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Abstract

The main topic of this thesis is the development of novel diagnostics for the characterisation
of infrared femtosecond and extreme-ultraviolet (XUV) attosecond pulses. High-resolution
interferometric methods are applied to high harmonic radiation, both to measure the
properties of the XUV light and to relate this information to the physics of the fundamental
generation process. To do so, a complete high harmonic beamline has been built and
optimised to enable the observation of strong signatures of the macroscopic response of
the medium. The distinct spatial characteristics of long and short trajectories are studied,
as well as the interference between them. An interferometric measurement allows the
extraction of the atomic dipole phase, which gives direct access to the sub-cycle electron
dynamics.

A major focus of this thesis is on the development of a novel method which simultan-
eously characterises two independent electric fields as a function of any degree of freedom
in which it is possible to shear one of the beams. Since each field alternately takes the role
of the reference to retrieve the other field, this technique is referred to as mutual interfero-
metric characterisation of electric-fields (MICE). One of the key features of MICE is that
no sheared but otherwise identical replica of the test pulse needs to be generated, which
is a typical requirement of self-referencing techniques. Furthermore, no a priori informa-
tion is needed for the reconstruction. The strength and the wide applicability of MICE
are demonstrated using two fundamentally di�erent examples. First, the temporal pulse
profiles of two infrared femtosecond pulses are simultaneously reconstructed in a single
laser shot. In the second demonstration, the MICE approach is used to simultaneously
reconstruct the wavefronts of two high harmonic beams. Having this new technique at
hand, the phase properties of the di�erent quantum trajectories are compared.

All pulse characterisation techniques implicitly assume full coherence of the beam.
This, however, is often not the case in practice, in particular when dealing with complex
XUV light sources. Here the standard characterisation techniques fail to provide an accur-
ate description of the electric field. Instead, the electric field must be seen as a statistical
mixture of di�erent contributions to the overall field. Here an interferometric experiment
is first proposed and then performed involving multiple lateral shears to measure the two-
point correlation function of high harmonic radiation. This directly provides information
about the existence and the magnitude of partial coherence of high harmonics.
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Chapter 1

Introduction

“In considering the study of physical phenomena, not merely

in its bearings on the material wants of life, but in its general

influence on the intellectual advancement of mankind, we find

its noblest and most important result to be a knowledge of the

chain of connection, by which all natural forces are linked

together, and made mutually dependent upon each other; and

it is the perception of these relations that exalts our views and

ennobles our enjoyments.”

Alexander von Humboldt - Cosmos

The observation of the evolution of natural phenomena in time lies at the heart of a

broad range of scientific disciplines. While the static world has already much to o�er,

and many areas in science and technology exploit the static world with large success and

impact, it is ultimately the evolution of processes over time that provides us with the

deepest insight into nature. Scientists across all disciplines are interested in tracking how

the world evolves at all length- and timescales. This ranges from the astronomical scale,

1
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the evolution of the universe since its birth about 14 billion years ago, to the microscopic

world, such as the temporal evolution of chemical reactions. The better we can follow

time-dependent natural phenomena, the more we can learn about their present state and

their origin, and the better we can make accurate predictions about their future. In the

context of this thesis, “following better in time” means answering the question: What are

the fastest processes that can be recorded without appearing blurred? The human eye can

distinguish about 60 events per second as separated in time. Processes evolving at a faster

rate cannot be resolved by the eye and appear blurred. Modern technology has been able

to push these limits to the nanosecond scale by the use of fast semiconductor detectors.

However, electronics is not fast enough to resolve much shorter timescales. After the first

experimental demonstration of the laser in 1960 by Maiman [1], it turned out that short

flashes of light have the potential to access very short timescales. The development of

mode-locking provided laser scientists with light pulses with durations in the femtosecond

domain (1 fs = 10≠15 s) [2, 3]. Since this corresponds to the timescale of the movement of

nuclei in chemical reactions, femtosecond pulses provide access to the microscopic world.

Indeed, the use of such lasers allowed chemists to track the formation and breaking of

chemical bonds in “slow motion”. For his contribution to the field of femtochemistry,

Zewail was awarded the Nobel Prize in Chemistry in 1999 [4, 5]. Moreover, by shaping the

waveform of the pulse appropriately, the force applied to the probed system can be used not

only to monitor, but also to steer and control chemical reactions, a central theme in modern

chemistry [6]. Femtosecond lasers are now used in a wide range of applications as diverse

as precision processing of materials, plasma physics, precise frequency measurements and

eye surgery.
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The generation of femtosecond pulses is today well understood, and commercial laser

systems are available for di�erent parameter regimes. They are usually based on a Ti-

tanium:Sapphire laser medium at the centre wavelength of around 800 nm. There is,

however, a fundamental limit to the minimum pulse duration achievable with such a sys-

tem. A propagating physical field cannot be shorter than one period of the electric field.

For a pulse centred at 800 nm, this corresponds to the single-cycle limit of 2.7 fs. With

the development of pulse compression techniques based on nonlinear self-phase modulation

in gas-filled hollow-core fibres it became possible to come very close to this limit [7, 8].

However, in order to reach even shorter pulse durations, the carrier wavelength of the

pulse needs to be reduced. In comparison, a pulse with the duration of 100 as (1 as =

10≠18 s) has a single-cycle limit of 30 nm. Since this lies in the extreme-ultraviolet (XUV)

wavelength regime, a whole range of new challenges arises due to the exotic nature of this

parameter space.

1.1 Breaking the femtosecond barrier

The availability of ultrashort pulses in the x-ray wavelength range has shown to have a

dramatic impact in ultrafast science. Due to their short wavelength, x-rays o�er Angstrom-

sized spatial resolution. In addition, they possess a larger penetration depth through

material compared to optical light. They can therefore be used to image thicker samples

than is possible with other light sources or with electron microscopes. Of particular

interest in this regard is the wavelength range between 2.3 nm and 4.4 nm. In this so-

called “water window”, carbon is significantly absorbing, whereas water is transparent to
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the radiation. Accessing this window therefore allows the in vivo imaging of proteins, cells

and other biological samples with very high contrast [9–11]. The development of high-flux

x-ray sources is, however, nontrivial. Synchrotrons, and in more recent years free-electron

lasers (FELs), are large-scale facilities that generate collimated x-ray beams with very

high intensities. The extreme brightness1 of FELs, together with their ability to produce

coherent x-ray pulses on the femtosecond timescale, makes them very attractive for a large

variety of research areas. For instance, FEL laser sources have been used to determine

the structure of proteins [12, 13] and viruses [14], with the ultimate goal of imaging single

molecules [15, 16]. As a consequence of their enormous cost (1.15 billion Euros for the

XFEL in Hamburg, Germany), only a handful of FELs exist around the world, and user

access is strictly rationed. It is therefore a major scientific and technological goal to develop

versatile table-top light sources that produce coherent and collimated x-ray beams. The

most successful concept is based on high harmonic generation (HHG) [17, 18]. Here, a

high-intensity laser beam is focused into a gas target, where a highly nonlinear process

converts the infrared field into soft x-ray photons. Due to the oscillatory nature of the

driving field, the emitted high harmonic field corresponds to a train of pulses. Most

importantly, in the 1990’s it was proposed that the emitted field has a temporal support

on the attosecond timescale [19–21]. Indeed, in 2001 the first attosecond pulses from

HHG were observed, both in the form of pulse trains [22] and, through di�erent gating or

filtering techniques, as an isolated pulse [23]. Further progress in the field has been able to

reduce the duration of pulses from HHG down to 63 as for a pulse train [24] and 67 as for

an isolated pulse [25]. The main impetus for the development of such short flashes of light
1The typical pulse energy is about 2-3 mJ at the SLAC Linac Coherent Light Source (LCLS), USA.
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is that it allows the time-resolved analysis of electron dynamics in matter, since electronic

motion typically occurs on an attosecond timescale. Typical attosecond experiments are

designed in a pump-probe configuration: A first XUV attosecond pulse is interacting with

a sample and initiates an ultrafast excited state evolution of the system. A subsequent

pulse with femto- or attosecond duration probes the state of the system as a function of

the time delay between the two pulses. Prominent examples of attoscience experiments

that have been performed using such a scheme are the study of the Auger decay in atoms

[26, 27], the photoemission of electrons from gases [28] and condensed matter [29], as well

as electronic wave packet dynamics of simple [30, 31] and complex [32] molecules .

1.2 Metrology of ultrashort pulses

In the optical sciences the outcome of an experiment is usually encoded in the detected light

field. Hence, with the development of novel light sources comes the need for characterising

them in order to extract the information about the physical process that is to be studied. In

ultrafast science, this naturally gives rise to the following question: How can an ultrashort

pulse be characterised if there is no shorter event available to probe that pulse? The

solution turns out to consist in making use of the pulse itself. The field of ultrashort

pulse characterisation has matured in the femtosecond domain, where all currently used

techniques use a variant of the pulse to probe itself by means of a nonlinear interaction

taking place in a nonlinear crystal [33]. One of the most successful ways to characterise

short pulses is interferometry. Since no electronic detector exists with a temporal resolution

of femtoseconds or below, interferometry solves this dilemma by measuring the pulse
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properties in the frequency domain since optical spectra can be measured by slow detectors.

Any electric field can be described by its amplitude and its phase. The amplitude is readily

measured using a spectrometer. The challenge lies in the determination of the phase.

Interferometry is inherently phase-sensitive and thus represents a reliable and robust means

to access the detailed characteristics of the pulse. All techniques developed in this thesis are

based on interferometry. This is mainly due to the following two reasons: (1) The concepts

of temporally characterising a pulse as well as the reconstruction algorithms can be readily

transferred to the spatial characterisation of the electric field. Interferometry is therefore

naturally well-suited for the full spatio-temporal characterisation of optical pulses. (2) The

methodology developed for infrared femtosecond pulses can essentially be transferred to the

characterisation of XUV attosecond pulses. Even though the experimental implementation

will be fundamentally di�erent, the main concept of the phase retrieval will stay the same.

This is particularly important since in the XUV all conventional characterisation methods

are not applicable anymore.

Characterisation of high harmonic radiation

The possibilities to manipulate XUV radiation are very limited. Because of the lack of non-

linear crystals, along with the fact that the optics available in this wavelength regime are

limited and only work for limited spectral ranges, the conventional pulse characterisation

techniques developed in the infrared domain need to be abandoned. The spatio-temporal

profile of high harmonic electric fields is highly structured, and new techniques need to be

developed that are able to cope with this degree of complexity. In the temporal domain,

the harmonic emission consists of well-separated spectral harmonics that are odd multiples
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of the fundamental frequency, with zero intensity in between. While one single harmonic

has a duration in the femtosecond range, the superposition of several harmonics evolves

on the attosecond scale. Besides the temporal shape, the spatial degrees of freedom show

a high complexity as well. The response of a single atom to the laser field, combined with

the coherent superposition of the response from all emitters, leads to a complicated spatial

field that carries distinct signatures from the generation process.

This thesis develops novel pulse characterisation methods for infrared femtosecond and

extreme-ultraviolet attosecond pulses. The main incentive is to have versatile character-

isation methods at hand that are applicable to a broad range of parameter spaces, as well

as to utilise them for the study of the HHG process. The first part of this thesis develops

a novel method that is able to simultaneously characterise a pair of independent fields in

both space and time. The technique is demonstrated by the complete characterisation of

infrared femtosecond pulses. In the second part of this thesis, this technique is transferred

to the XUV attosecond domain and used to characterise the wavefronts of high harmonics.

This method, as well as other interferometric experiments, are then utilised to study with

attosecond precision the fundamental process of HHG. Furthermore, the concept of pulse

characterisation is generalised to the case where the field that is to be measured is not

fully coherent. For this case an alternative scheme is developed that retrieves statistical

information about the harmonics.
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1.3 Thesis outline

Chapter 2 introduces the basic concepts of ultrashort pulses and their properties. A

mathematical framework is presented describing all relevant pulse properties in space and

time. This is followed by an overview of the common methods for the spatio-temporal

characterisation of femtosecond optical fields. Particular emphasis is placed on interfero-

metric and spectrographic routines since those will be of importance in the remainder of

this thesis.

Chapter 3 develops a novel pulse characterisation technique, called MICE, that is able

to simultaneously characterise a pair of independent electric fields as a function of any

degree of freedom in which it is possible to shear one of the beams. The chapter details

the concept, outlines the algorithm and discusses possible ambiguities in the reconstruc-

tion. To demonstrate the broad applicability of MICE, it is first applied to a simulated

wavefront reconstruction of complex optical beams. This is followed by an experimental

reconstruction of the temporal profiles of two femtosecond laser pulses in a single laser

shot.

Chapter 4 describes in detail the theory of high harmonic generation. Both the single-

atom response as well as macroscopic e�ects are discussed in order to relate them to

possible experimental outcomes. This is followed by the state of the art of the character-

isation of attosecond pulses from HHG, both in the temporal and the spatial domains.

Chapter 5 presents in its first half the experimental setup for high harmonic generation

that has been designed and built by the author in the Attolab at the University of Oxford.

Detailed specifications of the optical setup, the XUV generation and the XUV spectro-
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meter are given. In the second half of this chapter, experiments are presented that study

the fundamental generation process. From the measured traces recorded in the far-field,

the sub-cycle electron dynamics are characterised, and fundamental properties about the

quantum paths of the electrons involved in the generation process are measured.

Chapter 6 transfers the method of MICE, developed in chapter 3, to the XUV attosecond

domain. The wavefronts of two high harmonic beams are simultaneously reconstructed

from a sequence of XUV interferograms. The obtained information is related to the sub-

cycle characteristics of the generation process.

Chapter 7 generalises the concept of ultrashort pulse characterisation to the case where

partial coherence of the radiated field prevents the commonly used techniques to provide

accurate information about the field. An experimental routine is proposed that measures

the two-point correlation function and fully characterises the field in terms of state mix-

tures. The corresponding experimental measurement is presented and preliminary results

are shown.

Chapter 8 finally summarises the work presented in this thesis and discusses some per-

spectives and future prospects related to this work.

1.4 Author’s contribution

The SEA-CAR-SPIDER data used in chapter 3 was taken by Tobias Witting and Dane

Austin before the author’s arrival in Oxford. The concept of MICE, as well as the idea

and the procedure for measuring the two-point correlation function of high harmonics and

applying the state mixture approach to such data was developed jointly by the author and
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postdoc Charles Bourassin-Bouchet. All other work, in particular building a complete high

harmonic beamline, its optimisation for the observation of harmonics originating from the

di�erent quantum trajectories, and the performance of all XUV experiments was carried

out by the author.



Chapter 2

Metrology of ultrashort

femtosecond pulses

“Optics is either very simple or else it is very complicated.”

Richard Feynman

The aim of this thesis is the development of novel methods for the complete charac-

terisation of infrared femtosecond and XUV attosecond pulses. This chapter introduces

the key elements of ultrashort femtosecond pulse metrology and presents the state of the

art technology. First, the mathematical foundation of electromagnetic pulses and their

properties is explained. Then, some of the most important tools for their characterisa-

tion both in space and time are presented. Since a multitude of techniques have been

developed to date, the main focus will be kept on the concepts relevant for this thesis. It

will become clear that those methods are not directly transferable to the characterisation

of XUV attosecond pulses. This is due to the limited availability of optics in the XUV,

the very weak signal strength and the lack of a suitable nonlinear medium to act as a

11
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time-nonstationary filter [33]. Also, the generation process itself for attosecond pulses is

fundamentally di�erent, which in laboratory settings is usually done via high harmonic

generation. Therefore, the background about the generation and characterisation of XUV

attosecond pulses will be discussed in a separate chapter 4.

2.1 Mathematical formalism

In general, the properties of all electromagnetic fields are described by Maxwell’s equations

for macroscopic media (in SI units):

Ǫ̀ · B̨ = 0

Ǫ̀ · D̨ = fl

Ǫ̀ ◊ H̨ = ˆD̨

ˆt
+ j̨

Ǫ̀ ◊ Ę = ≠ˆB̨

ˆt
,

(2.1)

with the free charge density fl, the free current density j̨, the electric field Ę and the

electric displacement field D̨ = Á0Ę + P̨ in a medium of polarisation P̨ as well as the

magnetic field strength H̨ and the magnetic flux density B̨ = µ0(H̨ + M̨) in a medium

of magnetisation M̨ . Á0 and µ0 denote the vacuum electric permittivity and magnetic

permeability, respectively, and are related to the vacuum speed of light by c = 1/
Ô

Á0µ0.

A direct consequence of Maxwell’s equations is the vacuum propagation equation for an

electric field:
A

Ǫ̀2 ≠ 1
c2

ˆ2

ˆt2

B

Ę = 0. (2.2)

One solution of equation (2.2) are plane waves, with wave vector k̨ and phase constant

Ï0:

Ę(r̨, t) = Ę0ei(Êt≠k̨·r̨)+iÏ0 . (2.3)



2.1 MATHEMATICAL FORMALISM 13

For mathematical convenience, in (2.3) the complex-valued analytic representation has

been used. The real-valued electric field E is then simply twice the real part of the analytic

field

E(t) = E(t) + c.c. = 2 Re[E(t)]. (2.4)

Inserting (2.3) into (2.2) and introducing the wavenumber k = |̨k| directly yields the

dispersion relation

k = Ê

c
. (2.5)

Note that a monochromatic plane wave cannot represent a physically realistic field since

its energy content is infinite in space and time. However, due to the linearity of (2.2), any

superposition of planes waves is also a solution:

Ę(r̨, t) =
⁄

dÊ

⁄
d3k Ę0(Ê, k̨)ei(Êt≠k̨·r̨) (2.6)

This superposition is usually referred to as a wave packet. Wave packets are confined in

time and space. In the temporal domain, this therefore represents a pulse of light. The

temporal domain (given by E(t)) and the frequency domain (given by Ẽ(Ê)) are linked

together by Fourier transforms:

Ẽ(Ê) =
⁄ Œ

≠Œ
E(t)e≠iÊtdt = FT [E(t)] , (2.7)

E(t) = 1
2fi

⁄ Œ

≠Œ
Ẽ(Ê)eiÊtdÊ = FT ≠1

Ë
Ẽ(Ê)

È
. (2.8)



2.1 MATHEMATICAL FORMALISM 14

When considering only the pulse spectrum without any additional phase contribution,

a larger bandwidth in the frequency domain results in a shorter pulse duration in the

temporal domain, and vice versa.

The transition from a monochromatic wave to a short pulse can be well illustrated

using the example of Gaussian frequency combs, see figure 2.1. Consider a monochro-

matic sine wave with frequency Ê0, as shown in the top left image of figure 2.1. The real

time-dependent electric field is shown in the right column, which in this case is a uniform

sine function. If then additional frequencies are added symmetrically around Ê0, beating

occurs in the time domain. The mean frequency is not altered by this procedure. Adding

more and more frequency components in the spectral domain has the e�ect of increasing

the separation between the pulses, while leaving the pulse shape relatively unchanged.

In the limit of a continuous Gaussian spectral distribution, a single pulse is left in the

temporal domain, the envelope of which is also Gaussian. This example nicely illustrates

the emergence of light pulses from continuous-wave light fields with regards to the cor-

responding spectral broadening. It also visualises how the desire to generate shorter and

shorter pulses necessitates an increase in the bandwidth in the spectral domain.



2.1 MATHEMATICAL FORMALISM 15

  




















  




















  




















  




















  



































































































Figure 2.1: Concept of a gaussian frequency comb. Adding frequencies in the spectral domain
while keeping the overall bandwidth the same transforms a uniform sine wave eventually into a
single light pulse.
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2.2 Properties of the spatio-temporal phase

The spatio-temporal electric field can be written as a product of an amplitude and a phase

term:

E(x, t) = |E(x, t)| exp [≠i„(x, t)] (2.9)

In the Fourier domain, the squared modulus of the electric field |E(x, Ê)|2 represents the

pulse spectrum and is usually conveniently measured with a spectrometer. Estimation of

the phase is much more problematic. Indeed, if the phase takes highly complex shapes, it

can significantly alter the pulse profile in space and time. Therefore, the key properties of

the electric field phase are derived in the next section. For clarity, the spatial and temporal

domains are treated separately.

2.2.1 Spectral and temporal phase

In order to highlight the di�erent contributions to the spectral phase „, it is helpful to

expand it in a Taylor series1:

„(Ê) =
ÿ

n

1
n!„

(n)(Ê0)(Ê ≠ Ê0)n. (2.10)

Here, „(n) is the n-th frequency derivative of the phase, evaluated at the reference frequency

Ê0. The di�erent phase derivatives have the following physical interpretation: „(0)(Ê0) =

„0 quantifies the phase acquired at Ê0. It has a particular intuitive interpretation in the
1The Taylor expansion represents a polynomial approximation of the phase. In most cases, the first

few terms are su�cient to describe the pulse properties. In the case of very complex pulses, higher orders
need to be accounted for. In more “exotic” cases a Taylor expansion might be insu�cient, for example
close to a resonance where abrupt phase changes may occur.
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time domain, as will be shown below. The group delay Tg(Ê) = ˆ„/ˆÊ quantifies the

relative delay of a given spectral component. The group delay is closely related to the

group velocity vg,

„(1)(Ê0) =
3

ˆ„

ˆÊ

4 ----
Ê=Ê0

= L

3
ˆk

ˆÊ

4 ----
Ê=Ê0

= L

vg
. (2.11)

A purely linear phase represents a shift of the pulse envelope in the time domain with

respect to a reference. In many applications, however, the arrival time of the pulse is of

little interest and one is more interested in the pulse shape. The second order derivat-

ive „(2)(Ê0) stands for the group delay dispersion (GDD) and quantifies the amount of

quadratic phase on the pulse. It is related to the group velocity dispersion (GVD) by

GV D = d

dÊ

5
ˆk

ˆÊ

6 ----
Ê=Ê0

= 1
L

A
ˆ2„

ˆÊ2

B ----
Ê=Ê0

=
A

≠ 1
v2

g

dvg

dÊ

B ----
Ê=Ê0

(2.12)

A non-vanishing GVD causes di�erent frequencies to propagate within a medium with dif-

ferent velocities. For a positive GVD, the long-wavelength components propagate faster

than the short-wavelength components, and vice versa. In the optical domain, most trans-

parent media exhibit a positive GVD, a phenomenon known as normal dispersion. In con-

trast, in the case of anomalous dispersion, the GVD is negative. This e�ect usually occurs

near a resonance frequency of the material. Finally, for more complex pulses, third-order

dispersion and higher-order dispersion components may come into play. However, for very

high orders, the polynomial approximation performed by the Taylor-expansion might not

be the best approach anymore, and a numerical modelling of the medium or system might
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Figure 2.2: Influence of the CEP on the waveform contained in the pulse envelope for (a) a
multi-cycle pulse, and (b) a few-cycle pulse. The first case is relatively insensitive to a change of
CEP, whereas in the latter case this strongly influences the shape of the waveform and therefore
also the peak of the electric field.

be more accurate.

By analogy, the temporal phase „̃(t) can be expanded into a Taylor series at time t0

as well:

„̃(t) =
ÿ

n

1
n! „̃

(n)(t0)(t ≠ t0)n. (2.13)

The zeroth-order term „̃(t0) = „0 is, due to the property of Fourier transforms, the same

as in the frequency domain. However, in the time domain its physical meaning can be

nicely illustrated where it quantifies the absolute phase o�set (often referred to as absolute

phase) between the peak of the carrier wave and the peak of the pulse intensity envelope.

This is shown in figure 2.2 for (a) a multi-cycle pulse, and (b) a few-cycle pulse. A change

of the absolute phase, also referred to as carrier envelope phase (CEP), shifts the electric

field within the pulse envelope, whereas the envelope itself stays unaltered. While in

a multi-cycle pulse a change of CEP has only a small e�ect on the pulse properties, the

change is much more dramatic for a few-cycle pulse. The interaction of such a pulse with a

medium whose response is sensitive to the electric field will drastically change for di�erent

values of the CEP, since both the peak value of the electric field as well as the overall
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waveform contained within the pulse envelope vary significantly with the CEP. This is

shown in figure 2.2(b) for three di�erent values of the CEP. The measurement and control

of the CEP is therefore important for many experiments that use few-cycle pulses as a laser

source. The next term in (2.13), „̃(1)(t0), quantifies the linear temporal phase and leads

to a shift of the carrier frequency Ê0, in analogy to the spectral domain. The phenomenon

that a linear phase in one domain results in a shift in the Fourier domain is know as the

Fourier shift theorem. The first order phase term also defines the instantaneous frequency

Ê(t)

Ê(t0) = Ê0 ≠ d„̃(t)
dt

----
t=t0

. (2.14)

The term with „̃(2)(t0) describes the change of the instantaneous frequency with time.

A pulse with a non-zero value of „̃(2)(t0) is also called “linearly chirped”, since here the

instantaneous frequency Ê(t) changes linearly with time. Higher-order terms can lead to

nonlinear chirps and are simply referred to as third-order dispersion, fourth-order disper-

sion etc. In general, it is in most cases neither practical nor useful to consider phase terms

beyond the sixth order. In a real laboratory scenario, usually the GDD is the dominant

term, since this is the main contribution introduced, for example, by glass-based optics

such as beamsplitters, lenses and prisms.

In the case where the GDD and all higher orders are zero, the pulse is said to be

bandwidth limited or Fourier transform limited since it has the shortest duration possible

for a given optical spectrum. The pulse duration is then determined by the full width at
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half maximum (FWHM) spectral width �‹ and temporal width · ,

�‹ · · = –. (2.15)

The constant – depends on the pulse shape. For the common case of Gaussian pulses,

– = 0.441. (2.15) is known as the time-bandwidth product and indicates that for a given

spectral width, there is a lower limit for the pulse duration. If second- or higher-order

dispersion is present, the time-bandwidth product is always larger than in equation (2.15),

which results in a longer pulse duration. A detailed discussion of a variety of aspects

regarding the role of dispersion in ultrafast optics can be found in [34].

2.2.2 Spatial phase

Wavefront measurements of optical systems have historically been mainly developed to

characterise optical aberrations. Aberrations may, for example, be introduced due to the

geometry of the system, in particular when departing from the paraxial approximation,

due to the variation of the refractive index with wavelength of optical materials, or simply

because of fabrication defects of the optics. To quantify the magnitude of existing ab-

errations of a wavefront, rather than studying the wavefront as it arrives on a detector,

it is more convenient to determine the di�erence between the measured wavefront and a

reference spherical wave. To do so, the wave aberration function W (fl, ◊) is introduced,

quantifying the optical path di�erence along one geometric ray between the reference

sphere centred on the ideal image point and the actual wavefront at the exit pupil2. The
2Common examples for exit pupils of optical systems are lenses or apertures.
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Figure 2.3: Wave aberration function for an optical imaging system. An undistorted wavefront
centred on the exit pupil is focused (shown in green) onto the ideal focal spot along the optical
axis. For the case of an aberrated wavefront, each section of the wavefront is focused to a spot
where the ray perpendicular to this part of the wavefront crosses the image plane (shown in black).

principle is shown in figure 2.3. Due to the cylindrical symmetry of the exit pupil, it is

convenient to use polar coordinates, which are related to Cartesian coordinates accord-

ing to (x, y) = (r cos ◊, r sin ◊). The previous section has analysed the properties of the

spectral phase by performing a Taylor expansion and highlighting the e�ects of the indi-

vidual phase terms. A similar approach can be performed for the spatial phase „(x). In

general, however, optical systems have circular pupils, so many analyses and calculations

(e.g. di�raction calculations) will involve integration over a circular pupil. It is therefore

more convenient to expand the phase into a set of polynomials that are orthogonal over a

unit circle. A complete set of such polynomials are the Zernike circle polynomials Zm
n (fl, ◊)

[35, 36]. The expansion of the aberration function into Zernike polynomials takes the form

W (fl, ◊) =
Œÿ

n=0

nÿ

m=0
cnmZm

n (fl, ◊), (2.16)

where cnm are the expansion coe�cients that depend on the location of the object, and

fl = r/a is the radial variable normalised to the radius a of the exit pupil. n and m are
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Figure 2.4: Zernike polynomials up to fourth order. Indicated are also the associated types of
optical aberrations.

non-negative integer numbers, with n ≠ m Ø 0. The orthonormal Zernike polynomials

are useful to study wavefront aberrations since the di�erent terms in (2.16) are associated

with particular types of aberrations. Figure 2.4 displays the polynomials up to the fourth

order, together with the corresponding aberrations. The mathematical expressions of the

polynomials and a discussion of their main properties are given in appendix A.

2.2.3 Further remarks

Sections 2.2.1 and 2.2.2 have introduced the physical nature of the phase in the spectral

and the spatial domain separately and explained the meaning of the di�erent phase terms.

It should be stressed, however, how closely related these two domains are. A flat phase

in the spectral (spatial) domain leads to the shortest pulse (smallest beam spot) possible

for a given spectrum (spatial intensity distribution). Further, as a consequence of the

Fourier shift theorem, a linear phase in one domain shifts the pulse in the corresponding
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Figure 2.5: E�ects of lower-order phase terms on the pulse in the Fourier domain for (a) flat, (b)
linear, and (c) quadratic phase terms. Left column: Spectral and temporal domain. Right column:
Spatial and spatial frequency domain.

Fourier domain. Finally, a quadratic phase in one domain results in a stretch in the

Fourier domain. Those relationships are summarised in figure 2.5. It is important to keep

these relations in mind when performing an experiment. On the one hand, this allows
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the adaptation of the beam to a particular experiment in case certain pulse properties are

desired. For example, in scenarios where a chirped pulse rather than a Fourier-limited

pulse is needed, a specific amount of chirp can readily be introduced by propagating the

beam through an appropriately chosen quadratic spectral phase modulator (such as a

suitable piece of glass or an appropriately designed set of di�raction gratings). On the

other hand, if the phase of a laser beam is measured with a pulse characterisation device,

then, for lower-order phases, it becomes possible to determine the origin of a particular

phase term and possibly even correct for it if needed. A residual quadratic spectral phase

on the output of a chirped pulse amplifier (CPA) system, for example, might indicate that

the separation of the two gratings that form the compressor at the CPA exit is not set to

the correct value. Consequently, the quadratic phase stemming from the pulse stretcher

and the additional material dispersion are not fully compensated for.

