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I. THEORY

A. Spin-mediated nonlinear bosonic interactions

In this section, we discuss how we generate effective spin-
dependent nonlinear bosonic interactions by applying spin-
dependent interactions that are linear in the bosonic creation
â† and annihilation â operators. The theory was developed in
Ref. 37.
We use spin-dependent forces (SDFs) to generate the required
linear interactions. An SDF is described by

ĤSDF =
h̄Ωα

2
σ̂α(âe−i(∆t+φα )+ â†ei(∆t+φα )), (4)

where ∆ and φα are the detuning and phase of the SDF from
the harmonic oscillator with frequency ωosc, respectively. The
basis of the spin conditioning σ̂α is a Hermitian linear com-
bination of the Pauli spin-operators σ̂x,y,z. The strength of the
interaction, Ωα , is proportional to the Lamb-Dicke factor η .
This expression is in the interaction picture with respect to
the qubit frequency ωqubit, and the oscillator frequency ωosc,
where we apply the rotating wave approximation (RWA) with
respect to ωqubit and ωosc.
As discussed in the main text, the nonlinear interactions are
created by applying two SDFs simultaneously, but with differ-
ent detunings ∆ and m∆ and bases σ̂α and σ̂α ′ . The resulting
interaction is

Ĥ =
h̄Ωα

2
σ̂α(âe−i(∆ t+φα )+ â†ei(∆ t+φα ))

+
h̄Ωα ′

2
σ̂α ′(âe−i(m∆ t+φ

α ′ )+ â†ei(m∆ t+φ
α ′ )),

(5)

where we set φα = 0. To determine the dynamics of the two
SDFs, we consider the resulting unitary time propagator found
via the Magnus-expansion37,66,67

U(t) = T
(

e
−i
h̄

∫ t
0 Ĥ(t ′)dt ′

)
(6)

≃ exp
(−i

h̄

∫ t

0
dt1H1 (7)

− 1
2h̄2

∫ t

0

∫ t1

0
dt1dt2[H1,H2] (8)

+
i

6h̄3

∫ t

0

∫ t1

0

∫ t2

0
dt1dt2dt3 ([H1, [H2,H3]]+ [[H1,H2] ,H3])

(9)

+
1

12h̄4

∫ t

0

∫ t1

0

∫ t2

0

∫ t3

0
dt1dt2dt3dt4

([[[H1,H2] ,H3] ,H4]+ [H1, [[H2,H3] ,H4]]

+ [H1, [H2, [H3,H4]]]+ [H2, [H3, [H4,H1]]])
)
, (10)

where T denotes the time-ordering operator and Ĥk ≡ Ĥ(tk)
is the Hamiltonian describing the system at time tk. The ex-
pansion is truncated at the 4th-order as opposed to 3rd-order in
Ref. 37.
The first-order term in the Magnus expansion (Eq. (7)) leads
to periodic displacements (i.e. loops) of the oscillator in phase

space. For durations that are integer multiples of 2π/∆, the
oscillator state returns to its original position. The second
term gives rise to a geometric phase, which underlies the
effective spin-spin interactions34–36 in trapped ions where
the motion mediates the interaction. If σ̂α , σ̂α ′ commute, i.e.
[σ̂α , σ̂α ′ ] = 0, the second-order term (Eq. (8)) is only a scalar
corresponding to this geometric phase, causing all higher or-
ders to vanish. However, if the bases of the SDFs are chosen
such that [σ̂α , σ̂α ′ ] , 0, we obtain the sought-after nonlinear
interactions. In this case, the spin mediates the higher-order
bosonic interactions. By choosing the correct integer setting
for the detuning m, each term can be brought into resonance
separately, i.e., have the leading contribution to the dynamics.
This scheme can be applied to a single motional mode to pro-
duce, for example, generalised squeezing interactions or the
parity operator (i.e., the Hamiltonian is ∝ â†â). If, instead, we
apply each SDF to a separate motional mode, we realise multi-
mode couplings such as beam-splitter or two-mode squeezing.
Here, we focus on the generalised squeezing interactions as
described in Eq. (2). We experimentally demonstrate squeez-
ing (n = 2), trisqueezing (n = 3) and quadsqueezing (n = 4).
Squeezing originates from the second-order term (Eq. (8)) in
the Mangus expansion by setting m = −1, trisqueezing from
the third-order term (Eq. (9)) by setting m = −2, and quad-
squeezing from the fourth-order term (Eq. (10)) by setting
m =−3.
The squeezing and the quadsqueezing Hamiltonians are given
by

Ĥn
eff,even =

ih̄Ωn

2
σ̂β (−âne−iθ + â†neiθ ) (11)

with n = 2 and n = 4, respectively. The trisqueezing interac-
tion with n = 3 is

Ĥn
eff,odd =

h̄Ωn

2
σ̂β (â

ne−iθ + â†neiθ ). (12)

There is a π/2 phase difference in the motional phase (inter-
action axis) θ . These expressions are slightly different from
those in the main text, where we omitted the change in the
motional phase for simplicity in Eq. (2). Moreover, if we set
φα = 0 (as done in the experiment), it follows that θ = φα ′ .
The magnitudes of these interactions are given by

Ω2,3,4 =

{
Ωα ′Ωα

∆
,

Ωα ′Ω
2
α

2∆2 ,
Ωα ′Ω

3
α

8∆3

}
. (13)

The spin conditioning, which results from the nested commu-
tators relationships, is given by

σ̂β ∝

{
[σ̂α , σ̂α ′ ] if n mod 2 = 0
σ̂α ′ otherwise.

