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Abstract

We begin by studying the number of partitions satisfying degree congruence
conditions in random graphs. For G = Gn,1/2, the Erdős–Renyi random
graph, let Xn be the random variable representing the number of distinct
partitions of V (G) into sets A1, . . . , Aq so that the degree of each vertex
in G[Ai] is divisible by q for all i ∈ [q]. We prove that if q ⩾ 3 is odd then
Xn

d−→ Po(1/q!), and if q ⩾ 4 is even then Xn
d−→ Po(2q/q!). More generally,

we show that the distribution is still asymptotically Poisson when we
require all degrees in G[Ai] to be congruent to xi modulo q for each i ∈ [q],
where the residues xi may be chosen freely. For q = 2, the distribution is
not asymptotically Poisson, but it can be determined explicitly.

We next study a number of problems related to the invertibility of digraphs.
For an oriented graph D and a set X ⊆ V (D), the inversion of X in D is
the digraph obtained by reversing the orientations of the edges of D with
both endpoints in X. The inversion number of D, inv(D), is the minimum
number of inversions which can be applied in turn to D to produce an
acyclic digraph. Answering a recent question of Bang-Jensen, da Silva,
and Havet we show that, for each k ∈ N and tournament T , the problem
of deciding whether inv(T ) ⩽ k is solvable in time Ok(|V (T )|2), which
is tight for all k. In particular, the problem is fixed-parameter tractable
when parameterised by k. On the other hand, we build on their work to
prove their conjecture that for k ⩾ 1 the problem of deciding whether
a general oriented graph D has inv(D) ⩽ k is NP-complete. We also
construct oriented graphs with inversion number equal to twice their cycle
transversal number, confirming another conjecture of Bang-Jensen, da
Silva, and Havet, and we provide a counterexample to their conjecture
concerning the inversion number of so-called ‘dijoin’ digraphs while proving
that it holds in certain cases. Furthermore, we asymptotically solve the
natural extremal question in this setting, improving on previous bounds of
Belkhechine, Bouaziz, Boudabbous, and Pouzet to show that the maximum
inversion number of an n-vertex tournament is (1 + o(1))n.
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Finally, we consider a generalised version of the Erdős-Rothschild problem
from 1974. The original problem asks for the maximum number of s-edge-
colourings in an n-vertex graph which avoid a monochromatic copy of Kk,
given positive integers n, s, k. In this thesis, we systematically study the
generalisation of this problem to a given forbidden family of colourings of
Kk. This problem typically exhibits a dichotomy whereby for some values
of s, the extremal graph is the ‘trivial’ one, namely the Turán graph on
k − 1 parts, with no copies of Kk; while for others, this graph is no longer
extremal and determining the extremal graph becomes much harder. We
generalise a framework developed for the monochromatic Erdős-Rothschild
problem to the general setting and work in this framework to obtain our
main results, which concern two specific forbidden families: triangles with
exactly two colours, and improperly coloured cliques. We essentially solve
these problems fully for all integers s ⩾ 2 and large n. In both cases
we obtain an infinite family of structures which are extremal for some s,
which are the first results of this kind. A consequence of our results is
that for every non-monochromatic colour pattern, every extremal graph is
complete partite. This last part extends work of Hoppen, Lefmann and
Schmidt and of Benevides, Hoppen and Sampaio.
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Chapter 1

Introduction

This thesis focuses on a range of problems in combinatorics, with a particular emphasis
on extremal and probabilistic graph theory. The introductory chapter provides an
overview of the research areas explored and introduces our main results in detail. Each
of the subsequent chapters delves into a specific research topic, providing a concise
summary of our contributions and focusing on their proofs. We begin in Chapter 2
by deriving results on the distribution of the number of partitions of random graphs
that satisfy certain degree congruence conditions. In Chapter 3, we address a number
of problems concerning the ‘inversion number’ of digraphs, delivering structural
characterisations, extremal bounds and complexity results. Finally, in Chapter 4
we turn to a generalisation of the Erdős-Rothschild problem, a classical problem in
extremal graph theory centred around maximising the number of edge-colourings of a
graph that avoid specified forbidden coloured subgraphs.

1.1 Counting partitions of Gn,1/2 with degree congru-
ence conditions

A folklore result of Gallai (see [70], Exercise 5.17) states that every graph G has a
vertex partition into two parts V1 and V2 (which may be empty) so that all degrees
in the induced subgraphs G[V1] and G[V2] are even. An easy corollary of this is that
there also exists a vertex partition into two parts for which the degrees in G[V1] are
all odd whilst the degrees in G[V2] are all even. Another corollary in the same vein
is a solution to a well-known riddle: given any graph with lights turned on at each
vertex and buttons corresponding to each vertex that toggle the status (light on/off)
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of a vertex together with its neighbourhood, there is a sequence of button-pushes that
turns all of the lights off.

Given that Gallai’s theorem guarantees the existence of even/even and even/odd
partitions into two parts, one line of research that has arisen is to investigate partitions
where each part induces a subgraph with all degrees odd. By considering any graph
with an odd number of vertices, it is clear that it is not always possible to find a
partition into two parts satisfying this condition. However, improving on earlier work
of Caro [25] and Scott [80], Ferber and Krivelevich [40] proved that any graph without
isolated vertices contains a linearly sized induced subgraph with all degrees odd.

When we allow more than two parts, it is still trivially necessary that G must have
an even number of vertices in each part and hence in each component. The following
result due to Scott [81] states that this is in fact sufficient. We shall call a subgraph
H of a graph G odd if dH(v) is odd for all v ∈ V (H), and similarly even if all degrees
are even.

Theorem 1.1 ([81]). The vertices of a graph G can be partitioned into sets A1, . . . , Ak

for some k such that G[Ai] is an odd subgraph for all i if and only if every component
of G has even order.

More generally, we can consider congruence conditions modulo q for q ⩾ 2. Caro,
Krasikov and Roditty [26] asked whether there exists a number k = k(q) such that
every graph G can be partitioned into k vertex-disjoint classes A1, . . . , Ak in such a
way that all degrees in all induced subgraphs G[Ai] are divisible by q. While this
deterministic problem is very much open, more can be said in the context of random
graphs.

Henceforth let Gn,1/2 be the standard binomial random graph with vertex set [n]

and edge probability 1/2. Scott [81] formulated a random version of Caro, Krasikov
and Roditty’s problem in which we ask for partitions satisfying fixed degree residue
conditions to exist for almost every Gn,1/2 (i.e. with probability tending to 1 as
n→ ∞).

Problem 1.2 ([81]). Let q ⩾ 2 and 0 ⩽ x < q be integers. Does there exist a number
k = k(q, x) such that almost every Gn,1/2 (with n even for simplicity) can be partitioned
into k vertex-disjoint classes A1, . . . , Ak in such a way that in all the induced subgraphs
G[Ai] all degrees are x mod q?
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It was shown in [81] that three parts suffice for q = 2 and x = 1. Ferber, Hardiman
and Krivelevich [38, 39] solved Problem 1.2 for general q, showing that k(q, x) = q + 1

is sufficient for all x.

Theorem 1.3 (Ferber, Hardiman and Krivelevich [39]). For all q ∈ N and 0 ⩽ x < q,
almost every Gn,1/2 has a vertex partition into q + 1 sets A1, . . . , Aq+1 such that in
each induced subgraph G[Ai] all degrees are x mod q.

It is not hard to show (by a first moment argument) that Theorem 1.3 does not hold
for partitions into q − 1 parts. However, a natural question asked in [38] is whether
the theorem still holds with q parts instead of q + 1. In Chapter 2, we provide a
negative answer and moreover determine the asymptotic distribution of the number of
‘good’ partitions into q parts. The situation differs between the cases q > 2 and q = 2.
Beginning with the former, for G = Gn,1/2, let Xn be the random variable representing
the number of partitions of V (G) into disjoint sets A1, . . . , Aq so that the degree of
each vertex in G[Vi] is divisible by q for all i ∈ [q], i.e.

Xn =
∣∣∣{{A1, . . . , Aq} : V (G) =

q∐
i=1

Ai and q | dG[Ai](v) for all i ∈ [q], v ∈ Ai
}∣∣∣.

Although we number the parts, we only consider partitions up to permutation of the
parts. Our first result gives the distribution of Xn as n→ ∞.

Theorem 1.4. If q ⩾ 3 is odd, then Xn
d−→ Po(1/q!). If q ⩾ 4 is even, then

Xn
d−→ Po(2q/q!).

With some minor modifications to the proof of Theorem 1.4, we can obtain the following
stronger statement which allows for greater flexibility in fixing congruence conditions.
Specifically, for non-negative integers a0, . . . , aq−1 with

∑q−1
x=0 ax = q, we now let

Xn = X
(a0,...,aq−1)
n be the number of q-tuples ({A0,1, . . . , A0,a0}, {A1,1, . . . , A1,a1}, . . . ),

where each entry is an (unordered, possibly empty) set of parts and each part satisfies
the degree condition given by its first index, i.e.

Xn =
∣∣∣{({A0,1, . . . , A0,a0}, {A1,1, . . . , A1,a1}, . . . {Aq−1,1, . . . , Aq−1,aq−1}) :

V (G) =
∐

(x,y)∈T

Ax,y and dG[Ax,y ](v) ≡ x for all (x, y) ∈ T, v ∈ Ax,y
}∣∣∣,

where T = {(x, y) : x = 0, . . . , q− 1, y = 1, . . . , ax} and the congruence is mod q. This
definition ensures that (as before) two partitions that can be transformed into each
other by reordering parts with the same degree condition are considered the same
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and only counted once. Setting a0 = q and ai = 0 for i ̸= 0 we would get the random
variable we considered in Theorem 1.4.

Theorem 1.5. Let G = Gn,1/2 and let Xn = X
(a0,...,aq−1)
n be as defined above for any

non-negative integers a0, . . . , aq−1 with
∑q−1

x=0 ax = q. For q even, write c =
∑q/2−1

x=0 a2x

for the number of parts where the degree condition is even.

(1) If q ⩾ 3 is odd, then Xn
d−→ Po(1/

∏
ax!).

(2) If q ⩾ 4 is even and c > 0, then Xn
d−→ Po(2c/

∏
ax!).

(3) If q ⩾ 4 is even and c = 0, then Xn
d−→ Po(2/

∏
ax!) as n runs over even

integers.

Note that if q is even and c = 0 then all degrees in each G[Ax,y] must be odd, so each
|Ax,y| is even and hence n =

∑ |Ax,y| must also be even.

For a cleaner presentation, Theorem 1.4 and Theorem 1.5 feature the random graph
with edge probability p = 1

2
, although our proofs actually extend to any p = p(n) with

C logn
n

⩽ p ⩽ 1− C logn
n

for some large constant C.

The case where q = 2 is really exceptional, which is especially intriguing given that
the following question was one of the starting points in the random setting.

Problem 1.6 ([81]). For n even, what is the probability that Gn,1/2 can be partitioned
into two sets, each inducing odd subgraphs?

It is known [81] that the answer is at least 1/2 + o(1). We show that the answer to
Problem 1.6 is 2/3+o(1). In fact, we provide the full distributions of X(2,0)

n , X(1,1)
n and

X
(0,2)
n , recalling that these are the number of bipartitions of Gn,1/2 inducing even/even,

even/odd and odd/odd partitions respectively. The exact distributions are given in
Chapter 2, and lead to the following asymptotic distributions. As usual, products over
empty index sets, or with a lower limit exceeding the upper limit, are defined to be 1.

Theorem 1.7. Let G = Gn,1/2. Then X
(2,0)
n

d−→ X and X
(1,1)
n

d−→ X where

P(X = 2k) = c

k∏
i=1

(2i − 1)−1

for k ∈ N ∪ {0} with constant c =
∏∞

i=0(1− 2−2i−1) = (
∑∞

j=1

∏j
i=1(2

i − 1)−1)−1, and

P(X = x) = 0 if x ≠ 2k for any k ∈ N ∪ {0}. Furthermore, X(0,2)
n

d−→ Z where n only

4



runs over even integers and

P(Z = 2k) = c2−k
k∏
i=1

(2i − 1)−1

for k ∈ N ∪ {0}, P(Z = 0) = 1
3

and P(Z = x) = 0 if x ≠ 0 and x ̸= 2k for any
k ∈ N ∪ {0}.

Chapter 2 is based on joint work with Paul Balister, Alex Scott, and Jane Tan [8].

1.2 Invertibility of digraphs and tournaments

In Chapter 3, we consider directed graphs without loops, digons, or parallel edges,
for which we use the terms digraph and oriented graph interchangeably. For such a
digraph D = (V,E) and a set X ⊆ V , the inversion of X in D is the digraph obtained
from D by reversing the direction of the edges with both endpoints in X; we say that
we invert X in D. Given a family of sets X1, . . . , Xk ⊆ V , we can invert X1 in D,
then X2 in the resulting digraph, and so on, noting that the final digraph produced
by these inversions is independent of the order in which we perform them. If inverting
X1, . . . , Xk in turn transforms D into an acyclic digraph, then we say that these sets
form a decycling family of D. We will refer to a set X ⊆ V which forms a decycling
family by itself as a decycling set. The inversion number of D, denoted inv(D), is
defined to be the minimum size of a decycling family of D, and for k ∈ N0 we say
that D is k-invertible if inv(D) ⩽ k.

The study of inversions began in Houmem Belkhechine’s PhD thesis [16] and continued
in [17, 18, 79], in which many foundational results were established. The work
presented in Chapter 3 is inspired by a paper of Bang-Jensen, da Silva, and Havet [11]
which studied a wide range of questions about invertibility, with an emphasis on those
of an algorithmic or extremal nature. They also posed a host of interesting conjectures
and problems, some of which we answer in this thesis.

1.2.1 The inversion number of k-joins

The cornerstone of many of the conjectures made by Bang-Jensen, da Silva, and Havet
in [11] is the following ‘dijoin conjecture’. For oriented graphs L and R, the dijoin
L→ R from L to R is the oriented graph consisting of vertex-disjoint copies of L and
R, with an edge # »uv for all u ∈ V (L) and v ∈ V (R).
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Conjecture 1.8 ([11]). For oriented graphs L and R we have inv(L→ R) = inv(L) +

inv(R).

Noting that the left-hand side is certainly at most the right-hand side for all L
and R and that the conjecture holds trivially if inv(L) = 0 or inv(R) = 0, Bang-
Jensen, da Silva, and Havet showed it to be true when inv(L) + inv(R) ⩽ 3, and
when inv(L) = inv(R) = 2 and L and R are both strongly connected.1 They also
observed (see our Section 3.2) that the conjecture is equivalent to its restriction to
tournaments. We disprove Conjecture 1.8 by exhibiting a tournament R which satisfies
inv(R) = inv(

# »

C3 → R), where
# »

C3 is the directed cycle on three vertices.

Theorem 1.9. There exists a tournament R with inv(R) = inv(
# »

C3 → R) = 3.

Just before making the material in Chapter 3 available online, we learned of independent
simultaneous work by Aubian, Havet, Hörsch, Klingelhoefer, Nisse, Rambaud, and
Vermande [6] who proved a stronger version of Theorem 1.9. Specifically, they showed
that for any odd ℓ ⩾ 3, there is a tournament L with inv(L) = ℓ such that for any R
with inv(R) ⩾ 1 the pair L,R is a counterexample to the dijoin conjecture.

While Theorem 1.9 shows that the dijoin conjecture is false in general, we prove it in
the case where inv(L) = inv(R) = 2.

Theorem 1.10. If L and R are digraphs with inv(L) = inv(R) = 2, then inv(L →
R) = 4.

The proof of Theorem 1.10 relies on the strongly connected case and our next result,
which concerns the following generalisation of dijoins to arbitrarily many digraphs.
For k ∈ N the k-join of digraphs D1, . . . , Dk, written [D1, . . . , Dk], is the digraph
consisting of vertex-disjoint copies of D1, . . . , Dk with an additional edge # »uv whenever
u ∈ V (Di), v ∈ V (Dj) for i < j. We write [D]k = [D, . . . , D] for the k-join of k copies
of the same oriented graph D. The following result can be viewed as a k-join analogue
of the dijoin conjecture holding under certain conditions. It generalises a theorem of
Pouzet, Kaddour, and Thatte [79] which states that inv([

# »

C3]k) = k for all k.

Theorem 1.11. Let k ∈ N and let D1, . . . , Dk be oriented graphs. Assume that
inv(Di) ⩽ 2 for all i, with equality for at most one i. Then

inv([D1, . . . , Dk]) =
k∑
i=1

inv(Di). (1.2.1)

1The case where inv(L) = 2 and inv(R) = 1 is not explicitly mentioned in [11], but follows easily
from the case where inv(L) = 1 and inv(R) = 2 by inverting V (L → R).
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Note that again the left-hand side is at most the right-hand side in (1.2.1) for any
digraphs D1, . . . , Dk. We will use Theorem 1.11 to confirm another conjecture from [11]
which was made based on the dijoin conjecture (see Theorem 1.13 below). Theorem 1.11
and, in turn, Theorem 1.10 follow from a characterisation of the decycling families of
size k of arbitrary k-joins of oriented graphs with inversion number 1. We will need
some further terminology to state this result: for a digraph D, sets X1, . . . , Xk ⊆ V (D),
and a vertex v ∈ V (D), we define the characteristic vector of v in X1, . . . , Xk to be
(I{v∈Xi} : i ∈ [k]) ∈ Fk2, where I{v∈Xi} is the indicator function of the event v ∈ Xi. For
vectors u,v ∈ Fk2 we write u ·v for the usual scalar product of u and v over F2. This is
not a genuine inner product, but we say nevertheless that a collection u1, . . . ,uℓ ∈ Fk2
is orthonormal if ui · ui = 1 for all i and ui · uj = 0 for all i ̸= j. Finally, we refer
to the canonical copy of Di in D = [D1, . . . , Dk] as the ith factor of D. We are now
ready to state our characterisation theorem, the case k = 2 of which was shown by
Bang-Jensen, da Silva, and Havet [11]. Its proof is based on an approach used by
Pouzet, Kaddour, and Thatte [79].

Theorem 1.12. Let D1, . . . , Dk be oriented graphs with inv(Di) = 1 for all i and
let D̂ = [D1, . . . , Dk] be their k-join. Then sets X1, . . . , Xk ⊆ V (D̂) form a decycling
family of D̂ if and only if there are orthonormal vectors u1, . . . ,uk ∈ Fk2 and for each i
a decycling set Vi ⊆ V (Di) of the ith factor of D̂ such that, for each i, the vertices in Vi
have characteristic vector ui (in X1, . . . , Xk), and all other vertices have characteristic
vector 0 (in X1, . . . , Xk).

In particular, any acyclic digraph obtained from D̂ by k inversions can also be obtained
by inverting a decycling set for each factor in turn.

1.2.2 Computational complexity

One focus of Bang-Jensen, da Silva, and Havet’s paper [11] was on the computational
complexity of deciding whether an oriented graph is k-invertible. More formally, they
considered, for fixed k ∈ N0, the problem of k-Inversion:

Input: an oriented graph D.
Problem: inv(D) ⩽ k?

A first observation is that 0-Inversion is equivalent to checking whether a digraph
D is acyclic, which is well known to be possible in time O(|V (D)|2) (see [33, p. 612]),
so we need only consider k ⩾ 1.
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Bang-Jensen, da Silva, and Havet [11] showed that 1-Inversion is NP-complete
using a reduction from Monotone 3-in-1 SAT. Then, using the special cases of the
dijoin conjecture proved in that paper, they observed that for a digraph D we have
inv(D → D) = 2 if and only if inv(D) = 1, from which it follows that 2-Inversion is
also NP-complete. They conjectured that NP-completeness extends to k-Inversion

for all k ⩾ 3, noting that this would follow from a similar argument if the dijoin
conjecture were true. Of course, the full dijoin conjecture is not required, and indeed
it is easy to see that Theorem 1.11 is enough: it implies that inv(D) = 1 if and only
if inv([D]k) = k, which reduces 1-Inversion to k-Inversion and hence shows the
following.

Theorem 1.13. k-Inversion is NP-complete for all k ∈ N.

Bang-Jensen, da Silva, and Havet also considered the computational complexity of
the same problem when the input is restricted to tournaments. For fixed k ∈ N the
problem of k-Tournament-Inversion is:

Input: a tournament T .
Problem: inv(T ) ⩽ k?

One way of analysing the complexity of this problem is to use k-inversion-critical
tournaments: we say that a tournament T is a k-inversion-critical tournament if
inv(T ) = k but inv(T − {v}) < k for all v ∈ V (T ), and denote by ICk the set of
k-inversion-critical tournaments. It is not difficult to see that a tournament has
inversion number at most k if and only if it contains no element of ICk+1 ∪ ICk+2

as a subtournament. Indeed, for any digraph D and vertex v ∈ V (D) with out-
neighbourhood A ⊆ V (D), adding A and A ∪ {v} to a decycling family of D − {v}
gives a decycling family of D. We deduce that inv(D) ⩽ inv(D − {v}) + 2. Hence, if
inv(T ) > k, then by arbitrarily deleting vertices from T one by one, we can obtain a
subtournament T ′ of T with inv(T ′) ∈ {k + 1, k + 2}. This T ′ contains a member of
ICk+1 ∪ ICk+2 as a subtournament.

Belkhechine, Bouaziz, Boudabbous, and Pouzet [18] showed that ICk is finite for all
k ∈ N. Writing mk for the maximum number of vertices of an element of ICk, it follows
that k-Tournament-Inversion can be solved in timeO(|V (T )|max(mk+1,mk+2)). Thus,
in particular, k-Tournament-Inversion can be solved in polynomial time for any
fixed k. Plainly IC1 = { # »

C3}, so m1 = 3, and IC2 was explicitly described in [79],
giving m2 = 6. However, no upper bound on mk is known for k ⩾ 3, so for no
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k ⩾ 1 does the above give a concrete polynomial bound on the complexity of k-
Tournament-Inversion. Note also that this approach does not identify a decycling
family of size k given a k-invertible tournament, it can only confirm the existence of
one.

Bang-Jensen, da Silva, and Havet [11] used an alternative approach to show that
1-Tournament-Inversion can be solved in time O(|V (T )|3) while 2-Tournament-

Inversion can be solved in time O(|V (T )|6). The idea behind their algorithm for 1-

Tournament-Inversion is to check whether the tournament contains a vertex which
can be made into a source, and for 2-Tournament-Inversion they check whether it
contains a pair of vertices which can be made into a source and a sink respectively. They
went on to ask for the least real numbers rk such that k-Tournament-Inversion

can be solved in time O(|V (T )|rk). We answer this question by showing that, perhaps
surprisingly, for each fixed k ∈ N there is an algorithm solving k-Tournament-

Inversion in time O(|V (T )|2). In the language of complexity theory, this means that
the likely NP-hard problem of determining whether inv(T ) ⩽ k for inputs k and T

(see Conjecture 3.11) is fixed-parameter tractable when parameterised by k.2

Theorem 1.14. For fixed k ∈ N, k-Tournament-Inversion can be solved for
n-vertex tournaments in time O(n2). Moreover, if the input tournament is k-invertible,
then our algorithm finds a decycling family of size at most k.

Note that the exponent of n in this running time is optimal, since any algorithm
solving k-Tournament-Inversion needs to inspect the orientation of every edge
in the input tournament. However, the implied constant in the running time of our
algorithm is doubly exponential in k, so it is unlikely to be of practical use for large k.

1.2.3 Relation to other parameters

Bang-Jensen, da Silva, and Havet [11] also considered the relationship between the
inversion number and other digraph parameters. Two well studied parameters of
particular interest are the cycle transversal number and the cycle edge-transversal
number, defined as follows. A cycle transversal (or feedback vertex set) in a digraph D
is a set of vertices of D whose removal from D leaves an acyclic digraph and the cycle
transversal number of D, denoted τ(D), is the minimum size of a cycle transversal in
D. Analogously, a cycle edge-transversal (or feedback arc set) in D is a set of edges
of D whose removal leaves an acyclic digraph and the cycle edge-transversal number

2See [36] for the definition of fixed-parameter tractability and an exposition of the surrounding
theory.
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of D, τ ′(D), is the minimum size of a cycle edge-transversal in D. Note that the
inequality τ(D) ⩽ τ ′(D) always holds, since a set containing an endpoint of each edge
in a cycle edge-transversal of D forms a cycle transversal of D.

Bang-Jensen, da Silva, and Havet [11] made the following observations concerning
the relationships between inv(D), τ(D), and τ ′(D) for a digraph D. Firstly, we
have inv(D) ⩽ τ ′(D). This follows from the fact that if F ⊆ E(D) is a cycle
edge-transversal of D, then since (V (D), E(D) \ F ) is acyclic, there is a labelling
v1, . . . , vn of V (D) such that #    »vjvi ̸∈ E(D) \ F if i < j. Applying the family of
inversions ({vi, vj} : i < j, #    »vjvi ∈ F ) transforms D into an acyclic digraph and hence
inv(D) ⩽ τ ′(D) as claimed. They also observed that this inequality is tight for all
values of τ ′(D) as exhibited by [

# »

C3]k, which clearly has cycle edge-transversal number
k, and as mentioned above was shown in [79] to have inversion number k.

Turning to τ(D), the inequality inv(D) ⩽ 2τ(D) was obtained in [11] as follows. After
observing that τ(D) = 0 implies inv(D) = 0, we may assume that τ(D) ⩾ 1. Let
S ⊆ V (D) be a cycle transversal in D of size τ(D) and pick v ∈ S. Then observe
that D − {v} has cycle transversal number τ(D)− 1, with S \ {v} a cycle transversal.
Moreover, as noted in Section 1.2 we have inv(D) ⩽ inv(D − {v}) + 2, from which it
follows by induction that inv(D) ⩽ 2τ(D).

Bang-Jensen, da Silva, and Havet conjectured that this inequality is tight for all values
of τ(D). Indeed, they considered the graph V5 obtained by adding a vertex v and
edges #»

v1,
#»
2v,

#»
v3,

#»
4v to the (transitive) tournament on vertex set {1, 2, 3, 4} with edges

#»
ij for i < j, which can easily be seen to have τ(V5) = 1 and inv(V5) = 2. They noted
that if the dijoin conjecture holds, then τ([V5]k) = k and inv([V5]k) = 2k for all k
(in fact, since V5 is strongly connected, the case k = 2 follows from the special cases
for which they proved the dijoin conjecture). We construct digraphs with a similar
character to V5 which confirm their conjecture.

Theorem 1.15. For all k ∈ N there exists an oriented graph D with inv(D) =

2τ(D) = 2k.

1.2.4 The extremal problem

Finally, we consider inv(n), defined for each n ∈ N as the maximum inversion number
of an oriented graph (or, equivalently, a tournament) on n vertices. Belkhechine,
Bouaziz, Boudabbous, and Pouzet [18] were the first to study this parameter, obtaining
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bounds of the form

n

2
− log2(n) +O(1) ⩽ inv(n) ⩽ n+O(1).

Their lower and upper bounds follow from counting and inductive arguments respec-
tively (see Section 3.6 for details), and they conjectured that inv(n) ⩾

⌊
n−1
2

⌋
for all n.

Bounds of the form above previously remained the best known, with Bang-Jensen, da
Silva, and Havet [11] noting that the O(1) term in the upper bound can be improved
very slightly.

Using a random construction, we show that inv(n) = (1 + o(1))n.

Theorem 1.16. For sufficiently large n we have

inv(n) ⩾ n−
√

2n log2(n).

Moreover, a uniformly random labelled n-vertex tournament has at least this inversion
number with probability tending to 1.

We will also show that inv(n) ⩽ n − log2(n + 1). Similar upper and lower bounds
on inv(n) were also obtained in the simultaneous work by Aubian, Havet, Hörsch,
Klingelhoefer, Nisse, Rambaud, and Vermande [6].

Chapter 3 is based on joint work with Noga Alon, Michael Savery, Alex Scott, and
Elizabeth Wilmer [3].

1.3 The generalised Erdős-Rothschild problem with
a focus on dichromatic triangles

Chapter 4 concerns an extremal problem on edge-colourings of graphs with certain
forbidden structures: given a collection X of s-edge-coloured cliques on k vertices,
which n-vertex graph has the maximum number of colourings which do not contain
any elements of X ? More formally, let k ⩾ 3 be a clique size, s ⩾ 2 a number of
colours, and let X be a family of s-edge-colourings of Kk. Given a graph G, we say
that an s-edge-colouring of G is X -free (or valid if X is clear from the context) if it
avoids all coloured copies of Kk which lie in X , and define F (G;X ) to be the number
of X -free s-edge-colourings of G. The goal is to determine

F (n;X ) := max
|V (G)|=n

F (G;X ),

11



as well as the set of X -extremal graphs G, i.e. those satisfying F (G;X ) = F (n;X ). By
considering all colourings of the Turán graph Tk−1(n), which is the n-vertex complete
(k − 1)-partite graph with part sizes as equal as possible, we can see that

stk−1(n) ⩽ F (n;X ) ⩽ s(
n
2), (1.3.1)

where tk−1(n) = (1− 1
k−1

+ o(1))
(
n
2

)
is the number of edges in Tk−1(n). We refer to

stk−1(n) as the trivial lower bound for F (n;X ) and to Tk−1(n) as the trivial example.
The inequalities in (1.3.1) give the order of magnitude of logF (n;X ), so an asymptotic
solution to the problem above would be to determine the limit

lim
n→∞

logF (n;X )(
n
2

) ,

which was shown to exist in [2] for forbidden monochromatic cliques using an entropy
inequality of Shearer; the same proof applies for general families X (see [9, Lemma 7]).

1.3.1 The monochromatic Erdős-Rothschild problem

The problem of determining F (n;X ) was first posed by Erdős and Rothschild in
1974 [37], in the case when X is the family X (1)

k,s of the s monochromatic colourings of
Kk. They conjectured that the trivial lower bound is tight for (k, s) = (3, 2). This was
verified by Yuster [85] for all n ⩾ 6 and by Alon, Balogh, Keevash and Sudakov [2],
the latter of whom showed that in fact for both s = 2, 3 and all k ⩾ 3 (and large n),
the trivial lower bound is tight, but for s ⩾ 4 it is very far from tight. It was shown in
[2, Theorem 1.2] that for s = 4, the complete 4-partite graph T4(n) has exponentially
more colourings free of monochromatic triangles than T2(n). The construction can
naturally be extended to s ⩾ 4 colours and inserted in place of three vertex classes of
Tk−1(n) to show that F (n;X (1)

k,s ) exceeds stk−1(n) by an exponential factor. The authors
also showed [2, Theorem 1.3] that limn→∞ logF (n;X (1)

k,s )/
(
n
2

)
→
(
1− 1

k−1

)
log(s) as

max{k, s} → ∞.

For s ⩾ 4, the only cases where F (n;X (1)
k,s ) has been determined for large n are (k, s)

equal to (3, 4), (3, 5) (asymptotically), (3, 6), (3, 7) and (4, 4) [22, 75, 77]. There is no
conjecture for general (k, s). In all known exact results, there is a unique X (1)

k,s -extremal
graph which is a Turán graph, with more than k − 1 parts for s ⩾ 4. For example,
the extremal graph for (4, 4) is T9(n). However, for (3, 5) there is a large family of
graphs which are almost extremal, though we do not know which of these are extremal;
nevertheless, these graphs are all complete multipartite. It is not known whether for
all pairs (k, s) every extremal graph is complete multipartite.
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1.3.2 The generalised Erdős-Rothschild problem

In Chapter 4 we study the generalised Erdős-Rothschild problem of determining F (n;X )

and the X -extremal graphs for a general family X of forbidden s-edge-colourings
of Kk. We develop a general proof framework for the generalised Erdős-Rothschild
problem, which constitutes a powerful reduction to an optimisation problem, and give
two applications to forbidden 2-edge-coloured triangles and to counting colourings of
graphs in which every k-clique is properly coloured. Existing results on the generalised
Erdős-Rothschild problem, which we will shortly survey, are sporadic in nature and
any sort of comprehensive solution has so far been out of reach.

Balogh [9] was the first to extend the Erdős-Rothschild problem to forbidden non-
monochromatic cliques. He considered the variant where X contains a single colouring
χ : E(Kk) → [2] and showed that, unless χ is monochromatic, the trivial lower
bound is tight. Subsequent results in the literature consider predominantly what
we call symmetric families X which are invariant under permutations of the colours.
Equivalently, X is symmetric if there is a family P of partitions of E(Kk) such
that X =

⋃
P∈P XP where each XP contains all colourings that can be obtained by

injectively assigning colours to the classes of P (an example is given in Figure 1.3.1).
We refer to such partitions as colour patterns. When P contains a single colour pattern
P , we write (P, s) as shorthand for XP and say that an s-edge-colouring of a graph G
is P -free if it is XP -free. From now on, let K(ℓ)

k denote the family of all patterns on
Kk with ℓ classes. With this notation, the monochromatic pattern X (1)

k,s is (K
(1)
k , s).

The generalised Erdős-Rothschild problem for symmetric X has been studied in
[2, 9, 10, 13, 14, 19, 53–55, 57–59, 74, 75, 77]; known results and the corresponding
XP-extremal graphs are summarised in Table 1.1. Observe that if the number s ⩾ 2

of colours is less than the number of parts in P , then the unique (P, s)-extremal
graph is the complete graph since every s-edge-colouring of every graph is P -free.
Benevides, Hoppen and Sampaio gave a simple proof [19, Theorem 1.1], using Zykov
symmetrisation, to show that for every number s ⩾ 2 of colours and colour pattern P
with at most s parts, there exists a complete partite extremal graph. It was much less
clear whether there can be other extremal graphs, but the authors of [19] proved that
for all but very few exceptional colour patterns, every extremal graph is complete
partite.

Theorem 1.17 ([2, 9, 19, 22, 75]). Let s ⩾ 2 and k ⩾ 3 and let P be a colour pattern
of Kk. Suppose that none of the following hold.
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1. P = K
(1)
k is the monochromatic pattern and s ̸∈ {2, 3, 4, 6, 7};

2. k = 3, s ⩾ 4 and P = K
(2)
3 is the (unique) pattern on K3 with 2 colour classes.

Then for sufficiently large n, every n-vertex (P, s)-extremal graph is complete partite.

= +

Figure 1.3.1: The pattern K(2)
3 and the family (K

(2)
3 , 4).

Note that when the number of parts in P is larger than s, the problem is degener-
ate since every s-edge-colouring of any graph is valid and therefore (the complete
multipartite graph) Kn is the unique (P, s)-extremal graph on n vertices. Otherwise,
the proof in [19] works for all non-monochromatic patterns apart from the exception
K

(2)
3 given in the theorem and a certain pattern on K4 with two colours. It was also

shown in [19] that Tk−1(n) is the unique (P, s)-extremal graph when s = 3 and P is a
colour pattern on Kk with two colour classes such that the graph formed by one colour
class has Ramsey number at most k. In particular, this gives T2(n) as the unique
extremal graph for the pattern K

(2)
3 and s = 3 colours. The other cases covered by

Theorem 1.17 follow from [2, 22, 75] (monochromatic) and [9] (two colours).

As mentioned in Section 1.3.1, there are a handful of other sporadic (monochromatic)
cases for which the conclusion of Theorem 1.17 holds. Pikhurko and Staden [75] proved
that extremal graphs for the monochromatic case are complete partite, provided
the solutions of a certain finite optimisation problem have a particular ‘extension
property’. As part of our proof framework we show that extremal graphs for the
generalised Erdős-Rothschild problem are complete partite and described by solutions
to the corresponding optimisation problem, provided X satisfies a strong analogue
of the ‘extension property’. The optimisation problem will later be formally stated
in Section 4.2 and our main results linking it to the generalised Erdős-Rothschild
problem are stated in Section 4.3.
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The generalised Erdős-Rothschild problem for patterns onK3 is the most widely studied
so far. A K

(3)
3 -free colouring of a graph (that is, rainbow triangles are forbidden) is also

known as a Gallai colouring, a term introduced by Gyárfás and Simonyi [46] following
an earlier work of Gallai [42] on comparability graphs. Balogh and Li [10] and Hoppen,
Lefmann and Odermann [57] solved the forbidden rainbow triangle problem completely
for large n. Their results imply that for s = 3, the complete graph Kn is the unique
extremal graph, but for s ⩾ 4, T2(n) is the unique extremal graph. Hoppen, Lefmann
and Schmidt [54, 59] studied the dichromatic triangle pattern K(2)

3 , which is the focus
of our first main result. We discuss the dichromatic triangle pattern in more detail
in Section 1.3.3. In terms of rainbow patterns, we proposed in [45] to study the next
open case K(6)

4 for any number s ⩾ 6 of colours. It had been shown in [55] that for
s ⩾ 5434 the extremal graph is T3(n). We conjectured, by comparing the number of
5-colourings of Kn and the number of s-colourings of T3(n), that the extremal graph
is T3(n) when s ⩾ 12, and Kn for s ⩽ 11. The first part of this conjecture concerning
s ⩾ 12 was confirmed very recently by Hàn, Hoppen, Müller, and Schmidt [47].

The generalised Erdős-Rothschild problem has been studied for families of colourings
that combine multiple patterns (these results are included in Table 1.1). Recall that
K

(ℓ)
k denotes the family of patterns on Kk with exactly ℓ colour classes. Analogously,

let K(⩽ℓ)
k and K

(⩾ℓ)
k be the families of patterns with at most ℓ and at least ℓ classes.

Hoppen, Lefmann and Nolibos [55] showed that for integers k ⩾ 4 and 2 ⩽ ℓ ⩽
(
k
2

)
and

s > s0(k, ℓ), the unique (K
(⩾ℓ)
k , s)-extremal graph on n vertices is the trivial example

Tk−1(n), for large n. In particular, for sufficiently large s and every symmetric family
containing the rainbow pattern, the trivial lower bound is tight. On the other hand,
as noted in [14], a construction by Hoppen, Lefmann and Odermann [57, Remark 4.2]
implies that for any symmetric family not containing the rainbow pattern, Tk−1(n) is

not extremal for s ⩾ s2(k) =
(
k+1
2

)k2
and sufficiently large n. For the family K

(⩽(k2)−1)

k

of all non-rainbow colourings, their s2(k) was complemented by Bastos, Hoppen,
Lefmann, Oertel and Schmidt [14] showing that whenever s ⩽ s1(k) ≈ (k/2)k/2, the

trivial example Tk−1(n) is the unique (K
(⩽(k2)−1)

k , s)-extremal graph for sufficiently
large n.

This tells us exactly for which symmetric families the trivial bound is tight for large s.
We may conjecture that for any symmetric family X containing the rainbow pattern,
there is a threshold s∗ = s∗(X ) such that the trivial bound is tight if and only if
s > s∗. Among families not containing the rainbow pattern, we think that some (such

as K
(⩽(k2)−1)

k ) might exhibit the opposite behaviour: the trivial bound is tight if and
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only if s < s∗ for some fixed s∗. However, for less restrictive families of this type (such

as K
((k2)−1)

k ), it seems that Kn might again be extremal for small s; the trivial bound
could then be tight for somewhat larger s, before ceasing to be tight for sufficiently
large s.

Results for the more interesting ‘non-trivial’ range are particularly scarce. Our two
main results show that this dichotomy holds for K(2)

3 and when X is the family of
all improper colourings of Kk. For both problems, solutions in the non-trivial range
exhibit an infinite sequence of phase transitions, giving an infinite family of extremal
graphs. This is the first such result in the literature.

Perhaps surprisingly, the requirement that n is large cannot be removed in general.
Indeed, Theorem 1.17 does not hold for small n. In [2] the authors showed that for
n ⩽ s

k−2
2 the complete graph Kn has more s-edge-colourings free of monochromatic

Kk than Tk−1(n). In [48] this bound on n was shown to be of the correct order for
s = 2, 3.

The Erdős-Rothschild problem has been studied in many other contexts. The results
of [74–76] about the monochromatic pattern apply in the more general setting where
the size of the forbidden monochromatic cliques depends on the colour. Patterns
on graphs other than the clique Kk have also been studied, e.g. for bipartite graphs
including stars and matchings [31, 52, 53, 57, 58], and for hypergraphs [32, 65–67].
There are many variants of the problem for different discrete structures, that is,
determining the maximum number of colourings of a discrete structure in which
certain local substructures are forbidden. Some examples include sum-free sets [29, 68],
set systems [30, 51], linear vector spaces [30, 56], and partial orders [34].

A notable variant is another question of Erdős [37] posed in the same paper as the
Erdős-Rothschild problem: given an oriented graph F , what is the maximum number
of F -free orientations of an n-vertex graph G? This was solved for F a tournament
by Alon and Yuster in [4]: this is closely related to the 2-colour monochromatic
Erdős-Rothschild problem, and the unique extremal graph is the trivial example
Tv(F )−1(n). Recently, Bucić, Janzer and Sudakov [23] resolved all remaining cases in
an asymptotic sense and fully resolved for large n the case when F is an oriented odd
cycle, extending the work of Araújo, Botler and Mota [5].
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Forbidden pattern(s)
on Kk, k ⩾ 3

s
Extremal graph on
n vertices, n large Reference

K
(1)
k

2, 3 Tk−1(n) [2]
⩾ 4 non-trivial

K
(1)
3

4 T4(n) [77]

5
asymptotically optimal
family of complete partite
graphs with 4, 6 or 8 parts [22]

6 T8(n)

7 T8(n) [75]

K
(1)
4 4 T9(n) [77]

K
(2)
3

⩽ 26 T2(n) [54, 59]

⩾ 27 Tr(n) for some r ∈ R2(s) Theorem 1.21

any family ⊆ K
(2)
k 2 Tk−1(n) [9]

any P ∈ K
(2)
k s.t. some

class J hasR(J, J) ⩽ k
3 Tk−1(n) [19]

K
(3)
3

3 Kn [10, 12]

⩾ 4 T2(n) [10, 57]

K
(6)
4 ⩾ 12 T3(n) [47]

any P ∈ K
(⩾2)
k ⩾ 2 complete multipartite [9, 19], Corol-

lary 1.23

K
(⩾ℓ)
k ⩾ s0(k, ℓ) Tk−1(n) [55]

K
(⩽(k2)−1)

k

⩽ s1(k) Tk−1(n) [57]

⩾ s2(k) non-trivial [14]

all improper P
⩽ s(k) Tk−1(n) Theorem 1.24
> s(k) Tr(n) for some r ∈ R2(s)

Table 1.1: All results on the generalised Erdős-Rothschild problem for symmetric
families. Results where the extremal graph is non-trivial are highlighted.
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1.3.3 Forbidding dichromatic triangles

There are exactly three patterns on K3, namely the monochromatic pattern K
(1)
3 ,

the dichromatic pattern K
(2)
3 (shown in Figure 1.3.1), and the rainbow pattern K

(3)
3 .

The forbidden monochromatic triangle problem is notoriously difficult and is solved
only for 2 ⩽ s ⩽ 7 (asymptotically only for s = 5) [22, 75, 77]. We refer the reader
to [75] for more details, where it was speculated that for general s, based on the
existing results, extremal graphs could be related to Hadamard matrices. Recall that
colourings avoiding the rainbow triangle pattern K(3)

3 are maximised by Kn for s = 3

colours and T2(n) for s ⩾ 4 colours [10, 57].

