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MORTAR DISCRETIZATIONS WITH MULTINUMERICS
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Abstract. In this paper we derive a posteriori error estimates for linear functionals of the
solution to an elliptic problem discretized using a multiscale nonoverlapping domain decomposition
method. The error estimates are based on the solution of an appropriately defined adjoint problem.
We present a general framework that allows us to consider both primal and mixed formulations of
the forward and adjoint problems within each subdomain. The primal subdomains are discretized
using either an interior penalty discontinuous Galerkin method or a continuous Galerkin method
with weakly imposed Dirichlet conditions. The mixed subdomains are discretized using Raviart-
Thomas mixed finite elements. The a posteriori error estimate also accounts for the errors due to
adjoint-inconsistent subdomain discretizations. The coupling between the subdomain discretizations
is achieved via a mortar space. We show that the numerical discretization error can be broken down
into subdomain and mortar components which may be used to drive adaptive refinement.

Key words. mortar methods, multiscale, multinumerics, adjoint operators, error analysis,
mixed finite elements, discontinuous Galerkin methods

AMS subject classifications. 65N55, 656N30, 65F08, 65F10

1. Introduction. There has been considerable interest in recent years in solving
multiphysics problems coupled through an interface. For example, geological reser-
voir models of flow in porous media often consist of multiple fault blocks which render
a monolithic discretization infeasible [4, 61]. In such instances it is desirable to be
able to discretize each subdomain (fault block) independently and produce a numer-
ical approximation using whichever technique is most appropriate. Finite volume
methods are often preferred due to their local conservation properties and ease of
implementation [10, 7, 5, 27], but these methods suffer in terms of accuracy in cases
where highly distorted grids are required [1, 54]. Alternatively, one may employ multi-
point flux approximation methods [1, 3, 54, 55] or discontinuous Galerkin methods
[8, 47, 48, 37, 36], but these tend to be more expensive and should only be used where
needed.

Mortar methods provide a convenient and mathematically elegant approach for
coupling different numerical methods through physically meaningful interface condi-
tions. They do not require the grids to match along the interface and can easily be
generalized to multiphase flow [62, 43], multiphysics [61, 14], computational mechan-
ics [33], and geomechanics [34]. The mortar mixed finite element method has also
been shown to be equivalent to a multiscale method in the case where the mortar
discretization is coarser than the subdomain discretizations [6]. This observation led
to the development of a multiscale mortar basis implementation [31] as well as mul-
tiscale mortar preconditioners for stochastic mixed finite elements [53] and nonlinear
interface operators [30]. Mortar methods have also been developed for interior penalty
discontinuous Galerkin (DG) methods and the coupling of mixed and DG methods
[35].
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In this paper, we allow each subdomain problem to be posed in either a primal
or a mixed form. We present a general framework that allows each subdomain to be
discretized using whichever method is most appropriate. We consider mixed finite
elements, discontinuous Galerkin methods, and a continuous Galerkin method with
weakly imposed Dirichlet conditions, but other methods, such as finite volumes, also
fit within the general framework. Sufficient conditions for well-posedness of the multi-
scale mortar formulation has been previously established for all of the methods under
consideration as well as the case of multinumerics (see e.g. [6, 35]), which allows us
to focus on the a posteriori error analysis.

Our objective is produce accurate a posteriori error estimates for certain quantities
of interest (linear functionals) associated with the subdomain or mortar solutions. We
use the solution of a global adjoint problem to define a dual-weighted residual that
relates the error in the quantity of interest to a weak residual. This approach is
well-established for steady-state problems [11, 32, 39], systems of ordinary differential
equations [23, 24], time-dependent nonlinear systems [9, 26], multiphysics problems
[38, 29], and problems solved via operator decomposition or operator splitting [28,
16, 25]. In this paper, we derive a general a posteriori error estimate for multiscale
mortar discretizations that accounts for error due to both the subdomain and the
mortar discretizations. We show that our approach can be used to estimate the error
in linear functionals using any of the previously mentioned subdomain discretization
techniques. We do not explicitly consider finite volume methods in this paper, but
under certain circumstances the cell-centered finite volume scheme is equivalent to a
mixed finite element method with an appropriate choice of quadrature [7, 5]. Adjoint-
based a posteriori error estimates have been obtained by taking advantage of this
equivalence in [27]. An extension of the a posteriori analysis in this paper to include
the effect of quadrature can be pursued following [27]. Our error estimate decomposes
the error into subdomain and mortar contributions which allows each discretization
to be refined independently (subject to the usual mortar compatibility conditions).
The error estimate also includes an adjoint inconsistency term which is important for
some of the interior penalty discontinuous Galerkin methods [57].

A posteriori error estimates for mortar methods have appeared in [60, 59, 12,
13, 42, 44, 56], but most of these estimate the error in the energy norm rather than
the error in a quantity of interest. Many of these approaches involve bounds with
unknown constants that must be estimated or bounded in order to compute the error
estimate. One notable exception is [41] which is based on [21, 22, 51, 52] and explores
the nontrivial extension of error estimates using the Prager-Synge inequality [45] to
the case of multiscale mortar methods with multinumerics. A relatively recent paper
[50] takes a similar approach to ours, but they consider a mortar formulation based
on Neumann to Dirichlet maps (ours uses Dirichlet to Neumann maps) and does not
consider multinumerics or multiscale mortar methods.

The remainder of this paper is organized as follows. In section 2, we introduce the
model elliptic problem and decompose the problem into nonoverlapping subdomains
in which either a primal or a mixed formulation is applied. In section 3, we define the
adjoint to the model problem and provide the corresponding domain decomposition.
In section 4, we define an abstract variational formulation of the forward and adjoint
problems and we show how to reduce the problems to coarse scale interface operators.
We derive an error representation for the abstract problem in section 5 and describe
our adaptive mesh refinement strategy based on this error estimate in section 6. In
section 7, we present some notation for specific variational formulations and we show



ADJOINT ANALYSIS FOR MORTARS 3

that the general framework can be used to analyze the mixed finite element method,
the interior penalty discontinuous Galerkin method, and the continuous Galerkin
method with weakly imposed Dirichlet boundary conditions. Numerical results are
presented in section 8 and our concluding remarks are in section 9.

