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A B S T R A C T 

Recent work has developed a formalism for computing angular power spectra directly from catalogues containing field 

values at discrete positions on the sky, thereby circumventing the need to create pixelized maps of the fields, as well as 
avoiding aliasing and finite-resolution effects. We adapt this formalism to incorporate template deprojection for mitigating 

systematic biases in the measured angular power spectra. We also introduce an alternative method of mitigating the 
‘deprojection bias’ – the loss of modes induced by deprojection – employing simple simulations to compute a transfer 
function. We find that this approach performs at least as well as existing methods, and is relativ ely insensitiv e t o how 

well one can guess the true power spectrum of the observed field, e x cept at the largest scales ( � � 3 ). Additionally, we 
develop e xact e xpr essions for the bias introduced by deprojection in the shot-noise component, which further improves the 
accuracy of this approach. We test our formalism on simulated data sets, demonstrating its applicability both to discretely 

sampled fields, and to the special case of galaxy clustering, with the survey selection function defined in terms of a random 

catalogue or as a continuous sky map. After removing the bias in the shot noise and correcting for the remaining mode loss 
using a transfer function, our formalism produces unbiased measurements of the angular power spectrum in all scenarios 
t est ed here. Finally, w e apply our formalism t o r eal data and show it pr oduces r esults consistent with the standar d map- 
based pseudo- C � formalism. We implement our method in the public code NaMaster . 

Key words: methods: data analysis – methods: numerical. 
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 INTRODUCTION  

he accurate measurement of projected fields on the sky has 
ecome a cornerstone of modern cosmology, with perhaps the 
ost famous example being the cosmic microwave background 

CMB), for which measurements of anisotropies in its tempera- 
ure and polarization enable constraints on models of inflation 

nd the primordial density perturbations, as well as on the na-
ures of neutrinos and dark energy (e.g. E. Camphuis et al. 2025 ;
. Louis et al. 2025 ; Planck Collaboration VI 2020 ). Our knowl-
dg e of the larg e-scale structure (LSS) in the Universe is also
eavily dependent on our ability to measure projected fields on 

he sky: tomographic measur ements of g alaxy clustering exploit 
he fact that g alaxies ar e biased tracers of the underlying dark

atter distribution while leveraging photometric redshifts as a 
eans of estimating their radial positions, thereby enabling in- 

ir ect measur ements of the mat ter density field in ‘ slices’ across
osmic time without the need for spectroscopic observations, 
hich are time-consuming and costly across large areas (e.g. A. 
icola et al. 2020 ; T. M. C. Abbott et al. 2022 ; M. Rodríguez-
onroy et al. 2022 ; S. Sugiyama et al. 2023 ; M. Vakili et al. 2023 ;

. Yan et al. 2025 ). Furthermore, the effects of weak gravitational
ensing can be e xpr essed in terms of pr ojected fields, such as
 E-mail: thomas.cornish@physics.ox.ac.uk 
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he lensing shear and convergence, both of which are sensitive 
robes of the int erv ening dark matt er distribution (C. Heymans
t al. 2021 ; T. M. C. Abbott et al. 2022 ; H. Miyatake et al. 2023 ;
. Faga et al. 2025 ; B. Stölzner et al. 2025 ). These are only two
xamples among myriad other projected probes of the LSS, which 

nclude other CMB secondary anisotropies, the Cosmic Infrared 

ack gr ound, etc. (e.g . R. Stompor & G. Efstathiou 1999 ; R. Adam
t al. 2017 ; S. Bocquet et al. 2019 ; A. Maniyar et al. 2019 ; Í. Zubel-
ia & A. Challinor 2019 ; L. E. Bleem et al. 2022 ; J. Carron, M.
irmelstein & A. Lewis 2022 ; B . J ego et al. 2023 ; W. Coulton et al.

024 ; X. Fang et al. 2024 ; F. J. Qu et al. 2024 ; S. Shaikh et al. 2024 ;
. Ge et al. 2025 ). 

It is no surprise, then, that the angular power spectrum (de-
oted C � ), which quantifies the covariance between angular fluc- 

uations in two fields as a function of angular multipole � (and
ncodes all information in the case of Gaussian fields), has be-
ome an essential summary statistic in cosmology. Unbiased es- 
imators of the angular power spectrum have been extensively 
 xplor ed, and optimal quadratic minimum variance (QMV) es- 
imat ors hav e been dev eloped which ar e capable of r ecovering
ngular power spectra with minimal loss of information (M. 
egmark 1997 ). How ev er, these estimat ors r equir e the inversion
f a pixel-space covariance matrix in order to optimally weight 
he data, an operation which can be computationally expensive 
hen working with high-resolution maps. The prohibitive com- 
utational demand of these estimators often necessitates an al- 
 This is an Open Access article distributed under the terms of the 
/by/4.0/ ), which permits unrestricted reuse, distribution, and 
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 ernativ e, an example of which can be found in the pseudo- C � 

PCL) algorithm (E. Hivon et al. 2002 ; D. Alonso et al. 2019 ).
he PCL approach simplifies things by assuming a diagonal data
ovariance matrix – an assumption which holds if the data in
uestion are spatially uncorrelated and/or dominated by white
oise (B. Leistedt et al. 2013 ). This simplification significantly

mproves the speed of computation, making the PCL algorithm
n often at tr active approach to C � estimation. 

