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Abstract
The causal set action of dimension d is investigated for causal sets that
are Poisson sprinklings into manifolds that are regions of d-dimensional
Minkowski space. Evidence, both analytic and numerical, is provided for the
conjecture that as the discreteness length l tends to zero, the mean of the causal
set action over Poisson sprinklings into a manifold with a timelike boundary,
is dominated by a term proportional to the volume of the timelike boundary
and diverges like l−1. A novel conjecture for the contribution to the causal set
action from co-dimension two corners, also known as joints, is proposed and
justified.
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1. Introduction

In the causal set approach to quantum gravity, a major direction in constructing a quantum
dynamics for causal sets is what might be called state sum models in which the heuristic of the
continuum gravitational path integral over manifolds and geometries,

Z(V) =
∑
M∈M

ˆ
g∈G

[dg]eiS(g)/ℏ , (1)

is interpreted as being fundamentally a path sum, Z, given by:

Z(n) =
∑
C∈Ωn

eiS(C)/ℏ (2)

where Ωn is some collection of (order isomorphism classes of) causal sets of cardinality n [1,
2]. The model is defined by Ωn and by the action S(C) and there may be a symmetry factor
such as 1/|Aut(C)| where Aut(C) is the group of automorphisms of C5.

The best studied candidates for the action of a causal set are the members of the Benincasa–
Dowker–Glaser (BDG) family of actions [6–9]. These causal set actions and their smeared
versions will be defined in the next section. The discreteness of causal sets not only means that
the gravitational path integral becomes a path sum but, when the sum is restricted to causal
sets of a fixed cardinality as above, the sum is actually finite and concerns about mathematical
existence and convergence of the path integral are alleviated. This finiteness is one of the
original motivations for causal set theory [10].

In order to recover physics as we currently understand it, the path sumwould have to exhibit
a continuum regime in which some version of general relativity (GR) emerges. A necessary
condition for this to happen is that the non-manifoldlike causal sets—i.e. causal sets that are
not approximated by any continuum Lorentzian spacetime—should be suppressed in the sum
over causal sets. There is mounting evidence that the BDG action can do the job of suppressing
certain classes of non-manifoldlike causal sets in the sum. One important such class of non-
manifoldlike causal sets is the Kleitman–Rothschild (KR) orders. These causal sets only have
3 layers, representing universes that, roughly speaking, last only 3 Planck times and so are
clearly non-manifoldlike. However, the KR orders are the most numerous causal sets: the ratio
between the number of KR orders of cardinality n and the number of causal sets of cardinality
n tends to 1 as n tends to infinity [11, 12]. However, this entropic catastrophe is averted for the
KR orders which are shown to be strongly suppressed in the path sum by the BDG action [13]
and further work extends this to other actions and other classes of non-manifoldlike causal sets
[14–16].

A second necessary condition for GR to be recovered from the path sum is that causal sets
that are well-approximated by continuum Lorentzian spacetimes that are not ‘GR solutions’
should be suppressed in the sum, relative to those that are approximated by GR solutions.
This condition has at least two different aspects. One aspect is the suppression of causal sets
corresponding to non-solutions of the Einstein equations relative to solutions of the Einstein
equations6, which include matter in cases where it is present. For this reason the action of

5 Another direction in the quest for a quantum dynamics for causal sets is to generalise the classical sequential growth
models of Rideout and Sorkin [3] and to construct the decoherence functional or double path integral of a quantum
measure theory for a growing causal set [4, 5].
6 By solution of the Einstein equations we mean a metric and matter configuration that together extremize the total
action which is the sum of the Einstein–Hilbert (EH) action for the metric and the action for the matter in the theory.
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a manifoldlike causal set should approximate the EH action so that the usual Feynmannian
stationary phase argument may be invoked [17]:

‘Suppose that for all paths, S is very large compared to ℏ. One path contributes
a certain amplitude. For a nearby path, the phase is quite different, because with
an enormous S even a small change in S means a completely different phase—
because ℏ is so tiny. So nearby paths will normally cancel their effects out in
taking the sum—except for one region, and that is when a path and a nearby
path all give the same phase in the first approximation (more precisely, the same
action within ℏ). Only those paths will be the important ones.’

The second aspect is the related question of what extra conditions, in addition to being a
solution of the Einstein equations, a Lorentzian geometry should satisfy to be considered a
‘GR solution’.

For example, a broad class of possible ‘extra conditions’ are the various causality conditions
on spacetime such as strong causality or global hyperbolicity. We expect that quantum gravity
when we have it will tell us what the physical axioms of GR actually are. Quantum gravity may
rule out certain classes of spacetimes even though they are, formally, solutions of the Einstein
equations. An immediate example of this is the ruling out of spacetimes with closed timelike
curves (CTCs) from causal set quantum gravity: a Lorentzian geometry with CTCs cannot
approximate any causal set and so cannot emerge as a prediction from a sum-over-causal-sets.

In this work we investigate properties of the BDG causal set action with an eye to the
question of which solutions of the vacuum Einstein equations may be favoured over which
other solutions of the vacuum Einstein equations by a causal set sum-over-histories. We
consider only finite volume flat spacetimes and so they are all, formally, solutions of the
vacuum Einstein equations but they will differ in their shapes, causal properties and boundary
properties.

The paper is structured as follows: section 2 covers the foundations of causal set theory,
including the BDG action and the conjectures surrounding this action, along with the analytic
and computational techniques used in this paper to calculate the action. In section 3, we present
analytic results for the mean causal set action for manifolds with timelike boundaries in 1+1
dimensions. This is extended in section 4 for manifolds with timelike boundaries in arbitrary
dimensions analytically. In section 5, the mean action for manifolds with timelike boundaries
is found computationally. We then move onto another class of manifolds in section 6, those
with holes, using both analytic and computational techniques, resulting in a new conjecture.
Finally, section 7 presents analytic results for the mean causal set action of manifolds with
spacelike corners, known as joints, using which we modify a conjecture.

2. The causal set action

2.1. The discrete-continuum correspondence for causal sets

A causal set (C,≺) is well-approximated by a d-dimensional Lorentzian manifold (M, g) at
length scale l if there is a faithful embedding of (C,≺) in (M, g) at density ρ= l−d[10]. For
more details about this criterion see [10] and section 3.2 of [18]. In the causal set literature
it is widely assumed that a causal set (C,≺) is faithfully embeddable in Lorentzian manifold
(M, g) if and only if (C,≺) is a typical outcome of a Poisson point process in (M, g) of density
ρ= l−1 [10]. This process is known as sprinkling and an outcome of the process is referred to
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as a sprinkling or as a sprinkled causal set 7. For the purposes of this paper we will follow the
literature that assumes manifoldlikeness for a causal set is equivalent to the causal set being a
typical Poisson sprinkling8.

There is growing evidence that the discrete-continuum correspondence described above
works, namely that a typical sprinkled causal set is indeed rich enough to encode all the geo-
metric information of the Lorentzian geometry on scales large compared to the discreteness
scale set by the density. Much of the evidence is of the following form. Let G(M,g) be a
geometric or topological property of the Lorentzian manifold (M, g) for which we are able,
somehow or other, to glean a causal set analogue G(C,≺) which is a function of a causal set
(any causal set) (C,≺). By Poisson sprinkling the manifold at density ρ and evaluating G on
the random sprinkled causal set, G becomes a random variable G(M,g,ρ) depending on the
Lorentzian geometry and the density. If a typical value of G is close to the continuum geomet-
ric quantity G then a typical sprinkled causal set indeed encodes that geometric quantity.

Therefore, with a proposed causal set geometric property G in hand, one first computes
the mean, ⟨G⟩ of G in the sprinkling process in the limit as ρ the sprinkling density tends to
infinity. If this gives the correct continuum quantity G(M) then we are in business and the next
task becomes one of working out i) the finite ρ correction to the limiting value to show it is
small for large enough ρ and ii) the fluctuations around the mean to show they are small so that
the value of G for a typical sprinkling at Planckian density is close to the continuum value.

There is a growing list of proposals for causal set analogues of continuum geometric
quantities [20, 21]. Some proposals are only verified to work in regions of Minkowski space
and some are verified to have the correct mean over sprinklings but yet lack a proper investig-
ation of the fluctuations around the mean.

2.2. The BDG action

The Ricci scalar curvature is a geometric quantity with a causal set analogue and summing
the scalar curvature analogue over the whole causal set gives the BDG 1-parameter family of
actions for a causal set C [6–9]:

1
ℏ
S(d) (C) =−αd

(
l
lp

)d−2
(
N+

βd

αd

nd∑
i=1

C(d)
i Ni

)
, (3)

where lp := (8πGℏ)1/d−2 is the Planck length in d dimensions, αd, βd and C(d)
i are known,

dimension dependent constants of order one and nd = ⌊d/2⌋+ 2. For fixed d, theC(d)
i constants

alternate in signwith i. The values of these constants are given in [9]. l is the fundamental length
in the theory and it is expected to be of order the Planck length so that the factor (l/lp)d−2 in the
action is a dimensionless constant of order 1.N is the cardinality of the causal set C andN i is the
number of pairs of elements a, b such that |[a,b]|= i− 1, where [a,b] = {c ∈ C|a≺ c≺ b},
in other words, Ni is the number of exclusive order intervals of cardinality i− 1 [22]. It is
important to notice that Ni is a “bilocal” quantity: we can write it explicitly in the form

Ni =
∑
x∈C

∑
y∈C

χ(x,y) (4)

7 Strictly, the outcome of the sprinkling process is a causal set (C,≺) together with its embedding in (M, g). If should
be clear in context whether ‘sprinkled causal set’ refers to the causal set only or refers to the set and its embedding.
8 For discussion about the relationship between faithful embedding and Poisson sprinkling see [19].
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where χ(x,y) is a characteristic function depending on 2 elements of the causal set,

χ(x,y) =

{
1, | [x,y] |= i− 1

0, else.
(5)

This bilocal nature of the causal set action implies that, for subcausets A and B in a causal set C
we have S(d)(A∪B) ̸= S(d)(A)+ S(d)(B)− S(d)(A∩B) because of bilocal contributions from
order intervals that begin in one subcauset and end in the other. For subcausets A and B of a
causal set C, we can define a more general ‘bi-action’ [7]:

1
ℏ
S(d) (C;A,B) =−αd

(
l
lp

)d−2
(
N [A,B] +

βd

αd

nd∑
i=1

C(d)
i Ni [A,B]

)
, (6)

whereN[A,B] = |A∩B|, andNi[A,B] is the number of pairs of elements a, b such that a ∈ A and
b ∈ B and |[b,a]|= i− 1. In other words Ni[A,B] is the number of order intervals of cardinality
i− 1 such that the minimal element is in B and the maximal element is in A. We note that
S(C;C,C) = S(C).

