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Abstract

Quasi-one-dimensional quantum models are ideal for theoretically exploring the
physical phenomena associated with strong correlations. In this thesis we study three
examples where strong correlations play an important role in the static or dynamic
properties of the system.

Firstly, we examine the behaviour of a doped fermionic two-leg ladder in which
umklapp interactions are present. Such interactions arise at special band fillings and
can be induced by the formation of charge density wave order in an array of two-
leg ladders with long-range (three-dimensional) interactions. For the umklapp which
arises from the half-filling of one of the bands, we show that the low-energy theory
has a number of phases, including a strong coupling regime in which the dominant
fluctuations are superconducting in nature. These superconducting fluctuations carry
a finite wave vector – they are the one-dimensional analogue of Fulde-Ferrell-Larkin-
Ovchinnikov superconductivity.

In a second example, we consider a quantum spin model which captures the essen-
tial one-dimensional physics of CoNb2O6, a quasi-one-dimensional Ising ferromagnet.
Motivated by high-resolution inelastic neutron scattering experiments, we calculate
the dynamical structure in the paramagnetic phase and show that a small misalign-
ment of the transverse field can lead to quasi-particle breakdown – a surprising broad-
ening in the single particle mode observed in experiment.

Finally, we study the out-of-equilibrium dynamics of a model with tuneable in-
tegrability breaking. When integrability is broken by the presence of weak interac-
tions, we show that the system relaxes to a non-thermal state on intermediate time
scales, the so-called “prethermalization plateau”. We describe the approximately sta-
tionary behaviour in this regime by constructing a generalised Gibbs ensemble with
charges deformed to leading order in perturbation theory. Expectation values of these
charges are time-independent, but interestingly the charges do not commute with the
Hamiltonian to leading order in perturbation theory. Increasing the strength of the
integrability breaking interactions leads to behaviour compatible with thermalisation.

In each case we use a combination of perturbative analytical calculations and
non-perturbative numerical computations to study the problem at hand.
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1. Introduction

At first sight condensed matter systems are overwhelmingly complicated: a stagger-

ing number of degrees of freedom are brought together, interact with one another

and, depending on the details of the material, realise phases of matters as diverse

as insulators, metals, superconductors, magnets, topological insulators and fractional

quantum hall fluids, to name but a few. The study of how such states of matter can

emerge from “simple” theoretical models has been fruitful, and some understanding

of the rich variety of phases observed in nature has been gained. However, even in

the simplest models of interacting quantum systems (such as the Ising model or the

Hubbard model), many questions remain unanswered and many properties of these

models incalculable.

Why are interacting quantum systems so difficult to study? Perhaps the greatest

difficulty in the study of such systems was eloquently described by Anderson [4] over

40 years ago

“The behaviour of large and complex aggregations of elementary particles,

it turns out, is not to be understood in terms of a simple extrapolation

of the properties of a few particles. Instead, at each level of complexity

entirely new properties appear. . .”

This appearance of new and distinct properties – so-called “emergent phenomena” –

is perhaps the defining feature of strongly correlated systems. It can mean that the

excitations in these systems bear little semblance to the constituent elements, making

the study of such systems difficult and often surprising.

In the hope of getting a concrete understanding of strongly correlated systems, we

turn to the study of low-dimensional quantum systems, where it has long been known

that strong correlations and collective phenomena rule the roost. The archetypal
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example of emergent phenomena in a condensed matter context is the “spin-charge

separation” predicted in theoretical models [5, 6, 7] and observed over 30 years later

in experiments [8]. Given the difficulty in studying strongly correlated systems, it

is perhaps then surprising that one-dimensional quantum models are amenable to

theoretical treatment: in many cases we know how to reformulate them in such a way

that they become weakly interacting [6, 7] and in some special cases the quantum

problem can be solved exactly [9, 10, 11, 12, 13, 14, 15].

1.1 One-dimensional quantum models

The amenability of one-dimensional quantum problems to theoretical study is due to

a number of techniques which are peculiar to such theories. A special class of models,

so-called “integrable models”, are solvable via the Bethe ansatz [9, 10, 11, 12]. There,

much progress has been made in the last 30 years determining representations of cor-

relation functions in (non-nested) systems [12, 16] which can be efficiently evaluated

numerically [17]. Examples of one-dimensional integrable systems include experimen-

tally relevant models such as the Heisenberg (isotropic or anisotropic) magnet, the

Lieb-Liniger model of delta-function interacting bosons and the Hubbard model for

interacting electrons. More generally, non-integrable theories can be attacked us-

ing bosonisation and refermionisation [5, 6, 7] which maps the strongly interacting

fermion problem in to a weakly interacting bosonic problem. Critical one-dimensional

quantum systems (such as the Luttinger liquid or the critical transverse field Ising

model) can be studied with conformal field theory [14, 15] which gives insight into

critical phenomena and yields exact expressions for critical exponents and power laws

of correlation functions. We are also aided by powerful numerical methods, such as

the density matrix renormalisation group [18, 19], which allow us to explore problems

in parameter regimes where controlled analytical techniques no longer apply.

Let us now turn our attention to specific one-dimensional quantum models that

will be central to the problems studied within this thesis. In the subsequent sub-

sections we will review these models, highlighting salient features and show that the

restriction to one spatial dimension will have striking consequences, with collective

excitations and emergent phenomena being at the forefront.
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1.1.1 The transverse field Ising chain

The transverse field Ising chain (TFIC) is a paradigm in the study of quantum mag-

netism [15, 20, 21, 22, 23] and may be derived from the transfer matrix of the classical

two-dimensional Ising magnet [15, 25]. The Hamiltonian is given by

HI = J

L∑

`=1

Sz`S
z
`+1 + h

L∑

`=1

Sx` , (1.1)

where J characterises the interaction between nearest neighbour spins, h is a trans-

verse magnetic field, L is the number of sites in the chain (we impose periodic bound-

ary conditions) and Sx` , S
y
` , S

z
` are the three components of the spin operator S`. These

operators obey the commutation relations [Sα` , S
β
`′ ] = iδ`,`′εαβγS

γ
` where εαβγ is the to-

tally antisymmetric tensor. The symmetrised combinations of the x, y components

give two non-Hermitian operators S±` = Sx` ± iSy` which act as raising and lower-

ing operators in the local spin space: flipping the spin configuration S+| ↓〉 = | ↑〉,
S−| ↑〉 = | ↓〉 or annihilating the state S+| ↑〉 = S−| ↓〉 = 0.

Beyond applications to quantum magnetism, the model itself was actually first

introduced in 1963 as a simple model for the collective motion of hydrogen bonds

in the ferroelectric KH2PO4 [24]. In this material, protons at each site reside in the

minima of a double well (labelled by Sz = ±1
2
) and may tunnel between the two

minima with amplitude h. The model was then treated semi-classically, allowing

de Gennes to make predictions about neutron scattering on the compound.

The model is not exactly solvable for D > 1 spatial dimensions, nevertheless

extensive progress was made in the 1970s in studying the properties of the TFI model

using mean field theory [21] and series expansions at high temperature [26] and low

temperature [27]. In the D = 1 case, the model becomes exactly solvable and equal-

time correlators are known exactly for the ground state [20, 28, 29] and in out-of-

equilibrium for quantum quenches from the ground state [30]. The calculation of

dynamical correlation functions in the ground state of the TFIC remains an area of

active research 45 years after the exact solution was found [31, 32, 33, 34, 35, 36].

The TFIC will form an important part of our model in Chapter 3, so we will now

present the exact solution of the TFIC and the phase diagram, discussing concepts

which will be useful in the presented work.
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1.1.1.1 The exact solution

The exact solution of the TFIC begins with the Jordan-Wigner transformation [37]:

an exact operator equivalence between spin–1
2

operators and spinless fermions

Sx` =
1

2

(
1− 2c†`c`

)
, Sz` =

1

2

∏

j<`

(
1− 2c†jcj

)(
c` + c†`

)
,

where c` (c†`) is the spinless fermion annihilation (creation) operator on site ` of

the chain, which obeys the anti-commutation relations {c`, c†`′} = δ`,`′ , {c`, c`′} = 0.

Following the Jordan-Wigner transformation the Hamiltonian becomes

HI =
J

4

∑

`

(
c†`c
†
`+1 + c†`c`+1 + c†`+1c` + c`+1c`

)
− h

∑

`

c†`c` +
hL

2

−J
4

(
1 + eiπN̂

)(
c†Lc
†
1 + c†Lc1 + c†1cL + c1cL

)
,

where N̂ =
∑L

j=1 c
†
jcj is the total number operator and the final term arises from the

periodic boundary conditions in the spin chain (with open boundary conditions no

such term appears). The boundary term enforces anti-periodic (periodic) boundary

conditions when there are an even (odd) number of fermions. For large systems the

boundary term may be neglected as the corrections to the eigenvectors and eigenvalues

due to it scale with L−1. Hereafter we neglect the boundary term.

We proceed by Fourier transforming the fermion operators c` =
∑

k e
ik`ck/

√
L and

find the momentum space Hamiltonian

HI =
∑

k

{[J
4

cos(k)− h

2

](
c†kck + c†−kc−k

)
+ i

J

4
sin(k)

(
c†kc
†
−k + c−kck

)}
+
hL

2
.

This can then be diagonalised by the Bogoliubov transformation

ck = cos

(
θk
2

)
γk + i sin

(
θk
2

)
γ†−k, tan(θk) =

sin(k)

cos(k)− 2h
J

,

where γk are new “Bogoliubov fermions”. The condition on the Bogoliubov parameter

θk arises from the condition that we have a diagonal Hamiltonian in terms of the

Bogoliubov fermions, which is given by

HI =
∑

k

E(k)
(
γ†kγk −

1

2

)
,

where the single particle dispersion is

E(k) =
J

2

√
1 +

(2h

J

)2

− 4h

J
cos(k).
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The single particle dispersion E(k) > 0 and hence the ground state is easily con-

structed as the vacuum state for the Bogoliubov fermions γk|0〉 = 0. Excited states

are constructed by adding Bogoliubov fermions to the ground state.

We see that the Bogoliubov fermions γk are well-defined quasi-particles, with the

mode occupation numbers nk = γ†kγk commuting with the Hamiltonian (and forming

a mutually commuting set, so this is an integrable model [10, 12]). These fermions

are the emergent degrees of freedom of our model and are related in a non-local way

to the spin degrees of freedom, e.g. they are collective excitations of the system.

Before discussing the ground state phase diagram, it is useful to consider two

limiting cases of the TFIC and discuss the structure of the ground state and its

excitations at zero temperature.

1.1.1.2 Limiting case (i): h = 0

In the limit of h→ 0, the Hamiltonian retains only the Ising spin exchange interaction

HI(h = 0) = J
∑

` S
z
`S

z
`+1 and the ground state is formed from either parallel (J < 0)

or anti-parallel (J > 0) neighbouring spins

J < 0 J > 0
1√
2

(
| ↑↑ . . . ↑〉 ± | ↓↓ . . . ↓〉

)
1√
2

(
| ↑↓↑ . . . ↓↑〉 ± | ↓↑↓ . . . ↑↓〉

)

where +(−) denotes the states with even (odd) parity under the Z2 global spin-

inversion symmetry Sz → −Sz. We have, of course, recovered the classical Ising model

and the ground states correspond to the classical ferromagnetic and antiferromagnetic

(Néel) states.

The excited states of the system correspond to single spin flips (with an energy

cost of J/2 as two exchange interactions have changed from −J/4→ +J/4). Adding

a small magnetic field h � J allows the domain walls to hop on the lattice, for

example they may move apart:

| ↑↑↑↑ ... ↓ ... ↑↑↑↑〉 h−→ | ↑↑↑ ... ↓↓↓ ... ↑↑↑〉 h−→ | ↑↑ ... ↓↓↓↓↓ ... ↑↑〉 h−→ . . . .

Domain walls
... thus become excitations with a well-defined momentum k and excita-

tion energy E(k) = J/2 − h cos(k) +O(h2). The original spin flip excitation has, in

some sense, “fractionalised” into two domain wall degrees of freedom which can move

independently.
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This fractionalisation of the spin flip into two degrees of freedom means that

inelastic neutron scattering in the ordered phase shows the two-particle (and at higher

energies, 2n particle) continuum of excitations [23].

1.1.1.3 Limiting case (ii): |h| → ∞

In a strong transverse field, the ground state properties are dominated by the term in

the Hamiltonian HI(|h| → ∞) = h
∑

` S
x
` . The resulting ground state configurations

become polarised antiparallel to the transverse field direction

h < 0 h > 0
| →→→ . . .→〉 | ←←← . . .←〉,

where | →〉 = (| ↑〉 + | ↓〉)/
√

2. Excitations are single spin flips in the completely

polarised state with energy cost 2h. Each additional flipped spin costs energy 2h and

hence domain walls
... cannot move freely in this limit. The addition of a small Ising

term J � h allows the single spin flip to hop

| →→→ ...← ...→→〉 J−→ | →→ ...← ...→→→〉 J−→ | → ...← ...→→→→〉.

The single spin flip becomes a quasi-particle with momentum k and excitation energy

E(k) = h− J/2 cos(k) +O(J2).

As a result of individual spin flips being a good single particle excitation, inelastic

neutron scattering on the TFIC in the high-field paramagnetic phase will observe the

single particle excitation and at higher energies the multi particle continuum [23].

1.1.1.4 The ground state phase diagram

We have seen in the above two limiting cases that the nature of the ground state

and the low-energy excitations are very different at low and high-field. In fact, at

some intermediate field there exists a critical point separating the ordered state and

the paramagnetic state. Ignoring boundary conditions, the field at which this phase

transition occurs can be found using the Kramers-Wannier duality transformation:

following Refs. [15, 23] we define Pauli matrices µ on a dual lattice:

µx
n+ 1

2
= σznσ

z
n+1, µz

n+ 1
2

=
∏

j<n+1

σxj .
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Using that (σaj )
2 = 12, it follows that µz

n− 1
2

µz
n+ 1

2

= σxn. The Hamiltonian can now be

written in the dual form (we define h = gJ):

HI =
gJ

2

∑

`

µz
`− 1

2
µz
`+ 1

2
+
J

4

∑

`

µx
`+ 1

2
= 2g

J

4

[∑

`

µz
`− 1

2
µz
`+ 1

2
+

1

2g

∑

`

µx
`+ 1

2

]
.

We now compare this to the original form of the Hamiltonian

HI =
J

4

[∑

`

σz`σ
z
`+1 +

g

2

∑

`

σx`

]
(1.2)

and we observe a symmetry of the model under the duality transformation which

implies the eigenvalues of HI obey E(J, g) = 2gE(J, g−1). At the critical point, the

lack of a spectral gap implies the model must be self-dual, e.g. E(J, gC) = E(J, g−1
C ),

and hence 2gC = 1 and the critical transverse field strength is given by hC = J/2.

This point separates the low-field ordered phase from the high-field paramagnetic

phase, as shown in Fig. 1.1.

Figure 1.1: Zero-temperature phase dia-
gram for the TFIC.

Having established the presence of a critical point separating the ordered and

paramagnetic phases at zero-temperature, let us now briefly discuss the effect of

temperature on the long-range order of the TFIC. At finite temperature T the ground

state minimises the free-energy F = E − TS, where E is the energy of the state

and S the entropy. Consider the long-range magnetic order of the ferromagnetic

state: inserting a domain wall costs energy of J/2 and it may be inserted on any

of the L − 1 bonds of the L site chain. The free energy is then given by F =

J/2− kBT log(L− 1) and the insertion of domain walls minimises the free energy at

any non-zero temperature for L → ∞. Thus temperature melts long-range order in

the one-dimensional system. More generally, the Mermin-Wagner theorem [38] tells

us that a system with short range interactions in D ≤ 2 cannot have a spontaneously

broken continuous symmetry at finite temperature.

1.1.2 The Peierls insulator

Let us now turn our attention to the Peierls insulator, whose out-of-equilibrium

physics will be considered in Chapter 4, alongside a closely related interacting model.
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In its simplest realisation, the Peierls insulator describes spinless fermions with mod-

ulated hopping

HP = −t
∑

`

[
1 + δ(−1)`

](
c†`c`+1 + c†`+1c`

)
, (1.3)

where t is the average hopping amplitude and δ is a (dimensionless) dimerisation

parameter which describes the modulation of the hopping. Such dimerisation can

naturally arise in a crystal structure which breaks translational invariance from one-

site to two-site, as illustrated in Fig. 1.2.

Figure 1.2: Schematic of the periodic
(uniformly spaced) and dimerised crystal
structures.

The Peierls insulator (1.3) is exactly solved by Fourier transformation and Bogoli-

ubov transformation (see Eq. 4.6 onwards in Chapter 4). The resulting Hamiltonian

is formed from two bands α = ± separated by an energy gap of 4|δt|

HP =
∑

α=±

∑

k

εα(k, δ)a†α(k)aα(k), εα(k, δ) = 2αt
√
δ2 + (1− δ2) cos2(k),

where the momentum k is restricted to the two-site Brillouin zone 0 < k ≤ π. As

±ε±(k, δ 6= 0) > 0 the ground state |Ψ0〉 consists of a completely filled “−” band

|Ψ0〉 =
∏

k>0

a†−(k)|0〉,

where |0〉 is the fermion vacuum aα(k)|0〉 = 0. The ground state is thus half-filled,

containing L/2 fermions.

One surprising result [39] concerning (1.3) is that the half-filled periodic chain

(δ = 0) possesses an instability towards the formation of dimerisation δ 6= 0.† This

follows from a rather simple argument: the ground state energy E0(δ) is given by

E0(δ) = 2

∫ π/2

0

dk ε−(k, δ),

and satisfies

E0(0)− E0(δ) = 4J
[
E(1− δ2)− 1

]
> 0,

† This instability was discovered by Peierls in the early 1950s whilst preparing a text book, and
was not formally published.
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where E(m) is the complete elliptic integral of the second kind [40]. Thus it is en-

ergetically favourable for the chain to dimerise and open a gap in the spectrum, the

so-called “Peierls transition” (often called the “Peierls instability”). In reality, the

structural distortion pictured in Fig. 1.2 is associated with phonons – a dynamical

degree of freedom. A generalisation of the Peierls insulator which treats the dynam-

ics of the lattice distortions was used by Su, Schrieffer and Heeger (SSH) [41] to

describe the behaviour of polyacetylene. The phase-diagram of the one-dimensional

SSH model was later obtained by Fradkin and Hirsch [42] and interaction effects were

investigated by Kivelson and Heim [43].

Interest in the Peierls transition was readily established in the 1970s with the

discovery of superconductivity in quasi-one-dimensional organic compounds, observed

to exhibit a Peierls transition at higher temperatures [44]. Very soon after this, the

Peierls transition was also observed in quasi-one-dimensional (non-organic) metallic

systems [45] and an analogous effect in spin systems was also observed [46] (the “Spin-

Peierls transition”). More recently, the Peierls transition has been experimentally

observed in one-dimensional gold nanowires deposited on silicon surfaces [47]. In these

systems, one of the bands in the nanowire is half-filled and is observed to undergo a

metal–insulator transition with accompanied lattice distortion as the temperature is

lowered. In another case, where the crystal structure of the nanowire is tuned such

that there is both a half-filled band and a one-third-filled band, Peierls transitions

are observed in both bands [48] and parts of the crystal structure distort to dimerise

or trimerise, respectively.

1.1.3 The Hubbard model

We finish our review of the models central to the problems presented in this thesis

with the Hubbard model, which forms the basis of Chapter 2. The Hubbard model

is the simplest model of interacting electrons

HU = −t
∑

σ=↑,↓

∑

〈`,`′〉

(
c†σ,`cσ,`′ + c†σ,`′cσ,`

)
+ U

∑

`

n↑,`n↓,` (1.4)

where t is the hopping amplitude, U is the interaction energy, 〈`, `′〉 denotes nearest

neighbours and nσ,` = c†σ,`cσ,` is the number operator for spin σ electrons on site `
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of the lattice. Only the interaction between electrons sitting on the same site ` has

been kept, with all longer range interactions neglected. This can be justified for s

electrons, where the orbital radius is much smaller than the lattice spacing [49] or for

d electrons in a transition metal where the s electrons screen interactions [50].

The Hubbard model (1.4) was proposed independently by John Hubbard [49], Jun-

jiro Kanamori [50] and Martin Gutzwiller [51] in 1963, with the aim of understanding

correlation effects in narrow band models (Hubbard) and the effect of interactions on

ferromagnetism in transition metals (Kanamori and Gutzwiller). It was then further

studied with approximate techniques in a landmark series of paper by Hubbard [52]

which have had a lasting impact on the theory of solids [53].

Following these works in the 1960s, the Hubbard model has been used to study

an increasingly diverse number of phenomena, from the high-temperature cuprate

superconductors (see e.g. Ref. [54]) to the Mott metal-insulator transition [55] and

band magnetism [56]. For all its apparent simplicity, the Hubbard model in general

dimensions D is not fully solved and there are no well-controlled analytical approaches

for studying the problem with U ∼ 4t (the region most relevant for e.g. the high–Tc

cuprates). Instead, for a generic spatial dimension D one must resort to numerical

studies where even the nature of the ground state phase diagram is actively debated

(see for example, in two dimensions Refs. [54, 57]).

There are, however, two particular cases in which the exact solution is known.

In the first case, the lattice coordination number z is taken to infinity (often called

the infinite-dimensional limit) and non-trivial electron–electron correlations can be

retained by taking this limit in particular way [58, 59], resulting in the “dynamical

mean field theory”. The other exact solution is found in the opposing limit of z = 2

(e.g. one spatial dimension), where Lieb and Wu [60] constructed the exact eigenstates

of the Hubbard model using the Bethe ansatz [9, 10, 11, 12]. A rather complete

exposition on the ground state properties and excitations of the one-dimensional

Hubbard model can be found in the monograph [11]. It is on this limit that we will

focus the remainder of our discussion.
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Figure 1.3: Illustration of linearisation of
the spectrum (dashed black line) about
the Fermi point kF for a generic dispersion
(red solid line).

1.1.3.1 Spin-charge separation in the Hubbard model

Let us begin our discussion of the one-dimensional Hubbard model by highlighting

a quintessential example of emergent phenomena: the separation of spin and charge

degrees of freedom. We begin by considering the Hubbard model with weak interac-

tions at a generic filling (away from the top/bottom of the non-interacting band or

commensurate fillings); the low-energy degrees of freedom occur within the vicinity

of the Fermi points ±kF . Focussing on these low-energy degrees of freedom, the de-

tailed band structure can be approximated by a linear spectrum, as shown for the

right Fermi point in Fig. 1.3. This corresponds to splitting the electron into left and

right moving components according to

cσ,` ∼
√
a0

[
Rσ(x)eikF x + Lσ(x)e−ikF x

]
, (1.5)

where Rσ(x)/Lσ(x) is the right/left moving fermion field with spin σ at x = `a0 and

a0 is the lattice spacing.

Following the linearisation (1.5), the continuum limit of the one-dimensional Hub-

bard Hamiltonian (1.4) is

HU = vF

∫
dx
∑

σ=↑↓
:
[
iL†σ(x)∂xLσ(x)− iR†σ(x)∂xRσ(x)

]
:

+ U

∫
dx
[

:
(
R†↑(x)R↑(x) + L†↑(x)L↑(x)

)(
R†↓(x)R↓(x) + L†↓(x)L↓(x)

)
:

− : R†↑(x)R↓(x)L†↓(x)L↑(x) : − : R†↓(x)R↑(x)L†↑(x)L↓(x) :
]
, (1.6)

where : O : denotes normal ordering† of the operator O, the first term is derived

†This is necessary as the linearisation of the spectrum introduces divergences into the theory,
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from point-splitting (see e.g. Chapter 2 or Ref. [61]) and oscillatory terms have been

suppressed by the integration over x. Here we have introduced the Fermi velocity

vF = 2ta0 sin(kFa0) and we have redefined the interaction parameter U → U/a0.

To show the separation of spin and charge degrees of freedom in the Hubbard

model, we proceed to bosonise [6, 7, 11, 61] the low-energy Hamiltonian.† The fol-

lowing operator identities hold in one spatial dimension [6, 7, 14]

R†σ(x) ∼ κσ√
2πa0

: e−i
√

4πϕσ(x) :, L†σ(x) ∼ κσ√
2πa0

: ei
√

4πϕ̄σ(x) :, (1.7)

where the bosonic fields obey [ϕσ(x), ϕσ′(x
′)] = −[ϕ̄σ(x), ϕ̄σ′(x

′)] = sgn(x−x′)i/4δσ,σ′
and [ϕσ(x), ϕ̄σ′(x

′)] = i/4δσ,σ′ which enforce the anti-commutation of electrons with

the same spin, whilst {κσ, κσ′} = 2δσ,σ′ enforces the anti-commutation of electrons

with different spins. The kinetic term is evaluated by point-splitting, and it follows

that in terms of the bosonic fields the Hamiltonian takes the form

HU = vF

∫
dx
∑

σ=↑↓
:
[
(∂xϕσ)2 + (∂xϕ̄σ)2

]
: +

U

π

∫
dx : ∂x(ϕ↑ + ϕ↓)∂x(ϕ̄↑ + ϕ̄↓) :

+
2U

(2πa0)2

∫
dx : cos

[√
4π(ϕ↑ − ϕ↓ + ϕ̄↑ − ϕ̄↓)

]
: .

A natural basis for the bosonic fields describes spin (s) and charge (c) fluctuations:

Φc =
1√
2

[
ϕ↑ + ϕ↓ + ϕ̄↑ + ϕ̄↓

]
, Φs =

1√
2

[
ϕ↑ − ϕ↓ + ϕ̄↑ − ϕ̄↓

]
,

Θc =
1√
2

[
ϕ↑ + ϕ↓ − ϕ̄↑ − ϕ̄↓

]
, Θs =

1√
2

[
ϕ↑ − ϕ↓ − ϕ̄↑ + ϕ̄↓

]
,

where Θ and Φ are conjugate fields in each sector. In this basis the low-energy

effective Hamiltonian takes the simple form

H = Hc +Hs, (1.8)

Hc = vc

∫
dx :

[
K−1
c (∂xΦc)

2 +Kc(∂xΘc)
2
]

:,

Hs = vs

∫
dx :

[
K−1
s (∂xΦs)

2 +Ks(∂xΘs)
2
]

: +
2U

π

1

(2πa0)2

∫
dx : cos(

√
8πΦs) :,

where we have defined the Luttinger parameters

Kc =
1√

1 + U/4πvF
and Ks =

1√
1− U/4πvF

,

which may be regulated by introducing a cutoff momentum/energy or by consistent normal-ordering.
Normal ordering is discussed further in Chapter 2.
†A full discussion of bosonisation can be found in Chapter 2, where bosonisation is used exten-

sively.
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and the velocities vc = vF/Kc, vs = vF/Ks. These parameters characterise the

strength of the interactions: K > 1 is effective attractive interactions and K < 1 is

the repulsive regime.† We see that in the low-energy effective theory the spin and

charge degrees of freedom have decoupled: they even have different velocities. This

is the phenomena of spin-charge separation, which is quite generic in one-dimensional

quantum systems [6, 7]. The separation of spin and charge in the Hubbard model

holds beyond the low-energy limit and applies to excitations at all energies [11].

1.1.3.2 The Luttinger liquid

The low-energy renormalisation group fixed point of the Hubbard model at generic

filling (1.8) and repulsive interactions‡ is given by a two-component Luttinger liquid [6,

11]:

Hfixed =
∑

α=c,s

ṽα

∫
dx :

[
K̃−1
α (∂xΦα)2 + K̃α(∂xΘα)2

]
: ,

where K̃α is the renormalised Luttinger parameter and ṽα is the renormalised exci-

tation velocity. This can be written as a free theory by rescaling the bosonic fields

Φα =
√
K̃αΦ̃α, Θα = Θ̃α/

√
K̃d, giving

Hfixed =
∑

α=c,s

ṽd

∫
dx :

[
(∂xΦ̃α)2 + (∂xΘ̃α)2

]
: .

As this is now a theory of free bosons, we can calculate bosonic correlation functions

and hence correlation functions of the original fermions via (1.7). For example, the

Green’s function of right-moving spin-↑ fermions is

〈R†↑(x)R↑(y)〉 =
1

2πa0

〈
: exp

[
− i
√
π

2

(
K̃cΦ̃c + Θ̃c√

K̃c

+
K̃sΦ̃s + Θ̃s√

K̃s

)
(x)

]
:

× : exp

[
i

√
π

2

(
K̃cΦ̃c + Θ̃c√

K̃c

+
K̃sΦ̃s + Θ̃s√

K̃s

)
(y)

]
:

〉

∝ 1

2π

(
1

|x− y|

) K̃c+K̃
−1
c +K̃s+K̃−1

s
4

† The SU(2) spin symmetry sets Ks = 1, which follows from a full renormalisation group treat-
ment of the interaction terms.
‡For repulsive interactions, the cosine term in the spin sector is marginally irrelevant and gives log-

arithmic corrections to correlation functions, which we neglect. In the attractive case it is marginally
relevant and causes a spin gap to open, in an analogous manner to the umklapp process we’ll discuss
in the next section.
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which shows that in the presence of interactions (Kc 6= 1 and/or Ks 6= 1) the fermions

acquire an anomalous dimension.

1.1.3.3 Half-filling and umklapp scattering

Having discussed the phenomena of spin-charge separation at generic fillings in the

Hubbard model, let us now consider the case of half-filling, which will be of some

relevance to Chapter 2. At a density of one electron per site, the Fermi wave vector

kF = π/2 and some of the terms dropped in (1.6) because they oscillated at 4kF are

no longer suppressed by integration over x. In our low-energy effective theory we

must include the interaction terms

Hum = −U
∫

dx :
[
R†↑(x)R†↓(x)L↑(x)L↓(x)e−4ikF x + L†↑(x)L†↓(x)R↑(x)R↓(x)e4ikF x

]
:,

where exp(±4ikFx) = 1. These scattering terms, which do not conserve the number

of left and right movers, are known as “umklapp” interactions.† Importantly, at half-

filling such terms connect the low-energy degrees of freedom at the Fermi points, see

Fig. 1.4. This has striking consequences for the behaviour of the low-energy degrees

of freedom.

Figure 1.4: Schematic figure of umklapp
scattering at half-filling, where two left
movers (blue circles) scatter in to two
available right moving states (white va-
cancies).

Bosonising the umklapp term and adding it to the Hamiltonian (1.8) we find

H = vc

∫
dx :

[
K−1
c (∂xΦc)

2 +Kc(∂xΘc)
2
]

: −2U

π

1

(2πa0)2

∫
dx : cos(

√
8πΦc) :

+ vs

∫
dx :

[
K−1
s (∂xΦs)

2 +Ks(∂xΘs)
2
]

: +
2U

π

1

(2πa0)2

∫
dx : cos(

√
8πΦs) : ,

which shows a symmetry under changing the sign of the interaction U → −U , where

we recover the same theory with c ↔ s. The effect of the cosine terms on the low-

†Umklapp derives from the german word for fold/flip over, and its use in this context is due to
Peierls [62].
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energy effective theory can be obtained from the renormalisation group flow [11]. As

was the case in the previous subsection, the spin cosine remains marginally irrelevant

and the low-energy fixed point of the spin sector is a Luttinger liquid. However,

in the charge sector the cosine is marginally relevant and flows to strong coupling.

This then pins the bosonic field Φc to one of the maxima of the cosine potential and

becomes an effective mass term – at energies below this mass gap, the charge degree

of freedom becomes “frozen”. This is the Mott metal–insulator transition [55] in the

one-dimensional Hubbard model, which occurs for any U 6= 0.

This picture from the renormalisation group flow is consistent with the conven-

tional large-U picture of the half-filled Hubbard model [11]: double occupancy is

suppressed, but energy can be lowered by the virtual process which hops an elec-

tron onto a neighbouring site and back again. Such processes can only occur if

neighbouring spins are antiparallel, leading to a low-energy effective theory (derived

from second-order perturbation theory) describing the Heisenberg antiferromagnet

HU�1 ∼ J
∑

` S` · S`+1 with J ≈ 4t2/U . Charge fluctuations are frozen by the large

onsite repulsion, but spin excitations exist and can propagate (in a similar manner

to that discussed for the TFIC, Sec 1.1.1).

1.2 This thesis

In the above, we began by reviewing a number of properties of the models that we

will study in this thesis. Each chapter also contains introductory technical material

specific to the problems therein and motivation/background to the problem. The re-

mainder of this thesis is laid out as follows: in Chapter 2, motivated by the apparent

interplay of charge ordering and superconductivity in the enigmatic cuprate super-

conductors, we study the properties of the extended Hubbard model on the two-leg

ladder with the addition of “umklapp-like” terms, which may arise from long range

Coulomb interactions with charge order in a material. We derive the low-energy effec-

tive field theory for one such case and find the zero-temperature phase diagram. We

show that such umklapp scattering can lead to phases whose dominant fluctuations

are of an interesting superconducting type with finite centre of mass momentum, the

one-dimensional analogue of the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) supercon-
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ductivity in the absence of a magnetic field.

