all x and t > 0.

3) Suppose in addition B is independent of w and ∂Bi

∂xi = 0. Then if f(w;x, 0) is

a PDF for every x, f(w;x, t) is also a PDF for every x and for every t > 0.

The proof of this result, is rather similar to the proof of Theorem 5.3.1, so we only

provide an outline of its proof below.

Proof. Let (M i
t )t≥0, i = 1, 2, 3 be a standard Brownian motion on a probability space

(Ω,F ,P), and we assume that M i and M j are independent if i ̸= j. In this case for

every fixed t > 0 we run the following SDE system:{
dX i(t, s) =

√
2ν dM i

s −Bi(X(t, s), Y (t, s), t− s) ds, X(t, 0) = x,

dY i(t, s) = Ai(X(t, s), Y (t, s), t− s) ds, Y (t, 0) = w
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which has a unique solution running up to t. Apply Itô’s formula to

Hs = f(Y (t, s);X(t, s), t− s)eP (s),

where

P (s) =

∫ s

0

∂Ai

∂wi
(X(t, r), Y (t, r), t− r) dr.

Then

dHs = eP
{
∂f

∂wi
dY i

s +
∂f

∂xi
dX i

s + f
∂Ai

∂wi
− ∂f

∂s
ds+ ν∆xf ds

}
=

√
2νeP

∂f

∂xi
dM i

s

so that

H0 = Ht −
√
2νeP

∂f

∂xi
dM i

s.

By taking expectation, one may deduce that the solution can be expressed as

f(w;x, t) = E
[
f(Y (t, t);X(t, t), 0) exp

(∫ t

0

∂Ai

∂wi
(X(t, s), Y (t, s), t− s) ds

)]
.

Statements 1) - 3) can be easily shown using this expression, and the argument in

the proof of Theorem 5.3.1. If B is independent of w and divergence-free in x, then,

by integrating (5.13), (
∂

∂t
+Bi ∂

∂xi
− ν∆x

)
u(x, t) = 0,

where u(x, t) =
∫
R3 f(w;x, t) dw. Thus 3) follows from the uniqueness of the previous

parabolic equation.

5.5 Modeling the PDF of weakly isotropic flows

In this and the next sections, several simple models based on our PDF equation

for modeling vorticity distributions in turbulence are discussed. Clearly, the most

straightforward way for modeling the distribution of vorticity is to assign the condi-

tional mean function µ(x, y, w, t). The other parameters in the PDF PDE may be

determined accordingly.

For practical reasons which will be clarified in our computations below, the sim-

plest yet not trivial model for µ(x, y, w, t) should be a function of |y − x|2 only and

µ decays sufficiently fast at infinity. For such a model, the parameters Bi and Di

appearing in the PDF PDE (5.6) vanish identically. The other parameters aik and
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bijk are determined by the asymptotic condition as |y − x| → 0. For this reason, we

assign for all i ∈ {1, 2, 3},

µi(x, y, w, t) =

{
− C

6ν
|y − x|2, if |x− y| < δ,

h(|y − x|2), if |x− y| ≥ δ,
(5.16)

for some δ > 0, where h is a C1-function such that h and its derivative decay suf-

ficiently fast at infinity. C ≥ 0 is a model parameter which should reflect certain

physical properties of the underlying flows. The other parameters can be read out

from this model easily: aik = 0, bijk = −δjk C
6ν

and therefore bi = − C
2ν
. With this model

of µ, the PDF PDE is simplified to be the following parabolic-transport equation:(
∂

∂t
− ν∆x

)
f = C

∂f

∂wi
. (5.17)

The solution to (5.17) has a nice probabilistic representation which may be read

out from the proof of Theorem 5.4.1. In fact

f(w;x, t) = E [f(Y (t, t);X(t, t), 0)] (5.18)

where f(w;x, 0) is the PDF of the initial vorticity, and X and Y are solutions to the

SDE: {
dX i(t, s) =

√
2ν dM i

s, X(t, 0) = x,

dY i(t, s) = C ds, Y (t, 0) = w,

where M is a standard 3D Brownian motion. The solutions when s = t are given by

Y i(t, t) = wi + Ct

and

X(t, t) = x+
√
2νMt.

Substituting these into (5.18) we obtain

f(w;x, t) = E
[
f(w + Ct;x+

√
2νMt, 0)

]
= E

[
f(w + Ct;x+

√
2νtξ, 0)

]
, (5.19)

where ξ is a random vector with the standard 3D normal distributionN(0, I3). Clearly

the representation (5.19) may also be written in terms of Gaussian density

f(w;x, t) =
1

(4πνt)3/2

∫
R3

f (w + Ct, z, 0) e−
|z−x|2
4νt dz

=
1

(2π)3/2

∫
R3

f
(
w + Ct, x+

√
2νtz, 0

)
e−

|z|2
2 dz. (5.20)
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Both representations (5.19) and (5.20) may be used to evaluate f(w;x, t) by using

for example Monte-Carlo scheme by sampling Gaussian random variables.

The initial PDF f(w;x, 0) is determined by the initial vorticity distribution. For

a turbulent flow, the initial vorticity may be written as a sum:

W (x, 0) = ω0(x) + ε(x),

where ω0(x) is the initial mean vorticity at the location x, and ε(x) represents a small

random perturbation. It is reasonable, therefore, to assume that ε(x) has a normal

distribution N(0, σ(x)2), where the variance σ(x) may or may not depend on the

location x. However, if ε(x) is allowed to depend on the location x, then the noise

ε(x) has to satisfy the divergence-free condition as well2. It is reasonable to assume

that the initial vorticity mean ω0 is distributed in a small region of the space. In

particular ω0 decays to zero sufficiently fast near infinity. Under this assumption on

the initial vorticity,

f(w;x, 0) =
1

(2πσ(x)2)3/2
exp

[
−|w − ω0(x)|2

2σ(x)2

]
. (5.21)

By substituting this into the representation (5.19), we obtain

f(w;x, t) = E

 1(
2πσ

(
x+

√
2νtξ

)2)3/2 e−|w+Ct−ω0(x+
√

2νtξ)|2

2σ(x+
√
2νtξ)2

 . (5.22)

It is easy to see that f(w;x, t) is no longer Gaussian except for special cases which

we would like to discuss below.

If ω0 vanishes and if σ is a positive small constant, the initial distribution is

homogeneous and equation (5.22) leads to a simple expression

f(w;x, t) =
1

(2πσ2)3/2
exp

(
−|w + Ct|2

2σ2

)
,

which is independent of the location x and remains a Gaussian density. The inter-

esting feature about this model is that the variance stays as the constant σ2 but new

mean vorticity −Ct is created evenly after duration t. This is the case of a turbulence

with a small constant random perturbation. For turbulent flows observed in nature,

the initial vorticity mean ω0 does exist and does not vanish, and the random noise

2ωo(x) = E[W (x, 0)] is divergence-free, hence ε(x) = W (x, 0)− ω0(x) must be divergence free.
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ε(x), for simplicity, may be modeled by a Gaussian random variable independent of

x. Therefore when σ > 0 is a small constant, we have

f(w;x, t) =
1

(2πσ2)3/2
E
[
e−

|w+Ct−ω0(x+
√

2νtξ)|2

2σ2

]
, (5.23)

where ξ ∼ N(0, I3). For this case the mean vorticity ω(x, t) at (x, t) can be evaluated.

Indeed

ω(x, t) =

∫
R3

w

(2πσ2)3/2
E
[
e−

|w+Ct−ω0(x+
√

2νtξ)|2

2σ2

]
dw

= E

[∫
R3

w

(2πσ2)3/2
e−

|w+Ct−ω0(x+
√
2νtξ)|2

2σ2 dw

]
= E

[
ω0

(
x+

√
2νtξ

)]
− Ct,

and therefore

ωi(x, t) =

∫
R3

ωi
0(y)

(4πνt)3/2
e−

|y−x|2
4νt dy − Ct. (5.24)

This equality shows that the vorticity mean ω(x, t) under this simple model is in-

dependent of the noise parameter σ2, and ω(x, t) evolves according to the heat type

equation
∂

∂t
ω(x, t)− C = ν∆xω(x, t), ω(x, 0) = ω0(x),

which is a rather crude approximation to the mean vorticity equation.

5.6 Heat flow method

In this section we propose another model for the PDF of the vorticity, based on the

heat flow method, in which the conditional mean function µ is generated by a random

field R(x, τ). The random field R(x, τ) evolves according to the heat flow(
∂

∂τ
− ν∆x

)
Ri(x, τ) = 0, (5.25)

where R(x, τ) = (R1(x, τ), R2(x, τ), R3(x, τ)). The initial value R(x, 0) = ξ(x) =

(ξi(x)) is a centered Gaussian noise3 white in space in the sense that the co-variance

of ξi at two locations u and v in R3 is given by

E
[
ξi(u)ξi(v)

]
= δ(u− v). (5.26)

3We remark that equation (5.26) is a informal representation. For a proper definition of White
noise, see Hairer [36, Example 3.56] and Hairer [36, Section 3] on cylindrical Wiener processes.
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Also, we assume that ξi’s are i.i.d. random variables. For simplicity, we assume that

Ri is centered here, but our argument can definitely be generalized to the case when

it is non-centered.

The solution to equation (5.25) is given by

Ri(x, τ) =

∫
R3

1

(4πντ)
3
2

e−
|x−y|2
4ντ ξi(y) dy, (5.27)

so that R(x, τ) is a centered Gaussian random field with its co-variance

στ (x, y) =

∫
R3

∫
R3

1

(4πντ)3
e−

|x−u|2+|y−v|2
4ντ E

[
ξi(u)ξi(v)

]
du dv

=

∫
R3

∫
R3

1

(4πντ)3
e−

|x−u|2+|y−v|2
4ντ δ(u− v) du dv,

=e−
|x−y|2
8ντ

∫
R3

1

(4πντ)3
e−

|u− (x+y)
2 |2

2ντ du

=
1

8(2πντ)
3
2

e−
|x−y|2
8ντ .

