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Abstract

The progress in deep learning over the past decade has led to the creation of models
that have had a significant impact on various fields as widely ranging as biology
and language. Powering this progress are methodological advances in the design of
neural networks and their training procedures, alongside the availability of more
data and better software and hardware.

This thesis presents four pieces of research devoted to understanding and
improving the generalization of neural networks via the lenses of neural architectures
and their training techniques. On the architecture design front, we introduce a
new equivariant architecture based on attention, and we develop algorithms for
automatically designing architectures for use in an ensemble. On the training
techniques front, we propose a denoising technique for self-supervised pre-training
of molecular property prediction models, and we study an optimization technique
for improving generalization via periodic re-initialization of the neural network
during training. Each work touches on various aspects of the overall workflow
for training a neural network.
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1
Introduction

Over the past decade, the field of deep learning has produced a series of astonishingly

capable neural network models that have impacted a wide range of fields. Neural

networks have transformed computer vision to the extent that they are now the only

class of machine learning models capable of achieving the current state-of-the-art

at multiple tasks. In the game of Go, neural networks combined with reinforcement

learning have reached super-human performance, which was long considered a

major challenge for artificial intelligence [Silver et al., 2016]. Neural networks

have revolutionized generative modelling, emerging, for instance, as the only class

of models capable of generating realistic high-resolution images [Rombach et al.,

2021]. The unprecedented accuracy in the prediction of protein structures has led

neural networks to transform structural biology [Jumper et al., 2021]. Through

demonstrating competence at a diverse array of tasks, neural networks applied

to language modelling have even been likened to prototypes of artificial general

intelligence [Bubeck et al., 2023].

One lesson this incredible progress has taught us is that the details matter.

The details of the models and the training procedures used to create them have a

large impact on the generalization performance and utility of the resulting systems.

For neural networks, the two methodological ingredients that largely determine

the learned model and its properties are the neural network’s architecture and the

precise procedure used to train it. The architecture of a neural network is how
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1. Introduction 6

the model’s parameters are combined with its input to produce its output. The

training procedure is the recipe that converts a dataset of training examples into

the learned parameters of the architecture. More or less every breakthrough due

to deep learning (in particular, each one mentioned above) has relied on advances

in neural network architectures or techniques for training them. These range from

simple but crucial details like residual connections in the architecture to intricate

denoising schedules for training diffusion models. It is difficult to imagine any of

the remarkable progress of the field without such advances.

This thesis is about understanding and improving generalization in neural

networks through a focus on architectures and their training techniques. We

present four works of research on the topics of pre-training, re-initialization during

optimization, equivariant architectures and architectural diversity in ensembles.

Together, these works cover a broad range of application areas as we empirically

assess different methodologies for their benefits and limitations. The thesis is

outlined as follows.

Chapter 2 begins by introducing fundamental concepts in machine learning

that appear throughout this thesis. We discuss the motivation for deep learning

within machine learning and conclude with a whistle-stop tour of some of the key

methodological advances in deep learning—along the two themes of architectures

and training techniques—over the past decade.

Chapter 3 introduces a technique for pre-training neural networks for the task of

molecular property prediction from 3D structures. The technique relies on denoising

applied to an unlabelled dataset of molecular structures, which is proven to be related

to learning atomic forces via the framework of score-matching. We empirically

evaluate the method on multiple molecular property prediction benchmarks and

demonstrate improved performance as a result of pre-training, mirroring the progress

of large-scale pre-training in the vision and language domains.

Chapter 4 studies an optimization technique that involves periodically re-

initializing the neural network’s weights during training. We study when re-

initialization methods improve generalization in the context of image classification,
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finding surprising settings when such methods have a regularizing effect on learning

that leads to better performance.

Chapter 5 focuses on the topic of equivariant neural network architectures.

A new architecture based on the transformer model is introduced that is by

construction equivariant to the action of certain groups. We empirically evaluate

the architecture on point cloud classification, modelling physical systems and

molecular property prediction, demonstrating the generalization benefit of both

equivariance and the architecture.

Chapter 6 is about neural network ensembles, a common technique for improving

generalization, uncertainty estimation and robustness in deep learning. We develop

a framework for exploiting the predictive diversity offered by different neural network

architectures to build ensembles with varying architectures. We demonstrate the

empirical benefits of this approach in vision, which include both better generalization

and improved robustness.

Chapters 3 to 6 were published as the following papers respectively. My

contributions to each paper are described at the end of the respective chapter,

except for Chapter 5, where they are covered in Section 5.7.1. Asterisks (∗)

indicate equal contribution.

• Pre-training via Denoising for Molecular Property Prediction. Sheheryar
Zaidi∗, Michael Schaarschmidt∗, James Martens, Hyunjik Kim, Yee Whye Teh,
Alvaro Sanchez-Gonzalez, Peter W. Battaglia, Razvan Pascanu and Jonathan
Godwin. International Conference on Learning Representations, 2023.

• When Does Re-initialization Work? Sheheryar Zaidi∗, Tudor Berariu∗, Hyunjik
Kim, Jorg Bornschein, Claudia Clopath, Yee Whye Teh and Razvan Pascanu.
Proceedings on “I Can’t Believe It’s Not Better! - Understanding Deep Learning
Through Empirical Falsification” at NeurIPS 2022 Workshops, PMLR, 2023.1

• LieTransformer: Equivariant Self-Attention for Lie Groups. Michael
Hutchinson∗, Charline Le Lan∗, Sheheryar Zaidi∗, Emilien Dupont, Yee Whye Teh
and Hyunjik Kim. International Conference on Machine Learning, 2021.

• Neural Ensemble Search for Uncertainty Estimation and Dataset Shift.
Sheheryar Zaidi∗, Arber Zela∗, Thomas Elsken, Chris Holmes, Frank Hutter and
Yee Whye Teh. Neural Information Processing Systems, 2021.

1Originally presented at a workshop, this paper was subsequently selected for publication in a
special edition of PMLR.
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2.1 Fundamentals of Machine Learning

The field of machine learning (ML) is broadly occupied with the goal of creating

algorithms that can learn models from data. The ultimate goal of these models is

to complete tasks through learning directly from data, rather than through explicit

instruction. One example of a task is predicting an object’s identity from its image.

Another example is predicting the energy of a molecule from its atomic structure.

Models can broadly be categorized as being discriminative or generative. In-

formally, discriminative models are learned in order to make predictions – given

an input, the model predicts the corresponding output. Generative models aim to

learn the data-generating distribution, the purpose of which can, for example, be to

generate new examples from the distribution. Although the distinction between

discriminative and generative models is useful, it is important to note that it

is not a strict dichotomy. For example, a discriminative model that predicts a

distribution over the outputs can be viewed as an input-conditioned generative

8



2. Background 9

model. Whereas, many generative models are trained using discriminative loss

objectives but are used for generation.

Data used to train models, called the training dataset, comes either in the form

of a set of pairs {(x1, y1), . . . , (xn, yn)} – which are considered as pairs of an input

xi with output or label yi – or simply a set of unlabeled examples {x1, . . . ,xn}.

Learning algorithms are then functions that map a given training dataset to a model

from the set of all permissible models, called the hypothesis class.

2.1.1 Empirical Risk Minimization

The primary focus of this thesis is on discriminative models trained using labeled

datasets, which is formalized as follows. Notationally, let

Dtrain = {(x1, y1), . . . , (xn, yn)} ⊆ X × Y

be the training dataset, where X and Y are the input and output spaces respectively.

We assume that each (xi, yi) has been generated by identically and independently

(i.i.d.) sampling an unknown probability distribution P on X × Y. Let H ⊆ {f :

X → Y} denote the hypothesis class, which contains functions X → Y. Denote

by ℓ(y, y′) ∈ R≥0 the loss associated with predicting the label y when the true

label is y′, which is zero when y = y′. We focus on learning algorithms that pick

a function f ∗ ∈ H by empirical risk minimization (ERM):

f ∗ ∈ arg min
f∈H

Rtrain(f), (2.1)

where Rtrain(f) = 1
n

n∑
i=1

ℓ(f(xi), yi).

The objective function Rtrain minimized in Equation (2.1) is called the training

loss or empirical risk, as it is computed over the training data Dtrain. However, a

central goal is that the learned function f ∗ does not only have a small loss over

the training examples (xi, yi) but also new, unseen examples (x, y) ∼ P . In other

words, the learned function should generalize to new examples. Formally, what

we actually want is to achieve low population risk

Rpop(f) = E [ℓ(f(x), y)] =
∫
ℓ(f(x), y) dP (x, y).
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However, computing Rpop for an arbitrary f ∈ H is intractable for various reasons,

foremost of which is that the data generating distribution P is typically unknown

such that computing the expectation is not possible. We now observe that ERM

minimizes a tractable objective function that is a Monte Carlo approximation of

the population risk that we care about, requiring only access to the samples in

Dtrain rather than knowledge of P :

1
n

n∑
i=1

ℓ(f(xi), yi) ≈ Rpop(f), (2.2)

with equality as n → ∞ by the law of large numbers [Çinlar, 2011, Section 6 in

Chapter 3], since (xi, yi) are samples from P . Overall, one hopes that minimizing

Rtrain(f) goes at least some of the ways towards minimizing Rpop(f). Theoretically

quantifying when this happens is the subject of study in the field of learning

theory [Vapnik, 1999].

2.1.2 Overfitting

It is key that the result of learning is a model that generalizes to unseen data.

This raises the question of how we measure whether ERM has been successful –

is Rpop(f ∗) going to be small? The learned function f ∗ of course depends on the

training data Dtrain due to Equation (2.1). Therefore, its training loss Rtrain(f ∗)

is not necessarily a good estimate of Rpop(f ∗). Indeed, the law of large numbers

cannot be applied as in Equation (2.2), because f ∗ depends on all (xi, yi) and

the training loss is also computed over (xi, yi). Usually, Rtrain(f ∗) ≤ Rpop(f ∗).

Loosely speaking, when the gap between these two is large, we say that learning

has overfitted to the training data.

Cross validation is a widely used method for estimating Rpop(f ∗). Using a

validation dataset Dval = {(x′
1, y

′
1), . . . , (x′

n′ , y′
n′)} of new i.i.d. samples from

P , we note that

Rval(f ∗) = 1
n′

n′∑
i=1

ℓ(f ∗(x′
i), y′

i)
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is an unbiased estimate of Rpop(f ∗), because f ∗ does not depend on Dval. In

practice, Dval is constructed by randomly splitting all available training data into

two sets Dtrain and Dval. To summarize the discussion so far, learning using ERM

in practice breaks down into the following steps:

1. Select a hypothesis class H, loss function ℓ and split all available training

data for the task into Dtrain and Dval.

2. Perform the optimization in Equation (2.1) to pick f ∗ ∈ H.

3. Report Rval(f ∗) as an estimate of how well f ∗ generalizes on the task.

2.1.3 Regularization

A crucial part of learning is choosing the hypothesis class H. A trade-off exists when

making this choice between the expressivity of H and the potential for overfitting. If

H is a large set of expressive functions such that there exist f ∈ H with Rtrain(f) ≈ 0,

ERM may result in learned functions that do not generalize beyond the training

data. More explicitly, suppose X = Y = R and consider f̂(x) = ∑n
i=1 yiφ(x − xi)

where φ : R → R is some smooth “bump” with φ(0) = 1 and compact support

on a small neighborhood of 0. Provided the bump function has sufficiently small

support, f̂(xi) = yi for all i = 1, . . . , n, hence Rtrain(f̂) = 0. If functions such as f̂

are contained in H and returned by the optimization, then for any realistic task

and dataset, ERM is unlikely to generalize as it will result in the learned model

only memorizing the training examples. On the other extreme, if H only contains,

say, constant functions, it will lack the flexibility necessary for ERM to select a

model that can even minimize the training loss, let alone generalize to unseen data.

Generally, it is desirable that H is chosen to be expressive enough to model the

task while avoiding the risk of overfitting, which is the crux of applying machine

learning in practice. In deep learning, one reason why architecture choice is crucial

is because it determines the hypothesis class.

The best way to reduce overfitting is to increase the amount of training data

– use a sufficiently expressive hypothesis class and let the data inform the model



2. Background 12

choice. When increasing the data is expensive or otherwise infeasible, overfitting can

be avoided for expressive choices of H by applying regularization, which encourages

the learned model to be “simple” in the hope of better generalization (an instance

of applying Occam’s razor). Let R : H → R be a regularization function that

measures some notion of how simple a function f ∈ H is such that smaller values

of R are preferred (all else being equal). The optimization in Equation (2.1) can

be modified as follows to explicitly encourage the learning algorithm to select

simpler functions from the hypothesis class:

f ∗ ∈ arg min
f∈H

Rtrain(f) + λR(f). (2.3)

λ > 0 is the regularization coefficient, which is a hyperparameter that determines

the strength of regularization. Returning to our example of f̂ above, suppose H

is some set of smooth functions that also contains f̂ and R(f) = sup f ′, which

encourages the learned function to vary more slowly.1 Then, functions constructed

with bump functions φ that have narrow support sets would incur large costs via

R(f), hence they would be avoided by ERM with regularization.

The choice of R is an important area of research in machine learning. Whether

a given R improves generalization is linked to the task and dataset as well. For

example, when H is parameterized by some θ ∈ Rp, as in the case of deep learning,

a common choice of regularizer is the ℓ2-norm of θ, called weight decay. However,

whether weight decay actually improves generalization when training neural networks

in practice often depends on the data, task and network architecture.

Equation (2.3) regularizes learning explicitly, because the user directly defines R

and chooses λ. Learning can also be regularized implicitly, which is especially the

case when training neural networks with gradient-based methods (see e.g. Neyshabur

[2017]). Such optimization methods implicitly bias the solution of ERM, which

itself is believed to be a source of regularization that is not controlled explicitly.

Understanding the role of implicit regularization in training neural networks is a

highly active line of research. Various directions have been studied, such as the
1Assuming sup f ′ exists for all f ∈ H.
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curvature of the minima in parameter space of θ obtained with gradient-based

methods [e.g. Hochreiter and Schmidhuber, 1994, Dinh et al., 2017, Keskar et al.,

2017, Jiang* et al., 2020, Foret et al., 2021] and the properties of the learned

mapping in function space [e.g. Rahaman et al., 2018, Basri et al., 2019, Xu et al.,

2019, Chizat and Bach, 2020].

2.1.4 Loss Functions and Probabilistic Modelling

Loss functions ℓ usually result from adopting a probabilistic viewpoint of learning.

In many practical settings, the ERM optimization in Equation (2.1) is equivalent

to computing a maximum likelihood estimator (MLE) under some probabilistic

model of the data, which then determines the loss function. Suppose we assume

the following model for the data:

Y | X = x ∼ Pθ(Y | X = x),

where θ ∈ Θ is an unknown parameter and Pθ(· | X = x) is a distribution

on Y parameterized by x. Given observations Dtrain, the MLE corresponds to

the following objective:

θMLE ∈ arg max
θ∈Θ

n∏
i=1

Pθ(yi | X = xi) = arg max
θ∈Θ

n∑
i=1

logPθ(yi | X = xi). (2.4)

Viewing fθ(x) = Pθ(· | X = x) (the output is now a distribution on Y rather

than a point estimate) and letting ℓ(fθ(x), y) = − logPθ(y | X = x), we observe

that Equation (2.4) is an equivalent optimization to Equation (2.1) over H =

{fθ : θ ∈ Θ}. In regression tasks where Y is continuous, mean squared error

(MSE) is a common loss function, which is the result of assuming the model

Pθ(y | X = x) = N (y;µθ(x), σ2), where the mean is a function of x parameterized

by θ and the variance is fixed. For classification tasks where Y is discrete taking

one of C values, Pθ(y | X = x) is a categorical distribution with probability mass

function pθ(x) ∈ RC , which results in the cross-entropy loss. These are two of

the simplest and most common losses used in practice.

Recently, in the deep learning literature, various works have however found that

augmenting these traditional loss functions with auxiliary terms can significantly



2. Background 14

improve generalization. For example, Santoro et al. [2018] used an auxiliary loss

that encourages representation learning in the context of abstract reasoning with

neural networks, Jumper et al. [2021] utilized multiple auxiliary losses for protein

structure prediction and Godwin et al. [2022] used an auxiliary denoising loss in

the context of molecular property regression, which we build on in Chapter 3.

2.1.5 Ensembles

Given multiple learned functions f1, . . . , fm, ensemble learning or ensembling is a

technique for producing a single learned function f by combining f1, . . . , fm, with the

goal of f generalizing better than any of its constituents fi. Ensembling is employed

in many real-world applications of machine learning, because of its generalization

advantages and ease of implementation for a variety of model types [Zhou, 2012].

The constituents of an ensemble, called the base learners, can a priori be any

type of function. However, usually, they tend to come from some class of randomized

learning algorithms (i.e. homogeneous ensembles), where the outcome of learning is

random. This ensures that each time the learning algorithm is called, a different

base learner fi is returned. For deterministic learning algorithms, where all fi would

be the same, combining them into an ensemble (e.g. through averaging the outputs

or voting) would yield a model identical to and no better than each fi. This also

relates to the intuition behind the generalization benefit of ensembling: provided

that the base learners are each sufficiently accurate and mutually diverse, their

errors will be different and can therefore cancel out. Various works have made this

idea precise theoretically for specific types of ensembles [e.g. Hansen and Salamon,

1990, Breiman, 2001a, Bian and Chen, 2019, Goodfellow et al., 2016].

Randomization can be achieved in a variety of ways, and the optimal approach

for generalization tends to depend on multiple factors, including the hypothesis class

or model type and the dataset. Arguably, the most popular usage of ensembling

is for building random forests [Breiman, 2001a], which are ensembles of decision

trees [Breiman et al., 1984]. One source of randomization used in ensembles of

decision trees is bootstrap aggregation, wherein the training data for each base
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learner is constructed by sampling with replacement from the full training data.

For neural networks, which are trained using gradient descent, a natural source of

randomization is the initialization of the parameters. This method is usually called

deep ensembles [Lakshminarayanan et al., 2017]. Due to the non-convex structure

of the loss landscape, different initializations lead to different minima that represent

different functions. While bootstrapping can also be applied to ensembles of neural

networks, deep ensembles empirically outperform bootstrapping [Nixon et al., 2020].

In deep learning, aside from improved generalization accuracy, one major

advantage of ensembling is better uncertainty estimation, which is one of the

reasons they have been explored in recent literature. Chapter 6 builds upon and

improves deep ensembles, both in terms of generalization and uncertainty estimation,

by exploiting another source of diversity: the network architecture.

2.1.6 Faces of Generalization

In Section 2.1.1, we discussed that the goal of learning is to generalize on unseen

data – the learned model should exhibit a small population risk. Population risk is

measured over data sampled from the same underlying distribution as the training

data. In practice, however, the desiderata for useful models extend beyond small

population risk. Ideally, a model should generalize, to some extent, on examples

outside the distribution of the training data, and it should give reliable estimates

of its uncertainty when making predictions.

Recall that P is the distribution from which the training data is sampled. Out-

of-distribution generalization refers to generalization on examples sampled from

another distribution P ′. For example, within vision, P may be a distribution

over images taken on sunny days, while P ′ is a distribution of images taken on

rainy days. Image classification models trained on examples from P should ideally

generalize on examples from P ′. As another example, P may be a distribution over

molecular structures whose center of mass is zero, whereas P ′ is a distribution over

similar structures that are instead translated and have a non-zero center of mass.

Depending on the specific application, P ′ may not be known at training time. In the
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vast majority of cases, both P and P ′ are also not known directly but only through

their samples. Quantifying how generalization depends on the formal relationship

between these two distributions is an area of active research [Redko et al., 2020].

One approach for building models that generalize well both in-distribution and

are robust to some degree of distributional shift at test time is via incorporating

inductive biases in the learning algorithm. The (somewhat overloaded) term

inductive biases typically refers to incorporating into the model prior knowledge

known about the target input-output mapping that we wish to learn. In deep

learning, one way to achieve this is through the choice of network architecture

(which determines the hypothesis class H). An example of such an inductive bias

is constructing architectures that are equivariant to the action of a group on the

input and output spaces, in line with the target input-output mapping. Equivariant

neural networks provably guarantee robustness to particular distributional shifts.

Consider the example of a rotation-invariant model used for classifying images of

cats and dogs. Such a model trained on only upright images of cats and dogs will

generalize equally well to other distributions where the images are in any other

orientation. Equivariance forms the subject of Chapter 5.

When models are deployed in the real world, their utility also depends on whether

they can provide reliable estimates of their uncertainty. For data from distributions

that are sufficiently distinct from the training data, models will inevitably make

poorer predictions. Predictive uncertainty estimates that can indicate this, therefore,

make models more useful and trustworthy, which is key for applications to critical

domains. In classification tasks, where the model predicts a categorical probability

distribution over the classes pθ(x) ∈ RC , one common measure of the quality of a

model’s predictive uncertainty is expected calibration error (ECE). ECE measures

the mismatch between a model’s confidence and its accuracy. For example, whenever

a model predicts that an input belongs to a specific class with probability 70%,

is it actually right 70% of the times? In regression tasks where a model returns

a point estimate with a prediction interval, the attained coverage of the intervals

is a measure of their quality. We note that conformal prediction is a general
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methodology for constructing such prediction intervals (for classification as well)

that come with theoretical, distribution-free guarantees. Due to this, conformal

methods have recently gained popularity (see Angelopoulos and Bates [2021] for

a recent introduction and review).

2.2 Deep Learning: Past & Present

In this section, we focus our attention on deep learning, which forms the subject of

this thesis. Fundamentally, a neural network is simply a function fθ parameterized

by a real vector θ ∈ Rp. The input and output spaces of a neural network depend

on the task, but when implemented computationally, these spaces are either finite-

dimensional real vector spaces or unions thereof (in cases such as graph neural

networks, where the input size can vary). Neural networks are usually non-linear

functions of the input and span a hypothesis class H = {fθ : θ ∈ Rp} that is

typically expressive and satisfies some version of a universal approximation result.

The functions fθ are usually a composition of multiple layers, which tend to be

simpler functions like affine or point-wise non-linear functions.

ERM in Equation (2.1) applied to neural networks leads to a generally non-convex

optimization problem over θ ∈ Rp. Almost all methods used to solve this in practice

are variants of gradient descent. In its simplest form, starting with an initialization

θ0, we improve the parameters by iterating through θt+1 = θt − α∇Rtrain(fθt),

where we recall that θ 7→ Rtrain(fθ) maps parameters to their training loss and the

step-size α ∈ R is called the learning rate. For large datasets where computing the

gradient ∇Rtrain(fθt) is expensive, we replace the gradient of Rtrain(fθt) with the

gradient of the training loss over a random subset (or batch) of the full data. This

replacement is an unbiased estimate of the full gradient, so it constitutes a version

of stochastic gradient descent (SGD). There is a rich literature on optimization

methods for neural networks [Schmidt et al., 2021].

Gradient descent will not necessarily find a global minimum of the training

loss, although, in various practical instances, it does, despite which the model

often continues to generalize well to unseen data [Zhang et al., 2021]. A complete
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theoretical understanding of the interplay been optimization and generalization

in neural networks remains a key open problem in the field. However, there is

abundant empirical evidence that how well a deep learning model generalizes on

a given task is sensitively determined by:

1. What the neural network’s architecture is – what is the mapping θ 7→ fθ?

2. How the network is trained – what is the learning protocol and the data?

Answering these two questions in specific settings is the bread and butter of applying

deep learning. In the following sections, we first briefly review the challenges that

motivated the development of deep learning. Then, we give a high-level overview of

the key methodological advances in deep learning from the past decade – connecting

them back to the above two themes of architecture design and training techniques.

Our discussion focuses on specific methods within these themes that form the

basis of the remaining chapters in this thesis.

2.2.1 Why Deep Learning

The development of deep learning was partly motivated by two growing needs. The

first was a desire to reduce manual feature engineering in machine learning. The

majority of machine learning methods prior to deep learning required hand-crafted

features to be extracted from raw data examples and provided as input to the

models. For example, image classification models using decision trees or support

vector machines are usually given a Gabor-filtered version of the input image as

an input feature instead of the raw pixel values. Hand-crafted features do not

necessarily generalize across tasks, require domain expertise to design and may be

suboptimal. Instead, neural networks used for image classification are provided the

raw pixel values (possibly standardized) as input and the features extracted from the

image are learned end-to-end. Similarly, early models for speech recognition relied

on feeding handcrafted features to Hidden Markov models (HMMs) and Gaussian

mixture models (GMMs). Eventually, this was also replaced by neural networks

learned end-to-end which were found to outperform prior approaches. On the
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whole, the use of deep learning circumvents the expensive procedure of constructing

task-specific features and renders the methodology more applicable across domains.

The second was a need for methods where the computation required for learning

scales favorably with the dataset size, enabling them to be applied to large datasets.

For example, the computational complexity of kernel regression scales super-linearly

with the dataset size, due to the need for inverting the n× n Gram matrix, where

n is the size of the dataset. Similarly, fitting a decision tree to a dataset of size

n also scales super-linearly, because deciding a splitting point for a node in the

tree involves sorting the n examples by one of their (numerical) features, which

is a super-linear operation. This restricts the applicability of such methods to

large datasets (without further approximations).

The cost of training a neural network can be chosen to scale linearly with n in

practice. When applying batched gradient descent with batch size m, n/m steps of

gradient descent are needed for one full pass over the dataset, which is called an epoch

of training. If the number of epochs is kept fixed, the cost of training scales linearly

with n. Generally, observe that batched gradient-based optimization even allows

some extent of decoupling between the dataset size and the computational cost of

training. Indeed, as usually done in practice, the batch size is chosen independently

of the dataset size, instead being chosen as the largest possible size supported by

the available hardware [Godbole et al., 2023], which means that the overall cost

of training depends on the total number of gradient steps. This is then chosen by

taking into account the desired total training time and possibly the dataset size

among other factors. Deep learning has so far remained unique in its successful

application to very large datasets, such as trillions of tokens of natural text or

billions of images [Chowdhery et al., 2022, OpenAI, 2023, Schuhmann et al., 2022]

2.2.2 Progress of the Last Decade

The origins of deep learning date back to the 1940s, and the field has since undergone

multiple waves of development under different names (for a historical overview, see

Goodfellow et al. [2016, Section 1.2]). The latest wave of development followed the
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dramatic success of convolutional neural networks (CNNs) at the annual object

recognition contest ImageNet Large Scale Visual Recognition Challenge (ILSVRC) in

2012. Krizhevsky et al. [2012] applied a convolutional architecture known as AlexNet

to the task of classifying images as belonging to one of 1,000 classes, achieving a

significantly lower error rate than the best models in the previous years (and also

compared to the runner-up in 2012). Key to their success was using a sufficiently

deep convolutional architecture whose training was made computationally feasible

through the use of graphics processing units (GPUs).

Since then, many methodological advances have been made through the com-

munity’s focus on improving performance on benchmarks for different tasks and

application domains. This progress has been powered by increases in the availability

of large amounts of data and efficient computational hardware and software. We give

an incomplete, whistle-stop tour of influential methodological advances, categorized

by the application domains where deep learning has been highly successful.

In computer vision, convolutional neural networks (CNNs) [LeCun et al., 1989,

Lecun et al., 1998] have been a dominant architecture. For classification tasks, these

models take as input an array consisting of raw pixel values and map it to a discrete

probability distribution over the class labels using a sequence of learned convolution

layers. Following AlexNet in 2012, various new architectures were proposed that

led to winning entries of subsequent ILSVRCs. An early common theme was

scaling up the size of the CNN by increasing its number of layers [Simonyan and

Zisserman, 2015, Szegedy et al., 2015] (which were some combination of linear

convolutional layers, point-wise non-linearities, pooling layers and fully-connected

layers). New types of layers were also proposed, such as batch normalization

[Szegedy et al., 2015] that improved training speed and stability. He et al. [2016c]

proposed residual connections that allowed scaling CNNs to over a hundred layers

deep, further improving their performance on vision tasks. Normalization layers

and skip connections have since become ubiquitous in modern architectures for

vision and beyond. Increasing model size also increases the risk of overfitting, for

which techniques like dropout [Srivastava et al., 2014] during training were proposed.
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Modern SOTA vision models almost always rely on transfer learning – these models

are initially pre-trained on billions of images (e.g. using a classification or contrastive

loss) and then fine-tuned on downstream tasks such as image segmentation, video

classification and image captioning [Dehghani et al., 2023].

In natural language processing (NLP) and speech, earlier successes of deep

learning were in speech recognition. Following a similar trajectory to vision, CNN

architectures were adapted to operate on log-Mel spectrograms allowing them to

be applied to speech recognition and went through a similar cycle of architectural

improvements and depth scaling resulting in better performance on benchmarks

[Sainath et al., 2013] Meanwhile, other NLP tasks such as language modelling

and machine translation require architectures that can operate on sequences of

tokens (e.g. words or characters). Architectures based on recurrent neural networks

(RNNs), such as long short-term memory (LSTM) networks and gated recurrent

units (GRUs), were constructed to enable sequence-to-sequence learning [Hochreiter

and Schmidhuber, 1997, Cho et al., 2014, Sutskever et al., 2014]. The major

architectural breakthrough was due to Vaswani et al. [2017] who proposed a

recurrence-free, attention-based model called the transformer and demonstrated

its SOTA performance on machine translation and other tasks. Soon after, large

transformers were applied to autoregressive language modelling on enormous internet-

sized datasets of text. The motivating factor was empirical scaling laws which

showed clear power law trends of improving model performance as model and data

sizes were increased. This resulted in several, increasingly capable large language

models (LLMs) [Devlin et al., 2019, Brown et al., 2020b, OpenAI, 2023, Chowdhery

et al., 2023, Google, 2023] that for the first time demonstrated strong few-shot,

multi-task learning abilities, outperformed task-specific models and are currently

considered by many as prototypes of artificial general intelligence. Training large

transformers for language modelling itself required innovations at various levels,

such as optimization-related techniques, tokenization and positional embeddings,

efficient variations and implementations of self-attention, and model parallelization
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strategies. Recently, much focus has been devoted to methods for instruction tuning

with human data in order to better align pre-trained LLMs with the user’s intent.

In machine learning for scientific applications, the biggest catalyst of deep

learning and the natural sciences was the second generation of AlphaFold [Jumper

et al., 2021] which is a neural network that is capable of accurately predicting the

3D structure of a protein from its amino acid sequence – an important open problem

in biology. Central to AlphaFold’s design was a new architectural block called the

Evoformer for embedding the multiple sequence alignment and pair-wise features

using an attention-based mechanism. The architecture was trained with a novel

procedure involving a combination of loss functions and distillation techniques as

well as an additional module for predictive uncertainty estimation. Similarly, deep

learning applied to other domains often also involves architectural innovation specific

to the domain and task. Recent examples include DM21 for quantum chemistry

[Kirkpatrick et al., 2021], the Learned Interpolation model for computational fluid

dynamics [Kochkov et al., 2021], and Enformer for genetic expression prediction

[Avsec et al., 2021]. More generally, graph neural networks (GNNs) that take as

input featurized graphs are a popular family of architectures that are used for

various scientific applications, because inputs in scientific domains (e.g. molecules

or the states of a physical system) naturally lend themselves to a graph-based

representation [Battaglia et al., 2018]. Most GNNs rely on variations of message

passing layers where the features of a given node are updated based on the features of

adjacent nodes and edges. Equivariance in neural networks has also been motivated

by scientific applications where the coordinate system of the input is arbitrary.

Orthogonal to application areas, certain modelling paradigms have been success-

ful across areas. A prominent case is transfer learning, which is a training technique

that involves exploiting the knowledge learned from one task and dataset to improve

performance on another task. In deep learning, this is usually done through pre-

training, where a neural network is first trained on a typically large dataset with a

generic task. The pre-trained model can then be fine-tuned on a related target task

where data may be limited. Pre-training tasks may or may not require labelled
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data. Language modelling in NLP and contrastive learning in vision are popular

examples of pre-training tasks that require only unlabelled data. In Chapter 3, we

introduce an analogue for pre-training models for molecular property prediction.

Generative modelling, which consists of learning the data-generating distribution,

has also been transformed with the use of deep learning. High-dimensional

distributions, such as high-resolution images, that were previously impossible

to model have been successfully learned by large-scale neural networks combined

with powerful modelling techniques. Early generative modelling approaches were

generative adversarial networks [Goodfellow et al., 2014], variational auto-encoders

[Kingma and Welling, 2014] and normalizing flows [Papamakarios et al., 2021].

Each of these techniques is a modelling framework that is most often implemented

with neural networks used as learnable function approximators. They have been

applied to multiple domains, particularly image generation. More recently, diffusion

modelling [Ho et al., 2020, Song et al., 2021, Sohl-Dickstein et al., 2015] based

on denoising score-matching has become the dominant approach for generative

modelling, largely replacing other methods. Conditional generation, where the

model learns to sample from the data distribution conditioned on some variable, has

been highly successful with diffusion models, making generation more controllable

and hence useful. Diffusion models have been used to build text-to-image systems,

generate proteins and even model language. Note that each approach may be

viewed as a method for formulating the learning problem that results in its unique

training and inference procedures.

Finally, in the past few years, multimodality has been an important theme within

deep learning, blurring the boundaries between application areas. Multimodal

models combine different data modalities. The most common example currently

is visual-language models that combine image and text data such that the inputs

and/or outputs can be a combination of images and text. Dealing with multimodal

data brings its own challenges, principally in picking a suitable parameterization and

architecture for jointly embedding different modalities and an associated training

objective. Current approaches tend to rely on convolutional and attention modules to
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embed images and text respectively followed by modules that combine them. Various

research efforts across academia and industry are currently working to extend the

set of modalities towards video, audio, robotics and beyond. There are a number of

other domains we have not discussed in this section that have also been transformed

by the advent of deep learning, such as reinforcement learning and robotics.
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Pre-training via Denoising for Molecular

Property Prediction

Abstract: Many important problems involving molecular property predic-
tion from 3D structures have limited data, posing a generalization challenge for
neural networks. In this paper, we describe a pre-training technique based on
denoising that achieves a new state-of-the-art in molecular property prediction
by utilizing large datasets of 3D molecular structures at equilibrium to learn
meaningful representations for downstream tasks. Relying on the well-known
link between denoising autoencoders and score-matching, we show that the
denoising objective corresponds to learning a molecular force field – arising
from approximating the Boltzmann distribution with a mixture of Gaussians –
directly from equilibrium structures. Our experiments demonstrate that using
this pre-training objective significantly improves performance on multiple
benchmarks, achieving a new state-of-the-art on the majority of targets in
the widely used QM9 dataset. Our analysis then provides practical insights
into the effects of different factors – dataset sizes, model size and architecture,
and the choice of upstream and downstream datasets – on pre-training.
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3.1 Introduction

The success of the best performing neural networks in vision and natural lan-

guage processing (NLP) relies on pre-training the models on large datasets to

learn meaningful features for downstream tasks [Dai and Le, 2015, Simonyan and

Zisserman, 2014, Devlin et al., 2018, Brown et al., 2020a, Dosovitskiy et al., 2020b].

For molecular property prediction from 3D structures (a point cloud of atomic

nuclei in R3), the problem of how to similarly learn such representations remains

open. For example, none of the best models on the widely used QM9 benchmark

use any form of pre-training [e.g. Klicpera et al., 2020a, Liu et al., 2022b, Schütt

et al., 2021, Thölke and De Fabritiis, 2022], in stark contrast with vision and NLP.

Effective methods for pre-training could have a significant impact on fields such

as drug discovery and material science.

