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Abstract. We study the formation of spinning primordial black holes during an early matter-
dominated era. Using non-linear 3+1D general relativistic simulations, we compute the
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1 Introduction

The realization that cold dark matter may be partly made up out of primordial black
holes (PBHs) [1–7] and the opportunities to test and constrain this hypothesis [8–28] has
renewed interest in PBHs. The mechanism considered standard to form these relics is via the
collapse during the radiation era of superhorizon perturbations originating from the growth
of quantum fluctuations during inflation [29–51], but could also be the result of other early
universe dynamical processes or epochs [52–84].

There is next to no observational data to constrain the thermal history of our universe
before big bang nucleosynthesis [85, 86]. Models of early matter-dominated expansion epochs
include overproduction of non-relativistic particles [87, 88], the presence of moduli fields ubiqui-
tous in string theory models [89, 90], or at the end of inflation during a process known as reheat-
ing [91–96], when the energy stored in the inflaton is transferred into standard model particles.

PBHs’ properties and abundances, and therefore corresponding detection prospects,
depend on the details of the era in which they form. In this work, we investigate the expected
angular momentum of PBHs. Angular momentum is relevant to possible PBH signatures, e.g.
the amplitude of the stochastic gravitational wave background from spinning PBHs could
increase by 50% [97], and PBHs with spin may avoid some of the abundance bounds related
to evaporation due to their lower Hawking temperatures [98]. It is suggested that PBHs
that form during a radiation-dominated era generally have small spins [99–102], reflected
by the fact that the PBH formation threshold is increased proportional to the square of
the angular momentum [103], although they could develop non-negligible spins through
Hawking radiation [104, 105]. On the other hand, PBH production is more efficient in a
matter-dominated era in the absence of pressure support, even though non-spherical effects
that may resist gravitational collapse become important [106]. PBH formation in the context
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Figure 1. Evolution panel showing the evolution of the energy density of the field ξ (total angular
momentum density around the z-axis) in the top (bottom) row, in units of [ρξ] = H2

0m
2
Pl ([Jz] = H0m

2
Pl),

for a perturbation with R0 = 1.4H−1
0 . The leftmost column shows the initial conditions, in which

ρξ shows two peaks corresponding to the gradients of the gaussian in eq. (2.7a), whilst the angular
momentum density takes strictly positive values. In the top row, we see the perturbation collapse and
acquire an asymmetric configuration before black hole formation in the third column, signalling the
presence of angular momentum in the collapsing region. In the bottom panels, we see Jz take on both
positive and negative values over the course of the evolution, on which we comment in section 3.2.
In the rightmost column the PBH has formed, and the small area already hidden behind the apparent
horizon is shown in black. A video of this data can be found here. Reproduced from [119]. CC BY 3.0.

of an early matter-dominated epoch has also been studied in e.g. [107–117]. Of particular
relevance to this work is the argument by the authors of [118] that most PBHs formed in a
matter-dominated setting are near-extremal, although this result does not take into account
PBH mass accretion.

In this work, we report on fully non-linear 3+1D numerical relativity simulations that
aim to shed more light on the role of angular momentum in PBH formation during a matter-
dominated era. We simulate the collapse of superhorizon non-linear perturbations sourced by
a massless scalar field, on a matter-dominated expanding background driven by an oscillating
massive scalar field.

We find that the formation process is quite efficient, i.e. at horizon formation the PBH
contains O(10%) of the collapsing overdensity’s mass and angular momentum. However, the
PBH dimensionless spin goes down as it accretes non-rotating background matter, resulting
in negligible final spins if the matter-dominated era lasts several e-folds. We illustrate typical
collapse behaviour in figure 1. Note that since a radiation-dominated era must intervene
before the onset of the present matter-dominated era, the background massive scalar must
reheat. Any PBHs that were formed during this era will remain as a matter component which
presumably can be the dark matter component today.

The paper is organised as follows. In section 2, we discuss the numerical setup of our
simulations, initial conditions and diagnostics. In particular, we provide details on finding
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black hole apparent horizons in expanding spacetimes. In section 3 we report on our main
results, after which we conclude in section 4.

2 Setup

We consider a massive scalar field ϕ and a massless scalar field ξ, both minimally coupled to
gravity,1 i.e.