It follows that the conditional distribution of R(y, τ) given R(x, τ) = w has a normal

distribution with mean e−
|x−y|2
8ντ w and co-variance matrix

1

8(2πντ)
3
2

(
1− e−

|x−y|2
4ντ

)
I3.

Therefore the conditional mean of R(y, τ)− R(x, τ) given R(x, τ) = w can be easily

found to be

−
(
1− e−

|x−y|2
8ντ

)
w,

which will be our µ(x, y, w, t) with τ = φ(t) is a reparametrization as part of the

model. For simplicity let us consider the power law model, that is,

τ = λ1(t+ λ2)
α, α > 0, (5.28)

where λ1 and λ2 are two positive numbers which then become our model parameters.

Since

µ(x, y, w, t) = −|x− y|2

8ντ
w + o(|x− y|2)w,

therefore aik = 0 and bijk = −δjk 1
8ντ
wi. In particular,

bi(w, t) = − 3wi

8νλ1(t+ λ2)α
(5.29)
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for i = 1, 2, 3. Since the conditional mean function µ depends only on |x− y|2 which

decays exponentially fast at infinity, therefore Bi = 0 and Di = 0, which implies that

Ai(w, t) =
3wi

4λ1(t+ λ2)α
. (5.30)

Thus the PDF PDE with these parameters is reduced to the simple parabolic-transport

equation (
∂

∂t
− ν∆x

)
f =

∂

∂wi

(
Aif

)
.

The divergence of A is given by

∂Ai

∂wi
(x,w, t) =

9

4λ1(t+ λ2)α
.

If α ̸= 1 but α > 0, by using the Feynman-Kac formula we have

f(w;x, t) = θ(α, t)3E [f(Y (t, t), X(t, t), 0)] , (5.31)

where we have introduced

θ(α, t) = exp

[
3
(
(t+ λ2)

1−α − λ1−α
2

)
4λ1(1− α)

]
(5.32)

for simplicity, and X and Y are solutions to the SDE{
dX i(t, s) =

√
2ν dM i

s, X(t, 0) = x,

dY i(t, s) = 3Y i(t,s)
4λ1(t−s+λ2)α

ds, Y (t, 0) = w.

If α = 1 then

f(w;x, t) = λ(t)3E [f(Y (t, t), X(t, t), 0)] , (5.33)

where

λ(t) =

(
t+ λ2
λ2

) 3
4λ1

. (5.34)

The previous SDEs have explicit solutions:

X(t, t) = x+
√
2νMt

and

Y (t, t) = wθ(α, t)

if α ̸= 1, and

Y (t, t) = λ(t)w
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if α = 1.

Therefore, if α > 0 and α ̸= 1, by plugging these explicit solutions X and Y into

(5.31) we have

f(w;x, t) = θ(α, t)3E
[
f
(
wθ(α, t), x+

√
2νMt, 0

)]
= θ(α, t)3E

[
f
(
wθ(α, t), x+

√
2νtξ, 0

)]
(5.35)

where ξ ∼ N(0, I3).

As in the previous section, the initial vorticity is assumed to be of the form

W (x, 0) = ω(x) + ε(x),

where ε(x) has a normal distribution N(0, σ2) and ω(x) is the mean vorticity at x, so

that

f(w;x, 0) =
1

(2πσ2)3/2
exp

[
−|w − ω(x)|2

2σ2

]
and therefore, according to (5.35),

f(w;x, t) = θ(α, t)3E

[
1(

2πσ(x+
√
2νtξ)2

)3/2 e−|wθ(α,t)−ω(x+
√
2νtξ)|2

2σ(x+
√
2νtξ)2

]
,

where ξ ∼ N(0, I3). Hence f(w;x, t) is no longer a Gaussian density unless σ(x) is

independent of x and ω = 0 identically.

Let us discuss a special case where ω = 0 identically and σ > 0 is constant. Then

f(w;x, t) =
θ(α, t)3

(2πσ2)3/2
exp

[
−|wθ(α, t)|2

2σ2

]
is a Gaussian density with mean 0 and variance ρ2I3, where

ρ2(x, t) =
1√
θ(α, t)

σ2. (5.36)

If σ > 0 is a constant and ω does not vanish identically, then f(w;x, t) is not

Gaussian, but has a nice representation:

f(w;x, t) =
θ(α, t)3

(2πσ2)3/2
E
[
e−

|wθ(α,t)−ω(x+
√
2νtξ)|2

2σ2

]
, (5.37)

where ξ ∼ N(0, I3), and θ(α, t) is defined by (5.32).

A similar discussion applies to the model where α = 1, which is certainly inter-

esting too. For this model the PDF f(w;x, t) is given by

f(w;x, t) = λ(t)3E
[
f
(
wλ(t), x+

√
2νtξ, 0

)]
(5.38)
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where ξ ∼ N(0, I3) and λ(t) is defined by (5.34).

Suppose again the initial vorticity

W (x, 0) = ω(x) + ε(x)

where ε(x) has a normal distribution N(0, σ2(x)) and ω(x) is the mean. Then

f(w;x, t) = E

[
λ(t)3(

2πσ(x+
√
2νtξ)2

)3/2 e−|wλ(t)−ω(x+
√
2νtξ)|2

2σ(x+
√
2νtξ)2

]
. (5.39)

which is not Gaussian except for the following special case.

If σ(x) = σ > 0 is a constant and ω(x) = 0, then

f(w;x, t) =
λ(t)3

(2πσ2)3/2
e−

|wλ(t)|2

2σ2

is Gaussian with mean zero and variance ρ2I3, where

ρ2(x, t) = σ2

(
λ2

t+ λ2

) 3
2λ1

.

The most interesting case for the purpose of modeling turbulent flows is the model

where σ > 0 is a small parameter and ω is not zero, so that

f(w;x, t) =
λ(t)3

(2πσ2)3/2
E
[
e−

|wλ(t)−ω(x+
√
2νtξ)|2

2σ2

]
where ξ ∼ N(0, I3). Although it is no longer Gaussian, some its features can be

extracted by doing Monto-Carlo simulations.

We may conclude that this model provides some nice features of the propagation

of the vorticity which may be helpful for the understanding of the energy dissipation

in turbulence, and we will explore this in the future work.
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Appendix A

Technical Proofs and Auxiliary
results

A.1 Proofs on conditional inequalities

Proof of Lemma 2.3.1. For any A ∈ G, we have

E [P (|X| ≥ a | G)1A] = E
[
1{|X|≥a}1A

]
≤
∫
Ω

|X|
a
1{|X|≥a}1A dP

≤ 1

a
E [|X|1A] =

1

a
E [E [|X| | G]1A] .

Proof of Lemma 2.3.2. Let τ := inf{n ∈ [m,N ] | Xn ≥ λ}, while τ = N if

Xn ≤ λ for all n and τ = m if Xm ≥ λ. Since τ is a bounded stopping time, we are

allowed to get

E [XN | Fm] ≥ E [Xτ | Fm] = E
[
Xτ1{X∗

m,N≥λ}

∣∣∣∣ Fm

]
+ E

[
Xτ1{X∗

m,N<λ}

∣∣∣∣ Fm

]
≥ λE

[
1{X∗

m,N≥λ}

∣∣∣∣ Fm

]
+ E

[
XN1{X∗

m,N<λ}

∣∣∣∣ Fm

]
,

where we applied optional stopping theorem and use the fact that Xτ = XN on the

set {X∗
m,N < λ}. The first inequality can be deduced by subtracting both sides by

E
[
XN1{X∗

m,N<λ} | Fm

]
, whereas the second inequality follows from basic properties

of the conditional expectation.

Proof of Lemma 2.3.3. As Xn is a either a martingale or positive submartingale,

|Xn|p is again a submartingale. By Lemma 2.3.2, we are able to bound the conditional

probability by

P
(
(X∗

m,N)
p ≥ λp | Fm

)
≤ λ−pE

[
|XN |p1{X∗

m,N≥λ} | Fm

]
≤ λ−pE [|XN |p | Fm] a.s..
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If we truncate X∗
m,N by X∗

m,N ∧ k for some positive k, we are able to bound the

conditional expectation of (X∗
m,N ∧ k)p by

E
[
(X∗

m,N ∧ k)p | Fm

]
= E

[∫ X∗
m,N∧k

0

pyp−1 dy

∣∣∣∣ Fm

]
=

∫ k

0

pyp−1E
[
1{X∗

m,N>y} | Fm

]
dy

= E
[∫ k

0

pyp−2|XN |1{X∗
m,N>y} dy

∣∣∣∣ Fm

]
= E

[
|XN |

p

p− 1
(X∗

m,N ∧ k)p−1

∣∣∣∣ Fm

]
=

p

p− 1
E [|XN |p | Fm]

1
p E
[
(X∗

m,N ∧ k)p
∣∣∣∣ Fm

] p−1
p

.

Hence, we obtain

E
[
(X∗

m,N ∧ k)p | Fm

]p ≤ ( p

p− 1

)p

E [|XN |p | Fm] ,

while we apply conditional Monotone convergence theorem to remove the truncation

k.

Proof of Theorem 2.3.4. Let D = Q ∩ [t, T ] where Q denotes the set of rational

numbers, such that D is countable. We can construct a sequences of sets (Dm)m≥2

with Dm = {sm0 , . . . , smm} such that t = sm0 ≤ · · · ≤ smm = T , D = ∪m≥2Dm and

Dm ↑ D. By the previous Lemma, we already seen that

λpP
(
sup
s∈Dm

|Xs| ≥ λ | Ft

)
≤
(

p

p− 1

)p

E [|XT |p | Ft] a.s.

Meanwhile, by conditional Montonotic convergerce theorem,

P
(
sup
s∈Dm

|Xs| ≥ λ | Ft

)
↑ P
(
sup
s∈D

|Xs| ≥ λ | Ft

)
a.s m→ ∞.