In this work, we focus on the problem of how large datasets of 3D molecular

structures can be utilized to improve performance on downstream molecular property

prediction tasks that also rely on 3D structures as input. We address the question:

how can one exploit large datasets like PCQM4Mv2,1 that contain over 3 million

structures, to improve performance on datasets such as DES15K that are orders

of magnitude smaller? Our answer is a form of self-supervised pre-training that

generates useful representations for downstream prediction tasks, leading to state-

of-the-art (SOTA) results.

Inspired by recent advances in noise regularization for graph neural networks

(GNNs) [Godwin et al., 2022], our pre-training objective is based on denoising

in the space of structures (and is hence self-supervised). Unlike existing pre-

training methods, which largely focus on 2D graphs, our approach targets the

setting where the downstream task involves 3D point clouds defining the molecular

structure. Relying on the well-known connection between denoising and score-

matching [Vincent, 2011, Song and Ermon, 2019, Ho et al., 2020], we show that

the denoising objective is equivalent to learning a particular force field, adding
1Note that PCQM4Mv2 is a new version of PCQM4M that now offers 3D structures.
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Figure 3.1: GNS-TAT pre-trained via denoising on PCQM4Mv2 outperforms prior work
on QM9.

a new interpretation of denoising in the context of molecules and shedding light

on how it aids representation learning.

The contributions of our work are summarized as follows:

• We investigate a simple and effective method for pre-training via denoising in

the space of 3D structures with the aim of improving downstream molecular

property prediction from such 3D structures. Our denoising objective is shown

to be related to learning a specific force field.

• Our experiments demonstrate that pre-training via denoising significantly

improves performance on multiple challenging datasets that vary in size,

nature of task, and molecular composition. This establishes that denoising

over structures successfully transfers to molecular property prediction, setting,

in particular, a new state-of-the-art on 10 out of 12 targets in the widely

used QM9 dataset. Figure 3.1 illustrates performance on one of the targets in

QM9.

• We make improvements to a common GNN, in particular showing how to

apply Tailored Activation Transformation (TAT) [Zhang et al., 2022] to

Graph Network Simulators (GNS) [Sanchez-Gonzalez et al., 2020], which is

complementary to pre-training and further boosts performance.
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• We analyze the benefits of pre-training by gaining insights into the effects of

dataset size, model size and architecture, and the relationship between the

upstream and downstream datasets.

3.2 Related Work

Pre-training of GNNs. Various recent works have formulated methods for pre-

training using graph data [Liu et al., 2021b, Hu et al., 2020a, Xie et al., 2021,

Kipf and Welling, 2016], rather than 3D point clouds of atom nuclei as in this

paper. Approaches based on contrastive methods rely on learning representations

by contrasting different views of the input graph [Sun et al., 2019, Veličković

et al., 2019, You et al., 2020, Liu et al., 2021a], or bootstrapping [Thakoor et al.,

2021]. Autoregressive or reconstruction-based approaches, such as ours, learn

representations by requiring the model to predict aspects of the input graph [Hu

et al., 2020a,b, Rong et al., 2020, Liu et al., 2019b]. Most methods in the current

literature are not designed to handle 3D structural information, focusing instead

on 2D graphs. The closest work to ours is GraphMVP [Liu et al., 2021a], where

3D structure is treated as one view of a 2D molecule for the purpose of upstream

contrastive learning. Their work focuses on downstream tasks that only involve 2D

information, while our aim is to improve downstream models for molecular property

prediction from 3D structures. After the release of this pre-print, similar ideas have

been studied by Jiao et al. [2022] and Liu et al. [2022a].

Denoising, representation learning and score-matching. Noise has long

been known to improve generalization in machine learning [Sietsma and Dow,

1991, Bishop, 1995]. Denoising autoencoders have been used to effectively learn

representations by mapping corrupted inputs to original inputs [Vincent et al., 2008,

2010]. Specific to GNNs [Battaglia et al., 2018, Scarselli et al., 2009, Bronstein et al.,

2017], randomizing input graph features has been shown to improve performance

[Hu et al., 2020a, Sato et al., 2021]. Applications to physical simulation also involve

corrupting the state with Gaussian noise [Sanchez-Gonzalez et al., 2018, 2020,

Pfaff et al., 2020]. Our work builds on Noisy Nodes [Godwin et al., 2022], which
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incorporates denoising as an auxiliary task to improve performance, indicating the

effectiveness of denoising for molecular property prediction (cf. Section 3.3.2.2).

Denoising is also closely connected to score-matching [Vincent, 2011], which has

become popular for generative modelling [Song and Ermon, 2019, 2020, Ho et al.,

2020, Hoogeboom et al., 2022, Xu et al., 2022, Shi et al., 2021]. We also rely on this

connection to show that denoising structures corresponds to learning a force field.

Equivariant neural networks for 3D molecular property prediction.

Recently, the dominant approach for improving models for molecular property

prediction from 3D structures has been through the design of architectures that

incorporate roto-translational inductive biases into the model, such that the outputs

are invariant to translating and rotating the input atomic positions. A simple way

to achieve this is to use roto-translation invariant features as inputs, such as inter-

atomic distances [Schütt et al., 2017a, Unke and Meuwly, 2019], angles [Klicpera

et al., 2020c,a, Shuaibi et al., 2021, Liu et al., 2022b], or the principal axes of inertia

[Godwin et al., 2022]. There is also broad literature on equivariant neural networks,

whose intermediate activations transform accordingly with roto-translations of inputs

thereby naturally preserving inter-atomic distance and orientation information.

Such models can be broadly categorized into those that are specifically designed

for molecular property prediction [Thölke and De Fabritiis, 2022, Schütt et al.,

2021, Batzner et al., 2021, Anderson et al., 2019, Miller et al., 2020] and general-

purpose architectures [Satorras et al., 2021, Finzi et al., 2020, Hutchinson et al.,

2021, Thomas et al., 2018b, Kondor et al., 2018b, Brandstetter et al., 2021]. Our

pre-training technique is architecture-agnostic, and we show that it can be applied

to enhance performance in both a GNN-based architecture [Sanchez-Gonzalez et al.,

2020] and a Transformer-based one [Thölke and De Fabritiis, 2022]. We conjecture

that similar improvements will hold for other models.
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3.3 Methodology

3.3.1 Problem Setup

Molecular property prediction consists of predicting scalar quantities given the struc-

ture of one or more molecules as input. Each data example is a labelled set specified

as follows: we are provided with a set of atoms S = {(a1,p1), . . . , (a|S|,p|S|)},

where ai ∈ {1, . . . , 118} and pi ∈ R3 are the atomic number and 3D position

respectively of atom i in the molecule, alongside a label y ∈ R. We assume that

the model, which takes S as input, is any architecture consisting of a backbone,

which first processes S to build a latent representation of it, followed by a vertex-

level or graph-level “decoder”, that returns per-vertex predictions or a single

prediction for the input respectively.

3.3.2 Pre-training via Denoising

Given a dataset of molecular structures, we pre-train the network by denoising

the structures, which operates as follows. Let Dstructures = {S1, . . . , Sn} denote the

upstream dataset of equilibrium structures, and let gnnθ denote a graph neural

network with parameters θ which takes S ∈ Dstructures as input and returns per-

vertex predictions gnnθ(S) = (ϵ̂1, . . . , ϵ̂|S|). The precise parameterization of the

models we consider in this work is described in Sections 3.3.3 and 3.8.1.

Starting with an input molecule S ∈ Dstructures, we perturb it by adding i.i.d.

Gaussian noise to its atomic positions pi. That is, we create a noisy version

of the molecule:

S̃ = {(a1, p̃1), . . . , (a|S|, p̃|S|)}, where p̃i = pi + σϵi and ϵi ∼ N (0, I3), (3.1)

The noise scale σ is a tuneable hyperparameter (an interpretation of which is given

in Section 3.3.2.1). We train the model as a denoising autoencoder by minimizing

the following loss with respect to θ:

Ep(S̃,S)

[∥∥∥gnnθ(S̃)− (ϵ1, . . . , ϵ|S|)
∥∥∥2
]
. (3.2)
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The distribution p(S̃, S) corresponds to sampling a structure S from Dstructures and

adding noise to it according to Equation (3.1). Note that the model predicts the

noise, not the original coordinates. Next, we motivate denoising as our pre-training

objective for molecular modelling.

3.3.2.1 Denoising as Learning a Force Field

Datasets in quantum chemistry are typically generated by minimizing expensive-to-

compute interatomic forces with methods such as density functional theory (DFT)

[Parr and Weitao, 1994]. We speculate that learning this force field would give

rise to useful representations for downstream tasks, since molecular properties vary

with forces and energy. Therefore, a reasonable pre-training objective would be

one that involves learning the force field. Unfortunately, this force field is either

unknown or expensive to evaluate, and hence it cannot be used directly for pre-

training. An alternative is to approximate the data-generating force field with

one that can be cheaply evaluated and use it to learn good representations – an

approach we outline in this section. Using the well-known link between denoising

autoencoders and score-matching [Vincent, 2011, Song and Ermon, 2019, 2020], we

can show that the denoising objective in Equation (3.2) is equivalent to learning

a particular force field directly from equilibrium structures with some desirable

properties. For clarity, in this subsection we condition on and suppress the atom

types and molecule size in our notation, specifying a molecular structure by its

coordinates x ∈ R3N (with N as the size of the molecule).

From the perspective of statistical physics, a structure x can be treated as a ran-

dom quantity sampled from the Boltzmann distribution pphysical(x) ∝ exp(−E(x)),

where E(x) is the (potential) energy of x. According to pphysical, low energy

structures have a high probability of occurring. Moreover, the per-atom forces

are given by ∇x log pphysical(x) = −∇xE(x), which is referred to as the force field.

Our goal is to learn this force field. However both the energy function E and

distribution pphysical are unknown, and we only have access to a set of equilibrium

structures x1, . . . ,xn that locally minimize the energy E. Since x1, . . . ,xn are then
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local maxima of the distribution pphysical, our main approximation is to replace

pphysical with a mixture of Gaussians centered at the data:

pphysical(x̃) ≈ qσ(x̃) := 1
n

n∑
i=1

qσ(x̃ | xi),

where we define qσ(x̃ | xi) = N (x̃; xi, σ
2I3N ). This approximation captures the fact

that pphysical will have local maxima at the equilibrium structures, vary smoothly

with x and is computationally convenient. Learning the force field corresponding

to qσ(x̃) now yields a score-matching objective:

Eqσ(x̃)
[
∥gnnθ(x̃)−∇x̃ log qσ(x̃)∥2

]
. (3.3)

As shown by Vincent [2011], and recently applied to generative modelling [Song and

Ermon, 2019, 2020, Ho et al., 2020, Shi et al., 2021, Xu et al., 2022], this objective is

equivalent to the denoising objective. Specifically, defining q0(x) = 1
n

∑n
i=1 δ(x = xi)

to be the empirical distribution and qσ(x̃,x) = qσ(x̃ | x)q0(x), the objective in

Equation (3.3) is equivalent to:

Eqσ(x̃,x)
[
∥gnnθ(x̃)−∇x̃ log qσ(x̃ | x)∥2

]
= Eqσ(x̃,x)

[∥∥∥∥gnnθ(x̃)− x− x̃
σ2

∥∥∥∥2]
. (3.4)

We notice that the RHS corresponds to the earlier denoising loss in Equation (3.2)

(up to a constant factor of 1/σ applied to gnnθ that can be absorbed into the

network). To summarize, denoising equilibrium structures corresponds to learning

the force field that arises from approximating the distribution pphysical with a mixture

of Gaussians. Note that we can interpret the noise scale σ as being related to

the sharpness of pphysical or E around the local maxima xi. We also remark that

the equivalence between Equation (3.3) and the LHS of Equation (3.4) does not

require qσ(x̃ | xi) to be a Gaussian distribution [Vincent, 2011], and other choices

will lead to different denoising objectives, which we leave as future work. See

Section 3.8.2 for technical caveats and details.
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3.3.2.2 Noisy Nodes: Denoising as an Auxiliary Loss

Recently, Godwin et al. [2022] also applied denoising as an auxiliary loss to molecular

property prediction, achieving significant improvements on a variety of molecular

datasets. In particular, their approach, called Noisy Nodes, consisted of augmenting

the usual optimization objective for predicting y with an auxiliary denoising loss.

They suggested two explanations for why Noisy Nodes improves performance. First,

the presence of a vertex-level loss discourages oversmoothing [Chen et al., 2019, Cai

and Wang, 2020] of vertex/edge features after multiple message-passing layers – a

common problem plaguing GNNs – because successful denoising requires diversity

amongst vertex features in order to match the diversity in the noise targets ϵi.

Second, they argued that denoising can aid representation learning by encouraging

the network to learn aspects of the input distribution.

The empirical success of Noisy Nodes indicates that denoising can indeed result

in meaningful representations. Since Noisy Nodes incorporates denoising only as

an auxiliary task, the representation learning benefits of denoising are limited to

the downstream dataset on which it is used as an auxiliary task. Our approach

is to apply denoising as a pre-training objective on another large (unlabelled)

dataset of structures to learn higher-quality representations, which results in

better performance.

3.3.3 GNS and GNS-TAT

The main two models we consider in this work are Graph Net Simulator (GNS)

[Sanchez-Gonzalez et al., 2020], which is a type of GNN, and a better-performing

variant we contribute called GNS-TAT. GNS-TAT makes use of a recently published

network transformation method called Tailored Activation Transforms (TAT) [Zhang

et al., 2022], which has been shown to prevent certain degenerate behaviors at

initialization in deep MLPs/convnets that are reminiscent of oversmoothing in GNNs

(and are also associated with training difficulties). While GNS is not by default

compatible with the assumptions of TAT, we propose a novel GNN initialization

scheme called “Edge-Delta” that makes it compatible by initializing to zero the
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Figure 3.2: Left: Frequency of compositions of molecules appearing in QM9 overlayed
with the corresponding frequency in PCQM4Mv2. Each bar represents one molecular
composition (e.g. one carbon atom, two oxygen atoms). Right: Percentage of elements
appearing in QM9, DES15K, OC20 that also appear in PCQM4Mv2.

weights that carry “messages” from vertices to edges. This marks the first application

of TAT to any applied problem in the literature. See Section 3.8.1 for details.

3.4 Experiments

The goal of our experimental evaluation in this section is to answer the following ques-

tions. First, does pre-training a neural network via denoising improve performance

on the downstream task compared to training from a random initialization? Second,

how does the benefit of pre-training depend on the relationship between the upstream

and downstream datasets? Our evaluation involves four realistic and challenging

molecular datasets, which vary in size, compound compositions (organic or inorganic)

and labelling methodology (DFT- or CCSD(T)-generated), as described below.

3.4.1 Datasets and Training Setup

Datasets. First, the main dataset we use for pre-training is PCQM4Mv2 [Nakata

and Shimazaki, 2017], which contains 3.4 million organic molecules, specified by their

3D structures at equilibrium calculated using DFT.2 The molecules in PCQM4Mv2

only contain one label, however the labels are not used as denoising only requires

the structures. The large scale and diversity of PCQM4Mv2 makes it well-suited
2An earlier version of this dataset without any 3D structures, called PCQM4M, was used for

supervised pre-training [Ying et al., 2021], but to our knowledge, this is the first time the 3D
structures from v2 have been used and in a self-supervised manner.
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for pre-training via denoising. Second, as a dataset for fine-tuning, we use QM9

[Ramakrishnan et al., 2014a], which contains around 130,000 small organic molecules

and is widely used as a molecular property prediction benchmark [Klicpera et al.,

2020a, Fuchs et al., 2020a, Satorras et al., 2021, Finzi et al., 2020, Hutchinson

et al., 2021, Schütt et al., 2021, Thölke and De Fabritiis, 2022, Godwin et al.,

2022]. Each molecule is specified by its structure alongside 12 associated molecular

property labels. Third, Open Catalyst 2020 (OC20) [Chanussot* et al., 2021] is

a recent large benchmark of interacting surfaces and adsorbates relevant to catalyst

discovery. OC20 contains various tasks, such as predicting the relaxed state energy

from an initial high-energy structure (IS2RE). We explore different combinations of

upstream and downstream tasks as described in Section 3.4.3. Lastly, DES15K

[Donchev et al., 2021] is a small dataset we use for fine-tuning, which contains

around 15,000 dimer geometries (i.e. molecule pairs) with non-covalent molecular

interactions. Each pair is labelled with its interaction energy computed using the

gold-standard CCSD(T) method [Bartlett and Musiał, 2007]. CCSD(T) is usually

both more expensive and accurate than DFT, which is used for all aforementioned

datasets. See Section 3.8.4 for further details and a discussion about the choice

of using DFT-generated structures for pre-training.

Figure 3.2 (right) shows what percentage of elements appearing in each of QM9,

OC20 and DES15K also appear in PCQM4Mv2. Whereas QM9 is fully covered by

PCQM4Mv2, we observe that DES15K has less element overlap with PCQM4Mv2

and less than < 30% of elements in OC20 are contained in PCQM4Mv2. This is

owing to the fact that surface molecules in OC20 are inorganic lattices, none of

which appear in PCQM4Mv2. This suggests that we can expect least transfer from

PCQM4Mv2 to OC20. We also compare PCQM4Mv2 and QM9 in terms of the

molecular compositions, i.e. the number of atoms of each element, that appear in

each. Due to presence of isomers, both datasets contain multiple molecules with the

same composition. For each molecular composition in QM9, Figure 3.2 (left) shows

its frequency in both QM9 and PCQM4Mv2. We observe that most molecular
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Table 3.1: Results on QM9 comparing the performance of GNS-TAT + Noisy Nodes
(NN) with and without pre-training on PCQM4Mv2 (averaged over three seeds) with
other baselines.

Target Unit SchNet E(n)-GNN DimeNet++ SphereNet PaiNN TorchMD-NET GNS
+ NN

GNS-TAT
+ NN

Pre-trained
GNS-TAT

+ NN
µ D 0.033 0.029 0.030 0.027 0.012 0.011 0.025 0.021 0.016
α a3

0 0.235 0.071 0.043 0.047 0.045 0.059 0.052 0.047 0.040
ϵHOMO meV 41.0 29.0 24.6 23.6 27.6 20.3 20.4 17.3 14.9
ϵLUMO meV 34.0 25.0 19.5 18.9 20.4 18.6 17.5 17.1 14.7
∆ϵ meV 63.0 48.0 32.6 32.3 45.7 36.1 28.6 25.7 22.0
⟨R2⟩ a2

0 0.07 0.11 0.33 0.29 0.07 0.033 0.70 0.65 0.44
ZPVE meV 1.700 1.550 1.210 1.120 1.280 1.840 1.160 1.080 1.018
U0 meV 14.00 11.00 6.32 6.26 5.85 6.15 7.30 6.39 5.76
U meV 19.00 12.00 6.28 7.33 5.83 6.38 7.57 6.39 5.76
H meV 14.00 12.00 6.53 6.40 5.98 6.16 7.43 6.42 5.79
G meV 14.00 12.00 7.56 8.00 7.35 7.62 8.30 7.41 6.90
cv

cal
mol K 0.033 0.031 0.023 0.022 0.024 0.026 0.025 0.022 0.020

compositions in QM9 also appear in PCQM4Mv2. We also remark that since pre-

training is self-supervised using only unlabelled structures, test set contamination

is not possible – in fact, PCQM4Mv2 does not have most of the labels in QM9.

Training setup. GNS/GNS-TAT were implemented in JAX [Bradbury et al.,

2018] using Haiku and Jraph [Hennigan et al., 2020, Godwin* et al., 2020]. All

experiments were averaged over 3 seeds. Detailed hyperparameter and hardware

settings can be found in Sections 3.8.5 and 3.8.6.

3.4.2 Results on QM9

We evaluate two variants of our model on QM9 in Table 3.1, GNS-TAT with Noisy

Nodes trained from a random initialization versus pre-trained parameters. Pre-

training is done on PCQM4Mv2 via denoising. For best performance on QM9, we

found that using atom type masking and prediction during pre-training additionally

helped [Hu et al., 2020a]. We fine-tune a separate model for each of the 12 targets,

as usually done on QM9, using a single pre-trained model. This is repeated for three

seeds (including pre-training). Following customary practice, hyperparameters,

including the noise scale for denoising during pre-training and fine-tuning, are tuned

on the HOMO target and then kept fixed for all other targets. We first observe

that GNS-TAT with Noisy Nodes performs competitively with other models and
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significantly improves upon GNS with Noisy Nodes, revealing the benefit of the

TAT modifications. Utilizing pre-training then further improves performance across

all targets, achieving a new state-of-the-art compared to prior work for 10 out of

12 targets. Interestingly, for the electronic spatial extent target ⟨R2⟩, we found

GNS-TAT to perform worse than other models, which may be due to the optimal

noise scale being different from that of other targets.

3.4.3 Results on OC20

Next, we consider the Open Catalyst 2020 benchmark focusing on the downstream

task of predicting the relaxed energy from the initial structure (IS2RE). We compared

GNS with Noisy Nodes trained from scratch versus using pre-trained parameters.

We experimented with two options for pre-training: (1) pre-training via denoising

on PCQM4Mv2, and (2) pre-training via denoising on OC20 itself. For the latter,

we follow Godwin et al.’s [2022] approach of letting the denoising target be the

relaxed structure, while the perturbed input is a random interpolation between

the initial and relaxed structures with added Gaussian noise – this corresponds to

the IS2RS task with additional noise. As shown in Figure 3.3 (left), pre-training

on PCQM4Mv2 offers no benefit for validation performance on IS2RE, however

pre-training on OC20 leads to considerably faster convergence but the same final

performance. The lack of transfer from PCQM4Mv2 to OC20 is likely due to the

difference in nature of the two datasets and the small element overlap as discussed

in Section 3.4.1 and Figure 3.2 (right). On the other hand, faster convergence from

using parameters pre-trained on OC20 suggests that denoising learned meaningful

features. Unsurprisingly, the final performance is unchanged since the upstream

and downstream datasets are the same in this case, so pre-training with denoising is

identical to the auxiliary task of applying Noisy Nodes. The performance achieved

is also competitive with other models in the literature as shown in Table 3.9.
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Figure 3.3: Left: Validation performance curves on the OC20 IS2RE task (ood_both
split) with GNS. See Table 3.9 for a comparison to other models in the literature. Right:
Test performance curves for predicting interaction energies of dimer geometries in the
DES15K dataset with GNS-TAT. “PT” and “NN” stand for pre-training and Noisy Nodes
respectively.

3.4.4 Results on DES15K

In our experiments so far, all downstream tasks were based on DFT-generated

datasets. While DFT calculations are more expensive than using neural networks,

they are relatively cheap compared to even higher quality methods such as CCSD(T)

[Bartlett and Musiał, 2007]. In this section, we evaluate how useful pre-training

on DFT-generated structures from PCQM4Mv2 is when fine-tuning on the recent

DES15K dataset which contains higher quality CCSD(T)-generated interaction

energies. Moreover, unlike QM9, inputs from DES15K are systems of two interacting

molecules and the dataset contains only around 15,000 examples, rendering it more

challenging. We compare the test performance on DES15K achieved by GNS-TAT

with Noisy Nodes when trained from scratch versus using pre-trained parameters

from PCQM4Mv2. As a baseline, we also include pre-training on PCQM4Mv2 using

2D-based AttrMask [Hu et al., 2020a] by masking and predicting atomic numbers.

Figure 3.3 (right) shows that using Noisy Nodes significantly improves performance

compared to training from scratch, with a further improvement resulting from

using pre-training via denoising. AttrMask underperforms denoising since it likely

does not fully exploit the 3D structural information. Importantly, this shows that

pre-training by denoising structures obtained through relatively cheap methods
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such as DFT can even be beneficial when fine-tuning on more expensive and smaller

downstream datasets. See Section 3.8.7.1 for similar results on another architecture.

3.5 Analysis

3.5.1 Pre-training a Different Architecture

To explore whether pre-training is beneficial beyond GNS/GNS-TAT, we applied pre-

training via denoising to the TorchMD-NET architecture [Thölke and De Fabritiis,

2022]. TorchMD-NET is a transformer-based architecture whose layers maintain

per-atom scalar features xi ∈ RF and vector features vi ∈ R3×F , where F is the

feature dimension, that are updated in each layer using a self-attention mechanism.

We implemented denoising by using gated equivariant blocks [Weiler et al., 2018a,

Schütt et al., 2021] applied to the processed scalar and vector features. The

resulting vector features are then used as the noise prediction.

In Table 3.2, we evaluate the effect of adding Noisy Nodes and pre-training to

the architecture on the HOMO and LUMO targets in QM9. Pre-training yields a

boost in performance, allowing the model to achieve SOTA results. Note that the

results shown for TorchMD-NET are from our runs using Thölke and De Fabritiis’s

[2022] open-source code, which led to slightly worse results than their published

ones (our pre-training results still outperform their published results). Our code

for experiments on TorchMD-NET is open source3.

3.5.2 Varying Dataset Sizes

We also investigate how downstream test performance on the HOMO target in

QM9 varies as a function of the number of upstream and downstream training

examples. First, we compare the performance of GNS-TAT with Noisy Nodes

either trained from scratch or using pre-trained parameters for different numbers of

training examples from QM9; we also include the performance of just GNS-TAT. As

shown in Figure 3.4 (left), pre-training improves the downstream performance for

all dataset sizes. The difference in test MAE also grows as the downstream training
3https://github.com/shehzaidi/pre-training-via-denoising

https://github.com/shehzaidi/pre-training-via-denoising
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Figure 3.4: Left: Impact of varying the downstream dataset size for the HOMO target
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(ood_both split) for different GNS model sizes. “PT” and “NN” stand for pre-training
and Noisy Nodes respectively.

Table 3.2: Performance of TorchMD-NET with Noisy Nodes and pre-training on
PCQM4Mv2.

Method ϵHOMO ϵLUMO

TorchMD-NET 22.0± 0.6 18.7± 0.4
+ Noisy Nodes 18.1± 0.1 15.6± 0.1
+ Pre-training 15.6± 0.1 13.2± 0.2

data reduces. Second, we assess the effect of varying the amount of pre-training data

while fixing the downstream dataset size for both GNS and GNS-TAT as shown

in Figure 3.4 (middle). For both models, we find that downstream performance

generally improves as upstream data increases, with saturating performance for

GNS-TAT. More upstream data can yield better-quality representations.

3.5.3 Varying Model Size

We study the benefit of pre-training as models are scaled up on large downstream

datasets. Recall that the S2EF dataset in OC20 contains around 130 million DFT

evaluations for catalytic systems, providing three orders of magnitude more training

data than QM9. We compare the performance of four GNS models with sizes

ranging from 10 million to 1.2 billion parameters scaled up by increasing the hidden

layer sizes in the MLPs. Each is pre-trained via denoising using the trajectories

provided for the IS2RE/IS2RS tasks as described in Section 3.4.3. We also compare
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Table 3.3: Performance of TorchMD-NET for force prediction on MD17 (aspirin).

Method Test MAE
TorchMD-NET 0.268± 0.003
+ Pre-training 0.222± 0.003

this to a 130 million parameter variant of GNS trained from scratch. As shown in

Figure 3.4 (right), the pre-trained models continue to benefit from larger model

sizes.We also observe that pre-training is beneficial, as the model trained from

scratch underperforms in comparison: the 130 million parameters model trained

from scratch is outperformed by a pre-trained model of less than half the size.

3.5.4 Pre-training Improves Force Prediction

As shown in Section 3.3.2.1, denoising structures corresponds to learning an

approximate force field directly from equilibrium structures. We explore whether

pre-training via denoising would therefore also improve models trained to predict

atomic forces. We compare the performance of TorchMD-NET for force prediction

on the MD17 (aspirin) dataset with and without pre-training on PCQM4Mv2.

Table 3.3 shows that pre-training improves force prediction. We also assess the

effect of pre-training on the OC20 dataset for force prediction in Section 3.8.7.3,

similarly finding an improvement due to pre-training.

3.5.5 Freezing Pre-trained Parameters

Finally, we perform an experiment to assess how useful the features learned by

pre-training are if they are not fine-tuned for the downstream task but kept fixed

instead. Specifically, on the HOMO target in QM9, we freeze the backbone of the

model and fine-tune only the decoder (cf. Section 3.8.1). To evaluate this, we

compare it to using random parameters from initialization for the model’s backbone,

which allows us to isolate how useful the pre-trained features are. As described

in Section 3.8.1, the decoder is a simple module involving no message-passing.

Figure 3.5 shows that only training the decoder while keeping the pre-trained

parameters fixed results in test MAE of 40 meV, which is worse than fine-tuning
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the entire model but substantially better than the performance of >100 meV in

test MAE resulting from training the decoder when the remaining parameters

are randomly initialized. This suggests that the features learned by denoising are

more discriminative for downstream prediction than random features. We note

that training only the decoder is also substantially faster than training the entire

network – one batch on a single V100 GPU takes 15ms, which is 50× faster than

one batch using 16 TPUs for the full network.

3.6 Limitations & Future Work

We have shown that pre-training can significantly improve performance for various

tasks. One additional advantage of pre-trained models is that they can be shared in

the community, allowing practitioners to fine-tune models on their datasets. However,

unlike vision and NLP, molecular networks vary widely and the community has not

yet settled on a “standard” architecture, making pre-trained weights less reusable.

Moreover, the success of pre-training inevitably depends on the relationship between

the upstream and downstream datasets. In the context of molecular property

prediction, understanding what aspects of the upstream data distribution must

match the downstream data distribution for transfer is an important direction

for future work.
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More generally, pre-training models on large datasets incurs a computational cost.

However, our results show that pre-training for 3D molecular prediction does not

require the same scale as large NLP and vision models. We discuss considerations

on the use of compute and broader impact in Section 3.8.3.

3.7 Conclusion

We investigated pre-training neural networks by denoising in the space of 3D

molecular structures. We showed that denoising in this context is equivalent to

learning a force field, motivating its ability to learn useful representations and

shedding light on successful applications of denoising in other works [Godwin et al.,

2022]. This technique enabled us to utilize existing large datasets of 3D structures for

improving performance on various downstream molecular property prediction tasks,

setting a new SOTA in some cases such as QM9. More broadly, this bridges the gap

between the utility of pre-training in vision/NLP and molecular property prediction

from structures. We hope that this approach will be particularly impactful for

applications of deep learning to scientific problems.
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3.8 Supplementary Material

3.8.1 Architectural Details

3.8.1.1 Standard GNS

As our base model architecture we chose a Graph Net Simulator (GNS) [Sanchez-

Gonzalez et al., 2020], which consists of an Encoder which constructs a graph

representation from the input S, a Processor of repeated message passing blocks

that update the latent graph representation, and a Decoder which produces

predictions. Our implementation follows Godwin et al.’s [2022] modifications to

enable molecular and graph-level property predictions which has been shown to

achieve strong results across different molecular prediction tasks without relying

on problem-specific features.

In the Encoder, we represent the set of atoms S = {(a1,p1), (a2,p2), . . . , (a|S|,p|S|)}

as a directed graph G = (V,E) where V = {v1,v2, . . . ,v|S|} and E = {ei,j}i,j

are the sets of “featurized” vertices and edges, respectively. Edges ei,j ∈ E are

constructed whenever the distance between the i-th and j-th atoms is less than the

connectivity radius Rcut (given in Section 3.8.6), in which case we connect vi and

vj with a directed edge ei,j from i to j that is a featurization of the displacement

vector pj − pi. Meanwhile, for the i-th atom, vi is given by a learnable vector

embedding of the atomic number ai.

The Processor consists of L message-passing steps that produce intermediate

graphs G1, . . . , GL (with the same connectivity structure as the initial one). Each

of these steps computes the sum of a shortcut connection from the previous graph,

and the application of an Interaction Network [Battaglia et al., 2016]. Interaction

Networks first update each edge feature by applying an “edge update function” to

a combination of the existing feature and the features of the two connected vertices.

They then update each vertex feature by applying a “vertex update function” to

a combination of the existing feature and the (new) edge features of incoming

edges. In GNS, edge update functions are 3 hidden layer fully-connected MLPs,

using a “shifted softplus” (ssp(x) = log(0.5ex + 0.5)) activation function, applied
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Figure 3.6: Diagram showing the edge update for a single step t of the Processor.
Left: Edge update for GNS. Right: Edge update for GNS-TAT (with modifications
shown in red).

to the concatenation of the relevant edge and vertex features, followed by a layer

normalization layer. Vertex update functions are similar, but are applied to the

concatenation of the relevant vertex feature and sum over relevant edge features.

In our implementation of GNS we applied the same Processor in sequence

three times (with shared parameters), with the output of each being decoded to

produce a prediction and corresponding loss value. The loss for the whole model is

then given by the average of these. (Test-time predictions are meanwhile computed

using only the output of the final Processor.)

The Decoder is responsible for computing graph-level and vertex-level pre-

dictions from the output of each Processor. Vertex-level predictions, such as

noise as described in Section 3.3.2, are decoded using an MLP applied to each

vertex feature. Graph-level predictions (e.g. energies) are produced by applying

an MLP to each vertex feature, aggregating the result over vertices (via a sum),

and then applying another MLP to the result.

3.8.1.2 GNS with Tailored Activation Transformation (GNS-TAT)

Tailored Activation Transformation (TAT) [Zhang et al., 2022] is a method for

initializing and transforming neural networks to make them easier to train, and
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Figure 3.7: Diagram showing the vertex update for a single step t of the Processor.
Left: Vertex update for GNS. Right: Vertex update for GNS-TAT (with modifications
shown in red).

is based on a similar method called Deep Kernel Shaping (DKS) [Martens et al.,

2021]. TAT controls the propagation of “q values”, which are initialization-time

approximations to dimension-normalized squared norms of the network’s layer-wise

activation vectors, and “c values”, which are cosine similarities between such vectors

(for different inputs). In other words, q values approximate ∥z(x)∥2/ dim(z(x)),

where z(x) denotes a layer’s output as a function of the network’s input x, and

c values approximate z(x)⊤z(x′)/(∥z(x)∥∥z(x′)∥), where x′ is another possible

network input. In standard deep networks, c values will converge to a constant

value c∞ ∈ [0, 1], so that “geometric information” is lost, which leads to training

difficulties [Martens et al., 2021]. DKS/TAT prevents this convergence through a

combination of careful weight initialization, and transformations to the network’s

activation functions and sum/average layers.

Oversmoothing [Chen et al., 2019, Cai and Wang, 2020, Rong et al., 2019,

Zhou et al., 2020, Yang et al., 2020b, Zhao and Akoglu, 2020, Do et al., 2021]

is a phenomenon observed in GNN architectures where vertex/edge features all
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converge to approximately the same value with depth, and is associated with

training difficulties. It is reminiscent of how, when c∞ = 1, feature vectors will

converge with depth to a constant input-independent vector in standard deep

networks. It therefore seems plausible that applying TAT to GNNs may help with

the oversmoothing problem and thus improve training performance.

Unfortunately, the GNS architecture violates two key assumptions of TAT.

Firstly, the sums over edge features (performed in the vertex update functions)

violate the assumption that all sum operations must be between the outputs of

linear layers with independently sampled initial weights. Secondly, GNS networks

have multiple inputs for which information needs to be independently preserved

and propagated to the output, while DKS/TAT assumes a single input (or multiple

inputs whose representations evolve independently in the network).