The first results on the dichromatic pattern were obtained by Hoppen and Lefmann [54]
who showed that for 2 ⩽ s ⩽ 12 the trivial lower bound is tight and T2(n) is the
unique extremal graph. The same authors together with Schmidt [59] showed that the
result extends to s ⩽ 26, but not beyond, and conjectured that the extremal graph
for s = 27 is T4(n).

Theorem 1.18 ([54, 59]). For every integer 2 ⩽ s ⩽ 26 and n sufficiently large,

F (n; (K
(2)
3 , s)) = st2(n)

and the unique n-vertex graph with the maximum number of K(2)
3 -free s-edge-colourings

is T2(n). For every integer s ⩾ 27, we have F (n; (K(2)
3 , s)) > st2(n).

The latter part of Theorem 1.18 can be seen by considering the following construction
as described in [59] and shown in Figure 1.3.2. Let s = 27, let V1, . . . , V4 be the vertex
classes of T4(n) and let M1,M2,M3 be the unique decomposition of K4 into three
perfect matchings. Split the set of 27 colours into three sets C1, C2, C3 of size 9. For
each edge ij in each matching Mℓ, colour the edges in Vi × Vj arbitrarily with colours
from Cℓ. This generates 9t4(n) valid colourings of T4(n), which after taking all colour
permutations yields at least (1 − o(1))

(
27

9,9,9

)
9t4(n) > 27t2(n) colourings. The authors

of [59] conjectured that T4(n) is in fact the unique extremal graph for s = 27.

Our first main result is an exact solution of the generalised Erdős-Rothschild problem
for the dichromatic triangle pattern for all values of s, which as a corollary confirms
the above conjecture and resolves the non-monochromatic cases excluded from Theo-
rem 1.17. We show that the above construction on T4(n) is optimal for 27 ⩽ s ⩽ 496,
followed by analogous constructions on T6(n), T8(n), etc. We now describe these
constructions before we introduce relevant notation and state our main result for
general s.
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Figure 1.3.2: A lower bound on the number of K(2)
3 -free s-edge-colourings of T4(n) is

given by splitting [s] = C1 ∪ C2 ∪ C3 and colouring as shown.

Construction 1.19. Given s colours and an integer r, consider a copy of Tr(n) with
vertex classes V1, . . . , Vr and the set M of maximum matchings of Kr. Note that M
will consist of perfect matchings if r is even and matchings of size (r− 1)/2 if r is odd.
Partition the set of colours [s] into classes {CM}M∈M. For each ij ∈ E(Kr), colour
the edges in Vi × Vj with colours from

⋃
M∋ij CM .

Every colouring of Tr(n) generated in this way is free of dichromatic triangles as the
only monochromatic cherries (paths on three vertices) have both end vertices in the
same vertex class, and thus cannot be completed to a triangle. This yields

∏
ij∈E(Kr)

(∑
M∋ij

|CM |
)|Vi||Vj |

(1.3.2)

colourings free of dichromatic triangles, which is maximised if the sums
∑

M∋ij |CM |
are all as equal as possible; by double counting this means that for every i ∈ V (Kr)

the sets of colours {∪M∋ijCM}j∈[r]\{i} between Vi and other Vj form an equipartition
of [s], so (1.3.2) simplifies to

∏
i∈[r]

[⌊
s

r − 1

⌋r−1−a ⌈
s

r − 1

⌉a] 1
2
(n
r
)2+O(n)

,

where a is the remainder of s when divided by r − 1.

We are able to show that for each s ⩾ 2, there exists a set R2(s) consisting of one
integer or two consecutive even integers, such that Construction 1.19 is optimal only
for r ∈ R2(s). We define a few key quantities that capture R2(s) and the number of
colourings generated by Construction 1.19. We write log for the natural logarithm.
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s R2(s)
[2, 26] {2}
27 {2, 4}
[28, 496] {4}
[497, 5856] {6}
[5857, 59470] {8}
[59471, 559116] {10}
[559117, 5015852] {12}
[5015853, 107] {14}

Table 1.2: R2(s) for s ⩽ 107 generated by the script optr.py.

Definition 1.20 (gs(r), g(s), R2(s), r2(s)). Let s ⩾ 2 be the number of colours,
and let 2 ⩽ r < s be an integer. Let z and a ∈ {0, . . . , r − 2} be the quotient and
remainder of s when divided by (r−1); that is, z =

⌊
s
r−1

⌋
and a = s− (r−1)z. Define

gs(r) :=
r − 1− a

r
log(z) +

a

r
log(z + 1),

and
g(s) := max

r∈2N
r<s

gs(r), R2(s) := {r ∈ 2N : gs(r) = g(s)}.

If s < e2 we let r2(s) := 2; otherwise let r2(s) be the largest even integer r such that
(r − 1)er ⩽ s.

With this notation, Construction 1.19 will yield Or,s(1) · e
r

r−1
gs(r)tr(n) colourings free

of dichromatic triangles. (Note that this simplifies to Or,s(1) · egs(r)n2/2 when r|n;
otherwise these quantities differ by an exponential factor in n.) By definition of
R2(s), taking any r ∈ R2(s) yields Or,s(1) · e

r
r−1

g(s)tr(n) colourings, which we will prove
is the maximum for s ⩾ 2, and Tr(n) is the extremal graph. A priori, there is no
reason why R2(s) should be easy to describe, or finite, but we are able to show that
R2(s) ⊆ {r2(s), r2(s) + 2}. A list of the resulting values of R2(s) for s ⩽ 107 is shown
in Table 1.2. We are now ready to state our first main result.

Theorem 1.21. For every integer s ⩾ 2 we have R2(s) ⊆ {r2(s), r2(s) + 2}, so in
particular g(s) = max{gs(r2(s)), gs(r2(s)+2)}. For sufficiently large n, every n-vertex
(K

(2)
3 , s)-extremal graph is Tr(n) for some r ∈ R2(s) and

F (n; (K
(2)
3 , s)) = (C + o(1)) · e r

r−1
g(s)tr(n),

where C depends only on s, r and on n (mod r).
Moreover, for all s ∈ [2, 107] \ {27}, the unique extremal graph is Tr(n) where r is the
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unique value in R2(s) shown in Table 1.2, and the unique extremal graph for s = 27 is
T4(n).

Theorem 1.21 (together with Lemma 4.22) implies that

lim
n→∞

logF (n; (K
(2)
3 , s))(

n
2

) = g(s) ∼ W (s/e)

where W is the Lambert W -function, defined to be the inverse of f(x) = xex, which
is closely related to the definition of r2(s).

Even though g27(2) = g27(4), as described above, T4(n) has more valid colourings
than T2(n), by the multiplicative constant (1 + o(1))

(
27

9,9,9

)
> 1012. Thus Theorem 1.21

implies Theorem 1.18 from [54, 59] and confirms the conjecture of Hoppen, Lefmann
and Schmidt [59] for the case s = 27. We conjecture that R2(s) is a singleton unless
s = 27 but are unable to prove this.

Prior to this work, the only pattern which had been solved for all s was the rainbow
triangle pattern, for which the extremal graph is one of two, depending on s (described
above). By combining Theorem 1.21 with further analysis of the set R2(s), we show
that there is an infinite family of graphs which are extremal for some s, in the following
strong sense:

Corollary 1.22. For any r ∈ 2N, there are integers s−(r) ⩽ s+(r) such that whenever
n is sufficiently large, the Turán graph Tr(n) is uniquely (K

(2)
3 , s)-extremal for all

s−(r) ⩽ s ⩽ s+(r). Moreover, s−(r) ∈ ((r − 3)er−2, (r − 1)er) and there is at most
one value of s between s+(r) and s−(r+2). If such a value of s exists, for this s every
n-vertex (K

(2)
3 , s)-extremal graph lies in {Tr(n), Tr+2(n)}.

Finally, we immediately obtain the following corollary by combining Theorem 1.21
with Theorem 1.17.

Corollary 1.23. Let s ⩾ 2 and k ⩾ 3 be integers and let P be a non-monochromatic
colour pattern of Kk. Then every (P, s)-extremal graph is complete partite.

1.3.4 Forbidding improperly coloured cliques

Closely related to the dichromatic triangle problem is the following generalised Erdős-
Rothschild question on proper k-clique colourings. Among all graphs G on n vertices,
what is the maximum number of s-edge-colourings of G in which every copy of Kk

is properly coloured? Here, an edge-colouring is proper if every colour class is a
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k 3 4 5 6 7 8 9

s(k) 26 3124 531440 ≈ 1 · 108 ≈ 2.6 · 1010 ≈ 7.5 · 1012 ≈ 2.5 · 1015

Table 1.3: Phase transitions in Theorem 1.24 for small values of k generated by the
script improper_patterns.py attached as an ancillary file.

matching. Equivalently, a proper k-clique colouring is one where two adjacent edges
of the same colour must not be contained in any copy of Kk. Proper edge-colourings
and particularly the chromatic index χ′(G), the smallest number of colours needed for
a proper edge-colouring of G, have been studied extensively. In e.g. [64, 69, 71] the
authors consider the related Linial-Wilf problem of finding graphs with a fixed number
of vertices and edges having the maximum number of (globally) proper colourings.

Using the language we introduced so far, determining the graphs with the maximum
number of proper k-clique colourings corresponds to finding F (n;X ∧

k,s) and the X ∧
k,s-

extremal graphs for X ∧
k,s = {all improper s-edge-colourings of Kk}. In particular,

when k = 3, this is equivalent to forbidding both the patterns K(2)
3 and K

(1)
3 . Note

that for any fixed graph the sets of X ∧
k,s-free colourings form an upward chain as we

increase k. As a second main result concerning the Erdős-Rothschild problem, we give
the maximum number of proper k-clique colourings for all k and s and classify all
extremal graphs. Note that a proper edge-colouring of Kk has at least k − 1 colours
so we only consider the problem in this range.

Theorem 1.24. For every k ⩾ 3 there exists an integer s(k) such that for every
s ⩾ k − 1 and sufficiently large n every n-vertex X ∧

k,s-extremal graph is either

• Tk−1(n) if s ⩽ s(k), in which case F (n;X ∧
k,s) = stk−1(n); or

• Tr(n) for some r ∈ R2(s) if s > s(k), in which case F (n;X ∧
k,s) = (C + o(1)) ·

e
r

r−1
g(s)tr(n) where C is a constant depending only on s, r and on n (mod r).

Some precise values and estimates of s(k) for small k are shown in Table 1.3. Theo-
rem 1.24 is almost a corollary of Theorem 1.21, which explains the similarity in the
attained values of F (n;X ). We prove Theorem 1.24 similarly using the same reduction
to an optimisation problem as promised for the proof of Theorem 1.21, and it turns
out that both forbidden families reduce to optimising a version of Construction 1.19.
Indeed, note that in Construction 1.19 every clique is properly coloured.

Chapter 4 is based on joint work with Pranshu Gupta, Yani Pehova, and Katherine
Staden [45].
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Chapter 2

Counting partitions of Gn,1/2 with
degree congruence conditions

Recall from Section 1.1 that for G = Gn,1/2, we first defined Xn to be the random
variable representing the number of partitions of V (G) into disjoint sets A1, . . . , Aq so
that the degree of each vertex in G[Ai] is divisible by q for all i ∈ [q], i.e.

Xn =
∣∣∣{{A1, . . . , Aq} : V (G) =

q∐
i=1

Ai and q | dG[Ai](v) for all i ∈ [q], v ∈ Ai
}∣∣∣.

The first main result of this chapter determines the distribution of Xn as n→ ∞.

Theorem 1.4. If q ⩾ 3 is odd, then Xn
d−→ Po(1/q!). If q ⩾ 4 is even, then

Xn
d−→ Po(2q/q!).

We next restate our more general theorem, which accommodates broader congruence
conditions. For non-negative integers a0, . . . , aq−1 with

∑q−1
x=0 ax = q, we now let

Xn = X
(a0,...,aq−1)
n be the number of q-tuples ({A0,1, . . . , A0,a0}, {A1,1, . . . , A1,a1}, . . . ),

where each entry is an (unordered, possibly empty) set of parts and each part satisfies
the degree condition given by its first index, i.e.

Xn =
∣∣∣{({A0,1, . . . , A0,a0}, {A1,1, . . . , A1,a1}, . . . {Aq−1,1, . . . , Aq−1,aq−1}) :

V (G) =
∐

(x,y)∈T

Ax,y and dG[Ax,y ](v) ≡ x for all (x, y) ∈ T, v ∈ Ax,y
}∣∣∣,

where T = {(x, y) : x = 0, . . . , q − 1, y = 1, . . . , ax} and the congruence is mod q.

Theorem 1.5. Let G = Gn,1/2 and let Xn = X
(a0,...,aq−1)
n be as defined above for any

non-negative integers a0, . . . , aq−1 with
∑q−1

x=0 ax = q. For q even, write c =
∑q/2−1

x=0 a2x

for the number of parts where the degree condition is even.
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(1) If q ⩾ 3 is odd, then Xn
d−→ Po(1/

∏
ax!).

(2) If q ⩾ 4 is even and c > 0, then Xn
d−→ Po(2c/

∏
ax!).

(3) If q ⩾ 4 is even and c = 0, then Xn
d−→ Po(2/

∏
ax!) as n runs over even

integers.

The proofs of the two above theorems form the main part of this chapter and will be
presented in Section 2.1 (proof of Theorem 1.4), Section 2.2 (proof of Theorem 1.5),
and Section 2.3 (proof of algebraic lemmas used in the previous sections).

The case q = 2, which is strikingly different from the above, will be dealt with in
Section 2.4, where we obtain the full distributions of X(2,0)

n , X(1,1)
n , and X(0,2)

n . These
lead to the following asymptotic distributions.

Theorem 1.7. Let G = Gn,1/2. Then X
(2,0)
n

d−→ X and X
(1,1)
n

d−→ X where

P(X = 2k) = c
k∏
i=1

(2i − 1)−1

for k ∈ N ∪ {0} with constant c =
∏∞

i=0(1− 2−2i−1) = (
∑∞

j=1

∏j
i=1(2

i − 1)−1)−1, and

P(X = x) = 0 if x ≠ 2k for any k ∈ N ∪ {0}. Furthermore, X(0,2)
n

d−→ Z where n only
runs over even integers and

P(Z = 2k) = c2−k
k∏
i=1

(2i − 1)−1

for k ∈ N ∪ {0}, P(Z = 0) = 1
3

and P(Z = x) = 0 if x ≠ 0 and x ̸= 2k for any
k ∈ N ∪ {0}.

2.1 Proof of Theorem 1.4

For some n, q ∈ N, consider a graph G = ([n], E) and a partition A = {Ai}i∈[q] of
[n] into q parts. Define the subgraph induced by A to be the disjoint union of the
subgraphs induced by each part, that is, the spanning subgraph

G[A] := G[A1]
∐

· · ·
∐

G[Aq].

Equivalently, G[A] can be obtained from G by removing all edges for which the
endvertices lie in different parts of A. We shall call a partition A good if the degree of
every vertex in G[A] is divisible by q.
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With G = Gn,1/2, let X = Xn be the random variable representing the number of
good partitions. To show that X is asymptotically Poisson distributed, we use the
method of moments. Let E((X)k) := E(X(X − 1) . . . (X − k + 1)) denote the falling
factorial expectation of X.

Theorem 2.1 (see e.g. [21], Theorem 1.22). Let (Xn)n∈N be a sequence of non-negative
integer-valued random variables, and λ ⩾ 0. If

lim
n→∞

E((Xn)k) = λk

for k = 0, 1, . . ., then Xn converges in distribution to Po(λ) as n→ ∞.

In view of Theorem 2.1, the proof of Theorem 1.4 entails counting the expected number
of ordered k-tuples A = (A(1), . . . , A(k)) of distinct partitions A(j) such that each A(j)

is good. We use discrete Fourier analysis to write a deterministic expression for the
expectation, which we then compute via combinatorial and algebraic means. It turns
out that this count mostly comprises k-tuples which intersect ‘generically’, or are
‘independent’ in some sense. To describe this situation, we introduce some notation
that will be used throughout this section as well as Section 2.2.

For a particular A let the coordinates of a vertex v ∈ [n] be the k-tuple c(v) =

(c1, . . . , ck) such that v ∈ (A(j))cj for all j. Then for vertices u, v ∈ [n], let Iu,v :=

{j ∈ [k] : c(u)j = c(v)j}. That is, Iu,v corresponds to the set of partitions in our
k-tuple in which u and v lie in the same part. Given c, c′ ∈ [q]k, we will similarly let
Ic,c′ = {j ∈ [k] : cj = c′j}. It is quite possible for many vertices to share the same
coordinates. Indeed, given c ∈ [q]k we define the box Vc = {v ∈ [n] : c(v) = c} to be
the set of vertices with coordinates c. Equivalently,

Vc =
⋂
j∈[k]

(A(j))cj .

We will show that the k-tuples of partitions for which all of the associated boxes are
reasonably large (and hence the partitions will be essentially independent) contribute
q!−k + o(1) to the expectation E((X)k) when q ⩾ 3 is odd and 2qq!−k + o(1) when
q ⩾ 4 is even, whilst the remaining configurations contribute o(1) as n→ ∞. Since
we are just concerned with asymptotics, all statements made throughout should be
interpreted with the implicit assumption that n is sufficiently large.

To start the proof, let q ⩾ 3 and fix a k-tuple of partitions of [n], say A =

(A(1), A(2), . . . , A(k)). Our goal is to determine the probability over choice of Gn,1/2

that all partitions A(j) in this tuple are good. Let ζq = e2πi/q (i =
√
−1 in this instance
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only) and µq = {1, ζq, . . . , ζq−1
q } be the qth roots of unity. We denote by ζ = (ζv,j) an

assignment of roots of unity to vertices for each partition, consisting of a root ζv,j ∈ µq

corresponding to each vertex v and j ∈ [k]. Given some ζ, we denote the k-tuple
of roots for a fixed vertex v by ζv = (ζv,1, . . . , ζv,k). Let R be the set of all possible
assignments ζ, so that |R| = qkn. For each d ∈ Z we have

1

q

∑
ζ∈µq

ζd =

{
1, if q | d;
0, otherwise.

(2.1.1)

Thinking of d as the degree of a vertex v in the spanning subgraph Gj := G[A(j)]

induced by the partition A(j), the assigned roots will be used to determine whether v
satisfies the required degree condition. Writing 1{. . .} for the indicator function of an
event and E for the expectation over choices of the random graph Gn,1/2, it follows
from (2.1.1) that

P(all A(j) are good) = E 1{dGj
(v) ≡ 0 mod q for all v and j}

= E
∏
j∈[k]

∏
v∈[n]

1

q

∑
ζ∈µq

ζdGj
(v)

= E
1

qkn

∑
ζ∈R

∏
j∈[k]

∏
v∈[n]

ζ
dGj

(v)

v,j

= E
1

qkn

∑
ζ∈R

∏
j∈[k]

∏
vw∈E(Gj)

ζv,jζw,j

=
1

qkn

∑
ζ∈R

E
∏

vw∈E(G)

∏
j∈Iv,w

ζv,jζw,j

=
1

qkn

∑
ζ∈R

∏
{v,w}

1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

)
where the last equality holds because G = Gn,1/2, and the outer product is taken over
all 2-element subsets of [n]. We can then write

E((X)k) =
1

qkn

∑
A

∑
ζ∈R

∏
{v,w}

1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

)
(2.1.2)

with the first sum taken over all k-tuples of (not necessarily good) distinct partitions.
The expression in (2.1.2) is deterministic in the sense that it no longer involves the
random graph, and we are instead left to work with configurations, which are choices
(A, ζ) of a k-tuple of partitions and assignment of roots. To dismiss the possibility
that the contributions from different configurations, which in general are complex
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numbers, may cancel each other out, we will work with the expression

1

qkn

∑
A

∑
ζ∈R

∏
{v,w}

∣∣∣1
2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

)∣∣∣, (2.1.3)

where we take the modulus of the individual contributions. For the computation,
we will group together configurations that share certain characteristics and bound
and compare the contributions of those groups to (2.1.2) and (2.1.3). For a given
configuration, observe that the contribution is small unless almost all pairs v, w satisfy∏

j∈Iv,w ζv,jζw,j = 1. Specifically, say that distinct vertices v and w are in conflict if∏
j∈Iv,w ζv,jζw,j ̸= 1. For every conflicted pair,∣∣∣1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

)∣∣∣ ⩽ 1

2

∣∣1 + ζq
∣∣ = cos(π/q) ⩽ e−1/q2 . (2.1.4)

We will in fact see that the total contribution of all configurations with at least one
conflict is o(1). This will show that (2.1.2) and (2.1.3) converge to the same limit, so
that we may consider contributions to (2.1.3) rather than directly to E((X)k).

Fix K > kq2 log q. Since there are at most qkn choices of k-tuples A and the same
number of possible assignments ζ, the total contribution to (2.1.3) from configurations
with more than Kn conflicted pairs is at most

q−kn · q2kn ·
(
e−1/q2

)Kn
= e−(K−kq2 log q)n/q2 = o(1) (2.1.5)

as n→ ∞.

Now fix C > 2q2, and call a vertex bad if it is involved in more than C log n conflicted
pairs. A vertex that is not bad is good. From (2.1.5), we may assume that there are
at most Kn conflicted pairs and hence, allowing for the possibility that bad vertices
may be in conflict with each other, at most 2Kn/(C log n) = o(n) bad vertices.

Since there are qk boxes and qk choices of ζv for each vertex v, there must be a
particular box V ⋆ = Vc and vertex v⋆ ∈ V ⋆ such that ζv = ζv⋆ for at least q−2kn

vertices v ∈ V ⋆. Such a vertex (in V ⋆ and assigned the same k-tuple of roots as v⋆)
will be called a most common vertex.

Lemma 2.2. Let (A, ζ) be a configuration with o(n) bad vertices. Then all most
common vertices are good. Moreover, each most common vertex is not conflicted with
any other good vertices, including other most common vertices.
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Proof. It is enough to observe that since all most common vertices v have the same
coordinates and ζv, they must all be in conflict with the same set of vertices. As there
are only o(n) bad vertices, some most common vertices are good, meaning they are in
conflict with at most C log n vertices. Similarly, for the second statement, if any good
vertex is in conflict with a most common vertex then it must be in conflict with all
most common vertices, but this exceeds the allowed number C log n of conflicts for a
good vertex.

We will show that bad vertices may be replaced by most common vertices at a small
cost in contribution to (2.1.3). This will allow us to assume that there are no bad
vertices in the remainder of the argument.

Lemma 2.3. The total contribution to (2.1.3) from configurations with bad vertices is
o(1) times the contribution from configurations where all vertices are good.

Proof. For a k-tuple of partitions A and assignment ζ, let t be the number of bad
vertices. We modify the configuration by replacing all the bad vertices by duplicates
of the most common vertices. That is remove all t of them and add t vertices to the
box V ⋆, each assigned ζ⋆. Note that this produces a configuration in which all vertices
are good. Indeed, removing vertices cannot increase the number of conflicts, and the
most common vertices are not conflicted with any good vertex by Lemma 2.2.

The preceding construction sends at most
(
n
t

)
(qk)t(qk)t ⩽ (nq2k)t configurations that

have t bad vertices to a single configuration without bad vertices. To see this, reversing
the process allows at most

(
n
t

)
choices for the bad vertices, qk choices each for which

box they were in and qk choices each for their original ζ values. On the other hand, we
have removed at least t(C log n)/2 conflicts as after this transformation the ‘new’ most
common vertices do not participate in any conflicts by Lemma 2.2. Using the bound
from (2.1.4) and the choice of C > 2q2, the sum of contributions to (2.1.3) from all
configurations with bad vertices that are transformed into a particular configuration
with all vertices good divided by the contribution from that particular configuration
is a factor of at most∑

t>0

(nq2k)te−(t(C logn)/2)/q2 =
∑
t>0

(
n1−C/2q2q2k

)t
= o(1)

as n → ∞. This is true for all configurations without bad vertices, so the lemma
follows.
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Henceforth, we assume that there are no bad vertices. This has some useful conse-
quences for boxes Vc with |Vc| > 2C log n + 2. We call such boxes large, and the
remaining non-empty boxes small. Given any vertex v ∈ [n] and I ⊆ [k] define
ζv,I :=

∏
j∈I ζv,j.

Lemma 2.4. Let (A, ζ) be a configuration without bad vertices. Take any pair of
boxes Vc and Vc′ (possibly the same box ), with the former being large, and let I = Ic,c′.
Then we have ζu,I = ζv,I for all vertices u, v ∈ Vc′. If Vc and Vc′ are both large boxes,
then ζv,I = ζ−1

w,I for all v ∈ Vc′ and w ∈ Vc. In particular, there are no conflicted pairs
within or between large boxes.

Proof. If v ∈ Vc′ and w ∈ Vc then v and w are in conflict iff ζv,I ̸= ζ−1
w,I , where I = Ic,c′ .

Since the v ∈ Vc′ are good we deduce that the ζv,I must all be equal to more than
|Vc| − 1− C log n > |Vc|/2 values of ζ−1

w,I . (The −1 is due to the fact that v lies in Vc
when c = c′.) This proves the first statement. Assuming that Vc and Vc′ are both
large, applying the first result twice shows that there is a common ζv,I for all v ∈ Vc′

and also a common ζw,I for all w ∈ Vc, and moreover that ζv,I = ζ−1
w,I must be true for

all v ∈ Vc′ , w ∈ Vc. The final statement follows immediately, noting that we may take
c = c′.

In light of the first statement in Lemma 2.4, one can define a common value ζc′,I equal
to ζv,I for all v ∈ Vc′ provided there is some large Vc with I = Ic,c′ .

We now begin to evaluate (2.1.3) by grouping together k-tuples in the first sum
depending on how their component partitions intersect. For a k-tuple of partitions A,
define L = LA := {c ∈ [q]k : Vc is large}. Suppose that L = [q]k, meaning all boxes
are large. In this case we note that for each c, any j ∈ [k] and any v ∈ Vc, we can
find vertices u,w that satisfy

Iv,u = Iv,w = Iu,w = {j}.

To see this, take for instance u ∈ Vc′ and w ∈ Vc′′ where c′′j = c′j = cj , but c′′i , c′i, ci are
distinct for all i ̸= j. Such coordinates exist since q ⩾ 3. Now by Lemma 2.4 there
are no conflicted vertices between large boxes, so Iv,u = {j} implies that ζv,j = ζ−1

u,j

and similarly for the other two pairs of vertices. This gives ζv,j = ζ−1
u,j = ζw,j = ζ−1

v,j ,
so ζv,j ∈ {±1}. Moreover, for any u with c(u)j = c(v)j we can find a w with
Iv,w = Iw,u = {j} by picking values to ensure that each c(w)i ̸= c(u)i, c(v)i, i ̸= j,
and c(w)j = c(u)j = c(v)j. Then ζv,j = ζ−1

w,j = ζu,j. Hence ζv,j depends only on the
value of c(v)j. Thus, we can write ζv,j = ζc(v)j ,j for some choice of ζi,j ∈ {±1} with
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i ∈ [q] and j ∈ [k]. Conversely any such choice gives rise to no conflicts. Indeed, for
I = Iv,w we have

ζv,Iζw,I =
∏
j∈I

ζc(v)j ,jζc(w)j ,j =
∏
j∈I

ζ2c(v)j ,j = 1.

Thus there are precisely 2kq choices of ζ values giving rise to no bad vertices when q is
even, and only one (all ζv,j = 1) when q is odd as then −1 /∈ µq.

Now there are qn ordered partitions (allowing empty parts). An unordered partition
without empty parts corresponds to exactly q! ordered partitions and so, as there
are only O((q − 1)n) partitions with empty parts, we have (1 + o(1))qn/q! unordered
partitions, whether or not we allow empty parts.

Also, it is easy to see that only o(qkn) k-tuples of partitions have L ̸= [q]k. Indeed,
we may choose a k-tuple of not necessarily distinct ordered partitions uniformly at
random by independently including each vertex in any box with probability q−k. The
probability that a fixed box is not large is o(1). The assertion then follows by taking
a union bound over all boxes and noting that the number of not necessarily distinct
ordered partitions gives an upper bound on the number of tuples of distinct unordered
partitions.

The number of k-tuples with L = [q]k is then (qn/q!)k(1 + o(1)) and hence the total
contribution to (2.1.3) from these k-tuples is

q−kn · (qn/q!)k(1 + o(1)) = (1/q!)k + o(1) (2.1.6)

for q odd and
q−kn · 2kq · (qn/q!)k(1 + o(1)) = (2q/q!)k + o(1) (2.1.7)

when q is even.

We now introduce a special family of subsets of [q]k that plays a key role in our analysis
of the remaining k-tuples. We say that a subset B ⊆ [q]k is a combinatorial subspace
if there are a positive integer r, indices i1, . . . , ik ∈ [r] and permutations ϕ1, . . . , ϕk of
[q] such that

B =
{
(ϕ1(xi1), . . . , ϕk(xik)) ∈ [q]k : x1, . . . , xr ∈ [q]

}
. (2.1.8)

In other words, up to permutations, each coordinate follows one of the variables xi, but
different coordinates may follow the same variable. Equivalently, it is a non-empty set
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of points (c1, . . . , ck) ∈ [q]k that can be expressed as the intersection of some number
of constraints of the form ci = ϕij(cj) where the ϕij are permutations of [q].

Combinatorial subspaces capture the situation where two partitions in the tuple are the
same, accounting for relabelling of parts. That is, if L ̸= [q]k but forms a combinatorial
subspace, and there are no small boxes, then two of the partitions in A must be the
same. Indeed, in the notation of (2.1.8), under these assumptions there must exist
distinct j, j′ ∈ [k] such that ij = ij′ . Then for ϕ = ϕj′ ◦ ϕ−1

j we have A(j)
i = A

(j′)
ϕ(i) for

all i ∈ [q]. To see this, letting v ∈ A
(j)
i we get v ∈ Vc with c ∈ L as there are no small

boxes. It follows that cj′ = ϕ(cj) = ϕ(i), i.e. v ∈ A
(j′)
ϕ(i) as desired.

However, such k-tuples where two partitions are the same do not occur in (2.1.2). The
k-tuples yet to be considered therefore fall into one of two classes: those for which L
is not a combinatorial subspace and there are no small boxes, and those for which
there are small boxes. It suffices to prove that the contribution to (2.1.3) is o(1) in
both cases. Then, configurations with at least one conflict contribute o(1) in total to
(2.1.3), and (2.1.2) and (2.1.3) converge to the same limit. This, together with (2.1.6)
and (2.1.7), would allow us to conclude that E((X)k) → (1/q!)k for q ⩾ 3 odd and
E((X)k) → (2q/q!)k for q ⩾ 4 even as n → ∞, whence Theorem 2.1 completes the
proof.

To handle the remaining cases, we introduce some notation. Given a set B ⊆ [q]k

(which we will always choose to be either L or the set D := {c ∈ [q]k : Vc ̸= ∅} of
all non-empty boxes), to each large box Vc, c ∈ L ⊆ B, we associate the matrix
M (c,B) =

(
M

(c,B)
j,c′

)
j∈[k],c′∈B where M (c,B)

j,c′ = 1{cj = c′j}. In other words M (c,B) is a
k × |B| matrix and each column is a 0-1 vector of length k corresponding to some
c′ ∈ B such that there is a 1 in row j if c and c′ agree in the jth component, and 0
otherwise.

The columns of M (c,B) may be viewed as elements of (Z/qZ)k. Let ⟨M (c,B)
col ⟩ be the

subgroup of (Z/qZ)k generated by the columns of M (c,B) and define

Nc,B = |(Z/qZ)k/⟨M (c,B)
col ⟩|

to be the size of the quotient group. This quantity is useful due to the following two
lemmas which tie combinatorial subspaces to the present algebraic setup.

Lemma 2.5. If there is at least one solution a ∈ (Z/qZ)k to the congruence

aM (c,B) ≡ b mod q (2.1.9)

for fixed b ∈ (Z/qZ)|B|, then the total number of solutions is given by Nc,B.
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Lemma 2.6. Let q ⩾ 3. For all L ⊆ [q]k we have∑
c∈L

Nc,L ⩽ qk. (2.1.10)

Equality holds if and only if L is a combinatorial subspace.

The proofs of both Lemma 2.5 and Lemma 2.6 are deferred to Section 2.3. We use
them in the following lemma, in which we bound the contributions of two particular
configuration types. These will allow us to complete the main computation; of the
two classes of remaining configurations identified earlier, the first where L is not
a combinatorial subspace and there are no small boxes will be covered directly by
(i) below, whilst the second in which there are small boxes can be reduced to the
special case of (ii). Crucially, the configurations considered are instances for which∑

c∈LNc,D < qk.

Lemma 2.7. (i) The total contribution to (2.1.3) from configurations without con-
flicts, without small boxes, and where L is not a combinatorial subspace is at
most 2qkqq2k(1− q−k)n.

(ii) The total contribution to (2.1.3) from configurations without conflicts and with
exactly one small box which has size 1 is at most 2qkqq2kn(1− q−k)n−1.

Proof. Given a particular A we determine the contribution from all configurations
(A, ζ) of the types described above. Since these configurations do not admit conflicts
involving large boxes, for all large boxes Vc and non-empty boxes Vc′ we can define a
common value ζc,Ic,c′ equal to ζv,Ic,c′ for all v ∈ Vc. Now also fix a choice of these ζc,Ic,c′
and let ζc,Ic,c′ = ζ

bc,c′
q for all c ∈ L, c′ ∈ D. We determine the number of assignments ζ

that comply with these values of ζc,Ic,c′ . Fixing a large box Vc and writing ζv,j = ζ
av,j
q

for v ∈ Vc leads to the constraints∑
j∈Ic,c′

av,j ≡ bc,c′ mod q,

one for every c′ ∈ D. These can also be formulated as

aM (c,D) ≡ b mod q,

where a = (av,j)j∈[k] ∈ (Z/qZ)k and b = (bc,c′)c′∈[D] ∈ (Z/qZ)|D|. Then, with b fixed,
Lemma 2.5 tells us that the number of solutions a to this system is at most Nc,D.
Thus, there are at most N |Vc|

c,D choices of ζ for vertices in Vc. By repeating the argument
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for each box and noting that there are at most qq2k choices of (bc,c′)c,c′ , we find that
for our fixed A the number of assignments ζ for which there are no conflicts involving
vertices in large boxes is bounded by

qq
2k
∏
c∈L

N
|Vc|
c,D .

It follows that the configurations for a fixed L (and coordinates cs for the small box
in case (ii)) and fixed box sizes |Vc| for c ∈ L contribute at most

1

qkn
n!∏

c∈L |Vc|!
· qq2k

∏
c∈L

N
|Vc|
c,D

to the expectation in (2.1.3). Here, the second factor is the multinomial coefficient
representing the choices of A that lead to the box sizes that were fixed before. Note
that this is also valid for case (ii) since |Vcs| = 1.

In case (i), since L is not a combinatorial subspace we obtain from Lemma 2.6 that∑
c∈DNc,D =

∑
c∈LNc,L < qk. Taking a sum over possible box sizes and applying the

multinomial theorem, we see that the contribution to (2.1.3) from configurations of
type (i) with just a fixed L is at most∑

(|Vc|:c∈L)

n!∏
c∈L |Vc|!

· q−knqq2k
∏
c∈L

N
|Vc|
c,D = qq

2k

q−kn
(∑
c∈L

Nc,D

)n
⩽ qq

2k

q−kn(qk − 1)n

= qq
2k

(1− q−k)n. (2.1.11)

This establishes statement (i) as there are at most 2qk choices of L that do not form a
combinatorial subspace (since these are subsets of [q]k).

We claim that the strict inequality
∑

c∈LNc,D < qk also holds in case (ii). This is
immediate from Lemma 2.6 if L is not a combinatorial subspace as clearly Nc,D ⩽ Nc,L.
If L is a combinatorial subspace, then Lemma 2.6 only tells us that

∑
c∈LNc,L = qk.

However, adding a column corresponding to the small box Vcs will necessarily decrease
Nc,D for some c ∈ L, i.e. Nc,D < Nc,L. Indeed, when L is of the form (2.1.8) there
must be some j1, j2 with ij1 = ij2 but ϕ−1

j1
(csj1) ̸= ϕ−1

j2
(csj2). But then adding a

column corresponding to cs to M (c,L) for any c with cj1 = csj1 and hence cj2 ̸= csj2
will ensure that |⟨M (c,D)

col ⟩| > |⟨M (c,L)
col ⟩|, and hence Nc,D < Nc,L. Thus, we again get∑

c∈DNc,D <
∑

c∈LNc,L ⩽ qk.
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Now using an analogous calculation to case (i), the configurations of type (ii) with
fixed L and cs contribute at most∑

(|Vc|:c∈L)

n!∏
c∈L |Vc|!

· q−knqq2k
∏
c∈L

N
|Vc|
c,D = qq

2k

q−knn
(∑
c∈L

Nc,D

)n−1

⩽ qq
2k

q−knn(qk − 1)n−1

= qq
2k

q−kn(1− q−k)n−1. (2.1.12)

The second result follows as there are at most qk choices of cs and 2q
k choices of L.

Lemma 2.7(i) directly yields that k-tuples of partitions for which L is not a combi-
natorial subspace and there are no small boxes, contribute o(1) to (2.1.3). Indeed,
by Lemma 2.3 we need only consider configurations without bad vertices and by
Lemma 2.4 these do not admit any conflicts. These together provide the hypothesis
of Lemma 2.7(i).

The remaining k-tuples of partitions are those for which there is at least one small box.
Again by Lemma 2.3 and Lemma 2.4, we may assume that in all such configurations
all vertices v ∈ Vc′ are good and have the same value of ζv,Ic,c′ for all large boxes Vc.

Fix a small box Vcs ≠ ∅ and an arbitrary vertex v⋆ ∈ Vcs . Remove all vertices in all
small boxes except v⋆ and all vertices from large boxes that are in conflict with v⋆.
Then replace each removed vertex by a duplicate most common vertex. Note that
the resulting configurations do not have any conflicts and hence, by Lemma 2.7(ii),
contribute at most 2q

k
qq

2k
n(1 − q−k)n−1 to (2.1.3). The total number of vertices

replaced by most common vertices is t ⩽ qk(2C log n+ 2) as small boxes contain at
most 2C log n+ 2 vertices and v⋆ was not in conflict with more than C log n vertices
in any large box. As previously noted, this construction sends at most

∑
t(nq

2k)t

configurations to a single resulting configuration. Therefore, the total contribution to
(2.1.3) from configurations with small boxes is at most∑

t⩽qk(2C logn+2)

(nq2k)t · 2qkqq2kn(1− q−k)n−1 ⩽ eO((logn)2)−q−kn = o(1).

This completes the proof of Theorem 1.4.

2.2 Proof of Theorem 1.5

As the proof of Theorem 1.5 is very similar to that of Theorem 1.4, we will only
describe the points at which the calculation deviates.
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Fix non-negative integers a0, . . . , aq−1 that satisfy
∑q−1

x=0 ax = q. Recall that T is the
index set {(x, y) : x = 0, . . . , q− 1, y = 1, . . . , ax}. We shall say that a vertex partition
A into sets Ax,y with (x, y) ∈ T is good if

dG[Ax,y ](v) ≡ x mod q

for all (x, y) ∈ T and v ∈ Ax,y. We again begin by determining the probability that
each partition in a fixed k-tuple A = (A(1), A(2), . . . , A(k)) is good. Assign roots of
unity ζv,j as before and let R again denote the set of all possible assignments of roots
to vertices for each partition. For each vertex v we have

1

q

∑
ζ∈µq

ζdGj
(v)−xv,j =

{
1 if dGj

(v) ≡ xv,j mod q

0 otherwise
(2.2.1)

where xv,j represents the congruence class corresponding to the part of A(j) to which
the vertex v belongs (i.e. v ∈ (A(j))xv,j ,y for some y). Letting Y be the event that all
A(j) are good, then

P(Y ) = E
1

qkn

∑
ζ∈R

∏
j∈[k]

∏
v∈[n]

ζ
dGj

(v)−xv,j
v,j

=
1

qkn

∑
ζ∈R

( ∏
j∈[k]

∏
v∈[n]

ζ
−xv,j
v,j

)(
E
∏
j∈[k]

∏
vw∈E(Gj)

ζv,jζw,j

)

=
1

qkn

∑
ζ∈R

( ∏
j∈[k]

∏
v∈[n]

ζ
−xv,j
v,j

)(
E

∏
vw∈E(G)

∏
j∈Iv,w

ζv,jζw,j

)

=
1

qkn

∑
ζ∈R

( ∏
j∈[k]

∏
v∈[n]

ζ
−xv,j
v,j

)( ∏
{v,w}

1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

))
.

Hence, we can write

E((Xn)k) =
1

qkn

∑
A

∑
ζ∈R

( ∏
j∈[k]

∏
v∈[n]

ζ
−xv,j
v,j

)( ∏
{v,w}

1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

))

with the first sum taken over all k-tuples of distinct partitions. Following the arguments
of the proof of Theorem 1.4 we can show that summing over all configurations (A, ζ)

with at least one conflict, or with LA ̸= [q]k,

1

qkn

∑
(A,ζ)

∣∣∣∣∣∣
∏
{v,w}

1

2

(
1 +

∏
j∈Iv,w

ζv,jζw,j

)∣∣∣∣∣∣ = o(1).
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Furthermore we have
∣∣∏

j∈[k]
∏

v∈[n] ζ
−xv,j
v,j

∣∣ = 1, giving that the contribution from
these configurations is indeed still o(1).

For configurations without conflicts and with all boxes large, we may observe that∏
{v,w}

1
2

(
1 +

∏
j∈Iv,w ζv,jζw,j

)
is always 1 and recall that for a fixed A the value of ζv,j

depends only on the part of the jth partition to which v belongs. As ζv,j = ζt,j ∈ {±1}
when v ∈ (A(j))t, this allows us to write∏

j∈[k]

∏
v∈[n]

ζ
−xv,j
v,j =

∏
t=(x,y)∈T

∏
j∈[k]

ζ
−x|(A(j))t|
t,j .

If q is odd then all ζt,j = 1 for all t and j, and this factor is 1. If q is even then we must
sum over choices of ζt,j ∈ {±1}. We find that there is no contribution from k-tuples
of partitions A such that there is some t = (x, y) ∈ T and j ∈ [k] with x|(A(j))t| odd,
as then ∑

(ζt,j)

( ∏
t=(x,y)∈T

∏
j∈[k]

ζ
−x|(A(j))t|
t,j

)
= 0.

Hence only tuples A where x|(A(j))t| is even for all t and j contribute, in which case
we get a factor of 2kq when we sum over the choices of the ζt,j. Thus for q even and
recalling that c =

∑
a2x is the number of parts with even degree conditions, we shall

insist that the q − c parts Ax,y where x is odd are of even size in all partitions.

To count the number of such partitions, it is convenient to work through ordered
partitions. For this, let us view the congruence conditions as a list consisting of ax
entries equal to x for each x = 0, . . . q − 1, and ordered so that all q − c odd values
appear before the c even ones. So, let P be the number of ordered partitions of [n]
with the additional condition that when q is even the first q − c parts have even size.
Allowing for some of the parts to be empty, we note that P is also the number of
functions [n] → [q] where the preimages of 1, . . . , q − c are of even size. The number
of functions mapping ni elements to i for i = 1, . . . , q is precisely the coefficient of
zn1
1 z

n2
2 . . . in the multinomial expansion of (z1 + z2 + · · · + zq)

n. Thus, the number
for which n1, . . . , nq−c are even can be obtained by averaging this expression over all
choices of zi = ±1 when i ⩽ q − c while fixing zi = 1 for i > q − c, i.e.

