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Abstract

Next-generation cosmological surveys will demand an unprecedented understanding

of the interplay between theoretical and observational aspects of weak gravitational

lensing. This thesis presents a study of the parameter degeneracies and theoretical

uncertainties which will affect weak lensing tests of cosmology beyond the standard

paradigm. In particular, tests of alternative theories of gravity and of spatial curvature

are considered.

First, by considering linear-order departures from the standard gravitational the-

ory of general relativity, a novel expression is derived for the weak lensing convergence

power spectrum under alternative theories of gravity. Using this expression, degenera-

cies between gravitational parameters in weak lensing observations are explored, first

with a focus on scale-independent parameterisations of gravity, then considering new

physical scales introduced by alternative theories. The degeneracy-breaking offered by

the combination of weak lensing and redshift-space distortions is shown to be robust

to the time-dependence of the functions parameterising modified gravity.

Next, the gravity-testing statistic EG is investigated, and a new theoretical expres-

sion for its observationally-motivated definition is presented. The theoretical uncer-

tainty of EG is compared to forecast statistical errors, and found to be significant in

the case of a more futuristic measurement. Predictions are then computed for EG

under deviations from general relativity, and the ongoing utility of EG as a probe of

gravity is discussed.

Finally, an investigation is made of the potential for measuring or constraining the

spatial curvature using weak lensing and complementary observables. The predicted

constraint on ΩK is forecast for a suite of upcoming surveys, and the effect of including

parameters which may be degenerate with the spatial curvature is explored. It is found

that upcoming observations are likely to constrain ΩK at a 10−3 level, but not to reach

the best-case constraint of ∼10−4.
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Chapter 1

Introduction

Observational cosmology is in the midst of an era unlike any other in the history of

the subject. In recent years, exquisite measurements of cosmological observables have

permitted unprecedented precision in cosmological parameter constraints. With the

upcoming generation of cosmological surveys, the capabilities of these observables will

only increase. Surveys such as Euclid [1] and the Large Synoptic Survey Telescope [2]

promise to vastly enhance the available datasets for weak gravitational lensing and

galaxy clustering observations. This presents the possibility of improved constraints not

only on standard cosmological parameters, but also on cosmological physics beyond the

standard paradigm. However, with this great expansion in available data will come also

the necessity for a radically improved understanding of theoretical issues. The objective

of this thesis is to explore parameter degeneracies and theoretical uncertainties of

relevance to upcoming tests of cosmology beyond the standard paradigm.

The main observable of interest in this work will be weak gravitational lensing.

Originally detected in 2000 [3], weak lensing is a remarkably potent cosmological probe

with incredible potential. Ongoing and next-generation surveys will represent a signif-

icant step forward in its statistical power. The study of theoretical uncertainties and

parameter degeneracies which may affect weak lensing tests of gravity and of spatial

curvature is the main focus of this thesis.

In this introductory chapter, a review is first provided in Section 1.1 of the standard

cosmological paradigm, with extensions discussed in Section 1.2. These extensions

1



include alternative theories of gravity, dynamical dark energy models, and a spatially

curved Universe. In Section 1.3, an introduction to weak gravitational lensing and

relevant complementary observables is provided, and the method of Fisher forecasting,

which will be employed to explore degeneracies, is reviewed. A description is also made

of current and planned surveys of interest. Finally, in Section 1.4, an outline of the

remainder of the thesis is presented.

1.1 The standard cosmological paradigm

Before discussing possible extensions to the standard cosmological model, the crucial

building blocks of modern cosmology will be reviewed. Section 1.1.1 introduces the

gravitational theory of general relativity, while Section 1.1.2 discusses the Friedmann-

Robertson-Walker (FRW) metric and scalar perturbations thereof. The inflationary

paradigm is then reviewed in Section 1.1.3, followed by a description of cold dark matter

in Section 1.1.4. Finally, the standard cosmological model of ΛCDM is introduced in

Section 1.1.5.

1.1.1 General relativity

In 1916, Einstein proposed general relativity (GR) [4], a revolutionary theory which

suggested that gravity is intrinsically linked to geometry. Crucial to GR is the inter-

pretation of spatial and temporal dimensions as part of the same underlying manifold,

called spacetime. A core insight of the theory is the link between matter (and energy),

and the geometry of this manifold. Within the context of general relativity, the pres-

ence of mass or energy corresponds to the curvature of spacetime, which manifests as

gravity.

A key quantity in GR is the metric. This is a rank 2 tensor, which arises from the

notion that one can write an infinitesimal spacetime displacement ds as:

ds2 = gµνdx
µdxν , (1.1)
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where the Einstein summation convention is followed in summing over indices. g, the

metric, has dimensions D × D, where D is the total number of spatial and temporal

dimensions of the spacetime (typically four in cosmological applications, but not al-

ways). The metric of flat space, for example, can be written in Cartesian coordinates

as

g =


−c2 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1


or in line-element form as

ds2 = −c2dt2 + dx2 + dy2 + dz2. (1.2)

In the more realistic case in which the spacetime has curvature, the metric gains com-

plexity. Notice that a metric signature has been introduced: the temporal dimension

is given a negative sign, to distinguish it from the spatial dimensions. The (−,+,+,+)

signature will be employed throughout this thesis.

Operating on a generally non-Euclidean manifold implies that the usual flat-space

notion in which a vector can be trivially transported no longer applies. A quantity

called the affine connection is needed to encode information which allows different parts

of the manifold to be connected. The affine connection which is generally employed in

GR is known as the metric connection:

Γσλµ =
1

2
gνσ (gµν,λ + gλν,µ − gµλ,ν) . (1.3)

Although it is always possible within general relativity to interpret the local geom-

etry as flat, a source of mass or energy leads to global curvature. This curvature can be

written as a function of the metric connection, since the latter specifies how quantities

can be transported globally around the spacetime. The curvature is encoded in the

Riemann tensor:

Rλ
µνκ = Γλµν,κ − Γλµκ,ν + ΓηµνΓ

λ
κη − ΓηµκΓ

λ
νη , (1.4)

where contractions of this quantity are known as the Ricci tensor:

Rµκ = Rλ
µλκ , (1.5)
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and the Ricci scalar:

R = gµκRµκ . (1.6)

Given these quantities which describe global curvature, the action for general rel-

ativity can be introduced. Requiring that the field equations to be derived from this

action are second order (and thus free of instabilities) leaves only one choice of action:

S =

∫
d4x
√−g(R + 2Λ) , (1.7)

where g here is the determinant of the metric, and Λ is an integration constant which is

often assumed to be zero (although it is the geometric equivalent of a constant vacuum

energy).

Varying the action of equation 1.7 with respect to the metric leads to the field

equations of general relativity. These are given by

Rµν −
1

2
gµνR + Λgµν = −8πGTµν , (1.8)

where Tµν is the energy-momentum tensor, which captures information about the mat-

ter and energy content of the spacetime. From this, one can explicitly see the link

between gravity and geometry: energy and matter source curvature. Equation 1.8

is a set of ten independent coupled partial differential equations. Given the energy-

momentum tensor, one can in principle solve for the metric.

General relativity was tested shortly after its proposal, notably via gravitational

lensing. Einstein’s theory predicted that the angle through which a strongly lensed

image would be displaced via gravitational lensing would be twice that predicted in

Newtonian gravity. Observations of the lensing of stars by the sun at the occasion of

a solar eclipse were consistent with the general relativistic prediction [5]. Further tests

of gravity using gravitational lensing and gravitational redshift continued throughout

the following decades, sometimes making use of the parameterised post-Newtonian

formalism (see, for example, [6]). As evidence accumulated, it became clear that GR

was an excellent description of gravity on scales within the solar system.
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In the years following its publication, GR would suffer setbacks at smaller distance

scales. Quantum mechanics and quantum field theory would produce impeccable pre-

dictions at very small scales, but exhibited incompatibility with GR. This discrepancy

has led to a still-ongoing research programme examining the possibilities for a quantum

theory of gravity, the products of which have included string theory and loop quantum

gravity. However, on scales relevant to astrophysics, general relativity has long been

accepted as a standard component of the physical paradigm.

1.1.2 The FRW metric and scalar perturbations

General relativity employs the metric to encode information about spacetime manifolds.

In cosmology, the spacetime of interest is often the Universe as a whole. This subsection

will discuss the standard metric which describes the unperturbed Universe, as well as

that which includes the scalar perturbations which source the growth of structure.

To begin, consider a smooth, unperturbed Universe. Deducing the appropriate

metric for this scenario relies on the assumption that the Universe is spatially homo-

geneous (the same everywhere) and isotropic (the same in every direction). This is

a statement of the cosmological principle: that is, that the Earth is not in a special

location, and that special locations do not exist. The cosmological principle leads to

the inevitable conclusion that the background evolution of the Universe is described

by the Friedmann-Robertson-Walker (FRW) metric (see, for example, [7]). Allowing

for the possibility of a spacetime with spatial sections which are not globally flat, this

is given by

ds2 = −c2dt2 + a(t)2

[
dr2

1− kr2
+ r2(dθ2 + sin2(θ)dφ2)

]
, (1.9)

where k is a constant describing the spatial curvature of the Universe (negative for

an open Universe, zero for a flat Universe, and positive for a closed Universe). a(t) is

known as the scale factor, which describes the expansion of the spatial dimensions as

a function of time. The cosmological redshift, z, is then defined by a = 1
1+z

.
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Inserting this metric into the Einstein field equations provides two key relations

which govern the evolution of the smooth Universe. These are found by assuming

that matter and energy can be described as a perfect fluid, which allows the energy-

momentum tensor to be written as

Tµν = Pgµν + (ρ+ P )UµUν , (1.10)

where P is the pressure of the fluid, ρ is its density, and Uµ is its four-velocity. Inserting

this and equation 1.9 into equation 1.8, it can be found that:

ȧ

a
=

8πG

3
ρ− kc2

a2
, (1.11)

and

3
ä

a
= −4πG

(
ρc2 + 3P

)
. (1.12)

Note that the possibility of a constant vacuum energy is included here via ρ, along with

all other types of energy and matter. The former of these two equations is known as

the Friedmann equation, and the latter as the Raychaudhuri equation. Imposing the

conservation of the energy-momentum tensor provides another useful equation:

ρ̇+ 3(1 + w)
ȧ

a
ρ = 0 , (1.13)

where w is the equation of state, P
ρc2

.

It will be useful to employ a notation whereby the fractional energy density of each

matter or energy component x is given by Ωx(a) = ρx(a)
ρc(a)

. ρc(a) is the critical density:

the density required for the spatial sections of the Universe to be flat. It is given

by ρc(a) = 3H(a)2

8πG
where H(a) = ȧ

a
is the Hubble parameter (denoted H0 at a = 1).

Additionally, an effective fractional energy density is defined for the curvature, given

by: ΩK(a) = −kc2
a2H2 . Introducing this notation allows the Friedmann equation to be

rewritten as:

1 = ΩM(a) + ΩR(a) + ΩK(a) + ΩΛ(a) , (1.14)
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Figure 1.1: The evolution of the fractional energy densities Ωx(a). The values of
the fractional energy densities today are taken from the Planck 2015 release [8], with
that of ΩK(a = 1) being set to the 2σ upper bound. Blue, dotted: ΩR(a); green,
dashed: ΩΛ(a); purple, solid: ΩM(a); orange, dot-dashed: ΩK(a); black, solid: Ω0(a) =
ΩM(a) + ΩR(a) + ΩΛ(a).

where ΩM(a) is the fractional energy density of matter, ΩR(a) is that of radiation, and

ΩΛ(a) is that of a constant vacuum energy. The evolution of these fractional energy

densities with respect to the scale factor are plotted in Figure 1.1.

The unperturbed FRW metric is an essential description of the smooth Universe on

large scales. However, the Universe is clearly not perfectly homogeneous and isotropic

on all scales of cosmological importance. Perturbations to the FRW metric must be

considered in order to describe structure formation. There exist three possible types of

perturbation: scalar, vector, and tensor. Vector perturbations are unimportant within

the standard cosmological model [9], while tensor perturbations source gravitational

waves. Scalar perturbations produce density perturbations and hence the growth of

structure. The decomposition theorem leads to the fortunate conclusion that these

three types of perturbation can be considered independently, and so only scalar per-

turbations will be discussed here.

Within this illustrative discussion of the scalar-perturbed metric, it will be assumed

for the sake of simplicity that the Universe is flat. However, extensions to the curved
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case are possible (see, for example, [10]), and are employed in the calculation of ob-

servables in Chapter 5. The FRW metric under scalar perturbations in a flat Universe

is given as [11]:

ds2 =a(η)2
[
− (1 + 2Ψ)dη2 − 2(~∇iε)dη dx

i + (1− 2Φ) γij dx
idxj + (Dijν) dxidxj

]
,

(1.15)

where Dij = ~∇i
~∇j− 1

3
δij ~∇k

~∇k and γij is the flat-space metric presented in Section 1.1.1.

The scale factor has been pulled out of the metric via the introduction of conformal

time η, with dη = a(η)dt.

Equation 1.15 represents the scalar-perturbed metric prior to gauge fixing. Choos-

ing the conformal Newtonian gauge, and hence setting ε = ν = 0, results in:

ds2 =a(η)2
[
− (1 + 2Ψ)dη2 + (1− 2Φ) γij dx

idxj
]
. (1.16)

What can equation 1.16 tell us about the growth of structure? Linear perturbation

theory provides an excellent description of the Universe on those scales which have

recently entered the cosmic horizon. Considering this regime and inserting equation

1.16 into the field equations of GR leads to the following (in Fourier space) [11]:

k2Φ + 3
ȧ

a

(
φ̇+

ȧ

a
Ψ

)
= 4πGa2δT 0

0 ,

k2

(
Φ̇ +

ȧ

a
Ψ

)
= 4πGa2(ρ̄+ P̄ )θ ,

Φ̈ +
ȧ

a

(
Ψ̇ + 2Φ̇

)
+

(
2
ä

a
−
(
ȧ

a

)2
)

Ψ +
k2

3
(Φ−Ψ) =

4πG

3
a2δT ii ,

k2(Φ−Ψ) = 12πGa2(ρ̄+ P̄ )σ , (1.17)

where θ is the velocity potential, σ is the anisotropic stress (non-zero only for radiation

components), and a bar indicates a background quantity. Densities, pressures, the

velocity potential, and the anisotropic stress should be assumed to be summed over

all matter and energy species. δT ii is the trace of the spatial part of the perturbed

energy-momentum tensor.
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In the case of non-relativistic fluid species, the energy-momentum tensor T µν (the

perturbed part of which is required in equation 1.17), is given by equation 1.10 via

contraction with the metric. Invoking then conservation of T µν produces [11]:

∆̇ = −(1 + w)(θ + 3Φ̇)− 3
ȧ

a

(
δP

δρ
− w

)
∆ ,

θ̇ = − ȧ
a

(1− 3w)θ − ẇ

1 + w
θ +

δP/δρ

1 + w
k2∆− k2σ + k2Ψ , (1.18)

where δρ = ρ − ρ̄, δP = P − P̄ , and ∆ = δρ
ρ̄

. Specifically, the variable ∆M will be

employed throughout this thesis to refer to the density contrast of the matter pertur-

bation. Equation 1.18 is valid for components of the matter-energy budget which are

both non-relativistic and uncoupled (for example, for cold dark matter, which will be

introduced in Section 1.1.4).

In the case of relativistic species, such as photons, the full phase-space configura-

tion must be considered in order to derive the equivalent of equation 1.18. This is

accomplished via the Boltzmann equation:

df

dη
=

(
∂f

∂η

)
C

, (1.19)

where f is the phase space distribution. The right-hand side of equation 1.19 captures

effects from collision, with the exact form being related the species of particle under

consideration. For example, in the case of photons, these terms account for Thomson

scattering. The Boltzmann equation can be manipulated to obtain a set of coupled

differential equations, which provide a relationship between phase-space quantities.

Solving these equations results in the multipoles of the perturbation to, for example,

photon temperature and polarization [11,12].

Given equations 1.17, 1.18, and 1.19, as well as a description of relevant interac-

tions between components, initial conditions, and the spectrum of primordial scalar

perturbations (see equation 1.24, below), the evolution of temperature and polariza-

tion multipoles, of density perturbations, and of velocity perturbations can be found.

Two-point functions for each matter or energy component can then be computed, in
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real- or Fourier-space. Several public codes exist for this purpose, including CAMB [10]

and CLASS [13]. However, recall that power spectra computed in this way are only

applicable for scales and times at which cosmic horizon entry was recent. On smaller

scales and at later times, non-linear effects must be accounted for. A brief introduction

to how this is accomplished for matter is presented in Section 1.1.4. Figure 1.2 displays

the theoretical linear power spectrum of matter (including cold dark matter, baryons,

and massive neutrinos), computed using the public code CAMB. It also displays the

correction at high k (smaller scales) due to non-linear effects. It can be seen that

non-linear effects are important above k ≈ 0.1 Mpc/h.

10-4 10-3 10-2 10-1 100
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)

Figure 1.2: The theoretical matter power spectrum today, Pδ(k). The blue solid curve
displays the power spectrum calculated using only linear effects, while the orange
dashed curve accounts for non-linear effects using Halofit [14, 15]. Cosmological pa-
rameters values are from [8].

1.1.3 Inflation

Equations 1.17, 1.18, and 1.19 provide a means by which to solve for the linear growth

of structure. But how are the initial conditions of these differential equations chosen?

The answer lies in inflationary theory, the standard paradigm of very early Universe

cosmology. Inflation was developed as a means of solving several major discrepancies

in cosmological physics, including the flatness and horizon problems.
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The flatness problem arises from the fact that the spatial curvature of the Universe

is measured to be very near zero. As can be seen in equation 1.14, this is equivalent

to the statement that the total fractional density, Ω0 = ΩM + ΩR + ΩΛ, is today very

close to 1. The difficulty of this scenario can be seen by rewriting equation 1.14 as:

|Ω0(t)− 1| = |k|c
2

a2H2
. (1.20)

In a Universe which is dominated by either matter or radiation, it can easily be shown

that aH decreases with time, driving Ω0 away from unity. Thus, for spatial curvature

to be measured as very near zero today (i.e., Ω0 to be very near unity), Ω0 in the early

Universe would have had to be even closer to unity, requiring an improbable degree of

fine-tuning.

The horizon problem is best presented via the example of cosmic microwave back-

ground (CMB) observations (see Section 1.3.2.2 for an introduction to the CMB). An

observer on or near Earth can observe the CMB in opposite directions (the directions

for which the two locations of photon emission and the Earth all lie on a line). In

these opposite directions, as well as in all observable parts of the sky, the mean tem-

perature of CMB photons is the same. However, in each of these directions, light from

the CMB has been travelling since the time of recombination. Because the fastest

possible means of interaction is via the transmission of photons, the two regions of the

last-scattering surface in question, as well as many other locations on the sky, are in

principle causally disconnected now and at all earlier times. However, these regions

appear to have mysteriously equilibrated with each other.

Inflation was proposed to solve the horizon and flatness problems, as well as certain

other outstanding issues such as the fact that magnetic monopoles are not observed

in the current Universe. First suggested in the early 1980s [16, 17], it is defined by a

period of accelerated expansion in the early Universe such that ä > 0. This provides

a solution to the flatness problem, as it can be seen from equation 1.20 that if aH is

rapidly increasing with time, Ω0 is strongly driven towards unity. Inflation also resolves
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the horizon problem, by suggesting that regions which were causally connected at the

beginning of the inflationary period could have expanded so rapidly as to take up the

whole observable Universe today. They are thus causally disconnected now, but were

previously able to achieve equilibrium.

How is this proposed period of inflation driven? In principle, by a type of matter

or energy which, in the fluid description, has an equation of state of less than −1
3
.

According to equation 1.12, this will produce the required accelerated expansion. The

matter or energy in question must also be able to decay in order to bring an end to the

inflationary period, producing standard model particles (or particles which will decay

to those of the standard model). However, there is currently no compelling particle

physics candidate which can fulfil these requirements. The result is that a generic

scalar field is typically assumed, known as the inflaton. The scalar field portion of the

action is given by

S =

∫
d4x
√−g

[
1

2
(∇φ)2 − V (φ)

]
, (1.21)

where V (φ) is the potential of the inflaton φ.

The initial proposal of inflation [16] suggested a model of false-vacuum inflation,

in which the inflaton quantum-tunnels out of a local minimum in the potential and

then rolls down to the global minimum. However, problems with this scenario were

soon demonstrated [18, 19], in that the required quantum tunnelling was insufficiently

frequent. For this reason, slow-roll inflation was proposed [17]. Slow-roll inflation is

simply the case in which the inflaton rolls down its potential very slowly, such that,

for example, the Hubble scale is nearly constant throughout the inflationary period.

There are two standard parameters which quantify the ‘slowness’:

ε = − Ḣ

aH2
,

η = − 1

aHφ̇

[
3aHφ̇+ a2dV

dφ

]
, (1.22)

where φ here is the unperturbed value of the inflaton.
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In addition to solving the horizon and flatness problems, inflation provides a natu-

ral mechanism for setting the initial conditions of the perturbations which propagate

into CMB anisotropies and large-scale structure [20–22]. Recall first that in flat-space,

quantum vacuum fluctuations lead to the production of pairs of particles and antiparti-

cles, which annihilate rapidly, in agreement with the Heisenberg uncertainty principle.

However, in inflation, space is quickly expanding as these vacuum fluctuations occur,

and so paired particles may become causally disconnected prior to annihilation. They

are hence ‘frozen in’ as classical perturbations, which will later enter the cosmic horizon

and seed the growth of structure.

This type of quantum fluctuation creates tensor modes, which manifest as primor-

dial gravitational waves, and scalar density perturbations [23]. The resulting expres-

sions for perturbations to the density and to the metric depend on the Hubble scale:(
δρ

ρ

)
k=aH

=
H2

4π
3
2 φ̇

,

(h+,×)k=aH =
H

2πmPl

, (1.23)

where h+,× are the two components of the metric tensor perturbation and mPl is the

Planck mass. These expressions can be obtained by considering the Einstein equations

(equation 1.8) for tensor perturbations, and the conservation of the energy-momentum

tensor for scalar perturbations.

Because H is almost constant during slow-roll inflation, equation 1.23 leads to

nearly, but not exactly, scale-invariant spectra in scalar and tensor perturbations.

These are normally parameterised as:

Ps(k) = As

(
k

k0

)ns−1

, (1.24)

and

PT(k) = AT

(
k

k0

)nT

, (1.25)

respectively, where k0 is an arbitrarily chosen pivot scale. The parameters which are

employed observationally to characterise these primordial spectra are ns, As, and r,

where r is the ratio of the tensor to scalar contributions to the CMB quadrupole.
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Other than requiring that V (φ) permits slow-roll inflation, the particular form of

the potential has not yet been addressed. The most commonly cited model is perhaps

the potential of a free scalar field with mass m: V (φ) = m2φ2/2. However, there exist

many possible models for V (φ) which have been proposed in the literature, including,

for example, other polynomial forms and exponential forms. For a review of many

models of current interest, see [24].

1.1.4 Cold dark matter

Cold dark matter (or CDM) is a non-relativistic matter constituent of the Universe.

It notably interacts via electromagnetism either not at all or only very weakly, and

therefore is not luminous at any wavelength. Within the standard model of cosmology,

cold dark matter is currently measured to make up over 80% of the non-relativistic

matter in the Universe [8].

Evidence for a non-luminous component of the matter budget of the Universe dates

back several decades, with hints first detected in the 1930s [25, 26]. Throughout the

1970s, a series of observations reported galaxy rotation curves which were flat at much

larger radii than predicted by the visible galaxy content [27–32]. Observations in the

X-ray and the radio also suggested a non-luminous matter component, demonstrat-

ing galaxies within the Virgo cluster to have much more mass than expected [33].

Theoretical investigations of new kinds of non-luminous matter soon followed [34–37].

Further evidence for the existence of cold dark matter can be found from observations

of the CMB, of weak gravitational lensing and other large-scale structure probes, and,

recently, of the post-merger configuration of the Bullet cluster [38].

What exactly is cold dark matter? As yet, this remains unknown, but theoretical

candidates do exist in the literature. These include Weakly Interacting Massive Par-

ticles (WIMPS) [39], axions (see, for example, [40]), sterile neutrinos [41], and various

fermionic supersymmetric partner particles. Experimental work towards the possible

detection of these candidates is underway, including attempts to produce WIMPS in

14



colliders, and to directly detect astrophysical dark matter particles in the lab (for a

review, see [42]). No convincing detections have been verified at this point.

Despite a lack of direct understanding of dark matter from a particle theory per-

spective, predictions can be made of dark matter-related cosmological quantities. The

linear cold dark matter power spectrum, for example, can be computed using the tech-

niques of linear perturbation theory described in Section 1.1.2. By incorporating basic

assumptions about the behaviour of cold dark matter in equations 1.17 and 1.18, the

theoretical time- and scale-dependent behaviour of ∆CDM can be obtained.

The halo model further facilitates the prediction of dark matter-related cosmological

quantities, permitting the calculation of two-point functions of dark matter in the non-

linear regime. It is a model for structure formation which is based on the assumption

that all cold dark matter is bound in a halo of some size. Within this scenario, the non-

linear two-point correlation function of cold dark matter, which describes the excess

probability of finding overdensities of cold dark matter at separation r, is given by

ξ(r) = ξ1h(r) + ξ2h(r) . (1.26)

Here, ξ1h(r) is the one-halo term, quantifying correlations between mass elements

within the same halo, and ξ2h(r) is the two-halo term, serving the same role for mass

elements within different halos. To compute these directly, one must specify the mass

function, dn(m)
dm

(where n is the number of halos and m is the halo mass), the lin-

ear two-point function of dark matter, and λ(~x), the distribution of matter within a

halo, normally given by a model such as the NFW profile [43]. The halo model can

be extended to compute the non-linear matter power spectrum using scaling formulae

derived from n-body simulations [14,15,44].

Several outstanding issues do exist with cold dark matter (other than its lack of

confirmed particle physics origin). These include the core/cusp problem, in which

observations suggest a constant density at the centre of galaxies whereas CDM simula-

tions predict a cusp (see [45] for a review), and the missing satellite problem, in which

15



less satellite galaxies are observed than are predicted [46]. Despite these issues, cold

dark matter remains a crucial part of our current understanding of cosmology.

1.1.5 ΛCDM

So far, a review has been made of general relativity, the FRW metric, inflation, and

cold dark matter. With these components of the standard paradigm in hand, the

cosmological model of ΛCDM can be introduced.

ΛCDM is notable for its inclusion of both cold dark matter and a cosmological

constant term Λ. Such a term can be incorporated within gravitational theory as

suggested in equation 1.7, but is more usually interpreted as a constant vacuum energy

with equation of state w = −1. With these two crucial components, the ΛCDM

model describes the cosmological Universe with only six parameters (presuming spatial

flatness):

• Ωch
2, characterising the fractional energy density of cold dark matter

• Ωbh
2, characterising the fractional energy density of baryons

• As, the amplitude of the spectrum of primordial scalar perturbations

• ns, the scale dependence of the spectrum of primordial scalar perturbations

• τ , the optical depth to reionisation, the period in cosmological history wherein

the first luminous objects were formed (see, for example, [47])

• one of either h, ΩΛ, or another observation-specific parameters such as θA for the

CMB, which quantifies the role of the cosmological constant

In this context, h = H0/100. ΛCDM typically also assumes general relativity, an FRW

metric, and a flat Universe, and makes the standard, particle-physics based assumptions

about the number and mass of cosmological neutrinos. Using only these assumptions

and the six parameters listed, ΛCDM provides beautiful fits to many cosmological

observations, including notably CMB observations (see, for example, [8]).
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Although cold dark matter was proposed in the 1980s, it was not until the Cosmic

Background Explorer (COBE) satellite results (see, for example, [48]), in combination

with complementary large-scale structure measurements (e.g. [49]), that serious con-

sideration was given to models beyond a Universe containing only baryons, cold dark

matter, and radiation. Several alternatives were considered at that time, including

the possibility that some or all of dark matter was warm (relativistic) (see, for exam-

ple, [41,50]), or the inclusion of a cosmological constant term [51]. The solidification of

ΛCDM as the most likely cosmological model occurred in 1998, when two independent

groups employed observations of Type 1a supernovae to demonstrate that not only was

the Universe expanding (as had already been known) but that expansion was accelerat-

ing in the recent Universe [52,53]. This discovery of late-time acceleration was crucial

to modern cosmological physics as we know it, and garnered the 2011 Nobel Prize in

Physics. Over the years following these landmark papers, many other observations

corroborated their conclusion. ΛCDM correctly predicted the location of the baryon

acoustic oscillation (BAO) peak (see Section 1.3.2) [54], the weak gravitational lensing

cosmic shear spectrum [3], and the polarization of the CMB (see, for example, [55]), to

name a few. Its remarkable observational success has cemented ΛCDM as the standard

model of cosmology.

Having now reviewed all relevant aspects of the standard cosmological paradigm,

the next section will introduce and motivate a key subject of interest to this thesis:

extensions of and modifications to standard cosmology.

1.2 Beyond the standard paradigm

The standard cosmological model fits cosmological observations remarkably well. How-

ever, compelling motivations do exist to consider cosmology beyond GR+ΛCDM.

In this thesis, a focus will be placed upon two types of extensions to the standard

paradigm: alternative explanations for accelerated expansion, and non-zero spatial

curvature.
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As discussed in Section 1.1.5, the now-standard explanation for the late-time ac-

celeration of the Universe is the presence of a cosmological constant, often interpreted

as a physical vacuum energy. Despite the observational successes of this model, some

theoretical issues remain which have spurred the study of other possible explanations.

One such complication is known as the cosmological constant problem (see, for exam-

ple, [56]). Taking the vacuum energy of Λ to be equivalent to a zero-point energy in

quantum field theory – that is, the energy of a spacetime devoid of particles – and

computing the corresponding energy density leads to a value which is many orders of

magnitude larger than that which is required to fit the accelerated expansion of the

Universe. The result is that initial conditions must be heavily fine-tuned in order to

reproduce observations. Another dilemma is sometimes called the coincidence problem

(see, for example, [57]). It arises from the fact that within the current model, for the

vast majority of the history of the Universe, the fractional energy densities ΩΛ and ΩM

were of radically different orders. However, today, they are of the same order of mag-

nitude. Why is this coincidentally the case at the time in the history of the Universe

which corresponds with the existence of human life?

Several explanations have been proposed to resolve these issues, with the objective

of providing a more physically natural paradigm. The proposed solution which will be

principally discussed in this work is the replacement of GR with an alternative theory

of gravity. Such a theory would match the successful behaviour of GR on solar system

scales, but act differently on cosmological scales in order to reproduce the accelerated

expansion of the Universe. Another very well-studied proposed solution is dynamical

dark energy, in which a new scalar field, minimally coupled to gravity, evolves with

time in order to produce today’s observed acceleration in a natural way. While not

directly studied in this thesis, dynamical dark energy will be indirectly considered

via constraints on the expansion history, and is therefore sufficiently relevant that it

is reviewed in this section. Both dynamical dark energy and alternative theories of

gravity are current topics of intensive research and exploration, theoretically [57–68]
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and observationally [69–72]. Other possible alternatives to the cosmological constant

which will not be considered in depth here also exist, such as, for example, the effects

of an inhomogeneous cosmology [73].

Another, unrelated way in which the standard paradigm can be modified is via the

presence of spatial curvature. Spatial curvature, parameterised by ΩK, is not part of the

basic ΛCDM model. In fact, as was mentioned above, inflation was developed in part

to provide a scenario in which the spatial curvature of the Universe is naturally very

small. When considering ΛCDM with the addition of a spatial curvature parameter,

ΩK is currently constrained to be below 5 × 10−3 by cosmic microwave background

and baryon acoustic oscillation data [8]. However, it is precisely because the standard

paradigm predicts ΩK to be very near zero that any measurement of non-zero curvature,

even well below the current level, can provide novel and exciting hints of non-standard

cosmological physics (see, for example, [74,75]).

An introduction is now provided to these three extensions to the standard cosmo-

logical paradigm.

1.2.1 Alternative theories of gravity

1.2.1.1 An introduction to alternative theories of gravity

General relativity is an important component of standard physical theory, and is re-

markably well tested on lab and solar system scales. Despite this, there have been many

attempts to modify GR over the century since its inception. Motivation for doing so

has included unifying gravity with other fundamental forces in a single theoretical

framework and explaining the late-time acceleration of the Universe.

The notion that gravity could explain the accelerating expansion of the Universe

was first proposed in 2003 [76, 77]. At that time, it was postulated that a non-general

relativistic theory of gravity could potentially reproduce late-time acceleration without

requiring an unknown physical dark energy component. Most cosmologically interest-

ing theories of gravity therefore reproduce the ΛCDM expansion history by construction
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(although this is by no means universal).

How do these alternative theories differ from general relativity? Lovelock’s theorem

[78] provides some guidance as to the types of modifications which are possible. The

theorem states that the Einstein field equations of GR are the only Euler-Lagrange

equations derived from a Lagrangian L(gµν , ∂gµν) in four dimensions which:

• conserve the energy-momentum tensor,

• are second order in the metric derivatives,

• are local,

• are rank-2 tensor equations, and

• are symmetric under the exchange of indices.

Any alternative theory of gravity in four dimensions must break at least one of these

conditions. (For completeness, note that Lovelock’s theorem also allows for Lovelock

gravity, a generalisation of GR which includes surface terms having no effect in four

dimensions.)

One requirement for a healthy alternative theory of gravity is that it is stable.

Perhaps the most commonly arising issue in this domain is known as Ostrogradski’s

instability. This is a phenomenon in which the presence of higher-than-second-order

derivatives in the Lagrangian of a theory may cause the Hamiltonian to depend on

the momenta in such a way that negative momenta can compensate for highly excited

modes. The result is that these terms can ‘run away’ to arbitrarily high and low values.

A related stability issue is that which is commonly referred to as a ghost. This arises

when a kinetic energy term is present which has the opposite sign from what is normally

expected, leading to a mode which has arbitrarily negative energy. The presence of

either of these instability issues is generally considered to be the hallmark of a theory

which is not viable.
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Despite these seemingly strong restrictions, many alternative theories of gravity

which are cosmologically interesting exist in the literature, and are actively studied.

In order to provide a concrete example of a theory which extends GR, a particular

theory, f(R) gravity, will now be briefly introduced. For a more thorough review of

f(R) gravity, see [67].

f(R) gravity: An example f(R) gravity is obtained by replacing the Ricci scalar

in the Einstein-Hilbert action with a function f(R). The action becomes:

S =

∫
d4x
√−gf(R). (1.27)

f(R) gravity was first studied in 1970 [79]. Since the discovery of the late-time accel-

eration of the Universe and the resulting renewal of enthusiasm for alternative gravita-

tional theories, it has been of considerable interest. As a result, it was found that f(R)

theories could be mapped to scalar-tensor theories, another set of alternative gravi-

tational theories in which a new scalar field couples non-minimally to gravity [80, 81].

While f(R) gravity itself does not produce field equations which are generically second-

order, mapping f(R) to scalar-tensor theory can recover this desirable characteristic.

In Chapter 3 of this thesis, an expression for scale-dependence in alternative gravita-

tional theories will be utilised which holds for theories with a single new spin-0 degrees

of freedom; both f(R) and scalar-tensor gravity are prime examples of this type of

theory.