The explicit forms of equation (3) for d= 2,3,4 are listed in appendix A.

2.3. Mean of the action

Henceforth, for brevity we will refer to a Lorentzian manifold (M, g) just asM and a causal set
(C,≺) as C and will consider only sprinkled causal sets. We will assume thatM is of dimension
d that matches the action we calculate.

As described above, evaluating the d-action (3) of a causal set sprinkled in a manifoldM of
dimension d and finite volume V turns N, Ni and the action S itself into random variables, N,
Ni and S(d) that each depend onM and on the density of sprinkling ρ. For example ⟨N⟩= ρV.
We will refer to S(d) as the random action ofM and taking the mean of the random action over
sprinklings gives [22]

1
ℏ ⟨S

(d)
ρ (M)⟩=−αd

(
l
lp

)d−2
(
⟨N(d)

ρ (M)⟩+ βd

αd

nd∑
i=1

C(d)
i ⟨N(d)

i,ρ (M)⟩

)

=−αd

(
l
lp

)d−2
(
ρV+

βd

αd

nd∑
i=1

C(d)
i ρ2

ˆ
M
dVx

ˆ
M∩J+(x)

dVy
(ρVxy)

i−1 e−ρVxy

(i− 1)!

) (7)

where Vxy is the volume of the causal interval between points x and y. dVx = ddx
√

−g(x)
and likewise for dVy. The origin of the integral expression in the second line is the Poissonian
probability of exactly i− 1 points being sprinkled in the causal interval of volume Vxy between
x and y. This expression can be written more compactly in terms of a differential operator Ôd

[22]:

1
ℏ
⟨S(d)ρ (M)⟩=−αd

(
l
lp

)d−2(
ρV+

βd

αd
ρ2ÔdXρ

)
Xρ =

ˆ
M
dVx

ˆ
M∩J+(x)

dVye
−ρVxy ,

Ôd =

nd∑
i=1

C(d)
i

ρi−1

(i− 1)!

(
− d

dρ

)i−1

.

(8)
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Figure 1. As an example, the blue region isM, a non-causally convex manifold. x,y are
elements of C but z is an element only of C̃. Whether the order interval [x,y] counts as
having cardinality 0 or 1 depends onwhether we are working in the isolated or embedded
regime, respectively.

If we partition a manifold M into the union of two non-intersecting regions X and Y, and
sprinkle into M with subcauset A in region X and subcauset B in Y, we can similarly turn the
bi-action (6) into a random variable, S(d)ρ (M;X,Y).

In this case, the mean of the action for the entire manifold can then be calculated using:

⟨SM⟩= ⟨SX⟩+ ⟨SY⟩+ ⟨SX,Y⟩+ ⟨SY,X⟩ (9)

where the shorthand SM = S(d)ρ (M) and SX,Y = S(d)ρ (M;X,Y) have been used. This can be gen-
eralised if the manifold is partitioned into more regions: the action is the sum of the actions for
each element of the partition plus bi-action cross terms between all ordered pairs of elements
of the partition.

2.4. Regimes

In all the cases we consider in this paper the manifold we sprinkle into, M, is a finite region
of Minkowski spacetime Md. When we sprinkle into a manifold M that is a submanifold of a
larger manifold M̃, we can consider the sprinkled causal set C to be a subset of C̃ where C̃ is the
sprinkling in M̃. This can have consequences for the calculation of the action of C depending
on whether or not M is causally convex in M̃:

Definition . M is causally convex in M̃ if, for any 2 points in M, the causal interval between
these 2 points in M̃ is contained in M.

In the BDG action (3), calculating N i involves counting the number of causal set elements
in the order interval between 2 elements. If M is not causally convex, when evaluating the
action of C we must decide whether or not to include elements sprinkled in the larger manifold
M̃=Md.

If M is not causally convex we must decide between two different regimes [23]:

1. The isolated regime: the causal set C and manifoldM are considered to be physical space-
times in and of themselves. For example, in figure 1, M is the blue rectangle and the
sprinkled point z does not exist so |[x,y]|= 0 and the pair (x, y) is counted in N1. In the
integral for the mean of the action, the area Vxy equals the area of the diamond between x
and y intersected with M.

7
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2. The embedded regime: the manifoldM is a sub-manifold embedded within the larger man-
ifold M̃ and causal set C is a subset of C̃. Point z in figure 1 lies in this larger manifold and
so is included in the order interval between x and y. As a result, |[x,y]|= 1 and the pair
(x, y) is counted in N2. Vxy is the area of the full diamond.

The isolated regime is more relevant to our purpose of investigating the actions of causal
sets corresponding to manifolds with different boundary properties and understanding how
they contribute to the sum-over-histories. However, the embedded regime sometimes allows
analytic results to be obtained because the volumeVxy is simpler and so wewill also investigate
the action in the embedded regime. In most cases, we find that the two regimes give similar
results.

2.5. Conjectures

For globally hyperbolic manifolds, in the limit ρ tends to infinity, the mean of the random
action was conjectured to be local and to equal the EH action plus a boundary term [7]:

Conjecture 1.

lim
ρ→∞

1
ℏ
⟨S(d)ρ (M)⟩= 1

ld−2
p

ˆ
M
ddx

√
−gR

2
+

1

ld−2
p

Vold−2 (J) . (10)

Vold−2(J) is the volume of the so-called joint. A joint is a co-dimension 2 surface that is the
intersection of the the future boundary and the past boundary of the spacetime, where the future
(past) boundary is the set of points where future directed causal curves inM leaveM. (10) has
been proved for causal diamonds in Minkowski space in any dimension [24]: for example, for
d= 2 the volume of the joint is 2, there is no Planck length and the limit of the mean of the
action equals 2. Further evidence has been provided for the conjecture in the case of causal
intervals and other regions in curved spacetime with low curvature [22, 25].

However, conjecture 1 had not been investigated for joints between 2 spacelike boundaries
and in section 7 wewill show that the joint term in the conjecture above is not correct in general
and must be modified to:

Conjecture 1’.

lim
ρ→∞

1
ℏ
⟨S(d)ρ (M)⟩= 1

ld−2
p

ˆ
M
ddx

√
−gR

2
+

1

ld−2
p

ˆ
J
dµ(λ)coth(θ (λ)). (11)

where θ(λ) is the Lorentzian angle between the tangent vectors to the past and future boundar-
ies respectively at the point λ on the joint and dµ(λ) is the (d-2)-dimensional volume measure
on the joint. This is consistent with conjecture 1 in the cases in which conjecture 1 was tested
because in those cases θ is constant and equal to infinity and so coth(θ) = 1.

For manifolds with timelike boundaries (an example of non-globally hyperbolic manifolds),
the conjecture is [7]:

Conjecture 2.

lim
ρ→∞

1
ℏ
⟨S(d)ρ (M)⟩ρ−1/d =

1

ld−2
p

aemb/iso
d Vold−1 (T) (12)

where aemb/iso
d is a d-dependent dimensionless coefficient, different according to whether the

action is calculated in the embedded or isolated regime, and Vold−1(T) is the volume of the
timelike boundary T. This implies that the mean of the random action diverges like ρ1/d = l−1

8
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as the discreteness scale l goes to zero. In the sum-over-histories, then, such causal sets will
have very large actions, with potential consequences that we will discuss in the final section.
For d= 2, these conjectures were first investigated numerically in [26] and have been tested
on a rectangle and a disc in [23], and the coefficients found to be:

aemb
2 =

1
2

√
π

2

aiso2 = 0.6959.

(13)

aiso2 is a value calculated from numerical integrations and there is no error estimation [23].

2.6. Weighted integral method in flat space

To compute the mean of the action (equation (7)) in flat spacetime (dVx = ddx), we must eval-
uate the integral Xρ from equation (8). A way of calculating this integral in the embedded
regime, that we call the weighted integral method, was developed in [23] for flat space. The
original d= 2 integration variables in (7) are x⃗ and y⃗. These variables are transformed to x⃗
and c⃗= y⃗− x⃗. The Jacobian for this transformation equals 1. One interprets c⃗ as a timelike
future-pointing ‘defining vector’ for the causal interval from x to y in M. The variables x⃗ then
represent the position of the past endpoint of the interval. The point is that in the embedded
regime the integrand does not depend on x⃗ because the volume of the interval between x and y
is a function of c⃗ only and so the integral over x⃗ can be done first, resulting in a factor we call
the ‘volume of realisation’ a(⃗c). This is the volume in which the point x can be such that the
defining vector c⃗ starting at x fits within the manifold.

To find a(⃗c), we clone and displace the manifold by the defining vector. The volume of
realisation equals the volume of the intersection of the two isometric shapes. This can be
seen in figure 2 for a simple example, but will be true for any manifold in any dimension.
Sometimes a(⃗c) is easy to calculate and then the remaining integration is performed over
all future-pointing timelike defining vectors that can fit within the manifold. Following this
method, the integral (7) becomes

Xρ =

ˆ
c∈M

ddca (⃗c)e−ρVc . (14)

Vc is the volume of the causal interval defined by the vector c⃗. Note: we will sometimes use
the notation c⃗= (∆t,∆x1, . . . ,∆xd−1).