1

2q−c

∑
εi∈{±1}

(ε1 + · · ·+ εq−c + 1 + · · ·+ 1)n =
1

2q−c

q−c∑
i=0

(
q − c

i

)
(q − 2i)n.

When c > 0, this is 2−(q−c)(qn + O((q − 2)n)) as n → ∞. However, when c = 0 this
becomes 2−q(qn + (−q)n +O((q − 2)n)). Thus the number of ordered partitions with
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the first q − c parts of even size is (1 + o(1))2−(q−c)qn if c > 0, and (1 + o(1))2−(q−1)qn

if c = 0 and n is even (and in fact precisely zero if c = 0 and n is odd). To summarise,
we have

P =


qn, q odd,
(1 + o(1))2c · qn/2q, q even, c > 0,
(1 + o(1))2 · qn/2q, q even, c = 0, n even.

It remains to adjust our counts for unordered partitions. Taking k-tuples of ordered
partitions, it is possible to have a degenerate case in which two partitions A(i) and A(j)

are the same unordered partition. Now either x1 = x2 whenever (A(i))x1,y1 = (A(j))x2,y2

meaning that corresponding parts have the same congruence condition, or else they
are incompatible. For the former case, by ordering the elements of {Ax,1, . . . , Ax,ax}
for each x ∈ {0, . . . , q − 1}, each unordered good partition without empty parts gives
rise to F :=

∏q−1
x=0 ax! ordered partitions with identical degree conditions. All of these

count as a single partition when calculating the random variable Xn.

The latter case occurs when there are (A(i))x1,y1 = (A(j))x2,y2 for which x1 ̸= x2.
However, it is then impossible for the vertices of G[(A(i))x1,y1 ] = G[(A(j))x2,y2 ] to
satisfy both degree conditions simultaneously so such k-tuples do not contribute to
E((Xn)k). Thus, again noting that only a o(1) proportion of the partitions counted by
P have empty parts, there are ((1 + o(1))P/F )k tuples A of partitions where any part
with an odd degree condition is even when q is even. As o(qkn) of these tuples have small
boxes, we find that there are indeed ((1+ o(1))P/F )k tuples contributing 1 each when
q is odd and 2qk each when q is even. Thus for E((Xn)k) we get q−kn(P/F )k(1 + o(1))

when q is odd, and q−kn(P/F )k2qk(1 + o(1)) when q is even. The result now follows
by application of Theorem 2.1.

2.3 Proofs of algebraic lemmas

In this section we prove the deferred algebraic lemmas used in the proofs of our main
theorems.

The following general statement implies Lemma 2.5. The proof is standard, but we
include it for completeness.

Lemma 2.8. Let M be a k× ℓ matrix with entries in Z/qZ and b ∈ (Z/qZ)ℓ. If there
is at least one solution a ∈ (Z/qZ)k to the congruence

aM ≡ b mod q (2.3.1)
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then the total number of solutions is given by

N =

∣∣∣∣(Z/qZ)k⧸⟨Mcol⟩
∣∣∣∣ = qk

|⟨Mcol⟩|
.

Proof. Define a group homomorphism

MGrp : (Z/qZ)k → (Z/qZ)ℓ

a 7→ aM

where elements a are viewed as row vectors. The number of solutions to (2.3.1) is the
size of the preimage of b, which is either empty or a coset of the kernel. That is, if
there exists a solution, the number of solutions is | kerMGrp|. Consider the natural
bijection ϕ : (Z/qZ)k → Hom((Z/qZ)k,Z/qZ) given by sending a 7→ (v 7→ avT ). We
have aM = 0 if and only if aMvT = 0 for all v ∈ (Z/qZ)ℓ viewed as row vectors, or
equivalently ab = 0 for all b ∈ ⟨Mcol⟩ = {MvT : v ∈ (Z/qZ)ℓ}. Hence ϕ induces a
bijection between elements of kerMGrp and morphisms in Hom((Z/qZ)k,Z/qZ) that
annihilate ⟨Mcol⟩. Such morphisms form a subgroup that is naturally isomorphic to
Hom((Z/qZ)k/⟨Mcol⟩,Z/qZ), which by duality for finite abelian groups is isomorphic
to (Z/qZ)k/⟨Mcol⟩.

For Lemma 2.6, we recall the surrounding setup from Section 2.1. Since the matrix
M (c,B) only appears with B = L in this statement, let us slightly simplify our notation
here: given any subset L ⊆ [q]k, associate each c ∈ L with the matrix

M (c) =
(
M

(c)
j,c′

)
j∈[k],c′∈L (2.3.2)

and let

Nc =

∣∣∣∣(Z/qZ)k⧸⟨M (c)
col ⟩

∣∣∣∣ = qk

|⟨M (c)
col ⟩|

.

Also recall that q ⩾ 3.

Proof of Lemma 2.6. We use induction on k. The case k = 1 is clear as the c column
of M (c) is (1) and so generates the full group Z/qZ. Thus∑

c∈L

Nc =
∑
c∈L

1 ⩽ q,

with equality if and only if L = [q].

Now assume that k > 1. Define the k-compression Γk = Γ: [q]k → [q]k−1 for
c = (c1, . . . , ck) by Γ(c) = (c1, . . . , ck−1), and let Γ(L) = {Γ(c) : c ∈ L}. For
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Γ(c) ∈ [q]k−1 we define M (Γ(c)) and NΓ(c) as before, but in k − 1 dimensions and with
respect to Γ(L). We note that the matrix M (Γ(c)) is obtained from M (c) by deleting
the kth row and then possibly deleting some duplicate columns, so Nc = t · NΓ(c)

for some t | q. Indeed, this t is the smallest positive integer such that tek ∈ ⟨M (c)
col ⟩

where ek = (0, . . . , 0, 1)T . To see this, note that the kernel of the surjective group
homomorphism ⟨M (c)

col ⟩ → ⟨M (Γ(c))
col ⟩ which forgets the last coordinate is precisely ⟨tek⟩,

so Nc/NΓ(c) = q/(|⟨M (c)
col ⟩|/|⟨M

(Γ(c))
col ⟩|) = q/|⟨tek⟩| = t.

We have by induction that ∑
a∈Γ(L)

Na ⩽ qk−1, (2.3.3)

with equality if and only if Γ(L) is a combinatorial subspace.

Fix some a ∈ Γ(L) and first suppose that there are c1, c2 ∈ L with c1 ̸= c2 but
Γ(c1) = a = Γ(c2). These conditions imply that c1 and c2 differ only in the kth
coordinate, so subtracting the columns corresponding to c1 and c2 shows that ek is in
⟨M (c1)

col ⟩ and ⟨M (c2)
col ⟩ and hence Nc1 = Nc2 = Na.

If on the other hand Γ−1(a) ∩ L = {c} for a ∈ Γ(L), then Nc = tNa ⩽ qNa. Thus we
see that ∑

c:Γ(c)=a

Nc ⩽ q ·Na, (2.3.4)

with equality when |{c ∈ L : Γ(c) = a}| = q or when |{c ∈ L : Γ(c) = a}| = 1 and
tek /∈ ⟨M (c)

col ⟩ for all t < q where c is the unique preimage of a. Hence we deduce that∑
c∈L

Nc ⩽ q
∑

a∈Γ(L)

Na ⩽ q · qk−1 = qk. (2.3.5)

as required.

Now for equality we must have |{c ∈ L : Γ(c) = a}| ∈ {1, q} for every a ∈ Γ(L).
However, if there exists any such a with |{c ∈ L : Γ(c) = a}| = q then ek lies in the
column span of every M (c). Indeed, we need only subtract the columns corresponding
to c′ and c′′, where Γ(c′) = Γ(c′′) = a, c′k = ck and c′′k ̸= ck. Such c′ and c′′ exist as all
c with Γ(c) = a lie in L. Hence, for equality to hold in (2.3.5) we would now need
|{c ∈ L : Γ(c) = a}| = q for all a ∈ Γ(L).

Thus we are reduced to two cases. The first is that L = Γ(L) × [q]. In this case
Nc = NΓ(c) for all c ∈ L and equality in (2.3.5) occurs if and only if it does in (2.3.3),
which in turn happens if and only if Γ(L) is a combinatorial subspace. But Γ(L) is a
combinatorial subspace if and only if L = Γ(L)× [q] is a combinatorial subspace.
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The second case is that |{c ∈ L : Γ(c) = a}| = 1 for all a ∈ Γ(L). Again, for equality
we must have Γ(L) equal to a combinatorial subspace, and moreover ek is not in the
subgroup ⟨M (c)

col ⟩ for any c ∈ L. Writing Γ(L) as in (2.1.8), we may assume all the ϕj
are equal to the identity as that just corresponds to permuting the values in [q] in
the jth coordinate and this does not affect the matrix. We may also suppose that all
the ij are distinct, since if any component of the combinatorial subspace is bound
to another, say xia = xib , this would mean that rows a and b are identical in every
matrix M (c). It is clear that deleting duplicate rows does not affect |⟨M (c)

col ⟩|. Hence
for the a-compression Γa obtained by removing coordinate a, we have qNΓa(c) = Nc

for all c where NΓa(c) is defined with respect to Γa(L) in k − 1 dimensions. Now we
only have equality if Γa(L) is a combinatorial subspace. But that implies that L is
also a combinatorial subspace as, given a combinatorial subspace representation of
Γa(L), we can bind coordinate a to b.

Thus we are reduced to the case Γ(L) = [q]k−1. Define L(i) = {Γ(c) : c ∈ L, ck = i}
to be the layer consisting of elements of Γ(L) = [q]k−1 whose corresponding element
c ∈ L has kth coordinate equal to i. As there are only q possible values of i, there
must exist an i for which |L(i)| ⩾ qk−2.

Fix such an i and for a1 = Γ(c1),a2 = Γ(c2) ∈ L(i) let S12 = {j ∈ [k − 1] : (a1)j ̸=
(a2)j}. We note that (1{j ∈ Sc12})Tj is equal to the column corresponding to c2 in
M (c1). Also, if we have some a3 = Γ(c3) ∈ L(i′) for i′ ̸= i and S13 = {j : (a1)j ̸= (a3)j}
is equal to S12, then subtracting columns c2 and c3 in M (c1) gives ek which is a
contradiction. Hence, every a3 with S12 = S13 must lie in L(i).

Now fix a1,a2 ∈ L(i) so as to maximise |S12|. We claim that a3 ∈ L(i) if and only
if S13 ⊆ S12. First suppose there exists some a3 ∈ L(i) with S13 not a subset of S12.
Then take some a4 ∈ Γ(L) = [q]k−1 for which (a4)j = (a3)j for j /∈ S12 ∩ S13, and in
addition so that (a4)j is distinct from (a1)j and (a2)j for all j ∈ S12 ∩ S13. Such a a4

can be found since q ⩾ 3, meaning we have room to pick component values satisfying
these conditions. With this choice of a4, observe that S14 = S13 and hence a4 ∈ L(i).
However S24 = S12 ∪ S13 then has more elements than S12, contradicting the choice of
a1 and a2.

Conversely, suppose S13 ⊆ S12. Pick a4 such that (a4)j = (a2)j if j /∈ S13, and
(a4)j ≠ (a1)j, (a3)j when j ∈ S13. Then S14 = S12, so a4 ∈ L(i). Also S34 = S14, so
(basing our arguments at a4 and noting that a1, a4 ∈ L(i)) we see that a3 ∈ L(i).
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Now given that a3 ∈ L(i) if and only if S13 ⊆ S12, as |L(i)| ⩾ qk−2 we must have
|S12| = k − 2 or k − 1. If |S12| = k − 1, then L(i) = Γ(L) and so every other L(j) is
empty. In this case for any c ∈ L we can find c′ ∈ L that differs from c in all but the
kth coordinate. This means that ek is a column of every M (c) and we do not have
equality.

The other possibility is that |S12| = k − 2, in which case S12 omits exactly one
coordinate. Without loss of generality, say it is coordinate 1. But then L(i) = {a ∈
[q]k−1 : (a)1 = xi} for some xi ∈ [q]. Now the remaining L(j) have (q−1)qk−2 elements
in total, so there is some j ̸= i with |L(j)| ⩾ qk−2. By the above argument this is
again a co-dimension 1 subspace given by an equation of the form (a)ℓ = xj. But
L(j) ∩ L(i) = ∅, so ℓ = 1 and xj ̸= xi.

Continuing in this manner, we see that each L(j) = {a : (a)1 = xj} for distinct
elements x1, . . . , xq ∈ [q]. Writing ϕ1(j) = xj, ϕi(j) = j for all i > 1, ij = j for
j < k and ik = 1, and r = k − 1, we obtain a form satisfying (2.1.8) so L is in fact a
combinatorial subspace. Moreover, rows 1 and k of each M (c) are identical so we have
Nc ⩾ q for all c ∈ L. Hence equality in (2.1.10) must hold.

2.4 When q = 2

Observe that we have crucially used the assumption that q > 2 in both the proof of
Lemma 2.6 and the main body of the proof of Theorem 1.4. In fact, one can show
directly that it is not possible to have a Poisson distribution when q = 2. In this
section, we determine the distribution of the number of partitions into two parts both
inducing even graphs, both inducing odd graphs, and inducing one odd and one even
graph.

It is convenient to work in the setting of uniform random symmetric matrices over
F2 = Z/2Z, that is, symmetric matrices with entries on the diagonal and upper triangle
chosen independently randomly to be 0 or 1 each with probability 1/2. Henceforth,
we will just call these random symmetric matrices. Let 1 = 1n denote the n× 1 vector
of all 1s, 0 = 0n denote the n× 1 vector of all 0s, and I = In denote the n×n identity
matrix. We shall call a vector v even if 1Tv = 0, and odd otherwise. Then say that a
matrix A is even if 1TA = 0T , and odd if 1TA = 1T . In other words, a matrix is even
if all column sums are even, and similarly for odd.

To bring this back to our partitions, let G be a graph on n vertices with degree
sequence d1, . . . , dn, and let A be its adjacency matrix. Then A is a random symmetric
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matrix with a fixed diagonal of 0s for G = Gn,1/2. Let D be the n× n diagonal matrix
with entries on the diagonal being di mod 2. Any ordered partition of the vertex set
into q = 2 parts can be represented by a 0-1 column vector of length n, where all of
the positions with 0 entries form one part, whilst the 1 entries form the other.

For each degree parity condition on the two parts (even/even, even/odd, odd/odd),
we shall set up a nonhomogeneous linear system Mv = b where M is a random
symmetric matrix over F2 that is either even or odd, and the solutions are precisely
good (ordered) partitions. This immediately implies that the number of solutions, if
there are any, must be a power of 2 and hence already precludes the possibility of a
Poisson distribution. To obtain the distribution, it suffices to know the probability
that the system is inconsistent (this can only occur in the odd/odd case), together
with the rank distribution of random symmetric matrices. The latter can be deduced
from the following counts. The interested reader may also find Lemma 3.8 useful,
where we revisit these probabilities and give a simple proof of a rough upper bound
on the probability that the rank of these matrices is at most r.

Theorem 2.9 (MacWilliams [72]). For 0 ⩽ r ⩽ n, the number of symmetric n× n

matrices over F2 with rank r is

⌊r/2⌋∏
i=1

22i

22i − 1
·
r−1∏
i=0

(2n−i − 1).

Corollary 2.10. The probability of a uniformly random even symmetric n× n matrix
having rank r is

2−(
n
2) ·

⌊r/2⌋∏
i=1

22i

22i − 1
·
r−1∏
i=0

(2n−i−1 − 1)

if 0 ⩽ r ⩽ n− 1, and 0 otherwise.

Proof. In an even symmetric matrix M , the entries in the last row and column are
completely determined by the minor (M)n,n. Explicitly, we can uniquely recover M
by adding an nth row given by the sum of the existing rows in the (n− 1)× (n− 1)

matrix, and then the nth column given by the sum of columns in the n × (n − 1)

matrix. As this preserves rank, it follows that the rank distribution of a random even
symmetric n× n matrix is the same as that of a random symmetric (n− 1)× (n− 1)

matrix with no parity conditions. This shows M cannot have full rank, and that the
probability of having rank r ⩽ n− 1 is equal to the probability that a (fully) random
symmetric (n− 1)× (n− 1) has rank r. The required probability now follows directly
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from Theorem 2.9, noting that there are 2(
n
2) many (n − 1) × (n − 1) symmetric

matrices.

We now address each of the three possible parity conditions in turn.

Theorem 2.11. Let G = Gn,1/2, and let Xn = X
(2,0)
n be the number of partitions of

V (G) into two sets both inducing even subgraphs. Then

P(Xn = 2k) = 2−(
n
2) ·

⌊(n−1−k)/2⌋∏
i=1

(1− 2−2i)−1 ·
n−1∏
i=k+1

(2i − 1)

for 0 ⩽ k ⩽ n− 1, and if x ̸= 2k for any such k then P(Xn = x) = 0.

Proof. We use the notation defined at the start of the section. Suppose we have an
ordered partition of V (G) into two parts, represented by a 0-1 column vector v. The
entries of Av represent degrees into the 1-part of the partition, and entries of D(1−v)

are total degrees (i.e. degrees in G) for vertices of the 0-part and are 0 for vertices of
the 1-part. Hence if v corresponds to a vertex partition into two parts such that both
induce even subgraphs, then it is a solution to

Av = D(1− v) ⇐⇒ (A+D)v = D1,

and conversely. The solutions v to this linear equation form an affine subspace of
F2 and Gallai’s theorem ensures that there is at least one solution v to this linear
equation. Hence, the probability that there are 2k unordered partitions is equal to the
probability that A +D has rank r = n − 1 − k. Noting that A +D is a uniformly
random even symmetric matrix, the even condition being guaranteed by definition of
D, the result now follows from Corollary 2.10.

Theorem 2.12. Let G = Gn,1/2, and let Yn = X
(1,1)
n be the number of partitions of

V (G) into two sets, one inducing an even subgraph and the other inducing an odd
subgraph. If n is odd, then

P(Yn = 2k) = 2−(
n
2) ·

⌊(n−1−k)/2⌋∏
i=1

(1− 2−2i)−1 ·
n−1∏
i=k+1

(2i − 1)

for 0 ⩽ k ⩽ n− 1, and P(Yn = x) = 0 when x ̸= 2k for any such k. If n is even, then
P(Yn = x) = P(Yn−1 = x).
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Proof. It suffices to count ordered partitions for which the 1-part is odd and the 0-part
is even since every unordered partition satisfying the degree conditions has a unique
ordering for which this is true. The partitions we wish to count are then precisely the
solutions to

Av = D(1− v) + v ⇐⇒ (A+D + I)v = D1.

By the corollary to Gallai’s theorem, this system has at least one solution. Thus,
to determine the distribution of Yn it suffices to know the rank distribution of O =

A+D + I.

Let n be odd. Since A + D is a uniform random even symmetric matrix, both
A+D + I and A+D + 11T are uniform random odd symmetric matrices and hence
have the same rank distribution as each other. We will work with the latter. Note
that rk(A+D + 11T ) ⩽ rk(A+D) + rk(11T ) = rk(A+D) + 1. The column space of
(A+D+11T ) contains (A+D+11T )1 = 1 and thus also contains the column space of
A+D as, for any vector v, we have (A+D+11T )v ∈ {(A+D)v, (A+D)v+1}. The
odd vector 1 is not in the column space of A+D, giving rk(A+D) < rk(A+D+11T )

and hence rk(A+D + 11T ) = rk(A+D) + 1.

Then for 1 ⩽ r ⩽ n we have

P(Yn = 2n−r) = P(rk(A+D + I) = r)

= P(rk(A+D + 11T ) = r)

= P(rk(A+D) = r − 1)

which is given by Corollary 2.10.

For n even, the odd random symmetric matrices O = A+D + I and O + 11T have
the same rank. To see this, it is enough to note that

{Ov, O(v + 1)} = {(O + 11T )v, (O + 11T )(v + 1)}

for all v, which is easily verified by considering the parity of the number of 1s in v.
Thus, we may assume that O is an odd random symmetric matrix with a 1 in the
top-left entry as this still has the same rank distribution.

Note that since O is odd, it has 1T in its row space. We now add 1T to all rows of O
which have a 1 in the first entry, except the first row. The resulting matrix O′ still has
both row and column sums odd as we added an even vector to an even number of rows.
In particular, 1T is still in the row space and we thus did not change the row space,
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i.e. rk(O′) = rk(O). In the same way, we can add 1 to all columns of O′ which have a
1 in the first entry, except the first column to obtain an odd symmetric matrix O′′

which has the same column space as O′. In particular, rk(O′′) = rk(O′) = rk(O) and
the first row and column of O′′ is e1. The remaining (n− 1)× (n− 1) matrix O<11>

is an odd (uniform) random symmetric matrix since, given the first row of O, we can
reconstruct O from O<11>. As rk(O<11>) = rk(O) − 1, the distribution of nullities,
and hence number of solutions v, is the same for n as for n− 1 when n is even.

Theorem 2.13. Let G = Gn,1/2 with n even, and let Zn = X
(0,2)
n be the number of

partitions of V (G) into two sets both inducing odd subgraphs. Then

P(Zn = 2k) =
2n−k−1 − 1

2(
n
2)(2n−1 − 1)

·
⌊(n−1−k)/2⌋∏

i=1

(1− 2−2i)−1 ·
n−1∏
i=k+1

(2i − 1)

for 0 ⩽ k ⩽ n−1. We have P(Zn = x) = 0 if x ̸= 0 and x ̸= 2k for any 0 ⩽ k ⩽ n−1,
while P(Zn = 0) ̸= 0 can be obtained from the probability of the complement.

Proof. Fix an even n. Ordered partitions for which both parts induce odd subgraphs
are given by the solutions of

Av = D(1− v) + 1 ⇐⇒ (A+D)v = D1+ 1,

where A+D is a random even symmetric matrix. Unlike the other degree conditions,
it is possible for this system to be inconsistent, meaning G has no such partitions. We
can write P(Zn = 2k) as the probability that there is at least one solution and the rank
of A+D is r = n− k− 1. The probability for the latter is given by Corollary 2.10, so
it remains to show that the probability that there is at least one solution conditioned
on the rank of A+D being r is (2r − 1)/(2n−1 − 1).

Let E = A+D. By Gallai’s theorem we already know that D1 is in the column space
of E, so we equivalently determine the probability that 1 is also in the column space
of E which is a random even symmetric matrix with given rank r. Let H be the set
of (not necessarily symmetric) odd invertible matrices M (note that being odd here
only requires the condition 1TM = 1T on the column sums, the row sums can have
either parity.)

We claim that H is a group. It is clear that H contains the identity and is closed
under multiplication. Since H is finite and its elements are invertible, these must all
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have finite order, so it follows that H is also closed under inverses. Now let E be the
set of all even symmetric matrices. Then H acts on E by the group action which sends
E 7→MEMT , noting that 1TMEMT = 1TEMT = 0 so MEMT is even.

Given the basis {e1 + ei : i > 1} for the subspace of even vectors, and any set of
n − 1 linearly independent even vectors v2, . . . ,vn, there exists M ∈ H such that
M(e1 + ei) = vi for all i = 2, . . . n. Indeed, take M to be the matrix with first column
e1 and ith column e1 + vi for i > 1. As H is a group it follows that we can map
any r-dimensional subspace of even vectors to any other r-dimensional subspace of
even vectors by a suitable choice of M . Thus, for any fixed E of rank r, the column
spaces of the matrices MEMT hit every r-dimensional subspace of even vectors with
the same frequency. Thus, the proportion of times 1 lies in the column space is just
the proportion of r-dimensional subspaces of even vectors that contain 1, which by
symmetry is (2r− 1)/(2n−1 − 1). Picking M and E uniformly independently randomly
with rk(E) = r means that MEMT is a uniform random even symmetric matrix with
rank r, so the probability that 1 is in the column space of E conditioned on the rank
is as claimed.

Finally, we deduce the asymptotic results stated in the introduction.

Proof of Theorem 1.7. For k ∈ N ∪ {0} and n even we have

P(Zn = 2k) =
2n−k−1 − 1

2(
n
2)(2n−1 − 1)

·
⌊(n−1−k)/2⌋∏

i=1

(1− 2−2i)−1 ·
n−1∏
i=k+1

(2i − 1)

=
2n−k−1 − 1

2n−1 − 1

⌊(n−1−k)/2⌋∏
i=1

(1− 2−2i)−1 ·
n−1∏
i=1

(1− 2−i)
k∏
i=1

(2i − 1)−1

−→ 2−k
∞∏
i=0

(1− 2−2i−1)
k∏
i=1

(2i − 1)−1 = P(Z = 2k) as n→ ∞.

Analogously, for Xn = X
(2,0)
n , Yn = X

(1,1)
n and any k ∈ N we find that

lim
n→∞

P(Xn = 2k) = lim
n→∞

P(Yn = 2k) = c
k∏
i=1

(2i − 1)−1,

where c =
∏∞

i=0(1 − 2−2i−1) as defined in the statement. It remains to argue that
P(Zn = 0) −→ 1

3
. Note that P(Zn = 2k) ⩽ 2−k+1 for all k, n ∈ N, so P(Zn = 0)

converges to 1−∑∞
k=0 P(Z = 2k). Let

f(x) = c
∞∑
k=0

xk
k∏
i=1

(2i − 1)−1
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be the generating function of the limiting distribution of X̃n where 2X̃n is the number
Xn of even/even partitions. Then f(1) = 1 and

f(2x) = c
∞∑
k=0

xk(1 + 2k − 1)
k∏
i=1

(2i − 1)−1

= c

∞∑
k=0

xk
( k∏
i=1

(2i − 1)−1 +
k−1∏
i=1

(2i − 1)−1
)
= (1 + x)f(x).

Furthermore,

g(x) := f(x/2) = c
∞∑
k=0

2−kxk
k∏
i=1

(2i − 1)−1 =
∞∑
k=0

xkP(Z = 2k),

so 1− limn→∞ P(Zn = 0) = g(1) = f(1/2). Using f(1) = 1 and f(2x) = (1 + x)f(x)

we get at x = 1/2 that 1 = (3/2)f(1/2), so f(1/2) = 2/3, hence limn→∞ P(Zn = 0) =

1/3.
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Chapter 3

Invertibility of digraphs and
tournaments

We remind the reader that for a digraph D = (V,E) and a set X ⊆ V , the inversion
of X in D is the digraph obtained from D by reversing the direction of the edges
with both endpoints in X. A sequence of sets X1, . . . , Xk is a decycling family of D
if inverting these sets in turn transforms D into an acyclic digraph. The inversion
number of D, denoted inv(D), is defined to be the minimum size of a decycling family
of D, and for k ∈ N0 we say that D is k-invertible if inv(D) ⩽ k.

Before turning to proofs, we briefly summarise the main results we establish in this
chapter. We disprove the conjecture of Bang-Jensen, da Silva, and Havet [11] that for
any oriented graphs L,R we have inv(L → R) = inv(L) + inv(R), where the dijoin
L→ R is obtained from disjoint copies of L and R by adding all edges from L to R.

Theorem 1.9. There exists a tournament R with inv(R) = inv(
# »

C3 → R) = 3.

While Theorem 1.9 shows that the dijoin conjecture is false in general, we prove it in
the case where inv(L) = inv(R) = 2.

Theorem 1.10. If L and R are digraphs with inv(L) = inv(R) = 2, then inv(L →
R) = 4.

The proof of Theorem 1.10 relies on the strongly connected case covered in [11] and our
result for k-joins. For k ∈ N, the k-join of digraphs D1, . . . , Dk, written [D1, . . . , Dk],
is the digraph consisting of vertex-disjoint copies of D1, . . . , Dk with additional edges
from Di to Dj whenever i < j.
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Theorem 1.11. Let k ∈ N and let D1, . . . , Dk be oriented graphs. Assume that
inv(Di) ⩽ 2 for all i, with equality for at most one i. Then

inv([D1, . . . , Dk]) =
k∑
i=1

inv(Di). (1.2.1)

In the introduction, we also stated the characterisation theorem (Theorem 1.12) which
characterises the decycling families of size k of arbitrary k-joins of oriented graphs
with inversion number 1. In Section 3.3, we will recall the statement of this theorem,
prove it and deduce Theorem 1.11.

Theorem 1.11 also implies NP-completeness of the problem of k-Inversion, which
asks, for fixed k ∈ N0:

Input: an oriented graph D.
Problem: inv(D) ⩽ k?

Theorem 1.13. k-Inversion is NP-complete for all k ∈ N.

In stark contrast, we show that the problem of k-Tournament-Inversion which
restricts the inputs to tournaments can be solved in quadratic time.

Theorem 1.14. For fixed k ∈ N, k-Tournament-Inversion can be solved for
n-vertex tournaments in time O(n2). Moreover, if the input tournament is k-invertible,
then our algorithm finds a decycling family of size at most k.

A cycle transversal in a digraph D is a set of vertices of D whose removal from D

leaves an acyclic digraph and the cycle transversal number of D, denoted τ(D), is the
minimum size of a cycle transversal in D. In the introduction, we recalled the bound
inv(D) ⩽ 2τ(D), first proved in [11], and in this chapter we will establish that it is
tight for all values of τ(D).

Theorem 1.15. For all k ∈ N there exists an oriented graph D with inv(D) =

2τ(D) = 2k.

Finally, we determine the asymptotic behaviour of the extremal parameter inv(n),
defined for each n ∈ N as the maximum inversion number of an oriented graph on n
vertices.

Theorem 1.16. For sufficiently large n we have

inv(n) ⩾ n−
√
2n log2(n).
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Moreover, a uniformly random labelled n-vertex tournament has at least this inversion
number with probability tending to 1.

We also show that inv(n) ⩽ n− log2(n+ 1).

The remainder of this chapter is organised as follows. In Section 3.1 we introduce
some further notation, definitions, and preliminary observations which will be useful
in the rest of the chapter. In the very short Section 3.2 we prove Theorem 1.9,
constructing a counterexample to the dijoin conjecture. Our results on the inversion
number of k-joins, Theorem 1.11 and Theorem 1.12, are proved in Section 3.3, along
with Theorem 1.10 and Theorem 1.13. Section 3.4 concerns the complexity of k-
Tournament-Inversion and contains the proof of Theorem 1.14. We give the
proof of Theorem 1.15 in Section 3.5. In Section 3.6 we discuss the existing bounds
on inv(n) before proving Theorem 1.16 and the improved upper bound. Finally, in
Section 3.7 we restate some conjectures and questions which remain open and pose
some new ones of our own.

3.1 Preliminaries

In this section we detail some of the definitions, observations, and notation to be used
in the rest of the chapter. As noted above, all digraphs will be oriented graphs, that
is, loopless directed graphs with at most one edge between each pair of vertices. An
acyclic digraph is a digraph with no directed cycles. In the case where the digraph
is a tournament, we use the term transitive instead of acyclic. Note that for each
n ∈ N there is a unique unlabelled transitive tournament on n vertices. To a transitive
tournament T we associate the total order < on V (T ) where u < v for all u, v ∈ V (T )

such that # »uv ∈ E(T ). We write [n] for the set {1, 2, . . . , n}. For a digraph D and a
set S ⊆ V (D) we write D − S for the digraph produced by deleting the vertices in S
from D. We now give the following key definitions.

Definition 3.1. Recall that for a digraph D, sets X1, . . . , Xk ⊆ V (D), and a vertex
v ∈ V (D), the characteristic vector of v in X1, . . . , Xk is (I{v∈Xi} : i ∈ [k]) ∈ Fk2, where
I{v∈Xi} is the indicator function of the event v ∈ Xi. Define an equivalence relation ∼
on V (D) by setting u ∼ v if u and v have the same characteristic vector in X1, . . . , Xk.
The atoms of X1, . . . , Xk in D are the equivalence classes of this relation.

Note that, equivalently, the atoms of X1, . . . , Xk in D are the atoms of the set algebra
on V (D) generated by X1, . . . , Xk, and that there are at most 2k atoms for given D
and X1, . . . , Xk. The next observation will be useful throughout the chapter.
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Observation 3.2. Let D be a digraph and suppose that u, v ∈ V (D) are joined by
an edge in D. Let X1, . . . , Xk ⊆ V (D). Write u,v ∈ Fk2 for the characteristic vectors
of u and v in X1, . . . , Xk respectively. Then the edge between u and v undergoes a
net change in orientation when X1, . . . , Xk are inverted in D if and only if u · v = 1.

This follows from the fact that u · v is the parity of the number of X1, . . . , Xk which
contain both u and v. An obvious implication of Observation 3.2 is that given D and
X1, . . . , Xk, for every pair of (not necessarily distinct) atoms A and B, either all edges
{ab : a ∈ A, b ∈ B} undergo a net orientation change when X1, . . . , Xk are inverted,
or none of them do. In particular, for every vertex v and atom A, either all edges
{va : a ∈ A} change orientation or none of them do.

Finally, we note some simple observations which will be used freely in what follows.

(i) If D′ is a subdigraph of an oriented graph D, then inv(D′) ⩽ inv(D).
(ii) For every oriented graph D and every non-negative integer k ⩽ inv(D), there

exists a spanning subdigraph of D with inversion number k.
(iii) If X1, . . . , Xk is a decycling family of an oriented graph D, then D can be

extended to a tournament T for which X1, . . . , Xk is still a decycling family. In
particular inv(T ) = inv(D).

For (ii), delete edges of D one by one, noting that the inversion number drops by at
most 1 at each step. For (iii), invert the decycling family in D, extend the resulting
acyclic digraph to a transitive tournament, then invert the decycling family again.

3.2 A counterexample to the dijoin conjecture

In this short section we give a counterexample to the dijoin conjecture of Bang-Jensen,
da Silva, and Havet [11], that is, the conjecture that inv(L→ R) = inv(L) + inv(R)

for all oriented graphs L and R. As noted in the introduction, this conjecture is
equivalent to its restriction to tournaments. Indeed, suppose that L and R are
digraphs with inv(L → R) < inv(L) + inv(R). Extend L → R to a tournament
of the same inversion number and observe that this tournament is L′ → R′ for
some tournaments L′ and R′ extending L and R respectively. These clearly satisfy
inv(L′) ⩾ inv(L) and inv(R′) ⩾ inv(R), so we have tournaments L′ and R′ with
inv(L′ → R′) < inv(L) + inv(R) ⩽ inv(L′) + inv(R′).

Proof of Theorem 1.9. Let L be a copy of
# »

C3. Suppose that R is a tournament with
inv(R) = 3 for which there exist disjoint A,B,C ⊆ V (R) such that A∪B, A∪C and
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B ∪ C form a decycling family of R. Then for distinct vertices u, v ∈ V (L) the sets
A ∪B ∪ {u, v}, A ∪ C ∪ {u, v} and B ∪ C ∪ {u, v} form a decycling family of L→ R,
demonstrating that

inv(L→ R) = 3 < 4 = inv(L) + inv(R).

One way to construct such an R is as follows: let R be a tournament with vertex set [9],
let A = {1, 3}, B = {4, 6}, and C = {7, 9}, and let the edge ij be directed backwards
(that is, from j to i when i < j) if and only if i and j are both in A ∪B ∪ C, but not
both in A, B, or C. It is clear that inverting A ∪ B, A ∪ C and B ∪ C transforms
R into a transitive tournament, and a computer check shows that inv(R) = 3, as
required.

3.3 Decycling families of k-joins

In this section we prove Theorem 1.12, which we first restate here. For vectors
u,v ∈ Fk2 we write u · v for the usual scalar product of u and v over F2. This is not
a genuine inner product, but we say nevertheless that a collection u1, . . . ,uℓ ∈ Fk2 is
orthonormal if ui · ui = 1 for all i and ui · uj = 0 for all i ̸= j. Finally, we refer to the
canonical copy of Di in D = [D1, . . . , Dk] as the ith factor of D.

Theorem 1.12. Let D1, . . . , Dk be oriented graphs with inv(Di) = 1 for all i and
let D̂ = [D1, . . . , Dk] be their k-join. Then sets X1, . . . , Xk ⊆ V (D̂) form a decycling
family of D̂ if and only if there are orthonormal vectors u1, . . . ,uk ∈ Fk2 and for each i
a decycling set Vi ⊆ V (Di) of the ith factor of D̂ such that, for each i, the vertices in Vi
have characteristic vector ui (in X1, . . . , Xk), and all other vertices have characteristic
vector 0 (in X1, . . . , Xk).

In particular, any acyclic digraph obtained from D̂ by k inversions can also be obtained
by inverting a decycling set for each factor in turn.

We will then deduce Theorem 1.11 from this characterisation theorem, and use
Theorem 1.11 to obtain Theorem 1.10 and Theorem 1.13. The bulk of the work in our
proof of Theorem 1.12 is put towards proving Lemma 3.3, which deals with the case
D̂ = [

# »

C3]k.

Lemma 3.3. Let k ∈ N, let D̂ = [
# »

C3]k, and let X1, . . . , Xk ⊆ V (D̂) be a decycling
family of D̂. Then there exist orthonormal vectors u1, . . . ,uk ∈ Fk2 such that in the
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ith factor of [
# »

C3]k, one vertex has characteristic vector 0 and the other two have
characteristic vector ui.

We will use the setup that Pouzet, Kaddour, and Thatte [79] introduced in their proof
that inv(D̂) = k. The first part of our argument is essentially a reformulation of theirs,
but we include it for completeness and to build intuition.

Proof of Lemma 3.3. Let T be the transitive tournament obtained by inverting the
sets X1, . . . , Xk in D̂, and let < be the total order on V (D̂) associated to T . Note that
for all i, after inverting X1, . . . , Xk the ith factor has one vertex that has out-edges
to the other two vertices in the factor and exactly one of these edges has undergone
a net reversal. Thus we can label the vertices in the ith factor as ui, vi, wi where
#          »uiviwi is a directed 3-cycle in D̂, and the edge between ui and wi undergoes a net
reversal under X1, . . . , Xk while the edge between ui and vi does not. In particular,
we will use throughout that ui < vi, wi and that, by Observation 3.2, ui · vi = 0 and
ui ·wi = 1 where ui,vi,wi ∈ Fk2 are the respective characteristic vectors of ui, vi, wi
in X1, . . . , Xk. We have the following claim, originally proved in [79].

Claim 3.4 ([79]). The vectors u1, . . . ,uk ∈ Fk2 are linearly independent.

Proof. The statement is equivalent to the claim that for all non-empty I ⊆ [k] we have∑
i∈I ui ̸= 0. Fix such an I and note that it is sufficient to show that there exists some

x ∈ Fk2 such that (
∑

i∈I ui) ·x ̸= 0. Let m ∈ I be such that ui < um for all i ∈ I \{m}.
Note that um < vm, wm, so by the transitivity of T we have ui < vm, wm for all i ∈ I.
It is straightforward to deduce from this that for all i ∈ I \ {m}, the orientations of
the edges uivm and uiwm are either both unchanged after X1, . . . , Xk are inverted, or
both reversed. By Observation 3.2, in other words we have ui · vm = ui ·wm for all
i ∈ I \ {m}. On the other hand we have um · vm = 0 while um ·wm = 1, so it follows
by linearity of the dot product that (

∑
i∈I ui) · vm ̸= (

∑
i∈I ui) ·wm. One of these two

dot products is thus non-zero, and we deduce that
∑

i∈I ui ̸= 0, as required.

We now build on Claim 3.4 as follows.

Claim 3.5. Let ℓ ∈ [k] and suppose that the vectors ui,vi,wi for ℓ ⩽ i ⩽ k all lie in
a subspace V of Fk2 of dimension k − ℓ+ 1. Then uℓ, . . . ,uk are orthonormal, and for
all ℓ ⩽ i ⩽ k we have ui = wi and vi = 0.
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Proof. We will prove the claim by reverse induction on ℓ. In the ℓ = k case the
claim follows easily from the fact that uk · wk = 1 while uk · vk = 0. Thus, let
ℓ ⩽ k − 1 and write [ℓ, k] for {ℓ, ℓ+ 1, . . . , k}. Let z be the <-minimal vertex among
vℓ, . . . , vk, wℓ, . . . , wk. Write z ∈ V ⊆ Fk2 for the characteristic vector of z in X1, . . . , Xk

and let t ∈ [ℓ, k] be such that z ∈ {vt, wt}. By Claim 3.4, the vectors uℓ, . . . ,uk form
a basis of V so there exists I ⊆ [ℓ, k] such that z+

∑
i∈I ui = 0.

First suppose that I ̸∈ {∅, {t}} and let m ∈ I be such that ui < um for all i ∈ I \ {m}.
If m ̸= t, then we have z < vm, wm, so z · vm = z ·wm by Observation 3.2. As in the
proof of Claim 3.4, we have ui ·vm = ui ·wm for all i ∈ I \{m}, but um ·vm ̸= um ·wm,
so (z +

∑
i∈I ui) · vm ≠ (z +

∑
i∈I ui) · wm, and hence z +

∑
i∈I ui ̸= 0. If m = t,

then let j ∈ I \ {t} and note that z < vj, wj by the minimality of z. Consequently,
z · vj = z · wj. Moreover, since um = ut < z, we have um < vj, wj. From this it
follows that ui < vj, wj for all i ∈ I. Thus, ui · vj = ui ·wj for all i ∈ I \ {j}, while
uj ·vj ≠ uj ·wj . Hence, similarly to above, we have (z+

∑
i∈I ui)·vj ̸= (z+

∑
i∈I ui)·wj ,

so z+
∑

i∈I ui ̸= 0.

The remaining cases are I = ∅ and I = {t}, so we have z ∈ {0,ut}. Suppose that
z = ut. If z = vt, then we have vt = z = ut, so vt ·wt = ut ·wt = 1, i.e. the edge
between vt and wt undergoes a net reversal under X1, . . . , Xk. This would imply that
wt < vt = z, which contradicts the minimality of z. Similarly, if z = wt, then since
the edge between ut and vt is not inverted, neither is the edge between wt and vt, so
vt < wt = z, another contradiction. Therefore z = 0. This means no edges incident to
z are reversed when X1, . . . , Xk are inverted so by the minimality of z we have z = vℓ.

We have shown that vℓ = 0, so the only vertex among the ui, vi, wi with i ⩾ ℓ which
precedes vℓ in < is uℓ. It follows that uℓ is the least element among the ui, vi, wi
with i ⩾ ℓ. Hence, by Observation 3.2 we have uℓ · ui = uℓ · vi = uℓ · wi = 0 for
all i ⩾ ℓ + 1, so if V ′ is the subspace of V spanned by the ui,vi,wi with i ⩾ ℓ + 1,
then uℓ · x = 0 for all x ∈ V ′. We have uℓ ·wℓ = 1, so V ′ is a proper subspace of V ,
but uℓ+1, . . . ,uk ∈ V ′ are linearly independent, so we deduce that V ′ has dimension
k − ℓ. Therefore by the induction hypothesis uℓ+1, . . . ,uk are orthonormal, and we
have ui = wi and vi = 0 for i ⩾ ℓ+ 1.