2.3 Propagation e�ects

After having introduced the nature of the spectral and the spatial phases, the question

arises what phenomena actually cause variations of these phases. The answer turns out to

be the propagation of an optical beam or ultrashort pulse, in particular when propagating

through a dispersive medium. Depending on the particular underlying physical e�ect,

the spatial and spectral phases may be a�ected separately, or in a correlated way. The

latter case may lead to space-time coupling (STC), which means that the temporal field

is spatially dependent. In the following, some general concepts on phase modulation in

space and time are presented.
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2.3.1 Phase modulation in dispersive media

In the majority of optics experiments, the laser beam will need to propagate through a

medium. When interacting with the atoms or molecules of the medium, the light field

induces electric dipole moments p. The sum over all N microscopic dipole moments inside

the interaction volume then forms the overall polarisation P , P = N · p. Therefore, for

propagation inside a medium, the induced polarisation has to be inserted as a source term

into the vacuum wave equation of (2.2),

A

Ò2 ≠ 1
c2

ˆ2

ˆt2

B

Ę = 1
Á0c2

ˆ2P̨

ˆt2 . (2.17)

At low intensities, the polarisation is linear. As a consequence, the modified wave equation

stays linear, which means that plane waves are a solution of (2.17). However, the dispersion

relation now takes the form

k = n(Ê) Ê

c
, (2.18)

where n(Ê) is the refractive index of the medium. The phase velocity vph in a medium

is then vph = c/n. When a pulse propagates through a dispersive medium, the acquired

phase is therefore n(Ê)Ê
c L, where L is the length of the medium3. Since the refractive

index is wavelength-dependent, di�erent wavelengths propagate at di�erent phase and

group velocities inside the medium, which is known as (chromatic) dispersion. In a good

approximation, propagation through a medium adds mostly first- and second-order terms
3Besides exhibiting a phase modulation, the pulse amplitude is usually a�ected as well due to absorp-

tion. In a medium with absorption coe�cient –(Ê), the spectrum is attenuated by a factor exp(≠–(Ê)L).
Absorption of parts of the spectrum can lead to an elongation of the pulse. However, usually the phase
modulations are more crucial to the shape of the resulting pulse.
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to the spectral phase (see equation (2.10)). Since the first order merely corresponds to

a time delay, the main e�ect of the medium is to add a positive chirp to the pulse. In

many experimental scenarios this is an undesired e�ect. One way to remedy this is to

introduce additional negative dispersion to the pulse by a suitable arrangement of prisms

or gratings [37]. The combination of both can e�ectively cancel out the second-order

phases, and result in a pulse close to the Fourier limit. For very broadband pulses, or

when the intensity is high enough to cause nonlinear e�ects, the phase modulation can be

much more complex, and higher-order terms come into play.

2.3.2 Gaussian beams

The previous section illustrated how propagation in a dispersive medium alters the spectral

phase of a pulse. It will now be shown how the propagation of an optical beam a�ects its

spatial properties. To do so, the solution for a plane wave is separated into its temporal

and spatial components:

Ę(r̨, t) = Ą(r̨) e≠ik̨r̨ eiÊt = Ę(r̨) eiÊt. (2.19)

Inserting (2.19) into (2.2) yields the Helmholtz equation:

1
Ò2 + k2

2
Ę(r̨) = 0. (2.20)

In the paraxial approximation, the most interesting and useful solution of (2.20) is the

Gaussian beam [38]. Gaussian beams are very common in laboratory settings. They form

a stable solution of an electric field confined in a laser cavity, given by the fundamental
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transverse mode TEM00. Moreover, lasers usually emit beams that can be described

reasonably well by a transverse Gaussian profile. In addition, the e�ect of lenses and

other optics can be described by transforming a Gaussian beam into another Gaussian

beam, but with di�erent parameters. The characteristics of a Gaussian beam are therefore

described here in more detail. The complex electric field amplitude is given by

E(r, z) = A0
w0

w(z) exp
C

≠ r2

w2(z)

D

exp
C

≠ikz ≠ ik
r2

2R(z) + i’(z)
D

. (2.21)

(2.21) describes a beam with a Gaussian radial intensity distribution and with the following

parameters:

w(z) = w0

Û

1 +
3

z

zR

42
Beam radius (2.22)

zR = fiw2
0

⁄
Rayleigh range (2.23)

b = 2zR = 2fiw2
0

⁄
Confocal paramter (2.24)

R(z) = z

C

1 +
3

zR

z

42D

Radius of curvature (2.25)

’(z) = arctan
3

z

zR

4
Gouy phase (2.26)

The schematic of a Gaussian beam is depicted in figure 2.6, along with the relevant

parameters. The radial distance from the centre axis of the beam is r =


x2 + y2,

w0 = w(0) is the minimum value of w(z) and is usually referred to as the beam waist,

A0 = E(0, 0), and z is the axial distance from the waist location.

In the framework of the interpretation of the experimental data presented in this thesis,

it is instructive to analyse the behaviour of the wavefront of a Gaussian beam in greater
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Figure 2.6: Evolution of a Gaussian beam around the waist. Highlighted are the main parameters
to describe the beam. The black lines represent the wavefronts, and the green arrows are the wave
vectors. They are perpendicular to the local wavefront and indicate the propagation direction of
the local beam segment.

detail. The phase of the Gaussian beam (2.21) is

Ï(r, z) = kz ≠ ’(z) + kr2

2R(z) . (2.27)

The first term simply describes the phase of a plane wave. The second term, the Gouy

phase [39, 40], is responsible for a total phase shift of fi between z = ≠Œ and z = Œ.

Finally, the third term in (2.27) describes the deviation of the phase at o�-axis points from

the point on the axis in a given transverse plane, and therefore accounts for a curvature of

the wavefront. The surfaces of constant phase are determined by k[z+r2/(2R(z))]≠’(z) =

2fiq. Since ’(z) and R(z) are slowly varying with z, this relationship takes the form of

a paraboloidal surface with radius of curvature R, z + r2/(2R) = q⁄ + ’⁄/(2fi). The

evolution of the wavefront of a Gaussian beam is therefore the following (see figure 2.7): At

the waist position z = 0, the wavefronts are plane waves with infinite radius of curvature.

The curvature increases up to a maximum at z = zR and subsequently decreases again.
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Figure 2.7: Radius of curvature of the wavefronts of a Gaussian beam. It is infinite at the waist
position and takes its minimum value at z = zR. For large z, it asymptotically approaches the
radius of curvature of a spherical wave (dashed line).

Conversely, the radius of curvature takes its minimum value of 2zR at z = zR. For z ∫ zR,

the wavefront is approximately equal to the one of a spherical wave with R(z) ¥ z. The

divergence angle is then given by ◊ = ⁄/(fiw0).

2.4 Measuring the spectral phase of ultrashort pulses

The previous part of this chapter has introduced the physical properties of the spectral

and spatial phases and how they might manifest themselves in a measurement. In the

following section the main methods are presented that allow the characterisation of the

temporal electric field. Usually the spectrum can readily be measured with a spectrometer.

Therefore, the challenge consists in obtaining the phase information. Ideally, this is done

in time and in space. Over the years, a whole zoology of techniques and their di�erent

variants have been developed. Here, only the techniques and implementations relevant

for this thesis are discussed. Those are associated with the areas of spectrography and

interferometry. A more complete review on the domain of ultrashort pulse characterisation

can be found in [33].
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2.4.1 Correlations

How can the duration of an ultrashort pulse be measured when there is no shorter event

available and when detectors are too slow? This question represents one of the key dilem-

mas of the ultrafast community since the emergence of pulsed laser sources in the 1960’s

[1, 41, 42]. In fact the only phenomenon available to probe the short pulse is the pulse

itself. Correlation techniques were the first attempts to obtain information about the pulse

duration.

Field autocorrelation

In a field autocorrelation, a replica of the pulse is utilised to probe the pulse itself. The

concept is shown in figure 2.8(a). The input pulse is split into two arms by a Michelson

interferometer, and the output is recorded on an integrating detector. Changing the
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Figure 2.8: Experimental autocorrelation configurations. (a) Field autocorrelation, (b) Intensity
autocorrelation, (c) Interferometric autocorrelation.
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temporal overlap between both output pulses yields the measured intensity

IAC(·) =
⁄ Œ

≠Œ
|E(t) + E(t ≠ ·)|2dt = 2

⁄ Œ

≠Œ
I(t)dt + 2Re

5⁄ Œ

≠Œ
E(t)Eú(t ≠ ·)dt

6
, (2.28)

where the last term represents the real part of the field autocorrelation

ACfield(·) =
⁄ Œ

≠Œ
E(t)Eú(t ≠ ·)dt (2.29)

According to the Wiener-Khinchin theorem, the Fourier transform of the autocorrelation

function is the spectral intensity IS ,

---Ẽ(Ê)
---
2

= FT
5⁄ Œ

≠Œ
E(t)Eú(t ≠ ·)dt

6
(2.30)

The field autocorrelation therefore yields no information about the phase. In fact, this class

of problems is known as the one-dimensional phase-retrieval problem which has been shown

to be unsolvable, since infinitely many solutions exist [43, 44]. However, the autocorrelator

forms the basis for more advanced methods.

Intensity autocorrelation

Far more common than the field autocorrelation, which only provides information on the

spectrum, is the second order intensity autocorrelation.4 Here, the pulse and its replica

are mixed in a nonlinear crystal and recorded on the detector, as shown in figure 2.8(b).
4In principle this scheme can be extended to higher orders, Sn+1(·) =

s
I

n(t ≠ ·)I(t)dt. Since for
large n the generated pulse I

n has a much shorter duration than I, a more accurate approximation of I(t)
can be obtained. However, due to the higher nonlinearities involved in the process, those techniques are
not suitable for low-energy pulses.
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The generated signal is measured as a function of the time delay between both pulses,

Iint(·) =
⁄ Œ

≠Œ
I(t)I(t ≠ ·)dt. (2.31)

The intensity autocorrelation does still not provide proper phase information about the

pulse. However, due to the intensity dependence of the upconversion process, an estimate

of the pulse duration can be obtained, since the upconverted signal is only non-zero when

both input pulses overlap in time inside the crystal. If combined with a measurement of the

spectrum, it can be estimated how much the pulse di�ers from its Fourier-limited duration.

However, if the pulse is not Fourier-limited, Iint does not carry enough information to be

able to determine exactly in what way the phase is distorted.

Interferometric autocorrelation

In a combination of the previous experimental configurations, the delay of the two output

beams of a Michelson interferometer may be scanned in a collinear geometry, see figure

2.8(c). The coherent superposition of the second harmonic generation (SHG) signal from

the two di�erent beams and the SHG signal of the individual beams results in interference

fringes with respect to delay. The interferometric autocorrelation trace then takes the

form

Iinterf (·) =
⁄ Œ

≠Œ
|E(t) + E(t ≠ ·)|4 dt. (2.32)

Iinterf is sensitive to the temporal phase of the pulse and can in theory be used to determine

the pulse field. In practice, however, additional information such as the pulse spectrum

or the interferogram of the fundamental light is usually required, and convergence of the
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reconstruction has not yet been fully studied [45, 46].

Cross-correlation

In case a reference pulse Iref is available, it can be cross-correlated with the test pulse

Itest,

ICC =
⁄ Œ

≠Œ
Itest(t)Iref (t ≠ ·) dt. (2.33)

In that way the profile of the test pulse may be obtained. This technique is particularly

useful if the reference has a high intensity, or if its duration is much shorter than that

of the test pulse. The latter variant has, for example, been shown to be useful in pulse

shaping experiments [47], where the original, short pulse is used to probe the elongated

shaped pulse.

2.4.2 Spectrography: FROG

The last section has shown that correlations are usually not capable of reconstructing the

full electric field. However, based on those concepts, a solution has been found by resolv-

ing the autocorrelation signal in frequency. The trace recorded in this manner is called

a spectrogram and is located in the time-frequency domain, with frequency and delay on

the axes. Since spectrograms are two-dimensional objects, the reconstruction now repres-

ents a two-dimensional phase retrieval problem. In contrast to the one-dimensional case

of the autocorrelation, two-dimensional phase retrieval problems essentially have unique

solutions5 [48–51]. They are not completely void of ambiguities, but, as will be explained
5As Barakat et al. pointed out regarding the problem of phase recovery in two or more dimensions, a

“multiplicity [of solutions] is pathologically rare.” [48]
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below, those are only trivial ambiguities, which means their value does not fundamentally

alter the pulse shape.

FROG

The implementation of a frequency-resolved autocorrelator is called frequency-resolved

optical gating (FROG) [52]. FROG is a self-referencing technique where a replica of the

test pulse is used as gate function that is scanned across the test pulse temporal profile. For

each delay the spectrum is recorded. In the end, the data forms an array of N ◊N points,

which is used to determine 2N points, i.e. N points each for intensity and phase. The

algorithm performing this task is iterative and therefore not deterministic. Despite this

fact, good and fast convergence properties have been shown. There are many di�erent

variants of FROG, each with certain advantages and disadvantages. Two of the most

common ones shall be described here. An extensive discussion of FROG and its di�erent

implementations can be found in [53].

SHG FROG: In the SHG FROG configuration, as shown in figure 2.9(a), the test

pulse and its delayed replica are mixed in a nonlinear crystal and the second harmonic

signal is detected as a function of delay [54–56]. The FROG trace is the squared magnitude

of the Fourier transform of the signal:

SSHG(Ê, ·) =
----
⁄ Œ

≠Œ
E(t)E(t ≠ ·) exp(≠iÊt)dt

----
2

. (2.34)

The main advantage of SHG FROG is that it uses a low-order nonlinearity. It is there-

fore very sensitive and can be applied to the measurement of low-intensity pulses. One



2.4 MEASURING THE SPECTRAL PHASE OF ULTRASHORT PULSES 35












 







 












Figure 2.9: Experimental setup for (a) SHG FROG, (b) PG FROG.

disadvantage, however, is that it su�ers from an ambiguity in the direction of time. Since

the SHG FROG trace is symmetric, both E(t) and its time-reversed version Eú(≠t) result

in the same spectrogram. This ambiguity can be resolved, for example, if some a priori

information is already known about the pulse. If this is not the case, a second FROG trace

can be measured where a piece of glass is placed in the setup before the beam splitter.

Since this introduces positive dispersion to the pulse, only one solution is consistent with

both measurements. This, of course, is not ideal when single-shot operation is desired.

Polarization gate (PG) FROG: PG FROG uses a third-order nonlinear process to

gate the test pulse [57]. An experimental setup for PG FROG is shown in figure 2.9(b).

The probe pulse is sent through crossed polarisers, whereas the gate pulse is rotated by

45¶ by a half-wave plate. Both pulses overlap inside a third-order nonlinear medium, such

as a piece of fused silica. Here the temporal variation of the gate pulse intensity induces a

birefringence by means of the Kerr e�ect with the same temporal dependence. Thus the

polarisation of the test pulse is rotated, with the amount of rotation being determined by

the instantaneous gate pulse intensity. The analyser, oriented at 90¶ with respect to the

polariser, only transmits the component of the test pulse that has been rotated enough to
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match the polarisation axis of the analyser. The resulting PG FROG trace is given by:

SP G(Ê, ·) =
----
⁄ Œ

≠Œ
E(t)|E(t ≠ ·)|2 exp(≠iÊt)dt

----
2

. (2.35)

For PG FROG, no non-trivial ambiguities are known. Also, the nonlinear process is

automatically phase-matched, so PG FROG supports pulses with large bandwidths. One

disadvantage is that the polarisers need very high extinction ratios (extinction < 10≠5),

which can be costly. In addition, since it uses a third-order nonlinearity, PG FROG is less

sensitive than SHG FROG.

Phase retrieval in FROG

FROG uses an iterative algorithm to extract the spectral phase from a spectrogram. The

first FROG reconstruction algorithm simply fitted the experimental trace to a model to

extract the pulse parameters. However, the problem of phase retrieval has been long-

standing in imaging science and other areas of physics, and more advanced algorithmic

tools developed there have been applied to FROG [58]. Convergence and robustness of

the algorithm were improved by using iterative Fourier transform based algorithms [57]

and the method of generalised projections (GP) [59], which culminated in the principal

component generalised projections algorithm (PCGPA) [60].

The PCGPA algorithm

The PCGPA is an algorithm that can be used to estimate the fields of the two pulses that

give rise to the FROG trace. These may be two di�erent pulses, i.e. the gate is not a
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Figure 2.10: Concept of the PCGPA algorithm to reconstruct P (t) and G(t). It uses generalised
projections to determine new guesses for both fields after each iteration. First, in the Fourier
domain, the reconstructed signal (i.e. the measured FROG trace) is replaced by the measured
intensity. Second, after an inverse Fourier transform, the next best guess for the fields is obtained by
a singular value decomposition. The algorithm has converged when the FROG error is su�ciently
small.

replica of the probe pulse. Its aim is to determine a pair of vectors, the outer product

of which forms the experimentally measured FROG trace. Of course, the PCGPA works

equally well on standard FROG traces, with the only di�erence that the test pulse and

the gate are identical. The flow of the algorithm is schematically depicted in figure 2.10.

The algorithm starts with two initial guesses for the fields, and the resulting FROG trace

is calculated. After a Fourier transform the method of generalised projections (GP) is

applied. Essentially, the new signal fields are found by projecting the current fields in

the reconstruction onto a set of fields that satisfy a given constraint. In the PCGPA, the

Fourier domain constraint consists in replacing the magnitude of the new trace by the ex-

perimentally measured trace. After an inverse Fourier transform the trace is brought back

to outer product form. At this point, the “real space” constraint is applied: Determining
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the best guess for the two fields that compose that trace. In the PCGPA, this is done by

a singular value decomposition (SVD). The outer product pair with the largest weight6

resulting from the SVD is taken as the new guess for the fields, and the procedure is

repeated until the algorithm converges to the two fields. The goodness of the convergence

is quantified by the di�erence between the measured and the reconstructed FROG trace,

also known as the FROG error :

‘ =

S

U 1
N2

Nÿ

i=1

Nÿ

j=1
[Irecon(Êi, ·j) ≠ Imeas(Êi, ·j)]2

T

V
1/2

, (2.36)

where the summation is performed across the whole N2 dataset with frequency index i and

delay index j. Ideally, this error measure is minimised when the two reconstructed fields

correspond to the actual real fields. However, as in any iterative reconstruction procedure,

there is the problem of ambiguities, where two di�erent sets of input fields yield the same

FROG trace.

Ambiguities

There are a few properties of the pulse that FROG cannot measure. First, since only

the magnitude squared of the signal is recorded by the detector, it is not possible to

retrieve the absolute phase „0 (see section 2.2.1) . Second, since the input pulse is gating

a replica of itself, there is no absolute time reference, and the arrival time of the pulse

is not accessible. However, those quantities represent trivial ambiguities, which means

that they do not change the shape of the pulse. In cases those quantities are required,
6The contributions with the largest weight are referred to as the principal components.
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it is possible to perform specific experiments for this aim. Moreover, this problem is

not unique to FROG, but is common to other complete pulse characterisation methods

as well. Some implementations of FROG su�er from additional ambiguities (such as

the direction-of-time ambiguity in SHG FROG), but usually those can be resolved with

additional information or measurements. Therefore, when only one input field needs to

be measured, FROG essentially yields unique solutions. However, if the PCGPA is used

to characterise two di�erent input fields, the issue of ambiguities becomes much more

severe. The di�erent approaches of characterising two independent fields, together with

the corresponding ambiguities and possible solutions, are discussed in chapter 3.

Convergence

The PCGPA has been used in many FROG applications and has been proven to be a robust

and reliable reconstruction algorithm. However, it has to be emphasised that theoretically,

the convergence of FROG is not guaranteed. Indeed, as of yet there is no mathematical

proof of the convergence of the reconstruction. One reason for this is that, while projections

onto convex sets always converge, this is not the case for projections onto nonconvex sets7

[55]. In FROG, neither of the constraint sets is convex. Convergence properties of any

given FROG algorithm can therefore only be determined empirically8.
7which is what the term generalised projections refers to.
8For FROG applications, the reconstruction of a double pulse represents a standard test of the recon-

struction, even though more “pathological” tests may be performed as well.
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2.4.3 Interferometry: SPIDER

A very di�erent approach compared to spectrography for measuring the electric field of

ultrashort pulses is interferometry. A milestone here was set by the development of Fourier

Transform Spectral Interferometry (FTSI), which allowed the extraction of the spectral

phase di�erence between the pulse and a known reference by means of a Fourier inversion

[61, 62]. If, for example, a dispersive medium is placed in one arm of the interferometer,

this allows the characterisation of the dispersive properties of the medium. Regarding

the application of pulse measurement, an unknown test pulse can be fully characterised

by measuring the phase di�erence if a known reference pulse is available. This might be

the case, for example, where pulse shapers, pulse stretchers or compressors are used to

manipulate the pulse. More generally, however, a reference pulse might not be available.

In this case self-referencing characterisation techniques need to be used, such as Spectral

Phase Interferometry for Direct Electric-field Reconstruction (SPIDER) [63, 64].

SPIDER

In SPIDER, the test pulse and a frequency-sheared replica are spectrally interfered on a

spectrometer by introducing a time delay between the two pulses. A Fourier inversion

algorithm allows the extraction of the phase di�erence between the pulses [65]. Generally,

the phase di�erence between two identical pulses would simply cancel out, leaving only the

linear phase Ê· stemming from the time delay. To circumvent this, in SPIDER the replica

of the test pulse is sheared in the spectral domain, which encodes the spectral phase in

the interferogram, as will be shown below.

Consider the schematic experimental setup in figure 2.11. First, the test pulse is



2.4 MEASURING THE SPECTRAL PHASE OF ULTRASHORT PULSES 41




 











Figure 2.11: Schematic of a SPIDER setup. The test pulse and its time-delayed replica undergo
sum-frequency generation in a nonlinear crystal and are upconverted with di�erent monochromatic
slices of the highly chirped ancillary pulse. The two sheared signal pulses, centred near twice the
fundamental frequency, create a spectral interference pattern at the spectrometer. The time delay
causes a fringe modulation with periodicity 2fi/· (black fringes). For a nonzero spectral phase,
the phase information is encoded in the deviation from the nominal uniform fringe spacing (pink
fringes).

replicated and delayed in time. This can be achieved by using the reflections of the front

and back surfaces of a glass etalon, or by an interferometer with adjustable delay in one

arm. The latter option has the advantage that the shear can be changed continuously.

Therefore several SPIDER measurements with di�erent shears can be performed to, for

example, check the consistency of the reconstruction. SPIDER itself requires two frequency

sheared, but otherwise identical replicas of the test pulse. This is achieved by upconverting

both pulses with a chirped and temporally stretched ancillary pulse. The chirp needs to

be large enough such that each pulse is upconverted with a quasi-monochromatic slice of

the ancillary pulse, centered at Ê0 and Ê0 +�. The spectral shear � introduced in this way

between the pulses is then � = ·/„(2), where „(2) is the second-order dispersion coe�cient.

The two upconverted signal pulses are then centred near twice the carrier frequency of the
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input pulse. Their interference pattern at the spectrometer takes the form:

I(Ê) = |E(Ê ≠ Ê0 ≠ �) + E(Ê ≠ Ê0)eiÊ· |2

= |E(Ê ≠ Ê0 ≠ �)Eanc(Ê0 + �)|2 + |E(Ê ≠ Ê0)Eanc(Ê0)|2

+ 2|E(Ê ≠ Ê0 ≠ �)||Eanc(Ê0 + �)||E(Ê ≠ Ê0)||Eanc(Ê0)|

◊ cos[„(Ê ≠ Ê0 ≠ �) ≠ „(Ê ≠ Ê0) ≠ „anc(Ê + �) + „anc(Ê0) + Ê· ]. (2.37)

The phase of the test pulse is thus encoded in the interferogram through the spectral phase

di�erence ◊(Ê) = „(Ê ≠ Ê0 ≠ �) ≠ „(Ê ≠ Ê0) between the two sheared signal pulse replicas.

The amplitude of the ancillary pulse Eanc usually does not vary too much between the two

upconversion frequencies separated by the shear � and therefore may only have a small

e�ect on the interferogram fringe visibility. The contribution of the phase of the ancillary

pulse „anc leads to a constant o�set phase and may be set to zero in the reconstruction.

To extract the interferogram phase, a Fourier transform is applied, where the signal

consists of the DC baseband and two AC sidebands. By applying a passband filter, one of

the sidebands is isolated. The argument of the inverse Fourier transform of the sideband

then represents the spectral phase di�erence ◊ plus the phase from the delay Ê· . To access

◊, the delay phase has to be calibrated, which can be done by taking a measurement at

zero shear, e.g. by using the fundamental wavelength. For small shears, ◊ is related to the

gradient of the spectral phase,

◊(Ê) = �„(Ê ≠ Ê0 ≠ �) ≠ „(Ê ≠ Ê0)
� ƒ �ˆ„(Ê ≠ Ê0)

ˆÊ
. (2.38)
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The spectral phase „ is then obtained by concatenation9 or integration [66].

Discussion

A key advantage of interferometric techniques such as SPIDER is that they benefit from an

analytical reconstruction algorithm. This allows a rapid and deterministic reconstruction.

Furthermore, the spectral phase is encoded in the separation of the fringes, not in their

magnitude. As a consequence, SPIDER measurements are very robust regarding shot-

to-shot fluctuations, a non-uniform detector response or the exact shape of the phase-

matching function of the nonlinear process. Moreover, interferograms are 1D datasets,

which is less data-intensive than 2D spectrograms.

However, interferometry is not void of ambiguities either. Similar to spectrographic

techniques, the absolute phase as well as the pulse arrival time are not recovered. However,

there is another notable ambiguity. The spectral phase can become undefined in cases

where the pulse exhibits spectral gaps, i.e. areas where the intensity is smaller than

the noise level. If such a gap is larger than the spectral shear, the phase di�erence, and

therefore the spectral phase, will be random at one or more points between the components.

Even though a multi-shear algorithm has been developed that uses a variety of large

and small shears to “bridge the gap” and still maintain su�cient spectral resolution, the

requirement for the pulse to contain a spectral region wider than the gap still holds [67, 68].
9Concatenation provides exact phase reconstruction for fields that satisfy the Shannon theorem, i.e.

for fields whose temporal support lies within the interval [≠fi/�, fi/�]. In other words, for a pulse with
temporal support T , the shear �, which dictates the spectral sampling rate, must satisfy � Æ 2fi/T .
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RMS field error

In FROG, the error in the reconstruction is usually estimated using the FROG error, given

by equation (2.36). However, to allow comparison between di�erent techniques it may be

desirable to employ a more general error measure that can be applied independently of

the exact functioning of the technique. A universal error is the root-mean-square (RMS)

field error [66]. This error measure is useful, for example, for theoretically testing the

accuracy of a novel characterisation method by comparing an initial simulated field Eini

and the field Eretr retrieved by a a characterisation device that is to be tested. For such

a scenario, the field error Á is defined as the norm of the di�erence between the two fields,

Á = ||Eini ≠ Eretr|| =
5⁄ Œ

≠Œ
dt|Eini(t) ≠ Eretr(t)|2

61/2

= 1
2fi

5⁄ Œ

≠Œ
dÊ|Ẽini(Ê) ≠ Ẽretr(Ê)|2

61/2
. (2.39)

Due to Parseval’s theorem, the errors in the temporal and the spectral domains in (2.39)

are equivalent. The error ranges between 0 (equal pulses) and 2 (pulses are inversions of

each other) if the fields are normalised, which is done by calculating the norm ||E|| =
Ës Œ

≠Œ dt|E(t)|2
È1/2

. Values of Á below 0.02 correspond to very good reconstructions,

0.02 Æ Á Æ 0.1 are average reconstructions, and reconstructions with Á > 0.1 are con-

sidered as poor.

Some implementations of SPIDER

In analogy to FROG, many variants of SPIDER have been developed, each with particular

strengths in specific parameter spaces. However, only two examples shall be described here
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since these will be important for the experimental part of this thesis.

CAR-SPIDER: In the Chirped ARrangement for SPIDER (CAR-SPIDER), two spa-

tially chirped upconverted replicas of the input pulse are spectrally interfered, with a spec-

tral shear varying across the spatial coordinate (see figure 2.12(a)) [69]. A spatial chirp on

the test pulse may be introduced by focusing into a long crystal with a suitably tailored

phase-matching function, where each wave vector of the focused beam experiences a dif-

ferent upconversion frequency [70, 71]. The upconverted and spatially chirped test pulse

replica E(Ê ≠ Ê0 ≠ –x) is replicated using a Mach-Zehnder interferometer and spatially

flipped with respect to the axis associated with the spatial chirp by using an odd number

of reflections, resulting in E(Ê≠Ê0+–x). Here – is the coe�cient representing the slope of

the spatial variation of the spectral shear. It needs to be calibrated only once by recording

the individual spatially resolved spectra. As a consequence, the spectral shear is varying

in space according to � = 2–x. At the entrance of an imaging spectrometer the spatially

chirped test pulse replica forms an interferogram with its time-delayed mirror image. At

each spatial position the generic 1D SPIDER reconstruction can be performed to retrieve

the temporal pulse shape. However, due to the amount of shears available it is possible to

perform the reconstruction at each spatial location x0 with the corresponding shear 2–x0.

This may be beneficial, for example, for consistency checks since, within certain limits, the

retrieved pulse shape should be independent of the spectral shear. A further advantage of

CAR SPIDER is that its trace, although containing several shears, can be obtained in a

single laser shot.

SEA-SPIDER: In the Spatially Encoded Arrangement (SEA) for SPIDER the spec-

tral phase is encoded in spatial fringes instead of spectral fringes [72]. Its principle is
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Figure 2.12: Di�erent SPIDER implementations. (a) CAR-SPIDER setup. A spatially chirped
test pulse replica is created by upconversion in a long nonlinear crystal. The chirped pulse and
its flipped mirror image interfere on an imaging spectrometer, which results in a SPIDER trace
with multiple shears. (b) SEA-SPIDER setup. The test pulse is mixed with two chirped and time-
delayed ancillary pulses to produce a spatial interference pattern on the imaging spectrometer.

illustrated in figure 2.12(b). The test pulse is upconverted with two temporally chirped

ancillary pulses, the relative time delay of which sets the spectral shear. The two generated

frequency sheared replicas of the input pulse are then focused in a noncollinear geometry

onto the entrance slit of an imaging spectrometer. A spatial interference pattern is created

where the fringe spacing is determined by the angle between the two beams. The sideband

of the interferogram is extracted using a 2D Fourier filtering routine. As in conventional

SPIDER the spectral phase is then obtained by concatenation. However, since the SEA-

SPIDER trace is spatially resolved, the phase di�erence „(x0, Ê≠Ê0≠�)≠„(x0, Ê≠Ê0) may

be extracted for every spatial position x0 along the slit dimension. The pulse can therefore

be reconstructed at any spatial position across the beam. This allows the estimation of the

amount of certain types of space-time coupling in the beam. A further advantage is that

the constraints on the high spectrometer resolution in conventional SPIDER are relaxed

by resolving the fringes in the spatial domain. Finally, it is possible to combine the two

aforementioned techniques to record a spatial interferogram where the shear is varying in

space. This so-called SEA-CAR-SPIDER technique is described in detail in section 3.4.1.
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2.5 Measuring the spatial phase of optical beams

In contrast to the rather recent field of ultrashort pulse characterisation, devices for the

measurement of the wavefronts of optical beams have a much longer history, mainly due

to the early necessity to characterise optical aberrations and to optimise optical systems.

Several techniques exist that reliably characterise wavefronts of monochromatic and poly-

chromatic beams.

2.5.1 Shack-Hartmann Sensor

One of the most widespread devices for the measurement of the wavefronts of optical

beams is the Shack-Hartmann wavefront sensor [73–75]. It uses an array of microlenses

where each lenslet focuses the local wavefront onto a CCD, as illustrated in figure 2.13.

