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Abstract

Rational verification asks whether certain temporal properties hold within the

equilibria of multi‑agent systems. Typically, the literature considers games where

the agents traverse some concurrent game structure (or some succinct representation

of it), with player goals and specifications given by LTL formulae. Whilst this is an

effective framework for reasoning about a variety of different systems, it has two clear

shortcomings — it assumes that agents are unrestricted in choosing their actions, and

it only allows two possible player preferences over outcomes: a satisfied temporal

goal and an unsatisfied one. Whilst this is sufficient for verifying binary properties

(such as safety, fairness and liveness) of a system where agents can act arbitrarily,

this framework lacks the ability to differentiate between non‑functional behaviours

of resource‑constrained systems.

For an agent in a system, there may be multiple ways of having it achieve its goal,

but these may have different resource requirements (such as energy usage or time

expended). As such, it is natural to ask questions like ‘does this fleet of autonomous

cars have enough power to safely get from point A to point B?’ or ‘how can these

industrial robots perform their respective functions, whilst collectively expending the

least amount of battery power?’. These are real world problems which also invoke

rich questions in theoretical computer science.

In this thesis, we introduce quantitative aspects to the framework of rational veri‑

fication. We build on the existing literature by extending the traditional temporal

goals of players with mean‑payoff rewards; we constrain our agents by making their

available actions contingent on resources they possess; and we will look at how quant‑

itative aspects can introduce non‑determinism to the rational verification setting.

As such, this will give us games with a greater strategic interest than previously

analysed, bringing the theory closer to understanding real‑world systems.
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Preface

Authorship

For this preface and Chapter 1, I will write colloquially, and largely (but not exclusively)

in the first‑person singular. For Chapters 2 through 5, I will write more formally, and use

the first‑person plural ‘we’, which I like to interpret as ‘you (the reader) and I’. Finally, I

will again adopt a more informal tone for Chapter 6.

Material from Chapter 1 has been adapted from material originally presented as part

of my Transfer of Status report. Chapter 3 is largely based off two of my papers [105, 196].

Both Chapters 4 and 5 are (as of time of writing) unpublished work, although Chapter 4

has benefited from the comments of peer reviewers. Chapters 2 and 6 contain material

from all of the above sources, along with entirely new material.

I use the ACM in‑text citation style throughout, which consists of giving a numbered,

bracketed reference for indirect citations (e.g. ‘SAT is NP‑complete [76]’) and the author

name(s), followed by a bracketed year, for direct citations (e.g. ‘Cook [1971] showed that

SAT is NP‑complete’). All citations are forward and backward hyperlinked to make doc‑

ument traversal easier, and are highlighted in a lime‑green font as a visual aid.

Finally, there are certain results which appear which are essential for the presentation,

but were written by one of my co‑authors in the original paper. I will clearly mark such

results: all material presented is mine unless otherwise stated. Additionally, there are

words, sentences and paragraphs that have been tweaked as a result of comments from
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my co‑authors and peer‑reviewers: however, I believe I have made the effort to make sure

that my voice and intent have always been preserved.

Structure

Hopefully the table of contents is fairly self‑explanatory, but for the sake of explicitness,

let me signpost the road ahead. In Chapter 1 (Introduction), I motivate why quantitative

rational verification is an important topic to study: I start by giving an informal account

of why when you set out to design multi‑agent systems, you inevitably end up within

the rational verification framework, before reaching the same conclusion by surveying

the existing landscape of literature. In Chapter 2 (Preliminaries), I help you pack your

bag for the journey by walking through some material to get us all on the same page:

that is, some necessary background information. Then in Chapters 3 (Themes on mean‑

payoff games), 4 (Iterated allocation games), and 5 (Voting games), we venture on into

uncharted territory. Rather than spoil the surprise of the vistas on show in these chapters,

I will just note that this is where my original contribution lies, and each chapter focuses

on a different quantitative ‘twist’ on the basic rational verification framework. Finally, in

Chapter 6 (Conclusion), I summarise my results and offer some reflection on the journey.

In the back matter, I have provided a comprehensive glossary, featuring definitions of

acronyms, complexity classes, and notations used, followed, of course, by a bibliography.

Intended audience

In the most literal sense, the intended audience for my thesis is simply my two examiners.

However, I also hope that others may someday derive some benefit from this work. With

this in mind, I note that whilst I have made every attempt to be as explicit as possible

throughout, inevitably, there are a few prerequisites for reading this document. Whilst no

background knowledge of game theory or model checking is assumed, it would be helpful
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if you (the reader) have a basic understanding of computational complexity theory. By

this, I will assume you know what a decision problem is, and what it means for a decision

problem to be a member of/hard for/complete for key complexity classes such as NP, or

2EXPTIME.
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Chapter 1

Introduction

1.1 Motivation

The bad news is that you are a terrible coder. I am sorry to be the one to have to tell you

this, but it is true. The good news is that you are not the only one. Everyone is terrible at

writing code. And this is a problem — the software industry is a hundred of billion of

dollars enterprise [77], and whilst the software testing paradigm has had some success, it

is fundamentally flawed, and can only ever catch a fraction of the possible errors within

a program.

Additionally, the fallout from uncaught software errors can range from the mildly

inconvenient to the catastrophic. Whilst we may tolerate user interface (UI) defects in an

iPhone app, we certainly should not tolerate major financial loss to institutions, injury to

humans, or loss of life caused by software. And yet, despite the supposed maturity of the

industry, there are examples each and every year of software doing exactly this. Let us

look at some famous examples of software failing unacceptably:

• In the 1980s, the Therac‑25 radiation therapy machines were responsible for the

deaths of at least six people [144]. Because of errors induced by incorrect concur‑

rent programming, patients were given doses of radiation that were hundreds of
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1.1. MOTIVATION

times greater than they should have been.

• In 1996, the Ariane 5 launch vehicle self‑destructed 37 seconds after take‑off. The

cause was an integer overflow not being handled correctly. This failure cost around

$370 million [83].

• In 2003, a large portion of North America lost power for up to two days, affecting

an estimated 55 million people. The outage is widely accepted to have been caused

by a bug in GE Energy’s XA/21 system [179].

• From 2009, Toyota began to recall several models of their cars, due to the phe‑

nomenon of ‘sudden unintended acceleration’. After years of recalls and legal cases,

it was established that Toyota did not program safety‑critical software correctly.

Moreover, it was claimed by an expert witness that a single bit flip (caused by a

hardware failure, or cosmic radiation) could cause the acceleration of a vehicle [130].

• In 2014, theHeartbleed vulnerability wasdiscoveredwithin thewidely used OpenSSL

library [199]. This vulnerability completely undermined the usual protection offered

by SSL/TLS, implying that users’ encrypted data could easily be read and under‑

stood by attackers. The vulnerability had been present in the software for over two

years before it was found and fixed.

I could go on. The truth is that software failures plague virtually every industry, cost‑

ing organisations millions of dollars each year, and threatening dire consequences. Tra‑

ditional software testing has failed to provide the assurance that we demand from safety‑

critical, always‑live systems.

There is an answer to this. That answer is Formal Verification. Formal verification is

arguably one of the most fundamental activities within computer science. Within this,

the main question of interest is ‘Given a system and a property, does this property hold

2



1.1. MOTIVATION

Figure 1.1: The webcomic xkcd’s take on the Heartbleed bug.

in the system?’1. In the simplest case of software testing, you check that given a set of

preconditions, after running a portion of the code, you end up in some expected set of

postconditions. A stronger alternative is to define a set of postconditions, and show that

no matter what is input, you end up in that set. This provides greater assurance that your

code behaves in the way you expect it to.

Whilst formal verification is used in certain fields such as hardware design [116] and

avionics [195], and whilst there is actually a rich wealth of tooling available (there are

too many to list without doing a disservice to someone, but as a selection, there are now

mature model checkers [73, 75, 120], theorem provers [39, 160, 168, 194], SMT solvers [37,

159], and of course, every man, woman and child has developed their own SAT solver

these days [123]), it certainly does not have widespread adoption. Thus, given the stakes,

it is crucial that a) industry more widely accepts formal verification as an additional tool

in software development and b) academia provides the theory and techniques to support

this wider acceptance.

There are a number of ways of formalising formal verification, but the approach we are

most interested in is that ofmodel checking. Broadly speaking, model checking encodes the
1We use the word ‘system’ in a very general, almost layman’s sense here — this is appropriate as formal

verification can be applied in a very wide variety of different scenarios. We will explore in further detail what
these systems might look like momentarily.

3
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1.1. MOTIVATION

system in question as some abstract, finite model, places some logical structure on top of

it, then asks whether a certain logical formula holds. How exactly that model is encoded,

and what logic we use to ask questions about it, is up for grabs. However, alarm bells

should immediately ring here. Why? Because this problem, in its most general form,

is undecidable [182, 201]. As such, research has focussed on exploring representations

which are tractable, yet expressive enough to model systems of interest. We will explore

these representations momentarily.

However, model checking is not the end of the discussion. Suppose you are a software

developer and you have decided to build your answer to the iPhone — the weDial©. You

build all the constituent components of your new phone: the baseband radio, the user

interface — you even write your own kernel. You conduct unit testing on each component

and they all work splendidly; you declare your product a success, ship it to millions and

before you know it, the negative reviews start rolling in: the phone does not work! The

radio interferes with the Wi‑Fi, the UI seems to freeze every time someone calls you and

the system language changes to Russian every 35 days. Suddenly, it hits you. Whilst the

components all work on their own, you forgot to check if they work together. You forgot

to do integration testing.

In the same way that integration testing builds on unit testing to provide some as‑

surance that your tested components work as a cohesive whole, we need some way of

formally verifying the entire system. One immediate thought is to stick all the compon‑

ent parts together, then using model checking to look at the holistic system. But this

resulting system could be (and often is) far too large to model check. Whilst model check‑

ing is a very powerful tool, it is not the best way of reasoning about systems with lots

of different components — there are simply too many ways these components can inter‑

act. Moreover, given the aims of each component, some executions of the system may be

theoretically possible, but may never actually happen in practice.

A key observation is that if we have multiple agents, a given agent does not have to
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1.2. LITERATURE REVIEW

worry about the other agents taking arbitrary actions — only rational ones. This is where

rational verification [95, 102] comes into play. In short, rational verification does not ask

if certain properties hold unconditionally — it asks if certain properties hold under the

assumption that each agent is acting rationally.

Given the meteoric rise of machine learning over the last ten years, and given the

increasing use of robotics across many industries, it is clear that intelligent multi‑agent

systems will become prominent in the years to come. Thus, being able to reason about

them effectively will not only be important, but will be crucial in making sure artificial

intelligence and its related technologies are safe, efficient, and fair.

1.2 Literature review

Model checking, logic and automata

As stated previously, the model checking problem is of crucial importance, and will be our

jumping‑off point. In terms of representing computational systems in a finite, expressive

way, the two main methods of doing so are with labelled transition systems [128] and Kripke

structures [132]. These two models are isomorphic in the sense that one can easily be

encoded as the other. Broadly speaking, these models are graphs that have been labelled

in some way, encapsulating the core features of some system. If encoded properly, the

execution of the system corresponds to an infinite walk around the graph. The main

difference between the two models is that a labelled transition system has sets of atomic

propositions attached to each of its transitions, whilst a Kripke structure has these atomic

propositions attached to its states instead. Whilst you can work with either, it is more

common to work with Kripke structures in the context of model checking.

Pnueli [1977] introduced linear temporal logic (LTL) as a way of reasoning about po‑

tential behaviours of concurrent programs, and Clarke and Emerson [1981] introduced

computation tree logic (CTL) for the same purpose. The semantics of LTL are defined with
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respect to infinite sequences of subsets of propositional variables, whilst we interpret CTL

relative to infinite trees labelled with subsets of propositional variables. Given this, LTL

and CTL formulae can also be interpreted in the context of Kripke structures and as such,

can be used to describe properties that we may or may not want to hold in the execution

of a program.

Whilst each logic has its strengths and weaknesses, it is generally accepted that LTL

is easier to write specifications in, whilst CTL has nicer computational properties2 [204].

There are, of course, many other logics one can work with, but they tend to be exten‑

sions/modifications of LTL and CTL [9, 14, 115, 174]. Additionally, as reflected in the

tooling available [73, 120], LTL and CTL are the two most widely used, de facto logics in

classical model checking. With that having been said, there are two more logics that are

at least worth mentioning — CTL* [89], which is an extension of CTL in which every LTL

formula can also be defined3 and the modal 𝜇‑calculus [88], which is a very expressive

logic, in which CTL*, and thus also LTL and CTL, can be embedded.

With this in place, we can state the model checking problem — given a Kripke struc‑

ture, and an LTL/CTL formula, does the formula hold within this structure? For LTL,

this decision problem is PSPACE‑complete [146, 193] and for CTL it lies in polynomial

time [74]. This does not imply, however, that model checking CTL is ‘easier’ than model

checking LTL. It is relatively easy to show that CTL formulae are at least as long as their

equivalent LTL formulae, and under the assumption that P ≠ NP, there exist LTL for‑

mulae for which the smallest equivalent CTL formulae are exponential in size of the LTL

formula [34]. With that having been said, there is a lot of ‘room’ between P and PSPACE,

and many CTL formulae are not actually that much more verbose than their equivalent

LTL formulae. We also note that the corresponding model‑checking decision problems

for CTL* and the modal mu‑calculus are also PSPACE‑complete, and so are no harder
2This comes with a major disclaimer, which is coming up in the next paragraph.
3This cannot be done in CTL — that is, there exist LTL formulae which define behaviours for which there

is no equivalent CTL formula.
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than model‑checking LTL.

Finally, as mentioned in Section 1.1, there are mature, open‑source, model‑checking

tools which have seen real‑life, industrial usage [63, 71, 185, 186]. Without putting any

particular emphasis on any one tool, SPIN [120] and NuSMV [73] are both popular model

checkers for temporal logic formulae.

The model checking problem has a privileged position in computer science, and for

good reason — it gives you the guarantee that your program adheres to a provided formal

specification. However, to be able to use model checking procedures, you need something

to model check; that is, a program of some sort. As established in the opening paragraph

of this chapter, programming (correctly) is hard. One can go back and forth, writing a

program, putting it through a model checker, having it rejected, rewriting and resubmit‑

ting it to the model checker and so on, but again, this is far too ‘manual’. Instead, would

not it be nice if we could somehow automatically write a program which adheres to a

given specification?

Almost by magic, this is where the realisability (sometimes called ‘implementability’)

and synthesis problems come in. Church was one of the first to formalise these problems:

informally, given a binary relation over inputs and outputs (with certain constraints),

does there exist, and can one construct, a function from inputs to outputs such that each

(input, output) pair generated by the function adheres to the binary relation [72, 136]?

Asking if such a function exists is called realisability, whilst asking to construct such a

function is called synthesis. The former is a decision problem, and the latter a function

problem, and our attention will be largely focussed around realisability. However, we

will use the term ‘synthesis’ as a casual term for realisability/implementability through‑

out, as this conflation of terminology is fairly standard in the literature; moving forward,

exactly what we mean when we talk about synthesis should be apparent from the context.

It is a small step from this, to define the binary relation in terms of a logical formula

over the inputs and outputs, and ask instead if there exists some program which mod‑

7
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els the logical formula on all possible inputs. This is exactly what Pnueli and Rosner

[1989] and Rosner [1991] did in the context of LTL, and Clarke and Emerson [1981] con‑

sidered this problem with CTL formulae. In the setting of CTL, the realisability problem

is EXPTIME‑complete [136], whilst for LTL, it is 2EXPTIME‑complete [178].

One more topic we ought to touch on is that of𝜔‑automata [175]. Whilst they may not

exist in the forefront of our discussions, they are the foundation of many model checking

algorithms [205]. The natural way to reason about LTL formulae is to convert them to

Büchi automata [129, 206] and CTL formulae can be understood by converting them to

alternating tree automata [203]. Additionally, model checking algorithms may introduce

different types of automata if their computational properties lend themselves to the task

at hand [95, 111, 156].

Finally, one formalism we will use throughout this thesis is that of Emerson‑Lei con‑

ditions [15]. Originally used to facilitate ‘fair’ CTL model checking, it has since seen ad‑

option in other areas, including being used as a general syntax to specify the acceptance

conditions of arbitrary 𝜔‑automata [33].

Computational game theory

Game theory has a number of flavours, but the one that we are most interested in is that of

computational game theory. That is, reasoning about the computational properties, such as

decidability and complexity, of the algorithms and decision problems related to games.

It is fairly uncontroversial to claim that game theory in its modern form began with

von Neumann [1928], who proved the minimax theorem, and together with Morgenstern,

later provided the foundational text for the field [165]. This was swiftly followed up with

Nash’s contributions [161, 162], where he introduced the concept of the Nash equilibrium,

and provided certain existence theorems for it. Whilst it was natural to first study two‑

player, zero‑sum games (that is, games where one player’s payoff is the negative of the

other’s), the theory quickly expanded to include multiplayer, general‑sum (sometimes

8



1.2. LITERATURE REVIEW

called ‘non‑zero‑sum’) games4.

Whilst game theory was initially seen as a set of tools in economics, its value was

quickly appreciated in other fields, such as in biology [78, 151] and in social science [32].

However, for the remainder of this subsection, we will focus on one particular corner of

game theory: that of turn‑based, two‑player, zero‑sum, infinite games on finite graphs.

The study of these initially dropped out from Büchi’s study of the sequential calculus [57]

and together with his PhD student, Landweber, they proved some fundamental results

about games on graphs [58, 141]; the first modern, comprehensive treatment of this topic

was by McNaughton [1993].

Infinite games on finite graphs are immediately an appealing model for many reasons.

Traditional parlour games such as chess and checkers can be encoded in this model, and

as these games never terminate, they are also useful for modelling always‑live systems.

Additionally, many multiplayer, general‑sum scenarios can either be mapped to these

infinite games on graphs, or we can reason about such scenarios via these games [50, 202].

Indeed, whilst in this thesis we will be concerned primarily with concurrent, multiplayer,

general‑sum games (coming up in the next subsection), we will see that ‘under the hood’,

we will almost always be appealing to results from the turn‑based, two‑player, zero‑sum

setting.

Another attractive feature of these games is that for certain winning conditions, the

structure of the game is closely related to certain 𝜔‑automata, and techniques from one

domain can be applied to the other, and vice versa. As far as I am aware, this relationship

is usually taken for granted, but Perrin and Pin [2004] offers a very readable exploration

and some insight into the ideas involved.

As computer scientists and computational complexity theorists, we are largely inter‑

ested in one primary question relating to infinite games on finite graphs: given a class of
4Indeed, to the best of my understanding, Nash’s papers were among the first to consider non‑

cooperative, multiplayer games in the form we study them today; von Neumann and Morgenstern did con‑
sider multiplayer, general‑sum games, but under assumptions which reduced them to two‑player, zero‑sum
games. See [1] for a further discussion.
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Winning condition Player 1 wins when…

Reachability They reach a given state in the game graph
Büchi They visit a provided set of states infinitely often
co‑Büchi They visit a provided set of states finitely often

Rabin Given a set of pairs of sets of states, for some pair, they visit the
first element finitely often and the second element infinitely often

Street Given a set of pairs of sets of states, for all pairs, they visit the
first element finitely often or the second element infinitely often

Parity Given a natural number ‘colouring’ of the states, the greatest col‑
our visited infinitely often is even

Mean‑payoff
Given a weight function on the states of the game, the mean‑
payoff (a sort of infinite average) of the weights encountered is
positive

Mean‑payoff parity
Given a parity condition and a weight function, the parity condi‑
tion is satisfied and the mean‑payoff of the weights encountered
is positive

Muller Given a set of sets of states, for some set, they visit the states
within it infinitely often, and the remaining states finitely often

Table 1.1: Informal explanations of various winning conditions in games.

winning conditions, what is the computational complexity of deciding whether player 1

has a winning strategy in a given game? One may also be interested in algorithms which

may actually be used to solve these games in practice, but we will be more interested in the

former question. In terms of objectives for the first player, a wide range of representations

have been studied. In Table 1.1, we give informal explanations of various winning con‑

ditions in two‑player, zero‑sum games (the necessary formal definitions will come later),

before discussing their history and the complexities of their associated decision problems

in the coming paragraphs.

From a qualitative perspective, McNaughton [1993] provided relatively general res‑

ults, showing that the problem of determining the winner in games with Muller object‑

ives is PSPACE‑complete. Hunter and Dawar [2005] built on this by considering games

with various succinct representations of Muller objectives, and showed that determining

the winner in these games remains PSPACE‑complete. For Büchi and co‑Büchi games,

10
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the fact that they can be solved in polynomial time seems to fall out from implicitly from

the analysis in [152], but it is explicitly explored (and improved upon) by Chatterjee, Hen‑

zinger and Piterman [2008]. Immerman [1981] established the P‑completeness of reachab‑

ility games as a by‑product of his studying of descriptive complexity. Emerson and Jutla

[1988] considered games with Rabin and Streett objectives, and showed that determin‑

ing the winner in these games is NP‑complete and co‑NP‑complete respectively. Finally,

Zielonka [1998] was one of the first to formally consider parity games, developing a re‑

cursive algorithm for solving them.

In quantitative terms, Ehrenfeucht and Mycielski [1979] introduced mean‑payoff ob‑

jectives and demonstrated that memoryless strategies are sufficient for players to act op‑

timally in these games (that is, to achieve their best possible payoff). This was followed

up by Zwick and Paterson [1996], who gave complexity results as well as algorithms for

calculating the ‘value’ (i.e. the greatest payoff the first player can force) of a mean‑payoff

game. In particular, the problem of determining if the value of a game is a given number

lies inNP∩co‑NP. Jurdzinski [1998] then proved that mean‑payoff games can be solved in

UP∩co‑UP, before demonstrating a straightforward polynomial time reduction from par‑

ity games to mean‑payoff games, from which it follows that the corresponding decision

problem for parity games also lies in UP ∩ co‑UP. Building on these ideas, Chatterjee,

Henzinger and Jurdzinski [2005] looked at mean‑payoff parity games, and Velner et al.

[2015] considered multidimensional mean‑payoff objectives in two‑player games.

Additionally, for a reasonably wide class of winning conditions, there is a very gen‑

eral, powerful result (the Borel Determinacy Theorem) that shows these games with these

conditions are determined [150]; that is, for every instance of a game, one player has a win‑

ning strategy.

All of the above games are deterministic, but it is worth noting that there has also been

a considerable amount of work done on stochastic games with 𝜔‑regular objectives [12,

13, 64, 68].
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Finally, we call back to our previous subsection where we spoke about synthesis of

LTL and CTL formulae. Whilst we framed this problem in the context of model checking,

it can also be thought of as an infinite game on a finite graph. In the case of LTL, one can

think of a Kripke structure capturing the ‘state of the world’ as a game graph, where one

player can be thought of as a program, trying to achieve some LTL goal, whilst the other

can be thought of as an adversarial environment, attempting to outfox the program. The

synthesis problem can then simply be asked as ‘does there exist some winning strategy

for player 1?’. Mathematically, we have done nothing new here, but this viewpoint will

be crucial to have in mind as we progress throughout the remainder of this chapter.

Multi‑agent systems

In our discussions of both games and model checking so far, we have focussed on the

paradigm of ‘one player/system against the world’. In two‑player, zero‑sum games, we

have a player trying to achieve a goal, and the other player trying to make sure this does

not happen. Within model checking, we try to verify that the system in question satisfies

a specification, no matter what transitions the system makes. But this is not an accurate

reflection of reality. In a lot of scenarios, there are multiple entities and we would like to

understand how they interact. Thus, we look to the domain of multi‑agent systems [192,

209].

Multi‑agent systems is a rich, diverse field, with a spectrum of different approaches.

Subfields include distributed planning, multiplayer games, learning algorithms, commu‑

nication, voting theory, mechanism design, auctions, coalitional games and logical reas‑

oning [192]. However, we are primarily interested in multi‑agent systems from two per‑

spectives: games and logics.

Modelling concurrent and multi‑agent systems as games in which players interact by

taking actions in pursuit of their preferences is an increasingly common approach in both

formal verification and artificial intelligence [10, 20, 117]. One widely adopted semantic
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Game theory Model checking

Game System
Player Agent
Outcome Trace/execution

Table 1.2: Terms from game theory and model checking that we deem to be equivalent.

framework for modelling such systems is that of concurrent game structures [20]. Such

structures capture the dynamics of a system — the actions that players can perform, and

the effects of these actions. On top of this framework, we can introduce additional struc‑

ture to represent each player’s preferences over the possible paths of the system. We will

expand on what such preferences might look like momentarily.

Given the central role of game theory in multi‑agent systems, we will now start blend‑

ing terminology from the game‑theoretic and model‑checking literatures, depending on

what interpretation we wish to emphasise in the moment. Table 1.2 summarises terms we

generally regard as equivalent.

From a logical perspective, there are two interesting strands for us in multi‑agent sys‑

tems. The first is that of coalition logic, introduced by Pauly [2002], of which there is an

abundance of extensions [4, 5, 7, 163]. There is also alternating time temporal logic (ATL)

and its extension ATL*, both introduced by Alur, Henzinger and Kupferman [2002]. On

the face of it, these two logics are very similar — they both describe properties pertaining

to what coalitions can achieve in an infinite game. However, they have two different un‑

derlying models — coalition logic is defined over game frames and ATL/ATL* is defined

over concurrent game structures. Whilst both logics are widely used, ATL and ATL* are

far more common in the model checking community, along with concurrent game struc‑

tures. However, we should not view coalition logic and ATL as opposing viewpoints:

one can show that ATL and Coalition Logic are semantically equivalent, and that Coali‑

tion Logic is isomorphic to a fragment of ATL [100].

ATL is very similar to CTL, but instead of quantifying over paths, one quantifies over
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sets of agents. Also, ATL* is to ATL as CTL* is to CTL, allowing the binding of LTL for‑

mulae over coalitions of agents (i.e. we can write statements such as ‘the coalition 𝐶 can

force the LTL formula 𝜑 to be true’). The model checking problem for ATL is P‑complete,

whilst the same problem for ATL* is 2EXPTIME‑complete [20]; thus, model‑checking ATL

is no harder than model‑checking CTL, but whilst you ‘only’ gain an exponential pen‑

alty in complexity when going from model‑checking CTL to CTL*, you gain a doubly‑

exponential penalty when going from ATL to ATL*.

An important extension of ATL* is Strategy Logic (SL). Introduced by Chatterjee, Hen‑

zinger and Piterman [2010] and expanded by Mogavero, Murano and Vardi [2010] and

Mogavero et al. [2014], SL goes a step further. Instead of simply quantifying over agents,

it quantifies over strategies, which you then bind agents to. Strategy Logic is extremely

expressive, allowing you to express quite extravagant properties of a game, but it also

comes with a lot of complexity — the model checking problem for SL is decidable but

non‑elementary. With that having been said, there are large fragments of SL which have

more desirable computational properties [38, 155].

Finally, we mention one more important topic in multi‑agent systems: that of reactive

modules [19]. Reactive modules offer its own language for encoding interacting agents.

This model is very expressive and has a lot of neat properties (such as compositionality

and succinctness). One can then take an ATL formula, and ask if it holds over a set of

reactive modules. Closely related to this is the open systems/module checking framework

of Kupferman and Vardi [1996, 1997]. Open systems are defined in contrast to closed sys‑

tems, which can be thought of the traditional objects of model‑checking: systems entirely

defined by their state space and their internal transitions. Open systems are instead af‑

fected by their environment, and need to be reasoned about differently. Whilst we will

not comment on this further, this acts as a natural stepping stone to our next section.
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Rational verification

Suppose for a moment, that you yourself lie in a multi‑agent system. How should you

act to achieve your goals? Should you act cautiously, assuming the worst in others, afraid

they may minimax you? Often, people’s goals are at least partially aligned with our own.

Even if they are not, it is rare for a system to be truly zero‑sum. Thus, you should not

worry about other agents taking arbitrary actions that might prevent you from achieving

your ends — they are too busy trying to achieve their own goals. Thus, instead of trying to

understand the system under all possible behaviours of the agents, it seems more natural

to ask how the system performs when all the players are behaving rationally.

Now whilst the definition of rationality is up for debate, it is clear that this lies firmly in

the domain of game theory. Specifically, we will need two sets of components: games, to

model our systems, and solution concepts, to define rational behaviour within them. The

game models we work with will vary, but will generally map directly from the system in

question: they will consist of some players, who can take actions to try and effect change

in the system, each of whom will prefer different executions of the system over others. To

capture these desires over different outcomes, we equip our players with succinct repres‑

entations of their preferences, called preference relations; these will look like the winning

conditions encountered when we discussed two‑player games before, but each tweaked

for the multiplayer setting. These games are played by each player choosing a strategy,

which when combined, lead to an outcome. The question is then, how should each player

choose their strategy? One answer is given by solution concepts.

There are a multitude of solution concepts, but I will focus on two in particular: the

Nash equilibrium [161, 162] from non‑cooperative game theory, and the core [99] from

cooperative game theory. The Nash equilibrium consists of those strategy profiles from

which no single player would want to deviate — they can do no better given everyone

else’s actions. The core takes a more coalitional view: it comprises those strategy profiles

from which no coalition can deviate and be better off, regardless of how the remaining
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players respond. Each of these solution concepts has its strengths and weaknesses; whilst

Nash equilibria are natural, and intuitive, they only account for unilateral deviations and

often have counterintuitive properties5. On the other hand, the core has a more com‑

plicated formulation, but allows for multilateral deviations, with the remaining players

having an opportunity to respond, and captures the possibility of coalitions being able

to form (exogenous) binding agreements. Both of these solution concepts have many re‑

finements which attempt to fix their deficiencies: for instance, strong Nash equilibria [26,

27] allow for multilateral deviations (whilst still not allowing the remaining players to

respond, differentiating it from the core), and stable sets [165] are supersets of the core

which strengthen the conditions on what constitutes a beneficial deviation for a coalition.

Moreover, one can apply the notion of subgame perfection to each of these solution concepts,

with a subgame perfect Nash equilibrium/core member being a Nash equilibrium/core

member in every subgame of the game, ensuring that players do not make non‑credible

threats. We will not explore these refinements any further in this thesis, and will instead

focus on the ‘vanilla’ versions of these solution concepts6. Moreover, rather than continue

into an extended discussion on the merits, pitfalls and interpretations of various solution

concepts, we shall move on, and take them for granted as models of rational behaviour. I

will informally refer to strategy profiles which adhere to one of these solution concepts as

equilibria, but will be careful to specify which solution concept I am talking about when

presenting my results.

However, it is well‑known in the game theory literature that such equilibria may have

undesirable properties; for example, an equilibrium may visit dangerous system states,

or lead to a deadlock. Thus, one may also want to check if there exist equilibria which sat‑

isfy some additional desirable computational properties associated with the game. This

decision problem — that is, determining whether a given property is satisfied on some
5Such as in the prisoner’s dilemma, where the (Defect, Defect) strategy profile is the only Nash equilib‑

rium of the game, but it is not a socially optimal outcome.
6Although, we will very briefly consider a relaxation of the Nash equilibrium at the end of Chapter 4 for

computational reasons.
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(or every) equilibrium of a given multiplayer game — is known as rational verification [95,

102, 211].

Much has been written about rational verification [2, 56, 95, 102, 103, 110, 113, 211],

but there is a common set of questions which are usually asked in each guise it takes:

the non‑emptiness, the existence and the universality problems7. These ask, respectively,

whether a given game has some equilibrium; whether a given game has an equilibrium

which adheres to a given property; and whether all equilibria of a given game adhere to

a given property.

There are a number of qualifications deliberately missing from the above description

— what the model of the game is, how the agents’ goals are defined, what form the prop‑

erty takes and what is means for a solution concept to model such a property. Given the

general nature of the above questions, we can study them with a variety of game mod‑

els, preference relations, solution concepts and specification languages for the property.

For instance, Fisman, Kupferman and Lustig [2010] studied Nash equilibria in a game

model similar to concurrent game structures where both the player goals and property

specification are given by LTL formulae. Gutierrez, Harrenstein and Wooldridge [2017]

also looked at Nash equilibria in the model of simple reactive module games with LTL

and CTL objectives and specifications. Other work has looked at simpler, more concise

game models such as iterated Boolean games [101].

It is also worth noting that whilst the emptiness, existence and universal questions are

all important and interesting in their own right, in most8 scenarios, it is sufficient to study

just one of them, as they (in general) can be reduced to one another [96]. Culturally, it is

most common to consider the existence problem over the other two.

It should be apparent that the problem of rational verification is a natural one to study.
7These terms are completely non‑standard, but calling them by their usual names, in decision problem

notation, is more formal than I want to be in this chapter. I will introduce the proper terminology, along with
formal definitions, in the next chapter.

8This is a very broad generalisation. It is important to note that in certain situations, deciding the exist‑
ence problem can be more difficult than deciding the non‑emptiness problem, as checking a specification can
add a lot of overhead to the problem.
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However, in its original setting of Nash equilibria with LTL goals and properties, the

decision problem is 2EXPTIME‑complete [101, 102]. This is a complexity class that can

only be described as ‘wildly intractable’. Therefore, we are motivated to look at preference

relations and specifications which induce lower complexities in the rational verification

framework, whilst still being expressive and natural. There are a few routes one can take

with this.

However, before exploring these different avenues, it is crucial to differentiate between

the different formalisms of strategy that one can use in rational verification (as well as in

multi‑agent systems/iterated games in general). Informally, a player strategy in its most

general form is a function that maps what has happened in the game so far to a legal ac‑

tion for that player. But what do we mean when we say ‘what has happened in the game

so far’? Indeed, this is a subtle issue — do we mean:

• the actions taken by each of the players;

• the states of the game visited; or

• in a setting like LTL, the labels on the states encountered?

Gutierrez et al. [2019] helpfully disambiguates these three cases by calling them com‑

putations, runs and traces respectively, and we shall use these terms for the remainder

of this section. It should be apparent that strategies based on each these models offer

differing amounts of information to the players — computation‑strategies offer more in‑

formation to the agents than run‑strategies, which in turn offer more information than

trace‑strategies. As such, determining if a game has a run‑strategy Nash equilibrium

requires fundamentally different techniques than determining if it has a computation‑

strategy Nash equilibrium.

The assumption that strategies have visibility of actions is certainly a common one

within game theory (for instance, given their structure, this arises naturally in turn‑based

games), as well as within rational verification [95, 102, 202, 211]. However, there is a
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rich vein of work which uses run‑strategies [20, 49, 54, 154, 156] and some would argue

that this offers a more accurate model of a multi‑agent system. One notable highlight

is that of Bouyer et al. [2011], who introduced the suspect game construction to trans‑

form the (run‑strategy) Nash equilibria of multi‑player concurrent games into winning

strategies of some two‑player turn‑based game: intuitively, the resulting two‑player game

has one player proposing an action profile on each turn of the game, progressively try‑

ing to develop a Nash equilibrium, whilst the other player tries to prove the proposed

strategy is not a Nash equilibrium. Additionally, Gutierrez et al. [2019] explored the

bisimulation‑invariance (or lack thereof) of Nash equilibria under the different models

of strategies, showing that this property holds for some of these models, but not in oth‑

ers. The takeaway is clear — different formalisms of strategies induce radically different

behaviours within games, and resultingly, in their solution concepts.

We can now proceed and consider alternatives to the ‘vanilla’ rational verification

setup. Possibly the most straightforward thing to do is consider some fragment of LTL.

Various fragments of LTL are very well studied [21, 198] and the decision problems re‑

lating to them are much more computationally amenable. Gutierrez, Harrenstein and

Wooldridge [2015] considered games where all the players have propositional safety goals

— that is, LTL goals of the form G𝜑, where 𝜑 is some propositional formula. In this case,

the existence problem with Nash equilibria isPSPACE‑complete. Additionally, Gutierrez

et al. [2019] studied games with GR(1) [42] goals and specifications. Here, the existence

problem is PSPACE‑complete when you use GR(1) for player goals and LTL for the prop‑

erty specifications, and lies in FPT (fixed parameter tractable) [82] when you use both

GR(1) for player goals and for specifying the property.

One may ask ‘well, what about using CTL instead?’. The story here is no better — with

CTL goals and specifications, the existence problem for Nash equilibria is 2EXPTIME‑

hard [102]. So what if we forget temporal logic and look at different preference relations

altogether? Bouyer et al. [2015, 2016] gave the players 𝜔‑regular objectives and looked at
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the non‑emptiness problem for these games, obtaining a range of complexity results from

P‑completeness up to EXPTIME membership.

We can also consider refinements of the Nash equilibrium, such as dominant strategy

equilibria [181], strong Nash equilibria [26, 27] or subgame perfect Nash equilibria [169].

In the context of iterated Boolean games, the existence problems for dominant strategy

equilibria and subgame perfect Nash equilibria have been shown to be 2EXPTIME‑

complete [101].

As you might have inferred, most existing work has focussed on rational verification

in the context of Nash equilibria, but this is certainly not the only solution concept that

game theory has to offer. Bruyère, Raskin and Tamines [2021, 2022] considered rational

verification in the context of a novel solution concept based on the idea of Pareto optim‑

ality [24, 25, 79, 170, 171, 172]: one player is trying to achieve their goal, whilst the other

player has a set of objectives, of which they are trying to achieve some Pareto‑optimal

combination of them.

We can also look to cooperative game theory for inspiration. For example, the core [99,

169] is probably the most widely used solution concept in cooperative game theory and

we can adapt and use it in the setting of rational verification. To do this, we define a ‘bene‑

ficial deviation’ as a change in strategy for a coalition, that no matter what the remaining

players do, each player in the coalition is strictly better off. The core then consists of those

strategy profiles from which no coalition has a beneficial deviation. Gutierrez, Kraus and

Wooldridge [2019] worked with concurrent game structures with LTL goals and specific‑

ations and show that the existence problem for the core is 2EXPTIME‑complete. They

show this by establishing that the existence of the core can be characterised with a simple

ATL* [20] formula.

Finally, it is worth noting that all the games considered so far have been deterministic

with pure strategies and perfect information. Filiot, Gentilini and Raskin [2018] studied

rational verification with imperfect information, by considering the Nash existence prob‑
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lem with parity objectives, and shows that for two players, the relevant decision prob‑

lem is EXPTIME‑complete, but undecidable for three or more players. Gutierrez, Perelli

and Wooldridge [2018] showed a similar result in the context of reactive module games;

they prove that the Nash non‑emptiness problem for reactive module games with imper‑

fect information is 2EXPTIME‑complete for two players, and undecidable for three or

more players. They also show that you retain decidability if you restrict your model of

strategies, and provide complexity results for these settings.

A lot of work has also been done in model checking stochastic games: Gutierrez et

al. [2021] showed that the existence problem for both Nash equilibria and the core in

concurrent stochastic games with LTL goals and specifications is 2EXPTIME‑complete,

whilst Kwiatkowska et al. [2018] considered the problem of determining if rPATL (prob‑

abilistic ATL with rewards) specifications hold in turn‑based or concurrent games, and

Kwiatkowska et al. [2018] looked at the problem of determining if those same specifica‑

tions hold in the equilibria of a game.

It should be clear there is a lot of flexibility in the setup of the rational verification

framework. However, all of what we have considered so far has been centred around

games with qualitative goals, where agents are largely unrestricted in their choice of ac‑

tions. Introducing quantitative features to games can help them model real‑world sys‑

tems more closely, and we will explore existing work on this topic in the following sub‑

section.

Quantitative aspects of games and logics

So far, I have only mentioned purely qualitative settings. One might ask if rational veri‑

fication can be studied in a quantitative context, and indeed it can. There are two notable

formalisms within the realm of resource‑bounded two‑player games on graphs: mean‑

payoff games [87, 213] and energy games [48, 62]. As mentioned previously, in mean‑

payoff games, two players traverse a graph with numerical weights on the states, with
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the first player trying to maximise some sort of infinite average of the weights visited

over time, whilst in energy games, the first player is aiming to keep their running total

of weights visited positive. Despite the superficial differences, these two models are log‑

space reducible to one another [48].

Mean‑payoff games have been generalised to include multiple players [202] in a con‑

current game structure, where each player is given a weight function over the states, and

they wish to maximise their respective mean‑payoffs. In these games, Ummels and Wo‑

jtczak [2011] asked if there exists some Nash equilibrium where each player’s payoff lies

between a certain threshold; this is NP‑complete. Brice, Raskin and van den Bogaard

[2022] went on to show that the same problem remainsNP‑complete for subgame perfect

Nash equilibria. If one uses LTL to specify a property in a mean‑payoff game, the Nash

existence problem is PSPACE‑complete; if you use GR(1) specifications, then it remains

NP‑complete [110]. Additionally, both two‑player mean‑payoff and energy games have

been extended to include multiple weights on an edge [67, 207].

However, balancing quantitative and qualitative goals and properties is not always

as straightforward — for example, in two‑player, zero‑sum, mean‑payoff parity games,

where the first player gets their mean‑payoff if some parity condition is satisfied, and −∞

if not, optimal strategies may require infinite memory [65]. Thus, given the standard trans‑

formation from non‑deterministic Büchi automata to deterministic parity automata [176],

the outlook is not promising for combining LTL and mean‑payoff objectives. Despite this,

Gutierrez et al. [2017, 2020] looked at games with lexicographic preferences, where the

first component is either a Büchi condition or an LTL formula, and the second compon‑

ent is some mean‑payoff objective. Rather than studying the existence problem as it is

usually stated, they consider a variant of it — the problem of whether there exists some

finite‑state, strict 𝜀‑Nash equilibrium. These extra qualifiers are brought about precisely

because optimal strategies in mean‑payoff parity games require infinite memory. In the

case where the Büchi condition is the first component of the lexicographic preferences, the
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stated decision problem is NP‑complete, and in the LTL case, the problem is 2EXPTIME‑

complete. Thus, despite the relaxation of the solution concept, we do not gain any benefits

computationally, but equally, we do not see a blowup into 3EXPTIME or beyond.

Many logics have been developed for reasoning about resource‑bounded systems.

One common approach is to extend a logic such as coalition logic, or ATL/ATL*, to in‑

clude quantitative assertions. Alechina et al. [2011] introduced resource‑bounded coali‑

tion logic, an extension of coalition logic, within which one can make statements about

coalitions being able to achieve a formula under a given resource bound; Alechina et al.

[2010] extended ATL similarly. Alechina et al. [2018] defined RB ± ATL(∗), two logics

which extend ATL/ATL* in the same way as the previous two approaches, but which also

allow resource production, as well as consumption. A similarly motivated logic, QATL*,

was introduced by Bulling and Goranko [2013]; QATL* is ATL* extended with statements

about average and discounted payoffs achieved over infinite paths. QATL* is undecid‑

able, but some of its fragments restore decidability. Finally, Boker et al. [2014] introduced

LTLLim, an extension of LTL where one can make assertions about mean‑payoff values

over weighted Kripke structures; they then go on to show that model checking in this

logic is PSPACE‑complete — no harder than model checking for LTL.

Other work has been done to introduce non‑dichotomous quantitative preferences to

rational verification. Kupferman, Perelli and Vardi [2016] introducedObjective LTL (OLTL)

as a format for specifying player goals and system properties. An OLTL formula consists

of a tuple of LTL formulae, along with a function which maps 0–1 tuples of the same

length to integers. In a given execution of a system, some of the LTL formulae will be

satisfied and others will not be, inducing a 0–1 tuple. This tuple is then mapped to some

payoff, which each of the agents is aiming to maximise. They then consider the decision

problem of ‘given a set of agents along with a system player, does there exist a strategy

for the system player and a Nash equilibrium for the remaining players, where the sys‑

tem player’s payoff is greater than a given threshold?’. This problem is no harder than
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the original rational synthesis problem for LTL and is 2EXPTIME‑complete. Building on

this, Almagor, Kupferman and Perelli [2018] considered the rational verification problem

with LTL[ℱ ] [16] objectives and specifications. In short, LTL[ℱ ] generalises LTL by re‑

placing the classical Boolean operators with arbitrary functions which map 0–1 tuples to

the interval [0, 1]. Again, the associated decision problem remains 2EXPTIME‑complete.