S =
∫

d4x
√

−g
[
m2

Pl
16πR− Lϕ − Lξ

]
. (2.1)

We also assume there is no direct coupling between them, i.e.

Lϕ = 1
2∇µϕ∇µϕ+ 1

2m
2ϕ2 , (2.2a)

Lξ = 1
2∇µξ∇µξ . (2.2b)

The scalar field ϕ with mass m plays the role of the ambient matter driving the
background expansion. In the limit in which ϕ is homogeneous and dominates, the spacetime
is well-described by the Friedman-Lemaître-Robertson-Walker (FLRW) line element

ds2 = −dt2 + a(t)2(dr2 + r2dΩ2
2) . (2.3)

If ϕ oscillates coherently with a period considerably smaller than a Hubble time, 2π/m ≪ 1/H,
its pressure averages to zero and the scale factor a(t) grows in a matter-like fashion, i.e.
a ∝ t2/3 and ρ ∝ a−3. The massless field ξ, on the other hand, plays the role of the collapsing
superhorizon perturbation, and will thus be the seed triggering black hole formation.

Going beyond the FLRW limit to study black hole formation requires solving the Einstein
field equations [120] for a more general line element, which we decompose in the usual ADM
form [121]

ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt), (2.4)
where γij is the three-dimensional spatial metric. The lapse and shift gauge functions α and
βi determine the choice of spatial hypersurface and their coordinates, which in numerical
relativity are dynamically determined. At each hypersurface, the rate of change of γij is
given by the extrinsinc curvature Kij ≡ −(1/2)Lnγij , where n is the vector normal to the
hypersurface. Kij can be decomposed further into its trace K and tracefree components Aij ,
where Kij = Aij + (1/3)Kγij . The trace K measures the local expansion, where in our sign
convention negative (positive) K indicates locally expanding (collapsing) space.

We evolve the Einstein field equations using the CCZ4 formulation [122] and the moving
puncture gauge [123–126], using the numerical relativity code GRChombo [127–129]. We list
explicit expressions for the matter variable evolution equations in appendix D.

2.1 Initial data
We choose the initial gauge α = 1 and βi = 0. We set the scalar field ϕ to a homogeneous
value ϕ0 starting from rest, i.e. ∂tϕ = 0. The initial unperturbed Hubble parameter H0 is
then

H2
0 = 4πm2

3m2
Pl
ϕ2

0 . (2.5)

1We use the mostly plus − + ++ signature and Planck units ℏ = c = 1, such that G = m−2
Pl , where mPl is

the non-reduced Planck mass.
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We break spherical symmetry and inject angular momentum into the system via the elevation
and azimutal angle-dependence2 of the massless field ξ and its conjugate momentum Πξ =(
∂tξ − βi∂iξ

)
/α

ξ(t, r, θ, α) = R(r) [1 + sin (θ)Φ(t, φ)] , (2.6a)
Πξ(t, r, θ, α) = R(r) sin (θ)∂tΦ(t, φ), (2.6b)

where

R(r) = A exp
[
−(r −R0)2

λ2

]
, (2.7a)

Φ(t, φ) = B cos (kφ− ωt). (2.7b)

The constants A, R0, λ, B, k, ω represent the perturbation shell’s initial radial amplitude,
radius, width, spin amplitude, spin wavenumber and spin angular velocity, respectively —
figure 3 in appendix B schematically clarifies the meaning of these constants. The angular
momentum density around any given axis through the origin is given by

J i = ϵijkxjSk (2.8)

where Si = −γijnaTaj and na = (1,−βi)/α is the normal vector to the hypersurface. Here
ϵijk is the antisymmetric Levi-Civita symbol and i, j, k = 1, 2, 3 label the spatial Cartesian
basis. We are interested in the z-component of the angular momentum density,3 which in
the initial data is only sourced by the massless field ξ and in a non-orthonormal polar basis
(∂r, ∂φ, ∂z) is expressed as

J 0
ξ,z = xSξ,y − ySξ,x

= −Πξ (x∂yξ − y∂xξ)
= −Πξ∂φξ,

(2.9)

where we take a derivative with respect to the azimuthal angle φ directly in the last line
and all quantities on the r.h.s. are evaluated on the initial slice. This expression can be
integrated over the volume to find the total initial angular momentum J0

ξ,z. In our notation,
the J in a calligraphic font will denote an angular momentum density, while J will denote
angular momentum, i.e. Ji =

∫
dV Ji. In what follows, if a directional subscript is omitted, a

z-subscript is implied. Finally, we note the important point that the angular momentum is
not concentrated on the equatorial plane of the shell, but is roughly Gaussian distributed
around it with angular width ∆θ ≈ 0.5π (see figure 4). The implications of this distribution
is that, as we shall see, matter which is spinning but not along the equatorial plane will still
spiral into the center.

