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Abstract

Estimating the state of health of battery energy storage systems is key to their operational safety
and reliability, both of which affect lifetime cost. However, accurate estimation of state of
health remains challenging, as measurement techniques used in laboratory environments are
not available in real-world operating environments. In this work, a framework is developed that
combines the relative strengths of commonly applied model- and data-driven approaches to
state of health estimation. Gaussian process regression, a flexible Bayesian method of learning
arbitrary functions from input-output data, is applied to estimate the parameters of low-order
battery models as functions of internal states, operating conditions and lifetime. The approach
is first motivated by the difficulty of parameter identification for physics-based battery models
from real-world data. Then it is shown how electrical equivalent circuit models can be extended
to include parameter dependencies on operating conditions and lifetime in a data-driven manner.
The framework is then applied to two different usage scenarios. First, internal resistance is
estimated for a fleet of solar-connected lead-acid batteries located in sub-Saharan Africa, where
the resulting health metric is shown to provide an early indication of end-of-life failure. Second,
a first-order RC circuit, coupled with a one-state thermal model, is parameterised in a joint
process that also simultaneously estimates battery states, using data from a Li-ion cell under
laboratory conditions. The only prerequisite was the cell-level open-circuit voltage versus
charge curve and, in the case of the Li-ion cell model, a single thermal parameter. Given this,
the method is agnostic to chemistry and battery construction.

Enabling robust and fast state of health estimation for large fleets of batteries has the
potential to ‘close the loop’ in terms of battery energy storage system design. Instead of
performing laboratory-based ageing experiments, field data can be used directly to determine
factors that affect battery life. By incorporating this information into fault diagnosis and health-
aware battery management systems, safety and reliability will be improved. Furthermore, with
deeper understanding of degradation in the real world, better design of energy storage systems

will ultimately lead to better cost efficiency through reduced over-engineering.
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Chapter 1

Introduction

1.1 State of health estimation in batteries

The demand for battery energy storage systems (BESSs) is set to dramatically expand in the
coming years as global efforts to minimize CO, emissions gather pace. Batteries play an
increasingly important role as the share of intermittent renewable energy sources in the grid
increases [9] and the electrification of transport occurs [10]. Additionally, BESSs are central
in the efforts to achieve universal access to electricity in the developing world [11] while
avoiding local air pollution and CO; emissions. The rate of deployment of these systems in
all applications will depend on their cost-effectiveness, safety and reliability. As the prices of
Li-ion batteries have decreased substantially since their initial commercialisation [12], they
are becoming the technology of choice across the board, although older technologies, namely
lead-acid, still command substantial market share in applications such as starting, lighting and
ignition (SLI) systems and off-grid solar storage systems in the developing world [13, 14].
Regardless of the choice of chemistry, the costs and reliability of BESSs need to be further
improved to increase their rate of adoption.

Diagnosis and prognosis of battery state of health (SOH) will play a key role in delivering

improvements in the cost-effectiveness of BESSs. Alongside ongoing advances in cell, module
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and pack construction, improved battery SOH estimation (referring to both diagnosis and
prognosis) in real-world operating environments is crucial for many reasons. First, it allows for
efficient timing of preventative maintenance, significantly reducing downtime, especially in
situations where BESSs are installed in remote locations. Consequently, the supply chain for
spare battery parts may also be better managed. Additionally, battery control algorithms can be
made health-aware, prolonging life [15], which may lead to reduced over-engineering, thus
lowering the overall cost of the system. Given reliable diagnosis of SOH, use of batteries in
second-life applications becomes more viable, and warranties may be priced more accurately.
Finally, SOH diagnosis and prognosis using real-world data enables leveraging large amounts of
data available from a wide range of operating conditions. Ultimately, this will help in elucidating
battery degradation in relevant target applications. As battery testing in lab environments is
time-consuming and expensive, it is impossible to replicate all the operating conditions faced in
the real world. Often lab-based testing protocols are designed to cause accelerated ageing [16],
but such conditions are rarely met in actual operation and it is not clear whether results from
such tests correlate with real-world experience. Estimating state of health from large fleets of

batteries can therefore dramatically expand our understanding of battery behaviour and usage.

The state of health of a battery is loosely defined as its ability to deliver power and energy,
relative to either beginning of life or manufacturing specification. The two most commonly
used metrics to describe SOH are (discharge) capacity and internal resistance, where the target
application determines the relative importance of each. For example, in large grid-connected
BESSs, discharge rates are usually constant and relatively low, implying that discharge capacity
is the more important metric. On the other hand, the variable of most interest for electric
vehicles is arguably the available range, which is affected by both capacity and internal
resistance—under dynamic loading patterns, lower voltage limits are reached earlier with
increased internal resistance (e.g. when accelerating at low state of charge) as well as reduced

capacity. Battery degradation over (calendar) time and repeated cycling causes capacity and
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power fade (i.e. increased resistance), and the end of life is usually defined by some preset
threshold, for example, when the battery drops to 80% of its original capacity or its internal

resistance doubles.

Currently, most of the work on battery SOH estimation has been done in laboratory condi-
tions. Many high quality publicly available lab-generated battery degradation datasets exist
[17]. These are commonly generated by cycling batteries over long periods of time, with
periodic standardised reference performance tests to measure battery health [18, 19]. In real-
world conditions, on the other hand, it is common that reference performance test data are not
available because the required service interruption and cost of testing equipment are prohibitive.
Therefore, capacity and/or internal resistance have to be estimated rather than measured di-
rectly. This is challenging, as operating conditions in real systems tend to change with varying
loads and temperatures over the lifetime of a battery, and health metrics such as capacity and
resistance are not independent from those influences. Additionally, data quality in real-world
operations is poorer, as gaps in the data are more frequent, and sensor quality is not as good.
Further challenges arise when health has to be estimated for modules or packs rather than
single cells. All these factors mean that SOH estimation is inherently more difficult than under
laboratory conditions, as illustrated in Fig. 1.1—the determination of current state of health
and its trajectory using real-world data are both less accurate than in the lab, substantially

increasing the uncertainty of any prognosis.

In the remainder of this chapter, the state-of-the-art SOH estimation methods in the absence
of direct measurements are reviewed and their applicability for real-world scenarios is assessed.
Using field data comes with challenges limiting the usability of many of the existing techniques,

which is discussed in depth.
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(a) Lab data (b) Real-world data
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Fig. 1.1 In laboratory conditions, SOH can be accurately estimated with the availability of
standardised reference performance tests, which allow for precise determination of health
parameters 6. In real-world environments, due to lack of direct measurements, poorer data
quality and varying operating conditions, estimates of parameters 0 are less precise, resulting
in a substantial increase in uncertainty in both diagnosis and prognosis. Source: Sulzer et al.

[5]

1.2 Methods of battery state of health estimation

The ultimate objective of state of health estimation is to provide both a reliable diagnosis of the
current state of health and a prognosis for the remaining useful life (RUL) of the battery. The
two tasks are also closely related, as diagnosis is a prerequisite for a prognosis, which involves
the fitting of a model of future SOH behaviour using data from diagnosis. In lab conditions,
diagnosis is comparatively easy. With controlled charge and discharge tests and current pulse
tests, discharge capacity and internal resistance may be accurately measured. Also, more
detailed information on battery health can be gained from electrochemical voltage spectroscopy
[18] or impedance measurements [19]. In addition, cell teardown can be performed to analyse
battery health separately on each electrode. Currently, the above techniques are not available
in the field, so diagnosis has to be performed directly from the measured data—consisting of
terminal voltage, applied current and surface temperature—the granularity of which varies
depending on the battery management system (BMS). The standard BMS configuration logs the

minimum and maximum values of each of the measurements at the module level to reduce data
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storage requirements, although some systems allow more detail. Although emerging techniques
could provide additional information on battery health in the field, such as acoustic time-of-
flight analysis [20] or cell expansion measurements [21], these have not been implemented
in real-world operating environments. Given a diagnosis, the extra difficulty of estimating
the RUL of a battery comes from the complexity and path dependency of battery degradation
[22-24], which is compounded by unknown future operating conditions and usage patterns.
There are multiple reviews on the estimation of battery state of health [25-28], and these
commonly categorise estimation into direct (experimental) methods or more indirect model-
and data-driven methods. As noted earlier, direct measurement of either capacity or internal
resistance is commonly not possible in the field. Hence, the focus here will be on model-
and data-driven methods for SOH estimation. Fig. 1.2 briefly outlines these using the current
commonly-used taxonomy. Each of the methods is discussed in detail below, with special

consideration given to their applicability in real-world situations.

1.2.1 Model-driven SOH estimation

Model-driven battery SOH estimation involves the parameterisation of a battery model that
describes the input/output response of a battery. The input is commonly the applied current
and the output(s) are the terminal voltage and/or temperature. As the parameterisation task
is repeated throughout the lifetime of a battery, the change in model parameters reflects
degradation. Parameters of interest are in general those related to the (discharge) capacity and
internal resistance of the cell. Prognosis in this scenario then involves fitting a model to the
evolution of the battery model parameters and projecting this forward in time.

To implement model-driven SOH diagnosis, the choice of battery model is key. More
specifically, the model must be chosen so that it contains a parameter set that is identifiable (in
the practical sense, given data constraints) and reflects the ageing process in the battery. The

two main types of model considered in the literature are electrical equivalent circuits (ECMs)
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Fig. 1.2 Schematic of SOH estimation methods in the absence of direct measurements. The
literature commonly uses the distinction between model- and data-driven paradigms. The key
difference between the two is that model-driven approaches employ explicit models for battery
input-output response and degradation, whereas a (purely) data-driven framework uses machine
learning methods to map battery data directly to SOH estimates. Data pre-processing in the
data-driven approach is commonly used to generate lower dimensional features, which serve as
inputs to the estimator.

and physics-based reduced order models (PBROMs). Below, each type of model is discussed
in terms of identifiability, expressivity and computational requirements. The identifiability of
the model, that is, whether it is possible to uniquely determine its unknown parameters from
the observed data [29], is the limiting factor in model-driven SOH diagnosis due to the types of

data available from real operating environments.

Equivalent circuit models

Due to their simplicity, the most common battery model choice for the estimation of SOH in
the literature is ECMs [30-35]. Consisting of ideal circuit elements such as voltage sources,

resistors and capacitors, these models usually contain 2-3 ordinary differential equations
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describing battery dynamics, depending the number of circuit elements used, therefore requiring
a relatively small parameter set. Coupled thermal models have also been incorporated [36] into
ECMs, which can improve SOH estimates. Given the simplicity, ECMs are robust and fast to

execute.

Compared to more complex battery models, the identifiability of ECMs can be determined
relatively easily. In the frequency domain, for example, the structural identifiability of (linear)
RC networks has been studied in detail [37]. However, while it can be shown that a given ECM
can in principle be parameterised with a given input signal, this theoretical result does not
necessarily hold in practice. For example, an RC network containing elements yielding very
short time constants is not in practice identifiable if the data sampling frequency is too low.
Also, numerical ill-conditioning may be an issue [38], for example in the case where the series
resistor is being estimated with very small applied currents, meaning that small errors in current
or voltage result in large errors in resistance. Another more substantial obstacle is the lack of
knowledge of initial conditions in field data. As telemetry data, at best, includes SOC, current,
voltage and temperature, accurately initialising an ECM can only be done after a battery has
been at rest for longer than the longest time constant in the model. However, this challenge can
be overcome by jointly estimating the states and parameters of the battery [30, 31], in which
case there is less sensitivity of parameter estimates to incorrect initialisation. The structural
identifiability of the joint state-space system may be analysed considering the observability of
an augmented state vector that includes the model parameters [39, 40]. However, since the joint
state/parameter system is usually nonlinear, this type of analysis, relying on the computation of
Lie derivatives, does not guarantee global identifiability (i.e. across all combinations of states

and parameters).

Finally, the expressivity and accuracy of ECMs may be limited due to their low dimensional-
ity. Parameterising an RC network can yield time constants that roughly correspond to those of

physical processes such as solid-state diffusion in Li-ion cells, but parameterisation is affected
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by the number of parallel RC elements in the system—in other words, changing the number
of RC pairs in the network also changes their time constants, making it difficult to interpret
them in relation to physical phenomena. Furthermore, ECMs suffer from decreased accuracy
when applied to a broad range of operating conditions, as model parameters depend on internal
battery states such as the state of charge (SOC) and temperature [41], as well as the applied
current. This means that SOH estimation through repeated parameter estimation throughout the
lifetime of the battery may yield unstable or inaccurate results as varying operating conditions
affect parameters. This may be mitigated, for example, by imposing an explicit temperature
and/or SOC dependency of circuit elements [42, 35] or by simultaneously including multiple

models to cover a range of operating points [43].

Physics-based battery models

The physics-based battery models in the literature are derived from porous electrode theory
[44]. For Li-ion cells, the current gold standard is the so-called pseudo-2-dimensional (P2D)
model by Doyle, Fuller and Newman [45, 46], but similar approaches apply to other battery
chemistries such as lead-acid [47, 48]. Constructed from first principles, the models consist
of coupled sets of partial differential equations, which accurately model the thermodynamics,
reaction kinetics and the various transport processes occurring inside the cell. However, this
accuracy comes with a high computational cost relative to ECMs. This has prompted a large
volume of work exploring computationally efficient solutions to the P2D model [49] as well
as the creation of reduced order physics-based models [7, 50—52] which attempt to reduce
computational complexity while maintaining high accuracy. Currently, large open-source
libraries of computationally efficient physics-based models are available [53]. Some very
low-order physics-based models [47, 48, 51, 52] are also on a par with ECMs in terms of

computational complexity while providing more accuracy and better interpretability of model
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parameters. In comparison to ECMs, PBROMs in theory provide better insight to cell SOH, as

changes in their parameters can be linked to changes in different physical processes in the cell.

However, in practice, the parameterisation of these models from commonly measured
battery data is difficult. It is well known that even the simplest PBROMs, such as the single
particle model, are not fully identifiable [54]. Although this particular problem may be mitigated
by lumping subsets of parameters, a fundamental (i.e. structural) identifiability problem arises
when fitting PBROM s to battery data. As these models express terminal open-circuit voltage as
a sum of the half-cell components, each a function of surface concentrations of active species
at the respective electrodes, the initial conditions can not be uniquely identified from a single
resting voltage (this applies to Li-ion — in lead-acid this can in fact be done, since open-circuit
voltage is a function of acid concentration in the electrolyte only). This problem would be
solved by using a reference electrode, measuring each half-cell voltage separately, but these do
not exist in commercial cells. Alternatively, it is possible to constrain the problem with prior
knowledge of the total lithium inventory [55] so that a unique solution exists with respect to
the initial conditions. However, the total Li inventory does not stay constant over the lifetime
of a cell. In addition, to identify model parameters, other assumptions are still required, such
as fast diffusion kinetics on one electrode [52, 56], making it possible to uniquely attribute
overpotentials to either the anode or cathode. Once an appropriate set of assumptions have been
made to make the system identifiable, the resulting system becomes similar to an equivalent
circuit. An example of this is the so-called equivalent hydraulic model [52], which is a physics-
based model with the dimensionality of a 1st order RC circuit, derived through a low order Padé
approximation of the solid state diffusion transfer function in one electrode. This system is
akin to an ECM with a single, nonlinear RC pair and nonlinear series resistor. Notwithstanding
this simplicity, even low-order physics-based models need a substantial parameter set to be
experimentally determined [57] as a starting point, before a subset can be identified that is

SOH dependent. While these models may be more accurate across a broader range of operating
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conditions than ECMs, they still suffer from state dependency of some parameters, namely the
exchange current densities, which have a strong temperature dependency, and the electrode
solid state diffusivities, which are functions of temperature and local lithium concentration
[57]. Therefore, parameterising these models across varying operating conditions may still be
challenging or impossible.

With field data, using joint state/parameter approaches with PBROMs is significantly
more complex than ECMs as the governing equations are spatially resolved, meaning that
the resulting state-space representation after spatial discretisation is of higher dimensionality
than those in ECMs. Such approaches with PBROMs have been demonstrated with simulated
data [56], but, for the reasons listed above, the advantage of using PBROMs for model-driven
SOH diagnosis over ECMs is not a given, even though using PBROMs to forecast the voltage
response of a battery is likely to give more accurate results and theoretically the ability to

provide SOH diagnosis at a granularity including the half-cells would be advantageous [22].

Hybrid models incorporating machine learning

Recently, there has been an increasing interest in combining machine learning methods with
ECMs [58, 59] or PBROMs [60, 58] to improve their performance. This so-called grey box
approach intends to take the basic structure of the underlying model and use data-driven
techniques to fill in the missing physics. So far, the focus has been to improve the voltage
predictions of the underlying model, but these techniques can equally be applied to SOH

estimation.

1.2.2 Fitting battery models to data

If the initial conditions of a battery model are precisely known, the parameters of the model may
be fitted by minimising the error between predicted and measured outputs by techniques such

as least squares [61] or Bayesian methods, which incorporate prior beliefs of model parameters
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Fig. 1.3 Schematic for the recursive joint state/parameter estimation method used in online
approaches. This framework may be implemented using either Bayesian methods [30, 31] or
deterministic methods from control theory [56, 32].

into the estimation process [1]. In the absence of data on initial conditions, they also have to be
estimated or adaptive methods used which converge the states over time to their true values.
As discussed above, in this case the practical joint identifiability of parameters and states is
a prerequisite for SOH estimation, where factors such as sensor accuracy, logging frequency
and numerical conditioning are important. The workflow for joint state/parameter estimation
is shown schematically in Fig. 1.3. Following initialisation, the method involves recursively
propagating a state-space system defined by the battery model forwards through time series

data while using error feedback to adaptively adjust states and parameters at each time step.

This adaptive framework has been implemented using Bayesian filtering methods [30, 31,
62, 33] and deterministic adaptive observers [32, 63, 64, 36]. The choice of approach determines
the method of calculation of the feedback gains L, and Lg. Using the deterministic approach,
applying Lyapunov analysis to construct an observer, stability and convergence of states and
parameters may be guaranteed [65] for nonlinear systems, while Bayesian filtering methods
offer no such guarantee. Nevertheless, nonlinear filtering methods such as the extended Kalman
filter (EKF) [30], unscented Kalman filter (UKF) [31], or particle filter (PF) [62] have been
used for state/parameter estimation. Of these, the EKF is computationally least demanding,
as the number of states in the state space system is equivalent to the original system [66],

compared to the UKF which has dimensionality 2n+1, where n is the number states in the
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original state space. The computational effort of PFs on the other hand is determined by the
number of particles propagated through the system, often of the order of 1,000+, where more
are needed with increasing dimensionality of the underlying state-space system. Although the
EKF is computationally efficient, it has been shown that first-order approximations used by
the EKF can result in loss of accuracy with respect to the UKF [67] in battery state estimation.
With some nonlinear systems, the UKF will also be inaccurate and/or computationally unstable
if, for example, the state-space system contains bound variables. In these cases, due to the
Gaussian approximation in the UKEF, it is possible that the filter will evaluate the state-space

system out of bounds. In these cases, the use of particle filters is the most robust approach.

An additional difficulty with Bayesian filtering arises from the need to tune the process and
noise covariance matrices that jointly determine the gains for parameters and states (i.e. speed
at which parameters/states adapt given the measurement error). This is equivalent to directly
designing the gain in the deterministic approach (e.g. the Luenberger observer). Although
adaptive methods to tune the covariances exist [68], in the battery literature, very little attention
has been given to obtaining better estimates for them in a principled manner. Methods to obtain
rigorous Bayesian estimates for process and noise covariances exist however [66, 69], within
the limitations of identifiability. This type of approach has not, however, commonly been used

in the context of battery parameterisation.

1.2.3 Model-driven battery health prognosis

Diagnosis of battery SOH in the model-driven framework consists of estimating battery pa-
rameters, usually internal resistance and/or capacity. Prognosis in this framework consists of
estimating the dynamics of parameter behaviour over battery lifetime. In many of the joint
state/parameter estimators (see Fig. 1.3), the ‘degradation model’ consists of a random walk

[30, 31, 33] or a very simple linear model [32], limiting these models’ abilities to extrapolate.
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A more robust prognosis involves fitting a function to the history of parameter estimates to

forecast their future behaviour, which can be done within the same recursive framework.

The most common approach to model-driven prognosis has been to use degradation models
originating from semi-empirical ageing maps, which parameterise degradation (usually in terms
of capacity) as a function of calendar time and total ampere hour throughput, with adjustments
for the average SOC, temperature and voltage [70-72]. Their aim is to be able to replicate the
prognosis of more detailed degradation models constructed from first principles [73], while
avoiding the difficulty in parameterising them. Constructing these maps is a time-consuming
process, as the number of combinations of experimental conditions required to identify the
degradation functions over many inputs increases rapidly with the number of experimental
parameters. These maps also depend on the specific chemistry and do not address the possible

path dependence of degradation [24].

To overcome the difficulty of building empirical ageing maps, adaptive methods are used,
involving the recursive reparameterisation of degradation models of the same functional form
as ageing maps, where time is the only input. Bayesian filters have also been popular for this
purpose, as they readily provide uncertainty estimates around degradation model parameters
and RUL prognosis. As the degradation models are nonlinear in their parameters, nearly all
studies employ particle filters for the recursive updates. The commonly used functions in
degradation models for capacity predictions are in the exponential family [74—77], although
variations have also been shown to work, such as logarithmic functions [78] or Verhulst-type
models [79]. For internal resistance, exponential [35] and polynomial [76] models have been
used. Additionally, it has been noted that the inverse relationship between battery capacity and
internal resistance/impedance may be used to yield predictions in both, while only having to
diagnose one of them [74, 35]. While some of the work for adaptive RUL prediction takes
capacity data as given [75, 76], some work performs simultaneous diagnosis as well, usually

by fitting simple circuit models to either EIS data [74, 80] or drive cycle data [35].



14 Introduction

1.2.4 Data-driven SOH estimation

In contrast to the model-driven method, data-driven SOH estimation consists of providing
a diagnosis and/or prognosis of battery SOH without using an explicit battery dynamics or
degradation model. The aim is to map measured operating data directly to state of health, using
a range of nonlinear fitting methods. Either raw data in the form of current, terminal voltage
and temperature (and SOC if available), or specific features calculated from these may be used,
but the principle is to use supervised machine learning techniques to construct a nonlinear map
from a set of inputs to a target output, which is most often battery capacity. Reflecting a broader
trend in the adoption of ML/AI based methods in all branches of science [81], these methods
have become increasingly popular in SOH estimation. As battery degradation is a complex
path-dependent process [22, 23], data-driven approaches to prognosis are attractive due to
the flexibility and ease of parameterisation they provide in comparison to purely mechanistic
models, which can be difficult to parameterise and become very complex when accounting for
multiple interacting mechanisms [73]. On the other hand, purely data-driven methods offer
limited insight into degradation owing to their ‘black-box’ approach, and their performance in
SOH estimation is limited by the training data they are presented with, as extrapolation outside

the training data may be unreliable.

Similarly to model-driven methods, in the literature there is a distinction between SOH
diagnosis and prognosis using data-driven approaches. However, unlike model-driven methods
where there are explicit models for each stage of estimation, the data-driven approach has less
of a distinction between diagnosis and prognosis, as it is only a matter of changing the target
output of the fitting procedure to be the ‘future’ capacity (or indeed RUL directly) rather than

the present capacity.

The use of data pre-processing to generate lower dimensional inputs for ML approaches
is more common than direct use of raw data, although the latter has also been demonstrated

in the context of neural networks (NNs) [82-84], Gaussian process regression (GPR) [85]
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and support vector machines (SVM) [86]. Data pre-processing is used to generate features
from data, which provide a human input to ML algorithms, reducing the search space and
reducing computational effort. For instance, features calculated from galvanostatic charging
and discharging voltage curves, such as time or Coulomb count between equi-spaced voltages
[87, 88], or the position and values of peaks from incremental capacity analysis [89], have all
been demonstrated as inputs. Alternatively, characteristics of the joint distribution of current,
voltage and temperature recorded during drive cycles have also been used to diagnose SOH [90].
These types of inputs, calculated from single charge / discharge data, tend to lend themselves to
diagnostics rather than prognosis. In contrast, using input features summarising battery usage
up to a point in time are common in prognostics. As such, data-driven prediction is very similar
to the use of empirical ageing maps, the difference being that the former needs to make fewer
assumptions on the functional form between inputs and outputs. This then means that the set of
input features can be very rich: common stress factors known to affect battery health are used,
such as time, temperature, average SOC, charge/discharge rates, total Ah throughput, cycle
count and cumulative times spent at given current, temperature and voltage ranges [91-100].
Machine learning techniques applied to map inputs to outputs to forecast capacity include
GPR [85, 89, 91-98], NN [101, 102], SVM [100, 103], and relevance vector machines (RVM)
[104]. Each technique has strengths and weaknesses in terms of robustness, computation time,
and model storage requirements, which are important in settings where models have to be
adaptively re-trained over the lifetime of a battery [105]. However, as each approach can be
designed to deal with arbitrary nonlinear functions, arguably one of the most distinguishing
criteria becomes whether a model is probabilistic. Probabilistic (i.e. Bayesian) methods not
only output uncertainties around point SOH estimates but also provide principled frameworks
for inclusion of prior beliefs and model selection, encouraging model parsimony. Consistent
uncertainty estimation becomes especially important if models are used to extrapolate outside

the training data, where confidence in the prediction therefore should be lower. Out of the
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commonly applied methods, GPR and RVM are probabilistic. Bayesian approaches can also be
applied to NN, although the resulting complexity [106] means that they have not been widely
applied in the battery literature. SVMs, in turn, are not probabilistic. Furthermore, it should be
noted that although advanced ML techniques have been shown to be effective in the prognosis
of SOH, simple linear models can also perform well [16] given the right input features.

The good performance of data-driven techniques has been shown in the existing work with
laboratory-generated datasets. However, it is not clear to what extent these methods generalise
when applied to other datasets. In the prognostics case, for example, battery degradation is
highly dependent on usage profiles. The use of accelerated ageing tests [16] to generate capacity
data to fit models runs the risk of poor correlation with real-world observations, where operating
regimes are likely less onerous. In the diagnostic case the problem is similar. For example,
using methods relying on partial charging curves requires at least periodic discharges that are
deep enough for the relevant features to be calculated. In addition, in normal applications,
other variables such as (ambient) temperature are not controlled, meaning that extrapolation is
often required, unless the training dataset contains varying temperatures. For better reliability,
exhaustive sets of degradation experiments would be required to train ML based models, which
is costly and time consuming. The path dependence of battery degradation [24] exacerbates the

problem by further increasing the number of experiments required.

