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Abstract

Over the past 30 years the study of free boundary problems has stimulated much
work. However, there exists a widely occurring, but little studied subclass of free
boundary problems in which the free boundary has dimension two fewer than that of
the underlying space rather than the more commonly studied case of one less. These

problems are called codimension-two free boundary problems.

In Chapter 1 the typical geometries required for such problems, the main mathemat-
ical techniques and the methodology used are discussed. Then, in Chapter 2, the
techniques required to solve them are demonstrated using the particular example of
the water entry problem. Further results for the water entry problem are then de-
rived including an analysis of the relatively poorly understood water exit problem.
In Chapter 3 a review is given of some classical contact and crack problems in solid
mechanics. The inclusion of a cohesive zone in a dynamic type-III crack problem is
considered. The Muskhelishvili potential method is presented and used to solve both
a contact and crack problem. This enables the solution of a type-I crack problem
relating to an ink delivery system to be found. In Chapter 4 a problem posed by car
windscreen forming is addressed. A local solution near a corner is analysed to explain
when and how point forces occur at the corners of the frame on which the simply
supported windscreen rests. Then the full problem is solved numerically for different
types of boundary condition. Chapters 5 and 6 deal with several sintering problems
in viscous flow highlighting the value of the methodology introduced in Chapter 1.
It will be shown how the Muskhelishvili potential method also carries over to Stokes
flow problems. The difficulties of matching to an inner as opposed to an outer region
are investigated. Lastly two interface problems between immiscible liquids are con-
sidered which show how the solution procedure is adapted when the field equation
in the thin region is non-trivial. In the final chapter results are summarised, open

problems listed and conclusions drawn.
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Chapter 1

Introduction

The mathematical theory of free boundary problems has been extensively researched
over the last thirty years. An indication of this can be seen from the vast array of
material now available on the subject in the form of books [12, 17, 23, 67], proceed-
ings [8, 10, 18, 31, 64, 68, 101] and bibliographies [13, 91]. Free boundary problems
are defined as a set of differential equations which must be solved in a domain of
dimension n whose boundary, of dimension (n — 1), is unknown a priori. An example
is the classical Stefan problem [12] of determining the position of the free boundary
between melting ice and water. The boundaries between the regions of ice and water
are known as free boundaries as they are free to lie anywhere in the domain and are
only determined as part of the solution. As stated above the free boundary has one
dimension fewer than that of the underlying domain and so the boundary could be
termed the ‘codimension-one free boundary’. The inherent nonlinearity of these prob-
lems has prompted theoretical investigations into questions of existence, uniqueness,
regularity of the boundary, numerical algorithms, stability and asymptotic behaviour.

The techniques that have been used to try to answer these and other questions
include numerical analysis, asymptotic expansions and weak solutions. Asymptotic
expansions involve the exploitation of small parameters which occur in the model
under certain circumstances, whilst weak solutions, although rarely available, satisfy
an integrated formulation of the problem and are not required to be as smooth as
solutions to the original differential equations. When they exist, weak solutions can
sometimes be closely related to the equally rare variational formulations of certain
special free boundary problems and hence great unification can be achieved both
analytically and numerically. At the opposite extreme, when very irregular or unstable
free boundary morphology can occur in practice, none of these techniques is usually
available even to demonstrate existence of the solution and much theoretical work

remains to be done.



Despite all this mathematical activity, there remains a widely-occurring, but little-
studied, subclass of free boundary problems in which the free boundary has dimension
(n—2). Two early attempts at unification were made by Howison [35] and Ockendon
[67] and more recently by Morgan [58] and together they have produced a review
[36] in order to stimulate further discussion. The number of case studies of this
type that have appeared in the literature is now very large. We have termed these
problems codimension-two free boundary problems, since the free boundary has two
fewer dimensions than that of the underlying space in which the field equations are
to be solved. In a two-dimensional problem the codimension-two free boundary is a
collection of ‘free points’, and in three dimensions it is a collection of ‘free curves’.

We remark that the term codimension-two free boundary problem is also applied
to models of a free curve in R? as is the case for fluid and superconducting vortex
dynamics. However, in these cases the global attribute of the free boundary problem
may be lost since to lowest order the dynamics of the free curve are often purely
governed by a local problem. This thesis deals with a subset of codimension-two free
boundary problems which are not of the vortex dynamics type but occur when the
codimension-one free boundary is uniformly close to a known boundary. This will
enable us to exploit a naturally occurring small parameter and often these problems
will be susceptible to formulation as Riemann problems from which a solution can be

systematically obtained.

1.1 Typical geometry required for a codimension-
two problem

A codimension-two free boundary problem is usually (although not always — see
Chapter 4) obtained as a particular limit of its corresponding codimension-one prob-
lem. To illustrate this point consider a codimension-one problem with a two dimen-
sional geometry as in Figure 1.1. The curve I'(x,y,t) = 0 is a prescribed boundary,
that is its position is known. The position of the codimension-one free boundary
h(z,y,t) = 0 which separates the two regions is unknown a priori and so must be
solved for as part of the problem. In regions I and II, sets of partial differential
equations are given which satisfy given boundary conditions on A and I', one more
boundary condition being required on A than I' in order to determine its position.
For a codimension-two problem to arise, the free boundary must be uniformly close
to the known boundary and the extent of the contact region II along the known

boundary must be large compared to its width (their ratio is known as the aspect



REGION I

Free h . 0 Free
Point (z,9,8) = Point

\’J

e
[(z,y,t) =0

Figure 1.1: Typical geometry leading to a two-dimensional codimension-two problem.

ratio). The points at which the free boundary meets the fixed boundary are known
as the free points. The majority of the problems considered in this thesis will only
have two free points but, in general, there may be any number of them (of course the
intersection of the free boundary with the prescribed boundary will be a curve in the
three dimensional case).

If these conditions are met, the limit is taken as the aspect ratio tends to infinity.
Then, any equations which formerly held in region I, which was of unknown extent,
now hold in the known region ‘above’ I'(z,y,t) = 0 and the only unknown parts
of the geometry are the free points. The region of the fixed boundary between the
free points is known as the ‘non-contact’ region because there is no contact between
the fixed boundary and region I. Likewise, the region of the fixed boundary outside
this region is known as the ‘contact’ region. This terminology is taken from that
used in contact or obstacle problems in mechanics (such a problem is considered in
Chapter 3).

1.2 Where codimension-two problems occur

A wide range of problems exhibit the characteristic type of geometry discussed above

making them amenable to a codimension-two analysis. We list below just a few:

e Contact problems and crack problems in linear elasticity;

Entry of a uniformly nearly flat body into a fluid (water entry) [47, 58, 102];

Flow over a shallow step [70];

Patch cavitation on a bluff head form [9, 36];

Steady electropainting of a workpiece [58];



e Percolation in a sand bank [1];
e Viscous sintering of two cylinders under the action of surface tension [33, 36, 58].

Of the examples listed it is crack problems in solid mechanics that could be considered
to be the progenitors of all codimension-two problems. We shall consider contact and
crack problems in solid mechanics in more detail in Chapter 3. To expand upon
the list, to give more of an idea of the type of problem that can be considered in a
codimension-two framework, we shall now briefly describe two of those problems, the

water entry problem and the viscous sintering problem.

1.2.1 Water entry

- <
.

Bo dy . AII‘

Fluid turn .over
point

Figure 1.2: The water entry problem.

The water entry problem is the study of the normal impact of a nearly flat rigid
convex body on an idealised fluid surface as shown in Figure 1.2. In terms of the
discussion above region I is the fluid and region II is the air. The boundary of the
body is known and the free boundary is the fluid surface. Since the body is nearly
flat the free surface lies close to the body and to the undisturbed fluid level. Thus
the problem has the required geometry described in Section 1.1 and both the free
surface and fixed boundary can be linearised onto the prescribed undisturbed fluid
level. One complication of this problem is the jets which are shown to form up the
sides of the body. However, it has been shown [37] that these jets are thin and thus
to leading order in the codimension-two problem they can be neglected such that to
leading order the free surface does not turn over but rises to meet the body. The free
points are where the free surface meets the body. The solution to this problem breaks
down into three regions. There is the outer codimension-two region, this then drives
inner regions around the turnover points, which in turn drive the thin jet regions.

This problem will be reviewed in more detail in Chapter 2.

4



1.2.2 Viscous sintering

symmetry

Codimension-two region

Full problem

Figure 1.3: The Stokes flow viscous sintering problem.

Two identical cylinders of viscous fluid, which initially touch along a common
generator, will coalesce purely under the action of surface tension to eventually form
one large cylinder. This process is known as sintering and will be discussed in more
detail in Chapter 5. For small times after the initial contact and in the region near to
the contact the fluid flow problem can be formulated as a codimension-two problem.
Region I for this problem is the fluid and region II is the air. The known boundary
is the line of symmetry and the free boundary is the fluid boundary. For these small
times and near to the contact region the free boundary is close to the line of symmetry.
Hence in this region the problem exhibits the necessary geometry as described in
Section 1.1. The free points are the points at which the fluid boundary meets the
line of symmetry. This problem also exhibits three regions. However this problem is
driven by the inner regions around the free points since the free boundary curvature
is large. These inner regions then drive the codimension-two region indicated and

then this drives an outermost region.



There are essentially two different ways in which codimension-two problems can arise.
The first is as a local space and time analysis of a larger problem (such as in sintering).
These problems often occur as the contact region grows, having initially zero extent.
The codimension-two problem then gives a valuable insight into the nature of the
solution at what is a crucial stage in the evolution. The second possibility is if the
free boundary is close to the fixed boundary for all times. Such examples include the
water entry problem (although the water entry problem can also occur as a local in

time and space problem as will be discussed in Chapter 2).

1.3 Omne-phase and two-phase problems

In general the field equation will take a different form in regions I and II. If neither
of the field equations in these regions is trivial, the problem is known as two-phase.
In this case the field equation in region II has to be solved and substituted into the
boundary conditions on the free boundary. The largeness of the aspect ratio can
be exploited to simplify the field equation in this region enabling an approximate
solution to be obtained. If the equations are trivial in region II (for example, it may
be a vacuum), but not so in region I, the problem is known as one-phase.

Lastly, if the equations in region I are trivial, a different type of problem is realised
which will not be considered in this thesis. The linearisation procedure in this case
effectively causes region II to vanish. Since this was the only region with a non-
trivial field equation there are now no equations remaining to solve. For this reason
the problem is typically rescaled in such a way as to produce a partial differential
equation for h the free surface shape. An example of this is the spread of a viscous
drop on a solid surface where the free boundary thickness is described by a partial

differential equation (for example, see [6]).

Generally, a codimension-one problem is nonlinear and cannot be solved analytically.
Thus a major motivation for considering a codimension-two formulation of such a
problem (even if only for a short time) is to obtain an approximate solution to an
otherwise intractable problem. The codimension-two formulation has the key benefit
that it is ‘only’ a mixed boundary value problem (admittedly over a domain where the
position of the free points, at which the boundary conditions switch, are unknown)
rather than a free boundary problem. Mixed boundary value problems are often
quite well understood with well-developed techniques available for their solution, an

example for Laplace’s equation being the theory of Riemann problems. Another



benefit to accrue from a codimension-two analysis for small times is the generation of
accurate initial conditions for a full numerical solution which would otherwise have

suffered from having to contend with ill-defined initial singularities.

1.4 Outline of the general methodology

The linearisation procedure described in Section 1.1 is only part of the whole solution
procedure. As described above the codimension-two solution usually only represents
the solution on some particular length scale and the whole problem can be broken
down into several different regions. If the problem can be broken up in this way then
we can follow the flow of information through the problem. Thus as described above
for the sintering problem it is the innermost regions that drive the codimension-two
region which in turn drives an outer region. The different regions of the solution
must ‘match’ together, that is, for this flow of information, we solve the problem in
the inner region and the solution when expanded in codimension-two region variables
gives the matching condition (driving mechanism) for the codimension-two region. In
turn expanding the codimension-two solution in outer variables gives the matching
condition (driving mechanism) for the outer problem. A crucial step in solving these
problems is to, therefore, identify how the information is flowing through the prob-
lem. According to the particular sequence of regions through which the information
flows the solution procedure should be modified. However, as with any problem in
asymptotics to say that the information is purely flowing in one direction would be
misleading. In order to solve the problem in any one region assumptions are generally
made which can only be verified at the matching stage. The assumptions we make
are often made by applying Van Dyke’s maxim of taking the minimum allowable sin-
gularity at the free points. An example of this is when we solve the codimension-two
water entry problem. The solution in the codimension-two region relies upon making
certain assumptions about its behaviour near the free points. This assumption is only
verified once the inner problem is solved and the two problems are found to match
showing that the assumed behaviour was indeed correct.

The general procedure has been applied in a wide variety of physical situations,
some of which are reviewed in [35, 36, 58]. The procedure can be broken down into

three clear steps:

1. Identify the expected different regions of the solution and how the information

will flow between them.



2. Solve the model in each region in turn following the flow of information using
the solution to each previous region to drive the next one by means of the

matching condition.

3. Perform any necessary matching between the regions to confirm the regions all

match up and any assumptions that were made were correct.

1.5 Mathematical techniques

Three of the main techniques we will use in this thesis are matched asymptotic ex-

pansions, Riemann problems and variational formulations.

1.5.1 Matched asymptotic expansions

As discussed above the codimension-two solution is often only valid over some partic-
ular region of the full codimension-one problem, the codimension-one problem being
broken down into two or more regions where the different regions of the solution must
‘match’ together. A key tool we will call upon is the Van Dyke Matching Principle

[99]. Van Dyke’s matching principle can be written concisely as
mti(nto) = nto(mti) .

This notation is to be interpreted as follows:

mti(nto): Take the n-term outer expansion, write it in inner variables,
and expand it to m-terms.

nto(mti): Take the m-term inner expansion, write it in outer variables,
and expand it to n-terms.

Having calculated these two expressions they are written in common variables (either
outer or inner). The above rule then states that the two expressions must be equal if
they are to match. For a given m = M and n = N all possible matches must hold, for
all combinationsof m=1...M and n =1... N, if we are to say the two expansions

match up to these orders.

1.5.1.1 A note on log matching

Let us consider inner and outer expansions of the following function

f@) = 14

log €



Assume that x = O(1) is the outer expansion and z = €X, X = O(1) is the inner

expansion, then the outer and inner expansions are simply

log x
fout ~ 1+ &
log €
log X
log €

If we now apply the basic Van Dyke matching principle then we have

1ti(lto) = 1
lto(1ti) = 2

which clearly shows the principle failing to work. But if we treat loge as O(1) for
the purposes of matching then all terms in both expansions above comprise the one
term expansions and when we apply the matching principle everything now works as
it must since they are simply expansions of one function on different scales.

Although in the limit ¢ — 0, €" < €"log1/e, which by the basic Van Dyke
matching principle would say that they match at different orders, the above suggests
that we should in fact consider them at the same time. In essence it suggests one
should interpret the loge as being O(1) for the purposes of applying the matching
principle. This modification of the principle is discussed in more detail by Fraenkel
[21].

1.5.2 The Riemann problem

We will use Riemann problems time and time again in this thesis as a means of for-
mulating the codimension-two problem and hence finding the solution. In its general
form a Riemann problem is to find an analytic function ®(z), where z = x + iy, which

satisfies the condition

on L, a closed smooth curve where ¢ is a variable denoting the position on L. The
curve L divides the complex plane, on one side ® takes the limiting value ®* and
on the other ®~. The function G(t) is called the coefficient of the Riemann problem
and g(t) is called the free term. In the simplest form G(¢) and g(t) satisfy Holder
conditions. The theory of the Riemann problem is discussed in detail in Appendix B
in which the solution for the above problem is derived along with more complicated

cases such as when G or g have discontinuities or when the curve L is open.



1.5.3 Variational formulations

As mentioned earlier, variational formulations are rare, but when they exist they can
be extremely useful both analytically and numerically. Analytically they can often
be used to prove uniqueness and existence of a solution. Numerically they can be
used for a finite element solution. A simple example would be the one-dimensional

obstacle problem shown in Figure 1.4.

constant pressure p

¢ string
/\'/V./_\
} = f(x) J }

free points

Figure 1.4: The one-dimensional obstacle problem.

This is the problem of determining the shape of an elastic string under constant
pressure p > 0 when it is stretched over a rigid body y = f(x). On the non-contact
region the displacement is governed by the equation for an elastic string under con-
stant load, whilst on the contact region the displacement coincides with the body
shape. At the free points the contact is smooth (if it were not it would lead to an
infinite force on a point). At the end points the string is fixed. Lastly, we have two
inequalities which state that the string lies above the rigid body and the downward

force per unit length on the string is not greater than p. In summary this gives the

model

Upy = P on the non-contact region
u = f on the contact region
u = f at the free points

Uy = fu at the free points
u > f for x € [0,1]

Uge < for x € [0,1]
u = 0 at =20,1 .

10



As an intermediary step in formulating a variational inequality, from the above equa-

tions, we can write the complementarity problem

u > f

—Uge +p = 0
(u—=f)(tex —p) = 0
w(0) = wu(l) = 0

We now define a Hilbert space (see Appendix A for more details on Sobolev and

Hilbert spaces)
V = {veH' 0,1 : v0)=v(1) =0, v>f} .

We further define, for u,v € V, a bilinear form

1
a(u,v) = /uxvxdx
0

and a linear mapping

Then for any v € V

a(u,v —u) = AZ@@—U%M

1
= — / Uz (U — u)dx using integration by parts
0

vV
|
O\J
=
4
|
S
QU
&

> l(v—u)

which is the wvariational inequality for the problem. As stated above this could now
be used to prove the existence and uniqueness of a solution using the theorem of Ap-
pendix A or for a finite element numerical solution. See Elliott and Ockendon [17] for a
proof that the variational inequality implies the complementarity problem and in turn
the classical problem, provided we assume the solution to the variational inequality
has continuous first derivatives. Furthermore, using a projected SOR method to solve
the finite element problem, which can be generated from this variational inequality,
the procedure naturally determines the position of the free boundary without the

need to explicitly track it.
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1.6 Layout and aims

In Chapter 2 a theory is reviewed for the water entry of a uniformly nearly flat
rigid convex body. The body is nearly parallel to the free surface and the effects
of gravity, fluid viscosity, surface tension, air pressure and air entrapment are all
neglected. This has previously been formulated and analysed by many including
Wagner [100], Korobkin [47], Wilson [102] and Morgan [58] and is formulated here
as a clear example of how a codimension-two free boundary problem is derived and
to demonstrate the techniques and arguments that are required to address such a
problem. In Section 2.2 the variational formulation of the model as first proposed by
Korobkin [45] is discussed. A detailed analysis of the stability of the codimension-
two free boundary, to small perturbations along its length, is undertaken. The initial
value problem for small disturbances to the free surface and codimension-two free
boundary are then considered. The implications of the stability analysis and initial
value problem to one particular formulation of the exit problem, namely the time
reversal of the codimension-two entry problem, are discussed. Some simple extensions
to the model are considered in Section 2.4.

In Chapter 3 we consider three types of problems in solid mechanics. We discuss
some of the concepts and methods to be used in the chapter including dynamic
stress intensity factors, cohesive zones, slip, Airy stress functions and Muskhelishvili
potentials. The first problem is that of a dynamic type-I1I crack. We begin by solving
the basic problem in which the crack faces are assumed to be stress free and using a
dynamic stress intensity factor determine a formula for the crack propagation speed.
We then discuss the effect of using the model of Barenblatt [2, 3] and including a
cohesive zone near the tip of the crack. In the next section the problem of two-
dimensional contact of two identical elastic bodies is reviewed as an example of a
problem whose field equation is the biharmonic equation. The problem is solved using
both a superposition approach and the more elegant Muskhelishvili potential method.
The results of several different loading histories are considered. The first problem
solved is that of purely normal loading. The problem of a subsequent tangential
loading after the initial normal loading is then considered. The effect of friction
and the possibility of either no slip or some slip occurring on the contact region
are discussed. The problem of simultaneous variations of the normal and tangential
forces is considered in the form of incremental loadings giving rise to a sequence of
static problems. The third problem of the chapter is a static type-I crack problem

and shows how the Muskhelishvili potential method of the previous section is easily
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modified to handle such a problem. The solution to the elliptic crack problem is then
used to generate solutions to a problem in which we require the crack to close under
an increasing load.

Chapter 4 concerns a problem related to the manufacture of car windscreens. The
resulting codimension-two problem does not arise as a leading-order problem after
exploiting a small parameter, as do all the other problems we consider in this thesis,
but instead occurs naturally. The real industrial process involves placing a sheet of
plate glass on a frame and heating it from above causing it to sag under its own weight.
By controlling the precise heating the shape of the final windscreen is controlled. In
the real problem the frame is not planar nor rectangular and the plate is sagging due
to gravity and both viscous and elastic effects. We formulate a simplified version of
the full problem in which we only consider a planar rectangular plate and the glass is
taken to be an elastic plate. We show how the thin plate problem can be formulated
as a variational inequality. In Section 4.2 the problem of a single simply-supported
corner is analysed in detail to show how the edge reaction depends on the corner angle
and in particular how a point force may occur at a right-angle corner. The analysis
also demonstrates the possibility of the corner of the glass plate lifting off the frame.
An analytical solution for a simply supported rectangle is reviewed in Section 4.3. A
numerical solution of the simplified problem for different types of boundary conditions
is presented. The simplified problem turned out to be one that had been considered
in part already in the literature [79] and as such much of the results derived here are
a review.

In Chapter 5 we move to problems in Stokes flow. The first two problems are
concerned with sintering. We are mainly interested in the problem of sintering under
the action of surface tension. Such a problem is hoped to give insight into the much
more complicated problems that really occur when making high quality glass. Some
details of the process used to make the high quality glass are discussed along with
a discussion of some of the research that has already been done. The solution is
complicated because unlike most of the other problems in this thesis the information
is flowing out of an inner region into the codimension-two region rather than from
an outer region. The matching for the problem is found to be complicated and
for that reason we build up to the problem by first considering the case of zero
surface tension where the flow is being driven in the outer region by sources. The
use of the Riemann problem formulation is invaluable in this problem. In Section 5.2
the problem of Stokes flow with non-zero surface tension is considered. This was

previously considered by Morgan [58]. In Section 5.2.7 we show how the necessary
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matching information from the inner region can in this case be obtained by solving a
far field problem. The analysis is then extended in the next section for more general
initially local free boundary shapes. The third problem of the chapter is a model for
the closure of a thin channel lying at an ice-till interface. We first solve the problem
for the case of a rigid impermeable bed and then consider the coupled problem when
the till is also modelled by the slow flow equations.

In Chapter 6 we consider some Hele-Shaw problems. The chapter begins with a
quick review of the problem of two point injection in a Hele-Shaw cell. This is followed
by the three discs problem. The problem involves a half-space of fluid moving at a
constant velocity in a Hele-Shaw cell and meeting three stationary touching discs of
fluid aligned along the direction of motion of the half space. This problem has been
solved exactly by Richardson [76] by means of a complex variable method. We will
present a codimension-two solution valid for small times after the initial impact. This
problem has three codimension-two regions and the solution shows how we apply our
procedure of following the flow of information when we have several codimension-two
regions which are related by outer problems. In Section 6.2 this problem is generalised
to the case of n discs. The following section deals with the Muskat problem [60]
which is concerned with the removal of one fluid from a porous medium by injecting
a second fluid to force the first out. This problem is also analogous to a two fluid
Hele-Shaw problem. The problem demonstrates the extra analysis needed when the
field equations in the thin region are non-trivial.

Finally conclusions are drawn in Chapter 7 and problems that remain open are
listed.

1.7 Statement of originality

Originality is claimed for the particular way in which the water entry problem is
solved in Section 2.1.1.1. The results of the stability analysis of Section 2.3.1 are also
original work. The initial value problem of Section 2.3.2 is all new material. The
numerical solution of Section 2.4.1 and the application of the non-constant velocity
results to a dropped body in Section 2.4.2, for the water entry problem, are new
results.

The majority of the material in Chapter 3 is review. The presentation of how
contact and crack problems are codimension-two problems, however, gives them a

new novel setting. The analysis of Section 3.3.1.4 is new material.
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Most of Chapter 4 is a review of a problem previously looked at in 1969 [79]. Tt
mainly serves to update the results and check their accuracy, as well as to add the
correction that point forces do not occur at the lift off points and to explain when
point forces may occur. However, the corner problem analysis of Section 4.2 is new
work.

The Stokes flow sintering problems of Chapter 5 are original work although as
discussed in Section 5.2 a previous analysis of the surface tension problem had been
carried out by Morgan [58] and the inner problem solution is by Hopper [34]. The
particular method used to solve the ice closure problem is new work.

The problem of sections 6.2 and an outline of it’s solution were originally derived
by Cummings [14]. However, the formulation as a succession of Riemann problems
and the generalisation of Section 6.2.7 is all new work. The solution of the two Muskat

problems of Section 6.3 is original work.
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Chapter 2

The water entry problem

The water entry problem is the study of the normal impact of a nearly flat rigid convex
body on an idealised fluid surface as shown below. Alternatively, the problem can
be thought of as the impact of a body which has zero gradient at the initial point of
contact, with the codimension-two model only being valid in a small region around the
impacting body and only for small times after the initial contact. This problem was
first considered by Wagner [100] in an attempt to determine the forces on a landing
seaplane. It has since been considered by many others including [11, 20, 37, 46, 58, 94].
The body is assumed to move with a constant velocity and the fluid is taken to be
inviscid and incompressible (since the Reynolds number Re ~ 10® and the Mach
number in water M, ~ 1072). For typical values of surface tension and large impact
velocities of the body the Froude number and Weber number for a ship are found to
be large (Fr* ~ 10, We ~ 10%) which suggests that neglecting the effects of gravity
and surface tension is realistic. Also the effects of air between the body and the
water will be neglected and the body is assumed to be moving through a vacuum.
Some of these effects are considered in [19, 27, 46, 102]. The angle that the body

makes with the fluid surface is known as the deadrise angle. In the case of large
4 Jet

Body

Fluid turn ‘over
point

Figure 2.1: The geometry of the water entry problem.
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impact velocities and small deadrise angles which we are considering the fluid surface
undergoes a violent motion and there exist small regions of the flow in which large
changes occur. The rapid motion of the surface and regions of large change are very
important in practice and also severely hamper a numerical analysis of the problem.

However both these circumstances favour an asymptotic approach.

2.1 The two dimensional water entry model

We take L to be the typical length scale over which we are interested. In dimensional
variables we define the body profile by y* = Lf*(ex*/L), where f*(0) =0 and € is a
small number, and denote the velocity with which the body travels by V. Then the

position of the body at a time t* is

We nondimensionalise by defining
L
x*=Lx =Ly , tt=—t
) Y %
to obtain the nondimensional position of the body
y = [flex)—t .

As shown in [37], for e < 1, the codimension-one formulation of the model is as shown

in Figure 2.2.

Inner region  Jet

Jet Tnner region

v

Vi =0 ¢+ 5/VolP =0
Vo] = 0 as (a? +y?) — oo it et = 0y =0

p=h=0att=0

Figure 2.2: The codimension-one water entry problem.
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For simplicity we have taken the free surface to be initially flat. However, the theory
is easily applied to solid/liquid or liquid/solid impacts when one or both are not
initially flat provided the deadrise angle is small and the initial body shape and free
surface are convex or flat. The flow is initially at rest and thus initially irrotational, by
Kelvin’s theorem the flow is therefore always irrotational. Furthermore, as mentioned
earlier we assume the flow is incompressible and hence we have a velocity potential
¢(z,y,t) which satisfies Laplace’s equation. On the free surface y = h(z,t) we have
Bernoulli and kinematic conditions. The free surface ‘turns over’ and forms two jets
running along the body. Howison et al. [37] show that these turn-over points lie
within O(e) of (xd(t)/e, f(£d(t)) —t). Furthermore they show that the jets only

exert a second-order influence on the codimension-two model.

A natural approach now is to look for a perturbation solution by introducing certain

scalings.

2.1.1 The outer problem

Relative to an O(1) length scale for f the separation of the turn-over points is of
O(1/e). We, therefore, take the length scale of the outer problem to be O(1/¢).
The velocity in the outer region will be O(1) and thus we introduce the scaled outer

variables z, ¢ and gzg defined by
rT=e€ , yY=e€y , O=¢€ .
In outer coordinates the body position becomes
g o= e(f(@)—1t) .
and we write the free surface y = h(x,t) as
g = eh(@,t) .

With these scalings the free points lie at & = £d(¢) and the jet roots lie at (+d(t) +
O(€?),e(f(£d(t)) —t) + O(e?)). Tt is now reasonable to linearise the boundary condi-
tions onto the x axis and to ignore the jets (this assumption is shown to be valid by
Howison et al. [37]) so that

to leading order.
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We note for clarity that in our framework it is the body shape that explicitly
defines the small parameter €. If we were to work in the small-time framework (which
would be more suited to considering the initial stages of the impact of a raindrop on
a solid surface) we could define the time scale to be €? in which case the order of the
length of the contact region would be e.

We can now seek a regular perturbation solution for ¢ and h in powers of € in the

form

= ¢oteprt... (2.1)

S O

The leading order outer problem we obtain (on dropping any remaining hats) is

Gozz + Poyy = 0 in y<0 (2.3)

$oy = —1 on y=0 , |z] <d(t) (2.4)

oy = hoe on y=0 , |z|>d(t) (2.5)

b = 0 on y=0 , |z|>d(t) (2.6)

he = f—t at x = £d(t) (2.7)

Voo — 0 as (22 +9%) — o (2.8)

hg — 0 as |z| — oo (2.9)

¢ = 0 at t=0 (2.10)

hey = 0 at t=0. (2.11)
Integrating (2.6) and applying the initial condition (2.10) we obtain

¢ = 0 on y=0 , [z|>d(t) . (2.12)

Hence we have a mixed boundary value problem for ¢.

2.1.1.1 The codimension-two free boundary problem

Since the free boundary must lie below the convex impacting body we have the

inequality
ho(xz,t) < f(x)—t on y=0 , |z|>d(t) , (2.13)

and we assume that no cavitation occurs in the flow which means the fluid remains
in contact with the body for x € (—d(t),d(t)). Therefore, in the absence of surface

tension, the pressure is positive in this region which implies

ot < 0 on y=0 , |z] <d(t) . (2.14)
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Thus the complete codimension-two free boundary problem is equations (2.3)—(2.5),
(2.7)—(2.14) which are summarised in Figure 2.3. Since the data on the boundary
changes from Neumann to Dirichlet at the free points ¢y will probably have a singu-
larity there. Note that we can make the boundary data homogeneous by making the

change of variable ¢y = ¢ — .

Y

h():f_t ¢Oy:_1/l\7¢0t<0 .¢0:07¢0y:h0t7h‘0<f_t T

—d(t) | d(t)
V2o = 0

Vo] — 0 as 22 + y* — oo

¢0:h0:0att:0

Figure 2.3: The codimension-two free boundary problem.

Local analysis near a free point

We change to local cylindrical polar coordinates moving with the free point, that is
x —d(t) = drcosf, y = drsin @ where ¢ < § < 1. The leading order problem for ¢ is
then

Vi = 0 for 6 € (—m,0)
o = 0 on 0=-—-m (2.15)
dit)g, < 0 on §=—7 (2.16)
¢ = 0 on 6=0 (2.17)
¢9 = —d(t)rho, on 6=0 (2.18)
hor < O on 0=0 . (2.19)

We assume near » = 0 the solution to this problem will be dominated by a single

power of r (i.e. R{Cr"e?}). Therefore we try a solution of the form
¢ = r"(A(t)cosnb + B(t)sinnd) where neR .

Applying the boundary conditions (2.15) and (2.17) we find ¢ is of the form

¢ = A(t)r"™7sin (n + %) 0 for neN .
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Substituting this into the inequality (2.16), and using the fact that d(t) > 0, gives

4 (3 ) (n 1) = o0

Combining (2.18) and (2.19) and substituting in for ¢ we obtain

A(t) (n+%> > 0 .

Hence these two inequalities together imply that n =0, +£2,....

We would now like to determine what the worse case singularity is for our problem.
One way to do this is to use the trace theorem for Sobolev spaces (for a definition
of a Sobolev space see Appendix A) which for our problem states that if we assume
the solution lies in H!(R?) then the solution evaluated on the boundary must be in
He (R), and thus it cannot have any singularities of negative power. Thus we expect
® to have at worst a square root singularity. As discussed in Chapter 1 we must
make some assumption as to the power of the singularity at the free point that our
solution will have. Using the maxim of Van Dyke we take the minimum singularity,
that is n = 0. We can only confirm our assumption is correct when we have solved
both the codimension-two problem using this assumption and also solved the inner
problems and shown that they match. Such confirmation using matched asymptotic

expansions is given by Howison et al. [37].

Solution of the mixed boundary value problem

Recall the mixed boundary value problem for ¢ (Figure 2.3 with ¢, replaced with
¢ —y) is

Vig = 0 in y<o0
¢, = 0 on y=0 , |z| <d(t)
¢ = 0 on y=0 , |z|>d()
V(g —y) — 0 as 2% +y* — 00 .

Using the result and assumption above we can simply spot the solution to this prob-

lem with a square root singularity at the free points is going to be of the form

const.R{v/d? — 22}, where z = = + iy.
We can also solve the problem, where ¢ has no negative power singularities, by a

more systematic approach as follows. Since ¢ is harmonic, let
¢ = R{g(2)} (2.20)
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then

Thus if we define

d
~ (@) = —ule,—y) +iv(e,—y)  in y>0
Gl) = { %
dg ) .
5, (2) = ulz,y) +iv(z,y) in y<0

where we have analytically continued ¢(z) into the upper half plane, then u and v
represent the horizontal and vertical velocities in the lower half plane, respectively.

On the contact region gi_>y = (0 implies v = 0 and hence

—u(z,0) on y=0" | |z|<d
u(z,0) on y=0" , |z|<d

G(2,0) = {

whereas on the non-contact region ¢ = 0 implies ¢, = 0 which in turn implies u = 0

from which we see G is continuous. Introducing the notation

lim G(:) = G*() . lim G(2) = G(@) .
then
GH(z) = -G (2) for x € (=d(t),d(t)) . (2.21)

Thus the problem for G(z) is a Riemann problem: a function must be found which is
analytic on the whole of the complex plane apart from the jump condition in (2.21).
The theory of the Riemann problem is discussed in Appendix B. This particular
problem is one with an open contour for which the details of the solution procedure
are given in Section B.3. From the example in Section B.3 we can deduce that the
only solution to our problem is unbounded at both ends with index one and thus has

a solution of the form

Az+ B
Gz) = 22
=) 2 1)

where A and B are constants (nothing to do with A and B from the previous section).

At infinity we require ¢ ~ y and hence we take B = 0. Integrating we find

g(z) = Ayz22—d(t)? .
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As expected ¢ has square root singularities at the free points. Recalling our
definition of ¢, (2.20), we see that in y < 0

h = —3%{\/d x—irzy)} ,

where the constant has been chosen to give the correct behaviour at infinity. Finally

we see that the leading-order outer solution for ¢ is

o = —Y-— %{\/d x—Hy)} . (2.22)

2.1.1.2 Determination of the surface elevation

Recalling the kinematic condition (2.5), ¢o, = hot on y =0, || > d(t), we substitute

in from above for ¢, giving

hye = —14+ —m— . (2.23)
Integrating this and applying the initial condition (2.10) we obtain

ho(z,t) = —t+ (2.24)

|

2.1.1.3 The law of motion of the free point

At the free point we have the condition (2.7) which implies

! d(t
/ *) dr
o \/d(t)* —d(r)?
This is an Abel integral problem which in general we can solve by writing as a con-

volution integral, taking the Laplace transform, rearranging and applying an inverse

Laplace transform. Inverting yields

d () (2.25)

?/o -
For a wedge shaped body, f(z) = |z|, this gives

mt

2

as shown by Howison et al. [37] (this result has been confirmed by more rigorous
analysis by Fraenkel and McLeod [20]). Further substituting this back into (2.24) we
find the free surface shape is given by

2
h(z,t) = —t+ = sin™! (;T—t)

™ X

d(t) =
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Figure 2.4: The free surface shape for a wedge.

Figure 2.4 shows this free surface shape at increasing times.

For a parabolic body, f(z) = 2%, we find
dit) = V2t
(also shown by Howison et al. [37]) and the corresponding free surface shape is
h(z,t) = —t—|z|(2* — 275)% + 2% .

Figure 2.5 shows this free surface shape at increasing times.
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Figure 2.5: The free surface shape for a parabola.

Thus we have solved the codimension-two problem having found the velocity potential
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¢, the free surface shape h and the free boundary position d. Reviewing the method,
a key point is that we are solving the problem by following the flow of information.
That is we have solved the outer problem, which is driving the flow, by formulating
it as a Riemann problem and using the conditions at infinity. Following the flow
of information in the problem we could now proceed to solve the problems in the
inner and then jet regions. However as discussed in Chapter 1 when solving the
codimension-two problem we have had to make certain assumptions which can only
be verified once the inner problem is solved and the matching shown to work. Thus
in a sense although the information is generally flowing from the codimension-two
solution into the inner region there is a certain amount of information flowing back
in the other direction which is necessary to confirm any assumption previously made.

This idea of following the flow of information will be seen more clearly in the
Stokes flow and Hele-Shaw problems of Chapter 5 and 6 when the flow in the
codimension-two region is being driven by another region. In those cases we shall
see how the solution in the region driving the flow is needed first before the solution

in the codimension-two region can be obtained systematically.

2.1.2 The inner and jet regions

The solutions in the inner and jet regions will not be discussed in any detail here as
they will not be necessary for any of the further results. The details of the solution
in these regions can be found in [102]. The inner region is found to be of size O(e)
in terms of the original variables. The inner solution is found using conformal maps
and complex potentials. The width of the jet, h(t), as it leaves the inner region is

shown to be

Thus the flow entering the jet has a speed d(t)/e and a thickness eh(t) which implies
the volume of fluid in the jet is O(1), which is small compared with the volume
displaced by the body which is O(¢~!). We have therefore justified the assumption
we made earlier in order to neglect the jets. We should note finally that the jet region
has a thickness of O(¢) but a length of O(e™!).

2.1.3 The leading order pressure and force on the body

The pressure in each of the three regions is evaluated using Bernoulli’s equation.

