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Abstract

In this thesis we contribute to the study of two large data problems within
the realm of Hyperbolic Partial Differential Equations. The first result
concerns the Relativistic Fuler equations, which adequately describe fluid
motion in the context of special relativity. In specially chosen Eulerian
coordinates and on a fixed (d 4+ 1)—dimensional Minkowski background,

they take the following form:

p+ Plu?/c! . ((p+P[P)u
L b W div(E T2 /2 %Y
(1—hmﬁﬂ>t+ ”(1-¢my@> 0

(i), o (Y

The constitutive relation P = P(p) considered throughout most of this

(1)
u®u)+VP:O.

work is

P(p) = k*p", (2)
for fixed constants £ > 0 and v > 1. The main result is the provision
of a both necessary and sufficient condition on the initial data, uniformly
away from vacuum, for the formation of singularities in finite time under

the evolution of (1) in the case d = 1. This is joint work with Shengguo
Zhu.

The second project developed in this thesis shifts focus from the area of
conservation laws to that of mathematical General Relativity. We provide,
in joint work with Xinliang An, a trapped surface formation criterion for

the Einstein—-Maxwell system

1
Ry — QRg’“’ = T,

where the right—hand side corresponds to the Maxwell energy—momentum

tensor that models electromagnetic effects. In particular,

1
Ty = Fualy — z_lguVFaﬁFaﬂa



where F'is an antisymmetric 2—form signifying the field strength of elec-
tromagnetism. This project builds on previous work of An [5] for the
vacuum equations and generalizes a previous work of Yu [88] in terms of

the size of the existence region.



Chapter 1

Overview of the results presented in
this thesis

This thesis contains results on two problems within the area of Hyperbolic Partial
Differential Equations. One concerns the Relativistic Euler equations and the other

the Einstein-Maxwell system. What follows is a presentation of these results.

1.1 Relativistic Euler equations

Part of my doctorate has been towards establishing necessary and sufficient criteria
for the blowup of C! solutions to the relativistic Euler equations (in the isentropic
case) for 1 spatial dimension. An archetypal phenomenon in the study of hyperbolic
systems of conservation laws is the development of singularities (in particular shocks)
in finite time, no matter how smooth or small the initial data are. A series of works
by Lax [46], John [40] et al. confirmed that for some important systems, when the
initial data is a smooth small perturbation of a constant state, singularity formation
in finite time is equivalent to the existence of compression in the initial data. In
collaboration with Shengguo Zhu [8], we have established a necessary and sufficient
criterion for the formation of singularities to the relativistic Euler equations even for
large initial data uniformly away from vacuum. This criterion essentially comes down
to examining whether or not there exists compression in the initial data, i.e. whether
or not there exists an initial tendency of the characteristics that "drive" the solution
to fall into each other. Compared to previous works, a novel idea for calculating a

strong enough lower bound on the energy density was required.



1.1.1 The work with Zhu
Consider the isentropic, relativistic Euler equations:

£i<p4—Pu%k4) (ﬁv<0r+f765u>zza

ot\ 1 —u?/c? 1—wu?/c? (1)
0 ((p+ P/ . (p+ P/ '
E( 1—u?/c? >+d1v<1_u2/02u®u>—|—VP:O.

Here and throughout, p > 0 denotes the mass-energy density, u = (uM), ..., u)T €
R? denotes the relativistic velocity, d > 1 is the dimension of the space, ¢ > 0 is
a sufficiently large constant, the speed of light, P denotes the pressure of the fluid,
r=(zW, ..., 2@)T € R? denotes the Eulerian spatial coordinate and ¢+ € R denotes
the time coordinate. The constitutive relation of P = P(p) we shall be working with
is

P(p) = k*p", (1.2)
for both fixed constants £ > 0 and v > 1.
Let d =1in (1.1) . We first define the classical solutions as follows:

Definition 1. Let T > 0 be some time. The pair (p(t,x),u(t,z)) is called a C*
solution to the relativistic Fuler equations (1.1) on (0,T) x R if

p>0, peCl[0,T)xR), ueC'([0,T) xR),

and the equations (1.1)-(1.2) are satisfied in the pointwise sense on (0,T) x R. It is
called a C* solution to the Cauchy problem (1.1) with given initial data (pg,uo) if it
is a O solution to the equations (1.1) on (0,T) x R and admits the initial data .

It is well-known' that there exists a local-in-time C" solution (p,u) in [0,7] x R for

some 1" > 0, when inf,cg po > 0 and

(po, uo) € C*(R). (1.3)
The two eigenvalues \; and Ay of equations (1.1) are given by

u—v P u+ VP
M= ——+ and Ay = ———. (1.4)
1_%? 1_1_%?

We denote the directional derivatives as

1 =0 + MOy, \=0; + N0y,

1See [82] and the references cited therein.



along the two characteristic directions

da? dx?
E = )\1 and dt )\2 s

respectively and introduce the corresponding Riemann variables

w:§1n<c+“>+/p s )d — r(u) + s(p), (1.5)

cC—1Uu

c c+u «/P’
z= 5 ( ) / =r(u) — s(p). (1.6)
c—u 0 2
Then, it is easy to see that w and z satisfy
w'=0 and 2 =0. (1.7)
Let hy and hy be functions satisfying
>\1w )\2,2
Piw .= : 1.8
D VD VL D VDY (1.8)
Define o = z,, f = w, and introduce
a=ema, B=e"p. (1.9)

We continue with a simplification for s(p), as can be found for example in [16],

_ 207

arctan(
v—1

Another important calculation is the following expression for 1/ P’(p) in terms of the

kp(’y_l)/2>

- (1.10)

s(p)

Riemann invariants:

VP (p) = ky/ypl /2 —c\/_tan[ 46\} 1)]. (1.11)
1.1.1.1 Statement of main results
Our main contribution in this work takes the following form:
Assumption 1. Assume that po(x),uo(x) are C* functions and

e there exists a uniform positive constant My such that

Il (po, o, 20, wo) (x)||cr < My;



e there exists a uniform positive constant € such that inf,(wy — zo)(x) > €;

e there holds

4e 1
Winaz — Zmin < ﬁarctan(—),

7—-1 Vel

where
Wimag = SUP {U)O(x) | S R} y “min — an{Z()(l') | LS R} :

Theorem 1.1.1. For v > 1 and d = 1, if (po(x),uo(x)) satisfy the conditions in
Assumption 1, then the Cauchy problem (1.1) with initial data (wo, zo) has a unique

global-in-time classical solution if and only if

2:(2,0) >0 and wy(x,0) >0, forall z €R. (1.12)

1.2 The work with An

1.2.1 Statement of main results

Our focus of study is the Einstein-Maxwell system

1

RW—2

Rg,, =T,

ns

where

1
Ty = Fualy — ZguVFaBFaB>

for an anti-symmetric 2-form F'. As is the norm for trapped surface formation prob-
lems, we work in a characteristic initial value problem setting. As we shall be imposing
trivial data along the initial incoming hypersurface, the freedom in our initial data is
given by the free specification of two parameters: the shear x and the 1-form ap for
the electromagnetic field along the outgoing hypersurface. In contrast to problems in
spherical symmetry with non-trivial matter fields such as that of a scalar field, the
main difficulty in establishing a formation of trapped surfaces statement is to prove
the existence of the spacetime with initial data that are large in a controlled sense.
This is the content of the first of two Theorems that we establish:

Theorem 1.2.1. Consider the following characteristic initial value problem for the

Einstein—Maxwell system

1
R — éRg,u,y = Tow;



where .
Ty = FuaFO — Z-rqﬁﬂoéﬁFaﬂ ,

for an anti-symmetric 2-form F'. The initial incoming hypersurface H is required to
coincide with a backwards light cone in Minkowski space. Along the outgoing hyper-
surface u = o, 0 < u < 1 we prescribe initial data X, ap. Given IO, there exists a
sufficiently large ag = ag(Z?) such that the following holds. For any 0 < ay < a and

with smooth initial data (Y, ar) satisfying
. 215157%3 a‘%Hij (|uc,o|V)Z (X ar) [ 200(Suy ) < ZO along u = e,
then the Einstein—Mazwell equations admit a unique smooth solution in the region
Uso Su< —a/d, 0<u<l.

The second one steps directly on the first one and is a formation of trapped surfaces

statement.

Theorem 1.2.2. Given Z9, there exists a sufficiently large ay = ao(I(O)) such that
the following holds. For any 0 < ag < a, the unique smooth solution (M, g) of the

FEinstein—Mazwell equations from Theorem 1.2.1 with initial data satisfying
_1 i
. Zi§15,k§3 a=2|| V¥ (|uoo|V) (X, ap) || 200 (Sun ) < ZO) along u = ue,
o Minkowskian initial data along u = 0,

. folluooP (IXo0|* + |evrol?) (uos, w') du' > a uniformly for every direction along u =

Uoo,
has a trapped surface at S_q)41.

This constitutes a trapped surface formation theorem for the Einstein—Maxwell

system in a region close to past null infinity.

10



Chapter 2

Introduction to the theory of
hyperbolic conservation laws

2.1 What i1s a conservation law

An admirable aspect of the mathematical modelling of physical processes is that
many a physical system can be adequately described by pinpointing quantities that
the system conserves upon change; and formalizing them in a mathematical way. As
C. Dafermos points out in [29], perhaps the earliest examples of such kind of thinking
can be traced back to the works of natural philosophers in the eighteenth century.
It was the study, in particular, of the system of gas dynamics that started to form
the skeleton for what would come to be the area of study of quasilinear hyperbolic

systems in divergence form, namely hyperbolic conservation laws.

But how, in essence, should we think of a hyperbolic conservation law? Simply as a
statement that stipulates that the time rate of change in the amount of an extensive
quantity stored inside any subdomain of a body is balanced by the rate of flux of
this quantity through the boundary of the subdomain (in the absence of any rate
of production of the quantity inside the subdomain, otherwise we are dealing with
a hyperbolic balance law). The point is that, in the absence of any such internal
production, a quantity is conserved. The special feature that renders continuum
physics amenable to analytical treatment is that, under quite natural assumptions,
statements of gross balance, as above, reduce to field equations, meaning partial

differential equations in divergence form.

11



2.2 The compressible Euler equations

The Euler equations of compressible fluid dynamics, a system of partial differential
equations, have been a source of mathematical and physical interest since the formu-
lation of the conservation of mass equation by Euler in the 1750s. The equations are
the conservation of mass, momentum and energy for the motion of a compressible
fluid and form an archetypal system for the theory of (hyperbolic) conservation laws.
From here onwards in this section, we choose to follow the exposition in [15] closely.
In d (classical) space dimensions, these equations take the form of d + 2 conservation

laws:

Ohp+V -m=0,
om+V - (M) + Vp =0, (2.1)

p

QE+V - (2(E+p) =0,

Here (x,t) € R4 where by R we mean R? x (0, 00) and with initial data

(p,m, E)|,_, = (po, my, Ey). (2.2)
System (2.1) — (2.2) does not close by itself, but relies on the constitutive equations

_ 1|mf

— E = . 2.3
p=p(p,e), 2, + pe (2.3)

The physical meaning behind the variables is as follows. We have that 7 = % is the
deformation gradient (specific volume for fluids, strain for solids), v = (v1,...,v4) " is
the d—dimensional velocity, pv = m is the momentum vector, p is the scalar pressure
and FE is the total energy. By e we denote the internal energy of the system, which
is a given function of (7,p) or (p,p) defined through thermodynamical relations. By

a ® b we mean the tensor product of the two vectors a and b.
An alternative expression for constitutive relations

Another way to close the system above in terms of constitutive assumptions is to
notice that there are another two variables of interest, the temperature 6 and the
entropy S. If (p,S) are chosen as the independent variables, the constitutive relations

can be written in the following form

(evpv 9) = (€(p, S)ap(p> S)>9(p7 S))7 (2'4)

12



governed by the First Law of Thermodynamics

p
0dS = de + pdr = de — ;dp. (2.5)

For a so-called polytropic gas, there exist constants R, c, > 0 with

R
p=Rpb, e=c,0, y=1+— (2.6)
C’U
and
p=p(p.8) = kpe¥, o= i (27)
"y _

The constant R can be taken to be the universal gas constant divided by the effective
molecular weight of the particular gas, ¢, > 0 is the specific heat at constant volume,

~v > 1 is the adiabatic exponent and x > 0 can be any constant under scaling.

The equations in the isentropic case

A significant simplification to the system (2.1)-(2.2) occurs upon the imposition of
the condition that the flow at question be isentropic. The Euler equations then take

the following simpler form

op+V-m=0,
8tm+V-<m>+Vp:0.

p

(2.8)

This time the pressure is regarded as a function of the density (and implicitly of a con-
stant entropy Sp, so that p = p(p, Sp)). We can briefly motivate the derivation/form
of (2.8) in the following simple way: It is well-known that, for smooth solutions to

(2.1), the entropy S(p, F) is conserved along the trajectories of fluid particles:

9i(pS) + V - (mS) = 0. (2.9)

Moreover, the entropy conservation equation (2.9) is formally equivalent to the energy

equation
m
OE +V - (?(E+p)> =0

for smooth solutions. This leads to the realization that, as long as one speaks for

smooth solutions and one imposes the initial condition

S|,_, = constant,

13



the value of S in the slab of existence of a smooth solution simply propagates, thus

decoupling the third equation from the first two in (2.1).

In the one-dimensional case, system (2.8) rewrites in Eulerian coordinates as

Op + 0.(pv) =0, (2.10)
O (pv) + 0 (pv* +p) =0,
while in Lagrangian coordinates it rewrites as
0w — Ozu = 0,
e Ot (2.11)

While the Eulerian and Lagrangian z-coordinates are different, we shall not distin-

guish them here.

2.2.1 Well-posedness of the Cauchy problem

In the previous section we discussed the process that translates the study of gas
dynamics to a mathematical language through the Euler equations. Such a conversion
would be devoid of meaning were it not to come with several benefits. Thankfully,
it does and the most obvious one is the emergence of mathematically concrete and
physically meaningful questions for one to ask about the system. More to the point,
the introduction of the Cauchy problem (2.1)-(2.2) raises the question of its local or

global well-posedness:

Definition 2. A Cauchy problem is well-posed (in the sense of Hadamard) if
o There exists a solution.
e The solution 1s unique.

e The solution depends continuously on the initial data (under a suitable topology

on the space of initial data).

As stated, for example, in [68], the existence and uniqueness requirements above
are reasonable, in that they attempt to guarantee the non-overdeterminacy and the
non-underdeterminacy of the model. Together they encapture the causality principle,
namely that given the present the future can be determined. The last point is more
intricate and essentially asks whether the causality principle works in a stable way
(even when approaching bifurcation). Solutions need some stability relative to the

initial conditions giving rise to them to be safely regarded as observable and physical.

14



Moreover, without stability, there is no guarantee that a solution produced from rough
data is in any sense close to the real solution of interest. When this is the case, a

plethora of further headaches ensues for the modelling of real-world phenomena.
The subtle issue of topology: Smooth, BV, L*° solutions

Non-trivial, in general, is also the choice of the topology of initial data sets in which
one seeks to prove well-posedness statements. Such a topology needs to be determined
a priori and if it is the wrong one to start with, little or no progress can be made.
The choice of function spaces is typically suggested by the structure of the problem
and the physics behind it (energy, entropy and others). We can explain this better

for the equations of gas dynamics.

The Cauchy problem for all the systems we have discussed above fits into the following

general conservation form:

du+V-flu)=0, ueR”, zecR? (2.12)
uf,_o = ug(x). (2.13)
Here f = (f,...,...,f,) : R® — (R")? is a non-linear mapping with f; : R* — R"

for i = 1,...,d. The hyperbolicity of the system (2.12) means that, for every w €
S=1 " the matrix (Vf(u) - w),x, has n real eigenvalues \;(u,w) and is diagonalizable.
The central difficulty of such systems stems from the fact that, even from smooth
initial data, smooth solutions tend to break down and develop singularities in finite
time. These singularities develop because of the physical phenomena of focusing and

breaking of waves and the development of shock waves and vortices, among others.

The above already suggests that one cannot, in general, hope for a global well-
posedness theory to systems (2.12)-(2.13) in the space of C* or C' solutions. In
C°, however, there exists a local well-posedness theory. A great deal of thought was
spent by eminent mathematicians during the 20" century towards coming up with
spaces of discontinuous functions in which local well-posedness can, to an extent, be

salvaged. The two main frameworks that exist are:

e The framework of bounded variation (BV) solutions,

e The framework of bounded (L°°) solutions.

15



Both solution spaces create frameworks that come with their own techniques and
toolkits and both exhibit benefits and drawbacks relative to each other. Despite deep
and far-reaching progress it can be said that, to date, there is no known space of
functions that can lead to global well-posedness or even well-posedness in the large

for systems (2.12)-(2.13) in any generality.

2.2.1.1 Local well-posedness for smooth solutions

We present here the standard argument, as found for example in [15], for the local well-
posedness of smooth solutions to the three-dimensional Euler equations, expressed in

Eulerian coordinates in terms of (p, v, S):

Op+V-(pv) =0,
Oh(pv)+V - (pv@Vv)+Vp=0, (2.14)
oS +v-VS=0.

Let the equation of state be p = p(p, S) = p’e”, v > 1. It shall be more convenient
at this stage to rewrite (2.14) in terms of (p,v,S). We obtain

op+v-Vp+pV -v =0,
p(Ov+v-Vv)+ Vp=0, (2.15)
XS +v-VS =0,

with p = p(p, S) = pie 3. We focus on the Cauchy problem for (2.15) with smooth

initial data
(P, v, 5)|,_y = (Po, Vo, So)(x). (2.16)

The following local existence theorem holds.

Theorem 2.2.1. Assume (pg, vy, So) € H* N L>®°(R3?) with s > 5/2 and py(x) > 0 (a
physical assumption). Then there exists a finite time T > 0, depending on the H®
and L* norms of the initial data, such that the Cauchy problem (2.15)-(2.16) has a
unique bounded smooth solution (p,v,S) € C'(R? x [0,T]) with p(z,t) > 0 for all
(x,t) € R3 x [0,T] and (p,v,S) € C([0,T]; H*) N CY([0,T); H*™1).

The idea behind the proof of Theorem 2.2.1 will be the use of a technique for more
general systems, namely symmetric hyperbolic systems, a form into which the system
(2.15)-(2.16) will be brought. Consider the Cauchy problem for the general hyperbolic
system (2.12)-(2.13) with the values of u lying in the state space G, an open subset

of R". Assume now that (2.12) is endowed with the following structure of symmetric
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hyperbolic systems: For all u € G, there is a positive definite matrix Ag(u) that is

smooth in u and satisfies

CO_IHn < Ao(U) < C(]]In, (217)

with a constant ¢y uniform for all u in any Gy € G, such that A;(u) = Ap(u)Vf;(u)
is symmetric, where Vf;(u), i = 1,...,d are the n x n Jacobian matrices of the non-
linearities and I, is the n X n identity matrix. When the matrix Ag(u) exists, we
call it the symmetrizing matriz of system (2.12). Multiplying (2.12) by Ap(u) and
denoting A(u) = (Ag(u), ..., Aq(u)) yields the system

Ap(u)opu+ A(u)Vu = 0. (2.18)

The equations in (2.15) are symmetrized in 3 dimensions by the following 5 x 5 matrix

for polytropic gases:

()™t 0 0
Ao(p,S)=1 0  p(p, S 0 (2.19)

0 0 1
Given the existence of (2.19), Theorem 2.2.1 follows as a corollary of the following
Theorem on the local existence of smooth solutions, with the specific state space

G= {(p, v,9)" | p> 0} C R for the system (2.12):

Theorem 2.2.2. Assume that uy : R* — G is in H* N L™ with s > (d + 2)/2.
Then, for the Cauchy problem (2.12)-(2.13) there exists a finite time T depending on
the H® and L norms of the initial data, such that there exists a unique bounded
classical solution u € C1(R? x [0,T)), with w(z,t) € G for (z,t) € R? x [0,T] and
u(z,t) € C([0,T]; H*) N CY([0,T]; HY).

The proof of Theorem 2.2.2 then rests on a classical iteration scheme, which we will

omit here.

2.3 A cutoff between global well-posedness and sin-
gularity formation in the C' framework

Dual to the question of local well-posedness is the question of the maximal value
of the time T of existence. In that aspect, as has been explained above, the phe-
nomenon of wave breaking and shock formation means that global well-posedness for

smooth solutions may only be expected to hold for particularly well-behaved classes
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of initial data. We begin this section by exhibiting such a class in the case of the

one-dimensional isentropic Euler equations:

Consider the Cauchy problem for the system

LA o
with an equation of state p = p?/+ and initial data
(0:0)],_y = (p0, v0) (). (2.21)
The eigenvalues of (2.20) are
AM=v—c A =v+ec, (2.22)
where ¢ = p? and 0 = 7771 is the sound speed. We focus on the physical regime

1 < <3, whence 6 € (0,1]. The Riemann invariants associated to (2.20) are

’ ’
wy = wiy(p,v) :v+?, wy = ws(p,v) =v-". (2.23)

Finally, we denote by

wio(x) = w (ﬂo(fﬁ)a Uo(ﬂﬂ)) , Wap(x) = Wy (Po(fﬁ)a UO(JJ))

the initial values of the Riemann invariants. The following theorem can then be
established:

Theorem 2.3.1. Suppose that the initial data (po,vo)(x), with pg >0 and 1 <~ <3

are smooth and moreover that ||(po,vo)| 1wy < 00. Assume moreover that
wip(z) > 0 and wyy(x) >0, Vo € R,

Then the Cauchy problem (2.20)-(2.21) has a unique global smooth solution (p,v)(x,t)
forallx e R;t > 0.

Proof. As an initial remark, the proof rests on the method of characteristics. It is
instructive to note right from the start why the positivity condition on wj, and ws,
is special. It expresses the lack of compression in the initial data, meaning that it
expresses the lack of initial tendency of characteristics to fall onto each other. The

spirit of the proof is then understood as showing that this tendency persists in time.
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We begin by noting the following local existence result (found for example in [49],

[89] ): Consider the Cauchy problem for the system

{St + as(r,s)s, =0, (2.24)

re+ay(r,s)ry =0,
(r,5)(0,2) = (ro(z), s0(z)), (2.25)
where the initial data are smooth and the functions a;(r, s) € C* (R x R) satisfy
(077 2 O, Qs Z O, 1= 1,2 (226)
Then there exists a constant ¢; such that on the domain

R(tl):{Ogtgtl, —oo<x<oo}

there exists a unique smooth solution (¢, x), s(t, z) provided that the initial data are
smooth functions with bounded C! norm. Crucially, the time ¢; depends only on the

C! norm of the initial data.

Let
T, := sup {T € R* | (2.20) with (2.21) has a smooth solution in R x [0, T]} .

We shall show that T, = oo. Notice first of all that, by the local existence result
described above and by the fact that for smooth solutions, the system (2.20), (2.21)

is equivalent to

W1t + )\1(11}1, wg)wlx = O,
{w2t + )\g(wl, wg)w% = 0, (2'27)
(w1, w2)(0,2) = (wip(x), wa(x)), (2.28)

with the \; satisfying (2.26) (since 1 < v < 3), we obtain that 7, > 0. We now
proceed by contradiction. Assume that T, < oo. We claim that for all 0 < T' < T,
the C' norm of the solution (p,u) is uniformly bounded (independently of T) in
R x [0,7]. To that end, fix 7" < T, and look at the solution in D’ := R x [0, T"].

For a smooth solution (p,v)(x,t), a direct calculation shows that the derivatives of

Riemann invariants along characteristics vanish:

wy = wy = 0. (2.29)
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Here we have denoted / = 0; + A\10,,\ = 0y + A\20,.. Differentiate w} = 0 from (2.29)

with respect to x to obtain
8fmw1 + /\gﬁixwl + (9wl Ag(@xwlf + 8w2 )\2 (9mw1 ﬁzwg =0.

Since 0 = wy = wh — 2c0,wsy, by setting 7 = d,w; and noticing

1+6 1-0 w)
Ag = Aa(wr, wg) = 5 W + 5 Wes Dywy = 2—27

one has {10 1o

+ —

'+ 5 7’2+—4C whyr = 0.
! o-1, 01
5= —5 Inp = 50 In(w; — wy).

Then 0,,s = 122 and &' = w}) dy,s = L-0w). Thus

1+6
7"—1——; r?+s'r=0.

Set g=¢°r = p%ﬁwwl. Then

1-6
146 /6 20
g =-— <§|w1 — wzl) g9 (2.30)
Similarly, for h = p% 0wy, we have

1-6

1+6 (0 e
h‘:—% (§\w1—w2\) h?. (2.31)

Let = = x(f,t) be the forward characteristic passing through any fixed point (/3,0)
at t = 0, defined by

dz(B,t)
dt

According to (2.29), w is constant along characteristics, thus wy (z(5,t),t) = w1(5,0) =

=X\ (wl(gj(/ﬁat)>t)aw2($(ﬁ7t)vt)) ) Qf(,@,O) = .

wi(8). Moreover sup |wy(x,t)| = sup|wig(x)|. Similarly, sup [we(z,t)| = sup |wag ()],
with wy being constant along characteristics corresponding to the eigenvalue A;. For
any given point (z(5,t),t) on the forward characteristic z = z(5,t), there exists
a unique a = «(f,t) > f such that wy(x(B,t),t) = wao(a). Therefore, along the
characteristic x = z(3,t), one has from (2.30) that
10
PO — 1 (Sung(8) — wanla(8,0)]) 7 g(a(8,1), 1), (2.32)
9lio = po(8)" wio(B):
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Then

where

<
|
-

K(6,0) = 23 (hoia(8) — wanla(,001) ()T wla(8).

From the fact that w}, > 0 initially, we conclude that K (8, t) > 0 and thus g(x(f,t),t)

is bounded. Moreover,

0un(a(6,1).0) = ( hora(8) ~ w(a(3,0)]) ” ola(5, 01,0

is also bounded. A similar argument shows that d,ws is bounded. As a consequence,
the C'! norms of p = (6(w; —ws)/2)7 and v = (w; 4+ ws)/2 are bounded on R x [0, T"].
This concludes the proof of the theorem. O

2.4 The Relativistic Euler equations

The classical compressible Euler equations are a valid model for flows with speeds
which are quite small compared to the speed of light c. When one wishes to study
fluids in astrophysical settings, where the speeds can be comparable to 3 - 10® meters
per second, this model loses its validity. The physics, instead, is better captured by
the equation

div T =0, (2.33)

where T = (p + pc®)uiu’ + pn™. Here u is the relativistic velocity, p the pressure
(related to p via a constitutive assumption), p is the mass—energy density and n
is the flat Minkowski metric, with a chosen convention for signature . In Eulerian

coordinates and on a fixed (d + 1)-dimensional Minkowski background, (2.33) reads:

<p+PIUI2/c4>t +div((p+1’3/02)U) o,

[= [P/ S .
(p+ P/c*)u . ((p+ P/ '
(1= P/ ), +div(y= |uy2/c2“®“> VP =0

In view of the above, the main theorem in Chapter 4 of this thesis is the provision
of a necessary and sufficient criterion for the blow—up of the gradient of C'! solutions
to the 1-dimensional Relativistic Euler equations. The criterion is phrased in terms

of the compression of the initial data and its importance stems from its physicality,
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meaning that compression carries a well-defined (and easy to understand) physical
interpretation. One can also argue that it is in this sense that the study of C*
solutions is useful (as opposed to L* or BV solutions), in that one can study the
onset of singularity formation in a clean way even for large data, with the main

mechanism being Lax’s mechanism as found in [46].
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Chapter 3

Trapped surfaces in General
Relativity

3.1 Local well-posedness of the theory

The theory of General Relativity is a successful theory of gravitation. It postulates
that a spacetime (M, g) is a 4-dimensional manifold equipped with a Lorentzian
metric which satisfies, for a given energy-momentum tensor 7" of matter, the Einstein
equations
1
R, — ERgW =T,. (3.1)

Here R,, and R denote the Ricci curvature tensor and scalar curvature respectively.

In the absence of matter, (3.1) reduces to the vacuum equations
R, =0. (3.2)

As with any physical theory, a problem of great importance was the proof of its local
well-posedness. However, the inherently geometric nature of the theory would mean
that this was no easy feat. Perhaps surprisingly, the most challenging aspect of the
proof of well-posedness was to find the proper notion of a Cauchy problem for the

Einstein equations. A few important questions are the following:
e What constitutes a proper surface on which to describe initial data?
e What is the proper notion of initial data to impose on such a surface?
e In what way are (3.1) and (3.2) hyperbolic?

A great exposition on the basics of Lorenzian geometry, Cauchy surfaces and the
notion of global hyperbolicity can be found for example in [81], [7]. We include a

discussion on the last question here, following the exposition in [60] .
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The Einstein equations in harmonic (wave) coordinates

Here and throughout, for the sake of simplicity, we focus on the vacuum equations
(3.2). Recall the definition of the Levi-Civita connection V of a metric g given, in
coordinates, by

0

ozH’

0 oY*P o
B — e} av B
Vxa 2, (Y axﬁ) =X + T XY

dz® 0z
where the Christoffel symbols Fzﬂ are given by

1, \w (09ar 093,  0¢up
woo_ = 1\ H _
Vas = 2 (g ) <(‘3x5 + ox® oxv ) (34)

(3.3)

The Riemann curvature tensor is defined by

0 0 0
y Y _
i WAy va%vafv O va%vvafu oxe’
with
Rgawj = gg,yR’yawj. (35)

An explicit computation then yields

9] 9]
A Y Y
R = =5 la+ 50 e+ (3.6)
0 0
— Y Y

We can show, in particular, that in a local coordinate system the Ricci tensor takes

the form
(gfl)aﬂ algw s

(67 2,9 + F(g,9).

1 a
R(g),uu = - § (971) g afyﬂ Guv —

1 a
+ B (9_1) o aiugﬁu +

(3.8)

RO po | =

The beautiful realisation behind the introduction of so—called wave (or harmonic)
coordinates is that, if one could introduce coordinates in which the second, third and
fourth terms in (3.8) all vanish, the Einstein vacuum equation R(g) = 0 reduce to

the following system of quasilinear wave equations on the underlying manifold:

(97)" 825 9 = 2F (g, 09). (3.9)

Indeed, if one chooses a special system of coordinates that satisfy the wave condition

o
Uya® =

o (g7 V=90,27) =0, (3.10)

-
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an explicit computation verifies that the afore-mentioned terms may not vanish, but
can be rewritten as a sum of terms involving derivatives of the metric of order at

most one. Upon introducing

Ao = (979" 0udor — = (67" Orgas, (3.11)

N | —

the condition in (3.10) implies that A, vanishes identically. Defining the reduced Ricci

curvature

=y 1 1\« 1 _1\ o0 _
RZC(Q);W = _5 (g 1) ﬂaiﬁg/w‘i‘ (9 1) (g l)ﬂpa,ugapaﬁgau

2
1 —1\ao -1 ﬁpa ) _1 —1\ao -1 /Bpa ) F )
+2 (g ) (g ) v 9opYa 9Bu 2 (g ) (g ) uwYop ugaﬁ+ ,uu(ga g),
(3.12)
where F'is as in (3.8), then it holds that
_ 1 1
Ric(9)w = R(9)w — 5(%)\,, — 50,,)\#. (3.13)

This means that, if the wave coordinate condition holds, the Einstein equations be-

come the reduced Einstein equations
Ric(g) = 0, (3.14)

which is a system of wave equations. The strategy adopted by Choquet-Bruhat in

[18] to obtain her celebrated local existence result was two-fold:

e Use the theory of nonlinear wave equations to deduce a local existence result to

the reduced Einstein system.

e Show that if the wave coordinate condition holds initially, it is then propagated
by the flow.

Pivotal to this last step is the observation that A, itself satisfies a wave equation.

Proposition 3.1.1. Assume we are given a Lorentzian metric g that satisfies the
reduced Einstein vacuum equations /Rz\/c(g) = 0. Then X, defined as in (3.11), satisfies

the following wave equation

% (67)7 2, Ay + 2900 A = 0,

where the ¢ are smooth functions of g and its derivatives.

25



Proof. The proof is based on the well-known identity

1
\V4s (R/U/ - Eglw R) =0.

The vanishing of Ric(g) translates to

1 1
50 = 500, = 0.

R(g)uu - 9

Taking the trace, there holds
R—(g7")" 8.\ =0.

Consequently, there holds

1 1 1
1\OK 6 -1\
— r —O5\, + =0, \s — — s, ») 3.15
(97")" 5, (235 +23 5~ 59 (g™ o 5) (3.15)

- 1 1 1 @

(g7 TS, (§5u>\6 + 508\ — 5 9us ()" 8a/\ﬁ>
=—3 (97" “(‘)fm/\,, — PO\,

where the ¥ are smooth functions of g and its derivatives. [

Before stating the local existence result, we take a small detour and discuss the
initial data that will be used in the Cauchy problem formulation. In formulating an
initial value problem for the Einstein equations, two main issues must be addressed
separately. The first one is to identify the nature of the initial data that should be
specified. The second is to understand the constraints that need to be imposed on
this data so that we can develop a theory of existence of solutions. In this endeavour,
a starting point is to notice that the theory of general relativity is diffeomorphism
invariant. This means that if spacetime is represented by a triple (M, g, ), where M
and g are as usual and ¢ denotes a matter field and ¢ : M — M is a diffeomorphism,
then the triple (M, ¢.g, ¢.1)) represents! the same spacetime and should thus be
indistinguishable from the first triple. This means that the initial data should be

geometric in nature (see also [7] for an exposition).

'Here ¢, represents the pullback of ¢.
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Given that we want to solve the reduced Einstein vacuum equations, which are a
system of nonlinear wave equations, we need, in principle, to prescribe the initial
g and 0;g. It turns out that we only need to prescribe the metric intrinsic to the
initial hypersurface and the second fundamental form. The second fundamental form

is defined as

~ 1 1
kij = 5 (Ln9);; = B (néaﬁgzj + gje0m" + giﬁajné> :
Here n is the normal to the initial hypersurface such that g(n,n) = —1. The remaining

components for g and d;g can be prescribed as coordinate conditions. Indeed, choosing
0y such that ¢(0;,0;) = —1 and such that it is orthogonal to the initial hypersurface,
the second fundamental form becomes

]%ij = %atgij-

The remaining freedom of choice for the initial conditions (namely 9;goo and 9;go;) is
fixed by the wave coordinate condition. Indeed, A\; = 0 fixes 0;gp; and Ay = 0 fixes
O0:goo- A final but very important observation is that the expressions for Ry — % Joo R
and Ry; do not contain any terms of the form 97g. In particular, if they are to vanish,
it is necessary and sufficient that they do so on the initial hypersurface. This gives

rise to the so—called constraint equations:

Viki — V;ki =0, (3.16)
R(9) + (k})* — kKT, = 0. (3.17)

Combining the above, we arrive at the local existence result of Choquet-Bruhat:

~

Theorem 3.1.1. Given initial data (g;j, ki;) on R™ satisfying the constraint equations
and such that 3, ;|Gi; — 6i] < 5, there exists an interval I and a metric g on I X R™
satisfying the Einstein vacuum equations and such that the induced metric and second

fundamental form on {O} x R™ coincide with g;;, l%ij respectively.

Proof. Our starting point is the fact that the reduced Einstein vacuum equations are
a system of nonlinear wave equations and as such admit a local existence result. We
infer that there exists an I and a metric g on I x R" solving (3.14). To show that ¢

is a solution to the Einstein vacuum equations, we need to show A\, = 0. Crucially,
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since A, satisfies a wave equation, all we have to show is that (\,, 0, )\g)| 0 = 0. As

we have discussed, the vanishing of Ric yields

1 1
Z0\ — =0\, = 0.

R(Q)MV - 2 2

Taking the trace, there holds

R=(g7")" 0.\

~

Given that the initial data (g;;, k;;) satisfy the vacuum equations Roy = Ro; = 0, we

have

O )‘i|t:0 = 8i>‘0|t:0 =0
and

1 v
(atAO +5067)" am) = 0.
t=0
Consequently,
1 1\
8t)\0|t:0 = —E ((g 1)H 8#)\l,> =0.
t=0

This concludes the proof. O

Remark 1. The condition ), :|Gij — 6ij| < % can be removed by localizing in neigh-

bourhoods where the metric g is close to some constant coefficient metric.

Remark 2. This result can be mended to allow for initial data posed on any Rieman-

nian manifold and not just one with the topology of R™.

Typically, local existence and uniqueness results come with a notion of maximality of
time of existence. In general relativity, maximalising Choquet-Bruhat’s local state-
ment is non-trivial. As Dafermos points out in [31], this is mainly because there is
no common ambient structure on which all solutions are defined so as for them to be

readily compared. Such a maximalisation was obtained in [19]:

Theorem 3.1.2. Let (32,9, K) be a smooth vacuum initial data set. Then there
exists a unique, smooth vacuum Cauchy development* (M, g) with the property that
if (M, g) is any other vacuum Cauchy development, then there exists an isometric
embedding i : (Mv, g) = (M, g) commuting with the embeddings of 2. We call (M, g)
the mazimal globally hyperbolic development (MGHD) of the initial data set.

2A vacuum Cauchy development (M, g) of a vacuum initial data set (X, g, k) is a 4-dimensional
Lorentzian manifold solving the Einstein vacuum equations and such that there exists an embedding
t: % — M with pullbacks t*¢g = g and ¢* K = k, where K is the second fundamental form of ¢(X).
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The proof of Theorem 3.1.2 crucially relied on the use of Zorn’s lemma. A recent
work by Sbierski 71| overcomes this necessity and gives an explicit construction of
the maximal globally hyperbolic development, using axioms weaker than the axiom

of choice.

A useful alternative: The characteristic initial value problem

There are some disadvantages when it comes to using the Cauchy problem frame-
work to study the dynamics of the Einstein equations. The biggest one is that the
constraint equations themselves are a difficult set of nonlinear Elliptic PDEs. So dif-
ficult, in fact, that the study of solutions to those PDEs is an active mathematical
area of research in itself. An alternative way to study dynamics is provided by the

characteristic initial value problem. Here the data are posed on two cones H, and

Figure 3.1: The characteristic initial value problem setting.