(14)

As introduced above, if the spin components of the SDFs
do not commute, the Magnus expansion in Eq. (6) has an
infinite number of terms. Thus, for certain resonance con-
ditions, the dynamics of the Hamiltonian in Eq. (5) corre-
sponds to that of the desired generalised squeezing Hamil-
tonian (Eq. (11), (12)) up to an error due to coherent spu-
rious terms. As detailed in the theoretical proposal, Ref. 37,
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FIG. S.1. Nonlinear interaction strength scaling comparison. We compare the method demonstrated in this work, with magnitude Ωn, to the
method of driving higher-order terms in the Lamb-Dicke expansion, with magnitude Ωηn (left column). We vary the value of the Lamb-
Dicke parameter in this process while keeping the intensity of the driving field constant. For the two non-commuting SDFs method, we keep
ε = (Ωα/∆)n+1 constant by varying the detuning ∆ as a function of η (right column). We evaluate this for (a) squeezing, (b) trisqueezing, and
(c) quadsqueezing interactions.

these spurious contributions fall into two categories: (1) terms
which are off-resonant by ∼ ∆ with respect to the leading in-
teraction, and (2) terms which are resonant with the leading
interaction.

Similar to the treatment of the off-resonant displacement,
which vanishes at integer multiples of 2π/∆, the other off-
resonant spurious terms can also be suppressed by choosing
interaction durations that are integer multiples of 2π/∆. In

Sec. II B, we further show that this timing constraint can be re-
laxed by amplitude shaping the pulses over a duration 2π/∆,
which reduces the contributions of these off-resonant terms
through temporal filtering.

In contrast, the spurious terms that are on resonance with the
main interaction cannot be eliminated through interaction du-
ration or amplitude shaping. These terms exclusively arise
from higher-order contributions in the Magnus expansion. For



11

a desired interaction of order n, they lead to an error ε in the
resulting unitary evolution which scales as (Ωα/∆)n+1, as-
suming the two SDFs have balanced strengths (Ωα = Ωα ′ ).
This error decreases faster with ∆ than the desired leading in-
teraction. As such, the error can be minimised arbitrarily by
increasing ∆.
Looking at this error term in more detail provides further in-
sight into the scaling of the strength of the desired interac-
tions. We assume that errors from off-resonant terms vanish
by choosing the interaction duration as an integer multiple
of 2π/∆. Then, the only remaining error arises from reso-
nant terms. If we accept a fixed error ε = (Ωα/∆)n+1 = const.
due to these terms, we can express the interaction strength as
Ωα = ∆

n+1√
ε . We find that since Ωα is linear in η , the Lamb-

Dicke parameter, ∆ also effectively scales linearly with respect
to η . When examining the strength of the desired interaction,
∝ Ωα ′Ω

n−1
α /∆n−1, it follows that this quantity can be made

effectively linear in η irrespective of n. This tunable scaling
is in contrast to driving higher-order spatial derivatives of the
field, for which the strength varies as ηn (see Sec. VII).
We emphasize that while the formal expression for Ωn in-
cludes higher powers of η , our scheme allows this dependence
to be effectively reduced to linear in η through experimental
control of ∆.
To understand this better, we consider two error values ε =
10−3 and ε = 10−2. By fixing Ωα/2π = 95kHz, a value that
we can access experimentally, we vary η and adjust detuning
∆ in order to keep the error values constant, respectively. As
a result, we obtain that the interaction strengths for squeezing
Fig. S.1a, trisqueezing Fig. S.1b, and quadsqueezing Fig. S.1c
effectively scale linearly with η . We compare these strengths
to the interaction strengths due to driving higher order side-
bands in the Lamb-Dicke expansion. We assume the same
power is available for both methods, i.e., if the two non-
commuting SDFs method uses 0.5mW laser power for each
SDF, then the higher motional sideband method, which only
requires one bichromatic field, uses 2×0.5mW laser power.
With the increase in order, the interaction strength decreases
for both methods. However, in the case of using two non-
commuting SDFs, as the interaction effectively remains lin-
ear in η , this shows more favourable scaling, especially with
the increase in order. The aim of this analysis is to provide
deeper insights into the scaling of the method we introduce.
Therefore, in this analysis, we intentionally assume that driv-
ing higher-order terms in the Lamb-Dicke expansion yields
error-free nonlinear interactions, and we neglect, for example,
the effect of spectator modes or off-resonant terms, which can
become significant as the Lamb-Dicke parameter η increases,
or resonant terms arising from other higher-order contribu-
tions in the expansion. Additionally, ε does not represent the
error expected in creating any generalised squeezed state; a
proper evaluation would require considering the duration of
the applied interaction. To address this, in Sec. VIII we dis-
cuss in more detail how we evaluate the infidelity (1−F) be-
tween the ideal and effective Hamiltonians in simulation using
the experimental parameters. Using the interaction strengths
Ωα , Ωα ′ , and detuning ∆ used for generating the states shown
in Fig. 3, we obtain infidelities 1−F < 9×10−4 for all three

cases and we infer the corresponding ε ≈ 8×10−4 for squeez-
ing (n = 2), ε ≈ 5.3× 10−4 for trisqueezing (n = 3), and
ε ≈ 1.2×10−3 and for quadqueezing (n = 4).

