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Abstract

We prove a sharp criterion on the decay of the tension of almost harmonic maps from
degenerating surfaces that ensures that such maps subconverge to a limiting object
that is made up entirely of harmonic maps.
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1 Introduction

A map u from a closed Riemannian surface (M, g) to a Riemannian manifold (N, gy)
is called harmonic if it is a critical point of the Dirichlet energy

1
E(u,g) = 5/ |du|dvg.
M

Harmonic maps are characterised by t,(u) = 0, where, viewing (N, gy) as isomet-
rically embedded in some RY and writing A for the second fundamental form, the
tension field 7, (1) is given by

To(u) = Agu + Ag(u)(du, du) = Agu + g Au) (uy, , ux,).

For any fixed domain surface (M, g) the compactness results from [3, 6, 7, 11] ensure
that for maps u; : (M, g) — N with bounded energy which are almost harmonic in
the sense that

||Tg(”i)||L2(M,g) — Qasi > o0 (1.1)

a subsequence converges to a bubble tree that consists of a harmonic base map u :
M — N and a finite number of harmonic spheres w; : S> — N that bubble off and that
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in this convergence there is no loss of energy nor formation of non-trivial necks. Hence
for almost harmonic maps from any fixed domain surface the limit against which the
sequence converges is made up entirely of objects that are themselves critical points
of the Dirichlet energy, i.e. harmonic maps.

It is now natural to ask whether the same can be expected if we instead consider
a sequence of maps u#; : M — N which are almost harmonic with respect to a
sequence of metrics g; on M. Unsurprisingly the answer is positive if the metrics
themselves converge to a limiting metric g, after potentially pulling-back by suitable
diffeomorphisms. In particular, if we use the uniformisation theorem and the conformal
invariance of the Dirichlet energy to restrict our attention to domain metrics of constant
curvature kg, = 1, 0, —1 for surfaces of genus 0, 1, > 2 (with unit area if y = 1) then
this holds true unless the injectivity radius of (M, g;) tends to zero.

Ifinj(M, gi) — O then the situation is more involved as parts of the surface degen-
erate. In this setting the compactness properties of harmonic maps were investigated
in [1, 5, 14], while the compactness properties of almost harmonic maps were consid-
ered in [4, 9]. We note that such almost harmonic maps from degenerating surfaces in
particular arise in the asymptotic analysis of Teichmiiller harmonic map flow, see [4,
9, 10].

To describe these results we first recall some well known properties about degen-
erating hyperbolic surfaces, see [13] for more details.

So let (M, g;) be a sequence of surfaces with Gauss-curvature kg, = —1 for which
inj(M, g;) — 0.Thenwecanpasstoa subsequence sothatforsomek € {1,...,3(y—

1)} there are simple closed geodesics {o; J }k _; of length IZ’ — 0, acomplete hyperbohc

surface (X, k) with 2k punctures and diffeomorphisms f; : ¥ — M \ U 1 cr NY)
that
figi — h smoothly locally on .

Furthermore we know that the degenerating parts of the surface (M, g;) are contained
in the union of so called collar neighbourhoods C (al.] ) around the collapsing geodesics
which are isometric to hyperbolic cylinders (C (El.] ), 8,) characterised by

(€0, g0) = ([-X(0), X(O)] x S', p} (s)(ds? + d6?)) (1.2)

and
X)) = 27” (% — arctan (sinh (%))) and p¢(s) = 4@. (1.3)
27 cos( Ey)
If we now consider a sequence of maps u; : M — N from such degenerating hyper-
bolic surfaces which satisfy [|7g; (ui)llz2(p,,) — 0, then on compact subsets of %
the almost harmonic maps u; o f; : (X, fl* gi) — (N, gn) exhibit the same type of
convergence behaviour as obtained in [3, 6, 7, 11] in the non-degenerate case, that is
subconvergence to a bubble tree of harmonic maps without loss of energy or formation
of necks. Conversely, these results do not describe the behaviour of the maps u; on
the parts of the surface where inj — 0.
As these degenerating regions are contained in the collar neighbourhoods described
above we can equivalently consider the behaviour of almost harmonic maps u; on
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hyperbolic cylinders (C(¢;), g¢;) with £; — 0. In [4] it is shown that such almost
harmonic maps subconverge to a full bubble branch in the following sense:

Theorem 1.1 (Contents of Theorem 1.9 of [4]) Let (C(¢;), g¢;), £i — 0, be a sequence
of hyperbolic cylinders as in (1.2) and let u; : (C({;), g¢;) — N be a sequence of
smooth maps which have bounded energy and for which

e Wl L2t g,y = O-
Then, after passing to a subsequence, there exists a number m € Ny and sequences
—X() = 5) L5} <L s i= X ()

so that for eachm € {1, ..., m — 1} the shifted maps u;(- + s, -) converge to a non-
trivial bubble branch locally on R x S' and so that u; maps [sim_] +A, s — A x st
A large, close to a curve in the sense that

lim lim sup sup osc u; =0 foreverym € {1, ..., m}. (1.4)
A—>00 0 Se[s[m—lJrA’S;niA] {s}xS1

Here we recall from [4] that we say that maps from cylinders [—Y;, Z;] % S! with
Yi, Z; — oo converge to a bubble branch if they converge to a harmonic limit wso
weakly in Hlf) J(RxS 1 and strongly in Hl% RS '\ §) away from a finite (possibly
empty) set of points S C R x S! where a finite number of bubbles w; form. We call
such a bubble branch non-trivial if the limiting configuration consists of at least one
non-trivial harmonic map, or equivalently we call a bubble branch trivial only if no

bubbles form and if the map wy is constant.

Remark 1.2 We also recall that in this convergence of the shifted maps to a bubble
branch there can be no loss of energy nor formation of necks on compact subsets of
R x S!. Namely for all suitably large (but fixed) numbers A > 0 we know that

Eui, [s]" = A s + Al x S1) > E(weo, [=A, Al x SH) + Y E(w;) (1.5

as well as that the maps u; (- — s;") are close in L ([—-A, A] x S1) to maps that are
built out of ws and suitable rescalings of the bubbles, see [4] for details.

