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SUMMARY
We develop a new approach for computing Fréchet sensitivity kernels in full waveform inver-
sion by using the discrete adjoint approach in addition to the widely used continuous adjoint
approach for seismic waveform inversion. This method is particularly well suited for the for-
ward solver AxiSEM3D, a combination of the spectral-element method (SEM) and a Fourier
pseudo-spectral method, which allows for a sparse azimuthal wavefield parametrization adap-
tive to wavefield complexity, leading to lower computational costs and better frequency scaling
than conventional 3D solvers. We implement the continuous adjoint method to serve as a bench-
mark, additionally allowing for simulating off-axis sources in axisymmetric or 3D models. The
kernels generated by both methods are compared to each other, and benchmarked against theo-
retical predictions based on linearized Born theory, providing an excellent fit to this independent
reference solution. Our verification benchmarks show that the discrete adjoint method can pro-
duce exact kernels, largely identical to continuous kernels. While using the continuous adjoint
method we lose the computational advantage and fall back on a full-3D frequency scaling, us-
ing the discrete adjoint retains the speedup offered by AxiSEM3D. We also discuss the creation
of a data-coverage based mesh to run the simulations on during the inversion process, which
would allow to exploit the flexibility of the Fourier parametrization and thus the speedup of-
fered by our method.
Keywords: Inverse theory, Computational seismology, Seismic tomography, Theoretical seis-
mology.

1 INTRODUCTION

In the beginning of the twentieth century, observations of seismic
signals from teleseismic and regional earthquakes have provided a
first glimpse into the structure of our planet (Oldham 1906), with
fundamental discoveries such as the Moho (Mohorovičić 1909),
and the outer and inner cores (Jeffreys 1926; Lehmann 1936).
These early models are spherically symmetric with only radial vari-
ations in the structure of the planet, and yet account for the bulk of
the observed seismic phases. Explaining the remaining discrepan-
cies in seismic data by introducing 3D heterogeneities is the pur-
pose of global seismic tomography. It might at first seem inconse-
quential to try and model the details of the internal structure of the
planet in order to explain some relatively minor discrepancies in
arrival times of seismic phases, and yet these 3D structures are a
cornerstone input for geological and geophysical studies that aim
to explain the creation, history, and dynamics of our planet; such as
mantle convection (van der Hilst et al. 1997; Ritsema and van Heijst
2000), uprising mantle plumes (Bijwaard and Spakman 1999; Mon-
telli et al. 2004b; Zhao 2004; French and Romanowicz 2015), con-
tinental evolution (Ritsema et al. 1999), reconstruction of tectonic
plate configurations (Van Der Voo et al. 1999a; van der Meer et
al. 2010; Sigloch and MihalnyuK 2013) and thermal/compositional
components of structural heterogeneities (Schubert et al. 2009a,b).

The development of global seismic tomography started in the
1970s with methods based on arrival times of different seismic

phases modelled with ray theory (Dziewonski et al. 1977), and
opened doors for a plethora of global P and S wave velocity models
of the Earth (van der Hilst et al. 1997; Grand et al. 1997; Kustowski
et al. 2008; Ritsema et al. 2011; Schaeffer and Lebedev 2013; Auer
et al. 2014; Hosseini et al. 2020). The theoretical framework used
for these models assumes that the traveltimes of seismic waves only
depend on the structure seen by an infinitely thin geometric ray path
connecting the source and receiver. There are considerable bene-
fits to using these methods, such as availability of large datasets
of hand-picked arrival times and earthquake locations from organ-
isations such as the International Seismological Centre (Willeman
and StorchaK 2001), as well as computational efficiency. However,
the main limitation is that they are only valid when the wavelength
of waves used for the measurements is very small compared to the
size of structural heterogeneities, and for those wave types which
can be represented by ray theory, for instance neglecting diffracted
(Hosseini et al. 2015) and triplicated waves (Stähler et al. 2013).

Global seismic tomography transitioned to more physically
accurate, yet computationally demanding methods such as finite
frequency theory (Dahlen et al. 2000; Sigloch and Nolet 2006;
Nissen-Meyer et al. 2007), leading to tomography efforts whereby
kernels are calculated either by ray theory (Montelli et al. 2004;
Hosseini et al. 2020), or by wavefields in spherically symmet-
ric structures (Colombi et al. 2014). Finally, full waveform in-
version (FWI) based on adjoint methods (Fichtner et al. 2009;
Bozdag et al. 2016) provides a framework for iteratively improv-
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ing 3D models with gradient methods, even for mildly non-linear
regimes. All these methods aim to resolve several limitations from
ray-theoretical approaches by incorporating information from the
whole frequency-dependent waveform. This allows to obtain ad-
vantages such as quantifying the quality of observations, for in-
stance extracting new observables from the seismograms such
as their frequency-dependent amplitudes (Sigloch et al. 2008),
and correctly modelling multiscale effects from structural hetero-
geneities that are unaccounted for in ray-based methods, such as
diffraction and wavefront healing. Finite frequency tomography as-
sumes that the perturbation of the measurement is a linear function
of a perturbation in the model parameters, and these two perturba-
tions are connected by a so-called sensitivity kernel. Though such
linearization brings many benefits such as a drastically lower com-
putational cost and the ability to include large waveform datasets, it
inevitably limits the capability of resolving structures with a higher
perturbation strength or a finer scale (Tromp et al. 2008). Similarly
to finite-frequency tomography, FWI compares synthetic seismo-
grams to observed ones through a misfit function, and the objec-
tive is to minimize that function. One of the main differences from
finite-frequency tomography is that in FWI the objective function
is minimized with a gradient-based iterative procedure. In this way,
the non-linear relation between observables and model parameters
is at least partially accounted for as long as the nonlinearity does
not cause cycle skipping leading to local minima in the misfit func-
tion. FWI is based on full 3D simulations, and allows for 3D start-
ing models to be then improved iteratively. In certain settings such
as exploration geophysics or basin scales, this may be inevitable
(Virieux and Operto 2009; Tape et al. 2009).