To address these issues we introduce a new initialization scheme called “Edge-

Delta”, which initializes to zero the weights that multiply incoming vertex features

in the edge update functions (and treats these weights as absent for the purpose

of computing the initial weight variance). This approach is inspired by the use of

the “Delta initialization" [Balduzzi et al., 2017, Xiao et al., 2018] for convolutional

networks in DKS/TAT, which initializes filter weights of the non-central locations

to zero, thus allowing geometric information, in the form of c values, to propagate

independently for each location in the feature map. When using the Edge-Delta

initialization, edge features propagate independently of each other (and of vertex

features), through what is essentially a standard deep residual network (with

edge update functions acting as the residual branches), which we will refer to

as the “edge network”.

Given the use of Edge-Delta we can then apply TAT to GNS as follows4. First, we

replace GNS’s activation functions with TAT’s transformed Leaky-ReLU activation

functions (or “Tailored ReLUs”), which we compute with TAT’s η parameter set
4Note that Edge-Delta initialization is compatible with TAT, since for the purposes of q/c

value propagation, zero-initialized connections in the network can be treated as absent.



3. Pre-training via Denoising for Molecular Property Prediction 48

to 0.8, and its “subnetwork maximizing function” defined on the edge network5.

We also replace each sum involving shortcut connections with weighted sums,

whose weights are 0.9 and
√

1− 0.92 for the shortcut and non-shortcut branches

respectively. We retain the use of layer normalization layers in the edge/vertex

update functions, but move them to before the first fully-connected layer, as this

seems to give the best performance. As required by TAT, we use a standard

Gaussian fan-in initialization for the weights, and a zero initialization for the biases,

with Edge-Delta used only for the first linear layer of the edge update functions.

Finally, we replace the sum used to aggregate vertex features in the Decoder with

an average. See Figures 3.6 and 3.7 for an illustration of these changes.

We experimented with an analogous “Vertex-Delta” initialization, which ini-

tializes to zero weights in the vertex update functions that multiply summed

edge features, but found that Edge-Delta gave the best results. This might be

because the edge features, which encode distances between vertices (and are best

preserved with the Edge-Delta approach), are generally much more informative

than the vertex features in molecular property prediction tasks. We also ran

informal ablation studies, and found that each of our changes to the original GNS

model contributed to improved results, with the use of Edge-Delta and weighted

shortcut sums being especially important.

GNS vs. GNS-TAT on OC20. Our preliminary experiments used to determine

appropriate choices for the use of Edge-Delta/Vertex-Delta initialization, weighting

for shortcut sums and TAT hyperparameters such as η were conducted on QM9.

This led to a parameterization of GNS-TAT which gave improved performance

on QM9/DES15K as shown earlier in Sections 3.4.2 and 3.4.4. However, we kept

the original parameterization for GNS from Godwin et al. [2022] on OC20, as

the model size was different from QM9/DES15K (see Section 3.8.6) and re-tuning
5For the purposes of computing the subnetwork maximizing function we ignore the rest of the

network and just consider the edge network. While the layer normalization layer (which we move
before the MLP) technically depends on the vertex features, this dependency can be ignored as
long as the q values of these features is 1 (which will be true given the complete set of changes we
make to the GNS architecture).
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hyperparameters on OC20 would be computationally expensive. Using the same

TAT settings as QM9 on OC20 results in approximately the same performance

as the original GNS model as shown in Table 3.4.

Table 3.4: GNS vs. GNS-TAT energy prediction MAE on OC20. TAT hyperparameters
were tuned with experiments on QM9 and then kept fixed for OC20.

Validation Dataset Model
GNS GNS + NN GNS-TAT + NN

ID 0.5233 0.4196 0.4199
OOD Adsorbate 0.6295 0.4900 0.5013
OOD Catalyst 0.5202 0.4316 0.4319

OOD Both 0.5617 0.4282 0.4373

3.8.2 Denoising as Learning a Force Field

We specify a molecular structure as x = (x(1), . . . ,x(N)) ∈ R3N , where x(i) ∈ R3

is the coordinate of atom i. Let E(x) denote the total (potential) energy of x,

such that −∇xE(x) are the forces on the atoms. As discussed in Section 3.3.2.1,

learning the force field, i.e. the mapping x 7→ −∇xE(x), is a reasonable pre-training

objective. Furthermore, learning the force field can be viewed as score-matching

if we define the distribution pphysical(x) ∝ exp(−E(x)) and observe that the score

of pphysical is the force field: ∇x log pphysical(x) = −∇xE(x).

However, a technical caveat is that pphysical is an improper probability density,

because it cannot be normalized due to the translation invariance of E. Writing

the translation of a structure as x + t := (x(1) + t, . . . ,x(N) + t) where t ∈ R3 is

a constant vector, we have E(x + t) = E(x). This implies that the normalizing

constant
∫
R3N pphysical(x) dx diverges to infinity. To remedy this, we can restrict

ourselves to the (3N−3)-dimensional subspace V := {x ∈ R3N | ∑i x(i) = 0} ⊆ R3N

consisting of the mean-centered structures, over which pphysical can be defined as

a normalizable distribution.
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Proceeding similarly as Section 3.3.2.1, let x1, . . . ,xn ∈ V be a set of mean-

centered equilibrium structures. For any x̃ ∈ V , we now approximate

pphysical(x̃) ≈ qσ(x̃) := 1
n

n∑
i=1

qσ(x̃ | xi),

where the Gaussian distributions qσ(x̃ | xi) are defined on V as:

qσ(x̃ | xi) = 1
(2πσ)(3N−3)/2 exp

(
− 1

2σ2 ∥x̃− xi∥2
)
.

For convenience, we have expressed structures as vectors in the ambient space

R3N , however they are restricted to lie in the smaller space V . Note that the

normalizing constant accounts for the fact that V is (3N − 3)-dimensional. As

before, we define q0(x) = 1
n

∑n
i=1 δ(x = xi) to be the empirical distribution and

qσ(x̃,x) = qσ(x̃ | x)q0(x). The score-matching objective is given by:

J1(θ) = Eqσ(x̃)
[
∥gnnθ(x̃)−∇x̃ log qσ(x̃)∥2

]
, (3.5)

where the expectation is now over V . As shown by Vincent [2011], minimizing the

objective above is equivalent to the minimizing the following objective:

J2(θ) = Eqσ(x̃,x)
[
∥gnnθ(x̃)−∇x̃ log qσ(x̃ | x)∥2

]
. (3.6)

This is recognized as a denoising objective, because ∇x̃ log qσ(x̃ | x) = (x −

x̃)/σ2. A practical implication of this analysis is that the noise (x − x̃)/σ2 ∈ V

should be mean-centered, which is intuitive since it is impossible to predict a

translational component in the noise.

We include a proof of the equivalence between Equations (3.5) and (3.6)

for completeness:

Proposition 1 (Vincent [2011]). The minimization objectives J1(θ) and J2(θ) are

equivalent.

Proof. We first observe:

J1(θ) = Eqσ(x̃)
[
∥gnnθ(x̃)∥2

]
− 2Eqσ(x̃) [⟨gnnθ(x̃),∇x̃ log qσ(x̃)⟩] + C1

J2(θ) = Eqσ(x̃)
[
∥gnnθ(x̃)∥2

]
− 2Eqσ(x̃,x) [⟨gnnθ(x̃),∇x̃ log qσ(x̃ | x)⟩] + C2,
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where C1, C2 are constants independent of θ. Therefore, it suffices to show that

the middle terms on the RHS are equal. Since expectations over qσ(x̃) and qσ(x̃,x)

are restricted to V ⊆ R3N , we apply a change of basis to write them as integrals

against the (3N − 3)-dimensional Lebesgue measure. Pick an orthonormal basis

{v1, . . . ,v3N−3} ⊆ R3N for V and let PV = [v1, . . . ,v3N−3] ∈ R3N×3(N−1) be the

projection matrix, so z = P ⊺
V x expresses a mean-centered structure x in terms of

the coordinates of the chosen basis for V . Noting that PV has orthonormal columns

and that it yields a bijection between V and R3N−3, we calculate:

Eqσ(x̃) [⟨gnnθ(x̃),∇x̃ log qσ(x̃)⟩]

=
∫
R3N−3

qσ(PV z̃)⟨gnnθ(PV z̃),∇ log qσ(PV z̃)⟩ dz̃

=
∫
R3N−3

qσ(PV z̃)
〈

gnnθ(PV z̃), ∇qσ(PV z̃)
qσ(PV z̃)

〉
dz̃

=
∫
R3N−3

⟨gnnθ(PV z̃),∇qσ(PV z̃)⟩ dz̃

=
∫
R3N−3

〈
gnnθ(PV z̃), 1

n

n∑
i=1
∇qσ(PV z̃ | xi)

〉
dz̃

=
∫
R3N−3

〈
gnnθ(PV z̃), 1

n

n∑
i=1

qσ(PV z̃ | xi)∇ log qσ(PV z̃ | xi)
〉

dz̃

=
∫
R3N−3

1
n

n∑
i=1

qσ(PV z̃ | xi) ⟨gnnθ(PV z̃),∇ log qσ(PV z̃ | xi)⟩ dz̃

= Eqσ(x̃,x) [⟨gnnθ(x̃),∇x̃ log qσ(x̃ | x)⟩]

3.8.2.1 Differences Between Denoising for Generative Modelling vs.
Learning Forces

Denoising has recently seen widespread use as a means for generative score-based

modelling [e.g. Song and Ermon, 2019, 2020, Ho et al., 2020] due to the equivalence

between denoising and score-matching [Vincent, 2011]. In this section, we elaborate

on the differences between the equivalence of denoising and score-matching for

generative modelling versus the equivalence of denoising and force learning. Both
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of these equivalences rely on the result of Vincent [2011] although with different

assumptions and different aims in practice.

As background, generative score-based modelling consists of modelling a target

distribution p(x) by learning an approximation of its score function ∇ log p(x)

using a neural network given a training set of samples x1, . . .xn ∼ p(x). Using

the learned approximation of the score function, new samples can be generated

using score-based MCMC techniques, such as Langevin MCMC. Learning the score

function corresponds to the optimization objective

min
θ

Ep(x)
[
∥φθ(x)−∇ log p(x)∥2

]
. (3.7)

Although the expectation over p(x) can be approximated using the samples xi, the

true score ∇ log p(x) is unknown, rendering the objective function intractable as is.

Denoising score-matching [Vincent, 2011] approaches this by replacing p(x) with

an approximation that leads to a tractable objective. We can replace p(x) with a

noisy approximation qσ(x̃) :=
∫
qσ(x̃ | x)p(x) dx where qσ(x̃ | x) := N (x̃; x, σ2I) is

the noising distribution. The advantage of doing so is that score-matching with

qσ(x̃) is equivalent to the following tractable denoising objective by Proposition 1:

min
θ

Eqσ(x̃|x)p(x)
[
∥φθ(x̃)−∇ log qσ(x̃ | x)∥2

]
.

However, in order for this approximation to be accurate, it is crucial that the noise

level σ is as small as possible, ideally zero in which case the approximation is exact.

As shown by Song and Ermon [2019], choosing a value for σ close to zero leads

to unreliable learned estimates of the score away from the regions of p(x) with

high probability density. Therefore, they proposed multi-scale denoising where the

model simultaneously learns to approximate the scores of qσi
for i = 1, . . . L, where

σ1 > σ2 > · · · > σL is a sequence of increasing noise levels such that σL is close to

zero and qσL
≈ p. In practice, this then leads to multi-scale denoising.

In the context of learning forces, we first observe that the score function of

the Boltzmann distribution p(x) = pphysical(x) ∝ exp(−E(x)) is equal to the forces
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∇ log pphysical(x) = −∇E(x). Therefore, learning the forces corresponds to the

following score-matching objective:

min
θ

Epphysical(x)
[
∥φθ(x)−∇ log pphysical(x)∥2

]
.

Once again, the score function ∇ log pphysical(x) is unknown and must be approx-

imated. However, unlike previously, we now have access to a set of equilibrium,

energy-minimizing structures x1, . . . ,xn; these examples are local maxima of the

distribution pphysical(x) rather than samples from it as in the case before. Let

qσ(x̃) denote a mixture of Gaussians with noise scale σ centered at x1, . . . ,xn. In

order to capture the fact that pphysical(x) has local maxima at x1, . . . ,xn, we can

approximate pphysical(x) with qσ(x̃). This distribution qσ(x̃) can also be written

as qσ(x̃) =
∫
qσ(x̃ | x)q0(x) dx, where q0(x) = 1

n

∑n
i=1 δ(x = xi), hence we can

apply Proposition 1 again and reduce the optimization objective to denoising as

explained in Section 3.3.2.1.

In contrast with before, in this case, a desirable noise scale σ is not zero, since

x1, . . . ,xn are local maxima of pphysical and, intuitively, the approximation should

contain some non-zero mass around each local maxima. As a result, we do not

use multi-scale denoising in practice. It is also worth noting that in contrast with

generative modelling, our aim is to learn the score function itself (i.e. forces)

rather than producing new samples by using the learned score function with

MCMC approaches.

3.8.3 Broader Impact

Who may benefit from this work? Molecular property prediction works towards

a range of applications in materials design, chemistry, and drug discovery. Wider use

of pre-trained models may accelerate progress in a similar manner to how pre-trained

language or image models have enabled practitioners to avoid training on large

datasets from scratch. Pre-training via denoising is simple to implement and can be

immediately adopted to improve performance on a wide range of molecular property
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prediction tasks. As research converges on more standardized architectures, we

expect shared pre-trained weights will become more common across the community.

Potential negative impact and ethical considerations. Pre-training models

on large structure datasets incurs additional computational cost when compared to

training a potentially smaller model with less capacity from scratch. Environmental

mitigation should be taken into account when pre-training large models [Patterson

et al., 2021]. However, the computational cost of pre-training can and should be

offset by sharing pre-trained embeddings when possible. Moreover, in our ablations

of upstream dataset sizes for GNS-TAT, we observed that training on a subset of

PCQM4Mv2 was sufficient for strong downstream performance. In future work,

we plan to investigate how smaller subsets with sufficient diversity can be used to

minimize computational requirements, e.g. by requiring fewer gradient steps.

3.8.4 Datasets

PCQM4Mv2. The main dataset we use for pre-training is PCQM4Mv2 [Nakata

and Shimazaki, 2017] (license: CC BY 4.0), which contains 3,378,606 organic

molecules, specified by their 3D structures at equilibrium (atom types and coor-

dinates) calculated using DFT. Molecules in PCQM4Mv2 have around 30 atoms

on average and vary in terms of their composition, with the dataset containing 22

unique elements in total. The molecules in PCQM4Mv2 only contain one label,

unlike e.g. QM9, which contains 12 labels per molecule, however we do not use

these labels as denoising only requires the structures.

QM9. QM9 is a dataset [Ramakrishnan et al., 2014a] (license: CCBY 4.0)

with approximately 130,000 small organic molecules containing up to nine heavy

C, N, O, F atoms, specified by their structures. Each molecule has 12 different

labels corresponding to different molecular properties, such as highest occupied

molecular orbital (HOMO) energy and internal energy, which we use for fine-tuning.

Following prior work, we randomly split the dataset into 114k examples for training,

10k examples for validation and 10k examples for testing.
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OC20. Open Catalyst 2020 [Chanussot* et al., 2021] (OC20, license: CC

Attribution 4.0) is a recent large benchmark containing trajectories of interacting

surfaces and adsorbates that are relevant to catalyst discovery and optimization.

This dataset contains three tasks: predicting the relaxed state energy from the

initial structure (IS2RE), predicting the relaxed structure from the initial structure

(IS2RS) and predicting the energy and forces given the structure at any point in

the trajectory (S2EF). For IS2RE and IS2RS, there are 460,000 training examples,

where each data point is a trajectory of a surface-adsorbate molecule pair starting

with a high-energy initial structure that is relaxed towards a low-energy, equilibrium

structure. For S2EF, there are 113 million examples of (non-equilibrium) structures

with their associated energies and per-atom forces. We evaluate the models on the

provided validation sets, some of which include out-of-distribution data relative

to the training data, as detailed in Chanussot* et al. [2021].

DES15K. DES15K [Donchev et al., 2021] (license: CC0 1.0) is a small dataset

containing around 15,000 interacting molecule pairs, specifically dimer geometries

with non-covalent molecular interactions. Each pair is labelled with the associated

interaction energy computed using the coupled-cluster method with single, double,

and perturbative triple excitations (CCSD(T)) [Bartlett and Musiał, 2007], which

is widely regarded as the gold-standard method in electronic structure theory. We

randomly split the dataset into 13k training examples, 1k validation examples

and 1k testing examples.

Usage of DFT-generated structures for pre-training. The structures

in PCQM4Mv2 are obtained using DFT calculations, which in principle could

have also been used to generate labels for molecular properties in DFT-generated

downstream datasets, such as QM9. However, there are multiple reasons why

denoising remains a desirable pre-training objective in such settings. First, although

there is a computational cost for generating datasets such as PCQM4Mv2, it is now

openly available and part of our aim is to understand how to leverage such datasets

for tasks on other datasets (analogous to how ImageNet is expensive to build, but

once it is available, it is important to understand how it can improve downstream
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performance on other datasets). Second, even if PCQM4Mv2 contained all the

labels in QM9, pre-training via denoising structures allows one to pre-train a single,

label-agnostic model which can be individually fine-tuned on any of the targets in

QM9. This is substantially cheaper than per-target pre-training, and the resulting

pre-trained model is also re-useable for differing needs and downstream tasks.

In other settings where the downstream dataset is generated using more expensive

methods than DFT, pre-training via denoising DFT-relaxed structures can also

be helpful and has a clear benefit, as shown by our experiment on the CCSD(T)-

generated dataset DES15K where denoising on PCQM4Mv2 improves performance

for a downstream task involving a “higher” level of theory such as CCSD(T).

Generally, we emphasize that the methodology of denoising structures can be applied

to any dataset of structures (regardless of whether they are computed using DFT or

not). We hope that denoising will be useful in the future for learning representations

by pre-training on structures obtained through other methods such as experimental

data (in which case labeling may be expensive) and databases generated by other

models such as AlphaFold (where only structures are available) [Jumper et al., 2021].

3.8.5 Experiment Setup and Compute Resources

Below, we list details on our experiment setup and hardware resources used.

GNS & GNS-TAT. GNS-TAT training for QM9, PCQM4Mv2 and DES15K

was done on a cluster of 16 TPU v3 devices and evaluation on a single V100 device.

GNS training for OC20 was done on 8 TPU v4 devices, with the exception of

the 1.2 billion parameters variant of the model, which was trained on 64 TPU v4

devices. Pre-training on PCQM4Mv2 was executed for 3 · 105 gradient updates

(approximately 1.5 days of training). Fine-tuning experiments were run until

convergence for QM9 (106 gradient updates taking approximately 2 days) and

DES15K (105 gradient updates taking approximately 4 hours) and stopped after

5 · 105 gradient updates on OC20 (2.5 days) to minimize hardware use (the larger

models keep benefiting from additional gradient updates).
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TorchMD-NET. We implemented denoising for TorchMD-NET on top of

Thölke and De Fabritiis’s [2022] open-source code.6 Models were trained on QM9

using data parallelism over two NVIDIA RTX 2080Ti GPUs. Pre-training on

PCQM4Mv2 was done using three GPUs to accommodate the larger molecules

while keeping the batch size approximately the same as QM9. All hyperparameters

except the learning rate schedule were kept fixed at the defaults. Pre-training took

roughly 24 hours, whereas fine-tuning took around 16 hours.

Hyperparameter optimization. We note that effective pre-training via

denoising requires sweeping noise values, as well as loss co-efficients for denoising

and atom type recovery. For GNS/GNS-TAT, we relied on the hyperparameters

published by Godwin et al. [2022] but determined new noise values for pre-training

and fine-tuning by tuning over the set of values {0.005, 0.01, 0.02, 0.05, 0.1} for each

of PCQM4Mv2 and QM9 (on the HOMO energy target). We used the same values

for DES15K without modification. We also ran a similar number of experiments

to determine cosine cycle parameters for learning rates.

3.8.6 Hyperparameters

We report the main hyperparameters used for GNS and GNS-TAT below.

3.8.7 Additional Experimental Results

3.8.7.1 Performance of TorchMD-NET on DES15K

In addition to the experiments involving GNS-TAT on DES15K in Section 3.4.4,

we also consider the performance of TorchMD-NET on DES15K with and without

pre-training on PCQM4Mv2. As shown in Table 3.8, TorchMD-NET outperforms

GNS-TAT when trained from scratch, and pre-training then yields a further boost

in performance as with GNS-TAT.
6Available on GitHub at: https://github.com/torchmd/torchmd-net.

https://github.com/torchmd/torchmd-net
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Table 3.5: GNS-TAT hyperparameters for pre-training on PCQM4Mv2.

Parameter Value or description
Gradient steps 3 · 105

Optimizer Adam with warm up and 1-cycle cosine decay schedule
β1 0.9
β2 0.95
Warm up steps 104

Warm up start learning rate 10−5

Warm up max learning rate 10−4

Cosine min learning rate 10−7

Cosine cycle length 5 · 105

Loss type Mean squared error
Batch size Dynamic to max edge/vertex/graph count
Max vertices in batch 256
Max edges in batch 9216
Max graphs in batch 8
Distance featurization Bessel first kind (rmin = 0, σ = 1.0)
Max edges per vertex 20
Rcut 10
MLP number of layers 3
MLP hidden sizes 1024
Activation Tailored ReLU (with negative slope chosen using TAT)
message passing layers 10
Block iterations 3
Vertex/edge latent vector sizes 512
Decoder aggregation Mean
Position noise Gaussian (µ = 0, σ = 0.02)
Parameter update Exponentially moving average (EMA) smoothing
EMA decay 0.9999
Position loss coefficient 1.0
Atom type mask probability 0.75
Atom type loss coefficient 4.0

3.8.7.2 Comparison of OC20 IS2RE Pre-training Performance with
Other Architectures

Table 3.9 compares the performance of our models with various other architectures

proposed in prior work. GNS yields SOTA performance on each of the four validation

sets for the direct IS2RE task. As discussed in Section 3.4.3 and shown in Figure 3.3

(left), the model pre-trained on OC20 itself achieves SOTA performance with faster

convergence than all other GNS variants. Note that since we pre-train on OC20

itself, the pre-trained model performs equally well at convergence as the model
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Table 3.6: GNS-TAT hyperparameters for fine-tuning on QM9 and DES15K.

Parameter Value or description
Gradient steps 106 QM9 / 105 DES15K
Optimizer Adam with warm up and 1-cycle cosine decay schedule
β1 0.9
β2 0.95
Warm up steps 104

Warm up start learning rate 10−5

Warm up max learning rate 10−4

Cosine min learning rate 3 · 10−7

Cosine cycle length 106 QM9 / 105 DES15K
Loss type Mean squared error
Batch size Dynamic to max edge/vertex/graph count
Max vertices in batch 256
Max edges in batch 3072
Max graphs in batch 8
Distance featurization Bessel first kind (rmin = 0, σ = 1.0)
Max edges per vertex 20
Rcut 10
MLP number of layers 3
MLP hidden sizes 1024
Activation Tailored ReLU (with negative slope chosen using TAT)
message passing layers 10
Block iterations 3
Vertex/edge latent vector sizes 512
Decoder aggregation Mean
Position noise Gaussian (µ = 0, σ = 0.05)
Parameter update Exponentially moving average (EMA) smoothing
EMA decay 0.9999
Position loss coefficient 0.01
Atom type mask probability 0.0
Atom type loss coefficient 0.0

trained from scratch with noisy nodes (cf. Section 3.4.3).

3.8.7.3 Pre-training via Denoising for Force Prediction on OC20

Recall that in Section 3.5.4 we explored whether pre-training also improves force

prediction models, given the link between denoising and learning forces as described

in Section 3.3.2.1. In this section, we consider a second experiment for force models.

The OC20 dataset contains a force prediction task (S2EF), where a model is trained

to predict point-wise energy and forces (each point being a single DFT evaluation
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Table 3.7: GNS hyperparameters for OC20.

Parameter Value or description
Gradient steps 5 · 105

Optimizer Adam with warm up and 1-cycle cosine decay schedule
β1 0.9
β2 0.95
Warm up steps 5 · 105

Warm up start learning rate 10−5

Warm up max learning rate 10−4

Cosine min learning rate 5 · 10−6

Cosine cycle length 5 · 106

Loss type Mean squared error
Batch size Dynamic to max edge/vertex/graph count
Max vertices in batch 1024
Max edges in batch 12800
Max graphs in batch 10
Distance featurization Gaussian (µ = 0, σ = 0.5)
Max edges per vertex 20
Rcut 6
MLP number of layers 3
MLP hidden sizes 1024
Activation shifted softplus
message passing layers 5
Block iterations 5
Vertex/edge latent vector sizes 512
Decoder aggregation Sum
Position noise Gaussian (µ = 0, σ = 0.2)
Parameter update Exponentially moving average (EMA) smoothing
EMA decay 0.9999
Position loss coefficient 1.0
Atom type mask probability 0.0
Atom type loss coefficient 0.0

Table 3.8: Performance of TorchMD-NET with and without pre-training for interaction
energy prediction on DES15K.

Model Test MAE (kcal/mol)
TorchMD-NET 0.721
+ Pre-training on PCQM4Mv2 0.406

during a relaxation trajectory) from a given 3D structure. Tables 3.10 and 3.11 show

the performance of GNS when trained from scratch vs. pre-trained via denoising on

equilibrium structures in OC20, as described in Section 3.4.3. We show two metrics



3. Pre-training via Denoising for Molecular Property Prediction 61

Table 3.9: Comparison of different variants of GNS with other baseline architectures on
IS2RE prediction for OC20.

Model Validation MAE for IS2RE
ID OOD Adsorbate OOD Catalyst OOD Both Average

DimeNet ++ 0.5636 0.7127 0.5612 0.6492 0.6217
GemNet 0.5561 0.7342 0.5659 0.6964 0.6382
SphereNet 0.5632 0.6682 0.5590 0.6190 0.6024
SEGNN 0.5310 0.6432 0.5341 0.5777 0.5715
GNS 0.5233 0.6295 0.5202 0.5617 0.5587
GNS + NN 0.4196 0.4900 0.4316 0.4282 0.4424
GNS + NN (PT on PCQM4Mv2) 0.4135 0.4856 0.4245 0.4245 0.4370
GNS + NN (PT on OC20) 0.4164 0.4836 0.4267 0.4237 0.4376

for measuring force prediction performance on each of the four validation datasets:

mean absolute error (lower is better) and cosine similarity (higher is better). We

observe that the pre-trained model improves upon the model trained from scratch

for both metrics and all four validation datasets, with improvements up to 15%.

Table 3.10: Force prediction on OC20 by MAE (lower is better).

Validation Dataset Model
GNS Pre-trained GNS

ID 0.0332 0.0282
OOD Adsorbate 0.0366 0.0314
OOD Catalyst 0.0360 0.0335
OOD Both 0.0406 0.0382

Table 3.11: Force prediction on OC20 by cosine similarity (higher is better).

Validation Dataset Model
GNS Pre-trained GNS

ID 0.4845 0.5517
OOD Adsorbate 0.4730 0.5414
OOD Catalyst 0.4553 0.4983
OOD Both 0.4417 0.4849
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4
When Does Re-initialization Work?

Abstract: Re-initializing a neural network during training has been observed
to improve generalization in recent works. Yet it is neither widely adopted
in deep learning practice nor is it often used in state-of-the-art training
protocols. This raises the question of when re-initialization works, and
whether it should be used together with regularization techniques such as
data augmentation, weight decay and learning rate schedules. In this work,
we conduct an extensive empirical comparison of standard training with a
selection of re-initialization methods to answer this question, training over
15,000 models on a variety of image classification benchmarks. We first
establish that such methods are consistently beneficial for generalization in
the absence of any other regularization. However, when deployed alongside
other carefully tuned regularization techniques, re-initialization methods offer
little to no added benefit for generalization, although optimal generalization
performance becomes less sensitive to the choice of learning rate and weight
decay hyperparameters. To investigate the impact of re-initialization methods
on noisy data, we also consider learning under label noise. Surprisingly, in
this case, re-initialization significantly improves upon standard training, even
in the presence of other carefully tuned regularization techniques.

Contents
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.3 Background on Re-initialization Methods . . . . . . . . 68
4.4 The Regularizing Effect of Re-initialization . . . . . . . 72
4.5 Re-initialization Alongside Other Regularization . . . 74
4.6 Re-initialization Under Label Noise . . . . . . . . . . . 78
4.7 Conclusion, Limitations & Future Work . . . . . . . . . 80
4.8 Supplementary Material . . . . . . . . . . . . . . . . . . 81

63



4. When Does Re-initialization Work? 64

No regularization
No label noise

Full regularization
No label noise

Full regularization
40% label noise

0

10

20

30

40

50

60

Te
st

 A
cc

ur
ac

y 
(%

)

39.6

59.1

29.3

41.5

58.9

42.2
44.8

61.0

45.7

No re-init.
(standard) Re-init. (S&P) Re-init. (S&P)

+ distillation

Figure 4.1: Comparison of standard training (i.e. no re-initialization) with re-
initialization using Shrink & Perturb in three scenarios on Tiny ImageNet with PreAct-
ResNet-18. Full regularization refers to the usage of carefully tuned data augmentation,
weight decay and a learning rate schedule, whereas no regularization is without. Without
label noise, Shrink & Perturb helps in the absence of other regularization but has limited
benefit otherwise. With label noise, Shrink & Perturb helps significantly even alongside
other regularization. Adding distillation further improves performance. All training
protocols have approximately equal computational cost.

4.1 Introduction

Recent works (e.g. [Alabdulmohsin et al., 2021] and [Ash and Adams, 2020]) have

proposed a set of techniques for training neural networks based on re-initialization.

These methods, which we collectively refer to as re-initialization methods, involve

re-initializing and transforming a part or all of the parameters of a neural network

periodically throughout learning. Studies have shown that re-initialization can help

in certain settings, such as small-data regimes [Alabdulmohsin et al., 2021, Taha

et al., 2021] and online learning [Ash and Adams, 2020]. However, despite having

no overhead in terms of computation cost and small implementation overhead, such

re-initialization techniques have not yet been adopted as common deep learning

practice. Indeed, most state-of-the-art (SOTA) training protocols do not incorporate

re-initialization techniques, relying instead on advances in e.g. optimization [Foret

et al., 2020], architectures [Liu et al., 2021c, Tan and Le, 2019, Brock et al., 2021],

data augmentation [Cubuk et al., 2018, 2020] and pre-training [Chen et al., 2020].

However, prior work suggests that re-initialization can improve the generalization
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performance of neural networks. For example, in the context of online learning, Ash

and Adams [2020] studied a scenario in which training data arrives sequentially in

“chunks” over time such that at any point in time the training dataset consists of the

union of all chunks arrived so far. They compared training the network from scratch

each time a new chunk arrives to warm-starting, where we continuously train (i.e.

fine-tune) the model, finding that warm-starting significantly underperformed. In

order to remedy this, they proposed Shrink & Perturb (defined in Section 4.3.2),

a re-initialization technique applied each time a new chunk arrives. Interestingly,

applying Shrink & Perturb not only closed the performance gap between warm-

starting and training from scratch, but improved upon the model trained from

scratch. Does this mean that the standard approach to training neural networks

without re-initialization is sub-optimal?

The motivation of our work is to systematically understand the benefits and

limitations of re-initialization methods in training neural networks. To that end,

we trained over 15,000 models to identify the settings under which re-initialization

methods are helpful. We study the interaction between re-initialization and other

widely used regularization and optimization techniques, including data augmentation,

weight decay and learning rate schedules. We seek to answer a fundamental, practical

question: are the benefits of re-initialization additive with those of common, existing

techniques for improving generalization? Should re-initialization be present in the

arsenal of deep learning practices? Our experiments therefore include careful

ablations in which we consider settings ranging from vanilla training to SOTA

protocols which yield top performance for a given architecture. In addition to

varying the training protocol, we also investigate the impact of re-initialization

methods when learning on noisy data by studying what happens under the presence

of label noise, leading to some surprising results.

Our empirical study centers around two re-initialization methods. First, as

our primary focus, we consider Shrink & Perturb, which was proposed by Ash

and Adams [2020] in the context of online learning and warm-starting. To the
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best of our knowledge, the regularization benefits of Shrink & Perturb as a re-

initialization method for standard i.i.d. supervised learning have not been studied

before, and we find that an adaptation of Shrink & Perturb can sometimes lead

to significant gains in this setting. Second, we consider the recently proposed

Layer-wise Re-initialization [Alabdulmohsin et al., 2021] that has been shown to

outperform prior re-initialization schemes on a variety of datasets. Furthermore,

we show that re-initialization methods can naturally be adapted to incorporate

self-distillation [Furlanello et al., 2018] which typically leads to improvement, at

negligible cost. Figure 4.1 summarizes our results on Tiny ImageNet. From here

on, we will use standard training to refer to training without re-initialization.

Our contributions and findings are as follows:

• Shrink & Perturb can benefit i.i.d. learning. We investigate the

benefits of Shrink & Perturb, previously proposed for online learning, and its

variant with distillation as re-initialization methods that can be used for i.i.d

supervised learning. We show that they are helpful and outperform techniques

such as Layer-wise Re-initialization in certain settings.

• Re-initialization improves generalization in the absence of other

regularization (Section 4.4). There is a consistent advantage in periodically

re-initializing a neural network—even up to 25 times—during training, pointing

to the inherent regularization benefit of re-initialization.

• Re-initialization has limited advantage over standard training in

a SOTA setting (Section 4.5). When data augmentation, weight decay

and learning rate schedules are carefully tuned, re-initialization performs at

par with standard training. However, the optimal performance becomes more

robust to the choice of learning rate and weight decay, which is desirable in

practice.

• Under label noise, re-initialization methods lead to significant

improvement in generalization (Section 4.6). This improvement appears
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on top of other well-tuned regularization, revealing a setting where the effects

of re-initialization and other regularization techniques do not overlap.

4.2 Related Work

Various re-initialization methods have been proposed in the literature, differing

usually by motivation and choice of weights that are re-initialized. For example,

motivated by sparsity, Han et al. [2016] introduced dense-sparse-dense training,

where after an initial stage of training, the smallest weights are pruned to induce

sparsity, the network is trained and in the third and last stage, the pruned weights

are re-initialized from zero. Taha et al. [2021] also proposed “knowledge evolution”

which partitions the weights of a network into two parts, one of which is continuously

training and the other repeatedly re-initialized. For transfer learning, Li et al. [2020]

proposed to periodically re-initialize only the final layer, optionally with ensembling

[Zhao et al., 2018]. Recently, Alabdulmohsin et al. [2021] compared a number of

these methods with their proposed Layer-wise Re-initialization. They found it

outperformed prior approaches, which is why we chose to study it in this work.

Their empirical evaluation focused on the small-data regime, where one set of

hyperparameters common across multiple datasets and architectures are used. They

also did not study how re-initialization methods interact with other regularizers.

Also, in the spirit of re-initialization, various approaches for “resetting” or “restarting”

training can also be found in the literature [Loshchilov and Hutter, 2016, Huang

et al., 2017b, Smith, 2017, Izmailov et al., 2018].

Re-initialization also recently appeared in the context of online learning and

warm-starting neural networks, where data arrives sequentially [Ash and Adams,

2020, Caccia et al., 2021]. Ash and Adams [2020] showed that warm-starting neural

network training worsens generalization. They proposed Shrink & Perturb, a simple

technique to improve performance in their online learning setup. The benefits of

Shrink & Perturb as a generic re-initialization method for i.i.d. learning have not

been studied before. Caccia et al. [2021] studied techniques for expanding capacity

by initializing new parameters as more data arrives. Igl et al. [2021] observed a
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similar phenomenon in reinforcement learning and proposed distillation as a remedy.