1.2.5 Existing work on SOH estimation from field data

Most of the work on battery SOH estimation has been done using data generated under
controlled conditions in labs, using cell-level data. As a result, it is not clear how well
existing data- and model-driven approaches translate to real-world applications, where varying
operating conditions, cell-to-cell variability, poorer sensor accuracy and poorer data quality and
granularity (battery pack data rarely include cell-by-cell measurements) affect the performance

of diagnostics and prognostics alike. The reason for the lack of research using field data is
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a lack of publicly available real-world data due to commercial secrecy. However, big data
platforms collecting battery field data do exist [107] and recently some studies have emerged
using large data sets. For example, a feedforward neural network was used to estimate EV
battery SOH at a pack level, using as inputs features from usage data from 700 battery and
hybrid electric vehicles in Shanghai [99]. Another large-scale study showed the evolution
of cell-to-cell variability over pack lifetime using data from 8032 EVs operating in Beijing
[108]. On a smaller scale, data collectors were installed on 16 electric taxis in Beijing to obtain
validation data for a Bayesian approach with an empirical model for SOH estimation [109].

However, the data used from these studies is not readily available.

1.3 Summary

The current state of the art in model- and data-driven SOH estimation is based mainly on data
retrieved from experimental labs under controlled conditions, where the largest campaigns use
up to ~ 200 cells [17]. Carefully designed experiments are used to fit both conventional models
(ECMs, PBROMs, and empirical aging maps) and data-driven models, and both approaches
have been shown to work. However, the use of larger-scale real-world data for the diagnosis
of SOH has only received limited attention. Real-world data presents additional challenges to
both types of approach to SOH estimation. For model-driven diagnostics, the identifiability
of the underlying battery model states and parameters is limited, as field data typically do not
contain enough information to fully parameterise even relatively low-order models, limiting
insight into degradation. Also, the lowest order models such as ECMs struggle with varying
operating conditions, making diagnosis unreliable. On the data-driven side the problem is
two-fold. Firstly, if a feature-driven approach is used, the data for calculating features might not
be regularly available over the lifetime of a battery. Second, it is likely that varying operating

conditions require an extrapolation beyond training data, again reducing the reliability of
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diagnosis. This then mandates a flexible approach that estimates uncertainty in the predictions

accurately.

Similar arguments apply to both paradigms in the prognostic case. Parameterising empirical
ageing maps to account for all possible degradation scenarios is unfeasible in lab settings, and
the problem is essentially the same for the data-driven methods, where degradation training data
might not sufficiently cover the space of degradation paths observed in real-world operating
data. Herein lies the big opportunity for using field data to complement lab experiments in SOH
estimation [5]. Being able to estimate battery SOH using data from large fleets of batteries
in real-world operating environments offers the potential to greatly improve understanding
of degradation. Specifically, with data-driven models, using this type of data implies that the
training data covers the relevant cases, making it likely that they would over-perform their
model-driven counterparts due to their increased flexibility to better account for the inherent

nonlinearities in the aging process.

To take advantage of the large amounts of data obtained from real-world operating condi-
tions in battery prognostics, a reliable method of diagnosis must be developed. As outlined
above, due to the properties of field data, this is a significant challenge. This is the main
focus of this work; to determine whether it is indeed possible to accurately estimate state of
health directly from real-world operating data. Specifically, a hybrid method that combines
model- and data-driven methods is developed here, re-casting SOH estimation as a Bayesian
parameter estimation problem. It uses as a starting point simple equivalent circuit models and a
probabilistic machine learning method (GPR) to model the circuit parameters making them
non-parametric functions of internal states and operating conditions, providing a robust flexible
framework for SOH diagnosis that can be applied directly to operating data. The method is
chemistry-agnostic and is demonstrated for lead-acid and Li-ion batteries with very different

use cases, the former in an off-grid solar application and the latter in an automotive application.
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Furthermore, it is demonstrated how the hybrid diagnostic method can be used in conjunction

with data-driven prognostics to successfully predict end-of-life failure in the off-grid solar case.

Thesis outline

In Chapter 2, the Bayesian approach to parameterisation of a battery model is introduced.
Specifically, the limited identifiability of reduced-order physics-based models is discussed in
detail. Following this, it is shown in Chapter 3 how simple ECMs may be extended, by treating
their parameters as functions battery internal states and degradation, to make them more robust
and better suited to SOH estimation in real-world operating environments. The approach relies
on a computationally efficient implementation of GPR [110, 111], which allows for a recursive
framework in which computational effort scales linearly with the number of datapoints. The
GPR method is applied to a fleet of 1027 PV-connected valve-regulated lead-acid batteries
(VRLAGS) operating in sub-Saharan Africa, where the approach is shown to detect the onset of
battery end-of-life failure several weeks before occurrence.

Chapter 4 extends the estimation process by offering a more comprehensive parameterisation
of a battery model for a Li-ion cell, which is validated using a publicly available lab generated
degradation dataset [112]. Specifically, it is shown how the joint state/parameter estimator
using a GP to model the parameters can be used to parameterise a low order electrothermal

model. Finally, Chapter 5 concludes the work.






Chapter 2

Physics-based battery model parameter

estimation using Bayesian methods

In Chapter 1, parameterisation of battery models was discussed in the context of determining
state of health, where tracking the evolution of model parameters over battery lifetime is the
cornerstone of model-driven battery SOH estimation. In this chapter, the groundwork is laid
for Bayesian parameter estimation of battery models by considering parameter estimation of a
physics-based model.

There are two schools of thought on parameter estimation. The frequentist approach
considers model parameters unknown but fixed and constructs estimators for them, such as
the maximum likelihood estimator (MLE). Following this, quantifying the uncertainty around
these estimators is done post hoc using, for example, the Cramér-Rao lower bound [113].
The resulting confidence interval, calculated typically at the 95% or 99% confidence level,
then represents the upper and lower limits where parameter estimates would lie at the given
confidence level, fitting the parameters over different datasets. This frequentist approach to
parameter estimation has also been applied to lithium-ion batteries [114, 115].

In contrast, the Bayesian approach assumes that the model parameters are themselves

random variables over which a prior probability distribution can be defined, encapsulating
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previous knowledge of them. Parameter estimation then becomes a task of determining their
posterior distribution, which is the prior distribution conditioned by (i.e. updated with) observed
data. The two methods yield the same result in the asymptotic case, where infinite data are
available for inference, as described by the Bernstein-von Mises theorem [116]. However, in the
case of model parameter estimation, this may not be the case, giving different results depending
on the approach taken [1]. Throughout the work presented in this thesis, the Bayesian approach
is adopted, as incorporating prior information about parameters provides stability to estimates
in cases where identifiability is limited. Moreover, the Bayesian framework also provides a
rigorous approach for estimating parameters as functions of states and/or operating conditions,

by means of Gaussian process regression (see Chapters 3 and 4).

In this chapter, the Bayesian parameter estimation framework is applied to estimate the
(joint) posterior distributions of a subset of model parameters for a reduced-order physics-
based model, the single particle model with electrolyte dynamics (SPMe) [7]. In principle,
parameterising a physics-based model over battery lifetime gives insight to battery health at
the electrode level. Here the cases of diffusivities (or diffusional timescales) in the solid phase
are considered in detail. These are parameters that are expected to change over lifetime due
to degradation. However, it is shown that their limited identifiability, depending on SOC,
means that they can not be reliably estimated in real-world scenarios, especially if they also
vary significantly over SOC. This is not the case for all model parameters and it is shown that
other model parameters can be estimated accurately. The results are consistent with previous
theoretical work considering the structural identifiability of the simpler single particle model
(SPM) [54]. This chapter relies largely on the previous publication by Aitio et al. [1], but
uses improved sampling methods with a more in-depth analysis of the convergence of all
estimates. The parameter estimation exercise in this chapter motivates the approach in the next
chapter, where an extension of the Bayesian method allows for the incorporation of parameter

dependencies on battery states and operating conditions in an equivalent circuit model.
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2.1 Bayesian parameter estimation

Bayes’ theorem is the starting point for estimating model parameters. With a given model,
denoting the observed input-output data as D and the parameter vector as 6, the posterior

distribution of 8 given D is given by

p(DI6)p(6) _ p(D[6)p(6)

; 2.1

where p(6) is the prior parameter distribution, p(D|6) the likelihood function relating D and
0 and p(D) the evidence, that is, the probability of observing D marginalised (i.e. averaged)
over 6. Once an estimate of the posterior distribution p(6|D) is recovered, parameter point
estimates may be calculated. For example, the minimum mean-square error estimate (MMSE)
for 0 is the posterior mean, and the maximum a posteriori (MAP) estimate is the posterior mode.
The identifiability problem, given observed data, is addressed simultaneously, as identifiability
is reflected in the characteristics of the posterior distribution and may be quantified by credible
intervals, which are defined as the intervals within which a given probability mass lies for the

parameters.

Identifiability can be analysed at two different levels. First, structural identifiability of
dynamic systems addresses the question of whether the states and/or model parameters may
theoretically be uniquely identified from a set of input/output data [117]. For linear dynamic
systems, identifiability applies globally, that is, solutions to states or parameter values can
always be defined uniquely if the system is identifiable. For nonlinear systems, the analysis
becomes significantly more complex. Often only the weaker form, local identifiability, may be
shown. This refers to the idea that state and/or parameters may have multiple solutions and that
identifiability depends on the locality in the state/parameter space. When states and parameters
have to be simultaneously estimated, the problem often becomes nonlinear, in which case

local identifiability may be shown by the observability of an augmented state-space system
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where parameters become additional states [39, 40]. While necessary for parameter estimation,
structural identifiability analysis does not address the issue of the quality of input and output
data. Practical identifiability, in contrast, does consider data quality, incorporating factors such
as measurement noise and sampling frequency. Therefore, practical identifiability is at best
limited by the structural component which is encapsulated in it. Structural identifiability of
battery models including the SPM, P2D and equivalent circuits has been extensively studied
using frequency domain methods [54, 37, 118]. In contrast, Bayesian methods, used here in the
time domain, address practical identifiability, reflected in the parameter posterior distribution,

as discussed below.

The challenge for the Bayesian approach is to estimate the posterior distribution of parame-
ters. For all but the simplest cases, the right-hand side of (2.1) is computationally intractable,
so it needs to be approximated. There are several ways to do this, such as the Laplace approxi-
mation, Monte Carlo methods, variational inference or advanced quadrature methods. In this
work, the first two are considered in the context of parameter estimation of a physics-based
model, which typically represent the opposite ends in terms computational effort and accuracy.
First, the simplest method is used, whereby a Gaussian approximation of the posterior is
estimated by first finding its mode, then approximating the variance using the so-called Laplace
approximation (referred to as the MAP + Laplace method). This method is compared with a
state-of-the-art Hamiltonian Monte Carlo approach, which efficiently samples the parameter
posterior by simulating Hamiltonian dynamics in parameter space to yield an estimate of the
posterior while making no assumptions on its functional form. Beyond these two methods,
other methods of posterior approximation such as variational inference [119] or Bayesian
quadrature [120] have in some cases been shown to achieve a good balance between speed and

accuracy, but these are not considered here.
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2.1.1 MAP + Laplace approximation

The starting point for finding MAP estimates of the posterior parameter p(6|D) is to note that
the normalising constant, i.e. the denominator in equation (2.1), is independent of 6. Hence for
the purposes of estimating the mode of p(6|D) it is sufficient to consider only the unnormalised
posterior probability. Taking the negative logarithm of both sides, we arrive at the so-called

energy function,

¢(0) = —logp(D|6) —logp(0) < —log p(0|D), (2.2)

that is, the negative logarithm of the unnormalised posterior probability. The MAP estimate is
the minimum of the energy function, giving the mode of the posterior. Following this, a local
Gaussian approximation of the posterior can be made using a second-order Taylor expansion of
the energy function [121], so that

9’9 (6)

-1
p(9|D) NN(GMAP,Z ) R where X = W oo y
AP

(2.3)

which is the so-called Laplace approximation. In other words, the inverse Hessian of the
energy function gives an approximation of the covariance matrix at the MAP estimate point,
the latter being the mean of the Gaussian. This method is commonly used in conjunction with
second-order optimisation algorithms (i.e. Newton or quasi-Newton methods), which rely on
the calculation of the Hessian in the optimisation process. While the quickest method, this
local Gaussian approximation may in some cases be very poor, e.g2. when the true posterior is
severely asymmetric or discontinuous, or in the case where ¢ has multiple local minima. Also
accurate calculation of the Hessian of ¢ for a high-dimensional vector 0 is nontrivial—quasi-
Newton methods which approximate it ‘on-the-fly’ [121] may yield inaccurate results for the
parameter posterior covariance. It is also possible that gradient-based optimisers terminate at a
‘saddle-point” where gradient convergence criteria are met but the Hessian yields a covariance

matrix that is not positive definite, making the Laplace approximation invalid.



26 Physics-based battery model parameter estimation using Bayesian methods

2.1.2 Hamiltonian Monte Carlo

While the MAP + Laplace approach is commonly used due to its computational efficiency, a
more reliable approximation of the full posterior may be obtained by making fewer assumptions
about its form. The most comprehensive approach to estimate the posterior is MCMC methods,
which use a Markov chain to stochastically explore the posterior [122]. There exist a wide
variety of MCMC algorithms [123], but due to its simplicity, the most commonly used is the
Metropolis-Hastings (MH) method [124, 125] and the so-called Gibbs sampler, which can be

considered a special case of MH [126].

The principle of MCMC methods is to construct a Markov chain (i.e. a sequence of random
values where the probability of observing a value is conditional only on the previous state of
the chain), which in its stationary state samples efficiently from the target distribution (the
parameter posterior in this case). For example, MH constructs a Markov chain where candidate
vectors O, are sampled from a proposal distribution ¢ conditional on the current state, 6;. If this
proposal distribution is Gaussian, so that g(6.|6;) ~ N (6,X), the method is called the random
walk Metropolis (RWM) algorithm. The candidate 6. is then accepted with a probability
determined by the ratio of the posterior probabilities between the candidate and the current state
of the chain, p(6.|D)/p(6;|D) (the so-called Metropolis acceptance criterion). If 6. is accepted,
it then becomes the current state. As only the ratio of posterior probabilities is used to determine
the transition, this method of MCMC also eliminates the need to calculate the normalising
constant in (2.1). Given the transition kernel described by g and the acceptance criterion, the
chain drifts towards the ‘typical set’, that is, the area with the most probability mass. Once the
chain converges to its stationary state, i.e. ceases to drift, expectations of arbitrary functions
f(0) over the posterior p(0|D) may be retrieved by a discrete approximation using a simple

algebraic average,

1 N
/f p(8|D)d NZ 2.4)
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where N is the length of the Markov chain used to compute the expectation. Under ideal
circumstances, the discrete approximation approaches the true expectation as N — oo. In other

words, the ideal MCMC estimator satisfies the central limit theorem [122],

i~ N(E[f(8)], ojemc): (2.5)

where the MCMC standard error is given by

(2.6)

where V[f(60)] is the variance in the Markov chain in the stationary state and the degree to

which ‘ideality’ is reached is determined by the effective sample size,

N

ESS= —————,
1+2302,p

2.7)

where p; denotes the autocorrelation of the chain for lag /. Therefore, if the chain has high
autocorrelation, the ESS is smaller and the the MCMC estimator is less reliable. Here lies the
key challenge for building and tuning MCMC algorithms: on the one hand, the algorithm has
to be such that it reaches its steady state at an acceptable rate, and on the other hand it has
to sample the target distribution efficiently once it is in the stationary state. The performance
of random walk methods is limited by high dimensionality of the parameter space because
average acceptance rates tend to be low because “guessing” the next step randomly is factorially
more difficult with parameter dimensionality. Also, if the geometry of the target distribution is
complex, and a random walk may well become “stuck™ [122], which has the same negative
effect on ESS. Although in theory RWM methods will eventually explore all of the parameter
space, practical limitations result from these factors. The key method to improve performance

in terms of sampling efficiency is to adjust the proposal distribution covariance matrix X, but
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this is time consuming (and not always sufficient) to perform for high-dimensional parameter
vectors, requiring many trial runs including thousands of evaluations of the likelihood function
p(D|6). Some algorithms exist to adjust the covariance of the proposal during the process

[127], but they may not be enough to deal with pathological cases of complex geometries.

Hamiltonian Monte Carlo methods seek to address these shortcomings of standard random-
walk methods. Both classes of methods are inspired by the concept of a canonical distribution,
originating from statistical mechanics, which is defined by the energy function,

p(0)= Jexo (-5, 28)

where temperature 7 is set to 1 in this case. In standard MCMC (e.g. Metropolis-Hastings),
E(0) = ¢(0), the negative logarithm of the unnormalised posterior, where ¢ (0) is conceptually
equivalent to a position-dependent potential energy that is repeatedly sampled to converge
to the stationary state around its minimum. Hamiltonian Monte Carlo, as the name implies,
defines energy using the Hamiltonian, including the potential and kinetic energies, giving the

canonical distribution

2.9

pl(0.) = exp( - OEEERD),

T

where p represents the hypothetical momentum of the parameter vector 0 in phase space. The
form of kinetic energy is user-defined. Here the Euclidean-Gaussian [122] function is used,

1
K(6,p) = K(p) = 5p'M 'p, (2.10)

where M~! is the so-called mass matrix, which is optimised in the warm-up phase of the
sampling process. Exploration of the target distribution proceeds in three steps: first, momentum

p is sampled from a normal distribution, followed by propagation of the pair (6,p) over
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(hypothetical) time, using Hamiltonian dynamics,

LS
dt  dp’

2.11
T (2.11)
dt 06’

This is followed by calculating the acceptance probability of (0, p) using the standard Metropo-
lis criterion. Since the canonical distribution (2.10) factorises over 6 and p, its marginal
distribution over 8 is then the target distribution of interest. The basic implementation is shown
in Algorithm 2.1. In discrete time, Hamiltonian dynamics (2.11) are numerically evaluated by
the ‘leapfrog integrator’ [128], applying alternating updates to position and momentum with
step size €. The integrator is repeated L steps ahead. A key requirement for using Hamiltonian
dynamics is the calculation of the potential energy gradient, Vy¢(6). This means that the ¢ (0)
must be differentiable. For this purpose, sampling is often done using monotonic transforma-
tions of 6 which result in the support of both the prior p(6) and the likelihood function p(D|0)

being unbound.

Standard HMC is, in principle, a much more efficient sampler than RWM because propaga-
tion with Hamiltonian dynamics preserves energy and therefore 0 can travel further away from
its starting point at each iteration without affecting the acceptance rate. This increases the ESS
because the autocorrelation between samples is reduced. However, HMC also suffers from the
need to tune the parameters € and L. The problem here is analogous to tuning the proposal
covariance in RWM—if L is too small, exploration is very slow as successive 6 are too close.
If it is too high, the sampler revisits locations in (0, p). Step length € in turn affects energy
conservation in the leapfrog integrator; the integrator error in energy grows as a function of €,
resulting in low acceptance rates with large €. If € is too low, the system takes many steps that
are likely too small [129]. The tuning of the mass matrix M~! can also be performed on the fly
during the early phases of HMC which can improve performance [122] by empirically setting

it as the covariance over samples in a warm-up phase.
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Algorithm 2.1 Standard HMC algorithm: exploration occurs by first sampling from a distribu-
tion over momenta, followed by simulating Hamiltonian dynamics for a predetermined number
of steps L with step length € and finished by using Metropolis acceptance criteria.

1: Initialize: 6 = 6) € R” | 6, = [njer, D)
2: fori=1...nje do

3: p* ~N(0,M) > Sample from momentum distribution
p=p,0=06"
for/=1...Ldo > Hamiltonian dynamics using leapfrog integrator
€
P=p+5Ved(6)
6 =0 +eMp
€
P=P+5Vo0(6)

end for
exp(¢(0) +K(p))

10: a =min< 1,
{ exp(¢(6*) +K(p*))
11: if > 1(0,1) then

Y % 2Nk

} > Metropolis acceptance criterion

12: 0" =0
13: end if

14: Onli,:] = 6*
15: end for

To remove the difficult and time-consuming need to manually tune € and L through trial
HMC runs, which is especially problematic for high-dimensional target distributions, Hoffman
and Gelman [129] developed a method called the no U-turn sampler (NUTS). For the sake of
brevity only the main aspects of the NUTS algorithm, which eliminates the need to hand-tune
HMC parameters, are summarised here at a high level. A detailed description may be found in

the original publications [129, 122].

The NUTS method first eliminates the need to predetermine the number of leapfrog in-
tegrator steps L. The principle is to replace simple forward propagation of the Hamiltonian
with building a binary tree. This is done by first choosing a direction of simulation for the
Hamiltonian, either backward or forward in hypothetical time, and taking 2/~! leapfrog steps in
that direction starting from the edge of the tree, where j is the current ‘doubling count’ (starting

at 1). This process is repeated recursively until the direction of travel at either edge node of the



2.2 Single particle model with electrolyte dynamics 31

binary tree starts turning back on itself (i.e. ‘does a U-turn’), whereupon a candidate point is
sampled from the set generated during the doubling process. By doing this, NUTS performs a
wide search over 0 at the given energy level. The step length € is in turn updated iteratively,
targeting a usual preset acceptance rate of 65-80%. The updating scheme is based on stochastic
gradient descent [130], which guarantees a convergence to the target acceptance rate.

The basic NUTS method has been subsequently extended [122], and it has now become a
popular MC sampler in many probabilistic programming environments [131-133]. Outside
of the original work, it has also been shown to compare favourably to other samplers such
as Metropolis-Hastings and Gibbs [134, 135]. For the purposes of parameter estimation here,
the implementation of NUTS in the julia programming language, AdvancedHMC. j1 [132],
was used because it is computationally advantageous to calculate the gradients of the energy

function using automatic differentiation which is readily available in julia.

2.2 Single particle model with electrolyte dynamics

The SPMe schematic Fig. 2.1 shows a Li-ion cell in which the positive and negative electrodes
consist of sets of identical particles of radii Ry and R, respectively and a separator of width
L. The macroscopic domain is divided into three subdomains Q,, €2, £, over the negative

electrode, the separator and the positive electrode respectively where
Qn — [0,Ln] 5 QS — [Ln,L_Lp] 5 Qp - [L_Lp’L:I

The total cell thickness L is given by the sum of each subdomain, so that L = L, + L, + Ls. As
in the SPM, the concentration of lithium in the solid state in each electrode ¢, x (r,7) over the

radial dimension r € [0, Ry] is governed by Fickian diffusion with dynamics described by

dCsx Ds,ki ( 28557k) (2.12a)

at_rzarrar
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Load

Negative electrode  Separator  Positive electrode
Ly Ls Ly

Fig. 2.1 A schematic of a Li-ion cell as modelled by the SPMe, showing the positive and
negative electrodes as uniform spherical particles of radius R, and R, respectively and the
separator in between. The electrolyte domain spans the total thickness of the cell, given by the
sum of the electrode and separator thicknesses, so that L = L + Ly, + L.

where ¢; i denotes the electrode-average Li-ion concentration within the particle(s), k denotes
the subdomain (n = negative electrode, p = positive electrode, s = separator) and Dy i is the
diffusivity of lithium in the solid phase of each electrode. The Neumann boundary conditions

for the centres and surfaces of particles are given by

a_
Ikl (2.12b)
8r r=0
855,1( FaiLn ) k=n,
~ Dy = (2.12¢)
r I':Rk _ I k _
Fapr? - p7

where F' is Faraday’s constant, ax and Ly represent the specific active area (i.e. area per unit
volume) and thickness of each electrode respectively, and I is the applied current density. The
concentration of lithium over the macroscopic dimension x € [0,L] (i.e. in the electrolyte),

ce(x,1), is governed by the Onsager-Stefan-Maxwell relations, where the Li source/sink is the
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electrode-averaged Li-ion exchange with the particles, so that

(

(1)1 _
FL k=n,
dce b 0%ce
8k§ :SkDeW—i‘ 07 k:S, (213&)
(1)1 _
L - FL, > k= p,

where D is the diffusivity of lithium in the electrolyte, & the electrolyte volume fraction of the
sub-domain k, b the Bruggeman coefficient, and ¢tT the cation transference number. Neumann

boundary conditions are specified at the edges of the electrode sandwich,

dce
ox

_ dce

T, 0. (2.13b)

x=L

The initial conditions are set to a typical average value of Li concentration in the electrolyte,

ce(x,0) = ce typ- (2.13¢)

Given the dynamics of the SPMe, governed by the PDEs (2.12)-(2.13), the terminal voltage V

is expressed in electrode-averaged quantities,

V =Uo+T1,+ N+ APgiec + ADPs,jig, (2.14a)

where U is the open circuit potential, 77, and 77, are the reaction and electrolyte concentration
overpotentials and Adgje. and APggiq are the Ohmic losses in the electrolyte and solid phases,
respectively. The potential Uy is given by the difference in half-cell potentials, which are

functions of the electrode-average surface concentrations on each particle,

Uy = Uop(Csplr=r,) — Uon(Csnlr=r,) (2.14b)
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and 7, is similarly

n.= ﬁr,p - ﬁr,na (2.14¢)

where the reaction overpotential for each electrode follows the Butler-Volmer relation

2RT I
Tk = ———sinh™! ( ) . k={p,n}, (2.14d)

F a jo xLx

where R is the ideal gas constant and 7 temperature. The electrode-averaged exchange current

density is given by

r=Rk) 12 (Es,k,max - Es,k ‘ r=Rk) 12 (Ee,k) 1/2; (2- 146)

Jox = mk(Cs

where my is the reaction constant. The electrolyte concentration overpotential 7, in turn is

given by

M. = (1—1%) (Cep—Cen) - (2.14f)

Finally, the Ohmic loss for the electrolyte is given by

_ I (L, L L
ACDElec:_K_e ( ==+ p) (2.14g)

b b b
typ \ & & 3£p

for the electrolyte, where k. is the conductivity of the electrolyte, and the solid phase Ohmic

losses are given by

- 1 /L, L
Adsolia = —3 (;p + ;“) , (2.14h)
P n

where oy are the conductivities of the electrodes.