Following this, in Chapter 3 we move away from studying the ground state

static properties and examine the equilibrium dynamical properties of a quasi-one-

dimensional quantum magnet, CoNb2O6. In this, we are motivated by inelastic neu-

tron scattering experiments which reveal an unusual “anomalous broadening” of the

single particle mode in part of the Brillouin zone. We study the dynamical structure

factor of an effective model for CoNb2O6, a perturbed transverse field Ising chain,

using a combination of diagrammatic perturbation theory and numerical exact di-

agonalization on systems of up to length L = 28. We show that this anomalous

broadening is consistent with quasi-particle breakdown – a many-body quantum me-

chanical effect induced by a small misalignment of the magnetic field in experiment.

In contrast to the previous chapter, we study the out-of-equilibrium dynamics of

a one-dimensional quantum system in Chapter 4. We examine the effect of breaking

integrability in a quantum quench by adding interactions to the Peierls insulator.

When integrability is weakly broken, we show the system approaches a non-thermal

quasi-stationary state at intermediate times after the quantum quench. We show

that stationary values of local observables in this non-thermal state may be described

by a generalised Gibbs ensemble with modified charges and we explicitly construct

these charges. Interestingly, the charges are only conserved at an expectation value

level – they do not commute with the Hamiltonian to the required order in perturba-

tion theory to be conserved at an operator level. Our construction shows that when

integrability breaking is weak there is still a time scale on which integrability gov-

erns the time-evolution. Following this we increase the strength of the integrability

breaking and show by numerical calculations that the behaviour is consistent with

thermalisation.

We finish this thesis in Chapter 5 with a brief summary of our main results and

we highlight some of the open questions.

16



2. Finite wave vector pairing in

doped two-leg ladders

2.1 Introduction and background

Umklapp processes can lead to a profound restructuring of the ground state and

low-energy properties of a system. This is well illustrated by the one-dimensional

Hubbard model [11] introduced in Chapter 1, where at half-filling the Fermi wave

vector is 4kF = 2π/a0 and umklapp scattering processes connect opposite Fermi

points, opening a spectral gap for single-particle excitations. In a similar way, half-

filled two-leg ladders are known to have a variety of insulating states as a result of

umklapp scattering [63, 64, 65, 66]. In both these cases, umklapp scattering becomes

relevant at a particular commensurate filling of one electron per site, independent of

the details of the interaction. However, in multi band systems, such as the two-leg

ladder, there are other sorts of umklapp scattering which will connect Fermi points

at certain other band fillings, which generally do dependent on microscopic details

of the band structure and the interactions. These types of umklapp scattering have

not been well studied and it is with these umklapp processes that we will concern

ourselves in this chapter.

2.1.1 Long-range Coulomb interaction and umklapp processes

One example where multi band umklapp processes may play a crucial role is the

“telephone number compound” Sr14−xCaxCu24O41 [67, 68]. X-ray scattering tech-

niques have established the presence of a standing wave in the hole density without a

significant lattice distortion in this material [67]. The simplest explanation for these

findings is a crystalline state of pairs of holes [69, 70].
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The physical origin of the hole crystal is likely to be the long-ranged Coulomb

interaction between ladders:

Hint =
∑

i,j,k,l

V kl
ij n

(k)
i n

(l)
j ,

where i, j label sites within each ladder and k, l are ladder indices. Generically V kl
ij

has a complicated dependence on i, j, k, l and includes effects such as screening.

Figure 2.1: Schematic diagram of
the weakly coupled ladder geometry of
Ref. [70], used to model the crystal of hole
pairs in Sr14−xCaxCu24O41.

Following Almeida, Roux and Poilblanc [70], we treat the long-range Coloumb

interaction in mean-field (MF), focusing on only the interactions between the nearest-

neighbour (NN) ladders (see the dotted bonds in Fig. 2.1). This leads to a model of

decoupled ladders subject to a self-consistent periodic potential

∑

i,j,k,l

V kl
ij n

(k)
i n

(l)
j

NN−−→
∑

l,i,〈j〉i

V ⊥ij n
(l)
i n

(l+1)
j

MF−−→ −
∑

l,i

µ
(l)
i n

(l)
i

with µ
(l)
i = −

∑

〈j〉i

V ⊥ij 〈n(l+1)
j 〉,

where 〈j〉i denotes only those sites j which are neighbours of i (denoted by dotted

bonds in Fig. 2.1) . It will usually be the case that the Coulomb repulsion will be

minimised by the formation of a charge density wave (CDW), that is the density will

take the generic form

〈nj〉 = n
[
1 +

∑

q∈S
ρq cos(qj)

]
,

where n is the average density, ρq are the amplitudes of the Fourier components q of

the density and S is the set of Fourier components (e.g. 2kF , 4kF , . . . which depend

upon microscopic details and the band structure).

Let us now consider the effect of adding such terms within a single ladder. Pro-

vided that the interaction strength V ⊥ is weak in comparison to the inter-ladder

hopping amplitudes, we can consider the effect of CDW formation by projecting the
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new terms on to the low-energy degrees of freedom which are found in the vicinity

of the Fermi points. The projection of the self-consistent periodic potential induces

scattering between these degrees of freedom: in the continuum limit, we have added

terms of the form

∫
dx ρ(x)µ(x) =

∫
dx
∑

q∈S
µq cos(qx)ρ(x), (2.1)

where ρ(x) is the density operator on the ladder. This can be decomposed into its

Fourier components

ρ(x) = ρ̂0(x) +
∑

k∈S′
eikxρ̂k(x), (2.2)

where S ′ is the set of Fourier components for the density operator n(x) (for a system

of identical coupled ladders, the sets of Fourier components in each ladder will be

identical, e.g. S = S ′). The integral over x suppresses oscillatory terms:

∫
dx ρ(x)µ(x) ∝

∫
dx
∑

k∈S′

∑

q∈S
δk,qµq[ρ̂k(x) + H.c.].

In effect, we see that CDW formation has imposed a lattice on the electronic degrees

of freedom which is commensurate with the filling (at arbitrary filling of the crystal

lattice) and consequently induces umklapp scattering. In an interacting theory, an

important question of current interest is what effect do such terms have on the ground

state properties and excitations of ladders?

We should also note that in complete analogy with the above, umklapp processes

can equally well be induced by imposing an external periodic potential. This has

recently been demonstrated in carbon nanotubes, where a monolayer of noble gas

is adsorbed on to the surface, forming a periodic structure which couples to the

electronic degrees of freedom [71].

2.1.2 The Kondo-Heisenberg model (KHM)

Another case in which it is known that umklapp processes have very interesting

physical consequences is the Kondo-Heisenberg model [72, 73] (KHM). The KHM is

a model of spin–1/2 fermions on a two-leg ladder with inequivalent legs: one leg of

the ladder is half-filled whilst the other has less than one electron per site. As a

consequence of umklapp interactions, the half-filled leg has a large Mott gap and this
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results in tunnelling between the two legs being suppressed at low energies. Virtual

processes, which hop from the metallic leg to the Mott insulator and back result in an

effective Heisenberg exchange interaction between the electrons in the two legs. The

resulting low-energy model of such a two-leg ladder consists of a spin–1/2 Heisenberg

chain (leg 1) coupled to a one-dimensional electron gas (1DEG, leg 2) through across-

rung exchange interactions.

In its simplest guise, the KHM was studied extensively in Refs. [72, 73]. There,

the 1DEG is taken to be non-interacting and the Hamiltonian takes the form

HKHM = H1DEG +HHeis +HK ,

H1DEG = −t
∑

j,σ

c†j,σcj+1,σ + H.c− µ
∑

j,σ

c†j,σcj,σ,

HHeis = JH
∑

j

Sj · Sj+1,

HK = JK
∑

j,a

Saj

[
c†j,σ(

1

2
τa)σσ′cj,σ′

]
,

with Saj the a = x, y, z component of the spin operator Sj on site j of the spin chain

leg and τa are the a = x, y, z Pauli matrices. For JH , t � JK the continuum limit

can be taken for the 1DEG and the Heisenberg chain; for the generic case of the

Fermi momentum of the 1DEG being incommensurate with lattice the low-energy

field theory is given by (H =
∫

dxH)

H1DEG =
∑

α=c,s

vα
2

[
Kα(∂xθα)2 +

1

Kα

(∂xφα)2
]
,

HHeis =
ṽs
2

[
(∂xθ̃s)

2 + (∂xφ̃s)
2
]
,

HK =
JK
8π

[
(∂xφ+)2 − (∂xφ−)2

]

+
J̃K

2(πa)2
cos(
√

4πθ−)
[

cos(
√

4πφ−) + cos(
√

4πφ+)
]
, (2.3)

where the low-energy degrees of freedom are bosonic fields satisfying [φa(x), ∂xθa(x
′)] =

iδ(x−x′), Kα (vα) is the Luttinger parameter (velocity) of the α boson in the 1DEG,

ṽs is the velocity of the spin boson in the Heisenberg chain and JK , J̃K are interaction

parameters. The fields φc,s describe charge (c) and spin (s) spin fluctuations in the

1DEG, with Luttinger parameter Ka and excitation velocity va (a = c, s). The spin

degrees of freedom in the Heisenberg chain are represented by the bosonic field φ̃s and
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the Luttinger parameter K̃s and spin velocity ṽs. The across rung “Kondo” interaction

couples the spin degrees of freedom in the two legs of the ladder and is most conve-

niently expressed in terms of the symmetric/antisymmetric fields φ± = (φs± φ̃s)/
√

2

and θ± = (θs± θ̃s)/
√

2. The process for deriving the above low-energy field theory in

terms of bosonic fields, bosonisation, will be discussed in detail later in the chapter.

When JK < 0 (ferromagnetic across rung interaction) the renormalisation group

(RG) flow of the Hamiltonian is to weak coupling and one recovers a three-component

Luttinger liquid where correlation functions can be calculated in the conventional

manner, see Sec. 1.1.3.2. When JK > 0, the non-interacting fixed point is no longer

stable and the RG flow is to strong coupling [74] and a phase in which the charge

degree of freedom remains gapless and a spin gap is established (this can be seen

in a number of ways: (i) the term cos(
√

4πθ−) cos(
√

4πφ+) flows to strong coupling,

pinning θ− and φ+; (ii) Sikkema, Affleck and White [74] showed that the spin sector

of the KHM at generic filling is equivalent to a zig-zag spin ladder and established

a gap using numerics (DMRG); (iii) in the limit that the spin velocities in the two

legs are identical, the model realises the spin sector of the SU(2) Thirring model [72],

known to have a gap through RG arguments [74]).

Having established that there are two accessible phases in the KHM, it is natural

to ask what is the predominant order in the phase? For example, is there supercon-

ducting order ∆ ∝ R†↑L
†
↓ + L†↑R

†
↓ or CDW order ÔCDW ∝ R†↑L↑ + R†↓L↓ + H.c. in the

1DEG? Here one must be careful as the Mermin-Wagner theorem [38] tells us that it

is not possible to break a continuous symmetry of a one-dimensional quantum model.

Clearly order parameters break just such a symmetry (∆ breaks the U(1) charge

conservation symmetry, whilst OCDW breaks the two U(1) symmetries reflecting con-

servation of L/R movers). Instead, we study the two-point correlation functions of

order parameters and use that the slowest decaying two-point functions correspond

to the most divergent susceptibilities, which would be stabilised into true long-range

order in a quasi -one-dimensional material by weak 3D couplings [6].

The strong coupling phase was studied analytically by Zachar and Tsvelik in

Ref. [72], where they found that the conventional singlet pairing order parameter ∆

and the 2kF CDW order parameter ÔCDW are incoherent (the two point functions of
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these operators decay exponentially). They showed that there are gapless modes of a

“composite nature” which mix degrees of freedom on the spin chain and in the 1DEG,

for example Ôc−SP ∝ R†α(τ τ y)αβL
†
β ·S, where R/L are right/left moving fermion fields

in the 1DEG.

More recently, Berg, Fradkin and Kivelson [73] used density matrix renormali-

sation group (DMRG) calculations to show that there is also quasi-long-range su-

perconductivity in the KHM. This superconducting order is not the usual singlet

superconductivity (which is incoherent), but has wavenumber π and is “bond cen-

tred”

∆π(j) =
1

2
(−1)j

(
c†j,↑c

†
j+1,↓ − c†j,↓c†j+1,↑

)
. (2.4)

This rather surprising result constitutes an example of the 1D Fulde-Ferrell-Larkin-

Ovchinnikov (FFLO) state [75] in the absence of a magnetic field. Through this

example, we see that umklapp scattering can have a profound effect on the properties

of the system – in the KHM we realise an unconventional form of superconductivity

and interesting types of composite order due umklapp scattering opening a Mott gap

and the subsequent RG flow of the low-energy theory being to strong coupling.

2.1.3 This chapter

This chapter is organised as follows. In Section 2.2 we introduce the lattice model that

we study, derive the low-energy effective field theories in the “band” and “chain” limits

of the Hamiltonian and discuss how we account for the external periodic potential.

In Section 2.3 we consider the a particular umklapp process (the “4kb umklapp”) in

both band and chain representations of the model. By means of renormalisation group

calculations we derive the effective low-energy theories describing the strong coupling

fixed points. In the band representation we find the zero-temperature phase diagram

and analyse the predominant fluctuations in each phase, showing that part of the

strong coupling phase has quasi-long-range order described by fluctuations which are

of a superconducting type and which carry a finite wave vector, the one-dimensional

analogue of FFLO superconductivity. Section 2.4 summarises the density matrix

renormalisation group algorithm, before presenting data in intermediate parameter

regimes. Section 2.5 contains the conclusions and a number of technical points are
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discussed in several appendices.

2.2 Lattice model and low-energy description

(a) (b)

kab-kab

kb-kb EF

-Π 0 Π

k

E
Hk
L

Figure 2.2: (a) Extended Hubbard ladder with different leg and rung hopping am-
plitudes and density-density interactions. (b) The non-interacting band structure for
the tight-binding model on the ladder, with the Fermi wave vectors labelled.

In the following we consider spin–1/2 fermions on a two-leg ladder (Figure 2.2

shows schematically the ladder geometry) with Hubbard and nearest-neighbour density-

density interactions. In addition we allow an external periodic potential to be present,

the physical origin of which is discussed in Sec. 2.1.1. The Hamiltonian is given by

Hladd(K) = −t
∑

m,σ

2∑

`=1

(a†`,m+1,σa`,m,σ + a†`,m,σa`,m+1,σ) + U
∑

m

2∑

`=1

n`,m,↑n`,m,↓

− t⊥
∑

m,α

(a†1,m,σa2,m,σ + a†2,m,σa1,m,σ) + V⊥
∑

m

n1,mn2,m

+ V‖
∑

m

2∑

`=1

n`,mn`,m+1 +
∑

m

2∑

`=1

W` cos(Kl) n`,m, (2.5)

where a`,m,σ are annihilation operators for spin–σ electrons on site m of leg ` of

the ladder and n`,m,σ = a†`,m,σa`,m,σ. U is the Hubbard interaction strength, V⊥

and V‖ are the density-density interaction strengths along the rung and leg directions

respectively and the periodic potential is characterised by its strength on each leg W1,2

and the wavenumber of its modulation, K. The lattice model (2.5) has U(1)×SU(2)
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symmetry, with an additional Z2 symmetry if W1 = W2. It is useful to rewrite the

periodic potential term as

∑

m

cos(Km)
[
W+(n1,m + n2,m) +W−(n1,m − n2,m)

]
, (2.6)

where W± = (W1 ±W2)/2. A non-zero W− breaks the symmetry between the two

legs of the ladder. In the following we will only consider terms which do not break

the leg symmetry and so we set W− = 0. In order to see which wave numbers K will

lead to the most pronounced effects for weak interactions and small W1,2 it is useful

to consider the band structure of Hladd in the absence of interactions. We introduce

the bonding (b) and antibonding (ab) variables by

cb,n,σ =
1√
2

(
a1,n,σ + a2,n,σ

)
, cab,n,σ =

1√
2

(
a1,n,σ − a2,n,σ

)
, (2.7)

as in terms of these operators the non-interacting tight-binding Hamiltonian Hladd,0

is diagonal in momentum space

Hladd,0 =
2∑

j=1

∑

k

εj(k)c†j,σ(k)cj,σ(k), (2.8)

where j = 1, 2 = b, ab, cj,σ(k) = L−1/2
∑

n e
ikncj,n,σ and

ε1(k) = −2t cos(k)− t⊥, ε2(k) = −2t cos(k) + t⊥. (2.9)

The corresponding band structure is shown in Fig. 2.2(b). For weak interactions the

low energy degrees of freedom occur in the vicinities of nkb and nkab where n is an

integer and kb, kab are the Fermi momenta of the bonding and antibonding bands

respectively, see also Sec. 1.1.3.1. It is then clear that external potentials with wave

numbers K = n1kb+n2kab will affect the low-energy degrees of freedom most strongly.

In the following we concentrate on the case with K = 4kb. As we will see, in the case

of strong interactions but small t⊥ an analogous picture applies.

There are two complementary limits in which one can derive a field theory for

the lattice Hamiltonian (2.5). Firstly, one may start from the non-interacting tight-

binding Hamiltonian, diagonalise it by transforming to bonding and antibonding

variables and subsequently treat the interactions perturbatively using RG methods

[66, 77, 78, 79]. Hereinafter this approach will be called the “band representation”.
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Secondly, one starts from a model of two strongly interacting uncoupled chains and

treats the across rung hopping t⊥ and density-density interactions V⊥ as perturba-

tions [80, 81]. We call this approach the “chain representation”. In the following

subsections we summarise the two approaches in turn.

2.2.1 The band representation U, Vj � t, t⊥

Here we start from the tight-binding model obtained by setting U, Vj = 0 in the

Hamiltonian (2.5). The non-interacting Hamiltonian is diagonalised by the trans-

formation (2.7) to bonding/antibonding (b/ab) variables and has split bonding and

antibonding bands (2.8), depicted in Fig. 2.2(b). As our interest is in the low-energy

behaviour of the system, we linearise the spectrum about the Fermi points (under the

assumption that the Fermi level is away from the top/bottom of a band), see Fig. 1.3.

The low-energy projections of the lattice fermion operator are then

cj,n,σ ∼
√
a0

[
Rj,σ(x)eikjx + Lj,σ(x)e−ikjx

]
, (2.10)

where x = na0, L(x) and R(x) are left and right moving fermion fields close to the

Fermi points, kb (kab) is the Fermi wave vector in the bonding (antibonding) band

and a0 is the lattice spacing, which serves as the short-distance cut-off of the theory.

The interactions are conveniently expressed in terms of currents [66], which following

Ref. [82] we define as

IRij =
1

2
Ri,σ εσσ′ Rj,σ′ , IaRij =

1

2
Ri,σ(εσa)σσ′Rj,σ′ , (2.11)

JRij =
1

2
R†i,σ Rj,σ, JaRij =

1

2
R†i,σσ

a
σσ′Rj,σ′ , (2.12)

and similarly for left-moving fermion fields with R↔ L.

The low-energy Hamiltonian then takes the form H =
∫
dx [H0 +HU +HW ]

H0 =
2∑

j=1

vj

(
− iR†j,σ∂xRj,σ + iL†j,σ∂xLj,σ

)
,

HU =
∑

i,j

c̃ρijJ
R
ijJ

L
ij − c̃σijJaRij JaLij +

∑

i 6=j
f̃ρijJ

R
ii J

L
jj − f̃σijJaRii JaLjj ,

HW =
∑

P∈S

∑

γ=±
Wγ,P δK,P

[
ρ

(γ)
P (x) + h.c.

]
. (2.13)
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Here ρ
(γ)
P (x) are the Fourier components of the low-energy projection of the density

n1,l±n2,l, which arise from the external periodic potential (see Sec. 2.1.1 for a discus-

sion of why such a potential may arise). These Fourier components are discussed in

detail in Appendices 2.A and 2.B where we derive the form of the “2kF” and “4kF”

components. In the ladder system, the 4kF components of the density operator in-

clude the harmonics S = {2kb + 2kab, 4kb, 4kab, 3kb + kab, 3kab + kb} – we focus

on the particular case of P = 4kb in this thesis (P = 4kab follows similarly from an

exchange of band indices). In Ref. [1] we also made some progress in understanding

the 3kb + kab and 3kab + kb terms, which break the Z2 symmetry between the legs

of the ladder. The “4kF” Fourier components of the density operator are derived by

performing a renormalisation group (RG) procedure on the density operator (inte-

grating out high-energy degrees of freedom perturbatively in U) which we perform in

Appendix 2.B. In terms of the currents, the density components are:

ρ
(+)
4kb

(x) + h.c. =
(
IL11

)†
IR11 +

(
IR11

)†
IL11 , ρ

(+)
4kab

(x) + h.c. =
(
IL22

)†
IR22 +

(
IR22

)†
IL22 ,

ρ
(+)
2kb+2kab

(x) + h.c. = 8
{(
IL12

)†
IR21 +

(
IR21

)†
IL12

}
,

ρ
(−)
kb+3kab

(x) + h.c. = 2
{(
IL22

)†
IR21 +

(
IL21

)†
IR22 +

(
IR22

)†
IL21 +

(
IR21

)†
IL22

}
,

ρ
(−)
3kb+kab

(x) + h.c. = 2
{(
IL11

)†
IR12 +

(
IL12

)†
IR11 +

(
IR11

)†
IL12 +

(
IR12

)†
IL11

}
. (2.14)

The initial conditions for the coupling constants defined in (2.13) for the extended

Hubbard model are

c̃ρii = U + V⊥ + 4V‖

[
1− 1

2
cos(2kia0)

]
,

c̃ρij = U − V⊥ + 4V‖

[
cos((kb − kab)a0)− 1

2
cos((kb + kab)a0)

]
,

f̃ρij = U + 3V⊥ + 4V‖

[
1− 1

2
cos((kb + kab)a0)

]
,

c̃σii = U + V⊥ + 2V‖ cos(2kia0),

f̃σij = c̃σij = U − V⊥ + 2V‖ cos((kb + kab)a0).

2.2.1.1 Bosonisation

To carry out our analysis in the band representation we will bosonise the Hamiltonian.

We begin by briefly introducing the technique of bosonisation, starting from the
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bosonisation identity and highlighting our conventions. We bosonise the fermion

fields according to

Rd,σ ∼
κd,σ√
2πa0

: ei
√

4πϕd,σ :, Ld,σ ∼
κd,σ√
2πa0

: e−i
√

4πϕ̄d,σ :, d = 1, 2 = b, ab, (2.15)

where : : denotes normal ordering, ϕd,σ (ϕ̄d,σ) is the right (left) chiral component

of a canonical boson field and {κd,σ, κd′,σ′} = 2δd,d′δσ,σ′ are Klein factors to ensure

the anti-commutation of different species of fermions. The bosonic fields obey the

“infinite line” quantisation scheme which ensures the anti-commutation of fermions

of the same species:

[ϕd,σ(x), ϕd′,σ′(x
′)] = −[ϕ̄d,σ(x), ϕ̄d′,σ′(x

′)] =
i

4
sgn(x− x′)δd,d′δσ,σ′ ,

[ϕd,σ(x), ϕ̄d′,σ′(x
′)] =

i

4
δd,d′δσ,σ′ .

Normal ordering of the vertex operators is introduced to remove explicit diver-

gences in system size L which arise in the thermodynamic limit. Normal ordered

vertex operators multiply in the following manner:

: eiαϕ(x) :: eiβϕ(y) :=: eiαϕ(x)eiβϕ(y) :
( ia0

x− y
)−αβ/4π

,

where we’ve suppressed indices on the fields and we use that the two-point function

of free bosonic fields is

〈ϕ(x)ϕ(y)〉 = − 1

4π
log

(
x− y
ia0

)
,

which follows from the mode expansion of the bosonic fields. The vertex operators

inside the normal ordering can now be combined using the Campbell-Baker-Hausdorff

formula

eAeB = eA+Be
1
2

[A,B], if [A,B] = constant.

Taking the expectation value of the normal ordered vertex operators, the zero-mode

enforces α = −β and hence

〈: eiαϕ(x)+iβϕ(y) :〉 = δα,−β

It follows that the two-point function of normal-ordered vertex functions is given by

〈: eiαϕ(x) :: eiβϕ(y) :〉 = δα,−β

(
ia0

x− y

)α2

4π

,
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and so the two-point functions of fermionic fields are recovered with α =
√

4π and

rescaling the vertex operators by a factor 1/
√

2πa0, recovering the bosonisation iden-

tities (2.15).

When bosonising fermion bilinears, we employ the point-splitting procedure of

quantum field theory, which we illustrate explicitly for the density operator (with

indices suppressed)

R†(x)R(x) = lim
ε→0

R†(x+ ε)R(x− ε)− 〈R†(x+ ε)R(x− ε)〉

= lim
ε→0

[ 1

2πa0

: e−i
√

4πϕ(x+ε) :: ei
√

4πϕ(x−ε) : +
1

2πi

1

2ε

]
,

= lim
ε→0

i

4πε

[
: e−i

√
4π(ϕ(x+ε)−ϕ(x−ε)) : −1

]
,

= lim
ε→0

i

4πε

[
1− 2iε

√
4π : ∂xϕ(x) : +O(ε2)− 1

]
.

It is now safe to take the limit ε → 0 as the point-splitting procedure cancels the

divergence and we obtain the bosonised expression for the density operator

R†(x)R(x) =
1√
π

: ∂xϕ(x) : .

2.2.1.2 Bosonisation of the band representation Hamiltonian

We bosonise the Hamiltonian (2.13) by direct use of the bosonisation identities (2.15)

and application of the point-splitting procedure. Introducing new bosonic fields

(“spin” and “charge” bosons) which are linear combinations of the previous fields

Φd,c =
1√
2

[ϕd,↑ + ϕd,↓ + ϕ̄d,↑ + ϕ̄d,↓] , Φd,s =
1√
2

[ϕd,↑ − ϕd,↓ + ϕ̄d,↑ − ϕ̄d,↓] ,

Θd,c =
1√
2

[ϕd,↑ + ϕd,↓ − ϕ̄d,↑ − ϕ̄d,↓] , Θd,s =
1√
2

[ϕd,↑ − ϕd,↓ − ϕ̄d,↑ + ϕ̄d,↓] , (2.16)
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where Φ and Θ are dual fields obeying [∂xΘ(x),Φ(x′)] = iδ(x− x′), we find that the

resulting bosonised Hamiltonian is given by

H0 +HU =
2∑

d=1

vd
∑

γ=c,s

[
(∂xΦd,γ)

2 + (∂xΘd,γ)
2]+

c̃ρdd
8π

[
(∂xΦd,c)

2 − (∂xΘd,c)
2]

+
f̃ρ12

4π
[∂xΦ1,c∂xΦ2,c − ∂xΘ1,c∂xΘ2,c]

+
2∑

d=1

c̃σdd

[
1

(2πa0)2
cos
(√

8πΦd,s

)
− 1

8π

[
(∂xΦd,s)

2 − (∂xΘd,s)
2]
]

+ 2f̃σ12

[
1

(2πa0)2
cos
(√

2π
(
Φ1,s + Φ2,s

))
cos
(√

2π
(
Θ1,s −Θ2,s

))

− 1

8π

(
∂xΦ1,s∂xΦ2,s − ∂xΘ1,s∂xΘ2,s

)]

+

[
c̃ρ12 − c̃σ12

(2πa0)2
cos
(√

2π
(
Θ1,s −Θ2,s

))
− c̃ρ12 + c̃σ12

(2πa0)2
cos
(√

2π
(
Φ1,s − Φ2,s

))]

× cos
(√

2π
(
Θ1,c −Θ2,c

))

− 2c̃σ12

(2πa0)2
cos
(√

2π
(
Θ1,c −Θ2,c

))
cos
(√

2π
(
Φ1,s + Φ2,s

))
, (2.17)

where hereinafter we drop the explicit notation for normal ordering.

In the following, we will use a convenient notation for classifying the ground state

phases of the ladder in terms of the spin and charge bosons (2.16). Following Ref. [66]

we will classify phases by the number of spin and charge bosons which remain gapless:

we use the notation CmSn where m (n) is the number of gapless charge (spin) bosons.

2.2.2 The chain representation t⊥ � t, U, t2/U

A detailed derivation of the field theory for the chain representation is given in

Ref. [81], here we outline the succession of steps. We begin first by stating an impor-

tant advantage of the chain representation: longer range density-density interactions

along the chain
∑

j,l

∑

m≥2

V‖,mnj,lnj,l+m , (2.18)

can be easily accommodated. Provided that V‖,m are decreasing with m and suf-

ficiently small (to avoid pushing the system immediately into a ground state with

translation symmetry broken by charge ordering) the main effect of the extended

interactions is to decrease the Luttinger parameter in the charge sector Kc in (2.20)

and (2.23). This will be a useful device for tuning Kc in the following.
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The main assumption of the derivation is that the interchain hopping t⊥ is small

in comparison to the high-energy cutoffs, which for V⊥, V‖ � U are given by the

single chain band-width and the exchange energy scale (∼ t2/U at large U). We start

from two uncoupled chains t⊥ = V⊥ = 0 with no external potential W1,2 = 0; the

Hamiltonian is bosonised using standard results for the one-dimensional (extended)

Hubbard model [7, 11]. Provided that V‖ is not too large, the resulting theory is

the sum of four Gaussian models for the charge and spin bosons in each chain (we

denote these fields by Φ
(i)
j with i = c, s for charge/spin fields and j = 1, 2 labelling

the chains).

We now proceed to add back in the interchain terms V⊥, t⊥ — to start we define

the following symmetric/antisymmetric combinations of fields

Φc =
1√
2

(Φ
(c)
1 + Φ

(c)
2 ), Φf =

1√
2

(Φ
(c)
1 − Φ

(c)
2 ),

Φs =
1√
2

(Φ
(s)
1 + Φ

(s)
2 ), Φsf =

1√
2

(Φ
(s)
1 − Φ

(s)
2 ). (2.19)

In the absence of the periodic potential and away from commensurate fillings, the

Φc fields completely decouples from all interactions (including those which couple the

chains). The resulting sector of the theory is described by a Gaussian (Tomanaga-

Luttinger) theory with Hamiltonian density

Hc =
vc
2

[
Kc(∂xΘc)

2 +K−1
c (∂xΦc)

2
]
, (2.20)

where Θc is the dual field to Φc, Kc < 1 is the Luttinger parameter in the charge

sector and vc is the charge velocity. Determining the value of the charge velocity vc

and the Luttinger parameter Kc from the microscopic parameters of the theory is

very complicated, for V‖ = 0 these may be extracted from the exact solution of the

one-dimensional Hubbard model [11, 83].

The remaining bosonic fields are split into their chiral components Φa = φa + φ̄a,

Θa = φa − φ̄a, which are refermionised in terms of six Majorana fermion fields:

χ0
R =

κsf√
πa0

sin(
√

4πφsf ), χ
3
R =

κsf√
πa0

cos(
√

4πφsf ), ξ
3
R =

κf√
πa0

sin(
√

4πφf ),

χ1
R =

κs√
πa0

sin(
√

4πφs), χ
2
R =

κs√
πa0

cos(
√

4πφs), ηR =
κf√
πa0

cos(
√

4πφf ) ,

(2.21)
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where κa are Klein factors fulfilling {κa, κb} = 2δa,b. Analogous expressions for left

moving Majorana fields hold with R replaced by L and φ by φ̄.

The interchain hopping t⊥ induces a hybridisation of the η and χ0 Majoranas: the

quadratic part of the Hamiltonian for these fields becomes

H ′ =
∑

k>0

{
vckηR(k)†ηR(k) + vskχ

0†
R (k)χ0

R(k) + t⊥
[
χ0†
R (k)ηR(k) + η†R(k)χ0

R(k)
]}

for right movers (and similarly for left movers). Following Tsvelik [81] we perform the

rotation of Majoranas that diagonalises this Hamiltonian and subsequently linearise

the spectrum about Q = t⊥/
√
vcvs (where E(Q) = 0)

(
χ0
R

ηR

)
=

√
2

vs + vc

( √
vc cos(Qx)

√
vc sin(Qx)

−√vs sin(Qx)
√
vs cos(Qx)

)(
ξ1
R

ξ2
R

)
,

(
χ0
L

ηL

)
=

√
2

vs + vc

(√
vc cos(Qx) −√vc sin(Qx)√
vs sin(Qx)

√
vs cos(Qx)

)(
ξ1
L

ξ2
L

)
. (2.22)

Rewriting the Hamiltonian in terms of the new degrees of freedom, we obtain the

low-energy “chain representation” Hamiltonian

H = Hc +H0 + Vint +HW , (2.23)

Hc =
vc
2

[
Kc(∂xΘc)

2 +K−1
c (∂xΦc)

2
]
, (2.24)

H0 =
ivc
2

(ξ3
L∂xξ

3
L − ξ3

R∂xξ
3
R) +

iu

2

∑

a=1,2

(ξaL∂xξ
a
L − ξaR∂xξaR)

+
ivs
2

3∑

a=1

(χaL∂xχ
a
L − χaR∂xχaR) , (2.25)

Vint = −2(ξ3
Rξ

3
L)
[
gσ,−(χaRχ

a
L) + gc,ss(ξ

1
Rξ

1
L − ξ2

Rξ
2
L)
]
− gρ,−(ξ1

Rξ
1
L − ξ2

Rξ
2
L)2

−2gc,st(ξ
1
Rξ

1
L − ξ2

Rξ
2
L)

3∑

a=1

(χaRχ
a
L)− 2gσ,+

3∑

a>b,a,b=1

(χaRχ
a
L)(χbRχ

b
L) , (2.26)

HW =
∑

P∈S

∑

σ=±
Wσ,P δK,P

[
ρ

(σ)
P (x) + h.c.