Conversely, energy can be lost on the longer and longer cylinders [s!" T4, s —
A] x S! in the domains that connect the different bubble regions and a description of
this loss of energy in terms of the Hopf-differential was provided in [14] (for harmonic
maps) and in [4] (for almost harmonic maps).

We note that while (1.4) ensures that the degenerating regions are always mapped
close to the curves

u;(s) ;= nN(][ u;do), se€ [sl.m_1 +A, s —AlL, m=1,...,m, (16)
{s}x 5!
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7y the nearest point projection from a neighbourhood of N to N, in the sense that

Ah_I}éOhgigp ”ui _ui||L°°([sl.'"_l+A,S’.m—A]><S1) =Oa m = 1,...,m, (17)

we cannot expect these curves to collapse to a point in the limiti — oo and A — oo.
In particular we cannot expect that the asymptotic values

p?o_l"" = lim lim ui(slfnf1 +A,)and p~ == lim lim u;(s]" — A, ) (1.8)
A—00i—00 A—00i—00

of neighbouring bubble branches agree.

Instead it is natural to ask whether we can expect the connecting curves #; to "look
like’ (possibly longer and longer) geodesics. If so this would mean that in the limit
i — oo we again only obtain objects that are harmonic maps themselves, namely
a harmonic map from the limiting surface X, a finite number of harmonic spheres
w; : S — N and a number of (possibly infinite length) geodesics, i.e. harmonic maps
from suitable intervals. In a situation like that we would then say that the sequence of
maps u; : M — N converges to a geodesic bubble tree.

For maps u; which are harmonic, rather than just almost harmonic, the results of
Chen-Tian [1] and Li-Wang [5] establish such a convergence to a geodesic bubble
tree. Indeed they prove that after passing to a subsequence the connecting curves i}
either collapse to a point, converge (after reparametrising) to a finite length geodesic
or that in the limit their image contains an infinite length geodesic. The results of [1]
furthermore exclude the last possibility in the case of energy minimising maps.

Conversely, as explained in [4], we cannot expect to obtain convergence to a
geodesic bubble tree if we consider the more general case of maps from degenerating
hyperbolic surfaces that are almost harmonic in the sense that ||z, (i)l 2(p, 4,y — O-
Indeed, as pointed out in Proposition 1.14 of [4] we can obtain any C? curve in
(N, gn) as limit of connecting curves for maps with tension ||7g; Willz2(m,gn =

Cinj(M, gi)% — 0 simply by reparametrising such a curve along the collar.

The purpose of this paper is to close the gap left between the results of [1, 5] that
ensure convergence to a geodesic bubble tree for harmonic maps and the examples of
[4] that show that no such result can be true for almost harmonic maps whose tension
decays no faster than inj(M, g,-)%.

Indeed, our main result shows that any rate of decay of the tension that is faster
than inj(M, gi)% will force the connecting curves to look like geodesics and hence
ensure subconvergence to a geodesic bubble tree. To prove this it suffices to prove
the corresponding result for almost harmonic maps from hyperbolic cylinders with
Z,‘ — 0.

Given such a sequence of maps u; : C({;) — N with ”Tgli (”i)”Lz(C(lli),gzi) =

O(Zi% ) we can first apply Theorem 1.1 to locate the points s;" at which the different
bubble branches form. Instead of splitting the cylinder [—X (¢;), X (¢;)] x S! into fixed
size bubble regions [s/" — A, s+ A]x S I"and the longer and longer cylinders between
these sets, we instead want to consider extended bubble regions B!" = [a[", b'] x § 1
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around {s/"} x § ! with b —a" — oo and the connecting cylinders [b;"_l, a"] xS 1
between these regions, where af” and b,’.” will be carefully chosen numbers with

m

s« p" < < s form =1, while @) == —X(¢;) and b" 1= X(¢;).
(1.9)

On the one hand, to ensure that there can be no loss of energy or formation of necks
on the extended bubble regions we need to know that

lim limsup Eu;, [s" '+ A, B" I SH4E @y, ([@, s —A]x SY) = 0 (1.10)

i
A= 00

and
lim lim sup 0sc u; + 0sc u; =0, (1.11)
00 oo [sMT4AL T XS] [a s —A]x S!

hold true, compare Remark 1.2.

On the other hand, we want al’." and b:." to be so that, after reparametrisation by
arclength, the restriction of the maps u; onto the connecting cylinders [b;"_1 ,al'lx S !
is essentially described by a (trivial, finite length or infinite length) geodesic.

As we shall see, it is possible to satisfy both of these propertiles simultaneously if

and only if we know that the tension decays strictly faster than E? and indeed we can
prove

Theorem 1.3 Letu; : (C(£;), g¢;) — (N, gn) be a sequence of maps from hyperbolic
cylinders with £; — 0 with bounded energy and

_1
¢ : ”Tg(l. (ui)”Lz(C((i),g(i) -0 (1.12)

which converges to a full bubble branch as described in Theorem 1.1 above.

Then we can choose a", b{" as in (1.9) so that (1.10) and (1.11) hold, and hence
so that there can be no loss of energy or formation of necks on the extended bubble
regions [a}", b"] x S', and so that the images u; ([bgn_l, a] x S of the connecting
cylinders subconverge to geodesics in the following sense.

Let ii; be the connecting curves defined by (1.6) which approximate u; as described
in (1.7) and let v" : [—c",c!"] — N be the reparametrisation of "A‘i|[b¥"*1,af"] by
arclength. Then l l

T @) Lo (e iy — O for every p € [1,2]

and hence, after passing to a subsequence, we have

(1) (Trivial neck case) If c[" — O then the connecting curves " collapse to a point
so no neck forms between the two bubble branches against which u; (- — slmfl , )

and u;(- — s!", -) converge.
(2) (Finite length case) If ¢} — ¢, € (0, 00) then the curves v;"(%) converge

strongly in W22([=cm, cm], N) toa geodesic which connects the points p&*]’+
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and pa;~ in the images of the bubble branches against which u; (- — si 1 and
ui(- — si") converge.