2.2.1 Spatial discretisation of the SPMe

Generally, to use HMC methods to estimate posterior distributions of parameters one requires a

fast calculation of the energy function (2.2) and its gradient because the number of iterations
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required is high (order 10* in this case). To estimate the posterior distributions of the SPMe
parameters one must evaluate the likelihood term p(D|0) through forward simulation of
the model and comparison with experimental data (or simulated ground truth in this case).
For this purpose, spatial discretisation of the SPMe dynamics (2.12), (2.13) was done by
pseudospectral methods using Chebyshev orthogonal collocation [136], allowing for a relatively
low-dimensional spatial grid in comparison to simple finite differences. The discretisation
scheme for the SPMe dynamics for the solid phase and the electrolyte is the same as that of
Bizeray et al. [49, 137], using radial symmetry in the negative and positive particle to further
reduce dimensionality. Here, particles contain 3 collocation nodes each, and the electrolyte
contains 3 collocation nodes in each of the electrode subdomains and 2 in the separator. To
obtain the electrode averaged quantities in the negative and positive electrode subdomains
in the electrolyte, numerical integration (Clenshaw-Curtis quadrature) was used [136, 138].
As both the solid-phase and electrolyte diffusivities were assumed independent from lithium
concentration, spatial discretisation resulted in a linear state-space system with nonlinear
output equation due to Butler-Volmer kinetics in the reaction overpotential and the open-circuit

potential. Overall, the system is described by

dx
e Ax(t) +Bu(r) (2.15a)
V(t) = h(Cx(t),Du(t)), (2.15b)

where A € R?*® B € R%*!, C e R**%, D € R**!, u(¢) is the applied current and 4(Cx(z), Du(t))
is given by (2.14). The linear function inside 4 returns the electrode-averaged surface concen-

trations and electrolyte concentrations in the electrode subdomains.
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Parameter Units Description Q, Qg Qp
& - Electrolyte volume fraction 0.3 1 0.3
Ck.max mol/ m3 Maximum lithium concentration 2.4983 % 10* - 5.1218 x 10*
Ok S/m Solid conductivity 100 10
Dy x m?/s Electrode diffusivity 3.9x 10714 1x10713
Ry um Particle radius 10 10
ax pum~! Electrode surface area density 0.18 0.15
my (A/m?)(m3/mol)!>  Reaction rate 2x 1073 - 6x 1077
Ly um Thickness 100 25 100
Uk ref \% Reference OCP 0.18 - 3.94
Ce typ mol /m? Typical lithium-ion concentration in electrolyte 1% 103
De typ m?/s Typical electrolyte diffusivity 2.8x 10710
Ke.typ S/m Typical electrolyte conductivity 1.1
C/mol Faraday’s constant 96485
R J/(molK) Universal gas constant 8.314472
T K Temperature 298.15
b - Bruggeman coefficient 1.5
t - Transference number 0.4
Lyp A/m? Typical current density 24(1C)

Table 2.1 Model parameters with values taken from Moura et al. [140].
2.3 Parameter estimation of the SPMe

To perform a Bayesian parameter estimation and identifiability analysis of the SPMe, a subset
of model parameters was chosen to be analysed in a series of simulations. It is well known that
even the simpler SPM, without including electrolyte dynamics, is over-parameterised, i.e. not
all parameters may be independently identified from input-output data [54]. Here, the subset of
parameters under investigation was chosen to illustrate the limitations of identifiability due to
the excitation signal, an issue that is relevant when using reduced-order physics-based models
in real-world settings. For each excitation signal, a ground truth input-output dataset was first
generated using a known parameter set (Table 2.1) and open-circuit potential functions [139].

In total, 12 excitation signals were considered. Illustrated in Fig. 2.2, the first 11 consisted
of applying a zero bias multi-harmonic sinusoidal pulse for a period of 1000 s, containing
frequencies of 1 mHz, 10 mHz and 100 mHz and a peak-to-peak amplitude of 50 mV, giving
a quasi-steady SOC. This time-limited signal was applied as the model input at 11 discrete
SOC points. In contrast, the 12th case used a single-frequency sinusoidal pulse biased by 1C
discharge, giving a broad excursion in SOC (from 100%—5%) over the excitation. In each

case, identically and independently normally distributed (i.i.d.) noise with variance 6

< was
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Fig. 2.2 Excitation signals for parameter identification: In the first 11 cases (left and middle),
a zero-bias multi-harmonic sinusoidal pulse was applied at 11 discrete points in SOC for a
duration of 1000 s. In the final case, a 1C biased single-frequency pulse applied to give wide
excursion in SOC (right).

added to the voltage output, where 20 corresponded to approximately 1% of the amplitude of

the voltage response.

Following the generation of the ground-truth data, a subset of model parameters was
chosen to be identified. Four model parameters were chosen: solid phase diffusivities Dy, Dy,
electrolyte diffusivity D, and transference number #*. Furthermore, the noise variance 6> was

estimated in each case.

The Bayesian framework allows for the incorporation of existing knowledge of model
parameters by defining prior distributions over them—this is the equivalent to the use of

regularization in the frequentist framework; prior distributions were specified as

(o, B), 6 € {Dyn,Dy, D},
p(0) = (2.16)
Beta(a,B), 0€{t"},
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Fig. 2.3 Prior parameter distributions for each of the diffusivities was chosen to be a Gamma
distribution where the mode was equal to 1.0 (using re-scaled values Dy, Dy, Dp). The

transference number prior was chosen as a Beta distribution, where the mode was again equal
to the ground-truth value and 80% of the probability mass lay between 0.2 and 0.6.

where I' is the Gamma distribution. Schematically shown in Fig. 2.3, these reflect both the
physical constraints and reasonable prior knowledge of the parameters. Each of the diffusivities
was constrained to be positive, and the I" parameters o, B were set to 1.5 and 2.0 respectively to
give a mode of 1.0 on a rescaled basis where each diffusivity was scaled to a unit range (so that
the ground truth for ﬁn,ﬁp,ﬁp equalled 3.9, 1.0 and 2.8 respectively). To enforce positivity,
an equally valid approach would have been to use a log-normal prior over diffusivities. Here,
the more straight-forward interpretability and parameterisation of the I" distribution in real
parameter space was preferred. For the transference number ¢ a Beta distribution was defined
so that 80% of the probability mass lay in the range [0.2,0.6] and the mode was again equal to
the ground truth. The prior distribution of the noise variance o, was uniform. Given the SPMe
parameterised by the vector 8 = [D, Dy D, t*], the voltage response of the model (2.15) is
denoted by f(6). As normally distributed noise was added to the ground-truth voltage response,
the likelihood function is Gaussian, so the energy function is given by

—f(8))°

n " (y
(6) = —logp(0) ~log p(116) = ~log p(0) + Aog2no + Y VLI 19
i=1

n
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where y is the observed voltage, n the number of data points, and p(0) the parameter vector
prior (2.16). To explore the posterior parameter distribution, the NUTS algorithm was run for
10,000 iterations with a 1,000 iteration burn-in period, and 4 chains were run in parallel for
each of the 12 scenarios, with random initialisation. To guarantee the differentiability of ¢ (6)
(which is required for HMC, see Section 2.1.2), a nonlinear monotonic transformation was
applied to the samples 0 before passing them to the forward model, using the logistic function,
so that 0 <" <1 and 0.1 < D, < 100 for n € {n, p,e}. The non-zero lower bound for the
diffusivities was necessary to guarantee numerical stability of the forward SPMe simulation,
where the effect is to introduce lower and upper bounds on the prior. As mentioned above,
using a log-normal distribution over the diffusivities would naturally enforce positivity, but the
logistic transformation would still have been necessary to address the same stability issue. Point
estimates from HMC were retrieved by taking the minimum mean-squared estimates (MMSE)
from the posterior (i.e. by calculating the posterior mean). For an easier interpretation of the
results, diffusional timescales R2 /Dy, R% /Dy and L? /D, are considered rather than diffusivity
directly, where R, , and L are considered known. For comparison, in each case, MAP estimates
for the parameters were also found by minimising the energy function using the gradient-based
Broyden—Fletcher—Goldfarb—Shanno (BFGS) minimiser in Julia’s Optim. j1 [141] and the
Laplace approximation (2.3) calculated by evaluating the Hessian matrix at the optimum value

using automatic differentiation [142].

2.3.1 Results

Parameter identifiability

Both the identifiability and the parameter point estimates of 8 = [R2/D, Rg /Dy L*/De t*]
were inferred from the posterior distributions estimated by the NUTS algorithm and the MAP
+ Laplace method. To illustrate, both the marginal distributions of each single parameter and

the pairwise joint posteriors were considered. First, Fig. 2.4 shows the individual marginal
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Fig. 2.4 Kernel density estimates of marginal posteriors for the four model parameters for each
estimation scenario, with the specific point of excitation on half-cell OCPs indicated by black
dashed lines.

posteriors from NUTS of each parameter in each excitation case. It is clear from the width
of the distributions that the identifiability of the parameter vector is dependent on the quasi-
steady surface concentrations of the particles at each point of excitation. Specifically, the
variances of R2/D, and Rf, /Dy are related to their respective half-cell OCP gradients at the
point of excitation, which is apparent from Fig. 2.4. To quantify the effect of OCP gradients
on the identifiability of solid-state diffusivities, the relative entropy of the marginal posteriors

of diffusional time scales may be used. Relative entropy, defined by the Kullback-Leibler
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Fig. 2.5 Dependence of the identifiability of solid-phase diffusivity, expressed as the relative
entropy of the marginal posterior distributions estimated with NUTS vs. their priors, as a
function of half-cell OCP gradient for positive and negative electrodes. Numbers denote local
excitation case.

divergence between the prior and (marginal) posterior,

p(0|D)
p(0)

KLIp(0ID) . p(6)] = [ plolDioe |52 o, @18

measures the information gain [143] going from the prior to posterior. The larger the value,
the more is learned from data. Fig. 2.5 shows the relative entropy for the two diffusional
timescales, calculated using kernel density estimates of the marginal posterior p(6|D), as a
function of half-cell OCP gradient. The positive relation to identifiability is evident for both
electrodes. The dependency on dU/dcgs is stronger for the negative electrode, which is likely
due to its longer timescale, making the voltage output more sensitive to this parameter over
the length of the excitation. This result agrees with the analysis by Bizeray et al. [54] of solid
phase diffusivities for the SPM—as either of the half-cell OCP gradients tends to zero, the
voltage response to changes in surface concentration for that electrode drops to zero, rendering
the diffusivity unidentifiable. For the other two parameters, De, ¢, there is no such effect.

However, in all cases, the signal that results in a wide SOC excursion, corresponding to a full
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1 2 3 4 5 6 7 8 9 10 11 Global
s 08 073 067 061 055 049 043 037 031 025 019
¢, 051 055 059 062 066 069 073 076 08 083 087
pnuts 3600 7500 7500 4500 1900 2700 2800 3300 4200 2600 2500 2600
T onurs 1000 4300 4900 2300 510 160 750 1200 1700 110 450 26
(2600)  pwap 3700 7400 6100 4700 2100 2700 3000 3200 4200 2600 2500 2600
ovap 1000 4800 4400 2600 510 130 730 1200 2000 110 450 2.7
pnuts 900 900 900 950 1200 780 870 80 820 1200 1500 1000
% owurs 930 840 830 550 140 200 260 280 330 560 520 1.0
(1000) UMAP 890 900 930 950 1100 750 810 900 890 1300 1700 1000
ovap 940 910 750 590 140 170 250 290 370 570 500 11
pnuts 190 190 200 190 180 180 170 190 180 200 180 180
T onuts 82 120 110 80 7.5 7.4 7.1 7.9 79 110 100 18
(180)  mvap 190 190 190 190 180 180 170 190 180 200 180 180
owar 85 140 938 8.1 7.6 73 73 7.9 80 110 100 19
pnuts 041 04 041 041 04 038 037 041 04 044 039 039
t  onurs 0011 0011 0012 0012 0013 0013 0013 0012 0014 0015 0017 00036
04)  uvap 041 04 041 041 04 038 038 041 04 044 039 039
ouap 0011 0012 0012 0012 0013 0013 0013 0012 0013 0015 0017 00038
nuts  2.5e-4  25e-4  25e-4  25e-4  25e-4  25e-4  25e-4  25e4  2ded  25e-4  25e-4  2.5e-4
62 onuts 28¢-6 28¢6 296 28¢-6 28e-6 28c-6 28¢-6 28e-6 27e-6 28e6 28e-6 276
(2.5e-4)  pmap  2.5e-4  2.5e-4  25e-4  25e4  25e-4  25e-4  25e-4  25e-4  2de-d  25e4  25e-4 254
Ovap  28e-6  28¢-6 28¢-6 2806 28e6 28e-6 28e-6 28¢-6 27e-6 28¢-6 28¢6  2.9e-6

Table 2.2 NUTS and MAP + Laplace estimates for chosen SPMe parameters for each excitation

signals. Numbers in brackets in the first column indicate true values.

discharge in this case, identifies the parameters (which are assumed constant over SOC) with

high precision, as shown by the red lines indexed “WE” in Fig. 2.4.

Comparison of NUTS and MAP + Laplace estimates

Table 2.2 summarises the MMSE estimates for each case, and the variances calculated from

the NUTS distributions, together with the corresponding MAP estimates and Laplace approxi-

mations for the parameter variances. The two sets of estimates are in close agreement in most

cases both in terms of mean and variance, which is also illustrated in Fig. 2.6. These show

pairwise joint distributions p(pn, Tp,p) in the top row and p(7p e, ") in the bottom row, for a

subset of local points (points 2, 6, 11 in Fig. 2.2) and the ‘wide excursion’ in the right column.

However, the MAP + Laplace approximation approach applied to the estimation of SPMe

parameters has shortcomings. Illustrated in the joint posterior plot of p(Tpn, T p) in Fig. 2.7,

it can be seen that the Laplace approximation, being a symmetric Gaussian approximation of
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Fig. 2.6 NUTS Kernel density estimates of pairwise joint posteriors p(Dp,Dp) and p(De,t ™) for
3 local excitation cases and the wide excursion case. Grey contours indicate the 20 bounds
calculated using the MAP+Laplace approximation.

the posterior, sometimes allocates probability mass to physically infeasible space (i.e. where
Tp,n < 0)—a result of the Laplace approximation being calculated in the neighbourhood around
the MAP estimate. The HMC estimate does not suffer from this problem. Furthermore, the
identifiability problem is not invariant to (nonlinear) transformations in the parameters. For
example, the joint distribution of p(Dy,D,) in Fig. 2.7 shows the effect of applying the MAP +
Laplace and NUTS estimators directly on diffusivities rather than diffusional timescales. In the
case of solid-state diffusivities, local estimation cases show strongly non-elliptical contours of
pairwise joint posteriors, which are not captured by the MAP + Laplace method, again giving a

non-negligible probability mass at D, < 0.

Reliability of NUTS estimates

To verify the reliability of NUTS estimates, 4 chains were initialised at random in each case.

From these four chains, the MC error (2.6) can be empirically calculated. Specifically, the
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Fig. 2.7 Effect of parameter transformation on posterior and the Gaussian approximation.
Directly estimating solid state diffusivities results in non-elliptical contours of the posterior,
where the Laplace approximation fails. In both cases, the variance implied at the MAP estimates
is such that Gaussian approximations have probability mass in physically unfeasible locations.

‘initial monotone sequence estimator’ [144] is used, whereby the ESS (2.7) and MC errors are
calculated by only using a window of autocorrelations for lags in the chain as long as they
are both positive and decreasing. Furthermore, the scale reduction factor R [145] may also be
calculated for each parameter, where R is effectively given by the ratio of variances between
chains to variances within the chains. This describes the extent to which additional iterations in
each chain would improve the estimate of the target distribution. As N — oo, R — 1, indicating
that adding additional iterations to the chains would not improve the estimate of the target
distribution. These statistics across the four chains in each estimation case are shown in Table
2.3. The cases where R > 1.01 are highlighted in red. The convergence statistic in most cases
implies that all chains return the same distribution (all available in Appendix A). The notable
exception is one of the chains in the wide excursion case, where the target distribution did not
sample efficiently, as shown in Fig. A.3. In general, the MC error (that is, the error in the mean
estimate of each parameter in the sense of the central limit theorem) is low compared to the
estimates of parameter variance in Table 2.2, indicating that NUTS estimates are accurate. In

case 2 however, particularly for 7p ,, the ESS is only 271 (calculated over 4 x9,000=36,000
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1 2 3 4 5 6 7 8 9 10 11 Global

T, ESS 3288 271 538 1028 2231 1529 1899 3576 7839 8965 12668 373
oMc 18.0 200.0 180.0 63.0 11.0 4.1 17.0 20.0 19.0 1.1 0.4 0.089

7  ESS 3347 270 578 1097 2264 1539 1860 3282 6192 6866 9603 564
oMC 1.6 3.8 29 1.5 29 5.1 6.0 4.9 42 6.6 53 0.028

%  ESS 7155 360 864 2528 7437 6665 5338 9525 19073 15850 17604 3013
omc  0.098 0.5 0.33 0.15 0.087  0.096 0.099 0.082  0.062 0.09 0.075 0.033

T ESS 10880 3039 4206 11357 8401 7711 7315 10538 15232 17590 16980 3080
oMC le-4 0.0002  1le-48 le-4 1.5e-4  1.6e-4 1.6e-4 13e-4 12e-4 12e-4 13e4 6.7e-5

o, ESS 10525 3446 4926 10829 7310 11112 7333 10857 20202 15591 16894 846
omc 2.9e-8  4.8e-8 43e-8 2.9e-8 33e-8 3.0e-8 3.1e-8 2.7e-8 1.9e-8 2.4e-8 2.4e-8 6.3e-8

Table 2.3 Effective sample sizes and MC standard errors of NUTS sampler applied to SPMe
parameter estimation problem. Red cells indicate R > 1.01

iterations), indicating that the HMC estimates are unreliable. In this case, both estimates (Map

+ Laplace, NUTS) of the parameter variance are also very high, as shown in Table 2.2.

Effect of parameter uncertainty on forward predictions

To gauge the effect of parameter uncertainty in voltage prediction, Fig. 2.8 shows predictive
voltage distributions over a constant current 95% depth-of-discharge cycle for three different
cases. Compared to voltage prediction using the parameter prior, p(f(0)), the posterior in the
local excitation case c¢=2, p(f(0)|D.—~2) shows the effect of the lack of identifiability of the
solid state diffusivity of the negative electrode. The credible intervals widen substantially in
areas where the negative half-cell OCP is steepest. In comparison to the local excitation case,
the wide excursion excitation accurately identifies all parameters, so the credible intervals for

voltage prediction are narrow for discharge throughout.

2.4 Discussion

A Bayesian approach was applied to estimate a subset of model parameters for the SPMe,
comparing HMC and MAP estimates with the Laplace approximation. It is clear that some
parameters of the model are more identifiable than others, and that identifiability for some

parameters depends on the type of excitation signal. The relative degree of identifiability
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Fig. 2.8 Predictive voltage distributions showing the mean +20¢ using 1,000 samples from
parameter prior and posteriors generated from NUTS in two of the estimation cases.

may be quantified by the relative entropy, given by the KL divergence between the prior and
posterior distributions of the parameters. The analysis above was, in a sense, a ‘best case’
scenario, as all model parameters apart from the ones singled out to perform the analysis were
considered known, and initial conditions and half-cell OCPs were also known.

Under real-world conditions, the weak identifiability of model parameters and dependence
on excitation creates a two-fold problem. Firstly, if parameters are a function of internal
states, such as the state of charge and temperature [57], then limited identifiability means that
one cannot simply ‘connect the dots’ on the basis of local measurements and fits. Moreover,
real-world operation conditions do not guarantee that operating points where the parameters are
most identifiable are visited consistently throughout the battery life. Using naive approaches,
these factors together will lead to very noisy estimates of model parameters over time for
batteries.

While identifying parameters as functions of operating conditions and internal states is in
principle possible, doing this with physics-based Li-ion models in real-world conditions in
practice is not. The most significant hurdle here is the lack of observability of battery states

in the system dynamics. As (commercial) cells do not contain a reference electrode, state



2.4 Discussion 47

observers can only use error feedback from the terminal voltage (and temperature), which
is not sufficient to indepenently identify surface concentrations on the positive and negative
electrodes.

Theoretically, accurate knowledge of the total lithium inventory allows coupling of half-cell
surface concentrations [55], giving a unique solution. However, since cyclable lithium is ‘lost’
in the ageing process [22], estimating the lithium inventory is also not trivial. Furthermore, even
if batteries in a given application routinely have a long enough resting segment and the lithium
inventory is known, the effect of temperature on the open-circuit voltage through entropic
effects [146] and voltage hysteresis [147] add additional complication.

Given these difficulties, simpler dynamic models are needed for the real-world diagnosis of
SOH. However, simpler models, such as ECMs, will naturally exhibit more variation in their
parameters due to changes in states and operating conditions. Given that the identifiability
problem of initial conditions is not as severe for ECMs (as the OCV is expressed at the
terminal level as a function of the state of charge), a Bayesian approach to identifying parameter
dependencies as functions of states and operating conditions is more feasible with ECMs.

One principled approach to estimate parameters as functions rather than point estimates is
to use Gaussian process regression. Analogous to the method above, the method imposes a
prior over ‘parameter functions’ directly, and observed input data is used to condition the prior
to yield a posterior, which describes parameter behaviour over the inputs in a non-parametric
manner. Moreover, the GP method also answers the identifiability problem in a similar way,
yielding lower precision estimates in cases where there is less informative data available. This
method may be applied to any type of model. It will be shown subsequently that applying
GPR in this manner to ECMs can both improve their accuracy and condition the parameter
estimation problem so as to yield a more reliable state of health diagnosis in real-world operating

conditions.






Chapter 3

State of health diagnosis with field data

The previous chapter highlighted the difficulties in applying physics-based models to SOH diag-
nosis in real-world applications. The major limitations arise from poor parameter identifiability
and observability of battery states from standard terminal voltage and current measurements
over time.

Due to these challenges, equivalent circuit models are more applicable to real-world SOH
diagnosis through grey-box parameter tracking. However, owing to their simplicity, they
lose accuracy if operating conditions are substantially different from those when the model
parameters were originally fitted. This is reflected in the variation of circuit parameters when,
e.g., temperature and/or state of charge is changed [41]. Consequently, applying ECMs to
real-world data SOH diagnosis with large fleets of batteries will result in unstable estimates
over the lifetime of each battery and will not be consistent across different batteries. To
mitigate this effect, work has been done to account for some of the dependencies on operating
conditions [42, 43]. However, taking a first-principles parametric approach to assess all the
dependencies of circuit elements on operating conditions is time-consuming and difficult, as
the number of parameters required is high and all functional forms must be determined a
priori. This parameterisation has to be performed separately for each cell chemistry, and as

the cell degrades, exacerbating the situation. In addition, the parameterisation will depend on
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the ageing mechanism, making a full experimental determination of circuit parameters as a

function of all inputs (including degradation) very costly.

To address these issues, the framework proposed in this chapter uses a Bayesian non-
parametric approach to model ECM parameters as functions of operating conditions and
lifetime in a real-world application. Specifically, a computationally efficient implementation
of Gaussian process regression (GPR) is formulated to learn functions describing circuit
parameters directly from operating data. In essence, this combines model-driven and data-
driven SOH diagnosis, whereby the model-driven part comes from the structure provided by
the ECM and the data-driven part completes the picture by making the circuit more adaptable
to changing operating conditions. Using this approach, the system is robust to changes in
operating conditions and gaps in measured data as well as numerical ill-conditioning. Also,
the framework is easily transferred between chemistries and can be applied from the cell level
to the pack level, because the only laboratory-based measurement required is the open-circuit
voltage curve. The rest of this chapter describes background information about Gaussian
process regression and classification, then gives an analysis of a large battery field operation
dataset where it is demonstrated that GPs may be used both to infer smooth health estimates

and to diagnose/predict end of life.

3.1 Gaussian Processes

A Gaussian process is defined as a collection of random variables where any finite subset has a
joint Gaussian distribution [148]. It is completely described by the mean and covariance of a

multivariate Gaussian distribution, which for a GP with input x are defined as

3.1)
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and the Gaussian process f(x) is denoted by

f(x) ~ GP (m(x),k(x,x)). (3.2)

If we consider f(x) to describe a function over inputs x, a GP then defines a distribution
over functions. Without loss of generality, the mean function m(x) can be assumed to be 0, so

that the GP is completely parameterised by its covariance given by a kernel function, k(x,x').

A brief note on notation

The Gaussian process literature tends to use varying conventions to denote vectors and matrices
in training and test sets. In the following sections, outputs are assumed scalars, where n
observations are represented by column vector y € R" indexed by i. The input for each y; is a
vector x; € RP. The training input set is denoted by X € R"*P = [x| x; ... Xy], the test input
set by X, and target output y always refers to the training set. In general, lower-case bold
symbols denote vectors, upper-case bold symbols matrices, and italic symbols either scalars or
functions, where the difference between should be clear from the context. Kernel functions
k are usually defined in terms of an input pair X, X’ returning a scalar. In practical use, when
applied to (arbitrary) pairs of input matrices X € R"™P, X| € R™*P, they return a n x m matrix
by applying the function to all combinations of rows in the inputs. When applied to the training

input pair X, X’ the result is the R"*" Gramian matrix, denoted as K.

3.1.1 Gaussian process regression

Using Bayes’ rule, a prior distribution over functions f(x) may be updated with observed data
to give the corresponding posterior distribution. This is the principle behind Gaussian process

regression, a supervised machine learning technique, where the target variable y; is modelled
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by a Gaussian process such that
vi=f(xi)+&, &~N(0,06,), (3.3)

where error € is identically and independently distributed Gaussian noise. Inference with GPR
consists of updating the prior distribution over f(x) using input-output training data (X,y)
to produce a posterior-predictive distribution, which is also Gaussian. By applying Bayes’
theorem, the posterior-predictive distribution of function f, for a given set of test points X,
and training data (X,y) is obtained by integrating over the training posterior f (also called the

posterior over latent variables in the literature) [148],

. POIEX)p(TX)
= [ e x0T

3.4)

df,

which has a closed-form solution as long as the likelihood function p(y|f,X) is normal (i.e.,

error € is Gaussian). In this case, the predictive mean and covariance of f, are given by

E[f.] = k(X.,X) [k(X,X) +021] 'y, (3.5)

V£ = k(X., X.) — k(X., X) [K(X,X) + 621) ' k(X,X,), (3.5b)

where I denotes the identity matrix. In other words, the predictive mean is a linear combination
of the training observations y, where the weighting is determined by the kernel function k.
Equation (3.5b) shows how the training data conditions the variance—the first term on the RHS
is the prior (co)variance, and the second denotes the change in variance from the training data.
The posterior variance is a function of the distance between the test and training inputs. This is

shown schematically in Fig. 3.1.
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Stationary GP prior

Nonstationary GP prior

Stationary GP posterior Nonstationary GP posterior

Observed data (y,X)

Observed data (y,X)

Fig. 3.1 Random draws from prior and posterior-predictive distributions of Gaussian processes
with stationary and nonstationary kernels. In each case, the black dash lines indicate the
mean and standard deviation of the distribution. The main difference between stationary and
nonstationary processes is in extrapolating the posterior predictive. In the stationary case, the
mean reverts to the prior mean, whereas in the nonstationary case it does not.

In general, kernel functions k(.) may be categorised as either stationary or nonstationary.
Stationary kernels are functions only of x — X/, that is, the difference between points in the

D-dimensional input space. An example is the widely used Matérn family of functions given by

1-v NV Y/
k(x,x’):cj%lz,(v) (@"‘l—xg Ky (\/2_|XZ—X|) (3.6)

where oy is a scale hyperparameter controlling the prior variance, [ the ‘length scale’ of the
prior, I' the gamma function, Ky the Bessel function of the second kind and v a hyperparameter
controlling the smoothness of the process. The Matérn kernel is also isotropic, being only

a function of the distance (the Euclidean norm) between the input points |x —x’|, making it
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invariant to any rigid motion in the input space [148]. Stationary kernel functions are such
that the associated posterior-predictive distribution reverts to the GP prior when predictions
are made at test points X, ‘far’ away from the training data X in terms of the characteristic
length scale hyperparameter / of the kernel. In contrast to this, a nonstationary kernel function
depends on the absolute values of the inputs; an example is the so-called Wiener velocity kernel

[111], given by
-3 / i 2 /
k(x,x) = o7 (—mm 3(x’x> 4y T éx’x >> : (3.7)

which describes the covariance of an integrated Wiener process over scalar input x (often this
is time). Nonstationary kernel functions behave differently when extrapolating—in the case
of the Wiener velocity kernel, GPR gives a posterior-predictive distribution that extrapolates
linearly along the last estimated trajectory in the training data (see Fig. 3.1), and the predictive

variance continuous to increase as a function of distance from the training data.