Howison et al. [37] show that the leading order pressure in the codimension-two
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region is O(e!), the leading order pressure in the inner region is found to be O(e~?)
and the leading order pressure in the jet is found to be O(¢). In the codimension-two

region writing the pressure p as p ~ ¢ 1py + ... Howison et al. showed

d(t)d(t)
S R
or |x|> .

In the outer region the pressure is O(e~!) and acts over a length of O(e™!) and thus
produces a force of O(¢~2), whilst in the inner region the pressure is of O(e~?) but
only acts over a length of O(e) producing a force of O(¢~!), and in the jet region the
pressure is O(€) and acts over a length of O(¢™!) and produces an even smaller force
of O(1). Hence they showed that the leading order force on the body comes from the

outer region. Writing the expansion of the force as F' ~ ¢ 2F, + ... then

d(t)
Fo(t) = / Py(z,t)dx
—d(1)

= 7wd(t)d(t) .
For the particular case of the wedge these results have been confirmed by more rig-

orous analysis by Fraenkel and McLeod [20].

Before we go into more details of this solution we will show how the problem can be
posed as a variation formulation from which the issues of existence, uniqueness and

well-posedness can be efficiently addressed.

2.2 Variational formulation of the outer problem

A variational inequality can be constructed for the two- or three-dimensional codi-
mension-two entry problem [37, 45]. Generalising to three dimensions we keep y as
the vertical coordinate and describe the free curve by t = w(z, z), assuming it only
passes any given point once. Note the extra terms that arise in the full model due
to the third dimension do not appear in the leading order codimension-two boundary
conditions. Thus the only difference to the equations given in Figure 2.3 is that the
Laplacian in the field equation is over z as well and f = f(z, z) and h = h(z, 2, t).
As with the example of the obstacle problem in Chapter 1, to produce the varia-
tional formulation we will require the field equation to be the Euler-Lagrange equation
of a minimisation problem and the boundary conditions to be natural on either the

contact or non-contact regions. Furthermore the function we work with must lie in
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H!, without this sufficient regularity at the boundary we would not be able to make
the necessary estimates required to give the variational formulation. Then because

¢o has infinite first derivatives on the free curve we make the transformation

gg = _\/() (bO('rJy?ZaT)dT

in an attempt to produce a function to work with which has continuous first deriva-
tives. Wilson [102] was first motivated to make this transformation by the Baiocchi
transformation and the fact that the same transformation had previously been used
by Korobkin [45] in his Lagrangian formulation of the impact of a blunt body.

As was shown in the introduction for the obstacle problem it is useful to first
derive a complementarity formulation of the problem. From (2.3), the displacement
potential satisfies Laplace’s equation. The = and z derivatives are clearly continuous
on y = 0 so it only remains to show that the y derivatives are also continuous there.
For t < w(z, z), that is times before the codimension-two free boundary reaches the

point (z,z), (2.5) and (2.12) give

éy(x,o,z,t) = —ho(x,z,1t)

&(z,0,2,t) = 0, (2.26)

and for t > w(z, 2)

éy(.f,O,Z,?f) = - (Aw+/t) ¢oy(:c,0,z,7)d7

= —ho(x,z,w) + (t — w)
= t— f(z,2) (2.27)
having used the fact that f = hg—w on the free curve. Hence, ast — w=+0, qu]yzo —
w — f(x, z) and therefore & has continuous first spatial derivatives everywhere. Hence
Vi = 0 in y<0 (2.28)
é(éy—t%—f) =0 on y=0 . (2.29)

Next we must derive two inequalities. For ¢ < w(z,2) on y =0

¢py—t+f = f—t—hy > 0.
which when combined with (2.27) gives

oy —t+f>0 on y=0 , Vt . (2.30)
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From (2.26), ¢ = 0 on the surface of the fluid for all times before the body touches a
particular point on y = 0. From the pressure condition ¢y; < 0 on the contact region,

it can be seen that ¢, is a decreasing function in time on y = 0 and so

¢ > 0 on y=0 , Vt . (2.31)
Thus (2.28) and (2.29) together with (2.30) and (2.31) constitute a complementarity
problem for the leading order outer codimension-two water entry model. The exis-
tence of a variational inequality can be proved from this complementarity problem as
we shall now demonstrate.

Let V C H! be a convex set whose elements satisfy (2.31). Define, for u, v € V a

a(u,v) = // Vu.VodD
y<0

l(u) = //yzou(x,o,z)(t—f(x,z))dS .

bilinear form
and a linear mapping

Then for any v € V

// . Vo.V(v— @)dD

_ / /y (= d)dds - / / /y (0= @)VD by Green's Thin

— / /y :O(U — $)p,dS using (2.28)

(I(Qg, v = q;)

> // (v —@)(t — f)dS using (2.30) and (2.31)
y=0
Hence a(¢,v — ¢) > (v — ¢) for all v € V, which is a variational inequality for this
problem.

To apply the uniqueness and existence theorem stated in Appendix A we require
the further condition that a(.,.) be coercive. Unfortunately a(.,.) is only coercive
(that is there exists an a > 0 such that a(v,v) > af|v||? for all v € V) if the fluid
region is finite since \(5\2 is not integrable over R3. This can be overcome by imposing
an artificial boundary condition at a large distance from the body which then allows
us to apply the uniqueness and existence theorem stated in Appendix A.

As noted in the introduction the numerical solution of the variational problem

is an efficient means of obtaining a numerical solution. In particular the variational
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formulation lends itself ideally to a solution using finite elements and hence an irreg-
ular grid can be easily used allowing for specific refinements around certain areas of
the flow. Furthermore, the position of the free boundary is built into the solution
procedure by means of using a projected SOR method. Hence the location of the
free boundary is easily found as part of the solution without the need to track its
position and the actual numerical scheme can be applied over a fixed domain rather
than a domain which varies as the free boundary moves. Such a numerical solution
using finite elements, restricted to a regular grid, was carried out by Wilson [102].

His numerical results show good agreement with the asymptotic results.

2.3 Stability and water exit

In this section we shall discuss the difficulty in formulating the problem of water
exit. We shall illustrate both the ill-posedness of one model for the exit problem and
the stability of the entry problem by means of two different approaches, firstly as
a stability analysis of a local model and secondly as a perturbation to a linearised

initial value problem.

2.3.1 A local stability analysis of the water entry problem

In order to conduct a linear stability analysis of the codimension-two water entry prob-
lem we shall consider the local behaviour of the free surface h and the codimension-two
free boundary, in space and time, when the free surface is subjected to a small pertur-
bation. This problem was previously considered in [37] but did not yield a dispersion
relation. The following analysis will initially follow along the lines of their paper.
The results of our analysis will produce the previously unobtained dispersion relation
which will show clearly the nature of the stability of the water entry problem.
Firstly we recall from Section 2.2 the three-dimensional codimension-two free

boundary model is

Vip = 0 in y<0

¢y = —1 on y=0 ., t>w(zz2)
o = 0 on y=0 , t<w(x,z)

Oy = Iy on y=0 , t<w(z,z)
h = f—t at t=wx,z)

Vol — 0 as 7% +y* +2° — o0
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— 0 as 12+ 22 —
=0 at t=0
h = 0 at t=0

where ¢ = ¢(z,y,2,t), f = f(x,2) and h = h(z, z,1).
This still possess the purely two-dimensional solution for ¢ and h (when the body
is f = f(z)), namely

0 = —y-R{VatP =+ P}

h t+/t * d
= — —dr7
0 Va2 —d(r)?

the position of the free boundary being = = d(t).

2.3.1.1 The local space and time model

We wish to consider small perturbations to the free boundary and surface of the purely

two-dimensional solution to the local in space and time three-dimensional problem.
To look locally in both time and space about t = ¢, and x = d(ty) , y = 0 we define

the local length scale to be O(€¢') where € < ¢ < 1. Expanding the full solution and

balancing terms in the kinematic condition we find the local variables are given by

r=d(ty) +ex |, y=éy , z=2 | t=ty+t
d=€2¢ , h=f(d(t)) —to+€7H .
Then the position of the unperturbed free boundary becomes

¥ = dlto)t +O() .

Writing d(to) =V, the leading order position of the unperturbed free boundary is

' = Vit'. Also expanding the unperturbed solution for ¢ in local variables gives

¢~ —\/Qd(to)%{\/‘/t/—:c’—iy’} as 2?+y? w00 , t' —o00 .

Thus to leading order in €', the unperturbed two-dimensional ¢’ satisfies (on dropping
the primes)

Vi = 0 in y<0 (2.32)

¢y, = 0 on y=0 , z<Vt (2.33)

o =0 on y=0 , z>Vt (2.34)

by = Ml on y=0 , 2>Vt (2.35)

= 0 at =Vt , y=0 ( )

(2.37)

~ A?R{\/Vt—x—iy} as 2°+y* —o00 , t—o00 ,
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where ¢ = ¢(x,y, 2,t), f = f(z) and h = h(z, z, 1), for which we know the solution is
o = A%{\/Vt—x —iy}

where A = —/2d(ty) is a constant. Substituting this into (2.35), integrating with
respect to ¢ and applying condition (2.36) we find

h = é\/a:—Vt .

Therefore, we see that the unperturbed two-dimensional local solution, about which

we will perturb, is in the form of a travelling wave as we would expect.

Stability analysis of the local model

To analyse the stability of this solution we will introduce a small perturbation to the
free surface h. We define a new coordinate ¢ to be € = x — V't and perturb the free

surface such that it now has position

A
h = V\/g—l— SH(&)e sinnz |
where 0 is a prescribed small number, ¢ is the growth rate we wish to find and n > 0.
This will cause the codimension-two free boundary, that was at ¢ = 0, to now have
position & = de?* sinnz. The perturbed problem for ¢ and h is
Vi = 0 in y<0

¢y = 0 on y=0 , £<de’ sinnz

¢» = 0 on y=0 , &> de’ sinnz

¢y = hy—Vhe on y=0 , &> de’"sinnz

h =0 at £ =de’'sinnz , y=0 .
From the form of the problem we expect to be able to construct a solution using
matched asymptotic expansions. The outer problem will be when ¢ and y are order

one and the inner problem will be when they are O(0).

We look for an outer solution of the form
0 = AR{V=E—iy}+ o)

where the appropriate model is

Vi = 0 in y<0 (2.38)
¢y = 0 on y=0 , £€<0 (2.39)
o = 0 on y=0 , £>0 (2.40)
¢y = hy—Vhe on y=0 , £>0 . (2.41)
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The inner problem is obtained from the following scalings

§=06 , y=08) , z=2, 6=081 , h=41h
which result in the model
qggé +0gy+ 0%z = 0 in <0 (2.42)
ggg = 0 on =0 , £<etsinnz (2.43)
b = 0 on §=0 , £>etsinnz (2.44)
qgg = h— (5VfAL5 on j=0 , £>elsinnz  (2.45)
h = 0 at £=e'sinnz , §=0 (2.46)

which has the leading order solution

o = A%{\/eatsinnz—é—@}

. A /-
ho = —1\/&—etsinnz

Vv

which matches with the one-term outer solution already determined.

We now expand the one-term inner expansion for g% in outer variables in order to
determine how the second term in the outer solution should behave for small ¢ and

y. Using cylindrical polar coordinates defined by £ = rcosf and y = rsinf, we find
0 A 0

2to(1ti) = —Arzsin- — —— sin - e sinnz .
2r2 2
Thus the outer expansion of ¢ will be of the form
gbout ~ ¢0+5¢1+ )
where ¢; should satisfy
Vg, = 0 in y<0
¢y = 0 on y=0 , £<0
¢p1 = 0 on y=0 , £>0
A 0
¢ ~ ——rsin= e’ sinnz as r— 0
2r2
¢ — 0 as r — oo .
A solution of the form
A 0
¢1 = ——7sin— e’ sinnzF(r)
2r2
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clearly satisfies the boundary conditions and the local behaviour provided F(r) ~ 1

as r — 0. Substituting this into the remaining field equation we see that F' satisfies
F'"—n*F = 0 .
The solution to this is
F(r) = Ce™ + De™

where C' and D are constants. In order for this solution to match out to the full
solution we require D = 0 and thus C =1 (since n > 0).
If we now expand the two-term outer expansion of ¢ in inner variables we can

determine the appropriate behaviour for the second term of the inner expansion 45
We find that

¢in ~ (5% <&0+5¢21+...>
where qgl satisfies

Vi = 0 in §<0

qglg =0 on y=0 |, é < e’'sinnz
ggl = 0 on §=0 , £>e'sinnz
. nA.i. . 0 _, . A
O1 ~ —77“2 sin 5 ™ sinnz as T — 00 .
The appropriate solution is
N nA A
o —7%{\/6“ sinnz — € —igte’ sinnz .

Thus so far we have a two term expansion for both the inner and outer ¢, namely

6 SdAe ™ 0

1. . .
Gout ~ —Arzsin— — — sin = e”"sinnz
2 2r2 2

Pin  ~ 5%A§)%{\/e”tsinnz—é—iﬁ}—

53

A "
;L %{\/@”t sinnz — & —igre’ sinnz .

The outer solution fails to be an asymptotic expansion when r = O(J) as we would
expect since this is the inner length scale.

We now apply (2.41) and (2.45) to determine the second terms in the expansions
for h. Firstly considering the outer solution we look for a second term of the form
Hi(§)e  sinnz. Substituting into (2.41) for ¢,,; produces

Ae e
oH, —~VH, = — 423 . (2.47)
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Up to this point the analysis has been approximately the same as that of Howison et
al. [37]. It is from here onwards that the analysis most differs from that in [37]. The

general solution to (2.47) is

A o Xei(%Jrn)g/ /

where X > 0 is the constant of integration. X will be determined by matching the
inner and outer expansion. Now applying (2.45) we shall find the second term in the

inner expansion of h. We see
hot = Vhie = ¢é1y -
Substituting in for ho; and quy gives

A A (20 e’tsinnz
h1§ = _W 74—71 -

& —e%tsinnz

Integrating and applying condition (2.46) yields

. A /2 "
hy = ~57 (%—i—n) \/ € — etsinnze’ sinnz .

Thus we have the two term inner and outer expansions for the free surface

A A ot Xef(%Jrn)gl
hout ~ V\/E—5W€ /g 5'7%

1 A ~ A 2 ~
i~ 62V\/£—e"tsinnz—§gﬁ(7€+n) \/ € — evtsinnze sinnz .

We are now in a position to perform all the matches up to and including 2ti(2to) =
2to(2t7) (this being the Van Dyke matching notation [99] as discussed in Chapter 1).

To do so we must write the inner expansion in outer variables and the outer expansion

d¢'e” sinnz

in inner variables and expand. We shall begin by expanding H; in inner variables

since it the most complicated term.

A osé /X e_(%+">5/
5

H1 = —W€? 5/% d€
A o | XeEme 1 X g
Ve [1+V5§] /5 ¢ ® +/5A g’—%d€

A o | [Xe (Fr)e _q 6 o= (FHn)e _ 1 9 9
- 2 h4+ 2 c T S T e 2
4V[ +V5€] /0 3 : : *
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_£[1+%5é] 2 _ 2 +/0X%dfl+25;(%+n>\/g

4V /55 X
Al 1 1 1 (X () g L (20 -
2V /(%t vX 2/0 £ V \/7

Putting this together with the expansions for the other terms we obtain

B

A A 1 1 1 X (Fm)e 4
howt ~ 02—=1/& —d-——e'sinnz - —+ —/ ——d¢
t V 2V 55 vX 2, ¢
1 20 ~

A A .1 A (20 o
Rip ~ {V\/g—éwe smnzﬁ} 5W (V+n) \/ge sinnz + ...

If we now perform all the matches up to and including 2ti(2to) = 2to(2ti) we find

everything matches as required provided

X (g
e \V -1 2
/ —df = — . (2.49)
0 &2

This is an implicit dispersion relation relating the growth rate o of the perturbation
to the two parameters n and X which define the mode of the perturbation in the z
and £ directions respectively. Noting that X > 0 implies the right-hand side of this
relation is strictly positive or zero, means that we have the necessary condition

o

—+n < 0

% <
for the above relation to hold. That is

o < —nV . (2.50)

This result is the same as that given in [37] however their analysis would appear to
be closely related to the specific case of X = 0 which presents a problem with the
term 2/v/X.

Since in the case of water entry V' > 0 (2.50) shows that the codimension-two free
boundary and free surface are both stable to small perturbations. For a particular
mode in the z direction, i.e. a fixed n, the least stable mode is when ¢ = —nV for
which X = cc.
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2.3.1.2 Comparison with other types of stability analysis

It is interesting to compare this analysis with the linear stability analyses of (a)
conventional ‘codimension-one’ free boundary problems, for example the motion of
a free surface in a Hele-Shaw cell and (b) the motion of a free singular curve such
as a line vortex in inviscid hydrodynamics. The evolution of a vortex filament in
the absence of boundaries has been extensively studied. For the particular case of
a filament with a small core radius moving in an inviscid, incompressible fluid an
asymptotic representation of the self-induced motion can be obtained. This is known
as the Localised Induction Approximation equation [6] or the filament equation. A
review of the history of the filament equation is given by Ricca [73] and a review of
the equation is given by Saffman [80]. Some of the history and a derivation of the
filament equation using matched asymptotic expansions is also given by Hunton [39].

In the case (a) there is no singular behaviour near the free boundary (the solution
is uniformly analytic except at the free boundary), and the analysis is straightforward
without the need for matched asymptotic expansions. Thus we could say in this case
that the singular behaviour and the ‘law of motion’” are both globally determined. In
case (b) the behaviour is singular and matched asymptotic expansions are necessary.
In this case both the singular behaviour and the ‘law of motion’ are, to leading order,
locally determined. In our case, the singular behaviour is still locally determined (and
is thought of as matching with the local form of the full, codimension-one, problem),
but the ‘law of motion’ is globally determined because it is not enough to simply

consider an inner region as is the case with the vortex motion.

Closely related to this stability analysis is the study of a linearised initial value prob-

lem which is discussed in the next section.

2.3.2 A linearised initial value problem

As in the previous section we introduce a small perturbation onto the free boundary
in the third dimension. To perform the analysis we shall assume that the two free
boundaries are far enough apart that we can simply consider them independently and
thus we shall only consider a one free boundary problem where the unperturbed free
boundary lies along the line x = d(t) in three dimensions.

From our earlier analysis the solution to the unperturbed problem for ¢ with only

one free boundary at z = d(t) is
o = —y+AW{VaD -z —iy}
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where A(t) will be a known function given by the full codimension-two solution. The

corresponding free surface elevation is

h (2.51)

1 [t A7)
= —t—=- | ——=dr
2Jo Jr—d(r)
where the fixed coordinates have been centred such that d(0) = 0. Applying the
matching condition h(d) = f(d) — t then yields the result

AW __2d /n IR (2.52)
d(t) mdn Jo Vn—w
which defines d(t).

The above is the unperturbed solution about which we shall perturb. The func-
tions A(t) and d(t) are thus prescribed functions in the following analysis. We now
suppose that at a time ¢t = tq > 0 the free surface is perturbed such that at time
t =ty the perturbed free surface is

)
h(x,z,tg) T+ [z — d(tg)]* e ™ sinnz , (2.53)

; 1 / o A(T) J
"2 )y Vz—dn)
where 0 is a prescribed small number and « and n > 0 define the mode of the per-
turbation applied. The perturbed codimension-two free boundary is still constrained
to lie in the plane y = 0 and thus the new perturbed position of the free boundary

will take the form
r = g(z,t) = d(t)+dT(t)sinnz

where T'(t) is to be determined. Hence the perturbed problem for the velocity poten-

tial ¢ is as shown in Figure 2.6.

Y

Figure 2.6: The perturbed problem for the velocity potential ¢.
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Thus the strategy for the problem is given a perturbation to the free surface
elevation find the corresponding perturbation to the codimension-two free boundary
position. We can solve this by determining inner and outer asymptotic expansion
solutions for the velocity potential ¢ and the free surface elevation h which satisfy

the Van Dyke matching principle [99].

2.3.2.1 Determination of the velocity potential

Firstly we shall centre the problem on the position of the unperturbed boundary by

defining ¥ = x — d(t). Hence the problem may be written as

Vi = 0 in y<0 (2.54)
¢y = —1 on & <dg(zt) , y=0 (2.55)
o = 0 on I >dg(zt) , y=0, (2.56)

where the kinematic condition has been omitted since it is currently not required.

The leading-order outer problem for ¢

The leading order outer problem is simply the unperturbed problem and has solution
b0 = —y+ABR{V=T iy}

The inner problem for ¢

Now for the inner problem we define inner variables © = dz , y = 6y and ¢ = 0 %gg.
Equations (2.54)—(2.56) therefore become

qgi“:% + &Q@ + 52@322 =0 ny<0
qgg = —5% on I <g(27t) ) g:O
gg = 0 on i’>g<Z,t) ) Z):O :

The first two terms of the inner solution are

b~ SFAOR{V9E )~ o g} — 0
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Matching the inner and outer expansions of ¢

In order to apply the Van Dyke matching principle we must expand the inner and
outer solutions in outer and inner variables respectively. Firstly expanding the one

term outer expansion in inner variables gives
i(1to) = 5%A(t)§re{ - } 5+ .

Next expanding the two term inner expansion in outer variables gives

o(2ti) = {\/7+ jﬂ+ }—y.

By placing the two expansions in common variables (either inner or outer) we see
that the 1ti(1to) = 1to(1ti) and that the 2ti(1to) = 1to(2ti). However, to proceed

further we need the next term in ¢,;.

Calculation of the second term in the outer expansion of ¢

From the analysis above, we see that the next term in ¢,,; should be of order ¢, that

is the expansion takes the form

¢out ~ ¢0+5¢1+

In particular the expansion above of ¢;, shows that
. _0g(z,t)
2to(1ti) = V- —|— , (2.57)
—T— 1y

and this must match with the 1¢i(2to). That is, the next term ¢; in the outer
expansion must when expanded in inner variables give to leading order the second

term above. Hence ¢, must satisfy

Vg, = 0 in y<0
¢y = 0 on <0 , y=0
¢ = 0 on z>0 , y=0

o1~ %{iﬁ%} near (0,0, 2)

¢ — 0 as r — oo ,

where we have again omitted the kinematic condition. Changing to cylindrical polar

coordinates, T = rcos€ , y = rsinf, ¢; must satisfy
Vg = 0 in r>0 , 0¢€(-m0) (2.58)
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P19 = 0 on 0=-—m (2.59)

o1 = 0 on 6=0 (2.60)
o1~ —Wsing near =0 . (2.61)
2r2 2

We can solve this in the same way as we solved the similar problem in the previous
section for the local stability analysis problem. The solution is
A)T(t
01 = —Ll()e_m sinnzsin - .
ora 2
All the matches up to 2ti(2to) = 2to(2ti) hold as necessary.
Changing back into Cartesian coordinates we have established the inner and outer

expansions for ¢ to two terms. Namely

O = SAOR{Vo( ) — 7 — g} - 0 (2.62)
gbout = —y+ A(t)éR{ d(t) — &= Zy} +
1
SA(t ¢ —n[(z—d(t))*+y?]2
Mé}e{ () —z — zy} ‘ C L (2.63)
2 [(z —d(t))? + y?]2
where 02 = x — d(t), 6y = y and g(z,t) = T'(t) sinnz.
2.3.2.2 Derivation of the free surface elevation
Having calculated the outer expansion for ¢ we can use the relationship
he = ¢, on y=0 , z>d(t) , (2.64)

with the initial condition (2.53) to calculate the outer expansion for the surface ele-

vation h. Similarly in inner variables we have the relationship

Shy — dh; = ¢Ey on y=0 , &>g(z1t),

from which we can determine the inner expansion for A.

The outer surface elevation

Substituting for ¢, from (2.63) into (2.64) gives

AW SADTO) e

h, = — 3
2z —d(t) Az —d(t)]2

sinnz .
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Writing h in the form h ~ hg 4+ dhy + .. ., then hg is simply the unperturbed solution
(2.51). Equating terms of O(0) gives

~OAMTR)  ppe—agey

= — e sinnz .
e —d)
Integrating this also from ¢, to ¢ using condition (2.53) we have
AT 1
hy = — / L(T)Se_"[gﬁ_d(T)]dT sinnz + = [z — d(tp)]" e ™ sinnz . (2.65)
to 4(x —d(7))2 2

The inner surface elevation

Substituting for ¢;, from (2.62) into (2.65) gives
_SzA()
2\/T —g(z,1)

~

Ohy — dh; = on g=0 , &>g(zt) .

Expanding h as h;, = ho+ 90 3hy +0hy+. .. and equating terms of equal order we find

O()  hey = 0

= hy = B(t), (2.66)
00 dhns = %
= h = %Vﬁ:—g(z,t)—i—()’(z,t), (2.67)

0(5) dilg;a = 1+B<t)

1+ B(t) .
—a5—$+D@¢). (2.68)

In order to determine the functions B, C' and D we must again employ the matching

:>;LQ:

principle.

Matching the inner and outer expansions for h

Firstly we expand the inner solution in outer variables giving

he = B(t)

b = AOVE—d) o 2ABED o,
62d(t) 2d(t)\/z — d(t)

hy = O+B@X%%WD+D@ﬁ



Next we expand the outer solution in inner variables. Writing hg in inner variables
we see that the integrand becomes large near the upper limit 7 = ¢ and so we split

the range of integration such that

o t—6 A(r) T_l t A(T) B
ho = —1=3 0 \/5i+d(t)—d(7)d 2/t§%¢55:+d<t>—d(f)d '

(ST

In order to write this as an asymptotic expansion we must now expand the integrals.
For ease of notation we shall denote the integrals by I; and I;. Considering I first

we make the substitution 7 =t — ds giving

L - /“ SA(=0s)
o (8% +d(t) —d(t - 8s))?

If we now expand both A(t — ds) and d(t — ds) about ¢ and then further expand

binomially the denominator of the integrand we find
573 ol 578 o3 5% <3 o7
A A A
I — / %ds_/ ‘”3—st+/ SEsTdO)AL) 4oy
0o (T+sd(t))2 o (T4 sd(t))? o 4z +sd(t))?2

Calculating these integrals and simplifying the resulting expression leads us to

201A() 203 A(t)a N 51A(t)d

10 i 0 +0(87) . (2.69)

2 =

Secondly we consider I;. Over the range of the integral 0z < d(t) — d(7) and so we
can expand the denominator of the integrand directly to give

1 1

. (G TR GA(n)E
L = B P — ~dr+... . (270
/o (1) — d(r))? / 2t - T B

The range of the first of the two integrals above can be restored to (0,t) provided we
subtract off what we have added in. That is

t_éﬂcﬁ _ (A 0 SA(t — bs) o

where the second integral has already been transformed as above. The second of these

integrals can now be handled in the same manner as above and is found to be

201 A(t) .

@)
—
og)
Bl
SN—
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Thus combining (2.69), (2.70) and (2.71) we have

d(t) - d(r)? d(t)

_cﬁA(t):% 52 [T A(r) P
2d(t)2 T /0 (d(t)—dm)%d TOeY)

The last two terms of this expression can be combined to give

5pd |1 A
a3k @

Using the result of (2.71) this further simplifies to give

1 t
Y T A T

I PO (S N
d(t) dt | 2 [ / (d(t) — d(r))z

Having expanded hq in inner variables we must now expand hy. Writing (2.65)

in inner variables we again split the range of integration and consider the two parts

separately using techniques similar to those already employed. After some work we

obtain
: t nd(T)
B — _A(t)TA(tzs.mnz_i_ i / A(T)T(1)e ldT] din
2(02)2d(t) 2d(t) dt (d(t) — d(7))=
1
+3 [d(t) — d(to)]* e ™D sin nz + O(57).
Performing the seven matchings of the nti(mto) = mto(nti) for n = 1,2,3 and

m = 1,2 we see the inner and outer solutions do indeed match and the unknown
functions B, C' and D are found to be

IR S AN (o B
Bl = 2/0 ) —dens e
C(z,t) = 0,
_ eMOd | AT e
PED = S @ /o<d<t> dm)%d] .
+%[d() d(to)]“ e —nd®) ginnz (2.74)



2.3.2.3 The law of motion of the free boundary

Using the inner expansion for h we can now produce a law of motion for the free
boundary. At the free boundary we have the condition

h(z,z,t) = f(z)—t at x =d(t) +og(z,t) ,

which implies

hin<g<zvt)7zvt) f(d(t)+5g(zvt>> —t.

Expanding f(d(t) + dg(z,t)) as a Taylor expansion about d(t) we have
ho + 62Dy + Shy + . ..

fld@) —t+0g(z,t)f'(d(t))+... at & =g(zt) .

Substituting in for g, by and hy from (2.66), (2.67) and (2.68) we have

1+ B(t)
B(t) + 0 Wg(z, t) + D(z,t)

fd(t)) =t +6g(z, ) f'(d(t)) -

Substituting for B and D from(2.72) and (2.74) and equating powers of § we see

(2.75)

06)  TWF(dE)sinn: = ~D 4 [_1 /0 # ]sinnz+

—dt
d(t) dt | 2 —d(r))?
e i ' A(T>T<T)end(7) 7| sinnz 1 — & o=nd(t) Gin oy
2d(t) dt /t ) — )t ] + 5 () —dlto)] -

The first of these is the result from the unperturbed problem and has solution (2.52).
Substituting from the first equation into the second and simplifying gives

/t A(7)T (7)) d¢]
w (d(t) = d(r))?

_d@t) —d(to)] /t A(T)T(1)end)

atl o (d(t) —d(7))2
This is an Abel type problem and we invert to obtain

) — di) ) = 5

which when integrated implies

dr .

s 1
Bam[d(t) — d(to)]* e M for t>t>0 , a>-7 (276)
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where

(2a+3)

B, = A0S [ g)2etsgg
(a+1)7r/0 (sin 6)

The constraint on « is required to prevent the codimension-two free boundary per-
turbation from being initially infinite.

The leading order problem has given us a means of calculating d(t)/A(t) in terms
of f and d. From (2.76) we see that in the case of water entry when d(t) increases
with increasing time then the perturbation 7T'(t) decays exponentially and thus the

water entry free boundary is stable to initial perturbations of the form chosen.

A simple example

Let us consider a half wedge shaped body for which f(x) = x . Substituting this into
(2.52) and integrating we find

which shows for the entry case the problem posed is stable.

As was noted earlier this local linearised initial value problem is closely related to the
previous stability analysis. The two problems do, however, differ in that the local
stability analysis problem no longer involves the impact velocity of the body, that is
the condition ¢, = —1 becomes ¢, = 0 whereas in the linearised initial value problem
we simply considered the problem for a single free boundary keeping the condition
¢, = —1 unaltered. Obviously the two problems also differ in the approach, that is, in
the stability analysis no initial conditions are required whereas with the initial value
problem they are. Despite these differences comparisons between the two results can
be drawn. Both give the same qualitative result that the entry problem is stable to
small perturbations. In particular the case of @« = —1/2 for the initial value problem
is very similar to the case X = oo for the stability analysis, when the dispersion

relation is just ¢ = —nV which corresponds to the case d(t) = V.
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2.3.3 Water exit problems

Water exit problems present much more difficulty than entry problems. One might
think that the exit problems should simply be the entry model but with ¢ replaced
by —t, which is formally permissible. Hence solutions can be generated for the exit
of a partially submerged body by considering the entry of the same body into water
which has some initial non-zero surface shape (or is initially in motion) which is
chosen to give the correct final position of the water and body. The solution can then
be reversed in time to give a solution to the exit problem. However, it is not clear
how large is the set of initial conditions for which this procedure generates acceptable
solutions. Another possible solution to the exit of a partially submerged body from
(say) initially static water is that the body is simply removed, leaving the water
motionless (in the absence of surface tension). Of course this solution demands that
contact between the body and the water is immediately lost on all the wetted portion
of the body, which is physically unrealistic.

Turning to the codimension-two model (Figure 2.3), the solution procedure demon-
strated fails, simply because whereas in entry problems, for each z the time d~*(z) is
a natural final condition (see Figure 2.7) for integration of the equation ¢, = hy, this
relies on the fact that d(t) is increasing. For exit problems, however, as can be seen
below, there is no upper limit to which we can integrate in order to fix A, and thus
the position of the codimension-two free boundary. It should also be noted that it is
no longer possible to prove uniqueness from a variational formulation of the leading
order outer problem, since the bilinear form af(.,.) has to be multiplied by —1 which

means it is no longer coercive (see Section 2.2 for the variational formulation).

Entry Exit

Figure 2.7: The domain of definition of the free surface elevation for the water entry
and water exit problems.

A final pointer to the ill-posedness of one particular exit problem, namely the time

reversal of the codimension-two entry problem, is the local linear stability analysis
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of the codimension-two free boundary problem carried out in Section 2.3.1 and the
linearised initial value problem consider above. For the case of V' < 0 the same
dispersion relation (2.49) still holds for the local stability analysis. This shows that
an exit solution formulated as the time reversal of an entry solution is unstable and
ill-posed since it shows the the most stable mode still only has ¢ = —nV, which for
V < 0 is a growing mode. For the initial value problem reversing time shows 7'(t)
growing exponentially which again implies that the time reversal of the problem is

unstable and ill-posed.

2.3.4 Conjectures on how to pose an exit problem

With regard to how to pose a water exit problem the need for some regularisation is
apparent. On physical grounds, one might propose the incorporation of other effects
into the model; for example, on small length scales surface tension may be a significant
smoothing mechanism, while in other circumstances a coupled model involving air
moving underneath the exiting body may be more appropriate. A second possibility
is regularisation via a weak solution of the kind described by Rogers and Szymczak
[77] whom allow a partially saturated region to form underneath the body. The latter
idea is appealing both in the light of observed instabilities under exiting cylinders
[27] and in view of the instability described in Sections 2.3.1 and 2.3.2. One might
think of a partially saturated region as a model for the effect of a large number of thin
fingers of air that have developed from an initially small perturbation; this idea has
much in common with models of ‘mushy regions’ in Stefan problems with volumetric
heating [52].

As a last remark we hypothesise that the solution to the exit problem should be
the time-reversal of an entry problem for which the free surface should be uniformly

smooth.

2.3.5 The Basilisk lizard

Finally we remark that in nature the Basilisk Lizard, Basiliscus basiliscus [25], can be
seen to demonstrate an ingenious solution to the water exit problem. These reptiles
can run on water, and support their weight by exploiting the large pressures generated
when their feet hit the water surface approximately normally. Their feet subsequently
penetrate some distance into the water, creating a cavity (and are hence well into the

full nonlinear régime), and are then rotated so that they can be withdrawn more or
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less vertically through the cavity before it collapses thus avoiding negative pressures

which would act to suck the lizard down.

2.4 Extensions to the model

Various extensions to the problem are possible, Wilson [102] considered several such as
the inclusion of gravity and surface tension, a non-planar initial free surface, bodies
initially in contact with the fluid and given variable impact velocity. Morgan [58]
further considered the effect of a non-symmetric body, an O(1) forward velocity and
an O(e') forward velocity. In this section we shall review the extensions of bodies
initially in contact with the fluid and non-symmetric bodies and extend the non-
constant body velocity extension to the case when the body velocity is governed by

it simply being dropped.

2.4.1 Bodies initially in contact with the fluid

The theory is easily modified for the case of a body initially partially submerged in
the half-space of fluid. If we denote the initial point at which the body meets the
fluid surface by x = d(0) and we say that y = f(z) is the initial position of the body
(rather than just its shape as we said before) then the outer problem is completely

unaltered except for the initial conditions and so we find

L2
= W/dan \/mdc'

For a wedge shaped body, f(z) = |z| — d(0), this implies

i) = 2 [(:c? — d(0)2)} + d(0) sin”? (d<0)> _ ”d(o)}

T 2

We cannot explicitly invert this relationship to get a formula for d(¢). As an example
we have instead inverted it numerically for the case d(0) = 0.5 to obtain the graph
shown in Figure 2.8. We can then numerically integrate the equation for the free

boundary at increasing times to produce the graph in Figure 2.9.

2.4.2 Non-constant body velocity

We now define the impact speed of the body to be v(t) where v has a magnitude of

order V. Thus we nondimensionalise v by defining v = V. Then in dimensionless
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0 0.1 0.2 0.3 0.4 0.5

Figure 2.8: The position of the free point d(t) in the case d(0) = 0.5.

0.4 — t=0
. t=01
t=0.2
t=0.3
_ t=04

0 1 1.5 2 2.5 3

Figure 2.9: The free surface shape for a wedge initially in contact with the fluid.

variables the position of the body is
. t
i = <(F@- [ o)
0
This has the effect (on dropping the hats) of changing equations (2.4) and (2.7) to

boy = —u(t) on y=0 , |z|<d) (2.77)
olat) = fa)= [

<

(1)dr at |z|=d(t) , Yt>0 (2.78)
respectively. The solution of the leading order outer problem then becomes

oo = —vt) |y+R{VAE7 = @+ i) }]
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from which we determine

ho(2,1) = —/Otv(r)dT—i—/Ot %m | (2.79)

aw | T = e

This equation can be solved using the same technique as in Section 2.1.1.3 yielding
t 2 d
/ o(r)dr = —/ O e (2.80)
0 o (- )
The leading order pressure on the body can still be found from the condition P, =

— o giving

=

o U(t)d<t)d(t> 0 2 _ 2
Ty RELCIUCHEY

Integrating this pressure over the body we find the leading order force is

Ro(t) = m)(t)d(t)d(t)+%m}(t)d(t)Q |

If we wish to consider the problem where v(¢) is not simply given but is determined
by the motion of the body then we require a further equation for the motion of the
body. Taking the simple case that the body is dropped so that there are no external

forces we have
Iy = —kov

where k = m/pL?, m being the mass of the body per unit length. Substituting in for
Fy and integrating yields

oz—l—gde = —kv (2.81)

where « is a constant of integration. Taking a particular example of a parabolic body
f(z) = 2% (2.80) implies

Substituting this into (2.81) and integrating we find

s k
t+—d* = —=d?
B+ a +3 5
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where 3 is another constant of integration. Applying the initial conditions that d(0) =
0 and v(0) = 1 yields a quadratic in d?

4k k
P By g
T s

d* +
Solving this and substituting back into (2.81) we obtain

—2k 2k 27t
T T k

2wt
— 1—
o= ()

Further substituting back into (2.79) we find for a parabolic body which is simply

& =

—_

[SIE

dropped the free surface shape is

1 1
k ot ? o% 2k [ 2mt\?
MW):_P_O+%J]_4ﬁ+___O+%J
T T N

Plots of this surface shape for increasing times with £ = 1 are shown in Figure 2.10.
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0.03 T(
0.04
t=—

Y s
0.09
t=—"

T
" 0.16
=

T

Figure 2.10: The free surface shape for a dropped parabolic body.