Generally, self-distillation [Furlanello et al., 2018, Hinton et al., 2015] itself closely

relates to re-initialization (see Section 4.3.1).

4.3 Background on Re-initialization Methods

Let fθ be a neural network with parameters θ ∈ Rp. We will assume fθ is trained to

minimize some loss function L(θ). Moreover, let pinit be a probability distribution

over Rp from which we sample the initialization parameters θ0 ∼ pinit, where

optimization begins. Then, we define a re-initialization of fθ to be the function fθRI ,

where we have replaced the current parameters θ with re-initialized parameters

θRI = R(θinit,θ). The function R computes the re-initialized parameters using

freshly initialized parameters θinit ∼ pinit and the current parameters θ. Different

re-initialization methods will differ in terms of R.

Re-initialization methods will modify standard training as follows. Assuming

a computational budget corresponding to N epochs over the training data, we

train the model in T stages. Each stage will consist of training the network for

⌊N/T ⌋ epochs. Between any two stages, we apply re-initialization as described

earlier. This ensures that the computational cost in terms of the total number of

gradient steps is approximately equal to the cost of standard training for N epochs.

This is key to ensure that the performance of different methods can be compared

fairly. Explicitly, let θend
t−1 denote the parameters at the end of the previous stage

t− 1. Stage t then consists of training the model starting from initial parameters

θstart
t = R(θinit,θ

end
t−1). The initial parameters for stage 1 are sampled directly from

pinit. See Algorithm 1 for a pseudo-code description.

4.3.1 Incorporating Self-Distillation With Re-initialization

Our experiments will also consider the effect of incorporating self-distillation, which

is a natural extension of re-initialization methods because training is split into

multiple sequential stages. Specifically, when using distillation, we train the model

in stage t by minimizing a combination of the training loss and a distillation loss
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between the current model (the student) and the model at the end of the previous

stage t − 1 (the teacher), that is, we minimize the loss

L(θ) + βdistill KL(fθend
t−1
∥ fθ), (4.1)

with respect to θ. The second term measures the KL-divergence between the

predicted class probabilities of the teacher and the student on the training data,

and βdistill is a hyperparameter determining the strength of distillation. In stage

t = 1, we only optimize the loss L(θ). Note that this requires generating the

predictions of the teacher network at the end of the previous stage and caching

them for use during the optimization of the student in the current stage. The

added computational cost is negligible, and we found that the training time with

and without distillation did not vary much. We also remark that the setting in

which re-initialization simply consists of replacing all the old model parameters

with a new initialization, i.e. θRI = θinit, combined with distillation is equivalent

to Born-Again Networks (BANs) [Furlanello et al., 2018] supervised by the true

and teacher labels, with a fixed computational budget.1

4.3.2 Shrink & Perturb

Our primary focus in this work will be Shrink & Perturb, a method proposed by

Ash and Adams [2020] in the context of online learning and warm-starting neural

network training. Ash and Adams [2020] studied a scenario in which training

data arrives sequentially in “chunks” over time such that at any point in time

the training dataset consists of the union of all chunks arrived so far. They

compared re-training the network from scratch each time a new chunk arrives

to warm-starting, where we continuously train (i.e. fine-tune) the model. They

found that the warm-started network significantly underperformed. In order to

remedy this, they proposed Shrink & Perturb, a re-initialization technique applied
1In the original BANs, the computational cost scaled proportionally with the number self-

distillation iterations. For a fair comparison, we consider BANs under a fixed total budget.
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Figure 4.2: Example test accuracy curves on the CIFAR datasets with ResNet-18 in
setting ∅. Shrink & Perturb involves 10 stages. For each method and dataset, the learning
rate is tuned separately – the optimal learning rates are on average 10 times smaller for
re-initialization than standard training here.

to the previous model each time a new chunk arrives. Shrink & Perturb consists

of defining the re-initialized parameters to be:

θRI = λθ + γθinit,

where λ, γ ∈ [0, 1] are hyperparameters. We shrink the current parameters by a

multiplicative factor of λ and perturb them using a fresh initialization scaled by

γ. In our initial experiments, we tuned these hyperparameters which then remain

fixed at λ = 0.4, γ = 0.1 across all architectures and datasets and are similar to

the optimal values in the setup of Ash and Adams [2020]. The number of stages

T is a hyperparameter we vary in our experiments.

Shrink & Perturb was demonstrated to improve upon re-training from scratch

in the online learning setup. Ash and Adams [2020] suggested that it may have a

helpful regularization effect, but this effect has not been studied in any detail in

the usual i.i.d. learning setting. Contrary to their setup where Shrink & Perturb

is applied for online learning, we will view Shrink & Perturb as a re-initialization

method for training on a stationary dataset as described earlier.

4.3.3 Layer-wise Re-initialization

Alabdulmohsin et al. [2021] recently proposed Layer-wise Re-initialization, which

re-initializes the architecture block-by-block during training. Assuming that there
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Table 4.1: Test accuracy (%) of different methods in settings ranging from basic to
SOTA protocols on CIFAR-10 with ResNet-18.

Setting
Abbrev.

Data
Aug.

Cosine
Anneal.

Weight
Decay

No Re-initialization
(standard training)

Self-distillation
(fixed-budget BAN)

Layer-wise
Re-initialization Shrink & Perturb

w/o dist. w/ dist. w/o dist. w/ dist.
∅ ✗ ✗ ✗ 83.8±0.3 84.0±0.4 87.6±0.4 87.3±0.2 88.8±0.2 88.6±0.4
d ✓ ✗ ✗ 92.5±0.0 92.6±0.2 92.6±0.3 93.2±0.1 93.1±0.2 94.1±0.0

dc ✓ ✓ ✗ 92.8±0.2 92.6±0.1 93.4±0.1 93.4±0.2 94.1±0.2 94.2±0.1
dcw ✓ ✓ ✓ 95.0±0.0 94.8±0.2 94.7±0.2 95.0±0.3 94.7±0.2 94.7±0.1

are K “blocks” in the architecture, we have a total of T = K stages during training.

At the end of stage t, we re-initialize all layers after the t-th block, that is, we set:

θRI = θ ⊙m(t) + θinit ⊙ (1−m(t)).

Here m(t) ∈ {0, 1}p is a vector which masks all layers after the first t blocks, i.e.

m
(t)
i = 1 if the i-th parameters belongs to the first t blocks and is otherwise zero. ⊙

denotes an element-wise product. More generally, note that we can have T = KM

total stages, where at the end of each of the first M stages t = 1, . . . ,M , we

re-initialize all layers after the first block. At the end of each of the second M stages

t = M + 1, . . . , 2M , we re-initialize all layers after the second block and so forth.

We note that Alabdulmohsin et al. [2021] set M = 1 in their main experiments.

Moreover, in addition to re-initializing all blocks after the t-th block, Layer-wise

Re-initialization also (1) re-scales the norm of the first t blocks to their norm at

initialization and (2) adds a normalization layer (without trainable parameters) after

block t whose mean and standard deviation are computed by forward passing a batch

of training data. Note that unlike Shrink & Perturb, Layer-wise Re-initialization has

a somewhat architecture-specific definition, since it requires picking a priori what

a block corresponds to in the architecture. In our experiments with a ResNet-18

architecture, we considered four cases: T = K = 2 where the network is split between

the second and third residual blocks, T = K = 5 where we split by each residual block

and lastly T = 10 and 20 by letting M = 2 and 4 respectively in the previous case.
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Table 4.2: Test accuracy (%) of different methods in settings ranging from basic to
SOTA protocols on CIFAR-100 with ResNet-18.

Setting
Abbrev.

Data
Aug.

Cosine
Anneal.

Weight
Decay

No Re-initialization
(standard training)

Self-distillation
(fixed-budget BAN) SGDR

Layer-wise
Re-initialization Shrink & Perturb

w/o dist. w/ dist. w/o dist. w/ dist.
∅ ✗ ✗ ✗ 55.5±0.6 56.4±0.5 n/a 61.0±0.6 62.5±0.2 63.1±0.6 63.5±0.3
d ✓ ✗ ✗ 70.8±0.1 70.5±0.5 n/a 72.1±0.3 74.7±0.2 71.9±0.1 74.0±0.6

dc ✓ ✓ ✗ 71.2±0.2 70.9±0.4 71.0±0.6 74.6±0.5 75.4±0.2 75.4±0.3 75.4±0.4
dcw ✓ ✓ ✓ 77.9±0.2 77.2±0.1 77.5±0.2 77.5±0.1 77.3±0.3 77.5±0.2 77.0±0.3

Table 4.3: Test accuracy (%) of standard training and Shrink & Perturb on Tiny
ImageNet with PreAct-ResNet-18.

Setting
Abbrev.

Data
Aug.

Cosine
Anneal.

Weight
Decay

No Re-initialization
(standard training)

Shrink & Perturb

w/o dist. w/ dist.
∅ ✗ ✗ ✗ 39.55±0.69 41.47±0.48 44.81±0.46

dcw ✓ ✓ ✓ 59.12±0.33 58.95±0.56 61.03±0.38

4.4 The Regularizing Effect of Re-initialization

In this section, we investigate the effect of re-initialization when no other regu-

larization is deployed. We show that re-intiliazation provides a consistent and

considerable advantage over standard training, even beyond the small-data regime

[Alabdulmohsin et al., 2021, Taha et al., 2021], as is the case of Tiny ImageNet.

This highlights their effectiveness as a regularization technique. Additionally, we

find that Shrink & Perturb outperforms Layer-wise Re-initialization in this setting.

4.4.1 Experimental Setup

For each architecture (ResNet-18, PreAct-ResNet-18, MobileNetV2) [He et al.,

2016c,b, Sandler et al., 2018] and dataset (CIFAR-10, CIFAR-100, Tiny ImageNet),

we used SGD with momentum 0.9 for training with early stopping by validation

accuracy. For the CIFAR datasets, we separately tuned the learning rate and

weight decay hyperparameters for each method by cross validation. Note that this

is different to the setup of Alabdulmohsin et al. [2021] where the learning rate

and weight decay hyperparameters were fixed for all combinations of datasets and

architectures in their image classification experiments. For the larger and more

computationally costly Tiny ImageNet dataset, we tuned the learning rate and

weight decay hyperparameters for standard training (that is, no re-initialization) and
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kept them fixed for the re-initialization methods. This simulates a practical scenario:

given tuned hyperparameters for standard training on an expensive and large dataset,

does it help to use re-initialization without re-tuning the hyperparameters?

For re-initialization methods, we note that the number of stages T is an

additional hyperparameter which we tune (cf. Section 4.5.5). Moreover, all models

are optimized for the same number of gradient steps for all methods. All other

hyperparameters such as batch size and number of epochs are the same for all

methods and specified in Tables 4.4 and 4.5 of Section 4.8.2. Our code is provided

for reproducibility and will be open-sourced.

4.4.2 Re-initialization Improves Performance in the Ab-
sence of Other Regularization

The different settings we consider are labeled ∅, d, dc and dcw, as described

on the left of Table 4.1. Setting ∅ is the basic setting where we use a constant

learning rate, no weight decay and no data augmentation. As shown in the first

rows of Tables 4.1 and 4.2, both Shrink & Perturb and Layer-wise Re-initialization

improve generalization performance over standard training for both CIFAR datasets.

Moreover, Shrink & Perturb outperforms Layer-wise Re-initialization by a margin of

1-2 percentage points in both cases. Both re-initialization methods also benefit from

incorporating distillation for CIFAR-10, although distillation matters less for CIFAR-

100. Next, we consider training in setting ∅ for Tiny ImageNet, focusing only on

Shrink & Perturb with and without distillation in this case, as shown in Table 4.3. As

before, re-initialization is beneficial compared to standard training, particularly when

we include distillation. Indeed, these results indicate that re-initialization yields a

notable generalization boost in setting ∅ without additional computational cost.

Examples of the test accuracy learning curves are shown in Figure 4.2 for Shrink

& Perturb with 10 stages. Notice that each re-initialization causes a sudden drop

in performance from which there is a quick recovery. Whereas the test accuracy for

standard training stagnates early on, training with Shrink & Perturb keeps improving

test accuracy with each successive re-initialization and already outperforms standard
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training by epoch 50. All models shown in this plot achieved approximately 100%

training accuracy and close to zero training negative log-likelihood. See Figures 4.8

and 4.9 for examples of training curves.

4.5 Re-initialization Alongside Other Regulariza-
tion

Section 4.4 demonstrates that re-initialization methods have a regularizing effect

on learning that improves generalization. Next, we consider how beneficial re-

initialization is when deployed alongside other regularization techniques that are

commonly used to achieve high performance in SOTA training protocols. In

particular, we consider three common regularization techniques: data augmentation,

cosine annealing and weight decay. Note that while cosine annealing is not an

explicit regularizer, the choice of learning rates affects regularization [Li et al., 2019,

Li and Arora, 2019] and is an important ingredient for well-performing models. For

re-initialization methods, we apply cosine annealing per stage, yielding a cyclical

learning rate [Loshchilov and Hutter, 2016]. Our motivation is to explore whether

the effect of these different techniques is additive with the benefit of re-initialization;

indeed, regularizers that are helpful each on their own are not necessarily helpful

in the presence of one another.

4.5.1 Re-initialization Offers Little Benefit in SOTA Set-
tings

Using a similar setup as before, we compare standard training with various re-

initialization methods across these settings on the CIFAR datasets in Tables 4.1

and 4.2. Beginning with the simple setting explored in Section 4.4, we gradually

add data augmentation (setting d), cosine annealing (setting dc) and weight

decay (setting dcw), achieving around SOTA performance in setting dcw. First,

we observe that all re-initialization methods except fixed-budget BAN noticeably

improve upon standard training in settings ∅, d and dc. In most cases, the best

performing method is Shrink & Perturb with distillation, improving accuracy over
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Figure 4.3: Weight norms during training vary across methods more in setting ∅ than
setting dcw. Curves show how the norm of ResNet-18 weights varies through training for
re-initialization methods (with 5 stages) and standard training. In setting ∅, Shrink &
Perturb yields a model with smaller weight norm than standard training and Layer-wise
Re-initialization, but in setting dcw, all methods yield models with similar weight norms.

standard training by upto 5 percentage points on CIFAR-10 and 8 percentage

points on CIFAR-100.

However, a key finding here is that when all regularization techniques are

used and carefully tuned (setting dcw), the best re-initialization methods do not

improve generalization performance over standard training. Therefore, stacking

re-initialization on top of other regularization techniques results in a sub-additive

effect on performance. Note that this setting is arguably more important and

common in practice than previous settings. We speculate that Shrink & Perturb

affects the norm of the weights during training which may overlap with the effect of

weight decay. As shown in Figure 4.3, in the absence of weight decay, the norm

of the weights tends to increase monotonically without re-initialization, whereas

Shrink & Perturb periodically reduces this weight norm. In setting ∅, this results

in the learned models’ weight norms varying across methods, while, in setting dcw,

all methods learn models with similar final norms due to weight decay. Moreover,

in setting ∅, Shrink & Perturb results in a model with norm similar to that of

standard training in setting dcw. Therefore, both weight decay and Shrink &

Perturb encourage the final learned model to have a small weight norm, a quantity

that is known to be linked to generalization performance [Neyshabur et al., 2018,

Bartlett et al., 2017]. Nevertheless, this does not fully explain why Shrink & Perturb

works, as shown later in Section 4.6. We also show the impact of re-initialization

in setting dcw for Tiny ImageNet in the last row of Table 4.3. Similar to before,

the improvement in performance from using Shrink & Perturb is much smaller here
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than in setting ∅. Shrink & Perturb has no impact on performance, whereas Shrink

& Perturb with distillation slightly improves performance over standard training.

4.5.2 The Role of Self-Distillation

Another observation from Tables 4.1 and 4.2 is that fixed-budget BANs do not

improve performance compared to standard training in most cases, sometimes

leading to worse test accuracies, and are outperformed by Shrink & Perturb and

Layer-wise Re-initialization in all settings except dcw. Recall from Section 4.3.1

that BANs can be viewed as a simple re-initialization method combined with

distillation: we re-initialize the full network from scratch in each stage. Therefore,

BANs constitute an important baseline for more sophisticated re-initialization

methods. Our results indicate that while distillation can boost performance, it is

computationally sub-optimal to completely re-initialize each network in the sequence.

Under a fixed-budget setting as shown here, too many stages will then lead to too

few gradient steps per stage, whereas too few stages do not reap the full benefits

of distillation, both of which can negatively impact performance. On the other

hand, Layer-wise Re-initialization and Shrink & Perturb partly “re-use” the model

from the previous stage, circumventing the need for a large number of gradient

steps per stage and improving learning efficiency. Therefore, re-initialization is

itself crucial, and distillation does not suffice on its own. Figure 4.7 shows how

complete re-initialization in BANs leads to large drops in performance from which

it is more difficult to recover quickly.

4.5.3 The Role of Cosine Annealing

Recall that cosine annealing is applied per stage for re-initialization methods,

yielding a cyclical learning rate schedule as used in SGDR [Loshchilov and Hutter,

2016]. Such a learning rate schedule can have its own benefits, therefore we compared

re-initialization in settings dc and dcw with SGDR for CIFAR-100. As shown in

Table 4.2, SGDR does not match the performance of the re-initialization methods
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Figure 4.4: Re-initialization can make performance less sensitive to the choice of learning
rate and weight decay. Performance of different methods over a grid search of learning
rate and weight decay combinations on CIFAR-100 with ResNet-18 in setting dcw.
All re-initialization methods use 5 stages. Shrink & Perturb stands out most, as its
performance varies much less over the grid than other methods, especially standard
training (no re-initialization).
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Figure 4.5: Test accuracy as a function of the number of re-initialization stages in
settings ∅ and dcw. In setting ∅, any number of stages improves upon standard training
for Shrink & Perturb and Layer-wise Re-initialization, though the optimal number tends to
be 5-20 stages. In setting dcw, adding more stages monotonically worsens generalization.
Recall that for Layer-wise Re-initialization, the number of stages is tied to the architecture
itself, and T ∈ {2, 5, 10, 20}.

in setting dc and performs similar in setting dcw. This indicates that when

re-initialization is helpful, it is not an effect of the cyclical schedule.

4.5.4 Re-initialization Makes Optimal Performance More
Robust to Hyperparameters

Although re-initialization methods do not offer much benefit in terms of gener-

alization for optimal hyperparameters in setting dcw, we found that they can

make performance less sensitive to the choice of learning rate and weight decay

hyperparameters – particularly Shrink & Perturb. Figure 4.4 shows the test accuracy

achieved by different methods over a grid of learning rate and weight decay choices

for CIFAR-100 in setting dcw. We observe that the performance of both Layer-

wise Re-initialization and Shrink & Perturb varies less over the grid compared
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to no re-initialization. This is especially prominent for Shrink & Perturb. For

example, with learning rate 0.005 and weight decay 0, performance of standard

training degrades to 67.6%, whereas the performance of Shrink & Perturb remains

above 73% throughout. Therefore, re-initialization methods can be beneficial

in regimes where thoroughly hyperparameter tuning is infeasible and robustness

becomes crucial. This complies with the findings of Alabdulmohsin et al. [2021]

who operated under the setup of using a common set of hyperparameters for all

datasets and architectures, which may be sub-optimal in certain cases for standard

training, and found re-initialization methods outperform standard training.

4.5.5 Impact of the Number of Re-initialization Stages

Recall that the number of stages T used for re-initialization is an additional

hyperparameter that we tuned in our experiments. Note that T = 1 trivially

corresponds to standard training (i.e. no re-initialization). We show how test

accuracy varies as a function of T in Figure 4.5 for the different methods over each

of the CIFAR datasets in settings ∅ and dcw. In setting ∅, typically a large number

of stages, in the range 5-20, is most beneficial for the re-initialization methods. In

fact, for Shrink & Perturb and Layer-wise Re-initialization, any number of stages

in the range shown (2-25) improves upon standard training. However, in setting

dcw, the profile of the curves changes drastically. Increasing the number of stages

monotonically lowers the test accuracy, which is consistent with our finding that

in this setting, re-initialization methods offer little advantage. See Figure 4.10 in

Section 4.8.1 for further experiments with MobileNetV2 on the CIFAR datasets.

4.6 Re-initialization Under Label Noise

Having studied how different components of the training protocol interact with re-

initialization, we next focus on learning under noisy data. In particular, we add label

noise to the data which makes learning more challenging. We consider the impact

on performance when a randomly-chosen fraction q of the training data points

have random labels, whereas the test set remains the same. The addition of noise
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Figure 4.6: Re-initialization is beneficial for learning under label noise. Both re-
initialization methods improve performance, with distillation leading to a further
improvement. Moreover, the benefit of re-initialization compared to standard training
increases with more label noise.

makes learning more difficult as models would require more regularization to prevent

them from overfitting to the noise. Therefore, learning under label noise can help

distinguish different regularization techniques. We remain in setting dcw, where

data augmentation, weight decay and learning rate schedules are used. Moreover,

we follow the setup described in Section 4.4.1; on the CIFAR datasets, learning rate

and weight decay are tuned separately for each method, while on Tiny ImageNet,

we use the hyperparameters obtained from tuning on standard training only.

Figure 4.6 shows the performance of different methods as we add q = 20%

and 40% label noise on the CIFAR and Tiny ImageNet datasets. Surprisingly, re-

initialization methods consistently improve upon standard training here. For CIFAR

datasets, both Shrink & Perturb and Layer-wise Re-initialization are beneficial each

on their own, and performance further improves with the addition of distillation.

The results are similar for Tiny ImageNet, where the difference between standard

training and re-initialization is even starker: Shrink & Perturb with distillation

improves upon standard training by over 15 percentage points in test accuracy

when we have 40% label noise.

We can therefore conclude that the effects of re-initialization do not completely

overlap with those of data augmentation, weight decay and learning rate schedules.

Indeed, even though re-initialization does not improve generalization in setting dcw

without label noise, it shows a substantial improvement on generalization with label

noise on top of standard regularization techniques. We suspect that one reason

re-initialization helps in this scenario relates to the order in which neural networks
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learn training examples. “Difficult examples” (such as mislabelled inputs) tend to be

learned later during training by deeper layers [Baldock et al., 2021]. Re-initialization

might be exploiting this property of learning by naturally selecting the clean data:

since periodically re-initializing “resets” training to an extent, the network might

be prevented from confidently fitting to the noise (which is learned later) to instead

focus on learning the correctly labelled examples (which are learned earlier). This

may also explain why Layer-wise Re-initialization outperforms Shrink & Perturb

here due to its layer-wise structure that re-initializes deeper layers more. This

also raises the question of whether the performance gap between re-initialization

methods and standard training can be closed by tuning the epoch budget to reduce

overfitting. As shown in Figure 4.11, this is not sufficient to close to gap.

4.7 Conclusion, Limitations & Future Work

We have investigated when re-initialization methods, a set of techniques that are

simple to implement with almost no computational overhead, improve generalization

compared to standard training. We found that such methods are beneficial for

improving performance in the absence of other regularization. However, in a setting

resembling SOTA training protocols (i.e. including data augmentation, weight

decay and learning rate schedules), which is arguably more important and common,

re-initialization methods do not improve over standard training, although optimal

performance becomes more robust to the choice of hyperparameters. Finally, under

label noise, re-initialization does have a significant and helpful effect on learning

that other regularization techniques are not able to offer.

In future work, we hope to study the implications of our work on online learning,

where Shrink & Perturb was first proposed and shown to be helpful. Does the

generalization gap due to warm-starting still appear if models are trained with

sufficient regularization? Does Shrink & Perturb continue to be beneficial? One

limitation of our work is that, although we observe clear empirical trends in when

re-initialization works, a deeper understanding of why it does or does not work is

missing and would be very desirable to gain in future work. Another limitation of our
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study is that we restrict ourselves to CIFAR-10/100 and Tiny ImageNet datasets and

convolution-based network architectures for classification. Although this restriction

allowed us to thoroughly explore the interaction between re-initialization and other

techniques on these standard benchmarks and carefully tune hyperparameters given

a limited compute budget, it would be interesting to extend the scope of our study

to other architectures, tasks and data modalities as future work.

4.8 Supplementary Material

4.8.1 Additional Results
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Figure 4.7: Example test accuracy curves on the CIFAR-100 dataset with ResNet-18 in
setting ∅. BAN involves 10 stages. For each method and dataset, the learning rate is
tuned separately. Notice that each re-initialization causes a large drop in performance in
contrast with e.g. Shrink & Perturb as shown in Figure 4.2.
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Figure 4.8: Example train accuracy curves for standard training and Shrink & Perturb.
In each plot, Shrink & Perturb is shown with its optimal number of stages. Observe that
in all cases the models achieve close to 100% accuracy.

4.8.2 Hyperparameters & Pseudo-code of Re-initialization
Methods

Hyperparameters for our experiments are described in Tables 4.4 and 4.5, and the

pseudo-code for training with re-initialization is shown in Algorithm 1.
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Figure 4.9: Example train negative log-likelihood curves for standard training and
Shrink & Perturb. In each plot, Shrink & Perturb is shown with its optimal number of
stages. Observe that in all cases the models achieve close to zero loss.
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Figure 4.10: Effect of Shrink & Perturb on the CIFAR datasets in settings ∅ and dcw
with a MobileNetV2 architecture. Our results in this figure indicate that the overall trend
observed in our experiments with ResNet-18 also appears for MobileNetV2. In particular,
in setting ∅, Shrink & Perturb improves performance for any number of stages shown,
whereas in setting dcw, it provides no benefit over standard training (no re-initialization).
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Figure 4.11: Under label noise, tuning the epoch budget for standard training does not
close the gap with re-initialization methods. See the discussion in Section 4.6.
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Algorithm 1: Training with re-initialization function R.
Input: Training data D, number of re-initialization stages T , initialization distribution

pinit, total epochs N .
1 P ← ⌊N/T ⌋ ▷ epochs per stage
2 for t← 1 to T do
3 if t == 1 then
4 θstart ∼ pinit ▷ initialize training
5 else
6 θstart ← R(θinit, θend), where θinit ∼ pinit is an i.i.d. initialization. ▷

re-initialize network
7 end
8 θend ← parameters after training for P epochs on D, starting from θstart, optionally

with distillation from teacher network fθend if t > 1. ▷ optimization objective
is defined in Equation (4.1)

9 end

10 return θend

General

Total training epochs 200
Stages × epochs per stage {2× 100, 5× 40, 10× 20, 20× 10, 25× 8}
Batch size 125
Momentum 0.9
Learning rate grid {0.005, 0.01, 0.03, 0.05, 0.1}
Weight decay grid {0, 0.0001, 0.0005, 0.001, 0.005}
Distillation strength βdistill (if used) 1

Data augmentation (if used) Random horizontal flips and
size-preserving crops after padding 4 pixels.

Data normalization µ = (0.485, 0.456, 0.406)
σ = (0.229, 0.224, 0.225)

Shrink & Perturb

Shrink λ (default unless explicitly defined otherwise) 0.4
Perturb γ (default unless explicitly defined otherwise) 0.1

Layer-wise Re-initialization

(K,M) {(2, 1) , (5, 1) , (5, 2)}

Table 4.4: Hyperparameters common to all models trained on CIFAR-10 and CIFAR-100
(32× 32 images) [Krizhevsky et al., 2009].
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General

Total training epochs 500
Stages × epochs per stage {2× 100, 5× 40, 10× 20, 20× 10, 25× 8}
Batch size 100
Momentum 0.9
Learning rate grid {0.01, 0.05, 0.1}
Weight decay grid {0, 0.0001, 0.0005, 0.005}
Distillation strength βdistill (if used) 2

Data augmentation (if used) Random horizontal flips and
size-preserving crops after padding 4 pixels.

Data normalization µ = (0.485, 0.456, 0.406)
σ = (0.229, 0.224, 0.225)

Shrink & Perturb

Shrink λ (default unless explicitly defined otherwise) 0.4
Perturb γ (default unless explicitly defined otherwise) 0.1

Table 4.5: Hyperparameters common to all models trained on Tiny ImageNet (64× 64
images) [Le and Yang, 2015].
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5
LieTransformer: Equivariant

Self-Attention for Lie Groups

Abstract: Group equivariant neural networks are used as building blocks
of group invariant neural networks, which have been shown to improve
generalisation performance and data efficiency through principled parameter
sharing. Such works have mostly focused on group equivariant convolutions,
building on the result that group equivariant linear maps are necessarily
convolutions. In this work, we extend the scope of the literature to self-
attention, that is emerging as a prominent building block of deep learning
models. We propose the LieTransformer, an architecture composed of
LieSelfAttention layers that are equivariant to arbitrary Lie groups and
their discrete subgroups. We demonstrate the generality of our approach by
showing experimental results that are competitive to baseline methods on
a wide range of tasks: shape counting on point clouds, molecular property
regression and modelling particle trajectories under Hamiltonian dynamics.
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5.1 Introduction

Group equivariant neural networks are useful architectures for problems with

symmetries that can be described in terms of a group (in the mathematical sense).

Convolutional neural networks (CNNs) are a special case that deal with translational

symmetry, in that when the input to a convolutional layer is translated, the output

is also translated. This property is known as translation equivariance, and offers a

useful inductive bias for perception tasks which usually have translational symmetry.

Constraining a linear layer to obey this symmetry, resulting in a covolutional layer,

greatly reduces the number of parameters and computational cost. This has led to

the success of CNNs in multiple domains such as computer vision [Krizhevsky et al.,

2012] and audio [Graves and Jaitly, 2014]. Following on from this success, there

has been a growing literature on the study of group equivariant CNNs (G-CNNs)

that generalise CNNs to deal with other types of symmetries beyond translations,

such as rotations and reflections.

Most works on group equivariant NNs deal with CNNs i.e. linear maps with

shared weights composed with pointwise non-linearities, building on the result that

group equivariant linear maps (with mild assumptions) are necessarily convolutions

[Kondor and Trivedi, 2018, Cohen et al., 2019, Bekkers, 2020]. However there

has been little work on non-linear group equivariant building blocks. In this

paper we extend group equivariance to self-attention [Vaswani et al., 2017], a

non-trivial non-linear map, that has become a prominent building block of deep

learning models in various data modalities, such as natural-language processing

[Vaswani et al., 2017, Brown et al., 2020b], computer vision [Zhang et al., 2019,

Parmar et al., 2019a], reinforcement learning [Parisotto et al., 2020], and audio

generation [Huang et al., 2019].

We thus propose LieTransformer, a group invariant Transformer built from

group equivariant LieSelfAttention layers. It uses a lifting based approach, that

relaxes constraints on the attention module compared to approaches without lifting.

Our method is applicable to Lie groups and their discrete subgroups (e.g. cyclic
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groups Cn and dihedral groups Dn) acting on homogeneous spaces. Our work is very

much in the spirit of Finzi et al. [2020], our main baseline, but for group equivariant

self-attention instead of convolutions. Among works that deal with equivariant

self-attention, we are the first to propose a methodology for general groups and

domains (unspecified to 2D images Romero et al. [2020], Romero and Cordonnier

[2021] or 3D point clouds Fuchs et al. [2020b]). We demonstrate the generality of

our approach through strong performance on a wide variety of tasks, namely shape

counting on point clouds, molecular property regression and modelling particle

trajectories under Hamiltonian dynamics.

5.2 Background

5.2.1 Group Equivariance

This section lays down some of the necessary definitions and notations in group

theory and representation theory in an informal and intuitive manner. For a more

formal presentation of definitions, see Section 5.7.2.

Loosely speaking, a group G is a set of symmetries, with each group element

g corresponding to a symmetry transformation. These group elements (g, g′ ∈ G)

can be composed (gg′) or inverted (g−1), just like transformations. An example

of a discrete group is Cn, the set of rotational symmetries of a regular n-gon.

The group consists of n such rotations, including the identity. An example of a

continuous (infinite) group is SO(2), the set of all 2D rotations about the origin.

Cn is a subset of SO(2), hence we call Cn a subgroup of SO(2). Note that

SO(2) = {gθ : θ ∈ [0, 2π)} can be parameterised by the angle of rotation θ. Such

groups that can be continuously parameterised by real values are called Lie groups.

A symmetry transformation of group element g ∈ G on object v ∈ V is referred

to as the group action of G on V . If this action is linear on a vector space V ,

then we can represent the action as a linear map ρ(g). We call ρ a representation

of G, and ρ(g) often takes the form of a matrix. For SO(2), the standard rotation
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matrix is an example of a representation that acts on V = R2:

ρ(gθ) =
[
cos θ − sin θ
sin θ cos θ

]
(5.1)

Note that this is only one of many possible representations of SO(2) acting on R2

(e.g. replacing θ with nθ yields another valid representation), and SO(2) can act

on spaces other than R2, e.g. Rd for arbitrary d ≥ 2.

In the context of group equivariant neural networks, V is commonly defined to

be the space of scalar-valued functions on some set S, so that V = {f | f : S → R}.

This set could be a Euclidean input space e.g. a grey-scale image can be expressed as

a feature map f : R2 → R from pixel coordinate xi to pixel intensity fi, supported

on the grid of pixel coordinates. We may express the rotation of the image as a

representation of SO(2) by extending the action ρ on the pixel coordinates to a

representation π that acts on the space of feature maps:

[π(gθ)(f)](x) ≜ f(ρ(g−1
θ )x). (5.2)

Note that this is equivalent to the mapping (xi, fi)n
i=1 7→ (ρ(gθ)xi, fi)n

i=1. As a

special case, we can define V = {f |f : G → R} to be the space of scalar-valued

functions on the group G, for which we can define a representation π acting on

V via the regular representation:

[π(gθ)(f)](gϕ) ≜ f(g−1
θ gϕ). (5.3)

Here the action ρ is replaced by the action of the group on itself. If we wish to

handle multiple channels of data, e.g. RGB images, we can stack these feature

maps together, transforming in a similar manner.

Now let us define the notion of G-equivariance.

Definition 1. We say that a map Φ : V1 → V2 is G-equivariant with respect to

actions ρ1, ρ2 of G acting on V1, V2 respectively if: Φ[ρ1(g)f ] = ρ2(g)Φ[f ] for any

g ∈ G, f ∈ V1.
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Figure 5.1: Architecture of the LieTransformer.

In the above example of rotating RGB images, we have G = SO(2) and ρ1 = ρ2 =

π. Hence the equivariance of Φ with respect to SO(2) means that rotating an input

image and then applying Φ yields the same result as first applying Φ to the original

input image and then rotating the output, i.e. Φ commutes with the representation π.

The end goal for group equivariant neural networks is to design a neural network

that obeys certain symmetries in the data. For example, we may want an image

classifier to output the same classification when the input image is rotated. So

in fact we want a G-invariant neural network, where the output is invariant to

group actions on the input space. Note that G-invariance is a special case of

G-equivariance, where ρ2 is the trivial representation i.e. ρ2(g) is the identity

map for any g ∈ G. Invariant maps are easy to design, by discarding information,

e.g. pooling over spatial dimensions is invariant to rotations and translations.

However, such maps are not expressive as they fail to extract high-level semantic

features from the data. This is where equivariant neural networks become relevant;

the standard recipe for constructing an expressive invariant neural network is to

compose multiple equivariant layers with a final invariant layer. It is a standard

result that such maps are invariant (e.g. Bloem-Reddy and Teh [2020]) and a proof

is given in Section 5.7.3 for completeness.