In examining the observational consequences of f(R) gravity, via simulation or data

analysis, the theory is often parameterised using the fact that fR = ∂f
∂R

can be thought

of as a scalar field, called a scalaron. f(R) gravity can then be considered in terms of

the parameter [82, 83]:

B =
fRR

1 + fR
R′
H

H ′
(1.28)

where a prime is a derivative with respect to ln(a) and fRR is the second derivative of

f with respect to R. The parameter B is the dimensionless Compton wavelength of

the scalaron.
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An interesting feature of f(R) gravity is that there exist two formulations of the

theory, corresponding to two possible ways in which the action can be varied to obtain

the field equations. The action can be varied with respect to the metric alone (assuming

the connection depends on the metric, as is typical in GR) or with respect to the

metric and the connection independently. In GR, these approaches result in the same

field equations. However, in f(R), the first of these results in the metric variational

formulation, while the latter results in the Pallitini formulation [84].

f(R) theories in their scalar-tensor form are in fact a subset of a more general

set of scalar-tensor theories. Horndeski gravity provides the most general scalar-tensor

theory of gravity which results in second-order equations of motion [85,86]. Some stable

beyond-Horndeski scalar-tensor theories have also recently been found, in which the

equations of motion of propagating degrees of freedom are well-behaved and second-

order [87, 88].

The theories mentioned here – f(R), scalar-tensor, and Horndeski – are only a small

fraction of the set of alternative theories of gravity which are of cosmological interest.

Other examples include massive gravity [89], other types of bimetric gravity [90], and

the related DGP gravity [66], as well as Tensor-Vector-Scalar gravity [91], and others.

1.2.1.2 Parameterising gravity and the quasistatic approach

As has been noted, there exist many cosmologically-motivated alternative theories of

gravity (for a review, see [61]). In addition, the theoretical investigation of gravity

beyond GR is an active area of study, with theories being developed or extended on

a regular basis. With so many theories in play and no obvious forerunner presenting

as the most natural alternative to GR, constraining each of these theories individually

becomes a significant burden. Performing a full observational analysis to constrain

individual theories is time-consuming, and often impractical due to the number of free

parameters and the available data.

Given this, what is the optimal method to detect or constrain modifications to GR

on cosmological scales? One common strategy is to take advantage of the structural
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similarities of many cosmologically-motivated theories in order to design parameterisa-

tions which encompass most or all viable candidates. There exist several such param-

eterisations in the literature. The parameterisation which will be employed frequently

in this thesis is the quasistatic parameterisation.

The quasistatic parameterisation is so called because it makes use of the quasistatic

approximation (see, for example, [92]), which states that on certain intermediate cosmo-

logical length scales, the time-derivatives of the scalar potentials Φ and Ψ (of equation

1.16) are negligible in comparison to spatial derivatives. Imposing the quasistatic ap-

proximation requires setting these terms, as well as all terms which go like the Hubble

scale, to zero within the gravitational equations of motion. This approximation is valid

within the range of linear scales relevant for current and near-future galaxy surveys.

In the case of alternative theories, the quasistatic approximation requires also that the

time-derivatives of any new degrees of freedom are set to zero.

Enforcing these assumptions within the gravitational field equations of alternative

theories shows that the most significant effects of a sizeable class of modified theo-

ries can be captured by introducing two non-GR functions of time and scale within

the linearised gravitational field equations. These functions play the role of a modi-

fied gravitational constant, and a non-unity (late-time) ratio of the two FRW scalar

gravitational potentials:

2∇2Φ(a, k) = 8πGa2µ(a, k)ρ̄M∆M(a, k) ,

Φ(a, k)

Ψ(a, k)
= γ(a, k), (1.29)

In GR, both γ(a, k) and µ(a, k) are equal to 1, and time-dependence has been shown to

dominate over scale-dependence in the quasistatic regime [92–94]. Equation 1.29 is an

effective description of the true, more complicated field equations [63, 87, 88, 94–101],

valid only on certain scales. However, the validity of the quasistatic approximation

has been numerically verified in many gravitational theories (notably those with one

new degree of freedom) on distance scales relevant to current and near-future galaxy
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surveys [102–106]. The quasistatic parameterisation and the functions µ and γ (and

linear combinations thereof) will be employed extensively throughout this thesis when

considering observational constraints on gravitational theories.

The quasistatic parameterisation is only one choice of several formulations which

parameterise alternative gravitational theories. For example, the Parameterised Post-

Friedmann (PPF) formulation [63, 96] captures the linear-scale effects of theories of

gravity which introduce new spin-0 degrees of freedom. The PPF formulation’s more

general nature includes allowing for twenty-two free functions of times, although for

many theories of interest the number of free functions is in effect greatly reduced. An-

other well-known parameterisation of gravity is the EFT parameterisation, based on

an effective field theory formulation of gravity [99, 107–109]. The EFT parameterisa-

tion, which also captures linear-scale effects, is the basis of the public data analysis

and forecasting codes EFTCamb and EFTCosmoMC [110]. These choices of param-

eterisation framework are more complicated, but could be of use for the analysis of

more futuristics datasets which may include near-Hubble scales, such as those from the

LSST and the Square Kilometer Array (SKA) [111] .

1.2.1.3 Current observational constraints

With the upcoming generation of cosmological surveys, and especially with the related

increase in large-scale structure data, constraints on gravity are expected to become

possible at an unprecedented level. However, some preliminary attempts have already

been made to constrain gravity using cosmological observations.

Testing gravity generally requires the use of observables which are sensitive to the

formation of large-scale structure. Gravitational theories also have the capacity to alter

the background expansion rate, as has been discussed above. However, probing only

the expansion rate results in total degeneracy with dynamical models of dark energy, as

described in Section 1.2.2. To break this degeneracy, probes which measure structure

formation are required. Weak gravitational lensing has been put forward as a highly

24



promising observable for this task [112–119], but as will be discussed extensively in this

work, combining observables is necessary to achieve optimal constraints.

One method of testing gravity involves the combination of observables via standard

Bayesian likelihood methods, in order to constrain a parameterisation of gravity. The

most up-to-date constraint of this nature combines Planck CMB measurements, lensing

observations from CFHTLenS, and BAO observations from BOSS. These are reported

in [72], while the original CFHTLenS analysis with older complementary datasets was

presented in [69]. The resulting constraints on gravity from [72] are shown in Figure 1.3.

The apparent effect of including weak gravitational lensing observations is to pull the

constraint contour away from the fiducial GR scenario. However, it remains unclear

whether poorly understood weak gravitational lensing systematics or inadvertently-

incorporated non-linear effects could be the cause of this, rather than modifications to

GR.
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Figure 1.3: Source: Figure 15 of [72], by the Planck collaboration. Constraints on
modifications to GR, at the 68.3% and 95.4% confidence levels. (0, 0) represents the GR
case, and the title ‘DE-related’ indicates that the parameterising functions of gravity
take a time-dependent ansatz which scales like ΩΛ(a). ‘BSH’ signifies the inclusion
of BAO, supernovae, and Hubble parameter measurements. It can be seen that the
inclusion of weak lensing observations (WL) appears to pull the constraint contours
away from GR.
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Another set of current observational constraints on gravity derive from the use of the

statistic EG [70, 116]. EG, which will be discussed extensively in Chapter 4, combines

lensing and galaxy clustering directly into a single observable with the intention of test-

ing gravity. In its current incarnation, it aims primarily to check consistency with GR,

rather than to place constraints on gravitational parameters. The first measurement of

EG was made in [70], which was found to be consistent with general relativity but also

with f(R) gravity (where only GR, f(R) and Tensor-Vector-Scalar gravity were con-

sidered). EG was later measured using lensing data from RCSLenS and CFHTLenS, as

well as galaxy clustering data from BOSS [71]. Again, the measured value was found

to be consistent with GR.

Finally, as has been discussed, it is often considered too arduous to place observa-

tional constraints on individual theories of gravity. However, in the case of certain well-

studied theories, some work has been done towards constraining specific parameters

(e.g. [120–125]). No significant signatures of deviation from GR have been discovered.

1.2.2 Dynamical dark energy

1.2.2.1 An introduction to dynamical dark energy

Like alternative theories of gravity, dynamical dark energy models attempt to explain

late-time acceleration without the use of a cosmological constant. Dynamical dark

energy is in some sense a more straightforward extension: instead of a constant vacuum

energy, another source of exotic energy is introduced, which evolves with time. This is

accomplished via the addition of a novel scalar field.

Within this thesis, a distinction will be drawn between alternative theories of grav-

ity (in particular, scalar-tensor theories) and dark energy models by the fact that in

dynamical dark energy models, the new scalar is minimally coupled to gravity. It is

hence considered to form part of the matter-energy sector, while gravity is assumed

to behave in the normal general relativistic manner. Therefore, dark energy models

typically do not directly induce modifications to the formation of large-scale structure;
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they do so only via changes to the expansion history of the Universe.

Prior to the 1998 discovery of the accelerating expansion of the Universe, some

interest had already arisen in dynamical dark energy models (e.g., [126, 127]), as a

result of measurements of ΩM ≈ 0.3 combined with a strong prior on a flat Universe

from inflation. As the observational evidence for late-time acceleration became over-

whelming, interest in reproducing the phenomenon with dynamical dark energy grew

(see, for example, [57, 58, 128–130]). As has been discussed in Section 1.1.3 in the in-

flationary context, the condition for acceleration is that, assuming components of the

matter-energy budget can be treated as perfect fluids, the Universe is dominated by

a component with equation of state less than −1
3
. The cosmological constant satisfies

this, with w = −1.

As in Section 1.2.1 on alternative theories of gravity, a popular model is now briefly

considered, in order to elucidate by example some of the features of dynamical dark

energy.

Quintessence: An example Quintessence [126, 127] is arguably the simplest dy-

namical dark energy model in the literature. It involves a scalar field, minimally coupled

to gravity, rolling down a potential. Its action is hence exactly the same as that of

slow-roll inflation, introduced above in equation 1.21. Varying this with respect to the

scalar field φ produces the equation of motion for φ:

φ̈+ 3Hφ̇+
dV

dφ
= 0. (1.30)

Varying then with respect to the metric and assuming that the scalar field can be

described as a perfect fluid allows for the calculation of the equation of state of φ:

wφ =
φ̇2 − 2V (φ)

φ̇2 + 2V (φ)
. (1.31)

It can be seen that in the case in which potential energy dominates, wφ = −1.

Many different possible choices for V (φ) have been explored in the literature, in-

cluding exponential forms [131] and power-law forms [126, 127]. A subset of these
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potentials are chosen such that they address the cosmological constant problem, by

ensuring what is known as a tracking solution [57] to equation 1.30. This is a solution

whereby the late-time behaviour of φ is insensitive to the choice of initial conditions on

φ and φ̇, thereby eliminating the need for the extreme fine-tuning of initial conditions

which is typically required in the cosmological constant case.

Quintessence is perhaps the most well-known example of dynamical dark energy,

but many others have been proposed. These include, for example, K-essence [59], in

which the kinetic energy associated with the scalar field is non-canonical, and phantom

dark energy models [132] in which the equation of state of the scalar field is less than

−1. For a review of proposed dark energy models, see [133].

1.2.2.2 Current observational constraints

Since the discovery of late-time acceleration, a great effort has been made towards test-

ing and constraining dark energy models. This has been motivated both by an interest

in stringently testing the validity of the cosmological constant scenario, and by a desire

to explore the possibility of dynamical dark energy. Typically, cosmological probes of

dark energy have included Type 1a supernovae, BAO, the CMB, and measurements

of the Hubble parameter via the standard distance ladder. Observables such as weak

lensing and redshift-space distortions are also able to indirectly probe the expansion

history through its effect on the growth of structure.

In observational studies, dynamical dark energy models are often parameterised by

the corresponding time-evolving equation of state w(z). Specifically, a popular choice

is to expand w(z) about its constant value today, as proposed in [134,135]:

w(z) = w0 + wa

(
1− 1

1 + z

)
. (1.32)

This is known as the Chevallier-Polarski-Linder (CPL) parameterisation. It is often

chosen as a means of enabling the detection of a time-evolving w(z), regardless of

whether the true underlying time-dependence follows equation 1.32. The {w0, wa}

parameterisation will be employed in Chapters 2 and 5 of this work. Another, simpler
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option is to consider a constant equation of state w, in the hopes that should the true w

be time-dependent, a measurement of w 6= −1 would indicate the necessity for further

investigation.

Up-to-date constraints on these dark energy parameters are given by the 2015

Planck release. Constraints on a constant w from the combination of CMB tempera-

ture, E-mode polarization, and lensing, as well as BAO observations, supernova data,

and measurements of the Hubble parameter, resulted in w = −1.019+0.075
−0.080 [8]. This

analysis was then extended to consider the parameterisation of equation 1.32, as well as

to incorporate additional weak lensing and redshift-space distortion data. The result

is displayed in Figure 1.4 [72].
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Figure 1.4: Source: Figure 4 (left) of [72], by the Planck collaboration. Constraints
on the w0 and wa expansion history parameters (see equation 1.32), at the 68.3% and
95.4% confidence levels. (−1, 0) represents the case of a cosmological constant, and
‘BSH’ signifies the inclusion of BAO, supernovae, and Hubble parameter measurements.

Many other attempts have been made in recent years to constrain dark energy,

which have investigated both a general time-evolving w(z) and specific dark energy

models (see, for example, [136–142]). No compelling evidence has been found for a

time-evolving equation of state of dark energy, however, more precise constraints will

soon be possible with upcoming data.
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1.2.3 Spatial curvature

1.2.3.1 Implications of non-zero spatial curvature

The spatial curvature of the Universe has been constrained to be very near zero [8].

Looking to equation 1.14, one can see that ΩK = 0 implies that the total matter-energy

density in the Universe is equal to the critical density. As described in Section 1.1.3,

this requires that the total density in the early Universe was heavily fine-tuned, as

anything else would result in significant divergences from the critical value today.

Inflation, as described in Section 1.1.3, was proposed in part to solve the flatness

problem, by offering a natural mechanism by which to force the density to the required

value at the end of the inflationary period [16, 17]. For this reason, a measurement of

ΩK 6= 0 today would rule out large swaths of inflationary model space, including the

well-studied set of models known as eternal inflation [143]. Measuring or constraining

ΩK at a high precision would thus provide a strong test of early Universe physics.

The spatial curvature of the Universe can be observationally constrained by numer-

ous cosmological observables, with the cosmic microwave background being a notably

strong probe. Its sensitivity to ΩK derives from the fact that features of known intrin-

sic size on curved surfaces exhibit different observed sizes than in the flat case. This

means that an open or closed Universe would force structural features (peaks) in the

CMB anisotropy power spectra to shift away from their expected flat-Universe location

in multipole space.

However, taking again the CMB as an example, there also exist several biases

and degeneracies which can affect constraints and measurements of spatial curvature.

For example, the case in which an observer is within a large local inhomogeneity can

induce a change in the inferred distance to the CMB, thus shifting the peaks in a

similar manner as would spatial curvature [144]. The presence of dark energy can

similarly shift the peaks of the CMB spectra, in an effect known as the geometric

degeneracy [145–147]. Further such examples of biases and degeneracies which must be

taken into account when constraining ΩK are discussed in Chapter 5. The implication
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is that a measurement of, or constraint on, ΩK at high precision is not merely a test of

early Universe physics, but rather a probe of many assumptions within the standard

cosmological paradigm. A measurement of non-zero spatial curvature would thus be

indicative of some non-standard cosmological physics, and would provide a mandate

to investigate further. This notion of ΩK as a litmus test for precise and accurate

cosmological constraints is discussed in Chapter 5.

1.2.3.2 Current observational constraints

Current best constraints on ΩK from CMB and BAO data are given in the Planck 2015

parameters paper. Combining Planck temperature and lensing data, as well as BOSS

BAO measurements, constrains |ΩK| to be less than 5 × 10−3 at a 95.4% confidence

level. This constraint was achieved assuming a ΛCDM model with spatial curvature

and no additional extensions. In Chapter 5, in which future constraints on ΩK are

considered, this value will be taken as a benchmark against which to compare forecast

constraints.

Other observational works have examined the effect of varying additional non-

ΛCDM parameters in combination with ΩK, such as the number and mass of neu-

trinos [148, 149]. In these cases, comparable constraints were found to be achievable

with the addition of other datasets such as supernovae and ground-based CMB obser-

vations.

1.3 Probing the standard paradigm with observa-

tions

With the theoretical background of the previous two sections in hand, it is now possible

to consider whether and how cosmological observations can distinguish between the

standard cosmological paradigm and the extensions which have been discussed.

A particular question of interest in this thesis is how weak gravitational lensing

can constrain or detect signatures of beyond-standard cosmology. In this section, weak
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gravitational lensing is first reviewed, and other complementary cosmological probes are

described. An introduction is then provided to the Fisher forecasting method, which

will be employed in this thesis to obtain predicted parameter constraints from future

observations and hence to explore degeneracies in multi-dimensional parameter space.

Finally, a brief description is made of relevant cosmological surveys and experiments.

1.3.1 Gravitational lensing

The trajectories of photons traversing the Universe are affected by the gravity of in-

tervening masses, causing observed images to appear distorted. This phenomenon is

known as gravitational lensing.

There are two main regimes of observational gravitational lensing: strong and weak.

Strong lensing is characterised by distinct features such as double images or arcs tan-

gential to the lensing object. Weak lensing, on the other hand, is the case in which

the distortion (usually of galaxy images) is too small to be detected for a single object.

Instead, weak lensing analysis requires taking the statistical average over many lensed

galaxies in order to detect a signal. Despite this more subtle effect, weak lensing is an

extremely useful cosmological observable. It is employed to constrain standard cosmo-

logical parameters (e.g. [150, 151]), and is widely recognised as a promising probe of

cosmology beyond the standard paradigm, especially in tests of gravity on cosmological

scales [112–119].

1.3.1.1 An introduction to weak gravitational lensing

Weak lensing is by definition insufficiently strong to cause the multiple images or

arcs which are associated with strong lensing systems. Instead, the weak lensing of

a population of sources is quantified in two ways: convergence, which describes the size

magnification, and shear, which represents the change in ellipticity (see, for example,

[152]).

To understand how convergence, κ, and shear, γ, are defined, consider an image

arising from a source at comoving distance χ. The position of any point of this image
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can be described by the coordinate system {χθ1, χθ2, χ} where ~θ = {θ1, θ2} are the two-

dimensional coordinates on the plane at χ orthogonal to the line of sight [9]. Let the

underlying ‘true’ position (prior to lensing) be described by ~θS, and let the position at

which it is observed be ~θ. A Jacobian matrix is given by: Aij =
∂θiS
∂θj

. The convergence

and the shear are then defined as follows (see, for example, [9, 152,153]):

A =

[
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

]
.

The convergence describes magnification and can therefore can be represented by a

scalar which varies with on-sky position. The shear, however, requires two numbers

to encapsulate shape distortion in the on-sky plane. These two components are most

conveniently presented as the complex number γ = γ1 + iγ2. γ transforms not as a

vector, but as a polar (i.e., with the transformational properties of linear polarization).

In this scenario, γ1 and γ2 are defined with respect to a Cartesian coordinate system

on the sky which can be arbitrarily chosen. However, at times, and especially when

considering lensing by a particular foreground object or a stack thereof, it is preferable

to employ a slightly more natural set of coordinates for the shear. The tangential shear,

γt and the cross shear, γ× fulfil this function. They are given as (see, for example, [153]):

γt = −Re(e−2iφγ)

γ× = −Im(e−2iφγ) (1.33)

where φ is the angular polar coordinate describing the position of the galaxy image

relative to the original Cartesian coordinate system in which γ is defined. γt, the

tangential shear, describes the radial mode of shear about the origin (often the position

of a lensing object), whereas γ× provides the cross component.

In practice, the shear rather than the convergence is the standard observable of

weak gravitational lensing surveys. This is due to the fact that in order to extract a

signal which can be attributed to gravitational lensing, the intrinsic average signal is

required. For galaxy ellipticities, this can often be assumed to be zero for a sufficiently
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large population of galaxy images. However, convergence has no such convenient zero

point. Although some recent work has examined the possibility of extracting con-

vergence information from lensing surveys [154–156], shear remains the most common

observable. Galaxy ellipticities obtained using shape measurement pipelines (e.g. [157])

are therefore a common data product of weak lensing surveys.

However, as has been seen, the two-component shear is more theoretically compli-

cated than the scalar convergence. Therefore, ideally, observations would be reported

in terms of shear while predictions would be made in terms of convergence. Fortu-

nately, this is effectively possible, as shear and convergence can easily be related. In

Fourier space, this relationship is given by (see, for example, [158]):

γ
(
~l
)

=
(l1 + il2)2

l2
κ
(
~l
)

(1.34)

where ~l = {l1, l2} is the two-dimensional on-sky Fourier-space variable, and l is its

magnitude. The result is that the power spectrum of the shear is in general equal to

that of the convergence.

Typically, weak gravitational lensing source images are of distant galaxies. Other

potential sources do however exist, most notably the cosmic microwave background

[159–161], the weak lensing of which will be considered in Chapter 5. In the case in

which the source images are galaxies, convergence in this work will be labelled κg, while

for CMB weak lensing, convergence will be denoted κc.

1.3.1.2 Cosmic shear

Cosmic shear is the name given to the weak lensing of galaxy images by the large-

scale structure of the Universe. First detected in 2000 [3], it has since been measured

by several surveys, including, for example, CFHTLenS [150, 151]. The Dark Energy

Survey and the Kilo Degree Survey have also both recently produced cosmic shear

measurements from their early data [162,163].

The quantity of interest in the measurement of cosmic shear is the two-point func-

tion of the convergence or of the shear. Observational work usually reports cosmic
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shear measurements in terms of correlation functions in real-space, while theoretical

predictions of cosmic shear are more likely to utilise the Fourier-space power spectrum.

The power spectrum of the convergence (under the assumption of GR and ΛCDM) is

given by:

C`
κigκ

j
g

=
9

16

∫ χ∞

0

dχ
gi(χ)gj(χ)

fK(χ)2c4
(H(χ)a(χ))4 ΩM(χ)2Pδ

(
`

fK(χ)
, χ

)
, (1.35)

where Pδ is used to refer to the matter power spectrum (shown in Figure 1.2). The

lensing kernel g is

gi(χ) = 2fK(χ)

∫ χH

χ

fK(χ′ − χ)

fK(χ′)
Wi(χ

′)dχ′, (1.36)

and Wi(χ) is the distribution of source galaxies in comoving distance χ for redshift

bin i. In recent cosmic shear analyses, it is typical to divide the source galaxy sample

into several redshift bins and to consider both auto- and cross-correlations of these

bins, in a technique known as tomographic weak lensing. The derivation of this power

spectrum is reviewed and extended beyond GR in Chapter 2.

The validity of equation 1.35 depends upon the use of the Limber approxima-

tion [164, 165]. In order to briefly summarise the Limber approximation, recall first

that the Limber equation is a general expression relating a two-dimensional two-point

correlation to a three-dimensional two-point correlation via integration over a kernel

function. This type of equation figures in the derivation of equation 1.35, as will be

seen explicitly in Section 2.2. The Limber approximation, which can greatly simplify

the integral expression in question, is the assumption that the kernel varies slowly over

its argument. In the current context, the kernel is assumed to be slowly varying in the

radial direction. A crucial aspect of the Limber approximation in this case is that it

allows the three-dimensional Fourier space variable k to be set equal to l/fK(χ), which

becomes `/fK(χ) at small angles (where ` labels an angular multipole). The trade-off

for the considerable simplification offered is that the Limber approximation is not valid

for the largest angular scales, and therefore equation 1.35 is applicable only for ` ≥ 10.
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In addition to weak gravitational lensing, other physical effects can contribute to

the observed correlation between galaxy ellipticities. These can engender an intrinsic

contribution to the observed ellipiticity power spectrum, and hence to the inferred

shear power spectrum if not taken into account. With these effects, referred to as

intrinsic alignments, the observed power spectrum of galaxy ellipticity is given by

C`
εiεj = C`

κigκ
j
g

+ C`
κigI

j + C`
Iiκjg

+ C`
IiIj , (1.37)

where I represents the intrinsic ellipticity. Intrinsic alignments have been measured

within a number of galaxy lensing surveys (for example, [166,167]).

It can be seen that there are two types of intrinsic alignment terms present in

equation 1.37. The first type, exhibited in the second and third term on the right

side of the equation, represents the case in which an overdensity at redshift z causes

not only tangential shear in background galaxies, but also intrinsic radial alignment

in nearby galaxies at z. The second type of intrinsic alignment, described by the final

term of equation 1.37, represents the correlation between galaxies at the same redshift

which are aligned radially about an overdensity (or tangentially about a void).

The power spectra representing these two types of intrinsic alignment correlations

have been modelled in a number of different ways, with varying degrees of complexity

(see, for example, [168, 169]). In Chapter 5 of this work, a linear intrinsic alignment

model is employed in which it is assumed that the intrinsic alignment of galaxies is

fixed early in their lifetime. Expressions for the final three terms on the right side of

equation 1.37 are then given by (see, for example, [170,171]):

C`
κigI

j = −3C1ρcΩM(z = 0)

4

∫ χ∞

0

dχ
gi(χ)Wj(χ)

fK(χ)2D(x)
fred(χ)ΩM(χ)

×
√
P lin
δ

(
`

fk(χ)
, z = 0

)
PNL
δ

(
`

fk(χ)
, χ

)
,

C`
IiIj = (C1ρc)

2ΩM(z = 0)2

∫ χ∞

0

dχ
Wi(χ)Wj(χ)

fK(χ)2
fred(χ)2P lin

δ

(
`

fk(χ)
, z = 0

)
, (1.38)

where D(x) is the linear growth factor, and fred is the fraction of red galaxies. C`
Iiκjg

is
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found simply by switching i and j in the expression for C`
κigI

j . Note that equation 1.38

makes use of the Limber approximation.

Figure 1.5 presents the theoretical angular power spectra (under GR) of C`
κgκg

,

C`
κgI

,and C`
II , for a W (χ) given below by equation 2.42 with a single redshift bin,

and assuming a red galaxy fraction of fred = 0.5. As can be seen, the shear term

dominates over intrinsic alignment correlations, but intrinsic alignments are not entirely

insignificant.
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Figure 1.5: Angular power spectra of the cosmic shear C`
κgκg

(equation 1.35, blue,

solid), the ‘intrinsic-intrinsic’ intrinsic alignment correlation term, C`
II (equation 1.38,

green, dotted), and the absolute value of the ‘intrinsic-shear’ intrinsic alignment term,
C`
κgI

(equation 1.38, orange, dashed). In the latter case, the true spectrum is negative
at all ` presented. The source window function is given by equation 2.42 (below) with
a single redshift bin, and cosmological parameters values are from [8].

1.3.1.3 Galaxy-galaxy lensing

Galaxy-galaxy lensing is the case in which, instead of measuring the two-point correla-

tion of the convergence or of the shear (e.g. 〈κgκg〉), a correlation is measured between

weak lensing effects and galaxy positions (〈κgg〉). Galaxy-galaxy lensing has been

measured using a number of datasets, including the Sloan Digital Sky Survey [172],

CFHTLenS [173], and the Dark Energy Survey [174]. It has also been instrumental in

testing alternative theories of gravity as part of the statistic EG [70, 71,116].
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Similarly to cosmic shear, galaxy-galaxy lensing is preferentially measured in real-

space. A key quantity of galaxy-galaxy lensing is ∆Σgm(R), which can be thought of

as a projected correlation function between galaxy positions and matter (as traced by

weak lensing). In order to measure ∆Σgm(R), pairs of lens and source galaxies are

considered, and the ellipticities of source galaxies are summed in projected radial bins

centred on lens galaxies. Lens galaxies, with related source galaxy lensing information,

are then stacked in order to achieve a statistical measurement. ∆Σgm(R) will be

discussed further in Chapter 4, in which the effect of measuring galaxy-galaxy lensing

in real-space while comparing to predictions in Fourier-space is considered. ∆Σgm(R)

can be written as:

∆Σgm(R) = Σgm(R)− Σgm(R), (1.39)

where Σgm(R) is the projected surface mass density at R inferred from the weak lensing

of source galaxies.

The Fourier-space cross-spectrum of the convergence with galaxy positions, which

is qualitatively similar to the real-space ∆Σgm(R), is given by:

C`
κigg

j =
3

4

∫ χ∞

0

dχb(`, χ)
gi(χ)Wj(χ)

fK(χ)c2
(H(χ)a(χ))2ΩM(χ)Pδ

(
`

fK(χ)
, χ

)
, (1.40)

where b is the galaxy bias, as defined below in equation 1.41. This equation assumes

the Limber approximation and so is valid only at ` ≥ 10.

Galaxy-galaxy lensing and cosmic shear are expected to be affected by different

systematic errors [175]. This provides a useful opportunity to check for consistency in

cosmological parameter constraints, and to ensure that systematic effects have been

properly removed from the data. Additionally, intrinsic alignments are less problematic

in the galaxy-galaxy lensing case, because lens-source pairs can be chosen such that

the paired galaxies are likely to be removed from each other in redshift. This is not

possible in the cosmic shear case, in which the lens is the large-scale structure along

the line-of-sight.
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1.3.2 Other cosmological probes

The focus of this thesis is the use of weak lensing as a test of cosmology beyond the

standard paradigm. However, as will be seen, combinations of multiple cosmological

observables are typically required to break degeneracies and achieve the best possible

parameter constraints. Two other cosmological observables which will be considered

in combination with weak lensing are now briefly introduced.

1.3.2.1 Galaxy clustering

Galaxy clustering refers to correlations between galaxy positions. These are most

commonly quantified by the two-point galaxy correlation function and the galaxy power

spectrum. The galaxy power spectrum is given in the simplest case by

Pgg(k, z) = b(k, z)2Pδ(k, z) , (1.41)

where b is the galaxy bias. The galaxy bias encapsulates the difference in amplitude

between the distributions of matter and of galaxies. It can depend on scale and redshift,

as denoted here, as well as on characteristics of the galaxy population. The galaxy

bias represents an important potential source of degeneracy in galaxy-based tests of

cosmology, as will be seen in Chapter 4.

The power spectrum Pgg, or equivalently the real-space correlation function, can

in principle be measured directly and used to constrain cosmological parameters. An

alternative observational strategy is to focus on particularly informative features of the

two-point functions. Two such features which take a prominent place in the large-scale

structure literature are redshift-space distortions and baryon acoustic oscillations.

Redshift-space distortions: The position of a galaxy along the line-of-sight is de-

termined not directly in real-space but via a measurement of its redshift. In the case in

which the redshift is sourced by only the Hubble flow, this can result in correctly recov-

ering the galaxy’s real-space position. However, when peculiar velocities are present,
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this method leads to features in the galaxy power spectrum known as redshift-space

distortions.

One option for dealing with this discrepancy between real- and redshift-space is to

consider the projected two-point function. In this case, the three-dimensional corre-

lation function is integrated along the line-of-sight, a procedure which is expected to

result in the cancellation of all redshift-space distortion effects. The projected two-

point correlation function, which will be considered in Chapter 4, is defined as (see, for

example, [176]):

wgg(R) =

∫ P

−P
d∆ ξsgg (∆, R) , (1.42)

where P is the line-of-sight distance over which the projection occurs, and ξsgg is the

redshift-space correlation function of galaxies.

However, it is not always desirable to eliminate the effects of peculiar velocities,

as they may contain valuable information. Peculiar velocities are the result of the

gravitational infall of galaxies towards overdense regions. This means that redshift-

space distortions can act as a probe of large-scale structure. Specifically, the redshift-

space power spectrum of galaxies in linear theory is given by [177]

P s
gg(k||, k⊥, z) = (1 +

f

b
µ2)2b2Pδ(k, z) , (1.43)

where µ =
k||
k

, and k =
√
k2
|| + k2

⊥. For an example of the equivalent real-space two-

point correlation function measured in [49], see Figure 1.6.

f is the observable of interest in equation 1.43: the linear growth rate of structure,

defined as:

f(a) =
d ln ∆M

d ln a
. (1.44)

f is defined in the linear regime and on sub-horizon scales, such that in a GR context,

it does not depend on k. It is not normally measured independently, because it is

degenerate with the amplitude of the matter power spectrum. The related observable

quantity is fσ8(a), where σ8 is the amplitude of the matter power spectrum within

spheres of radius 8 Mpc/h, and can be directly related to As. Redshift-space distortion
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Figure 1.6: Source: Figure 2 of [49], by Peacock et al. The anisotropic redshift-space
correlation function of galaxies, as measured by the 2dF Galaxy Redshift Survey. σ is
separation transverse to the line-of-sight, while π is line-of-sight separation.

measurements of fσ8 will be examined as a complementary probe to weak lensing

in Chapters 2 and 3. The ratio f/b is also sometimes measured from redshift-space

distortion observations. This quantity, usually called β, will be employed in Chapter

4.

Baryon acoustic oscillations Baryon acoustic oscillations (BAO) are a feature of

galaxy clustering which was imprinted in the early Universe. At early times (post-

inflation), photons and baryons were coupled in a single plasma. This plasma un-

derwent oscillations as a result of the competing effects of the baryons’ gravitational

attraction to dark matter overdensities and the photons’ radiation pressure.

Once the Universe had expanded and cooled such that baryons could recombine into

atoms, the photons began to free-stream, forming the cosmic microwave background

(see Section 1.3.2.2). The scale of oscillation at the time of decoupling was frozen into

the baryon distribution, such that there exists an excess of galaxies at the corresponding
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characteristic scale in the large-scale structure distribution (see, for example, [178,179]).

This can be observed as an excess in the real-space correlation function, or as an

oscillatory feature in the Fourier-space power spectrum (see Figure 1.7). The BAO

scale has been measured in numerous galaxy surveys (e.g. [180–182]).

Figure 1.7: Source: Figure 2 of [54], by Eisenstein et al. The BAO peak in the real-
space two-point correlation function, as measured in [54] using Sloan Digital Sky Survey
luminous red galaxies. Coloured lines represent models with different fractions of cold
dark matter, and the magenta line demonstrates the case without baryons (and hence
with no peak).

Because baryon acoustic oscillations are a product of the early Universe, the scale

at which they are measured at late times depends on the expansion history and hence

w(z). This feature will be utilised in Chapters 2 and 5.

1.3.2.2 The cosmic microwave background

The cosmic microwave background (CMB) consists of photons from the surface of last

scattering, which have free-streamed since decoupling from the baryon-photon plasma.

The CMB was first detected in 1964 [183], with more recent measurements placing the
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photon temperature at 2.7260 K [184]. However, the CMB offers far more information

than a single temperature value.

Primordial perturbations from inflation seeded anisotropies in the CMB at the 10−5

level, the power spectra of which can be measured and used to constrain cosmological

parameters to high precision (see Figure 1.8 for the temperature anisotropy power

spectrum as measured by Planck). The fact that CMB anisotropies are present at this

low level is one of the great advantages of CMB observations over other cosmological

probes: issues arising from non-linear structure formation have negligible effect on

primary CMB observables.
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Figure 1.8: Source: Figure 11 of [185], by the Planck collaboration. The CMB temper-
ature anisotropy power spectrum, as presented in the Planck 2015 release. The lower
panel displays residual differences between model and data, for clarity.

Following the 1964 detection of the CMB, the COBE satellite of the 1990s was the

first to detect the power spectrum of temperature anisotropies [48]. Soon after, the

Wilkinson Microwave Anisotropy Probe (WMAP) [186] and later the Planck satellite

[8] provided more precise measurements. Observations from Planck are essential to

our current best cosmological parameter estimates. Additionally, ground-based CMB
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surveys such as, for example, the Atacama Cosmology Telescope [187, 188] and the

South Pole Telescope [189], contribute important constraining power on smaller scales.

The major observables of CMB cosmology are the angular power spectra of the

temperature, of E- and B-mode polarization, of the weak lensing of the CMB, and of

relevant cross-correlations between these. The E- and B-mode components of CMB

polarization represent a decomposition in which one mode, E, is curl-free, and the

other, B, is divergence-free. B-mode polarization in particular has garnered interest

in recent years as a probe of the primordial tensor to scalar ratio r [190, 191], a key

quantity of inflationary theory. Significant work is currently underway to ensure that

foreground contaminants affecting B-mode measurements can be effectively removed

(see, for example, [192]).