The three-dimensional axisymmetric version of this problem can also be solved.

2.4.2.1 Three-dimensional axisymmetric problem

For a three-dimensional axisymmetric body which has nondimensional form y =

ef(r), where (r,6,y) are cylindrical polar coordinates, Wilson [102] showed the codi-
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mension-two model is

L6, b = 0 oy <0
¢y, = —u(t) on y=0 , r<d(t)
o = 0 on y=0 , r>d(t)
oy = on y=0 , r>d(t)

h = f— [ v(r)dr at r=d(t)
0
Vo — 0 as r — 00

and has solution

¢ = —o(t) (2—d3>2 Ooeim(]%(k:d)(]o(kr)dk
0

k2

ho= %/Otv(f) [r _dﬂ); —sin”? (@)] dr |

where J; is a Bessel function of order i. Applying the matching condition at r = d(t)

gives

t 3
/OU(T)dT = é/o %df (2.82)

The leading order pressure on the body is given by p = —¢;|,—. Integrating this over

a disc of radius d we obtain the leading order force on the body
o 4
Fy = 4vdd” + gvd , (2.83)

where the expansion for the force takes the form F' ~ e 2F, + .... As before if the

body is dropped then F' = —kv¥ which implies
: o 4
—kv = 4dvdd”® + gvd .
Integrating this once and applying the conditions v(0) = 1 and d(0) = 0 we obtain
4
—kv = gvd —k . (2.84)
For a parabolic body f(z) = z* (2.82) gives

4 .
v = —=dd .
3
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Substituting back into (2.84), integrating and applying the initial conditions we find

d satisfies

16 2
— P+ -t = . 2.85
45k + 3 0 (2.85)

Moghisi and Squire [57] present experimental results for a sphere dropped into

water. For small time they state that their experimental results predict
r o~ 4
2

in nondimensional form for a sphere of radius one, where a = 5.22 + 0.1. For small

o (2)

time (2.85) implies

and hence (2.83) implies

For a sphere of radius one the local form of the body for small time is parabolic
with € = 1/ V2. Comparing the theoretical and experimental results we see both
predict a one half power dependence on t. Comparing the coefficients the experimental
coefficient for a = 5.22 is 8.20 and the theoretical result predicts a coefficient of 7.35

which is in reasonable agreement.

2.4.2.2 The ‘bouncing’ bomb

The ‘bouncing’ bomb was used in the Second World War. The bomb was invented
by Barnes Wallis although the idea had been used in Nelson’s day when cannon
balls were sometimes skipped across the water. The bomb was designed to make 12
bounces across the water to clear torpedo nets. The bomb was cylindrical in shape
(approximately 1.5m long by 1.25m in diameter) and dropped from a height of about
20m from a plane travelling at about 150m/s. As the bomb was released it was spun
backwards at about 500rpm giving it stability. Being dropped from 20m the bomb
has a vertical velocity of about 20m/s when it hits the surface of the water. Thus
on impact the horizontal velocity is an order of magnitude larger than the vertical
velocity.

The above analysis clearly does not result in the body being able to ‘bounce’ off

the water. What allows the bomb to ‘bounce’ is the difference in magnitudes between
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the horizontal and vertical velocities. The particular case when the vertical velocity is
O(1) and the horizontal velocity is O(e™!) has been considered by Morgan [58] when
the vertical velocity is constant and the body is a wedge. To extend such a result to
a non-constant vertical velocity is a simple matter and could represent the skimming
of a flat stone across a lake. Unfortunately the asymmetry of the problem no longer
permits the explicit inversion of the integral equation relating v to d and hence we
can only obtain a pair of equations for v and d which must be solved numerically.

Such an approach could then be further extended to the case of a cylindrical body.

2.4.3 Non-symmetric body shape

In this case the free points that previously lay at z = £d(¢) will now be denoted by
x = —d;(t) and = = dy(t). By making the substitution

r = %(dQ(t) —di(t) +7

the codimension-two problem for ¢ is again symmetric and the free points lie at
T = +d(t) where

at) = G(dalt) +ar(r))

Thus the solution for ¢ is

o = —y-r{\far - @it

— gy zre{\/(dg(t) —2)(di(t) + Z)}

Note the form of the solution in the fixed frame could have easily been derived directly

from the Riemann problem formulation. Applying the kinematic condition to the

solution in the fixed frame we find the free boundary shape is given by

o (2x — do(7) + dy (7)) .
Ma,t) = —t+3 /\/IL‘+d1 ))(z — do(7))

The conditions at the free points now become
h(=di(t)) = [f(=du(t)) =1
h(da(t)) = flda(t)) — 1t
which when applied yields the two integral equations

le dl( ) +da(7))
—d1 = dr
A ®) / \/ 7))(d1(t) + do(7))

_ 2d2 d2< )+d1( )) T
flda(t)) = / NI +d1 (dz()—da(T))d
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For a body shape given by f(z) = —ax for x < 0 and f(x) = Bz for x > 0 it
can be seen on dimensional grounds that the form of d; and dy will be dy(t) = At
and dy(t) = Bt where A and B are positive constants. Substituting back in we can
integrate to obtain two algebraic equations for A and B which can then be solved.
As noted by Morgan a similar procedure can be applied for any body shape where

the dependence on z is (+x)", where the above is the simple case n = 1.
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Chapter 3

Solid contact and crack problems

In this chapter we shall look at three types of related problems in solid mechanics. A
diagrammatic representation of the three types of problems we will consider is shown

in Figure 3.1.

e

(a) Single opening crack

in a pristine material

Contact of two

identical bodies

(c) Closing of a

¢

Figure 3.1: The three types of solid mechanics problems to be considered.

pre-existing crack
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Both contact and crack problems have traditionally been considered in what could
be termed a codimension-two framework. Because the displacements are small com-
pared to the typical length scales it is quite natural to linearise what would be a
free boundary problem to produce a mixed boundary value problem whose domain
is quite often a half space. For the single crack problem we shall consider this means
that the transverse displacements are small compared to the crack length whereas for
the contact and closing crack problems it will be the in-plane displacements being
small compared to the contact or crack width. Thus, when classically formulating
solid contact and crack problems the linearisation of the boundary conditions onto a
known curve is performed implicitly such that the model is already a codimension-two
free boundary problem.

The first discussions of elastic phenomena can be found in the work of Hooke
around 1680 but the first real attempts to construct a theory of elasticity using a
continuum approach date from the early to mid 1700s. Every year countless papers
are published on contact and crack problems in elasticity. There is now a vast body
of literature on solid contact and crack problems of which a large proportion are
codimension-two problems. Books on the subject include [22, 26, 43, 61, 82, 84, 85,
86, 87, 93] of which in particular [22, 86] deal specifically with crack problems and
[43] deals with contact problems.

We will begin the chapter by looking at a two-dimensional dynamic crack prop-
agation problem whose geometry is shown in Figure 3.1(a). The loads are applied
as shown by the arrows perpendicular to the plane of the page. This is known as a
type-III crack problem. If the loads had been applied in the plane of the page, the
problem would be called type-I if the loads were in the vertical direction and type-II if
they were in the horizontal direction. The problem will be modelled as one of brittle
fracture, that is any plastic deformations are assumed to be restricted to a negligibly
small region around the crack tip and thus the outermost problem can be modelled
by linear elasticity.

In 1920 Griffith [28] first formulated an energy criterion to characterise the stress
at a crack tip and predict the onset of crack growth. In 1957 Trwin [40] introduced
the characterising parameter of the elastic stress intensity factor K which he defined
to be V27 times the coefficient of the singularity in the stress near the crack tip.
Irwin then proposed that a crack would begin to grow in a cracked body with limited
plastic deformation when K reached a critical value called the fracture toughness.
Irwin showed that his stress intensity factor criterion and Griffith’s energy criterion

for the onset of crack growth were equivalent. Using the stress intensity factor we
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will show how a formula for the crack tip speed can be obtained. However, the stress
intensity factor approach inevitably has a square root singularity in the stress at the
crack tip. Such a result cannot be literally accepted. Instead this result is interpreted
on the basis that the size of the region over which the behaviour of the material
deviates from linear elasticity is on a smaller length scale.

We will then consider the effect of including a cohesive zone. The cohesive zone
idea provides a simple device for studying crack tip phenomena on a small length
scale on which deviations from linear elasticity would occur. The essential idea of
a cohesive zone is to simulate material response beyond the linear elastic range by
introducing a cohesive traction or cohesive stress behind the crack tip which resists
the crack opening. The cohesive zone is taken to terminate when the displacement

reaches some critical value.

Brittle crack tip
j parabolic shape

singular stress at tip
simulated ‘Barenblatt’ crack tip

nonlinear .
zone cusp shaped near tip
constant width after some point behind tip

zero stress at crack tip

simulated ‘Dugdale’ crack tip
plastic o
zZone Same shape and stress characteristics
as Barenblatt but modelling a plastic

zone near the crack tip
Figure 3.2: Schematic of three types of crack.

A cohesive zone model for equilibrium conditions was first formulated by Baren-
blatt [2, 3] by considering the relationship between bonding forces between atoms
and their separation distance. The same idea was subsequently applied to dynamic
problems by Barenblatt [5]. The crack opening displacement is zero at the crack tip
and increases with distance behind that point and reaches some final value at the end

of the cohesive zone.
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A cohesive zone model of crack tip plasticity was introduced by Dugdale [16]. The
relevant physical phenomenon was the highly localised plastic deformation ahead of a
crack tip in a ductile material. Such a model circumvents the path-dependent nature
of plastic flow and so can be applied to growing as well as stationary cracks, that
is by modelling the effects of a plastic region by a cohesive stress the model has no
path dependency. The cohesive stress is taken as the tensile flow stress of an ideally
plastic solid. Figure 3.2 shows schematically the differences between a brittle crack,
a ‘Barenblatt’ crack and a ‘Dugdale’ crack.

The second type of problem we shall consider is a plane strain contact problem
in the geometry shown in Figure 3.1(b). We shall restrict ourselves to the problem
of two identical elastic bodies pressed together by various different loadings. Locally
near the contact region the undeformed bodies will be parabolic in shape. We shall
show how the codimension-two problem can be solved using both a superposition
technique and the more elegant Muskhelishvili potential method.

We begin by considering the simplest problem of Hertzian contact, that is one
in which the two elastic bodies are pressed together by a purely normal load (or
one elastic body is pressed against a rigid body by a purely normal force) and the
effects of friction are not included. As a particular example we shall consider the case
of two identical two-dimensional bodies being pushed together normally. The first
satisfactory analysis of the stresses at the contact of two elastic bodies was by Hertz
[29] in 1880. His interest in the problem was related to his study of Newton’s optical
interference fringes in the gap between two glass lenses. He was concerned about the
possible influence of elastic deformation of the surfaces of the lenses due to the contact
pressure between them. Hertz developed his analysis for the case of an elliptical
contact region and then considered the particular cases of two dimensional contact
(i.e. a strip) by taking the limit as one of the principal axes of the ellipse became
infinite. We will not follow Hertz’s approach but shall instead start by exploiting
the two-dimensionality of the problem from the beginning as is now traditional. This
problem and related problems are discussed at length by Johnson [43]. Hertz [30] also
attempted to use his theory to give a precise definition of hardness but it was to prove
unsatisfactory (a satisfactory definition of hardness had to wait for the development
of the theory of plasticity).

Including friction we will then consider the effect of a further shearing force after
the initial loading. We will see how such a subsequent loading gives rise to regions
of slip. Slip occurs when the tangential force between the two bodies reaches its

limiting value, beyond which frictional forces can no longer keep the two bodies
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‘stuck’ together, and hence they ‘slip’ past each other. If the slip region grows to be
the entire contact region then the two bodies become completely ‘unstuck” and begin
to slide past one another. Lastly using an incremental technique we will consider the
effects of simultaneously varying the normal and tangential loads after first applying
a purely normal load.

Many more loading and unloading histories can be considered. Over a dozen
different cases are considered by Mindlin and Deresiewicz [56] for the case of spheres
rather than cylinders. In their paper they also calculate the energy dissipated in an
oscillating motion. The non-uniqueness of the solution when unloading is discussed
by Turner [95]. Such a three-dimensional symmetric problem requires a slightly more
complicated solution procedure than for the two-dimensional problem to determine
the displacements but has the benefit that the displacements decay like r=! (rather
than growing like log r as we will discover for the two-dimensional case) which makes
matching out from the local problem near the contact region an easier task.

The third type of problem we will consider has the geometry shown in Fig-
ure 3.1(c). We will begin by considering the single problem of a finite length el-
liptical crack subjected to a normal load (this is a type-I problem). The solution to
this static type-I crack problem will be produced using the Muskhelishvili potential
method. The elliptic crack will have a minus one half power stress singularity at the
stationary crack tips. If the load is then varied dependent upon the crack width we
obtain a new solution for which the crack is cusp shaped at the ends and the stress at
the crack tips is non-singular. The problem posed is connected with an ink delivery
system. Ink is required to flow through the crack and the flow is to be regulated by
closing the crack. The desired form of closing is for the crack to ‘zip’ shut from the
edges inward. We shall consider three specific forms for varying the load with the

crack width to see how they affect the shape and manner in which the crack shuts.

3.1 Equations of linear elasticity

In elasticity Lagrangian coordinates are natural. The points in the undeformed body
are labelled (x,y,z) and on deformation move to (x',y’, z’) through a displacement

(ul(l‘a Y, Z)7 UQ(xv Ys 2)7 ’LLg(ZE, Y Z)) such that
(@9, 2) = (@ tua(z,y,2),y +uy(w,y,2), 2 + ua(2,y, 2))

The model is formulated in terms of (z,y, z) and is thus defined on the domain of

the undeformed body. We will employ the theory of linear elasticity which means
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the deformations are small compared to the typical length scale of the problem which
leads to Lagrangian coordinates being approximately the same as Eulerian.

Defining the stress tensor

s -
7 = Agy k5z3+2ﬂ<€w for 4,5,k=my,2 (3:-1)

where ¢;; is the strain tensor defined as

1 [0u; Ou; .

S = 5 (8xj + 8:EZ) for i,5,k=xy,2 (3.2)

then
Uy ou U U Uy ou Ug Uz
(G + G+ 52) vande (G + 5 b (% + %)
o= p <8"x + 8“y> >\<8"w + 52 4 8“Z)+2u8“y p (M + 81“) . (3.3)
Ouz Juz Ou ou, Oug ou ou, Ouz
H(82+ ) H( y+6y> )\(&fv—i_@yy—i_ >+2’u

The small displacement u = (ug,u,,u,) of a point (z,y,z) in an elastic body

which is in equilibrium satisfies Navier’s equation

Voo =0
= A+2u)V(V-u)—uVx(Vxu) = 0 (3.4)
and in a dynamic situation it becomes
V.o = PU (35)

where p is the density of the material.
For future reference we note that in two dimensions we can rearrange (3.1) and
(3.2) to obtain

Eerw = (1—=1*)0u —v(l+1v)oy, (3.6)
Eey,, = (1—1%)oy,, —v(l+1v)0., (3.7)
Eeyy = 2(14v)oyy, , (3.8)

2043\) - . . . .
where F = #2133 4o Young’s modulus and v = is Poisson’s ratio, having used

A
A 2(A )
the fact that in two dimensions o,, = (0., + 0yy).
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3.1.1 Airy stress function

A fruitful method for solving two-dimensional plane strain problems was originated

by Airy around 1860. If we define a stress function T by
Ozzx = Tyy ) Oyy = Txm ) Ogy = — Txy

where the subscripts on the left denote the components of the stress tensor while the

subscripts on the right denote partial derivatives then we see

Vir = Ozz + Oyy
— 9+ ) (8% 8uy>

= 2A+p)V-u

Taking the divergence of (3.4) implies
A +2u) V3V -u) = 0 .
Combining these two results yields the biharmonic equation
viIT = 0. (3.9)

For future reference we note that in cylindrical polar coordinates, the stress and

strain components can be written as

10T 10°7

R (3.10)
Tog = ?92% (3.11)
g = %(%%) (3.12)
and
e = %Qi” (3.13)
o = “’”+i%1;9 (3.14)
_ 10ur  Oup  ue (3.15)

ero r 00 or r

respectively, where the subscripts on u denote components of displacement rather

than partial derivatives.
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3.1.2 The Muskhelishvili potential

Two-dimensional solutions using the Airy stress function formulation are considered
the traditional approach to solving problems in plane elasticity. An alternative more
elegant method using a complex variable formulation is possible. This technique was
first used by Kolosov (around 1910) and brought to fruition by Muskhelishvili (around
1930) although it remained unknown outside Russia until about 1950. The method
relies upon the fact that the equations of two-dimensional elasticity possess a general
solution in terms of two arbitrary harmonic functions. This permits the problem to
be reduced to a classical problem in complex analysis, the Riemann problem. The
complete internal stress field corresponding to a particular potential can be found
efficiently. The mathematics behind the Muskhelishvili method are more complicated
than the Airy stress function approach but, once understood, they permit a simple
and direct solution procedure to a wide variety of contact and crack problems.

In plane strain, the general solution to (3.4) is

2p(u, +iu,) = KG(2) — 20 (2) — O(2) (3.16)

where z = x + 1y, ¢ and 1 are two arbitrary analytic functions and prime denotes
differentiation with respect to z. k* is Kolosov’s constant which in the case of plane
strain is 3 — 4v. The form of the above solution is easily derivable by noting that the

solution to the field equation (3.9) is

T = R{zZé(2) +x(2)} (3.17)
1
= 5 [7() + 200 + x(2) +33)] - (3.18)
Then

or 0T —

G tigy = 9D+ + i) (3.19)
where 1)(2) = dx/dz. Furthermore rearranging the equations for o,, and o,, we can
write

ou 0*T A
2p——r = - T 2
arr o0 ) (320
ou 0T A
2u—~= = - T . 3.21
. Dy oz2  2(\+p) v (3:21)
Defining
P = VT = 4R{¢'(2)} (3.22)
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then

and hence P is a harmonic function. Taking () to be the harmonic function conjugate
to P and defining

P+iQ = 4¢(2)
op  .0q
o oy T ¢'(2)

then by the Cauchy Riemann equations
op 9q
P = 4-£ — 422 3.23
ox y (3:23)

Substituting from (3.22) and (3.23) into (3.20) and (3.21) we obtain

0t _ O 200+ 2m) 0p
For = "822 " Atp oz
ot _ 0T 20+ 20
M@y B oy? A+p Oy

which we can integrate and add together to produce

oY a*r) RRYEL T

2fu, +iwy) = — (o i
where the functions of integration have been taken to be zero since they only represent
rigid body motions. Further substituting in from (3.19) yields (3.16).
By substituting (3.16) into (3.3) we could deduce the stresses in terms of ¢ and

1. However a more elegant result is

Opw + 0y = 2[®(2) + ()] (3.24)
)+ ¥(2)] (3.25)

(Oyy — Ouz) + 2004, = 2[ZP'(z

where ®(z) = ¢'(2) and U(z) = ¢/(z). From these two equations the internal stresses
can be determined and they also implicitly give the displacement field at each point
from (3.16). Eliminating 0., between (3.24) and (3.25) gives

Oyy — 104 = 20(2) 4+ P(2) + P(2) + U(2) . (3.26)
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Case I: Problems posed on the upper half space

For a problem posed on the upper half space, on y = 0 either the components of
stress oy, = —p(x) and o,, = q(z), or the surface displacements u, and u,, or a
combination of both, will be given.

From (3.26), on the boundary y = 0 we have

Ot (z) + D (z) + 2@ (x) + V¥ (z) = —p(x)—iq(x) 3.27
Ot () + O () + 2®H (2) + Ut (z) = —p(z) +iq(z) (3.28)

If we define
Qz) = =D(2) — 29 (2) — ¥(z2) , (3.29)

then Q(z) is holomorphic in the upper half-plane because ®(z) and ¥(z) are. Consider
®(z) and Q(z) = —B(z)—2® (z) — ¥(z) which are holomorphic in the lower half-plane.
By (3.27) and (3.28) on any unloaded part of the axis

where the 4+ notation is the same as was used in the water entry problem. From the
first of these equations it follows that Q(z), which is holomorphic in the lower half
plane, is the analytic continuation of ®(z) from the upper to the lower half plane.
Similarly the second of these equations implies §2(z) is the analytic continuation into
the upper half plane of ®(z). Hence by (3.29) ¥(z) may also be analytically continued
such that

U(z) = —B(2) — &(2) — 2d/(2) . (3.30)
Inserting this into (3.25) gives
(Oyy — Owe) + 204, = 2[(Z—2)¥(2) — ®(2) — B(2)] (3.31)

which together with (3.24) allows the stresses to be derived from ® alone. Once @
is determined for a particular problem, a complete solution can be obtained. Substi-
tuting (3.30) into (3.26) we obtain

Oy —i0s = (2—2)8(2) + D(z) — B(2) (3.32)
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from which the traction components of stress can be found, that is o,, and o,, on

the line y = 0. Additionally by differentiating (3.16) with respect to z we see

2u (%1;: + z%) = Z-2) @) +PE) +£D(2) . (3.33)

In a typical contact problem contact takes place over a region of the z-axis. The
remaining part of the x-axis is traction free. By letting y — 0 in (3.32) and (3.33) we

see immediately that ® must be a function with the properties

O (x)— 0 (1) = —ple) —iql) (334)
KO (x) + 0 (x) = 2p(ul, + iuy) (3.35)

where the notation 4+ used is the same as that in the water entry problem and the

general tractions oy, and o,, are denoted by —p and g.

Case 1I: Problems posed on the whole plane with cuts along the z axis

In this case we introduce
SO

Then (3.26) becomes

Oyy — 102y = P(2) +Q(Z) + (2 —2)P'(2) . (3.36)
Further defining
w(z) = /Q(z)dz = 2®(2) + ¢(2) + const
then w(z) is determined up to an additive constant by ® and W. (3.16) then becomes
2u(uy +iu,) = K'¢(2) —w(z) — (2 — 2)®(2) + const . (3.37)

Differentiating with respect to x yields

2 (85;“3 + 7;%) = KB(2) — Q) — (2 — D) (2) . (3.38)
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Defining L to be the union of all the cuts along the x axis and letting y — 0 from

above and below we obtain from (3.36)

oy —ioy, = ®F(x)4+ Q7 (2) on L
Opy — 105, = O (z)+ Q" (2) on L

[®(z) + Q)] + [®(2) + Q)" = 2p(2) on L 3.39
[®(2) — Q)" = [®(z) = Qx)]” = 2g(x) on L (3.40)
where
plz) = % [a;ry + U;y] — % [O';y + a;y} (3.41)
q(z) = % [U;ry o U?;y] - % [U;y o U:;y] (3.42)

Thus given the stress components o,, and o,, on the crack faces we can solve the
Riemann problems to obtain ®(z) and §2(z).

If, however, we are given the displacements of the crack faces we can formulate
two Riemann problems using (3.38). Letting y — 0 from above and below and then

combining the two resulting equations we obtain
[*®(x) — Q)] + [ ®(z) — Qz)]” = 2f(2) on L
W (x) + Q)] — [£°0() + Q)] = 2g()  on L
where
fa) = | ) + it + )]
gl@) = |t =) it~ )]

If we are given a combination of types of boundary conditions, that is say we are
given displacements on some parts of the cuts and stresses on others then in general

we need to use both sets of Riemann problems to solve the model.

3.2 A dynamic type-III crack moving at a constant
velocity

Nearly all earthquakes occur on pre-existing faults. A dynamic type-III crack moving

at a constant speed has been studied both experimentally [7, 15, 48, 54, 69] and
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theoretically [50, 59, 65, 83] in an attempt to predict what actually happens during
an earthquake. One particular factor the model should predict is the crack tip speed.
Furthermore, the stress near the crack tip is important. We will review just two
particular models.

We will begin this section by first considering the propagation of a single crack
which lies along the centre line of a strip in two dimensions without any cohesive zone
near the crack tip; that is, the crack face will be stress free along its entire length
(similar problems have been considered by Kuo [50], Nilsson [65] and Sih and Chen
[83]). The codimension-two model domain is a strip with a semi-infinite cut along
the centre line. By means of a conformal mapping we will show how this can be
transformed to a problem on a half space and subsequently solved by formulation
as a Riemann problem. Using a critical stress intensity factor as discussed at the
beginning of the chapter a formula for the crack tip speed will be produced. However,
as also mention earlier, the stress intensity factor approach inevitably has a square
root singularity in the stress at the crack tip.

Having reviewed the basic result for the motion of a single crack in terms of a stress
intensity factor we will then follow the analysis of Morgan et al. [59] and examine
the effect of including a cohesive zone near the crack tip. This problem near the
crack tip will also be solved by formulating it as a Riemann problem. The solution
is then matched to an outer solution which is the previous solution for the problem
with no cohesive zone. Morgan et al. then continue on to include a second mode
of viscous resistance on the entire crack face but we shall not present that analysis
here. We should note that a similar problem to that considered by Morgan et al. was

considered by Nakanishi [62] using a Wiener—Hopf technique.

3.2.1 Solution when the crack face is stress free along its
entire length

y=mnL
Y
crack T
/ 93
z
y=—7mL

Figure 3.3: The initial configuration of the crack.
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We shall begin by considering one of the simplest type-III problems, that of a
single semi infinite crack (linearised to lie) along the centre line of a strip. The initial
configuration is as shown in Figure 3.3. The upper and lower boundaries are displaced
a distance €L in opposite directions parallel to the z-axis and the boundaries of the
crack are taken to be stress free. The size of the region near the crack tip over which
the assumption of linear elasticity fails will be related to the small parameter €. The
displacements will be of the form u = (0,0, w(z,y)) for which the dynamic field

equation (3.5) becomes
A (Wae + Wyy) = Wy

where ¢ = p1/p. We shall assume that the crack tip moves at a constant velocity v.

Nondimensionalising the problem with

and immediately dropping the hats we obtain the nondimensional codimension—two

model shown in Figure 3.4.

y=-—m
Figure 3.4: The codimension-two type-III dynamic crack problem.

We can further eliminate the time dependence by moving into a frame moving with

the crack tip speed by making the substitution

R r — vt
T= """,
(1= o)}
and again immediately dropping the hat, to produce the problem shown in Figure 3.5.
By applying a sequence of conformal maps we can map this problem onto the

upper half plane. Defining z = = + 1y as usual, we apply the map
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Figure 3.5: The codimension-two type-III dynamic crack problem in the moving
frame.

which maps the domain in the z-plane into the domain shown in the $-plane (see

Figure 3.6). We then apply the further map

SIS

5§ = (s2-1)

to map the problem on to the upper half of the s-plane (Note since the boundary
of the original domain was polygonal we could have used the Schwartz—Christoffel
transformation to derive a suitable mapping).

Taking the solution to be of the form

w = 3{f(2)}

then the mixed boundary value problem in the complex s plane is to find an f such
that

z 2
Rl¥_ < U _ éft{ﬁl 8} — 0 for —1<Rs<1, Ss=0
ds(l_BZ)a ds s

f =1 for Rs< -1, Ss=0
f = -1 for Rs>1 , Js=0 .

SOV

We also note that since w is constant on the fixed boundaries w, = 0 there which

gives the condition

df 1 — s
%{d—f S} =0 for Rs< —1 or Rs>1 , Is=0 .
s s

We can formulate this as a Riemann problem as was done by Sih et al. [83]. Defining

s = 81 + 189 and

4

(s) = u(sy,s2)+ iv(s1, s2) in s9>0
ds
G(s) = =
d—é(g) = U(81,—S2) —iU(Sl,—Sg) m s, <0
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Figure 3.6: The domain of the crack problem in the z, s and s planes.

then the boundary conditions result in the Riemann problem

G+<81> + Gi(Sl) =0 for S1 € (—1, 1)
G (s1)—G (s1) = 0 for s ¢ (—1,1) .
Using the results of Appendix B we see that this is a problem with index one where

the solution will be unbounded at the free points. We require the stresses at infinity

to be bounded and hence the solution is

Integrating this and applying the conditions on the fixed boundaries yields
2
f(s) = —log [—z’s —iVs? — 1}
T
which when written back in original variables gives
2 z 1
w = Sf(z) = =S {log [62 + (e* — 1)2}}
T
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For z small

R (VSR FA

The nondimensional dynamic stress intensity factor K in the moving frame of refer-

= [l

and hence from the above result we have

ence is defined to be

2(1 — v2)2
- .

K =

Taking K to be known for a specific material we can then solve this equation for the

crack propagation speed v yielding

7T'2
—J1- Tk
v 4

The critical value of the stress intensity factor for the onset of fracture is when v =0

2
ko= 2.
s

Thus with this model locally near the crack tip the solution w ~ O(ex%) and the

which implies

stress is singular. As discussed at the beginning of the chapter such a result cannot
be literally accepted but must instead be interpreted on the basis that the size of the
region over which the behaviour of the material deviates from linear elasticity is on
a smaller length scale. The cohesive zone idea provides a simple device for studying
crack tip phenomena on a small length scale on which deviations from linear elasticity

would occur.

3.2.2 Inclusion of a cohesive zone

The cohesive zone is introduced locally near the crack tip when the dimensional w,
becomes O(1), that is the cohesion acts on a dimensionless length scale of O(e?). This
assumption implies the cohesive stress is O(u) so that it balances the elastic shear

stress on the length scale O(e?). Hence we scale in by defining inner variables



We recall that the essential idea of a cohesive zone is to simulate material response
beyond the linear elastic range by introducing a cohesive stress behind the crack tip
which resists the crack opening. Furthermore the cohesive zone is taken to terminate
when the displacement reaches some critical value. We will take the simplest model
for when the cohesive zone is assumed to be modelling plastic deformation near the

crack tip. The simplest model for a plastic cohesive zone is
w@ =40 ,

that is the boundary is no longer stress free but instead has some imposed constant
stress go. We further assume this force only acts on an interval of length d in the

inner region. The inner problem, therefore, takes the form shown in Figure 3.7.

’UAJQM T UA)gg =0

.wﬁ:gﬂ .

Figure 3.7: The inner crack problem with a cohesive zone.

We can now proceed to solve this problem by formulating it as a Riemann bound-

ary value problem. We write the solution to this inner problem in the form

w = RW(2) .
Defining
aw
~(2) = w@ @) +iv(dg) i §>0
. dz
(B =9 G
PE (2) = —u(z,—y)+iv(z, —79) in g<0

we can write the mixed boundary value problem as the Riemann problem
Gt (z) = G (2) for >0
G (
G (

) = —G (&) — 2igo for —d<i<0

~

) = -G (2) for < —d .

=

=
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Using the results from Appendix B the solution to this problem which is zero at

infinity and bounded at the origin takes the form

dW \/g 0 do d
= —— ————=dt .
dz 7 J_g (T =27
In order for this to match to the outer solution we require
ow 1
Y ™2

from which we deduce

Rearranging this we obtain

Integrating (3.43) we obtain

W= 9 Gy deg [V V Y o i
i Vi+V—d

having used the fact that W (0) = 0. Expanding this for small z we find

3
W ~ z2

(3.43)

(3.44)

and hence we have a three-halves power singularity in the tip displacement and only

a one-half power singularity in the tip stress, compared with a one-half and a minus

one-half power singularity, respectively, without the cohesive region. The region of

cohesion will terminate when the displacement reaches some critical value w = ¢ at

& = —d. Applying the condition § = %W(—cz) yields the result

Substituting in from (3.44) for d produces

1
27Tgo ’

(S pumy

Thus the addition of a cohesion zone rather than the use of a stress intensity factor

has resulted in no prediction of the crack tip speed but has resulted in a finite crack
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tip stress. Furthermore the inclusion of a cohesive zone has changed the singularity in
the displacement at the crack tip from one-half to three-halves and hence has changed
the singularity in the stress from minus one-half to plus one-half. This change in the
nature of the singularity at the crack tip is related to the change in index of the
Riemann problem. The Riemann problem without the cohesive zone had an index of
one whereas the inclusion of the cohesive zone changes the index to minus one and
hence gives rise to the bounded crack tip stress. As d — 0 the the solution without
a cohesive zone is recovered.

It is possible to recover a result for the crack tip speed by introducing a viscous re-
sistance force on the entire crack face, that is the nondimensional crack face boundary

condition becomes
Wy = —QWg on <0 , y=0 .

The analysis for this problem follows much along the lines of that already performed.
The results can be found in Morgan et al. [59] where it is shown that this does

produce a means of finding a crack tip velocity.

3.3 Two-dimensional contact of two identical
elastic bodies

As discussed at the beginning of the chapter we will begin this section by considering
the normal contact of two identical two-dimensional bodies. As was mentioned this
is one of the oldest type of contact problems originally having been considered by
Hertz [29] and can also be found in many of the books listed at the beginning of
the chapter. The Hertz theory takes no account of any frictional forces. However,
provided the two bodies are made of the same material (they need not be the same
shape but we shall assume they are for mathematical convenience) then any two
points which first meet at the edge of a growing contact region will subsequently
move tangentially at the same rate, that is they will remain ‘stuck’ together and no
frictional forces will arise. It is only if the two bodies are made of different materials
that these two points which initially meet at the edge of the growing contact region
would wish to move tangentially at differing rates. In this case a force due to friction
would occur. Depending on the magnitude of the frictional force points may become
unstuck producing a region of slip. Such a problem has been considered by Nowell

et al. [66] among others. The normal loading of a single axisymmetric body pressed
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against a rigid half space with the inclusion of friction has been considered by Spence
88, 89] and Turner [95].

In Section 3.3.2 we shall consider the effect of applying a shearing force after the
initial normal force. Clearly unlike the simple case of normal loading the friction is
crucial for this problem. Without the friction the shearing forces will simply cause
the two bodies to slide over one another. The analysis will show how the two bodies
do not remain completely ‘stuck’ but instead a region of slip occurs at the edge of
the contact region. Lastly we will consider the effect of simultaneous variations to
the normal and shearing forces after initially applying a normal load. In each of
these problems for ease of analysis we will only consider the simplest case when it is
assumed that the pressure distribution is independent of the shear. This is known as
the Mindlin approximation. Coupled problems can also be solved as shown by Spence

[90).

3.3.1 Normal contact force

__________ undeformed boundary (if the other body were not present)

deformed boundary

Figure 3.8: The positions of the deformed and undeformed bodies.

The two identical bodies are pushed together each by a force N which will be
applied at a point a distance L from the surface of the body along a line normal to
the contact surface. The bodies are assumed to only initially touch at one point and
are taken to be convex. The shape of the bodies is denoted by y = f(z) and the
bodies each come together a small distance 6L, where § is to be determined. The
boundary of the upper body in the absence of the other, shown in Figure 3.8, is

(x, f(x) — dL). Hence the codimension-one free boundary is

We take axes such that the two bodies initially touch at a point at which they have
zero gradient which implies f(0) = f/(0) = 0.
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The small displacement u = (u,, u,) of a point (x,y) in the body satisfies Navier’s

equation (3.4) which in two dimensions implies
A+20)V(Vau) —puV x (Vxu) = 0 in y(z)> f(z)— oL .

The non-contact part of the deformed boundary is stress free while the contact part
experiences a stress due to the normal force from the opposing body which will take
the form (0, p(x)), where p(x) is to be determined as part of the solution. The two

stress conditions can be expressed as

on = 0 on the non-contact region (3.45)

on = p(z)j on the contact region |, (3.46)

where n is the outward normal to the surface. Also from the geometry of the problem
we see that on the contact region y’ = 0 whilst on the non-contact region y > 0

which implies
f+u, = 6L on y= f(x)—46L , |z|]<d (3.47)

f+u, > 6L on y=f(x)—0L , |z|>d (3.48)

where d is the point on the body y = f(x) — 0L which lies at the end of the contact
region. Finally we require the force on the contact region to be positive and equal to

the applied load N which gives us the two conditions
d
/ plx)dr = N (3.49)
—d
p(z) > 0 on y=f(x)—40L , |z|<d . (3.50)

In order to nondimensionalise this model we must consider what the typical values
are for all the variables. Clearly u and v have typical values of the order of the
maximum displacement 6 L. The contact set will be small in comparison to the body
size and thus we take, as usual, the typical length to be O(eL) where ¢ < 1. The
body therefore has the local form

eLj = f(O)+eL:%f’(O)+%(eL)2f2f”(O)+...—5L
_ %G2L25¢2f”(0)+...—6L

since f(0) = f'(0) = 0. The local body shape ez?f”(0) must be of the same order as
the deformations so that f is a significant term in (3.47). Thus § = €* and the scaling
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for f should be €2 L. In order for the pressure term p(x) to remain significant in (3.46)
it must be scaled with € times a suitable quantity of O(u). Hence we scale p with eE.
This in turn suggests from (3.49) that we scale the load N with e2EL. Thus N/EL
is small as is necessary if the displacements are to be small and the problem is to be
representable by linear elasticity. Finally from (3.1) and (3.2) we find the appropriate
scalings for the stresses and strains are e/ and ¢ respectively. The measurable small

parameter in this problem is

N
EL ~

€ =
To relate this parameter to € and hence ¢ requires the local codimension-two solution
near the contact region to be matched to an outer solution for the whole body. This
matching takes place in Section 3.3.1.4.

Summarising, the scalings to be made are

A ~

r=eLx , y=¢€ly d=cLd . up =€ Lu, uy:€2L7fLy ,
f=&Lf |, N=€eELN , p=c¢Ep , oc=€¢FE6 , c=¢ .

The scalings imply that to leading order the free boundary is just § = 0 and hence the
normal to both the free boundary and the contact part of the boundary is n = (0, —1).
It is for this reason that such contact problems are naturally linearised onto half
spaces.

Thus to leading order, on dropping the hats we obtain the codimension-two model
shown in Figure 3.9. The problem has simplified to that of a normal force applied to

a section of a half space.