To complete the induction step it remains to show that uℓ = wℓ and uℓ · uℓ = 1. The
latter follows from the fact that uℓ, . . . ,uk is a basis for V with uℓ · ui = 0 for all
i ⩾ ℓ + 1, but wℓ ∈ V has uℓ ·wℓ = 1. For the former, note that wℓ =

∑
i∈I ui for

some I ⊆ [ℓ, k] and by the established properties of the ui this set I contains exactly
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those i for which ui ·wℓ = 1. Thus, we certainly have ℓ ∈ I. Suppose that ui ·wℓ = 1

for some i ⩾ ℓ + 1. Since wi = ui and vi = 0, by Observation 3.2 we find that the
cycle #           »wℓviwi appears in T , which is a contradiction. Hence I = {ℓ} and uℓ = wℓ, as
required.

The lemma now follows from the ℓ = 1 case of Claim 3.5.

We will now deduce Theorem 1.12 from the lemma. In the proof, we will use the easy
fact that every family of orthonormal vectors in Fk2 is linearly independent.

Proof of Theorem 1.12. The sufficiency of the given conditions for X1, . . . , Xk to be
a decycling family of D̂ is straightforward to verify using Observation 3.2. This
observation also allows the ‘in particular’ part of the theorem statement to be easily
deduced from the preceding part. It remains to prove that the given conditions are
necessary.

Given a decycling family X1, . . . , Xk of D̂, extend D̂ to a tournament T for which
X1, . . . , Xk is still a decycling family. For each i, let Ti be the subtournament of T
induced on the vertex set of the ith factor of D̂. Since Di contains a directed cycle,
so does Ti, and hence the latter contains a copy of

# »

C3. We can thus find a copy of
[

# »

C3]k in T whose ith factor is contained in Ti. It follows by Lemma 3.3 that there are
orthonormal vectors u1, . . . ,uk ∈ Fk2 and for each i a triangle #          »uiviwi in Ti such that ui
and wi have characteristic vector ui and vi has characteristic vector 0 in X1, . . . , Xk.

We next show that for all i, all vertices in Ti have characteristic vector either ui or 0 in
X1, . . . , Xk. Let z ∈ V (Ti) and let z be its characteristic vector. Since u1, . . . ,uk form
a basis of Fk2, there exists J ⊆ [k] such that z =

∑
j∈J uj. If there exists ℓ ∈ J \ {i},

then z ·uℓ = uℓ ·uℓ = 1 and hence the directions of the edge between z and uℓ and the
edge between z and wℓ are reversed under X1, . . . , Xk. If ℓ < i, then the cycle #        »uℓvℓz

appears in T and if i < ℓ, then the cycle #         »zvℓwℓ appears in T . We have a contradiction
in both cases, so J = ∅ or J = {i} as desired.

We have shown that all vertices in the ith factor of D̂ have characteristic vector either
ui or 0 in X1, . . . , Xk. The effect on this copy of Di of inverting these sets in D̂ is
therefore the same as inverting the set of vertices with characteristic vector ui, which
we call Vi. The latter is therefore a decycling set for the ith factor of D̂, that is, the
family that contains just Vi is decycling. This completes the proof of the theorem.

Theorem 1.11 now follows easily.
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Proof of Theorem 1.11. It is clear that the left-hand side of equation (1.2.1) is at most
the right-hand side. For the reverse inequality, let D̂ = [D1, . . . , Dk] and note that we
may assume that none of the Di have inversion number 0. Indeed, if inv(Di) = 0 for
some i ⩾ 2, then view D̂ as the (k − 1)-join [D1, . . . , Di−2, Di−1 → Di, Di+1, . . . , Dk]

and, since inv(Di−1 → Di) = inv(Di−1), the result follows by induction on k. The
case where i = 1 can be handled similarly.

Thus, consider the case where inv(Di) = 1 for all i and suppose for a contradiction
that X1, . . . , Xk is a decycling family of D̂ with Xk = ∅. By Theorem 1.12 there exist
k orthonormal, and hence linearly independent, vectors in Fk2 each of which occurs as
the characteristic vector of some vertex of D̂ in X1, . . . , Xk. This contradicts the fact
that all such vectors have a 0 in their final coordinate. Hence, in this case, inv(D̂) = k.

It remains to check the case where inv(Dj) = 2 for some j and inv(Di) = 1 for all i ̸= j.
Start by letting D′

j be a spanning subdigraph of the jth factor of D̂ with inv(D′
j) = 1,

then define D̂′ to be the digraph obtained by replacing the jth factor of D̂ by D′
j.

Assume for a contradiction that X1, . . . , Xk is a decycling family of D̂, in which case
it is also a decycling family of D̂′. Theorem 1.12 thus yields a vector uj ∈ Fk2 with
uj · uj = 1 such that all the vertices in the jth factor of D̂′ (and hence also the
jth factor of D̂) have characteristic vector either 0 or uj in X1, . . . , Xk. Inverting
X1, . . . , Xk in D̂ therefore has the same effect on its jth factor as inverting the set of
vertices with characteristic vector uj. It follows that this set of vertices is a decycling
set for Dj, contradicting inv(Dj) = 2.

As mentioned in the introduction, it follows from Theorem 1.11 that for any digraph D
we have inv(D) = 1 if and only if inv([D]k) = k, which in turn implies Theorem 1.13
(which states that k-Inversion is NP-complete for all k ∈ N). Indeed, Theorem 1.11
directly gives inv([D]k) = k in the case inv(D) = 1, and if inv(D) = 0 then clearly
inv([D]k) = 0. If inv(D) > 1, then there are subdigraphs D′ and D′′ of D with
inv(D′) = 1 and inv(D′′) = 2. The k-join D′′ → [D′]k−1, which has inversion number
k+1 by Theorem 1.11, is a subdigraph of [D]k and thus inv([D]k) ⩾ k+1 as required.

Finally, we deduce Theorem 1.10 (which states that inv(L→ R) = 4 for all digraphs
L and R with inversion number 2) from Theorem 1.11. We will use the fact, shown
in [11], that if L and R are strongly connected digraphs with inv(L), inv(R) ⩾ 2, then
inv(L→ R) ⩾ 4.
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Proof of Theorem 1.10. Let L and R be digraphs with inv(L) = inv(R) = 2. It is
immediate that inv(L → R) ⩽ 4, so it is sufficient to prove the lower bound. For
this, extend L → R to a tournament T of the same inversion number and let the
tournaments to which L and R are extended be L′ and R′ respectively. Note that
inv(L′), inv(R′) ⩾ 2 and T is L′ → R′.

Every tournament can be written as the k-join of its strongly connected components,
so let L′ be [L1, . . . , Lk1 ] and R′ be [R1, . . . , Rk2 ] for some k1, k2 ∈ N and strongly
connected tournaments L1, . . . , Lk1 , R1, . . . , Rk2 . Since inv(L′) ⩾ 2, either there is
some Li with inv(Li) ⩾ 2, or there are i < j such that inv(Li) = inv(Lj) = 1. An
analogous condition holds for R′. If there are i and j such that inv(Li), inv(Rj) ⩾ 2,
then since T contains Li → Rj, we have inv(T ) ⩾ inv(Li → Rj) ⩾ 4 by the above
result of [11]. Otherwise, either there exist i < j such that inv(Li) = inv(Lj) = 1, in
which case inv(T ) ⩾ inv([Li, Lj, R]) = 4 by Theorem 1.11, or there exist i < j with
inv(Ri) = inv(Rj) = 1, in which case it follows similarly that inv(T ) ⩾ 4.

3.4 Complexity of k-Tournament-Inversion

In this section we prove Theorem 1.14 by constructing, for each fixed k ∈ N, an
algorithm solving k-Tournament-Inversion in time O(|V (T )|2). Our proof uses a
technique known as iterative compression; see [36] for a description of this method and
other applications of it. The most involved part of our proof concerns the ‘compression
step’ of the algorithm. This step is handled by the following lemma, which roughly
says that for constant k, given an n-vertex tournament T0 and a decycling family of
T0 of constant size, in time linear in n we can find a decycling family of T0 of size k
if one exists. Throughout this section, we represent a total order < on a finite set
S = {s1, . . . , sm} by the tuple (s1, . . . , sm) where s1 < · · · < sm.

Lemma 3.6. Fix k, s ∈ N. There is an algorithm which solves the following problem
for n-vertex tournaments in time O(n):
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Inputs:
• a tournament T0;
• a decycling family X1, . . . , Xs of T0 (transforming T0 into T , say);
• the order on V (T0) associated to T .
Outputs:
Either
• that T0 is not k-invertible;
Or
• a decycling family Y1, . . . , Yk of T0 (transforming T0 into T ′, say);
• the order on V (T0) associated to T ′.

We now use iterative compression to prove Theorem 1.14 before returning to Lemma 3.6.

Proof of Theorem 1.14. Fix k ⩾ 1. We will induct on n to define an algorithm solving
the following problem for n-vertex tournaments in time Ck · n2 for some constant Ck:

Input:
• a tournament T0.
Ouputs:
Either
• that T0 is not k-invertible;
Or
• a decycling family Y1, . . . , Yk of T0 (transforming T0 into T , say);
• the order on V (T0) associated to T .

In particular, this algorithm solves k-Tournament-Inversion.

Fix n ⩾ 2 and assume that we have defined such an algorithm for all smaller tour-
naments. Let T0 be an n-vertex tournament and pick some v ∈ V (T0). Applying
the induction hypothesis, in time Ck · (n − 1)2 we either find that T0 − {v} is not
k-invertible or we obtain a decycling family X1, . . . , Xk of T0 − {v} and the order on
V (T0) \ {v} associated to the transitive tournament obtained by inverting these sets
in T0. In the former case, it follows that T0 is also not k-invertible and we can output
that fact. In the latter case, let A be the out-neighbourhood of v in T0, and define
Xk+1 = A∪{v} and Xk+2 = A. Then X1, . . . , Xk+2 is a decycling family of T0, and we
can obtain the order associated to the resulting transitive tournament by adding v to
the previous order as the maximal element. By Lemma 3.6 we can now, in linear time,
either find that T0 is not k-invertible or obtain a decycling family Y1, . . . , Yk of T0 of
size k and the order associated to the transitive tournament obtained by inverting
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these sets in T0. As required, this algorithm runs in time Ck · (n− 1)2 +O(n), which
is at most Ck · n2 if Ck is large enough.

It is left to prove Lemma 3.6. To this end, we describe an algorithm which explores
what happens if, starting from T , we invert X1, . . . , Xs and k further sets Y1, . . . , Yk
to obtain a tournament TY , where Y = (Y1, . . . , Yk). Since TY is the tournament
obtained by inverting Y1, . . . , Yk in T0, these k sets are a decycling family of T0 if and
only if TY is transitive. If we were to examine each possibility individually there would
be too many for this exploration process to be tractable. However, the fact that we
are starting from a transitive tournament T makes it possible to identify cycles in the
final tournament TY without fully specifying the sets Y1, . . . , Yk. This means there are
far fewer cases to consider, indeed few enough that the exploration process is linear in
n for fixed k and s.

Proof of Lemma 3.6. Fix k, s ∈ N and let T0, X1, . . . , Xs, and T be as in the statement
of the lemma. Let n = |V (T0)| and label the vertices of T0 as u1, . . . , un in T -increasing
order. With notation as above, we wish to investigate for which Y the tournament
TY is transitive. For each Y we write ui ∈ Fs+k2 for the characteristic vector of ui in
X1, . . . , Xs, Y1, . . . , Yk (suppressing the dependence on Y in the notation) and then
let u = (u1, . . . ,un). There is a bijective correspondence between Y and u and it will
be more convenient to work with the latter, so let Tu = TY and write U for the set of
all possible u. Our first aim is to determine in linear time whether there exists u ∈ U
such that Tu is transitive, and to identify such a u if so.

The tournament Tu is transitive exactly when it contains no cyclic triples. It is
straightforward to use Observation 3.2 to show that this is equivalent to the condition
that there are no a < b < c in [n] such that ua · ub = ub · uc but ua · ub ̸= ua · uc.
We describe the triple (ua,ub,uc) as bad if this occurs. Thus, Tu is transitive if and
only if B(u) = {(ua,ub,uc) : a < b < c} contains no bad triples, and T0 is k-invertible
if and only if B = {B(u) : u ∈ U} contains a set which is free of bad triples. Our
algorithm will construct this set B and check whether any of its elements are free
of bad triples. If one of these sets is free of bad triples, then we need to be able to
output a corresponding decycling family of T0, so for each B ∈ B we will also record
some u ∈ U for which B = B(u).

We will now explain how the above can be achieved in linear time. First note that we
may assume that n ⩾ 4. Let U ′ be the set of all possible vectors u′ = (u1, . . . ,un−1)

of characteristic vectors of u1, . . . , un−1 in X1, . . . , Xs, Y1, . . . , Yk. For u′ ∈ U ′, let
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B′(u′) = {(ua,ub,uc) : 1 ⩽ a < b < c ⩽ n − 1} and let B′ = {B′(u′) : u′ ∈ U ′}. We
may assume inductively that there is a constant C depending only on k and s such
that in time C · (n−1) we can construct B′ and associate to each B′ ∈ B′ some u′ ∈ U ′

such that B′ = B′(u′). For the induction step, we need to show that we can use this
to obtain in time C the set B and for each B ∈ B some u ∈ U such that B = B(u).

The key observation is that there are only 2s+k possible characteristic vectors for each
of u1, . . . , un, so the number of triples of characteristic vectors is at most 23(s+k) and
the sizes of B and B′ are at most 223(s+k) . In particular, there are only boundedly many
pairs (B′,un) where B′ ∈ B′ and un is a possible characteristic vector for un. For each
such pair, we can construct in bounded time the set S(B′,un) consisting of all triples
in B′, and all triples of the form (vi,vj,un) for (v1,v2,v3) ∈ B′ and 1 ⩽ i < j ⩽ 3.
It is not hard to see that B equals the set of all sets S(B′,un) and that each S(B′,un)

can be associated with the u ∈ U formed by appending un to the u′ ∈ U ′ associated
with B′. Indeed, given B′ and un and defining u as in the previous sentence, since
n ⩾ 4, we have S(B′,un) = B(u). For the other direction, given u = (u1, . . . ,un) ∈ U
and letting u′ = (u1, . . . ,un−1), we have B(u) = S(B′(u′),un).

We can construct this set in bounded time and then forget about all but one of the
elements of U associated to each B ∈ B. Thus, in constant time we have obtained B
and for each B ∈ B some u ∈ U such that B = B(u), and the induction continues.

Once we have constructed B in linear time, since it has bounded size we can check
whether any of its members is free of bad triples in bounded time. If not, then T0 is
not k-invertible. If so, then pick B ∈ B with no bad triples and use the u associated to
it to construct a decycling family Y1, . . . , Yk of T0. Let T ′ be the transitive tournament
obtained by inverting these sets in T0.

It remains to show that we can obtain the order on V (T0) associated to T ′ in linear
time. Inverting the sets X1, . . . , Xs, Y1, . . . , Yk transforms T into T ′, and we have the
characteristic vector of each vertex in these sets as well as the order on the vertices
associated to T . We can therefore in linear time obtain the atoms of these s + k

inversions and for each atom A the restriction to A of the order associated to T .
By reversing the order on each atom whenever the edges within it undergo a net
reversal under the inversions, we obtain the order on that atom associated to T ′. The
T ′-minimal vertex is now the minimal vertex of one of the atoms under their current
orderings. There are at most 2s+k atoms so we can identify the T ′-minimal vertex in
constant time. After deleting this vertex from its atom, the second smallest vertex
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according to T ′ is one of the new minimal vertices of the atoms so can be found in
constant time again. Continuing in this way we can obtain the full ordering in linear
time, as required.

Note that the implicit constant in the running time given by this proof is doubly
exponential in s+ k.

3.5 Cycle transversals

In this section we will prove Theorem 1.15, constructing for each k ∈ N a digraph D
with τ(D) = k and inv(D) = 2k. We will use the so-called Eventown theorem, proved
independently by Berlekamp [20] and Graver [44].

Theorem 3.7 (Eventown [20], [44]). Let n ∈ N and let F ⊆ P([n]) be a family of
subsets of [n] such that |F1 ∩ F2| is even for all F1, F2 ∈ F . Then |F| ⩽ 2⌊n/2⌋.

For a digraph D and vertices u, v, w ∈ V (D), we will say that u and v differ on w if
either #  »uw, #  »wv ∈ E(D) or #  »vw, #  »wu ∈ E(D). We are now ready to prove the theorem.

Proof of Theorem 1.15. Fix k ∈ N and let n ∈ N be large and divisible by 2k. We
will define a digraph D on vertex set {u0, . . . , uk−1, v0, . . . , vn−1} and then show that
it satisfies the conditions of the theorem. Start by including all directed edges #    »vivj

for i < j, so that the subdigraph of D induced on {v0, . . . , vn−1} is a transitive
tournament. For i ∈ {0, . . . , k − 1} and j ∈ {0, . . . , n− 1}, add the edge #     »uivj if in the
binary expansion of j, the digit in the 2i place is a 0, and add the edge #     »vjui otherwise.
For ease of exposition we will not include any edges among the ui (though including
any combination of such edges would still give a valid construction), so this completes
the definition of D. As noted above, the removal of the vertices u0, . . . , uk−1 from D

leaves an acyclic digraph, so τ(D) ⩽ k.

It remains to show that inv(D) ⩾ 2k, as then inv(D) = 2τ(D) = 2k follows from
inv(D) ⩽ 2τ(D). Suppose for a contradiction that X1, . . . , X2k−1 ⊆ V (D) form a
decycling family of D and let D′ be the acyclic digraph obtained by inverting these
sets in D. Consider the characteristic vectors of v0, . . . , vn−1 in X1, . . . , X2k−1, which
we will denote by v0, . . . ,vn−1 ∈ F2k−1

2 respectively. Let K = 2k. By the pigeonhole
principle, if n is large enough, then there exist distinct i, i′ ∈ {0, . . . , n/K − 1} such
that

(viK ,viK+1, . . . ,v(i+1)K−1) = (vi′K ,vi′K+1, . . . ,v(i′+1)K−1).
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We may assume that i = 0 and i′ = 1.

We will show that v0, . . . ,vK−1 are pairwise distinct and that vi · vj is constant as
i, j ∈ {0, . . . , K − 1} vary. We claim that these conditions force a contradiction.
Indeed, in the case where vi · vj = 0 for all i, j, we have that the vi are indicator
vectors of pairwise distinct subsets of [2k − 1] which each have even size, and each
pair of which have even intersection. By Eventown, every such collection has at most
2(2k−1)/2 < 2k = K members, giving the required contradiction. On the other hand, if
vi · vj = 1 for all i, j, then consider the ‘complement’ vectors w0, . . . ,wK−1, which
have 1’s where the vi have 0’s and 0’s where the vi have 1’s. It is straightforward
to use the fact that the vectors have odd length to show that these wi are pairwise
distinct and satisfy wi ·wj = 0 for all i, j, from which we can derive a contradiction
as above.

We continue by showing that the vectors v0, . . . ,vK−1 are pairwise distinct, which is
equivalent to showing that each of v0, . . . , vK−1 is in a different atom. Suppose for a
contradiction that vi and vj are in the same atom for some i < j in {0, . . . , K − 1},
and note that vK+i and vK+j are in this atom too by assumption. By the construction
of D there is some ℓ ∈ {0, . . . , k− 1} such that vi and vj differ on uℓ in D. Since they
are in the same atom as each other, they also differ on uℓ in D′. If #    »viuℓ,

#     »uℓvj ∈ E(D′),
then to avoid a cyclic triple in D′ we have #    »vivj ∈ E(D′). This means that the edges
within vi and vj’s atom have the same orientations in D as they do in D′, so in
particular we have #           »vjvK+i ∈ E(D′). Moreover vi and vK+i are in the same atom and
are either both in-neighbours of uℓ in D or both out-neighbours, so since #    »viuℓ ∈ E(D′)

we also have #            »vK+iuℓ ∈ E(D′). Hence, the cycle #                 »vjvK+iuℓ appears in D′. Similarly if
#     »vjuℓ,

#    »uℓvi ∈ E(D′), then we have #    »vjvi ∈ E(D′). In this case the edges within the atom
of vi and vj switch orientation between D and D′, so the cycle #                 »vjuℓvK+i appears in
D′. In both cases we have the desired contradiction, and we deduce that the vertices
v0, . . . , vK−1 are all in different atoms.

It remains to show that vi · vj is constant as i, j ∈ {0, . . . , K − 1} vary. Suppose
for a contradiction that this is not the case, then there exists i ∈ {0, . . . , K − 1}
such that vi · vj is not constant as j ∈ {0, . . . , K − 1} varies. For such i we can pick
j ∈ {0, . . . , K − 1} such that vi · vi ̸= vi · vj. Now if vi · vi = 0, then vi · vj = 1 so
by Observation 3.2, D′ contains the cycle #                »vK+ivjvi if i < j or the cycle #                       »vK+ivK+jvi

if i > j. Similarly if vi · vi = 1, then D′ contains one of the cycles #                »vivjvK+i and
#                       »vivK+jvK+i. We have a contradiction in all cases, so the value of vi · vj is constant as
i, j ∈ {0, . . . , K − 1} vary, as required.
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3.6 Bounds on inv(n)

3.6.1 Lower bounds

In this section we discuss the previous known lower bound on inv(n) and give the proof
of Theorem 1.16. As noted in the introduction, Belkhechine, Bouaziz, Boudabbous,
and Pouzet [18] used a counting argument to lower bound inv(n). They observed that
since there are n! labelled transitive tournaments on n vertices, there are at most
n! · 2n(k−1) labelled (k − 1)-invertible tournaments on n vertices. There are a total of
2n(n−1)/2 labelled n-vertex tournaments, so for any k such that 2n(n−1)/2 > n! · 2n(k−1)

we have inv(n) ⩾ k. Taking logarithms base 2 and rearranging, this condition becomes1

k < (n− 1)/2− log(n!)/n, so we have

inv(n) ⩾

⌊
n− 1

2
− log(n!)

n

⌋
⩾

⌊
n− 1

2
− log(n)

⌋
,

where for the final inequality we used n! ⩽ nn. Lower bounds on inv(n) of this form
were the best known (disregarding very slight tightenings of the argument).

The proof of Theorem 1.16 uses the following lemma which gives a bound on the
probability that a random symmetric binary matrix has at most a certain rank. This
bound can again be deduced from the exact counts [72] which we met earlier in
Theorem 2.9, but we also include a short proof for the simpler bound we use.

Lemma 3.8. The probability that a uniformly random n× n symmetric matrix over
F2 has rank at most n− s (over F2) is at most 2s log(n)−(

s
2).

Proof. Construct the random matrix in n steps, in the ith step choosing the first i
entries of the ith row of the matrix (and also, by symmetry, the ith column). For each
i ∈ [n], let Mi be the random symmetric i× i matrix obtained after step i.

Note that for each i the nullity increases by at most 1 between Mi and Mi+1. It
follows that if the nullity of Mn is at least s, then for all 1 ⩽ j ⩽ s − 1 we can
define kj to be the smallest i such that the nullity of Mi is j + 1, and we have
2 ⩽ k1 < k2 < · · · < ks−1 ⩽ n. For each j, the ranks of Mkj−1 and Mkj are equal, so
the first kj − 1 entries of the kjth row of Mkj lie in the (kj − 1− j)-dimensional row
space of Mkj−1, which happens with probability 2−j. There are

(
n
s−1

)
ways to choose

k1, . . . , ks−1 as above, so the probability that Mn has rank at most n− s is at most(
n

s− 1

) s−1∏
j=1

2−j ⩽ 2s log(n)−(
s
2),

1All logarithms in this chapter are taken base 2, which differs from our use in other chapters.
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as required.

We are now ready to prove Theorem 1.16.

Proof of Theorem 1.16. Let T be a uniformly random tournament on vertex set [n]
and let MT = (mab) be the n× n matrix over F2 defined as follows. For a < b, let mab

be 0 if
#»

ab is an edge of T and 1 otherwise, then define mba = mab, and finally choose
each diagonal entry uniformly at random. Note that the

(
n
2

)
entries of MT above the

diagonal determine T , and the other entries are defined such that MT is a uniformly
random symmetric binary matrix.

Let s =
⌊√

2n log(n)
⌋

and write k = n − s. Suppose that inv(T ) ⩽ k and let
X1, . . . , Xk be a decycling family of T . For each Xi, let Mi be the n×n binary matrix
whose (a, b) entry is 1 if and only if a, b ∈ Xi. Observe that, working over F2, we have
rk(Mi) ⩽ 1 for all i, and thus rk(

∑
iMi) ⩽ k. By construction, MT+

∑
iMi is a matrix

whose entries above the diagonal correspond to a transitive tournament on [n] (its
diagonal entries can be anything). Let M be the set of binary matrices corresponding
in this manner to a transitive tournament on [n], and note that |M| = n!2n.

Putting all of this together, we have that if inv(T ) ⩽ k, then there exists M ∈ M
such that rk(MT +M) ⩽ k. For each fixed M , we have that MT +M is a uniformly
random symmetric binary matrix and hence has rank at most k with probability at
most 2s log(n)−(

s
2) by Lemma 3.8. Taking a union bound over all M ∈ M we obtain

P(inv(T ) ⩽ k) ⩽ n!2n2s log(n)−(
s
2).

Since n! = O(
√
n(n/e)n), the right-hand side is O(2f(n)) where

f(n) =
log(n)

2
+ n log(n)− n log(e) + n+ s log(n)−

(
s

2

)
= −n(log(e)− 1) + o(n),

and thus P(inv(T ) ⩽ k) → 0 as n→ ∞ as desired.

3.6.2 Upper bounds

The only approach which has been used to prove upper bounds on inv(n), introduced
in [18], is to ‘solve’ one vertex at a time, as follows. Given a tournament T , pick a
vertex v and invert the set consisting of v and its out-neighbourhood. In the resulting
tournament T1, v is a sink. Using a further inv(n− 1) inversions we can transform
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T1 − {v} into a transitive tournament, so inv(n) ⩽ inv(n− 1) + 1 for all n ⩾ 2. The
authors of [18] observed that inv(4) = 1, so inv(n) ⩽ n− 3 for n ⩾ 4. For n ⩾ 6 this
was improved by 1 in [11] using the fact that inv(6) = 2 (which they attribute to [17]
and which we have verified by a computer check). We introduce a slightly different
approach to prove the following.

Proposition 3.9. For all n ∈ N,

inv(n) ⩽

⌊
n− 1

2

⌋
+ inv

(⌈
n− 1

2

⌉)
.

Proof. Let n ∈ N and let T be an n-vertex tournament. Pick v ∈ V (T ) and write A
and B for the in- and out-neighbourhoods of v respectively. We may assume that
|A| ⩾ ⌈(n− 1)/2⌉ (the case where B is the larger of the two is similar). By ‘solving’
each vertex in B one after another, we can find at most |B| inversions which transform
T into a tournament T ′ such that the subtournament of T ′ induced on B ∪ {v} is
transitive (with v as the minimal element) and every edge of T ′ between A and B∪{v}
is oriented away from A. With a further inv(A) ⩽ inv(|A|) inversions we can transform
T ′ into a transitive tournament. Thus, inv(T ) ⩽ |B|+ inv(|A|).

We have inv(k) ⩽ inv(k− 1)+ 1 for all k ∈ N and we can apply this |A| − ⌈(n− 1)/2⌉
times to obtain inv(|A|) ⩽ inv(⌈(n− 1)/2⌉) + |A| − ⌈(n− 1)/2⌉. Using the fact that
|A|+ |B| = n− 1, this yields

inv(T ) ⩽ |B|+ inv

(⌈
n− 1

2

⌉)
+ |A| −

⌈
n− 1

2

⌉
=

⌊
n− 1

2

⌋
+ inv

(⌈
n− 1

2

⌉)
,

and the claim follows.

We can use this result to improve (for large n) the upper bound on inv(n).

Corollary 3.10. For all n ∈ N, inv(n) ⩽ n− log(n+ 1).

Proof. We prove the statement by induction for n ⩾ 0, noting that the definition of
inv extends naturally with inv(0) = 0. If n ⩾ 1 and the claim holds for all smaller
values, then we have

inv(n) ⩽

⌊
n− 1

2

⌋
+ inv

(⌈
n− 1

2

⌉)
,

⩽

⌊
n− 1

2

⌋
+

⌈
n− 1

2

⌉
− log

(⌈
n− 1

2

⌉
+ 1

)
,

⩽ n− 1− log

(
n+ 1

2

)
,

= n− log(n+ 1).
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3.7 Conclusion

In this chapter, we have answered several of the questions posed in [11]. We have
shown that their ‘dijoin conjecture’, that inv(L → R) = inv(L) + inv(R), is false in
general, but have verified it in the case where inv(L) = inv(R) = 2 and have also
shown that a k-join analogue holds under certain conditions. In addition, we have
confirmed their related conjectures that k-Inversion is NP-complete for all k ⩾ 1,
and that the inequality inv(D) ⩽ 2τ(D) is tight. We have answered their question
concerning the minimal rk such that k-Tournament-Inversion can be solved in
time O(|V (T )|rk), showing that rk = 2 for all k, and have improved the lower bound
on inv(n) to show that inv(n) = (1+o(1))n. There are, however, still many interesting
open problems in this area. Before discussing some of them, we will touch on two
operations similar to inversion.

3.7.1 Similar operations

We first consider an operation on permutations which is used by molecular biologists
as a model for genetic mutations, and could loosely be seen as a vertex analogue
of inversions in tournaments. Given a permutation π = (π1 π2 . . . πn) of [n], for
1 ⩽ i < j ⩽ n, the reversal of the interval [i, j] is the permutation obtained by
reversing the order of πi, . . . , πj in π. The reversal distance, d(π), of a permutation
π is the minimum number of reversals required to transform π into the identity
permutation. For a survey of reversals and the reversal distance (and many other
combinatorial models of genome rearrangements) see [41]. We highlight some results of
particular relevance to the work covered in this chapter. With regards to computational
complexity, Caprara [24] showed that the problem of Sorting by Reversals, that
is, determining whether d(π) ⩽ k for inputs of a permutation π and k ∈ N, is NP-
complete, while Hannenhalli and Pevzner [49, 50] showed that it is fixed-parameter
tractable when parameterised by k. The natural extremal problem was solved by
Bafna and Pevzner [7] who proved that for a permutation π of [n], we have d(π) ⩽ n−1

with equality if and only if π ∈ {γn, γ−1
n } for an explicit γn.

Inversions in digraphs can also be thought of as generalisations of edge reversals, i.e.
the operations which reverse the orientation of a single edge. It is not difficult to see
(using an argument from Section 1.2.3) that the minimum number of such operations
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required to transform a digraph D into an acyclic digraph is equal to τ ′(D), the cycle
edge-transversal number of D. Determining this quantity is the famous feedback arc
set problem, which has been widely studied (see [62] for an overview). In particular
the problem of determining for inputs D and k whether τ ′(D) ⩽ k was one of the
first shown to be NP-complete [60] and it remains NP-complete when the input is
restricted to tournaments [1, 27]. However, Chen, Liu, Lu, O’Sullivan, and Razgon
[28] showed that this problem is again fixed-parameter tractable when parameterised
by k. On the extremal side, it was shown by Spencer [82, 83] that the maximum
cycle edge-transversal number of an n-vertex tournament is 1

2

(
n
2

)
−Θ(n3/2) and that

a random labelled n-vertex tournament has this cycle edge-transversal number with
probability tending to 1. Bounds of this form remain the best known (see also [35, 78]).

3.7.2 Open problems

We have shown (in Theorem 1.14) that the problem which takes as inputs a tournament
T and an integer k ∈ N, and asks whether inv(T ) ⩽ k, is fixed-parameter tractable
when parameterised by k. In keeping with the pattern exhibited in the settings
discussed in Section 3.7.1, Bang-Jensen, da Silva, and Havet [11] conjectured that the
full problem is NP-complete.

Conjecture 3.11 ([11]). The problem of deciding whether inv(T ) ⩽ k for inputs of
k ∈ N and a tournament T is NP-complete.

Note that Theorem 1.14 does not make any progress towards disproving this because
the implied constant in the O(n2) running time is not polynomial in k. In fact, as
noted above, the constant arising from our algorithm is doubly exponential in k.
However, again in keeping with both settings discussed in Section 3.7.1 (and indeed
many natural fixed-parameter tractable problems), we conjecture that this constant
can be taken to be singly exponential in k, perhaps with a higher power of n.

Conjecture 3.12. There exist constants c1, c2 > 0 such that k-Tournament-

Inversion can be solved in time O(2kc1 |V (T )|c2) for any k ∈ N.

As discussed in the introduction, the set ICk of k-inversion-critical tournaments was
shown to be finite for all k in [18]. They explicitly described IC1 and IC2, for the latter
using results of Gallai [43] (see [73] for an English translation) and Latka [63], but for
k ⩾ 3 very little is known about these sets. In particular, it would be interesting to
determine mk, the maximum number of vertices in a tournament in ICk, for k ⩾ 3.

Question 3.13 ([11]). What is the value of mk for k ⩾ 3?
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Finding the minimum possible size of a k-inversion-critical tournament is equivalent
to the problem of determining inv(n). The best known bounds on inv(n) for large n
are now

n−
√
2n log(n) ⩽ inv(n) ⩽ n− log(n+ 1),

and it would be interesting to tighten these further.

Question 3.14. What is the asymptotic behaviour of n− inv(n)?

In light of our improved lower bound on inv(n), the lack of an explicit construction for a
tournament of large inversion number is even more apparent: no n-vertex construction
with inversion number more than about n/3 (as given by the (n/3)-join [

# »

C3]n/3) is
known.

Problem 3.15. Construct n-vertex tournaments with inversion number closer to
inv(n).

Belkhechine, Bouaziz, Boudabbous, and Pouzet ([17]; see [11]) defined for each n ∈ N
a tournament Qn on vertex set [n] in which for i < j the edge ij is oriented towards j,
except if j = i+ 1, in which case it is oriented towards i, and conjectured that these
graphs satisfy inv(Qn) =

⌊
n−1
2

⌋
.

Conjecture 3.16 ([17]). For all n ∈ N we have inv(Qn) =
⌊
n−1
2

⌋
.

The conjecture is known to hold for n ⩽ 8 [11, 18], and it is certainly true that
inv(Qn) ⩽

⌊
n−1
2

⌋
for all n since the sets

{2, 3}, {4, 5}, {6, 7}, . . . , {2 ⌊(n− 1)/2⌋ , 2 ⌊(n− 1)/2⌋+ 1}

form a decycling family of Qn.

Defining the inversion distance, inv(T, T ′), between two labelled tournaments T and T ′

on the same vertex set to be the minimum number of inversions required to transform
T into T ′, we remark that the matrix rank techniques developed in Section 3.6.1 can be
used to show that the maximum inversion distance between two n-vertex tournaments
is exactly n − 1. Moreover, combining these ideas with Lemma 3.8 gives an upper
bound of 2(

n
2)+n−(

s
2)+s log(n) on the number of labelled tournaments within inversion

distance n− s of a given labelled tournament.

It is natural in this context to study the random walk W on the space of labelled
tournaments on [n] where each step in the walk consists of picking a uniform random
subset of [n] and inverting that set in the current tournament. In particular, we ask
the following.
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Question 3.17. What is the mixing time of W? Does it satisfy the cutoff phenomenon?

Returning to the dijoin conjecture, Theorem 1.10 completes the work of Bang-
Jensen, da Silva, and Havet in showing that the conjecture holds in the cases where
inv(L), inv(R) ⩽ 2. We have also shown (Theorem 1.11) a k-join analogue of the
dijoin conjecture for collections of 2-invertible digraphs D1, . . . , Dk at most one of
which has inversion number 2. We conjecture that this final condition can be removed.

Conjecture 3.18. Let k ∈ N and let D1, . . . , Dk be oriented graphs satisfying
inv(Di) ⩽ 2 for all i. Then

inv([D1, . . . , Dk]) =
k∑
i=1

inv(Di).

On the other hand, Theorem 1.9 gives a counterexample to the dijoin conjecture
where inv(L) = 1 and inv(R) = 3. From this, we can obtain counterexamples with
inv(L) = k and inv(R) = 3 for any k ∈ N: let L = [

# »

C3]k and let R be as in the proof
of Theorem 1.9. The tournaments obtained from these by inverting the whole vertex
set give counterexamples in which inv(L) = 3 and inv(R) = k. In our paper, we
conjectured that here 3 can be replaced with any larger integer, or in other words that
the only values of inv(L) and inv(R) for which the dijoin conjecture always holds are
those where inv(L), inv(R) ⩽ 2 or where one of inv(L) or inv(R) is 0.

However, it has since been proven by Wang, Yang and Lu [84] that the dijoin conjecture
holds when inv(L) = 1 and inv(R) is even (or vice versa), thereby refuting part
of our conjecture. Together with the counterexamples of Aubian, Havet, Hörsch,
Klingelhoefer, Nisse, Rambaud, and Vermande [6] and our Theorem 1.10 covering the
case where L and R both have inversion number two, the following cases are the only
ones to remain open.

Question 3.19. Let ℓ, r ⩾ 2 be even integers with ℓ + r ⩾ 6. Is it true that
for all oriented graphs L,R with inv(L) = ℓ, inv(R) = r we have inv(L → R) =

inv(L) + inv(R)?

A potentially closely related direction, suggested by Behague in her research state-
ment [15] and also by McDiarmid, concerns how badly the dijoin conjecture can fail.
Recall that the defect α(L,R) = inv(L)+ inv(R)− inv(L→ R) is always non-negative;
it can be zero and – as shown in the disproof of the conjecture – it can also be one.
But can it be (much) larger?
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Question 3.20. Do there exist oriented graphs L and R with α(L,R) ⩾ 2?

Finally, we noted in Section 1.2.2 that inv(D) ⩽ inv(D − {v}) + 2 for all digraphs D
and vertices v ∈ V (D). It is certainly the case that this inequality is tight for some D
and v. Indeed, a reformulation of Theorem 1.15 yields the stronger statement that
for all k ∈ N there exists a digraph D and a set S ⊆ V (D) with |S| = k such that
for all T ⊆ S we have inv(D − T ) = inv(D) − 2|T |. We conjecture, however, that
the inequality inv(D) ⩽ inv(D − {v}) + 2 cannot be tight for all vertices v in a given
digraph D.

Conjecture 3.21. Let D be a digraph with at least one vertex. Then there exists
v ∈ V (D) such that inv(D − {v}) ⩾ inv(D)− 1.
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Chapter 4

A framework for the generalised
Erdős-Rothschild problem and a
resolution of the dichromatic triangle
case

This chapter is devoted to the generalised Erdős-Rothschild problem, which we now
revisit. Let k ⩾ 3 and s ⩾ 2, and let X be a family of s-edge-colourings of Kk. We
say an s-edge-colouring of a graph G is X -free if it avoids every coloured copy of
Kk in X . We write F (G;X ) = |{X -free s-edge-colourings of G}|, and our goal is to
determine F (n;X ) = max|V (G)|=n F (G;X ) as well as the X -extremal graphs G, i.e.
those satisfying F (G;X ) = F (n;X ).

The cornerstone result of this chapter is an exact solution of the generalised Erdős-
Rothschild problem for the dichromatic triangle pattern K(2)

3 for all values of s. Recall
that we write (K

(2)
3 , s) for the family of s-edge-colourings of K3 that use exactly two

colours. In Construction 1.19, we constructed (K
(2)
3 , s)-free s-edge-colourings of the r-

partite Turán graph Tr(n), where each colour class corresponds to a maximal matching
of Kr, and the number of colours occurring between pairs of parts varies by at most one.
We computed in the introduction that this construction gives rise to Or,s(1)·e

r
r−1

gs(r)tr(n)

colourings free of dichromatic triangles, where tr(n) is the number of edges in Tr(n)
and gs(r) was defined accordingly (this definition will be recalled in Section 4.4.1). We
then define g(s) := maxr∈2N,r<s gs(r), R2(s) := {r ∈ 2N : gs(r) = g(s)} as well as the
integer r2(s) which is the largest even integer r such that (r − 1)er ⩽ s when s ⩾ e2

(and 2 otherwise). Armed with these definitions, we now restate our main theorem.
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Theorem 1.21. For every integer s ⩾ 2 we have R2(s) ⊆ {r2(s), r2(s) + 2}, so in
particular g(s) = max{gs(r2(s)), gs(r2(s)+2)}. For sufficiently large n, every n-vertex
(K

(2)
3 , s)-extremal graph is Tr(n) for some r ∈ R2(s) and

F (n; (K
(2)
3 , s)) = (C + o(1)) · e r

r−1
g(s)tr(n),

where C depends only on s, r and on n (mod r).
Moreover, for all s ∈ [2, 107] \ {27}, the unique extremal graph is Tr(n) where r is the
unique value in R2(s) shown in Table 1.2, and the unique extremal graph for s = 27 is
T4(n).

With some further analysis we will deduce that there is an infinite family of graphs
which are extremal for some s, in the following strong sense:

Corollary 1.22. For any r ∈ 2N, there are integers s−(r) ⩽ s+(r) such that whenever
n is sufficiently large, the Turán graph Tr(n) is uniquely (K

(2)
3 , s)-extremal for all

s−(r) ⩽ s ⩽ s+(r). Moreover, s−(r) ∈ ((r − 3)er−2, (r − 1)er) and there is at most
one value of s between s+(r) and s−(r+2). If such a value of s exists, for this s every
n-vertex (K

(2)
3 , s)-extremal graph lies in {Tr(n), Tr+2(n)}.

Recall that a pattern P is a partition of the edges of Kk and, given s, naturally
induces a family of colourings (P, s) which includes all s-colourings where colour
classes correspond to parts of P . Building on previous results, Theorem 1.21 also
implies that for non-monochromatic patterns (i.e. patterns with more than one part)
all extremal graphs are complete partite.

Corollary 1.23. Let s ⩾ 2 and k ⩾ 3 be integers and let P be a non-monochromatic
colour pattern of Kk. Then every (P, s)-extremal graph is complete partite.

In order to restate our related result on the case where improper colourings are
forbidden, let X ∧

k,s = {all improper s-edge-colourings of Kk}.

Theorem 1.24. For every k ⩾ 3 there exists an integer s(k) such that for every
s ⩾ k − 1 and sufficiently large n every n-vertex X ∧

k,s-extremal graph is either

• Tk−1(n) if s ⩽ s(k), in which case F (n;X ∧
k,s) = stk−1(n); or

• Tr(n) for some r ∈ R2(s) if s > s(k), in which case F (n;X ∧
k,s) = (C + o(1)) ·

e
r

r−1
g(s)tr(n) where C is a constant depending only on s, r and on n (mod r).
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4.1 Methods, chapter outline and notation

In the literature, results on the generalised Erdős-Rothschild problem are proved by
considering a valid colouring of an n-vertex extremal graph and approximating it using
a coloured version of Szemerédi’s regularity lemma, or occasionally the hypergraph
container method, e.g. [10, 22, 48]. Then, it suffices to solve a corresponding problem
where edges may be given a set of colours, and every assignment from one of these sets
is counted. In the regularity lemma approach, this is a combinatorial optimisation
problem whose feasible solutions are vertex-weighted edge-coloured multigraphs which
contain no forbidden patterns and whose size does not depend on n. This problem
was explicitly stated for monochromatic patterns in [76] but has implicitly appeared
in all earlier and most later works. Tho ugh this optimisation problem can be solved
by brute force in time Os,k(1), it is very difficult to solve in practice. Most solutions
have been obtained via a linear relaxation which only yields feasible solutions in a few
cases, hence the sporadic results. A different optimisation problem arises from the
container method (see [22]); again it appears difficult to solve in general.