We observe that sups∈D |Xs| = sups∈[t,T ] |Xs|, as Xs has right continuous sample

paths.

The proof to part (ii) is very similar to above, as we are able to show

E
[
sup
s∈Dm

|Xs|p
∣∣∣∣ Fm

]
≤
(

p

p− 1

)p

E [|XN |p | Fm] a.s,

E
[
sup
s∈Dm

|Xs|p
∣∣∣∣ Fm

]
↑ E

[
sup
s∈D

|Xs|p
∣∣∣∣ Fm

]
a.s m→ ∞.
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Proof of Lemma 2.3.6. Consider stopping times τy = inf{s ≥ t | As > y} and

Sx = inf{s ≥ t | Xs > y}, while inf{∅} = ∞ by convention. By the continuity of A,

we first observe that the event {A∞ ≤ y} is equivalent to {τy = ∞}. Moreover, the

event has the inclusive relation {X∗
t,∞ > x,A∞ ≤ y} ⊂ {XSx ≥ x, (τy = ∞) ∩ (Sx <

∞)} ⊂ {XSx ≥ x, (τy ∧ Sx <∞)} ⊂ {Xτy∧Sx ≥ x}. As a consequence,

P(X∗
t,∞ > x,A∞ ≤ y | Ft) ≤ P(Xτy∧Sx ≥ x | Ft) ≤

1

x
E
[
Xτy∧Sx | Ft

]
,

if we apply Lemma 2.3.1. Up to replacing τy∧Sx by τy∧Su
x with u ≥ t and set u→ ∞,

we are able to extend the domination relation E
[
Xτy∧Sx∧u | Ft

]
≤ E

[
Aτy∧Sx∧u | Ft

]
to

E
[
Xτy∧Sx | Ft

]
≤ lim inf

u→∞
E
[
Xτy∧Sx∧u | Ft

]
,

E
[
Xτy∧Sx∧u | Ft

]
≤ lim

u→∞
E
[
Aτy∧Sx∧u | Ft

]
= E

[
Aτy∧Sx | Ft

]
,

if we apply the conditional Fatou’s lemma and conditional Monotonic convergence

theorem. Therefore,

P(X∗
t,∞ > x,A∞ ≤ y | Ft) ≤

E
[
Aτy∧Sx | Ft

]
x

=
E
[
Aτy ∧ ASx | Ft

]
x

≤ E [A∞ ∧ y | Ft]

x
.

Proof of Lemma 2.3.7. It is sufficient to focus on the case k ∈ (0, 1). Let f :

R+ → R+ be a continuous and increasing function with f(0) = 0. As {X∗
t,∞ > x} ⊂

({X∗
t,∞ > x,A∞ ≤ x} ∪ {A∞ > x}), we obtain

E[f(X∗
t,∞) | Ft] ≤

∫ ∞

0

P
(
X∗

t,∞ > x,A∞ ≤ x | Ft

)
+ P (A∞ > x | Ft) df(x)

≤
∫ ∞

0

1

x
E
[
A∞ ∧ x(1{A∞≤x} + 1{A∞>x}) | Ft

]
+ P (A∞ > x | Ft) df(x)

≤
∫ ∞

0

1

x
E
[
A∞(1{A∞≤x}) | Ft

]
+ 2P (A∞ > x | Ft) df(x)

≤ E
[∫ ∞

0

1

x
A∞(1{A∞≤x}) df(x)

∣∣∣∣ Ft

]
+ E

[∫ ∞

0

21{x<A∞} df(x)

∣∣∣∣ Ft

]
≤ E

[
A∞

∫ ∞

A∞

1

x
df(x)

∣∣∣∣ Ft

]
+ 2E [f(A∞) | Ft] ,

where we used Fubini theorem for conditional expectations as well as Lemma 2.3.6.

What remains is to take f(x) = xk, hence

E[(X∗
t,∞)k | Ft] ≤ E

[
A∞

∫ ∞

A∞

kxk−2 dx

∣∣∣∣ Ft

]
+ 2E

[
(A∞)k | Ft

]
,
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≤ E
[

k

1− k
(A∞)k

∣∣∣∣ Ft

]
+ 2E

[
(A∞)k | Ft

]
≤ 2− k

1− k
E
[
(A∞)k | Ft

]
.

A.2 Proofs on BSDEs and related numerics

Proof of Proposition 2.4.5. Let ∆Y = Y 1 − Y 2, ∆Z = Z1 − Z2. The difference

in Y satisfies the following BSDE

∆Yt = ∆ξ +

∫ T

t

∆f(s, Y 2
s , Z

2
s ) + f 1(s, Y 1

s , Z
1
s )− f 1(s, Y 2

s , Z
2
s ) ds −

∫ T

t

∆Zs · dBs

= ∆ξ +

∫ T

t

∆f(s, Y 2
s , Z

2
s ) + αs∆Ys + βs∆Zs ds −

∫ T

t

∆Zs · dBs,

αs =
f 1(s, Y 1

s , Z
1
s )− f 1(s, Y 2

s , Z
1
s )

∆Ys
1{∆Ys ̸=0},

βs =
f 1(s, Y 2

s , Z
1
s )− f 1(s, Y 2

s , Z
2
s )

|∆Zs|2
∆Zs1{∆Zs ̸=0}.

The assumption on f provides bounds on αs and βs:

|αs| ≤ Lf , |βs| ≤ Kf (1 + |Z1
s |+ |Z2

s |),

hence Γt := exp(
∫ t

0
αs ds) lies in region [exp(−LfT ), exp(LfT )] and

∫ ·
0
βs · dBs is also

a BMO martingale. Applying Itô’s formula on Γt∆Yt yields

Γt∆Yt = ΓT∆ξ +

∫ T

t

Γs∆f(s, Y
2
s , Z

2
s ) ds−

∫ T

t

Γs∆Zs · dBQ
s , (A.1)

where dBQ
s = dBs − βs and measure Q is characterized by the Radon-Nikodym

derivative ηt :=
dQ
dP |Ft = E(

∫ t

0
βs · dBs). As

∫ ·
0
Γs∆Zs · dBQ

s is BMO under Q, we are

allowed to take the conditional expectation with respect to measure Q,

|Γt∆Yt| ≤ EQ
[
ΓT |∆ξ|+

∫ T

t

Γs|∆f(s, Y 2
s , Z

2
s )| ds

∣∣∣∣ Ft

]
,

followed by

|∆Yt| ≤ Cq exp(LfT )E

[
|∆ξ|q∗ +

(∫ T

t

|∆f(s, Y 2
s , Z

2
s )| ds

)q∗ ∣∣∣∣ Ft

] 1
q∗

,

where q is the coefficient appears in the reverse Hölder inequality and q∗ is the con-

jugate of q. For all p > 1, applying Doob’s maximum inequality yields,

E
[
sup

0≤t≤T
|∆Yt|p

]
≤ E

[
sup

0≤t≤T
|∆Yt|pq

∗
] 1̃

q∗
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≤ Cp,qE

[
|∆ξ|pq∗ +

(∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)pq∗
] 1

q∗

.

To establish a control on ∥∆Z∥Hp
T
, we rearrange the equation (A.1), raise both

sides to the power of p and set t = 0,

EQ

[(∫ T

0

Γ2
s|∆Zs|2 ds

) p
2

]
= CpEQ

[(∫ T

0

Γs∆Zs · dBQ
s

)p]
= CpEQ

[(
ΓT∆ξ +

∫ T

0

Γs∆f(s, Y
2
s , Z

2
s ) ds− Γ0∆Y0

)p]
where we used Burkholder-Davis-Gundy’s inequality. As an application of the bound

on Γt and Γ0Y0, we get

EQ

[(∫ T

0

|∆Zs|2 ds
) p

2

]

≤ CpEQ
[
|∆ξ|p +

(∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)p]
+ EQ

[
sup

0≤t≤T
|Yt|p

] 1
q∗

≤ Cp,qE

[(
|∆ξ|+

∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)pq∗
]
+ E

[
sup

0≤t≤T
|Yt|pq

∗
] 1

q∗

.

In the next stage, we estimate the following

∥∆Z∥pHp(P,Rd)
= EQ

[
E
(
−
∫ T

0

βs · dBQ
s )

)(∫ T

0

|∆Zs|2 ds
) p

2

]

= CqEQ

(∫ T

0

|∆Zs|2 ds
) pq∗

2

 1
q∗

≤ Cp,qE

[(
|∆ξ|+

∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)p(q∗)2
] 1

(q∗)2

.

Alternatively, ∥∆Z∥H2p(Rd) might be controlled by applying Itô’s formula on ∆Y 2
0

to derive

∆Y 2
0 = ∆ξ2 + 2

∫ T

0

∆Ys(∆f(s, Y
2
s , Z

2
s ) + αs∆Ys + βs∆Zs) ds

− 2

∫ T

0

∆Ys∆Zs · dBs −
∫ T

0

|∆Zs|2 ds.

By the assumption on the driver, we are allowed to control the following term∫ T

0

∆Ys (αs∆Ys + βs ·∆Zs) ds ≤
∫ T

0

Lf∆Y
2
s +Kf |∆Ys||βs||∆Zs| ds
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≤ sup
0≤s≤T

(∆Y 2
s )

(
LfT +

∫ T

0

K2
f (|∆Ys|2(1 + |Z1

s |+ |Z2
s |)2 ds

)
+

1

4

∫ T

0

|∆Zs|2 ds.

