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Abstract

Quasi-one-dimensional quantum models are ideal for theoretically exploring the
physical phenomena associated with strong correlations. In this thesis we study three
examples where strong correlations play an important role in the static or dynamic
properties of the system.

Firstly, we examine the behaviour of a doped fermionic two-leg ladder in which
umklapp interactions are present. Such interactions arise at special band fillings and
can be induced by the formation of charge density wave order in an array of two-
leg ladders with long-range (three-dimensional) interactions. For the umklapp which
arises from the half-filling of one of the bands, we show that the low-energy theory
has a number of phases, including a strong coupling regime in which the dominant
fluctuations are superconducting in nature. These superconducting fluctuations carry
a finite wave vector — they are the one-dimensional analogue of Fulde-Ferrell-Larkin-
Ovchinnikov superconductivity.

In a second example, we consider a quantum spin model which captures the essen-
tial one-dimensional physics of CoNbyOg, a quasi-one-dimensional Ising ferromagnet.
Motivated by high-resolution inelastic neutron scattering experiments, we calculate
the dynamical structure in the paramagnetic phase and show that a small misalign-
ment of the transverse field can lead to quasi-particle breakdown — a surprising broad-
ening in the single particle mode observed in experiment.

Finally, we study the out-of-equilibrium dynamics of a model with tuneable in-
tegrability breaking. When integrability is broken by the presence of weak interac-
tions, we show that the system relaxes to a non-thermal state on intermediate time
scales, the so-called “prethermalization plateau”. We describe the approximately sta-
tionary behaviour in this regime by constructing a generalised Gibbs ensemble with
charges deformed to leading order in perturbation theory. Expectation values of these
charges are time-independent, but interestingly the charges do not commute with the
Hamiltonian to leading order in perturbation theory. Increasing the strength of the
integrability breaking interactions leads to behaviour compatible with thermalisation.

In each case we use a combination of perturbative analytical calculations and
non-perturbative numerical computations to study the problem at hand.
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1. Introduction

At first sight condensed matter systems are overwhelmingly complicated: a stagger-
ing number of degrees of freedom are brought together, interact with one another
and, depending on the details of the material, realise phases of matters as diverse
as insulators, metals, superconductors, magnets, topological insulators and fractional
quantum hall fluids, to name but a few. The study of how such states of matter can
emerge from “simple” theoretical models has been fruitful, and some understanding
of the rich variety of phases observed in nature has been gained. However, even in
the simplest models of interacting quantum systems (such as the Ising model or the
Hubbard model), many questions remain unanswered and many properties of these
models incalculable.

Why are interacting quantum systems so difficult to study? Perhaps the greatest
difficulty in the study of such systems was eloquently described by Anderson [4] over
40 years ago

“The behaviour of large and complex aggregations of elementary particles,
it turns out, is not to be understood in terms of a simple extrapolation
of the properties of a few particles. Instead, at each level of complexity

entirely new properties appear. ..”

This appearance of new and distinct properties — so-called “emergent phenomena” —
is perhaps the defining feature of strongly correlated systems. It can mean that the
excitations in these systems bear little semblance to the constituent elements, making
the study of such systems difficult and often surprising.

In the hope of getting a concrete understanding of strongly correlated systems, we
turn to the study of low-dimensional quantum systems, where it has long been known

that strong correlations and collective phenomena rule the roost. The archetypal



example of emergent phenomena in a condensed matter context is the “spin-charge
separation” predicted in theoretical models [5, 6, 7] and observed over 30 years later
in experiments [8]. Given the difficulty in studying strongly correlated systems, it
is perhaps then surprising that one-dimensional quantum models are amenable to
theoretical treatment: in many cases we know how to reformulate them in such a way
that they become weakly interacting [6, 7] and in some special cases the quantum

problem can be solved exactly [9, 10, 11, 12, 13, 14, 15].

1.1 One-dimensional quantum models

The amenability of one-dimensional quantum problems to theoretical study is due to
a number of techniques which are peculiar to such theories. A special class of models,
so-called “integrable models”, are solvable via the Bethe ansatz [9, 10, 11, 12]. There,
much progress has been made in the last 30 years determining representations of cor-
relation functions in (non-nested) systems [12, 16] which can be efficiently evaluated
numerically [17]. Examples of one-dimensional integrable systems include experimen-
tally relevant models such as the Heisenberg (isotropic or anisotropic) magnet, the
Lieb-Liniger model of delta-function interacting bosons and the Hubbard model for
interacting electrons. More generally, non-integrable theories can be attacked us-
ing bosonisation and refermionisation [5, 6, 7] which maps the strongly interacting
fermion problem in to a weakly interacting bosonic problem. Critical one-dimensional
quantum systems (such as the Luttinger liquid or the critical transverse field Ising
model) can be studied with conformal field theory [14, 15] which gives insight into
critical phenomena and yields exact expressions for critical exponents and power laws
of correlation functions. We are also aided by powerful numerical methods, such as
the density matrix renormalisation group [18, 19], which allow us to explore problems
in parameter regimes where controlled analytical techniques no longer apply.

Let us now turn our attention to specific one-dimensional quantum models that
will be central to the problems studied within this thesis. In the subsequent sub-
sections we will review these models, highlighting salient features and show that the
restriction to one spatial dimension will have striking consequences, with collective

excitations and emergent phenomena being at the forefront.



1.1.1 The transverse field Ising chain

The transverse field Ising chain (TFIC) is a paradigm in the study of quantum mag-
netism [15, 20, 21, 22, 23] and may be derived from the transfer matrix of the classical

two-dimensional Ising magnet [15, 25]. The Hamiltonian is given by

L L
Hy=JY SiSiy+h> Si (1.1)
/=1 /=1

where J characterises the interaction between nearest neighbour spins, h is a trans-
verse magnetic field, L is the number of sites in the chain (we impose periodic bound-
ary conditions) and 57, S/, S§ are the three components of the spin operator S,. These
operators obey the commutation relations [Sg, Sf,] = 10y 0 €0p,S) Where €44, 1S the to-
tally antisymmetric tensor. The symmetrised combinations of the x,y components
give two non-Hermitian operators Sgi = S7 £4S] which act as raising and lower-
ing operators in the local spin space: flipping the spin configuration ST| |) = | 1),
S~| 1) =|{) or annihilating the state S*| 1) =5~ ]) = 0.

Beyond applications to quantum magnetism, the model itself was actually first
introduced in 1963 as a simple model for the collective motion of hydrogen bonds
in the ferroelectric KHoPO, [24]. In this material, protons at each site reside in the
minima of a double well (labelled by S* = +1) and may tunnel between the two
minima with amplitude h. The model was then treated semi-classically, allowing
de Gennes to make predictions about neutron scattering on the compound.

The model is not exactly solvable for D > 1 spatial dimensions, nevertheless
extensive progress was made in the 1970s in studying the properties of the TFI model
using mean field theory [21] and series expansions at high temperature [26] and low
temperature [27]. In the D =1 case, the model becomes exactly solvable and equal-
time correlators are known exactly for the ground state [20, 28, 29] and in out-of-
equilibrium for quantum quenches from the ground state [30]. The calculation of
dynamical correlation functions in the ground state of the TFIC remains an area of
active research 45 years after the exact solution was found [31, 32, 33, 34, 35, 36].

The TFIC will form an important part of our model in Chapter 3, so we will now

present the exact solution of the TFIC and the phase diagram, discussing concepts

which will be useful in the presented work.



1.1.1.1 The exact solution

The exact solution of the TFIC begins with the Jordan-Wigner transformation [37]:
an exact operator equivalence between spinf% operators and spinless fermions

1 1
@ T 2 T
Sy = 5(1 - QCéQ), Sy = 3 | | (1 — 2cjcj) (Ce —|—cz),
<t

j<
where ¢; (c}) is the spinless fermion annihilation (creation) operator on site ¢ of
the chain, which obeys the anti-commutation relations {c,, cz,} = 0o, {¢cpycpn} = 0.
Following the Jordan-Wigner transformation the Hamiltonian becomes
J hL
— T T T T
H = >, <Czcz+1 + CpCoq + Ca G+ CZJrch) —h) e+ >
¢ ]

J .
1 (1 + e“rN> <cTLcI +che +cle, + cch>,

where N = Z]L:l c}cj is the total number operator and the final term arises from the
periodic boundary conditions in the spin chain (with open boundary conditions no
such term appears). The boundary term enforces anti-periodic (periodic) boundary
conditions when there are an even (odd) number of fermions. For large systems the
boundary term may be neglected as the corrections to the eigenvectors and eigenvalues
due to it scale with L~!. Hereafter we neglect the boundary term.

We proceed by Fourier transforming the fermion operators ¢, = ) -, e*ley/ VL and

find the momentum space Hamiltonian
J h . hL
H; = Z { [Z cos(k) — 5] ( e+ CT—kC—k> +ig sin(k) <c£cik + cfkck>} + =
k

This can then be diagonalised by the Bogoliubov transformation

Ok e sin(k)
¢, = CO8 <5> Y + isin <3) A tan(fy) = m,

where 7, are new “Bogoliubov fermions”. The condition on the Bogoliubov parameter
0, arises from the condition that we have a diagonal Hamiltonian in terms of the

Bogoliubov fermions, which is given by

=" B0 (2 - 5)-

where the single particle dispersion is




The single particle dispersion F(k) > 0 and hence the ground state is easily con-
structed as the vacuum state for the Bogoliubov fermions ~,|0) = 0. Excited states
are constructed by adding Bogoliubov fermions to the ground state.

We see that the Bogoliubov fermions v are well-defined quasi-particles, with the
mode occupation numbers n; = 711%: commuting with the Hamiltonian (and forming
a mutually commuting set, so this is an integrable model [10, 12]). These fermions
are the emergent degrees of freedom of our model and are related in a non-local way
to the spin degrees of freedom, e.g. they are collective excitations of the system.

Before discussing the ground state phase diagram, it is useful to consider two
limiting cases of the TFIC and discuss the structure of the ground state and its

excitations at zero temperature.
1.1.1.2 Limiting case (i): h =0

In the limit of h — 0, the Hamiltonian retains only the Ising spin exchange interaction
Hi(h=0)=J)>,5;S;,, and the ground state is formed from either parallel (J < 0)
or anti-parallel (J > 0) neighbouring spins
J <0 J>0
SNl b)) S 1)

where +(—) denotes the states with even (odd) parity under the Z, global spin-
inversion symmetry S* — —5%. We have, of course, recovered the classical Ising model
and the ground states correspond to the classical ferromagnetic and antiferromagnetic
(Néel) states.

The excited states of the system correspond to single spin flips (with an energy
cost of J/2 as two exchange interactions have changed from —J/4 — +J/4). Adding
a small magnetic field h < J allows the domain walls to hop on the lattice, for

example they may move apart:

(MR ELEA) S AT I I S A L) S

Domain walls : thus become excitations with a well-defined momentum £ and excita-
tion energy F(k) = J/2 — hcos(k) + O(h?). The original spin flip excitation has, in
some sense, ‘fractionalised” into two domain wall degrees of freedom which can move

independently.



This fractionalisation of the spin flip into two degrees of freedom means that
inelastic neutron scattering in the ordered phase shows the two-particle (and at higher

energies, 2n particle) continuum of excitations [23].
1.1.1.3 Limiting case (ii): |h| — o0

In a strong transverse field, the ground state properties are dominated by the term in
the Hamiltonian H;(|h| — o0) = h)_,S7. The resulting ground state configurations

become polarised antiparallel to the transverse field direction

h <0 h >0
| > —=— ... =) | =< ... <),

where | =) = (] 1) + | 1))/v/2. Excitations are single spin flips in the completely
polarised state with energy cost 2h. Each additional flipped spin costs energy 2h and
hence domain walls : cannot move freely in this limit. The addition of a small Ising

term J < h allows the single spin flip to hop
]%%%5%5%%)i|%%fef%%%>$\%?e?%%%%)

The single spin flip becomes a quasi-particle with momentum & and excitation energy
E(k) = h — J/2cos(k) + O(J?).

As a result of individual spin flips being a good single particle excitation, inelastic
neutron scattering on the TFIC in the high-field paramagnetic phase will observe the

single particle excitation and at higher energies the multi particle continuum [23].

1.1.1.4 The ground state phase diagram

We have seen in the above two limiting cases that the nature of the ground state
and the low-energy excitations are very different at low and high-field. In fact, at
some intermediate field there exists a critical point separating the ordered state and
the paramagnetic state. Ignoring boundary conditions, the field at which this phase
transition occurs can be found using the Kramers-Wannier duality transformation:

following Refs. [15, 23] we define Pauli matrices p on a dual lattice:



Using that (0¢)* = 1y, it follows that pi 1 1+ = 0,. The Hamiltonian can now be
2 2
written in the dual form (we define h = gJ):

We now compare this to the original form of the Hamiltonian

J z __Z g x
H[—Z|:ZU€U€+1+§ZUE:| (12)
l )4

and we observe a symmetry of the model under the duality transformation which
implies the eigenvalues of H; obey E(J,g) = 2gE(J,g™!). At the critical point, the
lack of a spectral gap implies the model must be self-dual, e.g. E(J,gc) = E(J, g5"),
and hence 2gc = 1 and the critical transverse field strength is given by he = J/2.
This point separates the low-field ordered phase from the high-field paramagnetic

phase, as shown in Fig. 1.1.

Ordered Paramagnetic
Phase Phase Figure 1.1: Zero-temperature phase dia-

: >|hl gram for the TFIC.
0 he

Having established the presence of a critical point separating the ordered and
paramagnetic phases at zero-temperature, let us now briefly discuss the effect of
temperature on the long-range order of the TFIC. At finite temperature T" the ground
state minimises the free-energy F' = E — T'S, where F is the energy of the state
and S the entropy. Consider the long-range magnetic order of the ferromagnetic
state: inserting a domain wall costs energy of J/2 and it may be inserted on any
of the L — 1 bonds of the L site chain. The free energy is then given by F =
J/2 — kT log(L — 1) and the insertion of domain walls minimises the free energy at
any non-zero temperature for L — oco. Thus temperature melts long-range order in
the one-dimensional system. More generally, the Mermin-Wagner theorem [38] tells
us that a system with short range interactions in D < 2 cannot have a spontaneously

broken continuous symmetry at finite temperature.

1.1.2 The Peierls insulator

Let us now turn our attention to the Peierls insulator, whose out-of-equilibrium

physics will be considered in Chapter 4, alongside a closely related interacting model.

7



In its simplest realisation, the Peierls insulator describes spinless fermions with mod-

ulated hopping
Hp = —tz [1 - 5(—1)5} (c}c@rl - czﬂcz), (1.3)
¢

where t is the average hopping amplitude and § is a (dimensionless) dimerisation
parameter which describes the modulation of the hopping. Such dimerisation can
naturally arise in a crystal structure which breaks translational invariance from one-
site to two-site, as illustrated in Fig. 1.2.

Uniform:

® ® ® @ o o Figure 1.2: Schematic of the periodic
Dimerized: t (uniformly spaced) and dimerised crystal
. structures.
*—o *—@ *—0
t+6 t-6

The Peierls insulator (1.3) is exactly solved by Fourier transformation and Bogoli-
ubov transformation (see Eq. 4.6 onwards in Chapter 4). The resulting Hamiltonian

is formed from two bands o = £ separated by an energy gap of 4|dt|

Hp =Y > ealk,0)al(k)ay,(k),  ealk,8) =2at\/6? + (1 - 6?) cos?(k),

a=+ k

where the momentum k is restricted to the two-site Brillouin zone 0 < & < m. As
+ey(k,0 #0) > 0 the ground state | V) consists of a completely filled “—” band

@) = [ [ o' (k)|0),

k>0
where |0) is the fermion vacuum a,(k)|0) = 0. The ground state is thus half-filled,
containing L /2 fermions.
One surprising result [39] concerning (1.3) is that the half-filled periodic chain
(§ = 0) possesses an instability towards the formation of dimerisation 6 # 0. This

follows from a rather simple argument: the ground state energy Fy(d) is given by

w/2
Eo(0) = 2/ dk e (k. ),
0

and satisfies

Eo(0) — Ey(5) = 4J[8(1 _ ) - 1] >0,

 This instability was discovered by Peierls in the early 1950s whilst preparing a text book, and
was not formally published.



where £(m) is the complete elliptic integral of the second kind [40]. Thus it is en-
ergetically favourable for the chain to dimerise and open a gap in the spectrum, the
so-called “Peierls transition” (often called the “Peierls instability”). In reality, the
structural distortion pictured in Fig. 1.2 is associated with phonons — a dynamical
degree of freedom. A generalisation of the Peierls insulator which treats the dynam-
ics of the lattice distortions was used by Su, Schrieffer and Heeger (SSH) [41] to
describe the behaviour of polyacetylene. The phase-diagram of the one-dimensional
SSH model was later obtained by Fradkin and Hirsch [42] and interaction effects were
investigated by Kivelson and Heim [43].

Interest in the Peierls transition was readily established in the 1970s with the
discovery of superconductivity in quasi-one-dimensional organic compounds, observed
to exhibit a Peierls transition at higher temperatures [44]. Very soon after this, the
Peierls transition was also observed in quasi-one-dimensional (non-organic) metallic
systems [45] and an analogous effect in spin systems was also observed [46] (the “Spin-
Peierls transition”). More recently, the Peierls transition has been experimentally
observed in one-dimensional gold nanowires deposited on silicon surfaces [47]. In these
systems, one of the bands in the nanowire is half-filled and is observed to undergo a
metal-insulator transition with accompanied lattice distortion as the temperature is
lowered. In another case, where the crystal structure of the nanowire is tuned such
that there is both a half-filled band and a one-third-filled band, Peierls transitions
are observed in both bands [48] and parts of the crystal structure distort to dimerise

or trimerise, respectively.

1.1.3 The Hubbard model

We finish our review of the models central to the problems presented in this thesis
with the Hubbard model, which forms the basis of Chapter 2. The Hubbard model
is the simplest model of interacting electrons
Hy =—t Z Z (ij,eca,e/ + CL,Z’CJ,K) + UZ”T,WM (1.4)
o=, (£,0) ¢
where ¢ is the hopping amplitude, U is the interaction energy, (¢, ¢') denotes nearest

neighbours and n,, = cj, /Co¢ 18 the number operator for spin o electrons on site ¢



of the lattice. Only the interaction between electrons sitting on the same site ¢ has
been kept, with all longer range interactions neglected. This can be justified for s
electrons, where the orbital radius is much smaller than the lattice spacing [49] or for
d electrons in a transition metal where the s electrons screen interactions [50].

The Hubbard model (1.4) was proposed independently by John Hubbard [49], Jun-
jiro Kanamori [50] and Martin Gutzwiller [51] in 1963, with the aim of understanding
correlation effects in narrow band models (Hubbard) and the effect of interactions on
ferromagnetism in transition metals (Kanamori and Gutzwiller). It was then further
studied with approximate techniques in a landmark series of paper by Hubbard [52]
which have had a lasting impact on the theory of solids [53].

Following these works in the 1960s, the Hubbard model has been used to study
an increasingly diverse number of phenomena, from the high-temperature cuprate
superconductors (see e.g. Ref. [54]) to the Mott metal-insulator transition [55] and
band magnetism [56]. For all its apparent simplicity, the Hubbard model in general
dimensions D is not fully solved and there are no well-controlled analytical approaches
for studying the problem with U ~ 4t (the region most relevant for e.g. the high-T,
cuprates). Instead, for a generic spatial dimension D one must resort to numerical
studies where even the nature of the ground state phase diagram is actively debated
(see for example, in two dimensions Refs. [54, 57]).

There are, however, two particular cases in which the exact solution is known.
In the first case, the lattice coordination number z is taken to infinity (often called
the infinite-dimensional limit) and non-trivial electron—electron correlations can be
retained by taking this limit in particular way [58, 59], resulting in the “dynamical
mean field theory”. The other exact solution is found in the opposing limit of z = 2
(e.g. one spatial dimension), where Lieb and Wu [60] constructed the exact eigenstates
of the Hubbard model using the Bethe ansatz [9, 10, 11, 12]. A rather complete
exposition on the ground state properties and excitations of the one-dimensional
Hubbard model can be found in the monograph [11]. It is on this limit that we will

focus the remainder of our discussion.
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Figure 1.3: Illustration of linearisation of
the spectrum (dashed black line) about
Ee the Fermi point kr for a generic dispersion

/s (red solid line).

N
v
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1.1.3.1 Spin-charge separation in the Hubbard model

Let us begin our discussion of the one-dimensional Hubbard model by highlighting
a quintessential example of emergent phenomena: the separation of spin and charge
degrees of freedom. We begin by considering the Hubbard model with weak interac-
tions at a generic filling (away from the top/bottom of the non-interacting band or
commensurate fillings); the low-energy degrees of freedom occur within the vicinity
of the Fermi points +kp. Focussing on these low-energy degrees of freedom, the de-
tailed band structure can be approximated by a linear spectrum, as shown for the
right Fermi point in Fig. 1.3. This corresponds to splitting the electron into left and

right moving components according to
Cpp ™ V0 Ra(x)eik” + Lg(x)e’ik”] , (1.5)

where R, (z)/Ly(z) is the right/left moving fermion field with spin o at = fay and
ag is the lattice spacing.
Following the linearisation (1.5), the continuum limit of the one-dimensional Hub-

bard Hamiltonian (1.4) is

Hy = vp/dx(;u: [iLI,(m)@xLU(x) —iRL(m)@ng(x)} :

LU / de| : (Ri@)R, (@) + L)L, (@) (Rl @) Ry (@) + L}(@)L, (2))

—: Rl(2)R ()L} (z)L(x) : — : R(z)R(2)Li(z)L, () : } (1.6)

where : O : denotes normal ordering’ of the operator O, the first term is derived

tThis is necessary as the linearisation of the spectrum introduces divergences into the theory,
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from point-splitting (see e.g. Chapter 2 or Ref. [61]) and oscillatory terms have been
suppressed by the integration over x. Here we have introduced the Fermi velocity
vp = 2tagsin(krag) and we have redefined the interaction parameter U — U/ay.

To show the separation of spin and charge degrees of freedom in the Hubbard
model, we proceed to bosonise [6, 7, 11, 61] the low-energy Hamiltonian.! The fol-

lowing operator identities hold in one spatial dimension [6, 7, 14]

K, . K . _

RT N o c ol Arps () : LT ~ 4 .ol Ao () : 1.7

o)~ e o)~ e (17)

where the bosonic fields obey [p,(2), g (2')] = —[@s(2), @or (2)] = sgn(x —a')i /4y o

and [p, (), Po(2")] = /40, . which enforce the anti-commutation of electrons with
the same spin, whilst {k,, ks } = 2, enforces the anti-commutation of electrons
with different spins. The kinetic term is evaluated by point-splitting, and it follows

that in terms of the bosonic fields the Hamiltonian takes the form

U
Hy = ve [do Y (@) + @upal] s 45 [ dos0uor + 0000000+ 0
o=}
2U

+ (271'&0)2

/deiCOS [\/E(SOT_S%"’@T_@O} L

A natural basis for the bosonic fields describes spin (s) and charge (¢) fluctuations:

1 1
b= Llorprtal, o= Lloners-a)
NG PrTPLT e T e V2 Pr—PL TP P

0= plora-a-al o= la-n-aral
c \/5 Pr TP PPl s \/5 Pr—PL—Pr TP
where © and ® are conjugate fields in each sector. In this basis the low-energy

effective Hamiltonian takes the simple form

H = H,+H, (1.8)

H o= / Qo [K (0,80 + K(0,0.7] -

20 1
H, = D K7H0,9,) + K B : D) :
s vs/d:c [ s (0:P4)" + S(ax@s)] +— (2%@0)2/(13: cos(V8mdy) :,

where we have defined the Luttinger parameters

1 1

Kc: and Ks: 5
V1+U/dmop V1—=U/dmvg

which may be regulated by introducing a cutoff momentum/energy or by consistent normal-ordering.
Normal ordering is discussed further in Chapter 2.

TA full discussion of bosonisation can be found in Chapter 2, where bosonisation is used exten-
sively.
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and the velocities v. = vp/K., vs = vp/Ks. These parameters characterise the
strength of the interactions: K > 1 is effective attractive interactions and K < 1 is
the repulsive regime.! We see that in the low-energy effective theory the spin and
charge degrees of freedom have decoupled: they even have different velocities. This
is the phenomena of spin-charge separation, which is quite generic in one-dimensional
quantum systems [6, 7]. The separation of spin and charge in the Hubbard model

holds beyond the low-energy limit and applies to excitations at all energies [11].

1.1.3.2 The Luttinger liquid

The low-energy renormalisation group fixed point of the Hubbard model at generic
filling (1.8) and repulsive interactions® is given by a two-component Luttinger liquid [6,
11]:

Hiva = 3 va/dx 10,8, + Ka(ax@a)Q] .

a=c,Ss
where K, is the renormalised Luttinger parameter and v, is the renormalised exci-

tation velocity. This can be written as a free theory by rescaling the bosonic fields
=VK,P,, 0, = (:)a/ K,, giving
Hﬁxed - Z Ud/dx a (I) (azéa)2

As this is now a theory of free bosons, we can calculate bosonic correlation functions
and hence correlation functions of the original fermions via (1.7). For example, the

Green’s function of right-moving spin-1 fermions is

(R@R ) - — <p[— Z(KC‘T’CTGC+@S+@8)<9:>]:

27T6l0

Ko+ R 4R+ K51

1 1 ‘
21 \ |z —y|

T The SU(2) spin symmetry sets K, = 1, which follows from a full renormalisation group treat-
ment of the interaction terms.

IFor repulsive interactions, the cosine term in the spin sector is marginally irrelevant and gives log-
arithmic corrections to correlation functions, which we neglect. In the attractive case it is marginally
relevant and causes a spin gap to open, in an analogous manner to the umklapp process we’ll discuss
in the next section.
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which shows that in the presence of interactions (K. # 1 and/or K # 1) the fermions

acquire an anomalous dimension.
1.1.3.3 Half-filling and umklapp scattering

Having discussed the phenomena of spin-charge separation at generic fillings in the
Hubbard model, let us now consider the case of half-filling, which will be of some
relevance to Chapter 2. At a density of one electron per site, the Fermi wave vector
kr = m/2 and some of the terms dropped in (1.6) because they oscillated at 4kg are
no longer suppressed by integration over x. In our low-energy effective theory we

must include the interaction terms
Huyn =-U / dz - [RH&:)Ri(x)LT(x)Li(x)e’M” + Li(2) L] (2) R (2) R, (x)e"*r™ | -,

where exp(+4ikpz) = 1. These scattering terms, which do not conserve the number
of left and right movers, are known as “umklapp” interactions.” Importantly, at half-
filling such terms connect the low-energy degrees of freedom at the Fermi points, see

Fig. 1.4. This has striking consequences for the behaviour of the low-energy degrees

of freedom.
E
Figure 1.4: Schematic figure of umklapp
scattering at half-filling, where two left
4k, =2m . .

\ — movers (blue circles) scatter in to two

) ‘ available right moving states (white va-

\ cancies).

| | k

ke 0 ke

Bosonising the umklapp term and adding it to the Hamiltonian (1.8) we find

H = vc/dx: [Kgl(axcbc)Q + Kc(ax@c)ﬂ : —g#/dx : COS(@@C) :

T (2mag)?
+ v /d:c: [K’1(8®)2+K(8@ )2} :+g;/dx:cos(\/§<b):
s s T *s s\UzYs T (271'0/0)2 s )

which shows a symmetry under changing the sign of the interaction U — —U, where

we recover the same theory with ¢ <+ s. The effect of the cosine terms on the low-

"Umklapp derives from the german word for fold/flip over, and its use in this context is due to
Peierls [62].
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energy effective theory can be obtained from the renormalisation group flow [11]. As
was the case in the previous subsection, the spin cosine remains marginally irrelevant
and the low-energy fixed point of the spin sector is a Luttinger liquid. However,
in the charge sector the cosine is marginally relevant and flows to strong coupling.
This then pins the bosonic field @, to one of the maxima of the cosine potential and
becomes an effective mass term — at energies below this mass gap, the charge degree
of freedom becomes “frozen”. This is the Mott metal-insulator transition [55] in the
one-dimensional Hubbard model, which occurs for any U # 0.

This picture from the renormalisation group flow is consistent with the conven-
tional large-U picture of the half-filled Hubbard model [11]: double occupancy is
suppressed, but energy can be lowered by the virtual process which hops an elec-
tron onto a neighbouring site and back again. Such processes can only occur if
neighbouring spins are antiparallel, leading to a low-energy effective theory (derived
from second-order perturbation theory) describing the Heisenberg antiferromagnet
Hysq ~ J>,S; - Sep1 with J ~ 4¢2/U. Charge fluctuations are frozen by the large
onsite repulsion, but spin excitations exist and can propagate (in a similar manner

to that discussed for the TFIC, Sec 1.1.1).

1.2 This thesis

In the above, we began by reviewing a number of properties of the models that we
will study in this thesis. Each chapter also contains introductory technical material
specific to the problems therein and motivation/background to the problem. The re-
mainder of this thesis is laid out as follows: in Chapter 2, motivated by the apparent
interplay of charge ordering and superconductivity in the enigmatic cuprate super-
conductors, we study the properties of the extended Hubbard model on the two-leg
ladder with the addition of “umklapp-like” terms, which may arise from long range
Coulomb interactions with charge order in a material. We derive the low-energy effec-
tive field theory for one such case and find the zero-temperature phase diagram. We
show that such umklapp scattering can lead to phases whose dominant fluctuations
are of an interesting superconducting type with finite centre of mass momentum, the

one-dimensional analogue of the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) supercon-
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ductivity in the absence of a magnetic field.