In the mathematical literature, FWI is called a PDE-
constrained optimization problem, where we aim to minimize a
function χ (the misfit), subject to constraints imposed by a partial
differential equation L (the wave equation in our case) and asso-
ciated initial and boundary conditions. To solve this minimization
problem, a standard way is to compute dmχ, the gradient of χ in the
model space m. To do this, one possibility is to evaluate L for each
model parameter and compute the gradient by finite differences,
which would require solving L for O(nm) times, where nm is the
dimension of the parameter vector m. In global scale tomography
nm can be millions. A more elegant (but more importantly, com-
putationally efficient) way is using the continuous adjoint method,
through which the gradient dmχ (called Fréchet sensitivity kernels
in seismic tomography) can be obtained by just two solutions of L.
Continuous adjoint methods have been used for quite some time in
optimal control theory (Lions 1971) and in computational fluid dy-
namics (CFD) (Pironneau 1974), but they were first introduced in
seismology by Tarantola (1984) for seismic reflection data. While
FWI is now well developed (Bozdag et al. 2016), we still lack
the computational power to run it at short simulation periods on
a global scale (Nissen-Meyer et al. 2014), which would be desir-
able to obtain a finer picture of the interior of the planet. As a crude
example of the challenging computational cost of using 3D solvers,
a global scale FWI tomography at 7s (≈ 104 CPU hours to produce
an hour of seismograms (Leng et al. 2016)) with 3000 earthquakes
and 30 iterations of gradient descent would have a computational
cost on the order of one billion CPU hours. While this could be in
reach with the fastest supercomputers on Earth and moving towards
exascale (Bozdag et al. 2016), keeping a supercomputer with 104

cores busy for more than ten years is still a formidable task and any
means of significantly reducing this cost are welcome, especially if
such resources are out of reach.

In summary, global seismic tomography can, for the purpose

of the argument in this paper, be crudely divided into methods
based on (1) ray theory but using large amounts of traveltime data
for great data coverage, (2) finite frequency theory acknowledg-
ing the finite sensitivity of a wave due to its frequency-dependent
character leading to physically more accurate representation of the
inverse problem and a wider class of data measurements, and (3)
full-waveform inversion allowing to iteratively update 3D models,
thereby accounting for mildly nonlinear relations between seismic
measurements and underlying structure. Each method has advan-
tages and disadvantages, but the continually increasing computa-
tional efficiency in hardware adhering to Moore’s Law increases
the interest in computationally more intensive methods.

In this paper, we propose a framework for the computation
of 3D Fréchet kernels in any background model based on the dis-
crete adjoint approach, leading to a significant speedup compared
to conventional waveform inversion. The discrete adjoint approach
has been developed and used extensively in computational fluid
dynamics for complex shape optimization problems (Elliott and
Peraire 1997) because continuous methods had poor convergence
rates (Giles and Duta 2003), but until now it has not become suffi-
ciently relevant in seismology compared to the continuous adjoint
approach. This however changed when the azimuthal smoothness
of a global wavefield was discovered by Leng et al. (2016), which
naturally gave rise to a spectral-element pseudo-spectral method
AxiSEM3D (Leng et al. 2016, 2019) adapted to wavefield complex-
ity: As the wavefield is sparsely represented on a Fourier basis, it
leads to a drastic speedup in computational cost. Building on Leng
et al.’s idea on azimuthal smoothness, this has also been identified
by van Driel et al. (2019), who showed that the discrete adjoint ap-
proach can obtain exact 2D Fréchet kernels at a much lower com-
putational cost. They achieved such adaptability by an alternative
implementation of exploiting azimuthal smoothness by azimuthally
adaptive meshing instead of Fourier series, thereby retaining the
conventional 3D SEM solver strategy at the expense of having to
mesh in 3D. Thrastarson et al. (2020) present an FWI workflow
compatible with the discrete adjoint method for 3D global applica-
tions, but thus far using 50s discrete adjoint kernels in spherically
symmetric models.

Our new approach computes 3D kernels in 3D Earth mod-
els and at high frequencies for global scale applications using
AxiSEM3D, in which the 3D globe is discretized by a 2D SEM
mesh coupled with a Fourier expansion over the azimuthal direc-
tion. The azimuthal adaptivity is achieved in AxiSEM3D by vary-
ing the number of terms in the Fourier expansion. This discretiza-
tion is irregular and for the full inversion process can be adapted to
the resolvable complexity of the structures based on data coverage,
which is what makes the method computationally cheaper. We thus
require the resolution of the mesh (and thus model parameters) to
be fixed prior to the inversion. Such a priori inversion meshes with
spatially varying element sizes based on data coverage are stan-
dardly used to reflect that not all regions have the same resolution
(Nolet and Montelli 2005; Auer et al. 2014; Zaroli et al. 2015; Hos-
seini et al. 2020)

2 THEORY

We set ourselves the task of imaging the interior of the Earth,
based on a dataset of seismograms recorded after earthquakes on
receivers across the globe, d(xr, t), where xr are the receiver po-
sitions. In full waveform inversion (FWI), we simulate an earth-
quake by solving the elastodynamic momentum equation in a given
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Figure 1. Figure from Leng et al. (2020) illustrating the coordinate system
in AxiSEM3D, and the Fourier expansion. The mesh is source-centered so
that the source lies on the axis, the slice plane contains an SEM mesh, and
the azimuthal direction is expanded in Fourier series. In the source-centred
coordinate system (s,φ, z), we reduce the 3-D computational domain Ω to
a 2-D meridian domain D through a Fourier series characterisation of the
φ-dimension. At different locations inD, the Fourier series may contain dif-
ferent number of terms, i.e., nu = nu(s, z), determined by the azimuthal
complexity of the wavefield. In this example, we shownu(s, z) for a PREM
model including a spherical heterogeneity (with a radius of 160 km and a
50% velocity reduction, located at 30◦in distance and 1200 km in depth),
obtained by wavefield scanning at a 5 s period and with a 1-hr record length.

Earth model parametrised by a vector m containing various phys-
ical properties (P and S wave velocities, density, etc), and record
the resulting synthetic seismograms u(xr, m, t). We then define
a misfit χ(m) that compares synthetic to observed seismograms
(u and d respectively), e.g. using the Euclidian norm χ(m) =∫
T
dt||u(m, t) − d(t)||22 for waveform tomography, but there is a

plethora of other norms one could use. We want the synthetic seis-
mograms to match the data as closely as possible, and hence we
want to minimize our misfit by updating the model parameters m
by using gradients of the misfit obtained through the (continuous or
discrete) adjoint method. Comprehensive treatments of the adjoint
approach in seismology can be found in (Tromp et al. 2005; Ficht-
ner 2011). The computational effort in FWI is largely determined
by the efficiency of its underlying wave solver which computes for-
ward and adjoint wavefields.

The crux of adjoint tomography is thus to have a powerful
PDE-solver, which one can leverage to efficiently compute gradi-
ents of the misfit function. This is particularly true in our case, since
we exploit the unique combination of spectral-element/pseudo
spectral methods in AxiSEM3D to compute gradients differently
than in other seismic tomography software, and thus cut computa-
tional cost. Therefore, to better understand our implementation of
the adjoint method, we will first give an overview of the function-
ality of AxiSEM3D.

2.1 Forward problem: AxiSEM3D

We rely on the computational speedup offered by AxiSEM3D for
solving the wave equation. This speedup is achieved by a combina-
tion of spectral element/pseudo spectral methods. The wave equa-
tion is solved on a D-shaped spectral elements (SEM) mesh, and
the azimuthal direction is solved in Fourier space, see figure 1.