If the beam is well collimated, the focal spots form a uniform grid on the detector. In

contrast, an aberrated beam has a spatially varying local tilt of the wavefront. Since

the wave vector is normal to the wavefront, the focal spots from an aberrated wavefront

will deviate from the initial uniform grid. Even though the device works very well with

monochromatic light, it is not spectrally resolving and therefore only of limited use when

dealing with pulsed light10.

2.5.2 Interferometric techniques

Interferometry has a longstanding history in optical shop testing to measure the aberra-

tions induced by optical components [77]. Two of the most important implementations
10One way to overcome this problem is to apply several narrowband spectral filters for each wavefront

measurement [76]. The sum of the individual wavefronts, weighted by the corresponding spectral intensity,
has similar properties than the unfiltered pulse wavefront. Of course, the availability of high-quality
spectral filters when dealing with ultrabroadband pulses represents a technical and practical limit.
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Figure 2.13: Principle of a Shack-Hartmann wavefront sensor. (a) A non-aberrated beam is
focused by several microlenses onto the detector. The foci of the di�erent segments define the
reference grid. In (b) an aberrated beam is used as an input. The deviation of the foci positions
from the reference grid quantifies the local wavefront.

regarding the characterisation of laser beams are described in this section.

Point di�raction interferometry

In point di�raction interferometry (PDI), the test beam interferes with a reference spher-

ical wave [78], as shown in figure 2.14(a). The reference is derived from the test beam

itself by placing a semi-transparent film with a very small hole in the centre into the

test beam. The di�racted spherical wave from the hole forms the reference, whereas the

semi-transparent film attenuates the transmitted field to roughly match the reference in

intensity for higher fringe contrast. Since the reference phase is known, the test pulse

phase can be recovered.

Lateral shearing interferometry

Lateral shearing interferometry (LSI) can be seen as the direct spatial analogue of spectral

shearing interferometry. Figure 2.14(b) illustrates the concept. The test beam interferes

with a replica of itself on a detector. A spatial carrier may be applied to the interferogram
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Figure 2.14: Implementations of interferometric wavefront measurements. (a) Point di�raction
interferometry schematic setup. A test beam propagates through a semi-transparent film. A small
aperture in the film generates a reference spherical wave which interferes with the test pulse on the
detector. (b) Concept of lateral shearing interferometry. The test beam interferes with a replica
of itself. A relative tilt acts as a spatial carrier of the interference pattern. A lateral shear on one
arm encodes the phase into the interferogram.

by introducing a tilt between the two beams11. If an additional spatial shear is applied,

the wavefront becomes encoded into the interferogram. For an aberrated wavefront, the

fringe spacing will deviate from the nominal uniform spacing. An analogous algorithm to

the one in spectral shearing interferometry can be applied to recover the wavefront of the

test beam. Methods for applying the lateral shear include Mach-Zehnder [79], Michelson

[80] or cyclic [81] interferometers, a plane parallel plate [82] or di�raction o� a grating

[83, 84].

Note that, while in the presented example of LSI a shear across one spatial dimension

was considered, it is equally possible to apply a radial [85–88], rotational [89] or vectorial

[90, 91] shear. This might be advantageous when the 2D wavefront needs to be character-

ised in a single shot. For a comprehensive discussion of applications of interferometry to

optical testing the reader is referred to [77].
11Even though a spatial carrier allows for a robust encoding of the phase, this is not a necessity and many

lateral shearing interferometers do without a carrier, with the drawback of a possibly lower sensitivity. For
instance, beams with some amount of defocusing form a regular fringe pattern without the need for an
additional carrier [77].
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2.6 Spatio-temporal pulse characterisation

Arguably the ultimate goal of all pulse characterisation technology is to measure the full

spatio-temporal pulse profile for arbitrary pulses shapes. Spectrographic techniques re-

cord 2D traces in the time-frequency domain, which provides per se no spatial information.

Spectral shearing or lateral shearing interferometry are approaches that appear well-suited

for tackling this problem since they record 1D traces, leaving the second dimension of an

imaging spectrometer open to resolve the respective other domain. For example, SEA-

SPIDER recovers the spatially resolved temporal pulse profile across one spatial dimension

[72, 92]. By scanning the slit position along the orthogonal spatial dimension and assuming

cylindrical symmetry one can, to some extent, draw conclusions about the 3D pulse profile.

In analogy, spectrally resolved lateral shearing interferometry has been performed where

the frequency-resolved gradient of the spatial phase ˆ„(x, Ê)/ˆx is recovered [93]. Integ-

ration yields the spectral phase up to an arbitrary function of frequency, „(x, Ê)+”(Ê). It

can be seen that the caveat of all those approaches is that the ubiquitous phase ambiguity

of self-referencing techniques prevents the recovery of the full spatio-temporal phase. In

the example of LSI, an additional spectral phase measurement needs to be performed to

determine ”(Ê). However, the information such kinds of experiments provide can never-

theless be used to quantify the amount of space-time coupling in the beam. For example,

spectrally resolved LSI has been performed to quantify the amount of spatial chirp and

in this way to optimise the output of a CPA [93]. In a di�erent experiment, the spatial

dependence of the pulse duration of few-cycle pulses generated by filamentation has been

characterised by scanning an aperture across the spatial beam profile [94].
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2.6.1 Referencing techniques

There are several methods capable of performing spatio-temporal reconstructions if a

known reference is available or if a reference can be generated from the test pulse. The

FTSI approach can be extended to spatio-spectral Fourier transform interferometry. The

test pulse and a reference are interfered in a 2D spectrometer, where the wavelength

is resolved along one dimension, and the desired spatial beam axis is resolved in the

perpendicular dimension. The carrier can be applied in either domain: A time delay can be

used as spectral carrier [95–97], or a tilt between the two beams as spatial carrier [98]. In all

cases the spectral phase di�erence is encoded in the sidebands of the Fourier transform of

the interferogram and can be extracted at any point along the spatial dimension. Therefore

the change of the temporal pulse shape across the spatial profile relative to the reference

can be tracked by this method. Of course, as is common to all referencing techniques,

the test beam and the reference must be mutually coherent in order for them to interfere.

This is naturally fulfilled if they originate from the same source.

SEA-TADPOLE12 is a variation of spatio-spectral interferometry (SI) [99–102]. The

test beam and a well-characterised reference are coupled into two identical single-mode

fibres. The output beams have a relative angle to each other, and the resulting spatial

interferogram is spectrally resolved. Knowing the reference, the phase di�erence obtained

directly yields the spectral phase of the test beam via FTSI. To obtain the spatial informa-

tion, the test pulse fibre is scanned longitudinally and transversely across the beam. If the

fibre is scanned through a focusing beam, the pulse evolution across the focal region can be

reconstructed. The SEA-TADPOLE setup needs to be stable and isolated to avoid drifts of
12Spatially Encoded Arrangment of the Temporal Analysis by Dispersing a Pair of Light Electric-fields
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the interferometer and the fibre during the scan, even though modifications of the original

method have been developed to overcome this issue [103]. Recently, SEA-TADPOLE has

been extended to measure collimated beams, with the significant advantage of being able

to characterise ultra-high intensity femtosecond lasers [104].

In another approach, with ideas borrowed from digital holography, the test beam

is interfered with a reference beam which can be generated from the original beam by

spectral and spatial filtering13 [105]. A tilt between both beams serves as spatial carrier,

and the 2D wavefront E(x, y; Êk) can be reconstructed for a given frequency Êk. The

selected wavelength is changed by angle-tuning interference filters, and the measurement

is repeated each time. A discrete set of phase function is obtained. However, if the

experiment is performed in a self-referencing way (the reference is generated from the

test beam), the phase ambiguity prevents the correct linking of those phase functions.

Therefore an additional FROG measurement is done to determine the spectral phase and

to link the wavefronts of the di�erent frequencies together. Note that such an approach

will only be useful if the FROG trace is taken at a spatial location where all frequencies

are present. This might not be fulfilled when strong STC is present in the beam, such as

a large amount of spatial chirp, or when the pulse is exhibiting spectral gaps.

The previous method necessitates recording several images for each wavelength, re-

quiring a stable train of identical pulses. Therefore the concept has been extended to

STRIPED FISH14 which records multiple digital holograms for di�erent wavelengths at
13The spatial filtering is usually done by a small pinhole. The reference field will, at the location of

the detection plane, therefore not be a tilted plane wave, but rather a curved quadratic wavefront. The
pinhole is still the preferred method of choice, compared to e.g. a telescope with large magnification, since
it creates a known spatial profile without the risk of aberrations.

14Spatially and Temporally Resolved Intensity and Phase Evaluation Device: Full Information from a
Single Hologram
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di�erent spatial locations on the CCD in single laser shot [106, 107]. The di�erent in-

terferograms are generated by di�racting the test pulse o� a coarse grating and passing

through a tilted interference filter. Since each di�raction order has a di�erent wave vector,

and the filter passband frequency depends on the angle of incidence of the incoming light,

each transmitted order consists of a quasi-monochromatic spatial interferogram. The com-

bination of the phases of all interferograms yields E(x, y, t). There is, however, a trade-o�

between spectral and spatial resolution, since a larger number of holograms leads to higher

spectral, but lower spatial resolution.

2.6.2 Self-referencing techniques

The key challenge in the development of self-referencing spatio-temporal characterisation

techniques is to overcome the phase ambiguity, common to all self-referencing techniques.

This means that in general measurements have to be performed in both the spatial and

the spectral domains.

One technique to perform this task is Shackled-FROG [108]. First, the 2D wavefront is

measured by a Shack-Hartmann sensor. This is followed by an independent FROG meas-

urement to measure the spectral phase and thus obtain the spatio-temporal evolution of

the pulse. However, this approach does not work for large bandwidths or pulses with

space-time coupling where the spatial phase is di�erent for each frequency. One solution

to this problem is to use a set of interference filters that are placed into the beam to

select a quasi-monochromatic frequency and to repeat the wavefront measurement while

scanning the passband frequency [76]. Disadvantages of this method include an increased

number of measurements and a rather coarse frequency resolution, limited by the avail-
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ability of suitable interference filters. To circumvent those issues, the wavefront sensor

may be put into the detection plane of an imaging spectrometer. This yields the correct

spatio-temporal profile, at the expense of one spatial dimension [109]. Another implement-

ation uses an acousto-optic programmable dispersive filter (AOPDF) to act as a tunable

bandpass filter instead of using interference filters, which adds more control and flexibility

to the measurement [110].

Another technique for measuring the complete field as function of frequency and one

spatial dimension is known as CROAK15 [111]. In a SHG FROG-based setup, an imaging

spectrometer records the spectra in the near-field, I(x, ⁄), and in the far-field, I(◊, ⁄). An

algorithm based on the Gerchberg-Saxton algorithm [112, 113], combined with a FROG

measurement at one spatial location, reconstructs the field E(x, ⁄).

An interferometric way to obtain E(x, t) is to measure the spatially resolved spectral

phase gradient by performing SPIDER on an imaging spectrometer, as well as to measure

the spectrally resolved spatial phase gradient via LSI [114, 115]. From those gradients the

complete spatio-temporal field is reconstructed. Both interferograms can be recorded in

a single shot by using the first grating di�raction order for the LSI trace, and the second

order for the SPIDER trace.

2.7 Outlook

The robust and accurate characterisation of ultrashort pulses represents one of the key

challenges of the ultrafast community even today. Although SPIDER and FROG work

reliably concerning the characterisation of IR femtosecond pulses, and variants of those
15Complete Retrieval of the Optical Amplitude and phase using the (k‹, Ê)spectrum
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have been extended to a wide range of parameter spaces, several challenges remain. Those

include extending the well-established, robust techniques to the measurement of the full

four-dimensional electric field E(x, y, z, t). Reconstruction algorithms should be fast to

allow an online pulse-monitoring in the laboratory. In addition, competitive techniques

should be capable of measuring complex pulses, such as those emerging from pulse shaping

processes, or after certain nonlinear interactions. Prominent examples of complex pulses

are those exhibiting spectral gaps. Moreover, there is the need to transfer the femtosecond

technology to di�erent wavelength ranges. In this regard, an active field of research is the

characterisation of extreme-ultraviolet attosecond pulses. Finally, soon after the devel-

opment of the first complete pulse characterisation device, FROG, in 1993, it quickly

became clear that in many experiments full information would be obtained if one was

able to characterise two pulses at the same time, such as the input and the output of an

experiment.

This chapter has presented the state of the art of femtosecond metrology, together

with the necessary theoretical background. In the next chapter, a novel pulse character-

isation technique is developed that addresses each of the aforementioned challenges. The

above summary of existing characterisation devices suggests that such a task can only be

successful if di�erent concepts are combined, to overcome the limitations and combine the

strengths of each. In the work presented in this thesis, concepts used in SPIDER and

FROG are combined to characterise infrared femtosecond and XUV attosecond pulses.



Chapter 3

Mutual interferometric

characterisation of electric fields

“There is great pleasure in recognizing old things from a new

point of view.”

Richard Feynman

Since the development of femtosecond laser technology in the early 80’s, measurement

techniques that are capable of characterising pulses on such short time scales form the

basis of modern ultrafast science. Their application is typically twofold: On the one hand,

ultrashort pulse characterisation devices are used to measure short pulses produced by

the laser system before they are used in experiments. This provides the experimenter

with a known input field. Real-time monitoring of this pulse allows the optimisation of

the pulse shape, for example by compensating for higher-order spectral phase terms in

order to reach a pulse duration close to the Fourier limit. Moreover, pulse shaping can be

performed and monitored in real-time in order to obtain a pulse with its properties adapted

56
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to the particular needs of an experiment. On the other hand, characterisation devices are

used to measure the output of an experiment. In ultrafast spectroscopy, an ideally well-

characterised input pulse interacts with a sample medium and the output is recorded by

a detector. Since all the information about the light-matter interaction is encoded in

the output electric field, measuring this field allows one to extract information about the

medium on ultrashort time scales. However, in an ideal scenario, the input and output

fields are measured simultaneously, and possibly even in a single laser shot. This provides

the most information that is available to deduce the spatio-temporal characteristics of the

sample response. The reason for this is that both shot-to-shot fluctuations of the laser

source as well as external decoherence (e.g. sample vibrations) and internal decoherence

(temporal change of the medium properties) could lead to di�erent results for di�erent

measurement instances.

In this chapter, a novel characterisation technique MICE (Mutual Interferometric

Characterisation of two Electric-fields) is introduced. MICE is able to measure two beams

simultaneously in any parameter space where it is possible to shear one of the beams. It

can therefore readily be applied to the temporal reconstruction of ultrashort pulses, or the

wavefront reconstruction of a light beam. In addition, MICE recovers the relative phase

between both beams. After first reviewing the state of the art of two-pulse characterisa-

tion schemes, the concept of mutually referencing interferometry and the algorithm are

discussed together with their limitations. Afterwards, the technique is demonstrated in

two cases. The first example performs a wavefront reconstruction of two simulated electric

fields. In the second example, experimental data obtained by a SEA-CAR SPIDER con-

figuration is used to reconstruct the temporal profile of two infrared femtosecond pulses
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in a single laser shot. The results of this chapter have been published in [116, 117].

3.1 The challenge of simultaneously measuring two

independent fields

Shortly after the invention of FROG in 1993 [52, 57], which was the first self-referencing

complete ultrashort pulse characterisation method, the importance of extending FROG to

the measurement of two independent input fields was realised. Therefore, only two years

later, a modification of FROG attempting to achieve this aim was introduced under the

name TREEFROG (Twin Recovery of Electric-field Envelopes by the use of FROG) [118].

The TREEFROG reconstruction aims at extracting solutions for the probe P (t) and the

gate G(t) from the FROG trace

IT REEF ROG(Ê, ·) =
----
⁄ Œ

≠Œ
P (t)G(t ≠ ·) exp(iÊ·)dt

----
2

. (3.1)

In a conventional FROG experiment, the gate G(t) is derived from P (t). TREEFROG in-

stead can be regarded as the generalised case where the fields can be di�erent. In this case,

the standard FROG reconstruction is not su�cient to reconstruct both fields. However,

mathematically similar scenarios are encountered in imaging science, where the challenge

typically consists in reconstructing both an object and the illuminating electric field [119].

In mathematical terms, these types of problems are equivalent to a two-dimensional blind

deconvolution, and iterative algorithms have been developed for its solution [120, 121].

Their adaptation to ultrashort pulse reconstruction using FROG is therefore also often
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referred to as blind-FROG. The blind-FROG reconstruction starts with a guess for both

P (t) and G(t). The key steps of the algorithm are equivalent to the standard FROG al-

gorithm, i.e. replacing the reconstructed intensity by the measured intensity, and applying

a generalised projection (GP) after an inverse Fourier transformation. The error function

that needs to be minimised now takes the following form:

‘ =
ÿ ---EÕ

sig(t, ·) ≠ P (t)G(t ≠ ·)
---
2

, (3.2)

where EÕ
sig(t, ·) represents the signal field Esig(t, ·) = P (t)G(t ≠ ·) after replacing the

magnitude of Esig(t, ·) with the square root of the measured trace in the Fourier domain.

In the case of TREEFROG, the GP is applied such that updating the guess of each

field and minimising equation (3.2) with respect to the field is only done for one field

per iteration. This procedure is then alternated between the two fields for even and odd

iterations. Even though it has been possible to reconstruct two di�erent pulses using

this procedure, in order to achieve reasonable convergence of the algorithm, it has been

found that the independently measured spectra of both fields need to be inserted as an

additional constraint. In a subsequent experiment, the two-field challenge was addressed in

a polarization-gate TREEFROG and with an improved algorithm, the PCGPA (see section

2.4.2) [60]. However, the issue of blind-FROG su�ering from many nontrivial ambiguities

remained unsolved. For example, Seifert et al. have shown that blind-FROG leads only

to a unique solution if the two pulse spectral intensities are known and the blind-FROG

trace is non-centrosymmetric [122]. Ambiguities are reduced if the spectral intensities of

both pulses are very di�erent. For many common situations in the laboratory, as well as
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for the experimental data analysed in this thesis, this is clearly not the case, which means

that a blind-FROG reconstruction of such data might not have a unique solution.

Seifert et al. extended the XFROG method to two unknown pulses such that the

FROG trace is always non-centrosymmetric, and therefore has no non-trivial ambiguities

[123]. They named their technique VAMPIRE (a Very Advanced Method for Phase and

Intensity Retrieval of E-fields). To achieve this, a spectral phase modulator is implemen-

ted, such as an unbalanced Mach-Zehnder interferometer with a dispersive element in one

arm. An additional temporal phase modulator can be added in order to avoid relative

phase ambiguities in case pulses with well-separated frequency components need to be

characterised. The method has been demonstrated to be able to characterise two inde-

pendent pulses. However, in order for it to guarantee unique solutions, both the pulse

spectra as well as the characterisation of the filtering performed by the phase modulators

have to be known a priori.

In 2012, blind-FROG was extended to a configuration where two polarisation-gate

FROG traces are recorded at the same time, as shown schematically in figure 3.1 [124, 125].

In the first arm, the spectrogram I1(Ê, ·) is recorded where field E1(t) is treated as the





 
 













Figure 3.1: Double-blind polarisation-gating FROG. Inside the nonlinear medium, both pulses
are mutually gating each other. Two separate spectrograms are recorded, from which both input
pulses are retrieved.
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unknown field, whereas in the second arm, E2(t) is the unknown field. The respective

other field in each case, although unknown as well, is treated as if it was known, and each

spectrogram is solved with respect to the assigned unknown field. Processing of I1(Ê, ·)

yields an improved guess for E1(t), which is then inserted into the processing of I2(Ê, ·),

resulting in an improved guess for E2(t). This procedure is iterated until both FROG

traces match the respective experimental traces, quantified by the usual FROG error.

Since for this technique two traces are recorded, it is referred to as double-blind FROG.

Even though no nontrivial ambiguities are known in this variant of FROG, it comes at

the cost of increased experimental complexity, since a major part of the setup needs to be

replicated in order to record two spectrograms at the same time.

Finally, Measuring the Electric Field by Interferometric Spectral Trace Observation

(MEFISTO) allows one to reconstruct from a collinear interferometric autocorrelation

trace the complete field of an ultrashort pulse in an analytic way [126]. Even though

traces are recorded in the time-frequency domain, as it is done in FROG, an analytic

Fourier analysis can be performed to yield the electric field, due to the interferometric

nature of data. An extension of the technique, blind-MEFISTO, has been proposed to

simultaneously measure two independent pulses in an non-iterative way [127]. However, in

this case, the di�erent pulse spectra are required as an input as well, and an experimental

demonstration of blind-MEFISTO is still lacking to date.
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3.2 Mutual interferometric characterisation of two

electric-fields

In the following, a novel two-pulse characterisation technique is introduced: Mutual In-

terferometric Characterisation of two Electric-fields (MICE). Through combination of ele-

ments of interferometry and spectrography it overcomes many problems of previous tech-

niques and provides a rapid and robust reconstruction algorithm. The concept of MICE

and its algorithm are discussed below, along with a discussion of its strengths and possible

ambiguities.

3.2.1 Concept of mutually referencing interferometry

Conceptually, MICE consists of two di�erent elements. First, procedures borrowed from

interferometry allow the extraction of the interferometric product and therefore the phase

di�erence between the two fields. The second step uses the the concept of generalised

projections (GP) to separate the product into the two di�erent fields. As described in

chapter section 2.4.2, generalised projections are used in the FROG reconstruction, where

they converge quite reliably to the initial input field [59]. However, their use is much

more widespread. Particularly in imaging science, generalised projections have been used

for many years to recover the image of an object illuminated by an incident light field

[128]. In one of its most advanced versions, ptychography, a sample, typically a nano-

object, is scanned through the focus of a beam, and each time the di�raction pattern is

recorded. Iterative reconstruction algorithms based on generalised projections are now

able to reconstruct both the object as well as the probe field [129, 130]. The accuracy
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of the reconstruction is increased by using smaller step sizes of the object displacement,

since this increases the redundancy in the data. In MICE, the very di�erent concepts

of interferometry and generalised projections are combined and, as will be shown below,

inherit the advantages of both sides.

3.2.2 Algorithm

Consider the two input fields E1(“) and E2(“ ≠ �). Here, E2(“ ≠ �) has been sheared by

the amount �, and “ denotes the field variables x, y, z and t or their corresponding Fourier

transform variables kx, ky, kz and Ê. In the following, each of those variables are treated

independently in the interest of clarity, which is a valid assumption if there is no spatio-

temporal coupling present in the beams1. If those two fields are brought to interference,

the resulting interferogram Ij,k, sampled over J points and K shears, takes the following

form, where j and k represent the sample indices:

Ij,k = |E1 (“j)|2 + |E2 (“j ≠ �k)|2 + 2Re [E1 (“j) Eú
2 (“j ≠ �k)] (3.3)

The last term of equation (3.3) contains the interferometric product E1 (“j) Eú
2 (“j ≠ �k)

which contains all the phase information about the fields. In the same way as it is done

in SPIDER, a filter in the Fourier-domain is applied to isolate the AC sideband, denoted

as ACmeas
j,j≠k [65]. At this stage, in SPIDER, E2(Ê ≠ �) is just a sheared replica of E1(Ê),

1Note that in principle MICE can be used to obtain information about space-time coupling in the
beam as long as the pulse profile stays the same for the di�erent shears at a given spatial or temporal
location where the pulse is to be characterised. While the configuration of the single-shot SEA-CAR-
SPIDER presented in section 3.4 may not be suitable for this application since the spectral shear is
encoded in the spatial position, a multi-shot configuration can be employed for the di�erent spectral
shears. Reconstructions at di�erent spatial positions then reveal information about the change of the
temporal profile in space.
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which means that the phase of E1 can be obtained by integrating the phase di�erence

extracted from the interferometric product, as detailed in section 2.4.3. However, in the

more general case of MICE, both fields may be di�erent. Therefore a di�erent procedure

needs to be found that is able to extract the phases of both fields individually. In other

words, this means that the interferometric product needs to be unambiguously split into

the individual fields E1 and E2 when E1 ”= E2.

To achieve this task, an approach similar to generalised projections is used. The least-

squares error ‘ between the measured traces and the retrieved fields can be written as

‘ =
J,Kÿ

j,k

|ACmeas
j,j≠k ≠ E1 (“j) Eú

2 (“j ≠ �k) |2. (3.4)

This error is minimised for the two fields E1(“) and E2(“ ≠ �) that best reproduce the

measured interferograms for each shear. Minimisation of equation (3.4) must be performed

numerically as closed form solutions for E1 and E2 cannot be obtained. To this end, setting

to zero the derivative of (3.4) with respect to E1 and E2 yields the solution as a system

of equations (see appendix B):

E1 (“j) =
q

k ACmeas
j,j≠k · E2 (“j ≠ �k)

q
k |E2 (“j ≠ �k)|2

(3.5)

Eú
2 (“j) =

q
k ACmeas

j+k,j · Eú
1 (“j + �k)

q
k |E1 (“j + �k)|2

. (3.6)

This set of equations is solved by first inserting a random guess for E2, typically chosen

as a uniform distribution, into (3.5). This yields a first solution for E1, which is then used
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Figure 3.2: Schematic of the MICE reconstruction. Field 1 is sheared across Field 2 and the
interferogram is recorded for each shear step. A least-squares minimisation identifies the two fields
that best match the experimental data.

in (3.6) to provide an improved guess for E2. This procedure is iterated until the error ‘

is minimised. The whole reconstruction algorithm is schematically summarised in figure

3.2. Since in each iteration step one field is used as a reference to retrieve the other field,

the general MICE approach is referred to as mutually referencing interferometry.

3.2.3 Discussion

What is the main di�erence between the MICE algorithm and generalised projection-based

algorithms such as the one used in blind-FROG or ptychography? All those algorithms

have in common that a first guess of the fields is made and inserted into an iterative loop,

which yields an improved guess. Minimising the error between the updated fields and the

experimental traces eventually results in the two unknown fields, or, as in ptychography,

in the probe field and the object image. The key advantage of MICE, however, is that

the phase is already encoded in the fringe pattern, a significant advantage of all interfer-

ometric techniques. In contrast, in a FROG trace, this is not the case. Consequently, the

convergence of the FROG algorithm is more involved and needs more iterations. Also,

the inherent ambiguities of blind-FROG can be explained by this insu�cient amount of
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information in the data set. In contrast, as will be shown in the following two examples,

the MICE algorithm is very stable, and a couple of iterations is usually su�cient to obtain

a very good reconstruction.

The quality of the reconstruction depends on the amount of redundancy in the data.

The higher the number of shears, and the larger the overlap between successive interfero-

grams, the better the reconstruction. A minimum overlap between consecutive interfero-

grams is, however, required for the algorithm to converge. If consecutive interferograms

are located in completely distinct and mutually exclusive regions, the reconstruction would

fail to converge.

Ambiguities

As explained in the previous section, MICE is not as prone to ambiguities in the re-

construction as, for example, blind-FROG, since more information is contained in the

interferometric dataset than in a FROG trace. Nevertheless, MICE still su�ers from one

ambiguity: E1(“)Eú
2(“≠�k) = –E1(“)·(1/–)Eú

2(“≠�k), with – being a complex constant.

As a consequence, each electric field is known up to an absolute phase and the absolute

intensity. However, it is important to note that the relative phase between both fields is

preserved.

The intensity ambiguity can easily be resolved by measuring the pulse spectra sep-

arately. If performing this additional measurement is undesired, the Fourier-domain DC

baseband |–E1|2 + |(1/–)E2|2 from the MICE data may be used, since here the symmetry

between the fields is broken. Regarding the phase ambiguity, this means that the carrier-

envelope phase of the field cannot be retrieved, a problem that is common to all regular
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pulse characterisation techniques such as SPIDER or FROG. If this quantity needs to be

known as well, a significantly more complex experiment has to be performed. Examples

include using the attosecond process of high harmonic generation as a fast gate [131–133],

or measuring field-induced currents in a metal-dielectric-metal nanojunction [134].

3.3 Wavefront reconstruction simulation

In this section, the performance of MICE will be demonstrated on simulated data. The

advantage here is that the MICE reconstruction can be tested under arbitrary and ex-

treme conditions. The reconstruction of experimentally measured ultrashort pulses will

be demonstrated thereafter.

In this example, MICE is used to reconstruct 2D wavefronts of optical beams. This

experimental scenario becomes particularly interesting if we consider a beam (Field 1)

having a highly complex spatial profile and wavefront that can neither be duplicated nor

sheared. A second, smaller beam (Field 2) is spatially sheared across the full profile of

Field 1 along both the x- and the y-axis. A schematic of this procedure for the shear

along one axis is depicted in figure 3.3. If the two fields are aligned at an angle ◊ along

the x-axis with respect to each other, a spatial interference pattern is formed due to





Figure 3.3: Schematic of the wavefront reconstruction along one axis. Both fields are aligned
with a relative angle to each other, and Field 2 is sheared across the profile of Field 1.
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the di�erence in kx-vectors �kx = kx,2 ≠ kx,1 of the two beams, with a fringe spacing

2fi/(k sin(◊)) = ⁄/ sin(◊). In total, 16 x 16 spatial positions of Field 2 are considered on a

256 x 256 pixel detector. Interferograms for two di�erent shears in the x- and y-direction

are shown in figures 3.4(a) and (b). The original and reconstructed spatial intensity profiles

and wavefronts are depicted in figure 3.5. It can be seen that, in spite of the highly complex

structure of the fields, the reconstruction performs extremely well. Even the fine spatial

features are accurately reconstructed. The small deviations from the original fields can be

diminished by decreasing the shear step since this increases the redundancy in the data.

Conversely, the upper limit on the shear step is given by the spatial extent of the smallest

beam, Field 1, since consecutive interferograms need to have su�cient overlap.
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Figure 3.4: Interferograms between Field 1 and Field 2. (a) and (b) show interferograms for two
di�erent shears. (c) uses the same shear as in (b), but with 30% noise.

However, any electric field reconstruction method that is to be used in a real experi-

mental setting needs to be tested under the presence of noise. In order to do so, uniformly

distributed additive noise is added to each pixel of each interferogram. The noise level is

given by a random number from the interval (0,1) times 30% of the maximum intensity of

the most intense interferogram. An example is shown in figure 3.4(c). The reconstructed

field for this case is shown in the right column of figure 3.5. Even in the case of such

an extreme high-noise scenario the reconstruction for both the intensity profiles and the
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Figure 3.5: MICE two-dimensional spatial reconstruction of two independent and highly complex
beams. Shown are the spatial intensity profiles (upper panels) and wavefronts (lower panels) for
both beams, respectively. The left column represents the original fields and the middle column the
reconstructed fields. In the right column, 30% noise has been added to each interferogram. The
linear phase term has been removed for clarity.
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wavefronts performs very well. The reason for this is that MICE combines advantages of

both the interferometric method as well as of the generalised projections approach. In the

first case, the Fourier-filtering suppresses noise. In the latter case, the least-squares min-

imisation acts as an additional noise filter. Overall, the MICE reconstruction is therefore

able to cope with very noisy data.