2. Forward Problem. Let Q C R? d = 2,3, be a polygonal convex domain,
and consider the model elliptic problem,

(2.1)

-V -(KVp)=f, in Q,
P =gp, on 09,

where K is a symmetric, bounded, and uniformly positive definite tensor. We assume
that f and gp are sufficiently smooth so that the solution to (2.1) has the required
regularity. We focus on Dirichlet bondary conditions for the sake of simplicity, but
both Neumann and Robin boundary conditions can also be analyzed.

We decompose @ = UY,Q;, which can be nonconforming in the sense that
neighboring subdomains need not share complete sides (edges if d = 2, faces if
d = 3). The subdomains are nonoverlapping, i.e., ; NQ; = 0 for ¢ # j. We de-
note I'; j := 0Q; N 08, I' := Ui<icj<nllij, and I'; := 0Q; N I'. We define the index
sets Ip and Iy; where for ¢ € Ip we consider the primal formulation

-V (KVp;) = f, in €,

(2.2) Pi = 9p, on 0€; N oL,
Di = A, on I';,

and i € Ip; we consider the mixed formulation,

u;, = —KVp;, in Q,
V-u = f, in Qi7
Pi = 9D, on 0Q; NOL,
Di = A, on I';.

(2.3)

The model problem is closed by imposing continuity of the normal flux,

—u; - n; = u; - ny, 1,7 € Iy,
(2.4) u; -n; = KVp; - nj, i€ 1Im,j € 1Ip,
KVpi-niz—Kij-nj, i7j€Ip

for all i, j such that 9Q; N 9Q; # 0, where n, is the outwards facing normal vector to
08;. Tt is well known (see e.g., [46, 35]) that (2.1) and (2.2)-(2.4) are equivalent if we
set A = plr.

3. Adjoint Problem. The formal adjoint for the model problem is,

(31) {—V-(Kvg) —¢, i Q,

£€=0, on 99, N o9,

where 1 is chosen based on the quantity of interest. We remark that inhomogeneous
boundary conditions can be chosen for the adjoint if the quantity of interest is on the
boundary (see e.g., [58]). The boundary conditions on the adjoint problem depend
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on the boundary conditions for the forward problem and must be defined properly if
the forward problem has Neumann or Robin conditions. This issue is well-known, so
we do not address it further in this paper.

For i € Ip we consider the primal formulation of the adjoint,

V- (KV&) =4, in €,

(3.2) €& =0, on 99 N AN,
g’i =1, on F’i7

and ¢ € Ip; we consider the mixed formulation of the adjoint,
S; = Ksz, in Qi)
-V S; = wa in Qi?

& =0, on 09; NOQ,
&=, on I';.

(3.3)

The adjoint problem is closed by imposing continuity of the normal flux,

S; M = —S; - N, i,J € Int,
(34) si~ni:—KV§j-nj, 1€ Iy, 5 €lp,
KVfi-ni:—KV£j~nj, 1,7€Ip

for all 4, j such that 9Q; N9, # 0. It is clear that (3.1) and (3.2)-(3.4) are equivalent
if we set n = £|r. Note that we have defined the adjoint velocity, s; to be KV¢; rather
than —KV¢;. This choice makes (3.3) the adjoint of the forward mixed formulation
(2.3).

Our quantity of interest may be a linear functional of A on I'. In this case, we
write the quantity of interest as,

Jm(A) = (Yar, N,

and we modify the adjoint interface condition (3.4) to,

S; - N; = —S; - N + Yy, 1,7 € Ing,
si-n; = —KV§;-n; + v, 1€ Iy, j € 1Ip,
KVfi-ni:—KV§j~nj+wM, i,jEIp.

4. Abstract Variational Formulations. In this section, we define the varia-
tional formulations associated with (2.2)-(2.4) and the discretized variants. To sim-
plify the discussion, we first define a consistent notation to be used throughout the
paper. Then, following [6, 35], we show how to reduce the global problem to an in-
terface problem, which corresponds to a multiscale finite element method if a coarse
scale discrete mortar space is chosen.

4.1. Variational Formulation of the Forward Problem. On a subdomain,
Q;, we let V; and M denote abstract Hilbert spaces and let A; : V; x V; — R
and B; : M x V; — R denote appropriate continuous bilinear forms. We define a
variational formulation seeking z; € V; such that,

(41) Ai(Zi,Wi) = ll(WZ) — Bi()\,wi), Yw,; € Vi;
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where [; : V; — R is a continuous linear form. We assume that each variational formu-
lation is consistent in the sense that it is equivalent to either (2.2) or (2.3). Examples
of consistent variational formulations will be provided in subsequent sections.

In order to impose the interface condition (2.4), we require two additional con-
tinuous bilinear forms: C; : V; x M — R and D; : M x M — R. The global problem
seeks z; € V; and A\ € M such that

(4.2) Ai(zi, wi) = li(w;) — Bi(\, w;), Vw; €V,
fori=1,...,N and
N
(43> Z (Ci(ziaﬂ) + Di()‘vﬂ)) =0, VweM.
i=1
Note that z; is defined locally and X is defined globally. Examples of these bilinear
forms will also be provided in subsequent sections.

REMARK 4.1. We assume that the variational formulation is consistent, which
implies that

7<ui'nia,u‘>rq‘,7 iEIMa

Ci(ziy 1) +Di( A\, ) = ) ,
(Z /J/) ( M) {<Kvpz . nz’»/l>1“ﬂ 1€ IP7

but this does not necessarily require that D;(A, u) = 0. Since X = p|r, we may allow
D; (X, ) to be nonzero and modify C;(z;, i) appropriately to maintain consistency. For
example, in Section 7.2 we use penalization to weakly enforce the Dirichlet boundary
conditions in a consistent manner.

On each subdomain, the exact solution is unknown so we choose a discrete sub-
space Vj,; C V; associated with the partition 7} ; and seek z; ; € V},; such that,

(44) Ai(zh,i7wi) = lz(wz) — BZ()\,WZ), Yw,; € Vh,i~

Similarly, the boundary condition on the interface is unknown, so we choose a discrete
subspace Mg C M. The discrete global problem seeks zy,; € V5, ; and A\g € My
such that

(4.5) Ai(2n,i, wi) = 1i(w;) — Bi( A, wy), Vw; € Vi,
fori=1,...,N and

N
(4.6) (Ci(zh,i, ,u) + Di()\H; ,u)) =0, Vue Mgpg.

i=1
Even if the continuous global problem (4.2) - (4.3) and the discrete local problem (4.4)
are well-posed, the discrete global problem (4.5) - (4.6) may not be. A compatibility
condition may exist between Vj,; and Mpy. This issue has been studied extensively
for mortar mixed finite elements (see e.g., [4, 6]) and the general conclusion is that the
mortar space cannot be too rich compared with the trace of the subdomain discretiza-
tion. In this paper, we are mostly interested in coarse scale mortar discretizations
so the compatibility condition is easily satisfied and we will not address this issue
further.