Consider the wave equation written in condensed form

L(u, m) = f (1)

where L() is the wave operator, u is the displacement, m the
model parameters and f the source term.

AxiSEM3D takes advantage of the observation that in the az-
imuthal direction, the wavefields propagating through the Earth are
relatively smooth, and that complexity is localized. Therefore, the
quantities u, m, f are expanded in Fourier series in the azimuthal
direction. Furthermore, the earthquake source is positioned on the
axis of the mesh, rendering the expansion of the force term analyt-
ical.

u(s, z,φ) =
∑
|α|≤nu

uα(s, z)eiαφ (2)

m(s, z,φ) =
∑
|β|≤nm

mβ(s, z)eiβφ (3)

f(s, z,φ) =
∑
|γ|≤nf

fγ(s, z)eiγφ (4)

One can think of this Fourier expansion as corresponding to
the number of grid points in the azimuthal direction at a given
point (s, z). If at a point (s, z) we have nu Fourier coefficients,
it is equivalent to 2× nu + 1 physical grid points in the azimuthal
direction. The power of this approach is that usually nu is much
smaller than the number of azimuthal grid points in a standard
3D SEM mesh, and that one can locally choose nu depending on
the complexity of the model. What’s more, AxiSEM3D contains
a feature to derive a Fourier expansion that is sufficient to accu-
rately model the wavefield in a given Earth model, called wave-
field learning (Leng et al. 2019): Starting from a high Fourier ex-
pansion, the solver runs a simulation and progressively reduces the
Fourier expansion while conserving the accuracy of the wavefield.
The resulting Fourier field is called the wisdom Fourier expansion
nwisdom
u (s, z) . These aspects deliver a tremendous speedup when

compared to classic 3D solvers (Leng et al. 2016).
At a given location, nu can be bounded from above such that

the wavelength resolution in the φ-direction matches that in D,
namely (Leng et al. 2020)

nsup
u (s, z) =

2πs

λ(s, z)
×ND ×

1

2
=
πNDs

λ(s, z)
(5)

where λ(s, z) denotes the spatial resolution taken as the local wave-
length (S-wavelength in solid or P-wavelength in fluid), and thus
2πs/λ the number of wavelengths along the circle generated by
revolving the point (s, z), and ND the number of grid points in D
to resolve one wavelength in the s- or z-direction, a constant nor-
mally ranging from 6 to 8 in SEM, and the rearward 1/2 stems
from the equivalence of one complex term in the Fourier series and
two grid points along the circle. Given the Earth model or λ(s, z),
nsup
u scales with the distance s to the axis.

As mentioned above, a requirement of this approach is that
a source necessarily has to be placed on the axis of the D-shaped
mesh. Indeed, because in the azimuthal direction the source term
is a Dirac delta, it would theoretically require an infinite Fourier
expansion to model accurately. However, in the next section we
show how in practice we can accurately simulate off-axis sources
by setting the Fourier expansion close to nsup

u , and how we can
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exploit that to compute exact sensitivity kernels using the discrete
adjoint approach. In summary, AxiSEM3D efficiently delivers ac-
curate 3D wavefields for 3D Earth models with internal and ex-
ternal boundary undulations, including arbitrarily anisotropic (van
Driel and Nissen-Meyer 2014; Tesoniero et al. 2020) viscoelastic
rheologies.

Now that we understand in more detail the framework of
AxiSEM3D, as well as its strengths and limitations, we can look
at the adjoint method for computing sensitivity kernels, and how
we can leverage AxiSEM3D to exploit smoothness and speed up
the computations.

2.2 Inverse problem

We provide a summary of the theory behind seismic waveform in-
version, which consists of determining the 3D model parameters
based on measured seismograms. As mentioned in the introduction,
we will focus on full waveform inversion (FWI), which exploits the
entire waveform (or a time window within it), and allows to ob-
tain Fréchet derivatives using the adjoint approach. Adjoint meth-
ods have been used for a long time in optimal control theory and
in fluid dynamics. They were first introduced for FWI by Tarantola
(1984) and thorough theoretical derivations can be found in Tromp
et al. (2005) and Fichtner (2011). In particular, we will detail two
ways of looking at the calculation of the gradient, namely the con-
tinuous adjoint and the discrete adjoint approaches. Note that the
approach used will not affect the outcome of the inverse solution
as the kernels (gradients) used to update each iteration are identi-
cal. However, and this is the crucial point, the discrete adjoint in
our AxiSEM3D context provides a much more efficient time to so-
lution as shown further below, especially at higher frequencies and
thus opens doors to new parameter regimes such as using more data
or higher frequencies.

Let us define a misfit χ(u) that compares synthetic to ob-
served seismograms (u and d respectively) at a number of re-
ceiver locations xr , e.g. using the Euclidian norm χ(u) =
1
2

∑N
r=1

∫
T
dt||u(xr, m, t) − d(xr, t)||2, which we want to mini-

mize. The perturbation of the misfit induced by a perturbation in
the model parameters is the total derivative:

δχ =
dχ

dm
· δm (6)

Adjoint methods allow us to obtain gradients dχ/dm by solv-
ing a second equation

L†(u†, m) = f† (7)

where L† is the adjoint wave operator, u† the adjoint wave-
field and f† = −∂χ/∂u is the adjoint source term (Tromp et al.
2005; Fichtner 2011). The continuous wave operator is self-adjoint,
meaning we can solve the adjoint equations with the same solver
used in the forward simulation, simply with different initial condi-
tions.

In conventional derivations of kernels in seismology (Tromp et
al. 2005; Fichtner 2011), running the adjoint simulation delivers the
adjoint wavefield u†. From there, we can compute the directional
derivative (called sensitivity kernel) for various model parameters.

For instance with respect to P wave velocity vP , the sensitivity ker-
nels are (Tromp et al. 2005; Fichtner 2011) :

KvP = 2ρvP

∫
T

∇ · u†(t)∇ · u(T − t)dt (8)

and for a given model parameter m, we have the misfit varia-
tion

dχ

dm
· δm =

∫
Ω

Km(r)δm(r)dr. (9)

This equality provides the essential, locally linearized relation
between measurement and model for FWI. The solution to the in-
verse problem is the final model m for the case where its corre-
sponding residual misfit δχ is deemed acceptably small. Note that
we deliberately keep m generic; the theory below and our corre-
sponding methodology allow for computing sensitivity kernel for
any anisotropic element of the elasticity tensor, as well as atten-
uation, irrespective of whether the background model used in the
forward problem has the same model complexity.

2.3 Continuous adjoint

In the derivation above, which is the common approach in seis-
mology, we can see that we haven’t specified any simulation grid:
the derivation of the adjoint system is performed on the continuous
equations, and we can then discretize and solve our system.