5.2.2 Equivariant Maps on Homogeneous Input Spaces

Here we introduce the framework for G-equivariant maps, and provide group

equivariant convolutions as an example. Suppose we have data in the form of a
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set of input pairs (xi, fi)n
i=1 where xi ∈ X are spatial coordinates and fi ∈ F are

feature values. The data can be described as a single feature map fX : xi 7→ fi. We

assume that a group G acts on the x-space X via action ρ, and that the action

is transitive (also referred to as X being homogeneous). This means that all

elements of X are connected by the action: ∀x, x′ ∈ X , ∃g ∈ G : ρ(g)x = x′. We

often write gx instead of ρ(g)x to reduce clutter. For example, the group of 2D

translations T (2) acts transitively on R2 since there is a translation connecting any

two points in R2. On the other hand, the group of 2D rotations about the origin

SO(2) does not act transitively on R2, since points that have different distances to

the origin cannot be mapped onto each other by rotations. However the group of

2D roto-translations SE(2), whose elements can be written as a composition tR of

t ∈ T (2) and R ∈ SO(2), acts transitively on R2 since SE(2) contains T (2).

For such homogeneous spaces X , it can be shown that there is a natural

partition of G into disjoint subsets such that there is a one-to-one correspondence

between X and these subsets. Namely each x ∈ X corresponds to the coset

s(x)H = {s(x)h|h ∈ H}, where the subgroup H = {g ∈ G|gx0 = x0} is called the

stabiliser of origin x0, and s(x) ∈ G is a group element that maps x0 to x. It can

be shown that the coset s(x)H does not depend on the choice of s(x), and that

s(x)H and s(x′)H are disjoint for x ̸= x′. For T (2) acting on R2, we have H = {e},

the identity, and s(x) = tx, the group element describing the translation from x0 to

x, and so each x corresponds to {tx}. For SE(2) acting on R2, we have H = SO(2)

and s(x) = tx, so each x corresponds to {txR|R ∈ SO(2)}. This correspondence is

often written as an isomorphism X ≃ G/H, where G/H is the set of cosets of H.

Using this isomorphism, we can map each point in X to a set of group elements

in G, i.e. mapping each data pair (xi, fi) to (possibly multiple) pairs {(g, fi)|g ∈

s(xi)H}. This can be thought of as lifting the feature map fX : xi 7→ fi defined

on X to a feature map L[fX ] : g 7→ fi defined on G [Kondor and Trivedi, 2018].

Let IU denote the space of such feature maps from G to F . Subsequently, we may

define group equivariant maps as functions from IU to itself, which turns out to

be a simpler task than defining equivariant maps directly on X .
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The group equivariant convolution [Cohen and Welling, 2016, Cohen et al.,

2018, Finzi et al., 2020, Romero et al., 2020] is an example of such a group

equivariant map that has been studied extensively. Specifically, the group equivariant

convolution Ψ : IU → IU is defined as:

[Ψf ](g) ≜
∫

G
ψ(g′−1g)f(g′)dg′ (5.4)

where ψ : G→ R is the convolutional filter and the integral is defined with respect to

the left Haar measure of G. Note that for discrete groups the integral amounts to a

sum over the group. Hence the integral can be computed exactly for discrete groups

[Cohen and Welling, 2016], and for Lie groups it can be approximated using Fast

Fourier Transforms [Cohen et al., 2018] or Monte Carlo (MC) estimation [Finzi et al.,

2020]. Given the regular representation π of G acting on IU as in Equation (5.3),

we can easily verify that Ψ is equivariant with respect to π (c.f. Section 5.7.3).

5.3 LieTransformer

We first outline the problem setting before describing our model, the LieTransformer.

We tackle the problem of regression/classification for predicting a scalar/vector-

valued target y given a set of input pairs (xi, fi)n
i=1 where xi ∈ Rdx are spatial

locations and fi ∈ Rdf are feature values at the spatial location. Hence the training

data of size N is a set of tuples ((xi, fi)nj

i=1, yj)N
j=1. In some tasks such as point

cloud classification, the feature values fi may not be given. In this case the fi can

set to be a fixed constant or a (G-invariant) function of (xi)n
i=1.

LieTransformer is composed of a lifting layer followed by residual blocks

of LieSelfAttention layers, LayerNorm and pointwise MLPs, all of which are

equivariant with respect to the regular representation, followed by a final invariant

G-pooling layer (see Section 5.7.8 for more details on these layers). We summarise

the architecture in Figure 5.1 and describe its key components below.
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Figure 5.2: Visualisation of lifting, sampling Ĥ, and subsampling in the local
neighbourhood for SE(2) acting on R2. Self-attention is performed on this subsampled
neighbourhood.

5.3.1 Lifting

Recall from Section 5.2.2 that the lifting L maps fX (supported on ⋃n
i=1{xi} ⊂ X )

to L[fX ] (supported on ⋃n
i=1 s(xi)H ⊂ G) such that:

L[fX ](g) ≜ fi for g ∈ s(xi)H. (5.5)

This can be thought of as extending the domain of fX from X to G while preserving

the feature values fi, mapping (xi, fi) 7→ (g, fi) for g ∈ s(xi)H (c.f. Figure 5.2).

Subsequently we may design G-equivariant maps on the space of functions on

G, which is a simpler task than desgining G-equivariant maps directly on X

(e.g. Cohen et al. [2018]).

As in Equations (5.2) and (5.3), we define the representation π on fX and L[fX ]

as:

[π(u)fX ](x) = fX (u−1x)

[π(u)L[fX ]](g) = L[fX ](u−1g)

where u ∈ G. Note that the actions correspond to mappings (xi, fi) 7→ (uxi, fi)

and (g, fi) 7→ (ug, fi) respectively.

We need to ensure that lifting preserves equivariance, which is why we need the

space to be homogeneous with respect to the action of G on X .

Proposition 2. The lifting layer L is equivariant with respect to the representation

π.

Intuition for proof. When xi is shifted by u ∈ G, the lifted coset s(xi)H is also

shifted by u, i.e. xi 7→ uxi ⇒ s(xi)H 7→ us(xi)H. See Section 5.7.3 for full proof.
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Algorithm 2: LieSelfAttention
Input: (g, f(g))g∈Gf

1 for g ∈ Gf do
2 for g′ ∈ Gf (or nbhdη(g)) do
3 kc(f(g), f(g′)), kl(g−1g′) ▷ Compute content/location attention
4 αf (g, g′) = F (kc(f(g), f(g′)), kl(g−1g′)) ▷ Compute unnormalised weights
5 end
6 {wf (g, g′)}g′∈Gf

= norm{αf (g, g′)}g′∈Gf
▷ Compute normalised weights and

output
7 fout(g) =

∫
Gf

wf (g, g′)W V f(g′)dg′

8 end
9 return (g, fout(g))g∈Gf

5.3.2 LieSelfAttention

Let f ≜ L[fX ], hence f is defined on the set Gf = ∪n
i=1s(xi)H. We define the

LieSelfAttention layer in Algorithm 2, where self-attention (see Section 5.7.4 for

the original formulation) is defined across the elements of Gf . There are various

choices for functions content-based attention kc , location-based attention kl , F that

determines how to combine the two to form unnormalised weights, and the choice of

normalisation of weights. See Section 5.7.5 for a non-exhaustive list of choices of the

above, and also for the details of the multi-head generalisation of LieSelfAttention.

Proposition 3. LieSelfAttention is equivariant with respect to the regular represen-

tation π.

Intuition for proof. LieSelfAttention can be thought of as a map Φ :

(g, f(g))g∈Gf
7→ (g, fout(g))g∈Gf

, and equivariance holds if ∀u ∈ G, Φ maps (ug, f(g))g∈Gf

to (ug, fout(g))g∈Gf
. Now note that Φ is a function of g ∈ Gf only via g−1g′ for

g′ ∈ Gf , and g−1g′ is invariant to the group action g 7→ ug, g′ 7→ ug′. This

is enough to show that Φ satisfies the above condition for equivariance. See

Section 5.7.3 for a full proof.

Generalisation to infinite Gf . For Lie Groups, Gf is usually infinite (it need

not be if H is discrete e.g. for T (n) acting on Rn, we have H = {e} hence Gf is finite).

To deal with this case we resort to Monte Carlo (MC) estimation to approximate

the integral in LieSelfAttention, following the approach of Finzi et al. [2020]:
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1. Replace Gf ≜ ∪n
i=1s(xi)H with a finite subset Ĝf ≜ ∪n

i=1s(xi)Ĥ where Ĥ is a

finite subset of H sampled uniformly. We refer to |Ĥ| as the number of lift

samples.

2. (Optional, for computational efficiency) Further replace Ĝf with uniform

samples from the neighbourhood nbhdη(g) ≜ {g′ ∈ Ĝf : d(g, g′) ≤ η} for

some threshold η where distance is measured by the log map d(g, g′) =

||ν[log(g−1g′)]|| (c.f. Section 5.7.6).

See Figure 5.2 for a visualisation. Due to MC estimation we now have equivariance

in expectation as Finzi et al. [2020]. For sampling within the neighbourhood, we

can show that the resulting LieSelfAttention is still equivariant in expectation

given that the distance is a function of g−1g′ (c.f. Section 5.7.3).

5.4 Related Work

Equivariant maps with/without lifting. Equivariant neural networks can

be broadly categorised by whether the input spatial data is lifted onto the space

of functions on group G or not. Without lifting, the equivariant map is defined

between the space of functions/features on the homogeneous input space X, with

equivariance imposing a constraint on the parameterisation of the convolutional

kernel or attention module [Cohen and Welling, 2017, Worrall et al., 2017, Thomas

et al., 2018a, Kondor et al., 2018a, Weiler et al., 2018c,b, Weiler and Cesa, 2019,

Esteves et al., 2020, Fuchs et al., 2020b]. In the case of convolutions, the kernel

is expressed using a basis of equivariant functions such as circular or spherical

harmonics. However with lifting, the equivariant map is defined between the space

of functions/features on G, and aforementioned constraints on the convolutional

kernel or attention module are relaxed at the cost of an increased dimensionality

of the input to the neural network [Cohen and Welling, 2016, Cohen et al., 2018,

Esteves et al., 2018, Finzi et al., 2020, Bekkers, 2020, Romero and Hoogendoorn,

2020, Romero et al., 2020, Hoogeboom et al., 2018]. Our method also uses lifting

to define equivariant self-attention.
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Equivariant self-attention. Most of the above works use equivariant convo-

lutions as the core building block of their equivariant module, drawing from the

result that bounded linear operators are group equivariant if and only if they are

convolutions [Kondor and Trivedi, 2018, Cohen et al., 2019, Bekkers, 2020]. Such

convolutions are used with pointwise non-linearities (applied independently to the

features at each spatial location/group element) to form expressive equivariant maps.

Exceptions to this are Romero et al. [2020] and Fuchs et al. [2020b] that explore

equivariant attentive convolutions, reweighing convolutional kernels with attention

weights. This gives non-linear equivariant maps with non-linear interactions across

spatial locations/group elements. Instead, our work removes convolutions and

investigates the use of equivariant self-attention only, inspired by works that

use stand-alone self-attention on images to achieve competitive performance to

convolutions [Parmar et al., 2019b, Dosovitskiy et al., 2020a]. Furthermore, Romero

et al. [2020] focus on image applications (hence scalability) and discrete groups

(p4, p4m), and Fuchs et al. [2020b] focus on 3D point cloud applications and the

SE(3) group with irreducible representations acting on functions on X . Instead

we use regular representations actingon functions on G, and give a general method

for Lie groups acting on homogeneous spaces, with a wide range of applications

from dealing with point cloud data to modelling Hamiltonian dynamics of particles.

This is very much in the spirit of Finzi et al. [2020], except for self-attention

instead of convolutions. In concurrent work, Romero and Cordonnier [2021] describe

group equivariant self-attention also using lifting and regular representations. Their

analogue of location-based attention are group invariant positional encodings. The

main difference between the two works is that Romero and Cordonnier [2021]

specify methodology for discrete groups applied to image classification only and it

is not clear how to extend their approach to Lie groups. In contrast, our method

provides a general formula for (unimodular) Lie groups and their discrete subgroups

for the aforementioned applications.
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Table 5.1: Mean and standard deviation of test accuracies on the shape counting task
at convergence (over 8 random initialisations).

Training data Dtrain Dtrain Dtrain DT 2
train DT 2

train DSE2
train

Test data Dtest DT 2
test DSE2

test DT 2
test DSE2

test DSE2
test

SetTransformer 0.58 ± 0.07 0.44 ± 0.02 0.44 ± 0.02 0.61 ± 0.02 0.51 ± 0.01 0.55 ± 0.01
LieTransformer-T2 0.75 ± 0.03 0.75 ± 0.03 0.63 ± 0.06 0.75 ± 0.03 0.63 ± 0.06 0.70 ± 0.03
LieTransformer-SE2 0.71 ± 0.01 0.71 ± 0.01 0.69 ± 0.02 0.71 ± 0.01 0.69 ± 0.02 0.72 ± 0.04

5.5 Experiments

We consider three different tasks that have certain symmetries, highlighting the

benefits of the LieTransformer: (1) Counting shapes in 2D point cloud of constel-

lations (2) Molecular property regression and (3) Modelling particle trajectories

under Hamiltonian dynamics.1

5.5.1 Counting Shapes in 2D Point Clouds

We first consider the toy, synthetic task of counting shapes in a 2D point cloud

{x1, x2, ..., xK} of constellations [Kosiorek et al., 2019], mainly to check that

LieTransformer has the correct invariance properties. We use fi = 1 for all

points. Each example consists of points in the plane that form the vertices of a

pattern. There are four types of patterns: triangles, squares, pentagons and the

‘L’ shape, with varying sizes, orientation, and number of instances per pattern (see

Figure 5.3 (right)). The task is to classify the number of instances of each pattern,

hence is invariant to 2D roto-translations SE(2).

We first create a fixed training set Dtrain and test set Dtest of size 10,000 and

1,000 respectively. We then create augmented test sets DT 2
test and DSE2

test that are

copies of Dtest with arbitrary transformations in T (2) and SE(2) respectively. In

Table 5.1, we evaluate the test accuracy of LieTransformer at convergence with

and without data augmentation during training time – DT 2
train and DSE2

train indicate

random T (2) and SE(2) augmentations respectively to each batch of Dtrain at every

training iteration. We evaluate the test performance of LieTransformer-T2 and
1The code for our experiments is available at: https://github.com/oxcsml/

lie-transformer

https://github.com/oxcsml/lie-transformer
https://github.com/oxcsml/lie-transformer
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Figure 5.3: (Left) SE(2) invariance error on output logits vs. number of lift samples for
a single layer LieTransformer-SE2. Plot shows median and interquartile range across
100 runs, randomizing over model seed, input example and transformation applied to
input. (Right) An example 2D point cloud from Dtrain. Each colour corresponds to a
different pattern.

LieTransformer-SE2 that are invariant to T (2) and SE(2) respectively, against

the baseline SetTransformer [Lee et al., 2019], a Transformer-based model that is

permutation invariant, but not invariant to rotations nor translations. We use a

similar number of parameters for each model. See Section 5.7.9.1 for further

details on the setup.

Note that the test accuracy of LieTransformer-T2 and LieTransformer-SE2 re-

mains unchanged when the train/test set is augmented with T (2). For LieTransformer-SE2,

this is not quite true for SE(2) augmentations because the model is only SE(2)

equivariant in expectation and not exactly equivariant given a finite number of lifts

samples (|Ĥ|). However the changes in accuracy for SE(2) augmentation are much

smaller compared to LieTransformer-T2. The test accuracy of SetTransformer,

the non-invariant baseline, is always lower than LieTransformer. Note that

LieTransformer-T2 does slightly better than LieTransformer-SE2 on Dtest and

DT 2
test. We suspect that the variance in the sampling of the lifting layer for

LieTransformer-SE2 is making optimisation more difficult, and will continue

to explore these results.

In Figure 5.3 (left), we report the equivariance error of LieTransformer-SE2

when increasing the number of lift samples (|Ĥ|) used in the Monte Carlo ap-
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Table 5.2: QM9 molecular property prediction mean absolute error. Bold indicates best
performance in a given section, underlined indicates best overall performance. ∗These
results are from our own runs of the Dimenet++ model. The original paper used different
train/valid/test splits to the other papers listed here. †These results are from our owns
runs of LieConv as these ablations were not present in the original paper.

Task α ∆ϵ ϵHOMO ϵLUMO µ Cν G H R2 U U0 ZPVE
Units bohr3 meV meV meV D cal/mol K meV meV bohr2 meV meV meV

WaveScatt [Hirn et al., 2017] .160 118 85 76 .340 .049 − − − − − −
NMP [Gilmer et al., 2017] .092 69 43 38 .030 .040 19 17 .180 20 20 1.50
SchNet [Schütt et al., 2017b] .235 63 41 34 .033 .033 14 14 .073 19 14 1.70

Cormorant [Anderson et al., 2019] .085 61 34 38 .038 .026 20 21 .961 21 22 2.03
DimeNet++ [Klicpera et al., 2020b] ∗ .049 34 26 20 .033 .024 8 7 .387 7 7 1.23
L1Net [Miller et al., 2020] .088 68 45 35 .043 .031 14 14 .354 14 13 1.56

TFN [Thomas et al., 2018a] .223 58 40 38 .064 .101 − − − − − −
SE3-Transformer [Fuchs et al., 2020b] .148 53 36 33 .053 .057 − − − − − −
LieConv-T3 [Finzi et al., 2020] † .125 60 36 32 .057 .046 35 37 1.54 36 35 3.62
LieConv-T3 + SO3 Aug [Finzi et al., 2020] .084 49 30 25 .032 .038 22 24 .800 19 19 2.28
LieConv-SE3 [Finzi et al., 2020]† .097 45 27 25 .039 .041 39 46 2.18 49 48 3.27
LieConv-SE3 + SO3 Aug [Finzi et al., 2020]† .088 45 27 25 .038 .043 47 46 2.12 44 45 3.25
LieTransformer-T3 (Us) .179 67 47 37 .063 .046 27 29 .717 27 28 2.75
LieTransformer-T3 + SO3 Aug (Us) .082 51 33 27 .041 .035 19 17 .448 16 17 2.10
LieTransformer-SE3 (Us) .104 52 33 29 .061 .041 23 27 2.29 26 26 3.55
LieTransformer-SE3 + SO3 Aug (Us) .105 52 33 29 .062 .041 22 25 2.31 24 25 3.67

proximation of LieSelfAttention. As expected the invariance error decreases

monotonically with the number of lift samples, and already with 3 lift samples,

the error is small (≈ 10−6).

5.5.2 QM9: Molecular Property Regression

We apply the LieTransformer to the QM9 molecule property prediction task

[Ruddigkeit et al., 2012, Ramakrishnan et al., 2014b]. This dataset consists of

133,885 small inorganic molecules described by the location and charge of each

atom in the molecule, along with the bonding structure of the molecule. The

dataset includes 19 properties of each molecule, such as various rotational constants,

energies and enthalpies, and 12 of these are used as regression tasks. We expect

these molecular properties to be invariant to 3D roto-translations SE(3). We follow

the customary practice of performing hyperparameter search on the ϵHOMO task and

use the same hyperparameters for training on the other 11 tasks. Further details

of the exact experimental setup can be found in Section 5.7.9.2.
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We trained four variants of both LieTransformer and LieConv, namely the T (3)

and SE(3) invariant models with and without SO(3) (rotation) data augmentation.

We set xi to be the atomic position and fi to be the charge. Table 5.2 shows the

test error of all models and baselines on the 12 tasks. The table is divided into

3 sections. Upper: non-invariant models specifically designed for the QM9 task.

Middle: invariant models specifically designed for the QM9 task. Lower: invariant

models that are general-purpose. We show very competitive results, and perform

best of general-purpose models on 8/12 tasks. In particular when comparing against

LieConv, we see better performance on the majority of tasks, suggesting that the

attention framework is better suited to these tasks than convolutions.

As expected for both LieTransformer and LieConv, the SE(3) models tend to

outperform the T (3) models without SO(3) data augmentation (on 10/12 tasks

and 7/12 tasks respectively), showing that being invariant to rotations improves

generalisation. Moreover the SE(3) models perform similarly with and without

augmentation, whereas the T (3) models greatly benefit from augmentation, showing

evidence that the SE(3) models are indeed invariant to rotations. However the

T (3) models with augmentation outperform the SE(3) counterparts on most

tasks for both LieTransformer-SE3 and LieConv-SE3. As for the experiments

in Section 5.5.1, we suspect that the variance in the sampling of the lifting layer

of SE(3) models, along with the SE(3) log-map (Section 5.7.6) in the location

attention is making optimisation more difficult, and plan to continue investigating the

source of this discrepancy in performance. Note however that LieTransformer-SE3

and LieConv-SE3 tend to outperform the irreducible representation (irrep) based

SE(3)-Transformer and TFN. This can be seen as further evidence that regular

representation approaches tend to outperform irrep approaches, in line with the

empirical observations of Weiler and Cesa [2019].
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5.5.3 Modelling Particle Trajectories with Hamiltonian Dy-
namics

We also apply the LieTransformer to a physics simulation task in the context of

Hamiltonian dynamics, a formalism for describing the evolution of a physical system

using a single scalar function H(q, p), called the Hamiltonian.

We consider the case of n particles in d dimensions, writing the position q ∈ Rnd

and momentum p ∈ Rnd of all particles as a single state z = (q,p). The Hamiltonian

H : R2nd → R takes as input z and returns its total (potential plus kinetic) energy.

The time evolution of the particles is then given by Hamilton’s equations:

dq
dt = ∂H

∂p
,

dp
dt = −∂H

∂q
. (5.6)

Several recent works have shown that modelling physical systems by learning its

Hamiltonian significantly outperforms approaches that learn the dynamics directly

[Greydanus et al., 2019, Sanchez-Gonzalez et al., 2019, Zhong et al., 2020, Finzi

et al., 2020]. Specifically, we can parameterise the Hamiltonian of a system by a

neural network Hθ that is learned by ensuring that trajectories from the ground

truth and learned system are close to each other. Given a learned Hθ, we can

simulate the system for T timesteps by solving Equation (5.6) with a numerical

ODE solver to obtain a trajectory {ẑt(θ)}T
t=1 and minimize the ℓ2-norm between

this trajectory and the ground truth {zt}T
t=1.

However we know a-priori that such physical systems have symmetries, namely

conserved quantities such as linear and angular momentum. A notable result is

Noether’s theorem [Noether, 1918], which states that the system has a conserved

quantity if and only if the Hamiltonian is group-invariant. For example, translation

invariance of the Hamiltonian implies conservation of momentum and rotation

invariance implies conservation of angular momentum. Hence in our experiments,

we parameterise the Hamiltonian Hθ by a LieTransformer and endow it with

the symmetries corresponding to the conservation laws of the physical system

we are modelling. We test our model on the spring dynamics task proposed in

Sanchez-Gonzalez et al. [2019] – we consider a system of 6 particles with randomly
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Figure 5.4: Data efficiency on Hamiltonian spring dynamics. All models are trained
using 5-step roll-outs, with test performance on 5-step (left) and 100-step (right) roll-outs.
Plots show median MSE and interquartile range (IQR) across 10 random seeds.

sampled massses in 2D, where each particle connected to all others by springs.

This system conserves both linear and angular momentum, so the ground truth

Hamiltonian will be both translationally and rotationally invariant, that is, SE(2)-

invariant. We simulate this system for 500 timesteps from random initial conditions

and use random subsets of length 5 from these roll-outs to train the model (see

Section 5.7.9.3 for full experimental details).

We compare our method to different parameterisations of Hθ, namely Fully-

connected network [Chen et al., 2018], Graph Network [Sanchez-Gonzalez et al.,

2019] and LieConv. Only LieTransformer and LieConv incorporate invariance. In

Figures 5.4 to 5.6, we use LieTransformer-T2 and LieConv-T2 since Finzi et al.

[2020] report that there are numerical instabilities for LieConv-SE2 on this task,

due to which LieConv-T2 is their default model and performs the best. However

in Figure 5.7, we also consider SE(2)-invariant versions of both models with

modifications to the lifting procedure, which fixed the instabilities as outlined

in Section 5.7.6.

Figure 5.4 compares the performance of all methods as a function of the number

of training examples. LieTransformer is highly data-efficient: the inductive bias

from the symmetries of the Hamiltonian allow us to accurately learn the dynamics

even from a small training set. Our method consistently outperforms non-invariant
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Figure 5.5: Test error vs. roll-out time step. Plots show median MSE and IQR across
10 random seeds.

methods (fully-connected and graph networks), typically by 1-3 orders of magnitude.

Furthermore, our method outperforms LieConv for most data sizes except the

largest sizes where the errors are similar, suggesting that the attention framework

more suited for this task.

Figure 5.5 shows the test error as function of the roll-out time step for a

training data size of 10,000 (corresponding plots for other training data sizes are

included in Section 5.7.10.1). Here we show that the LieTransformer shows better

generalisation than LieConv across all roll-out lengths, the error being low (< 10−3)

for 100 step-roll-outs even though we only train on 5-step roll-outs. We also include

example trajectories of our model in Figure 5.6 (more examples can be found in the

appendix, including ones where LieConv performs better than LieTransformer)

illustrating the accuracy of our model on this task.

Lastly, Figure 5.7 compares LieConv and LieTransformer for different model

sizes (number of parameters) and equivariance groups. We first note LieTransformer

outperforms LieConv given a fixed model size and group. For T (2)-invariant

models, our method benefits from a larger model, whereas LieConv deteriorates

(LieConv-T(2) (895K) is their default architecture on this task). However, for

both methods, the SE(2)-invariant models perform at par with or better than

their T (2)-invariant counterparts despite having smaller model sizes. In particular,

LieTransformer-SE(2) (139K) outperforms all other models in this comparison

despite having the smallest number of parameters, which highlights the advantage
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Figure 5.6: Example trajectory predictions on the spring dynamics task. LieTransformer
closely follows the ground truth while LieConv diverges from the ground truth at later
timesteps.

of incorporating the correct task symmetries into the architecture and the attention

framework. Overall, we have shown that our model is suitable for use in a neural

ODE setting that requires equivariant drift functions.

5.6 Limitations and Future Work

From the algorithmic perspective, LieTransformer shares the weakness of LieConv

in being memory-expensive (O(|Ĝf ||nbhdη|) memory cost (Section 5.7.7) due to: 1.

The lifting procedure that increases the number of inputs by |Ĥ|, and 2. Quadratic

complexity in the number of inputs from having to compute the kernel value at

each pair of inputs. Although the first is a weakness shared by all lifting-based

equivariant neural networks, the second can be addressed by incorporating works

that study efficient variants of self-attention [Wang et al., 2020, Kitaev et al., 2020,

Zaheer et al., 2020, Katharopoulos et al., 2020]. An alternative is to incorporate

information about pairs of inputs (such as bonding information for the QM9 task)

as masking in self-attention (c.f. Section 5.7.9.2).

From the methodological perspective, a key weakness of the LieTransformer

that is also shared with LieConv is its approximate equivariance due to MC

estimation of the integral in LieSelfAttention for the case where H is infinite.

The aforementioned directions for memory-efficiency can help to reduce the ap-
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Figure 5.7: Median test MSE and IQR on 5-step trajectories, across 5 random seeds.
Results for 100-step trajectories in Figure 5.8.

proximation error by allowing to use more lift samples (|Ĥ|). Other directions

include incorporating the notion of steerability [Cohen and Welling, 2017] to deal

with vector fields in an equivariant manner (given inputs (xi, fi), the group acts

non-trivially on fi as well as xi), and extending to non-homogeneous input spaces

as outlined in Finzi et al. [2020].

5.7 Supplementary Material

5.7.1 Contributions

• Charline and Yee Whye conceived the project and Yee Whye initially came

up with an equivariant form of self-attention.

• Through discussions between Michael, Charline, Hyunjik and Yee Whye, this

was modified to the current LieSelfAttention layer, and Michael derived

the equivariance of the LieSelfAttention layer.

• Michael, Sheheryar and Hyunjik simplified the proof of equivariance and

further developed the methodology for the LieTransformer in its current

state, and created links between LieTransformer and other related work.

• Michael wrote the initial framework of the LieTransformer codebase. Char-

line and Sheheryar wrote the code for the shape counting experiments, Michael
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wrote the code for the QM9 experiments, Sheheryar wrote the code for the

Hamiltonian dynamics experiments, after helpful discussions with Emilien.

• Charline carried out the experiments for Table 1, Michael carried out most

of the experiments for Table 2 with some help from Hyunjik, Sheheryar

carried out the experiments for Figure 3b and all the Hamiltonian dynamics

experiments.

• Hyunjik wrote all sections of the paper except the experiment sections: the

shape counting section was written by Charline, the QM9 section by Michael

and the Hamiltonian dynamics section was written by Emilien and Sheheryar.

5.7.2 Formal definitions for Groups and Representation
Theory

Definition 2. A group G is a set endowed with a single operator · : G×G 7→ G

such that

1. Associativity: ∀g, g′, g′′ ∈ G, (g · g′) · g′′ = g · (g′ · g′′)

2. Identity: ∃e ∈ G, ∀g ∈ G g · e = e · g = g

3. Invertibility: ∀g ∈ G,∃g−1 ∈ G, g · g−1 = g−1 · g = e

Definition 3. A Lie group is a finite-dimensional real smooth manifold, in which

group multiplication and inversion are both smooth maps.

The general linear group GL(n,R) of invertible n× n matrices is an example

of a Lie group.

Definition 4. Let S be a set, and let Sym(S) denote the set of invertible functions

from S to itself. We say that a group G acts on S via an action ρ : G→ Sym(S)

when ρ is a group homomorphism: ρ(g1g2)(s) = (ρ(g1) ◦ ρ(g2))(s) ∀s ∈ S.

If S is a vector space V and this action is, in addition, a linear function, i.e.

ρ : G → GL(V ), where GL(V ) is the set of linear invertible functions from V to

itself, then we say that ρ is a representation of G.
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5.7.3 Proofs

Lemma 1. The function composition f ◦fK ◦ ...◦f1 of several equivariant functions

fk, k ∈ {1, 2, ..., K} followed by an invariant function f , is an invariant function.

Proof. Consider group representations π1, . . . , πK that act on f1, . . . fK respectively,

and representation π0 that acts on the input space of f1. If each fk is equivariant

with respect to πk, πk−1 such that fk ◦ πk−1 = πk ◦ fk, and f is invariant such that

f ◦ πk = f , then we have

f ◦ fk ◦ ... ◦ f1 ◦ π0 = f ◦ fk ◦ ... ◦ π1 ◦ f1

...

= f ◦ πk ◦ fk ◦ ... ◦ f1

= f ◦ fk ◦ ... ◦ f1,

hence f ◦ fK ◦ ... ◦ f1 is invariant.

Lemma 2. The group equivariant convolution Ψ : IU → IU defined as: [Ψf ](g) ≜∫
G ψ(g′−1g)f(g′)dg′ is equivariant with resepct to the regular representation π of G

acting on IU as [π(u)f ](g) ≜ f(u−1g).

Proof.

Ψ[π(u)f ](g) =
∫

G
ψ(g′−1g)[π(u)f ](g′)dg′

=
∫

uG
ψ(g′−1g)f(u−1g′)dg′

=
∫

G
ψ(g′−1u−1g)f(g′)dg′

= [Ψf ](u−1g

= [π(u)[Ψf ]](g).

The second equality holds by invariance of the left Haar measure.

Proposition 2. The lifting layer L is equivariant with respect to the representation

π.
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Proof. Note L[π(u)fX ](g) = fi for g ∈ s(uxi)H and [π(u)L[fX ]](g) = L[fX ](u−1g) =

fi for g ∈ us(xi)H. Hence L[π(u)fX ] = π(u)L[fX ] because the two cosets are equal:

s(uxi)H = us(xi)H ∀u ∈ G. Note that this holds because:

• If g ∈ s(xi)H = {g ∈ G|gx0 = xi}, then g maps x0 to xi, hence ug maps x0

to uxi. So if g ∈ s(xi)H then ug ∈ s(uxi)H = {g ∈ G|gx0 = uxi}, the set of

all g that map x0 to uxi. In summary, us(xi)H ⊂ s(uxi)H

• Conversely, if g ∈ s(uxi)H, then we know that u−1g maps x0 to xi, so

u−1g ∈ s(xi)H, hence g ∈ us(xi)H. In summary, s(uxi)H ⊂ us(xi)H

• We have shown us(xi)H ⊂ s(uxi)H and s(uxi)H ⊂ us(xi)H, thus s(uxi)H =

us(xi)H.

Proposition 3. LieSelfAttention is equivariant with respect to the regular represen-

tation π.

Proof. Let IU = L(G,RD) be the space of unconstrained functions f : G → RD.

We can define the regular representation π of G acting on IU as follows:

[π(u)f ](g) = f(u−1g) (5.7)

f is defined on the set Gf = ∪n
i=1s(xi)H (i.e. union of cosets corresponding to each

xi). Note Gπ(u)f = uGf , and Gf does not depend on the choice of section s.

Note that for all provided choices of kc and kl, we have:

kc([π(u)f ](g), [π(u)f ](g′)) = kc(f(u−1g), f(u−1g′)) (5.8)

kl(g−1g′) = kl((u−1g)−1(u−1g′)) (5.9)

Hence for all choices of F , we have that

απ(u)f (g, g′) = F (kc([π(u)f ](g), [π(u)f ](g′)), kl(g−1g′))

= F (kc(f(u−1g), f(u−1g′)), kl((u−1g)−1u−1g′))

= αf (u−1g, u−1g′) (5.10)
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We thus prove equivariance for the below choice of LieSelfAttention Φ : IU → IU

that uses softmax normalisation, but a similar proof holds for constant normalisation.

Let Af (g, g′) ≜ exp(αf (g, g′)), hence Equation (5.10) also holds for Af .

[Φf ](g) =
∫

Gf

wf (g, g′)f(g′)dg′ (5.11)

=
∫

Gf

Af (g, g′)∫
Gf
Af (g, g′′)dg′′f(g′)dg′ (5.12)

Hence:

wπ(u)f (g, g′) = Aπ(u)f (g, g′)∫
Gπ(u)f

Aπ(u)f (g, g′′)dg′′

= Af (u−1g, u−1g′)∫
uGf

Af (u−1g, u−1g′′)dg′′

= Af (u−1g, u−1g′)∫
Gf
Af (u−1g, g′′)dg′′

= wf (u−1g, u−1g′) (5.13)

Then we can show that Φ is equivariant with respect to the representation π as

follows:

Φ[π(u)f ](g) =
∫

Gπ(u)f

wπ(u)f (g, g′)[π(u)f ](g′)dg′

=
∫

uGf

wf (u−1g, u−1g′)f(u−1g′)dg′

=
∫

Gf

wf (u−1g, g′)f(g′)dg′

= [Φf ](u−1g)

= [π(u)[Φf ]](g) (5.14)

Equivariance holds for any αf that satisfies Equation (5.10). Multiplying αf by

an indicator function 1{d(g, g′) < λ} where d(g, g′) is some function of g−1g′, we can

show that local self-attention that restricts attention to points in a neighbourhood

also satisfies equivariance. When approximating the integral with Monte Carlo

samples (equivalent to replacing Gf with Ĝf ) we obtain a self-attention layer that

is equivariant in expectation for constant normalisation of attention weights (i.e.
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E[Φ̂[π(u)f ](g)] = Φ[π(u)f ](g) = [π(u)[Φf ]](g) where Φ̂ is the same as Φ but with

Ĝf instead of Gf ). However for softmax normalisation we obtain a biased estimate

due to the nested MC estimate in the denominator’s normalising constant.