Hj intersecting on a 2-sphere Sy and the cones are prescribed to be null in the
spacetime to be constructed. The advantage of this framework is two—fold. First,
the constraint equations in this setting take the type of transport equations and are
hence much easier to analyze. Secondly, the null structure of the spacetime is more
efficiently encoded in this framework. The first local existence result pertaining to
this framework was given by Rendall [80]. By imposing data for a general quasilinear
wave equation along the two hypersurfaces and using a clever argument to reduce the
problem to a Cauchy problem, Rendall obtains a local existence result in the neigh-
bourhood of the initial sphere Sy o. This result is extended in a work of Luk [61] to a
full neighbourhood of the two cones, but only works for equations admitting a special
null structure and not for as general a class of equations as [80] permits. Luk’s result
includes, however, the Einstein vacuum equations and is obtained under a double null
foliation. As far as trapped surfaces are concerned, most of the problems concerning
their formation have been posed as characteristic initial value problems. The results
of Section 5 are also obtained in a characteristic initial value setting and a precise
set up of the problem can be found in Section 5.2. A very nice introduction to this

framework is also given in Aretakis’ [6].
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3.1.1 Trapped surfaces and important results about them

A historical review of the trapped surface existence and formation problems can be
found at the beginning of Chapter 5 in this thesis. Here, we restrict ourselves to the
presentation of important results in the field. This subsection borrows from work

carried out with Lesourd [9].

The definition of a trapped surface

A trapped surface is a 2-dimensional geometric object. It can be defined as follows.
Assume we are given a 4—dimensional time-oriented Lorentzian manifold (M, g) and
within it a closed spacelike 2—surface S. Since S has co—dimension 2, the tangent
space at a point p on S, T,,S has a 2-dimensional orthogonal complement in 7, M.
Let [, denote a basis of this complement and extend [, [ as vector fields. We define

the following two fundamental forms x, x associated with the surface S:

X<X7 Y) = g(le7Y)7X(X7 Y) = g(VXL Y>7

where X and Y are vector fields tangent to S. We look at the expansions try, try.
If both are pointwise negative on S, the surface is called trapped. A trapped surface
is, therefore, a surface for which the area decreases for arbitrary infinitesimal dis-
placements along the null generators of both null geodesic congruences normal to S.
The importance of trapped surfaces stems from Penrose’s celebrated incompleteness

theorem:

Theorem 3.1.3. For an FEinstein vacuum or FEinstein-Mazwell spacetime (M, g)
containing a non-compact Cauchy hypersurface, if M contains a compact trapped

surface, then it is future causally geodesically incomplete.

In other words, under mild physical assumptions, the existence of a trapped surface
implies geodesic incompleteness and hints at the existence of black holes in the space-
time. Be it noted that Penrose’s theorem as stated above also works for the Einstein

equations coupled to several other matter fields.

Results concerning trapped surfaces

The first trapped surface existence result is due to Schoen-Yau [83]. The result was
refined by Yau [86]. These results are purely at the level of the initial data: one formu-

lates conditions on a Riemannian manifold with boundary which imply the existence
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of a trapped surface within. From a dynamical point of view, Christodoulou was the
first one to study a toy problem for the Einstein vacuum equations in the absence
of symmetry, namely the Einstein—scalar field equations in spherical symmetry. He
managed to obtain a complete picture of gravitational collapse. In particular, he gave
conditions on the inital data, free of trapped surfaces, that lead to the formation of
a trapped surface in later time [23]. He also exhibited data that lead to naked sin-
gularities [24], meaning singularities that are not contained within a black hole, but
then proceeded to show that these singularities are unstable [25]. In the absence of
symmetry and in a landmark contribution, Christodoulou [22] found a way of forming

a trapped surface dynamically for the vacuum Einstein system.

Theorem 3.1.4 (Christodoulou 2009). Consider the characteristic initial value prob-
lem for (3.2) such that H, coincides with a backwards lightcone in Minkowski space
for 0 <u < 1. For every B > 0 and u, < 1, there exists § = 06(B,u,) > 0 sufficiently
small such that if the initial xo, prescribed on Hy for 0 < u < ¢, satisfies

1,5 iv~—7] ~
Z Y ViXollrger2(s,.) < B (3.18)
i<5,j<3
then the solution to the Einstein vacuum equations remains reqular in u, < u < 1,
0 <wu < 4. Moreover, if the initial data satisfy the lower bound

1)
inf / Ro(ad, ) Pd’ > M, > 2(1 — u) (3.19)
0

w€S1,0

then after choosing § sufficiently small (depending on B, u, and M, ) if necessary, the

sphere Sy, 5 s a trapped surface.

Christodoulou’s argument relies on identifying a certain hierarchy among quanti-
ties that is preserved under the non-linear evolution of the Einstein vacuum system.
Identifying and maintaining this hierarchy makes existence possible whilst permitting
certain quantities to grow large, in particular those needed for trapped surface for-

mation.

Shortly thereafter, Klainerman-Rodnianski [43] found a simplified and more direct
argument for the formation of trapped surfaces. Their argument reduces the number

of derivatives needed from two of curvature to one.

Another major contribution was brought by Li—Yu [58|, who found a way to re-express

a version of Theorem 3.1.4 in the language of Cauchy initial data. Their idea was to
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improve the estimates of [22] in order to use the local deformation result of Corvino-
Schoen [27], [28] and glue an asymptotically flat slice, isometric to a Kerr spacetime
(see for example [32] for a definition and detailed properties of this spacetime) outside
a compact set, onto the dynamical slab in [22]. To achieve this extra control, they

insisted that the initial shear specified in Theorem 3.1.4 satisfy

1 4
mo = Z/ |>A<0(’I_L/,(,U)‘2dgl (320)
0

for some constant mg, so that the total shear along u € [0,4] is independent of w.

With this assumption, they eventually obtained the following.

Theorem 3.1.5 (Li-Yu 2015). Let ¥ be a 3-dimensional differential manifold diffeo-

morphic to R3 and seperated into four concentric regions
Y=XpyUXcUXsUXk

with Xy diffeomorphic to the 3-ball, ¥ and Xg diffeomorphic to the 3-annulus and
Y diffeomorphic to R3\B3. Then for any € > 0 sufficiently small, there is a Rie-

mannian metric g and a symmetric two tensor k on 3 satisfying (3.16)—(3.17) such
that

1. Xy is a constant time slice in Minkowski spacetime (g, k) = (9;5,0),

2. Yk is isometric to a constant time slice all the way to spacelike infinity in a Kerr

spacetime with mass m and angular momentum a satisfying |m —mg| + |a| < e,
3. X is free of trapped surfaces,
4. there are trapped surfaces in the development of 3.

At around the same time, Klainerman-Luk-Rodnianski [42] were able to find an

anisotropic mechanism to form trapped surfaces.

Theorem 3.1.6 (Klainerman-Luk-Rodnianski 2015). Take as starting point the
characteristic initial value problem of Theorem 3.1.4. If (3.19) is replaced with

1)
sup / [Xo(w,w)[Pdu’ > M, >0 (3.21)
0

w€eS1,0

then, after choosing 0 smaller if necessary, a compact trapped surface can be guaran-
teed to form to the future of the initial data, within the domain in which the solution

remains reqular.
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In replacing ‘inf’ with ‘sup’, they only require the initial shear to be large in the
neighborhood of a single geodesic. Theorem 3.1.6 thus yields an anisotropic formation

result.

In a different direction, An—Luk [2] proved a trapped surface formation under ‘scale
critical’ data for the Einstein vacuum system. Their result made use of techniques
developed by Luk—Rodnianski [63], [64], which those authors had developed to study
interacting impulsive waves. Though, in themselves, the two works of Luk—Rodnianski
[63], [64] were not primarily meant as trapped surface formation statements, but
rather as statements of existence and uniqueness for the Einstein vacuum equations
with rough data, the introduction of the renormalization scheme in them proved a
pivotal idea in the development of General Relativity this past decade. In particular,

this renormalization proved crucial in [2].

Theorem 3.1.7 (An-Luk 2017). Consider the following characteristic initial value
problem the Einstein vacuum system. The initial incoming hypersurface H is required
to coincide with a backwards lightcone in Minkowsk: space with 0 < u < 1. On the
initial outgoing hypersurface Hy, the initial X satisfies
> IV Rolligras,. < a'l? (3.22)
i<7
for 0 < u < 9. There exists a universal large constant by such that if by < b < a
and da'/?b < 1, then the unique solution to the EVEs remains reqular in the region
sa'?b<u<1,0<u,<§. Moreover, if the initial data also verify the lower bound
5
inf / 1Yo (', w)[2du’ > 4a/?bo (3.23)
weS10 Jo

then the sphere Sys,1/2 5 1s trapped.

Note that after choosing a = B2~ and b = by one basically recovers a version of

Theorem 3.1.4 as a corollary.

Corollary 3.1.1 (An-Luk 2017). Replace (3.22) with
261/2||)€0||L§OL2(S“&) <B (3.24)
i<T
for 0 < wu < 6. Then there exists a universal large constant by such that the solution
to the EVEs remains reqular in u, < u <1, 0 <u <9 foru, = boBS8'/2. Moreover,
if the initial data also verify the lower bound
5
inf / [Xo(u/,w)|?du’ > 4byB5"/? (3.25)
wESLo 0

then the sphere S,, 5 is a trapped surface.

33



The significance of Theorem 3.1.7 lies in the fact that the size of the incoming radia-

tion, given by
5
inf ¢|? (v, 0) de/
it [0,
can be of the same order of magnitude as the length scale . In particular, there exist
initial data satisfying the conditions of Theorem 3.1.7 for which the metric is only
large in H 3 and small in H* for all s < % More precisely, one can construct initial

data satisfying the conditions of Theorem 3.1.7 in which

1.3
s ~a202°°

1]

This is in contrast to Theorem 3.1.4, in which the data are large in H*® for all s > 1.
The significance of the H 3 space is that it is a critical space in terms of scaling
considerations for the Einstein vacuum equations. It is in this sense that the data
are termed mild. Broadly speaking, therefore, scale-critical data can be thought of
as the smallest initial data, in terms of size, known to produce a trapped surface in

evolution.

In early 2019, An [5] extends [2| to a formation statement for the vacuum equations
starting from a region close to past null infinity. Based on this work, we present in
this thesis the work [4] which provides a similar statement for the Einstein-Maxwell

system.

Remark 3. Notice that, with the exception of [58], all the results above are obtained
i the characteristic initial value problem setting. This is why we have chosen to

include a short discussion on it in this introduction.
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Chapter 4

Formation of singularities for the
relativistic Euler equations

4.1 Introduction

This section is devoted to the Cauchy problem of the relativistic Euler equations
(henceforth denoted by RE) with large data. In fluid mechanics and astrophysics, the
relativistic Euler equations are a generalization of the Euler equations that account for
the effects of special relativity. On a fixed (d+1)-dimensional Minkowski background,
they are given by

p+ Plu?/c! . ((p+P/)uy
(= 2/ ), +div(F= 2/ ) =0

((p+ P/CQ)U)t N div((p + P/c?)

1 —fuf?/c? 1= fuf?/e?

(4.1)
u® u) LVP=0.

Here and throughout, p > 0 denotes the mass-energy density, u = (u®M, ..., u)T €
R? denotes the relativistic velocity, d > 1 the dimension of the space, ¢ > 0 a
large constant corresponding to the speed of light, P the pressure of the fluid, = =
(z®, .., 2@)T € R? the Eulerian spatial coordinate and finally ¢ € R>( denotes the
time coordinate. The constitutive relation P = P(p) considered throughout most of
this chapter is

P(p) = k*p", (4.2)

for fixed constants £ > 0 and v > 1.
Abiding by the fact that the theory of special relativity, in a regime of low velocities,

should reduce to the classical Newtonian theory, the system (4.1) formally reduces
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to the classical d-dimensional isentropic compressible Euler equations (CE) when ¢
approaches infinity:
pr + div(pu) =0,

(pu); + div(pu @ u) + VP = 0. (4.3)

It is well-known that, for nonlinear hyperbolic conservation laws, a singularity can
form in finite time from initial compression no matter how small or smooth the data
are. Classical results including Liu [56], Li-Zhou-Kong [53] et al. confirm that when
the initial data are small smooth perturbations of constant states, a blowup in the
gradient of the solutions occurs in finite time if and only if the initial data contain

any compression in a genuinely nonlinear characteristic field.

A natural follow-up question is whether this dichotomy persists, at least for archetypal
systems of conservation laws such as the (1+1)-dimensional relativistic Euler equa-
tions (4.1) (resp.the classical compressible Euler equations (4.3)), when one passes to
the framework of large data problems. It turns out, as we shall promptly explain in
this work, that one of the key issues towards establishing a similar dichotomy for large
data is finding an effective way to obtain sharp enough control on the lower bound
of the mass—energy density (resp. the mass density). For the 1-dimensional classical
compressible Euler equations (4.3), some important progress has been achieved for
large data problems. When v > 3 in the pressure law (4.2), the argument in Lax
[46] for general 2 x 2 symmetric hyperbolic systems can be applied as is to the large
data problem for the isentropic Euler equations (see Section 4.4 of the current section
for CE)!. What renders this possible is that, when v > 3, a lower bound control
for the density is not needed. Therefore, the essence of the problem is to establish
the finite time singularity formation for the compressible Euler equations in the most
physically relevant case 1 < ~ < 3. For piecewise Lipschitz continuous solutions,
in an interesting paper, Lin [55] argues that the density has a (sharp) O(1 + ¢)~!
lower bound and proceeds to infer the corresponding global well-posedness. However
satisfying, Lin’s result comes with an important caveat: It only applies to initial data
that are purely rarefactive, i.e. devoid of any compression. For general C' solutions

including compressions in the solution, further novelties were required. In a recent
4

paper [11], Chen-Pan-Zhu find an O(1 +¢)” & lower bound when 1 < 7y < 3 and
when the data is uniformly away from vacuum. This result helps them to prove that
gradient blowup of p and/or u happens in finite time if and only if the initial data are

forward or backward compressive somewhere, thus establishing the same dichotomy

1See also a generalization to full Euler equations by Chen-Young-Zhang [14].
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observed for small initial data [53, 56]. Some further developments were achieved in
[12] where, for general Lipschitz continuous solutions of (4.3) with 1 < v < 3, the
authors improve the lower bound on the density from O((1 + t)_@fiﬂ) in [11] to the
optimal order of O(1+¢)~!. Finally, in Chen-Chen-Zhu [13| the authors provide a new
method to extend the theory to more general initial density profiles including possible
far field vacuum, such as when p(0,z) € C*(R) N L'(R). Also, the authors provide
the first global continuous non-isentropic solution including weak compression, using
a new method involving solving an inverse Goursat problem. The solution they ob-
tain is almost classical, except on two characteristics, along which the solution has a
weak discontinuity (continuous but non-smooth). There is a large literature of works
on sufficient conditions for formation of singularities in solutions to the compress-
ible Euler equations and systems of hyperbolic conservation laws in multiple space
dimensions. See a brief list in [20, 21, 29, 54, 61, 67, 78, 84].

In contrast, for the (1+1)-dimensional relativistic Euler equations, studies on the sin-
gularity formation and global well-posedness of solutions with large data are very few.
Under the assumption that P = ¢2p for some positive constant o < ¢, Smoller-Temple
establish in their seminal work [85] the existence of a global BV weak solution to the
Cauchy problem, by crucially noticing that the shock curves for (4.1) in one dimension
satisfy very strong geometric properties. For a general v-law P(p), Chen [16] studies
the corresponding Riemann problem. Later, Hsu-Lin-Markino [38] establish the exis-
tence of global L> weak solutions with initial data containing the vacuum state. For
smooth solutions, Ruan-Zhu [82] first prove the global well-posedness of C'! solutions
with large data to the Cauchy problem for the (1+1)-dimensional relativistic Euler
equations if the initial data do not have compression (see Definition 4) and are away
from vacuum. For the (d+1)-dimensional (d > 1) relativistic fluids, Pan-Smoller [76]
introduce two sufficient conditions for the formation of singularities of smooth solu-
tions: the initial data are compactly supported, or the radial component of the initial
generalized momentum is sufficiently large. However, for the sufficient and necessary
condition for singularity formation in C* solutions with large data, according to our
discussion in Section 4.5, due to lack of the lower bound estimate for the mass—energy
density, the problem has remained hitherto unexplored. The current paper addresses
this problem for the system (4.1) in the (1 + 1)-dimensional spacetime setting. This

is a solid step in the study of relativistic Euler equations.

Our work is divided into 5 sections. In Section 4.2, we introduce some basic notations

and equations. In Section 4.3, we state the main results. In Section 4.4, for the
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smooth solutions with large data of the 1-dimensional (classical) isentropic Euler
equations in Eulerian coordinates, we present our novel idea for obtaining a time-
dependent mass density lower bound. The idea we present involves a careful study
of the difference of the two Riemann invariants (and the study of certain weighted
gradients of them). Naturally, why a new idea is needed in the first place is something
that requires explanation. The reason is that in this problem, unlike the classical
Euler equations, the introduction of Lagrangian coordinates cannot demystify the
mathematical structure of the system under study in the same, efficient way it did in
[11, 12, 13]. In other words, upon a thorough read of [11, 12, 13|, one can see that

the relation

Ty + Sz
(1/p)t - 9 )

where r and s are the Riemann invariants of the so-called p-system in the Lagrange

coordinate setting, is the cornerstone of the argument for obtaining the desired lower
bound estimate. In the FEulerian setting this relation, or others of similar simplicity,

are unavailable. Indeed, here one has

(1/p)e = —u(1/p)a + (1/p)tis
and therefore in order to get the mass density lower bound, i.e. (1/p)’s upper bound,
we should first have the upper bound of —u(1/p), + (1/p)u,, which seems hard to

obtain. In Section 4.5, for 1 < v < 3, combining an elaborate argument on a particular

ODE inequality and introducing the crucial artificial quantity

3=
2y—-2
Lo(—1)/2 k2o~ 22
p /C (1+ p )474::y’ (44)
1+ Bt ¢
C2

we apply our idea to get a lower bound estimate for the mass—energy density of the
(1+1)-dimensional relativistic Euler equations. Ultimately, for C! solutions with large
data and uniformly positive initial mass—energy density of the (1+1)-dimensional rela-
tivistic Euler equations, we give a necessary and sufficient condition for the formation

of singularities in finite time.

4.2 Basic setup

Before introducing the main results of this work, we provide some equations and
estimates for C'! solutions of (4.1)-(4.2) or (4.3) with (4.2), together with initial data

(p,u)|i=0 = (po, wo)(z) for =z €R. (4.5)
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4.2.1 (1+41)-dimensional Relativistic Euler equations

We first define the C! solutions as follows:

Definition 3. Let T > 0 be some time. The pair (p(t,x),u(t,z)) is called a C*
solution to the relativistic Euler equations (4.1)-(4.2) on (0,7) x R if

p>0, peC[0,T)xR), ueC'([0,T) xR),

and the equations (4.1)-(4.2) are satisfied in the pointwise sense on (0,T) x R. It
is called a C' solution to the Cauchy problem (4.1)-(4.2) with (4.5) if it is a C!
solution to the equations (4.1)-(4.2) on (0,T) x R and admits the initial data (4.5)

continuously.

It is well-known? that there exists a local-in-time C' solution (p, ) in [0, 7] x R for
some 1" > 0, when
inf py > 0, (po, uo) € C*(R). (4.6)

We proceed with a rudimentary analysis of the Cauchy problem (4.1)-(4.2) with (4.5).
First, the two eigenvalues A\; and Ay of equations (4.1)-(4.2) can be given by

u—\/ﬁ u—i-\/ﬁ

AL = - and Ao = . (4.7)
1 —wr 14w
We denote the directional derivatives as
I = at + )\18:,3, \ = @ -+ )\281 (48)
along the two characteristic directions
dat dx?
— = d = A 4.
at M T T (4.9)

respectively and introduce the corresponding Riemann variables

wzfln(H—u) / ‘/P,— (4.10)

2 c—Uu

“ (C+“> \/P,— (4.11)

z==
2 c—u + P (‘7
Then, it is easy to see that w and z satisfy

w'=0 and 2 =0. (4.12)

2See [82] and the references cited therein.
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Let hy and hy be functions satisfying

o )\lw h o )\2z
D VD Ve VS W

Define o = z,, f = w, and introduce

M (4.13)

E=eMa, ¢(=e"p. (4.14)

We continue with a simplification for s(p), as can be found for example in [16],

s(p) = =

arctan(
v—1

(-1)/2
ﬂL——) (4.15)

Cc

Another important calculation is the following expression for /P’(p) in terms of the

Riemann invariants:

T (-D/2 _ o /7 tan (w—2)(y—1)
VP = k3t = e (=20, (116

Finally, we define the compression and rarefaction characters.

Definition 4. The local R/C' character for a classical solution of (4.1)-(4.2) with
(4.5) is

Forward R uff w, >0; Forward C iff w, <O0;

Backward R iff z, >0; Backward C iff z, <0.

Although this definition was not clearly provided in Lax [46], his result on some cases
of 2 x 2 hyperbolic conservation laws can be explained as follows: a singularity forms
in finite time if and only if there exists some backward or forward compression under
Definition 4. According to the results obtained in this work, we see that this definition
of compression and rarefaction can be used to give a necesary and sufficient criterion

for singularity formation.

4.2.2 1-dimensional classical compressible Euler equations

Let d =1 in (4.3) and (4.5). To make the corresponding statement precise, we first

define the C! solutions as follows:

Definition 5. Let T > 0 be some time. The pair (p(t,x),u(t,z)) is called a C*
solution to the non-relativistic Euler equations (4.3) with (4.2) on (0,T) x R if

p>0, peC[0,T)xR), ueC'([0,T) xR),
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and the equations (4.3) with (4.2) are satisfied pointwise on (0, T)xR. It is called a C*
solution to the Cauchy problem (4.3) with (4.2)and (4.5) if it is a C solution to the
equations (4.3) with (4.2) on (0,T) xR and admits the initial data (4.5) continuously.

As in the relativistic case, it is well-known that there exists a local-in-time C'! solution
(p,u) in [0,7] x R for some T" > 0, when (4.6) is satisfied. We proceed with a
rudimentary analysis of the Cauchy problem (4.3) with (4.2) and (4.5). First, the two
eigenvalues \; and A, of equations (4.3) with (4.2) can be given by

M=u— VP, d=u+VP. (4.17)

We denote the directional derivatives as
O_ =0+ M0y, 0p = 0y 4 M0, (4.18)

along the two characteristic directions

dyt - dy?> -
A -~ 4.1
di )\1 and dt )\1, ( 9)

respectively and introduce the corresponding Riemann variables

Then, it is easy to see that w and Z satisfy
d,w=0 and 0_Z=0. (4.21)
Let hy, ho be functions satisfying

- Mo 5 Aoz
h1w=~; 27 2

A=Ay

Define a = z,, f = w, and introduce

(4.22)

¢ =ena, P =ej. (4.23)
Finally, we define the compression and rarefaction characters.

Definition 6. The local R/C character for a classical solution of (4.3) with (4.2)
and (4.5) is

Forward R iff w, >0; Forward C iff w, <O0;
Backward R iff zZ, > 0; Backward C iff Z, <O0.
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4.3 Statement of main results

From now on, we make the following assumption throughout the rest of this work:

Assumption 2. Assume that®

. . , _1 { Wmax — 2min
igﬂg(wo 29) > 0, P <jrel (—2 )) <,

(wo, 20) € C'(R), ||(wo,20)|lcr < Mo,

for some constant My > 0; where (wo, zo)(z) = (w(0,x), 2(0,z)) and

Winaz = sSup{wo(z) | x € R}, zpim = inf{zo(x) | x € R}.

x 2%
jrel(x) = /0 ]—S(i? ds

S+

We have also used

and jrgll denotes its inverse function.

Theorem 4.3.1. For polytropic gases v > 1 in (4.2), if (wo(z),20(x)) satisfy the
conditions in Assumption 2, then the Cauchy problem (4.1)-(4.2) with (4.5) has a

unique global-in-time C solution if and only if
wy(x,0) >0 and z,(x,0) >0, forall x €R. (4.24)

The proof of Theorem 4.3.1 can be found in Section 4.5. We make some necessary

remarks on our conclusions at this point:

Remark 4. The assumption \/P’ <‘7r;ll (W)) < ¢ is imposed for one to be
able to show that the local sound speed \/P'(p) is bounded away from the light speed

c for C' solutions, which is natural in the sense of physics.

Remark 5. Our conclusion establishes a necessary and sufficient condition for the
formation of singularities for the (1 + 1)—dimensional relativistic Euler equations,
namely the existence of compression in the initial data, which gives a complete picture
on the formation of singularities for the Cauchy problem of the system (4.1) in (141)-

dimensional Minkowski spacetime.

3In the case where the gas is polytropic with v > 1, the condition \/P’ (jr;l (%)) <c

rewrites as

4c 1
Wmax — Amin < \ﬁarctan (7) .
v—1 V4l
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Remark 6. A problem of physical significance is to determine the type of singularity
that forms. It is generally expected that the discontinuities developed, among others,
in the works of Chen-Pan-Zhu [11], Laz [46] and the current work are indeed dis-
continuity singularities, i.e. develop as shock waves. The proof of disproof of such
a fact, in full generality, remains an open problem. The best partial results, to the
author’s knowledge, can be found in the paper of Kong [44]. There, for a general class
of strictly hyperbolic 2 X 2 systems with two genuinely nonlinear characteristic fields,

it is shown that if a singularity forms then it develops as a shock wave if either

e one of the two Riemann invariants, w or z, s initially a constant*, or

e certain a priori conditions, essentially quantitative bounds on the size of the
deriwatives, hold at the blow-up point; conditions which are, however, difficult

to verify dynamically.

Thus, our Theorem above along with Kong’s result readily implies that, if one of the
two initial data variables wq, zo s a constant, a shock forms if and only if there exists
initial compression in the non-constant Riemann invariant variable. In any case,
further study on the type of singularities obtained in this work and several others
promises to be a meaningful and interesting direction for research. Another interesting
problem, finally, would be to extend this result to initial data allowing for vacuum in
the far field, following ideas in [13].

4.4 The mass density lower bound of 1-dimensional

CE

Recall at this point the notation introduced in Subsection 4.2.2. We dedicate this
section to the presentation of the new approach for obtaining the crucial lower bound
estimate on the mass density for the classical compressible Euler equations (4.3).
The main idea is that, instead of obtaining a transport equation for p and using it to
obtain the estimate, we focus instead on the difference of the two Riemann invariants,
in the classical case given by w — Z. The function w — Z is an increasing function
of p and therefore control on w — z translates to control on p. To best exhibit our
approach, we apply it in the first subsection to the classical Euler equations. In the

final subsection, we lay down the main argument for singularity formation in finite

4Thus the study of the system reduces to the study of a scalar conservation law, which in general
has a complete theory. See also Lebaud [48] for the 1-D classical Euler equations.
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time, which is essentially that of [46]. We explain then why a lower bound estimate

is of such importance; and how we may use it to conclude our argument.

4.4.1 The mass density lower bound estimate in the Eulerian
setting

We begin by noticing that the weighted gradients satisfy certain Riccati equations.

Lemma 4.4.1. For the C' solution of the system (4.3), the following Riccati ODEs
hold:

0_¢p=— (e_ﬁlj\u) ¢*, O =— (e_ﬁzj\zw>¢2- (4.25)
Moreover, let y'(t,y5) (i = 1,2) be two characteristic curves (defined in Section 2.2)
starting from (0,y). One has

! = ! ] + /Ot (e_i“xu:) (o,y" (0, yp)) do.

(0,y°(0,3)) do.

N———

1 1 + /t ( —EQS\
Oty w)  0.8) o i
Proof. Differentiating the last equation of (4.21) with respect to x and recalling the

definition of h; from (4.22), we arrive at

which, along with ¢ = ei“d, implies the desired ODE on ¢. The formula of ¢ along
the backward characteristic curve can be obtained by solving the Riccati ODE that

we obtained. The proof for ¢ is similar and we omit the details.
O

Our strategy will be to work towards obtaining a time-dependent lower bound on

w — Z. To achieve this, we must first rewrite Ay, Ay in terms of w, z:

5 — w+ Z B (w—2)(y—1)
2 4 ’
o 0FE (@-2r-1) (4.26)
T2 4
One can get that 5\1 5 = 5\21;) = %H' Notice that in the classical case treated here, one
can take
F=hy == 2= (i — ) (4.27)
— — prmnd nw—=z .
1 2 27 —9 3



which implies that

- ~ o 1 _
“h2 ) = %(w — 5y, (4.28)

Based on these observations and Lemma 4.4.1, standard ODE theory then leads us

to the following result:

Proposition 4.4.1. Denote
Q1 = max{(), sup, ¢(O,$)} . Qo= maz{O, sup, @D(O,x)} :
For the C' solution of the system (4.3), there holds ¢ < Q1, ¥ < Qo.

Finally, we can get the desired lower bound estimates of the mass density.

Lemma 4.4.2. let y'(t,y5) (1 = 1,2) be two characteristic curves starting from (0, y}).
There holds

P 1 : - 1
Az )ty (t M Xaa ) (8, A (t 4.29
() ) > gy (¢ 7es) 200 2 g (429)
for positive constants C; (i = 1,2) independent of the time.

Proof. According to (4.21) and the definition of v, one can obtain that

0 (= 2) = (0= D+ Ml = 2)s = (= D), =~

0. (4.30)

cha

which, along with Proposition 4.4.1 and the relation (4.28), implies that

A2 = A Oy = _w (0 — g)%tlz_ (4.31)

o_(w—2)>—

eh2

Denoting ¢’ = 0= DQQ and integrating (4.31) along y'(¢,4}) over [0, 1], yields

2y—2

- w2 ((@-20.) 7 + 2 Ten) T

2y — 2
In particular, taking (4.28) into account, one can obtain the time-dependent lower
bound .
(e_h:\u)(t y'(typ)) > it ot (4.33)
for positive constants C; (i = 1,2) independent of t. Similarly, we can obtain the
second estimate. O

Remark 7. Taking into account that w—z = CpWT_l, where C' is a universal constant

and Lemma 4.4.2, we recover precisely the result of [11]:

plx,t) > ; o )
Ci + Cst
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4.4.2 Formation of singularity

It is important at this stage to highlight the main mechanism that shall be used
throughout this work to obtain the formation of singularities. The argument within
this subsection can be traced back to P.D. Lax in his 1964 paper on 2 x 2 systems.
This is best described in the context of system (4.3). The Riccati type equations
in Lemma 4.4.1 are precisely what gives us a clear passage to study the singularity
formation and/or global existence of classical solutions for hyperbolic systems with

two unknowns.

Without loss of generality, we assume that there exists a point (0,yg) on the initial
data line ¢ = 0 such that ¢(0,y}) < 0. Then we see that a sufficient condition for the

breakdown of the classical solution is
| (R o b = . (434)
0

which, actually can be verified by the conclusions obtained in Lemma 4.4.2. The
proof of our main theorem in the next section essentially comes down to establishing
a statement of the form (4.34) for the system of (1+ 1)—dimensional relativistic Euler

equations.

4.5 Formation of singularities for the RE equations
in (1+1) dimensions

In this section we shall lay down the proof of Theorem 4.3.1. As we mentioned in
Subsection 4.2.1, it is a well-known result that given initial data as in Theorem 4.3.1,
there exists a T € (0,00) such that there exists a local-in-time C! solution to the
Cauchy problem (4.1) — (4.2) with (4.5). We proceed by obtaining estimates on the
solution in the slab [0,7] x R.

4.5.1 Preliminaries

Before giving the detailed proof, we first give several fundamental lemmata for the
RE equations. First, we show that the relativistic fluid velocity u is less than the

light speed c.

Lemma 4.5.1. For the C* solution of the Cauchy problem (4.1)—(4.2) with (4.5), un-
der Assumption 2, the absolute value |u| of the velocity function is uniformly bounded

away from the speed of light c.
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Proof. According to (4.21), one can obtain that

2M
‘ln(c+u>‘:‘w+z‘§ 0. (4.35)
c—u c c
That is to say,
_2My Ct+U 2Mg
e e < <e e,
c—u
which implies that |u| is uniformly bounded away from c. O

Second, we confirm that the mass—energy density will keep the positivity property.

Lemma 4.5.2. For the C' solution of the Cauchy problem (4.1) — (4.2) with (4.5),
under Assumption 2, p > 0.

Proof. According to (4.16), one has

o= (frn(2=) T = P

Notice that F'(0) = 0. Denote § = w — z. We can then rewrite

_ VP -wi/e)  2/PFO)0 v/
M= T T ) i—epE@e

Notice then that ¢g(0,u) = 0 and

L2y PI(F0)(1—u?/c?)  Dg(b,u)

= 0
1 —u?P'(F(0))/c* ou
where 6, is between 0 and 6. Thus,
0
(w—2)+ Xo(w—2), = W(fw — 2) 2.

Let 22 = 22(t, 22) denote the the forward characteristic curve starting from the point
(0,23). Integrating along this forward characteristic over [0, ¢], one can get
! ag<917 u) <07 .T2<O', x%))

(w— 2)(t, ) = (wy — ZO>(xg)exp( / = (0, 2%(0, x3>>do),

0

which, along with Assumption 2, implies the desired conclusion. Here we use that

w — z is a strictly increasing function of p. O

Next, we show that the local sound speed /P’(p) is also less than the light speed c.
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Lemma 4.5.3. For the C* solution of the Cauchy problem (4.1)-(4.2) with (4.5),

there holds \/P'(p) < c.

Proof. According to (4.16), Assumption 2 and w — 2z < Wyaz — Zmin, ONE gets

VP (p) < cﬁtan((wm” _4?/1'%)(7 - 1)> < (4.36)

which can be directly translated to an upper bound on the density p,

1

p < c%k_vzjy_ﬁ. (4.37)
[

Lemmas 4.5.1-4.5.3 show that both A\, A\ € R and \; < Ay, which implies that the
system (4.1)-(4.2) is strictly hyperbolic. Now we note down the Riccati equations

satisfied by £ and ( defined in Section 4.2.1.

Lemma 4.5.4. For the C' solution of the Cauchy problem (4.1) — (4.2) with (4.5),
under Assumption 2, the following Riccati ODFEs hold:

§ = —(e‘hlku)é, ¢'= —(e‘h2A2w)C2. (4.38)

Moreover, let x'(t,zl) (i = 1,2) be two characteristic curves starting from (0, z}).

One has
1

£<t,xltt,x5>> D) */0 (7" Xs:) 7' o) o

1 1 / ' —h 2 2
= + <e 2\ w) o, (0, x5)) do.
() o)y )l
The proof is identical to that of Lemma 4.4.1. We omit the details. In what follows,

it turns out that there is a clear distinction in the proof between the cases v > 3 and

the physical range 1 < v < 3. Because of that, we will lay down the proof for each of

those two cases in separate subsections.

4.5.2 Proof for the case 7 > 3 of Theorem 4.3.1

Instead of working with (4.1)-(4.2), here and throughout we will rephrase the problem
entirely in the language of Riemann invariants w and z, i.e. system (4.12). To that
end, we must first focus our attention on rewriting A; and Ay as functions of w and z

instead of p and wu.
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Lemma 4.5.5. Define the following functions

1 — /7 tan( == Zc O-1)
flw,2) ::w+z+ln( < 4f >) (4.39)
¢ L+~ tan( 4cf ))
1+ /7 tan{ *= Zc) 1)
g(w, z) := wre +1In ( ( : \F >> (4.40)
¢ 1—\ tcm( 4cf )
For the C' solution of the Cauchy problem (4.1) — (4.2) with (4.5), under the As-

sumption 2, there holds

ef —1 ed —1
A = .
ef +17 2(w, 2) ‘o t1

Proof. We notice that, the functions A;, Ay, written in terms of p and wu, are reminis-

M(w, z) =c¢

(4.41)

cent of (in fact identical to) the relativistic addition formulae for v and /P’(p). In

particular,

i (52) - () e (00
In (C+)\2> =1In <c+_u) +In (Zj—\/\/g

which, along with (4.16) and solving for A1, s, yields the desired relations. H

) = Flp.u) = flw, ), (4.42)

) = o, u) = g(w2), (4.43)

c— Aoy c—u

Now we are ready to give the proof for the case v > 3 of Theorem 4.3.1.

Proof. Assume now, without loss of generality®, that there exists # € R such that
zp(z) < 0. According to Lemma 4.5.4, what we need to show is just the divergence

of the integral
o0
/ (e™™ A1) (0, 2 (0, 2p)) do.
0
For this purpose, we divide the the rest of the proof into two steps.
Step 1: The detailed formula of e \;,. Introduce, for convenience, the notation
o w=2)G -1
ey o

It follows from direct calculations that

<2 — 29+ (1 + v)cos(2 Y))sec(Y)2

(1 +e T — ("7 1) \/f_ytan(Y)>2 7

°If instead wj(z) < 0 the proof is precisely the same after relabelling the corresponding variables.

w+z

)\lw =

(4.44)
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and

8ce e ~ytan(Y
A= Ay = Sce v ytan(¥) . (4.45)

—(I+e= )2+ (e7e —1)2ytan(Y)?
Upon simplification, we have

/\lw
)\1 — )\2
<2 —2y+(1+ 7)cos(2Y)> (e — Dy +(1+ ewTH)cot(Y)>cosec(Y)sec(Y)

w4z w4z

8cy(e™e —1)=8cy/y(l+e = )cot(Y)

(4.46)

It should be pointed out that the complicated expression (4.46) can be explicitly
integrated® with respect to w, which provides us with an explicit form for the function
hy satisfying (4.13):

3y —1 -3 —
h :23 — In(cos(¥) + ;y — In(sin(Y)) + wQC :
(4.47)
— 1n(<1 + e%ﬁ) cos(Y) — ( — 1+ ewTJrz> sin(Y)).
We also notice that the term
w+tz wtz .
<1+e e )cos(Y) — (— l+e = )sm(Y)
contained inside the In-function is positive, as tan(Y) < % < 1 because of (4.16)
and Assumption 2. It follows from direct calculations that
A — e e (14 7) cos(2Y ) sec(Y)?2 (4.48)

<1 FetT — (" — 1)\/7tan(Y))2.

It is, at this point, more useful to actually rewrite e \;, in terms of the original

(p, u)-coordinates. Define for convenience

e pi=1)/2

y=—">""
C

then the following formula holds:

- 2,/yarctan(y) 3,\7,7 a+1
ce CESE (c—}—u)('y—{—l)(\/;;_H)z 2(1+y2)47”t4(1—y2)
e ML = ? > 0. (4.49)

2¢2 — 2uy/ P'(p)

6This was carried out on a computer with the help of Wolfram Mathematica.
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Step 2: the uniform lower bound of e ™™ );,. We analyze the above formulae of

eM ). term by term:

_ 2y/qarctan(y) val
e the term ce v=1 can be bounded below by ce™ -1
(c+uw)(y+1)

e the term can be uniformly bounded below by a positive constant

2¢2—2u+/P'(p)

Cy depending only on the initial data and ¢, because of Lemmas 4.5.1 and 4.5.3;

3—y
e the term ( 4 )27_2 (1+ yQ)JWL—14 is bounded below by 1 for all v > 3;

N
e the term 1 — y? can be bounded below by 1 — %, as v/ P'(p) < c implies

y <7, (4.50)

which will play an important role in dealing with the physical case 1 < v < 3

later.