3.3.1.1 Solution of the codimension-two model

We shall first solve the problem using the traditional approach using the Airy stress
function defined in Section 3.1.1. To be consistent with the scalings already performed
the stress function is non-dimensionalised with €3 E L2

In terms of the stress function the model takes the form

Vi = 0 in y>0 (3.51)
YT,y = 0 on y=0 , |z|<d (3.52)
T,. = —plx) on y=0 , |z|<d (3.53)
T,, = 0 on y=0 , |z|>d (3.54)
T = 0 on y=0 , |z|>d . (3.55)
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(A +2u)V(V ;111) —pV x(Vxu)=0
/dp(:v)dx =N

—d % d
° ‘ ° z
MG+ 52 ) +2u5e = —Epe) A (%= + 52 ) +2u%2 = —Ep(o)
oz oy May p\r oz Oy 'uay plx
Oug ou o Ouy ou. o
(% +5) =0 (% +52) =0
f+u, =1 f+u,>1
p(r) >0

Figure 3.9: The codimension-two free boundary problem.

The remaining conditions need not be transformed as they will not be used at this
point. We can build up the solution to this problem by firstly considering the simpler
problem of a point force P applied at the origin on the boundary of an elastic half
space and then employing the principle of superposition of solutions to construct the
solution to the full problem above. This type of approach is similar to the method of
solving inviscid flow past a slender body by considering a distribution of sources of
varying strength along the body [53].
Changing to cylindrical polar coordinates the biharmonic equation becomes
9> 10 19\ (9T 19T 10°7T
<ﬁ+25+ﬁ%) (W+FE+EW> =0

which has general solutions dominated by a single power of r given by

Agcos 20 + Bysin 260 + Cyf + Dy for n=0

r(Aj cosf + By sinf + C10sinf + D16 cos0) for n=1 (3.56)
r2( Ay cos 20 + By sin 20 + Cy0 + D) for n=2 ’
r"(A, cosnb + B, sinnf + C, sin(n — 2)0 + D,, cos(n — 2)0) otherwise .

Any linear combination of these four types of solutions is in general a solution to
the biharmonic equation. In order to determine the value of all possible coefficients
we must apply several conditions. As well as applying the boundary conditions we
require o,, to be symmetric about the y axis, all the stresses (equations (3.10)—(3.12))
to tend to zero as r — oo and the force at the origin to be equal to P. In cylindrical

polar coordinates (where 6 is measured from the y axis making the problem symmetric
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about § = 0) these conditions are

27
887 =0 on 0= —
107
g(%@) =0 onf=dy
T T
107 1 0°T
vor teae 70 s To
92
W — 0 as r — o0
0 (18T) 0 o
— - — r — 00
or \r 00
im [ o rcosfdd = P .

(VB

Applying these conditions we find the only permissible modes are
Dy

= P
T r (A1 cosf + Bysinf — —9008«9)
T

However if we calculate the three components of stress we find that the constants
Dy, Ay and By do not appear. Thus they make no difference to the stresses and
displacements in the body. We can therefore choose them to be zero giving us our

final solution

P
T = ——rfsind
T
2P cosf
Opp = ——
T
Opp — O
Or9g — 0 .

In cartesian coordinates the components of stress are

2P oy

12
Ogzx — OppSI 0 = - m (357)
2P e
— oo = —— Y 3.58
Oyy O rr COS - ($2+y2)2 ( )
2P ay?
Oy 0, €OS 0 sin 1 ) (3.59)

Further combining (3.6)—(3.8) with (3.13)—(3.15) and using the above results for the

components of stress and strain we find

ou, 2(1 — v*)P cos b

or T r
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U 1 Ouyg 2v(l+v)P cosd

r T’W T r
10u, Oug ug B
N T

We can integrate these equations in turn yielding

2(1 — )P 1 1—-2v)P
U = —Mcosmnr—i-( + ) ) Osinf + Cysinf + Cycosf  (3.60)
T T
2(1 — )P 1 1—-2v)P 4v — 1)(1 P
up = &sinelnr%—( + ) V) (9COS(9—|—<V )1 +v) sin 0
T T T
+Cicosf — Cysinh + Csr +C' . (3.61)

By symmetry points on the y axis only displace along the y axis which implies for
0 =0, ug = 0, which means C; = C3 = (C = 0.

Now that we have the solution for a point force P, by the method of superposition
we can write down the solution due to the force distribution p(x). If we place a force
p(s)ds at © = s then we can add up the contributions due to all forces for which
|s| < d by integrating over this range of s. From (3.57), (3.58) and (3.59) the stresses

are, therefore,

L2y 1 p(s)(w = s)?

Opz = R T yz]st (3.62)
2P p(s) )
ow = =1 | o (3.6)

29" [ p(s)(a —s)
m Joalle—9)? + 9

ds (3.64)

Oxy

and from (3.60) and (3.61) the displacements at the surface are

uy = —(H”)S_Q”) [/zp(s)ds—/:p(s)ds]

—d

2(1 — 2 d
Uy, = —M/ p(s)Injx — s|ds +Cy .

™ —d

Another way of viewing this solution is as a Green’s function solution where the
Green’s function is the solution of the point force problem. Differentiating these

expressions with respect to x removes the need to determine C5 at this stage and

yields
Ouy
e —(1—2v)(1 +v)p(x) (3.65)
Ou, _ _2(1—v%) [ pls)
or x /d x— Sds (3.66)
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From (3.6), (3.65) and the fact that o,, = —p(z) we see that at the surface o,, =
oyy = —p().

At this point we have still to determine p(z). However before doing so we will show
how equations for the stresses and displacements and (3.66) can be obtained using
the Muskhelishvili potential method.

3.3.1.2 Alternative solution procedure using the Muskhelishvili potential

The construction of a solution from the point force solution or a Green’s function
presented above is considered as the traditional approach to solving a problem in
plane elasticity. We will now show how the solution may be more elegantly obtained
using the Muskhelishvili potential method outlined in Section 3.1.2. The equations
relating the surface tractions to the surface displacements in the contact zone will be
found to be the same as those already derived, as one would expect.

In nondimensional form (3.16) becomes

s i) = 56(2) — 28(2) ~B(3) | (3.67)

where ¢ and 1 have been nondimensionalised with e?EL, (3.24), (3.31) and (3.33)

become

Opw + 0y = 2[®(2) + B(2)] (3.68)
Oy — 00y = (2—2)® (2) + D(2) — B(Z) (3.69)
%‘ (%l;f + 1%) = (Z-2)B () + () + 1 D(2) (3.70)

and (3.34) and (3.35) become

*H(x) = (x) = —p(z)—iq(w) (3.71)
KOT(z)+ @ (z) = %(u; + duy,) (3.72)

For the particular contact problem we are considering, Figure 3.9, we have ¢ = 0
and u;, = f’ on the contact region and p = ¢ = 0 on the non-contact region. Thus we
need to use both conditions (3.71) and (3.72) to obtain the solution. If we had been
given both surface tractions p and ¢ or both surface displacements u, and u, on the
entire boundary then we could solve the problem using just one of (3.71) and (3.72).

Following the solution procedure and notation set out in Appendix B we have

Git) = 1 }

o) = —p(t) —ig(t) on L
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where L is the interval (—d, d) of the z-axis. To solve this problem we therefore use
the results of Section B.3 for Riemann problems with open contours.

We complete the contour L with L’ where L’ is the remainder of the z axis. Then

we define

Gi(t) =1 on L and L'

gh(t) _ { 0_p(t) _iQ(t> 2E é/

If the end points of L are denoted by a = —d and b = d then

Gi(a—) = 1 , Gi(a+) = 1

Gi(b—) = 1 , Gi(b+) = 1
and hence

Gila—) _ Gi(b—) _

G1(a+) ’ G1(b+)

Thus § = 0 and A = 0 which implies v = ' = 0 and hence the index x = 0. The
problem is therefore straightforward with ®*(z) = ®(2).

Now the solution for a problem with zero index satisfying ®(oc0) = 0 is

Pi(z) = Xi(2)¥*(2)

where
Xif(z) = 0
I'(z) = /deT =0
o T —Z
U(z2) L[ gl(T)dT ! dp+z'qd7_ :

27 ) _ oo T — % 2 ) _4 2 —T

Thus we have

o) = o [ 2 373)

where we have used the fact that ¢ = 0. This however is not the finished solution
since we have as yet not determined p.

Substituting (3.73) into (3.72) and then taking the imaginary part we find, on
noting F/u = 2(1 + v), that

ou, _ 21— / o)

S

Ox T 4T =S

which is the same as (3.66).
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3.3.1.3 Determination of the normal traction

If we now recall the condition from Figure 3.9, f+u, = 1 ony = 0, then differentiating

it with respect to z and substituting into (3.66) yields the integral equation

Tpls) . ow
/ds—xds N 2(1—1/2)f:c ‘

We assume the local form of the body is f(z) = Bz? From Section B.4 we can see
that the general form of the solution of such an integral equation which is bounded

at both the end points is

pla) = w‘ﬁﬁ/d S g

20 =) J_q (& — $2)2 (s — )

where we have taken B = 1/2 which corresponds to a cylindrical body of radius 1.

Rearranging this expression in the form

(=) [ 1 . (d®—22)z (4 1 .
pz) = 2(1 =) /d (d2—52)%(5—x)d +2(1—1/2)7r/d <d2_52)%d

it can be shown easily that the first integral is zero and the second integral is simply
7 yielding the result

4 — 222

oy = LT

2(1 —v?)

If we finally apply condition (3.49) we find

wd?
N = m (3.74)

which determines the semi-contact width d , whereupon

2N

p) = ()3 (3.75)
The maximum pressure is therefore
2N
Po = o

The stresses in the solid bodies can now be found by substituting p(z) back into
(3.62), (3.63) and (3.64). We already know that at the surface of the bodies, o,, =
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o,y = —p(z) on the contact region while o,, = 0,, = 0, = 0 on the non contact

region. Also along the y axis it is easy to show

& + 2y
o = P |WEH2) (3.76)
d | (& +y?)>
d
O = —— (3.77)
(d? + 2y2)2
Oy = 0. (3.78)

To obtain the stresses at a more general point within the solid is difficult using
direct integration of (3.62)—(3.64). Using the Muskhelishvili potential these inter-
nal stresses can be more efficiently computed. Recall for a purely normal force the
Muskhelishvili potential (3.73) is

L[ p(r)
2t J_g 2 — T

D(z) = dr . (3.79)

Substituting in (3.75) and integrating we obtain

B(z) = ];i; - - V=]

From this we can evaluate ®'(z), ®(z) and ®(z) from which we can find the internal
stresses from (3.68) and (3.69).

3.3.1.4 Parameters determining the contact region

If we were to redimensionalise the results so far we would find that the small parameter
e only occurs in the equations for the displacements. However, as yet €2 has only been
defined as the ratio between the maximum displacement and the distance from the
boundary at which the force was applied. As mentioned initially the measurable small
parameter of the problem is ¢ = N/FEL, that is the Young’s modulus F, the typical
length scale L (the radius of the cylinder assuming the load is applied at the centre
of the cylinder) and the applied load N are given values for the problem. In order to
relate € to ¢ we must match the codimension-two solution to an outer problem.

For our two-dimensional problem the outer problem will simply be that of a point
force N on a cylinder. The expansion of such a solution in inner variables will be
dominated to leading order by the singularity at the origin. This singularity of the
solution will be the same as that of a point force on a half space where the vertical

displacement at the centre of the cylinder is zero. From the point force analysis
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(equations (3.60) and (3.61)) we can see that the leading order solution expanded to

one term in inner variables and then rewritten in outer variables should be, on x = 0,
u, = —2C,logy+... ,

where
(1—v%)
—

c, =

This must match to the inner solution expanded in outer variables.
Now from (3.7), (3.76) and (3.78) we know that on the y axis

1 LY 2y_(d2+2y2)
(@ +y2)z 1-v (& +y7)2

Integrating this from zero to y and then expanding it in outer variables we obtain

Ou, o 2N
7Y (1= )2t
dy ( V)7r

C,ev
u, = €+ . vy C,e'log(Ce') —2C,€ logy . ..
—v
Writing €? as an expansion in € of the form C,€'¢y(€') +C,e'e;(¢) +. . ., where ¢; < €,

we obtain
u, = Cu€ (e(€) +1log(Cye)) + Cyé (61(6/) + % — 2log y) +...

For the matching to work we require

eo(€) = —log(Cye)
v
al€) = - 1—v
and hence
e = —C,¢ |log(Cye) + N i TS

It is noted by Johnson [43] that such a result (obtained in a more ad hoc manner by
Johnson) when compared with experiment is found to be surprisingly accurate over

reasonable parameter ranges.
3.3.2 Application of a shearing force after initially applying
a normal force

In this section we consider the problem of applying an additional tangential force
@ < aN, where « is the coefficient of friction, assuming that the contact width and

pressure distribution due to the normal force N remain unchanged.
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Q ——=

Figure 3.10: The geometry of the additional shearing force problem.

The centre of the contact region will deform with no relative motion between the
bodies but this may not be true of all points in |z| < d. Small relative motions known
as slip will be found to occur across some of the contact region. Since we do not know
where the slip might occur we begin by considering the whole contact region to be a

stuck region.

3.3.2.1 Determination of the traction with no slip

If distant points move horizontally a distance €2 H then the undeformed point 2 moves
to 2’ = x+¢€?H, but we know that 2/ = 2 +wu and hence on the contact region we have
u = e¢H. If we denote the shearing traction by ¢(z), which is to be determined, then
as before we require the total force distribution to equal ). Formulating a model in
the same manner as before and then nondimensionalising with the same scaling leads
to the model

A+2u)V(Vau) —pV x (Vxu) = 0 in y>0
M(auu%) = Eg(z) on y=0 , |7]<d

dy ox
A(%er%—I;’)Jrzu% — 0  ony=0, |2/<d
Uy = % on y=0 , |z|]<d
M(%l;m+%> =0 on y=0 , |z|>d
A(%ﬁ—l—%—?)%—Q%—? =0 on y=0 , |z|>d
[ i =
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We can solve this in the same manner as before by either constructing a superposition

solution or using a Muskhelishvili potential. We find

Oz = _g/d q(s)(z — s)3 N

T J)_al(x —s)* +y??

[ a)e-s)
Oyy T /_d [(x—5)2+y2]2d
R ICCeY

™ Joallr =) + 97

Oy

and on the z axis

Ouy 2(1 — v?) /d q(s) s

Ox T 4T =S
Ouy

But this time we know u, = H/L and so we have the integral equation

d
/ _q(s) ds = 0
—d T — S

for which from Section B.4 we know the only relevant non-trivial solution can be

Q

q(z) = m

However, this is singular at the edges of the contact region which is inconsistent with
the fact that slip must occur if ¢(z) > ap(x). Thus we expect a region of slip near

the edges of the contact region and a region of stick near the centre.

3.3.2.2 Determination of the traction with slip

If we consider a force () of limiting value aN then the bodies are on the point of

sliding and therefore the traction is

for which we find the tangential displacement within the contact region is
2

u, = C'—(1- V2)Oép0% :

However this can only satisfy the condition u, = H/L at one point rather than across

the entire contact region. To satisfy this condition we introduce a further shear ¢”
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such that

g(x) = q'(x)+q"(x)
ug(z) = u(z)+ u)(x) on y=0 .

The condition is then satisfied if

2
c x
" — C// (1 — 2 -
U:B(I) + d< v )Oép() c
for which
2\ 3
¢"(x) = —%apo (1 - x_Q) for |z| <c
So on the stick region
ale) = | = - (¢ —a)

This is everywhere within |z| < ¢ less than the limiting traction and equal to ap(x)

on the stick/slip boundary |z| = ¢. Outside the stick region we have limiting friction

ap 1
q(z) = 70(052—562)2 :

This satisfies a necessary condition that the slip be of opposite sign to that of the

traction. The size of the stick region |z| < ¢ is determined from the condition
d
Q = / q(z)dz
2

_ Q\*

From this we can see that keeping N constant and increasing () causes the slip region

which implies

to develop inward until at limiting friction the stick region is only the line z = 0,

beyond which sliding occurs.
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3.3.3 Simultaneous variations of normal and shearing forces

If we now consider an oblique force F' applied subsequently to an initial normal force
Ny then in our earlier analysis N and () are going to increase incrementally. To avoid
confusing notation we shall temporarily switch to denoting the position of the free
point by a rather than d. We will proceed by following the method used by Johnson
[43] when analysing the similar problem for spheres. During the application of the
oblique force the contact width is taken as that of the Hertz theory. For an increment

in the oblique force dF the tangential and normal forces increment by

dQ) = dFsing
dN dF cos 3

where [ is the angle at which the force is applied measured from the vertical. Thus

from (3.74) the increment in the growth of the contact region is given by

dq)
tan (8

20da = KdIN =K

where K = 4(1 —v?)/m. If we assume the incremental increase in the tangential force

does not give rise to any slip then the increase in tangential traction is

dQ

m(a? — 22)2

dg(z) =

which on substituting in for d@ from above gives

2d  tan(
dg = WK(aQ—xQ)%da'

To find the traction at a point x we integrate this equation. If x lies inside the initial
contact region then a = dy when ¢ = 0 and we integrate to when a = d; and ¢ = ¢(z).
If, however, x lies initially outside the contact region then ¢ = 0 until ¢ = x which

gives us a different lower limit of integration. We thus obtain

2t

SN ) (et for 0<a <y
q(z) = 2tan g, , 9\ 1

- (@2 — 22)3 for dy <z <dy

and from the Hertz theory we find

2(No + Fi cos 3)
wd?

NI

p(z) (d? — x?) for 0<x<d .
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For the assumption of no slip to have been valid we require ¢(z) < ap(z) for |z| < d;
which is true provided tan 3 < a. Thus an oblique force applied at an angle less than
that of friction produces no slip.

If, however, the inclination of the force exceeds the angle of friction, some slip
must occur and the above analysis fails. A strip of slip must occur at the edge of the
contact region within which the traction will be ap(z) at all stages of the loading. The
inner boundary of the slip region will lie within the original contact strip, its value
being given by the usual condition of equilibrium with the tangential force (3.80),
giving

c? Fsin 3
T @ a(Ng+ Feosp)
Sliding begins when ¢ = 0 for which

1

alNy
cosf(tan B — )

In the absence of an initial load we get the normal rule of dry friction that sliding

occurs if tan § > «.

As was discussed at the beginning of the chapter we have only demonstrated a few
possible two-dimensional loading problems but many more have been considered in
the literature; in particular over a dozen different cases are considered by Mindlin

and Deresiewicz [56] for the case of spheres rather than cylinders.

3.4 A static type-I crack problem

The Muskhelishvili potential method can also be used to consider the simple problem
of a static type-I elliptic crack as shown in Figure 3.11 (where the crack has already
been linearised onto the axis).

Using the results of Section 3.1.2 for the case when both o, and o, are given on
the crack face, that is (3.39)—(3.42) in dimensionless form, we have the following two

Riemann problems:
[®(z) + Q)] + [®(2) + Q)] = 0 for |z| < dy
[®(2) — Q)] — [®(z) —Qz)]” = 0 for |z| < dy

Using the results from Appendix B for the case of an open contour we see that the

solutions are

O(x) - 0(:z) = 5=
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¢ Opy = Oyy =0 ¢
r = —do T = do
Oyy — —Pco
Figure 3.11: The type-I crack problem.

Pz
V22 _ 2
having also used the stress conditions at infinity.

We can substitute these back into the dimensionless forms of (3.36) and (3.38) to

obtain the vertical displacement and stress

O(2)+Q2) = —

U, = —2poo(l—1v?)(d* - ZL‘Q)% on y=0 , |z|]<d (3.81)
Poo|Z|

S - . —0 ., |z >d 3.82

Tyy (22 — dQ)% on y |z (3.82)

along the axis. Hence if the initial shape h of the crack were taken to be an ellipse

D=

h = 2poo(1 —v?)(d* — 2?)

then the crack would close simultaneously along its whole length when the pressure

was applied. We note also that the stress has a square root singularity at © = +d.

3.4.1 An ink delivery problem

The above result can be used to address one of the problems brought to the 1995
European Study Group with Industry, in Cambridge, by Domino Printing Sciences.
Domino wished to make a small valve by moulding an aperture in a sheet of rubber
and then closing it by compression from above and below. The aperture shape is to be
chosen such that it closes and opens at the centre. Schematically what they required
was as shown in Figure 3.12.
The closing and opening of the aperture is used as a means of delivering ink

in a printing process. The closing mechanism described is desired to prevent the
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Initial Unloaded Shape Stage 1

Final Closed Shape Stage 2

| V

Figure 3.12: The industrial requirement.

production of satellite drops that would spoil the printed image. The diameter of the
aperture can be taken to be small compared to its length and the problem can be
considered as two-dimensional. Thus we have a long thin crack in an elastic material
which under the assumptions of linear elasticity is linearised onto the axis. Noting
that the pressure required to expel the fluid in the aperture is small (O(100Pa))
compared with the elastic stress required to close the aperture (0(50kPa)) we shall
also neglect the pressure within the aperture. Thus we have a situation similar to
that just considered above.

We could produce a solution with the required attributes simply by formulating
another set of Riemann problems. However, for the closing crack the conditions to
be applied along the cut |z| < dy are of mixed type. That is we have zero stress
conditions on the part of the crack still open but we now have o,, = 0 and must give
u, on the closed part of the crack. Thus the problem is similar in type to the contact
problems where we solved one Riemann problem with an unknown stress o, = —p(z)
on part of the boundary and then applied a further condition to find p. However,
for the case of a crack we must solve two Riemann problems containing the unknown
stress and then apply further conditions using the known displacement. A much

easier method of constructing a solution which satisfies the schematic requirements
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is by considering the incremental loading of the static elliptic crack problem above in
a similar manner as was done for the contact problem. The solution derived can be
reassuringly shown to be the same as those obtained using the Muskhelishvili method.

We wish to produce a loading such that the crack ‘zips’ closed from the ends
inwards. Thus we now take the position of the free point d to be a function of the
applied pressure. At p,, = 0 the rubber is in the undeformed state and the crack
semi-width is dy. The aperture will be fully closed when the pressure reaches py. At
any instant for a given p., the aperture is thus closed for |z| > d(p~) and open for
|z < d(poo).

From (3.81) and (3.82) an increment in the pressure dp., gives rise to increments

in the normal displacement and stress of du, and o, given by

duy, = —2dpoc(1=v*)(d(p)? =272 on y=0 , [a] < d(ps)
2]

(a2 = d(pwc)?)?

We will now integrate these equations for d initially dy up to d using the conditions

doy, = —dps on y=0 , |z| >d(ps) -

uy(dp) = 0 and oy,(dy) = 0. However for d < |z| < dy the stress remains zero until
the point z lies outside of the open region of the crack and hence the lower limit of
integration becomes z instead of dy. Similarly for the displacement when d < |z] < dj
the crack has closed and hence u, changes no further changing the upper limit to .

Integrating yields

( d
—2(1 — VQ)/ (a® — xQ)%pgo(a)da for |z| <d
u,(d) = o 1 (3.83)
—2(1 — VQ)/ (a® — 2%)2pl (a)da for d<|z| <dp
d
S
— || P (a)da for |x| > do
do (22 —a?)z
oyy(d) = d ! (3.84)
—|z ' (a)da for d< x| <d
el [ e o] < do

The initial shape of the aperture h is given by the condition h(x) = —u,(x) and the
actual shape of the aperture s at any moment for a given d is given by the condition
s(d) = h(z) + uy(d).

We shall now consider three particular expressions for p,, in order to show how
changing the way in which the pressure increases with the decreasing contact width
changes the particular aperture shape and stress as it closes. Each of the three

pressure variations considered will be seen to produce the type of closing mechanism
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required where the aperture shape has a cusp at the end points rather than being

elliptic like the original static problem from which the solution has been derived.
Linear pressure increase with decreasing aperture width

P = —ld—d) = Pl = -2
0

Substituting into (3.83) and (3.84) we find the vertical displacement and stress on

relevant parts of the axis are

1— 2
wy(d) = % [d(dQ — 2 H(d — |a]) — 2% cosh™! (g) H(d - |z|)
—do(d3 — 2?)% + 2% cosh ™! (@)} on y=0
xr

(@) = Pl [cos () (el — do) = cos™ ()] on u=0 el > )

where H(z) is the Heaviside function. We further find that the actual aperture shape

1S

(1 =v%)po

1 d
2 _ 2% _ 2 eoant (2
i [d(d )2 — x” cos (x)}

Figure 3.13 shows plots of the aperture shape for different values of d having taken
the premultiplier to be 1.

s(d) =

1
d=-

4

_ g=t
2

3

d="°

4

d=1

Figure 3.13: The first aperture shape.
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Expanding the aperture shape s and the x derivative of the vertical stress near

the free point x = d yields

(L= dy/(2d)

s i 3 x)% as r —d-
doyy|y=o N _2p0d 1 as T — dT
dx do \/2d(x — d)

from which we can see that near the free point the aperture shape has a three halves
power singularity and the derivative of the stress has a minus one half power singu-

larity.

Quadratic pressure increase with decreasing aperture width
Po 2po
P = —g(d=dj) = p(d) = ——d
0
The vertical displacement and stress on relevant parts of the axis are found to be

u,(d) = 4(13% (@~ )i H(@~ |al) ~ (&~ )] on y=0

2p 1 1
ou(d) = Ll |(@* = d)FH(al — do) = (=2 = )] on y=0 . || >d(p)
0

and the aperture shape is found to be

4(1 — VQ)po
3d?

W

s(d) = (d® — %)
Figure 3.14 shows plots of the aperture shape for different values of d having taken
the premultiplier to be 1.

Again expanding near the free point we find

41— 12
s(d) %(m)i(d —2)} as z—d”
0
dgyy|y:0 pod 2d
—vyly= o 2./~ dt
dz e\Nz—a 7

from which we can see that near the free point this aperture shape also has a three
halves power singularity and the derivative of the stress also has a minus one half

power singularity:.
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Figure 3.14: The second aperture shape.

Quadratic pressure increase with increasing aperture width closed

Po

, 2
—Sd—d)? = pd) = - - d)
0

_ d—g
For this case the vertical displacement and stress on relevant parts of the axis are
found to be

P =

4(1 — 2 1 1 d? 1
wld) = I - ) - (@ - o) - B - )
dod , , o\ 1 dy , 1 (do
+2(d z7)2H(d |x|)+2x cosh ,
—%ﬁ cosh™* <§H(d— |x|))} on y=0
xr

2
oyy(d) = digo|$| [do cos ™! (%) H(|z| — do) — cos™ (g)

— (a® = d3)2H(|z] — do) + (2 — &?)

(S

} on y=0 , |z|>d(p)

and the aperture shape is
41 —=1v%)po [dod, 5 51 do 1 (d Lo a8
S(d) = T 7(d —l’)Q—EZE cosh E —g(d —{L'>2
Figure 3.15 shows plots of the aperture shape for different values of d having taken
the premultiplier to be 1.
Near the free point we find

4(1 — ’/2)190

S(d> ~ d2
0

E@(da —d)(d—2)}
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Figure 3.15: The third aperture shape.
i 2(15d+7d )d — )3 d
R J— — 2 —_—
20\ 7 0 x as T
do_yy‘y:O po(do — d) 2d
—wy= d*
dx &2 r—d T

from which we can see that in general near the free point this aperture shape also
has a three halves power singularity and the derivative of the stress also has a minus
one half power singularity. However for the initial free boundary shape d = dy and

the singularity is a five halves power.

As discussed initially each of these three solutions could have been found by directly
solving the appropriate Riemann problem and can be verified as the solution to those
Riemann problems simply by substituting them back in. The change in the displace-
ment singularity near x = d from a one half to a three halves power is related to a
change in the index of the corresponding Riemann problems rather like the change

brought about by the inclusion of the cohesive zone in the type-III crack problem.

The inverse problem

Having considered the problem of finding the aperture shape given a pressure it is
reasonable to now ask what is the pressure for a particular desired aperture shape.

To determine this we must invert the relationship

N|=

h = 2(1 -7 /;((z2 — 232y (a)da .

0
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Differentiating with respect to x we obtain

dh v 1
— = —2(1-— 1/2)95/ ——p'(a)da .
dz do (a% —22)2

By making the usual sorts of substitutions we can transform this into the familiar

Abel Integral problem which we can invert in the usual manner to obtain

1 b dh 1
d = ——— B —— |
p( ) 7T<1—V2)/d dr (xz—dZ)% x

having used the fact that p(dy) = 0. Using this formula the required pressure for all

sorts of different aperture shapes can be determined.
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Chapter 4

Contact of an elastic plate
supported by a frame

As part of the process of manufacturing a car windscreen a sheet of semi-molten glass
is placed on a frame and allowed to settle under its own weight to the required shape.
To control the shape of the glass plate as it sags the plate is heated from above in a
controlled manner. The frame used is approximately rectangular although it is not
completely planar and the corners are rounded off. A particular problem with this
method is that as the glass sags under its own weight the corners can lift off from the
frame. In order to understand this process and hence suggest means to overcome the
problem we would first like to be able to predict the shape of the glass and the force
on the frame and hence the points at which it lifts off from the frame.

A full model would have to take into account the fact that glass is a visco-elastic

material, the heating from above, the precise shape of the frame used and possibly

supporting frame

/

plate glass

Figure 4.1: The geometry of a simplified plate glass problem.
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many other factors. However as a first approximation we shall consider the glass to
be an elastic plate (since over short time scales glass behaves like an elastic solid) and
the frame to be a planar rectangle as shown in Figure 4.1. We will also neglect the

effect of the heating.

4.1 Thin plate equations

The equations and boundary conditions that govern small deflections of laterally
loaded plates can in principle be derived from the full equations of elasticity using
asymptotic expansions; however, to do so is a lengthy and complicated procedure.
The traditional means of deriving the equations for a thin plate is to consider the
forces acting on a small element of the plate and derive the equations from there in
the same manner as the equations for a string or beam might be derived.

We assume the Young’s modulus of the plate is constant. The load acting on the
plate is assumed to be normal to its surface and the deflections are assumed to be
small in comparison with the thickness of the plate. At the boundary the edges of the
plate are assumed to be free to move in the plane of the plate and thus the reaction
forces at the edges are normal to the plate. With these assumptions we can neglect

any strain in the middle plane of the plate during bending.

dx
dy I
' Mz
| Mz + aax dx
| OMe
Z Y
Myz ! My + d
Myz+aayy dy-—F------ 1Ty o - o
M /:_ﬂ _____ ‘—‘l‘<—_—___ an
My + aa ydy' il i ;,—54 QI + %dx
B -
Qy—i— ;dey -
Ay

Figure 4.2: An element of an elastic plate.

We now consider a small element of the plate as shown in Figure 4.2, where Mz and
My are the bending moments, Mzy and Myz are the twisting moment and (% and ()

are the shearing forces (all per unit length). Denoting the small vertical displacement
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Figure 4.3: The moments and forces per unit length on the middle plane of an elastic
plate.

of the plate by w(x,y) the constitutive equations for the moments can be expressed
(see Timoshenko [92](p37-41)) as

Mz = —D(wy, + vwy,) (4.1)
My = —D(wy, + vwy,) (4.2)
M:py = - Mxy = D(l - V)U)xy (43)

where v is Poisson’s ratio and D is the flexural rigidity. The middle plane of the
element showing all the moments and forces is represented in Figure 4.3. As well as
all the forces shown in Figure 4.3 there is also the load distributed over the upper
surface of the plate. The intensity of the normal load is denoted by ¢(z, y) and thus the
load acting on the element is qdzdy. Note, since the stress component o, is neglected,
we are not able to apply the load on the upper or lower surface of the plate. Thus
every transverse load considered in the thin-plate theory is merely a discontinuity! in
the magnitude of the shearing forces, which vary parabolically through the thickness
of the plate.

Thus balancing all the forces along the edges vertically we see

0Qx oQy

—dzdy + ——dzxdy + qdxdy = 0
ox oy
which implies
0Q:  0Qy
— + — = 0. 4.4
oc Ty T4 (4.4)

1Solving a three-dimensional problem locally near a load applied over a distance of the order of
the thickness of the plate will look like a delta function on the length scale of the plate.

102



Taking moments of all the forces acting on the element with respect to the x axis, we

obtain

Mo M,
0 Ydady — Ddydx + Qudzdy = 0
ox dy

where the moment of the load and the moment due to the change in ) have been

neglected since they are small compared to the terms retained. This implies

aMxy aMy
_ = 0 4.5
e oy @ (4.5)
and a similar consideration of the moments about the y axis gives
aMy:L‘ aMz
— = 0. 4.6
oy o @ (4.6)

There are no forces in the x and y direction and no moments with respect to the z
axis and hence (4.4)—(4.6) completely define the equilibrium of the element. Substi-
tuting for @ and @ into (4.4) and using the fact that Mzy = —Mya, the equation of

equilibrium becomes

aZMa: I aZMy 282M:cy
0x? Oy? 0xdy
Finally substituting from (4.1)—(4.3) we obtain

DV*w = q .

The usual three possible types of boundary condition, assuming the edge is x =

const, are:

1. Clamped edges — the deflection along the edge is zero and the gradient is

prescribed:
w = 0
w, = 0
having taken the edge to be clamped with zero gradient.

2. Simply supported edges — the deflection along the edge is zero and the edge
can rotate freely with respect to the edge line (i.e. no bending moments Mz

along the edge):
w = 0
Mz = 0 .
Using the first condition the second may be simplified to

Wee = 0 .
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3. Free edges — no bending moments Mz and shearing forces balancing forces due

to twisting moments:

M:c - 0
aMxy
Q- =0

Note, from (4.6), & the vertical shearing force can be expressed as

OMyz  OMz 0 s
QO = - _ D=
dy + ox ox (V w)

These two conditions are known as the Kirchhoff edge conditions. The second

of these two boundary condition can also be expressed as
M, = D(1—v)wy,
where

M = —DV?w .

Since the plate is in equilibrium the total load will exactly balance the total

reaction along the edges. The reaction per unit length on an edge x = const is

Re:QE_

(4.7)

For a plate with a smooth edge it is a simple matter to integrate the load ¢ over the
plate and the reaction around the edge of the plate to verify that they are equal.
However, for cases when the edge is only piecewise smooth more care must be taken.
To illustrate this we consider the case of a right-angle corner. Figure 4.4 shows two
right-angle corners except that the first is rounded off. The first two plots then show
schematically how the twisting moment Mnt varies as we move along the edge and
round the corner, where s is a coordinate along the boundary and n and t refer to
the normal and tangential directions to the boundary. The second two plots show the
derivative of the twisting moment with respect to the position along the edge. Thus
we see that for the smoothed off corner the twisting moment varies continuously as
we go around the corner and hence no delta function occurs in its derivative. However
for the sharp corner the twisting moment has a discontinuity which leads to a delta
function in its derivative.

On one side of the sharp corner the twisting moment is given by —Mzy = My=

whilst on the other it is Mzy. Hence there is a jump discontinuity in the twisting
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Figure 4.4: Representation of how a point force occurs at the corner.

moment located at the corner. The force per unit length due to a twisting moment
is given by —%(Mnt). Since Mnt has a jump discontinuity at the corner, —%(Mm)
gives a delta function of the form —2Muyd(2)d(y). Thus when integrating the force
per unit length around the boundary we pick up the integral of this delta function
at each corner resulting in an additional point force of magnitude —2Mzy, that is an
additional upward edge reaction (since Mzy will be negative). Thus if the plate is
only simply supported from below an extra point load 2Mzy must be applied at each
corner to balance this extra edge reaction. Thus in summary the magnitude of the

reaction at a corner is

R = 2Mu . (4.8)
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4.1.1 Variational formulation

As with all elasticity problems we would expect there to be a variational problem
which is simply to minimise the energy. To show this is also the case for thin plate

problems we shall consider the strain energy

Vo= 2 [ et wn)? =20 =) (s, — )] dody

A small variation in the energy 6V caused by a small variation in w of dw must
balance the work done by the external force due to the virtual displacement. The
work done by the external forces must include not only the load ¢, but the bending
moments Mn and transverse forces (h» — Mnt, distributed along the edge of the plate.

Thus the work done by the external forces is

oV = / / q(dw)dzdy — / Ma(0w),ds + / (Qn — Mnt) (dw)ds .

It is a simple task to show that the variation of the strain energy (see [92] p90 for

some details) is

V. = D ( / Viw(dw)dxdy
+ / [(1 = v) (g cos® a + 2w,y sin acos a + wy, sin® o) + vV2w] (dw),ds
+/ [(1 = v) [(wee — wyy) sina cos @ — wyy, (cos® a — sin’ a) |
— (Wagg + Wayy) COS ¢ — (Wyyy + Wegy) sin ((5w)ds) ,

where « is the angle between the normal to the boundary and the x axis. These two
expressions for 0V must balance and thus the following three equations must hold for

permissible dw:

// (DV*'w — q) (bw)dzdy = 0
/ [D [(1 —v) (wm cos® a + 2wy, sin o cos o + wy, sin? a)
+vV2w] + M (dw),ds = 0
/ (D [(1 = v) [(wae — wyy) sinacos a — wyy (cos” o — sin® )|
— (Wagg + Wayy) COS A — (Wyyy + Wagy) sina] — (Gh — Muty)) (dw)ds = 0 .
The first of these requires that

DViw = ¢

106



which is true since this is just the field equation for the problem. It can also be checked
that for all three possible types of boundary conditions the second and third equations
will be satisfied. We should note that none of the three types of boundary conditions
are the natural boundary condition which would be V?w = 0 and (V*w),, = 0. Thus

we have shown that minimising
D 2 2
Bl [(wm + wy,)” —2(1 —v) [wmwyy — wxyﬂ dxdy

—//qwdxdy+/annds—/(Qz—Mnts)UJdS

over all permissible w is the same as solving the mixed boundary value problem. In
our particular case permissible w would be all w satisfying w > 0 on the boundary
with w € H?%. The existence and uniqueness of a solution to the problem is now
assured by the theorem presented in Appendix A.

Alternatively a constrained minimisation problem can be formulated [72](p178-

181). The problem is to minimise

g // {w%ﬂﬂ + djgy + 201,19y + 1_TV (i/ily + 1/12;,3)2 — qu} dxdy
B / andS + /wnMndS - /wsMntdS

subject to the constraints
G, = wy,+¢Y1 = 0 Gy = wy+s = 0.

The benefit of this formulation is that although we now need to find three functions
w, ¥ and 1)y they are only required to lie in H!. Thus for a finite element solution
we only need to use linear elements which simplifies the finite element part of the

solution considerably although now we have 3 functions and 2 lagrangian multipliers
to find.