As mentioned in Section 1.3.2, we prove our main results for forbidden dichromatic
triangles and improperly coloured cliques by first deriving a proof framework for the
generalised Erdős-Rothschild problem. Our framework is inspired by existing theory
for monochromatic patterns developed in [74–76]. The gist of our general results is
that the generalised Erdős-Rothschild problem reduces to the optimisation problem
sketched above. In both cases, we are able to solve it for all s. For this, we do
not use any linear programs, but mainly use analytic tools, as well as combinatorial
considerations and some computer assistance for small s. We hope the ideas in the
proof will be useful for solving the generalised Erdős-Rothschild problem for other
colour patterns.

The first part of this chapter contains some general theory about forbidden colour
patterns in cliques. In Section 4.2 we introduce the optimisation problem Q(X ) which
underpins this chapter, and then in Section 4.3 state some general results which show
the strong connection between the generalised Erdős-Rothschild problem and this
optimisation problem. One of these is a new ‘exact’ result which we will use to prove
the main results covered in this chapter. Section 4.4 concerns the dichromatic triangle
problem, and in it we use the theory developed in the first part of the chapter and
solve the appropriate instances of Q(X ) to prove our first main result, Theorem 1.21.
Corollary 1.22 and Corollary 1.23 will follow immediately.
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In Section 4.5 we apply the same methods to the problem of maximising the number
of proper k-clique colourings and prove our second main result, Theorem 1.24. The
proof of Theorem 1.24 is closely related to Theorem 1.21 and will use our tools for
optimising a version of Construction 1.19 when X = (K

(2)
3 , s). We prove the general

results of Section 4.3 in Section 4.6. These proofs are adaptations of analogous results
in [74–76], so we provide sketches only. Section 4.7 contains some concluding remarks
on the generalised Erdős-Rothschild problem and further avenues for investigation.

In this chapter, log always denotes the natural logarithm loge (this is in contrast to
many papers on this topic, but useful here as we make extensive use of calculus). We
also set log 0 := 0 to ease notation, in particular, given a multiset A of sets A, we
write

∑
A∈A log(|A|) instead of

∑
A∈A:A ̸=∅ log(|A|). We write x = a± b as short-hand

for x ∈ [a − b, a + b]. The L1-norm of a vector x is ∥x∥1 =
∑

i |xi|. We write 2N
to denote the set of positive even integers. We write 0 < a ≪ b ≪ c < 1 to mean
that we can choose the constants a, b, c from right to left. More precisely, there exist
non-decreasing functions f : (0, 1] → (0, 1] and g : (0, 1] → (0, 1] such that for all
a ⩽ f(b) and b ⩽ g(c) our calculations and arguments in our proofs are correct. Larger
hierarchies are defined similarly. We suppress rounding where it does not affect the
validity of the argument. Most of the specific notation will be introduced in the next
section.

4.2 An optimisation problem

In [76], Pikhurko, Staden and Yilma showed that the Erdős-Rothschild problem is
asymptotically solved by complete partite colouring constructions such as the one
shown in Figure 1.3.2. That is, it is enough to maximise the number of colourings of
a complete multipartite graph with parts V1, . . . , Vr such that each edge in Vi × Vj is
coloured arbitrarily from a list of colours ϕ(ij). This can be stated more precisely as an
optimisation problem with parameters r, the sizes of the Vi, and ϕ. They also proved a
stability result which states that any almost extremal graph for the Erdős-Rothschild
problem resembles a solution to this optimisation problem. Pikhurko and Staden then
showed that, under certain conditions on solutions to the optimisation problem, a
stronger stability theorem holds [74], and also an exact result [75]. They solved a
new case of the Erdős-Rothschild problem by solving the corresponding optimisation
problem.
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An analogous optimisation problem, Problem Q(X ), can be formulated for the gen-
eralised Erdős-Rothschild problem for a family X of forbidden colourings. As we
mentioned before, we consider graphs with a partite structure, and count only the
X -free colourings such that the colours of edges are determined entirely by the parts
they lie between. Thus these colourings are defined by a function ϕ which maps pairs
of parts to sets of colours. This function ϕ must be such that every colouring generated
by ϕ will be X -free.

So suppose we have r ∈ N, which will be the number of parts V1, . . . , Vr, and a function
ϕ :

(
[r]
2

)
→ 2[s], which maps pairs of vertices to sets of colours. Given a colouring

σ : E(Kk) → [s], we say that ϕ is σ-free if there is no injective map ψ : [k] → [r] with
σ(ij) ∈ ϕ(ψ(i)ψ(j)) for all ij ∈

(
[k]
2

)
. We say that ϕ is X -free if it is σ-free for every

σ ∈ X .

Before we state our optimisation problem, we define ΦX ,t(r) to be the set of X -free
colourings ϕ :

(
[r]
2

)
→ 2[s] such that |ϕ(ij)| ⩾ t for all i ̸= j. We call such ϕ colour

templates and, given c ∈ [s], also write ϕ−1(c) := {ij ∈
(
[r]
2

)
: c ∈ ϕ(ij)} which can be

considered as (the edge-set of) a graph on the vertex set [r]. We write ϕij := |ϕ(ij)|
for brevity and often call this the multiplicity (of ij), which comes from thinking of ϕ
as the multigraph made up of colour graphs ϕ−1(1), . . . , ϕ−1(s). We also define ∆r

to be the set of non-negative vectors α = (α1, . . . , αr) such that
∑

i∈[r] αi = 1. By
convention, given αj ∈ ∆r, we write αj = (αj,1, . . . , αj,r).

Problem Qt(X ).
Maximise

q(ϕ,α) := 2
∑

ij∈([r]2 )

αiαj log ϕij

subject to r ∈ N, ϕ ∈ ΦX ,t(r) and α ∈ ∆r.

Denote by feast(X ) the set of feasible triples (r, ϕ,α) for this problem, and by
optt(X ) the set of optimal triples. The maximum of the objective function we denote
by Qt(X ).

For ease of notation, we sometimes omit the subscript t when t = 0, for example,
Q(X ) := Q0(X ) and feas(X ) := feas0(X ).

We now show how this optimisation problem gives lower bounds on F (n;X ). Let
(r, ϕ,α) ∈ feas0(X ). Let G be an n-vertex graph with parts V1, . . . , Vr, where
|Vi| ∈ {⌊αin⌋, ⌈αin⌉}, such that G[Vi] has no edges for all i; if ϕ(ij) = ∅ for some
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ij ∈
(
[r]
2

)
then G[Vi, Vj] has no edges, and otherwise it is a complete bipartite graph.

Consider the set of all s-edge-colourings χ of G where, for every ij ∈
(
[r]
2

)
and every

xy ∈ E(G[Vi, Vj]), we have χ(xy) ∈ ϕ(ij). Every such χ is X -free since ϕ is X -free.
Counting the number of such colourings, we see that

F (n;X ) ⩾ F (G;X ) ⩾
∏

ij∈([r]2 )

ϕ
|Vi||Vj |
ij .

Thus
logF (n;X ) ⩾

∑
ij∈([r]2 )

|Vi||Vj| log ϕij = q(ϕ,α)

(
n

2

)
+O(n) (4.2.1)

and therefore we have the lower bound

F (n;X ) ⩾ eQ0(X )(n2)+O(n). (4.2.2)

Note that
k−2
k−1

log(s) ⩽ Q0(X ) ⩽ log(s),

which should be compared to our bounds in (1.3.1) for graphs. Here, the upper bound
comes from 2

∑
αiαj = 1−∑α2

i ⩽ 1 and ϕij ⩽ s, while the lower bound – the trivial
bound – comes from taking r = k − 1, α uniform and ϕ ≡ [s].

A central result of this chapter, presented in Section 4.3, states that, under certain
conditions, the bound in (4.2.2) is tight, thus reducing finding log(F (n;X ))/

(
n
2

)
asymptotically to finding Q0(X ).

The set opt0(X ) of solutions is rather degenerate, because we can extend every
(r, ϕ,α) ∈ opt0(X ) by adding a new part r + 1 with αr+1 = 0, or by splitting any
part into two. It will be helpful to consider the set of solutions in which parts cannot
be merged or deleted to obtain a smaller optimal solution. We define the set of basic
optimal solutions opt∗(X ) to be the set of (r∗, ϕ∗,α∗) ∈ opt2(X ) such that α∗

i > 0

for all i ∈ [r∗]. We now show that the set opt0(X ) contains a basic optimal solution.
The following fact also justifies our omission of subscripts when referring to Q(X ).

Fact 4.1. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-edge-colourings
of Kk. If opt0(X ) ̸= ∅, then opt∗(X ) ̸= ∅. Moreover, Q2(X ) = Q1(X ) = Q0(X ) and
opt2(X ) ⊆ opt1(X ) ⊆ opt0(X ).

Proof. Let (r, ϕ,α) ∈ opt0(X ) be an optimal solution with minimum number of
parts r. It holds that αi > 0 for all i ∈ [r]. Indeed, otherwise we would obtain
another optimal solution with fewer parts. Let us, for the sake of contradiction,
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assume that (r, ϕ,α) ̸∈ opt2(X ), say, ϕ12 ⩽ 1. For any ε with −α2 ⩽ ε ⩽ α1 define
α̃1 = α1 − ε, α̃2 = α2 + ε, and α̃i = αi for all other i. (This is a version of ‘Zykov
symmetrisation’, see Section 4.6.) Then q(ϕ, α̃) = Q(X )− ε

∑r
i=3 αi(log ϕ1i − log ϕ2i)

since the contribution α1α2 log ϕ12 is zero. By optimality of (r, ϕ,α) we must have that∑r
i=3 αi(log ϕ1i− log ϕ2i) = 0, for otherwise either a positive or negative ε would yield a

better solution. Thus setting ε = α1 and removing part 1 (of size α̃1) yields a solution
(r − 1, ϕ|[2,r], α̃) ∈ opt0(X ) with fewer parts, a contradiction to the minimality of r.

For the second part, as feas2(X ) ⊆ feas1(X ) ⊆ feas0(X ) we have Q2(X ) ⩽

Q1(X ) ⩽ Q0(X ). However, from our proof above, q(ϕ,α) = Q0(X ) = Q2(X ), so we
have equality throughout. Since the optimum is the same for t = 0, 1, 2, we also have
the inclusion opt2(X ) ⊆ opt1(X ) ⊆ opt0(X ).

Fact 4.2. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-edge-colourings
of Kk. Then for all (r∗, ϕ∗,α∗) ∈ opt∗(X ), the colour template ϕ∗ is maximal. That
is, if one obtains a new colour template ϕ by adding to ϕ∗ a new colour in [s] between
any pair ij ∈

(
[r∗]
2

)
, then ϕ is not X -free.

Proof. Suppose that there is some ij ∈
(
[r∗]
2

)
and c ∈ [s] such that ϕ as described above

is X -free. Then (r∗, ϕ,α∗) ∈ feas2(X ) and q(ϕ,α∗) − q(ϕ∗,α∗) = α∗
iα

∗
j(log ϕij −

log ϕ∗
ij) ⩾ log( s

s−1
)α∗

iα
∗
j > 0, a contradiction to the optimality of (r∗, ϕ∗,α∗).

4.2.1 Contributions

Given (r, ϕ,α) ∈ feas(X ) and i ∈ [r], we define

qi(ϕ,α) :=
∑

j∈[r]\{i}

αj log ϕij

and refer to qi as the contribution of part i, as q(ϕ,α) =
∑

i∈[r] αiqi(ϕ,α).

The following lemma, a version of [74, Proposition 2.1], is crucial in our proof of The-
orem 1.21 as well as in the other general results of the next section. It states that
every vertex in an optimal solution contributes optimally to q. Indeed, if two vertices
had differing contributions, we can move weight from one to the other to increase q,
contradicting optimality. This can be proved via the method of Lagrange multipliers.

Lemma 4.3. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-edge-colourings
of Kk. Then for any (r, ϕ,α) ∈ opt(X ), we have

qi(ϕ,α) = Q(X ) whenever αi > 0.
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4.2.2 Properties of families and solutions

Now we introduce some properties of X – or, more specifically, the set opt∗(X ) of
basic optimal solutions of Problem Q2(X ) – which are required to state our general
results. Given a description of opt∗(X ), these properties all tend to be easy to check.

Given r ∈ N and ϕ ∈ ΦX ,0(r), we say that i ∈ [r] is

• a clone of j ∈ [r] \ {i} (under ϕ) if ϕ(iℓ) = ϕ(jℓ) for all ℓ ∈ [r] \ {i, j} and
ϕij ⩽ 1.

• a strong clone of j (under ϕ) if i is a clone of j and ϕij = 0.

For (r, ϕ,α) ∈ feas(X ) and ϕ′ ∈ ΦX (r + 1) such that ϕ′|([r]2 ) = ϕ, we define

ext(ϕ′,α) := qr+1(ϕ
′, (α1, . . . , αr, 0)) =

∑
i∈[r]

αi log |ϕ′({i, r + 1})|.

Definition 4.4 (Bounded, (strong) extension property, stable inside, hermetic). Let
s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-colourings of Kk. We say that
X

• is bounded if opt∗(X ) is non-empty and there is some R > 0 such that r∗ ⩽ R

for all (r∗, ϕ∗,α∗) ∈ opt∗(X ),

• has the (strong) extension property if for any (r∗, ϕ∗,α∗) ∈ opt∗(X ) and ϕ ∈
ΦX (r

∗ + 1) with ϕ|([r∗]2 )
= ϕ∗ and ext(ϕ,α∗) = Q(X ), there exists j ∈ [r∗] such

that r∗ + 1 is a (strong) clone of j under ϕ,

• is stable inside if for every (r∗, ϕ∗,α∗) ∈ opt∗(X ) the following holds: if we
make a non-strong clone of a vertex x ∈ [r∗] (i.e. define ϕ′ on r∗ + 1 parts by
setting ϕ′({r∗ + 1, i}) = ϕ(xi) for all i ∈ [r∗] \ {x} and ϕ′({r∗ + 1, x}) = {c} for
some c ∈ [s]), then there is a forbidden configuration (i.e. ϕ′ /∈ ΦX (r

∗ + 1)),

• is hermetic if, for all (r∗, ϕ∗,α∗) ∈ opt∗(X ), there is no ϕ ∈ ΦX ,1(r
∗ + 1) such

that ϕ|([r∗]2 )
= ϕ∗.

Observe that (i) if X is hermetic, then it is stable inside, since adding a non-strong
clone to a basic optimal solution is a specific extension of that basic optimal solution
where the new vertex sends at least one colour to all existing vertices; and (ii) if X
has the extension property and is hermetic, then it has the strong extension property,
since being hermetic implies that a non-strong clone cannot have optimal contribution.
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4.2.3 Examples and specific cases

In this section we derive properties of opt∗(X ) for some important patterns P and
resulting symmetric families (P, s) of s-edge-colourings of Kk.

Forbidden monochromatic cliques: P = K
(1)
k

For every (r, ϕ,α) ∈ feas1(K
(1)
k , s), we have r < Rs(k), the s-colour Ramsey number

of Kk. Thus feas1(K
(1)
k , s) is compact, and, since q is continuous, we have that

opt1(K
(1)
k , s) ̸= ∅. In particular, by Fact 4.1, (K(1)

k , s) is bounded. Fact 4.2 implies
that for (r∗, ϕ∗,α∗) ∈ opt∗(K

(1)
k , s), for every colour c ∈ [s], the graph ϕ∗−1(c)

is maximally Kk-free. Every known exact result for the (monochromatic) Erdős-
Rothschild problem can be deduced via auxiliary results from the corresponding
optimisation problem; in all cases, every ϕ∗−1(c) is a (k − 1)-partite Turán graph and
a∗ is uniform.

Forbidden dichromatic triangles: P = K
(2)
3

Lemma 4.5. Let s ⩾ 2 be an integer. Then the following hold.

(i) For every (r, ϕ,α) ∈ feas2(K
(2)
3 , s), we have that ϕ−1(c) is a matching for all

c ∈ [s]. In particular,
∑

j∈[r]\{i} ϕij ⩽ s for all i ∈ [r].

(ii) For every (r∗, ϕ∗,α∗) ∈ opt∗(K
(2)
3 , s), we have that ϕ∗−1(c) is a maximal match-

ing for all c ∈ [s].

(iii) (K
(2)
3 , s) is bounded.

Proof. We first prove (i). Let (r, ϕ,α) ∈ feas2(K
(2)
3 , s). If ϕ−1(c) is not a matching

for some c ∈ [s], then there exist two adjacent edges, say hi and hj, such that c ∈ ϕ(hi)

and c ∈ ϕ(hj). Since all edges receive at least two colours, the edge ij receives at least
one colour different from c. The multicoloured graph induced on the vertices h, i, and
j contradicts the K(2)

3 -free property of the function ϕ. The last part follows from the
identity

∑
j∈[r]\{i} ϕij =

∑
c∈[s] dϕ−1(c)(i).

Part (ii) follows from part (i) and Fact 4.2.

For (iii), let (r, ϕ,α) ∈ feas2(K
(2)
3 , s). Similarly to Section 4.2.3, it suffices to show

that there is some R such that r < R for every (r, ϕ,α) ∈ feas2(K
(2)
3 , s). As noted,

ϕ−1(c) is a matching for each c ∈ [s], therefore it contains at most r/2 edges. Since
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2
(
r
2

)
/
(
r
2

)
= 2(r− 1) and together the matchings are required to cover the edges of Kr

at least twice over, we have that s ⩾ 2(r − 1). In other words, r ⩽ s/2 + 1.

Forbidden 2-edge-colourings

In the case of s = 2, the fact that we may restrict to ϕ with ϕij ⩾ 2 for all ij (see
Fact 4.1) means we can find opt∗(X ) for all X .

Lemma 4.6. Let k ⩾ 3 be an integer and let X be a family of 2-edge-colourings of Kk.
Then (r∗, ϕ∗,α∗) ∈ opt∗(X ) if and only if r∗ = k − 1, ϕ∗(ij) = [2] for all ij ∈

(
[r∗]
2

)
,

and α∗ is uniform.

Proof. Take some (r∗, ϕ∗,α∗) ∈ opt∗(X ). Elements of opt∗(X ) see at least two
colours everywhere so ϕ∗(ij) = [2] for all ij. This contains any pattern on r∗ vertices
so we must have r∗ ⩽ k − 1. Then q(ϕ∗,α∗) = 2 log(2)

∑
ij α

∗
iα

∗
j which for fixed r∗

is maximised by uniform α∗. Indeed, if some α∗
i > α∗

j , perturbing α∗
i down by a

sufficiently small ε and α∗
j up by ε yields an increase proportional to ε(α∗

i −α∗
j −ε) > 0

in q, contradicting optimality. Therefore α∗ is uniform and q(ϕ∗,α∗) = log(2) r
∗−1
r∗

.
This function is increasing in r∗ so it is maximised by r∗ = k − 1.

Forbidden rainbow cliques: P = K
((k2))
k

Let k ⩾ 3 and s ⩾
(
k
2

)
. Now, for (r, ϕ,α) ∈ feas1(X ), the number r of parts can be

arbitrarily large since any solution with ϕ using less than
(
k
2

)
colours is feasible. Note

that this does not imply (K
((k2))
k , s) is not bounded.

Lemma 4.7. Let s ⩾ 3 be an integer. Let X = (K
(3)
3 , s). If s = 3, then opt∗(X ) = ∅,

so in particular, X is not bounded. If s ⩾ 4, then opt∗(X ) contains the unique
element (2, ϕ∗, (1

2
, 1
2
)) where ϕ∗ ≡ [s], so in particular, X is bounded.

Proof. Consider the feasible solution (r, ϕ,α) such that there is A ⊆ [s] of size two
for which ϕ(ij) = A for all pairs ij in [r]. By convexity, α is uniform (otherwise
q(ϕ,α) can be increased), and we have q(ϕ,α) = (1 − 1

r
) log(2). However, we can

find a better solution simply by adding one to r, so (r, ϕ,α) is not optimal, and we
obtain a sequence of feasible solutions whose q value tends to log(2) from below. Thus
Q∗(X ) ⩾ log(2).

Suppose that opt∗(X ) ̸= ∅. Let (r∗, ϕ∗,α∗) ∈ opt∗(X ). By the above, at least three
colours appear in ϕ∗.
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Suppose first that they never appear on a single pair. Then there are distinct
h, i, j ∈ [r∗] such that, without loss of generality, ϕ∗(hi) = {1, 2} and ϕ∗(hj) = {1, 3}.
But then ϕ∗(ij) = ∅, a contradiction.

Thus there is some ij with |ϕ∗(ij)| ⩾ 3. If there is any other h ∈ [r∗] \ {i, j}, since
there are at least two colours on hi and hj, we see there is a rainbow triangle on h, i, j,
a contradiction. Thus r = 2 and, optimising, ϕ∗(12) = [s] and α∗ is uniform, with
Q∗(X ) = q(ϕ∗,α∗) = 1

2
log(s). So 1

2
log(s) ⩾ log(2). This implies that s ⩾ 4.

This example suggests that we should expand our set of feasible solutions to allow
colours inside parts, that is, expand the domain of ϕ to both pairs and singletons.
Then the above argument would show that every optimal solution for the rainbow
triangle problem with 2 or 3 colours corresponds to a 2-edge-coloured clique, that is, a
one-part solution where the part receives two colours only. This aligns with the results
in [10], which show that the maximum number of 3-colour Gallai colourings is attained
by Kn and is equal to (3 + o(1))2(

n
2). Many of our general results can be formulated

in this setting but we chose not to do this, as in our two applications, giving colours
to singletons is not necessary. We do however discuss this extension in Section 4.7.

4.3 Results for general colour patterns

This section contains some general results for bounded families X of forbidden edge-
colourings. Their culmination is Theorem 4.11, an ‘exact’ result for hermetic families
with the extension property. We prove our main result, Theorem 1.21, by combining
this with the solution to the optimisation problem for dichromatic triangles, which we
obtain in Section 4.4.

4.3.1 Asymptotic upper bound

We saw in Section 4.2 that optimal solutions of Q(X ) give a lower bound for F (n;X )

(see (4.2.2)). Using Szemerédi’s regularity lemma, one can prove that there is a
matching upper bound.

Theorem 4.8. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-edge-
colourings of Kk for which opt(X ) ̸= ∅. Then

F (n;X ) = eQ(X )(n2)+o(n2).
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This result and its proof has appeared for specific colour patterns many times in
the literature, starting with [2] which considered the monochromatic pattern K

(1)
k

and s ∈ {2, 3} colours. A general monochromatic version appeared in [76]. The
corresponding result for general colour patterns is no harder, so we don’t prove it
separately. A proof is obtained en route to proving Theorem 4.10 (see Section 4.6.3).

4.3.2 Stability for optimal solutions to Q(X )

The next key theorem is a generalisation of the main result of [74] which is for
monochromatic patterns. It is a ‘stability’ theorem which states that every almost
optimal feasible solution to Problem Q(X ) has a similar structure to a basic optimal
solution.

Theorem 4.9. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded family of
s-edge-colourings of Kk which has the extension property. Let ν > 0. Then there exists
ε > 0 such that for every (r, ϕ,α) ∈ feas(X ) with

q(ϕ,α) > Q(X )− ε,

there exist (r∗, ϕ∗,α∗) ∈ opt∗(X ) and a partition [r] = Y0∪ . . .∪Yr∗ such that, defining
βi =

∑
i′∈Yi αi′ for all i ∈ [r∗], the following hold.

(SO1) ∥β −α∗∥1 < ν. (In particular,
∑

i′∈Y0 αi′ < ν.)

(SO2) For all ij ∈
(
[r∗]
2

)
, i′ ∈ Yi and j′ ∈ Yj, we have that ϕ(i′j′) ⊆ ϕ∗(ij).

(SO3) For all i ∈ [r∗] there is a colour ci ∈ [s] such that for every i′j′ ∈
(
Yi
2

)
, we have

ϕ(i′j′) ⊆ {ci}. If the pattern is stable inside, then for all i ∈ [r∗] and every
i′j′ ∈

(
Yi
2

)
, we have ϕ(i′j′) = ∅.

The proof follows [74] closely, so we provide a sketch in Section 4.6.2.

4.3.3 Stability for graphs

The next general result states that almost optimal graphs have a very similar structure
to the blow-up of an optimal solution (and almost all valid colourings follow an optimal
colour template). Again, a monochromatic version appears in [74] and the proof is
very similar, so we sketch it in Section 4.6.3.

Given a graph G, disjoint A,B ⊆ V (G) and 0 ⩽ d ⩽ 1, we say that G[A,B] is (δ, d)-
regular if dG(A,B) := eG(A,B)|A|−1|B|−1 ∈ (d−δ, d+δ), and |dG(X, Y )−dG(A,B)| <

82



δ for all X ⊆ A, Y ⊆ B with |X|/|A|, |Y |/|B| ⩾ δ. We suppress the subscript G when
it is clear from the context.

Theorem 4.10. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded family of
s-edge-colourings of Kk which has the extension property. Then for all δ > 0 there
exist n0 ∈ N and ε > 0 such that the following holds. If G is a graph on n ⩾ n0

vertices such that
logF (G;X )(

n
2

) ⩾ Q(X )− ε,

then for at least (1− e−εn
2
)F (G;X ) valid colourings χ : E(G) → [s] of G there exist

(r∗, ϕ∗,α∗) ∈ opt∗(X ) and a partition V1 ∪ . . . ∪ Vr∗ of V (G) such that:

(SG1) For all i ∈ [r∗] we have ||Vi| − α∗
in| < 1.

(SG2) For all ij ∈
(
[r∗]
2

)
and c ∈ ϕ∗(ij), the graph χ−1(c)[Vi, Vj ] is (δ, |ϕ∗(ij)|−1)-regular.

(SG3) For each i ∈ [r∗] there is a colour ci ∈ [s] with
∑

i∈[r∗] |E(G[Vi])\χ−1(ci)| ⩽ δn2.
Moreover, if X is stable inside, then

∑
i∈[r∗] e(G[Vi]) ⩽ δn2.

Note that (SG2) implies that all but at most an sδ proportion of pairs in (Vi, Vj) are
edges in G, and given a colour in ϕ∗(ij) by χ.

4.3.4 An exact result

Our final general result is ‘exact’, in the sense that it guarantees that every extremal
graph is a complete partite graph with part sizes very close to some optimal solution,
and moreover, almost all valid colourings follow an optimal colour template perfectly.
One of the main results of [75] is a monochromatic version that assumes the strong
extension property. Here we assume both the extension property and that X is
hermetic. As observed, these together imply the strong extension property. Being
hermetic is a very strong property that, we will show, is satisfied by the families of
interest in this chapter, but we do not think it holds for any of the other families where
the optimisation problem has been solved. Assuming that the family is hermetic leads
to a much simpler proof. We discuss what might arise from dropping this assumption
in Section 4.7.

Theorem 4.11. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded, hermetic
family of s-edge-colourings of Kk which has the extension property. Then, for all
δ > 0, there exists ε with 0 < ε < δ such that whenever n is sufficiently large, the
following hold for every X -extremal graph G on n vertices: There is an integer r∗ and
α∗ ∈ ∆r∗ such that
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(SE1) G is a complete r∗-partite graph whose i-th part Wi has size (α∗
i ± δ)n for all

i ∈ [r∗], and

(SE2) for at least (1− e−εn)F (G;X ) valid colourings χ of G there is ϕ∗ such that

(SE2.1) (r∗, ϕ∗,α∗) ∈ opt∗(X ).

(SE2.2) χ−1(c)[Wi,Wj] is (δ, |ϕ∗(ij)|−1)-regular for all ij ∈
(
[r∗]
2

)
and c ∈ ϕ∗(ij).

(SE2.3) χ is perfect: that is, for all ij ∈
(
[r∗]
2

)
and x ∈ Wi and y ∈ Wj, we have

χ(xy) ∈ ϕ∗(ij).

Part (SE2.3) is crucial in determining the extremal graph(s). This is because, to do
so, we need to compare the number of valid colourings in very similar graphs, which
all have r∗ parts of roughly the same sizes. For this, we need to understand very
accurately what most colourings look like.

The proof of Theorem 4.11 is given in Section 4.6.4.

4.4 Forbidding dichromatic triangles

In this section, we apply our general results connecting the generalised Erdős-Rothschild
problem to the optimisation problem to study a specific forbidden pattern, the
dichromatic triangle; that is, the triangle coloured by exactly two colours. Throughout
this section we set k = 3, the forbidden pattern P = K

(2)
3 is the unique partition

of K3 into two non-empty classes, and X = (P, s). Only s will vary. Thus we
write Q(s) := Q(X ), opt(s) := opt(X ), F (n; s) := F (n;X ) and so on, and call
an X -extremal graph s-extremal. We will prove Theorem 1.21, which determines,
for s ⩾ 2 and large n, the value of F (n; s) up to a multiplicative error of 1 + o(1),
as well as the extremal graphs, which are indeed complete partite, as required to
prove Corollary 1.23. In fact, we show that there are at most two extremal graphs for
each s ⩾ 2 and large n.

4.4.1 A lower bound construction

We first recall Definition 1.20. Let s ⩾ 2 be the number of colours, and let r ⩾ 2 be
an integer. Let z and a ∈ {0, . . . , r − 2} be the quotient and remainder of s when
divided by (r − 1); that is, z =

⌊
s
r−1

⌋
and a = s− (r − 1)z. Define

gs(r) :=

(
r − 1− a

r

)
log(z) +

(a
r

)
log(z + 1),
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s R(s)
[2, 16] {2}
[17, 76] {3}
[77, 299] {4}
[300, 1058] {5}
[1059, 3544] {6}
[3545, 11443] {7}
[11444, 36023] {8}
[36024, 90000] {9}

Table 4.1: R(s) for s ⩽ 90000 generated by the script optr.py.

g(s) := max
r∈2N

gs(r), and gmax(s) := max
r∈N

gs(r)

as well as

R2(s) := {r ∈ 2N : gs(r) = g(s)} and R(s) := {r ∈ N : gs(r) = gmax(s)}.

Note that gs(r) = 0 when r − 1 ⩾ s, and so g(s) and gmax(s) exist (and hence R(s)
and R2(s) are non-empty), and this definition agrees with Definition 1.20 where we
restricted to r < s. Recall that we listed R2(s) for s ⩽ 107 in Table 1.2. Table 4.1
shows values of R(s) for s ⩽ 90000. Let also

g̃s(x) :=
x− 1

x
log

(
s

x− 1

)
, for x > 1 and s ∈ R+, and let g̃(s) := sup

x>1
g̃s(x).

The function g̃s is a fractional approximation of gs obtained by removing the rounding
from s/(r − 1). So when s is divisible by r − 1, we have g̃s(r) = gs(r). Finally, let

es(r) := g̃s(r)− gs(r).

We will show in Lemma 4.18 that es(r) is very small and non-negative for near-optimal
r, so g̃s is a good approximation to gs.

Next we state two constructions of feasible triples with r parts for r ∈ 2N, which we
will show achieve a q-value of gs(r). The colourings generated by Construction 4.12
are equivalent to our earlier, less formal, description in Construction 1.19.

Construction 4.12. Let r = 2t be even and let M1, . . . ,MT be a list of all the
perfect matchings of Kr, where T = r!/(t!2t). Let A = {A1, . . . , AT} be a partition
of [s] (where some parts could be empty) with the property that |be − be′| ⩽ 1 for
all e, e′ ∈ E(Kr), where ϕA(e) :=

⋃
ℓ∈[T ]:e∈Mℓ

Aℓ and be := |ϕA(e)|. Let u ∈ ∆r be
uniform. This defines (r, ϕA,u).
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Figure 4.4.1: Plot (A) shows g̃s(x) for s = 300 with maximum attained at m(s) =
W (s/e) + 1. Plot (B) displays the difference es(r) = g̃s(r)− gs(r) for s = 300. Note
that the difference is 0 whenever s is divisible by r − 1.

As we will show shortly, this implies every e ∈ E(Kr) satisfies

|ϕA(e)| ∈
{⌊

s

r∗ − 1

⌋
,

⌈
s

r∗ − 1

⌉}
. (4.4.1)

The second construction is a special case of the first and shows that the set of partitions
A satisfying the property above is non-empty.

Construction 4.13. Let r = 2t be even and let E(Kr) = M1 ∪ . . . ∪Mr−1 be a
decomposition of the r-clique into perfect matchings and write M := {M1, . . . ,Mr−1}.
Let [s] = A1 ∪ . . . ∪ Ar−1 be an equipartition.1 For each ij ∈

(
[r]
2

)
, let ϕdec(ij) := Aℓ

where ij ∈Mℓ. Let u ∈ ∆r be uniform. This defines (r, ϕdec,u).

In fact, these constructions are identical when r ∈ {2, 4}, since all pairs of perfect
matchings of Kr are edge-disjoint. For all larger even r, Construction 4.12 yields
strictly more ϕ.

We claim that the triples defined in both constructions are feasible. As the second
is a special case of the first, it suffices to see why (r, ϕA,u) in Construction 4.12 is
feasible. For this, we just need to check that ϕA is K(2)

3 -free. It suffices to show that
there are no distinct h, i, j ∈ [r] and c ∈ [s] with c ∈ ϕA(hi) ∩ ϕA(hj). Let ℓ ∈ [T ] be
such that c ∈ Aℓ. Then ϕ−1

A (c) =Mℓ, a matching, so we are done.

Let us calculate q(ϕA,u). With a and z as defined earlier in this section, for each
i ∈ [r], since |bij − bij′| ⩽ 1 for any j, j′ ∈ [r] \ {i} and

∑
j∈[r]\{i} bij = s, we have that

1An equipartition of a set has part sizes whose pairwise differences are at most 1.
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a of the sets {ϕA(ij)}j∈[r]\{i} have size z + 1, while the remaining r − 1− a have size
z (and, in particular, (4.4.1) holds). Thus

q(ϕA,u) = 2

(
1

r

)2
r

2
((r − 1− a) log(z) + a log(z + 1)) = gs(r).

Thus also q(ϕdec,u) = gs(r) for any ϕdec as in Construction 4.13. We have proved the
following lemma.

Lemma 4.14. For all integers s ⩾ 2, we have Q(s) ⩾ g(s).

We end this section by introducing some terminology for s-colour templates ϕ on r

parts that behave as in Construction 4.12. We say that ϕ is uniform at i for some
i ∈ [r] if the set {ϕ(ij)}j∈[r]\{i} is an equipartition of [s]. We further say that ϕ is
uniform if it is uniform at i for all i ∈ [r].

Remark 4.15. A quick check shows that ϕ ∈ ΦP,s(r) is uniform if and only if r is
even and ϕ = ϕA for some A as in Construction 4.12.

4.4.2 Main optimisation result and proof sketch

The machinery we have developed for general colour patterns means that our main
task here is to determine opt∗(s) for all integers s ⩾ 2. We will show that, for all
s ⩾ 2, every element of opt∗(s) is of the form (r, ϕA, (

1
r
, . . . , 1

r
)), where r ∈ R2(s) and

ϕA is as in Construction 4.12. This will show the following theorem, which we will
then combine with Theorem 4.11 to prove Theorem 1.21.

Theorem 4.16. Let s ⩾ 2 be an integer. Then Q(s) = g(s), and (r∗, ϕ∗,α∗) ∈ opt∗(s)

if and only if r∗ ∈ R2(s), α∗ = ( 1
r∗
, . . . , 1

r∗
) is uniform, and ϕ∗ = ϕA for some A as in

Construction 4.12.

Remark 4.17. We are actually proving the following, where instead of maximising q
over ϕ without dichromatic triangles, we maximise q over ϕ in which each colour class
is a matching. Together with Lemma 4.5(ii), this implies Theorem 4.16.

Let s ⩾ 2 be an integer. Let (r, ϕ,α) be such that r is an integer, ϕ :
(
[r]
2

)
→ 2[s] and

ϕ−1(c) is a matching for all c ∈ [s], and α ∈ ∆r. Then q(ϕ,α) ⩽ g(s) with equality if
and only if r ∈ R2(s), α is uniform and ϕ = ϕA for some A as in Construction 4.12.

We now sketch the proof of Theorem 4.16. Let (r, ϕ,α) be a basic optimal solution.
We recall from Lemma 4.3 that every part has optimal contribution, that is, qi(ϕ,α) =∑

j∈[r]\{i} αj log ϕij = Q(s). We will make use of this fact by analysing contributions in
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a number of ways. The first way is the following averaging trick for the contributions:
for an optimal solution we have

q(ϕ,α) =
1

r

∑
i∈[r]

qi(ϕ,α) =
∑
i

1

r

∑
j ̸=i

αj log ϕij =
1

r

∑
j

αj
∑
i ̸=j

log ϕij

⩽
∑
j

αjgs(r) = gs(r),

where the last inequality uses a simple fact about maximising the sum of logarithms
(Lemma 4.23). This shows that solutions on an even number of parts have q(ϕ,α) ⩽

g(s) and some further analysis shows that this bound is only attained by the (r, ϕ,α)

described in Theorem 4.16.

It then only remains to rule out the case that r is odd for which we needed to work
much harder. By Lemma 4.5(ii), every ϕ−1(c) is a maximal matching, and hence we
might intuitively expect r to be even so that the matchings can span the vertex set.
When 1 is a largest part, again averaging over contributions, we see that

q(ϕ,α) =
1

r

∑
i∈[r]

qi(ϕ,α) ⩽
2α1

r

∑
ij∈([r]2 )

log ϕij.

But if r is odd, then every matching ϕ−1(c) contains r−1
2

edges, and hence the sum of
all ϕij is at most s · r−1

2
(if r is even, this sum is s · r

2
). If then α1 is not significantly

larger than 1
r
, this yields a contradiction to (r, ϕ,α) being optimal (see Lemma 4.25

for details).

In Lemma 4.27, we maximise q(ϕ,α) under the condition that 1 is a largest part
of some fixed size x. A weight shifting process shows that the contribution q1(ϕ,α)

is maximised when we have as many parts of size x as possible and possibly one
smaller part. It turns out that when x is significantly larger than 1

r
, q1(ϕ,α) is not

only smaller than gs(r), but actually smaller than either gs(r − 1) or gs(r + 1) (see
Lemma 4.28). Thus the r-part solution is not optimal (and we do better by taking an
even solution with one fewer part or one more part).

We give the full proof of Theorem 4.16 in Section 4.4.4. Before we can do this, in the
following subsection we will investigate which r maximise gs(r), which will allow us to
assume that r ⩽ log(s) + 2 later.

4.4.3 Analytic estimates

In this section, we prove some estimates concerning the functions gs, g̃s, es, g, R and
R2.
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Lemma 4.18. For all integers s, r satisfying 2 ⩽ r ⩽ s− 1, we have

0 ⩽ es(r) ⩽
1

4

⌊
s

r − 1

⌋−2

.

Proof. The fact that es(r) ⩾ 0 is a consequence of the concavity of log(x) and Jensen’s
inequality. Indeed, if we denote s = (r − 1)z + a for 0 ⩽ a ⩽ r − 2, we have

gs(r) =
r − 1

r

(
r − 1− a

r − 1
log(z) +

a

r − 1
log(z + 1)

)
⩽
r − 1

r
log

(
r − 1− a

r − 1
z +

a

r − 1
(z + 1)

)
= g̃s(r).

For the upper bound, it is also easy to see that es(r) = 0 when r − 1 divides s, while
otherwise we have

r · es(r) = a log

(
s/(r − 1)

z + 1

)
+ (r − 1− a) log

(
s/(r − 1)

z

)
= a log

(
1 +

a− (r − 1)

(r − 1)(z + 1)

)
+ (r − 1− a) log

(
1 +

a

(r − 1)z

)
⩽
a(r − 1− a)

r − 1

(
1

z
− 1

z + 1

)
,

where for the inequality we used that log(1 + x) ⩽ x for x > −1. Since a(r− 1− a) ⩽
1
4
(r − 1)2, we get

es(r) ⩽
1

4

(
1

z
− 1

z + 1

)
=

1

4z(z + 1)
⩽

1

4

⌊
s

r − 1

⌋−2

,

as required.

Lemma 4.19. For all integers r, s with 2 ⩽ r < (s/2)1/4 we have

gs+1(r + 1)− gs+1(r) > gs(r + 1)− gs(r).

Proof. Lemma 4.18 implies that

−es+1(r + 1) + es(r + 1)− es(r) + es+1(r) ⩾ −es+1(r + 1)− es(r)

⩾ − 2(r − 1)2

4(s− r + 1)2
⩾ −r

2

s2
,

since r ⩽ s/4 which follows from 2 ⩽ r < (s/2)1/4. Using that log(1 + x) ⩾ x/(1 + x)

for x > 0, we have

g̃s+1(r + 1)− g̃s(r + 1) + g̃s(r)− g̃s+1(r) =
1

r(r + 1)
log

(
1 +

1

s

)
⩾

1

r(r + 1)(s+ 1)

⩾
1

2r2s
.
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Combining the two previous bounds, we get

gs+1(r + 1)− gs(r + 1) + gs(r)− gs+1(r) ⩾
1

2r2s
− r2

s2
> 0,

since 2r4 < s, completing the proof.

The Lambert W -function is the inverse of f(x) = xex. That is, y = xex for y ⩾ 0 if
and only if x = W (y).

By applying log to y = W (y)eW (y) and using standard bounds on log we have

1
2
log y < log y − log log y < W (y) < log y for y > e. (4.4.2)

For s < e2, let r(s) = r2(s) := 2, and for s ⩾ e2, let

r(s) := max{r ∈ N : (r − 1)er ⩽ s} and r2(s) := max{r ∈ 2N : (r − 1)er ⩽ s}.

(We already defined r2(s) in Definition 1.20.)

Then for s ⩾ e2, we have r2(s) = 2⌊(W (s/e) + 1)/2⌋ and (4.4.2) implies that r(s) =
⌊W (s/e) + 1⌋ ⩽ log(s). Thus, for all s ⩾ 2,

r2(s) ⩽ r(s) ⩽ max{2, log(s)} (4.4.3)

and, for s ⩾ 92,

r(s) ⩾ log s− 1− log(log(s)− 1) ⩾ log(s)/2. (4.4.4)

Moreover, we note that W ′(y) = W (y)
y(1+W (y))

for all y > 0 and hence

W ′(y) = |W ′(y)| ⩽ 1/y. (4.4.5)

The next lemma concerns the analytic properties of the function g̃s.

Lemma 4.20. The following holds for any integer s ⩾ 2.

(i) g̃s has a unique maximum at m(s) = W (s/e) + 1 (so for s ⩾ e2 we have
r(s) = ⌊m(s)⌋). Moreover, g̃s is strictly increasing on (1,m(s)) and strictly
decreasing on (m(s),∞), and

g̃′s(x) =
log
(

s
x−1

)
− x

x2
for x > 1,

(ii) g̃(s) = W (s/e),
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(iii) g̃s(m(s) + a) − g̃s(m(s) + b) ⩾ 1
16
(log(s) + 5/2)−2 whenever s ⩾ e2; m(s) +

a,m(s) + b > 0; ab ⩾ 0; |a| < 2 and |a|+ 1/2 ⩽ |b|,

(iv) g̃s(m(s))− g̃s(m(s) + b) ⩽ 8|b|2(log(s)− 4)−2 whenever |b| ⩽ min{2,m(s)− 2}
and s ⩾ 55.