In a similar vein to the LTLLim logic mentioned above, Bohy et al. [2013] defined an exten‑

sion of LTL, LTLMP, which can include statements about mean‑payoffs, and shows that

performing synthesis in the new logic can be done in 2EXPTIME, which is no worse than

synthesis in the LTL setting.

Whilst LTL and other previously described logics reason about properties of a se‑

quence over discrete timesteps, one can generalise this by turning to a continuous model

of time. Alur, Feder and Henzinger [1996] introduced metric interval temporal logic (MITL),

a formalism which builds on top of LTL and can make statements about Boolean‑valued

functions over continuous time. Maler and Nickovic [2004] then introduced signal tem‑

poral logic (STL), which adds further structure to MITL to be able to reason about real‑

valued functions over continuous time on a bounded interval. In the setting of MITL, sat‑

isfiability and model checking are EXPSPACE‑complete [18], whilst Doyen et al. [2009]

show that MITL synthesis is undecidable. Complexity results for STL are more sparse,

and efforts seem to be more focused around ‘property monitoring’ [149], a paradigm that

Donzé [2013] describes as ‘statistical model checking’; traditional verification techniques

are generally deemed to be intractable in this setting [80, 149], and I am unaware of any

work that has introduced MITL/STL into rational verification.

Thus we see that OLTL/LTL[ℱ ] and MITL/STL offer complementary approaches to

extending the type of statements LTL can make — LTL formulae can be seen as maps

from infinite sequences of states to the Booleans: OLTL/LTL[ℱ ] changes the range of this

mapping, whilst MITL/STL changes the domain of it.

Bidding games are another rich class of two player games on graphs, where on each
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turn, players bid for the right to choose the next move [28]. There are both finite [142, 143]

and infinite [29] duration bidding games, each of which can be studied with a number of

different winning conditions (such as reachability, parity, and for infinite‑duration games,

mean‑payoff objectives). Within this there are a variety of subtly different bidding mech‑

anisms [31] (such as whether the winning bid is paid to the other player, or to the bank,

etc.) each of which gives the game significantly different properties, as well as varying

computational complexities for their corresponding decision problems.

Resource allocation games [183] are games in which multiple players have access to a

pool of shared resources, which they each select some subset of. Their payoff is then

a function of the number of players who chose each resource. One important subset

of these games is congestion games (this is the case that Rosenthal [1973] originally stud‑

ied), where players prefer not to share resources; these are closely related to potential

games [157]. Avni, Henzinger and Kupferman [2020] considered dynamic resource alloc‑

ation games, which are resource allocation games with play repeated for infinitely many

rounds. Despite the similarity in name to the model under consideration in my Chapter 4,

resource allocation games do not have an immediate technical link to the work and results

presented here.

Tools and implementations

As we have shown, there is a vast wealth of literature on model checking in multi‑agent

systems, as well as in rational verification. One might ask, ‘But this is all purely theoretical

so far — has anyone actually applied this in practice?’. The answer is yes: there are a

handful of tools that have been developed to solve these problems. We do not comment

on their performance here, as most tools are either incomparable in their differing scopes,

and what analysis has been done, has been rather ad‑hoc.

Lily [124], Unbeast [86], and Acacia+ [43, 93] are (unrelated) tools for LTL realisability

and synthesis. Lily claims to be the first tool to be able to perform full LTL synthesis, and
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uses a ‘Safraless’9 construction [137]. Unbeast uses an approach known as bounded syn‑

thesis [94], and Acacia+ refines this algorithm by appealing to antichains. The authors of

Acacia+ later extended it to handle the previously mentioned LTL extension, LTLMP [44].

MOCHA [22] was one of the first multi‑agent model checking tools. It takes as in‑

put a description of a set of reactive modules [19] along with an ATL specification and

determines if that formula holds.

MCMAS [147] takes as input ISPL (Interpreted Systems Programming Language) code,

a custom language inspired by the interpreted systems framework [91]. The user can sup‑

ply a description of the agents, along with a logical formula, written in a logic which is

effectively ATL extended with epistemic [91] and deontic [148] modalities. The authors

demonstrate that MCMAS is capable of verifying the correctness of non‑trivial protocols

(such as the standard solution to the 𝑛‑dining cryptographers problem [69]). MCMAS

was later extended to handle the one‑goal fragment of strategy logic [61]; this fragment

includes ATL*, and allows rich game‑theoretic concepts (for instance; see [103] for a lo‑

gical characterisation of the core in ATL*) to be encoded within MCMAS.

PRALINE [52] can determine if a given multiplayer mean‑payoff game (albeit with

lim sup rather than lim inf objectives) has a Nash equilibrium, and moreover, can syn‑

thesise such an equilibrium. It does this by using the aforementioned ‘suspect game’ con‑

struction of [49, 50], and as such, assumes a model of strategy based on histories of states,

rather than those of actions. The input language uses a C‑like syntax.

EVE (Equilibrium Verification Environment) [107] is a tool which determines if a given

simple reactive module game [102] has a Nash equilibrium which models some specifica‑

tion. It does this via a novel reduction to parity games [111]. Both the goals of the players

and the specification are given by LTL formulae.
9Safra [187] presented a method for determinising non‑deterministic Büchi automata. Whilst this method

is computationally optimal, it is generally perceived to be very complex, and not amenable to implementation.
This is a problem for LTL synthesis, as the original algorithm [178] relies on the details of this construction.
Kupferman and Vardi [2005] later presented an alternative method for performing LTL synthesis, deemed to
be more straightforward, and lovingly named a ‘Safraless’ procedure.
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PRISM‑GAMES [140] is a system for verifyingproperties in concurrent stochastic games.

The properties are specified by rPATL [138] formulae and PRISM‑GAMES is capable of

verifying that such properties hold as well as synthesising strategies that can achieve them.

Moreover, it also supports verification and synthesis of subgame perfect social‑welfare

optimal Nash equilibria [139].

27



Chapter 2

Preliminaries

2.1 Notational conventions

Throughout, we will deal with various mathematical structures, largely in the form of

games, and their underlying computational models. For convenience, rather than expli‑

citly stating the components of a structure each time we need to speak about them, we

instead just use the canonical notation for the components as functions from the structure

to those components. This is a rather wordy description of a simple idea: if we have a

structure which we introduce as 𝑀 = (𝑋, 𝑆), then rather than writing ‘let 𝑀 = (𝑋, 𝑆) be

such that 𝑋 has this property’, we instead just write ‘let 𝑀 be such that 𝑋(𝑀) has this

property’. To reiterate, the notation used to describe the components of the structure will

double up as functions over those structures which yield the corresponding components.

Finally, as stated in the preface, I have tried to be explicit as possible, but some know‑

ledge of standard mathematical notation and shorthands is assumed. If there is a piece

of notation that I have used without defining, and its meaning is not apparent from the

context, please refer to the glossary in the back matter of this thesis.

28



2.2. SETS, SEQUENCES, GRAPHS, AND TREES

2.2 Sets, sequences, graphs, and trees

Let 𝑋 be a set. Then 𝑋𝜔 is the set of all infinite sequences in 𝑋. Thinking of an element

𝜋 ∈ 𝑋𝜔 as a function, 𝜋 ∶ ℕ → 𝑋, we use square brackets to index into 𝜋; that is, we

write 𝜋[𝑡] to denote the 𝑡th element of 𝜋. We also use slice notation to denote prefixes,

suffixes and fragments of infinite sequences; that is, if𝑚, 𝑛 ∈ ℕ, then𝜋[𝑚…𝑛] is shorthand

for the sequence 𝜋[𝑚]𝜋[𝑚 + 1]…𝜋[𝑛 − 1]. We write 𝜋[…𝑛] for 𝜋[0…𝑛] and 𝜋[𝑚…] for

the infinite sequence 𝜋[𝑚]𝜋[𝑚 + 1]…. Rather than using the cumbersome term ‘infinite

sequence’ throughout, we will use the terms ‘path’ and ‘run’. If the context is clear what

the underlying set is, instead of writing ‘a path/run over/of 𝑋’, we may just say ‘a path’

or ‘a run’. As discussed in Chapter 1, some authors use terms such as ‘computation’ or

‘trace’ for certain, specific infinite sequences. However, for the purposes of this thesis, we

exclusively use the terms ‘path’ and ‘run’, with the understanding that we will always

make clear what set such an infinite sequence is over. Additionally, we also use the term

‘path’ to refer to finite sequences — again, when we use this term, it should be clear from

the context whether we are referring to a finite or infinite sequence1.

In any run over a set 𝑋, some elements of 𝑋 may occur infinitely often. If 𝑋 is a finite

set, then this will definitely happen. Often, we will be interested in these elements, and

given a run 𝜋, we call, denoted permset (𝜋).

A graph2 is a tuple,

𝒢 = (𝑉, 𝐸),

where,

• 𝑉 is a non‑empty set of nodes;
1Why use two different words, ‘run’ and ‘path’ for the same concept? ‘Run’ is a term used in automata

theory and logic, whilst ‘path’ is a term from graph theory, which implicitly underlies a large swathe of game
theory. As we are inhabitants of both lands, it is only natural that we use both terms, and often, we use the
respective terms to stress the interpretation we want to use in that moment of time.

2Typically, one would use 𝐺 as the ‘standard’ graph identifier. However, we use 𝐺 for different types of
games throughout, and at least twice we need to talk about graphs and games concurrently; therefore, we
use 𝒢 for graphs to avoid any ambiguity.
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• 𝐸 ⊆ 𝑉 × 𝑉 is a set of edges.

We say that a graph 𝒢 is undirected if (𝑣, 𝑤) ∈ 𝐸(𝒢 ) implies that (𝑤, 𝑣) ∈ 𝐸(𝒢 ). Given

a graph, 𝒢 , one can form the undirected version of it 𝒢 ′ = (𝑉′, 𝐸′), by setting 𝑉′ = 𝑉(𝒢 )

and 𝐸′ = 𝐸(𝒢 ) ∪ {(𝑤, 𝑣) ∣ (𝑣, 𝑤) ∈ 𝐸(𝒢 )}.

Now, whilst runs are good for talking about the behaviours of deterministic systems,

we will need trees to reason effectively about non‑determinism. A tree is a tuple

𝒯 = (𝒢 , 𝜀),

where,

• 𝒢 is a graph;

• 𝜀 ∈ 𝑉(𝒢 ) is a distinguished root node;

• The induced undirected graph of 𝒢 is connected and acyclic;

• There does not exist any 𝑣 ∈ 𝑉(𝒢 ) such that (𝑣, 𝜀) ∈ 𝐸(𝒢 ).

Given two vertices, 𝑣1, 𝑣2 ∈ 𝑉(𝒢 (𝒯 )), if (𝑣1, 𝑣2) ∈ 𝐸(𝒢 (𝒯 )), then we say that 𝑣1 is

the parent of 𝑣2 and that 𝑣2 is the child of 𝑣1. It should be clear that every vertex except

for 𝜀 has a unique parent, whilst a vertex may have any number of children (including

none at all). An 𝑋‑labelled tree, 𝜏 = (𝒯 , 𝑙), is a tree 𝒯 along with a labelling function

𝑙 ∶ 𝑉(𝒢 (𝒯 )) → 𝑋3. For both graphs and trees, we say that they are finite if their underlying

set of vertices is finite, and infinite otherwise.

A run over a set 𝑋, as previously described, can be thought of as a degenerate 𝑋‑

labelled tree, and an infinite 𝑋‑labelled tree can be thought of as a collection of runs over
3Similarly to the previous footnote, we would like to use 𝜆 as the symbol for our labelling function, but

it is already reserved for the labelling function of LTL games. To avoid the implication that a tree labelled
with 𝜆 is a tree labelled with sets of atomic propositions, we avoid 𝜆 in this setting and use 𝑙 instead.

30



2.3. GAME‑THEORETIC NOTIONS

𝑋. Specifically, we say that a branch of a tree 𝒯 is a run 𝑣0𝑣1… such that 𝑣0 = 𝜀 and for

every 𝑖 ∈ ℕ, we have that 𝑣𝑖+1 is a child of 𝑣𝑖.

Finally, as this is a thesis about quantitative rational verification, we ought to provide

our first taste of quantitativeness4: given an infinite sequence of numbers, we need a way

of sensibly assigning an ‘average’ value to it. Let 𝛽 ∈ ℝ𝜔 . The mean‑payoff of 𝛽, denoted

mp(𝛽) is defined to be,

lim inf
𝑛→∞

1
𝑛

𝑛−1
􏾜
𝑖=0
𝛽[𝑖].

Closely related is the mean‑cost, denoted mc(𝛽), defined as

lim sup
𝑛→∞

1
𝑛

𝑛−1
􏾜
𝑖=0
𝛽[𝑖].

It is easy to verify that mp(𝛽) = −mc(−𝛽).

In some literature [207], lim sup is used in place of (but also in addition to) lim inf

within the definition of the mean‑payoff, giving rise to two separate values: the lim inf

version denoted mp(𝛽), and the lim sup version denoted mp(𝛽). This distinction is partic‑

ularly important when working in multiple dimensions, but for our purposes, we shall

focus solely on the lim inf version, in alignment with Ehrenfeucht and Mycielski [1979],

Ummels and Wojtczak [2011] and Zwick and Paterson [1996].

2.3 Game‑theoretic notions

Games exist in a wide variety of forms [169], but fundamentally, despite the differences in

notation and semantics, they share commonalities. So we can talk about standard game‑

theoretic ideas in a general sense, then specialise our definitions to the model at hand
4The dictionary reassures me that this is indeed a correctly formed word.
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when appropriate. A strategic game 𝐺 is a tuple,

𝐺 = 􏿵Ag, Ω, {Σ𝑖}𝑖∈Ag, 𝑔, {≻𝑖}𝑖∈Ag􏿸

where,

• Ag is a finite, non‑empty set of players (or agents);

• Ω is a non‑empty set of outcomes;

• For each player 𝑖 ∈ Ag, we have that Σ𝑖 is a non‑empty set of strategies for player 𝑖;

• 𝑔 ∶ Σ1 ×⋯×Σ |Ag| → Ω is an outcome function, taking a strategy for each player, and

producing an outcome;

• For each player 𝑖 ∈ Ag, we have that ≻𝑖 ⊆ Ω×Ω is a preference relation. We write it

infix‑style; that is, when (𝜔1, 𝜔2) ∈ ≻𝑖, we write 𝜔1 ≻𝑖 𝜔2.

Unsurprisingly, strategies will play a key role in our strategic games, so it will be bene‑

ficial for us to introduce some additional notation and terms. A strategy profile is a vector

of strategies, 𝜎 = (𝜎1, … , 𝜎|Ag|), one for each player, and the set of strategy profiles is de‑

noted byΣ. If we have a strategy profile 𝜎 = (𝜎1, … , 𝜎|Ag|), we use the notation 𝜎−𝑖 to denote

the vector (𝜎1, … , 𝜎𝑖−1, 𝜎𝑖+1, … , 𝜎|Ag|) and (𝜎−𝑖, 𝜎′𝑖 ) to denote (𝜎1, … , 𝜎𝑖−1, 𝜎′𝑖 , 𝜎𝑖+1, … , 𝜎|Ag|). Fi‑

nally, we write Σ−𝑖 as shorthand for Σ1×⋯×Σ𝑖−1×Σ𝑖+1×⋯×Σ |Ag|. All of these notations

can also be generalised in the obvious way to coalitions of agents, 𝐶 ⊆ Ag.

The game should be interpreted as follows: each player 𝑖 chooses a strategy 𝜎𝑖 ∈ Σ𝑖,

yielding a strategy profile 𝜎. The outcome of the game is then given by 𝜔 = 𝑔(𝜎). If the

players choose different vectors of strategies, then in general, the game will have different

outcomes, and players will have preferences over those outcomes, given by the≻𝑖 relation.

This begs the question (which is really the central question of game theory): how should

the players act? That is, what strategy should they each choose? Intuitively, one may say
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‘they should act according to their preferences’, but what does this really mean? If a player

was alone, they could just choose the strategy which gives them their most preferred out‑

come5. But in games with multiple players, the outcome will (in general) depend on all

the players’ strategies, meaning that a player may not be able to force a particular outcome

to happen. To provide a framework for what rational behaviour looks like in a strategic

game, we appeal to the notion of solution concepts.

To analyse our games, we make use of solution concepts from both the non‑cooperative

and cooperative game theory literatures. With respect to non‑cooperative solution con‑

cepts, a strategy profile 𝜎 is said to be a Nash equilibrium [161, 162] if for all players 𝑖 and

strategies 𝜎′𝑖 , we have 𝑔(𝜎) ⪰𝑖 𝑔(𝜎−𝑖, 𝜎′𝑖 ). Informally, a Nash equilibrium is a strategy profile

from which no player has any incentive to unilaterally deviate.

In addition to Nash equilibrium, we also consider the cooperative solution concept

known as the core [99, 103]. While Nash equilibria are profiles that are resistant to uni‑

lateral deviations, the core consists of profiles that are resistant to those deviations by

coalitions of agents, where every member of the coalition is better off, regardless of what

the rest of the agents do. Formally, we say that a strategy profile, 𝜎, is in the core if for all

coalitions 𝐶 ⊆ Ag, and strategy vectors 𝜎′𝐶, there is some complementary strategy vector

𝜎′Ag⧵𝐶 such that 𝑔(𝜎) ⪰𝑖 𝑔(𝜎′𝐶, 𝜎′Ag⧵𝐶), for some 𝑖 ∈ 𝐶. Alternatively, we can define the core

in the language of beneficial deviations: given a strategy profile, 𝜎, and a coalition 𝐶 ⊆ Ag,

a beneficial deviation is a strategy vector 𝜎′𝐶 such that for all complementary strategy vec‑

tors, 𝜎′Ag⧵𝐶, we have that (𝜎′𝐶, 𝜎′Ag⧵𝐶) ≻𝑖 𝜎 for all 𝑖 ∈ 𝐶. The core is then those strategies

profiles which admit no beneficial deviation by any coalition. In traditional cooperative

game theory, the core possesses multiple desirable properties: in particular, it is efficient

(i.e. there is no unutilised value) and no coalition can benefit by deviating. For the core’s

properties in the context of concurrent games, we build on the work first outlined by
5It could be the case that there is no ‘most preferred outcome’ for a player, if there were, say, an infinitely

increasing chain of increasingly preferable outcomes. However, all the outcome spaces we consider in our
work are closed and bounded, and we will not encounter such a scenario.
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Gutierrez, Kraus and Wooldridge [2019] in the setting of LTL objectives, extending their

results to a number of different game models. In particular, we will show that the par‑

ticular properties of the core are highly contingent on the exact formulation of a game

model6, and will discuss the associated results throughout.

These two approaches differ in that in the non‑cooperative setting, agents cannot form

binding agreements with other agents: they must make choices and act in isolation. In

contrast, in the cooperative setting, it is assumed that agents can form binding agreements

to work in teams called coalitions; the mechanism for forming such an agreement is outside

the scope of this work. We also note that whilst our definition of the core is aligned with

its traditional definition, we use a version couched in the language of non‑cooperative

games, recently introduced by Gutierrez et al. [2019].

Given a game 𝐺, let NE(𝐺) denote the set of Nash equilibrium strategy profiles of 𝐺,

and let CORE(𝐺) denote the set of strategy profiles in the core of𝐺. It is worth noting that

if a strategy profile is not a Nash equilibrium, then at least one player can deviate and

be better off, under the assumption that the remainder of the players do not change their

actions. However, if a strategy profile is not in the core, then some coalition can deviate

and become better off, regardless of what the other players do. Thus, the core should not be

confused with the solution concept of strong Nash equilibrium: a strategy profile that is

stable under multilateral deviations, assuming the remainder of the players ‘stay put’ [26,

27]. We will not use strong Nash equilibria in this work, and only mention the concept in

order to emphasise how the strong Nash equilibrium is different from the core.
6As a ‘sneak preview’: Gutierrez, Kraus and Wooldridge [2019] proves that the core is always non‑empty

in LTL games, whilst we show that the core can be empty in mean‑payoff games.
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2.4 Logics and specification languages

Linear temporal logic

To describe the goals of our agents, we use linear temporal logic (LTL) [177]. Here we

give an overview of LTL; for more detail, see, for example, Baier and Katoen [2008].

Let AP be a finite, non‑empty set of atomic propositions. The set of LTL formulae over

AP is generated by 𝜑 in the following grammar:

𝜑 ⩴ 𝑝 ∣ ¬𝜑 ∣ 𝜑 ∨ 𝜑 ∣ X𝜑 ∣ 𝜑U 𝜑,

where 𝑝 ∈ AP. For a set of atomic propositions, AP, we denote the set of LTL formulae

over AP byℒ(AP). If AP is apparent from the context, we will drop it and writeℒ only.

The semantics of LTL are defined relative to infinite runs of sets of atomic propositions.

That is, given a sequence, 𝜋 ∈ 𝒫 (AP)𝜔 , and an LTL formula 𝜑, we say that 𝜋 models 𝜑

and write 𝜋 ⊧ 𝜑 according to the following inductive definition:

• If 𝑝 ∈ AP, then 𝜋 ⊧ 𝑝 if and only if 𝑝 ∈ 𝜋[0];

• If 𝜑 ∈ ℒ (𝐴𝑃), then 𝜋 ⊧ ¬𝜑 if and only if it is not the case that 𝜋 ⊧ 𝜑;

• If 𝜑,𝜓 ∈ ℒ (AP), then 𝜋 ⊧ 𝜑 ∨ 𝜓 if and only if 𝜋 ⊧ 𝜑 or 𝜋 ⊧ 𝜓;

• If 𝜑 ∈ ℒ (AP), then 𝜋 ⊧ X𝜑 if and only if 𝜋[1..] ⊧ 𝜑;

• If𝜑,𝜓 ∈ ℒ (AP), then𝜋 ⊧ 𝜑U𝜓 if and only if there is some 𝑘 ∈ ℕ such that𝜋[𝑘..] ⊧ 𝜓

and for all 0 ≤ 𝑡 < 𝑘, we have 𝜋[𝑡..] ⊧ 𝜑.

In addition to the usual propositional shorthands (such as ⋅ ∧ ⋅ and ⋅ → ⋅), we use F𝜑

to mean⊤U𝜑, andG𝜑 for ¬F¬𝜑. One other (non‑standard) notation we will use, which
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will be useful in an upcoming example, is,

Within𝑘 𝜑 = 𝜑 ∨ X𝜑 ∨ … ∨
𝑘

􏿇􏿊􏿈􏿊􏿉X…X𝜑,

where 𝑘 ∈ ℕ. This Within operator can intuitively be thought of as a bounded version of

the F operator.

Emerson‑Lei conditions

Whilst LTL is a standard, well‑accepted formalism for specifying path‑based properties, it

suffers from being rather computationally intractable: as highlighted in Chapter 1, model‑

checking and satisfiability lie in PSPACE, whilst synthesis lies in 2EXPTIME. One altern‑

ative is to use a well‑regarded fragment of LTL, such as GR(1) [42]. Instead, we will appeal

to Emerson‑Lei conditions [15]; their relative simplicity, yet high expressivity, combined

with their more reasonable computational properties, make them an attractive alternative

to LTL. We will use them both for specifying behaviours of a system (within Chapter 3

and Chapter 5) as well as for specifying individual player preferences (in Chapter 5).

Babiak et al. [2015] used Boolean combinations of atoms of the form Inf(𝐹), where

𝐹 is some subset of states of a system, to describe acceptance conditions of arbitrary 𝜔‑

automata. These are, in fact, Emerson‑Lei conditions, albeit with a different syntax. We

use them here in the context of games, again, with a slightly different (and more general)

syntax. Given a set of states, St, the set of Emerson‑Lei conditions over St is given by the

grammar,

𝛼 ⩴ Inf(𝑠) ∣ ¬𝛼 ∣ 𝛼 ∨ 𝛼,

where 𝑠 ∈ St. Note that our Inf atom is parameterised by states, rather than the sets of

states used by Babiak et al. [2015] — for notational convenience, where 𝐹 ⊆ St is a set, we
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Type Associated Sets Emerson‑Lei condition

Büchi 𝐹 ⊆ St Inf(𝐹)
Co‑Büchi 𝐺 ⊆ St Fin(𝐺)
Gen. Büchi (𝐹𝑘)𝑘∈𝐾 ⊆ 2

St ⋀𝑘∈𝐾 Inf(𝐹𝑘)
Rabin (𝐿𝑖, 𝑈𝑖)𝑖∈𝐼 ⊆ 2

St × 2St ⋁𝑖∈𝐼 Fin(𝐿𝑖) ∧ Inf(𝑈𝑖)
Streett (𝐿𝑗, 𝑈𝑗)𝑗∈𝐽 ⊆ 2

St × 2St ⋀𝑗∈𝐽 Fin(𝐿𝑗) ∨ Inf(𝑈𝑗)
Muller (𝐹𝑘)𝑘∈𝐾 ⊆ 2

St ⋁𝑘∈𝐾 Inf(𝐹𝑘) ∧ Fin(𝐹𝑘)

Table 2.1: Traditional 𝜔‑regular winning conditions and how they can be expressed with
Emerson‑Lei conditions.

write Inf(𝐹) as shorthand for the expression,

􏾔
𝑠∈𝐹

Inf(𝑠).

We also write Fin(𝐹) as shorthand for ¬ Inf(𝐹), Inf(𝐹) for Inf(St ⧵ 𝐹), and we define disjunc‑

tion, ⋅ ∨ ⋅, implication ⋅ → ⋅, and bi‑implication ⋅ ↔ ⋅ in the usual way. The size of a

specification is defined to be the number of atoms it contains.

The semantics of Emerson‑Lei conditions are defined relative to infinite runs of states,

𝜌 ∶ ℕ → St in the obvious way:

• If 𝑠 ∈ St, then 𝜌 ⊧ Inf(𝑠) if and only if 𝑠 ∈ permset 􏿴𝜌􏿷;

• 𝜌 ⊧ ¬𝛼 if and only if it is not the case that 𝜌 ⊧ 𝛼;

• 𝜌 ⊧ 𝛼 ∨ 𝛽 if and only if 𝜌 ⊧ 𝛼 or 𝜌 ⊧ 𝛽.

Using this notation, we can readily define conventional𝜔‑regular winning conditions,

as shown in Table 2.1.

As another example, consider parity conditions. Suppose each state is labelled by a

function, 𝜇 ∶ St →ℕ, with 𝜇(𝑠) ≤ 𝑚 for some𝑚 ∈ ℕ, for all 𝑠 ∈ St. Given a path, 𝜋, we say

that the parity condition is satisfied when max{𝜇(𝑠) ∣ 𝑠 ∈ Inf(𝜋)} is even (here, the max can

be replaced for min and the even for odd, but this would only result in minor changes to
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the analysis). The sets of interest are defined by

𝐹𝑘 = {𝑠 ∈ St ∣ 𝜇(𝑠) = 𝑘}

Then, assuming𝑚 is even (the formula for𝑚 odd is similar), the parity winning condition

can be expressed by the following Emerson‑Lei condition:

𝛼 = Inf(𝐹𝑚) ∨ (Fin(𝐹𝑚−1) ∧ (Inf(𝐹𝑚−2) ∨ (Fin(𝐹𝑚−3) ∧⋯ ∨ (Fin(𝐹1) ∧ Inf(𝐹0)))))

Given that we have proposed Emerson‑Lei conditions as an alternative to LTL specific‑

ations, it is natural to ask how they compare. The connection between them is given by

the following statement:

Proposition 1. Let 𝐺 be a game and let 𝛼 be some Emerson‑Lei condition. Then there exists a set

of atomic propositions, Φ, a labelling function 𝜆 ∶ St→𝒫 (Φ), and an LTL formula 𝜑 such that,

for all paths 𝜋, we have 𝜋 ⊧ 𝛼 if and only if 𝜆(𝜋) ⊧ 𝜑.

Proof. Without loss of generality, we may assume that 𝛼 is written in conjunctive normal

form, that is:

𝛼 =
𝑛
􏾒
𝑖=1

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

𝑚
􏾔
𝑗=1
𝐶𝑖,𝑗

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

where each 𝐶𝑖,𝑗 is an atom of the form Inf(𝐹) or Fin(𝐹) for some subset 𝐹 ⊆ St. We start

by introducing a propositional variable 𝑝𝐹 for every subset 𝐹 ⊆ St. Then, for a given state

𝑠 ∈ St, we define,

𝜆(𝑠) = {𝑝𝐹 ∈ AP ∣ 𝑠 ∈ 𝐹}.

Then, we simply define,

𝜑 =
𝑛
􏾒
𝑖=1

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

𝑚
􏾔
𝑗=1
𝐷𝑖,𝑗

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,
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where 𝐷𝑖,𝑗 = GF 𝑝𝐹 if 𝐶𝑖,𝑗 = Inf(𝐹) and 𝐷𝑖,𝑗 = FG¬𝑝𝐹 if 𝐶𝑖,𝑗 = Fin(𝐹). We claim that for all

paths 𝜋, we have 𝜋 ⊧ 𝛼 if and only if 𝜆(𝜋) ⊧ 𝜑.

First suppose that𝜋 ⊧ 𝛼. Thus, by definition, we have for all 1 ≤ 𝑖 ≤ 𝑛 that𝜋 ⊧ ⋁𝑚
𝑗=1 𝐶𝑖,𝑗.

This in turn implies that there exists some 𝑗 such that 𝜋 ⊧ 𝐶𝑖,𝑗. If 𝐶𝑖,𝑗 = Inf(𝐹), then this

implies that permset (𝜋) ∩ 𝐹 ≠ ∅. Take any 𝑠 ∈ permset (𝜋) ∩ 𝐹. By definition, we have

𝑝𝐹 ∈ 𝜆(𝑠) and so we also have 𝜆(𝜋) ⊧ GF 𝑝𝐹. But by construction, this implies 𝜆(𝜋) ⊧ 𝐷𝑖,𝑗.

Similarly, if𝐶𝑖,𝑗 = Fin(𝐹), thenwehavepermset (𝜋)∩𝐹 = ∅. Thus, for all 𝑠 ∈ permset (𝜋),

we have 𝑝𝐹 ∉ 𝜆(𝑠) and so we have 𝜆(𝜋) ⊧ FG¬𝑝𝐹. By construction, this implies that

𝜆(𝜋) ⊧ 𝐷𝑖,𝑗. Thus, for all 𝑖, there exists some 𝑗 such that 𝜆(𝜋) ⊧ 𝐷𝑖,𝑗. This implies that

𝜆(𝜋) ⊧ 𝜑.

Conversely, suppose that 𝜆(𝜋) ⊧ 𝜑. So for all 𝑖, there exists a 𝑗 such that 𝜆(𝜋) ⊧ 𝐷𝑖,𝑗. If

𝐷𝑖,𝑗 = GF 𝑝𝐹, then 𝜋 visits some state 𝑠 ∈ 𝐹 infinitely often. Thus, permset (𝜋) ∩ 𝐹 ≠ ∅, so

𝜋 ⊧ Inf(𝐹). Similarly, if 𝐷𝑖,𝑗 = FG¬𝑝𝐹, then 𝜋 ⊧ Fin(𝐹). Either way, we have 𝜋 ⊧ 𝐶𝑖,𝑗. So

for all 𝑖, there exists some 𝑗 such that 𝜋 ⊧ 𝐶𝑖,𝑗, implying that 𝜋 ⊧ 𝛼.

Thus, Emerson‑Lei conditions can be seen as being ‘isomorphic’ to a strict subset

of LTL; it is straightforward to come up with LTL formulae that cannot be written as

Emerson‑Lei conditions — take for instance G𝜑, where 𝜑 is some non‑trivial proposi‑

tional formula. This quickly highlights how restrictive Emerson‑Lei conditions are relat‑

ive to LTL, but we look to turn this limitation into a strength — as alluded to earlier and as

highlighted in Table 2.2, the Emerson‑Lei condition formulations of certain key decision

problems compared to their LTL counterparts are significantly easier in terms of their com‑

putational complexity. In conjunction with their expressiveness and their natural inter‑

pretation, we see this as a strong motivator to introduce Emerson‑Lei specifications into

rational verification. As such, we will study a number of decision problems within the ra‑

tional verification framework, where Emerson‑Lei conditions replace LTL specifications

in the obvious way, in the hope that this will also yield a reduction in complexity in this

setting.
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Decision Problem LTL Emerson‑Lei Conditions

Model‑checking PSPACE‑complete [146, 193] in P [60]
Satisfiability PSPACE‑complete [193] NP‑complete [76]
Synthesis 2EXPTIME‑complete [178, 184] PSPACE‑complete [152]

Table 2.2: The relative computational complexities of the important decision problems
for LTL and EL conditions.

2.5 Concurrent game structures

A concurrent game structure (CGS) [20] is a tuple,

𝑀 = (Ag, St, 𝑠0, {Ac𝑖}𝑖∈Ag, tr),

where,

• Ag and St are finite, non‑empty sets of agents and states, respectively, with 𝑠0 ∈ St

a designated start state;

• For each 𝑖 ∈ Ag, Ac𝑖 is a set of actions available to agent 𝑖;

• tr ∶ St ×Ac1 ×⋯×Ac|Ag| → St is a transition function.

We define the size of𝑀 to be |St| ⋅ |Ac||Ag| — whilst we initially assume we have an explicit,

non‑concise representation of our concurrent game structures, we will later explore more

compact computational structures.

Concurrent games are played as follows. The game begins in state 𝑠0, and each player

𝑖 ∈ Ag simultaneously picks an action ac0𝑖 ∈ Ac𝑖7. The game then transitions to a new

state, 𝑠1 = tr(𝑠0, ac01, … , ac0|Ag|), and this process repeats. Thus, the 𝑛th state visited is 𝑠𝑛 =

tr(𝑠𝑛−1, ac𝑛−11 , … , ac𝑛−1|Ag|). Since the transition function is deterministic and we have a fixed

sequence of actions, a play of a game will be an infinite sequence of states, 𝜋 ∶ ℕ → St. On
7As discussed in Chapter 1, whilst probabilistic models and randomised strategies are possible in con‑

current games, in this thesis we solely considered deterministic, non‑randomised behaviour on the part of
our agents.
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top of concurrent game structures, we can add preferences over runs of states, to trans‑

form them into proper games. If we label the states with set of atomic propositions, and

then give each player an LTL goal over those atomic propositions, we have LTL games. If

instead we add weights to each state, one for each player, and say that players prefer runs

with maximise the lim inf of the average of the weights encountered, then we have mean‑

payoff games. Whilst there is endless variation in terms of adding preferences to con‑

current game structures, these two aforementioned games, LTL games and mean‑payoff

games, will be the most relevant to us (we will formally define LTL games momentarily,

and mean‑payoff games in Chapter 3).

Strategies

In order to describe how each player acts in a concurrent game, we need to instantiate

the concept of a strategy in CGSs. As discussed in Chapter 1, there are several routes we

can take with respect to our model of strategies, and whether they are based on histories

of actions, states, or labels. Throughout this thesis, we shall work with models that are

based on histories of actions — in particular, we assume full visibility of player behaviour

to all others players.

Thus, mathematically, a strategy for a given player 𝑖 can be understood as a function,

𝜎𝑖 ∶ Ac+ → Ac𝑖, which maps sequences, or histories, of actions into a chosen action for

player 𝑖. A strategy profile 𝜎 ∈ Σ together with a start state 𝑠 will induce a unique run

of states, which we denote by 𝜋(𝜎, 𝑠) ∶ ℕ → St, as well as a run of actions a⃗c ∶ ℕ → Ac,

with Ac = Ac1 ×⋯ × Ac|Ag|; these sequences are obtained in the following way: starting

from 𝑠, each player plays ac0𝑖 = 𝜎𝑖(𝜖). This transforms the game into a new state, given

by 𝑠1 = tr(𝑠, ac01, … , ac0|Ag|). Each player then plays ac1𝑖 = 𝜎𝑖(ac0), and this process repeats

infinitely often. Typically, we are interested in runs that begin in the game’s start state,

𝑠0, and we write 𝜋(𝜎) as shorthand for the infinite path 𝜋(𝜎, 𝑠0).

When considering computational questions surrounding concurrent games, it is use‑
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ful to work with a finite representation of strategies. We use two such representations:

finite‑memory strategies and memoryless strategies. A finite‑memory strategy for a player, 𝑖,

is a tuple,

𝜎𝑖 = (𝑄𝑖, 𝑞0𝑖 , 𝛿𝑖, 𝜏𝑖),

where,

• 𝑄𝑖 is a finite, non‑empty set of states with 𝑞0𝑖 ∈ 𝑄𝑖 an initial state;

• 𝛿𝑖 ∶ 𝑄𝑖 ×Ac1 ×⋯×Ac|Ag| → 𝑄𝑖 is a transition function;

• 𝜏𝑖 ∶ 𝑄𝑖 → Ac𝑖 is an action function.

Thus, finite‑memory strategies are finite state machines with output, also known asMoore

machines [158]. This strategy operates by starting in its initial state, 𝑞0𝑖 , and producing an

action ac0𝑖 = 𝜏𝑖(𝑞0𝑖 ). Combined with the other players’ actions, this yields an action profile

a⃗c0. As established above, the game moves a new state based on its transition function

tr, whilst player 𝑖’s strategy moves to the state 𝑞1𝑖 = 𝛿(𝑞0𝑖 , a⃗c0). This process repeats in a

similar way forever. It is not hard to see that if we have multiple finite‑memory strategies

playing against each other, then the play they generate will be periodic: the play must

eventually revisit some configuration, and at this point, the game will start to repeat itself.

More precisely, any play generated by a collection of finite‑memory strategies will consist

of a finite non‑repeating sequence of states, followed by a finite sequence that repeats

infinitely often. Because such a play will be periodic, we can write the path induced on

the concurrent game structure as 𝜋 = 𝜋[..𝑘]𝜋[𝑘..𝑚]𝜔 , for some 𝑘,𝑚 ∈ ℕ with 0 ≤ 𝑘 < 𝑚.

Finally, a memoryless strategy is a strategy that depends only on the state the player

is currently in. Thus, memoryless strategies can be expressed as functions 𝜎𝑖 ∶ St →

Ac𝑖, which simply map states to actions; such functions can be directly implemented as

lookup tables, in space 𝑂(|St|). Note that memoryless strategies can be encoded as finite‑

memory strategies, and that finite‑memory strategies are indeed a special case of arbitrary
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strategies. Whilst we will work with finite‑memory and memoryless strategies, we will

use arbitrary strategies by default, unless otherwise stated.

2.6 Rational verification via LTL games

So far, we have spoken around rational verification, giving an informal account in

Chapter 1, but it is now time to formally explain the notion. We will explain rational

verification in the context of LTL games, as this is the traditional setting in which it is

framed in [95, 102]. An LTL game 𝐺 is a tuple,

𝐺 = 􏿵𝑀,AP, 𝜆, {𝛾𝑖}𝑖∈Ag(𝑀)􏿸 ,

where,

• 𝑀 is a concurrent game structure;

• AP is a finite, non‑empty set of atomic propositions;

• 𝜆 ∶ St(𝑀) → 𝒫 (𝐴𝑃) is a labelling function;

• For each player 𝑖 ∈ Ag(𝑀), we have that 𝛾𝑖 is an LTL formula over AP, called the

goal of 𝑖.

Given a run of states 𝜋 = 𝑠0𝑠1𝑠2… over St(𝑀), we can label it with 𝜆, yielding a run of sets

of atomic propositions, 𝜆(𝜋) = 𝜆(𝑠0)𝜆(𝑠1)𝜆(𝑠2) …. Then given an LTL formula 𝜑, we can

interpret it relative to 𝜆(𝜋). In particular, we can do this for the players’ goals: if for a

player 𝑖 we have 𝜆(𝜋) ⊧ 𝛾𝑖, then we say that 𝑖 is a winner under 𝜋, and a loser otherwise.

We then use this to define each player’s preference relations: a player 𝑖 prefers runs in

which they are a winner over those in which they are a loser, but is indifferent between

runs in which they are winners, and indifferent between runs in which they are losers.
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Now, naturally, players should act to try and achieve their goals. But in a given game,

they may not be able to achieve their goal by themselves, or there may be multiple, differ‑

ent ways of achieving their goal. Moreover, their actions will affect the satisfaction of the

remaining players’ goals and vice‑versa. Thus, the players need to take the other players’

goals into consideration as they reason rationally and strategically.

The natural route to take is to ask about the solution concepts of these games; for us,

that is the Nash equilibrium, and the core. Given an LTL game, we want to understand

whether any of its strategies are equilibria, and if so, to determine what properties they

have. The most natural way of asking these questions is with the notion of decision prob‑

lems from computational complexity theory. The set of decision problems we consider in

the non‑cooperative setting is as follows:

NASH‑MEMBERSHIP:

Given: An LTL game 𝐺 and a strategy profile 𝜎.

Question: Is 𝜎 a Nash equilibrium 𝜎 in 𝐺?

NON‑EMPTINESS:

Given: An LTL game 𝐺.

Question: Does there exist some Nash equilibrium 𝜎 in 𝐺?

E‑NASH:

Given: An LTL game 𝐺 and an LTL formula 𝜑.

Question: Does there exist some Nash equilibrium 𝜎 of 𝐺which satisfies 𝜑?

A‑NASH:

Given: An LTL game 𝐺 and an LTL formula 𝜑.

Question: Is it the case that 𝜑 holds on all Nash equilibria 𝜎 of 𝐺?

As discussed in Chapter 1, it is often sufficient just to study one of NON‑EMPTINESS,

E‑NASH and A‑NASH, and we will focus our attention primarily on the E‑NASH problem

44



2.6. RATIONAL VERIFICATION VIA LTL GAMES

throughout. Bearing this in mind, in the cooperative setting, the problems we will look at

are:

CORE‑MEMBERSHIP:

Given: An LTL game 𝐺 and a finite‑memory strategy profile 𝜎.

Question: Is 𝜎 a member of the core?

COALITION‑SAT:

Given: A concurrent game structure𝑀, a coalition 𝐶 and an LTL formula 𝜑.

Question: Does there exist a strategy vector 𝜎𝐶 such that 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝜑, for

all responses 𝜎Ag⧵𝐶?

BENEFICIAL‑DEVIATION (BEN‑DEV):

Given: An LTL game 𝐺, a strategy profile 𝜎, and a strategy vector 𝜎′𝐶.

Question: Is 𝜎′𝐶 a beneficial deviation from 𝜎?

E‑CORE:

Given: An LTL game 𝐺 and an LTL formula 𝜑.

Question: Does there exist some member of the core 𝜎 such that 𝜌(𝜎) ⊧ 𝜑 holds?

In terms of complexities, we have that NASH‑MEMBERSHIP and BEN‑DEV are PSPACE‑

complete [101, 103]. The inherent ‘PSPACE’‑ness of these questions comes from the

PSPACE‑completeness of the LTL model checking problem [146, 193]. This problem takes

a program and an LTL specification and asks whether the program models the specific‑

ation. As these two decision problems have a strategy profile as an input, they can be

seen as analogous to LTL model checking with its program input. However, if instead

we remove the strategy profile, our problems start to look more like the problem of LTL

synthesis discussed in Chapter 3; this problem takes an LTL specification and asks if there

exists some program which models it — this problem is 2EXPTIME‑complete [178, 184].