From the previous section, the adjoint equation as derived
in the continuous adjoint framework (Tromp et al. 2005; Fichtner
2011) is given by eq. (7). Let us now discretise this equation in
space, to obtain the semi-discrete representation of the continuous
adjoint equation

ü† = M−1(m)K(m)u† + M−1f† (10)

with initial conditions u†(T) = 0 and u̇†(T) = 0, and sans-serif
font always denoting discretised quantities. The dots denote deriva-
tive in time, u† is the discretised adjoint displacement wavefield,
m are the discretised model parameters, M is the discretised mass
matrix (which is diagonal in AxiSEM3D), K is the discretised stiff-
ness matrix, and f† the discretised adjoint source term (which is
a derivative of the misfit function). Note that in this approach, we
have to choose the discretisation such that the adjoint wavefield
u† is physical. In the case of AxiSEM3D this means a very high
and expensive Fourier expansion to accurately express an off-axis
source. This approach of optimize-then-discretize is called the con-
tinuous adjoint approach. There is one bottleneck to this approach
with AxiSEM3D. Indeed, if we want to compute the adjoint wave-
field originating from a number of globally distributed receivers
simultaneously as is customary in adjoint-based tomography, we
need to place sources off-axis. As we have discussed above, in
AxiSEM3D’s context, this requires modeling a point force source
in Fourier space, which has an infinite Fourier expansion. In prac-
tice, this means that we need to use a rather large Fourier field, suf-
ficient to accurately model in azimuth the wavelength of the dom-
inant period of the simulation. We investigate this in the next sec-
tion, by plotting seismograms for increasingly high Fourier fields,
and we show that they converge to a physically correct seismogram.
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2.4 Discrete adjoint

An alternative approach to optimize-then-discretize is the
discretize-then-optimize paradigm. In the former, we first optimise
the continuous system and then discretise the resulting equations,
and in the latter we first discretise the wave equation on the for-
ward grid, and then optimise with respect to the discrete model
parameters. In this section, we will focus on showing that the two
approaches are equivalent, in that they give rise to the same adjoint
equations. However, we’ll see that the discrete adjoint approach im-
poses fewer constraints on the discretisation of the adjoint equation,
which is very beneficial in AxiSEM3D.

Starting directly from the discrete wave equation with the for-
ward model discretisation and optimising with respect to those dis-
crete model parameters, we can arrive at eq. (10) but without the
expensive Fourier expansion for the source term. We demonstrate
that we can re-use the same expansion as the forward simulation,
which in AxiSEM3D is very advantageous because it exploits the
azimuthal smoothness of the wavefield. The adjoint wavefield u†

will not be physical anymore, but the kernels will still be exact with
respect to the model parameters of the forward simulation.

We derive the adjoint equations in the discrete adjoint frame-
work following the Lagrange multipliers approach from (Liu and
Tromp 2008), except that they start with the continuous wave equa-
tion, and we start with the discretised one. The equivalence of the
two approaches may seem evident, but for clarity it shall be useful
to re-derive it explicitly. As we will see, we cast the computation of
the kernels as a constrained optimisation problem to minimise the
misfit function. The adjoint wave equation then arises as a conve-
nient means to remove terms that are intractable to compute, thus
rendering the calculation of the kernels much simpler, by two solu-
tions of the wave equation.

Consider again the wave operator L(u, m) = f. We can dis-
cretise this operator in space on the grid of the forward simulation
similar to eq (10), to obtain the semi-discrete ordinary differential
equation

ü = M−1(m)K(m)u + M−1(m)f(m) (11)

with some initial conditions g(u(0), m) = 0 and
h(u(0), m) = 0. The dots denote derivative in time, u is the discre-
tised displacement wavefield, m are the discretised model param-
eters for the forward problem, M is the discretised mass matrix, K
is the discretised stiffness matrix, and f the discretised source term.
Note that K is time-independent since attenuation can be incorpo-
rated in the Earth model parameters without time dependence, as
shown by Fichtner and Van Driel. (2014). Note also that unlike eq.
(10), the discretisation is that of the forward problem, so a rela-
tively low Fourier expansion in AxiSEM3D. For convenience of
manipulation we will rewrite the semi-discretised wave equation as

ü = l(u, m, t) (12)

where l(u, m, t) = M−1(m)K(m)u(t) + M−1(m)f(m).
As previously stated, the goal of seismic tomography is to

minimize a misfit function of some measurement between syn-
thetic and observed seismograms with respect to the model pa-
rameters. Such a measurement choice could be the Euclidian norm
χ(u) = 1

2

∑N
r=1

∫ T
0
||u(xr, m, t) − d(xr, t)||2dt which we write

as χ(u) =
∫ T

0
Ξ(u, t)dt, where Ξ is a concatenated, generic nota-

tion for any chosen measurement. This minimization is constrained
by the semi-discrete wave equation ü = l(u, m, t), and initial con-
ditions g(u(0), m) = 0 and h(u̇(0), m) = 0. Now we will solve

this constrained optimisation problem to re-derive eq. (10) but start-
ing from the semi-discrete wave equation and thus obeying the for-
ward discretisation, by using Lagrange multipliers. To do so, we
start with the Lagrangian to describe the dynamics of this system
as

L =

∫ T

0

[Ξ(u, t)+λT (t)·(ü−l(u, m, t))]dt+µT ·g(u(0), m)+ηT ·h(u̇(0), m),

(13)
where λ, µ and η are the vector Lagrange multipliers. Note
that because the constraints ü = l(u, m, t), g(u(0), m) = 0,
h(u̇(0), m) = 0 are (by construction) always satisfied, we have
dmL = dmχ, and we are also free to set the multipliers λ, µ and η
to any value. This is crucial, as it will allow us to set the multipliers
to a value that conveniently makes some incomputable terms van-
ish in the expression of the kernel, and it is the beauty of the adjoint
method. We can now derive the gradient dmL. As stated above, be-
cause the constraints are satisfied by construction and dmL = dmχ,
we’re actually computing the gradient dmχ. Note again that in this
section, all gradients and partial derivatives are discrete operators,
with respect to the forward discretisation.

The Lagrangian variation with respect to discrete model pa-
rameters becomes

dmL =

∫ T

0

[∂uΞ(u, t)dmu(t) + ∂mΞ(u, t)

+ λT (t) · (dmü− ∂ul(u, m, t)dmu(t)− ∂ml(u, m, t))]dt

+ µT · (∂u(0)g(u(0), m)dmu(0) + ∂mg(u(0), m)

+ ηT · (∂u̇(0)h(u̇(0), m)dmu̇(0) + ∂mh(u̇(0), m).