We rearrange the above equation and raise two sides by power p
2
to obtain

1

2
E

[(∫ T

0

|∆Zs|2 ds

) p
2

]
≤ Cp

(
E[|∆ξ|p] + E

[(∫ T

0

∆Ys(∆f(s, Y
2
s , Z

2
s )) ds

) p
2

]

+ E
[
sup

0≤s≤T
(∆Ys)

2LfT

]
+ E

[(∫ T

0

|∆Ys|2 |βs|2 ds

) p
2

]

+E
[
sup

0≤s≤T
(∆Ys)

2

]
+ E

[(∫ T

0

(∆Ys∆Zs)
2 ds

) p
2

])

≤ Cp

(
E[|∆ξ|p] + E

[
sup

0≤t≤T
|∆Ys|p +

(∫ T

0

∆f(s, Y 2
s , Z

2
s ) ds

) p
2

]
+ ∥Y ∥pSp(R)

+ E
[(∫ T

0

|βs|2 ds

)p] 1
2

E
[
sup

0≤s≤T
|∆Ys|2p

] 1
2

+E

[(∫ T

0

|∆Zs|2 ds

) p
2

] 1
2

E
[
sup

0≤s≤T
|∆Y p

s |
] 1

2


Subsequently, using ab < 1

λ
a2 + λb2 with λ = Cp

4
, we bound the LHS by

∥∆Z∥pHp(Rd)
≤ Cp

(
∥ξ∥pLp + E

[(∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)p]
+ |Y ∥pSp(R) + |Y ∥pS2p(R)

)

≤ Cp,q E

[
|∆ξ|2pq∗ +

(∫ T

0

|∆f(s, Y 2
s , Z

2
s )| ds

)2pq∗
] 1

2q∗

Finally, combining the estimation of ∆Y and ∆Z, we obtain the desired result.

Proof of Lemma 3.2.2. Set ∆Yt = Y 1 − Y 2, ∆ξ = ξ1 − ξ2 and define Γt =

exp(
∫ t

0
αs ds) where

αs =
f 1(s, Y 1

s , Z
1
s )− f 1(s, Y 2

s , Z
1
s )

∆Ys
1{∆Ys ̸=0},

βs =
f 1(s, Y 2

s , Z
1
s )− f 1(s, Y 2

s , Z
2
s )

|∆Zs|2
∆Zs1{∆Zs ̸=0}.

As a consequence of equation (A.1), we take conditional expectations on both sides

under measure Q to deduce

Γt∆Yt = EQ
[
ΓT∆ξ +

∫ T

t

Γs∆f(s, Y
2
s , Z

2
s ) ds

∣∣∣∣ Ft

]
≥ 0,
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where measure Q is characterised by the Radon-Nikodym derivative

∂Q
∂P

∣∣∣∣
Ft

= E
(∫ t

0

βs · · dBs

)
.

Proof of Lemma 3.2.9. The equality is a direct consequence of Tower property,

hence we focus on the inequality. Suppose
∑n

i=1 |bi| = 1, then |bi| ≤ 1 for all 1 ≤ i ≤ n

and |bi|p ≤ |bi| ≤ |bi|
1
p for any p ≥ 1.

n∑
i=1

|bi|p ≤
n∑

i=1

|bi| ≤
n∑

i=1

|bi|
1
p .

Substituting bi =
|ai|∑n
i=1 |ai|

≥ 0, we arrive at

∑n
i=1 |ai|p

(
∑n

i=1 |ai|)
p ≤ 1 ≤

∑n
i=1 |ai|

1
p

(
∑n

i=1 |ai|)
1
p

as we requested.

Proof of Lemma 3.2.11. By Lemma 2.3.16, it is suffice to derive a bound on the

following random variable,

E

[
N−1∑
j=k

|Z̄j|2hj
∣∣∣∣ Ftk

]
= E

[∫ T

tk

|Zs|2 ds
∣∣∣∣ Ftk

]
≤
∥∥∥∥∫ ·

0

Zs · dBs

∥∥∥∥
BMO2(Rd)

≤ C.

Proof of Proposition 3.2.12. We prove this this theorem in a similar approach

to the proof of Theorem 3.1.1 and 3.1.2.

Step 1. Assume the terminal condition is of same type with ξ in the condition

of Theorem 3.1.1. As χi ∈ [ϵ, 2 − ϵ] for all 0 ≤ i ≤ N − 1, we are allowed to replace

|Zs − Z̄(s)|2 by

|Zs − Z̄(s)|2 ≤ 2|Zs − Ztj |2 + 2

∣∣∣∣∣Ztj −
1

hj
E

[∫ tj+1

tj

Zn
u du

∣∣∣∣ Ftj

]∣∣∣∣∣
2

≤ 2|Zs − Ztj |2 +
2

hjϵ
EQN

[∫ tj+1

tj

∣∣Zn
u − Ztj

∣∣2 du

∣∣∣∣ Ftj

]
,
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since the integral within the conditional expectation is Ftj+1
-measurable. Jensen’s

inequality implies

I := E

[
sup

1≤i≤N−1
EQN

[
N−1∑
j=i

(∫ tj+1

tj

|Zt − Z̄(tj)|2 dt

)v ∣∣∣∣ Fti

]p ]
≤ C(ϵ, p, v)hp(v−1)F,

F := E

[
sup

1≤i≤N−1
EQN

[
N−1∑
j=i

∫ tj+1

tj

|Zt − Ztj |2v dt
∣∣∣∣ Fti

]p ]
.

(A.2)

It is suffice to assume the function g, the drift (y, z) 7→ f(t, y, z), the drift x 7→
b(t, x) and volatility term x 7→ σ(t, x) are all continuously differentiable. In the first

scenario, we assume π1 is a partition wider than (or equivalent to) π0. Without

loss of generality, we suppose ti = sli for some increasing sequence (li)
N
i=1. For any

t ∈ [sk, sk+1) ∈ [slj , slj+1
) = [tj, tj+1), we are able to deduce

Zt − Ztj =
(
∇kYt

)⊤
(∇xXt)

−1 σ (t,Xt)−
(
∇ljYslj

)⊤ (
∇xXslj

)−1

σ
(
slj , Xslj

)
= I1,j(t) + I2,j(t) + I3,j(t),

I1,j(t) :=
(
∇kYt

)⊤
(∇xXt)

−1 (σ (t,Xt)− σ
(
tj, Xtj

))
,

I2,j(t) :=
(
∇ljYt

)⊤ (
(∇xXt)

−1 −
(
∇xXtj

)−1
)
σ
(
tj, Xtj

)
,

I3,j(t) :=
(
∇kYt −∇ljYtj

)⊤ (∇xXtj

)−1
σ
(
tj, Xtj

)
.

Therefore, we have

F ≤ Cp,v (F1 + F2 + F3) ,

F1 = E

[
sup

1≤i≤N−1
EQN

[
N−1∑
j=i

∫ tj+1

tj

|I1,j(t)|2v dt
∣∣∣∣ Fti

]p ]
,

F2 = E

[
sup

1≤i≤N−1
EQN

[
N−1∑
j=i

∫ tj+1

tj

|I2,j(t)|2v dt
∣∣∣∣ Fti

]p ]
,

F3 = E

[
sup

1≤i≤N−1
EQN

[
N−1∑
j=i

∫ tj+1

tj

|I3,j(t)|2v dt
∣∣∣∣ Fti

]p ]
.

Denoting hj := tj+1−tj, we apply Hölder’s inequality to compute the contribution

of I1(t)

F1 ≤ Cp,qE

 sup
1≤i≤N−1

E

(N−1∑
j=0

∫ tj+1

tj

|I1,j(t)|2v dt

)q∗ ∣∣∣∣ Fti

2p 
1

2q∗
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≤ Cp,qE

(∫ T

0

N−1∑
j=0

|I1,j(t)|2v1[tj ,tj+1)(t) dt

)2pq∗
 1

2q∗

≤ Cp,q

(∫ T

0

E

[
N−1∑
j=0

|I1,j(t)|4vpq
∗
1[tj ,tj+1)(t)

]
dt

) 1
2q∗

≤ Cp,qh
vp,

where the last line has made use of step 2 in the proof of Theorem 3.1.1. The

contribution of I2,j(t) can be derived accordingly.

We consider a partition finer than π1, namely π2 : 0 = v0 < · · · < vρ̂1 <

· · · < vρ̂N = T and the corresponding function (j, k) 7→ ϕ(j, k) such that they

are defined using the same way as in step 4 of proof to Theorem 3.1.1. Denoting

Λt = (∇xXt)
−1σ(t,Xt) which is a Lv integrable random variable for all v > 0, we

recall the our notation in equation (3.17) and (3.18). The last component can be

regarded as

I3(i) := EQN

[
N−1∑
j=i

∫ tj+1

tj

|I3,j(t)|2v dt
∣∣∣∣ Fti

]

≤ EQN

[
N−1∑
j=i

EQN

[∫ tj+1

tj

|I3,j(t)|2v dt
∣∣∣∣ Ftj

] ∣∣∣∣ Fti

]

≤ (2− ϵ)EQN

N−1∑
j=i

lj+1−1∑
k=lj

∫ sk+1

sk

E
[
|∇kYt −∇ljYtj |2v | Ftj

]
dt
∣∣Λtj

∣∣2v ∣∣∣∣ Fti


≤ (2− ϵ)EQN

N−1∑
j=i

lj+1−1∑
k=lj

(sk+1 − sk)E
[
|∇kYt −∇ljYtj |2v | Ftj

] ∣∣Λtj

∣∣2v ∣∣∣∣ Fti


≤ (2− ϵ)EQN

[
γ−1∑
k=0

ρk

N−1∑
j=i

E

[
4∑

l=1

Al,j,k

∣∣∣∣ Ftj

] ∣∣Λtj

∣∣2v ∣∣∣∣ Fti

]
h

+ (2− ϵ)EQN

N−1∑
j=i

E

(∫ tj+1

tj

|β(u)|2 du

)2v

|Λtj |2v
∣∣∣∣ Ftj

 ∣∣∣∣ Fti

h
where we applied inequality (3.19) and Al,i are defined as

A1,j,k :=

∫ tj+1

tj

∣∣∣∣∣∣
r∑

i=ϕ(j,k)

ηi(u)

∣∣∣∣∣∣
2

du

2v

, A2,j,k :=

∫ tj+1

tj

∣∣∣∣∣∣
r∑

i=ϕ(j,k)