As is well known, all initial data in general relativity must obey a coupled system of Hamil-
tonian and momentum constraint equations, which we solve using the CTTK method [130].
We choose an initial spatially flat metric γij = δij and solve for the trace K and traceless
parts Aij of the extrinsic curvature tensor. This choice is equivalent to choosing an initially
homogeneous cosmological scale factor, where the rate of local expansion is determined by the
matter distribution. Note that in the absence of inhomogeneities, the Hamiltonian constraint
reduces to the usual form of the Friedmann equation H2 = 8πρ/3m2

Pl, with K = −3H.
2Note the difference between φ, which denotes the azimuthal angle of a spherical coordinate system, and ϕ,

denoting the massive scalar field.
3The θ-dependence introduces additional angular momentum around the x- and y-axes, but we choose

parameters that makes sure these are negligible.
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2.2 Diagnostics quantities

The key three diagnostic quantities we will track are the PBH mass MBH, dimensionful
angular momentum JBH and dimensionless spin (dimensionless Kerr parameter)

aBH ≡ JBH
GM2

BH
. (2.10)

We obtain these values by measuring the properties of the black hole apparent horizon (AH)
— the outermost marginally trapped surface on which the expansion of outgoing null geodesics
vanishes. To find the AH we follow the procedure described in [131] — the next paragraph is
rather technical and the reader may skip it.

If the spatial metric on a given three dimensional spatial hypersurface is γij , a two
dimensional surface S with a spacelike unit outward-pointing normal vector sa induces a two
dimensional metric mab on S equal to

mab = γab − sasb. (2.11)

The expansion of outgoing null vectors k a
+ = na + sa in this surface is defined as Θ+ ≡

mab∇ak b
+ , or equivalently

Θ+ ≡ Dis
i +Kijs

isj −K, (2.12)

which vanishes on the AH. To find this surface during the formation stage, we shoot rays in
different directions from a PBH centre guess point, which we take to be the location of the
maximum energy density, and solve rκΘ+(r) = 0 for r along these rays. Here r is coordinate
distance along a given ray and κ ≥ 0 is an arbitrary AH expansion radius power that can
be chosen to optimise AH searches depending on underlying spacetimes. We find that in
expanding spacetimes, κ = 2 provides reliable performance.

To measure the area, spin and mass of the AH, we use [132, 133]

ABH =
∮

S
d2V, (2.13a)

J i
BH = 1

8π

∮
S
d2V

(
ξi
)l
sjKjl, (2.13b)

MBH =
√
ABH
16π + 4πJ2

BH
ABH

, (2.13c)

where d2V is the natural area measure on S constructed from mab and ξi are Killing vectors
of mab approximated well by the flat space rotational Killing vectors,

(
ξi
)l = ϵijlxj , since the

AH surface closely resembles a coordinate sphere. We present a more detailed discussion of
the AHs in FLRW spacetimes in appendix A.

In particular, when focusing on the efficiency of the formation process, we will be
interested in ratios of the collapsing seed, i.e. (MBH/M

0
ξ ), (JBH/J

0
ξ ) and (aBH/a

0
ξ), where M0

ξ

is the initial mass of the collapsing perturbation given by integrating the initial gradient and
kinetic energy

M0
ξ =

∫
dV

1
2(∂iξ)2 + Π2

ξ . (2.14)

The dimensionful angular momentum J0
ξ is given by integrating the expression in eq. (2.9)

over volume on the initial slice and a0
ξ = J0

ξ /
(
GM0

ξ

)2
.
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3 Results

The length scale of interest in this work is the unperturbed Hubble horizon H0, set through
eq. (2.5). For all simulations we choose ϕ0 = 7.8 × 10−3mPl and the mass m ≈ 62H0. We
find that these values accurately model a matter-dominated universe expansion on average.
For the initial size of the superhorizon perturbation we use a range of R0 ∈ [1.2, 1.5]H−1

0 with
initial width λ = 0.15H−1

0 . The spin amplitude and wavenumber are fixed to B = 0.5 and
k = 2, respectively.