The characterization and mitigation of systematic effects is
ecoming a problem of increasing relevance in cosmological sur-
eys: as the hoards of data being collected continually increase
n size, the statistical uncertainties have the potential to become
omparable to those arising from systematics (e.g. S. Ho et al.
012 , 2015 ; D. Huterer, C. E. Cunha & W. Fang 2013 ; A. R. Pullen
 C. M. Hirata 2013 ; N. Agarwal et al. 2014 ; D. L. Shafer & D.
ut erer 2015 ; N. Weav erdy ck, J. Muir & D. Huterer 2018 ). A

lethora of techniques have been developed to tackle this issue
y att empting t o quantify the dependence of the desired field on
aps of the survey properties or other contaminants thought to

e contributing to the observed signal. These range from tech-
iques interpretable through a linear regression framework (N.
eav erdy ck & D. Huterer 2021 ) such as mode deprojection (also

alled t emplat e depr ojection; G. B . Rybicki & W. H. Pr ess 1992 ;
. Slosar, U. Seljak & A. Makarov 2004 ; F. Elsner, B. Leistedt & H.
. Peiris 2016 , 2017 ), t emplat e subtr action (A. J. R oss et al. 2011 ;
. Ho et al. 2012 ), and the it erativ e syst ematics decontamination
 echnique employ ed by the Dark Energy Survey (J. Elvin-Poole
t al. 2018 ; M. Rodríguez-Monroy et al. 2022 ), to more sophis-
icated methods employing machine learning tools such as arti-
cial neural networks (M. Rezaie et al. 2020 ) or self-organizing
aps (H. Johnston et al. 2021 ). 
The approaches discussed so far typically inv olv e data in the

orm of pixelized maps that quantify the value of a projected
eld at a given position on the sky. How ev er, it is often the case

n cosmology that the fields whose angular power spectra we
 ould like t o measur e ar e sampled at discr ete positions on the

ky, corresponding to the positions of sources in a catalogue. The
ypical course of action to obtain power spectrum measurements
n this case is to bin these discrete points into pixels and produce a

ap of the mean field value in each pixel. How ev er, recent w ork
y A. Baleato Lizancos & M. White ( 2024 ); K. Wolz, D. Alonso
 A. Nicola ( 2025 ) allows one to circumvent this step, through

n update to the PCL formalism which facilitates the compu-
ation of the PCL directly from catalogue data. This approach
aturally avoids any bias introduced by the pr ocess of pix elizing
iscretely sampled observables, which would otherwise influence
easurements of the power spectrum at scales comparable to or

maller than the pixel scale. This extension to the PCL formalism
as implemented in the publicly available code NaMaster 1 (D.
lonso et al. 2019 ), and its validity subsequently demonstrated on

arious discretely-sampled astrophysical fields, including cosmic
hear, proper motions, dispersion measure of fast radio bursts,
nd galaxy positions. How ev er, these validation tests were per-
ormed using idealized mock data with no contamination due
 o syst ematics; indeed, the catalogue-based formalism as it is
escribed in K. Wolz et al. ( 2025 ) includes no means of mitigating
ystematic effects. 

The aim of this paper is thus t o ext end the catalogue-based
CL formalism of K. Wolz et al. ( 2025 ) in order to incorporate
NRAS 547, 1–15 (2026) 
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ystematics mitigation, and to implement this in NaMaster . In
articular, we adapt the template depr ojection appr oach for ap-
licability to catalogue data, as this is already implemented in
aMaster for map-based fields. 
The structure of the paper is as follows. In Section 2 , we outline

he existing PCL formalism and its extension to catalogue-based
ata, befor e intr oducing our int egration of t emplat e deprojection

nto the latter. In Section 3 , we validate our approach using sim-
lated data with systematic effects factored in. Section 4 contains
ur conclusions. 

 METHODS  

.1 Overview of pseudo- C � methods 

his section contains a brief review of the pseudo- C � power spec-
rum estimator, including the concept of template deprojection,
nd the techniques used to extract power spectra directly from
atalogues. This provides the background needed to present the
 xtension of depr ojection t echniques t o catalogue-based spectra
escribed in Section 2.2 . Readers ar e r eferr ed to E. Hivon et al.
 2002 ) and D. Alonso et al. ( 2019 ) for a more detailed account of 
hese techniques. 

We will focus our discussion on the calculation of auto-
orrelations of a given field, since many of the new results pre-
ented in this paper are most relevant in this scenario, and all oth-
rs can be trivially generalized to the case of cr oss-corr elations. 

.1.1 Standard pseudo- C � estimator 

he pseudo- C � (PCL) or MASTER algorithm for power spectrum
stimation (E. Hivon et al. 2002 ; D. Alonso et al. 2019 ) is a simpli-
ed version of the optimal QMV estimator. The optimal inverse-
ariance weighting of the data map, prescribed by the QMV es-
imator, is a computationally expensive operation, effectively re-
uiring the inversion of a large pixel-space covariance matrix. In
he PCL approach, this matrix is assumed to be diagonal, turning
he inverse variance weighting step into a simple multiplication
f two maps: the data map containing the field measurements,
nd the ‘mask’, which plays the role of the local inverse variance
f these measur ements. N ot only is this a significantly simpler
nd faster operation, but the statistical coupling between different
ngular multipoles induced by this weighting can be estimated
nalytically using efficient methods. This makes the PCL estima-
 or easy t o deploy on a large variety of data sets t o extract fast
ower spectrum measurements. This is particularly beneficial on
mall scales, where the QMV estimator becomes prohibitively
xpensive. 

The st eps inv olv ed in the PCL estimat or can be summarized as
ollows (see D. Alonso et al. ( 2019 ) for a more complete descrip-
ion of the algorithm): 

(i) Let a ( ̂  n ) be a spin- s field defined on the sphere, and let v ( ̂  n )
e its associated mask. Construct the masked field, given by the
roduct a 

v ( ̂  n ) ≡ v ( ̂  n ) a ( ̂  n ) . Not e that w e denot e spin- s quantities
s a v ect or a ( ̂  n ) ≡ ( a 1 ( ̂  n ) , a 2 ( ̂  n )) , where a 1 and a 2 are the two
omponents of the field (e.g. the Q and U Stokes parameters
or CMB polarization maps, or the γ1 and γ2 components of the
osmic shear field). 

