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Abstract

Mathematical models in biology and physiology are often represented by large

systems of non–linear ordinary differential equations. In many cases, an observed

behaviour may be written as a linear functional of the solution of this system of

equations. A technique is presented in this study for automatically identifying key

terms in the system of equations that are responsible for a given linear functional of

the solution. This technique is underpinned by ideas drawn from a posteriori error

analysis. This concept has been used in finite element analysis to identify regions of

the computational domain and components of the solution where a fine

computational mesh should be used to ensure accuracy of the numerical solution.

We use this concept to identify regions of the computational domain and

components of the solution where accurate representation of the mathematical

model is required for accuracy of the solution. The technique presented is

demonstrated by application to a model problem, and then to automatically deduce

known results from a cell–level cardiac electrophysiology model.

Keywords: Differential equation model; model simplification.
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1 Introduction

Recent years have seen a dramatic increase in the availability and accuracy of

experimental data in the life sciences. This increase in data has spawned a large

number of complex mathematical models that have been developed to explain the

mechanisms responsible for these observations. These models often consist of

systems of differential equations—both deterministic and stochastic—and include

an increasing number of variables and parameters to capture the large number of

processes modelled. Although including more detail in the model may allow

explanation of a larger number of physical phenomena, the large number of

equations and parameters result in models that soon become become opaque: the

key mechanisms causing an observed behaviour may then be unclear.

Many biological and physiological systems are modelled by large systems of

ordinary differential equations (ODEs), for example cellular electrophysiology

(Noble et al. 1998; Iyer et al. 2004), cell cycle dynamics (Chen et al. 2004), gene

regulation (Vilar et al. 2002), metabolism (Beard, 2005) and coupled

mechano–electrophysiology (Hunter et al. 1998). When solving a (possibly

non–linear) system of ODEs such as these, our main interest is often a linear

functional of the solution, for example: (i) the solution of a given component at a

specific time t∗, ui(t
∗); (ii) the weighted average of some component of the solution

over a given time interval; (iii) a linear functional of the derivative of a specific

component of the solution; or (iv) a combination of these simple linear functionals.
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In this study we present an algorithm for automatically identifying the key

mechanisms that determine a linear functional of the solution of a system of ODEs.

This technique is based on the concept of a posteriori error analysis. A posteriori

error analysis, when applied to the finite element technique for calculating the

numerical solution of a system of ODEs, automatically identifies regions of the

computational domain and components of the solution where a fine finite element

mesh must be used in order to maintain accuracy (Eriksson et al. 1995). This

technique has been utilised by several groups for developing mesh refinement

strategies (see, for example, Harriman et al., 2000). Rather than use this concept to

automatically identify where a fine finite element mesh should be used, we instead

use it to identify regions of the computational domain and components of the

solution where accurate representation of the mathematical model is crucial for the

linear functional to be accurate. We may use this approach to identify the key

mechanisms that a mathematical model predicts is responsible an observed

behaviour. This information may then be used to guide the development of a

simplified model that includes all key mechanisms required to explain a given

observation.

2 The theoretical basis of the technique

We assume that we are given: (i) a system of ODEs; and (ii) a linear functional of

the solution that we wish to calculate. Before deriving the algorithm used in this
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paper, we first write down some mathematical preliminaries that allow the theory

to be developed rigorously. We then derive a bound on the error that is induced in

a linear functional of the solution when a simplified ODE system—rather the full

ODE system—is used to compute this linear functional. We then describe a

practical implementation of this error bound that may be used to automatically

identify the key mechanisms that cause a given observation.

2.1 Mathematical preliminaries

In the following sections we denote vectors using bold font, and the entries of a

vector using subscripts. For example, a vector v of length N is written

v = (v1, v2, . . . , vN)t.

We denote the time interval t1 < t < t2 by (t1, t2).