]
. (2.27)

Here S = {4kF , 4kF±Q, 4kF±2Q} and u = 2vcvs/(vs+vc). The low-energy projection

of the periodic potential induces the Fourier components of the density which are
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derived in Appendix 2.B.1 and are given by

ρ
(+)
4kF

(x) ∼ iF

2
ei
√

4πΦc
{
ξ3
Rξ

3
L +

vs
(vs + vc)

[ξ1
Rξ

1
L − ξ2

Rξ
2
L]
}
, (2.28)

ρ
(+)
4kF±2Q(x) ∼ ±ivsF

2(vs + vc)
ei
√

4πΦc (ξ1
R ∓ iξ2

R)(ξ1
L ± iξ2

L) , (2.29)

ρ
(−)
4kF±Q(x) = −iF

√
vs

2 (vs + vc)
ei
√

4πΦc
[(
ξ1
R ∓ iξ2

R

)
ξ3
L + ξ3

R

(
ξ1
L ± iξ2

L

)]
,(2.30)

and we note that ρ
(+)
4kF

(x) and ρ
(+)
4kF±2Q(x) are even under interchange of the chain

indices, while ρ
(−)
4kF±Q(x) are odd.

As required, the Hamiltonian Hc + H0 + Vint has the same symmetry U(1) ×
SU(2) × Z2 as the underlying lattice model for W1,2 = 0. The coupling parameters

of the continuum Hamiltonian are determined by the underlying lattice model (2.5)

gσ− =
α0V⊥

2
, gσ+ =

1

2
πvsgλ, gc,ss = u

(
α0

vs
V⊥ − 2gk

)
,

gc,st = u

(
α0

vc
V⊥ + πgλ

)
, gρ,− =

vsvc
(vs + vc)2

α0V⊥, (2.31)

where α0 is a short-distance cut-off, gk characterises the four-fermion interaction in

the Φf sector, which for |Kc − 1| � 1 is given by gk ≈ 2π (1/Kc − 1), and gλ is the

strength of the marginally irrelevant spin-current interaction for a single extended

Hubbard chain, which is known only for small U and V‖.

The notable differences between the chain representation and the band repre-

sentation (see the previous subsection) is the presence of several different velocities

vc 6= vs 6= u; for large intrachain interactions these differences can be significant.

The low-energy projection of the periodic potential for the two complementary field

theory limits has the following correspondence:

4kF + 2Q ↔ 4kb , 4kF +Q↔ 3kb + kab , 4kF ↔ 2(kb + kab) ,

4kF − 2Q ↔ 4kab , 4kF −Q↔ 3kab + kb . (2.32)

2.3 Effect of the 4kb umklapp term

In this section we consider the 4kb umklapp scattering process, which may be activated

by commensurate filling of the bonding band [66] or at generic fillings for an applied

external potential modulated at 4kb (see Sec. 2.1.1). In the following, we analyse the
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band and chain limit of (2.5) in turn and discuss the zero-temperature phase diagram.

Our main result of this analysis is the existence of a pair density wave phase, similar in

form to the unusual superconducting phase of the Kondo-Heisenberg model discussed

in Sec. 2.1.2.

2.3.1 Band representation

In the band representation, we use that the interaction parameters U, Vj � t and we

approach the problem through the one-loop perturbative renormalisation group. In

the following we derive the one-loop RG equations in the presence of the 4kb umklapp

term and we proceed to integrate these equations. We obtain the fixed point low-

energy effective theory and analyse its phase diagram.

2.3.1.1 The one-loop renormalisation group equations

We begin by illustrating the procedure for deriving the one-loop RG equations. To

derive the RG equations we will make use of the operator product expansion (OPE)

for the fermion operators:

Ri,σ(x, τ)R†j,σ′(0, 0) ∼ δi,jδσ,σ′

2πzi
, Li,σ(x, τ)L†j,σ′(0, 0) ∼ δi,jδσ,σ′

2πz̄i
, (2.33)

where zj = vjτ− ix and z̄j = vjτ+ ix. Here ∼ signifies that we show only the singular

terms of the expansion.

The one-loop RG equations are derived in the following manner (cf. Ref. [61]):

1. We begin by considering the action S0 of the non-interacting theory perturbed

by a set of operators to form the full action S = S0 +
∑

a ga
∫

dxdτ Oa(x, τ).

2. We then partition space-time into tiles of size `× ` and average over the coordi-

nates within the tile to obtain tile degrees of freedom. The effective action for

these new “long-wavelength” degrees of freedom is then obtained by expanding

the partition function:

e−Seff ≈ e−S0

{
1−
∑

a

ga

∫
dx〈Oa(x)〉>+

1

2

∑

a,b

gagb

∫∫
dxdx′〈Oa(x)Ob(x′)〉>+. . .

}

(2.34)

where 〈. . .〉> denotes averaging over the short distance degrees of freedom.
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3. The first order term is given by dimensional analysis:

−
∑

a

ga

∫
dx〈Oa(x)〉> = −

∑

a

ga`
2−∆i

∫
dX Oa(X), (2.35)

where ∆a is the scaling dimension of the operator Oa(x) and X is the coordinate

of the tile degrees of freedom.

4. The second order term will be dominated by the most singular terms in the

averaging procedure: these are given by the OPE. In the expectation value we

make the replacement

〈Oa(x)Ob(x′)〉> =
∑

d

cdab〈Od(x′)〉>
|x− x′|∆a+∆b−∆d

,

where cdab are c-numbers. Dimensional analysis gives Eq. (2.35) and
∫∫

dxdx′
1

|x− x′|∆a+∆b−∆d
∼
{
`2−∆a−∆b+∆d if 2−∆a −∆b + ∆d 6= 0
log(`) otherwise.

5. Inserting these expressions into the expansion (2.34) and collecting terms we

define the renormalised coupling:

g′a = ga`
2−∆a − 1

2

∑

b,d

gbgdc
a
bd

{
`2−∆b−∆d+∆a

log(`)

}
`2−∆a ,

where ` is the new lattice spacing. Taking the limit `→ 1 recovers the infinites-

imal transformation. In this limit, if ∆a 6= 2 the first term dominates and we

get (for ` = eL, L→ 0)
dga
dL

= (2−∆a)ga,

the generic RG flow for relevant (∆a < 2) and irrelevant (∆a > 2) perturbations.

6. For the marginal case of ∆a = 2, which is the case for all four-fermion interaction

terms (as the näıve scaling dimension of a fermion in 1+1D is 1
2
), we get

dga
dL

= −1

2

∑

b,d

cabdgbgd,

which is the one-loop RG equation for the interaction parameter ga.

7. We note that the set of operators Oa(x) generally do not form a closed algebra

and additional operators maybe generated under the RG procedure (from the

above, these must be second order in the couplings ga).
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2.3.1.2 Renormalisation group flow and low energy effective theory

In the field theory limit the 4kb umklapp term becomes

HW =
ũρ11

2

[
(IL11)†IR11 + (IR11)†IL11

]
= − uρ11

(2πa0)2 cos
(√

8πΦ1,c

)
.

Following the procedure outlined above, we obtain the full one-loop RG equations in

the presence of the 4kb umklapp term. In the notations of Refs. [79, 82], these are

ċρ11 = −α1

4

[
(cρ12)2 + 3(cσ12)2

]
+
(
uρ11

)2
,

ċρ12 = −1

4
[cρ12(cρ11 + cρ22) + 3cσ12(cσ11 + cσ22)] +

1

2
[cρ12f

ρ
12 + 3cσ12f

σ
12] ,

ċρ22 = −α1

4

[
(cρ21)2 + 3(cσ21)2

]
,

ċσdd = −(cσdd)
2 − α1

2
cσ12(cρ12 + cσ12) , (for d = 1, 2)

ċσ12 = −1

4
[(cρ11 + cρ22)cσ12 + (cρ12 + 2cσ12)(cσ11 + cσ22)] +

1

2
[cρ12f

σ
12 + cσ12f

ρ
12 − 2cσ12f

σ
12] ,

ḟρ12 =
1

4

[
(cρ12)2 + 3(cσ12)2

]
,

ḟσ12 = −(fσ12)2 +
1

2
cσ12(cρ12 − cσ12) ,

u̇ρ11 = cρ11 u
ρ
11, (2.36)

where α1 = (v1 + v2)2/(4v1v2) and the coupling constants have been rescaled by

g̃ij = gijπ(v1 +v2). Equations (2.36) agree with the RG equations reported by Balents

and Fisher in Ref. [66] up to a factor of 2 in the equation for uρ11.

Further progress is made by numerically integrating these equations. We con-

sider the case when the umklapp interaction arises from commensurate filling of the

bonding band, which corresponds to some particular doping of the extended Hubbard

ladder. We further restrict ourselves to discussing (sufficiently) small values of V⊥/U

and V‖/U such that translational invariance of the system is not broken by forced

charge ordering. Under these restrictions, we observe that the numerical integration

of Eqs. (2.36) gives

cρ11, u
ρ
11 →∞, with cρ11/u

ρ
11 → 1,

whilst all other couplings remain small (their ratios to cρ11 vanish).

The fixed point of the RG flow is particularly amenable to further study as the

coupling constants which flow to strong coupling are solely within the bonding charge
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(1, c) sector of the Hamiltonian (2.17). The RG flow causes the Φ1,c boson to become

massive: the umklapp term pins the bosonic field to its minima Φ
(0)
1,c = 0 and small

fluctuations δΦ1,c about this pinned value appear as quadratic terms:

− uρ11

(2πa0)2
cos[
√

8π(Φ
(0)
1,c + δΦ1,c)] ≈ −

uρ11

(2πa0)2
+ m̃(δΦ1,c)

2 .

We now employ two-cutoff scaling [7], where we integrate out the massive boson Φ1,c

and its disordered dual field Θ1,c perturbatively in the remaining small parameters.

We obtain an effective action by expanding the partition function to second order in

the small couplings

Seff ≈ S̃0 + 〈S̃int〉1,c −
1

2

[
〈S̃2

int〉1,c − 〈S̃int〉21,c
]

+ . . . ,

with

〈O〉1,c =

∫
DΦ1,c e

−S1,c O,

S1,c =

∫
dxdτ

{(
1 +

cρ11

8πv1

) [
v1

(
∂xΦ1,c

)2
+

1

v1

(
∂τΦ1,c

)2
]

− uρ11

(2πa0)2
cos
√

8πΦ1,c

}
,

S̃int =

∫
dxdτ

{
fρ12

4π

[
∂xΦ1,c∂xΦ2,c +

1

v1v2

∂τΦ1,c∂τΦ2,c

]

+
cρ12 − cσ12

(2πa0)2
cos
(√

2π
(
Θ1,c −Θ2,c

))
cos
(√

2π
(
Θ1,s −Θ2,s

))

−c
ρ
12 + cσ12

(2πa0)2
cos
(√

2π
(
Θ1,c −Θ2,c

))
cos
(√

2π
(
Φ1,s − Φ2,s

))

−2
cσ12

(2πa0)2
cos
(√

2π
(
Θ1,c −Θ2,c

))
cos
(√

2π
(
Φ1,s + Φ2,s

))
}
,

and S̃0 describes all other terms in the action which do not feature 1, c bosons.

The action for S1,c is an effective sine-Gordon model [7] and we use that 〈Φ1,c〉1,c =

0 and the two-point functions obey:

〈
eiβΘ1,c(τ,x)e−iβ

′Θ1,c(τ ′,x′)
〉

1,c
∝ δβ,β′e

−r1/ξ,

〈∂yΦ1,c(τ, x)∂y′Φ1,c(τ
′, x′)〉1,c ∝ ∂y∂y′

e−2r1/ξ

(2r1/ξ)
2 ,

〈
∂yΦ1,c(τ, x)e−iβ

′Θ1,c(τ ′,x′)
〉

1,c
= 0,
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where y = x, v1τ and r2
1 = v2

1(τ − τ ′)2 + (x − x′)2. The first expression follows from

the ordering of Φ1,c: the dual field becomes disordered and decays exponentially. The

second relation follows from the (1, c) boson becoming massive under the RG flow.

For all other operator product expansions we use those of the corresponding Gaussian

models (which is valid due to all other couplings having ratios with cρ11 which vanish).

Following integrating out the (1, c) boson to second order in the perturbative

expansion, we obtain a low-energy (at energies much below the mass gap of the (1, c)

boson) effective Hamiltonian density

Heff = v̄2

[
1

K2,c

(∂xΦ2,c)
2 +K2,c (∂xΘ2,c)

2

]
+

2∑

d=1

v̄d
2π

[
(∂xΦd,s)

2 + (∂xΘd,s)
2]

+ c̄σdd

[
1

(2πa0)2
cos
(√

8πΦd,s

)
− 1

8π

[
(∂xΦd,s)

2 − (∂xΘd,s)
2]
]

+ 2f̄σ12

[
1

(2πa0)2
cos
(√

4πΦ+,s

)
cos
(√

4πΘ−s
)

− 1

8π

(
∂xΦ1,s∂xΦ2,s − ∂xΘ1,s∂xΘ2,s

)]

+ λ cos
(√

4πΦ−,s
)

cos
(√

4πΘ−,s
)
, (2.37)

where Φ±,s = (Φ1,s ± Φ2,s)/
√

2 (and similarly for Θ±,s) and λ is a coupling constant

generated in the RG procedure, which is second order in the remaining small cou-

plings. The λ term carries conformal spin and as a result only has minor effects at

weak coupling [72].

The structure of the low-energy effective field theory Heff is the same as for the

Kondo-Heisenberg model (see Eqs. (2.3)). At first this may seem surprising, given

our discussion of the KHM in Sec. 2.1.2 where we study a ladder with inequivalent

legs. However, in the above effective theory, the role of the legs in the KHM (2.3) is

played by the bands: if we think only in terms of the bands, we have a very natural

“two-leg ladder” with inequivalent legs. Commensurate filling of the bonding band

plays the same part as the half-filling of one of the legs of the ladder in the KHM and

the low-energy effective theories (2.3) and (2.37) have the same structure.

Having recovered the low-energy structure of the KHM, we therefore take over

the RG analysis of [84] in order to infer the phase diagram. In the KHM with

non-interacting 1DEG there are two distinct phases: with ferromagnetic across-rung

exchange the RG flow is to weak coupling and a C1S2 fixed point described by a
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three-component Luttinger liquid for the Φ2,c, Φ1,s and Φ2,s bosons. On the other

hand, antiferromagnetic across-rung interactions result in RG flow towards strong

coupling, where a spin gap opens in both the bands and the remaining charge degree

of freedom is massless, a C1S0 phase. Which of these phases is realised (and the exact

details of the predominant fluctuations) depends on the values of the bare parameters

U, V‖/U and V⊥/U .

We will discuss the C1S2 and C1S0 phases in detail, following a discussion of the

order parameters in which we will be interested.

2.3.1.3 Order parameters

Here we define the lattice order parameters in which we will be interested:

(1) The bonding charge density wave (bCDW) order parameter

ObCDW(n) =
1

2

∑

σ=↑,↓

(
a†1,n,σ + a†2,n,σ

)(
a1,n,σ + a2,n,σ

)
. (2.38)

(2) The charge density wave (CDW) order parameter

OCDW(n) =
∑

σ=↑,↓
a†1,n,σa1,n,σ + a†2,n,σa2,n,σ. (2.39)

(3) The d–wave superconductivity (SCd) order parameter

OSCd(n) = a1,n,↑a2,n,↓ + a2,n,↑a1,n,↓. (2.40)

(4) The antibonding pairing (abP) order parameter

OabP(n) = (a†1,n,↑−a†2,n,↑)(a†1,n+1,↓−a†2,n+1,↓)−(a†1,n,↓−a†2,n,↓)(a†1,n+1,↑−a†2,n+1,↑). (2.41)

2.3.1.4 The C1S2 Phase

From numerical integration of the RG equations (2.36) with extended Hubbard model

initial conditions (2.15) at half-filling of the bonding band, we observe that the RG

flow is to the C1S2 phase provided the coupling f̌σ12 > 0, where f̌σ12 is the coupling

after the two cut-off RG scheme. When V‖/U and V⊥/U are sufficiently small we

find fσ12 > 0 quite generally after integrating the RG equations. We assume that this

also holds for f̌σ12, as it is only modified at second order by the two-cutoff procedure.
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Hubbard model initial conditions (V‖ = V⊥ = 0) have RG flow that is always towards

weak coupling, as discussed by Balents and Fisher [66].

At low energies, the C1S2 fixed point is governed by the Gaussian Hamiltonian

HC1S2 = ṽ2

[
1

K̃2,c

(∂xΦ2,c)
2 + K̃2,c (∂xΘ2,c)

2

]

+
2∑

d=1

ṽd

[
1

K̃d,s

(∂xΦd,s)
2 + K̃d,s (∂xΘd,s)

2

]
,

where the spin Luttinger parameters K̃d,s = 1 if SU(2) symmetry is preserved. The

calculation of correlation functions follows from bosonising the order parameters (see

e.g. Sec. 1.1.3.2) bearing in mind that the (1, c) boson is massive, so the correlation

functions of e.g. the bCDW order parameter (2.38) decay exponentially (at 2kF ).

2.3.1.5 The C1S0 Phase

Using the interpretation of (2.37) as the low-energy limit of a KHM, there is a sec-

ond parameter regime, namely the one corresponding to antiferromagnetic exchange

interaction between the spin chain and the 1DEG. Here it is known that the RG flow

is towards a strong coupling phase in which both spin bosons become gapped [72].

This phase occurs when f̌σ12 < 0. Following the same arguments as in the C1S2 case,

we conclude that the resulting C1S0 phase occurs when V‖/U , V⊥/U are sufficiently

large. In other words, the Coulomb interactions should not be screened too strongly

in order for the C1S0 phase to exist.

As the strong coupling phase is physically the most interesting, we now turn to

characterising the properties of this phase. Here we are guided by the existing field

theory [72, 73] and numerical [73] studies of the KHM. We know, in particular, that

the KHM exhibits unconventional finite wave vector pairing (see the discussion of

Sec. 2.1.2). The strong coupling phase is characterised by [72]

〈cos
(√

8πΦ1,c

)
〉 6= 0 , 〈cos

(√
4πΦ+,s

)
〉 6= 0 , 〈cos

(√
4πΘ−,s

)
〉 6= 0. (2.42)

Concomitantly Θ1,c, Θ+,s and Φ−,s are fluctuating fields, i.e. one-point functions of

vertex operators of these fields vanish and (appropriate) two-point functions decay

exponentially. This follows from the canonical commutation relations which exist

between the field Φ and its dual field Θ: [∂xΘ(x),Φ(x′)] = iδ(x− x′).
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Using that the above expectation values are non-zero and that there is only a single

remaining gapless degree of freedom, the Φ2,c boson, we can establish the dominant

quasi-long-range order in the C1S0 phase. To this end we study the order parameters

defined in Sec. 2.3.1.3 and proceed by bosonising them:

(1) bonding charge density wave (bCDW)

ObCDW(x) ∼ a0

√
2

π
∂xΦ1,c −

1

π
sin(2kbx+

√
2πΦ1,c) cos(

√
2πΦ1,s) + . . .

(2) charge density wave (CDW)

OCDW(n) ∼ a0

√
2

π
∂x(Φ1,c + Φ2,c)−

1

π
cos
(√

2πΦ1,s

)
sin
(
2kbx+

√
2πΦ1,c

)

− 1

π
cos
(√

2πΦ2,s

)
sin
(
2kabx+

√
2πΦ2,c

)
+

+Aei
√

2π(Φ1,c+Φ2,c) cos
(√

4πΘ−,s
)

cos
(
2(kab + kb)x

)
+ . . .

where A is an amplitude which vanishes in the U → 0 limit. We derive the interaction

induced term for the CDW operator in Appendix 2.B. Using that certain bosonic fields

become pinned (2.42), the leading contribution in the C1S0 phase is

OCDW(n)

∣∣∣∣
C1S0

∼ Ã cos
(
2(kb + kab)n

)
ei
√

2πΦ2,c + . . .

(3) d-wave superconductivity (SCd)

OSCd(n) ∼ 2ei
√

2πΘ1,c cos(
√

2πΦ1,s)− 2ei
√

2πΘ2,c cos(
√

2πΦ2,s)

+2ei
√

2πΘ1,c cos
(
2kbx+

√
2πΦ1,c

)
− 2ei

√
2πΘ2,c cos

(
2kabx+

√
2πΦ2,c

)
+ . . .

(4) antibonding pairing (abP)

OabP(n) ∼ A0e
−i
√

2πΘ2,c

[
cos
(
2kab(x+

a0

2
) +
√

2πΦ2,c

)
+ cos

(√
2πΦ2,s

)
sin(kaba0)

]

+ ei
√

2πΘ2,c

{[
C1 cos

(√
4πΦ+,s

)
− C3 cos

(√
4πΘ−,s

)]
cos
(√

2πΦ1,c + 2kbx
)

+

[
C2 cos

(√
4πΦ+,s

)
− C4 cos

(√
4πΘ−,s

)]
sin
(√

2πΦ1,c + 2kbx
)}

+ . . .

(2.43)

where the amplitudes Ca vanish in the U → 0 limit. The interaction induced con-

tribution to (2.43) is derived in Appendix 2.C. Once again, we can use that certain
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bosonic fields become pinned to find the leading contribution in the C1S0 phase

OabP(n)

∣∣∣∣
C1S0

∼ (−1)nC̃ei
√

2πΘ2,c + . . . (2.44)

The bosonised form (2.44) of OabP(n) coincides with the PDW order parameter iden-

tified by Berg et al. in the low-energy description of the KHM [73], and with the

analogous order parameter OPDW proposed by Jaefari and Fradkin for the doped

two-leg ladder [76].

Using the above expressions for the bosonised order parameters and Eqs. (2.42),

we find the long-distance asymptotics of two-point functions in the C1S0 phase

〈OCDW(x) O†CDW(0)〉 ∝ x−2 + cos
(
2(kb + kab)x

) A
|x|K2,c

+ . . . ,

〈ObCDW(x) O†bCDW(0)〉 ∝ e−|x|/ξb (at 2kb) + . . . ,

〈OSCd(x) O†SCd(0)〉 ∝ cos(2kabx)
1

|x|K2,c

1

|x|1/K2,c
+ . . . ,

〈OabP(x) O†abP(0)〉 ∝ (−1)x/a0

|x|1/K2,c
+ . . . , (2.45)

where ξb is correlation length for the bonding charge boson and K2,c is the Luttinger

parameter for the charge sector of the antibonding band.

Unlike the Kondo-Heisenberg model discussed in Sec. 2.1.2 (with a non-interacting

1DEG), we find that we have two different regimes within the C1S0 phase:

1. K2,c < 1

For effective repulsive interactions, the slowest decaying correlation function is

between the 2kab + 2kb components of the CDW order parameter. We identify

this region of the C1S0 phase as an incommensurate charge density wave.

2. K2,c > 1

For effective attractive interactions, the staggered components of the antibond-

ing pairing order parameter exhibit the slowest decay and hence the C1S0 phase

exhibits unconventional fluctuation superconductivity with finite wave vector

pairing. This is the same “pair density wave phase” identified in Ref. [76].

The precise regime which is realised depends on the values of the microscopic param-

eter V⊥, V‖; from integration of the RG equations we find both regimes of K2,c can

be realised, although K2,c < 1 appears to be the more generic case.
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Figure 2.3: Zero-temperature phase di-
agram of the 4kb Mott insulator. f̌σ12 is
the effective across-rung exchange param-
eter in the KHM picture and K2,c is the
Luttinger parameter of the antibonding
charge boson.

The above analysis pertains to the case with the bonding band half-filled. In the

case where umklapp scattering is induced by an external periodic potential (away

from commensurate filling) we expect the same low-energy physics to emerge and

both C1S2 and C1S0 phases to exist. We summarise the zero-temperature phase

diagram in Fig. 2.3.

2.3.2 Chain representation

We now consider the 4kb umklapp interaction in the chain representation. To simplify

the analysis we consider the case with extended density-density interactions along

the chain, which decrease the value of Kc (see the discussion at the beginning of

Sec. 2.2.2). The low-energy projection of the umklapp term is

HW = λ

∫
dx
[
iei
√

4πKcΦc
(
ξ1
R − iξR2

) (
ξ1
L + iξ2

L

)
+ h.c.

]
,

where we have rescaled the boson field Φc →
√
KcΦc to absorb the Luttinger param-

eter in the kinetic term of the Hamiltonian.

For generic repulsive interactions, the umklapp term HW is relevant in the RG

sense, with scaling dimension d = 1 + Kc < 2. For long-range interactions along

the chain, the Luttinger parameter becomes small Kc � 1 and the umklapp term

becomes strongly relevant, dominating the marginal four-fermion interactions in the

Hamiltonian (2.23). We should therefore treat the umklapp term first: we begin by

combining Majorana fermions into a complex Dirac fermion R = (ξR1 + iξR2 )/
√

2 and

L† = (ξ1
L − iξ2

L)/
√

2. We then bosonise the fermions R, L in terms of the bosonic

field Φ̄ and its dual Θ̄ following Ref. [7]. The umklapp term becomes

HW =
2λ

π

∫
dx cos

[√
4π(
√
KcΦc + Φ̄)

]
.
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Following the canonical transformation

Φ± =
1√
2

(
√
KcΦc ± Φ̄), Θ± =

1√
2

(Θc/
√
Kc ± Θ̄), (2.46)

the Hamiltonian density can be written as

H =
v

2

[
K (∂xΘ+)2 +K−1 (∂xΦ+)2]+m cos

(√
8πΦ+

)

+
v

2

[
K (∂xΘ−)2 +K−1 (∂xΦ−)2]+ g1∂xΘ+∂xΘ− + g2∂xΦ+∂xΦ−

+
ivc
2

(
ξ3
L∂xξ

3
L − ξ3

R∂xξ
3
R

)
+
ivs
2

∑

a

(χaL∂xχ
a
L − χaR∂xχaR)

−2gσ−
(
ξ3
Rξ

3
L

)∑

a

(χaRχ
a
L)− 2gσ+

∑

a>b

(χaRχ
a
L)
(
χbRχ

b
L

)

−
(
ξ1
Rξ

1
L − ξ2

Rξ
2
L

)
[

2gc,ss
(
ξ3
Rξ

3
L

)
+ gρ,−

(
ξ1
Rξ

1
L − ξ2

Rξ
2
L

)
+ 2gc,st

∑

a

(χaRχ
a
L)

]
,

where g1,2 and m are redefined coupling constants and

v =
1

2

√(
vc + ũ/Kc

)(
vc + ũKc

)
, K2 = Kc

ũ+ vcKc

vc + ũKc

. (2.47)

Now the story becomes similar to the band representation: as we consider K � 1,

the cosine term in the sine-Gordon model for Φ+ is strongly relevant and flows to

strong coupling before any other coupling becomes large. The umklapp-induced gap

in the Φ+ sector will be large compared to all other low-energy scales and we proceed

to integrate out the Φ+ boson.

The four-fermion interactions that involve ξ1,2 can also be bosonised, giving

(
ξ1
Rξ

1
L − ξ2

Rξ
2
L

)
=

1

2

[(
ξ1
R + iξ2

R

) (
ξ1
L + iξ2

L

)
+
(
ξ1
R − iξ2

R

) (
ξ1
L − iξ2

L

)]
,

= R†L† +RL ∼ i

2π
cos
[√

2π (Θ+ + Θ−)
]
.

When integrating out the Φ+ boson we therefore only generate interactions propor-

tional to cos
(√

8πΘ−
)
, which are irrelevant as K � 1. At energies small compared

to the mass gap of the Φ+ boson, the effective Hamiltonian density has the form

Heff =
ṽ

2

[
K̃ (∂xΘ−)2 + K̃−1 (∂xΦ−)2

]
+
ivc
2

[
ξ3
L∂xξ

3
L − ξ3

R∂xξ
3
R

]
+

ivs
2

[χaL∂xχ
a
L − χaR∂xχaR]− 2g̃σ−

(
ξ3
Rξ

3
L

)∑

a

(χaRχ
a
L)

−2g̃σ+

∑

a>b

(χaRχ
a
L)
(
χbRχ

b
L

)
, (2.48)
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where g̃ are renormalised couplings, ṽ is the renormalised velocity and K̃ is the

renormalised Luttinger parameter.

The effective Hamiltonian (2.48) is also remarkably similar in form to the field

theory of the KHM, with the small difference that the single and triplet Majorana

modes have differing velocities. To analyse this effective theory (2.48) further we

carry out a RG analysis, which gives

˙̃gσ− = − 2

πvs
g̃σ−g̃σ+ , ˙̃gσ+ = − g̃

2
σ−
πvc
− g̃2

σ+

πvs
. (2.49)

Defining rescaled combinations of the couplings g± = g̃σ−
π
√
vcvs
± g̃σ+

πvs
, the RG Eqs. (2.49)

become ġ± = ∓g2
±, which have the solution

g±(l) =
g±(l0)

1± g±(l0)(l − l0)
.

If we assume that the couplings gσ± renormalise only weakly by the time at which

m (the sine-Gordon coupling) reaches strong coupling, we conclude that g̃σ±(l0) > 0.

The subsequent RG flow of g+ is then toward weak coupling. One the other hand,

g− flows to a C1S0 strong coupling fixed point if

g̃σ−(l0) > g̃σ+(l0)

√
vc
vs
, (2.50)

To get a feel for what this requirement implies in terms of couplings in the microscopic

theory we consider the case when g̃σ± are close to their bare values (e.g. they have

renormalised very weakly) and when U, V‖, V⊥ are small. In this case the couplings

are given by

gσ− ∼
V⊥a0

2
, gσ+ ∼ a0

(
U + 2 cos(2kFa0)V‖

)
,

where a0 is the lattice spacing and kF ≈ π/2. The RG flow is towards the strong

coupling fixed point when

V⊥ & 2

√
vc
vs

(
U − 2V‖).

So, we see that the repulsive interactions between neighbouring sites is crucial for

driving the system to the C1S0 fixed point, as was the case in the weak-coupling

analysis of the previous subsection. Having established the existence of a C1S0 phase

in the chain representation, the next step would be to determine which correlations

are dominant. This is difficult for the following reason: general local observables
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can be expressed in terms of Ising models, but it remains an open problem to deter-

mine how products of Ising order and disorder operators transform under Tsvelik’s

transformation (2.22).

2.4 Numerical results: DMRG

In this section we numerically study the extended Hubbard model on the two-leg

ladder using the density matrix renormalisation group (DMRG) algorithm [18, 19].

Hubbard-like models have been studied extensively using DMRG, both on single chain

and multiple leg ladders [90, 91, 92, 93, 94, 95, 96, 97]. We begin this section by

summarising the DMRG algorithm, before first considering the case where umklapp

interactions are absent, the “generic strong coupling regime” in Section 2.4.2. Having

established the properties of this generic regime, we turn to the case when the umklapp

interaction is marginally relevant and study the resulting phases.

2.4.1 The DMRG algorithm

The DMRG algorithm has become the standard technique for studying the ground

state properties of quasi-one-dimensional quantum systems with short range interac-

tions. Extensive reviews of the algorithm and its relation to matrix product states

can be found in Refs. [19, 98]. The essential ideas behind the DMRG algorithm are

as follow: if we start with a two site system and grow the system following a set

procedure (which we will discuss shortly) the size of the Hilbert space increases ex-

ponentially with the system size and just simply storing a single eigenvector rapidly

becomes unfeasible (e.g. an eigenvector of a spin–1/2 fermion system with 16 sites

has 416 elements = 64Gb of data). Clearly if we are going to grow our system to large

sizes we need to truncate the Hilbert space: the DMRG algorithm does exactly this

decimation procedure by truncating the Hilbert space according to eigenstates of a

particular reduced density matrix.

We begin by discussing the infinite system algorithm, which is used to grow the

system from e.g. two sites to L sites, when it is then terminated. We will follow this

discussion by a description of the finite-size algorithm which is subsequently iterated

until the wave function for the ground state has converged. For convenience we will
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discuss the DMRG algorithm for the one-dimensional chain.

2.4.1.1 The infinite size DMRG algorithm

The infinite size DMRG algorithm is used to grow the size of the system in a sequence

of steps, such that the system size ` = 2, 4, 6, . . . continuing until we reach the desired

system size L. Of course, in this procedure the size of the Hilbert space is increasing

exponentially, so we must perform some truncation in order to keep the size of the

state space m manageable.

The infinite size DMRG algorithm performs the growth in the following manner:

1. Take your system of size ` and define two blocks A and B that equipartition

the system.