B. Generating the spin-dependent forces

We create the two SDFs required using a Mølmer-Sørensen
scheme. Each SDF (as defined in Eq. (4)) requires a bichro-
matic field which is composed of two tones that are symmet-
rically detuned from the qubit transition ωqubit by ±δ . For ex-
ample, in the case of the SDF conditioned on σ̂α , the two tones
have the optical phase φ1 and φ2, respectively at the position
of the ion. These define the spin-conditioning of the SDF as
σ̂α = σ̂φ = σ̂(φ1+φ2)/2, with σ̂φ = cosφσ̂x + sinφσ̂y, as well
as the SDF motional phase φα = (φ1−φ2)/2. This can be ex-
tended for the SDF conditioned on σ̂α ′ as well. The relation-
ships between the tone phases and the resulting spin/motional
parameters for both SDFs are summarized in Table I.

SDF Tone 1
Phase

Tone 2
Phase

Derived Quantities and
Experimental Settings

SDF conditioned
on σ̂α

φ1 φ2 σ̂α = σ̂(φ1+φ2)/2 = σ̂φ

φα = (φ1−φ2)/2 = 0
SDF conditioned

on σ̂α ′

φ3 φ4 σ̂α ′ = σ̂(φ3+φ4)/2 = σ̂φ+∆φ

φα ′ = (φ3−φ4)/2

TABLE I. Phase relationships between bichromatic tone phases and
the spin/motional parameters of each SDF.

In the majority of experiments, the SDF conditioned on σ̂α ′

was implemented with ∆φ = π/2, ensuring that the spin oper-
ators σ̂α and σ̂α ′ are orthogonal. However, for the experimen-
tal data shown in Fig. 2d, ∆φ was varied.
Besides the spin-dependent force term, the bichromatic field
also gives rise to a second spin-flip term that drives the qubit
transition off-resonantly, so Eq. (4) is modified to:

Ĥbi =
h̄Ωα

2
σ̂φ (âe−i(∆ t+φα )+ â†ei(∆ t+φα )) (15)

+ h̄Ωcσ̂φ−π/2 cos(δ t),

where Ωα = ηΩc and the two terms do not commute. The
effect of the non-commuting spin-flip term has been exten-
sively discussed in Refs. 42,68,69. When setting δ ≈ ωosc, it
leads to an effective force in the σ̂φ basis with the strength
modulated by the J0 and J2 Bessel functions of the first
kind, i.e. Ωα → Ωα |J0(2Ωc/δ )+ J2(2Ωc/δ )| in Eq. (4). For
these experiments, we operate in a regime of small Ωc where
|J0 + J2| ≈ 1. If instead δ ≈ ωosc/2, we create an effective
spin-dependent force in the σ̂z basis with magnitude Ωα →
Ωα |J1(2Ωc/δ )+ J3(2Ωc/δ )| in Eq. (4), where J1 and J3 are
again Bessel functions of the first kind. We use both of these
bichromatic field configurations to create the required interac-
tion SDFs in the desired bases.
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II. EXPERIMENTAL CONSIDERATIONS

A. Setup

In Fig. S.2a, we show our experimental setup. For creating
these interactions, we require that the spin components of the
SDFs do not commute, i.e., [σ̂α , σ̂α ′ ] , 0. As discussed in
Sec. I B, the basis of the SDF depends on the optical phase of
the tones at the position of the ion. In Fig. S.2a, phase fluctu-
ations might arise from differential path length changes, such
as before the fibre beam splitter. We actively stabilise the op-
tical phase, and hence the relative phase between spin com-
ponents of the two SDFs, (φ3 + φ4)/2− (φ1 + φ2)/2 = π/2,
see Sec. I B, to ensure that the non-commutativity relation-
ship is maintained throughout the experiment. The feedback
loop relies on measuring the optical interference of the two
beams with a photodiode (PD). We measure this interference
by sampling a small fraction of light from the two beams
using a pick-off mirror (PW). More details on the phase-
stabilisation scheme can be found in the Supplemental Mate-
rial of Ref. 69. Synthesizing these nonlinear interactions does
not require B0 = 146 G; this value has been used purely for
historical reasons41.

In Fig. S.2b, we show the frequency configuration for imple-
menting the two non-commuting SDFs in the case of squeez-
ing, trisqueezing and quadsqueezing. For squeezing and quad-
squeezing, the basis of the two SDFs are σ̂φ and σ̂φ+π/2,
respectively. To achieve this, the two tones of each of the
bichromatic field are symmetrically detuned by δ ≈ ωosc.
For squeezing the exact detuning is δ = ωosc + ∆ for the
SDF conditioned on σ̂α and δ = ωosc−∆ for SDFα ′ , while
for quadsqueezing δ = ωosc +∆ and δ = ωosc− 3∆, respec-
tively. For trisqueezing, we set the bichromatic field generat-
ing the SDF conditioned on σ̂α ′ near resonant with ωosc/2,
with δ = (ωosc−2∆)/2 such that σ̂α ′ = σ̂z. For the SDF con-
ditioned on σ̂α , δ = ωosc +∆ such that its spin basis is σ̂φ .

In Fig. S.2c, we show the pulse sequence used for the majority
of the data presented in this work. The SDFs conditioned on
σ̂α and σ̂α ′ are applied simultaneously to generate the nonlin-
ear interaction, as indicated by the grey dashed box. As shown
in Fig. S.3, one can directly measure P|↓⟩ immediately after the
interaction without applying any probe pulse. Alternatively, a
probe pulse can be used to characterize the resulting motional
state. This probe can take the form of an additional SDF or a
blue sideband (bsb) pulse. For the data presented in Fig. 2, 3,
S.4, S.5, S.7, S.9, and S.11, an SDF probe is used. In Fig. S.6,
a bsb probe pulse is employed instead.