EXAMPLE 4.2. In the case of two subdomains, the global discrete problem has the

form:

Ay By 21 Iy
Aq By z9| = |2
Ci1 Cy (Dl + DQ) A 0
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where, e.g., A; is the matriz corresponding to A;(-,-) and l; is the vector corresponding

Let e, ; = 2z; —zp,; and ex = A— Ay denote the error in the subdomain and mortar
approximations which satisfy the following orthogonality relations. Subtracting (4.5)
from (4.2) and (4.6) from (4.3),

(4.7) Ai(ez i, wi) = =Bi(ex, wi), Vw; € Vi,

fori=1,...,N and

N
(4.8) > (Ci(ezir 1) + Dilea, p)) =0, V€ Mp.
=1

Finally, we let I, ; : V; — Vy; and QO : M — My denote projection operators
into the discrete subspaces. Examples of ITj, ; and Qg will be provided in subsequent
sections.

4.2. Abstract Variational Formulation of the Adjoint. On each subdo-
main, ; welet 47 : V, xV, = R, C : M xV;, =R, B : V;xM — R, and
Dy : M x M — R. denote appropriate continuous adjoint bilinear forms. The global
problem seeks ¢; € V; and n € M such that

(4.9) Aj (i, wi) = ji(wg) — Cf (n,w;), Vw; € Vg,

fori=1,...,N and

N
(4.10) > (Bi(ir ) + D (n, ) = jaa(p), Vp € M,
i=1

where j; : V;, — R and jys : M — R are continuous linear forms associated with
subdomain and mortar quantities of interest respectively. We assume that this ad-
joint variational formulation is consistent in the sense that it is equivalent to (3.1).
Examples of adjoint linear and bilinear forms will be provided in subsequent sections.

EXAMPLE 4.3. In the case of two subdomains, the global discrete adjoint problem
has the form:

Ax Cy ¢1 J1
A Cs Q2| = | Jo
B B3 (Di+D3)] [n im

where, e.g., Af is the matriz corresponding to Af(-,-) and j; is the vector correspond-
ing to ji(-).

We emphasize that the linear and bilinear forms in (4.9)-(4.10) are derived from
either the primal form or the mixed form of the formal adjoint. We do not assume
that the variational forms used for the forward problem are adjoint consistent, which
would imply that they are also variational forms for the adjoint. To be precise, we do
not assume

(4.11) Ai(zi,wi) = A;‘(wi,z’i), VYw;,z; € V;,
nor do we necessarily assume

(412) Bz()\7 Wz) = B:(Ww )‘)7 Ci(zi> /J') = C;k (/1‘7 Zi)7 Di()‘a M) = D;k (Ma )‘)7
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for all A\, u € M and w;,z; € V,;. The issue of adjoint consistency will be important
in subsequent sections since the adjoint inconsistent variational formulations require
additional terms in the error representation. As it turns out, all of the forward and
adjoint bilinear forms considered in this paper satisfy (4.12), but the error analysis in
Section 5 does not make this assumption.

4.3. Reduction to Interface Problems. In the multiscale setting, the number
of degrees of freedom associated with the mortar space may be relatively small in
comparison with the subdomain degrees of freedom. In this case, it may be more
economical to construct the coarse scale interface operator (a.k.a Steklov-Poincare
operator or Schur complement [46]) and solve the interface problem directly rather
than using a standard iterative nonoverlapping domain decomposition approach which
requires subdomain solves at each iteration.

Following [4, 6], we define a bilinear form dg : L*(T") x L*(T') — R by

Mz

(4.13) H(A ) = (A 1) + Ci(Zn,i(N), 1) 5
z=1

where 2z, ;(A) € V, ; satisfies

(4.14) Ai(ih,i()\);wi) = —Bi(/\,Wi), Yw; € Vh,i-

We define a linear form gy : L?(I') — R by

N
(4.15) gu(p) = — Zci(zh,uﬂ)a

where zj, ; € V},; satisfies
(4.16) Ai(Zni, wi) = Li(wi), Yw; € Vi
It is easy to verify that the solution of (4.5) - (4.6) also satisfies,

(417) dH(AHvﬂ) = gH(N“)a VM € My,

and that

Zhi = Zp,i(A) + Zp ;.

EXAMPLE 4.4. In the case of two subdomains, the discrete interface problem has
the form:

((D1— C1AT'By) + (D3 — C2A3 ' Bo)) A = —C1 AT — Co A s,

which is clearly recognized as the Schur complement of the subdomain matrices. The
the left-hand and right-hand sides are the discrete representations of (4.13) and (4.15)
respectively.
We use (4.14) and (4.16) write the interface operator as,
(4.18)
N
dg (Mg, p) = Z(Ai (2n,i(Ne)s 20, (1) +Bi( N e, 2, (1) +Ci2n,i(Ae), 1) +Di(N s 1),

=1
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for all Ay, € My. We remark that (4.18) is a generalization of the characterization
given in [6] for mortar mixed finite elements. Given (4.18), we can easily show that
symmetry and positive definiteness of the interface operator follow from the proper-
ties of the subdomain bilinear forms and the aforementioned compatibility condition
between the discrete mortar space and the discrete subdomain spaces.

We can follow the same procedure and reduce the adjoint problem (4.9)-(4.10) to
an interface problem of the form,

(4.19) dy(n, 1) = gp ().

We omit the details for the sake of brevity, but we remark that the interface operator,
d3;(+,-), does not depend on the adjoint data, i.e., the quantity of interest. There-
fore, we can investigate multiple quantities of interest and we only need to compute
multiple right-hand sides for (4.19) which only involves one or two additional solves
per subdomain depending on the implementation. Furthermore, many quantities of
interest are local and we only need to solve additional subdomain problems where the
adjoint data is nonzero.

5. Error Analysis. In this section, we use the global adjoint formulation (4.9)
- (4.10) to derive an a posteriori error estimate for discrete approximations of the
global forward problem (4.2) - (4.3). Our analysis is based on the generic linear and
bilinear forms introduced in the previous section, and specific examples will be given
in the next section.