In Chapter 5, CMB observations will be considered in combination with BAO and

weak lensing in forecasting constraints on the spatial curvature of the Universe from

future surveys.

1.3.3 Tests of the standard paradigm with future surveys

As has been discussed, in the coming years, a series of planned surveys and experiments

will lend hugely increased statistical power to many cosmological observables. In par-

ticular, galaxy images suitable for weak gravitational lensing analysis will be obtained

in unprecedented quantities. With this increase in data volume and corresponding

decrease in statistical error bars comes a new set of challenges. It will become essen-

tial that parameter degeneracies and theoretical uncertainties be understood at a level

which has never before been required. One way to investigate degeneracies which will

affect upcoming observations is Fisher forecasting. This method will now be discussed,

and a brief description will be provided of a number of current and upcoming surveys

which are relevant to the work presented in this thesis.
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1.3.3.1 Fisher forecasting

In the context of cosmological parameter estimation, forecasting is a procedure whereby

given some knowledge of a future set of observations, expected parameter constraints

can be predicted. The resulting information can determine the specifications required

for a given survey design to achieve target parameter constraints. It can also offer

insight into the more general interplay between theory and observation, as it provides

not only predicted constraints on individual parameters, but also the anticipated struc-

ture of constraints in multi-dimensional parameter space. Given an observable and a

set of parameters to be constrained, forecasting can establish the combination of pa-

rameters upon which bounds can realistically be placed. It can therefore also highlight

the directions of parameter space in which other observables will be necessary to break

degeneracies and pin down parameter values.

There are several methods of conducting forecasts. For example, one popular pro-

cedure makes using of Markov Chain Monte Carlo (MCMC) methods to build up an

anticipated posterior probability distribution. By assuming a mock set of observations

and invoking Bayes theorem, the posterior can be evaluated for a particular sample of

cosmological parameters values. Doing this at many points in parameter space results

in an anticipated posterior probability distribution. This forecasting procedure has the

advantages of being practically similar to parameter estimation from real data, and

allowing total freedom in the shape of the posterior probability distribution. However,

it is computationally intensive and can be non-trivially complex to implement.

Another possible method is known as Fisher forecasting. While not as general as

an MCMC-based approach, Fisher forecasting is computationally less intensive and in

principle simpler to implement. For these reasons, Fisher forecasting will be the method

of choice in this thesis to explore degeneracies and predict parameter constraints from

future surveys.
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The key quantity of Fisher forecasting is the Fisher information matrix [193]

Fab = −
〈
∂2 lnL(~d; ~p)

∂pa∂pb

〉
, (1.45)

where ~p is a vector containing the relevant parameters pi, and L(~d; ~p) is the likelihood

of the data ~d given the parameter values ~p. Angle brackets here indicate an expectation

value. In the case where the likelihood can be approximated as a multivariate Gaussian

and priors are uninformative, the Fisher information matrix approximates the inverse

covariance matrix and hence contains valuable information as to expected parameter

constraints. To see intuitively how this is true, one can Taylor expand lnL about a

fiducial set of parameters ~p∗, which is assumed to be the set of maximum likelihood

values:

lnL(~d; ~p) ≈ lnL(~d; ~p∗) +
1

2

∑
a

∑
b

∂2 lnL(~d; ~p)

∂pa∂pb

∣∣∣∣∣
~p∗

(pa − p∗a)(pb − p∗b) + . . . (1.46)

The first order term has vanished, because the first derivative of the likelihood is zero

at the maximum likelihood parameter values. The second order term contains the

second derivative of the logarithm of the likelihood, sometimes called the curvature

matrix, the negative expectation value of which is the Fisher matrix. Qualitatively, it

can be seen from equation 1.46 that the Fisher matrix provides a quantification of how

sensitive the likelihood is to changes in the parameters near their maximum likelihood

values.

More rigorously, the Cramér-Rao bound [194] can be invoked to show that the

inverse of the Fisher matrix is, from a frequentist perspective, the best possible pa-

rameter covariance matrix. In the more relevant Bayesian sense, it can be shown that

the Hessian matrix (the curvature matrix with opposite sign) is equal to the inverse

covariance matrix in the case in which the likelihood is a multivariate Gaussian (see,

for example, [195]).

Assuming then that the likelihood is a multivariate Gaussian, the Fisher matrix
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can be calculated as (see, for example, [196])

Fab =
∂〈~d 〉
∂pa

C−1∂〈~d 〉
∂pb

∣∣∣∣∣
~p∗

+
1

2
Tr

(
C−1 ∂C

∂pa
C−1 ∂C

∂pa

) ∣∣∣∣∣
~p∗

, (1.47)

where C is the covariance matrix of the data. In practice, often one term of this

expression dominates heavily over the other. For example, in the case in which the

covariance matrix is noise-dominated, the second term can be neglected. On the other

hand, if the data ~d is chosen such that it has expectation value of zero, the first term

is not required. The final form to which equation 1.47 evaluates is dependent on the

choice of observable to be considered.

Finally, the Fisher matrix for weak lensing cosmic shear will be employed repeatedly

throughout this thesis. For the case in which the corresponding observable is taken to

be a map of galaxy ellipticities, equation 1.47 becomes [197]:

FL
ab =

∑
`

2`+ 1

2
fskyTr

[
(C(`))−1∂C(`)

∂pa
(C(`))−1∂C(`)

∂pb

]
. (1.48)

where fsky is the fraction of the sky covered by the survey area, and C(`) is an N ×N

matrix, where N is the number of tomographic redshift bins. The elements of C(`) are

given by the observed angular power spectrum (including noise)

Ci,j(`) = C
κigκ

j
g

` +
〈γ2

int〉δij
n̄i

, (1.49)

where C
κigκ

j
g

` was provided in equation 1.35, n̄i is the number density of galaxies per

steradian in bin i and 〈γ2
int〉

1
2 is the rms intrinsic shear.

Finally, an important feature of Fisher forecasting is that for a set of independent

observables, combined Fisher matrices are found simply by adding individual Fisher

matrices. Other Fisher matrices will be used in combination with that of the weak

lensing cosmic shear throughout this thesis, and will be introduced when required.

1.3.3.2 Ongoing and upcoming cosmological surveys

As discussed, a principle objective of the work presented in this thesis is to explore

the details of parameter degeneracies and theoretical uncertainties which may be im-

portant in future weak gravitational lensing tests of cosmology beyond the standard
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paradigm. In order to do this effectively, a number of current and upcoming surveys

will be considered explicitly. A brief description of these is now provided, including

weak gravitational lensing surveys as well as surveys which focus upon complementary

observables such as those described in Section 1.3.2.

The Dark Energy Survey: The Dark Energy Survey, or DES [198], is an ongoing

multinational project with the goal of understanding late-time acceleration. It em-

ploys the purpose-built Dark Energy Camera on the 4-metre Blanco telescope at the

Cerra Tololo Inter-American Observatory, Chile. The DES wide-angle survey has an

expected final observational area of 5000 square degrees over five years, with observa-

tions having begun in August 2013. The wide-angle survey focuses on observations of

galaxy clusters, BAO, and weak gravitational lensing, with photometric galaxy red-

shifts expected over a range of z ≈ 0.2− 1.3. Recently, the DES collaboration released

their first science papers using science-verification data (e.g. [162, 174,199,200]). DES

additionally has a second survey which targets the observation of Type 1a supernovae,

but this aspect is not considered here.

The Baryon Oscillation Spectroscopic Survey The Baryon Oscillation Spectro-

scopic Survey, or BOSS [201], is part of the now-complete third phase of the Sloan

Digital Sky Survey (SDSS). Using the Sloan Foundation 2.5 metre telescope at the

Apache Point Observatory, BOSS observed from 2009-2014 over approximately 10 000

square degrees. The objective of this survey was to measure the BAO scale at z=

0.32 and z=0.57, using spectroscopic redshifts and imaging of 1.5 million luminous red

galaxies (LRGs) and 160 000 quasars.

The Dark Energy Spectroscopic Instrument The Dark Energy Spectroscopic

Instrument, or DESI [202], is a spectrograph which will be mounted on the Mayall

4-metre telescope at the Kitt Peak National Observatory. The goal of the DESI survey

is to provide spectroscopic redshifts, primarily for use in measurements such as of
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BAO and redshift-space distortions. It is planned to run from 2018 to 2022, observing

between 14 000 and 18 000 square degrees. It will observe three populations: 18 million

emission-line galaxies, 4 million LRGs, and 3 million quasars. The LRG sample, which

is considered in Chapter 4, is expected to have a redshift range of z = 0.5− 1.

Euclid Euclid [1] is a satellite mission of the European Space Agency, planned for

launch in 2020 with an expected lifetime of 6.5 years. Its primary science goals are the

characterisation of dark energy, the investigation of possible deviations from GR, and

the study of dark matter and large-scale structure. To achieve this, it will perform a

galaxy survey over 15 000 square degrees with the objective of providing images suitable

for weak gravitational lensing, BAO, and redshift-space distortion analysis. Euclid will

measure spectroscopic redshifts for 50 million galaxies, and weak lensing shapes for

1.5 billion galaxies. A complementary ground-based component of the mission will

enable photometric redshifts for weak lensing source galaxies. Note that at times in

the following chapters, a survey will be considered which is referred to generically as

a Dark Energy Task Force 4 (DETF4)-type survey. Euclid is one example of such a

survey, and often the properties of the DETF4-type survey considered will be similar

to those of Euclid

The Square Kilometre Array The Square Kilometre Array (SKA) [111] is a

planned radio telescope to be constructed in South Africa and Australia. As the name

suggests, the telescope, once complete, will have more than a square kilometre of col-

lecting area. Its key science goals include the study of dark energy, reionisation, and

galaxy evolution. The SKA will consist of two sub arrays: SKA LOW, a low-frequency

aperture array to be constructed in Australia, and SKA MID, an array of mid-frequency

dishes which will be located in South Africa and neighbouring countries. The SKA will

be constructed in two phases: SKA1, which will begin construction in 2018 in the hopes

of achieving early science by 2020, and SKA2, the full telescope, which is planned to

be fully operational in 2030. The SKA is not designed as a single-survey instrument,
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but as a facility with which surveys can be performed. Currently, discussion is ongoing

as to its potential use in performing an intensity mapping survey [203,204], in observ-

ing HI-emitting galaxies [205], and in measuring shapes of weak lensing sources in the

radio [206,207].

The Large Synoptic Survey Telescope The Large Synoptic Survey Telescope

(LSST) [2,208] is an optical telescope currently under construction, with science goals

of understanding dark energy, dark matter, and transient events. Located on the Cerro

Pachó ridge in Chile, it will employ an 8.4 metre mirror to image the whole sky every

three nights. Its principle wide survey aims to image 18 000 square degrees of the sky,

with 20 billion galaxies anticipated to be observed in total over ten years from 2023. Its

main cosmological observables will be weak lensing, BAO, and supernovae. Redshifts

of LSST galaxies will be obtained via photometry.

Planck Planck is a European Space Agency mission which has finished taking data

[185]. It is a satellite mission with the goal of measuring CMB temperature and polar-

ization anisotropies, as well as CMB lensing, on large scales. It provided unprecedented

constraints on the ΛCDM cosmological parameters [8] as well as a convincing detection

of the lensing of the CMB by large-scale structure [159,160]. After launching in 2009,

Planck was fully functional for thirty months, with one of the two instruments (the

Low Frequency Instrument) operating for more than four years.

The Advanced Atacama Cosmology Telescope Polarization Survey The At-

acama Cosmology Telescope (ACT) is a 6-metre telescope in the Atacama dessert,

Chile [187,188]. Its purpose is the observation of CMB temperature, polarization and

lensing on relatively small scales, with a goal of constraining parameters which describe

the early Universe as well as detecting galaxy clusters. The ACT collaboration has

performed several stages of CMB surveys. Originally, the ACT survey measured tem-

perature anisotropies and galaxy clusters (via the tSZ effect), with the first CMB power
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spectra published in 2010 [209]. Following this, the ACT camera was upgraded [210]

to detect polarization, and used to undertake a new set of observations called ACT-

Pol, from 2013 to 2015. Finally, further upgrades have permitted the current round of

observations, Advanced ACTPol, sometimes abbreviated to Advanced ACT [211].

A Stage IV CMB survey A Stage IV CMB survey [212], sometimes abbreviated

CMB-S4, is a proposed CMB survey which would combine the use of various current

ground-based CMB telescopes (e.g., ACT, the South Pole Telescope [189]) with some

additions and upgrades to improve small-scale measurements of the CMB, particularly

in polarization. This survey would assist in placing limits on primordial gravitational

waves, as well as in reconstructing the CMB lensing potential.

1.4 Thesis Outline

As has been stated, the objective of the research presented in this thesis is to investi-

gate the parameter degeneracies and theoretical uncertainties which may affect weak

gravitational lensing tests of cosmology beyond the standard paradigm. In this final

introductory section, an outline of the remainder of the thesis is presented.

First, in Chapter 2, a new expression for the power spectrum of cosmic shear under

small modifications to GR+ΛCDM is derived. This expression is employed to exam-

ine the degeneracy direction of weak lensing in the plane of the parameters of the

quasistatic parameterisation functions µ and γ. Fisher forecasts are performed for a

DETF4-type survey including weak lensing, redshift-space distortions, and BAO obser-

vations, with a focus on investigating degeneracies within a scale-independent ansatz

for µ and γ. In Chapter 3, the same expression for the cosmic shear spectrum is em-

ployed, in combination with a generic formulation of the scale-dependence of µ and

γ, to explore possibilities of constraining scale-dependent aspects of modifications to

GR. Fisher forecasts are performed, and the resultant predicted constraints are pre-

sented in the planes of the parameter pairs which capture both scale-independence and
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scale-dependence in alternative theories of gravity.

Following this, Chapter 4 explores the theoretical uncertainty associated with the

observational definition of the statistic EG(R). A new theoretical expression is derived

from the observational definition of this gravity-testing statistic. It is then employed

to explore the effect of varying auxiliary parameters on predictions of EG(R), and to

evaluate the utility of the statistic in testing gravity with upcoming lensing and galaxy

clustering surveys.

In Chapter 5, the ability of weak gravitational lensing combined with CMB and

BAO observations to constrain spatial curvature is evaluated. A suite of current and

upcoming cosmological surveys is considered, and a variety of beyond-ΛCDM param-

eters are incorporated, including parameters describing biases and systematic effects.

Forecast constraints on spatial curvature are compared to the ‘floor’ value of ΩK ≈ 10−4,

below which it is not expected that flat and curved models of the Universe will be dis-

tinguishable.

Finally, conclusions are drawn in Chapter 6, where the potential of weak lensing as

a probe of beyond-standard cosmology is discussed, and possibilities for future work

are proposed.
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Chapter 2

Exploring degeneracies in weak
lensing tests of gravity with the
linear response approach

2.1 Introduction

As has been discussed in Chapter 1, the upcoming generation of galaxy surveys repre-

sents a significant step forward for weak gravitational lensing as a cosmological observ-

able. In particular, weak lensing is expected to serve as an excellent probe of gravity

on cosmological scales [112–119]. In order to take full advantage of this situation, it is

crucial to understand the degeneracies which may exist between the parameters to be

constrained or measured. One way in which these degeneracies can be investigated is

by developing novel theoretical tools which clarify the effect of modifications to GR on

weak gravitational lensing. This is the goal of the work presented in this chapter.

In [213], an expression for the redshift-space distortion observable fσ8 was derived

in the case of linear deviations from the standard model of GR+ΛCDM. Here, a similar

expression is constructed for C
κgκg

` , the angular power spectrum of the galaxy weak

lensing convergence. The main advantage of this expression is that it clearly distin-

guishes the physical source of all modified gravity effects on C
κgκg

` , which allows for a

more thorough interpretation and understanding of these effects than previously pos-

sible. While the focus of this chapter is on C
κgκg

` , recall from equation 1.34 that the

two main weak lensing observables, convergence and shear, can be interconverted [152].
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Therefore, convergence is treated as a proxy for weak lensing more generally, and all

expressions which are derived here could be equivalently formulated in terms of shear.

This chapter is structured as follows: in Section 2.2, the derivation of the afore-

mentioned new expression for C
κgκg

` is detailed. Section 2.3 discusses how weak lensing

degeneracy directions between gravitational parameters can be understood with the

help of this expression. Section 2.4 presents forecast constraints on signatures of mod-

ified gravity from a Dark Energy Task Force 4 (DETF4)-type survey, and interprets

these constraints. Conclusions are drawn in Section 2.5.

2.2 Convergence in modified gravity: the linear re-

sponse approach

As described in Section 1.2.1, a commonly-used parameterisation of cosmologically-

motivated gravitational theories is that which makes use of the quasistatic approxima-

tion. The quasistatic parameterisation is employed in this chapter because it is valid

for the majority of cosmologically viable gravity theories, and it is applicable within

the scales accessible by near-future galaxy surveys. The corresponding functions which

encapsulate the effects of modifying GR, µ and γ, were defined in equation 1.29.

The derivation of the power spectrum of the convergence in general relativity is now

reviewed. Following this, the derivation is generalised to alternative theories of gravity.

In this chapter, as well as in Chapter 3, the simplifying assumption is made that

radiation can be neglected for all redshifts of interest. That is, ΩGR
M (z) + ΩGR

Λ (z) ≈ 1.

Additionally, the scalar perturbed FRW metric in the conformal Newtonian gauge is

assumed, with the form given by equation 1.16.

2.2.1 Calculating convergence: general relativity

The convergence describes the magnification of an image due to lensing. This image

could be sourced by a variety of astrophysical objects or phenomena; here, it is sourced

by a collection of distant galaxies, and thus will be referred to as κg. A derivation of
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the power spectrum of κg in general relativity is now reviewed, following closely the

methods of [9]. For this derivation, a set of spatial coordinates ~x = (χθ1, χθ2, χ) will

be employed. χ is the comoving radial distance, while θ1 and θ2 are two-dimensional

coordinates on a plane perpendicular to line of sight.

The relevant starting point to derive the power spectrum of κg is the geodesic equa-

tion for the displacement of a photon transverse to the line of sight. In the cosmological

weak lensing context of general relativity, this is given by:

d2

dχ2

(
χθb
)

= −2
∂Φ

∂(χθb)
, (2.1)

where it has been assumed that the gravitational potential Φ and the magnitude of θ1

and θ2 are small.

Equation 2.1 can be twice-integrated to obtain the ‘true’ on-sky position of a single

light source as a function of the gravitational potential:

θbS = − 2

χS

∫ χS

0

dχ′
∫ χ′

0

dχ′′
∂Φ(~x(χ′′))

∂(χ′′θb)
+ θbobs (2.2)

where θbobs is the observed value of θb, and χS is the comoving distance to the light

source, in this case to a galaxy. Changing the order of integration leads to a simpler

expression:

θbS = −2

∫ χS

0

dχ
(χS − χ)

χS

∂Φ(~x(χ))

∂(χθb)
+ θbobs. (2.3)

The two primary observables of weak gravitational lensing, the convergence and the

shear, are then defined via a distortion matrix ψij [9]:

ψ =
∂θiS
∂θj
− δi,j =

[
−κg − γ1 −γ2

−γ2 −κg + γ1

]
. (2.4)

This matrix is related to the Jacobian matrix Aij, described in Section 1.3.1.1, via

ψij = Aij − δij. It can then clearly be seen that κg = −1
2
(ψ11 + ψ22).

By implementing this definition, and in particular by converting derivatives with

respect to θj to derivatives with respect to χθj, the following expression is obtained for

the convergence of a single galaxy at comoving distance χS within general relativity:

κGR
g =

∫ χS

0

dχ
χS − χ
χS

χ

(
∂2

∂(χθ1)2
+

∂2

∂(χθ2)2

)
Φ(~x(χ)). (2.5)
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This expression can be extended to allow for a population of source galaxies. This is

accomplished by integrating over W (χ), which describes the normalised distribution of

source galaxies with respect to comoving distance. The result is:

κGR
g (~θ) =

1

2

∫ χ∞

0

dχ g(χ)

(
∂2

∂(χθ1)2
+

∂2

∂(χθ2)2

)
Φ(~x(χ)). (2.6)

where g(χ) is the lensing kernel, given in equation 1.36, which incorporates W (χ) as

well as a geometric factor. In this chapter, as in Chapters 3 and 4, a flat Universe will

be assumed such that fK(χ) = χ.

The power spectrum of the convergence is then computed, again following closely

the method laid out in [9]. In the small-angle approximation, it is straightforward to

find:

Pκigκjg(l) =
1

4

∫
d2θ e−I

~l·~θ
∫ χ∞

0

dχ gi(χ)

∫ χ∞

0

dχ′ gj(χ
′)

∫
d3k

(2π)3
PΦ(k)k4eI

~k·[~x−~x′]

(2.7)

where ~x = (χθ1, χθ2, χ) and ~x′ = (0, 0, χ′). i and j label the source redshift bins to

be considered. Note that to avoid confusion, I is used here to denote an imaginary

number.

Performing the integrals over θ1 and θ2 and then over k1 and k2 gives:

Pκigκjg(l) =
1

4

∫ χ∞

0

dχ
gi(χ)

χ2

∫ χ∞

0

dχ′ gj(χ
′)

∫
dk3

2π
PΦ

(√
k2

3 +
l2

χ2

)
k4eIk3·[χ−χ′]. (2.8)

Finally, the Limber approximation [164, 165], valid on l ≥ 10 [112], is employed, such

that k3 � l/χ, and therefore k ≈ l/χ. The small angle limit also means that Pκigκjg(l) '

C
κigκ

j
g

` , where ` labels an angular multipole [214]. It is therefore found that:

C
κigκ

j
g

` =
`4

4

∫ χ∞

0

dχ
gi(χ)gj(χ)

χ6
PΦ

(
`

χ
, χ

)
. (2.9)

2.2.2 Calculating convergence: modified gravity

As is evident in equation 1.29, generally in non-GR theories Φ 6= Ψ. So, in modified

gravity, equation 2.1 becomes:

d2

dχ2

(
χθb
)

= −∂(Φ + Ψ)

∂(χθb)
. (2.10)
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The convergence then becomes:

κMG
g =

1

4

∫ χ∞

0

dχ g(χ)

(
∂2

∂(χθ1)2
+

∂2

∂(χθ2)2

)
[Φ(~x(χ)) + Ψ(~x(χ)]

=
1

4

∫ 0

−∞
dx

c

H(x)
g(χ(x))

(
∂2

∂(χ(x)θ1)2
+

∂2

∂(χ(x)θ2)2

)
[Φ(~x(χ(x))) + Ψ(~x(χ(x)))]

(2.11)

where hereafter in this chapter x = ln(a) is used, and the integration measure has been

converted to x using dχ = −c/H dx, where H = aH is the conformal Hubble factor.

Note that x here is entirely distinct from the three-dimensional position variable ~x.

To calculate the power spectrum of the convergence under modifications to GR,

the field equations are perturbed about those of the GR+ΛCDM model. Current

observations only permit theories which can match GR+ΛCDM predictions to leading

order; the objective here is to determine next-to-leading order corrections that are still

permitted. The perturbations of the quasistatic functions µ and γ about their GR

values are defined as:

µ(x, k) = 1 + δµ(x, k)

γ(x, k) = 1 + δγ(x, k). (2.12)

In addition, a perturbation about the standard value of the effective equation of state

of the non-matter sector, w(x), is introduced:

w(x) = −1 + β(x), (2.13)

and a useful related quantity is defined:

u(x) =

∫ x

0

β(x′) dx′. (2.14)

Consider now how these linear perturbation variables propagate through to κg and

hence to C
κigκ

j
g

` . First, from equation 1.29:

Φ(x, k) + Ψ(x, k) =

(
1 +

1

γ(x, k)

)
Φ(x, k)

≈ (2− δγ(x, k)) Φ(x, k). (2.15)
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In order to express results as corrections to GR+ΛCDM, Φ(x, k) must be related to

ΦGR(x, k). There are two effects to be accounted for. First, the relationship between

Φ(x, k) and matter density perturbations can be altered. Second, if the field equations

are modified, ∆M will evolve at a different, possibly scale-dependent rate, and hence will

be displaced from its GR value. To account for this, δ∆ = ∆M/∆
GR
M − 1 is introduced.

In [213] it was shown that this quantity is given by the following integral expression:

δ∆(x, k) =
3

2

∫ x

−∞
ΩGR

M (x̃)I(x, x̃) δSf (x̃, k) dx̃. (2.16)

The integrand above separates into two parts: δSf (x̃, k), which encapsulates all devia-

tions from GR+ΛCDM, and ΩGR
M (x̃)I(x, x̃), which is a weighting function containing

GR+ΛCDM quantities only. It will be useful to present the explicit forms of δSf (x, k)

and I(x, x̃) here, derived in [213]:

δSf (x, k) = δµ(x, k)− δγ(x, k)

+
(1− ΩGR

M (x))

ΩGR
M (x)

[
3 ΩGR

M (x) (1 + fGR(x))u(x) + fGR(x)β(x)
]
, (2.17)

I(x, x̃) =

∫ y

x̃

dy exp

[
−
∫ y

x̄

dx̄

(
2− 3

2
ΩGR

M (x̄) + 2fGR(x̄)

)]
, (2.18)

where fGR is the linear growth rate of structure, as defined in equation 1.44, within

GR+ΛCDM.

With these modifications in hand, the parameterised Poisson equation can be writ-

ten as:

−2k2Φ(x, k) = 3H2(x)ΩM(x)∆M(x, k)µ(x, k)

= 3H2(x)ΩM(x)∆GR
M (x, k) (1 + δ∆(x, k)) (1 + δµ(x, k)) . (2.19)

However, this expressions is not yet complete: the non-GR+ΛCDM perturbations to

H(x) and ΩM(x) are required. In the case of ΩM(x), this was given in [213] as:

δΩM(x) = 3u(x)ΩGR
M (x)

[
1− ΩGR

M (x)
]
. (2.20)

To obtain the required perturbation around H(x), the FRW equation is written as

H2(x) = H2
0 ΩM(x = 0)e−x

[
1 +Re3xe−3

∫ x
0 dx′ β(x′)

]
(2.21)

58



where R = ΩΛ(x = 0)/ΩM(x = 0) has been defined. Assuming that |β(x)| � 1 and

|u(x)| � 1, expanding the exponential, and taking a square root leads to:

H(x) = H0

√
ΩM(x = 0)e−

x
2

[
1 +Re3x(1− 3u(x))

] 1
2

≈ H0

√
ΩM(x = 0)e−

x
2

[
1 +Re3x

] 1
2

[
1− 3

2

(
u(x)Re3x

1 +Re3x

)]
= HGR(x)

[
1− 3

2

(
u(x)Re3x

1 +Re3x

)]
. (2.22)

Substituting back in the definition of R, this can be rewritten to obtain:

δH(x) = H(x)−HGR(x) = −3

2
HGR(x)u(x)

(
1− ΩGR

M (x)
)
. (2.23)

With δH(x) and δΩM(x) then in hand, the combined term of interest can be found:

H(x)2ΩM(x) = (HGR(x) + δH(x))2 (ΩGR
M (x) + δΩM(x)

)
(2.24)

≈ HGR(x)2ΩGR
M (x)

(
1 + 2

δH(x)

HGR(x)
+
δΩM(x)

ΩGR
M (x)

)
+O(δH(x)2). (2.25)

Substituting in equations 2.20 and 2.23, it can be seen that in this combination

first order perturbations beyond GR+ΛCDM cancel out such that H(x)2ΩM(x) =

HGR(x)2ΩGR
M (x). Thus, equation 2.19 becomes:

−2k2Φ(x, k) = 3H2
GR(x)ΩGR

M (x)∆GR
M (x, k) (1 + δ∆(x, k)) (1 + δµ(x, k)) . (2.26)

Hence, Φ(x, k) is given in terms of ΦGR(x, k) by:

Φ(x, k) ' ΦGR(x, k) (1 + δ∆(x, k) + δµ(x, k)) . (2.27)

Combining equations 2.15 and 2.27 provides an expression for Φ + Ψ in modified

gravity in terms of the GR potential plus perturbative correction factors:

Φ(x, k) + Ψ(x, k) ' ΦGR(x, k)
(

2− δγ(x, k) + 2δ∆(x, k) + 2δµ(x, k)
)
. (2.28)

At this stage, it becomes convenient to work directly with the power spectrum of

κg. This can be computed to linear order in deviations from GR+ΛCDM, in direct

analogy to the method outlined for the GR case in Section 2.2.1:

C
κigκ

j
g

` =
`4

4

∫ 0

−∞
dx

c

H(x)
Gi(χ(x))Gj(χ(x))PGR

Φ

(
`

χ(x)
, χ(x)

)
× (1 + 2δµ(x, k)− δγ(x, k) + 2δ∆(x, k)) (2.29)
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where Gi(χ(x)) = gi(χ(x))
χ(x)3 has been defined.

There are still two non-GR effects to account for, both originating from the modified

expansion history. First, if β(x) 6= 0 in equation 2.13, χ(x) will scale differently with the

time variable x. Second, although the above combination of H2(x)ΩM(x) is unaffected

by perturbations, the factor of H(x)−1 which is introduced via the definition of dx must

be accounted for. Using the expression for δH(x) found in equation 2.23, it is found

that:

1

H(x)
=

1

HGR(x)

(
1− δH(x)

HGR(x)

)
=

1

HGR(x)

(
1− 3

2
u(x)(1− ΩGR

M (x))

)
, (2.30)

and hence

χ(x) ≈
∫ 0

x

c

HGR(x′)

(
1− δH(x′)

HGR(x′)

)
dx′

⇒ δχ(x) ≈ 3

2

∫ 0

x

c

HGR(x′)
u(x′)

(
1− ΩGR

M (x′)
)
dx′ (2.31)

where δχ(x) = χ(x)− χGR(x).

The deviation of χ(x) from its GR value will also affect quantities which depend

on χ(x), such as G(χ(x)) and PGR
Φ (`/χ(x)). This is allowed for by expanding these in

a Taylor series around χGR(x); to first order, this yields:

PGR
Φ

(
`

χMG

)
≈ PGR

Φ

(
`

χGR

)1 +
∂ lnPΦ

∂ lnχ

∣∣∣∣∣
χGR

δχ

χGR

 (2.32)

Gi(χ)Gj(χ) ≈ Gi(χGR)Gj(χGR)

1 +

(
∂ lnGi(χ)

∂ lnχ
+
∂ lnGj(χ)

∂ lnχ

) ∣∣∣∣∣
χGR

δχ

χGR

 (2.33)

where δχ(x) is given by equation 2.31 above and dependence on x has been suppressed

for clarity. With this, all modified gravity effects have been accounted for, and these

are summarised in Table 2.1.

Finally, it will be more convenient to work in terms of Pδ, the matter power spec-

trum, instead of PΦ. This change is accomplished via the following expression, where
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Correction Equation

Φ(x, k) + Ψ(x, k) ' (2− δγ(x, k)) Φ(x, k) 2.15

Φ(x, k) ' ΦGR(x, k)(1 + δ∆(x, k) + δµ(x, k)) 2.27

1
H(x)
' 1
HGR(x)

[
1− 3

2
u(x)(1− ΩGR

M (x))
]

2.30

χ(x) ' χGR(x) + 3
2

∫
c

HGR(x)
u(x)

(
1− ΩGR

M (x)
)
dx 2.31

Gi(χ)Gj(χ) ' Gi(χGR)Gj(χGR)

1 +
(
∂ lnGi(χ)
∂ lnχ

+
∂ lnGj(χ)

∂ lnχ

) ∣∣∣∣∣
χGR

δχ
χGR

 2.33

PGR
Φ

(
`
χ

)
' PGR

Φ

(
`

χGR

)
×

1− ∂ ln(k−4 PGR
δ (x=0,k))

∂ ln k

∣∣∣∣∣
k=`/χGR

δχ
χGR

 2.35

Table 2.1: The corrections to the GR expression for C
κigκ

j
g

` .

for clarity the label ‘GR’ is temporarily omitted on all quantities.:

PΦ (k, x) =
1

k4

9

4

(H(x)

c

)4

Ω2
M(x)D(x)2Pδ (x = 0, k) , (2.34)

where D(x) is the growth factor of matter perturbations. Inserting equation 2.34 into

equation 2.32, it is found that:

PGR
Φ

(
`

χ(x)

)
≈ PGR

Φ

(
`

χGR(x)

) 1− ∂ ln(k−4 PGR
δ (x = 0, k))

∂ ln k

∣∣∣∣∣
k=`/χGR(x)

δχ(x)

χGR(x)

 .
(2.35)

Drawing together, then, equations 2.29, 2.30, 2.33 and 2.35, and using equation 2.34,

the final expression for the convergence power spectrum under modifications to general
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relativity is obtained:

C
κigκ

j
g

` =
9

16

∫ 0

−∞
dx

gi(χGR(x))gj(χGR(x))

χGR(x)2
PGR
δ

(
`

χGR(x)

)
D2

GR(x)
H3

GR(x)

c3
ΩGR

M (x)2

×
[

1 +
3

2
u(x)

(
1− ΩGR

M (x)
)

+ 2δµ(x, k)− δγ(x, k) + 2δ∆(x, k)

+

(
∂lnGi(χ)

∂lnχ
+
∂lnGj(χ)

∂lnχ
− ∂ln(PGR

δ (x = 0, k)/k4)

∂lnk

) ∣∣∣∣∣
χGR(x)

δχ(x)

χGR(x)

]
. (2.36)

The major advantage of equation 2.36 is that it neatly separates the convergence power

spectrum into the familiar GR expression (the non-bracketed quantity) and a correction

factor (the bracketed terms). It is then easy to pick out contributions from:

• the modified clustering properties (described by δµ(x, k) and δγ(x, k)),

• the modified expansion history (described by β(x), u(x) and δχ(x)), and

• the modified growth rate of matter density perturbations (encapsulated in δ∆(x, k),

see equation 2.16).

Note once again that a flat Universe is assumed in this chapter, which accounts for

slight differences in form between the GR part of equation 2.36 and equation 1.35.

It will be useful to write equation 2.36 in a form which explicitly highlights the GR

expression and the correction factor:

C
κigκ

j
g

` =

∫ 0

−∞
dx K(x, `)

(
1 + δSWL(x, `)

)
. (2.37)

Here the ‘kernel’ term has been defined as:

K(x, `) =
9

16

gi(χGR(x))gj(χGR(x))

χGR(x)2
PGR
δ

(
`

χGR(x)

)
D2

GR(x)
H3

GR(x)

c3
ΩGR

M (x)2, (2.38)

and the ‘source’ term as:

δSWL(x, `) =
3

2
u(x)

(
1− ΩGR

M (x)
)

+ 2δµ(x, k)− δγ(x, k) + 2δ∆(x, k)

+

(
∂ lnGi(χ)

∂ lnχ
+
∂ lnGj(χ)

∂ lnχ
− ∂ln[PGR

δ (x = 0, k)/k4]

∂lnk

)∣∣∣∣∣
χGR(x)

δχ(x)

χGR(x)
. (2.39)
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2.3 Understanding degeneracies with the linear re-

sponse approach

With the completed derivation of equation 2.36, a new expression is now at hand

for C
κigκ

j
g

` under modifications to general relativity. The next objective is to use this

expression to understand the degeneracies between gravitational parameters within

weak lensing observations. Note that in the interest of simplicity, the discussion of this

chapter will be restricted to degeneracies between parameters describing modifications

to GR.

In this section, it will be assumed that δµ and δγ are independent of scale, as

the scale-dependence of these functions is expected to be sub-dominant to their time-

dependence [92–94]. Their scale-dependence will be investigated briefly in Section

2.4.3, and more thoroughly in Chapter 3. Additionally, in keeping with the quasistatic

approximation, all analysis is restricted to the regime of validity of linear cosmological

perturbation theory. Various values of `max which ensure this to be true are suggested

in the literature (see, for example, [112, 113]). Adopting a conservative approach,

`max = 100 is selected here and for the remainder of this chapter.