B. Ramp

In the experiment, we smoothly ramp the amplitude of the
interaction SDF lasers over durations tramp that are long com-
pared to 2π/∆. The amplitude profile of the pulse g(t) is given

by

g(t) =


sin2( πt

2tramp
), t < tramp

1, tramp ≤ t ≤ t f − tramp

sin2(
π(t f−t)
2tramp

), t f − tramp < t < t f .

(16)

This amplitude shaping serves multiple purposes. While it
does help suppress the spin-flip terms, off-resonant by ωosc
(see Eq. (15)), the primary motivation is to mitigate the con-
tribution from undesired off-resonant terms in the Magnus ex-
pansion. These include the first-order displacement terms and
other off-resonant contributions, which are typically detuned
by ∼ ∆. As discussed in Sec. I A, these terms could be elim-
inated by precisely setting the interaction durations to inte-
ger multiples of 2π/∆. However, this duration might change
due to offsets in qubit or motional mode frequency. Ampli-
tude shaping offers a more robust solution by reducing the
pulse bandwidth in the frequency domain, thereby suppress-
ing the off-resonant driving of unwanted terms in the Magnus
expansion. Specifically, choosing tramp ≫ 2π/∆ ensures that
the spectral weight near detuned frequencies ∼∆ is strongly
suppressed.
In the case of squeezing, we use tramp = 40µs for
∆/2π = 50kHz (i.e. ramp longer by a factor of 2) and for
∆/2π = 100kHz (i.e. ramp longer by a factor of 4). For
trisqueezing and quadsqueezing, we use tramp = 80µs for
∆/2π = 25kHz (i.e. ramp longer by a factor of 2). Due to the
timescale of the decoherence channels in our system, we use
a smaller value of ∆ for the trisqueezing and quadsqueezing
interactions to increase their strength.
In Fig. S.3, we explore how the effect of the displacement
(first-order in the Magnus expansion) on the squeezing in-
teraction is reduced through the use of a larger duration in
the ramp. We start in |↓⟩ and apply the squeezing interaction
for variable durations tsqz by setting m =−1, ∆/2π = 50kHz
and 0.5mW, as before. The population P|↓⟩ is measured di-
rectly after the interaction is applied. The squeezing interac-
tion is expected to be in the σ̂z basis, ideally leaving the initial
spin state unchanged. In Fig. S.3, we see that depending on
the ramp duration, this is not the case. We observe periodic
changes in population which indicate a residual displacement
of the oscillator state in phase space.

III. NUMERICAL SIMULATIONS

For the simulations presented in the main text and below,
we perform numerical integration of the Lindblad master
equation under time-dependent Hamiltonians using the Quan-
tumOptics.jl package in Julia70. For creating the squeezed,
trisqueezed, and quadsqueezed states, we integrate the Hamil-
tonian in Eq. (5), without making the RWA with respect to
ωosc, and also including the spin-flip terms introduced in
Eq. (15). Similarly, the probe SDF is simulated by integrating
Eq. (15), but without making the RWA with respect to ωosc.
To recover the Fock states populations, one can drive the blue
sideband corresponding to the oscillator. This interaction is
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1

formulae

December 9, 2023

p̂
ẑ
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1

formulae

December 11, 2023

p̂
ẑ
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η = 0.05
χ(β) = ⟨ψosc|D̂(β)|ψosc⟩
−∆
−2∆
−2∆
2

−3∆

1

formulae

December 11, 2023

p̂
ẑ
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1

formulae

December 9, 2023

p̂
ẑ
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Ĥprobe SDF = ηΩσ̂ϕs
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FIG. S.2. Overview of experimental setup. a Schematic of the experimental apparatus. The incoming 674 nm beam is split into two beams.
The acousto-optic modulators (AOMs) are driven with two radiofrequency tones each to generate two bichromatic fields. The two bichromatic
fields are combined using a fibre beam splitter (FBS) and sent to the trap (ion not to scale). We close the resulting interferometer with a pick-
off window (PW). We correct for phase fluctuations between the two beams by measuring the interference fringe intensity on a photodiode
(PD) and adjusting the phase of the optical field using one of the AOMs. The beam is linearly polarized, as indicated by the black double-
headed arrows just before it enters the vacuum chamber (depicted as an octagon). B0 is the static magnetic field defining the quantization
axis. b Frequency configuration of the interaction SDFs (left) and the bichromatic laser fields generating them (right). On the left, we show
the interaction SDFs: the SDF conditioned on σ̂α (blue) has a fixed detuning ∆ from the motional mode frequency ωosc, maintained across
all interactions: squeezing, trisqueezing, and quadsqueezing. In red, the SDF conditioned on σ̂α ′ is shown with detunings −∆, −2∆, and −3∆

from ωosc for the respective interactions. On the right, we show the bichromatic laser fields that generate these SDFs. Each bichromatic field
consists of two tones symmetrically detuned from the qubit frequency ωqubit: one by +δ (solid line) and one by −δ (dashed line). The tones
corresponding to the SDF conditioned on σ̂α are indicated in blue, while those for the SDF conditioned on σ̂α ′ are in red. These bichromatic
field configurations correspond to the squeezing, trisqueezing, and quadsqueezing interactions, where the detuning of the σ̂α ′ SDF from the
motional mode changes as −∆, −2∆/2, and −3∆, respectively. c Pulse sequence used for the majority of the data presented in this manuscript
(see text).
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FIG. S.3. Example dynamics from two non-commuting SDFs
(Eq. (5)). While these dynamics are measured for the squeezing in-
teraction in the σ̂z basis, they will be similar to any other non-linear
bosonic interaction in the same σ̂z basis. The spin state is initially
prepared in |↓⟩, before we apply the SDFs for variable durations
tsqz