Let V be the vector space of vector–valued functions of a prescribed size defined on

the time interval 0 < t < T for a given T > 0. We may then define the inner

product between v,w ∈ V by

〈v,w〉 =

∫ T

0

v(t) · w(t) dt.

We also require the Riesz representation theorem (see, for example, Griffel 1981):

for any linear functional J(v), where v ∈ V , there exists g ∈ V such that

J(v) = 〈v,g〉, ∀v ∈ V.
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2.2 Derivation of an a posteriori error bound

Suppose we wish to calculate the linear functional

J(u) = 〈u,g〉, (1)

where g(t) is a prescribed vector of length N defined for 0 < t < T , and the

vector–valued function u (of length N) satisfies the initial value problem

du

dt
+ f(t,u) = 0, 0 < t < T, u(0) = u0. (2)

Suppose U is an approximation to u that has been calculated from a system of

ODEs that is a simplification of (2). We would then be interested in the error in

the linear functional (1) that is induced by using U instead of u, i.e. the quantity

|J(U) − J(u)|. We first write down some requirements on U that must be satisfied

in order for us to derive an error bound. We demand that U(t) is a vector–valued

function defined on 0 < t < T that satisfies the following conditions:

1. U(t) is continuous for 0 < t < T ;

2. dU

dt
is continuous for 0 < t < T , except for a finite set of M points in time,

t1, . . . , tM , where 0 = t0 < t1 < . . . < tM < tM+1 = T ; and

3. U(t) satisfies the correct initial conditions of the ODE (2), i.e. U(0) = u0.

We will now show how the error induced in (1) by using U—instead of the true

solution u—may be computed using the solution of an appropriate dual problem.
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2.2.1 Definition of the dual problem

In this section we assume that the vector valued function g, used to calculate the

linear functional (1) takes a finite value at t = T . This is required for the analysis

in this section. In Section 2.2.3 we explain how the analysis may be modified to

allow entries of g to contain delta functions such as g1 = δ(t − T ).

We define the dual problem associated with (2) by

−
dφ

dt
+ Aφ = g, φ(T ) = 0, (3)

where g is the vector valued function that defines the linear functional of interest in

Eq. (1), and the matrix A has entries given by

Aij(t) =

∫ 1

0

∂fj

∂ui

(t,α(s, t)) ds, i, j = 1, 2, . . . , N, (4)

where α(s, t) = su(t) + (1 − s)U(t),

and U is defined in Section 2.2. Note that under these conditions the entries of A

are continuous, but their derivatives w.r.t. time may have discontinuities at

t = t1, . . . , tM . Using this definition of the entries of A we may write, for

j = 1, 2, . . . , N ,

N
∑

i=1

Aij(t) (ui(t) − Ui(t)) =
N
∑

i=1

∫ 1

0

∂fj

∂ui

(t,α(s, t)) (ui(t) − Ui(t)) ds,

=
N
∑

i=1

∫ 1

0

∂fj

∂αi

∂αi

∂s
ds,

=

∫ 1

0

dfj

ds
ds,

= fj(t,u) − fj(t,U). (5)

This result will be needed when deriving an a posteriori error bound.
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2.2.2 Use of the dual problem to derive an a posteriori error bound

We can use the solution of the dual problem (3) to bound the error that is induced

in the linear functional (1) when u is replaced by U. We write

J(u) − J(U)

= 〈u,g〉 − 〈U,g〉

=

∫ T

0

(u − U) · g dt,

=

N
∑

i=1

∫ T

0

(ui − Ui) gi dt,

=

N
∑

i=1

∫ T

0

(ui − Ui)



−
dφi

dt
+

N
∑

j=1

Aijφj



 dt, using (3),

=
M
∑

k=0

N
∑

i=1

∫ tk+1

tk

(ui − Ui)