In our previous work [134] we found there exist two distinct mechanisms by which PBHs
can form in a matter-dominated era depending on the amplitude of the initial perturbation, i.e.

4GM0
ξ

λ (2 +R0H0)2

{
< 1 accretion collapse,
> 1 direct collapse.

(3.1)

The two mechanisms are

• Accretion collapse: the perturbation is not massive enough and disperses post-collapse,
but triggers a gravitational seed that accretes the (non-rotating) background matter,
which then collapses into a black hole — PBH formation dominated by ϕ.

• Direct collapse: the initial perturbation is massive enough to directly collapse into a
black hole — PBH formation dominated by ξ.

We find that this threshold accurately predicts whether direct or accretion collapse will take
place, even when angular momentum is added. Given that the initial angular momentum
is contained in the collapsing massless field ξ, we focus on the latter mechanism — direct
collapse. This is the most optimistic scenario to form PBHs with spin, as in the accretion
case we expect most of the angular momentum of ξ to be radiated away when the initial
perturbation disperses.4 Consequently, for the perturbation’s radial amplitude we use a range
of A ∈ [0.0825, 0.09]mPl. We vary ω ∈ [0, 12]H−1

0 to parameterize the amount of angular
momentum in the system.

3.1 PBH mass

We show PBH mass data for perturbations of three different initial sizes in the top row of
figure 2. We conclude that the efficiency is ∼ 15% and is only weakly sensitive to the initial
angular momentum and size of the perturbation. Naively, one might expect that higher initial
angular momentum will prevent matter from collapsing, as inward gravitational acceleration
can to an extent be balanced by rotational motion, so an increased angular momentum could
result in a decrease in the efficiency (MBH/M

0
ξ ). Our results show that this effect is not

dominant — we suspect that this is related to the fact that much of the perturbation’s angular
momentum is concentrated away from the equatorial plane (unlike, say, that of an accretion
disk), and this spinning matter does not orbit but instead spirals into the centre. We comment
further on this effect in appendix B.

Furthermore, we note that the mass accretion rate of the PBHs is equally insensitive to
the angular momentum of the perturbation, at least for the spin values we probe. This means
that the accreted mass can quickly surpass the initial seed mass, so that predictions for final
PBH mass will depend heavily on assumptions made about the continued accretion rate. We

4The angular momentum transfer between the fields ξ and ϕ is minimal if they only couple via gravity.
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Figure 2. PBH masses, angular momenta and dimensionless spins for perturbations of varying initial
size R0. The top, middle and bottom rows show normalized PBH mass MBH, PBH dimensionful
angular momentum JBH and PBH dimensionless spin aBH respectively, all as a function of number of
e-folds after collapse initiated. The data in different columns is for shells of different initial size, as
annotated at the top. The data is labelled by the shell’s initial dimensionless spin. The legends in
the top plots are valid for their entire respective columns. Our results show that the efficiency of the
angular momentum transfer from shell to PBH is O(5)%.

note that the dependence of the accretion rate on the perturbation’s angular momentum may
well change if the initial angular momentum increases considerably, which is an interesting
direction for future studies.

3.2 PBH spin

We investigate the evolution of the dimensionful PBH angular momentum around the z-axis
JBH. We plot the corresponding efficiency (JBH/J

0
ξ ) in the middle row of figure 2, from

which we see that JBH is consistent with zero initially, meaning the non-spinning parts of the
perturbation cause initial AH formation. The PBH then starts accreting matter with angular
momentum until JBH peaks at 2 − 4% of the initial total angular momentum J0 and finally
asymptotes to a constant value.

There is a post-peak dip in angular momentum that appears consistently for all simula-
tions, which we believe are the result of some components of the shell spinning up, meaning
local angular momentum conservation requires other parts to spin in the opposite direction.
This causes the formation of regions with net negative spin, whose accretion by the PBH
causes the dip.