In this work, stationary and nonstationary kernels are used in combination to describe
circuit parameters over different input dimensions where some are naturally better modelled by
one or the other depending on the input. In practice, the space of kernel functions is infinite, as
any addition or multiplication of valid kernel functions is also a valid kernel function, returning

a positive semidefinite covariance matrix.

3.1.2 Gaussian process classification

In addition to the regression problem where the target output y is continuous and unbound,
Gaussian processes can be used in classification tasks where the output variable is categorical.
In this work, GPs are used in binary classifiers to predict the probability that batteries will
fail in the future. In this case, both inference and prediction become more complicated than
for the regression case because the likelihood of observations is no longer Gaussian and the

posterior-predictive distribution is a nonlinear function of the underlying GP. The predictive
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distribution in the binary case (for single test input x,) is given by [148]

Py« =1X,y,x:) =/G(f*)p(f*|X,y,x*)df*, (3.8)
~——
‘link function’
where p(f.|X,y,X,) is given by (3.4) and the link function o(f;) is a sigmoidal function such
as the logistic or Gaussian cumulative distribution function. As no closed form exists for (3.8)
or the term p(f«|X,y,X,) (since the likelihood is not Gaussian), an approximation is required.

First, the training posterior is approximated as a Gaussian using the Laplace approximation,
p(t1X,y) = q(fIX,y) ~ N (fE %), (3.9)

where f denotes the MAP estimate of the training posterior and X its approximate covariance.

These may be found using Newton’s method by initialising f = 0 and iterating
t=t-[vvod)'vod, (3.10)

where ¢ is the energy function of the training posterior, that is, ¢ (f) = —log p(y|f) — log p(f|X)
and the V, VV operators denote the gradient and Hessian of ¢ w.r.t. f. Here, a logistic likelihood
function is used, resulting in simple analytical expressions for ch(f‘) and VV¢ (f) Once f is
found, X is the inverse of the Hessian VV ¢ (F). Given the Gaussian approximation of ¢(f/X,y),

the predictive distribution (3.8) can then be written as

Py« = 1|X,y,xs) %/G(f*)q(fﬁX,y,X*)df*, (3.11)

where ¢(.) is Gaussian. In this work, the integral (3.11) was evaluated by approximating the

logistic function o(f) using an expansion of error functions [149], so that the mean of the
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RHS in (3.11) is given by [150]

Zl /|«
]E[p(y* = 1|X7y7X*)] ~ EBl [erf (% (X—i—lz) +1
; i

where o0 = %Gcf, Y= Allg, and B and A are coefficients of the error function approximation of

, (3.12)

the logistic function. The GPC algorithm described above is implemented in the scikit-learn

python package.

3.1.3 Estimating GP hyperparameters

The kernel functions describing GPs have hyperparameters that determine their prior and
posterior distributions. As shown in section 3.1.1, the number and type of hyperparameters
vary by kernel. However, the procedure to find optimal hyperparameters remains the same
for both regression and classification (although additional approximations are required for
the classification case, see the previous section). Bayes’ theorem may be applied to find the

posterior probability distribution of the hyperparameters given the training data,

p(®) [ p(l6.£X)p(E1X, 0)df
p(yIX) ’

p(O]X,y) = (3.13)

where p(0) is the prior distribution over the hyperparameters. Similarly to the case of finding
parameter estimates in Chapter 2, the right hand side denominator is independent of 6, so using

the negative log proportionality yields the energy function,

—logp(8|X,y) =< ¢(6) = —logp(0) —log/p(y\ﬂvf,X)p(fIX, 0)df, (3.14)
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where the right-hand side for regression and classification is given by

! {yT [k(X,6) +G§I]_1y+log|k(X,9)| +n10g27t} , regression
¢(8) = —logp(6) +
L [fT[k(X,G)]*lf—l—log’I—i—W%k(X,G)W%

} +log p(y|f) , classification,
(3.15)

where k(X, 0) denotes the kernel function (returning the n x n Gramian) parameterised by
vector 0, |.| denotes the matrix determinant, f is the MAP estimate of the training posterior
in the classification case, W the Hessian VV(})(f') and n is the number of rows in the training
set y. Minimising the energy function ¢(6) with respect to 8 will yield MAP estimates of
the hyperparameters. While MAP estimates are most commonly used, a more comprehen-
sive Bayesian treatment of the hyperparameters would consider the full posterior p(6|X,y);

in this case computing the posterior-predictive distribution involves marginalising over the

hyperparameter posterior,

PULIXey.X) = [ p(£IX..¥.X,0)p(61X.y)d6 (316

The integral is intractable and may be approximated using a variety of techniques [151, 152]. In
this work, however, it is assumed that there is ‘enough data’ and the hyperparameter posterior
distribution has low variance. Also, even with more diffuse hyperparameter posteriors, the
posterior-predictive distribution tends to only be substantially different from the type I MAP

case if test points are ‘far’ away from the training set.

3.1.4 Computationally efficient implementation of GPR

The standard approach to fitting a GP to data for either regression or classification is to find
the optimal hyperparameters, then use these and the data to compute the GP posterior and
make predictions. Both tasks involve the inversion of the n x n Gramian matrix K returned
by applying kernel function to training inputs (eqns. (3.5), (3.15)). The standard approach

of applying the Cholesky decomposition [148] scales computationally as O(n?) and can be
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prohibitive for very large training sets. Multiple strategies exist to avoid this “big n” problem,
such as sparse GP regression [153], reduced rank GP regression [154], approaches relying on
special structures in the input data [155] or recursive methods [110]. Recently, it has also been
shown that using a graphics processing unit to parallelise computations can yield very fast

solutions to the posterior, NLML and its gradient [156].

Recursive methods are well suited for applying GP regression directly to battery telemetry
data because they scale as O(n) in computational time and memory requirements over the time
dimension of the data. Telemetry data usually consists of time series temperature, voltage and
current measurements that can span several years with a sampling frequency often in the range
of 1 Hz, so datasets can contain hundreds of millions of rows of data. An additional advantage
of recursive methods in comparison to sparse methods is that they do not require sparsity in the
time dimension, which can be important in time-series data when applying GP regression to
understand changes in SOH—features such as knee points can make the positioning of inducing

points more difficult in standard sparse methods.

Gaussian processes as solutions to stochastic differential equations

The principle of recursive solutions for GPR comes from the fact that Gaussian processes are
solutions to linear time-invariant stochastic differential equations (LTI-SDEs) where the driving

process is Gaussian noise [157, 110]. This means that the GP regression problem of the type

y=f(x1)+¢,e~N(0,0), (3.17)
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where f is a Gaussian process over spatial and temporal dimensions, X and ¢, may be expressed

by a linear dynamic system where [111]

of(x,1)
ot

= Ff(x,1) + Lo (x,1) (3.18a)

yo = HE(x,1) +£(2), (3.18b)

where the elements of vector x are the ‘spatial’ inputs (i.e., non-time dimensions) of the GP,
and 7 is time. Note that the GP f(x,¢) in this context is described by the distribution over latent
variables, f(x,7), a vector quantity. The linear transition operator F, vector L, observation
operator #, and the properties of the spatially resolved Gaussian noise ®(x,7) are all linked to
the kernel function (and its hyperparameters) describing the GP in the standard batch fitting
approach (3.5). For the stationary class of covariance functions (e.g., the Matérn family), the
above dynamic system can be derived through the spectral properties of the kernel. Specifically,
from the Wiener-Khinchine theorem, the Fourier transform of the kernel function yields the
spectral density of the GP over time. By factorising the spectral density in the frequency
domain, a stable state-space realisation (i.e. where the poles of the transfer function all lie in the
negative half of the complex plane) may be retrieved [158, 66] that describes the GP. While this
method does not apply to nonstationary processes, state-space representations for them may
also be found through analysis of kernel basis functions [111, 159]. In this work, the kernel

functions used separate over x and ¢, such that

k(x,x',t,t") = k(x,x")k(z,t), (3.19)

implying that the GP prior has zero covariance between the two sets of inputs x and t. As a
result, the linear operator F in (3.18), becomes a matrix F defined by the hyperparameters of

the kernel function.
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Filtering distributions as solutions to LTI-SDEs

The standard recursive method used to numerically solve LTI-SDEs with a Gaussian forcing
term and measurement noise is the Kalman filter [160], which returns the optimal solution
for the marginal mean and covariance of latent state vectors X; over time ¢ conditioned on
observations y;. This is equivalent to finding the posterior distribution of a GP [158] in the
regression problem (3.3). To evaluate the GP posterior in practice, first a discrete representation
of the function f(x,#) over input domain x is required. To this end, assuming the input x € R?,
a set of m points {Xg,X1,...Xn }, is chosen to represent the value of the GP at each location.
These then become the states in the linear dynamic system which are propagated through time,
described by dynamics of (3.18). The temporal kernel k(z,7') determines the order n of the
Markov process describing the GP through time [158]. In other words, representing the system
in companion form [161], the kernel function over the time dimension determines the order n
of the highest time derivative in the state vector. Using the standard continuous-time relations
of the Kalman-Bucy filter [162], the ordinary differential equations for the predictive mean and

covariance of x; are given by

dXt

dPy T T
S =FP+PF 4 LqL", (3.20b)

where the state vectors x; € R and L € R(*™) are given by

T
. 3.21)

where 1, denotes a vector of ones of size m and ® is the Kronecker product. The Kronecker

relation reflects the idea that the spatial process is propagated at each discrete point of x; with
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the same Markovian dynamics, which comes from the separability of the kernel function (3.19).

The matrices F and the spectral density q are therefore given similarly by

F=im@to (3.22)

q=k(x,x') @qo,
where I, is the identity matrix size m and the repeated units Fy and qo depend only on the
structure and hyperparameters of k(z,7") [158]. The initial state of the system reflects the GP
prior. Therefore, a zero mean GP implies xo = 0. On the other hand, the initial covariance
depends on the type of kernel k(¢,¢'). For stationary kernels, the stability of the dynamic
system implies that an asymptotic covariance P, exists such that it satisfies the continuous-time

Lyapunov equation,
dp;

= FP., +P.F' +LqLT =0, (3.23)
dt P[:Poo

so the 1nitial covariance is set at P.., which is retrieved by solving (3.23). For nonstationary

k(t,t’ ) however, P, does not exist, and the initial covariance depends on starting time ¢.

Therefore, the initial covariance is found by integrating (3.20b) from 0 — ¢ which, for the linear

system of equations (3.18), has the solution
T ! T
P, = exp(Ft)Pyexp(Ft) —|—/ exp(Fr)LqL exp(Fr)" dr, (3.24)
0

where Py, L and q depend on the kernel (z, ¢ ) [111]. For many of the nonstationary kernels, F
is a nilpotent matrix, in which case evaluating (3.24) is trivial. Also, the use of the Kronecker
relation in (3.21)-(3.22), which is associative, means that finding the initial covariance matrix
for the overall system can be done for a single location in x for k(¢,t"), where Py € R"*", and

the overall spatially resolved initial covariance is then recovered by another Kronecker product,

P =k(x,X)®P,. (3.25)
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Algorithm 3.1 Standard discrete-time Kalman filter recursion to calculate the forward filtering
distribution of a Gaussian process p(f(x,#)|y;.¢) expressed as an LTI-SDE.
1: Initialisation

22 Xt =xg
3 Pt =P
4: ¢ =—logp(0) > ¢ is initialised at the (-)ve hyperprior log density
5: fort=1...T do
6: Propagation
7: X, =Ax;, > A = exp(FA?)
8: P, = AP AT+ Q(Ar) > Q(Ar) = [V exp(Fr)LqLT exp(Fr)" dr
9: Measurement and update
10: ¥i = Hx; > GP predictive mean (3.52)
11: Si =HP_ H'+R > S¢ includes GP predictive variance (3.5b)
12: K, =P H'S!
13: x =x; +Ki(yi— 9
14: Pl = (1-KH)P; (I1-KH)" - KRK/ > Joseph form covariance update
15: Energy function update

16 ¢ =¢+3log|2wSi| + 5 (v —90)7S (v — 1)
17: end for

Once the structure and initial mean and covariance of the state-space system representing the
GP have been determined, the remaining task is to define the observation model. It is given by
the predictive distribution over x, described by the kernel function k(x, x/ ). In other words, the
linear operator H(x) in (3.18) is given by (3.5a). If observations of y, are at constant spatial
locations over time, H(x) is a matrix H. This however, is not always the case as discussed in

the detailed implementation (Section 3.2.3).

Given the state-space model, inference consists of applying the standard Kalman filter
recursion over observations together with the Rauch-Tung-Striebel smoother (RTSS) [163].
The Kalman filter first gives the filtering distribution p(f(x,7)|y.), along with the energy
function ¢(0), also calculated recursively (see Algorithm 3.1). This is used to estimate the
log posterior probability of the kernel hyperparameter vector 6, which can be used to retrieve

optimal hyperparameters either by using their MAP estimates or by approximating the complete
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Algorithm 3.2 The RTSS calculating the marginal distribution of states x; conditioned on all
observations y.t. It consists of a backward recursion over the forward filtering distribution
returned by the Kalman filter. Matrices A and Q are the same as in the forward pass shown in
Algorithm 3.1.
1: Initialisation > Using mean and covariance at t = T from the forward pass
2: Xp= X}r
P} =P;]
cfort=T-1...1do > Backward recursion
X = Ax
P, =APAT+Q
G =PrAl (P, )"
X =x; +G(x,, —x,,,)
9:  Pi=P/ +G(P,, —Py,) G/
10: end for

e A A

posterior p(6|X,y). It is also possible to calculate the gradient d¢/d 6 in the same recursion
(discussed later in 3.2.3 and Appendix B.2), which can be computationally more efficient than

other methods of calculating the gradients when using gradient-based optimisation techniques.

Once optimal hyperparameters have been calculated, the remaining step is to calculate the
GP posterior using those hyperparameters. Whereas the forward pass of the Kalman filter gives
the filtering distribution using observations up to time ¢, that is, p(f(x,7)|y.(), the marginal
distribution that is consistent with the GP posterior calculated in the batch approach (3.5) is
the smoothing distribution, p(f(x,7)|y;.r). This distribution is acausal, i.e. it estimates f(x, )
at each point in time using all available observations, y;.t. It is retrieved by the RTSS (see
Table 3.2), which is applied as a backward recursion once the forward pass with the Kalman
filter is complete. Although the RTSS only returns the marginal distributions of x; over the
time dimension, it is also possible to retrieve the full covariance matrix from batch mode GP
regression [111], but in this work it is not necessary. Altogether, the recursive method is shown
schematically in Fig. 3.2.

Predictions using the recursive framework are equally computationally efficient. Starting
from the smoothing distribution, to make predictions over time, only the propagation of the

mean and covariance of the state vector using (3.20) is required. For spatial predictions (i.e.
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(a) KF: p(f(x,t)]y..., 0), ¢(6), Op/00

/

(b) RTSS : p(f(x,t)[y1.75 Oriap)

fx.t)

Fig. 3.2 Schematic representation of fitting a GP recursively, as a solution to a LTI-SDE. A set
of points describing the value of a GP across the input space x is propagated through time and
updated using the Kalman filter equations. The forward pass (step (a)) calculates the forward
filtering distribution and the energy function. The forward pass is repeated many times to obtain
estimates of hyperparameters. After this, the smoothing distribution is obtained by calculating
both the forward and smoothing passes (a) + (b).

over the arbitrary X, ), equations (3.5) can be applied to the state vector at any point in the

smoothing/predictive distribution.

3.2 Parameterising equivalent circuit models with Gaussian
process regression

As discussed earlier, using ECMs to perform SOH diagnosis in real-world systems results
in noisy estimates, as ECM parameters are affected by operating conditions. Additionally,
poorer sensor accuracy, numerical ill-conditioning and possible gaps in telemetry data make
the task more difficult. The Bayesian framework brings many benefits for addressing these

issues. By imposing an appropriately parameterised prior over the functions describing ECM
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Fig. 3.3 Workflow schematic for the analysis of PV-connected VRLA batteries in sub-Saharan
Africa [3]. Telemetry data are retrieved from batteries deployed in the field, which are sub-
sampled to create a dataset for GPR. From this, stable health metrics are calculated and validated
by using the health metrics as inputs into a binary GP classifier which outputs the probability
that each battery has reached end of life. In addition, usage data over lifetime are used as extra
inputs into the classifier to further condition the prediction, giving insight into factors driving
ageing in the VRLA fleet.

parameters versus operating conditions and lifetime, stable estimates can be retrieved. Also,
the estimates, in terms of a GP posterior/predictive distribution, come with the associated
predictive uncertainty. In addition, using the functional prior allows for the extrapolation over

both operating conditions and lifetime, effectively unifying diagnosis and prognosis.

Most of the following is from a previous publication [3], where the computationally
efficient GPR solution was applied to estimate the parameters of a simple circuit model over
the lifetime of 1027 PV-connected valve-regulated lead-acid (VRLA) batteries located in
sub-Saharan Africa. It was shown that normalising circuit parameter estimates to constant
operating conditions yields smoother estimates over lifetime that are consistent across the fleet.
To validate the estimates, a GP classifier was used to identify batteries near to or at end-of-life.
All field data, including validation data in the form of time-stamped repair information, was

provided by BBOXX Ltd. In addition to validation of the health estimates, insight into the
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ageing processes within the VRLA fleet was gained by augmenting the end-of-life classifier
with metrics relating to the usage over lifetime, improving the performance of the classifier.

The process workflow is shown in Fig. 3.3.

3.2.1 Physics-informed ECMs using Gaussian process regression
Battery model

Similarly to Li-ion chemistries, low-order physics-based models for lead-acid cells may be
derived from porous electrode theory [48, 47], and some of these are on a par with equivalent
circuits in terms of computational effort. However, the challenge of applying physics-based
models to lead-acid is the same as it is with Li-ion, namely, the lack of reference electrodes and
the requirement of prior knowledge of a large number of cell-specific parameters. However,
insight from detailed physics-based models allow for the construction of a physics-informed
combination of an equivalent circuit with GPs that can incorporate much of the underlying
behaviour in a data-driven manner.

Similarly to the SPMe model for Li-ion cells in section 2.2, the voltage response to applied
current in lead-acid cells can be formulated as the sum of the half-cell open-circuit potentials
and a series of overpotentials due to the dynamic processes occurring inside the electrode
sandwich [47, 48],

i= UP_Un+nk,p_nk,n+nc+n07 (3.26)

where Uj; are the half-cell OCPs, 1y ; are the kinetic overpotentials on each electrode, 1) the
concentration overpotential in the electrolyte and 1, the sum of ohmic overpotentials in the
solid phase and electrolyte. The half-cell OCPs are experimentally determined functions of
the sulfuric acid concentration on electrode surfaces, and overpotentials 1) are functions of
the applied current. From asymptotic analysis in lead-acid systems, it has been shown that, at

low C-rates, the overpotential 1. due to limits in ionic transport in the electrolyte is negligible
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[47]. However, even at low C-rates the relationship between overpotential and applied current
in lead-acid systems remains nontrivial, due to the kinetic overpotential 7y ; being a complex
function of applied current, SOC and temperature. The complexities arise mainly from the
nucleation and dissolution of the discharge product, lead sulphate (PbSQy), on the electrodes
during discharge and charge respectively. During discharge from full SOC, the observed voltage
overshoot—the so-called ‘Coup-de-fouet’ effect [164]—is a result of delayed nucleation of
PbSO, on the surface of the electrodes. The effect is also observed with start of dissolution
of PbSO4 when charging from 0% SOC [165]. The reaction kinetics during charging near
full SOC are likewise complicated, as the depletion of available PbSO,4 on the surface of
the electrodes becomes a limiting factor and the kinetic overpotential increases substantially
[166—168]. This in turn causes a strong increase in the rate of side reactions because hydrolysis
of the aqueous electrolyte occurs, creating O, on the positive electrode and H; on the negative
electrode. In sealed lead-acid systems (i.e. VRLA cells), the oxygen generated on the positive
side will then recombine to form water at the negative electrode, lowering the total overpotential
again [167]. Outside of first-principles physics-based models [166, 167], these processes have
also been modelled with nonlinear circuit elements [169]. Bearing in mind that each of the
physical processes mentioned above also has a temperature dependency, it is clear that the
internal resistance observed at the terminals has a very complex dependency on operating
conditions.

In addition to the variability of internal resistance to instantaneous operating conditions,
outlined above, degradation over battery lifetime adds a further degree of freedom. Similarly
to Li-ion systems, degradation is a result of multiple coupled mechanisms. These have been

studied in detail in previous work [23] so here the main mechanisms are briefly summarised:

1. Loss of active material through corrosion and plate expansion:

The positive plate construction in lead-acid systems consists of porous active material

PbO; deposited on a lead-alloy grid. Corrosion of the positive grid at the Pb-PbO,
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interface is the most common form of degradation in lead-acid batteries [23]. It is
favoured by high anodic potentials, so it readily occurs during the charging process as a
side reaction [170]. The effect of corrosion is the loss of contact of the active material
PbO, with the current collectors in the plane of the electrode plate. While not usually
considered a problem in flooded lead-acid cells, it has also been argued that corrosion of
components not sufficiently coated with electrolyte occurs on the negative electrode in

sealed systems [23].

On the positive electrode, additional loss of active material occurs with cycling due to the
differences in morphology between the solid reactant and product (PbO,, PbSOy) of the
charge/discharge processes—cycling causes a spatial redistribution of PbO, over time
on the positive electrode from the inside of the pores towards the surface [171]. This

eventually leads to the electrical isolation of parts of the positive active material [172].

. Sulfation and acid stratification:

The main charging/discharging reactions of healthy batteries are theoretically fully
reversible. However, over extended time periods the discharge reaction product PbSO4
can re-crystallise and become electrochemically passive [173], reducing the capacity by
reducing the maximum acid concentration and increasing internal resistance. The extent
of sulfation is determined by the length of time PbSO, crystals exist on the electrodes
and is therefore a function of the time a lead-acid cell is kept in a partial state of charge.
However, sulfation may also occur due to acid stratification. Acid stratification refers to
the presence of a vertical concentration gradient in the electrolyte. The resulting diffusion
potential between the top and bottom of the cell is counter-balanced by a vertical current
within both electrodes, resulting in more PbSO,4 being formed at the bottom of the cells
while PbSQy is converted back to the positive and negative active material at the top. As

terminal voltage is a function of the average voltage along the length of the electrodes,
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recharging may then cause incomplete charge towards the bottom, leaving PbSOy4 to

re-crystallise [23].

3. Water loss:

While not causing degradation directly, water loss from the electrolyte can accelerate
other mechanisms and occurs through three different routes. Firstly, the corrosion reaction
on the positive electrode during charging consumes water [23]. This mechanism occurs
in both flooded and sealed valve-regulated systems. More significantly, hydrolysis occurs
during the charging process, as O, is generated on the positive electrode and H; on
the negative. In sealed lead-acid systems this is less of a problem as a recombination
reaction occurs on the negative electrode with the oxygen generated on the positive,
which regenerates (some of) the lost water. In sealed systems evaporation is also less of
an issue due to the containment of gases within the cell. The effect of water loss is to
increase the electrolyte acid concentration, which increases the rate of self-discharge and
corrosion, which necessitates a higher float-charge current to maintain state of charge. If
this is not properly managed, sulfation is also more likely to occur due to the additional

time spent at a partial state of charge [23].

The extent to which degradation occurs through each of these mechanisms depends heavily
on the battery operating conditions, especially temperature and (average) terminal voltage.
Given this, a Thevenin circuit model with a series resistor that is a GP over multiple inputs may

be used to describe the voltage response of a VRLA battery to applied current such that

Vt - VO(Zt) +R0(Ct7utazt7 Tt)ut+8 , € NN(07 Gr%,t)a
(3.27)

Ro~GP (0,k(x,x)) , x=[CuzT]

where Vj(z;) is the OCV as a function of SOC z, and Ro(&;, ug, 2, Ty) expresses the total internal

resistance as a function of applied current u;, SOC, temperature 7; and a chosen cumulative
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stress factor over lifetime, . In this chapter ; is chosen to be calendar time, but other
metrics such as cumulative charge throughput over lifetime could also be used. The model is
intended to encapsulate all the physics of (3.26) in a low C-rate environment where diffusional
overpotentials may be ignored. The error term € is assumed zero-mean Gaussian with variance

o2, which varies as a function of environmental factors.

The choice of internal resistance over capacity as a health metric was dictated by the
available data. Most importantly, the average depth of discharge for the batteries considered
in this study (see next section) was very low, with the nearly all usage falling in the 46-100%
SOC range, making discharge capacity difficult to identify. Relatively sparse data sampling,
resulting in inaccurate charge throughput estimation compounded this challenge. Alternatively,
it is in principle possible to identify capacity loss from the behaviour of the overpotential during
charging using equivalent circuit approaches [169]. However, the dynamic model is nonlinear
with respect to capacity, especially near full SOC, necessitating very accurate SOC estimation.
This was not possible with the data, making capacity estimation (where capacity would be

modelled by a GP over time) too fragile to be applied to a large fleet of batteries.

In the following section the telemetry dataset which is used to fit the function Ry is described,

followed by the details of implementation.

3.2.2 Field dataset

BBOXX Ltd. operate approximately half a million home solar-battery systems in sub-Saharan
Africa with varying chemistries and sizes. To apply GP regression to ECM parameter estimation
for these batteries, a small subset of 1027 batteries was chosen. For validation, comparability
between batteries was important, so carefully constructing the sub-sample for analysis was
essential. For the GP classifier training data, the aim was to create a roughly 50/50 split of

batteries that had reached end-of-life vs. healthy ones.
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The 1027 PV-connected VRLA batteries came from the same manufacturer and had a
nominal voltage of 12 V consisting internally of 6 x2 V cells in series. The rated capacity was
20 Ah, and all of the batteries were connected to a 50 Wp solar panel. These systems were
located in various countries in sub-Saharan Africa. Each battery was equipped with telemetry
to measure current, voltage and temperature. Current sensors were calibrated with a 0.2%
accurate reference before leaving the factory. Voltage and temperature sensors had systematic
uncertainties of 3% and 2 °C, respectively. The steps taken to arrive at the subset of 1027

batteries were:

1. Lead-acid batteries from single manufacturer with nominal capacity 20 Ah were chosen.

2. Lifetime was defined as the time since the ‘activation date’ designated by BBOXX Ltd.

Batteries with a lifetime of over 400 days were chosen, with an activation date after

2018-09-01.