(ii) Compute the spherical harmonic transform (SHT) of the
asked field, a 

v 
�m 

, ignoring the presence of a mask. 

https://github.com/LSSTDESC/NaMaster
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(iii) Calculate the pseudo - C � of a 

v 
�m 

, PCL � ( a 

v , a 

v ) , defined as
he naïve estimator of the field’s power spectrum, averaging over 
ll values of m for a given � , ignoring the fact that a 

v is in fact
 masked field. In general, for two masked maps a 

v and b 

w , the
CL 

2 is defined as 

CL � ( a 

v , b 

w ) ≡ 1 
2 � + 1 

� ∑ 

m = −� 

a 

v 
�m 

b 

w † 
�m 

. (1) 

ince the presence of a sky mask leads to the statistical coupling
f different angular multipoles, the PCL is also often called the

coupled’ C � . 
(iv) Calculate the ‘mode-coupling matrix’ (MCM), the matrix 

ncoding the statistical coupling between different � modes in- 
uced by the sky mask, using the analytical e xpr essions pr esented

n e.g. D. Alonso et al. ( 2019 ). The MCM depends solely on the
CL of the mask. If binning the power spectrum into bandpow- 
rs, calculate also the binned MCM. Invert the MCM and multiply
he PCL calculated in the previous step by it. 

(v) In most cases, the measured field receives both signal and 

oise contributions: a = s a + n a , and more often than not we are
nt erest ed in the power spectrum of the signal. Thus, an estimate
f the noise power spectrum must be constructed and subtracted 

r om the measur ed power spectrum. In certain cases (e.g . white
oise) this may be done analytically. In other cases one must
ely on noise simulations. Finally, noise bias may be avoided 

sing only cr oss-corr elations between differ ent map ‘splits’ (e.g .
aps constructed from data taken during disjoint time periods), 

ontaining the same signal but different noise realizations (T. 
ouis et al. 2025 ). The specific case of uncorrelated noise from
iscr etely-sampled sour ces is discussed in Section 2.1.3 . 
(vi) The power spectrum must be corrected for finite- 

esolution effects. These may be caused by a finite telescope 
eam, or by the finite size of the sky pixels over which the map
as been measured (assuming that the pixel values correspond 

o an average of the field value over the pixel area). This can be
one exactly if a sufficiently accurate model of the smoothing 
ernel can be constructed (e.g. R. Datta et al. 2024 ). 

It is worth noting that, under the usual interpretation of the
MV estimator, the mask v ( ̂  n ) in step 1 above should in principle

orrespond to the local inverse variance of the measured field. 3 
ow ev er, the estimat or r emains unbiased r eg ar dless of what v ( ̂  n )

s (as long as it is zer o wher e the field is not measured), although
ts variance may become highly sub - optimal if v ( ̂  n ) deviates sig-
ificantly from this prescription. 

.1.2 Template deprojection 

ften the map under study is affected by contamination from 

on-cosmological sources. Although the level of contamination 

s usually not known a priori, it is often possible to construct
 comprehensive library of templates r epr esenting the potential 
ources of contamination. If the level of contamination is rela- 
ively mild, we can then construct a linear model of the form 

 

obs = a 

v ( ̂  n ) + A p f p ( ̂  n ) , (2) 
 Note that we use ‘PCL’ as shorthand for both the ‘pseudo- C � ’ formalism 

nd for the cut-sky estimator of the power spectrum defined here. 
 We assume scalar masks, although this can be generalized to the case of 
ully anisotropic weighting–see D. Alonso ( 2025 ). 

4

d

here a 

obs is the observ ed, contaminat ed field, a 

v is the masked
nd uncontaminated field, f p ( ̂  n ) are the different contaminant 
 emplat e maps, and A p are unknown amplitudes that control the
evel of contamination from each source. Note that we implicitly 
um over the repeated index p (and we will continue to do so
hroughout the paper). 

A self-consistent pr ocedur e to account for this contamination 

s then to calculate the power spectrum of a 

obs after marginalizing 
ver all possible values of A p (G. B. Rybicki & W. H. Press 1992 ).
s shown in F. Elsner, B. Leistedt & H. V. Peiris ( 2017 ), in the

ontext of the PCL framework, this can be achieved by calcu-
ating the best-fitting value of A p , and subtracting the resulting
ontamination from the original map. Mathematically, this is also 
quivalent to projecting the observed map onto the subspace that 
s orthogonal to all the contaminant templates, effectively ‘de- 
rojecting’ these t emplat es from the data. The resulting depro-

ected map is thus 

 

c ( ̂  n ) = a 

v ( ̂  n ) − f p ( ̂  n ) F pq 
〈
f q , a 

v 〉 , (3) 

here the matrix F is defined as the pseudo-inverse 4 of F 

−1 , where(
F 

−1 )
pq ≡

〈
f p , f q 

〉
. (4) 

n these equations, we have defined the map-level dot product as

〈 a , b 〉 ≡
∫ 

d ̂  n a 

† ( ̂  n ) b ( ̂  n ) . (5) 

xpanding the fields in terms of their harmonic coefficients, this 
ot product may also be written in harmonic space as 

〈 a , b 〉 = 

∑ 

�m 

a 

† 
�m 

b �m 

= 

∑ 

� 

(2 � + 1) Tr [ PCL � ( a , b ) ] . (6) 

ince this will be important for our discussion in Section 2.2 , note
hat the combination 