(3) (Infinite length case) If ¢;' — oo then the curves v!" (- + ¢i') and v!" (c]' — )
converge in W[i’cz([O, 00)) to infinite length geodesics which originate at the
points pisF and p™ .

Here p " and p/.~ are given by (1.8).

The analogue result also holds true for maps from degenerating tori, albeit with a
different sharp rate on the decay of the tension. Namely we show

Theorem 1.4 Let (T2, g;) be a sequence of flat unit area tori whose injectivity radius
converges to zero and letu; : T?> — N be a sequence of maps whose tension satisfies

I17g; i) ll 272, g, (T2, g2 — 0.

Then, after passing to a subsequence, the maps u; converge to a geodesic bubble tree
as described in Theorem 1.3.

This result is also sharp as we cannot expect the connecting curves to look like
geodesics if the rate of decay of the tension is no faster than inj(72, g;)?, compare
Section 4.

One of the main difficulties in the proof of the above results is that if we reparametise
acurve with small velocity by arclength then this leads to a sharp increase of the tension.
Roughly speaking for a curve to look like a geodesic we need its tension to be small
compared to the square of its velocity. A key step towards proving that the connecting
curves i1; converge to geodesics is hence to obtain a lower bound on the velocity with
which these curves are parametrised. To prove our results we then want to split each
interval [s;”_1 + A, s" — Alinto a

e ’relevant’ region on which the velocity of #; is large enough that even after
reparametrising by arclength the tension still tends to zero.

e its complement in [si’”*1 + A, s!" — A] for which we want to prove that the
velocity of #; is so small that the restriction of u; to this set cannot make a relevant
contribution to the limiting connecting curve nor lead to a loss of energy in the
limiti — oo and A — o0.

Importantly, we will be able to prove that the 'relevant’ region of each such interval is
connected. This is crucial as we cannot hope to control the tension of the reparametrised
curves on sets where |12§ | is too small. If the relevant region was not an interval then the
curve v;" could change its direction in an uncontrolled way on the irrelevant set, so the
best we could hope for would be to obtain a limiting curve that is piecewise geodesic
but has corners, rather than a single geodesic arc between the images of neighbouring
bubble branches.

Our proofs are based on suitable estimates for almost harmonic maps from degen-
erating cylinders which we derive in Section 2. We then use these estimates in Section
3 to prove our main result Theorem 1.3 on almost harmonic maps from degenerating
hyperbolic surfaces. We conclude this paper with a short Section 4 where we explain
how these arguments can be modified, and indeed simplified, in the case where the
domain is a torus.
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2 Estimates for Maps from Cylinders on Low Energy Regions

The proof of our main result is based on a precise understanding of the behaviour of
almost harmonic maps away from the regions where bubbles from. We recall from
[4] that if a sequence of almost harmonic maps converges to a full bubble branch as
recalled in Theorem 1.1 then for any ¢ > 0 there exist Ao and i( so that

E(u;, 61(s)) < e foralli > igands € [s" ' + Ao, s™ — Ao,

where here and in the following we write for short 5 (s) :=[s — A, s + A] x S land
6. = 6,(0).

In this section we recall and derive estimates on almost harmonic maps on such
low energy regions. To state and prove some of these estimates it is more convenient
to work with respect to the flat metric gz = ds? + df>. As the energy is conformally
invariant and as the euclidean and the hyperbolic tension of maps are related by (2.17)
we can then easily translate these results to make them applicable to almost harmonic
maps from hyperbolic collars.

So let X > 2 be any fixed number and let u € H2(€x, N). We set

Aw) ={s:|s| > X —lor E(u,61(s)) > &9}, 2.1

€0 = €9(N) > 0 determined below, and recall that away from A(u) x S ! we have the
following well known bound on the angular energy

D (s) = / lug|>do. (2.2)
{s}xS!

Lemma 2.1 (Standard angular energy estimates, see e.g Lemma 2.1 [4] or Lemma
2.13 [12]) There exists eg = €o(N) > 0 so that for any u € H?*(¢x, N) and any
se[—X, X1\ A(u)

l?(s) < Ce—dist(S,.A(M)) + C/ |Tg5 (u)|ze—|s—q|dqd9' (23)
Cx

In this section C denotes a constant that only depends on N and an upper bound on
the energy of u.

We note that while the angular energy estimates in [4] are only stated for maps
with small tension, the H? estimates stated in Lemma 2.2 below and the trace theorem
ensure that the above estimate is trivially true if the right hand side of (2.3) is of order
one.
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We also need estimates on the second derivatives of u. Throughout the paper we
use the extrinsic viewpoint of considering maps u to N < R as maps into the
surrounding Euclidean space to define higher order derivatives. Away from the high
energy region we have the following standard H? estimates.

Lemma 2.2 (seee.g.[3,Lemma?2.1]or[12, Lemma2.9]) There exists eg = €o(N) > 0
so that for any u € H?*(€¢x, N) and any sg € [—X, X1\ A(u)

/¢2|v2u|2dsd9 < CligTe, 7245, (5p).0p) T CE@ Gi(s50)  (2.4)

and

/ &% (Jus|*+lug|ydsd6 < CE (. €1(50)- [I19Tes 17245, 50,0y FE @s €1 (500,
(2.5)
for¢ € CX(so— 1,50+ 1) with¢p = 1 on [so — %,so + %] and |¢'| < 4.

In the following we fix &9 = €9(N) > 0 so that both of these lemmas apply and
denote by A(u) the resulting set defined by (2.1).

For integrals that involve angular derivatives of u we obtain the following stronger
estimates that only involve the angular energy Ey(u, 2) := % fQ lug|>dsd6 instead
of the full energy.