4.1.2 Nondimensional thin plate model

Since the plate is bending due to gravity, the load per unit area of the plate is ¢ = —pg

where p is the density per unit area. We nondimensionalise the equations with

pgL*
D

w

r=Lx , y=Ly , w=

M = pgDI*M |, Q= pgDL*Q ,



where L is the length of the shorter two sides of the rectangle, and immediately drop
the hats. Thus the field equation is

Viw = -1 (4.9)

and on each part of the boundary one of the following pairs of types of boundary

conditions will hold:

w = 0 4.10)

w, = 0 (4.11)

w = 0 (4.12)

Wew = 0 (4.13)

Wy + VWY, = 0 (4.14)

M, —(1—=v)wy, = 0 (4.15)

We would like to investigate the problem of a laterally loaded plate with simply
supported boundary conditions along the whole boundary. Since we expect such a
problem to exhibit interesting behaviour near the corners we shall begin by considering

the problem for a single corner.

4.2 Behaviour near a corner

The general problem of a simply supported corner with angle « is shown in Figure 4.5.

w=0=w,,

Figure 4.5: The simplified problem for a single corner.
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=0
Vip = —1

N\

¢=0

Figure 4.6: The further simplified problem for a single corner.

We can deduce the solution from that of a simpler one by making the substitution

¢ = V2w yielding the new problem shown in Figure 4.6. This has the general solution

2 - 0 nr
¢ = _TZ (1 — tan arsin 20 — cos 260) + ;An sin %7’7
We must now solve the problem
Viw = ¢
w = 0 on #=0«a .
Doing so we find
et 4 et ot 4
w = _6_4 + @COSQG + @tanasm% — @60846 — @taHQasmM
nx nmt
C’na'— B,r*Ta sin — . 4.16
Z r’a sin + Z r sin — (4.16)
nodd nodd

Note only the odd numbered eigenfunctions are included so that the solution is sym-
metrical about § = «/2. From the form of this solution we see that for a < 7/4
the solution for small  is dominated by the particular solution terms (in this case
the problem is known as Type I similarity [4]) but for & > /4 the eigenfunctions
dominate (in this case the problem is known as Type II similarity). It is also clear
that for a = /4, 7/2, 3w /4 the tan «a or tan 2« terms become infinite. The solution
above however is valid for all o not equal to these critical values. We can find the
particular form of the solution when o = 7 /4 by making the substitution a = 7 /4 +e¢,
expanding for € small, then asserting that no terms of O(¢~!) may appear in the fi-

nal solution, which will force one of the coefficients C,, or D, to have a particular
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form, and then finally letting ¢ — 0 whilst keeping r fixed. Making the substitution

a = 7/4 4 € and then expanding for e small gives

R ! 4 ot
~ —— 4 — 20 + — sin 20 — —— cos 46 in 46
w 64+48 COos +48 Sin 192 COS +384e sin
16 16¢6
+Cyrt (1 = log 7’) <sin 40 — == cos 4(9) +o(r?) . (4.17)
s s

As we take the limit as ¢ — 0 we require the solution to remain bounded which forces
Cy = —1/384¢ + C~’1, where C; = O(1) as € — 0, and yields

rt ot r r r r
woo~ ~6a + @COSQ@ + 4—8511129 — 19—200840 + %logfrsinélﬁ + EGCOSZLG
+Cirtsin 46 + o(r*) .

At this point one may be concerned with the behaviour of (4.17) when r = O (67%‘)
since the above is a nonuniform limit. However, as remarked above the solution (4.16)
is valid for all € # 0 with the restriction that for o = 7/4 + € the coefficient C should
be O(1/¢€) to balance the growing tan 2« term and thus force the solution to remain
O(1). Similar restrictions are required near the other critical angles v = 7/2, 37 /4.
We will consider the asymptotic problem near to a critical angle in more detail in
Section 4.2.1.

Defining
4 4 4
w; = 61 + 2—800820 — &00846
4 !
wy = 4—8tanasin26 — @tan%zsinélﬁ ,
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splitting the solution up into regions and neglecting terms of o(r?) we have

( T
wy + wWo for O<a<1
. A ot ot T
Cyr Sin49+w1+@sin29+ﬂlogrsin4ﬁ+%900840 for a= 1
= . 7o T T
Cire sin — 4wy + wo for —<a<—
« 4 2
5 . < 4 rd : rd T
Cir*sin 20 + Byr®sin 20 + w; — —— log 7 sin 20 — —— cos 26 for o= —
127 127 2
w o~ = 0 ﬁ 0 T 3m
Cresin s + Byr?Ta sin ™ + wy + wo for —<a<—
« « 2 4
40 40 - 4
Clr% sin — + Blr% sin — 4 Csr* sin46 + w; — T sin 260 37
A 3 A 3 48 for a= 1
—i—% log rsin 460 + %«9 cos 46
x 0 x 0 ﬁ 3l 3m
Cire sin ke + Bir*ta sin ™~ + Cyrda sin il +w, +wy for —<a<mw
Qo « «Q 4
Cyrsin@ + Csr3sin 30 + Byrd sinf + w, for a=m

\

The reaction on the edge 6 = 0 is given by

R, = _(wyyy +(2 - V)w:my)
1

= 3 [Qw(; — Wegg — 3rwrg + (2 — V) (—1r*Wypg + 2rw,e — 2w9)} (4.18)

and any point force which might occur at the corner is given by

R - 2sz

1
= 3 (rweg — wp) . (4.19)

Substituting w into (4.18) and defining

R, = —E(S—V)tanoﬁ—g(l—y)tanZa
R = —%(1—V)(’/T—204)(7T—O&)?”23
R = —%(a—i—w)(éla—i-w—mr)rg_l

Ry — —323”(1 )37 — 20) (31 — a)rE
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we find the reaction along the edge is given by

( R, for 0<a<%
13 ~

—(l—y)ilogr—(3—1/)i—(1—y)—r—2401(1—y)7‘ for a=—

T 4 127 4
Res 4+ Ry for £<a<g

r r m
(3—V);10g7’+(9—4y)3—7r—1231r(3—u) for a=g

Re ~
Res 4+ Res + Req for z<a<3_7r
2 4

8C 28081 1 3 1 13 3

(1-v) 2717*%— 2717’5—2403r+1r—3—7rr10gr—%—7rr for a:%
3

Ro+Ra+Ra+Ra  for = <a<n
—6C3(1 —v) —2By(5 —v) for a=mn

Further substituting w into (4.19) we find the point force at the corner is

(0 f <I
or a< —
2
I 41 —v)C,y for a= g
2 ]_ - - s
lim Gl V);r(a W)é_(Q_E) for T <a<Tm
6—0 0% 2

L 0 for a=m

Note if C; < 0 this represents either the necessary extra point force at the corner or
the point reaction upward on the support above. For C; > 0 this is simply an extra
downward reaction. For o > 7/2 this is giving an infinite corner reaction which is
not physically possible. We therefore expect that conditions at infinity will force C
to be zero to give a solution with physical meaning.

A plot of possible resulting edge reactions in this case is shown in Figure 4.7. For
the particular values of C7, By and (5 taken the edge reaction is one-signed. However
for different values it is possible to get a positive (upward) reaction near the corner
for o € (w/4,7/2).

Considering the problem of a single corner has illustrated how an extra point
force may occur at the corner only in the case o = m/2 (and that the edge reaction

may exhibit a sign change for a € (w/4,7/2)). However since for this angle the local
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Figure 4.7: The edge reaction for different values of a.

solution is dominated by the first eigensolution the details of this force are not revealed
simply by a local analysis. To make further progress in the case of a rectangular plate
we will consider the full problem in Section 4.3. However, before doing so we will first
return to the interesting question of the asymptotics of the solution near to a critical

angle.

4.2.1 Asymptotics of the solution near a critical angle

In the section above we constructed the specific form of the solution at a critical angle
from the general solution. However, for some problems an exact solution may only
be known at some critical angle (see for example King et al. [44]). In this section we
will show how from the particular solution for the case a« = 7/4 we can construct an
asymptotic solution valid for angles close to m/4. The solution produced will be seen
to have an interesting asymptotic structure which we can explain since we have the
general solution valid for all non-critical angles.

Suppose we only know that for & = 7/4 the solution is

4 7,4 4 4 4 4

wy ~ —%JFECOSQQJr;I—SSinQQ—;ECOSZMJr22,1—7Tlogrsin40+22—7r€cos40
+Cyrtsin46 .

Then for o = /4 + €, where € < 1 we can construct an asymptotic solution of the
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—
n

form w = wy + ewy + . ... In this case the problem for w; i

Viw, = 0  for fe (o, %)
wp, = 0 on =0
T
wy +wee = 0 on HZZ
rwy, +wige = 0 on =0
T
TW1i, + Wigg + TWorg + Woggg = 0 on 6= Z
for which we find the solution is
4 4 16Cyr 16Cyr* 4
wy, = ;—4 sin 20 — 2768#8 sin 460 — er 0 cos 40 — 1 log r sin 46 + #02 sin 46

A A A , A
— ?9 cos 46 — 62 log r sin 46 — 32 (logr)°sin46 — 32 log rf cos 460

1
At this point we see that the expansion is no longer valid for r = O <67W). We
therefore rescale and solve an inner problem. We define an inner variable s by r =

¢ 11, where s = O(1). Doing so we find that the inner solution will be of the form

w = e (%Jrul(s,@))

The problems for ug and u; are

Uogges + 20Uggg + 64ug = 0 for 6 € (0, %)

T
ug = 0 on #=0, 1
T
Uogo + 4uge = 0 on 0 =0, 1
wrg00s + 20Urge + 64ur — 12ugu — ug, = —1  for O (0, 2)
up = 0 on =0
T
ur £ug = 0 on 6= 1
U199 + 4uy + ugs = 0 on =0
U190 + 4u1 + Ugs £ Uggge £ 4uge = O on 0= %

where the £ sign corresponds to the cases € > 0 and € < 0 respectively. Solving for

ug and u;, and matching to the outer solution we obtain

1 s
ug = +——sin4d (1 — ei%>

384
1 1 1 1 ~ s
u = ~5l + 15 cos 20 + 18 sin 26 — 199 cos 46 + C’lei% sin 46 +
1 s 1 s
+—ei%9 cosdf + ——se= % sin46 .
241 672
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At this point we see that this inner expansion now fails for s = O(e™!), that is

when r = O (e_e%) If we continue on and solve another inner problem we will find

_1
that that fails when r = O (e \63\>. We can deduce this behaviour from the exact
solution (4.16). This sequence of nested inner regions comes about as the asymptotic
expansion solution tries to approximate the term

’]"g g 7"4(1+47€)71

4_& 646
~ T E A

166 64¢? 1
~ 7 (1——logr> <1+—§10gr>... for 7> O(e |1\)
T

s 64 1
~ r4@i% (1 8‘ ’ lo ogr ) for r= O(e \1|)
2

where on the outermost scale the powers can be naively expanded in terms of logs

but on each inner length scale one more power is exactly represented.

As indicated earlier we will now consider the full problem of a simply supported

rectangular plate.

4.3 Consideration of the problem for a rectangular
plate

We begin by considering the problem of a simply supported rectangular plate with
sides of nondimensional length 1 and a. The method for obtaining an explicit solution

to such a problem is presented in Chapter 5 of [92] and yields the formula

2
= mn (m? + a2)
modd nodd

The reaction on the edges of the plate is given by formulae of the form (4.7) and any
point force reaction at the corners is given by (4.8). The point force reactions at the
corners for this problem are found to be non-zero and act upward. Hence if the plate
were not simply supported from above and below it would lift at the corners since
there would be a net upward force.

This solution, therefore, shows clearly that point forces at the corners of the plate
would be needed in order for it to remain in contact everywhere with the frame.

However, for the problem we initially posed the only load present is the weight of
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the plate and hence in the absence of point forces at the corners the plate will lift.
Thus the problem that must be solved has mixed boundary conditions of the simply
supported and free types.

4.3.1 The codimension-two free boundary problem

The full problem with mixed boundary conditions is shown in Figure 4.8.

free point

(FX) / (SSX) (Fx)

@ @
(Fy) (Fy)
o ®
(s5y) VM= (55y)
° = —Viw
®
(Fy) (Fy)
@ @
(Fx) (SSx) (Fx)

(SSy) : w =0 = wy,
(Fy) : wap +vwy, =0 My — (1 = v)Wyyy =0
(SSx) : w =0 = wy,
(Fx) : vwg, +wy, =0 My, — (1 = v)wyy =0
Figure 4.8: The codimension-two laterally loaded plate problem.
There are two codimension-two free boundaries on each edge. This problem is slightly
different to those we have considered so far in the sense that it occurs naturally rather
than as a limit of a codimension-one problem. Equally, however, it could be said that

it is the limit of a codimension-one obstacle problem where the obstacle thickness

tends to the line forming the frame as some small parameter tends to zero.

We shall first consider the local problem near a free point.
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4.3.1.1 Local analysis near a free point

Locally near a free point the problem we must consider is as shown in Figure 4.9.

Viw =0

Wyyy + (2 = V)Wezy = 0 = Vs + wy, w=0=wy,

w >0 Wyyy + (2 — V) Wyyy >0

Figure 4.9: The local problem near a free point.

Changing to local polar coordinates the problem becomes

Viw = 0

w = 0

rw, +wgy = 0

2wy — Wags — 3rwyg + (2 — V) (=1 Wypg + 2rwyg — 2wg) < 0
2wy — Wags — 3rwyg + (2 — V) (=1 Wypg + 2rwyg — 2wg) = 0
rw, + weg + vriw, = 0

w > 0

on

on

on

on

on

on

in r>0,6¢€(0,n)

=0
=0
0=0
0=m
0=m
0=m .

The general solutions to the biharmonic equation of the form r" f(f) are given

in equation (3.56). We require continuity of the third derivatives in order that the

reaction along the boundary remains finite and hence the lowest permissible value of

n is 3. Substituting the general solution into the boundary conditions results in the

following matrix problem for the coefficients

1 0 0 1 A,
n 0 0 n—4 B,
(v —1)nsinnr (v —1)ncosnm o C,
(v —1)ncosnm (v—1)nsinnt a3 o D,
where
a; = [n(v—1)—=2(1+v)]cosnm
as = [n(v—1)—=2(1+v)]sinnz
a3 = (vm—n+4)sinnw
ay = (vn—n+4)cosnm .
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This can only have a non-trivial solution if the determinant of the matrix is zero

which gives
sinnmwcosnm(3 —2v —1?) = 0 .
The first acceptable solution is n = 3 for which

1—
w ~ Bpr? (sin 30 + y sin 8)

— UV

and the inequalities imply B,, < 0.

Proceeding with the problem analytically seems far from simple. We shall, therefore,

divert our attention to a numerical solution.

4.3.1.2 Numerical solution

Simply discretising the problem in Figure 4.8 (taking the point of the free boundary as
fixed) would lead to a large set of implicit equations which would be time-consuming
to solve on a computer. Instead, we shall apply a dynamic relaxation scheme as
described in [78, 79]. The idea is to include in the field equation the extra terms that
would occur if the problem were time dependent but with damping. Thus the field

equations become

—VQM—i-k:wt—i—wtt = —1
M = —Vw

where t is time. The damping coefficient is then chosen in such a way as to give
near critical damping for the fundamental mode of the plate. With this damping the
oscillations of the resulting solution die away, rapidly converging to the steady state
we require. Once a steady state solution has been found for a given position of the
free points the resulting reactions on the simply supported edge are considered. If
the reaction is positive near the ends of the region the position of the free point node
is moved one further from the corner but if it is negative it is moved one nearer. The
iterative procedure then continues until the solution again converges to some required
accuracy. This procedure is continued until two successive nodes are found at which
the reaction on the free boundary changes from being both positive and negative to
purely negative. We then consider this node to be the correct position for the free

point.
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For a regular finite difference mesh indexed by ¢ in the x direction and j in the y

direction, and with time indexed by n, the finite difference approximation used is

wZ 7j7n

.. 1
Z,],?’L+§

imn+1
wi?j?”
wi?jﬂq‘
Wi jn
wi?j?”

wZ 7j7n

M jn

M;jn

M; jn

M;jn

wm
’lUZ‘J'
wi,j
wi,j
Wi, j,n

Wi, jn

1 .
m [(1 — 0.5k;At)wi7j7n_1

+ % (Mi—f—l,j,n—% - 2Mi,j,n—% + Mi—l,j,n—%)

+ AA—;Q <Mz',j+1,n—§ - 2Mi,j,n—% + Mi,j—l,n—% - At]
_ﬁ <wi+1,j,n+% - 2wi,j,n+% + wifl,j,nJr%)

- Aiyg (wi,j—f—l,n-l-% - 2wi,j,n+% + wi,j—l,n—',—%)
wi7j7n_% + Atwmm
0

2

2Wig1jn — Wit jn — Vi—zz (Wit1,j—1,n — 2Wit1jn + Wit1j41.n)
Qwifl,j,n — Wi—2,4n — Vi—:;z (wifl,jfl,n - 2wz>1,j,n + wz‘—l,jﬂ,n)
2wi,j+1,n — Wi j+2,n — Vi—zz (wi—l,j-i-l,n - 2wi,j+1,n + wi—f—l,j—i—l,n)
2W; 10 — Wij—2n — Vi—zz (Wis1j—1m — 2W; j—1.0 + Wit1,j—1,n)

Mitojmn+ (1= v) (Wij-10 — 2Wijn + Wijt1,n — Wit2j-1n
+2Wit2jn — Wit2,j+1,n)

Mi72,j,n + (1 - V) (wi,jfl,n - 2wi,j,n + Wi jt1n — Wi—2,j-1n
+2Wi—g jn — Wim2 jt1,n)

M;jion+ (1 —v) (Wis1jn — 2W; jn + Wit1 jn — Wizt j1on
+2W; jyon — Wit1 j+2,n)

Mi,j72,n + (1 - V) (wifl,j,n - 2wz’,j,n + Wit1,jn — Wi-1,j-2.n
+2W; j—om — Wit1 j—2.n)

2Wit1,jn — Wit2 jm

2Wi 1 jn — Wi—2jn

2W; j110 — Wijyon

2W; j_1m — Wij—2.n

Wit2jn — Wit j+2.n T Wijton

Wi—24n — Wi—2jt2n + Wijton

119

(4.27)

(4.28)

(4.29)



Wijn = Wi-2jn — Wi-2j-2n + Wij-2n (4.38)
Wijn = Wiy2jn — Wit2j-2n T Wij-2n (4.39)

An outline of how these difference equations are applied is shown in Figure 4.10.
When the displacements and moments have been calculated for all points on the
plate then the forces acting on the edges of the plate (marked by the solid line) are
calculated by applying

1

Reactioni,l = —Ay [Mi,Q,n — Mi,l,n + (1 — V) (wifl,l,n — 211)2‘,17” + Wi+1,1,n
—Wi—12n + 2Wi2n — Wit12n)]
. 1
Reaction;; = —— [Majn — Myjn + (1 =) (W1 j-1,0 — 20145 + W11

—Wa 1 + 2Wapn — wz,j+1,n)]

along the bottom and left hand edges. Finally any point forces occurring at the

corners are calculated by applying

2
R = (]_ — V) (w272 — W12 — W2 + wl,l)

AzxAy

The numerical procedure is easily adjusted to consider the simpler problems of
clamped and simply supported boundary conditions. This allows us to compare and
contrast the three different sets of boundary conditions as well as validate the common
core of the code by comparing the numerical results for simply supported boundary
conditions with the series solution previously mentioned. The program has been used
to consider three different sizes of plate with the three different types of boundary
conditions. The value of v has been taken to be 0.25 in accordance with the typical
value for glass quoted in [92] p97. The plate sizes used are 1 x 1, 1 x 2 and 1 x 4
all with a mesh size of 0.025. Over the next several pages plots of the displacements
and reactions for each case will be shown. To make the plots of displacements clearer
further plots of particular cross sections through the plate are shown. For ease of
reference in defining these cross-sections etc. we will label points on the plate as
shown in Figure 4.11.

From these plots we see that in general the maximum displacement in the clamped
case is always much less than in the other two. Comparing the results for the simply
supported and free corners cases the increase in maximum displacement from the first
to the second can be seen to be only slight. In the simply supported cases extra point

forces are required at the corners, as well as the lateral load, to balance the reactions
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(A) Set initial values to zero l @ using (4.36)
(B) Update displacements : @) using (4.37)
L . 5) At update w
1) At @ evaluate w using (4.20) ‘ @ using (4.38)
then update w using (4.22) i @ using (4.39)
2) At © update w using (4.23) i
O & @ using (4.24)3
o @ using (4.25)
3) At dat i
) @ ¢« ® ° wew using (4.26)
® &« @ using (4.27)
® using (4.32)
sing (4.33 1
4) At ® update w Ub%ng (4.33) !
@ using (4.34) |
@ using (4.35) |

(C) Update moments
1) At @ & O update M using (4.21)

2) At @ update M using (4.40)

@ using (4.28)

i 4.29

3) At ® update w us%ng (4.29)
@ using (4.30)

® using (4.31)

(D) Repeat steps (B) and (C) until
required accuracy attained

Figure 4.10: The application of (4.20)—(4.40).
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Figure 4.11: The points of reference and keys for Figures 4.12-4.14.

shown and thus keep the plate in contact along the entire edge. For the free corners
cases it can be seen that the distance from the corner to the lift-off point is always
around 0.25. It should also be noted that the lift-off point is approximately the same
distance along the short side and long side, that is the lift-off length would appear to
be determined mainly by the length of the shorter side. However, it would be wrong
to say that the lift-off points are determined by a local problem near the corner since
they are situated a reasonable distance along the side, that is we could not consider
the free points to be a distance ¢ < 1 away from the corners and then apply an
asymptotic approach. In [79] it is implied that point forces will occur at the lift-off
points. This is clearly false since point forces only occur where the twisting moment
Mt is discontinuous, as was seen from the explanation in Section 4.1, whereas in this

case it is continuous all along the edge including at the lift-off points and corners.

The numerical technique applied above was taken from a paper [79] written in 1969.
The technique has the benefit that it is easy to formulate and apply. However several
years earlier (1965) saw the birth of variational formulations from which numerical
solutions could be produced. The benefit of using the variational formulation of
Section 4.1.1 as a starting point for a numerical solution is that a free boundary can
be determined as part of the solution by using a projected SOR method rather than
by trial and error as is the case above. The trial and error case above is only possible
because the free boundary is only a collection of points, which are constrained to lie
on the edge of the plate, and hence the number of different places they can lie is
limited. The drawback of the variational formulation is that the actual application of
the technique is more technically difficult to apply requiring the use of finite elements
lying in H2. Such elements are needed to ensure enough continuity between elements.

One major benefit of a finite element approach would be that the grid need not be
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regular and can be refined near the lift-off points to produce more accurate estimates

of its position.
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Chapter 5

Stokes flow problems

In this chapter we shall discuss three problems that occur in Stokes flow. The first
two problems of sintering due to injection and sintering under the action of surface
tension are closely related. The problem of most interest is that of sintering under
the action of surface tension which we will consider in Section 5.2. The analysis for
the sintering problem, as we shall see later, is made more difficult by the need to

use the inner problem near the free point x = d(t) since it is the inner region which

mass source
of strength £

y = h(z,t)
L = —h(z,t)
() z = ed(t)
mass source Tl
of strength £ Codimension-two region

Full problem

Figure 5.1: The geometry of the two-point Stokes flow injection problem.
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drives the flow and the information in the problem flows mainly out of this region
into the codimension-two region; however, as discussed in Chapter 1, as is the case
in any of these problems certain assumptions are made which can only be verified
by using information flowing in the other direction. Since the problem of sintering
due to surface tension is complicated we shall instead build up to it by considering
the problem of two point injection in the absence of surface tension. Because the
driving mechanism for this flow is in the outer region, where a simple solution is
easily obtained, it is much easier to solve the codimension-two problem and see what
is happening. The geometry of the injection problem is shown in Figure 5.1. The
sintering problem has the same geometry as the injection problem shown except that
the sources are removed and it is the surface tension forces combined with the high
curvature near the contact points x = £d(t) that drive the flow.

The third problem models the closure of a long thin channel of water running
between a glacier and the till bed below the glacier. We will first assume the till bed
is rigid and impermeable such that we only have the single problem to solve in the ice.
We will then consider the coupled problem when both the ice and till are modelled

by slow flow.

The sintering process due to surface tension

Stokes flow with constant surface tension is one model used to represent certain types
of industrial sintering processes. Sintering in general occurs when powders of ionic
crystals, metals, or glass are placed under high pressure or raised to high enough tem-
peratures that the mobility of the material is high enough that the particles coalesce.
Such processes occur in nature, for example, the formation of rock strata from sand
sediments under the influence of high pressure exerted by later decomposition. One
of the earliest applications of this process in industry was for brick manufacture.

The many different phenomena that result in sintering cannot all be described by
a single model. Things that may influence the model used include the type of material
concerned, volume diffusion, evaporation followed by condensation and volume flow
(viscous, plastic etc.) driven by surface tension. It is the last of these cases with
which we will concern ourselves.

A modern application of viscous sintering is the production of high quality glass
using what is known as a ‘sol-gel’ technique. This technique involves growing from a
suspension a gel consisting of a maze of interconnected glassy strands. The gel is then

heated and the surface tension forces cause it to collapse into a dense homogeneous
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material. The final product should be free of voids making it a high quality glass that
can be used in the production of glass fibres for the telecommunications industry.

Producing a solvable model for such a complicated structure is not a realistic
goal. Instead much work has been done, particularly numerically (see for example
[42, 49, 55, 96, 97, 98]), on so-called ‘unit problems’ such as the sintering of two
cylinders or spheres. In particular we note that the three-dimensional numerical
solution of Van de Vorst [97] relies upon initial conditions produced from a two-
dimensional analytic solution. The justification for using initial conditions from a
two-dimensional solution to start the three-dimensional computations is that, for
small times, the neck curvature in the rz-plane will be dominant (O(ry?), where
o is the radius of the contact circle) compared to the curvature in the f-direction
(O(ry")), and thus the two-dimensional solution will be a good approximation when
the contact region is small. The relative magnitudes of the curvatures can only be
seen clearly once we solve the problem. We will find that the high curvature of the
neck is situated in the innermost region which is on a length scale of O(rg) and hence
the curvature is of O(ry?).

It is not expected that the study of such problems will enable us to carry out
a direct analysis of more complicated macroscopic systems, rather that constitutive
laws can be extracted from them which can then be used to create a phenomenological
theory for macroscopic systems.

The unit problem we wish to consider is the same as that in Figure 5.1 except
that the sources are not present and instead it is the surface tension effects at the
free boundary that drive the flow. A codimension-two analysis will be valid for small
times after the initial contact. As remarked by Jagota and Dawson [42] “the initial
stage of sintering is perhaps the least understood, mainly because of the geometrical
complexities involved”. They remark further that it is during these initial stages that
many important phenomena occur. This problem has been previously considered
by Morgan [58] in a codimension-two framework. Morgan also presents some of the
details of the exact solution [32] for comparison. In the case of a flow with surface
tension but without injection the flow is driven by the surface tension effects and
high curvature near the point where the two cylinders meet. This is the innermost
region and so a systematic solution procedure must involve matching the innermost
region to the codimension-two solution to eliminate any unknown functions. The
innermost region is essentially a travelling wave solution and has been considered by
Hopper [34]. The solution procedure is somewhat complex and thus solving in the

opposite direction to the flow of information may appear to be desirable. This is
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what Morgan has attempted to do. In Appendix C we review the solution to the two
cusp problem as posed by Morgan as a means of producing a matching condition.
We will show how the codimension-two problem can be systematically solved by
following the flow of information and matching to the inner Hopper [34] region rather
than by trying to infer a match to an outer region as was done by Morgan. Having
derived the codimension-two solution by matching to the solution of the inner problem
we will then show how we can obtain all the necessary matching information by
considering only the far field problem to the full inner problem. The solution to the
far field problem is considerably easier to obtain than the Hopper solution and as

such represents a major simplification of the whole solution procedure.

As mentioned above, however, we will begin by solving the injection problem since

the analysis is easier than that for the surface tension model.

5.1 Point sources in Stokes flow

An exact solution for this problem can be derived using the method outlined in
(38, 75]. The codimension-two problem will only be valid for small times when the
order of the length of the contact width is also small. Thus as in the case of other
small time problems with small contact sets, we denote the order of the length of the
contact set by € < 1. The geometry of the problem is shown in Figure 5.1.

The Stokes flow field equations governing a slow flow are

~Vp+Vu = 0 (5.1)
Viou = 0. (5.2)

A new variable v, the stream function, is defined by
u = (¢, =) . (5.3)

Using this representation of the velocity, (5.2) is automatically satisfied. Substituting
(5.3) into (5.1) and taking the curl of the resulting equation yields

Vi = 0 (5.4)
Pz = ¢J:xy + ¢yyy (55)
by = _wxx:c - wmyy . (56)

On a free boundary, y = h(x,t), we have the kinematic condition
Yy +hy + by = 0 on y = h(x,t) (5.7)
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and the stress conditions

(on) - n = 0 on y = h(x,t) (5.8)
(on)-t = 0 on y = h(x,t) (5.9)

where o is the stress tensor, and t and n are the tangent and normal to the free
surface, respectively. Eliminating between the two stress conditions it can be shown
that

—0y +o12hy = 0 on y = h(x,t)
O'Hhx—O'lg =0 on y:h(ﬂi,t) .

Substituting in for the components of the stress tensor, written in terms of ¢ and p,

we obtain

—p— 2y = hx(wyy — Vga) on y = h(z,t)
<_p + 2¢:ﬂy) h, = wyy — Vg on y= h<$>t) .

If we differentiate these two equations along the free boundary then we can eliminate

the terms involving the pressure using (5.5) and (5.6) to obtain

Wuwy + Vyyy = 2ha(Vawe — Vayy) — haa(Vyy — Vi)
+ hi(d’xl‘y — Yyyy) on y=h(z,1) (5.10)

(Vyy — Yax)hor = Ra(Voyy — Yaea) — 2ha26(7/1x:vy = Yyyy)
— 13 (Ppe + 3ayy)  om y=h(z,t) . (5.11)

Hence we can formulate a free boundary problem in slow flow in terms of the stream
function, 1, and the surface shape, h, only.

Since the field equation for this problem is the biharmonic equation we might
expect that a general solution procedure for slow flow exists which is closely related
to the general solution procedure demonstrated in Section 3.3.1.2. This is the case
and we shall now derive the relevant formulae.

We begin by noting

Vi) = Uy — Vg
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where ¢ is the vorticity of the flow. Now since V4 = 0, £ is harmonic. Secondly we

note

Vi = V- (V) by (5.1)
= V- (V(V-u) =V x(Vxu))
0 by (5.2)

which implies p is harmonic also. If we observe further that

S:v = Uggy — Ugy

= V% by (5.2)
and similarly

¢ = —Vu

(5.14)

then combining (5.13) and (5.14) with (5.1) we obtain the Cauchy—Riemann equations

Pz = _gy
Dy = faz

Thus ¢ and p are conjugate harmonic functions and therefore represent the real and

imaginary parts of an analytic function of z = x 4 1y.
If we define

ip(z) = g(x,y)+ig(z,y)
to be one such function such that
—4dig/(z) = E+ip

and further define

G(x,y) = —lzg(z,y)+yg(z,y)] +(x,y)
then
VG = —[2V’g+yV?G+2(g. + §y)] + VW
= _4gm+v2¢
= —AR{i¢/(2)} + VY
= £+ VW
= 0
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so GG is harmonic as well. Letting ix be the analytic function whose real part is G(z, y)
then (5.15) and (5.17) imply
v(zyy) = —=S{z¢(2) + x(2)} (5.18)
1. — —
= i [76(2) — 26() + x(2) = x(3)] - (5.19)
¢ and x have a certain degree of arbitrariness which can be seen by replacing ¢ by
¢+ az+ cand y by x — k + ¢z, where ¢,k € C and a € R. Doing so the value of
1 is only changed by the additive constant Sk (since {azZ + ¢z + ¢z} is real), which
does not affect any physical quantities. Furthermore we should also note that the
Stokes flow equations are invariant under rigid body motions. Rigid body motions
can be expressed as terms of the form iazz and i(cz + ¢z) which represent rotations
and translations, respectively. In the case of the injection problem we will take the
injection points to be fixed which fixes the rigid body motions.
The velocity potential, pressure and components of stress can all be written in

terms of ¢ and xy making this representation of the solution very useful. The velocity

potential u + iv satisfies
(u+iv) = —i(hy + 1ty)
= —20)z
= 0(2) = 20/(z) = X'(2) - (5.20)

From (5.16) we see

p = —AR{¢(2)}
and hence the components of stress are
o = 2R{2¢'(z) —2¢"(2) —X"(2)}
o3 = 2R{2¢'(2) +2¢"(z) + x"(2)}
on = 23{z¢"(2) + x"(2)}
Then
o1+ 090 = 8R{¢(2)} (5.21)
i(O’QQ — 0'11) — 20'12 == 4Z(§¢”(2) + X”(Z)) . (522)
As with the contact problem we define ®(z) = ¢'(z) and ¥(z) = x”(z). Furthermore,

like the contact problem, the codimension-two problem will be on a half space. We

thus analytically continue ® into the lower half plane by defining

U(z) = —B(2) — &(2) — 2d/(2) . (5.23)
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With these substitutions (5.21) and (5.22) become

011 + 099 = 4 <CI)(Z> + ﬁ) (524)
(022 —on1) +2i012 = 4[(Z—2)P'(z) — P(2) — B(2)] . (5.25)

Further substituting from (5.24) into (5.25) for o1, gives

09y — 1013 = 2 [(z —Z)®'(2) + P(z) — @(E)} : (5.26)

Differentiating (5.20) with respect to x gives

Uy + v, = (Z—2)0(2)+ P(2) + P(Z) . (5.27)

Taking the limit as y — 0 in (5.26) and (5.27) yields two conditions which must be
satisfied on the boundary

1
dH(x) - (z) = —5(]5 +1q) (5.28)
() + D (2) = up+iv, (5.29)
where on the boundary the tractions are 099 = —p(x) and 15 = ¢. By symmetry

G = 0 but p is to be determined as part of the solution.

The fact that V - ¢ = 0 implies there exists an Airy stress function, T, defined
in the usual way. Since the pressure is harmonic it follows from (5.21) and (5.22)
that T is a biharmonic function and thus admits a representation similar to (3.17).
Comparison of (5.21) and (5.22) with (3.24) and (3.25) shows this representation can
be taken to be

T = 2R{z6(2) + x(2)}

The flow of information in this problem is from the outer region (which is driven by
the source) into the codimension-two region and so we should begin by considering
the solution of a point source in Stokes flow but with some kind of singularity at the

origin which depends on the codimension-two region.

5.1.1 The outer problem

For a point source we know the form of the singularity in the velocity is

k
u = —e,
2rr
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where £ is the flux out of the source. To write this as a singularity in ¢ we use the

definition (5.3) which, in cylindrical polar coordinates, shows

k

1
——e = _wGer - wree 5
2rr T

from which we deduce
k
Y ~ —60+ const .
2T

Centering the source at (0, 1) gives

k 1 -
P o~ const—Q—tan_1< y) as r—0 , y—1. (5.30)
T T

Hence the outer problem is simply equations (5.4), (5.7)—(5.9) and (5.30) where the
free boundary is r* = 2% + (y — 1)® = s(¢)%. This has the solution

k 1—
Y = const — 2—‘53&1_1 ( y>

™ i

()
s = | —
T

Thus the cylinders first touch at (0,0) when the radius is 1 for which t = 7 /k.

5.1.2 The codimension-two problem

As mentioned earlier we define the contact set to be of length O(e) and therefore the
codimension-two length scalings are * = ez and y = ej. We expect the codimension-
two solution only to be valid for small times after the initial contact and so scale

t = m/k + 6t. Expanding the outer solution for + in inner variables gives

Y = const — % + ;;—;i + O(€%) (5.31)
suggesting that the appropriate scaling for 1 is ¢ = 67,@ (so o, the stress tensor, scales
with €71), and that it would be most convenient to take the constant to be k/4. This
local expansion of the outer flow represents a uniform flow in the —y direction. The
same local form of the outer flow would trivially be produced if instead of injection
the two cylinders were simply moved towards each other at a uniform speed of k/27.
As usual the scaling for h is h = 2h. Finally we note to obtain a dominant balance

of terms from (5.7) we require § = €.
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Substituting these scalings into (5.4), (5.7), (5.10) and (5.11) and expanding v as

a regular asymptotic expansion

~

Yo~ gt + .

produces the leading order model

Vi = 0 in y>0 (5.32)

hi + Yo = 0 on y=0 , |z|>d(t) (5.33)
3Voway + Voyyy = 0 on y=0 , |z|>d(t) (5.34)
Yoy —towe = 0 on y=0 , |z > d(t (5.35)

h > 0 on y=0 , |z|>d(¢) (5.36)

Yoyy = 0 on y=0 , |z|<d) (5.37)

o = 0 on y=0 , |z|<d(t) (5.38)

o2, < 0 on y=0 , |z|<d(t) (5.39)

whose solution must match with (5.31). We note that this codimension-two model is
the same as that formulated by Morgan [58] for the case of the sintering problem (i.e.
non-zero surface tension but no sources). The inequality on the contact region ex-
presses the fact that the stress g9 will be negative there and the other two boundary
conditions on the contact region express symmetry of the horizontal and vertical ve-
locities, respectively. The stress inequality is not, however, expressible independently
of the pressure. Condition (5.38) can be simplified further by integrating along the
boundary to yield

vy = 0 on y=0 , |z| <d(t) . (5.40)

Note the constant of integration is chosen to be zero which is consistent with the
choice made in (5.31).

We begin to solve this problem by examining the local behaviour at the free point
x =d(t).
5.1.2.1 A local analysis at a free point

We shall perform the usual analysis to determine the order of the singularity at the
free point. We centre the coordinates on the free point (d(t),0) by making the change

of variable £ = x — d(t). This affects the derivatives in time replacing them with
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/0t — d(’?/ 0&. We then look locally in cylindrical polar coordinates £ = dr cos and

y = drsinf, where § < 1. Fortunately locally the inequality on the stress 099, can be

interpreted in terms of ¢ only. Since 099, < 0 on § = 7 and 033, = 0 on 6 = 0 locally

092y, = 0, that is —3vozey — Yoyyy => 0. This leads to the local leading order model
Vi = 0 for 6 € (0,m)

1 3 4 3
—WYooo — —Vore + Voo + —Vorrg
T T T r

0 on =0

1 1
—torr + ;¢0r + §¢099 =0 on =0
vy > 0 on =0
1 3 4 3
— o0 — —%ore + =00 + —torrg = 0 on 0=
r r r r

1 1
—oge + —thor = 0 on =
r r

v = 0 on #=m .