3.4 Ultrashort pulse reconstruction using MICE

In this section, MICE will be demonstrated in an entirely di�erent application. Experi-

mental data will be used to reconstruct the temporal profiles of two infrared femtosecond

pulses. To transpose MICE into the spectral domain, the ultrashort pulse must be sheared

multiple times in the frequency domain. This is conveniently done in a single-shot way

using techniques such as CAR-SPIDER [69] or spatially encoded arrangement (SEA-)

CAR-SPIDER [135]. The MICE reconstruction in this section uses SEA-CAR-SPIDER

data which was recorded by Tobias Witting and Dane Austin in this group at the Uni-

versity of Oxford before the author’s arrival in Oxford. In the following, first the concept

of SEA-CAR-SPIDER is explained in order to understand the nature of the experimental

data used for the MICE reconstruction. Subsequently, a full MICE reconstruction is

performed on this data. This is possible since any dataset in which one or both of the

beams have been sheared in a given parameter space is suitable for MICE, as long as the

beams overlap in this dimension. For more details about SEA-CAR-SPIDER, the reader

is referred to the two SEA-CAR-SPIDER publications of the group [68, 135].
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Figure 3.6: SEA-CAR-SPIDER concept. The test pulse is upconverted with two ancillas that are
spatially chirped along the x-axis in a nonlinear crystal. The second harmonic upconverted beams
are blocked, whereas the sum-frequency beams are re-imaged onto a 2D imaging spectrometer.
The spectrometer slit is parallel to the x-axis, and the beams are spectrally dispersed along the
orthogonal axis on the detector.

3.4.1 SEA-CAR-SPIDER and its data

SEA-CAR-SPIDER combines elements of SEA-SPIDER and CAR-SPIDER, both of which

are described in section 2.4.3. The concept is depicted in figure 3.6. The test pulse is

upconverted with two ancillary pulses in a nonlinear crystal. The ancillas have an opposite

spatial chirp. Each spatial slice of the test pulse mixes with a monochromatic portion of

the ancillary pulse. The ancillas can be generated in the following way: First, a copy of

the test pulse is dispersed by a grating, which introduces a spatial chirp to the field with

spatial chirp coe�cient –. The spatially chirped field E(Ê ≠ –x) is then duplicated by a

beamsplitter. One of the two ancillary beams is laterally inverted along the x-axis by an

odd number of reflections to form the field E(Ê + –x). After upconversion in the crystal,

the sum-frequency fields between the test pulse and the two ancilla pulses are selected by

a spatial mask and re-imaged onto the entrance slit of a 2D imaging spectrometer, which

records the spectrally resolved interferogram:
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S(Ê + Êup, x) = |E(Ê + –x)|2 + |E(Ê ≠ –x)|2

+ 2Re (|E(Ê + –x)| |E(Ê ≠ –x)| exp(i�(Ê, x)) (3.7)

�(Ê, x) = „(Ê + –x) ≠ „(Ê ≠ –x) + kxx + C(Ê), (3.8)

where Êup is the upconversion frequency common to both beams at x = 0 and C(Ê) the

zero-shear calibration phase. As in SEA-SPIDER, the two ancillas cross at an angle ◊

inside the crystal and therefore produce a spatial carrier in the recorded trace. The phase

di�erence between the upconverted pulse (the signal pulse) and the spectrally sheared

copy of itself is therefore encoded in the spatial interferogram. The advantage of spatially

chirping the two ancilla pulses is, as in CAR-SPIDER, that several spectral shears can be

recorded at the same time in a single interferogram. At a given point in the interferogram

x = x0, the e�ective spectral shear is �(x0) = 2–x0. In usual SEA-CAR-SPIDER, the

di�erent available shears across the beam can be used as a consistency check, since the

temporal reconstruction should be una�ected by the shear. Moreover, if there is space-time

coupling present in the beam, this technique can be used to measure the temporal field at

di�erent points in the beam to obtain quantitative information about it. Lastly, specific

multishear-algorithms have been developed that use the redundant information contained

in a measurement with several shears to increase the precision of the reconstruction [136].

The SEA-CAR-SPIDER reconstruction follows the following recipe: First, a 2D Fourier

transform is performed and the positive AC sideband is isolated. After an inverse Fourier

transform, the phase di�erence between the two signal pulses is given by the argument

of the interferometric product. Before the integration step, the calibration phase needs
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to be subtracted. This can be done at x = 0 where the shear is zero. The carrier term

kxx represents a linear phase and plays no role in the reconstruction. As in the case of

any SPIDER technique, the two signal pulses are assumed to be sheared replicas of each

other. Thus the pulse spectral phase can be obtained by concatenation. An experimental

demonstration of such a reconstruction, including a detailed error analysis, can be found

in [135].

In the generalised case of MICE, this last assumption is dropped. Even if the pulses

are di�erent, both of them can be reconstructed. In the following MICE analysis, the two

signal pulses of a SEA-CAR-SPIDER trace will be reconstructed. Due to the nature of

any self-referencing technique, the temporal profiles of the two pulses are not expected to

vary much from each other. However, imperfections in the setup or a possible change of

the pulse spectrum or spectral phase with the shear can lead to di�erent signal pulses for

each shear and in this way compromise the accuracy of the reconstruction. To avoid such

issues, in the next section the two-field MICE concept introduced in section 3.2.2 will be

extended to three fields, where the third field quantifies the change of the pulse properties

with the shear.

3.4.2 MICE reconstruction of three fields

In several experimental situations the pulse properties may change with the shear. For ex-

ample, in the case of SEA-CAR-SPIDER, the upconversion process transfers the amplitude

and phase properties of the monochromatic ancilla beam to the signal pulses E1,2. Since

those properties can change significantly if many shears are utilised, this needs to be taken

into account in the reconstruction. Mathematically, such a situation can be described by
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multiplying the upconverted fields with a complex factor a1,2 which depends only on the

shear �, E1,2(Ê ≠ �1,2) · a1,2(�1,2). Using the transformed variable Ê ≠ �1, the product of

the two fields appearing in equation (3.3) now takes the form E1 (Êj) Eú
2 (Êj ≠ �k) A (�k),

where A (�k) = a1aú
2 (�1 ≠ �2). Those modified fields are now used in equation (3.4),

which is then di�erentiated with respect to the three fields. This results in a new set of

equations:

E1 (Êj) =
q

k ACmeas
j,j≠k · E2 (Êj ≠ �k) · Aú (�k)

q
k |E2 (Êj ≠ �k) · A (�k)|2

(3.9)

Eú
2 (Êj) =

q
k ACmeas

j+k,j · Eú
1 (Êj + �k) · Aú (�k)

�k |E1 (Êj + �k) · A (�k)|2
(3.10)

A (�k) =
q

j ACmeas
j,j≠k · Eú

1 (Êj) E2 (Êj ≠ �k)
q

j |E1 (Êj) E2 (Êj ≠ �k)|2
(3.11)

As in the case of two fields, this system of equations can be solved iteratively. First, two

randomly chosen fields for E2 and A are inserted into (3.9), which results in an estimate

for field E1. The three fields are then successively updated by applying (3.10), (3.11) and

(3.9).

Ambiguities

The adaptation of MICE to three fields leads to an additional ambiguity compared to the

case of two fields: E1 (Ê) Eú
2 (Ê ≠ �) A (�) = E1e—Ê · Eú

2 e≠—(Ê≠�) · Ae≠—�, with — being a
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complex constant. The real part of — defines the retrieved spectral densities up to an

exponential factor. As in the case of the –-ambiguity, this can be resolved by separately

measuring the spectra of each arm. The imaginary part of — has as a consequence that

the spectral phases are known up to a linear term, i.e. an arbitrary delay. This is common

to all pulse characterisation methods and does not a�ect the temporal pulse profile since

an absolute time delay does not represent a meaningful quantity in terms of the pulse

parameters. However, the relative delay between the fields is preserved.

3.4.3 Data processing

As a first step, the shear axis needs to be determined, a requirement common to all

shearing interferometry techniques. To do so, each signal pulse was recorded separately,

and a centre of mass fit results in the two shear axes. The individual chirped pulse spectra,

together with their shear axes, are shown in figure 3.7.

Once this information has been determined, the interferogram can be processed. The

raw interferogram is shown in figure 3.8(a). The fringe modulation appears along the

x-axis. A 2D Fourier filter extracts the interferometric product, the modulus of which is
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Figure 3.7: Shear calibration of the spatially resolved spectrum of the upconverted signal pulses.
The shear axes are highlighted in (a) black and (b) red.
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Figure 3.8: MICE data processing. (a) MICE interferogram between two spatially chirped signal
pulses. Shown are also the moduli of the (b) original and (c) retrieved interferometric products.
(d) Error between the original and retrieved interferometric products as a function of the number
of iterations.

shown in figure 3.8(b). For comparison, figure 3.8(c) shows the retrieved interferometric

product after 10 iterations of equations (3.9)-(3.11), which agrees well with the measured

data. To quantify the di�erence between the measured and the retrieved quantities, the

least-squares error ‘ has been introduced in equation (3.4). Figure 3.8(d) shows the norm-

alised error ‘/�j,k|ACmeas|2 between the measured and retrieved interferometric products

as a function of the number of iterations. As can be seen, the error decreases rapidly with

increasing number of iterations. Indeed, after only three iterations, the error is below 2%.

The pulse spectra, averaged over 50 shots taken from each arm alone, and the re-

constructed spectral phases of both pulses for 10 single-shot acquisitions are shown in

figure 3.9(a). The shot-to-shot fluctuations are relatively low. The phases are nearly flat,

indicating that the associated pulses have a duration close to the Fourier limit. The cor-
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Figure 3.9: MICE reconstruction of two ultrashort pulses. (a) Spectra and spectral phases of
fields E1 (dashed blue line) and E2 (red line) for 10 single-shot measurements. (b) Amplitude and
phase of field A. (c) Reconstructed single-shot temporal pulse profiles for E1 (dashed blue line)
and E2 (red line). The black dotted lines stand for (a) the spectral phase, and (c) the pulse profile
obtained with a standard SPIDER reconstruction.

responding reconstructed temporal profiles are shown in figure 3.9(c). It is obvious that

the two pulses used to generate the SEA-CAR-SPIDER trace are almost identical. This

is unsurprising since this represents a basic requirement for SPIDER to work. However,

small di�erences in the pulse amplitudes, a delay of about 10 fs between the pulses as

well as a di�erence in the pulse durations of 3 fs become apparent. This information has

formerly been unaccessible via SPIDER. The third field A(�) that only depends on the

shear is depicted in figure 3.9(b). Its phase appears to be purely linear. This can be ex-

plained by the experimental arrangement in which the fringes are spatially encoded, and

the shear varies linearly along the spatial axis.
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For comparison, a SPIDER reconstruction on that same data has been performed

using a small shear. The reconstructed spectral phase and pulse profile, indicated by

black dotted lines in figures 3.9(a) and 3.9(c), are very close to the results obtained with

MICE. This highlights the consistency of the MICE reconstruction.

Possible reasons for the di�erence in intensity of the two pulses could be slightly clamp-

ing the mirrors in the di�erent arms of the interferometers with di�erent strengths. Re-

garding the small residual time delay, the SEA-CAR configuration in principle guarantees

the synchronisation in time of the two pulses. However, a slight asymmetry in the align-

ment of the di�erent paths after the upconversion could account for the time delay of 10

fs, considering this corresponds to a path di�erence of 3 µm only. Finally, small errors in

the calibration of the shear axes cannot be excluded as well.

3.5 Discussion and outlook

This chapter has introduced MICE, a novel technique that is able to simultaneously char-

acterise two independent beams in any parameter space in which it is possible to shear

one of the beams. It should be emphasised that, although this thesis mainly deals with

ultrashort pulse measurements, in parts of this chapter the terminology “beam” has been

used, to emphasise that MICE is not restricted to this domain alone.

Several assets make MICE preferential over conventional characterisation techniques.

First, compared to SPIDER, no replica of the test pulse is needed. In addition, there is

no need for a calibration of the linear carrier term, since no concatenation or integration

of the phase is performed. Furthermore, in the domain of ultrafast science, MICE can be
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used in a single-shot way if the fringes are resolved in additional dimensions, as shown in

section 3.4 for SEA-CAR-SPIDER. Finally, the algorithm is rapid enough to allow it to

be used as an online diagnostic in the laboratory. Those features make MICE well suited

to a number of applications that are challenging for conventional FROG and SPIDER.

For example, a matter of current research in our group is to use MICE in order to charac-

terise pulses exhibiting large spectral gaps. Also, MICE can be transferred to completely

di�erent parameter regimes. In chapter 6, MICE is used to simultaneously characterise

the wavefronts of two extreme-ultraviolet high harmonic sources.



Chapter 4

Generation and characterisation of

high harmonic radiation

Most nonlinear phenomena can be described by perturbation theoretical calculations.

Mathematically, this corresponds to expressing the polarisation of the medium by a power

series

P (t) = ‘0[‰(1)E(t) + ‰(2)E2(t) + ‰(3)E3(t) + ...] (4.1)

Processes such as second harmonic generation or sum-frequency generation [137, 138] as

well as phenomena that occur due to the intensity-dependent refractive index of some

materials, such filamentation [139–142], self-phase modulation [143–145] or self-focusing

[146], are all consequences of di�erent terms in the polarisation (4.1). However, if the

electric field becomes comparable to the atomic field strength,

Eat = 1
4fi‘0

e

a2
0

= 1
4fi‘0

e

(4fi‘0~2/mee2)2 ¥ 5.1 ◊ 1011 V/m, (4.2)

80
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the power series in (4.1) breaks down. Here, a0 is the Bohr radius of hydrogen, e is the

electron charge and me is the electron mass. The above field strength corresponds to a

laser intensity of Iat = 1/2‘0cE2
at = 3.5 ◊ 1016 W/cm2. Since the development of chirped-

pulse amplifier (CPA) laser systems, this so-called strong-field regime became accessible at

the laboratory scale [147–150]. Depending on the strength of the laser intensity, di�erent

scenarios may occur. Consider an electron bound in the ground state of a Coulomb

potential. In argon, for example, this ionisation potential is Ip = 15.8 eV. If a strong

light field irradiates the atom, this potential becomes distorted and the potential barrier

is decreased. For very strong laser fields, this barrier is completely suppressed, and the

electron is ionised (over-the-barrier ionisation) [151]. For fields that are weaker than the

Coulomb barrier, two regimes can be distinguished, quantified by the Keldysh-parameter

“ [152]:

“ =
Û

Ip

2Up
. (4.3)

Up denotes the ponderomotive potential of the laser, which represents the average kinetic

energy a free electron gains in a laser field of frequency Ê and peak electric field Epeak,

Up = e2E2
peak/(4meÊ2). For “ > 1, the ionisation can be described as a multiphoton

process, where an atom or ion simultaneously absorbs N photons, with N~Ê > Ip and

multiply charged ions can be created [153–156]. For “ < 1, the external laser field is strong

enough to suppress the Coulomb barrier su�ciently so that the electron can be be released

by tunnelling ionisation [157, 158]. For the types of experiments presented in this thesis,

the laser peak intensity is on the order of 1014 W/cm2, corresponding to “ . 1. One of

the most prominent phenomena in this case is high harmonic generation (HHG). HHG
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is by far the most common scheme for the generation of attosecond pulses in table-top

laboratory configurations. However, a few other schemes have been proposed. One method

suggests using Raman scattering in a medium that acts as a molecular modulator [159]. An

excitation pulse induces high-frequency oscillations of the refractive index of the medium

due to the vibrational or rotational excitations. Those oscillations will imprint high-

order Raman sidebands on a second field propagating through the medium. The overall

bandwidth of this process may support few-femtosecond to sub-femtosecond durations

[160]. In theory, this method o�ers the potential to produce isolated sub-femtosecond

pulses in the visible or ultraviolet wavelength regime [161–164]. However, research in this

area is still in its infancy.

Another strand of research is the coherent synthesis of pulses with spectra in di�erent

wavelength regimes [165, 166]. The prospect of coherently combining several pulses and the

capabilities of shaping the waveforms of those individual components before the synthesis

allows tailoring the resulting pulse with sub-cycle precision [167, 168]. The sub-cycle

control of such waveforms has been used to trigger electron motion on sub-femtosecond

timescales [165, 169].

Nevertheless, the most successful path in penetrating the attosecond domain has been

via high harmonic generation. The first radiation of this type was observed from solid

targets [170–172]. Only in the late 1980’s, high harmonics from noble gases have been

generated, which is the method still used in most laboratories today [173, 174]. The

experiments for this thesis have been performed using argon gas cells. This chapter will

therefore outline the underlying theory of HHG in rare gases. However, HHG has also been

explored in a variety of other nonlinear media, such as HHG from molecules [175], bulk
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crystals [176], clusters [177, 178], liquids [179, 180] and laser produced ablation plumes

[181]. Finally it should be pointed out that with the recent progress in laser science and

the continuous increase in laser power, high harmonics from solid targets have gained new

interest again [182–185]. In these types of experiments a highly intense femtosecond laser

(peak power typically 1018-1020 W/cm2) hits a polished surface and generates a plasma.

The plasma e�ectively acts as a mirror and reflects the laser field. Its nonlinear response,

however, leads to temporal distortions of the reflected wave, corresponding to a train of

attosecond pulses [186]. Since the conversion e�ciency is significantly higher than for HHG

in gases, and since there is in principle no limitation to the applicable laser intensity1, the

generated harmonics can be much more intense than harmonics from gas media [187, 188].

4.1 Single-atom response

The HHG process is governed by two di�erent mechanisms: The response of one single

atom to the laser light, and the macroscopic response of all atoms within the interaction

volume. In this section the theory of the single atom response is detailed. Section 4.1.1

describes the semi-classical model, which, despite its simplicity, provides a remarkably

accurate description of many features of HHG. A quantum-mechanical treatment follows

in section 4.1.2.
1The reason why there is a fundamental limit to the maximum driving laser intensity for HHG from

gases is the onset of relativistic e�ects at intensities approaching 1018 W/cm2. In this regime, the laser
magnetic field can no longer be neglected. The associated force on the electron alters its trajectory and
prevents it from recolliding with the parent ion.
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Figure 4.1: Three step model of high harmonic generation. Initially, the electron (green) is bound
in the ground state of a Coulomb potential (black). (1) The linear laser potential (red) distorts
the atomic potential such the electron may tunnel through the potential barrier. (2) The electron
is accelerated in the continuum. When the electric field flips sign, the electron is driven back to
the parent ion. (3) The electron recombines with the ion. As a result, a high-energy photon is
emitted (purple) with an energy equal to the sum of the ionisation potential plus the electron
kinetic energy.

4.1.1 Semi-classical treatment: Three-step model

Corkum has developed a powerful and intuitive semi-classical model of HHG which de-

scribes HHG in three steps [189]. Consider an electron in the ground state of a Coulomb

potential V0 = ≠e/(4fi‘0r) at distance r from the nucleus, as schematically shown in figure

4.1. When an intense laser field of the form E0 cos(Ê0t), assumed to be linearly polarised

along the x-axis, interacts with the atom, the atomic potential becomes distorted, and the

e�ective potential is the sum of the atomic potential and the laser potential,

V = ≠e

4fi‘0r
+ E0 cos(Ê0t) · x. (4.4)

As indicated in step (1) in figure 4.1, the atomic potential is lowered one side, which as a

consequence increases the probability for the electron to leave the atom via tunnel ionisa-

tion. The electron subsequently enters the continuum, where the influence of the atomic

potential is neglected. The electron is treated as a classical particle that is accelerated by
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the oscillating laser field (step (2)). When the electric field changes sign, the slope of the

potential is flipped and the electron is driven back to the parent ion, with which it may

recombine (step (3)). In this case a photon is emitted, the energy of which is given by

the sum of the ionisation potential and the kinetic energy the electron has gained in the

continuum:

~Ê = Ip + Ekin. (4.5)

The energy of this emitted photon is typically in the extreme-ultraviolet to soft x-ray

wavelength range. This process is repeated every half laser cycle. The spectrum of the

emitted radiation thus consist of harmonics separated by 2Ê0. Due to the antisymmetry

of the process, only odd harmonics occur.

The electron trajectory can be calculated by the classical equations of motion:

meẍ(t) = ≠eE0 cos(Ê0t). (4.6)

A solution to equation (4.6) can be found by assuming boundary conditions. First, the

electron is taken to be located at the origin at the instant of ionisation ti: x(ti) = 0.

Furthermore, it is assumed that the electron loses all its kinetic energy during the tun-

nelling processes, so that ẋ(ti) = 0. Taking those conditions into account, the expression

determining all possible classical trajectories is given by:

x(t) = eE0
meÊ2

0
· [cos(Ê0t) ≠ cos(Ê0ti)] + eE0

meÊ0
· sin(Ê0ti)(t ≠ ti). (4.7)

The electron trajectories are plotted in figure 4.2 for di�erent instants of ionisation. The
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Figure 4.2: Classical electron trajectories for di�erent ionisation times. Trajectories are shown
for two half-cycle emissions driven by a laser with Ipeak = 1 ◊ 1014 W/cm2 and ⁄ = 800 nm. Solid
coloured lines correspond to short trajectories, dashed lines to long trajectories. The colour of
each trajectory represents the kinetic energy gain of the electron in the continuum. The black lines
stand for trajectories where the electron does not recollide with the ionic core. Drawn in red is
also the infrared driving field.

infrared driving laser (⁄ = 800 nm) has been simulated with a peak intensity of Ipeak =

1◊1014 W/cm2. Depending on the ionisation time, the electron returns at di�erent return

times to the core with di�erent energies. Two families of trajectories can be distinguished:

Those that return very soon after the ionisation (short trajectories, solid lines), and those

spending up to a full cycle in the continuum (long trajectories, dashed lines). The distance

the electron is accelerated away from the core is decreasing with increasing ionisation

time, and amounts up to 2 nm before the electron inverts its propagation direction. This

amplitude can be significantly larger for higher intensities and longer wavelengths. The

trajectory in between the two regimes (dark red) is the cuto�, where the electron gains

the maximum kinetic energy 3.17 Up. Finally, the black solid lines represent trajectories
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where, after ionisation, the electron does not return to the nucleus. Hence they do not

generate any harmonic signal.

4.1.2 Quantum treatment: The model of Lewenstein

The semi-classical model correctly predicts many features of HHG, such as the cuto�

law and the ionisation and recombination times. However, there are important quantum

mechanical e�ects that are not taken into account by this description. Examples include

the quantum di�usion of wave packets, quantum interferences, the details of the tunnelling

process or the emergence of frequencies beyond the cuto�. A full description must therefore

be quantum-mechanical. Full quantum theories have been developed that aim at solving

the time-dependent Schrödinger equation (TDSE), which in the length gauge and using

the electric dipole approximation is given by [190–194]:

i
ˆ|�(t)Í

ˆt
=

C

≠Ò2

2 + V0(x) + E(t) · x

D

|�(t)Í. (4.8)

To ease the notation, atomic units are used (e = me = c = ~ = 1). Even though

this approach allows exact calculations, it is computationally very involved and needs

long computation times even on modern computers. Lewenstein et al. have developed

a quantum mechanical model, based on the strong field approximation (SFA), that is

computationally less demanding and provides more physical insight [195]. It is based on

three assumptions: (1) The contribution of all bound states other than the ground state

can be neglected. (2) The depletion of the ground state can be neglected2. (3) When the
2This assumption is valid for intensities that are smaller than the saturation intensity.
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electron is in the continuum, it can be described by the classical equations of motion and

the influence of the atomic potential can be neglected. Assumptions (1) - (3) are generally

valid for “ < 1. In that case, the expression for the time-dependent dipole moment,

x(t) = È�(t)|x|�(t)Í, can be calculated according to3:

x̨(t) = i

⁄ t

0
dti

⁄
d3p̨ · d̨ú(p̨ + Ą(t)) Ę(ti) · d̨(p̨ + Ą(ti)) exp[≠iS(p̨, t, ti)] + c.c., (4.9)

where p̨ it the canonical momentum with p̨ = v̨ + Ą(t), and Ą is the vector potential of the

laser field. The exact form of the dipole matrix element depends on the atomic potential.

A good approximation is the hydrogenic s-orbital,

d̨(p̨) = i
8
Ô

2(2Ip)5/4

fi

p̨

(p2 + 2Ip)3 . (4.10)

Expression (4.9) has an intuitive physical interpretation. The term Ę(ti) · d̨(p̨ + Ą(ti))

represents the probability amplitude that the electron is ionised at time ti and enters the

continuum state with the canonical momentum p̨. Once in the continuum, the electron

acts like a free particle and acquires the phase e≠iS( ˛p,t,ti) between times ti and t, where S

denotes the quasi-classical action

S(p̨, t, ti) =
⁄ t

ti

dtÕÕ
A

[p̨ ≠ Ą(tÕÕ)]2
2 + Ip

B

. (4.11)

3Note that, compared to the original paper by Lewenstein et al. [195] the signs in the arguments of the
dipole matrix elements in equation (4.9) are flipped. Indeed, the Lewenstein paper erroneously considered
an interaction term in the Hamiltonian written as ≠E(t)x, describing the behaviour of a positron rather
than an electron.
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Finally, the electron recombines with the parent ion at time t with the probability amp-

litude d̨ú(p̨ + Ą(t)).

In equation (4.9), an infinite number of electronic quantum paths between ti and t

contribute [196]. However, since over one laser field period the quasi-classical action varies

much faster than the other factors in (4.9), only those paths will contribute where the

phase is stationary:

Òp̨S(p̨, t, ti) = 0. (4.12)

Since equation (4.12) is equal to the di�erence of the positions of the free electron for times

t and ti, Òp̨S(p̨, t, ti) = x̨(t) ≠ x̨(ti), only those momenta p̨ contribute where the electron

is born at time ti and returns to the same position at time t. Given that this position

needs to be close to the origin such that the transitions to and from the ground state can

occur, the Lewenstein model justifies one of the assumptions of the semi-classical model,

x(ti) = 0. Each pair of ionisation and recombination times (ti, t) defines the corresponding

canonical momentum, which is found by integration of equation (4.12),

p̨s = ≠ 1
t ≠ ti

⁄ t

ti

Ą(tÕ)dtÕ. (4.13)

The integral over p̨ in equation (4.9) can then be simplified using a saddle-point method,

which yields for the electric dipole moment:

x̨(t) = i

⁄ Œ

0
d·

3
fi

‘ + i·/2

43/2
d̨ú(p̨st(t, ·) + Ą(t)) d̨(p̨st(t, ·) + Ą(t ≠ ·)) (4.14)

◊ Ę(t ≠ ·) exp[≠iS(p̨st, t, ti)] + c.c., (4.15)
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where the factor containing an infinitesimal ‘ is a regularisation constant related to

quantum di�usion, and · = t ≠ ti is the time spent in the continuum. Quantum dif-

fusion is related to the spread of the electron wave packet in the continuum. A large

spread reduces the recombination probability, which results in a negligible contribution

from return times · that are much larger the one laser cycle.

Further physical insight can be gained by applying the saddle-point technique to the

action S. Di�erentiation of equation (4.11) with respect to p̨, · and t leads, besides to

(4.12), to two further equations:

[p̨st(t, ·) ≠ Ą(t ≠ ·)]2
2 + Ip = 0, (4.16)

[p̨st(t, ·) ≠ Ą(t)]2
2 + Ip = Êk. (4.17)

Equation (4.16) is related to the semi-classical assumption that the electrons born with zero

velocity have the largest contribution to the harmonic emission. However, this equation

is only solvable if the electron is taken to have a negative kinetic energy at time t ≠ · to

tunnel through the Coulomb barrier. The excursion time · is then complex, where the

imaginary part can be interpreted as the tunnelling time. Measuring the tunnelling time

experimentally is an active field of current research [197–199]. Finally, (4.17) corresponds

to the energy conservation law, where the energy wk of a given harmonic is the sum of the

electron kinetic energy plus the ionisation potential.

The quantum-mechanical Lewenstein model therefore confirms the assumptions and

conclusions of the semi-classical model. In fact, both models predict for the location of
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the cuto� of the harmonic spectrum4,5:

Ecutoff = Ip + 3.17 Up. (4.18)

Furthermore, from the single-atom theory it follows that among all possible trajectories,

there are two types of trajectories that contribute most to the harmonic emission: The

long and the short trajectories. This distinction is made on the basis of the di�erences

in trajectories of the electron in the continuum. For long trajectories, the electron can

spend up to a full optical cycle ·c ƒ 2fi in the continuum, whereas the duration is much

shorter for short trajectories. As highlighted above, the behaviour of the electron in the

continuum can be described by the quasi-classical action (4.11), which gives rise to the

atomic dipole phase.

4.1.3 Atomic dipole phase

Consider the expression for the atomic dipole given in equation (4.9). By calculating its

representation in the Fourier domain and selecting a single quantum path with parameters

(p, ti, tr) for harmonic order q, the dipole phase can be written as

�a = qÊtr ≠ S(p, ti, tr)
~ . (4.19)

The first term arises due to the delay between the times of ionisation ti and recombina-
4The cuto� law has been modified to correct for certain e�ects such as tunnelling and quantum di�usion

[195], propagation e�ects in a tight focusing geometry [200], or HHG from mid-IR wavelength laser sources
[201].

5In contradiction to the semi-classical cuto�-law, harmonics with energies below the ionisation potential
have been recently reported [202, 203]. This is due to an enhancement of the harmonics near atomic
resonances.
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Figure 4.3: Dependence of the electron excursion time · on the laser peak intensity for harmonic
15 for the short and the long trajectories. Figure taken from [204].

tion tr. The second term is the phase accumulated in the continuum between the ionisation

and recombination times. The action itself can be approximated by ·c Up, where ·c is the

time spent in the continuum [195, 205]. Since Up Ã I, the atomic dipole phase is linearly

proportional to the laser intensity. Furthermore, ·c is larger for long trajectories than for

short trajectories. One can therefore write for the dipole phase for harmonic q:

�a = �l,s
q (x, t) = ≠–l,s

q I(x, t). (4.20)

In (4.20), – is a proportionality constant that is related to the excursion time ·c and is

therefore di�erent for long (l) and short (s) trajectories. The excursion times of both

trajectories are very di�erent for lower harmonic orders (plateau region). For increasing

orders, they become more and more equal, until they finally merge in the cuto�. The

same reasoning can be made with respect to the laser intensity, as illustrated in figure

4.3. For low intensities, a given harmonic will be in the cuto�, and the excursion times

(or equivalently, the –-coe�cients) for both trajectories have similar values. For increas-
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ing intensities, the harmonic moves to the plateau region, and the properties of the two

quantum paths become more and more di�erent.

4.2 Macroscopic response

To simulate high harmonic generation more realistically, the single atom response may

not be su�cient, since instead of considering only one atom, the coherent superposition

of the emission of all atoms or molecules in the interaction volume needs to be taken

into account. This then results in the overall macroscopic response of the medium. A

full theoretical simulation involves first calculating the single-atom response for a suitable

set of parameters, which is followed by propagating the laser field and the harmonic field

through the medium using Maxwell’s equations. A more direct and intuitive way to

estimate the e�ciency of the generation process is the model developed by Balcou et al.

which is based on wave vector conservation [206]. Compared to perturbative nonlinear

optics such as second harmonic generation, in HHG there is an additional momentum

contribution originating from the electron’s sojourn in the continuum, making the phase-

matching of high harmonics a more complex matter. It is instructive to first only consider

one-dimensional phase-matching along the propagation axis before proceeding to the more

general case.