Then, according to the solution’s formula shown in Lemma 4.5.4 and the uniform
lower bound of e~ )\, obtained above, our theorem thus follows for the case v > 3.
O

Remark 8. [t is easy to see by the above discussion that the term which will ultimately
dictate the divergence, or the (hopefully not to be encountered!) convergence of the

integral of e~ X1, in time is

( kpOD/2 ¢ )
1 + k2p'yfl

c2

(1 n ksz) Sy (4.51)

2

4.5.3 Proof for the case 1 < v < 3 of Theorem 4.3.1

Our starting point is Remark 8 from Subsection 4.5.2. We observe that the behavior
of Y ultimately dictates whether or not the integral [~ (e"“AlZ) (0,2 (0, 2))do
diverges. In particular, it becomes clear that in order to prove the Theorem 4.3.1
for 1 < v < 3, we are required to give a proper time-dependent lower bound on ),
a function itself of the density p, strong enough such that [ Y(o,2'(c))do = oo.

Before showing the detailed proof, we first give a clear outline of our strategy:

e (1) We rewrite the equations (4.12) in the form of the difference (w — z) of the

Riemann invariants:
(w—2)"=(w—2)+Mw—2)y = (A — Ao)wy, (4.52)
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which implies that,

oy oMl

eh2

Q2, (4.53)

eh2

under the assumption that ¢ = e"2w, has a uniform upper bound @, indepen-
dent of the time. Such a kind of bound is established in Subsection 4.5.3.1;

e (2) In order to introduce a suitable ODEs inequality for ), we first obtain an

ODEs inequality for y from (4.53), which requires us to rewrite the quantities
Aa—X1
eh2

observation that should be pointed out, that in

explicitly in terms of p,u. To this end, there is a crucial

A2
[$]

have a uniform upper and lower bound. This can be seen in Subsection 4.5.3.2;

w — z and

;2)‘1, all the terms involving u

e (3) Based on the analysis on y and the relation between y and ), we success-
fully introduce a proper ODEs inequality for ), which could effectively control
the behaviour of the density with respect to time. This can be seen in Subsection

4.5.3.3;

e (4) Finally, we show that the estimates obtained above are indeed sufficiently
strong so that the desired quantity (4.51) has a divergent integral over time along
the characteristic curve. Then we can obtain the desired conclusion stated in
Theorem 4.3.1.

With that in mind, let us begin the proof.

4.5.3.1 Upper bound of the weighted gradients of the Riemann invariants

We now establish an upper bound for the weighted gradients of the Riemann invari-

ants.

Lemma 4.5.6. Define the non-negative constants

Q1 := max {0, sup, &(z, 0)} , Q9 := max {O, sup, ((z, 0)} ) (4.54)

For the C' solution of the system (4.1)-(4.2), under Assumption 2, one has

Proof. The key to the proof lies in showing that e™" X, and e~"2\y,, are non-negative.
For this purpose, according to (4.48) and the formula

w+z

e e (1+7)cos(2Y)sec(Y)?

w+z w4z

(1—|—e o +(e —1)\/7tan(Y)>27

)\Qw =
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one gets that what we need is cos(2Y) > 0, which, actually, can be obtained quickly
from (4.50) and the following formulas
(v=1)/2

1 k
) = arctan(p—

c

1 — a2
1422

w—z)(y—

dey/y
Thus, the conclusion of this lemma follows from the Riccati ODEs established in
Lemma 4.5.4.

ol

) and cos(2arctan(z)) =

O
It should be pointed out that, so far, (4.53) has been proved.
4.5.3.2 Establishing an ODE inequality for y
As mentioned before, now we need to rewrite the quantities w — z and ’\2 AL explicitly

in terms of p, u. We note again that v > 1 throughout. First, accordmg to (4.16) and
(4.39), one has

1— kp(r—1/2
f=In (2 i Z) +1In (1 ?kmclm (4.56)
J— + e e —
1 4 ka0
g=1In (Z+ Z) +In (1 ?W e (4.57)
_ — Ak
Secondly, from (4.2) and (4.7), one can get
2(u — k (y=1)/2
A = Sl kAP (4.58)
—ku\/_p(’Y 1)/2
u+ k7 p0Y
o = SRV (4.59)
2+ kuy/y po—0/
whence the following simplified expression for Ay — \; follows:
22k (2 — u2 (y—1)/2
Ny — Ay = ZER(E m W) P (4.60)

— k2u?pr-1

Moreover, the following explicit forms for hA; and hs can be obtained:

3y—1 v—3 ) w—z
= 1 Y 1 Y
hy 2 n(cos(Y)) + 272 n(sin(Y)) + o0
—1In ((1 +e jZ>cos(Y) - ( -1+ ewiz) ﬁsin(Y)),
3y —1 -3 ) w—z
ho _23 — In(cos(Y)) + 277 — In(sin(Y)) + 5

T ((e” + e%>cos(Y) + (e%“’ - eL> ﬁsin(Y)).
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_ (w-2)(-1)
deyy

Here, as always, we denote Y = arctan(k”h:)/Q)
Now we are ready to develop an ODE inequality for y from (4.53).

Lemma 4.5.7. For the C* solution of the Cauchy problem (4.1) — (4.2) with (4.5),

under Assumption 2, there holds
Y > —Cy7e (1+12)%2, (4.61)
for some positive constant Cy independent of the time.

Proof. First of all, it follows from direct computations that the following simplified

form for )‘2622’\1 holds:

3—
2 /7 arctan(y) —

T y 2v—2 9 ’YA;L_14
N 4ce (c—l—u)c\/ﬁy(\/ﬁ) (1+y?)3 e

¢ —uy/P(p)

M. Secondly, according to Lemmas 4.5.1-4.5.3, one can obtain that

where y =

2 /7 arctan(y)

Cl<e A1 <(C,;, and C’;l <

g

c+u
—————— < Cy, (4.63)
¢z —uy/P'(p)

for some positive constant C, independent of the time, which, along with (4.53),

implies
3= 1 A1
(w—2) > —C,y (L) TR = Oy (LR (4.64)

Notice that

de/7 %

—z= t d —-z2)=C

w— 2z po— arctan(y), and (w— 2) Y ET T

so that we can rewrite (4.64) as (4.61). O

4.5.3.3 Establishing an ODE inequality for )

We now recall that what determines the convergence/divergence of the integral of

e M)\, in time is the variable ) from (4.51), which can be rewritten as

3= ]
L) ), (4.65)
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At this point, without loss of generality”, that there exists € R such that z{(z) < 0.

According to Lemma 4.5.4, what we need to show is just the divergence of the integral

/Ooo(e_h1 A2 (o, 2 (o, x(l))) do.

Then, according to fact on ) mentioned above, our task therefore reduces to showing

ha
I R G

diverges, based on Lemma 4.5.7. However, the explicit solution of the differential

equation
+1
y = —Cyym2 (L +y7)*
is very hard to handle, as it involves hypergeometric functions. We instead adopt an

indirect approach and look at a transport equation for the variable ) itself:

y:( Yy >2’Y 2<1+y>4wl4_y23772(1+y)%. (466)

N

It turns out that one can obtain the following Riccati-type inequality for ):

Lemma 4.5.8. For the C* solution of the Cauchy problem (4.1) — (4.2) with (4.5),

under Assumption 2, there holds
yl 2 _Og y2
for some universal constant Cy independent of the time.

Proof. First, it follows from direct calculation that

y2 ((r+ 12+ B -y
Y = : (4.67)

2y —2)yy? +1

which, along with (4.61), implies that

6—2v
Y2 =Coyt (L) (74 D + (3= 7), (4.68)
Actually, the above ODE inequality can equivalently be rewritten as

V> -0, ((7 F 1y 4+ (3— w). (4.69)

"If instead w{(z) < 0 the proof is precisely the same after relabelling the corresponding variables.
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Moreover, it follows from the fact y/P’(p) < ¢ that

Jp=1/2

y=-—"<1
C

[

Therefore

<v+1>y2+<3—v>s77“+<3—7>,

which, along with (4.69), implies that
V' >-C, )7, (4.70)

for some universal constant Cy; independent of the time.

4.5.3.4 Lower bound estimates on p and formation of singularity

Now, based on the conclusions obtained in Sections 4.5.3.1-4.5.3.3, we are ready to

finish the proof of Theorem 4.3.1. From Lemma 4.5.8 one can obtain that

V(t) > 1

for some universal constants C; (i = 1,2) independent of the time. From (4.49), one

can get
2,/7arctan(y)
- 1)(1 — y?
eihl)\lzz ce K (C—i_u)(’y_'— )( Y )y:r;_[y>0 (472>

2 —2u\/P(p)

From the analysis shown in Step 2 of the proof for the case v > 3 of Theorem 4.3.1

in Section 4.5.2, one obtains

C,l <H <Gy,

for some universal constant C; independent of the time. Also, we know that Y(0) is
positive. Then, finally, according to the solution formula shown in Lemma 4.5.4, the

desired conclusion stated in Theorem 4.3.1 for 1 < v < 3 has been proved.

Remark 9. Notice that Y = Cpa%W 14 B < QC’p%, because of the upper

c2
bound on p. Together with (4.71), we obtain the same bound for p as in the classical

case:

plx,t) =01+ t)_ﬁ.

It is interesting that precisely the same bound as in the classical case can be recovered.
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Chapter 5

A trapped surface formation criterion
for the Einstein—-Maxwell equations

5.1 Introduction

5.1.1 Background

In this chapter we study the evolution of the Einstein-Maxwell system for a (3 + 1)-
dimensional Lorentzian manifold (M, ¢g) and an electromagnetic 2-tensor Fg:
1

R, — 5

Rg,uu = T,uz/a (51)

where

1
T = FnF,> — Zgu,,FMF’\T. (5.2)

Although the 2-parameter family of Reissner-Nordstrom electrovacuum spacetimes
(see [62] for a reference) exhausts all possible spherically symmetric solutions to the
Einstein—-Maxwell system, in the absence of symmetry assumptions, the global dy-

namics of (5.1)-(5.2) are quite hard to study.

For the Einstein vacuum equations (where T}, = 0), the study of (5.1)-(5.2) in the
small data regime has been very successful. In a monumental work of Christodoulou
and Klainerman [26], it is shown that the Minkowski spacetime is stable under small
perturbations. Christodoulou and Klainerman showed that, for small perturbations
of the trivial data, no singularity will form and all geodesics are complete. Later,

Zipser [10] extended this result to the Einstein-Maxwell system.

One of the most fascinating aspects of the classical theory of general relativity is that
it predicts the existence of a black hole. Historically, some notion of a black hole

accompanies the theory of general relativity almost since its inception by Einstein in
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1915. It was first encountered in an explicit solution to the Einstein vacuum equations

and in particular the Schwarzschild solution
-1
(M, 9)sechw =" (R X (0,00) x §?, — (1 — ¥> de? + (1 — %) dr? + TQdSQ) ’

communicated by Schwarzschild to Einstein in a letter about one month after the
latter presented his field equations of general relativity at the Prussian academy
of sciences. However, it was neither Schwarzschild nor Einstein who understood
that what would come to be known as a black hole region featured prominently
in the Schwarzschild solution. It was Lemaitre [51| who first observed, in 1932, that
(M, g) senw contains a region B with the property that observers lying inside B cannot
send signals to observers situated at an ideal conformal boundary at infinity Z* (this
being defined in a rigorous and appropriate way). In the case of the Schwarzschild
solution, the existence of a non-empty B is accompanied by another surprising, yet

salient, feature:

Every observer in B lives for finite proper time* (future geodesic incompleteness).

When physicists and mathematicians first realized these two properties, they were
hoping to be able to associate to them the characterization of an accident; a non-
generic pathology, present only due to the high degree of symmetry imposed a priori
on the solutions and that, in general solutions to the equations, such phenomena
would not arise. Much to the surprise of the community, Penrose [77] in 1965 proved

these hopes were ill-based through the following incompleteness theorem:

Theorem 5.1.1. For a spacetime (M, g) containing a non-compact Cauchy hyper-
surface and g, F, satisfying (5.1)~(5.2), if M contains a compact trapped surface,

then it is future causally geodesically incomplete.

A trapped surface is a 2-dimensional geometric object. Assume we are given a (34 1)-
dimensional, time-oriented Lorentzian manifold (M, ¢) and within it a closed, space-
like 2—surface S. Since S has co-dimension 2, the tangent space at a point p on

S, T,S has a 2-dimensional orthogonal complement in 7, M. Let [,] denote a null

Here (7,0, ¢) represent the standard spherical coordinates and t the time coordinate. Moreover,
dS? denotes the standard metric on the 2-sphere.

2Given a pseudo-Riemannian manifold with a local coordinates x* and equipped with a metric
tensor g,.,,, the proper time interval A7 between two events along a timelike path P is given by the

line integral AT =1 [, /g, dzrdz.
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basis® of this complement and extend [, as vector fields. We define the following two

fundamental forms y, x associated with the surface S:

X(X,Y):=g(Vxl,Y), x(X,Y):=g(VxlY)

where X and Y are vector fields tangent to S. We look at the expansions try, tr.
If both are pointwise negative on S, then the surface is called trapped. A trapped
surface is, therefore, a surface for which the area decreases for arbitrary infinitesimal
displacements along the null generators of both null geodesic congruences normal to
S. Penrose’s theorem implies that the study of singularity formation for Einstein’s
equations can, in some generality, be reduced to the problem of trapped surface

formation. This problem had, again, remained open for a long time.

5.1.1.1 The Einstein vacuum case

In a breakthrough work in 2008, Christodoulou solved this long—standing open prob-
lem (trapped surface formation for Einstein vacuum equations) with a 587-page mon-
umental work [22]|. He designed an open set of large initial data, which encode a spe-
cial structure, the short pulse ansatz. In particular, this ansatz allows one to consider
a hierarchy of large and small quantities, parametrized by a small parameter §. For
such initial data, these quantities behave differently, being of various sizes in term
of 0. Moreover, their sizes form a hierarchy. But for each quantity, surprisingly, its
size is almost preserved by the nonlinear evolution. Therefore, once this hierarchy is
satisfied at the level of initial data, it persists for later time. With this philosophy,
despite it being a large data problem, a long—time global existence theorem can be es-
tablished. Moreover, these initial conditions indeed lead to trapped-surface formation

in finite time.

Effort was consequently put towards simplifying Christodoulou’s proof. In [43], an in-
genious systematical approach was introduced by Klainerman—-Rodnianski [43]. This
approach was later extended by An in [1]. The Einstein vacuum equations are a non-
linear hyperbolic system, containing many unknowns. Christodoulou controlled all of
them on a term-by-term basis. In [43], Klainerman and Rodnianski introduced a novel
index s; which they termed signature for short pulse. With this index, Klainerman
and Rodnianski systematically tracked the d-weights used in the estimates and gave

a shorter, simplified proof of the almost—preservation of the d—hierarchy in a finite

3That means g(lvl) = Oa g@; D = Oa g(laD =-2.
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region. In [22], besides —weights, Christodoulou also employed weights related to de-
cay and proved his main theorem that a trapped surface could form dynamically with
initial data prescribed arbitrary dispersed at past null infinity. In [1], An introduced
a new index sy called signature for decay rates. With the help of this new index, An
extended Klainerman and Rodnianski’s result [43| from a finite region to an infinite

region and re-proved Christodoulou’s main theorem in [22] with around 120 pages.

Another important step of progress was made by An and Luk in [2]. By designing and
employing a different hierarchy, in [2] they improved [22| and proved the first scale-
critical result for the Einstein vacuum equations. With the same small parameter 9,
with relatively larger initial data, Christodoulou formed a trapped surface of radius
1; while with much smaller initial data, An and Luk formed a trapped surface of
radius da, where a is a universal large constant like 1000. In [2] the authors want to
form, using as small data as possible (the smallness being defined in a precise sense),
a tiny trapped surface with radius da, hence they have to deal with the region very
close to the center. In this region all the geometric quantities have growth rates. To
bound these growth rates, they employ weighted estimates as well as several crucial

geometric renormalizations.

Since [2] is scale critical, one can keep a as a universal constant and let § — 0. Hence a
series of trapped surfaces (with radius shrinking to 0) are obtained. In [3], An further
explored this idea. Together with an elliptic approach to identify the boundary, An
showed that a whole black hole region could emerge dynamically from just a “point”
O in the spacetime. For an open set of initial data and appropriate control on all the

derivatives of Yy, this boundary (apparent horizon) is proved to be smooth except at

0.

In early 2019, An [5] gave a different, 55—page proof of a trapped surface formation
theorem that sharpens the previous results both of Christodoulou [22] and estimates in
An-Luk [2]. The argument in [5] is based on a systematic extension of the scale-critical
arguments in [2|, connecting Christodoulou’s short-pulse method and Klainerman-—
Rodnianski’s signature counting argument to the peeling properties previously used in
small-data results such as Klainerman—Nicolo. This in particular allows the author
to avoid elliptic estimates and geometric renormalizations and gives new technical

simplifications.

1Letting @ = 1, in a finite region they recover Christodoulou’s main result of [22].
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5.1.1.2 The Einstein—Maxwell case

For the Einstein-Maxwell system (5.1)-(5.2), important progress was made by Yu
[87, 88]. In a finite region, Yu extended the result of Klainerman-Rodnianski [43]
and obtained trapped surface formation for the Einstein—-Maxwell system by using
the signature for short-pulse. In the current work, combining the new ingredients in
[5], we will extend Yu’s results to obtain a trapped surface formation criterion for the

Einstein—-Maxwell system in a large spacetime region.

5.1.1.3 The Einstein—scalar field case

In a recent paper [57|, Li and Liu studied Einstein-scalar field system:
) 1
Ric,, — §ng, = 2T,

1
T,uzz = u¢8u¢ - ig,uuaa¢aa¢'

With singular initial data prescribed along the incoming null hypersurface, an almost
scale-critical trapped surface formation criterion was obtained. And renormalizations

for scalar fields were used.

5.1.2 Main Results

We will introduce coordinates v and u in (M, g) through a double null foliation®,
where H, and H, are incoming and outgoing characteristic cones, respectively. With
coordinates wu,u, characteristic initial data will be prescribed along incoming null

hypersurface H,, where v = 0 and outgoing null hypersurface H,__, where v = .

Our main results can be summarized in two Theorems. The first one is a global

existence result.

®The detailed construction of double null foliation will be explained in Section 5.2.1.
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Theorem 5.1.2. Given I, there exists a sufficiently large ag = ao(Z?)) such that
the following holds. For any 0 < ag < a and with initial data (X, ar) satisfying

_1 AV
o > icisnes @ 2V (Jusol V) (X ap) | oo (s, ) < ZO along u = s,
o Minkowskian initial data along u = 0,

then the Einstein—Mazwell system admit a unique smooth solution in the region
U <u< —a/4, 0<u<l.

The second one steps directly on the first one and is a formation of trapped surfaces

statement.

Theorem 5.1.3. Given I, there exists a sufficiently large ag = ag(Z")) such that
the following holds. For any 0 < ag < a, the unique smooth solution (M, g) of the

Einstein—Maxwell system from Theorem 5.1.2 with initial data satisfying

_1 i
® D ici5kc3@ 2 V% (|UOO|V> (X P) || o0 (S ) < ZO) along u = s,
o Minkowskian initial data along u = 0,

o f01|uoo|2 (IXo0l* + |apol?) (oo, w') du' > a uniformly for every direction along u =

uOO?

has a trapped surface at S_q)4.

5.1.3 New Ingredients

Compared to the corresponding problem for the Einstein vacuum equations, the
Einstein—-Maxwell system gives rise to additional technical difficulties not encountered

in the vacuum case. Here we list some important ones and outline the solutions.

1. We extend the systematical way of assigning signatures s, for the geometric
quantities to the Maxwell field. To achieve this, we resort to the Bianchi equa-
tions, keeping the same sy values for the Ricci coefficients as those in the vacuum
case. Crucially, the Maxwell equations expressed in a null frame have, in a sense,
the same structure as the vacuum Bianchi equations. This means that such an
assignment of signatures as in [1], [5] can be carried through in a cohesive and

coherent way to the Einstein-Maxwell system.
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2. The Ricci tensor is non-trivial for the Einstein-Maxwell system. As is typi-
cal in similar cases, the energy estimates will be carried out using the Weyl
tensor components instead of the Riemann tensor components. We thus work
with the Weyl components ayw, ayy, Bw, éw’ pw,ow and re-express all equa-

tions with respect to them. For simplicity, we still use «; a, 3, 3, p,o to mean

aw, &y, BW?éWa Pw, 0w -

3. We introduce and employ crucial renormalizations for 3, and ﬁa. The reason for
this stems from the Bianchi equations. For example, in the Bianchi equation
involving V40, the right—hand side contains the term D4R44. This, in turn,
contains the term Vjar. When one attempts to estimate V, ap, there is no
available equation for it in the null Maxwell equations, thus making it difficult

to estimate by itself. It is for this reason that we introduce the quantities

- 1 ~ 1
Pa=Pa— R, B,=Pa— SR

We then rewrite the entire Bianchi equations in terms of those renormalized
quantities and use them to do energy estimates. In this way, all the terms
can be estimated directly through the null Maxwell equations and null Bianchi

equations. In particular, terms like V ap and Vsa no longer appear this time.

4. We introduce and use elliptic estimates in the scale-invariant framework. This
is achieved in Section 6. Its purpose is to allow us to close the energy estimates
for up to 11 derivatives of the Maxwell field components and up to 10 derivatives
of the Weyl curvature components. In the process, a control on 11 derivatives
of the Ricci coefficients is required. We find a non-trivial way (via energy
estimates) to incorporate the elliptic estimates into the systematical approach

via the signature for decay rates ss.

5.2 Setting, equations and notations

5.2.1 Double Null Foliation

We construct a double null foliation in a neighbourhood of S, o as follows:
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Starting from a point p on 2-sphere S,,__ o, in 2-
dimensional T3-S, o, we could find two future-
directed vectors L, L, such that

9(L,, L) =0, g(L,, L,) = 0, g(L,, L) = —2.

N Note that {L;,L,} are uniquely determined
up to a scaling factor A > 0:  {L,, L)} —

AL, )\_IL;}. Emanating from p and initially
tangent to L}, a unique geodesic [, is sent out.
We extend L' along [, such that D;, L' = 0.
We then have that [, is null. This is because

9(L;, L;,) = 0 and

L'(g(L', L)) =29(Dy L', L") = 0.

) We hence have g(L', L) = 0 along [,. Gath-

ering all the {l,} together, we then have an
0 outgoing null hypersurface called H,__. Simi-
. larly, we obtain the incoming null hypersurface
. H,, emanating from S,__ o.

Note that, by above construction, for each
point gon H,__ or H,,in T, H,_  orT,H,, there
is a preferred null vector L; or Lf] associated
with q.

We proceed to define the function 2 to be 1 on S, o and extend €2 as a continuous

function along H,_ and H,. 5 We consider vector fields

L=QL along H,_, and L = Q*L’ along H,
and define functions

won H,  satisfying Lu =1 and uw =0 on S, o,

uon H, satisfying Lu =1 and u = u on S, o.

Let S, . be the embedded 2-surface on H,

to be the embedded 2-surface on H,, such that u = «’. At each point ¢ on 2-surface

such that v = v/. Similarly, define S,/

oo

Susew» We already have the preferred outgoing null vector L tangent to H, . Hence,

at ¢, we can also fix a unique incoming null vector Lfl via requiring

g(L, L) =0 and g(L}, L) = —2077],

SFor a general double null foliation, we have the gauge freedom of choosing how to extend Q
along H,__ and H,. In this work, we extend {2 =1 on both H,_ and H,.
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There exists a unique geodesic [, emitting from ¢ with direction L'. We then extend
L' along [, by imposing D/L" = 0. Gathering all the {[,} for ¢ € S, ., We construct
the incoming null hypersurface H, emanating from S, .. Similarly, from S,/ o we
also construct the outgoing null hypersurface H,,. We further define the 2-spheres
S = Hy NH,.

At each point p of S, ., we define the positive-valued function €2 via
g(L, L) = —2Q72|,. (5.3)

Note that L is well-defined on H,/, along an outgoing null geodesic [ passing through

D; LI'D is also well-defined on H ,/, along an incoming null geodesic [ crossing p.

These 3-dimensional incoming null hypersurfaces {H, }o<u/<1, along with the out-
going null hypersurfaces {Hu’}uoogu’g—aﬂl and their pairwise intersections S,/ , =

Hy, N H, give us the so-called double null foliation.
On Sy, by (5.3) we have g(L', L") = —2Q72. Thus, g(QL', QL") = —2. Throughout
this chapter we will work with the normalized null pair (e3, e4), namely

es:=QL, e :=QL, and g(es,es) = —2.

Moreover, for the imposition of our characteristic initial data we choose the following
gauge:
Q2=1 onH,_ and H,.

Remark 10. The functions u and u defined above also satisfy the eikonal equations
g oudu =0, ¢"oud,u=0.
And it is straight forward to check
L' = —-2¢"0o,u, L"=-2¢"0,u, Lu=1, Lu=1.

Here L = Q?L', L := Q%L are also called equivariant vector fields.
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5.2.2 The Coordinate System

We shall use a coordinate system (u,u, 0, 0%). Here u and u are defined as above. To
get (01, 6?%) for each point on S, ,,, we follow the approach in Chapter 1 of [22]. We first
define a coordinate system (6',6%) on S,_ o. Since S, o is the standard 2-sphere in
Minkowski spacetime, here we use the coordinates of stereographic projection. Then

we extend this coordinate system to H, by requiring

Here £, is the restriction of the Lie derivative to TS, ,,. In other words, given a point
p on S, o, assuming [, is the incoming null geodesic on H,, emanating from p, then
all the points along [, are assigned the same angular coordinate (6',6%). We further

extend this coordinate system from H, to the whole spacetime under the requirement
¢L9A - 0,

i.e. that all the points along the same outgoing null geodesics (along L) on H, have
the same angular coordinate. We have thus established a coordinate system in a

neighborhood of S, o. With this coordinate system, we can rewrite es and ey as

0 9 9
= Q_l _— A— - Q_l_.
= (au d aeA) » €4 u

The Lorentzian metric g takes the form
g=—20%(du ® du + du ® du) + yap(d9* — d*du) ® (d9® — d®du). (5.4)
We require d to satisfy d* = 0 on H,.

5.2.3 The equations
In this work, we study the Einstein-Maxwell equations for a 4-dimensional Lorentzian
manifold (M, g) with signature {—, 4+, +,+}

1
R, — ERQ’“’ =T, (5.5)

where

1
T F A F F)\T
224 pALv ng/ AT .

"On Hy, we have Q =1 and £ 104 = 26
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Here F,3 is an anti-symmetric 2—tensor representing the electromagnetic field. We

introduce null tetrads {e,, ey, €3, €4} where a,b = 1,2 and require

g(ea; 61,) - 6&177 9(637 64) - _27 g(em 63) - 07 g(€a7 64) = 0.

For the Weyl curvature W, -, we define the null Weyl curvature components:

Qgp = W(ea7€476b764>7 Qop = W(eaa€3aeb7€3)7
1 1
/8(1 — §W(6a7€4763764>7 éa - 5W(€a63,€37€4)7 (56)
1 L,
pP = ZW(647€37€4763)7 0= Z W(€4,€3,€4,€3).

Here *W is the Hodge dual of W.

For the Riemann curvature tensor 7, ., we define the null Riemann curvature com-

ponents:
(aR) gy = Rl€a,eq,€p,€4),  (Qr)ab = R(ea, €3, €, €3),
1 1
(67?,)(1 - iR(eaa €4, €3, 64)7 (éR)a - §R(€aa €3, €3, 64)7 (57)
1 L,
IOR = ZR(€47€3764763)7 OR = Z R(e47€37€4763)'

Here *R is the Hodge dual of R.

Denote Dy := D,.,. We define the Ricci coefficients:

Xag = g(Daes,ep), X, = 9(Daes, ep),

1 1
nA = —§g(D3€A7€4)7 HA = _Eg(D4€A763)’

1 1 (5.8)
w = _ZQ<D463’ €4), W= _19(D3€4’e3)’

1
Ca = §g(DAe4, es).

We decompose x and x into its trace and traceless parts. Denote by xap and x AB

the traceless part of xap and x , , respectively.
We further define

(OéF)a = Lg4, (Qp)a = Fg3, PF = §F34, op = Iis.
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Note that (5.5) implies
R, =T, and R=0.

Expressed in this double null frame, we have

1
Vatrx + 5 (trx)* = —[X|* — 2wtrx — af,

5.9
2 (5.9)
Vaix +tryxy = 2wy — a, (5.10)
1 .
Vstry + 3 (tr&)2 = _|X|2 —2wtry — ar, (5.11)
VX +trxx = —2wx — a, (5.12)
1
Vytry + §trxtrx =2wtry +2p— X - X + 2divy + 2|p*, (5.13)

. 1 . R . 1 .
(VaX)ab + 5trx X, = (V@N)ap + 20X, — 5 X Xab + (1®0)ap — §(QF®QF)aba

2 2
(5.14)
1
Vstry + §trxtrx =2wtrx +2p — X X +2divy +2 Inl?, (5.15)
A~ ]- A~ fa N 1 ~ ~ ]_ ~
(VsX)ab + 5 X Xab = (Ven)ap + 2w Xab — 5 X Xy, (n®n)ab — §(O‘F®QF)ab'
(5.16)
Note that 1
Ba - §Ra4 = (67'\’,)417
1
@a + §Ra3 = (ﬁR)m
1R B
P ot = PR-
Moreover,
1
Ry = 50% + §va — (ar)i(ap) + 20r " Qp,
1, 1, 1
Roz = 50p + 5PF = (ar)2(ap)2 + S0r - Qp,

R4a = Ra4 = PF(QF)a - UFEab<aF)ba
RSa = Ra3 = _pF(QF)a - O'Feab(gF)ba

9 9
Rys = pp+0p, Ru=oap-ap, Rs3=oap- ap.

The other components satisfy the following transport equations:
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1 1 1
=2ww—n-n+ =P+ zp+-R
Vaw = 2ww —n -1+ Snl" + 5p + 7 Raa,

1 1 1
Viw=2ww—n-n+=n*+p+-R
3w = 2Ww — 7 Q+2|Q| +gp+ B,

as well as the constraint equations

L. 1 1 1
divy = 5Virx — 5 —n) - (X = 5trx) — fr,
1 1 1
divy = §Vtrx — 5(77 —n)- (X — QUX) —ﬁR,

1
curln = —curly = o + 5X/\ X,

1 1.
K =—pr— Ztrxtrz—l— 5)(‘&.

(5.17)
(5.18)
(5.19)

(5.20)

(5.21)
(5.22)
(5.23)

(5.24)

Here K is the Gauss curvature of the spheres S, ,. The null curvature components

satisfy the null Bianchi equations
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1
Vb + 2trxf = divae — 2w +n-a — =(DaRyy — DyRyn), (5.25)

2
1
V3B +trxf = Vp+ Vo +2x - B+ 2wB + 3(np + "no) + §(D4RA3 — D3R a4),
(5.26)
. . 1
Vuf +trxf = —-Vp+ Vo +2x- 8 +2wf —3(np — o) — §(D4RA3 — D3Ra4),
(5.27)
1
V3f 4 2trx g = —diva — 2w B + na + §(DAR33 — D3R34), (5.28)
1 o~ N * A ~~ 1
Via + §tl"XQ = —V®B +dwa — 3(xp — "xo) + (¢ — 4n)®F + ZL(D4R33 — D3R34)Gab,
(5.29)
1 ~~ ~~ 1
Via + 5“&‘)‘ = VRB + dwa — 3(xp + "xo) + ((+4n)RpF + Z(D3R44 — DyRy3)Gas,
(5.30)
3 . 1. 1
Vup + §tFXP =divf — SX @ +(-B+2n-p— Z(D3R44 — DyRy3), (5.31)
3 ) 1. 1
V3,0 + 5131‘&,0 = —dlvﬁ — 5 o+ C : é — 277 . ﬁ—i— Z(D3R34 — D4R33), (532)
3 1 1
Vo + EU"XU = —div*g + §X Ga—(-"p - 27 - 8 — Z(D“R4V — D, Ry, )€ 54,

(5.33)

—_

(D,Rs, — Dy R3,,)e" 34.
(5.34)

|

3 Ak * *
V3U+§trX‘7:_diV*é+§X' a—¢-"f—2n-"B+

Here, the Schouten tensor S, is equal to the Ricci tensor R, because of the special
form of the electromagnetic field tensor, namely the fact that the Ricci scalar R

vanishes. Finally, the Maxwell equations are equivalent to the null Maxwell equations

1 R
Viap + étrng =—Vpr—"Vor—2"n-0p -2 pp+2war—X-ar, (5.35)

Viar + %UXO&F =Vpr+"Vor—2"n-0r +2n- pp + 2war — X -ap,  (5.36)
Vypr = divap — trxpr — (1 —1n) - ar, (5.37)

Vyop = —curlap — trxor + (n —n) - “ar, (5.38)

Vspp + trxpr = divag + (1 — 1) - ap, (5.39)

Vsop +trxop = —curlap + (n — 1) - “ap. (5.40)
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5.2.4 Integration

Let U be a coordinate patch on S,, and let py be the corresponding partition of
unity. For a function ¢, we define its integral on S, , and along H,, H, by

/¢¢=§f/ / ¢ - py - \/detvdf' d6?,
SU,E U —00 J —00

/(M)qﬁ::Z// / o 2py - Q- /detyd8'do?* du
Hy ™ 7 J0 J—ooJ—o0

/
/( )qﬁ::Z/ / / ¢ 2py - Q- /detydf' d6?* du
H;myu U Uoo o/ —0O0 J —

o
Let D,,, be the region u,, < v’ <wu, 0 <
region D, ,, by

< u. We define the integral of ¢ in the

¢::Z/ // / ¢-pu - Q- \/—det gdf" d6* du' du
Duu U YU Y0 —00 J —o0

We proceed to define, for 1 < p < oo, the LP-norms for an arbitrary tensor field ¢

(605,00 7= [, (000
60 = [ (0002,

sy = [, (0.5

When p = 0o, we define the L*° norm by

16l (s, == sup (¢, B)2 ().

0€Su,u

5.2.5 Definition of signatures

We give the following table for signatures throughout this work

al B |plo| B lalx|w| | n|n |ttx|X|w|ar|pr|or|ap

s 0]05(1|1]15{2{0]0[05]05]05] 1 |1]1] 0 [05]05]1
This comes from wanting to have sy(ar) = s2(X), s2(ar) = s2(X) and sy(pr, o) such
that the null Maxwell equations conserve signature
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5.2.6 Scale-invariant norms

For any horizontal tensor-field ¢ with signature ss(¢), we define the following scale-

invariant norms on S, ,:

1911222, (50 = @@l @6 Loe(s,,.,

= a_52(¢)|u|232(¢)\

6llcs, ... 91l 25,0

”QﬁHE%SC)(Su,E) — a782(¢)|u|252(¢)*1||¢HL1(S%E)'

Along H and H (;"‘”“) we also define scale-invariant norms along null hypersurfaces

u
2 o 2 /
612,y = [ 191 s, .00
u

2 o _a 2 !
HQ&HE?SC)(ELMOOM)) o /uoo |U//’2 H(ZSH[’%SC)(S“/’E) du .

5.2.7 Conservation of signatures

Notice that under the table of signatures in Section 5.2.5 and the fact that the induced
metric on a 2—sphere 7,5 has s2(7.5) = 0, the following remarkable property follows
for tensor fields ¢; and ¢s:

Sa(d1 - 2) = s2(¢1) + s2(d2).

This ensures signature conservation for all null structure, Bianchi, constraint and
null Maxwell equations. When working with scale-invariant norms, this key property
enables us to treat all the terms on the right hand side as one term. For example,

look at the null Maxwell equation for Viap:

1 N
Vsap + Jtrxar = —Vpr+"Vor —2"n-0r + 20 pr + 2war — X - ap.
There holds

e 55(Vsar) =sap+1=1,

o sy(tryarp) = sy(try) + sz(ap) = 1,

N =
I
\'H

[ SQ(VPF, *VUF) == % + SQ(pF,O'F) == % +

N

o s2(n-pp.-oR)=5+3=1,
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o s2(wap) =1+0=1,
o 52N ap)=0+1=1

Thus, throughout the equation, there is a balance of signature.

5.2.8 Holder’s inequality in scale-invariant norms

Any two tensor fields satisfy the following scale-invariant Hoélder inequalities:

1f1 - Dallcr (S0 N’ ‘H¢1Hc(“) ol P2llez (50 (5.41)

P2 - Dallcr | (Su) _m||¢1||cgsc)(su,g)||¢2H£g>§c)(su,ﬁ)7 (5.42)

61 s, 5.0 < 15, 5.2l 5. (5.43)
Also, the following inequality holds

161 - dallzee (Sum) _’ ‘||¢1||£(SC) |92l cze (510 (5.44)

Crucially, in the region of study ﬁ < 1. This means, when measuring the size of
a product of terms in scale-invariant norms, this size is very small compared to the
scale-invariant norms of the individual terms. Essentially, it is this crucial fact that

allows us to close all bootstrap arguments throughout this chapter.

5.2.9 Norms

Let ¢ € {w,trx,n,ﬂ,g},\lf € {B p,a,B,a} and ¥’ € {p,a,B,g}. Here 3 :=

B — %R4(.) and é =0+ %Rg( Denote trX trx + | E Also, let T € {pF,UF,aF}
For 0 < i < 6, we define

1

| G FR az, 1
omwuw:wameﬁ@@+mewmmm@+wwmv>MM&@
+ @Yo, 5.0+ 0DV T 5,0
(5.45)
Riel ) = 21103Vl 5. + 10 90l 5.,
1
ool ) = @ arl, 5. + 109Vl 5.
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For 0 <i <9 and 0 < j <10, we define

1

1 1 . 1 .
Osofun ) = @YY Rl sy + 1@ VPVl 50+ 7 |H<a2V) pUEE
a 1 . —~
+‘—2H(WV)JUXH£2 (Suw) —H( )JtrXHLZ (Suu)?
u] (se) | (se)
1 i
Ria(u.w) = — @t V)alles 5.0 + 1@ 9) lez s,

1 . 1 1
Fyalu,u) = (a2 lwapn,cfsc)(su,@ @YY (or. o7 ap)llez, 5.