3. For those batteries that entered repair at some point after activation, end of life was
defined as the date they entered repair. The dataset was filtered down so only batteries
that either had no repairs or entered repair due to loss of capacity (as defined by BBOXX)
were included. The failed set consisted of all the batteries that had been diagnosed with
a loss of capacity when taken into a repair shop. To make up the total dataset with an
approximate 52/48 split between healthy and failed cells, stratified sampling with respect
to lifetime was used to generate a set of healthy batteries from the overall population

with the same age distribution.

4. Any batteries that had large gaps in their telemetry data were removed (over 30 days).

5. Any batteries that had tampering alerts during operation were removed.

6. Telemetry data for each battery where temperature readings were clearly incorrect were

removed.



72 State of health diagnosis with field data

Battery lifetime distributions Qualifying segments per battery

Al I All batteries
0 Failed

B Healthy

Count
Count

400 450 500 550 600 650 700 750 100 200 300 400
Charging segements Segment count

(a) (b)

Fig. 3.4 (a) Age distribution of BBOXX batteries (b) Distribution of charging segment count in
downsampled BBOXX dataset. The average count per battery is approximately 260.

7. Any batteries that did not have enough charging segments over their lifetime were
removed. The method for calculating the number of charging segments available for
each battery is described below. Batteries with fewer than 50 qualifying segments were
removed. Additionally, batteries were omitted where the last qualifying segment was

more than 30 days before the end of the dataset series.

8. Batteries that entered repair were labelled ‘faulty’, and their timeseries were truncated to

only include data up to the repair date.

Using the steps outlined above, the set of 1027 batteries contained 491 faulty batteries
and 536 healthy ones. The dataset consisted of 620 million rows of telemetry data, each row
including a timestamp, voltage, current and temperature and the arrival date at the repair shop
for each battery where applicable. Lifetimes from the activation date to the end of the data
series range from 400-760 days, where the distribution of ages is shown in Fig. 3.4a.

The telemetry data collection algorithm used by BBOXX was designed to minimise data
transfer. To do this, recordings of measurements in current, voltage and temperature are only
triggered when sensors detect a change larger than a pre-specified threshold. In the absence

of new measurements, there is also a scheduled measurement that operates at low frequency
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Fig. 3.5 Distributions of current, voltage and temperature and their sampling times. The mode
of the measurement frequency is 1 min~—!'. N.B. The bars at 1000 s represent the cumulative
count of all sampling times over 1000 s.

that acts as a backstop. As a result, the telemetry was irregularly sampled. The distributions
of telemetry measurements and their sampling times are shown in Fig. 3.5. The histograms
of measurements reflect the diurnal load pattern experienced by the system shown in Fig. 3.6.
Solar charging occurs during the day, and there is an upper voltage limit of approximately
14.5 V and once the current drops below a given threshold, float-charge starts at a voltage of
roughly 13.5 V. Discharge during the night happens on average at much lower currents which

are relatively constant.

Data downsampling and SOC estimation

While the recursive method to estimate the function Ry could be applied to all telemetry

data, it was easier and more efficient to focus on the charging segments only. This was for
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Fig. 3.6 Diurnal loading patterns experienced by the batteries consist of (a) solar charge, (b)
float charge, (c) discharge at night time.

several reasons. Firstly, charging currents provide a substantially richer input signal into the
model (3.27) because they are on average larger in amplitude and more varied than discharge
currents due to variation in incident solar irradiation. Secondly, as there is a regular diurnal
charge/discharge pattern over the data, it is not necessary to include both for SOH estimation
as it was assumed that SOH is approximately constant within a 24-hour windows. The final
reason was the estimation of SOC—because the telemetry did not include this, it had be to
be inferred from the data. Discharge cycles tended to start directly from the end of floating
charge periods (transition from (b)-(c) in Fig. 3.6) without a rest period, and therefore SOC
estimation was difficult—the float charge periods preceding discharge vary in length of time
and temperature and it could not be assumed that as soon as floating charge occurs the SOC
was 100%. Transitioning from discharge to charge at the end of discharge in contrast often
included a time period where the current was minimal, which allowed for a simple inversion of

the OCV to retrieve an estimate of the SOC at the end of discharge.
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Charging segment duration > 6000s
Starting voltage range 11.5V-12.9V

Starting current <0.1A

max(Voltage in segment) > 14V
max(Time gap in recorded data) < 610s

Table 3.1 Qualifying charging segment conditions

Downsampling process

The downsampling of data consisted of choosing as many qualifying charging segments as
possible over the lifetime of each battery. Qualifying charging segments were those that met the
criteria in Table 3.1, and these conditions ensured that charging segments covered a reasonable
state of charge range. Additionally, each charging segment was truncated to include voltages
only up to 14 V due to increased uncertainty in estimating state of charge at higher voltages
(see next section), because the magnitude of the side reactions increases exponentially with
terminal voltage. After down-selecting appropriate charging segments, data were interpolated
to a 1-minute time grid using piece-wise cubic hermite interpolation [174]. During charging,
data points where u; <0.2 A, or the estimated open circuit voltage was above the measured
terminal voltage (which can sometimes occur due to inaccuracy of the state of charge estimate),
were removed to improve numerical conditioning and ensure that resistance estimates were
always positive. The effect of data downsampling was to reduce the amount of data from
approximately 603,000 rows per battery to 38,000 rows over an average segment count of
260, giving a total dataset size of ~40 million rows. The distribution of number of charging
segments for all batteries is shown in Fig. 3.4b. As explained above, batteries with fewer than

50 charging segments were not included.

SOC estimation

The average concentration of sulfuric acid in the electrolyte was used as a proxy for SOC. Nor-

malising this to retrieve the conventionally defined SOC metric in the range of 0-100% requires
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knowledge of the maximum acid concentration, which changes over lifetime. Therefore, the
unnormalised absolute concentration was used. To infer acid concentration from measured data,
the open circuit voltage of the battery was measured first in a laboratory using the galvanostatic
intermittent technique (GITT) at 25 °C. From laboratory data, the electrolyte volume was also
inferred by a least-squares fit, comparing the experimental OCV with that reported by Bode
[175]. The details of the OCV parameterisation and electrolyte volume calculations can be
found in Appendix B.1. These calculations were performed for a single example battery of the

same specification as those in the field dataset.

Given the parameterised OCV curve from lab data, the SOC at the beginning of each
charging segment was obtained by inverting the curve as the current at that point is very close
to zero. State of charge (i.e. acid concentration) was then estimated for the rest of the charging
segment in an open-loop manner, whereby Coulomb counting was applied with a lumped model

for side reactions, namely hydrolysis on the positive electrode,

7(Ti—To)+cv (Vi—Ve0)

dét . Ut _Igas7oec

- 3.28
dt FVelec 7 ( )

where u, T;, V; are the measured current, temperature and terminal voltage, F is Faraday
constant, Ve is the estimated electrolyte volume, and gassing current parameters Ig,s 0, T, 10,
cy, Vg0 were from literature [176]. The substantial uncertainty in SOC estimation due to the
variation in these parameters over lifetime was taken into consideration by projecting the input
uncertainty in the acid concentration ¢ to be measurement noise variance in GP regression, (i.e.

o5 in the model (3.27)).

Firstly, there was considerable uncertainty in the open circuit voltage function Vy(¢) due
to hysteresis [177] as well as in the estimate of acid concentration ¢, due to uncertainty in the
parameters in equation 3.28. Additionally, experimental estimation of the OCV curve and
electrolyte volume was done using a single battery, so variations in these across the population

are another source of uncertainty. To account for this, a 10% uncertainty in dé¢/dr was assumed,
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together with a 150 mV standard deviation caused by voltage measurement and open circuit

voltage uncertainty, giving a total variance per charge segment as

dVo| \?
0 > (3.292)

on, = 0.0225 + Var(¢) ( 7
C

Var(é) = ¥ 0.01A¢7, (3.29b)
t

where A = (dc¢/dr)Ar. In summary, GP regression included heteroskedastic noise oy,
which is pre-calculated rather than estimated as a hyperparameter in the fitting process. By
fixing the noise variance in the fitting process, the hyperparameter estimation problem was
significantly easier. Estimating heteroskedastic noise would have required a higher-dimensional
hyperparameter vector, and make the (gradient) based optimisation process prone to numerical
instability—by effectively fixing the diagonal of matrix R in step 11 of Algorithm 3.1 in each
charging segment, numerical stability of the inversion in step 12, Algorithm 3.1 was no longer
an issue as the matrix S; was practically guaranteed to be positive definite. Furthermore, it was
found that solving the hyperparameter optimisation problem without fixing the noise variance
often resulted in a solution whereby the GP would try to fit to the voltage very accurately (i.e.

under-estimate the noise parameter), causing fluctuations in R over time.

Input data normalisation

For the purposes of scaling hyperparameters, the operating point input data, consisting of
applied current, temperature and estimated SOC, were normalised using population level

estimates of their mean X and standard deviation Oy, so that

X:X—X

, X E {E,Mt,ét}. (330)

X
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The time input was normalised by taking the time since the activation date and dividing by a
normalising factor of 400 days. This brings it approximately in the unit range, as the lifetime

of the batteries range from 400-760 days.

3.2.3 Recursive GP regression to estimate internal resistance

The computationally efficient method of GPR (see 3.1.4) was applied to the data to estimate
the function Ry from the preprocessed data. Specifically, Ro(&;, ut, 2, Tt) was modelled as a
zero-mean GP, with prior covariance given by a composite kernel constructed from the sum
of the kernel functions over the time dimension and that over the ‘operating point’ dimension.
Denoting the overall input vector x = [{ u z T] and the subcomponent xop = [u z T], Ry is then

expressed as
Ry~ GP (0,kx(x,X)) , where kx(x,x') = k¢ (&, &) + kxop (XoP, X0p)- (3.31)

Using the additive formulation of kernels implies that the evolution of Ry over time is inde-
pendent of operating point—that is, for all operating points Xop = [u z T|, degradation adds
to the internal resistance equally. This ‘decoupling’ approximation was done to reduce the
computational effort in fitting the GP. A multiplicative form could also have been used (see
Chapter 4) which allows for more degrees of freedom in the evolution of circuit parameters.
The beginning of life for the batteries in the BBOXX dataset was defined as the activation date,
where { = 0, implying that the degradation component was also equal to zero at BoL. This is

shown schematically in Fig. 3.7.
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Fig. 3.7 Schematic of the behaviour of the additive GP describing R over lifetime. The
operating point dependency is constant over lifetime, shown here at discrete operating points
Xop.t, Where each horizontal line represents Ry at a specific operating point. GP extrapolation
can then be used to calculate R at an arbitrary operating point, which is a linear combination
of these. The degradation component x; , starts at zero and is governed by the WV kernel.

The two kernel functions chosen for the GP prior (3.31) were the Wiener velocity (WV)

kernel for { and the squared exponential (SE) kernel for xop,

-3 ! s 2 /
ke(8,8)) = ofy (%mﬂc—m%m) (3.32a)
1 .
ksop (XOP, X0p) = sz, 1 €Xp <—§ (xop —X0p) "X (xop — X/op)) ) (3.32b)

where the SE kernel (also known as the radial basis function kernel) is a special case of the
Matérn family of kernels where the parameter v = oo. It is one of the most widely used kernel
functions in the GP regression. Here, it was used in in the automatic relevance detection (ARD)

form, meaning that
2.0 0
=10 12 0of, (3.33)

0 0 I
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simplifying the Mahalanobis distance inside the exponential in (3.32b) to give

xXeXop

x_x/ 2
kxop (X0P, X0p) = Gf2,1 exp <— Y %) (3.34)
X

Using ARD, the inverse of the length scale hyperparameters / provides an indication of which
input in Xop = [u z T] carries the most relevance. The WV kernel on the other hand does not
have a characteristic length scale hyperparameter. As { = 0 at the beginning of life for the
batteries, this implies that the ‘degradation’ part of the GP is zero at the start as well. The
overall kernel may be fully parameterised by the hyperparameter vector 6, = [0t Ot L I, I1].

To fit the GP the recursive method previously described was used (section 3.1.4).

In order to construct the system of linear equations describing the dynamics of the GP over
time (section 3.1.4), a discretised representation of Xop = [u z T'] was needed. This was done
by choosing 20 points in Xpp by applying the k-means algorithm to the downsampled current,
SOC and temperature data for each battery, which gave a set of points that represents the areas
of high density of data in xgp. The resulting linear dynamic system from the GP describing the
summation of the two kernels was then given by the propagation of the mean and covariance
of the overall state vector X;, which is a concatenation of the state vectors from each kernel

function,

T
Xt = [XC7t XOP,t:| 9 (335)

where x| = [)Cgt dxg(/ dt]T is due to the WV kernel and Xop,t € R?Y is due to the SE kernel.
In other words, the WV kernel gives a first-order Markov process and the SE kernel gives a
dynamic system with no time dynamics because it describes a GP that is constant over time.

The discrete time system describing the GP is then given by

Xi+1 = AtXt (3363.)

P_, =APA! +Q, (3.36b)
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where

Fwv 0 0 1
A =exp At | \Fwy = ,JFsg =0, (3.37)
0 Fsg 00

where 0 indicates a square matrix of zeros of size 20 and At denotes the (normalised) time
step between charging segments. The matrix exponential to calculate A; was evaluated using a
Taylor expansion, as the term inside the exponentiation is nilpotent. The process covariance Q
is also block diagonal, given by
1A3 142
= | low=c Y ] Q-0 (3.38)
0 Qsk .Y
which can be obtained by evaluating (3.24). As the prior for Ry has zero mean, the state vector
XGp 18 initialised at zero. The initial covariance matrix for the dynamic system is likewise block
diagonal,
Pwvo O

Py = , (3.39)
0 Psgpo

initialised separately for the two subsystems. The integrated Wiener process is defined to have
zero initial covariance, so Pyy o = 0. For the second GP over operating points, which has no
time dependency, the initial covariance is given by Psg o = szll, where I is the identity matrix

of size 20 due to the size of Xop ;.

Following the propagation of the GP in state space, the observation model gives the
estimated internal resistance at all operating points in the data in a given charging segment
expressed as a linear combination of elements within the state vector Xgp . Given n observations

in a charging segment,the matrix H; € R"*?? is given by the concatenation of the two GPs,

1 0| kxop(Xobs.t, Xop) K™!
HtZ[HOHI,t}z o vor . ) , (3.40)
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where K = &

xop (Xop, Xop) + diag [PS_E,t]’ Xobs ¢ is the n x 3 input matrix containing the n rows

of applied current, SOC and temperature for the charging segment at time ¢ and Xop is the
20x3 matrix representing the coordinates of the vector Xopp in terms of u,z,7. The leading
two columns in each row come from incorporating the effect of the temporal GP (described
by the WV kernel), where to make predictions only the current state is considered and the
time derivative is ignored. The vector GCZ}PJ € R” of predictive variances for each point in the
charging segment is calculated in a similar way by taking the diagonal from the standard GP

relation,
6(2}P7t = diag |:kXop (Xobsm Xobsﬁ) - kXOP (XObS,t7 XOP)K_ ! kXop (XOPv Xobs,t)] ) (3.41)

The diagonal elements of the covariance of the state vector at time 7, diag[Pgg ], in K have
the effect of reducing the weight of the points with greater uncertainty in the prediction of
Ry . Given the relations (3.40-3.41), the observation model may be formalised. Denoting the
Gaussian random variable describing the GP at time 7 as zgp, the observation model for Vy is

given by the following distributions (similarly to [178]),

.~ N(x ,P) (3.42a)
Ro, |z ~ N (Hizi, 6Gp,) (3.42b)
Vi|Ro ~ N (Vo (&) + Ro cu, Grit), (3.42c)

which have the joint distribution

Z;

Pl [Roy| | ~N(m',P), (3.432)

)

Vi
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where
Xy
m' = Hix, : (3.43b)
Vo(&) + Hixpug
P P H P H.|,
P=| HP,  HPH +0}, HPH 0%, UL, | (430

UqHP, g [HPCHY + 02, Ugo [HPCHT + 02, | UL + 02,
so that the innovation covariance S; of the Kalman filter is the last block element on the leading
diagonal of P’. The matrix Ug is a diagonal matrix consisting of the current at each point of the
charging segment, and the calculation of the vector Gﬁm which takes into account the variance
due to uncertainty in Vo (&), is described in section 3.2.2. The propagation and observation
models of the GP thus fully define the Kalman filter recursion to find the forward posterior

distribution of the GP.

To retrieve estimates for the hyperparameter vector 6, = [Gﬂo or1 It L, I], the energy
function was recursively calculated as per Algorithm 3.1. In other words, for each pass through
the data, pointwise estimates of the unnormalised negative log posterior probability given the
input-output data, ¢ (6,) = —log p(6,) —log p(V,x|6y) were calculated. The prior distribution

over hyperparameters (i.e. the hyperprior), p(6y) was given by

p(0t0. 01,0l i) = J] x(ogmk=1,5=02) J] T '(a=1,=2), (344
me{0,1} xe{u,T,¢}

where I'~! is the inverse Gamma distribution and ¥ is the chi distribution, which with k = 1 is

equal to the normal distribution truncated to the positive half-plane. The MAP estimates of hy-

perparameters were then found for each battery independently using the SciPy implementation

of the limited memory Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm with box con-

straints [179], which is a gradient-based second-order optimisation algorithm (quasi-Newton
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type). An alternative to using priors with strictly positive support (3.44) in conjunction with a
constrained optimiser would have been to define priors over hyperparameters in the logarithmic
domain, which potentially makes the optimisation problem easier. This type of approach is
considered in Chapter 4, albeit with uniform priors.

To improve the stability and speed of calculating gradients, the gradient of the energy func-
tion was determined analytically by extending the recursive method outlined by Mbalawata et
al. [69] to include terms for the observation model, equations (3.43). Differentiating the energy

function with respect to 6, and dropping the dependency on 6 in notation for convenience,

do  dlogp(6y 18St
20, 96, ZT (S 96,
1 X aHt A
1 _ ast '
E; TS 1
_1 T 1 aXt aHt -
2;et S (Htaeh aeh
where Tr denotes the matrix trace and
oS _ My g g 2P pr e, (250 | 20 (3.46)
06, 06, Y96, ¢ Tt \oe, 96y '

The summation (3.45) can be done iteratively in the KF recursion and has to be done separately
for each hyperparameter in 6. Details of this may be found in the Appendix B.2. In addition to
an improvement in stability compared to numerical methods, the analytical gradient was also

~30% faster to evaluate in this case.

3.2.4 Results

The method described in the previous section was applied to the fleet of 1027 VRLA batteries to

first calculate MAP estimates for the kernel function hyperparameters, followed by calculating
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the smoothing distribution. Distributed computing was used by creating an Apache Spark™
cluster running 30 cores on a virtualized Linux platform with 2 xIntel(R) Xeon(R) Silver 4216
CPU @ 2.1 GHz physical processors. As a result, fitting hyperparameters to the 40 million

rows of data took approximately 80 minutes.

Individual hyperparameter estimates

The distribution of hyperparameter MAP estimates for the fleet is shown in Fig. 3.8. Using
the ARD kernel to describe the dependency on the instantaneous operating point it can be seen
that in the median case the applied current is the input affecting Ry the most, since its length
scale is the shortest, whereas the dependency on temperature is the smallest (in the observed
temperature range). Hyperparameters were estimated on normalised input data, so each length
scale is relative to the observed range of each variable in the data. It should also be noted
that, especially in the case of temperature and SOC, there are some outliers in hyperparameter

estimates indicating that in those cases the GP hypers imply no relevance for those two inputs.

Assessing the effect of operating point on Ry

The magnitudes of the hyperparameters give some indication of the sensitivity of Ry to operating
conditions, but a better estimate of the effect of each input can be made by estimating the
function at the population level. This was done by fitting another Gaussian process over R
estimates calculated for individual batteries. In other words, a population level function was

estimated, given by

E[p(Ro)] = k (x*,X) [k(X,X) + 621+ 02] ' ux (3.47)

V[p(Ro)] = k(x*,x*) — k(x*,X) [k(X,X) + 62T+ 03] k(X,x"), (3.48)

where X is a 1027 x3 matrix containing the mean current, SOC and temperature points of

each battery, ux the battery-wise mean Ry estimates at locations X, and 6)2( the corresponding
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Fig. 3.8 Kernel density estimates of hyperparameter distributions across VRLA battery fleet,
where MAP estimates of hyperparameters were calculated independently for each battery.
Median values of MAP estimates across the fleet are indicated by the dashed vertical lines for
each hyperparameter. For length scale /, shorter values imply more relevance of the input.

variance estimates. The kernel function used was again the SE kernel with ARD (3.34). A
hyperprior similar to the individual battery case (3.44) was used, with an adjustment due to the

lack of dependency on time, so that the hyperprior was given by

p(ot, On, 1, l1, 1) = x (00, k=1,s=0.1)x (0, k=1, =0.2) H r i, a=1,8=2).
xe{l,T,¢}

(3.49)

The posterior/predictive distributions are shown in Fig. 3.9, along with the distributions of the

associated variables in the downsampled dataset. It is clear that the dependence on the applied

current is the strongest, causing a total range in R, of 1.58 Q between the 5™ and 95™ of the
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Fig. 3.9 Internal resistance varies significantly with operating conditions, as shown by projec-
tions of estimated R as a function of temperature, applied current and SOC (acid concentration)
between Sth and 95th percentiles of each. Shaded regions show +/- 20 credible intervals. Insets
show histograms of the independent variables for the down-selected dataset.

operating range. The resistance ranges for temperature and SOC variations are 0.16 Q and

0.09 Q respectively.

Standardised GP posterior distributions

To compare the health estimates between the different batteries in the VRLA fleet, it was
necessary to take into account the strong dependence of Ry on operating conditions. The
average operating conditions vary between batteries and over lifetime. Therefore, to give a
consistent health metric for each battery in the fleet, GPR was used to extrapolate estimates
of Ry to a constant operating point. This point was chosen to be the mean operating point
over the entire fleet, where 7 = 301 K, u = 0.94 A and ¢é = 4657 molm 3. This extrapolation
was performed simply by applying the standard predictive equations of the GP (3.5) using as
inputs the mean and covariance estimates of the smoothed state vector xop (which is constant

over time; see Fig. 3.7). The effect of this normalisation is shown in Fig. 3.10. As expected,
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Fig. 3.10 There is a trade-off between using a single population-wide calibration point vs. a
local calibration point per battery. Left-hand image shows lower variance in estimated mean of
R values with a single calibration point. However, in this case the uncertainty associated with
each R\ estimate increases, as right-hand image shows.

standardising the operating point reduced the variance in the mean estimates. The standard
deviation in Ry is 38% lower.

However, since GP was used to extrapolate away from the mean operating point of each
individual battery, the corresponding precision of the estimates is lower (i.e. have higher
variance), as the average predictive standard deviation increased from 0.09 Q to 0.16 Q.

Following standardisation, the smoothed and calibrated R timelines at the chosen operating
point for the entire fleet are shown in Fig. 3.11. From these, a vector-valued health metric was
calculated, consisting of both the absolute value of Ry and its local time derivative dRy/dr.
Both were easily retrieved from the state-space representation (3.35), as they constitute the
state vector for the WV process.

These smoothed health trajectories may be compared against the benchmark case, where
Ry was estimated without dependency on the operating point and without imposing the WV
kernel over its lifetime, Fig. 3.12. The timelines of this benchmark ‘random walk’ approach,

common in the literature [31, 33], were estimated in the same KF framework as above. The
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Fig. 3.11 Ry timelines for all batteries in BBOXX dataset over their lifetimes. Inset: the overall
health indicator than can be derived from the timeline includes both the absolute value of Ry
and its rate of change over time. The color of each indicates schematically which batteries are
expected to be near to end of life.

absence of operating point dynamics and smoothing kernel function over time means that the
discrete time transition matrix A = 1 and Ry become scalars, and the only hyperparameter
to be estimated is the discrete time (scalar) process noise Q, because the measurement noise
was fixed similarly to the base case. Maximum-likelihood estimates of the process noise (i.e.
using an noninformative, or uniform, hyperprior) were retrieved again using the L-BFGS-B
algorithm. It is clear that the GPR estimation method using the additive kernel describing both
the dependency of Ry on time and operating point results in more stable estimates. In the next

section, the GPR health metric is validated and its performance compared to the benchmark.

3.2.5 Validation and forecasting failure

Having created a stable health metric Ry over the lifetime of each battery in the BBOXX
dataset, validation had to be performed indirectly. This was due to the absence of reference

performance tests during the lifetime of the batteries—such tests are routinely undertaken in
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Fig. 3.12 Comparison of GPR estimates for Ry to benchmark case: using GPR with kernel
functions describing dependency on both operating point and time yield more stable estimates
for over the lifetime of each battery.

laboratories but not in real-world operating conditions. Therefore, validation of the health
metric is performed by correlating its value with the probability that a battery is at, or close
to, its end-of-life point—as defined by independent checks from failed batteries in the field.
End-of-life failure was defined as the point at which a given unit enters repair. BBOXX record
repair dates and times in their database along with failure symptoms. There are many possible
reasons for failure, but here the focus was on the cases where the maintenance team diagnosed
a loss of capacity when a unit entered repair. Of the 1027 batteries in the dataset, 491 were
diagnosed with loss of capacity at the end of the telemetry time series and 536 were healthy, i.e.
customers had not reported a fault. Therefore, these repair data constituted a labelled binary
outcome for batteries, which could be used to train a GP classifier, which took as inputs factors
that affect the likelihood of the battery suffering from loss of capacity. It should be noted that
the labelling itself is a significant source of uncertainty because customer-driven reporting of
faults is subjective—the labelling therefore likely contains a non-negligible number of false

positives and negatives.
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In addition to validating the estimated health metric, the classification task was used to
provide further insight into the ageing of batteries. This was done by including not only the
health indicator as the input to the classifier, but several stress factors known to affect cell life

[176] in lead-acid systems.

GP Classification of end-of-life failure

To predict end-of-life failure, many test cases were considered. First, the validity of the health
metric calculated in the previous section was assessed by using it to predict failure at several
stages towards end of life. This was done by first using the full time series for each battery,
followed by successively removing 2, 4, 6 and 8 weeks of data from the end of each time series,
thus determining to what extent the health metric could be used to forecast end of life beyond
the end of the data. The benchmark (random walk case) was run also as a comparison in each
case. In addition, an input matrix consisting solely of stress factors (as outlined below) was
used in the same scenarios. Finally, an augmented input matrix consisting of both the health

metric and the stress factors was used.

For each input data forecasting horizon, stratified 5-fold cross-validation (CV) was used in
a nested manner. First, CV was used to split the ‘master’ dataset of 1027 batteries into training
and test sets with a 48/52% failed/healthy split. Additionally, extra testing subsets within each
test set were created that had different proportions of failed vs. healthy batteries. These were
created by taking 10 random samples of 40% , 60% and 80% of the existing failed batteries
within the test set while keeping the healthy set fixed, making the sub-test sets smaller in size.