ηi(u)

2

du

∣∣∣∣∣∣
v

,

A3,j,k :=

∣∣∣∣(tj − tj+1)
r∑

i=ϕ(j,k)

yi(tj)

∣∣∣∣2v, A4,j,k :=

∣∣∣∣ ϕ(j,k)−1∑
i=lj

yi(tj)

∣∣∣∣2p.
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Consider the consequence of Hölder’s inequality(
γ−1∑
k=0

Mkρk

)p

≤

(
γ−1∑
k=0

(Mk)
p ρk

)(
γ−1∑
k=0

ρk

)p−1

which implies the following control on the I3 term

F3 = E
[

sup
0≤i≤N−1

I3(i)
p

]
≤ Cph

pE

[
sup

0≤i≤N−1
EQN

[
γ−1∑
k=0

ρk

N−1∑
j=i

EQN

[
1

ϵ

4∑
l=1

Al,j,k

∣∣∣∣ Ftj

]
Λ2v

tj

∣∣∣∣ Fti

]p ]

+ Cph
pE

 sup
0≤i≤N−1

EQN

N−1∑
j=i

EQN

1
ϵ

(∫ tj+1

tj

|β(u)|2 du

)2v

|Λtj |2v
∣∣∣∣ Ftj

 ∣∣∣∣ Fti

p 
≤ Cp,ϵh

p

4∑
l=1

E

[
sup

0≤i≤N−1
EQN

[
γ−1∑
k=0

ρk

(
N−1∑
j=i

Al,j,k

)
sup

0≤j≤N−1
|Λtj |2v

∣∣∣∣ Fti

]p ]

+ Cp,ϵh
pE

[
sup

0≤i≤N−1
EQN

[(∫ T

ti

|β(u)|2 du

)2v

sup
0≤j≤N−1

|Λtj |2v
∣∣∣∣ Fti

]p ]

≤ Cp,ϵh
p

4∑
l=1

E

 sup
0≤i≤N−1

E

(γ−1∑
k=0

ρk

(
N−1∑
j=0

Al,j,k

)
sup

0≤j≤N−1
|Λtj |2v

)q∗ ∣∣∣∣ Fti

2p 
1
2

+ Cp,ϵh
pE

[(∫ T

ti

|β(u)|2 du

)2vq∗

sup
0≤j≤N−1

|Λtj |2vq
∗2p

] 1
2

≤ Cp,ϵh
p

4∑
l=1

E

(γ−1∑
k=0

ρk

(
N−1∑
j=0

Al,j,k

)
sup

0≤j≤N−1
|Λtj |2v

)2pq∗
 1

2

+ Cp,ϵ,q,vh
p

≤ Cp,ϵh
p

4∑
l=1

E

γ−1∑
k=0

ρk

(
N−1∑
j=0

Al,j,k

)4pq∗
 1

4

E
[

sup
0≤j≤N−1

|Λtj |4vpq
∗
] 1

4

+ Cp,ϵ,q,vh
p

Within the proof of Theorem 3.1.1, the bound has already been established for

γ−1∑
k=0

ρkE

(N−1∑
j=0

Al,j,k

)4pq∗
 .

Hence we have shown that, if π1 is finer than π,

I ≤ C(ϵ, p, v)hp(v−1)(C(p, q)hvp + C(ϵ, p, q, v)hp) ≤ C(ϵ, p, q, v)hpv.
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The proof to the situation where π1 is wider than π, is very much similar to the proof

to the first case, hence we omit here.

Step 2. We briefly review the density argument. By step 6 within Theorem 3.1.1,

there exist Zϵ
t → Zt t × ω-a.s such that the argument within step 1 is applicable to

Zϵ. Inequality (3.20) showcases that it is sufficient to consider the differences term

E

[
sup

0≤i≤N−1
EQN

[
N−1∑
j=i

∫ tj+1

tj

|Zϵ
tj
− Ztj |2v + |Zϵ

t − Zt|2v dt
∣∣∣∣ Fti

]p ]

≤ E

 sup
0≤i≤N−1

E

(N−1∑
j=0

∫ tj+1

tj

|Zϵ
tj
− Ztj |2v + |Zϵ

t − Zt|2v dt

)q∗ ∣∣∣∣ Fti

2p 
1

2q∗

≤ N2pq∗−1h2pq
∗−1

N−1∑
j=0

E

[∫ tj+1

tj

|Zϵ
tj
− Ztj |4vpq

∗
+ |Zϵ

t − Zt|4vpq
∗
dt

] 1
2q∗

→ 0

as ϵ→ 0, by applying Dominated convergence theorem as well as Jensen’s inequality.

Apply a similar argument in the proof of Theorem 3.1.2, we obtain the inequality as

you required.

Proof of proposition 3.3.3. By construction, β̃π
j ≤ Kf (1 + |Z̃j| + |Zπ

j |), hence
∥Mt∥ ≤ C(1+∥Z̃(·)∥H2

BMO(Rd)+∥Zπ(·)∥H2
BMO(Rd)) for some C depending on Kf . Mean-

while, Mt is a discrete process, which suggests Mt =
∑

0≤s≤t(Ms − Ms−) and the

stochastic exponential is of the form

E(M)t = exp (Mt)
∏

0≤s≤t

((1 +Ms −Ms−) exp (−(Ms −Ms−))) = η̃π(t).

By construction, we conclude our result by Theorem 2.3.14.

Proof of Proposition 3.3.4. The proof has adopted the strategy of the proof of

[12, Proposition 2.12]. Writing Ỹi without the conditional expectation, we have

Ỹi = Ỹi+1 + hifi

(
ti,E

[
Ỹi+1

∣∣∣ Fti

]
, Z̃i

)
+ ζYi − hi

ci
(Z̃i)

⊤Hi − υ̃i.

υ̃i is an Fti+1
-measurable random variable such that E[υ̃i|Fti ] = 0, E[(υ̃i)2|Fti ] <∞

and E[υ̃iHi|Fti ] = 0. Together with equation (3.24), we deduce that

∆̃Y π
i := Y π

i − Ỹi = ∆̃Y π
i+1 + Ai −

hi
ci
∆̃Zπ

i ·Hi − ∆̃υi,

Ai := Fi

(
ti,E

[
Ỹi+1

∣∣∣ Fti

]
, Z̃i

)
hi − fi

(
ti,E

[
Y π
i+1

∣∣ Fti

]
, Zπ

i

)
hi

= hiα̃
π
jE
[
∆̃Y π

i+1

∣∣∣ Fti

]
+ hiβ̃

π
j ∆̃Z

π
i + ζYi ,
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where ∆̃υi := υ̃i − υi and α̃
π
i is the change in Y component of fi, associated with β̃π

i .

We get

(∆̃Y π
i+1)

2 = (∆̃Y π
i )

2 + 2∆̃Y π
i (∆̃Y

π
i+1 − ∆̃Y π

i ) + (∆̃Y π
i+1 − ∆̃Y π

i )
2

= (∆̃Y π
i )

2 + 2∆̃Y π
i

(
hi
ci
∆̃Zπ

i ·Hi + ∆̃υi − Ai

)
+

(
hi
ci
∆̃Zπ

i ·Hi

)2

+ (∆̃υi)
2

+ (Ai)
2 − 2Ai

hi
ci
∆̃Zπ

i ·Hi − 2Ai∆̃υi + 2
hi
ci
∆̃Zπ

i ·Hi∆̃υi

while taking the conditional expectation yields

E
[
(∆̃Y π

i+1)
2 | Fti

]
≥ E

[
(∆̃Y π

i )
2 + 2∆̃Y π

i (−Ai) +

(
hi
ci
∆̃Zπ

i ·Hi

)2 ∣∣∣∣ Fti

]
= (∆̃Y π

i )
2 − 2∆̃Y π

i

(
hiα̃

π
jE
[
∆̃Y π

i+1

∣∣∣ Fti

]
+ hiβ̃

π
j · ∆̃Zπ

i

)
− 2∆̃Y π

i (ζ
Y
i ) +

hi
ci

∣∣∣∆̃Zπ
i

∣∣∣2 .
Consider the inequality 2ab ≤ ca2 + c−1b2 for any positive c, the bound on ci yields

1

Λ

∣∣∣∆̃Zπ
i

∣∣∣2 hi ≤ E
[
(∆̃Y π

i+1)
2 | Fti

]
− (∆̃Y π

i )
2 + 2∆̃Y π

i (ζ
Y
i )

+ 2Lf∆̃Y
π
i E
[
∆̃Y π

i+1

∣∣∣ Fti

]
hi + Λhi

∣∣∣β̃π
j

∣∣∣2 (∆̃Y π
i )

2 +
1

2Λ

∣∣∣∆̃Zπ
i

∣∣∣2 hi,
followed by summing up all i and taking expectation

1

2Λ
E

[
N−1∑
i=0

(∆̃Zπ
i )

2hi

]
≤ E

[
(∆̃Y π

N )
2 − (∆̃Y π

0 )
2
]
+ 2LfTE

[
sup

0≤i≤N−1

∣∣∣∆̃Y π
i

∣∣∣2]

+ E

[
N−1∑
i=0

Λhi

∣∣∣β̃π
j

∣∣∣2 (∆̃Y π
i )

2

]
+ 2E

[
N−1∑
i=0

∆̃Y π
i ζ

Y
i

]

Due to the fact that |β̃π
j | ≤ Kf (1 + |Zπ

j |+ |Z̃j|), Nπ
t is a BMO martingale by Lemma

2.3.16 and Proposition 3.3.2. Finally, we apply conditional BDG to bound

E

[
N−1∑
i=0

hi

∣∣∣β̃π
j

∣∣∣2 (∆̃Y π
i )

2

]
≤ E

(N−1∑
i=0

hi

∣∣∣β̃π
j

∣∣∣2)2
 1

2

E
[

sup
0≤i≤N−1

(∆̃Y π
i )

4

] 1
2

≤ C4 ∥Nπ∥2BMO4(R) E
[

sup
0≤i≤N−1

(∆̃Y π
i )

4

] 1
2

with some constant C4 ≥ 0.
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Proof of Lemma 3.4.1. Suppose we are focusing on the SDE satisfying assump-

tion [A2] (iii). Let us introduce the Euler-Maruyama approximation XE,π and the

step process Xπ
t corresponding to a partition π : 0 = s0 < s1 < . . . , < sr = T , defined

as

XE,π(t) = x+

∫ t

0

b
(
π(u), XE,π

π(u) du
)
+

∫ t

0

σ
(
π(u), XE,π

π(u)

)
dBu

XE,π(t) = XE,π
π(t),

π(u) :=
r−1∑
i=0

ti1[ti,ti+1)(u) + 1{T}(u).