This method only works if the volume of the causal interval between x⃗ and y⃗ depends only
on c⃗= y⃗− x⃗. This is true in the embedded regime and for globally hyperbolic manifolds—
which are causally convex and so the two regimes coincide—but not for non-causally convex
manifolds in the isolated regime. In the latter case, the causal interval will no longer be a com-
plete diamond for intervals too close to a timelike boundary. We also cannot use this method
in curved spacetime because defining vectors do not exist.

We can also use the weighted integral method to calculate the bi-action contributions. If
we have two regions of the manifold X and Y, in order to find ⟨S(d)ρ (M;X,Y)⟩, we clone region
Y and displace it by the defining vector c⃗. The volume of realisation for this defining vector
equals the volume of the intersection of the displaced region Y and original region X. Then,
defining vectors that can start in region Y and end in region X are integrated over.

9
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Figure 2. A d = 2 example, showing how by cloning the manifold and displacing it
by the defining vector c⃗= (∆t,∆x), the volume of realisation can be found from the
overlapping area. The dark blue region on the left has an identical area to the overlapping
area on the right.

2.7. Smearing to tame the fluctuations

The fluctuations of the random action around its expected value increase as ρ increases which
makes it extremely challenging to discover the expected value in the ρ→∞ limit by perform-
ing simulations. In order to obtain useful results from simulations, it is useful to dampen these
fluctuations by using a smeared form of the action, which introduces an intermediate length
scale lk ⩾ l. This smearing scale is parametrised by ϵ⩽ 1 which is defined as

ϵ=

(
l
lk

)d

=
K
ρ
, where K=

1

ldk
. (15)

The smeared form of the action is based on the smearing of the causal set D’Alembertian
introduced by Sorkin to dampen its fluctuations [27]. The smeared action is given by [7, 8]:

1
ℏ
S(d)ϵ (C) =−αd

(
l
lp

)d−2
(
ϵ2/dN+

βd

αd
ϵ(d+2)/d

∑
x∈C

∑
y≺x

fd (n(x,y) , ϵ)

)
(16)

where n(x,y) = |[y,x]|. Now the sum is over all pairs of related elements y≺ x and

fd (n, ϵ) = (1− ϵ)
n

nd∑
i=1

C(d)
i

(
n

i− 1

)(
ϵ

1− ϵ

)i−1

. (17)

When ϵ= 1, the smeared action equals the BDG action. The explicit forms of equation (16)
for d= 2,3,4 that we used in the simulations are given in appendix A.

By Poisson sprinkling a manifold at density ρ and and evaluating S(d)ϵ (C) for a given ϵ,
S(d)ϵ (C) becomes the random variable S(d)ρ,K(M). In the limit of infinite ρ, with K fixed, the

mean of S(d)ρ,K(M) equals the mean of the random BDG action with ρ replaced by K:

lim
ρ→∞

1
ℏ
⟨S(d)ρ,K (M)⟩= 1

ℏ
⟨S(d)K (M)⟩ . (18)

10
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Now the fluctuations of S(d)ρ,K(M) around its expected value die away as ρ→∞ (as ϵ→ 0) so it
is more suitable for simulations9. This advantage is gained however at the expense of needing
to know the form of finite ρ corrections to the conjectures as we explain.

We expect that the mean of the original unsmeared random action at large, finite ρ will be
an expansion like

1
ℏ
⟨S(d)ρ (M)⟩= 1

ld−2
p

(
c1ρ

λ1 + c2ρ
λ2 + . . .+ cn−1 logρ+ cn

)
(19)

up to terms that are exponentially small for large ρ. The ci are–bulk and boundary–geometric
quantities of the manifold times dimensionless constants and the powers λi of ρ ensure dimen-
sional consistency. There may be other terms such as other log terms. This is a conjecture
that includes both original conjectures (12) and (10) and that includes subleading terms in the
expansion in ρ for large ρ.

The mean of the random smeared action will be dependent on the new scale K as well as
on ρ. Equations (18) and (19) imply that in the limit of infinite ρ, with K fixed, the conjecture
is

lim
ρ→∞

1
ℏ
⟨S(d)ρ,K (M)⟩= 1

ld−2
p

(
c1K

λ1 + c2K
λ2 + . . .cn−1 logK+ cn

)
(20)

where the geometric quantities and exponents are the same as before and the only difference
is that K has replaced ρ. For example, in the case of a manifold with timelike boundaries,
conjecture 1’ becomes

lim
ρ→∞

1
ℏ
⟨S(d)ρ,K (M)⟩= 1

ℏ
⟨S(d)K (M)⟩= 1

ld−2
p

aemb/iso
d Vold−1 (T)K

1
d + subleading. (21)

When ρ is finite, we expect there to be corrections to this expression that depend on both K
and ρ, EK,ρ:

1
ℏ
⟨S(d)ρ,K (M)⟩= 1

ℏ
⟨S(d)K (M)⟩+EK,ρ . (22)

In all of the simulations that follow, we fixed ϵ= 0.1, i.e. K= ρ/10, and we varied the
sprinkling density ρ. Increasing ρ therefore increases K. This value of ϵ was chosen as a com-
promise between reducing the fluctuations about the expected value (achieved by a smaller
value of epsilon) and reducing the computation time (which increases as rho increases, so a
smaller value of epsilon will result in longer computation times for a given range of K values).

3. Timelike boundaries in 1+1 dimensions

All the examples in this section are in the embedded regime.

3.1. Triangle in 1+1

As our first example of a spacetime region with timelike boundaries, we considered the triangle
shown in the far left of figure 3. This has two null and one timelike edge. Coordinates (t, x)
have origin at the bottom corner of the triangle and we use null coordinates u= 1√

2
(t− x) and

9 It is an open question whether the smeared version of the action should be used in the path integral instead of the
BDG action. We will not take a position on this here, but will use the smeared action to do simulations to obtain
evidence for the conjectures.

11
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Figure 3. Triangular manifold (left) and its area of realisation ( = area of overlapping
region) with u> v (middle) and v> u (right).

v= 1√
2
(t+ x). Using the weighted integral method, we consider the vector (u, v) (working in

null coordinates) that defines an interval that can fit within this region. To find the volume
of realisation, the situations u> v and v> u must be considered separately. This is shown in
figure 3

We find,

Xρ =

ˆ L

0
du
ˆ u

0
dv

1
2
(L− u)2 e−ρuv+

ˆ L

0
dv
ˆ v

0
du

1
2
(L− v)2 e−ρuv

= 2
ˆ L

0
du
ˆ u

0
dv

1
2
(L− u)2 e−ρuv

(23)

and (8) gives

1
ℏ
⟨Sρ (M)⟩= 2ρV− 4ρ2Ô2Xρ

=
1
2

√
πL

√
ρErf(L

√
ρ) (24)

where Erf is the error function. This expression does not have the +1 contribution which we
might have expected from the joint (left corner). This is further investigated in section 3.2 and
appendix B. The length of the timelike boundary for this manifold is T=

√
2L and, we have

in the limit,

lim
ρ→∞

1
ℏ
⟨Sρ (M)⟩ ∼ 1

2

√
π

2
T
√
ρ (25)

which agrees with conjecture 2 and the value of aemb
2 = 1

2

√
π
2 found in [23].

3.2. 1+1 Infinite t

The next shape for which we compute the action is a slab, which is finite in the x direction and
infinite in the t direction. This manifold is depicted in figure 4.

The volume of realisation is

a (⃗c) = (L−∆x)

(ˆ ∞

−∞
dt

)
(26)

12
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Figure 4. Left: a spacetime region with infinite timelike boundaries. Right: cloning the
region to obtain the volume of realisation, shown in dark blue.

as the length in the t direction of this volume is infinite. For the vector to define an interval,
|∆x|<∆t. However, the defining vector will only fit within the manifold if |∆x|< L. The
integral is a sum of 2 integrals for ∆t< L and ∆t> L:

Xρ = 2
ˆ ∞

−∞
dt

(ˆ L

0
d∆t
ˆ ∆t

0
d∆x+

ˆ ∞

L
d∆t
ˆ L

0
d∆x

)
(L−∆x)e−

1
2ρ(∆t2−∆x2). (27)

The factor of 2 is due to symmetry when including the contribution from ∆x< 0. The action
is then given by

1
ℏ
⟨Sρ (M)⟩= 2ρV− 4ρ2Ô2Xρ =

ˆ ∞

−∞
dt

√
π

2
√
ρ+O

(
1
ρ

)
. (28)

For this manifold, the volume of the timelike boundary is T= 2
(´∞

−∞ dt
)

since there are 2

boundaries. We therefore find

lim
ρ→∞

1
ℏ
⟨Sρ (M)⟩ ∼ 1

2

√
π

2
T
√
ρ, (29)

consistent with the conjecture and aemb
2 = 1

2

√
π
2 .

Moreover, from equation (28), we see that the mean of the action does not contain any con-
stant terms. This is an interesting result, suggesting the boundary itself does not give any con-
stant terms, and only contributes the conjectured term in the infinite density limit. Therefore,
we might suspect the missing+1 term from the causal triangle in section 3.1 was not cancelled
out by the lower ordered timelike boundary terms, but by something else. A good candidate is
the top and bottom corners of the triangle (the intersection between a null boundary and a time-
like boundary), which each contribute− 1

2 to the action. This is of minor importance however,
since the action is always dominated by the term from the timelike boundary. A contribution
from the intersection between a general timelike and a null/spacelike boundary is conjectured
in appendix C.