2. Insert two new sites •• between the blocks A and B to obtain the superblock

A • •B (following the notation of Schollwoeck [98]).

3. A generic state in the superblock can be written in the form

|φ〉A••B =
∑

ψA,σA,σB ,ψB

φψAσAσBψB |ψA〉 ⊗ |σA〉 ⊗ |σB〉 ⊗ |ψB〉,

where |ψA,B〉 is a state on the A,B block (which span a Hilbert space of dimen-

sion m†) and {|σA,B〉} are the sets of vectors that span the local state space of

the added site • next to A,B (of dimension d = 4 for spin–1/2 fermions).

4. The ground state of the superblock Hamiltonian is found by numerical diago-

nalisation (e.g. the Lanczos algorithm‡) and is denoted by |φ0〉.

5. We take the set of states {|φA〉} ≡ {|ψA〉 ⊗ |σA〉} as the basis of the block A•.
The ground state vector can be expressed as:

|φ0〉 =
∑

φAφB

ψφAφB |φA〉 ⊗ |φB〉.

† We assume that ` is already large enough that the Hilbert space d` > m and that truncation has
occurred in a previous step. Clearly one does not have to perform the truncation until the system
is sufficiently large.
‡See the next chapter.
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6. The set of states {|φA〉} has dimension dm – we must truncate this set of states

back to size m to avoid exponential growth of the Hilbert space. We perform

this truncation by keeping only the m highest weight eigenvectors {|ϕ〉A} of the

reduced density matrix

%A• = Tr•B|φ0〉〈φ0|, (%A•)ij =
∑

k

ψikψ
∗
jk.

which are determined by exact diagonalisation. A measure of the severity of this

decimation is the truncation error ε = 1 −∑m
a=1wa (also called the discarded

weight).

7. Iterate the above steps, performing the appropriate change of basis to eigen-

states of the reduced density matrix after each truncation. Stop the algorithm

when ` = L the system size you wish to consider.

2.4.1.2 Finite size DMRG algorithm

The infinite size DMRG algorithm has now been used to grow the system to size L,

but the resulting “ground state” given by this procedure is not correct, stemming

from the choices of basis for small initial system sizes which do not well describe the

large system. This can, however, be corrected using the finite size DMRG algorithm,

which performs the following steps:

1. We continue the growth process of one of the blocks (say A) by adding two

sites. However, at the same time we shrink the size of the other block (B) to

maintain the total system size L.

2. The basis of the reduced block B is the basis generated in the infinite size

algorithm for the same block size (which is stored for this purpose).

3. The ground state of the superblock A(`) • •B(¯̀) (where ¯̀ is the complement of

A(`) •• and ` is the block size of A) is determined by numerical diagonalisation.

4. We construct the basis of A• in the same manner as in the infinite size algorithm,

and truncate according to the eigenstates of the reduced density matrix %A•.
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5. The block A(`) is grown until B(¯̀) is small enough that for the reduced Hilbert

space size m, B is exactly solved.

6. The growth procedure is then reversed, with B growing until A is small enough

to be exactly solved.

7. The procedure is then once more reversed, until we return to the initial config-

uration of equisized blocks A and B.

8. This process of sweeps is continued until the ground state wave function of the

system of size L has converged.

We now continue to discuss our DMRG results for the extended Hubbard model

on the two-leg ladder. The DMRG algorithm is used to construct the (approximate)

ground state of the L× 2 ladder for a fixed number m of density matrix eigenstates

(computational resources constrain us to m ≤ 2000). To ascertain the quality of the

approximation we calculate the relative error between the ground state energy per

site with m density matrix eigenstates and the (extrapolated) m = 42L result. This

relative error gives a useful order-of-magnitude estimate for the error in observables,

such as the correlation functions.

2.4.2 “Generic” strong coupling regime

We begin by discussing the case where the umklapp term is absent; in this case for

sufficiently small extended interactions, a weak coupling RG analysis generically flows

towards a strong-coupling fixed point with

c̃ρ12 = c̃σ12 = 2f̃ρ12 = −2c̃ρ11 = −2c̃ρ22 = −c̃σ11 = −c̃σ22 = g > 0, f̃σ12 = 0 .

The fixed point is described by a theory with an enlarged symmetry group, the

SO(6) Gross-Neveu model [66, 77, 79, 85, 86]. Three of the bosons Θ−,c, Φ+,s and

Φ−,s becomes massive under the RG flow, whilst the remaining charge boson Φ+,c is

described by a U(1) Luttinger liquid. The interaction term responsible for the bosons

becoming massive takes the form

−2g

{
cos(
√

4πΦ+,s) cos(
√

4πΦ−,s)+cos(
√

4πΘ−,c)
[

cos(
√

4πΦ−s)+cos(
√

4πΦ+,s)
]}
.

48



A classical analysis of this potential gives the values to which the bosons become

pinned

Θ−,c = Φ+,s = Φ−,s = 2n

√
π

4
, or (2n+ 1)

√
π

4
with n ∈ Z

(in the same way as we determined the pinned value in the 4kb Mott insulator C1S0

phase). From knowledge of these pinned values, it follows that the two-point functions

of order parameters (defined in Sec. 2.3.1.3) have the asymptotic form [66, 86]

〈OSCd(x)O†SCd(0)〉Generic ∝ |x|−1/2Kc , 〈OabP(x)O†abP(0)〉Generic ∝ |x|−1/2Kc ,

〈OCDW(x) O†CDW(0)〉Generic ∝ A1x
−2 +A2 cos

(
2(kb + kab)x

)
x−2Kc , (2.51)

where Kc is the Luttinger parameter for the Φ+,c boson. As a result of the spin

gap, the 2kF response of the CDW order parameters (CDW, bCDW) is “blocked”

(exponentially decaying), as discussed in Appendix 2.A. The second term in the two-

point function of the CDW order parameter is interaction induced and vanishes in the

U → 0 limit. A detailed discussion of such interaction-induced terms can be found

in Appendix 2.B.

We now present results in the generic strong coupling regime, for the Hamilto-

nian (2.5) on the 64 × 2 ladder with t = t⊥ = 1, U = 4 and V‖ = V⊥ = W1,2 = 0

and open boundary conditions.† We consider the system with N = 110 electrons and

keep up to m = 1500 density matrix states for the reduced Hilbert space, leading to

truncation errors of ε ≈ 3× 10−6. The relative error in quantities calculated with the

DMRG algorithm can be estimated from extrapolating the ground state energy to

m = 4# of sites (or zero truncation error), defining ε as the relative error in the ground

state energy per site E0/L , we find ε ≈ 5× 10−4.

In Fig. 2.4 we show the two-point functions of the SCd and abP order parameters

calculated by DMRG and appropriate power law fits. Oscillations at 2kab are seen in

the two-point function of OabP, which we attribute to a small amplitude for the power

law decay term and/or a large spin correlation length, which would be consistent with

a small spin gap in the system. The power law fits give the Luttinger parameter for

the Φ+,c boson as Kc ≈ 0.45.

†This is usual in DMRG calculations: periodic boundary conditions reduce how quickly the
eigenvalues of the reduced density matrix (RDM) %A• decrease and correspondingly one must include
many more eigenstates of the RDM to keep the discarded weight small.
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Figure 2.4: DMRG data (solid) and power law fits (dashed) in the generic strong
coupling phase for (a) the superconducting d-wave order parameter OSCd, and (b)
the antibonding pairing order parameter OabP .
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Figure 2.5: DMRG data (solid) and fit
(dashed) for the density across one leg
of the ladder in the generic strong cou-
pling phase. The “Wigner crystal” os-
cillation fit used parameters ρ = 0.857,
A = 0.0054 and 2Kc = 0.91. The bonding
and antibonding wave vectors are given by
kb = 1.17π/2 and kab = 0.55π/2.

We show the density across one of the legs of the ladder in Fig. 2.5. The oscillations

in the density are induced by the open boundary conditions: the 2kF response (Friedel

oscillations) is suppressed by the spin gap and consequently we see the leading order

oscillations at 4kF = 2(kb + kab), known as “Wigner crystal” oscillations [99]. We fit

these oscillations to the standard form [99]

〈n(x)〉4kF = ρ+ A
sin (4kFx+ ϕ)

sin
(

π
L+1

x
)2Kc

, (2.52)

using A and ϕ as fitting parameters, and ρ is the average electron density. Additional

oscillations present in Fig. 2.5 are from the sub-leading contributions to the density

operator (see Appendix 2.B). We use the same value for the Luttinger parameter Kc

as in Fig. 2.4.

From the asymptotic form of the two-point functions (2.51), it is clear the dom-

inant fluctuations depend upon the underlying microscopic parameter of the Hamil-

tonian (2.5). In this case, Kc < 1/2 and the leading fluctuations are CDW in nature,

arising from the 2(kb + kab) interaction-induced component of the density operator.
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2.4.3 4kb umklapp

Having established the properties of the “generic” strong coupling phase of the two-leg

ladder, we now turn our attention to the case when umklapp scattering is activated.

The umklapp term can be activated in two ways: (i) half-fill the bonding band;

(ii) work away from half-filling and apply a periodic potential with the appropriate

periodicity. We first attempted to study the half-filled band: there it turns out the

analysis is extremely challenging for the following reasons. Firstly, the open boundary

conditions in the DMRG calculations induce Friedel oscillations in the density across

the ladder, and hence the band is never truly “half-filled”. Secondly, we found quite

generically that the spin and charge gaps are very small. It is then difficult to tell the

difference between power law and exponential decay (with large correlation length)

on the accessible system sizes†. In the following we instead focus on case (ii).

From the analysis of Sec. 2.3, we know that there are two possible phases when

the 4kb umklapp interaction is present and marginally relevant. We will consider

the C1S2 and C1S0 phases in turn. To that end, we have carried out the DMRG

calculations on the Hamiltonian

H = Hladd(π) + µ−
∑

j,σ

(
c†1,j,σ − c†2,j,σ

)(
c1,j,σ − c2,j,σ

)
, (2.53)

where Hladd(K) is given by (2.5).

Let us make a few remarks about (2.53). Firstly, we consider the case with the

bonding band quarter-filled. This is convenient as we can apply a periodic potential

with wave vector π along the legs of the ladder which activates the 4kb umklapp

process (as discussed in Sec. 2.1.1). This applied potential gives us control of the

strength of the umklapp and correspondingly the Mott gap (a sizeable Mott gap

makes numerical analysis easier, as discussed above). Secondly, we have also applied

an additional chemical potential to the antibonding band. This is introduced for

convenience, as it allows us to vary the density of electrons in the antibonding band

whilst keeping interaction parameters fixed. Nevertheless, isolating the region of

phase space in which the two phases occur is challenging.

†Due to this, we did not find convincing evidence for the C1S0 phase when the band is half-filled.
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2.4.3.1 C1S2 Phase

When extended interactions are sufficiently weak (small V‖, V⊥) the RG analyses of

Sec. 2.3 show that the 4kb umklapp drives the RG flow towards strong coupling

with a C1S2 fixed point. The asymptotic forms of the two-point functions of order

parameters have the following form in this phase:

〈OCDW(x) O†CDW(0)〉C1S2 ∝ A3 cos(2kabx)|x|−K2,c−K2,s

+A4 cos(2kbx)|x|−K1,s +A5x
−2 + . . . ,

〈ObCDW(x) O†bCDW(0)〉C1S2 ∝ e−|x|/ξb (at 2kb) + . . . ,

〈OSCd(x)O†SCd(0)〉C1S2 ∝ cos(2kabx)|x|−K2,c−1/K2,c + . . . ,

〈OabP(x)O†abP(0)〉C1S2 ∝ A6 cos(2kabx)|x|−K2,c−1/K2,c

+A6|x|−K2,s−1/K2,c + . . . , (2.54)

where the amplitudes Aj are unknown, ξb is the correlation length of the massive Φ1,c

boson and Kj are the Luttinger parameters for the massless Φj bosons.

To access the C1S2 phase we consider the Hamiltonian (2.53) with t = 2t⊥ = 1,

U = 8V⊥ = 8V‖ = 4 and W1,2 = 1.5. We tuned the chemical potential µ− so that there

are N = 90 electrons and the bonding band is quarter-filled. Up to m = 1200 density

matrix states were kept in the calculations, leading to truncation errors of ε ≈ 10−6

and corresponding relative error in the ground state energy per site of ∼ 10−4.

To confirm we are in the C1S2 phase we measure the bonding (Gb(n)) and

antibonding (Gab(n)) Green’s function. From the RG analysis, we expect Gab to

decay as a power law, whilst Gb should decay as an exponential multiplied by a

power law. We show Gb in Fig. 2.6(a), where we remove the leading kb oscillations

(Gb(n) = Gb,Full(n)/ cos(kbn)). We perform a similar procedure for Gab, shown in

Fig. 2.6(b). Both of these Green’s functions take the expected form from the RG

analysis, consistent with a C1S2 phase.

Having established that we’re in the C1S2 phase, we now consider two-point

functions of the order parameters (2.54). Figure 2.7 shows the two-point functions

of the SCd and abP order parameters. Once again, we have removed the leading

oscillations in these two-point functions. Both of the correlation functions show power

law decay with the same exponent, which give an approximate value for the Luttinger
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Figure 2.6: DMRG data (solid) and fits (dashed) in the C1S2 phase for (a) the
bonding Green’s function Gb(n) = 〈cb(32)c†b(32 + n)〉 with kb oscillations removed

(see text), and (b) the antibonding Green’s function Gab(n) = 〈cab(32)c†ab(32 + n)〉
with kab oscillations removed. Fit functions are of the form predicted by the RG
analysis.
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Figure 2.7: DMRG data (solid) and fit functions (dashed) in the C1S2 phase for (a)
the two-point function of the antibonding pairing order parameter OabP with the 2kab
oscillations removed (see text), and (b) the two-point function of the superconducting
d–wave order parameter OSCd with 2kab oscillations removed. Fit functions are of the
form given in Eqs. (2.54).

parameter K2,c ≈ 0.35. The two-point function of the CDW order parameter is shown

in Fig. 2.8; the decay at intermediate distances is well described by x−2 and oscillates

with wavenumber 2kab, as predicted by the bosonisation analysis (2.54). Sub-leading

contributions, oscillating at 4kb are also observed. The long distance asymptotics

are consistent with K2,s = 1, as expected from SU(2) symmetry. The dominant

fluctuations in this phase are clearly of the CDW type.
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Figure 2.8: DMRG data (solid) and x−2

guide (dashed) in the C1S2 phase for the
two-point function of the charge density
wave order parameterOCDW. Sub-x−2 de-
cay is observed with oscillations at ∼ 2kab
at large distances.

2.4.3.2 C1S0 4kb Mott insulator phase

In order to realise the C1S0 phase of the 4kb Mott insulator, the inter-band exchange

interaction must be antiferromagnetic after the initial RG procedure. This can always

be achieved provided the interchain density-density interaction is large V⊥ > U such

that the initial condition is antiferromagnetic (it remains so under the RG flow). The

C1S0 fixed point is characterised by the following two-point functions

〈OCDW(x) O†CDW(0)〉 ∝ A8x
−2 +A9 cos

(
2(kb + kab)x

)
|x|−K2,c + . . . ,

〈ObCDW(x) O†bCDW(0)〉 ∝ e−|x|/ξb (at 2kb) + . . . ,

〈OabP(x) O†abP(0)〉 ∝ A10 cos(2kabx)|x|−K2,c−1/K2,c +A11 cos
(
2kbx

)
|x|−1/K2,c + . . .

〈OSCd(x) O†SCd(0)〉 ∝ cos(2kabx)|x|−K2,c−1/K2,c + . . . , , (2.55)

where the amplitudes Ad are unknown.

We now present DMRG results in the C1S0 phase of the Hamiltonian (2.53). We

work on the 96 × 2 ladder with t = 2t⊥ = 1, V⊥ = 5, V‖ = 0, U = 4 and N = 88

electrons, with µ− chosen such that the bonding band is quarter-filled. We apply a

periodic potential to the bonding band W+ = 1 to activate the umklapp scattering.

In the calculations, up to m = 2000 density matrix states were used, resulting in

truncation errors of ε ≈ 10−7 and relative error in E0/L of ε ≈ 2× 10−5.

As with the C1S2 phase, we infer the presence of a spin gap in both bands and

a charge gap in the bonding band from the Green’s functions shown in Fig. 2.9

and the forms of the two-point functions. As expected from the RG analysis, we

see that the bonding Green’s function decays exponentially, whilst the antibonding

Green’s function decays as an exponential multiplied by a power law. The fit of the

antibonding Green’s function gives a value for the Luttinger parameter K2,c ≈ 0.27.
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Figure 2.9: DMRG data (solid) and fit function (dashed) in the C1S0 phase for (a)
the bonding Green’s function Gb(n) = 〈cb(48)c†b(48 + n)〉, and (b) the antibonding

Green’s function Gab(n) = 〈cab(48)c†ab(48 + n)〉, with the kab oscillation removed (see
text). The break in data of (b) at n = 29 is a remnant of removing the kab oscillations.
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Figure 2.10: DMRG data (solid) and fit functions (dashed) in the C1S0 phase for
(a) the absolute value of the two-point function of the superconducting d-wave order
parameter OSCd with 2kab oscillations removed (see text), and (b) the absolute value
of the two-point function of the antibonding pairing order parameter OabP.

We now consider the two-point functions of the order parameters in Eqs. (2.55).

The correlation functions of the SCd and abP order parameters are shown in Fig. 2.10,

where leading oscillations of frequency 2kab have been removed. Both correlation func-

tions are well described by power law decay consistent with K2,c ≈ 0.27 obtained from

fitting the antibonding Green’s function. We do not clearly see the abP component

that decays with power law 1/K2,c. This may be due to the amplitude A11 being

much smaller than A10, in which case the sub-leading term would dominate on the

“short” length scales accessible with DMRG.

The correlation function of the CDW order parameter is shown in Fig. 2.11, where

at long distances there are large wavelength oscillations with wave vector 2kb + 2kab
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that decay at sub–x−2, consistent with the bosonisation prediction. Accurate extrac-

tion of the power law of this decay is not possible – the large spin correlation length

means sub-leading term decay slowly for accessible system sizes. We have similar

problems with the two-point function of bCDW operator, where the long spin cor-

relation length and unknown interaction-induced amplitudes of the 4kF components

(similar to Eqs. 2.57) make fitting ill-defined.
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Figure 2.11: The two-point function
of charge density wave order parameter
OCDW (solid) and x−2 power law (dashed)
in the C1S0 phase.

There are two possibilities for the dominant fluctuations in the 4kb Mott insulator

depending upon the Luttinger parameter K2,c, see Fig. 2.3. For the presented data

K2,c < 1, where incommensurate 2kb + 2kab CDW fluctuations dominate.

2.5 Discussion and conclusions

In this chapter we have established a mechanism for finite wave vector pairing in

a doped fermionic two-leg ladder with equivalent legs. Central to this mechanism

is umklapp scattering, which arises as a result of electron-electron interactions at

special band fillings or “externally” applied periodic potentials. As we discussed in

Sec. 2.1.1, the latter may arise from CDW formation driven by the (three-dimensional)

long-range Coulomb interaction in realistic crystal structures. We have applied renor-

malisation group techniques to the low-energy description of the lattice model (2.5) in

two limits: (i) weak coupling (“band representation”) and (ii) and arbitrary intra-leg

interaction strength and small across rung tunnelling/interactions (“chain represen-

tation”). In both limits we found that the low-energy effective theory is the same as

the low-energy description of the KHM [73, 72] introduced in Sec. 2.1.2.

In particular, we have focused in this chapter on the 4kb Mott insulator, analysed

in detail in Sec. 2.3. This low-energy equivalence with the KHM may be anticipated
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for the following reasons. The 4kb umklapp process leads to a Mott gap ∆ opening

within the bonding band and at energies below this gap charge dynamics in the band

become blocked. The bonding band can then be thought of as an effective spin–1/2

chain coupled to the antibonding band by inter-band exchange interactions. The

resulting picture is an effective KHM where the inequivalent ladder legs are played

by the bands of our model.

There are important differences between the low-energy effective KHM that emerges

from our model and that studied previously [72, 73]. Firstly, in the lattice model (2.5)

electron number in the bonding band is not conserved, so the low-energy limit is cru-

cial for our considerations. Secondly, the effective exchange interaction between the

bands is not a priori antiferromagnetic: for V‖ = V⊥ = 0 it is ferromagnetic and the

resulting fixed point behaviour is a C1S2 phase. However, we found that when V‖, V⊥

are sufficiently strong the exchange interaction is antiferromagnetic and the RG flow

is to a strong coupling C1S0 phase. Finally, in comparison to the KHM previously

studied, we consider an interacting one-dimensional electron gas and so the dominant

fluctuations of the C1S0 phase are controlled by the Luttinger parameter K2,c and

are of superconducting PDW (K2,c > 1) or CDW (K2,c < 1) type.

An interesting question to consider beyond the present work is what is the effect

of other types of umklapp scattering? In Ref. [1] we also examined the 3kb + kab

umklapp and found dominant fluctuations of an interesting “composite” order type

which is difficult to understand. Is there some overlap between this order and a

simple to understand order parameter, like in the KHM? Further work is needed to

understand this and would be aided by the ability to calculate observables in the

chain representation. The other types of umklapp such as the 2kb + 2kab term should

also be studied. It would also be interesting to study generalisations of KHM with

SU(2) symmetry broken in the spin chain, which may lead to a rich phase diagram.

Having studied the static properties of the two-leg ladder in this chapter using

a combination of field theoretic and numeric techniques, we move to studying the

dynamical properties of quasi-one-dimensional quantum systems in the next chapter.

There, we will see that once again we can combine perturbative field theory and

numerical computations to gain insight into material properties.
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Appendix

2.A 2kF components of the charge density

The number operators on each leg of the ladder can be expressed in terms of the

bonding/antibonding fermions introduced in (2.7)

n1,j,α + n2,j,α = c†b,j,αcb,j,α + c†ab,j,αcab,j,α , n1,j,α − n2,j,α = c†b,j,αcab,j,α + c†ab,j,αcb,j,α .

The low-energy projections of these operators in the continuum limit (2.10) are

n1,j,α + n2,j,α ∼ a0ρ
(+)
0,α (x) + a0

[
ρ

(+)
2kb,α

(x) e2ikbx + ρ
(+)
2kab,α

(x) e2ikbx + h.c.
]

+ . . . ,

n1,j,α − n2,j,α ∼ a0

[
ρ

(−)
kb+kab,α

(x) ei(kb+kab)x + h.c.
]

+ . . . ,

where we’ve defined

ρ
(+)
0,α (x) =

∑

d=b,ab

R†d,αRd,α + L†d,αLd,α , ρ
(+)
2kd,α

(x) = L†d,αRd,α ,

ρ
(−)
kb+kab,α

(x) = L†ab,αRb,α + L†b,αRab,α .

These operators can then be bosonised (see e.g. Sec. 2.2.1.1 and Ref. [7])

ρ
(+)
0 (x) =

∑

α

ρ
(+)
0,α (x) ∼ 1√

2π
∂xΦ+,c ,

ρ
(+)
2kd

(x) =
∑

α

ρ
(+)
2kd,α

(x) ∼ −2i ei
√

2πΦd,c cos
(√

2πΦd,s

)
, d = 1, 2 = b, ab

ρ
(−)
kb+kab

(x) ∼ −2i ei
√
π(Φ+,c−Θ−,c)

[
cos
(√

π[Φ+,s −Θ−,s]
)
− cos

(√
π[Φ+,s + Θ−,s]

) ]
,

where Φ±,d = (Φ1,d ± Φ2,d)/
√

2 and Θ±,d = (Θ1,d ± Θ2,d)/
√

2 for d = c, s. We note

that the oscillatory terms feature a spin boson – if there is a spin gap, the response

of these terms is blocked (e.g. the two-point function will decay exponentially).

2.B 4kF density components in the band picture

We now consider the 4kF components of the charge density, which are a direct result

of the presence of interaction terms in the Hamiltonian. We derive the interaction-
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induced terms using an RG procedure. The on-site Hubbard interaction gives a

contribution Sint = S
(1)
int + S

(2)
int to the action

S
(1)
int = −U

2

∫
d2y

[
c†b,↑cb,↑ + c†ab,↑cab,↑

]
(y)
[
c†b,↓cb,↓ + c†ab,↓cab,↓

]
(y)

S
(2)
int = −U

2

∫
d2y

[
c†b,↑cab,↑ + c†ab,↑cb,↑

]
(y)
[
c†b,↓cab,↓ + c†ab,↓cb,↓

]
(y) . (2.56)

We decompose the continuum fields into high (>) and low (<) energy parts cd(x) =

cd,<(x) + cd,>(x). The 4kF components of the density operator are then found by

taking the average −〈c†b(x)cb(x)Sint〉> and keeping only the 4kF oscillatory terms.

For example, we obtain a contribution

U

2

〈
c†b,↑,<(x)cb,↑,>(x)

∫
dydτ c†b,↑,>cb,↑,<

[
c†b,↓,<cb,↓,< + c†ab,↓,<cab,↓,<

] 〉
>
,

where we now use that

〈
cb,↑,>(x) c†b,↑,>(τ, y)

〉
>

= Gb,>(−τ, x− y) = −
∫

k>Λ

dk

2π
e−ik(x−y)−εb(k)τ

is short ranged in τ , so it becomes

U

2
c†b,↑,<(x)

∫
dτdy Gb,>(−τ, x− y)cb,↑,<(y)

[
c†b,↓,<cb,↓,< + c†ab,↓,<cab,↓,<

]
(y).

Next we linearise about the Fermi surface (2.10) and replace the arguments of the

left and right moving fermions by x, which is justified as the Green’s function is

also short-ranged in x − y. Implementing this procedure, we find the operators in

Eqs. (2.14). Subsequent bosonisation gives

ρ
(+)
4kb

(x) ∼ −2UGb,>(3kb) e
i
√

4πΦ+,c ei
√

4πΦ−,c ,

ρ
(+)
4kab

(x) ∼ −2UGab,>(3kab) e
i
√

4πΦ+,c e−i
√

4πΦ−,c ,

ρ
(+)
2kb+2kab

(x) ∼ C2kb+2kab e
i
√

4πΦ+,c

[
cos
(√

4πΦ−,s
)

+ cos
(√

4πΘ−,s
)
− cos

(√
4πΘ−,c

)]
,

ρ
(−)
3kb+kab

(x) ∼ C3kb+kabe
i
√

4πΦ+,c

[
e−i
√
πϕ̄−,c cos(

√
πϕ−,s)− ei

√
πϕ−,c cos(

√
πϕ̄−,s)

]
,

ρ
(−)
kb+3kab

(x) ∼ Ckb+3kabe
i
√

4πΦ+,c

[
e−i
√
πϕ−,c cos(

√
πϕ̄−,s)− ei

√
πϕ̄−,c cos(

√
πϕ−,s)

]
, (2.57)

where Cp are non-universal pre-factors proportional to U for small interactions and

the chiral fields are defined by Φ±,d = ϕ±,d+ ϕ̄±,d, Θ±,d = ϕ±,d− ϕ̄±,d. Refermionizing

in terms Majorana fermions (similar to Eq. (2.21)) makes the correspondence between

band and chain pictures explicit (see Ref. [1]).
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2.B.1 “4kF” density components in the chain picture

To determine the 4kF components of the charge density in the chain picture, we start

from uncoupled chains (i.e. t⊥ = 0 = V⊥ = W1,2), where the low-energy projection is

n1,l ± n2,l

∣∣∣
t⊥=0

∝
∑

n∈Z
ρ̃

(±)
2nkF

(x)e2inkF x.

The bosonised expressions for the 4kF component of the charge density in the ex-

tended Hubbard chain is ρ
(`)
4kF

(x) ∼ (F̃ ei4kF x exp[i
√

8πΦ
(c)
` ] + H.c.) where F̃ is a non-

universal amplitude. In the rotated basis (2.19) this is

ρ̃
(+)
4kF

(x) ∼ 2F̃ cos(4kFx+
√

4πΦc) cos(
√

4πΦf ). (2.58)

This expression can be refermionised in terms of the Majoranas ξ3, η introduced in

Sec. 2.2.2, which give cos(
√

4πΦf ) = iπa0 (ξ3
Rξ

3
L + ηRηL) .

Next we take into account the non-zero t⊥, which hybridises the η and χ0 Majo-

ranas. Performing the rotation in (2.22) we arrive at

cos(
√

4πΦf ) ≈ iπa0

{
ξ3
Rξ

3
L +

vs
vs + vc

[
ξ1
Rξ

1
L − ξ2

Rξ
2
L −

1

2
e2iQx

(
ξ1
R − iξ2

R

) (
ξ1
L + iξ2

L

)

−1

2
e−2iQx

(
ξ1
R + iξ2

R

) (
ξ1
L − iξ2

L

) ]
}
. (2.59)

Substitution of (2.59) into (2.58) gives the expression for the Fourier components

n1,l ± n2,l ∝
∑

P∈S±
ρ

(±)
P (x)eiPx, (2.60)

where S+ ≡ {4kF , 4kF ± 2Q}, S− ≡ {4kF ±Q} and

ρ
(+)
4kF

(x) ∼ iFei
√

4πΦc

[
ξ3
Rξ

3
L +

vs
vs + vc

(
ξ1
Rξ

1
L − ξ2

Rξ
2
L

)]
,

ρ
(+)
4kF±2Q(x) ∼ ∓iFvs

2 (vs + vc)
ei
√

4πΦc
(
ξ1
L ± iξ2

L

) (
ξ1
R ∓ iξ2

R

)
,

with F = F̃ πa0 a non-universal constant. The analogous analysis for the antisym-

metric combination of charge densities gives the following result

ρ
(−)
4kF±Q(x) = −iF

√
vs

2 (vs + vc)
ei
√

4πΦc
[(
ξ1
R ∓ iξ2

R

)
ξ3
L + ξ3

R

(
ξ1
L ± iξ2

L

)]
,

where F is the same non-universal constant as in the (+) component case.
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2.C Higher harmonics of the bond-centred anti-

bonding superconducting order parameter

To derive the higher harmonics of the bond-centred antibonding superconducting

order parameter we follow the same procedure as for the charge density operator in

Appendix 2.B. For this reason, we will be brief in this appendix. We consider the

operator

ΦB(j) = cab,↑(j)cab,↓(j + 1)− cab,↓(j)cab,↑(j + 1), (2.61)

where we split the fermion operators into high (>) and low (<) energy components

and then we average over the high energy degrees of freedom in the presence of

the onsite Hubbard interaction (2.56). As we are interested in the slowly decaying

components of the order parameter in the C1S0 phase, we focus on the terms which

contribute power law decay in this phase. These are given by fermion operators of

the form

Rab,↓(x+ a0)Lab,↑(x)L†b,↓(x)Rb,↓(x) Lab,↓(x+ a0)Rab,↑(x)R†b↓(x)Lb,↓(x) .

Bosonising the subsequent expressions we find

〈ΦBS
(1)
int 〉> ∼ ei

√
2πΘ2,c

[
C1 cos

(√
2πΦ1,c + 2kbx

)
+ C2 sin

(√
2πΦ1,c + 2kbx

) ]

× cos
(√

4πΦ+,s

)
+ . . . ,

〈ΦBS
(2)
int 〉> ∼ −ei

√
2πΘ2,c

[
C3 cos

(√
2πΦ1,c + 2kbx

)
+ C4 sin

(√
2πΦ1,c + 2kbx

) ]

× cos
(√

4πΘ−,s
)

+ . . . ,

where the complex coefficients Ci are given in terms of Gab,↑,±. We have dropped terms

which do not decay as a power law and also those which have a zero expectation value,

e.g. contributions proportional to sin(
√

4πΦ+,s) or sin(
√

4πΘ−,s). Combining the two

contributions gives the following result for the slowly decaying part of the low-energy

projection of ΦB in the C1S0 phase

〈ΦBSint〉> ∼ ei
√

2πΘ2,c

{[
C1 cos

(√
4πΦ+,s

)
− C3 cos

(√
4πΘ−,s

)]
cos
(√

2πΦ1,c + 2kbx
)

+
[
C2 cos

(√
4πΦ+,s

)
− C4 cos

(√
4πΘ−,s

)]
sin
(√

2πΦ1,c + 2kbx
)}

.
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3. Quasi-particle breakdown in the
quasi-one-dimensional Ising
ferromagnet CoNb2O6

3.1 Background and introduction

3.1.1 Quasi-particle breakdown

Quasi-particles often play a central role in condensed matter physics: from the quasi-

electrons/holes of Fermi liquid theory to Cooper pairs in conventional superconductors

and magnons in a quantum magnet. In quantum magnets, spin wave theory and the

conventional picture of long-lived well-defined excitations has been shown to be a

good description of the static and dynamic properties of a large number of quantum

magnets [100, 101, 102, 103, 104, 105, 106, 107]. However, there has recently been

increasing interest [108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120,

121, 122, 123, 124, 125, 126, 127, 128, 129, 130] in spin systems which do not have

well-defined quasi-particle excitations as a result of “quasi-particle breakdown” – a

many-body quantum mechanical effect which results in the spontaneous decay of

excitations.