The general solution to the biharmonic equation, in cylindrical polar coordinates,
dominated by a single power of r, r", is given in (3.56). To determine which values n
may take we must apply the four boundary conditions and two inequalities above. As
was the case with the water entry problem we appeal to the trace theorem for Sobolev
spaces (see Appendix A) to assert that the solution cannot have any negative power
singularities. Further by the maxim of Van Dyke we look for the lowest possible
singularity. Taking the lowest possible singularity has been verified as correct by
further matching to a solution in an inner region about the free point in the same
manner as is possible for the water entry problem.

Applying the boundary conditions to the first non-negative mode, n = 0, we find

19 = By sin 20. However, locally hq satisfies

—d.h0£+’l7[)()§ =0 on y:O
hy = 0 at £=0

which implies hy = 0 locally. This contradicts the fact that d(t) is a free point and
so we discard this possibility.

The next non-negative modes are from the general solution when n € (0,1).
Applying the boundary conditions yields the matrix problem, for the coefficients A,,,
B,, C, and D,,

0 1 1 0 A,
n 0 0 (n—2) B, _ 0
ncosnm nsinnt (n—4)sinnt  (n—4)cosnm Chn N
cosnm  sinnm sin nmw cos N D,
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which only has a non-trivial solution provided
sin2nmt = 0 .

The first solution to this is n = 1/2 giving

. 6 30
g ~ Dr2 <3COS§+0085) near x =d(t) , y=0

where D > 0 to satisfy the inequalities. For future reference we note this can be

written as

3/\ =
: z—l—z} (5.41)

wo ~ D%{Z \/g

where z =d + §2.

5.1.2.2 Solution of the codimension-two problem

The leading-order model defined by (5.32)—(5.39) can be stated in terms of the stress

and velocity components as (on dropping the subscript 0)

Vi = 0 in y>0
hi +¢, = 0 on |z|>d(t) , y=0
g9 = 0 on |z|>d(t) , y=0
o = 0 on |z|>d(t) , y=0
h > 0 for |z| > d(t)
v =0 on |z|<d(t) , y=0
o2 = 0 on |z|<d(t) , y=0
g2 < 0 on |z|<d(t) , y=0.

The earlier analysis reduces this to the problem of satisfying equations (5.28) and
(5.29). This is yet again a statement of the classic Riemann problem as discussed in
Appendix B, and is almost identical to the problem in Section 3.3.1.2 except for an
extra factor of 1/2. Thus from (3.79) the solution is

L[ p(t)
) = — ——dt 5.42

since § = 0, where p is still to be determined. This solution assumes that p(t) satisfies

the condition

plx) ~ o) for Ry <1, (5.43)



where p*(z) satisfies a Holder condition. Substituting (5.42) into (5.29) and taking

the imaginary part we find

0 - /d o) g

_dt—x

Using the results of Section B.4 a solution to this which is unbounded at the ends

(the only bounded solution is zero) is seen to be

A
plx) = m
where A is a real constant. Substituting for p back into (5.42) and integrating we
can find ®. Further substituting ® into (5.23) we can obtain V. Lastly integrating &
once and ¥ twice we obtain ¢ and y and hence the stream function defined by (5.18)

is
Y = —%{?(z—i—?)sinl (§>+§(d2—z2)%}

If we expand this locally near the free point z = d(t) by making the change of variables

2z = d + 0z then we obtain the leading order expansion

o~ ol

which does not match with the behaviour required by (5.41) which forces A to be
zero which in turn means the stream function we have found is identically zero.

One method of generating other solutions to the problem is to assume that the
free term, that is the right-hand side of (5.28), has a different property at the end
points x = =+d to that we have so far assumed. The previous solution was naively
produced by assuming p had the same properties as it had for the contact problem of
Chapter 3, namely (5.43). We could instead consider various other possibilities where
p has singularities at the end points of the form

g(t)
(t+d)”

for different values of v. When 3y > 1 the solution procedure is adapted as described
in Section B.5. Various different possibilities were tried until the solution with the
correct local behaviour near x = d was found for the case 1 < Ry < 2. In this case

we integrate the Riemann problem twice to obtain the new problem

-2 —2 ]_
>t () -0 (2) = —§ﬁ<—2>(x) for |z <d (5.44)
%{@+(_2)(x)—|—<b_(_2)(x)} = Az for |z <d (5.45)
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where A is a constant (or function of t). The notation =2 (z) means the function f(x)
integrated twice with respect to x. The term Ax arises because we have integrated
twice but excluded the possibility of a constant term as well because we require
symmetry about z = 0. Note having integrated twice p(—2 (x) is no longer unbounded
at the end points. The solution to (5.44) is

L[5

L R el APy

dt . (5.46)

Substituting this into (5.45) we can invert the resulting equation by applying the
result of Section B.4. The problem to invert is of the same form as that which was

inverted in the contact problem of Section 3.3.1.3 and has solution

P) = A )

where A is a constant. Substituting this back into (5.46) and integrating gives
®(-2)(2). Differentiating this twice and substituting into (5.23) produces ¥. Inte-

grating ¥ twice and differentiating ®(~2)(2) once we obtain

B(z? — 2d?)
z — e ——
x(2) (@ — 22)%
B
o) = ————
(@~ =)}
from which (5.18) implies
2%+ 2z — 2d?
—  _ R< _
v = —BS { ) } : (5.47)

where B is a constant. Expanding locally near x = d the solution does indeed have
the required behaviour (5.41). Further expanding (5.47) for large z gives to leading

order

v ~ —BS{—-i(z+2)}
~ 2Bx

which matches with the required far field behaviour (5.31) with B = k/47 meaning

the solution to the codimension-two problem is

k 24 27— 242
v = ——S iiﬁ?ﬁ— : (5.48)
4 (d2 — 2’2)5
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5.1.2.3 Determination of the free surface
Substituting (5.48) into (5.33) we obtain
2k T

h, = [
t m (1‘2 —dQ)%

Integrating this and applying the initial condition i = z%/2 produces

1 2%z (! 1
h(z,t) = —2°— x/ Tdr .
201 Jo (a2 —d(r)?):

5.1.2.4 The law of motion of the free point

The inner region near x = d(t) is of size O(e?) compared to the codimension-two
length scale. The free point lies in the inner region and thus to leading order we have

the further matching condition h(d) = 0 which implies

) f
w " /o<d<t>2—d<f>2>%d

This equation is of the same form as that for the water entry problem when the body
shape is f(z) = mx?/4k. Thus from (2.25) the solution is

Substituting this back into the equation for A we find

%
h(z,t) = g (xz - 87]%)

Figure 5.2 shows plots of this free surface shape at increasing times for k = 1/8.

As with the water entry problem we again note that although we can formally
reverse the direction of time in all the results as a means of producing a solution to the
suction problem it is an ill-posed process for the same reasons as given in Section 2.3.3.
That is the solution relies upon the fact that d(t) is an increasing function in order to
apply the matching condition h(d(t)) = 0. For the suction problem d(t) is a decreasing
function and as shown diagrammatically in Section 2.3.3 we can no longer apply the
final condition A(d(t)) = 0.

For completeness we note that we could have continued on to solve an inner

problem in which the free boundary would be a parabola.
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0.3 — t=0

. t=02r
A t=0.3m
0.1t t=04nr
T —  t=057m

Figure 5.2: The free surface shape for the injection problem.

5.2 Stokes flow with non-zero surface tension

We now turn our attention to the problem of sintering due to surface tension which,
as we mentioned at the beginning of the chapter, was really the problem we were

most interested in.

5.2.1 The full problem

The equations for the full problem are almost the same as those of the injection
problem. The main difference is the inclusion of a surface tension/curvature term in
the free boundary stress conditions to drive the flow instead of a singularity at the

centre of each disc. Thus the field equation is the same as (5.4), namely
Vi = 0 .
The free boundary stress conditions (5.8) and (5.9) become

(on)-n = —k

(on)-t = 0
where k is the curvature of the free boundary. Note the equations have been non-
dimensionalised to remove the explicit appearance of the magnitude of the surface

tension. As before we can eliminate between these two conditions and differentiate

along the boundary to obtain equations similar to (5.10) and (5.11)

3¢my + wyyy = th(wxm - wxyy) - hxm(%ﬂ/ - ¢m) + h?c (wmy - wyyy) (5'49)
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- Shimhgc
+ 3 5 on y= h(:l:,t)
(1+h2)z (14 h2)2

(wyy - ¢xx)hx$ = hﬂﬁ (%yy - ¢xa:a:) - 2hi(¢xmy - ¢yyy) - hi (%m + 3¢xyy> (550)
hsah? 3h2_h?

TT' T

_ + on y=h(z,t) .
(L+12)8  (L+h2) y = hiz,1)

Along the contact region we again have conditions of symmetry

wyyzo
v = 0.

The final boundary condition is the kinematic condition

ht+¢x+hx'¢)y =0 on y:h(‘raﬂ :

5.2.2 The codimension-two problem

Unlike the case of injection we do not solve an outer problem from which we can
determine the appropriate scalings for the codimension-two variables. This is because
it is the inner region that is driving the flow and hence information flows out of the
inner region into the codimension-two region. Thus the precise scalings and necessary
matching conditions will come from the inner region problem to be considered next.

As with the previous problem the codimension-two solution will only be valid for
small times over which the order of the length of the contact set will be ¢ < 1. Thus
we scale x and y to be O(e). The free boundary initially has the local form y = az?
and thus we scale the free boundary shape i to be O(€?). Since we do not know the
size of the stream function 1 in the codimension-two region we shall try a scaling of
the order €3~P, where p is to be determined. The kinematic condition then requires

that we scale time to be O(e?). Summarising, the scaling will be

wzegfp@ﬁ . t=é"t .

and the position of the free points in the scaled variables will be & = +d(t).
Substituting these scalings into the full problem above and expanding zﬂ as a
regular asymptotic expansion in powers of € we obtain, on dropping the hats, the

same leading order model as for the previous injection problem, that is equations
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(5.32)—(5.37), (5.39) and (5.40). We know the appropriate solution to this which

exhibits the minimum singularity behaviour (5.41) is of the form (5.47), namely

b = B(t)%{%} . (5.51)

However, unlike in the injection case we do not yet have a matching condition from
which to determine B(t). Despite this we can still apply the kinematic boundary

condition to yield

ot [ B
h = 2/0 (x?—d(r)2)%d . (5.52)

Furthermore we require that h = 0 at © = d from which we obtain the relationship
t
B
ad(t) = 2 / 04 (5.53)
o (d(t)? —d(r)?)
between B and d. Thus if we know either B or d we can invert the integral equation

to obtain the other. To invert to find B(t) we make the usual substitutions 7 = d(t)?

and w = d(7)? to transform the integral into a convolution form. We can then apply

a Laplace transform, rearrange and invert to obtain

B(t) = %d(t)d(t). (5.54)

5.2.3 The inner region

Near to the turnover point the curvature of the free boundary will be large. The large
curvature will mean the surface tension term in the surface stress boundary conditions
can no longer be neglected. The resulting problem should consist of the full equations
with the only simplification being the shape of the free boundary. To preserve the

full problem on some local length scale about = = ed(t) we take the following scalings
r=edlt)+e% , y=¢9§ , h=¢eh
Y =€e"Pdelg+ W), =€t + el

where ¢ is to be determined. Also we require ¢ > 1 and ¢ > p so that this inner
problem is local in space and time compared to the codimension-two problem and
not just local in space and time compared to the full problem. We expect the inner
free surface shape to be a parabola since the local form of h from (5.52) is parabolic.

Fortunately the problem of Stokes Flow exterior to a parabola driven purely by

surface tension effects has been considered by Hopper [34]. The Hopper solution for
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the components of the velocity ([34] equation (4.6)) when written for a parabolic free

boundary given by
= \2R(1)F
is
b—it = i(g2+1)*%(g+z’) smhlg—%”)
T e

G o (5.55)

where
(¢ = (% — 1) ’ —1 (5.56)
Z = T+ (5.57)

and * denotes complex conjugation. We should note that because we have obtained
the problem considered by Hopper as a local in space and time model we require
R = 0. In order to match this solution to the codimension-two solution we must
expand it for large 2. To do this we first write Z as 7e?, substitute Z into the
equation for ¢, then substitute ¢ into (5.55) and then finally expand asymptotically
for large 7. Doing this we find

- 1. . 87
U—in ~ . |:Sln29—Z<C082(9—1—210g (E))]
1 0 50 . 6 50 R 87
+ - [— (50035 —0057) -1 (sm§ —sm;)] 2—f10g (E) + ... (5.58)

5.2.4 Matching difficulties

In order to match (5.58) to the solution in the codimension-two region we must write
it in codimension-two variables. If we denote the radial distance from the free point
d(t) in the codimension-two region by r then it is related to 7 by the formula r = e4~17.
Equations (5.58) becomes

1
v —iu ~ yy {sin%—i (00820— 14+2(q—1)loge —2log (%))]

ST (00?0 ™Y i (s iV SR 1)1
S 0082 COS 5 ] SlIl2 Sin 5 o q og e

+...
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We now take the curl of our one term codimension-two solution (5.51), expand it in
terms of the inner radial distance 7 to one term and then rewrite it in terms of the

codimension-two radial distance r giving

B(t) /d(t 0 0 0 0 1
V= o~ Q Q — 5cos——cos5— —1 sin——sin5— P
2 2 2 2 2 2 N2

One final thing we should note is that the velocity in the Hopper region is measured

relative to the moving frame. Thus to match we must consider the relationship
v—iu = —ie"Pd+0—id . (5.59)

Comparing the two sides of this formula we see they cannot yet match. However it is
clear to see that the solution we have so far in the codimension-two region will match
with the second term from the Hopper solution provided we adjust our codimension-
two scalings to allow for the log term. The additional term due to the moving frame
should also match with the term loge.

Since we have not matched the leading order term from the Hopper solution
we deduce that we have an incorrect leading-order solution of the codimension-two

problem and have instead found the next order solution. However, observing

we can deduce that the leading order solution for ¢ in the codimension-two region

should for small r be of the form

—ﬁey log [(%)2 ((z =) +y?)

(5.60)

5.2.5 Reassessment of the codimension-two region

Firstly we see that the term —el_pd, due to the moving frame, must match with the
term loge from the Hopper solution. For this to happen we require p = 1 and an
additional factor of —1/loge in the codimension-two time scaling. Having adjusted
the time scaling in order to preserve the codimension two problem that we have so
far solved we must include the factor —loge in the codimension-two scaling of the
stream function. Lastly if the solution we have so far is to match to the second term
from the Hopper solution we will require eloge = €@"1/2]og e which implies ¢ = 3.
Summarising the new codimension-two scalings will be

~ € ~
r=e , y=ey , h=¢eh | t:—@t



and we shall seek a two term expansion for v of the form

Y = ehy — logey; + O(e?)

where we expect the solution for ¢y and v, to be related to (5.60) and (5.51), respec-

tively.

Substituting these new scalings into the full problem we obtain the following two

models for ¢y and v

Vi = 0 in y>0
Yoyy = 0 on y=20
3Vozay + Yoyyy = 0
Yo = 0
Vi, = 0 in y>0
hi+v1, = 0 on |z|>d
31gay + V1yyy = 0 on |x|>d
Y1y — Y1z = 0 on |z|>d
Uryy = 0 on |z|<d
1 = 0 on |z|<d

)

)

on |z|>d , y=0

on |z <d , y=0

y=20
y=20
y=20
y=20
y=20 .

The leading-order model shows that 1y does not affect the free surface shape. It

should also be noted that non-homogeneous terms and the surface tension/curvature

term only begin to feed back into the second order problem for 5 which we shall not

be concerning ourselves with. The first-order problem is the same as our previous

model and so can have the same solution. The expression (5.60) satisfies the leading

order model and should match to the required behaviour near x = d(t).

However,

the solution for ¢y needs to exhibit a similar behaviour near x = —d(t). Hence the

appropriate solutions to the leading and first order models are

_ 1 l 8 ? d2 2
vy = “aLYio8 (E) (@— ) +y)
B AW B
T @@ rdr
22 4 27 — 2d?
v = B(t)%{m}
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Taking the curl of this expression for v yields the components of velocity which we

can expand in inner variables and then rewrite in codimension-two variables to obtain

: L. : 8r 16d
viu o~ o {sm 20 — i <cos 20 — 1 —2log <E) + 2log <?))1 (5.63)

B, Jd) — (95 Q— % —1 ing—ing)—(9 L1
€08 5 — €08 i|sing —sin- \/Feoge.

2 Vo2
5.2.6 Matching revisited

With the new scalings the matching equation (5.59) becomes

v—iu = i(loge)d(t) + v —iu .

Substituting (5.58) and (5.63) in to the above relationship and matching to one term

(using the modified matching rule for logs discussed in Chapter 1) we find d must

~ 1 1 R
dit) = — 1 —
®) 7r+7rloge og( 16d>

Expanding d in the form

satisfy

1
d ~ do+—di+...
log e

Then to leading order the solution to the above equation is

3|~

Having obtained an expression for d we can now substitute it into (5.54) yielding

at
on?

Finally matching the second terms we find
R(t) = 4n°B(t)%d(t) = o*d(t)® .

Substituting B(t) and d(t) back into (5.52) we find

(S

h(z,t) = az(z®—d(t)?)

As a check on the matching we can now show that the free boundaries also match,

as they must. Figure 5.3 shows plots of h at increasing times (for a = 1).
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Figure 5.3: The free surface shape for the sintering problem.

5.2.7 Minimising the effort and maximising the results

Requiring to know the solution to the inner problem is undesirable since the inner
problem is somewhat complex (and thus we were fortunate Hopper had already done
it). For some other problems we may not even be able to solve the inner problem
exactly. Thus we would like to be able to obtain as much information as is needed
from the inner problem without actually solving it. One way to do this is to consider
the far field behaviour of the inner problem and use that to match with.

Now the single cusp problem in Appendix C is essentially what we need give or
take a few small changes to the reasoning. In Appendix C we are trying to model
the force due to surface tension at a cusp by inserting a delta function behaviour at
the origin where the reasoning for such a term comes from considering the force over
the tip in the limit as we approach the tip. In this case we wish to determine the
appropriate singularity to put in the far field problem (at the origin) to model the
force from the inner parabolic boundary. The force in the x direction due to surface

tension on a surface x = g(y) is given by

F, = / —rdy
tip
9y

NaT

In our case the equation of the tip boundary is g(y) = 1/R(t)y? and thus

tip

9 2y
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In the far field as y — oo this gives 41 for y > 0 and —1 for y < 0 where the negative
square root was correctly chosen in the y < 0 case. Thus the integral over the tip as
seen in the far field is simply a point force of magnitude 2 in the x direction, that is
it is the same as the result for the cusp problem in Appendix C. Thus our far field
problem is the same as the problem generated in Appendix C when we looked locally
near the cusp.

The cusp problem was obtained by scaling x and ) to be O(€). If this is to be a far
field problem for the inner region then €* < ¢ < e. We can deduce the inner problem
is on a length scale O(€®) by several means. One is that the asymptotic expansion for
1 from the codimension-two solution appears to break down when the codimension-
two x is O(€?). Another approach is to consider the asymptotic behaviour of the
codimension-two free boundary near x = d. Putting z = d + 6% and y = Jy, where

0 < 1, into the codimension-two kinematic condition gives
Ohy —dhs + 1y = 0 .
Thus to leading order locally

1
h o~ Ew’Q:O
2B(t)

0 2d(1)7 .

Since the codimension-two boundary is y = eh(z) the inner problem must be on a
length scale O(€?) relative to the codimension-two region so that the free boundary
is non-trivial to leading order, i.e. need both sides of O(dy) = O(eV/dz) to balance
which implies § = €2.

The cusp solution (C.8) is

1. o
Y = —Eylog(m2+y2).

However it is also possible to add to this a term of the form C(t)y giving a general

solution of the form

Lo s e
o= —ilog AN+ ?)

Since the inner problem is independent of any small parameters its far field solution
when written in inner coordinates should also be independent of any small parameters.
Hence the order of A should be such that when written in inner coordinates the far
field solution is

Vo= e lor AW 4P
s
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Evaluating the horizontal velocity component due to this flow and expanding in

codimension-two variables we obtain
u ~ —loge .
T

As previously discussed when matching in Section 5.2.4 this leading-order behaviour
from the inner region must balance the d term which occurs because the cusp solution
is in a moving frame. In this way we again deduce that the time scaling for the
problem should have been —e¢/loge and that d =1 /7. From this point all the
remaining codimension-two scalings can be deduced as in Section 5.2.4. With all this
information the complete codimension-two solution can be obtained. The unknown
A(t) does not occur explicitly in the codimension-two solution for 1y as might be

expected since 1)y takes the form

by = —ﬁylog A®) ((x —d)? +y°) + %ylog At) ((z+d)* +y?)
_ 1 1 (x —d)?* + y?
= s

Comparing this with (5.61) we see A should be related to R (which in turn is related
to d). Hence it is not surprising that we cannot deduce this without considering the
full inner problem in which R is defined. However as noted not knowing A(t) has not
affected the codimension-two solution. Being able to obtain so much of the solution

without solving the full inner problem is an important result.

5.2.8 Extension to different initial free boundary shapes

In the above analysis the initial free boundary shape was of the form y = ax?. If
we now consider the general case of y = alz|®, n € N, can we still formulate a
codimension-two problem which we can solve by matching in to an inner region of a
Hopper type? With this general initial free boundary shape we find the new scalings

for the codimension-two region become

A A

r=e , y=ey , h=€eh , t=
and we shall seek a two term expansion for v of the form

Vv = ey—e'logeyy + ...

The actual codimension-two problem remains the same.
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The scalings for the inner Hopper region take the same form as before, namely
r=edt)+e'Z , y=¢§ , h=¢ch
Y = —logedelj+elp |, t= —Ltl + €t
log €
but now ¢ = 2n — 1.
Matching the velocities as before the leading order match again determines d(t)

giving

and hence

2
From this we see that the effect on the velocity of the free point is only to multiply

it by a scalar rather than to change its dependence on t.

Having obtained d(t) we can again invert (5.52) to determine

a (qg—1\"tr1
B(t) = —
®) 2(27r) 1

where
(n—2)!
——  neven
7 — (n—1)N
- T (n—=2)!! dd
-1 "°
(! is defined as k!! = k(k —2)(k —4)...2 for k even and k!l = k(k —2)(k —4)...1 for k
odd).
We then complete the matching for the second terms to obtain
16
R(t) = ——B(t)%d(t) .
0 = Bt
As an example, when n = 3 the formulae become
2t
ity = —
0 = =
16crt? 4o
B) = —5- = Sd(y
51202t 1602 5
R() = “ot = ged)

and the free boundary shape is

2 2t 2 1
h(z,t) = a|z]® — S (—) + —C;|I|t (m%2® — 4¢%)?
T T m

Figure 5.4 shows plots of h at increasing times (for a = 1).
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Figure 5.4: The free surface shape for the sintering problem with initial shape |z|?.

5.3 Ice Closure

We shall consider the problem of the closure of a thin channel lying at an ice-till

interface as shown in Figure 5.5.

ice

till T =—d T =d

Figure 5.5: The geometry of the ice closure problem.

Water flows through the channel at a pressure different to the ice overburden pressure
and far field till pressure. The difference between the pressure at infinity and the
pressure in the channel is positive and thus the channel will close as the ice deforms.
The wet till may also creep changing the shape of the channel floor. A model of
this problem has been solved by Ng [63] using a complex variable method. In this
section we will consider the same model but present a much more concise solution by

exploiting the fact that the domain of the model is a half-space or two half-spaces.
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5.3.1 Rigid impermeable bed

We begin by assuming the bed is rigid and impermeable with boundary y = 0. The
ice is assumed to have a constant density p;, to be incompressible and to satisfy the
Stokes flow equations. The body force per unit area is due to gravity and hence the

slow flow equations take the form

Vu = 0
—V(p+prgy) + pVu = 0

in the ice, where iy is the ice viscosity. For convenience the channel is assumed to
be symmetrical about x = 0. Inside the channel the water exerts a pressure on the
ice but no significant shear stress. For convenience we will consider the simplest case
when this pressure is a constant. Where the ice is in contact with the till bed we
will assume a no slip condition. A more complicated sliding law boundary condition
could be considered. We nondimensionalise z and y with L the typical length scale of
the channel width, the velocities with a typical velocity scale U and the pressure with
w;U/L. Such a nondimensionalisation gives rise to the parameter S; = prgL*/u;U
which is known as the Stokes number. The pressure from the channel will be denoted
by p., the pressure at infinity by p,, and the difference by N = p,, — p.. Since the
channel is much wider than it is high we have the typical codimension-two geometry

which on linearising gives the problem shown in Figure 5.6.
P~ Poo

V-u=0
—V(p+ Swy)+Vu=0

o | o .

099 = —P¢ u=v=>0

0'1220

Figure 5.6: The codimension-two ice closure problem.

By defining p* = p+ S,y we can absorb the body force term into a modified pressure.
The analysis at the beginning of the chapter then holds for formulating the problem

in terms of complex potentials. The equations then become

utiv = 6(z) —2¢/(z) - ¥'(2)
o+ = 4 (q)(z) + W) — Syi(z —2)
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(029 — o11) — 2012 = 4 [(z ~ ) P(2) + B(2) — 5(2)}
from which we obtain

Uy +iv, = (Z—2)0'(2) + ®(2) + @(2)

09 — o1y = 2 [(z — )W) + B(2) — @(z)} 4 Sz —%) .

On the boundary y = 0 for x € (—d, d) we have 099 = —p. and 012 = 0 and for
x ¢ (—d,d) uw=v = 0. Hence the Riemann problem is

ot (z) — 0 (z) = —% for |z <d

+ d-
¢t (z) +Pd () = 0 for |z|>d .

Since the channel width is fixed for the no slip case we expect the solution to be

unbounded at the end points. The solution which is unbounded at the end points is

d (-2 _ g2\
o — _élpc/ (=), P

(2 =)l

and has index 1. On y = 0 for x € (—d, d) this gives

) Nz
Uy + 10, = ——————
4(x? — d?)2
which implies
u = 0
N
v o= —E(dQ—xQ)% :
On y =0 for x ¢ (—d, d) this gives
o Nz|
O92 — 1012 = Pc—m
which implies
012 = 0
_ Nz|
022 = Pc— m
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D~ P

V-u=0
=V(p+Sy) +Vu=0

1
® ® x
022 = —Pc [012] = [022] =0

0'12=0

V-u:O

Figure 5.7: The codimension-two ice and till closure problem.

5.3.2 Inclusion of sediment creep

We will now consider the problem when the till bed is no longer rigid but also under-
goes a slow flow. We will only consider the case when the till depth is large compared
to the channel width and hence can be considered as infinite. On linearising the
codimension-two problem is as shown in Figure 5.7.

If we denote the unknown velocities on y = 0, x ¢ (—d,d) by u;, and v, then we
can formulate two Riemann problems, one for the solution in the ice and one in the

till. For the ice the Riemann problem is

Ot (z) — d7(z) = —% for |z| <d
OF(z) + @, (z) = w +ivy for |z| >d
which has solution
1 d 2 _ d2 %
¢ = — T pc./ < ) dr + =2
(22 —d?)2 |4mi J_q T—=z 4

Similarly solving the problem for the till we find

1 d 2 2\ =
Op = - p‘?/ oD gy P2
(Z% — d?)2 4 T—Z 4

([ ) e ]
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Asserting that the stress components 15 and g9y are continuousony = 0, = ¢ (—d, d)

gives the condition

([ )l =0 vegan

T—X

For this to hold we require u,’ = v,/ = 0.
We can now evaluate the velocity and stress components on the relevant part of

the boundary as before. We obtain

ur = ur = 0 for x € (—d,d)
N
o = =l - 2?)2 for z € (—d, d)
N 1
vr = L@ -2 fora e (—d,d)
2pr

and

o = 0 for x ¢ (—d,d)
for x ¢ (—d,d) .

022 = Pc—
We note both the closure velocities and normal stresses in these two problems are of
the same form as the type-I crack problem of Section 3.4. In essence the ice closure

problems are Stokes flow analogies of type-I crack problems in solid mechanics.

In this chapter by following the flow of information we were able to solve not only
the injection problem, in which the main flow of information was from a simple outer
problem into the codimension-two region, but also a more difficult problem when the
main flow of information was out of an inner region near the codimension-two free
point and into the codimension-two region. We further showed how the necessary
information from the inner problem could be obtain by considering only the far field
of the inner problem which drastically simplified the solution procedure. We were
also able to apply the Muskhelishvili solution procedure to an ice flow problem.

In the next chapter we shall pursue the idea of following the flow of information
further. We will consider a problem with a sequence of codimension-two regions in
which the main information flow is from one outer problem into a codimension-two
region and on into the next outer problem. We will then consider a problem in which
the field equations in the thin region are non-trivial and see how this affects the

solution procedure.
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Chapter 6

Hele—Shaw problems

In this chapter we shall discuss several problems that can be modelled as Hele—-
Shaw flows. We will begin by reviewing the problem of two point injection. The
codimension-two solution models the initial behaviour after two discs of fluid which
are being injected (or brought together at a constant velocity) in a Hele-Shaw cell
first touch. We will show that this problem is really nothing more than the water
entry problem.

The second problem we will discuss is the three discs problem. In this problem a
half space of fluid, moving at a constant velocity, meets a series of touching stationary
discs of fluid lying in a straight line along the direction of motion of the half space.
The codimension-two solution models the initial stages after the half space impacts
with the first disc. This problem shows clearly how we follow the flow of information
through a sequence of codimension-two problems. An exact solution to this type of
problem is given by Richardson [76]. It was after initial discussions with Richardson
about this problem that Cummings [14] outlined how the solution in the initial stages
could be easily derived from a codimension-two formulation. We will go on to show
how the codimension-two solution can be generalised to the case of n discs.

The third problem we will consider is the Muskat problem. The Muskat problem
is a model for a two-fluid porous medium flow. The problem is equivalent to a
two fluid Hele-Shaw problem. This is a notoriously difficult free boundary problem
about which almost nothing is known. We shall consider a particular type of Muskat
problem in which one of the fluids occupies a long thin region and hence we can apply
a codimension-two type analysis. This codimension-two problem will show how we
must modify the solution procedure when the solution in the thin region is non-trivial.
We shall consider two specific problems, one in which the long thin region of fluid is
being forced out by injecting the other fluid from all directions at infinity and the

second in which the geometry is similar to that of the first Hele-Shaw cell problem
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and the thin region is being forced out due to a uniform flow down from y = co and

a uniform flow up at y = —oo.

6.1 Point sources in a Hele-Shaw cell

An exact solution to this problem has been done by Richardson [74]. This problem
has been considered by Morgan [58|(p54-62) in a codimension-two framework and
the solution procedure is systematic and straightforward with the main information
flow in the problem being from an outer region into the codimension-two region. The
geometry of the problem is as shown in Figure 6.1. As with many of these problems
the small parameter € is being taken as the order of the length of the contact set
relative to a characteristic outer length scale. However, as is often the case € can also

be identified with a small time scale.

mass source
of strength £

R x = —ed(t) T = ed(t)

mass source =~

of strength £ Codimension-two region

Full problem

Figure 6.1: The geometry of the two point Hele-Shaw injection problem.

Hele—Shaw flow is governed by the field equations



where u represents the velocity averaged over the cell thickness and p represents the

pressure. We can combine these to obtain
Vp = 0.
On a free boundary y = h(x,t) the kinematic condition is
hy = —py + Pzhe (6-2)

In the absence of surface tension the stress condition to leading order gives that the

pressure is continuous, that is
p = 0 on y=h(z,t) ,

since in a Hele-Shaw cell if the thickness is O(€) then the pressure is O(¢~2) which is
larger than any of the velocity gradients.

The outer problem is that of a point source in a Hele-Shaw cell, that is
Vip = 0 in 22+ (y—1)% < s(t)?
p =0 on 2*+ (y—1)* = s(t)’
P~ gty -1 as 2ty —1) =0
s§ = ap,+ (y—1)p, on 22+ (y—1)% =s(t)? ,

where s(t) is the radius of the disc of fluid at time ¢. The solution to this is

p = ;—flog (—wz +S((‘z)2_ 1)2)

Since the contact region is of O(e) in length, the codimension-two length scalings are
xr = ex and y = €y. The free boundary scaling is h = €2h because the free boundary
will be approximately parabolic for small times after initial contact. The cylinders
first touch at ¢t = 7/k and we expect the codimension-two model to only be valid for
small times after this. We therefore scale ¢ as t = 7/k + 6t where § < 1 Expanding

the outer pressure in inner variables gives

ko
= —¢
D oY
to leading order, which implies the appropriate pressure scaling is p = ep. The

kinematic condition (6.2) implies that § = €*. Summarising the scalings we have



R m 9z
p=e€p t:EjLet.

Substituting these scalings into the model, expanding p and h as regular asymptotic

expansions and then dropping the hats results in the following leading order model,

Vip = 0 in y>0
py = 0 on y=0, |z <d(t)
p > 0 on y=0 , |z| <d(t)
py = —h on y=0, |7|>d(t)
p = 0 on y=0 , |z|>d(t)
h > 0 on y=0 , |z|>d(t)
h = 0 at x = +d(t)
h = x_2 at t=
2
p — l;—i as T +y2—>oo
h — x—Q—ﬁ as 2> +1y? — o0 ,
2 2m

in the upper half plane, where a symmetry condition has been put on the contact
region. A local analysis near a free point shows that the pressure will have at worst
a square root singularity at the free points. An inner region will exist around the
free point for which a solution can be found which must match with the codimension-
two solution. The inner problem is simply that of an Ivantsov parabola [41]. The
Ivantsov parabola solution is reviewed in Appendix D for the particular case of Hele-
Shaw flow since Ivantsov’s original paper was for the heat equation. Expanding the
inner solution out it can indeed be shown that taking the codimension-two solution
to have a square root singularity at the free point is the correct thing to do. Using

the substitutions

ky
¢ = —p—l—%
x? kt
H = —-h+———
+2 2T
§ =
n = -y

the problem can be shown to be equivalent to the codimension-two water entry model,

for the case f(x) = 2%/2, considered in Chapter 2, as formulated in Figure 2.3 except
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that the velocity of the body is now k/2m rather than 1. The water entry solution
(2.22), (2.23) and (2.25) tells us

p = aR{VAE @ wP) o oy>0

p = %%{\/d(t)Z—(eriy)?} n y<0

>
I
o
—~
8
[\
|
QU
—~
~
~—
\)
~—
NE

dt) = /22

i R
ot t=20.2
i
0.1 __ t=04

x

Figure 6.2: The free surface shape for the injection problem.

Yet again we note that although the solution of the time reversed problem can
be formally given it is ill-posed as explained in Section 2.3.3. The ill-posedness of
Hele-Shaw suction problems compared to injection problems is well known [51, 67].
As discussed by Ockendon [67] the close relationship between the water entry and the
Hele-Shaw problems means that the codimension-two Hele-Shaw problem can also
be expressed as a variational inequality from which existence and uniqueness of a
solution can be proved for the case of injection along with the well-posedness of the
problem.

If we consider the flow of information in the problem then it is clear that it is the
outer flow, that is the point source, which is driving the flow. Thus we adopted the
solution procedure of solving the outer region first followed by the codimension-two

region. We could have then solved further for the inner region which is simply an
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Ivantsov parabola [41]. The inner region solution then confirms the assumption that
the codimension-two pressure has a square root singularity near the free points.

We again stress that this methodology of solving the problem along the main flow
of information is a trivial concept but one which should be adhered to in order to
produce a systematic solution. Breaking this rule and trying to infer a matching
condition from an inappropriate region was seen to be dangerous when we considered
the previous work done on the Stokes flow sintering problem with surface tension.

At this point it is not unreasonable to ask what happens if the driving mechanism
of the sinks is replaced with a driving mechanism due to surface tension as was done
in the similar problem for Stokes flow. A discussion of such a problem is given in
Chapter 7.

The following problem is a good example of following the flow of information between
not just two or three regions but through a sequence of coupled codimension-two

problems.

6.2 The three discs problem

In this section we shall discuss the problem shown in Figure 6.3.

Codimension-two regions

Figure 6.3: The geometry of the three discs problem.

In this problem a half space of fluid is driven by a constant pressure gradient at
y = —oo and impacts with a stationary disc of fluid which is touching two further
stationary discs as shown. This problem shows clearly how the information flows from
the first outer problem through into the first codimension-two problem and then on

into the second outer problem and so on. It is because it is such a good problem
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for illustrating how we follow the flow of information in the problem that we present
it here. This problem has been solved exactly by Richardson [76]. An outline of
an asymptotic solution has also been considered in a codimension-two framework by
Cummings [14], however it is only in a rough form and has not been published in the
general literature. We will present the problem as a series of outer and codimension-
two problem where the codimension-two problems will be shown to be in the form
of two Riemann problems. By solving these outer and codimension-two problems in
order we shall show how the information is flowing through the system. As with the
previous Hele-Shaw problem inner regions will exist around the free points, in each
of the codimension-two problems, which will be of the Ivantsov parabola [41] type.
We will not need to use the solutions in these inner regions beyond the fact that they
can confirm through matching that taking a square root at the codimension-two free
points is again correct. Finally we will generalise the problem to having n discs.

To solve the problem we follow the flow of information (from left to right in
Figure 6.3). The problem exhibits three regions (shown in Figure 6.3) where the
problem may be expressed in a codimension-two formulation. For each such problem
the far field behaviour to the left and right will be needed.

6.2.1 The first outer problem

We begin by considering the first outer problem for the moving half space. The outer
problem is purely governed by the flow at y = —oo which is driven by a pressure

gradient there. The outer problem is, therefore, simply

Vip = 0 in y<s(t)
p = 0 on y=s(t)
s = py on y=s(t)
py — —1 as Yy — —o0
s =0 at t=0
to which the solution is

p =1-y
s =t
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6.2.2 The first codimension-two problem

An enlargement of the region of interest with the relevant full equation is shown

below.

07— —éed(t)

p~t—y
Figure 6.4: The full problem near the first codimension-two region.

We shall consider the problem in two halves and hence the free boundary has been
split into two pieces, one above the turnover point and one below. By doing this we
shall formulate the problem as two related problems each on a half space.