Following this, in Chapter 3 we move away from studying the ground state
static properties and examine the equilibrium dynamical properties of a quasi-one-
dimensional quantum magnet, CoNbyOg. In this, we are motivated by inelastic neu-
tron scattering experiments which reveal an unusual “anomalous broadening” of the
single particle mode in part of the Brillouin zone. We study the dynamical structure
factor of an effective model for CoNbyQOg, a perturbed transverse field Ising chain,
using a combination of diagrammatic perturbation theory and numerical exact di-
agonalization on systems of up to length L = 28. We show that this anomalous
broadening is consistent with quasi-particle breakdown — a many-body quantum me-
chanical effect induced by a small misalignment of the magnetic field in experiment.

In contrast to the previous chapter, we study the out-of-equilibrium dynamics of
a one-dimensional quantum system in Chapter 4. We examine the effect of breaking
integrability in a quantum quench by adding interactions to the Peierls insulator.
When integrability is weakly broken, we show the system approaches a non-thermal
quasi-stationary state at intermediate times after the quantum quench. We show
that stationary values of local observables in this non-thermal state may be described
by a generalised Gibbs ensemble with modified charges and we explicitly construct
these charges. Interestingly, the charges are only conserved at an expectation value
level — they do not commute with the Hamiltonian to the required order in perturba-
tion theory to be conserved at an operator level. Our construction shows that when
integrability breaking is weak there is still a time scale on which integrability gov-
erns the time-evolution. Following this we increase the strength of the integrability
breaking and show by numerical calculations that the behaviour is consistent with
thermalisation.

We finish this thesis in Chapter 5 with a brief summary of our main results and

we highlight some of the open questions.
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2. Finite wave vector pairing in

doped two-leg ladders

2.1 Introduction and background

Umklapp processes can lead to a profound restructuring of the ground state and
low-energy properties of a system. This is well illustrated by the one-dimensional
Hubbard model [11] introduced in Chapter 1, where at half-filling the Fermi wave
vector is 4kp = 2m/ag and umklapp scattering processes connect opposite Fermi
points, opening a spectral gap for single-particle excitations. In a similar way, half-
filled two-leg ladders are known to have a variety of insulating states as a result of
umklapp scattering [63, 64, 65, 66]. In both these cases, umklapp scattering becomes
relevant at a particular commensurate filling of one electron per site, independent of
the details of the interaction. However, in multi band systems, such as the two-leg
ladder, there are other sorts of umklapp scattering which will connect Fermi points
at certain other band fillings, which generally do dependent on microscopic details
of the band structure and the interactions. These types of umklapp scattering have
not been well studied and it is with these umklapp processes that we will concern

ourselves in this chapter.

2.1.1 Long-range Coulomb interaction and umklapp processes

One example where multi band umklapp processes may play a crucial role is the
“telephone number compound” Sryy_,Ca,Cus Oy [67, 68]. X-ray scattering tech-
niques have established the presence of a standing wave in the hole density without a
significant lattice distortion in this material [67]. The simplest explanation for these

findings is a crystalline state of pairs of holes [69, 70].

17



The physical origin of the hole crystal is likely to be the long-ranged Coulomb

interaction between ladders:

l
H = E Vkln n

i,5,k,!
where i, j label sites within each ladder and k,[ are ladder indices. Generically V’“l

has a complicated dependence on 1, 7, k, [ and includes effects such as screening.
:I I I I: Figure 2.1: Schematic diagram of
the weakly coupled ladder geometry of
Ref. [70], used to model the crystal of hole
:I I I I I: pairs in Sri4_,Ca, CuggOyg.

Following Almeida, Roux and Poilblanc [70], we treat the long-range Coloumb

interaction in mean-field (MF'), focusing on only the interactions between the nearest-
neighbour (NN) ladders (see the dotted bonds in Fig. 2.1). This leads to a model of
decoupled ladders subject to a self-consistent periodic potential

kaln nl) NN Z l+1 ﬂ Z,u

2,7,k,l 1,i,(5):

with ul Z ZH

where (j); denotes only those sites j which are neighbours of ¢ (denoted by dotted
bonds in Fig. 2.1) . It will usually be the case that the Coulomb repulsion will be
minimised by the formation of a charge density wave (CDW), that is the density will

take the generic form

(n;) =n [1 + Z Pq cos(qj)} :

q€eS

where n is the average density, p, are the amplitudes of the Fourier components ¢ of
the density and S is the set of Fourier components (e.g. 2kp, 4kp, ... which depend
upon microscopic details and the band structure).

Let us now consider the effect of adding such terms within a single ladder. Pro-
vided that the interaction strength V- is weak in comparison to the inter-ladder

hopping amplitudes, we can consider the effect of CDW formation by projecting the
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new terms on to the low-energy degrees of freedom which are found in the vicinity
of the Fermi points. The projection of the self-consistent periodic potential induces
scattering between these degrees of freedom: in the continuum limit, we have added
terms of the form
[ s platnto) = [ a3 pcostaiota). 2.)
qes
where p(z) is the density operator on the ladder. This can be decomposed into its

Fourier components

pla) = pola) + 3 ), (2.2)

kes’

where S’ is the set of Fourier components for the density operator n(x) (for a system
of identical coupled ladders, the sets of Fourier components in each ladder will be
identical, e.g. S = 5’). The integral over = suppresses oscillatory terms:
/dx plx)p(x) o /dx Z Zéhq,uq[ﬁk(x) + H.c.].
keSS’ qes

In effect, we see that CDW formation has imposed a lattice on the electronic degrees
of freedom which is commensurate with the filling (at arbitrary filling of the crystal
lattice) and consequently induces umklapp scattering. In an interacting theory, an
important question of current interest is what effect do such terms have on the ground
state properties and excitations of ladders?

We should also note that in complete analogy with the above, umklapp processes
can equally well be induced by imposing an ezternal periodic potential. This has
recently been demonstrated in carbon nanotubes, where a monolayer of noble gas
is adsorbed on to the surface, forming a periodic structure which couples to the

electronic degrees of freedom [71].

2.1.2 The Kondo-Heisenberg model (KHM)

Another case in which it is known that umklapp processes have very interesting
physical consequences is the Kondo-Heisenberg model [72, 73] (KHM). The KHM is
a model of spin—1/2 fermions on a two-leg ladder with inequivalent legs: one leg of
the ladder is half-filled whilst the other has less than one electron per site. As a

consequence of umklapp interactions, the half-filled leg has a large Mott gap and this
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results in tunnelling between the two legs being suppressed at low energies. Virtual
processes, which hop from the metallic leg to the Mott insulator and back result in an
effective Heisenberg exchange interaction between the electrons in the two legs. The
resulting low-energy model of such a two-leg ladder consists of a spin—1/2 Heisenberg
chain (leg 1) coupled to a one-dimensional electron gas (1IDEG, leg 2) through across-
rung exchange interactions.

In its simplest guise, the KHM was studied extensively in Refs. [72, 73]. There,

the 1IDEG is taken to be non-interacting and the Hamiltonian takes the form

Hynv = Hipee + Hueis + Hi,
Hippe = —t Z C;r',acj—i-l,a +H.e—p Z C;,ocj,a’
j,cr j70

HHeis = JHZSj'SjJrlJ
J
a 1 a
e = 5[]
7,a

with S the a = x,y, 2 component of the spin operator S; on site j of the spin chain
leg and 7% are the a = x,y, z Pauli matrices. For Jg,t > Jg the continuum limit
can be taken for the 1IDEG and the Heisenberg chain; for the generic case of the
Fermi momentum of the 1IDEG being incommensurate with lattice the low-energy

field theory is given by (H = [ daH)

HIDEG - Z U?a [Koe(awgoc)2 + Ki(axgba)ﬂ 5

M = o [08.7+ (@.6.7].

M = 25[(0,0.)" ~ (046.7]

+ LS cos(\/EQ_)[cos(\/Egb_)+cos(m¢+) ; (2.3)

2(ma)?

where the low-energy degrees of freedom are bosonic fields satisfying [¢, (), 0,04 (2")] =
i6(x — '), K, (v,) is the Luttinger parameter (velocity) of the a boson in the 1DEG,
7, is the velocity of the spin boson in the Heisenberg chain and Jy, Jx are interaction
parameters. The fields ¢. s describe charge (¢) and spin (s) spin fluctuations in the
IDEG, with Luttinger parameter K, and excitation velocity v, (a = ¢, s). The spin

degrees of freedom in the Heisenberg chain are represented by the bosonic field b5 and
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the Luttinger parameter K, and spin velocity 9. The across rung “Kondo” interaction
couples the spin degrees of freedom in the two legs of the ladder and is most conve-
niently expressed in terms of the symmetric/antisymmetric fields ¢ = (¢ = @5)/V2
and 0 = (0, %+ 0,)/v/2. The process for deriving the above low-energy field theory in
terms of bosonic fields, bosonisation, will be discussed in detail later in the chapter.

When Ji < 0 (ferromagnetic across rung interaction) the renormalisation group
(RG) flow of the Hamiltonian is to weak coupling and one recovers a three-component
Luttinger liquid where correlation functions can be calculated in the conventional
manner, see Sec. 1.1.3.2. When Jig > 0, the non-interacting fixed point is no longer
stable and the RG flow is to strong coupling [74] and a phase in which the charge
degree of freedom remains gapless and a spin gap is established (this can be seen
in a number of ways: (i) the term cos(v/4m0_) cos(v/4r¢,) flows to strong coupling,
pinning 6_ and ¢; (i) Sikkema, Affleck and White [74] showed that the spin sector
of the KHM at generic filling is equivalent to a zig-zag spin ladder and established
a gap using numerics (DMRG); (iii) in the limit that the spin velocities in the two
legs are identical, the model realises the spin sector of the SU(2) Thirring model [72],
known to have a gap through RG arguments [74]).

Having established that there are two accessible phases in the KHM, it is natural
to ask what is the predominant order in the phase? For example, is there supercon-
ducting order A o RM/I + L%RI or CDW order O¢pw RHJT + RII@ + H.c. in the
IDEG? Here one must be careful as the Mermin-Wagner theorem [38] tells us that it
is not possible to break a continuous symmetry of a one-dimensional quantum model.
Clearly order parameters break just such a symmetry (A breaks the U(1) charge
conservation symmetry, whilst Ocpy breaks the two U(1) symmetries reflecting con-
servation of L/R movers). Instead, we study the two-point correlation functions of
order parameters and use that the slowest decaying two-point functions correspond
to the most divergent susceptibilities, which would be stabilised into true long-range
order in a quasi-one-dimensional material by weak 3D couplings [6].

The strong coupling phase was studied analytically by Zachar and Tsvelik in
Ref. [72], where they found that the conventional singlet pairing order parameter A

and the 2kr CDW order parameter Ocpw are incoherent (the two point functions of
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these operators decay exponentially). They showed that there are gapless modes of a
“composite nature” which mix degrees of freedom on the spin chain and in the 1DEG,
for example O,_gp o R}, (ITy)agL}; -S, where R/L are right/left moving fermion fields
in the 1DEG.

More recently, Berg, Fradkin and Kivelson [73] used density matrix renormali-
sation group (DMRG) calculations to show that there is also quasi-long-range su-
perconductivity in the KHM. This superconducting order is not the usual singlet
superconductivity (which is incoherent), but has wavenumber 7w and is “bond cen-

tred”

. 1 ;
AL(j) = 5(=1) <c}¢c}+1, L= +m>. (2.4)

This rather surprising result constitutes an example of the 1D Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state [75] in the absence of a magnetic field. Through this
example, we see that umklapp scattering can have a profound effect on the properties
of the system — in the KHM we realise an unconventional form of superconductivity
and interesting types of composite order due umklapp scattering opening a Mott gap

and the subsequent RG flow of the low-energy theory being to strong coupling.

2.1.3 This chapter

This chapter is organised as follows. In Section 2.2 we introduce the lattice model that
we study, derive the low-energy effective field theories in the “band” and “chain” limits
of the Hamiltonian and discuss how we account for the external periodic potential.
In Section 2.3 we consider the a particular umklapp process (the “4k, umklapp”) in
both band and chain representations of the model. By means of renormalisation group
calculations we derive the effective low-energy theories describing the strong coupling
fixed points. In the band representation we find the zero-temperature phase diagram
and analyse the predominant fluctuations in each phase, showing that part of the
strong coupling phase has quasi-long-range order described by fluctuations which are
of a superconducting type and which carry a finite wave vector, the one-dimensional
analogue of FFLO superconductivity. Section 2.4 summarises the density matrix
renormalisation group algorithm, before presenting data in intermediate parameter

regimes. Section 2.5 contains the conclusions and a number of technical points are
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discussed in several appendices.

2.2 Lattice model and low-energy description

(b)

E(k)
|

Ky

&
s

Figure 2.2: (a) Extended Hubbard ladder with different leg and rung hopping am-
plitudes and density-density interactions. (b) The non-interacting band structure for
the tight-binding model on the ladder, with the Fermi wave vectors labelled.

In the following we consider spin—1/2 fermions on a two-leg ladder (Figure 2.2
shows schematically the ladder geometry) with Hubbard and nearest-neighbour density-
density interactions. In addition we allow an external periodic potential to be present,

the physical origin of which is discussed in Sec. 2.1.1. The Hamiltonian is given by

2 2
Hladd(K) = —t Z Z(az,m—i—lﬁaﬁ,m,o + az,m,aaf,m—i—l,a) + U Z Z nZ,m,TnZ,m,i

m,o (=1 m (=1

E T T
— 1 (al,m,aalmﬂ + a2,m,aa1,m,o) + VJ— N mMom

m,o m
2 2

+ V) Z Z Mg Mot T Z Z Wi cos(K1) ny,,, (2.5)

m (=1 m (=1
where as,,, are annihilation operators for spin-o electrons on site m of leg ¢ of
the ladder and ng,,, = a}tma%mo_. U is the Hubbard interaction strength, V|
and V| are the density-density interaction strengths along the rung and leg directions
respectively and the periodic potential is characterised by its strength on each leg I 5

and the wavenumber of its modulation, K. The lattice model (2.5) has U(1) x SU(2)
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symmetry, with an additional Zy symmetry if W, = Wy, It is useful to rewrite the
periodic potential term as

Y cos(Km) [WJr(an +ng) + W (0 — g0 (2.6)

where W, = (W; £ Ws,)/2. A non-zero W_ breaks the symmetry between the two
legs of the ladder. In the following we will only consider terms which do not break
the leg symmetry and so we set W_ = 0. In order to see which wave numbers K will
lead to the most pronounced effects for weak interactions and small W 5 it is useful
to consider the band structure of Hj,qq in the absence of interactions. We introduce

the bonding (b) and antibonding (ab) variables by

1 1
A1 no + A2 no ) > Cab,n,a = Ao — Ao2neo > (27)

C = —=
bn,o \/§ \/5

as in terms of these operators the non-interacting tight-binding Hamiltonian Hjaqq.0

is diagonal in momentum space

Hisado = Z > (k) (B)e; (k). (2.8)

where j = 1,2 =b,ab, ¢, (k) = L1/2 Zn eikmcj’ma and

» Yo
e1(k) = —2tcos(k) —ty, e(k)= —2tcos(k)+t,. (2.9)

The corresponding band structure is shown in Fig. 2.2(b). For weak interactions the
low energy degrees of freedom occur in the vicinities of nk, and nk,, where n is an
integer and kj, k are the Fermi momenta of the bonding and antibonding bands
respectively, see also Sec. 1.1.3.1. It is then clear that external potentials with wave
numbers K = nik,+noky, will affect the low-energy degrees of freedom most strongly.
In the following we concentrate on the case with K = 4k;,. As we will see, in the case
of strong interactions but small £, an analogous picture applies.

There are two complementary limits in which one can derive a field theory for
the lattice Hamiltonian (2.5). Firstly, one may start from the non-interacting tight-
binding Hamiltonian, diagonalise it by transforming to bonding and antibonding
variables and subsequently treat the interactions perturbatively using RG methods

(66, 77, 78, T9]. Hereinafter this approach will be called the “band representation”.
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Secondly, one starts from a model of two strongly interacting uncoupled chains and
treats the across rung hopping ¢; and density-density interactions V| as perturba-
tions [80, 81]. We call this approach the “chain representation”. In the following

subsections we summarise the two approaches in turn.

2.2.1 The band representation U,V; < t,t,

Here we start from the tight-binding model obtained by setting U,V; = 0 in the
Hamiltonian (2.5). The non-interacting Hamiltonian is diagonalised by the trans-
formation (2.7) to bonding/antibonding (b/ab) variables and has split bonding and
antibonding bands (2.8), depicted in Fig. 2.2(b). As our interest is in the low-energy
behaviour of the system, we linearise the spectrum about the Fermi points (under the
assumption that the Fermi level is away from the top/bottom of a band), see Fig. 1.3.

The low-energy projections of the lattice fermion operator are then

Cimo ™~ V0 [Rj,g(fr)eika + L, (x)e ™| (2.10)

where = nag, L(x) and R(z) are left and right moving fermion fields close to the
Fermi points, kp (kq) is the Fermi wave vector in the bonding (antibonding) band
and ag is the lattice spacing, which serves as the short-distance cut-off of the theory.

The interactions are conveniently expressed in terms of currents [66], which following

Ref. [82] we define as

1 a 1 a
IZ}; = §Ri,a €oo’ Rj,o"? I’L]R = §Ri,o(60 )UU/Rj,UH (211)
1 1
R _ T aR __ T _a
J’Lj —_— 5Ri7g Rj,0'7 J’L] — §RZ',UO—O'O'/Rj7O'/’ (212)

and similarly for left-moving fermion fields with R <> L.

The low-energy Hamiltonian then takes the form H = [dx [Ho + Hy + Hw]

2
Ho = > v iR, +iLl,0.L,,).

j=1
Mo = D el = apif It + 3 I iy = PR it it
¥ i)
PeS y==%x

25



Here pg)(x) are the Fourier components of the low-energy projection of the density
n1;+ng,, which arise from the external periodic potential (see Sec. 2.1.1 for a discus-
sion of why such a potential may arise). These Fourier components are discussed in
detail in Appendices 2.A and 2.B where we derive the form of the “2kp” and “4kp”
components. In the ladder system, the 4kr components of the density operator in-
clude the harmonics S = {2ky + 2kap, 4ky, 4kap, 3kp + kap, 3kap + kp} — we focus
on the particular case of P = 4k;, in this thesis (P = 4k, follows similarly from an
exchange of band indices). In Ref. [1] we also made some progress in understanding
the 3k, + ku and 3ky + kp terms, which break the Zy symmetry between the legs
of the ladder. The “4kr” Fourier components of the density operator are derived by
performing a renormalisation group (RG) procedure on the density operator (inte-

grating out high-energy degrees of freedom perturbatively in U) which we perform in

Appendix 2.B. In terms of the currents, the density components are:

piiy (@) +he. = (1)’ In+(fﬁ) il (@) +he. = () 15 + (1) ' 13
o5 o, (0) + e = 8 L(1) ' + (1) 1}
Pt (@) +he = 2{ (1) 1+ (25) 1 + (1) 1 + (1)t}
Pt (@) +he = 2L (I5) 1l + (2l) "0 + (1) 1y + (1) 15 } (2.14)

The initial conditions for the coupling constants defined in (2.13) for the extended
Hubbard model are

(22

1
&= U+ vV, + 4‘/“ |:1 — 5 COS(QkiCLO):| s

L]

1
& = U=V, +4Y [cos((k:b — kap)ag) — 5 cos((ky + kab)ao)] ,

- 1
L= U+3V, +4V [1 —3 cos((kp + kab)ao)] ,

[

& = U+ Vy + 2V cos(2kap),

fo = & =U— V. +2V]cos((ky + kap)ao).

2.2.1.1 Bosonisation

To carry out our analysis in the band representation we will bosonise the Hamiltonian.

We begin by briefly introducing the technique of bosonisation, starting from the
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bosonisation identity and highlighting our conventions. We bosonise the fermion

fields according to

N o iVETes, Rdo . —ivirga, .

R : ., : .,
do " Prag V2mag

where : : denotes normal ordering, ¢4, (@4.) is the right (left) chiral component

Ly, ~ d=1,2=b,ab, (2.15)

of a canonical boson field and {k4s, ki o'} = 204,405, are Klein factors to ensure
the anti-commutation of different species of fermions. The bosonic fields obey the
“infinite line” quantisation scheme which ensures the anti-commutation of fermions
of the same species:

0

[Spd,o(x)7 Pd o’ (:13,)] = _[¢d70($)7 Pd o (1‘,)] = ngn(x - x/)(sd,d’(sa,a’?

_ 1
[§0d7a<x)> Pd o (ZL’I)] = ded’da,a’ .
Normal ordering of the vertex operators is introduced to remove explicit diver-

gences in system size L which arise in the thermodynamic limit. Normal ordered

vertex operators multiply in the following manner:

- elap() L. oiBe(y) .. piap(z)  iBe(y) . < tao )_aﬁ/47r

r—y

Y

where we’ve suppressed indices on the fields and we use that the two-point function

of free bosonic fields is

1

(oo} = - - tog (2= |

Q0

which follows from the mode expansion of the bosonic fields. The vertex operators
inside the normal ordering can now be combined using the Campbell-Baker-Hausdorff

formula

edeB = 6A+Be%[AvB], if [A, B] = constant.

Taking the expectation value of the normal ordered vertex operators, the zero-mode

enforces @ = —f and hence

(: plaw(@)+iBe(y) ) = 0u._g
It follows that the two-point function of normal-ordered vertex functions is given by
2

(: elop(@) .. iBe(y) ) = 6ap ( a0 ) 7
r—y
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and so the two-point functions of fermionic fields are recovered with a = /47 and
rescaling the vertex operators by a factor 1/4/2mayg, recovering the bosonisation iden-
tities (2.15).

When bosonising fermion bilinears, we employ the point-splitting procedure of
quantum field theory, which we illustrate explicitly for the density operator (with

indices suppressed )

R'(z)R(z) = 11_1}1(1) Ri(z 4+ e)R(x —¢) — (R (x + ) R(x — ¢€))

= lim [ L L emVaAmp(ate) . piViTp(z—e) . +Li}
e—0 L27mag 271 2el’
_ nmi[:eﬂ' I (p(a+e)—p(a—)) . _1}
e—0 47e

— lim—— [1 — 2ieV/Ar - Dy0(x) : +O(€2) — 1].

e—0 47e

?

It is now safe to take the limit e — 0 as the point-splitting procedure cancels the

divergence and we obtain the bosonised expression for the density operator

Ri(2)R(z) = D Opp(T) 1.

NG
2.2.1.2 Bosonisation of the band representation Hamiltonian

We bosonise the Hamiltonian (2.13) by direct use of the bosonisation identities (2.15)
and application of the point-splitting procedure. Introducing new bosonic fields

(“spin” and “charge” bosons) which are linear combinations of the previous fields

1 1
Oy = NG [ar + Pa) + Par + Payl, Pas = NG [©ar — @a + Pat — Pall,
1 1
O4c = E [0dr + Pay — Par — Pay], ©Oas= E [Qatr — ¢a, — Pasr + @yl (2.16)

28



where ® and © are dual fields obeying [0,0(x), ®(2')] = id(z — ), we find that the

resulting bosonised Hamiltonian is given by

2

Hot+Ho = D va Y [(0:Pay)’ + (0.045)°] + i [(0,94.)" — (8,04.)°]

d=1 Y=c,s 87T
iy
+ & [amq)l,camq)Zc - ax@l,came)lc]
47
+ 22:6" ;cos (V8T Pqy) — L [(0,® ) — (0,0 )2]
b dd (27”10)2 d,s T T *Xd s xd,s

o 1
+ 2 12 {W COS <\/%(q)17s + @2’3)> COS (\/%(@1,3 — @2,s)>
1
_8_7T (aa:q)l,saa:q)2,s - azgl,sam®2,s):|
P ~o ~P ~o
+ {M cos <\/§(@175 — @2’8)> _ G2t cos (\/ﬁ(@lﬁ — @275)>]

(2mag)? (2map)?

X COS <\/%(@1,c - @270)>

— (235%)2 cos <\/%(91,c - @2,c)) COs (\/ﬁ(@m + CI)ZS)) ) (2.17)

where hereinafter we drop the explicit notation for normal ordering.

In the following, we will use a convenient notation for classifying the ground state
phases of the ladder in terms of the spin and charge bosons (2.16). Following Ref. [66]
we will classify phases by the number of spin and charge bosons which remain gapless:

we use the notation C'mSn where m (n) is the number of gapless charge (spin) bosons.

2.2.2 The chain representation t, < t,U,t*/U

A detailed derivation of the field theory for the chain representation is given in
Ref. [81], here we outline the succession of steps. We begin first by stating an impor-
tant advantage of the chain representation: longer range density-density interactions

along the chain

Z Z Vi 1 1 (2.18)

gl m>2

can be easily accommodated. Provided that V| ,, are decreasing with m and suf-
ficiently small (to avoid pushing the system immediately into a ground state with
translation symmetry broken by charge ordering) the main effect of the extended
interactions is to decrease the Luttinger parameter in the charge sector K. in (2.20)

and (2.23). This will be a useful device for tuning K. in the following.
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The main assumption of the derivation is that the interchain hopping ¢, is small
in comparison to the high-energy cutoffs, which for V,, V|, < U are given by the
single chain band-width and the exchange energy scale (~ t?/U at large U). We start
from two uncoupled chains ¢, = V| = 0 with no external potential W;, = 0; the
Hamiltonian is bosonised using standard results for the one-dimensional (extended)
Hubbard model [7, 11]. Provided that V| is not too large, the resulting theory is
the sum of four Gaussian models for the charge and spin bosons in each chain (we
denote these fields by @;i) with i = ¢, s for charge/spin fields and j = 1,2 labelling
the chains).

We now proceed to add back in the interchain terms V,t; — to start we define

the following symmetric/antisymmetric combinations of fields

1 1
(I)c - (I)(C) + (I)(C) ’ H,= — (I)(C) _ (I)(C) ’
\/5( 1 2 ) f \/5( 1 2 )
1 s s 1 s s
0, = (0 +0), B = (2} — o). (2.19)

V2 V2

In the absence of the periodic potential and away from commensurate fillings, the
®.. fields completely decouples from all interactions (including those which couple the
chains). The resulting sector of the theory is described by a Gaussian (Tomanaga-

Luttinger) theory with Hamiltonian density
. :% Ko(8,0.)? + K1 (8,9.)?], (2.20)

where O, is the dual field to ®., K. < 1 is the Luttinger parameter in the charge
sector and v, is the charge velocity. Determining the value of the charge velocity v,
and the Luttinger parameter K, from the microscopic parameters of the theory is
very complicated, for V| = 0 these may be extracted from the exact solution of the
one-dimensional Hubbard model [11, 83].

The remaining bosonic fields are split into their chiral components ®, = ¢, + @q,
Oy = ¢ — ¢q, which are refermionised in terms of six Majorana fermion fields:

K . Rs "
xh = L sin(VATyg), xh =~ cos(vViTdyy), €= —L

— Nn T sin(VAmgy),

g

Xk = \//::_%sin(\/E@), g = \/%cos(\/ﬂgbs), Nr = \//;f_%cos(\/ﬂ@) ,

(2.21)
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where k, are Klein factors fulfilling {r,, kp} = 20,p. Analogous expressions for left
moving Majorana fields hold with R replaced by L and ¢ by ¢.
The interchain hopping ¢, induces a hybridisation of the 7 and x° Majoranas: the
quadratic part of the Hamiltonian for these fields becomes
H' =3 {vkna(k) (k) + gk 3 (x5 (0) + £ X )m(k) + nf (k) ()| }
k>0
for right movers (and similarly for left movers). Following Tsvelik [81] we perform the

rotation of Majoranas that diagonalises this Hamiltonian and subsequently linearise

the spectrum about @ =t, /\/v.vs (where E(Q) = 0)

(XOR) _ 2 ( v, cos(Q) Ve sin(Qx)) ({ﬁ)

nr) Vvt \—y/Ussin(Qr) fuscos(Qr)) \Ex)

(X%) _ 2 ( Vecos(Qr)  —y/ve sin(Qa:)) (&) (2.22)
nL Vs + Ve U, sin(Qx) vs cos(Qx) &) '

Rewriting the Hamiltonian in terms of the new degrees of freedom, we obtain the

low-energy “chain representation” Hamiltonian

H = He+ Ho+ Vi + Hw, (2.23)
He = K007+ K, (0.0.)7], (2:24)
10, 1U “ u " u
Ho = S(E0:60 — Eh0) + 5 D (§20uE7 — ERD£R)
a=1,2
i) 3
+75 (XCILJarXaL - Xclb%amx%f) ’ (2'25>
a=1
Vie = —2(£5€7) [ga,—(x"axi) + Gerss (EREL — fzgiﬂ — gy (EREL — €RE2)?
3 3
2005 (EREL — ERET) D (XEXE) — 200 Y (XRXD)(XRXE) » (2.26)
a=1 a>b,a,b=1

Hw = D) Wap b [,0(0)(:6) + h.c.} . (2.27)

PeS o=+
Here S = {4kp,4kpr£Q, 4krp+2Q} and u = 2v.v5/(vs+v.). The low-energy projection

of the periodic potential induces the Fourier components of the density which are
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derived in Appendix 2.B.1 and are given by

phine) ~ eVl + sl - Gl (2.28)
Pitsag®) ~ GoomseV T (G FiERE i) (229)
Pirso(t) = —iF\ [ s eV (€ 7 igh) € + 6 (61 + i63)] (2:30)

and we note that pf;;(x) and pfkr; 1oo(2) are even under interchange of the chain

indices, while 104(1;; +o(z) are odd.
As required, the Hamiltonian H. + Ho + Vine has the same symmetry U(1) x
SU(2) x Zy as the underlying lattice model for Wi o = 0. The coupling parameters

of the continuum Hamiltonian are determined by the underlying lattice model (2.5)

agV L 1 Qo
go— = ) Jo+ = UGN, Je,ss = U _VJ_ - 2gk: )
2 2 Vs
(&%) VsUc
est — U —V s 7:—06‘/, 2.31
Ge,st (vc L+ ﬂgx) 9, (on + oo (2.31)

where qq is a short-distance cut-off, g, characterises the four-fermion interaction in
the @ sector, which for |K. — 1| < 1 is given by gy ~ 27 (1/K. — 1), and g, is the
strength of the marginally irrelevant spin-current interaction for a single extended
Hubbard chain, which is known only for small U and Vj.