(14)

Integrating the term
∫ T

0
λT (t)dmü(t)dt twice by parts yields∫ T

0

λT (t)dmü(t)dt = [λT (t)dmu̇(t)]T0 − [λ̇T (t)dmu(t)]T0

+

∫ T

0

λ̈T (t)dmu(t)dt

(15)

Reinjecting this into eq. (14) and grouping terms by wavefield
derivatives with respect to model parameters, we obtain

dmL =

∫ T

0

[(∂uΞ(u, t)− λT (t)∂ul(u, m, t)

+ λ̈T (t))dmu(t) + ∂mΞ(u, t)− λT (t)∂ml(u, m, t]dt

+ (µT ∂u(0)g(u(0), m) + λ̇T (0))dmu(0)

+ (ηT ∂u(0)h(u̇(0), m)− λT (0))dmu̇(0)

− λ̇T (T )dmu(T )

+ λT (T )dmu̇(T )

+ µT ∂mg(u(0), m) + ηT ∂mh(u̇(0), m).

(16)

Now we can freely set the Lagrange multiplier values to
what we deem convenient because the constraints are satisfied
by construction. What’s more, all the terms that are deriva-
tives of the wavefield with respect to model parameters such
as ∂mu are not straightforward to compute because they would
require many runs to do finite-differences, which is intractable
with many model parameters. Therefore, we can set λT (T ) =
0, and λ̇T (T ) = 0, and ηT = λT (0))∂u(0)h(u̇(0), m)−1,
and µT = −λ̇T (0)∂u(0)g(u(0), m)−1, and finally ∂uΞ(u, t) −
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λT (t)∂ul(u, m, t)+λ̈T (t) = 0, and this removes all the intractable
terms. The last identity is nothing but the adjoint equation

λ̈(t) = ∂ul(u, m, t)Tλ(t)− ∂uΞ(u, t)T (17)

with initial conditions λ(T ) = 0, and λ̇(T ) = 0. We can further
simplify it by expanding l(u, m, t). Because the adjoint equation is
solved backwards in time due to initial conditions, we rewrite it in
terms of T −t. Finally, we rename λ as u† and apply Leibniz’s rule
to replace ∂uΞ with ∂uχ, to obtain

ü†(T−t) = (M−1(m)K(m))Tu†(T−t)−∂uχ(u,T−t)T (18)

with initial conditions u†(T ) = 0, and u̇†(T ) = 0. We see that
eq. (18) only differs from the initial semi-discrete wave equation
eq. (12) by the adjoint operator, and the source term which is a
partial derivative of the misfit function of choice. It also only dif-
fers from eq. (10) by the adjoint operator. A last step is then to
verify whether we can use the same solver to solve the adjoint
wave equation, i.e. whether the discrete operator (M−1K) is self-
adjoint. First, from Leng et al. (2016) we know that M is diagonal
in AxiSEM3D, so we only need to determine whether K is self ad-
joint. Furthermore, from Leng et al. (2016), the computation of the
stiffness matrix K in AxiSEM3D involves five operations: applying
a differential operator D1, a Fourier transform operator P1 which is
unitary and linear, multiplying with symmetric 3D elasticity matrix
C, then applying the inverse Fourier transform P2 = P−1

1 = PT1 ,
and then applying the same differential operator D2 = DT1 . Hence
K = D2P2CP1D1 is self adjoint.

We now see that eq. (18) is the same as eq. (10), except that
it is discretised identically to the forward simulation (avoiding a
high Fourier expansion for off-axis sources), thus rendering it much
cheaper to compute with AxiSEM3D than the continuous adjoint.
As mentioned previously, this means that the wavefield u† does not
need to be physical in the discrete adjoint approach, but the gradi-
ents are exact with respect to the discretised model parameters. We
can illustrate the difference in the case of AxiSEM3D: the wave
equation is discretized on a 2D SEM mesh and in Fourier series in
the azimuth direction. It is important to notice that the Fourier ex-
pansion is finite and dictated by the forward simulation with wave-
field learning. We thus get the following accurate representation of
the wavefield:

u(s(ξ, η), z(ξ, η),φ, t) =
∑
|α|≤nu

∑
p,q

uαpq(t)l
N
p (ξ, η)lNq (ξ, η)eiαφ,

(19)
where nu is the local Fourier expansion order, uαpq contains the
Fourier coefficient α at the node p, q, and lNp (ξ, η) is the pth La-
grange interpolating function of polynomial order N. We can then
start from the discrete adjoint equation source term in eq. (18), and
use our AxiSEM3D notation:

− ∂

∂uαpq
χ(uαpq) = − ∂

∂u
χ(u)

∂u
∂uαpq

= − ∂

∂u
χ(u)lNp l

N
q e

iαφ (20)

where the result is the continuous adjoint source term in eq.
(7), interpolated onto the forward simulation mesh.

The implementation of the discrete adjoint source is therefore
equivalent to that of the discretised continuous adjoint source, with
the difference that the Fourier expansion is imposed by the dis-
cretization of the forward simulation, and thus does not need to
model a physically accurate point force source by using a very high
and expensive Fourier expansion.

Finally, by removing all the vanishing terms due to the appro-
priately chosen Lagrange multipliers, as well as the vanishing par-
tial derivatives of the initial conditions (usually just the earthquake,
so independent of m), we obtain the expression for the gradients
with respect to model parameters

dmχ = dmL = −
∫ T

0

λT (T−t)∂m(M−1(m)K(m)u(t)+M−1(m)f(m))dt

(21)
We now have the well known recipe to compute the gradients

using the adjoint method:

1) Integrate ü = M−1(m)K(m)u + M−1(m)f(m) from 0 to T,
with initial conditions g(u(0), m) = 0 and h(u(0), m) = 0.

2) Integrate ü†(T−t) = M−1(m)K(m)u†(T−t)−∂uχ(u,T−
t) from T to 0 with initial conditions u†(T ) = 0, and u̇†(T ) = 0.

3) Compute the gradients with dmχ = −
∫ T

0
λT (T −

t)∂m(M−1(m)K(m)u(t) + M−1(m)f(m))dt

As we have seen for the adjoint source in eq. (20), we do not
need to bother re-deriving the expressions of the gradient for any
specific parameter, which involves a lot of tedious algebra, as this
will be identical to previous derivations obtained in the continu-
ous adjoint framework. More importantly, we have established the
equivalence of the continuous and discrete adjoint framework, i.e.
the operations of adjoint and discretisation commute in our system.
Therefore, we can appropriately discretise the results obtained in
the continuous adjoint framework of (Tromp et al. 2005; Fichtner
2011).