ˆ 
 p ≡ F pq 

〈
f q , a 

v 〉 (7) 

s the best-fit ting v alue of the amplitude coefficient A p in equation
 2 ) estimated from the data. Equation ( 3 ) may thus be expressed
irectly in harmonic space: 

 

c 
�m 

= a 

v 
�m 

− ˆ A p f p �m 

, (8) 

ith 

ˆ A p calculated in real or harmonic space. Finally, note that all
he t emplat e maps f p ent ering the equations abov e are implicitly

asked using v ( ̂  n ) (the mask applied to the data). 
Since contaminant deprojection effectively removes modes 

rom the map (any mode that lies in the subspace of contaminant
 emplat es), it causes a bias in the estimated power spectrum that

ust be corrected for (F. Elsner et al. 2017 ). We will explore
lt ernativ e approaches to correct for this bias in Section 2.3 . 

As first introduced in section 2.4.2 of D. Alonso et al. ( 2019 ),
n the case of uncorrelated noise, it is possible to calculate the
orrection to the noise power spectrum caused by contaminant 
epr ojection e xactly, even if the noise is inhomogeneous. The
dditional contribution to the noise PCL is: 

N � = −2 F pq PCL � ( f p , v 2 σ 2 
N f 

q ) 

+ F pq F rs 

[∫ 
d ̂  n v 2 σ 2 

N f 
q † f r 

]
PCL � ( f p , f s ) , (9) 
MNRAS 547, 1–15 (2026) 
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5 In other w ords, w e will implicitly assume that the random weights are 
normalized such that 

∑ N r w 

r = 

∑ N d w . 
here σ 2 
N ( ̂  n ) is a map of the local field variance in a unit solid

ngle. 

.1.3 Catalogue-based pseudo- C � s 

e are often interested in fields that are not mapped over con-
inuous areas, but instead are recorded at the positions of dis-
r ete sour ces. A prime e xample of this is cosmic shear, wher e
he lensing shear field is effectively measured at the positions
f back gr ound sour ces. The power spectrum of such fields can
till be calculated using the standard PCL approach, generating
ontinuous maps by binning the sources into pixels, and using
he density of these sources as a proxy for the sky mask. Some
ubtleties about this approach can be found in A. Nicola et al.
 2021 ). 

Inst ead, a more accurat e tr eatment of discr etely-sampled fields
as been introduced recently (A. Baleato Lizancos & M. White
024 ; K. Wolz et al. 2025 ), enabled by new algorithms to estimate
he SHTs of irregularly-sampled fields (M. Reinecke, S. Belkner
 J. Carron 2023 ). In this case, the field and its mask can be
 xpr essed as a sum of delta functions centred at the source co-
rdinates: 

 ( ̂  n ) = 

N d ∑ 

i =1 

w i δ
D ( ̂  n , ˆ n i ) , a 

v ( ̂  n ) = 

N d ∑ 

i =1 

w i a i δ
D ( ̂  n , ˆ n i ) , (10) 

here the index i runs over all sources in the sample, w i is the
eight of the i th source, ˆ n i is its position on the sky, a i is the

alue of field measured at that position, and δD is the Dirac delta
unction on the sphere. For simplicity we consider only a scalar
eld here, and the generalization to spin- s can be found in K. Wolz
t al. ( 2025 ). The spherical harmonic coefficients of v and a 

v are
hen simply 

 �m 

= 

N d ∑ 

i =1 

w i Y 

∗
�m,i , a 

v 
�m 

= 

N d ∑ 

i =1 

w i a i Y 

∗
�m,i , (11) 

hich can be calculated using the irregular SHT methods imple-
ented in e.g. M. Reinecke et al. ( 2023 ). Once computed, these

armonic coefficients can be used to calculate the PCL of the field
nd the associated MCM, as described in Section 2.1.1 . 

The most immediately obvious advantage of the catalogue-
ased approach is the absence of finite pixel resolution effects,
llowing the resulting estimator to recover power spectra up to
rbitrarily small scales (as long as the corresponding harmonic
oefficients can be calculated and stored). In addition to this, K.
olz et al. ( 2025 ) showed that the catalogue-based approach nat-

rally allows for a more numerically stable tr eatment of uncorr e-
ated noise bias. In particular, it was shown that all contributions
r om any uncorr elated noise sour ces can be r emoved e xactly by
ubtracting the zero-lag contributions to the PCLs of the masked
eld and of the mask itself prior to estimating the MCM (i.e. the
ontributions to the PCLs coming from the product of v and a 

v 

ith themselv es evaluat ed at the same source). These are given
y 

˜ 
 

v ≡ 1 
4 π

N d ∑ 

i =1 

w 

2 
i , ˜ N 

a ≡ 1 
4 π

N d ∑ 

i =1 

w 

2 
i a 

2 
i . (12) 

oing so has the added advantage that, by removing the asymp-
otic value of the mask PCL at high � (given by ˜ N 

v ), the associated
CM is significantly more numerically stable, and can be safely

nv ert ed. 
NRAS 547, 1–15 (2026) 
Another application of the catalogue-based approach is the
ase of galaxy clustering, in which the density of sources is it-
elf the field of interest. In the simplest scenario, a continuous
ap with the expected mean density of sources n̄ ( ̂  n ) can be con-

tructed. The overdensity field is then given by 

 ( ̂  n ) ≡ δg ( ̂  n ) = 

1 
n̄ ( ̂  n ) 

[ N d ∑ 

i =1 

w i δ
D ( ̂  n , ˆ n i ) − n̄ ( ̂  n ) 

] 

. (13) 

ssuming the mean density is itself used as a mask for this field
since n̄ ( ̂  n ) is indeed proportional to the inverse variance of δg in
he Poisson limit), the masked field is simply 

 

v ( ̂  n ) = 

N d ∑ 

i =1 

w i δ
D ( ̂  n , ˆ n i ) − n̄ ( ̂  n ) . (14) 

ince in this case the mask is continuous, its shot noise
omponent is simply ˜ N 

v = 0 , while the field noise is ˜ N 

a =
 N d 
i =1 w 

2 
i / (4 π ) . 