5.7.4 Introduction to Self-Attention

Self-attention [Vaswani et al., 2017] is a mapping from an input set of N vectors

{x1, . . . , xN}, where xi ∈ RD, to an output set of N vectors in RD. Let us represent

the inputs as a matrix X ∈ RN×D such that the ith row Xi: is xi. Multihead self-

attention (MSA) consists of M heads where M is chosen to divide D. The output

of each head is a set of N vectors of dimension D/M , where each vector is obtained

by taking a weighted average of the input vectors {x1, . . . , xN} with weights given

by a weight matrix W , followed by a linear map W V ∈ RD×D/M . Using m to index

the head (m = 1, . . . ,M), the output of the mth head can be written as:

fm(X) ≜ WXW V,m ∈ RN×D/M

where W ≜ softmax(XWQ,m(XWK,m)⊤) ∈ RN×N

where WQ,m,WK,m,W V,m ∈ RD×D/M are learnable parameters, and the softmax

normalisation is performed on each row of the matrix XWQ,m(XWK,m)⊤ ∈ RN×N .

Finally, the outputs of all heads are concatenated into a N ×D matrix and then

right multiplied by WO ∈ RD×D. Hence MSA is defined by:

MSA(X) ≜ [f 1(X), . . . , fM(X)]WO ∈ RN×D. (5.15)

Note XWQ(XWK)⊤ is the Gram matrix for the dot-product kernel, and softmax

normalisation is a particular choice of normalisation. Hence MSA can be generalised

to other choices of kernels and normalisation that are equally valid [Wang et al.,

2018, Tsai et al., 2019].

5.7.5 LieSelfAttention: Details

We explore the following non-exhaustive list of choices for content-based attention,

location-based attention, combining content and location attention and normal-

isation of weights:
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Content-based attention kc(f(g), f(g′)):

1. Dot-product: 1√
dv

(
WQf(g)

)⊤
WKf(g′) ∈ R

for WQ,WK ∈ Rdv×dv

2. Concat: Concat[WQf(g),WKf(g′)] ∈ R2dv

3. Linear-Concat-linear: WConcat[WQf(g),WKf(g′)] ∈ Rds

for W ∈ Rds×2dv .

Location-based attention kl(g−1g′) for Lie groups G:

1. Plain: ν[log(g−1g′)]

2. MLP: MLP(ν[log(g−1g′)])

where log : G → g is the log map from G to its Lie algebra g, and ν : g → Rd is

the isomorphism that extracts the free parameters from the output of the log map

[Finzi et al., 2020]. We can use the same log map for discrete subgroups of Lie

groups (e.g. Cn ≤ SO(2), Dn ≤ O(2)). See Section 5.7.6 for an introduction to the

Lie algebra and the exact form of ν ◦ log(g) for common Lie groups.

Combining content and location attention αf(g, g′):

1. Additive: kc(f(g), f(g′)) + kl(g−1g′)

2. MLP: MLP[Concat[kc(f(g), f(g′)), kl(g−1g′)]]

3. Multiplicative: kc(f(g), f(g′)) · kl(g−1g′)

Note that the MLP case is a strict generalisation of the additive combination, and

for this option kc and kl need not be scalars.

Normalisation of weights {wf(g, g′)}g′∈Gf
:

1. Softmax: softmax
(
{αf (g, g′)}g′∈Gf

)
2. Constant: { 1

|Gf |αf (g, g′)}g′∈Gf
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We also outline how to extend the single-head LieSelfAttention described

in Algorithm 2 extends to Multihead equivariant self-attention. Let M be

the number of heads, assuming it divides dv, with m indexing the head. Then

the output of each head is:

V m(g) =
∫

Gf

wf (g, g′)W V,mf(g′)dg′ ∈ Rdv/M (5.16)

The only difference is that WQ,m,WK,m,W V,m ∈ Rdv/M×dv . The multihead self-

attention combines the heads using WO ∈ Rdv×dv , to output:

fout(g) = WO


V 1(g)

...
V M(g)

 (5.17)

5.7.6 Lie Algebras and Log maps

In this section we briefly introduce Lie algebras and log maps, mainly summarising

relevant sections of Hall [2015]. See the reference for a formal and thorough

treatment of Lie groups and Lie algebras.

Given a Lie group G, a smooth manifold, its Lie algebra g is a vector space

defined to be the tangent space at the identity element e ∈ G (together with a

bilinear operation called the Lie bracket [x, y], whose details we omit as it is not

necessary for understanding log maps). We most commonly deal with matrix Lie

groups, namely subgroups of the general linear group GL(n;C), the group of all

n× n invertible matrices with entries in C. This includes rotation/reflection groups

SO(n) and O(n), as well as the group of translations T (n) and roto-translations

SE(n), that are isomorphic to subgroups of GL(n + 1;C). For example, SE(n)

is isomorphic to the group of matrices of the form:
|

R x

|
— 0 — 1

 ∈ R(n+1)×(n+1)

where R ∈ SO(n) and x ∈ Rn. For such matrix Lie Groups G, the Lie algebra is

precisely the set of all matrices X such that exp(tX) ∈ G for all t ∈ R, where exp is



5. LieTransformer: Equivariant Self-Attention for Lie Groups 113

the matrix exponential (exp(A) = I +A+A2/2! + . . .). Hence the Lie algebra g can

be thought of as a set of matrices, and the matrix exponential exp can be thought

of as a map from the Lie algebra g to G. This map turns out to be surjective for

all the groups mentioned below, and hence we may define the log map log : G→ g

in the other direction. Since the effective dimension of Lie algebra, say d, is smaller

than the number of entries of the n× n (or (n+ 1)× (n+ 1) in the case of SE(n)

and T (n)) matrix element of the Lie algebra, we use a map ν : g→ Rd that extracts

the free parameters from the Lie algebra element, to obtain a form that is suitable

as an input to a neural network. See below for concrete examples.

• G = T (n), t ∈ Rn, ν[log(t)] = t

• G = SO(2), R =
cos θ − sin θ

sin θ cos θ

 ∈ R2×2

ν[log(R)] = θ = arctan(R10/R01) (5.18)

• G = SE(2), R =
cos θ − sin θ

sin θ cos θ

 ∈ R2×2, t ∈ R2

ν[log(tR)] =
t′
θ

 (5.19)

where t′ = V −1t, V =
a −b
b a

, a ≜ sin θ
θ

, b ≜ 1−cos θ
θ

• G = SO(3), R ∈ R3×3, t ∈ R3:

ν[log(R)] = ν

[
θ

2 sin θ (R−R⊤)
]

= θ

2 sin θ


R21 −R12

R02 −R20

R10 −R01

 (5.20)

where cos θ = Tr(R)−1
2 . Note that the Taylor expansion of θ/ sin θ should be

used when θ is small.

• G = SE(3), R ∈ R3×3, t ∈ R3:

ν[log(tR)] =
t′
r′

 (5.21)

where t′ = V −1t, r′ = ν[log(R)], V = I + 1−cos θ
θ2 (R−R⊤) + θ−sin θ

θ3 (R−R⊤)2.
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Canonical lifting without Log map. Recall that location-based attention

only requires a function kl(g−1g′) which we are free to parameterise in any way.

Since various groups G can naturally be expressed in terms of real matrices (see

above), g−1g′ ∈ G can be expressed as a (flattened) real vector. For example, any

g ∈ SO(2) can simply be expressed as a vector [t, θ]⊺ where t ∈ R2 and θ ∈ [0, 2π).

Therefore, we can bypass the log map ν ◦ log and directly use this vector, which we

found to be more numerically stable and sometimes resulted in better performance

of LieTransformer. In particular, for LieConv-SE2 and LieTransformer-SE2 on

the Hamiltonian spring dynamics task, we did not use the log map and instead

opted for this “canonical” lift. We plan to also try this for LieConv-SE3 and

LieTransformer-SE3 for the QM9 task.

5.7.7 Memory and Time Complexity Comparison with LieConv

5.7.7.1 LieConv

• Inputs: {g, f(g)}g∈Gf
where

– f(g) ∈ Rdv

– Gf defined as in Section 5.3.1.

• Outputs: {g, 1
|nbhd(g)|

∑
g′∈nbhd(g) kL(g−1g′)f(g′)}g∈Gf

where

– nbhd(g) = {g′ ∈ Gf : ν[log(g)] < r}. Let us assume that |nbhd(g)| ≈

n ∀g.

– kL(g−1g′) = MLPθ(ν[log(g−1g′)]) ∈ Rdout×dv .

There are (at least) two ways of computing LieConv: 1. Naive and 2. PointConv

Trick.

1. Naive

– Memory: Store kL(g−1g′) ∈ Rdout×dv ∀g ∈ Gf , g
′ ∈ nbhd(g). This

requires O(|Gf |ndoutdv) memory.



5. LieTransformer: Equivariant Self-Attention for Lie Groups 115

– Time: Compute kL(g−1g′)f(g′)∀g ∈ Gf , g
′ ∈ nbhd(g). This requires

O(|Gf |ndoutdv) flops.

2. PointConv Trick

One-line summary: instead of applying a shared linear map then summing

across nbhd, first sum across nbhd then apply the linear map.

Details: kL(g−1g′) = MLPθ(ν[log(g−1g′)]) = reshape(HM(g−1g′), [dout, dv])

where

– M(g−1g′) ∈ Rdmid are the final layer activations of MLPθ.

– H ∈ Rdoutdv×dmid is the final linear layer of MLPθ.

The trick assumes dmid ≪ doutdv, and reorders the computation as:

∑
g′∈nbhd(g)

reshape(HM(g−1g′), [dout, dv])f(g′)

= reshape(H, [dout, dvdmid])
∑

g′∈nbhd(g)
M(g−1g′)⊗ f(g′)

where⊗ is the Kronecker product: x⊗y = [x1y1, . . . x1ydy , . . . , xdxy1, . . . xdxydy ] ∈

Rdxdy . So M(g−1g′)⊗ f(g′) ∈ Rdvdmid .

– Memory: Store M(g−1g′) ∀g ∈ Gf , g
′ ∈ nbhd(g), and store H. This

requires O(|Gf |ndmid + doutdvdmid) memory.

– Time: Compute ∑g′∈nbhd(g) M(g−1g′)⊗ f(g′) via matrix multiplication:
| |

M(g−1g′
1) . . . M(g−1g′

n)
| |



— f(g′

1) —
...

— f(g′
n) —

. This requires O(dvndmid)

flops.

Then multiply by H, requiring O(dvdoutdmid) flops.

This is done for each g ∈ Gf , so the total number of flops isO(|Gf |dvdmid(n+

dout)).
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5.7.7.2 Equivariant Self-Attention

• Inputs: {g, f(g)}g∈Gf
where

– f(g) ∈ Rdv

– Gf defined as in Section 5.3.1.

• Outputs: {g, f(g) +∑
g′∈nbhd(g) wf (g, g′)W V f(g′)}g∈Gf

where

– nbhd(g) = {g′ ∈ Gf : ν[log(g)] < r}. Let us assume that |nbhd(g)| ≈

n ∀g.

– {wf (g, g′)}g′∈Gf
= softmax

(
{αf (g, g′)}g′∈Gf

)
– αf (g, g′) = kf (f(g), f(g′)) + kx(g−1g′)

– kf (f(g), f(g′)) =
(
WQf(g)

)⊤
WKf(g′) ∈ R

– kx(g) = MLPϕ(ν[log(g)]) ∈ R

– WQ,WK ,W V ∈ Rdv×dv .

• Memory: Store αf (g, g′) and W V f(g′) ∀g ∈ Gf , g
′ ∈ nbhd(g). This requires

O(|Gf |ndv) memory.

• Time: Compute kf(f(g), f(g′)) and wf(g, g′) ∀g ∈ Gf , g
′ ∈ nbhd(g). This

requires O(|Gf |nd2
v) flops.

With multihead self-attention (M heads), the output is:

f(g) +WO


V 1

...
V M


where WO ∈ Rdv×dv , V m = ∑

g′∈nbhd(g) wf (g, g′)W V,mf(g′) for WK,m,WQ,m,W V,m ∈

Rdv/M×dv .

• Memory: Store αm
f (g, g′) and W V,mf(g′) ∀g ∈ Gf , g

′ ∈ nbhd(g),m ∈

{1, . . . ,M}. This requires O(M |Gf |n+M |Gf |ndv/M) = O(|Gf |n(M + dv))

memory.

• Time: Compute km
f (f(g), f(g′)) and wm

f (g, g′) ∀g ∈ Gf , g
′ ∈ nbhd(g),m ∈

{1, . . . ,M}. This requires O(M |Gf |ndvdv/M) = O(|Gf |nd2
v) flops.
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5.7.8 Other Equivariant/Invariant building blocks

G-Pooling is simply averaging over the features across the group: Inputs: {f(g)}g∈Gf

Output: f̄(g) ≜ 1
|Gf |

∑
g∈Gf

f(g) Note that G-pooling is invariant with respect

to the regular representation.

Pointwise MLPs are MLPs applied independently to each f(g) for g ∈ Gf .

It is easy to show that any such pointwise operations are equivariant with respect

to the regular representation.

LayerNorm [Ba et al., 2016] is defined as follows:

Inputs: {g, f(g)}g∈Gf
where

• f(g) ∈ Rdv

• Gf defined as in Section 5.3.1.

Outputs: {g, β ⊙ f(g)−m(g)√
v(g)+ϵ

+ γ}g∈Gf
where

• Division in fraction above is scalar division i.e.
√
v(g) + ϵ ∈ R.

• m(g) = Meancfc(g′) ∈ R.

• v(g) = Varcfc(g′) ∈ R.

• β, γ ∈ RD are learnable parameters.

BatchNorm We also describe BatchNorm [Ioffe and Szegedy, 2015] that is

used in Finzi et al. [2020] for completeness:

Inputs: {g, f b(g)}g∈Gf ,b∈B where

• f(g) ∈ Rdv

• Gf defined as in Section 5.3.1, B is the batch of examples.

Outputs: {g, β ⊙ fb(g)−m(g)√
v(g)+ϵ

+ γ}g∈Gf ,b∈B where

• Division in fraction above denotes pointwise division i.e.
√

v(g) + ϵ ∈ RD.

• m(g) = Meang′∈nbhd(g),b∈Bf
b(g′) ∈ RD - Mean is taken for every channel.
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• v(g) = Varg′∈nbhd(g),b∈Bf
b(g′) ∈ RD - Var is taken for every channel.

• nbhd(g) = {g′ ∈ Gf : ν[log(g)] < r}.

• β, γ ∈ RD are learnable parameters.

A moving average of m(g) and v(g) are tracked during training time for use at

test time. It is easy to check that both BatchNorm and LayerNorm are equivariant

wrt the action of the regular representation π on f (for BatchNorm, note g′ ∈

nbhd(g) iff u−1g′ ∈ nbhd(u−1g)).

5.7.9 Experimental details

5.7.9.1 Counting shapes in 2D point clouds

Each training / test example consists of up to two instances of each of the following

shapes: triangles, squares, pentagons and the "L" shape. The xi are the 2D

coordinates of each point and fi = 1 for all points.

We performed an architecture search on the LieTransformer first and then

set the architecture of the SetTransformer such that the models have a simi-

lar number of parameters (1075k for the SetTransformer and 1048k for both

LieTransformer-T2 and LieTransformer-SE2) and depth.

Model architecture. The architecture used for the SetTransformer [Lee

et al., 2019] consists of 8 layers in the encoder, 8 layers in the decoder and 4

attention heads. No inducing points were used.

The architecture used for both LieTransformer-T2 and LieTransformer-SE2

is made of 10 layers, 8 heads and feature dimension dv = 128. The dimension of

the kernel used is 12. One lift sample was used for each point.

Training procedure. We use Adam [Kingma and Ba, 2015] with parameters

β1 = 0.5 and β2 = 0.9 and a learning rate of 1e − 4. Models are trained with

mini-batches of size 32 until convergence.
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5.7.9.2 QM9

For the QM9 experiment setup we follow the approach of Anderson et al. [2019]

for parameterising the inputs and for the train/validation/test split. The fi is a

learnable linear embeddings of the vector [1, ci, c
2
i ] for charge ci, with different linear

maps for each atom type. We split the available data as follows: 100k samples for

training, 10% for a test set and the rest used for validation.

In applying our model to this task, we ignore the bonding structure of the

molecule. As noted in [Klicpera et al., 2019] this should not be needed to learn

the task, although it may be helpful as auxiliary information. Given most methods

compared against do not use such information, we follows this for a fair comparison

(an exception is the SE(3)-Transformer [Fuchs et al., 2020b] that uses the bonding

information). It would be possible to utilise the bonding structure both in the

neighbourhood selection step and as model features by treating only atoms that

are connected via a bond to another atom as in the neighbourhood of that atom.

We performed architecture and hyperparameter optimisation on the ϵHOMO

task and then trained with the resulting hyperparameters on the other 11 tasks.

LieTransformer-T3 uses 13 layers of attention blocks (performance saturated at

13 layers), using 8 heads (M) in each layer and feature dimension dv = 848. The

attention kernel uses the linear − concat − linear feature embedding, identity

embedding of the Lie algebra elements, and an MLP to combine these embeddings

into the final attention coefficients. The final part of the model used had minor

differences to the one in Figure 5.1. Instead of a global pooling layer followed by

a 3 layer MLP, a single linear layer followed by global pooling was used. A single

lift sample was used (since H = {e} for T (3)-invariant models), with the radius

of the neighbourhood chosen such that |nbhdη(g)| = 50 ∀g ∈ G and we uniformly

sample 25 points from this neighbourhood. LieTransformer-SE3 used a similar

hyperparameter setting, except using 30 layers (performance saturated at 30 layers)

and 2 lift samples were used for each input point (|Ĥ| = 2), with the radius of the

neighbourhood η chosen such that the |nbhdη(g)| = 25 ∀g ∈ G and we uniformly

sample 20 points from this neighbourhood. All models were trained using Adam,
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with a learning rate of 3e−4 and a batch size of 75 for 500 epochs. For the LieConv

models we used the hyperparameter setting that was used in Finzi et al. [2020].

Training these models with T (3) and SE(3) equivariance took approximately

3 and 6 days respectively on a single Nvidia Tesla-V100.

5.7.9.3 Hamiltonian dynamics

Spring dynamics simulation. We exactly follow the setup described in Appendix

C.4 of Finzi et al. [2020] for generating the trajectories used in the train and test data.

Model architecture. In all results shown except Figures 5.7 and 5.8, we

used a LieTransformer-T2 with 5 layers, 8 heads and feature dimension dv = 160.

The attention kernel uses dot-product for the content component, a 3-layer MLP

with hidden layer width 16 for the location component and addition to combine

the content and location attention components. (Also, see end of Section 5.7.6

for a relevant discussion about the use of the log map in location-attention kl

for this task.) We use constant normalisation of the weights. We observed a

significant drop in performance when, instead of constant normalisation, we used

softmax normalisation (which caused small gradients at initialization leading to

optimization difficulties). The architecture had 842k parameters. Our small models

(with 139k parameters) in Figures 5.7 and 5.8 use 3 layers and feature dimension

dv = 80, keeping all else fixed. LieTransformer-SE(2) and LieConv-SE(2) in

Figures 5.7 and 5.8 used 2 lift samples, which were deterministically chosen to be

Ĥ = C2 < SO(2), where C2 is the group of 180◦ rotations. In fact, this yields

exact equivariance to T (2) ⋊ C2. Note that the true Hamiltonian H(q,p) for the

spring system separates as H(q,p) = K(p) + V (q) where K and V are the kinetic

and potential energies of the system respectively. Following Finzi et al. [2020],

our model parameterises the potential term V . In particular, xi is particle i’s

position and fi = (mi, ki) where mi is its mass and ki is used to define the spring

constants: kikj is spring constant for the spring connecting particles i and j (see

Appendix C.4 of Finzi et al. [2020] for details).
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Training details. To train the LieTransformer, we used Adam with a learning

rate of 0.001 with cosine annealing and a batch size of 100. For a training dataset

of size n, we trained the model for 400
√

3000/n epochs (although we found model

training usually converged with fewer epochs). When n ≤ 100, we used the full

dataset in each batch. For training the LieConv baseline, we used their default

architecture (with 895k parameters) and hyperparameter settings for this task,

except for the number of epochs which was 400
√

3000/n to match the setting used

for training LieTransformer.2 The small LieConv models (with 173k parameters)

in Figures 5.7 and 5.8 use 3 layers and 192 channels (instead of the default 4 layers

and 384 channels). Lastly, only for the data efficiency results in Figure 5.4, we

used early stopping by validation loss and generated nested training datasets as

the training size varies, keeping the test dataset fixed.

Loss computation. One small difference between our setup and that of Finzi

et al. [2020] is in the way we compute the test loss. Since we compare models’ losses

not only over 5-step roll-outs but also longer 100-step roll-outs, we average the

individual time step losses using a geometric mean rather than an arithmetic mean

as in Finzi et al. [2020]. Since the losses for later time steps are typically orders

of magnitude higher than for earlier time steps (see e.g. Figure 5.5), a geometric

mean prevents the losses for later time steps from dominating over the losses for

the earlier time steps. During training, we use an arithmetic mean across time

steps to compute the loss for optimization, exactly as in Finzi et al. [2020]. This

applies for both LieTransformer and LieConv.

5.7.10 Additional experimental results

5.7.10.1 Hamiltonian Dynamics

2This yields better results for LieConv compared to those reported by Finzi et al. [2020], where
they use fewer total epochs.
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Figure 5.8: Comparison of models by group and number of parameters over 100-step
trajectory roll-outs. Similar to the results of Figure 5.7, LieTransformer models outperform
their LieConv counterparts when fixing the group and using approximately equal number
of parameters. Moreover, models (approximately) equivariant to SE(2) outperform their
T(2) counterparts, with LieTransformer-SE(2) again outperforming all other models
despite having the smallest number of parameters. Plot shows the median across at least
5 random seeds with interquartile range.
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data sizes.
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Figure 5.10: Scatter plots comparing the MSE of the LieTransformer against the MSE
of LieConv for various training dataset sizes. Each point in a scatter plot corresponds to a
100-step test trajectory, indicating the losses achieved by both models on that trajectory.
In the middle figure we have highlighted the MSEs corresponding to the trajectories
shown in Figures 5.6 and 5.11.
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Figure 5.11: Additional example trajectories comparing LieTransformer and LieConv.
Both models are trained on a dataset of size 400. See Figure 5.10 for a scatter plot showing
these test trajectories and the one in Figure 5.6 in relation to all other trajectories in the
test dataset.



6
Neural Ensemble Search for Uncertainty

Estimation and Dataset Shift

Abstract: Ensembles of neural networks achieve superior performance
compared to stand-alone networks in terms of accuracy, uncertainty cali-
bration and robustness to dataset shift. Deep ensembles, a state-of-the-art
method for uncertainty estimation, only ensemble random initializations of
a fixed architecture. Instead, we propose two methods for automatically
constructing ensembles with varying architectures, which implicitly trade-off
individual architectures’ strengths against the ensemble’s diversity and exploit
architectural variation as a source of diversity. On a variety of classification
tasks and modern architecture search spaces, we show that the resulting
ensembles outperform deep ensembles not only in terms of accuracy but
also uncertainty calibration and robustness to dataset shift. Our further
analysis and ablation studies provide evidence of higher ensemble diversity
due to architectural variation, resulting in ensembles that can outperform
deep ensembles, even when having weaker average base learners. Our code is
available at https://github.com/automl/nes.
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Figure 6.1: A comparison of a deep ensemble with the best architecture (out of 15,625
possible architectures) and ensembles constructed by our method NES on ImageNet-
16-120 over NAS-Bench-201. Performance metrics (smaller is better): error, negative
log-likelihood (NLL) and expected calibration error (ECE). We also measure average base
learner NLL and two metrics for ensemble diversity (see Section 6.3): oracle NLL and
[1−predictive disagreement]; small means more diversity for both metrics. NES ensembles
outperform the deep ensemble, despite the latter having a significantly stronger average
base learner.

6.1 Introduction

Some applications of deep learning rely only on point estimate predictions made by a

neural network. However, many critical applications also require reliable predictive

uncertainty estimates and robustness under the presence of dataset shift, that is,

when the observed data distribution at deployment differs from the training data

distribution. Examples include medical imaging [Esteva et al., 2017] and self-driving

cars [Bojarski et al., 2016]. Unfortunately, several studies have shown that neural

networks are not always robust to dataset shift [Ovadia et al., 2019, Hendrycks and

Dietterich, 2019], nor do they exhibit calibrated predictive uncertainty, resulting

in incorrect predictions made with high confidence [Guo et al., 2017].

Deep ensembles [Lakshminarayanan et al., 2017] achieve state-of-the-art results

for predictive uncertainty calibration and robustness to dataset shift. Notably,
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they have been shown to outperform various approximate Bayesian neural net-

works [Lakshminarayanan et al., 2017, Ovadia et al., 2019, Gustafsson et al., 2020].

Deep ensembles are constructed by training a fixed architecture multiple times with

different random initializations. Due to the multi-modal loss landscape [Fort et al.,

2019, Wilson and Izmailov, 2020], randomization by different initializations induces

diversity among the base learners to yield a model with better uncertainty estimates

than any of the individual base learners (i.e. ensemble members).

Our work focuses on automatically selecting varying base learner architectures

in the ensemble, exploiting architectural variation as a beneficial source of diversity

missing in deep ensembles due to their fixed architecture. Such architecture selection

during ensemble construction allows a more “ensemble-aware” choice of architectures

and is based on data rather than manual biases. As discussed in Section 6.2, while

ensembles with varying architectures has already been explored in the literature,

variation in architectures is typically limited to just varying depth and/or width,

in contrast to more complex variations, such as changes in the topology of the

connections and operations used, as considered in our work. More generally,

automatic ensemble construction is well-explored in AutoML [Feurer et al., 2015,

Lévesque et al., 2016, Olson and Moore, 2016, Mendoza et al., 2016]. Our work

builds on this by demonstrating that, in the context of uncertainty estimation,

automatically constructed ensembles with varying architectures outperform deep

ensembles that use state-of-the-art, or even optimal, architectures (Figure 6.1).

Studied under controlled settings, we assess the ensembles by various measures,

including predictive performance, uncertainty estimation and calibration, base

learner performance and two ensemble diversity metrics, showing that architectural

variation is beneficial in ensembles.

Note that, a priori, it is not obvious how to find a set of diverse architectures

that work well as an ensemble. On the one hand, optimizing the base learners’

architectures in isolation may yield multiple base learners with similar architectures

(like a deep ensemble). On the other hand, selecting the architectures randomly

may yield numerous base learners with poor architectures harming the ensemble.
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Moreover, as in neural architecture search (NAS), we face the challenge of needing

to traverse vast architectural search spaces. We address these challenges in the

problem of Neural Ensemble Search (NES), an extension of NAS that aims to find

a set of complementary architectures that together form a strong ensemble. In

summary, our contributions are as follows:

1. We present two NES algorithms for automatically constructing ensembles

with varying base learner architectures. As a first step, we present NES

with random search (NES-RS), which is simple and easily parallelizable. We

further propose NES-RE inspired by regularized evolution [Real et al., 2019],

which evolves a population of architectures yielding performant and robust

ensembles.

2. This work is the first to apply automatic ensemble construction over architec-

tures to complex, state-of-the-art neural architecture search spaces.

3. In the context of uncertainty estimation and robustness to dataset shift, we

demonstrate that ensembles constructed by NES improve upon state-of-the-

art deep ensembles. We validate our findings over five datasets and two

architecture search spaces.

6.2 Related Work

Ensembles and uncertainty estimation. Ensembles of neural networks [Hansen

and Salamon, 1990, Krogh and Vedelsby, 1995, Dietterich, 2000] are commonly

used to boost performance. In practice, strategies for building ensembles include

independently training multiple initializations of the same network, i.e. deep

ensembles [Lakshminarayanan et al., 2017], training base learners on different

bootstrap samples of the data [Zhou et al., 2002], training with diversity-encouraging

losses [Liu and Yao, 1999, Lee et al., 2015, Zhou et al., 2018, Webb et al., 2019,

Jain et al., 2020, Pearce et al., 2020] and using checkpoints during the training

trajectory of a network [Huang et al., 2017a, Loshchilov and Hutter, 2017]. Despite
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a variety of approaches, Ashukha et al. [2020] found many sophisticated ensembling

techniques to be equivalent to a small-sized deep ensemble by test performance.

Much recent interest in ensembles has been due to their state-of-the-art predic-

tive uncertainty estimates, with extensive empirical studies [Ovadia et al., 2019,

Gustafsson et al., 2020] observing that deep ensembles outperform other approaches

for uncertainty estimation, notably including Bayesian neural networks [Blundell

et al., 2015, Gal and Ghahramani, 2016, Welling and Teh, 2011] and post-hoc

calibration [Guo et al., 2017]. Although deep ensembles are not, technically speaking,

equivalent to Bayesian neural networks and the relationship between the two is

not well understood, diversity among base learners in a deep ensemble yields a

model which is arguably closer to exact Bayesian model averaging than other

approximate Bayesian methods that only capture a single posterior mode in a

multi-modal landscape [Wilson and Izmailov, 2020, Fort et al., 2019]. Also, He

et al. [2020] draw a rigorous link between Bayesian methods and deep ensembles

for wide networks, and Pearce et al. [2020] propose a technique for approximately

Bayesian ensembling. Our primary baseline is deep ensembles as they provide

state-of-the-art results in uncertainty estimation.

AutoML and ensembles of varying architectures. Automatic ensemble

construction is commonly used in AutoML [Feurer et al., 2015, Hutter et al.,

2018]. Prior work includes use of Bayesian optimization to tune non-architectural

hyperparameters of an ensemble’s base learners [Lévesque et al., 2016], posthoc

ensembling of fully-connected networks evaluated by Bayesian optimization [Men-

doza et al., 2016] and building ensembles by iteratively adding (sub-)networks to

improve ensemble performance [Cortes et al., 2017, Macko et al., 2019]. Various

approaches, including ours, rely on ensemble selection [Caruana et al., 2004]. We also

note that Simonyan and Zisserman [2015] and He et al. [2016a] employ ensembles

with varying architectures but without automatic construction. Importantly, in

contrast to our work, all aforementioned works limit architectural variation to only

changing width/depth or fully-connected networks. Moreover, such ensembles have
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not been considered before in terms of uncertainty estimation, with prior work

focusing instead on predictive performance [Frachon et al., 2020]. Another important

part of AutoML is neural architecture search (NAS), the process of automatically

designing single model architectures [Elsken et al., 2019], using strategies such as

reinforcement learning [Zoph and Le, 2017], evolutionary algorithms [Real et al.,

2019] and gradient-based methods [Liu et al., 2019a]. We use the search spaces

defined by Liu et al. [2019a] and Dong and Yang [2020], two of the most commonly

used ones in recent literature.

Concurrent to our work, Wenzel et al. [2020] consider ensembles with base

learners having varying hyperparameters using an approach similar to NES-RS.

However, they focus on non-architectural hyperparameters such as L2 regularization

strength and dropout rates, keeping the architecture fixed. As in our work, they

also consider predictive uncertainty calibration and robustness to shift, finding

similar improvements over deep ensembles.

6.3 Visualizing Ensembles of Varying Architec-
tures

In this section, we discuss diversity in ensembles with varying architectures and

visualize base learner predictions to add empirical evidence to the intuition that

architectural variation results in more diversity. We also define two metrics for

measuring diversity used later in Section 6.5.

6.3.1 Definitions and Set-up

Let Dtrain = {(xi, yi) : i = 1, . . . , N} be the training dataset, where the input

xi ∈ RD and, assuming a classification task, the output yi ∈ {1, . . . , C}. We use

Dval and Dtest for the validation and test datasets, respectively. Denote by fθ a

neural network with weights θ, so fθ(x) ∈ RC is the predicted probability vector

over the classes for input x. Let ℓ(fθ(x), y) be the neural network’s loss for data

point (x, y). Given M networks fθ1 , . . . , fθM
, we construct the ensemble F of these

networks by averaging the outputs, yielding F (x) = 1
M

∑M
i=1 fθi

(x).
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In addition to the ensemble’s loss ℓ(F (x), y), we will also consider the average

base learner loss and the oracle ensemble’s loss. The average base learner loss

is simply defined as 1
M

∑M
i=1 ℓ(fθi

(x), y); we use this to measure the average base

learner strength later. Similar to prior work [Lee et al., 2015, Zhou et al., 2018],

the oracle ensemble FOE composed of base learners fθ1 , . . . , fθM
is defined to be

the function which, given an input x, returns the prediction of the base learner

with the smallest loss for (x, y), that is,

FOE(x) = fθk
(x), where k ∈ arg min

i
ℓ(fθi

(x), y).

The oracle ensemble can only be constructed if the true class y is known. We use the

oracle ensemble loss as one of the measures of diversity in base learner predictions.

Intuitively, if base learners make diverse predictions for x, the oracle ensemble is

more likely to find some base learner with a small loss, whereas if all base learners

make identical predictions, the oracle ensemble yields the same output as any (and

all) base learners. Therefore, as a rule of thumb, all else being equal, smaller oracle

ensemble loss indicates more diverse base learner predictions.

Proposition 4. Suppose ℓ is negative log-likelihood (NLL). Then, the oracle

ensemble loss, ensemble loss, and average base learner loss satisfy the following

inequality:

ℓ(FOE(x), y) ≤ ℓ(F (x), y) ≤ 1
M

M∑
i=1

ℓ(fθi
(x), y).

We refer to Appendix 6.7.1 for a proof. Proposition 4 suggests that it can be

beneficial for ensembles to not only have strong average base learners (smaller upper

bound), but also more diversity in their predictions (smaller lower bound). There is

extensive theoretical work relating strong base learner performance and diversity

with the generalization properties of ensembles [Hansen and Salamon, 1990, Zhou,

2012, Breiman, 2001b, Jiang et al., 2017, Bian and Chen, 2019, Goodfellow et al.,

2016]. In Section 6.5, the two metrics we use for measuring diversity are oracle

ensemble loss and (normalized) predictive disagreement, defined as the average

pairwise predictive disagreement amongst the base learners, normalized by their

average error [Fort et al., 2019].
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Figure 6.2: t-SNE visualization of base learner predictions. Each point corresponds to
one network’s (dimension-reduced) predictions.

6.3.2 Visualizing Similarity in Base Learner Predictions

The fixed architecture used to build deep ensembles is typically chosen to be a

strong stand-alone architecture, either hand-crafted or found by NAS. However,

optimizing the base learner’s architecture and then constructing a deep ensemble

can neglect diversity in favor of strong base learner performance. Having base

learner architectures vary allows more diversity in their predictions. We provide

empirical evidence for this intuition by visualizing the base learners’ predictions.

Fort et al. [2019] found that base learners in a deep ensemble explore different

parts of the function space by means of applying dimensionality reduction to their

predictions. Building on this, we uniformly sample five architectures from the

DARTS search space [Liu et al., 2019a], train 20 initializations of each architecture

on CIFAR-10 and visualize the similarity among the networks’ predictions on the

test dataset using t-SNE [Van der Maaten and Hinton, 2008]. Experiment details

are available in Section 6.5 and Appendix 6.7.2.

As shown in Figure 6.2a, we observe clustering of predictions made by different

initializations of a fixed architecture, suggesting that base learners with varying

architectures explore different parts of the function space. Moreover, we also
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visualize the predictions of base learners of two ensembles, each of size M = 30,

where one is a deep ensemble and the other has varying architectures (found by

NES-RS as presented in Section 6.4). Figure 6.2b shows more diversity in the

ensemble with varying architectures than in the deep ensemble. These qualitative

findings can be quantified by measuring diversity: for the two ensembles shown

in Figure 6.2b, we find the predictive disagreement to be 94.6% for the ensemble

constructed by NES and 76.7% for the deep ensemble (this is consistent across

independent runs). This indicates higher predictive diversity in the ensemble with

varying architectures, in line with the t-SNE results.