46 and measure the probability of staying in the |↓⟩ state, P|↓⟩. We
repeat the measurement for different ramp durations. The amount
of residual displacement, indicated by a reduction in P|↓⟩, are sup-
pressed as the ramp duration increases. Error bars indicate 68% con-
fidence intervals computed from 300 shots per point; centre equals
the measured P|↓⟩.

equivalent to the anti-Jaynes-Cummings Hamiltonian:

Ĥbsb =
h̄ηΩc

2
(σ̂+â† + σ̂−â), (17)

which we integrate in simulation in order to analyze the results
in Sec. IV.
The motional decoherence (We measured coherence times
of 3ms for the Fock state superposition (|0⟩+ |1⟩)/

√
2.)

in our system is dominated by the heating rate ˙̄nosc =
300(20) quanta/s, consistent with our simulation results. We
introduce the heating by setting the collapse operators71 to√

˙̄noscâ† and
√

˙̄noscâ.
The Hilbert space is truncated at phonon number 50 or 150.
The higher phonon number is especially necessary when the
effect of the probe SDF is simulated.

IV. SQUEEZED STATE CHARACTERISATION

In this section, we discuss how the values for the squeezing
parameter r were inferred for the squeezed states as shown in
Fig. 2. The ion is initialised to its |↓⟩ state, while its motional
state corresponds to a thermal state with n̄osc = 0.09(1) af-
ter cooling the motional mode close to the ground state. We
then apply the squeezing interaction and the ion is left in the
|↓⟩ |ξth⟩ state, where |ξth⟩ is the squeezed (parametrised by
r and θ , the squeezing axis) thermal state. To determine r,
we apply a probe SDF on resonance with the oscillator fre-
quency in the σ̂x basis, for variable durations tprobe and power
0.5 mW. As |↓⟩= (|+⟩− |−⟩)/

√
2, where |±⟩ are the eigen-

states of σ̂x, the oscillator state wavefunction is split into two

displaced states

|ψ⟩= 1√
2
(|+⟩ |α,ξth⟩− |−⟩|−α,ξth⟩), (18)

where α = −iηΩceiφprobetprobe/2 quantifies the displacement.
Upon doing a projective measurement in the σ̂z basis, by fluo-
rescence readout, the overlap between the two displaced oscil-
lator states, f (α,ξth) is mapped on the spin. The probability
of remaining in |↓⟩ is

P|↓⟩ =
1+ f (α,ξth)

2
, (19)

where the overlap is defined as44,72:

f (α,ξth) = e−g(α)h(ξ ),

g(α) = |2α(tprobe)|2
(

n̄osc +
1
2

)
,

h(ξ ) = e2r cos(φprobe−θ/2)2 + e−2r sin(φprobe−θ/2)2.

(20)

The overlap depends on the relative orientation between the
motional phase of the probe SDF φprobe and the squeezing axis
θ . If the two are aligned (φprobe−θ/2 = 0), the splitting cor-
responds to the Fig. 2ai inset. If instead φprobe− θ/2 = π/2,
the splitting corresponds to the Fig. 2aiii inset.
In the experiment, we calibrate the relative orientation
φprobe−θ/2 by keeping the pulse duration for the probe SDF
constant while scanning its motional phase φprobe, see Fig. 2c
“start in |↓⟩”. We perform a fine scan over one of the peaks and
fit a parabola to it in order to determine its centre. Here, the
wavefunction is split about the anti-squeezed axis, which we
expected to occur for φprobe an integer multiple of π/2. How-
ever, we observe a phase offset (see Fig. 2c). We believe that
the offset originates from the phase stabilisation. Importantly,
the value remains constant over time and does not change with
the increase in the pulse duration for the squeezing interaction
and can thus be calibrated out. To split about the squeezed
axis, we offset the calibrated φprobe by π/2.
The model used to fit the experimental data is
P|↓⟩ = (1+C f (α,ξth))/2, where C accounts for experi-
mental imperfections in the spin state preparation or readout.
We first fit the ground-state data by setting r = 0 in Eq. (20)
and having Ω and C as free parameters, which allows us to ex-
tract the strength of the probe SDF. We use this value to fit the
splitting about the squeezed axis by setting φprobe− θ/2 = 0
and having r and C as free parameters.
We observe that heating during the squeezing interaction in-
fluences the splitting dynamics, resulting in an overestimate of
r, particularly at extended squeezing durations (tsqz > 400µs).
Consequently, we attempted to incorporate the heating into
our fitting analysis by assuming that the heating and the
squeezing interaction are independent processes. Instead of
using an initial n̄osc = n̄gs = 0.09(1), we consider that the state
before applying the probe was a squeezed thermal state with
n̄osc = n̄gs + ˙̄nosc tsqz.
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We verified the validity of this assumption in simulation. We
simulated the squeezing interaction followed by applying the
probe SDF, see Sec. III. The resulting splitting dynamics were
fit in the same way as the experimental data. In Fig. S.4, we
compare the results for three squeezing durations, tsqz and two
magnitudes parametrised by ∆. In one case, we start with a
thermal state with n̄osc = n̄gs+ ˙̄nosctsqz and add no heating dur-
ing the squeezing interaction. In the other case, we start in
n̄osc = n̄gs and apply heating during the squeezing interaction.
As the squeezing interaction duration is increased, a slight dis-
crepancy in the two models becomes apparent. However, this
discrepancy is within the uncertainty of the experimental mea-
surements. We plot the simulation results onto the theory and
experimental data, which show good agreement, in Fig. S.4.
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n̄osc = n̄gs and heating