For 0 <7 <10 and 0 < 57 <11 we define

1
Rifu, ) = E'““ Vel e 1@Vl oy

We now set O; «, Oi 2, Rioos Rij2; Ficos Fi2 to be the supremum over u, u in the space-
time region of the norms O; o (u,u), O;2(u, w), Rioo(u, w), Ri2(u,w), Fioo(u,u) and
Fi2(u,u) respectively. Finally, define O, R and F:

O:Z(Oz,oo+7zz,oo+f;,oo ZR12+ Z J2+‘F-]2

1<6 0<:<9 0<5<10

R — Z (Ri+R;), F = Z <}—j+]—_—j>'

0<4i<10 0<j<11

5.2.10 An explicit form of the Bianchi equations

Recall the Bianchi equations (5.25)-(5.34). In this section, we shall use the schematic
notation for various components as introduced in the preceding subsection. We will
work on a term-by-term basis to give the explicit forms of the right hand sides (RHS)

of these equations. We will use the property
(DaR)gy = Da(Rpy) — R(Daes, ey) — R(eg, Daey),

as well as the following identities:
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1 1
Daep = Vaep + gxapes + 5X  pe4

Dzea = Vzea +1naes, Diea = Vieqa +1) €4,
Daes = x ,*Pep + Caes, Daes = xa*Pep — Caeu,
Dsey = ZUﬂAeA +2wey, Dyes = ZQﬁAeA + 2wes,

Dgeg = —2g63, D4€4 = —2(,4.)64.
We therefore compute
(DAR)44 :2041:‘ . Vozp — 2R(DAG4, 64)

:2OZF'VCYF—( ) (eA,e4)+¢ ap - O

:204F'VO4F+(w7X)'T'O‘F+w'04Fa

(D4R)4A :D4(R4A) — R(D4€4, eA) — R(64, D4€A)
=D4(R4(.))(€A) -+ (¢ i aF)
:D4(R4(.))(€A) + w -T- or,

(DAR)43 = DA(R43) — R(DA64, 63) — R(DAeg, 64) =7-. VT
+(¢7X7 )%7 trz) ' (Ta OéF) : Ta

(D4R)A3 :D4<RA3) — R(D4€A, 63) — R(6A7 D4e3)
=T -VuyT+ -1 - (T,ap))
=T-V(T,ap)+ @, x) T (T, ar),

since

ViT =V(Y,ar) + (¥, %) - (T,ar).

Continuing, we have

(D3R)as =D3(Ras) — R(Dsea,eq) — R(ea, Dsey)
:&F'V3T+T'V3QF+¢'T ( )
=(ap, 1) - VY + (Y, trx) -ap- T+ (4, x,x) - T - T,
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since we have

V3T = VT + (try, ¢) - T,
Viap = VT + (WU"X)OJF + W, )%) T

Continuing, we have

(DAR)gg = DA(Rgg) — 2R(DA63763) =T .-VT+ (¢,X, tl"x) T T, (551)
(DgR)gA == D3(R3A) — R(D3€3, eA) — R(e3, D36A) == V3(R3A) + ¢ 2T T, (552)

(D4R)33 :2QF . V4QF — 2R(D4€3, 63) = 2QF . V4QF + '(b i R
=T (VI+ (0 (Toar)) +0-T-T

(D3R)34 = D3(R34) - R(Dsezs, 64) - R(€3, D3€4)
=Y -V3Y +¢-T-T (5.53)
=T -VT + (try,¢)-T-T,

(DgR)44 ZQOJF . VgOéF — 2R(D3€4, 64) = 204}? . VgOéF + w O - (OéF, T)
=2ap - VT + (watrX7X)a%’ + (¢7>€) s ap T+ w TOF - (aF7T)7

(D4R>43 :D4(R43) — R(D4€4, 63) — R<€4, D4€3> =7. V4T + w T + w - ap
:TV(T,O(F)—FT (1p7>€) ’ (T7aF)'

The expressions for (D4R)4p and (D4R)3p are as follows:

(DAR>4B :DA(R4B) — R(DA€4, 63) — R(DABB, 64) = (OzF . VT + T VOéF)

:O{FVT—FTVCYF—i—(w,X,)A(,trX) (aF7T)' (aF7T>7

(DaR)sp = Da(Rsp) — R(Daes,ep) — R(Daep,e3) =T - VT + (4, X, X, trx) - T - T.
(5.54)
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5.2.10.1 An important renormalization

A novel ingredient in our analysis is the introduction of renormalized quantities for
B and 8. The motivation behind the introduction of these two quantities stems from

the Bianchi equations. Take for example the identity for j:

1
VB + 2tryf = divae — 2w +1n - o — §(DAR44 — DyRya).

Strictly speaking, this is an equality of 1-forms. In particular, if we evaluate on a

vector ey, we get

(VaB)(ea) + 2trxBa = (diva)(ea) — 2wfha + (n- )4

1 1
- §(DAR)44 + §(D4R)4A =

(VaB)(ea) — 5ValRuy)(e)
=Va+v¢-V+ap-Vap+ W, %) T -ap+1p-a%+9-a=

1 R
V4(5—§R4(~)) =Va+¢- - (V,a)+ap-Var+ @,%) T ap+1-af.

This motivates us to define the renormalized curvature component
~ 1

Using the Bianchi equation for 3, we succeed in getting rid of the term (pg, o0p)Viar
coming from D4R,4, which cannot be bounded directly from the Maxwell equations.

Similarly, we need to define

B=p+ %R3(-)- (5.56)

The gain from (5.55) and (5.56) is that the Bianchi equations are now expressed in a
way that the right-hand sides of the equations are controllable in terms of the Ricci

coeflicients and the curvature and Maxwell components.

5.2.10.2 The Bianchi equations in schematic form for the renormalized
components

In this section we give, in schematic form, the Bianchi equations expressed in terms
of {a, a, B, é o a}. We explain our way of obtaining these. Take for example the

transport equation for f:
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1
V4B + 2tryf = diva — 2wB +n - o — §(DAR44 — DyRyn).
Then .
V4B + 2trx5 = (V4f + 2trxp) — §V4<R4(.))<€A) —trxyRya.

Working similarly, we obtain

Vi +2trxB=Va+v¢ - (o, 0) +ap-Var+1- (T,ap)-ar+ (1, 1) T - ap,

(5.57)
V?’B + trz@ =VV + (¢> )A()lp + TV(T, aF) + (aFa T)VT + (¢7X7 tI'X, )A() ’ (aFa T) ' Ta
(5.58)
V4§ + tI‘X@ =VV¥ + (¢7X)\I[ + (aF, T)VT + (¢aX7 tI‘K, >A<) ’ (aFv T) ’ Ta (559)
VaB +2trx B = VU + - U+ TVT + (), trx, §) - T T, (5.60)
1
Vi + §trxg: VU4 (hx) -+ T -VYT + (¢, trx) - T- T+ (4, %) - T- (T, ar),
(5.61)
1
Via + étrxa =VU+ap - VI+7T:(Vap,VY) (5.62)
+ (lp’f() ’ \I]_'_w cat (¢7X7trX7X> ’ (aFyT) ’ (Oép,T),

3

Vup + §trxp =VV + (¥, X) (a,¥) +ap- VT +7T-(Vap, VY) (5.63)

+ (¢>Xa tI'K, )A() ' (aFa T) : (aFa T)>

3
V3p+§trxp:V\If+T-VT+(1/),f<)-\I/—I—(w,trx)-T-T+(@/},X)-(T7ozp)-'f,
(5.64)

Vo + ;trxa =VVU + (¥, X) (@, V) +ap - VY
+7- VOéF + (¢7X7trz> ’ (aF7T> ’ (aF7T>7

(5.65)

3
V30+§trxa:V\If—|—T-VT+(w7§<)-\I/+(w,trx)-T~T—|—(w,X) (T,ar)-T.
(5.66)

5.3 The preliminary estimates

5.3.1 Setting up the bootstrap argument

We shall employ a bootstrap argument to derive uniform upper boundson O, R, R, F, F
for the nonlinear Einstein-Maxwell equations. Along H,_ and H,, by analysing the

characteristic initial data, we can obtain the bounds
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00 4 RO L RO 4 7O 4 FO) < 70) (5.67)

Our goal is to show that in D = {(u,g) XS | oo Su< —a/4,0<u< 1} there
holds

O(u,u) + R(u, u) + R(u, w) + F(u, u) + F(u,u) S (I(O)>4+ (I(O)>2+I(O)+1. (5.68)

Once these uniform bounds are obtained, by a standard local existence result, the
solutions can always be extended a bit towards the future direction of u. Hence,
the uniform estimate (5.68) for u., < u < —a/4 would imply that a solution to the
Einstein-Maxwell equations exists in the slab D. To derive the uniform bound (5.68),

we make the bootstrap assumptions

O(u,u) <0, R(u,u) + R(u,u) < R, F(u,u) + F(u,u) <F, (5.69)
for large numbers O, R and F' such that
4 2
(I“”) + <I(°)) + 70 4+ 1 « min {O, R, F} ,
but also such that
(O+ R+ F)® < a6,

Define®, B = {u | Uoo < u < —a/4and (5.69) holds for every 0 <o’ <wu,0<u<1¢.
We are hoping to prove that B is in fact equal as a set to the entire interval [u.,, —a/4].
To do this, we take advantage of the topology of the unit interval. In particular, since

it is connected, it suffices to show that the set B is both closed and open.

By assumption, at u = u, we have (5.67). By continuity of solutions (via local

existence), there exists a small € > 0 such that it holds for u., < u < uy + € we have

OO < 700 < O, R +E(O) < 7(0) < R, FO +£(0) < 7(0) < F,
Ou,u) $ 27 < O, R(u,u)+R(u,u) $ 27V < R, F(u,u)+F(u,u) S 210 < F.

This implies in particular that B is not empty and in fact [us, us + €] € B. At the
same time, naturally there holds B C [u,, —¢]. If we are able to prove that B as a
set is both open and closed, we can conclude that in fact B = [us, —%]. Indeed, in

the remainder of the paper we show the following estimates

8We assume the solution exists for each region of the form 0 < v’ < u, 0 < u < 1, where u € B.
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Ou,u) ST + R(u,u) + R(u, u) + F(u,u) + F(u, w),

2
Flu,u) + Flu,u) S R¥u,u) + R¥(u,u) + (1) + 70 + 1,

2
Ru,u) + R(u,u) S (I<0)> +IO0 4+ 1.

Here by A < B we mean that there exists a constant ¢ with A < ¢B, where the
constant is independent of O, R, F and Z(¥. These are improvements of the upper
bounds in bootstrap assumptions. By the continuity of solutions and local existence
arguments, B can be extended a bit towards larger w. This implies that B is open.
Together with closedness or B, we conclude that B = [uw, —a/4] and in B the desired
bounds hold.

5.3.2 Estimates for the metric components

Proposition 5.3.1. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

192 = 1|zo(,0) S T

0
[ul

Proof. Consider the equation
1
w= —§V4(10g Q) =

We integrate with respect to du. Since on H, we have Q7! = 1, we can obtain

_ “ @)
1907 = Lo, < /0 s, ol S 707 (5.70)
Here we have used the bootstrap assumption. Finally, notice that

o
|ul

1+

lul

o

Jul

19— 1| 2oo(80.0) < N9 Lo (50 1907 = Ulzoosu ) S S

We now control the induced metric v on S, ,:

Proposition 5.3.2. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), we have for the metric v on Sy:
d <dety <,
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where the two constants depend only on the initial data. Moreover, in D, there holds

vasl + (AP < O

Proof. We employ the first variation formula £;,7 = 2Qyx. In coordinates, this

rewrites as 5

— =21 . 5.71
au’YAB XAB ( )

This implies

%(log(det 7)) = 2Qtry.

Let vo(u,u, 0',60%) = v(u,0,0",0%). Then with 2Qtry < ‘%, we have

det
det Yo

U o
_ efo 2Qtrydu’ § i~

Via Taylor expansion, this implies

@)
|det v — det yo| < = (5.72)

This gives uniform upper and lower bounds for det~. Let A be the larger eigenvalue

of v. We have
A S Sup YAB,
Z IXaB| < AllxIze(su.0)s
A,B=12

1

U a3z O
1748 — (10)aB| < / Ixapldu' <A =0 < —.

0 |ul a2

We will also need the following;:

Proposition 5.3.3. We continue to work under the assumptions of Theorem 5.1.2
and the bootstrap assumptions (5.69). Fiz a point (u,0) on the initial hypersurface
H,. Along the outgoing null geodesics emanating from (u,0), define A(u) and \(u)
to be the larger and smaller eigenvalue of v~ (u,0,0)v(u,u,0). Then there holds

Aw) — 1]+ Mw) — 1] i

N
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Proof. Define v(u) := /4. Following the derivation of (5.93) in [22], by (5.71), we
have

) < 1+ [ 105l )

Via Gronwall’s inequality, this implies

)]sl and  |r(u) -1] <

The desired estimate follows from (5.72) and (5.73). O
The above two propositions also imply

Proposition 5.3.4. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), in the slab of existence D we have

sup|Area(Syu) — Area(Suo)| S

1
u az2
Proof. This follows from the definitions in Subsection 5.2.4 and the estimate (5.72).
[
5.3.3 Estimates for transport equations

In the sections to follow, we will employ the following propositions for the transport

equations:

Proposition 5.3.5. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), for an arbitrary S—tangent tensor ¢ of arbitrary rank, we have
[l 250w S N9llL2cs, ) +/ IVadll (s, o du” (5.74)

[l 22(su0) S 10l 225, ,

)+/ IVl 2(s, ) du". (5.75)

Proof. Here we first prove (5.74). For a scalar function f, by variation of area formula,

%/ f:/ (%ﬂ—ﬂtrxf) :/s Q (es(f) +trxf) .

Taking f = |¢|2, using Cauchy-Schwarz inequality on the sphere and L* bounds for

we have

Q) and try, we obtain

%

d
20PNz - 19l 22500 S N9llz250) - IVadllz(s,) +
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This implies
d
— < ||V

And (5.74) can be concluded by applying Gronwall’s inequality for u variable.

Inequality (5.75) can be proved in a similar fashion. For a scalar function f, we arrive

L/Mf = /u (Lf + Qtrxf) = /SWQ (63(f) +trxf) :

Taking f = |gz§|3/7 using Cauchy-Schwarz inequality on the sphere and the fact 2 >

at

0, trxy < 0, we obtain

This implies L[|§||r2(s,..) < [[Va¢llz2(s,,) and (5.75) follows.

We then rewrite the above inequalities in scale invariant norms:

Proposition 5.3.6. There holds

19llez,

(sc

s S 16150+ [ V015 5,0

11l

(sc

[ (Suw) S H¢H£ o) (Suoou) +/ | ,|2H 3¢H£ (S ) ydu'.

For equations along the incoming direction, sometimes the borderline terms ne-
cessitate more precise estimates. Typically, a borderline term contains try. It turns

out that the coefficients in front of try play an important role.

Proposition 5.3.7. We continue to work under the assumptions of Theorem 5.1.2
and the bootstrap assumptions (5.69). Let v and Y be S, ,—tangent tensor fields of

rank k satisfying the transport equation

V3va,..a, + Aotrxva,..a, = Ta,. 4,

If we define A\ = 2o — 1, we have

u
[l ol ras,w S Tuse™ 102650, +/ WP Y s, ) du
Uoo

where the implicit constant is allowed to depend on .
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Proof. We use the variation of area formula for the equivariant vector L = (e3 and

a scalar function f:

Lf - / (rromy) - | et + o).

u,u

With this identity, we obtain

L / 2 |f2)

:/ Q( — 20 [u* ezu) |92 + 2/ulPM < ¢, Vi >, +th!U|2A1!¢\2>
Suu B

(5.76)
:/ Q(2|ul2’\1 < ¢, V30 + Aotrxod > )
Su,u
2\
+/ Qlu|* | — 2h(esu) + (1 —2X)try | |0]?.
Suu |ul -
Observe that we have
2
- W + (1 = 2X)try
20,071
== + (1 —2Xg)try
Jul =
20 (Q71—1) 2 201 +2 — 4\ (5.77)
=2 (=2 (try + —) = 0
|ul = |ul
<9
™ ful?

For the last inequality, we employ (5.70), the bootstrap assumption and the fact that
Htrx—i— %HL"O(Su,E) < ﬁ and )\1 = 2()\0 — 1/2)

Using Cauchy-Schwarz for the first term and applying Grénwall’s inequality for the

second term, we obtain

[ul* 91l 22(s...0

Ol|u—2 ’
<Ol <|uoo|h||¢||m<sm,u> +/ '“"M”F””“’*”“)d“)
Uoo

uLu

u
e 6l 2(s,. o) + / P F oo

In the last step, we use Oju™?||;; S O/a < 1. O
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5.3.4 Sobolev embedding

With the derived estimates for the metric v, we can obtain a bound on the isoperi-

metric constant for a 2—sphere S:

1S) = sup min {Area(U),Area(Uc)}

: 2
Jcs, (Perimeter(9U))

Proposition 5.3.8. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), the isoperimetric constant obeys the bound

I(Suu) <

3 |

forus <u < —a/4 and 0 <u < 1.

Proof. Fix u. Given U, C S, ,, denote by Uy C S, o the pullback image of U, under
the diffeomorphism generated by the equivariant vector field L. Using Propositions
5.3.2 and 5.3.3 we can obtain that

Perimeter (0Uu

)\ o
Perimeter (0Uy) — Seo AW,

AreaU, det(y,) AreaUy; det(.)
= < sup = = < su =,
Areal, ~ s,, det(yy)’ ArealUs ~ g,, det(vo)

Using the fact that 1(S,) = 5=, as it is the standard sphere in Minkowski spacetime,

=55

the bounds in Propositions 5.3.2 and 5.3.3 yield the conclusion. m

We shall be employing an L? — L™ embedding statement in this work quite often.
To derive it, in addition to 5.3.8, we require the two propositions below, whose proof
is found in [22].

Proposition 5.3.9. Suppose (S,7v) is a Riemannian 2—manifold. There holds

(Area($)) " [|¢lluas) < OMmax{f(sx 1} (uwnm + (Area(s)) 2 ||¢\|Lz<s>) ,
(5.78)
for any 2 < p < oo and any tensor ¢.

Proposition 5.3.10. Suppose (S,v) is a Riemannian 2—manifold. There holds
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Pl Loe(s) < Cp\/max{](S), 1} (Area(S))? » (HV(bHLp(s) + (Area(S)) 2 H¢HLP(5)) )
(5.79)
for any 2 < p < oo and any tensor ¢.

Given Proposition 5.3.4, we know that Area(S,,) &~ |u|?>. Substituting this into
Propositions 5.3.9 and 5.3.10 and taking into account Proposition 5.3.8, we have the
following L? — L® Sobolev embedding inequality:

Proposition 5.3.11. Under the assumptions of Theorem 5.1.2 and the bootstrap
assumption (5.69), it holds

[l S D |lul V0

0<i<2

L2(Suu)

In scale invariant norms:

1 vi
18]l e, 50 S Y I(a2V) Az, (i)

0<i<2

5.3.5 Commutation formulae

We list some useful commutation formulae that shall be used to give a schematic
representation of repeated commutations. These are standard in the literature and

can be found, for example, in [43], |5] and [22].

Proposition 5.3.12. For a scalar function f, there holds

[Vs, V]f =

N~ N

(n+n)Vsf —x-Vf.

Proposition 5.3.13. For an S, ,—tangent 1—form U, there holds

N 1
[V4, Va]Ub - _Xacchb + €qe BRbUc + 5(7]@ + ﬂa)v4Ub - XacﬂbUc + Xabﬂ : U7

1
V3, Va]Uy = —x, VeUs + €ac " BpUe + §<T7“ +1,)VaUs — Xacnl,Ue + X, - U.
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Proposition 5.3.14. For an S, ,—tangent 2—form V,., there holds

1 * *
[V4, va]‘/bc :i(na + ﬂa)v4‘/bc - va;ichd - ﬂc‘/band — €bd B’Ravdc — €ed ﬁRc‘/bd
+ Xac‘/bdﬂd + Xab‘/dcﬂd - Xadvd‘/bc;

1 * *
[V37 Va]%c :_(na + n )v?)‘/bc - ndecX - 77chdX — €bd ﬁ aVie — €cd ﬁ Vd
2 a ad ad R R
+ X, Voana + X, Vacna — X, ;VaVe-
Proposition 5.3.15. Assume V¢ = Fy. Let V4Vi¢p = F;. Then
Fi= Y Vi(n+n)?VeFR+ Y Vin+n)?VesrVie
i1+i2+i3=1 11+i2+i3+ig=i—1
+ Y Vi) VRV,
11+i2+13+i4=1

Assume now that Vs = Go. Let V3Vip = G;. Then

G+ 5trxV'e = Z Vi + ) VG

11+12+13=1

Y ViRtV
11+i2+i3+ig=1i—1

+ Y V)PV (X, ) Ve
11+i2+i3+ig=i—1

+ Z Vi (n+n)* VBt Ve
i1+ig+i3+iga=1i—1

Finally, we can replace iz, » by expressions involving Ricci coefficients, under

the Codazzi equations:

1 1 !
fr = —divx + 5 Viry — =(m—=n)-(x — strx),

2 2
o1 1 !
é’/z = divy — §Vtrx — §(U —n)- (X - ?51%)'

That way, we arrive at the following;:

Proposition 5.3.16. Suppose V¢ = Fy. Let V,Vip = F;. Then

Fi= ) VWRVRR+ Y VIRVR(), )V,

11+ig+i3=1 11+i2+i3+ia=1
Similarly, suppose Vsp = Gy. Let V3Vip = G;. Then
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l 7 11 ,/,02 \71s 11 ,/,02 T A T 14
G+ 5t V' = Z VIRVEG + Z VHEVE(, X i) Ve
11+12+13=1 11+12+13+14=1
+ Z vil wiz-l—lvig t?XVM Qb

i1+ig+ig+ig=i—1

5.4 L*(S,,)-estimates for Ricci coefficients and Maxwell
components

We start with some useful estimates. Let

. —~ 1 o
¢ S {LlatrX#‘u?n?n’é‘?g? ﬁtrX7 %X? ULPtrX} 7\Ij € {_%’ﬁ’p’a7é7g}7
a2 - =7 ul = = a

T S {Z_gupFWO-F»gF}.

Proposition 5.4.1. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), we have

88



l . . . B
ST a2y =i o, < Jul,

11+12<10
S lladyrrewigit s o 5 <0,
11+12<10
L 0?2
ST @by vy )<
i14i2<10 ()7 |ul
1 03
a2 n—szu i2+3 < —
D e e eSS
1 2>
Z H(@%)i1+i2+i3vil¢i2vi3‘I’Hcf (Suw) <O,
114124+13<9
1
ST adyrrete ety (< 0%
i1z +i3<9 el
Z (@b )ir+iztist 2y izt 2ging|| 500 2 03
i1+in+iz<9 e
> @) Vi s, < lul,
11+12<10 N -
S @y e g <O,
i1+12<10
L 0?2
Z [(@2)" T2V (g, ) < T
i14i2<10 (se) 2 |ul
2
S adyrreg ety o <O
11+i2+13<10 |U|
2
Z H( %)Z1+12+13+Z4v11¢12vmTVMT”Lz (Sua) < O_’
i1 +ig+ig+is<10 B |ul
3
Z H(a%)l1+12+13vnw12+2vz3TH 0
uu ~Y 2°
i1+i2+i3<10 ‘U’

Proof. We focus on the last six statements. The ones before are similar and their

proof can be found in Section 4 of [5].

e For the first one we distinguish two cases: If 75 = 0, then the result holds
trivially as H1H52 (Suw) = = |u|. For iy > 1, we can rewrite V2Y"2 as a product

of iy terms

VYR = VY. VIR, with g+ 4y, = i
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Assume that j;, is the largest number. Then we rewrite
(a %)u—i—mvn'rm = (a %)ia . (a%V)j@T i H(a%v)jk'r.

Now we bound (a2V)#2 Y in L) (Su) and the rest of the terms in £, (Suu)-
We then have

1
RO [T ad A o FINE
‘u| i1+12<10
1 (az)i
T > - @ VY=Yl s, H|| aEV)T 2 (5
114+12<10 k=1
1\ Mo
Lla2)20r
[u] 2

e For the second one, if i = 0, then the statement is true because of the definition

of O. If iy > 1, then assume iy = j; + -+ + Ji,4+1. Assume j;, 41 is the largest.
Then, as above,

L1 4ia i1 iz
D (D Ko VA i

L2,y (Suu)

i1+12<10
(a2)®
< > e H(WV)““THzﬁ (i) H|| VYl gee, (S
i1+42<10
1 12 MN)iz+1
Lla2)m0"

e We have

ul 7 @) RVEER e,

i1+12<10

1 . L
Shl-pr 2 @ T @) T ),
i1+i2§107
13+i4=11,i3<i4

<0-0 =02

e The proof of this is the same as the item above. If i3 < 6 we bound the term

(a%V)”’T in L7, otherwise we bound it in £%SC) and the rest of the terms in

(sc)®
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e We have

1 (2 7 1 (2 (2 (2 (2 (2
ul Y [l(az)rE R A RV Vo A VRPN

11 +i2+13+14<10

1
Slul o0 30 (@) VIRV s,

| | i1+i2+i3<10

since one of i3, 14, without loss of generality say i4, has to be at most 6 so that

we can bound the term V*7Y in D(’SOC). We have

DN (G Kaas) AT 4t (PR

i1+i2+13<10
& $\i1+i2x7i1 )2
| | Z ||(a’2) \Y ¢ ||L?sc)(5“’l)
i1+12<10
O 1
ﬂ Z || 2 z1+zzvz1¢z2“£0§6>(5u&)
11+12<3
O 1 .
< Y @)=V s,
i1+12<10
[ul Y li(a2) vy w0 < Ty 141 =
i1+12<5

Here we have distinguished between the cases where i3 is at most 6, in which
case we bound it in E?;’C) and the case where 7 < i3 < 10, in which case we
bound the term V7T in E%SC) and use the Sobolev embedding theorem to bound

(a2)1 iy in Ly, Putting everything together, we arrive at

02

Suu S T
[l

Z H(a%)11+22+13+Z4V11wlzvm’rvu’rn[?

11+12+13+14<10

e There holds

Z H(a%)z1+12+z3vzl¢22+2V23Tl| ()

i1+1i2+43<10

_ Z H(a%)’1“2“5“4“5V’ll/J”V“Q/JV“@DV%THy

i1 +io+i3+ia+i5<10

(5.80)

uu'

Either i3 or 74 must be less than or equal to 6. Without loss of generality,

assume iz < 6. We then bound (a2 V)¢ in £ (s (Suu) and the remaining term
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in E%SC)(S%H). For the latter term, we have already established an upper bound

of %. Therefore,

ST ekt e gy
i1+i2+i3+i4+1i5<10
1 1 . 1. . . . . .
1 Iy irtin+is +1
< g 2@V ey D HaHEETEIVI g )
13<6 11 +1i2+13<10
1 2 3
1.0
|u| ul ™ Jul
(5.81)
]

5.4.1 L*(S,.)-estimates for the Ricci coefficients

Proposition 5.4.2. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

1 i CL%
ZH(Wv) Wlez (Sua) S (Rlp] +1).

ST
i<10 = |ul?
Proof. We use the following schematic null structure equation for w:
1
Viw = 3P + Y+ TT.

Commuting ¢ times with V using Proposition 5.3.16 , we arrive at

ViViw + %trxviw

= > VHRVE( eI+ ) VIRVR (), §, trx) Viw
i1+i2+i3=1 i1+i2+i3+ia=1

+ Z V“W?J“lvig’trxv”w

i1+i2t+ig+ig=i—1

:vz‘p + Z Vi1¢i2+lvi3p + Z vi1¢i2vi3 (¢77/})

i1+ia+i3+1=1 i1+i2+i3=1
+> 0 VIRVE(IN) 4+ Y VIRV (), R, try) Viw
11+i2+13=1 11+i2+13+i4=1

+ Z V“Wﬂlvi‘*trxv“w.

11 +i2+i3+ig4=1—1

Now notice that for any j and S—tangent tensor fields ¢;, ¢ we have the schematic
equality V(¢ - ¢a) =2, . V711 V2¢y. We can thus write
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V3Viw + %trxviw
=Vip+ Y VRRTVEp 4 YT VIgRVRTVEY

i1+io+i3+1=1 11+i2+13+i4=1
4 E Vi wlz Vi3 (w7 X’ trx)vuw + E Vi wu-ﬁ-lvmtrxvmw‘
11+io+i3+ia=1 i1+ig+izg+ig=i—1

Rewrite the above as .
ViViw + %trxviw =G.

Applying Proposition 5.3.7, there holds

u',u

u
| M Viwl| r2(s,.0) < |Uoo|z_1||vzw||L2(Suoo,u)+/ WM G2, du'.
Uco

Multiplying both sides by |u| and using |u| < ||, |u| < |us| We get

el < o FIV 5+ [ NG s, gt (552)
From the signature table we get
59(G) = 55(V3Viw) = 1 + 55(V'w) = % + 1.
Using the definition of the scale-invariant norms L7, (S,,) we have

||¢||c [ (Suw) _a_82(¢)|u|252(¢)HQSHL?(Su,ﬁ)

and thus

IV'wll 2

Wl 1Gle, s =0 ulP2]Gll2s,)-

= a_%
) (s

(sc) (Su u

Equivalently,
i L i i a 1yi
IV i = @2V V ey 00 B UG 2151 = Tl Gl 5.

We can now write (5.82) in scale-invariant norms as
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u

1 1 a 1.
l@ VY wller, s.m < @3 VVellce (s, + / Lol ) ol s,
+/ |U,|2|| Z (a§)Zv21¢12+1v13p”£?sc)(Su/yu)dul
Uoo i1-FioFiz+1=i -

“oa L\ iy, iavTi i
+/ e Y (@) VIRVEYVIYe s, du

11+i2+13+14=1

* add LNiin, iz i o Vi
s @ VR L OV, s,

lw|2" L=
11+12+13+i4=1
u
a IR . 4
t ol Y @Vl o, i
Uoo i14iotiz+is+1=i =

We look at each term separately. For the first one, since Q |,—,. = 1, we note that
w = —3V4(log ), we have ||(a%V)iw||£? (Suon) = U For the second and third terms,

we have

Y a AVAY ‘e Ly i i
[J |Ul|2 ||(a2v) p“L?sc)(Su’,g)dU/ + / |U/|2 || Z (GQ) 210 2+1V Sp”['?sc)(su’,g)dU/

11+i2+i3+1=1

1 1
w 2 m 2 u
a 1 i 2 ’ a , a a 2 ’
< (/uoo ‘u/PH(aQV) pHﬁ%sc)(Su,’u)dU) (/uoo ’u/|2du> -+ /uoo ’u/|2 . _l | -O“du

1 3 1

N

1 . az2 az a2
= (a2 V)’ oy - —1 + —=0% < — (R[p] + 1) .
X9 Pl ey g+ fup®” = Jugp B+

For the next term, we have

u
/ |u/‘2 ” Z (CL2)ZV”’Q/JZQVBTVMT||L%sc)(5u,&)du/
Uoo 11+i2+13+i4=1

Y a 0? a az az
g/ — . du' = —0*°< —0*<
U

o (P ] Juf?

For the last two terms, we have

‘oa Lyirin, jiai © T\
[l X @ e mo vl o,

11+io+iz3+iga=1

Yoaz LNigi, ) ieis CL% G%A a% ey n /
< il DD (@) VRV (o, X Tt ) VI 2 (s, o du
weo (W= /| " |5 || (o) S u
S 11+12+1i3+i4=1
1

w 1 2 1 1
S/ @ O jw<®orc @
ue (W] ] |u) |u|z
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Moreover,

“a 1 i1, /092 % i
[ mm X M vt il 5, i

11+i2+i3+ig+1=1

“ 1 lyi— 91, /49 i3 a
S/u az Z [(az) = VgtV (]u’P

i1+ig+ig+ig+1=1

u 3 1 1
g/ a~O—/2du'§£O3<a—21.

Gathering all the estimates above and letting a be sufficiently large, we obtain

_)V“?ﬁ”cfw) (Su/&)dul

D=

a3
ZH W”L? o) S — 1 (Rlp] +1).

i<10 = |ul|2

]

Proposition 5.4.3. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), we have

Z | |||( ) X||£ Sc)(Su,g) 5 L.

i<10

Proof. We look at the V3—equation for x:
Vix + try x = —2wx — a.

Commuting with ¢ angular derivatives and using Proposition 5.3.6 we arrive at

1+ 2 -
VsV'x + trxV'x
—=Via+ Y VrHVRa+ Y VIRVR(Y, R ) ViR
i1+io+ig+1=1 11+io+i3+i4=1

+ Z V”WQHV"?’ter“X.

i1+ia+ig+ig+1=1

Rewriting the above equation as

) 2 )
VaVix + ——tryVig =

an application of Proposition 5.3.7 gives us

N s € Bl T s + [ W I, - (539
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Rewriting (5.83) in scale-invariant norms, we arrive at

a 1 N
@) R 60 <

|ul

Multiplying this equation by a

~3 we get

u 2
in 1
@A Sl s+ [ plady

F 2

a 1 i ~
mH(CLQV)lXHL%SC)(SM)
CL% l “ CL% L % /
[e’e] Uoco

u CL%
1
o[ Ll Z (@) VIV (s

i1+i2+i3+1=1
3

w3t =
i1 +i2+i3+ia=1

(SC)

Y a2 1
+/ I > (@)'VHRVE (), %, ) ViRl e

(Sf)

(S, )du’

u'u

u) du'

u 3
a2 LNinit, i i i~
+/ | /|3 H Z (CL2) Vi 211y 31;1"XV 4K||5?Sc)(su’&) du'.

i1+i2+i3+ia+1=1
The initial data term is directly bounded by Z(©

we have

| ‘u,lgnm Va5, o

" (l2 1 21 ,/,0 7
ol X @l

Ju'[?
11+ig+iz3+1=1
.

<||(a2V)'« ucou)y * g

<l@V)allzs (g, |z fuf?

The last two terms can be bounded as follows:

u 3
az Lyixgin, )iz i C TN
[ il ¥ @i m0viile,

i1+ig+i3+ig=1

u 3
az Lyingin,iat1y7i iag
ST D SERNCEA Al STEN o (P

i1+ia+i3+ig+1=1
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(S,

(Su/,g)

’
YU

du/

) du'

<

0*+0°

1
a?2

)(u) < 1. For the terms containing a,

<1



Proposition 5.4.4. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

1 1 i~
S @V Rl (5,0 S Rla] +1

i<10 @2

Proof. We look at the schematic equation

Commuting (5.84) with ¢ angular derivatives we arrive at

ViV =Via+ Y VWRTIVEa4 Y VIYRVE(Y, (VK. (5.85)

i1+i2+i3+1=t 11 +i2+i3+i4=1

We thus have, passing to scale-invariant norms,

H(WV) Kez, (50

= / (@b alles, s, v

TN ENiTin, i
S / (@3 T Va5 d

i1+i2+iz+1=1

Y / 1@}V s (@, OV e (s

(w) w)
i1+i2+i3+ig=1

1 ” %
(/ (a2 V) anﬁg ,)dz_ﬂ) (/1dg’>
u,u’ 0

—_ m\»a| —_

l\.‘:\»—‘

WI

+ / (az)' Viypitiys (—1> du/
i1+io+iz+1=1 0 2 ‘C2 (Su,u’)
4 a2 % JRAVARTEA VAL (il 11) Vi (4) du’
11+i2+iz+ia=1 2 2 az L(QSC)(S%E/)
1, 1oy az -0
§—1H(a2V) aHEQ (H(ou>)+ < Rla] + T §R[a]—|—1.
az (se)\ 77 ‘U| az2
The result follows. 0

Remark 11. As will be shown in Proposition 5.5.1, there holds

1 1
> —=ll(a>v) alle (s, ST
a2 :

1<9
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In particular, this means that when i is not of top order, the estimate above can be

improved to
1 1 i~
> @) Xlez, (s S L (5.86)

(sc)
<9

Using Sobolev’s embedding Theorem 5.3.11, there also holds

1 1 i~
> (a2 V) Xllez, s ST (5.87)

(sc)
i<t @
We proceed with estimates for w.

Proposition 5.4.5. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69), there holds

S @2V)wlle (s, S RIpl+ 1.

(sc)
1<10

Proof. We have the schematic null structure equation
Viw=p+¢-+7T-T

Commuting this equation with ¢ angular derivatives, using Proposition 5.3.16, we

obtain

ViViw =Vip+ > VigRtvisp4 N vighvsTVRY
i1+i2+i3+1=1 11+i2+i3+ia=1
) VRV )V
11+ +i3+ig=1

Multiplying by (a%)Z and using Proposition 5.3.6 we get
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(@2 VYwlez (5.
B 1 7 1 11 ,/,0 7
< [ 1@l s, 0w + [Tz
0 11+12+13+1 1

+ Z /H % vnwzsz’rvm’ruﬁz &,)dg’

11+i2+i3+i4=1

o

+ Z / || 2 Vi1¢i2vi3 (q/)’ X)Vi4¢||£%sc)(su&/)dgl

11+12+i3+i4=1

s(/uw%wpué sot) ([ 1a)
0 o) 0

v PR R L

(sc) u u -
i1+12 +23+1 %

+ Z /H % vil¢i2vi3TVMTHL%SC)(SH&,)dﬁl

11+i2+i3+i4=1
% Vllwmvlza (¢ X)

l\.’)\»—‘

du’
%sc) (S“«Hl )

L

11+i2+i3+i4=1

o=

az - 0?
AV bly oy + o <Rl 41

Here and throughout we have made use of Proposition 5.4.1. O

Proposition 5.4.6. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

1 i ot
S @3 V) ez s,y <RI+ 1.

i<10
Proof. We begin by recalling the structure equation (5.17) for n:
1
V477(1 = —Xab " (77 - ﬂ)b - Ba - §Ra4-

Also recall that 8 = 8 — %R4(.). We can therefore rewrite (5.17) in terms of B as

follows:
V4na = —Xab " (77 - Q)b - Ba - Ra4-

This leads us to the following schematic null structure equation:

Van=B+4- (¥, %)+ (pr,0p) - ar.
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Commuting with ¢ angular derivatives, using Proposition 5.3.16, we have

ViV =ViB+ Y VigRTveg
i1+i2+i3+1=1
) VHREVR, VY
i1+io+i3+ig=1
+ Y VRRYR(pp,op)Viag.,

i1+i2+i3+ia=1

Working in scale-invariant norms, we get

(a2 V)" ez, (5.

1 2 ? 2
S R PRI D CO R S e
i1+ig+iz+1=1i
DS

@ty v (4.4
11+ig+i3+ia=t

foy
i1+i2+i3+i4=1
_ 3.02 _
<R[f]+ - < RIB)+ 1.

)d'Ll,l

uu

L"?sc) (S )

(a3)I Vv <a_f> vu(pFaUF)HLQ dﬂ/
az e

Jul
O

Proposition 5.4.7. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

> l@2V)trxliee s, S Rlal + Elpr, or] + 1.

i<10

Proof. We again start by considering the schematic equation
Vatrx = X - X + aF - aF + 9.