On-axis phase-matching

Perfect phase-matching occurs when the phase mismatch �k̨ between the induced polar-

isation and the generated field is zero. In this case all emitters contribute coherently to the

harmonic field. Optimal phase-matching can usually only be achieved over a finite medium
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length L, as will be shown below. It is therefore convenient to introduce the coherence

length Lcoh = fi/|�k̨|, which quantifies the length over which the generated field and the

induced polarisation are dephased by fi. Only regions with large coherence lengths will

significantly contribute to the harmonic signal. Phase-matching in the direction k̨q is then

achieved for

k̨q = Ǫ̀�pol, (4.21)

where �pol is the phase of the total polarisation of the medium. Di�erent contributions

need to be considered in this regard. For the sake of clarity, first only on-axis phase

matching contributions along the z-axis are taken into account. In the simplified case

of phase-matching of a plane wave in the perturbative regime (such as SHG), the q-th

harmonic with wave vector kq and |̨kq| = qÊ/c would be perfectly phase-matched for

kq = qk0, with k0 = Ê/c [207]. In the case of HHG, however, the situation becomes more

complicated for several reasons. First, the focusing of the beam results in an additional

Gouy phase:

�G = ≠ arctan z

zR
. (4.22)

The wave vector of the fundamental beam k̨1 then reads:

k̨1(r, z) = k0ęz + Ǫ̀�G. (4.23)

A second phase contribution comes from the atomic dipole phase. Since the intensity I(z)

is varying with z, the dipole phase follows the same dependence. For a Gaussian beam
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this takes the form:

I(z) = I0
1 + 4z2/b2 . (4.24)

The e�ective wave vector for the dipole phase then follows as

k̨a(r, z) = Ǫ̀�a(r, z). (4.25)

Depending on the experimental configuration and the parameters chosen, further contri-

butions may occur. One example is dispersion caused by neutral atoms or by ionisation of

the medium. The latter typically becomes important if the laser intensity is larger than

the saturation intensity, I > Isat. In some experiments, high harmonics are generated in

gas-filled hollow-core fibres [208–212]. Despite the fact that an additional source of disper-

sion, waveguide dispersion, comes into play in those systems, very high conversion rates

have been demonstrated, in particular when using quasi-phase-matched capillary sources

[213–217]. For clarity, in the following only the geometric phase and the dipole phase are

considered.

The polarisation phase resulting from the propagation through a medium along the

z-axis, as well as the individual components, are drawn in figure 4.4 for harmonic 29 for

typical experimental parameters (Ipeak = 2 ◊ 1014 W/cm2, Ê0 = 30 µm, ⁄ = 800 nm,

– = 10 ◊ 10≠14 cm2/W). It can be seen that the phase variation across a medium of the

length of a few mm is very large. More precisely, for negative z, which refers to a position

of the medium before the laser focus, the phase varies very rapidly since the atomic dipole

phase and the geometric phase add up to large phase values. In contrast, when the medium
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Figure 4.4: HHG on-axis phase matching. The total polarisation phase (solid blue) is the sum
of the Gouy phase (dash-dotted green) and the atomic dipole phase (dashed red).

is placed after the focus, the dipole phase and the Gouy phase almost cancel out, and the

phase variation is much less dramatic. Therefore, e�cient on-axis phase-matching can be

achieved in the latter case. This result explains the origin of short trajectories, which are

generated on-axis with the medium place after the focus. However, since the laser beam

and the medium have a spatial extent, o�-axis phase-matching becomes possible as well.

O�-axis phase-matching

A more realistic study needs to take into account the radial extension of the laser and

the source. The condition for phase-matching of HHG thus becomes a vector sum of the

di�erent contributions:

k̨q = qk̨1 + Ǫ̀�a(r, z). (4.26)

The di�erent components to the polarisation phase are drawn figure 4.5, this time however

including the radial dimension. Figure 4.5(a) shows the geometric phase due to focusing,

and 4.5(b) illustrates the atomic dipole phase. Whereas the first always has a component
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Figure 4.5: Phase-matching model of HHG. The laser beam is propagating along the z-axis to
the right. (a) Wave vector (red arrows) k̨1 of the fundamental Gaussian beam due to focusing. (b)
Map of the atomic dipole phase wave vector (green arrows) k̨a. Also shown are the contours of
constant intensity. Di�erent phase-matching scenarios are shown for situations where the medium
is located (1) at the focus, (2) on-axis after the focus, (3) on-axis before the focus, and (4) o�-axis
before the focus. (2) gives rise to e�cient generation of short trajectories, (4) of long trajectories.

in the propagation direction of the laser beam, the latter points away from the focal point.

The e�ective phase mismatch can be evaluated using vector diagrams, as shown in figure

4.5(b). The properties from collinear phase-matching discussed above are reproduced by

the corresponding diagrams, where the dipole phase acts favourably to the phase-matching

if the medium is placed after the focus (position (2)), and increases the phase mismatch

for a medium positioned before the focus (position (3)). Even though the peak intensity

is the highest at the focal point, the phase mismatch reduces the harmonic conversion

e�ciency (position (1)). Counterintuitively, this position is therefore not the best to

achieve the strongest harmonic signal. However, in addition to on-axis locations, now

o�-axis phase-matching is possible as well. This is indicated in position (4), where perfect

phase-matching can be achieved by a non collinear arrangement of the wave vectors. The
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harmonics generated in this way are the long trajectory harmonics.

The phase-matching model presented here is very intuitive and explains one of the most

fundamental properties of the di�erent quantum trajectories [206]: Short trajectories are

generated on-axis and form a smooth, Gaussian-type spot. In contrast, long trajectories

are generated o�-axis in a ring around the laser axis and diverge much faster than the

short trajectories. Consequently, the generated harmonic field takes an annular shape.

4.3 Characterisation of attosecond pulses

The characterisation of XUV attosecond pulses represents a formidable task. Due to the

exotic wavelength and the brevity of the pulses, the number of optics available is very

limited. Indeed, there is no nonlinear crystal for the XUV, and XUV optics are usually

quite lossy, expensive and with limited spectral response. However, as it is detailed in

this section, it is still possible to transfer a few concepts from IR femtosecond pulse

characterisation to the attosecond regime.

4.3.1 Temporal metrology using photoelectrons

One of the earliest attempts to characterise XUV pulses was by intensity autocorrelation,

where the non-resonant two-photon ionisation of Helium served as the nonlinear signal

generating the autocorrelation trace [218]. Besides the disadvantage of the low signal

strength, this method only provided an estimate of the pulse duration. The most wide-

spread and reliable complete characterisation techniques of XUV attosecond pulses rely

on photoelectron spectroscopy [219]. Here, an XUV field ionises an atomic gas in the
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presence of a perturbative infrared field. Once the ionised electrons are in the continuum,

the e�ect of the IR field is to act as a phase modulator6 and alter the electron traject-

ory. In the single active electron approximation, the probability amplitude ap̨ (·) for the

transition of the electron from the ground state to the continuum state |v̨Í with velocity v̨

and kinetic energy W is obtained by solving the Schrödinger equation in the strong field

approximation and is given by:

av̨(·) = ≠i

⁄ +Œ

≠Œ
ei„IR(t)d̨p̨(t)ĘXUV (t ≠ ·)ei(W +Ip)t dt, (4.27)

where p̨(t) = v̨ + Ą is the instantaneous momentum of the free electron in the continuum

under the influence of the vector potential Ą, · is the time delay between the IR and XUV

fields and d̨p̨ (t) is the dipole matrix element of the transition. Ip is the phase accumulated

by the ground state electron until ionisation at time t. Most importantly, the temporal

phase imposed onto the free electron by the IR field is

„IR(t) = ≠
⁄ +Œ

t
v̨ · Ą(tÕ) + Ą 2(tÕ)/2 dtÕ. (4.28)

When the infrared field is not present, the amplitude and phase properties of the XUV

field are directly related to the ones of the photoelectrons. There is, however, an additional

contribution to the photoelectron spectrum and phase that arises from the atoms. These

properties are tabulated for many cases and can therefore be taken into account in the

analysis. The XUV spectrum can thus be deduced from the photoelectron spectrum. The
6In the language of ultrashort pulse characterisation, the IR field takes the role of the time nonstation-

ary filter [220].
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main challenge consists in recovering the phase information from the photoelectrons. For

this aim, the phase modulation of the photoelectron spectrum by the IR field needs to

be exploited. Consider the case when the XUV pulse is much shorter than the period of

the IR field. Figure 4.6(a) shows the scenario where the XUV pulse is coinciding with

the far tails of the IR pulse. Here the IR field strength is essentially zero and no phase

modulation occurs. In figure 4.6(b) and (d), the XUV pulse is temporally overlapping

with a zero crossing of the electric field. In this region, the cosine-field is approximately

linear. As described in section 2.2.1, a linear temporal phase leads to an overall shift in the

frequency domain. Depending on whether the XUV pulse coincides with the rising or the

falling slope of the IR field, the photoelectron spectrum is shifted in opposite directions.

In contrast, if the delay between the two fields is chosen such that the XUV pulse is

synchronised with the peak of the IR field (figure 4.6(c) and (e)), the temporal phase

is approximately quadratic. As a consequence, the spectrum is temporally chirped. An

example of a full streaking trace is shown in figure 4.6(f).

In summary, the photoelectron spectrum directly maps the XUV spectrum, where

the process of using an IR field as a probe field is sensitive to the phase of the XUV

pulse. Di�erent experimental implementations have been developed that exploit these

phenomena.

Attosecond streak camera

The attosecond streak camera makes use of the temporal phase modulation by the IR

field (figure 4.6(c) and (e)) [23, 221–223]. Its e�ect on the photoelectron spectrum can

be understood as follows: If the XUV pulse is Fourier transform limited, the temporal
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Figure 4.6: Streaking of an attosecond pulse (blue) with an infrared femtosecond field (red). Top
row: Synchronisation in time between the two fields. Second row: Corresponding Fourier width of
the photoelectron spectrum. (f) Example of a photoelectron spectrogram. A 250 as pulse is being
streaked by a 750 nm IR field with duration <5 fs. The spectrogram maps the vector potential of
the IR field. Spectrogram taken from [131].

stretch introduced by two subsequent peaks of the phase modulator (relative phase shift

of fi) will be identical. If, however, the XUV pulse is initially already positively chirped,

then one peak will add more positive chirp and therefore broaden the photoelectron spec-

trum, whereas the subsequent peak will, due to the opposite sign of the quadratic phase,

compensate for the initial chirp and therefore reduce the spectral bandwidth. By scanning

the relative delay and evaluating the di�erent spectral widths, the GDD can be recovered.
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The attosecond streak camera only works with isolated attosecond pulses that are much

shorter than the infrared pulse. To increase the temporal resolution, high laser intensities

and large carrier frequencies of the phase modulator are beneficial.

RABBITT

A di�erent parameter regime to the attosecond streak camera corresponds to the case

when the XUV pulse is longer than the electric field period, and the dressing field in-

tensity is around one to two orders of magnitude lower than in the streaking regime

(1010 ≠ 1011 W/cm2). In this case the oscillatory dressing field creates sidebands in the

photoelectron spectrum, which originate from two-photon transitions from two consecutive

odd harmonics [224]. If the dressing field has the same frequency as the beam generating

the harmonics, these sidebands will be located equidistantly between neighbouring har-

monics at the location of even harmonics. In one case, an electron absorbs an harmonic

photon of order (2q ≠ 1) and an additional IR photon from the weak dressing field. Hence

its final energy is (2q ≠ 1)~ÊIR + ~ÊIR ≠ Ip. In the other case, an electron absorbs a har-

monic photon of order (2q + 1) and emits an IR photon, leading to the same final energy

(2q+1)~ÊIR ≠~ÊIR ≠Ip. Both paths therefore lead to the same energy state and interfere.

By scanning the delay between the XUV and the dressing field, this interference results in

a modulation of the sidebands, the phase of which depends on the relative phase between

the two harmonics. This measurement thus yields the group delay of di�erent harmonics

forming a pulse train. This technique is called RABBITT7 [225–227] and was the first to

characterise the amplitude and phase of a group of 5 harmonics, with each pulse of the
7Resolution of Attosecond Beating By Interference of Two-photon Transitions
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train having a duration of 250 as [22]. Note that since RABBITT relies on the two-photon

interference of neighbouring harmonics, it is not applicable to isolated attosecond pulses.

FROG-CRAB

FROG-CRAB8 transfers the tools from infrared femtosecond FROG to the attosecond

regime [228]. In fact, by recalling equation (4.27), the photoelectron spectrum as a function

of W and · can be seen as a spectrogram,

S(W, ·) = |av̨(·)|2 =
----
⁄ +Œ

≠Œ
ei„IR(t)d̨p̨(t)ĘXUV (t ≠ ·)ei(W +Ip)tdt

----
2

. (4.29)

By identifying P (t) with the electronic wave packet d̨p̨(t)ĘXUV (t) and the gate function

G(t) with ei„(t)eiIpt/~, equation (4.29) takes the form of a general FROG trace:

S(W, ·) =
----
⁄ +Œ

≠Œ
P (t ≠ ·)G(t)eiW t/~dt

----
2

. (4.30)

The PCPGA procedure from conventional FROG can therefore be applied to such a trace

for the reconstruction (see section 2.4.2 for details). In fact, using the general blind-

FROG approach allows the reconstruction of both the attosecond pulse as well the gate

function, from which the infrared field can be recovered. FROG-CRAB represents the

most generally applicable complete attosecond pulse characterisation technique today and

does not require any prior knowledge of the relative durations or relative intensities of the

two pulses. For these reasons it has become the most widespread characterisation method

for attosecond pulses.
8Frequency-Resolved Optical Gating for the Complete Reconstruction of Attosecond Bursts
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Photoelectron interferometry

In addition to the above time-frequency domain techniques, it has been proposed to trans-

fer spectral interferometry into the XUV, in particular by using the concept of SPIDER

that is well-established in the femtosecond domain. A direct application of SPIDER to

photoelectron spectroscopy has been proposed for the case where the XUV pulse duration

is long compared to the laser field period [229]. Two time-delayed XUV pulses are focused

with a chirped optical pulse into a gas target. In analogy to the generic SPIDER, each

XUV pulse interacts with a quasi-monochromatic frequency slice of the chirped pulse.

In this manner two frequency-shifted but otherwise identical photoelectron wave pack-

ets can be created and then spectrally interfered. At this stage the standard SPIDER

reconstruction procedure can be used to recover the phase of the XUV pulse.

A related approach has been proposed by Quéré et al. for the case where the XUV

pulse is much shorter than the laser field period [230]. Two XUV pulses are focused into

a gas target together with the laser field. Depending on the temporal synchronisation of

the XUV pulses with the optical field, an energy shift will be applied to each pulse. As

it was demonstrated in figure 4.6, by synchronising the XUV pulse with a zero crossing

of the laser field, the XUV spectrum can be shifted independently of the photoelectron

energy.

Both of these techniques benefit from the general advantages of interferometry, such

as a fast and direct reconstruction of 1D datasets. However, drawbacks are that a photo-

electron spectrometer with a high spectral resolution is required. Furthermore, the task

of generating two identical XUV fields and as a consequence two frequency sheared but
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otherwise identical photoelectron wave packets is very challenging. In fact neither method

has been demonstrated experimentally to date.

4.3.2 All-optical characterisation

Even though characterisation methods using photoelectron spectroscopy are the most

common techniques for attosecond pulse metrology, they come with significant drawbacks.

First, the experimental apparatuses are very complex. In addition, for the recording of a

spectrogram, many measurements are needed due to the low signal-to-noise ratio, requiring

long measurement times. As a consequence, an excellent stability of the setup is very

important. However, since the measurement is multi-shot, it is prone to the inevitable

shot-to-shot fluctuations of the input field. Moreover, the extension to spatio-temporal

characterisation is not possible since photoelectron spectra are spatially averaged over the

interaction volume. Several e�orts have therefore been undertaken for the development of

all-optical characterisation methods.

XUV SPIDER

In XUV SPIDER, the idea is to measure the phase directly from the interferogram of

the harmonic fields [231]. In this regard two di�erent geometries have been proposed.

In the spectrally encoded version, two collinearly aligned and time-delayed IR pulses are

focused into the gas target where they generate two time-delayed XUV pulses. The need

to introduce a spectral shear to one of the pulses is transferred from the harmonic field

to the driving laser: An acousto-optic programmable dispersive filter (AOPDF) may be

used to create spectrally sheared but otherwise identical femtosecond pulses. If the IR
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pulses are generated with a spectral shear ”Ê, the shift of the two generated harmonic

spectra of order q will be q”Ê. The pulse phase is encoded in the spectral interferogram,

where the time delay acts as a carrier. The standard SPIDER algorithm is then used

to recover the phase. Even though this scheme has not been demonstrated to measure

the phase of several harmonics or an isolated attosecond pulse, Mairesse et al. were

able to characterise the phase of harmonic 11 using this technique [232]. One limitation

of this scheme is that for high intensities the gas medium is ionised by the first pulse,

which may result in di�erent generation conditions for the second pulse. This problem

can be avoided in the spatially encoded configuration, where the two driving beams are

separated in space without any time delay. Due to a relative tilt between the two arms,

two spatially separated high harmonic sources are formed in the medium, which in the

far-field create a spatial interferogram. The SEA-SPIDER reconstruction algorithm can

then be used to recover the electric field. The spatially encoded arrangement not only

avoids the generation of the two harmonic fields in the same region of the gas medium,

but also relaxes the constraints on the required spectral resolution, since the fringes are

now resolved in the spatial domain.

Spatio-temporal in situ characterisation

Recently, Kim et al. have for the first time demonstrated an all-optical spatio-temporal

characterisation of an isolated attosecond pulse [233]. The experiment is done in situ9

by perturbing the HHG process using a weak secondary beam, chosen to be the second

harmonic of the driving laser, that is aligned at an angle with the fundamental beam. The
9i.e. at the location where the pulse is generated
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perturbing field alters the electron trajectories during the HHG process, which leads to a

change in the propagation angle and the divergence of the high harmonic emission. By

scanning the delay between the two laser fields, the resulting trace allows the reconstruction

of the spatio-temporal XUV field. The same technique has also been used to measure the

waveforms of few-cycle pulses for di�erent CEP values [133].

4.3.3 Wavefront characterisation of HHG

A few techniques have been developed in recent years to spatially characterise high har-

monic radiation. In direct analogy to the visible and near infrared wavelength regime, point

di�raction interferometry (see section 2.5.2) has been used to characterise high harmonics

by using a thin Al-foil with a small pinhole in the centre [234]. In a di�erent application,

a Hartmann sensor has been used, consisting of a hole array that is, in analogy to the

Shack-Hartmann sensor in the visible range, probing the local tilt of the wavefront by

measuring the deviation of the positions of the individual spot centroids from the refer-

ence positions [235, 236]. The main disadvantage of both techniques is that they average

over all frequencies in the XUV beam, which masks some important features when dealing

with ultra-broadband attosecond pulses. In contrast, SWORD10 is a spectrally resolved

characterisation method based on di�raction on a slit placed between the source and an

XUV imaging spectrometer [237, 238]. The slit is scanned across the beam profile and 2D

di�raction images are recorded each time. Since the centroids of the di�raction patterns

depend on the slope of the wavefront at each slit position, the wavefront can be recovered

by such a measurement.
10Spectral Wavefront Optical Reconstruction by Di�raction
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A di�erent slit di�raction based method is SCIMITAR11, which uses di�raction by

a pinhole pair formed by an arrangement of slits [239]. The pinhole separation can be

varied continuously, and the resulting interferometric data allows the extraction of the

wavefront as well as some information on the spatial coherence of the XUV beam. However,

techniques involving the use of di�raction slits select only part of the wavefront and thus

require long integration times and therefore high stability of the setup.

Methods based on the interference of two XUV sources avoid this issue and typically

o�er a higher resolution than slit di�raction experiments. One example is XUV lateral

shearing interferometry [240]. The experimental setup is similar to the one shown in

figure 6.1. Two spatially separated XUV sources are generated by the driving laser and a

replica of it, both of which are aligned with a tilt relative to each other. The spectrally

resolved XUV interferogram is measured on a spatially resolving spectrometer. If a lateral

shear is applied to one of the arms, the gradient of the spatial phase becomes encoded in

the fringe separation of the interferogram. Even though this technique benefits from the

typical advantages of interferometry, the requirement of replicating and shearing the test

beam can be experimentally very challenging.

4.4 Outlook

High harmonic generation has been extremely successful for over a decade in providing

access to attosecond dynamical processes in a table-top laboratory environment. Its prop-

erties are well described by the semi-classical model, according to which an electron in

the atomic ground state undergoes tunnel ionisation into the continuum where it is accel-
11SCanning Interference Measurement for Integrated Transverse Analysis of Radiation
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erated by the laser field. Due to the oscillating field it may return to the ionic core and

recombine. As a consequence a high energy photon is emitted. A full quantum treatment

describes the atomic dipole moment as a sum over di�erent quantum paths, in analogy

to Feynman’s path integral approach. The phase accumulated along one path is given by

the quasi-classical action and can be approximated by the product of the ponderomot-

ive energy Up and the electron excursion time ·q, „l,s
q ¥ ≠Up· l,s

q ¥ ≠–l,s
q I. The phase

is therefore linearly proportional to the laser intensity. When taking the emission of all

atoms or molecules within the interaction volume into account, it turns out that only two

categories of trajectories significantly contribute to the harmonic signal, the long and the

short trajectories. The following chapter is dedicated to experiments characterising these

macroscopic features. The detection of spatial signatures of the di�erent quantum paths

provides great information about the fundamental generation process. In addition, the

measurement of the –-coe�cients gives direct access to the sub-cycle electron dynamics.



Chapter 5

Experiments studying the

macroscopic response of HHG

The single-atom theory describes HHG in three steps: (1) Tunnel ionisation of a ground-

state electron, (2) Acceleration of the free electron in the continuum by the laser field,

(3) Recombination with the parent ion, in the process of which a high-energy photon is

emitted. Depending on the ionisation time with respect to the laser field, the electron

can follow di�erent trajectories in the continuum. In the single-atom picture, a multitude

of trajectories with di�erent phases and final kinetic energies contribute to the harmonic

emission. The interference of all the di�erent quantum paths results in very complex har-

monic spectra. However, both theory and experiments have shown that by only taking the

two main contributions into account, the harmonic spectra are reproduced with striking

accuracy [196, 205]. Due to their di�erent properties, the influence of the di�erent traject-

ories can be both beneficial or detrimental to experiments [21, 227, 241]. Understanding

the origin and properties of the two main families of trajectories therefore constitutes a

110
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major cornerstone of attosecond science based on high harmonic generation.

The remainder of this thesis is dedicated to the development of tools and methods char-

acterising high harmonic radiation with the aim of studying the fundamental generation

process. Particular attention will be given to the properties of long and short trajectories.

In order to do so, in the course of this thesis a complete high harmonic beamline has

been designed and built from scratch. The first part of this chapter is dedicated to the

description of the di�erent elements of this setup, which can broadly be divided into the

optical setup and the vacuum apparatus. The second half of this chapter describes how the

apparatus has been tuned and optimised to e�ciently generate and detect long and short

trajectories. The setup o�ers control over all key parameters regarding the generation

process, which is then utilised to study the characteristics of the two quantum trajectories

as well as interferences between them. Finally, the developed expertise is used to directly

measure the atomic dipole phase.

5.1 Experimental beamline for high harmonic generation

This section describes the experimental apparatus used for all XUV experiments in this

thesis. An overview of the full optical setup is shown in figure 5.1. One centrepiece is

the high power laser system. A commercial Ti:sapphire based CPA laser1 produces pulses

with a duration of ≥30 fs at a centre wavelength of ⁄0 = 800 nm. Several diagnostics to

measure the CPA output are in place. A point-lock system stabilises the beam pointing
1Oscillator: KMLabs Ti:sapphire Gri�n (max. 3 nJ, 12 fs, 80 MHz), pumped by Verdi V6 Nd:YVO2

pump laser (532 nm, cw, max. output 6 W).
Amplifier: KMLabs Dragon CPA (max. 3 mJ, 1 kHz), pumped by Photonics Industries DM30-527 Nd:YLF
pump laser (527 nm, max. 30 mJ, 1 kHz).



5.1 EXPERIMENTAL BEAMLINE FOR HIGH HARMONIC GENERATION 112












































































Figure 5.1: Layout of the full optical apparatus. The CPA output is diagnosed by SPIDER to
monitor the temporal pulse duration. A point-lock system is used for beam pointing stabilisation
and an interferometer and imaging spectrometer measure the spatial chirp along one axis. An iris
is used as a main reference for the daily alignment of the laser beam to the XUV part of the setup.
A half-waveplate, followed by a thin-film polariser (TFP), are used for continuous adjustment of
the laser intensity. The subsequent telescope allows collimation of the beam. The beam then enters
a Mach-Zehner interferometer where delay, tilt and lateral shear can be individually adjusted. Two
steering mirrors (SM1 and SM2) are then used to align the laser into the vacuum apparatus with
the help of two alignment irises. An imaging setup has been installed for the alignment of the two
output beams of the interferometer, as well as for imaging of the laser foci.

using reference positions in the near- and far-field. The spatial chirp along one axis can

be measured by using an unbalanced interferometer (to produce near- and far-field beam

profiles on the spectrometer slit) which is followed by an imaging spectrometer. Finally,

the pulse duration can be monitored by means of a generic SPIDER. However, since the

beam passes through a few optics in transmission between the laser and the location

of the XUV generation, the e�ective pulse duration at the HHG target will be longer
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than the one measured directly at the output of the CPA. Fine-tuning of the CPA pulse

compression is therefore done by observing the harmonics and optimising the harmonic

yield in real-time. This is done by adjusting the distance between the two gratings of the

CPA compressor, which changes the chirp of the pulse. The beam with pulse energy of

1 mJ then propagates to the XUV side of the laboratory. A ⁄/2 waveplate followed by a

thin-film polariser in reflection act as a variable attenuator. Since the output of the CPA

exhibits some divergence, a telescope (f1 = 150 mm, f2 = ≠100 mm) is used to collimate

the beam. The beam then enters an interferometer allowing the adjustment of all degrees

of freedom necessary for the XUV experiments.

5.1.1 Interferometer

A Mach-Zehnder-type interferometer, shown in figure 5.1, creates two identical replicas

of the input pulse. A nano-positioning stage2 allows the control of the relative delay

between the two pulses to attosecond precision. The mirror pair in one arm can be moved

perpendicularly to the incoming beam propagation axis by a motorised translation stage,

which has the e�ect of applying a lateral shear to the beam. A relative tilt between the

two beams can be applied by tilting the second beamsplitter in the interferometer. This

creates spatial fringes in the far-field with an easily adjustable fringe separation. Due to

the symmetry of the setup, the two beams exiting the interferometer should be identical.

However, it was found that even small asymmetries in the two arms of the interferometer,

e.g. due to small wavefront distortions introduced by the optics inside the interferometer,

can create an asymmetry between the two arms. In fact, even when the two IR foci
2P-753.3CD, Physik Instrumente GmbH
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inside the XUV chamber look identical when imaged onto a CCD, they may still produce

harmonics with slightly di�erent harmonic profiles and divergences. For the experiments in

chapter 6 this does not represent a problem, since XUV MICE does not require the beams

to be identical and can in fact be used to measure those di�erences. The measurement

of the correlation function performed in chapter 7, however, does require identical beams.

Great care needs to be taken on the mounting of the optics and the alignment of the

interferometer to assure perfect symmetry in this case.

5.1.2 Focusing and foci imaging

All experiments performed in this thesis are based on interferometry between two spatially

separated high harmonic sources. These sources are generated by focusing the two output

arms of the interferometer into an argon gas target. If the two interferometer arms are

aligned collinearly, both infrared beams are focused to the same focal spot. However, if

the last beamsplitter is slightly tilted, the foci become spatially separated. Focusing is

achieved using an f = 300 mm achromatic lens. Even though one can readily switch to

lenses with longer focal lengths, the 300 mm lens has been chosen as the shortest focal

length possible such that the lens is still outside the vacuum chamber. This is to ensure a

tight focus in order to minimise the interaction between both sources. It is important to

monitor and adjust the focal positions as well as to measure the focal spot sizes. For this

reason the foci are imaged onto a CCD camera, as indicated in figure 5.1. By using a flip

mirror before the vacuum chamber, the same focusing lens is used than for focusing into

the vacuum chamber, ensuring reliable imaging of the focal spots as they appear inside

the chamber.
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In order to minimise external sources of decoherence, the full optical setup between

the CPA and the input of the vacuum chamber has been enclosed. In addition, care was

taken to minimise vibrations originating from the vacuum pumps. Those measures led to

reasonably good stability of the XUV interferograms, which is important when averaging

over multiple shots is needed due to low signal strength.

5.1.3 XUV apparatus - overview

The full vacuum apparatus for high harmonic generation is shown in figure 5.2. It consists

of a XUV generation chamber and the XUV spectrometer. Both vacuum chambers are

pumped by turbo molecular pumps3. Operation of the XUV detector which is based on

microchannel plates (MCP) requires the pressure inside the spectrometer chamber to be

below 10≠6 mbar. With gas load, the pressure in the target chamber is between 10≠3 mbar

and 10≠2 mbar. A small pinhole with diameter 1 mm is placed between the two chambers

in order to enable di�erential pumping. The XUV generation in the target chamber and

the XUV detection in the spectrometer are described in the following two sections.

5.1.4 XUV generation

The gas target for HHG is mounted on a manual x-y-z translation stage, allowing the

full control of the target position relative to the laser focus. Di�erent target designs are

available. The first type of target falls into the category of continuous-flow targets. A

Nickel tube is mounted on a Swagelok fitting that is attached to the gas feedthrough. The

target hole is drilled by the focused laser itself. Advantages of this design are that the
3Oerlikon Leybold Vacuum TURBOVAC MAG W 300P, backing pump SCROLLVAC SC 5 D.
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targets are cheap, easily replaceable and, by squeezing the tube to the desired thickness,

customised interaction lengths can be achieved.

The second target type is a piezo-driven pulsed gas valve4 [242]. A piezo-driven poppet

periodically opens and closes the gas inlet to release short bursts of gas. Due to the non-

continuous gas flow, the pulsed gas valve can produce high gas densities by still keeping the

overall gas load rather low. The piezo is triggered by the CPA laser. Exact synchronisation

with the laser at the location of the gas target is achieved using a digital delay generator5.

Backing pressures of 1-5 bars are usually applied to the valve. Di�erent target designs are

available for the pulsed valve. The gas jet can either be directed in propagation direction

of the laser (“T”-shape) or perpendicularly to it (“I”-shape or conical design), each with

di�erent hole dimensions. For all main experiments performed in this thesis, the pulsed

valve has been used as a gas target with a “T”-shaped target of length 3 mm and hole a

diameter of 500 µm. As HHG gas species, argon was used throughout at a typical backing

pressure of 3.5 bar.