−
dφi

dt
+

N
∑

j=1

Aijφj



 dt,

=
M
∑

k=0

N
∑

i=1



− [(ui − Ui) φi]
tk+1

tk
+

∫ tk+1

tk

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt



 ,

=
N
∑

i=1



− [(ui − Ui) φi]
T
0

+

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt



 , (6)

where the last equation follows because u, U, φ are continuous functions. The first

term on the right–hand–side of (6) is zero becuase: (i) u(0) = U(0) = u0; and (ii)

the dual problem (3) has been defined with φ(T ) = 0. We may therefore write

J(u) − J(U) =
N
∑

i=1

(

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

. (7)

Using (2) and (5) allows us to write (7) as

J(u) − J(U) =

∫ T

0

N
∑

i=1

(

−fi(t,u) −
dUi

dt

)

φi +
N
∑

j=1

(fj(t,u) − fj(t,U)) φj dt,

=

∫ T

0

N
∑

i=1

−φi

(

dUi

dt
+ fi(t,U)

)

dt.

8



Given a solution u of the ODE (2), and a vector valued function U satisfying the

conditions listed in Section 2.2, we may write our error bound as

|J(u) − J(U)| ≤
N
∑

i=1

M
∑

k=0

∫ tk+1

tk

|φi|

∣

∣

∣

∣

(

dUi

dt
+ fi(t,U)

)∣

∣

∣

∣

dt. (8)

Before describing how this error bound may be utilised when deriving simplified

models, we first explain how the analysis presented may be modified when the

vector g used in (1) contains a delta function δ(t − T ), and is therefore unbounded

at t = T .

2.2.3 Modified dual problem when g includes delta functions, δ(t − T )

Suppose our quantity of interest is the value of component P of the solution at

time t = T . We may then write our linear functional as

J(u) = uP (T ),

=

∫ T

0

u · g dt,

= 〈u,g〉,

where g = δ(t − T )h, and h has entries given by

hi =















1, i = P,

0, i 6= P.

The vector g is unbounded at t = T and so the dual problem and boundary

conditions given by (3) are not consistent when g takes this form. Instead, we may

use the dual problem given by

−
dφ

dt
+ Aφ = 0, φ(T ) = h(T ). (9)
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Using the dual problem defined in (9), the analysis presented in Section 2.2.2 may

be modified to give

0 =
N
∑

i=1

∫ T

0

(ui − Ui)

(

−
dφi

dt
+

N
∑

j=1

Aijφj

)

dt, using (9),

=
M
∑

k=0

N
∑

i=1

∫ tk+1

tk

(ui − Ui)

(

−
dφi

dt
+

N
∑

j=1

Aijφj

)

dt,

=
M
∑

k=0

N
∑

i=1

(

− [(ui − Ui) φi]
tk+1

tk
+

∫ tk+1

tk

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

,

=
N
∑

i=1

(

− [(ui − Ui) φi]
T

0
+

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

,

=
N
∑

i=1

(

− (ui(T ) − Ui(T )) φi(T ) +

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

,

= −uP (T ) + UP (T ) +
N
∑

i=1

(

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

,

from which we may deduce that

J(u) − J(U) =
N
∑

i=1

(

∫ T

0

(

dui

dt
−

dUi

dt

)

φi +
N
∑

j=1

Aij (ui − Ui) φj dt

)

,

which is identical to (7), from which the error bound (8) may be deduced using the

same argument as in Section 2.2.2.

2.3 Use of the error bound to reduce a given system

In this section we explain how to construct a simplified model corresponding to the

full model (2) that includes the key features required to compute the linear

functional given by (1) to a given precision. We define U to be the solution of the
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ODE given by

dU

dt
+ f̂(t,U) = 0, 0 < t < T, U(0) = u0, (10)

where

f̂i(t,U) =















fi(t,U), t ∈ Si,

0, otherwise.

For each component of the solution i = 1, 2, . . . , N , we define Si to be a subset of

the time interval 0 < t < T which is to be determined. Note that Si is not

necessarily a continuous time interval—we allow, for example,

Si = {(t1, t2) ∪ (t3, t4)}, where t1 < t2 < t3 < t4. The algorithm descibed below

automatically generates the sets Si, i = 1, 2, . . . , N .