The notable differences between the chain representation and the band repre-
sentation (see the previous subsection) is the presence of several different velocities
v, # vs # u; for large intrachain interactions these differences can be significant.
The low-energy projection of the periodic potential for the two complementary field

theory limits has the following correspondence:

4kF+2Q < 4k)b s 4]€F+Q (—>3k}b—|—]€ab s 4k Hz(’%‘i‘kab) ,

dkp — 2Q < 4kab , 4kp — Q <~ Skab + ]{?b . (232)

2.3 Effect of the 4k, umklapp term

In this section we consider the 4k, umklapp scattering process, which may be activated
by commensurate filling of the bonding band [66] or at generic fillings for an applied

external potential modulated at 4k (see Sec. 2.1.1). In the following, we analyse the
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band and chain limit of (2.5) in turn and discuss the zero-temperature phase diagram.
Our main result of this analysis is the existence of a pair density wave phase, similar in
form to the unusual superconducting phase of the Kondo-Heisenberg model discussed

in Sec. 2.1.2.

2.3.1 Band representation

In the band representation, we use that the interaction parameters U, V; < t and we
approach the problem through the one-loop perturbative renormalisation group. In
the following we derive the one-loop RG equations in the presence of the 4k, umklapp
term and we proceed to integrate these equations. We obtain the fixed point low-

energy effective theory and analyse its phase diagram.

2.3.1.1 The one-loop renormalisation group equations

We begin by illustrating the procedure for deriving the one-loop RG equations. To
derive the RG equations we will make use of the operator product expansion (OPE)

for the fermion operators:

6i '60' o’
Ri,o ($7 T)R;r‘,a’(oa O) ~ #: Li,o (xa T)L;7U,(O, 0) ~

2mz;

67J j60' o’
7 2.33
271'22‘ ’ ( )
where z; = v;7 —ix and Z; = v;7 +iz. Here ~ signifies that we show only the singular
terms of the expansion.

The one-loop RG equations are derived in the following manner (cf. Ref. [61]):

1. We begin by considering the action Sy of the non-interacting theory perturbed
by a set of operators to form the full action S =Sy + Y, go [ dadr Oz, 7).

2. We then partition space-time into tiles of size £ x £ and average over the coordi-
nates within the tile to obtain tile degrees of freedom. The effective action for
these new “long-wavelength” degrees of freedom is then obtained by expanding

the partition function:

o= Seft g 3*50{1_2 ga/dx<(9a(x)>>+% Zgagb // dxdx' (O, (x)Oy(x")) > +. ...
’ (2.34)

where (...)s denotes averaging over the short distance degrees of freedom.
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. The first order term is given by dimensional analysis:

) G / Ax(0(x))s = — Y gal*™ / dX 0,(X), (2.35)

where A, is the scaling dimension of the operator O,(x) and X is the coordinate

of the tile degrees of freedom.

. The second order term will be dominated by the most singular terms in the
averaging procedure: these are given by the OPE. In the expectation value we

make the replacement
(Oa4(x'))>
ab d
(OuR)OCN> = D aea, ar
d

where ¢4, are c-numbers. Dimensional analysis gives Eq. (2.35) and

el 1 N PrBa=BetBa i 2 AL~ Ay Ay #0
|x — x/|BatBo—Aa log(¥) otherwise.

. Inserting these expressions into the expansion (2.34) and collecting terms we

define the renormalised coupling:

2-A P2~ Be=BatAa 2-A
Jo = gal™ " — 5 Zgbgd Chd { log(¢) }E 7

where ¢ is the new lattice spacing. Taking the limit ¢ — 1 recovers the infinites-
imal transformation. In this limit, if A, # 2 the first term dominates and we

get (for £ = el L — 0)
dga
dL

the generic RG flow for relevant (A, < 2) and irrelevant (A, > 2) perturbations.

= (2 - Aa)Qav

. For the marginal case of A, = 2, which is the case for all four-fermion interaction

terms (as the naive scaling dimension of a fermion in 141D is ), we get

dga
= Z Chav9d;

which is the one-loop RG equation for the interaction parameter g,.

. We note that the set of operators O,(x) generally do not form a closed algebra
and additional operators maybe generated under the RG procedure (from the

above, these must be second order in the couplings g, ).
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2.3.1.2 Renormalisation group flow and low energy effective theory

In the field theory limit the 4k, umklapp term becomes

p
U u
M = S5 ()] + UR)E]) = - P cos (VBT

2 27ay)

Following the procedure outlined above, we obtain the full one-loop RG equations in

the presence of the 4k, umklapp term. In the notations of Refs. [79, 82], these are

a1

¢ = e [(Cﬁ)z)Z +3(C(1f2)2] + (Ulﬁ)z ,

B =~ Chalch + ) + 3ea(cy + R + 5 [l + 3R] |

hy = = [()+3(c5)7] .

G =~ = S+ D), (ford=1,2)

¢fy = _i [(chy + o)y + (chy + 2¢],) (cfy + ¢5)] + % (2 fTo + o fTy = 2¢, /1]
fo = [ +3(H)7

fo = ()’ + %CTQ(C% — ),

uy = iyl (2.36)
where a; = (v; + v2)?/(4v1v3) and the coupling constants have been rescaled by

Gi; = 9i;m(v1+v2). Equations (2.36) agree with the RG equations reported by Balents
and Fisher in Ref. [66] up to a factor of 2 in the equation for uf;.

Further progress is made by numerically integrating these equations. We con-
sider the case when the umklapp interaction arises from commensurate filling of the
bonding band, which corresponds to some particular doping of the extended Hubbard
ladder. We further restrict ourselves to discussing (sufficiently) small values of V| /U
and V) /U such that translational invariance of the system is not broken by forced
charge ordering. Under these restrictions, we observe that the numerical integration
of Egs. (2.36) gives

o P : 0 /P

whilst all other couplings remain small (their ratios to ¢f; vanish).
The fixed point of the RG flow is particularly amenable to further study as the

coupling constants which flow to strong coupling are solely within the bonding charge
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(1, ¢) sector of the Hamiltonian (2.17). The RG flow causes the ®; . boson to become

massive: the umklapp term pins the bosonic field to its minima @5?2 = 0 and small

fluctuations 0P, . about this pinned value appear as quadratic terms:

uf u? .
_ (27?2110)2 cos|V 871'(@&?2 + 0Py .)| & —<27T;10)2 +m(0®,.)* .

We now employ two-cutoff scaling [7], where we integrate out the massive boson @ .
and its disordered dual field ©, . perturbatively in the remaining small parameters.
We obtain an effective action by expanding the partition function to second order in

the small couplings
_ _ 11 - _
Seff ~ SO + < int>1,c - 5 |:<512m>1,c - <Sint>ic + ... )
with

(Ohe = / Db, 5 O,

o
Sie = /dxdr{(l + 8011 ) {01 (890@1,(:)2 + Ui(a‘rqh,c)ﬂ

U1 1

P
U
—— U cosv 871'(131’6} )

(2map)?

™ V12

~ P 1
Sint = /dIdT{% |:ax¢1,caccq)2,c + _aT(I)l,caT(I)Q,c:|

+Cl1)2_—cg2 cos (\/%(@1,(; - @2,c)) cos (m(@lvs - @27S)>

(2mag)?
p o
_—0(1227:6—106)122 cos <\/ 271 (O1,c — @2,c)) cos <V 27 (P10 — q)Q’s))

—20—(172 cos (\/ﬂ(@lﬁ — @2,6)) cos (\/%(CI)LS + CDQ,S)) },

(2mag)?

and Sy describes all other terms in the action which do not feature 1, ¢ bosons.
The action for S . is an effective sine-Gordon model [7] and we use that (®1 )1, =

0 and the two-point functions obey:

<6i59178(77w)e_iﬁlelaC(T/vx/)>17C X 5575/6_“/6,
o 6_2T1/£
<8yq)1,c(7—7 z)ay’q)l,c(’r y & ))1,c X 8yay’m,
1

<8y<I>1,C(T,x)e’iﬁ/glvc(“’x')%’c = 0,
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where y = z,v;7 and r? = v?(7 — 7)? + (z — 2/)%. The first expression follows from
the ordering of ®; .: the dual field becomes disordered and decays exponentially. The
second relation follows from the (1,¢) boson becoming massive under the RG flow.
For all other operator product expansions we use those of the corresponding Gaussian
models (which is valid due to all other couplings having ratios with ¢; which vanish).

Following integrating out the (1,c¢) boson to second order in the perturbative
expansion, we obtain a low-energy (at energies much below the mass gap of the (1, ¢)

boson) effective Hamiltonian density

. 2
Her = 0o |:K2,c (0, Py, c) + K30 (0:02,) } + z;ﬁ 8 (I)ds (aw@dvs)z]

o | L cos 7P, L 4s)’ — i)’
+ { ey (V87®4s) = — [(0:®as)” = (0:0a5) ]}
+ ofn {( 10) cos (\/_(I>+ 5) cos (\/_6 5)

- g (aaz(pl,saxCI)Q,s - aa:@l,sax@ls)]
+ Acos (VATd_ ) cos (V4rO_ ), (2.37)

where &y, = (1, £ CI>2,S)/\/§ (and similarly for ©4 ;) and A is a coupling constant
generated in the RG procedure, which is second order in the remaining small cou-
plings. The A term carries conformal spin and as a result only has minor effects at
weak coupling [72].

The structure of the low-energy effective field theory Heg is the same as for the
Kondo-Heisenberg model (see Egs. (2.3)). At first this may seem surprising, given
our discussion of the KHM in Sec. 2.1.2 where we study a ladder with inequivalent
legs. However, in the above effective theory, the role of the legs in the KHM (2.3) is
played by the bands: if we think only in terms of the bands, we have a very natural
“two-leg ladder” with inequivalent legs. Commensurate filling of the bonding band
plays the same part as the half-filling of one of the legs of the ladder in the KHM and
the low-energy effective theories (2.3) and (2.37) have the same structure.

Having recovered the low-energy structure of the KHM, we therefore take over
the RG analysis of [84] in order to infer the phase diagram. In the KHM with
non-interacting 1IDEG there are two distinct phases: with ferromagnetic across-rung

exchange the RG flow is to weak coupling and a C'152 fixed point described by a
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three-component Luttinger liquid for the ®5., ®;, and ®, bosons. On the other
hand, antiferromagnetic across-rung interactions result in RG flow towards strong
coupling, where a spin gap opens in both the bands and the remaining charge degree
of freedom is massless, a C'150 phase. Which of these phases is realised (and the exact
details of the predominant fluctuations) depends on the values of the bare parameters
U,V/U and V JU.

We will discuss the C'1.52 and C'150 phases in detail, following a discussion of the

order parameters in which we will be interested.
2.3.1.3 Order parameters

Here we define the lattice order parameters in which we will be interested:

(1) The bonding charge density wave (bCDW) order parameter

1
ObCDW(n) - 5 Z <a11-,n,0' + a;n,a') (al,n,o + a2,n,a) . (238)
U:Tvlf

(2) The charge density wave (CDW) order parameter
OCDW(”) = Z ai,n,aa’l,n,o + a;,n,aaln,a‘ (239>
o=T

(3) The d-wave superconductivity (SCd) order parameter

Osca(n) = Ay 4o gy | T Ao 4G gy |- (2.40)
(4) The antibonding pairing (abP) order parameter

(T T T T 1
Oapp(n) = (al,n,T_a;,n,T)(a];,n+1,¢_a'2,n+1,¢)_(ai,n,¢_a2,n,¢)(al,n+1,T_a2,n+1,T)‘ (2.41)

2.3.1.4 The C1S2 Phase

From numerical integration of the RG equations (2.36) with extended Hubbard model
initial conditions (2.15) at half-filling of the bonding band, we observe that the RG
flow is to the C'152 phase provided the coupling fl"z > 0, where f'fQ is the coupling
after the two cut-off RG scheme. When V|/U and V. /U are sufficiently small we
find f7, > 0 quite generally after integrating the RG equations. We assume that this

also holds for f{’Q, as it is only modified at second order by the two-cutoff procedure.
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Hubbard model initial conditions (V| = V| = 0) have RG flow that is always towards
weak coupling, as discussed by Balents and Fisher [66].
At low energies, the C'152 fixed point is governed by the Gaussian Hamiltonian

- 1 ~
Heisa = 09 [K_ (0, P c) + Ko (ax@2,c)2

Y

2
Z{) [ = 3 (I)d 5) + kd,s (axgd,s)z

where the spin Luttinger parameters Kd,s = 1if SU(2) symmetry is preserved. The
calculation of correlation functions follows from bosonising the order parameters (see
e.g. Sec. 1.1.3.2) bearing in mind that the (1,¢) boson is massive, so the correlation

functions of e.g. the bCDW order parameter (2.38) decay exponentially (at 2kg).

2.3.1.5 The C1S0 Phase

Using the interpretation of (2.37) as the low-energy limit of a KHM, there is a sec-
ond parameter regime, namely the one corresponding to antiferromagnetic exchange
interaction between the spin chain and the 1DEG. Here it is known that the RG flow
is towards a strong coupling phase in which both spin bosons become gapped [72].
This phase occurs when fo < 0. Following the same arguments as in the C'152 case,
we conclude that the resulting C'150 phase occurs when V|/U, V| /U are sufficiently
large. In other words, the Coulomb interactions should not be screened too strongly
in order for the C'150 phase to exist.

As the strong coupling phase is physically the most interesting, we now turn to
characterising the properties of this phase. Here we are guided by the existing field
theory [72, 73] and numerical [73] studies of the KHM. We know, in particular, that
the KHM exhibits unconventional finite wave vector pairing (see the discussion of

Sec. 2.1.2). The strong coupling phase is characterised by [72]
(cos (V8T®D1.)) #0, (cos (VAnd,i,)) #0, (cos (V4AmO_,)) # 0. (2.42)

Concomitantly ©; ., O and ®_ ; are fluctuating fields, i.e. one-point functions of
vertex operators of these fields vanish and (appropriate) two-point functions decay

exponentially. This follows from the canonical commutation relations which exist

between the field ® and its dual field ©: [0,0(z), ®(2)] = id(z — ).
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Using that the above expectation values are non-zero and that there is only a single
remaining gapless degree of freedom, the ®5 . boson, we can establish the dominant
quasi-long-range order in the C'150 phase. To this end we study the order parameters
defined in Sec. 2.3.1.3 and proceed by bosonising them:

(1) bonding charge density wave (bCDW)

2 1
Orcpw () ~ ao\/j(?zq)l,c — —sin(2kpr + V21D o) cos(V2m Py 4) + ...
T T

(2) charge density wave (CDW)

2 1
Ocpw(n) ~ ag \/jam(CDLC + ®y,.) — — cos (\/ 27‘('(1)1’5) sin (kax + \/27T<I>Lc)
T T

—% CoS (\/ﬁfb%) sin (Qkabx + \/%QDZC) +

—|—A€i 27 (®1,e+P2,c) oS (\/E@,vs) CcoS (Z(kab + kb)%’) + ...

where A is an amplitude which vanishes in the U — 0 limit. We derive the interaction
induced term for the CDW operator in Appendix 2.B. Using that certain bosonic fields
become pinned (2.42), the leading contribution in the C'150 phase is

Ocpw (1) ~ Acos (2(ky + kap)n)eVZ e 4
C150

(3) d-wave superconductivity (SCd)

Osca(n) ~ 2eV*™O1e cos(y/ 21 dy ) — 2612702 og(y/ 27Dy )

—1—261"/%@170 Cos (2kbx + \/ﬁ@l,c) — 26iV2m02e (g (2kabx + \/%(I)Q,C) + ...
(4) antibonding pairing (abP)
Oapp(n) ~ Aoefim@"”c [COS (2kab(:c + %) + \/%CDQ,C) + cos (\/%(I)Q,s) sin(kabao)}
+ e“/ﬂ@“{ [Cl cos (\/ECI)J“S) — Cs3 cos (\/ﬂ@,,s)} cos <\/§<I)17C + kax) +
[Cg cos (\/EQ)JDS) — Cy4 cos (\/E@isﬂ sin (\/%QDLC + 2/~cb:c) } + ...
(2.43)

where the amplitudes C, vanish in the U — 0 limit. The interaction induced con-

tribution to (2.43) is derived in Appendix 2.C. Once again, we can use that certain
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bosonic fields become pinned to find the leading contribution in the C'150 phase

Oapp (1) ~ (=1)"CetV?™O2e 4 (2.44)
C150

The bosonised form (2.44) of O,pp(n) coincides with the PDW order parameter iden-
tified by Berg et al. in the low-energy description of the KHM [73], and with the
analogous order parameter Oppw proposed by Jaefari and Fradkin for the doped
two-leg ladder [76].

Using the above expressions for the bosonised order parameters and Eqgs. (2.42),

we find the long-distance asymptotics of two-point functions in the C'150 phase
A

(Ocpw () OEDW(O» o< x4 cos (2(ky + kap)) T2

(Ovepw () O pw(0)) o e 7% (at 2ky) + ...,
1 1
|x’|K2,C |l‘|1/K2,c +-.. 9

(Osca(x) OLog(0)) o cos(2kapz)

—1)%/a0
<Oabp($) Olbp(0)> X ﬁgjﬁ% + ... s (245)

where &, is correlation length for the bonding charge boson and Kj . is the Luttinger
parameter for the charge sector of the antibonding band.
Unlike the Kondo-Heisenberg model discussed in Sec. 2.1.2 (with a non-interacting

IDEG), we find that we have two different regimes within the C'150 phase:
1. K27C <1

For effective repulsive interactions, the slowest decaying correlation function is
between the 2k,, + 2k, components of the CDW order parameter. We identify

this region of the C'1.50 phase as an incommensurate charge density wave.

2. K27c >1

For effective attractive interactions, the staggered components of the antibond-
ing pairing order parameter exhibit the slowest decay and hence the C'150 phase
exhibits unconventional fluctuation superconductivity with finite wave vector

pairing. This is the same “pair density wave phase” identified in Ref. [76].

The precise regime which is realised depends on the values of the microscopic param-
eter V1, V; from integration of the RG equations we find both regimes of K, . can

be realised, although Ky, < 1 appears to be the more generic case.
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The above analysis pertains to the case with the bonding band half-filled. In the
case where umklapp scattering is induced by an external periodic potential (away
from commensurate filling) we expect the same low-energy physics to emerge and
both C'152 and C'150 phases to exist. We summarise the zero-temperature phase
diagram in Fig. 2.3.

2.3.2 Chain representation

We now consider the 4k, umklapp interaction in the chain representation. To simplify
the analysis we consider the case with extended density-density interactions along
the chain, which decrease the value of K, (see the discussion at the beginning of

Sec. 2.2.2). The low-energy projection of the umklapp term is

Hy =\ / da [ie™VFRe (6 — iel) (¢] +i€}) +he]

where we have rescaled the boson field ®, — /K,®,. to absorb the Luttinger param-
eter in the kinetic term of the Hamiltonian.

For generic repulsive interactions, the umklapp term Hyy is relevant in the RG
sense, with scaling dimension d = 1 4+ K. < 2. For long-range interactions along
the chain, the Luttinger parameter becomes small K, < 1 and the umklapp term
becomes strongly relevant, dominating the marginal four-fermion interactions in the
Hamiltonian (2.23). We should therefore treat the umklapp term first: we begin by
combining Majorana fermions into a complex Dirac fermion R = (&7 +4€f) //2 and
Lt = (&} —i€2)/v/2. We then bosonise the fermions R, L in terms of the bosonic
field ® and its dual © following Ref. [7]. The umklapp term becomes

Hy = % dx cos [\/E(\/KCQJC + CTD)] .
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Following the canonical transformation

1 - 1 _
b= —(VKP. £ D), Or=—(0./vVK.+£0), 2.46
: \/5(\/ ) + \/5( /v ) (2.46)
the Hamiltonian density can be written as

H = -[K (8,0,)° + K7} (81<I>+)2} + m cos <\/8_7T<I>+>
g [K(0,0-)* + K (0,9.)%] + 910,0,0,0_ + 920,%,0,D_

i&
2

v
2
+

'é’Us a a a a
(f%axfi - 5?;:(%5?%) + 5 Z (X2.0:XT — XrO=XR)

* 2

a

—2g,- (ER€7) ) (XixE) — 200+ > (XXt (Xaxh)

a a>b

(e —ee) [zgc,ss () + g0 (6461 — 22) + 2000 3 ()|

a

where ¢, o and m are redefined coupling constants and

. - - o+ vk,
o=yl a/K) (v aky) K= KR

(2.47)

Now the story becomes similar to the band representation: as we consider K < 1,
the cosine term in the sine-Gordon model for ®, is strongly relevant and flows to
strong coupling before any other coupling becomes large. The umklapp-induced gap
in the @, sector will be large compared to all other low-energy scales and we proceed

to integrate out the &, boson.

The four-fermion interactions that involve £1? can also be bosonised, giving

(chel —6ae3) = L [(Eh+ieh) (& +ied) + (eh—i€h) (e —i€D)]

= Rict+RL~ QL cos [\/% (@, + @_)} .

™

When integrating out the ®, boson we therefore only generate interactions propor-
tional to cos (\/ 87r6_), which are irrelevant as K < 1. At energies small compared

to the mass gap of the ®, boson, the effective Hamiltonian density has the form

VT~ ~ 1V,

Mo = 5 |K(0:6-7 + K7 (0.00°] + 5 [610.€1 - chouch] +
Z.US a a a a ~ a . a

5 i0axt — XR0aXi] — 200 (€1€1) D (Xixh)

a

2004 Y, (XEXE) (XRXE) (2.48)

a>b

43



where § are renormalised couplings, ¥ is the renormalised velocity and K is the
renormalised Luttinger parameter.

The effective Hamiltonian (2.48) is also remarkably similar in form to the field
theory of the KHM, with the small difference that the single and triplet Majorana
modes have differing velocities. To analyse this effective theory (2.48) further we

carry out a RG analysis, which gives

~2 ~2
2 _ 2 ~ ~ P o go’— go'+
gJo— = — 9o—-Go+ Jot = — - .
Vg TV Vg

(2.49)

Defining rescaled combinations of the couplings g+ = Wf}’T;TS + %, the RG Eqs. (2.49)

become ¢y = Fg3, which have the solution

_ 9=+ (lo)

g9+(1)

If we assume that the couplings ¢,+ renormalise only weakly by the time at which
m (the sine-Gordon coupling) reaches strong coupling, we conclude that g, (lg) > 0.
The subsequent RG flow of g, is then toward weak coupling. One the other hand,
g_ flows to a C'150 strong coupling fixed point if

§af(lo) > ga+(l0)\/z::7 (25())

To get a feel for what this requirement implies in terms of couplings in the microscopic
theory we consider the case when g,+ are close to their bare values (e.g. they have
renormalised very weakly) and when U, V|, V| are small. In this case the couplings

are given by
Viag
2 Y

o ~ Gor ~ ag(U + 2 cos(2kpag)V)),

where ag is the lattice spacing and krp ~ 7/2. The RG flow is towards the strong

V.22 [=5(U -2V,

So, we see that the repulsive interactions between neighbouring sites is crucial for

coupling fixed point when

driving the system to the C'150 fixed point, as was the case in the weak-coupling
analysis of the previous subsection. Having established the existence of a C'150 phase
in the chain representation, the next step would be to determine which correlations

are dominant. This is difficult for the following reason: general local observables
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can be expressed in terms of Ising models, but it remains an open problem to deter-
mine how products of Ising order and disorder operators transform under Tsvelik’s

transformation (2.22).

2.4 Numerical results: DMRG

In this section we numerically study the extended Hubbard model on the two-leg
ladder using the density matrix renormalisation group (DMRG) algorithm [18, 19].
Hubbard-like models have been studied extensively using DMRG, both on single chain
and multiple leg ladders [90, 91, 92, 93, 94, 95, 96, 97]. We begin this section by
summarising the DMRG algorithm, before first considering the case where umklapp
interactions are absent, the “generic strong coupling regime” in Section 2.4.2. Having
established the properties of this generic regime, we turn to the case when the umklapp

interaction is marginally relevant and study the resulting phases.

2.4.1 The DMRG algorithm

The DMRG algorithm has become the standard technique for studying the ground
state properties of quasi-one-dimensional quantum systems with short range interac-
tions. Extensive reviews of the algorithm and its relation to matrix product states
can be found in Refs. [19, 98]. The essential ideas behind the DMRG algorithm are
as follow: if we start with a two site system and grow the system following a set
procedure (which we will discuss shortly) the size of the Hilbert space increases ex-
ponentially with the system size and just simply storing a single eigenvector rapidly
becomes unfeasible (e.g. an eigenvector of a spin—1/2 fermion system with 16 sites
has 416 elements = 64Gb of data). Clearly if we are going to grow our system to large
sizes we need to truncate the Hilbert space: the DMRG algorithm does exactly this
decimation procedure by truncating the Hilbert space according to eigenstates of a
particular reduced density matrix.

We begin by discussing the infinite system algorithm, which is used to grow the
system from e.g. two sites to L sites, when it is then terminated. We will follow this
discussion by a description of the finite-size algorithm which is subsequently iterated

until the wave function for the ground state has converged. For convenience we will
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discuss the DMRG algorithm for the one-dimensional chain.
2.4.1.1 The infinite size DMRG algorithm

The infinite size DMRG algorithm is used to grow the size of the system in a sequence
of steps, such that the system size £ = 2,4, 6, ... continuing until we reach the desired
system size L. Of course, in this procedure the size of the Hilbert space is increasing
exponentially, so we must perform some truncation in order to keep the size of the
state space m manageable.

The infinite size DMRG algorithm performs the growth in the following manner:

1. Take your system of size ¢ and define two blocks A and B that equipartition
the system.

2. Insert two new sites ee between the blocks A and B to obtain the superblock

A e o B (following the notation of Schollwoeck [98]).

3. A generic state in the superblock can be written in the form

’¢>AnB = Z ¢1/1AUAUB"/’B|77Z)A> ® |UA> ® |UB> & |¢B>=

$%A,04,08,%B
where |14 p) is a state on the A, B block (which span a Hilbert space of dimen-
sion m') and {|oa g)} are the sets of vectors that span the local state space of

the added site @ next to A, B (of dimension d = 4 for spin-1/2 fermions).

4. The ground state of the superblock Hamiltonian is found by numerical diago-

nalisation (e.g. the Lanczos algorithm?) and is denoted by |¢y).

5. We take the set of states {|p4)} = {|1va) ® |o4)} as the basis of the block Ase.

The ground state vector can be expressed as:

[60) = D Voaoslta) ®|6s).

PADB

T We assume that £ is already large enough that the Hilbert space d* > m and that truncation has
occurred in a previous step. Clearly one does not have to perform the truncation until the system
is sufficiently large.

See the next chapter.
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6. The set of states {|¢p4)} has dimension dm — we must truncate this set of states
back to size m to avoid exponential growth of the Hilbert space. We perform
this truncation by keeping only the m highest weight eigenvectors {|¢)} of the

reduced density matrix
040 = Trep|do) (o], (04e)ij = Z Virj-
k

which are determined by exact diagonalisation. A measure of the severity of this
decimation is the truncation error e =1 — > w, (also called the discarded

weight).

7. Iterate the above steps, performing the appropriate change of basis to eigen-
states of the reduced density matrix after each truncation. Stop the algorithm

when ¢ = L the system size you wish to consider.

2.4.1.2 Finite size DMRG algorithm

The infinite size DMRG algorithm has now been used to grow the system to size L,
but the resulting “ground state” given by this procedure is not correct, stemming
from the choices of basis for small initial system sizes which do not well describe the
large system. This can, however, be corrected using the finite size DMRG algorithm,

which performs the following steps:

1. We continue the growth process of one of the blocks (say A) by adding two
sites. However, at the same time we shrink the size of the other block (B) to

maintain the total system size L.

2. The basis of the reduced block B is the basis generated in the infinite size

algorithm for the same block size (which is stored for this purpose).

3. The ground state of the superblock A®) e B (where £ is the complement of

A e e and / is the block size of A) is determined by numerical diagonalisation.

4. We construct the basis of Ae in the same manner as in the infinite size algorithm,

and truncate according to the eigenstates of the reduced density matrix g4,.
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5. The block A® is grown until B is small enough that for the reduced Hilbert

space size m, B is exactly solved.

6. The growth procedure is then reversed, with B growing until A is small enough

to be exactly solved.

7. The procedure is then once more reversed, until we return to the initial config-

uration of equisized blocks A and B.

8. This process of sweeps is continued until the ground state wave function of the

system of size L has converged.