Oft en, how ev er, the mean source density is not provided as a
ontinuous map, but as a catalogue of ‘random’ objects (or simply
r andoms’). Catalogues of r andoms have long been a critical com-
onent of configuration-space galaxy clustering analyses (e.g. H.
otsuji & T. Kihara 1969 ; S. D. Landy & A. S. Szalay 1993 ). These
re point processes distributed according to the survey selection
unction and without any intrinsic clustering . They ar e typically
enerated by uniformly sampling across the survey footprint to
reate a catalogue of positions with a density significantly higher
han that of the data, such that correlations between the randoms
nd observed galaxies can be used to mitigate systematics caused
y masking or edge effects. It is worth noting that recent efforts
ave also been made to construct catalogues of ‘organized ran-
oms’ which additionally account for spatial correlations induced
y mor e comple x survey pr operties such as inhomegeneous depth
r seeing (H. Johnston et al. 2021 ; Z. Yan et al. 2025 ). How ev er,
ince the aim of this work is to employ template deprojection
 o mitigat e these more complex effects, we adopt the former ap-
roach to generating randoms when applying our formalism to
imulations (Section 3.2 ) and observations (Section 3.5 ). 

If randoms are used in place of a continuous map, the mean
ensity map (and hence the mask) entering the equations above

s 

¯ ( ̂  n ) = α

N r ∑ 

i =1 

w 

r 
i δ

D ( ̂  n , ˆ n i ) , (15) 

here w 

r 
i is the weight of the i th random object, and α ≡

 N d 
i =1 w i / 

∑ N r 
i =1 w 

r 
i corrects for the different number of sources in

he data and random catalogues. To simplify the notation, in what
ollows, we will omit the factor α, and absorb it into the random
eights. 5 In this case the mask has a shot noise component, and

he randoms also contribute to the field noise: 

˜ 
 

w = 

1 
4 π

N r ∑ 

i =1 

(w 

r 
i ) 

2 , ˜ N 

a = 

1 
4 π

N d ∑ 

i =1 

w 

2 
i + 

˜ N 

w . (16) 

In summary, the treatment of catalogue-based fields is straight-
orwar d to e xtend to the case of galaxy clustering, by simply
eplacing all field values with 1, and including the contribution
i =1 i i =1 i 
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6 Assuming that both random catalogues r epr esent the same underlying 
mean density field. 
7 Recall that we assume the random weights to be normalized so that α = 

1 . 
rom random objects in the calculation of the field spherical har-
onic coefficients and in the shot-noise components of field and 

ask (if randoms are used). 

.2 Template deprojection for catalogue-based C � s 

e now present the extension of the template deprojection tech- 
ique, outlined in Section 2.1.2 for continuous fields, to the case 
f fields sampled at the positions of discrete sources. Specifically, 
ur aim is to extend equations ( 8 ) and ( 9 ), describing the har-
onic coefficients of the contaminant-deprojected field and the 
odification to the white noise level brought about by deprojec- 

ion, respectively. We will do so for both sampled fields and for
 alaxy clustering . 

.2.1 Sampled fields 

onsider first a discretely-sampled field a 

v ( ̂  n ) as given in equa-
ion ( 10 ). The masked contaminant t emplat es in this case are 

˜ f p ( ̂  n ) = 

∑ 

i 

w i f p i δD ( ̂  n , ˆ n i ) , (17) 

here f p i is the value of the t emplat e at the position of the i th
ource in the catalogue. Substituting this in equation ( 3 ), we find
hat the deprojected field is simply 

 

c ( ̂  n ) = 

∑ 

i 

w i a 

c 
i δ

D ( ̂  n , ˆ n i ) , (18) 

here we have defined the deprojected sampled field values a 

c 
i as

 

c 
i ≡ a i − ˆ A p f p i , (19) 

nd the estimated linear amplitude is 

ˆ 
 p ≡ ˜ F pq 

∑ 

j 

w 

2 
j f 

q 
j a j , 

(˜ F 

−1 )
pq ≡

∑ 

j 

w 

2 
j f 

p 
j f q j . (20) 

hus, we see that deprojection simply affects the values of the
eld sampled at the source positions, and it only depends on

he values of the contaminant t emplat es sampled at the same
ositions. The dot product introduced in equation ( 5 ) is replaced
y a sum over all sources of the product of two weighted fields.
eprojection can therefore be achieved easily, without requiring 

ny contaminant maps explicitly, and simply modifying the sam- 
led field values as above. Likewise, the white noise amplitude, 
ccounting for deprojection, can be calculated simply using equa- 
ion ( 12 ), replacing a i with a 

c 
i as given above. 