For 1 <i< N, let z; € V; and A € M solve (4.2) - (4.3), and let z;,; € V},; and
Ar € My solve (4.5) - (4.6). We recall that

€.i =2Z; — Zh,, and (Y :)\—)\H,

denote the subdomain and mortar errors respectively. Finally, for 1 < ¢ < N, let
¢; € V, and n € M solve (4.9) - (4.10). We first present the theoretical result for the
cases where (4.11) and (4.12) are satisfied.

THEOREM 5.1. For1 < i < N, let z; € V; and A € M solve (4.2) - (4.3), let
Zni € Vi and A € My solve (4.5) - (4.6), and let ¢; € V; and n € M solve (4.9)
- (4.10). Suppose (4.11) and (4.12) are satisfied. The error in a linear functional of
the solution satisfies,

N

N
(51) j]\/[(eA) + Z]z(ez,z) = Z (5sub,i + gmort,i) P

i=1 i=1
where
Esubyi = li(@i — Iy, 10i) — Ai(2n,i, @i — My i) — Bi( A, @i — Iy i¢hs),
represents the subdomain discretization error, and
Emorti = —Ci(2h,i,m — Qun) — Di(Am,n — Qun),

represents the contribution to the mortar discretization error.
Proof. We set w; = e, ; in (4.9) and pu = ey in (4.10), giving

] =

N
Jar(ex) + Y dilesi) =) (A (¢ es) + CF (1 e20) + B (¢4, €2) + Dj (1, ¢))
i=1

(3

I
—

(Ai(ez, i) + Bilex, ¢i) + Cile.i,n) + Di(,ex,n)),

-

@,
Il
—
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where we have utilized (4.11) and (4.12). The remainder of the proof follows the
usual steps utilizing Galerkin orthogonality (4.7)-(4.8) with the projection operators
defined in section 4, and the definition of the weak residual. O

Unfortunately, some bilinear forms may not satisfy (4.11) or (4.12). To account
for this possibility, we introduce the adjoint inconsistency term,

(52) gcons,i = Aj((f)zv ez,i) - Al (eZ,iﬂ ¢)1) + Cz* (777 ezvi) - Cl (eZﬂW 77)
+ B (¢isex) — Bi(ex, i) + D (n,ex) — Di(ex,n)

This term must be estimated (or bounded) in order to derive a fully computable error
representation. In Section 7.2, we provide an example where (4.11) is not satisfied
and Econs,; is computable.

The following result can be shown using a straightforward modification of the
proof of Theorem 5.1.

COROLLARY 5.2. For 1 <i < N, letz; € V; and A € M solve (4.2) - (4.3), let
Zni € Vi and Ay € My solve (4.5) - (4.6), and let ¢; € V; and n € M solve (4.9)
- (4.10). Suppose (4.11) and (4.12) are not satisfied. The error in a linear functional
of the solution satisfies,

N N
(53) jM(e)\) + Zji(ez,i) = Z (Esub,i + 5mort,i + Econs,i) )
=1

= i=1

where Econs,i Tepresents the consistency error given by (5.2), Esupi represents the
subdomain discretization error, and Epore; Tepresents the contribution to the mortar
discretization error.

REMARK 5.3. A different error representation for adjoint inconsistent formu-
lations can be derived using the adjoint the forward variational problem. While this
approach does not require estimating the adjoint inconsistency terms, it has been found
to be problematic for certain adjoint inconsistent formulations [37, 36]. In this paper,
we follow the approach taken in [57] and use a variational formulation of the contin-
uous adjoint and assume that the adjoint inconsistency terms can be estimated.

6. Adaptive Mesh Refinement. In this section, we decompose the error rep-
resentation (5.1) into a sum of contributions from each element and use these localized
error representations to drive adaptive mesh refinement. The standard approach, uti-
lized in e.g. [11, 9, 20, 28, 16, 57], computes the absolute value of the localized error
representation,

Esubij = i j (i — Iy ibi) — A; j(zh,i, b — I i) — By j( A, i — I i ¢05)|
Emortyij = |—Cij(Zn,i,n — Qun) — Dij(Au,n — Qun)l,

where we have used the obvious notation to denote the localization of the linear
and bilinear forms to a subdomain element F; or a mortar element ;. Next, we
mark for refinement either a certain percentage of the elements or those where the
local indicator exceeds a given tolerance. It is well known that this approach does not
account for the cancellation of error between elements and is not guaranteed to reduce
the error in the quantity of interest. Nevertheless, this approach has proven to be
quite successful in practice and we consider a modification of this adaptive algorithm
to allow adaptive refinement of both the mortar and the subdomain discretizations.
REMARK 6.1. For some discretization techniques, such as discontinuous Galerkin,
the error representation (5.1) involves a sum of integrals over the edges (faces) in the
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mesh. In such cases, we allocate half of the edge contribution to both of the elements
sharing the edge in order to localize the error to the elements for refinement. An alter-
native approach may be to use a hybridized discontinuous Galerkin method (see e.g.,
[19]) and to separately refine the element and edge discretization, but this is beyond
the scope of this work.

We can also significantly reduce the overall computational cost by solving on
each subdomain only a few times when the error is relatively large. We achieve
this by starting with a relatively coarse mortar discretization and refining only the
subdomains until the subdomain contribution is below a given tolerance. Then we
refine the mortar discretization until the mortar contribution is below the tolerance.
Since the subdomain meshes are refined first and remain fixed as the mortars are
adapted, we can reuse certain subdomain information, such as the factorizations of
the subdomain linear systems or the Krylov subspaces, for each iteration of mortar
refinement.

We summarize our adaptive refinement algorithm in Alg. 1. Within the mortar

Algorithm 1: Adaptive Mesh Refinement

Solve the forward problem on the initial subdomain and mortar meshes;
Solve the adjoint problem on the initial subdomain and mortar meshes;
Compute the a posteriori error estimate;
while |E¢ot01| > TOL do
while |Eg,p| > TOL/2 do Subdomain Refinement
fori=1— N do
if |Esupi| > TOL/2N then

Mark subdomain elements based on localization of error

representation;

Refine the subdomain mesh;

end
end
Solve the forward problem;
Solve the adjoint problem;
Compute the a posteriori error estimate;
end
while |£,,0rt| > TOL/2 do Mortar Refinement
Mark mortar elements based on localization of error representation;
Refine the mortar mesh;
Solve the forward problem;
Solve the adjoint problem;
Compute the a posteriori error estimate;
if |Esup| > TOL/2 then
‘ Perform subdomain refinement again;

end

end
end

adaptive loop we account for the possibility that refining the mortars may affect the
subdomain error estimates. This can occur if the error in the subdomain approxi-
mation is particularly sensitive to the boundary data. In most instances, while the
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subdomain solution clearly depends on the boundary data, the subdomain error is rel-
atively insensitive to variations in the boundary data and this additional subdomain
refinement is rarely required.