We now continue to discuss our DMRG results for the extended Hubbard model
on the two-leg ladder. The DMRG algorithm is used to construct the (approximate)
ground state of the L x 2 ladder for a fixed number m of density matrix eigenstates
(computational resources constrain us to m < 2000). To ascertain the quality of the
approximation we calculate the relative error between the ground state energy per
site with m density matrix eigenstates and the (extrapolated) m = 4%L result. This
relative error gives a useful order-of-magnitude estimate for the error in observables,

such as the correlation functions.

2.4.2 “Generic” strong coupling regime

We begin by discussing the case where the umklapp term is absent; in this case for
sufficiently small extended interactions, a weak coupling RG analysis generically flows

towards a strong-coupling fixed point with
Oy = 01y = 2ffy = 28], = =205, = —&; = =5, = g > 0, 2 =0.

The fixed point is described by a theory with an enlarged symmetry group, the
SO(6) Gross-Neveu model [66, 77, 79, 85, 86]. Three of the bosons ©_ ., &, ; and
®_ ; becomes massive under the RG flow, whilst the remaining charge boson @ . is
described by a U(1) Luttinger liquid. The interaction term responsible for the bosons

becoming massive takes the form

— 29{ cos(VaAr®d, ) cos(VArd_ ) +cos(VATO_ )| cos(Vard_,) —i—cos(\/ECI)Jﬁs)] }
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A classical analysis of this potential gives the values to which the bosons become

@77(::@4»78 :Q»Szzn\/§7 or (2n+1)\/§ WlthﬂEZ

(in the same way as we determined the pinned value in the 4k, Mott insulator C'150

pinned

phase). From knowledge of these pinned values, it follows that the two-point functions

of order parameters (defined in Sec. 2.3.1.3) have the asymptotic form [66, 86]

(Os0a() O g (0)) Generie < 2] 7/25¢, (Oop (2) Ol 5(0)) Generic o< [ 7H/25e,

(Ocow () Ol (0))eneric ¢ A1z + Ay cos (2(ky + k) )22, (2.51)

where K. is the Luttinger parameter for the ®, . boson. As a result of the spin
gap, the 2k response of the CDW order parameters (CDW, bCDW) is “blocked”
(exponentially decaying), as discussed in Appendix 2.A. The second term in the two-
point function of the CDW order parameter is interaction induced and vanishes in the
U — 0 limit. A detailed discussion of such interaction-induced terms can be found
in Appendix 2.B.

We now present results in the generic strong coupling regime, for the Hamilto-
nian (2.5) on the 64 x 2 ladder with ¢t = ¢, =1, U =4 and V) =V, = Wy =0
and open boundary conditions.” We consider the system with N = 110 electrons and
keep up to m = 1500 density matrix states for the reduced Hilbert space, leading to
truncation errors of € ~ 3 x 107%. The relative error in quantities calculated with the
DMRG algorithm can be estimated from extrapolating the ground state energy to
m = 4% °F sites (o1 zero truncation error), defining € as the relative error in the ground
state energy per site Ey/L , we find ¢ ~ 5 x 1074

In Fig. 2.4 we show the two-point functions of the SCd and abP order parameters
calculated by DMRG and appropriate power law fits. Oscillations at 2k, are seen in
the two-point function of O,,p, which we attribute to a small amplitude for the power
law decay term and/or a large spin correlation length, which would be consistent with
a small spin gap in the system. The power law fits give the Luttinger parameter for

the @, . boson as K, ~ 0.45.

TThis is usual in DMRG calculations: periodic boundary conditions reduce how quickly the
eigenvalues of the reduced density matrix (RDM) p e decrease and correspondingly one must include
many more eigenstates of the RDM to keep the discarded weight small.
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Figure 2.4: DMRG data (solid) and power law fits (dashed) in the generic strong
coupling phase for (a) the superconducting d-wave order parameter Ogcq, and (b)
the antibonding pairing order parameter O.,p.
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We show the density across one of the legs of the ladder in Fig. 2.5. The oscillations
in the density are induced by the open boundary conditions: the 2k response (Friedel
oscillations) is suppressed by the spin gap and consequently we see the leading order
oscillations at 4kp = 2(kp + ka), known as “Wigner crystal” oscillations [99]. We fit

these oscillations to the standard form [99]

sin (4dkpx + @)
)QKC )

(n(2)) a4 = p + A (2.52)

sin (LLHx

using A and ¢ as fitting parameters, and p is the average electron density. Additional

oscillations present in Fig. 2.5 are from the sub-leading contributions to the density

operator (see Appendix 2.B). We use the same value for the Luttinger parameter K,
as in Fig. 2.4.

From the asymptotic form of the two-point functions (2.51), it is clear the dom-

inant fluctuations depend upon the underlying microscopic parameter of the Hamil-

tonian (2.5). In this case, K. < 1/2 and the leading fluctuations are CDW in nature,

arising from the 2(k, + k) interaction-induced component of the density operator.
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2.4.3 4k, umklapp

Having established the properties of the “generic” strong coupling phase of the two-leg
ladder, we now turn our attention to the case when umklapp scattering is activated.
The umklapp term can be activated in two ways: (i) half-fill the bonding band;
(ii) work away from half-filling and apply a periodic potential with the appropriate
periodicity. We first attempted to study the half-filled band: there it turns out the
analysis is extremely challenging for the following reasons. Firstly, the open boundary
conditions in the DMRG calculations induce Friedel oscillations in the density across
the ladder, and hence the band is never truly “half-filled”. Secondly, we found quite
generically that the spin and charge gaps are very small. It is then difficult to tell the
difference between power law and exponential decay (with large correlation length)
on the accessible system sizes'. In the following we instead focus on case (ii).

From the analysis of Sec. 2.3, we know that there are two possible phases when
the 4k, umklapp interaction is present and marginally relevant. We will consider
the C'1S2 and C'150 phases in turn. To that end, we have carried out the DMRG

calculations on the Hamiltonian

H = Hiaa(7) + pi- Z (CJ{,j,a - C;j,a) (Cl,j,a - CQ,j,U)7 (2.53)

j.o
where Hyp,qq(K) is given by (2.5).

Let us make a few remarks about (2.53). Firstly, we consider the case with the
bonding band quarter-filled. This is convenient as we can apply a periodic potential
with wave vector 7 along the legs of the ladder which activates the 4k, umklapp
process (as discussed in Sec. 2.1.1). This applied potential gives us control of the
strength of the umklapp and correspondingly the Mott gap (a sizeable Mott gap
makes numerical analysis easier, as discussed above). Secondly, we have also applied
an additional chemical potential to the antibonding band. This is introduced for
convenience, as it allows us to vary the density of electrons in the antibonding band
whilst keeping interaction parameters fixed. Nevertheless, isolating the region of

phase space in which the two phases occur is challenging.

"Due to this, we did not find convincing evidence for the C150 phase when the band is half-filled.
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2.4.3.1 (152 Phase

When extended interactions are sufficiently weak (small Vj, V) the RG analyses of
Sec. 2.3 show that the 4k, umklapp drives the RG flow towards strong coupling
with a C'152 fixed point. The asymptotic forms of the two-point functions of order

parameters have the following form in this phase:

(Ocow (@) Ol (0))crsa o A cos(2kgpa) || e e
+ Ay cos(2kyz) || Hb + Ase 2 L
(Ovcow(7) Of cpw (0))erse o e /& (at 2k) + ... |
(Osca(2) 0Ly (0)) 15 o cos(2kgpr) || HoeVK2e 1
(Oarp (2)O8p(0)) 152 o Ag cos(2kgp) || K21/ K2e

+ Ag || K2 Ko (2.54)

where the amplitudes A; are unknown, &, is the correlation length of the massive @ .
boson and K are the Luttinger parameters for the massless ®; bosons.

To access the C'152 phase we consider the Hamiltonian (2.53) with ¢t = 2¢; =1,
U =8V, =8V =4and W;, = 1.5. We tuned the chemical potential ;1 so that there
are N = 90 electrons and the bonding band is quarter-filled. Up to m = 1200 density
matrix states were kept in the calculations, leading to truncation errors of € ~ 1076
and corresponding relative error in the ground state energy per site of ~ 1074,

To confirm we are in the C152 phase we measure the bonding (Gy(n)) and
antibonding (G (n)) Green’s function. From the RG analysis, we expect Gy to
decay as a power law, whilst G, should decay as an exponential multiplied by a
power law. We show G, in Fig. 2.6(a), where we remove the leading k;, oscillations
(Gp(n) = Gpran(n)/ cos(kyn)). We perform a similar procedure for Gy, shown in
Fig. 2.6(b). Both of these Green’s functions take the expected form from the RG
analysis, consistent with a C'152 phase.

Having established that we’re in the C'152 phase, we now consider two-point
functions of the order parameters (2.54). Figure 2.7 shows the two-point functions
of the SCd and abP order parameters. Once again, we have removed the leading
oscillations in these two-point functions. Both of the correlation functions show power

law decay with the same exponent, which give an approximate value for the Luttinger
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Figure 2.6: DMRG data (solid) and fits (dashed) in the C'1S2 phase for (a) the
bonding Green’s function Gy(n) = (c(32)c} (32 + n)) with k, oscillations removed
(see text), and (b) the antibonding Creen’s function Ggp(n) = (ca(32)c!, (32 + n))
with kg, oscillations removed. Fit functions are of the form predicted by the RG
analysis.
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Figure 2.7: DMRG data (solid) and fit functions (dashed) in the C'152 phase for (a)
the two-point function of the antibonding pairing order parameter O,,p with the 2k,
oscillations removed (see text), and (b) the two-point function of the superconducting
d-wave order parameter Ogcq with 2k, oscillations removed. Fit functions are of the
form given in Eqgs. (2.54).

parameter Ky . ~ 0.35. The two-point function of the CDW order parameter is shown
in Fig. 2.8; the decay at intermediate distances is well described by 272 and oscillates
with wavenumber 2k,;, as predicted by the bosonisation analysis (2.54). Sub-leading
contributions, oscillating at 4k, are also observed. The long distance asymptotics
are consistent with Ky = 1, as expected from SU(2) symmetry. The dominant

fluctuations in this phase are clearly of the CDW type.
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DMRG data
="~ \ oL Figure 2.8: DMRG data (solid) and 2
4 N guide (dashed) in the C'152 phase for the
Eoov \\\ two-point function of the charge density
@3 TN wave order parameter Ocpw. Sub-z72 de-
o cay is observed with oscillations at ~ 2k,
- W at large distances.

2.4.3.2 (150 4k, Mott insulator phase

In order to realise the C'150 phase of the 4k, Mott insulator, the inter-band exchange
interaction must be antiferromagnetic after the initial RG procedure. This can always
be achieved provided the interchain density-density interaction is large V|, > U such
that the initial condition is antiferromagnetic (it remains so under the RG flow). The

(150 fixed point is characterised by the following two-point functions

o Aigcos(2kgpr) || K22 1 Ay cos (k) x| T 2 4L

o coS(2kqpx)|x| KT Ko 1 (2.55)

where the amplitudes Ay are unknown.

We now present DMRG results in the C'150 phase of the Hamiltonian (2.53). We
work on the 96 x 2 ladder with t = 2¢{;, =1, V, =5,V =0,U =4 and N = 83
electrons, with p_ chosen such that the bonding band is quarter-filled. We apply a
periodic potential to the bonding band W, = 1 to activate the umklapp scattering.
In the calculations, up to m = 2000 density matrix states were used, resulting in
truncation errors of € ~ 107" and relative error in Fy/L of € ~ 2 x 1075.

As with the C'152 phase, we infer the presence of a spin gap in both bands and
a charge gap in the bonding band from the Green’s functions shown in Fig. 2.9
and the forms of the two-point functions. As expected from the RG analysis, we
see that the bonding Green’s function decays exponentially, whilst the antibonding
Green’s function decays as an exponential multiplied by a power law. The fit of the

antibonding Green’s function gives a value for the Luttinger parameter K, . ~ 0.27.

o4



DMRG data
_____ 075 ¢="15 -1

——— DMRG Data
N m—— 0.065¢~"26

0.1

0.001

Figure 2.9: DMRG data (solid) and fit function (dashed) in the C'150 phase for (a)
the bonding Green’s function Gy(n) = (,(48)c} (48 + n)), and (b) the antibonding
Green’s function Gap(n) = (cqp(48)cl, (48 + 1)), with the kg, oscillation removed (see
text). The break in data of (b) at n = 29 is a remnant of removing the kg, oscillations.
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Figure 2.10: DMRG data (solid) and fit functions (dashed) in the C'150 phase for
(a) the absolute value of the two-point function of the superconducting d-wave order
parameter Ogcq with 2k, oscillations removed (see text), and (b) the absolute value
of the two-point function of the antibonding pairing order parameter O,p.

We now consider the two-point functions of the order parameters in Eqs. (2.55).
The correlation functions of the SCd and abP order parameters are shown in Fig. 2.10,
where leading oscillations of frequency 2k, have been removed. Both correlation func-
tions are well described by power law decay consistent with K5 . ~ 0.27 obtained from
fitting the antibonding Green’s function. We do not clearly see the abP component
that decays with power law 1/K5 .. This may be due to the amplitude A;; being
much smaller than Ay, in which case the sub-leading term would dominate on the
“short” length scales accessible with DMRG.

The correlation function of the CDW order parameter is shown in Fig. 2.11, where

at long distances there are large wavelength oscillations with wave vector 2k, + 2k,
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2 consistent with the bosonisation prediction. Accurate extrac-

that decay at sub—z~
tion of the power law of this decay is not possible — the large spin correlation length
means sub-leading term decay slowly for accessible system sizes. We have similar
problems with the two-point function of bCDW operator, where the long spin cor-

relation length and unknown interaction-induced amplitudes of the 4k components

(similar to Eqgs. 2.57) make fitting ill-defined.
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Figure 2.11: The two-point function
of charge density wave order parameter
Ocpw (solid) and x72 power law (dashed)
in the C'150 phase.

A
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There are two possibilities for the dominant fluctuations in the 4k, Mott insulator
depending upon the Luttinger parameter K., see Fig. 2.3. For the presented data

Ky, < 1, where incommensurate 2k, + 2k,, CDW fluctuations dominate.

2.5 Discussion and conclusions

In this chapter we have established a mechanism for finite wave vector pairing in
a doped fermionic two-leg ladder with equivalent legs. Central to this mechanism
is umklapp scattering, which arises as a result of electron-electron interactions at
special band fillings or “externally” applied periodic potentials. As we discussed in
Sec. 2.1.1, the latter may arise from CDW formation driven by the (three-dimensional)
long-range Coulomb interaction in realistic crystal structures. We have applied renor-
malisation group techniques to the low-energy description of the lattice model (2.5) in
two limits: (i) weak coupling (“band representation”) and (ii) and arbitrary intra-leg
interaction strength and small across rung tunnelling/interactions (“chain represen-
tation”). In both limits we found that the low-energy effective theory is the same as
the low-energy description of the KHM [73, 72] introduced in Sec. 2.1.2.

In particular, we have focused in this chapter on the 4k, Mott insulator, analysed

in detail in Sec. 2.3. This low-energy equivalence with the KHM may be anticipated
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for the following reasons. The 4k, umklapp process leads to a Mott gap A opening
within the bonding band and at energies below this gap charge dynamics in the band
become blocked. The bonding band can then be thought of as an effective spin—1/2
chain coupled to the antibonding band by inter-band exchange interactions. The
resulting picture is an effective KHM where the inequivalent ladder legs are played
by the bands of our model.

There are important differences between the low-energy effective KHM that emerges
from our model and that studied previously [72, 73]. Firstly, in the lattice model (2.5)
electron number in the bonding band is not conserved, so the low-energy limit is cru-
cial for our considerations. Secondly, the effective exchange interaction between the
bands is not a prior: antiferromagnetic: for Vj =V, = 0 it is ferromagnetic and the
resulting fixed point behaviour is a C'152 phase. However, we found that when V),V
are sufficiently strong the exchange interaction is antiferromagnetic and the RG flow
is to a strong coupling C'150 phase. Finally, in comparison to the KHM previously
studied, we consider an interacting one-dimensional electron gas and so the dominant
fluctuations of the C'1S0 phase are controlled by the Luttinger parameter K, . and
are of superconducting PDW (K, > 1) or CDW (K, < 1) type.

An interesting question to consider beyond the present work is what is the effect
of other types of umklapp scattering? In Ref. [1] we also examined the 3k, + kg
umklapp and found dominant fluctuations of an interesting “composite” order type
which is difficult to understand. Is there some overlap between this order and a
simple to understand order parameter, like in the KHM? Further work is needed to
understand this and would be aided by the ability to calculate observables in the
chain representation. The other types of umklapp such as the 2k, + 2k, term should
also be studied. It would also be interesting to study generalisations of KHM with
SU(2) symmetry broken in the spin chain, which may lead to a rich phase diagram.

Having studied the static properties of the two-leg ladder in this chapter using
a combination of field theoretic and numeric techniques, we move to studying the
dynamical properties of quasi-one-dimensional quantum systems in the next chapter.
There, we will see that once again we can combine perturbative field theory and

numerical computations to gain insight into material properties.
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Appendix
2.A 2kp components of the charge density

The number operators on each leg of the ladder can be expressed in terms of the

bonding/antibonding fermions introduced in (2.7)

i : _ i f
Nja T 50 = Cjalhjat Cabjalabjer Mga ~ "240 = CjaCabja T Cabjalbja -

The low-energy projections of these operators in the continuum limit (2.10) are

Njat N0 ™~ aoﬂéty)(x) + ag [pgzb)a(x) 2kt 4 pgjbya(m’) 2T L he| +...
Nigja = N2ja ~ ag [pl(;)rkab,a@) eilkotkap)z 4 h.c.] +...,

where we’ve defined

pé—,‘_a) (ZE) = Z Ril,osz,a + LII,aLd,a ) pg—l:j,a(‘r) = Lil,aRd,oz )
d=b,ab
- = L, R, +L R
Pr +kab,a($) abattha T Ly o L0 o -
These operators can then be bosonised (see e.g. Sec. 2.2.1.1 and Ref. [7])
(+) (+) 1
r) = )~ —0,P .,
py () ;Po,a( ) N +,
p@) = DA (@) ~ =2 VI cos (VarDy, ), d=1,2=bab
p,g_lkab () ~ —2 VT (Phem6-c) [cos (Vr[®s s — O_,]) — cos (Va[Pss +O_}]) ],

where @4 4 = (®14+ Py y)/V2 and O1 g = (014 + O94)/V2 for d = ¢,s. We note
that the oscillatory terms feature a spin boson — if there is a spin gap, the response

of these terms is blocked (e.g. the two-point function will decay exponentially).

2.B 4kp density components in the band picture

We now consider the 4k components of the charge density, which are a direct result

of the presence of interaction terms in the Hamiltonian. We derive the interaction-
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induced terms using an RG procedure. The on-site Hubbard interaction gives a

contribution Sy, = S + Si(ft) to the action

int

U
1
Si(nt) = 75 / d’y [CZ,TCM + Clmcam} (¥) [CZ,¢Cb,¢ + Clb,ﬁab,J (v)
U
2
S& = —3 / d’y [Cz,Tcab,T + Clmcm} (y) [CZ,$Cab,¢ + Clb,ﬁb,J (y) - (2.56)

We decompose the continuum fields into high (>) and low (<) energy parts cq(x) =
ca,<(z) + ca>(x). The 4kp components of the density operator are then found by
taking the average —(cl(z)cy(2)Sit)> and keeping only the 4kp oscillatory terms.
For example, we obtain a contribution

U

i T i T
§<Cb,¢,<(37)cb,¢,>($) / dydr Cp1,>Cp 1< [cb,¢,<cb,¢,< + Cab,¢,<cab,¢,<] >>v

where we now use that

dk
e—zk(

- z—y)—es(k)T
SA 27

(1o 0) ey r:0)), = oo =) == [

is short ranged in 7, so it becomes

Uy

Ecb,T,<(x> /dey G (=72 — y)cb,T,< (y) [CZ,¢,<%,¢,< + Clb,¢,<cab,¢,< (y)-

Next we linearise about the Fermi surface (2.10) and replace the arguments of the
left and right moving fermions by z, which is justified as the Green’s function is
also short-ranged in x — y. Implementing this procedure, we find the operators in

Egs. (2.14). Subsequent bosonisation gives

~ —2UGy~(3ky) VAT e VAT o

() 7
() ~ —2UGaps (3key) VAP omiViT® e

'Oé:b)”kab () ~ Corysoky Vit [COS (\/ECD_,S) + cos (\/E@_ﬁ) — Cos (\/E@_,c)] ;
() ~ Coppr, e ™0 [e_iﬁ@"c cos(V/mp_ ) — Ve COS(ﬁ@—,S)] ,
()

~ Ckb+3kabeim‘b+*c [e‘iﬁ“’**c cos(v/Tp_ ) — eV COS(\/%(,O_,S)] , (2.57)

where C, are non-universal pre-factors proportional to U for small interactions and
the chiral fields are defined by ®4 g = Y1+ ¢+ @+ 4, O+4 = Y1 4— P+ 4. Refermionizing
in terms Majorana fermions (similar to Eq. (2.21)) makes the correspondence between

band and chain pictures explicit (see Ref. [1]).
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2.B.1 “4kp” density components in the chain picture

To determine the 4k components of the charge density in the chain picture, we start

from uncoupled chains (i.e. t; =0 =V, = W), where the low-energy projection is

§ 2'mka
OC panF .

The bosonised expressions for the 4kr component of the charge density in the ex-

tended Hubbard chain is pfk)F (z) ~ (Fetr oxplin/3r®\?] + H.c.) where F is a non-

ny; £ n2u|,

universal amplitude. In the rotated basis (2.19) this is
,5512( ) ~ OF cos(4kpx + VAnd,) cos(VATdy). (2.58)

This expression can be refermionised in terms of the Majoranas &3, 7 introduced in
Sec. 2.2.2, which give cos(V4r®y) = imag (§3E + nrnL) -
Next we take into account the non-zero ¢, which hybridises the  and x° Majo-

ranas. Performing the rotation in (2.22) we arrive at

cos(Vindy) ~ iﬁao{ﬁ?zé% kel - 483 — 2 (ch—ig) (¢h +iE})

Vs g 2
Lo e i) (¢ ieh) } (259)
Substitution of (2.59) into (2.58) gives the expression for the Fourier components
N1y £ ney Z p(i) et (2.60)
PesSy

where S} = {4kp,4kr £2Q}, S_ = {4kr £ Q} and

Pil(a) ~ iFelViTte {5%5% —— (eheh —3e2) |,

S —"_ C
FiF v,

2 (vs + ve) i (6r £i87) (Sr F i8h) -

+
Pik;izQ( )

with F' = Fray a non-universal constant. The analogous analysis for the antisym-

metric combination of charge densities gives the following result

Pbsgld) = —iF\ [ mm e (6 v ich) €] + € (L +ied)]

where F' is the same non-universal constant as in the (+) component case.
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2.C Higher harmonics of the bond-centred anti-
bonding superconducting order parameter

To derive the higher harmonics of the bond-centred antibonding superconducting
order parameter we follow the same procedure as for the charge density operator in
Appendix 2.B. For this reason, we will be brief in this appendix. We consider the

operator
Pp(j) = Cab,T(j)Cab,¢(j +1) — Cab,i(j)cabﬁ(j + 1), (2.61)

where we split the fermion operators into high (>) and low (<) energy components
and then we average over the high energy degrees of freedom in the presence of
the onsite Hubbard interaction (2.56). As we are interested in the slowly decaying
components of the order parameter in the C'1.50 phase, we focus on the terms which
contribute power law decay in this phase. These are given by fermion operators of

the form

Rab,l,(x + ao)Lab,T(x)LZ,¢(m)Rb,¢(x) Lam(x + aO)Rab,T(x)RZ¢($)Lb,¢($) .
Bosonising the subsequent expressions we find

(@BS&)% ~ V202 [Cl cos (\/%@170 + 2kbx) + Cysin <\/%q)1,c -+ 2kbx) }
X COS (\/ECI)JDS) +...,

(@BSi(ft)>> ~  —eiV2mO2e |:C3 cos (\/%‘I)Lc + 2k:bx> + Cy sin (\/%(I)l,c + kax) }
X CoS (\/E@_,s) +...,

where the complex coefficients C; are given in terms of G+ 1. We have dropped terms
which do not decay as a power law and also those which have a zero expectation value,
e.g. contributions proportional to sin(v/47®, ,) or sin(v/47O_ ,). Combining the two
contributions gives the following result for the slowly decaying part of the low-energy

projection of ®g in the C'1.50 phase

(PpSint)> ~ eim@Q’c{ [Cl cos <\/E<I>+,S) — C3 cos (\/E@_75>} cos (\/%@1,0 + kax>

+ [CQ COS (\/E(IL“S) — Cy4 cos <\/E@_,s>] sin (\/%(13170 + 2k‘bx> }
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3. Quasi-particle breakdown in the
quasi-one-dimensional Ising
ferromagnet CoNbyOg

3.1 Background and introduction

3.1.1 Quasi-particle breakdown

Quasi-particles often play a central role in condensed matter physics: from the quasi-
electrons/holes of Fermi liquid theory to Cooper pairs in conventional superconductors
and magnons in a quantum magnet. In quantum magnets, spin wave theory and the
conventional picture of long-lived well-defined excitations has been shown to be a
good description of the static and dynamic properties of a large number of quantum
magnets [100, 101, 102, 103, 104, 105, 106, 107]. However, there has recently been
increasing interest [108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120,
121, 122, 123, 124, 125, 126, 127, 128, 129, 130] in spin systems which do not have
well-defined quasi-particle excitations as a result of “quasi-particle breakdown” — a
many-body quantum mechanical effect which results in the spontaneous decay of
excitations.

The spontaneous decay of excitations in such spin systems has humble origins: at
a given energy and momentum the single particle mode loses intensity and broadens
significantly as a result of kinematically allowed decay processes into the multi-particle
continua. In comparison to the finite lifetime of spin excitations caused by scattering
with thermal excitations, quasi-particle breakdown can occur at zero temperature (see
e.g. Ref. [128] for a recent review). The combination of kinematic considerations and
the existence of matrix elements rules out quasi-particle breakdown in many of the

most studied models of quantum magnetism (such as the transverse field Ising model
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or the Heisenberg XXZ model) except when additional symmetry breaking terms are

added [117, 118, 128).

3.1.2 CoNbyO4: an Ising ferromagnet

A paradigm of low-dimensional quantum magnetism, the transverse field Ising chain
(TFIC) [20, 22, 23], has only recently been (approximately) realised in an exper-
imental system. The quasi-one-dimensional ferromagnet CoNbyOg is formed from
weakly-coupled [131] zig-zag chains which form a triangular lattice in the plane per-
pendicular to the chains, see Fig. 3.1. In this material, a phase transition is observed
between a spontaneously ordered magnetised state and the quantum paramagnet at
an experimentally achievable critical transverse field of B ~ 5.5T. In the ordered
phase, weak interchain couplings (J;, J2 in Fig. 3.1) give rise to a longitudinal mean
field and the resulting rich spectrum of bound states, predicted 25 years ago by
Zamolodchikov [132], has been observed with inelastic neutron scattering (INS) [133]

and THz spectroscopy [134].

(a)

2b b

Figure 3.1: (a) The one-dimensional geometry of the Cobalt chains in CoNbyOg
along the c-axis. Nearest-neighbour bonds are shown by solid lines and next-nearest
neighbour bonds are shown with dot-dashed lines. The buckling parameter ( =~
0.165 [131]. (b) The geometry of CoNbyOg in the a-b plane perpendicular to the
chain direction c. In this chapter we consider uncoupled chains, so we approximate
all the bonds shown by J; = J, = 0.

Just how closely CoNbyOg realises the TFIC is still under active investigation [131,
133, 135]; the most recent INS studies [131] have focussed on the quantum param-
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agnetic phase (B > B¢) with the aim of quantifying the interchain couplings and
the extent of geometric distortion of the triangular crystal structure (see Fig. 3.1(b)).
The effects of interchain couplings are predicted to be most strongly felt in the para-
magnetic phase [136], whilst geometric distortion is thought to lead to a number of
possibilities for long-range spin order in the a—b plane [137]. As we discussed in Chap-
ter 1, INS in the paramagnetic phase should be dominated by a sharp high-intensity
single particle mode and the remainder of the spectral weight is found in low-intensity
scattering from the multi particle continuum [35]. We can think of the excitations
in the paramagnetic phase as spin flips, dressed by quantum fluctuations (which are
suppressed in the B — oo limit).

The dispersion observed in INS studies suggests that additional terms must be
present in the Hamiltonian, beyond the TFIC [131]. This is also consistent with
numerical studies [135], the value of the critical field in comparison to the Ising
exchange parameter [133] and the unusual “anomalous broadening” region seen in the
INS experiments. A natural first step away from the TFIC is to consider a strongly
anisotropic nearest-neighbour XX7 interaction. The zig-zag crystal structure along
the c-axis, Fig. 3.1(a), also suggests that the next-nearest neighbour spin interactions
should feature in the Hamiltonian. Due to the longer exchange pathway (Co-O-O-
Co compared to Co—O—Co) we expect these terms to be weaker. Putting these terms

together, we arrive at a “minimal spin model” for CoNbyOg:
H = Hrric+ Hxy + Hywn, (3.1)

Hrpio = JY ,SiSi+h» S,

¢ ¢
Hxy = JY Xa(SPSi, +SYSE,),

¢

Hyny = JZ MS;Siy + As(SPSEs + 57SY,,),
¢

where the \; are expected to be small, in keeping with the arguments presented
above. The transverse field h = gugB is related directly to the applied magnetic
field B and the g-factor in the x direction. The buckled geometry of the Co chains in
CoNbyOg does not have an effect on the Hamiltonian (we assume no dimerisation of

the exchange interactions), but can be seen in INS data.! Let us briefly define some

"The buckled geometry is responsible for a “ghost mode” appearing in the INS data when the
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terminology: we will often refer to the Ising easy axis direction z as the “longitudinal”

direction, whilst the applied field direction x is the “transverse” direction.