Proof. To prove (i) and (ii), note that

g̃′s(x) =
log
(

s
x−1

)
− x

x2
,

and letting m(s) be the unique solution to g̃′s(m(s)) = 0, we have

s/e = (m(s)− 1)em(s)−1

and hence
m(s) = W (s/e) + 1.

We also see that g̃′s(x) is positive for x ∈ (1,m(s)) and negative for x ∈ (m(s),∞), so
g̃s is increasing on (1,m(s)) and decreasing on (m(s),∞) with m(s) being the unique
maximum. This proves (i).

Noting that m(s)− 1 = s/em(s), we have

g̃(s) = g̃s(m(s)) =
m(s)− 1

m(s)
log

(
s

s/em(s)

)
= m(s)− 1 = W (s/e),

proving (ii).

For part (iii), we only prove the case where a, b ⩾ 0, since the other case can be proved
analogously (in fact, it is slightly easier). We will show that g̃s(m(s) + a′)− g̃s(m(s) +

b′) ⩾ 1
16
(log(s) + 5/2)−2 where a′ = a+ 1/4 and b′ = min{b, 5/2}, which implies (iii)

since a < a′ < b′ ⩽ b and g̃s is monotone decreasing on [m(s),∞). By the mean value
theorem there is x ∈ (m(s) + a′,m(s) + b′) such that

g̃s(m(s) + a′)− g̃s(m(s) + b′) = (b′ − a′)
x− log( s

x−1
)

x2

= (b′ − a′)
− log( s

x−1
) + log( s

m(s)−1
) + x−m(s)

x2

= (b′ − a′)
log( x−1

m(s)−1
) + x−m(s)

x2

⩾ (b′ − a′)
a′

x2
⩾

1

16(log(s) + 5/2)2
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using a′ ⩾ 1/4, b′ − a′ ⩾ 1/4, b′ ⩽ 5/2 and the fact that x ⩽ m(s) + b′ ⩽ log(s) + 5/2

which follows from log(s) ⩾ 2, (4.4.3) and part (i).

For part (iv), we only cover the case b < 0 which is trickier. Again by the mean value
theorem there is some x ∈ (m(s)+b,m(s)) such that g̃s(m(s))−g̃s(m(s)+b) = |b|g̃′s(x).
Using that −b = |b| ⩽ m(s)− 2 < m(s)− 1 and log(1 + y) ⩾ y

1+y
for y > −1, we have∣∣∣∣log( x− 1

m(s)− 1

)∣∣∣∣ ⩽ ∣∣∣∣log(m(s) + b− 1

m(s)− 1

)∣∣∣∣ ⩽ |b|
m(s) + b− 1

⩽ |b|.

Thus

g̃s(m(s))− g̃s(m(s) + b) = |b|
log(m(s)−1

x−1
) +m(s)− x

x2
⩽ |b| 2|b|

(m(s)− 2)2

⩽
8|b|2

(log(s)− 4)2
,

where we used that m(s) − 2 ⩾ log(s)/2 − 2 > 0 by part (i), (4.4.2) and our lower
bound s ⩾ 55.

Proof of Lemma 4.22. Lemma 4.21(i) implies that we have g(s) = gs(r) for some
r ∈ {r2(s), r2(s) + 2}. Also g̃s(m(s)) = W (s/e) is the unique maximum of g̃s and
|r −m(s)| ⩽ 2 by definition of r2(s). From Lemma 4.18 we have

W (s/e)− g(s) = g̃s(m(s))− gs(r) ⩾ g̃s(m(s))− g̃s(r) ⩾ 0.

From Lemma 4.18 and (4.4.3) we have

0 ⩽ es(r) ⩽
1

4

(
s

log(s) + 1
− 1

)−2

⩽
(log(s))2

s2
,

which yields

W (s/e)− g(s) = g̃s(m(s))− (g̃s(r)− es(r)) ⩽
32

(log(s)− 4)2
+

(log(s))2

s2
⩽

600

(log(s))2
.

where to bound the term g̃s(m(s))− g̃s(r) we used Lemma 4.20(iv) with b = r−m(s).
The upper and lower bounds on W (s/e)− g(s) give the first part of the lemma. Since
the upper bound tends to 0 as s → ∞, and eW (s/e) = (s/e)/W (s/e), the second
assertion follows.

We are now ready to give a precise description of R(s) and R2(s). While parts (i) and
(ii) are used in later subsections to prove Theorem 1.21, part (iii) is used in the proof
of Corollary 1.22 as well as providing additional structural information that tells us for
fixed r what the sets S(r) := {s : r ∈ R(s)} and S2(r) := {s : r ∈ R2(s)} look like.
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Lemma 4.21. Let s ⩾ 2 be an integer. Then

(i) R(s) ⊆ {r(s), r(s) + 1} and R2(s) ⊆ {r2(s), r2(s) + 2}. In particular, we have
maxR(s),maxR2(s) ⩽ log(s) + 2.

(ii) g(s) > min{gs(p), gs(q)} for any two distinct odd integers p, q.

(iii) There are increasing sequences (s2, s3, s4, . . .) and (s̃2, s̃4, s̃6, . . .) with

2 = s2 < e2 < s3 < 2e3 < . . . < (r−2)er−1 < sr < (r−1)er < sr+1 < rer+1 < . . .

and sr−1 ⩽ s̃r ⩽ sr such that the set S(r) := {s : r ∈ R(s)} is either the interval
[sr, sr+1 − 1] or [sr, sr+1] for all r ∈ N; and the set S2(r) := {s : r ∈ R2(s)} is
either the interval [s̃r, s̃r+2 − 1] or [s̃r, s̃r+2] for all r ∈ 2N. Moreover, for all
r ∈ 2N there exists s ∈ N with R2(s) = {r}.

(iv) The values in Table 1.2 and Table 4.1 hold.

Before proving the lemma, we make some remarks on (ii). If gs(r) is maximised by
an even r, then part (ii) follows from (i) since then R(s) contains an even r and at
most one of p, q. However, if gs(r) is only maximised by an odd r, then we could have
R(s) = {p} and gs(r) < gs(p) where r ∈ R2(s), and must show gs(r) > gs(q) for every
odd q ̸= p.

Proof. We will prove these assertions analytically for large s and computationally for
small s. First we prove parts (i) and (ii). Suppose first that s < 196. We compute all
values gs(r) for r < s which determines R(s), R2(s) and verifies parts (i) and (ii). A
script for this calculation is in the ancillary file optr.py.

Thus we may suppose that s ⩾ 196. We claim that for distinct integers ra =

m(s) + a, rb = m(s) + b ⩾ 2 with ab ⩾ 0, |a| < 2 and |a| < |b|, we have gs(ra) > gs(rb).
To see this, note that Lemma 4.20(iii) gives g̃s(ra)− g̃s(rb) ⩾ 1/(16(log(s) + 5/2)2).

Equation (4.4.3) shows that we have ra ⩽ log(s) + 2. Thus Lemma 4.18 gives that

es(ra) ⩽
1

4⌊s/(ra − 1)⌋2 ⩽
(ra − 1)2

4(s− ra + 1)2
⩽

(log(s) + 1)2

s2
. (4.4.6)

Putting the above observations together, we get

gs(ra)− gs(rb) ⩾ g̃s(ra)− g̃s(rb)− es(ra) ⩾
1

16(log(s) + 5/2)2
− (log(s) + 1)2

s2
> 0,

where the last inequality holds for s ⩾ 196. This proves the claim.
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Parts (i) and (ii) follow easily from the claim. Indeed, to prove that R(s) ⊆ {r(s), r(s)+
1}, it suffices to show that for all integers r, r′ ⩾ 2 with r < r(s) < r(s) + 1 < r′, we
have gs(r(s)) > gs(r) and gs(r(s) + 1) > gs(r

′). Given such r, let ra = r(s), rb = r.
Since r(s) ⩽ m(s), a and b are both non-positive and the other conditions are also easy
to verify. Given such r′, the second inequality follows similarly since r(s) + 1 ⩾ m(s).

For the statement regarding R2(s), the claim implies that gs(r(s) + 2) > gs(r
′) when

r′ > r(s) + 2.

For part (ii), suppose that p, q are both odd integers and note that there is an
even integer r that satisfies |r − m(s)| < 2 and lies between m(s) and, without
loss of generality, p. By our claim applied with r = ra and p = rb we have that
g(s) ⩾ gs(r) > gs(p) ⩾ min{gs(p), gs(q)} as desired.

Next, we prove part (iii). First we will consider S0(r) := S(r) ∩ [2, 90000] and
S0
2(r) := S2(r)∩ [2, 90000]. Suppose that s < 90000. By part (i) we can find R(s) and
R2(s) by computing r(s) and r2(s) as approximations of W (s/e) and comparing the
two possible values of gs. Then we can manually check that S0(2) = [2, 16], . . . , S0(8) =

[11444, 36023], S0(9) = [36024, 90000] and S0
2(2) = [2, 27], . . . , S0

2(8) = [5857, 59470],

S0
2(10) = [59471, 90000] are as shown in Table 1.2 and Table 4.1. The two tables

contain the optimal r for s ⩽ 107 (for R2(s)) and s ⩽ 90000 (for R(s)) for illustrative
purposes. A script for this calculation is provided in the ancillary file optr.py.

Suppose now that s ⩾ 90000. We first show that min{R(s+ 1)} ⩾ max{R(s)} and
min{R2(s+1)} ⩾ max{R2(s)}. Let r∗ = max{R(s)} and r∗2 = max{R2(s)}. By (4.4.3)
and part (i) of this lemma, we have r∗, r∗2 ⩽ r(s) + 2 ⩽ log(s) + 2 < (s/2)1/4 + 1, so
Lemma 4.19 implies that for 1 ⩽ p < max{r∗, r∗2} we have gs+1(p + 1) − gs+1(p) >

gs(p + 1) − gs(p). For any even r with r < r∗2, summing these equations over
r ⩽ p ⩽ r∗2 − 1 yields

gs+1(r
∗
2)− gs+1(r) > gs(r

∗
2)− gs(r) ⩾ 0.

That is, for all even r < r∗2(s) we have r /∈ R2(s + 1). So min{R2(s + 1)} ⩾

max{R2(s)}. Summing the equations over r ⩽ p ⩽ r∗, it can be proved analogously
that min{R(s+ 1)} ⩾ max{R(s)}.

Combined with the S0(r) and S0
2(r) obtained above, this yields the claimed interval

structure of S(r) and S2(r) respectively and, defining sr and s̃r as the minima of S(r)
and S2(r) respectively, it is easy to see that sr−1 ⩽ s̃r ⩽ sr. It now remains to show
that for each integer r ⩾ 2, we have sr < s∗ < sr+1 where s∗ := (r− 1)er ⩾ 90000 and
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for all r ∈ N, there is s ∈ N with R(s) = {r} (we can see that this holds for r ∈ [2, 8],
for which s∗ < 90000). For this, it suffices to prove that R(⌊s∗⌋) = {r}. By definition,
r = W (s∗/e) + 1. Let s satisfy |s− s∗| ⩽ 1. Due to (4.4.5) we have |W ′(x)| ⩽ 1/x, so
the mean value theorem gives |m(s)− r| = |W (s/e)−W (s∗/e)| < 1/(s∗ − 1). Then,
by Lemma 4.20(iv) applied with b = r −m(s),

g̃s(m(s))− g̃s(r) ⩽
8

(log(s)− 4)2(s∗ − 1)2
⩽

1

s
.

On the other hand, for any integer r′ ̸= r we have

|r′ −m(s)| ⩾ |r′ − r| − |r −m(s)| ⩾ 1− 1/(s∗ − 1) ⩾ 1/2

and thus, by Lemma 4.20(iii), g̃s(m(s))− g̃s(r
′) ⩾ 1

16
(log(s) + 5/2)−2. Using (4.4.6)

with r in place of ra (which holds since |m(s)−r| < 2) and putting everything together,
we get

gs(r
′) ⩽ g̃s(r

′) ⩽ g̃s(m(s))− 1

16(log(s) + 5/2)2
⩽ g̃s(r) +

1

s
− 1

16(log(s) + 5/2)2

⩽ gs(r) +
(log(s) + 1)2

s2
+

1

s∗ − 1
− 1

16(log(s) + 5/2)2
< gs(r),

as desired. (This argument also shows that R(⌊s∗⌋+ 1) = {r}.)

Finally, for (iv), we compute gs(r) for r = r(s), r(s) + 1, r2(s), r2(s) + 2 which, by (i),
determines R(s) and R2(s). See the ancillary file optr.py.

The final result of this section provides asymptotics for g(s). Its proof is similar to
the previous one.

Lemma 4.22. For all integers s ⩾ 200 we have

0 ⩽ W (s/e)− g(s) ⩽
600

(log(s))2
, and

eg(s)

(s/e)/W (s/e)
→ 1 as s→ ∞.

4.4.4 Proof of Theorem 4.16

In this section, we prove Theorem 4.16. We first need a simple lemma about maximising
sums of logarithms.

Lemma 4.23. Suppose that a1, . . . , an are positive with a1 + . . .+ an = a. Then, for
any x > 0 and positive x1, . . . , xn with x1 + . . .+ xn ⩽ x, we have

n∑
i=1

ai log(xi) ⩽
n∑
i=1

ai log
(xai
a

)
.
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Moreover, if a1 = a2 = . . . = an, and the xi are constrained to be integers, then the
maximum is attained whenever |xi − xj| ∈ {0, 1} for all i, j ∈ [n].

Proof. We use the weighted AM-GM inequality. It implies that

x =
∑
i∈[n]

ai
a
· axi
ai

⩾
∏
i∈[n]

(
axi
ai

)ai/a
and therefore ∏

i∈[n]

xaii ⩽ xa
∏
i∈[n]

(ai
a

)ai
=
∏
i∈[n]

(
xai
ai

)ai
.

Taking logs (noting that all terms in both products are positive by our assumption)
completes the proof of the first part.

Suppose now that we have positive integers x1, . . . , xn whose sum is x. It suffices to
show that the maximum product x1 . . . xn is attained whenever |xi − xj| ∈ {0, 1} for
all i, j ∈ [n]. Suppose that x2 − x1 ⩾ 2. Let y1 = x1 + 1, y2 = x2 − 1, and yi = xi for
all i ∈ [3, n]. Then y1, . . . , yn are positive integers whose sum is x and

y1 · · · yn = (x1x2 + x2 − x1 − 1)x3 · · ·xn ⩾ x1 · · ·xn + x3 · · ·xn > x1 · · ·xn.

Thus if x1, . . . , xn does not satisfy the condition, then we can always increase the
product. Finally, there is a unique multiset {x1, . . . , xn} for which x1, . . . , xn satisfies
the condition, so any such x1, . . . , xn must attain the maximum. This completes the
proof of the second part.

The following lemma bounds Q(s) by gs(r). This essentially proves Theorem 4.16
when all optimal solutions have an even number of parts (which we will eventually
show is always the case), since for even r we have gs(r) ⩽ g(s).

Lemma 4.24. Let s ⩾ 2. For any (r, ϕ,α) ∈ opt∗(s) we have

q(ϕ,α) ⩽ gs(r). (4.4.7)

Moreover,

(i) when r is odd, the inequality is strict;

(ii) when r ∈ R2(s) we have equality if and only if α and ϕ are uniform.
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Proof. Suppose that (r, ϕ,α) ∈ opt∗(s). Then by Lemma 4.3, for all i ∈ [r] we have
that qi(ϕ,α) = q(ϕ,α) = Q(s). By Lemma 4.5(i), each ϕ−1(c) is a matching and∑

j ̸=i ϕij ⩽ s. By Lemma 4.23 applied with xj = ϕij, aj = 1 and x = s we have that∑
j ̸=i log ϕij ⩽ rgs(r) with equality if and only if ϕ is uniform at i and i sees every

colour. So, averaging over contributions, we have

q(ϕ,α) =
1

r

∑
i∈[r]

qi(ϕ,α) =
∑
i

1

r

∑
j ̸=i

αj log ϕij

=
1

r

∑
j

αj
∑
i ̸=j

log ϕij ⩽
∑
j

αjgs(r) = gs(r), (4.4.8)

proving the first part of the lemma. For part (ii), note that if r is odd, each ϕ−1(c)

is a matching missing at least one vertex, so there is some i ∈ [r] with
∑

j ̸=i ϕij < s.
The average contribution is therefore strictly less than gs(r). On the other hand, if r
is even and α and ϕ are uniform, we have q(ϕ,α) = gs(r), so it remains to prove the
‘only if’ direction of part (ii) for r ∈ R2(s).

Suppose that we have equality throughout (4.4.8) above. Then ϕ must be uniform by
our application of Lemma 4.23. Moreover, if r = 2, we have ϕ12 = [s] and optimising
over α yields that α must be uniform. So from now on, we may assume that r ⩾ 4

and that ϕ is uniform.

Suppose, without loss of generality, that α1 = maxi αi and let a be such that 0 ⩽

a < r − 1 with a ≡ s mod r − 1. The fact that ϕ is uniform at 1 means that
ϕ1i = ⌊s/(r − 1)⌋ =: z for r − 1− a values of i and ϕ1i = z + 1 for the remaining a
values of i. Thus, without loss of generality,

q(ϕ,α) = q1(ϕ,α) = (α2 + . . .+ αa+1) log(z + 1) + (αa+2 + . . .+ αr) log(z)

= (α2 + . . .+ αa+1)(log(z + 1)− log(z)) + (1− α1) log(z)

⩽ aα1(log(z + 1)− log(z)) + (1− α1) log(z) =: p(α1).

Note that p(1/r) = gs(r). We now show that p is strictly monotone decreasing. Using
a ⩽ r − 1 and z ⩾ (s− r + 1)/(r − 1), we obtain

p′(α1) = a log

(
1 +

1

z

)
− log(z) ⩽ a log

(
1 +

r − 1

s− r + 1

)
− log

(
s− r + 1

r − 1

)
⩽

(r − 1)2

s− r + 1
− log

(
s− r + 1

r − 1

)
.
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Since r ⩾ 4 we have s ⩾ 27 (recall Lemma 4.21(ii) and refer to Table 1.2) and,
using Lemma 4.21(i), this yields r − 1 ⩽ log(s) + 1 ⩽

√
s < s/2. We can thus bound

p′(α1) ⩽
s

s− r + 1
− log

(
s− r + 1√

s

)
⩽ 1 +

2√
s
− log(

√
s− 1) < 0

for s ⩾ 27, so we have shown that p is indeed strictly monotone decreasing.

To finish the proof, note that since p is strictly monotone decreasing and α1 =

maxi αi ⩾ 1/r, we have q(ϕ,α) ⩽ p(α1) ⩽ p(1/r) = gs(r). We have equality
throughout only if α1 = 1/r which implies αi = 1/r for all i, as required.

The following lemmas help us to show that optimal solutions cannot have an odd
number of parts. The first lemma shows that, if there were a basic optimal solution
on an odd number of parts, the parts cannot be close to uniform, since the largest
part must be significantly larger than 1

r
.

Lemma 4.25. Let s ⩾ 2 be an integer. Let (r, ϕ,α) ∈ opt∗(s) and suppose that r is
odd and α1 = maxi αi. Then

α1 ⩾
r

r2 − 1
− es(r + 1)

(r − 1) log(s/r)
.

Proof. Since (r, ϕ,α) is optimal with no zero parts, we have that Q(s) = qi(ϕ,α) for
all i ∈ [r] by Lemma 4.3, so, averaging over contributions, we have

Q(s) =
1

r

∑
i∈[r]

qi(ϕ,α) =
1

r

∑
i∈[r]

∑
j ̸=i

αj log ϕij ⩽
2α1

r

∑
ij∈([r]2 )

log ϕij.

Now,
∑

ij∈([r]2 )
ϕij =

∑
c∈[s] |ϕ−1(c)| = s · r−1

2
as by Lemma 4.5(ii) each colour graph

ϕ−1(c) is a maximal matching. Thus, by concavity of the log function,

Q(s) ⩽
2α1

r
·
(
r

2

)
log

(∑
ij ϕij(
r
2

) )
= α1(r − 1) log

(s
r

)
.

Since r is odd, and by Lemma 4.14, we have that Q(s) ⩾ g(s) ⩾ gs(r + 1) =

g̃s(r + 1)− es(r + 1) = r
r+1

log
(
s
r

)
− es(r + 1) and after rearrangement we obtain the

required inequality.

The next main lemma bounds from above the contribution of a largest part in any
feasible solution in terms of the function fs as defined below. We recall that, by
Lemma 4.3, in a basic optimal solution, every part has contribution equal to Q(s).
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For integers s, r ⩾ 2 and 1
r
⩽ x < 1

r−1
, let

fs,r(x) = max
0⩽t⩽s

fs,r,t(x) where fs,r,t(x) := (r − 1)xgs−t(r − 1) + (1− (r − 1)x) log t

and

f̃s,r(x) := (r − 2)x log

(
xs

1− x

)
+ (1− (r − 1)x) log

(
(1− (r − 1)x)s

1− x

)
.

Let also f̃s be defined by setting f̃s(x) := f̃s,r(x) for 1
r
⩽ x < 1

r−1
and similarly define

fs. See Figure 4.4.2 for a plot of f̃s.

The function fs,r,t(x) is the contribution of a part of size x, say part 1, in a solution with
r − 1 parts of size x and one part, say part r, of size at most x and where |ϕ(1r)| = t

while the other multiplicities |ϕ(1j)| are as equal as possible. The function fs,r(x)

maximises this contribution in a solution of this form. The function f̃s,r(x) measures
the same contribution, but, like g̃s(r), disregards the fact that the multiplicities |ϕ(1j)|
have to be integral, which simplifies the optimisation of t (the optimal t is (1−(r−1)x)s

1−x ).
We start by giving some properties of fs and f̃s that help us compare them with gs.
Ultimately, these comparisons will come together with the subsequent Lemma 4.27
to show that the objective function of a basic optimal solution on an odd number of
parts can be bounded in terms of g(s).

Lemma 4.26. Let s ⩾ 2 be an integer.

(i) For all integers r ⩾ 2, on the domain [1
r
, 1
r−1

], f̃s and fs are convex.

(ii) fs−ℓ(x) < fs(x) ⩽ f̃s(x) for all x ∈ (0, 1) and integers 0 < ℓ ⩽ s− 2.

(iii) fs(x) ⩽ max{gs(r), gs(r − 1)} for all x ∈ (0, 1), where r is the integer with
1
r
⩽ x < 1

r−1
.

Proof. For (i), we have f̃ ′′
s,r(x) =

r−2
(x−1)x((r−1)x−1)

which is positive for 0 < x < 1/(r−1),
so f̃s,r is convex. Observe that fs,r,t(x) is a linear function of x, so fs,r is a maximum
of convex functions and hence is convex.

For the first inequality in (ii), it suffices to show that gs1(r − 1) < gs2(r − 1) for all
s1 < s2 and r ⩾ 2. Indeed, if so, we have fs−ℓ,r,t(x) < fs,r,t(x) for all r, all 0 ⩽ t ⩽ s−ℓ
and all 1

r
⩽ x < 1

r−1
, and hence fs−ℓ(x) < fs(x) for all x ∈ (0, 1). Now, gs1(r − 1)

is the average of a multiset of r − 2 numbers {a1, . . . , ar−2} while gs2(r − 1) is the
average of a multiset of r − 2 numbers {b1, . . . , br−2} where ai ⩽ bi for all i ∈ [r] and
at least one of these is strict. This follows since each multiset contains at most two
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different values and the sum s1 of the former is strictly less than s2, the sum of the
latter. Thus gs1(r − 1) < gs2(r − 1).

The second part of (ii) follows from the concavity of log. Indeed, let ρ = (ρ1, . . . , ρr−1) ∈
Rr−1

⩾0 with ρ1 + . . .+ ρr−1 ⩽ s, and let

qs,r,x(ρ) := x(log ρ1 + . . .+ log ρr−2) + (1− (r − 1)x) log ρr−1.

Then, subject to every ρi ∈ N and ρr−1 = t ⩽ s, qs,r,x(ρ) is maximised by taking
ρ1, . . . , ρr−2 as equal as possible, by the second part of Lemma 4.23. This maximum is
precisely fs,r,t(x). Thus the maximum of qs,r,x(ρ) subject to all ρi ∈ N is fs,r(x). By
the first part of Lemma 4.23, the maximum of qs,r,x(ρ) with no additional constraints
is f̃s,r(x). Thus fs ⩽ f̃s.

Finally, to prove (iii), since fs,r is convex by part (i), any maxima lie at the extreme
points of its domain, so fs,r(x) ⩽ max{fs,r(1r ), fs,r( 1

r−1
)}, and fs,r(

1
r
) = gs(r) and

fs,r(
1
r−1

) = gs(r − 1).

Lemma 4.27. Let s ⩾ 2 be an integer and let (r, ϕ,α) ∈ feas2(s) with α1 = maxi αi.
Then q1(ϕ,α) ⩽ fs(α1) with equality only if 1

r
⩽ α1 <

1
r−1

.

Proof. Let (r, ϕ,α) ∈ feas2(s) with x = α1 = maxi αi be given. Without loss of
generality we may further assume that ϕ12 ⩾ . . . ⩾ ϕ1r. Let r′ ⩾ 2 be the unique
integer with 1

r′
⩽ x < 1

r′−1
, so r′ ⩾ r, and let y := 1− (r′ − 1)x. Setting

β := (x, . . . , x︸ ︷︷ ︸
r′−1

, y, 0, . . . , 0) ∈ ∆r,

we get q1(ϕ,α) ⩽ q1(ϕ,β). To see this, note that due to the assumed monotonicity
of the ϕ1i, moving weight from αj to αi for 2 ⩽ i < j ⩽ r does not decrease q1(ϕ,α).
Since all parts have size at most α1 = x at the start, we can move weight in this way
until we reach β.

Lemma 4.5(i) implies that
∑

i∈[2,r] ϕ1i ⩽ s. Fixing β, t := ϕ1r′ and ℓ :=
∑

i∈[r′+1,r] ϕ1i,
Lemma 4.23 implies that

∑
i∈[2,r′−1] βi log(ϕ1i) is maximised when the ϕ12, . . . , ϕ1,r′−1

are as equal as possible, with sum s− t− ℓ. This yields that

q1(ϕ,β) = y log t+ x
∑

i∈[2,r′−1]

log (ϕ1i) ⩽ y log t+ (r′ − 1)xgs−t−ℓ(r
′ − 1)

= fs−ℓ,r′,t(x) ⩽ fs−ℓ,r′(x) ⩽ fs,r′(x) = fs(x).
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Figure 4.4.2: Plot of f̃s(x) illustrating the hypothesis of Lemma 4.28 for values s = 800
and r = 5 (noting that f̃s(x) and fs(x) are very close to each other).

where we used Lemma 4.26(ii) for the last inequality.

When α1 ⩾ 1/(r − 1), we have r′ < r, so ℓ ⩾ ϕ1r ⩾ 2 (and, e.g. s− ℓ ⩾ ϕ12 ⩾ 2), so
Lemma 4.26(ii) gives the strict inequality fs−ℓ,r′(x) < fs,r′(x) in the above calculation,
as required.

The final main lemma in this section shows, roughly speaking, in a feasible solution on
r parts, that if there is a part at least almost as large as r

r2−1
, this solution cannot be

optimal since it is beaten by one on r− 1 or r+ 1 parts. As an illustration, for a fixed
set of parameters, we refer the reader to Figure 4.4.2. Combined with Lemma 4.25
which says that there is always such an inflated part in an optimal solution on r parts
when r is odd, this will imply that there cannot be an optimal solution with an odd
number of parts.

Lemma 4.28. Let s ⩾ 2 be an integer. Then, for all r ∈ R(s) with r ⩾ 3, we have

fs,r(x) < max{gs(r − 1), gs(r + 1)} for all
r

r2 − 1
− es(r + 1)

(r − 1) log(s/r)
⩽ x <

1

r − 1
.

Proof. For s ⩽ 1100 we verify the lemma directly. A script for this calculation is
provided in the ancillary file small_s.py. For the rest of the proof, we assume
that s > 1100. Let r ∈ R(s). By Lemma 4.21(iv) we have r ⩾ 6. Moreover, by
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Lemma 4.21(i), (4.4.3) and (4.4.4), we have log(s)/2 ⩽ r ⩽ log(s) + 1. Let

x0 :=
r

r2 − 1
and ε :=

es(r + 1)

(r − 1) log(s/r)
.

By Lemma 4.18 and our bounds on r and s we have

1/ε ⩾ 4

⌊
s

r − 1

⌋2
(r − 1) log(s/r) ⩾ 4 · 1

2

(s
r

)2 5r
6

· 4 =
20s2

3r
(4.4.9)

and so
x0 − ε ⩾

r

r2 − 1
− 3r

20s2
>

1

r
. (4.4.10)

To prove the lemma, we need to show that

fs,r(x) < max{gs(r − 1), gs(r + 1)} for all x ∈ [x0 − ε, 1
r−1

). (4.4.11)

Claim 4.29. It suffices to show that

f̃s,r(x0) ⩽ max{g̃s(r − 1), g̃s(r + 1)} − 1/(5r2). (4.4.12)

Proof of claim. First we will show that (4.4.11) is implied by

f̃s,r(x0 − ε) < max{gs(r − 1), gs(r + 1)}. (4.4.13)

To see this, let x ∈ [x0 − ε, 1
r−1

). Then (4.4.10) implies that there is λ ∈ [0, 1)

such that x = (1 − λ)(x0 − ε) + λ/(r − 1). By Lemma 4.26(i), fs,r is convex on
[1
r
, 1
r−1

] ⊇ [x0 − ε, 1
r−1

), so fs,r(x) ⩽ (1 − λ)fs,r(x0 − ε) + λfs,r(
1
r−1

). But fs( 1
r−1

) =

gs(r − 1) and by Lemma 4.26(ii), we have fs,r(x0 − ε) ⩽ f̃s,r(x0 − ε), so fs,r(x) ⩽

(1− λ)f̃s,r(x0 − ε) + λgs(r − 1). Now (4.4.13) implies (4.4.11).

Thus it remains to show that (4.4.12) implies (4.4.13). This will follow from the fact
that f̃s,r is close to fs,r and gs is close to g̃s; more specifically, it suffices to show the
following three inequalities:

f̃s,r (x0 − ε)− f̃s,r (x0) ⩽ ε(r2 − 1) + ε(r − 1) log

(
s

r − 1

)
+ ε2r3, (4.4.14)

g̃s(r − 1) ⩽ gs(r − 1) +
1

4

⌊
s

r − 2

⌋−2

⩽ gs(r − 1) +
1

4

⌊s
r

⌋−2

, (4.4.15)

1

5r2
⩾

1

4⌊s/r⌋2 + ε(r − 1) + ε(r − 1) log

(
s

r − 1

)
+ ε2r3. (4.4.16)

To show (4.4.14), we estimate f̃s,r(x0 − ε) in terms of f̃s,r(x0) and ε. We have

f̃s,r(x0) = (r − 2)x0 log

(
sx0

1− x0

)
+ (1− (r − 1)x0)h(x0)
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and

f̃s,r(x0 − ε) ⩽ (r − 2)x0 log

(
sx0

1− x0

)
+ (1− (r − 1)(x0 − ε))h(x0 − ε)

where h(y) := log
(

(1−(r−1)y)s
1−y

)
. Using the mean value theorem, for x0 = r

r2−1
and

ε < x0 − 1/r, we have

h(x0 − ε) ⩽ h(x0) + ε · max
y∈(x0−ε,x0)

r − 2

(1− y)(1− (r − 1)y)

= h(x0) + ε(r − 2)
1

(1− r/(r2 − 1))(1− r/(r + 1))

⩽ h(x0) + ε(r2 − 1).

Thus, combining inequalities, we get

f̃s,r (x0 − ε)− f̃s,r (x0) ⩽ (1− (r − 1)x0)ε(r
2 − 1) + ε(r − 1)h(x0) + ε2(r − 1)2(r + 1)

⩽ ε(r2 − 1) + ε(r − 1) log

(
s

r − 1

)
+ ε2r3,

where for the last inequality we used that h(y) is decreasing on [1
r
, 1
r−1

], so h(x0) ⩽
h(1

r
) = log( s

r−1
). Thus (4.4.14) holds.

Next, (4.4.15) follows from Lemma 4.18.

To see (4.4.16), we first recall from (4.4.9) that ε ⩽ 3r/20s2. We can bound 20r2

times each of the four terms on the right hand side by 1 using r ⩽ log(s) + 1 and the
fact that s is large, as follows:

• for the first term we have 20r2

4⌊s/r⌋2 ⩽ 5
(

r2

s−r

)2
⩽ 1 which holds for all s ⩾ 65;

• the second term is at most the third;

• for the third term we have 20r2ε(r − 1) log
(

s
r−1

)
⩽ 3r4

s2
log(s) < 1 for s ⩾ 133;

and

• for the fourth term we have 20r2ε2r3 < 9r7

20s2
< 1, using s > 881.

This completes the proof that (4.4.14)–(4.4.16) hold, and hence completes the proof
of the claim.

It remains to show that (4.4.12) holds. Let

a :=
s

r − 2
, b :=

sr

r2 − r − 1
, c :=

s(r − 1)

r2 − r − 1
, d :=

s

r
.
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Then a > b > c > d. We have

g̃s(r − 1) =
r − 2

r − 1
log(a) and g̃s(r + 1) =

r

r + 1
log(d).

Now,

f̃s,r(x0) =
r(r − 2)

(r − 1)(r + 1)
log(b) +

1

r + 1
log(c) =

{
g̃s(r − 1) + 1

r2−1
(log(a)− ur−1)

g̃s(r + 1)− 1
r2−1

(log(d)− ur+1)

where

ur−1 = r(r − 2) log

(
r2 − r − 1

r2 − 2r

)
+ (r − 1) log

(
r2 − r − 1

r2 − 3r + 2

)
and

ur+1 = r(r − 2) log

(
r2

r2 − r − 1

)
+ (r − 1) log

(
r2 − r

r2 − r − 1

)
.

Then using inequalities approximating log(1 + x) by x we get that ur−1 − ur+1 is

r(r − 2) log

(
(r2 − r − 1)2

(r2 − 2r)r2

)
+ (r − 1) log

(
(r2 − r − 1)2

(r2 − 3r + 2)(r2 − r)

)
⩾ 0.9

for all r ⩾ 6 (and indeed a Taylor expansion shows that ur−1 − ur+1 ≈ 1 for large r).
Suppose that (4.4.12) does not hold. Then

log(a) ⩾ ur−1 − (r2 − 1)/(5r2) and log(d) ⩽ ur+1 + (r2 − 1)/(5r2).

Subtracting the first inequality from the second, we have

2(r2 − 1)

5r2
⩾ log

(
r − 2

r

)
+ ur−1 − ur+1 ⩾ log

(
r − 2

r

)
+ 0.9

which yields a contradiction for every r ⩾ 6. Thus (4.4.12) holds, completing the proof
of the lemma.

We can now put everything together to prove Theorem 4.16 on solutions to the
optimisation problem for dichromatic triangles.

Proof of Theorem 4.16. Let s ⩾ 2 be an integer and let (r∗, ϕ∗,α∗) ∈ opt∗(s). Now,
Lemma 4.14 and Lemma 4.24 imply that

g(s)
4.14

⩽ Q(s) = q(ϕ∗,α∗)
4.24

⩽ gs(r
∗). (4.4.17)

If r∗ is even, we have gs(r∗) ⩽ g(s), so we must have equality throughout. Having
gs(r

∗) = g(s) implies by definition that r∗ ∈ R2(s) and Lemma 4.24(ii) implies that
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ϕ∗ and α∗ are uniform. Recall that by Remark 4.15, ϕ∗ being uniform implies that
ϕ∗ = ϕA for some A as in Construction 4.12. This completes the proof of the even
case.

Now suppose that r∗ is odd. We claim that this never happens, so we will obtain a
contradiction. From Lemma 4.24(i) we have the strict inequality

q(ϕ∗,α∗) < gs(r
∗). (4.4.18)

Suppose, without loss of generality, that α∗
1 ⩾ α∗

i for all 2 ⩽ i ⩽ r∗, and let r′ be the
unique integer with 1

r′
⩽ α∗

1 <
1

r′−1
. Since α∗

1 ⩾
1
r∗

, we have r′ ⩽ r∗. By Lemmas 4.3,
4.27 and 4.26(iii), we have

g(s) ⩽ Q(s)
4.3
= q1(ϕ

∗,α∗)
4.27

⩽ fs(α
∗
1)

4.26

⩽ max{gs(r′), gs(r′ − 1)}, (4.4.19)

where, by definition, fs(α∗
1) = fs,r′(α

∗
1).

We now claim that r′ must be equal to r∗. Indeed, suppose that r′ < r∗, and let
reven, rodd be the even and odd integer in {r′, r′−1}, respectively. In this case {rodd, r

∗}
are two distinct odd integers so by Lemma 4.21(iii) we have min{gs(r∗), gs(rodd)} <
g(s). From (4.4.17) and (4.4.18) we have that g(s) < gs(r

∗) so we must have gs(rodd) <

g(s). Thus the right-hand side of (4.4.19) is at most g(s) and again we have equality
throughout. Lemma 4.27 implies that α∗

1 < 1/(r∗ − 1), which contradicts r′ < r∗.
Thus from now on we may assume that r′ = r∗.

We now proceed to compare gs(r′) and gs(r′−1) which we now know are equal to gs(r∗)
and gs(r

∗ − 1), respectively. From (4.4.17) and (4.4.18) it follows that gs(r∗) > g(s)

while gs(r∗ − 1) ⩽ g(s) since r∗ − 1 is even, so gs(r∗ − 1) < gs(r
∗) and the maximum

in (4.4.19) is strictly attained by r∗. Note that gs(r∗) > g(s) implies that R(s) can
consist solely of odd numbers.

Further to the above, we must also have r∗ ∈ R(s), for otherwise there is some
(odd) r ∈ R(s) distinct from r∗ with both gs(r∗) and gs(r) exceeding g(s), contradict-
ing Lemma 4.21(iii).

Finally, by Lemma 4.25 we have

α∗
1 ⩾

r∗

(r∗)2 − 1
− es(r

∗ + 1)

(r∗ − 1) log(s/r∗)
.

Then Lemma 4.28 implies that fs,r∗(α∗
1) < max{gs(r∗ − 1), gs(r

∗ + 1)} ⩽ g(s), where
the last inequality follows from the definition of g(s). Together with (4.4.19), this
contradicts our initial assumption that r∗ is odd and finishes the proof.
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4.4.5 Proof of Theorem 1.21

Now that we have determined the set of basic optimal solutions for the dichromatic
triangle problem (Theorem 4.16), we need to show that it has various properties in
order to apply our general exact result, Theorem 4.11. Most of these are easy to see;
that the extension property holds is slightly more involved.

Lemma 4.30. Let s ⩾ 2 be an integer. The dichromatic triangle family X = (K
(2)
3 , s)

(i) is bounded,

(ii) is hermetic (and hence stable inside),

(iii) has the extension property,

(iv) has the property that for every basic optimal solution (r∗, ϕ∗,α∗), there is some
z ⩾ r∗ such that each multiplicity ϕ∗

ij equals z or z + 1.

Proof. Theorem 4.16 implies that for any (r∗, ϕ∗,ur∗) ∈ opt∗(X ), we have that r∗

is even, ur∗ is uniformly 1/r∗, all colour classes of ϕ∗ are perfect matchings, the
values ϕ∗

ij differ by at most one, and r∗ ∈ R2(s), which implies r∗ ⩽ log(s) + 2 due to
Lemma 4.21(i). We calculated R2(s) for small values of s in Table 1.2 (we showed
these values hold in Lemma 4.21(iv); in particular, r∗ = 2 for 2 ⩽ s ⩽ 26 and r∗ ⩽ 4

for s ⩽ 496.

Part (i) was proved in Lemma 4.5(iii).

Next we prove (ii). Let (r∗, ϕ∗,ur∗) ∈ opt∗(X ) and suppose that ϕ ∈ ΦX ,1(r
∗ + 1)

extends ϕ∗, i.e., ϕ|([r∗]2 )
= ϕ∗. Let c ∈ ϕ(1, r∗ + 1). Then there is some i ∈ [r∗] such

that c ∈ ϕ(1i) since the edges of colour c form a perfect matching in ϕ∗. To avoid X
we must have ϕ(i, r∗ + 1) = {c}. However, since ϕ∗

1i ⩾ 2, there is some c′ ∈ ϕ1i, giving
a dichromatic triangle on 1, i, r∗ + 1. Thus X is hermetic.

For (iii), let (r∗, ϕ∗,ur∗) ∈ opt∗(X ) and ϕ ∈ ΦX (r
∗ + 1) such that ϕ|([r∗]2 )

= ϕ∗ and

ext(ϕ,ur∗) =
1

r∗

∑
i∈[r∗]

log ϕi,r∗+1 = Q(s). (4.4.20)

We first note that r∗ + 1 can see each colour at most once: if colour c was contained
in ϕ(i, r∗ + 1) and ϕ(j, r∗ + 1), there would be a dichromatic triangle in ϕ on parts
i, j, r∗ + 1 since ϕ∗

ij ⩾ 2. In fact r∗ + 1 sees each colour exactly once, for otherwise
ext(ϕ,ur∗) cannot equal Q(s). Let ℓ := |{i ∈ [r∗] : ϕi,r∗+1 ̸= ∅}|. Note that X is
hermetic so ℓ ⩽ r∗ − 1.
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We claim that ℓ = r∗ − 1. This is immediate when r∗ = 2, so we may assume s ⩾ 27.
Equation (4.4.20) and Lemma 4.23 imply that

Q(s) ⩽ (ℓ/r∗) log(s/ℓ). (4.4.21)

Suppose for a contradiction that ℓ ⩽ r∗ − 2. We have that

s

r∗ − 1
⩾ 6 and

(r∗ − 1)2

s− r∗ + 1
⩽ 1/2; (4.4.22)

these assertions are true for 27 ⩽ s ⩽ 496 by Table 1.2 where r∗ ⩽ 4 and for
larger s they follow from r∗ ⩽ log(s) + 2 (recall (4.4.3)). Our assumption implies
that (s − r∗ + 1)/(r∗ − 1) < s/ℓ. The mean value theorem implies that there is
s−r∗+1
r∗−1

< u < s
ℓ

such that

Λ := ℓ

(
log

(
s− r∗ + 1

r∗ − 1

)
− log

(s
ℓ

))
=
ℓ

u

(
s− r∗ + 1

r∗ − 1
− s

ℓ

)
> ℓ− s(r∗ − 1)

s− r∗ + 1
.