Lemma 2.3 Foranyu € H2%(€¢x, N) and any so € [—X, X1\ A(u) we have

/ ¢*(lugo|* + lusoP)dsd6 < Clldte, 724 o) gn) + CEo W, G1(50)), (2.6)

¢ as in Lemma 2.2, as well as
/ $*luol*dsdo < Eg(u, 61 (50)) - [167gx 17245, (.0 + E0 s €1 s0))]. (2.7)

ProofofLemma2.3 Let I} := [ ¢*(luso|? + lugo)*)dsd6 and I, == [ ¢*|ug|*dsdo.
Viewing I, as the square of the L? norm of ¢|ug|? and using that W(i ’1(‘51) embeds
continuously into L>(%}) we get

L < CIV@lug )71 < CEg(u, €1(50)) - (I + Eg(u, €1 (50))) (2.8)

so it suffices to prove the claimed bound (2.6) on I;. As (2.6) already follows from
Lemma 2.2 if ||¢Tg, (u)] 2 > 1 we can furthermore assume that ||¢p 7, (u)|[;2 < 1.
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Integration by parts, using also that ugs + uge = 74, () — A()(Vu, Vu), yields

I =— / 0, (9 )ugusodsdd + / $2ug0 (s + uge)dOds
1 1
< CIE Eg(u, 1 (s0))} + 12 170, )12 — / g0 Aw)(Vut, Vu)dsdo

< 111+ ClllgTe, 172 + Eou, €1 (s0))] + /d) ug g (A(u)(Vu, Vu))dsdo.

Using (2.8) as well as that f cj)2|Vu|4 < C, compare (2.5), we can bound

/¢2u989(A(u)(Vu,Vu))dsd0 < c1§(/¢2|w|“ﬁ : 21 /¢ IVu[*)2 . 27

< 111 + CEg(u, €\ (50))
which, when inserted into the previous estimate, gives (2.6). O
Combined with Lemma 2.1 we hence obtain that for any s with dist(s, A(u)) > 2
ool + lusol + luo 724, 5y + P (5) < CRu(s), 2.9)

where here and in the following proofs we use the shorthand
Ry (s) = /g |Tg, ()27 dgdo + e~dissAMW), (2.10)
6x

We can use (2.9) to prove

Lemma 2.4 Foranyu € H?*(€¢x, N) and any so with dist(sg, A(u)) > 2 we have

1
[s0—1sg+1] ][sl 95 (, )|dO < Clluge |1 | (s0).g) T CllTer WL 1 (50),85) = CRul50)?
@2.11)

as well as

‘][ ug(so, 60)do
s1

We will apply these estimates later to analyse the curves u(s) := wn(iu(s)), where
u(s) := f «s! 4d8. Thanks to Lemma 2.1 u 1(s) is well defined for maps with suitably
small tenswn and for s with suitably large distance from A(u). As uy = dmy (u)(us)
we can furthermore estimate

> ][ Jug (50, 0)1d6 — C Ry (s0)?. (2.12)
s1

o' —d'| = i’ — dry @) ()| =

1
< Coscu 1 |ug| <Cdo2 |ues].
st Sl Sl

dmv(u) dry W) (us)do
(2.13)
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The lower bound (2.12) on |i’| from the above lemma hence yields the following
lower bound on the velocity of the connecting curve i

Corollary 2.5 For any u € H*(6x, N) and any sy with dist(so, A(u)) > 2 for which
u is well defined in a neighbourhood of so we have

1/ (s0)| = (1 — C¥2 (s0)) f lus(50, 0)1d6 — C Ry (50)2. (2.14)
S

Proof of Lemma 2.4 To establish the first claim of the lemma we can use that

1
—dslug)?

3 = Ugs - Us = —Ugg - Us + TgE(M) cUs

and hence that |0;|us|| < |ugg| + |7g, (1) almost everywhere. This immediately
implies the first estimate of (2.11) while the second estimate of (2.11) follows from
(2.9) and the definition of R,,.

We now want to derive a similar estimate for the oscillation of |iz/(s)| which we
will later use to prove the second claim of the lemma. To this end we use that

L\i' (5)|* = 24 (s) Uugsdd = 2t (s) T, () — A(u)(Vu, Vu)do.
{s}xS! {s}xS!

As dsu 1. A(u)(Vu, Vu) we can thus bound

1L 1i ()] < 2|ﬁ/(s>|]l |Tgp ()] + 2]1 |Au)(Vu, Vu)| - |us — i'|do
{s}xS! {s}xS!

_ 1 1
< 2|u/<s)|][ 20y ()16 + C(/ |w|“>z(/ luss )3
{s}xS! {s}xS! {s}xS!

Integrating this estimate over I := [sp — %, so + %] and then using (2.9) and (2.5)
gives

osc|a'[* < Csup @] - 17g, )l 2, 501y + CIVUlTaez, (50 1405112205, 01
1 2 2 2
- 1 1 1
< Csup |i'|R,(s0)? + CE(u, 61(50))? Ry (s0) + CE(u, €1(s0)) Ru(s0)?
1

1 1 1
< Csup | Ry (50)2 4 C Ry (50) + CE(u, €1(50)) % Ru(50) 2.
I

(2.15)
As (2.9) furthermore allows us to bound

so+1

Eu, 6(s0)) < C /

so—1

/ lus(s, 0) — i’ (5))2dO + |’ (s)|> + 9 (s)ds
Sl

2 =712
=< Clluse ”LZ(cg] (50)) +C [50_51u5)+1] li'|” + CRy (S())

<C sup |i'|*+ CRu(s0),
[so—1,s0+1]

@ Springer



Convergence of Almost Harmonic Maps to Geodesic Bubble Trees Page110f21 213

we hence know that O?C li'|? < CR, (so)% sup; |i#'| + C Ry (s0)-

We now set a(s) := f{s «s! lus|d6 and use that lit/| < a and that we have already
established the bound (2.11) on the oscillation of «. This allows us to conclude that

ose [i|? < CRy(50)? supa + C Ry (s0) < Ca(s0)Ru(50)2 + C Ry (s0).
1

_ 1
As [ja—i'| < [j o lus — frus| < lusollz2z, (s0)) < CRu(s0)2 we furthermore
2

have

1 1
/a2—|:z/|2 < 2supa~/a—|ﬁ/| < Cle(s0)+05c ) Ru(50)2 < Car(50) Ru(50) 2 +C Ru(50)-
1 1 1