7. Examples of Discretized Variational Formulations. In a region €2, the
scalar product of L?(€2) is denoted by (-,-)q

Vf,g € L3(9), (f,9)0 = / f(z)g(x)dz,

and if the domain of integration is clear from the context, we suppress the index €.
For any non-negative integer m, recall the classical Sobolev space (cf. [2])

H™(Q) = {ve L*Q); 0" € L2(Q)V k| < m},
equipped with the following seminorm and norm

1/2 1/2

ey = | 3 / Ooltdz| ol = | 3 B

|k|=m 0<|k|<m

This definition is extended to any real number s = m + s’ for an integer m > 0 and
0 < ¢’ < 1 by defining in dimension d the fractional semi-norm and norm:

1/2

_ 0% v(x) — 9 v(y)|?

[k[=m

) ) 1/2
lolliz=@ = (I01Em gy + 10lee) -
We also use the space of functions with finite divergence,
H(div,Q) = {ve L*(Q); V-v € L*(Q)}.

Let 7j,; be a conforming partition of €2;, consisting of simplices or parallelopipeds
of maximum diameter h;. We assume that the mesh is regular in the sense of Ciar-
let [18], but we do not assume 73, ; and 7j, ; align along I'; ;. We use &, ; to denote
the interior sides of 7}, ;, i.e., &,; does not contain the outer boundary of ;. We let
5,‘;”‘; be the partition of 9Q; N9 by the sides of 73 ;. Similarly, we let 5,1;1- denote the
partition of 9§2; NI" by the sides of 7}, ;.

We also require the broken Sobolev space associated with 7j, ; given by,

H™(T;) = {v € L*(Q;) s v|p € H™(T), VT € Tp,;}, m > 3/2,

equipped with the following norm,

1/2

lollma: = { D llollzr

TET,;
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Let E,, and E, be two adjacent elements in 73 ;, with n < m , and let v =
0E, NOE,, € &,; We denote the average and jump on + for an elementwise smooth
function ¢ by, respectively,

1
{0} =3 (@lz)h + (@l
[¢] :==(¢]E.)ly — (9E,.)]5-
On a boundary face (yNTp # @ or yN Ty # 0) we set,

o} =0l 0] =l

Let Ty s ; be a partition of I'; ; with maximal element diameter H. We use
'y = Ui<j<nI'; to denote the union of all the mortar grids and I'y ; = 'y N O8Y; to
denote the intersection of the mortar grids with the boundary of €2;. We do not need
to assume 7Tp ; ; is conforming, but we may make this assumption if we want to use
continuous mortar approximations. Furthermore, we do not assume 7g ; ; aligns with
either subdomain partitions 75 ; or 75, ;. In the multiscale setting, the mortar grid is
chosen to be much coarser than the trace of the subdomain grids, i.e., H >> h.

In this paper we take

M;I = {/J, € LQ(F) : /’(“TH,i,j € PT(T)v VT € TH7i,j}7 r Z 07

or the continuous counterpart for the discrete mortar approximations. If My, consists
of discontinuous polynomials, then we take Qg to be the L2(v)-projection on each
~v € T'. If we use the continuous version of the mortar space then we take Qg to be
the L2(I'; ;)-projection.

7.1. Mixed Finite Elements. For i € I/, the mixed variational formulation
of (2.3) seeks (u;, p;) € H(div,Q;) x L?(€2;) such that,
(7.1) (K 'ui, vi)o, — (26, V- Vi)a, = —(g, V- m)ag,na0 — (A, v -n)r,,
(V-u,q) = (f,qi)a,

for all (v;,q;) € H(div, ;) x L2(£;).
Using the notation introduced in section 4, we define

(7.2) z; = (W, pi), w;=(v;,q), and V,;=H(div,Q;) x L*(,).

The corresponding bilinear forms are defined as

Ai(zi, wi) = (K g, vi)a, — (05, V - vi)a, + (V- ug, ;)
B;(A,w;) = (A, v-n)p,

Li(wi) = (f. q)e, +<97V n)90,n09,

Ci(zi, p) = <i' n, pr,,

Di(A, ) =

To discretize, we let Vi, ; € H(div, ;) x L?(2;) be any of the Raviart-Thomas
(RT*) finite element spaces [15, 49]. The projection operator is given by Iy ; =
Th,i X Qp,; where my, ; is the well-known projection operator [7, 4] for the velocities

and Qy; is the standard L?(T)-projection operator for the scalar potential for any
Te 771’1'.
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Meanwhile, ¢ € Ips, the mixed variational formulation of (3.3) seeks (s;,&;) €
H(div, ;) x L?(Q;) such that,

(7.3) {(K_lsi’vi)gi + (&, V- vi)o, = (n,v-m)r,,

*(v © S, Q’L) = (QZ}’ Q’L)le

for all (v4,q;) € H(div, ;) x L*(Q;).

Using the notation introduced in section 4.2, we define
(7.4) ¢i = (si,&), wi=(vi,q), and V;=H(div, ;) x L*(Q).
The corresponding adjoint bilinear forms are defined as

A*(¢17W1) (K SMVZ)Q + (& V- vi)a, = (V- si,q:)
Ci(n,wi) = —(n,v-mr,,

Jiwi) = ( ,qz)

Bi (i, 1) = (si - m, p)r,

D;(n,p) = 0.

Notice that, due to our choice of adjoint flux, all of the bilinear forms are adjoint
consistent for the mixed formulation, i.e., both (4.11) and (4.12) hold. The terms in
the error representation corresponding to ¢ € Ip; are easily seen to be

Esubyi =(f, & — Qn.i&i)a: + (9D, (8i — Th,iSi) - Mo, non
— (K upi, s — mhisi)as + (Pri, Vo (8i — hisi))os
—(Vwn, & — Qni&i) — (Mg, (8i — Thyisi) - mr,,
Emort,i =(Upi -0, — QEn)r,,
Econs,i =0.