FIG. S.4. Verification of incorporating heating in the fitting model
for extracting the squeezing parameter r. We compare the inferred
r values for two cases: starting in the ground state with n̄osc = n̄gs
and applying the squeezing interaction together with heating (black
stars), and starting in a thermal state with n̄osc = n̄gs + ˙̄nosctsqz fol-
lowed by applying only the squeezing interaction (grey triangles).
The second simulated case is equivalent to assuming that the heating
and the squeezing interaction are independent. The splitting dynam-
ics for the two cases are simulated and the r is determined by using
the same fitting procedure as for the experimental data. We over-
lay the simulated results to the experimental data and theory lines in
Fig. 2b. Error bars indicate 68% confidence intervals derived from
the fit; centre equals the fitted r.

The heating that occurs when the probe SDF is applied was
not included in the fitting analysis. The splitting takes on
average around 100µs and heating effects are negligible when
splitting along the squeezing axis.

In Fig. 2b, we observe that the for ∆/2π = 50kHz, for
tsqz = 1000µs, the inferred r of above 2 has an error bar larger
than the other experimental points. Here, the fitting model
does not properly describe the splitting dynamics. In Fig. S.5,
we show the analysed experimental data for tsqz = 1000µs
including the fitting and simulation. The oscillations are pre-
dicted by the simulation and they are due to the higher-order
terms in the Magnus expansion becoming significant. Their
effect can be mitigated by increasing ∆, which would reduce
the overall strength of Ωα ,Ωα ′ are not adjusted accordingly.
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FIG. S.5. Splitting dynamics for applying the squeezing Hamiltonian
for tsqz = 1000µs with ∆/2π = 50kHz and 0.5mW for each SDF.
We show the fitting to the data using the model described above
(dashed black line) and the free parameter simulation (continuous
purple line). Error bars indicate 68% confidence intervals computed
from 300 shots per point; centre equals the measured P|↓⟩.

An alternative approach to deduce the r value involves ex-
tracting Fock state populations by analysing the dynamics of
a sideband interaction. Subsequently, a model is used to fit the
Fock state populations from the resulting dynamics and thus
infer r, again using a model for the Fock state distribution for a
given squeezed state. We did not use this method in our study
due to heating which occurs during squeezing, which com-
plicates the resulting Fock state distribution. However, we do
extract the Fock state populations and compare them to simu-
lation.
We drive the motional blue sideband and fit the dynamics in
Fig. S.6a to an unconstrained model8. The purple vertical bars
in Fig. S.6b are the inferred Fock state populations. The grey
vertical bars are obtained by simulating the squeezing interac-
tion and including the heating rate the corresponding experi-
mental parameters.

V. UNITARITY OF THE INTERACTIONS

An important aspect of our method that was not presented in
the main text is its unitarity. Our interaction is unitary, in con-
trast to approaches relying on dissipative processes for gen-
erating nonlinear interactions58. The unitarity enables the in-
teraction to be concatenated or arbitrarily placed within a sin-
gle circuit, making it suitable for continuous variable quantum
computing.
In this section, we experimentally investigate and verify
the unitarity of our interactions (Fig. S.7). Specifically, we
demonstrate that applying the spin-dependent squeezing in-
teraction Ŝ followed by its adjoint Ŝ† to an initial state |↑, n̄osc⟩
leaves the state unchanged.
For this measurement, we initialise the oscillator close to the
ground state, apply two consecutive squeezing pulses, and
then apply the probing spin-dependent force as described in
Fig. 2a. In the case of creating a squeezed state, the probing
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FIG. S.6. Fock state analysis of squeezed states. a, Blue sideband
dynamics. We apply a blue sideband interaction for a variable du-
ration for a squeezed state with r = 1.09(4). Fock state populations
are inferred by fitting an unconstrained model to dynamics. b, Fock
state population distribution. We plot the histogram of the determined
Fock state populations (purple vertical bars) and compare them to
simulation (grey vertical bars). Error bars indicate 68% confidence
intervals, computed from 300-shot statistics in a and derived from
the fit used to estimate the Fock-state populations in b.