6.4 Neural Ensemble Search

In this section, we define neural ensemble search (NES). In summary, a NES

algorithm optimizes the architectures of base learners in an ensemble to mini-

mize ensemble loss.

Given a network f : RD → RC , let L(f,D) = ∑
(x,y)∈D ℓ(f(x), y) be the loss of

f over dataset D. Given a set of base learners {f1, . . . , fM}, let Ensemble be the

function which maps {f1, . . . , fM} to the ensemble F = 1
M

∑M
i=1 fi as defined in

Section 6.3 . To emphasize the architecture, we use the notation fθ,α to denote a

network with architecture α ∈ A and weights θ, where A is a search space (SS) of

architectures. A NES algorithm aims to solve the following optimization problem:

min
α1,...,αM ∈A

L (Ensemble(fθ1,α1 , . . . , fθM ,αM
),Dval) (6.1)

s.t. θi ∈ arg min
θ
L(fθ,αi

,Dtrain) for i = 1, . . . ,M

Eq. 6.1 is difficult to solve for at least two reasons. First, we are optimizing

over M architectures, so the search space is effectively AM , compared to it being

A in typical NAS, making it more difficult to explore fully. Second, a larger

search space also increases the risk of overfitting the ensemble loss to Dval. A

possible approach here is to consider the ensemble as a single large network to

which we apply NAS, but joint training of an ensemble through a single loss has

been empirically observed to underperform training base learners independently,
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specially for large networks [Webb et al., 2019]. Instead, our general approach

to solve Eq. 6.1 consists of two steps:

1. Pool building: build a pool P = {fθ1,α1 , . . . , fθK ,αK
} of size K consisting of

potential base learners, where each fθi,αi
is a network trained independently

on Dtrain.

2. Ensemble selection: select M base learners (without replacement as dis-

cussed below) fθ∗
1 ,α∗

1
, . . . , fθ∗

M ,α∗
M

from P to form an ensemble which minimizes

loss on Dval. (We set K ≥M .)

Step 1 reduces the options for the base learner architectures, with the intention

to make the search more feasible and focus on strong architectures; step 2 then

selects a performant ensemble. This procedure also ensures that the ensemble’s base

learners are trained independently. We use ensemble selection without replacement

[Caruana et al., 2004] for step 2. More specifically, this is forward step-wise selection;

that is, given the set of networks P , we start with an empty ensemble and add the

network from P which minimizes ensemble loss on Dval. We repeat this without

replacement until the ensemble is of size M . ForwardSelect(P ,Dval,M) denotes

the resulting set of M base learners selected from P.

Note that selecting the ensemble from P is a combinatorial optimization

problem; a greedy approach such as ForwardSelect is nevertheless effective as

shown by Caruana et al. [2004], while keeping computational overhead low, given

the predictions of the networks on Dval. We also experimented with various other

ensemble selection algorithms, including weighted averaging, as discussed in Section

6.5.2 and Appendix 6.7.3.11, finding ForwardSelect to perform best.

We have not yet discussed the algorithm for building the pool in step 1; we

present two approaches, NES-RS (Section 6.4.1) and NES-RE (Section 6.4.2). NES-

RS is a simple random search based algorithm, while NES-RE is based on regularized

evolution [Real et al., 2019], a state-of-the-art NAS algorithm. Note that while

gradient-based NAS methods have recently become popular, they are not naively
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Select
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parent Mutate Update
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Figure 6.3: Illustration of one iteration of NES-RE. Network architectures are represented
as colored bars of different lengths illustrating different layers and widths. Starting with
the current population, ensemble selection is applied to select parent candidates, among
which one is sampled as the parent. A mutated copy of the parent is added to the
population, and the oldest member is removed.

applicable in our setting as the base learner selection component ForwardSelect

is typically non-differentiable.

6.4.1 NES with Random Search

In NAS, random search (RS) is a competitive baseline on carefully designed

architecture search spaces [Li and Talwalkar, 2019, Yang et al., 2020a, Yu et al.,

2020]. Motivated by its success and simplicity, NES with random search (NES-

RS) builds the pool P by independently sampling architectures uniformly with

replacement from the search space A (and training them). Since the architectures of

networks in P vary, applying ensemble selection is a simple way to exploit diversity,

yielding a performant ensemble. Importantly, NES-RS is easy to parallelize, exactly

like deep ensembles. See Algorithm 4 in Appendix 6.7.2.3 for pseudocode.

6.4.2 NES with Regularized Evolution

A more guided approach for building the pool P is using regularized evolution

(RE) [Real et al., 2019]. While RS has the benefit of simplicity by sampling

architectures uniformly, the resulting pool might contain many weak architectures,

leaving few strong architectures for ForwardSelect to choose between. RE is an

evolutionary algorithm used on NAS spaces. It explores the search space by

evolving (via mutations) a population of architectures. We first briefly describe RE

as background before NES-RE. RE starts with a randomly initialized fixed-size

population of architectures. At each iteration, a subset of size m of the population
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Algorithm 3: NES with Regularized Evolution
Input: Search space A; ensemble size M ; comp. budget K; Dtrain,Dval; population size

P ; number of parent candidates m.
1 Sample P architectures α1, . . . , αP independently and uniformly from A.
2 Train each architecture αi using Dtrain, and initialize p = P = {fθ1,α1 , . . . , fθP ,αP

}.
3 while |P| < K do
4 Select m parent candidates {f

θ̃1,α̃1
, . . . , f

θ̃m,α̃m
} = ForwardSelect(p,Dval, m).

5 Sample uniformly a parent architecture α from {α̃1, . . . , α̃m}. ▷ α stays in p.
6 Apply mutation to α, yielding child architecture β.
7 Train β using Dtrain and add the trained network fθ,β to p and P.
8 Remove the oldest member in p. ▷ as done in RE.
9 end

10 Select base learners {fθ∗
1 ,α∗

1
, . . . , fθ∗

M
,α∗

M
} = ForwardSelect(P,Dval, M) by forward

step-wise selection without replacement.
11 return ensemble Ensemble(fθ∗

1 ,α∗
1
, . . . , fθ∗

M
,α∗

M
)

is sampled, from which the best network by validation loss is selected as the parent.

A mutated copy (e.g. changing an operation in the network, see Appendix 6.7.2.4

for examples of mutations) of the parent architecture, called the child, is trained

and added to the population, and the oldest member of the population is removed,

preserving the population size. This is iterated until the computational budget is

reached, returning the history, i.e. all the networks evaluated during the search,

from which the best model is chosen by validation loss.

Building on RE for NAS, we propose NES-RE to build the pool of potential

base learners. NES-RE starts by randomly initializing a population p of size P . At

each iteration, we first apply ForwardSelect to the population to select an ensemble

of size m, then we uniformly sample one base learner from this ensemble to be

the parent. A mutated copy of the parent is added to p and the oldest network

is removed, as in usual regularized evolution. This process is repeated until the

computational budget is reached, and the history is returned as the pool P. See

Algorithm 3 for pseudocode and Figure 6.3 for an illustration.

Also, note the distinction between the population and the pool in NES-RE: the

population is evolved, whereas the pool is the set of all networks evaluated during

evolution (i.e., the history) and is used post-hoc for selecting the ensemble. Moreover,

ForwardSelect is used both for selecting m parent candidates (line 4 in NES-RE)

and choosing the final ensemble of size M (line 9 in NES-RE). In general, m ̸= M .
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6.4.3 Ensemble Adaptation to Dataset Shift

Deep ensembles offer (some) robustness to dataset shift relative to training data. In

general, one may not know the type of shift that occurs at test time. By using an

ensemble, diversity in base learner predictions prevents the model from relying on

one base learner’s predictions which may not only be incorrect but also overconfident.

We assume that one does not have access to data points with test-time shift

at training time, but one does have access to some validation data Dshift
val with a

validation shift, which encapsulates one’s belief about test-time shift. Crucially,

test and validation shifts are disjoint. To adapt NES-RS and NES-RE to return

ensembles robust to shift, we propose using Dshift
val instead of Dval whenever applying

ForwardSelect to select the final ensemble. In Algorithms 3 and 4, this is in lines 9

and 3, respectively. Our experiments show that this is highly effective against shift.

Note that in line 4 of Algorithm 3, we can also replace Dval with Dshift
val when

expecting test-time shift; we simply sample one of Dval,Dshift
val uniformly at each

iteration, in order to promote exploration of architectures that work well both

in-distribution and during shift and reduce cost by avoiding running NES-RE once

for each of Dval,Dshift
val . See Appendices 6.7.3.3 and 6.7.2.4 for further discussion.

6.5 Experiments

6.5.1 Comparison to Baselines: Uncertainty Estimation &
Robustness to Dataset Shift

We compare NES to deep ensembles on different choices of architecture search

space (DARTS [Liu et al., 2019a] and NAS-Bench-201 [Dong and Yang, 2020]

search spaces) and dataset (Fashion-MNIST, CIFAR-10, CIFAR-100, ImageNet-

16-120 and Tiny ImageNet). The search spaces are cell-based, containing a rich

variety of convolutional architectures with differing cell topologies, number of

connections and operations (see Appendix 6.7.2.1 for visualizations). For CIFAR-

10/100 and Tiny ImageNet, we also consider dataset shifts proposed by Hendrycks

and Dietterich [2019]. We use NLL, classification error and expected calibration
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Figure 6.4: NLL vs. ensemble sizes on CIFAR-10, CIFAR-100 and Tiny ImageNet with
and without dataset shifts [Hendrycks and Dietterich, 2019] over the DARTS search space.
Mean NLL shown with 95% confidence intervals.

error (ECE) [Guo et al., 2017, Naeini et al., 2015] as our metrics, for which

small values are better. Note that NLL and ECE evaluate predictive uncertainty.

Experimental/implementation details are in Appendix 6.7.2, additional experiments

are in Appendix 6.7.3. All evaluations are on the test dataset. Each paragraph

below highlights one of our main findings.

Baselines. One of our main baselines is deep ensembles with fixed, opti-

mized architectures. We consider various optimized architectures, indicated as

“DeepEns (arch)”:

• On the DARTS search space, we consider the architectures found by:

1. the DARTS algorithm (DeepEns (DARTS)),

2. regularized evolution (DeepEns (AmoebaNet)),
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3. random search, with the same number of networks trained as NES

algorithms (DeepEns (RS)).

• On the NAS-Bench-201 search space, in addition to DeepEns (RS), we consider:

1. the architecture found by GDAS1 [Dong and Yang, 2019] (DeepEns

(GDAS)),

2. the best architecture in the search space by validation loss (DeepEns

(best arch.)).2

We also compare to anchored ensembles [Pearce et al., 2020], a recent technique

for approximately Bayesian ensembles, which explicitly regularizes each base

learner towards a fresh initialization sample and aims to induce more ensemble

diversity. We use the DARTS architecture, and our implementation is described

in Appendix 6.7.2.5.

NES shows improved predictive uncertainty (NLL) and robustness

to dataset shift (Figure 6.4). Figure 6.4a shows the NLL achieved by NES-RS,

NES-RE and the baselines as functions of the ensemble size M without dataset

shift. We find that NES algorithms consistently outperform deep ensembles, with

NES-RE usually outperforming NES-RS. Next, we evaluate the robustness of the

ensembles to dataset shift in Figure 6.4b. In our setup, all base learners are trained

on Dtrain without data augmentation of shifted examples. However, as explained

in Section 6.4.3, we use a shifted validation dataset, Dshift
val , and evaluate on a

shifted test dataset, Dshift
test . The types of shifts appearing in Dshift

val are disjoint from

those in Dshift
test . The severity of the shift varies between 1-5. We refer to Appendix

6.7.2 and Hendrycks and Dietterich [2019] for details. The fixed architecture

used in the baseline DeepEns (RS) is selected based on its loss over Dshift
val , but

the DARTS and AmoebaNet are architectures from the literature. As shown in

Figure 6.4b, ensembles picked by NES-RS and NES-RE are significantly more
1We did not consider the DARTS algorithm on NAS-Bench-201, since it returns degenerate

architectures with poor performance on this space [Dong and Yang, 2020]. Whereas, GDAS yields
state-of-the-art performance on this space.

2This is feasible, because all architectures in this search space were evaluated and are available.
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Table 6.1: Classification error of ensembles for different shift severities. Best values and
all values within 95% confidence interval are bold faced. Note that NAS-Bench-201 comes
with each architecture trained with three random initializations; therefore we set M = 3
in that case.

(a) M = 10; DARTS search space.

Dataset
Shift

Severity

Classif. error (%), A = DARTS search space

DeepEns
(RS)

DeepEns
(Amoe.)

DeepEns
(DARTS)

AnchoredEns
(DARTS)

NES-RS NES-RE

CIFAR-10
0 10.8±0.2 9.7 10.0 10.2 9.4±0.1 9.4±0.2

3 25.1±0.7 25.6 26.3 28.6 23.2±0.2 22.9±0.2

5 41.1±0.9 42.7 42.9 44.9 38.0±0.2 37.4±0.4

CIFAR-100
0 33.2±1.2 31.6 30.9 30.9 30.7±0.1 30.4±0.4

3 54.8±1.6 54.2 55.1 55.2 49.8±0.1 49.1±1.0

5 64.3±3.2 68.5 68.5 68.9 62.4±0.2 61.4±1.4

Tiny
ImageNet

0 37.5±0.3 38.5 39.1 42.8 37.4±0.2 37.0±0.6

3 53.8±0.6 55.4 54.6 58.7 53.0±0.2 52.7±0.2

5 70.5±0.4 71.7 71.6 73.7 69.9±0.2 70.2±0.1

(b) M = 3; NAS-Bench-201 search space.

Dataset
Shift

Severity

Classif. error (%), A = NAS-Bench-201 search space

DeepEns
(GDAS)

DeepEns
(best arch.)

DeepEns
(RS)

NES-RS NES-RE

CIFAR-10
0 8.4 7.2 7.8±0.2 7.7±0.1 7.6±0.1

3 28.7 27.1 28.3±0.3 22.0±0.2 22.5±0.1

5 47.8 46.3 37.1±0.0 32.5±0.2 33.0±0.5

CIFAR-100
0 29.9 26.4 26.3±0.4 23.3±0.3 23.5±0.2

3 60.3 54.5 57.0±0.9 46.6±0.3 46.7±0.5

5 75.3 69.9 64.5±0.0 59.7±0.2 60.0±0.6

ImageNet-16-120 0 49.9 49.9 50.5±0.6 48.1±1.0 47.9±0.4

robust to dataset shift than the baselines, highlighting the effectiveness of applying

ForwardSelect with Dshift
val . Unsurprisingly, AnchoredEns (DARTS) and DeepEns

(DARTS/AmoebaNet) perform poorly compared to the other methods, as they are

not optimized to deal with dataset shift here. The results of our experiments on

Fashion-MNIST are in Appendix 6.7.3.1. In line with the results in this section,

both NES algorithms outperform deep ensembles with NES-RE performing best.

Better uncertainty calibration versus dataset shift and classification
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Figure 6.5: ECE vs. dataset shift severity on CIFAR-10, CIFAR-100 and Tiny ImageNet
over the DARTS search space. No dataset shift is indicated as severity 0. Ensemble size
is M = 10.
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Figure 6.6: Ensemble, average base learner and oracle ensemble NLL versus budget K
on ImageNet-16-120 over the NAS-Bench-201 search space. Ensemble size is M = 3.

error (Figure 6.5, Table 6.1). We also assess the ensembles by error and ECE.

In short, ECE measures the mismatch between the model’s confidence and accuracy.

Figure 6.5 shows the ECE achieved by the ensembles at varying dataset shift

severities, noting that uncertainty calibration is especially important when models

are used during dataset shift. Ensembles found with NES tend to exhibit better

uncertainty calibration and are either competitive with or outperform anchored and

deep ensembles for most shift severities. Notably, on CIFAR-10, ECE is reduced

by up to 40% relative to the baselines. In terms of classification error, we find

that ensembles constructed by NES outperform deep ensembles, with reductions

of up to 7 percentage points in error, shown in Table 6.1. As with NLL, NES-RE

tends to outperforms NES-RS.

Ensembles found by NES tend to be more diverse (Table 6.2). We
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measure ensemble diversity using the two metrics predictive disagreement (larger

means more diverse) and oracle ensemble NLL (smaller means more diverse) as

defined in Section 6.3 and average base learner NLL. Table 6.2 contrasts NES with

the baselines in terms of these metrics. In terms of both diversity metrics, ensembles

constructed by NES tend to be more diverse than anchored and deep ensembles.

Ranking of the methods is largely consistent for different ensemble sizes M (see

Appendix 6.7.3). Unsurprisingly, note that the average base learner in NES is not

always the best: by optimizing the fixed architecture first and then ensembling it,

deep ensembles end up with a strong average base learner at the expense of less

ensemble diversity. Despite higher average base learner NLL, NES ensembles perform

better (recall Figure 6.4), highlighting once again the importance of diversity.

NES outperforms the deep ensemble of the best architecture in the

NAS-Bench-201 search space (Figure 6.6). Next, we compare NES to deep

ensembles over the NAS-Bench-201 search space, which has two benefits: we

demonstrate that our findings are not specific to the DARTS search space, and

NAS-Bench-201 is an exhaustively evaluated search space for which all architectures’

trained weights are available (three initializations per architecture), allowing us

to compare NES to the deep ensemble of the best architecture by validation loss.

Results shown in Figure 6.6 compare the losses of the ensemble, average base learner

and oracle ensemble versus the number of networks evaluated K. Interestingly,

although DeepEns (best arch.) has a significantly stronger average base learner

than the other methods, its lack of diversity, as indicated by higher oracle ensemble

loss (Figure 6.6) and lower predictive disagreement (Figure 6.1), yields a weaker

ensemble than both NES algorithms. Also, NES-RE outperforms NES-RS with

a 6.6x speedup as shown in Figure 6.6-left.

6.5.2 Analysis and Ablations

Why does NES work? What if deep ensembles use ensemble selection

over initializations? (Figure 6.7). NES algorithms differ from deep ensembles

in two important ways: the ensembles use varying architectures and NES utilizes
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Table 6.2: Diversity and base learner strength. Predictive disagreement (larger means
more diverse) and oracle ensemble NLL (smaller means more diverse) are defined in
Section 6.3. Despite the stronger base learners, deep ensembles tend to be less diverse
than ensembles constructed by NES. The results are consistent across datasets and shift
severities (Appendix 6.7.3). Best values and all values within 95% confidence interval are
bold faced.

Dataset Metric
Method (with M = 10)

DeepEns
(RS)

DeepEns
(Amoe.)

DeepEns
(DARTS)

AnchoredEns
(DARTS)

NES-RS NES-RE

CIFAR-10
Pred. Disagr. 0.823±0.023 0.947 0.932 0.842 0.948±0.004 0.943±0.009

Oracle NLL 0.125±0.007 0.103 0.093 0.113 0.086±0.001 0.088±0.002

Avg. bsl. NLL 0.438±0.005 0.552 0.513 0.411 0.485±0.003 0.493±0.010

CIFAR-100
Pred. Disagr. 0.831±0.027 0.946 0.935 0.839 0.934±0.006 0.943±0.014

Oracle NLL 0.635±0.040 0.502 0.509 0.583 0.498±0.008 0.487±0.014

Avg. bsl. NLL 1.405±0.028 1.552 1.491 1.290 1.467±0.022 1.487±0.036

Tiny
ImageNet

Pred. Disagr. 0.742±0.008 0.737 0.749 0.662 0.772±0.005 0.768±0.005

Oracle NLL 0.956±0.009 0.987 1.009 1.203 0.929±0.007 0.910±0.015

Avg. bsl. NLL 1.743±0.005 1.764 1.813 1.871 1.755±0.007 1.728±0.012

ensemble selection (ForwardSelect) to pick the base learners. On Tiny ImageNet

over the DARTS search space, we conduct an experiment to explore whether the

improvement offered by NES over deep ensembles is only due to ensemble selection.

The baselines “DeepEns + ES” operate as follows: we optimize a fixed architecture

for the base learners, train K random initializations of it to form a pool and apply

ForwardSelect to select an ensemble of size M . Figure 6.7-left shows that both NES

algorithms (each shown for two computational budgets K = 200, 400) outperform

all DeepEns + ES baselines. Figure 6.7-right contains the cost of each method in

terms of the number of networks trained. Note that DeepEns + ES (RS) is the

most competitive of the deep ensemble baselines, and, at an equal budget of 400,

it is outperformed by both NES algorithms. However, even at half the cost (200),

NES-RE outperforms DeepEns + ES (RS) while NES-RS performs competitively.

As expected, deep ensembles with ensemble selection consistently perform better

than without ensemble selection at the expense of higher computational cost, but

do not close the gap with NES algorithms. We also re-emphasize that comparisons

between NES and deep ensembles in our experiments always fix the base learner
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Method
# nets trained

Arch. Ensemble

DeepEns (DARTS) 32 10
DeepEns + ES (DARTS) 32 200
DeepEns (AmoebaNet) 25200 10
DeepEns + ES (AmoebaNet) 25200 200
DeepEns (RS) 200 10
DeepEns + ES (RS) 200 200
NES-RS (K = 200) 200
NES-RS (K = 400) 400
NES-RE (K = 200) 200
NES-RE (K = 400) 400

Figure 6.7: Comparison of NES to deep ensembles with ensemble selection on Tiny
ImageNet. Left: NLL vs ensemble size. Right: Cost for Tiny ImageNet experiments
reported in terms of the number of networks trained when M = 10. The “arch” column
indicates the number of networks trained to first select an architecture, and the “ensemble”
column contains the number of networks trained to build the ensemble.

training routine and method for composing the ensemble, so variations in ensemble

performance are only due to the architecture choices. Therefore, to summarize,

combined with the finding that NES outperforms deep ensembles even when NES’

average base learner is weaker (as in e.g. Figure 6.6 and Table 6.2), we find

architectural variation in ensembles to be important for NES’ performance gains.

Computational cost and parallelizability. The primary computational cost

involved in NES is training K networks to build the pool P. In our experiments

on the DARTS search space, we set K to be 400 for CIFAR-10/100 and 200 for

Tiny ImageNet (except Figure 6.7 which additionally considers K = 400). Figure

6.7-right gives an example of costs for each method. The cost of a deep ensemble

with an optimized architecture stems from the initial architecture search and the

subsequent training of M random initializations to build ensemble. We refer to

Appendix 6.7.2 for details and discussion of computation cost, including training

times. We note that apart from DeepEns (DARTS) and AnchoredEns (DARTS),

NES has a lower computational cost than the baselines in our experiments. Similar

to deep ensembles, training the pool for NES-RS is embarrassingly parallel. Our
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Figure 6.8: NES-RS on CIFAR-10.

implementation of NES-RE is also parallelized as described in Appendix 6.7.2.

Comparison of different ensemble selection algorithms. Both NES

algorithms utilize ForwardSelect as the ensemble selection algorithm (ESA). We

experimented with various other choices of ESAs, including weighted averaging and

explicit diversity regularization, as shown in Figure 6.8. A detailed description of

each ESA is in Appendix 6.7.3.11. In summary, our choice of ForwardSelect performs

better than or at par with all ESAs considered. Moreover, weighted averaging using

stacking and Bayesian model averaging has a very minor impact since the weights

end up being close to uniform. Explicit diversity regularization, as shown in Figure

6.8b, appears to slightly improve performance in some cases, provided that the

diversity regularization strength hyperparameter is appropriately tuned.

NES is insensitive to the size of validation dataset Dval. We study

the sensitivity of NES to the size of Dval. Specifically, we measure test loss of

the ensembles selected using Dval of different sizes (with as few as 10 validation

samples). The results in Figure 6.9 indicate that NES is insensitive to validation

size for different levels of dataset shift severity, achieving almost the same loss when

using 10× fewer validation data. We provide more details in Appendix 6.7.3.8 and

we also discuss why overfitting to Dval is averted during ensemble selection.
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Figure 6.9: Test performance of NES algorithms with varying validation data sizes.
Each curve corresponds to one particular dataset shift severity (0-5 with 0 being no shift).
The more transparent curves correspond to higher shift severities.

Mutations of an architecture are similar in function space and by

performance. To explore how NES-RE traverses the search space, we analyzed how

mutations affect an architecture as follows. We sampled five random architectures

from the DARTS space, and for each one, we applied a single random mutation

twenty times, yielding a “family” of parent-children architectures, which are then

trained on CIFAR-10. Figure 6.10-left shows the result of t-SNE applied to the test

predictions of these architectures, where each color corresponds to one “family”,

of which the “star” is the parent architecture and the circles are the children

architectures. The clustering demonstrates that architectures which differ by only a

single mutation are similar in function space after training. Figure 6.10-right shows

the NLL and error achieved by these architectures. Again, similar clustering shows

that architectures differing by a single mutation also perform similarly w.r.t. NLL

and error. This confirms that mutations allow for locally exploring the search space.

Further experiments. We also provide additional experiments in the Appendix.

This includes a comparison of ensembles built by averaging logits vs. probabilities

(Appendix 6.7.3.10), a comparison of NES to ensembles with other hyperparameters

being varied (either width/depth or training hyperparameters similar to Wenzel

et al. [2020]) (Appendix 6.7.3.7) and using a weight-sharing model [Bender et al.,

2018] as a proxy to accelerate the search phase in NES (Appendix 6.7.3.12).
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Figure 6.10: Left: t-SNE of the test predictions of 20 single random mutations (circles)
from 5 parent architecture (stars). Right: NLL and error achieved by these architectures.

6.6 Conclusion, Limitations & Broader Impact

We presented Neural Ensemble Search for automatically constructing ensembles with

varying architectures and demonstrated that the resulting ensembles outperform

state-of-the-art deep ensembles in terms of uncertainty estimation and robustness to

dataset shift. Our work highlights the benefit of ensembling varying architectures. In

future work, we aim to address the limitation posed by the computational cost of NES

due to building the pool P . An interesting approach in this direction could be the use

of differentiable NAS methods to simultaneously optimize base learner architectures

within a one-shot model and reduce cost [Liu et al., 2019a, Xu et al., 2020, Chen

et al., 2021]. More generally, we also hope to explore what other hyperparameters

can be varied to improve ensemble performance and how best to select them.

Our work can readily be applied to many existing ensemble-based deep learning

systems to improve their predictive performance. This work also focuses on

improving uncertainty estimation in neural networks, which is a key problem

of growing importance with implications for safe deployment of such systems. We

are not aware of any direct negative societal impacts of our work, since NES is

task-agnostic and its impact depends on its applications.
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6.7 Supplementary Material

6.7.1 Proof of Proposition 4

Taking the loss function to be NLL, we have ℓ(f(x), y)) = − log [f(x)]y, where

[f(x)]y is the probability assigned by the network f of x belonging to the true

class y, i.e. indexing the predicted probabilities f(x) with the true target y. Note

that t 7→ − log t is a convex and decreasing function.

We first prove ℓ(FOE(x), y) ≤ ℓ(F (x), y). Recall, by definition of FOE, we have

FOE(x) = fθk
(x) where k ∈ arg mini ℓ(fθi

(x), y), therefore [FOE(x)]y = [fθk
(x)]y ≥

[fθi
(x)]y for all i = 1, . . . , C. That is, fθk

assigns the highest probability to the

correct class y for input x. Since − log is a decreasing function, we have

ℓ(F (x), y) = − log
(

1
M

M∑
i=1

[fθi
(x)]y

)
≥ − log ([fθk

(x)]y) = ℓ(FOE(x), y).

We apply Jensen’s inequality in its finite form for the second inequality. Jensen’s

inequality states that for a real-valued, convex function φ with its domain being a

subset of R and numbers t1, . . . , tn in its domain, φ( 1
n

∑n
i=1 ti) ≤ 1

n

∑n
i=1 φ(ti). Not-

ing that − log is a convex function, ℓ(F (x), y) ≤ 1
M

∑M
i=1 ℓ(fθi

(x), y) follows directly.

6.7.2 Experimental and Implementation Details

We describe details of the experiments shown in Section 6.5 and Appendix 6.7.3 and

include Algorithms 4 and 5 describing NES-RS and ForwardSelect, respectively.

Note that unless stated otherwise, all sampling over a discrete set is done uniformly

in the discussion below.

Algorithm 4: NES with Random Search
Input: Search space A; ensemble size M ; comp. budget K; Dtrain,Dval.

1 Sample K architectures α1, . . . , αK independently and uniformly from A.
2 Train each architecture αi using Dtrain, yielding a pool of networks
P = {fθ1,α1 , . . . , fθK ,αK

}.
3 Select base learners {fθ∗

1 ,α∗
1
, . . . , fθ∗

M
,α∗

M
} = ForwardSelect(P,Dval, M) by forward

step-wise selection without replacement.
4 return ensemble Ensemble(fθ∗

1 ,α∗
1
, . . . , fθ∗

M
,α∗

M
)
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Algorithm 5: ForwardSelect (forward step-wise selection without replace-
ment [Caruana et al., 2004])

Input: Pool of base learners P; ensemble size M ; Dval. Assume |P| ≥M .
1 Initialize an empty set of base learners E = {}.
2 while |E| < M do
3 Add fθ,α to E, where fθ,α ∈ arg minf∈P L(Ensemble(E ∪ {f}),Dval)
4 Remove fθ,α from P. ▷ without replacement
5 end
6 return E ▷ set of selected base learners

6.7.2.1 Architecture Search Spaces

DARTS search space. The first architecture search space we consider in our

experiments is the one from DARTS [Liu et al., 2019a]. We search for two types of

cells: normal cells, which preserve the spatial dimensions, and reduction cells, which

reduce the spatial dimensions. See Figure 6.11b for an illustration. The cells are

stacked in a macro architecture, where they are repeated and connected using skip

connections (shown in Figure 6.11a). Each cell is a directed acyclic graph, where

nodes represent feature maps in the computational graph and edges between them

correspond to operation choices (e.g. a convolution operation). The cell parses

inputs from the previous and previous-previous cells in its 2 input nodes. Afterwards

it contains 5 nodes: 4 intermediate nodes that aggregate the information coming

from 2 previous nodes in the cell and finally an output node that concatenates

the output of all intermediate nodes across the channel dimension. AmoebaNet

contains one more intermediate node, making that a deeper architecture. The set

of possible operations (eight in total in DARTS) that we use for each edge in the

cells is the same as DARTS, but we leave out the “zero” operation since that is not

necessary for non-differentiable approaches such as random search and evolution.

Specifically, this leaves us with the following set of seven operations: 3 × 3 and

5× 5 separable convolutions, 3× 3 and 5× 5 dilated separable convolutions, 3× 3

average pooling, 3 × 3 max pooling and identity. Randomly of architectures is

done by sampling the structure of the cell and the operations at each edge. The

total number of architectures contained in this space is ≈ 1018. We refer the reader

to Liu et al. [2019a] for more details.
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(a) Macro architecture.
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(b) Normal (left) and reduction (right) cells.

Figure 6.11: Illustration of the DARTS search space: (a) The macro architecture
is a stack of normal and reduction cells. Normal cells are repeated N times between
reduction cells (N = 2 in our experiments, i.e. 8 cells in total). (b) The cells for the
DARTS architecture are depicted as directed acyclic graphs. Briefly, cells are composed
of 2 input nodes (green), 4 intermediate nodes (blue) and one output node (red). Each
edge is an operation which is applied to the preceding node’s tensor and the output is
summed element-wise in the succeeding node (an intermediate node). The output node is
a concatenation of all intermediate nodes.

NAS-Bench-201 search space. NAS-Bench-201 [Dong and Yang, 2020] is a

tabular NAS benchmark, i.e. all architectures in the cell search space are trained

and evaluated beforehand so one can query their performance (and weights) from

a table quickly. Since this space is exhaustively evaluated, its size is also limited

to only normal cells containing 4 nodes in total (1 input, 2 intermediate and 1

output node) and 5 operation choices on every edge connecting two nodes. This

means that there are only 15,625 possible architecture configurations in this space.

The networks are constructed by stacking 5 cells with in-between fixed residual

blocks for reducing the spacial resolution. Each of them is trained for 200 epochs

3 times with 3 different seeds on 3 image classification datasets. For more details,

please refer to Dong and Yang [2020].
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6.7.2.2 Datasets

Fashion-MNIST [Xiao et al., 2017]. Fashion-MNIST consists of a training

set of 60k 28×28 grayscale images and a test set of 10k images. The number of

total labels is 10 classes. We split the 60k training set images to 50k used to train

the networks and 10k used only for validation.

CIFAR-10/100 [Krizhevsky et al., 2009]. CIFAR-10 and CIFAR-100 both

consist of 60k 32×32 colour images with 10 and 100 classes, respectively. We

use 10k of the 60k training images as the validation set. We use the 10k original

test set for final evaluation.

Tiny ImageNet [Le and Yang, 2015]. Tiny Imagenet has 200 classes and

each class has 500 training, 50 validation and 50 test colour images with 64×64

resolution. Since the original test labels are not available, we split the 10k validation

examples into 5k for testing and 5k for validation.

ImageNet-16-120 [Dong and Yang, 2020] This variant of the ImageNet-

16-120 [Chrabaszcz et al., 2017] contains 151.7k train, 3k validation and 3k test

ImageNet images downsampled to 16 × 16 and 120 classes.

Note that the test data points are only used for final evaluation. The data

points for validation are used by the NES algorithms and DeepEns + ES baselines

during ensemble selection and by DeepEns (RS) for picking the best architecture

from the pool to use in the deep ensemble. Note that when considering dataset

shift for CIFAR-10, CIFAR-100 and Tiny ImageNet, we also apply two disjoint

sets of “corruptions” (following the terminology used by Hendrycks and Dietterich

[2019]) to the validation and test sets. We never apply any corruption to the

training data. More specifically, out of the 19 different corruptions provided by

Hendrycks and Dietterich [2019], we randomly apply one from {Speckle Noise,

Gaussian Blur, Spatter, Saturate} to each data point in the validation set

and one from {Gaussian Noise, Shot Noise, Impulse Noise, Defocus Blur,



6. Neural Ensemble Search for Uncertainty Estimation and Dataset Shift 151

Glass Blur, Motion Blur, Zoom Blur, Snow, Frost, Fog, Brightness, Contrast,

Elastic Transform, Pixelate, JPEG compression} to each data point in the test

set. This choice of validation and test corruptions follows the recommendation

of Hendrycks and Dietterich [2019]. Also, as mentioned in Section 6.5, each

of these corruptions has 5 severity levels, which yields 5 corresponding severity

levels for Dshift
val and Dshift

test .

6.7.2.3 Training Routine & Time

The macro-architecture we use has 16 initial channels and 8 cells (6 normal

and 2 reduction) and was trained using a batch size of 100 for 100 epochs for

CIFAR-10/100 and 15 epochs for Fashion-MNIST. For Tiny ImageNet, we used

36 initial channels and a batch size of 128 for 100 epochs. Training a single

network took roughly 40 minutes and 3 GPU hours3 for CIFAR-10/100 and Tiny

ImageNet, respectively. The networks are optimized using SGD with momentum

set to 0.9. We used a learning rate of 0.025 for CIFAR-10/100 and Fashion-

MNIST, and 0.1 for Tiny ImageNet. Unlike DARTS, we do not use any data

augmentation procedure during training, nor any additional regularization such as

ScheduledDropPath [Zoph et al., 2018] or auxiliary heads, except for the case of Tiny

ImageNet, for which we used ScheduledDropPath, gradient clipping and standard

data augmentation as default in DARTS. All other hyperparameter settings are

exactly as in DARTS [Liu et al., 2019a].