The time interval 0 < t < T is partitioned into Q equal time intervals tj−1 < t < tj,

j = 1, 2, . . . , Q. We begin with Si = ∅, i = 1, 2, . . . , N , (so that f̂(t,U) = 0). It is

assumed that u has already been calculated using (2). We then repeat the

following process until the error |J(u) − J(U)| is sufficiently small.

1. Solve (10) to calculate U.

2. Solve (3) or (9) to calculate φ.

3. Use U and φ to calculate |J(u) − J(U)|. Stop if this bound becomes

acceptably small.

4. Identify the largest Ncont contributions—over both i and k—to the error

bound (8), and include these time intervals in the appropriate Si.
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5. Repeat steps 1–5.

As an analytic solution is not available for a general system of ODEs, (2), (3), (9)

are usually solved numerically. In the numerical results later in this study we use

an explicit Euler approximation to calculate the numerical solution (see, for

example, Süli and Mayers, 2003). Numerical integration is also required for

calculating the entries of A, as described in (4). This numerical integration may be

performed using Gaussian quadrature (Süli and Mayers, 2003).

3 Application to a model problem

We now illustrate the use of the algorithm by application to a model problem. The

model problem used is the system of two equations given by

du1

dt
= −u1, 0 < t < T, (11)

du2

dt
= u1 + u2, 0 < t < T, (12)

combined with initial conditions u1(0) = u2(0) = 1. This system has solution

u1 = e−t, u2 =
1

2

(

3et − e−t
)

. (13)

We now apply the algorithm presented in Section 2.3 to a selection of linear

functionals, (1), with different choices for g.
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3.1 Deducing that u1 is independent of u2

We see from the system of equations (11), (12) that u1 is entirely independent of

u2. We therefore expect the model reduction algorithm to deduce that any linear

functional depending only on u1—i.e. where g = (g1(t), 0)t—may be calculated

accurately by only solving (11), and ignoring (12). We can verify that this is true

by considering the matrix A that is used in the dual problems, (3) and (9). Using

(4) we see that

A =









−1 1

0 1









. (14)

Whether dual problem (3) or dual problem (9) is used, when g = (g1(t), 0)t and the

matrix A is given by (14), we may deduce that φ2 satisfies the differential equation

−
dφ2

dt
+ φ2 = 0, φ2(T ) = 0,

which has solution φ2(t) = 0 for 0 < t < T . Substitution of φ2(t) = 0 in the error

bound (8) allows us to deduce that the error calculated using this bound is

independent of the solution of (12). Hence the linear functional is completely

independent of the solution of (12), and the model reduction algorithm may be

used to deduce that u1 is independent of u2 as expected.
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3.2 Computing u1 to a given accuracy

Suppose we set the final time, T = 10, and want to calculate the linear functional

given by

J(u) =
1

T

∫ T

0

u1(t) dt, (15)

to within a tolerance of 10−5. By normalising the integral in (15) with the factor

1/T we may think of this linear functional as being the average value of u1 on the

time interval 0 < t < T . By inspection of the true solution (13) we see that u1

decays exponentially to zero with time: hence we expect that du1/dt = 0 should be

a good approximation for t sufficiently large. Furthermore, based on the discussion

in Section 3.1, we expect that the algorithm will predict that this may be

calculated independently of the second equation, (12). To demonstrate this, we

apply the algorithm with data g = (1/T, 0)t in (3). As described in Section 2.3, we

solve (2) and (3) numerically with a timestep 10−2. We deduce that we can

calculate the linear functional J(U) defined in (15), such that

|J(u) − J(U)| ≤ 10−5, by using the model

dU1

dt
=















−U1, 0 < t < 8.68,

0, 8.68 < t < 10,

dU2

dt
= 0, 0 < t < 10.