3.1.3 This chapter

In this chapter we will study the one-dimensional quantum spin Hamiltonian (3.1)
and show that it captures the essential one-dimensional physics of CoNbyOg. To
do so, we will begin by calculating the single particle dispersion of the model (3.1)
and we fit this to the “true” dispersion extracted from INS data. Once we have
fixed the exchange parameters, we will focus on understanding the physics behind
the “anomalous broadening” region seen in INS data — where in part of the Brillouin
zone the single particle mode is observed to broaden and lose intensity. We present
high-resolution INS data from the R. Coldea group in the Clarendon Laboratory,
University of Oxford, focussed on this region which shows that the single particle
mode has almost vanished, so severe is the broadening. Supported by large scale exact
diagonalisation studies, we attribute this broadening to the phenomena of “quasi-
particle breakdown” — a small misalignment of the magnetic field and the overlap
of the single particle mode with the two particle continuum conspire to allow the
spontaneous decay of single particle excitations. We show that a small misalignment
0 ~ 1.5° is sufficient to explain the experimental observations.

This chapter is laid out as follows: in Sec. 3.2 we detail the calculation of the
single-particle dispersion for the spin model (3.1) using diagrammatic perturbation
theory. Section 3.3 introduces the dynamical structure factor and its relation to INS
experiments, explaining how we fit the calculated dispersion to INS data. Having
fit the exchange parameters, we also present the DSF of the model (3.1) calculated
by exact diagonalisation. Following this, we focus on the “anomalous broadening”
observed in experiment, presenting high-resolution INS data and our explanation in
Sec. 3.4. This section also contains exact diagonalisation results for the DSF which
clearly show the broadening of the single particle mode. Section 3.5 contains our

conclusions and two appendices contain technical points of our analysis.

momentum transfer in the b direction, ¢, is non-zero. The ghost mode is shifted by 27 /c compared
to the unbuckled result and has a reduced intensity, which depends on gp.
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3.2 One-dimensional quantum model of CoNbyOg

A common first approach to calculating the single particle dispersion of models such
as (3.1) is linear spin wave theory (see the data parameterisation of Ref. [131]).
Generally this is not a reliable approach for one-dimensional quantum systems —
in this case it can parameterise the data at a fixed field h, but requires quite different
exchange parameters at different transverse fields. This inconsistency is likely due
to the higher order terms in 1/S not being negligible. We wish to find a consistent
set of parameters which work for all values of the transverse field, for this reason we
take a different approach to the problem and base our calculation on a self-consistent
perturbative treatment of a fermionic theory [138].

We begin by performing a sequence of transformations, presented in detail in
Appendix 3.A, after which we obtain a fermionic theory ezactly equivalent to (3.1).
In the fermion theory, parts of the interactions in Hyy and Hyyy have been treated

exactly. The Hamiltonian now takes the form

J
H = Z Ekazak + 17 Z Vg(k)aLaLQchScL,€4
k ki

J
+ 7 Z {Vo(k)a,LlaLQaLSaL4 + W(k)aLGLGLSG,M + H.c.} (3.2)

where the vertex functions V;(k) = Vi(kq, ko, k3, k4) are given in Appendix 3.B, L is
the system size (number of sites in the spin chain) and the single-particle dispersion

relation is

E, = \/[Ak+291(k7Q)]2+[Bk‘{’Z@Z(kaQ)}Q (3.3)

with Ay, By and ©;9 defined in Appendix 3.A. In the h — oo limit, the single
particle excitations aL are formed from spin flips in the completely polarised state
| <=2 ... <); at finite transverse field (h > h¢) these become dressed by quantum
fluctuations.

The four-fermion interaction terms in the Hamiltonian (3.2) will be treated per-
turbatively in the following calculation, consistent with the assumption that \; < 1.

It should be emphasised that this perturbative treatment is not equivalent to simply

treating Hxy and Hyyy directly in perturbation theory: parts of these interaction
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terms have been treated exactly through the self-consistent Bogoliubov transforma-
tion performed in Appendix 3.A. We now continue by outlining how we calculate the

single particle dispersion by inverting Dyson’s equation.

3.2.1 Calculation of the single particle dispersion

To zeroth order in perturbation theory, the single particle dispersion is given by
Eq. (3.3). To take into account the interaction terms present within the Hamilto-
nian (3.2), we calculate the first order self-energy corrections to the Green’s functions
and obtain the modified single-particle dispersion by resumming an infinite series of
diagrams by solving Dyson’s equation. This perturbative calculation is well controlled
provided the thermal energy kT is smaller than the single particle gap Fr—q; we focus
on the behaviour within the paramagnetic phase and away from the critical point to
fulfill this criterion. We will see good agreement between the dispersion calculated by
perturbation theory and that obtained from exact diagonalisation. We don’t expect
our calculation to predict with any great accuracy the value of the critical applied
field (Bc ~ 5.5T) as the perturbative expansion becomes uncontrolled in the vicinity
of the critical point.

We begin by discussing the formalism we use for calculating the modified single
particle dispersion and following this we calculate the first order contributions to the

self-energy and hence the modified single particle dispersion.
3.2.1.1 Formalism

The Hamiltonian (3.2) does not conserve the number of quasi-particles aL, so the

imaginary time Green’s function is given by a 2 x 2 matrix:

s .
g(iwn, k) = —/ dre*""g(t, k),
0

e [ @O a0
BT k) = <Tf { ol ()al(0) aly(r)a_(0) } v )>’

where 7 = it, T, denotes time-ordering in imaginary time and w, are Matsubara

frequencies. The 7-evolution operator is given by

U(B) = T exp {— /0 ’ dry Hing (n)] : (3.4)
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and the expectation value is

Tr[Oe=PH] 1
() I i — = . 3.5
() Trle—PH] ’ kgT (3:5)
The non-interacting (zeroth-order) Green’s functions are given by
. . GO (iwn, k’) 0
go(iwy, k) = 0 Gy, —k) | (3.6)
where the bare Green’s function Gg(iw, k) takes the usual form
1
Goliwn, k) = ———. 3.7
o, ) = (37)
The full Green’s function obeys Dyson’s equation
g (iwn, k) = go ' (iwn, k) — B(iw,, k), (3.8)

which defines the single-particle self-energy 3. The single-particle self-energy is
formed from the same diagrams as the full Green’s function with the two external
legs truncated. We highlight that the solution of Dyson’s equation with a truncated
self-energy (e.g. only considering diagrams to a given order) corresponds to the sum-
mation of an infinite series of diagrams for the Green’s function.

By inverting the Dyson equation (3.8) we obtain an expression for the full Green’s

function in terms of the components of the self-energy matrix (X);;

. | F B+ (B ()21
g(iwn, k) = (X)12 iwy, — B + (3)2
1

X (iwn)2 — [Ek + (E)H]Q _ |(2)12’2 ) (39)

where the components of the self-energy (X);; = (X(iwp, k));; are functions of the

frequency and momentum. In Eq. (3.9) we have assumed that the self-energy matrix
satisfies (X)21 = (2)7y = —(X)12 and (X)1; = —(X)a2, which will be verified to first
order in the subsequent calculation.

For a first order calculation, we will find that the self-energy matrix is frequency
independent, and so the single-particle dispersion is given by the position of the pole

in the Green’s function:

e =V [Ex + (Z(k)ul? + (S (k)12 - (3.10)

At higher orders in perturbation theory the self-energy matrix becomes frequency
dependent and has additional singularities associated with multi particle excitations.

We now calculate the self-energy matrix to first order in perturbation theory.
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3.2.1.2 First order self-energy corrections

iPn, P
Figure 3.2: The general form of the self-
energy diagram at first order. V; = Vj,
for g% (iw,, k) (d = 1,2) and V; = V; for
¥ (iwn, k).
Vi

At first order, the diagrams that contribute to the self-energy are all of the form
presented in Fig. 3.2. We begin by considering the diagonal matrix elements: the
vertex in the self energy diagram is then given by V; = V5. This diagram can be
obtained by taking the first-order connected diagram for the propagator (ak(T)aL(O))

and removing the external legs. The diagram corresponds to

(E(k))ll - = Z 6_[/‘/2(]{;7])7 _k7 _p>G0(anap>epn0+7
iPn,p
np(Ep)
L 9

p

(3.11)

where np(E,) = 1/(exp(SE,) + 1) is the Fermi-Dirac distribution, which naturally
arises from the Matsubara frequency summation. The remaining momentum sum
in Eq. (3.11) is performed numerically as both the dispersion relation E, and the
vertex function V5 depend upon the Bogoliubov parameter 6 which is numerically
determined from the self-consistency condition (3.24). At first order, (23(k))11 =
—(X(k) )22 follows from the same diagrams contributing to both matrix elements.

The off-diagonal elements of the self-energy matrix are given by Fig. 3.2 with
Vi=Vy or V; = V;* = =Vj. From this, it follows that (X(k))12 = —(3(k))21 and the
off-diagonal self-energy is given by

nF(Ep).

p

(3.12)

From Eqgs. (3.11)—(3.12) we see that the self-energy is frequency independent at
first order in perturbation theory, hence Eq. (3.10) applies for calculating the modified
single particle dispersion. The elements of the self-energy matrix are proportional to
JAinp(E,); the strongest corrections to the dispersion occur close to the minima of

the dispersion (e.g. in the vicinity of the single particle gap) or when the system
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is at high temperatures. The single-particle dispersion with first order self-energy

corrections is given by

2
E,)\2 E
Sk::l: (Ek+4jz‘/2(k7p7 _p,_k)nFi p)> + 6jzm<k’_k7p’ _p)nF(L p)
p p
(3.13)

We continue by discussing the dynamical structure factor, presenting a brief review
of previous results before showing inelastic neutron scattering data for CoNbyOg and

explaining how we fix the exchange parameters of our model using this data.

3.3 Dynamical Structure Factor

The dynamical structure factor (DSF) S(w, Q) is a frequency (w) and momentum
(Q) resolved probe of the properties of a magnetic system

S (w, Q) = % /_ Z dt; Qe gt (ge (1) Sy (3.14)
where S§(t) = exp(iHt)Sy exp(—iHt) is the time-evolved a-component of the spin
operator on site ry of the lattice and (O) denotes the thermal trace (3.5). The intensity
measured in inelastic neutron scattering experiments is directly proportional to the
DSF [139, 140].

Analytical calculation of the DSF (3.14) is in general a very difficult task. Take
the case of the transverse field Ising chain (TFIC): as was discussed in Chapter 1, the
ground state properties were calculated by Pfeuty in 1970 [20] and the model can be
exactly solved by Jordan-Wigner transformation. However, free fermion techniques
give only the transverse component S™ of the DSF (3.14) exactly [32, 33, 34] and
the calculation of the other components is hindered by the non-local Jordan-Wigner
strings of the other spin components in the fermion language. Calculation of the other
components of the DSF in the 1D TFIC remains an area of active research [35, 36].

In recent years there has been much progress in the calculation of dynamical
correlation functions in certain classes of 1D quantum integrable models, including
the Heisenberg model [141] and the XXZ model [142, 143]. Certain components of the

DSF may be computed numerically [17] at zero-temperature using exact results from
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algebraic Bethe ansatz. In models with integrable low-energy effective field theories
finite-temperature dynamical correlation functions can be computed [144, 145].

Methods not reliant upon integrability of the underlying model, such as conven-
tional perturbation theory [138, 146], can give (perturbative) expressions for certain
components of the DSF (like in the TFIC, those local in the fermion basis). Other
calculable quantities of interest, such as the threshold singularities which occur at the
onset of support in the (w, @)-plane, can sometimes be calculated phenomenologically
using the non-linear Luttinger liquid theory [147].

In general, the calculation of all of the components of the DSF is reserved for
numerical techniques. In quasi-one-dimensional quantum systems there are three
main numerical methods of choice: (i) quantum Monte Carlo [148] with analytic
continuation back to real time; (ii) the density matrix renormalization group algo-
rithm [149, 150, 151]; (iii) exact diagonalisation [54, 153]. In the remainder of this
chapter, we will restrict ourselves to small system sizes and study the dynamical
properties of our model (3.1) using exact diagonalisation.

Let us now briefly recap known results of the TFIC in a strong transverse field to
explain how we fit the single particle dispersion, calculated in the previous section,

to the experimental inelastic neutron scattering data.

3.3.1 DSF of the transverse field Ising chain in a strong trans-
verse field

Let us consider the DSF of the TFIC in a strong transverse field, which puts us
deep within the paramagnetic phase with a single-particle gap much larger than the
bandwidth of the single particle dispersion. In particular we will be interested in the
DSF below the energy cost of two-particle excitations. This eliminates the need to
study the transverse component, for which exact results are known [32, 33, 34|, as
this has only a response above the two-particle gap (as the transverse spin component
is a density operator in the fermion language).

Instead we consider the remaining diagonal components of the DSF S**(w, Q)

with @ = y,2z. Whilst there are no known exact expressions for this correlation
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Figure 3.3: Inelastic neutron scattering data for the dispersion along the chain
direction [ at (a) B = 7T; (b) B = 8T; (¢) B = 9T. From this data the single
particle dispersion (“Data” in Fig. 3.4) was extracted. We highlight the “anomalous
broadening region” at | &= —0.55 where the dispersion loses weight and significantly
broadens. The incident neutron energy was E; = 10meV with a fullwidth at half-
maximum resolution of AE = 0.21(1) meV on the elastic line.

function, the one-particle contributions are known [35]

o
S (w, Q) = |1-— <E> €(Q>5[w —e(Q)], (3.15)
_ ; 2: 1/4
57,0 = |1- (1) | d@lo-da, (3.16)
where the single particle dispersio_n in the TI;‘IC is given by
€(Q) = \/h2 — hJ cos(Q) + JZQ : (3.17)

This shows that the low-energy DSF is dominated by a delta-function peak along the
single particle dispersion in the (w, @)-plane.

We will use this fact in CoNbyOg where we expect INS in the paramagnetic phase
to have a sharp response along the single particle dispersion in the (w, @)-plane (in
analogy to the TFIC). This allows us to extract the true single particle dispersion
(to within experimental resolution) for the excitations in CoNbyOg. We can then fit
the results of our perturbative calculation (3.13) to that extracted from INS data at
a number of transverse field strengths to consistently fix the exchange parameters of

the model (3.1).

3.3.2 Fitting the single particle dispersion to experiment

In Fig. 3.3 we present inelastic neutron scattering data for the excitations along the

chains (the momentum along the chain Q = 2 /cl with 27 /c = 1.247A~") of CoNb,yOg
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for an applied transverse field of B = 7,8,9T. As expected from the previous sub-
section, the data shows a single sharp quasi-particle excitation throughout the single
unit cell Brillouin zone (except for a feature close to [ = —0.55, which we will come
to later) with additional light scattering from multi particle continua. From the INS
data we extract the true single particle dispersion from the full (3D) parameterisation
of the data (see e.g. Ref. [131] for such a parameterisation).

Taking the true single particle dispersion, we use a simulated annealing algo-
rithm [154] to fit the results of our perturbative calculation (3.13) at the three dif-
ferent applied fields. We run the simulated annealing algorithm in the {A;, Ay, A3}
parameter space, varying the values of J and gup between runs and choose a set of
parameters which consistently describes the single particle dispersion across the range

of transverse field strengths. We find the following set of fit parameters:

J = —-2.88meV, ¢g=3.21,
(3.18)
A= —0.135, Ay =0.205, A3 = —0.003.

Comparisons between the calculated single particle dispersion (solid line), exact
diagonalisation results for the Hamiltonian (3.1) with the above parameters and the
extracted data from inelastic neutron scattering (Fig. 3.3) (dotted line) are shown
in Figs. 3.4(a)-(c), where we see that the perturbative calculation overestimates the
single particle dispersion at [ ~ 1 for B = 7T, but exact diagonalisation results match
very well the experimental data for all fields. The perturbative calculations allows us
to estimate the critical transverse field: the parameter set (3.18) leads to a critical
field strength of ho = 0.915meV, corresponding to a magnetic field of Bo ~ 4.92T. We
remind the reader that our perturbative calculation is not controlled in the vicinity
of the critical point, but this value broadly agrees with the experimental estimate of
the 1D critical field [133].

In the following, we will use the parameter set (3.18) in exact diagonalisation
studies of the DSF. By comparing the exact diagonalisation results to the INS data, we
will lend further support to our claim that the model (3.1) with fit parameters (3.18)

gives a good description of the one-dimensional physics of CoNbyOg.
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Figure 3.4: Comparison between the single particle calculated by the perturbative
calculation at T' ~ 50mK (solid line), exact diagonalisation of the L = 24 site system
(blue crosses) and the single particle dispersion extracted from the inelastic neutron
scattering data of Fig. 3.3 (dotted line).

3.3.3 Full diagonalisation: eigenvalue spectrum

Before getting to the DSF, we consider the spectrum of eigenvalues of the spin
model (3.1) obtained by fully diagonalising the Hamiltonian. This will be useful
in our future discussions of the DSF, particularly in describing the unusual broaden-
ing region (see Sec. 3.4). Figures 3.5(a)—(c) present the spectrum of the Hamiltonian
for B = 7,8,9T, with the symmetry of each state under spin inversion S7 — —S57
labelled. The single particle mode (solid line) and the multi-particle continuum (grey
shaded region) are highlighted. For all three cases we see that the single particle
mode grazes the two-particle continuum in the region [ = 0.5 — 0.7, with the three-
particle continuum also close by at lower fields (within ~ 0.25meV at B = 7T). This
overlapping of the single particle mode with the multi particle continuum is a result

of physics beyond the transverse field Ising chain, where this cannot occur in the
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Figure 3.5: We present the spectrum of the Hamiltonian (3.1) with parameters (3.18)
obtained by exact diagonalisation of the L = 16 chain with (a) B = 7T; (b) B = 8T
and (c) B = 9T. The parity under spin inversion S* — —S* of each state is labelled
by crosses (odd) and squares (even). We highlight the single particle mode (SPM)
(solid line) and the multi-particle continuum (shaded region).

paramagnet due to kinematic constraints enforcing Ej + E,_, > Ej, for all £, q.

3.3.4 Lanczos diagonalisation: the DSF

Having examined the spectrum of the Hamiltonian, we next turn our attention to the
DSF. To study the DSF, we move away from full diagonalisation of the Hamiltonian
and use Lanczos based techniques to iteratively diagonalise the Hamiltonian, allowing
us to work on much larger system sizes (up to L = 28, where each momentum block of
the Hamiltonian has dimension & 228 /28 = 9.6 x 10°). This significantly increases our
momentum and frequency resolution, which will be particularly useful for examining

the anomalous broadening region.
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3.3.4.1 The Lanczos algorithm

The exponentially increasing size of the Hilbert space with length of the spin chain
means that complete diagonalisation of the Hamiltonian rapidly becomes too compu-
tationally and memory intensive to be performed. Whilst full diagonalisation gives
the complete spectrum of eigenvalues and, if required, eigenvectors, this is usually
much more information than we require for studying the ground state properties of a
system. In such cases “iterative diagonalisation methods” can be used to target one,
or a few, states of the system. Using this in combination with sparse matrix methods
allows one to study spin chains approximately twice as large as those accessible with
full diagonalisation.

The simplest iterative technique is the “power method” which targets the eigen-
vector of the matrix H with the extremal eigenvalue. We begin by taking a random
vector in the Hilbert space |vg); this should have a non-zero overlap with the eigen-
vector with extremal eigenvalue |0). We now repeatedly apply the matrix H to our

initial vector:
on) =Y H"Ovo) = > A1) (Llvo).
¢ ¢

which in the limit n — oo clearly converges to the eigenvector with extremal eigen-

value. The subspace formed from the vectors at each step of the power method

{]vo>,H|v0>, o ,H"|v0>}

is called the nth Krylov subspace. The vectors in the Krylov subspace are not or-
thonormal and so do not form a basis. Orthogonalising this subspace to form a basis
is the central idea of Lanczos matrix diagonalisation [152].

The Lanczos algorithm for targeting the low-energy states has the following steps:
1. Choose a vector with non-zero overlap with the ground state (normally we

choose a normalised random vector |ug) for this purpose).

2. Generate a basis by orthogonalising the Krylov vectors. This basis is generated

recursively using

[Uny1) = Hl|un) — an|tiy) — bi|un—1>7 (3.19)
a (un|H |uy,) P2 — (Un |tn)
" (Un|tn) ’ " <un—1|un—1>’
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with by = 0 and |u_1) = 0.
3. Continue iterating the above until ||u,|| < €, where € is your Lanczos tolerance.

4. The Lanczos Hamiltonian T, is the tridiagonal matrix with {ao, ..., a,} on the
lead diagonal and {b,...,b,} on the neighbouring diagonals. This is diago-

nalised using standard routines to find the energies and eigenvectors.

In a real numerical implementation of the Lanczos algorithm there is an additional
step which significantly increases both memory usage and the computational complex-
ity of the algorithm. The accumulation of floating point errors in the computation
means that the Lanczos vectors rapidly lose orthogonality — one must reorthogonalise
the vectors using e.g. Gram-Schmidt reorthogonalisation. This requires storing all
the Lanczos vectors (rather than just the n — 1,n,n + 1 vectors) and performing

matrix-matrix-vector multiplication.
3.3.4.2 The continued fraction representation of the DSF

One of the advantages of the Lanczos matrix diagonalisation is that it allows for easy
computation of dynamical correlation by the continued fraction representation, which
we will derive here following Ref. [54]. We wish to calculate correlation functions of
the form’

1 1
I(w) = —= lim Im(¥,|Of
() wﬁgr(l) (ol w+ FEy+in—H

O|\DO>7

where O is an operator, Ej is the ground state energy and |Wy) is the ground state.

Let us define the normalised state
O[Wy)

V(T|OT0[ W)

and z = w + Ey — 1. The correlation function is then written as

I(w) = —l lim Im (| 1

T n—0 Z —

‘¢0> =

7 00)(To] 01O Ty).

The matrix z — H trivially satisfies the identity

Z(Z - H)mn(z - H)r_zpl = 5m,pa

n

TThis is formally equivalent to the Lehmann representation. Inserting a complete set of eigen-
states between the operator O and the fraction leads to a sum over (w + Eq — E,, + in)~* factors.
Now use the identity lim,_,o1/(z + in) = P[1/z] — ind(z), where P denotes the principal part, to
rewrite the fraction as a delta function
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which for the special case of p = 0 can be written as:

Z(Z - H)mnxn = 5m,0: Tp = (Z - H>7:01

So far this seems like a tautology, but importantly we can write the matrix (z — H)
in the Lanczos basis generated from the relation (3.19) with |ug) = |¢o). Then the
case with n = 0 corresponds to zg = (¢o|(z — H)*|dp).

The value of zy can be determined by Cramer’s rule: for a system of equations
Az = b where © = (zg,...,zx_1) with unique solutions x;, the solutions can be
determined from z; = detA;/detA where A; is the matrix A with the ¢ + 1th column

replaced by b. That is:
det(z — H)o
Top= —— .
det(z — H)

Now let us define D,, as the matrix (z— H) with the first n rows and columns removed.

From the particular symmetric tridiagonal structure of (z — H) we have

detD,, 1
detD. - . _ 7odetDpyq?
n-1 22— Gp_q1 — b2 TeiD.
and hence
1
o = [P
P S
Z — Qo 2
z—a;— 2 2
zfa27i3'

The dynamical correlation function thus becomes a continued fraction

Uo|OTO| W
I(w) = —=lim Im (Yol [¥o)
T2+ By +in — ag —

b2 ’
b2
wt+Eo+in—a————2——

) b3
w+Eqg+in—ag— =

which may easily be computed.

Our procedure for calculating the diagonal components (« = z,y, z) of the DSF
is as follows: (i) we begin by using a Lanczos procedure to find the ground state;
(ii) we construct the state obtained by acting on the ground state with the Fourier
transformed spin operator; (iii) we perform an additional Lanczos procedure with the
constructed state as the initial state and then calculate the DSF using the continued
fraction representation [54, 153]. We have checked that the Lanczos procedure agrees

with full diagonalisation for L = 16 sites.
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Figure 3.6: Constant @) = 27 /cl cuts (I = 0 — 1 in steps of §l = 1/14) of the dynamic
structure factor S**(w, @ = 27/cl) for (a) a = y and (b) @ = z at B = 7T on the
L = 28 chain with Hamiltonian (3.1) and exchange parameter (3.18). We have used
120 Lanczos iterations in the continued fraction and broadening parameter n = 0.01.J.

3.3.4.3 Results

Following this procedure we find the DSF of the Hamiltonian (3.1) with exchange
parameters (3.18) for B = 7,8,9T. We present the data for B = 7T in Fig. 3.6,
where we have focussed on the a = y, z components of the DSF as these carry the
majority of the spectral weight. The DSF is dominated by a single sharp mode across
the Brillouin zone, with the multi particle continuum having non-negligible weight at
[l ~1and F ~ 4meV. This should be compared to the INS data presented in Fig. 3.3,
where a similar feature is observed. As seen in experiment, with increasing applied
transverse field B the multi particle feature moves to higher energies and becomes
less intense. The single particle mode also moves up in energy with applied transverse
field, as depicted in Figs. 3.4.

We see that whilst both the general features and the quantitative behaviour with
transverse field of the DSF are captured by the minimal spin model (3.1), we do not
see the anomalous broadening region observed in experiments [131], see Fig. 3.3. In
the next section we present high-resolution INS data for this phenomena and a simple

possible explanation of its origin.
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3.4 Anomalous broadening and quasi-particle
breakdown

3.4.1 High-resolution INS: broadening region
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Figure 3.7: High-resolution inelastic neutron scattering data for the single particle
dispersion with momentum oriented along the chain. This data was obtained for
neutrons with an incident energy of E; = 4meV and a corresponding resolution on
the elastic line of AE = 0.051(1)meV. Data is shown for three applied transverse field
strengths: (a) B ="T7T; (b) B= 8T and (c) B =9T.

A surprising and interesting feature of the INS data shown in Fig. 3.3, is that close
to [ =~ 0.5 the single particle mode appears to broaden and lose a significant amount
of weight. Figure 3.7 presents high-resolution INS data (with resolution on the elastic
line of AE = 0.051(1)meV) focussed on this particular feature. The broadening and
lose of weight is so extreme that at B = 7T one might say that a gap has opened in the

single particle mode; careful analysis of the data shows that this is not at [ = —0.5,

so cannot attributed to a dimerisation induced gap (e.g. a Peierls transition).

3.4.2 Broadening in the spin model (3.1)

In the remainder of this chapter, we focus on explaining the “anomalous broadening”
region in the INS data. The spin model introduced in Sec. 3.2 and the fit parameters
of Sec. 3.3.2 serve as a starting point for exact diagonalisation studies. As we have
seen in the previous section, the DSF for the Hamiltonian (3.1) is dominated by a
sharp mode across the whole Brillouin zone and so does not capture the physics of the
broadening of the single particle mode. To go beyond this, we take inspiration from
the data presented in Figs. 3.5(a)—(c), which show that the single particle mode and

the multi-particle continuum overlap in the same region as the anomalous broadening
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is observed in the INS data. With this in mind, we add an additional term to the
Hamiltonian (3.1) which breaks the Zs spin inversion symmetry S7 — —S7 of the
model which previously forbid transitions between the single particle mode and two
particle continuum. A natural candidate for such a term is a small longitudinal field
h. = g.upB, which would arise in the experimental setting due to not having perfect
alignment of the crystal with respect to the transverse field. Thus we consider the

Hamiltonian modified by
H—H+h.) S (3.20)
l

For the inelastic neutron scattering data presented in Figs. 3.3 and 3.7, it is anticipated

that the crystal is aligned to within 1° of accuracy.
3.4.2.1 Longitudinal field added to the critical transverse field Ising chain

The critical TFIC field theory perturbed by a longitudinal field was studied by
Zamolodchikov [132] in the late 80s and the exact S-matrix calculated using the
bootstrap method. He found that the theory has a spectrum with eight stable par-
ticles with masses {my, ..., mg}. The heaviest 5 particles (with masses my, ..., mg)
lie above the threshold of the two-particle continuum (2m;). The stability of these
particles is not a result of an internal symmetry of the model (such as the Z, spin
inversion symmetry in the TFIC which forbids 1 — 2 particle transitions) but arises
from the integrable structure of the model.