7.2. Discontinuous and Continuous Galerkin. For i € Ip, we set
(7.5) z;=p;, wW;=¢q, and V;=H(T;;).

The interior penalty discontinuous Galerkin formulation of (2.2) seeks p; € H'(7},.;)
such that,

Ai(zi,w;) = Li(w;) — Bi(\, w;), VYw; €'V,
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where

Ai(zi, w;) = Z (KVPiaV‘Ii)T

TET,;

+ Y (~UKIp 0] L), - s (UK Ya - nh )y + o, m>)

YEER i ’Y

O'
+ Y ( Ksz-n,qi>7—<Kti-n,pi>»y+h7<p“qz>)

,Yegext

O~y
+ > ( (KVp;-n ,qi>7—<Kti-n,pi>w+h7<puql>)

'yES hi
o
W) = Y (g + Y (~Kamian), + v ).
TET,; SZ":
o
Bz‘()\,Wi)Z Z (<qurniv>\>'y_hw<)‘a%>’¥>'
765}5@ 7

The remaining bilinear forms are given by,

o) = Y (IKVn w7 ).

A/GS}:J
g
Di(A, p) = Z hi<)‘vﬂ>7'
’Yeghz K

Various interior penalty DG methods can be obtained by a proper choice of the
form parameter, s¢. If we choose sy = 1, then A, (-, -) will be symmetric and we recover
the symmetric interior penalty Galerkin (SIPG) method. Similarly, setting sy = 0 and
s = —1 give the incomplete (ITPG) and the nonsymmetric (NIPG) interior penalty
Galerkin methods respectively. The penalty parameter, o, is taken to be a constant
value on each element face and we assume that 0 < 00 < oy < ol

We fix the form parameter to be 1 along the boundary edges which preserves the
symmetry of the formulation if SIPG is used. This choice forces us to use h., rather
than H., in the penalty terms along &} , which results in slightly suboptlmal a priori
convergence rates in the multiscale case [35] ,if H=0(h*) with a < 1.

We discretize by choosing Vy, ; = Pr(7,,:), the space of polynomials of degree k on
T € Ty, with k£ > 1. If o if sufficiently large, then the standard DG arguments can be
used to show discrete stability and to derive a priori error bounds [35]. The projection
operator is defined to be Il ; = Qp; where Qy ; is the local L2(T)-projection.

Meanwhile, using the notation introduced in section 4, we define

(7.6) z; =p;, wWi=¢;, and V;=H"(Tp;).

The interior penalty discontinuous Galerkin formulation of (3.2) seeks & € H'(7,.;)
such that
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where

A (i, wi) = Z (KV&, Vi)

TETh

% (-UKvs nb ol - st @KYa nb el + P06l o),
YEEh,i

© 30 (HKVG na), - KV &)+ 60 y
,yegei(t

+ Z ( vaz aQi>'y_<KVQi'na€i>v 517% )
'yES i

Ji(w;) = Z (¥, qi)7,
TE'T}LJ'
irw) = 3 (Ve nn - T, )
765;:,1: K

The remaining adjoint bilinear forms are given by,

Bi(ip) = Y (<Kvsrm,u>w§:<&,u>v),

~e&l

h,i

Di(np) =Y, hi<77,u>w-

~ye&r Y

h,i

Notice that (4.12) holds due to the definition of the bilinear forms and our choice
of the form parameter along the boundaries. However, (4.11) does not hold if NIPG
or ITPG methods are used. Fortunately, it was shown in [57] that,

gcons,i = Ai(ez,i> ¢2) - A:(‘bu ez,i) = Z (*1 + sf)<{KV§Z ' n}a [[phyi]]>’w

YEEN,i

which is fully computable and does not depend on the choice of DG method used to
solve the adjoint. Also note that this term is zero if SIPG is used, i.e., if the DG
formulation is adjoint consistent. Using the definition of the linear and bilinear forms



16 S. Tavener and T. Wildey

we can derive the subdomain error indicator,

Eawi= D (£&=Qmili)p, — >, KVpri, V(& — Qnili))y

T€Th,: T€Th,:

+ Z ( — Qi) - nia9D>v+Z’Y<9Da§i_gh,i€i>7>
7686’“ Y

= > (~HKVpu 0} [~ Qnitil)y — stKV (& — Qnit) - 0l Ionil)s
YEER,i

+ ;%([[ph,i]], [& — Qh,i&]]%)
= 3 (K Vpri m & = Quii)y — (KV(E — Qnib) - pni)s

7689’“

+ h;Y(ph,i,fi - Qh,i§i>~,)

= > (K Vb 0,6 — Qniti)y — (KV(& — Qi) -1 by
')'E(‘Z,L i

+ a(Ph,i7§¢ - Qh,¢§¢>~,)

- Z < — On,i&i) 0, M)y — %(AH@' - Qh,ifi>’y>
'y€$ b v

and the mortar error indicator,

5mort,7,' = - Z ((Kvph,z s 1,1 — QHn>’Y -

WEEF

- Z >\H,77 QH77>

'yGS

o
hfv@h,ian - QHU>7> ,
5

REMARK 7.1. We may also consider a continuous Galerkin (CG) formulation
for i € I, with weakly imposed Dirichlet conditions by taking

Vi = {ve C(Q)NH Q) :VT € Ty, v|r € PH(T)}.

The subdomain bilinear and linear forms simplify to,

o
Ai(zi?wz) (KVp;, VQZ Z ( KvPl : 7qi>'y - <KVQz : n,pi>7 + h”@i»‘lz‘)w)

,.Yegu’ct 0l

o

+ Z ( (KVp; -n,q;), — (KVg; -n,p;), + hv@n%%)
ye&l b R
Oy
Li(ws) =(f, qz ;Xt ( (KVg; - nng> + h7<9D7Qi>5§’ﬁt> ’
’Y 3

The other linear and bilinear forms remain the same, but the projection operator
becomes either the global L?(Q;)-projection or the interpolant. Most of the terms
in the error representation are the same, except for the terms on the interior edges
(v € En,i), which are zero.
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8. Numerical Results. Consider the model elliptic problem (2.1) on Q =
(0,1) x (0,1) with

K(z,y) = (14 0.8sin(4nz) cos(3my)) L.
The boundary data and source function are chosen so that,
u(z,y) = 102(1 — z)y(1 — y) exp(sin(37z) sin(37y)).