Note that the time predicted by the algorithm for u1 to decay sufficiently that the

simplification du1/dt = 0 gives a good approximation is 8.68. This is slightly

different to the true value of 8.836 which may be deduced from (13). This slight
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difference is because: (i) there are small errors induced by calculating the numerical

solution of (2) and (3); and (ii) we only include time intervals in the reduced model

that are multiples of the time step used to solve the equations numerically. The

time predicted by the reduced model approaches the true value as the time step is

reduced to zero.

3.3 The dependence of u2 on u1

We see in (13) that u1 decays exponentially to zero with time, whilst u2 increases

exponentially with time. As such, for t sufficiently large, we have u2 ≫ u1, and

would expect the u1 term in (12) to be negligible compared to the u2 term. This is

indeed detected by the algorithm: and may be demonstrated using the linear

functional given by

J(u) =
1

T

∫ T

0

u2(t) dt, (16)

which is the average of u2 over the time interval 0 < t < T . Again taking final time

T = 10, we see that the true value of J(u) given by (16) is 33038. Demanding that

this linear functional is computed to within 0.33 of the true value—i.e. an absolute

error of 0.001%—we may use the simplified model

dU1

dt
=















−U1, 0 < t < 4.05,

0, 4.05 < t < 10,

dU2

dt
= U1 + U2, 0 < t < 10,
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thus demonstrating that, for the linear functional given by (16), the ODE (11) is

redundant for t sufficiently large.

4 Application to a cardiac electrophysiology

model

Having demonstrated the use of the technique for a model problem, we now apply

the algorithm to a cell–level ODE model arising in cardiac electrophysiology. We

use the model described by Noble et al. (1998) which is a system of 22 ODEs for

the transmembrane potential Vm, the concentration of various species, and various

gating variables that control components of the transmembrane ionic current. The

quantities that are modelled are summarised in Table 1. This model is an excitable

system: if a sufficiently large stimulating current is applied across the cell

membrane an action potential is generated. The primary quantity of interest to

many researchers is the transmebrane potential during this action potential—a plot

of this quantity against time during an action potential is shown in Figure 1.

Eq Quantity

1 Activator fraction for calcium release

2 Product fraction for calcium release

3 Fast sodium current h gate

4 Fast sodium current m gate
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5 Concentration of calcium bound to calmodulin

6 Concentration of calcium in diadic subspace

7 Intracellular calcium concentration

8 Calcium concentration in junctional sarcoplasmic reticulum release store

9 Concentration of calcium bound to troponin

10 Calcium concentration in network sarcoplasmic reticulum uptake store

11 Intracellular potassium concentration

12 Intracellular sodium concentration

13 L type calcium channel d gate

14 L type calcium channel f gate

15 L type calcium channel f2 gate

16 L type calcium channel f2 diadic space gate

17 Transmembrane potential

18 Rapid delayed rectifier potassium current xr1 gate

19 Rapid delayed rectifier potassium current xr2 gate

20 Slow delayed rectifier potassium current xs gate

21 Transient outward current r gate

22 Transient outward current s gate

Table 1: The state variables in the electrophysiology

model described by Noble at al. (1998).
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4.1 Implementation of the algorithm

The equations used are those originally published by Noble at al. (1998).

Parameter values and initial conditions used are those listed by Whiteley et

al. (2007). Code was automatically generated using Cellular Open Resource

(COR), described by Garny at al. (2003). The equations were solved using the

explicit Euler method with a timestep of 2 × 10−5 s.