The estimation on the strong error of Euler-Maruyama scheme is well-known,

E
[
sup

0≤t≤T
|Xt −XE,π(t)|2p

]
≤ Cp(1 + |x|2p)hp,

which can be found in Kloeden and Platen [51, Proposition 10.2.2]. By following a

similar procedure to Zhang [90], we estimate the error of the step process

sup
0≤t≤T

E
[
|Xt −Xπ(t)|2p

]
≤ Cp sup

0≤i≤r−1
sup

ti≤t≤ti+1

E
[
|Xt −XE,π(t)|2p + |XE,π(ti)−XE,π(t)|2p

]
≤ Cp(1 + |x|2p)hp.

We observe that sup0≤s≤1 |Bs| = sup0≤s≤1 (B
+
s +B−

s ) ≤ sup0≤s≤1B
+
s + sup0≤s≤1B

−
s ,

where sup0≤s≤1B
+
s = sup0≤s≤1Bs has the same distribution as |B1| by the reflection

principle. Let us denote (Ni)i≥1 are standard i.i.d Normal random variables valued

in R, classical results on Ni indicate

E
[
|Ni|2p1{N2

i ≥a2}

]
≤ 2√

2π

(2p)!

2pp!

a2p − 1
a

a− 1
a

for all integers p ≥ 1, while it is valid to take a = h ln
(
1
h

)
in the following analysis.

If we swap the supremum and expectation, we obtain a similar sharp bound at a cost

of ln
(
1
h

)p
,

E
[
sup

0≤t≤T
|Xt −Xπ(t)|2p

]
≤ E

[
sup

0≤t≤T
|Xt −XE,π(ti)|2p + sup

0≤i≤r−1
sup

ti≤t≤ti+1

|b(ti, XE,π(ti))
2p|(hi)2p

+ sup
0≤i≤r−1

sup
ti≤t≤ti+1

|σ(ti, XE,π(ti))|2p|Bt −Bti |2p
]

≤ Cp(1 + |x|2p)

(
hp + E

[
sup

0≤i≤r−1
sup

ti≤t≤ti+1

|Bt −Bti)|4p
] 1

2

)
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≤ Cp(1 + |x|2p)

(
hp + E

[
sup

0≤i≤r−1
h2pi |Ni|4p

] 1
2

)

≤ Cp(1 + |x|2p)
(
h ln

(
1

h

))p

.

Notice that for the last inequality holds for all p ≥ 1, as we can raise p-norm to

⌈p⌉-norm, as we required.

Proof of Proposition 3.4.2. By Proposition 2.4.5, it remains to estimate

E

[(∫ T

0

|f(s, Y n
s , Z

n
s )− f (n)(s, Y n

s , Z
n
s )| ds

)pq̈
] 1

q̈

≤ E

[(∫ T

0

Kf (1 + |Zn
s |+ |ϕn(Z

n
s )|)|Zn

s |1{|Zn
s |>n} ds

)pq̈
] 1

q̈

≤ E

[(∫ T

0

C(1 + |Zn
s |2p1) ds

)pq̈
] 1

p1q̈

E

[(∫ T

0

1{|Zn
s |>n} ds

)pq̈
] 1

p∗1 q̈

≤ CE

[(∫ T

0

C(1 + |Zn
s |2p1) ds

)pq̈
] 1

p1q̈
(∫ T

0

E
[
1{(

∫ T
0 |Zn

s |2 ds)k>(n2T )k}

]
ds

) 1
p∗1 q̈

,

where the above inequality holds for any k ≥ 0. Recall Lemma 2.3.11 and Markov

inequality, we are allowed to obtain

E
[
1{(

∫ T
0 |Zn

s |2 ds)k>(n2T )k}

]
≤ 1

(n2T )k
Ck (C(Z

n, 2))k , C(Zn, 2) := ∥Zn
s ∥

2
H2

BMO(Rd)

By the arbitrary choice of k, we derive the following proposition. In fact, the error

decreases exponentially as

E
[
1{|Zn

s >n|}
]
≤ P

(
exp

(
1

2C(Zn, 2)

∫ T

0

|Zn
s |2 ds

)
≥ exp

(
n2T

2C(Zn, 2)

))
≤ E

[
exp

(
1

2C(Zn, 2)

∫ T

0

|Zn
s |2 ds

)]
exp

(
− n2T

2C(Zn, 2)

)
≤ 4

3
exp(−Cn2),

while Theorem 2.3.10 was applied to the last line.

Proof of Proposition 3.5.3. By plugging the expression of Xi and X̃i repeatedly,

we have

Xi − X̃i = Xi−1 − X̃i−1 + (b(ti−1,Xi−1)− b(ti−1, X̃i−1))hi
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+ (σ(ti−1,Xi−1)− σ(ti−1, X̃i−1))
√
hi−1γi−1 − ζi−1

= X0 − X̃0 +
i−1∑
j=0

(b(tj,Xj)− b(tj, X̃j))hj

+
i−1∑
j=0

(σ(tj,Xj)− σ(tj, X̃j))
√
hjE[γj]

+
i−1∑
j=0

(σ(tj,Xj)− σ(tj, X̃j))
√
hj(γj − E[γj])−

i−1∑
j=0

ζj.

Taking suitable norm followed by apply Jensen’s inequality yields

E
[
sup
0≤k≤i

|Xk − X̃k|2p
]
≤ Cp

E
[
|X0 − X̃0|2p

]
+ E

 sup
0≤k≤i

∣∣∣∣∣
i−1∑
j=0

ζj

∣∣∣∣∣
2p
+ I1 + I2 + I3


where I1, I2, I3 are defined as

I1 := E

 sup
0≤k≤i

∣∣∣∣∣
k−1∑
j=0

(σ(tj,Xj)− σ(tj, X̃j))
√
hjE[γj]

∣∣∣∣∣
2p
 ,

I2 := E

 sup
0≤k≤i

∣∣∣∣∣
k−1∑
j=0

(b(tj,Xj)− b(tj, X̃j))hj

∣∣∣∣∣
2p
 ,

I3 := E

 sup
0≤k≤i

∣∣∣∣∣
k−1∑
j=0

(σ(tj,Xj)− σ(tj, X̃j))
√
hj(γj − E[γj])

∣∣∣∣∣
2p
 .

By the assumptions on σ, we bounded I1 using Hölder’s inequality

I1 ≤ E

( i−1∑
j=0

C1LX |Xj − X̃j|γ̂hi

)2p
 ≤ Cp,T γ̂

2pE

[
i−1∑
j=0

sup
0≤k≤j

|Xk − X̃k|2phi

]
,

whereas I2 can be bounded in a similar way. An application of BDG inequality for

càdlàg martingales implies

I3 ≤ CpE

[(
i−1∑
j=0

(Xj − X̃j)
2(γj − E[γj])2hj

)p]

≤ Cp,TE

[
i−1∑
j=0

|Xj − X̃j|2p(γj − E[γj])2phj

]
≤ Cp,TE

[
i−1∑
j=0

sup
0≤k≤j

|Xk − X̃k|2phj

]
.

Consequently,

E
[
sup
0≤k≤i

|Xk − X̃k|2p
]
≤ Cp

E
[
|X0 − X̃0|2p

]
+ E

( i−1∑
j=0

|ζj|

)2p

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+ Cp,T max(γ̂, 1)2p
i−1∑
j=0

E
[
sup

0≤k≤j
|Xk − X̃k|2p

]
hj

≤ Cp exp
(
Cp,T max(γ̂, 1)2p

)E
[
|X0 − X̃0|2p

]
+ E

( i−1∑
j=0

|ζj|

)2p
 .

Proof of Lemma 3.5.4. Define a function ϕE(b, σ, ti, hi, x, y) = x + b(ti, x)hi +

σ(ti, x)y. Beginning with replacing the Brownian increment ∆Bti by ∆B̂ti , we get a

new scheme

X
π,(1)
i+1 = ϕE(b, σ, ti, hi, X

π,(1)
i ,∆B̂ti) = ϕE(b, σ, ti, hi, X

π,(1)
i ,∆Bti) + ζ

X,(1)
i ,

X
π,(1)
0 = X0,

where ζ
X,(1)
i = σ

(
ti, X

π,(1)
i

)
(∆B̂ti −∆Bti). Meanwhile, we are allowed to write X̂π

i

as

X̂π
i+1 = ϕE(b, σ, ti, hi, X̂

π
i ,∆B̂ti) + ζ

π,(2)
i , X̂0 = X0,

ζ
π,(2)
i = ProjX0

(X
π,(2)
i+1 )−X

π,(2)
i+1 , X

π,(2)
i+1 := ϕE(b, σ, ti, hi, X̂

π
i ,∆B̂ti).