As such, when we remove the strategy profile from the input, and ask if there exists some
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strategy profile which is a member of a solution concept which models a specification, we

might expect the problems we consider to be 2EXPTIME‑complete. Indeed, this is exactly

what we see: the NON‑EMPTINESS, E‑NASH and A‑NASH problems in the non‑cooperative

setting, and the CORE‑MEMBERSHIP, COALITION‑SAT and E‑CORE problems in cooperative

setting are all 2EXPTIME‑complete [95, 101, 102, 103].

It is worth noting here one technical detail about representations of strategies. In

the E‑NASH problem, the quantifier asks if there exists a Nash equilibrium which mod‑

els the specification. This quantification ranges over all possible Nash equilibria and the

strategies may be arbitrary strategies. However, in the NASH‑MEMBERSHIP problem, the

strategy 𝜎 is part of the input, and thus, needs to be finitely representable (either using a

finite‑memory or memoryless strategy). Moreover, in addition to providing restrictions

on the input, we can provide qualifications for the other strategies reasoned about within

the decision problem, such as the solution concept being searched for, as well as the de‑

viations or counter‑responses. With this in mind, we will use the term ‘target strategy’ to

mean the strategy being ‘searched for’ in those decision problems which ask about the

existence (or universality) of solution concepts. For example, the E‑NASH problem asks if

there exists some Nash equilibrium which models a provided specification — the target

strategy here is the Nash equilibrium, and we will often be interested in restricting the

associated search space.

Thus, we will adhere to the following convention throughout: when introducing a de‑

cision problem, we state it without providing any qualifications on the strategies (even if

some finitely‑representable strategy is required as input), but when providing and prov‑

ing results about these decision problems, we will be careful to be clear about what as‑

sumptions we make of the strategies we work with; if the type of strategy is not explicitly

stated, it should be assumed to be an arbitrary strategy.

Throughout this thesis, we will instantiate the above decision problems in a variety of

contexts, with the focus being on adding a quantitative ‘spin’ to the questions.
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Chapter 3

Themes on mean‑payoff games

3.1 Introduction

In this chapter, we consider rational verification over multiplayer, mean‑payoff games

where system specifications are given by Emerson‑Lei conditions. With this approach, the

complexity of the main game‑theoretic decision problems is considerably lower than in

the case with temporal logic specifications. We consider the standard set of rational veri‑

fication questions in the context of Nash equilibria and the core, as well as within a form

of succinct representation of the usual concurrent game structures. We believe two of our

contributions in this chapter to be particularly novel and significant:

1. As discussed in Chapter 2, Emerson‑Lei conditions are endowed with more amen‑

able computational properties than LTL. When we study rational verification de‑

cision problems in the setting of mean‑payoff games, the addition of LTL specifica‑

tions causes a complexity ‘gap’ between theNP‑completeness of the non‑emptiness

problem [202] and the PSPACE‑completeness of the E‑NASH problem [110]. By us‑

ing Emerson‑Lei conditions in place of LTL specifications, we offer a way of reason‑

ing qualitatively about mean‑payoff games, without an overhead in complexity —

the corresponding E‑NASH problem remains NP‑complete.
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2. We extend the study of the core, a cooperative solution concept, within rational

verification to mean‑payoff games — a previously unexplored territory, with many

new results and accompanying proof techniques.

We will proceed in the following way: after defining some chapter‑specific preliminaries

in Section 3.2, in Section 3.3 we study multiplayer mean‑payoff games with Emerson‑Lei

conditions in the non‑cooperative setting, and consider the natural decision problems re‑

lating to these games and their Nash equilibria. Following this, in Section 3.4 we shift our

focus to the cooperative setting, and study the core in multiplayer mean‑payoff games. Fi‑

nally, in Section 3.5 we look at reactive module games [102] as a way of succinctly repres‑

enting systems, and investigate how the use of this representation affects our complexity

results.

3.2 Models, games, and specifications

Mean‑payoff games

A two‑player, mean‑payoff game [87, 213], is defined by a tuple,

𝐺 = (𝑉1, 𝑉2, 𝑣0, 𝐸, 𝑤),

where,

• 𝑉1 and 𝑉2 are disjoint, finite, non‑empty sets of states, controlled by player 1 and 2

respectively;

• 𝑣0 ∈ 𝑉1 is a designated start state;

• 𝐸 ⊆ (𝑉1 × 𝑉2) ∪ (𝑉2 × 𝑉1) are the edges of the game;

• 𝑤 ∶ 𝐸 → ℤ is a weight function.
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In a two‑player, mean‑payoff games, the players take turns choosing edges to traverse,

each of which is weighted. Player 1 is trying to maximise the average of the weights

encountered, whilst player 2 is trying to minimise it. Formally, the game begins in state

𝑣0 ∈ 𝑉1 and player 1 chooses an edge (𝑣0, 𝑣1) ∈ 𝐸 ∩ (𝑉1 × 𝑉2). Then player 2 chooses an

edge (𝑣1, 𝑣2) ∈ 𝐸∩ (𝑉2×𝑉1) and this process repeats indefinitely. This induces a sequence

of weights, 𝑤⃗ = 𝑤((𝑣0, 𝑣1)), 𝑤((𝑣1, 𝑣2)), …, and player 1 (respectively, 2) chooses edges to

try and maximise (respectively, minimise) the mean‑payoff of 𝑤⃗, denoted mp(𝑤⃗).

There are twokeys facts about two‑player, mean‑payoffgames that wewill use without

comment throughout. The first is that memoryless strategies suffice for both players to

act optimally (i.e. achieve their maximum payoff) [87]. The second is that every game has

a value (i.e. a payoff that player 1 can achieve regardless of what player 2 plays) and de‑

termining if a game’s value is equal to 𝑣 lies in NP ∩ co‑NP [213]. In particular, given a

game, determining its value can be seen as a problem that lies within TFNP [153].

Extending two‑player, mean‑payoff games to multiple players, a multiplayer mean‑

payoff game [202] is given by a tuple,

𝐺 = (𝑀, {𝑤𝑖}𝑖∈Ag),

where,

• 𝑀 is a concurrent game structure;

• For each agent 𝑖 ∈ Ag, 𝑤𝑖 ∶ St → ℤ is a weight function.

In a multiplayer mean‑payoff game, a run of states 𝜋 = 𝑠0𝑠1… in 𝑀 induces an infinite

sequence of weights for each player 𝑖: 𝑤𝑖(𝑠0)𝑤𝑖(𝑠1) …. We denote this sequence by 𝑤𝑖(𝜋).

Under a given path, 𝜋, a player’s payoff is given bymp(𝑤𝑖(𝜋)). For notational convenience,

we will write pay𝑖(𝜋) for mp(𝑤𝑖(𝜋)). We can then define a preference relation over paths

for each player as follows: we write 𝜋 ⪰𝑖 𝜋′ and say that player 𝑖 prefers 𝜋 to 𝜋′ if and only

49



3.2. MODELS, GAMES, AND SPECIFICATIONS

if pay𝑖(𝜋) ≥ pay𝑖(𝜋
′). We also write 𝜋 ≻𝑖 𝜋′ if 𝜋 ⪰𝑖 𝜋′ and not 𝜋′ ⪰𝑖 𝜋. Note that, since

strategy profiles 𝜎 induce unique runs of states 𝜋(𝜎), we can lift preference relations from

runs to strategy profiles, writing 𝜎1 ⪰𝑖 𝜎2 as a shorthand for 𝜋(𝜎1) ⪰𝑖 𝜋(𝜎2).

In what follows, we refer to multiplayer, mean‑payoff games simply as mean‑payoff

games, and refer to two‑player, mean‑payoff games explicitly as such.

Emerson‑Lei conditions in mean‑payoff games

Let 𝜎 be some strategy profile. Then, 𝜎 induces some path, 𝜋(𝜎), and given that Emerson‑

Lei conditions are defined on paths, we can talk about paths induced by strategies model‑

ling them. But we are not interested in whether the paths induced by arbitrary strategies

model a given Emerson‑Lei condition — it is more natural in the context of multiplayer

games to ask whether the paths induced by some or all of the equilibria of a game model

a specification, both in the non‑cooperative and in the cooperative contexts. In particular,

we are interested in the Nash equilibrium and the core, and whether the paths induced

by strategy profiles that are members of these solution concepts model a specification. To

further illustrate the ideas presented so far, we offer the following example:

Example 1. Suppose we have four delivery robots in a warehouse (depicted in Figure 3.1;

the four robots correspond to the four coloured triangles), who want to pick up parcels

at the pickup points (labelled by the bold Ps) and drop them off at the delivery points

(labelled by the bold Ds). If a robot is not holding a parcel, and goes to a pickup point,

it automatically gets given one. If the robot has a parcel, and goes to the delivery point,

then the parcel is taken from the robot, and it gains a payoff of 1. Finally, if two robots

collide, by entering the same node at the same time, then they crash, and get a payoff of

−999 at every future timestep.

Now, there are a number of Nash equilibria here (infinitely many, in fact), but it is

easy to see that many of them exhibit undesirable properties. For instance, consider the

strategy profile where red and pink go back and forth between the pickup and delivery
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P
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Figure 3.1: Robots manoeuvring in a warehouse.

points, and threaten to crash into, or deadlock, blue and yellow if they move from their

starting positions. This is a Nash equilibrium, but it is clearly not Pareto optimal — the

proposed strategy induces a socially undesirable outcome.

It is easy to identify a more egalitarian outcome — the one where all four robots vis‑

iting the pickup and delivery points infinitely often, waiting for the others to pass when

they reach bottleneck points. If we call the set containing the two states where robot 𝑖

visits a pickup point 𝑃𝑖 and similarly label the set of delivery points 𝐷𝑖, we can express

this requirement concisely with the following Emerson‑Lei condition:

􏾒
𝑖∈[4]

Inf(𝑃𝑖) ∧ Inf(𝐷𝑖). (3.1)

Thus, we can conclude that there exists some Nash equilibrium which models the

above (generalised Büchi) specification. However, we just did this by inspection. In prac‑

tice, we would like to ask this question in a more principled way. As such, we will spend

the rest of this chapter exploring the natural decision problems associated with mean‑

payoff games with Emerson‑Lei conditions.

Firstly, given a game, a strategy profile, and a specification given by an Emerson‑Lei

condition, we can ask if the strategy profile is an equilibrium whose induced path models

the specification. Secondly, given a game and an Emerson‑Lei condition, we can ask if

the specification is modelled by the path/paths induced by some/every strategy profile in

the set of equilibria of the game. Each of these problems can be phrased in the context of
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a non‑cooperative game or a cooperative game, depending on whether we let the set of

equilibria be, respectively, the Nash equilibria or the core of the game. Formally, in the

non‑cooperative case, we have the following decision problems:

NASH‑MEMBERSHIP:

Given: A mean‑payoff game 𝐺, a strategy profile 𝜎, and an Emerson‑Lei spe‑

cification 𝛼.

Question: Is it the case that 𝜎 ∈ NE(𝐺) and 𝜋(𝜎) ⊧ 𝛼?

E‑NASH:

Given: A mean‑payoff game 𝐺 and an Emerson‑Lei specification 𝛼.

Question: Does there exist a 𝜎 ∈ NE(𝐺) such that 𝜋(𝜎) ⊧ 𝛼?

A natural dual to E‑NASH is the A‑NASH problem, which instead of asking if the spe‑

cification holds in the path induced by some Nash equilibrium, asks if the specification

holds in all equilibria:

A‑NASH:

Given: A mean‑payoff game 𝐺 and an Emerson‑Lei specification 𝛼.

Question: Is it the case that 𝜋(𝜎) ⊧ 𝛼, for all 𝜎 ∈ NE(𝐺)?

As discussed previously, these decision problems were first studied in the context of

iterated Boolean games [101], and are the ‘flagship’ decision problems of Rational Verific‑

ation [102].

In the cooperative setting, the analogous decision problems are defined by substituting

CORE(𝐺) for NE(𝐺). We refer to these problems as NASH‑MEMBERSHIP, E‑CORE, and A‑

CORE, respectively. These variants were first studied in the setting of LTL games [103].

Before we proceed to studying all these problems in detail, we note that even though

some other types of games (for example, two‑player, turn‑based, zero‑sum mean‑payoff

games, or parity games) can be solved only using memoryless strategies, this is not the
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𝑠𝑙 𝑠𝑟

Figure 3.2: The game described in Proposition 2; it requires a infinite‑memory Nash
equilibrium to model an Emerson‑Lei condition.

case in our setting; indeed, it turns out that infinite‑memory strategies may be required

to implement a Nash equilibrium which models a provided specification:

Proposition 2. There exist games 𝐺 and Emerson‑Lei conditions 𝛼 such that 𝜋(𝜎) ⊧ 𝛼 for some

Nash equilibrium 𝜎, but for which there exists no finite‑memory Nash equilibrium 𝜎 such that

𝜋(𝜎) ⊧ 𝛼. The statement also holds true for the core.

Proof (construction suggested by Jean‑François Raskin). Consider the game,

𝐺 = ((Ag, St, 𝑠0, {Ac𝑖}𝑖∈Ag, tr), {𝑤𝑖}𝑖∈Ag),

defined as follows:

• Ag = {1};

• St = {𝑠𝑙, 𝑠𝑟};

• Ac1 = {S,M};

• tr is defined in the following way: if player 1 plays S, then they remain in the state

that they are currently in; if they instead play M, then they move to the other state.

• The sole weight function 𝑤1 is as defined as 𝑤1(𝑠𝑙) = 1 and 𝑤1(𝑠𝑟) = 0.

An illustration of this game can be seen in Figure 3.2.

The game starts in the state 𝑠𝑙, and at each timestep player one can either choose to

stay in the current state, or move to the other one. We let 𝛼 denote the Emerson‑Lei con‑
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dition Inf(𝑠𝑟), and claim that there is no finite‑memory Nash equilibrium that models this

specification, but there is an infinite‑memory one that does.

First, let 𝜎1 be any finite memory strategy for player 1, such that 𝜌(𝜎1) ⊧ 𝛼. As 𝜎1
is finite memory, it induces a path consisting of a finite prefix, followed by an infinitely

repeating suffix — that is, it can be written as 𝜌(𝜎1) = 𝜋1𝜋𝜔2 , where 𝜋1 and 𝜋2 are finite

paths. As the satisfaction of an Emerson‑Lei condition is prefix‑independent, we see that

𝑠𝑟 must occur in 𝜋2 for 𝜌(𝜎1) to model 𝛼. In turn, as the mean‑payoff of a sequence is also

prefix‑independent, we see that the mean‑payoff of 𝜌(𝜎1) must be strictly less than 1 —

it must be equal to the average of the weights encountered in 𝜋2, which by the previous

statement, includes 0. As player 1 can increase their payoff by deviating to the strategy

which remains in 𝑠𝑙 indefinitely, we may conclude that 𝜎1 is not a Nash equilibrium.

We can readily construct an infinite‑memory strategy profile which is a Nash equi‑

librium which models 𝛼 — consider the strategy 𝜎′1 which visits 𝑠𝑙 once, then 𝑠𝑟 once,

followed by visiting 𝑠𝑙 twice, then 𝑠𝑟 once, and continuing in this way, visiting 𝑠𝑙 an in‑

creasing number of times each time it is reached, and only every visiting 𝑠𝑟 once at a time.

As 𝑠𝑟 is visited infinitely often, we see that 𝜌(𝜎′1) ⊧ 𝛼. Moreover, whenever the game enters

𝑠𝑙, for some 𝑛 ∈ ℕ, it will have visited 𝑠𝑙 𝑇𝑛 times, where 𝑇𝑛 is the 𝑛th triangular number,

and 𝑠𝑟 𝑛 times. Thus, the average of the weights visited by this point must be equal to,

𝑛2 + 𝑛
𝑛2 + 3𝑛.

It is easy to see that the limit of this sequence is 1, and thus the mean‑payoff of 𝜌(𝜎′1) is

also 1. As player 1 achieves their highest possible payoff under this strategy, it is both a

Nash equilibrium and a member of the core, and as established above, it also models the

provided Emerson‑Lei condition.
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3.3 Non‑cooperative games

In the non‑cooperative setting, NASH‑MEMBERSHIP, E‑NASH, and A‑NASH are the relevant

decision problems. In this section, we will show that NASH‑MEMBERSHIP lies in P for

memoryless strategies, while E‑NASH is NP‑complete and even remains NP‑hard when

restricted to memoryless strategies — thus, no worse than solving a multiplayer mean‑

payoff game [202]. Because A‑NASH is the dual problem of E‑NASH, it follows that A‑NASH

is co‑NP‑complete. In order to obtain some of these results, we also provide a semantic

characterisation of the paths associated with strategy profiles in the set of Nash equilibria

that satisfy a given Emerson‑Lei condition. We will first study the NASH‑MEMBERSHIP prob‑

lem for memoryless strategies, and then investigate E‑NASH, providing tight upper and

lower bounds for both memoryless and arbitrary strategies. We start with memoryless

strategies, as they are arguably the simplest, yet still computationally important, model

of strategies one may want to consider for multi‑agent systems.

Proposition 3. NASH‑MEMBERSHIP is in P when restricting the input to memoryless strategies.

Proof. We verify that a given strategy profile is a Nash equilibrium in the following way.

We begin by calculating the payoff of each player in the strategy profile by ‘running’ the

strategy and keeping note of the game states. When we encounter the same game state

twice, we can simply take the average of the weights encountered at the states between

the two occurrences, and that will be the payoff for a given player. By the pigeonhole

principle, it will take no more than |St| +1 time steps to get to this point, and thus, this can

be done in linear time.

Once we have each player’s payoff, we can determine if they have any incentive to

deviate in the following way — for each player, look at the graph induced by the strategy

profile excluding them. Formally, the graph induced by a partial strategy profile 𝜎−𝑖, de‑

noted by 𝒢 [𝜎−𝑖] = (𝑉, 𝐸) is defined as follows: the set of nodes, 𝑉, simply consists of the

set of states of the game, that is,𝑉 = St and the set of edges are simply the moves available
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to player 𝑖— that is, we have 𝑒 = (𝑠1, 𝑠2) ∈ 𝐸 if and only if there exists some ac′𝑖 ∈ Ac𝑖 such

that tr(𝑠1, (𝜎−𝑖(𝑠1), ac′𝑖 )) = 𝑠2.

We can use Karp’s algorithm [127] to determine the maximum payoff that this player

can achieve given the other players’ strategies. If this payoff is higher than the payoff ori‑

ginally achieved, then this means player 𝑖 can successfully deviate from the given strategy

profile and be better off, and so it is not a Nash equilibrium. If we do this for each player,

and the maximum payoff each player can achieve is less than or equal to their payoff in

the given strategy profile, then we can conclude it is a Nash equilibrium, and moreover,

we have determined this in polynomial time.

To determine if the strategy profile satisfies the specification, we run the strategy as

before, and determine the periodic path which the game will end up in. This tells us which

states will be finitely and infinitely visited, which in turn induces a valuation which will

either model or not model the specification. Checking this can be done in polynomial

time and thus, we can conclude that for memoryless strategies, NASH‑MEMBERSHIP lies in

P.

The simplicity of the above algorithm may raise hopes that it might readily extend to

finite‑memory strategies. However, in this case, the configuration of the game is not just

given by the current state — we must also account for the state that each of the player’s

strategies are in. Thus, we might have to visit at least |St| ⋅ |𝑄||Ag|+1 (where𝑄 is the largest

set of strategy states over the set of players) configurations until we discover a loop. Now

whilst there is an exponential dependency on the number of players in the input to the

problem, this bound on the number of configurations is not necessarily polynomial in the

size of the input. More precisely, the size of the underlying concurrent game structure is

|St| ⋅ |Ac||Ag| and if |𝑄| is larger that |Ac|, the number of configurations will grow exponen‑

tially faster than the size of the input. Thus, we cannot use the above algorithm in the case

of finite memory strategies to get a polynomial time upper bound. Given the structure of
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this difficulty, we note that a parametric complexity analysis may yield fruitful insights

here, but stop short of proceeding any further with this line of thinking.

We now consider the E‑NASH problem. As shown by Ummels and Wojtczak [2011], the

NON‑EMPTINESS problem is NP‑complete, and we dedicate the remainder of this section

to matching this complexity bound under the introduction of Emerson‑Lei specifications.

Instead of providing the full NP‑completeness result here, we start by showing that the

problem is NP‑complete for memoryless strategies, and delay the proof for the case of

arbitrary strategies until we develop a useful characterisation of Nash equilibrium in the

context of Emerson‑Lei conditions.

We note that it is often the case that when we restrict the search space in a decision

problem, it become more computationally difficult (for instance, linear programming can

be done in polynomial time [114], but integer linear programming is NP‑complete [126]).

As such, one may wonder if the unrestricted version of E‑NASH has sub‑NP complexity,

given its NP‑completeness for memory strategies. However, this is not the case, and we

will show that this problem is alsoNP‑complete in general. For now, we have the follow‑

ing hardness result, obtained using a reduction from the Hamiltonian cycle problem [97,

126] — a similar argument can be found in [202].

Proposition 4. E‑NASH isNP‑hardwhen restricting the target strategy tomemoryless strategies1,

even for games with one player, and constant weights.

Proof. Let 𝒢 be a graph with |𝑉(𝒢 )| = 𝑛. We form a mean‑payoff game 𝐺 by letting

Ag = {1} and St = 𝑉(𝒢 ). We pick the initial state arbitrary and label it 𝑠0, and the actions

for player 1 correspond to the edges of 𝒢 . That is, we have Ac1 = 𝐸(𝒢 ) and tr(𝑢, 𝑒) = 𝑣 if

and only if 𝑒 = (𝑢, 𝑣) ∈ 𝐸(𝒢 ). We also fix an integer constant 𝑘 ∈ ℤ and let 𝑤1(𝑠) = 𝑘 for all
1Note that we allow potential deviations to be arbitrary strategies; not just memoryless strategies.
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𝑠 ∈ St. Finally, let 𝛼 be the following specification:

𝛼 = 􏾒
𝑠∈St

Inf(𝑠).

We claim that 𝒢 has a Hamiltonian cycle if and only if 𝐺 has a memoryless Nash

equilibrium 𝜎 such that 𝜋(𝜎) ⊧ 𝛼.

First suppose that𝒢 has a Hamiltonian cycle,𝜋 = 𝑣0𝑣1…𝑣𝑛−1. We define a memoryless

strategy, 𝜎1, for player 1 by setting 𝜎1(𝑣𝑖) = 𝑣𝑖+1, where the superscript is interpreted

modulo 𝑛. As 𝜋 is a Hamiltonian cycle, it visits every node, so 𝜎1 is a well‑defined, total

function. By definition, we see that 𝜋(𝜎1) = 𝜋, so we have 𝜋(𝜎) ⊧ 𝛼. Additionally, as each

state has the same payoff, this strategy is trivially a Nash equilibrium.

Now suppose that 𝐺 has a memoryless Nash equilibrium 𝜎1 such that 𝜋(𝜎1) ⊧ 𝛼. Let

𝜋(𝜎1) = 𝜋. Since 𝜎1 is memoryless, 𝜋 must be of the form 𝜋 = 𝜋[..𝑖]𝜋[𝑖..𝑗]𝜔 for integers 𝑖

and 𝑗. Without loss of generality, assume that 𝑖 and 𝑗 are the smallest integers such that

this holds. Moreover, since 𝜋 ⊧ 𝛼, the path 𝜋 visits every state infinitely often, so we must

have that 𝜋[𝑖..𝑗] contains every state, and by memorylessness, it must be a cycle. Thus, by

definition, 𝜋[𝑖..𝑗] is a Hamiltonian cycle.

Piecing Propositions 3 and 4 together establishes NP‑completeness for mean‑payoff

games with Emerson‑Lei conditions where the target strategy is memoryless2: one can

non‑deterministically guess a memoryless strategy for each player (which is simply a list

of actions for each player, one for each state), and use NASH‑MEMBERSHIP to verify that it

is indeed a Nash equilibrium that models the specification.

To solve E‑NASH in its full generality, we start by deriving the lower bound; in this set‑

ting, rather than using a reduction to the Hamiltonian cycle problem, we use an argument

that appeals to SAT [76] instead:

Proposition 5. E‑NASH is NP‑hard, even for games with one player, and constant weights.
2As above, we allow potential deviations to be arbitrary strategies here.
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Proof. Let𝜑 be a Boolean formula over the set of atomic propositions AP. We form a mean‑

payoff game 𝐺, where Ag = {1}, St = {𝑠𝑝}𝑝∈AP
∪ {𝑠⊥} and Ac = {ac𝑝}𝑝∈AP

∪ {ac⊥}. We set the

start state, 𝑠0 ∈ St, arbitrarily, and let the transition function be defined as tr(𝑠𝑝, ac𝑞) = 𝑠𝑞
for all states 𝑠𝑝 ∈ St. As before, we also fix an integer constant 𝑘 ∈ ℕ and set 𝑤1(𝑠𝑝) = 𝑘 for

all 𝑠𝑝 ∈ St. Finally, we define an Emerson‑Lei condition 𝛼𝜑 by replacing every occurrence

of 𝑝 in 𝜑with Inf(𝑠𝑝).

We now claim that𝜑 is satisfiable if and only if𝐺 has a Nash equilibrium which models

𝛼𝜑. First note that any strategy in𝐺 is a Nash equilibrium, as all strategies receive the same

payoff. Thus it suffices to show that 𝜑 is satisfiable if and only if player 1 has a strategy

in 𝐺whose induced run models 𝛼𝜑.

To prove this claim, consider the following pair of functions 𝑓 ∶ 𝒫 (AP) → 𝒫 (St), and

𝑓−1 ∶ 𝒫 (St) → 𝒫 (AP), defined as follows,

𝑓(𝑣) = {𝑠𝑝 ∣ 𝑝 ∈ 𝑣}, 𝑓−1(𝑆) = {𝑝 ∣ 𝑠𝑝 ∈ 𝑆}.

It should be clear that these functions are inverses of each other, and are bijections. We

now claim that 𝑣 ⊧ 𝜑 if and only if there exists some run with permset 𝑓(𝑣)which models

𝛼𝜑. First suppose that 𝜑 = 𝑝, where 𝑝 ∈ AP. By definition, 𝑣 ⊧ 𝑝 if and only if 𝑝 is

in 𝑣, and 𝑝 is in 𝑣 if and only if 𝑠𝑝 is in 𝑓(𝑣), which in turn is true if and only if there

exists some run with permset 𝑓(𝑣)which models 𝑠𝑝 = 𝛼𝜑. Then, as Boolean formulae and

Emerson‑Lei conditions are structurally identical, with satisfaction for each being defined

in an inductively identical way, and as the claim holds for atomic propositions, it holds

for general formulae.

Thus, it suffices to show that there exists some run which models 𝛼𝜑 if and only if

player 1 has a strategy whose induced run models 𝛼𝜑. As the game graph of 𝐺 is fully

connected, this is apparent — every run can be achieved by some strategy of player 1,

yielding our claim.
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With the lower bound for E‑NASH established, we will turn our attention to the up‑

per bound. To prove this, we need to develop an alternative characterisation of Nash

equilibria. We begin by introducing the notion of the punishment value in a multiplayer

mean‑payoff game; cf., [106, 112]. The punishment value, pun𝑖(𝑠), of a player 𝑖 in a given

state 𝑠 can be thought of as the worst value the other players can impose on a player

at a given state. Concretely, if we regard the game 𝐺 as a two player, zero‑sum game,

where player 𝑖 plays against the coalition Ag ⧵ {𝑖}, then the punishment value for player

𝑖 is the smallest mean‑payoff value that the rest of players in Ag can inflict on 𝑖 from a

given state. Formally, given a player 𝑖 and a state 𝑠 ∈ St, we define the punishment value,

pun𝑖(𝑠) against player 𝑖 at state 𝑠, as follows:

pun𝑖(𝑠) = min
𝜎−𝑖∈Σ−𝑖

max
𝜏𝑖∈Σ𝑖

pay𝑖(𝜋((𝜎−𝑖, 𝜏𝑖), 𝑠))

How efficiently can we calculate this value? As established by Ummels and Wojtczak

[2011], we proceed in the following way: in a two player, zero‑sum, mean‑payoff game,

memoryless strategies suffice to achieve the punishment value [87]. Thus, we can non‑

deterministically guess a pair of memoryless strategies for each player (one for the coali‑

tion punishing the player, and one for the player themselves), use Karp’s algorithm [127]

to find the maximum payoff for both the player and the coalition against their respective

punishing strategies, and then verify that the two values coincide3.

We can build on top of this definition of punishing values to define a notion of when

the players are able to punish any player who deviates from an agreed upon run. Given

a vector 𝑧⃗ ∈ ℝ|Ag|, we say that a (state, action) pair, (𝑠, a⃗c), is 𝑧⃗‑secure if for all agents 𝑖 ∈ Ag
3Why do these values not coincide by definition? This is because the results of Ehrenfeucht and Mycielski

[1979] are supplied for turn‑based games, whilst here, we are in a concurrent setting, and a small amount
of additional work is required to accordingly translate these results. We elide the details here, but refer the
interested reader to Proposition 15 of Ummels and Wojtczak [2011]. The bottom line is that the technique
described here is both necessary and sufficient for our purposes.
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and for all ac′𝑖 ∈ Ac𝑖, we have,

pun𝑖(tr(𝑠, (a⃗c−𝑖, ac′𝑖 ))) ≤ 𝑧𝑖.

Informally, a (state, action) pair is 𝑧⃗‑secure if for every player, the remaining players have

the ability to coordinate on the next timestep to ensure that the former player gets a payoff

less than 𝑧𝑖. Intuitively, this can also be thought of as all the players having the power

to ‘punish’ a player if they choose to unilaterally deviate from an agreed upon action

profile. Indeed, we formalise this intuition in the following lemma, which we prove using

techniques adapted from Gutierrez et al. [2019] and Ummels and Wojtczak [2011].

Lemma 1. Let 𝐺 be a game, {a⃗c[𝑘]}𝑘∈ℕ a sequence of actions, and 𝜋 be the unique run of states

induced by these actions. Then there is a Nash equilibrium, 𝜎 ∈ NE(𝐺), such that 𝜋 = 𝜋(𝜎) if and

only if there exists some 𝑧⃗ ∈ ℚAg, with 𝑧𝑖 ∈ {pun𝑖(𝑠) ∣ 𝑠 ∈ St}4, such that:

• for each 𝑘, we have that (𝜋[𝑘], a⃗c[𝑘]) is 𝑧⃗‑secure; and

• for all players 𝑖 ∈ Ag, we have 𝑧𝑖 ≤ pay𝑖(𝜋).

However, before we prove this, we will present an extended example to better illus‑

trate the concepts defined above, as well as to motivate the steps taken in the remainder

of this section.

Example 2. Consider a game 𝐺, with three players Ag = {1, 2, 3}, seven states, St =

{𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠𝑝, 𝑠𝑑1 , 𝑠𝑑2}, and three actions Ac = {𝑎, 𝑏}. Rather than writing down all 7× 23 =

56 transitions explicitly, we define our transition function with the following rules:

• States 𝑠𝑝 and 𝑠𝑑2 are sink states — once the game enters one of them, the game re‑

mains in the corresponding state for all future timesteps (16 transitions);
4There is a more constructive way of articulating this condition: the crucial value of 𝑧⃗ will be the player‑

wise maximum of their punishment values of the states within 𝜋 as well as those states ‘one deviation away’.
However, given that we can ‘absorb’ this uncertainty of knowing which value of 𝑧⃗ to use into our NP guess
in Theorem 1, we will provide the lemma as stated for overall ease of presentation.
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𝑠0 𝑠𝑝

𝑠1

𝑠2

𝑠3

𝑠𝑑1 𝑠𝑑2

Figure 3.3: The game described in Example 2.

𝑤𝑖(𝑠) 1 2 3
𝑠0 1 1 1
𝑠1 1 1 1
𝑠2 1 1 1
𝑠3 1 1 1
𝑠𝑝 −1 −1 −1
𝑠𝑑1 4 4 4
𝑠𝑑2 10 −1 −1

Table 3.1: The weight functions for the game in Example 2.

• In states 𝑠0 or 𝑠3, if at least two players play 𝑏, then the game moves to state 𝑠𝑝;

otherwise, the game moves to state 𝑠1 or 𝑠0 respectively (16 transitions);

• In 𝑠1, if at least two players play 𝑏, then the game moves to 𝑠2; otherwise, the game

moves to state 𝑠3 (8 transitions);

• In 𝑠2 and 𝑠𝑑1 , if, player 1 plays 𝑏, then the game moves to 𝑠𝑑1 and 𝑠𝑑2 respectively;

otherwise it moves to 𝑠3 and 𝑠1 respectively (16 transitions).

Thus the game is as depicted in Figure 3.3. For each player, we define their weight func‑

tions as shown in Table 3.1.

Now, let us calculate the punishment value of each state for each player. It should be
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𝑤𝑖(𝑠) 1 2 3
𝑠0 −1 −1 −1
𝑠1 −1 −1 −1
𝑠2 10 −1 −1
𝑠3 −1 −1 −1
𝑠𝑝 −1 −1 −1
𝑠𝑑1 10 −1 −1
𝑠𝑑2 10 −1 −1

Table 3.2: The punishment values for each player in the game in Example 2.

apparent that in 𝑠0 and 𝑠3, each player can be punished by the other two both playing 𝑏,

and forcing the game into 𝑠𝑝. As any run which ends up in 𝑠𝑝 achieves the lowest possible

payoff attainable in the game, we know that the punishment value, pun𝑖(𝑠𝑗), for all players

in these two states is −1. For 𝑠1, any two players can force the game into 𝑠𝑝 by both of them

playing 𝑎 to get to 𝑠3, and then playing 𝑏 to enter 𝑠𝑝. Thus, the punishment value for each

player in 𝑠1 is −1. For 𝑠2 and 𝑠𝑑2 , player 1 controls where the game goes — in particular

they can force the game into 𝑠𝑑2 no matter what players 2 and 3 do. Thus, we see that the

punishment values for players 2 and 3 are −1, whilst the punishment value of player 1 is

10. Finally, as sink states, the punishment values for each of the players in 𝑠𝑝 and 𝑠𝑑2 are

their respective weights. These punishment values are summarised in Table 3.2.

Having calculated these punishment values, we can now calculate the (state,action)

pairs which are (−1, −1, −1)‑secure. As the punishment values of 𝑠1, 𝑠0 and 𝑠𝑝 are−1 for each

player, it follows that for all action profiles a⃗c, (𝑠0, a⃗c), (𝑠3, a⃗c) and (𝑠𝑝, a⃗c) are (−1, −1, −1)‑

secure. Now, in 𝑠1, as two players need to play 𝑏 to get the game into 𝑠2, and the game

moves to 𝑠3 otherwise, we first note that (𝑠1, (𝑎, 𝑎, 𝑎)) is (−1, −1, −1)‑secure, as the game

would still transition to 𝑠3 under any unilateral deviation, and from there, the remaining

two players can punish the third by moving the game to 𝑠𝑝. Additionally, (𝑠1, (𝑏, 𝑎, 𝑎)) is

(−1, −1, −1)‑secure, as any deviation from player 1would mean the game still moved to 𝑠3,

where they can be punished by players 2 and 3, and any deviation from either of the other

two players lands the game in 𝑠2, where player 1 can force the game into 𝑠𝑑2 , ensuring a
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𝑠0 𝑠𝑝

𝑠1

𝑠2

𝑠3

𝑠𝑑1 𝑠𝑑2

Figure 3.4: The game described in Example 2 with the non (−1, −1, −1)‑secure transitions
greyed out.

payoff for the former player of −1. However, for all other action profiles a⃗c, (𝑠1, a⃗c) is not

(−1, −1, −1)‑secure: one of players 2 and 3must be playing 𝑏, so player 1 can play 𝑏 to make

the game move to 𝑠2, where they can ensure a payoff of 10 for themselves by forcing the

game into 𝑠𝑑1 , and then 𝑠𝑑2 . For the same reason, we also see that for all action profiles a⃗c,

(𝑠2, a⃗c), (𝑠𝑑1 , a⃗c) and (𝑠𝑑2 , a⃗c) are not (−1, −1, −1)‑secure.

If we then prune the game to only include those (state,action) pairs which are

(−1, −1, −1)‑secure, then the game appears as in Figure 3.4, where we have greyed out the

non‑(−1, −1, −1)‑secure transitions, as well as any states that cannot be reached after any

such transitions have been removed. We have kept the edge from 𝑠1 to 𝑠3 in the graph,

with the understanding that only two of the associated transitions, (𝑎, 𝑎, 𝑎) and (𝑏, 𝑎, 𝑎),

induce (−1, −1, −1)‑secure (state, action) pairs.

This suggests a natural Nash equilibrium: the players coordinate by playing 𝑎 in each

state, which takes them cyclically around 𝑠0, 𝑠1, and 𝑠3. If any one player deviates from this

strategy, then the game remains in 𝑠0, 𝑠1 or 𝑠3, and the remaining two players can punish

the third by coordinating to move the game into 𝑠𝑝. Thus, as all the players get a payoff

of 1, and any deviation would result in them getting a payoff of −1, we can conclude that

this is a Nash equilibrium.
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However, the keen‑eyed reader may not that this outcome is not Pareto optimal. If the

players were to coordinate and traverse 𝑠1, 𝑠2 and 𝑠𝑑1 cyclically, they would each achieve a

higher payoff of 2. However, from 𝑠𝑑1 , player 1 can deviate to 𝑠𝑑2 , getting a payoff of 10 for

themselves, and forcing a payoff of −1 on players 2 and 3, and we may conclude that this

is not a Nash equilibrium. However, again, we could have concluded this by inspecting

Figure 3.4. This highlights the strength of punishment values and the idea of 𝑧⃗‑security,

and intuitively captures the idea behind Lemma 1.

Having better motivated Lemma 1 (as well as results that follow it), we shall now offer

its proof:

Proof of Lemma 1. First assume that we have some Nash equilibrium 𝜎 ∈ NE(𝐺) such that

𝜋 = 𝜋(𝜎). Suppose there does not exist any 𝑧 ∈ ℚAg with the desired properties, and

further suppose that for all 𝑧⃗ ∈ ℚAg, with 𝑧𝑖 ∈ {pun𝑖(𝑠) ∣ 𝑠 ∈ St}, there exists some player

𝑖 ∈ Ag such that 𝑧𝑖 > mp(𝑤𝑖(𝜋)). But this is true for all 𝑧𝑖 ∈ {pun𝑖(𝑠) ∣ 𝑠 ∈ St}. So we

have pun𝑖(𝑠
0) > mp(𝑤𝑖(𝜋)). This means that if player 𝑖 deviates to playing the memoryless

strategy which ensures they achieve at least the punishment value, then they will get a

better payoff, contradicting the fact that 𝜎 is a Nash equilibrium.

It must instead be the case that for all 𝑧⃗ ∈ ℚAg, with 𝑧𝑖 ∈ {pun𝑖(𝑠) ∣ 𝑠 ∈ St}, there is

some time step 𝑘, such that (𝜋[𝑘], a⃗c[𝑘]) is not 𝑧⃗‑secure. In particular, this means that there

exists a player 𝑖 and an action ac′𝑖 such that,

pun𝑖(tr(𝜋[𝑘], (a⃗c[𝑘]−𝑖, ac′𝑖 ))) > 𝑧𝑖.

But since this is true for all 𝑧𝑖, it is true for 𝑧𝑖 = max{pun𝑖(𝑠) ∣ 𝑠 ∈ St}. And since we also

have,

pun𝑖(tr(𝜋[𝑘], (a⃗c[𝑘]−𝑖, ac′𝑖 ))) ∈ {pun𝑖(𝑠) ∣ 𝑠 ∈ St},

this gives a contradiction. Thus, it follows that the first part of the statement is true.
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Now assume that there exists some 𝑧⃗ ∈ ℚAg with the properties as prescribed in the

statement of the lemma. We define a strategy profile 𝜎 in the following way. Each player

follows {a⃗c[𝑘]}𝑘∈ℕ and 𝜋. If any player chooses to deviate from this run of actions, say

at timestep 𝑘 with an action ac′𝑖 then the remaining players play the punishing strategy

which causes player 𝑖 to have a payoff of at most pun𝑖(tr(𝜋[𝑘], a⃗c[𝑘]−𝑖, ac′𝑖 )). Since we have

pun𝑖(tr(𝜋[𝑘], a⃗c[𝑘]−𝑖, ac′𝑖 )) ≤ 𝑧𝑖 ≤ pay𝑖(𝜋),

we see that no player has any incentive to deviate away from 𝜎 and so we have a Nash

equilibrium with 𝜋(𝜎) = 𝜋.

With this lemma in mind, given a game 𝐺, and an Emerson‑Lei condition 𝛼, along

with a vector 𝑧⃗ ∈ ℝ|Ag|, and a satisfying valuation 𝐹 ⊆ St for the Emerson‑Lei condition,

we will define a graph which prunes the game graph of 𝐺 to include only:

• Those transitions such that the associated (state, action) pair is 𝑧⃗‑secure; and

• Those states in the valuation 𝐹.

Given Lemma 1, it should be clear that if such a graph has a path which visits every state

infinitely often, and where the payoff of each player is greater than their corresponding

component in 𝑧⃗, then this path models 𝛼 and is sustained by some Nash equilibrium.

Formally, we define 𝒢 [⃗𝑧; 𝐹] = (𝑉, 𝐸) as follows. We set 𝑉 = St and include (𝑢, 𝑣) ∈ 𝐸

if there exists some action profile a⃗c such that 𝑣 = tr(𝑢, a⃗c) with (𝑢, a⃗c) being 𝑧⃗‑secure.

Having done this, we then remove all states and edges not contained in 𝐹. Then given

this definition and the preceding lemma, to determine if there exists a Nash equilibrium

which satisfies an Emerson‑Lei condition, 𝛼, we:

1. Calculate the punishment values, guess a vector 𝑧𝑠 ∈ StAg, as well a set of states, 𝐹,

which satisfy 𝛼;

66



3.3. NON‑COOPERATIVE GAMES

2. Let𝑧𝑖 = pun𝑖(𝑧𝑠) and form the graph 𝒢 [⃗𝑧; 𝐹];

3. Check if there is some path 𝜋 in 𝒢 [⃗𝑧; 𝐹] with 𝑧𝑖 ≤ pay𝑖(𝜋) for each player 𝑖 which

visits every state infinitely often.

First, we note that if this graph is not strongly connected, then no path can visit every

state infinitely often, and thus cannot satisfy 𝛼 in𝐺. So to determine if a path with the pre‑

viously described properties exists, we check if it is strongly connected, and if so, appeal

to one more piece of technical machinery, in the form of the following proposition:

Proposition 6. Let 𝒢 be a strongly connected graph, let {𝑤𝑖}𝑖∈Ag be a set of weight functions each

with the signature 𝑉(𝒢 ) → ℤ, and let 𝑧⃗ ∈ ℚAg. Then, we can determine if there is some path 𝜋

with the properties,

• 𝜋 visits every state infinitely often; and

• 𝑧𝑖 ≤ pay𝑖(𝜋) for each 𝑖 ∈ Ag,

in polynomial time.

Conceptually, Proposition 6 is similar to Theorem 18 of Ummels and Wojtczak [2011],

but with a key difference — we need to do additional work to determine if there is a path

that visits every state infinitely often.

For clarity of presentation, we will split the above proposition into two constituent

lemmas. To do this, we begin by defining a system of linear inequalities. We then go on

to show that there is a path 𝜋 with the desired properties if and only if this system has a

solution — one lemma for each direction. As the system of inequalities can be determined

in polynomial time, this yields our result.