13
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4. d-dimensional infinite slab in the embedded regime

4.1. Set-up

Assuming universality of the constant aemb
d , we choose a convenient manifold with a time-

like boundary to calculate aemb
d : the d dimensional ‘infinite slab’. This manifold is given

by t ∈ [0,T], x1 ∈ [0,L] with T⩽ L, and all other coordinates are unbounded −∞< xi <∞,
i = 2,3 . . .d− 1. For such a slab in d dimensions, the conjecture (12) becomes:

lim
ρ→∞

ld−2
p

1
ℏ
⟨S(d)ρ (M)⟩ρ− 1

d = aemb
d

ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−12T . (30)

We again use the weighted integral method. The defining vector has components c⃗=
(∆t,∆x1,∆x2, . . .∆xd−1). We find

Xρ (d) =
ˆ T

0
d∆t
ˆ ∆t

−∆t
d∆x1

ˆ √
∆t2−∆x21

−
√

∆t2−∆x21

d∆x2. . .
ˆ √

∆t2−∆x21...−∆x2d−2

−
√

∆t2−∆x21...−∆x2d−2

d∆xd−1

×
ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1 (L− |∆x1|)(T−∆t)e−ρVc(d)

(31)

where the limits of the integral in the first line ensure that the defining vector is timelike and
future pointing.

The volume of the interval (causal diamond) Vc(d) is a function of the proper height of the
interval i.e. the proper length of the defining vector c= |⃗c|:

Vc (d) =
τ

d
Vball (d− 1) =

τ

d

π(d−1)/2
(
c
2

)d−1

Γ((d+ 1)/2)
(32)

where Vball(d− 1) is the volume of the (d− 1) dimensional ball with radius c/2.
For the rest of this section, we will suppress mention of the integrals

´∞
−∞ dx2. . .

´∞
−∞ dxd−1

which are implied.
We switch to radial spherical polar variables for the spatial components of c⃗ including

∆r=
√
∆x21 +∆x22. . .+∆x2d−1 , (33)

and define null radial variables

v=
1√
2
(∆t+∆r) ,u=

1√
2
(∆t−∆r) . (34)

We find

Xρ (d) =−
ˆ T√

2

0
du
ˆ √

2T−u

u
dve−ρVc(d)

×
(2π )

d
2−2

(v− u)d−2
(√

2(u+ v)− 2T
)(

2πLΓ
(
d
2

)
+
√
2πΓ

(
d−1
2

)
(u− v)

)
Γ(d− 1)

(35)

where

Vc (d) =
21−

d
2π

d−1
2 (uv)d/2

dΓ
(
d+1
2

) . (36)
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Figure 5. Left: the area of integration in ∆t,∆r space. Right: the area of integration in
u,v space.

The range of the u,v integration is within the area
´ T
0 d∆t

´∆t
0 dr, shown in figure 5 both in∆t,r

and u,v coordinates. We rename Xρ = X(1)
ρ for reasons that will be clear in the next section.

We are not able to evaluate this integral analytically.

4.2. Extending the triangle

For the conjecture, we are interested in the limit of large ρ. Observing the exponent of
equation (35) (i.e. Vc(d) from equation (36)), we note the integrand is exponentially sup-
pressed when both u and v are bounded away from zero. Therefore, the non-exponentially
suppressed contribution comes from close to u= 0 or v= 0. This idea inspires an approxim-
ation of Xρ = X(1)

ρ in (35) by extending the range of integration to the full triangle shown in
figure 6. This extended range is the union of region 1, the original range, and an extra region 2.
In appendix D, we show that the integral over region 2 alone tends to zero as ρ→∞, using both
numerical and analytical arguments. Thus, extending the range of integration does not change
the leading order behaviour of Xρ = X(1)

ρ as ρ→∞. Therefore the new terms that arise due to
this approximation are subleading and vanish in the continuum limit.

We have

Xextended
ρ (d) = X(1)

ρ (d)+X(2)
ρ (d) =−

ˆ √
2T

0
du
ˆ √

2T

u
dv e−ρVc(d)

×
(2π )

d
2−2 (v− u)d−2

(√
2(u+ v)− 2T

)(
2πLΓ

(
d
2

)
+
√
2πΓ

(
d−1
2

)
(u− v)

)
Γ(d− 1)

,

(37)

where the superscript refers to the region in which the integral is performed i.e. X(1)
ρ is the

integral evaluated in region 1, and X(2)
ρ in region 2. The integral with the extended range can

be performed analytically in any chosen dimension and then using operator Ôd, the leading
order of the mean action can be found.

15
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Figure 6. Extending the shape in figure 5(right).

4.3. Results

The mean of the action calculated as described above is consistent with conjecture (30) in
every dimension up to and including d= 17 with coefficients aemb

d given by

aemb
d =


2−

1
d π− 1

2d (Γ( d+1
2 )d)

− 1
d

Γ( 1
2+

1
d )

, odd d

2−
1
d−1π− 1

2d+1(Γ( d+1
2 )d)

− 1
d

Γ( 1
2+

1
d )

, even d.
(38)

where Γ(x) is the Gamma function. We conjecture that these formulae hold for all d.
For d= 3 specifically, if we integrate over the extended triangle, and then subtract the lead-

ing order contribution from region 2, then we find that the mean of the action has the form of

1
ℏ
⟨S(d=3)

ρ (M)⟩= 1
lp

(
c1ρ

1/3 + c2ρ
−1/3 + . . .

)
, (39)

for finite ρ in the large ρ expansion, where c1 and c2 are constants. In what follows we will
assume this form of finite ρ correction when we assess and fit computational results for other
d= 3 manifolds, as the corrections to the leading term will not be negligible.

5. Simulations of timelike boundaries

5.1. Simulation of d=3 ball in embedded regime

In order to test the conjecture with a manifold with curved timelike boundaries, using (38), we
sprinkled a region of d= 3 Minkowski space that is a ball of Euclidean coordinate radius R in
the embedded regime, see figure 7.

The area of the timelike boundary is V= π2R2/
√
2 and the conjecture for the action for this

manifold is:

lim
ρ→∞

lp
1
ℏ
⟨S(3)ρ (M)⟩ρ− 1

3 =
π2

√
2
R2aemb

3 . (40)
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Figure 7. The timelike boundary is the surface between the 2 dotted lines.

Figure 8. The sample mean of the action of the sphere against K, with a curve fitted to
the data (blue). The sphere has radius 0.5.

5.1.1. Results. The random smeared action was sampled by sprinkling, for R= 0.5. As
described in section 2.7, the conjecture implies for fixed K that (21)

lim
ρ→∞

lp
1
ℏ
⟨S(3)ρ,K (M)⟩= π2

4
√
2
aemb
3 K

1
3 + c2K

− 1
3 + o

(
K− 1

3

)
(41)

where we have assumed the first correction has the same form as in the calculation for the
d= 3 infinite slab (39).

In the simulations ϵ= 0.1 is fixed so that K= ρ/10 and the sprinkling density ρwas varied.
For each ρ, the sample mean of the action over 100 sprinklings was calculated, the results
are shown in figure 8 and the data are fitted by a function with the expected form c1K1/3 +

17
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Figure 9. The sample mean of the action of the cube against K, with a curve fitted to
the data (blue). The cube has side length 1.

c2K−1/3. This gives best fit values c1 = 0.694± 0.008 and c2 =−1.9± 0.4. This gives aemb
3 =

0.398± 0.005 which is consistent with the analytic value from the d= 3 infinite slab aemb
3 =

3
√

2
3Γ(

1
3 )

3π2/3Γ( 5
3 )

≃ 0.403.

The data are consistent with the conjecture, however it is worth keeping in mind, here and
for the other simulations, that the behaviour explored is for fixed ϵ= K/ρ and there should be
unknown ϵ dependent corrections.

5.2. Simulation of d=3 cube, isolated

The isolated regime is the physically relevant one when considering the sprinkled causal sets
as contributing to the causal set Sum Over Histories as individual discrete spacetimes in their
own right. We chose to sample the random smeared action in the isolated regime for a unit
cube in d= 3. The volume of the timelike boundary equals 4.

For each ρ, the sample mean of the action over 200 sprinklings is shown in figure 9 and the
data are fitted by a function with the same form as before c1K1/3 + c2K−1/3. This gives best
fit values c1 = 1.71± 0.03 and c2 =−5.1± 1.0 which gives aiso3 = 0.428± 0.008. In this case
we do not have an analytic calculation of aiso3 to compare to.

We conclude that the d= 3 cube in the isolated regime is consistent with the same conjecture
as the embedded regime but with a different coefficient. Note that aiso3 > aemb

3 , as was also the
case for d= 2 case. This make sense because Vxy is smaller in the isolated regime, so the
exponent in the integral is less negative, resulting in a larger action.
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Figure 10. The annulus in Cartesian coordinates. The hole is centred and is a ninth of
the total area of the diamond.

6. Holes

We turn to a different class of non-globally hyperbolic spacetimes: spacetimes with holes.

6.1. Isolated annulus

The null annulus–a causal diamond with a diamond removed from the centre–is the simplest
example of a hole for d= 2. An example is shown in figure 10.

In the embedded regime the continuum limit of the mean random action of a null annulus
can be calculated using the ‘topological calculus’ of [26] and equals 4 no matter the size of
the diamond, the size of the hole or where the hole is [23].

In the isolated regime, the calculation can still be done analytically by partitioning the man-
ifold into the regions shown in figure 10 and using the bilocal action formula:

⟨Sannulus⟩=
8∑

i=1

⟨Si⟩+
8∑

i,j=1
j<i

⟨Si,j⟩. (42)

⟨Si⟩ is the action of a causal diamond and is the same for all 8. From symmetry, many of the
⟨Si,j⟩ are identical. We can separate these into 5 different categories and within each category,
the terms are equal:

• (i, j) =(2,1),(4,2),(6,4),(8,6),(3,1),(5,3),(7,5) and (8,7).
• (i, j) =(4,1),(8,4),(5,1) and (8,5).
• (i, j) =(6,1)(8,2),(7,1) and (8,3)
• (i, j) =(6,2),(7,3)
• (i, j) = (8,1).
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Figure 11. For an interval starting at any point x in region 1 and ending at any point y
in region 8, the volume of the interval (shown in dark blue) will always be uvminus the
area of the hole (white).