We will concentrate on computing the transmembrane potential Vm accurately, as

this is the quantity that is of most importance to experimental workers and plays a

central role in determining the transmembrane ionic current. We see in Table 1

that the transmembrane potential is the 17th component of the solution, and so the

linear functional that will be used to drive the model reduction will contain

solution component u17. We see in Figure 1 that the solution for Vm returns to its

steady state after the action potential. If we were to use u17(T ) as our linear

functional then, for T sufficiently large, the error in the action potential would be

small enough if we were to solve the system dU/dt = 0 for 0 < t < T . As such, our

functional of interest is given by

J(u) =
1

T

∫ T

0

u17(t) dt. (17)

This functional can be interpreted as the avergage of Vm over the interval

0 < t < T . In all simulations below, we demand |J(u) − J(U)| < 1 mV.
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4.2 Use of the algorithm

Our first simulations generate reduced systems of ODEs that calculate the linear

functional given in (17), to within a tolerance of 1 mV, for T = 0.003 s, T = 0.005 s

and T = 0.01 s. The transmembrane potentials, calculated using the reduced model

predicted from the algorithm, are shown in Figure 2(a) for T = 0.003 s, in

Figure 3(a) for T = 0.005 s, in Figure 4(a) for T = 0.01 s. In all of these plots the

solid line represents Vm calculated using the reduced model, whilst the true plot of

Vm calculated from the full model is shown by the dotted line. We see good

agreement between the solution of the full model and the solution of the reduced

model. For these three simulations, the reduced model solution was computed by

solving equations only for three quantities out of those listed in Table 1, specifically

the equations for Vm, the fast sodium current h gate, and the fast sodium current

m gate. The precise forms of the reduced model are given below.

1. T = 0.003 s. Reduced model satisfies:

dU4

dt
+ f4(t,U) = 0, 0.0012 s < t < 0.00232 s,

dU17

dt
+ f17(t,U) = 0, 0 s < t < 0.00238 s, 0.00248 s < t < 0.00268 s,

dUi

dt
= 0, otherwise.
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2. T = 0.005 s. Reduced model satisfies:

dU3

dt
+ f3(t,U) = 0, 0.0022 s < t < 0.00232 s, 0.00242 s < t < 0.00414 s,

dU4

dt
+ f4(t,U) = 0, 0.0011 s < t < 0.00234 s, 0.00338 s < t < 0.00340 s,

0.00364 s < t < 0.00366 s,

dU17

dt
+ f17(t,U) = 0, 0 s < t < 0.00274 s, 0.00284 s < t < 0.003 s,

0.0033 s < t < 0.00336 s, 0.00356 s < t < 0.00366 s,

0.00374 s < t < 0.00386 s,

dUi

dt
= 0, otherwise.

3. T = 0.01 s. Reduced model satisfies:

dU3

dt
+ f3(t,U) = 0, 0.00224 s < t < 0.00676 s,

dU4

dt
+ f4(t,U) = 0, 0.00124 s < t < 0.00232 s, 0.00242 s < t < 0.00526 s,

dU17

dt
+ f17(t,U) = 0, 0 s < t < 0.0024 s, 0.00244 s < t < 0.00282 s,

0.00294 s < t < 0.00296 s, 0.00306 s < t < 0.00316 s,

0.0032 s < t < 0.00322 s, 0.00338 s < t < 0.0035 s,

0.00356 s < t < 0.00358 s, 0.00378 s < t < 0.00382 s,

0.00394 s < t < 0.00396 s, 0.0042 s < t < 0.00522 s,

0.00636 s < t < 0.00638 s, 0.00682 s < t < 0.00684 s,

0.00716 s < t < 0.00718 s,

dUi

dt
= 0, otherwise.
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Plots of the fast sodium current h gate, and the fast sodium current m gate are

given in Figure 2(b) for T = 0.003 s, in Figure 3(b) for T = 0.005 s, in Figure 4(b)

for T = 0.01 s. In all cases the solid line represents the h gate calculated using the

reduced model, the broken line represents the m gate calculated using the reduced

model, and the dotted lines represent h and m calculated using the full model.

We have seen in Figures 2–4 that the initial stages of the action potential shown in

Figure 1—i.e. the rapid upstroke—may be computed reasonably accurately by

using a model containing only three dependent variables: the transmembrane

potential Vm; the fast sodium current h gate; and the fast sodium current m gate.