For a graph 𝒢 , a set of weight functions {𝑤𝑖}𝑖∈Ag, and a vector 𝑧⃗ ∈ ℚAg, we define a

system of linear inequalities, ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗) as follows: for each agent 𝑖 ∈ Ag, and each

edge 𝑒 ∈ 𝐸(𝒢 ), introduce a variable 𝑥𝑖,𝑒, along with the following inequalities:
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i) 𝑥𝑖,𝑒 ≥ 0 for each agent 𝑖 ∈ Ag and for each edge 𝑒 ∈ 𝐸(𝒢 ).

ii) ∑𝑒∈𝐸(𝒢 ) 𝑥𝑖,𝑒 = 1 for each agent 𝑖 ∈ Ag.

iii) ∑𝑒∈In(𝑣) 𝑥𝑖,𝑒 = ∑𝑒∈Out(𝑣) 𝑥𝑖,𝑒 for all 𝑖 ∈ Ag and for each 𝑣 ∈ 𝑉(𝒢 ).

iv) 𝑧𝑖 ≤ ∑𝑒∈𝐸(𝒢 ) 𝑥𝑖,𝑒 ⋅ 𝑤𝑖(𝑒) for all 𝑖 ∈ Ag.

v) ∑𝑒∈𝐸(𝒢 ) 𝑥𝑖,𝑒 ⋅ 𝑤𝑖(𝑒) ≤ ∑𝑒∈𝐸(𝒢 ) 𝑥𝑗,𝑒 ⋅ 𝑤𝑖(𝑒) for all 𝑖, 𝑗 ∈ Ag.

It is worth briefly discussing what this system is actually encoding. Roughly speaking,

the set 𝒞𝑖 = {𝑥𝑖,𝑒}𝑒∈𝐸 defines a cycle for each player that makes sure their payoff is greater

than 𝑧𝑖. Each 𝑥𝑖,𝑒 represents the proportion that a given edge is visited in the cycle. The

idea is that we define a path by visiting each 𝒞𝑖 an appropriate number of times, before

travelling to the next cycle and visiting that repeatedly. Conversely, if there exists some

path with the stated properties, it will also define a solution to the system of inequalities.

In what follows, for an edge 𝑒 = (𝑢, 𝑣) and a weight function 𝑤 ∶ 𝑉 → ℤ, we define

𝑤(𝑒) ∶= 𝑤(𝑢). We also extend weight functions to finite paths in the natural way, by sum‑

ming along them.

Lemma 2. Let 𝒢 be a strongly connected graph, let {𝑤𝑖}𝑖∈Ag be a set of weight functions, let

𝑧⃗ ∈ ℚAg. Furthermore, suppose there exists some path 𝜋 such that 𝑧𝑖 ≤ pay𝑖(𝜋) for each 𝑖 ∈ Ag,

which visits every state infinitely often. Then ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗) has a solution.

Proof. First suppose there exists some path 𝜋 with the stated properties. For each 𝑛 > 0

and 𝑒 ∈ 𝐸(𝒢 ), define 𝜆(𝑛, 𝑒) to be the following quantity:

𝜆(𝑛, 𝑒) = #{𝑗 < 𝑛 ∣ (𝜋[𝑗], 𝜋[𝑗 + 1]) ∈ 𝐸(𝒢 )}
𝑛 .

Informally, for a given edge 𝑒, 𝜆(𝑛, 𝑒) gives us the proportion that 𝑒 appears in the prefix

𝜋[..𝑛]. Note that 0 ≤ 𝜆(𝑛, 𝑒) ≤ 1 for all 𝑒 ∈ 𝐸(𝒢 ) and all 𝑛 > 0. Additionally, for each 𝑛, it is
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easy to see we have,

􏾜
𝑒∈𝐸(𝒢 )

𝜆(𝑛, 𝑒) = 1. (3.2)

By definition, for each 𝑖 ∈ Ag we have

pay𝑖(𝜋) = lim inf
𝑛→∞

1
𝑛

𝑛−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘]).

By the definition of lim inf, there must exist some subsequence of the natural numbers,

{𝑛𝑖𝑡}𝑡∈ℕ, such that

pay𝑖(𝜋) = lim
𝑡→∞

1
𝑛𝑖𝑡

𝑛𝑖𝑡−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘]).

With this defined, we introduce a sequence of numbers, {𝜑𝑖𝑡(𝑒)}𝑡∈ℕ for each edge 𝑒 ∈

𝐸(𝒢 ), by defining 𝜑𝑖𝑡(𝑒) = 𝜆(𝑛𝑖𝑡, 𝑒). Now, as {𝜑𝑖𝑡(𝑒)}𝑡∈ℕ is a bounded sequence, by the

Bolzano‑Weierstrass theorem, there must be a convergent subsequence for each edge 𝑒,

{𝜓𝑖𝑡(𝑒)}𝑡∈ℕ. We define 𝑥∗𝑖,𝑒 = lim𝑡→∞ 𝜓𝑖𝑡(𝑒) and claim that these form a solution to the system

of inequalities.

Since 𝜑𝑖𝑡(𝑒) = 𝜆(𝑛𝑖𝑡, 𝑒), it is clear that we have 0 ≤ 𝑥∗𝑖,𝑒 ≤ 1. Thus, equation i) is satisfied.

Additionally, by equation 3.2, we can deduce that for each 𝑡, and for every 𝑖 ∈ 𝐴𝑔, we have

􏾜
𝑒∈𝐸(𝒢 )

𝜓𝑖𝑡(𝑒) = 1.

Taking limits, we can conclude that equation ii) is satisfied. To establish iii), by definition

of 𝜆, fix a 𝑣 ∈ 𝑉(𝒢 ). In a path, if we enter a node, we must exit it. Thus, we have:

−1 ≤ 􏾜
𝑒∈In(𝑣)

𝑛 ⋅ 𝜆(𝑛, 𝑒) − 􏾜
𝑒∈Out(𝑣)

𝑛 ⋅ 𝜆(𝑛, 𝑒) ≤ 1,
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implying,

− 1
𝑛𝑖𝑡
≤ 􏾜
𝑒∈In(𝑣)

𝜑𝑖𝑡(𝑒) − 􏾜
𝑒∈Out(𝑣)

𝜑𝑖𝑡(𝑒) ≤
1
𝑛𝑖𝑡
.

Taking the relevant subsequence and letting 𝑡 → ∞, we can deduce that equation iii) is

satisfied. To establish iv), first note that for all 𝑖 ∈ Ag, we have,

pay𝑖(𝜋) = lim inf
𝑛→∞

1
𝑛

𝑛−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘])

= lim
𝑡→∞

1
𝑛𝑖𝑡

𝑛𝑖𝑡−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘])

= lim
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜆(𝑛𝑖𝑡, 𝑒) ⋅ 𝑤𝑖(𝑒)

= lim
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜑𝑖𝑡(𝑒) ⋅ 𝑤𝑖(𝑒)

= lim
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜓𝑖𝑡(𝑒) ⋅ 𝑤𝑖(𝑒)

= 􏾜
𝑒∈𝐸(𝒢 )

𝑥𝑖,𝑒 ⋅ 𝑤𝑖(𝑒).

The equality between lines 4 and 5 is valid, as we have established that the limit exists in

line 2. Thus, since we have 𝑧𝑖 ≤ pay𝑖(𝜋), by assumption, we can conclude that equation iv)
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is valid. Similarly, note that for all 𝑖, 𝑗 ∈ Ag, we have,

pay𝑖(𝜋) = lim inf
𝑛→∞

1
𝑛

𝑛−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘])

≤ lim inf
𝑡→∞

1
𝑛𝑗𝑡

𝑛𝑗𝑡−1
􏾜
𝑘=0

𝑤𝑖(𝜋[𝑘])

= lim inf
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜆(𝑛𝑗𝑡, 𝑒) ⋅ 𝑤𝑖(𝑒)

= lim inf
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜑𝑗𝑡(𝑒) ⋅ 𝑤𝑖(𝑒)

≤ lim
𝑡→∞

􏾜
𝑒∈𝐸(𝒢 )

𝜓𝑗𝑡(𝑒) ⋅ 𝑤𝑖(𝑒)

= 􏾜
𝑒∈𝐸(𝒢 )

𝑥𝑗,𝑒 ⋅ 𝑤𝑖(𝑒).

This, together with equation iv), implies that equation v) is satisfied.

Thus, putting all this together, we can conclude that if there exists some path with the

stated properties, then there also exists a solution to ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗), the system of linear

inequalities.

We now show the other direction:

Lemma 3. Let 𝒢 be a strongly connected graph, let {𝑤𝑖}𝑖∈Ag be a set of weight functions, and let

𝑧⃗ ∈ ℚAg. Suppose that ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗) has a solution. Then there exists some path 𝜋 such that

𝑧𝑖 ≤ pay𝑖(𝜋) for each 𝑖 ∈ Ag, which visits every state infinitely often.

Proof. Given that there is a solution to ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗), there must exist a solution that

consists of rational numbers. Thus, letting 𝑥∗𝑖,𝑒 be a rational solution, we can write 𝑥∗𝑖,𝑒 =

𝑝𝑖,𝑒/𝑞, for some 𝑝𝑖,𝑒 ∈ ℕ (we know that 𝑝𝑖,𝑒 ≥ 0 by equation i)), and some appropriately

chosen 𝑞 ∈ ℕ.
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Now, for each 𝑖 ∈ Ag, we form a multigraph, 𝒢𝑖 = (𝑉𝑖, 𝐸𝑖), which takes 𝒢 and replaces

each edge 𝑒 by 𝑝𝑖,𝑒 copies. Note that whilst 𝒢 is strongly connected, some of the 𝑝𝑖,𝑒 may

be equal to 0, which would mean that 𝒢𝑖 is disconnected.

Now, by equation iii), for each 𝑣 ∈ 𝑉, we have

􏾜
𝑒∈In(𝑣)

𝑝𝑖,𝑒 = 􏾜
𝑒∈Out(𝑣)

𝑝𝑖,𝑒.

Thus, the in‑degree of each vertex in 𝑉𝑖 is equal to its out‑degree. Thus, each strongly

connected component of 𝒢𝑖 contains an Eulerian cycle5. Interpreting each of these Eu‑

lerian cycles as paths in 𝒢 , we get a set of (not necessarily simple) cycles for each agent,

𝐶1𝑖 , …𝐶
𝑚𝑖
𝑖 , where 𝑚𝑖 ≤ |𝑉|.

Now for each agent 𝑖 ∈ Ag, and every 𝑛 ∈ ℕ, we define a cycle 𝒞 𝑛
𝑖 which starts at the

first state of 𝐶1𝑖 , traces 𝐶1𝑖 𝑛 times, takes the shortest path from the start state of 𝐶1𝑖 to 𝐶2𝑖 ,

traces 𝐶2𝑖 𝑛 times and repeats this process for all the cycles of agent 𝑖, until it has traced

𝐶𝑚𝑖𝑖 𝑛 times. From here, it takes the shortest path that visits every state, and then returns

to the start state of 𝐶1𝑖 .

Let 𝑀𝑖 be the largest of the absolute values of the weights of agent 𝑖. That is, 𝑀𝑖 =

max𝑣∈𝑉 |𝑤𝑖(𝑣)|. Then we have for all 𝑖, 𝑗 ∈ Ag,

𝑛 ⋅ 􏾜
𝑒∈𝐸(𝒢 )

𝑝𝑗,𝑒 ⋅ 𝑤𝑖(𝑒) − 2|𝑉|2 ⋅ 𝑀𝑖 ≤ 𝑤𝑖(𝒞 𝑛
𝑗 )

and,

|𝒞 𝑛
𝑗 | ≤ 𝑛 ⋅ 􏾜

𝑒∈𝐸(𝒢 )
𝑝𝑗,𝑒 + 2|𝑉|2.

5An Eulerian cycle is a path that starts and ends at the same node which visits every edge exactly once
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Putting these together, we get

𝑤𝑖(𝒞 𝑛
𝑗 )

|𝒞 𝑛
𝑗 |

≥
𝑛 ⋅ ∑𝑒∈𝐸(𝒢 ) 𝑝𝑗,𝑒 ⋅ 𝑤𝑖(𝑒) − 2|𝑉|2 ⋅ 𝑀𝑖

𝑛 ⋅ ∑𝑒∈𝐸(𝒢 ) 𝑝𝑗,𝑒 + 2|𝑉|2

≥
𝑛 ⋅ ∑𝑒∈𝐸(𝒢 ) 𝑝𝑖,𝑒 ⋅ 𝑤𝑖(𝑒) − 2|𝑉|2 ⋅ 𝑀𝑖

𝑛 ⋅ ∑𝑒∈𝐸(𝒢 ) 𝑝𝑗,𝑒 + 2|𝑉|2
(by equation v))

=
∑𝑒∈𝐸(𝒢 ) 𝑥

∗
𝑖,𝑒 ⋅ 𝑤𝑖(𝑒) −

2|𝑉|2⋅𝑀𝑖
𝑛⋅𝑞

∑𝑒∈𝐸(𝒢 ) 𝑥
∗
𝑗,𝑒 +

2|𝑉|2
𝑛⋅𝑞

≥
𝑧𝑖 −

2|𝑉|2⋅𝑀𝑖
𝑛⋅𝑞

1 + 2|𝑉|2
𝑛⋅𝑞

(by equation iv) and equation ii)).

Taking limits, we see that

lim
𝑛→∞

𝑤𝑖(𝒞 𝑛
𝑗 )

|𝒞 𝑛
𝑗 |

≥ 𝑧𝑖.

We are now ready to define a path𝜋𝑛, which will form the basis for our path of interest,

𝜋. The path starts by visiting 𝒞 𝑛
𝑛 mod |Ag| 𝑛! times, before taking the shortest path to the

start of 𝒞 𝑛+1
𝑛 mod |Ag|+1. We denote 𝜋…𝑛 to be the finite prefix of 𝜋,

𝜋…𝑛 = 𝜋1𝜋2…𝜋𝑛,

and then form 𝜋 by letting 𝑛 go to infinity in 𝜋…𝑛, so that,

𝜋 = 𝜋1𝜋2…𝜋𝑛… .

Now, by construction, 𝜋 visits every state infinitely often. Thus, we just need to show

that the payoff of 𝜋 is greater than 𝑧𝑖. We start by calculating the payoff of a finite prefix,

𝜋[…𝑛]. This can be calculated via the following two bounds:

𝑤𝑖(𝜋[…𝑛]) ≥
𝑛
􏾜
𝑗=1
𝑗! ⋅ 𝑤𝑖(𝒞

𝑗
𝑗 mod |Ag|) − 𝑛 ⋅ |𝑉| ⋅ 𝑀𝑖,
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and,

|𝜋…𝑛| ≤
𝑛
􏾜
𝑗=1
𝑗! ⋅ |𝒞 𝑗

𝑗 mod |Ag||

To understand the quotient of these quantities, we first need to appeal to a small result,

namely that we have,

lim
𝑛→∞

1
𝑛!

𝑛−1
􏾜
𝑗=1
𝑗! = 0.

This follows from the following inequality, which holds for all 𝑛 ∈ ℕ with 𝑛 ≥ 3, which

can be proved by induction [202],

1
𝑛!

𝑛−1
􏾜
𝑗=1
𝑗! < 1

𝑛 − 2.

Now, we note that we have both,

lim
𝑛→∞

1
𝑛!

⎛
⎜⎜⎜⎜⎜⎜⎝
𝑛
􏾜
𝑗=1
𝑗! ⋅ 𝑤𝑖(𝒞

𝑗
𝑗 mod |Ag|) − 𝑛 ⋅ |𝑉| ⋅ 𝑀𝑖

⎞
⎟⎟⎟⎟⎟⎟⎠ = lim

𝑛→∞
𝑤𝑖(𝒞 𝑛

𝑛 mod |Ag|),

and,

lim
𝑛→∞

1
𝑛!

𝑛
􏾜
𝑗=1
𝑗! ⋅ |𝒞 𝑗

𝑗 mod |Ag|| = lim
𝑛→∞

|𝒞 𝑛
𝑛 mod |Ag||

Putting this together, we get:

pay𝑖(𝜋) = lim inf
𝑛→∞

𝑤𝑖(𝜋…𝑛)
|𝜋…𝑛|

≥ lim inf
𝑛→∞

∑𝑛
𝑗=1 𝑗! ⋅ 𝑤𝑖(𝒞

𝑛
𝑛 mod |Ag|) − 𝑛 ⋅ |Ag| ⋅ |𝑉| ⋅ 𝑀𝑖

∑𝑛⋅|Ag|
𝑗=1 𝑗! ⋅ |𝒞 𝑛

𝑛 mod |Ag||

= lim inf
𝑛→∞

𝑤𝑖(𝒞 𝑛
𝑛 mod |Ag|)

|𝒞 𝑛
𝑛 mod |Ag||
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Now, the sequence
𝑤𝑖(𝒞 𝑛

𝑛 mod |Ag|)
|𝒞 𝑛
𝑛 mod |Ag||

is partitioned by the subsequences,

⎧⎪⎪⎨
⎪⎪⎩
𝑤𝑖(𝒞

𝑛⋅|Ag|+𝑖
𝑖 )

|𝒞 𝑛⋅|Ag|+𝑖
𝑖 |

⎫⎪⎪⎬
⎪⎪⎭
𝑖∈Ag

Moreover, as established above, the limit of each of these subsequences is bounded below

by 𝑧𝑖. Thus, we may conclude that we have,

lim inf
𝑛→∞

𝑤𝑖(𝒞 𝑛
𝑛 mod |Ag|)

|𝒞 𝑛
𝑛 mod |Ag||

≥ 𝑧𝑖,

finishing our proof.

We can now combine these two results to obtain our proof:

Proof of Proposition 6. Given the statement of the proposition, we form the linear program

ℓ(𝒢 , {𝑤𝑖}𝑖∈Ag, 𝑧⃗) and see if it has a solution. If it does, then a path with the desired prop‑

erties exists, otherwise, it does not. As the linear program is of polynomial size, and as

linear programs can be solved in polynomial time, we see that the overall algorithm can

be done in polynomial time. By Lemma 3, we see that the algorithm is sound and then by

Lemma 2, we see it is complete.

From the propositions above, we can establish the complexity of E‑NASH:

Theorem 1. E‑NASH isNP‑complete.

Proof. For the lower bound, we have Proposition 5. For the upper bound, suppose

we have an instance, (𝐺, 𝛼), of the problem. Then we proceed as follows. We non‑

deterministically guess pairs of punishing strategy profiles, (𝜁𝑖, 𝜁−𝑖) for each player 𝑖 ∈ Ag,

a state 𝑧𝑠 for each player, and a set of states 𝐹. From these, we can easily check that any

run with the permset 𝐹 satisfies the specification, and we can also use Karp’s algorithm to

compute the punishment values, pun𝑖(𝑠), for each state 𝑠 ∈ St and for each player 𝑖 ∈ Ag.
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(0, 0)

(0, 0)

(0, 0)

(0, 0)

(1, 1)

(D, ∗)

(R, ∗)

(∗,D)

(∗,R)

∗ ∗

∗

Figure 3.5: NE(𝐺1) ⊈ CORE(𝐺1).

Setting 𝑧𝑖 = pun𝑖(𝑧𝑠), we form the graph 𝒢 [⃗𝑧; 𝐹]. We then invoke Lemma 1 together with

Proposition 6, and accept or reject appropriately.

3.4 Cooperative games

We now move on to investigate cooperative solution concepts, and in particular, the core.

We start by studying the relationship between Nash equilibrium and the core in our con‑

text, establishing that they are indeed different:

Proposition 7. Let 𝐺 be a game with |Ag| = 1. Then, NE(𝐺) = CORE(𝐺). However, if |Ag| ≥ 2,

then there exist games 𝐺 such that NE(𝐺) ⊈ CORE(𝐺), and games 𝐺 such that CORE(𝐺) ⊈

NE(𝐺).

Thus, the two concepts do not coincide beyond the one‑player case. In fact, there are

two‑player games in which the set of Nash equilibria is empty, while the core is not, which

demonstrates that the core is not a refinement of the Nash equilibrium. Nor does the other

direction hold: the Nash equilibrium is not a refinement of the core.
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(0, 0)(1, 0) (0, 1)

(H,H)
(T,T)

(H,T)
(T,H)

∗ ∗

Figure 3.6: CORE(𝐺2) ⊈ NE(𝐺2).

As we can see in the game in Figure 3.5, 𝐺1 has a Nash equilibrium that is not in the

core (and in which both players get a mean‑payoff of 0 — cf., player 1 choosing D at the

initial state while player 2 chooses D at the middle state), since the coalition containing

both players has a beneficial deviation in which both players get a mean‑payoff of 1. On

the other hand, in the game in Figure 3.6,𝐺2 has a non‑empty core (consider every possible

memoryless strategy) while it has an empty set of Nash equilibria. Moreover, in both

games, the detailed strategies can be implemented without memory. However, recall

that in general, infinite‑memory strategies may be required to implement all equilibria in

the cooperative setting, as we showed in Proposition 2.

Another important (game‑theoretic) question about cooperative games is whether they

are guaranteed to have a non‑empty core, a property that holds for games with LTL goals

and specifications [103]. However, that is not the case for mean‑payoff games, at least

when we have three or more players:

Proposition 8. In mean‑payoff games, if |Ag| ≤ 2, then the core is non‑empty. For |Ag| > 2, there

exist games with an empty core.

Proof. If |Ag| = 1, because of Proposition 7, the core coincides with the set of Nash equi‑

libria in one‑player games, which is always non‑empty.

For two‑player games, let 𝜎 = (𝜎1, 𝜎2) be any strategy profile. If 𝜎 is not in the core,

then either player 1, or player 2, or the coalition consisting of both players has a beneficial

deviation. If the latter is true, then there is a strategy profile, 𝜎’ = (𝜎1’, 𝜎2’) such that 𝜎’ ≻𝑖 𝜎

for both 𝑖 ∈ {1, 2}. We repeat this process until the coalition of both players does not have a
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Ac St

(H,H,H) 𝑅
(H,H,T) 𝑅
(H,T,H) 𝐵
(H,T,T) 𝑃
(T,H,H) 𝑃
(T,H,T) 𝑌
(T,T,H) 𝐵
(T,T,T) 𝑌

Table 3.3: The transition function for the game in Proposition 8.

beneficial deviation. This must eventually be the case as 1) each player’s payoff is capped

by their maximum weight and 2) by Theorem 4 of Brenguier and Raskin [2015], we see

that the set of payoffs that a coalition can achieve is a closed set, so any limit point can

be attained6. So there must come a point when they cannot beneficially deviate together.

At this point, we must either be in the core, or either player 1 or player 2 has a beneficial

deviation. If player 𝑗 ∈ {1, 2} has a beneficial deviation, 𝜎𝑗, then any strategy profile (𝜎𝑗, 𝜎𝑖),

with 𝑖 ≠ 𝑗, that maximises player 𝑖’s mean‑payoff is in the core. Thus, for every two‑player

game, there exists some strategy profile that lies in the core.

However, for three‑player mean‑payoff games, in general, the core of a game may be

empty. Consider the following three‑player game 𝐺, where each player has two actions,

H,T, and there are four states, 𝑃, 𝑅, 𝐵, 𝑌. If the game is in any state other than 𝑃, then

no matter what set of actions is taken, the game will remain in that state. Thus, we only

specify the transitions for the state 𝑃, and provide them in Table 3.3. Additionally, the

weight functions for each player are detailed in Table 3.4. With these components defined,

the structure of this game is as depicted in Figure 3.7.

Note that strategies are characterised by the state that the game eventually ends up in.

If the players stay in 𝑃 forever, then they can all collectively change strategy to move to
6The aforementioned result of Brenguier and Raskin [2015] was proved in the context of turn‑based

games, but we can appeal to it here as our two‑player game here is translated to a single player turn‑based
game; as one‑player turn‑based games behave like concurrent games, this logical step is valid.
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𝑤𝑖(𝑠) 1 2 3
𝑃 −1 −1 −1
𝑅 2 1 0
𝐵 0 2 1
𝑌 1 0 2

Table 3.4: The weight functions for the game in Proposition 8.

𝑃 𝐵

𝑅

𝑌

(H,H, ∗)

(∗,T,H)

(T, ∗,T)

(H,T,T)
(T,H,H)

∗

∗

∗

Figure 3.7: A game with an empty core.

one of 𝑅, 𝐵, 𝑌, and each get a better payoff. Now, if the game ends up in 𝑅, then players

2 and 3 can deviate by playing (T,H), and no matter what player 1 plays, they will be in

state 𝐵, and will be better off. But similarly, if the game is in 𝐵, then players 1 and 3 can

deviate by playing (T,T) to enter state 𝑌, in which they both will be better off, regardless

of what player 2 does. And finally, if in 𝑌, then players 1 and 2 can deviate by playing

(H,H) to enter 𝑅 and will be better off regardless of what player 3 plays. Thus, no strategy

profile lies in the core.

We pause for a moment to reflect on beneficial deviations; from a computational per‑

spective, there is an immediate concern here — given a potential beneficial deviation, how

can we verify that it is preferable to the status quo under all possible counter‑responses?
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Given that strategies can be arbitrary mathematical functions, how can we reason about

that universal quantification effectively? We partially tackle this concern in the follow‑

ing lemma, by showing that for finite‑memory strategies, we can restrict our attention to

memoryless strategies when thinking about potential counter‑responses to players’ devi‑

ations:

Lemma 4. Let 𝐺 be a game, 𝐶 ⊆ Ag be a coalition and 𝜎 be a strategy profile. Further suppose

that 𝜎′𝐶 is a finite‑memory strategy vector such that for all memoryless strategy vectors 𝜎′Ag⧵𝐶 and

for all 𝑖 ∈ 𝐶, we have,

𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) ≻𝑖 𝜋(𝜎).

Then, for all strategy vectors, 𝜎′Ag⧵𝐶, not necessarily memoryless, and for all 𝑖 ∈ 𝐶, we have,

𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) ≻𝑖 𝜋(𝜎).

Before we prove this, we need to introduce an auxiliary concept of two‑player, zero‑sum,

multi‑mean‑payoff games [207] (we will just call these multi‑mean‑payoff games moving for‑

ward). Informally, these are similar to two‑player, zero‑sum mean‑payoff games, except

player 1 has 𝑘 weight functions associated with the edges, and they are trying to ensure

the resulting 𝑘‑vector of mean‑payoffs is component‑wise greater than a vector threshold.

Formally, a multi‑mean‑payoff game is a tuple,

𝐺 = (𝑉1, 𝑉2, 𝑣0, 𝐸, 𝑤, 𝑧𝑘),

where,

• 𝑉1, 𝑉2 are finite, non‑empty sets of states controlled by players 1 and 2 respectively;

• 𝑉 = 𝑉1 ∪ 𝑉2 is the state space;

• 𝑣0 ∈ 𝑉 is a designated start state;
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• 𝐸 ⊆ 𝑉 × 𝑉 is a set of edges; and

• 𝑤 ∶ 𝐸 → ℤ𝑘 a weight function, assigning to each edge a vector of weights.

The game is played by starting in the start state, 𝑠0 ∈ 𝑆𝑖, and player 𝑖 choosing an edge

(𝑠0, 𝑠1), and traversing it to the next state. From this new state, 𝑠1 ∈ 𝑆𝑗, player 𝑗 chooses an

edge and so on, repeating this process forever. Paths are defined in the usual way and the

payoff of a path 𝜋, pay(𝜋), is simply the vector (mp(𝑤1(𝜋)), … ,mp(𝑤𝑘(𝜋))). Finally, 𝑧𝑘 ∈ ℚ𝑘

is a threshold vector and player 1 wins if the pay𝑖(𝜋) ≥ 𝑧𝑖 for all 𝑖 ∈ {1, … , 𝑘}, and loses

otherwise. An important question associated with these games is whether player 1 can

force a win. As shown by Velner et al. [2015], this problem is co‑NP‑complete. Whilst we

do not need to utilise this result right now, this sets us up to prove Lemma 4:

Proof of Lemma 4. Let 𝜎Ag⧵𝐶 be an arbitrary strategy and let 𝑖 ∈ 𝐶 be an arbitrary agent.

Denote 𝜋(𝜎) by 𝜋 and 𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) by 𝜋′. We aim to show that 𝜋′ ≻𝑖 𝜋. Suppose instead

it is the case that 𝜋 ⪰𝑖 𝜋′. Thus, we have 𝜋(𝜎) ⪰𝑖 𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶). Considering this as a

two‑player multi‑mean‑payoff game, where player 1’s strategy is fixed and encoded into

the game structure (i.e. player 1 follows 𝜎′𝐶, but has no say in the matter), and the payoff

threshold is mp(𝜋(𝜎)), then 𝜎′Ag⧵𝐶 is a winning strategy for player 2 in this game. Now, by

Kopczynski [2006] and Velner et al. [2015], if player 2 has a winning strategy, then they

have a memoryless winning strategy. Thus, there is a memoryless strategy 𝜎′′Ag⧵𝐶 such

that 𝜋(𝜎) ⪰𝑖 𝜋(𝜎′𝐶, 𝜎′′Ag⧵𝐶). But this contradicts the assumptions of the lemma, and thus we

must have 𝜋′ ≻𝑖 𝜋7.

We note that Lemma 4 shows that we may restrict our attention to memoryless counter‑

responses only when considering finite‑memory deviations; we do not know if this result

also holds for when the deviations are arbitrary strategies, and given the structure of our

proof, we believe that if true, deriving such a result would require a different techniques.
7Velner et al. [2015] used a winning condition relating to whether a player’s payoff is greater than or

equal to a given vector. One can adapt this argument to show it is also true for strict inequalities.
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We now look at some complexity bounds for mean‑payoff games in the cooperative

setting. We begin with one concerning beneficial deviations:

∃‑BENEFICIAL‑DEVIATION (∃‑BEN‑DEV):

Given: A mean‑payoff game 𝐺 and a strategy profile 𝜎.

Question: Is there 𝐶 ⊆ Ag and 𝜎′𝐶 ∈ Σ𝐶 such that for all 𝜎′Ag⧵𝐶 ∈ ΣAg⧵𝐶 and for

all 𝑖 ∈ 𝐶, we have:

𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) ≻𝑖 𝜋(𝜎)?

Using this new problem, we can prove the following statement.

Proposition 9. Let 𝐺 be a game, 𝜎 a strategy profile, and 𝛼 a specification. Then, (𝐺, 𝜎, 𝛼) ∈

CORE‑MEMBERSHIP if and only if (𝐺, 𝜎) ∉ ∃‑BEN‑DEV and 𝜋(𝜎) ⊧ 𝛼.

Proof. Proof follows directly from definitions.

The above proposition characterises the CORE‑MEMBERSHIP problem for cooperative

games in terms of beneficial deviations, and, in turn, provides a direct way to study

its complexity. In the remainder of this section we concentrate on the case of memory‑

less strategies: as before, their simple structure allows for natural, direct methods of

proof, yet they remain an important, widespread model. Moreover, as shown in the non‑

cooperative setting, results yielded here can be suggestive of results in the general case.

Theorem 2. When all players are restricted to memoryless strategies, ∃‑BEN‑DEV isNP‑complete.

Proof (proof of lower bound due to Julian Gutierrez). First correctly guess a deviating coalition

𝐶 and a strategy profile 𝜎’𝐶 (which is just a lookup table for each state due to its memory‑

lessness) for such a coalition of players. Then, use the following three‑step algorithm.

First, compute the mean‑payoffs that players in 𝐶 get on 𝜋(𝜎), that is, a set of values

𝑧∗𝑗 = pay𝑗(𝜋(𝜎)) for every 𝑗 ∈ 𝐶 — this can be done in polynomial time simply by ‘run‑

ning’ the strategy profile 𝜎. Then compute the graph 𝒢 [𝜎’𝐶], which contains all possible
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behaviours (i.e. strategy profiles) for Ag ⧵ 𝐶 with respect to 𝜎 — this construction is sim‑

ilar to the one used in the proof of Proposition 3, that is, the game when we fix 𝜎’𝐶, and

can be done in polynomial time. Finally, we ask whether every path 𝜋 in 𝒢 [𝜎’𝐶] satisfies

pay𝑗(𝜋) > 𝑧∗𝑗 , for every 𝑗 ∈ 𝐶 — for this step, we can use Karp’s algorithm to answer the

question in polynomial time for every 𝑗 ∈ 𝐶. If every path in 𝒢 [𝜎’𝐶] has this property,

then we accept; otherwise, we reject.

For hardness, we use a small variation of the construction presented in Sistla and

Clarke [1985]. Let 𝑃 = {𝑥1, … , 𝑥𝑛} be a set of atomic propositions. From a Boolean for‑

mula 𝜑 = ⋀1≤𝑐≤𝑚 𝐶𝑐 (in conjunctive normal form) over 𝑃— where each 𝐶𝑐 = 𝑙𝑐1 ∨ 𝑙𝑐2 ∨ 𝑙𝑐3,

and each literal 𝑙𝑐𝑘 = 𝑥𝑗 or ¬𝑥𝑗, with 1 ≤ 𝑘 ≤ 3, for some 1 ≤ 𝑗 ≤ 𝑛 — we construct

𝑀 = (Ag, St, 𝑠0, (Ac𝑖)𝑖∈Ag, tr), an 𝑚‑player concurrent game structure defined as follows:

• Ag = {1, … ,𝑚};

• St = {𝑥𝑣 | 1 ≤ 𝑣 ≤ 𝑛} ∪ {𝑥’𝑣 | 1 ≤ 𝑣 ≤ 𝑛} ∪ {𝑦0, 𝑦𝑛, 𝑦0, 𝑦∗};

• 𝑠0 = 𝑦0;

• Ac𝑖 = {𝑡, 𝑓}, for every 𝑖 ∈ Ag, and Ac = Ac1 ×⋯×Ac𝑚; and

• For tr, refer to the figure below, such that 𝑇 = {(𝑡1, … , 𝑡𝑚)} and 𝐹 = Ac ⧵ 𝑇.

The concurrent game structure so generated is illustrated in Figure 3.8. With 𝑀 at hand,

we build a mean‑payoff game using the following weight function:

• 𝑤𝑖(𝑥𝑣) = 1 if 𝑥𝑣 is a literal in 𝐶𝑖 and 𝑤𝑖(𝑥𝑣) = 0 otherwise, for all 𝑖 ∈ Ag and 1 ≤ 𝑣 ≤ 𝑛;

• 𝑤𝑖(𝑥’𝑣) = 1 if ¬𝑥𝑣 is a literal in 𝐶𝑖 and 𝑤𝑖(𝑥’𝑣) = 0 otherwise, for all 𝑖 ∈ Ag and

1 ≤ 𝑣 ≤ 𝑛; and

• 𝑤𝑖(𝑦0) = 𝑤𝑖(𝑦𝑛) = 𝑤𝑖(𝑦0) = 𝑤𝑖(𝑦∗) = 0, for all 𝑖 ∈ Ag.

83



3.4. COOPERATIVE GAMES

𝑦0

𝑦∗

𝑦0

𝑥1

𝑥′1

𝑥2

𝑥′2

⋯

𝑥𝑛−1

𝑥′𝑛−1

𝑥𝑛

𝑥′𝑛

𝑦𝑛

F

∗

T

T

F

T

F

T

F

T

F

T

F

∗

∗

∗

Figure 3.8: Concurrent game structure for the reduction from 3SAT in Theorem 2.

Then, we consider the game 𝐺 over𝑀 and any strategy profile (in memoryless strategies)

such that 𝜎(𝑠0) = 𝑦∗. For any of such strategy profiles the mean‑payoff of every player

is 0. However, if 𝜑 is satisfiable, then there is a path in 𝑀, from 𝑦0 to 𝑦𝑛, such that in

such a path, for every player, there is a state in which its payoff is not 0. Thus, the grand

coalition Ag has an incentive to deviate since traversing that path infinitely often will give

each player a mean‑payoff strictly greater than 0. Observe two things. Firstly, that only

if the grand coalition Ag agrees, the game can visit 𝑦0 after 𝑦0. Otherwise, the game will

necessarily end up in 𝑦∗ forever after. Secondly, because we are considering memoryless

strategies, the path from 𝑦0 to 𝑦𝑛 followed at the beginning is the same path that will

be followed thereafter, infinitely often. Then, we can conclude that there is a beneficial

deviation (necessarily for Ag) if and only if 𝜑 is satisfiable, as otherwise at least one of the

players in the game will not have an incentive to deviate (because its mean‑payoff would

continue to be 0). Then, formally, we can conclude that (𝐺, 𝜎) ∈ ∃‑BEN‑DEV if and only if

𝜑 is satisfiable.

By Theorem 2, it follows that checking if no coalition of players has a beneficial devi‑

84



3.4. COOPERATIVE GAMES

ation with respect to a given strategy profile is a problem that lies in co‑NP. More import‑

antly, it also follows that CORE‑MEMBERSHIP is co‑NP‑complete.

Theorem3. When all players are restricted tomemoryless strategies, CORE‑MEMBERSHIP is co‑NP‑

complete.

Proof. Recall that given a game 𝐺, a strategy profile 𝜎, and an Emerson‑Lei condition 𝛼,

we have (𝐺, 𝜎, 𝛼) ∈ CORE‑MEMBERSHIP if and only if (𝐺, 𝜎) ∉ ∃‑BEN‑DEV and 𝜋(𝜎) ⊧ 𝛼.

Thus, we can solve CORE‑MEMBERSHIP simply by first checking 𝜋(𝜎) ⊧ 𝛼, which can be

done in polynomial time and we reject if that check fails. If 𝜋(𝜎) ⊧ 𝛼, then we ask (𝐺, 𝜎) ∈

∃‑BEN‑DEV and accept if that check fails, and reject otherwise. Finally, since ∃‑BEN‑DEV

is NP‑hard, it follows from the above procedure that CORE‑MEMBERSHIP is co‑NP‑hard,

which concludes the proof of the statement.

∃‑BEN‑DEV can also be used to solve E‑CORE in this case.

Theorem 4. When all players are restricted to memoryless strategies, E‑CORE is in Σ𝑃2 .

Proof. Given any instance (𝐺, 𝛼), we guess a strategy profile 𝜎 and check that 𝜋(𝜎) ⊧ 𝛼 and

that (𝐺, 𝜎, 𝛼) is not an instance of ∃‑BEN‑DEV. While the former can be done in polynomial

time, the latter can be solved in co‑NP using an oracle for ∃‑BEN‑DEV. Thus, we have a

procedure that runs in NPco‑NP = NPNP = Σ𝑃2 .

By Theorem 4, it follows that when all players are restricted to memoryless strategies,

A‑CORE is inΠP
2 and, more importantly, that even checking that the core has any memory‑

less solutions (but not necessarily that it is empty) is also in ΣP
2. It is important to note

that we have not managed to obtain corresponding lower bounds; however, given the

‘layered’ quality (in the sense of allowing counter‑responses to any potential deviations)

of the definitions of the cooperative concepts we have studied, relative to non‑cooperative

concepts and their complexities, our intuition is that these upper bounds are tight. With

this proviso in mind, this result sharply contrasts with that for Nash equilibrium where

85



3.4. COOPERATIVE GAMES

the same problem lies inNP. More importantly, the result also shows that the (complexity)

dependence on the type of coalitional deviation is only weak, in the sense that different

types of beneficial deviations may be considered within the same complexity class, as long

as such deviations can be checked with an NP or co‑NP oracle. For instance, Gutierrez,

Kraus and Wooldridge [2019] defined other types of cooperative solution concepts, which

differ from the one used in this thesis (known in the cooperative game theory literature

as the 𝛼‑core [169]) simply in the type of beneficial deviation under consideration.

We now lift the previous assumption that the space of strategies is memoryless; an‑

other concept introduced by Gutierrez, Kraus and Wooldridge [2019] is that of a ‘fulfilled

coalition’, which informally characterises coalitions that have the strategic power (a joint

strategy) to ensure a minimum given payoff no matter what the other players in the game

do — an alternative interpretation in the context of LTL games (where this notion was

introduced [103]) is that a coalition is fulfilled if it has a winning strategy against the

counter‑coalition. Generalising to our setting, from qualitative to quantitative payoffs,

we introduce the notion of a lower bound: let 𝐶 ⊆ Ag be a coalition in a game 𝐺 and let

𝑧⃗𝐶 ∈ ℚ𝐶. We say that 𝑧⃗𝐶 = (𝑧1, … , 𝑧𝑖, … , 𝑧|𝐶|) is a lower bound for 𝐶 if there is a joint strategy

𝜎𝐶 for 𝐶 such that for all strategies 𝜎−𝐶 for Ag ⧵ 𝐶, we have pay𝑖(𝜋(𝜎𝐶, 𝜎−𝐶)) ≥ 𝑧𝑖, for every

𝑖 ∈ 𝐶. Making a parallel with the above interpretation of fulfilled coalitions and winning

strategies, in this context, a coalition has a lower bound if and only if they have a win‑

ning strategy against the counter‑coalition in a certain multi‑mean‑payoff games; indeed,

we will formalise this connection in Theorem 5. We also note that lower bounds can be

seen as a generalisation of non‑cooperative punishment values in the cooperative setting:

with multiple players, in general there is no ‘worst‑case value’ or outcome that can be

forced upon them — some players will do better under one strategy and others will get

higher payoffs under another. Thus, in the same way that punishment values represent

the ability of one player being able to force their payoff to be at least a certain value when

being adversarially targeted by the other players, lower bounds capture the idea of a coali‑
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tion being able to collectively force their payoffs to be above a certain multi‑dimensional

threshold.

Based on the definition above, we can prove the following lemma, which characterises

the core in terms of paths on which payoffs can be ensured collectively, no matter any

adversarial behaviour.

Lemma 5. Let 𝜋 be a path in𝐺. There is 𝜎 ∈ CORE(𝐺) such that 𝜋 = 𝜋(𝜎) if and only if for every

coalition 𝐶 ⊆ Ag and lower bound 𝑧⃗𝐶 ∈ ℚ𝐶 for 𝐶, there is some 𝑖 ∈ 𝐶 such that 𝑧𝑖 ≤ pay𝑖(𝜋).

Proof (proof due to Julian Gutierrez). To show the left‑to‑right direction, suppose that there

exists a member of the core 𝜎 ∈ CORE(𝐺) with 𝜋 = 𝜋(𝜎) and suppose further that there

is some coalition 𝐶 ⊆ Ag and lower bound 𝑧⃗𝐶 ∈ ℚ𝐶 for 𝐶, such that for every 𝑖 ∈ 𝐶 we

have 𝑧𝑖 > pay𝑖(𝜋). Because 𝑧⃗𝐶 is a lower bound for 𝐶, and 𝑧𝑖 > pay𝑖(𝜋), for every 𝑖 ∈ 𝐶,

then there is a joint strategy 𝜎𝐶 for 𝐶 such that for all strategies 𝜎−𝐶 for Ag ⧵ 𝐶, we have

pay𝑖(𝜋(𝜎𝐶, 𝜎−𝐶)) ≥ 𝑧𝑖 > pay𝑖(𝜋), for every 𝑖 ∈ 𝐶. Then, it follows that (𝐺, 𝜎) ∈ ∃‑BEN‑DEV,

which further implies that 𝜎 cannot be in the core of 𝐺 — a contradiction to our initial

hypothesis.

For the right‑to‑left direction, suppose that there is 𝜋 in𝐺 such that for every coalition

𝐶 ⊆ Ag and lower bound 𝑧⃗𝐶 ∈ ℚ𝐶 for 𝐶, there is 𝑖 ∈ 𝐶 such that 𝑧𝑖 ≤ pay𝑖(𝜋). We then

simply let 𝜎 be any strategy profile such that 𝜋 = 𝜋(𝜎). Now, let 𝐶 = {𝑗, … , 𝑘} ⊆ Ag be any

coalition and 𝜎’𝐶 be any possible deviation of 𝐶 from 𝜎. Either the vector 𝑧⃗′𝐶, where

𝑧⃗′𝐶 = (pay𝑗(𝜋(𝜎−𝐶, 𝜎’𝐶)), … , pay𝑘(𝜋(𝜎−𝐶, 𝜎’𝐶))),

is a lower bound for 𝐶 or it is not.