What happens when integrability is broken? This question was considered by
McCoy and Wu in Refs. [155, 156] by working at 7 = (T — T¢) # 0 and h, # 0.
This corresponds to perturbing the critical TFIC field theory with both the spin and
the energy density operators. They examined the structure of the poles appearing
in the one-particle Green’s function, ascertaining the number of particles below the
two-particle continuum threshold and how the structure of poles coalesces into a
branch cut starting at 2im at h, = 0, 7 < 0. McCoy and Wu studied this problem
using knowledge of the thermal n-point functions of the Ising model to study the
problem with small h. An alternative approach, the form factor perturbation theory,
was employed by Delfino, Mussardo and Simonetti [157] to study the same problem.
Later work by Delfino, Grinza and Mussardo [158] computed the decay widths of
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the first two particles (my, ms) above the two-particle threshold, whilst Fonseca and

Zamolodchikov [159] studied analytic properties of the free energy.
3.4.2.2 Longitudinal field in the minimal spin model (3.1)

Let us briefly consider the effect of adding such a longitudinal field to our spin
model (3.1). As the symmetry forbidding transitions between one and two-particle
states has been broken, we expect transitions between the single particle state |1)
with energy F, and the two-particle continuum at a transition rate approximated by

Fermi’s golden rule (provided h, < J)

2

2
2) !
EQ%El

where |2) is a two-particle state with energy FEs, po(F) is the density of two-particle
states at energy F and the sum is taken only over two-particle states with approx-
imately the same energy as state |1). The larger the rate of transition 7)_,5, the
shorter the life-time of the one-particle state and hence the broader the peak.

We note that the approximate form of the transition rate (3.21) suggests that
exact diagonalisation may underestimate the broadening caused by the addition of
a longitudinal magnetic field. Due to the small accessible system sizes in exact di-
agonalisation, we have access to a restricted number of states which are generally
well-separated in energy. Thus we expect that the number of terms in the sum (3.21)
is suppressed and the density of two-particle states is small. Both of these reduc-
tions can be countered by increasing the strength of the perturbation h, and hence
we expect exact diagonalisation to require larger values of h, than those observed in
experiment for the same anomalous broadening to be observed. Difficulties extract-
ing the decay width (broadening) of excitations from numerical exact diagonalisation
have also been encountered in previous works, see e.g. Ref. [158].

It is worth noting that transitions between the 1 and 3 particle states can occur
without the breaking of S* spin inversion symmetry, however as we do not see this
in the DSF of previous section and Fig. 3.5(a)—(c) shows that the 3 particle states
are well separated from the one particle mode, we have to conclude that this is not

the origin of the anomalous broadening. We also wish to highlight the fact that the
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overlap of the one-particle mode with the multi-particle continuum does not occur
within the paramagnetic phase of the transverse field Ising chain: the overlap occurs
due to the additional exchange interactions present in the Hamiltonian (3.1).

Let us now briefly summarise the requirements for the broadening of the single

particle mode:

1. The single particle mode and the multi-particle continuum must overlap/be in

very close proximity (see Figs. 3.5(a)—(c)).

2. Matrix elements must exist between the single particle mode and the (approxi-
mately) overlapping states within the multi-particle continuum. If these states
are two-particle states, the S* spin inversion symmetry must be broken to allow

transitions.

3. The decay rate of the single particle mode must be sufficiently large for the

broadening to become apparent.

3.4.3 Lanczos Diagonalisation (up to L = 28)

We now turn to exact diagonalisation results for the DSF in the presence of a small
longitudinal field. As the broadening effect that we are looking for is seen in a certain
area of the Brillouin zone, we use Lanczos diagonalisation (and associated continued
fraction techniques [54, 153]) to extend the momentum resolution of our calculations
(for full diagonalisation we are limited to L ~ 18 sites). We focus on the diagonal
components of the DSF S%*(w, Q) with a = y, z as these carry most of the intensity.
To allow us to compare the regions of anomalous broadening for different strength of
the transverse field, we work with a fixed “crystal misalignment” of # ~ 1.5°, and we
use g, = 5.9 (we estimate from Ref. [161] that g, ~ 5.6 — 6.2).

Fig. 3.8(a)—(b) shows the Lanczos results for the a = y, 2 components of the DSF
in the L = 28 chain at B = 7T with a misalignment of § ~ 1.5° (h, = 0.062meV). We
see that when the single particle mode brushes the continuum (at w ~ 2 — 2.5meV,
cf. Fig. 3.5) the mode loses intensity and significantly broadens. This is in the same

range of momenta [ = 0.5 — 0.7 and frequency as the experimental observations, see
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Figure 3.8: Constant @) = 27/cl cuts (I = 0 — 1 in steps of 6l = 1/14) of the
dynamic structure factor S**(w, @ = 27 /cl) for (left) o = y and (right) a = z for the
L = 28 site Hamiltonian (3.20) with transverse field B = 7,8,9T and misalignment
of # ~ 1.5°. We have used 120 Lanczos iterations in the continued fraction and
broadening parameter n = 0.01J. The arrows highlight the region of “anomalous

broadening” in each case.
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Figs. 3.3 and 3.7. We see that the multi particle continuum feature at £ ~ 4meV,
[ =~ 1 persists, which is also consistent with experiment.

Analogous results for a field of B = 8T are shown Fig. 3.8(c)—(d). Compared to
the B = 7T data the region of anomalous broadening has shifted slightly in energy and
momentum (I ~ 0.55 — 0.75) and the intensity loss is less pronounced, reflecting the
decreased overlap between the single particle mode and the two-particle continuum,
cf Fig. 3.5.

When increasing the field further to B = 9T the broadening is seen to diminish
and occurs closer to the centre of the zone, as shown in Fig. 3.8(e)—(f). While there is
still qualitative agreement with experiment, our theoretical computation now shows
the broadening at around ! =~ 0.7, which is shifted away from the region observed
in experiment, see Fig. 3.7(c). Possible explanations for this discrepancy are that
(i) the misalignment angle depends on the applied field; (ii) there are terms in the
Hamiltonian beyond the ones taken into account in our model (3.1); (iii) the small
system size L = 28 precludes an accurate description of the effect due to insufficient

resolution in phase space.

3.4.4 Quasi-particle breakdown

In the above we have shown that the addition of a small longitudinal magnetic field
component, consistent with small misalignment of the crystal in experiment, leads to
the broadening of the single particle mode in the region [ =~ 0.5 — 0.7 and that this
broadening decreases with increased applied transverse field (for fixed misalignment).
High resolution inelastic neutron scattering data in Fig. 3.7 shows that this indeed
occurs in experiment, with the single particle mode becoming extremely broad and
carrying little spectral weight around [ = 0.5 — 0.65. The level of broadening ob-
served in experiment is sufficient to say that the quasi-particles are no longer well
defined over this region of the Brillouin zone, a phenomena known as “quasi-particle
breakdown” [128].

A number of mechanisms for quasi-particle breakdown (and specifically “sponta-
neous magnon decay” in quantum magnets) are discussed in Refs. [113, 115, 116, 121,

124, 125, 128], including the case of field-induced decay. Most experimental observa-
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tions of quasi-particle breakdown have so far been limited to the case where the single
particle mode enters the two-particle continuum and terminates, such as in quasi-2D
quantum magnets [112] and quasi-1D spin-1 chains [114].

In this case we observe something more unusual: two region of the Brillouin zone
(0<|1] £0.5and 0.7 < |I| < 1) have coherent well-defined single particle excitations,
whilst in the intermediate region 0.5 < |I| < 0.7 quasi-particle breakdown occurs.
For the smallest fields that we examine (B = 7T) this effect is particularly severe in
experiments (see Fig. 3.7(a)), where one could easily believe that a gap has opened
in the single particle dispersion. Compare this to a similar field-tuned effect seen in
the quasi-2D quantum magnet BasMnGe; O, where the excitation is broadened, but
without the severe loss of intensity [120].

The quasi-particle breakdown in CoNbyOg is a direct result of explicit symmetry
breaking within the experimental setting, and highlights the crucial role that symmetry

breaking perturbations can play in the condensed matter setting.

3.5 Conclusions

Motivated by recent inelastic neutron scattering experiments [131], we have inves-
tigated the origin of the anomalous broadening of the single particle dispersion in
the quasi-one-dimensional ferromagnet CoNby;Og. We have presented high-resolution
inelastic neutron scattering data (Fig. 3.7) showing that the observed anomalous
broadening has a non-trivial field dependence and is particularly severe at the small
transverse field strengths (7T), where the broadening may easily be mistaken for a
gap in the single particle dispersion. To understand this behaviour, we have proposed
a one-dimensional spin Hamiltonian whose parameters we fix by fitting the single par-
ticle dispersion (calculated to first order in perturbation theory) to inelastic neutron
scattering data presented in Fig. 3.3.

Having fixed the exchange parameters of our effective model, we add a single free
parameter to our model — a longitudinal magnetic field. Such an addition is rather
physical, as we expect a small longitudinal field to arise from slight misalignment
of the crystal in experiment. Crucially, this longitudinal field breaks spin inversion

symmetry (5% — —S5%) which forbids transitions between the one-particle mode and
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the two-particle continuum. The breaking of this symmetry has a profound effect on
the dynamical structure factor of the quantum spin model — in regions of the Bril-
louin zone where the two-particle continuum overlaps with the single particle mode
(see Fig. 3.5) we see that the single particle mode loses weight and broadens (see
Figs. 3.8(a)—(f) for exact diagonalisation data). This broadening occurs due to the
longitudinal field inducing the spontaneous decay of the single particle excitation into
multi particle excitations, an example of “quasi-particle breakdown” [128]. CoNbyOg
is particularly unusual in this regard as the region of quasi-particle breakdown sepa-
rates two regions of coherent quasi-particle breakdown in the Brillouin zone.

Having spent the last two chapters studying the equilibrium properties of quantum
systems using a combination of perturbative analytical calculations and numerical
computations, in the next we study the out-of-equilibrium dynamics of a many-body
quantum system. We will see once more this combined approach also works for non-

equilibrium quantum systems, where we study the effect of breaking integrability.

87



Appendix
3.A Self-consistent Bogoliubov transformation

Starting from the Hamiltonian (3.1), we start by rotating the spin quantisation axes
by 7/2 about SY to be in keeping with standard conventions. We then perform
a Jordan-Wigner transformation and subsequently Fourier transform the resulting
fermionic theory to obtain the momentum space Hamiltonian H = Hy + Hy, + Eo,
where FEj is an additive constant that rescales the absolute energy and is neglected

herein, Hy contains only fermion bilinears and Hj, is quartic in the fermion operators

1 A 1B c
Hy = 5% <CL C"“> ( —igk —Akk ) ( ka ) ,

J
Hu = 2700 =2) Y [Fosmswoch bl e, +He
ki
J Tt
- ﬁ |:2)\2h(k1,k2)(k3,k4) + 2)\3h(2k1,2k2)(2k3,2k4)] Ck‘1 Ckzc—k‘gc—k‘4
k;
J Tt
- 57 (M + )\3)g(kl,/r@)(,yﬁ?,V;M)ck,lc,wc_k,gc_k,4 .
ki

The matrix elements of Hy are given by

J
A = (14 XA)cos(k) + (A1 + Az) cos(2k) +h — J( A2 + A3),

2
J _ J
Bk = —5(1 — )\2) Sll’l(l{?) — 5

J
2
()\1 — /\3) SiIl(Qk?),
whilst the vertex factors appearing in Hj,; take the form
ft o)) = 3 [sin(ks — k1) + sin(ky — k2) + sin(ks — k3)] 05> &;.0,

1
Yo da)kas) = 5 [cos(ky — k1) — cos(ky — k) + cos(kz — k) — cos(ks — k1)] 05> ;.0,

1
h(k1,k2)(k37k4) = Z [COS(lﬁ + kg) — COS(kQ + kg) + COS(kQ + k4) — COS(/ﬁ + k4)] 52] k;,0

which are antisymmetric under pair-wise exchange of indices appearing within the

same brackets (...) and impose momentum conservation.
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We now diagonalise the quadratic part of the Hamiltonian by performing a self-
consistent Bogoliubov transformation, details of which are given in Appendix 3.A.

We define the Bogoliubov fermions ay by
CL = —{Cos Qkaz —sinfga_, ¢, = 1cosbra, —sin GkaT_k, (3.22)

where the Bogoliubov parameter 6, = —6_, satisfies the self-consistency condition
A sin(20y) — By cos(20) = 0. The quadratic part of the Hamiltonian then becomes
diagonal

1 VA2 + B? 0 a
Hy= = al a_ ( kT Pk )( k) 3.23

Let us now consider the action of the Bogoliubov transformation (3.22) on the
interaction term of the Hamiltonian H;,. It is clear that many of the transformed
terms in Hj, will not be normal ordered. The normal ordering of these terms will
generate fermion bilinear terms that contribute to both the diagonal and off-diagonal
elements of Hy in Eq. (3.23). In order that the quadratic part of the Hamiltonian
is diagonal, we impose a self-consistency condition on the Bogoliubov parameter: it
must be chosen such that the off-diagonal terms that result from normal-ordering
interaction terms vanish. The resulting self-consistency condition for the Bogoliubov

parameter is

[Ak +) Ok, q)] sin 26), — [Bk +Y Ok, q)] cos20, =0,  (3.24)

q q

where we have defined the functions

471 .
Oik,q) = - {5(& + A3)9(k.a) (—a,—k) + A2Phg)(—a k) T Ash@k,zq)(—zq,—%)] sin” 0,
3.J . .
o (A= A3)ifthg.—a) (1 80 26,
JI1 .
Os(k,q) = 7 [50\1 + A3) 90k~ k) (qmq) T A2P(e—k)(q—q) T )\3h(2k,2k)(2q,2q):| sin 260,
3. | L
(A1 = Aa)ifik g,y (—q) S10° by, (3.25)

which also depend upon the Bogoliubov parameter.
The self-consistency condition (3.24) perturbatively modifies the Bogoliubov pa-

rameter. Due to the complicated structure Eq. (3.24), we solve the set of non-linear
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simultaneous equations numerically using standard techniques. Following the imposi-
tion of the self-consistency condition, we obtain the Hamiltonian (3.2) with dispersion

relation (3.3).

3.B Vertex functions

The vertex functions Vy, Vi, Va2 in Eq. (3.2) are obtained by normal-ordering of
the four-fermion terms after Bogoliubov transformation. By symmetry, they can be

expressed in terms of summations over permutations of indices. For example

‘/O(kl) k27 k37 k4)

1
= §ZJ k]-,(){% ()\3 — )\1) Z SgH(P) COS |:k'p1 — k'p2 + Hkpl =+ 9;@2 + Qkpg — Gk&}

PeSy

3
1 .
—1—% E Aj E sgn(P) cos [(] — 1)(1{:}31 + kp2> + Op, — Okp, + Okp, — Qkp4] } ;

j=2 PeSy
where P is the permutation P : {1,2,3,4} — { P, P», P35, P,}.

The vertex which changes quasi-particle number by two is given by
‘/l(kly k27 k37 k4) = 6ZJ k;,0 |:‘/1(12)(k51, k‘g, ]{33, k?4) + ‘/1(23)(]{51, ]{32, k?g, k?4) + ‘/1(13)(]{31, k?g, k?g, k?4):|
where

‘/1(12)(]{:17 kQa k37 k4)

1 T
=5 (A1 — A2) Z Sgn(Q){ sin | kg, — ka + Ok, — Ok, + Okg, — 9@}
QES3 L

+ sin le — k4 — ele + Qsz - ekQ3 + 9k4:|

—sin le - ICQQ + Qle - ngQ — QkQ3 + 9k4}

— sin kQ1 — k?QQ — Qle + QkQQ — Qng + 0@} },
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‘/1(23) (kh k?) k3a k4)

.3 -
i s
=51 E Aj E sgn(Q){ sin |(j — 1) kg, + kQ2) = Okg, + kg, — ko, + 914

j=2  QeS3

+sin (7 — 1)

+sin (7 —1)

+Sin (j — 1) le + k4> - ele - ekQQ + eng + 6k4:| }7

‘/1(13) (kly k27 kS? k4>

= ﬂo‘l + A3) Z sgn(Q){ sin | kg, — kg, — Ok, + Oko, + Ok, — 9@1
QeES3 -

— sin k‘Ql — kQQ + (9le — ek% — 01“@3 + 91&;}

+ sin k‘Ql —ky + Hle - ekQQ + ek’Q?) - 9k4:|

—sin le — k4 - Gle + 9kQ2 - GkQS + 9k4:| }7

where in \/1(12), 1/1(23) and ‘/1(13) the permutation @ acts as @ : {1,2,3} — {Q1, @2, Q3}.

The remaining vertex function that preserves quasi-particle number is given by
Vo(k, ka, ks, k) = 65 150 {1/2(1)(/61, ko, ks, ky) + ‘/'2(23)%1’ ko, kg, ka) + ‘/2(3)(/{17 ko, ks k4)}
with

Vi (kv e, Ky, i)

4

sgn(P)sgn(Q){ cos |:kp1 —kp, + 0k — O, + Orgy, — QkQ4]
P,QeS>

+cos |k, — kq, + Oy — Ok, + Okp, — 9kp21

+cos |kp, — kg, + Qkpl + 9;@2 - Qng - ek%}

+cos |kp — kg, + ekpl - ekPQ B eng + 8’“@41 }
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V(23)(k17 k?? k37 k4)

OO

=2 P,QEeSs

‘/2(3)<k:17 k?) k37 k:4)
A3

P?QESZ

12 S sen(P)sen(Q)

+ cos

— COS

— COS

— COS

— COS

G-

Y
<
|
—_

N—
AA/A—N\/—\/—\
s

+
T~
L
vvvvv
+
>
e
o)

{COS |:(j — 1) <k‘p1 + kPQ) + le - 9k2 - 9kQ3 + QkQ4:|

kp, +kqy ) 4 Okp, + Okp, — kg, — Okg,

=7 sgn(P)sgn(Q){ oS [k:p1 — kqy = Okp, + Okp, + Okg, — Qk%}

+cos [kﬂ — kg, — ‘gkpl - ekPQ + 0kQ3 + HkQJ }

where P is the permutation P : {1,2} — {P;, P2} and @ is the permutation @ :

{3,4} — {Q3,Q4}.
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4. Quench dynamics in a model
with tuneable integrability
breaking

4.1 Introduction and background

In the past 15 years, important advances have been made in the manipulation of cold
atomic gases which mean that recent experiments [162, 163, 164, 165, 166, 167 have
realised essentially unitary time-evolution for extended periods of time. Stimulated
by such experiments, there has been an immense theoretical effort (see e.g. Ref. [168]
for a recent review) to understand fundamental questions about the non-equilibrium
dynamics of quantum systems: do observables in a subsystem relax to stationary
values? If so, can the expectation values be reproduced with a thermal density matrix?

What governs how and to which values expectation values relax?

4.1.1 The quantum quench and subsequent relaxation

The quantum quench is a paradigm in the study of quantum systems out-of-equilibrium.
The standard “sudden quench” protocol [169] starts from the ground state |W¥g)
of a Hamiltonian H(gy), where gy is a tuneable parameter such as the interaction
strength or a magnetic field. At time ¢ = 0 we change gy — g¢; generically the
initial state |Wy) is not an eigenstate of H(g) and we perform the subsequent time-
evolution |Wy(t)) = exp[—iH (g)t]|Vo). Quantities of interest following a quantum
quench include static correlation functions (¥ (t)|0;0;|¥o(t)) and dynamical quan-
tities (Wo|O;(¥)O;(t)| W), as well as the long-time limit of observables (e.g. stationary
values, if they exist).

From the above prescription of the quantum quench, we see that the system
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remains in a pure state at all times |Wy(t)), so the system as a whole cannot be
described by a statistical ensemble. It is also a trivial exercise to construct observables

that do not relax in the long time limit: consider the operator
Oap = |a)(b| + [b)(al,

where |a) and |b) are eigenstates of the Hamiltonian H(g) with energies E, # Ej. In

the Heisenberg picture this operator become time-dependent
Oa,b<t> _ eiH(g)th’befiH(g)t _ ei(EafEb)t|a> <b| + ei(Ebea)t|b> <a’7

and does not approach a stationary value in the t — oo limit.

In order to be able to discuss statistical ensembles and stationary long time limits
of expectation values we focus on local operators which act on a finite number of sites
in the system. The operator O, ; does not meet such a requirement and is obviously
a very non-local operator, acting as a projection operator between two eigenstates of
H(g). For operators O, localised on a region of ¢ sites we have the following picture:
the system is divided into two segments, the region ¢ and its complement /. The
complement can act as a bath for the region /¢, allowing the exchange of probability,
leading to the region ¢ being described by a mixed state. One can then construct the

reduced density matrix for the region ¢

0e(t) = trg [Wo(£))(Wo(t)],

and ask questions such as does this reduced density matrix approach that of a statis-

tical ensemble gy, in the long time limit?

lim 0(t) = tr7 Outar- (4.1)

t—o00

If the supposition (4.1) is true, then expectation values of operators localised in the

region ¢ take the form

Jim (08O o(1)) = tr(Org10).

4.1.2 The role of conservation laws

It is generally accepted that conservation laws and dimensionality play important

roles in the time-evolution of isolated quantum systems. This is highlighted by the

94



ground-breaking experiments of Kinoshita, Wenger and Weiss [163] where it was
found that a three-dimensional condensate of 8"Rb atoms driven out of equilibrium
rapidly relaxed to a thermal state (“thermalised”), whilst a condensate constrained
to move in a single spatial dimension relaxed slowly to a non-thermal ensemble. It
is thought that the presence of additional (approximate) conservation laws in the
one-dimensional case lies at the heart of this difference.

Two central paradigms have been established in the late time behaviour of trans-

lationally invariant models following a quantum quench:
1. Subsystems thermalise and are then described by the Gibbs ensemble (GE) [170].

2. Subsystem do not thermalise, but approach a late time stationary state de-

scribed by the generalised Gibbs ensemble (GGE).

There is substantial evidence [30, 169, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183, 182, 184, 185, 186, 187, 188, 189] that the second case applies to
quenches in integrable models, as suggested in a seminal paper by Rigol et al. [190].
Very recently, theoretical studies suggest that in interacting integrable models the
generality of the GGE may be somewhat limited [191] or the construction requires

additional (previously unknown) conservation laws [192].
4.1.2.1 The generalised Gibbs ensemble (GGE)

The role of conservations laws in the time-evolution of quantum systems is well il-
lustrated by quantum quenches in integrable models. In the thermodynamic limit
integrable systems possess an infinite number of local conservation laws: this puts
extremely strong constraints on the dynamics of such systems. These constraints on
the dynamics have been shown to lead to expectation values described by the GGE
in the long time limit in many cases [30, 169, 171, 172, 173, 174, 175, 176, 177, 178,
179, 180, 181, 183, 182, 184, 185, 186, 187, 188, 189].

For an integrable models with (semi) local conserved quantities I; (with Iy = H

and [/}, Iy] = 0 Vj, k) the GGE takes the following form

1
OGGE = Zoon €xp [ - z]: )‘j]j} ) (4-2)
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where Zggr = trexp[—>_; A\;[;] ensures normalisation and \; are Lagrange mul-
tipliers which are fixed by requiring that expectation values with the GGE of the

conserved quantities reproduce the expectation values in the initial state |W):
lim - (Wo|T;[Wo) = lim ~trlocarel]
Lhee [\ OFIT0N = RS T eeeR

The GGE applies to expectation values in the manner discussed in Sec. 4.1.1: the
reduced density matrix of a segment ¢ coincides with the reduced density matrix of

the GGE in the sense

lim lim g,(t) = tr7 ogaE,
t—oo0 L—o00

where L is the size of the whole system and subsequently expectations values of local

operators are described by
Jim (o(1)| O1Wo()) = tr{ecceO)

This has been shown to be the case in non-interacting integrable models using stan-
dard free fermion techniques (see, e.g. Ref. [30]). In the interacting case, the long-time
limit recovering a GGE remains a hypothesis for which there is conflicting evidence
191, 192].

In the case of free fermions, there is an alternative [171, 174, 190] but equiva-
lent [173] construction of the GGE, which relies upon the fact that the local conser-
vation laws can be written as a linear superposition of the mode occupation numbers

n(k). Then the GGE can be written in the form

ZGGE

0GGE = ! exp [— Zﬁkﬁ(/f)]7
%

where Lagrange multipliers (5 can be interpreted as mode dependent effective tem-

peratures, by comparison with the Gibbs ensemble.

4.1.2.2 The Gibbs ensemble

For a generic non-integrable model, the set of operators {Ny,..., N;} with (semi)
local density which commute with the Hamiltonian is of fixed size ¢, independent of
the system size. The symmetries of the Hamiltonian govern which operators are found

within this set, which may be empty or may include the total particle number, net
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magnetisation, etc. The ensemble which is then constructed with Lagrange multipliers

1, for each of these operators is herein called the Gibbs ensemble and takes the form

¢
1
— _ exp|—pBH— aNa] 43
oae = 5 — eXp[ B a§1M (4.3)

It is generally assumed that the long time limit of expectation values following a

quantum quench with broken integrability are reproduced by the Gibbs ensemble.’

4.1.3 Weak integrability breaking

The dichotomy in the dependence of stationary behaviour after a quench on inte-
grability then poses an intriguing question: what happens if integrability is weakly
broken? Does the system thermalise, and if so, how fast does it relax? Might there
be an intermediate time scale still governed by the physics of integrability?

Early numerical studies [194] suggested that even with an integrability break-
ing term the system does not thermalise on the accessible time scales and system
sizes. Studies using dynamical mean field theory (DMFT) [195] or analytical meth-
ods in d > 2 [196] showed that on intermediate time scales the system approaches
a non-thermal quasi-stationary state (a prethermalization plateau). At later times
the system is expected to thermalise [175, 197]. Prethermalization plateaux have
also been observed in a somewhat artificial model of a non-integrable quantum Ising
chain with long-range interactions [198]. It has been suggested recently [199], that
the time scale for integrability breaking (leaving the prethermalization plateau) is
not necessarily related to the strength of the integrability breaking term. Experi-
mental evidence for the prethermalization plateau in systems of bosonic cold atoms
was reported in Refs. [167, 200, 201]. In spite of the aforementioned works exhibiting
prethermalization plateaux in specific models, a general understanding of if, when
and how such plateaux emerge when integrability is broken remains open. Similarly,
a precise characterisation of such plateaux in terms of statistical ensembles has not

been achieved.

tThis assumption seems reasonable, but showing that this statement is generally true is extremely
difficult, as it requires a full treatment of non-integrable models. We will see later that perturbation
theory gives very little insight into the long-time limit of the problem. Numerical studies can shed
some light on the issue, for example in Ref. [193] the expectation value of the string order in a
non-integrable spin-1 chain following a quantum quench is compatible with eventual thermalisation.
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4.1.4 This chapter

In this chapter, we will be concerned with the effects of breaking of integrability
on the dynamics following a quantum quench. Our model allows us to compare
integrable quenches to those where integrability is broken by the addition of inter-
actions. We combine analytical and numerical calculations to demonstrate the ex-
istence of prethermalization plateaux when integrability-breaking is weak. We find
that on intermediate time-scales, expectations values of local observables relax to non-
thermal values described by a GGE in which the non-interacting conserved charges
have been deformed to leading order in perturbation theory. Surprisingly, these de-
formed charges no longer commute with the post-quench Hamiltonian.

This chapter is organised as follows. In Sec. 4.2 we introduce the model under
study. In Section 4.3 we consider integrable quenches of the non-interacting Peierls
insulator and compared the results from the Gibbs and generalised Gibbs ensembles.
The continuous unitary transformation technique is introduced and used to study
a weakly non-integrable quench of the model in Sec. 4.4. In Sec. 4.5 we establish
the existence of the prethermalized regime and describe the approximately station-
ary behaviour in this regime by constructing a “deformed GGE”. The dynamics in
the presence of strong integrability-breaking interactions is studied numerically in
Sec. 4.6. We present a summary and discussion of our main results in Sec. 4.7. An
appendix containing a derivation of the local conservation laws in the Peierls insula-
tor completes the chapter. The time-dependent density matrix renormalisation group
(tDMRG) and exact diagonalisation (ED) data shown in the figures of this chapter

were provided by Dr. Salvatore R. Manmana (SRM) of the University of Gottingen.

4.2 The model

To explore the physics of integrability breaking in a quantum quench, we consider the
following model of spinless fermions with dimerised hopping and nearest-neighbour

density-density interaction

L
H(,U) = —JZ [1 + (—1)l5} (clTCZJrl + H.c.) + UZczrcl CZTHCZH, (4.4)

=1 =1
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with periodic boundary conditions on a chain of length L. The spinless fermions
obey the anti-commutation relations {c;, ¢;} = 015. We restrict our attention to the
parameter regime J > 0, U > 0 and 0 < § < 1. We work at half-filling throughout,
i.e. the total number of fermions is L/2, which is the sector of the Hamiltonian
in which the non-interacting ground state is found. In the rest of this chapter we
measure time in units of J—1.

One important characteristic of the Hamiltonian H (0, U) is that the fermion num-
ber is conserved by virtue of the U(1) symmetry ¢; — €*c; , o € [0,27]. This U(1)
symmetry leads to the dramatic simplification of the analytical calculations and at
the same time it enables us to access very late times in our time-dependent density
matrix renormalisation group (tDMRG) calculations presented later in this chapter

(in comparison to existing studies of other non-integrable one-dimensional models).
4.2.0.1 Equilibrium Properties

Let us briefly recap the equilibrium properties of the Hamiltonian H(J,U). It is
equivalent to a spin—1/2 Heisenberg XXZ chain with dimerised XX term, as can
be shown by means of a Jordan-Wigner transformation. The model has been little
studied in equilibrium?, serving only as a model to investigate the effect of interactions
on the Peierls transition [202, 203]. DMRG calculations suggested that for large values
of the interaction parameter U 2 4, the Peierls transition to a dimerised ground state
is suppressed [203].