The method for calculating degeneracy directions is first reviewed. Then, using

equations 2.17 and 2.36, an investigation is performed as to the effect of the chosen

ansatz for δµ(x) and δγ(x) on the degeneracy direction of weak lensing in the space

of the parameters of these functions. Here, and for the remainder of this chapter,

the GR+ΛCDM matter power spectrum is computed using the publicly available code

CAMB [10] and the best-fit ΛCDM parameters of the 2013 Planck release (including

Planck lensing data) [215]. This constituted the most up-to-date set of cosmological

parameters at the time of this work.

2.3.1 Calculating degeneracy directions

Degeneracies exist in the case in which an observation can probe only some combina-

tion of the parameters which would ideally be constrained. The expected degeneracy
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direction is given by the relationship between parameters in the fiducial scenario (here

GR+ΛCDM). For example, if this relationship is a = b, then the relevant observation

is expected to probe only a− b, not a or b individually.

In the case of weak lensing, degeneracy directions can be understood in the following

schematic way. First, define the fractional difference between C
κigκ

j
g

` in an alternative

gravity theory and in GR+ΛCDM:

δC
κigκ

j
g

` =
C
κigκ

j
g

` − Cκigκ
j
g

`,GR

C
κigκ

j
g

`,GR

. (2.40)

To find the degeneracy direction, one can find the relationship which exists between

parameters when δC
κigκ

j
g

` = 0. Considering a two parameter case (call them a and b),

straightforward algebra reveals an expression of the form

a = D(`)b (2.41)

where D(`) may be a complicated expression, but depends only on GR+ΛCDM quan-

tities. The degeneracy direction, as can be seen, depends on ` in the weak lensing

case.

In order to calculate C
κigκ

j
g

` , it is necessary to specify Wi(χ), the normalised distri-

bution of source galaxies with comoving distance in the redshift bin i. For this purpose,

the source number density, n(z), is assumed to have the following form [216]:

n(z) ∝ zαe
−
(
z
z0

)β
, (2.42)

with parameter values α = 2, β = 1.5, and z0 = zm/1.412, where zm = 0.9 is the median

redshift of the survey, mimicking the number density of a DETF4-type survey [113,114].

Within this section, all galaxies between z = 0.5 and z = 2.0 will be considered to be

in a single redshift bin, with W (χ) given by multiplying the normalised equation 2.42

by dz
dχ

= H(χ)
c

.

In principle, the dependence of the weak lensing degeneracy direction on ` could

be sufficient to break any parameter degeneracies, but in practice the dependence
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on ` is too weak over the range of ` considered here. Instead, a second observable

with a different (ideally orthogonal) degeneracy direction must be introduced. The

second observable is chosen here to be redshift-space distortions, as it is known to

provide nearly orthogonal constraints to weak lensing in the plane of parameters to

be considered (see, for example, [69]). Results from [213], which provided a linear

response formulation for the redshift-space distortion observable fσ8, will therefore

often be employed. Particularly, the equation presented in [213] for the deviation of

fσ8(x) from its GR value is reproduced here:

δfσ8(x) =
fσ8(x)− fσGR

8 (x)

fσGR
8 (x)

=

∫ x

−∞
Gf (x, x̃)δSf (x̃)dx̃ (2.43)

where δSf (x) is given as in equation 2.17, and Gf (x, x̃) is a general relativistic kernel.

Gf (x, x̃) is given in [213] by

Gf (x, x̃) =
3

2
ΩGR

M (x̃)

[
K(x, x̃)

fGR(x̃)
+ I(x, x̃)

]
, (2.44)

where I(x, x̃) is given in equation 2.18 and K(x, x̃) is defined as

K(x, x̃) = exp

{
−
∫ x

x̃

dx̄

[
fGR(x̄) +

3

2

ΩGR
M (x̄)

fGR(x̄)

]}
. (2.45)

Note that fσ8(x) above is independent of k, because it has been assumed in this section

that µ and γ are functions of time only.

The degeneracy direction of a measurement of fσ8(x) can be computed in a directly

analogous way to that described above for weak lensing. The sole difference is that

instead of depending on multipole `, the degeneracy direction is dependent on the time

of observation, x.

With this information in hand, the degeneracy directions of weak lensing and

redshift-space distortions in the space of the parameters of δµ(x) and δγ(x) can now

be explored.
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2.3.2 Degeneracy directions in the µ̄0 − Σ0 plane

As mentioned above, redshift-space distortions are the preferred choice of an additional

observation to break the degeneracy affecting weak lensing in this scenario. Upon

closer examination, this statement hinges upon the chosen time-dependent ansatz for

the functions which parameterise deviations from GR. As there is no clear front-runner

amongst alternative theories of gravity, typically a phenomenological ansatz is cho-

sen, in which deviations from GR become manifest at late times in order to mimic

accelerated expansion. It is for this type of phenomenological ansatz that redshift-

space distortion and weak lensing observations are known to provide complementary

constraints [69].

However, it may also be desirable to constrain the parameters of a specific theory

of gravity. The functions which parameterise the deviation of an alternative gravity

theory from GR can, in principle, take on a wide range of time-dependencies. Is the

combination of weak lensing and redshift-space distortions still an effective way to

break degeneracies and constrain the parameters of the theory under consideration? A

priori, this is unknown.

To explore this issue, the degeneracy directions of weak lensing and redshift-space

distortions are considered under two different ansatzes for the functions which pa-

rameterise deviations from GR. Within this section, the simplifying assumption that

β(x) = 0 is made (i.e. the expansion history is assumed to be ΛCDM-like).

First, a simple operation is performed on δµ(x) and δγ(x) to obtain a more

observationally-motivated set of functions. These will be labeled as µ̄(x) and Σ(x), in

keeping insofar as possible with the notation used in [69] (see equation A.1). This set of

functions allows nearly orthogonal constraints in the µ̄0−Σ0 plane for the phenomeno-

logical choice of time-dependence. The mapping between the two sets of functions, as
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shown in Appendix A, is given by:

Σ(x) = δµ(x)− 1

2
δγ(x)

µ̄(x) = δµ(x)− δγ(x). (2.46)

The linear response ‘source’ terms for both weak lensing (equation 2.39) and redshift-

space distortions (equation 2.43) can be rewritten in terms of µ̄(x) and Σ(x) (in the

β(x) = 0 case):

δSWL(x) = 2Σ(x) + 3

∫ x

−∞
ΩGR

M (x̃)I(x, x̃) µ̄(x̃)dx̃

δSf (x) = µ̄(x). (2.47)

As can be seen, δSf (x) depends solely on µ̄(x).

The expression for δSWL(x) requires slightly more pause. It depends on Σ(x), but

it also contains another term, which comprises an integral over µ̄(x) and some general-

relativistic quantities. By comparing with equation 2.16, this term can be recognised

as 2δ∆(x), and quantifies a correction to the degeneracy direction of weak lensing away

from Σ0 = 0. It is clearly dependent upon the ansatz of time-dependence chosen for

µ̄(x). Particularly, due to the integral nature of the correction term, choices of µ̄(x)

which persist significantly over longer times will result in greater deviations to the

degeneracy direction.

Consider then two ansatzes for µ̄(x) and Σ(x). First: a phenomenological ansatz,

for which weak lensing and redshift-space distortions are known to be an effective

combination in constraining gravity theories. This choice is a specific case of the form

proposed in [217] and has been used in, for example, [69]. It is given by:

µ̄(x) = µ̄0
ΩGR

Λ (x)

ΩGR
Λ (x = 0)

,

Σ(x) = Σ0
ΩGR

Λ (x)

ΩGR
Λ (x = 0)

, (2.48)

where ΩGR
Λ (x) is the time-dependent energy density of dark energy in the fiducial

ΛCDM cosmology. This ansatz is chosen in part because it allows µ̄ and Σ to become
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non-negligible in the era of late-time acceleration, as would be expected if an alternative

theory of gravity is to explain this phenomenon.

Inserting δSWL(x) (equation 2.47) into equations 2.40 and 2.43 with the chosen µ̄(x)

and Σ(x), the procedure sketched in Section 2.3.1 can be followed to find the degeneracy

directions of weak lensing and redshift-space distortion in the µ̄0 − Σ0 plane. In this

particular case, the degeneracy direction of redshift-space distortions does not depend

on time. This is because δSf (x) is dependent on only one parameter, µ̄0, and therefore

the only degeneracy direction is µ̄0 = 0.

The degeneracy directions for this ansatz can be seen in Figure 2.1 (left). In the

case of weak lensing, the degeneracy direction is plotted for ` = 50; directions for other

multipoles ` = 10 − 100 differ only within 5%. It can be seen that the degeneracy

directions are nearly orthogonal, with only a slight correction of the weak lensing

degeneracy direction away from Σ0 = 0. The sensitivity of C
κgκg
` to Σ0 within this

ansatz is demonstrated explicitly in Figure 2.2, where C
κgκg
` is plotted for several

values of µ̄0 and of Σ0. The greater dependence of the convergence power spectrum on

Σ0, as compared to on µ̄0, is clearly visible. This is further illustrated in Figure 2.3,

which depicts
∂C

κgκg
`

∂Σ0
(left) and

∂C
κgκg
`

∂µ̄0
(right). The derivative of the convergence power

spectrum with respect to Σ0 is seen to be considerably larger than that with respect

to µ̄0.

Now, consider selecting an ansatz with a very different time-dependence. To guide

this selection, recall that choices of µ̄(x) which persist over longer times are expected

to result in a greater value of the integral term in equation 2.47, and hence a greater

deviation of the weak lensing degeneracy direction from Σ0 = 0. Therefore, with no

attempt to correspond to any particular gravity theory, the simplest possible choice

which persists over long times is selected: constant µ̄(x) and Σ(x):

Σ(x) = Σ0

µ̄(x) = µ̄0. (2.49)
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In reality, step functions which are non-zero from z = 15 are employed rather than true

constants, to allow for the numerical computation of the degeneracy directions. The

degeneracy directions are calculated as before, and are plotted in Figure 2.1 (right).

Clearly, they are less orthogonal than in the previous case, as expected from the com-

ments above.

What does this example tell us about the effectiveness of combining weak lens-

ing and redshift-space distortions? The ansatz for µ̄(x) and Σ(x) given by equa-

tion 2.49 deviates from GR+ΛCDM at all times after z = 15. As mentioned above,

most cosmologically-motivated alternative theories of gravity present deviations from

GR+ΛCDM at late times only, mimicking accelerated expansion. Therefore, the case

of equation 2.49 is treated as a heuristic ‘upper bound’ on the cumulative effect pro-

duced by the integral term of equation 2.47. The effect of this term can be quantified

by considering the angle of the weak lensing degeneracy direction with respect to the

vertical. It is found that for the range of ` which is considered here and for the ansatz

given by equation 2.49, the maximum possible value of this angle is θ ≈ 50◦. Although

the degeneracy directions in this case are certainly no longer orthogonal (θ = 0◦), they

are sufficiently distinct that the resulting constraints are expected to be reasonable (if

not ideal). It has thus been shown that the effectiveness of combining weak lensing

with redshift-space distortions in the β(x) = 0 case is relatively robust to the chosen

form of µ̄(x) and Σ(x).

2.4 Forecast constraints from future surveys

In addition to providing an understanding of degeneracy directions, the expression for

C
κigκ

j
g

` presented in equation 2.36 enables the forecasting of constraints. The straight-

forward form of this expression renders the calculation of Fisher matrices very simple,

and clarifies the interpretation of the resulting forecasts. Taking advantage of these

features, constraints are now forecast on gravitational parameters from a DETF4-type

survey, as defined in the classification of [218]. As in the previous section, the fo-
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Figure 2.1: Degeneracy directions of weak lensing (` = 50, red, dashed) and redshift-
space distortions (green, solid) in the µ̄0 − Σ0 plane, where µ̄(x) and Σ(x) scale as
ΩGR

Λ (x) (left), and as constants (right).

cus of these forecasts is on combined constraints from weak lensing and redshift-space

distortions, with some consideration given also to baryon acoustic oscillations.

The forecasts presented here employ the technique of Fisher forecasting, as in-

troduced in Section 1.3.3. For redshift-space distortions, the results of [213] can be

built-upon to construct the appropriate Fisher matrix. It is given by:

FRSD
ab =

∑
i

(
fσGR

8 (xi)

σfσ8

i

)2
∂(δfσ8)

∂pa

i∂(δfσ8)

∂pb

i

(2.50)

where i indicates a quantity averaged in the ith x bin, and σfσ8

i , the error in each x

bin, is taken from [219].

For weak lensing, the correct expression is that which was introduced in equation

1.48. The required parameter fsky is given by 0.375 for the DETF4-type survey consid-

ered here. The observed power spectrum of the convergence, also required to compute

the Fisher matrix of weak lensing, is given by equation 1.49, where 〈γ2
int〉

1
2 is equal to

0.22 for a DETF4-type survey.

The number density of source galaxies per steradian in a given redshift bin i, n̄i, is

also required to compute the observed power spectrum of the convergence. Computing

the appropriate value of n̄i requires the specification of these source redshift bins. In

practice, once in possession of data, the selected bins are those which are maximal in
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Figure 2.2: C
κgκg
` for variable Σ0 (left panel) and µ̄0 (right panel), using the ansatz of

equation 2.48. In the left panel, µ̄0 = 0, and in the right panel, Σ0 = 0. Orange dashed
lines represent the case in which Σ0 (left) or µ̄0 (right) is equal to 0.05, and green
dotted lines set Σ0 or µ̄0 to 0.1. Black solid lines are the GR case. It is clearly seen
that C

κgκg
` depends more strongly on Σ0 than on µ̄0, assuming the ansatz of equation

2.48.

number while maintaining a noise level sufficiently below the signal. For the purpose

of the forecasts computed in this Chapter, the procedure is instead taken to be that

of, for example, [113] and [114]. Redshift bins are selected by subdividing n(z) of

equation 2.42 into five sectors, such that the number of galaxies in each bin is equal.

The value of the number density of galaxies per steradian for the total redshift range

of a DETF4-type survey is given by n̄ = 3.55× 108, so the value in each tomographic

bin is simply n̄i = n̄/5.

In the following subsections, the Fisher formalism is used to compute forecast con-

straints in a number of scenarios. In the first instance, constraints are computed on

the parameters of δµ(x) and δγ(x) in the case where the expansion history is fixed to

mimic ΛCDM. Expected measurements of w0 and wa from baryon acoustic oscillations

are then incorporated, to forecast constraints on the parameters of δµ(x) and δγ(x) in

the case in which β(x) is allowed to vary. Finally, a brief investigation is made into the

directions of best constraint in the parameter space of the scale-dependent ansatz for
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Figure 2.3: Derivatives of C

κgκg
` with respect to Σ0 (left, orange dashed) and µ̄0 (right,

blue solid), assuming the ansatz of equation 2.48.

µ(x, k) and γ(x, k) put forth in [92].

2.4.1 ΛCDM-like expansion history: β(x) = 0

First, constraints are forecast on the parameters of δµ(x) and δγ(x) for the case in

which the expansion history is fixed to be ΛCDM-like. δµ(x) and δγ(x) are once again

transformed to µ̄(x) and Σ(x), and their time-dependence is selected to be given by the

phenomenological ansatz of equation 2.48. Fisher matrices are calculated for lensing,

for redshift-space distortions, and for both observations combined. The straightforward

form of equation 2.36 means that the required derivatives (of δfσ8 and of C
κigκ

j
g

` , with

respect to µ̄0 and Σ0) can be expressed analytically. These expressions are presented

explicitly in Appendix B.

The resulting forecast constraints are illustrated in Figure 2.4. As discussed in

Section 2.3, the degeneracy directions of the two observables are nearly orthogonal in

this case. Combining them results in promising forecast constraints on µ̄0 and Σ0. It

is seen that a DETF4-type survey can be expected to provide constraints at a level of

approximately 4% in this plane, in the optimistic case where β(x) = 0 is assumed and

other cosmological parameters are held to their ΛCDM best-fit values.
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Figure 2.4: Forecast constraints for weak lensing (orange), redshift-space distortions
(green) and both observables combined (blue) for a DETF4-type survey, in the µ̄0−Σ0

plane with β(x) fixed to 0. Contours represent the 68.3% and 95.4% confidence regions.

2.4.2 The effect of marginalising over {w0, wa}

In reality, β(x) is not necessarily fixed to zero. Rather, the associated parameters

may also be constrained with some non-zero error. While weak lensing and redshift-

space distortions provide some constraints in this respect, baryon acoustic oscillation

measurements are one observable which is expected to better constrain the expansion

history of the Universe.

In this section, a CPL-type ansatz is employed for β(x), as introduced in equation

1.32: β(x) = w0 + 1 + wa(1 − ex). Forecast BAO constraints on w0 and wa are

incorporated, and used to obtain expected constraints in the µ̄0−Σ0 plane. First, only

w0 is marginalised over, while holding wa to its fiducial value of 0; then, the effect of

allowing wa to vary is examined.
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2.4.2.1 Marginalising over w0; wa = 0

First, the effect on constraints in the µ̄0 − Σ0 plane from marginalising over w0 is

investigated, with wa held fixed to its fiducial value of 0.

Additional derivatives of C
κigκ

j
g

` and δfσ8(x) with respect to w0 are required; analytic

expressions for these are listed in Appendix B. Because transverse measurements of

BAO are independent of non-background gravitational effects [220], the Fisher matrix

of BAO is non-zero only in the (w0, w0) component. The value of this matrix component

is equal to
(
σ2
w0,BAO

)−1
, where σw0,BAO is the 1σ error on w0 from BAO measurements.

To explore the effect of marginalising over w0, three levels of constraint from BAO

are considered:

1. For comparison: the case where w0 is fixed to its fiducial value. This is identical

to the case considered in Section 2.4.1.

2. The case where σw0,BAO = 1%. This scenario mimics best-case constraints from

a DETF4-type survey.

3. The case where σw0,BAO = 5%. This lies between best constraints from current

surveys and scenario 2 above.

The resulting constraints from the combination of weak lensing, BAO, and redshift-

space distortions are shown in Figure 2.5 and Figure 2.6. Figure 2.5 shows in the

left panel the forecast posterior probability distribution of µ̄0 for cases 1 − 3 above

when marginalising over w0 and Σ0; the right panel displays the same for Σ0 when

marginalising over w0 and µ̄0. Figure 2.6 shows the 68.3% forecast joint constraints on

µ̄0 − Σ0 in scenarios 1− 3 while marginalising over w0 only.

In Figure 2.6, it can be seen that the degeneracy direction of the combined constraint

in the µ̄0 − Σ0 plane changes considerably between the three scenarios. µ̄0 and Σ0 are

mildly negatively correlated in scenario 1, whereas in scenario 2 they are positively

correlated, and in scenario 3 even more so. This can be understood by considering the

74



−0.4−0.3−0.2−0.1 0.0 0.1 0.2 0.3 0.4

µ̄0

0

10

20

30

40

50

−0.10 −0.05 0.00 0.05 0.10

Σ0

Figure 2.5: Forecast posterior probability distributions from weak lensing, redshift-
space distortion, and BAO observations in the case where w0 has been marginalised
over and wa has been fixed to 0. The left panel shows the distribution of µ̄0 when
Σ0 is marginalised over, while the right panel shows the distribution of Σ0 with µ̄0

marginalised over. Black, solid: w0 fixed; red, dashed: BAO error on w0 = 1%
(DETF4); green, dotted: BAO error on w0 = 5%.

joint forecast constraints in the w0− µ̄0 and w0−Σ0 planes, marginalised in each case

over the other non-wa parameter. These are displayed at a 68.3% level in Figure 2.7

for scenario 3. Both µ̄0 and Σ0 are shown therein to exhibit a positive correlation with

w0. This implies that µ̄0 and Σ0 are also positively correlated with each other, except

in the case where w0 is fixed or constrained so tightly that this effect is negated. As

the constraint on w0 is loosened, moving from scenario 1 through scenario 2 to scenario

3, this positive correlation becomes more pronounced.

Figure 2.6 also makes evident the fact that the constraint on Σ0 is relatively in-

sensitive to the level of BAO constraint on w0, whereas the constraint on µ̄0 changes

considerably between scenarios 1− 3. This is consistent with Figure 2.7, in which it is

seen that the degeneracy direction in the w0 − µ̄0 plane has a considerably shallower

slope than that in the w0 − Σ0 plane, implying that µ̄0 is more sensitive to changes in

w0. These degeneracy directions, and hence the relative sensitivity of µ̄0 and Σ0 con-
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Figure 2.6: Forecast 68.3% confidence regions in the µ̄0−Σ0 plane, marginalising over
w0, for the case where wa = 0. Black, solid: w0 fixed; red, dashed: BAO error on
w0 = 1% (DETF4); green, dotted: BAO error on w0 = 5%.

straints to w0 constraints, can be understood by considering the expressions for C
κigκ

j
g

`

(equation 2.36) and δfσ8(x) (equations 2.17 and 2.43). Both C
κigκ

j
g

` and δfσ8(x) are

given by integrals in time over a kernel and a source term. In the case of δfσ8(x), the

general relativistic kernel Gf (x, x̃) is significant back to z ' 15, whereas in the weak

lensing case, the kernel is non-zero only as far back in redshift as the furthest source

galaxies (z = 2 in this case). In the current model for β(x), deviations from a ΛCDM

expansion history are more significant at early times, whereas µ̄(x) and Σ(x) are both

chosen to be significant only at late times (below z ' 5). Therefore, the δfσ8(x) inte-

gration from z ' 15 favours sensitivity to the background expansion variable w0 over

µ̄0, whereas the weak lensing integral, significant only from z ' 2, results in relatively

greater sensitivity to Σ0. This results in the relative sensitivity of the µ̄0 constraint to

the w0 constraint level, as seen in Figure 2.6.

Finally, there is clearly a direction in the µ̄0−Σ0 plane of Figure 2.6 which is entirely

insensitive to the change in the constraint on w0. This is in fact expected due to the

nature of the contours displayed. Given the hypothetical three-dimensional confidence

region in the space of µ̄0, Σ0 and w0, the marginalised constraint of scenario 3 is
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equivalent to projecting this ellipsoid into the µ̄0−Σ0 plane. When the error is reduced

in only the w0 direction as in scenario 2 – that is, in the direction orthogonal to the

plane of projection – the resulting projection will, by simple geometrical considerations,

coincide with the first projection in two locations. The same argument can then be

extended to the case of fixed w0, which involves simply taking a slice of the three-

dimensional ellipsoid at the location of the µ̄0 − Σ0 plane.
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Figure 2.7: Forecast constraints at a 68.3% level from weak lensing, redshift-space
distortions and BAO measurements, in the case where σw0,BAO = 5%. The left panel
displays these joint constraints in the w0 − µ̄0 plane, marginalising over Σ0, while the
right panel does the same in the w0 − Σ0 plane, marginalising over µ̄0. In both cases,
wa is fixed to 0.

2.4.2.2 Marginalising over {w0, wa}

The next case to consider is that in which wa is not fixed to zero. Derivatives of

C
κigκ

j
g

` and δfσ8 with respect to wa are now required; once again, these are computed

analytically from equations 2.36 and 2.43 and listed in Appendix B. In this scenario,

the BAO Fisher matrix is slightly more complicated, as the entire 2× 2 block related

to w0 and wa is non-zero.

In analogy to the above, three scenarios are considered:
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Figure 2.8: Forecast posterior probability distributions from weak lensing, redshift-
space distortion, and BAO observations in the case where w0 and wa have been
marginalised over. The left panel shows the distribution for µ̄0 when Σ0 is marginalised
over, while the right panel shows the distribution for Σ0 with µ̄0 marginalised over.
Black, solid: w0 and wa fixed; red, dashed: scenario 2 described in Section 2.4.2.2;
green, dotted: scenario 3 described in Section 2.4.2.2.

1. The scenario where w0 and wa are fixed to their fiducial values. Again, this is for

comparison, and is identical to the case considered in Section 2.4.1.

2. The scenario where the BAO Fisher matrix represents the best-case expected

constraints from a DETF4-type survey. In this scenario, the components of the

BAO-only covariance matrix (the inverse of the Fisher matrix) are given by:

Cw0,w0 = 0.0010, Cwa,w0 = −0.0038, and Cwa,wa = 0.016 [221].

3. The scenario where the BAO-only covariance matrix is obtained by multiplying

the covariance matrix listed above in scenario 2 by an overall factor of 8.22. This

corresponds to the case where the projected 68.3% error on w0 from BAO is 5%

and all other elements of the covariance matrix are scaled up accordingly.

The left panel of Figure 2.8 presents the combined weak lensing, redshift-space

distortion and BAO forecast constraints on µ̄0 while marginalising over w0, wa and Σ0;
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the right panel does the same for constraints on Σ0 while marginalising over w0, wa

and µ̄0. Figure 2.9, meanwhile, presents the 68.3% confidence regions in the µ̄0 − Σ0

plane while marginalising over w0 and wa.

It can be seen that the forecast constraint on Σ0 is now slightly more sensitive to

the level of BAO constraint on w0 and wa than in the above case where wa is fixed.

This is particularly noticeable in scenario 3, in which the expansion history is the least

well-constrained. Turning to µ̄0, it is clear from Figure 2.8 that the forecast constraint

remains sensitive to the level of knowledge about the expansion history in much the

same way as in the wa-fixed case. That is, the constraint in scenario 3 is broadened

considerably relative to that in scenario 2, and both are slightly broader than in the

above case where wa fixed. Finally, examining the combined plot in Figure 2.9, it

can be seen that the confidence regions therein are slightly larger than those in the

corresponding Figure 2.6, where wa is fixed (other than for scenario 1, which is the

same in both figures by design).

In summary, allowing for a time-dependence in the equation of state of the effec-

tive dark energy component loosens the expected constraints on µ̄0 and Σ0, but not

catastrophically so. In fact, the overall level of constraint provided by BAO measure-

ments on the expansion history of the Universe appears to have a greater effect on

forecast constraints in the µ̄0 − Σ0 plane than does the assumed time-dependence of

that expansion history.

2.4.3 Scale-dependent µ(x, k) and γ(x, k)

Until this point, any scale-dependence of µ(x, k) and γ(x, k) has been neglected, with

the focus being exclusively on time-dependence. A scale-dependent ansatz is now

considered.

It has been shown that in the quasistatic regime and for Horndeski gravity (that is,

any f(R) or scalar-tensor theory with second-order field equations), µ(x, k) and γ(x, k)

79



−0.15 −0.10 −0.05 0.00 0.05 0.10 0.15

Σ0

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

µ̄
0

Figure 2.9: Forecast 68.3% confidence regions in the µ̄0−Σ0 plane, marginalising over
w0 and wa. Black, solid: w0 and wa fixed; red, dashed: scenario 2 described in Section
2.4.2.2; green, dotted: scenario 3 described in Section 2.4.2.2.

can be expressed as ratios of polynomials in k [92, 222]. They are given by:

γ(x, k) ' p1(x) + p2(x)k2

1 + p3(x)k2

µ(x, k) ' p1(x) + p2(x)k2

p4(x) + p5(x)k2
. (2.51)

This is found by trivially manipulating the equivalent result of [92], in which µ(x, k)

is defined via the Poisson equation with Ψ rather than with Φ. Note that this differ-

ence in definition prevents equation 2.51 from taking the typical form, in which the

denominator of γ(x, k) is equal to the numerator of µ(x, k).

The form of equation 2.51 which appeared in [92] has recently been considered

in [94], in which a Principle Component Analysis was undertaken for a combined fu-

ture data set including weak lensing and galaxy count measurements from LSST, as

well as Planck CMB measurements and upcoming supernova data. Here, the Fisher

matrix formalism is employed to find the level of forecast constraint from a DETF4-

type survey on various parameter space directions. The linear response expression for

C
κigκ

j
g

` will then provide an understanding of the related degeneracy structure of the

parameter space. Because the goal of this section is only to broadly understand the
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best-constrained directions of the parameter space, β(x) = 0 is fixed for simplicity.

In GR+ΛCDM, p1(x) = p4(x) = 1 and p2(x) = p3(x) = p5(x) = 0. Therefore, in

keeping with a linear response approach, the following is defined:

p1(x) = 1 + δp1(x)

p2(x) = δp2(x)

p3(x) = δp3(x)

p4(x) = 1 + δp4(x)

p5(x) = δp5(x). (2.52)

Then, by dropping higher-order terms in δpi(x), expressions are found for µ(x, k) and

γ(x, k):

µ(x, k) ' 1 + δp1(x) + δp2(x)k2 − δp4(x)− δp5(x)k2

γ(x, k) ' 1 + δp1(x) + δp2(x)k2 − δp3(x)k2. (2.53)

Previous choices for δµ(x, k) and δγ(x, k) have been consistent with equation 2.53; the

assumption has simply been made that δp2(x), δp3(x), and δp5(x) are sub-dominant.

Setting then δp1(x) − δp4(x) = δµ(x) and δp1(x) = δγ(x) recovers the form used in

previous sections.

It will be useful to have at hand the equivalent expressions for µ̄(x, k) and Σ(x, k).

They can be found using equation 2.46:

µ̄(x, k) ' −δp4(x) + k2 (δp3(x)− δp5(x))

Σ(x, k) ' 1

2
δp1(x)− δp4(x) + k2

(
1

2
δp2(x) +

1

2
p3(x)− δp5(x)

)
. (2.54)

As usual, in order to forecast constraints, an ansatz must be selected for the func-

tions δpi(x). From equation 2.51, it can be seen that in fact, while δp1(x) and δp4(x)

are dimensionless, δp2(x), δp3(x) and δp5(x) must have dimensions of length squared.

A form similar to that of equation 2.48 is chosen for both sets of functions, introducing
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a scale where necessary to account for their different dimensionalities:

δp(1,4)(x) = p
(1,4)
0

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

δp(2,3,5)(x) =
p

(2,3,5)
0 c2

(20H0)2

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

. (2.55)

Thus, the parameter space is five-dimensional, with parameters {p1
0, p

2
0, p

3
0, p

4
0, p

5
0}. The

scale c/20H0 has been chosen as it provides sensible numerical eigenvalues. As will be

discussed below, the numerical value of this scale will not affect forecasting results.

To compute the necessary Fisher matrices, derivatives of C
κigκ

j
g

` and δfσ8 with re-

spect to the parameters pi0 are required. These are computed once again in a straight-

forward manner from equations 2.36 and 2.43, and are presented in Appendix B. As

can be seen there, or as is obvious from equation 2.51, some of these derivative expres-

sions are dependent upon k. In the weak lensing case, this is trivially dealt with, as

the Limber approximation sets k = l/χ. However, the derivatives of δfσ8 with respect

to p2
0, p3

0 and p5
0 are truly k-dependent.

In order to treat this case, the usual (general relativistic) assumption of a scale-

independent fσ8 must be abandoned. Instead, five bins in k are considered. As in [213],

these bins are assumed have edges k = [0.005, 0.02, 0.05, 0.08, 0.12, 0.15], stopping short

of entering the regime in which nonlinearities dominate. The error on the measurement

of fσ8 in each k-bin is selected based on the assumption that a DETF4-type survey,

which covers a large fraction of the sky, will result in tighter measurements of large-

scale modes than of small-scale modes. To model this, the total error budget of each

redshift bin, given by [219], is divided into the five k-bins listed above. The first two

redshift bins (k = 0.005 − 0.02 and k = 0.02 − 0.05) receive 36% of the constraining

power each, the next two bins (k = 0.05 − 0.08 and k = 0.08 − 0.12) receive 12% of

each, and the final bin (k = 0.12− 0.15) receives 4% of the constraining power.

Fisher matrices can now be constructed for weak lensing and redshift-space distor-

tions, recalling in the redshift-space distortions case to sum over bins of scale as well
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as of redshift. The total combined Fisher matrix is inverted to obtain the approxi-

mate covariance matrix, which is then diagonalised to obtain five eigenvectors with

corresponding eigenvalues.

Before examining and interpreting these eigenvalues and eigenvectors, it is helpful

to consider more fully the implications of the difference in dimensionality of δp1(x)

and δp4(x) versus δp2(x), δp3(x) and δp5(x). In equation 2.55, p2
0, p3

0 and p5
0 have

essentially been scaled by c2/(20H0)2. This scaling factor is arbitrary, and using a

different factor would alter the numerical value of the covariance matrix eigenvalues.

Therefore, although all eigenvalues of the covariance matrix are dimensionless, any

forecast constraint on p2
0, p3

0 or p5
0, or on any combination thereof, must be multiplied

by c2/(20H0)2. This provides a physically meaningful value with dimensions length

squared, which represents a constraint on the combination p0
(2,3,5)× c2/(20H0)2. With-

out introducing a prior, it is impossible to meaningfully compare numerical constraints

on parameter combinations within two different parameter sub-spaces: that of p1
0 and

p4
0 and that of p2

0, p3
0, and p5

0.

First, consider those eigenvectors in the subspace of p1
0 and p4

0. They are listed here,

along with the square root of the associated eigenvalue, σ (which acts as a measure of

how well the parameter space is constrained in the direction of the eigenvector):

~α1 = 0.9p̂1 − 0.002p̂2 + 0.002p̂3 + 0.4p̂4 − (2× 10−4)p̂5

' 0.9p̂1 + 0.4p̂4 (2.56)

with σ ' 0.1, and

~α2 = −0.4p̂1 − 0.002p̂2 + 0.004p̂3 + 0.9p̂4 − 0.001p̂5

' −0.4p̂1 + 0.9p̂4 (2.57)

with σ ' 0.02. Here, p̂i is a unit vectors in the parameter space direction of pi0. Clearly,

due to the numerical nature of the Fisher matrix calculation, some sub-dominant con-

tributions in the directions of p̂2, p̂3 and p̂5 persist; these are ignored.
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From the above, it can be seen that the direction ~α2 is better constrained than

~α1. In order to interpret these relative levels of constraint, consider that ~α1 represents

a parameter-space direction in which p4
0 is roughly half as large as p1

0, and all other

pi0 are negligible. As can be seen in equation 2.54, under these conditions, Σ(x, k) is

approximately insensitive to modifications to GR. As this is not the case for ~α2, it is

clear why this latter parameter space direction is better constrained.

Consider then the eigenvectors in the subspace of p2
0, p3

0 and p5
0. These are given

by:

~α3 = −(7× 10−4)p̂1 − 0.7p̂2 + 0.7p̂3 − 0.005p̂4 + 0.004p̂5

' −0.7p̂2 + 0.7p̂3 (2.58)

with σ ' 6× 10−4,

~α4 = −(6× 10−4)p̂1 − 0.4p̂2 − 0.4p̂3 + 0.001p̂4 + 0.8p̂5

' −0.4p̂2 − 0.4p̂3 + 0.8p̂5 (2.59)

with σ ' 2× 10−5, and

~α5 = −(5× 10−4)p̂1 − 0.6p̂2 − 0.6p̂3 − (3× 10−5)p̂4 − 0.6p̂5

' −(0.6p̂2 + 0.6p̂3 + 0.6p̂5) (2.60)

with σ ' 2. Recall that it is not meaningful to directly compare these σ values with

those for eigenvectors ~α1 and ~α2.

In order to understand the relative constraints on the eigenvectors in this subspace,

one can first find the relationships between parameter values along the eigenvector

directions, as was sketched above for ~α1. Using these relationships in equation 2.54,

one can then find simpler expressions for Σ(x, k) and µ̄(x, k):

• In the direction ~α3, p2
0 ' −p3

0 and p5
0 ' 0. Therefore, Σ(x, k) ' 0, and µ̄(x, k) '

p3
0c

2

(20H0)2

ΩGR
Λ (x)

ΩGR
Λ (x=0)

k2.
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• In the direction ~α4, p2
0 ' p3

0 and p5
0 ' −2p3

0. Therefore, Σ(x, k) ' 3
p3

0c
2

(20H0)2

ΩGR
Λ (x)

ΩGR
Λ (x=0)

k2,

and µ̄(x, k) ' 3
p3

0c
2

(20H0)2

ΩGR
Λ (x)

ΩGR
Λ (x=0)

k2.