If we have the former, by hypothesis„ we know that there is 𝑖 ∈ 𝐶 such that

pay𝑖(𝜋(𝜎−𝐶, 𝜎’𝐶)) ≤ pay𝑖(𝜋). Therefore, 𝑖 will not have an incentive to deviate along with

𝐶 ⧵ {𝑖} from 𝜎, and as a consequence coalition 𝐶 will not be able to beneficially deviate

from 𝜎.
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If, on the other hand, 𝑧⃗′𝐶 is not a lower bound for 𝐶, then, by the definition of lower

bounds, we know that it is not the case that 𝜎’𝐶 is a joint strategy for 𝐶 such that for all

strategies 𝜎’−𝐶 for Ag ⧵ 𝐶, we have pay𝑖(𝜋(𝜎’𝐶, 𝜎’−𝐶)) ≥ pay𝑖(𝜋(𝜎−𝐶, 𝜎’𝐶)), for every 𝑖 ∈ 𝐶.

That is, there exists 𝑖 ∈ 𝐶 and 𝜎’−𝐶 for Ag⧵𝐶 such that pay𝑖(𝜋(𝜎’𝐶, 𝜎’−𝐶)) < pay𝑖(𝜋(𝜎−𝐶, 𝜎’𝐶)).

We will now choose 𝜎’−𝐶 so that, in addition, pay𝑖(𝜋) ≥ pay𝑖(𝜋(𝜎’𝐶, 𝜎’−𝐶)) for some 𝑖.

Now, let 𝑧⃗′′𝐶 be a vector defined as

𝑧’’𝐶 = (pay𝑗(𝜋(𝜎
𝑗
−𝐶, 𝜎’𝐶)), … , pay𝑘(𝜋(𝜎

𝑘
−𝐶, 𝜎’𝐶))),

where pay𝑖(𝜋(𝜎
𝑖
−𝐶, 𝜎’𝐶)) is defined to be min𝜎’−𝐶∈Σ−𝐶 pay𝑖(𝜋((𝜎’−𝐶, 𝜎’𝐶))). That is, 𝜎𝑖−𝐶 is a

strategy for Ag ⧵ 𝐶 which ensures the lowest mean‑payoff for 𝑖 assuming that 𝐶 is play‑

ing the joint strategy 𝜎′𝐶. By construction 𝑧⃗′′𝐶 is a lower bound for 𝐶— since each 𝑧′′𝑖 =

pay𝑖(𝜋(𝜎
𝑖
−𝐶, 𝜎′𝐶)) is the greatest mean‑payoff value that 𝑖 can ensure for itself when 𝐶 is

playing 𝜎′𝐶, no matter what coalition Ag ⧵ 𝐶 does — and therefore, by hypothesis we

know that for some 𝑖 ∈ 𝐶we have pay𝑖(𝜋(𝜎
𝑖
−𝐶, 𝜎′𝐶)) ≤ pay𝑖(𝜋). As a consequence, as before,

𝑖 will not have an incentive to deviate along with 𝐶 ⧵ {𝑖} from 𝜎, and therefore coalition

𝐶 will not be able to beneficially deviate from 𝜎. Because 𝐶 and 𝜎′𝐶 where arbitrarily

chosen, we conclude that 𝜎 ∈ CORE(𝐺), proving the right‑to‑left direction and finishing

the proof.

With this lemma in mind, we want to determine if a given vector, 𝑧⃗𝐶, is in fact a lower

bound and importantly, how efficiently we can do this. That is, to understand the follow‑

ing decision problem:

LOWER‑BOUND:

Given: A mean‑payoff game 𝐺, a coalition 𝐶 ⊆ Ag, and a vector 𝑧⃗𝐶 ∈ ℚAg.

Question: Is 𝑧⃗𝐶 is a lower bound for 𝐶 in 𝐺?

Using the MULTI‑MEAN‑PAYOFF‑THRESHOLD decision problem introduced earlier, we can

88



3.4. COOPERATIVE GAMES

prove the following proposition:

Theorem 5. LOWER‑BOUND is co‑NP‑complete.

Proof. First, we show that LOWER‑BOUND lies in co‑NP by reducing it to MULTI‑MEAN‑

PAYOFF‑THRESHOLD. Suppose we have an instance, (𝐺, 𝐶, 𝑧⃗𝐶), and we want to determine if

it is in LOWER‑BOUND. We can do this by forming the following two‑player, multi‑mean‑

payoff game, 𝐺′ = (𝑉1, 𝑉2, 𝑣0, 𝐸, 𝑤′, 𝑧𝑘), where

• 𝑉1 = St;

• 𝑉2 = St ×Ac𝐶;

• 𝑣0 = 𝑠0;

• 𝐸 = {(𝑠, (𝑠, ac𝐶)) ∣ 𝑠 ∈ St, ac𝐶 ∈ Ac𝐶}

∪ {((𝑠, ac𝐶), tr(𝑠, (ac𝐶, acAg⧵𝐶))) ∣ acAg⧵𝐶 ∈ AcAg⧵𝐶};

• 𝑤′ ∶ 𝐸 → ℤ|𝐶|, with 𝑤′𝑖 (𝑠, (𝑠, ac𝐶)) = 𝑤𝑖(𝑠) and,

𝑤′𝑖 ((𝑠, ac𝐶), tr(𝑠, (ac𝐶, acAg⧵𝐶))) = 𝑤𝑖(𝑠); and

• 𝑧|𝐶| = 𝑧⃗𝑐.

Informally, the two players of the game are 𝐶 and Ag ⧵ 𝐶, the vector weight function is

given by aggregating the weight functions of 𝐶 and the threshold is 𝑧⃗𝐶. Now, if in this

game, player 1 has a winning strategy, then there exists some strategy 𝜎𝐶 such that for

all strategies of player 2, 𝜎Ag⧵𝐶, we have that 𝜋(𝜎𝐶, 𝜎Ag⧵𝐶) is a winning path for player 1.

But this means that pay𝑖(𝜋(𝜎𝐶, 𝜎Ag⧵𝐶)) ≥ 𝑧𝑖 for all 𝑖 ∈ 𝐶. But it is easy to verify that this

implies that 𝑧⃗𝐶 is a lower bound for𝐶 in𝐺. Conversely, if player 1 has no winning strategy,

then for all strategies, 𝜎𝐶, there exists some strategy 𝜎Ag⧵𝐶 such that 𝜋(𝜎𝐶, 𝜎Ag⧵𝐶) is not a

winning path. This is turn implies that for some 𝑗 ∈ 𝐶, we have that pay𝑗(𝜋(𝜎𝐶, 𝜎Ag⧵𝐶)) < 𝑧𝑗,
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which means that 𝑧⃗𝐶 is not a lower bound for 𝐶 in 𝐺. Also note that this construction can

be performed in polynomial time, giving us the co‑NP upper bound.

For the lower bound, we go the other way and reduce from MULTI‑MEAN‑PAYOFF‑

THRESHOLD. Suppose we would like to determine if an instance 𝐺 is in MULTI‑MEAN‑

PAYOFF‑THRESHOLD. Then we form a mean‑payoff game, 𝐺′, with 𝑘 + 1 players, where

the states of𝐺′ coincide exactly with the states of𝐺. In this game, only the 1st and (𝑘 + 1)th

player have any influence on the strategic nature of the game. If the game is in a state in

𝑉1, player one can decide which state to move into next. Otherwise, if the game is in a

state within 𝑉2, then the (𝑘 + 1)th player makes a move. Note we only allow moves that

agree with moves allowed within 𝐺.

Now, in 𝐺′, the first 𝑘 players have weight functions corresponding to the 𝑘 weight

functions of player 1 in 𝐺. The last player can have any arbitrary weight function. With

this machinery in place, we ask if 𝑧𝑘 is a lower bound for {1, … , 𝑘}. In a similar manner of

reasoning to the above, it is easy to verify that 𝐺 is an instance of MULTI‑MEAN‑PAYOFF‑

THRESHOLD if and only if 𝑧𝑘 is a lower bound for {1, … , 𝑘} in the constructed concurrent

mean‑payoff game. Moreover, this reduction can be done in polynomial time, and we

can conclude that LOWER‑BOUND is co‑NP‑complete.

We have not presented any bounds for the complexity of E‑CORE in the general case.

One possible reason that the upper bounds remain elusive to us is due to the fact that

whilst in a multi‑mean‑payoffgame, player 2 can act optimally withmemoryless strategies,

in general player 1 requires infinite memory to win [131, 207]. Given the close connection

between the core in our concurrent, multi‑agent setting and winning strategies in multi‑

mean‑payoff games, this raises computational concerns for the E‑CORE problem. Addi‑

tionally, Brenguier and Raskin [2015] studied the Pareto frontier of multi‑mean‑payoff

games, and provide a way of constructing a representation of it, but this procedure has

an exponential time dependency. The same paper also establishes Σ𝑃2‑completeness for

the polyhedron value problem. Both of these problems appear to be intimately related to
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the core, and we hope we might be able to use these results to gain more insight into the

E‑CORE in the future.

With this having been said, we conclude this section by establishing a link between

traditional non‑transferable utility (NTU) games and our mean‑payoff games — as NTU

games are very well studied, and there is a wealth of results relating to core non‑emptiness

in this setting [40, 189, 191], we hope that some of these results could be utilised in order

to understand the core of mean‑payoff games.

Formally, an 𝑛‑person game with NTU is a function,

𝑉 ∶ 𝒫 􏿴Ag􏿷 → 𝒫 􏿴ℝ|Ag|􏿷 ,

such that,

• For all 𝐶 ⊆ Ag, 𝑉(𝐶) is a non‑empty, proper, closed subset of ℝ|Ag|;

• For all 𝐶 ⊆ Ag, if we have 𝑥 ∈ 𝑉(𝐶) and 𝑦 ∈ ℝ|Ag| such that 𝑦𝑖 ≤ 𝑥𝑖 for all 𝑖 ∈ 𝐶, then

we have 𝑦 ∈ 𝑉(𝐶) (this property is sometimes called downward closure);

• We have that 𝑉(Ag) ⧵ ⋃𝑖∈Ag int𝑉({𝑖}) is non‑empty and bounded.

We begin by giving a translation from mean‑payoff games to NTU games. Let 𝐺 be

a mean‑payoff game; then we define an NTU game, 𝐺NTU = 𝑉 ∶ 𝒫 􏿴Ag􏿷 → 𝒫 􏿴ℝ|Ag|􏿷 as

follows. If 𝐶 ⊆ Ag, then,

𝑉(𝐶) = 􏿺𝑧 ∈ ℝ|Ag| ∣ ∃𝜎𝐶∀𝜎Ag⧵𝐶∀𝑖 ∈ 𝐶, pay𝑖 􏿴𝜋 􏿴𝜎𝐶, 𝜎Ag⧵𝐶􏿷􏿷 ≥ 𝑧𝑖􏿽 .

In words, 𝑉(𝐶) consists of the set of lower bounds that 𝐶 can force8; by the link estab‑

lished in Theorem 5, it is also the set of values that 𝐶 can (at least) ensure in an induced

multi‑mean‑payoff game, and as such it is also exactly the downward closure of the Pareto
8Note that for an outcome 𝑥 ∈ 𝑉(𝐶), the components 𝑥𝑖 for 𝑖 ∈ Ag⧵𝐶 do not matter — they can be arbitrary

real numbers.
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curve of the values that can be attained by that coalition. To make a more general state‑

ment, we have that multiplayer mean‑payoff games, their induced multi‑mean‑payoff

games and their induced NTU games are highly interlinked — as such, results estab‑

lished for multi‑mean‑payoff games or NTU games readily translate into results about

multiplayer mean‑payoff games (a fact we have already taken advantage of).

We now show that this translation from mean‑payoff games always correctly yields

an NTU game.

Lemma 6. Let 𝐺 be a game, and let 𝐺NTU be the NTU game associated with 𝐺. Then 𝐺NTU is

well‑defined.

Proof. We need to show that the three conditions in the definition of an NTU game hold

for 𝐺NTU.

For condition (1), we see that 𝑉(𝐶) is always non‑empty by noting a coalition can

always force an outcome where they achieve at least their worst possible payoff each (the

vector made up of each player’s lowest weight in the game). The fact that 𝑉(𝐶) is closed

follows from Theorem 4 of Brenguier and Raskin [2015]. We also see that𝑉(𝐶) is a proper

subset ofℝ|Ag|, as the members of𝐶 can do no better than achieve their maximum weights.

For condition (2), suppose we have 𝑥 ∈ 𝑉(𝐶), and 𝑦 ∈ ℝ|Ag| with 𝑦𝑖 ≤ 𝑥𝑖 for all 𝑖 ∈ 𝐶. If

𝑥 ∈ 𝑉(𝐶), then there exists some 𝜎𝐶, such that for all 𝜎Ag⧵𝐶, we have pay𝑖(𝜋(𝜎𝐶, 𝜎Ag⧵𝐶)) ≥ 𝑥𝑖
for all 𝑖 ∈ 𝐶. But this in turn implies that pay𝑖(𝜋(𝜎𝐶, 𝜎Ag⧵𝐶)) ≥ 𝑦𝑖 for all 𝑖 ∈ 𝐶. Thus, by

definition, we have 𝑦 ∈ 𝑉(𝐶).

For condition (3), let 𝑝𝑗 be the punishment value of the player 𝑗 in the game𝐺. Informally,

the punishment value of a player 𝑗 can be thought of as the worst payoff that the other

players can inflict on that player. Alternatively, we can view the punishment value for

player 𝑗 as the best payoff they can guarantee themselves, no matter what the remaining

players do — in this way, we can see that the punishment value is a maximal lower bound

for a player.
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Consider the vector 𝑝 ∈ ℝ|Ag|, where the 𝑗th component of this vector is the punishment

value for player 𝑗. Naturally, this vector lies in 𝑉(Ag). Additionally, we claim that is does

not lie in int𝑉({𝑖}) for any 𝑖 ∈ Ag. For a contradiction, suppose there existed some 𝑗 ∈ Ag

with 𝑝 ∈ int𝑉({𝑗}). So there exists some 𝜀 > 0, such that for all 0 ≤ 𝑟 < 𝜀, there exists some

strategy, 𝜎𝑟𝑗 , such that for all counterstrategies, 𝜎−𝑗, we have pay𝑗(𝜋(𝜎
𝑟
𝑗 , 𝜎−𝑗)) ≥ 𝑝𝑗+𝑟. But this

implies player 𝑗 can achieve a better payoff than their punishment value — a contradiction.

Thus, we see that the set 𝑉(Ag) ⧵ ⋃𝑖∈Ag int 𝑉({𝑖}) is non‑empty.

Finally, to see that 𝑉(Ag) ⧵⋃𝑖∈Ag int𝑉({𝑖}) is bounded, we claim that it is contained in

a closed ball of radius𝑀, where 𝑀 is defined to be

𝑀 = max
𝑖∈Ag
𝑠∈St

|𝑤𝑖(𝑠)|.

We show that if 𝑥 ∈ 𝑉(Ag), then we either have 𝑥 ∈ ⋃𝑖∈Ag int 𝑉({𝑖}) or 𝑥 ∈ 𝐵(0,𝑀), i.e., the

closed ball of radius𝑀, centred at the origin.

If 𝑥 ∈ 𝑉(Ag), then by definition, we must have 𝑥𝑖 ≤ 𝑀 for all 𝑖 ∈ Ag. Now, there

are two possibilities: if we have 𝑥𝑖 ≥ −𝑀 for all 𝑖 ∈ Ag, then we have 𝑥 ∈ 𝐵(0,𝑀). So

instead suppose there exists some 𝑖 ∈ Ag such that 𝑥𝑖 < −𝑀. In this case, letting 𝜀 be

any positive number such that 𝑥𝑖 + 𝜀 ≤ −𝑀, any strategy 𝜎𝑖 has the property that for all

counter‑strategies 𝜎−𝑖, we have pay𝑖(𝜋(𝜎−𝑖, 𝜎𝑖)) ≥ 𝑥𝑖 + 𝜀. Thus, we have 𝑥 ∈ int𝑉({𝑖}). This

implies that,

𝑉(Ag) ⊆ 􏾌
𝑖∈Ag

int𝑉({𝑖}) ∪ 𝐵(0,𝑀),

which in turn implies,

𝑉(Ag) ⧵ 􏾌
𝑖∈Ag

int𝑉({𝑖}) ⊆ 𝐵(0,𝑀),

yielding the result.

Given that we can translate mean‑payoff games into well‑defined NTU games, it is
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natural to ask whether we can use traditional cooperative game theory in order to under‑

stand the core in our setting. Thus, we introduce the (classic) definition of the core for

NTU games. In an NTU game, we say that an element 𝑥 ∈ ℝ|Ag| is in the core if 𝑥 ∈ 𝑉(Ag),

and there exists no 𝐶 ⊆ Ag and no 𝑦 ∈ 𝑉(𝐶) such that 𝑥𝑖 < 𝑦𝑖 for all 𝑖 ∈ 𝐶. In the following

result, we show that the core of a mean‑payoff game, and the core of its corresponding

NTU game are intimately related:

Lemma 7. Let 𝐺 be a mean‑payoff game. Let 𝐺NTU be the NTU game associated with 𝐺. Then

the core of 𝐺 is non‑empty if and only if the core of 𝐺NTU is non‑empty.

Proof. First suppose that 𝐺 has a non‑empty core. Thus, there exists some strategy profile

𝜎 such that for all coalitions 𝐶 and for all strategy vectors 𝜎′𝐶, there exists some 𝜎′Ag⧵𝐶 such

that pay𝑖(𝜋(𝜎
′
𝐶, 𝜎′Ag⧵𝐶)) ≤ pay𝑖(𝜋(𝜎)) for some 𝑖 ∈ 𝐶. Let 𝑥 ∈ ℝAg be such that 𝑥𝑖 = pay𝑖(𝜎)

for all 𝑖 ∈ Ag. Then by definition, we have 𝑥 ∈ 𝑉(Ag). We claim that 𝑥 is in the core of

𝐺NTU. Suppose there is some 𝐶 ⊆ Ag and a 𝑦 ∈ 𝑉(𝐶) such that 𝑥𝑖 < 𝑦𝑖 for all 𝑖 ∈ 𝐶. Thus,

there exists some 𝜎′𝐶 such that for all 𝜎′Ag⧵𝐶, such that pay𝑖(𝜋(𝜎
′
𝐶, 𝜎′Ag⧵𝐶)) ≥ 𝑦𝑖 > 𝑥𝑖 = pay𝑖(𝜎)

for all 𝑖 ∈ 𝐶. But this implies that 𝜎 is not in the core of 𝐺, which is a contradiction. Thus,

𝑥 is in the core of 𝐺NTU.

Conversely, suppose that 𝐺NTU has an empty core. Thus, there exists some 𝑥 ∈ ℝ|Ag|

such that 𝑥 ∈ 𝑉(Ag), such that there exists no𝐶 ⊂ Ag and no 𝑦 ∈ 𝑉(𝐶)with 𝑥𝑖 < 𝑦𝑖 for all 𝑖 ∈

𝐶. Since 𝑥 ∈ 𝑉(Ag), there exists some strategy 𝜎 such that pay𝑖(𝜋(𝜎)) ≥ 𝑥𝑖 for all 𝑖 ∈ Ag. We

claim that 𝜎 is in the core of 𝐺. If it were not, then there would exist some coalition 𝐶, and

some strategy vector 𝜎′𝐶 such that for all strategy vectors 𝜎′Ag⧵𝐶, we have 𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) ≻𝑖
𝜋(𝜎) for all 𝑖 ∈ 𝐶. We then define 𝑦 ∈ ℝAg by setting 𝑦𝑖 = min𝜎′Ag⧵𝐶

pay𝑖(𝜋(𝜎
′
𝐶, 𝜎′Ag⧵𝐶)) for

𝑖 ∈ 𝐶 and setting 𝑦𝑖 = 0 for 𝑖 ∈ Ag ⧵ 𝐶. Then we have that 𝑦 ∈ 𝑉(𝐶) by definition. Since

for all 𝜎′Ag⧵𝐶, we have that 𝜋(𝜎′𝐶, 𝜎′Ag⧵𝐶) is strictly preferred to 𝜋(𝜎) by all players in 𝐶, we

must have that 𝑦𝑖 > 𝑥𝑖 for all 𝑖 ∈ 𝐶. But this contradicts the fact that 𝑥 is in the core of𝐺NTU.

Thus, we must have that 𝜎 is in the core of 𝐺.
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As stated previously, we have been unable to determine the complexity of E‑CORE

in the setting of mean‑payoff games. However, given the above result, we suggest a

route which may bear fruits in the future. Billera [1970], Bondareva [1963], Scarf [1967]

and Shapley [1967, 1973] each reasoned about the core of cooperative games (in both the

transferable utility and non‑transferable utility settings) by appealing to the notion of a

balanced set. Billera [1970] generalised this by introducing the notion of 𝜋‑balancedness.

Let 𝜋 = {𝜋𝐶 ∈ ℝ|Ag| ∣ 𝐶 ⊆ Ag} be a collection of vectors such that,

• For all 𝐶 ⊆ Ag, we have 𝜋𝐶 ≠ 0;

• For all 𝐶 ⊆ Ag, and for all 𝑖 ∉ 𝐶, we have 𝜋𝐶,𝑖 = 0;

• For all 𝐶 ⊆ Ag, and for all 𝑖 ∈ 𝐶, we have 𝜋𝐶,𝑖 ≥ 0,

and let𝒞 ⊆ 𝒫 􏿴Ag􏿷 be a collection of coalitions. We say that𝒞 is 𝜋‑balanced if there exist

balancing weights, 𝜆𝐶 > 0, for each 𝐶 ⊆ Ag such that,

􏾜
𝐶∈𝒞

𝜆𝐶𝜋𝐶 = 𝜋Ag.

We then say that an NTU game, 𝑉, is 𝜋‑balanced if whenever 𝒞 is a 𝜋‑balanced col‑

lection, we have,

􏾎
𝐶∈𝒞

𝑉(𝐶) ⊆ 𝑉(Ag).

Billera [1970] showed that if there exists some 𝜋 such that 𝑉 is 𝜋‑balanced, then 𝑉

has a non‑empty core. The condition of 𝜋‑balancedness translates readily over to the

setting of mean‑payoff games, and so we see that if such a game is 𝜋‑balanced, then it

has a non‑empty core. This suggests a (sound, but not complete) algorithm for detecting

if a mean‑payoff game has a non‑empty core; somehow guess a polynomially sized 𝜋,

use a linear program to calculate the corresponding balancing weights, and then use an

co‑NP oracle to verify there exists no 𝜋‑balanced collection such that⋂𝐶∈𝒞 𝑉(𝐶) ⊆ 𝑉(Ag).
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Obviously, this is not a rigorous argument, but is suggestive of what a possible solution

may look like.

Additionally, whilst𝜋‑balancedness is a sufficient condition for core non‑emptiness, it

is not necessary. However, Billera [1970] strengthened the condition of 𝜋‑balancedness in

the setting of convex‑valuedNTU games, to obtain a necessary and sufficient result. Given

that in mean‑payoff games, the outcomes that a coalition can achieve can be expressed as

a union of convex sets, this approach seems promising. However, we have been unable to

yield any results via this route, nor are we aware of any results in the literature for NTU

games whose values are given by a union of convex regions or polytopes.

3.5 Weighted reactive module games

One problem with concurrent game structures as we have worked with them so far is that

they are extremely verbose. The transition function, tr ∶ St × Ac1 × ⋯ × Ac|Ag| → St is a

total function, with size |St| ⋅ |Ac||Ag|. Thus, the size of the game scales exponentially with

the number of the agents. In Example 1, the underlying concurrent game structure has

a size of 429,981,696. If we are ever to have computational tools to support the decision

problems described in this chapter, then such ‘extensive’ representations are not viable:

we will require compact frameworks to represent games.

One natural framework we can use to induce succinctness is that of reactive mod‑

ules [19]. Specifically, we modify the reactive module games of Gutierrez, Harrenstein

and Wooldridge [2017] with weights on the guarded commands. We begin by walking

through some preliminaries.

Reactive modules games do not use the full power of reactive modules, but instead

use a subset of the reactive modules syntax, namely the simple reactive modules language

(SRML) [119]. In SRML terms, agents are described by modules, which in turn consist of

a set of variables controlled by the module, along with a set of guarded commands. The
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basic idea is that under a given valuation of a set of variables, each module has a set

of commands that are enabled for execution. Each module can then choose one enabled

command, which reassigns the module’s variables in a way which depends on the current

valuation. This process repeats forever, and naturally, agents (represented by modules)

will prefer some runs of valuations over others.

Formally, given a set of propositional variablesΦ, a guarded command 𝑔 is an expres‑

sion of the form,

𝜑⇝ 𝑥′1 ≔ 𝜓1; … ; 𝑥′𝑘 ≔ 𝜓𝑘,

where 𝜑 and each 𝜓𝑖 are propositional formulae over Φ and each 𝑥𝑗 also lies in Φ. We

call 𝜑 the guard of 𝑔 and denote it by guard(𝑔), and we call the variables (the 𝑥𝑗s) on the

right‑hand‑side of 𝑔 the controlled variables of 𝑔, denoted by ctr(𝑔).

To define the size of a guarded command, we first define the size of a propositional

formula, 𝜑, denoted |𝜑|, to be the number of logical connectives it contains. Then the size

of a guarded command 𝑔, written |𝑔|, is given by |guard(𝑔)| + |ctr(𝑔)|.

With guarded commands in place, we can define the fundamental object of our com‑

putational model in this setting: given a set of propositional variables, Φ, a simple reactive

module, is a tuple

𝑚 = (Ψ, 𝐼, 𝑈),

where,

• Ψ ⊆ Φ is a set of propositional variables;

• 𝐼 is a set of initialisation guarded commands, where for all 𝑔 ∈ 𝐼, we have guard(𝑔) =

⊤ and ctr(𝑔) ⊆ Ψ.

• 𝑈 is a set of update guarded commands, where for all 𝑔 ∈ 𝑈, guard(𝑔) is a proposi‑

tional formula over Φ and ctr(𝑔) ⊆ Ψ.
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After defining a simple reactive module 𝑚, we introduce an additional command,

𝑔skip, of the form,

􏾒
𝑔∈𝑈

¬guard(𝑔)⇝ ∅

with ctr(𝑔) = Ψ. The empty set on the right‑hand side of the guarded command means

that no variables are changed. We introduce this extra guarded command so that at each

stage, every module has some action they can take. However, this is not obligatory, and if

we define a reactive module where we can prove at each step, there will be an available

action, then introducing 𝑔skip is not necessary. With this added, the size of a reactive

module, |𝑚|, is given by the sum of the sizes of its constituent guarded commands.

Given this, an SRML arena is a tuple

𝐴 = (Ag, Φ, {𝑚𝑖}𝑖∈Ag),

where,

• Ag is a finite, non‑empty set of agents;

• Φ is a set of propositional variables;

• For each 𝑖 ∈ Ag, 𝑚𝑖 is a simple reactive module such that {Ψ(𝑚𝑖)}𝑖∈Ag is a partition

for Φ.

We define the size of an arena to be sum of the sizes of the modules within it.

With this syntactic machinery in place, we are finally ready to describe the semantics of

SRML arenas. We give a brief, high‑level description here — for details, please refer to Gu‑

tierrez, Harrenstein and Wooldridge [2017] and van der Hoek, Lomuscio and Wooldridge

[2006].

Let 𝑣 ⊆ Φ be a valuation and let 𝑖 ∈ Ag be an agent. We let enabled𝑖(𝑣) denote the
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guarded commands available to agent 𝑖 under the valuation 𝑣. Formally, we have:

enabled𝑖(𝑣) = {𝑔 ∈ 𝑈𝑖 ∣ 𝑣 ⊧ guard(𝑔)}.

We then define enabled(𝑣) = enabled1(𝑣) ×⋯× enabled|Ag|(𝑣). Given that each𝑈𝑖 con‑

tains a command of the form 𝑔skip𝑖 as described previously, we can see that each enabled𝑖(𝑣)

is always non‑empty. We also define exec𝑖(𝑔, 𝑣), which given a valuation 𝑣, is the valuation

of Φ𝑖 given by executing 𝑔 = 𝜑⇝ 𝑥′1 ≔ 𝜓1; … ; 𝑥′𝑘 ≔ 𝜓𝑘. Specifically, we have:

exec𝑖(𝑔, 𝑣) = (𝑣𝑖 ⧵ ctr(𝑔)) ∪ {𝑥𝑗 ∣ 𝑣 ⊧ 𝜓𝑗}.

Thus, upon executing 𝑔, agent 𝑖’s variables are reassigned according to the valuations

of the propositional formulae on its right‑hand side. However, with multiple agents, there

is some strategic interaction, and we wish to understand how the actions of all the agents

affect the state of the system. As such, we define joint guarded commands, which are simply

a selection of guarded commands, one for each agent. That is, we write 𝐽 = 𝑔1 ×⋯×𝑔|Ag|.

Similarly to before, we set

exec(𝐽, 𝑣) = exec1(𝑔1, 𝑣) ∪ … ∪ exec|Ag|(𝑔|Ag|, 𝑣).

We are now ready to describe how arenas ‘play out’. Initially, each agent 𝑖 picks a

guarded command 𝑔0𝑖 ∈ 𝐼𝑖 and this sets each of their variables accordingly, inducing a valu‑

ation 𝑣0 = exec(𝐽0, Φ). The agents then each pick a guarded command 𝑔1𝑖 ∈ enabled𝑖(𝑣0)

and execute them, inducing another valuation, 𝑣1 = exec(𝐽1, 𝑣0). They repeat this ad infin‑

itum. As such, this induces a path of the game. However, unlike before, where we defined

paths over actions and states of the game, here, we define paths over joint guarded com‑

mands, 𝜋 ∶ ℕ → (𝐼1 ∪ 𝑈1) × ⋯ × (𝐼|Ag| ∪ 𝑈|Ag|). Whilst, superficially, this may look like a

departure from our previous convention, it is not; all the techniques we developed before
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transfer readily to this new setting, so we take it for granted that there is a straightforward

link between the two approaches and will not comment on it further.

We can now define weighted reactive module games. A weighted reactive module game

(WRMG) is a tuple,

𝐺 = (𝐴, {𝑤𝑖}𝑖∈Ag),

where,

• 𝐴 is an SRML arena;

• For each 𝑖 ∈ Ag, 𝑤𝑖 ∶ 𝐼(𝑚𝑖(𝐴)) ∪ 𝑈(𝑚𝑖(𝐴)) → ℤ is a weight function.

That is, each module has an assigned weight function that maps commands to integers.

As before, a player’s payoff is given by the mean‑payoff of the weights attached to a path.

Note that we are effectively assigning weights to transitions, rather than to states as we did

before. This is not a huge conceptual shift, and moving between the two representations

(weights on states and weights on transitions) is a relatively straightforward transforma‑

tion.

Given that the mean‑payoff is prefix‑independent, we could have defined our weight

functions solely on the update commands (and not on initialisation command), or perhaps

even defined our reactive modules without initialisation commands at all. However, for

the sake of ascribing meaning to the game, and to make our upcoming proof techniques

more general/‘slick’, we proceed as above, and define the weight functions over all com‑

mands available to the agents.

Finally, for our specifications, we use Emerson‑Lei conditions over Φ. Thus, our spe‑

cifications in this setting are Boolean combinations of atoms of the form Inf(𝑝)with 𝑝 ∈ Φ.

Moreover, since if 𝑝 is a proposition, then ¬𝑝 is also a proposition, we use the shorthand

Inf(¬𝑝), with the obvious interpretation, in place of the previous Inf(𝐹̄) notation. The se‑

mantics of these specifications are defined in the way described in Chapter 2.
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Before considering the decision problems relating toWRMGs, let us now walk through

an example to demonstrate their conciseness and utility of WRMGs. We do this by revis‑

iting Example 1.

Example 3. In Example 1, the state of the game is entirely described by the position of

each of the four robots, whether they are holding a parcel or not, and whether they have

crashed. Thus, we define four reactive modules 𝑚1, … ,𝑚4 with 𝑚𝑖 = (Φ𝑖, 𝐼𝑖, 𝑈𝑖) as follows

— we setΦ𝑖 = {𝑥𝑖,1, … , 𝑥𝑖,12, 𝑝𝑖, 𝑐𝑖}, where the 𝑥𝑖 model which node the robot is in, numbered

top‑to‑bottom, left‑to‑right with respect to Figure 3.1, 𝑝𝑖 denotes if the robot is carrying

a parcel or not, and 𝑐𝑖 denotes if the robot has crashed or not. With this defined, we can

define one initialisation command for each robot:

⊤⇝ 𝑥′𝑖,1 ≔ ⊥;…𝑥′𝑖,𝑛 ≔ ⊤;… ; 𝑥′𝑖,12 ≔ ⊥; 𝑝′𝑖 ≔ ⊥; 𝑐′𝑖 ≔ ⊥ [0],

where 𝑛 is appropriately set, given the starting position of the robot. Additionally, the

[0] at the end of the guarded command denotes the weight rewarded for performing that

command. Then for each agent 𝑖 and edge (𝑥𝑛, 𝑥𝑚) of the graph, we define a guarded

command,

¬𝑐𝑖 ∧ 𝑥𝑖,𝑛 ⇝ 𝑥′𝑖,𝑛 ≔ ⊥; 𝑥′𝑖,𝑚 ≔ ⊤ [0].

We also model picking up and delivering a parcel, as well as crashing into another robot.

We do this with the following commands:

¬𝑐𝑖 ∧ ¬𝑝𝑖 ∧ (𝑥𝑖,1 ∨ 𝑥𝑖,2)⇝ 𝑝𝑖′ ≔ ⊤ [0],

¬𝑐𝑖 ∧ 𝑝𝑖 ∧ (𝑥𝑖,11 ∨ 𝑥𝑖,12)⇝ 𝑝𝑖′ ≔ ⊥ [1],

¬𝑐𝑖 ∧ 𝑥𝑖,𝑛 ∧ (𝑥𝑗,𝑛 ∨ 𝑥𝑘,𝑛 ∨ 𝑥𝑙𝑛)⇝ 𝑐′𝑖 ≔ ⊤ [−999]

𝑐𝑖 ⇝ 𝑐′𝑖 ≔ ⊤ [−999]
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where 𝑖 ranges over players; 𝑗, 𝑘 and 𝑙 range over the other players; and 𝑗 ranges from 1 to

12. We also have the 𝑔skip command from before, so the robot can stay still on a node for

a time step.

We can also rewrite the specification of equation 3.1 in our new setting as follows:

􏾒
𝑖∈[4]

Inf(𝑝𝑖) ∧ Inf(¬𝑝𝑖).

It is easy to see that this setup models the example from before, is exponentially more

concise, requiring 52 guarded commands in total, and is natural to work with. Note that

we could save even more space by encoding the robots positions in binary, at the expense

of making our guarded commands slightly more complicated. Whilst this technique may

be useful for larger systems, we give a unary encoding here for clarity. Moreover, our

specification has not increased in size.

With WRMGs now adequately motivated, the main decision problem to consider then

is the following:

WRMG‑E‑NASH:

Given: A WRMG 𝐺, and an Emerson‑Lei condition 𝛼.

Question: Does there exist a 𝜎 ∈ NE(𝐺) such that 𝜋(𝜎) ⊧ 𝛼?

Theorem 6. The WRMG‑E‑NASH problem lies inNEXPTIME and is EXPTIME‑hard.

Proof. The idea is to ‘blow up’ the simple reactive module arena into a concurrent game

structure, then apply the same techniques as before. Explicitly, given a WRMG, 𝐺 =

(Ag, Φ, {𝑚𝑖}𝑖∈Ag, {𝑤𝑖}𝑖∈Ag), we form a graph𝒢 = (𝑉, 𝐸) as follows. We set𝑉 = 𝒫 􏿴Φ ∪ {𝑝init}􏿷

and then introduce an edge, 𝑒 = (𝑣, 𝑤) if there exists some joint guarded update command

𝐽 such that exec(𝐽, 𝑣) = 𝑤. We also introduce edges ({𝑝init}, 𝑣), if there exists some joint

guarded initialisation command 𝐽 such that exec(𝐽, ∅) = 𝑣. With 𝒢 formed, we then con‑

struct a concurrent game structure, 𝐺′ = (Ag′, St, 𝑠0, (Ac𝑖)𝑖∈Ag, tr) in the natural way. We
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set Ag′ = Ag and St = 𝑉. We also set 𝑠0 = {𝑝init}. The actions for each player, Ac𝑖, con‑

sist of their respective guarded commands and the transition function corresponds to the

edges of the graph. The weights of the guarded commands are attached to the weights of

the transitions in the concurrent game structure 9.

We also need to transform the Emerson‑Lei condition on the weighted reactive module

games, 𝛼, to a specification on the concurrent game structure, 𝛼′. To do this, for each

propositional variable 𝑝, define a subset 𝐹𝑝 ⊆ St where 𝑣 ∈ 𝐹𝑝 if 𝑝 ∈ 𝑣. Then we simply

replace every occurrence of Inf(𝑝) in 𝛼with Inf(𝐹𝑝).

It should be apparent that (𝐺′, 𝛼′) exhibits the same behaviours and qualities as (𝐺, 𝛼)

and is exponential in size relative to (𝐺, 𝛼). With this expansion complete, we can straight‑

forwardly apply theNP algorithmof Proposition 1, immediately giving us theNEXPTIME

upper bound.

To show hardness, we need to introduce another decision problem, PEEK‑G₄ [197]. A

PEEK‑G₄ instance is a tuple (𝑋1, 𝑋2, 𝑋3, 𝜑). Here, 𝑋1 and 𝑋2 are finite, disjoint, non‑empty

sets of propositional variables, 𝑋3 ⊆ 𝑋1 ∪𝑋2 gives the variables that are true in the initial

state, and 𝜑 is a propositional formula over𝑋1∪𝑋2. The game is played by starting in the

configuration given by𝑋3. The players then alternate, either choosing to toggle a variable

they control, or skipping a go. If on their turn, a player can make 𝜑 true, then they win

and the game is over. The decision problem associated with this game is to determine if

agent 2 has a winning strategy for a give tuple (𝑋1, 𝑋2, 𝑋3, 𝜑).

We reduce an instance of PEEK‑G₄, (𝑋1, 𝑋2, 𝑋3, 𝜑), to an instance of WRMG‑E‑NASH,

(Ag, Φ, {𝑚𝑖}𝑖∈Ag, {𝑤𝑖}𝑖∈Ag). We set Ag = {0, 1, 2} and

Φ = (𝑋1 ∪ 𝑋2) ∪ {turnp, turnu,win1,win2},
9Whilst our analysis of E‑NASH is couched in terms of weights on the states, in the proof of it, we modify

the concurrent game structure so the weights exist on the transitions instead. Thus, this reduction does not
need to introduce extra states to convert the weights on the transitions into weights on the states — we simply
‘cut the corner’ instead.
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and introduce three reactive modules over Φ, 𝑚0, 𝑚1 and 𝑚2. The modules 𝑚1 and 𝑚2

represent the two players, 1 and 2, whilst 𝑚0 represents an umpire/officiator, who keeps

track of whose turn it is and whether anyone has won the game yet.

The two players alternate, with the umpire enforcing this. That is, for 𝑚0, we have

Φ0 = {turnp, turnu,win1,win2}, with the following single initialisation command,

⊤⇝ turn′p ≔ ⊤; turn′u ≔ ⊥;win′1 ≔ ⊥;win′2 ≔ ⊥.

The turnp variable keeps track of which player’s turn it is, and the turnu variable determ‑

ined if it is the umpire’s turn. Finally, the twowin variables keep track of whether anyone

has won yet. The update commands for 𝑚0 are defined as follows:

¬(win1 ∨win2) ∧ ¬turnu ⇝ turn′u ≔ ⊤,

turnu ∧ ¬𝜑⇝ turn′u ≔ ⊥; turn′p ≔ ¬turnp,

turnu ∧ 𝜑 ∧ turnp ⇝ win′1 ≔ ⊤,

turnu ∧ 𝜑 ∧ ¬turnp ⇝ win′2 ≔ ⊤,

win1 ∨win2 ⇝ ∅.

There is a lot going on in the above set of commands, so let us break it down: the

first two commands say that play alternates between the players and the umpire — one

of the players makes a move, then play goes to the umpire, who checks for wins, then

play passes to the other player, and so on. The third and fourth commands say that if a

player managed to satisfy 𝜑 on their last turn, then they have won, and the umpire can

declare them the winner. The final command says that the umpire will just stay put and

keep their variables constant once one player has won.

The two player modules are symmetric, so we define 𝑚1, with 𝑚2 being formed simil‑
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arly. For 𝑚1, we have Φ1 = 𝑋1 ∪ {win2}, with a single initialisation command,

⊤⇝ 𝑥′𝑖1 ≔ ⊤;… ; 𝑥′𝑖𝑛 ≔ ⊤,

where {𝑥𝑖𝑘}1≤𝑘≤𝑛 = 𝑋1 ∩ 𝑋3. This simply says that player 1 must set their variables as

dictated by𝑋3 Then for every variable 𝑥𝑖 ∈ 𝑋1, we introduce an update guarded command

of the following form,

¬(win1 ∨win2) ∧ turnp ∧ ¬turnu ⇝ 𝑥′𝑖 ≔ ¬𝑥𝑖.

This says that if neither player has won yet, and it is player 1’s turn to play, then they

can toggle one of the variables they control. Additionally, we need to allow a player to

be able not to change any of their variables, and we do this with the following guarded

command,

¬(win1 ∨win2)⇝ ∅.

Note that player 1 can always play this command, even when it is not their turn. Finally,

we need to introduce two more guarded commands that the players take when the game

is over:

win1 ⇝ ∅

win2 ⇝ ∅.

If someone has won the game, then both players ignore the turn system and have the

lone option of following exactly one of the above two commands forever.

With this defined, we need to introduce weight functions for each of the three players.

For the umpire, we give a constant weight function (so they are ambivalent between all
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outcomes) and for player 1we give them a weight function 𝑤1 such that,

𝑤1(win1 ⇝ ∅) = 1,

𝑤1(win2 ⇝ ∅) = −1,

𝑤1(𝑔) = 0, for all other 𝑔.

with player 2’s weight function being defined in the dual way. Finally, the Emerson‑Lei

condition is simply 𝛼 = Inf(win2). We claim that player 2 has a winning strategy in PEEK‑

G₄ if and only if there exists a Nash equilibrium in the weighted reactive module game

that models the given specification. Moreover, it is patently clear that this construction

can be performed in polynomial time.

First suppose that player 2 has a winning strategy in PEEK‑G₄. Then 𝑚2 can play this

strategy and 𝑚1 can play any arbitrary strategy and eventually the game will end up

in state win2. From here, each player only has one guarded command they can play,

meaning player 2 will get a payoff of 1 and player 1will get a payoff of −1. This is a Nash

equilibrium. No matter what 𝑚1 plays, they are unable to force a win against player 2’s

winning strategy and so have no incentive to deviate. Additionally, player 2 is achieving

their maximum payoff, and thus have no motivation to deviate. This strategy profile also

models 𝛼.