By commuting with ¢ angular derivatives, we arrive at
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ViVitcy = > VIRVERVEY+ > VIR VR Viap
11+i2+13+14=1 11+i2+13+14=1
D VRRVR@ VY
11 +i2+i3+ig=1

— Z VHXVW)A("‘ Z Vilwig—&-lvig,)%vu)%

i1+i2=1 11 +i2+i3+ig+1=1
+ E VraprV2arp + E V“W2+ V3aprV*arp
11+i2=1 i1+ig+ig+ig+1=1

+ ) VIRRVE(Y, (V.

11+i2+13+i4=1

Taking this into account?, we have

L\
(@2 V) trxllez (5.

<2 [ ele

i1+ia=1

+2/

11+i2+i3+ig+1=1

+ Y / a? | (

11+i2+i3+ig=1

2
Llse)

E
o ap
ir [ X
1> v (_17 1) ’
az’ az az az

(S,

l\)\b—‘
[V}
X
q
w
VRS
w\>—‘|><>
|a1

S_OQ[SQOCF] : Ooo[)%a aF] + 3
|u| u

<OslX,ar] - Oxo[X, ar] + 1 S Rla] + Elpr, or] + 1.
(5.88)
This is because the Os[x, ap]-term can be bounded by R|a]+ F[pr,or]+ 1 by virtue
of Propositions 5.4.4 and 5.4.10, whereas Oy X, ar| can be bounded by 1 using the
improved estimates in (5.87) and (5.97). O

We move on to estimates for trx.

Proposition 5.4.8. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

sl ol
2.1l o

9In the following, even though we do not encounter cross terms of the form Vi ¥V=apr, we do
not lose any control on the inequality by grouping the terms together and controlling schematically
terms of the form V" (x, arp)V*? (X, ar).

SRpl+Rlp] +1
i<10 (sey (Ss)
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Z| E GQV 757’X||L o) (Su.u) S L

<10

Proof. We have the schematic equation for try
1

Vatry + 5(

Commuting this with i angular derivatives and temporarily writing try = ¢ symbol-

tr&)2 = —\X!Q — 2wtry — |gF]2 = Gy.

ically, we get an equation of the form

. ,+ 1 .
ViV +Z; try Vip
= ) VWRVEG+ Y VIRV, R try) Vi
i1+i2+i3=1 i1+i2+i3+ig=1

+ Z Vi1¢i2+1vi3trxvi3d}
i1 Fiatiatis+l=i -

= Gz

We proceed to apply Proposition 5.3.7 with Ay = ¢. There holds

uu

[l IV trx | zags, ) S ool IV trx |z, ., +/ W NGill s, pdu’ (5.89)
We convert (5.89) into the language of scale-invariant norms. There holds
l
2

I(a

V) tTXHﬁ2 (Suw) = G%G_SZ(WHX)|U’282(V%®||Vitl"x||L2(su,g)

o (5.90)
and
Jul*

1. )
I(a2)'Gill ez (suu) = —5 - [ul 1Gill L2500

Consequently, there holds

| |2H(a V) trXHE( ) Su,u) 5 | OO|2H(CLQV> trX”LQ (Suco,u)

u a2 I , (591)
b Gl s,
e There holds
v a? 1yq i1, )9 \Ti3 A NTid
|l 3 Tl o,
11+1i2+i3+i4=1 (592)
u 02 02
5/ e S T
e (W W] |ul
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Similarly, there holds

vog? 1y i1, ia i i
/ T COND DI A N e 1

j |u ) i1+i2+i3+i;=i (593)
S| i ST
e W2 ] PE

There holds

v a? 1y i1 . 10 i i
[ Sl Y Ve e s,
11+i2+13+i4=1 (594)

U 2 2 22
5/ a O <20
u

T e

°
3
=
Q
@
@
=
=5
(o
»n

v oa? 1y i1 iz N TN
|l 3 v Vit s,

u' u

Yoo i1+ig+i3+ia=1 (5 95)

vogs 02 az0? '
s[ s

e e |ul

There holds

[ SIS

u 2
/ —|§/|4 ||<a%>z Z v“l/}m—i_lvzgtrxvmtrX”,C(QSC)(SH/&) du' = (a )7,_
Uoo i1+i2+i3+ia+1=1

w o X a ; a
[0, 2 veeoe () v ()

i1+i2+i3+ia+i5=1

u l_ 3 l_ 3
5/ ﬂdu'<a20<1,
u

]

du’
E?sc)(Su/&)

oo

(5.96)

Here we have used the fourth statement of Proposition 5.4.1 for the case of three

variables.

< 1. Using the Sobolev

wu)

Consequently, there holds Zigo'#H(a%V)itrxﬂﬁf s
embedding theorem, in particular, there holds ), #H(a% )itrxHﬁ?:C)(SM) S L

This will prove useful in the following lines for t/r\i.

For t&, we have the schematic null structure equation

. 2 I )
Vstry + trxtry = W(Q b= 1) 4 trxtry + vtry — [ — Jagl*.

Commuting this equation with ¢ angular derivatives, we have
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trxt/f)/(

Q42
VsVt + —

= Y v (et o ) iy vty (3P - Lol

i1+i2+i3=1t

+ Y VRRVR (Y, ) Vit + Y VIR Ry Yty
11+i2+13+14=1 11+io+i3+ig+1=1

=F.

Rewriting in terms of scale-invariant norms,

|u—|||(a2 V)ztrxllgsc)(s@ Sm\ H(GQV)ZU&H%C)(SW&)

U 2
a NS /
b [ ) Pl s,
a 1 .~
:u—||(CL?V)VCI‘KHE%SC)(STLOO’H) + T+ 1L+ 15 +I4,

[ttoo |

where
a a
@V s < g 1@ V) ey, 5 S 1

1 1 1 1
a2z — Qa2 a?2

Y a 1., . . .az
L= —ll(a) > VWPV (i, —trx, X o
1 /u |Ul| ||(a ) 4 ' : ‘ 4 ¢ (|U,/|¢7 |u,| I‘X, |UI|X, |U/|QF)
g t1+i2+13+14=1
1 1 1 1
2 az — a2z , a2
<V T e e e s

<02H+WOQ[ s +151.

There holds

vog? 1, i1, da i, i
L= [ Sl 3 VRV o, 0

11 +i2+i3+i4=1

Yo Ly i1, ia i iat+1
=/ ll(e®) > V1¢2VSQV4+(|/|UX)HE (St

u
oo | i1+iotiz+ia+1=i

“a 14 i1, 92T a '
+ /uoo m”((m) Z Vi Visy . (—|ul|2trx)||£?Sc)(su,&)du

11 +12+13=1

< /u a1 (O[g] - Ooo[trx]> du’

'] ||

SOW]Ox[trx] +1 S R[p| + 1,
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by Proposition 5.4.5 and the fact that #Htrz” £5,)(Suw) < 1. There also holds

L= % by viyeys du!
T LR DR A e P
i1+i2+i3=1
:/“ /|| Z V“@Z)”V“(u)HL du’  (in standard norms)
uoo ir-+ig+is=i jwz )

Y R
:/ u/[H Z AR Y 3<W>HL (5,00
oo i1+io+iz3=i
/ ‘u/’z+1|| Z vz1wzzvz3[| /|2 / QW(U/,Q/,QI 0 )dU]HLZ(su,u)dU/

11+i2+i3=1

u
:/ Ao I WA
Uco

i1+ig+i3=1

‘u/‘quzz ‘ul|2 |ul‘13 ‘u,’%

u,u

'/2Vi3w(U’,y’,91 0%)du || 2(s,, ) du’
0

11+io+i3=1

S/ - (7_2[/)] + 1) du’ S R[p]+1
Uoo ‘U,’

/2

Finally, there holds

w2
_ a 1yy i1, g+l i3i '
Ti= [l Y T VR,

i1+io+iz=1—1

w 1 1., . . a
= [ aifad)yt YD vt
/uoo |u/[?

11+1i2+i3=1—1

. <| /|trx)\ SCS/u)dul

[N

u 03

</ az - e "<1 (by Proposition 5.82).
Uoo u

In summary, we have obtained

Z| |”(a2 )(tl"X—i-‘ ’)Hﬁ(sc) )SR[p]“‘E[p]—i—l.

<10

]

Proposition 5.4.9. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

> @V nlle (5., S RIB+ RG] +1

<10
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Proof. We use the following schematic null structure equation for n:

1 e .
strxnp=pB+trxyn+x-¢v+71T 7.

Vsn + 5

Commuting with ¢ angular derivatives, we have

i1 4
VaVin + oty V'

=VIB+ Y VRETIVER 4y Vin 4+ Y VIV (n,n)

11+i2+iz+1=1 11 +ig+1=1
+ § j Vit Ty Viatry + § Vi VeV (y, try)
i1+io+is+ig+1=1 i1+i2+13+14=1

+ Y VIR VRTVET.
11+i2+i3+ia=1

By passing to scale-invariant norms we have

1 1 i
mll(cﬂv) Mllez (5
1 1 “a
Sm”(aQ )7]||L 20 (oo 1) +/ | /|3||(CL v) BHE(SC) S, u) du’

“oa N i3 7
Pl X @

11+i2+i3+1=t

L ) ;
o Wutrww les, s,

/ /|3
(a2) VIVt e

/ /3
| z1+12+13+z4+1 1

[ (@ VTR e s, di

11+12 +13+Z4 i

> @V ax(arV)E e s,
Z1+zz+1 7

+/ | ,|3H Z (Cﬁ)ivhwigvigTVmTHE?SC)(Su/&)du/

11 +i2+i3+i4=1

1 RPBI+RBI+1 v 0 0>, RB+RP+1
Sk + e S

~Y

" o] [ul Jul

This concludes the L?-estimates on Ricci coefficients.
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5.4.2 [*(S,,)-estimates for the Maxwell components

Proposition 5.4.10. Under the assumptions of Theorem 5.1.2 and the bootstrap

assumption (5.69), we have

1 1
Z — [[(a2V) OCFHcfSC)(su,E) < FElpr,or] + 1.

i<10 2

Proof. We have the schematic equation

1 .
Visarp + 5‘51‘&0@: = V(pF,O'F> +¢ . (pF,O'F) +X‘QF+’¢'04F.

Commuting with ¢ angular derivatives, we get

1+ 1

ViViap + tryar

=Vt pp,op) + Z Va2t st (pp or)
11 +i2+i3+1=1
+ Y VU VRPap+ Y VIRV2ap
11+i2+1=1 i1+i2=1
+ Y, VRVEYY (pp, o)
11+i2+13+ig=1

4 Z Vil ¢i2 Vig XVMQF T Z Vil wig Vig wvu&F

i1 +io iz +ig=1 11 +i2+i3+i4=1
Y VR Viap Y VAYRVE(Y, R, ) Viag.
i1+12+i3+ia+1=1 11 +i2+i3+1i4=1

Denote the right-hand side of the above as G. We then have

/
u/,u)du i

i -1 iNwi Yo
a”>[ul'[Viar|Lzs, . < a2 fuxl [V ar| L s, . +/ a2 [u']"]|Gllzas
From the signature table one can read off
; o1
so(ap) = 0= so(Viap) :0—|—z~§ =3
By conservation of signatures,

, , + 2
53(G) = 55(V3Viap) = ——.

Taking into account now that

||¢”£?Sc)(5u,£) = a—82(¢) |u|252(¢) HQSHLQ(S“&)a
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we can conclude that

0 Hul [ Viarl s, = a @ V) arle, s,

1

_1 i az 1y,
IG5 = (02 Gl 5,0

Therefore,

1 i

a2 |ul'|[V'ar|| L2, .,)

—L iy i “ az Ligitl
<az[u|'|V'ar||L2(s,.,. .) + |u,|2||( a2)'N'"*  pp, oF)| 2
Uco

u
(sc) u)

u 1
az 1 i1, /,02+1c7i3+1 /
S @ el

i1+i2+i3+1=1

v 1
az 1 11+1 7 !
+/ WH > (a2)' ViV aplle (s, )du

i1+ig+1=1

1 (2 (3
/. Mzuz B sl

11+io=1

/ v ’||< at) N VROV (pp, oF)ll ez s, A0

11+i2+1i3+14=1

Cab
S A D DI ST 3 A At
oo t1+i2+i3+ia=1
" s Ly i1, 02 748, T4 /
+ W,QH(W) E AAR VAUV 04F||cfsc>(su,&)du
Uoco

11+io+13+i4=1

s Sl Y VT are s, v
Uoo 11 +i2+i3+ig+1=1
1

Y oa2 1yg i1 iai N T N
R E e e, 0

11 +i2+i3+1i4=1

For the first term, we have
—L i (0) <
a2 |ul'|[V'arpllr2s,, ) <7 (w) S 1.

For the two terms involving the highest number of derivatives, we have
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S~
g 3
= |a
—— | =
no
=
N\»—‘

u a2
n / el X

11+i2+iz+1=1

(a2)' VY (s

a2)' V' pr, o)l ez (s, 00

“a LNiwi
< (/ W||(az) v “(pF,aﬂ”fzgsc)(su/,u)d“/)

“ o1
+/ 0

N

uee (W2 W]

_ Lyiitl )
=@V (om0 oy 7

For the next two terms, we have

w 1
az Liiin+1 i
[l X terowessee

11 +ig+1=1

o[
/ du/
<

oo [u i1 +iz+1=i

/u :
_l’_
woo 1]

1

i1+i2=1

11+i2=1

U 1 02 u O
L [

a?) V“XV%F‘

Z (a% )iviﬁ-l

E%SC) (Sur )

(g mee ) 7 (

> (a3) V“<|1;|—)V” <QF>H L (5,

2

For the sixth, seventh and eighth terms, notice that
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ydo!

AN
d /
(/um 2 “)

1 a2 5

ul [ul?

1
a2 a2
ufz uf?
pF70'F]+1

du’

£2, (S0

du’

/

ap

w)

a% ) HE%SC) (Su/&)

du’



v a2 i i1, iaNT3 (), o\
[ ¥ e 09Tl o, g0

i1+i2+i3+ig=1

“ a? Y i1 ,/,0 % %
[ el Y veTeTtas o,

i1+i2+i3+ig=1

; Y X )
i Vi V”TH du!
) Z w (a a (sc) S /,2)

. . ) . 2 2
11 +i2+i3+i4=1

. L . . afp
) V'Ll Z2VZ3 VZ4
iy vV (aé )

11+i2+i3+ig=1
u 2 2
S/ L.O_dufgﬁgl_
wee (WP W] |ul?

For the last two terms, we can write

—~
Q
N

—
S
N[

du’

H,C?sc) (Su/&)

/ a,2|2\|< S VIV Vs (s, i

i1+i2+i3+ia+1=1

“ 1y i1, ) i2 T NSO, v 0
/ru/|z”< az)l Ny VIRVE( X ) Vil e s, du

i1+ig+iztia=i
U 1y, S . a )

“J Ny Al tr»«) v ().

/'l;oo H( ) Z |'U/|2 - (SC)S/ )

u (1 i+1 do/ N

[ g (2 e ()]

thoo "U/ | i1+ig+i3+iga=1 ’ | | ‘ | | 2 (sc)(su’ u

t1tig+iz+ia+1=i
v )3 u L 0?2 03 .02
§/ o du / 2-—/du'_ 48 <1.
oo [ woo U] 0] Jul * ul

Remark 12. Notice here that, when i <9, the term

I\?\»—t

1 vi
1(a=V) (pr, o)l 2 (S

can itself be bounded by O without having to resort to an E ( )-norm. Then, the

term Flpr,or| goes away and hence we arrive at the Zmproved bound

1 i 1 i
D M@V arle s+ Y @ V) arlg, . S 1 (5.97)

i<9 i<
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Proposition 5.4.11. Under the assumptions of Theorem 5.1.2 and the bootstrap
assumptions 5.69, there holds

1oy
> (@2 V) (pr, or)llez (s, S Llar] +1.

<10

Proof. We have the following equations along the incoming direction:

Vspr +trx pr = divap + (1 — 1) - ap, (5.98)
Vsor +trxor = —curlap + (1 —n) - *ap. (5.99)

Schematically, we can rewrite the above as
Vi(pr,or) + trx(pr,or) = Vap + 1 1.

Commuting with ¢ angular derivatives, we arrive at

i 1+2 i
V3V (pr,or) + 5 trx V' (pr, oF)

ZVH_IQF_’_ Z vi1¢i2+1vi3+lgF+ Z vi1¢i2vi3¢vi4ff
i1+i2+i3+1=1i 11+i2+i3+ig=1
+ Z V“Wﬁlvi%rxv“(pp,ap)
11 +i2+i3+ig+1=1
+ Y VRRVR(Y, R, )V (pr, oF)
11+i2+13+i4=1

=G,

Applying Proposition 5.3.7 with A\ =17 + 1, we have

u,u

|U|i+1||vi(PF,O'F)”L?(Su,l) ,S |Uoo|i+1||vi<PF,UF)HLQ(Suoo,g) +/ |u/|z‘+1||G||L2(S , )du/.

We have - .
i 1+ 1+
S92 (V (pF,O'F)> = s SQ(G) = .
2 2
Therefore,
1 i 1y _ il i i
1@2V) (pr or)llez (s, = (@2)' - a” 2 [ul IV (pr, 0F) 125,00,
so that

i i 1 Looni
W NV (o, o) 250y = @21 (03 ) (0, 08 |22 (5.0
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as well as

1(@2)'Gll ez s, = (a?)'a

whence we get
3

4 1. az 2)i
lul™M[(a2)' G|l 12(5,..) = WH(W)lG”ﬁ?sc)(sw)'

Passing to scale-invariant norms we have

Lo
|| (a,2 V) (pFa O-F) ||L%Sc>(su,2)

1 i v 1
ST (or el e+ [ 0 Gl s, 0

1 7 “ a 1 7
SV om0y 50+ [ Tola T e s,

a

£2 (S
i1+i2+i3+ia=1 (SC)( “'&)

Y i1, i
/ Ju'? (a2) >, V¥ 1¢2+1V3+1QF‘ (S )du,
i1+ig+is+1=1 (SC)
a 1IN 41 ,/,0 /
/ Ju'? (a2) Z Vig® (S )du
i1 +ig2+i3+i4=1 SC) u’u
a INi i1 i i
/ |u/|2 <a2> Z V 117D 2+1v 3trzv 4(pF7UF)’ 2 (S / )dul
11 +ig+iz+ia+1=1 (sc)\Vrulu
a 1y i1 i i N TN
/ VR X VREVE@ L )V oror) du’
_|_

=Ji+ -+ Je.

We treat Ji, ..., Jg on a term-by-term basis.
e The initial data term .J; is bounded by Z¥(u) < 1.
e We have

J2 S ‘—||( a?)! Vz+1aF||£2 () S |u\£[O‘F] S Flag).

e For J; we have

“ a 1.
az)t E vll 12+lvz5+1 ‘ du’
/ W’Q ) : v Ll (500
too i1+igtiz+1=i (se) P,
u
< (a2)’ Vit lyis Qo
~ ‘u,,g (0 ap|, o, (5.100)
i1+i2+i3=1 (sc)( u,,g)

u 2 . ()2
</ L.O_du'<ﬁ<1_

o (A (1
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For Js, we have

u 1 ,
/ el > s ™
11+i2+13+i4=1 (SC) & (5 101)
U . 2 ’
</ a .O_du'< a- 0%
S WPl u2
For Js, there holds
“a 1y i1, o+ 1i i /
/u WiE (a2) Z \VARTA VStrxv 4(pF>UF)‘ o (Su/u)du

i1+io+i3+ig+1=i (s¢)

5/; af - H(a%)i_l Z Vit tlyis <|ucf|2trX) Vi4(pp,ap)“

i1+i2+iz3+ig=i—1

22 (Su )
du’

v I N3 N3
</ az -0 qu < & O <1
P R

ol

(5.102)
There holds
‘oa 1y i1, iz 7 SR /
/u |u/|? (@) , Z ‘ ,v1¢2V3(¢’X’trx)v4(pp’ap)‘ 22, (Sur )du
e i14i2+i3+ig=1 sc
u CL% 1
< - 3\ Vigizyis [ —Z t Vi ‘
N/u |Ul| (CL ) A Z A w ( |(2/} X7 I'X) (pF7UF) 2 (S/ )
0 i1+io+i3+ia=1 (s¢)
du/
u 1 2 1 2
s/ mst s
weo (W] 0] |ul
(5.103)
Combining these estimates together, we arrive at the desired result. O]

Proposition 5.4.12. Under the assumptions of Theorem 5.1.2 and the bootstrap
assumption (5.69), we have

> @2 VYarle, (5. S Flor orl + Elpr, or] + 1.

i<10

Proof. For T € { PF,OF, Q F} we have the following schematic equation

Viap = V(pr,or) + (X, V) - (T, ar).
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Commuting this with ¢ angular derivatives, we get

V4VZQF
=V (pp,on)+ Y VIRV (pp,op)

i1+ig+iz+1=t

+ > VIRRVRW, ) Vi Y VIRRVR (9, ) V(T ap).

i1 +i2+i3+ig=1 11 +i2+1i3+1i4=1

By multiplying with (a %) on both sides and passing to scale-invariant norms, we have

@2 V) apllez, s,

L 1. .
< / \|<a5>lv1+1<pF,aF>||£%SC)<SM,)dg'

1 o .
/ || 5 V“¢12+1v13+1<)0F7UF)H/:%SC)(SU&/)dH/
zl+12+13+1 .
1 L
/ || 2 vuwzzvls(w )V O‘FH£<256> )dg/
Z1-i-l2-&-13-i-24 i
1 L R .
/H 2 V“lbwvls(w7X)vl4(T’OéF)HE%sc)(Su,y)dQ,
11+z2+13+24 i
pF, O_F / || &2 Vilwi2+1vi3+1 (PFv O‘F) ||£%Sc)(su&,) dg’
Z1+12+13+1 %
N bR
+/0 ||(a2)z+1 Z Vzlwzgvm(_% a_%)VMQFHﬁ?SC)(Suu’)dQ,

11 +i2+i3+ia=1

du/ . s oaz T
*/ (@) YT Rt (g, )V (1, )
0 CL 11+i2+i3+ig+1=1 u
1 1

“ -1 1y; i1 az | 12
+/0 a zful[[(az) YV (‘ Rk NV (

11+i2=1

e, 5,00 0

(sc)

<Flor,or| + OX|Olar]| +1 5 Flor,or| + Elpr,or] + 1.

In the last inequality we have used the refined estimates on x and ar from Proposi-

tions 5.4.3 and 5.4.10 respectively. O]
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5.5 L*(S,.)-estimates for curvature

Proposition 5.5.1. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumption (5.69), we have

1 i
> @t VYale s, S 1

i<g 2

Proof. Reading off equation (5.62), we have

1 s
Via + §trxa =VB+ar-VY+7T - (Vag, VTY)
+ (¢7>A<) : qj_"w@—*—(w?XatrX?X) : (OéFaT) : (OéFaT)-

Commuting with ¢ angular derivatives, we obtain

. ) 1
V.Via 4+
:vi+15+ Z vi1¢i2+lvi3+l/g)+ Z Vi1¢i2vi3aFvi4+lT
11+i2+i3+1=1 i1 +i2+i3+ig=1
+ ) VRRVETVE  (ap, 1)+ Y VRRVR(Y, )V
11+i2+13+ia=1 11+i2+13+i4=1
+ Y VRRYR (X, trx, X))V (ap, 1)V (ap, T)
i1+i2+i3+ia+i5=1
+ ) VRRVEW X ) Ve Y VR YRy Vi,

11 +i2+i3+1i4=1 11+i2+i3+ig+1=1

trxvia

Denote the above as

141
2

Using the definition of the L7, (u,u)-norms we have

ngiOé +

trxvia =(@.

_it2 ;
Suu) — @ 2 |U|Z+2||G||L2(Su,ﬂ),

ul' |V'allr2s,.) |Gl

||vZOé||L%SC)(Su’M) = a_§ (sc)(

which translates to

S P 5 VRS QRN
a 2[ul'|V'al r2s, ) = a 2||(a2v)104||z:386)(sw),

_1 i a% 1y
@S IGlrs, = [l Gl s

Hence we have
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_1 1 i
a2|[(a2V)'allz s, .)

-1 1oy 1 LoonNi+1 5 /
<az|(e2V)allez (s, + [ Tl@V) Bl (s, du
u

. |u/|2

g L
+ / |u,|2 || Z (az)zvz1¢zz+1vzg+lﬁl|£?sc)(Su,&) du’
oo i1+ia+iz+1=1
1

Y az 1. L . )
+/ I@2)” > VIRV (ap, D)V

/

(sc) (Sulvﬂ) du
11 +i2+i3+i4=1

a2 1y i, )i2 i3 YT
*ﬁé I S VR TV (ap, Dl s, A

11+i2+i3+ia=1

+/ ,2”((12) Z Va2V (4, ) VAT 2 )(S/u)du/
! | i1-Hia+ig+ig=i (se) Wul u

u az 14yi 11,/,42 713 ~ N is i /
" I(a2)" Y- V=V (0, %t )V (ap, 1OV ar, Tz s, ) du

)

Y oaz 1\q i1, 1 da i A TN
n / lady > VYR, g a) Vil s, du

11+i2+13+14=1
N u i”( 3 Z Vi Yty Vida| Qo
U |U’,|2 ¢ . . X . . X @ L%sc)(su’,g) u
e i1+io+iz+ig+1=i

=T A T4+ T,
The first term can be bounded by the initial data, since

T =a 22 V)allg s, < TOW) S 1.

For the terms involving B , we have
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uq 1 i1
T+ Ty = / (@2 V) Bllez, s, 00

. ’u/’2

w 1
az Lisin, ) is+1 3
T DR Ot i PR

w2V e
i1+i2+iz+1=1

L 1
U 2 u 2
a L it 32 ) 1 ,
S(/m ) 5”ﬁ%sc><su/,u>d“> (/w a\u/pd“)

u CL% 02
+/ /2'_/du/
wee (WP W]

Uco

1
1 1 g 1 az - O
<a 2 ||(a2 V)M uso )y *
<a"2|[(a2V) 5”516)@; D b |ul?
1
N 1 2. (02 R
<RI S +151L

|u|2 [ul> ™ |ulz
Here we have used the bootstrap assumptions (5.69).

Notice how the curvature term is actually bounded by 1. For the next two terms, we

need to treat the cases where all the weight falls on i, separately. Look, first, at

Y oaz 1y i1, i2 i i
T4—/ WH(CLQ) Z V1¢2V3(QF,T)V4+1TH£fSC)(S/ )du/-

u'u
11+i2+13+14=1

If iy = ¢, then we can bound the term (o, T) below in L7, to get

o] Loni
o= [ e ) @ 9T, o

v CL% O 1 .
iz

Uoco

u 1 l. 2
g/ @ O oaw<® 9 <y

we (W W]

If iy < i <9 we distinguish two cases:

M|
4
e
=
=
[V
©
(oW
S

e There holds iy +1 < 6. We then write
(@)’ Y VIR VE(ap, T)VEEY
11+i2+13+i4=1

“hyt Y v (L, L gy

1
L T 2 2
11+i2+1i3+i4=1 a a
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and bound (a2 V)17 in Ly, We have

Yar a1y i1, i i3 i1 '
WH(GQ) Y. VRV (ap, TV Tllez (s, du
Uoo i1+i2+i3+ia=1

u aidul 1 ig+1 1 11+i2+i3 741 ,/,02 \7%3
< | T M@ g sl > (@)TEVIEVET g )
Uoco

i1+i2+i3<9

e There holds 7 < iy, +1 < 9. We then bound (a%V)““T in E%Sc) and the rest of
the terms in E‘(’;’C). This gives

a2 1y i1 )do i3 iatl '

@) > VAV an VT, du
Uoo 11 +i2+13+i4=1
v gz du’ 1 L

S/ g 1@ V) Yl s, I > (@2)* TNV | e (s, )
U,

E walll - 2
i1+i2+43<9

<[ e L )OO
u |ul|2 |u|/ |u/’21+12+’£3—1
o0

Jun

IN

We move on to T5. If iy = i, we have

u a3z 1y ;
| pla 3 e e, s,

11 +i2+13+i4=1
1
az - 0?

Jul

v a% O 1 1 ;
L +1 /
< / R o oI el s, <
Uoo az
If 1y < i <9 we again distinguish two cases:

e There holds iy +1 < 6. We then write

(CLQ)Z E : VzlwzngTvu—l—laF
11+i2+13+i4=1

= (a2)™* Y Vg vRTYET (%> (5.104)

1
L. ) .. 2
t1+12+13+14=1 a
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We have

(se)"

and bound V#t! <—§) in £

u a§ . . . . .
/ e 3 VRV TYE a5, )
Uco

11 +i2+13+i4=1
< /“ az 1
= S WP 0]

(a%V)z’4+1 (aF) H .

1Y <a%>w'2+fsvf1wwvwncﬁ (5., 40

i1+124+13<9
u 1 192
g/ az .i.02du’:a20 <1
N (T T |ul

e There holds 7 < iy, +1 < 9. We then bound V#*! (a—f) in E%SC) and the rest of
a?2
the terms in ,C(SC) We then have

[
e ]2
/“ az 1
S - .

w12 ||

(a%)iJrl Z VhwizvisTvMJrl(%)H du/

. . . . . 2
t1+i2+13+14=1 a

% ia+1 OC_F
(@2V) ( )’

£2 . (Sur0)
. || Z (a2)z1+12+z3vz1w22vz3’r”£w Su/u)d /
11+120+13<2
u 1 1 i1+12+13 i1 +i2+1i3
< a '2'(a2) , O du’ < 1.
— |ul|2 |u/| |ul|11+z2+13—1 -

For Ty, we have

“ az Ly 7 7 7
| et X TR vl s,

Uoo i14io+i3+ig=i
- N
- / L@y S vy (il L) V“‘PH d“/
712 2 a2
Uoco ’u| 11+i2+i3+i4=1 ar )
U (I% CL% .02 a-0?
o |02 /| |u|?

For the term 7%, which contains a triple anomaly, we have

1

Y oaz 1 11,/,% i i i
| et SV OV TV D,

u’,u

Y 1y; i1,/ i i
:/u @) Y VRV,

11+i2+13+i4=1

) du’

Su’,g
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For Tg, there holds

/ |Ul|2 || (CL2 )Z Z v“wmvm (¢7 X trx)vuanﬁfsc)(sw&) du’
oo 11+i2+i3+is=1
vodu! 1 S a% a% R a% — . o

:/ —ll(a2) Z VIRV ), =X, oty | VL — H
w12 T Tl "X ) YT e s,
u 1 .02 5 . ()2

S/ o2 Odu’:a2 0 <1.
Uoco

Finally, by the seventh inequality in Proposition 5.4.1, we can bound Ty as follows:

Y oaz 1yi i1, i i
/ @) > VRRTVRmale ) du

i1+ig+ig+ig+1=1

u
[ ey v () e (2]
a = /|2 = as JWez (s, )
thoo i1+i2+ig+ig+1=i (se)\Pu’ u
“1 (I% . 03 a% . 03
< / —- du’ < < 1.

Putting all the estimates together, the result follows.

We move on to estimates for the curvature components 3, p, o, 5, a.

Proposition 5.5.2. Let ¥ € {B,p, o, é,g}. Under the assumptions of Theorem
5.1.2 and (5.69), we have

L\
S I@ V)l .. < Rlo] + Elpr, or] + 1.

<9

Proof. The terms ¥ satisfy the following schematic equations:

V¥ = V(\IJ7 O[) + (wv X) : (\Ija a) + (aFv T) ’ V(OZF, T) + (77/}7 Xa tI'X, )A() ’ (aF7 T) : (aFa T)
(5.105)
Commuting (5.105) with ¢ angular derivatives and using Proposition 5.3.16, we have
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ViV =V (W) + ) VIRTIVET (D a)
11 +i2+i3+1=1
+ ) VERRVE(Y, VY, o)
11+i2+13+i4=1
+ ) VRRVE(ap, T)VE  (ap, T)
11 +i2+1i3+1i4=1
+ ) VIRYE(, Xty )V (o, TV (g, T)
11+i2+i3+1ia+i5=1
+ ) VRRVE(Y, () VAT
11+i2+13+14=1

Applying Proposition 5.3.6 and multiplying both sides by (a%)Z we get
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(@2 V) Wlz

(sc Su u)

1

< [ ey v (w0l s,

w Y [ @),
i1+io+i3+1=1

1 i1, 2T i
+ Y /|| VY (5, DV (B, ) s,y
11+i2+13+i4=1

+ Z /H % iy zzvzg(aF7T)vi4+1(aF7 )Hll?g(,) /)dg/

11 +i2+i3+i4=1
+Z/ H(ﬁ)ivilwhvi‘%(%z, trx)V* (ap, T)V? (g, >||ﬁ25c> /)du’

/ (a2 ) V=V (3, X)VEW |2

(sc)
i1+i2 +Z3 +ig=1

/

5, U

v
SR[CY] + _17-\)’[\1/] % "“V“@Z)ZQ“V”“ (_1 %) dgl
a2 i1+ig+is+1=i a2 L( c)(Su u/)
a az U
«Q
DY / ul| (a7 (_w ful ) v (3 5) d@'
i1+i2+i3+i4=1 | ‘ | | az az E?sc)(su@’)
T , T
+ % H_QVHT/JZQVZJ (_1 _1) V7,4+1 (O[_f" _1> dg/
i1+10+i3+14=1 az az az az2 E%SC)(Su u’)
+ D luf*
u o T 4 T
/ () Vi ( <w,x,trx)) Vit (% —1) v (O‘—F—> du’
0 | ‘ az a2 az az E?sc)(suu’)
+ % z+1v21¢12vz3 (il 11) vi4‘;[; dﬂl
i11+12+i3+14=1 az a2 L( )(Su,u’)
7
=2
k=1
(5.106)
We focus on each Ji-term separately.
e We have J; + J, < Rla] +1
e We have
in L2
Jy = Z / (a%)iﬂvilwizﬂvigﬂ (Eﬂ gl) d < az -0 '
i1 +ig+ig+1=i V0 az az/ ez (S,.) [ul
(5.107)
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i =
> [ et (o ) v (5, 5) a
] 0 az | | | | az az2 r2 (S, 1) -
! (sc)\Fu,u

<M (0] 0 <0 <

=1 ‘u|( [X]-Ola] +1) < Ola] +1 < 1.

Note that here we have made use of Proposition 5.4.3 and Proposition 5.5.1 and

used the improved (compared to the bootstrap assumptions) bounds on x and
a.

e We have
Js =
(a})*2V v (@ 31) vt (—f, 2) du!
11+i2+i3+14=1 2 2 az az (éc)(s ")
1 z+2 7 7 7 7 14+1 /
< Z / (a2 )2V i Vs v Tvis THE%SC) 5, dU
11+22+13+Z4 i
1 "2
< az -0 <1
|ul
Here we have used Proposition 5.4.1 and the fact that ¢ + 1 < 10.
e We have
s= Y @X/u(a;yw
6 e S/ 0
t1+i2+i3+ia+i5=1
. . . a a a , 6% T . (6% T
ViV (—u, X, =ty | VI (-, — ) VB [ =, —
|u| |u| - |u| - az a2 az a2 oo (Suar)
du/
2 Oltry] - O; {Q—F] o} {Q—F]
S‘u’ a- = “la BRVEE R )
a |ul?

The logic behind the bound above is as follows. If the term we wish to bound,
schematically, is not in the form of a triple anomaly, then the estimates are not

borderline and the term is bounded above by 1. The worst term is when we
wish to bound
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1

a?)' ViRV try ViapVeap

du’.

E%SC) (Su ! )

i1 +io+iz+ig+is=1

This term can only be bounded by Oltrx] - O; [O‘f ] Oy, [“—f} . We now use the

improved bounds from Propositions 5.4.8 and 5.4.10 to bound Oftry] < 1 and
O, [Z—g] - Oy [z—g] < (z[pp,ap] + 1) - 1. This is because at least one of the
indices 14, 75 Will not be of top order, hence the estimate from Proposition 5.4.10
for that term will be better (this is the content of Remark 12). Combining these

estimates, we arrive at

e The final term J; is handled as follows:

Combining all the estimates above, we arrive at the desired conclusion.
]

5.6 Elliptic estimates for top-order derivatives of Ricci
coefficients

5.6.1 General elliptic estimates for Hodge systems

We recall here the definition of divergence and curl for a symmetric, covariant tensor

of arbitrary rank:

(div @) a,..a, = VPpa,. a,,
(curl ¢)a,..a, = ¢°“Vipdca, .

The trace of such a tensor is defined by

(tr@)ay.a, = (V) PPBoa, a, .-

The main elliptic estimate that will be used here is the following:
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Proposition 5.6.1. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69), let ¢ be a totally symmetric (r + 1)—covariant tensor field on a

metric 2—sphere (82,7), satisfying

divg = f, curlp =g, trop = h.

Then, for 1 <i <11, we have

i—1 i—1
1 1 ;
1@2V)6llc2 s, S a? Z;wa (fr9)llez (5w + Z;Hmzww, Mllez (50
J= J=

Proof. Recall the following identity from Chapter 7 in [22| that, for ¢, f, g and h as
above, there holds

| 90R 4G DEIOR) d = [ (P + loP + rKIBE) d. (5108

SU,H

Here K denotes the Gauss curvature of the sphere. To prove the lemma for the case
1 = 1 first, we need to control K in L*°. To that end, we will prove the following

stronger lemma:

Lemma 5.6.1. For 0 < k <7, there holds ||(a2 V)" K[|z (5., < 1.

(Sc) u u)

Proof. We begin by recalling that

1 1. 1 1 2
K = —pr— Jtrxtrx + 5X - X = —p— phxtry + 5X - X + 5 (\/)FI + |or[?)
and sy(K) = 1. By virtue of the scale-invariant version of the L? — L> Sobolev

embedding inequality from Proposition 5.3.11, there holds

S @Y Ko 500 S D @YKz s (5.109)

0<k<7 0<5<9

We proceed to estimate, for a fixed 0 < i < 9, the term H(a% VK| 2

2 (Suw)” We have

I(a? V)’ K |2

(sc

LNigi i
(o) SI@FVYpllz s+ D Mad) VeV trxles s,

11+ia=1

(sc

1\ ivii avvio -~
+ 3 la2)' ViRV Xllez, | (Su)

i1+io=1

1yivi i
+ > @) VTR s,

i1+io=1
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The first term above can be bounded by 1, by Proposition 5.5.2. For the second term,

we have

1\ ivi i
Y @) ViVt es (s,

i1+io=1
Juf® H 1o - (a )
17 a2)'V"'tryV?2 | —tr ‘ 11
a2 @V (el (5.110)
i1+i0=1
ul> 1
St T (Oxlind - Oslin] + Ofiry] - O )

In the above inequality we have conditioned on the number of derivatives that fall
on try and those that fall on try. Notice that, from Proposition 5.4.8, there holds
Ogoltrx] + Osltrx] < 1. For Osftry], from Proposition 5.4.7, we read off (5.88) that

1
a .. . a az
Osftry] < —OI[R, ar] - O, ap] + — 0% + —O°,
Jul |ul Jul
Plugging this inequality in (5.110) and using O[x, ar] < 1 from Propositions 5.4.4
and 5.4.10 (remember crucially that we work with up to 9 derivatives at most, so the
top order terms R[a] and F|pr,or| used to estimate x and ap are redundant on the

right-hand side) we arrive at

> @)y Vit VRl s, S 1.

i1+ia=1

For the third term, there holds

~ 1
NI o T2 — 3)ivyil l @2 EA H
> l@2) vy Xllez, s =lul 2 H(m) v ( v (WK) Efacy (Sua)

1
. . . . . . 2
11+12=1 i1+io=i a

SOx[X] - O2[X] + O2[X] - O[] S 1-1=1.