Note again that in the discrete adjoint case all the quantities
are discretised on the grid of the forward simulation. For methods
where the mesh is source- and complexity-independent, whether to
use the discrete or continuous adjoint formulation does not matter.
However in AxiSEM3D this is a crucial point, as it allows us to
drastically cut down the Fourier expansion of the adjoint simula-
tion, and thus the computational time. Very importantly, the dis-
crete adjoint formulation highlights the fact that one can only up-
date the discrete model parameters used in the mesh of the for-
ward simulation. This is of course no different in the continuous
adjoint case, but provides a direct and natural connection between
the discretisation of the forward, adjoint and inverse problems: For
instance, in the azimuthal direction we can design meshes that are
much coarser than a standard 3D SEM mesh, reflecting our limited
data coverage and resolution. Such meshes of spatially varying el-
ement size are already used in tomographic inversions (Nolet and
Montelli 2005; Hosseini et al. 2020).

3 CONTINUOUS ADJOINT KERNELS

In this section we demonstrate how we obtain exact kernels in the
continuous adjoint framework. As mentioned in the previous sec-
tion, we need to model a point force source off-axis (at the re-
ceiver position), which in AxiSEM3D theoretically means an infi-
nite Fourier expansion. First, we show that in practice, we just need
a Fourier expansion that is high enough to correctly approximate
the dominant wavelength in the simulation.
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Figure 2. a): Constant Fourier expansion nconst
u . One can increase this con-

stant Fourier expansion until arriving to the upper limit nsup
u . b): Fourier ex-

pansion learned nwisdom
u from a forward simulation on PREM (Dziewon-

ski et al. 1981) containing a 3D bubble. We can see that the expansion needs
to be higher where the 3D bubble is located to capture the wavefield com-
plexity arising from effects such as scattering. However, overall the wisdom
Fourier expansion is much lower than the constant Fourier expansion.

3.1 Physical adjoint wavefields

We model our source to be a nascent Dirac in azimuth, approxi-
mated by a Gaussian.

δnu(φ) =
2nu√
π
e−(2nuφ)2 (22)

Where nu is the local order of Fourier expansion, and φ is
the azimuth. We postulate that given a high enough Fourier expan-
sion, this representation accurately models a point force. We use a
constant Fourier expansion nconst

u pictured in figure 2 a). As we in-
crease nconst

u we get to nsup
u , which corresponds to the case where

the azimuthal direction is sampled as densely as the D-shaped SEM
mesh, and we do not exploit any structural smoothness, similarly to
a traditional 3D wave equation solver.

We then put the off axis source on the equator. This is the
worst case scenario where the azimuthal extent of the wavelength
is the largest, thus requiring the largest Fourier expansion to model
accurately. Finally, we place receivers on several locations around
the Earth. We record seismograms for increasing spatially constant
Fourier expansions nconst

u , shown in figure 3. Simulations are run at
30s dominant period, both in a spherically symmetric Earth model
(PREM (Dziewonski et al. 1981)), and in a 3D model (S40RTS
(Ritsema et al. 2011)), to underline the fact that the computations
work in fully 3D models.

Looking at the resulting seismograms and at the mean absolute
errors errors in 1, we can see that they quickly converge to the ref-
erence seismograms obtained with a source positioned on the axis,
as nconst

u gets closer to nsup
u , showing that we accurately compute

Figure 3. Converging seismograms for increasing values of the nconst
u field

in s40rts, with a point force at the equator at 0 degrees azimuth. When the
source is positioned on the axis of the SEM mesh, there is an analytical
solution and the seismograms are exact, it is thus our reference. When the
source is positioned off-axis, the seismograms converge to the exact ones
as we increase nconst

u and get closer to nsup
u . Amplitudes are scaled up to

avoid floating point errors.

wavefields from an off-axis source by simply having a high enough
Fourier expansion. This result intuitively makes sense because as
we increase the Fourier expansion, we get closer and closer to a
fully 3D mesh as used in other SEM solvers such as SPECFEM,
except that our azimuthal dimension is not discretized with spec-
tral elements.
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nu field
(Lat, Lon)

(20◦, −60◦) (−40◦, 60◦) (20◦, 90◦)

nconst
u = 100 59.69 43.39 38.97
nconst
u = 250 30.65 18.02 14.05
nconst
u = 500 12.27 5.98 4.41
nconst
u = 1500 1.68 0.74 0.54
nsup
u = 2800 0.51 0.23 0.17

Table 1. Normalised mean absolute error between offaxis seismogram and
axial seismogram (in %)

∫
t(|s

offaxis−saxial|)/
∫
t |s

axial|with increasing
nu field for the stations displayed in figure 3.

3.2 Continuous kernels benchmark

Now that we have established the ability of AxiSEM3D to accu-
rately model off axis sources, we can compute kernels in the con-
tinuous adjoint framework. In the following figures, our source is
located at the surface on the geographic North pole. We inject an
Mrr only moment tensor, and our simulations are at a dominant
period of 30s. The receiver is placed at an epicentral distance of 60
degrees. The computation is performed at nsup

u , ensuring we prop-
agate physical adjoint wavefields. We run tests in PREM and in
S40RTS. For the benchmarks we do not add a 3D crust because it
makes simulations quite a bit more expensive, but in section 4.2 we
run a 15s simulation to produce a collection of kernels for a given
earthquake in S40RTS + crust1.0 (Laske et al. 2013).

In figure 4 a) we can see a cut through the kernel obtained
using the continuous adjoint approach for PREM, and in 4 b) for
S40RTS. The fact that both kernels are essentially identical (as pre-
viously noted by Liu and Tromp (2008)) raises interesting ques-
tions about how sensitive to 3D structure the wavefield really is.

In traveltime tomography, we can examine the cross-
correlation traveltime update δTxcorr caused by a small perturba-
tion to the model parameters (e.g. for a P wave velocity pertubation
δvP ), computed by cross correlation between synthetic seismo-
grams from the initial model, and perturbed seismograms from the
model + perturbation (Dahlen et al. 2000). To benchmark our ker-
nels, we can compare δTxcorr to the traveltime perturbation pre-
dicted by the kernels

δTker =

∫
Ω

KvP (r)δvP (r)dr = 〈KvP , δvP 〉Ω. (23)

Figure 4. Kernel computed with AxiSEM3D in the continuous adjoint
framework with the Fourier expansion nsup

u , ensuring the adjoint wave-
fields are physical. a): result in PREM. b): result in s40rts. Note that the
kernels are very similar.

Figure 5. a) PREM kernel used in the benchmark. b) Azimuthal cut through
500km radius bubble at 5% strength used in benchmarks.