All results containing error bars are averaged over multiple runs (at least five)

with error bars indicating a 95% confidence interval. We used a budget K = 400

for CIFAR-10/100 (corresponding to 267 GPU hours). For Tiny ImageNet on the

DARTS search space, unless otherwise stated, we used K = 200 (corresponding to

600 GPU hours). Note that only in Figure 6.7 and Table 6.30 we also tried NES

algorithms using a higher budget of K = 400 on Tiny ImageNet for an equal-cost

comparison with DeepEns + ES (RS). For ImageNet-16-120 on the NAS-Bench-201

search space, we used K = 1000 (compute costs are negligible since it is a tabular
3We used NVIDIA RTX 2080Ti GPUs for training.
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benchmark). Note that NES algorithms can be parallelized, especially NES-RS

which is embarrassingly parallel like deep ensembles, therefore training time can

be reduced easily when using multiple GPUs.

6.7.2.4 Implementation Details of NES-RE

Parallization. Running NES-RE on a single GPU requires evaluating hundreds

of networks sequentially, which is tedious. To circumvent this, we distribute the

“while |P| < K” loop in Algorithm 3 over multiple GPUs, called worker nodes.

We use the parallelism scheme provided by the hpbandster [Falkner et al., 2018]

codebase.4 In brief, the master node keeps track of the population and history

(lines 1, 4-6, 8 in Algorithm 3), and it distributes the training of the networks to

the individual worker nodes (lines 2, 7 in Algorithm 3). In our experiments, we

always use 20 worker nodes and evolve a population p of size P = 50 when working

over the DARTS search space. Over NAS-Bench-201, we used one worker since it is

a tabular NAS benchmark and hence is quick to evaluate on. During iterations of

evolution, we use an ensemble size of m = 10 to select parent candidates.

Mutations. We adapt the mutations used in RE to the DARTS search space.

As in RE, we first pick a normal or reduction cell at random to mutate and then

sample one of the following mutations:

• identity: no mutation is applied to the cell.

• op mutation: sample one edge in the cell and replace its operation with

another operation sampled from the list of operations described in Appendix

6.7.2.1.

• hidden state mutation: sample one intermediate node in the cell, then

sample one of its two incoming edges. Replace the input node of that edge

with another sampled node, without altering the edge’s operation.
4https://github.com/automl/HpBandSter

https://github.com/automl/HpBandSter
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For example, one possible mutation would be changing the operation on an

edge in the cell (as shown in e.g. Figure 6.16) from say 5× 5 separable convolution

to 3 × 3 max pooling. See Real et al. [2019] for further details and illustrations

of these mutations. Note that for NAS-Bench-201, following Dong and Yang

[2020] we only use op mutation.

Adaptation of NES-RE to dataset shifts. As described in Section 6.4.3, at

each iteration of evolution, the validation set used in line 4 of Algorithm 3 is sampled

uniformly between Dval and Dshift
val when dealing with dataset shift. In this case, we

use shift severity level 5 for Dshift
val . Once the evolution is complete and the pool P has

been formed, then for each severity level s ∈ {0, 1, . . . , 5}, we apply ForwardSelect

with Dshift
val of severity s to select an ensemble from P (line 9 in Algorithm 3), which

is then evaluated on Dshift
test of severity s. (Here s = 0 corresponds to no shift.) This

only applies to CIFAR-10, CIFAR-100 and Tiny ImageNet, as we do not consider

dataset shift for Fashion-MNIST and ImageNet-16-120 .

6.7.2.5 Implementation details of anchored ensembles.

Anchored ensembles [Pearce et al., 2020] are constructed by independently training

M base learners, each regularized towards a new initialization sample (called the

anchor point). Specifically, the k-th base learner fθk
is trained to minimize the

following loss (using the notation in Section 6.3.1):

1
N

N∑
i=1

ℓ(fθk
(xi), yi) + λ

N
∥Γ1/2(θk −

◦
θk)∥2

2

where ℓ(fθk
(xi), yi) = − log [fθk

(xi)]yi
is the cross-entropy loss for the i-th datapoint.

Moreover, the anchor point
◦
θk is an independently sampled initialization, and λ is

the regularization strength. Defining p to be the number of parameters, i.e. θ ∈ Rp,

and letting σ2
i be the variance of the initialization for the i-th parameter (θk)i,

Γ ∈ Rp×p is the diagonal matrix with Γii = 1/(2σ2
i ).

Although Pearce et al. [2020] do not include a tune-able regularization parameter

λ (they set λ = 1), we found anchored ensembles performed poorly without tuning

λ. For CIFAR-10/100, we used λ = 0.4 and for Tiny ImageNet, we used λ = 0.1



6. Neural Ensemble Search for Uncertainty Estimation and Dataset Shift 154

(tuned by grid search). We followed the recommendation of Pearce et al. [2020] in

using a different initialization for optimization than the anchor point
◦
θk. Moreover,

we turned off weight decay when training anchored ensembles, and we did not

apply the regularization to the trainable parameters in batch normalization layers

(which are initialized deterministically).

6.7.3 Additional Experiments

In this section we provide additional results for the experiments conducted in

Section 6.5. Note that, as with all results shown in Section 6.5, all evaluations

are made on test data unless stated otherwise.

6.7.3.1 Results on Fashion-MNIST

As shown in Figure 6.12, we see a similar trend on Fashion-MNIST as with other

datasets: NES ensembles outperform deep ensembles with NES-RE outperforming

NES-RS. To understand why NES algorithms outperform deep ensembles on Fashion-

MNIST [Xiao et al., 2017], we compare the average base learner loss (Figure 6.13)

and oracle ensemble loss (Figure 6.14) of NES-RS, NES-RE and DeepEns (RS).

Notice that, apart from the case when ensemble size M = 30, NES-RS and NES-

RE find ensembles with both stronger and more diverse base learners (smaller

losses in Figures 6.13 and 6.14, respectively). While it is expected that the oracle

ensemble loss is smaller for NES-RS and NES-RE compared to DeepEns (RS), it

initially appears surprising that DeepEns (RS) has a larger average base learner

loss considering that the architecture for the deep ensemble is chosen to minimize

the base learner loss. We found that this is due to the loss having a sensitive

dependence not only on the architecture but also the initialization of the base

learner networks. Therefore, re-training the best architecture by validation loss to

build the deep ensemble yields base learners with higher losses due to the use of

different random initializations. Fortunately, NES algorithms are not affected by

this, since they simply select the ensemble’s base learners from the pool without

having to re-train anything which allows them to exploit good architectures as
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Figure 6.12: Results on Fashion-MNIST with varying ensembles sizes M . Lines show
the mean NLL achieved by the ensembles with 95% confidence intervals.
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Figure 6.13: Average base learner loss for NES-RS, NES-RE and DeepEns (RS) on
Fashion-MNIST. Lines show the mean NLL and 95% confidence intervals.
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Figure 6.14: Oracle ensemble loss for NES-RS, NES-RE and DeepEns (RS) on Fashion-
MNIST. Lines show the mean NLL and 95% confidence intervals.

well as initializations. Note that, for CIFAR-10-C experiments, this was not the

case; base learner losses did not have as sensitive a dependence on the initialization

as they did on the architecture.

In Table 6.3, we compare the classification error and expected calibration error

(ECE) of NES algorithms with the deep ensembles baseline for various ensemble

sizes on Fashion-MNIST. Similar to the loss, NES algorithms also achieve smaller

errors, while ECE remains approximately the same for all methods.

6.7.3.2 Entropy on out-of-distribution inputs

To assess how well models respond to completely out-of-distribution (OOD) inputs

(inputs which do not belong to one of the classes the model can predict), we
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Table 6.3: Error and ECE of ensembles on Fashion-MNIST for different ensemble sizes
M . Best values and all values within 95% confidence interval are bold faced.

Classification Error (%) Expected Calibration Error (ECE)

M
NES-RS NES-RE DeepEns

(RS)
DeepEns
(DARTS)

DeepEns
(AmoebaNet)

NES-RS NES-RE DeepEns
(RS)

DeepEns
(DARTS)

DeepEns
(AmoebaNet)

3 7.4±0.1 7.2±0.1 7.6±0.1 7.7 7.7 0.007±0.001 0.007±0.002 0.008±0.001 0.003 0.008
5 7.3±0.1 7.1±0.2 7.5±0.1 7.7 7.4 0.005±0.001 0.005±0.001 0.006±0.001 0.005 0.005
10 7.3±0.1 7.0±0.1 7.5±0.1 7.6 7.3 0.004±0.001 0.005±0.001 0.005±0.001 0.006 0.005
30 7.3±0.1 7.0±0.1 7.4±0.1 7.5 7.3 0.004±0.001 0.004±0.002 0.004±0.001 0.008 0.004
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Figure 6.15: Entropy of predicted probabilities when trained on CIFAR-10 in the
DARTS search space.

investigate the entropy of the predicted probability distribution over the classes

when the input is OOD. Higher entropy of the predicted probabilities indicates

more uncertainty in the model’s output. For CIFAR-10 on the DARTS search

space, we compare the entropy of the predictions made by NES ensembles with

deep ensembles on two types of OOD inputs: images from the SVHN dataset and

Gaussian noise. In Figure 6.15, we notice that NES ensembles indicate higher

uncertainty when given inputs of Gaussian noise than deep ensembles but behave

similarly to deep ensembles for inputs from SVHN.

6.7.3.3 Additional Results on the DARTS search space

In this section, we provide additional experimental results on CIFAR-10, CIFAR-

100 and Tiny ImageNet on the DARTS search space, complementing the results

in Section 6.5 as shown in Figures 6.17-6.23. We also include examples of ar-

chitectures chosen by NES-RE in Figure 6.16 for Tiny ImageNet, showcasing

variation in architectures.
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Results on CIFAR for larger models. In additional to the results on CIFAR-

10 and CIFAR-100 on the DARTS search space using the settings described in

Appendix 6.7.2.3, we also train larger models (around 3M parameters) by scaling

up the number of stacks cells and initial channels in the network. We run NES

and other baselines similarly as done before and plot results in Figure 6.27 and

6.28 for NLL and classification test error with budget K = 90. As shown, NES

algorithms tend to outperform or be competitive with the baselines. Note, more

runs are needed including error bars for conclusive results in this case.
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Figure 6.16: Illustration of example cells found by NES-RE for an ensemble of size
M = 3 on Tiny ImageNet over the DARTS search space. In each sub-figure, left is the
normal cell and right is the reduction cell. Note that the first and third base learners
have the same reduction cell in this instance.
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Figure 6.17: NLL vs. ensemble sizes on CIFAR-10, CIFAR-100 and Tiny ImageNet
with varying dataset shifts [Hendrycks and Dietterich, 2019] over DARTS space.

10 20 30
Ensemble size (M)

0.09

0.10

0.10

0.11

0.11

0.12

En
se

m
bl

e 
Er

ro
r

CIFAR-10
DeepEns (RS)
DeepEns (AmoebaNet)
DeepEns (DARTS)
AnchoredEns (DARTS)
NES-RS
NES-RE

10 20 30
Ensemble size (M)

0.29

0.30

0.31

0.32

0.33

0.34

0.35

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.36

0.38

0.40

0.42

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(a) No data shift

10 20 30
Ensemble size (M)

0.16

0.17

0.18

0.19

En
se

m
bl

e 
Er

ro
r

CIFAR-10

10 20 30
Ensemble size (M)

0.38

0.40

0.42

0.44

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.42

0.44

0.46

0.48

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(b) Data shift (severity 1)

10 20 30
Ensemble size (M)

0.19

0.20

0.21

0.22

0.23

En
se

m
bl

e 
Er

ro
r

CIFAR-10

10 20 30
Ensemble size (M)

0.44

0.46

0.48

0.50

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.46

0.48

0.50

0.52

0.54

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(c) Data shift (severity 2)

10 20 30
Ensemble size (M)

0.23

0.24

0.25

0.26

0.27

0.28

0.29

En
se

m
bl

e 
Er

ro
r

CIFAR-10

10 20 30
Ensemble size (M)

0.48

0.50

0.52

0.54

0.56

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.52

0.54

0.56

0.58

0.60

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(d) Data shift (severity 3)

10 20 30
Ensemble size (M)

0.30

0.32

0.34

En
se

m
bl

e 
Er

ro
r

CIFAR-10

10 20 30
Ensemble size (M)

0.54

0.56

0.58

0.60

0.62

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.64

0.66

0.68

0.70

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(e) Data shift (severity 4)

10 20 30
Ensemble size (M)

0.38

0.40

0.42

0.44

En
se

m
bl

e 
Er

ro
r

CIFAR-10

10 20 30
Ensemble size (M)

0.60

0.62

0.64

0.66

0.68

0.70

En
se

m
bl

e 
Er

ro
r

CIFAR-100

5 10 15
Ensemble size (M)

0.70

0.71

0.72

0.73

0.74

0.75

En
se

m
bl

e 
Er

ro
r

Tiny ImageNet

(f) Data shift (severity 5)

Figure 6.18: Classification error rate (between 0-1) vs. ensemble size on DARTS search
space.
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Figure 6.19: Average base learner and oracle ensemble NLL across ensemble sizes and
shift severities on CIFAR-10 over DARTS search space.
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Figure 6.20: Average base learner and oracle ensemble NLL across ensemble sizes and
shift severities on CIFAR-100 over DARTS search space.
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Figure 6.21: Average base learner and oracle ensemble NLL across ensemble sizes and
shift severities on Tiny ImageNet over DARTS search space.
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Figure 6.22: Ensemble NLL vs. budget K. Ensemble size fixed at M = 10.
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Figure 6.23: Ensemble error vs. budget K. Ensemble size fixed at M = 10.
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Figure 6.24: NES and deep ensembles performance on the NAS-Bench-201 search space
and CIFAR-10 dataset. Plots show ensemble NLL, average baselearner NLL and oracle
ensemble NLL vs. budget K. Ensemble size fixed at M = 3.
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Figure 6.25: CIFAR-100 analogous to Figure 6.24.
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Figure 6.26: Ensemble error vs. budget K on the NAS-Bench-201 space (CIFAR-10
and CIFAR-100). Ensemble size fixed at M = 3.
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Figure 6.27: High fidelity NLL vs. budget K on CIFAR-10 and CIFAR-100 with and
without respective dataset shifts over the DARTS search space. Ensemble size is fixed at
M = 10.
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Figure 6.28: High fidelity classification error vs. budget K on CIFAR-10 and CIFAR-100
with and without respective dataset shifts over the DARTS search space. Ensemble size
is fixed at M = 10.



6. Neural Ensemble Search for Uncertainty Estimation and Dataset Shift 164

0.30

0.31

0.32

0.33

0.34

NL
L 

(n
o 

sh
ift

)

M = 5

0.29

0.30

0.31

0.32

0.33

M = 10

0.28

0.29

0.30

0.31

0.32

M = 30

DeepEns (AmoebaNet)
DeepEns (DARTS)
DeepEns (RS)
NES-RE
NES-RE-0
NES-RS

0.52

0.54

0.56

0.58

0.60

0.62

NL
L 

(s
ev

er
ity

 =
 1

)

0.50

0.52

0.54

0.56

0.48

0.50

0.52

0.54

0.56

0.60

0.65

0.70

0.75

NL
L 

(s
ev

er
ity

 =
 2

)

0.58

0.60

0.62

0.64

0.66

0.68

0.56

0.58

0.60

0.62

0.64

0.75

0.80

0.85

0.90

0.95

NL
L 

(s
ev

er
ity

 =
 3

)

0.70

0.75

0.80

0.85

0.70

0.75

0.80

1.0

1.1

1.2

1.3

NL
L 

(s
ev

er
ity

 =
 4

)

0.90

0.95

1.00

1.05

1.10

1.15

0.90

0.95

1.00

1.05

100 200 300 400
Number of networks evaluated

1.4

1.6

1.8

NL
L 

(s
ev

er
ity

 =
 5

)

100 200 300 400
Number of networks evaluated

1.3

1.4

1.5

1.6

100 200 300 400
Number of networks evaluated

1.3

1.4

1.5

Figure 6.29: Results on CIFAR-10 [Hendrycks and Dietterich, 2019] with varying
ensembles sizes M and shift severity. Lines show the mean NLL achieved by the ensembles
with 95% confidence intervals. See Appendix 6.7.3.3 for the definition of NES-RE-0.
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6.7.3.4 Additional Results on the NAS-Bench-201 search space

In this section, we provide additional experimental results on CIFAR-10, CIFAR-

100 and ImageNet-16-120 on the NAS-Bench-201 search space, complementing the

results in Section 6.5 as shown in Figures 6.24-6.26.

6.7.3.5 Ablation study: NES-RE optimizing only on Dval

We also include a variant of NES-RE, called NES-RE-0, in Figure 6.29. NES-RE and

NES-RE-0 are the same, except that NES-RE-0 uses the validation set Dval without

any shift during iterations of evolution, as in line 4 of Algorithm 3. Following the

discussion in Appendix 6.7.2.4, recall that this is unlike NES-RE, where we sample

the validation set to be either Dval or Dshift
val at each iteration of evolution. Therefore,

NES-RE-0 evolves the population without taking into account dataset shift, with

Dshift
val only being used for the post-hoc ensemble selection step in line 9 of Algorithm 3.

As shown in the Figure 6.29, NES-RE-0 shows a minor improvement over NES-

RE in terms of loss for ensemble size M = 30 in the absence of dataset shift. This

is in line with expectations, because evolution in NES-RE-0 focuses on finding

base learners which form strong ensembles for in-distribution data. On the other

hand, when there is dataset shift, the performance of NES-RE-0 ensembles degrades,

yielding higher loss and error than both NES-RS and NES-RE. Nonetheless, NES-

RE-0 still manages to outperform the DeepEns baselines consistently. We draw

two conclusions on the basis of these results: (1) NES-RE-0 can be a competitive

option in the absence of dataset shift. (2) Sampling the validation set, as done

in NES-RE, to be Dval or Dshift
val in line 4 of Algorithm 3 plays an important role

is returning a final pool P of base learners from which ForwardSelect can select

ensembles robust to dataset shift.

6.7.3.6 What if deep ensembles use ensemble selection over initial-
izations?

We provide additional experimental results in this section for comparing NES to

deep ensembles with ensemble selection building on those shown in Figure 6.7 in

Section 6.5. The table in Figure 6.30-right compares the methods with respect to
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Tiny ImageNet

Method
No dataset shift Dataset shift: severity 5

NLL Error (%) NLL Error (%)

DeepEns (DARTS) 1.59 39.08 3.75 71.58
DeepEns + ES (DARTS) 1.57 38.68 3.68 70.90
DeepEns (AmoebaNet) 1.55 38.46 3.76 71.72
DeepEns + ES (AmoebaNet) 1.54 38.12 3.70 71.68
DeepEns (RS) 1.51±0.00 37.46±0.27 3.60±0.03 70.48±0.38

DeepEns + ES (RS) 1.50 36.98 3.55 70.10
NES-RS (K = 200) 1.51±0.01 37.42±0.21 3.53±0.01 69.93±0.23

NES-RS (K = 400) 1.48±0.01 37.45±0.25 3.51±0.01 70.15±0.34

NES-RE (K = 200) 1.48±0.01 36.98±0.57 3.55±0.02 70.22±0.13

NES-RE (K = 400) 1.44±0.02 36.55±0.17 3.54±0.02 69.98±0.24

Figure 6.30: Comparison of NES to deep ensembles with ensemble selection over
initializations over the DARTS search space. Left: NLL vs ensemble size on CIFAR-10
(similar to ablation in Figure 6.7). Right: Test NLL and classification error NES vs.
deep ensembles on Tiny ImageNet with ensemble size M = 10.

classification error as well as loss at different dataset shift severities. In the absence

of any dataset shift, we find that NES-RE outperforms all baselines with respect

to both metrics, specially at the higher budget of K = 400 and NES-RS performs

competitively. At shift severity 5, NES algorithms also outperform the baselines,

with NES-RS performing slightly better than NES-RE. The plot in Figure 6.30-left

shows similar results on CIFAR-10 over the DARTS search space for the same

experiment as the one conducted on Tiny ImageNet and shown in Figure 6.7.

6.7.3.7 Comparing NES to ensembles with other varying hyperparam-
eters

Since varying the architecture in an ensemble improves predictive performance

and uncertainty estimation as demonstrated in Section 6.5, it is natural to ask

what other hyperparameters should be varied in an ensemble. It is also unclear

which hyperparameters might be more important than others. Note that concurrent

work by Wenzel et al. [2020] has shown that varying hyperparameters such as L2

regularization strength, dropout rate and label smoothing parameter also improves

upon deep ensembles. While these questions lie outside the scope of our work and

are left for future work, we conduct preliminary experiments to address them.

In this section, we consider two additional baselines working over the DARTS

search space on CIFAR-10/100:
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Figure 6.31: Plots show NLL vs. ensemble sizes comparing NES to the baselines
introduced in Appendix 6.7.3.7 on CIFAR-10 and CIFAR-100 with and without respective
dataset shifts [Hendrycks and Dietterich, 2019].

1. HyperEns: Optimize a fixed architecture, train K random initializations

of it where the learning rate and L2 regularization strength are also sam-

pled randomly and select the final ensemble of size M from the pool using

ForwardSelect. This is similar to hyper ens from Wenzel et al. [2020].

2. NES-RS (depth, width): As described in Appendix 6.7.2.1, NES navigates

a complex (non-Euclidean) search space of architectures by varying the cell,

which involves changing both the DAG structure of the cell and the operations

at each edge of the DAG. We consider a baseline in which we keep the cell

fixed (the optimized DARTS cell) and only vary the width and depth of the

overall architecture. More specifically, we vary the number of initial channels

∈ {12, 14, 16, 18, 20} (width) and the number of layers ∈ {5, 8, 11} (depth).

We apply NES-RS over this substantially simpler search space of architectures

as usual: train K randomly sampled architectures (i.e. sampling only depth

and width) to form a pool and select the ensemble from it.

The results shown in Figures 6.31 and Table 6.32b compare the two baselines
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(a) Average base learner loss and oracle ensemble loss for NES and the baselines introduced in
Appendix 6.7.3.7 on CIFAR-10 and CIFAR-100. Recall that small oracle ensemble loss generally
corresponds to higher diversity.

Dataset
Shift

Severity
DARTS search space

DeepEns
(DARTS)

HyperEns NES-RS
(depth, width)

NES-RS NES-RE

C10
0 8.2 8.1 8.0 8.0 7.7
3 25.9 25.0 24.1 22.5 21.5
5 43.3 40.8 42.1 38.1 34.9

C100
0 28.8 28.1 28.8 28.4 28.4
3 54.0 52.7 53.1 48.9 48.5
5 68.4 67.2 67.9 61.3 60.7

(b) Classification errors comparing NES to the baselines introduced in Appendix 6.7.3.7 for
different shift severities and M = 10. Best values are bold faced.

Figure 6.32: See Appendix 6.7.3.7 for details.

above to DeepEns (DARTS), NES-RS and NES-RE.5 As shown in Figure 6.31,

NES-RE tends to outperform the baselines, though is at par with HyperEns on

CIFAR-100 without dataset shift (Figure 6.31a). Under the presence of dataset

shift (Figures 6.31b and 6.31c), both NES algorithms substantially outperform

all baselines. Note that both HyperEns and NES-RS (depth, width) follow the

same protocol as NES-RS and NES-RE: ensemble selection uses a shifted validation

dataset when evaluating on a shifted test dataset. In terms of classification error,

the observations are similar as shown in Table 6.32b. Lastly, we view the diversity
5Note that runs of DeepEns (DARTS), NES-RE and NES-RS differ slightly in this section

relative to Section 6.5, as we tune the learning rate and L2 regularization strength for each
dataset instead of using the defaults used in Liu et al. [2019a]. This yields a fair comparison:
HyperEns varies the learning rate and L2 regularization while using a fixed, optimized architecture
(DARTS), whereas NES varies the architecture while using fixed, optimized learning rate and L2
regularization strength.
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(a) Ensemble loss over the validation and test datasets over time (i.e. with increasing budget
K). These curves being similar indicates no overfitting to the validation dataset during ensemble
selection.
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(b) Test performance of NES algorithms with varying validation data sizes. Each curve corresponds
to one particular dataset shift severity (0-5 with 0 being no shift), with more transparent curves
corresponding to higher shift severities. The loss stays relatively constant even with 10× fewer
validation data samples, indicating NES is not very sensitive to validation dataset size.

Figure 6.33: See Appendix 6.7.3.8 for details.

of the ensembles from the perspective of oracle ensemble loss in Figure 6.32a. As in

Section 6.5, results here also suggest that NES agorithms tend to find more diverse

ensembles despite having higher average base learner loss.

6.7.3.8 Sensitivity to the size of the validation dataset Dval and over-
fitting during ensemble selection

In this section, we consider how sensitive the performance of NES is to changes

in the size of the validation dataset Dval, and we discuss why overfitting to Dval

is not a concern in our experiments. Recall that Dval is used by NES algorithms
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Figure 6.34: Re-training the selection architectures on Dtrain +Dval.

during ensemble selection from the pool of base learners as outlined in Algorithm

5, and we use Dval or Dshift
val depending on whether dataset shift is expected at test

time as described in Section 6.4.3. Over the DARTS search space for CIFAR-100

and Tiny ImageNet, we measure the test loss of NES as a function of different

validation dataset sizes. Specifically, we measure test loss of the ensembles selected

using validation datasets of different sizes (with as few as 10 validation samples).

Figure 6.33b shows this for different levels of dataset shift severity. The results

indicate that NES is insensitive to the validation set size, achieving almost the

same loss when using 10× fewer validation data.

NES also did not overfit to the validation data in our experiments. This can be

seen in Figure 6.33a for CIFAR-100 over the DARTS search space, which shows

that both the test and validation losses decrease over time (i.e. as the pool size

K increases). This finding is consistent across datasets and search spaces in our

experiments. We also remark that overfitting is unexpected, because ensemble

selection “fits a small number of parameters” since it only selects which base

learners are added to the ensemble.

6.7.3.9 Re-training the selected architectures on Dtrain + Dval

In practice, one might choose to re-trained the selected architectures from NES

on the Dtrain +Dval to make maximal use of the data available. We re-trained the
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Figure 6.35: See Appendix 6.7.3.10 for details.

ensembles constructed by NES and the best performing deep ensemble baseline,

DeepEns (DARTS), on Dtrain + Dval, finding that both ensembles improve since

the base learners improve due to more training data (see Figure 6.34). Note that,

as shown in Appendix 6.7.3.8, the performance of ensemble selection (which uses

Dval) is relatively insensitive to the size of Dval. Therefore, one way to bypass the

additional cost of having to re-train the ensembles on Dtrain + Dval is to simply

pick a very small Dval, such that the performance of the models when trained on

Dtrain + Dval is approximately the same as when trained on Dtrain.

6.7.3.10 Averaging logits vs. averaging probabilities in an ensemble

In Figure 6.35, we explore whether ensembles should be constructed by averaging

probabilities (i.e. post-softmax) as done in our work or by averaging the logits (i.e.

pre-softmax). We find that while classification error of the resulting ensembles is

similar, ensembles with averaged probabilities perform notably better in terms of

uncertainty estimation (NLL) and are better calibrated as well (ECE).

6.7.3.11 Comparison of ensemble selection algorithms

In Figure 6.8a, we compare the performance of NES for different choices of the

ensemble selection algorithm (ESA) used in stage 2 (ensemble selection from pool).

In addition to our default ForwardSelect without replacement, we experiment

with the following seven choices:

• TopM: selects the top M (ensemble size) models by validation performance.
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• QuickAndGreedy: Starting with the best network by validation performance,

add the next best network to the ensemble only if it improves validation

performance, iterating until the ensemble size is M or all models have been

considered (returning an ensemble of size at most M).

• ForwardSelect with replacement: ForwardSelect but with replacement which

allows repetitions of base learners.

• Stacking (Weighted): Linearly combines all base learners in the pool with

learned stacking weights (which are positive and sum to 1). Then keeps only

the base learners with the M largest stacking weights and weights them using

the renormalized learned stacking weights.

• Stacking (Unweighted): Linearly combines all base learners in the pool with

learned stacking weights (which are positive and sum to 1). Then keeps only

the base learners with the M largest stacking weights and combines them by

a simple, unweighted average.

• ForwardSelect with Bayesian model averaging by likelihood: Selects the base

learners in the ensemble using ForwardSelect and then takes an average

weighted by the (normalized) validation likelihoods of the base learners.

• ForwardSelect with Bayesian model averaging by accuracy: Selects the base

learners in the ensemble using ForwardSelect and then takes an average

weighted by the (normalized) validation accuracies of the base learners.

In Figure 6.36 we provide additional results including the one in Figure 6.8a.

From the plots we can observe that:

• ForwardSelect performs better than or at par with all ESAs considered here.

• Stacking tends to perform competitively but still worse than ForwardSelect,

and whether weighted averaging is used or not has a very minor impact on

performance, since the learned weights tend to be close to uniform.
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Figure 6.36: ForwardSelect compared to other ensemble selection algorithms. Experi-
ments were conducted on CIFAR-10 over the DARTS search space. See Appendix 6.7.3.11
for details.

• Bayesian model averaging (BMA) also has a very minor impact (almost

invisible in the plots in Figure 6.36b), because the likelihoods and accuracies

of individual base learners are very similar (a consequence of multi-modal

loss landscapes in neural networks with different models achieving similar

losses) hence the BMA weights are close to uniform. The NLL achieved by

the BMA ensemble only differed at the 4th or 5th decimal places compared

to unweighted ensembles with the same base learners.

Lastly, we assess the impact of explicitly regularizing for diversity during ensemble

selection as follows: we use ForwardSelect as before but instead use it to minimize

the objective “validation loss - diversity strength × diversity” where diversity is

defined as the average (across base learners and data points) L2 distance between

a base learner’s predicted class probabilities and the ensemble’s predicted class
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Figure 6.37: Ensemble selection with explicit diversity regularization. Experiments were
conducted on CIFAR-10 over the DARTS search space.

Figure 6.38: Comparison of NES-RS-WS and NES-RS-DARTS with the other baselines
and NES-RS and NES-RE. The plots show the NLL vs. ensemble sizes on CIFAR-10
with and without dataset shifts over the DARTS search space. Mean NLL shown with 95
confidence intervals.

probabilities. The plots below show the results for different choices of the “diversity

strength” hyperparameter. In summary, if appropriately tuned, ForwardSelect

with diversity performs slightly better than usual ForwardSelect for NES-RS,

though for NES-RE, the diversity term seems to harm performance as shown

in Figure 6.37-right.

6.7.3.12 Generating the architecture pool using weight-sharing NAS
algorithms

In order to accelerate the NES search phase, we generated the pool using the weight

sharing schemes proposed by Random Search with Weight Sharing [Li and Talwalkar,
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2019] and DARTS [Liu et al., 2019a]. Specifically, we trained one-shot weight-sharing

models using each of these two algorithms, then we sampled architectures from

the weight-shared models uniformly at random to build the pool. Next, we ran

ForwardSelect as usual to select ensembles from these pools. Finally, we retrained

the selected base learners from scratch using the same training pipeline as NES

and the deep ensemble baselines. In Figure 6.38, we refer to the results of these

methods as NES-RS-WS and NES-RS-DARTS, respectively. As we can see, their

performance is worse than NES-RS and NES-RE, even though the computation

cost is reduced significantly. This is likely due to the low correlation between the

performance of the architectures when evaluated using the shared weights and the

performance when re-trained in isolation. Prior work has shown this is caused

by weight interference and co-adaptation which occurs during the weight-sharing

model training [Yu et al., 2020, Zela et al., 2020]. Nonetheless, we believe this is a

promising avenue for future research requiring more development, as it substantially

reduces the cost of exploring the search space.
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7
Conclusion

The recent rapid ascent of deep learning has led to neural networks powering a large

and diverse range of systems in society today. Given that some of these systems

are being likened to prototypes of artificial general intelligence, it is likely that

neural networks will continue to become increasingly integrated with society. The

utility of such systems is a function of models’ abilities to generalize well, safely

and robustly to unseen data, while also reliably indicating their uncertainty. This

thesis contends that, methodologically, these properties are intrinsically shaped by

a neural network’s architecture and training procedure. Indeed, as we argued in

Chapter 2, the architecture and its training procedure directly determine the model

and its properties, given a fixed training dataset. We illustrated this proposition in

four works aimed at understanding and improving generalization in neural networks,

each examining the effect of a given aspect of a neural network’s architecture or

training procedure on generalization.

We began by considering the successful paradigm of pre-training in the context

of molecular property prediction in Chapter 3. We argued that molecular property

prediction from 3D structures is a key task where none of the best models before

our work relied on pre-training, which is in strong contrast with the vision and

language domains. We then devised a simple pre-training objective based on

denoising unlabelled structures, which was shown to be theoretically linked to

learning atomic forces via the framework of score-based modelling. The effectiveness
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of our approach was demonstrated through improved generalization of models

across various benchmarks, in some cases outperforming the state-of-the-art due

to pre-training. One implication of this result is that denoising leads to learned

representations that improve generalization on downstream tasks. For future

work, this naturally raises the question of how representations learned by other

applications of denoising, e.g. for diffusion models for image generation, can be

further utilized downstream.

Next, in Chapter 4, we studied an optimization technique for training neural

networks based on the counter-intuitive concept of re-initializing model parameters

periodically. The learning dynamics induced by stochastic gradient descent algo-

rithms are widely considered to play a crucial role in the generalization properties of

models but are little understood. Our analysis was aimed at empirically uncovering

the settings where re-initialization improves generalization. We explored the

interplay between the use of re-initialization and other regularization techniques

and discovered a surprising dependence of the effectiveness of re-initialization on

the amount of label noise in the data distribution. Our work thus highlights how

the interesting interaction between optimization and generalization in deep learning

can be further complicated by the training data distribution.

In Chapter 5, we shifted our focus to architectures, in particular, studying

equivariant architectures for application to tasks that have known symmetries.

The principal example of such a task is modelling physical systems or molecules

whose coordinate systems are arbitrary. Incorporating these symmetries into the

neural network architecture makes generalization easier, and the resulting models

become provably robust to the symmetries. We proposed a new architecture

called LieTransformer which is an equivariant version of the prolific transformer

architecture. We demonstrated its strong performance for modelling physical

systems, point cloud classification and molecular property prediction. This work

affirms the sensitive dependence of model generalization on architectural choices,

particularly when they relate to inductive biases present in the data.
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Continuing the study of architectures in Chapter 6, we considered generalization

and predictive uncertainty estimation under distribution shifts, which is important

for the safe and reliable deployment of models in the real world. Ensembles of

neural networks are one of the dominant approaches for improving robustness to

distribution shifts by exploiting the diversity amongst the ensemble’s base learners.

We proposed algorithms for constructing ensembles with varying architectures and

showed that even small variations in the architectures lead to diversity in function

space that yields ensembles that generalize more gracefully under distribution shifts.

Our findings point once again to the impact of the architecture on the generalization

of the resulting model. In particular, one key observation is that even when different

architectures achieve similar test losses, the mistakes they make can differ. This has

implications not just for ensembles but also sparse models such as mixture-of-experts

that are extensively used for scaling language models.

Consistently in this thesis, we have seen how sometimes seemingly small details

related to the architecture and training of a neural network have an outsized impact

on the performance of the resulting model. Moreover, the space of possible choices

that feed into designing and training these models is enormous, and a rigorous,

theoretical understanding of the effects of these choices is currently limited at best,

all the while that these models are becoming increasingly more capable and useful

for society. This is what makes deep learning—and the careful investigation of

how and why these details matter—exciting.
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