The spontaneous decay of excitations in such spin systems has humble origins: at

a given energy and momentum the single particle mode loses intensity and broadens

significantly as a result of kinematically allowed decay processes into the multi-particle

continua. In comparison to the finite lifetime of spin excitations caused by scattering

with thermal excitations, quasi-particle breakdown can occur at zero temperature (see

e.g. Ref. [128] for a recent review). The combination of kinematic considerations and

the existence of matrix elements rules out quasi-particle breakdown in many of the

most studied models of quantum magnetism (such as the transverse field Ising model
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or the Heisenberg XXZ model) except when additional symmetry breaking terms are

added [117, 118, 128].

3.1.2 CoNb2O6: an Ising ferromagnet

A paradigm of low-dimensional quantum magnetism, the transverse field Ising chain

(TFIC) [20, 22, 23], has only recently been (approximately) realised in an exper-

imental system. The quasi-one-dimensional ferromagnet CoNb2O6 is formed from

weakly-coupled [131] zig-zag chains which form a triangular lattice in the plane per-

pendicular to the chains, see Fig. 3.1. In this material, a phase transition is observed

between a spontaneously ordered magnetised state and the quantum paramagnet at

an experimentally achievable critical transverse field of BC ≈ 5.5T. In the ordered

phase, weak interchain couplings (J1, J2 in Fig. 3.1) give rise to a longitudinal mean

field and the resulting rich spectrum of bound states, predicted 25 years ago by

Zamolodchikov [132], has been observed with inelastic neutron scattering (INS) [133]

and THz spectroscopy [134].

(a) (b)

Figure 3.1: (a) The one-dimensional geometry of the Cobalt chains in CoNb2O6

along the c-axis. Nearest-neighbour bonds are shown by solid lines and next-nearest
neighbour bonds are shown with dot-dashed lines. The buckling parameter ζ ≈
0.165 [131]. (b) The geometry of CoNb2O6 in the a-b plane perpendicular to the
chain direction c. In this chapter we consider uncoupled chains, so we approximate
all the bonds shown by J1 = J2 = 0.

Just how closely CoNb2O6 realises the TFIC is still under active investigation [131,

133, 135]; the most recent INS studies [131] have focussed on the quantum param-
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agnetic phase (B > BC) with the aim of quantifying the interchain couplings and

the extent of geometric distortion of the triangular crystal structure (see Fig. 3.1(b)).

The effects of interchain couplings are predicted to be most strongly felt in the para-

magnetic phase [136], whilst geometric distortion is thought to lead to a number of

possibilities for long-range spin order in the a–b plane [137]. As we discussed in Chap-

ter 1, INS in the paramagnetic phase should be dominated by a sharp high-intensity

single particle mode and the remainder of the spectral weight is found in low-intensity

scattering from the multi particle continuum [35]. We can think of the excitations

in the paramagnetic phase as spin flips, dressed by quantum fluctuations (which are

suppressed in the B →∞ limit).

The dispersion observed in INS studies suggests that additional terms must be

present in the Hamiltonian, beyond the TFIC [131]. This is also consistent with

numerical studies [135], the value of the critical field in comparison to the Ising

exchange parameter [133] and the unusual “anomalous broadening” region seen in the

INS experiments. A natural first step away from the TFIC is to consider a strongly

anisotropic nearest-neighbour XXZ interaction. The zig-zag crystal structure along

the c-axis, Fig. 3.1(a), also suggests that the next-nearest neighbour spin interactions

should feature in the Hamiltonian. Due to the longer exchange pathway (Co–O–O–

Co compared to Co–O–Co) we expect these terms to be weaker. Putting these terms

together, we arrive at a “minimal spin model” for CoNb2O6:

H = HTFIC +HXY +HNNN , (3.1)

HTFIC = J
∑

`

Sz`S
z
`+1 + h

∑

`

Sx` ,

HXY = J
∑

`

λ2

(
Sx` S

x
`+1 + Sy` S

y
`+1

)
,

HNNN = J
∑

`

λ1S
z
`S

z
`+2 + λ3

(
Sx` S

x
`+2 + Sy` S

y
`+2

)
,

where the λi are expected to be small, in keeping with the arguments presented

above. The transverse field h = gµBB is related directly to the applied magnetic

field B and the g-factor in the x direction. The buckled geometry of the Co chains in

CoNb2O6 does not have an effect on the Hamiltonian (we assume no dimerisation of

the exchange interactions), but can be seen in INS data.† Let us briefly define some

†The buckled geometry is responsible for a “ghost mode” appearing in the INS data when the
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terminology: we will often refer to the Ising easy axis direction z as the “longitudinal”

direction, whilst the applied field direction x is the “transverse” direction.

3.1.3 This chapter

In this chapter we will study the one-dimensional quantum spin Hamiltonian (3.1)

and show that it captures the essential one-dimensional physics of CoNb2O6. To

do so, we will begin by calculating the single particle dispersion of the model (3.1)

and we fit this to the “true” dispersion extracted from INS data. Once we have

fixed the exchange parameters, we will focus on understanding the physics behind

the “anomalous broadening” region seen in INS data – where in part of the Brillouin

zone the single particle mode is observed to broaden and lose intensity. We present

high-resolution INS data from the R. Coldea group in the Clarendon Laboratory,

University of Oxford, focussed on this region which shows that the single particle

mode has almost vanished, so severe is the broadening. Supported by large scale exact

diagonalisation studies, we attribute this broadening to the phenomena of “quasi-

particle breakdown” – a small misalignment of the magnetic field and the overlap

of the single particle mode with the two particle continuum conspire to allow the

spontaneous decay of single particle excitations. We show that a small misalignment

θ ≈ 1.5◦ is sufficient to explain the experimental observations.

This chapter is laid out as follows: in Sec. 3.2 we detail the calculation of the

single-particle dispersion for the spin model (3.1) using diagrammatic perturbation

theory. Section 3.3 introduces the dynamical structure factor and its relation to INS

experiments, explaining how we fit the calculated dispersion to INS data. Having

fit the exchange parameters, we also present the DSF of the model (3.1) calculated

by exact diagonalisation. Following this, we focus on the “anomalous broadening”

observed in experiment, presenting high-resolution INS data and our explanation in

Sec. 3.4. This section also contains exact diagonalisation results for the DSF which

clearly show the broadening of the single particle mode. Section 3.5 contains our

conclusions and two appendices contain technical points of our analysis.

momentum transfer in the b direction, qb, is non-zero. The ghost mode is shifted by 2π/c compared
to the unbuckled result and has a reduced intensity, which depends on qb.
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3.2 One-dimensional quantum model of CoNb2O6

A common first approach to calculating the single particle dispersion of models such

as (3.1) is linear spin wave theory (see the data parameterisation of Ref. [131]).

Generally this is not a reliable approach for one-dimensional quantum systems –

in this case it can parameterise the data at a fixed field h, but requires quite different

exchange parameters at different transverse fields. This inconsistency is likely due

to the higher order terms in 1/S not being negligible. We wish to find a consistent

set of parameters which work for all values of the transverse field, for this reason we

take a different approach to the problem and base our calculation on a self-consistent

perturbative treatment of a fermionic theory [138].

We begin by performing a sequence of transformations, presented in detail in

Appendix 3.A, after which we obtain a fermionic theory exactly equivalent to (3.1).

In the fermion theory, parts of the interactions in HXY and HNNN have been treated

exactly. The Hamiltonian now takes the form

H =
∑

k

Eka
†
kak +

J

L

∑

ki

V2(k)a†k1
a†k2
a−k3

a−k4

+
J

L

∑

ki

{
V0(k)a†k1

a†k2
a†k3
a†k4

+ V1(k)a†k1
a†k2
a†k3
a−k4

+ H.c.
}

(3.2)

where the vertex functions Vi(k) = Vi(k1, k2, k3, k4) are given in Appendix 3.B, L is

the system size (number of sites in the spin chain) and the single-particle dispersion

relation is

Ek =

√[
Ak +

∑

q

Θ1(k, q)
]2

+
[
Bk +

∑

q

Θ2(k, q)
]2

(3.3)

with Ak, Bk and Θ1,2 defined in Appendix 3.A. In the h → ∞ limit, the single

particle excitations a†k are formed from spin flips in the completely polarised state

| ←x . . . ←x〉; at finite transverse field (h > hC) these become dressed by quantum

fluctuations.

The four-fermion interaction terms in the Hamiltonian (3.2) will be treated per-

turbatively in the following calculation, consistent with the assumption that λi � 1.

It should be emphasised that this perturbative treatment is not equivalent to simply

treating HXY and HNNN directly in perturbation theory: parts of these interaction
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terms have been treated exactly through the self-consistent Bogoliubov transforma-

tion performed in Appendix 3.A. We now continue by outlining how we calculate the

single particle dispersion by inverting Dyson’s equation.

3.2.1 Calculation of the single particle dispersion

To zeroth order in perturbation theory, the single particle dispersion is given by

Eq. (3.3). To take into account the interaction terms present within the Hamilto-

nian (3.2), we calculate the first order self-energy corrections to the Green’s functions

and obtain the modified single-particle dispersion by resumming an infinite series of

diagrams by solving Dyson’s equation. This perturbative calculation is well controlled

provided the thermal energy kBT is smaller than the single particle gap Ek=0; we focus

on the behaviour within the paramagnetic phase and away from the critical point to

fulfill this criterion. We will see good agreement between the dispersion calculated by

perturbation theory and that obtained from exact diagonalisation. We don’t expect

our calculation to predict with any great accuracy the value of the critical applied

field (BC ≈ 5.5T) as the perturbative expansion becomes uncontrolled in the vicinity

of the critical point.

We begin by discussing the formalism we use for calculating the modified single

particle dispersion and following this we calculate the first order contributions to the

self-energy and hence the modified single particle dispersion.

3.2.1.1 Formalism

The Hamiltonian (3.2) does not conserve the number of quasi-particles a†k, so the

imaginary time Green’s function is given by a 2× 2 matrix:

g(iωn, k) = −
∫ β

0

dτeiωnτg(τ, k),

g(τ, k) =

〈
Tτ

[
ak(τ)a†k(0) ak(τ)a−k(0)

a†−k(τ)a†k(0) a†−k(τ)a−k(0)

]
U(β)

〉
,

where τ = it, Tτ denotes time-ordering in imaginary time and ωn are Matsubara

frequencies. The τ -evolution operator is given by

U(β) = Tτ exp

[
−
∫ β

0

dτ1Hint (τ1)

]
. (3.4)
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and the expectation value is

〈O〉 =
Tr[Oe−βH ]

Tr[e−βH ]
, β =

1

kBT
. (3.5)

The non-interacting (zeroth-order) Green’s functions are given by

g0(iωn, k) =

[
G0(iωn, k) 0

0 −G0(−iωn,−k)

]
, (3.6)

where the bare Green’s function G0(iω, k) takes the usual form

G0(iωn, k) =
1

iωn − Ek
. (3.7)

The full Green’s function obeys Dyson’s equation

g−1(iωn, k) = g−1
0 (iωn, k)−Σ(iωn, k), (3.8)

which defines the single-particle self-energy Σ. The single-particle self-energy is

formed from the same diagrams as the full Green’s function with the two external

legs truncated. We highlight that the solution of Dyson’s equation with a truncated

self-energy (e.g. only considering diagrams to a given order) corresponds to the sum-

mation of an infinite series of diagrams for the Green’s function.

By inverting the Dyson equation (3.8) we obtain an expression for the full Green’s

function in terms of the components of the self-energy matrix (Σ)ij

g(iωn, k) =

[
iωn + Ek + (Σ)11 (Σ)21

(Σ)12 iωn − Ek + (Σ)22

]

× 1

(iωn)2 − [Ek + (Σ)11]2 − |(Σ)12|2
, (3.9)

where the components of the self-energy (Σ)ij ≡ (Σ(iωn, k))ij are functions of the

frequency and momentum. In Eq. (3.9) we have assumed that the self-energy matrix

satisfies (Σ)21 = (Σ)∗12 = −(Σ)12 and (Σ)11 = −(Σ)22, which will be verified to first

order in the subsequent calculation.

For a first order calculation, we will find that the self-energy matrix is frequency

independent, and so the single-particle dispersion is given by the position of the pole

in the Green’s function:

εk =
√

[Ek + (Σ(k))11]2 + |(Σ(k))12|2 . (3.10)

At higher orders in perturbation theory the self-energy matrix becomes frequency

dependent and has additional singularities associated with multi particle excitations.

We now calculate the self-energy matrix to first order in perturbation theory.
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3.2.1.2 First order self-energy corrections

ipn, p

Vi

Figure 3.2: The general form of the self-
energy diagram at first order. Vi = V2

for gdd(iωn, k) (d = 1, 2) and Vi = V1 for
g12(iωn, k).

At first order, the diagrams that contribute to the self-energy are all of the form

presented in Fig. 3.2. We begin by considering the diagonal matrix elements: the

vertex in the self energy diagram is then given by Vi = V2. This diagram can be

obtained by taking the first-order connected diagram for the propagator 〈ak(τ)a†k(0)〉
and removing the external legs. The diagram corresponds to

(Σ(k))11 = −
∑

ipn,p

4J

βL
V2(k, p,−k,−p)G0(ipn, p)e

ipn0+

,

=
∑

p

4JV2(k, p,−p,−k)
nF (Ep)

L
, (3.11)

where nF (Ep) = 1/(exp(βEp) + 1) is the Fermi-Dirac distribution, which naturally

arises from the Matsubara frequency summation. The remaining momentum sum

in Eq. (3.11) is performed numerically as both the dispersion relation Ep and the

vertex function V2 depend upon the Bogoliubov parameter θk which is numerically

determined from the self-consistency condition (3.24). At first order, (Σ(k))11 =

−(Σ(k))22 follows from the same diagrams contributing to both matrix elements.

The off-diagonal elements of the self-energy matrix are given by Fig. 3.2 with

Vi = V1 or Vi = V ∗1 = −V1. From this, it follows that (Σ(k))12 = −(Σ(k))21 and the

off-diagonal self-energy is given by

(Σ(k))12 = −6
∑

p

JV1(k,−k, p,−p)nF (Ep)

L
. (3.12)

From Eqs. (3.11)–(3.12) we see that the self-energy is frequency independent at

first order in perturbation theory, hence Eq. (3.10) applies for calculating the modified

single particle dispersion. The elements of the self-energy matrix are proportional to

JλinF (Ep); the strongest corrections to the dispersion occur close to the minima of

the dispersion (e.g. in the vicinity of the single particle gap) or when the system
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is at high temperatures. The single-particle dispersion with first order self-energy

corrections is given by

εk = ±

√√√√(Ek + 4J
∑

p

V2(k, p,−p,−k)
nF (Ep)

L

)2

+

∣∣∣∣∣6J
∑

p

V1(k,−k, p,−p)nF (Ep)

L

∣∣∣∣∣

2

.

(3.13)

We continue by discussing the dynamical structure factor, presenting a brief review

of previous results before showing inelastic neutron scattering data for CoNb2O6 and

explaining how we fix the exchange parameters of our model using this data.

3.3 Dynamical Structure Factor

The dynamical structure factor (DSF) S(ω,Q) is a frequency (ω) and momentum

(Q) resolved probe of the properties of a magnetic system

Sαβ(ω,Q) =
1

L

∫ ∞

−∞
dt
∑

`,`′

eiQ·(r`−r`′ )eiωt〈Sα` (t)Sβ`′〉, (3.14)

where Sα` (t) = exp(iHt)Sα` exp(−iHt) is the time-evolved α-component of the spin

operator on site r` of the lattice and 〈O〉 denotes the thermal trace (3.5). The intensity

measured in inelastic neutron scattering experiments is directly proportional to the

DSF [139, 140].

Analytical calculation of the DSF (3.14) is in general a very difficult task. Take

the case of the transverse field Ising chain (TFIC): as was discussed in Chapter 1, the

ground state properties were calculated by Pfeuty in 1970 [20] and the model can be

exactly solved by Jordan-Wigner transformation. However, free fermion techniques

give only the transverse component Sxx of the DSF (3.14) exactly [32, 33, 34] and

the calculation of the other components is hindered by the non-local Jordan-Wigner

strings of the other spin components in the fermion language. Calculation of the other

components of the DSF in the 1D TFIC remains an area of active research [35, 36].

In recent years there has been much progress in the calculation of dynamical

correlation functions in certain classes of 1D quantum integrable models, including

the Heisenberg model [141] and the XXZ model [142, 143]. Certain components of the

DSF may be computed numerically [17] at zero-temperature using exact results from
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algebraic Bethe ansatz. In models with integrable low-energy effective field theories

finite-temperature dynamical correlation functions can be computed [144, 145].

Methods not reliant upon integrability of the underlying model, such as conven-

tional perturbation theory [138, 146], can give (perturbative) expressions for certain

components of the DSF (like in the TFIC, those local in the fermion basis). Other

calculable quantities of interest, such as the threshold singularities which occur at the

onset of support in the (ω,Q)-plane, can sometimes be calculated phenomenologically

using the non-linear Luttinger liquid theory [147].

In general, the calculation of all of the components of the DSF is reserved for

numerical techniques. In quasi-one-dimensional quantum systems there are three

main numerical methods of choice: (i) quantum Monte Carlo [148] with analytic

continuation back to real time; (ii) the density matrix renormalization group algo-

rithm [149, 150, 151]; (iii) exact diagonalisation [54, 153]. In the remainder of this

chapter, we will restrict ourselves to small system sizes and study the dynamical

properties of our model (3.1) using exact diagonalisation.

Let us now briefly recap known results of the TFIC in a strong transverse field to

explain how we fit the single particle dispersion, calculated in the previous section,

to the experimental inelastic neutron scattering data.

3.3.1 DSF of the transverse field Ising chain in a strong trans-
verse field

Let us consider the DSF of the TFIC in a strong transverse field, which puts us

deep within the paramagnetic phase with a single-particle gap much larger than the

bandwidth of the single particle dispersion. In particular we will be interested in the

DSF below the energy cost of two-particle excitations. This eliminates the need to

study the transverse component, for which exact results are known [32, 33, 34], as

this has only a response above the two-particle gap (as the transverse spin component

is a density operator in the fermion language).

Instead we consider the remaining diagonal components of the DSF Sαα(ω,Q)

with α = y, z. Whilst there are no known exact expressions for this correlation
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(b)

B=7T

(c)

E 
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eV
)

B=9TB=8T
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l in 1.247 Å-1

Figure 3.3: Inelastic neutron scattering data for the dispersion along the chain
direction l at (a) B = 7T; (b) B = 8T; (c) B = 9T. From this data the single
particle dispersion (“Data” in Fig. 3.4) was extracted. We highlight the“anomalous
broadening region” at l ≈ −0.55 where the dispersion loses weight and significantly
broadens. The incident neutron energy was Ei = 10meV with a fullwidth at half-
maximum resolution of ∆E = 0.21(1) meV on the elastic line.

function, the one-particle contributions are known [35]

Szz(ω,Q) =

[
1−

(
J

h

)2
]1/4

1

ε(Q)
δ[ω − ε(Q)] , (3.15)

Syy(ω,Q) =

[
1−

(
J

h

)2
]1/4

ε(Q)δ[ω − ε(Q)] , (3.16)

where the single particle dispersion in the TFIC is given by

ε(Q) =

√
h2 − hJ cos(Q) +

J2

4
. (3.17)

This shows that the low-energy DSF is dominated by a delta-function peak along the

single particle dispersion in the (ω,Q)-plane.

We will use this fact in CoNb2O6 where we expect INS in the paramagnetic phase

to have a sharp response along the single particle dispersion in the (ω,Q)-plane (in

analogy to the TFIC). This allows us to extract the true single particle dispersion

(to within experimental resolution) for the excitations in CoNb2O6. We can then fit

the results of our perturbative calculation (3.13) to that extracted from INS data at

a number of transverse field strengths to consistently fix the exchange parameters of

the model (3.1).

3.3.2 Fitting the single particle dispersion to experiment

In Fig. 3.3 we present inelastic neutron scattering data for the excitations along the

chains (the momentum along the chain Q = 2π/cl with 2π/c = 1.247Å−1) of CoNb2O6
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for an applied transverse field of B = 7, 8, 9T. As expected from the previous sub-

section, the data shows a single sharp quasi-particle excitation throughout the single

unit cell Brillouin zone (except for a feature close to l = −0.55, which we will come

to later) with additional light scattering from multi particle continua. From the INS

data we extract the true single particle dispersion from the full (3D) parameterisation

of the data (see e.g. Ref. [131] for such a parameterisation).

Taking the true single particle dispersion, we use a simulated annealing algo-

rithm [154] to fit the results of our perturbative calculation (3.13) at the three dif-

ferent applied fields. We run the simulated annealing algorithm in the {λ1, λ2, λ3}
parameter space, varying the values of J and gµB between runs and choose a set of

parameters which consistently describes the single particle dispersion across the range

of transverse field strengths. We find the following set of fit parameters:

J = −2.88meV, g = 3.21,

λ1 = −0.135, λ2 = 0.205, λ3 = −0.003 .
(3.18)

Comparisons between the calculated single particle dispersion (solid line), exact

diagonalisation results for the Hamiltonian (3.1) with the above parameters and the

extracted data from inelastic neutron scattering (Fig. 3.3) (dotted line) are shown

in Figs. 3.4(a)-(c), where we see that the perturbative calculation overestimates the

single particle dispersion at l ≈ 1 for B = 7T, but exact diagonalisation results match

very well the experimental data for all fields. The perturbative calculations allows us

to estimate the critical transverse field: the parameter set (3.18) leads to a critical

field strength of hC = 0.915meV, corresponding to a magnetic field of BC ∼ 4.92T. We

remind the reader that our perturbative calculation is not controlled in the vicinity

of the critical point, but this value broadly agrees with the experimental estimate of

the 1D critical field [133].

In the following, we will use the parameter set (3.18) in exact diagonalisation

studies of the DSF. By comparing the exact diagonalisation results to the INS data, we

will lend further support to our claim that the model (3.1) with fit parameters (3.18)

gives a good description of the one-dimensional physics of CoNb2O6.
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Figure 3.4: Comparison between the single particle calculated by the perturbative
calculation at T ≈ 50mK (solid line), exact diagonalisation of the L = 24 site system
(blue crosses) and the single particle dispersion extracted from the inelastic neutron
scattering data of Fig. 3.3 (dotted line).

3.3.3 Full diagonalisation: eigenvalue spectrum

Before getting to the DSF, we consider the spectrum of eigenvalues of the spin

model (3.1) obtained by fully diagonalising the Hamiltonian. This will be useful

in our future discussions of the DSF, particularly in describing the unusual broaden-

ing region (see Sec. 3.4). Figures 3.5(a)–(c) present the spectrum of the Hamiltonian

for B = 7, 8, 9T, with the symmetry of each state under spin inversion Szi → −Szi
labelled. The single particle mode (solid line) and the multi-particle continuum (grey

shaded region) are highlighted. For all three cases we see that the single particle

mode grazes the two-particle continuum in the region l = 0.5 − 0.7, with the three-

particle continuum also close by at lower fields (within ∼ 0.25meV at B = 7T). This

overlapping of the single particle mode with the multi particle continuum is a result

of physics beyond the transverse field Ising chain, where this cannot occur in the
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Figure 3.5: We present the spectrum of the Hamiltonian (3.1) with parameters (3.18)
obtained by exact diagonalisation of the L = 16 chain with (a) B = 7T; (b) B = 8T
and (c) B = 9T. The parity under spin inversion Sz → −Sz of each state is labelled
by crosses (odd) and squares (even). We highlight the single particle mode (SPM)
(solid line) and the multi-particle continuum (shaded region).

paramagnet due to kinematic constraints enforcing Ek + Eq−k > Ek for all k, q.

3.3.4 Lanczos diagonalisation: the DSF

Having examined the spectrum of the Hamiltonian, we next turn our attention to the

DSF. To study the DSF, we move away from full diagonalisation of the Hamiltonian

and use Lanczos based techniques to iteratively diagonalise the Hamiltonian, allowing

us to work on much larger system sizes (up to L = 28, where each momentum block of

the Hamiltonian has dimension ≈ 228/28 = 9.6×106). This significantly increases our

momentum and frequency resolution, which will be particularly useful for examining

the anomalous broadening region.
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3.3.4.1 The Lanczos algorithm

The exponentially increasing size of the Hilbert space with length of the spin chain

means that complete diagonalisation of the Hamiltonian rapidly becomes too compu-

tationally and memory intensive to be performed. Whilst full diagonalisation gives

the complete spectrum of eigenvalues and, if required, eigenvectors, this is usually

much more information than we require for studying the ground state properties of a

system. In such cases “iterative diagonalisation methods” can be used to target one,

or a few, states of the system. Using this in combination with sparse matrix methods

allows one to study spin chains approximately twice as large as those accessible with

full diagonalisation.

The simplest iterative technique is the “power method” which targets the eigen-

vector of the matrix H with the extremal eigenvalue. We begin by taking a random

vector in the Hilbert space |v0〉; this should have a non-zero overlap with the eigen-

vector with extremal eigenvalue |0〉. We now repeatedly apply the matrix H to our

initial vector:

|vn〉 =
∑

`

Hn|`〉〈`|v0〉 =
∑

`

λn` |`〉〈`|v0〉.

which in the limit n → ∞ clearly converges to the eigenvector with extremal eigen-

value. The subspace formed from the vectors at each step of the power method
{
|v0〉, H|v0〉, . . . , Hn|v0〉

}

is called the nth Krylov subspace. The vectors in the Krylov subspace are not or-

thonormal and so do not form a basis. Orthogonalising this subspace to form a basis

is the central idea of Lanczos matrix diagonalisation [152].

The Lanczos algorithm for targeting the low-energy states has the following steps:

1. Choose a vector with non-zero overlap with the ground state (normally we

choose a normalised random vector |u0〉 for this purpose).

2. Generate a basis by orthogonalising the Krylov vectors. This basis is generated

recursively using

|un+1〉 = H|un〉 − an|un〉 − b2
n|un−1〉, (3.19)

an =
〈un|H|un〉
〈un|un〉

, b2
n =

〈un|un〉
〈un−1|un−1〉

,
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with b0 = 0 and |u−1〉 = 0.

3. Continue iterating the above until ||un|| < ε, where ε is your Lanczos tolerance.

4. The Lanczos Hamiltonian Tn is the tridiagonal matrix with {a0, . . . , an} on the

lead diagonal and {b1, . . . , bn} on the neighbouring diagonals. This is diago-

nalised using standard routines to find the energies and eigenvectors.

In a real numerical implementation of the Lanczos algorithm there is an additional

step which significantly increases both memory usage and the computational complex-

ity of the algorithm. The accumulation of floating point errors in the computation

means that the Lanczos vectors rapidly lose orthogonality – one must reorthogonalise

the vectors using e.g. Gram-Schmidt reorthogonalisation. This requires storing all

the Lanczos vectors (rather than just the n − 1, n, n + 1 vectors) and performing

matrix-matrix-vector multiplication.

3.3.4.2 The continued fraction representation of the DSF

One of the advantages of the Lanczos matrix diagonalisation is that it allows for easy

computation of dynamical correlation by the continued fraction representation, which

we will derive here following Ref. [54]. We wish to calculate correlation functions of

the form†

I(ω) = − 1

π
lim
η→0

Im〈Ψ0|O†
1

ω + E0 + iη −HO|Ψ0〉,

where O is an operator, E0 is the ground state energy and |Ψ0〉 is the ground state.

Let us define the normalised state

|φ0〉 =
O|Ψ0〉√
〈Ψ0|O†O|Ψ0〉

,

and z = ω + E0 − iη. The correlation function is then written as

I(ω) = − 1

π
lim
η→0

Im〈φ0|
1

z −H |φ0〉〈Ψ0|O†O|Ψ0〉.

The matrix z −H trivially satisfies the identity

∑

n

(z −H)mn(z −H)−1
np = δm,p,

†This is formally equivalent to the Lehmann representation. Inserting a complete set of eigen-
states between the operator O and the fraction leads to a sum over (ω + E0 − En + iη)−1 factors.
Now use the identity limη→0 1/(z + iη) = P [1/z] − iπδ(z), where P denotes the principal part, to
rewrite the fraction as a delta function
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which for the special case of p = 0 can be written as:

∑

n

(z −H)mnxn = δm,0, xn = (z −H)−1
n0 .

So far this seems like a tautology, but importantly we can write the matrix (z −H)

in the Lanczos basis generated from the relation (3.19) with |u0〉 = |φ0〉. Then the

case with n = 0 corresponds to x0 ≡ 〈φ0|(z −H)−1|φ0〉.
The value of x0 can be determined by Cramer’s rule: for a system of equations

Ax = b where x = (x0, . . . , xN−1) with unique solutions xi, the solutions can be

determined from xi = detAi/detA where Ai is the matrix A with the i+ 1th column

replaced by b. That is:

x0 =
det(z −H)0

det(z −H)
.

Now let us define Dn as the matrix (z−H) with the first n rows and columns removed.

From the particular symmetric tridiagonal structure of (z −H) we have

detDn

detDn−1

=
1

z − an−1 − b2
n

detDn+1

detDn

,

and hence

x0 =
1

z − a0 − b21

z−a1−
b22

z−a2−
b23
...

.

The dynamical correlation function thus becomes a continued fraction

I(ω) = − 1

π
lim
η→0

Im
〈Ψ0|O†O|Ψ0〉

ω + E0 + iη − a0 − b21

ω+E0+iη−a1−
b22

ω+E0+iη−a2−
b23
...

,

which may easily be computed.

Our procedure for calculating the diagonal components (α = x, y, z) of the DSF

is as follows: (i) we begin by using a Lanczos procedure to find the ground state;

(ii) we construct the state obtained by acting on the ground state with the Fourier

transformed spin operator; (iii) we perform an additional Lanczos procedure with the

constructed state as the initial state and then calculate the DSF using the continued

fraction representation [54, 153]. We have checked that the Lanczos procedure agrees

with full diagonalisation for L = 16 sites.
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Figure 3.6: Constant Q = 2π/cl cuts (l = 0→ 1 in steps of δl = 1/14) of the dynamic
structure factor Sαα(ω,Q = 2π/cl) for (a) α = y and (b) α = z at B = 7T on the
L = 28 chain with Hamiltonian (3.1) and exchange parameter (3.18). We have used
120 Lanczos iterations in the continued fraction and broadening parameter η = 0.01J .

3.3.4.3 Results

Following this procedure we find the DSF of the Hamiltonian (3.1) with exchange

parameters (3.18) for B = 7, 8, 9T. We present the data for B = 7T in Fig. 3.6,

where we have focussed on the α = y, z components of the DSF as these carry the

majority of the spectral weight. The DSF is dominated by a single sharp mode across

the Brillouin zone, with the multi particle continuum having non-negligible weight at

l ≈ 1 and E ≈ 4meV. This should be compared to the INS data presented in Fig. 3.3,

where a similar feature is observed. As seen in experiment, with increasing applied

transverse field B the multi particle feature moves to higher energies and becomes

less intense. The single particle mode also moves up in energy with applied transverse

field, as depicted in Figs. 3.4.

We see that whilst both the general features and the quantitative behaviour with

transverse field of the DSF are captured by the minimal spin model (3.1), we do not

see the anomalous broadening region observed in experiments [131], see Fig. 3.3. In

the next section we present high-resolution INS data for this phenomena and a simple

possible explanation of its origin.
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3.4 Anomalous broadening and quasi-particle

breakdown

3.4.1 High-resolution INS: broadening region

l in 1.247 Å-1

E 
(m

eV
)

B=9T

(b) (c)

B=7T B=8T

(a)

Figure 3.7: High-resolution inelastic neutron scattering data for the single particle
dispersion with momentum oriented along the chain. This data was obtained for
neutrons with an incident energy of Ei = 4meV and a corresponding resolution on
the elastic line of ∆E = 0.051(1)meV. Data is shown for three applied transverse field
strengths: (a) B = 7T; (b) B = 8T and (c) B = 9T.

A surprising and interesting feature of the INS data shown in Fig. 3.3, is that close

to l ≈ 0.5 the single particle mode appears to broaden and lose a significant amount

of weight. Figure 3.7 presents high-resolution INS data (with resolution on the elastic

line of ∆E = 0.051(1)meV) focussed on this particular feature. The broadening and

lose of weight is so extreme that at B = 7T one might say that a gap has opened in the

single particle mode; careful analysis of the data shows that this is not at l = −0.5,

so cannot attributed to a dimerisation induced gap (e.g. a Peierls transition).