Here we have used Proposition 5.4.3 and Proposition 5.4.4, where we achieve the
better bound O;[x] < 1, given that we work up to 9 derivatives, not 10, which
means that we can bound the curvature term in the E%sc)(Su@)—norm instead of the
C%SC)(HS’E)— norm. The bound on « is then invoked by Proposition 5.5.1. Finally,
the fourth term is bounded by O?/Ju| < 1, using proposition 5.4.1. This concludes

the proof of the lemma. n

By applying the scale-invariant version of Hélder’s inequality for K|h|> and using

Lemma 5.6.1, we obtain the result for ¢ = 1. For ¢ > 1, the symmetrized angular
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derivative of ¢ defined by

. 1 r+1
(VO)bay.a, = ) VBoa,..a, + Z VA, DAL (A)B. A
=1

satisfies the div-curl system

div (V9)* = (Vf)* = 75(Vg) + (r + DK¢ — 25 (y @° h),

r+1

curl (Vo)* = T5(Vg)* + (r + 1) K("9)*, (5.111)
tr(Vo)* = 25 f + 5 (Vh)*,
where
YR hi= 4,4, Z PAy o (ALl A Ay
1<j=1,....,r+1
and
1 r+1
* [\S L B
( ¢)A1---Ar+1 D "+ 1 ;¢Az ¢A1...<A2‘>B...Ar+17

where we recall that ¢ is the volume form associated to the metric 7. Using (5.108)

and iterating, we obtain that for ¢ < 11 there holds

Hvi¢|’%2(sw)
SIVTH D2, + IEAVT2L 9P + V7, D)) s,

2

+ || K > VAKRTIVE(g,h)

i1+2i0+i3=1—3

L (Suu)
2

+||K > VKRV

i1+2i0+i3=1—4

LY (Su,u)
+ Y VKRR T, DL IVIEVE(f )

i142inFiz=i—2 i1+2in+iz=i—3

(5.112)
where we have adopted the convention that > .. , = 0. Whenever a K-term appears
with at most 7 derivatives, we estimate it in L or equivalently in E‘(’SOC). Whenever a
K-term contains between 8 and 9 derivatives we shall estimate it in L? and the rest of
the terms in L™, noting that we can estimate terms of the form ||V*(f, g, &, h)]|| o with
i < 7 by the corresponding norms in L? through the standard Sobolev embedding.
By Lemma 5.6.1, after translating back to standard L? norms, there holds

D Ml VK (s, + D NP VK12, S 1.

i<7 §<9
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Therefore, for ¢ < 11, we have
Nl Vi35, S S (P T 0) B,y + 11aF V(D) ags, )
j<i-1
Translating the above equation into scale-invariant norms and then multiplying it by

|u|252(¢>
@, We arrive at

ex wghsz@wwwmaﬁmwwm>m&ﬁ

j<i-1

(5.113)
Taking square roots above yields Proposition 5.6.1. O]

Finally, for the special case where ¢ is a symmetric, traceless 2—tensor, we need only

know its divergence:

Proposition 5.6.2. Suppose ¢ is a symmetric, traceless 2—tensor satisfying
div o = f.

Then, under the assumptions of Theorem 5.1.2 and the bootstrap assumptions (5.69),
for 1 <1 < 11, there holds

RN PN
1@V 0l 5 S D (@2 ez 50y + @AVl 5,

Jj<i—1
Proof. This is a direct application of Proposition 5.6.1, by noticing that
curl ¢ =*f.

This is a straightforward calculation, using that the 2—tensor ¢ is symmetric and

traceless. ]

5.6.2 Elliptic estimates for 11 derivatives of Ricci coefficients

We start this section with the following auxiliary bootstrap assumption. Introduce

the top—order quantity

1 . 1
Onz(u,u) =[l(a2) "V Rl pyom) +||(CL2)IOVH(U"X7W777)||£§ ()

+ |IG5V1177HC§SC)(E$O° u) | Ha5V1177H£2

] o (HE)
3

Uah i R A
4jf?mwwwmsww+mwvw@me

+/ ‘ ’3||a’5v1 trX||£2 )(S/ )d
(5.114)
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Throughout this section we shall work under the bootstrap assumption
O12<01 S . (5.115)
The purpose of this section will be to obtain the improved bound
OnaS1+R+R+F+E

We begin with estimates for try and x.

Proposition 5.6.3. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69), there holds

1
1) OV x5 S 1+ Flarl,

o) S 1+ RIB) + Rlo] + Flax).

Proof. Consider the following equation:

1
Vatry + é(trx)Q = — X — |ar* — 2wtry. (5.116)

Commuting with angular derivatives ¢ times, we arrive at
ViVitry = ) VIRVERVER 4+ > VIR VRapViap
11+1i2+1i3+i4=1 11+i2+i3+ig=1
+Y L VRRYR (), X) VY
11 +i2+i3+i4=1

_ Z vuf(vzg)%_'_ Z vil¢i2+lvi3>zvi4>z

i1+i2=1 11+i2+13+i4+1=1
+ § ViapV2ar + Ej Vi tIVsapViay
i1+i2=1 11+i2+i3+ig+1=1

+ Y VIRVBR(Y, VY.

11+i2+13+i4=1

Passing the above to scale-invariant norms and applying the triangle inequality, we
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©)
u N
- Lo X @F 11 X « /
</ CLH(CZQ) 11 \V4 11 dg
0 az a? az a2z ) WL\ (Suu)
u 1 , X Qfp X o
8 [ (S0 (L),
0 az az az a2z ) WL, (Syu)

i1, 12<_10
D I B e G S R | I
i1+i2+i3+i4=10 az a2 a2z a2 E(SC)(S%“/)
—+ Z / % % mvllwmvls (il 11) z4w’ . dy’
i1+io+iz+iga=11 2 2 E(sc)(su u’)
<moulil: [ @i (%) auf
|ul 0 2 L2, (Suur)
at . ot
+ | |O[O‘F] - Flar] +m02[f(;04F] - Oux|X, ap] + [u? —O0% + | | + [ |O On
1
az N ‘o1 . a
SmOoo[x] 1@2) VXl ez (s, 0 A + mO[O‘F] - Flag]
a3
+ m(R[a] 1)(O[a]+1)+1
1
CL? 1 . a
7 / I(a>) manHcéc)(sM,)du’ + mOoo[OéF] - Flop] + 1.
(5.117)

For x, we have

| 1 1 -1
div x = 5Viry — 5(77 —n)- (X — §trm) - B+ 5 faa-

Schematically,
1 .
divX—§Vtrx+B=¢-w+ap-T.

Applying Proposition 5.6.2, we arrive at
1 .
1)V Xl 2 500

S i a2v>tr><ucz S+ DM@V Bl (s, + 10T 00l ez s

z<10 <10

LNii i INii i
2 2 M@Vl s+ D D0 @) VI arVE Tl s,

1<10 21 +12=1 1<10 ¢1+i2=1

+—Z|| X||,c(g)(suu)

<10
(5.118)

130



By using the estimate on ||(a%V)itrxHL<2 (Su) from Proposition 5.4.7 and applying

Gronwall’s inequality, we get

1 ~
1)V Xl 2, (50

ﬂ+2w2ﬁwﬁmﬂwme o

1<10
LNigi i INii i
30 @) VIVl s+ Y @) ViarVE T s,
<10 i1 +ig=i <10 i1 +in=i
*“—'ZE:H a2 XHﬁ o) (Su)”
<10

(5.119)

Thus, using Proposition 5.4.4, we arrive at

1V Rl (500 S N0V 0rXl 22 5,0+ 1+ Rla] + Y@V Bllz s,
<10

(5.120)
We now combine this with (5.117), which says that

1 u
a2 “ .
HGJSV11trXH£%Sc)( uvl) S m(R[&] + 1) ' /0‘ Ha/SVllXHE%Sc)(Su,El)dgl + f[aF] + 1
(5.121)
Using Gronwall’s inequality, we arrive at

||a5v11trx\|£2 (Suw) S Flor] +1 (5.122)

and integrating (5.120) along the u—direction, we also get
\IaSV”XHc%SC)(HﬁO@) < Rla] + R[B] + Flap] + 1. (5.123)
O

We now proceed with estimates for the highest number of derivatives in w. Define

the following Hodge operators acting on the leaves .S, , of our double null foliation

e The operator D; maps a 1—form F to the pair of functions (div F, curl F'),

e The operator Dy maps an S—tangent, symmetric traceless tensor F' into the

S—tangent one-form divF,
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e The operator *D; maps a pair of scalar functions (F, F») to the S—tangent
1—form —VF| +*VF,,

e The operator *D, maps a 1—form F to the 2—covariant, symmetric, traceless

tensor —i £ v, where
2 )

L7y, = VaFy + VyF, — (div F)va,.

Proposition 5.6.4. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69)- (5.115), there holds

|’a5V11wH£% )(Hz(LU,H) 5 R[B] + 1

)

Proof. Introduce w', defined as the solution to
1
ngT = 50’

with zero initial data on H,_ . Introduce the pair of scalars (w) = (—w,w') and define
Kk by
* 1 * t I
Kk :="Di{w) — 5/6 =Vw+ " Vw' — 56
We need to derive a transport equation for *D;{w). To this end, recall the commuta-

tion formula

Vi, VIf = ~t0xVf = - Vf + 501+ m)Vsf.

1 ~ % 1 * *
[V3,*V]g = —§trx*Vg+X- Vg+§( n+"n)Vsg.

Therefore,

Vs "Di(f.9) = 50X "DilF.9) + £ (VF +7Vg) — 5(n-+ MVsf + 50+ 1) Vsg.

Now recall that ) .
This means that

1 1
Vg *D1<w> :*Dl (—§p — E, 50’) + [Vg, *D1]<w>

1 1 1
:§Vp + 3 *Vo+ VF — §trx*D1<w> + X (=Vw+ Vi)

1

1 1
_ - F _* * .
51+ 1) <2p+_) +5(n+"n)o
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Schematically, we reduce this to the equation

1 1
V3 Dy (w) + §trx*D1 (w) — E(V'O +*Vo)

=YV (w,w,n,n) "‘XV(W:WT) + (pr,0r)V(pp,op) + -V -9 -+ -T-T.
(5.124)

Recall also the V3-direction schematic equation for g:

V3B + tIXB —Vp—"Vo =, X)¥ + arVar +apVar + (pr,0r)V(pr, or)

+ (1, X trx, %) - (ap, X)X
(5.125)

From (5.124) and (5.125) we see that x obeys the following schematic equation:

Tk + %t% — (i, ) + (1, )V + TY(T, ap)
+ (ap, V)VYT + (¢, X, trx, X) - (ap, L) - T+ 1) -1p - 4.

(5.126)

By commuting (5.126) with ¢ < 10 angular derivatives, we arrive at

1+ 1

VsVik + trxvi& = Z VRV (Y, {)VT

11+i2+i3+14=1<10

D, VREVE@p, VY
i1+i2+i3+i4=1<10

+ > VRRVRTVETY(T ap)
i1+i2+i3+1i4=1<10

+ Y VRS (ap, T)VETY
i1+i2+13+14=:1<10

+ > ViV (g, g, try, ¥) Ve (ap, T)VET
i1 +i2+i3 414 +i5=1<10

+ > Vi Visp Vi Vioy
i1+i2+i3+1a+i5=1<10

+ > Vg2V (i, X, try) Vidk
i1+i2+i3+i4=1<10

+ Z V“Wgﬂvi%rxv“/@ =G
i1+i2+i3+14+1=1<10

(5.127)
Applying Proposition 5.3.7 with A\g = %, we get
" [V Kl 22(50.0) S Ttoo| IV 6l 22050 ) + / W[ |G | 2s, ) du'
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Now by definition, we have sy(k) = s2(Vw, ) = 0.5. So s2(Vik) = L. This means
that

im1, - i1 Lo
(a2 V)’ Kz (s, =0 7 [ul TV EllL2s, ) = (@2 Jul) - [ul [ V']|L2s, )
i—1 . . w .
5(@’2 ) . <|UOO|Z ||VZK/||L2(SuOO,£) +/ |u’|z ||G||L2(Su/7£) du’)
Uco
7—1 . . u i—1 .
S(I Pl Oo|z+1||vzli||L2(SuOO7ﬂ) +/ aT’ul|z+1||GHL2(Su,’H) du’.
Uco

In the last inequality we have used the facts that |u| < |us|, |u| < |o/| for [« in the

range given above. From this we conclude that

NV nl, (s,

u
a 1.,
SV Rl s+ | Tl Gl 5,0
Uco

Y oa L\init, ) io i A\
S SRT SRR B =D D [COA AT L (AR T

11 +i2+i3+i4=1

a 1 /
Yo @) VreRvE W, YV, ) du

w2 =
t1+12+13+14=1

Y M@ VRV TVE(T ap) s,

jw'? =

o 11+12+13+14=1
! a 1 7 2 i3 i4+1 /
e Yo @) VRV ap) V|, du

11+i2+13+14=1

a L\ it iavTi N A\ i
,|2 Z H(Cﬂ)v w2V3(w,X,trx,X)V4(aF,T)V STHE%SC)(Su/&)du/

W =
t1+i2+13+ia+i5=1

a L 11,/,12 3 14 i5 /
i 2 @ VETeTeTEylg s, du

11+i2+i3+i4+i5=1

a 1 /
Yo @) VieRvE (@, X ) Vil s, du

w2 = (
t1+i2+13+14=1

Y oa L\ iiy, is+lvri i '
+/uoo WE Z I(a2)" V') VatryV 4/{||L?sc)(5u,&)du.

11+i2+i3+ig+1=1

By raising the above to the second power and integrating in v we get
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Jadvre, o, i

u u

1 i a 1y
SNt slE g+ [ [ Il o, 0

IU|

TV |12 1 9 , ,
otz o i [ () 1P )

l .
SRS

l\.’)\»—‘

“ b a (2 12 1, 1
+/0 [u] Ju [0 Y a2 VigRvE (g, () V|2, (S Q' AW

. . X . . (sc
11+i2+i3+iga=1

ta b 1,/12\7% O\ N7 13,0
Y D S (A S L

11+i2+i3+i4=1

a i, i i i
) |u|/ K S (A L T ST,

11+i2+13+14=1

l\:)\»—‘

a 1 7 (3 (3 7.
[ Y N T an VT
i1+i2+13+14=1

adu’ adu’ L A o )
/ / [ D'(‘“)VW’2V3<¢’&7%X>V4<aF,T>VoTliia@(su,,y)
/ / (a2 Vg VBTV (o du'du’
|U’ 11+12+Z3+14+15 ) (se) U

iz, ) ia i N TN
/ Jul / (@) V0= Vo (W, 3 ) VERllZs s, o' o

21+zz +z3 +i4=1

INiTiy, ist+1vri i 2 I
—I—/O |u| ; |u’|2A Z ‘H(a2>vl¢2 V3trxV4/<;H£(QSC>(Su/,£/)dudg
11+i2+i3+ig+1=1
=14+ T,

We bound each term separately.

e There holds

Lyi LN 1 Loyi
Ty = |(a2V) /’v||25556)(Hu00) Sl(a2Vv) 5||2356>(Hu00) +- > l(a2v) W||%§SC)(HMOO)
1 <11

<RI+ (29) +1 S RIBP +1
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e There holds

L\ inTiy, )i i A\ T
/ S @R OV (o de

i1+i2+i3+ia=1

a-O* - v oX
< = A 10\:[[ d /
~)? +/0 a“(aé’a;) (a>V) ||£(Sc)s,&,) ¢
ca 0 a-0? E

ST e
Therefore
Ly (Y a a-O0* a-0? a®-0* a®- 0% R?
T, < — : RW? | du' < <1.
2N/0 ] - /|2 ( IE + /|2 [ ]) LN Ju|* + DE ~
(5.128)

e For the third term

ol

we bound separately the cases where 74 = 10 and where not. In the former

I@2) Vg (0, V2 (g, ) du duf
i1 +Z2+13+Z4 i B

case, we need to distinguish the subcases where the -term in V4 *14 belongs

to those components that are bounded in the ||| ., ()
(se) (Hu

case are w,n and 7) and those bounded in the |-| ., (1o )y "ROTIN (here this
- (sc)\ =1

component is w) in the bootstrap assumption (5.115).

-norm (which in this

— When i4 < 10 we can bound 73 by 1, using Proposition 5.4.1.
— When iy, = 10 we have

“a (" a P 10 az a? o | w2 do dut
I . 2 —_ -
Ay s CRM bt A

“ v 0? 1 V|2 110
= | i) e @l s, e da

o lulJu \U’|2
02 10711
I
:/0 |U’ ‘ /|2H( ) \Y wHCQ (S’ u /)du dg
0? a O?
S— 0% + — 03,
ful " Jul ]

In the last inequality we have distinguished the cases according to the
exact form of ¢ in (5.115), so that we are able to bound it by Oy;.
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e There holds

adu’ adu’ IR ,
/ / /]2 (@) V= VE YV an)lz s, )
Uoo Z1+12+23+l4 i

a [* a* 1 T «
<_ (L vat! F du du
ST +/o i et re (G S Y

a2 az
L0t a0 ]—"2[ rl a®- 0% F?pp,oF]
1 1 + 1 :

|ul |ul |ul

Here we have calculated explicitly all the possible pairs that appear in the

schematic TV (Y, ar) and those are ppVppr,0pVor and apVarg.

e Similarly, there holds

B Y a INivTin, ) ia i i
ne [ S Y WV DV, o dudy
v i1+ig+i3+ig=1
- Tl —. — | V'Y du/ dv/
L et (55 ) TR, o
2. 04 3.02. F? 2. N2, 2
< -0 4@ O°-F [QF]+G O F[PFJF].
Jul* Jul* PE

Here we have calculated explicitly all the possible pairs that appear in the

schematic (ap, T)VY and those are apVag, prVpr and opVor.

e There holds

Tg
L q “ 1 i1,/,0 ) 2 is
:/0 [ul J. |u/yzZ|| a2)' VRV (Y, £, e OV ar VT2 s, )
< I —d dd .
N/ |u| |u’|2 a u Ay |u|2

Here we have estimated

“a L\ iy, ji2vTi N A\ s i
/u mpZ”WW YEVE, Rt DV ar, HVETIE s, )40
a ) Aatr 9 X ; T
/Iu’l2 [(a2)i Vg2V <—(¢ |Xu/|2& X)) vu( )vwnm Sur )
a2 az

</ a .‘u,|4.a.06 du'<0_6_

~ . |u/|2 a? |u/|4 ~ u
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e There holds

11+12 +Z3 +ig+is=1

ady’ adu’ I\ ingit, iaxTis, /T4, s
/ / ju'[? (@ VT TG s,
a- 06

e The final two terms can be absorbed to the left by Gronwall’s inequality, by

virtue of schematically containing the term Vik.
From the following div — curl system
div Vw = div & + %v/@,
curl Vw =0,

1 ~
div Vo' = curl k + §curl B,

curl Vw! =0
and Proposition 5.6.1 we have that
09" w0, s
10 1o
1y PR 1
S ZH(GQV)J“H%C)(SU,H) + (@ V)'Bllez | (suw + ey > l@vy (W,WT)HL:@C)(SU,E)-
=0 =0
Passing to [|-[| .. (702))"TIOTS, We arrive at
(o)
) .
19" (0,0 oy S RI]+ 1. (5.129)
0

We move on to top order estimates for 7.

Proposition 5.6.5. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69)-(5.115), there holds

1V 0l oy + 1V 0l o g0y S Rl +Rlps o]+ Rlp, o] + Elpr, or] +1.
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Proof. Introduce the quantity
p=—divn —p.

Our goal is to derive a V -transport equation for . Recall the commutation formula,

for a 1—form U
1
V4, div]U = —?ﬁrxdiv U—-x-VU

1
(n+n)-V4U—n-x-U—strxn-U+trxn- U

- 1
—B-U+=
B-U+ 5

2

In particular
Vadiv n = div (V4n) + [V, div]n
= div (X, trxv) - (n —n) + (X, trx ) - div (n —n)

1
s(n+mn)- Vi

-1 _
—divﬁ—itrxdivn—fan—B'n—i-2

R 1
—Q'X'U—ﬁthQ'n"‘tl"Xﬂ'??-

Schematically, this rewrites as

Va(diva)+div 3 = (v, 9)-V(0,m) +V (%, ) +-T+3-(8, %, §)-d+dp-ap- Y. (5.130)

Moreover,

Vap —div § = (¥, X) - (a,¥) +ap - V(pr,0F)
+ (PF,UF) : V(CYF>PF,UF) + (¢7X>trX7>2> ’ (aF7T> : (aF7T>'

Consequently, p satisfies the following transport equation:

Vap = (¥, x) - V(n,n) + vV (@, X) + ar - V(pr,oF)
+ (pr,or) - Viap, pr,or) + (¥, X) - (o, V) (5.131)
+¢(¢ X)¢+(¢7KatrX7>%)(aF’T)(aF’T)

X
Commuting (5.131) with ¢ < 10 angular derivatives we arrive at
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V4V’p
= ) VWRVE@OVT )+ Y VIRRVERVIET(, )
i1+12+i3+14=1 i1 +ig+i3+ig=1
+ Z Vilwigvig&Fvi4+l (pF; O,F)
11 +io2+13+i4=1
+ Z V2V (pp, o)V ap, pr,or)
11 +i2+1i3+ig4=1
+ Y VRRVE(Y, )V (a, D)
11+i2+13+i4=1
+ > VIRRRVRRVI(Y, §, VI
11+i2+i3+ia+i5=1
Y VRERVR (Y, gty )V (s, 1)V (ar, T)
11+i2+i3+ia+i5=1
oD, VIRVRE VL
11+i2+13+i4=1
We now pass to scale-invariant norms. Noticing that (V’p)’ 5 = 0, we can apply
=0

Proposition 5.3.6 to obtain
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1

a2

/ >

i1+i2+i3+ig=1

V)’ ﬂ||c ) (Suw)

(a2) V2V (1, {)V (1, 1)

(sc)

E?sc) (S’M’HI )

Y VT 0,0 b

1 01,/ %, %
/ Y @)V eEvEarViet (or,op)lle (s

11+1i2+i3+i4=1

du’

u,g’)

11 +i2+i3+i4=1

/ > la2) VRS (op, 0p) V' (ar, pr, o) ez, (5,00 A

i1+ig+1i3+i4=1

/ Yoo @)V E @, OV )2 s,

11+i2+i3+ig=1

/ >, (a2 )' V9 VE v (3, ¥, OVEhllez (s,

i1 +ig+iz+ig+is=1

/ZH a2 Vz1¢sz23(¢,X7tr X)VM(CMF,T)V%(QF,T)HL%SC)(SH&,)dQ/

/ Z H( 5) vuwlsz (w )VMMHE%M) )du/
11+i2+i3+i4=1
:[1 + -+ [8-
e We have
1
wi v , a2 - O?
]1 S/ (a§)z+1 (il 11) V1+1(777Q) dg'+
0 az az () |u|
1 1
N |u| . ||CL \V4 (U,Q)HEQ (H(Ou)) + |U| S a_% : 011[777@] + |U| SJ 1
e We have
0 S /u (a%>11¢v11 <£17 i) dg’—{—(ﬁ oL 5 az-0-0q1 a2 .02.
0 az az 22 (S, ) |u| |ul |ul
(5.132)
e We have
2 l 2 l . . l . 2
0 az 22 (Suw) |ul Jul |ul
(5.133)
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e Similarly, we have

u T 3.02
ng [ taiv (—O‘—) d +
0 az a2 /lez (S, |ul
(5.134)
1 1
az-0O-F 2.02
. or] | a?
|ul |ul
e There holds
IsS/M-H L0, 21 - (@2v)(a, 1) du' +1
0 az u U ‘C%Sc)(su,g’)

Ll Ol
</ M ’ [_] ’ ||(G%V)10(a/7 \I/)”L?sc)(su,u/)dg/ +1 5 R[Oé] + 1’
; u

~Y 1
a2 |ul

since Oy [x] < 1 by Proposition 5.4.3.

e There holds

03
Is < . (5.135)
juf - a2
e There holds
I; S Elpr,or] + 1, (5.136)
just as in the term Jg in the proof of Proposition 5.5.2.
e Finally, the term Iy, after expanding u = —div  — p, can be controlled by
I + Is.
Consequently,
1@ V) lles s, < Rlo] + Elpr, ov] + 1 (5.137)

Now observe the div—curl system (the second equation is given schematically):

divn = —p —p,
curlp =0 +xAx+7T-T.

So that, applying Proposition 5.6.1 , we have
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1a®V " nllzz | (5.)

<10

1 1
5Z<\| an) Hllez (50w + 1@2V) (0, 0)l 2, (50)

oy az . ¥ LoVir T (5.138)
- JJadey (Zx- X, (@) )
ul (@7 (T2 ) g, T @O Dl s
;
+—Z|| 2V 77”52 (Sua)-
1<10

Integrating along the u-direction and raising to the second power, we arrive at
HGE’VHUH@

)(H<0u ) S R[ ] —|—R[,0,0’] +£[pF70F] +1
In a similar way, using (5.138), we get

(5.139)

1a°V 0l (gygooery S Rla] + Rlp, 0] + Elpr, o] + 1

We move on to estimates for

Proposition 5.6.6. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69)-(5.115), there holds

™ ||a5V11Q||L? (H0) S Rla]l + Rlp, o] + Flpr,or] + 1
Proof. Introduce p defined by

p=—divn—p.
We then have the Hodge system for n

divn=—p—p,

Lo .
curl p=—0 — XA X

2_
For a 1—form U, we have

[Vg, le] U=

1
—trydivU —x-VU Q-U+§(n+ﬂ)V3U—n-f(-U——trxn U+tryn-U.

143



Consequently,

Vsdiv n =div (V3n) + [V3,div]y
: . 1 > :
~div (2 (=)= 3 (=0 + -2 (pr.or) ) + [Vaudiv ]y

1 1
= — (div X) (n—mn)— X - div (n—m)— §trxdiv n+ §trzdiv n

1 .~ .= . .
— 5@ —n)div (trx) +div 8 — apdiv (pp,or) — (pp,op)div ap

~77+%(77+Q)- (w-(g,trX)Jr@JrT-T)

|
|
—+
~
=
=
<
3
|
[><>
<
3
|
ey

We thus have the semi-schematic identity

Vidiv n + trxdiv n — div é =y -div X + XV (n,n) + trxVn
+ ¢ div (t&) +apV(pr,or)
+ (pr,or) Vap +1 - 8
+Y- (X trx) Y+ T T

Also,

- 1 -
Vsp+trxp+div f=—ctrx-p+X-a+y-f+(pr,or)Vap
+QFV(pF7O-F)+(77/}7trX)TT+(¢7X) (T7aF) T,

Combining the above two equations, u satisfies the following transport equation:

Vsp + try p

=U- VE+ X V() + tryVn + PV (trx) + apV(pr, or) (5.140)
+ (pr,0r)Vap +v¢ - B+trx - p+v- (X, X trx) - ¥
+ (U, trx) T T+ (¢, %) (T,ap) - T.

By commuting (5.140) with ¢ < 10 angular derivatives, we arrive at

144



1+ 2

ngiﬁ + trx p

_ Z Vilwig vi3q/]vi4+lz + Z vi1,¢i2vi3zvi4+1(n7ﬂ)
11+io+i3+i4=1 11+i2+13+i4=1
D S VA i VA v S SO A e AT e T
i1+io+i3+i4=1 11+io+13+ia=1
+ Z V’h wig Vig aFvi4+l (PF, O,F)
11 +i2+i3+ig=1
+ Z Vilwizvis (pF; UF)VMJFIQF
11+i2+i3+ig=1
+ Z Vit wz’z \VAE ¢vi4§ + Z Vit ¢i2 Vistrxvmp
i1 +io+i3+ig=1 11+i2+13+14=1
+ ) VIRRVERVR (R, X, i) VR
i1+i2+i3+ia+i5=1
+ > VIRVE (g, ) VETVEY
11+i2+i3+iga+is=1

+ Y VYRR, V(T ap)VET + Y VATV

i1+ +ig+ig+is=1 =
. . 1 . - 3 3 ) O y G
n Z v“wngr Vlgtrxvmﬁ + E Vi wm Vi <w’ X; trx) VMH
i1+ig+ig+ia+1=i tiztistia=i

=G.
By Proposition 5.3.7 we can bound
[l IV el rags, ) S Tusel ™IV el r2(sun ) +/ WGl s,y du.

We have s,(Vig) = %2 and s5(G) = 5. By passing to scale-invariant norms, we
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m”( \%) M||L(Sc) (Su,u)

a 1 i u 2 L
SV bl e / @Gl 0
a 1
Sl 9)ules s
v CL2 1
+/ T3 (ai)’ Z vllwwvmwvuﬁlA du/
uee [ i1 tintigria=i L) (Sur )

D=

u 2
+/ e (a )Z Z vilwhvi:‘szvu—kl(n’ﬂ)H du’

2
i1+ig+iz+ig=i E(SC>(SH’&)

u 2
+/ CL_ (CL )Z Z vilwigvigtrxvu-i-ln

i1+i2+i3+ia=1

du/
22, (Sur )

N|=

du’
(S’ u)

u 2
_|_/u CL_ (a%y Z vul/)zgvzngu—l—ltrx .

i1+i2+i3+ia=1 (se)

N

u 2
_|_/ Cl_ (a )Z Z vi1¢i2vi3ngi4+1(pF;O-F)H du'

2
iy tigHigtig=i Llse) (S )

du’
(S’ w)

N|=

v a2 '
+/ i (a )z Z vz1¢zzvz3(pF’gF)VZ4+1 ’LQ

i1+i2+i3+ia=1 (sc)

u ag L .
A I S

i1+io+ig+ig=1 sc) S u)

u 2
a . L .
+/ = _ll(a2)’ E V“@/}”V’?’trzvup‘ , du’
i1+io+iz+ig=1 (sc)(su/,ﬁ)

u 2
+ / @l vy g, )

du’

du’

i1 +iaig+igtis=i L3 (Sur )

du’
(Su w)

u 2
+ / Loll@y S VR (g, try)

i1+i2+i3+ig+is=1 (ac)

v (12 1y, o .
+/ W (ai)z Z vz1¢mvz3(w )VM(T OéF . du/

i14iztizt+iatis=i L) (S )

du’
W u)

+
:\
3 <
E\‘ o
—_— [N}
w
[\.’J\H

P VTV

i1 +ig+1=i

u 2
I / a (a§)i Z v11¢12+1v13trxvz4

i14ig+ig+ia+1=i Loy

u 2
+/ a (a%)z Z VZI’QZ)ZZVZB’@/J thl"X VMMH du’
sc)
+

du’
(Sur )

i1+i2+i3+ia=1 u)
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We bound T} to T35 individually.

e Given that u = —div n — p and the fact that Z( bounds up to 14 derivatives
for n and p, there holds

a 1

(@2 V) pl 2,

|ttoo |

T - (e STOSL (5.141)

e There holds

T — H % Vil izvig vi4+1A
: /|w3 2 VRV

11 +i2+i3+ig=1 (se)\Pu',u

u
S/ | /|3|| 5 ¢ vll ”E?SC)(Sul’E)dul
Uoo

du’
)

+/u . [CE N DI A A lA i (aé ) du/
——|(az —X ’ u
2 X
thoo |u,| i1+igt+izg+ia=i, |u,| L2SC)(SUI’U)
14<9
u CL2 .
S R RO (PR
Yoo u| (sc) U
“ a% 1 1 11, /.22+2 /!
RT3 S S (A AT IR Y
Uoo 2 4 4iy=i<10
w 3 1
az a2-0 R @]
St [ e R, S 1+ Ol S
uee (W W] az

1
Here we used the fact that 2=¢
sition 5.6.8.

40

< 9 given that |u/| > a/4, as well as Propo-
a?2

e There holds

Nleo

a- O? “a O 5o
n S [ e e
a-0O
<
~

m 3
a2 -0
5/ WiE H@5V11QH£%SC)(SH,&) du’ + 1.
Uoo

3
az

g A i CRORLIEE

(5.142)

Here we have used Proposition 5.6.5 which bounds [[a®V''5]| .. (o) DY
(sc)\=—4
R + F + 1 using the bootstrap bounds (5.69).
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e There holds

Ty <

~

Uu
5/‘
Uoco

1
a2

u

u
5/
Uoo

1

IUII

. 0O?

|
a- O
/|2

|

2

[trx]

||OL5V1177||L< o (Sur )

/u CL2 ‘u/|2 O [trx]

| /

W a

HCLE)VH??HEQ H(o ) + 1.

I SVHHHLQ (S du 1

(5.

la®VH 77”5( oS ydu' +1

143)

Here we have used the fact that Oy [trx] < 1, which was shown previously.

e There holds

15

< az - 0?
~ Jul? WP a [
1 1
az-0% az-0
/S ‘UP + ‘ ||a5vlltrX||£2
0) —
ah a3 Onlinad +1

e There holds

U 2
T6</ a
™ Ju [P
.02 u
o (]
ul? oo

a

3
2

1

a

1
2

02 u 2
u| uoo 1]

1 1

2 u 3 2 2
@ 4 51l 2 / a- 0%
Slw <pF,aF>|rﬁﬁsc)<su,,u)du> ( | du)

u a2 |u/| O "y
N / eV e s, d

@)

Al (or o)l s,

a’-0

(5.144)

3
az -0
51"’ 5 ||CL5V11(PF70F)”£2 (H(uoo,u)) S_, 1+ 5 '£[pF70-F] f_, 1.
u|2 (se) =1 |u|2
e Similarly, there holds
3 3 3 3
az-0? a2-0 :-0% a2-0
7T ’u|3 |u|% H _FHL%SC)(E(& )y~ ]u\3 |U|% _[_F] ~
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e There holds

u CL2
[ ooy |
& N/uOo |u/[? (@ 5”%@ w0 du

k<10

.5 E[é] 5 1

e There holds (this is the most marginal term)

Ty < R bl Z zv
’ N/uoo WP | a I(a p”‘:uv) L

k<10
3
u CL'02
Z/ /‘2” pHL /&)dul (/ ‘ul|2
k<10 Uoo
az - Oltry]
<& R[] S Rl
Jul2

Here we have used the fact that O [trx] < 1.

e There holds

T +Tho

“ a2 L1yg ) 7 1

[l v -
Uoo 11+ +i3+ig+i5=1 g
U 2

+/ e [ KD SO i A (P G V’“fH
Yoo ‘ul i1 +igtig+is+is=i Loy (8
“ a 1 7 1271

5/ —,-H< 2! va W( ,2<w,trx>)
Uoo ‘u | | ‘ (sc) S u/, )

w\»—A

+/ |u/|3

</“ &+a3 O3d,<a-03<1
— . u

e \ P

szl 1gvz3 ( . ) Vi4 <1 _F) V15

2 2
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2
Y oa Lok 7 v a’ - 02
§ (Z / | ,|2 ||((I2V)ké|lifsc)(5u,&) du/ (/ |ul|6

w)

du’

)

du’



e The last three terms can be controlled by Gronwall’s inequality. Indeed,

U L ] )
az) Virtliry Ve H du’
/UOO u’]3H Z XV-e 22, (Sur )

11 +ig+1=1
"—/ CL/ 3H(a%)z Z v“merlvlgtrXVMNH du/
theo ‘U ’ i1+ia+i3+ig+1=1 Syt u)
’ 3 i, i N T\
L T S
oo i1+i2+i3+ig=1 (sc)( u’,g)
5/ % (a%)i Z va (| ,|trx) V” do’
use 1% i1+i2=1 (Sc) Syt )
Y oa 1,08 i i
+/ m”((ﬂ) ZV1w2+lvs<| /‘2trX>V4IU’H ( ) )du'

1—1

Y oa 1 11,/,02\7%3 aAaéN i4
- @y ey (!’I X Tl )V
“ fa-0 a-O2
<
<[ (Epr s ) I,

1<%

(Sut,u)

du’.
%SC)(SU/,E)

When i; = i the three terms in the parenthesis of the line above are integrable
with respect to v and so Gronwall’s inequality allows us to control the term.
When 4; <4, we can use the definition g = —div 7 — p and bound the terms by

the already established estimates of the previous sections.

Consequently, there holds

a 1 i
W\I(GQV) tllez (s

tai0 (5.146)
5/ WIE !\a5v nllez (s, W +’ |1”“5V“77HL2 oy + Rlp] + 1

Now observe the div — curl system (the second equation is given schematically):

div n = —p—p, (5.147)
curl n=—-0—xXAx+7T-T. (5.148)

Consequently,
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Qa 1 L
el s S 3 (Ll @9 aller, s + 1@V 00l 5,0

<10

FI@E VIR D lez (50 + 1@V T Dz 5,0

X
1
+—Z|| (azV) 77”£§SC)(SM)-

1<10

By raising the above to the second power, integrating along u and using (5.146) along

with Gronwall’s inequality we can get that

a
m\|a5vllﬁuﬁ?sc)(fﬁo’w) S Rla]+ Rlp, o] + Flpr,op] + 1. (5.149)

]

We now prove the highest order bounds for w.

Proposition 5.6.7. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69)-(5.115), we have

12V 5wl s ey S 1+ RIF + Flag]
Proof. Define the auxiliary function w' by

ngﬂiz 50

and trivial initial data along H,. We then define k by

1-
k=—-Vw+*Vw' — 5@.

We need to obtain a transport equation for k. Notice that if we set (w) = (w,w'),
then

1~
ﬁ:::*1)1@£>-— EE?
Recall the commutation formulae

Vi, VIf =~ 50XV S = £V + 500+ )Daf,

* 1 * A * 1 * *
V4, V]g=—§trx Vg+x-"Vg+ -("n+"n)Dag.

5

151



Thus, for a pair of scalars (f, g), there holds

* 1 * ~ * 1 1 * *
V4, Dil(f,9) = —EU"X Di(f,9) +x-(Vf+"Vg) - 5(77+Q)V4f+§( n+"1n)Vag.
(5.150)
Now recall that
1 1o, 1., 50 1
V4g=§p+2wg—n-g+§!n| +Z(pF+UF) = §p+F.