Combined, these two estimates give

_ _ _ 1
@ (so)l? = /1“2 - /1“2 — 15 —ose P 2 as0)? — Clatso) Ru50) + Rus0)]

If a(sg) > C1Ry, (so)% for a sufficiently large but fixed C1 > 1, we hence deduce that

i’ (s0)I? = @(50)(@(s0) — CRu(50)2) = [ (s0)|(e(s0) — C Ru(50)?)

since |i#'| < « and since the term in the bracket is positive. We hence obtain the
claimed bound (2.12) in this case which suffices to complete the proof of the lemma

as (2.12) is trivially true (for C > Cy) if a(sg) < C1 Ry, (so)%. O

To translate the estimates derived above to the hyperbolic setting we recall that the
tension with respect to the hyperbolic metric g = p’gp is given by

To(u) = p~21g, (1) (2.16)
which in particular implies that for any I C [—X(£), X ({)]

ITgr L2151 4p) = SlIIP,O Mg llz2(rxs1,9)- (2.17)

We also recall that the conformal factor p = p; is bounded uniformly on collars C(£)
for £ in a bounded range, say ¢ € (0, arsinh(1)), and that for every 1 < A < X(¢)

C'A ' <pxX()—A) <CcA . (2.18)

As |log(p)| = p| sin(%s)l, and thus in particular | log(p)’| < 4—1‘ away from the ends
of the collar, we can bound

p2(s)e 2= < Cp3(s), foralls,s’ € [—X(0), X(O)] (2.19)
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and hence get that the quantity R, appearing in the above lemmas is bounded by
Ru(s) < Cp%(s) /cm |7g, (u)(q, 9)|2e_%‘s_q|dvgl (q, 0) + e~ WA (2 20
In particular, for every interval I C [—X(£), X(£)] \ A(u)
sup Ry + /1 R, < CSl;p p? - ITg@)||2 5 + 2e~ 451 -AW) (2.21)

where here and in the following the norm of 7, () is computed over (C({), g) unless
specified otherwise. We will furthermore use that

/ (R} = ( / p2ds)} [7g ) | 2 + de~ 3UAwW)
I I

< Csupp? - ||rg(u)l 2 + de~29HUIAW) (2.22)
1

Here and in the following we still define the high energy set A(u) by the formula
(2.1) that involves the energy of maps u# on cylinders of unit length with respect
to gg in the corresponding collar coordinates. Similarly we continue to denote by
dist(-, A(u)) the (euclidean) distance of numbers s € [—X(£), X(£)] respectively
intervals I C [—X (£), X (¢)] from the high energy set A(u).

We first combine these estimate with the well known bounds on the angular energy
that we recalled in Lemma 2.1 to show

Lemma2.6 Letu : C(£) — N be a H*>-map from a hyperbolic cylinder (C(£), g) with
£ € (0, arsinh(1)). Then for every s € [—X(£), X(£)] we can bound

/{} o lus|* = |ug*d0 < CL+ Cp(s)llTg )] 2 (2.23)
SpX

while for every interval I C [—X (£), X (£)]\ A(u)

E(u, I x8") < Ce™ AW 4 Csup p?- |1y () |25+ CII|- (C+sup p- |7y () [ 12)
1 1
(2.24)

and
osc u <Ce 2AW) 1 Csup p3 gy 2 + CI| - (€ + sup pllzg ()] 2)?
xS 1 1
(2.25)
Proof of Lemma 2.6 Given u as in the lemma we let ¥ (s) = |us|*> — |ug|? be the real

part of the function that represents the Hopf-differential ® (1) = (|us|*> — |ug|® —
2iusug)(ds +id#)? in collar coordinates and set Iy (s) == f{s}xsl Y. It is well known
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that the antiholomophic derivative of the Hopf-differential is bounded in terms of the
tension and we exploit this to write

aSII/f = / o5y = / sV + 09 Qusug) = 2/ (tss + ugp)us = 2/ th(u)”S~
st st st st
Combined with (2.17) this implies that for any interval J C [—X (), X (£)]

1
osc Ly < CE)? - |t Wl 20y xs1,gp) < Csupp - I Tg)ll 2. (2.26)
J

We apply this estimate for J = [s — %X(Z), s]if s > O respectively for J = [s, s +
%X(E)] if s < 0 as this ensures that sup; p < V2p(s). Indeed, if |s| > % then
sup; p = p(s) while otherwise sup; p < p(@) < «/5,0(0) < «/E,o(s). As |J| =
%X(ﬁ) > ¢¢~! for a universal ¢ > 0, we can bound inf Iy < CLE(u) < C¢ and
thus obtain from (2.26) that

Iy (s) < iIJlf Iy + 030 Iy < CL+ Cp(s)lltg(u)ll 2 forevery s € [-X(£), X ()],

(2.27)
as claimed in (2.23).
The second claim (2.24) of the lemma immediately follows by integrating (2.23)
over the given interval I C [—X(£), X(£)] \ A(u) as Lemma 2.1 and (2.21) imply
that

sup ¥ + / 9 < Csup p2llzg ()|, + Ce™ AW, (2.28)
1 1 1

Similarly, from (2.23) we obtain

1
osc u <2sup 0sC u+ — lug|dsd6
IxS! sel {s}xS! 27 Jixst

1
< Csup®? +C/ﬂ%ds+C|1|-sup(/ 2 = Jug|?)?
I I I J{s)xS!