Altogether there were 3100 test cases, where

3100 = (4 input sets) x (5 CV sets) x (5 time horizons) x (31 test sets).
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Calculating stress factors for GP classifier

In addition to the resistance as a health metric, six cumulative stress factors that affect lifetime
in VRLA systems were also included as inputs into the GP classifier to investigate performance
improvements by including more information. Calendar age was defined as the time (in days)
since the unit was marked as activated by BBOXX. Cumulative time at float charge was
calculated by simply summing time increments conditional on the battery being in the float

charge region, so that

1 ifin float charge
Ys =Y S(t)Ar where S = : (3.50)
t

0 otherwise

where the float charge region was defined as a period of more than 600 seconds where the
voltage is between 13.4V and 13.6 V. Total charge throughput was calculated by taking the
absolute cumulative Coulomb count through lifetime, and the mean temperatures and voltages
by using an expanding window from beginning of life. Finally, the discharge cycle count was
calculated by adding up the discharge segments defined by any continuous discharge period

greater than 600 s where 7 >0.05 A.

To check for colinearity in the inputs, their cross-correlation was calculated, shown in Fig.
3.13. In most cases, correlations were below 40%. However, correlation within the health
metric [Ry dRy/dt| was high at 65%, implying the presence of an ‘elbow point’ [180] in the
SOH estimate analogous to the ‘knee point’ often observed in capacity estimates [96], where
there is a sudden acceleration of degradation. There was also a cross-correlation of over 60%
between the mean voltage, total charge throughput and time spent in floating charge, which is
expected, as the relatively high floating voltage of 13.5 V (comparing to the average) coincides
with periods of very low current. Altogether, all the inputs added value to the forecasts because

none of their cross-correlations were excessive.
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Fig. 3.13 Cross-correlation for classifier inputs used to forecast end-of-life failure.

Classification results

The various combinations of inputs and time horizons were tested using a standard GP classifier
with the approximations outlined in Section 3.1.2, implemented in the scikit-learn package
[150]. The chosen kernel function was the SE kernel with ARD using a uniform hyperprior. As
before, using the ARD kernel gave an indication of the relative importance of the inputs in the
classification task. The performance of the classifier was calculated in terms of the balanced

accuracy, which is the average of its sensitivity and specificity,

1 1 TP TN
Balanced accuracy = E(Sensitivity+ Specifity) = 3 (TP+FN + TN+FP) ) (3.51)
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where TP, FP, TN, FN are the true positive, false positive, true negative and false negative
counts in the test set, respectively. Balanced accuracy is a performance metric that takes into
account the number of real positives and negatives in the classification task.

Classifier performance aggregated over input case and forecast horizon is illustrated in
Fig. 3.14 (breakdown in terms of true positives and negatives can be found in B.3). The bars

indicate the £10 range over all test cases. The best overall performance came from using
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Fig. 3.14 Average performance of GP classifier for forecasting end-of-life failure for test cases,
aggregated by input set and forecast horizon.

the augmented input dataset, that is the health metric combined with stress factors, giving
an average balanced accuracy of 82% at the point of failure. This then drops to 73% when
classifying faults 8 weeks ahead of time. The decrease in performance is likely due to the drop
in predictive accuracy of the resistance and resistance gradient, which is evident from looking
at the performance of the classifier using just the health metric on its own, where accuracy
drops from 76-63% in the same time horizon. This is again related to the elbow point in internal

resistance, highlighting the fact that resistance (and its time-gradient) are less informative
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before the elbow. In comparison, using the stress factors alone only has less sensitivity of
performance over the 8 week horizon, going from 71% to 66% balanced accuracy. For all
cases, the benchmark method, where Ry was assumed a random walk with no dependency on
operating point, gives significantly poorer performance with a best case of 66% accuracy at

point of failure dropping to 50% (equal to random classification) 8 weeks ahead of time.

In addition to classification performance, the length scales of the inputs in the augmented
case give an indication of the relative importance of each input in distinguishing failure in the
‘0 week’ case (i.e. at point of failure). Shown in Fig. 3.15, it is clear that the absolute value of
Ry is indeed the most important input, which is corroborated by the results in Fig. 3.14. Of the
stress factors, average temperature and voltage are the most important. Age, cycle count, total
charge throughput and total time spent in floating charge are the least important, although cross-
correlations may still distort this result. Temperature is known to have a complex impact on
lead-acid degradation, and the full dataset spans more than 20 °C range. Elevated temperatures,
especially during charging, may improve lifetime due to improved solubility of lead sulphate
[23], although they also increase electrode grid corrosion. Similarly, the relationship with
mean voltage is complicated—a low average might indicate sulfation within the battery, but
high voltages cause anodic corrosion [23] (see discussion on degradation mechanisms). While
GP classification gives an indication of the importance of an input, it is difficult to determine
whether high or low temperatures/voltages cause a higher probability of end-of-life failure as
the cause could be a non-trivial combination of the two working in combination with other

inputs.

Sensitivity to data availability

Data downsampled from raw telemetry data included current, voltage and temperature from all
qualifying charging segments interpolated to a 1-minute time grid as specified in Section 3.2.2.

To check the sensitivity of the method against poorer availability of data, two situations can
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Fig. 3.15 Relative importance of ageing factors and health metric in forecasting failure in the ‘0
week’, point of failure case. Grey bars indicate the =10 in each training case.

be considered: (a) fewer qualifying segments available over the lifetime of the battery or (b)
data within those segments are sparser. A sensitivity analysis was performed to account for
both of these possibilities by specifying a lower interpolation frequency for the raw telemetry
and choosing fewer charging segments from the available ones. The results of this analysis,
shown in terms of the effect they have on classification performance, are shown in Table 3.2.
Reducing the interpolation frequency did not have a substantial effect on performance—the
largest effect was reducing the number of segments from an average of 260 per battery to
50, in which case the classification performance dropped by 2% in the augmented input case.

Therefore, it is reasonable to conclude that the method is relatively insensitive to missing data.

3.2.6 Conclusions

In this chapter, a computationally efficient GPR framework was developed and used in con-

Junction with a simple electrical circuit model to calculate stable SOH metrics directly from
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Test case Data freq. (min) Segments Classifier mean balanced accuracy (%)
Benchmark R, %—If R, %—f, stress fac.  Stress fac.
baseline 1 ~260 57 69 77 69
100 segments 1 100 58 67 76 69
50 segments 1 50 57 66 75 69
2 minute 2 ~260 58 71 78 69
5 minute 5 ~260 58 70 78 70
10 minute 10 ~260 58 70 78 70

Table 3.2 Estimates of sensitivity of classifier performance to data availability, simulated by
reducing interpolation frequency and/or number of qualifying charging segments.

telemetry data from VRLA batteries under real-world operating conditions in sub-Saharan
Africa. The framework was applied to data from a total of 1027 batteries with lifetimes ranging
from 400 to 760 days. It was shown how assuming an appropriate GP prior over the internal
resistance can produce a corresponding posterior-predictive distribution describing the depen-
dency of internal resistance on time as well as instantaneous operating conditions such as SOC,
applied current and temperature. Compared to a benchmark case where internal resistance was
assumed to be a random walk over lifetime and not dependent on operating conditions, it was
shown how the GP method provides more stable estimates.

The internal resistance estimates were then validated against repairs data from the battery
provider BBOXX by correlating the value of the health metric with the probability of end-of-
life-type failure in the near future, obtaining a balanced accuracy of 76%. However, by adding
extra information to the prediction—in the form of the cumulative stresses experienced by each
battery over its lifetime—an accuracy of 82% was obtained when predicting whether a battery
has failed. This accuracy remains 73% 8 weeks before failure. Considering that the labelling of
faulty batteries was likely to cause a decrease in accuracy (due to it being customer driven), the
accuracy is high, particularly compared to the benchmark case whereby an accuracy equal to
random classification was obtained.

In general, this chapter shows that combining data-driven and model-driven methods

provides a reasonable framework for the diagnosis and prognosis of battery health in real-world
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operating scenarios. In addition, the results remain interpretable from the point of view of
battery models based on physics. Additionally, because of the simplicity of the underlying
model, the method could be equally applied to other chemistries (such as Li-ion) in varying
configurations, from the cell to pack level. The only prerequisite is knowledge of the OCV
curve, which in the case was obtained for a single battery under laboratory conditions.
Potential future work related to this chapter might involve building a more accurate predic-
tive model of health, whereby population-level data could be used to give a prior expectation
on the evolution of health given operating conditions (i.e. a non-zero mean for the GP), which
can be adjusted with observations to again yield a predictive distribution. Ultimately, control
algorithms could be made smarter and more health aware by incorporating this information.
The value of early prediction of failure in the case of BBOXX comes from timely man-
agement of battery replacement and optimal management of supply chains, which combine to
increase the reliability and reduce the cost of providing home solar battery energy storage sys-
tems in remote locations. As no additional sensors are required on the devices themselves, the
marginal cost of providing diagnosis and prognosis using this framework is small. Assuming
that the cost savings involved can be passed on to end users, this type of diagnostic algorithm
can contribute to an increasing adoption of home solar energy storage systems in the developing

world, where there are still an estimated 800 million people living without electricity [11].



Chapter 4

State/parameter estimation with recursive

Gaussian process regression

In the previous chapter, it was shown that computationally efficient recursive GP regression
can be used at scale to calculate consistent health metrics for large fleets of batteries. Due
to the characteristics of the available data, a very simple Thevenin circuit model was used,
where the resistor was assumed to be a non-parametric function of lifetime and instantaneous
operating conditions. In this chapter, the concept is extended and it is shown how a more
complex electrothermal model may be similarly parameterised while simultaneously estimating
states. Specifically, the electrical parameters of a first-order resistor-capacitor (RC) circuit
model describing Li-ion cell electrical dynamics are retrieved as GP posteriors over lifetime and
operating conditions, whilst also estimating state of charge, cell temperature and the voltage
across the RC pair. The contents of this chapter are based on previous publications [2, 3].

In the previous chapter, a simplified Gaussian process structure was used to improve compu-
tational efficiency. This described the internal resistance of lead-acid batteries, decoupling the
dependencies between degradation over time and instantaneous operating points. The aim of
this chapter is to explore the case where this assumption is relaxed, in other words the operating

point dependency may also change over time. The complexity of degradation in Li-ion cells is



100 State/parameter estimation with recursive Gaussian process regression

such that it is reasonable to expect circuit parameters to evolve in a more complex manner than
wholesale shifts of the entire function describing dependence on operating conditions. This is
evident from simulation work relying on first principles [73], where physics-based models are
coupled with degradation models and it can be seen that the latter affect the parameters of the
battery over its lifetime. Degradation and this coupling are briefly discussed in the following to
motivate the ECM + GP approach. Subsequently, a joint state/parameter estimation problem
is formulated and simulated data are used to retrieve ground-truth functions for electrical
parameters as GPs to illustrate the identifiability of the system. The algorithm is then applied
to cell-level data collected under laboratory conditions [112], where validation is performed
by comparing the algorithm’s estimates of capacity and internal resistance with independent

measurements of these over the lifetime of a cell.

4.1 Degradation in Li-ion cells

Similarly to lead-acid systems discussed in Chapter 3, degradation in Li-ion cells is complex
and path-dependent, caused by many coupled mechanisms where the end result is a fade in both
the discharge capacity and power a cell can deliver. There is a substantial body of literature on
the analysis of Li-ion degradation mechanisms, their identification, and the evaluation of their
relative effects over the useful lifetime of batteries [181].

Fig. 4.1 illustrates the interactions between stress factors, most common degradation
mechanisms and degradation ‘modes’ (the initial symptoms of the mechanisms) in a Li-ion

cell. The primary mechanisms include the following:

1. Solid-electrolyte interphase (SEI) growth: The SEI is a passivation layer (consisting
of various compounds such as lithium carbonate) on the surface of the negative electrode
formed by the reaction between the electrolyte and the negative electrode material.

Following rapid formation at the beginning of life, it grows through the lifetime of the
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Fig. 4.1 Summary degradation mechanisms and modes in Li-ion cells [22, 181] and the stress
factors associated with them. Different mechanisms on each electrode (denoted PE, NE) lead to
multiple modes of degradation, which give rise to fade in cell capacity and its power capability.
The connectors indicate causality.

battery, and is commonly associated with the ‘calendar ageing’ effect of Li-ion cells,

resulting in loss of cycleable lithium inventory and capacity fade.

2. Lithium plating: A side reaction occurs on the negative electrode where instead of
lithium intercalating into the negative electrode particles, it is plated as a metal on the
surface. This occurs during the charging process and is exacerbated by high charging

rates and/or low temperatures. Commonly associated with the cyclic ageing of cells.

3. Particle fracture: The breaking off of electrode particles on both electrodes is caused
by volume changes during charge / discharge processes that result in mechanical stresses.
This results in the loss of electrically active material. As with lithium plating, this

degradation mechanism is associated with cycling of cells.
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4. Electrode structural decomposition: Phase changes and decomposition due to the lack
of electrochemical stability occurring (mainly) on the positive electrode can cause loss of
active material and increased impedance due to poorer kinetics in the new phases formed

[181].

These degradation mechanisms lead to four main symptoms or ‘degradation modes’,
namely loss of lithium inventory (LLI) and loss of active material on each respective electrode
(LAMngppe). Briefly, LLI is the net effect of irreversible parasitic reactions, such as SEI
growth and lithium plating, that consume usable lithium ions so that they cannot participate
in further charge/discharge cycling; LAM in turn can be caused by particle cracking and/or
loss of electrical coherence within the electrode due to the growth of surface layers. LLI and
LAM also lead to the so-called stoichiometric offset, meaning that the state of lithiation of
the positive electrode at full SOC is lower (i.e., it is at a higher potential) [22], which in turn
can accelerate the degradation further. The rate of all degradation mechanisms is affected by
operating and environmental conditions. Extremes in temperature, SOC and charging rates
in particular may be associated with an increased degradation in cell performance [181]. It
should be noted that Fig. 4.1 is intended only as an overview of Li-ion cell degradation—more
detailed descriptions [181, 22] include broader sets of degradation mechanisms and address

coupling between them.

A principled prediction of the effects of each degradation mechanism on cell performance
over lifetime can be made by coupling degradation models with physics-based models such
as the SPM [73]. The coupling is achieved by simultaneously modelling degradation side
reactions and mechanical changes alongside the main battery dynamics. For example, in
the SPM(e), the SEI reaction current can be added to the boundary conditions at the particle
surfaces (2.12), and it can be assumed that the cumulative effect of SEI growth affects the
volume fraction of negative active material by blocking pores [73]. Similar effects can be

assigned to all degradation mechanisms that are specific to the electrodes and/or electrolyte.
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Accurate physical modelling of degradation through these principled approaches is in-
sightful and has been shown effective for digital twins and the optimisation of battery control
algorithms [15, 182]. However, they remain open-loop methods, because the parameterisation
of the coupled models suffers from poor identifiability not only of the battery model, but of
the degradation model(s). As shown by Reniers et al. [73], many degradation models lead
to very similar behaviour in battery capacity over lifetime, meaning that attributing observed

capacity/power fade to each mechanism is not possible.

As an alternative to physics-based models for battery voltage response and degradation
using porous electrode theory, the use of equivalent circuits with GPs to parameterise compo-
nent values as functions offers a high degree of freedom that is parsimonious but preserves
some physical meaning. The reduced accuracy of ECMs compared to PBROMs is mitigated
by allowing circuit parameters to vary as functions of states. In this chapter, a first-order
electrical RC-circuit is fully parameterised using the GP framework. By incorporating pa-
rameter variations, the resulting model is very similar to the so-called equivalent hydraulic
model (EHM) [51, 52], a simplified physics-based model with a two-state representation that
can be derived from the SPM. Given the similarity in dynamics and voltage response, the
fundamental difference remaining between the EHM and the first-order GP + ECM RC circuit
is that the latter uses a terminal-level (i.e. two electrode) open-circuit voltage function rather

than decomposing it into individual contributions from negative and positive half-cells.

In addition to bridging the gap between ECMs and PBROMs, data-driven parameterisation
with a high degree of freedom allows for a more insightful expression of degradation in model
parameters. That is, by allowing the independent evolution of battery parameters as functions
of states, changes can be linked to different degradation mechanisms to some extent. In this
chapter, by using a multiplicative GP kernel over the input dimensions, rather than an additive
one (as before), the surfaces describing circuit parameters are allowed to evolve in a more

complex manner that describes degradation more accurately.
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4.2 Parameterisation of an electrothermal model using a joint

GP/state estimator

4.2.1 Low order electrothermal model

The electrical and thermal model a Li-ion cell is shown in Fig. 4.2. It consists of a first-order
RC electrical circuit with a coupled one-dimensional lumped thermal model, where all four
electrical parameters are considered GPs over state of charge and/or applied current, as well
as lifetime, denoted ;. The temperature dependence could also be added, but since the cell
data used [112] in this study only has a range of 5 °C, this is not considered it here. The
thermal model consists of heat generation due to the total overpotential (i.e. voltages across the
series resistor and parallel RC pair) with convection to the ambient environment, making the
assumption that heat conduction through the cell is fast (i.e. low Biot number), such that the

cell internal temperature is relatively uniform.

R, (Zt7 Ct)
RO(Zt,It, Ct)

I;

Tey
Vol(z Vi @ 0 T,
o(a) €120 8) > @A
R.

Fig. 4.2 Li-ion cell model: first-order RC circuit coupled with a one-dimensional thermal model.
All electrical parameters are modelled as Gaussian processes.

The (nonlinear) continuous-time dynamics of the 3-state electrothermal model in Fig. 4.2

are given by a state-space representation

dx
d_t = fB(Xt7[t7 9)
! 4.1)

Y= h(Xt,It, 0)7
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where the dynamics f for battery state vector x; = [z Vi Tt]T are given by

dZt -1
=t
& 0 (&)
dv,
d;t = =0z, G)Vi + Bz, Gk (4.2)
dT: Tot— T,
C’tCC — ot ‘ambt + Vi di + Ro(ze, I, Ct)ltza
dr R.

where z; is the state of charge, I, the applied current (positive for charging) and Q~!(&,) the
inverse battery capacity as a function of lifetime ;. Lifetime {; can be measured by calendar
age or by total charge throughput over lifetime. Voltage Vi ; is across the RC pair, and its time
dynamics are controlled by the functions o(z, §;) and B(z, §). These are related to the circuit
parameters, as &« = 1/R;C} and B = 1/C). The thermal model is parameterised by its heat
capacity C. and thermal resistance R, which are considered known. Given these dynamics, the

outputs y, = [V; T;]T are cell terminal voltage and temperature,

Vi =Vo(zt) + Vi +Ro(zi, I, G It
4.3)

I = Tc,t

The four functions 0~ '(&), a(z, &), B(z, &) and Ro(z, I, &) are all assumed to be affine

transformations of independent zero-mean Gaussian processes, so that
f ot (GPOke(x,x))) s x=[218], fe{Q" 0. B.Ro}. (4.4)
The affine transformation in each case is
te(x) = ce(1+x), 4.5)

where c¢ is a constant. As each GP describing Qil, o, B and Ry has a zero-mean, setting c¢

effectively sets a nonzero prior mean for each circuit parameter—hence ¢; should be chosen
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so that it reflects the prior expectation of where the parameter lies. The reason for the trans-
formation is to scale the system so that the GPs are in the unit range (making hyperparameter
initialisation simpler) and to improve the numerical stability of the system dynamics (4.2) at
the prior mean of the GP. As a Gaussian distribution remains Gaussian under arbitrary affine

transformations, the four functions describing circuit parameters are also Gaussian processes.

4.2.2 Multiplicative GP kernel

In general, the kernel function k is constructed so that the ‘extent of degradation’ input,
(which for simplicity will considered to be cumulative charge throughput at time ¢ in this work),
is treated differently from the instantaneous operating condition inputs (z;, /;). Similarly to
Chapter 3, a nonstationary kernel function describes each of the four Gaussian processes in
the {; dimension, which allows for better extrapolation than a stationary kernel which reverts
back to the mean upon long-range extrapolation. The nonstationary kernel is again the Wiener

velocity kernel,
min> min
Mg =, (M g (e mr L), *6)

As before, the kernel describing the process over state of charge z; and applied current /; is the

SE kernel with ARD,

kSE(X7X) G exp <__ ZYX X X)2> , X = [Z 1]7 4.7

XEX

where Y are the inverse squared length scales over each dimension in x.

Combining the kernels (4.6) and (4.7) is done by multiplying the two functions. In addition,

a kernel describing short-term fluctuations over time in the parameters is added—this adds
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equally to all points in X, so that the overall kernel is

ke = kwv (8, {)kse(x,x') +ke(£, 8, (4.8)
N ~~ g Aﬂ
spatially resolved, smooth noise

where kg is the exponential kernel,

ke($,¢") = o7 cexp (=¥ |C = ¢[), (4.9)

where O¢ ., Y, are the magnitude and inverse length scale of the noise process. Hence the
evolution of parameters is decomposed to a longer-term smooth component and shorter-term
fluctuations. When extrapolated, the short-term component decays quickly, so the extrapo-
lation is smooth. Estimating the hyperparameter ¥; . from the data gives an estimate of the
autocorrelation in the noise process. If ¥ . is high, then kg effectively describes white noise

over time.

4.3 Joint estimation of states and functional parameters

4.3.1 Discretisation and joint state vector

As seen in Chapter 3, to construct a finite-dimensional state-space representation of the GP
described by kernel function (4.8), the input space x (i.e. in SOC and applied current) for each
GP f € Ry, «, B has to be discretised. To this end, n, evenly spaced points over SOC (z) are
chosen to represent the GP for a , B, which are only functions of SOC, and n,; points for Ry,
which is a function of both SOC and applied current. In other words, a, 8 and R are each
represented by a state vector, where each element corresponds to a point at a specific SOC
and/or 1. For Ry the vector is effectively a stacked set of values at sampling points that represent

a grid over discrete SOC and current values. Therefore the state vectors for the three GPs can



108 State/parameter estimation with recursive Gaussian process regression

be written as

Xoo = |0y Oy ... Oy, |
X =Bz Br, --- ﬁznz}a (4.10)
XRo = R07(Z1711) Rov(Z%IZ) Rov(znzlalnzl):|'

A joint state vector may then be constructed to estimate the states of the GP and the battery
simultaneously given the n, and n,; points in the input space for the respective GPs. Let the

vector Xga,¢ denote the mean estimates of the battery states at time ¢,

T
XBatt,t = |:Zt Vl,t TC,t:| ) (411)

and the vector Xgp s denote the state vector associated with the mean of each of the GPs

describing the model parameters, so that

T
XGPs,t = [XQl7t Xa,t Xg XRo,t:| ) 4.12)

where XQ-1¢ € R2, Xo,t € R2"=, Xg € R2"=, XR,t € R2%1. The dimensionality of the state
vectors is due to the number of points used for the discretisation of x in each case and the order
of the Markov process due to the Wiener velocity kernel kwvy (§, {’). Specifically, the Wiener

velocity kernel (4.6) has a dynamic representation [111] where

d | x 01 X 0

a = + o(t), (4.13)
dx dx
a 0 0 |§ 1

where the spectral density of noise w(r) is a function of O¢s- This means that the kernel
multiplication (4.8) results in each GP being represented by both the current state and its
first-order time derivative at each spatial location in x. This differs from the lead-acid case in

Chapter 3, whereby the time derivative was considered common across all operating conditions.
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The stationary exponential kernel (4.9), describing the short length scale noise process, has a

single state representation, whereby

dx
—=_ 4.14

where the spectral density of the noise process ®(¢) is a function of oy .. In this case, the GP

state vector for kg is just

XGP,rt = [XQ—l,Lt Xa,1,t X1t XRO,I,t]- 4.15)

The overall joint state/parameter system ‘state’ representation is then given by the concatenation

of the battery and GP state vectors,

XBatt,t

Xt — XGP,S,t . (4. 16)

XGP,rt

4.3.2 Initialisation and propagation

The joint system is nonlinear and may be propagated through time using an appropriate
Bayesian filter. For computational speed, the extended Kalman filter is applied here. It is
possible that other variants, such as the unscented Kalman filter or particle filter might provide
more accurate results, but the EKF was considered adequate in initial tests using simulated data
(Section 4.4). There are two timescales involved—the first is given by the sampling frequency
of current, voltage and temperature data during cycling, which in this work is 1 Hz; the second
is related to the extent of degradation, £, which covers the lifetime of the battery, and may be

measured in cumulative charge throughput.
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Initialisation

The initialisation of the two subsystems (i.e. for the battery states and GPs respectively) is
consistent with the two timescales. A zero-mean GP is used to model the circuit parameters
(nested inside the affine transformation (4.5)), which means that the initial mean estimates of
the GPs are set so that xgp; = 0. The initial GP covariance matrix is block diagonal due to the

assumption that all GPs are independent from each other, so that

Py iwyo 0 0 |
0 Py wvo 0
Pgpo = : : Pg wv.o 0|, 4.17)
Prowvo 0
0 0 0 0 Pgg)

where the initial covariance for each ‘smooth’ (i.e. WV kernel) GP is given by the Kronecker

relation

Prwv.0 = kex(Ur, Up) @ Py, wy, (4.18)

where f € {Q’1 ,a,B,Ro} and Uy are the coordinates of the discrete points chosen for each
kernel function (i.e. the coordinates of (4.10)). This is a discrete representation of the initial

covariance of the spatially resolved white noise process.

The initial covariance for the Wiener velocity process, PCo,WV’ is in this case determined
by hyperparameters. In the standard formulation, the WV kernel (4.6) has zero covariance at
¢ = 0, resulting in the posterior estimate of the GP to be zero as well. However, the parameters
of the circuit model are nonzero at the beginning of life. In the additive system used in Chapter
3, the WV process was chosen to model the degradation process only—in this case, initialising
the process at zero at beginning of life is reasonable. However, this is not the case with

the multiplicative kernel under discussion here, since circuit parameters have to be nonzero
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at beginning of life. To reconcile this and to obtain a WV kernel with nonzero variance at
beginning of life, the kernel may be ‘truncated’ by setting {y to a nonzero value. This is
equivalent to shifting the starting point of the prior to the right in the nonstationary case in
Fig. 3.1. To find the correct starting conditions in the state-space representation, first (3.24) is

evaluated at {j, giving

%
Py, wv = exp(FCo)Poexp(FEy) " + /O exp(Fr)LqLT exp(F1)T ds, (4.19)
where the Wiener velocity kernel state-space system is described by (4.13), so that

0 1 0 ) 00
F= 7L: 7q:GC37P0: ) (4.20)
00 1 00
where the value of Py (by definition) reflects the zero variance of the WV kernel at { = 0,

analogous to knowing the exact position and ‘velocity’ of the random process at the start of life.