The whit e-noise pow er spectrum receiv es a further scale- 
ependent correction from deprojection due to mode loss. In the 
ase of continuous fields, this is given by equation ( 9 ). To calcu-
ate this correction in the case of a discretely-sampled field, we 
tart by writing the PCL of a 

c : 

CL � (a 

c , a 

c ) = 

∑ 

i j 

(w i w j a 

c 
i a 

c 
j ) 

� ∑ 

m = −� 

∣∣Y 

∗
�m,i Y �m, j 

∣∣
2 � + 1 

. (21) 

e then expand a 

c 
i in terms of a i and the templates as in equation

 19 ), and then take the ensemble average of the result, assuming
 i to consist solely of uncorrelated noise: 〈 a i a j 〉 = σ 2 

i δi j , where σ 2 
i 

s the noise variance of the field at the i th discrete source. Writing
he result as 〈
PCL � (a 

c , a 

c ) 
〉 = 

˜ N 

a + �N 

a 
� , (22) 
he correction is 

N 

a 
� = −2 ̃  F pq PCL � ( ̃  f p , ̃  g q ) 

+ ̃

 F pq ̃  F rs 

⎡ 

⎣ 

∑ 

j 

w 

2 
j σ

2 
j ( w j f q j ) ( w j f s j ) 

⎤ 

⎦ PCL � ( ̃  f p , ˜ f r ) , (23) 

here 

˜ f p �m 

≡
∑ 

i 

w i f p i Y 

∗
�m,i , (24) 

nd where we have defined the noise-weighted field 

˜  p �m 

≡
∑ 

i 

w 

2 
i σ

2 
i (w i f p i ) Y 

∗
�m,i . (25) 

As before, this contribution to the noise bias due to depro-
ection depends only on the values of the contaminant tem- 
lat es evaluat ed at the source positions, as w ell as an estimat e
f the noise variance at each source σ 2 

i . For noise-dominated 

elds, this may be estimated directly as σ 2 
i ∼ a 

2 
i , but care must

e e x er cised when this is not the case. For modest numbers of 
ontaminant t emplat es, this whit e noise corr ection is r elatively
mall, and may be neglect ed. How ev er, as w e will see in Sec-
ion 3.1 , when many ( O (100) ) t emplat es are deprojected, the
orrection may become significant, particularly on large angular 
cales. 

.2.2 Galaxy clustering 

e turn now to the case of galaxy clustering. We will start with
he mor e comple x scenario in which the mask is provided as a
iscrete set of random points, and then turn to the simpler case
f a continuous mask at the end of this section. 

Tw o charact eristics of this type of data separate it from the
tandard sampled fields in a way that impacts how contaminant 
eprojection must be carried out: first, the source positions and 

eights do not constitute the field’s mask, the random catalogue 
oes inst ead. Secondly, this discret ely-sampled mask features as 
n additive contribution to the masked field itself, quantifying 
he mean density subtracted from the data (the second term in
quation 14 ). Note that although this latter choice is indeed the
ost common one when analysing galaxy data, one could also 

se two different random catalogues – one to construct the sub- 
racted mean density, and a different one to define the mask –
nd the resulting estimator for the galaxy overdensity would 

till be unbiased. 6 Nev ertheless, w e will adopt the standard ap-
roach of using a single random catalogue for both purposes 
ere. 
This immediately leads to a problem if we simply apply equa-

ion ( 3 ) to the field defined in equation ( 14 ), with n̄ given by
quation ( 15 ) and, hence, with the masked t emplat es giv en by 7 

˜ f p ( ̂  n ) = 

N r ∑ 

i =1 

w 

r 
i f 

p 
i δD ( ̂  n , ˆ n i ) , ˜ f p �m 

= 

N r ∑ 

i =1 

w 

r 
i f 

p 
i Y 

∗
�m,i . 
MNRAS 547, 1–15 (2026) 
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ubstituting this in the e xpr ession for the estimated linear coeffi-
ients ˆ A p (equation 7 ) we find: 

ˆ 
 p = F pq 

∫ 
d ̂  n a 

v ( ̂  n ) ˜ f q ( ̂  n ) 

= F pq 

⎛ 

⎝ 

N d ∑ 

i =1 

N r ∑ 

j=1 

w i w 

r 
j f 

q 
j 

∫ 
d ̂  n δD ( ̂  n i , ˆ n ) δD ( ̂  n j , ˆ n ) 

−
N r ∑ 

i, j=1 

w 

r 
i w 

r 
j f 

q 
j 

∫ 
d ̂  n δD ( ̂  n i , ˆ n ) δD ( ̂  n j , ˆ n ) 

⎞ 

⎠ 

∝ −F pq 

N r ∑ 

i =1 

(w 

r 
i ) 

2 f p i , 

ince we assume that no two objects from either the source or
andom catalogues occupy the exact same position. Likewise, the
lements of the matrix F satisfy 

(
F 

−1 )
pq ∝ 

N r ∑ 

i =1 

(w 

r 
i ) 

2 f p i f q i . (26) 

his is problematic because, first, the estimated 

ˆ A p does not de-
end on the data catalogue, only on the randoms, and hence it
oes not capture any real correlations between the galaxy over-
ensity and the contaminants. Secondly, had we chosen to use
wo different catalogues for the subtracted mean density and the

ask, the quantities above would both be exactly zero. 
The cause of this problem lies in the key assumption under-

ying the pseudo- C � power spectrum estimator: the covariance
atrices of all fields inv olv ed are diagonal in real space, and the

nverse diagonals are represented by the field masks (in this case,
he random catalogue positions). We know that, in practice, this
s not the case: LSS fields exhibit correlations over a range of real-
pace separations. Furthermore, we actually expect the observed
 alaxy over density t o be affect ed by syst ematic contamination
and hence t o correlat e with the contaminant t emplat es) on large
cales. We thus propose to use these large-scale correlations to
edefine the linear deprojection coefficients. In particular, we can
se the harmonic-space e xpr ession for the dot product of two
elds (equation 6 ), truncating it at a given maximum multipole
 max , which characterizes the scale over which we want to capture
orrelations between data and contaminants. The linear depro-
ection coefficients, in the case of galaxy clustering, are therefore
alculated via 