As before the measurable small parameter will be the elapsed time but we define

it in such a way that the order of the contact width is €. Thus we scale
t=6t , x=e€ , y=ce€y .

Inevitably this makes the free boundary scaling h = ¢2h and then from the kine-

matic condition we determine § = €2.

The far field condition p ~ t — y implies
that p be scaled as p = ep. Substituting these scalings into the model shown in
Figure 6.4 and expanding p as a regular asymptotic expansion we obtain the leading
order codimension-two models, on dropping the hats, shown in Figure 6.5. The be-
haviour at y = oo is because initially p = 0 in the disc and for short times thereafter
the leading order outer behaviour in the disc will be unchanged.

To solve these two half space problems we can formulate them as Riemann bound-
ary value problems in the same manner as was done for the water entry problem. On
comparison with the water entry codimension-two model we see that the problem as
defined above is missing one equation. Clearly we are missing an appropriate condi-
tion on the contact region. The required condition is that the pressure is continuous,

that is
P1 = P on |z| <di(t) , y=0. (6.3)

165



(Neng

p2 ~ 0

V2p2 =0
® ®
p2=0 —d,(t) di(t) TP =l
)
p1=0 _d.l(t) T dgt) —piy =1+ hy
Vip, =
b1~~~y

Figure 6.5: The first codimension-two problem.

However in order to formulate the problem in a similar manner to that done in
Section 2.1.1.1 we take

py = —a on |x|<di(t) , y=0

as the boundary condition we use and then apply (6.3) to determine a. Using this
condition in both the upper and lower half plane problems is possible because the
vertical velocity —p, should be continuous there.

If we substitute p = 1) — ay the lower half plane problem becomes

V3 = 0 in y<0
Y, = 0 on |z] <di(t) , y=0
Y = 0 on |z|>di(t) , y=0

v o~ (a=1)y  as y~—oo .

This only differs from the problem considered in Section 2.1.1.1 by the change in the

far field condition. From the results of Section 2.1.1.1 we can immediately see
v = (—ar{@ -2}
and hence
po= —ay+ (- oR{(d -2t}

Substituting y = —n into the upper half space problem we transform it to one in the

lower half space which is again similar to the water entry problem. Thus by analogy
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with that solution we find
Py = —ay+a&e{(d§ —22)%} . (6.4)
We can now apply condition (6.3) which shows a = 1/2.

6.2.2.1 Determination of the free surface position

To determine the free surface shape we apply the kinematic conditions shown in

Figure 6.5. For the lower and upper parts of the boundary we find

1 1 x
hie+1 = -+ -———7
" 2 2(2— @)
1 1 T
hy = s—-c——=
2 2 (1_2 — d%) 2
respectively. Integrating these and applying the appropriate initial conditions we
obtain
t 1
hy = ——+—/ E— (6.5)
20 2Jo (2% —dy(7)?)
t 1
hy = x2+———/ SE— (6.6)
20 2Jo (a2 —di(r)?)?

6.2.2.2 The law of motion of the free point

At the turnover point z = d;(t) the two free boundaries must intersect which gives

us the necessary condition
hg = h1+t at ZL‘:dl(t)
from which we can determine the law of motion of the free point. Applying this

condition produces the integral problem

¢ 1
di(t) = /0 @07 = d1<7_)2)%d7' :

We invert this in the usual way to obtain

_ 2 [* £
di'(x) = ;/0 mdf

132

2

167



which is easily further inverted to give
di(t) = V2t .

Further substituting this back into (6.5) and (6.6) we find

2

t x 1

o= 5 -5 (@ -2+
2 ot oz 1
hz — §+§+§($2—2t)2

A plot of the two free boundary shapes (note the shapes are given by hy + ¢ and ho)

at increasing times is shown in Figure 6.6.

_ t=0
=01
t=02
t=0.3
=04

X

Figure 6.6: The free surface shape for the first codimension-two problem.

6.2.3 The second outer problem

The outer problem in the first disc will be driven by the behaviour of the codimension-
two region solution. We must expand the codimension-two solution (6.4) in outer
spatial variables to determine the singular behaviour that the outer solution must
exhibit, for small time, at the point of contact. To leading order, in outer variables,
we obtain

ety
2(x? 4 y?)

Thus the second outer problem to be solved is

P as 2 +9y* —0 .

Vip = 0 in z?+ y—15<1
2 4
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1Nz 1
p:O on $2+<y__) :Zax%oay%o

2
2ty 5 9
P W as x° + Yy — 0 .
The solution to this problem is simply
et Y
= — -1 . 6.7
i 2 (w2 +y? ) (67)

To use this solution in the next codimension-two region we shift the coordinate origin

to (0,1) by setting y = ¢ + 1 which, on dropping the tilde, gives

et y+1
p ) —_— ——1
2 \z?+ (y+1)

6.2.4 The second codimension-two region

An enlargement of the full problem, near the second codimension-two region, with

the relevant full equation is shown in Figure 6.7.

Figure 6.7: The full problem near the second codimension-two region.

We shall again consider the problem in two halves and hence the free boundary
has again been split into two pieces, one above the turnover point and one below. The
discs have not been assumed to be identical hence the second disc has the local form
y = apx®. We define the contact set to be of width order ¢’ which we shall relate to
€ through the consistent small time. At y = oo, p ~ 0 for the same reason as before.

Time is an absolute of the problem and hence ¢ = €2t as before. Since the order

of the contact width is € the length scalings are



Expanding the far field condition as y — —oo to leading order in these inner variables

gives
e2e'ty
o~ - 9
Hence we scale p = €2¢/p. Finally the kinematic condition then implies ¢ = €.
Summarising the scalings are, therefore,
r=€e% |, y=¢€eq h=¢h , t=¢et , p=éY

Substituting these scalings into the model shown in Figure 6.7 and expanding p as a
regular asymptotic expansion we obtain the leading order codimension-two models,

on dropping the hats, shown in Figure 6.8.

p2 ~ 0
V2p2 =0
@ @
p2=0 —dy(t) do(t) P2y = o
Y
p1=0 _d.Q(t) T d%t) —p1y = hyy
V2,’!91 =
p1~ —%y

Figure 6.8: The second codimension-two problem.

As with the previous problem the two problems are connected by the continuity

of the pressure on the contact region giving the further condition
pro= p2  on y=0, |z7[<dat) .

The problem shown in Figure 6.8 is practically the same as that in Figure 6.5 and
has solution

P2 = _%y + %%{(dg —22)%}
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6.2.4.1 Determination of the free surface position

To determine the free surface shape we apply the kinematic conditions shown in

Figure 6.8. For the lower and upper parts of the boundary we find

21

hy = _q,-2+—+—/ kI (6.8)
8 4o (22 —dy(r)?)>
2 1 t

hy = a2x2+t———/ o —dT . (6.9)
374 @ o)

6.2.4.2 The law of motion of the free point

At the turnover point x = dy(t) these two free boundaries must intersect which gives

us the necessary condition
hg = hl at x = dg(t)

from which we can determine the law of motion of the free point. Applying this

condition produces the integral problem

2an + 1)da(t) = / T

Inverting this in the same manner as for the first problem we obtain

Gl — B2t /j( e

T ;L*Q —52)%

= 2(ag + 1)z .

Further inverting this solution for d;'(z) we find

t

== D

which on substituting into (6.8) and (6.9) gives

1
8 2 2(ay + 1)

2 (g +1)x t? :
h — 2 v e V) 2 v _
2 = m¥ At gty ST b

A plot of the surface shape at increasing times, for as = 1.5 is shown in Figure 6.9.
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Figure 6.9: The free surface shape for the second codimension-two problem.

6.2.5 The third outer problem

The outer problem in the second disc will be driven by the behaviour of the second
codimension-two region solution. We thus expand it in outer spatial variables, for
small time to obtain

Sty
16(cvg + 1)(22 4+ y?)

p

The third outer problem to solve is, therefore, of the same form as the previous one

as we would expect and hence by analogy with (6.7) we see the solution is

B Sy t? ( Y 1)
P T6(ar + 1) \aa(@® + 9?)
As before we now shift the origin to the centre of the new codimension-two region by

making the change of coordinates y = ¢ + 1/as, which, on dropping the tilde, gives

Savyt? Y+ o
p = -1

16(cx+1) | (x2+ (ym%)Q)

6.2.6 The third codimension-two region

An enlargement of the full problem, near the third codimension-two region, with the

relevant full equation is shown in Figure 6.10.
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~ 16(ca+1) \ 22+(y+1/a2)?

€543 ( y+1/ag

Y = —or?

Figure 6.10: The full problem near the third codimension-two region.

This time we define the contact set to be of width order ¢’ which we shall again
relate to € through the consistent small time. At y = oo, p ~ 0 for the same reason
as before.

Since the order of the contact width is €’ the length scalings are
r=¢% , y=€9 , h=¢%h .

Expanding the far field condition as y — —o0o to leading order in these inner variables
gives

B¢ agtfig

1 VYT Y

16(ag + 1)

Hence we scale p = €%"p. Finally the kinematic condition then implies €’ = €*.

Summarising the scalings are, therefore,

Substituting these scalings into the model shown in Figure 6.10 and expanding p as
a regular asymptotic expansion we obtain the leading order codimension-two models,
on dropping the hats, shown in Figure 6.11.

As with both the previous problems the two problems are connected by the con-

tinuity of the pressure on the contact region giving the further condition

P11 = Do on y=0 , [z]<ds(t) .
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p2 ~ 0

V2p2 =0
@ @
p2=0 —ds(t) dy(t) P2y = o
Y
p1=0 _d.3<t) ¢ d%t) —Piy = hy
V2p1
a2t3y

P1 ™~ 716t

Figure 6.11: The third codimension-two problem.

The problem shown in Figure 6.11 is practically the same as the two considered before

and has solution

243 243
asl’y t { 2 21}
_ 42—
h Bl + 1) T a1y V)
243 243
aat7y gt 2 _ =21
S §R{d . }
b2 Bl 1) | ey L)

6.2.6.1 Determination of the free surface position

To determine the free surface shape we apply the kinematic conditions shown in

Figure 6.11. For the lower and upper parts of the boundary we find

) 2t4 .TT3
hy, = — d 6.10
' T 198(ay 1 1) 32(a2+1)/ (22 ( i (6.10)
ottt
hy = 2 2 dr . 6.11
2 S Rl + 1) a2+1 / Nt (6.11)

6.2.6.2 The law of motion of the free point

At the turnover point x = ds(t) these two free boundaries must intersect which gives

us the necessary condition
hg = hl at x = dg(t)

from which we can determine the law of motion of the free point. Applying this

condition produces the integral problem

16(ary 4 1) (2 + a3)ds(t) = a%/o o )Qi—d?)(T)Q)%dT .
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Inverting this in the same manner as for the previous problems we obtain

Gy - et [ S
no3 o (22— €0)}
o 32(ae + 1) (g + ag)a?
= . _
Further inverting this solution for d5'(z) we find
2
di(t) = =
44/2(az + 1)(az + a3)
Substituting back into (6.10) and (6.11) we find
244 244 3
b = —aw® 4 ast (a2t az)z {xg B ast } .
128(0[2 + ]_) 2 32(012 + 1)(0[2 + Ozg)
adt! (g + ag)z adt! 3
h — 2 2 2 2 -
2 T ST Rt ) 2 [“’" 2+ Dt )| ©

Plots of this surface shape at increasing times, for as = 1.5 and a3 = 2 are shown in
Figure 6.12.

=0
_ t=01
t=0.2
1 £=03
_ t=04

Figure 6.12: The free surface shape for the third codimension-two problem.

6.2.7 Extension to n discs

Clearly we can repeat the process above as many times as we like. Since the procedure
is essentially iterative it is possible to derive a general set of formulae for the n’th

such problem.
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We define constants
2
CYnfldnfl

__ on—1 _ _ _ = "2
Pn = 2 s Tn =DPpn—1+Tp-1 s Qn =Dn+ 2ry ) )\n - At(rn—1+1)

OZQIO 5 061:1 , 7’120 5 )\125

Then the solution to the n’th outer problem (n > 2) can be expressed as

1

o 7T+ tra U
p = 62 "2H)\ia2 ; , 11 7 — Qp-1
i=1 n T+ (y + %71)

in appropriate coordinates. This gives the required behaviour for the codimension-two

region as y — —o00 as
n
p ~ —etn2 H At™y .
i=1
The scalings for the codimension-two region are found to be
x=ée"r |, y=€e"y . h= e,

t=€et |, p=¢€p .

The pressure and free surface shapes in the codimension-two region are given by

P o= ﬁ)\it”" (—Z/‘i‘%{(di_ZZ) })
Py = f[wn (—ywe{(dg—z?)%})

hy = —ai_lxz — ﬁ )\iﬂ + H)‘i /t T —dr
o mtl (@? = dp(7)?)2

i=1 0

[NIE

n

t
hy = +a2a?—[[h— — /\i/ T g
i o Hl nt1 11 0 (2% —dy(7)%)2 '

Further inverting this we obtain

n 1
2 2]Li N |? 1
Tn + 1 Qp—1+ Qy

do(t) = {
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6.3 Muskat problems

A variation on the Hele-Shaw problem is the Muskat problem, named so after the
author of the original paper [60]. As remarked at the beginning of the chapter this
is a notorious free boundary problem about which very little is known. Muskat was
modelling the encroachment of water into an oil sand for the Gulf Research and
Development Corporation to try to understand better how oil could be extracted
from a porous medium by injecting water to displace it. In his original paper, Muskat
solved the one-dimensional, cylindrically symmetric and radially symmetric problems.
We shall consider two versions which can be modelled as codimension-two problems.
In order for them to fall into this category we clearly require one of the fluids to
occupy a long thin region.

Since the problem models the flow of two immiscible liquids in a porous medium

the fluid velocities in the two liquids are given by Darcy’s law
v = —kVp

where p is the pressure and the subscript ¢ is either 1 or 2 according to the region.

The fluid is incompressible and hence in each region the field equation is
Vip, = 0 in fluid i . (6.12)

To produce a codimension-two problem we shall take one of the regions to be long
and thin so that the free boundary has equation y = €eh(x,t). At the free boundary
between the two fluids the pressure and velocity are continuous and a kinematic

condition holds giving

P = Do on y = eh(x,t)
—Un = klpln = k2p2n on Z/:dl(xat)

where v, is the normal velocity of the boundary. The equations so far given are for
the general problem, that is they are equally valid for any €, not just e < 1.

We shall restrict ourselves to problems with up-down symmetry and so have the
further condition that p;, = 0 on y = 0 (note we have made this restriction for ease
of demonstration but it could be easily relaxed). Putting these conditions together
we have a problem as shown in Figure 6.13.

Looking at the flow of information in this problem, at first glance it would appear
to be similar to the other Hele-Shaw problems where a driving mechanism at infinity

is going to drive the codimension-two region which in turn drives the flow in the inner
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I V2p1 =0

—Up = klpln - k2p2n

Line of symmetry

Figure 6.13: The Muskat problem.

regions around the codimension-two free points. However, this is a two-phase problem
in which the solution in region II is non-trivial which changes things slightly. With
appropriate scalings for the codimension-two region the free boundary condition will
remain coupled to the solution of the problem in region II. Thus we cannot begin
to solve the codimension-two problem without having at least an expansion solution
in region II which we can substitute into the boundary conditions that are currently
coupling the problems. Hence we must begin by finding an approximate solution in
that region which can then be substituted into the free boundary conditions.

In region I we define y = €Y and so the field equation 6.12 becomes
€Poze +P2vy = 0 in Y < h(z,t) .
Looking for an asymptotic expansion solution of the form

p2 P21+€2p22+-~

and applying the symmetry boundary condition poy = 0 on Y = 0 we find

€2Y?

pe ~ bz, t)— Tbm(x,t) + 0(64)
2

:b@ﬂ—%%@ﬁ+mﬁ.
The normal to the free boundary is
1
n = -—- - (—€hy, 1)
(14 €2h2)z
and hence
v
(1+ €2h2)2
~ —e(hby), + O(€)

Pon = n'vPQn (pr —th;sz)
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on the free boundary. Substituting back into the free boundary conditions we obtain

to leading order
p = b(x) on y =0 2 in non-contact region
hy = ——p1y, = ko(hby), on y =0 z in non-contact region
€
From the second condition we see that the most interesting balance, which will neither
lead to a decoupling of the problems nor a return to the one phase Hele-Shaw type
problem, is when ky = e€K; where K; is an order one constant. In this case the

leading order codimension-two problem for p; in the upper half plane (for the case of

symmetric free points at x = +d(t)) takes the form shown in figure 6.14.

suitable conditions at infinity

V2p1 =0
Y
—d(t) T d(t)
@ T
Py = 0 ht = _Klply = kQ(hbx)x
p1 = b(z, 1)

Figure 6.14: The codimension-two Muskat problem.

The fact that the problem has two phases also complicates the usual local anal-
ysis at the free point that we use to determine the appropriate singularity that the
codimension-two solution should have there. A local analysis by Morgan [58] shows
that no single power singularity can satisfy the local problem. Instead what is required

is a local solution of the form
n n9
p1 ~ Arcost + Brz 0087 for neN .

Such a solution is further indicated by the solution of a two fluid Ivantsov parabola
problem as is carried out in Appendix D. This suggests that a possible inner solution
is to have the fluid in region II moving at a constant velocity and the fluid in region I
moving with the usual sort of Ivantsov parabola velocity superimposed on a uniform
flow, that is in the far field it has the form above with n = 1.

The solution can be written in the form
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where z = z +4y. Note that in this case pi, = S{P'(2)} and p;, = R{P’(2)}. Thus
if we define a function

B P'(z2) = u(x,y)+iv(z,y) in y>0
Glz) = { —P'(zZ) = —u(z,—y)+iv(z, —y) in y<0

then in the upper half plane the real and imaginary parts of G(z) are related to the
velocity components of the fluid. Applying the boundary conditions results in the

following Riemann boundary value problem

GT () + G (x) = 2ib, on |x|<d
+ -G~

G (z) () = 0 on |z|>d .

To solve the above Riemann problem we must also specify some behaviour at infinity.

6.3.1 Problem 1: Circular source at infinity

In this first problem we shall specify that

P'(z) ~ a as 2z — 00
z

which corresponds to having a circular source at some large distance from the thin
region. This condition is enough to allow us to solve the Riemann problem.

Using the results from Appendix B we find that the solution must be unbounded
at the end points and takes the form

b - 1 [t

(22 —d)z  w(22—d?)z )y Tz

Substituting into the kinematic free boundary condition we obtain

Ky Ky /d (d2—52)%bs(57t>ds ;

ht = - i 1
(d? —22)2  x(d?>—22)2 J_a s—ux

where the integral is interpreted in a principal value manner. This is an equation

relating h and b. The other equation we have relating i and b is
hy = ko(hby): -
Lastly we have the usual condition

h = 0 at r=d .
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Together these are three equations for the three unknowns h, b and d. However, as
yet we have been unable to find an analytical solution to them.

We should also note that using a Hilbert transform it is possible to produce an
integral equations purely in terms of A and d. We have
1 /oo ply(ga 07t>

T a07t = =
P1a(,0,t) r) . r—¢

dg

which when combined with the boundary conditions gives

k0 ¢y
b= o {h/dx_gdg} : (6.13)

6.3.2 Problem 2: Contact and non-contact regions inter-
changed

The second case we shall consider is when the long thin region now lies outside of
x € (—d,d). That is we shall consider a problem analogous to a two fluid Hele-Shaw
problem, where the driving mechanism is uniform flow down at y = +00 and uniform

flow up at y = —o0, as shown in Figure 6.15. Thus in the upper half plane
P'(z) ~ A as z — 0o

where A is a constant determined by the solution to a particular outer problem.

x = —ed(t)
Figure 6.15: The geometry of the second Muskat problem.
For this case the Riemann boundary value problem becomes

GT () +G (x) = 2ib, on |x|>d
+ -G

G (z) () = 0 on |z|]<d .
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The only possible solution is one which is unbounded at the end points and takes the

form

Az
(2 — @)

1 —d (.2 _ 32\ < (2 _ 2\
. 1/ (r d>2bT<r,t>dT+/ (7 = d)ibe(r1)
( d2)5 oo T—2Z d T—Z

Substituting into the kinematic free boundary condition we obtain

o
ho— KA x 1 (/ / ) s? —d?) b(s,t)ds7
(2% — d2)F d2 s—a

where again the integral term is interpreted in a principal value manner. As before

P'(z) =

we also have the equations

hi = ko(hby),
h = 0 at r=d

but again as with the previous problem no analytic solution of them has yet been

obtained. Again using a Hilbert transform and the boundary conditions an integral
equation relating A and d can be obtained

_ kO ([ N "
e = 7K, Ox {h(/_oox §d£+/d f )}

As a last remark we again note the reverse problems of suction, where the free bound-

ary is opening rather than closing, can be formally written as the time reversal of the
injection problem but is again an ill-posed process just like the water exit and other

suction problems.
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Chapter 7

Conclusions and further work

7.1 Summary

In Chapter 1 we illustrated in broad terms what defining properties a free boundary
problem was usually required to have in order that it could be studied using the
codimension-two framework. In particular we drew attention to the type of geometry
usually required and how such a geometry is exploited to formulate the codimension-
two problem. We further gave a list of some of the typical problems that have pre-
viously been considered using a codimension-two approach. From that list it is clear
to see that codimension-two problems can arise in many different real world appli-
cations. The difference between one- and two-phase problems was also highlighted
and a distinction made between those types of two phase problems which would yield
a codimension-two problem and those that would not. The key mathematical tech-
niques that would be used were outlined and the methodology discussed. In particular
we set out how the solution procedure should follow the flow of information through
the problem.

Chapter 2 began with a review of the water entry problem as a means of demon-
strating clearly the codimension-two methodology. That is, how the codimension-two
problem is first formulated from the full free boundary problem, and then solved. In
particular an emphasis was made on the careful solution procedure by means of the
formulation as a Riemann boundary value problem which can prove to be a valuable
tool for the systematic solution of a codimension-two problem. The different regions
of the problem and how the information flowed from one to the next were discussed.
It was shown that the water entry problem can be formulated in a variational form
which allows existence and uniqueness to be proved as well as giving a convenient
form for use in a numerical solution. A local stability analysis was performed which

showed clearly that the codimension-two water entry problem is stable whilst the
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time reversal problem is unstable and ill-posed. The differences and similarities to
other types of stability analyses were discussed. The techniques used for the stability
analysis should be applicable to other codimension-two problems and should show
that in general problems in which the contact region grows are stable whilst those
with decreasing contact region are unstable. Perturbations to a single free boundary
problem were also considered in the form of an initial value problem and also showed
that the time reversal problem was unstable. The difficulties associated with a water
exit problem were discussed. Possible extensions to the basic problem were briefly
considered. In particular the new extension of a non-constant body force due to a
free falling body was considered.

In Chapter 3 we reviewed some classic contact and crack problems in linear elas-
ticity. We first considered a dynamic type-III crack problem whose field equation
could be reduced to Laplace’s equation. We began by reviewing the basic problem
where the crack face was assumed to be stress free along its entire face. By means
of a conformal map the problem was mapped onto the upper half plane and then
subsequently formulated as a Riemann problem. The speed of propagation of the
crack tip was then predicted using the dynamic stress intensity factor approach. This
problem exhibited a minus one half power singularity in the stress at the crack tip
which, as discussed, is not physically acceptable. For this reason we proceeded to
investigate the effect of including a cohesive zone near the tip of the crack. This also
lead to a Riemann problem. The inclusion of the cohesive zone was seen to change
the singularity at the crack tip from a minus one half power to a plus one half power.
The inclusion of a cohesive zone on its own, however, lead to no prediction of the
crack tip velocity. The recovery of such a result was indicated to be possible with the
additional inclusion of a viscous resistance force along the entire crack face.

Secondly we considered the contact of two identical bodies. We began by reviewing
the case of a purely normal contact which is the classic Hertz problem. We showed
how this could be solved using both a superposition technique and the more elegant
Muskhelishvili potential method. Including friction we considered the effect of a
further tangential force applied after the initial normal loading. The addition of such
a load was seen to give rise to regions of slip at the edges of the contact region. These
slip regions grew inward with increasing load until they met at which point sliding
would begin. Lastly we presented a means of considering the incremental loading of
the problem.

In the next section of the chapter we saw how a simple type-I crack problem was

also solvable using the techniques and results developed for the contact problems. The
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results of the solution to the type-I crack problem were then developed, by means
of an incremental loading technique similar to that used in the contact problem, to
address the problem of the closing mechanism of an aperture used to deliver ink for
a printing process. For three examples it was shown how the particular variation of
the pressure with crack width lead to the crack zipping shut as required, being cusp
shaped near the ends. The inverse problem of finding the particular loading necessary
to close a given initial crack shape was also solved.

The contact problems and type-I crack problem all demonstrated how we can solve
codimension-two problems whose field equation is the biharmonic equation whilst
the water entry problem and type-III crack problem demonstrated the solution of
codimension-two problems whose field equation was Laplace’s equation.

In Chapter 4 we considered a different type of codimension-two problem. All
the other problems had arisen by exploiting a naturally occurring small parameter
which allowed the free boundary to be linearised onto a known boundary meaning
that the only undetermined characteristic of the domain was the positions of the
resulting free points, that is the codimension-two free boundaries. The problem of a
rectangular elastic plate simply supported at its edges was seen to naturally give rise
to a codimension-two problem without the need to exploit any naturally occurring
small parameter. The variational formulation of such a problem was discussed in view
of its use in proving the existence and uniqueness of a solution and for generating an
efficient numerical solution. The reasoning why simply supported plates can lift at
the corners was clearly analysed with the single corner problem of Section 4.2 and the
rectangular problem of Section 4.3. A numerical solution using dynamic relaxation
was formulated and used to solve the problems of a clamped plate, a simply supported
plate, and a simply supported plate free to lift at the corners for three different plate
sizes. The numerical results showed how the plate shape and edge forces differed in
each of the cases.

Chapter 5 began with a consideration of an injection problem for a Stokes flow.
Using this problem we introduced the important solution procedure analogous to
the Muskhelishvili potential method previously used in the elastic contact problems
of Chapter 3. Using this formulation gave a systematic method for obtaining the
codimension-two solution. We further noted the ill-posedness of the suction problem
and the fact that it cannot be simply viewed as the time reversal of the injection
problem.

Following on from the injection problem we considered the more complicated

problem of viscous sintering due to surface tension effects. The relevance of such a
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problem to the glass industry was discussed. Following our careful solution procedure
of following the flow of information through the problem we showed that the necessary
matching conditions for the codimension-two region came from matching to an inner
problem. The inner problem had previously been solved by Hopper and was shown
to give the desired matches allowing us to solve the problem in the codimension-two
region. Having obtained the codimension-two solution we further showed how the
necessary information from the inner region required for matching could be extracted
by considering the far field problem for the inner problem which was much easier
to solve than the full inner problem. The section was concluded by showing how
the results could be easily extended to different initial free boundary shapes in the
codimension-two region which allows us to consider other initial geometries for which
no exact solution is available.

The third problem of the chapter we considered was the closure of a long thin
channel at an ice-till interface. Using the Muskhelishvili potential method and ex-
ploiting the fact that the problem is defined on a half-space we were able to derive
the solution easily for both the case of an impermeable bed and also the case when
the till motion was also modelled as a slow flow.

In Chapter 6 we addressed several problems in Hele-Shaw flow. The chapter
began with a recap of the Hele-Shaw injection problem previously done by Morgan
which showed that it was equivalent to the water entry problem of Chapter 2. As a
consequence, the suction problem was also noted to be ill-posed.

The second problem considered was the mathematically entertaining three discs
problem. Working through the problem we showed how formulation as a Riemann
problem was again a sound methodological approach. The problem further demon-
strated the value of following the flow of information through the problem to give a
well ordered solution procedure as information flows from the outer region into the
codimension-two region and on into the next outer region and so on. The problem
was then generalised to give results for an infinite sequence of discs.

The third distinct problem of the chapter was the Muskat problem. The Muskat
problem is a two-phase problem and as such its solution shows how the methodology
is adapted in this case. Two particular examples were considered. However, in both
cases we were unable to find explicit solutions for the free surface shape and hence
unable to completely solve the problems. Again the suction problems were noted to

be ill-posed.
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7.2 General remarks

This thesis should have convinced you that there is a vast array of industrial and ap-
plied mathematics problems that can be formulated as codimension-two free boundary
problems. Formulation as a codimension-two problem enables progress to be made
with a problem in certain parameter regimes which would otherwise be difficult to
consider numerically due to the rapid motion and awkward geometries, such as cusp
regions at initial contact. Furthermore the resulting codimension-two solution can
be used to progress a problem beyond the initial singularities to a point at which a
numerical scheme can be more efficiently initiated. We have also seen how exact so-
lutions often only exist for specific initial configurations (if they exist at all) whereas
codimension-two formulations can be used for more general initial free boundary
shapes.

The stability analysis performed in Chapter 2 has finally shown that a dispersion
type relationship is attainable from a codimension-two stability analysis as it is for
more traditional stability analyses. Moreover, there is no reason why the method used
in that stability analysis could not be applied to other codimension-two problems to
show that the problems with growing contact region are in general stable whilst those
with shrinking contact region are unstable. The discussion on water exit also clearly
explained why although the codimension-two exit problem can be formally posed as
the time reversal of the entry problem it is actually an ill-posed process. Throughout
the thesis the ill-posedness of other time reversal problems relating to suction was
stressed. It is certainly a truism that for a codimension-two problem in which the
free boundary is closing the process is well posed and stable, but in the case of an
opening free boundary (when surface is being created not destroyed) the problem is
both ill-posed and unstable.

A key tool in solving many of the codimension-two problems considered was the
use of the Riemann problem formulation which should be seen as a powerful approach
which allows the problem to be considered in a very systematic fashion. The other key
methodological idea used throughout is to follow the flow of information through the
problem even if it means starting from an inner problem and working out. Proceeding
in this way will save many a sleepless night when it comes to getting the solution to
match correctly. Break this rule at your peril — the results of trying to avoid this

approach were seen to produce misleading results and generally cause problems.
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7.3 Two open problems

7.3.1 Hele-Shaw flow with non-zero surface tension

Having successfully solved the similar Stokes flow problem in Section 5.2 (for which
an exact solution exists) we wish to consider the Hele-Shaw version (for which no
exact solution has been found).

The full problem has the same configuration as the Stokes flow case. The equations

become

Vp = 0 in fluid

hi = —py+ phe on y = h(x,t)
p = _(ljﬁ on y = h(x,t)
h > 0

py = 0 on y=0 , |z|<ed

p > 0 on y=0 , |z|<ed

h =0 at |r|=ed ,

where p is the pressure and h is the free boundary shape. By analogy with the Stokes

flow problem we expect the codimension-two scalings to take the form

A ~

r=¢€¢t , y=e€e) , h=¢h , t=€t , p=po+€ ‘Mm

where O(pg) > O(e37?). The resulting codimension-two problems (on dropping the

hats) are
Vipy = 0 in y>0
poy = 0 on y=0 , |z|]<d
po = 0 on y=0 , |z|>d
and

V2p1 =0 iny >0

he = —py on y=0 , |z|>d
pp =0 on y=0 , |z|>d
h > 0

py = 0 on y=0 , |z|<d
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p > 0 on y=0 , |z|]<d
h =0 at |z|=d

L2 t t=0
= - a v .
2

po will be determined by the solution to an inner problem in which the curvature term
comes back in. The matching between the solution to the inner and codimension-two
problems should fix the codimension-two time scale (i.e. a) and the free point position

d(t). The solution for p; should be of the same form as the injection case, namely
n o= BOR{[d - (@—iy) ]ﬁ}

h = / ldT

Applying h(d) = 0 we find

(22 — d(t)?)? . (7.1)

Hence if we can solve the inner problem and perform the matching we can pin down
the time scale, d, and py and thus have a complete solution to the codimension-two
problem.

A first thought might be to try to solve the far field of the inner problem by
again putting in a point force to mimic the force due to the high curvature in the
inner region. Unfortunately this technique proves fruitless for the Hele-Shaw case.
A second thought might be to try to solve the full inner problem. As was remarked
for the injection case an inner solution is easily found for zero surface tension (see
Appendix D). However, it is not possible to extend that solution procedure to the
case of non-zero surface tension.

A source of possible progress is to try to use the results of Lacey et al. [51] who
have put forward a model for ‘crack’ propagation in a Hele-Shaw cell for non-zero
surface tension. Their model gives a parabolic free boundary shape near the crack tip
which is consistent with the above free boundary shape when expanded locally near
the free points.

At this point, therefore, there is still much work to be done on this inner problem

before the codimension-two region solution can be found.

189



7.3.2 A note on inviscid sintering

D
Y 6D
/ ’ \x
r = —ed(t) xr = ed(t)

Figure 7.1: The inviscid sintering problem.

Having considered viscous sintering it is not unreasonable to wonder what happens
in a corresponding inviscid regime. Such a problem can be simply expressed, in terms
of a velocity potential ¢ and a free boundary shape h, as

Vip = 0 in D

1 P
ot (5 +9) ————— = -1 on 0D
2 (1+ h2)2
hi + ¢zhy — ¢, = 0 on 0D

¢y = 0 on S

where the domain and boundary labels are defined in Figure 7.1 and everything has

already been nondimensionalised using the scalings

. IN? . 3
r=Lr , y=Ly , h=Lh |, t:(p_) Lt ¢:<i> Lo

o

where as usual we have immediately dropped the hats.

To obtain a codimension-two model we adopt the scalings

which results in the leading order model
Vip = 0 in y>0
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6472(1

2

G+ —— (2 +0¢2) —hee = —1  on |z >d(t) , y=0
he = ¢, on |z|>d(t) , y=0

¢y = 0 on |z|]<d(t) , y=0.

We have scaled time to some general power of € since we do not yet know on what time
scale the codimension-two problem occurs only that it will exist for small time (i.e.
a > 0). The choice of scaling for ¢ has been chosen to balance terms in the kinematic
condition to obtain an equation which will determine the free surface shape. a will
only be determined at the matching stage.

If the flow were being driven by injection at the centres of the discs or if the two
discs were colliding at high speed (rather than the driving mechanism being surface
tension) a would be determined by matching to an outer solution and would lead to a
leading order codimension-two problem which was essentially the same as the water
entry problem and would have a solution of the form ¢ = A(t)R {Vd? — 22}.

However since the flow is being driven by surface tension the information which
will determine a will come from an inner region near the moving tip and the expansion
for ¢ will be a two term expansion, along the same lines as the Stokes flow and Hele—
Shaw problems, where the first term satisfies a simpler problem than that above and
it is the second term which satisfies a problem similar to the water entry problem.

As in the Stokes flow case we might hope to be able to extract the information
we need from the inner region without actually solving the full inner problem but
by instead solving the outer limit of the inner problem. However, we suspect that
the inner problem may be fraught with danger. Unlike in the viscous case where
the inner free boundary was parabolic there is some evidence to suggest that it will
be more complicated than that in this case. In [71] the problem of incompressible,
inviscid sintering with surface tension is considered on a simplified geometry with
cylindrical symmetry, the simplified geometry being two slits closed at the ends by
half tori. The result of their numerical calculations is that capillary waves can form
on the free boundary and then lead to pinch off. At the pinch off point the whole

problem essentially begins again on a smaller scale.

7.4 Further work

The stability of other codimension-two problems is an obvious area for further work.
The next step could be to work through the stability analysis, following the method
from the water entry problem, for the Stokes flow problems of Chapter 5.
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The other clear area for further work that this thesis has highlighted is to solve
the two open problems of sintering due to surface tension in a Hele-Shaw cell or an
inviscid flow. In particular both these problems require an inner solution, or at least
a far field solution of the inner problem. Omnce such a solution has been obtained
solving the problem in the codimension-two region should be a simple extension of
the injection solutions.

We finally conclude by listing clearly several open problems/areas of further work

e Stability analysis of Stokes flow problems

Hele-Shaw cell sintering problem

Inviscid sintering problem

Three-dimensional axisymmetric versions of Stokes flow problems

Numerical solution of the skimming stone problem

Formulate and solve a codimension—three problem.
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Appendix A

Sobolev and Hilbert spaces

We begin by making some basic definitions. For a vector x € R™ we define
XY = H )’ (A1)

where x = (21,22, ...,2,)". a= (a1, as,...,a,)" is known as the multi-index and we
define the length of « to be |a] = oy + as + ... + a,,. We next define a differential
operator D by

o 0 o \'
_ t
D = (D, D, ....,D,)t = (axl’axz’“"ax)

Hence by definition (A.1)

L 0% 02 oo
D¢ = D7 = . .
jl_[l J 0xy 0xs oz,

A Sobolev space consists of functions u € £F(Q) (note u is in £P(Q) if [, [u(x)[Pdx <

o0) whose weak derivatives D®u are also elements of £P(§2). In order to give a
precise definition of a Sobolev space we must, therefore, first define a weak derivative.
Suppose u € C*(Q) and let v € C°(€2). Then from integration by parts we have the
formula

/QV(X)Dau(x)dx = (—1)“|/Qu(X)D°‘V(X)dX for o] <k , VveC((Q) .

However, often we may be considering a function u which does not possess the smooth-
ness hypothesised above yet we may require it to be differentiable in some sense, and
thus we introduce a weak derivative. Suppose u € £!(w) for each bounded open set
w, with @ C €. Suppose further there also exists a function w,, locally integrable on
() such that

/Qwa(x)v(x)dx = (—1)'0‘/Qu(x)Dav(x)dx Vveclr() (A.2)

193



then we say w,, is the weak derivative of u of order || and write w, = D“u. Clearly if
u is a smooth function then its weak derivatives are the ordinary pointwise derivative.
Another way of defining the weak derivative would be to say it is the derivative in
a distributional sense which is exactly what is being stated in (A.2). Thus with the
definitions all in place we can now define a Sobolev space. Let k be a non-negative

integer, then we define
WHP(Q) = {ue LP(Q): D€ LF(Q),|a| <k} (A.3)

where W*? is called a Sobolev space of order k in the £P framework. It is equipped

with the Sobolev norm

=

[albwesy = | D D™l

|| <k

lllese) — ( / ru<x>\pdx)%

In the case p = 2 it can also be equipped with the inner product

(W, V)wez = 3 (D%,D)

lo| <k

where

where

(f.g) = /Qf(x)-g(x)dx .