Therefore,

1 1
Vi Dilw) + 5Vp = 5 Vo = wVw + wVw + 4V (n,7) +nVn + (trx, NV (@, w)

+ (pr.0r)V(pr, 0F) + 0 (p,0) + 00 -+ - T .
(5.151)

Moreover,

Vi +trxf+Vp—"Vo = (1, %) (p,, B) + (ar, ) - VT + (¢, X, X, trx) - (g, T) - T.
(5.152)
Consequently,

Vit = (1, X)-¥+(ap, T)-VT+(4, X)-Vi+(¥, X, X, trx)-(ap, T)- T+ 1. (5.153)

Commuting with ¢ < 10 angular derivatives, we get

ViVis= ) VWRVE(p VD
11+i2+13+i4=1
+ > VIR VR (ap, T)VETT
11 +i2+1i3+i4=1
Y VIWRVRE VY
11+i2+1i3+i4=1
+ > ViV (4, %, X, try) Vi (g, T)VET
11+1i2+i3+i4+i5=1
+ Y VIRVERRVEY VY
i1+io+1i3+i4+1i5=1
Y VRRVR(, )V,
11+i2+i3+ig=1

Passing to scale-invariant norms, there holds
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1

(a2 V) k| 22 2 (Suw)
/ﬁ |(§YV“w”V”@%X“W“WM@ﬂ&£0@!

t1+i2+i3+1ia

o Z ) T DV g5,

11+i2+

/ Z ||( VIEVE OV s, 0 AW

11+12-+13

LNixgi1, iz i o i i
”((12) \Y 1¢ vV 3(1/}7X7X7 tl"X)v 4<aF7T)V 5T||£?‘gc)(5u&/)dgl
Z1+12+ iqgtis=i

o
o[ (ab) Vi = Vs T v g o
o
+

(sc) (Suyl/) Q
11 +12+13+z4+25 7

’( %) V’uwZQVZS(w )V KZHE%SC uu/)dﬂ/

11+1i2 +Z3+14 i

I:J1 . +J6

We again estimate term by term.

e We have

/ S @A) VYR, VI (s, e

11 +i2+i3+14=1

u 1 1
5/ fEA 2y 25 (@dwyou du/
0 a2 Jul " Jul = £2,0(Syw)
“lu P (5.154)
CRT az az i
flx e (i) v
0 az 11+i2+1i3+14=1, L?SC)(S"&/)

14<10

) .
L0 Ox[X]

; —R[Y].
az2 a2
Consequently,
0? o X|RIW
5Oy PR
a2 a2
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e We have
LNiTiy, iavri i
[(a2)' V=V (ap, DIV Yz s,

—a? - ||(a2)' VIRV (_ I) Ve
az az L?sc)(su,g’)
02  a» olr (5.155)
SW | <O[OzF] + a[é ]) Ha5VHTH£?SC)(SM/)

Consequently,
at -0 at - Oxfor] - F[Y]  at f*
hs ) SOt TR [ evita e
ul ul ul ) S
e We have

a2y V=V (6, OV s, 0

( %) vz1¢zgv13 ( ’QD X ) vz4+1¢ (5156)

N[

=a

L"%sc) (Suyﬁl)

Then, since all the ¢-terms apart from w,w’ can be bounded in the top order

along the u—direction, we have

02 44-0-0, 0-0 e
S+ s = =L E/ 1>V (w, wN)llez s,
[ul |ul a? Jul Jo T
e We have

(@2 V=V (1, X, % trx) Vi (ar, TV 2

(se) Su)
2

U 1 a a . a . a T
=— || @) vy <—w,—2x, X —Qtrx> v (—f —1) Ve
2 u u u“— u - 2 2
az az az (255)(5“'72/)
2 3 3
cu 000
~ 1 2 ~v 1
az U a2

(5.157)

Thus J4 satisfies, upon integration, the same bound.

e There holds )
1. . ; i ] Y7' :
) [(a2)" VRV EYV VY2 (s, 0 S Jul?

i1 +i2+i3+1i4+i5=1
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e The final term can be absorbed to the left by a Gronwall-type argument.

Overall,

1
1 i a2 “
n«wvnﬂgm@w>51+ﬁﬂ/Wm*ﬂ%%gwmﬁﬂ%yﬂy
0 (5.158)

1 ru
+ ‘2—7 /OHCLSVHQFHL?SC)(SU,W du’.
By the following div-curl system
div Vw = —div kK — %div é,
curl Vw =0,
curl w' = curl k + %Curl @,
div Vw' = 0,

applying Proposition 5.6.1, we have

10

1
1@V ez, 5. S D (103 VY8l 50 + 1@V B2 (5,.0)

1 1
+ =1 > M@ VY (@, w)liez 5.0

Using the bounds from (5.158), the right-hand-side term involving (w) is absorbed to
the left by Gronwall’s inequality. Integrating in the u—direction, the terms involving

ap and é on the right-hand side can finally be controlled and we get

1a°V (w, w') <1+ R[B] + Elagl.

HE%SC) (ﬂgm’u))
O

Finally, we prove top order estimates for the remaining Ricci coefficients try, X.

Proposition 5.6.8. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69)-(5.115), there holds

[l e S RIA+ RI + Pl 4 1

3

u
| e R, S 1
u
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Proof. We begin with the equation

- 2 — )
Vstry + trytry = W<Q_1 — 1) + trxtry + 2wtry — [%|* — |ap]*.

Commuting this equation with ¢ angular derivatives, we get

1+ 2

ngitrz + tr&trz
L . 2 —
= > Wwwﬂfﬁwhn+mmeMemt@ﬁ)
- Xtrx + 2wty — [¢
11 +i2+13=1

+ ) VRRVE(Y,  try) Vit
i1+t +i3+iga=1
+ Y VERTIY By Vit =

i1+ig+ig+ig+1=1

Rewriting in terms of scale-invariant norms,

a 1y;—1 .~ a 1y, 1 .~
m”(m)z Vitrxliez | (suw 5@\“(“)2 Vitrxllez | (S
w a2 1. - 17
INi— /
t [ et Rl s,
a 1., .~
~Tu |H(a2)l 1VZUXH£§SC)(SWM) + I+ I + I3,
o0
where
a 1., .~ a 1., .~
m”(@?)Z Witrxllez (s, < WTOIH(W)Z Witrllez (i) S 1

We proceed to estimate I to I3.

e We can rewrite Iy = I11 + I1o + I13 + [14 + I15 in the obvious way. We further
decompose Iy, = I111 + I112. There holds

w2 ‘ o 2
= [Lpledr | B v ol o

~ [0 i1-+iz+izg=i—1 Jul? 20y (Sur
“ @2 1., B . a2-O

I P
Uco U’ i1 bigmie1 £<SC>(SH/7E) ‘u’

156



Also,

“ CL2 i1 ,/,42 vt Q_ —1
I112=/u |,|3H I v v o e ez (5,040

i1+ig+iz=1

“ ; i1,/ i Q_l 1
:/ ’u/|z+1H Z V 1¢ QV S(W)HLQ (s ,u)du’

i1 +i2+i3=1

w\»—A

“ i i1,/ i Q_l 1
_/ ’u/|z+1H Z Vlw QV 3(W)HLQS ,u)du’

i1+i2+i3=1

:/ |u |2+1“ Z V21wzzvzs[| /‘2 / QW(U',Q,91,92)dg/]||L2(5u,7£)du'

i1+i2+i3=1

:/ |u | +1|| Z Vz1¢12 | /‘2 . / 2Vi3w(u’,g’, 01’ 02)dﬂl]|lL2(Su,’£)dul

i1+i2+i3=1

1

! ; 1 1 1 a2
/1i+1 ) ' . ,
S/u |U | Z |ul|’bl+’52 |u’|2 |uz|i3 |u’|% (E[,O] + 1> du

i1+i2+i3=1

1

< [ O (Rl)+ 1) du SRip)+ 1
Uoso |U/|2

Similarly, there holds

15 :/ - 3H % -1 Z V“WQV“”ter”trxH du’
] i1 +iotigtia=i Efser St w)
du’

B /uoo Ju]

(5D D NS AT v (| ,‘trx> v (|—/, )H
Ll.e)(S
u 3 112 2 u 2 /
a2 U O a U 0
[ O ~L3—wwwmwgwuﬂ’

i1+t +i3+ig=1
o WP a o]
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‘ du’
‘C'%sc) (SU/ 7E)

[13:/“ o H(a%)i*1 Z Vi VBV itry

i1+i2+i3+ig=1

“a H( 1y i1, o i a /
= — -+ ||(a?) AAR D VALIAVAS ( trx>’ du
/1;00 |ul| i1+i2§+i4:i |’LL/|2 B (Sc)(su U)
< /u az ‘u/‘2 02 d ,
" — e — u
S WP a W]
voa? ’ul|2 5vr11 Osoltrx] !
+/ ’ul‘?) . —a ||CL \V4 C—‘)HE?SC)(SM,E) ' ‘u/’ du
u a2 ‘,U//| O 5
W Odfoen (L)
+/uoo W a IU’I H (I 4 X) £2 ) (Sur0) !
1
az - 0? “
S L e s
+ (a term handled by Gronwall’s inequality).
(5.159)
There also holds
o= [ et S vy, a
14 = —m=||la XV7X U
use [0/ i1+ig+iztis=i T ey
u l 1
a H( 1yi—1 01,0 % % az .
_ — - |[(a?) V1¢2V3 — Vil —x ’
/Uoo |Ul| i1+i2§3:+i4—2 <| /| > <|UI|_ ﬁﬁ‘“)(su,’ﬂ)

G U % v a ] Oxl som
</ e —du'+/ WE ] .%Han’)vllznﬁéc)(%/&)du/
Uoo

az ||

az - O Y oaz 5y711 ¢ /
5 |U|2 +/u |u,|3||a V XHﬁ%SC)(Su’,g)du'

(5.160)

Finally, for the term I;5 we have

du’
(Su/,g)

@) 3 VR Via|

i1+io+i3+i4=1 (sc)

3
u az 02 u (12 O
< Ay Syl ! 5.161
N/ M |u'|d“+/um wr Ty 1V el s, e (5161

3

IUI
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There holds

b 1 - i1, 19274 NS v T
11+i2+13+14=1 (sc)\Pulu
< % vll d /
N/ \U’\SH Z ¢X’ ((Sur ) Y
11+1i2=1
' $\i— i1, i C T \Tiafoe
—|—/ ]u’\3H 2 1 Z Vit 2ty 3(¢7X7HX)V 4trXH£2 . )du'
i1+12+i3+14+1=12 (sc) \Pul,u
u a . N
< a® (1, X, try) Vitr H du/
o M S
u a2 -~
+/ P ‘af’vn(dgx, trx)trx du' +1

L2 (Sur

u 2 ! ! O v
<[ O oo ()|
|u | a2 a |U/ | |U | (sc) S ’;2)

u Cl2 U/| 0) [t/l:;(] ~ [T
+/ ] Ocling 16>V (4, %, trX)“ﬁ?sc)(Su',g) du’ + 1

[ IV s,

Noting that ¢ € {n,ﬂ} and recalling Propositions 5.6.5 and 5.6.6, using Gron-

wall’s inequality, we can bound this term by

u
a ol /
/uoo |ul‘3 HCL V X”E%Sc)(gul&) d'LL —+ 1.

For the last term there holds

du’
c?sc) (SUI 12)

(DD DI A A SN AT

i1+i2+ig+ig+1=1

= az) Vigiztlys ( tr )V“ (— )‘ du/
[l ) V™) e s
v 1 a —
< a? Vitgitlys ( ——tr )V“ (—tr )‘ du/
IR ™) V") e s,
3
<2 <1
az - |ul
(5.162)
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We thus have, using Gronwall’s inequality,
3

a —~ h .
(el Xy s S TR [ 0 R s

o
S R FRLY
| l|2 (sc) u/, u) (5163)

<1+RH+Rm+fMH

b [ I

For x, we have the constraint equation

o1~ 1 1 -
div x = §Vtrx — 5@ —n) (X — itr)(y) + .

Consequently,

1

||a5V11><||c2 (Su) S Z < a? ]VJHUXHL:Q [ (Suw) T (a2 V) 5”11556) (Suw)

7<10
1
5 VJI v]2 ‘ >
Z ( X) E2 (Su,g)
J1ti2=j (s¢)
+ Z [l(a2v XHEQSC)(S’u u)’
]<10

Integrating this along the incoming direction, we have

3

u
/ | ,|3HG f(”ﬁ? >(5u,&)dul
Uoco

v 1 1 .~
< [ e S (1 e, o, + 1@V Ble, 6

j<10
/"2
+|U’ % Z vhnn)vyz( (f?x, ?2 )‘ )du’
a J1+jo=7 | | | | 'c%sc)( u/ u)
I SR G100
1<10

3 3

v a2 ~
§/|%WWWWM¢&MW+M;MQ

u 3 2 2 u /
az  |[W]* O a |u|

— e —du/ — -Odu’
+L W a W|u+/|q3a%

s/,@WWMwwwm+1
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Plugging this back to (5.163) and using Gronwall’s inequality, we get

u

a —~ a
m||a5vﬂtrgl|qsc)(su,g> S1+Rpl+ / W||a5v“g||ﬁ?“)(su,&) du/
S 1 + K[,O] + —lHaSVll(«_‘JHySC (ﬂg"oo,u))
lul? (se)

S Rlp] + R[A] + Elag] + 1.

Integrating in the u—direction we obtain

u a2 N _
/ W||a5V11t1X||L§SC>(Su,&) S Rlp) + R[B] + Elag] + 1.

Remark 13. In a similar fashion, we can obtain the following estimates:

“ (I3 51177 112 % “ a2 S5v711 2
!/ ~ !/
/ |ul|4 ||a v tTXHE%SC)(Su/,U) du + / |u/|4 ||a V X||£%sc)(su’,u) du
Uoo - Uoo -

S Rlp] + R[A] + Elag] + 1.

D=

(5.165)
0

5.7 Energy estimates

In this section with scale invariant norms we will derive energy estimates for curvature

components and their angular derivatives. Our goal is to show that
4 2
R+R+F+FZS <I<°)> + (I(O)> +70 41,

We begin with the integration by parts formula.

5.7.1 Integration by parts

The following holds. Define D, ,, := (tso, u) X (0,u) X S*. A direct computation yields
the following:

Proposition 5.7.1. Suppose ¢y, ¢y are r—tensor fields. Then there holds

Vids+ [ 62V = / bidhs — / brda + / (20 — 1)1 .
Do Duu Hoow) Hiow Dusu
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Proposition 5.7.2. Given an r—tensor field (V¢ and an (r — 1)-tensor field g,
there holds

/ (1)¢A1...A,~VA (2)¢A1...AT,1+ VAT (1)¢A1.A.A (2)¢A1..‘Ar,1
Duu

Duu
= - / (n+n) Do,
Moreover, we shall require the following bound:

Proposition 5.7.3. Suppose ¢ is an r—tensor field and let \y = 2X\g— 1. Then there
exists a function f, independent of ¢ and Ny, such that there holds

2 / [ (V5 + Aotr) = / M7 — / oM + / [P £ 2,
Du& — HS)&) H&%aoﬁ) Du,g

where f satisfies the bound
O

< 5
fr\./ |u|2

Proof. There holds

d
T ( / |u|”1sz|¢|2> -L ( / |u|”1sz|<z>|2>
Su,g Su,g

= /S 5 0? (2\u|2)‘1 (9, V39 + Aotrx@)

+ /SM ° <|U|2A1 (_QW + (1 —2Xo)try — 2(,_0) |¢|2> .

Here we have used that L = Qes = % + bAao%' Immediate calculations imply that

‘ —2M+(1 — 2Xo)trx — 2w %‘

The proposition then follows by integrating in the slab D,, , and using the fundamental

theorem of calculus. O

5.7.2 The Hodge structure as an aid for energy estimates

Observe that for

(D1,92) € {(@.9), (B, (p, ), ((p.0), B). (B, ) Ju{ (. (=pr,ox)). (pr. —ow). ) §

we can write the equations for 2); and ) in the following form:
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Vg@l + (% + 82(2)1)) trxg)l D@Q P(), (5166)
V12 — DY = Qo. (5.167)

Here by D we denote a differential operator on S, , and by *D its L?-adjoint. By

commuting the above equations ¢ times, we arrive at

VsV + (%1 + 32(2)1)> trxV'9, — DV'Y, = P, (5.168)
V.V, — "DV, = Q;. (5.169)

The purpose of this section is to prove the following:

Proposition 5.7.4. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69) and given a pair (P1,2a) satisfying

1 +1

V3vi@1 + ( + SQ(@1)> t?")_(vzml — DVZQQ =
ViV, - "DV'Y, = Q,

the following inequality holds:

i 2 ! a i 2 '
/Hﬁ“m) IV3Dillzs, s, .0 20 + /flf;‘oo,u) !u’|2 IVl s, 2

< ) 2 / /
N/(O u)||v @1||£2sc (Suooag/) dg + \/1{0 ,u) ‘UIP || @2”[’ S /0 U

+f / VD1 Pley s, ' + [ / VD, Qlley s, duld

Proof. The Hodge structure will play a crucial role: For a pair (2)1,9)2) or a pair

(V'Q)1, V),), the angular derivative operator D and its L? adjoint operator D* form
a Hodge system. Through Proposition 5.7.2, we have

/ 2, DVs + V, D'Y; — —/ (0 + 1)V1Da.
Su,u Su,u

(5.170)
/ V'Y DV'Y, + V'Y, D*V'Y, = —/ (n+n)V'Y1V'Ys.

We now move forward and apply Proposition 5.7.3 for V*9);. With

141
2

)\0 = -+ 82(231), )\1 = 2)\0 — 1=+ 282(@1), we get
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, . 1+ '
2/ ‘u/’2@+452(fy1)vlgl (Vs + < ;_ ! + 52(2)1)>trx> V'Y,
D

u,u

:/(0 )|u|2i+482(%)|vi2)1|2—/(0 )|uoo|2i+4sz(9.31)|vigjl|2 (5.171)
Hy* Hugs

_I_/ |ul|2i-i—4$2(fDl)f|vim1|27
Dun
where |f]| < O/u/|2.
We also use Proposition 5.7.1, plugging in ¢, = ¢y = |u[T22F1)VY),
2/ |u/|2i+452(@1)vi@2v4vi§y2
Du
:/ |ul|2i+452(@1)|vi;~D2|2 _/ ‘ul’2i+482(2]1)|viip2|2 (5172)
(oo (oo
+ / | |2 45291) (205 — try) | VID)o| 2.
D

u,u

Adding (5.171) and (5.172), we obtain

, . 141 ‘
2/ ‘u/|2z+452(m1)vzg)l <v3 + ( —;Z + 52(2]1)>trx> V'Y,
D

u,u

+2/ |ul|2i+482(@1)vi2)2v4vi2)2
Du,u
:/ |u|2i+482(@1)|vi@1|2_/ |uw|2i+4sz(@1)’vi@1|2
H&OYE) H&%QE)
+/ ’ul’2i+452(3j1)f’vi9:jl|2
Du,u
+ |u/|2i+4sg(@1)|vigj2|2 . |ul|2i+452(@1)|vigj2|2
ﬂgtoo,u) ﬂéuoo,u)
[ WP - g VP,
D.

u,u

We now take (5.168) and (5.169) into account. With the help of (5.170), we then
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arrive at

/H(O}u) ’u‘2¢+4sz(@1)|vi@1’2+/H(uoo!u) ’u/|2i+432(@1)|vi@2‘2

u

:/ |uoo|2i+452(2]1)|vi2)1|2 + / |u/|2i+452(2)1)|vi232|2
H(Oal) H(uooiu)
Uoo =0

+ 2/ |u/|2i+452(2)1)vi2jl P+ 2/ |u/|2i+452(2)1)vi2)2 X Q
Du,u D

u,u

_ 2/ |u/|27;+452(2)1)(7] +Q)V12]1VZQJ2
'Du,g

+/ \u’]2"+452@1)ﬂv®1\2 +/ |u/’2i+4sz(®1)(2w —tl“X)‘ViQJgF.
Du,u D.

u,u

Using |(n + n)VD1VDa| < [n+n|- (IVD1* +[VD2|?), and the fact
n+n <azO/|d P, || <O/W?, 2w —trx| < O/ ],

by applying Gronwall’s inequality twice (one for du, one for du), we obtain

/ |u|2i+432(@1)|vim1|2+/ |ul|2i+452(@1)|vi@2|2
HOw) Hglooﬂb)

</ |uoo|2i+432(2)1)’vi2j1‘2+/ ‘u/|2i+432(@1)‘vi®2|2
=~ JEPw H (oo

n 2/ ‘u,’21+452(@1)vi@1 . P 4 2/ ’u/|2i+432(@1)vi@2 . Q
D D

Multiplying by a=*~252d1) on both sides, we get

/ a’i282(@1)|u’2i+452(@1)‘Vi@1|2_|_/ a*i*QSQ(Q‘Jl)‘ul‘21+482(2)1)‘vi232’2
HOw (oo )

5/ a—i—?sg(@l)|uoo|2i+452(9:jl)|vi§y1|2_I_/ a—i—ng(le)|u/|2i+482(2)1)|vim2|2
H?S,Oogi) E(()“oo»“)

X 2/ a—z‘—252(@1)|u/|2i+452(m1)vz‘gjl P+ 2/ a—i—2sz(%)|uz|2i+4sz(i01)vz‘@2 Q.
Duy b

u,u

(5.173)
Taking into account the signature identities
, i , 141
2(VDh) = 5 +52(Dn), 52(V'De) = + 52(Dn),
, i+ 2 i 141
s2(P) = 52(V5V'Y) = +52(Dn), 52(Q) = 52(DVD) = —— + 52(Dn),

and definitions

2,800 = @ NP2 25,

9]
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LSy = 2O 2O 6] s, ),

9]
we rewrite (5.173) as

% 2 a i 9

< i, |2 i
o 7D e 7 Pl

+2/ IV, - P
o ]

Recalling the definitions

sc(Su’,g)

§C<Su/,u/>+2/ 0 ,IIV’% Q
o Duu

L3e(Sur u)

||¢||C2 H(Ou) /)dgl7
||¢HLQ (H oo u>) / | e (S, )d“
and substituting them in the above, we arrive at the desired result. O

5.7.3 Energy estimates on the Maxwell components

Recall the null Maxwell equations

1
V4QF+ §trng = —V,OF — >|<VO'F — 2*HUF — 2*7] ',0F+2CUQF —X'CYF, (5174)

Vsap + %UXQF =Vpr+"Vop —2"n-0p+2n- pr +2war — X -ap, (5.175)
Vypr = divap — trxpr — (1 —1n) - ar, (5.176)

Viop = —cutlag — trxor + (n — 1) - “ar, (5.177)

Vspr + trxpr = divay + (n — 1) - ap, (5.178)

Vsop + trxop = —curla, + (1 —1) - “ap (5.179)

Notice that for the pair (11, Ts) = {OéF, (—prF, UF)} we have

1 .
V3T1 + (5 + 82<T1)> tI’KTl — *Dng = w . (pF, O'F) + X O + 770 R, (5180)

VYo + DYy = trx - (pr,0r) + (0,1) - aF, (5.181)

while for the pair (11, Y3) = {(PF, —JF),QF} we have
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V3T, + ( + s9(T trxT) — DTy = (777ﬂ) Cagp, (5.182)
V4T2 DlTl ﬂ) pF,UF) ‘I‘W‘QF +XOKF (5183)
We introduce the following proposition

Proposition 5.7.5. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69) and given a pair (Y1, Ys) satisfying

1+ 1

VsVl + ( (T1)> tryV'T, — DV'T, = P,

ViViTy — *DVY, = Q,

the following inequality holds:

i 2 / a i 2 /
[Tl s i+ [ Il

7 / a z /
/(o )”VT Hﬁz (Sume) W +/<u w [u/|? Iv T2||£ o) M

// VT Pl s, i+ // VT Qlly s,

We begin with the pair (ap, (—pr, oF)).

Proposition 5.7.6. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69), fori < 11, we have

]_ 1., : 1 1., .

@t Vs o, + ~N@d "V or 0 e

]_ 1 i1 . 1 1 1 1
<@V arlly e, + @) TV o 08l gy + -

Proof. We schematically have

1 N
Visarp + étTXOéF —D(=pr,or) = (¥, X) - T +¢- (T, ar),
Vi(=pr,0r) — Dap =1 -(T,ap).

Commuting with ¢ angular derivatives we arrive at

167



. 4+ 1 . .
VaViap + - J; trxV'ap — DV'(pr,or)

= Y VWEVEMVi(prop)+ Y VIRV as

11+io+i3+ia=1 11+i2+i3+ig=1
+ S VERVR Vg, + Y VIR Vs Vit
11+io+i3+iga=1 i—

+ > VIRVE(Y, X, ) Vias
i1+i2+i3+i4=1
::Ph

while for (pp, o) we similarly obtain

V4Vi(pp, UF) — *DV’dF
= Y VWRVRgViar+ ) VUWRVENV(or,0r)

i1 +io+i3+ia=1 11+i2+i3+i4=1
+ 0D VARV (1,1, X)V* (pp, 0F)
11+i2+i3+ig=1

::Ql-

We arrive at

I3l gy + 10D T 000y e
1., - 1. .
SH(Cﬁ)Fle@F”E% )(HEL%;E)) =+ |’(a§)z—1V1(pF, UF)H£<2 )(Eéuoo,u)) + Ny + My,

where

Lyi— Lyi—1wi
// az)"'Py - (a?) 1V04F||£gsc)(su,&,)duldu',
Li;— Li;— i
M= [ [ e @2 )5,

Let us focus on the term N; first. Using the scale-invariant version of Holder’s in-

equality we get

l\J \

1 1,
N < / / SRl Ples 5,0 (@) Viaples sl G18

ll 1yi— 7
<[ = / @) Pl s, ) suplah) Vsl
) (5.185)

t\:'
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where

Pi= Y VUWRVS()Vi(prop)+ ) VWEVEwViap

11+i2+1i3+14=1 11+i2+13+i4=1
+ E V)2 VsxyV"ap + E Vit Vo

11+i2+13+14=1 i1+ig+ig+ig+1=1

+ Y VRRVR(Y, X, trx) Viap

11+1i2+1i3+i4=1

u
- 1,
H= [ R o, )

We further have

3yi— 1vi—1
Hl / || 2 1P1||L2 >(S/ 0 _/ < Z/ || 2 Plj”[:Q >(S/ /)d@l (5186)
We treat each of those five terms separately.

e There holds

u
u 1.
/ ”(ai)l 1P11H%?sc)(su’,£')dgl

1 i1,),i2 71 (
/|| ) 3 VRV E (g, )V (e o)z s, 0

l1+i2+i3+i4i
5 11
|u'|2 w1l s,

51
’ ,|2 / |a”V 1(/0F70F)||£2 o (S )d /

04 02 u 02
+ — - / (1+R+R)*dv +| ,|2F[pF,o—F]2.
0

Here we have used Propositions 5.6.5 and 5.6.6 as well as the bootstrap bounds
(5.69).
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e There holds

1
L@ Pl s, de

/ H vz1wzzvl3 VM( é)“ﬁ( )(S/ /)dg/
l1+12+13+24 7 a

4 a 02
g‘ ap T ,|2 /”aE)VHgHi?.(SM)d@/

a-0? 571l /
+W‘ /HGV arlzz (s, )

% a- 5911, |12 ' a-0? 2
Sip T [ 1P,y S Pl

l\:)\»—‘

Here we have made use of the bootstrap bounds (5.69).

e There holds

u
- 1.,
/ [(a2)’ 1P13||i2..>(5u/,g)dgl

/ H % Vil¢i2vi3 (1) V’i‘lQFHi?SC)(Su/&/)dQI

1
2
i1 +12+13+Z4 i a

O* a-0? 5vr11
Sw WP A (2)”52 (o)
) 2
a - O2
/ ||CL5VHO¢F||E2 oS, u)d“,

Here we have made use of Proposition 5.6.3.

§1+

e The last two terms can be bounded above by
Flag] - O[5 + 1,
using Gronwall’s inequality and the elliptic estimates.
We arrive at the bound

Hy S 14 F*lag] - OR)* + | ,|2 / HaE’V”wH@ (87 1)
(5.187)

5v711 2
+ W /0 ||a \V4 QFH[:?SC)(Su,,y)du/.
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The two integrals above cannot be estimated along the wu-direction, but only when
you integrate them also along the u—direction and exchange the order of integration,
as in (5.185). Integrating along the wu-direction, these bounds translate to a bound
on N1

N, < (F[ap] -O[X]+1> sup||(a az)’~ 1v1aF||£2 (o) (5.188)

For the term M; we follow the same procedure. We have

l\’)\)—l

1 1o i
M, = / /uoo ‘u’| az) Q- (a2) ly (pF’UF)HE%SC)(Suf,g)dU'dQ’
z 1o, i
IQI Hﬁ(%)(su’,u’) H (CLQ) lv (pF7 UF) ||£(2sc)(5u/,g/) du/dﬂl

<[ [ rapllad 2

5/ (/ | ,PII( a2)’” 1621||[; sade’) ||(a§)"‘1vi(pF,aF)||£2 R du/

(// /|2|| 511Q1H52 s,/)dUdu>

: Sup‘|(a§)2_1vl(pF7 O-F)HL? )(ﬂ(“foovu))'

u/

N

Here we recall that

Q= > VWRVE(nViap+ Y VIRVERXV(pp,op)

11+i2+13+i4=1 i1+ig+iz+ig=1

+ Z VARV (1,1, X))V (pr, 0F)
i1+i2+i3+iga=1

=Q11 + Q2 + Q3.

v “ a Li;—
"1‘/0 / @) " @illzs (s, ' dus= Tt o + s

We have

1y
J1NZ// |,|2H a?) ' Qullz s, du'du’ (5.189)

Then, separating the cases where 74 # i and iy = ¢ and treating each of the three

terms separately, we get
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e There holds

adu 1
// |u/!2” a)™t D VREVEma)Viarlg s,
thoo i1+t +i3+i4=1
“adu
/ 7 [
21+12+13+14 )

u 4 02 Fla]? 2 | 2
5/ a (O L O? - Flar] +O (1+R)>du’§1.

o WP |2 a

M\H

Vi (n, n) V" (a )Hc( Sy W

We have made use of Propositions 5.6.5 and 5.6.6 here.

e There holds

adu l i1, d2 i i
//u /|2 DY v1w2vstrxv4(pF,O—F)Hi?m(suwdg/

i1+i2+i3+ig=1

add Lyi- i1, dei i
/ ,|2/ (a?) Z V1w2VStFXV4(pF’aF)Hi%SC)(Su/y)dgl

i1+i2+i3+ig=1

u 4 2 2 2 2
5/ ; ( ? +O'F[pF’UF]+O'<1+R))du’§1.

o P\ a- | ju'[? |2

l\.’)

We have made use of Propositions 5.6.5 and 5.6.6 as well as the bootstrap
assumptions (5.69).

e There holds

u u
u a 1., ~ )
J13:/ / WH(CLQ)z 1 E : Vuwzzvm( X)V%(pF,O'F)Hi?sc)(SH,H,)
0 Uoco i1+i2+i3+ia=1 h
/ |u,|2/ I(a
Uoo z1+22+13+l4 i

4 2 | 2 2, 2
S/ a (O Lo O? - Flpp, o] +a-O (1+R)>du’§1.

o (PP ' ju'[? ju'[?

n,1, X

1
a?2

l\’)\»—t

Vil¢i2vi3 ( ) VM(,OFUO-F)”E2 (S ., /)

Here we have made use of Propositions 5.6.3, 5.6.5 and 5.6.6 as well as the
bootstrap bounds 5.69.

Hence

My < sup||(a)' "'V (pp, or) (5.190)

||£2 )(H(Uoo u))

Taking the bounds (5.188) and (5.190) into account, we get
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- INi— 7 — Lyi— )
@@ TV ar o) 07 @) TV om0 2, e

- 1 i— 7 - 1 11— (2
<a”'|[(a2)" 'V’ aF” 2, )(H&H))—l—a Hi(a2) v (PF,CTF)H (Hmoou))—i-a YNy + M)

- LNi—1i — i1
<a~'[(a2)" ' V'aplf; +a ' [(a2) "'V (pr, o)

£2 ) (H)
+a i (F-O+1)-F+a 3F

_ 1 1 _ 1 _
<a | (az)’ 1VZC¥FHZ? )(H&@)Jra H(az) 'V (pr, o), 2 (HGe wy ta

P

1

IS

Thus
1
Flag] + Flor, or] < Flar] + Filor, o8] + -,
al
which translates to the desired energy bound
1
= ./T"[CYF] + F[pp, JF] < 2‘/—'.0[@}7] + 2.7:0[,0F, CTF] + - (5.191)
as
O

Continuing the estimates for the Maxwell components, we shift attention to the pair

((PF,—UF)7QF)-

Proposition 5.7.7. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), we have

LNi—1xi LNi—-1i
1(a2) 'V (pr, _UF>||Z%SC)(H£°’@) +[[(a2) 7'V QFH;?SC)(HSOOJU)
4 2
SREGR' + <I<°>) + <I<0>> 41

Proof. We recall the following schematic equations for the pair

(T1,T2) = ((pr, —0F), aF) :

1
V3T + (5 + 52(T1)> trxT1 —DiYy = (n,1) - ap, (5.192)

ViTy = "D Ty = (n,n) - (pr,0or) +w-ap+ X ap. (5.193)

Commuting these equations ¢ times with angular derivatives V we arrive at the equa-

tion
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1+ 1

V3V, + (

Y VIEVEg ) Viap+ Y VWEPVE(L ) Vi (pr, or)
i1+ig+i3=1 i1+t +i3+ia+1=1
+ Z vi1¢i2vi3 (nﬂﬂa X7 JCI’Z)VM(pF,O'F)
11+i2+i3+ig=1
::P27

(Tl)) tI'XVZTl — ’DVZTQ

as well as the equation

ViViTy —*D VT,
= > VHEVEMVi(rop) + Y VIWRVELVia+

i1+12+1i3+14=1 i1+i2+i3=1

FOYD VRRVERRap Y TR )V
i1+ig+iz=1 i1 +i2+ig+isa=1

I:QQ.

Applying the proposition, we arrive at

ooy 11(@2) Vil

l . .
@)V oropl2, R

I\i— ) i— 7
< @) 'V (or,or)llze o, + 1l(a?) 1v arllze (o) + Not Mo,

where

/ / % =1lp,. (a %)z‘—lvi(pF7 UF)HL(ISC)(SM@/) du/ dud, (5.194)
My = / / m”(a%)llQ2 . (a%)iflvigFH[% >(S / ,)du'dg'. (5195)
0 Uoo (% sc u',u

We focus on N, first. Using the same reasoning as for N;, we have

1yi— 1y i
N2 / / |u,| || 2 1P2 . (CL2) 1V (pFaO'F)H/;(lsc)(su,&,)du’dg/

1., 1. .
<[] e Pl s 10 ),
0 Uoo N B
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Recall at this point the form that P, assumes:

B= Y VRRVR(,pVia
11+i2+13+14=1

+ Z VR HINE (R, trx) V4 (pr, oF)

11 +i2+i3+ig+1=1

+ Z V“wbvw (77, Uk X’ t&)vu (pFa UF) = Py + Py + Pos.

11+i2+13+i4=1

Consequently,we have the bound

1

i LNi—1i
Nz<Z / / @ T Pl 5,0 1@ TV or 07 g, 5,0 A0l

- N21 —‘l_ N22 + N23

(5.196)

We estimate each term separately.

e There holds

1 Lyi—1wi
/ | ,|2/ H 2 le”c( I ,)H(CLQ) 'v (pFaUF)Hﬁ(QSC)(Su/’H/)dQ/dU,

1
a o4 o 3
< 5V11
~ /uoo |u’\2 (a- |u’\2 | /|2|| (77 77)” (SC)(H“)")))

LNi—1yi
’ ||(CL2) lv (pF’O-F)HE(?SC)(HS’E))dU’/

U u a 02 51 ) /
+/0 (/u |u,|2- . |u/|2||a V QFHE?M)(Su’,y)du

1., .
: ||(a’§)l 1vz(pFagF)||E(2 )(H(?ooyu))dg/

1

u a 04 O !

S 5 11 Fd’
”/%o e (a-w eVl S@(H;e’u») '

* Yoa O
o, </ PR L RCRLLy I

Here F is the bootstrap constant appearing in (5.69). Notice that what we have

[NIES

N

=

- Fdu

done in the above is to separate between three cases. The first is when neither

(7,m) nor ap have 11 derivatives, the second is when 11 derivatives fall on (1, )
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and finally the third case is for when 11 derivatives fall on a. The reason
for this distinction is that we use Holder’s inequality in different directions,
depending on what elliptic estimates and Maxwell norms we have. Making use
of Propositions 5.6.5 and 5.6.6, we conclude that the last two terms are < 1,

using the section on elliptic estimates. In particular,

N21 S 1.

There holds

N22 :/ a du'

. |u/|2

N[

TR i1, 00 TN i
/0 RS VIRV (L o) VE (e o)z s, 0

i1+ig+ig+ig+1=1
:/ Fdu
Uco

1
2

Lyi 61,0 i a . i
l(a2)* Z Vitgyi2 s (W(X, trx)) V“(pp, UF)H%%SC)(SM,E’)

0 i—1

ul 3
</ . o du' - F <1.

~ az |u'? ~

There holds

u u
Noy= [ [ @y Pl 5, 1608 o)l 5,000

lu

We first distinguish between the cases where ¢ < 11 and ¢ = 11. For the case
1 < 11, there holds

)i~ i, yia i f TN
@)=t > VEVR(, X )V (or,08)lle (50w S T T T

i1 +i2+i3+ig=1

Moreover, since ¢ < 11, we can bound

1y, %
1@2) ="V (pr, or)llez, (Su) S

S|

Hence, when i < 11, it is easy to establish that Nog < 1. When i = 11,

we distinguish between four cases. The first one is when neither (n, 7, X, trZ)
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nor (pr,or) have 11 derivatives. The second is when 11 derivatives fall on

(pr,or). The third is when 11 derivatives fall on (,7) and the fourth is when

11 derivatives fall on (X, t/r\i) We treat these cases below:

5711
vos [ [ W- NV o)l 5,0

O
/ / | /|2 ) T ’ ’_, ) HG5VH(PF,UF)HL:2 (S, u,)dyldu'
Uoo 2 u | (sc) ,u/

a-0
. 1 ) 107V (e, 5,
Uoo v 0 - -

“a-0 .~
[ 1 Gl 50,0107V o 70, g5,
Uoo v 0 - -

S 1 +/ | /|3 ” 5V11(77 77)H£2 >H(0’£) : HGSVH(pF;UF)’u? C)(H@,g))du’

“[of ,‘3||a5v“<x,trx>||ﬁ 5 [T o1 5,

1—|—/ | ,|3 M R-Fdu
Uoo U a
1
u CLQOZO PP, OF . 2 B
+ Sulp (/ %Haﬁvll(xj trx)”%?se)(su/&/)du/ .a”2

. HCLBVM(PF, UF) ‘|£%SC)(ESOO,U))

<1479 (R+R+1) S (TU2+R*+R*+1.