• In the direction ~α5, p2
0 ' p3

0 ' p5
0. Therefore, Σ(x, k) ' 0, and µ̄(x, k) ' 0.

With this manipulation, it can be seen why the direction ~α4 is better constrained than

~α3. A small change in the value of p3
0 along the ~α4 direction produces a larger effect

on both µ̄(x, k) and Σ(x, k) than does a similar change in the direction of ~α3. In

fact, along direction ~α3, Σ(x, k) is totally insensitive to such changes. This greater

sensitivity of both µ̄(x, k) and Σ(x, k) to parameter changes along ~α4 accounts for the

better-constrained nature of this parameter space direction. It is also plain to see why

the direction ~α5 is by far the worst-constrained of this set. As long as p0
2 = p0

3 = p0
5,

both Σ(x, k) and µ̄(x, k) are entirely insensitive to the value taken by these parameters.

It is tempting to attempt a comparison of the above results directly with those

of [94]. However, this would be misleading, as the Principle Component Analysis

employed in that work allows the functions pi(x) to take any time-dependence, whereas

the time-dependence is here restricted to that given in equation 2.55. Additionally,

the authors of [94] chose to impose a prior upon the variance of each function pi(x),

enabling them to meaningfully discuss constraints on directions which combine the

two parameter subspaces which have been considered here. Nevertheless, there is some

small comparison we can draw: in [94] it was found that the functions pi(x) can not be

individually constrained, and there is similarly no evidence found in this case of any

well-constrained direction corresponding to a single pi0.

2.5 Conclusions

The goal of this chapter has been first to develop a new expression for a key weak lensing

observable, then to use that expression to understand specifically how weak lensing

observations are affected by modifying GR. In this spirit, clarity has been prioritised.

Degeneracies between gravitational parameters have been the focus of investigation,
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while uncertainties in the standard cosmological parameters have not been included at

this time.

A new expression for the power spectrum of the galaxy weak lensing convergence

under alternative theories of gravity was constructed, and is given in equation 2.36.

Derived by considering only small deviations from GR+ΛCDM, this novel expression

neatly separates into an integral over two terms: a general relativistic kernel, and

a source term which encompasses all deviations from general relativity. The latter is

made up of additive terms which are themselves each representative of a different effect

due to modifying general relativity. This neat separation, first of the full expression

into kernel and source, and then of the source expression into physical effects, allows

degeneracies between gravitational parameters to be physically interpreted. The ex-

pression is reliable in the ΛCDM-like case of β(x) = 0, whereas complementary works

employing a fluid model have found this limit difficult to constrain [223].

With equation 2.36 in hand, degeneracies were first investigated in the simplified

case of a ΛCDM-like expansion history. It was shown how the degeneracy direction

of weak lensing in the µ̄0 − Σ0 plane relies on the time-dependent ansatz for µ̄(x).

However, it was also demonstrated that even for an extreme ansatz, weak lensing and

redshift-space distortion measurements remain non-degenerate in this plane, and hence

are a viable combination of observables to offer joint constrains on µ̄0 and Σ0.

The new expression for C
κigκ

j
g

` was then employed as a valuable tool in conducting

and interpreting Fisher forecasts of weak lensing observations. The linearity of equa-

tion 2.36 in the gravitational parameters made the computation of the required Fisher

matrices technically easy. Perhaps more importantly, the clarity of the expression pro-

vided simple physical interpretations of the degeneracies which presented themselves

in the forecast of multi-dimensional constraints. This was first demonstrated by allow-

ing the effective equation of state of the dark energy component to take a CPL form,

given in Section 2.4.2. It was found that in the case where wa = 0 and a phenomeno-

logical ansatz for µ̄(x) and Σ(x) is assumed, forecast constraints on µ̄0 from weak
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lensing and redshift-space distortions are highly sensitive to the level of constraint on

w0 from BAO. Forecast constraints on Σ0, on the other hand, were found to be nearly

unaffected. The separation of the relevant linear-response expressions into source and

kernel made evident the stark difference between the redshift dependences of the GR

kernels of C
κigκ

j
g

` and fσ8. This provided a clear explanation for the higher sensitivity

of redshift-space distortions to early time effects, and hence to changes in w0. Relax-

ing the requirement that wa = 0, it was then seen that constraints in the µ̄0 − Σ0

plane were only moderately loosened by marginalising over wa. This offers the exciting

prospect that the analysis of data from a DETF4-type survey may be able to allow for

a time-dependent background expansion without sacrificing much constraining power

in the µ̄0 − Σ0 plane.

Finally, the linear response expression for C
κigκ

j
g

` , in combination with that for fσ8,

was used to understand the best-constrained directions in the space of parameters

of the scale-dependent ansatz given in [92]. By varying the parameter values along

the eigenvectors of the Fisher matrix within the source terms of C
κigκ

j
g

` and of fσ8, the

differences between directions in the parameter space which were forecast to be well- or

poorly-constrained could be understood analytically. This work expands upon the work

of [94], both by forecasting for a different survey, and by providing clear explanations

for the forecast constraints which were found, something that is non-trivial to do using

a Principle Component Analysis method.

The methods developed in this chapter to better understand the effect of modifying

gravity on weak lensing could in principle be extended to understanding degeneracies

in other scenarios of observational cosmology. Hopefully, the work presented here can

provide the groundwork for such developments. As previously noted, in the interest of

clarity, uncertainty on standard cosmological parameters has not been included in this

chapter. Ideally, these could be included in the future to provide more accurate fore-

casting and more general conclusions. However, in seeking to include the corresponding

additional parameters, the clarity of equation 2.36 is expected to be compromised, and
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as such it is anticipated that future work in this direction will necessarily involve the

sacrifice of the descriptive power shown here. In such future work, forecasting methods

involving sampling the posterior of the joint probability distribution of the relevant

parameters may be more appropriate.
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Chapter 3

Forecast constraints on new
physical scales from modified
gravity

3.1 Introduction

Modifications to general relativity are thought to result in the novel scale-dependence

of certain cosmological observables, as well as in new characteristic physical scales

which are not present in GR (see, for example, [117]). In Chapter 2, the possibility

of measuring the scale-dependence of functions parameterising modifications to GR

was briefly discussed. In this chapter, the detectability of scale-dependence in these

functions and of new physical scales is explored more fully.

In order to take advantage of these observational signatures to test or constrain

alternative theories of gravity, it is helpful to have a more specific understanding of the

nature of the scale-dependence which is expected to be introduced. As mentioned in

Chapter 2, the precise form of this scale-dependence has previously been computed for

Horndeski gravity [92,222] for the functions µ and γ of the quasistatic parameterisation

(defined in equation 1.29). Building upon this result, [93] extended these expressions

to incorporate all theories of gravity with second order equations of motion and one

new spin-0 degree of freedom. This was achieved without reference to any specific

gravitational action or Lagrangian, but rather by appealing to simple physical principles
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and by working from a set of allowed ‘template’ field equations.

By considering the case in which a hypothetical new physical scale is just slightly

within the range of detectability of upcoming surveys, it is possible to derive expressions

for the leading order scale-dependent terms of µ and γ in this scenario. Using these

expressions, forecasts can be made as to the potential of future surveys to constrain

parameters which describe the scale-dependence of µ and γ, including those parameters

which characterise potential new physical scales.

The objective of the work presented in this chapter is to explore how well weak

gravitational lensing observations, combined with complementary redshift-space dis-

tortion measurements, can constrain or detect the novel scale-dependence and new

physical scales which are introduced by gravity theories beyond GR. The development

of the above-mentioned general expressions for the scale-dependence of µ and γ is first

reviewed in Section 3.2, and the equivalent expressions for the more observationally-

motivated µ̄ and Σ are introduced. Section 3.3 then describes the survey for which con-

straints on parameters are forecast and discusses the resulting predicted constraints.

Finally, in Section 3.4, conclusions are drawn regarding the potential of next-generation

lensing and galaxy surveys to constrain scale-dependence and new physical scales. Note

that although the author of this thesis is an author of [93], she was not heavily involved

in the derivation of the theoretical results presented in Section 3.2. These results are

reviewed here as background information to enable the reader’s understanding of Sec-

tions 3.3 and 3.4.

3.2 Theoretical basis

3.2.1 Deriving the scale-dependence of µ and γ

In order to forecast how well upcoming weak gravitational lensing and galaxy ob-

servations will constrain the scale-dependence and new scales of alternative theories

of gravity, it is necessary to first understand the form that this scale-dependence is
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predicted to take. To this end, a review is now presented of the derivation of the scale-

dependent forms of µ and γ within all theories of gravity which introduce a single new

spin-0 degree of freedom.

Consider the set of alternative gravitational theories which introduce a single new

spin-0 degree of freedom, and call the perturbations to this degree of freedom χ. In the

absence of specific knowledge about χ, an ansatz of χ̇ = Γχχ is assumed for its rate

of change. Γχ may correspond to an already-known physical scale (e.g., the Hubble

time), or to a new scale introduced by modifying GR.

Assume then the existence of a single such new scale, M . Although M in principle

has dimensions of mass, it may be more physically intuitive to think of it as representing

an inverse-length 1
L

. L can then be thought of as the transitional length scale above

which gravity deviates from GR. Armed with only these new quantities (M , χ, and

Γχ), two simple physical principles, and the quasistatic approximation, a generic form

can be derived for the scale-dependence of µ and γ within theories which introduce a

single new spin-0 degree of freedom.

As was discussed in Section 1.2.1, µ and γ are derived from the Poisson equation and

from the slip relation respectively, under the quasistatic approximation. To derive the

scale-dependence of µ and γ, these two equations, as well as the equation of motion for

χ, are first required in their non-quasistatic form. For a given theory, this information

is contained within the gravitational field equations. In order to find the correct form

of µ and γ not for a particular theory, but more generally, a template can be written

down for each of the required equations. These template equations are derived from

two principles:

1. The equations of motion must have a gauge-invariant formulation.

2. The equations of motion must be at most second order in derivatives.

In [93], an example is given of the case in which the new degree of freedom is a

scalar field φ; it is summarised here in order to illustrate how the template equations
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are derived.

In order to find the template equations required, consider first that the equation of

motion for the new degree of freedom must have a gauge-invariant formulation. Recall

from equation 1.15 that the line-element of the perturbed FRW metric before gauge

fixing can be written as:

ds2 =a(η)2
[
− (1 + 2Ψ)dη2 − 2(~∇iε)dη dx

i + (1− 2Φ) γij dx
idxj + (Dijν) dxidxj

]
(3.1)

where Dij = ~∇i
~∇j − 1

3
δij ~∇k

~∇k.

It is known that in order to achieve gauge-invariance in the equations of motion, the

potentials Φ and Ψ and their derivatives cannot appear in any arbitrary combination

(see, for example, [11]), but rather must be grouped into the combination:

˙̂
Φ +HΨ̂ = Φ̇ +HΨ +

1

2
(Ḣ − H2)(ν̇ + 2ε) (3.2)

where the standard Bardeen potentials Φ̂ and Ψ̂ have been introduced for clarity [224].

This demonstrates that Ψ must always enter the field equations at one derivative order

lower than Φ. Similarly, to ensure gauge-invariance with respect the perturbations of

φ, the following gauge-invariant combination is introduced:

δ̂φ = δφ+
φ̇

H(Φ + k2ν). (3.3)

Because the equation of motion for the perturbation of φ will necessarily contain δφ̈,

it must also contain Φ̈ in order to allow for gauge-invariance.

Applying these conditions, dimensional consistency, and the fact that the equations

of motion should be second order in derivatives, the template for the equation of motion

for the perturbations of φ can be written as:

d1δ̈φ+ d2[H,M ] ˙δφ+ d3[H2,M2,HM ]δφ+ d4k
2 δφ+ b0Φ̈ + b1[H,M ]Φ̇

+ b2[H2,M2,HM ]Φ + b3k
2 Φ + c1[H,M ]Ψ̇ + c2[H2,M2,HM ]Ψ + c3k

2Ψ = 0 (3.4)

where terms such as [H2,M2,HM ] indicate that a function of time has dimensions of,

in this case, mass squared (which can be accomplished with any of the three possible
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bracketed scaling terms), and lowercase letters indicate theory-dependent functions of

time. Using the same conditions, the Poisson equation is found to be:

−2k2Φ = 8πGa2ρ̄M∆M + Φ
(
h1k

2 + h2[H2,M2,HM ]
)

+ h3[H,M ]Φ̇

+m2[H2,M2,HM ]Ψ + δφ
(
g1k

2 + g2[H2,M2,HM ]
)

+ g3[H,M ] ˙δφ (3.5)

and the slip relation is

Φ−Ψ = e0Φ + j0Ψ + f0δφ. (3.6)

Through very similar reasoning, it can be shown that this set of equations applies

equally to the case where the new degree of freedom represents the fractional energy

density of a fluid. A similar set of equations, leading to ultimately the same forms for

µ and γ, apply in the case where the new degree of freedom is the spatial spin-0 part

of a timelike vector field. Given this generality, δφ will be replaced from now on with

the general perturbation χ, introduced above.

With these three template equations in hand, the scale-dependent forms of µ and

γ can be found with simple manipulation. The first step is to impose the quasistatic

approximation, by setting each of Φ̈ ,Φ̇, Ψ̈, and Ψ̇ to zero, as well as neglecting all

terms which contain factors of H. Setting also χ̇ = Γχχ, the Poisson equation, for

example, becomes:

−2k2Φ = 8πGa2ρ̄M∆M + Φ
[
h1k

2 + h2M
2
]

+ Ψ
[
m2M

2
]

+ χ
[
g1k

2 + g2M
2 + g3MΓχ

]
(3.7)

and the two other template equations are similarly simplified.

Because all explicit time derivatives have been eliminated by the introduction of

Γχ and the use of the quasistatic approximation, Φ, Ψ and χ appear only linearly.

Therefore, by making linear combinations of the three equations, it is always possible

to obtain forms of the Poisson equation and the slip relation which eliminate χ. The

result is a general expression for the scale dependence of µ and of γ in terms of M and
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Γχ:

γ =
p1 + p2

M2

k2 + p3
ΓχM

k2 + p4
Γχ2

k2

q1 + q2
M2

k2 + q3
ΓχM

k2 + q4
Γχ2

k2

µ =

[
p1 + p2

M2

k2
+ p3

ΓχM

k2
+ p4

Γχ
2

k2

]
×[

t1 + t2
M2

k2
+ t3

ΓχM

k2
+ t4

Γχ
2

k2
+ t5

M4

k4
+ t6

ΓχM
3

k4
+ t7

Γχ
2M2

k4

]−1

. (3.8)

These two equations can be shown to encompass the known expressions for the scale-

dependence of µ and γ within Horndeski gravity, given in equation 2.51. The additional

terms not present in that case allow for the possibility of representing theories beyond

Horndeski gravity which have a single spin-0 degree of freedom. Note that as with

equation 2.55, equation 3.8 takes a slightly different form than that explicitly derived

for Horndeski gravity in [92], as µ in this work is defined via the Poisson equation with

Φ rather than with Ψ.

3.2.2 The nature of M

Examining the scale-dependent forms of µ and γ presented in equation 3.8, the de-

pendence on the new physical scale M is evident. By making reasonable assumptions

about the properties of M , can these expressions be simplified further?

Consider two cases: one in which M is roughly the Hubble scale, M ≈ H, and one in

which M is much larger than the Hubble scale, and slightly smaller than the maximum

wavenumber to be probed by upcoming galaxy and lensing surveys. The first case

represents the situation in which the expansion history of the relevant gravity theory

has been tuned to reproduce accelerated cosmological expansion, as is the case for

many cosmologically-motivated theories. In the interpretation where M is equivalent

to an inverse length scale, the latter case is that in which the new physical length scale

is just slightly larger than the largest scales to be probed by upcoming surveys.

In the first case, in addition to M ≈ H, Γχ ≈ H is also required in order to

replicate the accelerated expansion of the Universe. Applying the true quasistatic
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approximation would thus result in µ and γ reducing to fully time-dependent functions,

as the quasistatic approximation requires that all terms which go as the Hubble scale

be dropped. Considering just first order scale-dependent terms beyond the quasistatic

approximation leads to expressions of the form:

γ =
p1 + (p2 + p3 + p4) H

2

k2

q1 + (q2 + q3 + q4) H
2

k2

(3.9)

µ =
p1 + (p2 + p3 + p4) H

2

k2

t1 + (t2 + t3 + t4) H
2

k2

. (3.10)

Due to the fact that all scale-dependence is encapsulated in ratios of H/k, it would be

unexpected to detect scale-dependence in this regime using any survey which does not

probe scales approaching the Hubble scale.

Consider then the case in which M is slightly smaller (L slightly larger) than the

smallest wavenumber (largest distance) probed by upcoming galaxy and lensing sur-

veys. This more promising scenario will be the focus of the forecasts of Section 3.3,

and the remainder of this chapter. In this case, it is in principle necessary to attempt

to constrain all functions in equations 3.8. However, this is observationally unrealistic.

Instead, one can Taylor-expand about M2

k2 = 0, relying on the fact that for most k

within the survey volume, k � M . This expansion allows expressions to be derived

for µ and for γ which include leading order scale-dependent terms:

µ(a, k) ' 1 + Aµ(a)

[
1 +

(
Mµ(a)

k

)2
]

(3.11)

γ(a, k) ' 1 + Aγ(a)

[
1 +

(
Mγ(a)

k

)2
]

(3.12)

where Aγ, Aµ, Mγ and Mµ are combinations of pi, qi, and ti, and also include depen-

dence on Γχ. Γχ could be set to either existing scale (H or M).

Although µ and γ are theoretically useful, it is preferable to employ equivalent

functions which are more observationally-motivated. µ̄ and Σ, introduced in Section

2.3, are selected for this purpose. Fortunately, equation 3.12 has an direct analogue in
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terms of these functions:

1 + µ̄(a, k) ' 1 + Aµ̄(a)

[
1 +

(
Mµ̄(a)

k

)2
]

(3.13)

1 + Σ(a, k) ' 1 + AΣ(a)

[
1 +

(
MΣ(a)

k

)2
]

(3.14)

where AΣ, Aµ̄, MΣ and Mµ̄ are simply combinations of Aγ, Aµ, Mγ and Mµ. The

goal then is to parameterise AΣ, Aµ̄, MΣ and Mµ̄, and to forecast constraints on their

parameters. In doing so, the potential for future weak lensing and galaxy surveys to

constrain scale-dependence and new gravitational scales can be explored.

3.3 Forecast constraints on new scales

3.3.1 Set-up

Given the theoretical basis reviewed in the previous section, forecasts can now be

made for the constraints expected on the parameters of the scale-dependent forms

of µ and γ, or equivalently of µ̄ and Σ. This will provide insight into the potential

for upcoming galaxy and weak lensing surveys to inform us about scale-dependence

sourced by modifications to GR.

The parameters for which constraints will be forecast are those of the functions

AΣ, Aµ̄, MΣ and Mµ̄. If tests of a particular theory of gravity were of interest here,

it would be possible to derive the exact form of these functions in the relevant theory,

and to forecast constraints on the associated parameters. However, the objective of the

forecasts presented here is rather to understand how theory-independent constraints

may be achieved by future surveys using the general expressions presented in Section

3.2. Therefore, the time-dependence of AΣ, Aµ̄, MΣ and Mµ̄ cannot be directly specified

from a theory, and a generic time-dependence must be assumed. This general form

should in principle be sufficiently agnostic that signatures of modified gravity would

be detectable regardless of the theory to which they correspond. Following therefore
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in part [69], the ansatz selected for these functions is given by:

Aµ̄(a) = µ̄0
ΩGR

Λ (a)

ΩGR
Λ (a = 1)

AΣ(a) = Σ0
ΩGR

Λ (a)

ΩGR
Λ (a = 1)

Mµ̄ = mµ̄
20H0

c

MΣ = mΣ
20H0

c
(3.15)

where µ̄0, Σ0, mµ̄, and mΣ are constants. Note that in an effort to allow M−1
µ̄ and M−1

Σ

to be interpreted as length scales, an arbitrary subhorizon distance unit of (c/20H0)−1

has been introduced.

Examining equation 3.15 in combination with equations 3.13 and 3.14, it is clear

that the parameters available to be constrained independently are µ̄0, Σ0, µ̄0m
2
µ̄, and

Σ0m
2
Σ. In the remainder of this chapter, forecast constraints on these parameters

are derived for an upcoming survey. In the spirit of considering a next-generation

but not unrealistically futuristic observational scenario, a Dark Energy Task Force 4

(DETF4)-type survey [1] is selected, much that like that considered in Chapter 2. This

is assumed to combine a weak gravitational lensing survey and a galaxy clustering

survey from which redshift-space distortion information can be extracted. Forecasts

are conducted using Fisher forecasting methodology, as outlined in Section 1.3.3.

Consider first the weak gravitational lensing set-up. Forecasts are made, as in

Chapter 2, with the assumption of a tomographic cosmic shear survey. The cosmic

shear observable to be considered is once again the angular power spectrum of the

convergence, C
κig,κ

j
g

` , where i and j indicate tomographic bins. The predictions for these

spectra are made using the linear response expression of equation 2.36, and analytic

expressions for derivatives with respect to the four parameters considered here are

given in Appendix B. Source galaxies are assumed to be divided into five redshift bins,

with the total distribution of source galaxies, n(z), given as in equation 2.42 (with all

parameters the same). n(z) is again divided into five bins between z = 0.5 and z = 2,

each with an equal number of galaxies. Noise is accounted for in the same manner as in
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Chapter 2, with the covariance matrix given in equation 1.49. Finally, as in Chapter 2,

angular multipoles between ` = 10− 100 are considered, where the lower limit permits

the use of the Limber approximation and the upper limit conservatively ensures that

only the regime of validity of linear cosmological perturbation theory is considered.

The angular power spectrum of the weak gravitational lensing convergence incor-

porates scale-dependence naturally. However, as was discussed in Section 2.4.3, the

relevant redshift-space distortion observable fσ8 is typically assumed to depend on

redshift alone, as is predicted in GR. In order to allow for the possibility of a scale-

dependent fσ8, errors on this observable are incorporated in bins of scale and redshift,

in precisely the same manner as was discussed in Section 2.4.3 [219,225]. Once again,

theoretical predictions are made using the linear response expressions of [213], reviewed

in equations 2.17 and 2.43, and analytic expressions for derivatives are given in Ap-

pendix B.

It is important to emphasise that the forecasts computed in this section are ap-

plicable only for parameter values which preserve the validity of the Taylor expansion

of equations 3.13 and 3.14. One way to determine the range of parameter values for

which this is true is to require that the next-order term in the Taylor expansion does

not exceed a given magnitude. For example, consider the case in which this term is

not permitted to exceed 0.01 (a 1% alternation to scale-independence). By making

the reasonable assumption that the time-dependence of the next-order term can be

parameterised as the square of the time-dependence of the first-order term, it is found

that the forecasts are valid when {mµ̄,mΣ} < 0.132. For given values of µ̄0 or Σ0, this

translates to a range of validity for the more relevant µ̄0m
2
µ̄ and Σ0m

2
Σ parameters.

Finally, it is noted that the forecasts presented in this chapter seek only to ex-

plore the general characteristics of potential constraints from upcoming surveys on the

scale-dependence of µ̄ and Σ. It is not the objective of this work to provide accurate

forecasts for a particular future survey. Therefore, in the interest of simplicity, the only

parameters which are varied are the gravitational parameters introduced above. All
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Figure 3.1: Forecast 68.3% and 95.4% constraint contours on the parameters of the
scale-dependent expressions for µ̄ and Σ from a DETF4-type survey. Weak gravita-
tional lensing constraints are shown in orange, redshift-space distortion constraints in
green, and combined constraints from both observables in blue.

other parameters are fixed to their ΛCDM best-fit values as given in the Planck 2013

release [215], the most up-to-date cosmological parameter set at the time of this work.

In particular, the expansion history is assumed to precisely match that of ΛCDM. It

should therefore be noted that constraints on the four gravitational parameters con-

sidered here are expected to be optimistic by nature, as they do not marginalise over

auxiliary cosmological parameters. Nevertheless, the forecasts presented can provide

an estimate as to the potential for constraining scale-dependence in µ̄ and Σ using

weak lensing and galaxy observations, as well as insight into the relevant degeneracies

between the four gravitational parameters which are considered.

3.3.2 Results

Performing Fisher forecasting within the above set-up leads to a prediction for the

approximate covariance matrix of µ̄0, Σ0, µ̄0m
2
µ̄, and Σ0m

2
Σ. It is given by:

C '


3.1× 10−4 −2.5× 10−5 −6.2× 10−4 2.7× 10−4

−2.5× 10−5 2.1× 10−4 −3.2× 10−4 −7.7× 10−4

−6.2× 10−4 −3.2× 10−4 2.7× 10−2 −1.2× 10−2

2.7× 10−4 −7.7× 10−4 −1.2× 10−2 3.8× 10−2

 . (3.16)

From this 4×4 matrix, predicted parameter constraints can be discerned.
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Figure 3.1 displays forecast two-dimensional constraints in the planes of two key

parameter pairings. The left panel shows the predicted two-dimensional constraints

on those parameters which describe the scale-independent sector, µ̄0 and Σ0, while

in the right panel, constraints are displayed on the parameters which describe scale-

dependence, µ̄0m
2
µ̄ and Σ0m

2
Σ. Forecast constraints from weak gravitational lensing

only are shown in orange, those from redshift-space distortions are in green, and those

from both observables combined, in blue. In both cases, forecast constraints have been

computed with marginalisation over the remaining two parameters.

Consider first the left panel of Figure 3.1. The displayed constraint contours in

the plane of µ̄0 and Σ0 strongly recall those of Figure 2.4. In fact, the only difference

between the result shown here and in Figure 2.4 is marginalisation over µ̄0m
2
µ̄ and

Σ0m
2
Σ, which is responsible for the slight loosening of constraints in this case. However

the marginalised 1σ constraint on µ̄0 is in fact degraded by only 2% when compared to

the equivalent result from Figure 2.4, while that on Σ0 is degraded by just 7%. This

relative insensitivity to the marginalisation over µ̄0m
2
µ̄ and Σ0m

2
Σ suggests that it may

be worthwhile to consider scale-dependent forms of µ̄ and Σ in the analysis of data

from upcoming surveys.

Another similarity between the left panel of Figure 3.1 and Figure 2.4 lies in the

orientation of the constraint contour of weak gravitational lensing. The degeneracy di-

rection of this constraint is largely unaffected by marginalisation over µ̄0m
2
µ̄, and Σ0m

2
Σ.

This can be explained in part by noting that the time-dependent ansatz selected in

equation 3.15 mimics that chosen in equation 2.48. In Chapter 2, it was demonstrated

that the time-dependence of µ̄ strongly affects the angle of the weak lensing constraint,

therefore it is not unexpected that by choosing a similar ansatz, a similar angle is

achieved. It is nevertheless reassuring to note that marginalisation over µ̄0m
2
µ̄, and

Σ0m
2
Σ does not wreak havoc upon the generally-assumed degeneracy-breaking ability

of weak lensing and redshift-space distortions in the plane of µ̄0 and Σ0.

Turning then to the right panel of Figure 3.1, forecast constraint contours can be
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seen in the plane of µ̄0m
2
µ̄, and Σ0m

2
Σ. The absolute value of these constraints is a

function of the particular inverse length scale chosen in the ansatz for MΣ and Mµ̄, so

their magnitude should not be compared directly with the constraints of the left panel.

A feature which can be consistently compared, however, is the degeneracy direction of

the weak gravitational lensing constraints. The constraint in this case deviates much

further from being exclusively on Σ0m
2
Σ. This can be explained by examining the

explicit form of µ̄, given the ansatz of equation 3.15:

µ̄ ≈ 1 + µ̄0
ΩΛ(a)

ΩΛ(a = 1)
+ µ̄0m

2
µ̄

ΩΛ(a)

ΩΛ(a = 1)

202H2
0

c2

χ(a)2

`2
(3.17)

where the Limber approximation sets k = `/χ. Again, recall from Chapter 2 that the

time-dependence of µ̄ is crucial to determining the degeneracy direction of weak lensing:

an ansatz for µ̄ which is non-zero at earlier times results in a degeneracy direction which

is further from constraining only the parameters of Σ. Equation 3.17 contains a factor

of χ(a)2, which counteracts the effect of ΩΛ(a) in depressing early-time contributions.

Thus, the scale-dependent term in µ̄(a, k) is non-negligible at earlier times than the

scale-independent term, and hence the associated degeneracy direction veers further

from vertical. Because the introduction of χ(a)2 is due entirely to the scale-dependence

of the expression, it can be said that the inclusion of scale-dependence itself is the reason

that this set of constraints is less orthogonal than those in the scale-independent plane.

Notable also in the right panel of Figure 3.1 is the fact that the forecast constrained

region from weak gravitational lensing is visibly closed, indicating that the degeneracy

direction of weak lensing must vary with respect to ` more strongly in the µ̄0m
2
µ̄−Σ0m

2
Σ

plane than in the µ̄0 − Σ0 plane. The reason behind this is clear: the scale-dependent

terms of µ̄ and Σ, by direct virtue of their scale-dependence, explicitly contain factors

of `, as can be seen in equation 3.17. The result is that weak gravitational lensing is

arguably more useful as an independent probe in constraining the scale-dependence of

µ̄ and Σ than it is in independently constraining the more usual µ̄0 and Σ0 parameters.

However, the marginalised constraint from weak lensing on Σ0m
2
Σ remains larger than
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the redshift-space distortion constraint on the complementary µ̄0m
2
µ̄, suggesting that

redshift-space distortion measurements are the more sensitive probe of scale-dependent

gravitational effects.

The forecast constraints displayed in the right panel of Figure 3.1 are complemented

by a demonstration, in Figure 3.2, of the effect of varying µ̄0m
2
µ̄ and Σ0m

2
Σ on the

convergence power spectrum. In this figure, the parameter values of Σ0m
2
Σ (left panel)

and µ̄0m
2
µ̄ (right panel) are varied within the range of validity of the present forecasts

for the assumed case of Σ0 = 0.01 (left panel) and µ̄0 = 0.01 (right panel). As can

be seen, varying these parameters within their regime of validity has very little visible

effect on the convergence power spectrum. This is in agreement with the fact that the

forecast weak lensing constraints displayed in the right panel of Figure 3.1 are much

larger than the parameter values for which the forecasts are valid.

Figure 3.3 further examines the dependence of C
κgκg
` on those parameters related

to scale dependence, by depicting
∂C

κgκg
`

∂(Σ0m2
Σ)

(left) and
∂C

κgκg
`

∂(µ̄0m2
µ̄)

(right), for the illustrative

case of a single source redshift bin. It is seen that
∂C

κgκg
`

∂(Σ0m2
Σ)

is larger than
∂C

κgκg
`

∂(µ̄0m2
µ̄)

at all

` considered here. This is consistent with the fact that weak lensing is expected to be

more sensitive to Σ than to µ̄, in particular for choices of time-dependence which are

non-negligible at late times only. It is also clear from Figure 3.3 that the majority of the

constraining power which weak lensing offers with respect to these scale-dependence-

related parameters relies on larger-scale (smaller `) measurements.

Finally, although it is not possible to directly predict constraints on mΣ or mµ̄ using

Fisher forecasting, a rough estimate can be made of the expected constraints on these

parameters. Consider that:

σ(m2
µ̄) ≈ σ(µ̄0m

2
µ̄)

σ(µ̄0)
σ(m2

Σ) ≈ σ(Σ0m
2
Σ)

σ(Σ0)
, (3.18)

an approximation which holds exactly when all parameters are drawn from Gaussian

distributions. From this, it is found that σ(m2
µ̄) ≈ 9.3 and σ(m2

Σ) ≈ 13.4. These

values can then be used in equation 3.15 to find an approximate upper-bound on new
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Figure 3.2: C
κgκg
` for variable Σ0m

2
Σ (left) and µ̄0m

2
µ̄ (right), for the illustrative case

of a single source redshift bin. In the left panel, {µ̄0, µ̄0m
2
µ̄} = 0 and Σ0 = 0.01, and

in the right panel, {Σ0,Σ0m
2
Σ} = 0 and µ̄0 = 0.01. Black solid lines represent the

case in which Σ0m
2
Σ (left) or µ̄0m

2
µ̄ (right) is equal to 1.3 × 10−4, orange dashed lines

have Σ0m
2
Σ or µ̄0m

2
µ̄ equal to 2.0× 10−4, and green dotted lines set Σ0m

2
Σ or µ̄0m

2
µ̄ to

2.9× 10−4. These cases are equivalent to setting mΣ or mµ̄ equal to 0.08, 0.1, and 0.12
respectively. All three cases produce near-identical power spectra.

length scales which will be detectable in a DETF4-type survey. Expected confidence

limits on these length-scale-related parameters are calculated as σ(M−1
Σ ) ≈ 60 Mpc

and σ(M−1
µ̄ ) ≈ 72 Mpc.

3.4 Conclusions

The objective of this chapter has been to move beyond the introductory treatment

of scale-dependence within the quasistatic parameterisation of gravity which was pre-

sented in Chapter 2. Here, the observational consequences of this scale-dependence

have been explored more fully, and possibilities for constraining the related new physi-

cal scale M have also been investigated. This has been accomplished with the help of a

general scale-dependent expression for each of the quasistatic parameterising functions

µ̄ and Σ, as reviewed in Section 3.2. Using these expressions, first derived in [93],

forecast constraints on parameters which describe both the scale-independent and -
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Figure 3.3: Derivatives of C

κgκg
` with respect to Σ0m

2
Σ (left, orange dashed) and µ̄0m

2
µ̄

(right, blue solid), for the illustrative case of a single source redshift bin.

dependent parts of µ̄ and Σ have been presented for a DETF4-type survey.

In examining these predicted constraints, it is seen that incorporating the possibility

of scale-dependent µ̄ and Σ will be feasible in upcoming weak lensing and galaxy

clustering surveys. The marginalisation over parameters related to scale-dependence

did not significantly degrade forecast constraints on the more standard µ̄0 and Σ0

parameters. Furthermore, the near-orthogonality of weak lensing and redshift-space

distortion constraints in the plane of µ̄0 and Σ0 was robust to this marginalisation,

provided that the same phenomenological time-dependence was selected for µ̄ and Σ

in both cases. This near-orthogonality did not hold to the same extent in the plane of

the two scale-dependence-related parameters. Nevertheless, constraints were predicted

on parameters related to the new scale M .

It is important to note that while these forecasts have demonstrated that, for ex-

ample, marginalising over scale-dependence-related parameters does not significantly

degrade forecast constraint on µ̄0 and Σ0, this is within the simplified context in which

other cosmological parameters are fixed. It is possible that degeneracies exist within

the broader set of parameters which may weaken this statement to some extent; a more

complex follow-up forecasting study could ascertain this.
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Chapter 4

Testing gravity with EG: Mapping
theory onto observations

4.1 Introduction

Although weak gravitational lensing is widely recognised as a powerful probe of gravity,

it is subject to degeneracies which affect its ability to independently constrain devi-

ations from GR. For optimal constraints on alternative theories of gravity, multiple

cosmological observables must be considered in combination. This was demonstrated

in Chapters 2 and 3, where forecasts incorporated weak lensing, redshift-space distor-

tions, and in some cases, BAO observations. Within the Fisher forecasting methodology

of those chapters, it was assumed that observables would be combined via standard

likelihood methods, as in, for example, [69]. An alternate method of breaking degen-

eracies is to strategically combine observables into a single statistic. This is the goal

behind the statistic EG.