3.4.2 Broadening in the spin model (3.1)

In the remainder of this chapter, we focus on explaining the “anomalous broadening”

region in the INS data. The spin model introduced in Sec. 3.2 and the fit parameters

of Sec. 3.3.2 serve as a starting point for exact diagonalisation studies. As we have

seen in the previous section, the DSF for the Hamiltonian (3.1) is dominated by a

sharp mode across the whole Brillouin zone and so does not capture the physics of the

broadening of the single particle mode. To go beyond this, we take inspiration from

the data presented in Figs. 3.5(a)–(c), which show that the single particle mode and

the multi-particle continuum overlap in the same region as the anomalous broadening
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is observed in the INS data. With this in mind, we add an additional term to the

Hamiltonian (3.1) which breaks the Z2 spin inversion symmetry Szi → −Szi of the

model which previously forbid transitions between the single particle mode and two

particle continuum. A natural candidate for such a term is a small longitudinal field

hz = gzµBBz which would arise in the experimental setting due to not having perfect

alignment of the crystal with respect to the transverse field. Thus we consider the

Hamiltonian modified by

H → H + hz
∑

l

Szl . (3.20)

For the inelastic neutron scattering data presented in Figs. 3.3 and 3.7, it is anticipated

that the crystal is aligned to within 1◦ of accuracy.

3.4.2.1 Longitudinal field added to the critical transverse field Ising chain

The critical TFIC field theory perturbed by a longitudinal field was studied by

Zamolodchikov [132] in the late 80s and the exact S-matrix calculated using the

bootstrap method. He found that the theory has a spectrum with eight stable par-

ticles with masses {m1, . . . ,m8}. The heaviest 5 particles (with masses m4, . . . ,m8)

lie above the threshold of the two-particle continuum (2m1). The stability of these

particles is not a result of an internal symmetry of the model (such as the Z2 spin

inversion symmetry in the TFIC which forbids 1→ 2 particle transitions) but arises

from the integrable structure of the model.

What happens when integrability is broken? This question was considered by

McCoy and Wu in Refs. [155, 156] by working at τ = (T − TC) 6= 0 and hz 6= 0.

This corresponds to perturbing the critical TFIC field theory with both the spin and

the energy density operators. They examined the structure of the poles appearing

in the one-particle Green’s function, ascertaining the number of particles below the

two-particle continuum threshold and how the structure of poles coalesces into a

branch cut starting at 2im at hz = 0, τ < 0. McCoy and Wu studied this problem

using knowledge of the thermal n-point functions of the Ising model to study the

problem with small h. An alternative approach, the form factor perturbation theory,

was employed by Delfino, Mussardo and Simonetti [157] to study the same problem.

Later work by Delfino, Grinza and Mussardo [158] computed the decay widths of
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the first two particles (m4,m5) above the two-particle threshold, whilst Fonseca and

Zamolodchikov [159] studied analytic properties of the free energy.

3.4.2.2 Longitudinal field in the minimal spin model (3.1)

Let us briefly consider the effect of adding such a longitudinal field to our spin

model (3.1). As the symmetry forbidding transitions between one and two-particle

states has been broken, we expect transitions between the single particle state |1〉
with energy E1 and the two-particle continuum at a transition rate approximated by

Fermi’s golden rule (provided hz � J)

T1→2 ≈
∑

|2〉
E2≈E1

ρ2(E2)
2π

~

∣∣∣∣∣hz
∑

l

〈2|Szl |1〉
∣∣∣∣∣

2

, (3.21)

where |2〉 is a two-particle state with energy E2, ρ2(E) is the density of two-particle

states at energy E and the sum is taken only over two-particle states with approx-

imately the same energy as state |1〉. The larger the rate of transition T1→2, the

shorter the life-time of the one-particle state and hence the broader the peak.

We note that the approximate form of the transition rate (3.21) suggests that

exact diagonalisation may underestimate the broadening caused by the addition of

a longitudinal magnetic field. Due to the small accessible system sizes in exact di-

agonalisation, we have access to a restricted number of states which are generally

well-separated in energy. Thus we expect that the number of terms in the sum (3.21)

is suppressed and the density of two-particle states is small. Both of these reduc-

tions can be countered by increasing the strength of the perturbation hz and hence

we expect exact diagonalisation to require larger values of hz than those observed in

experiment for the same anomalous broadening to be observed. Difficulties extract-

ing the decay width (broadening) of excitations from numerical exact diagonalisation

have also been encountered in previous works, see e.g. Ref. [158].

It is worth noting that transitions between the 1 and 3 particle states can occur

without the breaking of Sz spin inversion symmetry, however as we do not see this

in the DSF of previous section and Fig. 3.5(a)–(c) shows that the 3 particle states

are well separated from the one particle mode, we have to conclude that this is not

the origin of the anomalous broadening. We also wish to highlight the fact that the
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overlap of the one-particle mode with the multi-particle continuum does not occur

within the paramagnetic phase of the transverse field Ising chain: the overlap occurs

due to the additional exchange interactions present in the Hamiltonian (3.1).

Let us now briefly summarise the requirements for the broadening of the single

particle mode:

1. The single particle mode and the multi-particle continuum must overlap/be in

very close proximity (see Figs. 3.5(a)–(c)).

2. Matrix elements must exist between the single particle mode and the (approxi-

mately) overlapping states within the multi-particle continuum. If these states

are two-particle states, the Sz spin inversion symmetry must be broken to allow

transitions.

3. The decay rate of the single particle mode must be sufficiently large for the

broadening to become apparent.

3.4.3 Lanczos Diagonalisation (up to L = 28)

We now turn to exact diagonalisation results for the DSF in the presence of a small

longitudinal field. As the broadening effect that we are looking for is seen in a certain

area of the Brillouin zone, we use Lanczos diagonalisation (and associated continued

fraction techniques [54, 153]) to extend the momentum resolution of our calculations

(for full diagonalisation we are limited to L ∼ 18 sites). We focus on the diagonal

components of the DSF Sαα(ω,Q) with α = y, z as these carry most of the intensity.

To allow us to compare the regions of anomalous broadening for different strength of

the transverse field, we work with a fixed “crystal misalignment” of θ ∼ 1.5◦, and we

use gz = 5.9 (we estimate from Ref. [161] that gz ≈ 5.6− 6.2).

Fig. 3.8(a)–(b) shows the Lanczos results for the α = y, z components of the DSF

in the L = 28 chain at B = 7T with a misalignment of θ ∼ 1.5◦ (hz = 0.062meV). We

see that when the single particle mode brushes the continuum (at ω ≈ 2 − 2.5meV,

cf. Fig. 3.5) the mode loses intensity and significantly broadens. This is in the same

range of momenta l ≈ 0.5− 0.7 and frequency as the experimental observations, see
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(a) B = 7T hz = 0.062meV (b) B = 7T hz = 0.062meV
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(c) B = 8T hz = 0.072meV (d) B = 8T hz = 0.072meV
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(e) B = 9T hz = 0.081meV (f) B = 9T hz = 0.081meV
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Figure 3.8: Constant Q = 2π/cl cuts (l = 0 → 1 in steps of δl = 1/14) of the
dynamic structure factor Sαα(ω,Q = 2π/cl) for (left) α = y and (right) α = z for the
L = 28 site Hamiltonian (3.20) with transverse field B = 7, 8, 9T and misalignment
of θ ∼ 1.5◦. We have used 120 Lanczos iterations in the continued fraction and
broadening parameter η = 0.01J . The arrows highlight the region of “anomalous
broadening” in each case.
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Figs. 3.3 and 3.7. We see that the multi particle continuum feature at E ≈ 4meV,

l ≈ 1 persists, which is also consistent with experiment.

Analogous results for a field of B = 8T are shown Fig. 3.8(c)–(d). Compared to

the B = 7T data the region of anomalous broadening has shifted slightly in energy and

momentum (l ≈ 0.55− 0.75) and the intensity loss is less pronounced, reflecting the

decreased overlap between the single particle mode and the two-particle continuum,

cf Fig. 3.5.

When increasing the field further to B = 9T the broadening is seen to diminish

and occurs closer to the centre of the zone, as shown in Fig. 3.8(e)–(f). While there is

still qualitative agreement with experiment, our theoretical computation now shows

the broadening at around l ≈ 0.7, which is shifted away from the region observed

in experiment, see Fig. 3.7(c). Possible explanations for this discrepancy are that

(i) the misalignment angle depends on the applied field; (ii) there are terms in the

Hamiltonian beyond the ones taken into account in our model (3.1); (iii) the small

system size L = 28 precludes an accurate description of the effect due to insufficient

resolution in phase space.

3.4.4 Quasi-particle breakdown

In the above we have shown that the addition of a small longitudinal magnetic field

component, consistent with small misalignment of the crystal in experiment, leads to

the broadening of the single particle mode in the region l ≈ 0.5 − 0.7 and that this

broadening decreases with increased applied transverse field (for fixed misalignment).

High resolution inelastic neutron scattering data in Fig. 3.7 shows that this indeed

occurs in experiment, with the single particle mode becoming extremely broad and

carrying little spectral weight around l = 0.5 − 0.65. The level of broadening ob-

served in experiment is sufficient to say that the quasi-particles are no longer well

defined over this region of the Brillouin zone, a phenomena known as “quasi-particle

breakdown” [128].

A number of mechanisms for quasi-particle breakdown (and specifically “sponta-

neous magnon decay” in quantum magnets) are discussed in Refs. [113, 115, 116, 121,

124, 125, 128], including the case of field-induced decay. Most experimental observa-
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tions of quasi-particle breakdown have so far been limited to the case where the single

particle mode enters the two-particle continuum and terminates, such as in quasi-2D

quantum magnets [112] and quasi-1D spin-1 chains [114].

In this case we observe something more unusual: two region of the Brillouin zone

(0≤ |l| . 0.5 and 0.7 . |l| ≤ 1) have coherent well-defined single particle excitations,

whilst in the intermediate region 0.5 . |l| . 0.7 quasi-particle breakdown occurs.

For the smallest fields that we examine (B = 7T) this effect is particularly severe in

experiments (see Fig. 3.7(a)), where one could easily believe that a gap has opened

in the single particle dispersion. Compare this to a similar field-tuned effect seen in

the quasi-2D quantum magnet Ba2MnGe2O7, where the excitation is broadened, but

without the severe loss of intensity [120].

The quasi-particle breakdown in CoNb2O6 is a direct result of explicit symmetry

breaking within the experimental setting, and highlights the crucial role that symmetry

breaking perturbations can play in the condensed matter setting.

3.5 Conclusions

Motivated by recent inelastic neutron scattering experiments [131], we have inves-

tigated the origin of the anomalous broadening of the single particle dispersion in

the quasi-one-dimensional ferromagnet CoNb2O6. We have presented high-resolution

inelastic neutron scattering data (Fig. 3.7) showing that the observed anomalous

broadening has a non-trivial field dependence and is particularly severe at the small

transverse field strengths (7T), where the broadening may easily be mistaken for a

gap in the single particle dispersion. To understand this behaviour, we have proposed

a one-dimensional spin Hamiltonian whose parameters we fix by fitting the single par-

ticle dispersion (calculated to first order in perturbation theory) to inelastic neutron

scattering data presented in Fig. 3.3.

Having fixed the exchange parameters of our effective model, we add a single free

parameter to our model – a longitudinal magnetic field. Such an addition is rather

physical, as we expect a small longitudinal field to arise from slight misalignment

of the crystal in experiment. Crucially, this longitudinal field breaks spin inversion

symmetry (Sz → −Sz) which forbids transitions between the one-particle mode and
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the two-particle continuum. The breaking of this symmetry has a profound effect on

the dynamical structure factor of the quantum spin model – in regions of the Bril-

louin zone where the two-particle continuum overlaps with the single particle mode

(see Fig. 3.5) we see that the single particle mode loses weight and broadens (see

Figs. 3.8(a)–(f) for exact diagonalisation data). This broadening occurs due to the

longitudinal field inducing the spontaneous decay of the single particle excitation into

multi particle excitations, an example of “quasi-particle breakdown” [128]. CoNb2O6

is particularly unusual in this regard as the region of quasi-particle breakdown sepa-

rates two regions of coherent quasi-particle breakdown in the Brillouin zone.

Having spent the last two chapters studying the equilibrium properties of quantum

systems using a combination of perturbative analytical calculations and numerical

computations, in the next we study the out-of-equilibrium dynamics of a many-body

quantum system. We will see once more this combined approach also works for non-

equilibrium quantum systems, where we study the effect of breaking integrability.
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Appendix

3.A Self-consistent Bogoliubov transformation

Starting from the Hamiltonian (3.1), we start by rotating the spin quantisation axes

by π/2 about Sy to be in keeping with standard conventions. We then perform

a Jordan-Wigner transformation and subsequently Fourier transform the resulting

fermionic theory to obtain the momentum space Hamiltonian H = H0 + Hint + E0,

where E0 is an additive constant that rescales the absolute energy and is neglected

herein, H0 contains only fermion bilinears and Hint is quartic in the fermion operators

H0 =
1

2

∑

k

(
c†k c−k

)( Ak iBk

−iBk −Ak

)(
ck
c†−k

)
,

Hint =
J

2L
(λ1 − λ3)

∑

ki

[
f(k1,k2,k3)(k4)c

†
k1
c†k2
c†k3
c−k4

+ H.c.
]

− J

2L

∑

ki

[
2λ2h(k1,k2)(k3,k4) + 2λ3h(2k1,2k2)(2k3,2k4)

]
c†k1
c†k2
c−k3

c−k4

− J

2L

∑

ki

(λ1 + λ3)g(k1,k2)(k3,k4)c
†
k1
c†k2
c−k3

c−k4
.

The matrix elements of H0 are given by

Ak =
J

2
(1 + λ2) cos(k) +

J

2
(λ1 + λ3) cos(2k) + h− J(λ2 + λ3),

Bk = −J
2

(1− λ2) sin(k)− J

2
(λ1 − λ3) sin(2k),

whilst the vertex factors appearing in Hint take the form

f(k1,k2,k3)(k4) =
i

3
[sin(k3 − k1) + sin(k1 − k2) + sin(k2 − k3)] δ∑

j kj ,0
,

g(k1,k2)(k3,k4) =
1

2
[cos(k4 − k1)− cos(k4 − k2) + cos(k3 − k2)− cos(k3 − k1)] δ∑

j kj ,0
,

h(k1,k2)(k3,k4) =
1

4
[cos(k1 + k3)− cos(k2 + k3) + cos(k2 + k4)− cos(k1 + k4)] δ∑

j kj ,0
,

which are antisymmetric under pair-wise exchange of indices appearing within the

same brackets (. . .) and impose momentum conservation.
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We now diagonalise the quadratic part of the Hamiltonian by performing a self-

consistent Bogoliubov transformation, details of which are given in Appendix 3.A.

We define the Bogoliubov fermions ak by

c†k = −i cos θka
†
k − sin θka−k, ck = i cos θkak − sin θka

†
−k, (3.22)

where the Bogoliubov parameter θk = −θ−k satisfies the self-consistency condition

Ak sin(2θk)− Bk cos(2θk) = 0. The quadratic part of the Hamiltonian then becomes

diagonal

H0 =
1

2

∑

k

(
a†k a−k

)( √A2
k +B2

k 0

0 −
√
A2
k +B2

k

)(
ak
a†−k

)
. (3.23)

Let us now consider the action of the Bogoliubov transformation (3.22) on the

interaction term of the Hamiltonian Hint. It is clear that many of the transformed

terms in Hint will not be normal ordered. The normal ordering of these terms will

generate fermion bilinear terms that contribute to both the diagonal and off-diagonal

elements of H0 in Eq. (3.23). In order that the quadratic part of the Hamiltonian

is diagonal, we impose a self-consistency condition on the Bogoliubov parameter: it

must be chosen such that the off-diagonal terms that result from normal-ordering

interaction terms vanish. The resulting self-consistency condition for the Bogoliubov

parameter is

[
Ak +

∑

q

Θ1(k, q)

]
sin 2θk −

[
Bk +

∑

q

Θ2(k, q)

]
cos 2θk = 0, (3.24)

where we have defined the functions

Θ1(k, q) = −4J

L

[
1

2
(λ1 + λ3)g(k,q)(−q,−k) + λ2h(k,q)(−q,−k) + λ3h(2k,2q)(−2q,−2k)

]
sin2 θq

+
3J

2L
(λ1 − λ3)if(k,q,−q)(−k) sin 2θq,

Θ2(k, q) =
J

L

[
1

2
(λ1 + λ3)g(k,−k)(q,−q) + λ2h(k,−k)(q,−q) + λ3h(2k,−2k)(2q,−2q)

]
sin 2θq

+
3J

L
(λ1 − λ3)if(k,q,−k)(−q) sin2 θq, (3.25)

which also depend upon the Bogoliubov parameter.

The self-consistency condition (3.24) perturbatively modifies the Bogoliubov pa-

rameter. Due to the complicated structure Eq. (3.24), we solve the set of non-linear
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simultaneous equations numerically using standard techniques. Following the imposi-

tion of the self-consistency condition, we obtain the Hamiltonian (3.2) with dispersion

relation (3.3).

3.B Vertex functions

The vertex functions V0, V1, V2 in Eq. (3.2) are obtained by normal-ordering of

the four-fermion terms after Bogoliubov transformation. By symmetry, they can be

expressed in terms of summations over permutations of indices. For example

V0(k1, k2, k3, k4)

= δ∑
j kj ,0

{
1

96
(λ3 − λ1)

∑

P∈S4

sgn(P ) cos

[
kP1 − kP2 + θkP1

+ θkP2
+ θkP3

− θkP4

]

+
1

96

3∑

j=2

λj
∑

P∈S4

sgn(P ) cos

[
(j − 1)

(
kP1 + kP2

)
+ θkP1

− θkP2
+ θkP3

− θkP4

]}
,

where P is the permutation P : {1, 2, 3, 4} → {P1, P2, P3, P4}.
The vertex which changes quasi-particle number by two is given by

V1(k1, k2, k3, k4) = δ∑
j kj ,0

[
V

(12)
1 (k1, k2, k3, k4) + V

(23)
1 (k1, k2, k3, k4) + V

(13)
1 (k1, k2, k3, k4)

]

where

V
(12)

1 (k1, k2, k3, k4)

=
i

24
(λ1 − λ2)

∑

Q∈S3

sgn(Q)

{
sin

[
kQ1 − k4 + θkQ1

− θkQ2
+ θkQ3

− θk4

]

+ sin

[
kQ1 − k4 − θkQ1

+ θkQ2
− θkQ3

+ θk4

]

− sin

[
kQ1 − kQ2 + θkQ1

− θkQ2
− θkQ3

+ θk4

]

− sin

[
kQ1 − kQ2 − θkQ1

+ θkQ2
− θkQ3

+ θk4

]}
,
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V
(23)

1 (k1, k2, k3, k4)

= − i

24

3∑

j=2

λj
∑

Q∈S3

sgn(Q)

{
sin

[
(j − 1)

(
kQ1 + kQ2

)
− θkQ1

+ θkQ2
− θkQ3

+ θk4

]

+ sin

[
(j − 1)

(
kQ1 + kQ2

)
− θkQ1

+ θkQ2
+ θkQ3

− θk4

]

+ sin

[
(j − 1)

(
kQ1 + k4

)
+ θkQ1

− θkQ2
+ θkQ3

− θk4

]

+ sin

[
(j − 1)

(
kQ1 + k4

)
− θkQ1

− θkQ2
+ θkQ3

+ θk4

]}
,

V
(13)

1 (k1, k2, k3, k4)

=
i

24
(λ1 + λ3)

∑

Q∈S3

sgn(Q)

{
sin

[
kQ1 − kQ2 − θkQ1

+ θkQ2
+ θkQ3

− θk4

]

− sin

[
kQ1 − kQ2 + θkQ1

− θkQ2
− θkQ3

+ θk4

]

+ sin

[
kQ1 − k4 + θkQ1

− θkQ2
+ θkQ3

− θk4

]

− sin

[
kQ1 − k4 − θkQ1

+ θkQ2
− θkQ3

+ θk4

]}
,

where in V
(12)

1 , V
(23)

1 and V
(13)

1 the permutation Q acts as Q : {1, 2, 3} → {Q1, Q2, Q3}.
The remaining vertex function that preserves quasi-particle number is given by

V2(k1, k2, k3, k4) = δ∑
j kj ,0

[
V

(1)
2 (k1, k2, k3, k4) + V

(23)
2 (k1, k2, k3, k4) + V

(3)
2 (k1, k2, k3, k4)

]

with

V
(1)

2 (k1, k2, k3, k4)

=
λ1

4

∑

P,Q∈S2

sgn(P )sgn(Q)

{
cos

[
kP1 − kP2 + θk1 − θk2 + θkQ3

− θkQ4

]

+ cos

[
kQ3 − kQ4 + θk3 − θk4 + θkP1

− θkP2

]

+ cos

[
kP1 − kQ3 + θkP1

+ θkP2
− θkQ3

− θkQ4

]

+ cos

[
kP1 − kQ3 + θkP1

− θkP2
− θkQ3

+ θkQ4

]}
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V (23)(k1, k2, k3, k4)

=
1

8

3∑

j=2

λj
∑

P,Q∈S2

sgn(P )sgn(Q)

{
cos

[
(j − 1)

(
kP1 + kP2

)
+ θk1 − θk2 − θkQ3

+ θkQ4

]

+ cos

[
(j − 1)

(
kQ3 + kQ4

)
+ θk3 − θk4 − θkP1

+ θkP2

]

− cos

[
(j − 1)

(
kP1 + kQ3

)
+ θkP1

+ θkP2
− θkQ3

− θkQ4

]

− cos

[
(j − 1)

(
kP1 + kQ3

)
+ θkP1

− θkP2
− θkQ3

+ θkQ4

]

− cos

[
(j − 1)

(
kP1 + kQ3

)
− θkP1

− θkP2
+ θkQ3

+ θkQ4

]

− cos

[
(j − 1)

(
kP1 + kQ3

)
− θkP1

+ θkP2
+ θkQ3

− θkQ4

]}

V
(3)

2 (k1, k2, k3, k4)

=
λ3

4

∑

P,Q∈S2

sgn(P )sgn(Q)

{
cos

[
kP1 − kQ3 − θkP1

+ θkP2
+ θkQ3

− θkQ4

]

+ cos

[
kP1 − kQ3 − θkP1

− θkP2
+ θkQ3

+ θkQ4

]}

where P is the permutation P : {1, 2} → {P1, P2} and Q is the permutation Q :

{3, 4} → {Q3, Q4}.

92



4. Quench dynamics in a model
with tuneable integrability
breaking

4.1 Introduction and background

In the past 15 years, important advances have been made in the manipulation of cold

atomic gases which mean that recent experiments [162, 163, 164, 165, 166, 167] have

realised essentially unitary time-evolution for extended periods of time. Stimulated

by such experiments, there has been an immense theoretical effort (see e.g. Ref. [168]

for a recent review) to understand fundamental questions about the non-equilibrium

dynamics of quantum systems: do observables in a subsystem relax to stationary

values? If so, can the expectation values be reproduced with a thermal density matrix?

What governs how and to which values expectation values relax?

4.1.1 The quantum quench and subsequent relaxation

The quantum quench is a paradigm in the study of quantum systems out-of-equilibrium.

The standard “sudden quench” protocol [169] starts from the ground state |Ψ0〉
of a Hamiltonian H(g0), where g0 is a tuneable parameter such as the interaction

strength or a magnetic field. At time t = 0 we change g0 → g; generically the

initial state |Ψ0〉 is not an eigenstate of H(g) and we perform the subsequent time-

evolution |Ψ0(t)〉 = exp[−iH(g)t]|Ψ0〉. Quantities of interest following a quantum

quench include static correlation functions 〈Ψ0(t)|OiOj|Ψ0(t)〉 and dynamical quan-

tities 〈Ψ0|Oi(t′)Oj(t)|Ψ0〉, as well as the long-time limit of observables (e.g. stationary

values, if they exist).

From the above prescription of the quantum quench, we see that the system
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remains in a pure state at all times |Ψ0(t)〉, so the system as a whole cannot be

described by a statistical ensemble. It is also a trivial exercise to construct observables

that do not relax in the long time limit: consider the operator

Oa,b = |a〉〈b|+ |b〉〈a|,

where |a〉 and |b〉 are eigenstates of the Hamiltonian H(g) with energies Ea 6= Eb. In

the Heisenberg picture this operator become time-dependent

Oa,b(t) = eiH(g)tOa,be−iH(g)t = ei(Ea−Eb)t|a〉〈b|+ ei(Eb−Ea)t|b〉〈a|,

and does not approach a stationary value in the t→∞ limit.

In order to be able to discuss statistical ensembles and stationary long time limits

of expectation values we focus on local operators which act on a finite number of sites

in the system. The operator Oa,b does not meet such a requirement and is obviously

a very non-local operator, acting as a projection operator between two eigenstates of

H(g). For operators O` localised on a region of ` sites we have the following picture:

the system is divided into two segments, the region ` and its complement ¯̀. The

complement can act as a bath for the region `, allowing the exchange of probability,

leading to the region ` being described by a mixed state. One can then construct the

reduced density matrix for the region `

%`(t) = tr¯̀ |Ψ0(t)〉〈Ψ0(t)|,

and ask questions such as does this reduced density matrix approach that of a statis-

tical ensemble %stat in the long time limit?

lim
t→∞

%`(t)
?
= tr¯̀ %stat. (4.1)

If the supposition (4.1) is true, then expectation values of operators localised in the

region ` take the form

lim
t→∞
〈Ψ0(t)|O`|Ψ0(t)〉 = tr(O`%stat).

4.1.2 The role of conservation laws

It is generally accepted that conservation laws and dimensionality play important

roles in the time-evolution of isolated quantum systems. This is highlighted by the
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ground-breaking experiments of Kinoshita, Wenger and Weiss [163] where it was

found that a three-dimensional condensate of 87Rb atoms driven out of equilibrium

rapidly relaxed to a thermal state (“thermalised”), whilst a condensate constrained

to move in a single spatial dimension relaxed slowly to a non-thermal ensemble. It

is thought that the presence of additional (approximate) conservation laws in the

one-dimensional case lies at the heart of this difference.

Two central paradigms have been established in the late time behaviour of trans-

lationally invariant models following a quantum quench:

1. Subsystems thermalise and are then described by the Gibbs ensemble (GE) [170].

2. Subsystem do not thermalise, but approach a late time stationary state de-

scribed by the generalised Gibbs ensemble (GGE).

There is substantial evidence [30, 169, 171, 172, 173, 174, 175, 176, 177, 178, 179,

180, 181, 183, 182, 184, 185, 186, 187, 188, 189] that the second case applies to

quenches in integrable models, as suggested in a seminal paper by Rigol et al. [190].

Very recently, theoretical studies suggest that in interacting integrable models the

generality of the GGE may be somewhat limited [191] or the construction requires

additional (previously unknown) conservation laws [192].

4.1.2.1 The generalised Gibbs ensemble (GGE)

The role of conservations laws in the time-evolution of quantum systems is well il-

lustrated by quantum quenches in integrable models. In the thermodynamic limit

integrable systems possess an infinite number of local conservation laws: this puts

extremely strong constraints on the dynamics of such systems. These constraints on

the dynamics have been shown to lead to expectation values described by the GGE

in the long time limit in many cases [30, 169, 171, 172, 173, 174, 175, 176, 177, 178,

179, 180, 181, 183, 182, 184, 185, 186, 187, 188, 189].

For an integrable models with (semi) local conserved quantities Ij (with I0 = H

and [Ij, Ik] = 0 ∀j, k) the GGE takes the following form

%GGE =
1

ZGGE

exp
[
−
∑

j

λjIj

]
, (4.2)
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where ZGGE = tr exp[−∑j λjIj] ensures normalisation and λj are Lagrange mul-

tipliers which are fixed by requiring that expectation values with the GGE of the

conserved quantities reproduce the expectation values in the initial state |Ψ0〉:

lim
L→∞

1

L
〈Ψ0|Ij|Ψ0〉 = lim

L→∞

1

L
tr[%GGEIj].

The GGE applies to expectation values in the manner discussed in Sec. 4.1.1: the

reduced density matrix of a segment ` coincides with the reduced density matrix of

the GGE in the sense

lim
t→∞

lim
L→∞

%`(t) = tr¯̀ %GGE,

where L is the size of the whole system and subsequently expectations values of local

operators are described by

lim
t→∞
〈Ψ0(t)|O|Ψ0(t)〉 = tr[%GGEO].

This has been shown to be the case in non-interacting integrable models using stan-

dard free fermion techniques (see, e.g. Ref. [30]). In the interacting case, the long-time

limit recovering a GGE remains a hypothesis for which there is conflicting evidence

[191, 192].

In the case of free fermions, there is an alternative [171, 174, 190] but equiva-

lent [173] construction of the GGE, which relies upon the fact that the local conser-

vation laws can be written as a linear superposition of the mode occupation numbers

n̂(k). Then the GGE can be written in the form

%GGE =
1

ZGGE

exp
[
−
∑

k

βkn̂(k)
]
,

where Lagrange multipliers βk can be interpreted as mode dependent effective tem-

peratures, by comparison with the Gibbs ensemble.

4.1.2.2 The Gibbs ensemble

For a generic non-integrable model, the set of operators {N1, . . . , N`} with (semi)

local density which commute with the Hamiltonian is of fixed size `, independent of

the system size. The symmetries of the Hamiltonian govern which operators are found

within this set, which may be empty or may include the total particle number, net
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magnetisation, etc. The ensemble which is then constructed with Lagrange multipliers

µa for each of these operators is herein called the Gibbs ensemble and takes the form

%GE =
1

ZGE

exp
[
− βH −

∑̀

a=1

µaNa

]
. (4.3)

It is generally assumed that the long time limit of expectation values following a

quantum quench with broken integrability are reproduced by the Gibbs ensemble.†

4.1.3 Weak integrability breaking

The dichotomy in the dependence of stationary behaviour after a quench on inte-

grability then poses an intriguing question: what happens if integrability is weakly

broken? Does the system thermalise, and if so, how fast does it relax? Might there

be an intermediate time scale still governed by the physics of integrability?

Early numerical studies [194] suggested that even with an integrability break-

ing term the system does not thermalise on the accessible time scales and system

sizes. Studies using dynamical mean field theory (DMFT) [195] or analytical meth-

ods in d > 2 [196] showed that on intermediate time scales the system approaches

a non-thermal quasi-stationary state (a prethermalization plateau). At later times

the system is expected to thermalise [175, 197]. Prethermalization plateaux have

also been observed in a somewhat artificial model of a non-integrable quantum Ising

chain with long-range interactions [198]. It has been suggested recently [199], that

the time scale for integrability breaking (leaving the prethermalization plateau) is

not necessarily related to the strength of the integrability breaking term. Experi-

mental evidence for the prethermalization plateau in systems of bosonic cold atoms

was reported in Refs. [167, 200, 201]. In spite of the aforementioned works exhibiting

prethermalization plateaux in specific models, a general understanding of if, when

and how such plateaux emerge when integrability is broken remains open. Similarly,

a precise characterisation of such plateaux in terms of statistical ensembles has not

been achieved.

†This assumption seems reasonable, but showing that this statement is generally true is extremely
difficult, as it requires a full treatment of non-integrable models. We will see later that perturbation
theory gives very little insight into the long-time limit of the problem. Numerical studies can shed
some light on the issue, for example in Ref. [193] the expectation value of the string order in a
non-integrable spin-1 chain following a quantum quench is compatible with eventual thermalisation.
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4.1.4 This chapter

In this chapter, we will be concerned with the effects of breaking of integrability

on the dynamics following a quantum quench. Our model allows us to compare

integrable quenches to those where integrability is broken by the addition of inter-

actions. We combine analytical and numerical calculations to demonstrate the ex-

istence of prethermalization plateaux when integrability-breaking is weak. We find

that on intermediate time-scales, expectations values of local observables relax to non-

thermal values described by a GGE in which the non-interacting conserved charges

have been deformed to leading order in perturbation theory. Surprisingly, these de-

formed charges no longer commute with the post-quench Hamiltonian.

This chapter is organised as follows. In Sec. 4.2 we introduce the model under

study. In Section 4.3 we consider integrable quenches of the non-interacting Peierls

insulator and compared the results from the Gibbs and generalised Gibbs ensembles.

The continuous unitary transformation technique is introduced and used to study

a weakly non-integrable quench of the model in Sec. 4.4. In Sec. 4.5 we establish

the existence of the prethermalized regime and describe the approximately station-

ary behaviour in this regime by constructing a “deformed GGE”. The dynamics in

the presence of strong integrability-breaking interactions is studied numerically in

Sec. 4.6. We present a summary and discussion of our main results in Sec. 4.7. An

appendix containing a derivation of the local conservation laws in the Peierls insula-

tor completes the chapter. The time-dependent density matrix renormalisation group

(tDMRG) and exact diagonalisation (ED) data shown in the figures of this chapter

were provided by Dr. Salvatore R. Manmana (SRM) of the University of Göttingen.

4.2 The model

To explore the physics of integrability breaking in a quantum quench, we consider the

following model of spinless fermions with dimerised hopping and nearest-neighbour

density-density interaction

H(δ, U) = −J
L∑

l=1

[
1 + (−1)lδ

] (
c†l cl+1 + H.c.

)
+ U

L∑

l=1

c†l cl c
†
l+1cl+1, (4.4)
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with periodic boundary conditions on a chain of length L. The spinless fermions

obey the anti-commutation relations {c†l , cj} = δl,j. We restrict our attention to the

parameter regime J > 0, U ≥ 0 and 0 < δ < 1. We work at half-filling throughout,

i.e. the total number of fermions is L/2, which is the sector of the Hamiltonian

in which the non-interacting ground state is found. In the rest of this chapter we

measure time in units of J−1.