By Lemma 4.3, we have Q(s) = q1(ϕ
∗,ur∗) =

r∗−1
r∗

∑
2⩽i⩽r∗ log ϕ

∗
1i. By (4.4.1), for all

ij ∈
(
[r∗]
2

)
, we have ϕ∗

ij ∈ {z, z + 1} where z := ⌊s/(r∗ − 1)⌋. Thus

r∗ ·Q(s)− ℓ log
(s
ℓ

)
⩾ (r∗ − 1) log

(
s

r∗ − 1
− 1

)
− ℓ log

(s
ℓ

)
= (r∗ − 1− ℓ) log

(
s− r∗ + 1

r∗ − 1

)
+ Λ

> (r∗ − 1− ℓ) log

(
s− r∗ + 1

r∗ − 1

)
− s(r∗ − 1)

s− r∗ + 1
+ ℓ

= (r∗ − 1− ℓ)

(
log

(
s

r∗ − 1
− 1

)
− 1

)
− (r∗ − 1)2

s− r∗ + 1
(4.4.22)
⩾ log(5)− 1− 1/2 > 0,

contradicting (4.4.21) and hence proving the claim.

Let i ∈ [r∗] be the unique index such that ϕi,r∗+1 = ∅. We claim that r∗ + 1 must
be a clone of i. To see this, note that for any j ∈ [r∗] \ {i} and any c ∈ ϕ(j, r∗ + 1),
we must have c ∈ ϕ∗(ij), for otherwise the perfect matching on [r∗] in colour c will
contain the edge jj′ for some j′ ̸= i and r∗ + 1, j, j′ will form a dichromatic triangle.
Conversely, if c ∈ ϕ∗(ij), r∗ + 1 necessarily sees c but we cannot have c ∈ ϕ(j′, r∗ + 1)

for any j′ ̸= j. This is because according to ϕ∗ colour c forms a perfect matching
on [r∗], one of whose edges must be j′j′′ for some j′′ ̸= i, j, and this would yield a
dichromatic triangle on j′, j′′, r∗ + 1. Therefore, r∗ + 1 is a clone of i, as claimed.
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Finally, for (iv), recall that each multiplicity ϕ∗
ij equals z or z + 1 by (4.4.1). Since

r∗ ⩽ log(s) + 2, each multiplicity is therefore at least ⌊s/(log(s) + 1)⌋. This is at least
log(s) + 2 ⩾ r∗ when s ⩾ 27. For 2 ⩽ s ⩽ 26, we have r∗ = 2 by Table 1.2. In this
case, z = s ⩾ 2 = r∗, as required.

The properties of the dichromatic triangle family guaranteed by the previous lemma
now allow us to apply our general exact result, Theorem 4.11. This result immediately
tells us that every extremal graph is a complete partite graph with the right number
of parts with roughly the correct sizes, so it remains to prove that the sizes are in fact
as equal as possible.

Proof of Theorem 1.21. The statement about R2(s) is Lemma 4.21(i). Recall that
by Theorem 4.16, opt∗(s) consists of triples (r∗, ϕ∗,ur∗) with r∗ ∈ R2(s) ⊆ 2N,
uniform ur∗ and ϕ∗ where every ϕ∗−1(c) is a perfect matching, and the multiplicities
ϕ∗
ij over pairs ij are as equal as possible. By Lemma 4.21(i) and (4.4.3), we have r∗ ⩽

log(s) + 2. Given r∗ ∈ R2(s), let Yr∗ consist of all ϕ∗ such that (r∗, ϕ∗,ur∗) ∈ opt∗(s).
In other words, Yr∗ is the set of r∗-partite colour templates obeying Construction 4.12.

It remains to prove the statements about n-vertex extremal graphs for sufficiently
large n. Suppose that 1/n≪ ε≪ 1/k, 1/s and let G be an n-vertex extremal graph.
By Theorem 4.11 (which is applicable by Lemma 4.30(i)–(iii)) there is (r∗, ϕ∗,ur∗) ∈
opt∗(s) so that G is a complete r∗-partite graph whose parts W1, . . . ,Wr∗ all have
size between n/(2r∗) and 2n/r∗, and moreover, for at least a (1 − e−εn) proportion
of the valid colourings χ ∈ F (G; (K

(2)
3 , s)) there exists ϕ∗ ∈ Yr∗ such that χ follows

ϕ∗ perfectly. For a complete r∗-partite graph H and ϕ∗ ∈ Yr∗ , denote the set of such
perfect colourings of H by XH(ϕ

∗).

Before determining the exact part sizes of G, we quickly show that F (G; (K(2)
3 , s)) is

approximately equal to
∑

ϕ∗∈Yr∗ |XG(ϕ
∗)|. Intuitively, this is because very few perfect

colourings can be assigned to more than one ϕ∗ ∈ Yr∗ . Indeed, if χ ∈ XG(ϕ
∗) ∩XG(ϕ)

for some ϕ∗, ϕ ∈ Yr∗ , then there is ij ∈
(
[r∗]
2

)
where ϕ∗(ij) ̸= ϕ(ij) and χ(xy) ∈

ϕ∗(ij) ∩ ϕ(ij) for all x ∈ Wi, y ∈ Wj, so the number of such colourings χ for a fixed
ϕ∗ is at most

ϕ∗
ij

(
ϕ∗
ij − 1

ϕ∗
ij

)(n/(2r∗))2

|XG(ϕ
∗)| ⩽ s

(
1− 1

s

)(n/(2r∗))2

|XG(ϕ
∗)| ⩽ e−n|XG(ϕ

∗)|,
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say. Thus the number of colourings of G which follow ϕ∗ perfectly and do not follow
another ϕ is at least (1− e−n)|XG(ϕ

∗)|, so

F (G; (K
(2)
3 , s)) = (1± e−εn)

∑
ϕ∗∈Yr∗

|XG(ϕ
∗)|. (4.4.23)

We now show that |XH(ϕ
∗)| is maximised when H is the Turán graph.

Claim 4.4.5.1. Let H be a sufficiently large complete r∗-partite graph with parts
V1, . . . , Vr∗. Then for every ϕ∗ ∈ Yr∗, we have |XT (ϕ

∗)|/|XH(ϕ
∗)| ⩾ 2 whenever H is

not isomorphic to the Turán graph T := Tr∗(n).

Proof. Suppose not, and, without loss of generality, we may suppose that |V2|−|V1| ⩾ 2

is the largest among all class size differences. Consider the complete multipartite graph
H̃ obtained by removing a vertex from V2 and adding a vertex to V1. Fix ϕ∗ ∈ Yr∗

and for each integer m, let Jm := {ij ∈
(
[r∗]
2

)
: ϕ∗

ij = m}. Since ϕ∗ is optimal, (4.4.1)
implies that E(Kr∗) = Jz ∪Jz+1 where z := ⌊s/(r∗− 1)⌋. Note that each Jm is regular
since the multigraph which is the union of the ϕ∗−1(c) is regular.

Let ℓ := ϕ∗
12. Passing from H to H̃, |X(ϕ∗)| increases by a factor of

D :=
|XH̃(ϕ

∗)|
|XH(ϕ∗)| = ℓ|V2|−|V1|−1

∏
y∈[r∗]\{1,2}

(
ϕ∗
1y

ϕ∗
2y

)|Vy |

.

It suffices to show that D ⩾ 2, then the claim follows by a telescoping product.

To prove this, suppose first that r∗ = 2. Then D = s|V2|−|V1|−1 ⩾ s ⩾ 2, as required.
Thus we may assume r∗ ⩾ 4, and so s ⩾ 27, and z ⩾ 9. Note that the factor ϕ∗

1y/ϕ
∗
2y

equals z
z+1

if y ∈ A := NJz(1) ∩ NJz+1(2), equals z+1
z

if y ∈ B := NJz+1(1) ∩ NJz(2),
and equals 1 otherwise. Since Jz and Jz+1 are regular graphs partitioning the edge set
of Kr∗ , we have |A| = |B|. Thus

D ⩾

(
z

z + 1

)∑
y∈B |Vy |−

∑
y∈A |Vy |

ℓ|V2|−|V1|−1 ⩾

(
z

z + 1

)|A|(|V2|−|V1|)

ℓ|V2|−|V1|−1,

as |V2| − |V1| is the maximum difference between the size of two parts. For the next
step, we note that since r∗−2

2z
⩽ (r∗)2

s
⩽ 1 we have, using log(1 + x) ⩾ x

x+1
for x > −1,

ℓ

(
z

z + 1

)(r∗−2)/2

⩾ exp

(
log ℓ− r∗ − 2

2z

)
⩾ exp

(
log z − r∗ − 2

2z

)
⩾ exp (log z − 1) > 1.
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Using |V2| − |V1| ⩾ 2 and |A| ⩽ (r∗ − 2)/2, this allows us to bound

D ⩾ ℓ−1

(
ℓ

(
z

z + 1

)(r∗−2)/2
)|V2|−|V1|

⩾ ℓ−1

(
ℓ

2
r∗−2

z

z + 1

)r∗−2

=

{
zr

∗−1/(z + 1)r
∗−2 if ℓ = z

zr
∗−2/(z + 1)r

∗−3 if ℓ = z + 1.

Suppose that r∗ = 4. Then s ⩾ 27 so z ⩾ 9 and hence z3/(z + 1)2 > 7, and
z2/(z + 1) > 8, as required. Thus we may assume that r∗ ⩾ 6 and hence s ⩾ 497.
Since r∗−2

z
⩽ 2(r∗)2

s
⩽ 1, we have for i ∈ {2, 3} that

D ⩾ z

(
z

z + 1

)r∗−i
⩾ exp

(
log(z)− r∗ − 2

z

)
⩾ exp(log(z)− 1) > 2,

completing the claim.

The maximality of F (G; (K(2)
3 , s)) and the claim now imply that G ∼= Tr∗(n), that is,

the parts Wi form an equipartition of V (G).

It remains to accurately estimate |XTr∗ (n)(ϕ
∗)| for every ϕ∗ ∈ Yr∗ to obtain the formula

for F (G; (K(2)
3 , s)). For this, let m, f be the unique positive integers with 0 ⩽ f < r∗

such that n = r∗m+ f . We claim that

e(Tr∗(n)) =: tr∗(n) =

(
r∗

2

)
m2 + (r∗ − 1)mf +

(
f

2

)
. (4.4.24)

To see this, note that f partsW1, . . . ,Wf have sizem+1 and r∗−f partsWf+1, . . . ,Wr∗

have size m. Choose an arbitrary labelling Wi = Ui ∪ {vi} for each large part Wi

with i ∈ [f ] and Wi = Ui for each small part with i > f . The terms in the required
expression are, in order, the number of edges between the Ui, between each vi and Uj
for i ̸= j, and between the vi.

Fix an optimal ϕ∗ ∈ Yr∗ and again let z = ⌊ s
r∗−1

⌋ and a = s− z(r∗ − 1). The number
of colourings χ of Kr∗(U1, . . . , Ur∗) which follow ϕ∗ is exactly

z
m2

(
(r

∗
2 )−ar∗/2

)
(z + 1)m

2ar∗/2.

For each vi with i ∈ [f ], the number of colourings following ϕ∗ of edges vix with x ∈⋃
j ̸=i Uj is exactly zm(r∗−1−a)(z + 1)ma. The number of colourings of {vivj : ij ∈

(
[f ]
2

)
}

is a function Cϕ which is at least z(
f
2) and at most (z + 1)(

f
2), and where, due to the

symmetric form of Yr∗ ,
∑

ϕ∈Yr∗ Cϕ depends only on s, r∗ and the remainder f of n
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modulo r∗. Using (4.4.24), we see that the number of colourings of Tr∗(n) following
ϕ∗ is

|XTr∗ (n)(ϕ
∗)| = (z + 1)m

2ar∗/2z
m2

(
(r

∗
2 )−ar∗/2

)
·
(
(z + 1)mazm(r∗−1−a))f · Cϕ

= (z + 1)(tr∗ (n)−(
f
2))a/(r∗−1)z(tr∗ (n)−(

f
2))(r∗−1−a)/(r∗−1) · Cϕ

= e
r∗

r∗−1
gs(r∗)(tr∗ (n)−(f2)) · Cϕ = C ′

ϕe
r∗

r∗−1
g(s)tr∗ (n)

where C ′
ϕ = Cϕe

− r∗
r∗−1

g(s)(f2), so that, again, C =
∑

ϕ∈Yr∗ C
′
ϕ is a function of only s, r∗, f .

By (4.4.23) we have

F (Tr∗(n); (K
(2)
3 , s)) = (1 + o(1))

∑
ϕ∈Yr∗

C ′
ϕe

r∗
r∗−1

g(s)tr∗ (n) = (C + o(1))e
r∗

r∗−1
g(s)tr∗ (n),

(4.4.25)
as desired. The number |Yr∗| of optimal ϕ∗ is a function of r∗, s. In fact,

|Yr∗| ⩾
(

s

z, . . . , z︸ ︷︷ ︸
r∗−1−a

z + 1, . . . , z + 1︸ ︷︷ ︸
a

)

which is a lower bound on the number of ϕ obeying Construction 4.12. We note for
future reference that the constant C in the statement of the theorem therefore satisfies

C ⩾
s!

(z + 1)!r∗−1
z(

f
2)e−

r∗
r∗−1

g(s)(f2). (4.4.26)

It remains to prove the last sentence of the statement. The set R2(s) contains a single
value for all s ∈ [2, 107] \ {27} from Table 1.2 (proved in Lemma 4.21(iv)), while
R2(27) = {2, 4}. Thus, to complete the proof, it remains to prove the assertion about
s = 27. Clearly F (T2(n); (K

(2)
3 , 27)) = 27t2(n) since every colouring is valid.

Suppose s = 27 and r∗ = 4. Then z = 9 and since 3 divides 27 we have Cϕ = 9(
f
2)

and e
3
4
g(27) = 9 so C ′

ϕ = 1. Appealing to the remark after Construction 4.12, |Y4|
is the number of triples (A1, A2, A3) where A1 ∪ A2 ∪ A3 = [27] is an equipartition.
Thus |Y4| =

(
27

9,9,9

)
and therefore F (T4(n); (K

(2)
3 , 27)) = (1 + o(1))

(
27

9,9,9

)
9t4(n), which is

many times greater than F (T2(n); (K
(2)
3 , 27)) = 27t2(n). So T4(n) is the unique optimal

graph for s = 27 and F (n; (K(2)
3 , 27)) = (1 + o(1))

(
27

9,9,9

)
9t4(n).

Proof of Corollary 1.22. Theorem 1.21 implies that for each s, the set of (K(2)
3 , s)-

extremal graphs is a subset of {Tr(n) : r ∈ R2(s)}, so it suffices to show that each set
S2(r) = {s : r ∈ R2(s)} for r ∈ 2N contains an interval [s−(r), s+(r)] that is disjoint
from all other S2(r

′), r′ ̸= r. Lemma 4.21(iii) implies that for all r ∈ 2N, there is s such
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that R2(s) = {r} is a singleton. We also have that the interval S2(r) = [s̃r, s̃r+2 − 1]

or [s̃r, s̃r+2] overlaps with each of S2(r − 2) and S2(r + 2) in at most one element, so
we can take s−(r) = s̃r or s̃r + 1 and s+(r) = s̃r+2 or s̃r+2 − 1. The bounds on sr in
Lemma 4.21(iii) yield

(r − 3)er−2 < sr−1 ⩽ s̃r ⩽ sr < (r − 1)er,

as required.

4.5 Forbidding improperly coloured cliques

In this section, we prove Theorem 1.24 on the improper pattern, which follows with
some extra work from the proof of Theorem 1.21. We first determine the set of basic
optimal solutions and show that the pattern satisfies the hypotheses of Theorem 4.11.

Lemma 4.31. Let s ⩾ 2 and k ⩾ 3 be integers and let X = X ∧
k,s be the family of all

improper s-edge-colourings of Kk. Then X

(i) has Q(X ) = max{k−2
k−1

log(s), g(s)} and basic optimal solutions

opt∗(X ) =


{(k − 1, ϕ[s],u)} if k−2

k−1
log(s) > g(s)

{(k − 1, ϕ[s],u)} ∪ opt∗(K
(2)
3 , s) if k−2

k−1
log(s) = g(s)

opt∗(K
(2)
3 , s) if k−2

k−1
log(s) < g(s)

where ϕ[s] ≡ [s] and u is uniform; and in particular X is bounded,

(ii) is hermetic (and hence stable inside),

(iii) has the extension property.

Proof. Let (r, ϕ,α) ∈ feasX ,2(s). Suppose first that r ⩽ k − 1. Then q(ϕ,α) =

2
∑

ij αiαj log ϕij ⩽ 2 log(s)
∑

ij αiαj ⩽ (1− 1
r
) log(s) ⩽ (k−2

k−1
) log(s). This is uniquely

attained by the solution (k − 1, ϕ[s],u) where ϕ[s] ≡ [s] and u is uniform. Suppose
instead that r ⩾ k. Then ϕ−1(c) is a matching for all c ∈ [s], otherwise there would be
an improperly coloured clique (with two adjacent edges of colour c). By Remark 4.17,
we have q(ϕ,α) ⩽ g(s) with equality if and only if r ∈ R2(s), α is uniform and ϕ = ϕA

for some A as in Construction 4.12. Thus Q(X ) and the set of basic optimal solutions
are as stated. Clearly X is bounded since the dichromatic triangle pattern is bounded.

For parts (ii) and (iii), since the dichromatic triangle family (K
(2)
3 , s) is hermetic

and has the extension property, it suffices to check the conditions for the solution
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(k − 1, ϕ[s],u) assuming that Q(X ) = k−2
k−1

log(s). Let ϕ ∈ ΦX ,1(k) be an extension
of ϕ[s]. Let c ∈ ϕ(1k). Then c ∈ ϕ(12) = [s] so if |ϕ(ik)| ⩾ 1 for all i ∈ [k − 1],
there is a k-clique with adjacent edges of colour c, a contradiction. Thus X is
hermetic. We have also shown that any extension ϕ must have ϕ(ik) = ∅ for some
1 ⩽ i ⩽ k − 1. Without loss of generality, suppose ϕ(1k) = ∅. Then the contribution
of k is

∑
2⩽i⩽k−1

1
k−1

log |ϕ(ik)| ⩽ k−2
k−1

log(s) = Q(X ) with equality if and only if
ϕ(ik) = [s] for all 2 ⩽ i ⩽ k. In other words, if and only if k is a clone of 1 under ϕ[s].
Thus X has the extension property.

Given our proof of Theorem 1.21, it is now an easy task to prove our second main
result.

Proof of Theorem 1.24. Let X = X ∧
k,s be the family of all improper s-edge-colourings

of Kk. In Lemma 4.31 we determined Q(X ) and opt∗(X ) and showed that the
hypotheses of Theorem 4.11 hold.

Let 0 < 1/n ≪ ε ≪ δ ≪ 1/s, 1/k and let G be an X -extremal graph on n vertices.
Theorem 4.11 implies that there is (r∗, ϕ∗,α∗) ∈ opt∗(X ) such that G is a complete
r∗-partite graph whose i-th part Wi has size (α∗

i ± δ)n for all i ∈ [r∗], and (SE2) holds.

If (r∗, ϕ∗,α∗) = (k − 1, ϕ[s],u), then G is Kk-free so every colouring of G is valid, so

F (n;X ) = s

∑
ij∈([k−1]

2 )
|Wi||Wj |

which is uniquely maximised when ||Wi|−|Wj|| ⩽ 1 for all
i, j; that is, we must have G ∼= Tk−1(n) which has exactly stk−1(n) valid colourings. On
the other hand, if (r∗, ϕ∗,α∗) ∈ opt∗(K

(2)
3 , s)\{(k−1, ϕ[s],u)}, Theorem 1.21 implies

that G ∼= Tr∗(n) for some r∗ ∈ R2(s) and F (G; (K
(2)
3 , s)) = (C + o(1))e

r∗
r∗−1

g(s)tr∗ (n)

where C satisfies (4.4.26) and g(s) = gs(r
∗). Recall that by Lemma 4.21(i) and (4.4.3)

we have
r∗ ⩽ log(s) + 2. (4.5.1)

We now first show that

if r∗ ⩾ k and gs(r∗) ⩾
k − 2

k − 1
log(s), then gs+1(r

∗) >
k − 2

k − 1
log(s+ 1). (4.5.2)

We verify (4.5.2) manually for all k ⩾ 3 and k−1 ⩽ s ⩽ 1231 and r∗ ∈ R2(s)\{k−1}
by a computer search given in the ancillary file improper_patterns.py. Suppose now
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that s ⩾ 1232. Then

gs+1(r
∗)− gs(r

∗)− k − 2

k − 1
log

(
s+ 1

s

)
⩾

(
r∗ − 1

r∗
− k − 2

k − 1

)
log

(
s+ 1

s

)
− es+1(r

∗)

>

(
1

k − 1
− 1

r∗

)
1

s+ 1
− 1

4

⌊
s+ 1

r∗ − 1

⌋−2

> 0

using k ⩽ r∗ ⩽ log s+ 2 and s ⩾ 1232 in the final inequality. So (4.5.2) holds for all s.
Define

s(k) := min

{
s ∈ {2, 3, . . .} : g(s) ⩾

k − 2

k − 1
log(s) and minR2(s) ⩾ k

}
.

We will show that s(k) = s(k)−1 satisfies the theorem. Note that if there is r∗ ∈ R2(s)

with r∗ < k, then g(s) ⩽ k−2
k−1

log(s). Thus, by comparing the leading terms in the
exponent of the formulas we gave above for F (Tk−1(n);X ) and F (Tr∗(n);X ), we obtain
from (4.5.2) that

• if s < s(k), we have g(s) ⩽ k−2
k−1

log(s) and G ∼= Tk−1(n);

• if s > s(k), we have g(s) > k−2
k−1

log(s) and thus G ∼= Tr∗(n).

It remains to show that for s = s(k), we have G ∼= Tr∗(n). Suppose g(s) > k−2
k−1

log(s).
Then we can deduce as before that G ∼= Tr∗(n) for some r∗ ∈ R2(s).

So suppose g(s) = k−2
k−1

log(s) and minR2(s) ⩾ k. First note that by our definition of
s(k) we have s(k) ⩾ 27 for all k since R2(s) = {2} for s ⩽ 26. Thus for the calculations
that follow we may assume that s ⩾ 27. By making the appropriate substitutions
we can deduce from (4.4.24) that for an integer r, the number of edges in the Turán
graph Tr(n) is

tr(n) =
r − 1

r

n2

2
− i

2

(
1− i

r

)
,

where 0 ⩽ i ⩽ r − 1 and i ≡ n mod r. Thus, letting f, b be such that 0 ⩽ f ⩽ r∗ − 1

and f ≡ n mod r∗ and 0 ⩽ b ⩽ k−2 and b ≡ n mod (k−1), and setting z :=
⌊

s
r∗−1

⌋
,

we have, using eg(s) = s
k−2
k−1 ,

F (Tr∗(n);X )

F (Tk−1(n);X )

(4.4.26)
⩾

s!
((z+1)!)r∗−1 z

(f2) exp
(
− r∗

r∗−1
g(s)

(
f
2

)
− r∗

r∗−1
g(s)f

2

(
1− f

r∗

))
(1 + o(1)) exp

(
− b

2

(
1− b

k−1

)
log(s)

)
⩾

1

2

s!

((z + 1)!)r∗−1
z(

f
2)e− log(s)f2/2.
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The second inequality follows by expanding the numerator, substituting g(s) ⩽ g̃(s) ⩽

log(s) (which holds due to Lemma 4.18, Lemma 4.20(ii) and (4.4.2)), and noting
that the exponent in the denominator is non-positive. Also, using s ⩾ 27 and
z ⩾ s

log(s)+1
− 1 ⩾ s

2 log(s)
and f ⩽ log(s) + 1 (which follow from (4.5.1)),

(
f

2

)
log(z)− f 2

2
log(s) ⩾

(
f

2

)
log

(
s

2 log(s)

)
− f 2

2
log(s) ⩾ −2 log2(s) log log(s).

Putting this together with the Stirling bounds e(ℓ/e)ℓ ⩽ ℓ! ⩽ eℓ(ℓ/e)ℓ applied to
ℓ = s, z, and (4.5.1), we obtain

F (Tr∗(n);X )

F (Tk−1(n);X )
> 1,

as required.

4.6 Proofs of general results

This section contains the proofs of Theorem 4.8–Theorem 4.11. These proofs are mainly
adaptations of proofs in [74, 75], which are versions of our results for monochromatic
colour patterns. The arguments transfer almost directly from the monochromatic
setting – the key point being that in both settings, the family of forbidden colourings
are on cliques. This means that, informally, colours at two non-adjacent vertices are
‘independent’ since they cannot be in a forbidden clique together, and thus it can be
shown that the following holds:

(S) for any pair u, v of non-adjacent vertices, either replacing u by a twin of v or v
by a twin of u (the operation of symmetrisation) gives a graph with at least as
many valid colourings.

This is stated in e.g. [19, Lemma 2.7]. Symmetrisation was originally introduced by
Zykov in the 1950s [86, 87] to give a new proof of Turán’s theorem.

The original proofs in [74, 75] are rather long. We therefore give only a sketch for
those parts which are not new, and refer the reader to the relevant reference.

4.6.1 Tools

We start by collecting some tools concerning the optimisation problem. Versions of
most of these for monochromatic patterns appear in [74–76], but usually the same
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proof goes through verbatim. We limit ourselves to brief remarks where this is not
quite true.

The first lemma, a generalisation of [74, Lemma 2.8], states that sizes of parts of basic
optimal solutions are bounded below. It is proved via a compactness argument, which
requires that there is a finite number of possible ϕ∗. This holds when X is bounded
(we recall from Section 4.2.3 that the monochromatic pattern is bounded).

Lemma 4.32. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded family of
s-edge-colourings of Kk that has the extension property. Then there exists µ > 0 such
that for all (r∗, ϕ∗,α∗) ∈ opt∗(X ), we have α∗

i > µ for all i ∈ [r∗].

The next lemma states that q is continuous in its second argument and follows from
simple calculus.

Lemma 4.33 (Proposition 11,[76]). Let s ⩾ 2 and k ⩾ 3 be integers and let X be a
family of s-edge-colourings of Kk. Then for any r ∈ N, ϕ ∈ ΦX ,0(r) and α,β ∈ ∆r

we have
|q(ϕ,α)− q(ϕ,β)| < 2 log(s)∥α− β∥1.

Next, we have that almost optimal solutions have the property that the vertex
weighting can be perturbed slightly to produce an optimal solution. This is another
compactness argument and generalises [76, Claim 15].

Lemma 4.34. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded family of
s-edge-colourings of Kk. For all δ > 0 there exists ε > 0 such that the following holds.
Let (r, ϕ,α) ∈ feas1(X ) be such that q(ϕ,α) ⩾ Q(X )− ε. Then there exists α∗ ∈ ∆r

such that ∥α−α∗∥1 < δ and (r, ϕ,α∗) ∈ opt1(X ).

Our next tool is a version of [74, Lemma 2.10] which states that when a bounded
family has the extension property, any vertex attached to a basic optimal solution with
almost optimal contribution must be a clone of an existing vertex. (Recall that the
extension property (Definition 4.4) guarantees this to be true when the contribution
is optimal rather than almost optimal.)

Lemma 4.35. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a bounded family of
s-edge-colourings of Kk that has the (strong) extension property. Then there exists
η > 0 such that the following holds. Let (r∗, ϕ∗,α∗) ∈ opt∗(X ) and ϕ ∈ ΦX ,0(r

∗ + 1)

be such that ϕ|([r∗]2 )
= ϕ∗ and ext(ϕ,α∗) > Q(X )− η. Then r∗ + 1 is a (strong) clone

of some i ∈ [r∗] under ϕ.
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The final result is a new lemma which allows us to find a common optimal vertex
weighting given several optimal solutions with similar vertex weightings. It will be
used in the proof of Theorem 4.11.

Lemma 4.36. Let s ⩾ 2 and k ⩾ 3 be integers and let X be a family of s-edge-
colourings of Kk. Let r ⩾ 2 be an integer and suppose that Φ ⊆ ΦX ,0(r), and that for
each ϕ ∈ Φ, we have αϕ ∈ ∆r such that (r, ϕ,αϕ) ∈ opt(X ). Then for any ε > 0 there
is δ > 0 such that the following holds. If for all ϕ, ψ ∈ Φ we have ∥αϕ − αψ∥1 < δ,
then there is α∗ ∈ ∆r such that for all ϕ ∈ Φ we have (r, ϕ,α∗) ∈ opt(X ) and
∥αϕ −α∗∥1 < ε.

Proof. Suppose that the lemma does not hold for some ε > 0. Then for each integer
m ⩾ 1, there is Φm ⊆ ΦX ,0(r) and a family (r, ϕ,α

(m)
ϕ )ϕ∈Φm with ∥αϕ −αψ∥1 < 1

m
for

all ϕ, ψ ∈ Φm and such that, if there is α∗ ∈ ∆r so that (r, ϕ,α∗) ∈ opt∗(X ) for all
ϕ ∈ Φm, then ∥α(m)

ϕ −α∗∥1 > ε for some ϕ ∈ Φm.

We can restrict to a subsequence where some ϕ either never appears or appears
infinitely often. Since ΦX ,0(r) is finite, we may iteratively do this for all ϕ to obtain
a subsequence (mℓ)ℓ∈N such that for all ℓ ⩾ 1 the set Φmℓ

is equal to some fixed set
Φ. Owing to the compactness of ∆r, by restricting the sequence (mℓ)ℓ∈N further, we
may assume that for all ϕ ∈ Φ, (α(mℓ)

ϕ )ℓ converges. Since for any ϕ, ϕ′ ∈ Φ we have
∥α(mℓ)

ϕ −α
(mℓ)
ϕ′ ∥1 → 0 as ℓ→ ∞, we get the same limit α∗ of the sequences (α

(mℓ)
ϕ )ℓ

for ϕ ∈ Φ. Because (r∗, ϕ,α
(mℓ)
ϕ ) is optimal for all ϕ ∈ Φ and ℓ ⩾ 1, the continuity of

q implies that (r∗, ϕ,α∗) ∈ opt(X ) for all ϕ ∈ Φ. This yields a contradiction, since
we can choose L so that ∥αϕ −α∗∥1 < ε for all ϕ ∈ Φ = ΦmL

.

4.6.2 Proof of Theorem 4.9

The proof of Theorem 4.9 is largely the same as that of [74, Lemma 3.1] to which the
reader is referred for details. The idea is to repeatedly ‘symmetrise’ an almost optimal
solution, and then show that actually not much changed during this process.

Sketch proof of Theorem 4.9. Let X be a bounded family of s-edge-colourings of Kk

which has the extension property. Write Q := Q(X ). Let ν > 0 be given. Let µ
be the constant obtained from Lemma 4.32, let 0 < γ ≪ δ ≪ µ and obtain ε1/4 by
applying Lemma 4.34 with γ2. Without loss of generality, we have 0 < ε≪ γ ≪ δ ≪
µ ≪ ν, 1. Suppose that (r, ϕ,α) ∈ feas(X ) has q(ϕ,α) > Q − ε. By splitting up
parts we can assume that every part αi has equal size 1/r ≪ ε. The first main step
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in the proof is the forwards symmetrisation procedure which is the same as in [74].
The only property required of solutions (r, ϕ,α) is a version (S′) of (S) stating that
symmetrising produces a feasible solution and q does not decrease (we already used
this to prove Fact 4.1).

(S′) In a feasible solution (r, ϕ,α), for any hj ∈
(
[r]
2

)
with ϕhj ⩽ 1, such that, after

possibly swapping the labels h, j, then defining α′ ∈ ∆r with α′
h := αh + αj and

α′
j := 0 and α′

ℓ := αℓ for all ℓ ∈ [r] \ {h, j} (the operation of symmetrisation),
we have that (r, ϕ,α′) is a feasible solution and q(ϕ,α′) ⩾ q(ϕ,α).

This procedure yields Claim 4.6.2.1, which we will state after introducing notation. Let
V0 = {{1}, . . . , {r}} and ϕ0 = ϕ. Given r′ ⩽ r and colour templates ψ′ ∈ ΦX ,0(r

′), ψ ∈
ΦX ,0(r) and a partition V = {V1, . . . , Vr′} of [r] into r′ parts, we say that ψ =V ψ′

if ψ(i′j′) = ψ′(ij) for all i′ ∈ Vi, j′ ∈ Vj and ij ∈
(
[r′]
2

)
, and ψ(i′i′′) = ∅ whenever

i′, i′′ ∈ Vi for all i ∈ [r′].

Claim 4.6.2.1 (See Claim 3.1.1 in [74]). There is f ∈ N and 2 ⩽ rf ⩽ . . . ⩽ r0 = r

such that, after relabelling [r], for all i = 0, . . . , f , there is a partition Vi of [r] with
|Vi| = ri and a colour template ϕi ∈ ΦX ,0(r) such that the following hold.

• There is a single xi ∈ [r] such that Vi consists of the same elements as Vi−1,
except that xi has been moved from one part to another and any empty parts are
deleted;

• ϕi =Vi
ψi where ψi := ϕ|([ri]2 )

and ψf ∈ ΦX ,2(rf );

• q(ϕi,α)− q(ϕi−1,α) ⩾ 0.

The claim is obtained by repeatedly applying (S′). We start with ϕ0, ψ0 = ϕ0 and
α0 = α and V0. While ψi ̸∈ ΦX ,2(ri), let hj ∈

(
[ri]
2

)
be such that |ψi(hj)| ⩽ 1 as in (S′)

and take xi+1 in the j-th class of Vi. If xi+1 is a singleton, set ri+1 := ri− 1, otherwise
ri+1 := ri. Let αi+1 be obtained by moving αxi+1

from αi,j to αi,h as in (S′). Take
ϕi+1 to be ϕi with the edges incident to xi+1 replaced with the edges incident to any
vertex in the h-th class of Vi (which are all clones of each other). It can be shown
that q(ϕi+1,α) = q(ψi+1,αi+1), which together with (S′) yields q(ϕi+1,α) ⩾ q(ϕi,α).

We next describe backwards symmetrisation, which goes backwards through the steps
of forwards symmetrisation, removing parts with small contribution and assigning
parts with large contribution into new groups depending on where they ended up
in the forwards process. For (r, ϕ,α) ∈ ΦX ,0(r) and P ⊆ [r], write qx(P, ϕ) :=

118



1
r

∑
y∈P\{x} log ϕxy (recalling each αy = 1

r
). Let Vi := {Vi,j : j ∈ [ri]}. We do the

following (backwards symmetrisation). Let us define Uf := {U0
f , . . . , U

rf
f } by setting

U j
f := Vf,j for all j ∈ [rf ] and U0

f := ∅, and let Uf := [r]. For each i = f − 1, . . . , 0

define Ui and Ui = {U0
i , . . . , U

rf
i } inductively as follows. Initialise with Ui = [r] and

U0
i = ∅.

1. Add vertices with small contribution to the exceptional set :

(a) If r
|Ui|qxi(Ui, ϕi) < Q−√

ε, move xi from Ui into U0
i .

(b) Repeat the following until no longer possible, updating Ui each time: If
there is y ∈ Ui such that r

|Ui|qy(Ui, ϕi) < Q −√
ε, move y into U0

i . (Note
that y could be xi if its contribution becomes too small after moving other
vertices into U0

i ).

2. Group xi and newly non-exceptional vertices via comparison to ψf : For each
j ∈ [rf ], let U j

i be the restriction of U j
i+1 to Ui \ {xi}. For each z in

Bi := (U0
i+1 ∪ {xi}) ∩ Ui,

add z to the part U j
i such that z looks most like a ϕf -clone of j under ϕi|Ui

.
That is, choose the j such that

|{y ∈ U j
i : |ϕi(zy)| ⩾ 2}|+

∑
j′∈[rf ]\{j}

|{y ∈ U j′

i : ϕi(zy) ̸= ϕf (j
′j)}| (4.6.1)

is minimal.

We note that after moving vertices we still have Ui = [r] \ U0
i . The next claim is also

unchanged. Its proof follows from the fact that any vertex moved into U0
i in (1) has

much smaller than average contribution since the average contribution of a vertex
is at least Q − ε. (It is closely related to the familiar procedure in graph theory of
repeatedly removing a vertex of small degree, which cannot remove too many vertices
in a graph with many edges.)

Claim 4.6.2.2 (See Claim 3.1.2, [74]). For all i = f, . . . , 0, we have |U0
i | ⩽ 2

√
εr.

It suffices to show that the parts U1
0 , . . . , U

rf
0 are essentially the ones required by the

theorem (so in particular, almost all parts are subparts of one of these). For this, we
argue inductively for i = f, . . . , 0. Let Gi be the complete graph with vertex set Ui.
For each x ∈ Ui, let jx ∈ [rf ] be such that x ∈ U jx

i . Then we colour each xy ∈ E(Gi)

as follows:
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• xy is red if jx ̸= jy and ϕi(xy) ⊊ ψf (jxjy), so there are missing colours,

• xy is blue if either jx ≠ jy and ϕi(xy)\ψf (jxjy) ̸= ∅, or jx = jy and |ϕi(xy)| > 1,
so there are extra colours,

• xy is green otherwise.

The next claim is the heart of the proof.

Claim 4.6.2.3 (See Claim 3.1.3, [74]). Gi has no blue edges.

Sketch proof of claim. As promised, the proof is by backwards induction on i. After
sketching the first part of the proof, which is almost identical to [74], we give more
details at the end in showing that any blue edge leads to a contradiction, where the
argument diverges slightly.

First, the claim is true for i = f as every edge of Gf is green. Fix i < f and
let ni := |Ui| = r − |U0

i | ⩾ (1 − 2
√
ε)r. Since Gi+1 and Gi only differ at Bi,

the induction hypothesis implies that every blue edge of Gi is incident with Bi.
Let βi := (|U1

i |/ni, . . . , |U
rf
i |/ni) ∈ ∆rf . By construction, every x ∈ Ui satisfies

r
|Ui|qx(Ui, ϕi) ⩾ Q−√

ε; that is, every non-exceptional vertex has large contribution.
Since red edges at a vertex reduce its contribution, summing these contributions
implies that

ered(Gi) ⩽ ε1/3n2
i and q(ψf ,βi) ⩾ Q− ε1/3,

so βi is close to an optimal vertex weighting. By our choice of ε there is a vertex
weighting α′

i with ∥α′
i−βi∥1 ⩽ γ2 such that (rf , ψf ,α′

i) is in fact optimal. Relabelling
parts and removing zero parts, we have a basic optimal solution (r̃i, ψf , α̃i) ∈ opt∗(X ),
which is a slight abuse of notation since we really mean the restriction of ψf to
[r̃i] ⊆ [rf ].

Next, we show that, in ϕi, every z ∈ Bi is δ
2
-close to being a ψf -clone of some j ∈ [r̃i],

meaning that one can change at most δ
2

proportion of pairs at z so that its attachment
is the same as the attachment of j in ψf . Here is where we need the extension property
(Definition 4.4), which states that any vertex added to a basic optimal solution with
maximal contribution Q is in fact a clone of one of the existing vertices. A version of
this remains true for vertices which have almost maximal contribution (Lemma 4.35),
and for a small perturbation of a basic optimal solution, as ϕi is of ψf (see [74, Lemmas
2.10–2.12] which are for monochromatic patterns but generalise straightforwardly).
This version can be used to show that indeed any z ∈ Bi is δ

2
-close to being a clone
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of some vertex as claimed above. Owing to the way we allocated z to a part in
the backwards symmetrisation, this yields that z is added to a part U jz

i such that
z is δ

2
-close to a ψf -clone of jz under ϕi. Since the closeness measure (4.6.1) counts

non-green edges, a short calculation reveals that almost every edge in Gi incident to z
is green:

dgreen(z) ⩾ (1− δ)ni for all z ∈ Bi.

The next step is to show that every x ∈ Ui \Bi has small red degree in Gi (and hence
again almost every incident edge is green). Indeed, x can only have blue edges incident
with the small set Bi, and thus too many red edges mean the contribution of x in ϕi is
too small. We have dred(x) ⩽ γni and hence dgreen(x) ⩾ (1− 2γ)ni for all x ∈ Ui \Bi.
Altogether, we have shown that

dgreen(x) ⩾ (1− δ)ni for all x ∈ Ui.

A short calculation shows that this implies that for every y ∈ Ui we have qjy(ψf ,α′
i) ⩾

Q −
√
δ. The extension property now implies that βi has the same support as α′

i

(which is the support of α̃i by definition); i.e. [r̃i]. In particular, Ui =
⋃
j∈[r̃i] U

j
i . To

see this implication, since every vertex in U j
i with r̃i < j ⩽ rf has large contribution

and the parts outside of [r̃i] are small, j must have large contribution to ψf induced on
[r̃i]. So, by Lemma 4.35, j is a clone under ψf of some vertex j∗ in [r̃i]. In particular,
|ψf (jj∗)| ⩽ 1 which contradicts ψf ∈ ΦX ,2(rf ).

Since ∥βi −α′
i∥1 < γ2, and since our choice of µ implies that α̃i ⩾ µ for all i ∈ [r̃i], it

follows that |U j
i | = βi,j|Ui| ⩾ µni/2 for all j ∈ [r̃i]. Until here the proof is essentially

the same as in [74].

We now complete the claim by comparing ϕi and the partition
⋃
j∈[r̃i] U

j
i of Ui to

(r̃i, ψf , α̃i) ∈ opt∗(X ). Suppose for a contradiction that there is a blue edge y1y2
between parts U j1

i , U
j2
i where j1, j2 ∈ [r̃i] are distinct. Then there is some c ∈

ϕi(y1y2) \ ψf(j1j2). Since adding c to ψf(j1j2) to form ψ′
f increases q, there is a

forbidden pattern in ψ′
f (this is Fact 4.2), say on the vertices j1, j2, j3, . . . , jk. Then

as dgreen(x) ⩾ (1− δ)ni for all x ∈ Ui and |U j
i | ⩾ µni/2 ⩾ kδni for all j ∈ [r̃i], there

are y3, . . . , yk with yℓ ∈ U jℓ
i such that all the edges yℓyℓ′ for ℓ, ℓ′ ∈ [k] are green except

for y1y2. Thus, in ϕi, we can find the same forbidden pattern on y1, . . . , yk as found
in ψ′

f above, which contradicts ϕi ∈ ΦX ,0(r).

Suppose for a contradiction that there is a blue edge y1y2 inside a part U j
i for j ∈ [r̃i].

Then |ϕi(y1y2)| ⩾ 2 and the argument is very similar: To obtain (r̃i + 1, ψ′
f , α̃

′
i) from
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(r̃i, ψf , α̃i), add a clone j′ of j in ψf and the colours in ϕi(y1y2) between j and j′ and
evenly split the previous weight of j between j and j′, i.e. let α̃′

i,j = α̃′
i,j′ = α̃i,j/2. We

then have q(r̃i + 1, ψ′
f , α̃

′
i)− q(r̃i, ψf , α̃i) ⩾ (α̃i,j)

2 log(2)/4 > 0, hence ψ′
f contains a

forbidden pattern, say on vertices j, j′, j3, . . . , jk. Then as above we find y3, . . . , yk

with yℓ ∈ U jℓ
i with all the edges yℓyℓ′ for ℓ, ℓ′ ∈ [k] green except for y1y2. In ϕi we

can then find the same forbidden configuration on y1, . . . , yk as found in ψ′
f , which is

again a contradiction. This completes the proof of the claim.

We showed in the claim that for each i = 0, . . . , f there is a partition
⋃
j∈[r̃i] U

j
i of [r]

where r̃i ⩽ rf such that
∑

j∈[r̃i] ||U
j
i | − α̃i,jni| ⩽ γ2ni for some (r̃i, ψf , α̃i) ∈ opt∗(X ).