Finally, we show the efficiency of the dimensionless spin (aBH/a
0
ξ) in the bottom row

of figure 2, which peaks at a maximum ∼ 25%. Overall, our results suggest that the peak
efficiencies (JBH/J

0
ξ ) and (aBH/a

0
ξ) increase with increasing perturbation radius, and whether

or not this trend continues for even larger radii and values of a0
ξ needs to be investigated further.
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Lastly, aBH decreases very quickly due to the accretion of the background matter, which is
non-rotating. This demonstrates post-formation evolution and dynamics are important.

4 Discussion

In this work, we use numerical relativity to show that sufficiently massive superhorizon
perturbations with inherent angular momentum will generically collapse into a PBH with spin.
This process is rather efficient: ∼ 10% of the initial mass and ∼ 5% of the initial angular
momentum make up the PBH at AH formation. We show that the initial PBH mass and
immediate post-formation accretion rate only depend weakly on the perturbation’s initial size
and angular momentum, for the parameters we explore. The PBH spin (aBH/a

0
ξ) efficiency

peaks at ∼ 25% but crucially decreases quickly during the subsequent evolution as during a
matter-like era, black holes keep growing as they accrete non-rotating background matter.

To illustrate this, we assume that the rapid accretion rate shown in figure 2 levels off
quickly and that the PBH continues to grow self-similarly,5 i.e. MBH ∝ 1/H, so that the
dimensionless spin evolves as aBH ∝ H2. Using the matter-dominated era scaling between
the Hubble parameter and the temperature H ∝ T 3/4, we obtain

aBH(T )
aBH(T0) ≈

(
T

T0

)3/2
, (4.1)

where aBH(T ) is the dimensionless black hole spin at temperature T , and T0 is the temperature
at formation. In the most optimistic scenario where the PBH is the endpoint of a highly
rotating initial seed and is near extremal a0

BH ≈ 1, this implies that the typical leftover
spin is ≤ O(0.1) if the duration of the matter-dominated epoch is ∆T ⪆ 0.8T0. In this
scenario, the final PBH mass depends on the temperature of the universe at the end of the
matter-dominated epoch T and can be approximated by

MBH ≈ 1036
(1 MeV

T

)2
g ≈ 103

(1 MeV
T

)2
M⊙ , (4.2)

where T is taken relative to TBBN = 1 MeV.
Computational cost limits us from tracking the PBH evolution beyond a few e-folds after

formation, so the assumptions we make about the continued accretion rate are important.
However, PBHs are expected to accrete significantly during a matter-dominated epoch, even
if the exact rate at which they do so is unknown. Therefore, we argue that if PBHs with large
spins are to form in a matter-dominated epoch, one needs two ingredients: firstly, the PBHs
must be highly spinning at formation and secondly, the matter-dominated epoch’s duration
must be short.
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A Apparent horizons in FLRW spacetimes

To find the AH of the formed PBH, we follow the procedure described in [131]. The AH
is the outermost marginally outer-trapped surface on which the expansion of outgoing null
geodesics Θ+ vanishes, i.e.

Θ+ ≡ Dis
i +Kijs

isj −K = 0 . (A.1)

In FLRW spacetimes one often encounters cosmological horizons, for which a local
measure can be found in a similar manner using the expansion of ingoing null vectors
ka

− = na − sa, equivalent to

Θ− ≡ −Dis
i +Kijs

isj −K = 0 . (A.2)

In the following, we will refer to Θ+ (Θ−) as outgoing (ingoing) expansion, and we note that it
measures the fractional change in the area of an outward (inward) spherical flash of light [135].

In general, these equations must be solved numerically, using a nonlinear root finder
algorithm such as the Newton-Raphson method or quasi-Newton methods. However, to build
some intuition for these quantities, it is useful to consider specific cases with a high degree
of symmetry, which can be solved analytically. It can be shown [135] that for a spherically
symmetric line element of the form

ds2 = −α2dt2 + ψ(t, r)2
[
dr2 + r2

(
dθ2 + sin2 θ dϕ2

)]
,

and with sr = 1/ψ(t, r), sθ = sϕ = 0, the outgoing/ingoing expansion simplifies to

Θ± = 2
ψ

[
∂tψ

α
±
(
∂rψ

ψ
+ 1
r

)]
. (A.3)

We find it instructive to treat some concrete examples here and we discuss the resulting expres-
sions for a Schwarzschild, FLRW and McVittie spacetime below. We will only consider positive
radius solutions to eq. (A.1) and eq. (A.2), regarding negative radius solutions as unphysical.