5.1.5 XUV spectrometer

The high harmonics are detected by an XUV flat-field spectrometer. At the heart of

the spectrometer lies an aberration-corrected concave grating from Hitachi6. Its technical

specifications are summarised in appendix C. The grating has a nonuniform line-spacing

and forms an aberration-corrected flat-field image at the detection plane [243–245]. It is

curved in one dimension, along which the light “sees” the grooves of the grating and hence
4Attotech GR001
5Stanford Research Systems DG535
6Hitachi model 001-0640
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Figure 5.3: Geometry of the XUV spectrometer. (a) The concave aberration-corrected grating
has a varied groove spacing and creates a flat-field image at the image plane for the indicated
parameters. The desired range of harmonic orders is selected by adjusting the camera position
along the image plane. (b) The grating is flat in the other direction, and therefore simply acts as
a grazing-incidence reflector.

is spectrally dispersed. Along the perpendicular axis the grating just acts like a mirror

and reflects the incoming light at grazing incidence. The light therefore just experiences

natural di�raction between the source and the detector. Those two geometries are drawn

in figure 5.3 (a) and (b), respectively, along with an indication of the relevant distances

and angles. For experiments where high spectral resolution is required, a di�raction slit

may be placed at the entrance of the spectrometer. Since this was not crucial for the

experiments in this thesis, and since a slit would block the majority of the XUV flux, no

spectrometer slit was used for the experiments presented here.

The full spectrometer setup is shown in figure 5.4. The XUV light is finally detected
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Figure 5.4: XUV spectrometer apparatus. The XUV grating is mounted inside the vacuum
chamber. The MCP detector can be rotated and moved along the longitudinal direction to put
the MCP in the image plane. The transversal position can also be adjusted to select the desired
harmonic window. The spectrometer entrance position for a possible di�raction slit is also shown.
The spectrometer is kept at a pressure below 10≠6 mbar. A gate valve allows the isolation of the
spectrometer from the remaining vacuum setup.

by an x-ray detector7. It consist of two microchannel plates8 (MCP) with a diameter of

25 mm, where the x-ray photons release electrons. The electron current is amplified and

finally hits a phosphor screen9 which is then imaged via a lens onto a CCD camera10. The

first MCP is coated with MgF2 for enhanced sensitivity [246, 247]. The e�ective pixel size

of the detector equals 32.47 µm. The whole detector is mounted on a motorised camera

stage, which allows the longitudinal position (distance grating - detector), the transversal

position and the tilt of the detector to be adjusted. The longitudinal alignment and the

rotation are used to align the detector along the image plane. Since the grating has a

relatively large dispersion, only a few harmonics can be simultaneously imaged on the

detector. The transversal position can therefore be adjusted to select di�erent harmonic

orders for detection. A typical high harmonic spectrum where three di�erent spectral
7Photek VID225
8Photonis
9Phosphor: P43

10Basler A312F
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Figure 5.5: Typical high harmonic spectrum. The image was obtained by stitching together three
di�erent spectral windows recorded in the XUV spectrometer image plane.

windows are stitched together is shown in figure 5.5.

Spectral resolution

In all XUV experiments performed in this thesis, spatial interferograms were recorded.

Spectral resolution was therefore not the main critical factor. Instead, it was important

to achieve maximum XUV flux at the detector. For this reason no slit was put at the

entrance of the spectrometer. However, the setup has been designed to be able to also

perform spectral interferometry for the temporal characterisation of attosecond pulses.

Importantly, the concept of the XUV MICE experiments performed in chapter 6 can

also be applied to the spectral domain. It is therefore worth briefly reflecting on the

spectrometer spectral resolution.

The e�ect of the spectrometer entrance slit is illustrated in figure 5.6. A ray tracing

was performed to simulate the propagation of the geometrical rays from the source to

the image plane, taking into account the di�raction o� the grating. The final focal spot
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Figure 5.6: Ray tracing of the XUV spectrometer for the estimation of the spectrometer resolu-
tion. The geometrical rays originate at the source and are di�racted o� the grating. If the slit is
placed at 350 mm distance from the grating as an e�ective source, the foci of di�erent harmonics
lie roughly on a straight line and the resolution is optimised. For increasing source separation (in
steps of 150 mm), the line of the foci becomes strongly curved, and the resolution decreases. Inset:
Overview of the geometry as a function of the distance between the grating and the detector.

locations and spot sizes for di�erent harmonic orders are shown for di�erent distances

between the source and the grating. Nominally, a spectrometer slit forms the e�ective

source at a distance of 350 mm away from the grating. In comparison, when the source is

moved away from this location the optimal image plane for each harmonic is determined

by finding the location where the spot size of the corresponding bunch of rays associated

with one harmonic is smallest. The distance between the grating and the optimal image

plane is therefore flexible and decreases for an increasing distance between the source

and the grating. The spot size that is obtained in the respective image planes for each

harmonic is then used to quantify the detector resolution as a function of harmonic order.

As can be seen in figure 5.6, the focal points of di�erent harmonic orders for this case lie
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approximately on a straight line, and the spot size reaches values of 20 µm for low harmonic

orders. In the Oxford experimental beamline, no slit is used, and the real XUV source

is approximately 940 mm away from the grating. Figure 5.6 indicates that for increasing

distances between the source and the grating, the focal spots lie on a line that becomes

more and more curved. The resolution decreases as a function of increasing distances, an

e�ect which is more severe for higher harmonic orders. High spectral resolution therefore

requires a narrow slit at the spectrometer entrance, possibly in combination with some

other measures. For example, Mairesse et al. have tilted the MCP detector relative to the

incoming beam propagation axis to decrease the e�ective MCP pore area 11 and hence

increase the resolution [232].

5.1.6 Spectrometer calibration

In order to perform a wavelength calibration of the spectrometer, the wavelength depend-

ence of spatial interferograms is utilised. The XUV fringe separation ”xq for di�erent

harmonic orders q of wavelength ⁄q is measured as a function of the separation of the IR

foci d. If L is the distance between source and detector, those quantities are connected

with one another according to

d = ⁄qL/”xq. (5.1)

The wavelength calibration for harmonics 19-25 is plotted in figure 5.7. As a sanity check,

a di�erent way to identify the harmonic orders is to compare the measured separation of
11MCP pores are 10 µm in diameter on a 12 µm pitch.
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Figure 5.7: Spectrometer calibration for 4 di�erent harmonic orders. The standard deviations in
the XUV fringe spacing (vertical error bars) and the source separation (horizontal error bars) are
calculated from a set of 10 di�erent measurements.

the di�erent harmonics with the grating equation:

m⁄ = ‡0(sin – + sin —), (5.2)

L = ≠469mm ◊ cot —. (5.3)

Here ‡0 is the nominal groove spacing, m is the di�raction order and – and — are the angles

of incidence and di�raction, respectively. The factor of 469 mm results from the geometry

of the particular grating used in the setup. For these methods to produce reliable results,

it is important to keep the laser intensity at relatively low values to avoid any blue-shift

due to ionisation of the medium.
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5.2 Spatial signatures of quantum trajectories

The setup described in the first part of this chapter has been used in the remainder

of this thesis to generate high harmonics. The aim of the experiments is twofold: To

develop new characterisation methods for high harmonic radiation, and to use these and

other techniques to study the fundamental generation process of higher-order harmonic

radiation. Regarding the latter, among the most interesting features of HHG is the physics

of the di�erent quantum trajectories traversed by the electron after ionisation. Studying

the properties of these trajectories provides one with the a fundamental understanding of

the sub-cycle electron dynamics of HHG. This knowledge is crucial to be able to generate

and control XUV attosecond pulses from HHG in experiments. For those reasons, the

experimental setup described above has been optimised to be able to observe signatures of

the di�erent quantum trajectories on the far-field detector with high resolution and high

signal-to-noise ratio. Experiments studying the physics of the di�erent trajectories are

described in the following sections.

5.2.1 Observation of harmonics from long and short trajectories

The performance of the experimental setup regarding the generation of the di�erent

quantum trajectories confirmed the general phase-matching model presented in section

4.2. To show this, figure 5.8 depicts the spatio-temporal profile of harmonics 19-27 when

the gas target is placed before the laser focus. At this position, short trajectory harmonics

are generated by on-axis phase matching. In addition, o�-axis phase-matching enables the

generation of harmonics from long trajectories. Those have larger divergences than short
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trajectory harmonics and form an annular ring around those [248, 249]. These features

can clearly be seen in figure 5.8. The target position was tweaked to optimise the intens-

ity of the long compared to the short trajectories. However, the latter are always more

intense than the former. Figure 5.8 also reveals that for increasing harmonic order, the

annular structure originating from the long trajectories becomes less and less wide until

both trajectories merge in the cuto� to form one single harmonic. This can be explained

by the fact that in the plateau region, the –-coe�cients, as defined in equation (4.20),

and therefore the phase properties of both trajectories are very di�erent, with –l
q being

larger than –s
q [250]. For higher harmonic orders, the di�erence between the coe�cients

becomes smaller and smaller, which causes the spatial properties of harmonics from both

trajectories to become more and more equal (see section 4.1.3).

To fully verify the validity of the Balcou model (section 4.2) at the experimental


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Figure 5.8: Spatio-spectral properties of long and short trajectories. The spatio-spectral profiles
of harmonics 19-27 are shown for a scenario where the gas target is positioned before the laser
focus. Short trajectory harmonics, forming intense collimated beams, can clearly be distinguished
from the more divergent and less intense long trajectories. Both become more and more equal for
increasing harmonic order, before they finally coalesce in the cuto� (not shown). For this image
two spectral windows have been stitched together.
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HHG beamline at Oxford, the gas target position was scanned across the focus along the

propagation direction of the laser (z-axis). The resulting data is shown in figure 5.9 for

harmonics 15-27. For this data, a spectral lineout taken at the harmonic central position

is plotted as a function of the target position. The z = 0 position has been estimated

geometrically. Positive values of z denote scenarios where the gas target is positioned after

the laser focus, and vice versa. The full scan shows all properties of the phase-matching

model: For positive values of z, only the spectrally narrow short trajectories appear. When

the target is moved through the focus to negative z, long trajectory contributions appear.

In analogy to the spatial domain, the spectral bandwidth is larger for long trajectories

than for short trajectories. This is due to the fact that the temporal variation of the dipole

phase induces a chirp12 to the harmonic emission that depends on the quantum trajectory.

This can be seen using the instantaneous frequency Êi,

Êi(t) = ≠
ˆ�l,s

q (t)
ˆt

= –l,s
q

ˆI

ˆt
. (5.4)

Since –l
q > –s

q, the chirp of long trajectory harmonics significantly exceeds the one of short

trajectory harmonics in the plateau region [251]. This can directly be seen in figure 5.9.

For increasing harmonic orders, the di�erence in spectral bandwidth of both contributions

becomes more and more equal. In order to show the long trajectory contributions with

su�cient signal-to-noise, the short trajectory harmonics are saturating the detector, since

their phase-matching is still more e�ective than the one of long trajectories. The harmonic

chirp also causes space-time coupling of the harmonics. Indeed, contributions from the
12This chirp is often referred to as the harmonic chirp, in contrast to the atto-chirp, which is inherent

to the generation process and results from the dependence of the recombination time on harmonic order.
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Figure 5.9: Spectral properties of long and short trajectories. The gas target position is varied
across the laser focus (z=0) along the propagation axis (z-axis). The intense, narrowband harmon-
ics from short trajectories are surrounded by the highly chirped and less intense long trajectory
components. The bandwidth of both contributions becomes more and more equal for higher orders.

temporal wings of the pulse are generated with lower peak intensity than at the maximum

of the envelope. Since the spectrometer e�ectively maps time to frequency, emission on

the red or blue side of the harmonic becomes less divergent, as can also be seen in figure

5.8.

Examining figure 5.8 and figure 5.9 more closely, a further very sensitive physical

phenomenon may be discovered. Here the long trajectory harmonics appear highly non-

uniform and form a set of rings with increasing radius and very low intensity in between

the rings. The appearance of several rings cannot be explained by the description of the

long trajectory contribution alone. In fact, these rings represent interference fringes that

result from the interference between the di�erent quantum trajectories. These quantum

path interferences are discussed in the next section.
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5.2.2 Quantum-path interferences in high harmonic generation

Interference between the di�erent quantum paths is a consequence of the di�erence in phase

of the short trajectories, „s
q = –s

qI(r, t), and long trajectories, „l
q = –l

qI(r, t). Theoretically,

higher order trajectories may also come into play, however, the two shortest quantum

paths strongly dominate the interference pattern in practice. Since the phase di�erence

�„ls
q = ≠�–ls

q I(r, t), with �–ls
q = –l

q ≠ –s
q, depends both on space and time, interference

occurs in both of these domains. By varying the peak intensity Ipeak, these oscillations

with periodicity 2fi/�– can directly be measured. As the intensity is increased, the rings

move outwards. Since in the Oxford high harmonic beamline a spatially resolved XUV

spectrometer is used, the interplay between the di�erent trajectories manifests itself in

spatio-temporal interference rings.

Figure 5.10(a) shows quantum path interferences (QPI) for harmonics 15-29. For

this measurement, the gas target was placed before the laser focus at a position where

both trajectories are phase-matched. Ipeak was varied between 1.8 ◊ 1013 W/cm2 and

9.7 ◊ 1013 W/cm2, which changes the relative phase between the quantum paths. The

peak intensity Ipeak was estimated by calculating the ratio Pmeas/(Rrep· · r2fi), where

Pmeas is the measured power, Rrep the laser repetition rate, · the pulse duration and r the

focal spot radius13. The relative error in estimating Ipeak is always between 15% - 20%.

To obtain a spectral range covering 8 harmonics as in figure 5.10, the MCP detector was

moved along the image plane across three adjacent spectral windows and the measurement

was repeated each time. The obtained images were stitched together to form figure 5.10.
13Note that the experimentally measured focal spot radius is related to the amplitude waist as defined

in equations (2.21) and (2.22) by w0 =
Ô

2 · r.
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Furthermore, as can be noticed from figure 5.8, at the centre of the spatial profiles the

short trajectory harmonics are much more intense than the long trajectory harmonics. To

have maximal fringe contrast, a spectral lineout was taken at an o�-axis position where

the signal strengths of both contributions are balanced. In the presented experiment, the

best contrast was measured at an o�-axis location of 3.8 mrad. The integration times

were 230 ms for figure 5.10(a) and 30 ms for 5.10(b), with the average taken over 10

measurements for each intensity value.

Figure 5.10(a) demonstrates that the long trajectory contributions exhibit significant

spectral broadening. At high intensities, the broadening is large enough for neighbouring

harmonics to overlap. Since the CPA laser is not CEP-stabilised, the spectral interference

between neighbouring odd harmonics is smeared out [252]. For comparison, figure 5.10(b)

shows the same scan where the target has been put after the laser focus, enabling only

the generation of the spectrally narrow short trajectory harmonics. Indeed, the di�erence

in the spectral widths of the harmonics shown in figures 5.10(a) and (b) is striking. In

addition, the fringe contrast in figure 5.10(a) is comparatively high. The main di�culty

regarding the detection of QPI lies in the fact that these oscillations are usually smeared

out due to temporal and spatial averaging. Temporal averaging is caused by the laser

pulse envelope. However, since the harmonics are chirped according to equation (5.4), an

XUV spectrometer can be used to map time to frequency. The harmonic central frequency

corresponds in time to the maximum of the pulse envelope. Harmonic emission generated

on the leading edge of the pulse is shifted to higher frequencies, whereas emission of the

trailing edge is shifted to lower frequencies. The use of a spectrometer with su�cient

spectral resolution thus gets rid of temporal averaging. Considering the problem of the
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Figure 5.11: QPI of harmonic 21 where destructive interference annihilates the short trajectory
component.

spatial averaging, this can occur in all three dimensions x, y, z. Averaging along the

propagation direction can be avoided by choosing a gas target which is shorter than the

laser confocal parameter. Regarding the other two axes, a spatial filter can be put after

the generation medium to prevent averaging in the spatial dimension that is not resolved

by the spectrometer. However, in the experiments presented here, this was not necessary

because of the use of a spatially-resolving detector, resulting in a higher signal-to-noise

ratio compared to previous experiments [253].

By tuning the laser intensity, gas target position, gas pressure and the driving laser

beam size using an iris it is possible to control the relative strengths of the individual

quantum path contributions. This control could be one possible explanation for the scen-

ario obtained in figure 5.11 where the central short trajectory component vanishes. This

phenomenon may be due to destructive interference between the di�erent quantum paths.

Since the laser intensity is far below the saturation intensity, ionisation can be excluded
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as a cause for the depletion of the centre of the harmonic profile. Despite the usually

larger relative weight of short trajectory components, this example shows how accurately

the harmonic generation process can be manipulated.

To date QPI has only been reported by very few groups. The experiment presented

here reproduces current results with an increased signal-to-noise ratio [204, 253–255]. By

changing the intensity, the individual quantum paths can be controlled to attosecond

precision. Since QPI occurs on a sub-cycle attosecond timescale, it does not require CEP-

stabilisation. Even though theoretical simulations predict the occurrence of higher-order

QPI, it has not yet been possible to observe these experimentally. This is presumably

because of the strong intensity-dependence of the phases, making phase-matching very

di�cult.

5.3 Interferometric measurement of the atomic dipole

phase

The discussion of the atomic dipole phase in previous parts of this thesis emphasised that

it represents one of the most fundamental quantities of HHG. After experiments studied its

influence on the harmonic emission such as on the temporal coherence of high harmonics

[256, 257], it became clear that fully understanding and possibly even controlling the dipole

phase properties is crucial [250, 258, 259]. Indeed, the dipole phase induces a negative

chirp on the harmonics, in contrast to the usual optical Kerr e�ect occurring during the

propagation of a laser pulse in a dielectric and which causes a positive chirp on the pulse.

Compensation of this chirp is necessary, for instance, for temporally compressing harmonic
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pulses [260]. Due to their di�erent properties, many experiments require isolation of the

di�erent quantum paths, which can be achieved by changing the geometry [261, 262],

spatial filtering [227] or manipulating the driving laser properties [263, 264].

Early measurements of the atomic dipole phase were based on studying the frequency

chirp of harmonic pulses [265, 266]. However, a more direct way is to use interferometry

of high harmonics. This has been done by Corsi et al., where the relative shift between

the interference fringes of short trajectories and the ones from long trajectories is used to

extract the dipole phase [267, 268]. In this way, contributions of the di�erent paths can

clearly be discriminated.

5.3.1 Experiment

The experimental procedure employed here is similar to the one from Corsi et al. [267]. The

experimental setup is described in section 5.1 and illustrated in figure 5.1. A Mach-Zehnder

interferometer creates two identical copies of the input pulse which are overlapped in time

using the precision delay stage. When a tilt is applied to the last beamsplitter, both IR

beams are focused to two di�erent focal spots in the focal plane inside the target chamber.

These foci generate two spatially separated XUV sources, which then di�ract into the

far-field where they spatially interfere. Not shown in figure 5.1 is a variable attenuator,

consisting of a ⁄/2-waveplate and polariser that have been placed in one arm of the

interferometer. This allows to adjust the relative intensity between both arms. Regarding

the XUV generation, both IR laser beams are focused slightly after the gas target to

generate both short and long trajectory harmonics. The position of one XUV beam is

spatially overlapped with the other beam by using the lateral shear stage, as indicated
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Figure 5.12: Interferogram resulting from the spatial interference of two XUV sources. The
interference of short trajectory harmonics, occurring in the intense central region of the harmonic,
can clearly be distinguished from the long trajectory interference which occurs in the less intense
halo surrounding the short trajectories.

in figure 5.1, in order to compensate for the displacement due to the tilt. The target

position is optimised for maximum fringe visibility. Once the optical setup is aligned and

the target position set, these parameters are not changed anymore for the remainder of the

experiment. An interferogram that has been prepared according to this procedure is shown

in figure 5.12 for harmonics 19-27. Indeed, figure 5.8 represents the same measurement as

figure 5.12 with the di�erence that one arm has been blocked. In figure 5.12, the central

part of each harmonic exhibits interference between the short trajectory components of

both beams. In contrast, the outer rings carry spatial interference fringes between the

long trajectory components. The fringe spacing is given by equation (5.1) and therefore

decreases with harmonic order.

To measure the dipole phase, the intensity of one arm is changed by ”I using the

variable attenuator in that arm. A change by ”I results in a phase shift ”„l,s
q = ≠–l,s

q ”I,
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Figure 5.13: Interference of the respective quantum paths for harmonic 15 when the relative
intensity between the two driving beams is changed. (a) Initial interferogram. (b) A change in
intensity of ”I = 1.4 ◊ 1013 W/cm2 causes a fi shift of the long trajectory fringes relative to the
ones from short trajectories, as indicated by the black dashed lines.

which is di�erent for the di�erent quantum paths since –l
q > –s

q. Indeed, due to the

larger intensity-dependence of the long path, by changing the intensity the fringes in the

outer part of the harmonic move faster than the fringes in the central part. Hence the

–-coe�cients can be extracted by measuring the shift of the fringes of the two emission

zones as a function of the intensity unbalance. In practice, it is however not reliably

possible to measure absolute fringe shifts due to the remaining instability of the setup,

which causes an overall shift of the interferogram. It is therefore more suitable to measure

relative fringe shifts between the two emission regions. This type of measurement does

not recover the absolute phase anymore, however, the di�erence between the dipole phase

coe�cients is encoded in the data according to

�„ls
q = ”„l

q ≠ ”„s
q = ≠�–ls

q ”I, (5.5)
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where �–ls
q = –l

q ≠ –s
q. Figure 5.13 shows two interferograms of harmonic 15 taken with

peak intensity Ipeak = 6.6 ◊ 1013 W/cm2. In 5.13(b), the intensity imbalance has been

changed by ”I ¥ 1.4 ◊ 1013 W/cm2 compared to 5.13(a), which results in a relative phase

shift of fi, as highlighted by the black dashed lines. Note also the large spatio-spectral

extent of the long trajectory signal for harmonic 15, which highlights the phase shift

between both regions in a particularly clear manner.

5.3.2 Results

The results are plotted in figure 5.14 for di�erent peak intensities. The chosen intensities

are well below the saturation intensity of argon, Isat = 2.3 ◊ 1014 W/cm2, ensuring that

no ionisation e�ects compromise the results14. Linear fits are plotted together with the

measured data points. The value of �–ls
q is then simply given by the slope of each fit.

The extracted dipole phase di�erences �–ls
q are plotted in figure 5.15 for di�erent peak

intensities as a function of harmonic order. The results follow the theoretical single-atom

predictions: For harmonics in the plateau, –l
q and –s

q are very di�erent, leading to a large

values of �–ls
q . For increasing harmonic order, the –-coe�cients become more and more

equal, and �–ls
q therefore decreases. For low peak intensities �–ls

q is larger than for higher

intensities. To put these results into context, the values for �–ls
q reported by Corsi et al.

in [267] are plotted as well. Since their experiment has been performed with experimental

parameters that are essentially identical to the ones used for this thesis such a comparison

may be justified, even though uncertainties in the laser mode and the target alignment,
14Theoretical calculations indicate that for intensities larger than the saturation intensity the harmonic

chirp behaves in a much more complicated manner than is described by the equation „

l,s
q = ≠–

l,s
q I. Indeed,

in this regime the chirps of the two quantum paths appear to have opposite signs [269].
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Figure 5.14: Experimental phase shifts between the inner and outer regions of the harmonics as
a function of the intensity unbalance between the two driving beams for di�erent harmonic orders.
The measurement has been performed for four di�erent values of the peak intensity.

di�erent sources of noise in the setups as well as further possible errors in the measurement

might not justify an exact direct comparison. Nonetheless, figure 5.15 shows that the

measurement with peak intensity of 1.2 ◊ 1014 W/cm2 performed in [267] is in agreement

with the results presented here, as well as with theoretical simulations [250, 270, 271].

However, it remains unclear why for a given harmonic �–ls
q is decreasing for increasing

peak intensities, since the single-atom theory predicts the opposite behaviour (see figure

4.3). One possible explanation is that the –-coe�cients were assumed to be constant, even

though this only represents an approximation since they are in fact intensity-dependent,

– = –(I). Furthermore, due to the rather low peak intensity the measured spectral region
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Figure 5.15: Di�erence in the –-coe�cients of both trajectories as a function of harmonic order.
The measurement is performed for four di�erent intensity values. For comparison, the results
reported by Corsi et al. [267] are drawn as well (purple).

was close to the harmonic cuto�, with the extent of the plateau region being very small.

In such a regime the Lewenstein model may not be fully valid anymore.

Finally, we note that the above experiments have measured the di�erence between the

–-coe�cients of the long and short quantum paths. In order to obtain the absolute values

of –, additional experiments need to be performed. One possibility is to the determine the

ratio –l
q/–s

q from a measurement of the coherence times of the di�erent quantum paths

[267].

5.4 Outlook

The generation of high harmonics is determined by the sub-cycle electron dynamics de-

scribed by the single-atom response, as well as by modifications occurring upon the

propagation of the field through the generating medium. Single-atom theories predict

the existence of several electronic quantum paths that contribute to the harmonic emis-

sion. Macroscopic phase-matching usually favours one or two of these quantum paths,
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which will then determine the characteristics of the emitted harmonic field in the far-field.

The properties of each quantum path are fundamentally described by the atomic dipole

phase.

The first part of this chapter detailed the key parameters of the high harmonic beamline

that was optimised in order to characterise the harmonic field and to conclude on the

fundamental generation process regarding the di�erent quantum paths. In the second

part of this chapter, experiments were performed to measure the far-field signatures of

these di�erent types of emission. Since –l
q > –s

q, the phase associated to the long path

varies much more rapidly than the one of the short path, leading to very di�erent spatio-

temporal properties of the atomic dipole moment. It was possible to observe quantum

path interferences between the long and short trajectories in both the spatial and the

spectral domains. Furthermore, by measuring the phase shift between the interference of

the long paths relative to the one of the short paths as a function of the intensity unbalance

between both arms it was possible to extract the di�erences between the atomic dipole

phases of both cases.

The experiments described here demonstrate that it is possible to completely control

the quantum path contributions involved in the generation process. Most importantly,

this can be done with extremely high temporal resolution. Indeed, in both the QPI and

the dipole phase measurements, the sub-cycle electron dynamics have been manipulated

to a precision of a few 10 as. This is among the shortest timescales that are currently

observed directly. The QPI approach and the measurement of the dipole phase of long and

short trajectories represent important steps towards the full characterisation of the atomic

dipole. The high sensitivity of these techniques makes them also suitable to investigate
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HHG electron dynamics in more complex systems such as molecules or clusters [272, 273].

The above discussion has explained the spatial fingerprints of QPI via the dependence

of the dipole phase on the spatial profile of the driving laser, with –l,s
q as a scaling factor. It

is instructive to consider a di�erent viewpoint as well: Due to the di�erent –-coe�cients,

the emitted fields originating from long and short quantum paths have di�erent wavefront

curvatures. The interference in the far-field of the two fields thus results in an annular

fringe pattern. Measuring the wavefronts of both fields at the same time would represent a

new and powerful tool to study the macroscopic response of the medium. The development

and demonstration of such a technique is the subject of the next chapter.



Chapter 6

Simultaneous spatial

characterisation of two

independent sources of high

harmonic radiation

Table-top sources of high harmonic radiation are today commonly used as a source of

sub-femtosecond pulses, with pulse energies ranging from the extreme-ultraviolet (XUV)

to the soft x-ray wavelength regime. The development of novel light sources goes hand

in hand with the need for developing devices that are capable of accurately measuring

those sources. Chapter 4.3 has introduced the main concepts and techniques for the

characterisation of XUV attosecond pulses in the temporal and in the spatial domain.

Due to the exotic wavelength range, the brevity of those pulses and the complexity of

141
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the experimental apparatuses, only very few methods have been developed so far that are

reliably used in laboratories around the world.

In this chapter, a novel technique is developed to, for the first time, simultaneously

characterise the wavefronts of two high harmonic sources. For this aim, the concept of

MICE is transferred to the XUV wavelength range. As has been emphasised in chapter 3,

MICE is not restricted to any particular parameter space. The only requirement for MICE

to work is that the two interfering sources are mutually coherent and that they overlap in

the domain of interest. Even though the experimental setup and the properties of the test

pulses here are fundamentally di�erent to the situation in chapter 3, the strength of MICE

lies in the fact that it is so broadly applicable to such di�erent scenarios. In the following,

the adaptation of MICE to the XUV is presented, which is applied to the reconstruction

high harmonic wavefronts. This information is then used to characterise quantum path

signatures of the generation process. The results of this chapter have been published in

[274].

6.1 Theory of XUV MICE

6.1.1 Concept

The experimental setup for performing XUV MICE is explained in detail in chapter 5.

Its concept is depicted in figure 6.1(a). The input pulse is split by a Mach-Zehnder-type

interferometer. Delay and tilt between the two beams can readily be adjusted. Each arm

is focused by an achromat f = 300 mm lens into an argon gas target produced by a pulsed

gas valve with backing pressure 3.5 bar and target aperture of 500 µm. The generated



6.1 THEORY OF XUV MICE 143

100

200

300

400

500

50

100

150

200

x
�

focal
plane

stationary 
beam

sheared 
beam

iris

Figure 6.1: Experimental setup for the MICE reconstruction of high harmonic wavefronts. (a)
Overview. Both interferometer arms are focused into the gas target where they undergo HHG.
Delay, tilt and shear between the two arms can be adjusted such that the two harmonic beams
create a spectrally resolved spatial interference pattern. (b) A lateral shear of Arm 2 before the
focusing optic, a scenario shown here for two di�erent shears, shifts this beam in the far-field across
the profile of the stationary beam.

harmonics are then detected by the spatially resolving XUV spectrometer. The grating

disperses the harmonics along the y-axis while they undergo free propagation along the

x-axis. If a small tilt is applied to the last beamsplitter (“BS 2” in figure 6.1(a)), the foci of

both arms become spatially separated along the x-axis. As a consequence, in the far-field,

the two harmonic fields E1(x) and E2(x≠X) create a spatial interference pattern. Here X

indicates a lateral shear that has been applied to Arm 2. This can be done by translating

the corresponding mirror pair perpendicularly to the incoming beam propagation axis. As

indicated in figure 6.1(b), translation of the stage by the amount xt shifts the generated

XUV beam by xd = 2xtL/f at the detector plane. In the paraxial approximation, the
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interferogram phase then equals

�(x, Ê) = „2(x ≠ X, Ê) ≠ „1(x, Ê) + Kx + X

L
kx (6.1)

Besides the phases „1(x, Ê) and „2(x, Ê) of the two harmonic beams, two additional terms

appear in (6.1). The third term is due to the spatial carrier K = dk/L of the two-source

interference pattern with source separation d and wave number k. L is the distance from

the source to the detector. The last term in (6.1) arises from an additional phase contri-

bution for each shear due to the change in tilt of E2 by which the shear is accomplished.

Since the Rayleigh range zR is much smaller than L, zR/L ¥ 0.09 π 1, the Fraunhofer

approximation can be applied to understand the exact meaning of equation (6.1).