With this inner product W*? is a Hilbert space. In this case the notation H is more
common than W. In general a vector space V equipped with an inner product and

an associated norm is called a Hilbert space if, whenever {u,,}>°_; € V satisfy

lim ||u, —uy,|ly =0
n,m—00

then there exists a u € V such that

lim ||[u—uy,|ly =0,
m—00

that is the sequence converges to u € V.

We define the Fourier transform over R" to be

Fu(s) = u(s) = / u(x)e™3dx for s € R"
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and the Fourier inverse to be
Fv(x) = (ZW)”/ v(s)e *3ds for x e R" .
Two standard results for Fourier transforms are

F(D%) = (—is)*Fu(s)
(ul,ug) = (2#)_"(.7:u1,.7:u2) .
The second of these is known as Plancherel’s formula from which we can see that if

v(x) € L£2(Q) its Fourier transform Fv(s) € £*(Q) also. Using both these results

together we see

=

[ullr@ey = | D @m)"I(=is) Fu(s)|[zamn)

la|<k

which provides us with an alternative definition of the Sobolev space. Further defining

the semi-norm to be

=
no

[ulpr@ny = Z HDauH%Q(R") = Z(QW)_HH(—is)afu(s)|\%2(Rn)
|a|=k |a|=k
it is possible to extend our definition to include non-integer orders. It can be shown

for 0 < v < 1 that the semi-norm is given by the formula

P = [IDlagn, = C(7.n) / 87| Fu(s) *ds

which allows us to interpret differentiation of a fractional order. We can easily hence
define a Sobolev space of non-integer order in the £2 framework by defining the norm
to be

lullir@n = 1allpn + [l -

Now that we have defined a Sobolev space in the £? framework with a non-integer
order we are in a position to state the trace theorem. The trace theorem states [81]
that if u € H(R") then ul,, _o € H2z(R"!). Thus if we can define a coordinate
system in which the boundary of €2 is given by x,, = 0 then the solution to the mixed

boundary value problem evaluated on the boundary is in H2 (R 1),
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Now for a function u(x) defined on R such that u(z) ~ |z|™ as x — 0 and u(z)
decays rapidly at infinity its approximate Fourier transform is given by Watson’s
lemma as

2I'(m + 1)
strl

Fu(s) ~

where I is the Gamma function. From our definition above if u € H2 (R) the integrand
must decay quickly enough at infinity giving the condition 1 — 2(m + 1) < —1 which
implies m > 0. This yields the important result that a function belonging to ’H%(]R)
cannot have any negative power singularities. In particular if we combine this with
the trace theorem we can state that for a two-dimensional problem, if the solution is
assumed to be in H!(R?) then it cannot have any negative power singularities.

A second useful result based on Hilbert spaces concerns the existence and unique-
ness of a solution to a variational inequality. Suppose V' is a real Hilbert space with
an inner product and associated norm. Further suppose a(.,.) : V xV — Ris a

continuous bilinear form and there exists a constant § > 0 such that
la(u,0)] < Blullll]]  VuveV .
Then we say af.,.) is coercive if there exists an a > 0 such that
a(v,v) > allv|]* .

Next we define [ : V' — R to be a continuous linear mapping so that there exists a
such that

) < Akl YoeV .

Lastly we say W, a non-empty subset of V', is closed if any convergent sequence in
W has its limit in W.
Then if w € W such that

a(u,v —u) > l(v—u) VoeW (A.4)

where a(.,.) is a continuous coercive bilinear form, {(.) is a continuous linear mapping
and W is a closed convex non-empty subset of V' then there exists a unique solution
to (A.4). For the proof of this result see [17].

196



Appendix B

Riemann boundary value problems
and index

The index of a function will prove to be a valuable tool in the solution of a Riemann
problem. The index of a function G(t) with respect to a contour L is defined to be
the change in the argument of G on traversing L, divided by 27. That is the index is
given by

1
2mi

! arg G<t)]L =

o

k= IndG(t) = InG(t)], .

If G(t) denotes the boundary value of a function analytic in L and G () is differentiable
then it can be shown that
1 G'(t)

— dt .
2mi J;, G(t)

Also if G(t) is analytic in L, where L is now a closed curve, then its index is simply
given by the number of zeros inside L. If, however, G(t) is only analytic inside L
except for a finite number of poles then the index becomes the difference between the
number of zeros and number of poles, where each is counted according to multiplicity.
Another useful fact is that the index of the product of two functions is equal to the
sum of the indices of both functions. Lastly we note that if G(t) is defined outside a
closed contour L then its index is simply the number of poles minus the number of
ZET0S.

In the solution of the Riemann problem we shall continually call upon the concept
of analytic continuation. Suppose two domains D; and D, have a common smooth
boundary L and functions fi(z) and f(z) are defined in D; and D,, respectively.
If as z tends to L from both sides f; and f, tend to the same continuous function

then f; and f, are said to be the analytic continuations of each other. Another useful

197



result will be Liouville’s theorem which concerns functions f(z) analytic in the entire
plane except at the points ay = oo, aq,...,a, where it has poles. If we suppose that

near these poles f(z) takes the form

_ 0 0.2 0 _no
Go(z) = clz4cz+ ... +cy2 near ao
k
1 ch ck c
G = LI 2 2—}—...—1—# near ap , k=1,...,n
z — ay z—a (z—ag) (z — ag)™

then the function f(z) is a rational function and is representable in the form

) = C+G0(z)+§n:c:k( ! )

2 —a
k=1 k

In particular, if the only singularity of f(z) is a pole of order m at infinity then f(z)

is a polynomial of degree m.

B.1 The Riemann problem for a simply connected
domain

Suppose L is a simple smooth curve dividing the complex plane into an interior
domain D" and an exterior domain D~. A function v (t) satisfies a Holder condition

on a curve L if there are constants A and A such that

[(t2) —Ytr)] < Alty — 1] (B.1)

for two arbitrary points ¢; and ¢t on L where A and \ are positive numbers. A is called
the Holder constant and A the Holder index. If A were greater than one (B.1) would
imply that ¢’(¢) = 0 on L and hence ¢ would be a constant on L. Consequently
we take 0 < A\ < 1 where if A = 1 we have the familiar Lipschitz condition. The
smaller A\ is the wider the class of functions this condition allows. Further suppose
two functions of position on L, G(t) and ¢(t) satisfy the Holder condition, and G(t)
does not vanish.

We must determine the two functions ®*(z) and ®~(z) analytic in DT and D,
respectively (alternatively this can be thought of as one sectionally analytic function

®(z) ), which satisfy on L one of the following conditions:

Ot(t) = GH)P (¢) homogeneous problem (B.2)
dt(t) = G)® (t)+g(t) non-homogeneous problem. (B.3)
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The function G(t) is called the coefficient of the Riemann problem and the function
g(t) its free term.

For the particular problem of ® vanishing at infinity and satisfying
() —d(t) = Y1) on L

we have the well known Plemelj formulae (see [24] p25, sometimes called the Sokhotski

formulae) giving

1 [ ()

2 J T — 2

d(z) = dr .

This solution is clearly unique since considering the difference of two such solutions
gives a function with a zero jump on L and so it is analytic in the entire complex
plane and zero at infinity. Hence by Liouville’s theorem the solution is identically
zero. If the condition that ®~(co) = 0 is dropped then a constant is simply added to

the solution above.

B.1.1 Solution of the homogeneous problem

Denoting the number of zeros of ®*(z) and ®~(z) by N and N~ then taking the

index of (B.2) we see
NT+N- = IndG(t) = & .

The index x of the coefficient of the Riemann problem is called the index of the
problem. Clearly from above x > 0, thus for the homogeneous Riemann boundary
value problem to be solvable the index of the problem must be non-negative (having
assumed @1 (z) and @~ (z) have no poles). Also we can see that if K =0, ®*(z) and

¢~ (2) have no zeros.

Case k=0

In this case In G(¢) is a singled valued function and In ®*(z) and In ®~(z) are analytic.
Thus taking the logarithm of (B.2) yields

m®"(t) —In® (t) = InG(t) .

The problem is now of the form already solved and so if In ®~(co) = 0 the solution is

MG = mo() = — [2e0

2m Jp, T — 2

dr . (B.4)
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Hence for &~ (o0) =1
dr(z) = B d(z) = G

If the condition at infinity is not imposed the solution contains an arbitrary constant
multiplying the exponentials. Since I'"(co) = 0 this constant is simply the value
of ®7(z) at infinity. Thus in the case k = 0 if &~ (c0) # 0 the solution contains
one arbitrary constant and in the case that &~ (co) = 0 only the trivial solution

of zero exists. A corollary of this is that in the case of G(t) having zero index

G(t) = dF(t) /D (t) = ' () Jel (2,

Case Kk >0

We assume the origin of the coordinate system lies in D' and write the boundary

condition as
O (t) = t*[t"G(t)]D(¢) .

Since t* has index k, G1(t) = t7"G(t) has index zero and thus from above we can

write
I (¢)
e
@) = =
where
T(z) = 1 [In[rGE)], (B.5)

omi f, T—=z
Consequently we can write the boundary condition as

T oI ()

This implies ®*(z)/e" *) is analytic in D* and 2°®~(z)/e’ *) is analytic in D~
except for a pole of order at most k, and that they are each others analytic con-
tinuations through L. They are, therefore, branches of a unique analytic function
which can only have a pole singularity at infinity of at most order x. From Liouville’s
theorem we can hence state that this function is a polynomial of degree at most k.

The general solution is, therefore,

dH(z) = OP(z) , (1) = e BP(2)" |
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From this result we can see that if the index of the problem is x > 0 then the problem

has k 4 1 linearly independent solutions, namely
dt(z) = T e () = e @ for k=0,...,k . (B.6)

The solution is hence completely determined if x + 1 independent conditions are
imposed on ®7(z) and ®(z). From (B.6) it follows that if we have the condition
®~(z) = 0 then the coefficient of 2" in P,(z) is zero. Thus in this case the problem
only has x independent solutions.

The order of an analytic function at zy is the exponent of the lowest power in the
expansion of ®(z) as a power series in (z — zp). In the vicinity of infinity we form
the expansion in powers of 1/z. In this case the order at infinity is taken to be the
exponent of the lowest power of 1/z in the expansion. The total order of an analytic
function is defined to be the sum of its orders at all points in the domain. Thus the
total order is the difference between the number of zeros and number of poles counted
according to multiplicity. If we now admit solutions of the Riemann problem to have
poles then the total order of the solution of the homogeneous solution is equal to the
index of the problem.

The canonical function of the homogeneous Riemann problem is defined to be a
sectional analytic function satisfying (B.2) and having zero order everywhere in the
finite plane. At infinity its order is therefore k. For x > 0 the canonical function
has no poles and so is a solution of the boundary value problem called the canonical
solution. For k < 0 the canonical function has a pole at infinity and is hence not a

solution of the homogeneous Riemann problem. The canonical function is
X+(Z) — 6I‘+(,z) ’ X*(z) _ anel‘_(z)

where I' is as defined in (B.5). For x > 0 the general solution of the homogeneous

problem can therefore be expressed as ®(z) = X (z)P.(2).

B.1.2 Solution of the non-homogeneous problem

Replacing G(t) in (B.3) by the ratio of the boundary values of the homogeneous

problem gives

) e (n) | glt)
X0 X0 X0

where ¢(t)/X T (t) satisfies a Holder condition. We further define

w(z) = %/L%ch (B.7)
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and hence

g(t) N _
= U (t) -V (t
N0 () - v (1)
on the boundary. The boundary condition can therefore be expressed as
Ot (1) O (1) _
V) = s
X*(t) X=(t)

Note for k > 0 the function ®~(z)/X~(z) has at infinity a pole and for k < 0 a zero

of order k. Using similar arguments to those used for the homogeneous case we can

say
Case k>0

() iy () Lo

X+(t) - (t) - X_(t) 4 <t> - PI’»(’Z)
and hence

D(z) = X(2)[¥(z) + Pu(2)]
Case kK < 0
;};i((’?) — () = %_((?) —w(t) = 0

which implies
O(z) = X(2)V(z) .

The expression for ®~(z) can have at worst a pole of order —x — 1 at infinity
since X~ (z) has a pole of order —x there and U~ (z) has a zero of order one there.
Thus if £ < —1 the non-homogeneous problem is in general insolvable. In order for it
to possess a solution in this case certain solvability conditions must be satisfied. To

determine these conditions we expand U~ (z) as a series valid near infinity,

U~ (z) = Z ezt
k=1
where
1 k—1
Ck — 7‘9(7—)7— dr
2mi Jp X+(7)

For analyticity of ®~(z) at infinity it is necessary that the first —x — 1 coefficients
of the expansion of U~ (z) be zero. Hence we have —x — 1 necessary and sufficient
conditions for the non-homogeneous problem to possess an analytic solution when the

index is negative, namely that ¢, =0 for k=1,..., —x — 1.
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B.2 Solution of the Riemann problem with discon-
tinuous coeflicients

As was the case for the continuous problem L is taken to be a closed contour. We now
however suppose that the functions G(t) and g¢(t) satisfy a Holder condition every-
where on L except at the points tq,...,t,, where they have discontinuities. Defining
G(tx+) to be the limit of G as t approaches ¢, from above and similarly defining
G(tx—) in the same manner, then we assume neither of these limits is zero. A solu-
tion will be sought in the class of functions which are integrable on the contour L,
and hence solutions will be continuous in the Holder sense everywhere except possibly
{tx}7-,. At these points we may require the solution to be bounded, unbounded or a
combination of both.

As with the continuous case we begin by considering the simplest case of G(t) = 1,

such that the boundary condition is
DHE) = () +glt) - (B)

We suppose g(t) may have discontinuities of the first kind (that is jump discontinu-

ities) or singularities of the form

g (t)

— Uk

g(t)

where g*(t) satisfies a Holder condition. The solution is sought in the class of functions

which vanish at infinity with the property that

C
DE(t)] < — for a <1 on L .
|t — ti]®

By the Plemelj formulae the solution is

1 9(2)

2= i -2

At the points of discontinuities of the first kind of g, ® has a logarithmic singularity
and at points with singularities of the type (B.9) it has a singularity of the same type.
This solution can be shown to be unique in a similar manner to the continuous case
(see Gakhov [24]). If a solution is sought in a class of functions having at infinity a
pole of order k then a term P,(z) is added to the above solution. In order to solve

the general problem we shall convert it into a problem of the above form.
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B.2.1 Reduction to a problem with continuous coefficients

Consider the homogeneous problem where G(t) has only one point of discontinuity

t1. Setting

_ LlnG(tl_)
7T i MG

(B.10)

we define

wh(z) = (z—t) , w(z) = (z—tl)“*

Z— 20

where the complex plane has been cut from 2z, to infinity going through ¢;. The
section of the cut from zg to ¢; lies completely in D*. We next introduce functions

d*(2) satisfying
dE(2) = wH(2)®E(2) (B.11)

such that the boundary condition can be written in the form

O (t) = Gi(t)Py (1) (B.12)
where
_w ()
Gi(t) = w*(t)G(t)

Defining Q(t) = w™ (¢)/wt(t) = (t—20) "7 then G1(t) = Q(t)G(t). G1(t) is continuous
on L including the point ¢; which can be seen from
G(t1—)

Gl(tl—) . Ql(tl_)G(tl_) _ —2imy _
G1(t1+) N Qi (ti+) G(t1+) N G(t1+) N ’

having made use of (B.10) and the fact that (¢;—) and Q(t;+) lie on opposite sides
of the cut for the function (z — zp)”. We have therefore converted the discontinuous
problem into a continuous one for which we already know the solution.

The behaviour of the solution of the homogeneous problem near the point of
discontinuity ¢; depends on the behaviour of w*(z) and w™(z) which can be seen

from (B.11). The behaviour of the functions w*(z) near ¢, is given by

(z—t)" = /lMGE—t) = pe—fi(Binr+ad)

where z — t; = 7 and v = a + if8. For a # 0 the order of this expression depends

only on a. If @ > 0 it has a zero of order o and if & < 0 a pole of order —a.. For o = 0
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this quantity is bounded, but as z — ¢; it does not tend to any limit. For —1 < o < 0
the infinity at ¢; is of an integrable order. Since 7 is defined by (B.10) the behaviour
of w*(2) near t; depends upon the choice of the branch of the logarithm. This choice
is made depending on the admissible class of solutions. If the solution is bounded

near t; we require
0 < Ry <1 (B.13)
but if it is to have an integrable infinity we require
-1 < Ry < 0. (B.14)

If we denote by € the increment of a branch of G(t) in describing the contour L
then we can see immediately that 6 is the jump of the argument of G(t) at the point

of discontinuity, taken with positive sign. Hence, set

G(ti—) i0
Gty
Then from (B.10)
v LlnG@l_) = i—/@—ilnp
2 G(t1+) 27 27

where the integer x is chosen such that either (B.13) or (B.14) are satisfied. That is

0
0 < —— < 1
_27TH

0
-1 < ——=Kk < 0.

2
Thus for the class of bounded solutions
0
= | = B.15
o= |ot] (B.15)
and for the class of solutions unbounded near ¢;
0
= |— 1 B.16
o= |ar] + (.16

where [z] denotes the greatest integer not exceeding x. Now the index of the problem

defined by (B.12) is

IndGy(t) = %[al"g Gi(t)]L = % ([arg Q(t)] + [arg G(t)]L)
1 0
= %<—27r (g—/{>+0)

K is, therefore, the index of the problem and can be found from (B.15) or (B.16).
Note if /27 is an integer only (B.15) can be satisfied and so t; must be a point at

which the solution is to be bounded.
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B.2.2 Solution of the homogeneous problem

Suppose that G(t) has discontinuities at ty,...,t,. Then we split the contour L
into sections between t; and t;.;. We define arbitrarily at each point of the section
the branch of arg G(tx+) and at the end point of each section arg G(ty1+) will be
obtained from the selected branch of arg G(¢,+) by a continuous change.
As in the previous section we set
G(ty—)
G(tet)

where 6, is the jump of the argument at the point of discontinuity ¢; taken with

e’ for k=1,...,n

opposite sign. Again we set
1 G(ty—) Oy,
— ln =
2 G(te+) 27 27
where ry are given by (B.13) or (B.14), and define

Yk

n

v = [[e-wrere) . o = II(

k=1 k=1

Z—tk

)Wk¢;c@ , (B.17)

zZ— 20

the cuts for the functions (z — z)”* passing through the points ¢, of the contour.

Substituting this into the homogeneous boundary condition we obtain

—=

of(t) = Tt - ) GO (@) (B.13)

k—

—_

in which by definition the function (¢ —z) 7 has a jump in passing through the point
tg. It can be shown that the coefficient G1(t) = [[;_,(t —20) "*G(t) is continuous and

hence we have again manipulated the problem into one with a continuous coefficient.

Noting
((tk:_) - Z())’Yk — 627r7ﬁ')/k
((tt) — z0)™
then
1 1 - tet1
ndGi(t) = lagGi()]e = o) lagGi(®)]y
k=1
1 k+1 k+1
= 5> (larg(t — 20) "] + larg G5 )
k=1
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and this is known as the index of the problem. To derive the general solution of
the problem we must determine ®;(z) using the solution of the continuous problem

developed earlier.

B.2.3 Solution of the non-homogeneous problem

Introducing functions ®7(z) as defined in (B.17) the boundary condition can be

written as

KA
+
—~
~—
I
—1=
—~
~
I
N
(=]
\_/
Q
kol
Q
+
bl
’l 3
@;.
I
~
w

Or() () Dt — ) ()
XA X () X7 (1)

But this is the same as problem (B.8) and so has solution

Dy(2) B Hk 1T—tk ng(T)d L P2)

Xi(2) 2mi TIT — 2)

where P, = 0 if k < 0. Hence the solution to the current problem is

n

oH(z) = [z —t) " X{ (2)[TT(2) + Pu(2)] (B.19)

k=1
o) = T[(Z22%) @)+ ) (B.20)

k=1

where

Xi(z) = 7@ (B.21)
X7 (2) = (z2—z) " ® i . (B.22)
T(z) = zim Lln[(T—Zo) “H::_l(;—Zo) G(T) (B.23)
U = — iyl = ) 0(0) (B.24)

2mi ), X[ (7)(r—2)

As usual if we further require &~ (co0) = 0 then P, is replaced by P,_;. Further note

when x < 0 we have —k consistency conditions

—t ~ .
/Hk 1T k g( )T‘]_ldT = 0 for 7=1,...,—Kk .
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Also note that although zy appears explicitly in the solution it can be shown that any
2o may be taken in general without changing the overall solution.

If we also have discontinuities in g as well as G then we must consider the case
when they are distinct points from those of G and when they are not.

Suppose near t,...,t  g(t) takes the form

’r'm
* t ’ / ’ !
g(t) = L)/ Y=o, +16, , 0<aq, <1
(=t
and near tlll, e ,t; it has discontinuities of the first kind. Then when they are all

distinct from tq,...,%, the solution is as above except it has further singularities at
the points of discontinuity of g(¢) of a logarithmic type at ¢; and at t; of the same type
as the discontinuity. When some of these points of discontinuity coincide with some of
the t; we need to consider them further. Points of discontinuity of the first kind don’t
complicate the solution any more but when points of type t; coincide with points of

type t; more complicated singularities may occur which shall not be discussed here.

B.3 The Riemann problem for open contours

Let the contour L consist of the union of m simple, smooth, non-intersecting curves
Ly, ..., L, the ends of which are a;, and b,. As usual we must find ® analytic in the

entire plane except on L where it satisfies
OT(t) = GO () +g(t) -

We can formulate this problem as one of a closed curve with discontinuities and use
the results of the previous section. We complete L with m arbitrary lines L}, ..., L;n
so that one closed curve C is constructed. On the additional curves we require
O+t (t) = & (¢). Hence the problem of an open contour can be regarded as that of the

closed contour C such that

where
G(t) on Ly
G t - ’
1(t) { 1 on L,
g(t) on Ly
t — /
9:(0) { 0 on L,
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Now all we need do is apply the solution of the previous section. Set G(ay) = pre'*
and G (by) = p,e' %A% where Ay denotes the change of arg G(t) on Ly. 6, therefore,
denotes the jump in arg G1(t) at ay and 0y + Ay the jump at by, taken with negative

sign. Then
Gilax—) = 1, Gilap+) = pe’™
Gi(bp—) = p @20 Git) = 1
which implies
Gi(ar—) e " G1(by—) O+ k)
Pl S , — L = e'\VETak) B.25
Gl(ak—l—) Pk G1<bk—|—> pk ( )

The value of 8y at a; will be taken in the range —27 < 6, < 0 if a solution bounded
at ag is required, and in the range 0 < 6 < 27 if the solution is required to be

unbounded at ay.

Setting
Ve = %mln (ep’:k> = —20—; + ;lnpk
T = % In (p}ce’”k) - O ;Ak — ki + i In p,
where
K = {ek ;_WAIC] if solution is bounded
K = {ek ;TA]C] +1 if solution is unbounded,

then the index of the problem is

m
D> ri
k=1

As before we convert the problem into one with continuous coefficients by defining

() = ﬁ( ) (= b (2)
v - () (52) e

such that the boundary condition becomes

m

=TIt 20) 7t — 20) " Ga(8) @y (1) + [[ (¢ — ax) (¢ — bi) ear(t) (B.26)

k=1
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The solution can now be generated in the usual way. It can be shown that the choice
of additional curves L’ does not affect the solution.
We shall next consider a simple example which will have the added benefit of

providing results which will enable us to invert a Cauchy type integral.

Example

This example is the kind of problem which may occur in a codimension-two problem
and the inversion results that we yield from it will be used regularly.
Suppose we have a contour L composed of m open curves on which G(t) = —1;

then we can formulate the problem as

() = G (t) + g1(2)

where
-1 on Lk
G t — { /
1(t) 1 on L,
g(t) on Ly
g t = { /
1(t) 0 on L,

and L' is the contour consisting of those curves used to close L. We shall consider the
case of a solution unbounded at all the ends, bounded at some ends and unbounded
at others and bounded at all ends.

Beginning with the solution unbounded at all ends we have

Gilap—) = 1, Gilg+) = —1 = ¢
Gl(bk—) = -1 = eiﬂ' , G1<bk_'_) -1

from which we obtain

G1<ak_> _ e—iﬂ' Gl(bk_) _ 6i7r
Gl(ak+) ’ Gl(bk+)
Hence
— Lln —im — .
T oon e T Ty

From (B.25) we see that Ay = 0 and hence k; = [1/2] +1 = 1 and v, = —1/2.
Consequently the index



Thus from (B.26) the problem on the closed contour with a continuous coefficient is

m

ef(t) = J]¢t—=)

k=1

=

(t— 2)2G +H t—ap)2(t—bp)2gi(t) (B.27)
k=1

By definition one of the functions (¢ — zo)% changes sign at a; or b, at which points
G1(t) also changes sign. Hence we can see the discontinuity has been removed and
hence

(t—20)2(t — 20)2G1(t) = (t— z)"
k=1

Defining

Ro(z) = J](z—a)?
Ry(z) = [J(z—t)

then condition (B.27) can be written
Of(t) = (t—20)"Py(t) + R(t)gi(t) -
Also using (B.21), (B.22) and (B.23) we obtain
Xz =1 , X; = (z—2)".

Then from (B.19) and (B.20) the solution is

where

L [ R()y(r)
2m J, T — 2
As usual if we further require the solution to tend to zero at infinity then the poly-
nomial of degree m is replaced by one of degree m — 1.
If at any given ends the solution is instead required to be bounded the correspond-
ing exponents v are taken to be 1/2 and the index of the problem decreases by one

for each such point.
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The solution bounded at the points a; and unbounded at b, takes the form

 Ra(2) 1 [ Ry(7) g(7)
®(z) = Ry(z) i /L Ry(1)T— sz

and has index zero while the solution bounded at all ends is

_ R(») 9(7)
®(z) = 211 /LR<T>(T—Z)dT

and has index —m. In this case we require the consistency conditions

g(7) j—1 .
™ dr = 0 for j=1,...,m
/, R(7) !

to all be satisfied.

B.4 Inversion of a Cauchy integral

In many codimension-two problems we will often be presented with a need to invert
integral equations of the form

Lo,

T ) T—t1

= f(t) (B.28)

where the contour L will be taken to be of the most general form of a collection
of open curves. We can solve this problem by exploiting the results of the previous
example.

First we define the analytic function

From the Plemelj formulae we know

1,

o T— 2

= OF(t)+ D (1)
which when we substitute (B.28) in we obtain the boundary value problem

() = —d () —if(t) .

The solution of (B.28) can be deduced from the second of the Plemelj formulae

P(t) = 7)) -0 (1)
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The branch of the function R(z) defined in the previous section is chosen such that

on the boundary
R (t) = —R'(t) = —R(t) .

Consequently one last application of the Plemelj formulae yields

BH() = L{—ER@)f(t) ! /L MdTJerl(t)]

R(t) | 2 Cor T—t
v = - 5010 - 5 [T D p )
from which we obtain
_ 1 R(7)f(7) Prna(t)
b(t) = —WR(t)/L R TR (B.29)

Similarly it can be shown that in the case of a solution bounded at a; and un-
bounded at b, the solution is

_ Ru(t) [ Ry(7) f(7)
v = R0 /L Ra@) r =107

while the solution bounded at all ends takes the form

CORW [ f)
v = = /LR<T><T—t>dT

provided the conditions

/%ledr =0 for j=1,...,m
L

T

are all satisfied.

B.5 The Riemann problem for a non-Holder free
term

All the different problems considered so far have a solution which relies upon the free
term, g(t), satisfying a Holder condition (B.1), or possibly the modified condition
(B.9) if it is discontinuous. When g¢(t) doesn’t satisfy either (B.1) or (B.9) the method
can be easily modified provided there exists an integer m > 0 such that g(=™)(¢)
satisfies (B.9), where ¢(~™)(¢) denotes the integral of g m times. Thus if we have the

problem
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then we can integrate this condition m times to yield the new problem
PHE(E) = o (1) = g

This is now a Riemann problem for ®(~™)(z) which has a free term which satisfies

the necessary condition and hence the solution is

q)(fm)(z) - L/MdT _

271 T —Z

Finally we can differentiate this m times to give

() = ﬂ!/L&dT |

21 (1 — z)m+l

We note further that if ®(oco0) = 0 then ®~™)(00) ~ z™~1. That is it can have a pole
at infinity of order m — 1. Thus if we have an inversion problem to determine g(—™

we must take this into account by replacing P,_; with P,_14,,.
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Appendix C

The Stokes flow sintering matching
condition

As mention in Section 5.2 the inner problem for the non-zero surface tension Stokes
flow is somewhat complicated. As a consequence Morgan [58] suggested the following
method to determine instead a condition that the codimension-two solution should
match out to rather than one it should match in to.

He conjectures that the singular nature of the outer flow will be governed by some
sort of dipole at the origin due to the two cusps and that this can be solved for by
considering first the problem of a single cusp in Stokes flow at (ed(t),0), then adding
to it an image at (—ed(t),0) and finally expanding the resulting formulae for small €.
His solution to his hypothetical problem is incorrect. Below we have systematically
followed the method he suggests in a carefully considered asymptotic framework to
determine the correct solution to the problem he posed which shows that this is not a
valid method (i.e gives the wrong matching condition) for determining the matching

condition between the outer and codimension-two regions.

C.1 Solution of Stokes flow with a cusp

C.1.1 Solution following the procedure suggested by Morgan

Morgan proposes that the singularity at the cusp can be included in the model by
including a term 2id(z)d(y) in (5.1) to give

Vp = V’u+2i6(z)d(y) .

To understand this reasoning consider the force in the x direction on a surface like

that shown in Figure C.2.
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Y= h(x=t>

line of symmetry]

Y= —h($, t)

Figure C.1: The geometry of the cusp problem.
The force in the x direction is given by
F, = / —rdy
tip
9y
2
v31+g, tip

Now Morgan considers the case g(y) = ytan~y, where v is the angle between the

surface and y axis, which results in F,, = 2sin~y. Taking the limit as v — /2 closes
up the wedge into a crack, which is the local shape of the free boundary as we scale
in to the cusp, and results in a force F, = 2 and hence the delta function term used.
One could worry that considering a wedge shape which tends to a crack in the limit
is not the same as our cusp. However, putting g(y) = \/y/_a instead and taking the
limit for small y turns out to give the same result of F, = 2 at the origin.

The resulting model we now have is

Vi 4+20(x)d'(y) = 0 in <0, y>0 and x>0, y> h(z,t) (C.1)
Do — Vaay —Wyyy = 0 In <0, y>0 and >0, y> h(z,t) (C.2)
Py + Vuze +Uayy = 0 In 2<0,y>0 and >0, y> h(z,t) (C.3)
hfl’w . .
—p — 2ty + m = hy(Yyy — VYuz) on x>0, y=h(zt) (C4)
h
P+ 2+ ——=—— | hy = — Vs >0 , y=h(zt C.5
( p+ ¢y+<1+hg)g> Vyy — ¥ on x Y (z,t) (C.5)
¢xxx + 77Da:yy = 0 on z <0 , Y= 0 (06)
v, = 0 on <0 , y=0. (C.7)
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(0,0) Force

Figure C.2: The general geometry to explain the force at the cusp.

The last two boundary condition ensure that the solution is symmetrical in the y axis.
We are interested in the solution locally near the cusp and thus scale our coordinates
by defining x = €z and y = €, where € < 1. In order for all terms to balance as
in (C.1), (C.2) and (C.3), as Morgan implies they do, we scale ¢ = é) and p = p/é.
The equation of the free boundary becomes y = aéZ?, where « is a constant. With

these scalings the model becomes, on dropping the hats,

Vi +20(x)d'(y) = 0 in t<0 , y>0 and >0 , y > aex?

Pz — Yooy — Vyyy = 0 in <0, y>0 and >0 , y> aex?

Py + Vuzz + Vayy = 0 in <0, y>0 and >0 , y> aex?
—p — 20y — 20€x(Yyy — py) = —2a€(l —6a€’z® +...) on x>0 , y=aexr’

Vyy — Vaw + €p — 2eth,, = 4a’E(1—6ac’z*+...) on x>0 , y= aexr’
Vagw + Vayy = 0 on r<0 , y=0
Y, = 0 on x<0 , y=0.

Writing ¢ and p as regular power series in ¢ and formally Taylor expanding the

boundary conditions on the free surface we obtain the following leading order model:

Vi +20(2)d (y) = in y>0

0
Doz — Yozay — Yoyyy = 0 in y>0
Poy + Vozazz + Vozyy = 0 in y>0

Po + 2%0zy = 0

0

way - ¢0m =

on y=0 , >0

on y=0 , z>0
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¢0xx:c+¢0xyy = 0 on y:O , <0
o, = 0 on y=0 , <0 .

The solution to this is found using separation of variables in polar coordinates or
by taking a two-dimensional Fourier transform. The resulting solution when written

back in cartesian coordinates is

1
- 1 2,2 _
Yo 1-Y1og (z* +y) (C.8)
1 x

The next order problem is then

Vi, = 0 in y>0
Ple — Vieey — Y1yyy = 0 in y>0
Py + Vizaz + Viayy = 0 in y>0
P+ 20, = 2a on y=0 , >0
Vigy — Vige = B?Oé on y=0 , >0
Vizee + Vieyy = 0 on y=0 , <0
Yz = 0 on y=0 , <0 .

The solution to this problem can also be found by separation of variables and is found
to be
1
I i [4C7m'y log (22 +y?) — 6ay® — 4Cn(1 — 2* + y*) tan™! (E) — 8D7r:cy}
T x
p1 = 2Clog(2® +y*) +2a +4C — 4D |

where C' and D are constants. It is at this point we realise that our expansion
in simple powers of ¢ was naive. We expect that on unscaling our variables the
logarithmic terms should not involve e. For this to happen we need D = —C'loge
which is equivalent to having chosen an expansion for ¢ and p which included terms

of order eloge. Hence we have the solution

_ 1 20,2 1 2\ _ 2 _ 2,2 -1(Y
Py = o 4Crzylog [e*(x” + y°)] — 6ay” — 4CT(1 — z* + y*) tan (ﬁ)}
p1 = 2Clog[e*(z* +y*)] +2a +4C .

The solution shown is not that implied by Morgan and we therefore expect that

if we continue with Morgan’s method we will not generate the expected matching
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condition for the codimension-two region. Continuing anyway we must rewrite the
solution in outer variables, recentre the cusp at = = ed(t), y = 0, add to it an image
cusp at © = —ed(t), y = 0, expand the resulting expression for small € and then
change back to inner variables to determine the implied matching condition. The

result of all this is

ed(t) zy 2 2
- —4 1
v P R Ced(t)e” logey + O(e%)

which is not the condition we know to be correct from the exact solution.

C.1.2 Direct method of obtaining the same result

The above solution can also be generated much more simply as follows. Simply start
by putting the two cusp behaviour force at x = +ed(t) into (5.1). That is the force

term 1is
5(a — ed(t))8(y) — 3 + ed(t)5(y)] i -
This force term is then expanded for small € yielding the leading order force
—2ed(t)0' (x)0(y)i
from which we determine the field equation (in outer variables) to be solved is
Vi = 2ed(t)d'(2)d'(y) -

This is easily solved by taking a Fourier transform in both z and y. The resulting

solution ( in inner spatial variables) on inversion is

ed(t) xy
T x?+y?

Y =

which is the same as the leading order behaviour determined above.
This is essentially the technique used by Morgan [58] for an inviscid sintering
problem and thus it seems curious that he used the more verbose method initially

proposed.
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Appendix D

The Ivantsov parabola

One of the problems considered by Ivantsov [41] is that shown in Figure D.1.

V2T =T,

Figure D.1: The Ivantsov parabola problem.

To solve this problem is a simple matter of separating variables in parabolic coor-
dinates. Firstly we move into a frame in which the parabola is stationary by defining
X = x — Ut. Thus the field equation becomes

Txx+T,+UTx = 0.
Defining new parabolic coordinates by
X = &2
y = 26
the field equation becomes
Tee + T, +2U(ET: —nT,) = 0 .
Looking for a solution of the form T'= T'(£) this further simplifies to

Tye +2U€Te = 0 .
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Integrating twice we obtain

T() = A/je—wdg

where the boundary has been taken to be the parabola & = &;. All that remains is to
find A by applying the kinematic condition, namely

—n.VT = Uin on £=¢&
1 2 2
= — (&, )= (Afoe_U60 , Ane_wo) = U&

2(&5 +n%)
= A = —2U&:S .
Hence the solution is
2 g 2
T = —2U&e"% / e Vde .
&o

The Hele-Shaw cell problem is even easier. The problem is the same as that shown
in Figure D.1 without the 7; term and with 7" = p the pressure. Thus performing
the same steps of changing to a moving frame and then further changing to parabolic

coordinates yields the field equation
Pee + o = 0.
We again look for a solution of the form p = p(¢) which yields
p§) = A€ —¢&) -
Applying the kinematic condition then gives A = —2U¢, and hence

p(&) = —2U&(E— &) -

To change back into cartesian coordinates note

2

Y
X = £€-Z
4£2
and hence
1 113
€ = 5| Xy

where the positive square root has been taken since as ¢ — oo, X ~ &2, Thus

p = —26U [% X+ (X 4y g 50}
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where

X = z-Ut
and the free boundary is given by
2
Y
X=-
“7ag

The solution for p can be written neatly in terms of z = X + iy by noting that for
X =rcosf and y = rsinf

1

X+ (X2 + yz)%] = Vore cosg
= RV2z
and, therefore,
p = —25U [R{Vz} — &)

This is equivalent to solving the problem by using the simple complex variable map

2 = (2 which maps the domain to a half space with the boundary at R¢ = &.

The above solution procedure is easily modified to include a second fluid lying inside
the parabola moving at a constant velocity. In this case the problem is as shown in
Figure D.2.

V2p; =0

kln.Vpl = kgn.Vp2 = —Up

Figure D.2: The Ivantsov parabola problem with two fluids.

In parabolic coordinates we can write the solution as

o= A -1+ B(E - &)
pr = AE -7
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which naturally satisfies the field equation and the continuity of pressure condition on

the boundary. Further applying the other condition on the free boundary we obtain
1
§le + kA = kA = —Ué

which we can solve for A and B to find

U 1 1

p1 = —k—2(52—772)—2U50 (k‘_l_k_z) (f—fo)
U

P2 = —k—2(2—7l2)-
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