Conversely, suppose there exists some Nash equilibrium which models 𝛼. This im‑

plies that the game eventually ends up in win2, and so player 2 has a payoff of 1 and

player 1 a payoff of −1 in this equilibrium. The fact that this is an equilibrium implies

that no matter what player 1 plays, they cannot increase their payoff, i.e. they always lose

against the strategy player 2 is playing. This implies that player 2 has a winning strategy

in PEEK‑G₄ and this concludes the proof.
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Chapter 4

Iterated allocation games

4.1 Introduction

As highlighted earlier, previous approaches to rational verification typically assume that

agents are unrestricted in choosing their actions; however, in many real‑world systems

and situations, understanding resource usage is crucial in explaining the system’s larger‑

scale behaviour — agents may not possess sufficient resources to achieve their individual

goals, or they may want to optimise their behaviour and expend as few of the available

resources as possible. In this chapter, we will consider games where agents have a limited

number of resources they must allocate in order to achieve their respective goals.

There are a number of different ‘types’ of resources — for example, a resource can be

thought of as a quantity that is consumed and produced over time, going up and down

(such as money, or materials in manufacturing) or it can be thought of as a fixed amount

of bandwidth or throughput of a system (such as electricity usage, data transfer speeds,

or CPU load). de Nijs et al. [2017, 2021] refer to the former concept as being a budget con‑

straint, and the latter as an instantaneous constraint. These are just two ways of thinking

about resources, and the distinction here is relatively arbitrary — indeed, instantaneous

constraints can be viewed as a special case of budget constraints, and other models of
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resource‑bounded systems may not fit neatly into this classification. However, for our

purposes, it is a useful distinction, and we will use this terminology in this thesis to be

explicit about how our formal model, and other models found elsewhere, should be in‑

terpreted.

In this chapter, we introduce iterated allocation games. These extend the one‑shot coali‑

tional resource games of Dunne et al. [2010] and Wooldridge and Dunne [2006] and can also

be seen as a generalisation of iterated Boolean games [101]. Informally, an iterated alloca‑

tion game consists of a set of agents, who over time allocate their instantaneous resources

to ‘activate’ or ‘enable’ certain atomic propositions, with the hope that the induced run

models their goal. However, because the goal of a player may depend on a propositional

variable they do not have sole control over, strategic behaviour comes into play.

This chapter is organised as follows: in Section 4.2, we introduce our main objects of

study, iterated allocation games, discuss the relevant related game theoretic concepts, and

walk through an example. We then go on to define a number of decision problems per‑

taining to iterated allocation games in Section 4.3, establishing their complexities in turn,

before considering a ‘computationally easier’ subset of LTL. In Section 4.4, we consider

more resource‑oriented decision problems (as opposed to the ‘player’‑oriented questions

of Section 4.3), before refining our players’ preferences, making them prefer computations

in which resource expenditure is minimised, and consider a decision problem relating to

this.

4.2 Iterated allocation games

In an iterated allocation game, we have a set of players, each of whom possesses a given

quantity of resources. The resources we work with are instantaneous constraints: each

agent has a fixed, constant amount of a resource at each time‑step, they cannot produce

more of the resource or stockpile it, and the quantity of each resource available to a player
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returns to its base amount on each round of the game. Play proceeds in rounds — at each

timestep, players allocate resources to different propositional variables. If a propositional

variable has sufficient resources allocated to it across all the players, then it is considered

to be true, otherwise, it is false. Doing this for each variable, this yields a valuation. This

process then repeats, giving us an infinite sequence of valuations (which we call a run).

Each player’s goal is given by an LTL formula, which can be interpreted relative to this run

— players prefer runs which model their goals over ones that do not, and are indifferent

otherwise.

To formalise this idea, we first introduce iterated allocation structures — these model

the game and how it is played, but do not give the agents goals. Formally, an iterated

allocation structure (a IAS), is a tuple,

𝑆 = (Ag,AP,R, en, req),

where,

• Ag,AP, and R are finite, non‑empty sets of agents, propositional variables, and re‑

sources respectively;

• en ∶ Ag → ℕ𝑅 is an endowment function, which specifies the amount of each re‑

source available to each player at each time step;

• req ∶ AP →ℕ𝑅 is a requirement function, which for each 𝑝 ∈ AP, can be understood

as the amount of resources required to satisfy 𝑝.

The size of a IAS, 𝑆, denoted by |𝑆|, is given by

|Ag| + |AP| + |𝑅| + |Ag| ⋅ |𝑅| ⋅ log2 max
𝑖∈Ag
𝑟∈𝑅

en(𝑖)𝑟 + |AP| ⋅ |𝑅| ⋅ log2 max
𝑝∈AP
𝑟∈𝑅

req(𝑝)𝑟.
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Let us now detail how a IAS is played: informally, an allocation for a player 𝑖 describes

how that player assigns their resources to different atomic propositions on a given round

of the game. Naturally, a player cannot allocate more resources than they are endowed

with. Formally, an allocation for player 𝑖 is a function,

𝛼𝑖 ∶ AP →ℕ𝑅,

which satisfies the following constraint:

en(𝑖) ≥ 􏾜
𝑝∈AP

𝛼𝑖(𝑝).

Note that a player is not obliged to allocate all their resources on a round; they can ‘hold

back’ resources if they desire.

Now let 𝛼 ∶ Ag → AP → ℕ𝑅 be a vector of allocations, one for each player. Given a

variable 𝑝 ∈ AP, we say that 𝛼 models 𝑝, and write 𝛼 ⊧ 𝑝, if we have,

􏾜
𝑖∈Ag

𝛼𝑖(𝑝) ≥ req(𝑝).

In other words, if the players collectively allocate enough resources to an atomic propos‑

ition, then it becomes ‘true’. If they do not, then it is deemed to be ‘false’. We use 𝐴𝑖 to

denote the set of allocations available to player 𝑖, and 𝐴 to denote the Cartesian product,

𝐴 = 𝐴1×⋯×𝐴𝑛. Finally, we note that an allocation 𝛼 ∶ Ag → AP →ℕ𝑅 induces a unique

valuation, val(𝛼), where, val(𝛼) = {𝑝 ∈ AP ∣ 𝛼 ⊧ 𝑝}.

Play proceeds as follows: at each time step, 𝑡, each agent chooses an allocation 𝛼𝑖[𝑡].

This forms a vector of allocations, 𝛼[𝑡]. This sequence of allocations then yields a run of

valuations, val(𝛼[𝑡]) ⊆ AP, where 𝑡 ∈ ℕ. As a minor abuse of notation, we write 𝛼 for the

sequence 𝛼[0]𝛼[1]… and val(𝛼) for the run val(𝛼[0])val(𝛼[1]) ….

With game play detailed, we now discuss how each player chooses to play the game.
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In this setting, a strategy for player 𝑖maps histories of gameplay (i.e. allocations provided

thus far) to an allocation for that player; formally, it is a function,

𝜎𝑖 ∶ 𝐴∗ → 𝐴𝑖.

Here we note that a strategy profile 𝜎 induces a unique run in the obvious way — at

the start of the game, player 𝑖 chooses the allocation 𝛼𝑖[0] = 𝜎𝑖(𝜀). This gives us a vector of

allocations 𝛼[0], which in turn induces a valuation, 𝑣0 = val(𝛼[0]). Continuing in this way,

at timestep 𝑡 of the game, player 𝑖 will choose the allocation 𝛼𝑖[𝑡] = 𝜎𝑖(𝛼[0]𝛼[1]…𝛼[𝑡 − 1]),

yielding an allocation 𝛼[𝑡], along with a valuation, 𝑣𝑡 = val(𝛼[𝑡]). This defines a run of

valuations, 𝑣0𝑣1…𝑣𝑡…, which we denote as 𝜌(𝜎).

As before, describing agent behaviours using arbitrary mathematical strategies is rather

unwieldy, and again, it will be useful to talk about finite‑memory strategies; these strategies

are finitely representable, and therefore not only can they be reasoned about as inputs to

decision problems, but also can be easily implemented in practice. Moreover, in iterated

Boolean games (of which iterated allocation games are a generalisation), finite‑memory

strategies are sufficient to reason fully about player behaviour [101]: formally, for an LTL

formula which is satisfiable over a iterated Boolean game, there is a finite memory strategy

profile which models it.

Formally, for a given player 𝑖 ∈ Ag, a finite memory strategy is a tuple,

𝜎𝑖 = (𝑄𝑖, 𝑞0𝑖 , 𝛿𝑖, 𝜏𝑖),

where,

• 𝑄𝑖 is a finite, non‑empty set of strategy states;

• 𝑞0𝑖 ∈ 𝑄𝑖 is a distinguished start state;

• 𝛿𝑖 ∶ 𝑄𝑖 × 𝐴 → 𝑄𝑖 is a transition function;

111



4.2. ITERATED ALLOCATION GAMES

• 𝜏𝑖 ∶ 𝑄𝑖 → AP → ℕ𝑅 is a choice function, such that for all 𝑞 ∈ 𝑄𝑖, we have that 𝜏𝑖(𝑞)

is a valid allocation for 𝑖.

The interpretation of a finite memory strategy is that a player begins in the strategy

start state, 𝑞0𝑖 , and then chooses an allocation 𝛼𝑖[0] = 𝜏𝑖(𝑞0𝑖 ). Along with the other players’

allocations (which may not necessarily be produced by finite memory strategies them‑

selves), this yields a vector of allocations, 𝛼[0], which in turn induces a valuation val(𝛼[0]).

The player then moves to a new strategy state, 𝑞1𝑖 = 𝛿𝑖(𝑞0𝑖 , 𝛼[0]). This process is then re‑

peated ad infinitum, inducing a run of valuations in the same way described above. Note

that every finite memory strategy is indeed a valid strategy in the sense that they map

sequences of valuations to allocations. However, hereafter, unless otherwise noted, we

work with arbitrary strategies.

Now that we have detailed how these games are played, we are ready to introduce

player goals into the fray. An iterated allocation game (IAG) is a tuple,

𝐺 = (𝑆, {𝛾𝑖}𝑖∈𝐴𝑔),

such that,

• 𝑆 is an iterated allocation structure;

• For each agent 𝑖 ∈ Ag, 𝛾𝑖 is an LTL formula called the goal of agent 𝑖.

The size of a IAG 𝐺, denoted |𝐺|, is |𝑆| + ∑𝑖∈Ag|𝛾𝑖|.

Suppose we have an infinite sequence of allocations, 𝛼, with an associated run, val(𝛼).

Then the LTL goal of each player, 𝛾𝑖, can be interpreted relative to this run — if val(𝛼) ⊧ 𝛾𝑖,

we say that player 𝑖’s goal is satisfied and call player 𝑖 a winner of the game. If this is not

the case, then we say that player 𝑖’s goal is not satisfied, and that player 𝑖 is a loser of the

game. We say that a player 𝑖 prefers a run 𝛼 to a run 𝛼′, and write 𝛼 ⪰ 𝛼′ if 𝑖 is a winner in
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𝛼 (note the lack of dependence on 𝛼′). We also write 𝛼 ≻ 𝛼′ if 𝛼 ⪰ 𝛼′ but not 𝛼′ ⪰ 𝛼, and

𝛼 ∼ 𝛼′ if 𝛼 ⪰ 𝛼′ and 𝛼′ ⪰ 𝛼.

In a IAG, we would like to understand what sort of outcomes might emerge, under

the assumption that players are acting rationally. To do this, we use the machinery of

game theory, and analyse our games with respect to the Nash equilibrium and the core.

Before proceeding, we present an example to illustrate the concepts presented thus

far:

Example 4. Suppose we have three servers, nicknamed Ceres, Pluto and Eris. Each server

is equipped with a certain number of CPU cores and GPUs, and has a fixed amount of

network bandwidth (measured in Mbps). Each server runs a set of core services (like

systemd), and together, they have some pre‑assigned functions, namely serving email and

web pages. Additionally, a couple of graduate students are racing to get some last minute

results for their paper, and submit some high‑load algorithms to the job‑scheduler. We

want to know whether the servers can complete the grad students’ work in time, subject

to the pre‑assigned constraints of the servers. To model this, we create a IAG as follows:

• We set Ag = {C,P,E}, representing the three servers;

• We set 𝑅 = {CPU,GPU,Mbps}, representing CPU cores, GPU cores and network

bandwidth, respectively. We assume that each timestep in the IAG corresponds to

a real‑life second, and a unit of a resource should be interpreted as load on that

resource over that period of time;

• We set AP = {SD𝑖 ∣ 𝑖 ∈ Ag}∪{EMAIL,WEB}∪{GA𝑘 ∣ 𝑘 ∈ [100]}, where SD𝑖 represent

the system services of server 𝑖, EMAIL and WEB respectively represent email and

web pages being served, and GA𝑘 represents the 𝑘th stage of the experiments of the

grad students;
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• We set

𝛾𝐶 = G SD𝐶 ∧GWithin10 EMAIL,

𝛾𝑃 = G SD𝑃 ∧GWEB,

𝛾𝐸 = G SD𝐸 ∧GWEB;

• The endowment function of each agent is:

en(𝐶) = (2, 1, 20), en(𝑃) = (4, 1, 10), en(𝐸) = (2, 2, 10);

• The requirement function of each propositional variable is:

req(SD𝑖) = (1, 0, 0), req(EMAIL) = (1, 0, 10),

req(WEB) = (1, 0, 10), req(GA𝑘) = (4, 2, 0);

• Finally, we say that the grad students’ deadline is given by the LTL specification,

􏾒
𝑘∈[100]

Within3600 GA𝑘.

Informally, this specification can be thought of as the grad students completing their

experiments within the hour.

With this in place, we can ask a question like ‘does there exist some Nash equilibrium in

which the grad students’ deadline is met?’. Through observation, we can answer ‘yes’ to

this question — the servers can undertake the experiments in the time between serving

emails and web pages.1

1The eagle‑eyed reader may note that a server may contribute CPU load to the core services of another
server. This is perhaps not a realistic assumption in practice, and we see this happening because resources
in IAGs are fungible. The example can be refined to reflect this by creating a new set of resources from the
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We presented the previous example as an illustration of the sort of real‑world systems

that can be modelled within our framework. However, the above scenario could also feas‑

ibly be solved using standard model‑checking algorithms. Where our framework really

shines is when there is an adversarial component to the system. To this end, we present

the following, slightly more fantastical, example of countries engaging in a space race:

Example 5. Suppose we have four countries, Arstotzka, Borduria, Chernarus and Dank‑

mire. Each country has a selection of resources available to them each year, including US

Dollars, metals and plastics. To keep their respective populaces happy, they each need to

invest enough into domestic policy each year. However, Arstotzka and Borduria ideolo‑

gically disagree with Chernarus and Dankmire over how a state should be governed; as

such, they decide to compete in a space race in order to settle their differences. To com‑

plicate matters even further, the UN sets foreign aid targets for each of these countries.

To model this, we create a IAG as follows:

• We set Ag = {A,B,C,D}, representing the four counties;

• We set 𝑅 = {$,𝑀, 𝑃}, representing US dollars, metals and plastics, respectively;

• We set AP = {DP𝑖,FA𝑖 ∣ 𝑖 ∈ Ag} ∪ {SR𝑗,𝑘 ∣ 𝑗 ∈ {AB,CD}, where DP𝑖 represents

the domestic policy of country 𝑖, FA𝑖 represents country 𝑖 contributing to the UN’s

foreign aid targets, and SR𝑗,𝑘 represents coalition 𝑗 completing the 𝑘th stage of their

space programme;

• We set

𝛾𝐴 = G𝐷𝑃𝐴 ∧ (¬SRCD U SRAB), 𝛾𝐵 = G𝐷𝑃𝐵 ∧ (¬SRCD U SRAB),

𝛾𝐶 = G𝐷𝑃𝐶 ∧ (¬SRAB U SRCD), 𝛾𝐷 = G𝐷𝑃𝐷 ∧ (¬SRAB U SRCD),

Cartesian product of the players and the existing resources, and tweaking the endowment and requirement
functions accordingly.
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where

SRAB = 􏾒
𝑘∈[5]

F SRAB,𝑘, SRCD = 􏾒
𝑘∈[5]

F SRCD,𝑘;

• The endowment function of each agent is:

en(𝐴) = (2, 1, 1), en(𝐵) = (3, 0, 1), en(𝐶) = (2, 1, 0), en(𝐷) = (3, 0, 1);

• The requirement function of each propositional variable is:

req(DP𝑖) = (1, 0, 0), req(FA𝑖) = (1, 0, 0), req(SR𝑗,𝑘) = (2, 1, 1);

• Finally, we say that the UN’s foreign aid targets are given by the LTL specification,

G 􏾒
𝑖∈Ag

FA𝑖.

With this in place, we can ask a question like ‘does there exist some Nash equilibrium in

which the UN’s foreign aid targets are met?’. Through observation, we can answer ‘no’ to

this question — if the foreign aid targets are met, then a party could deviate and complete

their space programme quicker than the others.

In the preceding examples, we were able to determine whether there was some ‘stable

outcome’ of the game solely through inspection. However, in general, this will not be

possible — instead, we require some principled way of answering such questions. In the

next sections, we will do precisely this: we will express the relevant questions as decision

problems, and study their complexities.

Before proceeding, it is illustrative to compare our model with that of iterated Boolean

games (IBGs) [101]. In an IBG, we have a set of agents, each of whom controls a set of

propositional variables. At each turn, every player chooses some subset of their variables
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to set as true; across all the agents, this induces a valuation. This process then repeats.

Each player’s goal is then given by an LTL formula, and players prefer runs where the

resulting run of valuations models their formula over those that do not. IBGs can be seen

as a special case of IAGs — suppose in an IBG, each player, 𝑖, controls a set of variablesΦ𝑖
with |Φ𝑖| = 𝑘𝑖. Then we can create a IAG where each player has a unique resource 𝑟𝑖, with

en(𝑖)𝑖 = 𝑘𝑖 and en(𝑖)𝑗 = 0 for all 𝑗 ≠ 𝑖. Then for each 𝑝 ∈ Φ𝑖, we set req(𝑝)𝑖 = 1 and req(𝑝)𝑗 = 0

for all 𝑗 ≠ 𝑖. As can be seen, this IAG exactly captures the behaviour of the original IBG,

and is a polynomial time translation. As such, this immediately yields a number of lower

bounds for the decision problems we are about to consider. Similarly, we will also reduce

from a number of results of Gutierrez et al. [2019], proved in the context of LTL games

— if one considers the subset of LTL games with fully‑connected game graphs, then the

problems remain 2EXPTIME‑complete, and offer a simple reduction. Additionally, some

of the techniques we use in proving the upper bounds of our theorems were originally

seen in the context of IBGs and LTL games.

4.3 Decision problems

Given a IAS 𝑆, the first question we can ask is whether a given strategy profile 𝜎 models

some LTL formula 𝜑:

IAS‑MODEL‑CHECKING:

Given: A IAS 𝑆, a strategy profile 𝜎, and an LTL formula 𝜑.

Question: Do we have 𝜌(𝜎) ⊧ 𝜑?

Theorem 7. With finite‑memory strategies as input, IAS‑MODEL‑CHECKING lies in PSPACE.

Proof. For membership, we begin by storing in memory the initial state of the Büchi auto‑

maton, along with the initial strategy state of each player. Then, we consider each player

in turn, and use their choice function to determine what amount of resources they have
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chosen to allocate to each propositional variable. We sum these vectors across the play‑

ers, and then use the requirement function to determine which propositional variables are

true under the total allocation, inducing a valuation 𝑣0. Then for each player, we use the

allocation along with their current strategy state to move to another strategy state, accord‑

ing to their state transition function. We also use the valuation to non‑deterministically

move to a new state in the Büchi automaton, respecting its transition function.

We repeat this process, deterministically traversing the strategy space, and non‑

deterministically traversing the automaton states. If we reach an accepting state in the

Büchi automaton, we have a choice to non‑deterministically store it, along with the cur‑

rent states of all the players strategies. We then continue to traverse the automaton and

the strategy state space as before, until we reach the stored state again. This implies that

there exists a path through the joint automaton‑strategy space which visits an accepting

state infinitely often. This in turns implies that 𝜌(𝜎) ⊧ 𝜑. Note all of these manipulations

can be done with polynomial space. In particular, the Büchi automaton can be construc‑

ted ‘on‑the‑fly’ and traversed with only polynomial space (this can be seen via a number

of different constructions — one clear presentation is given in [203]). Thus, by Savitch’s

theorem [188], we may conclude that this procedure can be decided in PSPACE.

We now turn to decision problems relating to the solution concepts described earlier.

The first is in the non‑cooperative setting, and asks if a given profile is a Nash equilibrium:

NASH‑MEMBERSHIP:

Given: A IAG 𝐺, and a strategy profile 𝜎.

Question: Is 𝜎 a Nash equilibrium of 𝐺?

Theorem 8. With finite‑memory strategies as input, NASH‑MEMBERSHIP is PSPACE‑complete.

Proof. To show membership in PSPACE, we begin by determining the winners and losers

of𝐺 under 𝜎, i.e. checking whether 𝜌(𝜎) ⊧ 𝛾𝑖 for each 𝑖 ∈ Ag. This can be done in PSPACE.
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Then for each loser 𝑖, we need to check that if they had deviated, they still would not

have been able to achieve their goal. We can do this in a similar fashion to the proof of

Theorem 7: we fix the remaining players’ strategies, and non‑deterministically traverse

both the game state space (consistently with the remaining players’ strategies) and the

Büchi automaton of the goal of player 𝑖. Similarly to before, we non‑deterministically

store an accepting state of the automaton, along with the current states of the remaining

players’ strategies. We then continue traversing the game graph until we hit upon the

stored vector of states again. If this happens, then this shows that player 𝑖 can deviate

to achieve their goal, showing that the profile is not a Nash equilibrium. If instead we

run this algorithm for each player, and we find that no player can deviate to achieve their

goal, we may conclude that the profile is indeed a Nash equilibrium. Moreover, it is easy

to see the above procedure can be done in PSPACE.

For the lower bound, we reduce from NASH‑MEMBERSHIP for IBGs [101].

We can also look at a game with a cooperative lens, and ask what coalitions might

form, as the players collectively try to achieve their objectives. Given a strategy profile,

there may exist a coalition of players who would rather collectively deviate to achieve

their goals. Thus, the following decision problem is natural:

BENEFICIAL‑DEVIATION:

Given: A IAG 𝐺, a strategy profile 𝜎, and a strategy vector 𝜎′𝐶.

Question: Is 𝜎′𝐶 a beneficial deviation from 𝜎?

Theorem9. With finite‑memory strategies as input, BENEFICIAL‑DEVIATION isPSPACE‑complete.

Proof. Similar to the proof of Theorem 8: first verify that 𝜌(𝜎) ⊭ ⋀𝑖∈𝐶 𝛾𝑖 with the IAS‑

MODEL‑CHECKING algorithm; that is, none of the members of 𝐶 achieve their goal under

𝜎. Then, as before, we fix the strategy vector 𝜎′𝐶, and non‑deterministically traverse the

(game states, player strategy states, Büchi automaton of ⋁𝑖∈𝐶 ¬𝛾𝑖) state space. If we non‑

deterministically store a state vector and then revisit it, then we may conclude that Ag ⧵𝐶
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has a strategy that ensures 𝜎′𝐶 is not a beneficial deviation for 𝐶. In this case we reject,

otherwise we accept.

For the lower bound, we reduce from BENEFICIAL‑DEVIATION for LTL games [108].

Closely related is the following problem, which asks if a given strategy profile is a

member of the core:

CORE‑MEMBERSHIP:

Given: A IAG 𝐺, and a finite‑memory strategy profile 𝜎.

Question: Is 𝜎 a member of the core?

As discussed in Chapter 2, the results up until this point can be seen as the compu‑

tationally ‘easier’ questions that one may ask about games — those that have a strategy

profile provided as part of the input. As discussed in the previous section, we are primar‑

ily concerned with finding stable outcomes of IAGs (i.e. Nash equilibria, or members of

the core) which model a given LTL specification — that is, we are looking to perform syn‑

thesis. There is an array of different decision problems relating to our setup, which we

establish here. In the non‑cooperative setting, the following problem is natural:

E‑NASH:

Given: A IAG 𝐺, and an LTL formula 𝜑.

Question: Does there exist some Nash equilibrium 𝜎 such that 𝜌(𝜎) ⊧ 𝜑 holds?

The cooperative setting offers a richer set of decision problems, of which we will study

the following:

COALITION‑SAT:

Given: A IAS 𝑆, a coalition 𝐶, and an LTL formula 𝜑.

Question: Does there exist a strategy vector 𝜎𝐶 such that 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝜑, for

all responses 𝜎Ag⧵𝐶?
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and,

E‑CORE:

Given: A IAG 𝐺, and an LTL formula 𝜑.

Question: Does there exist some member of the core 𝜎 such that 𝜌(𝜎) ⊧ 𝜑 holds?

as well as the CORE‑MEMBERSHIP problem.

Before we analyse these problems, we need some more machinery. One natural idea

is to convert everything to structures we already understand, namely concurrent game

structures [20] and LTL games [95, 178, 184]. We do this as follows:

Lemma 8. Let 𝑆 be a IAS. Then there is a concurrent game structure, 𝑆∗, of size exponential in

𝐺, along with a bijective function which maps strategies on 𝑆 to strategies on 𝑆∗. In IAGs, this

mapping preserves LTL satisfaction, Nash equilibria, and members of the core.

Proof. We begin by counting the number of possible allocations that a coalition 𝐶 may

have — if a player has en(𝑖)𝑟 of a resource 𝑟, then an allocation that uses all of that resource

is a partition of en(𝑖)𝑟 into |AP| parts. Moreover, it is an ordered partition (i.e., if we have 4

of a resource, then 1 + 3 ≠ 3+ 1). Thus, if we are looking to count allocations, it suffices to

count the number of ordered ways a number 𝑛 can be written as a sum of 𝑘 numbers. We

call this quantity 𝑝𝑘(𝑛). But if we want to count all possible allocations a coalition can do,

then we also need to include all those allocations which do not allocate all resources (i.e.

hold some back). This quantity is 𝑝𝑘(𝑛) + 𝑝𝑘(𝑛 − 1) + 𝑝𝑘(𝑛 − 2) + …, denoted by 𝑡𝑘(𝑛).

By thinking of 𝑛 as items in a row, and 𝑘 as delimiting indicators, we see that a closed

form expression for 𝑝𝑘(𝑛) is precisely 􏿴𝑛+𝑘−1
𝑘−1

􏿷. By the hockey stick formula, we have 𝑡𝑘(𝑛) =

􏿴𝑛+𝑘
𝑘
􏿷. So given a resource 𝑟, a coalition can allocate it in 􏿴en(𝐶)𝑟+|AP|

|AP|
􏿷ways. Thus, a coalition

𝐶 has,

􏾟
𝑟∈𝑅

􏿶
en(𝐶)𝑟 + |AP|

|AP|
􏿹
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possible allocations in total. Using a standard bound on the binomial coefficient, we have,

􏿶
𝑛
𝑘􏿹
< 􏿵𝑛 ⋅ 𝑒𝑘

􏿸
𝑘

Expanding, we get,

􏾟
𝑟∈𝑅

􏿶
en(𝐶)𝑟 + |AP|

|AP|
􏿹 <􏾟

𝑟∈𝑅
􏿶
𝑒 ⋅ (en(𝐶)𝑟 + |AP|)

|AP| 􏿹
|𝐴𝑃|

≤ 􏿶𝑒 ⋅
max𝑟∈𝑅 en(𝐶)𝑟 + |AP|

|AP| 􏿹
|𝐴𝑃||𝑅|

.

As the set of atomic propositions is non‑empty, we see the number of allocations is bounded

by,

􏿶𝑒 ⋅ 􏿶max
𝑟∈𝑅

en(𝐶)𝑟 + |𝐴𝑃|􏿹􏿹
|𝐴𝑃||𝑅|

.

We can use this to obtain a bound in terms of the size of the game, 𝑂(2𝑝(|𝐺|)), where 𝑝 is

some appropriately chosen polynomial. Using this information, we can then translate

a IAS, denoted as 𝑆 = (Ag,AP, {𝛾𝑖}𝑖∈Ag, 𝑅, en, req), to a concurrent game structure 𝑀 =

(Ag′, St, 𝑠0, {Ac𝑖}𝑖∈Ag, tr), defined in the following way:

• Ag′ = Ag;

• St = {𝑠𝑣 ∣ 𝑣 ⊆ AP} ∪ {𝑠0};

• 𝑠0 is a new state such that 𝑠0 ≠ 𝑠𝑣 for all 𝑣 ⊆ AP;

• Ac𝑖 = {𝛼𝑖 ∣ 𝛼𝑖 ∈ 𝐴𝑖};

• tr(𝑠𝑣1 , 𝛼) = 𝑠𝑣2 if and only if val(𝛼) = 𝑣2; note the lack of dependence on 𝑠𝑣1 .

It follows that |𝑀| = 2|𝑆|. Also, given the bijection between allocations of 𝑆 and actions

of 𝑀, we see that the mapping that takes a strategy of 𝑆, and returns a strategy on 𝑀,

by simply replacing the output allocation with the corresponding action, must also be

122



4.3. DECISION PROBLEMS

a bijection. Additionally, if we have a IAG, 𝐺, we can form a corresponding LTL game

𝐺LTL by mapping the IAS of𝐺 to a concurrent game structure, forming a labelling function

𝜆 ∶ St → 𝒫 (AP), by defining 𝜆(𝑠𝑣) = 𝑣, and keeping the players’ goals the same. Whilst

the concurrent game structure is exponentially larger than the original IAS, the LTL goals

have not changed size.

Finally, it can be seen that the ‘dynamics’ of the original game are preserved in the

translation, and in particular, that 𝐺 has a strategy profile/Nash equilibrium/member of

the core which models some specification, if and only if 𝐺LTL has a strategy profile/Nash

equilibrium/member of the core which models the same specification, preceded with X.

Given that the corresponding problems for IBGs and LTL games are 2EXPTIME‑

complete in the size of the specifications, but polynomial in the size of the underlying

structure, this yields the following results:

Theorem 10. The following problems are all 2EXPTIME‑complete:

• The E‑NASH problem for IAGs;

• With finite‑memory strategies as input, the CORE‑MEMBERSHIP problem for IAGs;

• The COALITION‑SAT problem for IASs;

• The E‑CORE problem for IAGs.

We note that whilst the lower bound for E‑NASH comes from the corresponding prob‑

lem for iterated Boolean games, the lower bounds for the remaining problems come from

the corresponding problems for fully‑connected LTL games.

One may ask if Lemma 8 is really necessary — part of the reason for the exponential

blowup is that we take an input which has a logarithmic dependence on the number of

resources an agent is endowed with (as this can be encoded in binary), and then performs
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a translation based on this number itself (rather than its encoding). Can we map IAGs

into IBGs without using this exponential transformation?

One possibility is to try and keep the endowment function in its original form as we

translate it. What if we were to create a new IBG, where each agent controls variables

corresponding to the bits of their allocations? That is, we could introduce variables 𝑥𝑖,𝑝,𝑟,𝑗,

each of which encodes the statement ‘the allocation of player 𝑖 to the propositional variable

𝑝with the resource 𝑟 has a 1 in the 𝑗th position of its binary expansion’. Then given a IAG,

𝐺 = (Ag,AP, 𝑅, en, req, {𝛾𝑖}𝑖∈Ag),

we can then define a corresponding IBG,

𝐺′ = (Ag′, {AP′𝑖 }𝑖∈Ag, {𝛾
′
𝑖 }𝑖∈Ag)

as follows:

• Ag′ = Ag;

• For each 𝑖 ∈ Ag′, we set AP′𝑖 = {𝑥𝑖,𝑝,𝑟,𝑗 ∣ 𝑝 ∈ AP, 𝑟 ∈ 𝑅, 𝑗 ≤ log2 en(𝑖)𝑟}

• For each 𝑖 ∈ Ag′, we set 𝛾′𝑖 = 𝛾𝑖[𝑝 → req∗(𝑝); 𝑝 ∈ AP]

where the notation 𝜑[𝑝 → 𝜓] denotes the formula obtained by replacing all instances of

the propositional variable 𝑝 in 𝜑with the formula 𝜓, and the quantifier 𝑝 ∈ AP states that

this substitution should be done for each atomic proposition. Intuitively, the formula

req∗(𝑝) replaces each atomic proposition 𝑝 with an encoding of all the allocations that

make it true, according to the requirement function. Letting 𝔄 be the set

𝔄 =􏾇
𝑖∈Ag
𝑟∈𝑅

𝒫 􏿴log2 en(𝑖)𝑟􏿷 ,
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and letting 𝔄∗ ⊆ 𝔄 be the set

𝔄∗ = {𝑎 ∈ 𝔄 ∣ 􏾜
𝑖∈Ag
𝑟∈𝑅
𝑗∈𝛼𝑖,𝑟

2𝑗 ≥ req(𝑝)},

then the formula req∗(𝑝) is given by:

􏾔
𝔞∈𝔄∗

􏾒
𝑖∈Ag
𝑟∈𝑅
𝑗∈𝛼𝑖,𝑟

𝑥𝑖,𝑝,𝑟,𝑗

Note that in this translation, the exponential blowup has been moved from the struc‑

ture of the game, to the new goals of the players. Since the exponential blowup in the

goals has a linear number of atomic propositions, and the blowup only takes place in the

propositional parts of the formula, not the temporal parts, the goals’ corresponding Büchi

automata will only exhibit polynomial blowup.

However, there is a fundamental flaw in the argument: in the resulting IBG, a player

can ‘over‑allocate’ — if a player has 1 unit of a resource available to them, with two atomic

propositions, then in the IAG, they can either allocate that resource to the first atomic

proposition, or to the second. However, in the associated IBG, there is nothing stopping

that player setting the associated atomic proposition for each of these two allocations at

the same time. As such, this may introduce new equilibria, or nullify existing equilibria.

One way we could potentially circumvent this is by extending IBGs with ‘guards’,

either in the players’ goals, or in the structure of the game, restricting the valid valuations

for each player. If we were to include such an expression in the players’ goals, then whilst

a player would not want to take an action which could not be taken in the IAG, there is

nothing actually stopping them from doing so — this introduces the possibility that a

player might use the action in a punishing strategy, giving equilibria in the IBG which do
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not exist in the IAG.

So for the idea of guards to work, we must embed them into the structure of the game:

in addition to the usual setup of IBGs, we introduce a function 𝑉 ∶ Ag → 𝒫 (AP) which

says which valuations each player is allowed to play. The question then becomes, can we

translate a IAG into a ‘guarded IBG’, without exponential blowup?

If we attempt to take this route, we run into another problem. As shown in Lemma 8,

there are 􏿴en(𝑖)𝑟+|AP|
|𝐴𝑃|

􏿷 possible allocations for player 𝑖 (this is independent of how the en‑

dowment function is encoded). This is bounded from below by

􏿶
en(𝑖)𝑟 + |AP|

|AP| 􏿹
|AP|

= 􏿶1 +
en(𝑖)𝑟
|AP| 􏿹

|AP|

.

Given that the exponential function can be defined as follows:

exp(𝑥) = lim
𝑛→∞

􏿵1 + 𝑥
𝑛
􏿸
𝑛
,

we see that the number of allocations is bounded below by a quantity that grows like

exp(en(𝑖)𝑟) as |AP| becomes large. Put more precisely, the number of allocations available

to a player exceeds the growth of any fixed polynomial as |𝐴𝑃| increases. Thus, for games

whose size is dominated by its number of atomic propositions and its endowment func‑

tions, we see that a player will have allocations that grow superpolynomially with the size

of the game. As such, we do not believe there to be an ‘obvious’ way of encoding these

valid allocations with a restriction function without inducing some sort of superpolyno‑

mial blowup.

Thus, despite our best efforts, there does not appear to be an obvious polynomial

translation from IAGs to IBGs. All such attempts end up with a ‘lump in the carpet’ — if

you manage to remove the exponential dependency in one place, it just appears in another.

We conjecture that no such translation exists, but a formal proof of this statement remains

elusive.
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Monotone LTL formulae

We can gather another set of insights by following a different route. Consider a Boolean

formula, 𝜑, along with its corresponding Büchi automaton,𝐴𝜑. We note that its transition

relation, 𝛿, will be of the form 𝛿 ⊆ 𝑄×𝒫 (AP)×𝒫 (𝑄). For every valuation 𝑣 ⊆ AP, we can

form a linear set of equations and determine if the grand coalition can achieve it. Formally,

for each 𝑝 ∈ 𝑣 and each 𝑖 ∈ Ag, we introduce a variable 𝑎𝑖,𝑝. Then for every 𝑝 ∈ 𝑣, we can

introduce the equation,

req(𝑝) ≤ 􏾜
𝑖∈Ag

𝑎𝑖,𝑝.

We also require that 𝑎𝑖,𝑝 ≥ 0 for all such variables, along with,

en(𝑖) ≥ 􏾜
𝑝∈𝑣

𝑎𝑖,𝑝.

For a given 𝑣 ⊆ AP, we call this linear program ℓ𝑣; it is an integer linear program. We

can then form a new Büchi automaton, which is identical to the original, but where we

include an edge (𝑞, 𝑣, 𝑞′) ∈ 𝛿 if and only if ℓ𝑣 is soluble. Note that we can do this using poly‑

nomial space. This new automaton constrains the original automaton by only including

transitions that the grand coalition can effect. We can then use standard graph algorithms

on this automaton to determine if there is a run that models the LTL formula.

Whilst this technique works for the grand coalition, it does not readily generalise to

strict coalitions: if a coalition has enough resources to make a valuation true, it does not

mean they can force that valuation — the counter‑coalition could always make more vari‑

ables true, potentially ‘blocking off’ the relevant transition in the Büchi automaton needed

to trigger the acceptance condition. However, if we consider monotone LTL formulae, we

can proceed as before. An LTL formula 𝜑 is monotone if for any 𝜋 such that 𝜋 ⊧ 𝜑, and

for any 𝜋′ where 𝜋[𝑘] ⊆ 𝜋′[𝑘] for all 𝑘 ∈ ℕ, then 𝜋′ ⊧ 𝜑. In other words, if we have a

monotone LTL formula, 𝜑, and a coalition 𝐶 can ensure that 𝜑 is satisfied without Ag ⧵ 𝐶
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contributing anything, then no matter what allocations Ag ⧵ 𝐶 make on top of 𝐶’s alloca‑

tions, 𝜑 will still be satisfied. This is a reasonable assumption in many real‑life systems,

particularly when you have players or coalitions who are independent of one another.

We can encapsulate this as a decision problem,

MONOTONE‑COALITION‑SAT:

Given: A IAG 𝐺, a coalition 𝐶, and a monotone LTL formula 𝜑.

Question: Does there exist a strategy vector 𝜎𝐶 such that 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝜑, for

all responses 𝜎Ag⧵𝐶?

We can use the above technique to obtain the next result:

Theorem 11. MONOTONE‑COALITION‑SAT is in PSPACE.

In the context of propositional logic, monotone formulae have a nice characterisation:

they are exactly those formulae that do not contain any negations. We do not know if

there exists a similar characterisation for LTL formulae.

4.4 Questions about resources

Thus far we have taken a player‑centric view of the games. But the other key component

to our model is that of resources. Thus, it is natural to ask questions about the resources

in the game, such as,

• Is a given resource necessary for a coalition to achieve some LTL formula?

• Can a coalition achieve an LTL formula with a bounded number of resources?

• If the players instead prefer runs which minimise resource expenditure, but which

still model an LTL goal, how does that affect the strategic reasoning of the game?
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One feature presents itself in the above list of questions: given a IAS 𝑆, a coalition 𝐶

and a vector of resources 𝑏⃗ ∈ (ℕ ∪ {∞})𝑅, it is often important to try and understand the

game in which the coalition is constrained to use at most the amount of resources present

in the vector. Formally, we can define a modified IAS, denoted 𝑆[𝐶, 𝑏⃗], consisting of two

coalitional players 𝐶 and Ag ⧵ 𝐶, each endowed with the resources of their respective

players, but the resources available to coalition 𝐶 are ‘clamped’ so that

en(𝐶)𝑟 = min

⎛
⎜⎜⎜⎜⎜⎝􏾜
𝑖∈𝐶

en(𝑖)𝑟, 𝑏𝑟

⎞
⎟⎟⎟⎟⎟⎠ .

We put no restrictions on the resources of Ag⧵𝐶. Put differently, in 𝑆[𝐶, 𝑏⃗], coalition𝐶 can

use all of a resource 𝑟 available to its constituent agents, unless 𝑏𝑟 < ∑𝑖∈𝐶 en(𝑖)𝑟, in which

case they can only use 𝑏𝑟 of the resource.

We begin by focussing on only one resource being restricted. One useful shorthand

we adopt is 𝑆[𝐶, −𝑟] for 𝑆[𝐶, (∞,… , 0, … ,∞)], where the sole 0 in the resource vector lies in

the 𝑟th position. We then say that a resource 𝑟 ∈ 𝑅 is necessary for𝐶 ⊆ Ag in the satisfaction

of an LTL formula𝜑 if 1. there is a strategy 𝜎𝐶 such that for all counter‑strategies 𝜎Ag⧵𝐶, we

have 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝜑, and 2. in 𝑆[𝐶, −𝑟], for all strategies 𝜎𝐶, there exists a counter‑strategy

𝜎Ag⧵𝐶 such that 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊭ 𝜑. Informally, a resource 𝑟 is necessary for a coalition in

satisfying an LTL formula if they cannot satisfy it when they are not allowed to use 𝑟,

but they can satisfy it when the restriction is not in place. This definition suggests the

following natural decision problem:

NECESSARY‑RESOURCE:

Given: A IAS 𝑆, a coalition 𝐶, a resource 𝑟 ∈ 𝑅, and a satisfiable LTL formula

𝜑.

Question: Is 𝑟 necessary for 𝐶 in the satisfaction of 𝜑?

Theorem 12. NECESSARY‑RESOURCE is 2EXPTIME‑complete.
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Proof. We first consider 𝑆 and use COALITION‑SAT to see if 𝐶 can achieve 𝜑 when their

resources are not restricted (other than by their endowment functions). If 𝐶 can achieve

𝜑, then we again use COALITION‑SAT with 𝑆[𝐶, −𝑟] to see if 𝐶 can achieve 𝜑 in this new

IAS. If they cannot, then for all strategies of 𝐶, there exists a counter‑strategy of Ag ⧵ 𝐶

that prevents 𝐶 from achieving 𝜑. By definition, this means that 𝑟 is a necessary resource

for 𝐶 in satisfying 𝜑. The lower bound follows from COALITION‑SAT.

We may now generalise to restricting multiple resources at once, along with these

restrictions being arbitrary (as opposed to the agents either being allowed to use the re‑

source, or not). Formally, we say that 𝐶 can satisfy 𝜑 using at most 𝑏⃗ resources if in

𝑆[𝐶, 𝑏⃗], there exists some strategy 𝜎𝐶 such that for all counter‑strategies 𝜎Ag⧵𝐶, we have

𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝜑. The following decision problem asks whether a coalition can achieve

an LTL formula whilst constrained by a given bound:

RESOURCE‑BOUND‑SAT:

Given: A IAS 𝑆, a coalition𝐶, a resource bound 𝑏⃗ ∈ (ℕ ∪ {∞})𝑅, and a satisfiable

LTL formula 𝜑.

Question: Can 𝐶 satisfy 𝜑 using at most 𝑏⃗ resources?

Theorem 13. RESOURCE‑BOUND‑SAT is 2EXPTIME‑complete.

Proof. In a similar way to Theorem 12, we use COALITION‑SAT to see if 𝐶 can achieve 𝜑 in

𝑆[𝐶, 𝑏⃗]. If they can, then by definition, 𝐶 can satisfy 𝜑 using at most 𝑏⃗ resources. For the

lower bound, we reduce from COALITION‑SAT.