6.1.2 Interpretation of the far-field phase

When the detector is su�ciently far away from the source, the Fraunhofer approximation

can be used to describe the di�raction of the source into the far-field. Here, the near-

field phase E(kx
L , ky

L , 0, Ê) at z = 0 and the far-field phase E(x, y, L, Ê) at z = L are

directly linked by a Fourier transform. In the paraxial approximation, the expression for

the electric field at the detection plane is

E(x, y, L, Ê) ¥ ≠i

⁄L
exp

C
ik(x2 + y2)

2L

D

Ẽ

3
kx

L
,
ky

L
, 0, Ê

4
, (6.2)

where Ẽ is the spatial Fourier transform of E. In the following, only the spatial dimension

resolved by the XUV spectrometer is considered. Plugging equation (6.2) into (6.1), the
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final expression for the detected phase is obtained:

�(x, Ê) = „̃2

3
k

x ≠ X

L
, Ê

4
≠ „̃1

3
k

x

L
, Ê

4
+ kX2

2L
, (6.3)

with „̃ being the phase of the Fourier transform of the field at the lens focal plane

„̃(kx/L, Ê). The interpretation of (6.3) is the following: The last term in (6.1) is can-

celled by the spherical wave contribution arising from the propagation from the source to

the detector, which is given by the quadratic term in (6.2). This explanation is similar to

that for high harmonic lateral shearing interferometry [240]. The measured phase di�er-

ence thus quantifies the deviation of the wavefront from a perfect spherical wave at the

detector plane. Alternatively, (6.3) can be seen as XUV MICE between the spatial Fourier

transforms of both arms with wave number shear Kshear = kX/L. The last term in (6.3)

is a residual phase term arising from the quadratic phase in (6.2) that is not cancelled.

However, since it depends only on the shear, it can be accounted for in the MICE recon-

struction. To do so, the MICE formalism for three fields, introduced in section 3.4.2, is

adapted to high harmonic wavefronts.

6.1.3 XUV MICE wavefront reconstruction algorithm

Similar to section 3.4.2, the interferogram is modelled such that the sheared field E2(x≠X)

is multiplied with a function A(X) that depends only on the shear X and accounts for the

extra phase term in equation (6.3). The resulting interferogram, sampled over J points
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and K shears with indices j and k, takes the form

Ij,k = |E1(xj)|2 + |E2(xj ≠ Xk)A(Xk)|2 + 2Re [E1(xj)Eú
2(xj ≠ Xk)Aú(Xk)] . (6.4)

The MICE reconstruction extracts the products of the unknown fields (the AC term of

the interferogram) ACmeas
i = E1(x)Eú

2(x ≠ X)Aú(X) by means of a Fourier transform

and filtering. The product is split into the di�erent fields by employing a least-squares

minimisation of the error Á between the measured AC-term and the three reconstructed

fields E1, E2 and A,

‘ =
J,Kÿ

j,k

|ACmeas
j,j≠k ≠ E1 (xj) Eú

2 (xj ≠ Xk) Aú(Xk)|2. (6.5)

In analogy to (3.9)-(3.11), this leads to the following set of equations:

E1 (xj) =
q

k ACmeas
j,j≠k · E2 (xj ≠ Xk) · A (Xk)

q
k |E2 (xj ≠ Xk) · A (Xk)|2

(6.6)

Eú
2 (xj) =

q
k ACmeas

j+k,j · Eú
1 (xj + Xk) · A (Xk)

q
k |E1 (xj + Xk) · A (Xk)|2

(6.7)

Aú (Xk) =
q

j ACmeas
j,j≠k · Eú

1 (xj) · E2 (xj ≠ Xk)
q

j |E1 (xj) · E2 (xj ≠ Xk)|2
(6.8)

This system of equations can be solved by inserting a random guess for E2 and A into

equation (6.6) which leads to a first approximation of E1. This, in turn, is then inserted
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Figure 6.2: Infrared driving laser electric field for (a) Field 1 and (b) Field 2. Main panel:
real electric field. Side panels: envelopes of the modulus of the electric field, together with the
parameters used for the simulation.

into (6.7) which results in an updated value of E2. These are inserted into (6.8), and the

procedure is repeated until the algorithm converges to the three unknown fields.

6.2 Wavefront reconstruction of simulated data

XUV MICE is first demonstrated by reconstructing the spatial profile of simulated data.

The single-atom response within the strong-field approximation is calculated for one tra-

jectory at two independent source locations [195]. The laser parameters are chosen to be

consistent with the experimental ones. The peak intensity of both fields at focus is 9 · 1013

W/cm2. The IR beams have Gaussian spatial and temporal profiles, with a pulse duration

of 30 fs. To demonstrate the technique on distinctively di�erent wavefronts, the spot size

of Field 2 is set to 74 µm (1/e2 width), whereas the one of Field 1 is only half of that

size. The IR driving laser electric fields for both cases at the focus are shown in figure 6.2,

together with their temporal and spatial envelopes. Each of the two beams then undergo

high harmonic generation. The far-field spatio-spectral profiles are shown in figure 6.3(a)
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Figure 6.3: XUV MICE data using the simulated single-atom response. Shown are the far-field
spatio-spectral profiles of (a) Field 1 and (b) Field 2. Full shear scans where Field 2 is sheared
across the spatial profile of Field 1 is shown in (c)-(e) for harmonics 19 -23, respectively. Extracted
phase profiles are shown for (f) Field 1 and (g) Field 2.

and (b) for the two XUV sources, respectively. The spatial extent of Field 1 is larger

than that of Field 2 since the smaller source size results in a larger beam divergence. In

a sequence of 255 shears, the far-field profile of Field 2 is spatially sheared across Field 1

along the x-axis at the detector plane. Field 1 is left untouched throughout.

The full shear scan is shown in figure 6.3 (c)-(e) for harmonics 19-23, respectively.
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Figure 6.4: Simulation of the MICE spatial characterisation of two HHG fields. Shown are
the reconstructed wavefronts (blue triangles and green circles) and the original wavefronts (solid
red and dashed black lines) together with the spatial intensity profiles. (a) and (b) show the
reconstruction for harmonic 19-21, respectively, after 3 iterations for the noiseless case. (c) and
(d) represent the reconstruction for harmonics 23-25 for 20% noise on the interferogram, after 10
iterations. Spatial profiles are normalised to Field 1 of harmonic 19.

From this data set, the phase for each frequency can be extracted, as shown in figure

6.3(f) and (g) for both fields. Since the absolute phase of each wavefront is unknown,

the phase at the centre of each wavefront is set to zero. The MICE reconstruction of

the wavefronts of both fields from this set of interferograms is shown in figure 6.4(a)-(d)

for harmonics 19-25, respectively, together with the original wavefronts. The divergence

of Field 1 is larger than that of Field 2, resulting in a flatter far-field phase. This is

consistent with the above choice of focal spot sizes, with the smaller source having a

larger divergence and therefore a flatter wavefront in the far-field. Figures 6.4(a) and (b)

have been simulated without any noise, whereas for 6.4(c) and (d), a noise level of 20%

of the maximum of the most intense interferogram times a random value between (0,1)
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has been added to each pixel of each each interferogram. This noise is significantly larger

than is usual for experiments, yet the reconstruction in the region where the intensity

is non-vanishing is very good. To quantify this, the reconstruction accuracy between

the original and reconstructed fields is estimated by calculating the root-mean-square

(RMS) field error for the di�erent harmonics, as defined in equation (2.39). This error

slightly varies with harmonic order and lies between 1 - 4 ◊ 10≠2 in the noiseless case, and

increases to 4 - 8 ◊ 10≠2 in the case of high noise, which is still considered a reasonably

good reconstruction. Despite the high noise level, the error increases only moderately due

to the strong noise suppression of MICE.

6.3 Experimental results

XUV MICE experiments have been performed with mainly two aims: First, to demonstrate

the technique on experimental XUV data. Second, to use its capabilities to study the

fundamental generation process.

6.3.1 XUV MICE on equal sources

The experimental configuration shown in figure 6.1 is used to characterise a pair of XUV

beams generated by high harmonic generation. In this first set of experiments, the gas

target is positioned just after the laser focus to generate short trajectories only. Both

infrared beams are prepared to be identical, which is ensured by the symmetry of the setup,

to reconstruct two identical sources. At the focus, a source separation of 177 µm has been

chosen. This relatively large separation guarantees that both sources do not interact with
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each other and act as two independent sources [275]. A large source separation however

leads to a small XUV fringe spacing at the detector, and therefore to a reduced fringe

contrast. However, most of the interferograms presented in the following have been taken

in single laser shots. The impact of sources of decoherence varying from shot to shot such

as vibrations within the setup have thus been minimised. The interferogram visibility is

then mainly limited by the finite detector resolution.

The measurement procedure involves recording a series of interferograms, leaving Arm

1 fixed and varying the shear of Arm 2. For each shear the XUV interference pattern as

well as the signal of Arm 2 alone is recorded. The latter is used to calibrate the shear

axis, which is shown in figure 6.5(a) for harmonic 25. The interferogram for harmonic 21

where both arms are well overlapped is shown in figure 6.5(b). Figure 6.5(c) shows the

reconstructed wavefronts of harmonic 21 across the full spectral harmonic profile, setting

to zero the o�set phase at the centre of the harmonic. The wavefront curvature does not

vary significantly across the harmonic spectral profile, in accordance to the contribution

of a single quantum path. The wavefronts of both fields at the centre of each harmonic

are shown in figures 6.5 3(d)-(f) for harmonic 21-25 after 5 iterations of equations (6.6)-

(6.8) respectively. The wavefronts of both beams are nearly identical, which shows that

XUV MICE is consistent by retrieving twice the same wavefront as expected. The small

di�erences in the two beams are caused by residual asymmetries in the interferometer that

are e.g. due to small wavefront distortions introduced by the optics. However, MICE does

not require identical beams and can in fact be used to measure those di�erences. The

wavefronts of all harmonics exhibit negative curvatures, with the modulus of the radius of

curvature slightly increasing with harmonic order. This tendency may be attributed to the
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Figure 6.5: Experimental XUV MICE spatial characterisation of two XUV fields. (a) Shear
calibration of harmonic 25. The black line indicates the shear axis. (b) Interferogram of harmonic
21. (c) Wavefront reconstruction across the full spectral profile of harmonic 21. The wavefronts
and intensity profiles are shown for (d) harmonic 21, (e) harmonic 23, and (f) harmonic 25 for
both fields at the centre of each harmonic. The intensity profiles are normalised to the profile of
harmonic 25 of Field 1.

wavelength dependence of the atomic dipole phase, since for short trajectories this phase

contribution increases with harmonic order. These features are consistent with previous

work [240]. Furthermore, the error in retrieving the wavefronts for both beams is estimated

by repeating the measurement several times, which gives an indication of the laser source

instability. The standard deviation from 21 di�erent reconstructions is up to 11%.
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6.3.2 XUV MICE on distinct sources

In a second set of experiments we demonstrate the capability of XUV MICE to reconstruct

the wavefronts of two non-identical XUV beams. The beam width of one of the two

IR beams is reduced by putting an aperture in Arm 2 of the interferometer (see figure

6.1). This increases the Rayleigh range at the focus and therefore leads to a smaller

divergence of the beam after the focus. Note that despite the simplicity of this procedure

the phase-matching and therefore the generated harmonic field are fundamentally altered.

In addition, using this approach, XUV MICE reveals quantum path signatures of high

harmonic generation. For this aim the gas target is placed before the laser focus. Here,

both the short and the long trajectories are phase-matched due to on-axis and o�-axis

phase-matching, respectively. The interferogram for harmonic 21 is depicted in figure

6.6(a). The characteristic annular structure from long trajectories is clearly visible. The

wavefront reconstruction of both beams along the black dotted line is shown in figure

6.6(b). Since an aperture has been placed in Arm 2, the divergence of the driving beam in

Arm 2 is smaller than that of Arm 1. This property is directly transferred to the harmonics.

Hence, at a given detection plane situated in the far-field, the wavefront curvature of Field

2 is larger than that of Field 1. The curvature ratio between the two beams has been

measured to be inversely proportional to the change in focal spot sizes, even though the

strong intensity-dependence of HHG, the error in determining the actual source size as

well as inhomogeneities of the laser beam result in some deviation from an exact numerical

correspondence.
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Figure 6.6: XUV MICE wavefront reconstruction of harmonic 21. (a) Interferogram exhibiting
signatures of short (s) and long (l) trajectories. (b) Reconstruction of two fields with di�erent
wavefront curvatures along the black dotted line in (a), together with the spatial profiles. (c)
Reconstruction of the wavefronts of Field 2 along the dotted black line (light green) and dash-
dotted red lines (dark green) in (a). (d) Wavefront reconstruction of Field 2 across full harmonic
spectral width.

6.3.3 Wavefront reconstruction of long and short trajectories

The same dataset can be used to study the macroscopic response of HHG. In the following,

only Field 2 is considered. In figure 6.6(c), the wavefront at the position of the black dotted

line of the interferogram is shown again. In addition, the wavefront is plotted at an o�-axis

location where only long trajectories are phase-matched, as highlighted by the red dash-

dotted line. As indicated by the light blue profile in figure 6.6(c), the large central peak

originates from short trajectories, whereas the two side lobes stem from long trajectories.

We restrict our attention to the angular range from -3 mrad to +3 mrad, which allows

us to compare the regions where only one respective quantum path contributes to the

emitted signal. The reconstruction indicates that harmonics from short trajectories have

a larger wavefront curvature than harmonics from long trajectories. This is in agreement
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with the well-known model for phase-matching of HHG radiation, according to which long

trajectory components are generated by o�-axis phase-matching and have a much larger

divergence than short trajectory components, which are generated on-axis [206]. Finally,

in figure 6.6(d) the wavefronts of harmonic 21 are plotted across the full spectral harmonic

profile. The wavefront curvature is the largest at the centre frequency of the harmonic

spectrum, corresponding to short trajectories. Towards the wings of the harmonic profile,

the contribution from long trajectories becomes important, leading to flatter wavefronts.

6.3.4 Towards the complete spatio-temporal attosecond pulse

characterisation

The findings of this chapter indicate a way towards the complete spatio-temporal charac-

terisation of attosecond pulses all-optically. In the results presented above, the wavefronts

for each frequency across the harmonic have been locked together by setting to zero the

o�set phase at the centre of the harmonic. However, if the spectral phase is measured

at one spatial position in one of the beams, all wavefronts are locked together with the

correct relative spectral phase. In this case the full spatio-temporal structure of both XUV

attosecond pulses can be obtained. Moreover, the XUV MICE approach can be used to

measure the temporal profile of attosecond pulses all-optically. Here, the experimental

configuration used in the above experiments would be adjusted such that spectral shears

instead of spatial shears are applied to one of the beams. This can be done e.g. by using

a pulse shaper on the IR driving laser [232, 276]. An analogous reconstruction procedure

to the one demonstrated above results in the spatially resolved spectral phase, and, if the

wavefront is known at one frequency, in the full spatio-temporal profile of both pulses.
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6.4 Conclusion and outlook

This chapter has for the first time demonstrated the simultaneous reconstruction of the

wavefronts of two independent XUV sources. XUV MICE is suitable to relate the far-

field spatial signatures to the fundamental generation process. Furthermore, it o�ers very

high resolution compared to other techniques. In slit-di�raction techniques, for example,

the sampling rate of the wavefront is given by the number of di�erent positions of the

di�raction slit that is scanned across the beam profile. In contrast, methods based on

interference of two XUV sources such as MICE or LSI typically o�er an increased resolution

of more than an order of magnitude at comparable measurement durations, since here the

fundamental sampling limit is given by the detector pixel size. The main advantage of

XUV MICE, however, is that it is not required to either replicate or shear the beam of

interest, which in this spectral region can be very di�cult. Instead, the shear is applied to

an ancillary secondary beam which may be easier to manipulate. The only requirements

are that both beams are mutually coherent and spatially and spectrally overlap at the

detector. This technique therefore o�ers the potential to measure complex high harmonic

sources that have been very challenging to characterise until now. Examples of such

sources include quasi-phase-matched high harmonic sources [213–217], HHG from aligned

molecules [277–279] or from transient gratings [280, 281], or HHG in the presence of a

frequency-doubled laser field [282–288].



Chapter 7

Partial coherence in high

harmonic generation

Decoherence is an ubiquitous phenomenon in experimental physics. Its consequences are,

in the vast majority of cases, undesired and may compromise or even impede an experi-

ment. Hence, a lot of e�ort is usually made to understand its origins and possibly minimise

its influence. In the domain of attosecond science based on high harmonics, one can en-

visage three sources of decoherence a high harmonic experimental setup may su�er from:

(1) Partial coherence of the laser field, (2) Fluctuations within the generation medium,

(3) Limited detector resolution. Point (2) may, for instance, correspond to fluctuations

in the gas density or an inhomogeneous gas distribution across the interaction region. In

most of the used geometries and gas target designs for HHG, this has however not shown

to be a problem. Regarding (3), x-ray detectors are usually based on MCPs or CCDs with

enhanced spectral response in the x-ray regime. While resolution requirements are par-

ticularly stringent in imaging or interferometric applications, advanced detector designs

157
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combined with suitable imaging geometries can be pushed to meet the needs of many

experiments. Furthermore, it is possible to characterise the detector response and use

this information via deconvolution to improve the e�ective detector performance. Partial

coherence, however, is in most cases unavoidable. Partial coherence of high harmonic

radiation can for instance directly be imposed by a partially coherent driving laser. In

addition, the generation process itself may also degrade the coherence of the emitted har-

monic field. Partial coherence is usually the component which is the least controlled and

least understood or quantified in an experimental setup. This chapter therefore focuses

its attention onto this latter phenomenon.

7.1 The notion of coherence in ultrafast optics

Ultrashort pulse characterisation usually assumes the electromagnetic field to be fully

coherent. In this case the field amplitude and phase are well defined, and the challenge

consists in retrieving the complete field. In many applications such an approach is justified.

CPA laser systems for example produce trains of femtosecond pulses at high intensities.

Even though such a pulse train is never perfectly stable, e.g. since it su�ers from intensity

fluctuations or timing jitter, the pulse duration retrieved by SPIDER or FROG is usually

su�ciently accurate that one is able to use these pulses in experiments. However, it is

often forgotten or at least not considered that any multi-shot device does not measure the

field of a single pulse, but only the averaged field. Indeed, both FROG and SPIDER only

retrieve the nonrandom component of a pulse train, which in ultrafast optics is known

as the coherent artifact [289]. The randomly varying component cannot be measured by
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conventional characterisation devices. The more the pulse properties vary from shot to

shot, the less accurate and useful the retrieved pulse shape will be. In fact, the electric

field of partially coherent fields is not well-defined anymore. It is for this reason that

stochastic measures need to be employed which measure the statistics of the field in the

pulse train. For any pulse train such a description represents the most complete and accur-

ate description. Regarding the temporal averaging, it may of course be argued that both

FROG and SPIDER are capable of single-shot measurements, and therefore reconstruct

the non-averaged true electric field. However, in experiments that use a sequence of several

shots, the knowledge of the pulse statistics is of high importance. In experiments where

one input pulse is su�cient for its realisation it is still necessary to characterise that very

same input pulse. The simultaneous characterisation of the pulse used for experiments on

one hand, and that of a pick-o� of a small fraction of the pulse for its characterisation on

the other hand, could in principle be performed using MICE.

Partial coherence in the XUV

The above remarks were essentially directed towards infrared femtosecond pulses. How-

ever, the problem of partial coherence is expected to be much more severe in the case

of XUV pulses. The reason for this is that due to the extreme nonlinearities typically

involved in the generation process, initial fluctuations of the driving laser are strongly

amplified. In high harmonic generation, if the driving laser were fully coherent, and no

additional decoherence were imparted by the generation process, the XUV pulse should be

fully coherent. In fact, the component of the harmonic phase inherited from the laser field

is simply q times the laser phase. Therefore, if the laser phase is completely correlated
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in space, the harmonic phase will also exhibit complete correlation. In a more realistic

setting, however, the laser field will not be fully coherent, and the XUV pulse will inherit

the preexisting partial coherence of the driving laser. In addition, during the generation

process the coherence is usually further decreased. One reason is the time and space de-

pendence of the atomic dipole phase, which causes the phase evolution at two points in the

beam not to be exactly the same [290]. Another factor which becomes important for large

intensities is the free-electron production due to ionisation of the medium. A time and

space dependent electron density will build up in the medium. Small fluctuations in the

density for example can alter the phase evolution for di�erent points in the beam and in

this way decrease the overall coherence [291, 292]. Even though high spatial coherence has

been measured for harmonic beams [291], measuring their statistical properties is expected

to greatly enhance experimental outcomes.

Experiments have also been performed regarding the temporal coherence of high har-

monics, where it was found that short trajectories exhibit much larger coherence times

than long trajectories because of the rapid phase variation of the latter [256, 257]. It should

also be noted that probably the most extreme case where partial coherence in the XUV

wavelength regime is significant is for free-electron lasers (FEL) since these are naturally

incoherent. Here no two pulses are the same and indeed can fluctuate by large amounts.

For this reason FEL pulses have not yet been fully characterised. Considering the concept

of partial coherence in the XUV is therefore of paramount importance.

The present chapter addresses the issue of partial coherence in high harmonic gen-

eration. Spatial coherence measurements of high harmonics have almost uniquely been

performed in the form of double-slit interference experiments [291–294]. Measurements
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using a Fresnel-mirror interferometer [290] have also been reported. Even though such

measurements provide useful information about the correlation between two specific points

of the beam, they fail to provide the full statistics of the pulses. In the following chapter

a method is proposed for the measurement of the two-point correlation function. Such a

measurement retrieves the complete statistical properties of the beam and therefore rep-

resents the most complete characterisation. By decomposing the correlation function into

coherent modes, the partial coherence is fully quantified. First, the theoretical concepts

of optical coherence are introduced in section 7.2. Then a measurement procedure is de-

veloped to characterise a partially coherent beam. Finally, experimental results are shown

in section 7.4.

7.2 Theory of optical coherence

The study of optical coherence attempts to determine the statistical properties of light and

their influence on the observable characteristics of optical fields [295, 296]. Per definition,

the concept of coherence compares the field oscillations at one given position for di�erent

instants of time (temporal coherence) or at di�erent positions at the same time (spatial

coherence). The overall field is built up by the emission coming from every point in space.

If at two di�erent positions the elementary field oscillations are in phase for all times, the

field at these points is fully coherent. If, however, for example due to external decoherence,

the phase evolution at one point is altered, the coherence is decreased.
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7.2.1 Quantifying coherence

A commonly used quantity to describe the statistics of an electric field is the mutual

coherence function �1:

�(r̨1, r̨2, ·) = ÈEú(r̨1, t1)E(r̨2, t2)Í, (7.1)

where the angle brackets denote time averaging or, equivalently for ergodic fields, ensemble

averaging of the field E at two points in space and two instants in time, with · = t2 ≠ t1.

For simplicity the field is usually taken as a scalar, although the formalism can readily be

extended to the vectorial case [297]. A Fourier transform with respect to time results in

the cross-spectral density W ,

W (r̨1, r̨2, Ê) = 1
2fi

⁄ Œ

≠Œ
�(r̨1, r̨2, ·)e≠iÊ· d·. (7.2)

The correlation between two points in space r̨1 and r̨2 at frequency Ê is conveniently

quantified by the spectral degree of coherence µ(r̨1, r̨2, Ê), which can be expressed as

µ(r̨1, r̨2, Ê) = W (r̨1, r̨2, Ê)


|E(r̨1, Ê)||E(r̨2, Ê)|
. (7.3)

The modulus of the spectral degree of coherence takes only values between 0 and 1, where

1 represents full coherence, and 0 complete incoherence. The importance of µ is that it

can directly be accessed by double-slit di�raction experiments, as will be shown below.
1The mutual coherence function satisfies a wave equation, which means that the statistical properties

of the field evolve in a well-defined manner upon propagation. A large proportion of the study of optical
coherence involves studying the behaviour of the evolution of �.
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7.2.2 Partial coherence in double-slit interferometry

Until today, Young’s double slit experiment is the most prominent experiment to measure

spatial coherence of a beam, and due to its simplicity, it is also the most widespread

method [298, 299]. In those experiments a partially coherent wave field impinges onto a

double slit, as shown in figure 7.1. The field at a point P in the plane of a spectrally

resolving detector is given by the squared modulus of the sum of the two fields,

I(r̨, Ê) = |K1E(›̨1, Ê) + K2E(›̨2, Ê)|2

= |K1|2|E(›̨1, Ê)|2 + |K2|2|E(›̨2, Ê)|2

+ 2
Ò

|E(›̨1, Ê)||E(›̨2, Ê)|Re{Kú
1K2µ(Ê)}. (7.4)
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Figure 7.1: Young’s double-slit experiment. A partially coherent light field impinges onto the
double-slit. The fields from both slits di�ract into the far-field where they add up coherently and
form and interference pattern, the phase of which depends on the paths di�erence between the two
source locations and P .
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The propagation of the field between the slit location Q and the point P in the detection

plane is given by the propagator Ki for field i:

Ki = ≠ ikA

2fi

exp(ikRi)
Ri

, (7.5)

where R is the distance between Q and P . Often valid assumptions are |K1| ¥ |K2| = K

and |E(›̨1, Ê)|2 ¥ |E(›̨2 Ê)|2 = |E(Ê)|2. Writing µ(Ê) = |µ(Ê)| exp(i„) and Kú
1K2 =

K2 exp(ik(R2 ≠ R1), the interferogram in equation (7.4) reduces to

I(r̨, Ê) = 2K2|E(Ê)|2(1 + |µ(Ê)| cos[„ + k(R2 ≠ R1)]. (7.6)

A key parameter to characterise the interferogram in (7.6) is the fringe visibility V , defined

by

V (Ê) = Imax(Ê) ≠ Imin(Ê)
Imax(Ê) + Imin(Ê) . (7.7)

By inserting the corresponding values for Imax and Imin from equation (7.6) into (7.7),

it follows that the fringe visibility in a double-slit experiment is a direct measure of the

modulus of the spectral degree of coherence at the two pinholes,

V (Ê) = |µ(Ê)|. (7.8)

This result forms the basis of almost all coherence measurements of high harmonic radi-

ation until today [201, 239]. However, although such kinds of experiments provide a good

estimation of the spatial coherence across the beam, they do not represent a field charac-



7.2 THEORY OF OPTICAL COHERENCE 165

terisation as such since they only determine the correlation of one point with one other

point. To fully characterise the beam, the correlation of each point x with each xÕ, here

taken for one spatial dimension x, needs to be measured. The quantity representing such

a measurement is the two-point correlation function C(x, xÕ), which is essentially derived

from �(r̨1, r̨2, · = 0) for equal times,

C(x, xÕ) = ÈE(x)Eú(xÕ)Í. (7.9)

The degree of coherence then takes the form

µ =
ss

dxdxÕ|C(x, xÕ)|2
A

s

x=xÕ
dxC(x, x)

B2 (7.10)

C(x, xÕ) contains all possible second-order correlations between points in space and thus

represents a full statistical representation of the field.

7.2.3 Reconstruction of state mixtures

A very powerful way to characterise a partially coherent light field is to think about it in

terms of pure and mixed states. The two-point correlation function may then be described

in terms of its eigenvalues ⁄n and eigenfunctions Ân:

C(x, xÕ) =
ÿ

n

⁄nÂú
n(x)Ân(xÕ), (7.11)
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where the eigenfunctions and eigenvalues satisfy

⁄
C(x, xÕ)Ân(x)dx = ⁄nÂn(xÕ). (7.12)

The eigenfunctions can be made orthonormal according to

⁄
Âú

n(x)ÂnÕ(x)dx = ”n,nÕ , (7.13)

and form a complete set
ÿ

n

Âú
n(x)Ân(xÕ) = ”(x ≠ xÕ). (7.14)

Equation (7.11) represents the coherent mode decomposition, where the positive-valued

eigenvalues ⁄n indicate the weight of each mode [296, 300, 301]. The overall level of

coherence or purity is given by

‹ =
!s

n ⁄2
n

"1/2
s

n ⁄n
. (7.15)

For ‹ = 1 the field is in a pure state, whereas ‹ < 1 represents a mixed state. 1/‹2

quantifies the e�ective number of significant coherent modes.

Interestingly, the presented formalism is very similar to quantum state tomography in

quantum optics, the aim of which is to reconstruct the full density matrix of a photon

[302, 303]. The concept of decoherence and mixed states is of course fundamental in this

context and turns out to be most fruitful in its application to others domains, including

classical optics. One prominent example is the field of coherent di�ractive imaging, where

the knowledge of the underlying modes of a partially coherent x-ray beam has led to



7.3 MEASUREMENT OF THE TWO-POINT CORRELATION FUNCTION - THEORY
167

dramatic improvements of the resolution of the reconstructed images [304].

Finally, we note that the retrieval of mixed states in HHG experiments includes all

three sources of decoherence that were mentioned at the beginning of this chapter: Partial

coherence of the light field, decoherence within the medium, and detector point spread.

Di�erent experimental configurations may su�er from each of those with di�erent weight.

While in HHG interferometry partial coherence is expected to be much more problematic

than medium fluctuations, the latter are usually a major concern in coherent di�ractive

imaging applications, most notably in the form of vibrations of the sample [305].

7.3 Measurement of the two-point correlation function -

theory

We propose to measure the two-point correlation function by carrier-encoded lateral shear-

ing interferometry using multiple shears [306]. In fact, the experimental procedure is

identical to the one used for the MICE reconstruction in chapter 6. A series of lateral

shears X is applied to one of the driving beams exiting the Mach-Zehnder interferometer,

which moves one of the generated harmonic beams across the profile of the other beam at

the detector. The recorded interferogram for xÕ = x ≠ X and tilt K then becomes

I(x) = |E(x)|2 + |E(xÕ)|2 + E(x)Eú(xÕ) exp(i(Kx + Xkx/L)) + c.c. (7.16)

In analogy to equation (6.1) the term Xkx/L represents an additional phase introduced for

each shear which results in a tilt of the fringes. However, in an experiment this phase can
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be calibrated and compensated for. By applying a suitable filter in the Fourier domain,

one of the two sidebands at k = ±K is extracted. An inverse Fourier transform directly

yields the interferometric component ÈE(x)Eú(xÕ) exp(iKx)Í = C(x, xÕ) exp(iKx). The

angle brackets denote ensemble averaging. Importantly, this includes temporal averaging,

which needs to be longer than the temporal fluctuations of the source. For each shear the

corresponding two-source interferogram is recorded. One single interferogram corresponds

to one slice of the correlation function. In terms of Young’s experiment, this corresponds

to the scenario where one slit position is fixed while the other slit is scanned across the full

extent of the beam. By combining the measurements of many lateral shears, the complete

correlation function is retrieved.