We consider the following quantities of interest:
1. The value of the solution at (1/3,1/3) for which

200
V¥ =01/31/3) & — exp(—200(z — 1/3)* — 200(y — 1/3)°).
2. The average value of the solution over Q46 = (3/4,1) x (3/4,1) for which

b= {1/916|, x € e,

0, otherwise.

3. The average value of the mortar solution along I's 7 where ¢ = (1/4,1/2) x
(1/4,1/2) and Q7 = (1/2,3/4) x (1/4,1/2) for which

_JTe7l, z€Tler,
nM = .
0, otherwise.

In all of the numerical examples, we use a decomposition of 2 into 16 equal-sized
subdomains arranged in a 4 x 4 pattern. In Figure 8.1, we plot the sets of grids
to be used in sections 8.1 and 8.2. We allow triangular or quadrilateral elements in

Fic. 8.1. Subdomain and mortar grids. From left to right: grid (a), grid (b) and grid (c).

each subdomain. Note that only grid (a) aligns along the interface. Grids containing
both triangular and rectangular elements may also be considered using mixed and
DG approximations [41], but this is an unnecessary complication for this paper. In all
three cases, the mortar mesh does not align with any of the subdomain grids. Grid (c)
is designed for the multiscale mortar setting where we allow only one mortar element
on each interface.

8.1. Mononumerics Coupling. In this section, we use the same discretization
method for all of the subdomains and compute the a posteriori error estimate using a
higher order approximation of the same type. We consider the following subdomain
approximations:
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e RTY mixed finite elements for the forward problem and RT! for the adjoint
problem.
o Piecewise linear (P1(7},,;)) NIPG for the forward problem and piecewise quadratic
(P3(7y,,;)) NIPG for the adjoint problem.
e Continuous piecewise linear Galerkin for the forward problem and continuous
piecewise quadratic for the adjoint problem.
We consider the following cases:
1. Quantity of interest 1, on grid (a), with discontinuous linear mortars.
2. Quantity of interest 2, on grid (b), with discontinuous linear mortars.
3. Quantity of interest 3, on grid (c¢), with discontinuous cubic mortars.
Other cases were considered, e.g., computing all three quantities of interest on all
three grids, but these cases yielded similar results and were omitted in the interest
of space. In each case, we solve the subdomain problems using a sparse direct solver.
We construct the forward and adjoint interface operators (4.17) and (4.19) and use
GMRES to solve the interface problem to a tolerance of 1E-10.
In Figure 8.2, we plot the subdomain adjoint solutions (top row) and the adjoint
mortar solutions (bottom row) for each quantity of interest using NIPG to solve each
of the three adjoint problems (second of the three subdomain approximation choices).

04
o3 012

0as
025 01 oz
02 008 025

0z
015 005

015
o1 004

01
005 002 0.05
o o o

F1G. 8.2. The subdomain adjoint solutions (top row) and the adjoint mortar solutions (bottom
row) for each quantity of interest using NIPG to solve the adjoint problems.

In Table 8.1, we present the subdomain, mortar and consistency terms of the a
posteriori error estimate along with the true error in the quantity of interests and
effectivity ratios. In all nine simulations, the effectivity ratio is close to one, indicat-
ing that the a posteriori error estimate is quite accurate even with an approximate
(numerical) adjoint. The consistency error is nonzero only for NIPG and is approx-
imately the same order of magnitude as the other terms in the error estimate. We
also note that the mortar error using mixed finite elements for case 1 is nearly zero.
This is due to the fact that the mortar space contained the same number of degrees
of freedom as the trace of the subdomain velocity space. Thus, conservation can be
enforced up to the interface solver tolerance.

8.2. Multinumerics Coupling. In this section, we use grid (c) from Figure 8.1
and use either DG (SIPG), CG, or a mixed method in each subdomain as shown in
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Qofl \ Method H Esub \ Emort \ Econs \ True Error \ Effectivity
1 NIPG 1.8631E-3 | -4.3305E-4 | -5.8977E-4 | 8.3199E-4 1.010
2 NIPG 4.5324E-4 | 1.2107E-4 | -3.6120E-4 | 2.0989E-4 1.015
3 NIPG -1.5282E-3 | 5.7833E-4 | -1.4538E-4 | -1.0528E-3 1.040
1 CG 2.0955E-3 | -4.3337E-4 0 1.6596E-3 1.002
2 CG 4.5450E-4 | 1.2209E-4 0 5.7529E-4 1.002
3 CG -1.5882E-3 | 5.8451E-4 0 -9.5946E-4 1.046
1 Mixed || -6.8324E-4 | 8.3000E-14 0 -6.8044F-4 1.004
2 Mixed 7.9985E-4 3.4224E-5 0 8.3113E-4 1.003
3 Mixed || -2.5761E-3 | 3.9105E-4 0 -2.1619E-3 1.011

TABLE 8.1

Error estimates and effectivity ratios using three different numerical methods to solve the sub-
domain problems for the three cases under consideration.

Figure 8.3.

DG CG CG DG
CG MIXED | MIXED CcG
CG MIXED | MIXED CG
DG CG CG DG

Fi1G. 8.3. Subdomain discretization methods used in section 8.2.

In Table 8.2, we present the components of the error estimate and the effectivity
ratios for each of the three quantities of interest. The effectivity ratios are not quite

Qofl H Esub \ Emort \ Econs \ True Error \ Effectivity
1 -1.4960E-3 | -4.1564E-4 0 -1.9166E-3 0.997
2 8.3416E-4 | 1.4993E-6 0 8.5018E-4 0.983
3 7.4364E-4 | 4.1535E-4 0 1.2002E-3 0.966
TABLE 8.2

Error estimates and effectivity ratios using three different quantities of interest using multinu-
merics.

as close to one as they were in the previous section, but they are still acceptable. We
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note that the consistency error is zero since we are using SIPG rather than NIPG.

8.3. Adaptive Mesh Refinement. The goal in this section is to show how the
a posteriori error estimate may be used to separately adapt the mortar and subdomain
grids following Alg. 1. We start with grid (a) from Figure 8.1, but we coarsen the
mortars so that there is initially only one mortar element on each interface. We use
piecewise linear SIPG for the subdomain discretizations and piecewise linear polyno-
mials for the mortars. Thus, each mortar starts with only 2 degrees of freedom. The
corresponding adjoint problem uses piecewise quadratic SIPG and piecewise quadratic
mortars. Our quantity of interest is the average value of the solution over 1¢.