< Csupz?% + C/l?% +ClI|- (€ +supp - ||rg(u)||Lz)%.
I I 1
As Lemma 2.1 and (2.22) imply that
/ 97 < Csupp? - ||rg ()] 2 + Ce29stU-AW) (2.29)
I I

we hence obtain the final claim (2.25) of the lemma. O

We shall later apply Lemma 2.6 to prove that there can be no loss of energy or
formation of necks on regions of the collar with distance of order O (] log(¢;)|) from
the high energy region .A(u;). Conversely, for points which have larger distance from
the high energy set, and for which Lemma 2.1 hence gives a stronger bound on the
angular energy, we will use the following lemma.
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Lemma 2.7 Letu : C(£) — N be a map from a hyperbolic cylinder (C(£), g) with
€ € (0, arsinh(1)) and let I C [—X(£), X(£)] be any interval with dist(I, A(u)) >
4|1log(€)|. Then a(s) := f{s}xSl lus|do satisfies

~ ~\ L ~
loe(s) —a(s)] < C€2+Cmax(p(s), p(N2Ntgll2ciey, g0 Jor all s, s € I (2.30)

and, denoting by so the element of I with p(so) = inf p, we furthermore obtain that
—1 1
a < Cp(so)™ also) + CL+ Cp(so) 2 lltgWl L2 (o), g0)- (2.31)
1

Proof Since e~ 2dist(Aw) < C(? we can integrate (2.11) from s to § and use (2.22)
to obtain the first claim of the lemma as the maximum of p on any closed interval is
achieved at one of the endpoints.

To obtain the second claim we then use that (2.30) gives

a(s) < also) + CE2 + C2I p(sg) Zllrg)ll 2 for s € I with 27" p(sg) < p(s) < 27 p(so).
(2.32)

At the same time we can use that
1
L'{s e [-X©), X(©)] : 51 =P0) < n}) < Cn~! forany n > 0. (2.33)

Indeed, for 37 < v/2p(0) = ﬁ this follows as X(¢) < C¢~' while for larger
values of n this set consists of two intervals on which cos(%s) < \/LE and thus
[log(p)| = p| sin(%sﬂ > %p > (2\/5)’117. Hence these intervals have length no

more than 2+/2log 25~
From (2.32) and (2.33), which also implies that |I| < Cp(so)~! < C¢~!, we thus
obtain the claimed estimate of

/1 a(s)ds < (@(s0) + CEONI| + Cllrg @)l 2 Y (27 p(so)? - @7 plso)) !
Jj=0

1
< Cp(s0) ar(so) + CL+ Cp(s0) 2Tl 2cey)-

3 Proof of Theorem 1.3

We now turn to the proof of our main results in the hyperbolic setting. So let u; be
a sequence of almost harmonic maps from hyperbolic cylinders (C(¢;), g = g¢;)-
£; — 0, with

_1
ei = ltg, il 2c i), 00 > — O (3.1)
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which converges to a full bubble branch as recalled in the introduction, see [4] for
more detail. The choice of the numbers {an}ZLo in [4] ensures that there exists a
number A (allowed to depend on the specific sequence u;) for which A(u;) C
U s/ — Ao, s + Ag] for all i. As the bubble branches against which the shifted
maps u; (- — slf”), 1 < m < m — 1 converge are non-trivial and as we always have
£X(¢;) € A(u;) we furthermore know that A(u;) N [s]" — Ao, s/ + Ag] # @ for
every m = 0, ..., m and sufficiently large i.
In the following we can thus use that

dist(s, A(u;)) — Ao < min |s — s7"| < dist(s, A(u;)) + Ao (3.2)

for every s € [—X(¢;), X(£;)], and hence in particular that factors like o~ dist(s. A@u)

are bounded by Ce™ Mit s ="l Here and in the following C denotes a constant that is
allowed to depend on the specific sequence of maps u;, but is of course independent
of i.

We first need to decide which parts of [sl’.’1 -4 Ao, s —Ao]x S ! we want to include
in the extended bubble regions around s." - respectively s/ and which (central) part
of this cylinder we want to view instead as the connecting cylinder [b:"_l, a"l x § !
between the extended bubble regions.

To begin with we look at the auxiliary sets

I":={se [slf"_l, s dist(s, A(u;)) > 4]log(€;)] + 1}, 3.3)

where here and in the following we can fix m € {1, ..., m} and only need to consider
sufficiently large indices i. We can hence in particular assume that 4|log(¢;)| + 1 >
Ag + 2 which ensures that these sets are closed (possibly empty) intervals.

If 1" is not empty we furthermore let /" be the element of I/ for which the
conformal factor is minimal, i.e. set #/" = 0 if 0 € /" while " = :I:min,im |s| if
1" c R

If, after passing to a subsequence, either /" = ¢ for all i or I" # ¢ but

m

0i (1™ e (1) — Oasi — oo (3.4)
for a;(s) = f{s}xSl |0gu;| then we set b;"_l =a' = %(sim_1 + s/"). In this case
we hence end up with a trivial set as connecting cylinder and will prove that no neck
forms between the bubble branches against which u; (- — sim -1 ) respectively u; (- —s;")
converge.

Conversely if, after passing to a subsequence,

m

pi (t") " i (1) > ¢ for all i and some co > 0, (3.5)

then we choose b;”fl and a{” as the minimal and maximal element of Il.”‘ for which
pi ()" i (s) = 8 == max(e;, ). (3.6)
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As §; < co (for sufficiently large i) these numbers are well defined and satisfy b;"_l <
" < aj.

We note that in both cases (1.9) is satisfied since 57" — sim ~! 5 o0 and since (3.2)
ensures that dist(/", {s/" ", s7}) > 4]log(£;)| — Ao — ooif I!" # 0.

As a first step towards the proof of our main theorem we now want to establish
that this choice of ;" and b}" ensures that (1.10) and (1.11) hold true, and hence that
there is no loss of energy nor formations of necks on the extended bubble regions
B" = [a", b"] x S'.