SDF is always along its short axis. We compared three set-
tings for the two squeezing pulses against the probing of the
thermal initial state, where no squeezing pulses are applied.
In the first setting, we apply two identical squeezing pulses
for 200 µs each one after the other, i.e. Ŝ− Ŝ, resulting in a
squeezed state. The dynamics of splitting this squeezed state
are equivalent to those shown in Fig. 2a (purple filled circles),
where the squeezing interaction with the same strength is ap-
plied for 400 µs. In the second setting, a π-pulse on the spin,
R̂(θ ′ = π,φ ′ = 0), is introduced between the two squeezing
pulses, Ŝ− R̂(π,0)− Ŝ. Due to the spin-conditioning of the in-
teraction, the spin-flip induced by the π-pulse transforms the
second squeezing interaction into its adjoint. This effectively
reverses the effect of the first squeezing interaction and re-
stores the state to the initial thermal state. Note, we initialise
the second sequence in |↓, n̄osc⟩ to keep the readout consistent.
In the third setting, the spin basis of the second squeezing
pulse is changed by π by changing the phase of one of the
SDFs by π such that the sequence is Ŝ|σ̂z− Ŝ|−σ̂z . Once again,
this transforms the second squeezing interaction into its ad-
joint, resulting in the final state returning to the initial thermal
state.
Each sequence is followed by the probe SDF as explained in
Fig. 2a.
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FIG. S.7. Verifying the unitarity of the squeezing interaction. To con-
firm its unitarity, we use its spin-conditioning property and the con-
trol that we have over the basis of the squeezing. We apply a probe
SDF for a variable duration and measure the probability of the |↓⟩
state P|↓⟩. We insert a π-pulse on the spin, R̂(θ ′ = π,φ ′ = 0), be-
tween two squeezing interactions Ŝ− R̂(π,0)− Ŝ (orange triangles)
or add a π phase to the spin basis of the second squeezing pulse
Ŝ|σ̂z − Ŝ|−σ̂z (green squares) and confirm that the resulting splitting
dynamics match that of the initial thermal state (black crosses). We
also plot the data for two consecutive squeezing pulses (purple cir-
cles) which results in a squeezed state. Error bars indicate 68% con-
fidence intervals computed from 300 shots per point; centre equals
the measured P|↓⟩.
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Ĥprobe SDF = Ωσ̂s(âe

−im + â†eim)
 = 005
(β ) = ⟨osc|D̂(β )|osc⟩
−∆
−2∆
−2∆
2

−3∆
osc

2−osc
2

σ̂α ′

σ̂β
m=−1
m=−2
m=−3
[σ̂α,, σ̂α ′ ]
σ̂β ∝
D̂(±β2) |th⟩ |osc⟩
R̂( ′,0) |↓⟩ ⟨σ̂z⟩

1

p
x
probe
m+π2
∆α
σ̂α
σ̂α ′

σ̂
σ̂ ′

σ̂
σ̂+π2
∆
−∆
∆
m∆
∆
[σ̂ , σ̂ ′ ] = sin(∆)σ̂z
 = 0
σ̂x
σ̂y
σ̂ = cosσ̂x+ sinσ̂y
h̄osc
−osc

h̄qubit
drive
drive−qubit
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−im + â†eim)
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−im + â†eim)
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FIG. S.8. Circuit diagram for bosonic state preparation and tomogra-
phy. The nonlinear interaction, conditioned on σ̂z (circle), is applied
to the system initialised in a thermal state and spin down |ψth,↓⟩. The
characteristic function χ(β ) of the resulting oscillator state |ψosc⟩ is
measured during the tomography step. The rotation R̂(θ ′,φ ′= 0) that
is applied to |↓⟩ determines if the real or the imaginary part of χ(β ) is
measured. The displacement is conditioned on σ̂x (diamond), which
influences its orientation (±β/2). Finally, the spin state is measured
in the σ̂z basis.

The Wigner quasiprobability function W (γ)49 describes the
wavefunction |ψosc⟩ of harmonic oscillator in the position-
momentum phase space (x, p) expressed as the complex vari-
able γ = Re[γ]+ iIm[γ]≡ (x+ ip)/

√
2. The Wigner function

fully characterises a state. It is defined as the Fourier transform
of the characteristic function χ(β ) = ⟨ψosc|D̂(β ) |ψosc⟩ with
the displacement operator D̂(β ) = eβ â†−β ∗â whose argument
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FIG. S.9. Measured characteristic functions for the experimentally realized generalized squeezed states. For each state, we measure the real
Re[χ(β )] and the imaginary part Im[χ(β )]. a, For the squeezed state, the imaginary part vanishes. b, For the trisqueezed state, the real and
imaginary part have a star shaped pattern with six features. The imaginary part oscillates between positive and negative values. The resulting
Wigner function has the expected triangular shape. c, For the quadsqueezed state, the imaginary part vanishes.

β = βr + iβi is the complex displacement variable. Thus,

W (γ) =
1

π2

∫
χ(β )eγβ ∗−γ∗β d2

β (21)

←→W (x, p) =
1

2π2

∫ ∫
χ(βr,βi)e

−2i xβi−pβr√
2 dβrdβi. (22)

As demonstrated in Ref. 50,73, the real and imaginary parts of
the characteristic function of a harmonic oscillator in a trapped
ion system can be measured directly by applying a probe SDF
which creates the displacement D̂(β/2) (see Fig. S.8).
For our experiments, after the spin-dependent nonlinear inter-
action is applied, the system is left in the state |ψosc,↓⟩. The
real part of the characteristic function Re[χ(β )] is inferred
by omitting the single-qubit rotation and directly applying the
SDF conditioned on σ̂x, i.e. setting θ ′ = 0 for the single-qubit
rotation R̂(θ ′ = 0,φ ′ = 0) and then, measuring in the σ̂z basis.
For the imaginary part Im[χ(β )], we rotate the spin state in an
eigenstate of σ̂y with the rotation R̂(θ ′= π/2,φ ′= 0) and then
apply the SDF followed by a measurement in σ̂z. If the force is
applied for a duration tprobe, β/2 = α =−iηΩceiφprobetprobe/2
where φprobe denotes the motional phase of the SDF and ηΩc
its strength. We vary both tprobe and φprobe to sample β in
the complex plane. The experimentally measured character-
istic functions used to reconstruct the Wigner functions in the
main text are shown in Fig. S.9.
We measure 41 settings for each of Re[χ(β )] and Im[χ(β )],
which are combined to get χ(β ). To approximate the Fourier
transform of χ(β ), we zero-pad the measured data by 200
points on every side resulting in a grid size of 441× 441 and

perform a discrete Fourier transform. We do not account for
the bias parameter that corresponds to state preparation and
measurement errors in the spin state. We measure the entire
extent of the characteristic function without making assump-
tions about its hermiticity, as opposed to only measuring half
of the complex plane. Our reconstruction technique could also
be improved by employing maximum-likelihood estimation,
either directly on χ(β ) or the Wigner function73.