Substituting (4.20) into (4.19) then gives

123 1452
3% 2%

38

Py, wy = OF (4.21)

The value of {y must be found indirectly by considering the variance in circuit component
values at beginning of life and then back-calculating the {; that is consistent with the WV
process. The two-stage hyperparameter optimisation process (see section 4.3.4) first estimates
the initial covariance at beginning of the GP describing the dependence on operating conditions

(4.7) (i.e. the upper-left hand element in (4.21)), which can then be used to define the rest

of the elements in P wy. Using this method, this gives the correct initial covariance of the
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state-space system that describes the WV process at { > 0. For the noise process,
Peo =07, (4.22)

The GP mean and covariance describing the parameters only have to be initialised once for
each battery. The battery states on the other hand have to be re-initialised whenever there is
a gap in telemetry data. For parameter estimation, not all data are required because battery
degradation is slow compared to the sampling frequency. Therefore, it is unnecessary to use all
recorded data, and instead just a smaller number of specific charge/discharge cycles may be
selected. In this work, the simulated and experimental datasets begin with a rest period, so the

mean vector for battery states may be initialised as

Xpao= | 0 (4.23)

Tamb it

at the start of each cycle. The state covariance is initialised with fixed values, so that

Po 0 0
Ppao=10 Py,o 0 | (4.24)
0 0 Pro

and the overall system Py is formed by the block diagonal combination,

P 0
p,— | 0 . (4.25)

0 Pgppo
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Propagation in time

The mean and covariance of the joint system are propagated in discrete time by the extended

Kalman filter [66] with additive noise,

X, =8(x1,5-1,Ti—1) 426

P = Gt—IPth_thT—l +Qi—1+ -1
where g describes both the system and parameter evolution dynamics, Gy is the local Jacobian
matrix of g at X, Q; the joint discrete time process covariance and Ag an additional variance
term arising from the posterior predictive variance of the GP (Appendix C.1, eqns. 3.43). In
general, it was found that using (linearised) discrete time equations to propagate the system
covariance proved to be more numerically stable than using the continuous time counterparts
(3.20). In particular, while computing continuous time Jacobian matrices would have been sim-
pler, using either forward Euler or 4™ order Runge-Kutta methods to propagate the covariance
often resulted in a non-positive definite prior covariance P, . This numerical instability would

have made gradient-based hyperparameter optimisation very difficult.

Integrating over z;

In order to evaluate the battery dynamics in (4.26), the values for a, B and Ry must be calculated.
Ordinarily, their predictive means and variances are given by (3.5). However, since the state of
charge, z, is itself a Gaussian random variable, the predictive distributions must be marginalised

(averaged) over the distribution z; by performing the integral

pU) = [ P20l da @27)

at each time step, where f(z) represents the predictive distribution of a,  and Ry. In other

words, the average GP prediction across all possible values of the probability distribution of the



114 State/parameter estimation with recursive Gaussian process regression

current z; is calculated. For an arbitrary kernel function k, this integral is usually intractable and
can be approximated using e.g. Taylor expansions [183]. However, for the SE kernel, (4.27) has
an analytical solution given by Quifionero-Candela et al. [184], where the mean and variance

of p(f(z)) are (for scalar input z)

VIf(z)] = ofgp(tt) + Tr (K~ — k¢, ok, o)L) (4.28)

+Tr (88T (L, — g 17 ,))

where Tr denotes the matrix trace and K = K¢y, + diag(Pr) for each of the GPs that are
functions of z;. The parameter 0 is given by Kilxﬂt, where X is the state vector for the GP at
time t, Gép( UL,) is the standard GP predictive variance evaluated at the mean of z; and 1,, L, are

given by

2
Iy = 2 exp ()
}/f,ZGZ2+ 1 2(’}/{"72 +GZ2)

| 297 _
Lf,z _ f,z,u féz,u exp ’yf,z . (‘uz _ Uf)z .
\/ 2’)/f,ZGZ +1 2’}/f,Z + o,

Here, the vector uy represents the coordinates of the discretisation points of z and the element

(4.29)

of matrix Uﬂij = %(uﬂi + Ufyj). The variable ¥ , is the inverse square of the length scale and Gf2Z
the magnitude of GP f over the SOC input z, 622 is the variance of z. The vector K¢,  is the

kernel function ksg evaluated at (i, i.e. the same as Iz, where GZ2 =0.

In summary, uncertainty in SOC, z, affects both the mean and the variance of the GP
output, changing the weighting of the linear combination of points used to make a prediction
and adding to the variance. As GZ2 — 0, from equations (4.28, 4.29) the standard GP predictive

equations are recovered (3.5).
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State and covariance propagation

Given estimates of o (z), B(z) and Ry (z(,1;), discrete time propagation of battery dynamics is
approximated using a zero-order hold on the applied current and linearising g with respect to
battery states at time ¢. The propagation of the GP states Xgp ¢ is independent of battery states

and linear, where the state transition is given by

Fwy 0 .. 0]
0 I, oFwy ... 0
XGPp,t = €Xp : : I, @ Fwy ... 0 | A1 | Xgpi—1, (4.30)
I, ®Fwy 0
0 0 0 0  Fg

where I, is the identity matrix size n, equal to the number of discrete ‘spatial’ points propagated

through time for each GP and

01
Fwy = ,Fe =7, L. (4.31)
0 0

The variable A{; is the time step size in the GP ‘degradation’ timescale, which is larger than
the time step of the system dynamics. Within each discharge cycle, this is assumed constant,
therefore requiring only a single evaluation of the matrix exponential (4.30) for each discharge
cycle. As Fyy is nilpotent and the matrix inside the exponential in (4.30) is block diagonal,
the exponentiation was done explicitly using a Taylor expansion up to the first order (as all
higher order terms vanish). This is computationally efficient and was in fact necessary, since
the built-in matrix exponential method in julia is (at the time of writing) not compatible with
automatic differentiation, which was used for hyperparameter gradient calculations. To evaluate
GPs a, B, and R over battery lifetime, specific discharge cycles are selected from raw data

at an appropriate rate (in this case, one in thirty) to improve computational efficiency—AJ¢ is
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therefore the cumulative charge throughput over weeks rather than seconds. The discrete time
process noise covariance matrix Q is block diagonal, where the values for the battery states are
fixed and the values for the GP are determined by the kernel function hyperparameters. More
specifically, the WV kernel and exponential kernels have discrete time process variances given

as a function of the step A,

TN IAL?

Qwv(AL) = o7 o
IA AL

, Oe(AQ) = o, (1 —exp(—2%AL)), (4.32)

which again combine with the battery state covariance giving

q O 0
QBat 0
QA= | ,where Qe = {0 gy, 0|, (433
0 Qgp(AL)
0 O qTC
and the block diagonal GP process covariance is
Qq-1,wv(AL) 0 0
0 Qx,awv(AL) 0
Qcp(AL) = : : Qi g wv(AL) 0 ’
Qi Ry, WV (AL) 0
0 0 0 0 Qx(Al),
(4.34)
where Qs wv (A, ), for f € {a, B, Ro} is resolved over the spatial input, that is,
Q. rww (AL) = ke x (Ur, Up) ® Qgwv (AL), (4.35)

where Uy are the values of the coordinates of the discretisation points for each GP (4.10). The

exponential process covariance Qg (A{) € R**# is diagonal with elements given by (4.32).
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4.3.3 Observation model

Following the propagation of the system by relations (4.26), the predicted voltage and tempera-
ture are given by (4.3), which involves re-evaluating Ry (z, ;) with the current estimate of the
state vector Xg, ;. The predictive equation (4.3) is nonlinear in SOC z;, due to the open-circuit
potential Vy and Ry(z, ;). Using the EKF, (4.3) is locally linearised to give the observation
Jacobian H;. The dependency of Ry on the SOC (z;), which itself is a Gaussian random variable,
can be calculated using the same methods as previously discussed (4.27). In addition, the
uncertainty in Ry from GP extrapolation to the current operating point (as per previous chapter)

An, is also incorporated into the predictive distribution for the output, which is

v,
~ N (h(x; ,1),St), (4.36)

T;

where the covariance S; of the output is given by

St = HP, H + R+ Any, (4.37)

where & is given by (4.3), R is the measurement noise covariance matrix that is estimated and
the calculation Ay may be found in the appendix C.1.
Summarising all of the above, the full system recursion is given in Algorithm 4.1. This is in

effect the same principle as used in Chapter 3, but with an added observer for battery states.

4.3.4 Hyperparameter optimisation and smoothed posterior

The model dynamics and outputs depend on the hyperparameters of the kernel functions. In
addition, the noise parameters 6, v and oy, T for the output voltage and temperature need to be
estimated. Similarly to the lead-acid case as described in Chapter 3, parameter estimates are

found by using the Kalman filter which recursively updates the NLML in conjunction with a
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Algorithm 4.1 Extended Kalman filter recursion with NLML calculation. Battery states are
initialised at the beginning of every cycle and the GP is propagated over the lifetime of the
battery. The NLML is calculated for all available data recursively.

1: Initialisation at { = {

et ot + _ pt
2: Xgp=Xgpo Pp =Pgpy

3 ¢=0
4: for D € segments do > loop over continuous discharge segments
5: Initialisation at start of segment
6: xgatt = XBatt,0 » Pgi_att = PBau,0 > Battery state initialisation (4.23), (4.24)
7: x&p = exp(FAL)x5p > A{ =distance between segments
8 Php = exp(FAL)PGpexp(FAC)" +Qap(AL)
9: xt = [Xgatt XEP}T

10: Pr=0 (Pgm,Pép)

11: for 1,,V,,T; € D, do

12: Propagation

13: X, =8(X—1,—1,Ti—1) > Joint GP & battery dynamics

14: P = Gt—IPT_IGEl +Qi—1 + G, —1

15: Observation and update

16: e = Vi T||T — h(x, I)

17: St = HP, H! + R+ Ay,

18: K, =P HS'

19: x =x; + K

20: P/ = (I-KH)"P; (I- KH,) + KRK'

21: o = ¢t+%etTS{1et+%log|2nSt|

22: end for

23: end for

gradient-based optimiser. In this case, no prior is imposed on the hyperparameters—maximum
likelihood estimates are used instead. Also, instead of finding analytical solutions to the NLML

gradients d¢ /96, they are calculated using automatic differentiation.

Once hyperparameter MLEs are calculated, the final step is to calculate a posterior dis-
tribution of latent states X¢, consistent with batch mode GP regression. As in the previous
chapter, this is done by calculating the smoothing distribution using the RTS smoother (Table
3.2). However, in contrast to the calculation of the forward distribution, which uses all 7, V,

T data in the discharge cycles, the smoothing distribution only needs to be calculated for the
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Parameter Description Value Units  GPR RMSE (%)

o(z) Inverse RC time constant 0.015—0.09(0.5—2z)* 57! 2.6
B(z) Inverse RC capacitance 0.002 (1 —(z—0.5)?) F~! 0.77
Ro(z,1) Series resistor 0.05sinh~' (7)) /|I| +0.04(z—1)> & 0.98
Q! Inverse cell capacity 1.2 Ah~! 0.16

R. Thermal resistance 5.5 Kw-! Given

Ce Heat capacity 15.7 JK! Given

Vo Open-circuit potential 3.6440.55x — 0.72x> +0.75x° \Y% Given
On,v Voltage meas. noise st. dev. 0.005 A% 0.4+
On,T Temp. meas. noise st. dev. 0.1 K 2.8F

Table 4.1 Simulation parameters and errors in estimates. The error in GPR estimates after
a single discharge cycle is <3% for each circuit parameter (calculated as the average of the
function error over the input domains).  these are a subset of the GP hyperparameters.

linear GP subsystem in the { timescale. The number of timesteps in this timescale equals the

number of discharge cycles in the downsampled dataset.

4.4 Simulation with known ground-truth

To establish the identifiability of circuit parameters as functions of operating conditions using
the joint state/parameter method, simulated data with known ground-truths for ¢, 8 and Ry
was used. To this end, the voltage and temperature responses from model (4.2) using the
current profile from the US06 drive cycle [185] were used. The ground-truth functions o, 3
and Ry were chosen arbitrarily and are shown in Table 4.1 alongside the other simulation
parameters. To simulate measurement noise, zero-mean Gaussian noise was added to voltage
and temperature measurements with standard deviations of 5mV and 0.1 K respectively. The
current profile, voltage and temperature responses and the internal states of the model (i.e. z
and Vp) are shown in Fig. 4.3.

The joint GP/battery state estimator was applied to the simulated current, voltage and
temperature data. Six evenly spaced points over the range of state of charge z in the simulation

were chosen to describe the GPs a and f and similarly an evenly spaced 4x 15 grid over
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Fig. 4.3 Simulated input/output data for determining circuit parameter identifiability. The
current profile consisted of 4 x repeats of the US06 drive cycle. Battery states and outputs
are calculated simulating the circuit (4.2) with known ground-truth functions for ¢, B and Ry
(Table 4.1).

observed values of z and / was chosen for Ry. The constants in the transformation (4.5) for
0!, a, B and Ry were set at 1.09 Ah™!,0.01s7!,0.0007 F~! and 0.04 Q respectively. The
GP hyperparameters, consisting of length scales for a, 8 and Ry, and the magnitudes for all
four GPs as well as the noise parameters o, v, O, T were estimated using the box-constrained
BFGS algorithm implemented in the Optim. j1 package in Julia [141], using forward-mode
automatic differentiation to calculate the NLML gradients [142]. Positivity in parameters was
imposed by running the optimiser in log-space and box constraints in the optimisation routine
were imposed to guarantee numerical stability and differentiability of the NLML (Appendix

C.2). The main purpose of the simulation was to establish the empirical identifiability of each
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Fig. 4.4 Ground-truth functions for a(z), B(z), Ro(z,I), shown in black dots, together with
their GP estimates showing the mean £20, using 1 discharge cycle of input/output data. L
and oy in each show the prior mean and variance for each function, where the former is the
constant ¢r and the latter is an estimated hyperparameter of the GP.

of the functions over operating conditions, for which only a single discharge cycle needed to be
considered.

The results of the estimation are shown in Fig. 4.4 and Table 4.1. In Fig. 4.4, projections
through each function are shown. From these, it is clear that the GPR estimator accurately
retrieves the ground-truth functions for the circuit parameters. However, a small loss of accuracy
occurs for Ry at low current / because the ground-truth function has an inflection point here.
The hyperparameter MLE is such that the GP assumes a long length scale for Ry(z,) over both
input dimensions, giving a predictive posterior that extrapolates to a higher value as I — 0.

This is partially due to the numerical ill-conditioning at very low applied current—i.e. a small
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error in voltage and/or current causes a large change in estimated Ry. The GP in this case relies
on extrapolating from regions of higher current where the function is more identifiable and

smoother, with no turning points.

4.5 Results: Experimental data

4.5.1 Experimental data

The simulation work of the previous section shows that GP representations of known ground-
truth functions for ECM parameters are readily retrieved from input-output data. Next, the
GP estimator was implemented on real cell data using a cycling dataset generated during an
experimental campaign by Jost et al. [112] based on high-energy 18650 Li-ion cells (Samsung

SDI INR18650-35E, NCA cathode / Gr+Si anode, nominal capacity 3450 mAh).

The cycle ageing was conducted at a temperature of 25 °C. The charging protocol consisted
of charging at 0.3C to an upper voltage limit of 4.05V, which was held until the current
dropped below 0.02C. Discharging was conducted using a pre-recorded drive cycle profile
with an average rate of 0.4C, with sections representing various types of urban and extra-urban
driving. For the duration of the campaign, cells were actively air-cooled in a Binder MK240
thermal chamber. The battery cycler was a Digatron MCFT 20-5-60 ME with an accuracy of

+ 20 mA/4 mV after calibration.

A checkup test procedure was conducted every 30 cycles and consisted of 0.3C discharge
capacity test after CCCV full charge, followed by charge and discharge pulse tests at three
SOC levels (80%, 50%, 20%) using three different pulse sizes (1.7 A, 3.4 A, 6.8 A). The
pseudo open-circuit voltage was determined at beginning of life with a full discharge at 0.02C.
To parameterise the thermal model of (4.2), the heat capacity of the cell (43.5] K1) was

taken from literature [186]. The thermal resistance R. was then determined from the thermal
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Fig. 4.5 Current, voltage and temperature profiles for the drive cycle used in experimental
set-up. To parameterise the thermal model, a value from literature was used for C; and a least

squares fit was used to find an estimate for R, from the thermal relaxation at the end of the
drive cycle at beginning of life.

relaxation data following the first drive cycle at beginning of life using a least-squares fit,

illustrated in Fig. 4.5.

4.5.2 Fitting functional parameters

The recursive framework outlined in section 4.3 was used to retrieve the electrical parameters

in the model (4.2) for two example cells (cell numbers 009 and 015) in the dataset.
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Data downsampling and validation

The dataset consisted of 30 repeated charge/discharge cycles between each checkup sequence.
From each set of 30, a single discharge cycle was used for GP estimation of parameters. The
discharge cycle chosen was the last one in the repeated set, immediately preceding the checkup
sequence. This resulted in 27 and 28 discharge cycles for cells 009 and 015 respectively. Within
each cycle, the data were interpolated to a frequency of 1 Hz using the piece-wise cubic hermite

method [174].

For validation, the 0.3C discharge capacity test and internal resistance data calculated as
the average (over charge/discharge pulses) AV /Al from the first second of the relaxation after
each 10 s pulse were used. The dataset was split into two sections for each cell, whereby the
last 8 sets of cycles were left out to be used in an out-of-sample setting to assess the ability of
the GP to forecast SOH evolution, giving an in-sample set of 19 and 20 discharge cycles for the

two cells, respectively.

Hyperparameter estimation

The four GPs, Q~!, «, 8 and R each have a multiplicative kernel function of the type (4.8),
where in the case of Q~, the function ky (x,X’) is a constant as it has no dependency on z or I.
In total, the hyperparameter vector 6, controlling the properties of the 4 GPs over z, I and §

contains 16 elements, where

6h = [6x O; s 6; ; Onv Ontl, (4.38)
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and the subcomponents are given by

GX — [GQ*I GO(,X Gﬁ7x GR(),X ’}/OC,Z ’}/ﬁl '}’R07z ’YR()J] )
;s =[0q-1 ¢ Oa,ts OB.Ls OR.Cs) » (4.39)

OC,r = [Gc,r YC,r] )

where 6, ¢ ., 0 , are the hyperparamaters the SE, WV and exponential kernels respectively,
with measurement noise standard deviations o, v, Oy 1 for the terminal voltage and cell temper-
ature respectively. It was assumed that both battery cells share the same set of hyperparameters
and all estimation was done using the summed NLMLs from the two cells in each scenario.
While substantial effort was put into computational efficiency of the forward calculation of
the EKF estimator, it was found that the computational cost remained prohibitive to attempt
to optimise the hyperparameter vector using the entire length of the dataset. Hyperparameter
estimation scales nonlinearly with dimensionality of the vector and several steps were taken to

reduce complexity to retrieve maximum likelihood estimates for the 6, as follows.

First, it was assumed that the length scale and magnitude parameters for the GPs describing
o and B are shared, as they both relate to the behaviour of the RC pair over SOC, so that
Oq = Op and Yo = Y. Secondly, the WV magnitude parameters 6; ; were grouped into two,
so that 6y ¢ = [0 ¢ ¢ O} ¢ s], Where 0 ¢ was the WV kernel magnitude for Q0 !and oy ¢ the
WV magnitude for ¢, B and Ry. The rationale for this grouping arises from assuming that the
degradation process, in terms of relative magnitude (i.e. with respect to the value at beginning
of life), is similar for a, B and R(, which are dependent on operating conditions. The three

steps above reduce the hyperparameter vector, so that 6, € R!2. The process noise covariance
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matrix for battery states was fixed so that

10712 0 0
Q= 0 100 o0 |- (4.40)

0 0 10°*

Finally, to use all available data (288,639 rows of current, voltage and temperature data in the
in-sample set) to retrieve ML estimates of 6, € R!? would still require substantial computational
effort due to the high dimensionality of the optimisation problem. Therefore, to reduce
computational effort, the hyperparameter estimation problem was split into two. As shown in
the simulation case (Section 4.4), the dependency of each of the functions ¢, 8 and R on battery
states and operating conditions may be inferred from a single cycle. While this dependency
may vary over the lifetime of the battery, it was assumed that the hyperparameters controlling
the GPs over z and I remained constant. With this assumption, the first available cycle from
the beginning of life was used to estimate the subset of hyperparameters 6y o = [6x On v On 1],
because the NLML is independent of 6, ; and 6;  over a single cycle. In addition to reducing
the dimensionality of the estimation problem to 6, € R3, this reduces the number of data rows
required from 288,639 to 14,597. A multi-start process was used in the optimiser. First, the
NLML using 1000 randomly chosen points for 6, o was estimated. From these, 25 of the lowest
NLML points were chosen as starting points and the same gradient-based optimization routine
as in the simulation case was applied (box-constrained BFGS), where the final 6, o chosen was
that with the lowest overall NLML value. Following this process, [0¢ s 6 ;] were estimated
together with the MLE for 6y, o using the full in-sample dataset of 288,639 rows. In this case,
the optimisation problem is 4-dimensional, so the number of iterations required is lower and
only a single starting point, found by grid search, needs to be used. Again, the box-constrained

BFGS algorithm was used.
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Oq-! Oapfx ORox Moz Mol YaBfx  OnyVv OnT Oo¢s ©O1¢s O¢r Yer
0.0023 9.0 0.59 14.0 4.5e-5 360 0.0045 0.013 0.062 037 0.05 480.0

Table 4.2 MAP estimates for hyperparameter vector 6,. N.B. y = 1/2/? in each case.

Estimation and validation of GP posterior

Given MLEs for hyperparameters 6, the smoothed posterior was found using the RTS smoother
over lifetime in the in-sample set. With the smoothed estimates of Xgp¢ and Pgp, the GP
estimates were extrapolated to the correct point in time over lifetime (from the cycling point to
the checkup test), for validation purposes. At these points in the time axis, the GP predictive

equations (3.5) were used to retrieve estimates of the functions over SOC z and /.

4.5.3 Results and discussion
Circuit parameter dependence on inputs

Fig. 4.6 shows the GP estimates for capacity, Ry, & and B over lifetime for cell #015 in the
dataset, calculated as functions of full equivalent cycle count (FEC), defined as the total charge
throughput divided by the nominal capacity. As the hyperparameters for the two fitted cells
were calculated using a combined likelihood (Section 4.5.2), the results are very similar for
both (equivalent plots for cell #009 may be found in Appendix C.3). The plots each show the
long-term, smooth component of the GP (see eqn. 4.8), which provides the stable parameter
estimates over lifetime. All equivalent plots including the noise kernel are in Appendix C.3. As
shown in Table 4.2, the parameter ¥ , implies a very short length scale for the noise process,
implying very little auto-correlation in it. Other (inverse) length scale hyperparameters reflect
the variability of each function over its inputs—Ry has strong dependency on z (i.e. SOC) and
no dependency on applied current. The RC pair has strong dependency on z.

These dependencies are shown in the right three plots of Fig. 4.6. Notably Ry remains

relatively constant down to approximately 10-15% SOC, where it starts increasing substantially.
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Fig. 4.6 GP posteriors for Q, Ry, & and B calculated for cell #015 in the dataset. The validation
data for Q and Ry indicate that the model accurately captures the evolution of state of health
directly from operating data. The right three plots, showing ¢, 8 and Ry as a function of
discharge capacity in each case show the strong dependency of ECM parameters on SOC. The
colours from blue -> red indicate indicate battery age, where age is defined as the full equivalent
cycle count (FEC), which is the total charge throughput divided by the cell nominal capacity.
The dashed lines in the three plots denote extrapolated points in time equivalent to the points in
Q and Ry. The confidence bounds in these three are not displayed for clarity.

This is also reflected in the substantial increase in the rate of heat generated towards the end of
the discharge cycle (Fig. 4.5). Each of the functions are shown in more detail in Fig. 4.7 with
each dependency on state of charge and current, together with their 20 credible intervals at the
beginning of life (i.e. where { = {j)). As implied by the (inverse) length scale hyperparameter
TRo.1> Ro has virtually no dependency on the applied current, with a 20 range of less than 1 mQ
over the observed operating range, whereas the SOC dependency is estimated to have a range
of approximately 8 mQ at beginning of life. Similarly a and 3 have substantial ranges over
SOC, with an estimated GP length scale that is much shorter over SOC. The short length scale
is reflected in the rapid increase in predictive uncertainty in between the points at coordinates

U that are propagated through time in state-space.



4.5 Results: Experimental data 129

Ry(z=0.5,I,( =(,) Ry(z,I1=3.4A,0=(,)
32 39
— 30 —~ 30
G G
&} &}
5 287 5 287
26 26
0 2 4 6 8 0.25 0.50 0.75
1(A) zZ
a(z,( = () B(z,( = (o)
~ 6 L 37
\9 ‘E
X % 27
—~ 4 —
‘\'{’/ ‘Lu 17 \/\/
: =
2 0-

0.25 0.50 0.75 0.25 0.50 0.75

Fig. 4.7 ECM parameter function estimates for ¢, B and Ry at the first checkup cycle. Shaded
areas indicate =20 credible intervals.

Table 4.3 summarizes the ranges of each circuit parameter over operating conditions at
¢ = o, and the average change over lifetime. The conventional RC parameterisation in terms
of R; and C| may be retrieved from a and 8, and the SOC and lifetime dependencies are shown
in Fig. 4.8. As R and C are nonlinear transformations of o and f3, their posterior distributions
are in fact non-Gaussian and are heavily skewed due to substantial probability mass near zero,
especially in 8. Therefore the values reported in Table 4.3 and Fig. 4.8 are the median values

retrieved by sampling from 1/a, 1/ and B/« for R|Cy, C; and R respectively.
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Cell Case Parameter
Ry (mQ) a(s™h) B(CYH RC(s) Ci(F) R (mQ)

#009 BoL range 8.0 0.064 0.001 62.0 880.0 0.043
A Lifetime 12.0 0.006  0.0004 -1.5 -200.0  0.011
#015 BoL range 7.5 0.066  0.0012 64.0 910.0 0.042
A Lifetime 11.0 0.0056  0.0004 -4.3 -200.0  0.0071

Table 4.3 Ranges of mean RC-circuit parameter estimates over operating conditions and average
change over lifetime.

Validation

From Fig. 4.6, it is clear that both the interpolated and extrapolated errors in capacity and R
estimates from the GP are small and the means compare well to the values retrieved during
checkup tests. The errors are shown in Table 4.4, with an average of 0.016 Ah for capacity
and 1.8 mQ for internal resistance. However, the credible intervals imply that the GP is
overconfident in its predictions. This is partially due to the intervals applying only to the WV
process; the full credible intervals, including the noise kernel are broader (see Figs. C.2, C.3 in

the Appendix), although they remain overconfident.