Therefore (42) can be simplified to:

lim
ρ→∞

1
ℏ
⟨Sannulus⟩= lim

ρ→∞

1
ℏ
(8⟨Sdiamond⟩+ 8⟨S2,1⟩+ 4⟨S4,1⟩

+4⟨S6,1⟩+ 2⟨S6,2⟩+ ⟨S8,1⟩) .
(43)

From
[26] we have10

lim
ρ→∞

1
ℏ
⟨Sdiamond⟩= 2 , lim

ρ→∞

1
ℏ
⟨S2,1⟩=−2 , lim

ρ→∞

1
ℏ
⟨S4,1⟩= 0 ,

lim
ρ→∞

1
ℏ
⟨S6,2⟩= lim

ρ→∞
2

(
γ− 1+ lnL2ρ+O

(
1
ρ

))
∼ 2lnρ.

(44)

In the last expression, the lnρ term dominates over the constant terms and the limit is divergent.
It remains to compute ⟨S8,1⟩ and ⟨S6,1⟩.

6.1.1. Region 1 to 8. We use the weighted integral method. From figure 11 we see the
interval defined by the vector (u, v) will always have an area of uv−L2, where u= uy− ux and
v= vy− vx.

There are 4 separate cases for the volume of realisation shown in figure 12 and Xρ equals

Xρ =

ˆ 2L

L
du

[ˆ 2L

L
dv(u− L)(v− L)e−ρ(uv−L2) +

ˆ 3L

2L
dv(u− L)(3L− v)e−ρ(uv−L2)

]
+

ˆ 3L

2L
du

[ˆ 2L

L
dv(3L− u)(v− L)e−ρ(uv−L2) +

ˆ 3L

2L
dv(3L− u)(3L− v)e−ρ(uv−L2)

]
.

(45)

10 Note the action we use here has an additional factor of 2 compared to the action in [26].
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Figure 12. The 4 possible volumes of realisation for different ranges of u and v.

All the integrals are exponentially small as ρ→∞ and

lim
ρ→∞

1
ℏ
⟨S8,1⟩= lim

ρ→∞

(
−4ρ2Ô2Xρ

)
= 0 . (46)

6.1.2. Region 1 to 6. We have as shown in figure 13

Xρ =

ˆ L

0
dvx

ˆ L

0
dux

ˆ 2L

L
duy

ˆ 3L

2L
dvye

−ρ((ux−uy)(vx−vy)−(2L−vx)(uy−L)) , (47)

which gives

lim
ρ→∞

1
ℏ
⟨S6,1⟩= lim

ρ→∞

(
−4ρ2Ô2Xρ

)
= ln4. (48)
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Figure 13. For an interval starting at any point x in region 1 and ending at any point y
in region 6, the volume of the interval is shown in dark blue.

6.1.3. Full result. Combining these results, we obtain

lim
ρ→∞

1
ℏ
⟨Sannulus⟩= lim

ρ→∞
4
(
lnL2ρ+ ln4+ γ− 1

)
(49)

which diverges logarithmically.

6.1.4. Simulations. The results of our simulations for this manifold and one variant are
shown in figure 14. The causal diamond has side length 1 and the size of the hole was varied.
The case of the previous section corresponds to L= 1

3 . The equation of the blue line in figure 14
is given by:

4

(
ln
K
9
+ ln4+ γ− 1

)
(50)

and the data is consistent with it.
We fit c1 lnK+ c2 to the data for the hole of length 3

5 to find c1 = 3.95± 0.07 (and
c2 =−3.1± 0.3). This suggests that the leading order term for any sized hole will be 4lnρ
which is consistent with the log term originating from ⟨S6,2⟩. This is therefore likely to be
the dominant term for any sized hole. We conclude that for a null annulus, the mean action
diverges logarithmically with the density of sprinkling, regardless of the size of the hole.

6.2. Spacelike holes

We investigate another type of hole, one which has only spacelike boundaries such as
figure 15(a). We argue that the contribution of such a hole to the action will be logarithmically
divergent, as for a null hole.

The argument is as follows. A causal curve involving points in region 9 can only begin in
regions 1, 2, 3, or 9, and must end in region 9. Let us denote the union of these four regions 1∪
2∪ 3∪ 9. The contribution of 1∪ 2∪ 3∪ 9 to the limiting mean action equals the contribution
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Figure 14. Sample mean action vs K for the null annulus with different sized holes.

of 1∪ 2∪ 3 to the limiting mean action of the null annulus (without 9) because (i) 1∪ 2∪ 3∪
9 is globally hyperbolic in itself, so its mean action equals the mean action of 1∪ 2∪ 3 by
conjecture (10), and (ii) the bilocal contribution to the action from 1∪ 2∪ 3∪ 9 is unchanged
by deleting 9, since there are no causal curves between 9 and the complement of 1∪ 2∪ 3∪ 9.
There’s a similar argument for region 10. Therefore, the limiting mean action for the diamond
with the spacelike hole equals that for the null annulus.

We performed a simulation for the diamond with L ′ = 1 and a spacelike hole as shown in
figure 15(b). The joints of the hole have a small Lorentzian angle (to be defined in the next
section), so this manifold and the null annulus are distinguishable at finite ρ.

The data is shown in figure 16, and is fitted to the function c1 ln(L ′2K)+ c2. The best fit is
for c1 = 4.03± 0.17, which is consistent with the argument given above, and c2 =−3.6± 0.9.
The data from the null hole and spacelike hole have overlapping error bars, consistent with the
argument above that adding/deleting regions 9 and 10 does not change the mean action. One
could flatten the hole to just a deleted line segment and the mean action would be unchanged.

In the statement of conjecture 1 for globally hyperbolic spacetimes, the joint was defined as
the co-dimension 2 intersection of the future boundary and the past boundary of the spacetime.
In the non-globally hyperbolic spacetimes with spacelike holes that we have just considered,
we can extend the definition of joint. For, a spacetime with a spacelike hole has a past boundary
and a future boundary at the hole, where causal curves enter and leave the spacetime respect-
ively, and these boundaries also intersect. We can distinguish between the two cases as follows.
We define a joint to be a convex joint when there exists a future directed causal curve from the
past boundary to the future boundary—the globally hyberbolic case—and otherwise the joint
is a concave joint.
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Figure 15. (a) A d= 2 causal diamond with a spacelike hole. Note the new regions 9
and 10. (b) A d= 2 causal diamond with side L′ with a spacelike hole. The dimensions
of the hole are labelled.

Figure 16. Sample mean and standard error of the action for the L ′ = 1 diamond with
a spacelike and also with a null hole. The blue curve is fitted to the spacelike data (red).
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Figure 17. The square hole.

We propose a new conjecture for a concave joint, that its contribution to the mean action
obeys:

lim
ρ→∞

1
ℏ
⟨S(d) [M]⟩ ∼ 1

ld−2
p

bdVold−2 (J
′) ln(ρV) (51)

where bd is a dimensional coefficient, and J′ is the concave joint. The contribution (51) is
dimensionally correct and is proportional to the volume of the concave joint as one might
expect. The results of sections 6.1 and 6.2 are evidence for the conjecture for d= 2with bd=2 =
2. More evidence is needed, especially for more than 2 dimensions.

6.3. Timelike holes

A square with a square hole in its centre is an example of a manifold with a timelike hole
(shown in figure 17). In [23], the mean action in the embedded regime was found to be con-
sistent with the timelike boundary conjecture, i.e. the leading order term was of the form
2(L ′ +L)aemb

2 ρ
1
2 . L′ is the side length of the square and L the side length of the hole, so

2(L ′ +L) is the length of the full timelike boundary. The same leading behaviour–with a differ-
ent coefficient–is expected in the isolated regime, and we investigated this using simulations.

For square holes with lengths L= 3
5L

′ and L= 1
5L

′ (with L ′ = 1) the results are shown in
figure 18.

We do not fit for aiso2 but assume its value is aiso2 = 0.6959 from [23]. The subleading lnρ
term in the fitting function is taken from the results for the null hole and we conjecture that it
originates from the corners of the hole. Including this term is not enough, however, to give a
good fit to the data and we also included a constant term.

The fitted coefficients of the log terms were c1 = 3.68± 0.33 for L= 3
5L

′ and c3 = 3.96±
0.78 for L= 1

5L
′. These two values are consistent, implying that the log contribution is the

same regardless of the hole size, as was the case for the null hole. The fitted values of the
constant term were c2 =−18.7± 2.0 for L= 3

5L
′ and c4 =−15.6± 4.5 for L= 1

5L
′.

The main conjecture is the behaviour of the leading order term, aiso2 Vol(T)K
1
2 , consistent

with the timelike boundary conjecture. We can say that the data are consistent with this but
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Figure 18. Sample mean of the action against K for square holes with lengths L= 3
5L

′

and L= 1
5L

′. Vol(T)= 2(L+ L ′) as before.

Figure 19. The d= 2 causal diamond (left) stretched to give a lozenge (right), where
n> 1

2 . The vectors a⃗ and b⃗ are used to define the Lorentzian angle θ.

for stronger evidence we will need larger simulations and more knowledge of the subleading
corrections.

7. Spacelike joints

7.1. The Lozenge

If we stretch the causal diamond so that its null boundaries become spacelike (shown in
figure 19), we obtain a globally hyperbolic lozenge and according to conjecture 1, it should
have the same mean action in the infinite limit as the diamond i.e. 2 for d= 2.
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Figure 20. Left: showing how the volume of realisation (the shaded region) can be
found from cloning. The length ∆x

2n is found using similar triangles. Right: showing
how the volume of realisation can be broken into 2 identical triangles either side of a
parallelogram.

Figure 21. Showing the constraints on the defining vector (∆t,∆x) for ∆x> 0.

We used the weighted integral method to compute the mean action. The cloning is shown
in figure 20, from which the volume of realisation is

a (⃗c) = 2× n
2

(
T−∆t− ∆x

2n

)2

+

(
T−∆t− ∆x

2n

)
∆x (52)

where the first term is the area of the 2 triangles and the second term is the area of the paral-
lelogram between them.

For the defining vector (∆t,∆x) to define an interval, it must satisfy |∆x|<∆t.
Using figure 21 and the volume of realisation, the integral for Xρ is
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Figure 22. Converting the integration region from Cartesian (left) into null coordinates
(right) and approximating the integral using the larger, dashed triangle.