There are several limits in which exact results for the equilibrium phase diagram
of H(,U) are known. In the absence of interactions U = 0, we obtain a model of
a non-interacting Peierls insulator. For vanishing 6 and U > 0 the Jordan-Wigner
transformation maps the Hamiltonian to the spin-1/2 Heisenberg XXZ chain, for
which exact results via the Bethe ansatz are know. Finally, for small |§| and U < J,

the low-energy limit is given by the integrable sine-Gordon model [144, 204].

tTts equilibrium properties are evident: the dimerisation § opens a gap in the spectrum and
it is an insulator. For fixed § the addition of weak repulsive interactions should not qualitatively
change any behaviour — whether there exists a quantum phase transition in U is, to the best of our
knowledge, unknown.
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4.3 The Peierls insulator

We start by considering the non-interacting case, which describes the Peierls insulator
H(5,0) =~ Y [1 + 5(—1)1] (cjcm + Hc) (4.5)
!

The Hamiltonian can be diagonalised by means of a Bogoliubov transformation
1
o= = 30 vl Hd)ay (k) (4.6)
\/Z k>0 a==%
The fermion operators a, (k) fulfil the anti-commutation relations {a,(k), asg(q)} = 0,
{aa(k), a};(q)} = 0,30k,4- The coefficients in the Bogoliubov transformation are chosen

as

vl k|5) = ikt [ua(k,(S) +ua(k, ) (=11, (4.7)

where we have defined

vulh,8) = [1+‘2J coslh) I;kf)a(’f) ] (k) = iva(t) 2 ‘32(’;52&;;(“,
€a(k,0) = 2aJ4/6%+ (1 —62)cos?(k). (4.8)

Equation (4.8) describes the single particle dispersion for particles in the a = +
bands, which are separated by an energy gap of 46.J. Finally, >, _, is a shorthand

notation for the momentum sum

L2

> =Y 1),

k>0 n=1

Following the Bogoliubov transformation, the Peierls Hamiltonian is diagonal

H(5,0) = ealk, 0)af,(k)a,(k),

k>0
and describes two a@ = £ bands of non-interacting fermions. The ground state is

obtained by completely filling the “—” band with Bogoliubov fermions

GS) = [T al (®)]0),

where |0) is the vacuum state defined by a,(k)|0) = 0 for « = &+ and k € (0, 7).
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4.3.1 Integrable quantum quenches in the Peierls Insulator

We will now consider the quantum quench of the dimerisation parameter ¢ in the
non-interacting Peierls insulator. Following the standard “sudden quench” protocol
discussed in Sec. 4.1.1, we prepare the system in the ground state |¥y) of the Hamil-
tonian H(d;,0) and at time ¢ = 0 the dimerisation is suddenly quenched from 6; — 4.
The system then evolves unitarily under the new Hamiltonian H (¢, 0).

The diagonal form of our initial Hamiltonian is

H(5:,0) =YY eall, )L (k)by (F),

a=+ k>0

and the ground state is given by
o) = [ToL(R)10), (4.9)
k
At times t > 0 the system is in the state
|Wo(t)) = e~ HOrD W),

where the new Hamiltonian H(d;,0) can also be diagonalised by the Bogoliubov

transformation (4.6)

H(07,0) =Y Y ealk,6p)al(k)ay (k).

a=x k>0

By virtue of (4.6) the Bogoliubov fermions a! (k) are linearly related to b} (k) by
al (k) = > _ SE(k)OL(K),
B=+

where

SB(k) = ua(k, Op)up(k,0;) +u > v. (4.10)
Following the Bogoliubov transformation, the time-dependent fermion Green’s func-
tion is given by

Go(j, 0,t) = (To(t)|cle,[To(t))

1 A
S ST M sl M S (k) (R, (41)
k>0 op

The late-time behaviour of the Green’s function can be determined by a stationary

phase approximation, giving

lim Go(j. 0.8) ~ 9103, 0) + g2 (3, Ot + ... (4.12)
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4.3.1.1 Generalised Gibbs ensemble (GGE)

The stationary state of the dimerisation quench is described by a GGE [190]. The
Hamiltonian (4.5) after the quantum quench possess an infinite number of local con-

servation laws I\ (a=1,2,3,4, n € N) in the thermodynamic limit.

I ™M =0, 1Y = H(,0).

An explicit construction of these conservation laws is presented in Appendix 4.A.

Given these conserved quantities, we defined the density matrix

4
o — —— exp [— D3 Agﬂfsﬂ],

ZGGE el

where Zgqr ensures normalisation’. The Lagrange multipliers are fixed by the re-
quirements that the expectation values of the conserved quantities are the same in
the initial state and in the GGE

1 . .1 j
lim z<\1fo|fc(ﬂ)|\1/0> = Lll_{{)lo ztl“ [QGGE](S,])} '

L—oo

The GGE then describes expectation values of local observables in the manner dis-
cussed in Sec. 4.1.2.1.

For convenience we use an alternative [171, 174, 190] but equivalent [173] construc-
tion of the GGE based on the mode occupation numbers 7, (k) = al (k)aq (k). These
commute with the Hamiltonian H(d;,0) and amongst themselves by construction,
and we can express the density matrix in a particularly simple form

e | = 0 5 470

k>0 a=+

1
OGGE =
ZGGE

The Lagrange multipliers are fixed by the conditions (¥g|n, (k)| Wo) = tr [0ccEna(k)],
which are solved by

RN G (0] s ISZ®)P
T IS (R T[S (R

Here the functions S§(k) are defined in (4.10).

"In practice we consider a very large system of size L and take into account L conserved quantities.
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4.3.1.2 GGE vs. thermal expectation values

In the introduction to this chapter, we discussed the dichotomy in behaviour between
integrable and non-integrable system: we are now able to quantify the difference

between the GGE constructed above and a Gibbs ensemble (GE)

1
OGE = Z_ exp(_ﬁeﬁH((sﬁ O)) )
GE

where [ is fixed by requiring the average thermal energy density is equal to the

energy density in the initial state

o (Bl H G700 0) ot [o(Bn) H(67,0))

L—oo L L—o0 L

(4.13)

We can once again use that the fermions diagonalising H(d;,0) and H(dr,0) are
linearly related af (k) = SP(k) b}g(k), to rewrite (4.13) in the form

S exlhdy) 1570 = 1S5 (0] = 3 e k07 i | 2. 1,5

k>0 k>0
which fixes the effective temperature.
To highlight the difference between the Gibbs and generalised Gibbs ensembles
we consider two observables: the mode occupation numbers and the Green’s function

in turn. To start, the mode occupation numbers are given by

L for GE,

. - 1+exp (6eﬁ’5a(kv6f))
(a(p)) = L for GGE, 4
I+exp (ﬁ;ﬁa))

and plotted in Figs. 4.1(a)—(b). Clearly the mode occupation numbers in the two
ensembles are very different.

It has been emphasised in Ref. [30] and Sec. 4.1.1, that as we are dealing with
the non-equilibrium dynamics of an isolated quantum system, we should focus on the
expectation values of local (in space) operators, as descriptions in terms of statistical
ensembles most naturally apply to them (see also Refs. [173, 205]). With this in mind,
it is natural to consider the fermionic Green’s function in position space and its short
distance properties. In the two ensembles the Green’s function is given by

o) = 7 30 S0 bl ol 1al), (115)

p>0 «
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Figure 4.1:  Comparison between the mode occupation numbers (a) (ny(k)); (b)
(n_(k)) for Gibbs and generalised Gibbs ensembles for a quench with ¢; = 0.75,
0y = 0.25. The effective inverse temperature for this quench is feg = 2.95782.J.

0.5 H + 8?5 = 2.95782 )lé B
o4t — X ] Figure 4.2: Green’s function <CTL/20L/2+J'>
: 03 L i calculated in the Gibbs and generalised
= sl | Gibbs ensembles for a quench with §; =
3 X 0.75, 6 = 0.25 and a lattice with L = 100
S x | sites. The effective inverse temperature
T O X KX XX * %%y F4 for this quench is Bug = 2.95782..

01k % i

-10 -5 0 5 10

where the mode occupation numbers are given by (4.14). We plot the two results for
the Green’s function in Fig. 4.2; in contrast to the mode occupation numbers, the

differences between the short distance behaviour in the two ensembles is quite small.

4.4 Quenching to a weakly interacting model

In the previous section we have examined quenches in the integrable limit of the
model (4.4), where interactions have been switched off. Turning on interactions leads
to a theory which is non-integrable’. In terms of the Bogoliubov fermions which

diagonalise the Peierls insulator H(d,0) the interaction term becomes

Hy = U Vaosases (k1. k2, ks, ka)al, (k1)ag, (k2)al, (ks)a,, (ks) |

kj>0

fAn exception is the low-energy limit for |§| < 1, which is described by a quantum sine-Gordon
model [144, 204]. We avoid this region by considering 0.4 < ¢ < 0.8.
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where the interaction vertices are given by
1 * *
va(k) = ﬁ Z Yaq (lv k1|5)7a2(l’ k2|6)7a3(l + 17 k3|5>7a4(l + 17 k4|5)
!

Summing over [ results in momentum-space delta-functions which conserve momen-
tum at the vertices up to a factor of 7 (reflecting that the dimerisation breaks trans-

lational symmetry from one to two sites)

1 .
_ i(k3—ka) kiko , kaks  kika ,.kska
va(k) - Ze 6k51+k37k2+k4 [walagwagou; xalagxagou;]

kika ,, k3ka kika ,.k3ka
+5k1+k3+7ﬂk2+k4 [xalangngu; - walagxagouj }7 (416>

with w!, = w2 (k, 8)us(p, 6)+v5 (k, 6)us (p, 8) and %, = s (k, 8)s (p, 8)-+v5 (k, s (p, ).

To examine quenches in which integrability is broken, we modify our quantum
quench as follows. We still start in the ground state |Wy) of the non-interacting
Peierls Hamiltonian H(d;,0) given by Eq. (4.9), but we quench to the H(dy,U) with
U/J small compared to min(d;, dy). Our aim is to quantify how the non-zero value of
U modifies the dynamics following the quench.

To tackle the quench problem in the non-integrable weakly interacting model we
employ the continuous unitary transformation (CUT) technique [206, 207] which has
been applied extensively to non-equilibrium problems (see, for example, Refs. [196,
208]). We provide an overview of the CUT technique in the following subsection and

then proceed to calculate the time-dependent Green’s function and the four-point

function.

4.4.1 Time-evolution of observables by CUT

For the non-integrable interacting Hamiltonian (4.4) exact solutions are not known
and it is no longer possible to calculate the time evolution exactly. This is a generic
problem in gaining an analytical understanding of the out-of-equilibrium dynamics
of non-integrable models and one for which there is as yet no solution. To tackle the
problem of the weakly interacting model, we use the continuous unitary transforma-
tion to obtain a perturbative expansion in U of the time-evolved observables which
applies to some maximal time scale (dependent on the interaction strength U).

The central idea of the CUT method is to construct a sequence of infinitesimal

unitary transformations, chosen such that the Hamiltonian becomes successively more
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energy-diagonal. This is achieved in the following manner: a family of unitarily
equivalent Hamiltonians H (B), characterised by the parameter B, can be constructed
from the solutions of the differential equation

dH(B)
dB

_ [n(B), H(B)], (4.17)

where n(B) is an antihermitian operator which is the “generator” of the unitary
transformation. The CUT method pivots on making an appropriate choice for the
generator 7(B) — here we are directed by Wegner [206] to make the canonical choice
n(B) = [Ho(B), Hint(B)] where Hy is the diagonal quadratic part of the Hamiltonian
and H;,; the remainder. For Hamiltonians with a single particle gap, the subsequent
integration of Eq. (4.17) to find H(B = oo) results in a basis where the Hamiltonian
is energy diagonal. In practice one cannot directly integrate Eq. (4.17) and instead
all the operators appearing in (4.17) are expressed as power series in an appropriate
small parameter (in our case U) and the flow in B is solved perturbatively.

Following the sequence of infinitesimal unitary transformations with an appropri-
ate choice of generator we have a non-integrable energy-diagonal Hamiltonian. To
perform the time-evolution we have to introduce an additional approximation: we
normal order the interaction term with respect to the initial state |¥q) (see e.g.
Eq. (4.28)) and neglect the normal-ordered quartic (and higher order) terms. The
time-evolution operator U(t) = exp(—iH't) depends only on the quadratic Hamilto-
nian H’ whose single particle energies have O(U) contributions. These contributions
from the normal ordering procedure are reminiscent of a first-order self-energy cor-
rection’. Time-evolution can then be performed. For operators, a schematic of the
procedure is shown in Fig. 4.3 — we transform to the B = oo basis, perform the
time-evolution and reverse the CUT to take expectation values in B = 0 basis.

By construction this approximate time-evolution introduces a mazimal time scale,
on which we expect our calculations to be accurate by virtue of the smallness of U.
Estimating this time scale within the CUT formalism is difficult, as it requires a
reliable treatment of the neglected energy diagonal interaction terms. For this reason

we extensively compare our CUT results to tDMRG computations (see Sec. 4.4.5).

fCompare to the self-energy corrections to the single particle dispersion calculated perturbatively
in Chapter (3) by inverting Dyson’s equation.
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Approximate
free evolution

O(B=co,t=0) ======= > O(B=eo,t) Figure 4.3: A schematic of the CUT
cuT Inverse | method for finding the approximate time-
CUT | evolution of O to O(U).
O(B:O't=0) ITLTTETETRTRRTY = O(B=O,t)
Full time
evolution

Importantly, we can perform our CUT calculations for very large systems of hundreds
of sites, for which we have verified that finite-size effects do not play a role on time
scales less then the revival time (the results shown below are for times less than the

revival time).

4.4.2 The canonical generator and flow equations for the
Hamiltonian

We now follow the general prescription laid out above for the CUT technique. We
begin by constructing the “canonical generator” of the unitary transformation [207]
given by n(B) = [Ho(B), Hin(B)]. The flow-dependent operators are defined by

Ho(B) = Y calkB)al(k)ag(k).

a=% k>0

Hyw(B) = U Va(k|B)al, (ki)a,, (ka)al, (ks)a,, (k) + . ..

k;j>0
where the functions in the Hamiltonian have been promoted to functions of the flow
parameter B (with initial conditions €,(k|B = 0) = €, (k) and V,(k|B = 0) = V,(k))
and the ellipses indicate terms sextic and higher in creation and annihilation operators
which are induced by the unitary transformation at order U2. The canonical generator

is given by

n(B) = U Walk|B)al, (ki)a,,(k)al, (ks)a,, (k) + OU?),  (4.18)

kj >0

where

Wa(k|B) = Va(k|B)Ea(k|B),
Ea(k|B) = €a,(k1|B) = €ay(k2| B) + €q; (k3| B) — €a,(Fa| B).
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By inserting the canonical generator (4.18) and the flow Hamiltonian H(B) into
Eq. (4.17) we obtain the flow equations

dealklB) _, WValkIB) o
ColiP =0, T - B (R Va(kB),

which can be directly integrated to give the flow-dependent single particle energies

and interaction vertices

ea(k|B) = e (k|B=0), (4.19)
Va(k|B) = Va(k|B=0)e BPalk) (4.20)

Setting B = oo we obtain the Hamiltonian in the energy-diagonal basis

HB=00) = Y Y ecalk)al(k)a,(k)

a=x k>0

+ Y Valk)al, (k1)ag, (k2)al, (ks)ag, (k) + O(U?) . (4.21)

k‘j >0
where indeed the interaction vertices conserve energy

Va(k) = Va(k|B = 00) = Vi (K)O 5. (k)0 - (4.22)
We note that to leading order in U the single particle energies €, (k) remain unchanged
by the unitary transformation. Having found the energy-diagonal form of the Hamil-
tonian to leading order we now consider the unitary transformation induced by the

canonical generator (4.18) on the Green’s function.

4.4.3 Green’s function

We now wish to determine the fermion Green’s function on the time-evolved initial
state G(j,1;t) = <\Ilo(t)|c;cl|\lfo(t)>. We follow the general prescription described in
Sec. (4.4.1) and depicted schematically in Fig. 4.3. We transform to the final B = oo
basis, time-evolve according to a (approximately) non-interacting Hamiltonian and
finally reverse the unitary transformation back to the initial B = 0 basis and take
expectation values. The Green’s function is expressed in terms of the Bogoliubov
fermions a, (k) using

do = 23 5 G el ddpiestkd B=0), (429

k,q>0 a,f==%
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where 7, (j, k|0) are defined in Eq. (4.7) and fi,s(k, ¢| B = 0) = al (k)as(q). Hence the

basic objects we need to calculate are expectation values of the “number operators”

Nag(p, q|B = 0).
The change of basis is performed by integrating the flow equations
dfias(p, g B) [ .
= [n(B). fius(p, | B ] .
1B 1(B), hap(p, 4| B)

By expressing the flow operator n,4(p, ¢|B) in the form

ﬁaﬂ(pa qlB) = faﬁ(pa Q|B)ﬁoc,3(p7 q|B = O)
+Uzglg(k|p, C_I|B)ail(k’l)aw(l@)a%(k3)%4(k54) + O(U2)>

kyy

with fa.s(p,¢|B =0) =1 and gzﬁ(k|p, q|B = 0) = 0, the flow equations can be written

as
dfas(p.q|B) dg]5(klp, q|B)
BB T — — Y7 (klp.q|B 4.94
dB 0’ dB a,B( ‘p’Q| )7 ( )

where

YJﬂ(’c‘pa Q|B) = 5k4,q674,5W“11’72“/301<k17 ka, kg,p‘B) + 5k2,q5’7275W’71a'7374 (lﬁ,p, ks, k4|B)

_5k3,p5a3,aW7172574 (kl ) k27 q, k4 ‘ B) - 6k17p6a17aW6'Y2'Y3'74 (q, /{:2, /{:3, k4|B)

and Wy (k|B) = Ea(k)Va(k|B).

Integration of the flow equations (4.24) gives the flow operator

ﬁaﬁ(k7p|B) - ﬁaﬁ(k7p|B:0)

+ U Z Nﬁg(q|k,p, B)@lq (CJ1)%2(Q2)CLLS(Q3)%4(CI4) + O(Uz)a (4.25)

;>0

where we have defined

N35<q|/€,p, B) = 5(141])5064,/3‘7&104204304((117 q2, 43, k|B) + 5Q27P5a2,ﬁ‘7a10¢a30¢4 (qlv k? gs, Q4|B)

6(13116504370&‘7041&25044 (qla q2, D, q4|B) - 61117165041704‘750620630&4 (pv 42, g3, Q4|B) ;
1 — ¢~ BlEa(9))?

Val(q|B) = Fald) Va(q).

The next step in the procedure for calculating the time-dependent Green’s function

is to perform the time-evolution in the B = oo basis.
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4.4.3.1 Approximate time-evolution

The Hamiltonian in the B = oo basis (4.21) is energy-diagonal to leading order in U.
However, interaction terms which are difficult to deal with in the time-evolution still

remain. We instead approximate the time evolution operator U(t)

Ut) = e tH(B=0o)t ~, —iH't 7 (4.26)

where the interacting Hamiltonian H(B = o) has been replaced by the free fermion
Hamiltonian
H = ) > e(k)al(k)a,(k),
a=+ k>0
with single particle energies é,(k) = €,(k) + UP,(k). The correction to the single
particle energies takes the form

P(X(k) = ZZ |:‘7&a75(k7k7Q7q) + ‘775(104(q7Q7k‘7k)

¥,0 g¢>0

_‘v/ozﬁ'ya(ka q,49, k) - ‘\Zyaaé(Q7 ka ka Q) n’yJ(q) )

where V, (k) is defined in Eq. (4.22). Expectation values are taken with respect to
the initial state n,5(q) = (Vo|nys(¢, ¢)| Vo) and are given by
n—(k)= [SZ(K)I*,  n_y(k)=S_(k)S;(k)", 2
e (B) = |STR)P na_ (k) = S7(R)S™(R)", |
with S?(k) defined in Eq. (4.10).
The corrections P, (k) arise from normal ordering the interaction term with re-

spect to the initial state |¥y). The normal ordering is performed by the following

prescription
T T — 4T T . .
aala’agaagaa4 - aalaagaaga’a4 ' +na1012 (k1)6k17k2 ' aagaa4 .
- . _ cqT .
nala4(k1)6k1,k4 Fla5Qg, ¢ [na3az(k3) 5042,a3]5k2,k3 P00, 0y,

+ na3a4(k3)6k3,k4 : allaag : +na1a2(kl)na3a4(k3)5k1,k25k3,k4

Nayay (kl)[na3a2<k2) - 502,a3]5k1,k45k2,k‘3 ’ (428)

and subsequently the quartic piece on the right hand side of (4.28) is neglected in the

time-evolution (4.26). The correction to the single particle energies is similar in form
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to the first-order self-energy correction which we calculated in a different context in
the previous chapter.
Under this approximation, the time evolution results only in additional phase

factors for the fermion operators

Ut (t)al (K)U(t) = ee®tal (k). (4.29)

«

Using the above expression (4.29) in Eq. (4.25) gives an explicit expressions for the
time-evolved flow operators n,s5(k,p|B = 00,t). The final step of the procedure for
calculating the time evolution of observables, shown in Fig. (4.3), is to reverse the
CUT and take expectation values on the initial state |¥y). Reversing of the CUT is
performed by integrating the flow equations (4.24) from B = oo to B = 0 with the

initial conditions
fas(pa|B = 00;t) = fas(p, q|B = oo)e %),
925("7“0: q|B =o0;t) = gzﬁ(km q|B = oo)ei[éwl(kl)—%(k2)+€73(k3)—€u(k4)]t‘
Taking the expectation value at B = 0 on the initial state, we find
(ap(p,alB = 0,1)) = 8pge” P Dnes(p) + Ucas(p, qlt) + O(U?), (4.30)

where the order U piece is given by

cap(pyqlt) = ZNgﬁ(rvrvQ7Q|p7Q|t)n’Yl’Yz(r>n’YS’Y4<q)
q,r>0

_Ngﬁ(rv 4,4, T\p, Q|t)n’y1’Y4 (’l“) [n%’yz (Q) - 5’727’73} :
and we have defined
N35<k|p> qt) = Ngﬁ(k‘pa ¢, B = 00) [eiE"’(k)t — ei(ga(p)*gﬂ(q))t}y
Ey(k) = &, (k1) = &ulka) + & (ks) — &, (ka) - (4.31)
Substitution of the expectation values (4.30) into Eq. (4.23) and imposing the

momentum conserving delta-functions in the vertices (4.16) gives the time-dependent

Green’s function

G, ) = (Wo(t)lcfe [Wo(t))
= 2SS il Ml M) [ () 4 Uk, i)

k>0 a,f==%

+0O(U?). (4.32)
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The remaining momentum sum ), _ is evaluated numerically.

4.4.4 CUT results for the Green’s function
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Figure 4.4: Comparison of the exact (solid) U = 0 solution and the CUT result for
(2) G(L/2,L/2+1) = (cLjac} p,1); (b) G(L/2, L/2+2) = (cjach y.,) for the quench
0; =08 =y =04 and U; =0 — U on the L = 100 chain.

Let us begin by comparing the U # 0 CUT result to the U = 0 exactly solvable
case. In Figs. 4.4(a)—(b) we show the nearest and next-nearest neighbour Green’s
functions for the quench 6; = 265 = 0.8 and several values of U. As expected, we see
that both the periodicity and the asymptotic value of the nearest neighbour Green’s
function are continuously deformed away from the non-interacting case. In the case
of the next-nearest-neighbour Green’s function only the periodicity is deformed, as
the Green’s function decays asymptotically to zero by symmetry.

In Figs. 4.5(a)—(b) we focus on how the CUT result for the Green’s function
approaches the ¢ — oo asymptotic value for the quench ¢; = 0.75 — 6y = 0.5 and
U =0 —= U = 0.15. We see that both the nearest and next-nearest neighbour

Green’s functions approach the asymptotic value with power-law decay of ¢t—3/2

, as a
direct consequence of the CUT result (4.32) having the same general t-dependence as
the non-interacting case (4.11) (and hence the decay follows from a stationary phase

argument).
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Figure 4.5:  Approach of the (a) nearest-neighbour, (b) next-nearest neighbour
Green’s function to its asymptotic ¢ — oo value on the L = 200 chain following
the quench §; = 0.75 — 6y = 0.5 and U; = 0 — U = 0.15. The dashed line shows a fit
of the free fermion asymptotic form (4.12) to the CUT data. The revival time of the
L = 200 chain is t ~ 50 and the asymptotic value G(100, 101,t — oco) = —0.482275.

4.4.5 Accuracy of the CUT approach: comparison to
time-dependent density matrix renormalisation group
at small U/t

Having compared the CUT result to the non-interacting result, we now need to assess
the accuracy of the CUT results for the interacting case. To do this, we have carried
out extensive comparisons to numerical results obtained by the time-dependent den-
sity matrix renormalisation group (tDMRG) algorithm! provided by SRM. Excellent
reviews of the tDMRG algorithm can be found in Refs. [209].

We carry out computations with open boundary conditions and system sizes up
to L = 200 sites. For the purposes of comparisons with the CUT result, we choose a
system size of L = 50 and keep up to m = 1500 density matrix states in the course
of the time-evolution, targeting a discarded weight of ¢ = 107%. To ascertain the
accuracy of the tDMRG results, we carried out comparisons to results with targeted
discarded weight of 107!*. In addition we also compared runs with different time
steps of 0t = 0.005 and ot = 0.01. We found that the difference between the results
at the end of the time-evolution is ~ 10~* or smaller for L = 100 sites, hence the
tDMRG errors are negligible in our comparison with the CUT results.

Beyond the tDMRG error, it is also necessary to ensure that finite-size effects

t A description of the DMRG algorithm in the equilibrium context can be found in Chapter 2.
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are negligible in the tDMRG data. In the centre of a finite chain of non-interacting
particles, the revival time 7, for measurements is L/2vy,y, where L is the system size
and V., 18 the maximum velocity of excitations. In the small-U regime examined
here, a good estimate of 7. is provided by the U = 0 result and can be improved
by searching for features associated with revivals at times close to the free fermion
estimate. We have verified that the tDMRG data has negligible finite size effects for
t < 7, and we compare the CUT and tDMRG results only for ¢ sufficiently smaller
than 7,.. One final point to note for the tDMRG is that we have been able to reach
long times ~ 200 for system sizes of L = 50. Whilst for short times, the error in the
observable may be estimated by ~ /2, at large times the accumulation of error in the
course of each sweep needs to be taken into account, even if the discarded weight is
kept constant. A comprehensive error analysis is presented in Appendix B of Ref. [2]
which applies for ¢ > 20.

We present a comparison between the CUT and tDMRG results for the time-
dependence of the nearest-neighbour Green’s function G(25, 26) for the length L = 50
chain in Figures 4.6(a)-(d). We have quenched the dimerisation parameter §; =
0.75 — 6 = 0.5 and the interaction strength U = 0 — U = 0.15, 0.25, 0.5, respectively.
We see that there is excellent quantitative agreement between the CUT and tDMRG
results at small U, whilst agreement remains good even for the largest value of U = 0.5
tested. The remaining small discrepancies have their origin in the higher order O(U?)
corrections to the CUT result, as shown in Fig. 4.6(d) where the rescaled difference
between the tDMRG and CUT data has been plotted for the three values of U.
The oscillatory nature of these differences is a result of a “beat frequency” which
arises from subtracting two oscillatory data sets where the frequencies aren’t exactly
matched.

The excellent agreement between the tDMRG data and the CUT result is not
just restricted to the nearest-neighbour Green’s function: we present ((cp, /QCL Ja1) (@)
with j = 2, 3,4 for the quench with U = 0.15 in Figs. 4.7(b)—(d). We will see in later
sections that the good agreement between the CUT result and tDMRG extends to

N—point correlation functions (in particular, we've checked N = 4).
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Figure 4.6: Comparison of the CUT and tDMRG results for G(L/2,L/2 + 1) =
<CL/2CTL/2+1> for the quench 6; = 0.75 — 6 = 0.5 and U; = 0 — (a) U = 0.15; (b)
U =0.25; (c¢) U = 0.5; on a L = 50 chain. (d) presents the relative difference between
the CUT result and the tDMRG data. The revival time for the L = 50 system is
7. ~ 13.