EG was first proposed in 2007 [116] as a method of detecting deviations from GR

while circumventing potential degeneracies with the galaxy bias. The suggested esti-

mator involved a ratio between Cgκg(l), the angular cross-spectrum of galaxy positions

and weak lensing convergence (defined in equation 1.40 in the small-scale limit), and

Pgv(k), the cross-spectrum of velocities with galaxy positions, which could, in princi-

ple, be obtained from redshift-space distortion measurements. The same population of

galaxies would be used to make both measurements, allowing the galaxy bias to cancel.
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Additionally, the required lensing measurement would be from galaxy-galaxy lensing,

which is less susceptible to weak lensing systematic effects than is cosmic shear.

The first measurement of EG was made in 2010 [70], with a second measurement

following in 2015 [71]. Both have shown consistency with GR, as well as with other the-

ories of gravity. These two measurements have employed a slightly different definition

of EG, first set out in [70]. This observationally-motivated definition replaces Fourier-

space quantities with real-space equivalents, and substitutes the difficult-to-measure

Pgv(k) with the product of a projected galaxy correlation function and β = f/b, two

galaxy-clustering-related observables described in Section 1.3.2.1. At linear scales, and

under the assumption of constant bias, it has been assumed that the new observational

definition should agree with the definition of EG as proposed in [116].

In order to use EG to constrain or detect deviations from GR, predictions of EG are

required for GR and for alternative theories of gravity. Some such predictions for the

original definition of EG were made in [116], and became the standard choice for com-

parison with measurement. However, the observational definition of EG is expected

to agree with the original definition only under the above-mentioned assumption of

constant bias. Furthermore, as will be discussed, the observational definition contains

several additional non-gravitational parameters, which may be degenerate with a de-

parture from GR. It is the difference between the original proposal of [116] and the

statistic that is actually used in data analysis which will be explored here.

This chapter is structured as follows. In Section 4.2, both the original and the

observational definitions of EG are reviewed, and an expression is derived for the ob-

servational definition in terms of theoretical quantities in general relativity. In Section

4.3, the effect of varying the parameters of the observationally-motivated definition is

explored, and the associated uncertainties are compared to the expected level of error

on EG from two possible future measurements. In Section 4.4, the derivation of Section

4.2 is extended to provide a full theoretical expression for EG under the (µ̄, Σ) param-

eterisation of modifications to GR. This expression is employed to compute EG under
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deviations from GR, and to discuss how well future surveys may constrain alternative

theories of gravity using EG. Finally, conclusions are drawn in Section 4.5.

4.2 Derivation of a theoretical expression for EG(R)

4.2.1 Definitions and review

In this chapter, the original definition of EG set out in [116] will be referred to as

E0
G(l), and the observationally-motivated definition underlying the statistic used in [70]

as EG(R). The definitions of these quantities are now reproduced here. Note that

both E0
G(l) and EG(R) are redshift-dependent, but this dependence will typically be

suppressed for clarity.

First, E0
G(l) is defined as the expectation value of

Ê0
G(l,∆l) =

Cgκg(l,∆l)

3H2
0a
−1
∑
α

jα(l,∆l)Pα
gv

, (4.1)

where l is the magnitude of the two-dimensional on-sky Fourier-space wavenumber,

Cgκg(l,∆l) is the on-sky cross-spectrum of convergence and galaxy positions in bins of

∆l, Pα
gv is the cross-spectrum of velocities and galaxy positions between kα and kα+1,

and jα(l,∆l) is a weighting function which converts Pα
gv to an angular power spectrum.

The expectation value of Ê0
G(l,∆l) is then given by

E0
G(l) =

[ ∇2(Ψ + Φ)

3H2
0a
−1f∆M

]
k=l/χ̄,z̄

, (4.2)

where f is the linear growth rate of structure, ∆M is the matter overdensity field, and

χ̄ is the comoving distance corresponding to redshift z̄. The theoretical value of E0
G(l)

would in fact be expected to be independent of l for any theory of gravity which can

be represented by a scale-independent generalised Newtonian constant, with a scale-

independent relationship between Φ and Ψ. This is of course the case for GR, where

it can be shown that E0
G(l) = ΩM(z=0)

f(z)
[116].

Next, the observationally-motivated EG(R) is defined in [70] to be:

EG(R) =
Υgm(R)

βΥgg(R)
, (4.3)
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where β = f/b (b the galaxy bias as measured on linear scales) and R is the transverse

distance from the lens galaxy. Υgm(R) and Υgg(R) are annular differential surface

densities (ADSDs) [226]: modified versions of standard correlation functions which

exclude information on scales below a cut-off threshold denoted R0.

Equation 4.3 is qualitatively similar to equation 4.1. Both Υgm(R) and Cgκg(l,∆l)

represent a cross-correlation between galaxies and matter (with convergence, κg, map-

ping matter). Similarly, because f∆M = v on linear scales, β × Υgg(R) can be in-

terpreted on those scales as a cross-correlation between galaxies and galaxy velocities,

much like Pgv(k).

Specifically, Υgm(R) and Υgg(R) are defined as:

Υgm(R) =
2

R2

∫ R

R0

dR′R′Σgm(R′)− Σgm(R) +

(
R0

R

)2

Σgm(R0)

= ∆Σgm(R)−
(
R0

R

)2

∆Σgm(R0) , (4.4)

Υgg(R) = ρc

[
2

R2

∫ R

R0

dR′R′wgg(R
′)− wgg(R) +

(
R0

R

)2

wgg(R0)

]
, (4.5)

where ρc is the critical density of the Universe, Σgm(R) is the projected surface mass

density at R (see, for example, equation 5 of [226]), and wgg(R) is the projected galaxy

autocorrelation function, as defined below in equation 1.42. ∆Σgm(R) is the excess

differential surface mass density, defined in equation 1.39.

4.2.2 Deriving EG(R) in general relativity

Having now reviewed the definitions of both E0
G(l) and EG(R), a full theoretical ex-

pression will be developed for EG(R). In this section, this is undertaken in the context

of GR; for an extension to alternative theories of gravity, see Section 4.4.

The first step is to examine equation 4.4 for Υgm(R). There, Υgm(R) is seen to

be directly dependent upon ∆Σgm(R), which is in turn related to the tangential shear

observed at a transverse distance R from a lens, γg
t (R). In the case where all lenses
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are assumed to lie in a thin distribution at z = zl, this relationship is given by:

∆Σgm(zl, R) = 〈γg
t (R)〉

[∫ ∞
zl

dz′
ns(z

′)

Σc(zl, z′)

]−1

, (4.6)

where ns(z) is the normalised redshift distribution of sources and Σc is the critical

surface mass density, given by [71]:

Σc(z, z
′) =

c2χ(z′)

4πG(χ(z′)− χ(z))χ(z)(1 + z)
. (4.7)

It will be convenient to introduce the quantity Σ−1
c (zl), which is defined as:

Σ−1
c (zl) =

∫ ∞
zl

dz′
ns(z

′)

Σc(zl, z′)
. (4.8)

In this chapter, since only hypothetical, apriori-defined source redshift distributions

are employed, it is assumed that source redshifts are perfectly known. The result is

that for a single lens/source pair:

Σ−1
c (zl, zs) =

{
Σ−1

c (zl, zs) , zs > zl
0 , zs ≤ zl

, (4.9)

which results in the following expression for ∆Σgm(R, zl, zs):

∆Σgm(R, zl, zs) =

{
γg

t (R, zl, zs)Σc(zl, zs) , zs > zl
0 , zs ≤ zl

. (4.10)

〈γg
t 〉 has become γg

t in the limit of a single lens/source pair.

Extending to the full lens and source galaxy populations, the inclusion of redshift

information becomes more complex. ns, which characterises the source galaxy redshift

distribution, has already been introduced. For the lenses, the simplifying assumption is

made that there exists an effective redshift for the population, which is denoted z̄l. The

primary reason for this choice is a reduction in computational difficulty. Throughout

this chapter, it is assumed that all lenses are at z̄l, however, for a more general version

of these expressions, see Appendix C.

An estimator for ∆Σgm(R) is obtained by inverse-variance weighting each lens/source

pair by a factor of Σ−1
c

2
[175], and then by summing over all lens/source pairs. In this
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case, the source galaxy distribution is treated as continuous, and so summation is re-

placed with integration. Changing variables from redshift to comoving distance, the

resulting expression is

∆Σgm(R) =
1

w̄

∫ χH

0

dχsWs(χs)Σ−1
c (χ̄l, χs)γ

g
t (R, χ̄l, χs) , (4.11)

where Ws(χ) is the equivalent distribution to ns(z), and w̄ is a normalisation accounting

for the weighting factor:

w̄ =

∫ χH

0

dχsWs(χs)
(

Σ−1
c (χ̄l, χs)

)2

. (4.12)

An expression is now in hand for ∆Σgm(R) in terms of the tangential shear. γg
t is

related to the convergence κg via (see, for example, [227])

γg
t (R,χs, χ̄l) = −1

2

dκ̄g(R,χs, χ̄l)

d ln(R)
, (4.13)

and the convergence in a direction θ̂ is given by (see, for example, [228]):

κ̄g(θ̂, χs) =
3

2

(
H0

c

)2

ΩM(z = 0)

∫ χs

0

dχ
χ(χs − χ)

χsa(χ)
∆M(r(χθ̂, χ)), (4.14)

where χs is the comoving distance to the source in question. However, equation 4.13

requires not κ̄g(θ̂, χ̄l, χs), but κ̄g(R, χ̄l, χs). To get this, equation 4.14 is first modified

to obtain the convergence in direction θ̂2 given that there is a galaxy in direction θ̂1 at

comoving distance χ̄l. The small angle approximation is then invoked, and a change

of variables is imposed such that the two directions θ̂1 and θ̂2 are replaced with the

transverse on-sky distance between them, to find:

γg
t (R,χs, χ̄l) = −3

2

(
H0

c

)2

ΩM(z = 0)

∫ χs

0

dχ
χ(χs − χ)

a(χ)χs

× d

d lnR

[∫
SR

R′dR′

R2
ξgm(

√
R′2 + (χ− χ̄l)2, z̄l, b)

]
, (4.15)

where ξgm is the real-space galaxy-matter cross-correlation function. Inserting equa-

tions 4.7 and 4.15 into equation 4.11, it is found that:

∆Σgm(R) =
−ρcΩM(z = 0)

w̄

∫ χH

0

dχsWs(χs)
(4πG)

c2
Σ−1

c (χ̄l, χs)

∫ χs

0

dχ
χ(χs − χ)

a(χ)χs

× d

d lnR

[∫
SR

R′dR′

R2
ξgm(

√
R′2 + (χ− χ̄l)2, z̄l, b)

]
. (4.16)
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It will be convenient to introduce a modified version of the source window function,

into which the piecewise nature of Σ−1
c as given in equation 4.9 can be absorbed:

W s(χs) =

{
Ws(χs) , χs > χ̄l

0 , χs ≤ χ̄l
.

Incorporating this, changing the order of integrals, and rewriting χ = χ̄l + ∆ gives:

∆Σgm(R) =
−ρcΩM(z = 0)

w̄

∫
d∆

(4πG)2

c4

χ̄l(χ̄l + ∆)

a(χ̄l)a(χ̄l + ∆)

∫ χH

χ̄l+∆

dχsW s(χs)

× (χs − χ̄l)
(χs − χ̄l −∆)

χ2
s

d

d lnR

[∫
SR

R′dR′

R2
ξgm(

√
R′2 + (∆)2, z̄l, b)

]
.

(4.17)

Inserting then equation 4.17 into equation 4.4, it is found that:

Υgm(R) =
ρcΩM(z = 0)

w̄

∫
d∆

(4πG)2χ̄l(χ̄l + ∆)

c4a(χ̄l)a(χ̄l + ∆)

∫ χH

χ̄l+∆

dχsW s(χs)
(χs − χ̄l −∆)(χs − χ̄l)

χ2
s

×
[

2

R2

∫ R

R0

R′dR′ξgm
(√

R′2 + ∆2, z̄l, b
)
− ξgm

(√
R2 + ∆2, z̄l, b

)
+

(
R0

R

)2

ξgm

(√
R2

0 + ∆2, z̄l, b

)]
, (4.18)

where the fact that R d
dR

(
2
R2

∫ R
0
R′dR′F (R′)

)
= 2

(
F (R)− 2

R2

∫ R
0
R′dR′F (R′)

)
has

been used.

Consider now Υgg(R), the equivalent ADSD for galaxy clustering. Once again,

it will be assumed that the galaxy clustering measurement has an effective redshift;

this is standard practice in this case. Υgg(R) depends on wgg(R), the projected galaxy

correlation function, which was defined in equation 1.42 for projection in redshift-space.

As will be discussed in Section 4.3.2, this can be assumed to be equivalent to projecting

over a real-space correlation function when the projection length P is sufficiently large:

wgg(R) =

∫ P

−P
d∆ξgg

(√
∆2 +R2

)
. (4.19)

This expression is inserted into equation 4.5:

Υgg(R) = ρc

∫ P

−P
d∆

[
2

R2

∫ R

R0

R′dR′ξgg
(√

R′2 + ∆2, z̄l, b
2
)

− ξgg
(√

R2 + ∆2, z̄l, b
2
)

+

(
R0

R

)2

ξgg

(√
R2

0 + ∆2, z̄l, b
2

)]
. (4.20)
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The final element which is required to construct EG(R) is β = f/b. f is found by

solving the following differential equation (where f is given in terms of ∆M in equation

1.44):

∆′′M +

(
1 +
H′
H

)
∆′M −

3

2
ΩM∆M = 0, (4.21)

where a prime represents a derivative with respect to ln(a). It is important to note

that in EG(R), b as it appears in β is always scale-independent by definition, due to

the fact that β is typically measured on large scales and presumed to be a constant.

This is despite the fact that in general the bias may take a scale-dependent form.

Because the goal of this chapter is to examine the observational definition of EG(R) as

it is currently applied in practice, this feature is preserved, and β is always taken as a

scale-independent quantity.

A full theoretical expression for each of the constituents of EG(R) has now been

developed, summarised in equations 4.18, 4.20, and 4.21. The reader is reminded that

the above expressions are for the case where the lens galaxies are assumed to be at

an effective redshift z̄l; the more general case is given in Appendix C. It can be seen

that these expressions contain several variable quantities which could affect predictions

of EG(R): the distribution of source galaxies Ws, the projection length P , the cut-off

scale R0, and the bias b (particularly if scale-dependent). The effect of varying these

quantities on the predictions of EG(R) in GR is now examined, with the objective of

understanding how changes to these parameters may be degenerate with modifications

to GR.

4.3 Understanding theoretical uncertainties

Given now the expressions derived in the previous section, predictions of EG(R) can be

computed in GR. An investigation can hence be made as to the uncertainty associated

with Ws, P , b and R0 within the general relativistic prediction.

It is possible that in future measurements of EG(R), the uncertainty associated

with variations to these parameters may be significant. In order to investigate this,
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these uncertainties are compared to forecast errors from two possible future measure-

ments of EG(R): one next-generation measurement, and one more futuristic. These

measurements are characterised as follows:

1. DESI + DETF4: Galaxies for Υgg(R) and β, as well as the lens galaxies

for Υgm(R), are provided by the Dark Energy Spectroscopic Instrument (DESI)

Luminous Red Galaxy sample [202]. Source galaxies for the measurement of

Υgm(R) come from a Dark Energy Task Force 4 (DETF4)-type survey [1], with

the same form as equation 2.42 and the same parameters as employed in Chapter

2. For this measurement, z̄l = 0.8, and a sky area of 9000 square degrees is

assumed from DESI.

2. SKA2 + LSST: Galaxies for Υgg(R) and β, as well as the lens galaxies for

Υgm(R), are provided by a Phase 2 survey of HI galaxies by the Square Kilometre

Array (SKA) [205]. Source galaxies for the measurement of Υgm(R) come from a

survey by the Large Synoptic Survey Telescope (LSST) [208]. The LSST source

redshift distribution is given by the same form as equation 2.42, with α = 2,

β = 1, and z0 = 0.5 [229]. For this measurement, z̄l = 1.0, and a sky area of

30 000 square degrees from the SKA survey is assumed.

Allowing the lens galaxy population to take an effective redshift has implications for

the forecast errors, as all lensing information from any source galaxies situated below

this effective redshift must be neglected. The result is that the error bars displayed

may be inflated, and should be viewed as an upper bound. For a full explanation

of how observational errors are calculated, see Appendix D. Note that all error bars

displayed in this chapter are 1σ.

The possible uncertainty which may be introduced by varying Ws, P , b, and R0

is now considered, and compared with forecast errors. In doing so, a fiducial set of

quantities is selected to hold fixed while varying each of these parameters one at a

time. Following [70, 71], R0 is set to 1.5 Mpc/h in order to excise the most non-linear
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scales. The galaxy bias b is set as constant. P is set to 500 Mpc/h, motivated by the

fact that, as will be seen, this is a minimum value for which EG(R) is insensitive to the

specific choice. Finally, Ws is given by equation 4.23 (below) for the DESI+DETF4

measurement, and by the similar form given in [230] for the SKA2+LSST measurement.

The correlation function of matter, ξmm, is calculated using

ξmm(r) =
1

2π2

∫ ∞
0

dk k2Pmm(k, z̄l)
sin(kr)

kr
e−k

2

, (4.22)

where Pmm is the theoretical matter power spectrum (non-linear unless otherwise

stated), which is calculated using the publicly available code CAMB [10] with Halofit

[14] and the 2015 Planck parameters [8]. The notation Pmm is employed in this chap-

ter for the matter power spectrum (as opposed to Pδ elsewhere in this thesis) in an

attempt to maintain notational consistency with Υgm(R) and Υgg(R). Recall that

Pgg(k) = b2Pmm(k) and Pgm(k) = bPmm(k), and so for constant galaxy bias, equation

4.22 can be trivially adapted to compute ξgm and ξgg.

4.3.1 Source galaxy redshift distribution: Ws

First, consider the effect of allowing the shape of the source galaxy distribution, char-

acterised by Ws(χ), to vary. Three cases are examined, all of which are designed as

modifications to the DESI+DETF4 measurement scenario:

• Case 1: All sources are assumed to be at a single comoving distance: Ws(χs) =

δ(χs − χ̄s). χ̄s is set such that all sources are at redshift z = 0.9. This is an

idealised scenario, which is not suggested to represent reality, but rather to act as

a limiting case in which the GR prediction put forth in [116] should be recovered.

• Case 2: The source distribution is modelled by a normalised Gaussian in χ, such

that the mean of the Gaussian is at z = 0.9, and the square root of the variance

given by σs = 60 Mpc/h.
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• Case 3: The source distribution is given by [216]:

Ws(χs) =
z(χs)

α

N0

e
−
(
z(χs)
z0

)βH(χs)

c
, (4.23)

where N0 is a normalisation factor such that
∫
dχsWs(χs) = 1. This is equivalent

to the n(z) presented in equation 2.42. The parameter values are set as α =

2, β = 1.5, and z0 = 0.9/1.412 (see, for example, [113]). The distribution is

normalised between z = 0.5 and z = 2, and Ws(χs) is set to 0 outside of this

range.

Calculating EG(R) for these three cases, it is found that EG(R) = ΩM(z=0)
f(z=0.9)

within

1%, for the range R = 2−80 Mpc/h. This suggests that variation in the source galaxy

distribution shape has no effect on predictions of EG(R).

It is useful to pause at this point and consider a key difference between EG(R)

and E0
G(l), and the related implications of this result. E0

G(l), defined in Fourier-space,

assumes the inclusion of only linear scales. However, EG(R) is defined in real space,

where scales are not so easily separated. It is therefore possible that the mere inclusion

of non-linearities in the correlation function would cause EG(R) to deviate from the

expected general relativistic value at small scales. The current result demonstrates

that this is not the case, at least for the fiducial parameter set used here. This can

be attributed to the fact that nonlinearities enter into Υgm(R) and Υgg(R) via the

same combination of correlation function terms, as seen in equations 4.18 and 4.20,

and therefore effectively cancel out.

4.3.2 Projection length: P

The consequences of varying the projection length P are now considered. There are

two related theoretical effects which could alter the value of EG(R) in this scenario:

• The projection may be over an insufficiently large line-of-sight separation to allow

the galaxy-galaxy correlation to become negligible over this distance, thus losing

three-dimensional power in the projection.
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• Although wgg(R) has been expressed in terms of the real-space correlation func-

tion in equation 4.19, in reality the three-dimensional correlation function is

measured in redshift-space. If P is insufficiently large, the effect of measuring in

redshift-space will be non-negligible, as not all redshift-space effects will cancel

along the line-of-sight.

In order to examine these effects, ξgg(
√
R2 + ∆2), in real-space, is replaced with ξsgg(R,∆),

in redshift-space, given by:

ξsgg(R,∆) =
1

4π2

∫ ∞
−∞

dk|| cos(k||∆)

∫ ∞
0

dk⊥k⊥J0(k⊥R)P s
mm(k||, k⊥). (4.24)

Finger-of-God effects [231] and a smoothing scale are additionally incorporated via

P s
mm(k||, k⊥) =

(1 + βµ2)2Pmm(k)e−k
2

1 + (kµσ)2
, (4.25)

where σ, the Finger-of-God parameter, is set to 400 km/s, or 4/
√

2 in units of h/Mpc

(see, for example, [232]). k here is
√
k2
|| + k2

⊥.

EG(R) is computed for a range of P values, for both a DESI+DETF4-type mea-

surement, and an SKA2+LSST type measurement. Figure 4.1 shows the results. It

can be seen that for both measurement scenarios, when P = 500 Mpc/h, EG(R) is

given by the expected ΩM(z = 0)/f(z̄). However, as P is reduced, EG(R) changes in

two way: its overall value is reduced, and it is further suppressed at larger R.

The suppression of EG(R) (or, equivalently, the boosting of wgg(R)), can be un-

derstood as a result of the two factors mentioned above. First, reducing P within this

regime is equivalent to neglecting separations for which the correlation function is neg-

ative, and hence the value of the projected correlation function is incorrectly inflated.

This effect is enhanced at larger R, where for fixed P , more of the negative region of

the correlation function will be neglected than for smaller R. Second, redshift-space

distortions result from peculiar velocities, which arise due to increased clustering and

hence correspond to a boosted correlation function. Projecting over sufficiently large

P induces a cancellation of this effect along the line-of-sight, but as P is reduced, this

cancellation is negated and wgg(R) is boosted

116



101

R, Mpc/h
101

R, Mpc/h

0.20

0.25

0.30

0.35

0.40

0.45

0.50
E
G

(R
)

Figure 4.1: The effect on EG(R) from varying the value of the projection length P .
The left panel is for the case of a DESI+DETF4 measurement, with the right panel
showing SKA2+LSST. Black, solid: P = 500; blue, dotted: P = 250; green, dashed:
P = 150; orange, dot-dashed: P = 50. The solid black line also corresponds to the
theoretical value of ΩM(z = 0)/f(z̄l). All values of P are in Mpc/h.

As seen in Figure 4.1, for the DESI+DETF4 case, the effect of a reduction in the

overall value of EG(R) at all scales is insignificant compared with the expected errors.

The effect of a deviation from the expected value at large R is more worrisome, but only

for the smallest P value which is plotted. On the other hand, for the SKA2+LSST

case, it can be seen that both effects are significant in comparison with errors and

would be important to account for in such a measurement.

Although it may seem from this result that it is optimal to choose the largest

possible projection length, note that this may not be the case. In practice, choosing

a long projection length may increase the noise of the measurement, by incorporating

redundantly large line-of-sight separations at which any structure is uncorrelated [176].

This can be seen explicitly in the expression for the error of Υgg(R) derived in Appendix

D. In reality, the choice of projection length must be balanced between theoretical

uncertainty and shot noise.
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4.3.3 Scale-dependent bias

The next possible source of theoretical uncertainty to be considered is scale-dependent

galaxy bias. In this scenario, ξgg and ξgm can no longer be trivially computed from

ξmm. Instead, the following expressions are employed:

ξgm(r) =
1

2π2

∫ ∞
0

dk k2b(k, z̄l)Pmm(k, z̄l)
sin(kr)

kr
e−k

2

,

ξgg(r) =
1

2π2

∫ ∞
0

dk k2b2(k, z̄l)Pmm(k, z̄l)
sin(kr)

kr
e−k

2

, (4.26)

where b(k, z̄l) is the galaxy bias, and Pmm(k, z̄l) is, for the bias models considered here,

the linear power spectrum by definition.

The variation to EG(R) is investigated under two scale-dependent bias models.

The first was introduced as part of the analysis for the 2dF Galaxy Redshift Survey

(2dFGRS) [233], and can be written as:

b2dF(k, z) = bc(z)

√[
1 +Q(z)k2

1 + A(z)k

]
, (4.27)

where bc(z), A(z), and Q(z) are constant at a given redshift and can be fit from n-

body simulations. The second model features a power law in k, and can be described

by [234,235]:

bPL(k, z) = b0(z) + b1(z)kn, (4.28)

where once again b0(z) and b1(z) are z-dependent constants [235], and k is in units of

k1 = 1 h/Mpc.

EG(R) is computed under these scale-dependent bias models, with other parameters

fixed to fiducial values. The bias model parameters are taken to have values given in

[235] for the case of z̄l = 0.8 (for DESI+DETF4), and z̄l = 1.0 (for SKA2+LSST), with

n = 1.28 for the power law bias model in both cases. For reference, both choices of bias

are displayed as a function of scale in Figure 4.2, for the representative case of z̄l = 0.8.

As noted earlier, the factor of the bias which is introduced via β(z) = f(z)/b(z) is

independent of scale by definition, and should be chosen as bc(z) or b0(z) as appropriate.
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Figure 4.2: The difference between b(k) and the comparable constant bias value for
the two scale-dependent bias models in the text (see equations 4.27 and 4.28), for
the parameters given in [235] and at z = 0.8 (as in a DESI+DETF4 measurement of
EG(R)). The left panel shows b2dF(k)− bc, where the dashed portion of the curve is in
reality negative, but is displayed in absolute value. The right panel shows bPL(k)− b0.

The resulting predictions are shown in Figure 4.3. It is seen that the inclusion

of scale-dependent bias causes EG(R) to deviate considerably from ΩM(z = 0)/f(z̄l),

particularly for small values of R. However, once again, for the DESI+DETF4 case, the

effect is largely within the expected 1σ error, while for an SKA2+LSST measurement,

this is not the case. The implication is that for a futuristic measurement of this type,

scale-dependent bias must be accounted for. Generally, one would expect this to occur

via accurate modelling of the scale-dependence. However, in the case of EG(R), it

is possible that an increase to the value of R0 could sufficiently suppress small-scale

deviations from the expected value of EG(R). This possibility is explored in the next

subsection.

Finally, note that the predicted EG(R) resulting from the 2dFGRS bias model

of equation 4.27 approaches ΩM(z = 0)/f(z̄l) less closely on this range than does the

EG(R) prediction resulting from the power law bias model of equation 4.28. One reason

for this can be seen in Figure 4.2: b2dF(k) deviates more significantly from constant at

larger scales than does bPL(k). This then translates to a more significant large-scale
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Figure 4.3: EG(R) for the scale-dependent bias models described in the text. The left
panel shows the case of a DESI+DETF4 measurement, and the right shows the case
of SKA2+LSST. Black, solid: constant bias; blue, dashed: b2dF(k) (equation 4.27);
orange, dashed: bPL(k) (equation 4.28).

deviation of the value of EG(R) away from constant in the b2dF(k) case.

4.3.4 R0

The parameter R0 defines the minimum value of R from below which information is

included in EG(R). In [70] and [71], R0 was chosen to be 1.5 Mpc/h, with [71] showing

their measurement to be unaffected by small variations to R0. However, with the

inclusion of scale-dependent bias, it is possible that the choice of R0 may strongly

influence the degree to which small scale information is removed. EG(R) is therefore

computed while varying R0 under the scale-dependent bias models outlined in the

previous section, as well as in the constant-bias case. Once again, both a DESI+DETF4

and an SKA2+LSST type measurement are considered.

The result in the case of b2dF(k) (given by equation 4.27) is shown in Figure 4.4, with

Figure 4.5 displaying the case of bPL(k) (equation 4.28). Within each model, EG(R)

is plotted for R0 = {1.5, 5.0, 9.0} Mpc/h. It can be see that for an SKA2+LSST

measurement, increasing the value of R0 will be insufficient to adequately excise in-

formation from small scales, particularly in the case of the 2dFGRS bias model. This
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Figure 4.4: EG(R) with different R0 values, for the case of b2dF(k) (equation 4.27).
Each curve is displayed at values of R greater than or equal to the relevant R0. The
left panel shows the case of a DESI+DETF4 measurement, and the right shows the
case of SKA2+LSST. The curves displayed are for R0 = 1.5 Mpc/h (green, dashed),
R0 = 5.0 Mpc/h (blue, dot-dashed), R0 = 9.0 Mpc/h (orange, dotted). The solid black
line shows the constant-bias case.

implies that increasing the value of R0 will likely not prove a viable method of dealing

with scale-dependent bias effects in the future, and that scale-dependent bias must be

precisely modelled and understood if EG(R) is to be effectively used to test gravity.

Even in the case of a DESI+DETF4 measurement, variation due to a change in R0 is

not fully contained within the 1σ error bars.

The effect of varying R0 was also tested with the constant galaxy bias model. In

this case, all choices of R0 produced curves in which EG(R) ∼ΩM(z = 0)/f(z̄l) on the

range R = 2−80 Mpc/h. For constant bias, the choice of R0 therefore appears to have

no effect on the predicted value of EG(R), as expected.

4.4 Predictions of EG with modifications to general

relativity

The effect of theoretical uncertainties on the general relativistic prediction for EG(R)

has now been established and compared to forecast errors for future measurements.

However, the question has not yet been addressed as to how these forecast errors
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Figure 4.5: EG(R) with variable R0, for the case of bPL(k) (equation 4.28). Each
curve is displayed at values of R greater than or equal to the relevant R0. The left
panel shows the case of a DESI+DETF4 measurement, and the right shows the case of
SKA2+LSST. The curves displayed are for R0 = 1.5 Mpc/h (green, dashed), R0 = 5.0
Mpc/h (blue, dot-dashed), R0 = 9.0 Mpc/h (orange, dotted). The solid black line
shows the constant-bias case.

compare to the expected change in EG(R) due to signatures of modified gravity. A

theoretical expression is now set out for EG(R) under modifications to GR. This ex-

pression is then used, along with the expressions for forecast errors derived in Appendix

D, to comment on the level at which EG(R) might be expected to offer constraints on

gravity from the two future measurement scenarios under consideration.

As in Chapters 2 and 3, departures from general relativity are parameterised in

this section using the functions µ and γ (or equivalently µ̄ and Σ) of the quasistatic

parameterisation of gravity. The modified Poisson equation and slip relation introduced

in equation 1.29 are employed to find the relevant expressions for Υgm(R) and Υgg(R).

Motivated as in Chapter 2 by previous work showing that any scale-dependence is

expected to be sub-dominant [92–94], only scale-independent µ and γ are considered.

The expression for κ̄g, given in equation 4.14 for GR, then becomes:

κ̄g(θ̂) =
3

4

(
H0

c

)2

ΩM(z = 0)

∫ χs

0

dχ

(
1 +

1

γ(χ)

)
µ(χ)

χ(χs − χ)

χsa(χ)
∆M(r(χθ̂, χ)).

(4.29)
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Proceeding then in precisely the same manner as in the GR case, Υgm(R) is obtained:

Υgm(R) =
ρcΩM(z = 0)b

2w̄

∫
d∆

(4πG)2χ̄l(χ̄l + ∆)

c4a(χ̄l)a(χ̄l + ∆)

∫ χH

χ̄l+∆

dχsW s(χs)ws(χs)

×
(

1 +
1

γ(χ̄l + ∆)

)
µ(χ̄l + ∆)(χs − χ̄l −∆)

(χs − χ̄l)
χ2
s

×
[

2

R2

∫ R

R0

R′dR′ξMG
gm

(√
R′2 + ∆2, z̄l, b

)
− ξMG

gm

(√
R2 + ∆2, z̄l, b

)
+

(
R0

R

)2

ξMG
gm

(√
R2

0 + ∆2, z̄l, b

)]
. (4.30)

Υgg simply becomes:

Υgg = ρc

∫ P

−P
d∆

[
2

R2

∫ R

R0

R′dR′ξMG
gg

(√
R′2 + ∆2, z̄l, b

2
)

− ξMG
gg

(√
R2 + ∆2, z̄l, b

2
)

+

(
R0

R

)2

ξMG
gg

(√
R2

0 + ∆2, z̄l, b
2

)]
. (4.31)

ξMG
gm and ξMG

gg are computed using equation 4.22 where Pmm(k, z̄l) is taken to be the

linear matter power spectrum under the alternative theory in question. Finally, the

growth rate f is also required in terms of these quasistatic parameterising functions.

It is given by solving an extended version of equation 4.21 [213]:

∆′′M +

(
1 +

(aH)′

aH

)
∆′M −

3

2
ΩM∆M

µ

γ
= 0 . (4.32)

In principle, EG(R) could now be computed under specific theories of gravity. How-

ever, as in Chapters 2 and 3, in an effort both to enable model-independent tests of

gravity and to manage analysis complexity, a phenomenological form is chosen to model

deviations from GR. In order to allow for easy comparison with other work, it will

once again be preferable to work in terms of the more common observational choice

of parameterising functions {µ̄, Σ}, instead of {µ, γ}. Under the assumption of small

deviations from GR, and letting µ = 1 + δµ and γ = 1 + δγ as in Chapter 2, these sets

of functions are related by equation 2.46. A phenomenological form for µ̄(χ) and Σ(χ)
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is selected which is equivalent to that introduced in equation 2.48:

µ̄(χ) = µ̄0
ΩGR

Λ (χ)

ΩGR
Λ (χ = 0)

,

Σ(χ) = Σ0
ΩGR

Λ (χ)

ΩGR
Λ (χ = 0)

. (4.33)

Given equations 4.30, 4.31 and 4.32 in combination with equation 4.33, EG(R) can

now be computed for a range of µ̄0 and Σ0. In doing so, several simplifying assumptions

will be made. First, because of the uncertain nature of non-linear structure formation

under general modifications to GR, a non-linear power spectrum cannot be computed

with confidence, and therefore only linear-level effects are included. For this reason,

it would be imprudent to attribute too much weight to these calculations below scales

of roughly 10 Mpc/h. Additionally, one could in principle consider modifications to

the expansion history as well as perturbative changes. However, due to the fact that

the expansion rate has been observationally well-constrained to be near the ΛCDM

quantity, and because many theories of interest are designed such that the ΛCDM

expansion rate is reproduced, the simplifying case considered here is that in which the

expansion history of the Universe matches that of ΛCDM. The fiducial values of the

previous section are adopted for the non-gravitational parameters, unless otherwise

stated.

The results of computing EG(R) under modifications to GR are shown in Figures

4.6, 4.7, and 4.8. In Figure 4.6, it can be seen that, given the time-dependent form

of µ̄(χ) and Σ(χ) that has been chosen, a measurement of EG(R) from DESI+DETF4

will struggle to distinguish a deviation from GR at a 20% level in µ̄0 and Σ0. How-

ever, in the case of a measurement from SKA2+LSST, this level of 1σ constraint is

feasible. In comparison, it has previously been shown (including in Chapter 2) that

for a combination of cosmic shear, growth rate measurements, and baryon acoustic

oscillations from a DETF4-type survey, constraints on µ̄0 and Σ0 are expected at a

5% level [114]. However, despite the looser constraint expected, EG(R) remains a
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valuable cross-checking mechanism, due to the different systematic effects acting on

galaxy-galaxy lensing measurements.

In order to compare these forecast errors with currently-available measurements,

Figure 4.7 displays EG(R) at z = 0.32 and z = 0.57 as measured by the RCSLenS

collaboration [71], in addition to the theoretical EG(R) at several choices of µ̄0 and Σ0.