We want to emphasize that our framework is capable of com-
puting kernels for other misfit measurements, for instance based
on amplitude misfit, L2 misfit, phase and envelope etc. Indeed,
this simply corresponds to a different adjoint source time func-
tion, as shown in the theoretical section. However, we choose
cross-correlation traveltime delays because of their linear stability
with the strength of velocity perturbations, as shown in Mercerat
and Nolet. (2013). Indeed, we know that for the perturbations we
choose, the linear traveltime update is correct, and hence we expect
a correct kernel to reproduce it. If we were to choose a more non-
linear misfit such as amplitude, any error in the benchmark would
inevitably be attributable either to the kernel accuracy, or to the
non-linearity of the measurement (i.e. the accuracy of the Born ap-
proximation for that measumrent), which would then not allow us
to quantify the accuracy of the adjoint implementation.

Because our mesh is not a standard 3D mesh, we need to per-
form some manipulations to be able to compute δTker via this vol-
ume integral. From Leng et al. (2016), we know we can rewrite the
integral over the 3D domain Ω in the following way:

〈KvP , δvP 〉Ω = 2π
∑
|β|≤nu

〈K−βvP , δvβP 〉D (24)

where the right hand side is now an integral over the D shaped SEM
mesh and nu is the local Fourier expansion. What’s more, the sum
over complex Fourier coefficients simplifies: because the azimuthal
quantities are purely real, the Fourier space quantities are hermitian
symmetric.

2π
∑
|β|≤nu

〈K−βvP , δvβP 〉D = 4π
∑
β≤nu

<〈Kβ
vP , δvβP 〉D (25)

where < denotes taking the real part.
The model perturbations we use are spherical (or ”bubbles”),

such as the one depicted in Figure 5 b). The center of the bubble
is fixed, but we vary its radius and its strength relative to the back-
ground model.

To start with, we compute δTker in the continuous adjoint
paradigm, i.e. by using a high Fourier expansion that ensures that
our adjoint wavefields are physical, and thus reproduce kernels
such as in Liu and Tromp (2008). In figure 6 we plot the travel-
time updates for 3D bubbles of varying radius and strength.

We can see that the traveltime perturbations computed from
the kernels match the cross correlation values while the size and
strength of the model perturbation allows to use the Born approxi-
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Figure 6. Traveltime perturbations predicted by kernels computed in PREM
and S40RTS, compared with forward modelling prediction, for different
perturbation geometries and strengths.

mation. It is noteworthy to recognize that the domain of validity of
the Born approximation seems to be different for PREM and s40rts.

We have shown that we can compute accurate sensitivity
kernels in the continuous adjoint framework. In the paradigm of
AxiSEM3D this is not the most interesting approach because we
lose most of the computational speedup offered by the flexible
Fourier expansion, preserving the advantage mostly for the forward
simulation.

4 DISCRETE ADJOINT KERNELS

Now that we have shown that the continuous adjoint kernels pro-
duce correct predictions, we can turn our attention to discrete ad-
joint kernels. In the discrete adjoint case, we do not enforce the
adjoint simulation to produce physical wavefields. Therefore, we
do not need a high and dense Fourier expansion, and we can sim-
ply reuse the Fourier expansion from the forward simulation. For
our benchmarks, we will use a wisdom Fourier expansion that is
sufficient to accurately model wavefields in our perturbed veloc-
ity model which includes the bubble. AxiSEM3D contains a fea-
ture that allows to obtain this sufficient expansion, called wavefield
learning (Leng et al. 2019): Starting from a high Fourier expansion,
the solver runs a simulation and progressively reduce the Fourier
expansion while conserving the accuracy of the wavefield. We use
the ”wisdom” (i.e. learned) Fourier expansion shown in figure 2,
which is learned for the 500km radius bubble. The learned expan-
sion is significantly lower that the initial dense Fourier expansion.

We emphasize the fact that the wavefield produced by an off-
axis source with this reduced Fourier expansion is not physical,
as we can see on figure 7 where a seismogram from the off-axis
source with the new learned Fourier expansion is compared to the
exact seismogram from the same station recorded with the source
positioned on the axis of the SEM mesh. However, as we saw in
theory and will now see in practice, this is not a requirement to
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Figure 7. Seismograms obtained from an axial source, and the same seis-
mograms with an off-axis source computed in the Fourier expansion learned
for the 3D bubble, see Figure 2 b). As expected, the off-axis source with the
nwisdom
u expansion does not provide physically correct wavefields. This is

the essence of the discrete adjoint method and the crucial point is that, as
shown in figure 8 and figure 9, the kernels produced by these wavefields are
exact. Amplitudes are scaled up to avoid floating point errors.

compute accurate gradients for the discretized model parameters.
This is the key idea of the discrete adjoint approach.

In figure 8 b) we look at the same slice from the kernel as pre-
viously, and it appears to be very similar to the one obtained from
the continuous adjoint (8 a)), barring artefacts localized around the
adjoint source (8 c)). Kernels are routinely smoothed and filtered
around the source and receiver areas because of near-fields effects,
therefore we do not concern ourselves with a discrepancy at these
specific locations.
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Figure 8. a): Cut from the continuous adjoint vP kernel in PREM. b): Cut from the discrete adjoint vP kernel in PREM. c): Difference between a) and b)
kernels. The kernels are identical, except for some artefacts at the location of the adjoint source.
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Figure 9. Traveltime perturbations predicted by discrete adjoint (DA) ker-
nels and continuous adjoint (CA) kernels, compared to cross correlations
predictions. The results from continuous and discrete adjoint kernels are
identical.

We can now repeat the experiment from the previous section,
in which we computed the traveltime updates obtained from the
kernels for a given bubble, but this time using the discrete adjoint
kernels computed in the wisdom Fourier expansion. The results are
shown in figure 9, and as expected the kernels computed in the dis-
crete adjoint framework produce the same traveltime perturbation
as the kernels computed with the continuous adjoint.
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Figure 10. Computational cost of the forward (”seismograms”) and the ad-
joint (”kernels”) simulation for different seismic periods, in the continuous
(”sup”) and the discrete (”wisdom”) adjoint approach.