The idea for the measurement of the correlation function is first demonstrated by

simulating the reconstruction procedure. The initial electric field is defined on a grid

of 400 spatial points and 40 shots. One shot represents one physical realisation of the

field, and the correlation function then averages over all shots. The electric field varies in

amplitude and phase from shot to shot. The electric field amplitude and the unwrapped

phase are shown in figures 7.2(a) and (b), respectively [307]. The two-point correlation

function associated with this ensemble of fields is shown in amplitude in 7.2(c) and phase

in 7.2(d). The ensemble-averaged field is then replicated and sheared across the spatial

profile of the stationary beam. Figure 7.3(a) illustrates the full shear scan. A noise level of

1% of the maximum of the most intense interferogram, weighted by a random value taken

from the interval (0,1) for each pixel, has been added to the trace. After a 2D Fourier

transform, Fourier filtering allows the extraction of one of the sidebands, as highlighted

by the black rectangle in figure 7.3(c). An inverse 2D Fourier transform brings the trace
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Figure 7.2: Illustration of the original ensemble of fields. (a) Amplitude and (b) phase. The
associated two-point correlation function for this ensemble is shown in (c) in amplitude and (d)
phase.

back to the original domain. After a row rotation of the trace for compensation of the

shear, and subtraction of the carrier phase, the correlation function is retrieved, as shown

in figures 7.3(c)-(d). The reconstruction shows a remarkable accuracy with respect to the

original trace and thus illustrates the validity of this procedure.

7.3.1 Spectral mode decomposition

In order to characterise the purity of the field, C(x, xÕ) is decomposed into its underly-

ing coherent modes. This is done by means of an eigenvalue decomposition, where the

di�erent modes correspond to the associated eigenvectors, weighted by the eigenvalues.
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Figure 7.3: Reconstruction of the correlation function. (a) Full shear scan, where a replica of the
field is sheared along the x-axis across the original field. A noise level of 1% of the maximum of the
most intense interferogram has been added to the trace. (b) Fourier domain filtering routine. The
black rectangle highlights the filter. (c)-(d) Amplitude and phase of the reconstructed correlation
function, respectively.

The reconstruction of the first 15 modes is drawn in figure 7.4 for the original field in

(a) and the reconstructed field in (b). The original (retrieved) purity equals 0.55 (0.56),

with an e�ective mode number of 3.3 (3.2). Furthermore, figures 7.4(c)-(d) show the first

4 modes for both cases. Even though the first mode is dominating the field, there are

several other modes that contribute to the overall field. The shape of the higher-order

modes becomes more and more complex. For this simulation the original field has been

chosen with complex amplitude and phase fluctuations from shot to shot to demonstrate
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Figure 7.4: Estimation of the modal composition. The modulus of the original and retrieved
modes are shown in (a) and (b), respectively. (c) and (d) plot the amplitudes (solid lines) and
phases (dashed lines) of the first 4 modes in both cases. The amplitudes and phases of the modes
are drawn with the same colour for each mode.

this feature. In reality, however, for the case of a typical laser field used in laboratories it

may be su�cient to describe the field by very few modes only, with the first mode being

the dominant mode. As a cross-check, the same reconstruction was applied to a field which

stays identical from shot to shot. In this case the correlation function is a matrix of rank

one and the mode decomposition yields only one mode with the purity being 1.0.

7.4 Measurement of the two-point correlation function -

experiment

The measurement concept detailed above has been implemented in the laboratory. The

recipe for the experimental procedure is very similar to the one for the MICE reconstruc-
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tion of high harmonic wavefronts in chapter 6. The main di�erence is that now the profile

of one beam needs to be sheared across the full profile of the second beam in order to

measure the correlations between all pairs (x, xÕ). In contrast, in MICE it is su�cient to

consider an angular shear range where both beams are always reasonably well overlapped

in the far-field. A larger number of shears increases the redundancy in the data, however,

a reasonably small number of shears is often su�cient for a good reconstruction when the

datasets that are not too noisy. In the following experiments, the necessity to cover the

whole spatial extent added a significant amount of complexity for several reasons:

1. The shear range is much larger than the size of the MCP. In fact, the measurement

is started where only a small fraction of the sheared arm is hitting the MCP. This

does not impede the experiment, since the crucial regions of the signal are where

interferences occur. If the dimension of one harmonic beam is not larger than the

size of the MCP, these regions will always be located on the detector. However,

this configuration is not ideal, and in particular where the sheared arm is strongly

clipped by the edges of the MCP distortions of the signal may occur.

2. Due to the increased angular shear range, and since the gas target is not placed

exactly at the focus, the requirement of having two independent sources becomes

more stringent. To prevent the two fields from interacting with each other even for

large angular shears, the source separation has to be set as large as possible. Since

this entails a decreasing XUV fringe spacing, this needs to be compromised with the

decrease in fringe visibility, which has to remain adequate for the reconstruction.

3. The two sources need to be identical, and must not change for varying shears. In
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practice, this represents a significant experimental challenge. In addition, although

generating two identical harmonic beams has already been found to be vey challen-

ging in previous experiments [232, 240], this task is dramatically more di�cult for

QPI sources. The large intensity-dependence of long trajectories and the extreme

sensitivity of the interferences between the di�erent quantum paths makes it di�cult

to replicate such a source. Tiny di�erences in the clamping strengths of the mir-

rors inside the interferometer, slight bending of the thin beamsplitters, or any other

small asymmetry in the setup can change the wavefronts of the IR beams. Since

these distortions are amplified in HHG by a factor equal to the harmonic order,

even small di�erences of the driving beams may result in significant di�erences in

amplitude and divergence of the harmonics. Therefore, very careful beam alignment,

mounting of the optics, and the selection of optics from the same batch are some of

the required steps to obtain identical sources.

7.4.1 Initialisation

Before the shear scan can be performed, it needs to be ensured that the two harmonic

beams are very close to identical. As explained above, great care needs to be taken

regarding the setup and the alignment to achieve this. Figure 7.5 shows the individual

spectra from both arms for harmonics 17-25. The correspondence is remarkable, both in

the central part of the harmonic and in particular also in the surrounding annular part

originating from the highly intensity-sensitive long trajectories.
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7.4.2 Reconstruction

This section details the analysis of harmonic 21, since its profile exhibits QPI interferences

where the first fringe is well separated from the central part of the harmonic (see figure

7.5). A spatial lineout at the centre frequency of the harmonic is taken for the full dataset.

The experimental setup is identical to the one shown in figure 6.1, which was used for the

MICE experiments of chapter 6. In analogy to MICE, interferometer Arm 2 is laterally

sheared with respect to Arm 1 which shifts the generated XUV beam from Arm 2 across

the profile of the other beam at the detector, as illustrated in figure 6.1. Figure 7.6 shows

the interferograms for three di�erent values of the angular shear for harmonics 17-25. For

increasing shears, the beam of the nonstationary beam moves “downwards” at the detector.

In figure 7.6(a), only a small fraction of the beam, corresponding the long trajectories, is

contained within the detector area. Here the annular long trajectory contributions from

both beams interfere on opposite sides of the two beams. In figure 7.6(b), both beams are

well overlapped, and very pronounced interference fringes between the long trajectories

of both beams, and separately between the short trajectories, are visible. Finally, figure

7.6(c) illustrates the opposite scenario of (a) for a very large shear, where part of the

sheared beam has already moved beyond the lower edge of the detector.

The experiment is performed at a peak intensity of 1.2◊1014 W/cm2. The spectra

of the individual arms are integrated over 6 ms and averaged over 20 measurements. In

contrast, the integration time of the interferograms is varied between 5 ms and 37 ms

for optimal signal-to-noise ratio at each shear position, with an average taken over 20

measurements each time.



7.4 MEASUREMENT OF THE TWO-POINT CORRELATION FUNCTION -
EXPERIMENT 176

    



    



    


























































































Figure 7.6: Interferometric traces for three di�erent angular shears of the nonstationary beam.
The sheared beam is moving downwards for increasing shears. (a) Only a small fraction of the
sheared arm is within the detector area. Only long trajectory components of opposite ends of
the halo from both beams exhibit interference. (b) Interferogram where both beams are well
overlapped. (c) Interferogram where the largest part of the sheared arm has moved beyond the
lower detector edge.
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Figure 7.7: Data processing for the retrieval of the two-point correlation function of harmonic
21. (a) Shear axis calibration. (b) Extracted AC term. (c) AC term after interpolation along the
shear axis.

The reconstruction involves first a calibration of the shear axis, which is shown in

figure 7.7(a). The depicted image shows reduced signal for large shears. This appeared to

be independent of alignment. A possible explanation is a non-uniform detector sensitivity.

In this case the real signal before arriving at the detector would stay the same, and the

overall reconstruction should not be a�ected by this. However, future improvements of

the experiment may benefit from a calibration of the detector response. An alternative

explanation might be based on slow drifts in the setup due to temperature fluctuations,

which typically occur on the timescale of tens of seconds or longer.

As a next step, a Fourier filtering routine retrieves the AC term, the modulus of

which is shown in figure 7.7(b). The vertical axis represents the divergence ◊, whereas

the horizontal axis corresponds to the shear index. In order to represent the correlation

function C(◊, ◊Õ) on equal axes, the shear axis is interpolated, by making use of the shear

calibration, to match the ◊-axis. This step is illustrated in figure 7.7(c). Finally, a row

rotation is performed, which results in the final two-point correlation function C(◊, ◊Õ).

Its absolute value is depicted in figure 7.8(a). To obtain the phase of C(◊, ◊Õ), the linear
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Figure 7.8: Reconstruction of the two-point correlation function of harmonic 21 and decompos-
ition into coherent states. (a) Reconstructed correlation function. (b) Coherent mode decompos-
ition, showing the first 10 modes. Region (1) indicates signal from short trajectories, regions (2)
and (3) from long trajectories.

carrier term Kx needs to be subtracted. For this aim the tilt K = 2fis/(⁄L) has been

determined by measuring the IR foci separation s = 174.2 µm. However, it turned out

that the resulting phase was very noisy, hiding any underlying phase structure. In order to

proceed with the analysis, the phase has therefore been set to zero. Lastly, the correlation

function is decomposed into coherent modes. Figure 7.8(b) shows the mode profiles of the

first 10 modes. The results of the reconstruction are discussed in the next section.

7.4.3 Discussion

Regarding the correlation function in figure 7.8(a), di�erent regions can be distinguished.

As indicated in the figure, region (1) corresponds to the central short trajectory harmonics

which show high coherence. Regions (2) and (3) may be attributed to the long quantum

paths. Indeed, a lineout along the diagonal ◊ = ◊Õ should correspond to the intensity

profile of the harmonic. This is in qualitative agreement with the profile shown in figure

7.5, with the upper section of the annular ring of harmonic 21 (corresponding to region (2)
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in figure 7.8(a)) being more intense than the lower section (corresponding to region (3)).

The origin of the o�-centre non-diagonal components has not yet been fully identified. It is

possible that they are consequences of the long trajectories since they vanish for harmonic

17 where almost no long trajectories are detected, as will be shown below. However,

understanding the full underlying physics would require further investigation, possibly

supported by simulations and theoretical modelling.

An undesired e�ect that results from the shot-to-shot fluctuations is that the shape

of the di�erent regions in C(◊, ◊Õ) appears highly structured. After the row rotation, this

sub-structure appears to be tilted in figure 7.8(a). However, in a scenario with very low

fluctuations, the di�erent lobes are expected to exhibit smooth shapes, and the internal

structure should mostly disappear.

Despite these e�ects, C(◊, ◊Õ) is decomposed into coherent modes. Figure 7.8(b) in-

dicates that mainly 2 modes are contributing to the overall partially coherent field. Even

though the decomposition is only expected to provide at best qualitative results since the

phase of C(◊, ◊Õ) has been set to zero, the obtained modes explain the basic spatial features

of the harmonics. Indeed, the first mode is supposed to simply represent the harmonic

spatial profile. This is clearly observed in figure 7.8 where region (1) corresponds to short

trajectories, and (2) and (3) can be associated with long trajectories.

To validate the above findings, the same analysis is performed for harmonic 17. As

can be seen in figure 7.5, the halo surrounding the short trajectory component is very

weak. This is reflected in the retrieved correlation function, shown in figure 7.9(a), where

the o�-centered diagonal lobes have almost disappeared. Regarding the associated mode

decomposition in figure 7.9(b), modes with n>2 are even less important than in the case
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Figure 7.9: Reconstruction of the two-point correlation function of harmonic 17 and decomposi-
tion into coherent states. (a) Reconstructed correlation function. (b) Coherent mode decomposi-
tion, showing the first 10 modes.

of harmonic 21. In particular, the first mode now consists of only one central peak, which

agrees with the interpretation of the contribution of only the short quantum path.

7.5 Conclusion and outlook

Partial coherence, fluctuations within the generating medium, and the detector point

spread are all sources of decoherence that may significantly compromise the capability

of high harmonic setups. It is only to a limited amount that these can be alleviated in

the laboratory through experimental or technological progress. A method to quantify, and

possible even correct for, these sources of decoherence is therefore of uttermost importance.

The most general description of such a scenario is using statistical tools, in particular

correlation functions, and the concept of state mixtures. In this chapter an experiment

has been proposed that, from a series of sheared interferograms, retrieves the two-point

correlation function of high harmonic beams. A coherent mode decomposition allows

the quantification of the degree of coherence present in the experiment. Preliminary
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experimental data has been taken, and the amount partial coherence within this dataset

has been estimated. Although the fringe visibility was excellent for all angular shears

and for both quantum paths, the strong shot-to-shot fluctuations imposed a limit to the

reliability of the reconstruction. Some of the artifacts observed can clearly be traced back

to this source of error.

In the current experimental setup, the complete beam path between the CPA and

the vacuum apparatus was enclosed. However, due to other experimental activity in the

laboratory, it was not possible to globally enclose the full table with large lids that cover

the full width of the table. Instead, the setup was enclosed in a modular way using boxes

and beam tubes that are attached together. Even though no major gap was left, this does

not represent a perfect seal for protection against the strong air-conditioning.

A di�erent source of noise comes from the vibrations of the vacuum pumps. However,

there are a few ways to improve the vibration isolation in the laboratory [308, 309]. First,

the breadboard inside the vacuum chamber can be directly mounted on the optical table,

with the posts passing through edge-welded bellows between the chamber and the table.

In this way the optics inside the chambers (in the Oxford lab this mainly concerns the

XUV grating) are rigidly mounted on the high-mass optical table and are isolated from

the vacuum chambers. Second, the chambers and vacuum pumps may be supported on

steel frames that have no contact with the optical table. The bellows prevent vibrations

originating from the vacuum pumps from reaching the optical table. Third, the pump

vibrations can further be damped by immersing the hydroformed flexible bellows attaching

the pumps to the vacuum chambers into large bins filled with silica sand. Since the pumps

are the mains source of vibrations, these measures are expected to significantly improve
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the stability of the setup.

Finally, partial coherence of the source can be minimised, for instance, by stabilising the

intensity, possibly combined with a carrier-envelope phase (CEP) stabilisation. Although

fluctuations of the CEP are not expected to play a major role for multi-cycle pulses, an

intensity- and CEP-stabilised laser would provide a more stable pulse train also for shorter

pulse durations. It is planned to implement the CEP stabilisation of the laser in the Oxford

Attolab soon.



Chapter 8

Conclusion

The desire to study the fastest motions in nature has made attoscience one of the most

dynamic fields of physics today. The prospect of freezing motion promises accessing new

regimes and timescales that have been hidden until now. A popular concept is the aim to

produce real-time “movies” of chemical processes and watch electrons in molecules form

and break bonds during chemical reactions. The combination of tools from atomic and

laser physics has created sources of XUV attosecond pulses, most notably through high

harmonic generation. Today, HHG represents a versatile table-top source of ultrashort

XUV pulses. Underlying theories, explaining HHG in terms of the single-atom response

on the one hand, and the macroscopic response describing the coherent superposition of

the emission of all atoms on the other hand, have successfully explained many properties

of HHG observed in experiments.

Due to its extreme nature, the characterisation of high harmonic radiation is very

di�cult, and most methods developed in the field of femtosecond pulse characterisation

are not directly applicable to this more exotic regime anymore. Instead, new concepts

183
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need to be developed that take into account the extreme brevity of the pulses and the

fact that their carrier wavelength lies in the XUV to soft x-ray wavelength range. Almost

all techniques for the temporal characterisation of attosecond pulses rely on photoelectron

spectroscopy. Since these measurements require very long integration times, and due to

their cost and the experimental complexity in their setting up and operation, alternative

routes towards the complete spatio-temporal characterisation are being sought with great

interest and e�ort.

8.1 Summary

This thesis describes the development of all-optical pulse characterisation methods and

their application to the study of the HHG process. Most importantly, the concept of Mu-

tual Interferometric Characterisation of two Electric-fields (MICE) has been developed,

which allows the retrieval of the electric field of two independent beams, including their

relative phase. MICE generalises the concepts of referencing interferometry (one beam is

known, one unknown) and self-referencing interferometry (both beams are unknown, but

not independent of each other) to the case where both signal pulses are unknown and in-

dependent. Major advantages of MICE include: (1) No reference is required. (2) It is not

necessary to either replicate or shear the beam that is to be characterised. This is partic-

ularly important when MICE is applied to extreme light sources where it is very di�cult

to achieve this task. In chapter 6, this feature has been exploited by transferring MICE

to the XUV regime. (3) The concept of MICE is very general. It can be applied to both

the temporal and the spatial characterisation, or a combination of those. (4) In its most
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general form, MICE reconstructs three fields: the two test beams and a third field that

quantifies the shear-dependent change of the amplitude and phase of the sheared beam.

This feature is extremely useful, since it takes into account spurious e�ects that may occur

in the measurement process and which would otherwise prevent the measurement from

producing accurate results. For instance, this may correspond to the change of amplitude

and phase of the test pulse in the upconversion with an ancillary beam (see chapter 3).

(5) MICE is highly robust to noise. The reason for this is that it utilises methods for

noise suppression from both interferometry, via Fourier filtering, and spectrography, via

least-squares minimisation.

The general applicability of MICE has been experimentally demonstrated on two fun-

damentally di�erent examples. First, the temporal profiles of two femtosecond pulses have

been reconstructed in a single laser shot. Second, MICE has been used to reconstruct the

wavefronts of two high harmonic sources.

Further, this thesis describes experiments which were aimed at studying the funda-

mental HHG process in terms of the di�erent quantum trajectories. Not only was it pos-

sible to detect spatial signatures from the short and the long trajectories, but it was also

possible to observe inferences between them. These quantum path interferences are very

sensitive and a direct consequence of the sub-cycle electron dynamics. The experimental

setup therefore represents an ideal testbed for probing the subtleties of the generation

process. In this regard, it was not only possible to generate one QPI source, but in fact

two QPI sources, and the interference pattern of both was studied and optimised. Such

a configuration has been used to directly measure the di�erence in atomic dipole phases

between the two main quantum paths.
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Finally, the concept of ultrashort pulse characterisation has been reconsidered in the

case where decoherence prevents conventional characterisation methods to provide ac-

curate results. In particular in more exotic parameter spaces, this phenomenon can be

significant due to (1) partial coherence of the driving laser, (2) fluctuations of the genera-

tion medium, and (3) limited detector resolution. Experiments that require high resolution

such as interferometry or coherent di�ractive imaging [310] may become significantly com-

promised by those e�ects. Only to some extent it may be possible to alleviate these e�ects

by technical improvements of the setup.

A complementary and maybe more elegant way is to alter the processing of the data

and to take into account the possibility of the occurrence of mixed states instead of a single

pure state. In chapter 7 such a method has been developed. Based on an interferometric

experiment with multiple lateral shears it is possible to directly extract the two-point

correlation function. The correlation function represents a statistical description of the

field, averaged over an ensemble of fields. The amount of decoherence can further be

quantified by decomposing the correlation function into coherent modes. For partially

coherent fields, more than one mode will appear in the decomposition, indicating the

presence of a mixed state. This procedure has been experimentally implemented. As an

important step it has been demonstrated that is is possible to generate two nearly identical

QPI sources. Using a complete shear scan, the correlation function has been reconstructed

and it was possible to draw some qualitative conclusions related to its structure. However,

an full quantitative analysis was not possible at this stage. This was mainly attributed to

the strong shot-to-shot fluctuations of the harmonics, which led to distortions of the trace

in amplitude and phase. However, several possibilities have been proposed to significantly
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improve the stability of the setup. Furthermore, due to the rich physics involved in the

measurement of the states mixtures present in QPI sources, a proper interpretation of the

data would require simulations of the emitted harmonic field. To take into account the

complete physics involved in the process, those simulations need to include the single-atom

response as well as propagation of the laser and harmonic fields in the medium. Such

simulations are computationally involved and were not available in Oxford. However,

recent possibilities for a collaboration will provide the group with such simulated data.

These simulations, combined with further measurements on an improved setup, will help

to unravel the physics behind QPI.

8.2 Outlook

The tools and concepts developed in this thesis promise to have applications in a wide

range of experiments. MICE may be used in any application where a spatial or temporal

beam characterisation is desired. In order to be able to perform MICE, either the beam

of interest needs to be replicated and sheared in the dimension of interest, or a secondary

source is available to which the shear can be applied. The latter option may often be

preferred, especially in the cases of more exotic light sources such as XUV fields from

HHG. The only requirements are that the fields are mutually coherent and that they

overlap in the degree of freedom that is associated with the shear.

Even though MICE can readily be used instead of conventional characterisation tech-

niques such as SPIDER or FROG, more interesting scenarios are those where conven-

tional methods fail to reconstruct the field, and where one can benefit from the particular
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strengths of MICE. One such example is the reconstruction of a pulse exhibiting large

spectral gaps. With SPIDER it has been shown that the relative phase between the spec-

tral regions on opposite sides of the gap can only be recovered if the pulse contains a

spectral region the extent of which is larger than the spectral null. This constraint is

relaxed in MICE, where an ancillary pulse that covers the spectrum of the test pulse and

which has no spectral gaps is used to recover the relative phase between very large gaps.

This application of MICE in fact represents a current research project pursued in Oxford,

and simulations applying MICE to such a scenario have already succeeded in recovering

the phase over large spectral gaps. This feature is particularly interesting regarding the

emerging field of pulse synthesis, where di�erent spectral components are coherently com-

bined to one output pulse. MICE may also prove useful in the characterisation of highly

structured pulses, such as the output of hollow-core fibres or photonic crystal fibres.

The application of MICE to the XUV opens the possibility to characterise the full

spatio-temporal profile of XUV attosecond pulses all-optically. In this regard the spatial

characterisation of di�erent harmonics has been demonstrated in this thesis. Regarding

the temporal characterisation, spectral shears instead of spatial shears need to be applied

to one of the XUV beams, which may be achieved using a pulse shaper. Indeed, one of

the main di�culties in applying self-referencing techniques to the XUV is the di�culty

in producing a frequency-sheared but otherwise identical replica of the harmonic beam

that is to be characterised. This constraint is alleviated in MICE, making it an attractive

alternative to all-optical characterisation methods. Moreover, MICE will be of particular

interest in the characterisation of complex HHG sources that cannot be replicated or

sheared. Examples of such sources are those where more than one laser beam is involved
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in the generation process such as quasi-phase-matched high harmonic sources, HHG from

aligned molecules or transient gratings, and HHG in the presence of a frequency-doubled

laser field.

Finally, the quantification of partially coherent XUV light and other sources of decoher-

ence is of paramount importance, in particular for experiments that require high resolution

such as interferometry or coherent di�ractive imaging. Knowledge about the nature of the

state mixtures present in the system promises great advancement in all HHG experiments,

similar to the developments the mixed states approach has experienced in ptychography.

In combination with MICE, these interferometric characterisation tools provide maximum

information about the electric field. It is expected that their application to a wide of range

of experiments and parameter spaces will be most fruitful.



Appendix A

Zernike polynomial expansion in

aberrated optical systems

The Zernike polynomials form a complete set of orthogonal basis functions over a unit

circle and are as such ideally suited as a tool to quantify the shape of wavefronts and their

aberrations. The wave aberration function can be decomposed in terms of the Zernike

polynomials

W (fl, ◊) =
Œÿ

n=0

nÿ

m=0
cnmZm

n (fl, ◊), (A.1)

where n and m are non-negative integers with n ≠ m Ø 0. The even polynomials are

Zm
n (fl, ◊) = [2(n + 1)/(1 + ”m0)]1/2Rm

n (fl) cos(m◊), (A.2)

and the odd ones are

Z≠m
n (fl, ◊) = [2(n + 1)/(1 + ”m0)]1/2Rm

n (fl) sin(m◊), (A.3)
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with the Kronecker delta ”ij . In (A.2) and (A.3), the polynomials have been normalised,

and therefore form an orthonormal basis. The radial circle polynomials are given by

Rm
n (fl) =

(n≠m)/2ÿ

s=0

(≠1)s(n ≠ s)!
s!(n+m

2 ≠ s)!(n≠m
2 ≠ s)!

fln≠2s. (A.4)

Since the Zernike polynomials are orthogonal, they satisfy the orthogonality condition

1
fi

⁄ 1

0

⁄ 2fi

0
Zm

n (fl, ◊)ZmÕ
nÕ (fl, ◊)fldfld◊ = ”mmÕ”nnÕ . (A.5)

Any aberration function can be decomposed into Zernike polynomials according to (A.1),

whereby the expansion coe�cients are determined by

cnm = 1
fi

⁄ 1

0

⁄ 2fi

0
W (fl, ◊)Zm

n (fl, ◊)fldfld◊. (A.6)

One main advantage of using the Zernike polynomials is that the standard deviation of the

an aberration term cnmZm
n (fl, ◊) is simply equal to the corresponding expansion coe�cient

cnm. The magnitude of the di�erent aberrations can therefore easily be determined. The

Zernike polynomials up to fourth order are shown in table A.1 [77, 311]. Here, fl and ◊

represent the polar coordinates at the circular exit pupil of an optical system. Indicated

are also the aberrations associated with each polynomial.
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Table A.1: Mathematical expressions of the Zernike Polynomials up to fourth order, together
with the corresponding aberrations.

n m Zm
n (fl, ◊) Aberration

0 0 1 Piston (constant term)
1 -1 2fl sin(◊) Tilt in y-direction
1 1 2fl cos(◊) Tilt in x-direction
2 -2

Ô
6fl2 sin(2◊) Primary astigmatismus at ±45¶

2 0
Ô

3(2fl2 ≠ 1) Defocus
2 2

Ô
6fl2 cos(2◊) Primary astigmatismus at 0¶

3 -3
Ô

8fl3 sin(3◊) Trefoil
3 -1

Ô
8(3fl2 ≠ 2fl) sin(◊) Coma along y-axis

3 1
Ô

8(3fl2 ≠ 2fl) cos(◊) Coma along x-axis
3 3

Ô
8fl3 cos(3◊) Trefoil

4 -4
Ô

10fl4 sin(4◊) Quadrafoil
4 -2

Ô
10(4fl4 ≠ 3fl2) sin(2◊) Secondary astigmatism at ±45¶

4 0
Ô

5(6fl4 ≠ 6fl2 + 1) Spherical Aberration, Defocus
4 2

Ô
10(4fl4 ≠ 3fl2) cos(2◊) Secondary astigmatism at ±0¶

4 4
Ô

10fl4 cos(4◊) Quadrafoil



Appendix B

Least-squares minimisation in

MICE

The least-squares minimisation in the MICE algorithm leading to the coupled set equations

(3.5) and (3.6) can be derived in the following way: We start with the expression for the

least-squares error

‘ =
ÿ

�
|AC(“, “ ≠ �) ≠ E1 (“) Eú

2 (“ ≠ �) |2. (B.1)

The least-squares minimisation is performed by setting to zero the di�erentiation with

respect to the two fields. We use the Wirtinger derivatives to simplify the di�erentiation

of complex functions [312]. According to these, the partial di�erential operator associated

with the complex quantity Eú becomes

ˆ

ˆEú = 1
2

3
ˆ

ˆ Re(E) + i
ˆ

ˆ Im(E)

4
, (B.2)
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where the di�erentiation is split into the di�erentiation with respect to the real and ima-

ginary parts. In order to solve ˆÁ/ˆEú = 0, the two components are therefore calculated

separately first. To simplify the notation the arguments of the fields are omitted. Di�er-

entiation with respect to the real part of Eú is written as

ˆÁ

ˆ Re(E1) =
ÿ ˆ

ˆ Re(E1) [(AC ≠ (Re(E1) + iIm(E1))Eú
2)

◊ (ACú ≠ (Re(E1) ≠ iIm(E1))E2)]. (B.3)

Performing the di�erentiation directly leads to

ˆÁ

ˆ Re(E1) =
ÿ

[≠Eú
2ACú + |E2|2(Re(E1) ≠ iIm(E1))

≠ E2AC + |E2|2(Re(E1) + iIm(E1))]. (B.4)

Since ≠Eú
2ACú ≠ E2AC = ≠2Re(≠Eú

2ACú) = ≠2Re(E2AC), equation (B.4) can be re-

written as

ˆÁ

ˆ Re(E1) = 2
ÿ

[≠Re(E2AC) + |E2|2Re(E1)]. (B.5)

The di�erentiation with respect to Im(E1) is calculated accordingly. The result is

ˆÁ

ˆ Im(E1) = 2
ÿ

[≠Im(E2AC) + |E2|2Im(E1)] (B.6)
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Using equations (B.5) and (B.6), the least-squares minimisation becomes

ˆÁ

ˆ(Eú
1) = 1

2

3
ˆÁ

ˆ Re(E1) + i
ˆÁ

ˆ Im(E1)

4
(B.7)

=
ÿ

[≠(Re(E2AC) + iIm(E2AC)) + |E2|2(Re(E1) + iIm(E1))]

=
ÿ Ë

≠E2AC + |E2|2E1
È

= 0 (B.8)

Since E1(“) does not depend on the shear �, equation (B.8) leads to the final equation for

field E1(“):

E1(“) =
q

� AC(“, “ ≠ �)E2(“ ≠ �)
q

� |E2(“ ≠ �)|2 (B.9)

To obtain equation (3.6), the variable “ is transformed according to “ æ “ + � which

transfers the shear from E2 to E1. In matrix notation this action corresponds to a row

rotation. By di�erentiating equation (B.1) with respect to E2 and performing an analogous

calculation as above, equation (3.6) is recovered.
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XUV spectrometer grating

The XUV grating is a mechanically ruled aberration-corrected concave grating, creating

a flat-field image over a certain wavelength range at the image plane. The geometry for

installation of the grating is shown in chapter 5 in figure 5.3. Table C.1 indicates the

technical specifications of the grating:

Table C.1: Technical specifications of Hitachi grating model 001-0640.

Category Value
Grooves/mm 1200

Radius of curvature [mm] 5649
Blank Size H x W x T [mm] 30 x 50 x 10

Wavelength range [nm] 11-62
Extension of flat-field image plane [mm] 110.16

Angle of Incidence 85.3¶

Blaze angle 3.7¶

Material Pyrex

The grating has varied groove spacing ‡ at position Ê in accordance with the following:

‡ = ‡0/

3
1 + 2b2

R
Ê + 3b3

R2 Ê2 + 4b4
R3 Ê3

4
. (C.1)
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Here ‡0 is the nominal groove spacing, R is the radius of curvature and b2, b3, b4 are the

ruling parameters. For the grating used in Oxford (Hitachi model 001-0640), b2 = ≠8.9,

b3 = 86.3, b4 = ≠1349. The wavelength along the focal plane can then be calculated

according to the grating law:

m⁄ = ‡0(sin – + sin —), (C.2)

where m is the di�raction order and – and — are the angles of incidence and di�raction,

respectively.
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[261] J.-F. Hergott, M. Kovačev, H. Merdji, C. Hubert, Y. Mairesse, E. Jean, P. Breger,
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