We refine a subdomain if its contribution is larger than 1/16 of the global toler-
ance, which we take to be 1E-4. Similarly, we refine a mortar if its contribution is
larger than 1/24 of the global tolerance. Elements within a subdomain or a mortar are
marked for refinement based on a similar criteria and a localization of the a posteriori
error estimate.

The subdomain problems are solved using a direct factorization of the subdomain
linear system using either an LU decomposition or a Cholesky factorization. For
each of these iterations, we construct the coarse scale interface equation which only
requires 6-10 solves per subdomain depending on the number of sides that intersect
the mortar grid. The interface equation then requires 35-40 iterations of GMRES
to reduce the relative residual below 1E-10. (A standard nonoverlapping domain
decomposition algorithm would therefore require 35-40 solves per subdomain. A good
preconditioner, e.g., Neumann-Neumann or balancing, would reduce this number,
but probably not below 6-10 since these algorithms require (at least) two subdomain
solves per iteration.) Following Alg. 1, once the subdomain error is below the chosen
tolerance, we build and factor the subdomain matrices and reuse these factorizations
as we refine the mortar mesh.

In Figure 8.4, we plot the magnitude of each of the components of the error
estimate as we adaptively refine the subdomain and mortar grids. In Table 8.3, we

—¥*—Total Error

—®— Subdomain Error
—8— ortar Error

Iteration

F1G. 8.4. Behavior of the components of the error estimate as the mesh iteratively refined. The
first three iterations perform subdomain adaptivity while the last three perform mortar adaptivity.

give the components of the error as well as the degrees of freedom and effectivity ratios
for each iteration. In Figure 8.5, we plot the final adapted subdomain and mortar
grids. Further computational gains can be made by choosing a hierarchical mortar
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Subdomain DOF \ Mortar DOF H Esub \ Emort \ True Error \ Effectivity
3456 48 2.4516E-3 | 1.8208E-2 | 2.0547E-2 1.005
13824 48 6.3600E-4 | 1.8360E-2 | 1.8958E-2 1.002
42324 48 1.6961E-4 | 1.8784E-2 | 1.8963E-2 0.999
80598 48 5.7288E-5 | 1.9245E-2 | 1.9347E-2 0.998
80598 96 7.0457E-5 | 1.1422E-3 | 1.1901E-3 1.019
80598 158 7.0402E-5 | 9.4941E-5 | 1.6574E-4 0.998
80598 194 7.0538E-5 | 2.2703E-5 | 9.4100E-5 0.991

TABLE 8.3

Error estimates, degrees of freedom and effectivity ratios for each level of adaptive mesh refine-
ment. The first three iterations perform subdomain refinement and the last three perform mortar
refinement.

Fari i
o2 A O N
PP

Fic. 8.5. Final adaptive subdomain (left) and mortar (right) grids.

space which would significantly reduce the cumulative number of subdomain solves,
but this is beyond the scope of this paper.

8.4. Application to Flow in Porous Media. Our last example considers a
practical application to flow in porous media. We consider layer 75 of the SPE-10 per-
meability field [17] (see Figure 8.6) and focus on mortar adaptivity. The computational
domain is = [0, 1200] x [0, 2200]. The permeability field is highly heterogeneous and
is defined on a 60 x 220 computational grid. We divide the domain into 55 subdo-
mains (5 x 11) as shown in Figure 8.6. Pressure-specified injection wells are placed
four corner subdomains and a pressure-specified production well is placed in one of
the middle subdomains. Most of the subdomains use uniform rectangular elements
determined by the fine scale permeability field. In these subdomains we use mixed
finite elements, or equivalently, cell-centered finite volumes. The subdomains contain-
ing wells are discretized using unstructured meshes with triangular elements which
allows us to include the geometry of the well in our model. This provides an alter-
native to a Peaceman approximation of a pressure-specified well [40]. A cell-centered
finite volume approximation is not appropriate for these computational grids, so we
use a discontinuous Galerkin (SIPG) approximation. We set the pressure to be 1 at
the injection wells and 0 at the production well. These values are simply for numer-
ical demonstration and more physically relevant values can also be chosen. No-flux
conditions are imposed on the outer boundaries of the domain.

Our quantity of interest is the average flux into the production well, so we set ¢ =
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Fic. 8.6. Layer 75 of the SPE-10 permeability field (log scale) and the decomposition of the
computational domain into subdomains with unstructured grids comforming to the geometry of the
wells.

0 and £ = 1/27r on the boundary of the production well where r is the radius of the
well. Homogeneous boundary conditions are chosen on the injection wells (Dirichlet)
and on the exterior boundaries (Neumann). We assume that the subdomain grids are
fixed and refine the mortar spaces until the mortar error is below a chosen tolerance.
Initially, the each interface has only one mortar element with piecewise discontinuous
linear mortar approximation. As in previous examples, the mortars are refined based
on the localization of the a posteriori error estimate. In Figure 8.7, we plot the final
adaptive mortar grid as well as the pressure field and the adjoint pressure field using
this final mortar grid. We see that the mortar grid concentrates refinement between

Fic. 8.7. Final adaptive mortar grid (left), final pressure field (middle), and final adjoint
pressure field (right).

the production well and the upper-right injection well. This is due to the channel of
high permeability running between these two wells.

For comparison, we also solve a sequence of problems using uniformly refined mor-
tar grids. In Figure 8.8, we compare the mortar error using the uniform and adaptive
approaches. Clearly, the adaptive approach reaches the chosen error tolerance using
far fewer mortar degrees of freedom, and hence requiring fewer subdomain solves,
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—&— | Jniform
—®— Adaptive

Mortar Error
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Fic. 8.8. Convergence of the mortar error under uniform and adaptive refinement of the mortars.

than the approach using uniform adaptivity.

9. Conclusions. We have shown how to derive a posteriori error estimates for
linear functionals of the solution to an elliptic problem discretized using a multiscale
nonoverlapping domain decomposition method. The general framework presented in
section 4 allows us to consider both primal and mixed formulations of the forward and
adjoint problems within each subdomain. Various subdomain discretization schemes
were considered and the error estimate was shown to be accurate in all cases, even if
the subdomain approximation uses an adjoint inconsistent formulation. Finally, we
demonstrated that the error estimate may be decomposed into subdomain and mortar
components which may be used to drive adaptive refinement.
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