Xρ = 2
ˆ T

1+ 1
2n

0
d∆t
ˆ ∆t

0
d∆x

[
n

(
T−∆t− ∆x

2n

)2

+∆x

(
T−∆t− ∆x

2n

)]
e−

ρ
2 (∆t2−∆x2)

+ 2
ˆ T

T
1+ 1

2n

d∆t
ˆ 2n(T−∆t)

0
d∆x

[
n

(
T−∆t− ∆x

2n

)2

+ ∆x

(
T−∆t− ∆x

2n

)]
e−

ρ
2 (∆t2−∆x2) .

(53)

The factor of 2 accounts for the contribution from∆x< 0. To compute this integral, we change
to u and v coordinates and make use of a similar approximation as in the infinite slab calcu-
lation. In this approximation, we again extend the region of integration to a larger triangle,
shown in figure 22.

The expression for Xρ becomes:

Xρ = 2
ˆ √

2T
1+ 1

2n

0
dv
ˆ v

0
du

(
1
2
n
(
2T2 − 2

√
2T(u+ v)+ (u+ v)2

)
− (u− v)2

8n

)
e−ρuv .

(54)

Using equation (24) for the mean action in terms of Xρ and the operator Ô2 we find the limit
is

lim
ρ→∞

1
ℏ
⟨S(2)ρ (M)⟩= 2n+

1
2n

. (55)

For n= 1
2 we recover the correct value of 2 for the limiting mean action of the causal inter-

val. For n> 1
2 , however, this result violates the original conjecture 1 for globally hyperbolic

manifolds.
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Figure 23. The spacelike triangle.

7.2. Lorentzian angle

We can generalise this result for different manifolds. If we assume that each joint of the lozenge
contributes half of the action, we can state that:

lim
ρ→∞

1
ℏ
⟨S(2)ρ (joint)⟩= n+

1
4n

. (56)

We can write this in terms of a Lorentzian angle θ, defined as [28]

θ = cosh−1

(
a⃗ · b⃗
|⃗a||⃗b|

)
(57)

where a⃗ (⃗b) is the tangent vector to the future (past) boundary at the joint as shown as in
figure 19, |⃗a|= |

√
a⃗ · a⃗| and a⃗ · b⃗=−atbt+ axbx.

θ is Lorentz invariant and we conjecture that any joint with the same Lorentzian angle

contributes the same amount to the mean action. From figure 19, we can see that a⃗=

(
T
2

−nT

)
and b⃗=

(
− T

2
−nT

)
, giving

θ = cosh−1

(
n2 + 1

4

n2 − 1
4

)
. (58)

This can be rearranged to give

n=
1
2

√
coshθ+ 1
coshθ− 1

(59)

and so we find

lim
ρ→∞

1
ℏ
⟨S(2)ρ (joint)⟩= 1

2

(√
coshθ+ 1
coshθ− 1

+

√
coshθ− 1
coshθ+ 1

)
= cothθ. (60)

7.3. Spacelike triangle

To test the conjecture that the mean action depends only on Lorentzian angle as above, we now
compute the mean action of a triangle with 3 spacelike sides, as shown in figure 23.
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Figure 24. Left: cloning the triangle to find the volume of realisation. Right: the volume
of realisation, where the base length is found using similar triangles.

Figure 25. Showing the constraints on the defining vector, only considering ∆x> 0.

Again, we find the volume of realisation by cloning, shown in figure 24. This gives the
volume as:

a (⃗c) = m(T ′ −∆t)
2
. (61)

The limits can be found by considering the defining vector that will give a non-zero volume
of realisation, shown in figure 25

Therefore

Xρ = 2
ˆ T′

0
d∆t
ˆ ∆t

0
d∆xm(T ′ −∆t)

2 e−
ρ
2 (∆t2−∆x2). (62)

We again use null coordinates and the same approximation as before as shown in figure 26,
giving:

Xρ = 2
ˆ √

2T ′

0
dv
ˆ v

0
du m

(
T ′ − u+ v√

2

)2

e−ρuv (63)

and hence find

lim
ρ→∞

1
ℏ
⟨S(2)ρ (joint)⟩= m. (64)

We now need to compute the Lorentzian angle for this joint. Taking a⃗ ′ =

(
−T ′

−mT ′

)
and b⃗ ′ =(

0
−mT

)
(from figure 23), we find that

θ = cosh−1
(

m√
m2 − 1

)
. (65)
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Figure 26. Converting the integration region from Cartesian (left) into null coordinates
(right) and approximating the integral using the larger, dashed triangle.

By inverting this, the action is found to be:

lim
ρ→∞

1
ℏ
⟨S(2)ρ (joint)⟩= coshθ√

cosh2 θ− 1
= cothθ. (66)

As expected, this is the same result as found in the previous section. Therefore, we expect
that this expression will hold for the joint of any globally hyperbolic shape for d= 2. We can
rewrite the conjecture for globally hyperbolic manifolds in 2 dimensions as:

lim
ρ→∞

1
ℏ
⟨S(2)ρ (M)⟩=

ˆ
M
d2x

√
−gR

2
+
∑
i

cothθi (67)

where θi is the Lorentzian angle of joint i, and the sum is over all joints in the manifold. For a
null joint, θ is infinite and so cothθ will tend to 1. The sum will therefore count the number of
points that make up the joint, i.e. the volume of the joint.

7.4. Higher dimensions

For d= 3 and higher, the joint is a co-dimension 2 spacelike submanifold. At any point on the
joint the vector a⃗ (⃗b) is tangent to the future (past) boundary and orthogonal to the joint. The
Lorentzian angle θ of the joint at that point is defined by equation (57) and it can vary over the
joint.

If λ denotes the point on the joint and dµ(λ) the (d− 2)-volume measure of the joint at that
point, then the new conjecture is:

lim
ρ→∞

1
ℏ
⟨S(d)ρ (M)⟩= 1

ld−2
p

ˆ
M
ddx

√
−gR

2
+

1

ld−2
p

ˆ
J
dµ(λ)coth(θ (λ)). (68)

where
ˆ
J
dµ(λ) = Vold−2 (J) . (69)
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Figure 27. Left: the d= 3 cone. Right: showing that the volume of realisation (the

volume of the black cone) is equal to the volume of original cone scaled by
(
T−∆t
T

)3
.

This will be true in arbitrary dimensions (replacing 3 with d).

We can test this conjecture on a d dimensional cone where all the boundaries are spacelike.
An example is the d= 3 cone shown in figure 27. We use spherical coordinates. The volume
of realisation is

a (⃗c) =
T
d
π

d−1
2 (mT)d−1

Γ
(
d+1
2

) (
T−∆t
T

)d

, (70)

which is the volume of the manifold (the volume of a hypercone with height T and base radius

mT), but scaled by a factor of
(
T−∆t
T

)d
according to figure 27 .

Then, we obtain

Xρ = 2d−1
ˆ T

0
d∆t
ˆ ∆t

0
d∆r

d−3∏
i=0

ˆ π/2

0
d∆ϕi sin(∆ϕi)

i
∆rd−2

× T
d
π

d−1
2 (mT)d−1

Γ
(
d+1
2

) (
T−∆t
T

)d

e−ρVc

(71)

where Vc is given by equation (36). We use the null coordinates in equation (34) to obtain:

Xρ = 2d−1
ˆ √

2T

0
dv
ˆ v

0
du

d−3∏
i=0

ˆ π/2

0
d∆ϕi sin(∆ϕi)

i

(
1√
2
(v− u)

)d−2 T
d
π

d−1
2 (mT)d−1

Γ
(
d+1
2

) (
T− 1√

2
(v+ u)

T

)d

e−ρVc

(72)

where we have again used our large ρ approximation, and integrated over the extended triangle
region. We have checked for d up to 11 that the mean action gives

lim
ρ→∞

1
ℏ
⟨S(d)ρ (M)⟩= 1

ld−2
p

2π
d−1
2

Γ
(
d−1
2

) (mT)d−2m

=
1

ld−2
p

Vold−2 (J)m

=
1

ld−2
p

Vold−2 (J) cothθ.

(73)

Since θ is constant around the joint in this case, this is consistent with the conjecture (68).
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8. Discussion

Our analytical and numerical results in flat space support the conjectures in section 2.5. We
also conjectured and provided evidence for the contribution of a spacelike hole to the con-
tinuum limit of the mean action (51). Testing the conjectures further is work for the future. We
can, however, look forward to the implications that the conjectures might have for the sum-
over-causal-sets qua path integral for quantum gravity. The starting point of the discussion
is Feynman’s heuristic, quoted in the introduction, that the classical action principle emerges
from the quantum mechanical path integral. The heuristic is an interplay between the mag-
nitude of the action (in units of ℏ) and the number of histories that contribute essentially the
same amount to the path integral, an interplay between action and measure. The heuristic
assumes that we are working in a regime in which the magnitude of the action of all the histor-
ies in the path integral under consideration is large. In the context of causal set quantum gravity,
that is the regime in which the cardinality N of the causal sets in the sum over histories (2) is
large.

Our observable Universe is, as far as we can currently tell, without a timelike boundary or
‘edge of space’. We can ask why that is. We argue below that the action of causal sets that are
typical sprinklings into spacetimes with a timelike boundary could lead to the suppression of
such spacetimes in the gravitational path integral for cosmology, relative to spacetimes without
timelike boundaries.