Since the error can be computed as

E
[
sup

0≤i≤N
|X̂π

i −Xπ
i |p
]

≤ Cp

(
E
[
sup

0≤i≤N
|Xπ,(1)

i −Xπ
i |p
]
+ E

[
sup

0≤i≤N
|X̂π

i −X
π,(1)
i |p

])
,

we apply Lemma 3.5.3, plug in the expression of ζ
X,(1)
i , together with BDG inequality

to get

E
[
sup
0≤j≤i

|Xπ,(1)
j −Xπ

j |p
]

≤ CpE

[(
i−1∑
j=0

∣∣∣σ (tj, Xπ,(1)
j

)(
(∆B̂tj −∆Btj − E[∆B̂tj ]) + E

[
∆B̂tj

])∣∣∣)p]

≤ CpE

( i−1∑
j=0

∣∣∣∣∣σ (tj, Xπ,(1)
j

)2 (∆B̂tj −∆Btj − E[∆B̂tj ])
2

hj
hj

∣∣∣∣∣
) p

2


+ Cp,dE

[(
i−1∑
j=0

∣∣∣∣∣σ (tj, Xπ,(1)
j

) E[∆B̂tj ]

hj
hj

∣∣∣∣∣
)p]
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≤ Cp,TE

 i−1∑
j=0

(
Cp + sup

0≤k≤j

∣∣Xπ
tk

∣∣p + sup
0≤k≤j

∣∣∣X̂π
k −Xπ

k

∣∣∣p) E
[
|∆Btj −∆B̂tj |p

]
(hj)p

hj


≤ Cp,T sup

0≤k≤i
h
− p

2
k M− p

d exp

(
Cp,T

i−1∑
k=0

h
− p

2
k M− p

dhk

)
where we also used Hölder’s inequality as well as the fact that∣∣∣E [∆B̂tj

]∣∣∣ ≤ E
[∣∣∣∆Btj −∆B̂tj

∣∣∣p] 1
p

.

Observing the perturbation is controlled by

ζ
π,(2)
i ≤ δ +

(X
π,(2)
i −X0)

r+1

κrδr
1{|Xπ,(2)

i −X0|>κδ}

for all r > 0, we directly get

E
[
sup

0≤i≤N
|X̂π

i −X
π,(1)
i |p

]
≤ Cp exp (Cd,p,T γ̃)

(
Npδp +NpE

[
sup

0≤i≤N

∣∣∣Xπ,(2)
i −X0

∣∣∣p(r+1)
]
(κδ)−rp

)
,

where γ̃ = max(sup0≤i≤N M
− 1

dh
− 1

2
i , 1). In order to control the error, it is sufficient

to prove the moments of sup0≤i≤N

∣∣∣X̂π
i

∣∣∣ are bounded by a value independent of N .

Consider X
π,(3)
i := X̂π

i −X0 which satisfies the numerical scheme

X
π,(3)
i+1 = Proj0

(
ϕE(b̂, σ̂, ti, hi, X

π,(3)
i ,∆B̂ti)

)
, X

π,(3)
0 = 0,

b̂(t, x) = b(t, x+X0), σ̂(t, x) = σ(t, x+X0).

By definition of projection, we define b̃(ti, x) = b̂(ti, x) +
√
dδ

2hi
and derive

|Xπ,(3)
i+1 |2 ≤

∣∣∣∣∣ϕE(b̃, σ̂, ti, hi, X
π,(3)
i ,∆b̃ti) +

√
d

2
δ

∣∣∣∣∣
2

≤
i∑

j=0

|b̃(tj, Xπ,(3)
j )hj|2 +

i∑
j=0

|σ̂(tj, Xπ,(3)
j )∆B̃tj |2 +

i∑
j=0

2X
π,(3)
j b̃(tj, X

π,(3)
j )hj

+
i∑

j=0

2X
π,(3)
j σ̂(tj, X

π,(3)
j )∆B̃tj +

i∑
j=0

2b̃(tj, X
π,(3)
j )hjσ̂(tj, X

π,(3)
j )∆B̃tj .

Following a similar approach as the proof of Proposition 3.5.3, we raise the power to
p
2
to have

E
[
sup
0≤j≤i

|Xπ,(3)
j |p

]
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≤ Cp,T

(
C + sup

0≤i≤N−1
(δh−1

i )
p
2 + sup

0≤i≤N−1
(E[∆B̂ti ]h

−1
i )

p
2 + sup

0≤i≤N−1
(δE[∆B̂ti ]h

−2
i )

p
2

)
×

N−1∑
j=0

E
[
sup
0≤i≤j

|Xπ,(3)
j |p

]
Cp

(
C + sup

0≤i≤N−1
(E[∆B̂ti ]h

−1
i )

p
2

)
hi.

What remains is to apply discrete Gronwall inequality.
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Appendix B

Supplement Material

B.1 Malliavin calculus and Watanabe theory

Proposition B.1.1 (Closability of D and δ). D : L2(Ω) → L2(Ω;H) and δ :

L2(Ω;H) → L2(Ω) are both closed operators.

Proof. Recall that an operator A : B1 → B2 where A is defined on B0 ⊆ B1 is closed

if given a sequence of {xn}n ∈ B0 such that

xn → x in B1, Axn → y in B2,

we must have x ∈ B0 and Ax = y. By the linearity of D and δ, it is sufficient to

consider a sequence xn → 0.

Given a sequence Xn → 0 in L2(Ω) with Xn ∈ S such that DXn → Y in L2(Ω;H),

we have, for any Z ∈ S and h ∈ H

E [Z⟨Y, h⟩H ] = lim
n→∞

E [Z⟨DXn, h⟩H ]

= lim
n→∞

E [XnZW (h)−Xn⟨DZ, h⟩H ] → 0,

if we apply integration by parts formula for smooth random variables together with

the dominated convergence theorem. Hence, Y = 0 by the arbitrariness of Z, h. The

similar strategy applies to δ(u): let un be a sequence of smooth random variables in

L2([0, T ] × Ω;Rd), such that un → 0 in L2([0, T ] × Ω;Rd) and δ(un) → Y ∈ L2(Ω).

By definition and repeatedly using the dominated convergence theorem (DCT), for

any F ∈ D1,2

E [Fδ(u)] = lim
n→∞

E [Fδ(un)] = lim
n→∞

E [⟨DF, un⟩H ] → 0,

which implies Y = 0.
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Proposition B.1.2 (Clark-Ocone, Proposition 1.3.14 in [69]). Assuming d = 1 such

that the filtration (Ft)t is generated by one-dimensional Brownian motion B. For all

F ∈ D1,2, we have

F = E[F ] +
∫ T

0

E[DtF | Ft] dBt.

Remark B.1. The Skorohod integral is linear

δ(c1u
1 + c2u

2) = c1δ(u
1) + c2δ(u

2),

but does not satisfy ∫ T

0

Xut δBt ̸= X

∫ T

0

ut δBt.

B.2 A note on energy inequalities

We review some classical results within potential theory, which can be found in Meyer

[66].

Definition B.2.1. A potential (Xt)t≥0 is a càdlàg positive supermartingale such that

lim
t→∞

E[Xt] = 0,

i.e. Xt → 0 a.s. and in the sense of L1.

By Doob-Meyer decomposition, we have a unique expression Xt =Mt −At where

Mt is a right-continuous martingale and At is a right-continuous increasing finite

variation process. If Xt is uniformly integrable, then At is integrable as E[Mt] and

E[Xt] are both bounded. As integrability of A is equivalent to the integrability of

A∞. Therefore M∞ exists and Mt is also a uniform integrable martingale. Writing

Xt = E[M∞|Ft] − At, we deduce that M∞ = A∞ by the fact that X∞ = 0. This

motivates us to define

Definition B.2.2. A potential (Xt)t≥0 is generated by a right-continuous increasing

and integrable process At if Xt = E[A∞ − At | Ft]. The generalised energy of such

potential X generated by A is, for some integer p > 1,

ep(X) :=
1

p!
E [(A∞)p] .

The classical definition for energy is the above equation but choosing p = 2. We

are now in a position to introduce the energy inequality.
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Theorem B.2.3. Given a potential X generated by a right-continuous increasing and

integrable process A, the generalised energy is bounded by, provided Xt ≤ c a.s,

ep(X) :=
1

p!
E [(A∞)p] ≤ cp.

Given Mt is a BMO martingale, an example of application is choosing At :=

sup0≤s≤t |Ms|, which leads to the John-Nirenberg inequality. Alternatively, setting

At := ⟨M⟩t yields Theorem 2.3.10.

B.3 Remarks on BTZ scheme for Lipschitz BSDEs

We aim to sketch the idea of deriving the BTZ scheme. Meanwhile, there are many

variants of the BTZ scheme (see for example, Lionnet et al. [60]). Suppose the ter-

minal condition ξ can be generated, for example, ξ = g((Xt)0≤t≤T ) where X satisfies

an SDE. Let π : 0 = t0 < t1 < · · · < tN = T be a partition with path (Bti)0≤i≤N , the

approximation of terminal condition is denoted by ξ̃π. As we are mainly interested

in the backward component Y and we observe that

Yti = Yti+1
+

∫ ti+1

ti

f(s, Ys, Zs) ds−
∫ ti+1

ti

Zs · dBs. (B.1)

A naive Euler discretisation of BSDE is, setting hi := ti+1 − ti

Y π
ti
= Y π

ti+1
+ f(ti, Y

π
ti
, Zπ

ti
)hi − Zπ

ti
(Bti+1

−Bti).

However, the pair (Y π, Zπ) is not necessarily adapted. To avoid this issue, we take the

conditional expectation to analyse Yti = E[Yti+1
+
∫ ti+1

ti
f(s, Ys, Zs) ds | Fti ], together

with approximating the integral by a θ1-scheme, similar to [92] to conclude:

Y π
ti
= E

[
Y π
ti+1

+ θ1f(ti, Y
π
ti
, Zπ

ti
)hi + (1− θ1)f(ti, Y

π
ti+1

, Zπ
ti+1

)hi | Fti+1

]
.

Therefore, θ1 = 1 keeps the implicit term f(ti, Y
π
ti
, Zπ

ti
), whereas θ1 = 0 keeps the

explicit term f(ti, Y
π
ti+1

, Zπ
ti+1

), which requires Zπ
N .