We now claim that setting (r∗, ϕ∗,α∗) := (r̃0, ψf , α̃0), and defining the sets Yj := U j
0

for all j ∈ [r∗] and Y0 := [r] \ ⋃j∈[r∗] Yj yields a partition satisfying (SO1)–(SO3).
For part (SO1), setting βj :=

∑
j′∈Yj αj′ , we have that rβj = |U j

0 | = β0,jn0 (recall
that without loss of generality, we assumed αi = 1/r for all i) so the inequality∑

j∈[r̃i] ||U
j
i | − α̃i,jni| ⩽ γ2ni for i = 0 implies

∑
j∈[r∗] |rβj/n0 −α∗

j | ⩽ γ2. Substituting
(1− 2

√
ε)r ⩽ n0 ⩽ r and γ, ε≪ ν yields (SO1). For (SO2), by Claim 4.6.2.3 for i = 0,

the auxiliary graph G0 has no blue edges, that is, if i′ ∈ U i
0 = Yi and j′ ∈ U j

0 = Yj for
ij ∈

(
[rf ]
2

)
⊇
(
[r∗]
2

)
, then ϕ(i′j′) \ ϕ∗(ij) = ∅ (recall that ϕ0 = ϕ and ϕ∗ = ψf ).

Property (SO3) requires a bit of extra work. We know from Claim 4.6.2.3 that pairs
within parts see at most one colour in ϕi but not that they all see the same colour.
The following paragraph is true for all intermediate partitions Ui, in particular for
i = 0, which will yield the final property (SO3).

We start by showing that in each part U j
i with j ∈ [r̃i] we see at most one colour.

Suppose that there are j ∈ [r̃i], vertices y1, y2, z1, z2 ∈ U j
i and distinct colours c, c′

such that c ∈ ϕi(y1y2), c
′ ∈ ϕi(z1z2). Splitting part j into parts j1, j2 in α̃i, each

of size α̃i,j/2, and adding colours c, c′ to the edge between j1, j2 increases q(ψf , α̃i)

above Q. Therefore this colour template must contain a forbidden pattern involving
j1 and j2. Assume that it uses colour c between j1, j2 and let j3, . . . , jk be the other
vertices of the pattern. Since dgreen(x) ⩾ (1− δ)n for all x ∈ Ui, we then find y3, . . . , yk
with yℓ ∈ U ℓ

i such that the same forbidden pattern appears on y1, . . . , yk in ϕi, a
contradiction. Thus for each j ∈ [r̃i] there is a unique colour cj such that all edges
inside U j

i see no other colour than cj.

Finally, for the second part of (SO3), suppose that ϕ∗ is stable inside, in which case
we must show that there are no colours inside any part. Indeed, suppose there are
x, y ∈ U j

i with c ∈ ϕi(xy) for some colour c. Since the pattern is stable inside, splitting
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j into j1 and j2 as above and letting ϕi(j1j2) = {c} creates a forbidden pattern on
parts j1, j2, . . . , jk. Analogously to previous arguments we can show that this results
in a forbidden pattern in ϕi, a contradiction.

4.6.3 Proof of Theorem 4.10

The idea of this proof is to apply the multicolour regularity lemma, and the coloured
regularity partition thus obtained can be approximated by an almost optimal solution.
We can then apply Theorem 4.9 to this solution.

We use standard terminology and tools related to Szemerédi regularity. Given a graph
G, disjoint A,B ⊆ V (G) and 0 ⩽ δ ⩽ d ⩽ 1, we say that G[A,B] is δ-regular if
|dG(X, Y ) − dG(A,B)| ⩽ δ for all X ⊆ A, Y ⊆ B with |X|/|A|, |Y |/|B| ⩾ δ. Recall
the definition from the beginning of Section 4.3.3 that G[A,B] is (δ, d)-regular if it is
δ-regular and dG(A,B) = d± δ. We further say that G[A,B] is (δ,⩾d)-regular if it is
δ-regular and dG(A,B) ⩾ d− δ. Subscripts are omitted where they are clear from the
context.

We use the multicolour regularity lemma, and the Embedding lemma, which says
that if 0 < ε≪ d, 1/k and G is a sufficiently large k-partite graph with vertex classes
V1, . . . , Vk such that each G[Vi, Vj ] is (ε,⩾ d)-regular, then Kk ⊆ G. See [61, Theorems
1.18 and 2.1] for full statements and relevant definitions.

Proof of Theorem 4.10. Let X be a bounded family of s-edge-colourings of Kk which
has the extension property and let δ > 0 be given. Let µ be the constant guaranteed
by Lemma 4.32. We may assume without loss of generality that 0 < δ ≪ µ≪ 1. Let
0 < 1/n0 ≪ γ1 ≪ γ2 ≪ ε ≪ ν ≪ γ ≪ δ ≪ µ ≪ 1/s, 1/k, and suppose that G is a
graph on n ⩾ n0 vertices satisfying the theorem hypothesis. As in [74], the multicolour
regularity lemma yields a map RL from the set of all X -free s-colourings χ : E(G) → [s]

to the set of pairs (U , ϕ) consisting of an equipartition U = U1 ∪ . . . ∪ Ur of V (G) and
ϕ :
(
[r]
2

)
→ 2[s] given by ϕ(ij) = {c : χ−1(c)[Ui, Uj] is a (γ1,⩾ γ2)-regular pair} such

that

(R1) at most sγ1
(
r
2

)
pairs of sets in U are γ1-irregular with respect to at least one

colour,

(R2) between pairs Ui, Uj which are γ1-regular with respect to all colours, at most
sγ2|Ui||Uj| edges have colours not in ϕ(ij)
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and r does not depend on n. Thus we may suppose that 1/n≪ 1/r ≪ γ1. Again as in
[74, Definition 4.9, Proposition 4.10] we call (U , ϕ) popular if its pre-image under RL
satisfies |RL−1(U , ϕ)| ⩾ e−3εn2

F (G;X ), and define Col(G) to be the set of colourings
χ mapping to a popular pair. By an adaptation of [74, Proposition 4.10] we have that

|Col(G)| ⩾ (1− e−2εn2

)F (G;X ). (4.6.2)

In particular, the set of popular pairs is non-empty.

We now repeat [74, Claim 4.1] to show that if RL(χ) = (U , ϕ) is popular, then setting
α := (|U1|/n, . . . , |Ur|/n) yields a near-optimal feasible solution (r, ϕ,α) ∈ feasX (s).

Claim 4.6.3.1. Suppose that RL(χ) = (U , ϕ) is popular. Then (r, ϕ,α) ∈ feasX (s).
Moreover, q(ϕ,α) ⩾ Q(X ) − 8ε and there are at most sγ2n2 edges xy ∈ E(G),
x ∈ Ui, y ∈ Uj such that i = j or χ(xy) ̸∈ ϕ(ij).

Proof of claim. Feasibility is immediate: U is a partition of V (G), so
∑

i αi = 1. Also,
if ϕ contained an element of X then by the Embedding lemma, G coloured according
to χ would contain the same element of X , a contradiction.

The number of ‘atypical’ edges, i.e. edges in pairs specified by (R1) and (R2), is at
most sγ1

(
r
2

)
×
(
n
r

)2
+
(
r
2

)
× sγ2

(
n
r

)2
⩽ 2sγ2n

2/3. Together with edges internal to the
Ui, this adds up to at most 2sγ2n

2/3 + r ×
(
n/r
2

)
⩽ sγ2n

2. All other edges xy ∈ E(G)

are between sets with χ(xy) ∈ ϕ(ij), proving the last part of the claim.

Every colouring χ in RL−1(U , ϕ) satisfies (R1) and (R2) above, so

|RL−1(U , ϕ)| ⩽ sr×(
n
r )

2︸ ︷︷ ︸
edges in each Ui

×
( (

r
2

)
⩽ sγ1

(
r
2

))ssγ1(r2)×(n
r )

2

︸ ︷︷ ︸
edges in irregular pairs

×
( (

n
r

)2
⩽ sγ2

(
n
r

)2)ssγ2((r2)×n
r )

2

︸ ︷︷ ︸
low-density regular pairs

×
∏

ij: ϕij⩾1

ϕ
e(G[Ui,Uj ])
ij .

Now, using standard properties of binomial coefficients, the first three terms multiply
to at most eεn2/2, whereas the last term is at most en

2
∑

ij αiαj log ϕij = eq(ϕ,α)n
2

2 . Putting
the last observations together, we get |RL−1(U , ϕ)| ⩽ e(q(ϕ,α)+ε)(n2). Since (U , ϕ) is
popular, we therefore have

F (G;X ) ⩽ e3εn
2|RL−1(U , ϕ)| ⩽ e3εn

2 × e(q(ϕ,α)+ε)(n2) ⩽ eQ(X )(n2)+8ε(n2), (4.6.3)
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giving a matching upper bound to (4.2.2) and hence a proof of Theorem 4.8 (note that
we have not used the extension property, which is an assumption of Theorem 4.10
but not Theorem 4.8). Together with our assumption on F (G;X ) we have q(ϕ,α) ⩾

Q(X )− 8ε, as required.

Let us fix a popular (U , ϕ) and its corresponding α. By Theorem 4.9 there exists
a partition [r] = Y0 ∪ . . . ∪ Yr∗ and a triple (r∗, ϕ∗,α∗) ∈ opt∗(X ) which have the
following properties:

(i) α∗
i > µ for all i ∈ [r∗] (from Lemma 4.32).

(ii) Setting βi :=
∑

j∈Yi αj for all i ∈ [0, r∗] and β := (β1, . . . , βr∗), we have ∥β −
α∗∥1 ⩽ ν.

(iii) For all ij ∈
(
[r∗]
2

)
, i′ ∈ Yi, j

′ ∈ Yj we have ϕ(i′j′) ⊆ ϕ∗(ij).

(iv) For all i ∈ [r∗] there is a colour ci ∈ [s] such that ϕ(i′j′) ⊆ {ci} for every
i′j′ ∈

(
Yi
2

)
. If X is stable inside, then for all i ∈ [r∗] and every i′j′ ∈

(
Yi
2

)
, we

have ϕ(i′j′) = ∅.

We now merge each group Yi of clusters of U to form a partition W = {W0, . . . ,Wr∗}
of V (G) with Wi =

⋃
j∈Yi Uj. We have |Wi| = βin. We now want to show that most

colourings χ in RL−1(U , ϕ) are regular with respect to (W , ϕ∗).

Note that |W0| = β0n =
∑

i∈[r∗](α
∗
i − β∗

i )n ⩽ ∥α∗ − β∥1n ⩽ νn. Similarly, the other
sets have sizes |Wi| = βin ⩾ (α∗

i − ν)n ⩾ µn/2. We also have that the number of
edges in cluster Wi not coloured in ci is small. More precisely, from the proof of
Claim 4.6.3.1 at most sγ2n2 edges xy ∈ E(G) are within the clusters of U or between
them with χ(xy) ̸∈ ϕ(ij). Together with property (iv) above, this gives∑

i∈[r∗]

(e(Wi)− |χ−1(ci)[Wi]|) ⩽ sγ2n
2, (4.6.4)

or, if the pattern is stable inside,
∑

i∈[r∗] e(Wi) ⩽ sγ2n
2.

The following claim is based on a standard calculation that shows that the probability
that a random bipartite graph is not γ-regular is exponentially small in n2.

Claim 4.6.3.2. At least (1−e−Ω(γ3n2))|RL−1(U , ϕ)| colourings χ in RL−1(U , ϕ) satisfy:

(†) for all ij ∈
(
[r∗]
2

)
and c ∈ ϕ∗(ij) the bipartite graph χ−1(c)[Wi,Wj ] is (γ,⩾ϕ∗

ij
−1)-

regular.
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Proof of claim. If χ ∈ RL−1(U , ϕ) does not satisfy (†), there exist i∗j∗ ∈
(
[r∗]
2

)
and c∗ ∈

ϕ∗(i∗j∗) such that χ−1(c∗)[Wi∗ ,Wj∗ ] is not (γ,⩾ϕ∗
ij
−1)-regular. By [74, Proposition

4.4] this implies the existence of X ⊆ Wi∗ and Y ⊆ Wj∗ of size γ|Wi∗| and γ|Wj∗|
respectively such that d(χ−1(c∗)[X, Y ]) < (1− γ/2)ϕ∗

i∗j∗
−1.

Therefore, the number of such colourings is at most

sνn
2︸︷︷︸

edges incident
to W0

× ssγ2n
2︸ ︷︷ ︸

edges in Wi
χ(e)̸=ci

×
(
r∗

2

)
s

( |Wi∗ |
γ|Wi∗|

)( |Wj∗|
γ|Wj∗|

)
︸ ︷︷ ︸

choice for i∗j∗,c∗,X,Y

× C ×D ×
∏

ij ̸=i∗j∗
ϕ∗
ij
|Wi||Wj |

where

C =
∑

ℓ⩽(ϕ∗
i∗j∗

−1−γ/2s)|X||Y |

(|X||Y |
ℓ

)
(ϕ∗

i∗j∗ − 1)|X||Y |−ℓ

⩽ e−γ
2ϕ∗

i∗j∗ |X||Y |/12s2ϕ∗
i∗j∗

|X||Y | (using [74, Corollary 4.8])

⩽ e−γ
2µ2n2/48sϕ∗

i∗j∗
|X||Y |

serves as an upper bound for the number of colour choices for G[X, Y ] from above
while D = ϕ∗

i∗j∗
|Wi∗ ||Wj∗ |−|X||Y | bounds the number of colour choices for the rest of

G[Wi∗ ,Wj∗ ] from above. Similarly to the previous claim, the product of the terms
except e−γ2µ2n2/48s

∏
ϕ∗
ij
|Wi||Wj | is at most eO(νn2) and we have∏

ϕ∗
ij
|Wi||Wj | = eq(ϕ

∗,β)(n2) ⩽ e(q(ϕ
∗,α∗)+2ν log(s))(n2) (using Lemma 4.33)

(4.2.1)

⩽ F (n;X ) · e2ν log(s)(n2)+O(n)

⩽ |RL−1(U , ϕ)| × e7ε(
n
2) × e3ν log(s)(

n
2) (since (U , ϕ) is popular).

Thus the number of colourings not satisfying (†) is at most

eO(νn2)−γ2µ2n2/48s|RL−1(U , ϕ)| ⩽ e−Ω(γ3n2)|RL−1(U , ϕ)|,

as required.

We are now almost done. It remains to adjust W so that |Wi| = α∗
in (recall that we

suppress rounding) and W0 is empty. For each i ⩾ 1, let Vi be obtained by taking any
min{α∗

in, |Wi|} vertices from Wi, and then distributing the remaining vertices of G
arbitrarily so that |Vi| = α∗

in. This gives property (SG1) from the theorem statement.
Recall that |Wi| = βin with ∥β−α∗∥1 ⩽ ν, so

∑
i |Vi△Wi| = ∥β−α∗∥1n ⩽ νn. Since

the parts of α∗ have size at least µ and ν ≪ γ ≪ µ, each colouring χ ∈ RL−1(U , ϕ)
satisfying (†) with respect to W now satisfies it with respect to V with a larger
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regularity parameter 2γ (see [74, Proposition 4.5]), that is, each χ−1(c)[Vi, Vj] is
(2γ,⩾ϕ∗

ij
−1)-regular. This gives property (SG2) from the theorem statement. Finally,

recall that by (4.6.4) at most sγ2n2 edges of G are within the clusters of W and not
in colour ci, so at most sγ2n2 + νn2 ⩽ δn2 are within the clusters of V and not in
colour ci, giving property (SG3). For patterns that are stable inside, there are simply
at most sγ2n2 edges within clusters of W , and hence at most δn2 within the clusters
of V , giving the second part of property (SG3).

For each popular (U , ϕ), the above holds for at least (1 − e−Ω(γ3n2))|RL−1(U , ϕ)|
colourings in RL−1(U , ϕ). Thus, using (4.6.2), we get a total of∑

U ,ϕ

(1− e−Ω(γ3n2))|RL−1(U , ϕ)| = (1− e−Ω(γ3n2))|Col(G)|

⩾ (1− e−Ω(γ3n2))(1− e−2εn2

)F (G;X )

⩾ (1− e−εn
2

)F (G;X )

colourings for which properties (SG1)–(SG3) hold.

4.6.4 Proof of Theorem 4.11

Proof of Theorem 4.11. We are given constants k, s, δ and may choose additional
constants η, ξ, ε, δ1, δ2, n0 so that, without loss of generality, we have 0 < 1/n0 ≪ η ≪
ξ ≪ ε≪ δ1 ≪ δ2 ≪ δ ≪ µ, 1/k, 1/s, 1/R, where for every (r∗, ϕ∗,α∗) ∈ opt∗(X ), we
have r∗ ⩽ R (by boundedness), and α∗

i ⩾ µ for all i ∈ [r∗] (by Lemma 4.32), and also
Q(X )− o(1) ⩽ (logF (n;X ))/

(
n
2

)
< Q(X ) + ε for all n ⩾ n0 (by Theorem 4.8).

Claim 4.6.4.1 (See Lemma 2.14, [75]). If there is an X -extremal graph which is not
complete partite, then there is an X -extremal graph which is complete partite with a
part of size one.

Sketch proof of claim. The proof of [75, Lemma 2.14] goes through verbatim, by
property (S) at the beginning of this section. The proof proceeds by symmetrising,
that is, successively replacing a vertex u of an X -extremal graph G by a twin of
another vertex v which is not adjacent to u. The graph Guv obtained in this way is
such that both Guv and Gvu are extremal. Indeed, if C(J) is the set of valid colourings
of a graph J , we have F (G;X ) =

∑
χ∈C(G−u−v) χuχv where e.g. χu is the number of

extensions of χ to G− v, since u and v are not adjacent and every forbidden colouring
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in X is on a clique. Thus F (Guv;X ) =
∑

χ∈C(G−u−v) χ
2
v and so

0 ⩽
∑

χ∈C(G−u−v)

(χu − χv)
2 = F (Guv;X )− 2F (G;X ) + F (Gvu;X ) ⩽ 0.

The choice of which pair u, v to symmetrise at each step can be made so that the final
graph has a part of size one.

Let G be an X -extremal graph on n ⩾ n0 vertices. By Claim 4.6.4.1 either G′ := G is
complete partite or there is a complete partite extremal graph G′ with a part of size
one with the same number of vertices. Let W = W1∪. . .∪Wr be the partition of V (G′).
Apply Theorem 4.10 with regularity parameter δ1 to G′. Let χ : E(G′) → [s] be one
of the (1− e−εn

2
)F (G′;X ) ‘typical’ X -free colourings of G′ described in Theorem 4.10.

Then there exist (r∗, ϕ∗,α∗) ∈ opt∗(X ) and a partition V = V1 ∪ . . . ∪ Vr∗ of V (G′)

satisfying properties (SG1)–(SG3).

Since X is hermetic and hence stable inside, (SG3) implies that one can change
at most δ1r∗2n2 adjacencies to obtain the complete r∗-partite graph K[V1, . . . , Vr∗ ].
Thus our partition W1, . . . ,Wr must be close to V1, . . . , Vr∗ : after relabelling we have
|Wi △ Vi| ⩽ 2r∗

√
sδ1n and so |Wi| = (α∗

i ± δ2)n > µn/2 for all i ∈ [r∗] (in particular,
r ⩾ r∗) and the union of the r − r∗ other parts Wj has size at most r∗

√
sδ1n ⩽ δ2n.

We now proceed to show that G′ is complete r∗-partite, which will also imply that
G = G′ and together with the previous observations give (SE1). Suppose for a
contradiction that r > r∗, i.e. that G′ has at least one small part Wr∗+1. Let
x ∈ Wr∗+1 be an arbitrary vertex in the small part. We define an extension ϕ of ϕ∗ to
r∗+1 parts which records the majority colour in χ between x and each of W1, . . . ,Wr∗ .
More precisely, let ϕ :

(
[r∗+1]

2

)
→ 2[s] be such that ϕ(ij) := ϕ∗(ij) for all ij ∈

(
[r∗]
2

)
and

ϕ(i, r∗ + 1) := {c ∈ [s] : dχ−1(c)(x,Wi) ⩾ |Wi|/s}.

Claim 4.6.4.2. ϕ ∈ ΦX ,1(r
∗ + 1).

Proof of claim. We have that ϕ∗ ∈ ΦX ,2(r
∗) so every pair ij in

(
[r∗]
2

)
satisfies ϕij =

ϕ∗
ij ⩾ 2. There are |Wi| edges between x and Wi coloured in s colours, so by the

pigeonhole principle at least one colour will appear |Wi|/s times, thus |ϕ(i, r∗+1)| ⩾ 1.

We now need to show that ϕ is X -free. Suppose not. Then since ϕ∗ is X -free,
there is a copy of some X ∈ X containing the vertex r∗ + 1, say with vertex set
{r∗+1, i1, . . . , ik−1} and colouring σ. Suppose that a ∈ V (X) is the vertex mapped to
r∗ + 1. For each j ∈ [k− 1], consider the neighbourhood Nj of x in colour σ(r∗ + 1, ij)
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in Vij . Each Nj has size |Nj| ⩾ |Wij |/s − |Wij△Vij | ⩾ |Vij |/2s. Here we are using
(|Vij |± 1)/n = α∗

i ⩾ µ≫ δ1, 1/s, 1/r
∗ and the fact that |Wij△Vij | ⩽ δn. For each pair

of indices ih, ij with colour c := σ(ihij) in X we have that c ∈ ϕ∗(ihij), so the bipartite
graph χ−1(c)[Vih , Vij ] is (δ1, ϕ

∗
ihij

−1)-regular by property (SG2). Then χ−1(c)[Nh, Nj]

is (2sδ1, ϕ
∗
ihij

−1)-regular. The Embedding lemma then gives a copy of X − a in the
neighbourhood of x, which together with x gives a copy of X in G′. This contradicts
the fact that χ is X -free, thus proving the claim.

However, the family X is hermetic, so no such ϕ exists. Thus r = r∗ and since
|Wi| ⩾ µn/2 for all i ∈ [r∗], G′ has no part of size 1 and thus G = G′. Thus we have
shown that for each typical χ there is (r∗, ϕ∗,α∗) such that

1. (SE1) holds with a smaller error term δ2, i.e. G is a complete r∗-partite graph
whose i-th part Wi has size (α∗

i ± δ2)n for all i ∈ [r∗], and

2. (SE2.1) holds, i.e. (r∗, ϕ∗,α∗) ∈ opt∗(X ), and (SE2.2) holds with a smaller
error δ1, i.e. χ−1(c)[Wi,Wj ] is (δ1, ϕ∗

ij
−1)-regular for all ij ∈

(
[r∗]
2

)
and c ∈ ϕ∗(ij).

Note that thus far, (r∗, ϕ∗,α∗) may depend on χ. Observe that G being r∗-partite,
where r∗ came from an arbitrary χ, means that r∗ in fact is independent of the choice
of χ. We now argue that we may also choose α∗ independently of χ (which is at least
a priori possible as (1) means each of the α∗ are all very close). For this, note that for
a given ϕ∗, we may use the same choice of α∗

ϕ∗ for any χ that uses a triple involving
ϕ∗, maintaining the above properties. This gives rise to a family Φ ⊆ ΦX ,2(r

∗) such
that for each typical χ, there is (r∗, ϕ∗,α∗

ϕ∗) with ϕ∗ ∈ Φ for which (1) and (2) hold for
χ. Lemma 4.36 applies to show that there is α∗ such that for all ϕ∗ ∈ Φ, (r∗, ϕ∗,α∗) ∈
opt(X ) and ∥αϕ∗ −α∗∥1 < δ/2. In fact, we get (r∗, ϕ∗,α∗) ∈ opt∗(X ) since for each
i ∈ [r∗] we have α∗

ϕ∗,i > µ and |α∗
i −α∗

ϕ∗,i| < δ/2, so α∗
i > µ/2. Since for each typical χ

and i ∈ [r∗] we have ||Wi| − α∗
i | ⩽ ||Wi| − α∗

ϕ∗,i|+ |α∗
ϕ∗,i − α∗

i | ⩽ δ2 + δ/2 ⩽ δ, we have
found choices of r∗ and α∗ independent of χ such that the properties (SE1), (SE2.1)
and (SE2.2) hold. It remains to show that for most of the typical colourings χ, our
choice of (r∗, ϕ∗,α∗) satisfies (SE2.3), which is somewhat harder.

We say that a vertex x ∈ G has large contribution if

logF (G;X ) ⩾ logF (G− x;X ) + (Q(X )− ξ)n.

Claim 4.6.4.3 (See Lemma 2.15, [75]). Every vertex in G has large contribution.
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Sketch proof of claim. Again, this proof goes through verbatim. If x did not have large
contribution, then since it has many twins all necessarily with the same contribution,
we would have many vertices with small contribution. A calculation using the Cauchy-
Schwarz inequality shows that logF (G;X ) ⩽ logF (G − T ;X ) + (Q(X ) − ξ)|T |n,
where T is the set of twins of x and satisfies µn/2 ⩽ |T | ⩽ (1 − µ/2)n since every
α∗
i ⩾ µ. Apply Theorem 4.8 to G − T with parameter η (noting that |G − T | ⩾
µn0/2 ≫ 1/η) to obtain logF (G − T ;X ) ⩽ (Q(X ) + η)

(
n−|T |

2

)
. Together with

logF (G;X ) ⩾ Q(X )
(
n
2

)
−O(n), we obtain a contradiction since η ≪ ξ.

Applying the claim twice yields that for every x, y ∈ V (G) we have

logF (G;X ) ⩾ logF (G− x− y;X ) + (Q(X )− ξ)(n+ n− 1). (4.6.5)

We say that an X -free colouring χ of G is locally good if there is ϕ∗ such that
(r∗, ϕ∗,α∗) ∈ opt∗(X ) and

(LG1) for all ij ∈
(
[r∗]
2

)
and c ∈ ϕ∗(ij), we have that χ−1(c)[Wi,Wj ] is (δ1, ϕ∗

ij
−1)-regular;

(LG2) for all hij ∈
(
[r∗]
3

)
and vertices x ∈ Wi and y ∈ Wj, and colours c ∈ ϕ∗(ih) and

c′ ∈ ϕ∗(jh), we have |Nχ−1(c)(x,Wh) ∩Nχ−1(c′)(y,Wh)| ⩾ δ2|Wh|.

Claim 4.6.4.4 (See Lemma 2.11, [75]). Every locally good valid colouring χ of G is
perfect, meaning that χ(xy) ∈ ϕ∗(ij) for all x ∈ Wi and y ∈ Wj and ij ∈

(
[r∗]
2

)
.

Proof of claim. Let χ be such a colouring and suppose, for contradiction, that there
are x ∈ Wi and y ∈ Wj with χ(xy) = c ̸∈ ϕ∗(ij). By Fact 4.2, adding c to ϕ∗(ij)

creates K ∼= Kk coloured by σ : E(K) → [s] which is an element of X . Note that
i, j ∈ V (K), σ(ij) = c and σ(hf) ∈ ϕ∗(hf) for all other pairs hf ∈

(
[r∗]
2

)
\ {ij}. We

now show that xy lies in a copy of K in G coloured by χ.

For every h ∈ V (K)\{i, j} let W ′
h := Nχ−1(σ(ih))(x,Wh)∩Nχ−1(σ(jh))(y,Wh). By (LG2),

we have |W ′
h| ⩾ δ2|Wh|. By (LG1), for any h, h′ ∈ V (K) \ {i, j} we have that

χ−1(σ(hh′))[Wi,Wj ] is (δ1/δ2, ϕ
∗
hh′

−1)-regular. Thus by the Embedding lemma we can
find a copy of K − i− j coloured according to σ with each vertex h ∈ V (K) \ {i, j}
mapped to W ′

h. By definition of the sets W ′
h, any such copy, together with x and y,

forms a copy of K coloured according to σ.

Thus, to complete the proof of (SE2.2), it suffices to show that most colourings are
locally good.
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Claim 4.6.4.5 (See [75], Claims 2.12.2–2.12.4). At least (1 − e−εn)F (G;X ) valid
colourings χ of G are locally good.

Sketch proof of claim. We note that the locally good condition in [75] is stronger
than the one here. Recall that for (1 − e−εn

2
)F (G;X ) valid colourings there is ϕ∗

(which depends on the colouring) for which (LG1) holds, so it suffices to show that
(1− e−δ1n)F (G;X ) valid colourings satisfy (LG2) for that same ϕ∗. So suppose this
does not hold. Then, by averaging, there are two vertices x, y such that at least(
n
2

)−1
e−δ1nF (G;X ) valid colourings of G do satisfy (LG1) but do not satisfy (LG2) at

x, y. By (4.6.5) the number of such colourings is at least(
n

2

)−1

e−δ1n
(
F (G− x− y;X ) · e(Q(X )−ξ)(n+n−1)

)
⩾ F (G−x−y;X )·e(Q(X )−2δ1)(n+n−1).

Again by averaging, there is a valid colouring χ of G− x− y and associated colour
template ϕ∗ :

(
[r∗]
2

)
→ 2[s] from (LG1), with at least e(Q(X )−3δ1)(n+n−1) valid extensions

χ to G which do not satisfy the (LG2) condition at x, y. Averaging once more, there
are cx, cy ∈ [s] and h∗ ∈ [r∗] such that at least e(Q(X )−4δ1)(n+n−1) valid extensions of χ
violate (LG2) at x, y with part Wh∗ and colours cx, cy. For each such extension χ, we
define colour templates ϕ∗

χ,x, ϕ
∗
χ,y on r∗ + 1 parts which are extensions of ϕ∗ by taking

popular colours at x, y, as follows: for every h ∈ [r∗], let ϕ∗
χ,x(hf) := ϕ∗(hf) for all

hf ∈
(
[r∗]
2

)
, and let ϕ∗

χ,x({h, r∗ + 1}) := {c ∈ [s] : |Nχ−1(c)(x) ∩Wh| ⩾ δ1|Wh|}, and
similarly for ϕχ,y. These colour templates are valid, via an almost identical argument
to Claim 4.6.4.2. Choose ϕ∗

x, ϕ
∗
y that appear most frequently among the ϕ∗

χ,x, ϕ
∗
χ,y. The

number of extensions χ with these ϕ∗
x, ϕ

∗
y is at least e(Q(X )−5δ1)(n+n−1).

We next argue that this lower bound on the number of valid extensions implies that
ext(ϕ∗

x,α
∗) ⩾ Q(X )−

√
δ, say (and similarly for ϕ∗

y). For this implication, note that
since ϕ∗

x records all colours appearing in at least a δ1 fraction and we have part sizes
|Wi| = (α∗

i ± δ)n, the logarithm of the number of valid extensions of χ to G (or, more
precisely, to G− xy) corresponds closely to ext(ϕ∗

x,α
∗) + ext(ϕ∗

y,α
∗). This gives the

desired conclusion since ext(ϕ∗
y,α

∗) ⩽ Q(X ) (see Proposition 2.6 in [74]).

Recall that X has the strong extension property since it has the extension property
and is hermetic. Thus we can apply Lemma 4.35 to see that in r∗ + 1 is a strong
clone of i′ under ϕ∗

x for some i′ ∈ [r∗], and r∗ + 1 is a strong clone of j′ under ϕ∗
y

for some j′ ∈ [r∗]. If i, j are such that x ∈ Wi and y ∈ Wj, then i = i′ and j = j′

since, for example, i ̸= i′ would imply ∅ = ϕ∗
x({i, r∗ + 1}) = ϕ∗

x(ii
′) = ϕ∗(ii′) which is

a contradiction to ϕ∗ ∈ opt∗(X ).
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Finally we bound from above the number of valid extensions of χ to χ that follow
ϕ∗
x, ϕ

∗
y to get a contradiction: we choose at most sδ1n vertices z in V (G) \ {x, y}

where at least one of xz, yz is not coloured according to the colour template ϕ∗, and
at most δ2 vertices z in Wh∗ for which (χ(xz), χ(yz)) = (c, c′). The remaining at
least (1 − δ2)|Wh∗| − sδ1n > µn/2 vertices z in Wh∗ are coloured according to the
colour template except that (χ(xz), χ(yz)) = (c, c′) is forbidden. Since, for most
vertices, there are at most |ϕ∗(ih∗)||ϕ∗(jh∗)| − 1 choices of (χ(xz), χ(yz)) as (c, c′)

is forbidden, rather than the |ϕ∗(ih∗)||ϕ∗(jh∗)| we expect, we obtain fewer than
e(Q(X )+O(δ))(n+n−1) ·

(
s−1
s

)µn/2
< e(Q(X )−5δ1)(n+n−1) extensions, a contradiction.

This completes the proof of the theorem.

4.7 Concluding remarks

In this chapter we studied the generalised Erdős-Rothschild problem on maximising
the number of s-edge-colourings of graphs on n vertices where each colouring we
count must not contain any forbidden colouring in some given family X of s-edge-
coloured cliques Kk. Our main results were for two specific forbidden families: the
dichromatic triangle family (Theorem 1.21) and the family of improperly coloured
cliques (Theorem 1.24). Along the way, we adapt results of [74, 75] on monochromatic
colour patterns to obtain some general results (Section 4.3) which are likely to be
useful for further cases.

4.7.1 A more general framework

A key property of families X in many of our arguments was boundedness: that there
is at least one basic optimal solution and every basic optimal solution has a bounded
number of parts. For example, Ramsey’s theorem guarantees that the monochromatic
pattern K(1)

k is bounded (recall Section 4.2.3).

As we mentioned in Section 4.2, our framework does not capture all of the colour
patterns we would like to study. Indeed, in Lemma 4.7, we showed that the family
(K

(3)
3 , 3) for the rainbow triangle with three colours is not bounded.

We can introduce a generalisation Problem Q•
t (X ) of Problem Qt(X ) that extends

the set of feasible solutions by allowing vertex weights (the bullet represents the loops
at vertices present in the new problem).
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Suppose we have r ∈ N and a function ϕ :
(
[r]
⩽2

)
→ 2[s], which maps singletons and

pairs of vertices to sets of colours. Let a = (a1, . . . , ar) ∈ Nr be an integer vector.
We define the a-blow-up of ϕ to be the edge-multicoloured graph Gϕ(a) with parts
V1, . . . , Vr such that |Vi| = ai, and each G[Vi] has no edges if ϕ(i) = ∅, and otherwise
it is a clique and every edge receives all of the colours ϕ(i); and for every distinct
i, j ∈ [r], G[Vi, Vj] has no edges if ϕ(ij) = ∅, and otherwise it is a complete bipartite
graph and every edge receives all of the colours ϕ(ij). Given a family X of forbidden
colourings of Kk, we say that ϕ is X -free if the (k, . . . , k)-blow up Gϕ((k, . . . , k)) of ϕ
is X -free.

We define Φ•
X ,t(r) to be the set of X -free colourings ϕ :

(
[r]
⩽2

)
→ 2[s] such that |ϕ(ij)| ⩾ t

for all i ̸= j and each ϕ(i) satisfies |ϕ(i)| = 0 or |ϕ(i)| ⩾ t.

Problem Q•
t (X ).

Maximise

q(ϕ,α) :=
∑
i∈[r]

α2
i log |ϕ(i)|+ 2

∑
ij∈([r]2 ):ϕ(ij)̸=∅

αiαj log |ϕ(ij)|

subject to r ∈ N and ϕ ∈ Φ•
X ,t(r) and α ∈ ∆r.

Any feasible solution of Problem Qt(X ) is a feasible solution of Problem Q•
t (X ), by

mapping all singletons to the empty set, so Qt(X ) ⩽ Q•
t (X ). Again we can show that

FX (n, s) ⩾ eQ
•
0(X )(n2)+O(n). (4.7.1)

To remove degenerate solutions, we define the set of basic optimal solutions opt∗
•(X )

to be the set of (r∗, ϕ∗,α∗) such that

• ϕ∗ ∈ Φ•
2(X ),

• α∗
i > 0 for all i ∈ [r∗],

• whenever there are distinct i, j ∈ [r∗] with ϕ∗(i) = ϕ∗(ij) = ϕ∗(j), there is
h ∈ [r∗] \ {i, j} such that ϕ∗(hi) ̸= ϕ∗(hj).

We say that X is •-bounded if opt∗
•(X ) is non-empty and there is some R > 0 such

that r∗ ⩽ R for all (r∗, ϕ∗,α∗) ∈ opt∗
•(X ).

We will show that (K
(3)
3 , 3) is •-bounded. Suppose that there is (r∗, ϕ∗,α∗) ∈

opt∗
•(K

(3)
3 , 3) in which all three colours appear on pairs. Then, without loss of general-

ity, there are distinct h, i, j ∈ [r∗] such that ϕ∗(hi) = {1, 2} and ϕ∗(hj) = {1, 3}. But
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then ϕ∗(ij) = ∅, a contradiction. Thus, again without loss of generality, ϕ∗(ij) = {1, 2}
for all pairs ij in [r∗]. The colour 3 cannot appear in any ϕ∗(i), so by optimality we
have ϕ∗(i) = {1, 2} for all i ∈ [r∗]. But then we must have r∗ = 1 and ϕ∗(1) = {1, 2}
by the third property of opt∗

• solutions. So Q•
0(K

(3)
3 , 3) = log(2). It was shown in [10]

that Kn is the graph with the most 3-edge-colourings free of rainbow triangles, and
that the number of such colourings is (

(
3
2

)
+ o(1))2(

n
2), which matches Q•

0(K
(3)
3 , 3).

The question of whether X is •-bounded is a Ramsey-type question. If it has a positive
answer, then this increases the motivation for studying Problem Q•(X ) and it could
lead us to general results that apply to an even wider class of colour patterns X .

Problem 4.37. For all integers s ⩾ 2 and k ⩾ 3 and every (symmetric) family X of
s-edge-colourings of Kk, is X •-bounded?

To show that the monochromatic family (K
(1)
k , s) and the dichromatic triangle family

(K
(2)
3 , s) are bounded, we showed the stronger statement that there is some R for

which r < R for every feasible solution (r, ϕ,α) where all multiplicities are at least 2.
As we know, for general patterns, this is not true (e.g. for the rainbow triangle and 3

colours), so this approach will not suffice to prove •-boundedness.

4.7.2 A more general exact result

The ‘hermetic’ assumption in Theorem 4.11 allows us to simplify the proof in [75]
significantly, and is sufficient to prove our main results, Theorem 1.21 and Theorem 1.24.
However, the assumption is fairly strong. We see no obstacle to proving an analogue of
the exact result in [75] which would replace the assumption that X has the extension
property and is hermetic with the assumption that X has the strong extension property
(recall Definition 4.4). Such a result should allow the recovery of the results in the
literature on non-monochromatic patterns. We did not attempt this in the paper this
chapter is based on since it was already rather long and would only yield new results
where we could solve the corresponding optimisation problem.

4.7.3 The dichromatic triangle problem

We have essentially solved the dichromatic triangle problem completely, for large n.
The outstanding part concerns the set R2(s) of optimal r in the optimisation problem,
which we show contains at most two values r2(s) = 2⌊(W (s/e) + 1)/2⌋ and r2(s) + 2.
Given any s, one can simply calculate gs(r) for both these values r to see which is
optimal. We strongly suspect that, apart from for s = 27, the set contains a single
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element. This is a number theoretic statement: we conjecture that the equation
gs(r) = gs(r + 2), or equivalently,

z(r−1−a)(r+2)(z + 1)a(r+2) = y(r+1−b)r(y + 1)br

where z = ⌊ s
r−1

⌋, y = ⌊ s
r+1

⌋, a = s− (r − 1)z, b = s− (r + 1)y has no solutions for
any integer s ̸= 27, where r = r2(s). It is not too hard to show that, for example,
there is no other solution when (r − 1)(r + 1) | s, in other words, no other solution to
g̃s(r) = g̃s(r + 2).

In Lemma 4.21(iii) we showed that the set S2(r) of s for which r ∈ R2(s) is an
interval, and furthermore that S2(r) and S2(r + 2) overlap in at most one value of s.
We provided some fairly weak bounds for the startpoint s̃r (and endpoint) of S2(r).
From Table 1.2 which shows R2(s) for small values of s, it seems that, as r → ∞,
we have W (s̃r+2/e) − r → 0. That is, the rough value of s̃r+2 when r + 2 becomes
optimal instead of r is about when W (s̃r+2/e) = r, which yields s̃r+2 ≈ rer+1.

Even if we cannot prove that |R2(s)| = 1 for all s ̸= 27, one could try to show that
there is nevertheless a unique extremal graph by comparing the number of colourings
c(n, r) := (C + o(1))e

r
r−1

g(s)tr(n) for r = r2(s), r2(s) + 2 arising from the two potential
extremal graphs Tr2(s)(n) and Tr2(s)+2(n) in the case that R2(s) = {r2(s), r2(s) + 2},
for which it can be shown that e

r−1
r
g(s)tr(n) and e

r+1
r+2

g(s)tr+2(n) differ by a multiplicative
factor independent of n. Determining the constant C which depends on r, s and
n (mod r), is straightforward for small values of the parameters but is in general
difficult. Even with the favourable divisibility conditions r | n and (r − 1) | s, in
which case all parts of Tr(n) have the same size and all multiplicities are equal, C
equals the number of decompositions of the multigraph s

r−1
Kr into perfect matchings

(see Construction 4.12).

4.7.4 Other colour patterns

We hope that the ideas and methods presented in this chapter will be useful for other
colour patterns, including the central case of monochromatic patterns. For the family
(K

(1)
k , s), it is expected that, typically, every basic optimal solution (r∗, ϕ∗,α∗) satisfies

that (k − 1) | r∗, ϕ∗−1(c) ∼= Tk−1(r
∗) for all c ∈ [s] and α∗ is uniform. (Note that

this is not always true; there is a single known example (K
(1)
3 , 5) where there are

basic optimal solutions without these properties.) Recall that our key idea for the
dichromatic triangle problem was to consider the contribution of a largest part, and
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to show that if r∗ is odd then this contribution is non-optimal. A similar idea may
rule out (k − 1) ̸ | r∗ for instances of the monochromatic problem.

We conjecture that for every pattern, every extremal graph for the generalised Erdős-
Rothschild problem is complete partite.

Conjecture 4.38. For all integers k ⩾ 3 and s ⩾ 2 and every colour pattern P of
Kk, whenever n is sufficiently large, every n-vertex (P, s)-extremal graph is complete
partite.

The results we presented in this chapter together with the results of [2, 9, 19] imply
that we may assume P is monochromatic, in which case this conjecture is implied
by [76, Conjecture 16] (which is slightly stronger).

As we have noted, results are very sporadic and there are many patterns which have
not been studied. Monochromatic patterns are still of central interest. We finish with
some questions about specific patterns of particular interest.

Problem 4.39. What is the extremal graph for the following?

1. The monochromatic triangle pattern K
(1)
3 for s ⩾ 8 colours. It is believed s = 11

could be the next most tractable case (see [75]).

2. Rainbow patterns K((t2))
t for t ⩾ 4. As discussed in the introduction, Hàn,

Hoppen, Müller, and Schmidt [47] showed that T3(n) is the extremal graph for
s ⩾ 12. To fully confirm the conjecture posed in [45], it remains to show that
Kn is the extremal graph for s ⩽ 11.

3. The dichromatic family K(2)
4 as well as K(⩾ℓ)

4 and K(⩽ℓ)
4 for 2 ⩽ ℓ ⩽ 6.
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