4.4.6 CUT results for the four-point function

The procedure which we have outlined above for the single-particle Green’s function
can be generalised to N-point functions. The next non-vanishing correlation function
is the four point function

(o) lchepelen [ U0) = 75 3 S (Wl dalq. 1)]%0)
+

q;>0 aj=

X Yoy (0 @) Va2 (5 @2) Vi, (L a3)Vau (U qa),  (4.33)

where 7, (J, k) are defined in Eq. (4.7) and fla(q, t) = aLl(ql, t)aay (qo, t)aL3(q3, t)aa,(qa,t).
Going to the B = oo basis by applying the CUT and then time evolving with (4.26),
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Figure 4.7:  Results from the CUT calculation and tDMRG computations for (a)
G(L/2,L/241); (b) G(L/2,L/2+2); (¢c) G(L/2,L/2+3); (d) G(L/2,L/2+4) for the
quench 9; = 0.75 = 0 = 0.5, U; = 0 — U = 0.15 on the L = 50 chain. The revival
time for the L = 50 system is 7, ~ 13.

we obtain

fla(q, t|B = c0)

— eiEa(Q)t[la(q, 0)

+ U el @lNg | (K|gs, qult)al, (q1)a,, (¢2) Aa(g, 0)

k;j>0~vj=%

+ U Z Z 6’“"3(q3)_g‘*4(q‘*))tN21a2(qul,qzlt)fla(q,0)@23(%)%4(614)
kj>0v;=%

+ O(U?), (4.34)

where Eq(q) and N, 5(k[p, g|t) are defined in Eq. (4.31). Reversing the CUT, taking

the expectation value of Eq. (4.34) on the initial state using Wick’s theorem and

substituting in to Eq. (4.33) yields the real-space four-point function. We will present

data for the density-density correlation function in a subsequent section, cf Fig. 4.9.
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4.5 Prethermalized regime

The CUT and tDMRG results presented in the previous section establish that the
Green’s function G(j,1,t) after the quench (6;,0) — (d7,U) decays in a power-law
fashion with exponent —3/2 to a stationary value

G(j.6.t) — 9GO+ O*) Tt S,
in a similar manner to free fermions (4.12) for the dimerisation quench (é;,0) — (dy,0)

GO(ju 67 t) — gl(ju E) + O(t_3/2) ) Jt 5 70,

where 7y is some intermediate time scale. We have the following relation between the

asymptotic values of the Green’s function in the two cases

93, 6) = 914, 0) = O(U). (4.35)

which follows from the excellent agreement between the tDMRG and the CUT ap-
proach, which by construction is perturbative in nature. We will now show that g(j, ¢)
cannot be described by a thermal ensemble and hence the stationary regime observed

in the tDMRG is a prethermalization plateau:

1. For the non-interacting quench (6;,0) — (9, 0) the observed stationary value is

characterised by a GGE
9103, 0) = tr[ocarcle,]. (4.36)

2. We showed in Sec. 4.3.1.2 that the GGE value for g;(j,¢) is different from the

thermal value at the appropriate inverse temperature (3, for the quench
trlocercled] — trloce(Bo)cle,] = O(1). (4.37)
3. For the interacting quench (6;,0) — (67, U), if the stationary state is described
by the thermal ensemble then the inverse temperature (y is set by
.1 .1
Jim = (Wo|H (05, U)[Wo) = lim —tr[oce(Bv) H(Ss,U)].
Given that Wick’s theorem holds in the initial state |¥q) we find
(WolH (07, U)[Wo) = (Wo| H(f,0)[¥o) + OU),

and hence the inverse temperature Sy = Sy + O(U).
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4. Combining By = By + O(U) with (4.37) we conclude that
tr[QGGEcj»ce] — trloce(fv) c}ce] =0O(1). (4.38)
5. Finally, it follows from (4.35), (4.36) and (4.38) that

9(j, £) — trlea(Bv) cle,] = O(1), (4.39)

and hence ¢(j, ) is not described by a thermal distribution.

4.5.1 Characterisation of the prethermalized regime through
approximate conservation laws

The results of the previous section and the excellent agreement between the CUT and
tDMRG results establishes the existence of a “prethermalized stationary regime”. The
observed relaxation on intermediate time scales is to a non-thermal quasi-stationary
state — an obvious question is then how to characterise the statistical ensemble that
describes the corresponding stationary values of local observables on the prethermal-

ization plateau?
4.5.1.1 Approximate conservation laws

In this section we establish explicit expressions for the approximately conserved
charges under the CUT time evolution. This is a simple exercise, as in the CUT
analysis of the non-equilibrium dynamics we took the generator of the time-evolution

to be

H =" u(k)al,(k)a, (k).

a==x k>0

Clearly the mode occupation number operators a,(k)aq (k) commute with H’, and
hence constitute conservation laws (to first order in U) within our CUT approach.
Their pre-images under the CUT, accurate to order O(U), are simply
Qu(k) = al(k)a, (k) — U > N, (qlk,k, B =00)A,(q) . (4.40)
;>0
By construction these operators commute with one another to O(U?), but they do

not in fact commute with the full B = 0 Hamiltonian to the same order

[Qa(k), Qs(p)] = O(U?),  [Qalk), H(3;,U)] = O(U),

118



which means that the charges (4.40) are not (approximately) conserved on the op-
erator level, but their expectation values with respect to |Wy(t)) are approximately
time independent. This is a fundamental difference to the proposal put forward in
Ref. [195] for describing prethermalization plateaux, where it was suggested that
charges can be constructed perturbatively which commute with one another and the
Hamiltonian to a given order in perturbation theory".

The charges Q, (k) have a very transparent physical meaning: they are the num-
ber operators for approximately conserved “quasiparticles”, and the quartic terms

describe the leading contribution to the dressing of the non-interacting fermions.

4.5.1.2 Approximate description by a “deformed GGE”

With knowledge of the conserved charges (4.40), it is natural to attempt a description
of the prethermalization plateau in terms of a generalised Gibbs ensemble (which we

called the deformed GGE, being made up of the “deformed” charges (4.40))

_ (@)
opT = Zor exXp (kzc; Ak Qa(k)> : (4.41)

As with the conventional GGE (4.2), the Lagrange multipliers )\,(f) are fixed by re-

producing the expectation values on the initial state

tr[opr Qa(k)] = (Yol Qa (k)| Wo). (4.42)

The left-hand side of (4.42) can easily be evaluated in the B = co basis:

1

_ 4.43
14 e N 443

. [ezk,aA;“)aL<k>aa<k>aL (k:)aa(k:)] _
ZPT

Wick’s theorem holds on the initial state, so the right-hand side of (4.42) is equal to

Naa(k) = U Z NJ.(glk, B = OO){n’YlW2 (¢1) P37 (43) 041,45 945,04

;>0

11, (q1) [5”/2773 ™ Ny (q2)] Og1,04002.05 } (4.44)

Equating (4.44) with (4.43) and using the expressions for the expectation values of

number operators (4.27), we obtain the Lagrange multipliers /\,(f). The plateau value

T We do not believe that this construction is generically possible.
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for the Green’s function is found using the density matrix (4.41)

Grr(j,0) = tr [oprele, | = %Z > vald aldp)valtsalds)tr [opral(a)aq(a)] - (4.45)
>0 a==%

We now wish to show that this result is equal to the infinite time limit of the CUT

result (up to order U? corrections)
Ger(j.0) = lim G(j, £;t) + O(U?). (4.46)

The trace in (4.45) is most easily evaluated in the B = oo basis where the charges

becomes mode occupation numbers af (k)a, (k):

1 (@) o1 (k)aw (k) ~
tr [QPT&L(q)aa(q)} = Z_PTtr [ezk,a Naa®aa®p (g, q|B = o)
= Taalq) = U Y N2, (k1 ki, ko, kolq, q. B = 00)

k172>0

X Ty (K1) My (K2) [1— Oy 573,74]

— U Y N2 (k, ks, ks, kalg, ¢, B = 00)n,, (K1)

k1,2>0

X (572773 - n7372(k2)> [1 - 5717“/46727’73] : (4'47)

Substituting this expression (4.47) into Eq. (4.45), we obtain an expression that in-
deed agrees with the infinite time limit of (4.32) in the thermodynamic limit, estab-
lishing (4.46). In other words, the Green’s function G(j,¢) on the prethermalization
plateau is described by the GGE (4.41) with deformed charges (4.40) in the thermo-
dynamic limit. This is consistent with a more general picture of local observables
on the prethermalization plateau being described by a deformed GGE. It is obvi-
ous that there are non-local operators, such as n,_(k), which do not in fact relax
at intermediate times and therefore cannot be described by any ensemble (without

time-averaging).
4.5.1.3 “Deformed GGE” description of the four-point function

In the preceding section, we have shown that the value of the Green’s function on the
prethermalization is given by the deformed GGE ppyr. We will now show that the

deformed GGE also reproduces the ¢t — oo expectation values of the CUT result for
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the four-point function (4.33). We need to calculate

1 . . A i
tr [QPTCZCJ»/CICZ/] =1 S v G @) Vas (7 a2, (1 5)Ves (1, qa)tr [QPTAa(q)]7

;>0 aj=%

(4.48)
where gpr is given in Eq. (4.41). Once again, the trace is most easily evaluated in

the B = oo basis

N 1 @ ~
tfoprdata)] = 5 —tr]eBra 00 g (g B = o)

= Ltr |:€Zk:,a )\I(Ca)a:& (k)ao (k")Aa(q}]
PT
U @) 4t (11 .

D N, (klas, i, 00)tr | ke MW Oal (g1)a,, (g2) Ay (k)
PT >0
U @) gt (Ko (k) 3

- > N2, (Klar, g2, 00)tr [eZk,a A al (k) (k) Av(k)a&(qg)a%(q@}

k;>0

+O(U?),

where A, (k) = al (q1)a,(g2)al, (g3)ay,(qs). The GGE expectation values are easily
calculated using Wick’s theorem and (4.42). Retaining only terms up to O(U) and
substituting the result back into (4.48), we obtain the deformed GGE value for the
four-point function on the prethermalization plateau.

In Fig. 4.8 we plot the difference between the deformed GGE result obtained
in this way and the stationary value of the CUT result (found by projecting on to
the stationary terms of Eq. (4.33)) for a number of system sizes and separations.
In all cases the difference between the CUT and deformed GGE results scales as

and vanishes in the thermodynamic limit L. — oco. This confirms that the ¢ —

1
L
oo stationary value of the CUT four-point function is reproduced by the deformed
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Figure 4.9: (a) Nearest-neighbour density-density correlation function (n(£)n(£+1));
(b) next-nearest-neighbour density-density correlation function (n(%)n(% + 2)) for a
quench from ¢; = 0.8 = 65 = 0.4 and U = 0 — 0.4 computed by tDMRG for system
size L = 100. For comparison we show CUT results for L = 40 and the asymptotic
value predicted by the L = 50 deformed GGE.

GGE (4.41). This is a rather non-trivial check of our proposal that prethermalization
plateaux can be described in terms of a deformed GGE.

We now present comparisons between tDMRG results and the deformed GGE pre-
dictions (4.48) for the nearest-neighbour and next-nearest-neighbour density-density
correlation functions in Figs. 4.9(a)—(b). We consider the quench §; = 0.8 — §y = 0.4
and U = 0 — 0.4. Taking into account that U = 0.4 is not particularly small, we
see quite satisfactory agreement between the two results. This supports our asser-
tion that the deformed GGE provides a good description of local observables on the
prethermalization plateau, including higher-order correlation functions. We see sim-
ilarly good agreement for all separations that we explicitly checked (up to 4 sites).
The deformed GGE and CUT results of Fig. 4.9(a) are calculated for L = 40,50
rather than L = 100 due to the computational cost of carrying out the momentum

sums in (4.33) increasing very rapidly with size.

4.6 tDMRG results for larger values of U and ab-
sence of thermalisation on accessible times scales

In this section we turn to numerical results obtained for quenches to final Hamiltonians

with both weak and strong interactions, i.e., when U 2 |§; — d7|. We will see that in
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all cases the time evolution seems to reach a plateau and remains — on the accessible
time scales — on this plateau. This is observed for quenches from both interacting

and non-interacting initial states.

4.6.1 Extent of prethermalization plateaux

One of the first issues that we want to address is the time scale for which we observe
the prethermalization plateaux. Estimating the time scale on which the CUT results
may be trusted is hard as it requires proper treatment of the neglected interaction
terms in the time evolution (4.26). In the previous section we found that the CUT
and tDMRG results agree for the length L = 50 systems for times less than the
revival time 7,. Figure 4.10 shows that the prethermalization plateaux persists at
much longer times in large systems and for accessible time scales there is no evidence

that the system starts to deviate from the prethermalization plateau.

-0.43

L = 16 (ED, PBC) —&—

044 | Figure 4.10: Time evolution of

G(L/2,L/2 + 1) for quenches with §; =
08 =0f=04and U; =0 —=U =04
and system sizes L = 16, L = 100 and
L = 200 sites. The data for L = 16
are ED results for systems with periodic
boundary conditions (PBC) and are seen
to exhibit many revivals.
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4.6.1.1 Time averaged observables

One standard method for extracting stationary values of observables from data for a

finite system is to time-average quantities

L L 1 [T L L
(L) [Twa(b L) e

The time-averaged results of the L = 16 exact diagonalisation (ED) data of Fig. 4.10

is in good agreement with the plateau values for L = 100, 200 obtained from tDMRG.
One can ask whether time-averaging reveals signs of the system deviating from the
prethermalization plateau: for this reason we examined a L = 50 systems up to very

late times of ¢ = 200 with tDMRG. The result of this examination are shown in
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Fig. 4.11. Time-averaging does not reveal any signs of deviations from the plateau

value at late times.

-0.02
-0.04 +
006 | 1 Figure 4.11: Time evolution of
G(L/2,L/2+1) for the quench §; = 0.8 —
0y = 04 and U; = 0 - U = 04 in
the L = 50 site system up to ¢ ~ 200,
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4.6.2 The role of interactions in the ¢t > 0 Hamiltonians

In this section we present results for a variety of interaction strengths 0.4 < U < 10

in the post-quench Hamiltonian. We provide two benchmarks for comparison:

4.6.2.1 (i) The Gibbs ensemble

One useful comparison is with the appropriate Gibbs ensemble describing a putative

thermal ensemble at late times. The inverse temperature S is fixed by the requirement
(WolH (07, U)|Wo) = trloge(B8)H (07, U)] . (4.50)
We fix the inverse temperature 3 by calculating the left-hand side:

(WolH(S7, U)[Wo) = DD naalk) +U Y Y Valky, k1, ks, ka)nasas (k1)naga, (ks)

a=% k>0 o ki,ks
+U Z Z Va(kla k?n k?n kl)na1a4(kl) [5042043 - nagag(kS) 3
« k‘l,kg

whilst the right-hand side is determined using a quantum Monte Carlo (QMC) al-
gorithm from the ALPS collaboration [210], which is based on the directed loop
stochastic series expansion [211]. In particular, we map the model onto a spin model
using the Jordan-Wigner transformation and perform the calculation in the grand
canonical ensemble where the temperature and chemical potential are fixed by en-

suring the correct energy and number densities (within the QMC error). We do this
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using a root finding algorithm in combination with the ALPS QMC code: the param-
eters are provided in Table 4.1. In our QMC simulations, we used a chain of L = 100
sites and we perform 5 x 107 thermalisation steps followed by 1.5 x 10® sweeps before

measuring the nearest-neighbour Green’s function.

U E/L B p | G(L/2,L/2+1) | QMC Error
0.4 | -0.664373 | 3.0741 | 0.4 -0.46358 1.62 x 1073
1 |-0.589142 | 2.6494 | 1 -0.46247 2.98 x 1074
2 | -0.463757 | 2.0437 | 2 -0.44347 6.94 x 1075
3 [-0.338371 | 1.5882 | 3 -0.40153 6.49 x 107°
4 1-0.212986 | 1.2175 | 4 -0.34284 3.06 x 10~*
6 | 0.037784 [ 0.7250 | 6 -0.23885 1.34 x 10~*
8 | 0.288550 | 0.4868 | 8 -0.17441 3.15 x 10~*
10 | 0.539324 | 0.3591 | 10 -0.13514 1.23 x 10~*

Table 4.1: Summary of the effective temperature 5 and chemical potential p used

in the QMC to calculate the Green’s function Q(%,% + 1) on the L = 100 chain

as presented in Figs. 4.13-4.14. The energy density E/L is found by taking the
expectation value of the interacting Hamiltonian H (¢ > 0) on the initial state |¥).

4.6.2.2 (ii) The diagonal ensemble

The diagonal ensemble serves as the second useful benchmark. For the initial state
|Wg) we can expand in the basis of energy eigenstates {|n)}, the diagonal ensemble
average of an observable O is defined by

(O)pe =Y _(n|Oln) |(n|Wo)[*. (4.51)
The diagonal ensemble average is equal to the long-time average (Eq. (4.49) with
T — o0) in finite systems. Due to the sum over energy eigenstates, computation
of the diagonal ensemble is restricted to small systems and we compute it by exact

diagonalisation for L = 16 sites.

4.6.2.3 Difference between diagonal and Gibbs averages

We examine how the difference between diagonal and Gibbs ensembles results for the
nearest-neighbour Green’s function G(L/2, L/2 4+ 1) changes with U in Figure 4.12.

As the diagonal ensemble is available only for system size L = 16, we display the
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quantities

T T
<CL/20L/2+1>DE,L:16 - <CL/20L/2+1>Gibbs,L:16 )

<CTL/QCL/2+1>DE,L:16 - <CTL/QCL/2+1>GibbS,L:100' (452)

We see that for small values Uy the two averages are close to one another, but for

large Uy they become very different.

Figure 4.12: The differences between (i)

thermal ED and time-averaged ED; (ii)
Diff;re‘gfggngfn E‘Zjﬁf i thermal QMC and time-averaged ED for
oL r QUC finite-T results 1 the nearest neighbour Green’s function
008 | 1 G(L/2,L/241) for the quench 6; = 0.8 —
0f =04 and U; =0 = U = 0.4. QMC
data is for L = 100 and ED data is for
0.04 7 1 L = 16. Finite size effects are less pro-
002 1 nounced for small values of Uy, but promi-
: o nent for Uy > 1. The intermediate region
o 1 2 3 4 5 6 7 8 9 10 ]<U;<8isthe best candidate to obtain
thermalisation on long time scales.

0.12

Saal

Athermal,timeﬂverage

4.6.2.4 Results

We present the results of numerical calculations in Figures. 4.13(a)—(d) and 4.14(a)—
(d). We see clear evidence for the Green’s function from tDMRG approaching plateaux
values at small (Fig. 4.13(a)) and large (Figs. 4.14(c)—(d)) values of the interaction
parameter U, which are compatible with the diagonal ensemble (given that this was
calculated at L = 16) but not the Gibbs ensemble. This is clear evidence for prether-
malization on accessible time scales in both the weak and strong coupling regimes.
On the other hand, at intermediate couplings U = 2 the plateau values are com-
patible with the thermal ensemble for accessible time scales. We have the following

explanation for these observations:

1. The weakly interacting small U regime is described by a prethermalization
plateau, as discussed in Sec. 4.5. The plateau can be understood in terms of
a deformation of the generalised Gibbs ensemble characterising the stationary

state of the U = 0 quench.
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Figure 4.13: Comparison of the diagonal ensemble [time-averaged (t-av) ED], the
Gibbs ensemble (QMC), and the full-time evolution obtained by tDMRG for times ¢
after the quench 6; = 0.8 - §y =04U =0— (a) U =04; (b) U =1; (c) U = 2;
(d) U = 3. tDMRG and QMC results are for the L = 100 chain, ED for L = 16.

2. The large-U regime is also described by a prethermalization plateau, which

reflects the vicinity of the ; = 0 integrable point. Here the final Hamiltonian
can be viewed as a perturbation of the XXZ chain in the massive regime and
one expects a deformed GGE description to apply. Given that the initial state
has short correlation length, expectation values of the local observables could

be calculated by the method of Ref. [184].

To test the idea of stationary values being described by a perturbation of the
0 = 0 model, we present a comparison of the 6y = 0.4 and d; = 0 results
for the quench to U = 10 in Fig. 4.15. We see that the correlation functions
approach a value that is only very weakly dependent upon the integrability

breaking parameter ¢y, supporting this interpretation.

3. In the intermediate U regime there is no prethermalization plateau and the
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Figure 4.14: Comparison of the diagonal ensemble [time-averaged (t-av) ED], the
Gibbs ensemble (QMC), and the full-time evolution obtained by tDMRG for times ¢
after the quench 6, =08 - 0; =04 U =0— (a) U =4; (b) U =6; (c) U =8; (d)
U = 10. tDMRG and QMC results are for the L = 100 chain, ED for L = 16.

system slowly relaxes towards a Gibbs ensemble (i.e., see Figs. 4.13(b)—(c)).

4.7 Discussion and conclusions

In this chapter, we have used a combination of analytical calculations based upon
the continuous unitary transform technique and numerical tDMRG computations to
establish the existence of a robust prethermalization plateau at intermediate times
after a quantum quench in the weakly non-integrable Peierls insulator (4.4). The
way in which we have analysed the plateau has enabled us to essentially eliminate
finite-size effects and hence our results represent true “bulk” physics, avoiding revival
effects. To the best of our knowledge, our work constitutes the first example of robust
prethermalization plateau in a non-integrable one-dimensional fermionic model with
short range interactions.

As well as establishing the existence of the prethermalization plateau, the analyt-
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ical approach which we use allows us to explicitly construct the statistical ensemble
describing stationary values on the plateau: the so-called “deformed generalised Gibbs
ensemble”. The deformed GGE is constructed from the charges Q, (k) in Eq. (4.40),
that form a mutually commuting set, but interestingly they do not commute with the
Hamiltonian. For this reason, the charges are not conserved at an operator level,
but their expectation values (Q,(k)) on the time-evolved state |Wy(t)) are (approxi-
mately) stationary. Our construction is therefore quite different to that of Ref. [195].
We conjecture the deformed GGE idea applies more widely to quantum models in
one-dimension with weak integrability breaking and it would be interesting to test
this conjecture on other systems.

Moving beyond the regime of weak integrability breaking, we studied our model in
the limit of intermediate and strong interactions 0.4 < U < 10 using exact diagonal-
isation, tDMRG and quantum Monte Carlo. At intermediate U, where integrability
breaking is strongest, we observe behaviour that is compatible with thermalisation.
For large U we approach another integrable limit of the model and a prethermalization
plateau is once again observed on intermediate time scales. On the time scale acces-
sible to us with t DMRG we see no evidence for a crossover from prethermalization to
thermalisation.

Both the analytical CUT method and tDMRG computations are not able to access
long time scales on which we do expect the system to eventually thermalise. One
approach to describing the dynamics at very late times would be through a quantum

Boltzmann equation (see e.g. Refs. [212]), which is currently under investigation.
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Appendix
4.A Local conservation laws for H

To derive the local conservation laws for the non-interacting Hamiltonian H (4, 0)
we follow Appendix C of Ref. [173]. Below we give the local conservation laws and

summarise the salient points of the derivation.

2L—-1
1,j=0

The Hamiltonian can be written in the form Hy = ) a;H;ja; where a; are
Majorana fermions {a;, a;} = 26;; defined by a,, = ¢}, + ¢, @y, = i(cl, — ¢,) and
H is a skew-symmetric block-circulant matrix of the form
Vo W .0 Vi
Yioi Mo :
Yo Y
where ), are 4 x 4 matrices with ), = —ygin and L = L/2. We define the Fourier

transform of the block matrices as

with (Yk)jn = _(Y—k)nj-
For free fermions a complete set of local conservation laws can be given by fermion

bilinears (") = %Zln alZl(;)an where the matrices Z(") must satisfy

[H,Im} ~0 and [I““),I(r’)} ~0. (4.53)

The problem of deriving local conservation laws has now become the problem of
finding a set of mutually commuting matrices that also commutes with the Hamilto-
nian matrix H. At first sight the complexity of the problem does not seem to have
been reduced, but we can now utilise a useful property of the Hamiltonian matrix

‘H: the projectors onto eigenvectors of block circulant matrices are themselves block
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circulant matrices. This means one can consider Z(" that are block circulant:
AZEIN E / 48
70— | Yo, W :
O
Imposing Egs. (4.53), we obtain the conditions [Yk, }_/k(r)} =0 and [Y ) Y(r )] 0,
where Yk(r) is the Fourier transform of ()

The construction of }7}6(7") is straightforward as Y, = A, ® 0¥, where we’ve defined
2k 2k
Ay = |J(1+46)+ J(1 —9)cos (%)]ax — J(1—0)sin <%)ay :

So Yk(r) takes the form

R =gl A0 0+ g0 A0 L+ o Lo +w ol  (454)

where the functions w,(;), cD,(:), q,(f) and q_,(:) are chosen such that the Fourier transform

satisfies (Yz)jn = —(Y_1)jn-

The ambiguity in choice of functions leads to different representations of the con-
servation laws; following Ref. [173] we make a particular choice that ensures there is
a finite real-space range 7y of the conservation laws: Il(;) =0 for |l —n| > ro. We

(r)

consider the conservation laws associated with each of the terms in Y, separately

and Fourier transforming back to real space we find

L—
. J
I =- Z 5(1 +9) [C;n%nzws + ClnContar1 + Chnt1Con_2rpa T Chat1Consara + H-C]

i T i i
(1-9) |:02n62n2r+1 + ConCantar—3 t Coni1Con—9r44 T Coni1Conyor + Hoe|,

[l
—

(ry _ .
137 = [2 <C;n+2r+262n + C£n+102n+2r+3> + H-C~] ;

e 3
- o

(r)  _ T
L = {2 (C2n+2r+202n - C;n+102n+2r+3) + H-C} ;

n=

o

131



where 7 is a measure of the locality of the conservation laws and takes values 1 to L.

The local conservation laws I?Er), I i”"’

are independent of the microscopic parame-
ters of the theory; they arise from the 1,® 15 and 1,®0Y terms in }7,9(7"). The remaining
local conservation laws are dependent on the dimerisation parameter §. Energy con-

servation is also manifest in the set of local conservation laws with 1 1(1) o Hy.

132



5. Summary and outlook

Let us finish by recounting some of the topics that we have discussed and highlighting
open questions.

In Chapter 2, we were motivated by experiments on the “telephone number”
compounds which observed the formation of a crystal of hole pairs, likely as a result
of the long-range Coulomb interaction inducing charge ordering (see Sec. 2.1.1 for a
detailed discussion). The net effect of the long-range Coulomb interaction is to induce
umklapp scattering at arbitrary fillings, and we study the effect of the 4k, umklapp
process on the ground state properties of the fermionic doped two-leg ladder with
Hubbard and nearest-neighbour density-density interactions. Using the perturbative
renormalisation group, we showed that the low-energy effective field theory coincides
with that of the Kondo-Heisenberg model (see Sec. 2.1.2). We obtain the ground state
phase diagram (Fig. 2.3) and show that there exists a region of the strong coupling
phase in which the dominant fluctuations are of superconducting type and carry a
finite wave vector (e.g. they are the one-dimensional analogue of Fulde-Ferrell-Larkin-
Ovchinnikov superconductivity [75]).

An important question for future studies is what is the effect of other types of
umklapp scattering? In Ref. [1] we made some progress on understanding the 3k, + k.
umklapp process, whose dominant fluctuations are of an interesting “composite” order
type which is difficult to understand, but the other types of umklapp scattering were
left for future studies. Another topic which requires further work is the calculation
of observables in the “chain representation”, which could help in understanding the
phases with composite order parameters.

It would also be interesting to explore the low-energy physics of generalisations
of the Kondo-Heisenberg model. Even in the simplest case (shown in Sec. 2.1.2)

with a non-interacting one-dimensional electron gas and a Heisenberg spin chain the
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physics is rather rich. Study of Kondo-Heisenberg-like models where the spin chain
has broken SU(2) symmetry from e.g. XXZ spin exchange interactions or the addition
of a magnetic field may reveal some interesting phases. Another generalisation which
may be interesting to study is the case of the three-leg-ladder where the central
leg is spin chain and outer legs are interacting electron gases. Could there be a
phase where the predominant fluctuations are of a composite superconducting type,
featuring electrons from both the outer legs of the ladder?

We remained concerned with the ground state properties of quasi-one-dimensional
quantum systems in Chapter 3 where we studied the dynamical structure factor of
a quantum spin model with the aim of explaining inelastic neutron scattering data
on the ferromagnet CoNbyOg. We presented numerical and experimental evidence
for the phenomenon of quasi-particle breakdown occurring in the paramagnetic phase
of CoNbyOg as a direct result of the breaking of spin inversion symmetry (due to
a slightly misaligned transverse field in the experiment). This phenomena manifests
itself in “anomalous broadening” of the single particle mode shown clearly in the high-
resolution inelastic neutron scattering data of Figure 3.7. Our claim was supported
with large system (up to 28 sites) exact diagonalisation results, Figs. 3.8(a)—(f), for
a spin model with the exchange parameters fitted to experimental data.

The effect of finite temperature on the quasi-particle breakdown in CoNbyOg is
an open question which can be addressed numerically with exact diagonalisation and
directly compared to appropriate experiments. We also plan to investigate the dynam-
ical structure factor for transverse fields below the critical field, where experiments
observe a complicated multi particle continuum structure [213]. It is unclear to what
extent quasi-particle breakdown may play a role in the ordered phase.

Moving away from the equilibrium properties of quasi-one-dimensional quantum
systems, in Chapter 4 we studied the out-of-equilibrium dynamics of the interacting
Peierls insulator. For the case of weak interactions, we used a combination of per-
turbative analytical calculations and the numerical time-dependent density matrix
renormalisation group to show that there exists a robust prethermalization plateau
in this model. We provide a description of the plateau in terms of a statistical ensem-

ble constructed from charges which form a mutually commuting set and whose ex-
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pectation values are (approximately) time independent, despite not commuting with
the Hamiltonian. We conjecture that this construction, which we call the “deformed
generalised Gibbs ensemble”, applies more generally to quenches in one-dimensional
quantum models with weak integrability breaking — it is important that further work
checks this conjecture. It would also be interesting to generalise the perturbative
procedure that we outlined to integrable interacting models, where the problem of
constructing the deformed charges will be much more difficult.

Perhaps the most outstanding problem in the treatment of non-integrable quan-
tum systems out-of-equilibrium is what happens in the long time limit? In Sec. 4.5
we present an argument which shows that CUT-like perturbative approach to the
problem can never realise the thermal ensemble. Does this mean that thermalisation
is a mon-perturbative phenomena? One approach to tackling this problem is to use
“kinetic equations” or the quantum Boltzmann equation [212]. Tt is possible to “de-
rive” (under a given set of assumptions) such a set of equations from the Heisenberg
equations of motion and this set of equations have “feedback” loops which may result
in non-perturbative corrections. However, currently there exists no proof that (and
few studies examining if) these equations lead to thermalisation independent of the
initial conditions. Further study of the long time limit is a must for understanding

how and if closed non-integrable quantum systems thermalise.
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