Regarding to estimating the Z component, we estimate the k-th component Zk

where k ∈ {1, . . . , d}. Multiplying the Brownian increment ∆Bk
ti
:= Bk

ti+1
− Bk

ti
on

both sides of equation (B.1) and taking conditional expectation yields

0 = E
[
Yti+1

∆Bk
ti
| Fti

]
+ E

[
∆Bk

ti

∫ ti+1

ti

f(s, Ys, Zs) ds

∣∣∣∣∣ Fti

]

− E

[
∆Bk

ti

∫ ti+1

ti

Zs · dBs

∣∣∣∣∣ Fti

]

168



= E
[
Yti+1

∆Bk
ti
| Fti

]
+ E

[∫ ti+1

ti

f(s, Ys, Zs)∆B
k
ti
ds

∣∣∣∣∣ Fti

]
− E

[∫ ti+1

ti

Zk
s ds

∣∣∣∣∣ Fti

]
.

After replacing the integral by θ2-approximation, we have

Zk
ti
≈ E

[
1

hi

∫ ti+1

ti

Zk
s ds

∣∣∣∣∣ Fti

]

≈ E
[
Yti+1

∆Bk
ti

hi

∣∣∣∣ Fti

]
+ E

[
f(ti+1, Yti+1

, Zti+1
)(1− θ2)∆B

k
ti

∣∣∣∣ Fti

]
.

To summarise, numerical scheme of BSDE of backward Euler type is

Y π
i = E

[
Y π
i+1 + θ1f(ti, Y

π
i , Z

π
i )hi + (1− θ1)f(ti, Y

π
i+1, Z

π
i )hi | Fti

]
,

Zπ,k
i = E

[(
Y π
i+1 + f(ti+1, Y

π
i+1, Z

π
i+1)(1− θ2)hi

) ∆Bk
ti

hi

∣∣∣∣ Fti

]
, k = 1, . . . , d;

Y π
N = ξ̃π, Zπ

N = (DT ξ)
π
1{θ2 ̸=1},

(B.2)

where the operator DT is relevant to the Malliavin derivative, as in Definition 2.2.2.

As a dynamic programming algorithm, the scheme is partially implicit in Y and

explicit in Z for any values of θ2. Selecting θ1 = 1 makes a implicit scheme (in Y ),

whereas taking θ1 = 0 imposes an explicit scheme.

This type of scheme appears in [60, 61], while some modification of such backward

Euler scheme exists. One can develop an explicit inner scheme:

Y π
i = E[Y π

i+1 | Fti ] + f
(
ti,E

[
Y π
i+1 | Fti

]
, Zπ

i

)
hi,

which avoids computing Zπ
N and can be found in Pagès and Sagna [71].

We add a remark on BTZ scheme on QBSDEs. The original BTZ scheme is

designed for Lipschitz BSDEs. An intuitive idea on numerically simulating QBSDEs

is to approximate the driver f by a Lipschiz version, followed by numerical simulation

based on the estimation of f . However, if we attempt to apply any previous methods

on Lipschitz approximation, we cannot control the rise of the Lipschiz constant Lf .

Hence the rate of convergence will be 1√
log(N)

if N is the number of timestep.

B.4 Utility pricing in incomplete market

We introduce briefly a problem which is specified by Henderson and Liang [40]. Con-

sider a world with three type different assets, including a tradable risk-free bond
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with zero interest rate, a tradable financial index Pt and a set of observable but non-

tradable asset S = (S1, . . . , Sd). For all i ∈ {1, . . . , d}, their dynamics are given

by

Pt = P0 +

∫ t

0

µP
s Ps ds+

∫ t

0

(
σP
s Ps

)
· dBs,

Si
t = S0 +

∫ t

0

µi
sSs ds+

∫ t

0

(
σi
sS

i
s

)
· dBs,

where µP
s , µ

i
s ∈ R and σi

s, σ
P
s ∈ Rd. We focusing on path-dependent contingent claims

written on non-tradable asset S, where the terminal payoff is given as Φ(S) with no

early exercise rights. The market in incomplete in the sense that this contingent claim

cannot be replicated by asset S and bond.

Setting the t ∈ [0, T ] as the starting time, the holder of the derivative has the initial

wealth Xt, while the value corresponding to λ-units of contingent claim with payoff

Φ(S) is given by V λ
t . The investor is not allowed to trade the claim before maturity,

but he/she is able to invest in the tradable index with price P and riskless bond freely.

Subject to purchasing V λ
t at time t, we denote (X (Xt−V λ

t )
s )s∈[t,T ] an Ft-adapted process

to indicate the wealth of process of the holder of the claim. Regarding the risk arising

from the contingent claim written on non-tradable assets, the holder will follow some

admissible strategy which allows him/her to partially hedge the risk. The investor

will choose the optimal strategy in the sense that he/she maximises the expected

utility of the terminal wealth under this strategy, hence we are looking for the pricing

formula and hedging strategy of the financial derivative in this circumstance.

In order to solve this problem, some assumptions on the asset and the payoff has

to be made on the price dynamics and utility function of the holder of the claim.

Assumption [A10]. Pt, St and Φ(S) satisfy

(i) The coefficients µP
s , µ

i
s and σi

s, σ
P
s are Ft-predictable processes which are uni-

formly bounded. Moreover, the volatility term σP
s is uniformly elliptic, which is

equivalently imposing ∥σP
s ∥ > ϵ for some ϵ > 0 independent of (s, ω);

(ii) The terminal payoff Φ(S) is a bounded and non-negative functional of S.

Assumption [A11]. The investor has an exponential utility function with parameter

γ > 0 with respect to the terminal wealth, where

UT (x) = − exp(−γx).
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The investor of the claim will choose an admissible strategy π to spend on risky

asset P , which is a process π ∈ Aad[0, T ] with

Aad[0, T ] :=
{
(πt)t∈[0,T ] Ft-predictable process, π : [0, T ]× Ω → R

∣∣ π ∈ H2
BMO(R),

∃K > ϵ > 0 such that ϵ ≤ E
[
exp

(
−γ
∫ T

τ

πs
Ps

dPs

)]
≤ K

}
.

As a result, the wealth process corresponds to a fixed admissible strategy π and

satisfies the following SDE:

X (Xt−V λ
t )

s (π) = Xt − V λ
t +

∫ s

t

πu
Pu

dPu

= Xt − V λ
t +

∫ s

t

πuµ
P
s ds+

∫ s

t

πu(σ
P
u Pu) · dBu.

As the total wealth of the holder of the claim at maturity is X (Xt−V λ
t )

T +Φ(S), optimal

admissible strategy subject to purchasing λ units of the claim at initial time t, π∗,λ,

is the one which maximises the expected terminal utility

ess sup
π∈Aad[t,T ]

EP
[
− exp

(
γX (Xt−V λ

t )
T + γΦ(S)

) ∣∣∣∣ Ft

]
.

Meanwhile, the investor may decide not to invest in the financial derivative, while

he/she will follow the optimal strategy, π∗,0 satisfying

ess sup
π∈Aad[t,T ]

EP
[
− exp

(
γX (Xt)

T

) ∣∣∣∣ Ft

]
.

By no-arbitrage condition, we realise V 0
t = 0, hence that not investing in the claim is

equivalent to taking λ = 0.

We are now in a position to state the definition for utility indifference price of

the financial derivative. Formally, it is treated as the price where the purchasing the

claim does not offer any expected utility at maturity than not investing in it.

Definition B.4.1. Given λ-units of contingent claim with payoff Φ(S) and investor’s

utility function of terminal wealth UT , its utility indifference price V λ
t is the solution

to

ess sup
π∈Aad[t,T ]

EP
[
UT

(
X (Xt−V λ

t )
T + Φ(S)

) ∣∣∣∣ Ft

]
= ess sup

π∈Aad[t,T ]

EP
[
UT

(
X (Xt)

T

) ∣∣∣∣ Ft

]
.

Moreover, we refer π∗,λ − π∗,0 to the hedging strategy corresponds to the λ-units of

claim with price V λ
t .
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Corresponding to this definition, Henderson and Liang [40] proposed that the

problem can be formulated in terms of BSDE, while the utility indifference price V λ
t

and hedging strategy π∗,λ − π∗,0 are associated to solution a to BSDE.

Theorem B.4.2. We impose assumption [A10] and [A11]. Consider (Y λ, Zλ) is

the pair which solves the quadratic BSDE

Y λ
t = λΦ(S) +

∫ T

0

θs ds+

∫ T

t

f(s, Zs) ds−
∫ T

t

(Zλ
s ) · dBs,

where the driver f(s, z) and θs is defined as

f(s, z) = −γ
2
∥z∥2 + γ

2∥σP
s ∥2

∣∣∣∣(σP
s ) · z −

µP
s

γ

∣∣∣∣2 − θs, θs =
|µP

s |2

2γ∥σP
s ∥2

. (B.3)

The utility difference price V λ
t is the difference to the solution of (B.3)

V λ
t = Y λ

t − Y 0
t ,

whereas the optimal admissible strategy for the investor who invest in λ-units of claim

and not purchasing the claim are

π∗,λ
t = −(σP

s ) · Zλ
s

∥σP
s ∥2

+
µP
s

γ∥σP
s ∥2

, π∗,0
t = −(σP

s ) · Z0
s

∥σP
s ∥2

+
|µP

s |2

γ∥σP
s ∥2

,

respectively. Consequently, the hedging strategy which corresponds to the λ-units of

claim has the value

π∗,λ
t − π∗,0

t = −(σP
s ) · (Zλ

s − Z0
s )

∥σP
s ∥2

B.5 Other useful results

Lemma B.5.1 (Discrete Gronwall, [42]). Let (xn)n≥0 and (yn)n≥0 be non-negative

sequences. Assuming there exist c > 0 such that

xn ≤ c+
∑

0≤i≤n−1

xiyi

for all n ≥ 0, then every xn satisfies

xn ≤ c

n−1∏
i=0

(1 + yn) ≤ c exp

(
n−1∑
i=0

yi

)
.
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