(i) For a Schwarzschild black hole, the conformal factor in isotropic coordinates is ψBH(r) =
(1 +GM/2r)2 and the lapse is αBH(r) = (1 −GM/2r)/(1 +GM/2r). The expansions
are then given by

Θ± = ∓8 (GM − 2r) r
(GM + 2r)3 , (A.4)

which both vanish at r = 0 and at the black hole horizon r = GM/2.
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In these coordinates, the areal radius for the Schwarzschild metric is given by rψBH(t, r)
and therefore, the area of a spherical surface is A = 4π(rψBH(t, r))2.6 The outgoing
(ingoing) expansion can be thought of as measuring the fractional change in the area
of an outward (inward) spherical flash of light. From the expression for A, this area
decreases (increases) inside the apparent horizon and increases (decreases) outside the
apparent horizon when the coordinate radius is increased (decreased). This justifies the
fact that r = GM/2 solves both Θ± = 0.

(ii) In an FLRW spacetime sliced by cosmic time t, ψFLRW(t) = a(t) and αFLRW = 1, so
that

Θ± = 2
(
H ± 1

ar

)
, (A.5)

and Θ− vanishes at the comoving Hubble horizon r = a−1H−1. This is the point at
which the universe begins to expand superluminally relative to the origin, and ingoing
rays, that converge to the origin for smaller radii, end up receding from us.

(iii) A black hole immersed in an FLRW background can be represented by the McVittie
line element [136], for which α = αBH (ar) and ψ = ψFLRW(t)ψBH (ar), so that

Θ± = 2
(
H ∓ 4ar (GM − 2ar)

(GM + 2ar)3

)
. (A.6)

When GMH ≪ 1, as is the case in the situations we consider, Θ− vanishes for

r ≈ 1
aH

− 2GM
a

and r ≈ GM

2a + 2H(GM)2

a
,

while Θ+ vanishes for

r ≈ GM

2a − 2H(GM)2

a
and r ≈ H(GM)2

4a .

This means that an AH finder should in principle be able to find the PBH and cosmolog-
ical horizon, as well as a perturbed r = 0 solution. This is confirmed by our simulations.
We are able to distinguish the two solutions for Θ+ = 0 because the physical area of the
latter shrinks, rendering it unphysical.

B Initial data

The initial configurations for ξ and its time derivative Πξ are described in section 2.1 of the
main text and illustrated in figure 3.

In section 3.1 of the main text, we show that the PBHs’ initial masses and accretion
rates do not decrease significantly with increasing initial shell angular momentum and we
attribute this to the initial shape of the shell. In figure 4, we show typical initial profiles of
the quantities

ρθ(θ) =
∫∫

drdα r2ρ(r, θ, α), (B.1a)

Jθ(θ) =
∫∫

drdα r2J (r, θ, α), (B.1b)

6We note that at r = GM/2 and with units restored, this area equals 16πG2M2, as it should for this space-
time.
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R

0
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π
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,ϕ

)

A
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A× (1− B)

0
rH0

0

Π
ξ
(r
,θ

=
π
/2
,ϕ

=
π
/4

)

λ
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A× B × ω

0 2π
ϕ

0

Π
ξ
(R

0
,θ

=
π
/2
,ϕ

) A× B × ω

−A× B × ω

Figure 3. Initial configurations for ξ and Πξ give by eq. (2.6a) and eq. (2.6b), for parameters
A = 0.0825mPl, R0 = 1.2H−1

0 , λ = 0.15H−1
0 , B = 0.5, k = 2, ω = 12H−1

0 . The navy blue (green)
dashed lines in the top (bottom) row represent initial profiles for ξ (Πξ). The dashed (dashdotted)
lines in the left (right) columns represent initial ξ or Πξ profiles as a function of coordinate radius
r with elevation angle θ and azimuthal angle φ kept constant (as a function of φ with r and θ kept
constant). The various solid orange arrow and lines show how the constants A,R0, λ,B, ω relate to
the initial shape of these profiles, whilst the final constant k is set to 2 here, so that the profiles in the
right column oscillate twice per φ rotation.