In this case, the chosen values of µ̄0 and Σ0 are not within the regime of small deviation

from GR, so equation 2.46 is not used; rather the equivalent general expression is

employed (see, for example, [69]). Fiducial parameters are as described above (P = 500

Mpc/h, R0 = 1.5 Mpc/h, and b(k) is a constant), with the exception of Ws, which is

given by equation 4.23 with α = 0.787, β = 3.436 and z0 = 1.157 [236]. It can be

seen that current 1σ constraints are at approximately at the level of |µ̄0| = |Σ0| = 1.0.

These looser constraints are as expected, since this measurement is intended primarily

as a ‘consistency check’ for general relativity.

Next, the type of degeneracy which may exist between the gravitational param-

eters described here and the non-gravitational parameters of the previous section is

demonstrated. EG(R) is computed for the case of µ̄0 = Σ0 = 0.2, this time allow-

ing the galaxy bias to take on scale-dependence as given in equations 4.27 and 4.28.

The result is shown in Figure 4.8, where it is clear that the scale-dependence of the

bias may dominate over the effect of deviation from GR on all but the largest scales.

This reinforces the notion that in order to achieve optimal constraints on gravity using

next-generation measurements of EG(R), accurate modelling of the galaxy bias will be

required.

Finally, in order to better understand the dependence of EG(R) on µ̄0 and Σ0,

the bias is once again assumed to be constant and R is set to 20 Mpc/h. Then, the

evolution of EG(R = 20) as a function of µ̄0 and of Σ0 is examined. The results

are seen in Figure 4.9 for the representative case of z̄l = 0.8. The left panel shows

EG(R = 20) as a function of µ̄0 with Σ0 = {0, 0.1}, while in the right panel, Σ0 varies

and µ̄0 = {0, 0.1}. It is clear that EG(R) exhibits a stronger dependence on Σ0 than

125



101

R, Mpc/h
101

R, Mpc/h

0.20

0.25

0.30

0.35

0.40

0.45

0.50

E
G

(R
)

Figure 4.6: EG(R) as a function of R for different values of µ̄0 and Σ0. The left
panel shows the case of a DESI+DETF4 measurement, and the right shows the case
of SKA2+LSST. Orange, dashed: µ̄0 = Σ0 = 0.01; blue, dot-dashed: µ̄0 = Σ0 = 0.1;
green, dotted: µ̄0 = Σ0 = 0.2; black, solid: GR.

on µ̄0. This can be understood by examining equation 4.30. There, it is seen that

EG(R) is primarily sensitive to the combination µ
(

1 + 1
γ

)
, which, in the case of small

deviations from GR, can be written as 2
(
δµ− 1

2
δγ
)

= 2Σ, as seen in equation 2.46.

EG(R) is affected by µ̄0 primarily via the growth rate f (because µ/γ ∼ δµ−δγ = µ̄ in

the case of small deviations from GR). However, changes to f as a result of µ̄0 are small

(below 10%) at z = 0.8. This relative insensitivity to µ̄0 may be explained by the fact

that the measurement of EG is here assumed to be taken at the relatively high redshift

of z = 0.8, where the growth rate of structure has not yet had time to be maximally

affected by modifications to gravity. This is an important limitation to bear in mind

when selecting a method by which to detect or constrain deviations to GR with the

surveys in question. (Note that the results shown in Figure 4.9 are independent of the

choice of R.)

4.5 Conclusions

Directly combining observables in order to circumvent potential degeneracies is an

attractive prospect for testing gravity on cosmological scales. In this chapter, the
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Figure 4.7: EG(R) predictions as a function of R for modifications to GR, shown
with measurements of EG(R) from the RCSLenS collaboration [71]. The left panel
shows the measurement at z = 0.32, and the right is at z = 0.57. Blue, dot-dashed:
µ̄0 = Σ0 = 1.5; orange, dot-dashed: µ̄0 = Σ0 = 1.0; green, dotted: µ̄0 = Σ0 = −1.0;
black, solid: GR.

observational definition of one such combination, EG(R), has been examined in detail.

This has been with the goal of understanding how parameters which were not present

in the original version of the statistic may introduce theoretical uncertainty, and how

this uncertainty may compare to forecast errors from two futuristic measurements.

The investigation of this chapter reveals that of four potential sources of theoretical

uncertainty (the distribution of source galaxies Ws, the projection length P , the cut-

off scale R0, and the bias b), only Ws has no effect on the theoretical value of EG(R).

The general relativistic prediction is sensitive to P , to the scale-dependence of the

bias b(k), and, under scale-dependent bias, to the value R0 within which small-scale

information is discarded. Until now, these few-percent changes of EG(R) away from

E0
G(l) have not been critical when compared to statistical error [70, 71]. Similarly, it

is found that in comparing theoretical uncertainties with forecast errors from a next-

generation measurement combining DESI and a DETF4-type survey, the uncertainties

from theory are of the same order of magnitude as, or less than, the predicted errors.

However, in a more futuristic measurement, such as that from a combination of SKA2
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Figure 4.8: EG(R) as a function of R for µ̄0 = Σ0 = 0.2, with scale-dependent bias.
The left panel shows the case of a DESI+DETF4 measurement, and the right shows
the case of SKA2+LSST. Black, solid: constant bias; blue, dashed: b2dF (equation
4.27); orange, dotted: bPL (equation 4.28).

and LSST, this is not the case. If EG(R) is to be used as a tool for testing gravity in

more futuristic scenarios, it will be essential to take these effects into account.

In the case of the projection length P , one approach would be to compare the mea-

sured EG(R) with a prediction computed using the expression derived in this chapter,

with the appropriate P value. For the scale-dependent bias this method would be

less practical, as the parameters of the bias models must be known. Thus, accurate

modelling of and accounting for b(k) is more likely the solution in this case. In the

more futuristic scenario of using EG(R) not as a consistency check, but as the basis

of a Bayesian analysis, this could be accomplished by parameterising b(k) (via a func-

tional form or simply by binning in k), and marginalising over the corresponding bias

parameters.

The case of theoretical uncertainty from scale-dependent bias is of particular in-

terest, given that the original objective of EG was to circumvent degeneracy with the

galaxy bias. Note that, as mentioned previously, the definition of EG(R) assumes that

the measured β(z) = f(z)/b(z) is scale-independent, which implies that the factor of

the galaxy bias which enters via β(z) is scale-independent by definition. The result
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Figure 4.9: EG at R = 20 Mpc/h, as a function of µ̄0 (left, with Σ0 = 0 (black, solid)
and Σ0 = 0.1 (orange, dashed)) and as a function of Σ0 (right, with µ̄0 = 0 (black,
solid) and µ̄0 = 0.1 (blue, dashed)). The curves shown are for z̄l = 0.8, as in the case
of a DESI+DETF4 measurement of EG(R). The dependence of EG(R = 20) on Σ0 is
clearly greater than that on µ̄0.

is that any scale-dependent behaviour in the bias will fail to cancel. One potential

way to address this would be to measure instead β(z, k) = f(z, k)/b(z, k). If possible,

this could lead to much less sensitivity of EG(R) to the galaxy bias. Additionally,

the effects of introducing scale-dependent bias are made more problematic by the real-

space nature of the observational EG(R) than they would be in the case of the original

Fourier-space statistic, in which case truncation at a particular value of k could elimi-

nate all effects. In light of this, it may be of interest to move towards a Fourier-space

observable, as was originally proposed. This idea was explored for the case in which

galaxy-galaxy lensing is replaced by CMB lensing in [237,238].

In addition to the general relativistic expression for EG(R), an expression for EG(R)

in the quasistatic limit of modified gravity has also been introduced. This has allowed

for the comparison of deviations from the GR value of EG(R) with forecast errors. It

is found that, for a measurement from SKA2+LSST, EG(R) is expected to provide

1σ constraints on modified gravity parameters µ̄0 and Σ0 at a level of roughly 20%.

This level of constraint is significantly looser than that expected from a combination of
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cosmic shear tomography and measurements of the growth rate and of baryon acous-

tic oscillations combined directly from a DETF4-type survey, as was demonstrated in

Chapter 2. Bear in mind, however, that in the current chapter, a single source red-

shift bin has been assumed; by cleverly dividing the data into several redshift bins, it

should be possible to increase the statistical power of this method. Furthermore, one

primary advantage of EG(R) is its use of galaxy-galaxy lensing, and the resulting rel-

ative insensitivity to cosmic shear systematics. Hence, even a reduced constraint from

these different observational techniques will provide a useful cross-check. Recall also

that the use of an effective redshift for the lens galaxy population may inflate forecast

errors (see Appendix D), and hence this represents an upper bound on the expected

error. Finally, it is found that although EG(R) uses both galaxy-galaxy lensing and

galaxy-clustering measurements, EG(R) is primarily sensitive to Σ0, with more limited

sensitivity to changes in µ̄0.

EG(R) as an observable has the potential to provide a powerful test gravity, com-

plementary to constraints using standard likelihood methods. However, in order to

benefit from the measurement of EG(R) from more futuristic surveys, the theoretical

uncertainties of the statistic must be modelled and understood. The work presented

in this chapter has been a step towards this goal, in providing full theoretical expres-

sions for EG(R) in GR and in the quasistatic limit of modified gravity, and in studying

the theoretical uncertainties which arise in comparison with forecast errors for future

surveys.
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Chapter 5

Forecast constraints on spatial
curvature

5.1 Introduction

Thus far, the focus of this thesis has been on the investigation of degeneracies and

theoretical uncertainties as they pertain to the use of weak gravitational lensing as a

probe of modifications to general relativity. In this chapter, weak gravitational lensing

will once again be considered, but this time as a tool for exploring a different scenario:

a Universe with spatial curvature.

Current constraints on the spatial curvature from the combination of Planck CMB

data and BOSS BAO measurements place a 95.4% confidence limit on |ΩK| of 5×10−3

[8]. With spatial curvature thus constrained to be dynamically negligible at late times,

should it be routinely set to zero in cosmological analyses? This is often already done,

particularly when examining late-time probes such as, for example, the growth rate

of structure. However, assuming a flat Universe in all contexts neglects potentially

powerful tests of early Universe physics and large-scale structure effects.

Constraining ΩK at a ∼ 10−4 level would provide a useful test of eternal inflation

[143, 239]. Slow-roll eternal inflation predicts |ΩK| < 10−4, while false-vacuum eternal

inflation would be ruled out by ΩK < −10−4. On the other hand, inflationary models

which give rise to bubble collisions or other large-scale anomalies predict non-zero

spatial curvature [240, 241]. Tests of standard early Universe cosmology would thus
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clearly benefit from a high-precision constraint or measurement of |ΩK|.

In addition to the predictions of inflationary theory, a number of large-scale struc-

ture effects result in an observable ΩK. Second-order perturbation terms affecting the

distance-redshift relation may shift ΩK at a sub-percent level [242, 243], while local

inhomogeneities can result in non-zero ΩK at a level which scales with the depth of

the potential well [144, 244]. In large-scale structure surveys, modes with wavelength

larger than the survey size can result in an observed non-zero value of ΩK. Subtle

general relativistic effects such as the non-commutation of distance and spatial aver-

aging [245] and wide-angle effects [246] could also produce an observable curvature.

Finally, certain alternative theories of gravity predict a non-zero observed ΩK [247].

Further incentivising a target ∼ 10−4 constraint level is the fact that this value

represents a floor below which |ΩK| cannot be accurately distinguished from primordial

fluctuations [74]. Cosmic variance ‘noise’ due to primordial curvature fluctuations of

order the horizon scale precludes constraints on |ΩK| below ∼1.5×10−5 [248]. Framing

this scenario in the context of Bayesian model selection reveals that, in fact, model

confusion occurs between flat and curved models at |ΩK| ∼10−4. This higher value is

hence adopted as a realistic curvature ‘floor’, beyond which more precise observations

cannot improve constraints.

There thus exist one and a half orders of magnitude between the current curvature

constraint level and a well-motivated target measurement, within which a detection of

ΩK 6= 0 could rule out large portions of inflationary model-space or detect novel large-

scale structure phenomena. In this chapter, the question is addressed as to how and

when ΩK is expected to be constrained at this 10−4 level by cosmological observations,

including weak gravitational lensing.

Recent efforts have explored future constraints on ΩK within a range of observational

scenarios and analysis frameworks [74,75,148,149,229,246,249–254]. These works have

focussed largely on geometric observables, with some probes of the growth of structure

also having been considered. The work presented in this chapter expands upon these
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efforts by considering constraints from weak gravitational lensing in combination with

CMB and BAO observations. Weak lensing is of particular interest as a probe of

curvature at high precision, due to the fact that its position as a key observable of

several upcoming surveys has instigated an ongoing and intensive study of relevant

systematic errors (see, for example, [255–257]). Similarly, CMB and BAO are included

because they are arguably the ‘purest’ precision observables, in that they are likely to

offer the best control over systematic effects and biases.

There are two principle ways in which the work presented in this chapter seeks

to improve upon previous forecasts. First, the forecasts here are guided by a broadly

conservative approach. Parameters are incorporated which may exhibit significant

degeneracies with ΩK (e.g. the neutrino mass, Mν , and the time-evolution of dark

energy), and the effect of varying or fixing these parameters is examined. Uncertain-

ties due to observational nuisance parameters are accounted for, and several possible

additional sources of systematic bias are discussed. In contrast, most previous work

has focused upon single or limited extensions beyond a non-flat ΛCDM model. Sec-

ond, the forecasts presented here investigate a suite of current and upcoming surveys

in combination, whereas previous work has generally focused upon a single set or very

limited sets of future surveys. In this way, the aim of this chapter is to answer the

question of how and when one might first achieve the target constraint of 10−4, rather

than to examine the properties of a particular survey or surveys of interest.

The remainder of this chapter is structured as follows. In Section 5.2, relevant

aspects of the observational probes to be considered are briefly reviewed, and the

forecasting methodology is described. Section 5.3 puts forward forecast constraints on

the spatial curvature from three generations of ongoing and upcoming surveys, and

describes the systematic biases which could affect these forecasts. Conclusions are

drawn in Section 5.4.
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5.2 Forecasting setup

5.2.1 Observational probes

The three observational probes from which constraints on spatial curvature are forecast

in this chapter are weak gravitational lensing, the cosmic microwave background, and

baryon acoustic oscillations.

From the CMB, the angular power spectra of the temperature and polarization

anisotropies are included. Information is also employed from the CMB lensing con-

vergence power spectrum, the theoretical form of which is given below in equation

5.3.

Baryon acoustic oscillations are assumed to be measured in the context of a model

for the redshift-space galaxy power spectrum put forward in [258]:

P s
gg(k, µ) = b2

(
1 +

f

b
µ2

)2

Psm(k) [1 + fBAO(k)] e−
k2

2
([1−µ2]Σ2

⊥+µ2Σ2
‖), (5.1)

where f is the linear growth rate of structure, b is the galaxy bias, Psm is the galaxy

power spectrum with BAO effects removed, and fBAO is a function which contains

all BAO scale information. In order to extract information which depends only on

BAO effects, the argument of fBAO is relabelled as k′. Then, in the Fisher forecasting

procedure, derivatives are taken only with respect to this BAO scale. k′ is given by:

(k′)2 = α2
s

[
(α⊥k⊥)2 + (α‖k‖)

2
]
, (5.2)

where k⊥ = k
√

1− µ2 and k‖ = kµ. (α‖, α⊥) represent shifts with respect to a fidu-

cial cosmology, with α‖ scaling as the ratio of fiducial-to-true Hubble parameter, and

α⊥ scaling as the ratio of true-to-fiducial angular diameter distance. αs accounts for

uncertainty in modelling shifts of the BAO scale due to non-linearities. In computing

forecast constraints, f and b will be allowed to vary, but (Σ⊥,Σ‖) are fixed, under the

assumption that BAO smoothing is perfectly known.

The third and final observable of interest is weak gravitational lensing. The angular

power spectrum of the convergence for galaxy weak lensing (in general relativity) has
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already been given in equation 1.35. A more general version of this expression is now

presented, which is valid for the angular power spectra of the convergence in the case

of galaxy weak lensing, CMB lensing, and their cross-correlation:

CAiBj

` =
9

16

∫ χ∞

0

dχ
gA

i
(χ)gB

j
(χ)

fK(χ)2c3
H(χ)4ΩM(χ)2Pδ

(
`

fK(χ)
, χ

)
. (5.3)

A and B indicate galaxy or CMB convergence, while i and j refer to the source galaxy

redshift bin (relevant only in the galaxy case). The Limber approximation is employed,

and as such a minimum multipole of `min = 10 is assumed for all lensing spectra in this

chapter.

In equation 5.3, gA
i
(χ) (the lensing kernel, given by equation 1.36) depends on the

source distribution function WAi(χ). In the case of CMB lensing, W κc(χ) = δ(χ−χ∗),

where χ∗ is the comoving distance to last scattering. For galaxy lensing, W κig(χ)

is the distribution of source galaxies in each redshift bin i. In previous chapters,

the simplifying assumption has been made that W κig(χ) is given without regard for

photometric redshift effects. However, the forecasts undertaken in this chapter seek

primarily to be conservative, and hence photometric redshift effects are incorporated.

This is modelled using (see, for example, [259]):

W κig(z) =
n(z)

∫ zi
zi−1

dzphp(zph, z)∫ zmax

0
dz′n(z′)

∫ zi
zi−1

dzphp(zph, z′)
, (5.4)

where p(zph, z) describes the spread of photometric redshifts around the true redshift

value. It is given by a Gaussian with mean z and variance σz (where σz is the photo-

metric redshift uncertainty). To obtain W κig(χ) from W κig(z), the right side of equation

5.4 is simply multiplied by dz
dχ

= H(χ)
c

. The true redshift distribution of the total pop-

ulation of source galaxies, n(z), is modelled using the form of equation 2.42. The

photometric redshift uncertainty σz is used to determine the number of tomographic

redshift bins, requiring that each bin has a width ∆z = 3σz(1 + z).

In the spirit of conducting conservative and realistic forecasts which include possible

signal contaminants, the effect of intrinsic galaxy alignments on weak gravitational

lensing spectra is also incorporated. Instrinsic alignments were discussed in Section
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1.3.1.2, and their effect on galaxy lensing spectra is accounted for here using equation

1.38. For the cross-correlation between galaxy and CMB lensing, there is a similar

adjustment, which is computed as described in [260]: Cεiκc
` = C

κigκc

` + CIiκc
` . This

accounts for the potential anti-correlation between the weak lensing of the CMB and

the alignment of galaxies which are physically associated with a lensing mass.

Within the intrinsic alignment model employed in this work, the simplifying as-

sumption is made that the fraction of red galaxies fred is constant over the redshifts to

be considered. The result is that each of the final three terms of equation 1.37 depends

on an amplitude parameter fc, where fc = C1ρcfred, and C1 is the standard amplitude

parameter for intrinsic alignments. The combined parameter fc is then marginalised

over to account for uncertainty in the intrinsic alignment amplitude.

Finally, some minor cross-correlations are also expected between CMB temperature

and CMB lensing via the Integrated Sachs-Wolfe effect (see, for example, [261]). These

are comparatively negligible.

5.2.2 Fisher forecasting methodology

The forecasts in this chapter are conducted using Fisher forecasting methodology, in-

troduced in Section 1.3.3.

The Fisher matrix is computed for each observable with respect to the parameters:

ΩK, Ωbh
2, Ωch

2, h, ns, As, τ , Mν , w0, wa, {fi}, {bi}, and fc. As can be seen from

this parameter list, a general-relativistic growth of structure is assumed, but a non-

ΛCDM expansion history is permitted. The possibility of a consistent model exhibiting

a non-ΛCDM expansion history as well as spatial curvature was considered in, for

example, [262, 263]. Fiducial values of the ΛCDM model parameters are taken as

reported by Planck in 2015 [8], while {w0, wa} are taken as −1 and 0, respectively.

The fiducial linear bias in each redshift bin, bi, is survey-specific, and fi is the linear

growth rate per bin. fc is fiducially taken as 0.0067, following the standard convention

in which C1ρc = 0.0134 [171] and setting fred fiducially to 0.5.
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Fisher matrices containing independent information can be directly summed in

order to obtain a combined Fisher matrix. Here, three independent Fisher matrices

are considered: one for CMB temperature and polarization, one for BAO, and one for

CMB lensing and galaxy lensing. By computing the Fisher matrices in this manner,

any covariance between CMB temperature and lensing, and between CMB E-mode

polarization and lensing, is assumed to be negligible.

The single Fisher matrix describing both the temperature and polarization of the

CMB takes the form

FCMB
ab =

∑
`

fsky

(
∂C`
∂pa

)T
Σ−1
`

(
∂C`
∂pb

)
, (5.5)

where fsky is the fractional sky coverage, and Σ` is the covariance matrix between

angular power spectra at a given `. Σ` has dimensions N ×N where N is equal to the

number of spectra considered. ∂C`
∂pa

is a vector of length N , containing derivatives of

each spectrum at multipole ` with respect to parameter pa.

Similarly, the weak gravitational lensing of galaxies and of the CMB are described

in a single Fisher matrix. This is given by the expression presented in equation 1.48.

However, the matrices C` which describe the observed power spectra are now of di-

mension (NL + 1) × (NL + 1), where NL is the number of source galaxy tomographic

redshift bins. The one additional dimension accounts for the inclusion of CMB lensing.

Note that the noise term of the observed power spectrum takes a different form than

that given in equation 1.49 for the case of the CMB lensing autocorrelation. It depends

on the CMB temperature and polarization spectra, and is computed using the method

of [264]. The noise term for cross-correlation between CMB lensing and cosmic shear

is assumed to be zero.

Finally, the Fisher matrix of BAO is related to that for galaxy clustering. In the

distant observer approximation,

FGal
ab =

∫ +1

−1

dµ

∫ kmax

kmin

dk

(2π)2
k2Vsur

(
P s
gg(k, µ)

P s
gg(k, µ) + 1/n

)2 ∂ logP s
gg(k, µ)

∂pa

∂ logP s
gg(k, µ)

∂pb
,

(5.6)
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α β z0 σz ngal 〈γ2
int〉

1
2 fsky

DES 2 1.5 0.425 0.07 12 0.32 0.12
Euclid 2 1.5 0.637 0.05 30 0.22 0.375
LSST 2 1 0.5 0.03 40 0.18 0.485

Table 5.1: Survey parameters for the three generations of weak gravitational lensing
surveys considered. ngal is given in units of galaxies per square arcminute.

where n is the number density of detected galaxies. In order to extract information only

from BAO, derivatives are considered only with respect to the BAO scale k′ described

above, i.e.:
∂P sgg
∂pa
∝ ∂fBAO(k′)

∂k′
∂k′

∂pa
. The desired Fisher matrix, FBAO

ab , then follows directly.

5.2.3 Numerical issues and non-linear scales

The public code CAMB [10] is employed to output the required CMB temperature and

polarization spectra, as well as the matter power spectra necessary to compute BAO

and lensing observables using the expressions above. Unlike in Chapters 2 and 3, the

derivatives required for the Fisher matrices are then computed numerically.

When employing numerical derivatives, it is crucial to select a step size in the

differentiation parameter which lies within the regime of convergence – too small a

step can yield numerical errors, while too large will depart from the regime of validity.

In the case of the weak gravitational lensing of galaxies, ensuring convergence proved

non-trivial. This was due to the prescription for computing the non-linear matter power

spectrum. In the case where non-linearities were included, derivative convergence was

not uniformly achievable at higher multipoles, but when predictions were artificially

restricted to linear theory, convergence was easily achieved. Therefore, in order to be

certain of robust results, forecast constraints from galaxy weak lensing are reported

using `max = 300. This maximum multipole is selected because it provides agreement

of better than 5% between the problematic non-linear case and the well-behaved linear

case. Note that this conservative `max cut is made only for galaxy lensing and for the

cross-correlation between galaxy and CMB lensing; the CMB lensing auto-correlation

is less affected due to its sensitivity to higher redshifts, where non-linear effects are less

important.
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Although this cut is made to deal with numerical problems, it also serves the over-

all goal of providing conservative forecasts, as it naturally excises multipoles at which

non-linearities become important. Regardless of numerical issues, at smaller scales

uncertainties arise in non-linear modelling and baryonic physics which currently af-

fect the matter power spectrum at around the 10% level. To illustrate the potential

of including higher multipoles were this problem to be solved in the future, forecast

constraints are also presented with `max = 2000 (and, in the case of the hypothetical

cosmic-variance-limited lensing survey explored below, with `max = 5000). However,

these constraints may be subject to errors due to the numerical issues discussed above,

so should be treated with care.

5.2.4 Cosmological surveys

Fisher matrices are computed for experiments representing three generations of cosmo-

logical surveys for weak gravitational lensing, CMB, and BAO observations:

• Stage II (current): Planck [8], the Dark Energy Survey (DES) [198], and the

Baryon Oscillation Spectroscopic Survey (BOSS) [201].

• Stage III (next-generation): Advanced ACTPol (Atacama Cosmology Tele-

scope) [211], and Euclid [265] (for both galaxy weak lensing and BAO).

• Stage IV (future): A Stage IV CMB survey [212], the Large Synoptic Survey

Telescope (LSST) [2], and Phase 2 of the Square Kilometre Array (SKA2) [266].

SKA2 is selected as the Stage IV BAO experiment due to the fact that it is expected

to out-perform non-radio counterparts in this observable out to z = 1.4 [267]. Note

that Euclid is technically a Stage IV experiment, but it is included here in Stage III

due to its earlier operating timeframe than SKA2.

The required survey parameters are given in Table 5.1 for weak lensing surveys,

while those pertaining to BAO were given in [268–270] for BOSS, Euclid, and SKA2

respectively. The specifications employed here for Advanced ACTPol are the same
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as those given in Table I of [271] for the Stage III (wide) experiment, while the CMB

Stage IV survey considered here employs the specifications of the Stage IV CMB survey

described in the same work. Both CMB surveys are assumed to be conducted over 40%

of the sky, with information from Planck included at low ` in both cases. Note that,

in all cases, forecast constraints from CMB experiments include CMB lensing as well

as polarization.

5.3 Results

Constraints are forecast on ΩK for each generation of surveys. At each generation,

forecast constraints from the CMB survey are first considered independently. They are

then combined separately with galaxy weak lensing (WL) observations, and with BAO

measurements. Finally, all three surveys are combined. This presentation of results is

chosen because CMB observations at a given generation independently offer the best

constraint on ΩK of the three observables considered.

5.3.1 Forecast constraints for each generation of surveys

For each combination of surveys, forecast constraints at the 95.4% CL (2σ) level are

given in Table 5.2. Note that all constraint values have been divided by 10−4 for clarity.

The first column of Table 5.2 (labelled ‘uninformative priors’) provides forecast

constraints on ΩK for the case in which all other parameters are marginalised over,

without reference to any prior information. In this pessimistic case, the expected

constraint from Planck + BOSS is approximately eight times worse than the published

result of 5×10−3 [8]. This is due to the fact that a time-evolving w is highly degenerate

with ΩK, in what is commonly referred to as the geometric degeneracy [145–147]. The

published constraint from Planck + BOSS fixes w to its ΛCDM value. If the relevant

‘fixed w’ column is examined for this combination of surveys, a result that is much

closer to the published constraint is found.
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Even in the case without informative priors, there is significant improvement with

each successive generation of experiments. This is driven primarily by the CMB sur-

veys. However, at each generation, galaxy weak lensing and BAO observations do

improve the forecast constraint over CMB alone, by up to 49%. The best forecast con-

straint for the ‘uninformative priors’ case is from all three Stage IV surveys combined.

At 4.8× 10−3, this is still significantly off the ∼10−4 mark.

In the next column of Table 5.2 (labelled ‘mild priors’), a weak Gaussian prior is

applied to a select group of parameters, while remaining parameters are treated the

same as in the ‘uninformative priors’ case. This still-conservative set-up is selected with

the intention of breaking only the worst degeneracies. Gaussian priors are applied as

follows, corresponding to 95.4% CL (2σ) external constraints: σ(αs) = 0.01, σ(bi) = 1,

σ(Mν) = 0.4, σ(fc) = 0.05, σ(w0) = 1, σ(wa) = 2, and σ(τ) = 0.1. These priors are

chosen such that they might be provided by external datasets. For example, 21 cm

observations have the potential to constrain τ [272], while Type 1a supernovae can

provide information about w0 and wa. Imposing these mild priors results in varying

levels of improvement over the case of uninformative priors. The most dramatic gain is

for the Advanced ACTPol + Euclid BAO combination of surveys, where the constraint

is tightened by approximately a factor of 3.5. For the remaining columns of Table 5.2,

this set of weak priors should be assumed to be applied unless otherwise specified.

Following this, in each of columns 3 − 9, a single parameter is fixed to its fidu-

cial value in an attempt to understand its individual effect on the spatial curvature

constraint. First, in column 3 (‘fixed w’), the parameters describing the equation of

state of dark energy are fixed. The effect on forecast constraints is considerable, due

to the fact that this explicitly removes the above-mentioned geometric degeneracy. In

particular, it is seen that fixing w offers a significant improvement for the combina-

tion of BAO and CMB experiments at each generation. In the best case scenario in

which all three Stage IV surveys are combined, fixing the equation of state of dark

energy provides a constraint of 1.3 × 10−3 on ΩK, a significant improvement over the
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‘mild priors’ case. However, this is not particularly realistic, as several of the surveys

considered here have as an explicit goal the measurement of w(z).

Fixing the neutrino mass, Mν , is shown to be only mildly helpful in increasing the

combined constraining power of all three observables. Fixing τ has a similarly small

effect, with improvements reflecting the breaking of the degeneracy between the optical

depth and As, which is itself degenerate with ΩK.

Examining column 4, it can be seen that fixing the BAO parameter αs produces

only a small improvement over the ‘mild priors’ case. Similarly, columns 7 and 8

demonstrate that fixing either the galaxy bias bi or intrinsic alignments parameter fc

has a negligible effect on the forecast constraint values. These parameters are of more

relevance as sources of potential bias in inferred parameters values, as will be discussed

in Section 5.3.2. Allowing the galaxy weak lensing power spectra to contribute out to

a multipole of 2000 rather than 300 (‘`max = 2000’) results in a more noticeable effect:

for Stage IV, the improvement over the ‘mild priors’ scenario in the three-observable

case exceeds the 30% level, reaching a constraint on ΩK of 1.5× 10−3.

In the rightmost column of Table 5.2, a highly optimistic case is considered, in

which all parameters except for ΩK are fixed to their fiducial values. In this scenario,

there is no benefit from the addition of galaxy weak lensing or BAO observations: the

best constraint comes from the CMB alone at each generation, and hence the best

overall constraint comes from the Stage IV CMB experiment. For this experiment,

a constraint at the 10−4 level is achievable, while the constraint from a Stage III

Advanced ACTPol survey comes close to the target. However, it is not realistic to

assume external constraints on all other parameters to this high degree. Therefore, the

conclusion must be drawn that constraints on spatial curvature at the 10−4 level are

not realistically reachable by Stage IV weak lensing, CMB, and BAO surveys. ∼10−3

is a more realistic prediction for the constraint on ΩK from these experiments.

Finally, in the bottom row of Table 5.2, the forecast constraint in each scenario

from a hypothetical cosmic-variance-limited combination of CMB, BAO and galaxy
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weak lensing observations is presented. It is interesting to note that even in this

extremely futuristic case, only by once again fixing all parameters other than ΩK can

the 10−4 curvature floor be reached.

5.3.2 Systematic errors, biases, and degeneracies

The goal of the research presented in this chapter is to establish how, when, and

whether spatial curvature will be constrained at the 10−4 level. This target measure-

ment presents not only the statistical challenge of reaching sufficiently high signal-to-

noise in various observables, but also the more subtle difficulty of being sure that such

a result, if achieved, can be believed. There are various systematic errors or biases

which may cause an offset to any measured value of ΩK at this high precision, as well

as degeneracies which could prevent the objective from being reached. Some examples

of these issues and potential solutions are discussed here.

Shifts in the BAO peak: The BAO distance scale can be shifted from its predicted

value due to non-linear effects, or because of scale- and redshift-dependent galaxy

bias. The former can in principle be dealt with via calibration from simulations and

correction for coherent peculiar velocities via the ‘reconstruction’ technique [273]. The

latter galaxy bias-related effects have been shown in simulations to shift the BAO

peak by (0.300 ± 0.015)% [274]. It is possible to then mitigate this potential bias by

marginalising over αs with a prior of 0.015% (although a more conservative prior was

imposed within the ‘mild priors’ of the previous subsection).

Non-linearities in the matter power spectrum: Theoretical predictions of the

power spectra of weak gravitational lensing observables are highly sensitive to the

behaviour of the non-linear matter power spectrum. Because of the complicated de-

pendency of weak lensing statistics on the matter power spectrum, it is not possible to

perform a ‘reconstruction-like’ procedure, as with BAO. The usual strategy is instead

to model the matter power spectrum on non-linear scales as accurately as possible.
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Because the current best simulation-based models of non-linear and baryonic effects

on the matter power spectrum are only accurate at about the 10% level [275], often

the chosen approach is to restrict multipoles to linear-dominated scales, as has been

done here. As previously alluded to, extending `max for galaxy weak lensing to 2000

via better modelling of the non-linear power spectrum could improve the constraint on

ΩK by greater than 30% for the combination of Stage IV CMB, BAO, and weak lensing

observations.

Massive neutrinos: The mass of neutrinos is correlated with ΩK in CMB observa-

tions because both it and the spatial curvature are correlated with the amplitude of

the CMB lensing power spectrum (see Figure 9 of [271]). An increased neutrino mass

results in increased gravitational collapse and growth of structure, and a correspond-

ing boost in lensing. Increasing the spatial curvature parameter, on the other hand,

causes a decrease in the overall matter density for a fixed CMB acoustic scale, thereby

decreasing lensing. The conclusion is that it is not necessarily prudent to fix the mass

of neutrinos when constraining curvature, as a biased measurement of ΩK could follow.

Time-evolution of dark energy: A sufficiently general time-evolution of the equa-

tion of state of dark energy, w(z), can absorb the redshift-dependence of any non-zero

curvature component, thus leading in part to the geometric degeneracy mentioned

above. One possible solution is to impose theoretical priors such that only those mod-

els for w(z) which stem from stable and physically-motivated dark energy scenarios are

considered [276–278]. Imposing such theoretical priors on w(z) can significantly reduce

the viable dark energy parameter space and hence reduce the effect of the geometric

degeneracy.

Intrinsic alignments: The intrinsic alignment of galaxies contributes to the ob-

served galaxy lensing power spectrum, as well as to the observed cross-spectrum be-

tween galaxy lensing and CMB lensing. The choice of prior for the amplitude of the
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intrinsic alignment contribution has a small effect on the spatial curvature constraint,

as described above. It is also found that increasing the fiducial value of the amplitude

parameter fc leads to a tighter constraint on ΩK. For example, for the combination

of all three Stage III experiments, σ(ΩK) decreases by ∼ 6% when the fiducial value

for fred is increased from 0.1 to 1 (with fixed fiducial C1). This result is somewhat

surprising, as it might be expected that adding more ‘contaminant’ to the lensing sig-

nal in the form of intrinsic alignments would loosen cosmological constraints. Intrinsic

alignments are sensitive to cosmological parameters in their own right though, and so it

is entirely plausible that an increase in their amplitude would render the lensing signal

more sensitive to spatial curvature – essentially, the intrinsic alignment contribution

contains extra information about ΩK.

Super-sample modes: Modes of large wavelength which lie outside of the given sur-

vey volume can couple to modes within the survey, altering cosmological observations

and hence parameter inferences. This is of particular relevance for weak gravitational

lensing surveys, where effects on parameter constraints can be significant [279,280]. One

promising option for mitigating this effect is to calibrate from simulations [281,282].

Local inhomogeneities: Local inhomogeneities, such as, for example, the potential

well of the local supercluster of galaxies [283], can alter the observed value of the

spatial curvature. This could occur, for example, via changes to the distance-redshift

relation. Thus, it is important that to prevent biases to the measured value of ΩK, the

local structure is well-modelled. Another option to reduce the effect of this issue is to

perform precise measurements of CMB spectral distortions [144].