Suppose that the dimension of the causal set action in (2) d= 4 for definiteness. The action
for d= 4 is given in equation (78) in appendix A and we state it here for easy reference:

1
ℏ
S(4) (C) = ζ (N−N1 + 9N2 − 16N3 + 8N4) . (74)

where ζ is a fundamental constant of order 1. Let us consider a cosmological scenario in
which the cardinality of the causal sets in the sum over histories is N= 10240, the volume of
the observable Universe in Planck units. Suppose, for the sake of the argument, that not only
the KR orders but all non-manifoldlike causal sets are suppressed in the sum-over-histories
[29], so that all we have left to consider in (2) are the manifoldlike causal sets, i.e. the typical
sprinklings into Lorentzian spacetimes that vary only slowly on the fundamental scale. In other
words we assume that there exists a continuum regime in causal set quantum gravity in which
the continuum gravitational path integral (1) for spacetime of volumeV= 10240 in fundamental
units makes sense at an effective level and is to be understood as being given fundamentally
by a sum (2) over manifoldlike causal sets of cardinality N= 10240. Essentially what we are
assuming here is that the (causal set version of the) cosmological constant problem has been
solved.

In the Feynmannian heuristic the contribution to the gravitational path integral (1) of a
manifold (M, g) is determined by the measure of the neighbourhood of (M, g) over which the
action, in units of ℏ, changes by an amount much smaller than one. A neighbourhood of (M, g)
in (1) is an approximate continuum concept and corresponds in the fundamental theory to
some neighbourhood of a typical sprinkling C into (M, g) in the set of manifoldlike causal sets
of cardinality N. Saying that the action should vary only a little over the continuum neigh-
bourhood of (M, g) means that the action should vary only a little over the causal sets in the
corresponding neighbourhood of C.

If the dimension d′ of (M, g) does not equal the dimension-parameter d= 4 in the causal set
action in (2), then the action (74) of the sprinkled C will not enjoy the cancellation between
its summands that results in the conjectured values of the action in section 2.5 and the order
of magnitude of the action of C will be the order of magnitude of the dominant summand.
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For an idea of what this order of magnitude is, for a causal interval in dimension d ′ > 2 the
number of links N1 in a typical sprinkling is of order N2−2/d ′

and for d ′ = 2 the number of
links N1 in a typical sprinkling is of order N logN [30]. A small change in C that changes each
summand by a few will change the action by an amount of order 1. We expect therefore that
there is essentially no neighbourhood of C in the set of manifoldlike causal sets over which
the action varies by an amount ≪ 1. In the effective continuum path integral this translates
into the suppression of spacetimes with dimension not equal to 4 relative to spacetimes with
dimension equal to 4.

We are then left, in the sum over causal sets, with the typical sprinklings into 4-dimensional
spacetimes. This is the scenario to which our conjectures apply. We will ignore the fluctuations
and assume that each causal set has an action given by the mean over sprinklings and further
assume that the density of sprinkling ρ= l−4 is high enough that the action is close to the
limiting mean value. In this effective 4-dimensional continuum regime the constant ζ in the
fundamental action is revealed to equal

ζ =
4√
6

(
l
lp

)2

, (75)

where lp is the 4-dimensional Planck length lp =
√
8πGℏ. Since ζ is a constant of order 1, our

assumptions about the existence of the 4-dimensional continuum regime go hand in hand with
the expectation that the fundamental discreteness length l is of order the Planck length lp.

We can compare the actions S(Cno edge) and S(Cedge) of causal sets sprinkled into realistic
cosmological spacetimesMno edge without a timelike or null boundary andMedge with a timelike
boundary, respectively. Our conjecture implies

1
ℏ
S(Cno edge)≈

1
l2p

ˆ √
−gd4xR

2
∼ V4

l2p
Λ

∼ 1024010−120 ∼ 10120

where V4 is the spacetime volume of the Universe. If a manifold (M, g) has a timelike boundary
our conjecture implies that the action of C tends, in the limit l→ 0, to the timelike boundary
term. Physically, however, in causal set theory l the fundamental length is not zero but finite
and in S(Cedge) for finite l there are competing terms, one of which is the EH term of the same
order of magnitude as the above. The other is the timelike boundary term

timelike boundary term of
1
ℏ
S(Cedge)∼

1
l2p

1
l
V3 ∼

V3

l3p
.

If the timelike boundary is an edge of space of cosmological scale then its volume V3 is of
order V3

l3p
∼ 10180 which dominates the EH term and so

1
ℏ
S(Cedge)∼ 10180 .

Now we have an indication of a mechanism for suppression of spacetime Medge compared to
Mno edge. The large ratio of the magnitudes of their actions indicates that the measure of the
neighbourhood of Cedge over which the action is approximately constant is much smaller than
that of Cno edge, leading to the suppression of Medge in the gravitational path integral.
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The preceding argument is a rough sketch in which many issues are ignored11. Not the
least of these is the question of fluctuations around the mean of the causal set action and
their implications for the sum-over-histories [31]. It may be that the action in the sum-over-
causal sets should be replaced by the smeared form of the action, which we used in this article
as a device in our simulations exactly because its fluctuations are small for large N. In the
meantime, the work in this article can be extended in many ways. We have already mentioned
larger simulations and gaining more knowledge of the finite density and finite ϵ corrections.
The conjectures should be tested on manifolds in curved spacetime, and the low curvature
regime would be an obvious place to start [22, 25].

Ultimately, if quantum gravity is a theory with no free parameters, one must hope that
even the dimension of spacetime will emerge from the fundamental theory and not have to
be entered by hand into the sum-over-histories for causal sets. One must hope then that the
sum-over-histories given in (2) is itself an effective theory that arises from a yet more funda-
mental dynamics. One proposal for such dynamics is the class of sequential growth models
[3–5] which hold the potential to be models of self-tuning universes. In such universes, what
we now treat as fundamental constants such as d= 4 arise through a process of ‘cosmic renor-
malisation’ as cosmic epochs with different effective parameters succeed one another in an
unceasing process [32–34].
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Appendix A. Causal set actions for specific dimensions

The explicit forms of equation (3), as examples, for d= 2,3,4 are

1
ℏ
S(2) (C) = 2(N− 2N1 + 4N2 − 2N3) , (76)

1
ℏ
S(3) (C) = 1

Γ
(
5
3

) ( π

3
√
2

) 2
3 l
lp

(
N−N1 +

27
8
N2 −

9
4
N3

)
, (77)

1
ℏ
S(4) (C) = 4√

6

(
l
lp

)2

(N−N1 + 9N2 − 16N3 + 8N4) . (78)

11 One case that is being ignored is that of perhaps the most studied spacetime with a timelike boundary, Anti-De
Sitter space. Causal intervals in AdS that intersect the boundary are of infinite volume and so causal sets that are
sprinkled in AdS will not be locally finite. It is for future work to determine if the axioms of causal set theory can be
modified to accommodate AdS.
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Their smeared versions, the explicit forms of equation (16) for d= 2,3,4 are

1
ℏ
S(2)ϵ (C) = 2

(
ϵN− 2ϵ2

∑
x∈C

∑
y≺x

f2 (n(x,y) , ϵ)

)
(79)

where

f2 (n, ϵ) = (1− ϵ)
n− 2nϵ(1− ϵ)

n−1
+

(
n
2

)
ϵ2 (1− ϵ)

n−2
, (80)

1
ℏ
S(3)ϵ (C) = 1

Γ
(
5
3

) ( π

3
√
2

) 2
3 l
lp

(
ϵ2/3N− ϵ5/3

∑
x∈C

∑
y≺x

f3 (n(x,y) , ϵ)

)
(81)

where

f3 (n, ϵ) = (1− ϵ)
n− 27

8
nϵ(1− ϵ)

n−1
+

9
4

(
n
2

)
ϵ2 (1− ϵ)

n−2
, (82)

1
ℏ
S(4)ϵ (C) = 4√

6

(
l
lp

)2
(
ϵ1/2N− ϵ3/2

∑
x∈C

∑
y≺x

f4 (n(x,y) , ϵ)

)
(83)

where

f4 (n, ϵ) = (1− ϵ)
n− 9nϵ(1− ϵ)

n−1
+ 16

(
n
2

)
ϵ2 (1− ϵ)

n−2 − 8

(
n
3

)
ϵ3 (1− ϵ)

n−3 (84)

which we used in our simulations.

Appendix B. The cross terms in the d=2 diamond

In this appendix we verify the result from section 3.1 that the d= 2 joint term for the corner is
not present at subleading order in (24). A causal diamond has a mean action of 2 in the limit
of infinite ρ. This is interpreted according to conjecture 1 as being the contribution of the 2
points, S0, of the joint. We can investigate the result for the triangle by considering it as one
of two isometric halves of the diamond which gives us a chance to calculate an example of
the bi-action defined above. Due to the bilocal nature of the action, we cannot simply sum the
action of the left triangle and the right triangle to obtain the action of the diamond. Instead
equation (9) must be used:

⟨Sdiamond⟩= ⟨SL⟩+ ⟨SR⟩+ ⟨SL,R⟩+ ⟨SR,L⟩ (85)

where L refers to the left triangle and R the right. ⟨SL,R⟩ is the mean action calculated by only
considering intervals which begin in the right triangle and end in the left triangle. Similarly
⟨SR,L⟩, considers intervals which begin in the left and end in the right. To find ⟨SR,L⟩, cloning
can again be used. We clone the left hand region and displace it by the defining vector (u, v).
The volume of realisation is then given by the overlapping area between the cloned left hand
region and the right hand region.

From figure 28, the overlapping area can be seen to be (L− v)(v− u). In order for these
two regions to intersect, L> v> u. Therefore, Xρ is given by

Xρ =

ˆ L

0
du
ˆ L

u
dv(L− v)(v− u)e−ρuv

=
−2

√
πL

√
ρErf

(
L
√
ρ
)
−Ei

(
−L2ρ

)
+L2ρ− 2e−L2ρ + 2log(L)+ log(ρ)+ γ+ 2

2ρ2
.

(86)
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Figure 28. The volume of realisation (shaded) for the cross terms.

The action can then be computed:

1
ℏ
⟨SL,R⟩=−4ρ2Ô2Xρ =−1

2

√
πL

√
ρErf(L

√
ρ)− e−L2ρ + 1. (87)

From symmetry, ⟨SL,R⟩= ⟨SR,L⟩ and ⟨SL⟩= ⟨SR⟩. Therefore

1
ℏ
⟨Sdiamond⟩= 2

(
1
2

√
πL

√
ρErf(L

√
ρ)

)
+ 2

(
−1

2

√
πL

√
ρErf(L

√
ρ)− e−L2ρ + 1

)
= 2

(
1− e−L2ρ

) (88)

which is the known result [24].