Note that the two preceding decision problems are stated solely in terms of IASs: they

are independent of agent preferences. We now reintroduce agents preferences, modified

from our original IAGs to take resource expenditure into account and study the resulting

game.
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In IAGs, agents have dichotomous LTL preferences — under a given run, their goal

is satisfied, or it is not. However, this is a rather coarse‑grained view of events: it is

not unreasonable to imagine that an agent might want to minimise the total amount of

resources it is using when trying to achieve its goal. Thus, we look to incorporate this

added dimension to our agent preferences.

If agents only had one resource available to them, then defining a preference relation

where an agent wants to minimise the number of resources they are using, whilst ulti‑

mately trying to satisfy a given LTL formula, is easy — players are indifferent between

runs which do not satisfy their LTL goal, prefer runs which satisfy their LTL goal over

ones which do not, and among runs which do satisfy their LTL goal, prefer those that

minimise the mean‑cost of their resource usage (defined over allocations).

However, when an agent has multiple resources available to them, the route to take is

less obvious. Options include restricting attention to a particular resource; preferring runs

where resource usage is under a threshold; assigning weights to resources, and taking

the dot product; or ordering resources lexicographically. All of these approaches have

benefits and limitations, and rather than commit to a particular route of attack, we abstract

away and offer another alternative.

For each agent, we assume the existence of a cost function, 𝑐𝑖 ∶ ℕ𝑅 → ℚ. We can

extend cost functions to allocations by defining,

𝑐𝑖(𝛼𝑖) = 􏾜
𝑝∈AP

𝑐𝑖(𝛼𝑖(𝑝)),

for an allocation 𝛼𝑖. Then given a run 𝛼, we can define its cost, 𝑐𝑖(𝛼), to be mc(𝑐𝑖(𝛼[𝑡])),

using the mean‑cost, as defined in Chapter 2.

With this in place, we are ready to introduce a new type of game, namely resource‑
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minimisation iterated allocation games (RMIAGs). An RMIAG, 𝐺, is a tuple,

𝐺 = (𝑆, {𝛾𝑖}𝑖∈Ag, {𝑐𝑖}𝑖∈Ag),

where

• 𝑆 is a IAS;

• For each player 𝑖, 𝛾𝑖 is an LTL goal;

• For each player 𝑖, 𝑐𝑖 ∶ ℕ𝑅 → ℚ is a cost function.

RMIAGs follow the standard mechanism of game playing as detailed in Section 4.2.

However, for each player 𝑖, the preference relation ≻𝑖 is defined as follows,

• If 𝛼, 𝛼′ are two runs such that val(𝛼) ⊭ 𝛾𝑖 and val(𝛼′) ⊭ 𝛾𝑖, then we have 𝛼 ∼𝑖 𝛼′;

• If 𝛼, 𝛼′ are two runs such that val(𝛼) ⊧ 𝛾𝑖 but val(𝛼′) ⊭ 𝛾𝑖, then 𝛼 ≻𝑖 𝛼′;

• If 𝛼, 𝛼′ are two runs such that val(𝛼) ⊧ 𝛾𝑖 and val(𝛼′) ⊧ 𝛾𝑖, and 𝑐𝑖(𝛼) < 𝑐𝑖(𝛼′), then

𝛼 ≻𝑖 𝛼′.

Note that common ideas of resource minimisation, such as all of those given above,

can be encoded with this model:

• To restrict attention to a particular resource, 𝑟𝑖, we can define 𝑐𝑖(𝑟1, … 𝑟𝑘) = 𝑟𝑖;

• To prefer runs where resource usage is under a given threshold, 𝑏⃗ ∈ ℕ𝑅, we can

define 𝑐𝑖(⃗𝑟) = 1 if there exists some 𝑖 such that 𝑟𝑖 > 𝑏𝑖, and have 𝑐𝑖(⃗𝑟) = 0 otherwise;

• To weight each resource, 𝑟𝑖, we introduce a vector of weights, 𝑤⃗ and then define

𝑐𝑖(⃗𝑟) = 𝑤⃗ ⋅ 𝑟⃗;
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• Given a preference/ordering over the resources 𝑟𝑖1 ≻ … ≻ 𝑟𝑖𝑘 , we can define a lexico‑

graphic cost over these resources by letting 𝐵 = max𝑟∈𝑅 en(𝑖)𝑟 + 1, and then defining,

𝑐𝑖(⃗𝑟) =
𝑘
􏾜
𝑗=0
𝑟𝑖𝑗𝐵

𝑘−𝑗.

With this new preference relation in place, we can ask questions about it, such as

whether a given strategy profile is a member of a given solution concept, or whether a

game has any members of a given solution concept. Given the richness of this new pref‑

erence relation, we leverage a result from existing work — as in Gutierrez et al. [2020],

we ask if a given RMIAG has a finite‑memory, strict 𝜀‑Nash equilibrium. We defined finite‑

memory strategies in Section 4.2; we define strict 𝜀‑Nash equilibria here. Given 𝜀 > 0,

we say that a strategy profile 𝜎 is a strict 𝜀‑Nash equilibrium if for all agents 𝑖, and for all

strategies 𝜎′𝑖 , we have that when 𝜌(𝜎−𝑖, 𝜎′𝑖 ) ⊧ 𝛾𝑖, then 𝜌(𝜎) ⊧ 𝛾𝑖 and 𝑐𝑖(𝜌(𝜎)) < 𝑐𝑖(𝜌(𝜎−𝑖, 𝜎′𝑖 ))+𝜀.

These extra restrictions (strictness; the added 𝜀) on top of the ‘vanilla’ Nash equilibrium

come from the fact that in mean‑payoff parity games [65], infinite memory may be re‑

quired to act optimally, whilst acting 𝜀‑optimally can be done with finite memory [41].

We are now ready to introduce the key decision problem:

E‑FSNEε:

Given: An RMIAG 𝐺, and an LTL formula 𝜑.

Question: Does there exist some finite‑memory, strict 𝜀‑Nash equilibrium, 𝜎,

such that 𝜌(𝜎) ⊧ 𝜑?

Theorem 14. E‑FSNEε is 2EXPTIME‑complete.

Proof. For the upper bound, use Lemma 8 to yield a concurrent game structure of expo‑

nential size, but with LTL goals still the same size. We then note that minimising the

mean‑cost of allocations is equivalent to maximising the mean‑payoff of their negations.
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Then, we follow through the proof steps of [112], making sure to account for the RMIAG

preference relation, rather than the lexicographic preference relation of the original proof.

This yields the result. For the lower bound, we reduce from the same problem.
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Chapter 5

Voting games

5.1 Introduction

In this chapter, we will consider another method for modelling agents with non‑exclusive

control of a system: voting. Voting is a natural mechanism for resolving disagreements

over what action should be taken in a given situation, and is easily incorporated into

a game setting. Our games are built on top of transition systems [128], which players

traverse by voting on what action to take next. We use a form of approval voting, where

players are each endowed with a number of voting credits which they can allocate across

the possible actions available at each state of the transition system. Players are also each

equipped with an Emerson‑Lei condition for a goal, which they aim to satisfy with respect

to runs of the transition system.

These games offer a number of novelties to the rational verification paradigm: the

voting mechanism induces non‑determinism in the games, and the Emerson‑Lei condi‑

tions a sub‑2EXPTIME complexity. As seen in the previous chapter, 2EXPTIME results

are a blessing and a curse: one can perform a lot of additional pre‑ or post‑processing

and still remain in 2EXPTIME, which allows us to often take the most obvious (naive?)

approach. However, this is a double‑edged sword: the high complexity often ‘hides’ the

135



5.2. ONE‑SHOT GAMES

interesting features of the pre‑ and post‑processing. This motivates our decision to work

with Emerson‑Lei conditions for our goals, rather than LTL. We will show that in our

setting, Emerson‑Lei synthesis lies within the polynomial hierarchy, surprisingly beating

the PSPACE‑completeness bound for classical Muller games. We will then leverage this

result in our analysis of multiplayer games, deriving sub‑2EXPTIME complexity bounds

for the usual rational verification decisions problems for both the Nash equilibrium and

the core

This chapter is structured as follows: we begin in Section 5.2, with a simpler game

model, to whet the reader’s appetite and to motivate the remainder of the chapter. In

Section 5.3, we introduce our computational model, namely that of transition systems, a

relatively simple, widely used formalism for modelling always‑live systems. We then

introduce our main game model, iterated voting games in Section 5.4, providing the neces‑

sary setup along with an example, before taking a detour through two‑player, zero‑sum

iterated voting games in Section 5.5 — we will have to appeal to this latter type of games

to help us understand the former. Resuming the discussion of the multiplayer case in

Section 5.6, we establish the complexities of a number of decision problems in both the

non‑cooperative and the cooperative settings. Finally, we finish with a modification of the

basic model, one which allows path quantifiers within the players’ goals, in Section 5.7

5.2 One‑shot games

As a warm‑up, we start with one‑shot voting games. A Boolean voting game (BVG) is a

tuple,

𝐺 = 􏿴𝑁,AP, {𝑐𝑖}𝑖∈𝑁{𝛾𝑖}𝑖∈𝑁􏿷 ,

where,

• 𝑁 is a finite, non‑empty set of agents;
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• AP is a finite, non‑empty set of atomic propositions;

• For each agent 𝑖 ∈ 𝑁, 𝑐𝑖 ∈ ℕ is the number of voting credits available to them;

• For each agent 𝑖 ∈ 𝑁, 𝛾𝑖 is a propositional formula over AP, called the goal of 𝑖.

The size of a game 𝐺, denoted |𝐺|, is given by the expression,

|𝑁| + |AP| +􏾜
𝑖∈𝑁

log2 𝑐𝑖 +􏾜
𝑖∈𝑁
|𝛾𝑖|

Informally, a vote for a player is an assignment of their voting credits across the atomic

propositions. Formally, a vote for a player 𝑖 is a function, 𝑣𝑖 ∶ AP → ℤ, subject to the

constraint,

􏾜
𝑝∈AP

|𝑣𝑖(𝑝)| ≤ 𝑐𝑖

This condition simply ensures that one cannot use more voting credits than they pos‑

sess. A vote vector 𝑣 comprises a vote for each player; if it is apparent from the context,

we may just refer to a vote vector as a vote. The game is then simple: each player casts

a vote (i.e. they choose how many voting credits they wish to assign for or against each

atomic proposition), and then the votes are tallied. If there are more votes for than against

an atomic proposition, then it is interpreted to be true. Otherwise, we interpret it to be

false. We denote the set of all votes available to a player 𝑖 by 𝑉𝑖.

Formally, for a given atomic proposition 𝑝 ∈ AP, and a vote vector 𝑣, we say that 𝑣

models 𝑝 and write 𝑣 ⊧ 𝑝 if we have,

􏾜
𝑖∈𝑁

𝑣𝑖(𝑝) > 0.

Over all the atomic propositions, this induces a valuation, val(𝑣), in the obvious way:

val(𝑣) = {𝑝 ∈ AP ∣ 𝑣 ⊧ 𝑝}.
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We can then interpret the players’ goals relative to this valuation. Specifically, we say

that a player 𝑖 is a winner under 𝑣 if val(𝑣) ⊧ 𝛾𝑖, and call them a loser otherwise. This

in turn helps us define player preferences over votes: each player prefers to be a winner

over a loser, and is indifferent between votes which make them winners, and indifferent

between votes which make them losers.

Let us consider an example which should make this all clearer, and will motivate the

next section in more detail.

Example 6. Suppose we have a (small) legislature, with 5 members. Moreover, suppose

there are a number of pertinent issues they wish to vote on, such as healthcare, education,

defence, policing and fishing rights, but each member has only three voting credits avail‑

able to them, and must decide which issues matter the most to them. Identify 𝑁 with the

set {1, … , 5}, and let AP = {HC,ED,DF,PL,FR} be a set of atomic propositions correspond‑

ing with the aforementioned issues. We set 𝑐𝑖 = 3 for each 𝑖 ∈ 𝑁, and we set the goals as

follows:

𝛾1 = HC ∧ ED ∧DF

2𝛾2 = HC ∧ ED ∧ PL

𝛾3 = ¬HC ∧DF ∧ PL

𝛾4 = DF ∧ PL ∧ FR

𝛾5 = ED ∧ FR

Now suppose we are interested in ensuring that the specification HC ∧ ED is satisfied.

Does there exist some Nash equilibrium which models this specification, and if so, do all

such Nash equilibria do so? We can answer the first question in the affirmative: consider
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the outcome where the players vote as follows (where we write a vote 𝑣𝑖 as a vectorℤAP):

𝑣1 = (1, 1, 1, 0, 0)

𝑣2 = (1, 1, 0, 1, 0)

𝑣3 = (−1, 1, 1, 0, 0)

𝑣4 = (0, 0, 1, 1, 1)

𝑣5 = (1, 1, 0, 01)

Under these votes, we see that each player gets their goal achieved, except for player 4.

Moreover, even if player 4 were to change their vote to something else, they still would not

get their goal achieved. Thus, this is a Nash equilibrium which models the specification.

Additionally, by the same reasoning, it is also a member of the core which models the

specification.

However, if player 5were to change their vote to 𝑣5 = (−1, 0, 0, 1, 1), we see that under

this new strategy profile, players 3, 4 and 5 get their goals achieved, whilst players 1 and

2 do not. As before, they have no way of changing their votes to force their goals. So we

also have a Nash equilibrium which does not model the specification. We also note that

it is a member of the core which does not model the specification: we have accounted for

individual deviations, so we just need to consider any possible joint deviation by player

1 and 2. This is easy to see: players 1 and 2 have six votes between them, whilst player 3,

4 and 5 have nine votes. So regardless of how {1, 2} cast their votes, the counter‑coalition

can make sure they do not get their goal achieved by putting −9 votes into healthcare.

Thus, we answer our latter question in the negative: it is not the case that all equilibria

model the specification.

As in our previous settings, this example was simple enough that we could reason

about it by hand. However, we are interested in understanding arbitrary games, which
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may be very large, and impossible to analyse by hand. So again, we formalise the ques‑

tions we wish to ask about our games as decision problems. Just as a ‘taster’, we consider

one decision problem in this setting, namely the E‑NASH problem:

Theorem 15. E‑NASH is Σ𝑃2‑complete.

Proof. We guess a vote for each player in NP, see which players win under this vote, and

then show that no player has any incentive to deviate, using a co‑NP oracle to guess a

deviating player and vote. A vote is of at most size |AP| ⋅ log2 max𝑖∈𝑁 𝑐𝑖, so can be guessed

in polynomial time.

Hardness follows by a reduction to Boolean games [47].

This result is unsurprising — it matches the original result in the context of Boolean

games [47], and uses an identical proof technique. However, in the following section, we

will consider iterated games, a natural formalism for modelling concurrent systems; here,

we will have to develop new proof techniques and will derive new results.

5.3 Transition systems

We use transition system as our underlying computational model, on top of which we can

introduce players with voting credits and goals, giving us a game. A transition system,

TS, is a tuple,

TS = (St,Ac, tr),

where,

• St is a finite, non‑empty set of states;

• Ac is a finite, non‑empty set of actions;

• tr ⊆ St × Ac × St is a labelled transition relation which takes a state and an action,

and produces a new state;
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• tr is left‑total in its first element; that is, for every 𝑠 ∈ St, there exists some ac ∈ Ac

and 𝑡 ∈ St such that (𝑠, ac, 𝑡) ∈ tr;

• tr is functional in its third element; that is, for every 𝑠 ∈ St and ac ∈ Ac, there is at

most one 𝑠′ such that (𝑠, ac, 𝑠′) ∈ tr.

The requirement that the transition relation in a transition system is left‑total and func‑

tional gives us two nice properties. First, there is always a possible transition; the system

cannot get ‘stuck’ in a certain state. Second, paths within the system are entirely determ‑

inistic, and do not branch. We will introduce non‑determinism to our games, but through

the players’ actions rather than through the underlying system.

Given the restrictions on our transition relation, we can also view it as a partial func‑

tion; that is, if (𝑠, ac, 𝑡) ∈ tr, we may write tr(𝑠, ac) = 𝑡. We can go further: (with an abuse

of notation) we can regard Ac as a function, which gives the actions which are available

in a given state. Formally, given a state 𝑠 ∈ 𝑆, we define Ac(𝑠) in the obvious way:

Ac(𝑠) = {ac ∣ ∃ac ∈ Ac, ∃𝑡 ∈ St s.t. (𝑠, ac, 𝑡) ∈ tr}.

A transition system should then be interpreted as follows: from a start state 𝑠0, given

an action ac0 from Ac(𝑠0), the transition system moves to the state 𝑠1 = tr(𝑠0, ac0) and

this then repeats ad infinitum. Thus, if 𝑠𝑛 is the 𝑛th state visited, then given an action

ac𝑛 ∈ Ac(𝑠𝑛), the (𝑛 + 1)th state visited is 𝑠𝑛+1 = tr(𝑠𝑛, ac𝑛). This in turn defines a path

𝜋 = 𝑠0𝑠1𝑠2…. Conversely, we say a path 𝜋 = 𝑠0𝑠1𝑠2… is consistent with tr if there exists a

run of actions ac = ac0ac1ac2… such that 𝑠𝑛+1 = tr(𝑠𝑛, ac𝑛); we say that a path𝜋 is consistent

with a transition system TS if 𝜋 is consistent with tr(TS).

We could proceed as in Chapter 4, and use LTL formulae to describe qualitative be‑

haviours of the transition system, but this would invariably lead to all the decision prob‑

lems that we usually consider having the ‘expected’ complexities: PSPACE‑completeness

for model‑checking‑like problems, and 2EXPTIME‑completeness for synthesis‑like prob‑
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lems. Instead, we will use Emerson‑Lei conditions to reason about transition systems:

this should induce lower complexities in our usual set of rational verification decision

problems, and will require a different, more nuanced set of proof techniques (rather than

just ‘blowing everything up’, as we do in the LTL/2EXPTIME setting).

It is clear that runs over transition systems can be used to interpret Emerson‑Lei con‑

ditions (using the Emerson‑Lei semantics from Chapter 2) — we will use this to define

player goals in the next section. Before we do that and introduce players to the game,

we study the transition system in their own right with respect to Emerson‑Lei conditions.

First we supply two definitions: we say that an Emerson‑Lei condition, 𝛼, is satisfiable over

TS from 𝑠 if there exists some path 𝜋 consistent with TS and starting at 𝑠 such that 𝜋 ⊧ 𝛼;

we say that it is valid over TS from 𝑠 if for all paths 𝜋 consistent with TS and starting at 𝑠

we have that 𝜋 ⊧ 𝛼. It should be clear that 𝛼 is valid over TS from 𝑠 if and only if ¬𝛼 is

not satisfiable over TS from 𝑠. We can then ask whether a given Emerson‑Lei condition is

satisfiable or valid over a transition system:

EMERSON‑LEI‑SAT:

Given: A transition system TS, a state 𝑠 ∈ St(TS), and an Emerson‑Lei condition

𝛼.

Question: Is 𝛼 satisfiable over TS from 𝑠?

EMERSON‑LEI‑TAUTOLOGY:

Given: A transition system TS, a state 𝑠 ∈ St(TS), and an Emerson‑Lei condition

𝛼.

Question: Is 𝛼 valid over TS from 𝑠?

Theorem16. EMERSON‑LEI‑SAT isNP‑complete, and EMERSON‑LEI‑TAUTOLOGY is co‑NP‑complete.

Proof. We start with EMERSON‑LEI‑SAT: for membership, we guess a satisfying assignment

for 𝛼, which is a set 𝑋 ⊆ St, and verify that any run 𝜋 with permset (𝜋) = 𝑋 is such that
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𝜋 ⊧ 𝛼. If this is the case, then we check if any state in 𝑋 is reachable from 𝑠: this can be

done in polynomial time using depth‑first search. If so, then we check that every element

of𝑋 is contained within the same strongly connected component — this can be done using

Tarjan’s algorithm [200], which can be performed in linear time. If this is the case, then

we accept; otherwise, if any of the aforementioned checks fail, then we reject.

For hardness, we reduce from SAT [76, 145]: given a propositional formula 𝜑 over a

set of atomic proposition AP, we form a transition system TS = (St, 𝐴𝑐, tr) as follows:

• St = AP;

• Ac = AP;

• tr(∗, 𝑝) = 𝑝.

So our transition system looks like a fully‑connected graph with each node labelled by a

different atomic proposition, and the transition system moves to a given atomic proposi‑

tion from any state if the corresponding atomic proposition action is taken. Additionally,

we set 𝑠 to any state arbitrarily, and we let 𝛼 be the Emerson‑Lei condition produced by

transforming every instance of 𝑝 ∈ AP in 𝜑with Inf(𝑝), whilst keeping the logical connect‑

ives the same. So, for instance, if 𝜑 = 𝑝 ∨ 𝑞, then 𝛼will be Inf(𝑝) ∨ Inf(𝑞).

We claim that 𝜑 is satisfiable if and only if 𝛼 is satisfiable over TS from 𝑠. If 𝜑 is satis‑

fiable, then it is easy to see that 𝛼 is satisfiable over TS from 𝑠 — take the satisfying valu‑

ation 𝑣 = {𝑝1, … , 𝑝𝑘} for 𝜑, and consider the run 𝜌 = 𝑠𝑝1…𝑝𝑘. By construction, it should be

clear that 𝜌 models 𝛼, is consistent with TS and starts at 𝑠. Thus, we have that 𝛼 is satis‑

fiable over TS from 𝑠. For the other direction, suppose that 𝛼 is satisfiable over TS from

𝑠. Then there exists some path 𝜋, starting at 𝑠, consistent with TS, such that 𝜋 ⊧ 𝛼. Let

𝑣 = permset (𝜋); again, it should be clear by construction that 𝑣 ⊧ 𝜑, i.e. 𝜑 is satisfiable.

For EMERSON‑LEI‑TAUTOLOGY, recall that 𝛼 is valid over TS if and only if ¬𝛼 is not sat‑

isfiable over TS: this gives us that EMERSON‑LEI‑TAUTOLOGY is co‑NP‑complete.
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5.4 Iterated voting games

With transition systems defined, we are ready to build our games on top of them. An

iterated voting game, is a tuple,

𝐺 = (TS, 𝑠0,Ag, {𝑐𝑖}𝑖∈Ag, {𝛾𝑖}𝑖∈Ag)

where,

• TS is a transition system;

• 𝑠0 ∈ St(TS) is the start state of the game;

• Ag is a finite, non‑empty set of players;

• For each player 𝑖, we have that 𝑐𝑖 ∈ ℕ is a positive, integral number of voting credits;

• For each player 𝑖, we have that 𝛾𝑖 is an Emerson‑Lei goal over St(TS).

The game proceeds as follows: the game begins in the start state 𝑠0. Every player casts

their vote, which is now distributed over the actions of the transition systems, rather than

atomic propositions like in Section 5.2. Specifically, a vote for a player 𝑖, is a function

𝑣𝑖 ∶ Ac → ℤ subject to the constraint,

􏾜
𝑎∈Ac

|𝑣𝑖(𝑎)| ≤ 𝑐𝑖.

We use the notation 𝑉𝑖 to refer to the set of votes available to player 𝑖, and 𝑉 to refer

to the Cartesian product 𝑉1 ×⋯× 𝑉|Ag|.

Given a set 𝑋 and a function 𝑓 ∶ 𝑋 → ℤ, we define the arg max of 𝑓 to be the subset of

𝑋 whose elements attain the maximum value of 𝑓. Formally, we have,

argmax(𝑓) = {𝑥 ∈ 𝑋 ∣ 𝑓(𝑥′) ≤ 𝑓(𝑥) for all 𝑥′ ∈ 𝑋}
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The votes are then tallied; intuitively, the most natural thing to do would be to take the

action which receives the most votes. However, as a vote can result in a tie, this results in

some non‑determinism. Moreover, we need to account for the fact that a player may have

voted for an action which is not available in a given state (a ‘spoiled ballot’). So given a

vote vector 𝑣 ∶ Ag → Ac → ℤ and a state 𝑠, the winning actions of 𝑣 in 𝑠 are given by,

𝒲 (𝑣, 𝑠) = argmax
ac∈Ac(𝑠)

􏾜
𝑖∈Ag

𝑣𝑖.

It should be apparent that this set is always non‑empty. An action, 𝑎0, is chosen from this

set, and the game moves to the state 𝑠1 = tr(𝑠0, 𝑎0). This process then repeats indefinitely.

Now, due to the non‑determinism, it should be clear that this process does not result in a

linear run of states or actions, but rather a tree. So how do we interpret the players’ goals,

and more generally, Emerson‑Lei conditions, over these trees?

As we defined them in Chapter 2, Emerson‑Lei conditions have path‑based semantics;

in Chapter 3, we used them to reason effectively about deterministic systems; in the pre‑

vious section, we studied them relative to paths over transition systems. We can leverage

our previous definitions to define them relative to trees, but first we need to make a choice:

should Emerson‑Lei condition satisfaction on trees be universal or existential? Informally,

we can say that a tree universally models an Emerson‑Lei condition if every branch of the

tree models the condition; conversely, we say that a tree existentially models an Emerson‑

Lei condition if there exists some branch of the tree which models the condition.

Formally, for an Emerson‑Lei condition 𝛼 over a set of states St, and a St‑labelled tree

𝜏, we say that 𝜏 universally models 𝛼, denoted 𝜏 ⊧∀ 𝛼 if for every branch 𝜋 of 𝜏, we have

𝜋 ⊧ 𝛼. Conversely, we say that 𝜏 existentially models 𝛼, and write 𝜏 ⊧∃ 𝛼 if for some

branch 𝜋 of 𝜏, we have 𝜋 ⊧ 𝛼.

Universal satisfaction is useful when reasoning about properties like safety and live‑

ness — when you want to make sure that no matter what behaviour the non‑determinism
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in the system induces, certain guarantees will hold no matter what. Conversely, existen‑

tial satisfaction is useful when you want to know if some outcome is possible in a system.

For our purposes, we will work primarily with universal satisfaction; however, existential

satisfaction will implicitly play a key part in our arguments.

So, given a tree 𝜏, we will either have that 𝜏 universally models an Emerson‑Lei con‑

dition 𝛼, or that it does not. We can use this to give our players preferences over trees: for

a tree 𝜏, if 𝜏 ⊧∀ 𝛾𝑖, then we say that player 𝑖 is a winner under 𝜏; otherwise, they are a loser.

Players prefer trees in which they are winners over trees in which they are losers, but are

indifferent between trees which make them winners, and indifferent between trees which

make them losers.

Strategies in this setting are ‘meta‑actions’ of the game. In full generality, they are

functions 𝜎𝑖 ∶ 𝑉+ → 𝑉𝑖; that is functions that take the history of the game so far (that

is, the voting record of each player), and produce a vote that the player should cast. A

strategy profile 𝜎 induces a tree in the game, 𝜏(𝜎), in the obvious way: the root of the

tree is 𝑠0, and the players each produce a vote 𝑣0𝑖 = 𝜎𝑖(𝜀). Together this forms a vote

vector 𝑣0, and produces a set of winning actions 𝒲 (𝑣0, 𝑠). If |𝒲 (𝑣0, 𝑠)| = 𝑚, then for each

action in this set, 𝒲 (𝑣0, 𝑠), which we identify with {ac0,𝑗}𝑗∈[𝑚], then the children of 𝑠0 are

{tr(𝑠0, ac0,𝑗)}𝑗∈[𝑚]. For each of these children, we recursively repeat this procedure, yielding

a tree 𝜏(𝜎).

Let us now consider an example, to help illustrate the formalism as presented thus

far:

Example 7. Suppose we have a transition system with six states, St = {𝑠𝑗}𝑗∈[0..5], two actions,

Ac = {𝑎, 𝑏} and a transition relation tr with the following transitions:

(𝑠0, 𝑎, 𝑠1), (𝑠0, 𝑏, 𝑠2), (𝑠1, 𝑎, 𝑠1), (𝑠2, 𝑎, 𝑠3), (𝑠3, 𝑎, 𝑠4),

(𝑠3, 𝑏, 𝑠4), (𝑠4, 𝑎, 𝑠2), (𝑠4, 𝑏, 𝑠5), (𝑠5, 𝑎, 𝑠2), (𝑠5, 𝑏, 𝑠0)
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On top of this transition system, we designate 𝑠0 to be the start state, and introduce three

players, Ag = {1, 2, 3}. We then endow players 1 and 2 with 1 voting credit each, and

player 3 with 2 voting credits. Finally, we set player 1’s goal to be 𝛾1 = Inf(𝑠1), player 2’s

to be 𝛾2 = Inf(𝑠3) and player 3’s to be 𝛾3 = Fin(𝑠2) ∨ (Inf(𝑠4) ∧ Fin(𝑠5)). Thus, the game is

as depicted in Figure 5.1.

𝑠0

𝑠1

𝑠2 𝑠3

𝑠4𝑠5

𝑎

𝑏

𝑎

𝑎

𝑎, 𝑏𝑎𝑏

𝑏

𝑎

Figure 5.1: An example of an iterated voting game with three players.

Consider any strategy profile where player 1 casts one vote for 𝑎 in 𝑠0 and player 3 casts

two votes for 𝑎 in 𝑠0. Then no matter how player 2 votes in 𝑠0, the game will move to 𝑠1 and

remain there forever. This will induce a tree 𝜏 with only one path, namely 𝜋 = 𝑠0𝑠1𝑠1….

Thus, we have 𝜏 ⊧∀ 𝛾1 and 𝜏 ⊧∀ 𝛾3, but also 𝜏 ⊭∀ 𝛾2. This is a Nash equilibrium: no

matter how player 2 changes their vote, they cannot stop play entering 𝑠1; this also makes

it a member of the core.

Now (with our system designer hats on) suppose that 𝑠1 is some sort of ‘undesirable’

state. Instead, we may want to know if there exists some equilibrium 𝜎 which models

Inf(𝑠2) (a sort of liveness property). And indeed, we can answer this in the affirmative:

let the players collectively vote so that they follow the path 𝑠0𝑠2𝑠3𝑠4𝑠2. Then under this

strategy, we have players’ 2 and 3 goals satisfied, player 1’s goal unsatisfied, and the

specification Inf(𝑠2) modelled. Moreover, given the collective number of votes of players

2 and 3, player 1 cannot change their vote to achieve their goal, making this both a Nash
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equilibrium and a member of the core.

As before, our analysis in the above example was done by hand; we would like instead

to have algorithms with complexity guarantees. However, before we explore the usual

rational decision problems in this setting, we will need to go via a simpler model, that of

two‑player, zero‑sum iterated voting games.

5.5 Two‑player, zero‑sum iterated voting games

To be able to characterise multiplayer games, we will first consider a restricted form of

them — two‑player, zero‑sum games. Ideally, we would like to be able to take our de‑

scribed formalism, set the number of players to be 2, and set 𝛾2 = ¬𝛾1. However, as sat‑

isfaction of player goals is defined relative to trees, one can easily construct a two player

game and a tree over that game, where one player’s goal is the negation of the other’s,

and the tree models neither of the player’s goals. We encapsulate this in the following

example.

Example 8. Let TS = (St,Ac, tr) be a transition system, with three states St = {𝑠, 𝑡, 𝑢}, two

actions Ac = {𝑎, 𝑏}, and a transition relation tr, containing the following transitions:

(𝑠, 𝑎, 𝑡), (𝑠, 𝑏, 𝑢), (𝑡, 𝑎, 𝑠),

(𝑡, 𝑏, 𝑠), (𝑢, 𝑎, 𝑠), (𝑢, 𝑏, 𝑠).

We build a game on top of this, where we let 𝑠 be the start state, and introduce two players,

Ag = {1, 2}, each of whom has just one voting credit each (𝑐1 = 1, 𝑐2 = 1). Finally, we set

player one’s goal to be 𝛾1 = Inf(𝑡) and player two’s goal as 𝛾2 = ¬ Inf(𝑡) = Fin(𝑡). Thus,

the game looks like the structure shown in Figure 5.2.

Now, consider the strategy profile 𝜎 where player 1 casts a vote of 1 voting credit for

𝑎 and player 2 casts a vote of 1 voting credit for 𝑏 at each stage of the game. It should be
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𝑠𝑡 𝑢

𝑎 𝑏

𝑎, 𝑏 𝑎, 𝑏

Figure 5.2: A game where one player’s goal is the negation of the other, with a tree
which models neither player’s goal.

clear that from states 𝑡 and 𝑢, the game will always move back to 𝑠, whilst in 𝑠, the game

will non‑deterministically move to one of 𝑡 and 𝑢. Thus, the tree induced by this strategy

profile, 𝜏 = 𝜏(𝜎) has a branch 𝜋1 which alternates between 𝑠 and 𝑡; i.e. 𝜋1 = 𝑠𝑡𝑠𝑡𝑠𝑡 …. But it

also has a branch 𝜋2 which alternates between 𝑠 and 𝑢: 𝜋2 = 𝑠𝑢𝑠𝑢𝑠𝑢…. We have 𝜋1 ⊧ 𝛾1
and 𝜋1 ⊭ 𝛾2, as well as 𝜋2 ⊧ 𝛾2 and 𝜋2 ⊭ 𝛾1. Putting this together, we see that 𝜏 ⊭∀ 𝛾1 and

𝜏 ⊭∀ 𝛾2. So we have a game where one player’s goal is the negation of the other’s, with a

tree which models neither player’s goals.

Thus, we need to formally define the notion of two‑player, zero‑sum games. Struc‑

turally, they are almost identical to iterated voting games instantiated with two players,

where one player’s goal is the negation of the other’s, but they have different semantics.

A two‑player, zero‑sum iterated voting game is a tuple,

𝐺 = 􏿴TS, 𝑐1, 𝑐2, 𝛾􏿷

where,

• TS is a transition system;

• 𝑐1 and 𝑐2 are positive, integral amounts of voting credits for players 1 and 2 respect‑

ively;

149



5.5. TWO‑PLAYER, ZERO‑SUM ITERATED VOTING GAMES

• 𝛾 is an Emerson‑Lei condition over St(TS).

These games are played as above: each player 𝑖 casts a vote, giving a vote vector 𝑣 =

(𝑣1, 𝑣2). An action is then non‑deterministically chosen from the winning actions of the

vote, the game moves according to the transition relation, and this process repeats forever.

Player 1 wins if the induced tree universally models 𝛾, and player 2 wins otherwise.

Strategies are defined as before, but now that we are in the two‑player, zero‑sum set‑

ting, we (temporarily) do not have to concern ourselves with solution concepts; we just

need to ask about winning strategies. A winning strategy for player 1 from a state 𝑠 is a

strategy 𝜎1 such that for all strategies 𝜎2, we have that

𝜏((𝜎1, 𝜎2), 𝑠) ⊧∀ 𝛾.

Similarly, a winning strategy for player 2 from a state 𝑠 is a strategy 𝜎2 such that for

all strategies of player 1 𝜎1, we have that

𝜏((𝜎1, 𝜎2), 𝑠) ⊧∃ ¬𝛾.

We say that a game is determined if every state of the game has a winning strategy

for one of the players. Now, in these two‑player, zero‑sum games, we would like to de‑

termine the states from which player 1 and player 2 have a winning strategy. It is well‑

known that for deterministic, two‑player, turn‑based Emerson‑Lei games [121, 152], this

can be done in PSPACE. Moreover, it is also well‑known that these games are determined.

Ideally, we would now like to show that these results carry across to the non‑deterministic,

concurrent, voting setting. However, we will see that due to our non‑determinism be‑

ing ‘balanced’ (i.e. if a vote is split between multiple actions, then all those actions are

non‑deterministically taken), that our games have a far simpler characterisation, and that

whether a player has a winning strategy from a given state is equivalent to deciding the
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satisfiability or validity of the goal of the game. This was certainly a surprise to the authors

(i.e. me), and raises a number of questions about the place of voting, and more generally,

non‑determinism in concurrent games. We leave any further discussion of this nature to

the conclusion, and just focus on establishing our technical results for the remainder of

the chapter.

We derive our result by splitting the analysis into a number of cases. First we note

that we have formulated our games so that the players may have different numbers of

voting credits. With multiple players, this feels like a reasonable assumption to make (for

instance, under the law of some countries, companies have a ‘one vote per share’ system).

However, in the two‑player case, it may seem more unusual: if one player has more votes

than the other, surely they can dictate what actions are taken within the system? This is

exactly the case, and we codify this in the following lemma:

Lemma 9. Let 𝐺 be a two‑player, zero‑sum game such that 𝑐1 > 𝑐2 and let 𝑠 be a state. Then

player 1 has a winning strategy from 𝑠 in 𝐺 if and only if 𝛾 is satisfiable over TS(𝐺) from 𝑠, and

player 2 has a winning strategy from 𝑠 in 𝐺 if and only if 𝛾 is not satisfiable over TS(𝐺) from 𝑠.

Conversely, if 𝑐1 < 𝑐2, then player 1 has a winning strategy in 𝐺 from 𝑠 if and only 𝛾 is valid

over 𝐺 from 𝑠, and player 2 has a winning strategy in 𝐺 from 𝑠 if and only if 𝛾 is not valid over

TS(𝐺) from 𝑠.

Proof. We prove the first part of the first statement (the proofs of the remaining statements

are similar). First suppose player 1 has a winning strategy in 𝐺 from 𝑠; this means that

they have a strategy 𝜎1 such that for all strategies 𝜎2, we have that 𝜏((𝜎1, 𝜎2), 𝑠) ⊧ 𝛾. That

means that for all branches 𝜋 of 𝜏((𝜎1, 𝜎2), 𝑠), we have that 𝜋 ⊧ 𝛾. Moreover, by definition,

𝜋 is consistent with TS and starts from 𝑠, so we have that 𝛾 is satisfiable over TS(𝐺) from

𝑠.

Now suppose that 𝛾 is satisfiable over TS(𝐺) from 𝑠. So there exists some path 𝜋,

consistent with TS, and starting from 𝑠, such that 𝜋 ⊧ 𝛾. Consider the strategy for player
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1 where at each time step 𝑘, they allocate all their voting credits to the action ac[𝑘] such

that 𝜋[𝑘 + 1] = tr(𝜋[𝑘], ac[𝑘]). Since 𝑐1 > 𝑐2, no matter what strategy player 2 uses, the set

of winning actions at each timestep will solely consist of the action chosen by player 1,

and so the game will follow these choices, and hence, will follow 𝜋. Thus, player 1 has

a strategy 𝜎1, such that for all strategies 𝜎2, we have that 𝜏((𝜎1, 𝜎2), 𝑠) has one branch, 𝜋,

such that 𝜋 ⊧ 𝛾; this means that player 1 has a winning strategy from 𝑠 in 𝐺.

This leaves us with the case of when 𝑐1 = 𝑐2, i.e. when the two players have equal

voting power. Whilst one might intuitively expect this to be the ‘interesting’ case, we

show that, surprisingly, these games also have a simple characterisation:

Lemma 10. Let 𝐺 be a two‑player, zero‑sum game such that 𝑐1 = 𝑐2, and let 𝑠 be a state. The

player 1 has a winning strategy from 𝑠 in 𝐺 if and only if 𝛾 is valid over TS(𝐺) from 𝑠. Similarly,

player 2 has a winning strategy from 𝑠 in 𝐺 if and only if 𝛾 is not valid over TS(𝐺) from 𝑠.

Proof. We prove the first statement — the proof of the second statement is similar. If the

two players have the same number of voting credits, then we note that player 2 can force

the existence of any branch consistent with TS(𝐺) and starting from 𝑠. As in the previous

lemma, they can do this by simply allocating all their votes to the actions which induce

the path. Then there are two options: if player 1 plays a vote which consists of splitting

their voting credits among multiple actions, or not allocating all their credits, then the

winning actions of the resulting voting profile will consist of just the action that player 2

has chosen. Alternatively, if player 1 plays a vote where they put all the voting credits

into one action, then the set of winning actions will consist of the action that player 1 has

chosen, along with the action player 2 has chosen (as they have an equal number of voting

credits). Either way, at each time step, play will branch in a direction of player 2’s choice.

So given that a winning strategy for player 1 needs to make them a winner regardless

of what player 2 does, and given that player 2 can make any consistent path appear as a

branch when faced with any winning strategy of player 1, it follows that if player 1 has a

152



5.6. ITERATED VOTING GAMES REVISITED

winning strategy, then every possible path consistent with TS(𝐺) starting from 𝑠 satisfies

𝛾— in other words, that 𝛾 is valid over TS(𝐺 from 𝑠.

For the reverse direction, note that if 𝛾 is valid over TS(𝐺) from 𝑠, then player 1 wins

regardless of what actions are taken by each player, so any strategy is a winning strategy.

Putting the above two lemmas together leads us to the following theorem:

Theorem 17. Let 𝐺 be a two‑player, zero‑sum game. Then it is determined. Moreover, determin‑

ing if player 1 or player 2 has a winning strategy from a state 𝑠 can be done in NP ∪ co‑NP.

Proof. For determinacy, first note that the assumptions on the voting credits among Lem‑

mas 9 and 10 are exhaustive, and all possible games will be covered by one of the lemmas.

Further note that the conditions for players 1 and 2 to be a winner from a given state under

each assumption are negations of one another. Putting all this together, we may conclude

that two‑player, zero‑sum, games are determined.

If 𝑐1 > 𝑐2, then by Lemma 9, determining if player 1 has a winning strategy from

𝑠 is equivalent to determining if 𝛾 is satisfiable over TS(𝐺) from 𝑠. By Theorem 16, we

can determine if 𝛾 is satisfiable over TS(𝐺) in NP. If 𝑐1 ≤ 𝑐2, then by Lemmas 9 and 10,

determining if player 1 has a winning strategy from 𝑠 in𝐺 is equivalent to determining if 𝛾

is valid over TS(𝐺) from 𝑠. Again, by Theorem 16, we can determine if 𝛾 is valid over TS(𝐺)

in co‑NP. Putting this together, we see that we can determine if player 1 has a winning

strategy from a given state in a two‑player, zero‑sum game can be done in NP ∪ co‑NP.

In an identical fashion, we can reach the same conclusion for player 2.

5.6 Iterated voting games revisited

With the two‑player, zero‑sum case decided, we are now in a position to turn our full

attention to the multiplayer setting.
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Noncooperative games

As always, in the non‑cooperative case, the fundamental question we would like to un‑

derstand is the following:

E‑NASH:

Given: An IVG 𝐺, and an Emerson‑Lei condition 𝛼.

Question: Does there exist some Nash equilibrium 𝜎 such that 𝜌(𝜎) ⊧ 𝜑 holds?

Before tackling the E‑NASH problem, we will need to form a logical characterisation of

the space of Nash equilibria. We say that a state, 𝑠, is punishing for a player 𝑖 if there exists

some strategy 𝜎−𝑖 such that for all strategies 𝜎𝑖, we have that 𝜏((𝜎−𝑖, 𝜎𝑖), 𝑠) ⊭ 𝛾𝑖. Denoting

the set of punishing states for a player 𝑖 by Pun𝑖(𝐺), we then say that a (state, vote) pair,

(𝑠, 𝑣⃗) is punishing‑secure for a player 𝑖 if for all votes 𝑣′𝑖 , there exists an action ac ∈ 𝒲 (𝑣⃗−𝑖, 𝑣′𝑖 ,),

such that we have tr(𝑠, ac) ∈ Pun𝑖(𝐺). Informally, a (state, vote) pair is punishing‑secure

for a player if when that player deviates from a voting profile, then there is some path on

which they can be punished by the remaining players.

Whilst the above concepts seem natural, one may worry how computable they are.