0.0 0.2 0.4 0.6 0.8 1.0
θ/π

0

2

4

6

ρ
θ
(θ

)H
0
/m

2 P
l

×10−1

ρθ
Jθ

0

2

4

J
θ
(θ

)H
2 0
/m

2 P
l

×10−2

Figure 4. Initial configurations of ρθ(θ) and Jθ(θ), defined in eq. (B.1a) and eq. (B.1b), as a function
of elevation angle θ, for initial parameters A = 0.0875mPl, R0 = 1.4H−1

0 , λ = 0.15H−1
0 , B = 0.5, k = 2,

ω = 12H−1
0 . The solid blue (dashed light brown) line corresponds to the y-axis on the left (right).

i.e. the energy density and angular momentum density integrated over a conical surface at
elevation angle θ. From this figure, we note that the largest part of the shell’s mass is located
away from the equatorial z = 0 plane, where it is less susceptible to orbital effects and more
likely to spiral into the centre. Additionally, a significant part of the angular momentum is
located away from the equatorial plane. We expect that if the mass distribution peaked more
sharply around the equatorial plane, the spin effects on the initial PBH mass and accretion
rate would be stronger. This is an interesting direction for future research.

C Convergence testing

We perform several convergence tests on the robustness of our numerical results, by finding
the mass and spin of a PBH formed by an initial perturbation with R0 = 1.4H−1

0 and
a0

ξ = 6.1 × 10−2. We do so using three different base grid resolutions, N1 = 80, N2 = 96

– 11 –



J
C
A
P
1
0
(
2
0
2
3
)
0
6
7

0

1

∆
M

P
B

H
H

0
/m

2 P
l

×10−2

Mh2
−Mh1

Mh3
−Mh2

10−3

10−1

∫
d
V
HH

0
/m

2 P
l

Hh1

Hh2

Hh3

1.50 1.75 2.00 2.25 2.50 2.75 3.00
0

2

4

∆
J

P
B

H
H

2 0
/m

2 P
l

×10−3

Jh2
− Jh1

Jh3
− Jh2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
tcode

10−1

100

∫
d
V
HH

0
/m

2 P
l Mh1

Mh2

Mh3

Figure 5. Convergence testing. We show data for the formation of a PBH formed by an initial
perturbation with R0 = 1.4 and χξ

0 = 6.1 × 10−2. The top left panel shows the absolute value of
the difference between the masses detected by simulations of different resolutions, while the bottom
left panel shows the absolute value of the difference between the dimensionless spins. The top right
panel shows the Hamiltonian constraint violation integrated over the simulation domain for different
resolutions, while the bottom right panel shows the integrated momentum constraint violation.

and N3 = 128, which correspond to base grid spacings h of h1 = 6.25 × 10−2H−1
0 , h2 =

5.21 × 10−2H−1
0 and h3 = 3.90 × 10−2H−1

0 . We track Hamiltonian and momentum constraint
violation, as well.

Figure 5 shows mass and spin difference between simulations of different base resolutions
and Hamiltonian and momentum constraint violation for all simulations, indicating that
convergence is achieved. We note that we checked the code simulates a homogeneous FLRW
universe for appropriate initial conditions in an earlier publication [134].

D Evolution equations

Whilst the metric variable evolution equations can be found in e.g. [122], we list the matter
evolution equations here explicitly for completeness. For N minimally coupled scalar fields ϕi,
the evolution equations are

∂tϕi = αΠi + βj∂jϕi, (D.1a)

∂tΠi = βj∂jΠi + α∂j∂jϕi + ∂jϕi∂jα (D.1b)

+ α

(
KΠi − γjkΓl

jk∂lϕi − dV (ϕi)
dϕi

)
,

whilst the energy-momentum expressions appearing in the metric variables’ evolution equations
are

ρ = 1
2

N∑
i=1

[
Π2

i + ∂jϕi∂jϕi + V (ϕi)
]
, (D.2a)

Sj =
N∑

i=1
−Πi∂jϕi, (D.2b)

Sjk =
N∑

i=1

[
∂jϕi∂kϕi − 1

2 γ̄jk

(
γ̄lm∂lϕi∂mϕi − Π2

i − 2V (ϕi)
)]
, (D.2c)

S = γjkSjk. (D.2d)
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