Appendix C. d=2 timelike-spacelike (t-s) corners in the embedded regime

C.1. Half lozenge

To find the contribution from the intersection of timelike and spacelike boundaries, we can
consider the action of half of the lozenge, shown in figure 29. We want to conclude that due to
the presence of the timelike boundary, any contributions from these corners will be dominated
by the ρ

1
d term, so they are not of great importance.

The volume of realisation is

1
2
n

(
T−∆t− ∆x

2n

)2

(89)

which can be seen from figure 30.
The limits of integration are the same as for the lozenge in section 7.1. Therefore

Xρ = 2
ˆ √

2T
1+ 1

2n

0
dv
ˆ v

0
du

e−ρuv
(√

2((2n− 1)u+ 2nv+ v)− 4nT
)2

32n
. (90)
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Figure 29. Half of the lozenge. The vectors are used to define the Lorentzian angle of
the timelike-spacelike corner.

Figure 30. Finding the volume of realisation.

This gives

1
ℏ
⟨S(2)ρ (M)⟩= ρnT2 − 4ρ2Ô2Xρ

= n− 1
4n

+
1
2

√
π

2
√
ρT+O

((
1
ρ

)1
) (91)

This has the expected
√
ρ contribution from the timelike boundary. Since we know that the

joint contributes n+ 1
4n (from section 7.2), we expect that the 2 timelike-spacelike corners

contribute − 1
2n . Therefore

lim
ρ→∞

1
ℏ
⟨S(2)ρ (t-s corner)⟩=− 1

4n
. (92)

When n= 1
2 , the null case, this gives − 1

2 and so is consistent with section 3.1.

C.2. Lorentzian angle

According to the definition of Lorentzian Angle θ in [28] for a timelike vector a⃗ and a spacelike
vector b⃗,

coshθ =−i
a⃗ · b⃗

||⃗a||||⃗b||
, (93)
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Figure 31. A quarter of the lozenge. This has 2 different spacelike-timelike corners.

Figure 32. Finding the volume of realisation.

where ||⃗a|| is the absolute value of |⃗a|. From section C.1, we can find

coshθ =
i

2
√
n2 − 1/4

,for⃗a=

(
T
0

)
, b⃗=

(
T/2
nT

)
(94)

where a⃗ and b⃗ come from section C.1. This can be rearranged to

n=

√
cosh2 θ− 1
2coshθ

=
1
2
tanhθ (95)

so we can substitute this result into equation (92) which gives

lim
ρ→∞

1
ℏ
⟨S(2)ρ (t-s corner)⟩=− 1

4n
=−1

2
cothθ. (96)

C.3. Quarter lozenge

To check this result for different timelike-spacelike corners, we can compute the action of the
quarter lozenge, shown in figure 31.

For ∆x> 0, this has volume of realisation

n

(
T
2
−∆t− ∆x

2n

)2

(97)

whereas for ∆x< 0, the volume of realisation is

n

(
T
2
−∆t

)2

(98)

as can be seen from figure 32.
To find the limits, we must consider when the defining vector gives a non-zero volume of

resolution. This can be seen in figure 33.
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Figure 33. The limits of the integral can be found by considering the area over which
the defining vector can range. This is different for ∆x< 0 (left) and ∆x> 0 (right).

Converting these limits to (u, v) coordinates and using the approximation, we find

Xρ =

ˆ √
2T

2(1+ 1
2n )

0
dv
ˆ v

0
du

e−ρuv
(√

2((2n− 1)u+ 2nv+ v)− 2nT
)2

16n

+

ˆ √
2

2 T

0
dv
ˆ v

0
du

1
4
n
(
T−

√
2(u+ v)

)2
e−ρuv

(99)

and so
1
ℏ
⟨S(2)ρ (M)⟩= 1

2
ρnT2 − 4ρ2Ô2Xρ

= 2n− 1
4n

+
1
4

√
π

2
√
ρT+O

((
1
ρ

)1
)
.

(100)

Again, there is the expected timelike boundary contribution. From section C.1, the upper t-s
corner should contribute − 1

4n . We also know from section 7.3 that the joint will contribute 2n
(setting m= 2n). Therefore the lower s-t corner should contribute 0. This is consistent with
our conjecture in equation (96). From figure 31, we can work out

coshθ = 0,for⃗a=

(
T
0

)
, b⃗=

(
0
nT

)
(101)

so it is simple to see that the contribution to the action from this corner is indeed zero.

Appendix D. Argument for assumption

Region 2 touches the v-axis at (0,v0) in u,v coordinates (where v0 =
√
2T for the infinite slab

case). X(2)
ρ therefore may contribute non-exponentially suppressed terms to the action.

Recall from equation (8) that

1
ℏ
⟨S(d)ρ (M)⟩=−αd

(
l
lp

)d−2(
ρV+

βd

αd
ρ2ÔdXρ

)
. (102)

Our aim is to show that ld−2ρ2ÔdX
(2)
ρ = ρ1+2/dÔdX

(2)
ρ does not contribute to O

(
ρ1/d

)
, the

leading order of the action, which is the conjecture term.
Firstly, we numerically calculate ρ1+2/dÔdX

(2)
ρ for d= 2,3,4, and plotted the results for

large ρ values in figure 34.
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Figure 34. Plot of numerically integrated values ρ1+2/dÔdX
(2)
ρ against ρ on a log scale.

The data is fitted for each dimension with a straight line.

Figure 35. Region 1 here is the shaded region in figure 5(right). The shaded area in blue
is labelled A(down), and the shaded area in green is labelled A(up).

By fitting each dimension with a straight line ln(|ρ1+2/dÔdX
(2)
ρ |) = c1 ln(ρ)+ c2 on a

log scale, we obtain ρc1 as the leading order contribution to the action from region 2. For
d= 2, c1 =−2.01± 0.04,c2 = 0.51± 0.03; for d= 3, c1 =−0.38± 0.01,c2 = 0.65± 0.08;
for d= 4, c1 =−1.06± 0.02,c2 = 2.2± 0.1. It is noted that c1 < 1/d for these dimensions,
so ld−2ρ2ÔdX

(2)
ρ does not interfere with the conjecture term in these dimensions. These c1

values are also close to -2, -1/3, and -1, which c1 may approach as ρ→∞.
For an analytical argument, we can define

g(u,v) = ρ1+2/dÔd

(
f(u,v)e−c(d)ρ(uv)d/2

)
(103)
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where

f(u,v) =
(2π )

d
2−2 (v− u)d−2

(√
2(u+ v)− 2T

)(
2πLΓ

(
d
2

)
+
√
2πΓ

(
d−1
2

)
(u− v)

)
Γ(d− 1)

(104)

from equation (35). Therefore

ρ1+2/dÔdX
(2)
ρ =

ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ √
2T

T√
2

dv
ˆ v

√
2T−v

du g(u,v) . (105)

The strategy is to define a parameter a= uv, where ρad/2 ≫ 1. Region 2 is then divided into
2 regions, with the area named A(up) and A(down) shown in figure 35. We will separately
argue that the contribution to the integral from A(up) and A(down) does not contribute to the
conjecture term.

D.1. Integration in A(up)

We first argue that the contribution to the integral from A(up) can be arbitrarily small for a
choice of large ρ. We define gmax to be the maximum value of g(u,v) in A(up). A(up) lies
above the hyperbola, so uv> a in this region. Therefore,

e−c(d)ρ(uv)d/2 ⩽ e−c(d)ρad/2

, (106)

hence ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ ˆ
A(up)

dudv g(u,v)⩽ gmaxA(up)⩽ gmaxA(2) . (107)

where A(2) is the area of region 2. Since A(2) is finite, and gmax can be arbitrarily small for
large enough ρ, it is always possible to findˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ ˆ
A(up)

dudv g(u,v)< ϵ, (108)

for any ϵ, hence this integral does not contribute to the leading order of the action (which
diverges) in the large ρ limit.

D.2. Integration in A(down)

To argue that ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ ˆ
A(down)

dudv g(u,v) (109)

also does not contribute to the leading order of action, we choose

a
d
2 = ρ−1+α,where 0< α < 1. (110)

From this choice, as ρ increases, a= uv becomes closer to the u= 0 line. The argument is to
take a large ρ such that v is close to v0 and so we can treat g(u,v) as g(u,v0). We first notice
that the operator Ôd is designed such that

Ôd

(
ρ−2/d

)
= Ôd

(
ρ−4/d

)
= . . .= Ôd

(
ρ−(d+2)/d

)
= 0 (111)

for even d and

Ôd

(
ρ−2/d

)
= Ôd

(
ρ−4/d

)
= . . .= Ôd

(
ρ−(d+1)/d

)
= 0 (112)
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for odd d [8, 27]. Then we rewriteˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ ˆ
A(down)

dudv g(u,v)∼
ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ umax

0
du g(u,v0)

= ρ1+2/dÔd

(ˆ ∞

−∞
dx2. . .

ˆ ∞

−∞
dxd−1

ˆ umax

0
du f(u,v0)e

−c(d)ρ(uv0)
d/2
)
.

(113)

We note that f(u,v0) can be written in the form of a polynomial of u, with un where n ∈N .
The integral ˆ umax

0
du f(u,v0)e

−c(d)ρ(uv0)
d/2

(114)

can then only produce polynomials of ρm, where m=−2/d,−4/d. . . for umax > 0. Limited
by equation (111) and (112), the first non-vanishing orders according to Ôd are ρ−(d+4)/d for
even d, and ρ−(d+3)/d for odd d. Together with the ρ1+2/d factor outside of the operator, the
integral in A(down) should at most be of order ρ−2/d for even d and ρ−1/d for odd d, hence
should always be smaller than the conjecture term. This agrees with the numerical work in
figure 34.
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