One important characteristic of the Hamiltonian H(δ, U) is that the fermion num-

ber is conserved by virtue of the U(1) symmetry cj −→ eiϕcj , ϕ ∈ [0, 2π]. This U(1)

symmetry leads to the dramatic simplification of the analytical calculations and at

the same time it enables us to access very late times in our time-dependent density

matrix renormalisation group (tDMRG) calculations presented later in this chapter

(in comparison to existing studies of other non-integrable one-dimensional models).

4.2.0.1 Equilibrium Properties

Let us briefly recap the equilibrium properties of the Hamiltonian H(δ, U). It is

equivalent to a spin–1/2 Heisenberg XXZ chain with dimerised XX term, as can

be shown by means of a Jordan-Wigner transformation. The model has been little

studied in equilibrium†, serving only as a model to investigate the effect of interactions

on the Peierls transition [202, 203]. DMRG calculations suggested that for large values

of the interaction parameter U & 4, the Peierls transition to a dimerised ground state

is suppressed [203].

There are several limits in which exact results for the equilibrium phase diagram

of H(δ, U) are known. In the absence of interactions U = 0, we obtain a model of

a non-interacting Peierls insulator. For vanishing δ and U ≥ 0 the Jordan-Wigner

transformation maps the Hamiltonian to the spin-1/2 Heisenberg XXZ chain, for

which exact results via the Bethe ansatz are know. Finally, for small |δ| and U < J ,

the low-energy limit is given by the integrable sine-Gordon model [144, 204].

†Its equilibrium properties are evident: the dimerisation δ opens a gap in the spectrum and
it is an insulator. For fixed δ the addition of weak repulsive interactions should not qualitatively
change any behaviour – whether there exists a quantum phase transition in U is, to the best of our
knowledge, unknown.
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4.3 The Peierls insulator

We start by considering the non-interacting case, which describes the Peierls insulator

H(δ, 0) = −J
∑

l

[
1 + δ(−1)l

](
c†l cl+1 + H.c.

)
. (4.5)

The Hamiltonian can be diagonalised by means of a Bogoliubov transformation

cl =
1√
L

∑

k>0

∑

α=±
γα(l, k|δ)aα(k) . (4.6)

The fermion operators aα(k) fulfil the anti-commutation relations {aα(k), aβ(q)} = 0,

{aα(k), a†β(q)} = δα,βδk,q. The coefficients in the Bogoliubov transformation are chosen

as

γα(l, k|δ) = e−ikl
[
uα(k, δ) + vα(k, δ)(−1)l

]
, (4.7)

where we have defined

vα(k, δ) =

[
1 +

∣∣∣∣
2J cos(k)− εα(k)

2δJ sin(k)

∣∣∣∣
2
]− 1

2

, uα(k, δ) = ivα(k)
2J cos(k)− εα(k)

2δJ sin(k)
,

εα(k, δ) = 2αJ
√
δ2 + (1− δ2) cos2(k). (4.8)

Equation (4.8) describes the single particle dispersion for particles in the α = ±
bands, which are separated by an energy gap of 4δJ . Finally,

∑
k>0 is a shorthand

notation for the momentum sum

∑

k>0

f(k) =

L/2∑

n=1

f
(2πn

L

)
.

Following the Bogoliubov transformation, the Peierls Hamiltonian is diagonal

H(δ, 0) =
∑

k>0

εα(k, δ)a†α(k)aα(k),

and describes two α = ± bands of non-interacting fermions. The ground state is

obtained by completely filling the “−” band with Bogoliubov fermions

|GS〉 =
∏

k

a†−(k)|0〉,

where |0〉 is the vacuum state defined by aα(k)|0〉 = 0 for α = ± and k ∈ (0, π].

100



4.3.1 Integrable quantum quenches in the Peierls Insulator

We will now consider the quantum quench of the dimerisation parameter δ in the

non-interacting Peierls insulator. Following the standard “sudden quench” protocol

discussed in Sec. 4.1.1, we prepare the system in the ground state |Ψ0〉 of the Hamil-

tonian H(δi, 0) and at time t = 0 the dimerisation is suddenly quenched from δi → δf .

The system then evolves unitarily under the new Hamiltonian H(δf , 0).

The diagonal form of our initial Hamiltonian is

H(δi, 0) =
∑

α=±

∑

k>0

εα(k, δi)b
†
α(k)bα(k),

and the ground state is given by

|Ψ0〉 =
∏

k

b†−(k)|0〉, (4.9)

At times t > 0 the system is in the state

|Ψ0(t)〉 = e−iH(δf ,0)t|Ψ0〉,

where the new Hamiltonian H(δf , 0) can also be diagonalised by the Bogoliubov

transformation (4.6)

H(δf , 0) =
∑

α=±

∑

k>0

εα(k, δf )a
†
α(k)aα(k).

By virtue of (4.6) the Bogoliubov fermions a†α(k) are linearly related to b†α(k) by

a†α(k) =
∑

β=±
Sβα(k)b†β(k),

where

Sβα(k) = uα(k, δf )u
∗
β(k, δi) + u↔ v. (4.10)

Following the Bogoliubov transformation, the time-dependent fermion Green’s func-

tion is given by

G0(j, `, t) = 〈Ψ0(t)|c†jc`|Ψ0(t)〉

=
1

L

∑

k>0

∑

αβ

γ∗α(j, k|δf )γβ(`, k|δf )ei(εα(k)−εβ(k))tS−α (k)S−β (k)∗, (4.11)

The late-time behaviour of the Green’s function can be determined by a stationary

phase approximation, giving

lim
t→∞

G0(j, `, t) ∼ g1(j, `) + g2(j, `)t−3/2 + . . . (4.12)
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4.3.1.1 Generalised Gibbs ensemble (GGE)

The stationary state of the dimerisation quench is described by a GGE [190]. The

Hamiltonian (4.5) after the quantum quench possess an infinite number of local con-

servation laws I
(n)
a (a = 1, 2, 3, 4, n ∈ N) in the thermodynamic limit.

[I(n)
a , I

(m)
b ] = 0 , I

(1)
1 = H(δf , 0).

An explicit construction of these conservation laws is presented in Appendix 4.A.

Given these conserved quantities, we defined the density matrix

%GGE =
1

ZGGE

exp

[
−

4∑

a=1

∑

j≥1

λ(j)
a I(j)

a

]
,

where ZGGE ensures normalisation†. The Lagrange multipliers are fixed by the re-

quirements that the expectation values of the conserved quantities are the same in

the initial state and in the GGE

lim
L→∞

1

L
〈Ψ0|I(j)

a |Ψ0〉 = lim
L→∞

1

L
tr
[
%GGEI

(j)
a

]
.

The GGE then describes expectation values of local observables in the manner dis-

cussed in Sec. 4.1.2.1.

For convenience we use an alternative [171, 174, 190] but equivalent [173] construc-

tion of the GGE based on the mode occupation numbers n̂α(k) = a†α(k)aα(k). These

commute with the Hamiltonian H(δf , 0) and amongst themselves by construction,

and we can express the density matrix in a particularly simple form

%GGE =
1

ZGGE

exp

[
−
∑

k>0

∑

α=±
β

(α)
k n̂α(k)

]
.

The Lagrange multipliers are fixed by the conditions 〈Ψ0|n̂α(k)|Ψ0〉 = tr [%GGEnα(k)] ,

which are solved by

e−β
(+)
k =

|S−+(k)|2
1− |S−+(k)|2 , e−β

(−)
k =

|S−−(k)|2
1− |S−−(k)|2 .

Here the functions Sαβ (k) are defined in (4.10).

†In practice we consider a very large system of size L and take into account L conserved quantities.
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4.3.1.2 GGE vs. thermal expectation values

In the introduction to this chapter, we discussed the dichotomy in behaviour between

integrable and non-integrable system: we are now able to quantify the difference

between the GGE constructed above and a Gibbs ensemble (GE)

%GE =
1

ZGE

exp(−βeffH(δf , 0)) ,

where βeff is fixed by requiring the average thermal energy density is equal to the

energy density in the initial state

lim
L→∞

〈Ψ0|H(δf , 0)|Ψ0〉
L

= lim
L→∞

tr [%G(βeff) H(δf , 0)]

L
. (4.13)

We can once again use that the fermions diagonalising H(δi, 0) and H(δf , 0) are

linearly related a†α(k) = Sβα(k) b†β(k), to rewrite (4.13) in the form

∑

k>0

ε+(k, δf )
[
|S−−(k)|2 − |S−+(k)|2

]
=
∑

k>0

ε+(k, δf ) tanh

[
βeff

2
ε+(k, δf )

]
,

which fixes the effective temperature.

To highlight the difference between the Gibbs and generalised Gibbs ensembles

we consider two observables: the mode occupation numbers and the Green’s function

in turn. To start, the mode occupation numbers are given by

〈n̂α(p)〉 =





1

1+exp
(
βeffεα(k,δf )

) for GE,

1

1+exp
(
β

(α)
k

) for GGE,
(4.14)

and plotted in Figs. 4.1(a)–(b). Clearly the mode occupation numbers in the two

ensembles are very different.

It has been emphasised in Ref. [30] and Sec. 4.1.1, that as we are dealing with

the non-equilibrium dynamics of an isolated quantum system, we should focus on the

expectation values of local (in space) operators, as descriptions in terms of statistical

ensembles most naturally apply to them (see also Refs. [173, 205]). With this in mind,

it is natural to consider the fermionic Green’s function in position space and its short

distance properties. In the two ensembles the Green’s function is given by

〈c†jcl 〉 =
1

L

∑

p>0

∑

α

γ∗α(j, p|δf )γα(l, p|δf )〈n̂α(p)〉, (4.15)

103



(a) (b)

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 0.5 1 1.5 2 2.5 3

n
+
(k

)

Momentum k

GE β = 2.95782
GGE

0.8

0.85

0.9

0.95

1

1.05

0 0.5 1 1.5 2 2.5 3

n
−
(k

)

Momentum k

GE β = 2.95782
GGE

Figure 4.1: Comparison between the mode occupation numbers (a) 〈n+(k)〉; (b)
〈n−(k)〉 for Gibbs and generalised Gibbs ensembles for a quench with δi = 0.75,
δf = 0.25. The effective inverse temperature for this quench is βeff = 2.95782J .
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Figure 4.2: Green’s function 〈c†L/2cL/2+j〉
calculated in the Gibbs and generalised
Gibbs ensembles for a quench with δi =
0.75, δf = 0.25 and a lattice with L = 100
sites. The effective inverse temperature
for this quench is βeff = 2.95782J .

where the mode occupation numbers are given by (4.14). We plot the two results for

the Green’s function in Fig. 4.2; in contrast to the mode occupation numbers, the

differences between the short distance behaviour in the two ensembles is quite small.

4.4 Quenching to a weakly interacting model

In the previous section we have examined quenches in the integrable limit of the

model (4.4), where interactions have been switched off. Turning on interactions leads

to a theory which is non-integrable†. In terms of the Bogoliubov fermions which

diagonalise the Peierls insulator H(δ, 0) the interaction term becomes

Hint = U
∑

kj>0

Vα1α2α3α4(k1, k2, k3, k4)a†α1
(k1)aα2

(k2)a†α3
(k3)aα4

(k4) ,

†An exception is the low-energy limit for |δ| � 1, which is described by a quantum sine-Gordon
model [144, 204]. We avoid this region by considering 0.4 ≤ δ ≤ 0.8.
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where the interaction vertices are given by

Vα(k) =
1

L2

∑

l

γ∗α1
(l, k1|δ)γα2(l, k2|δ)γ∗α3

(l + 1, k3|δ)γα4(l + 1, k4|δ).

Summing over l results in momentum-space delta-functions which conserve momen-

tum at the vertices up to a factor of π (reflecting that the dimerisation breaks trans-

lational symmetry from one to two sites)

Vα(k) =
1

L
ei(k3−k4)

{
δk1+k3,k2+k4

[
wk1k2
α1α2

wk3k4
α3α4
− xk1k2

α1α2
xk3k4
α3α4

]

+δk1+k3+π,k2+k4

[
xk1k2
α1α2

wk3k4
α3α4
− wk1k2

α1α2
xk3k4
α3α4

] }
, (4.16)

with wkpαβ = u∗α(k, δ)uβ(p, δ)+v∗α(k, δ)vβ(p, δ) and xkpαβ = u∗α(k, δ)vβ(p, δ)+v∗α(k, δ)uβ(p, δ).

To examine quenches in which integrability is broken, we modify our quantum

quench as follows. We still start in the ground state |Ψ0〉 of the non-interacting

Peierls Hamiltonian H(δi, 0) given by Eq. (4.9), but we quench to the H(δf , U) with

U/J small compared to min(δi, δf ). Our aim is to quantify how the non-zero value of

U modifies the dynamics following the quench.

To tackle the quench problem in the non-integrable weakly interacting model we

employ the continuous unitary transformation (CUT) technique [206, 207] which has

been applied extensively to non-equilibrium problems (see, for example, Refs. [196,

208]). We provide an overview of the CUT technique in the following subsection and

then proceed to calculate the time-dependent Green’s function and the four-point

function.

4.4.1 Time-evolution of observables by CUT

For the non-integrable interacting Hamiltonian (4.4) exact solutions are not known

and it is no longer possible to calculate the time evolution exactly. This is a generic

problem in gaining an analytical understanding of the out-of-equilibrium dynamics

of non-integrable models and one for which there is as yet no solution. To tackle the

problem of the weakly interacting model, we use the continuous unitary transforma-

tion to obtain a perturbative expansion in U of the time-evolved observables which

applies to some maximal time scale (dependent on the interaction strength U).

The central idea of the CUT method is to construct a sequence of infinitesimal

unitary transformations, chosen such that the Hamiltonian becomes successively more
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energy-diagonal. This is achieved in the following manner: a family of unitarily

equivalent Hamiltonians H(B), characterised by the parameter B, can be constructed

from the solutions of the differential equation

dH(B)

dB
=
[
η(B), H(B)

]
, (4.17)

where η(B) is an antihermitian operator which is the “generator” of the unitary

transformation. The CUT method pivots on making an appropriate choice for the

generator η(B) – here we are directed by Wegner [206] to make the canonical choice

η(B) = [H0(B), Hint(B)] where H0 is the diagonal quadratic part of the Hamiltonian

and Hint the remainder. For Hamiltonians with a single particle gap, the subsequent

integration of Eq. (4.17) to find H(B =∞) results in a basis where the Hamiltonian

is energy diagonal. In practice one cannot directly integrate Eq. (4.17) and instead

all the operators appearing in (4.17) are expressed as power series in an appropriate

small parameter (in our case U) and the flow in B is solved perturbatively.

Following the sequence of infinitesimal unitary transformations with an appropri-

ate choice of generator we have a non-integrable energy-diagonal Hamiltonian. To

perform the time-evolution we have to introduce an additional approximation: we

normal order the interaction term with respect to the initial state |Ψ0〉 (see e.g.

Eq. (4.28)) and neglect the normal-ordered quartic (and higher order) terms. The

time-evolution operator U(t) = exp(−iH ′t) depends only on the quadratic Hamilto-

nian H ′ whose single particle energies have O(U) contributions. These contributions

from the normal ordering procedure are reminiscent of a first-order self-energy cor-

rection†. Time-evolution can then be performed. For operators, a schematic of the

procedure is shown in Fig. 4.3 – we transform to the B = ∞ basis, perform the

time-evolution and reverse the CUT to take expectation values in B = 0 basis.

By construction this approximate time-evolution introduces a maximal time scale,

on which we expect our calculations to be accurate by virtue of the smallness of U .

Estimating this time scale within the CUT formalism is difficult, as it requires a

reliable treatment of the neglected energy diagonal interaction terms. For this reason

we extensively compare our CUT results to tDMRG computations (see Sec. 4.4.5).

†Compare to the self-energy corrections to the single particle dispersion calculated perturbatively
in Chapter (3) by inverting Dyson’s equation.
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Figure 4.3: A schematic of the CUT
method for finding the approximate time-
evolution of O to O(U).

Importantly, we can perform our CUT calculations for very large systems of hundreds

of sites, for which we have verified that finite-size effects do not play a role on time

scales less then the revival time (the results shown below are for times less than the

revival time).

4.4.2 The canonical generator and flow equations for the
Hamiltonian

We now follow the general prescription laid out above for the CUT technique. We

begin by constructing the “canonical generator” of the unitary transformation [207]

given by η(B) = [H0(B), Hint(B)]. The flow-dependent operators are defined by

H0(B) =
∑

α=±

∑

k>0

εα(k|B)a†α(k)aα(k),

Hint(B) = U
∑

kj>0

Vα(k|B)a†α1
(k1)aα2

(k2)a†α3
(k3)aα4

(k4) + . . .

where the functions in the Hamiltonian have been promoted to functions of the flow

parameter B (with initial conditions εα(k|B = 0) = εα(k) and Vα(k|B = 0) = Vα(k))

and the ellipses indicate terms sextic and higher in creation and annihilation operators

which are induced by the unitary transformation at order U2. The canonical generator

is given by

η(B) = U
∑

kj>0

Wα(k|B)a†α1
(k1)aα2

(k2)a†α3
(k3)aα4

(k4) +O(U2), (4.18)

where

Wα(k|B) = Vα(k|B)Eα(k|B),

Eα(k|B) = εα1(k1|B)− εα2(k2|B) + εα3(k3|B)− εα4(k4|B).
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By inserting the canonical generator (4.18) and the flow Hamiltonian H(B) into

Eq. (4.17) we obtain the flow equations

dεα(k|B)

dB
= 0,

dVα(k|B)

dB
= −Eα(k)2Vα(k|B),

which can be directly integrated to give the flow-dependent single particle energies

and interaction vertices

εα(k|B) = εα(k|B = 0), (4.19)

Vα(k|B) = Vα(k|B = 0)e−BE
2
α(k) . (4.20)

Setting B =∞ we obtain the Hamiltonian in the energy-diagonal basis

H(B =∞) =
∑

α=±

∑

k>0

εα(k)a†α(k)aα(k)

+
∑

kj>0

V̆α(k)a†α1
(k1)aα2

(k2)a†α3
(k3)aα4

(k4) +O(U2) , (4.21)

where indeed the interaction vertices conserve energy

V̆α(k) ≡ Vα(k|B =∞) = Vα(k)δEα(k),0 . (4.22)

We note that to leading order in U the single particle energies εα(k) remain unchanged

by the unitary transformation. Having found the energy-diagonal form of the Hamil-

tonian to leading order we now consider the unitary transformation induced by the

canonical generator (4.18) on the Green’s function.

4.4.3 Green’s function

We now wish to determine the fermion Green’s function on the time-evolved initial

state G(j, l; t) = 〈Ψ0(t)|c†jcl|Ψ0(t)〉. We follow the general prescription described in

Sec. (4.4.1) and depicted schematically in Fig. 4.3. We transform to the final B =∞
basis, time-evolve according to a (approximately) non-interacting Hamiltonian and

finally reverse the unitary transformation back to the initial B = 0 basis and take

expectation values. The Green’s function is expressed in terms of the Bogoliubov

fermions aα(k) using

c†jcl =
1

L

∑

k,q>0

∑

α,β=±
γ∗α(j, k|δf )γβ(l, q|δf )n̂αβ(k, q|B = 0) , (4.23)
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where γα(j, k|δ) are defined in Eq. (4.7) and n̂αβ(k, q|B = 0) = a†α(k)aβ(q). Hence the

basic objects we need to calculate are expectation values of the “number operators”

n̂αβ(p, q|B = 0).

The change of basis is performed by integrating the flow equations

dn̂αβ(p, q|B)

dB
=
[
η(B), n̂αβ(p, q|B)

]
.

By expressing the flow operator n̂αβ(p, q|B) in the form

n̂αβ(p, q|B) = fαβ(p, q|B)n̂αβ(p, q|B = 0)

+U
∑

k,γ

gγαβ(k|p, q|B)a†γ1
(k1)aγ2

(k2)a†γ3
(k3)aγ4

(k4) +O(U2),

with fαβ(p, q|B = 0) = 1 and gγαβ(k|p, q|B = 0) = 0, the flow equations can be written

as
dfαβ(p, q|B)

dB
= 0,

dgγαβ(k|p, q|B)

dB
= Y γαβ(k|p, q|B), (4.24)

where

Y γαβ(k|p, q|B) = δk4,qδγ4,βWγ1γ2γ3α(k1, k2, k3, p|B) + δk2,qδγ2,βWγ1αγ3γ4(k1, p, k3, k4|B)

−δk3,pδα3,αWγ1γ2βγ4(k1, k2, q, k4|B)− δk1,pδα1,αWβγ2γ3γ4(q, k2, k3, k4|B)

and Wα(k|B) = Eα(k)Vα(k|B).

Integration of the flow equations (4.24) gives the flow operator

n̂αβ(k, p|B) = n̂αβ(k, p|B = 0)

+ U
∑

qj>0

Nα
αβ(q|k, p, B)a†α1

(q1)aα2
(q2)a†α3

(q3)aα4
(q4) +O(U2), (4.25)

where we have defined

Nα
αβ(q|k, p, B) = δq4,pδα4,βṼα1α2α3α(q1, q2, q3, k|B) + δq2,pδα2,βṼα1αα3α4(q1, k, q3, q4|B)

− δq3,kδα3,αṼα1α2βα4(q1, q2, p, q4|B)− δq1,kδα1,αṼβα2α3α4(p, q2, q3, q4|B) ,

Ṽα(q|B) =
1− e−B[Eα(q)]2

Eα(q)
Vα(q).

The next step in the procedure for calculating the time-dependent Green’s function

is to perform the time-evolution in the B =∞ basis.
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4.4.3.1 Approximate time-evolution

The Hamiltonian in the B =∞ basis (4.21) is energy-diagonal to leading order in U .

However, interaction terms which are difficult to deal with in the time-evolution still

remain. We instead approximate the time evolution operator U(t)

U(t) = e−iH(B=∞)t ≈ e−iH
′t , (4.26)

where the interacting Hamiltonian H(B =∞) has been replaced by the free fermion

Hamiltonian

H ′ =
∑

α=±

∑

k>0

ε̃α(k)a†α(k)aα(k),

with single particle energies ε̃α(k) = εα(k) + UPα(k). The correction to the single

particle energies takes the form

Pα(k) =
∑

γ,δ

∑

q>0

[
V̆ααγδ(k, k, q, q) + V̆γδαα(q, q, k, k)

−V̆αδγα(k, q, q, k)− V̆γααδ(q, k, k, q)
]
nγδ(q) ,

where V̆α(k) is defined in Eq. (4.22). Expectation values are taken with respect to

the initial state nγδ(q) = 〈Ψ0|n̂γδ(q, q)|Ψ0〉 and are given by

n−−(k) = |S−−(k)|2, n−+(k) = S−−(k)S−+(k)∗ ,

n++(k) = |S−+(k)|2, n+−(k) = S−+(k)S−−(k)∗,
(4.27)

with Sβα(k) defined in Eq. (4.10).

The corrections Pα(k) arise from normal ordering the interaction term with re-

spect to the initial state |Ψ0〉. The normal ordering is performed by the following

prescription

a†α1
aα2

a†α3
aα4

= : a†α1
aα2

a†α3
aα4

: +nα1α2(k1)δk1,k2 : a†α3
aα4

:

− nα1α4(k1)δk1,k4 : a†α3
aα2

: −[nα3α2(k3)− δα2,α3 ]δk2,k3 : a†α1
aα4

:

+ nα3α4(k3)δk3,k4 : a†α1
aα2

: +nα1α2(k1)nα3α4(k3)δk1,k2δk3,k4

− nα1α4(k1)[nα3α2(k2)− δα2,α3 ]δk1,k4δk2,k3 , (4.28)

and subsequently the quartic piece on the right hand side of (4.28) is neglected in the

time-evolution (4.26). The correction to the single particle energies is similar in form
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to the first-order self-energy correction which we calculated in a different context in

the previous chapter.

Under this approximation, the time evolution results only in additional phase

factors for the fermion operators

U †(t)a†α(k)U(t) = eiε̃α(k)ta†α(k). (4.29)

Using the above expression (4.29) in Eq. (4.25) gives an explicit expressions for the

time-evolved flow operators n̂αβ(k, p|B = ∞, t). The final step of the procedure for

calculating the time evolution of observables, shown in Fig. (4.3), is to reverse the

CUT and take expectation values on the initial state |Ψ0〉. Reversing of the CUT is

performed by integrating the flow equations (4.24) from B = ∞ to B = 0 with the

initial conditions

fαβ(p, q|B =∞; t) = fαβ(p, q|B =∞)ei(ε̃α−ε̃β)t,

gγαβ(k|p, q|B =∞; t) = gγαβ(k|p, q|B =∞)ei[ε̃γ1 (k1)−ε̃γ2 (k2)+ε̃γ3 (k3)−ε̃γ4 (k4)]t.

Taking the expectation value at B = 0 on the initial state, we find

〈n̂αβ(p, q|B = 0, t)〉 = δp,qe
i(ε̃α(p)−ε̃β(q))tnαβ(p) + Ucαβ(p, q|t) +O(U2), (4.30)

where the order U piece is given by

cαβ(p, q|t) =
∑

q,r>0

Nγ
αβ(r, r, q, q|p, q|t)nγ1γ2(r)nγ3γ4(q)

−Nγ
αβ(r, q, q, r|p, q|t)nγ1γ4(r)

[
nγ3γ2(q)− δγ2,γ3

]
.

and we have defined

Nγ
αβ(k|p, q|t) = Nγ

αβ(k|p, q, B =∞)
[
eiẼγ(k)t − ei(ε̃α(p)−ε̃β(q))t

]
,

Ẽγ(k) = ε̃γ1(k1)− ε̃γ2(k2) + ε̃γ3(k3)− ε̃γ4(k4) . (4.31)

Substitution of the expectation values (4.30) into Eq. (4.23) and imposing the

momentum conserving delta-functions in the vertices (4.16) gives the time-dependent

Green’s function

G(j, l; t) = 〈Ψ0(t)|c†jcl |Ψ0(t)〉

=
1

L

∑

k>0

∑

α,β=±
γ∗α(j, k|δf )γβ(l, k|δf )

[
ei(ε̃α(k)−ε̃β(k))tnαβ(k) + Ucαβ(k, k|t)

]

+O(U2). (4.32)
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The remaining momentum sum
∑

k>0 is evaluated numerically.

4.4.4 CUT results for the Green’s function
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Figure 4.4: Comparison of the exact (solid) U = 0 solution and the CUT result for
(a) G(L/2, L/2 + 1) = 〈cL/2c†L/2+1〉; (b) G(L/2, L/2 + 2) = 〈cL/2c†L/2+2〉 for the quench
δi = 0.8→ δf = 0.4 and Ui = 0→ U on the L = 100 chain.

Let us begin by comparing the U 6= 0 CUT result to the U = 0 exactly solvable

case. In Figs. 4.4(a)–(b) we show the nearest and next-nearest neighbour Green’s

functions for the quench δi = 2δf = 0.8 and several values of U . As expected, we see

that both the periodicity and the asymptotic value of the nearest neighbour Green’s

function are continuously deformed away from the non-interacting case. In the case

of the next-nearest-neighbour Green’s function only the periodicity is deformed, as

the Green’s function decays asymptotically to zero by symmetry.

In Figs. 4.5(a)–(b) we focus on how the CUT result for the Green’s function

approaches the t → ∞ asymptotic value for the quench δi = 0.75 → δf = 0.5 and

Ui = 0 → U = 0.15. We see that both the nearest and next-nearest neighbour

Green’s functions approach the asymptotic value with power-law decay of t−3/2, as a

direct consequence of the CUT result (4.32) having the same general t-dependence as

the non-interacting case (4.11) (and hence the decay follows from a stationary phase

argument).
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Figure 4.5: Approach of the (a) nearest-neighbour, (b) next-nearest neighbour
Green’s function to its asymptotic t → ∞ value on the L = 200 chain following
the quench δi = 0.75→ δf = 0.5 and Ui = 0→ U = 0.15. The dashed line shows a fit
of the free fermion asymptotic form (4.12) to the CUT data. The revival time of the
L = 200 chain is t ∼ 50 and the asymptotic value G(100, 101, t→∞) = −0.482275.

4.4.5 Accuracy of the CUT approach: comparison to
time-dependent density matrix renormalisation group
at small U/t

Having compared the CUT result to the non-interacting result, we now need to assess

the accuracy of the CUT results for the interacting case. To do this, we have carried

out extensive comparisons to numerical results obtained by the time-dependent den-

sity matrix renormalisation group (tDMRG) algorithm† provided by SRM. Excellent

reviews of the tDMRG algorithm can be found in Refs. [209].

We carry out computations with open boundary conditions and system sizes up

to L = 200 sites. For the purposes of comparisons with the CUT result, we choose a

system size of L = 50 and keep up to m = 1500 density matrix states in the course

of the time-evolution, targeting a discarded weight of ε = 10−9. To ascertain the

accuracy of the tDMRG results, we carried out comparisons to results with targeted

discarded weight of 10−11. In addition we also compared runs with different time

steps of δt = 0.005 and δt = 0.01. We found that the difference between the results

at the end of the time-evolution is ∼ 10−4 or smaller for L = 100 sites, hence the

tDMRG errors are negligible in our comparison with the CUT results.

Beyond the tDMRG error, it is also necessary to ensure that finite-size effects

† A description of the DMRG algorithm in the equilibrium context can be found in Chapter 2.
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are negligible in the tDMRG data. In the centre of a finite chain of non-interacting

particles, the revival time τr for measurements is L/2vmax, where L is the system size

and vmax is the maximum velocity of excitations. In the small-U regime examined

here, a good estimate of τr is provided by the U = 0 result and can be improved

by searching for features associated with revivals at times close to the free fermion

estimate. We have verified that the tDMRG data has negligible finite size effects for

t < τr and we compare the CUT and tDMRG results only for t sufficiently smaller

than τr. One final point to note for the tDMRG is that we have been able to reach

long times ∼ 200 for system sizes of L = 50. Whilst for short times, the error in the

observable may be estimated by ∼ √ε, at large times the accumulation of error in the

course of each sweep needs to be taken into account, even if the discarded weight is

kept constant. A comprehensive error analysis is presented in Appendix B of Ref. [2]

which applies for t > 20.

We present a comparison between the CUT and tDMRG results for the time-

dependence of the nearest-neighbour Green’s function G(25, 26) for the length L = 50

chain in Figures 4.6(a)–(d). We have quenched the dimerisation parameter δi =

0.75→ δ = 0.5 and the interaction strength U = 0→ U = 0.15, 0.25, 0.5, respectively.

We see that there is excellent quantitative agreement between the CUT and tDMRG

results at small U , whilst agreement remains good even for the largest value of U = 0.5

tested. The remaining small discrepancies have their origin in the higher order O(U2)

corrections to the CUT result, as shown in Fig. 4.6(d) where the rescaled difference

between the tDMRG and CUT data has been plotted for the three values of U .

The oscillatory nature of these differences is a result of a “beat frequency” which

arises from subtracting two oscillatory data sets where the frequencies aren’t exactly

matched.

The excellent agreement between the tDMRG data and the CUT result is not

just restricted to the nearest-neighbour Green’s function: we present 〈(cL/2c†L/2+j)(t)〉
with j = 2, 3, 4 for the quench with U = 0.15 in Figs. 4.7(b)–(d). We will see in later

sections that the good agreement between the CUT result and tDMRG extends to

N–point correlation functions (in particular, we’ve checked N = 4).
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Figure 4.6: Comparison of the CUT and tDMRG results for G(L/2, L/2 + 1) =
〈cL/2c†L/2+1〉 for the quench δi = 0.75 → δ = 0.5 and Ui = 0 → (a) U = 0.15; (b)

U = 0.25; (c) U = 0.5; on a L = 50 chain. (d) presents the relative difference between
the CUT result and the tDMRG data. The revival time for the L = 50 system is
τr ∼ 13.

4.4.6 CUT results for the four-point function

The procedure which we have outlined above for the single-particle Green’s function

can be generalised to N -point functions. The next non-vanishing correlation function

is the four point function

〈Ψ(t)|c†jcj′c†l cl′ |Ψ(t)〉 =
1

L2

∑

qj>0

∑

αj=±
〈Ψ0|Âα(q, t)|Ψ0〉

× γ∗α1
(j, q1)γα2(j′, q2)γ∗α3

(l, q3)γα4(l′, q4), (4.33)

where γα(j, k) are defined in Eq. (4.7) and Âα(q, t) = a†α1
(q1, t)aα2(q2, t)a

†
α3

(q3, t)aα4(q4, t).