VII. SCALING OF THE NONLINEAR INTERACTION
STRENGTH

The implementation of squeezing, trisqueezing, and quad-
squeezing interactions could also be driven by higher-order
terms in the Lamb-Dicke expansion74 i.e. higher-order spatial
derivatives in the field. In Eq. (15) we only consider the first-
order term in the Lamb-Dicke expansion. However, higher-
order terms are present which can drive higher order motional
sidebands. Thus, by using two tones to create a bichromatic
field, one can obtain the generalised squeezing interactions.
For example, this method has been used to implement squeez-
ing in Ref. 27. The magnitudes of these interactions Ωηn ,
where n is, as before, the order of the interaction, are

Ωη2,η3,η4 =

{
Ωcη2

2!
,

Ωcη3

3!
,

Ωcη4

4!

}
. (23)

We want to compare these magnitudes to those used to gener-
ate the generalised squeezed states in Fig. 3. We assume the
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same power is available for both methods, i.e., if the two non-
commuting SDFs method uses 0.5 mW for each SDF, then the
higher motional sideband method, which only requires one
bichromatic field, uses 2×0.5mW = 1mW.
In Fig. S.10, we plot the ratio of Ωn and Ωηn (Eq. (13) and
(23)) for the parameters (detuning ∆, power) used to generate
the states in Fig. 3. The detuning ∆ can be adjusted to increase
the magnitude Ωn. Hence, this plot does not give a compre-
hensive view of the favorable scaling for the method demon-
strated in this paper; see Fig. S.1 instead. However, it shows
that, using the same power, our trisqueezing and quadsqueez-
ing interactions are more than 10 and a 100 times stronger,
respectively, than interactions using the higher-order deriva-
tives of the field. Without this increase in strength, these inter-
actions would have been unfeasible in our system due to the
decoherence effects.

2 3 4

squeezing order n

100

101

102

Ω
n
/Ω

η
n

FIG. S.10. Comparison of the strength of generalised squeezing in-
teractions. We compare the method demonstrated in this work, with
magnitude Ωn, to the method of driving higher-order spatial deriva-
tives in the field, magnitude Ωηn . This comparison is done specif-
ically for the parameters used to generate the states in Fig. 3. We
assume the same total amount of laser power is used in both cases.

VIII. COMPARISON OF IDEAL AND EFFECTIVE
GENERALISED SQUEEZING INTERACTIONS

We want to evaluate, in simulation, how a state created us-
ing Eq. (5), with the carrier included (Eq. (15)) compares to a
generalized squeezed state created using the ideal interaction
shown in Eq. (11). We consider the overlap between two states
given by

F(ρ,σ) =

(
tr
√√

ρσ
√

ρ

)2

, (24)

where ρ and σ are the density matrices of the two quan-
tum states, respectively. For simulating the states using two
non-commuting SDFs, we use the independently measured
parameters employed to generate the states in Fig. 3. We
then optimize the strength of the ideal generalised squeez-
ing interaction to maximise the overlap between the states.
We first consider the case where the oscillator is initialised

to its ground state, and that there is no heating during the
interaction. Here, 1−F < 9×10−4, while for starting in
n̄osc = 0.09 and including ˙̄nosc = 300 quanta/s during the
interactions, 1−F < 1.6×10−3. These values apply to the
squeezed, trisqueezed, and quadsqueezed states.

IX. QUADSQUEEZED STATE WITH WIGNER
NEGATIVITY

We prepare a quadsqueezed state using the same sequence
and SDF basis setting as in the main text. The parameters
∆/2π = 25kHz and tramp = 80µs are unchanged, but we in-
crease the power per interaction SDF to 2mW and shorten the
interaction duration to 400µs. We obtain the state in Fig. S.11,
which shows Wigner negativity. The inferred infidelity is
1−F < 4×10−2 (ε ≈ 7× 10−3), using the same methodol-
ogy as the previous section. This result applies for both when
initialising in the ground state and having no heating during
the interactions and when starting in n̄osc = 0.09 and includ-
ing ˙̄nosc = 300 quanta/s during the interactions. Due to this
higher infidelity, we chose not to show this data in the main
text. However, we wanted to emphasise that we can find a pa-
rameter regime in which we can observe Wigner negativity
irrespective of the initial thermal state (impure) and heating
rate. In principle, the fidelity can be improved further by tun-
ing the relative ratio between Ωα,α ′ and ∆ and allowing for a
longer duration tsqz.
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FIG. S.11. Wigner functions of a quadsqueezed state showing
Wigner negativity. On the top row, we show the Wigner function
W (x, p) reconstructed from experimental data, where x, p are the po-
sition and momentum variables associated with the dimensionless
position and momentum operators x̂, p̂, respectively. On the bottom
row, we show the Wigner function of the numerically simulated state
with independently measured experimental parameters.
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