Higher-order perturbations: Because of the precise level at which a constraint on

ΩK is sought, second-order (or higher) effects in perturbation theory are not necessarily

negligible. For example, second-order lensing effects can alter the angular diameter dis-

tance at z ∼1 at a 8×10−4 level – sufficient to cause a significant ΩK bias. Fortunately,
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for a given observable, these higher-order perturbations can be computed exactly [284].

CMB systematic effects: While systematic effects affecting space-based CMB ex-

periments, and in particular their temperature maps, have been impressively well-

studied (see, for example, [285–287]), there still exist some CMB-related systematics

which could bias parameter inferences. For example, systematic effects relevant to

lensing reconstruction and polarization still require further study, as do atmospheric

fluctuations (for ground-based surveys) and polarized foregrounds. As polarization and

lensing become a main focus of CMB observations, it is expected that these systematic

effects will become well-characterised.

5.4 Conclusions

It has been shown in this chapter that planned weak gravitational lensing, CMB,

and BAO surveys are together unlikely to constrain ΩK down to the curvature floor

of ∼ 10−4. Even the combination of Stage IV CMB, BAO and galaxy weak lensing

experiments is realistically only likely to constrain ΩK at the ∼10−3 level, an order of

magnitude away from the target accuracy.

This conclusion may seem to be incongruous with certain other forecasts in the

literature, which claim that constraints at a ∼10−4 level may be reachable by a single

experiment alone, or in combination with only Planck CMB observations (see, for ex-

ample, [74, 254]). There are two crucial differences between these approaches and the

method presented here. First, the forecasts in this chapter have considered a conserva-

tive combination of CMB, BAO, and weak gravitational lensing surveys, ignoring other

observables which may be more prone to systematics (or for which systematics are not

being actively and aggressively investigated). For example, forecast constraints from

supernova observations have not been included here, due in part to the ongoing ten-

sions between supernova and CMB measurements of H0 [8]. In addition, the forecasts

presented have included marginalisation over a broad range of relevant parameters,
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including nuisance parameters. However, even the chosen set of parameters does not

account for all potential sources of systematic bias or degeneracies, as described in

Section 5.3.2. For an even more realistic scenario, effects such as super-sample modes

and higher-order perturbations could be included.

This is not to say that the curvature floor can never be reached in principle. The

forecasts presented in this chapter have included only weak lensing, CMB, and BAO

observations. Other observables could improve upon constraints, should their system-

atics be controlled. Experiments such as Euclid and SKA2 could employ measurements

of redshift-space distortions, as well as of the shape of the galaxy power spectrum, to

improve constraining power. The SKA will also allow for 21 cm observations, which

could significantly improve constraints on τ . Type 1a supernovae samples are expected

to increase in size in the near future, while observations of the weak lensing of radio

galaxies could improve upon our current understanding of intrinsic alignments. How-

ever, at present these observables are generally prone to poorly characterised systematic

errors, which could engender doubt as to the validity of any precise measurement of

ΩK dependent upon them.

The study of systematic errors and of sources of bias is at present a key issue more

generally in cosmology, as is evidenced in part by the work presented in this thesis.

Given that statistical errors are expected to vastly decrease on many observables with

the next-generation of surveys, can our understanding of systematic effects and of

theoretical uncertainties keep pace? Measuring or constraining ΩK at the 10−4 level

– and agreeing on the interpretation of this result – would not only provide exciting

information about inflationary models and about novel effects in large-scale structure;

it would also serve as a litmus test for the understanding of systematic effects in

cosmological observations at a high-precision level.
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Chapter 6

Conclusions

Weak gravitational lensing is a remarkably promising cosmological observable, the po-

tential of which is only beginning to be explored. Observations of weak lensing have

matured dramatically since the first detection of cosmic shear in the year 2000 [3],

with the 2012 CFHTLenS data providing the current state-of-the-art weak lensing

constraints on cosmological parameters [150, 151]. Some first weak lensing constraints

have also been found on aspects of cosmology beyond the standard paradigm, including

constraints on alternative gravitational theories [69–71].

With cosmological observations of weak gravitational lensing continuing to improve,

numerous systematics and data analysis issues must be characterised. Current surveys

such as DES [198], KiDS [288], and the Hyper Suprime-Cam (HSC) survey [289] pos-

sess expected final observational areas of at least ten times that of CFHTLenS. These

experiments must tackle corresponding new analysis challenges, in order to achieve the

best possible cosmological parameter constraints from their datasets. Even more de-

manding, though, will be the level of care required for the next generation of surveys,

including Euclid and LSST. These surveys will revolutionise the field of weak gravita-

tional lensing by providing a wealth of source galaxy images over vast portions of the

sky. A significant effort is already underway to prepare for the novel difficulties in data

analysis and systematics which will accompany these radically improved surveys.

As a result of this incredible effort, weak gravitational lensing observations will

soon have the potential to provide precision cosmological constraints, both on ΛCDM
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parameters and beyond the standard cosmological model. However, in order to maxi-

mally exploit the next generation of weak lensing surveys to learn about the Universe,

it is crucial that an equivalent effort is made towards understanding theoretical un-

certainties and degeneracies. Otherwise, there is risk that the constraining power of

these future experiments will be limited not by statistics or systematics, but by a lack

of theoretical clarity. The research presented in this thesis has been a step towards ex-

ploring degeneracies and theoretical uncertainties which may affect weak gravitational

lensing tests of cosmology beyond the standard paradigm.

First, in Chapters 2 and 3, new theoretical tools were developed and utilised to

explore degeneracies affecting weak lensing tests of gravity beyond GR. Beginning in

Chapter 2, a new expression was derived for the angular power spectrum of the con-

vergence under small deviations from GR+ΛCDM. This expression was employed to

investigate degeneracies between gravitational parameters using the quasistatic pa-

rameterisation of modifications to GR. It was found that a known degeneracy-breaking

effect, which occurs when combining weak lensing and redshift-space distortion obser-

vations to test gravity, is reliant upon the ansatz selected for the quasistatic parame-

terising function µ̄. Fortunately, for most viable choices of the time-dependence of µ̄,

this combination of observables is still expected to provide reasonably good constraints.

The newly-derived expression for C`
κgκg

also permitted Fisher forecasts to be performed

using analytic derivatives. Taking advantage of this feature, predicted constraints on

gravity from weak gravitational lensing, redshift-space distortions, and BAO obser-

vations were explored. It was found that the precision of BAO measurements had a

greater effect on constraints than did the assumed time-dependence of the expansion

history of the Universe.

The potential for detecting scale-dependence in the parameterising functions of

gravity was also briefly investigated in Chapter 2, and was considered more thoroughly

in Chapter 3. Taking advantage of a generic form for the scale-dependence of the qua-

sistatic parameterising functions, predicted constraints were explored for a Dark Energy
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Task Force 4 (DETF4)-type survey. Constraints were forecast on the standard µ̄0 and

Σ0 parameters, as well as on parameters which characterise novel scale-dependence and

new physical scales. It was shown that the inclusion of these scale-dependence-related

parameters did not significantly degrade constraints on µ̄0 and Σ0 in the case in which

a ΛCDM expansion history was assumed, nor did it alter the near-orthogonality of

weak lensing and redshift-space distortion constraints. This suggested that incorpo-

rating this potential scale-dependence within the analysis of a DETF4-type survey is

a realistic possibility. On the other hand, constraints from weak lensing and redshift-

space distortions were demonstrated to be much less orthogonal in the plane of those

parameters related to scale-dependence.

Following this, in Chapter 4, a different method of testing gravity was examined:

the galaxy-galaxy lensing-based statistic EG(R). A new theoretical expression for this

quantity was derived using the standard observational definition, both in GR and for

the quasistatic parameterisation of modified gravity. This allowed for an investigation

of the theoretical uncertainty introduced to EG(R) via the survey- and model-related

parameters of the observational definition. It was shown that the projection length,

the scale-dependence of the galaxy bias, and, in the case of scale-dependent bias, the

minimum length scale included, all affected the prediction of EG(R) in GR. These

effects were within the tolerance of a potential future measurement of EG(R) from a

DETF4-type survey combined with DESI, but were found to be significant in the case

of a more futuristic measurement from LSST and SKA2. Predictions of EG(R) under

modifications to GR demonstrated that for next-generation surveys, tests of gravity

using this statistic would not be competitive with those which employ more standard

likelihood methods. However, EG(R) is still useful as a valuable cross-check, because

its use of galaxy-galaxy lensing incorporates different weak lensing systematics than

are present in cosmic shear measurements.

Finally, in Chapter 5, possibilities were considered for the use of weak lensing

in combination with complementary CMB and BAO measurements to constrain the
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spatial curvature of the Universe at a high precision. A conservative set of forecasts was

performed for a suite of ongoing and upcoming surveys, in which numerous beyond-

ΛCDM parameters and potential systematic effects were considered. The resulting

forecasts demonstrated that, even for Stage IV surveys in all three observables, a target

2σ constraint of |ΩK| < 10−4 could only be reached by fixing all other cosmological

parameters. This included fixing not only deviations to the standard model such as

w0 and wa, but also the ΛCDM parameters. A more likely outcome from future weak

lensing, CMB, and BAO surveys is a constraint on ΩK at the 10−3 level, five times

better than current best constraints from Planck and BOSS.

The research presented in this thesis has explored the potential of weak gravitational

lensing as a test of cosmology beyond the standard paradigm. However, as mentioned

above, the field of weak lensing is relatively young, and there remains considerable

work to be done in order to take full advantage of future surveys. Each of the projects

presented above suggests natural avenues of further study, which will now be discussed.

First, a common theme of this work was the use of the quasistatic parameterisa-

tion for alternative theories of gravity. As was partially investigated, forecasts, and

ultimately real cosmological constraints, naturally rely on the ansatz selected for the

parameterising functions of this framework. A more careful study of the robustness

of constraints to this choice would be of interest, particularly in the case where scale-

dependence is included. Furthermore, the quasistatic parameterisation itself may not

be an ideal framework in some future observational scenarios, depending on the range of

scales to be examined. In some cases, it may be preferable to work with a more complex

parameterisation of gravity, such as the parameterised post-Friedmann framework [63]

or an effective field theory parameterisation [99,107–109].

Throughout Chapters 2, 3, and 4, only a small number of parameters of interest

were varied, while the majority of cosmological parameters were held fixed. However, as

was seen in Chapter 5 for the case of spatial curvature constraints, other cosmological

parameters, including the ΛCDM parameters, can contribute important degeneracies.
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This is particularly relevant to the work of Chapters 2 and 3, where Fisher forecasts

were also performed. An exciting project would be to extend the forecasts of Chapters

2 and 3 to include variation in other standard cosmological parameters, and hence to

more fully explore the degeneracy space. Either Fisher forecasting or MCMC-based

forecasting methods could be used for this.

The research presented in Chapter 4, exploring the theoretical uncertainties affect-

ing EG(R), illuminates some potential areas in which this statistic could be improved.

As was suggested in that chapter, developing a modified definition of EG(R) which

incorporates tomographic weak lensing is an intriguing prospect. Another interesting

possibility would be that of measuring a scale-dependent β(z, k) = f(z, k)/b(z, k) in

order to mitigate degeneracies with the galaxy bias.

Finally, the issue of uncertainties in non-linear structure formation, either within

the GR context or in alternative theories of gravity, was relevant to every project

presented in this thesis. Understanding how to reduce theoretical uncertainty in the

non-linear growth of structure as well as in baryonic physics is currently a key problem

in cosmology. Avenues of exploration range from n-body simulations within alternative

theories of gravity (see, for example, [104,105,290–292]) to clever marginalisation over

baryonic effects [293]. Improving our knowledge of these issues could allow weak grav-

itational lensing measurements to be exploited for cosmology at much smaller scales,

which could result in significant improvements in parameter constraints [294].

Weak gravitational lensing will soon have the potential to provide precision cos-

mological constraints. Preparations are underway for next-generation surveys, includ-

ing intensive investigations into the associated new observational and systematic chal-

lenges. At the same time, there are looming theoretical issues which must be solved in

order to take full advantage of the upcoming influx of data. This thesis has presented

work towards answering these crucial questions, with a study of the degeneracies and

theoretical uncertainties which may affect weak gravitational lensing tests of cosmology

beyond the standard paradigm.
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Appendix A

Converting between {δµ, δγ} and
{µ̄,Σ}

Often in this thesis, a conversion is made between two sets of functions which parame-

terise alternative theories of gravity within the quasistatic regime: {µ, γ} (or {δµ, δγ}

near GR+ΛCDM) and {µ̄,Σ}. In this appendix, a derivation of the near-GR+ΛCDM

relationship between these two sets of functions is presented, as given in equation 2.46.

Equations 4 and 5 of [69] will be of use in this derivation, and so for reference

they are reproduced here. The time variable x = ln(a) is employed, and some minor

notational alterations are made in order to maintain the conventions of Chapter 2:

Ψ(x, k) = [1 + µ̄(x, k)]ΨS
GR(x, k)

Ψ(x, k) + Φ(x, k) = [1 + Σ(x, k)](ΨS
GR(x, k) + ΦS

GR(x, k)). (A.1)

The general relativistic potentials are labeled with an S due to the fact that they are

slightly different from ΨGR(x, k) and ΦGR(x, k) as denoted in this work. ΨS
GR(x, k)

and ΦS
GR(x, k) follow a general relativistic Poisson equation and slip relation, but they

may generally still have a different value than ΨGR(x, k) and ΦGR(x, k), due to any

difference in the history of the growth of overdensities.

Now, from equation 2.19 it can be seen that:

Φ(x, k) = (1 + δµ(x, k))(1 + δ∆(x, k))ΦGR(x, k). (A.2)

In fact, ΦS
GR(x, k) = (1 + δ∆(x, k))ΦGR(x, k), such that:

Φ(x, k) = (1 + δµ(x, k))ΦS
GR(x, k). (A.3)
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From equations 1.29 and 2.12, it is seen that in the quasistatic regime, Φ(x, k) =

(1 + δγ(x, k))Ψ(x, k). Therefore:

Ψ(x, k) =
1 + δµ(x, k)

1 + δγ(x, k)
ΦS

GR(x, k)

=
1 + δµ(x, k)

1 + δγ(x, k)
ΨS

GR(x, k)

' (1 + δµ(x, k)− δγ(x, k))ΨS
GR(x, k) (A.4)

where the second line is a result of the fact that ΦS
GR(x, k) = ΨS

GR(x, k). Referring to

equation A.1, it is seen that:

µ̄(x, k) = δµ(x, k)− δγ(x, k), (A.5)

as in equation 2.46.

From here, equations A.3 and A.4 can be used to write (suppressing time- and

scale-dependence for brevity):

Ψ + Φ =
1 + δµ

1 + δγ
ΨS

GR + (1 + δµ)ΦS
GR

=
1 + δµ

1 + δγ
ΦS

GR + (1 + δµ)ΦS
GR

=
1

2

[
1 + δµ

1 + δγ
+ (1 + δµ)

]
(ΦS

GR + ΨS
GR)

'
(

1 + δµ− 1

2
δγ

)
(ΦS

GR + ΨS
GR) (A.6)

and by comparison with equation A.1, it is shown that

Σ(x, k) = δµ(x, k)− 1

2
δγ(x, k) (A.7)

as in equation 2.46.
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Appendix B

Analytic derivative expressions

Chapters 2 and 3 make use of analytic derivatives of C
κigκ

j
g

` (equation 2.36) and δfσ8

(equation 2.43) to perform Fisher forecasts. These derivatives are presented explicitly

here. K(x, `) is defined in equation 2.38, and Gf (x, x
′) in equation 34 of [213].

Derivatives with respect to µ̄0 and Σ0:

∂C
κigκ

j
g

`

∂µ̄0

=

∫ 0

−∞
dxK(x, `)

[
3

∫ x

−∞
dx̄ΩGR

M (x̄)I(x, x̄)
ΩGR

Λ (x̄)

ΩGR
Λ (x̄ = 0)

]
∂C

κigκ
j
g

`

∂Σ0

= 2

∫ 0

−∞
dxK(x, `)

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

∂(δfσ8(x))

∂µ̄0

=

∫ x

−∞
Gf (x, x

′)
ΩGR

Λ (x′)

ΩGR
Λ (x′ = 0)

dx′

∂(δfσ8(x))

∂Σ0

= 0. (B.1)

Derivatives with respect to w0 and wa:

∂C
κigκ

j
g

`

∂w0

=

∫ 0

−∞
dxK(x, `)

{
3

2

∫ x

−∞
dx̄
(
I(x, x̄)(1− ΩGR

M (x̄))

×
[
3ΩGR

M (x̄)(1 + fGR(x̄))x̄+ fGR(x̄)
] )

+
3x

2
(1− ΩGR

M (x))

+

[(
∂ lnGj(x)

∂ lnχ
+
∂ lnGi(x)

∂ lnχ
− ∂ ln(PGR

δ (x = 0, k)/k4)

∂ ln k

) ∣∣∣∣∣
χGR

× 3

2χGR(x)

∫ x

∞
dx̄

x̄

HGR(x̄)
(1− ΩGR

M (x̄))

]}
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∂C
κigκ

j
g

`

∂wa
=

∫ 0

−∞
dxK(x, `)

(
3

2
[x− (ex − 1)](1− ΩGR

M (x))

+
3

2

∫ x

−∞
dx̄
(
I(x, x̄)(1− ΩGR

M (x̄))

×
{

3ΩGR
M (x̄)(1 + fGR(x̄))[x̄− (ex̄ − 1)] + fGR(x̄)(1− ex̄)

})
+

[(
∂ lnGj(x)

∂ lnχ
+
∂ lnGi(x)

∂ lnχ
− ∂ ln(PGR

δ (x = 0, k)/k4)

∂ ln k

) ∣∣∣∣∣
χGR

× 3

2

∫ x

∞
dx̄
x̄− (ex̄ − 1)

HGR(x̄)
(1− ΩGR

M (x̄))

])
∂(δfσ8(x))

∂w0

=

∫ x

−∞
Gf (x, x

′)

[
(1− ΩGR

M (x′))

ΩGR
M (x′)

3ΩGR
M (x′)(1 + fGR(x′))x′ + fGR(x′)

]
dx′

∂(δfσ8(x))

∂wa
=

∫ x

−∞
Gf (x, x

′)

{
(1− ΩGR

M (x′))

ΩGR
M (x′)

3ΩGR
M (x′)(1 + fGR(x′))[x′ − (ex

′ − 1)]

+ fGR(x′)(1− ex′)
}
dx′. (B.2)

Derivatives with respect to {pi0}:

∂C
κigκ

j
g

`

∂p1
0

=

∫ 0

−∞
dxK(x, `)

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

∂C
κigκ

j
g

`

∂p2
0

=

∫ 0

−∞
dxK(x, `)

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

`2c2

χ2
GR(x)(20H0)2

∂C
κigκ

j
g

`

∂p3
0

=

∫ 0

−∞
dxK(x, `)

[
ΩGR

Λ (x)

ΩGR
Λ (x = 0)

`2c2

χ2
GR(x)(20H0)2

+ 3

∫ x

−∞
dx̄ I(x, x̄)ΩGR

M (x̄)
ΩGR

Λ (x̄)

ΩGR
Λ (x̄ = 0)

`2c2

χ2
GR(x̄)(20H0)2

]
∂C

κigκ
j
g

`

∂p4
0

= −
∫ 0

−∞
dxK(x,`)

[
2

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

+ 3

∫ x

−∞
dx̄ I(x, x̄)ΩGR

M (x̄)
ΩGR

Λ (x̄)

ΩGR
Λ (x̄ = 0)

]
∂C

κigκ
j
g

`

∂p5
0

= −
∫ 0

−∞
dxK(x,`)

[
2

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

`2c2

χ2
GR(x)(20H0)2

+ 3

∫ x

−∞
dx̄ I(x, x̄)ΩGR

M (x̄)
ΩGR

Λ (x̄)

ΩGR
Λ (x̄ = 0)

`2c2

χ2
GR(x̄)(20H0)2

]
(B.3)
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∂(δfσ8(x, k))

∂p1
0

= 0

∂(δfσ8(x, k))

∂p2
0

= 0

∂(δfσ8(x, k))

∂p3
0

=

∫ x

−∞
Gf (x, x

′)
ΩGR

Λ (x′)

ΩGR
Λ (x′ = 0)

c2k2

(20H0)2
dx′

∂(δfσ8(x, k))

∂p4
0

= −
∫ x

−∞
Gf (x, x

′)
ΩGR

Λ (x′)

ΩGR
Λ (x′ = 0)

dx′

∂(δfσ8(x, k))

∂p5
0

= −
∫ x

−∞
Gf (x, x

′)
ΩGR

Λ (x′)

ΩGR
Λ (x′ = 0)

c2k2

(20H0)2
dx′. (B.4)

Derivatives with respect to µ̄0m
2
µ and Σ0m

2
Σ:

∂C
κigκ

j
g

`

∂
(
µ̄0m2

µ

) =

∫ 0

−∞
dxK(x, `)

[
3

∫ x

−∞
dx̄ΩGR

M (x̄)I(x, x̄)
ΩGR

Λ (x̄)

ΩGR
Λ (x̄ = 0)

χ(x̄)2

`2

](
20H0

c2

)2

∂C
κigκ

j
g

`

∂ (Σ0m2
Σ)

= 2

∫ 0

−∞
dxK(x, `)

ΩGR
Λ (x)

ΩGR
Λ (x = 0)

χ(x)2

`2

(
20H0

c2

)2

∂(δfσ8(x, k))

∂
(
µ̄0m2

µ

) =

∫ x

−∞
Gf (x, x

′)
ΩGR

Λ (x′)

ΩGR
Λ (x′ = 0)

(
20H0

kc2

)2

dx′

∂(δfσ8(x, k))

∂ (Σ0m2
Σ)

= 0. (B.5)
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Appendix C

The general form of Υgm(R)

In the main text of Chapter 4, Υgm(R) is derived under the assumption of an effective

redshift for the lens galaxies. Here, the expression for Υgm(R) is presented without

this assumption.

A function to characterise the lens galaxy redshift distribution, Wl(χ), is introduced,

and normalised over the integration range. Equation 4.11 becomes:

∆Σgm(R) =
1

w̄

∫ χH

0

dχsWs(χs)

∫ χH

0

dχlWl(χl)Σ−1
c (χl, χs)γ

g
t (R,χl, χs) (C.1)

with w̄ becoming:

w̄ =

∫ χH

0

dχsWs(χs)

∫ χH

0

dχlWl(χl)
(

Σ−1
c (χl, χs)

)2

. (C.2)

Equation 4.14 is then extended analogously to in the main text to obtain an expression

for the convergence in direction θ̂2 and at χl given a galaxy in direction θ̂1 and at χs,

in terms of two comoving distances and the angle θ between directions θ̂1 and θ̂2. It

can be found that:

κ̄g(θ, χl, χs) =
3

2

(
H0

c

)2

ΩM(z = 0)

∫ χH

0

dχlWl(χl)

∫ χs

0

dχ
g(χ, χs)

a(χ)
[ξ(χl, χ, θ)]. (C.3)

In order to convert this to a function of R, the expression θ = R
χl

is employed, such

that the value of θ depends on χl at each point in the lens distribution. Propagating
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through to the expression for Υgm(R), this results in:

Υgm(R) =
ρcΩM(z = 0)

w̄

∫ χH

0

dχlWl(χl)

∫
d∆

(4πG)2χl(χl + ∆)

c4a(χl)a(χl + ∆)

∫ χH

χl+∆

dχsW s(χs)

× (χs − χl −∆)(χs − χl)
χ2
s

[
2

R2

∫ R

0

R′dR′ξgm

(
χl, χs,

R′

χl
, b

)

− ξgm
(
χl, χs,

R

χl
, b

)
+

(
R0

R

)2

ξgm

(
χl, χs,

R0

χl
, b

)]
. (C.4)
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Appendix D

Forecast errors on EG

Here the derivation of forecast errors on EG(R) is presented. For each bin Ri, the

variance of Ei
G is given by:

σ2(Ei
G) = (Ei

G)2

((
σ(Υi

gm)

Υi
gm

)2

+

(
σ(Υi

gg)

Υi
gg

)2

+

(
σ(β)

β

)2
)
. (D.1)

The error of Υi
gm, Υi

gg and β are therefore calculated in turn. All practical error

calculations assume the fiducial choices of R0, Ws, and b (given in Chapter 4), while

for P the more realistic choice of 300 Mpc/h is assumed.

D.1 Forecast errors on Υgm

In order to calculate the forecast error of Υgm(R) in bin Ri (which will be denoted

σ(Υi
gm)) the method of [295] is followed, where a similar calculation is made for the

tangential shear. Consider Υgm(R) as written in the form:

Υgm(R) = ∆Σgm(R)−
(
R0

R

)2

∆Σgm(R0). (D.2)

The variance of ∆Σgm is first calculated, and this result is then extended to Υgm. ∆Σgm

is given by:

∆Σgm(~R) =
1

w̄

∫ χ∞

0

dχsWs(χs)Σ−1
c (χ̄l, χs)γ

g
t (χ̄l, χs, ~R) (D.3)

where ~R = (R cosφ,R sinφ) has not yet been azimuthally averaged over. Note that γgt

here is the tangential shear about a lens galaxy.
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The variance of ∆Σgm is given by:

〈∆Σgm(R)∆Σgm(R′)〉 − 〈∆Σgm(R)〉〈∆Σgm(R′)〉. (D.4)

〈∆Σgm(~R)∆Σgm( ~R′)〉 − 〈∆Σgm(~R)〉〈∆Σgm( ~R′)〉 will first be computed, and then az-

imuthal averaging will be performed to obtain the desired expression.

Consider the first term in equation D.4. Following equation B.1 of [295], this can

be written as:

〈∆Σgm(~R)∆Σgm( ~R′)〉 =
1

w̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

1

n2
L

nL∑
i,j

∫
d2n̂

∫
d2n̂′

× 〈δ(n̂− n̂i)δ(n̂′ − n̂′j)Σ−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)γ

g
t (n̂, χ̄l, χs, ~R)γg

t (n̂′, χ̄l, χ
′
s,
~R′)〉 (D.5)

where n̂ represents the direction on the sky at which the lens galaxy is situated, and nL

is the total number of lens galaxies. The sum above separates into two cases: i = j and

i 6= j. This results in two terms, representing the case where two shears are measured

relative to the same galaxy and the case where they are measured relative to different

galaxies:

〈∆Σgm(~R)∆Σgm( ~R′)〉 =
1

w̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

1

n2
L

nL∑
i,j

∫
d2n̂

∫
d2n̂′

×
[
δ(n̂− n̂′)〈nL(n̂, χ̄l)Σ−1

c (χ̄l, χs)Σ−1
c (χ̄l, χ

′
s)γt(n̂, χs, ~R)γt(n̂′, χ

′
s,
~R′)〉

+ 〈nL(n̂, χ̄l)nL(n̂′, χ̄l)Σ−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)γt(n̂, χs, ~R)γt(n̂′, χ

′
s,
~R′)〉

]
. (D.6)

nL(n̂) is the surface density of lens galaxies at direction n̂. Note that here the de-

pendence of the tangential shear on χ̄l has vanished because γt is not the tangential

shear about a galaxy, but just the tangential shear. nL(n̂) is expanded as nL(n̂) =

n̄L(1 + δg(n̂, χ̄l)), and then NL = n̄L4πfsky is used to obtain:

〈∆Σgm(~R)∆Σgm( ~R′)〉 =
1

4πfskyNLw̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

×
∫
d2n̂Σ−1

c (χ̄l, χs)Σ−1
c (χ̄l, χ

′
s)〈γt(n̂, χs, ~R)γt(n̂, χ

′
s,
~R′)〉

+
1

f 2
sky16π2w̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

∫
d2n̂

∫
d2n̂′Σ−1

c (χ̄l, χs)Σ−1
c (χ̄l, χ

′
s)

×
[
〈γt(n̂, χs, ~R)γt(n̂′, χ

′
s, ~R

′)〉+ 〈δg(n̂, χ̄l)δg(n̂′, χ̄l)γt(n̂, χs, ~R)γt(n̂′, χ
′
s, ~R

′)〉
]
. (D.7)
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As in [295], it is assumed that 〈δgγtγt〉 = 0.

Consider first the one galaxy term (the first term of equation D.7). The quantities

inside angle brackets are Fourier-expanded to get:

1

w̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)Σ

−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)

×
[

1

nL

∫
d2~l

(2π)2
Pκκ(l, χs, χ

′
s) cos[2(φ− ϕ)] cos[2(φ′ − ϕ)]ei

~l(~R− ~R′) +
〈γ2

int〉δ(~R− ~R′)

nLns

]
(D.8)

where ~l = (l cosϕ, l sinϕ), Pκκ is the two-dimensional power spectrum of the conver-

gence , and ns is the average source galaxy surface density.

Now consider the two-galaxy contribution. The first part of the two-galaxy term is

zero, being just two averages of tangential shear over the sky. The second part can be

expanded using Wick’s theorem. This leads to:

〈∆Σgm(~R)〉〈∆Σgm( ~R′)〉+
1

4πfskyw̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

∫
d2n̂

∫
d2n̂′

× Σ−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)

∫
d2~l

(2π)2
cos[2(φ− ϕ)] cos[2(φ′ − ϕ)]ei

~l(~R− ~R′)

×
[
Pgκ(l, χ̄l, χ

′
s)Pgκ(l, χ̄l, χs) + Pgg(l, χ̄l)

[
Pκκ(l, χs, χ

′
S) +

〈γ2
int〉
ns

]]
. (D.9)

It can be seen that the first part of this term cancels with 〈∆Σgm(~R)〉〈∆Σgm( ~R′)〉 in

equation D.4.

Adding together equations D.9 and D.8 gives 〈∆Σgm(~R)∆Σgm(~R′)〉. Subtracting

then 〈∆Σ(~R)〉〈∆Σ( ~R′)〉 to get the variance of ∆Σgm(~R), and azimuthally averaging,

results in:

〈∆Σgm(R)∆Σgm(R′)〉 − 〈∆Σgm(R)〉〈∆Σgm(R′)〉 =

1

4πfskyw̄2

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)Σ

−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)

∫
ldl

2π
J2(lR)J2(lR′)

×
[
Pgκ(l, χ̄l, χ

′
s)Pgκ(l, χ̄l, χs) +

(
Pgg(l, χ̄l, ) +

1

n̄L

)[
Pκκ(l, χs, χ

′
s) +

〈γ2
int〉
ns

]]
(D.10)

163



where nL = n̄L4πfsky has been used to incorporate the one-halo term. Averaging in R

bins, it is found that:

σ2
(
∆Σi

gm

)
=

1

4πw̄2fsky(Ri+1 −Ri)(Ri+1 −Ri)

∫ χ∞

0

dχsWs(χs)

∫ χ∞

0

dχ′sWs(χ
′
s)

Σ−1
c (χ̄l, χs)Σ−1

c (χ̄l, χ
′
s)

∫ Ri+1

Ri

dR

∫ Ri+1

Ri

dR′
∫
ldl

2π
J2(lR)J2(lR′)

×
[
Pgκ(l, χ̄l, χ

′
s)Pgκ(l, χ̄l, χs) +

(
Pgg(l, χ̄l) +

1

n̄L

)[
Pκκ(l, χs, χ

′
s) +

〈γ2
int〉
ns

]]
.

(D.11)

Finally, the error on the second term in equation D.2 is approximated by computing

the variance of ∆Σgm(R) in a small (extent R0/5) bin around R0, and then averaging

the full term in R bins. The total squared 1σ error of Υgm(R) in bin Ri is the sum of

this result and equation D.11.

Note that, as in Chapter 4, it has been assumed that an effective redshift z̄l exists

for the lens population, corresponding to an effective comoving distance χ̄l. However,

in computing forecast errors, the fact that some source galaxies may be at lower redshift

than z̄l must be accounted for. In a real observational scenario, these galaxies would

be lensed by low redshift lens galaxies, and hence would still contribute to the signal.

However, in this case, they cannot be considered. The fraction of galaxies from the

source galaxy distribution that are at higher redshift than z̄l is computed, and ns

is multiplied by this fraction before computing errors. Thus, error bars are likely

somewhat inflated and should be treated as an upper bound.

D.2 Forecast errors on Υgg

Υgg(R) as given in equation 4.5 consists of three terms, all related to the projected

correlation function wgg(R). A measurement of wgg(R) is made by first measuring the

redshift-space correlation function ξsgg(R,∆). When calculating expected errors, it is

assumed that as long as the projection length is long, it will be equivalent to use the

real-space correlation function, ξgg(R,∆). It can then be found that the variance of
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this correlation function is given by:

σ2(ξgg(R1,∆1, R2,∆2)) =
1

π2V

∫ ∞
0

dk|| cos(k||∆1) cos(k||∆2)

×
∫ ∞

0

dk⊥k⊥J0(k⊥R1)J0(k⊥R2)

(
Pgg(k||, k⊥) +

1

ng

)2

, (D.12)

where ng is the volume density of galaxies and V is the volume of the survey. ∆1 and

∆2 are projected over {−P, P}, and the expressions is averaged over bin Ri, to find:

σ2(wigg) =
4

(∆Ri)2π2V

∫ Ri+1

Ri
dR1

∫ Ri+1

Ri
dR2

∫ ∞
0

dk||
sin2(k||P )

k2
||

×
∫ ∞

0

dk⊥k⊥J0(k⊥R1)J0(k⊥R2)

(
Pgg(k||, k⊥) +

1

ng

)2

. (D.13)

It is numerically difficult to compute this quantity directly in the above form. This is

as a result of the 1
n2

g
term: performing the integrals in k⊥ over the oscillatory Bessel

functions is unfeasible without the damping effect of the smoothed power spectrum at

high k⊥. Fortunately, the bracketed term can be expanded in order to allow the 1
n2

g

portion to be evaluated analytically. The result is:

σ2(wigg) =
4

(∆Ri)2π2V

∫ Ri+1

Ri
dR1

∫ Ri+1

Ri
dR2

∫ ∞
0

dk||
sin2(k||P )

k2
||

∫ ∞
0

dk⊥k⊥J0(k⊥R1)

× J0(k⊥R2)
(
Pgg(k||, k⊥)2 + 2Pgg(k||, k⊥)/ng

)
+

2|P | ln
(
Ri+1

Ri

)
πV∆Rin2

g

(D.14)

where ∆Ri is the extent of the given R bin. The variance of the middle term of equation

4.5 is trivially the above times ρ2
c.

To find the squared error associated with the first term of equation 4.5, the same

strategy is employed, with the result:

σ2 =
16

(∆Ri)2π2V

∫ Ri+1

Ri
dR1

∫ Ri+1

Ri
dR2

1

R2
1R

2
2

×
∫ R1

R0

dR′1

∫ R2

R0

dR′2

∫ ∞
0

dk||
sin2(k||P )

k2
||

×
∫ ∞

0

dk⊥k⊥J0(k⊥R
′
1)J0(k⊥R

′
2)

(
Pgg(k||, k⊥)2 +

2Pgg(k||, k⊥)

ng

)
+

4|P |
(∆Ri)2πn2

gV

(
1

Ri
− 1

Ri+1

)(
Ri+1 −Ri +

R2
0

2

(
1

Ri+1
− 1

Ri

))
. (D.15)

The error is estimated on the third term of equation 4.5,
R2

0

R2wgg(R0), by approxi-

mating the variance of wgg(R0) as the variance in a small bin around wgg(R0) (with

extent R0/5).
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D.3 Forecast errors on β

In computing the error on β, the formula developed in [296] is used:

σ(β) = β
Cb0.7

V 0.5
e

n0
b2ng (D.16)

where C = 4.5× 102 (Mpc/h)
3
2 and n0 = 1.7× 104 (h/Mpc)3. b is the constant galaxy

bias.
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