We take a small step to allaying the reader’s fears with an upcoming lemma, but for this,

we need another definition: given a game 𝐺, we define the punishment game of player 𝑖

with respect to 𝐺 to be a two‑player, zero‑sum game,

𝐺𝑖 = (TS′, 𝑐′1, 𝑐′2, 𝛾′),

where,

• TS′ = TS(𝐺);

• 𝑐′1 = 𝑐𝑖(𝐺);

• 𝑐′2 = ∑𝑗∈Ag(𝐺)⧵𝑖 𝑐𝑗(𝐺);
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• 𝛾′ = 𝛾𝑖(𝐺).

Informally, the punishment game of player 𝑖 explores what that player can achieve

when all the other players ‘team up’ to act adversarially against them. As the name sug‑

gests, we can use punishment games to characterise punishing states, as we demonstrate

with the following lemma:

Lemma 11. A state 𝑠 is punishing for a player 𝑖 in 𝐺 if and only if Ag ⧵ 𝑖 has a winning strategy

from 𝑠 in the punishment game 𝐺𝑖.

Proof. Trivial; follows by expanding definitions out.

With this machinery in place, we are ready for the following technical lemma, which

characterises the Nash equilibria of a game in terms of punishing states and punishment

security:

Lemma 12. Let 𝐺 be an iterated voting game, and let 𝜏𝑣 be a tree of votes, with 𝜏 its associated

tree of states. Then there exists some Nash equilibrium 𝜎 ∈ NE(𝐺) with 𝜏(𝜎) = 𝜏 if and only if for

every loser 𝑖, there exists some branch 𝑣⃗ of 𝜏𝑣, with a corresponding run of states 𝜋, such that for

every 𝑘 ∈ ℕ, we have that (𝜋[𝑘], 𝑣⃗[𝑘]) is punishing secure.

Proof. Let 𝜎 be a Nash equilibrium such that 𝜏(𝜎) = 𝜏, and suppose the second part of

the statement does not hold. So there exists some loser 𝑖, such that for all branches 𝑣⃗ of

𝜏𝑣, with 𝜋 the run corresponding to 𝑣⃗, there exists some 𝑘 ∈ ℕ such that (𝜋[𝑘], 𝑣⃗[𝑘]) is

not punishing secure for 𝑖. This means that there exists a vote 𝑣′𝑖 such that for all actions

ac ∈ 𝒲 (𝑣⃗[𝑘]−𝑖, 𝑣′𝑖 , 𝜋[𝑘]), we have tr(𝜋[𝑘], ac) ∉ Pun𝑖(𝐺). Now, consider the strategy 𝜎′𝑖 for

player 𝑖, which consists of playing 𝜎𝑖 until play reaches the non‑punishing‑secure (state,

action) profile in each branch, and then playing the 𝑣′𝑖 as described in the previous sen‑

tence, before playing the winning strategy from the punishment game 𝐺𝑖. That means

that player 𝑖 has some strategy 𝜎′𝑖 such that on all branches 𝜋 of 𝜏(𝜎−𝑖, 𝜎′𝑖 ) we have 𝜋 ⊧ 𝛾𝑖
(by construction). In turn this implies that 𝜏(𝜎−𝑖, 𝜎′𝑖 ) ⊧∀ 𝛾𝑖, contradicting that 𝜎 is a Nash
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equilibrium. Thus, it must be the case that for every loser 𝑖, there exists some branch 𝑣⃗

of 𝜏𝑣, with corresponding run 𝜋, such that for every 𝑘 ∈ ℕ, we have that (𝜋[𝑘], 𝑣⃗[𝑘]) is

punishing secure.

For the other direction, suppose 𝜏 is a tree with the property that for every branch 𝑣⃗

of 𝜏𝑣, with corresponding run 𝜋, and every 𝑘 ∈ ℕ, we have that (𝜋[𝑘], 𝑣⃗[𝑘]) is punishing

secure for every loser 𝑗. Then there exists a Nash equilibrium 𝜎 with 𝜎 = 𝜏 which looks

like the following: the players coordinate their votes to follow 𝜏𝑣. If any loser 𝑖 deviates

from following 𝜏𝑣 on the branch which is punishing‑secure for every (state, action) pair,

then the remaining players play their winning strategy from the punishment game for 𝑖,

ensuring that player 𝑖 does not get their goal achieved. Thus, we have formed a strategy

profile 𝜎 such that 𝜏 = 𝜏(𝜎) with the property that no loser has a unilateral deviation to a

winning strategy; that is, a Nash equilibrium.

With these lemmas in place, we are ready to attack the E‑NASH problem, using con‑

ceptually similar techniques to those used in the proof of Theorem 1:

Theorem 18. The E‑NASH problem is in NP ∪ co‑NP.

Proof. Let 𝐺 be a game, and let 𝛼 be an Emerson‑Lei condition. Now, consider the fol‑

lowing algorithm: first, we calculate the set of punishing states for each player. Then we

guess a coalition of winners 𝑊 ⊆ Ag. Having done this, consider the graph, 𝒢 , induced

by the underlying transition system of the game. We prune this graph to remove those

transitions which are not punishing secure for at least one loser. Having done this, we

also guess a permset 𝑋 which satisfies the Emerson‑Lei condition, and remove any states

that are not in 𝑋. Now, we claim that there is a Nash equilibrium in 𝐺 which models a

specification 𝛼 if and only if𝒢 has a loop,𝒞 , which visits every state in𝑋, and is reachable

from the start state of the game.

Suppose 𝐺 has a Nash equilibrium, 𝜎 which models 𝛼. By Lemma 12, we know that

there exists some tree of votes, 𝜏𝑣 with the property that for every loser 𝑖, there exists
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some branch 𝑣⃗ of 𝜏𝑣, with a corresponding run of states 𝜋, such that for every 𝑘 ∈ ℕ, we

have that (𝜋[𝑘], 𝑣⃗[𝑘]) is punishing secure. Now, pick any such 𝑣⃗, and note that since 𝜋 ⊧ 𝛼,

there will exist two indices, 𝑗, 𝑘, with 𝜋[𝑗] = 𝜋[𝑘], such that every state of𝑋 is accounted for

between 𝜋[𝑗] and 𝜋[𝑘]. Additionally (assuming we guessed 𝑋 correctly), we may assume

that no state outside 𝑋 lies within 𝜋[𝑗] and 𝜋[𝑘]. We claim that the loop 𝒞 = 𝜋[𝑗..𝑘] has

the desired properties. First note that each (state, action) pair induced by 𝑣⃗ is punishing

secure for at least one player 𝑖, and that 𝜋[𝑗..𝑘] only contains states within 𝑋, so it follows

that 𝜋[𝑗..𝑘], and therefore 𝒞 lies within 𝒢 . Furthermore, by construction, 𝒞 visits every

state in 𝑋 and is reachable from the start state of the game.

Conversely, suppose that 𝒢 has a loop 𝒞 which visits every state in 𝑋 and is reach‑

able from the start state of the game. So consider the strategy 𝜎, where the players first

coordinate to get to 𝒞 , and then follow it repeatedly. First we note that 𝜎 does not split

votes across multiple actions at any stage, and so induces a single‑branched tree of actions,

which we denote 𝑣⃗, and its corresponding run of states 𝜋. By construction of the graph,

we have that (𝜋[𝑘], 𝑣⃗[𝑘]) is punishing‑secure for all 𝑘 ∈ ℕ, so if any loser deviates from 𝜎

at timestep 𝑘 with a vote 𝑣𝑖′, then there exists some action ac ∈ 𝒲 ((𝑣⃗[𝑘]−𝑖, 𝑣′𝑖 ,) such that

tr(𝑠, ac) = 𝑠′ ∈ Pun𝑖(𝐺). So we augment 𝜎 such that if play enters 𝑠′, then the remaining

players will play the appropriate punishing strategy from the punishment game𝐺𝑖. Thus,

𝜎 is a Nash equilibrium by construction. It just remains to show that 𝜏(𝜎) models 𝛼. To

see this, note that any run with the permset 𝑋 models 𝛼, and also that by construction we

have that permset (𝜋) = permset 􏿴𝒞 􏿷 = 𝑋; it follows that 𝜋 ⊧ 𝛼. Thus, all branches of the

tree induced by 𝜎 model the specification; now we just need to show that it is indeed a

Nash equilibrium.

Thus, to decide if a provided instance, (𝐺, 𝛼), is a member of E‑NASH, we form 𝒢 ,

and determine if it has a loop with the described properties. If it does, then we accept,

otherwise we reject.

In terms of complexities, by Lemma 11 and Theorem 17, calculating the punishing
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states for each player can be done in NP ∪ co‑NP. We also non‑deterministically guess a

winning coalition,𝑊 ⊆ Ag and a permset𝑋 concurrently, as all of these operations can be

independently of one another. Pruning the graph can be done in polynomial time, as can

determining if 𝒢 has a loop which visits every state in 𝑋 — this latter step can be done by

determining if the graph forms one strongly‑connected component with every state of 𝑋

within it; this can be done with Tarjan’s algorithm [200].

Cooperative games

In the cooperative setting, we will consider the following decision problems:

COALITION‑SAT:

Given: An IVG 𝐺, a coalition 𝐶, and an Emerson‑Lei condition 𝛼.

Question: Does there exist a strategy vector 𝜎𝐶 such that 𝜌(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝛼, for

all responses 𝜎Ag⧵𝐶?

E‑CORE:

Given: An IVG 𝐺, and an Emerson‑Lei condition 𝛼.

Question: Does there exist some member of the core 𝜎, such that 𝜌(𝜎) ⊧ 𝛼?

Theorem 19. The COALITION‑SAT problem for IVGs lies inNP ∪ co‑NP.

Proof. Given a game 𝐺, a coalition 𝐶 and an Emerson‑Lei condition 𝛼, form a two‑player

zero‑sum game

𝐺′ = (TS′, 𝑐′1, 𝑐′2, 𝛾′),

where,

• TS′ = TS(𝐺);

• 𝑐′1 = ∑𝑖∈𝐶 𝑐𝑖(𝐺);

• 𝑐′2 = ∑𝑖∈Ag(𝐺)⧵𝐶 𝑐𝑖(𝐺);
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• 𝛾′ = 𝛼.

Note that this construction can be done in polynomial time. We then ask if player 1 has

a winning strategy in 𝐺′ from the state 𝑠0. By Theorem 17, we can determine this in

NP ∪ co‑NP. We then note that player 1 has a winning strategy in 𝐺′ from the state 𝑠0

if and only if the coalition 𝐶 has a strategy 𝜎𝐶 such that for all counter‑strategies 𝜎Ag⧵𝐶,

we have 𝜏(𝜎𝐶, 𝜎Ag⧵𝐶) ⊧ 𝛼 in 𝐺 — this follows by construction. Thus, we may conclude

that membership for COALITION‑SAT can be done in NP ∪ co‑NP.

Ideally, we would like to perform the inverse construction, and reduce from the two‑

player, zero‑sum setting to the multiplayer setting, in order to yield some sort of hard‑

ness result. However, as discussed earlier (and illustrated in Example 8), the multiplayer

model cannot capture player 2’s universal goal. Whilst we do not provide the lower

bound, we will try to work around this deficiency of our model in Section 5.7.

With this result in place, we can now turn our attention to the E‑CORE problem:

Theorem 20. The E‑CORE problem for IVGs lies in Σ𝑃2 .

Proof. We perform the following algorithm: first guess a coalition of winners, 𝑊 ⊆ Ag,

and check that the grand coalition has some strategy which models the formula,

􏾒
𝑖∈𝑊

𝛾𝑖 ∧ 􏾒
𝑖∈Ag⧵𝑊

¬𝛾𝑖 ∧ 𝛼. (5.1)

If the grand coalition does have such a strategy, then we check that no coalition of losers,

𝐿 ⊆ Ag ⧵ 𝑊, can beneficially deviate; this equates to checking if the coalition 𝐿 can force

the formula,

􏾒
𝑗∈𝐿
𝛾𝑗 (5.2)

to be true. If no such coalition of losers can beneficially deviate, then we have found

a strategy profile which models the specification, from which no coalition of losers can

159



5.7. TREE‑BASED GOALS

beneficially deviate — that is, a member of E‑CORE. If instead some coalition of losers can

beneficially deviate, we turn our attention to the next coalition of possible winners. We

also do this if the grand coalition does not have a strategy that models both the current

winners’ goals, the specification, and the negations of the losers’ goals. Finally, if we have

exhausted all possible coalitions of winners in the above fashion, then the provided game

and specification is not a member of E‑CORE, and we reject.

Note that this can be done in Σ𝑃2 : first, we non‑deterministically guess the coalition

of winners. We then use an NP oracle to check that Ag can achieve 5.1 (this can be done

as COALITION‑SAT is in NP ∪ co‑NP). We follow this by a call to a co‑NP oracle to show

that there is no coalition 𝐿 ⊆ Ag ⧵ 𝑊, that can achieve 5.2 (again, as COALITION‑SAT is in

NP ∪ co‑NP, its complement is also in NP ∪ co‑NP).

5.7 Tree‑based goals

Up until now, our players have had goals which were path based, but interpreted relative

to trees. Whilst this is an intrinsically interesting game model in its own right, it has a key

flaw: as existential satisfaction cannot be encoded in the goals of our players, we cannot

readily derive the lower bounds to match the upper bounds on our decision problems.

Moreover, universal satisfaction was an arbitrary choice.

In this section, we offer a (very) brief discussion of an extension to our work, namely

Emerson‑Lei condition defined over trees, baking in universal or existential satisfaction

directly into the goal. Tree‑based Emerson‑Lei conditions are given by the following

grammar:

𝛼 ⩴ ¬𝛼 ∣ ∃𝛼′

𝛼′ ⩴ Inf(𝑠) ∣ ¬𝛼′ ∣ 𝛼′ ∨ 𝛼′,

As one might expect, we identify ¬∃𝛼′ with ∀𝛼′, and use the usual shorthands and
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rules of propositional logic for the remaining connectives. So with tree‑based Emerson‑

Lei conditions, we can write expressions such as ∀(Inf(𝑠) ∨ Fin(𝑡)) or ∃(Inf(𝑠) ∧ Inf(𝑡)), but

not expressions like ∃∀ Inf(𝑠) or (∀ Inf(𝑠)) ∧ (∃ Fin(𝑡)). Their semantics are defined in the

natural way, relative to state‑labelled trees, 𝜏:

• If 𝛼 = ¬𝛽, then 𝜏 ⊧ 𝛼 if and only if it is not the case that 𝜏 ⊧ 𝛽;

• If 𝛼 = ∃𝛼′, then 𝜏 ⊧ 𝛼 if and only if there exists some path 𝜋 of 𝜏 such that 𝜋 ⊧ 𝛼′.

Note that in the second bullet above, we are talking about two different modes of satis‑

faction: the semantics of tree‑based Emerson‑Lei conditions are defined in terms of the

semantics of path‑based (i.e. the usual) Emerson‑Lei conditions.

We can now define a new game model, where the players’ goals are given by tree‑

based Emerson‑Lei conditions. Formally, a tree‑based iterated voting game takes the

same form as a (regular) iterated voting game, except for each player 𝑖, their goal 𝛾𝑖 is

given by a tree‑based Emerson‑Lei condition. The semantics of these games is as before,

except that we interpret players’ goals relative to trees in the way discussed above.

With this in place, we can derive a number of results relatively easily:

Theorem 21. Let 𝐺 be a tree‑based game with two players {1, 2} such that 𝛾2 = ¬𝛾1. Then the

problem of determining if player 1 has a winning strategy from a given state is in NP ∪ co‑NP.

Proof. Directly maps to the setting of two‑player, zero‑sum Emerson‑Lei games.

Using this, we can also understand the E‑NASH and COALITION‑SAT problems in a

similar manner to before:

Theorem 22. For tree‑based voting games, the E‑NASH problem is inNP ∪ co‑NP.

Proof. Proof similar to before; one just needs to appropriately adapt the notion of punish‑

ing states.

And in the cooperative setting:
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Theorem 23. For tree‑based voting games, the COALITION‑SAT problem is inNP ∪ co‑NP.

Proof. Proof similar to before.

Now, we would also like to analyse the core in our new type of games, but we quickly

run into a problem: the usual techniques for reasoning about beneficial deviations usually

amount to determining if some coalition has a winning strategy for the conjunction of their

goals. However, we cannot express conjunctions in our framework — one player’s goal

may be of the form ∃𝛼 and another’s of the form ∀𝛽.

To obtain full generality, we would have liked to allow conjunction and disjunction

over the path quantifiers; that is, it would be great if we could write expressions like

∀ Inf(𝑠) ∧ ∃ Fin(𝑡). However, whilst it is clear how we might extend two‑player, zero‑

sum games to accommodate this, it is not obvious how we might adapt our existing proof

techniques (such as those used in the proof of Theorem 17 or those used in McNaughton’s

original proof [152]) to provide the analogous results in this new setting. For example,

given that we cannot simply label players as existential or universal, it becomes unclear

how we should generalise even the simplest definitions, such as what it means for a player

to be able to force play to visit a set of states (an important concept in McNaughton’s

proof). Whilst in this thesis we have taken some healthy preliminary steps in handling

tree‑based Emerson‑Lei goals, it is clear that further work is needed to fully characterise

and understand them in full generality.
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Chapter 6

Conclusion

I finish by summarising my results, and more informally discussing the work undertaken.

I may not offer a full discussion of everything we covered, but instead, I will talk about

the parts of this thesis which preoccupied my thoughts; what I feel I might have done

differently if I knew earlier what I know now; and my ideas for future work. Each section

will be accompanied by a table featuring the complexity results from the corresponding

chapters. I will then discuss a few more possibilities for future work which fall under the

umbrella of rational verification, before I leave you with a short‑and‑sweet sign‑off.

6.1 Themes on mean‑payoff games

We used Emerson‑Lei conditions as a natural, expressive, computationally tractable way

of reasoning qualitatively about concurrent games. In particular, we established several

results within the rational verification framework, providing logical characterisations of

the Nash equilibrium and the core in our setting, along with complexity results for the

rational verification decision problems for both the Nash equilibrium and the core over

concurrent game structures, as well as the Nash equilibrium over a succinct representa‑

tion of our concurrent games.
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My main takeaway from this topic has been that the core in the mean‑payoff setting is

an unexpectedly tricky nut to crack. Specifically, even the most simple complexity bounds

are tantalisingly out of reach. This is in stark contrast to the LTL setting [103], where the

core has a relatively straightforward, direct characterisation in terms of coalitional power,

which we can then translate into effectively one large ATL* formula. These techniques do

not generalise to the mean‑payoff setting, and no alternative route seems to readily offer

itself up. In terms of exactly why this problem has proven to be so stubborn, I can offer a

few intuitive explanations which might give you a feeling of where the difficulty lies:

• Two‑player, zero‑sum, multi‑mean‑payoff games require infinite memory for player

1 to act optimally [207]. This could imply that members of the core may need infin‑

ite memory, which in turn may mean that player payoffs are arbitrary real numbers

or are ‘big’ rationals, which are computationally hard, or even impossible, to guess,

taking us out of the polynomial hierarchy (which is where most of the proof tech‑

niques that I am aware of lie with respect to these types of games);

• As we highlighted at the end of the cooperative portion of this chapter (in Lemma 7

and the surrounding text), there is a natural link between the core in mean‑payoff

games and the core in the corresponding NTU games. However, necessary and

sufficient conditions for core non‑emptiness tend to be rather (dare I say) technical

and complicated [40, 46, 180, 189, 190, 191]. Moreover, many of the arguments in

these papers have a geometric flavour to them — this gives me the feeling of being

a computer scientist with a square peg and a round hole. Whilst some key insights

have already been obtained using geometric techniques in work such as Brenguier

and Raskin [2015], I feel this an area which could benefit from being further analysed

with such ideas.

• Having non‑dichotomous preferences, in the form of mean‑payoff goals, in contrast

to the dichotomous preferences of LTL goals, is a double‑edged sword. Whilst you
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do gain access to techniques such as linear programming, and can take advantage of

the structure of the real numbers, along with the geometry of the sets of payoffs that

players can achieve, you lose a lot of the nice features of dichotomous preferences. In

particular, you lose core non‑emptiness, as ‘cycles’ of strategies, linked by beneficial

deviations, become possible, and you also lose natural definitions, such as fulfilled

coalitions. Yes, we did generalise this in the form of lower bounds, but unfortunately,

the results did not have the good manners to generalise across with them.

Overall, the message you should glean from the above is the following: the core in

mean‑payoff games is very different from the core in LTL games, or any sort of games

with dichotomous preferences. If we are to understand this solution concept better in

such a scenario, it is almost inevitable that it will require the development of a brand new,

orthogonal set of proof techniques.

In addition to the core, the other most obvious open problem is closing the complexity

gap for the WRMG‑E‑NASH problem. Following this, there are other directions that ap‑

pear to be fruitful, as well as interesting and worthwhile — for example, introducing both

imperfect information and non‑determinism offers a closer approximation to real‑world

systems, as well as raising interesting mathematical questions (although, given the results

of Chapter 5, I am rather wary of non‑determinism now).

The work from Chapter 3 has been published under the title ‘Mean‑payoff games with

𝜔‑regular specifications’ [105, 196], but as one reviewer helpfully pointed out (albeit, a

bit too late), this is a bit of a misnomer: not all 𝜔‑regular conditions can be expressed in

the Emerson‑Lei formalism. Specifically, whilst you can express the idea of states being

visited infinitely or finitely often with Emerson‑Lei conditions, you cannot do anything

more granular than this, such as specifying prefixes of a run, or supplying an order to the

states visited infinitely often. To this end, I think exploring games where the player goals,

or the system specification, are given by an arbitrary𝜔‑regular automata is a natural, rich,

yet (seemingly) unexplored vein. Moreover, I believe that many of the techniques set out
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Thm. # Decision problem Complexity

1 E‑NASH NP‑complete
2 ∃‑BEN‑DEV with memoryless strategies NP‑complete
3 CORE‑MEMBERSHIP with memoryless strategies co‑NP‑complete
4 E‑CORE with memoryless strategies In Σ𝑃2
4 A‑CORE with memoryless strategies In Π𝑃

2
5 LOWER‑BOUND co‑NP‑complete

6 WRMG‑E‑NASH In NEXPTIME and
EXPTIME‑hard

Table 6.1: Summary of complexity results for Chapter 3.

in my work would readily generalise to this setting.

6.2 Iterated allocation games

We introduced iterated allocation games as a way of modelling resource‑bounded multi‑

agent systems, before instantiating the decision problems of rational verification with re‑

spect to these games, establishing their complexities, and exploring variations of the basic

model. This included considering a subset of LTL which lends itself to our model, as well

as introducing agents with more nuanced behaviours — specifically, resource‑bounded

agents who want to satisfy an LTL property, whilst also minimising resource usage. The

main results of the chapter extend previous work on iterated games as well as on rational

verification, in both the non‑cooperative and cooperative game settings where either Nash

equilibrium or the core of a game are taken to be the desired outcomes of the game.

The inherent ‘monotonicity’ of iterated allocation games suggests an extended explor‑

ation of the considered decision problems with monotone LTL goals could be fruitful.

However, if I were to start from scratch with this piece of work, I would eschew LTL

entirely, and use Emerson‑Lei conditions instead. The 2EXPTIME‑completeness of LTL

synthesis has a tendency to ‘hide’ the interesting parts of what is going on in an argument

by allowing you to do exponential operations without affecting the overall result.
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Thm. # Decision problem Complexity

7 IAS‑MODEL‑CHECKING with finite‑memory input In PSPACE
8 NASH‑MEMBERSHIP with finite‑memory input PSPACE‑complete
9 BENEFICIAL‑DEVIATION with finite‑memory input PSPACE‑complete

10 E‑NASH 2EXPTIME‑complete
10 CORE‑MEMBERSHIP with finite‑memory input 2EXPTIME‑complete
10 COALITION‑SAT 2EXPTIME‑complete
10 E‑CORE 2EXPTIME‑complete
11 MONOTONE‑COALITION‑SAT In PSPACE
12 NECESSARY‑RESOURCE 2EXPTIME‑complete
13 RESOURCE‑BOUND‑SAT 2EXPTIME‑complete
14 E‑FSNEε 2EXPTIME‑complete

Table 6.2: Summary of complexity results for Chapter 4.

One major qualm that some reviewers of this work had was that it looks like there

should be a polynomial translation from IAGs to IBGs (which would make IAGs ‘just’ an

interesting application of the IBG framework, rather than a framework worth studying

in its own right). I have tried to address those concerns head‑on in the thesis, specifically

in the text following Theorem 10. To recap, I am strongly convinced that there is no

such polynomial translation, as any attempt to map IAGs to IBGs appears to yield an

exponential blowup somewhere; if you manage to remove it in one place, it reappears in

another. Whilst a formal proof of this has eluded me, I believe that studying these games

with Emerson‑Lei conditions could offer a solution — given that Emerson‑Lei synthesis

is PSPACE‑complete, games with goals of this form might be the perfect candidate for

showing that some sort of exponential blowup is necessary when reasoning about iterated

allocation games. Would the complexity of problems such as E‑NASH in this setting match

the PSPACE bound, or is the exponential blowup argument of Lemma 8 truly necessary,

pushing the complexity up to EXPTIME? These tantalising questions will have to wait

for future work.
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6.3 Voting games

We introduced voting games as a mechanism for reaching consensus, and settling dis‑

agreements among groups of agents. After discussing the one‑shot case for motivational

purposes, we generalised this to the iterated setting, where we established a number

of results. This included developing an algorithm for computing the winners in a two‑

player, zero‑sum game, and determining its computational complexity; analysing the

usual decision problems of rational verification with respect to voting games in both the

non‑cooperative and cooperative settings; and generalising the model further to include

agents with tree‑based goals. Given the multiple novel elements in our framework, such

as the Emerson‑Lei conditions in rational verification, along with voting and the non‑

determinism it induces, these results necessitated the need for new proof techniques and

arguments. Despite this, our framework offers a more computationally tractable view of

rational verification, whilst still being a very expressive formalism.

The fact that determining the winner in a two‑player, zero‑sum voting game reduces

to checking satisfiability or validity of the player 1’s goal over the game structure was

a shock to me. A priori, I expected that this framework would be a generalisation of

McNaughton’s original formulation [152], and that we would obtain (at least) a PSPACE‑

completeness result by modifying the original argument. However, the three core differ‑

ences between our frameworks and McNaughton’s (namely, the concurrency, the voting

and the non‑determinism of our games), led to a significant divergence in semantics —

large enough to almost trivialise the resulting games.

As hinted throughoutChapter 5, this problem comes about because the non‑determinism

is ‘balanced’: if two actions have an equal number of votes, then the game will split in

those two directions. I see two ways out of this predicament.

The first is to change the players’ goals; universal satisfaction is a really strong condi‑

tion to have on a tree, whilst existential satisfaction is quite weak. Perhaps the tree‑based
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Emerson‑Lei conditions described at the end of Chapter 5 (i.e. formulae like ∃ Inf(𝑠) ∨

∀ Fin(𝑡)) would hit that ‘sweet spot’ in terms of expressiveness and strength? However,

as stated in the text, I believe this would require the development of a new set of proof

techniques.

The second idea we could try is to question the role of voting in our games: it is

clear that any ‘sensible’ voting mechanism will induce the balanced non‑determinism

described. Maybe we should scrap voting entirely, and replace it with a function: one

that takes a signal from each player, and spits out a set of actions that should be taken

non‑deterministically. It should be clear that this subsumes voting, and captures a wider

range of scenarios, whilst also generalising beyond balanced non‑determinism. However,

intuitively, I question the applicability of such a model: perhaps such a function could be

interpreted as the system designer or controller imposing their will on the world? Addi‑

tionally, it is hard to say in advance what results might drop out of such a framework. One

thing is clear however: Chapter 5 has raised a lot of questions, and we must be selective

in choosing which we wish to answer.

There are two more speculative options for refining the game model to make it more

strategically interesting whilst retaining non‑determinism1. One would be to introduce

a player whose role is to pick between tied actions. Whilst this option initially sounds

attractive, I feel there are a number of difficulties with formalising this idea. For instance,

does this new player have any preference over runs? If they do not, then I feel that this

idea brings no advantage over our (direct, interpretable) techniques for understanding

these games, at the cost of introducing an extra player. If this new player does have some

preference over runs, then what would the interpretation of such a player be? Are they

like a system designer, or controller in the game? Is this a reasonable assumption for a

model of a real‑world system? Furthermore, implementing this idea either risks blowing

up the size of the game structure, or becoming some sort of hybrid turn‑based/concurrent
1Both initially suggested by Jean‑François Raskin
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game. Finally, I feel introducing an additional player could make it harder to appeal to

existing techniques, and might even require novel lines of reasoning. Whilst I am not

ruling out this technique for reasoning about non‑determinism, I feel it very much has

the potential to introduce more problems than it solves.

The second speculative option would be to make the number of voting credits avail‑

able to each player dependent on the current state of the game. Again, I think this leads to

a question of interpretation: why should players lose or gain voting power based on game‑

play so far? If this were the case, then the votes look more like resources to me, and we

are in a non‑deterministic version of the sorts of models encountered in Chapter 4. How‑

ever, interpretation concerns aside, this option could certainly inject a certain amount of

strategic depth to our games, and would certainly be worth exploring in the future.

We should also take the time to compare our model to the bidding games [28] described

in Chapter 1, as there are parallels between the two formalisms, and bidding games were

certainly a key inspiration when we formulated our voting games. To recapitulate: bid‑

ding games are two‑player, concurrent games on finite graphs, where the players each

have a budget, and bid for the right to choose the next move. There are a number of

different flavours of bidding game, which are largely differentiated by the method of de‑

ciding who receives the winning bid (such as the other player, or the ‘bank’), as well as the

winning condition for the game. Moreover, models of both discrete and continuous bid‑

ding have been studied in bidding games. We note the following key contrasts between

bidding games and our voting games:

• Voting games are multi‑player whilst bidding games are two‑player; moreover, it

is unclear how easily bidding games and the associated proof techniques would

generalise to multiple players;

• In bidding games, players have varying ‘power’ to enact their well at as the game

goes on (due to their increasing and decreasing budget), whilst players in our voting

170



6.3. VOTING GAMES

games have constant ‘power’ throughout the game;

• Voting games are formulated in terms of discrete bidding whilst bidding games can

be instantiated with either discrete or continuous bidding;

• We study the goals and specifications of our voting games with a non‑deterministic

lens, whilst to my knowledge, bidding games are typically studied with a determ‑

inistic lens;

• Both voting and bidding games have natural, real‑world interpretations, but cru‑

cially, they have different interpretations (as offered up by their names).

We make one final observation about bidding games that this author found interesting:

in the setting of discrete bidding, given the deterministic formulation, one needs to de‑

termine how to break ties when both players bid the same amount (this issue is allegedly

not an issue in the context of continuous bidding [29]). Aghajohari, Avni and Henzinger

[2021] showed that in general, even with a deterministic tie‑breaking rule, these games

may not be determined; given our surprising result for voting games, this author wonders

if the price of determinacy in these voting/bidding‑like settings is a strategic trivialisation

of the game. With this having been said, Aghajohari, Avni and Henzinger [2021] does

offer some classes of tie‑breaking mechanisms and winning conditions which do allow

determinacy, and it would be instructive to see if any insight from these results could be

carried over to our framework.

Finally, one may note that there is a distinct lack of lower bounds in Chapter 5. This is

due to the fact that whilst we know that solving two‑player, zero‑sum games can be done

in NP ∪ co‑NP, we have been unable to determine if this upper bound is optimal. Is our

problem complete for NP ∪ co‑NP (of which I am not aware of any complete problems),

or does it lie in some subset ofNP∪ co‑NP? Certainly, given the problem’s close relation‑

ship with satisfiability and validity, we should be able to readily derive NP and co‑NP

hardness results, in turn yielding those lower bounds for our other decision problems.
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Thm. # Decision problem Complexity

15 E‑NASH in one‑shot games Σ𝑃2‑complete
16 EMERSON‑LEI‑SAT NP‑complete
16 EMERSON‑LEI‑TAUTOLOGY co‑NP‑complete

17
Given a two‑player, zero‑sum iterated voting game,
a player and a state, does that player have a winning
strategy from that state?

In NP ∪ co‑NP

18 E‑NASH In NP ∪ co‑NP
19 COALITION‑SAT In NP ∪ co‑NP
20 E‑CORE In Σ𝑃2

21
Given a two‑player, zero‑sum iterated voting game
with tree‑based goals, a player and a state, does that
player have a winning strategy from that state?

In NP ∪ co‑NP

22 E‑NASH for tree‑based games In NP ∪ co‑NP
23 COALITION‑SAT for tree‑based games In NP ∪ co‑NP

Table 6.3: Summary of complexity results for Chapter 5.

However, we have omitted any formal presentation of any such results, and leave this as

another task for future work.

6.4 Other future work

With respect to rational verification, I am personally interested in exploring two further

avenues: compositionality and tooling. What do I mean by compositionality? Thus far,

beyond the particular requirements that a game model has, we have made no further as‑

sumptions about our games2. However, most real‑world systems exhibit a strong struc‑

ture; in particular, they may consist of independent, yet interacting parts, or they may be‑

have in a predictable way that cannot be directly encoded in the game model. So, given a

large game, can we break it up into a collection of smaller games and analyse them, before

pooling that understanding into a holistic view of the original game? Or we can look at

the dual problem: we have an understanding of how a set of small games behave — how
2The small disclaimer to this is that we did consider reactive module games in Chapter 3; one of the

motivating factors for reactive modules is that they support compositional reasoning [19]. However, we did
no such reasoning in the thesis, and did not use any compositional features of reactive modules in our results.
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do they behave when they are somehow composed together? I believe we can utilise this

structure to synthesise models of a specification more readily — decompose the system,

analyse the subparts, then pool that understanding together to synthesise a model. This

is a general idea, but one that I believe is particularly suited to the problem at hand: it

seems to be a very natural direction in game theory and systems verification, but my per‑

sonal intuition is that this would require a careful formulation, along with a lot of careful

work, to yield useful results.

There has already been some preliminary work on this idea [11, 19, 70], and indeed,

I briefly considered this problem myself as part of my MSc, looking at ‘local equilibria’

in games [107]. Reactive modules [19] offer the model and syntax to compose systems

together, but to my knowledge, this feature has not been exploited in model checking

beyond the MOCHA project [22]. Another idea is to use category theory to reason about

compositionality, of which there has been a recent surge of activity [98], but this has the

downside of involving the overhead of category theory. I would be interested in taking

some time to explore these ideas further and to see if a more game‑theoretic presentation

could be yielded from these works.

In terms of tooling, I believe there is a lot of relatively ‘low‑hanging fruit’ available. As

mentioned in Chapter 1, our main software tools for rational verification are EVE [107]

for LTL games and PRALINE [52] for multiplayer, mean‑payoff games. However, both

pieces of software are effectively ‘proof‑of‑concepts’, rather than hardened, production‑

ready implementations. This may feel like a harsh comment to make, but compare the

situation to SMT solvers: Z3 [159] and CVC5 [35] are two popular open‑source imple‑

mentations. They are well‑maintained, seeing continual updates from both the authors

and the community; each have comprehensive test suites and well written documentation;

and both can be accessed through a standard interface, namely the SMT‑LIBv2 format [36]

— this latter point is crucial, as it means you do not need to have any tool‑specific know‑

ledge; you can treat each tool as a black box for solving SMT formulae, allowing you to
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easily embed different solvers into other applications, or compare their respective per‑

formance. As a result of these factors, these two projects have thousands of GitHub stars

between them (a reasonable proxy measure of their popularity). I have singled out EVE

and PRALINE, as these are the most relevant tools for rational verification, but in fact,

almost all the software mentioned in the introduction (PRISM‑GAMES being the notable

exception), have been ‘one‑off’ releases of code with, at most, very fleeting updates and

little‑to‑no documentation. Clearly, there is a niche to be filled here.

So where can we start with this grand endeavour? In the same way that Babiak et

al. [2015] provided a standard, formal syntax for specifying 𝜔‑automata, I feel it would

be useful for there to be a standard syntax for concurrent games. This would encourage

standardisation, and we could build on top of this, hopefully leading us to production‑

quality software for manipulating and solving concurrent games. This would dramatic‑

ally aid research, helping to experimentally produce and verify conjectures. Appealing to

the parallel of SMT solvers once more, my hope is that in the same way we have SAT [118],

SMT [208] and program synthesis [23] competitions, that we might one day see competi‑

tions for synthesis in games and for rational verification: not only would this encourage

serious thought about the encoding of real‑world scenarios into these frameworks, but

also the development of practical tools which may in turn yield interesting theoretical

insights.

6.5 Concluding remarks

In this thesis, we introduced a number of quantitative extensions to the rational verifica‑

tion framework. In doing so, we have brought verification closer to modelling real‑world

systems, such as those with agents who have non‑dichotomous preferences, and those

with resource‑bounded agents. The hope is that more systems of this nature will now be

able to be expressed in the rational verification framework, making automated design and
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synthesis of safe and efficient systems more feasible. Moreover, we have developed a new

set of proof techniques which will hopefully not only allow further results to be yielded

within rational verification, but will also aid the wider systems verification community,

as well as the larger computer science community, in general.
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Glossary

Acronyms

ATL/ATL*

Alternating‑time temporal logic.

BVG

Boolean voting game.

CGS

Concurrent game structure.

CTL

Computation tree logic.

GR(1)

Generalised reactivity(1).

IAG

Iterated allocation game.
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IAS

Iterated allocation structure.

IBG

Iterated Boolean game.

IVG

Iterated voting game.

LTL

Linear temporal logic.

NTU

Non‑transferable utility.

RMIAG

Resource‑minimisation iterated allocation game.

SRML

Simple reactive modules language.

WRMG

Weighted reactive module game.

Complexity classes

2EXPTIME

The class of decision problems which can be solved in doubly exponential time by

a deterministic Turing machine.
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3EXPTIME

The class of decision problems which can be solved in triply exponential time by a

deterministic Turing machine.

co‑NP

The class of decision problems which comprises the complements of problems in

NP.

co‑UP

The class of decision problems which comprises the complements of problems in

UP.

EXPTIME

The class of decision problems which can be solved in exponential time by a determ‑

inistic Turing machine.

FPT

Informally, the class of decision problems which can solved in polynomial time

when one of their parameters is held constant. For a formal definition, see [81].

NEXPTIME

The class of decision problems which can be solved in exponential time by a non‑

deterministic Turing machine.

NP

The class of decision problems which can be solved in polynomial time by a non‑

deterministic Turing machine.
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Π𝑃
2

The class of decision problems which comprises the complements of problems in

Σ𝑃2 .

PSPACE

The class of decision problems which can be solved using polynomial space by a

deterministic Turing machine.

P

The class of decision problems which can be solved in polynomial time by a determ‑

inistic Turing machine.

Σ𝑃2

The class of decision problems which can be solved in polynomial time by a non‑

deterministic Turing machine with an NP oracle.

TFNP

The class of total function problems which can be solved in polynomial time by a

non‑deterministic Turing machine.

UP

The class of decision problems which can be solved in polynomial time by an un‑

ambiguous, non‑deterministic Turing machine; that is, problems with a unique cer‑

tificate.

Notation

|𝑆|

The size of the set 𝑆.
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Ac𝑖

The actions available to player 𝑖 in a concurrent game structure.

Ag

A set of agents.

𝑁

Analternative syntax for the set of agents —generally encountered in iterated Boolean

games and its relations.

𝐴𝑖

The allocations available to player 𝑖 in an iterated allocation structure.

𝐴

An SRML arena; also used to denote the set of allocations over all the agents of an

iterated allocation structure.

argmax(𝑓)

The elements in the domain of 𝑓 which attain its maximum value.

AP

A set of atomic propositions.

𝑀

A concurrent game structure.

𝑐𝑖

InChapter 4, a cost function for player 𝑖, used to define player preferences in RMIAGs;

in Chapter 5, the number of voting credits that player 𝑖 possesses.
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ctr(𝑔)

The ‘controlled’ of the guarded command 𝑔 — that is, the propositional variables

that will be affected upon executing 𝑔.

𝛼

An Emerson‑Lei condition in Chapters 3 and 5; also used for allocations, assign‑

ments of player resources to atomic propositions, in Chapter 4.

∅

The empty set.

enabled𝑖(𝑣)

The guarded commands available to player 𝑖 under the valuation 𝑣.

en

An endowment function, detailing how many resources each player is equipped

with in an iterated allocation structure.

exec𝑖(𝑔, 𝑣)

The valuation of player 𝑖’s variables obtained by executing the guarded command

𝑔 under the valuation 𝑣.

⊥

The logical formula, false.

Fin(𝑠)

An atom in an Emerson‑Lei condition, meaning ‘the state 𝑠 is only visited finitely

often’.

𝐺

A game — the type of which depends on the context.
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𝛾𝑖

The goal of player 𝑖; the form of this goal depends on the setting.

guard(𝑔)

The ‘guard’ of the guarded command 𝑔 — that is, the precondition for taking the

action defined by 𝑔.

Inf(𝑠)

An atom in an Emerson‑Lei condition, meaning ‘the state 𝑠 is visited infinitely often’.

𝑈𝑖

A set of ‘initialisation commands’ in the reactive module corresponding to player 𝑖.

ℤ

The integers: … , −1, 0, 1, ….

int(𝑆)

The interior of the set 𝑆.

𝑆

An iterated allocation structure.

mp(𝛽)

The mean‑payoff of an infinite sequence of real numbers, 𝛽; formally defined in

Chapter 2, but can be thought of informally as a sort of infinite average.

⊧

The modelling relation; used in various different forms, but in general, 𝜋 ⊧ 𝛼means

that the path 𝜋 adheres to the behaviour described by 𝛼.
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ℕ

The natural numbers: 0, 1, ….

NE(𝐺)

The set of Nash equilibria of a game 𝐺.

permset 􏿴𝜌􏿷

The set of states visited infinitely often in 𝜌.

Φ

In the setting of iterated Boolean games and reactive module games, the set of all

propositional variables under consideration.

𝜑

A logical formula — the type of which depends on the context.

𝜋

A path — a finite or infinite sequence of states; also used in the context of NTU

games in the traditional definition of ‘balancedness’.

𝜋(𝜎)

The path induced by the players following the strategy profile 𝜎.

𝒫 (𝑋)

The power set of 𝑋; that is, the set containing all subsets of 𝑋.

pun𝑖

The best payoff player 𝑖 can achieve, no matter what the remaining players do.

[𝑁]

For 𝑛 ≥ 1, the set {1, 2, … , 𝑛}.
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req

A requirement function, detailing how many resources each atomic proposition

needs to make it true in an iterated allocation structure.

𝑏⃗

A resource bound.

𝑅

A set of resources.

𝜌

A run — an infinite sequence.

𝑚𝑖

A reactive module corresponding to player 𝑖.

𝜎𝑖

A strategy for a player 𝑖.

𝑠0

The start state of a game.

St

A set of states of a game.

𝑄𝑖

The states of player 𝑖’s finite memory strategy.

𝑞0𝑖

The initial state of player 𝑖’s finite memory strategy.
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𝛿𝑖

The transition function of player 𝑖’s finite memory strategy.

tr

The transition function of a concurrent game structure — takes the current state of

the game, along with an action for each agent/player, and outputs a new state for

the game.

𝒯

A tree.

𝜏

A labelled tree.

⊤

The logical formula, true.

𝑈𝑖

A set of ‘update commands’ in the reactive module corresponding to player 𝑖.

val(𝛼)

The valuation induced by an allocation 𝛼.

val(𝑣)

The valuation induced by a vote 𝑣.

𝑣𝑖

A vote for player 𝑖.

𝑤𝑖

The weight function of player 𝑖, which defines that player’s preferences.
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𝒲 (𝑣, 𝑠)

The set of winning actions of a vote 𝑣 in the state 𝑠.
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