ˆ A p ≡ ˜ F pq 
∑ � max 

� =0 (2 � + 1) 
[ 
PCL � (a 

v , ˜ f q ) + 

∑ N r 
i =1 

(w r i ) 
2 f q i 

4 π

] 
, 

(˜ F 

−1 )
pq = 

∑ � max 
� =0 (2 � + 1) 

[ 
PCL � ( ̃  f p , ˜ f q ) − ∑ N r 

i =1 
(w r i ) 

2 f p i f q i 
4 π

] 
. (27) 

ot e that w e hav e subtract ed the shot-noise contribution to the
seudo- C � s entering these equations, caused by coincident pairs
f random points in the subtracted mean density and the mask.
his contribution is completely accidental (e.g. it would be zero if 
e had decided to use two different random catalogues for both
urposes), and must ther efor e be discarded. 
This generalization of the standard contaminant deprojection

pproach is perfectly legitimate from a mathematical point of 
iew: it is equivalent to a standard deprojection operation in har-
onic space in which some data points (multipoles with �, | m | >

 max ) are assigned zero weight (or, equivalently, a very large vari-
nce). 

Having defined the deprojection procedure, we must now de-
ive the correction to the shot noise power spectrum caused by
NRAS 547, 1–15 (2026) 
eprojection. We can do so following the same steps outlined in
he previous section for sampled fields, with two caveats: 

(i) The noise variance in this case is sourced by Poisson noise
n the data and random catalogues. Furthermor e, if differ ent ran-
om catalogues are used to quantify the subtracted mean density
nd to define the mask, only the randoms in the former (i.e. those
ntering a 

v 
�m 

) contribute to this variance, and not those in the
atter (i.e. those entering ˜ f �m 

). 
(ii) We must take care to consistently apply the truncation scale

 max used to find the deprojection coefficients. 

The resulting expression for the shot noise deprojection bias is

N � = −2 ̃  F pq PCL � ( ̃  f p , ̃  g q ) 

+ ̃

 F pq ̃  F rs 

[ N d ∑ 

i =1 

w 

2 
i 

˜ f q F i ̃
 f s F i 

+ 

N r ∑ 

i =1 

(w 

r 
i ) 

2 ˜ f q F i ̃
 f s F i 

] 

PCL � ( ̃  f p , ˜ f q ) , (28) 

here we have defined the filtered-weighted templates ˜ f p F as a
runcat ed inv erse SHT of the masked t emplat es 

˜ f p F i ≡
� max ∑ 

� =0 

� ∑ 

m = −� 

˜ f p �m 

Y �m,i , (29) 

nd where 

˜  p �m 

≡
N d ∑ 

i =1 

w 

2 
i 

˜ f p F i Y 

∗
�m,i + 

N r ∑ 

i =1 

(w 

r 
i ) 

2 ˜ f p F i Y 

∗
�m,i . (30) 

Note that, as in the case of sampled fields, we only r equir e the
alues of the contaminant t emplat es at the discrete positions of 
he points defining the field’s mask (i.e. the random catalogue),
nd not explicitly in the form of maps. 

Now, in the simpler case in which the mask (and hence the
ean number density) is provided as a continuous map, depro-

ection can be carried out following the steps outlined above, with
he following simplifications: 

(i) The t emplat es ar e also pr ovided as continuous maps, and
he masked t emplat es are simply ˜ f p ( ̂  n ) = n̄ ( ̂  n ) f p ( ̂  n ) , where n̄ ( ̂  n )
s the mean number density map, which also serves as our mask.

(ii) No shot-noise contributions must be subtracted when esti-
ating the deprojection coefficients (i.e. the rightmost terms in

oth e xpr essions in equation 27 ). 
(iii) Only the data weights contribute to the shot noise variance

n equations ( 28 ) and ( 30 ). 

.3 Correcting for mode loss 

he process of t emplat e deprojection indiscriminately removes
ll power from modes proportional to any of the deprojected tem-
lates, introducing a bias in the final power spectrum estimate.
s discussed in F. Elsner et al. ( 2017 ), this deprojection bias can
e estimated analytically and subsequently removed: for a scalar
eld a with corresponding mask v and contaminants f p , it is given
y 

C � = −2 F pq PCL � 

( ˜ f q �m 

, f p �m 

)
+ F pq F rs 

[∫ 
d ̂  n f q † ( ̂  n ) ̃  f r ( ̂  n ) 

]
PCL � ( f p , f s ) , (31) 
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here F pq is as defined via equation ( 4 ), and 

˜ f p �m 

≡ S 

[
v ( ̂  n ) S 

−1 [C 

true 
� ′ S [ v f p ] s b 

� ′ m 

′ 
]s a 

ˆ n 

]s a 
�m 

. (32) 

ith S denoting a SHT and S 

−1 its inverse. 8 Note that we are
gain only considering autocorrelations of a single scalar field 

ere; a generalization to cross-correlations between two fields 
ith arbitrary spin can be found in D. Alonso et al. ( 2019 ). 
This method of correcting for the loss of modes induced by 

eprojection has two drawbacks. First, it requires some knowl- 
dge of the true angular power spectrum C 

true 
� , for which a reli-

ble estimate is not always achievable. Secondly, while the above 
rescription works for map-based fields, an equivalent pr ocedur e 
or catalogue-based data is non-trivial to implement, owing to the 
nverse SHTs inv olv ed. 