The error in Ry is uneven across SOC, with the average for z = 0.5 being 1.1 m€Q, and
2.1mQ where z = 0.2 and z = 0.8. This is also clear in Fig. 4.6, where cases z = 0.2 and
z= 0.8 over-estimate Ry. The over-estimation in these instances may be partially due to the
properties of the SE kernel and the presence of a ‘change point’ [187] in the GP describing
Ro—the rapid increase in Ry at low SOC results in the length scale hyperparameter for Ry being
relatively short, which causes fluctuations in the estimate at higher SOC as well. In other words,
Rop would be modelled better by a GP that has a length scale that is a function over the input
domain, such as the Gibbs kernel [188], discussed in Appendix C.4. This, however, introduces
extra complexity to the model because the function determining the length scale as a function

of the inputs would have to be specified.
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Cell Case Q(Ah) Ry(z,I1=3.4A)(mQ)
z=0.2 z=0.5 z=0.8

#009 Interpolated  0.018 2.0 0.92 2.7
Extrapolated  0.014 22 0.98 1.8
#015 Interpolated  0.017 2.0 0.83 2.8
Extrapolated  0.016 1.9 1.5 1.7

Table 4.4 RMSE values for capacity and internal resistance for the mean of the spatially resolved
smooth GP vs. checkup tests, split by cell and GP interpolation/extrapolation cases.

In the case of @ and B, the wide credible intervals between the discretisation points
over SOC, consistent with the optimal hyperparameters for o and 3 (Table 4.2), with large
magnitude and short length scale, imply that the process is highly uncertain—the wide credible
intervals increase the predictive uncertainty of V (, penalizing the error in the voltage less in
the likelihood calculation. However, the magnitude of fluctuations in ¢ and 8 over SOC mean
that it is unlikely these are GP ‘artefacts’ similar to Ry. It is also the case that the wide credible
intervals for @ and B in Fig. 4.7 are partially due to the sparsity of the discretisation over the
SOC domain for the two functions. With a denser set of points (more than the 6 points that
were chosen), the estimate would show higher confidence. However, computational effort for

the (E)KF scales as O(m?) with the size of the state vector m [189].

Interpreting parameter dependencies on battery states and age

The series resistor Ry in the circuit (Fig. 4.2) corresponds to the sum of ohmic and kinetic
overpotentials, where the latter is typically assumed to follow Butler-Volmer kinetics (2.14d).
However, Ry is estimated to have no dependency on the applied current, whereas Butler-Volmer
should show a negative relation. Therefore, Ry is effectively a linear resistor, so these results
justify the common approach to linearise Butler-Volmer kinetics [190], certainly in the case
of the Li-ion cells used here. The nonlinear relationship of resistance with respect to SOC is
to a degree expected, as exchange current density is a function of state of charge. However,

the ‘shape’ of the dependency is not consistent with a symmetric charge transfer coefficient,
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implicit in the expression for kinetic overpotential (2.14d), (2.14e). The profiles are nonetheless
similar to those from experimental measurements with other Li-ion chemistries [191, 192].
Overall, the entire Ry surface shifts upward as the cell ages, indicating a decrease in the reaction
constant of either the anode or cathode. The degradation in capacity (top left Fig. 4.6) at early
stages, measured during the first 20 checkup cycles, arguably shows a slowing trend, which
would imply diffusion-limited SEI growth on the anode [73]. If this is the dominant ageing
mechanism, the increase in Ry is most likely due to the reaction current (i.e. the product of
electrode surface area and exchange current density) on the anode decreasing. In the last few
checkup cycles, a slightly increased rate of capacity degradation is observed, although this
is not reflected as an acceleration in the increase in Ry. The upward shift in Ry is not even
across SOC as shown in Fig. 4.6; at the top of the SOC range, the curve shifts approximately
8 mQ, whereas at the bottom end of the range, the shift is nearly 20 mQ. The cells have a
graphite anode with added silicon, where the latter often causes accelerated degradation of
the electrode due to the large change in the volume of the silicon particles during charge and
discharge, resulting in loss of active material [193]. As silicon participates most actively in the
intercalation reactions at low SOC [194], it is consistent to see more substantial change in R at

low SOC due to mechanical degradation over cycling.

Interpreting changes in the RC parameters is more difficult. First, it is not clear which
physical process the RC time constant can be attributed to. Couto et al. [52] show that using a
low order Padé approximation of the PDEs describing solid-state diffusion in the electrodes
results in a first-order system for the surface concentration at each electrode, where the time
constant can be appropriately scaled to recover the diffusional time-scale. Using their method,
the time constant represented by the GP o implies an average diffusional time-scale of ~1000s.
However, as discussed in Chapter 2, it is not possible to firmly attribute this to either of the
electrodes. If o does represent solid-state diffusion, the time-scale would be an average of the

two electrodes, weighted according to half-cell OCP gradients.
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Fig. 4.8 Conventional RC-circuit parameterisation calculated from sampling from the ratio of
GPs B/a, 1/B and 1/a shown over lifetime. As the inverse of the GPs are no longer normally
distributed and a strongly skewed, the plots here show the median of each of the inverses.

Another possible interpretation for & and f is the reaction relaxation time constant derived
by Lin et al. [195], which describes the relaxation process of the inhomogeneity of SOC over
the thickness of the electrode, originating from work by Newman and Tobias [196]. The
time constant also shows very little drift, on average, over lifetime (Table 4.3), although at
high SOC there is some increase matched by a decrease at lower SOC, as shown in Fig. 4.8.
This is the net effect from R; increasing by approximately 25% on average and C| decreasing
equally. Ultimately, the time constant from a single RC pair ECM is difficult to connect with

physics-based models as it likely reflects an average of several processes.

4.6 Conclusions

In this chapter, GP regression was used to estimate the dependency of equivalent circuit
parameters on battery states and operating conditions in a unified framework that estimates

functional parameters and states simultaneously. This is an extension of the method proposed in
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Chapter 3, showcasing the ability to parameterise more complicated models where the problem
becomes nonlinear. The identifiability of the overall system was established via simulation,
and the framework was then applied to parameterise a circuit model from experimental data.
The results were validated against independent direct measurements of internal resistance and

discharge capacity, showing a low error in both estimates.

While previous work [30, 31] has used similar joint state/parameter estimation approaches
for battery models, incorporating GP regression into the process for parameters has multiple ad-
vantages. Firstly, using a GP kernel function to describe the evolution of functional parameters
over lifetime gives a flexible method to extrapolate them into the future—existing literature
has either used random walks or simple deterministic models for this purpose. Second, by
incorporating the operating point dependency of each of the parameters into the framework,
their estimates are more stable across lifetime in real-world scenarios where conditions vary.
Imposing the GP prior also mitigates numerical ill-conditioning by acting as a regularisation
mechanism in situations where parameters are not easily identifiable, e.g. when estimating
resistance with very low currents. Furthermore, the Bayesian framework provides estimates
of uncertainty that are a function of the amount of data in the training set in the vicinity of

currently observed operating conditions and lifetime.

In contrast to physics-based models, the ECM framework requires only minimal previous
knowledge of battery parameters, specifically the open-circuit voltage curve. In this study, the
thermal model was parameterised using a heat capacity value from the literature. The thermal
model, while not strictly necessary for the estimation of the electrical parameters, gives another
constraint for the state dynamics and improves the identifiability of the system. Moreover,

because of its simplicity, the framework is agnostic to chemistry and battery construction.

For future work, the applicability of this method could be shown in the case where only
partial charging/discharging is observed over lifetime, which would more realistically reflect

battery usage. In this case, the assumption of independence of the different functional parame-
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ters can be relaxed. For example, by introducing a nonzero prior covariance between parameters
in their evolution, readily identifiable parameters such as internal resistance could directly be
related to remaining capacity, while taking into account the dependency of resistance on battery

states and operating conditions.






Chapter 5

Conclusions

5.1 Contributions

The aim of this work was to determine whether it is possible to accurately estimate battery
state of health from real-world operating data, with no access to direct measurements of either
capacity or internal resistance. In answering this, the main contribution of this work is the
implementation of Bayesian methods to achieve robust state of health estimation of battery
systems. The approach combines existing data- and model-driven SOH estimation techniques,
effectively posing battery health diagnosis and prognosis as a parameter estimation problem,
but where battery model parameters are considered to be non-parametric functions of operating

conditions, battery states and lifetime.

By using Gaussian process regression to augment basic equivalent circuit models, imposing
functional dependencies on circuit parameters, the flexibility of ECMs is improved. Moreover,
by (loosely) defining these dependencies through GPs, the battery model retains interpretability
and comparability to physics-based approaches, while avoiding the complex parameterisation
and identifiability issues related to the latter—discussed in Chapter 2. The GP framework

simultaneously solves the model parameter identifiability problem, which is encapsulated in
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the posterior-predictive distribution. The credible intervals in this distribution describe the

practical identifiability of parameters at any point in the input space.

A computationally efficient GPR method was applied to a large fleet of PV-connected VRLA
batteries in Chapter 3, where the series resistor of a simple Thevenin circuit was modelled
as a GP over battery lifetime and operating conditions. Here it was shown that the method
provides a SOH estimate that may be normalised across the population, so that like-for-like
comparisons can be made between different batteries at consistent operating conditions. This
method was validated by using the SOH metric to predict end-of-life failure using a Gaussian
process classifier. In addition, it was shown how the performance of end-of-life prediction can
be improved by considering additional inputs, such as cumulative stress factors known to affect

battery life.

The versatility of the GP method was shown by applying the same technique to a more
complex electrical and thermal model for a Li-ion cell in Chapter 4, where the usage profile
was similar to that of a real-world electric vehicle. In this case, both battery states and the
functions describing the model parameters were estimated simultaneously, showing how the
approach works in an online setting. This application to a second battery type also shows
how the approach is largely chemistry-agnostic. It could also be applied at the cell, module or
pack level, where the precision of parameter estimates would be limited by the availability (or
granularity) of telemetry data. In all cases, the set of prior data required is minimal, consisting
only of the cell-level open-circuit voltage for a healthy cell. The thermal model in Chapter
4 also used parameters from the literature, but this model is not strictly necessary for the
system, and was added as an extra dynamic state, improving the overall identifiability of the
system. The validation of the circuit model in this case was done with measured DC internal
resistance and constant-current discharge capacity, where in both cases the model was found to

be accurate.



5.2 Future work 139

5.2 Future work

The work presented in this thesis prompts a number of future research questions. These centre
on improving the robustness and accuracy of the existing methods, as well as using Bayesian

techniques to extend the framework at both single battery and fleet levels.

5.2.1 Robustness of hyperparameter estimates and kernel selection

In both Chapters 3 and 4, MAP estimates for the hyperparameters were used. This was due
to the computational effort that would have been required for a more thorough evaluation of
the hyperparameter posteriors. This could have been done either by sampling techniques such
as MCMC, or optimisation-based approximations such as variational inference. In this case,
the credible intervals (shown, e.g., in Figs. 4.6, 4.7), calculated by marginalising over the
hyperparameter posterior, would have been more accurate. In a similar vein, kernel functions
were chosen a priori. The principled Bayesian approach in this respect would have been to
do rigorous model selection based on marginal likelihood (i.e., the integral of the likelihood
function over hyperparameter priors). This is also a very time-consuming task, which could be

done through sampling methods targeted specifically to calculate the marginal likelihood [197].

5.2.2 Co-evolution of circuit parameters

The co-evolution of (i.e., identifying correlations between) ECM parameters over battery
lifetime is an outstanding question. This is of interest because the data required for the
identifiability of battery parameters such as capacity and resistance are different—in principle,
internal resistance, although a function of SOC, temperature and applied current, is identifiable
from a single, short current pulse. Capacity on the other hand requires a non-negligible depth
of discharge to be accurately estimated. Therefore, estimating the function relating capacity

and internal resistance to each other over battery lifetime is of interest, as this would enable
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more accurate capacity estimates from much shorter discharge segments at varying operating
conditions. In this work, the outputs of the GPs estimated in Chapter 4 were considered
independent, that is, zero cross-covariance between them was assumed. This assumption could
be relaxed by setting a prior covariance between, e.g., the series resistance and the capacity.
The nonparametric approach is well suited to estimating the function between the two. There
is some earlier work estimating it using parametric methods [35, 74], but it is likely that the

functional form depends on the degradation mechanisms experienced by the cell.

5.2.3 Fleet level estimates as prior expectations

In Chapter 4, a GP with a WV kernel describing the ageing process was used to model circuit
parameters. In reality, this model is an over-simplification and will not be able to extrapolate
beyond the so-called ‘knee’ or ‘elbow’ points for capacity and internal resistance respectively.
A Bayesian approach to this challenge of long-range prediction would be to build an expectation
of the behaviour of state of health as a function of stress factors from an entire fleet of batteries.
This would then serve as a prior mean function for SOH evolution of an individual battery. In
earlier work [91], this has been shown using an (empirical) ageing model parameterised using
data from a single cell as the mean function, rather than an expectation built at the fleet level
based on real behaviour in the field. The prior mean would serve two purposes—first, it would
give an estimate of circuit parameters in situations where identifiability is poor due to lack of
data (e.g. if there are usage gaps or very short charge/discharge cycles). Second, it would also
serve as a long-term predictor of SOH, in combination with the GP, where the latter would

describe the battery specific variation around the population mean.
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Appendix A

Trace plots for NUTS SPMe parameter

estimates

The NUTS algorithm used in Chapter 2 creates a Markov chain in parameter space, where the
stationary state is used to estimate the parameter posterior. To check for convergence of the
chain in each of the estimation cases, the R statistic was calculated. This statistic is reflected
in the similarity in the different posterior distributions generated by starting the sampling at
different points in parameter space. These are shown for each of the estimation cases in Figs.
A.1-A.3. Convergence in general is such that R < 1.01, with the notable exception of the wide

excursion case in Fig. A.3(d).
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Trace plots for NUTS SPMe parameter estimates
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Fig. A.1 NUTS traces for SPMe parameters cases 1 - 4
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Trace plots for NUTS SPMe parameter estimates
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A.3 NUTS traces for SPMe parameters cases 9 - 11 and the wide excursion case.



Appendix B

Supplementary information for VRLA

analysis

B.1 Parameterisation of OCYV curve and electrolyte volume

calculation for BBOXX VRLA battery

For the Coulomb counting approach for state of charge estimation, an estimate of electrolyte
volume for the batteries in the dataset was required. This was obtained by a least squares fit of
the OCYV curve for lead acid cells from Bode [175] against experimentally measured lab OCV
data. First, a GITT procedure was carried out with twenty 1 hour C/20 discharge segments,
each with a 2 hour rest in-between them, at 25 °C, to retrieve pointwise estimates of the open

circuit voltage as a function of capacity (see Fig. B.1).

To determine the electrolyte volume, the change in electrolyte concentration over discharge

is given by

A A
CHSOZ B VelecF ,
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e Experimental OCV >
C277 3rd order poly fit

L ]
Bode OCV //
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Fig. B.1 Experimentally determined point-wise estimates of OCV determined by GITT at 25 °C
and a 3rd order polynomial fit vs. lead-acid OCV of Bode [175]. We matched the gradients by
least squares over a range of acid concentrations in the range shown (central box).

where V¢ 1s the electrolyte volume and F' is Faraday’s constant. Bode expresses the OCV of a

single cell as a function of acid molality m,

Veert(m) = 1.922 +0.148log o (m) + 0.06410g3, (m) + 0.074log3 o (m) + 0.0341og]y (m),
(B.1)

so we made the simple conversion from molality to molarity [48],

Vwerso;

m =

where CHSO; is acid molarity, Vy,, Ve and M,, the partial molar volumes of water and acid,
and the molar mass of water respectively. (Note that 12 V lead-acid batteries actually contain
six cells internally in series, V. is the voltage of one of these, so Vjy = 6V,e;;.) Then the
experimentally measured OCV curve (Fig. B.1), which was originally a function of Coulombs,
was expressed as a function of acid concentration instead. To find the best-fit value of Ve, first

the Bode curve at a point in the middle on the range was inverted (illustrated in Fig. B.1), then
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a least squares fit was applied over the range shown to match the gradient, which is inversely
proportional to Vgje.. The optimal value for Vi, was found to be 143 cm?.

For further use in modelling, the experimental OCV obtained through GITT using was
parameterised using a cubic polynomial as a function of estimated acid molarity. As the
measured temperature range observed in the dataset was approximately 10 K and the sensitivity
of the OCV to temperature is of the order of 0.1 mV K~!/cell [198], its temperature dependency

was ignored.

B.2 Hyperparameter gradients for VRLA internal resistance

estimation

Deriving the recursive method to calculate the Jacobian vector d¢(0)/d 0 for improved stability
and speed of GP hyperparameter optimization is from work by Mbalawata et al. [69]. However,
the authors did not consider the dependency of the observation matrix H; on hyperparameters,
which is added here. From Section 3.2, the energy function may be differentiated with respect

to the GP hyperparameters, giving

1o alogp 1 ~198¢
EZT (S

I6h
1 x|, oM T
_5;(1{ o0, " 28, )S‘ “ ©2)
_12 TS lasts ‘
24 26, "
1 T 8Xt aHt _
_E;ts (Htaeh+ﬂ )

where Tr denotes the matrix trace and

98, _ IH, T P JH, T doy,
5o = gg P I T HGLHI TR ((Fot) 4 (B.3)
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As all the matrices vary over charging segments, the evaluation of the summation in B.2 is
done as a part of the KF recursion. In particular, the partials dP, /d 6, and dx; /d 6y have to
be propagated along side the states x; and covariances P, . The joint propagation of the partials

and the states, in continuous time, is then given by the system of equations [69]

dz; _ _

? = GXt + FZt (B4b)
dP;

d—; =FP; + P F +X (B.4c)
dB,”

d—; =GP, +PG" +FB_ +B, F' +W, (B.4d)

where z,; = dx; /6y, B; = P, /96, G = IF /96, W = 9L/ 6. ¥ is equal to LqLT in
the main text, where the spectral density q is a function of 6. For notational simplicity the
dependency of F and X on 6, is implicit. The first pair of equations are easily solved to yield
give the discrete time updates, as

F 0 X,
= exp At , (B.5)

G F z,

Xt
Ziiy
where At is the time increment (in between charging segments in this case). The third and

fourth equations are more complicated, and matrix fraction decomposition [69, 161] is used to

solve the system, which gives

P, F £ 0 0 P’
0 —FT 0 0 I

= exp At . (B.6)
B, G W F X B,
0 -GT 0 —FT 0
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Following the propagation, the update equations for the partial derivatives are then given by

aK o I _1 T laSt 1 aHt _
JK JH
z; :Zt_—’_ﬁ(yt_HtXt_)_Kthzt_ _Kta—ehtxt_ (B.7b)
oK oS OK\ T
B =B, — ﬂsthT - 89; ~KS (aeh) : (B.7¢)

which completes the recursion. The propagation and update of the partial derivatives have to be
done separately for each hyperparameter, meaning that (B.4)-(B.7) have to be evaluated for each
hyperparameter over the forward recursion. A crucial factor determining the computational
effort required to perform the recursion is the evaluation of the matrix exponential (B.6), which
in the case of the additive kernel function (3.31) involves a square matrix of dimensionality
88 % 88. However, the matrix inside the exponential has a special structure as the state dynamic
transition matrix F is a block diagonal combination of a nilpotent matrix and a matrix of zeros,
and matrices G,W are sparse. Therefore, there exists a closed form for the matrix exponential
for all 6, which avoids having to use the standard Taylor expansion to evaluate the matrix
exponential. These explicit expressions were found using the SymPy package [199] in the
python programming language. The second factor determining the speed of the analytical
calculation vs. using numerical methods, such as finite differences, comes from the evaluation of
the inverse of the innovation covariance matrix S; at every time step, which is computationally
the most demanding part of the full KF recursion (and is required even if gradients were
not calculated), as it has average dimensionality of 150x 150—in the analytical method, this
only has to be done once per time step to evaluate the entire Jacobian d¢/d6y. As a result,
the analytical estimates are approximately 30% faster and offer extra stability compared to

numerical methods.
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B.3 VRLA C(lassifier performance

The breakdown of true positives, true negatives, false positives and false negatives in each
of the cross-validation test cases is given in table B.1. This is the breakdown in the ‘master’

training/test case, where the full 52/48 split of healthy/failed batteries is used.

Days before Classifier input TP FP FN TN Balanced Accuracy (%)
0 R,2 330 78 161 458 76
0 R, ‘Zlf , stress factors 389 78 102 458 82
0 Benchmark 244 95 247 441 66
0 Stress factorsonly 314 119 177 417 71

14 R, 2R 299 85 192 451 73
14 R, g’f, stress factors 378 95 113 441 80
14 Benchmark 203 91 288 445 62
14 Stress factors only 331 142 160 394 70
28 Stress factorsonly 349 161 142 375 71
28 Benchmark 175 123 316 413 56
28 R aR , stress factors 373 124 118 412 76
28 264 110 227 426 67
42 gR 245 116 246 420 64
42 ,%;, stress factors 373 132 118 404 76
42 Benchmark 123 119 368 417 51
42 Stress factors only 358 191 133 345 69
56 R, 2R 237 120 254 416 63
56 R, g’f stress factors 363 151 128 385 73
56 Benchmark 107 117 384 419 50
56 Stress factors only 362 221 129 315 66

Table B.1 Total TP, FP, FN and TN count over CV cases in BBOXX classifier.
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Supplementary information for joint

GP/battery state estimator

C.1 Predictive variances in EKF recursion

The sparse matrices A in eqns. (4.26), (4.37) arise from accounting for the extra uncertainties in
state dynamics and predicted terminal voltage due to GP predictive variance. At each time-step,
the GP predictive means and variances for o, 8 and R are evaluated by eqns. (4.28,4.29),

which depend on z; and/or applied current.

The ‘extra variance’ from GP interpolation/extrapolation in the battery state priors and
terminal voltage predictions are encapsulated in the A terms in (4.26) and (4.37). They are the
result of the discretisation of the GPs over inputs z; and I, which affects the joint probability

distributions relating to the state dynamics and output prediction [3, 110]. In the general case,
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the conditional distributions are such that

x ~N(m,P) (C.1a)
6|x ~ N (Hx, Zgp) (C.1b)
y|X76 NN<g(X76)7Zn)7 (CIC)

where the battery model parameter 6 € {a,3,Ro} is a linear combination of the relevant GP
states, which is then used in the state transition and observation functions g, & to yield the
predictive prior battery states. With the EKF, g is locally linearised, which gives the joint

distributions of x, 6 and y as

X
6| ~N(m" P, (C.2)
y
where
m
m" = Cm , (C.3)
g(m,Cm)
and
p pCTt PCTGT
P'=| cp CPCT +Xp [CPCT +Xgp|GT ; (C4

GCPT G[CPC" +Zcp] G[CPCT +2gp|GT +Z,

where G is the Jacobian of g. As the model parameters that are discretised over z; and /; include
o, B and Ry, Xgp will be very sparse — it will only have nonzero terms for the state transitions
of T and V| in (4.26) and the terminal voltage prediction in (4.37). To simplify the calculation,

we refactor the bottom right-hand term in (C.4) to obtain the A terms in (4.26,4.37), where the
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Hyperparameter ‘ Lower bound upper bound

GQfl -8.0 0.0
Ou -3.0 3.0
op -3.0 3.0
OR, -3.0 3.0
IR,z log(Aug, ;) 3.0
lRo,l IOg(AUROJ) 3.0
lo log(Auy) 3.0
lp log(Aug) 3.0
oy -7.0 -1.5
oT -7.0 -1.5

Table C.1 Hyperparameter constraints for simulated case in log terms. Aus denote the distance
between discretized points in GP input space f.

entries for each are given by

Ii(1 —exp(—At 2
A'G,t[zaz] - 6(2}137[3 < t< p( N(X,t))) + Gép’avl%t, (CSa)
Hat
At \\?2
AG4[3.3) = 0Gp g i (1 —exp (—RCCC )) , (C.5b)
Ang[l,1] = G(z}P,ROItZ' (C.5¢)

C.2 Hyperparameter constraints

For both the simulated and real data cases, hyperparameter optimisation using the BFGS
algorithm was performed in logarithmic space, so that the real values of hyperparameters were
all constrained to be positive. The constraints for simulated and real data cases are shown
in Tables C.1 and C.2, respectively. Note that the main text uses the inverse squared length
scale parameter % = 1/ 21%, which is mathematically more convenient. Also, the bounds for
simulated and real data are different—in the live case, it was found that reducing the size of the

search space for optimal hyperparameters reduced numerical errors.
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Hyperparameter ‘ Lower bound upper bound

Og-1 -1.0 -5.0
Ou.B -3.0 5.0
OR, -3.0 5.0
IR,z log(Aug,, ;) 5.0
lRo,I 10g(AuR07[> 5.0
lop log(Aug p) 3.0
oy log(0.004) -3.0
or -5.0 -2.0
00, s -5.0 -1.0
Ol,¢s -5.0 -1.0
O r -3.0 -1.0
Yer -5.0 -3.0

Table C.2 Hyperparameter constraints for real cell data in log terms. Aus denote the distance
between discretized points in GP input space f.

C.3 Results for second cell in dataset

As mentioned in the main text, the results for cell #009 are very similar to cell #015. The cells
were aged identically and they shared hyperparameters. The equivalent illustrations for cell

#0009 are provided here.

In addition, plots are provided to the overall GP, which include the noise kernel. The results

are inline with those in the main text, with wider credible intervals.

C.4 Modelling R\ with the Gibbs kernel

In the main text, the function Ry(/,z) was modelled using the SE kernel with ARD. However, it
is possible that the SE kernel is not the best choice to model the dependence of R on the state
of charge z, as internal resistance remains roughly constant over a broad range and there is a

sudden increase at very low SOC. This implies a GP length scale that varies over the input. To



C.4 Modelling Ry with the Gibbs kernel 171
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Fig. C.1 GP projections for cell #009 for the long-term smooth GP, see Fig. 4.6 in the main text.
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Cell #015
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Fig. C.2 GP projections for cell #015 for the total GP, including the noise kernel, see Fig. 4.6 in
the main text.
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Fig. C.3 GP projections for cell #009 for the total GP, including the noise kernel, see Fig. 4.6 in
the main text.
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do this, an alternative kernel, the so-called Gibbs kernel [188],

N 201X —(x—x')?
Ke) = 2y 2 ) e"p(ﬂ(x>+12<x'>>’ (C6)

can be used. This is a non-stationary kernel, where the a priori defined function /(.) defines
the variation of length scale over the input. To compare with the SE kernel results, the joint
GP estimator from the main text was also run with the Gibbs kernel modelling Ry(z), keeping

everything else the same. The length scale was described by the (scaled) logistic function,

B 1
o 1 _|_e—10x

1(x) (o)

The results are shown in Fig. C.4. As is evident, comparing to Fig. 4.6, there is less fluctuation
at higher SOC in Ry. However, the results are otherwise the same and the accuracy with respect

to the experimental measurements is very similar to the base case.
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Fig. C.4 Parameter estimation results for cells #009 and #015 using the Gibbs kernel to describe
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