Here we have used the fact that Oy [pr,or] < 1 from Proposition 5.4.11, the

energy estimates on F[pr,op| to bound the term by the initial data, as well as

Proposition 5.6.8 and in particular (5.165).

Combining these estimates, we arrive at

No3 S (ZO? + R+ R* + 1.

Putting everything together, there holds

Ny S (ZO? +R2+R? +1.

We move on to My. We have
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1 1o,
f Rl Qe @ Tl s, i
11 1y
<[] e @l s, B T Tl s,

1
2

- a LNi-1 . |12 ,
S/() </uoo ‘UIPH( 2) Q2||£%sc)(su/,u/)du> .
. u LH(CL%)l*lva ||2 du/ dul
Uoco |’LL/|2 2 L:%SC)(Su/sE/) -

1
u u 2
o a Lyi— Lyi— 7
([ [ gt o e ) iVl
0 Uco ’ = @/

Denote
“ [ a 1y 2 ’ 1
H2 - /0‘ /q;oo |ul|2H(a/2) Q2H£%sc)(su’,£')du d@

Recall at this point that

N

Qe= ) VRV p)Vi(prop)+ Y VIWRVEWViap
i1+i2+13+ia=0 i1+i2+i3=1
+ Z Vil wig ViSXVMOéF + Z Vzl wzg Vzg( )VM&F
11+12+13=1 11 +i2+i3+i4=1
= Q21 + Qo + Qa3 + Qo4.
Thus,
4 u u a
B 1i,—
S S A A (5 e Y Y A T
j=1 Uoo

We estimate term by term.

e The first two terms

1yi—
/ / |ul|2|| 2 1(@217@22)||£2 (S /| / du du

can be bounded by 1 as before.
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e For the third term, there holds

1
/ / /\ZH az)"” 1Q23||z:2 (St )  du’ o

1 i1 da 3.~ TE
/ / |u'|2|| AN 2 VRVl e, 4

11+i2+i3+ig=1

'] O[x]*Olar]*
n2 -, Q4 —— du
uoo ’u‘ a a |u/‘2
o o ) o
") WP Iu’!2 Ha arllzz (s, ') du
B b @ 02 ’7/‘2 Sy711 % / /
+/0 /Uoo |ul|2 . |u/|2 H \Y% m HL NG /’H/)du du

SL+ (R + R2 + 1) (Fz[aF] + F’lpr,0r] +1)

/ / | ,|4 || BVIIAHLQ u’,m’)du,dg/

We focus on the term
“ CL2 O [ ] . u
[ e, g s [T 0

Recall that, from the proof of Proposition 5.6.8, there holds

R 1
16°V Rz s S D (1@ YV Xl 50+ 1(@2 V) Bllez 5.

VS

j<10
1
_|_ H a? J le V]Q ,t ‘ >
(@) 32 V0V )|, "
J1+i2=j (se)
1
+ I (a2 V)’ X||£2 oy (Suw)”
j<10 @2

This implies that
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5v711.~112
|a”V X”c? o (Su)

l .o~
S (b v ey .+ I@VYBIE: .,

7<10
|u|4 1 J J1 J2 a 2
+o||@y Y VRV |P%|Pw ﬂ(sg
Jitg2=j (se)Ton
> 2
+ 3 arer (4]
= at ) et s
|ul? 2 Jul* O 1 Ju?
5—2 (R+R+1) +”(a2 )5H52 )(Suu)+ a2 |u|2+5' a
IUI2 R? ul* O* 1 Jul?

+ /(a2 VY BlIz2 (S0 T Wt e

Multiplying the above by ﬁ and taking the integral in the incoming direction,

we have

u 2
11A !
|l s,

- U R2 U g2 Lo\ m12 !
~ | /‘2 du + u ‘U//|4 H (aQV) é|‘[’2$c)(su’,£) du
/ O*+1 ., R+0O*+ 1 16

dv' $ ——— R[ﬁ]

wp YT @t

Here we have used Propositions 5.4.10 and 5.6.8 as well as the bootstrap bounds
(5.69).

e The fourth term can be bounded by 1 using the same procedures as above.

Consequently,

Hy <1+ (R*+R*+1) - (F’lap] + Flpr,or) + 1)
and also
My < Hy||(a?) VT,

ey < Ho 4 ()9

HE%S 52 (H(uoo u))

We also know that Ny < 1. Putting everything together, we have
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I(a2)"~ 1V2T1|| oy H11(@2) VT2l e
H ) [:( )(ﬂu )
Lyi— % Lyi— %
<[|(a}) V" nn H%ﬁn(m) T, e, + Vet M

l ’L (A l ’l (A
<Il(a?) 1vrl|| )H%ﬂu TV, e, + Vo Ho

%171 7
+ @)V,

250) (ﬂg’foo»’lw) '

The last term can be absorbed by the left-hand side. Thus,

1yi— 7 INi— 7
@2V Ml ooy + @) TV Y2l e,

(sc)

l’L (2 lZ (2
ST, o, + a) 1VT2H .

~Y

+<(Z )2 +R2+E2+ )+( +R2+EQ)(£ [pr, or] + Fap] +1).

Thus, we arrive at the energy inequality

Filpr,0r) + Flap]
<Fllpr, o8] + Flag) + (1 + R? + R (Filar] + Flpr,0p] + a7

S(TOP £ (14 R+ RY(TV) + ) < TOP 4+ (RY+ R+ 1) + (TO) +

~Y

a4

)

IS
I =

SR+ R+ (Z9) + (29 + 1.
(5.199)

Combining (5.191) and (5.199) we get the following

Theorem 5.7.1. Under the assumptions of Theorem 5.1.2 and the bootstrap bounds
(5.69), there holds
F+FSR4+R +(ZU)?+(7) + 1.

We can now use Theorem 5.7.1 to control the top-order derivative terms containing
Maxwell components that will naturally appear in the error terms as we obtain the

estimates for curvature below. O

5.7.4 Energy estimates for curvature

Again, for (U, W,) € {(a, B), (B, (p,0)), ((p, 0),@), (é, g)} we have the following:
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Proposition 5.7.8. Under the assumptions of Theorem 5.1.2 and the bootstrap as-

sumptions (5.69), assuming we have a pair (V1, Vy) satisfying

Lk sz(xpl)> V', — DV' T, = P, (5.200)

V3Vil, + <
(5.201)

V4viq12 - *’Dvilpl = Qa

with (D, D) forming a Hodge dual, it follows

i 2 ' a i 2 '
/H;OWHV ‘1’1||£gsc)(sw/) du +/HL“°°’“) Wi v \IIQHLfSC)(SU/@) du

i 2 / a i 2 /
. /H&u) IVl s, B /Hmoo,u) |u'[? IV*¥zlzy s,

~
=0

a . a .
+ 2V Pl (s, duld + LNV - Qll (s, dul
|u | (sc) > |u | (sc) U

With this in mind, we begin by considering the pair («, 5):

Proposition 5.7.9. Under the assumptions of Theorem 5.1.2 and the bootstrap as-
sumptions (5.69), we have for 1 < 10 the following:

1 1 i 1 1 P
— @ V)all e yow+—<1@2V) Bl e e
az2 (SC)( v az (sc) (Hu )
1 I 1 - 1 (5.202)
< pl@Vyalle oo+ pI@ V) Bllg o) + 77
Proof. We have the schematic equations
(5.203)

ViB — Do = (B, ) + ar - Vap + (¥, X) - (T,ar) + ¢ - (Y, arp) - ar,

1 o _
Via + Qtrxa + Dy =1, X) - (¥, 8,) + (pr,0F) - V(pr, 0p, F)
+ap - V(pr,or) + (¥, X, trx) - (T, ap) - (T, ar).

Commuting the above equations ¢ times with V we arrive at
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1+

VsVia +
= ) VHRTVE(R try) Vi
11 +i2+i3+ig+1=1
+ Y VIRRVE (X, X, ) V(YL B a)
11 +i2+i3+iga=1
+ ) VRRVS(Y V(T ap) +ap - VT
i1+i2+i3=t
+ (¢7X7 tI’X) ) (Tv aF) ' (Tv OZF))
- Z Vi tlyis (X, trx)V"“a
11 +i2+i3+ig+1=1
+ Y VRRVE(Y, R, R, ) VY, B )
i1 +i2+iz+ig=i
+ Z V2V (pp, op, ap) V' (pp,or)
i1+i2+i3+ia=1
+ Z vi1¢izvi3 (PF, O_F)vi4+1(aF>
i1 +i2+i3+ig=1
+ > VIRV, ¢ ) V(T ap) V(T o)
11+i2+i3+ia+i5=1
::Fla

trxvia — 'Dviﬁ

V.V —*DVia

= > VRS, ) V(B )
11+i2+13+i4=1

+ Z Vil 77Z}iz vigaFvi4+1aF
i1 +i2+i3+ig=1

+ Y VERRVE(Y, V(T aF)
i1 +i2+i3+iga=1

+ Y VRV VAV ap
11+i2+i3+ia+i5=1

I:Gl.

This gives us

Lo 2 1o\i a2
@2 9) 0, ) + @2 DBIE,

1 i 1 iP5
<DV, o, +N@FDVBI, ) + i M,

sc)
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where

u u a 1 A i
N, = / / WH(G2) Fi - (a2V) aH%c)(Su/,u/)duldu', (5.204)
0 Uso uf
Y 1y 1 \im
M, = / / |u_,|||((l2) G1 . (a2 V) ﬁ||£%sc)(5u/,u/)du/dﬂ/- (5205>
0 Uoo u

By Holder’s inequality, as per the previous subsection, we can obtain

ydu’ du/

/

N

“ [ a Ly L\i
No= [ S B @Yl s,
0 Uoo |U| ¢ 7

u
<)
Uco

where we recall that

[SIE |

a u 1 ) , / . .
|u/|2 (/0 ||(a2)1F1||£%SC)(Su,’u,)dg) du .Slul,pH(GQV)ZQHZ;?SC)(HS&)),

P Z Vitgyiztlyis (X, trX)V"“(X
i14io+iz+ig+1=i
Y VIRVE( X BV (Y, )
i1+i2+iz+iga=i
Y VYR (pr,orar) YV (or, o)
i1+ig+iz+ig=1
+Y VIRVE(pp, op) VT (o)
t1t+i2+i3+ia=1
+ Z vz‘1,¢)i2vi3 (¢’X> trx)vm(Ta aF)vis(T’ OZF)~
i1 +iatiztigtiz=i
Denote u
uo
Hl:/o H(az)Fll\ig“)(su,wdw.

We work on the term Hj.
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u
-
H, :/ @) Fillzz s, d
u 1 a% a% 1
. -
sA e ngqx‘|xm @YY B o v

u |u/|4 . . a . /
—+ Z / || 1+ Vh i2+ V23< ] QX i 2tl"X)v7’4( )||£ (S /)dg
11+i2+13+i4+1=1 U | - | | (sc)

Sy e e

11 +i2+i3+i4=t1,
14<i—1

1 1
a2

1
Jabyrvnpays (L Lo @ S ) g (L8 e oy
1 T T ) YA GE o ) Mot G

. /aH %v“wvw( ,—F)V"*“(pp,aﬂllgz (S 2

11+i2+i3+i4=1

(%
+ Z / CLH % V“ ZQVZS(pF7O-F)VZ4+1 (_F)stc)(su’,u’)dul

11+i2+i3+ia=1

+ [t

11+12 +13 +ig+is=1

N)\»—t

||(a2) VZI¢Z2VZ3(’ ,‘2%’ /‘2X7‘ /‘ztrX)vM(
2—J1+J2+J3+J4+J5+J6.

e The sum of the terms J; + J, + J3 can be controlled just as in the vacuum case
by
R2[a] - (O[] + O%[%]) + 0° + O

e For the terms J, and J; we have

J4+J5: Z /a” % Vuwzsz(

11+i2+i3+i4=1

+ g / GH % Vhwwvls(pF? )vm-‘rl ( ) HLQ (5ot} dg’
11+io+13+iga=1 az (90) u
O* a-0? O4 a-0?
_— . AF 2 F ’ 2\ <
Sp e Floel + Floror) S i +

%‘4 =

)Vz4+1(pF7aF)||£2 (S, /)dgf

ERL
N|—= ?11

(R*+1).
where we have used Theorem 6.1 in the last inequality.
e The final term Jg can be bounded by O°.
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Therefore, putting everything together, we have

R R a-0?
H1§R2[Oz]~<02[x]+02[x]>+ Wi A(R*4 (IO + (2O + 1)+ 05 + O,
which translates to
N, < [ RIal- (O%] + Ol% aE'O,R2 TON2 L 70 4 1) 1+ O3 + O?
1 < | Rla X +O[x]) + m (RF+ T+ +1)+0° +

1 .
' sup||(a2V)za||£2 (H(O,g)-
(se) VN !

u/

(5.206)

We continue with the term M; in the same way. We have

1 1 i 5
M= [ G @)l s, e

1
u u 2
- a 1y 2 Iy Lonip
< ( [ at@rei o, du) upl@ 9 Bl gy

At this point we recall that

Gi= Y,  VWRVS, V(S a)

11 +i2+i3+i4=1

> VREVRapVE g Y VIORYR () V(T ap)

i1+io+i3+ia=1 i1+ig+13+i4=1

+ > VIRRYR(, V(T ap) Vg

i1+i2+i3+ia+i5=1
Define
1 1.0
/ / e ,|2 a?) G1||£2 (Sur s ,ydu'du’.
Uoco

We then have
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@ :

%\H| @

Y

K < //w WH (ab) << ;z))w(

Lot adu R
+/0 /uoo |u’|2” Z (a2)' V1V

1
a2
t1+12 +Z3 +i4=1

2
HC%SC)(Su,&,> du’ dg
(X)) i
— | V"
a2
14<i—1

(6%
’_1> ”L (S ur dﬂl
az2 (Sc ')
“ 1
LY i+1 2
+ / / Sl Vs,
Uoco u’

: T 5 3 11,52 \7? ig+1
+/0‘ /1;00 |ul‘2” Z ( 2) Vlw QV S(XFV4 OCFHLQ (S/ /)du du

i1+i2+i3+14=1
14<i—1

%\H| ™

/N

) L A i )
+/0 /UWW” Y. (a)VRVE @, V(T an)z s, v dy

u 1
i1+io+ig+is=1

U u a 1y i1 ,/,42 T N ia i 9
+/(; /uoo |u/‘2|‘;(a2) Vi Vs(w,X)V (TaOéF)V 50&F”Efsc)(5u',g)du/d7_ﬂ

Z:Il+[2+]3—|—]4—|—_[5—|—16_

e The sum I; + I, can be bounded by R?-O? + O*.

e We have

3+ e Uoco |ul|2||(a ) CZ_% . O[FHE%SC)(Su’,g/) wau
adu s ap .
/ / | /|2 ( 2)1V11¢12V23 (_1) V14+1 ( )||£<SC> S ’u/)dﬂl
oo 11+12+13+1@4 7 az a w
14 <i—
u
< a . H
Rrra
a- 04 L
/%o/ /|2 ’ 2 du’ du

w\»—t

VZ+1OZF||£2 )(S )d /) du/

3 02
S TaE Flap)+150% (29)? + 1.
(5.207)
e We have
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adu’ Iningin, i Tis (), <)\ it
/ | @)V OV (Tl s, 0

11+12 +zs +ig=1

¢ adu’ % T «
= [ [ RIS v e o
0 Uoo | | a2 a2 a2z a2
3. 4
<9 _on
|ul?

e For the last term I we have

2
Wz s,

(5.208)

/ / /|2HZ a?) Vilwi2vi3(w,)A()V“(T,04F>Vi5OéFH%?SC)(Su/&/)

- //uoo [/

i ieeis [ VX al T a is [ &
||Za2 v1¢2v3<_%_ Vi = ) VP [ — 122 (5,000

w 4.6 6
g// a0 = OO
0 Jus WP [t [l a

Putting everything together, we have
2 N2 4 6, O 4y (7O (0))2
Ki<R-0O°+0"+0°+ H?’(R (ZON* + (V) + 1),

so that

0
[l

e
2 u’

M, < (R-O+OQ+O3

Putting (5.206) and (5.211) together, we finally get
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(5.209)

(5.210)

1 i
— (R 4+ (T2 470 4 1)) -sup||(a2V) BHE? ()

(5.211)



1, 1o 1 1=
@2V allzy om) + @2 V) Bllgz | rgpoem)
<L (advy L (@) L+t
s—rllt@ Vel | wom) + M@ V)Bllgs | gpoemy + — N+~ M
1, 1o 1 s
<@ Vyalg o) + 1@ V)Bllg g,
1 . . az-0 2 (0)\2 (0) 3 2
+ =5 [ Rla] - (O] + O[X]) + up (E @IV 1) 40040 ).
az2
L\
supl|(a2V)'ell (0w,

+ 1. <R~O+02+03+%(RQJF(I(O))ZJFI(O)+1)> :

1
az |u|2

1 iP5
Su/p” (Cl2 V) BHL:<256> (ﬂ(ﬂ”jooﬂt))

u

from which (5.202) follows.

5.7.4.1 Energy estimates on the remaining curvature components

We proceed to show the estimates for the pair (Vq, Ws) = (3, (p,)). The other two
pairs are similar. Before we continue with the proof, we shall need the following

helpful proposition:

Proposition 5.7.10 (Lemma 14.8 in [43]). Let f(x,y),g(x,y) be positive functions
defined on the rectangle U := {(x, Y) | 0< a2 <z5,0<y< yg}. Suppose there exist

nonnegative constants J, cy,co such that f and g verify the inequality

) +gay) < J+a / f(@' ) da! + e / o(e,y) dyf

for all (x,y) € U. Then there holds

flx,y) + glx,y) < Je™t2¥  Y(z,y) € U.
We now proceed with the energy estimates.

Proposition 5.7.11. There holds

1 ir 5 ~ 1 i ~
1@>V) (3,0, D)l 2 sr0:0) + (@2 V) (0,08, @) 3 gypoeiry S (ZO)? + 10 4 1.
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Proof. We proceed to show the estimates for the pair (¥y,¥,) = (3, (p,0)). The

other two pairs are similar. We have the schematic equation

Vsf + trxﬁ —D(=p,0) =V, )V + arV(ap, pr,or) + (pr, o)V (pr, oF, ar)
+ (¢7X7 tI‘K, )A() ’ (aFv T) ’ Ta

(5.212)
Vi((=p,0)) = DB = (¥, (T,
(=p.) (4.0, 0) -
+arVY +TV(T, ar) + (¥, X, trx, X)(ar, T)(ap, T
Commuting with ¢ angular derivatives we get
o~ )+ 2 . .
VsV + 2 Vi — DV((—p,0)
= ) VHWERTVE(R ) VI 4 Y VIRV (4, R, X try) VE T
i1+ig+i3+ia+1=1 i1+i2+i3+ig=1
+ ) VRRVR(ap, TVETIT Y VR VBTV (T, ap)
i1+i2+13+i4=1 11+i2+i3+ig=1

+ ) VRRRYR(, R, oy, )V (ap, T)VEY

i1+i2+i3+ia+i5=1

ViVi((=p,0)) = "DV'J

= > VHRVE(@, L 0)VH(Y, )

11 +i2+13+i4=1

+ Y VIREVE(p, TVEIT )T VARVETVET(T ap)
11+i2+13+14=1 11 +i2+13+i4=1

+ S VIRRYE(, ¢ trx) Vi (ap, TV (aF, T)

11 +i2+i3+i4+i5=1

Z:GQ.

We have

1 ion2 1 7 2

<N@VYBIZ, o + 1@ V) (p,0)

(se) (oo

2
woow). T No 4 M
||L%5c)(ﬂé , )) 2 25
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where

1
// ,u,| a2)'Fy - (a2 V) Bller, (5,0, du’ At (5.214)
1
/ / H 2)'Gly - (a V)i(p, o )||L(186)(5u,@,)du'dgl. (5.215)

We have

// Flad) P V)l 000

1
</ P </ |(a2) F2||52 (S, /)du) du' - R,

= \

where we recall

F, = > ViRV (%, try ) VE U
11+i2+i3+ig+1=1
+ Y VIRVE(Y, X, R ) VI
11+i2+13+i4=1
+ Z Vi1¢i2vi3 (OCF, T)vm—l-l'r + Z Vhd}izvia'rvu—i-l(’r, aF)
i1+i2+iz+ia=i i1+i2+i3+i4=1
+ > ViV (4, X, try) VP (ap, T)VET.

11+i2+13+ia+i5=1

Define Hy = [;]|( a2 ) Fa| 2 , du/ The first two terms are handled like in the
vacuum case. For the last three terms we have

e For the first of the last three terms, we control

1 T
RCEAD SE e Y SN D

/
L= 2 ( u)
11 +i2+i3+i4=1 a az

1 (652 T
/ ” 2 z+1 <_2 a-) V1+1TH£%M) Sut ) dgl

1 T
3 i+1 11 ,/,82 ¢T3 bt i4+1 /
+/0||<a> > VRV ( , )v Tz s, du

1 1

. . - . 2 2

i1 +i2+ig3+ig=1 a a
14<i—1

02 U 1 ) U 04 a-02 04
< V) T2, / du’ < T1)? :
<pp WD o+ [ e < G IO+

(5.216)
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e For the middle term we have

/ ”(a5)1+1 Z Vnwzzvzs’rvm—i—l ( - 1) H£2 S dg'
az a2 (sc) u')

11+io+13+i4=1

T
H %z+1Tvz+l Oélj . HL » dﬂl
az az o)

+ / (e R S AT b avias (—1
0

Lo . 2
11 +12+23+z4—z a a

p—-%

/
> ”,C(Sc) S /&/) dg

(5.217)

N

14<i—1
< PIE (Flar))” + /|2

m\»—a

e For the last term we have
Vil@/ﬁwvi?’(%thrx)vu(omT)Vi5T||ig (S ) du’

I
Z1+12+23+14+Z5 7
/u ’u/’4 06 06
< . = —.
~Jo a Wt a

This completes the bounds on Ns. For M,, we have

1
M2 / /u |u/| || 2 GQ ( ) \I/HLI S ', ,)du du
1 1 i
/ / ‘ /’2 H 2 G2H£<SC>(S“/ “‘/ ](a2V) \IJHE%SC)(Su/&/)du/dQI

1
2 u
: 2
< [ ([ prptedrenty ) ([ oot o i)
U u 1 . i
—/ (/ | ,|2H( 2) GQH%%SC)(SM,#,)du’) ”<a2V) \IJHEZC (ﬂ(“too,u))d'l_,[//

; 1
<[ . ||(a%)iG2||2z du’du'+— 7”((1% \If|| - ) du.
Jo Juo |u'[? Llse)Sur,wr) -4 ) L3 (H ;%)

It is already clear that the last term above will eventually be handled by Grénwall’s

[N

N |=

[ SIS

inequality. To this end, we shall make use of Proposition 5.7.10.
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Before applying Grénwall’s inequality, we first define

1
K2 / / ,‘2” 2 GZH%%SC)(SU/&/)dUIdQ/.

M\)—l

We then have
Z vi1¢izvz’3<w’ >27X)vi4(\1/7 O‘)H%% (S ,)du'dg'

K, < // |u’|2H
too i1+i2+i3+ia=1

B a 1yi i1 i it lAn 2
_'_\/0\ /UOQ |ul|2||(a2) Z v lw 2v S(O[F',T)V ! T”L?sc)(su’,gl)dUIdg/

i1 +ig+iz+ia=i

L[ a : o ,
L. w”(“é)z > REVITVagll, o, dudy

i1+i2+i3+ig4=1
+ [ palta

V“WV“(%x,trX)V“(OéF, V)V=(ar, Vllzz s,
=K1 + Koy + Koz + K24-

N\»—A

e The term K5, can be controlled as below

1 oo\
// WPH az) XyX)V(‘I’aOé)”%gc(su,’E)du'dg’

1

// 1) D VHEVE@ VY0l s, Y

21+12+Z3+14 )
/ / ‘ /|4 HQ/% X7
Uoco
1

A LA VI SR SRS UL ol

uhu

l . .
)”W VT, )z s, ) du’du’
1 sc(Su’,H)
t1+i2+i3+ia=1 | /| az2

i4<i—1

du’ du/
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a

-1 %A 2 1 i I
// “\'V’”’ % T e s 0 T W,
1
- a? a2z . a2 1 PO
l//|%ﬂkyxwﬁ%1uuww(ﬂv( I
-1 4
2 2 2-a-0
// (’ /|20 X]O%[a] + W )du'dg’
1 1
az az
<[ mm(“w
0

o2
||||ﬁmﬂ”“>
-(/|,M<avwmg@ M)m

u az a3 i az ., a
+/ Sup H| /| | | |u’|K“£(°soc)(Su’,z)

(/ @} Vi Lol s, )du>du
e <o2[ |+ O[] + 1)02[a]+|a—§

ul

<a™ O R+ (OQ[ |+ O°[{] + )-(R%H%)
T |<02[ |+ 0%[x] + >-<R2[a]+o2[a]> +%-O4
(14 Ra)) - (R8] + Ra] + 1) < (1) 1

ok

S

s
| M

e The sum Ky + Ks3 can be controlled by
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N)\»—l

Koo + Ko
> VIRV (ap, VT2, (g, ) du'du

(@
2
/ /uoo || i1 +ig+igHig=i

u a . o
+// u’\2”(a§)Z > VIRVETV |z, du'dd

11 +i2+13+i4=1

5 11
A\VARN§
/ /uoo \ /|2H <a2 a2) Hﬁ?“) Sur

1 T
RS VWWW%}— )T

15 1 (SC)
Lo = 2 2
11 +i2+1i3+14=1, a a
14<10

du’ dv’

U ru CL2
11 2
+/ / ,|2||a5TV aF”‘C(Qsc)(Su’,g’)

o et Y e resa, o, i

i1 +i2+i3+ia=1,
14<10

a(O* + 0% - F?)
<[ [op e st

(5.218)
e The final term Ks4 can be controlled in the same way
bl w
|| CL2 Z VilwiQViS(w’X, trK>Vi4(aF’T>Vi5(O‘F’TM@?SC)(SM,“/)
i1+ip+izHia+is=i B
du/ du/

u U
[ e
0 Uoo

1yi i1, ia\ia a(¥, X, try) i (OCF,T) o (((ar, 1)
(a ) Zv 1/) V (T) V ( V 1 ||L%SC)(Su/&/)

du/ du/.

(5.219)

Clearly, in the above, the worst bound that can be obtained is when there
is a triple anomaly. This only holds when the Ricci coefficient is try and both
Maxwell components are ag. Also, importantly, the number ¢ of angular deriva-

tives is at most 10 so that no elliptic estimates are required. In this case,
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atry
12 % 1,42 743 i4 is5
/ / |u| )’ Zv YRV (| /|2>V <a2>v (&2)H£ (Sur

du’ du/

u O?[try]O*
< sup/ a-|u'?- trx]O7lor] du’ < O?[trx]O*[ar).

'

(5.220)
Now Oltry]| < 1 by Proposition 5.4.8 and Olar| S Flpr, op]+1 S 2F[pr, or]+

- where in the first inequality we use the scale-invariant L?—estimates on the
a8

Maxwell components and in the second inequality the energy estimates. In
particular, the inequality can be traced back to the initial data and this is a key

point.

Finally, we use Gronwall’s inequality for M5 and conclude. In a similar way, we obtain

1(azV) (p, 0, D)l o (pyomy + @2V By @)l o (oo S (Z@)2+ZO 41,
E(SC)(HU ) 'C(sc)(ﬂl )

5.8 The formation of trapped surfaces

In this section, we prove
Theorem 5.1.3 Given Z(©| there exists a sufficiently

large ag = ao(Z?) such that the following holds. For
any 0 < ag < a, the unique smooth solution (M, g) of
the Einstein—-Maxwell equations from Theorem 5.1.2
with initial data satisfying

_1 i
b Zing,kg?,a 2||Vf4C <|uoo|V) (X, OfF)HL“’(SuOO,E) <
ZO) along u = e,

e Minkowskian initial data along u = 0,

1 .
i fo |uoo\2 (|Xo|2 + |04Fo!2) (Uoo, ' )du/ > a uni-
formly for every direction along u = uq,

has a trapped surface at S_,/41.
Proof. We first derive pointwise estimates for [y[2. Fix (6',6%) € S*. We consider

the following null structure equation

SRR DN . ~ . ~
Vax + Etrxx — 2wy =V&n — §tr)@ + n&n.
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We contract this 2-tensor with another 2-tensor y and get
1 ~12 1 ~12 ~12 ~ ~ 1 N o~
5 ValX[5 + StrxIX [ = 2w[x]) = X(Ven — Stoxx +n@n). (5.221)
Employing the fact w = —3V3(log Q) = —1Q71V;Q, we rewrite (5.221) as
Vo(@2512) + Qtry |4 = 20%0(VEn — Stryk + 8
s(7IX[5) + Qtrx X[ X(V@n — Stoxx +n@n).

Using V3 = %(% + bA%), we rewrite the above equation as

o A [P T, 9
—(Q?X]2) + Qtry - D[R] =20°% (V& — strx X +n®n) — b ——=(Q*|X2).
ou 2 00
Substitute Qtrz with
9 9 9 2 2
Qtry = Qtrx + —) —Q—=Qtrx + —) - (- 1)— — —
|ul |ul = ul lu|  ful
we have
9 (@pP) — 2P =208 (VEn — Lo+ ndm) — 4L (@21
D ] 2 964
2 A p )
— Q(trx + m)(mley) +(Q2-1)- R (22X [2).
This gives
9 L2 ) =2 uf? - 93(VEn — Ltexg +n@n) — a2 (@ [2)
o v g TAX 964 ¥
2 .
— [ul* - Q(trx + " ’)(Q2|X| )+ Jul? - (2-1) - T (Q?[x[2).
(5.222)

For b, we have equation

— _492 A
8@ C 9
which is from .
L L= ——.
L, L] Ou 064
Applying the identity (4 = %UA = %ﬂ » Proposition 5.3.1 and the derived estimates

on 7,7, we conclude that there holds in D, ,

1

a2

b ) <
|| “Loo u) — |’LL|2
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For the right hand side of (5.222), we have

1 1
~ 1 —~ az az a a
2 [u? - PR(VEN — —try} - < Jul?- =
12 Jul® - °X(V&R = Stexx +0@n) | 1(s,.) < Jul ] (|u|3+|u|4)_ ER
lal? - 52 @512)] Cpe o o
Ul® 0" — o ul” - .
oo I G = W a2 = Jup
2 a a
= Jul? - Qtrx + ) QR s < 2 = - e < ——
A7l VIR ) a2 Jul? = Jul?

2 .
Il (2= 1)+ = QPR sy < e

|u| - ul ful ful* 7 ful?
In summary, we have
9 (w2023 ) = M. and M| < ab  af
—u = an — L —

which implies
7

7
a4 a4 N &
T Tay S [P s 6, 6%) = i PR (e, .67, 67)

Recall Q(uq,u, 0, 0%) = 1. We hence have

7
[ul*Q2[X15 (1, w, 0%, 6%) > Juoo [*[X15 (oo, u, 07, 6%) — |C;_!

Integrating with respect to u, we further have for u,, < u < —a/4

1 1 7

20021012 1l g2y 7, 2012 1ol p2y g, 4 5.993
[ PR 00 > [ PIRE e 01, )~ (5229
In the same fashion, we derive pointwise estimates for |ap\§. Consider the null
Maxwell equation

1 .
Viap + §trxap —2wap = —=Vpp+ Vop —2"n-0p +20- pr — X Qp.

We contract this 1-form with another 1-form ap and get
1 2 1 2 2 * * A
§V3|cvpl7 + §trxlaplv —2wlap|; = ap(=Vpr+"Vop =2"n-0p + 21 pr — X - ap).
(5.224)
Employing the fact w = —3V3(log Q) = —1Q71V3Q, we rewrite (5.224) as

V3(92’C¥F’,2y) + QQtrx\aFﬁ = 20%ap(—Vpr + *Vop — 2" -0 +20-pr— X - Qp).
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Using Vs = (2 4 b%52;), we rewrite the above equation as

204
a 2 2 2 2 3 * * A
%(Q lap]) + Qtrx - Q|ap|] =20°ap(=Vpp +*Vorp —2"n-0p +2n-pr — X - ap)
0
A 2
(@)
Substituting Qtry with
2 2 2 2 2
Qtry = Qtry + —) — Q— =Q(try+ —) - (- 1)— — —
= = ul |ul = ul  ul
we have
O 2. 2 2 b2 2 3 x x .
%(Q lar]3) — mQ lap|; =2Q°ap(=Vor +"Vor —2"n-0r + 21 pr — X - ap)
0
A 2
—b 89A(Q ‘aF’ )
2 2
—Q(t (P |ap|? Q—1)- — - (ar).
(x+ @lar) + @1 2 (@lark)
This gives

0 . . .
™ <u2§22|ap|3> =2 |u]*- Q*ap(—Vpr+Vor—2*n-0p+ 21 pr — X - ap)

0
— Jul? b (@l )
2 2
— uf® - Qtry + m)(QQIOéFI?y) +uf - (@ =1)- i (Q%[p3).
(5.225)
For b*, we have the equation
ob4 9,4
u —40°C7,
U
which is from S
L L=——.
[ 7—] ag 86A

Applying the identity (4 = %77,4 — %Q » Propositions 5.3.1, derived estimates of 7,7,
it holds in D,,,,

1
az

b || oo <
H ||L Suu) — |u|2

For the right hand side of (5.222), we have

12 [u]* - Qap(—=Vpr+Vor =29 -0p + 20 pp — X - ap)||1o(50.0)

. <a% Lo a%) a . a2 (5.226)
ul  fult ful*T T
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1

o) a a2
2 1A 2 2
- b Q o )
llal® - % 553 (Vlarl) (s, < lul®- PERMERRER
2 a a
| = luf® - Qtrx + =) (@ |ar) (s, < lul®- < 3
=l P ) [l Tu? = Jul?
2 1 2 a a
[uf* - (2 1) R (Lfar2) [z (s, < luf®- Wl Tl TR < Tal?
In summary, we have
ad ol
9 w?QP|ap|? | = M, and |M| < L«
0 ) S <
which implies
i
1ol T ] < Qg (u, u, 0", 6%) — |uce PP ap |2 (tos, u, 6", 67).

Recall Q(uq,u, 0,0%) = 1. We hence have

|U|QQQ|O[F|,27(U,,Q, 01702) Z |uoo|2|aF|’2y(uooag7 91,02) - m

Integrating with respect to u, we further have for u,, < u < —a/4

1 1 7
/ |u|292|aF|f2y(an/761,02)dﬂl > / |u00|2|aF|f2y(uOO>Q,791702)dﬂl - %'
0 0 u
Together with (5.223)
1 1 a%
0 0 u

We conclude that

1
| PSR + farl2) a6, %)
0

! 2at
> / e P + ) (e 07, 7)==
0
2a1 8ai _ Ta
>a — >a— > —.
- lu| — a — 8
Pick u = —a/4. With the fact [|Q—1||p(s,.) S 1/a, for sufficiently large a, we hence
have
a L a
(-2 / (IS + e 2)(~ % 0%, )t
6 201012 a 1ot op2y g,
> 2 [P0 + larP) (-4 ol 01, 6%)du
6 7a 3a
> 0= 20
=738 4
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This implies

1
~ 12 2 a 1 n2 3a 16 - 12
/0 (X5 + lar ) (= ' 08, 6%)du' > - — = — (5.227)

We now consider the outgoing null structure equation for try,
1 .
Vatry + 5 (trx)° = —[x[5 — 2wtrx — [ar.
Using w = —%V4(log ), we have
1 .
Vatrx + 5 (trx)° = — [X]” — 2wtrx — |aw]}
~12 2 ~ (2 1 2
= — XI5 + Va(log Q)trx — |ap|; = —|X[5 + §V4Q trx — |arl3.
Hence,

Vi Mry) = — Q72V40 - try + Q1 Vytry
1 .
=0 H(Vatry — Q71 V4 Q- try) = Q71 ( — E(trX)Q — |X|3 — |ozp|3> .

With the fact e, = 9*1%, we have

J, . 1 .
5. (7Hrx) = = ()" = X = larl. (5.228)
For every (0',60?%) € S?, along H, we have
2 8
QO trx) (—2,0,60%,6%) =171 — = 2.
@t 00 =1 2=

We then integrate (5.228). Using (5.227) we obtain

(Q_ltI'X)(—Z, 17 01, 92)

a Lo a
<(QMrx)(=+,0,0%,6%) — [ (IXE + lar2) (=7, 4/, 0",6%)du’
4 0 4

So12
a a
Recall, finally, that in D,, , the following estimate holds
Jerx -+ =5 < o
=yl T Juf?

In particular, this implies
trx(—%, 1,6, 6% < 0 for every(6',0%) € S

Therefore, we conclude that S_s ; is a trapped surface.
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Remark 14. In the work presented above the concept of scale-invariant norms was
crucial and was used to obtain a trapped surface formation theorem from a region as
close to past null infinity as one wishes (in principle, one could take u., — —oo and
obtain an asymptotic theorem from past null infinity, but we do not include the details
here). An important extension of the above would be to obtain results similar to the
above, using the introduction of similar scale-invariant norms, for different matter
models. An important one would be the massive scalar field (Klein-Gordon) tensor.
The main difficulty would be that the Klein-Gordon equation, expressed in double null
coordinates, does not possess a Hodge pair structure like the Maxwell equations. The
enerqy estimates would thus have to be different in techniques and the resulting paper

would be of real technical interest.

Remark 15. As the external examiner also suggested, a real challenge in this area
would be to obtain trapped surface formation results, in the absence of symmetry, for
the Finstein-Euler system. In the Einstein—Fuler system, the geometric intricacies of
the theory of General Relativity couple to the volatile nature of the equations governing
the motion of perfect fluids. This coupling creates novel difficulties and at the same
time gives rise to nmew questions. It would be interesting to find initial data that
guarantee the reqularity of the spacetime up to the point of trapped surface formation,

so that trapped surfaces form before shocks have a chance to.

Remark 16. Given the 2020 Nobel prize win of Sir Roger Penrose, which he earned
mostly for establishing his Incompleteness Theorem (see Theorem 3.1.3 in the Thesis),

the author expects interest in this research area to only increase in subsequent years.
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