Going to the B =∞ basis by applying the CUT and then time evolving with (4.26),
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Figure 4.7: Results from the CUT calculation and tDMRG computations for (a)
G(L/2, L/2+1); (b) G(L/2, L/2+2); (c) G(L/2, L/2+3); (d) G(L/2, L/2+4) for the
quench δi = 0.75 → δ = 0.5, Ui = 0 → U = 0.15 on the L = 50 chain. The revival
time for the L = 50 system is τr ∼ 13.

we obtain

Âα(q, t|B =∞) = eiẼα(q)tÂα(q, 0)

+ U
∑

kj>0

∑

γj=±
ei(ε̃α1 (q1)−ε̃α2 (q2))tNγ

α3α4
(k|q3, q4|t)a†α1

(q1)aα2
(q2)Âα(q, 0)

+ U
∑

kj>0

∑

γj=±
ei(ε̃α3 (q3)−ε̃α4 (q4))tNγ

α1α2
(k|q1, q2|t)Âα(q, 0)a†α3

(q3)aα4
(q4)

+ O(U2), (4.34)

where Ẽα(q) and Nγ
αβ(k|p, q|t) are defined in Eq. (4.31). Reversing the CUT, taking

the expectation value of Eq. (4.34) on the initial state using Wick’s theorem and

substituting in to Eq. (4.33) yields the real-space four-point function. We will present

data for the density-density correlation function in a subsequent section, cf Fig. 4.9.
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4.5 Prethermalized regime

The CUT and tDMRG results presented in the previous section establish that the

Green’s function G(j, l, t) after the quench (δi, 0) → (δf , U) decays in a power-law

fashion with exponent −3/2 to a stationary value

G(j, `, t) −→ g(j, `) +O(t−3/2) , Jt . τ0,

in a similar manner to free fermions (4.12) for the dimerisation quench (δi, 0)→ (δf , 0)

G0(j, `, t) −→ g1(j, `) +O(t−3/2) , Jt . τ0,

where τ0 is some intermediate time scale. We have the following relation between the

asymptotic values of the Green’s function in the two cases

g(j, `)− g1(j, `) = O(U). (4.35)

which follows from the excellent agreement between the tDMRG and the CUT ap-

proach, which by construction is perturbative in nature. We will now show that g(j, `)

cannot be described by a thermal ensemble and hence the stationary regime observed

in the tDMRG is a prethermalization plateau:

1. For the non-interacting quench (δi, 0)→ (δf , 0) the observed stationary value is

characterised by a GGE

g1(j, `) = tr[%GGEc
†
jc`]. (4.36)

2. We showed in Sec. 4.3.1.2 that the GGE value for g1(j, `) is different from the

thermal value at the appropriate inverse temperature β0 for the quench

tr[%GGEc
†
jc`]− tr[%GE(β0)c†jc`] = O(1). (4.37)

3. For the interacting quench (δi, 0)→ (δf , U), if the stationary state is described

by the thermal ensemble then the inverse temperature βU is set by

lim
L→∞

1

L
〈Ψ0|H(δf , U)|Ψ0〉 = lim

L→∞

1

L
tr [%GE(βU) H(δf , U)] .

Given that Wick’s theorem holds in the initial state |Ψ0〉 we find

〈Ψ0|H(δf , U)|Ψ0〉 = 〈Ψ0|H(δf , 0)|Ψ0〉+O(U),

and hence the inverse temperature βU = β0 +O(U).

117



4. Combining βU = β0 +O(U) with (4.37) we conclude that

tr[%GGEc
†
jc`]− tr[%GE(βU) c†jc`] = O(1). (4.38)

5. Finally, it follows from (4.35), (4.36) and (4.38) that

g(j, `)− tr[%G(βU) c†jc`] = O(1), (4.39)

and hence g(j, `) is not described by a thermal distribution.

4.5.1 Characterisation of the prethermalized regime through
approximate conservation laws

The results of the previous section and the excellent agreement between the CUT and

tDMRG results establishes the existence of a “prethermalized stationary regime”. The

observed relaxation on intermediate time scales is to a non-thermal quasi-stationary

state – an obvious question is then how to characterise the statistical ensemble that

describes the corresponding stationary values of local observables on the prethermal-

ization plateau?

4.5.1.1 Approximate conservation laws

In this section we establish explicit expressions for the approximately conserved

charges under the CUT time evolution. This is a simple exercise, as in the CUT

analysis of the non-equilibrium dynamics we took the generator of the time-evolution

to be

H ′ =
∑

α=±

∑

k>0

ε̃α(k)a†α(k)aα(k).

Clearly the mode occupation number operators a†α(k)aα(k) commute with H ′, and

hence constitute conservation laws (to first order in U) within our CUT approach.

Their pre-images under the CUT, accurate to order O(U), are simply

Qα(k) = a†α(k)aα(k)− U
∑

qj>0

Nγ
αα(q|k, k, B =∞)Âγ(q) . (4.40)

By construction these operators commute with one another to O(U2), but they do

not in fact commute with the full B = 0 Hamiltonian to the same order

[Qα(k),Qβ(p)] = O(U2), [Qα(k), H(δf , U)] = O(U),
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which means that the charges (4.40) are not (approximately) conserved on the op-

erator level, but their expectation values with respect to |Ψ0(t)〉 are approximately

time independent. This is a fundamental difference to the proposal put forward in

Ref. [195] for describing prethermalization plateaux, where it was suggested that

charges can be constructed perturbatively which commute with one another and the

Hamiltonian to a given order in perturbation theory†.

The charges Qα(k) have a very transparent physical meaning: they are the num-

ber operators for approximately conserved “quasiparticles”, and the quartic terms

describe the leading contribution to the dressing of the non-interacting fermions.

4.5.1.2 Approximate description by a “deformed GGE”

With knowledge of the conserved charges (4.40), it is natural to attempt a description

of the prethermalization plateau in terms of a generalised Gibbs ensemble (which we

called the deformed GGE, being made up of the “deformed” charges (4.40))

%PT =
1

ZPT

exp

(∑

k,α

λ
(α)
k Qα(k)

)
. (4.41)

As with the conventional GGE (4.2), the Lagrange multipliers λ
(α)
k are fixed by re-

producing the expectation values on the initial state

tr [%PT Qα(k)] = 〈Ψ0|Qα(k)|Ψ0〉. (4.42)

The left-hand side of (4.42) can easily be evaluated in the B =∞ basis:

1

ZPT

tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)a†α(k)aα(k)

]
=

1

1 + e−λ
(α)
k

. (4.43)

Wick’s theorem holds on the initial state, so the right-hand side of (4.42) is equal to

nαα(k)− U
∑

qj>0

Nγ
αα(q|k,B =∞)

{
nγ1γ2(q1)nγ3γ4(q3)δq1,q2δq3,q4

+nγ1γ4(q1) [δγ2,γ3 − nγ3γ2(q2)] δq1,q4δq2,q3

}
. (4.44)

Equating (4.44) with (4.43) and using the expressions for the expectation values of

number operators (4.27), we obtain the Lagrange multipliers λ
(α)
k . The plateau value

† We do not believe that this construction is generically possible.
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for the Green’s function is found using the density matrix (4.41)

GPT(j, `) = tr
[
%PTc

†
jc`

]
=

1

L

∑

q>0

∑

α=±
γ∗α(j, q|δf )γα(`, q|δf )tr

[
%PTa

†
α(q)aα(q)

]
. (4.45)

We now wish to show that this result is equal to the infinite time limit of the CUT

result (up to order U2 corrections)

GPT(j, `) = lim
t→∞

G(j, `; t) +O(U2). (4.46)

The trace in (4.45) is most easily evaluated in the B = ∞ basis where the charges

becomes mode occupation numbers a†α(k)aα(k):

tr
[
%PTa

†
α(q)aα(q)

]
=

1

ZPT

tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)n̂α,α(q, q|B =∞)

]

= nαα(q)− U
∑

k1,2>0

Nγ
αα(k1, k1, k2, k2|q, q, B =∞)

×nγ1γ2(k1)nγ3γ4(k2)[1− δγ1,γ2δγ3,γ4 ]

− U
∑

k1,2>0

Nγ
αα(k1, k2, k2, k1|q, q, B =∞)nγ1γ4(k1)

×
(
δγ2,γ3 − nγ3γ2(k2)

)
[1− δγ1,γ4δγ2,γ3 ] . (4.47)

Substituting this expression (4.47) into Eq. (4.45), we obtain an expression that in-

deed agrees with the infinite time limit of (4.32) in the thermodynamic limit, estab-

lishing (4.46). In other words, the Green’s function G(j, `) on the prethermalization

plateau is described by the GGE (4.41) with deformed charges (4.40) in the thermo-

dynamic limit. This is consistent with a more general picture of local observables

on the prethermalization plateau being described by a deformed GGE. It is obvi-

ous that there are non-local operators, such as n+−(k), which do not in fact relax

at intermediate times and therefore cannot be described by any ensemble (without

time-averaging).

4.5.1.3 “Deformed GGE” description of the four-point function

In the preceding section, we have shown that the value of the Green’s function on the

prethermalization is given by the deformed GGE %PT . We will now show that the

deformed GGE also reproduces the t→∞ expectation values of the CUT result for
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† j 1

c j
2
c† l 1

c l
2
〉 C

U
T

−
〈c

† j 1
c j

2
c† l 1

c l
2
〉 d

G
G

E
|

Length L

j1 = 2, j2 = 2, l1 = 4, l2 = 4
j1 = 2, j2 = 2, l1 = 5, l2 = 5
j1 = 1, j2 = 2, l1 = 3, l2 = 4
j1 = 1, j2 = 5, l1 = 8, l2 = 10 Figure 4.8: The L dependence of the dif-

ference between the deformed GGE and
the t→∞ CUT result for the four point
function for a number of separations. The
solid lines are linear fits cL−1 to the data.

the four-point function (4.33). We need to calculate

tr
[
%PT c

†
jcj′c

†
l cl′
]

=
1

L2

∑

qj>0

∑

αj=±
γ∗α1

(j, q1)γα2(j′, q2)γ∗α3
(l, q3)γα4(l′, q4)tr

[
%PT Âα(q)

]
,

(4.48)

where %PT is given in Eq. (4.41). Once again, the trace is most easily evaluated in

the B =∞ basis

tr
[
%PT Âα(q)

]
=

1

ZPT
tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)Âα(q, B =∞)

]

=
1

ZPT
tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)Âα(q)

]

+
U

ZPT

∑

kj>0

Nγ
α3α4

(k|q3, q4,∞)tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)a†α1

(q1)aα2
(q2)Âγ(k)

]

+
U

ZPT

∑

kj>0

Nγ
α1α2

(k|q1, q2,∞)tr
[
e
∑
k,α λ

(α)
k a†α(k)aα(k)Âγ(k)a†α3

(q3)aα4
(q4)

]

+O(U2),

where Âγ(k) = a†γ1
(q1)aγ2(q2)a†γ3

(q3)aγ4(q4). The GGE expectation values are easily

calculated using Wick’s theorem and (4.42). Retaining only terms up to O(U) and

substituting the result back into (4.48), we obtain the deformed GGE value for the

four-point function on the prethermalization plateau.

In Fig. 4.8 we plot the difference between the deformed GGE result obtained

in this way and the stationary value of the CUT result (found by projecting on to

the stationary terms of Eq. (4.33)) for a number of system sizes and separations.

In all cases the difference between the CUT and deformed GGE results scales as

1
L

and vanishes in the thermodynamic limit L → ∞. This confirms that the t →
∞ stationary value of the CUT four-point function is reproduced by the deformed
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Figure 4.9: (a) Nearest-neighbour density-density correlation function 〈n(L
2
)n(L

2
+1)〉;

(b) next-nearest-neighbour density-density correlation function 〈n(L
2
)n(L

2
+ 2)〉 for a

quench from δi = 0.8→ δf = 0.4 and U = 0→ 0.4 computed by tDMRG for system
size L = 100. For comparison we show CUT results for L = 40 and the asymptotic
value predicted by the L = 50 deformed GGE.

GGE (4.41). This is a rather non-trivial check of our proposal that prethermalization

plateaux can be described in terms of a deformed GGE.

We now present comparisons between tDMRG results and the deformed GGE pre-

dictions (4.48) for the nearest-neighbour and next-nearest-neighbour density-density

correlation functions in Figs. 4.9(a)–(b). We consider the quench δi = 0.8→ δf = 0.4

and U = 0 → 0.4. Taking into account that U = 0.4 is not particularly small, we

see quite satisfactory agreement between the two results. This supports our asser-

tion that the deformed GGE provides a good description of local observables on the

prethermalization plateau, including higher-order correlation functions. We see sim-

ilarly good agreement for all separations that we explicitly checked (up to 4 sites).

The deformed GGE and CUT results of Fig. 4.9(a) are calculated for L = 40, 50

rather than L = 100 due to the computational cost of carrying out the momentum

sums in (4.33) increasing very rapidly with size.

4.6 tDMRG results for larger values of U and ab-

sence of thermalisation on accessible times scales

In this section we turn to numerical results obtained for quenches to final Hamiltonians

with both weak and strong interactions, i.e., when U & |δi − δf |. We will see that in
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all cases the time evolution seems to reach a plateau and remains – on the accessible

time scales – on this plateau. This is observed for quenches from both interacting

and non-interacting initial states.

4.6.1 Extent of prethermalization plateaux

One of the first issues that we want to address is the time scale for which we observe

the prethermalization plateaux. Estimating the time scale on which the CUT results

may be trusted is hard as it requires proper treatment of the neglected interaction

terms in the time evolution (4.26). In the previous section we found that the CUT

and tDMRG results agree for the length L = 50 systems for times less than the

revival time τr. Figure 4.10 shows that the prethermalization plateaux persists at

much longer times in large systems and for accessible time scales there is no evidence

that the system starts to deviate from the prethermalization plateau.
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time t
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L = 200 Figure 4.10: Time evolution of

G(L/2, L/2 + 1) for quenches with δi =
0.8 → δf = 0.4 and Ui = 0 → U = 0.4
and system sizes L = 16, L = 100 and
L = 200 sites. The data for L = 16
are ED results for systems with periodic
boundary conditions (PBC) and are seen
to exhibit many revivals.

4.6.1.1 Time averaged observables

One standard method for extracting stationary values of observables from data for a

finite system is to time-average quantities

G

(
L

2
,
L

2
+ 1

)
=

1

T

∫ T

0

dt G

(
L

2
,
L

2
+ 1, t

)
. (4.49)

The time-averaged results of the L = 16 exact diagonalisation (ED) data of Fig. 4.10

is in good agreement with the plateau values for L = 100, 200 obtained from tDMRG.

One can ask whether time-averaging reveals signs of the system deviating from the

prethermalization plateau: for this reason we examined a L = 50 systems up to very

late times of t = 200 with tDMRG. The result of this examination are shown in
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Fig. 4.11. Time-averaging does not reveal any signs of deviations from the plateau

value at late times.
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Figure 4.11: Time evolution of
G(L/2, L/2+1) for the quench δi = 0.8→
δf = 0.4 and Ui = 0 → U = 0.4 in
the L = 50 site system up to t ∼ 200,
with error bars estimated in Appendix B
of Ref. [2].

4.6.2 The role of interactions in the t > 0 Hamiltonians

In this section we present results for a variety of interaction strengths 0.4 ≤ U ≤ 10

in the post-quench Hamiltonian. We provide two benchmarks for comparison:

4.6.2.1 (i) The Gibbs ensemble

One useful comparison is with the appropriate Gibbs ensemble describing a putative

thermal ensemble at late times. The inverse temperature β is fixed by the requirement

〈Ψ0|H(δf , U)|Ψ0〉 = tr[%GE(β)H(δf , U)] . (4.50)

We fix the inverse temperature β by calculating the left-hand side:

〈Ψ0|H(δf , U)|Ψ0〉 =
∑

α=±

∑

k>0

nαα(k) + U
∑

α

∑

k1,k3

Vα(k1, k1, k3, k4)nα1α2(k1)nα3α4(k3)

+U
∑

α

∑

k1,k3

Vα(k1, k3, k3, k1)nα1α4(k1)
[
δα2α3 − nα3α2(k3)

]
,

whilst the right-hand side is determined using a quantum Monte Carlo (QMC) al-

gorithm from the ALPS collaboration [210], which is based on the directed loop

stochastic series expansion [211]. In particular, we map the model onto a spin model

using the Jordan-Wigner transformation and perform the calculation in the grand

canonical ensemble where the temperature and chemical potential are fixed by en-

suring the correct energy and number densities (within the QMC error). We do this
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using a root finding algorithm in combination with the ALPS QMC code: the param-

eters are provided in Table 4.1. In our QMC simulations, we used a chain of L = 100

sites and we perform 5× 107 thermalisation steps followed by 1.5× 108 sweeps before

measuring the nearest-neighbour Green’s function.

U E/L β µ G(L/2, L/2 + 1) QMC Error
0.4 -0.664373 3.0741 0.4 -0.46358 1.62× 10−3

1 -0.589142 2.6494 1 -0.46247 2.98× 10−4

2 -0.463757 2.0437 2 -0.44347 6.94× 10−5

3 -0.338371 1.5882 3 -0.40153 6.49× 10−5

4 -0.212986 1.2175 4 -0.34284 3.06× 10−4

6 0.037784 0.7250 6 -0.23885 1.34× 10−4

8 0.288550 0.4868 8 -0.17441 3.15× 10−4

10 0.539324 0.3591 10 -0.13514 1.23× 10−4

Table 4.1: Summary of the effective temperature β and chemical potential µ used
in the QMC to calculate the Green’s function G(L

2
, L

2
+ 1) on the L = 100 chain

as presented in Figs. 4.13-4.14. The energy density E/L is found by taking the
expectation value of the interacting Hamiltonian H(t > 0) on the initial state |Ψ0〉.

4.6.2.2 (ii) The diagonal ensemble

The diagonal ensemble serves as the second useful benchmark. For the initial state

|Ψ0〉 we can expand in the basis of energy eigenstates {|n〉}, the diagonal ensemble

average of an observable O is defined by

〈O〉DE =
∑

n

〈n|O|n〉 |〈n|Ψ0〉|2. (4.51)

The diagonal ensemble average is equal to the long-time average (Eq. (4.49) with

T → ∞) in finite systems. Due to the sum over energy eigenstates, computation

of the diagonal ensemble is restricted to small systems and we compute it by exact

diagonalisation for L = 16 sites.

4.6.2.3 Difference between diagonal and Gibbs averages

We examine how the difference between diagonal and Gibbs ensembles results for the

nearest-neighbour Green’s function G(L/2, L/2 + 1) changes with Uf in Figure 4.12.

As the diagonal ensemble is available only for system size L = 16, we display the
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quantities

〈c†L/2cL/2+1〉DE,L=16 − 〈c†L/2cL/2+1〉Gibbs,L=16 ,

〈c†L/2cL/2+1〉DE,L=16 − 〈c†L/2cL/2+1〉Gibbs,L=100. (4.52)

We see that for small values Uf the two averages are close to one another, but for

large Uf they become very different.
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Figure 4.12: The differences between (i)
thermal ED and time-averaged ED; (ii)
thermal QMC and time-averaged ED for
the nearest neighbour Green’s function
G(L/2, L/2+1) for the quench δi = 0.8→
δf = 0.4 and Ui = 0 → U = 0.4. QMC
data is for L = 100 and ED data is for
L = 16. Finite size effects are less pro-
nounced for small values of Uf , but promi-
nent for Uf > 1. The intermediate region
1 ≤ Uf < 8 is the best candidate to obtain
thermalisation on long time scales.

4.6.2.4 Results

We present the results of numerical calculations in Figures. 4.13(a)–(d) and 4.14(a)–

(d). We see clear evidence for the Green’s function from tDMRG approaching plateaux

values at small (Fig. 4.13(a)) and large (Figs. 4.14(c)–(d)) values of the interaction

parameter U , which are compatible with the diagonal ensemble (given that this was

calculated at L = 16) but not the Gibbs ensemble. This is clear evidence for prether-

malization on accessible time scales in both the weak and strong coupling regimes.

On the other hand, at intermediate couplings U ≈ 2 the plateau values are com-

patible with the thermal ensemble for accessible time scales. We have the following

explanation for these observations:

1. The weakly interacting small U regime is described by a prethermalization

plateau, as discussed in Sec. 4.5. The plateau can be understood in terms of

a deformation of the generalised Gibbs ensemble characterising the stationary

state of the U = 0 quench.
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Figure 4.13: Comparison of the diagonal ensemble [time-averaged (t-av) ED], the
Gibbs ensemble (QMC), and the full-time evolution obtained by tDMRG for times t
after the quench δi = 0.8 → δf = 0.4 U = 0 → (a) U = 0.4; (b) U = 1; (c) U = 2;
(d) U = 3. tDMRG and QMC results are for the L = 100 chain, ED for L = 16.

2. The large-U regime is also described by a prethermalization plateau, which

reflects the vicinity of the δf = 0 integrable point. Here the final Hamiltonian

can be viewed as a perturbation of the XXZ chain in the massive regime and

one expects a deformed GGE description to apply. Given that the initial state

has short correlation length, expectation values of the local observables could

be calculated by the method of Ref. [184].

To test the idea of stationary values being described by a perturbation of the

δf = 0 model, we present a comparison of the δf = 0.4 and δf = 0 results

for the quench to U = 10 in Fig. 4.15. We see that the correlation functions

approach a value that is only very weakly dependent upon the integrability

breaking parameter δf , supporting this interpretation.

3. In the intermediate U regime there is no prethermalization plateau and the
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system slowly relaxes towards a Gibbs ensemble (i.e., see Figs. 4.13(b)–(c)).

4.7 Discussion and conclusions

In this chapter, we have used a combination of analytical calculations based upon

the continuous unitary transform technique and numerical tDMRG computations to

establish the existence of a robust prethermalization plateau at intermediate times

after a quantum quench in the weakly non-integrable Peierls insulator (4.4). The

way in which we have analysed the plateau has enabled us to essentially eliminate

finite-size effects and hence our results represent true “bulk” physics, avoiding revival

effects. To the best of our knowledge, our work constitutes the first example of robust

prethermalization plateau in a non-integrable one-dimensional fermionic model with

short range interactions.

As well as establishing the existence of the prethermalization plateau, the analyt-
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ical approach which we use allows us to explicitly construct the statistical ensemble

describing stationary values on the plateau: the so-called “deformed generalised Gibbs

ensemble”. The deformed GGE is constructed from the charges Qα(k) in Eq. (4.40),

that form a mutually commuting set, but interestingly they do not commute with the

Hamiltonian. For this reason, the charges are not conserved at an operator level,

but their expectation values 〈Qα(k)〉 on the time-evolved state |Ψ0(t)〉 are (approxi-

mately) stationary. Our construction is therefore quite different to that of Ref. [195].

We conjecture the deformed GGE idea applies more widely to quantum models in

one-dimension with weak integrability breaking and it would be interesting to test

this conjecture on other systems.

Moving beyond the regime of weak integrability breaking, we studied our model in

the limit of intermediate and strong interactions 0.4 . U . 10 using exact diagonal-

isation, tDMRG and quantum Monte Carlo. At intermediate U , where integrability

breaking is strongest, we observe behaviour that is compatible with thermalisation.

For large U we approach another integrable limit of the model and a prethermalization

plateau is once again observed on intermediate time scales. On the time scale acces-

sible to us with tDMRG we see no evidence for a crossover from prethermalization to

thermalisation.

Both the analytical CUT method and tDMRG computations are not able to access

long time scales on which we do expect the system to eventually thermalise. One

approach to describing the dynamics at very late times would be through a quantum

Boltzmann equation (see e.g. Refs. [212]), which is currently under investigation.
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Appendix

4.A Local conservation laws for H0

To derive the local conservation laws for the non-interacting Hamiltonian H(δ, 0)

we follow Appendix C of Ref. [173]. Below we give the local conservation laws and

summarise the salient points of the derivation.

The Hamiltonian can be written in the form H0 =
∑2L−1

i,j=0 aiHijaj where ai are

Majorana fermions {ai, aj} = 2δi,j defined by a2n = c†n + cn, a2n+1 = i(c†n − cn) and

H is a skew-symmetric block-circulant matrix of the form

H =




Y0 Y1 . . . YL̃−1

YL̃−1 Y0
...

...
. . .

...
Y1 . . . . . . Y0


 ,

where Yn are 4× 4 matrices with Yn = −YT
L̃−n and L̃ = L/2. We define the Fourier

transform of the block matrices as

(
Yn
)
jj′

=
1

L̃

L̃∑

k=1

e
2πik
L̃

n
(
Yk

)
jj′

with (Yk)jn = −(Y−k)nj.

For free fermions a complete set of local conservation laws can be given by fermion

bilinears I(r) = 1
2

∑
l,n alI

(r)
ln an where the matrices I(r) must satisfy

[
H, I(r)

]
= 0 and

[
I(r), I(r′)

]
= 0. (4.53)

The problem of deriving local conservation laws has now become the problem of

finding a set of mutually commuting matrices that also commutes with the Hamilto-

nian matrix H. At first sight the complexity of the problem does not seem to have

been reduced, but we can now utilise a useful property of the Hamiltonian matrix

H: the projectors onto eigenvectors of block circulant matrices are themselves block
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circulant matrices. This means one can consider I(r) that are block circulant:

I(r) =




Ȳ(r)
0 Ȳ(r)

1 . . . Ȳ(r)

L̃−1

Ȳ(r)

L̃−1
Ȳ(r)

0

...
...

. . .
...

Ȳ(r)
1 . . . . . . Ȳ(r)

0



.

Imposing Eqs. (4.53), we obtain the conditions
[
Yk, Ȳ

(r)
k

]
= 0 and

[
Ȳ

(r)
k , Ȳ

(r′)
k

]
= 0,

where Ȳ
(r)
k is the Fourier transform of Ȳ(r).

The construction of Ȳ
(r)
k is straightforward as Yk = Ak ⊗ σy, where we’ve defined

Ak =

[
J(1 + δ) + J(1− δ) cos

(
2πk

L̃

)]
σx − J(1− δ) sin

(
2πk

L̃

)
σy .

So Ȳ
(r)
k takes the form

Ȳ
(r)
k = q̄

(r)
k Ak ⊗ σy + q

(r)
k Ak ⊗ 12 + ω̄

(r)
k 12 ⊗ σy + ω

(r)
k 12 ⊗ 12, (4.54)

where the functions ω
(r)
k , ω̄

(r)
k , q

(r)
k and q̄

(r)
k are chosen such that the Fourier transform

satisfies (Ȳk)jn = −(Ȳ−k)jn.

The ambiguity in choice of functions leads to different representations of the con-

servation laws; following Ref. [173] we make a particular choice that ensures there is

a finite real-space range r0 of the conservation laws: I(r)
ln = 0 for |l − n| > r0. We

consider the conservation laws associated with each of the terms in Ȳ
(r)
k separately

and Fourier transforming back to real space we find

I
(r)
1 = −

L̃−1∑

n=0

J

2
(1 + δ)

[
c†2nc2n−2r+3 + c†2nc2n+2r−1 + c†2n+1c2n−2r+2 + c†2n+1c2n+2r−2 + H.c

]

−
L̃−1∑

n=0

J

2
(1− δ)

[
c†2nc2n−2r+1 + c†2nc2n+2r−3 + c†2n+1c2n−2r+4 + c†2n+1c2n+2r + H.c.

]
,

I
(r)
2 = −

L̃−1∑

n=0

J

2
(1 + δ)

[
i
(
c†2nc2n−2r+1 − c†2nc2n+2r+1 + c†2n+1c2n−2r − c†2n+1c2n+2r

)
+ H.c.

]

−
L̃−1∑

n=0

J

2
(1− δ)

[
i
(
c†2nc2n−2r−1 − c†2nc2n+2r+1 + c†2n+1c2n−2r+2 − c†2n+1c2n+2r+2

)
+ H.c.

]
,

I
(r)
3 =

L̃−1∑

n=0

[
i
(
c†2n+2r+2c2n + c†2n+1c2n+2r+3

)
+ H.c.

]
,

I
(r)
4 =

L̃−1∑

n=0

[
i
(
c†2n+2r+2c2n − c†2n+1c2n+2r+3

)
+ H.c.

]
,
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where r is a measure of the locality of the conservation laws and takes values 1 to L̃.

The local conservation laws I
(r)
3 , I

(r)
4 are independent of the microscopic parame-

ters of the theory; they arise from the 12⊗12 and 12⊗σy terms in Ȳ
(r)
k . The remaining

local conservation laws are dependent on the dimerisation parameter δ. Energy con-

servation is also manifest in the set of local conservation laws with I
(1)
1 ∝ H0.
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5. Summary and outlook

Let us finish by recounting some of the topics that we have discussed and highlighting

open questions.

In Chapter 2, we were motivated by experiments on the “telephone number”

compounds which observed the formation of a crystal of hole pairs, likely as a result

of the long-range Coulomb interaction inducing charge ordering (see Sec. 2.1.1 for a

detailed discussion). The net effect of the long-range Coulomb interaction is to induce

umklapp scattering at arbitrary fillings, and we study the effect of the 4kb umklapp

process on the ground state properties of the fermionic doped two-leg ladder with

Hubbard and nearest-neighbour density-density interactions. Using the perturbative

renormalisation group, we showed that the low-energy effective field theory coincides

with that of the Kondo-Heisenberg model (see Sec. 2.1.2). We obtain the ground state

phase diagram (Fig. 2.3) and show that there exists a region of the strong coupling

phase in which the dominant fluctuations are of superconducting type and carry a

finite wave vector (e.g. they are the one-dimensional analogue of Fulde-Ferrell-Larkin-

Ovchinnikov superconductivity [75]).

An important question for future studies is what is the effect of other types of

umklapp scattering? In Ref. [1] we made some progress on understanding the 3kb+kab

umklapp process, whose dominant fluctuations are of an interesting “composite” order

type which is difficult to understand, but the other types of umklapp scattering were

left for future studies. Another topic which requires further work is the calculation

of observables in the “chain representation”, which could help in understanding the

phases with composite order parameters.

It would also be interesting to explore the low-energy physics of generalisations

of the Kondo-Heisenberg model. Even in the simplest case (shown in Sec. 2.1.2)

with a non-interacting one-dimensional electron gas and a Heisenberg spin chain the
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physics is rather rich. Study of Kondo-Heisenberg-like models where the spin chain

has broken SU(2) symmetry from e.g. XXZ spin exchange interactions or the addition

of a magnetic field may reveal some interesting phases. Another generalisation which

may be interesting to study is the case of the three-leg-ladder where the central

leg is spin chain and outer legs are interacting electron gases. Could there be a

phase where the predominant fluctuations are of a composite superconducting type,

featuring electrons from both the outer legs of the ladder?

We remained concerned with the ground state properties of quasi-one-dimensional

quantum systems in Chapter 3 where we studied the dynamical structure factor of

a quantum spin model with the aim of explaining inelastic neutron scattering data

on the ferromagnet CoNb2O6. We presented numerical and experimental evidence

for the phenomenon of quasi-particle breakdown occurring in the paramagnetic phase

of CoNb2O6 as a direct result of the breaking of spin inversion symmetry (due to

a slightly misaligned transverse field in the experiment). This phenomena manifests

itself in “anomalous broadening” of the single particle mode shown clearly in the high-

resolution inelastic neutron scattering data of Figure 3.7. Our claim was supported

with large system (up to 28 sites) exact diagonalisation results, Figs. 3.8(a)–(f), for

a spin model with the exchange parameters fitted to experimental data.

The effect of finite temperature on the quasi-particle breakdown in CoNb2O6 is

an open question which can be addressed numerically with exact diagonalisation and

directly compared to appropriate experiments. We also plan to investigate the dynam-

ical structure factor for transverse fields below the critical field, where experiments

observe a complicated multi particle continuum structure [213]. It is unclear to what

extent quasi-particle breakdown may play a role in the ordered phase.

Moving away from the equilibrium properties of quasi-one-dimensional quantum

systems, in Chapter 4 we studied the out-of-equilibrium dynamics of the interacting

Peierls insulator. For the case of weak interactions, we used a combination of per-

turbative analytical calculations and the numerical time-dependent density matrix

renormalisation group to show that there exists a robust prethermalization plateau

in this model. We provide a description of the plateau in terms of a statistical ensem-

ble constructed from charges which form a mutually commuting set and whose ex-
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pectation values are (approximately) time independent, despite not commuting with

the Hamiltonian. We conjecture that this construction, which we call the “deformed

generalised Gibbs ensemble”, applies more generally to quenches in one-dimensional

quantum models with weak integrability breaking – it is important that further work

checks this conjecture. It would also be interesting to generalise the perturbative

procedure that we outlined to integrable interacting models, where the problem of

constructing the deformed charges will be much more difficult.

Perhaps the most outstanding problem in the treatment of non-integrable quan-

tum systems out-of-equilibrium is what happens in the long time limit? In Sec. 4.5

we present an argument which shows that CUT-like perturbative approach to the

problem can never realise the thermal ensemble. Does this mean that thermalisation

is a non-perturbative phenomena? One approach to tackling this problem is to use

“kinetic equations” or the quantum Boltzmann equation [212]. It is possible to “de-

rive” (under a given set of assumptions) such a set of equations from the Heisenberg

equations of motion and this set of equations have “feedback” loops which may result

in non-perturbative corrections. However, currently there exists no proof that (and

few studies examining if) these equations lead to thermalisation independent of the

initial conditions. Further study of the long time limit is a must for understanding

how and if closed non-integrable quantum systems thermalise.
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