By symmetry it suffices to analyse the behaviour of u; fors € [a]", s;" — A]. To this
end we first consider the set [a]", 5" — A]\ I which is an interval of length no more
than O (] log ¢;]) whose distance from A(u) is at least A — A. Using additionally that
the conformal factors p; are uniformly bounded we hence obtain from Lemma 2.6 and

our main assumption (3.1) that

1
E(ui, ([a, s — AI\ I") x S') < Ce™ + Ct;ef + Cllog €;(¢; + &:£?)

and 1

1 1 11
osc up < Ce ™% 4 Ce2e; + Cllog €;1(07 +¢7¢})
([a s/ — AT\I™) x S’

both tend to zero as i — oo and A — oo.
It thus remains to bound the energy and oscillation of u; on (I]" N {s > a"}) x st
and to this end we want to prove that

/ ;i (s)ds — O0asi — oo. 3.7
1"N{s>al"}

This is trivially true if /" = ¢ and is also true if (3.4) holds as in this situation Lemma
2.7 implies that

1
/ a;(s)ds < Cp,-(tim)_loc,-(t{") + Ct; + Cpi(t;")_%éfe,- — 0asi — oo.
i

In the remaining case where (3.5) holds we can instead use that a{” is chosen so that
pl._l(s)oti (s) <8; — Oforall s € I" withs > a!". We can hence apply the analogue
argument (with 7" replaced by the element 1" of I" N {s > a;"} which minimises p)
to conclude that also in this case (3.7) holds.

Having established (3.7), and hence that the oscillation of f u;i(-,0)do over I N
{s > a/"} tends to zero, we immediately deduce that

0sc u; —> 0
(I"N{s=aj"}) x St

as the standard angular energy estimates recalled in Lemma 2.1 ensure that the oscilla-

1
tion of u; over circles {s} x sl se Il.'", is bounded by C1; (s)% <Cl+ CZiZ g — 0.
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Combining (3.7) with Lemmas 2.1 and 2.3 furthermore allows us to deduce that

E" s = ) x §Y) < c/

m m
I"N{s>aj"}

ol +9; + /l lugg|>dO ds
S
< c/ aids + C6; + Clie} — 0,
I"N{s>a;"}

since Lemma 2.2 and the trace theorem ensure that the «; are uniformly bounded away
from A(u;).

This completes the analysis of the maps u; on the extended bubble regions and it
remains to study the behaviour of the curves i;, and their reparametrisations v, on
the intervals (b} -1 a).

We recall that these intervals are non-empty only if (3.5) holds and note that by
symmetry we can assume without loss of generality that |a"| > |b:,"_l | and hence that
p < pa on[bf", al.

As the choice of a]" ensures that «; (a]") > p;(a]")8; and as £; < 2mp; we can first
apply the estimate (2.30) from Lemma 2.7 to see that for every s € [b;"*1 ,al'l

0i(s) = ai(a]") — C6 = Cpi(a")? g, ()l 2
> pi(a")[8i — Cli = Cei] = (1 = o(1)pi (a]")8; = (1 = 0(1))p; ()8
(3.8)
where we use in the penultimate step that §; = (max(e;, Ei))% > max(egj, £;).

As Ry, (5) 4+ 9i(s) < CRy,(s) < Cp}(s)tie? + Ct}, compare (2.20) and Lemma

2.1, we can use Corollary 2.5 to see that

1 1 1
)] > (1 — CO2 )y — CZ — Cpille; > (1 —o(l) — C;87 " — Ce2 8 ey

> (I —o(1)w;
3.9)
on [bi."_l, alf”]. In particular, for all sufficiently large i, we have
~/ 3 1 m—1 _m
lu; ()| = g0 (s) > ESiPi(S) fors € [b) ", ai"]. (3.10)

Next we prove that the (euclidean) tension of the curve u; is bounded by
1
ITep ()] < C/1 [Tgp (u;)|dO + Cz?l.2 [|ﬁ;|2 + |12§| /l |0soui|dO + z?i]. (3.11)
S S

To see this we first use that i, = dmy(i;)(u}) for i;(s) = f{s}xSl u; and that
—d*7(p)|1,Nx1,n = A(p), p € N, to write

Top () = 0 + A (@), i0)) = oy () @) + d> oy () (@), 1)) — d> oy (i) (@, ).
(3.12)
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1 1 1
As |u; — ;] < oscu; < C¥;/ andas |i; —i}| < CV/ oy < CV; |it}|, compare (2.13)
s

and (3.10), we can bound
1
|d? s i) i, i) — d e () (@), 1)) < Co2 a2,

S0 it remains to estimate the first term in (3.12).
As i} (s) = fqdssui = fg Agptti = fg Top (i) + A(u;)(Vui, Vu;) and as
dmyu;i)(A(u;)(Vu;, Vu;)) = 0 we have

ld7y (i) (@])| < C/l ITgp (i)l 4 llui — u;ll poosry /1 Vuil*
S S

1
gc/ |rgE(u,-)|+Cﬁf/ |Vu; |
s1 s1

This yields the claimed estimate (3.11) as «; = f |0su;| < 2[u;]| for all sufficiently
large i and as we can hence bound

VU £ 9, Canllsuil sy < 9+ Cantan + [ 100
N N

< 0+ CIEIE1 + [ o)
N

We now reparametrise i; |;m-1 ) by arclength and estimate the tension of the result-

ing curve v" = i; o s, which is well defined as (3.10) ensures that i} 3 0 on this
interval. To lighten the notation we write for short v; = v!" and 5; = s}".

a . _ . .
Solet c!" = % b;,_, |i}|ds and let s; : [—c]", "] — [b] ! a!"] be the increasing
1

bijection with [§;|? - [} 0 5;|* = 1. Differentiating this relation and using that i1} - i} =
Ty, ()11 yields

o< (6125 -1 ~ o -3 A .