This is in agreement with known physiology, as the steep upstroke of the action

potential is caused by the fast sodium current.

We now turn our attention to computing Vm accurately over the whole of the

action potential shown in Figure 1, and therefore use T = 0.25 s in (17). The plot

of Vm calculated using the reduced model generated is shown by the solid line in

Figure 5(a), whilst the solution of the whole model is shown by the dotted line. We

see that the algorithm has generated a model that gives an accurate representation

of Vm over the course of a whole action potential. Far more of the equations listed

in Table 1 are included in the reduced model for this value of T than was the case

for the reduced models that generated the upstroke of the action potential

accurately. This is shown in Figure 5(b), where a solid line indicates the time

intervals for which a given equation is included in the model, with the equation

numbers corresponding to those given in Table 1. We see that almost all the
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equations listed in Table 1 play a role in the accurate computation of the action

potential at some point, with the only exceptions being the equations representing

intracellular potassium concentration and the L type calcium channel f2 gate

(equations 11 and 15 in Table 1). This confirms accepted physiological knowledge,

namely that the whole action potential depends on many interrelated processes.

5 Discussion

We have presented a model reduction algorithm in this paper, and have

demonstrated its application to both a model problem and a reasonably large

system of differential equations that has been used extensively to model cell level

cardiac electrophysiology. In both cases the algorithm behaved as expected, and

known features of these two systems of equations were elucidated automatically.

This has an obvious application in the development of mathematical models, as the

key mechanisms that the model predicts are responsible for a given observed

behaviour can be compared with known physiology. This will aid the iterative

model development between experimental workers and mathematicians, and

facilitate some checking of any extensions to a mathematical model against known

biology or physiology.

A further application of the algorithm presented here is in the design of

experiments. Given an experimental protocol, we can use the algorithm presented

here to identify the key mechanisms that are responsible for the observed
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experimental data. Before carrying out an experiment that is designed with a

mathematical model in mind, we may first check what components of the model are

predicted to have a significant effect on the behaviour that will be observed. This

will help design experiments that reap as much benefit from the data obtained as

possible.

In this study we have restricted ourselves to applying the algorithm presented to

models represented by systems of ODEs. There is no reason why this algorithm

cannot be applied to the wide range of partial differential equation (PDE) models

that have been derived in biology and physiology (Murray, 2003; Keener and

Sneyd, 1998). All that is required is the derivation of a suitable adjoint problem for

the governing PDE, which should not pose significant difficulties.
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Figure Legends

Figure 1. An action potential calculated using the model described by Noble et

al. (1998).

Figure 2. Application of the algorithm to the model described by Noble et

al. (1998) for the time interval 0 < t < 0.003 s. (a) The transmembrane

potential Vm (solid line represents reduced model, dotted line represents full

model). (b) The gating variables h (solid line represents reduced model,

dotted line represents full model) and m (broken line represents reduced

model, dotted line represents full model).

Figure 3. Application of the algorithm to the model described by Noble et

al. (1998) for the time interval 0 < t < 0.005 s. (a) The transmembrane

potential Vm (solid line represents reduced model, dotted line represents full

model). (b) The gating variables h (solid line represents reduced model,

dotted line represents full model) and m (broken line represents reduced

model, dotted line represents full model).

Figure 4. Application of the algorithm to the model described by Noble et

al. (1998) for the time interval 0 < t < 0.01 s. (a) The transmembrane

potential Vm (solid line represents reduced model, dotted line represents full

model). (b) The gating variables h (solid line represents reduced model,

dotted line represents full model) and m (broken line represents reduced

model, dotted line represents full model).
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Figure 5. Application of the algorithm to the model described by Noble et

al. (1998) for the time interval 0 < t < 0.01 s. (a) The transmembrane

potential Vm (solid line represents reduced model, dotted line represents full

model). (b) The inclusion of a given equation in the model—a solid line

indicates that the equation is included at a given time. Equation numbers

correspond to those given in Table 1.
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