4.1 Computational cost

The appealing aspect of our implementation of the discrete adjoint
approach is that it decreases computational cost for kernels com-
pared to other 3D SEM based software. Indeed, the learned wisdom
expansion for a given inversion is mostly frequency independent,
but instead driven by structural complexity. The computation of the
kernels, besides the I/O overhead for loading and dumping wave-
fields, only consist of a few extra FFTs to convolve the forward
and adjoint wavefields, and is thus of the same time complexity as
a standard simulation, i.e. O(ω3) as opposed to O(ω4) for meth-
ods such as SPECFEM (Leng et al. 2016). If we want to use the
continuous adjoint framework however, the complexity will rise to
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1)

3)

4)

5)

2)

Figure 11. Event kernel at 15s with a magnitude 5.8 earthquake in Virginia, and 5 receivers, in S40RTS + crust1.0. We display three slices through the kernels,
as well as a shell-like cut at 4000km radius. We also display the measurement used to compute the source time function of each kernel. ”Synthetic” refers to
the seismogram computed in S40RTS+crust1.0, and ”Perturbed” refers to that same seismogram shifted by a small time offset, which artificially creates an
observed seismogram. The time shifts used are ( from seismograms 1) to 5) ) 0.7s, 1s, 1s, 1s and 0.6s

O(ω4), because the nsup
u Fourier expansion is frequency depen-

dent, just like in a standard 3D SEM method.
In figure 10 we compare the computational cost of a stan-

dard forward simulation with AxiSEM3D and a kernel computa-
tion, both in a discrete and continuous adjoint settings. The simu-
lations are run in S40RTS and they produce 700s of seismograms.
The figure reveals two main features: First, we see that for both
the continuous and discrete adjoint approaches, the computational
cost of the kernels scales similarly to a simple forward simulation.
Furthermore, the discrete adjoint approach to kernel computation
indeed scales much more advantageously with simulation period
than the continuous adjoint approach.

4.2 Event kernels

In the above, we computed kernels from an individual
source/receiver pair so that we can perform benchmarks. However,
in FWI one typically computes kernels for all nr receivers at once
for any given earthquake owing to the efficiency of the adjoint ap-
proach. Our discrete-adjoint framework is naturally capable of this
feature. We compute an event kernel at 15s and one at 5s from the
2011 Virginia earthquake at 12km depth with magnitude 5.8. For
an event kernel, the individual source time functions are multiplied
by a measured cross correlation time delay between synthetics and
real data. Since our example is purely synthetic, we introduce time
delays for each station reminiscent of having actual observations at
hand, by simply perturbing the computed seismograms by a given
time shift. While in the benchmarks we did not include a 3D crust,
we now run the simulation at 15s in S40RTS + crust1.0 (Ritsema

et al. 2011; Laske et al. 2013), and we perform the run in a Fourier
expansion nwisdom

u learned during the forward simulation. We only
place 5 receivers to render details discernible, but the same simula-
tion principle and cost applies to any number of receivers. We com-
pute latitudinal slices, as well as constant radius shells, shown in
figure 11. The receivers are placed at various latitudes to illustrate
different kernel shapes, from a close 20◦ epicentral distance ker-
nel, to a much deeper penetrating kernel at 110◦. We conveniently
choose artificial travel time delays so that kernels at different lati-
tudes are clearly visible on the same color scale. We can clearly see
the traditional banana-doughnut shaped sensitivity of body waves.

For the 5s run in figure 12, we place three receivers at equal
epicentral distance of 50◦, so that we can choose artificial time
delays that highlight changes due to measurements in similar ker-
nels. The figure illustrates how emphasis is placed on regions where
there is more misfit between synthetics and observations. We per-
form the simulation in S40RTS.

5 DISCUSSION AND CONCLUSIONS

We are introducing a new framework for computing the sensitiv-
ity kernels using adjoint methods in the context of an accelerated
approach relying on the forward solver AxiSEM3D. Our approach
exploits the inherent azimuthal smoothness of a global wavefield
by using AxiSEM3D for both forward and adjoint simulations,
which allows to flexibly adjust the mesh according to the desired
complexity and thus lends itself very well to the discrete adjoint
approach. We compute kernels in the continuous adjoint and dis-
crete adjoint frameworks in global scale tomographic models, and
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1)

2)

3)

Figure 12. Event kernel at 5s with a magnitude 5.8 earthquake in Virginia, and 3 receivers, in S40RTS, at epicentral distance 50◦. We display three slices
through the kernels, as well as a shell-like cut at 5000km radius. We also display the measurement used to compute the source time function of each kernel.
”Synthetic” refers to the seismogram computed in S40RTS, and ”Perturbed” refers to that same seismogram shifted by a small time offset, which artificially
creates an observed seismogram. The time shifts used are (from seismograms 1) to 3) ) 1s, -1s, and 0.1s

we show that our kernels are exact by comparing them with cross
correlation traveltime perturbations predicted from forward simu-
lations with AxiSEM3D. The continuous adjoint approach is built
upon the novel implementation of off-axis sources which are re-
quired to leverage the benefits of the adjoint method by igniting
them simultaneously. Of course, our off-axis source implementa-
tion can also be used for other problems such as finite kinematic
earthquake sources and source encoding (Tromp and Bachmann
2019).

By using the discrete adjoint method, we are able to obtain
kernels at a reduced computational cost and with reduced disk stor-
age compared to traditional spectral element methods. Indeed, our
method retains the O(ω3) scaling with simulation frequency from
AxiSEM3D for tomographic mantle models, as opposed to O(ω4)
for other software. Even though disk storage in AxiSEM3D is much
lower than in other methods because of the flexible mesh parametri-
sation, we will in future work implement well documented check-
pointing algorithms (Komatitsch et al. 2016), which allow to only
store a subset of the time steps of the forward wavefield. These
methods are more computationally expensive because they require
recomputing part of the forward wavefield during the adjoint sim-
ulation. However, this does not change the frequency scaling and
our method will remain O(ω3), which is the key benefit of our im-
plementation.

The main idea of the discrete adjoint method, thanks to the
discrete wave operator being self adjoint and therefore hermitian,
is that it is not necessary for the adjoint simulation to produce phys-
ically accurate wavefields, instead the only requirement is that it is

run on the same discretization as the forward simulation. This al-
lows for the obtained kernels to be exact for the given discretized
model parameters. In our case, this means we can keep the flexi-
ble Fourier expansion enabled by AxiSEM3D, and thus apply the
complexity-adapted efficiency and speedup from the forward prob-
lem in the same manner for the inverse problem. However, we need
to be cautious when choosing the Fourier expansion we work in. In
our benchmarks we assumed a known expansion corresponding to
the perturbed Earth model. In a tomographic inversion however, we
have no knowledge of what is inside the Earth. If choosing an ar-
bitrary Fourier expansion to work in, one may run the risk that the
expansion is not high enough to accurately model the actual veloc-
ity model resolved by the data. This, of course, is always the case
for any inversion, but the discrete adjoint approach illuminates this
pre-defined fixed resolution problem clearly. This situation is iden-
tical to the problem of designing a tomographic inversion mesh,
where one risks missing structure but also possibly overfitting the
data. In that case, the mesh structure is determined by data cover-
age and resolution, with regions of dense ray paths having a fine
meshing, and a coarser one for regions with less ray paths. Essen-
tially, this means fixing the model resolution prior to running the
inversion, which is exactly what we’re interested in, because it will
have very dense regions for which we’ll have a high Fourier expan-
sion, and very sparse regions for which the expansion will be very
low. In subsequent work we will be designing such a mesh adapted
to our framework, and demonstrating an example of global seismic
tomography using this novel framework.
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