Isi] < |s;] |uiosl| |Tg5(”l)ost|—|'4iost| |TgE(”t)OSz|~

As g, (V) = |s',-|2rgE (i4;) o s; + $jil; o s; we can thus use (3.11) to bound

|Tgp (0i) 057" | < 202} | 7% |7g, (i)

SE\TL i = i gE \Mi
1
< cm;rz/1 |Te, (u)dO + CV}? <1 + 1Al 720 4 |ah) ! /l |asgui|d9).
N N
For any p € [1, 2] we can hence estimate
e OIS e ey = / 1}]17g, (vi) o 571 7ds

4 3p
a1 —2p+1 5ia a1 =2p+l 0T | Al —ptl
< C/Iu;| Pt |Tgp ()| 4+ 07 |a;] + |i;] Pt 9,2 + |ig]| P d5qu; |Pdsdo
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where we integrate over s € [b;"_l, a"land6 € § ! Combined with the lower bound
(3.10) on the velocity of #; and the fact that p; > c¢; we hence get

—2p+1,1— _ N 1
I @O ey = €8 707 [0 s Pdsas + CEG* ([ o a3
3p
+Cs; 2”“//)[(21’*1)19,.2 ds+caf(”’“/p[(f’*”msmpdsde
—ca®V+ 1@ 4+ 1O £ 1¥)
and we will show that each of these terms tends to zero as i — 0.

First of all, the relation (2.17) between the euclidean and the hyperbolic tension
and our main assumption (3.1) imply that

TV <8727 e P X ) 5 e )l < 57l < cs; — 0.

L2(C(L)) —
Since the endpoints of our interval [b;"_1 , a!"'] have distance at least 4| log £;)| — Ag

from the high energy set we can furthermore use Lemmas 2.1 and 2.3 as well as (2.20)
to bound

ﬂi(s)+/ |8spui |2 < Cp2lie? + CPe™Mn6—b""1a" =) for a1l 5 ¢ "= am.
61(s)
(3.13)
As E(ii;) < CE(u;) < C this immediately implies that 7, — 0 while also
3p
Ti(3) < C(Sl_—2p+1€i2 E?p/pipﬂ n C(Si—zp+1£lp+1 o

Similarly (3.13) implies that

L L
7Y < 5P Dehy2 /,0,' +C57 P Ve < ce?llogti] + €87 — 0

where we use in the penultimate step that f X}%) peds < Cllogt|.
We hence conclude that || T (v;)||p—cm cmp) — O forevery p € [1, 2] as claimed

in Theorem 1.3.
After passing to a subsequence we can now assume that ¢" — ¢ € [0, oo]. If ¢ =0
then the curves simply collapse to a point so there is nothmg to show.

If instead ¢ € (0, co) then setting v; = v; (— ) we obtain curves in N that are

parametrised over a fixed interval / = [—c, c] with constant velocity A; = i — 1
which satisfy
v = —A(vz)(ﬁf, ;) + gi (3.14)

for functions g; = 7(v;) with [|gill.2(;) = l. ||T(Ui)||L2([_c{”,cm]) — 0. This implies
in particular that the sequence v; is bounded in W22(I) and hence that it subconverges
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to a limit vs, weakly in W22 (1) and strongly in C1-%(I) for a < % Hence the right
hand side of (3.14) converges strongly in L? to —A(Voo)(Vso, Vi) which allows
us to deduce that 7; converges indeed strongly in W22 to the limit vy, which satisfies
T (Voo) = V5 + A(Voo) (Voos Voo) = 0, i.e. is a geodesic.

Similarly, if ¢" — oo then we can apply the above argument locally on [0, o) to
conclude that the curves v{" (- — ¢/") and v!" (¢{* — -) subconverge strongly in Wi’f to
infinite length geodesics.

4 Almost Harmonic Maps from Degenerating Tori

We recall that the moduli space of the torus is given by the quotients of (C, gg) with
respect to the lattices that are generated by 27 and A+iBforA € (—m,7]and B > 0
with |A + i B| > 2m (with strict inequality for A < 0).

We can thus view maps u; from degenerating unit area tori (72, g;) as maps
from R x §! equipped with metric g; = ping for p; = (27'[B,~)*% with periodic-
ity ui(s,0) = u;(s + B;i, 0 + A;).

Given any closed curve o € C 2(S 1. N) we can hence consider the maps u; (s, 0) =
a(%‘v) whose tension decays according to

B;
g, (ul-)||iz(T2’gi) < C/O p 2Bt =CB =t} (4.1)

to see that we cannot expect almost harmonic maps to converge to geodesic bubble
trees if the tension decays no faster than inj(M, g;)?. Here £; denotes the length of the
shortest closed geodesic in the domain (72, g;) which is given by ¢; = 2inj(M, g;) =
2mp; as |A; +iB;| > 2m.

The proof of our main result in the hyperbolic case now carries over to the
new setting of maps from tori with only minor modifications and indeed simplifies
since the conformal factors p; = % are constant. To explain the necessary mod-

ifications we first note that ||zg, (ui)ll ;272 4, = o(ﬁl.z) is equivalent to asking that
Igr Wl 20, 1x 51 0x) = PillTe W)l 120, B, 1x51.g1) = O(£3).

Defining the intervals ;" now so thatdist(1", {sl.m_1 ,s™}) = 8]log ¢;| we then need
to distinguish between the case where either I/" = ¢ or Zi_z supm & —> 0 and the
case where sup I Ei_za[ > ¢o > 0. In the former situation we again set b;”_l =a' =
%(sl.’”_1 + s!) so end up with a trivial connecting cylinder, while in the later case we
choose a" and b;"il as the maximal and minimal elements of ;" with Zlfza,- (s) = 6;
where we again set §; = min(g;, Ki)%, now for g; := €f3||rgE (u,-)||L2([0,Bl_]X51’gE) —
0. As B; < Cﬁi’z we hence again get that fll_,,l\[b;n_lﬂ
exactly as in the previous proof to obtain (1.10) and (1.11), i.e. to exclude the loss of

energy or formation of necks on the extended bubble regions.
Integrating (2.11) over the interval [blm_1 , a!"] whose length is bounded by Cﬁi_z

qo = 0 and we can argue
1

1 1
and using that [, R;, < CZ;1 + Ce,-ﬁ? B} < C(Zi2 + si)ﬁl.z then allows us to conclude
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thata; > (1 — 0(1))8,-61.2 on this interval and hence that also [} > (1 — 0(1))5,’@2 on
the connecting cylinder. This allows us to carry out the rest of the proof exactly as in
the hyperbolic case to complete the proof of Theorem 1.4.
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