We ther efor e e xplor e in this w ork an alt ernativ e approach,
n which we use simulations to estimate a transfer function by 
hich one can divide the measured power spectra to correct for
ode loss following t emplat e depr ojection. The pr ocess inv olv es

 andomly gener ating many Gaussian realizations of some angu- 
ar power spectrum C 

input 
� , and applying to each realization the

ame mask as is being used for the data in question. For each
ealization, the angular power spectrum is then estimated both 

efore and after deprojecting the set of contaminants believed 

o be influencing the data; we will denote these power spectra
s C 

before 
� and C 

after 
� , respectively. The transfer function T � is then

efined as 

 � = 

〈 C 

after 
� 〉 sim 

〈 C 

before 
� 〉 sim 

, (33) 

here 〈·〉 sim 

denotes the average across Gaussian realizations. Di- 
iding the power spectrum measured from the data by T � should
hen correct it for mode loss (see e.g. F. Elsner et al. 2016 , in which
his approach is used to validate analytical e xpr essions for the
eprojection bias). 
In Section 3.3 , we test this approach and verify it as a viable

lt ernativ e t o calculating the deprojection bias, which can in turn
e applied to power spectra measured from catalogue-based data. 

 R E S U LT S  

e now validate the catalogue-based adaptation of template de- 
rojection described above using both simulated and real data. 
ections 3.1 and 3.2 do this for the cases of sampled fields and
 alaxy clustering, r espectively. N e xt, in Section 3.3 we examine
he relative performances of the mode loss correction methods 
escribed in Section 2.3 . Finally in Section 3.5 we apply this
ppr oach to r eal data fr om the Gaia-unWISE quasar catalogue
 Quaia ; K. Storey-Fisher et al. 2024 ). 

.1 Contaminant deprojection in sampled fields 

e start by validating the formalism described in the previous 
ection in the case of sampled fields. To do so, w e generat e a
umber of simulated catalogue-based observations including the 
resence of sky contamination, and show that we are able to
ecover unbiased power spectra by applying deprojection tech- 
iques and accounting for the impact of deprojection bias in both

he signal and uncorrelated noise components. 
 Defined as S [ a ( ̂  n ) ] �m 

≡ ∫ 
d ̂  n Y ∗�m 

( ̂  n ) a ( ̂  n ) and S −1 [ a �m 

] ˆ n ≡
 

�m 

Y �m 

( ̂  n ) a �m 

for a scalar field a ( ̂  n ) . 

b  

9

Specifically, in our simulations we use the positions of sources 
n the Quaia catalogue with spectro-photometric redshifts in the 
ange z p < 1 . 47 , corresponding to a sample of 644 786 quasar
andidates. This ensures that the simulated data have a realistic 
ource distribution, including large-scale sky coverage and small- 
cale clustering. Using a healpix 

9 (K. M. Górski et al. 2005 ; A.
onca et al. 2019 ) pixelization scheme with a resolution param-
ter of N side = 256 (corresponding to a pix el ar ea of ∼0 . 05 deg 2 ),
 e then generat e signal maps as Gaussian realizations with an

ngular power spectrum of the form 

 

input 
� = 

1 
� + 10 

, (34) 

nd sample them at the positions of the Quaia sources. We gen-
rate 1000 such realizations. Likewise, we generate 100 Gaussian 

aps from a steeper power spectrum of the form 

 

syst 
� = 

A syst 

(� + 10) 3 
, (35) 

hich we sample at the same source positions and use as contam-
nant t emplat es t o deproject. We then construct a specific linear
ombination of these contaminant t emplat es t o contaminat e the
ignal assigned to each source. For simplicity, we use the direct
um of all t emplat es, scaling the proportionality constant A syst to
nsure that the total variance due to systematic contamination in 

ach source is 30 per cent of the signal. Finally, w e generat e un-
orrelated Gaussian numbers for each source to serve as a noise
omponent, with a standard deviation equal to 10 times that of 
he signal. Fig. 1 shows the input and contaminant power spectra,
s well as the expected noise level, together with the mean power
pectrum of all simulations. We note that the amplitudes of the
ontaminant and noise components have been chosen to exac- 
rbate the impact of systematic deprojection on the simulations: 
he measur ements ar e syst ematics-dominat ed on scales � 	 100 .
urthermore, the data are noise dominated on a source-by-source 
asis, as well as on all scales. This, together with the large number
MNRAS 547, 1–15 (2026) 
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f contaminant t emplat es being deproject ed, increases the ampli-
ude of the correction to the noise bias due to deprojection ( �N 

a 
� 

n equation 23 ). 
To first validate our analytical e xpr ession used t o calculat e
N 

a 
� , we study the power spectrum of noise-only simulations, in

hich we only include the contribution from uncorrelated noise
o the field value for each sour ce. Fig . 2 shows the mean power
pectrum of all such simulations before and after deprojecting all
00 contaminant t emplat es (black and red points, respectively).
e remind the reader that the white noise component is avoided

y the catalogue-based estimator by construction. The loss of 
odes due to deprojection leads to a negative power spectrum at

ow � , which is accurately r ecover ed by our analytical e xpr ession
blue line). 

Finally, Fig. 3 shows the result of our validation of the for-
alism outlined here. The purple points show the average power

pectrum for contaminated simulations after contaminant depro-
ection, before accounting for any sources of deprojection bias.

n large scales, the power spectrum shows a very significant lack
f pow er, ev en becoming negative at the lowest � s. Much of this
ower is r ecover ed by correcting for the white noise deprojec-
ion bias calculated via equation ( 23 ), as shown by the orange
oints. The remaining power loss can be r ecover ed by corr ecting
or the deprojection bias of the signal component. As described
n Section 2.3 , this may be done analytically if the true signal
ower spectrum is known, or through a simulation-based transfer
unction approach. The red points show the result of the latter

ethod, 10 which is able t o recov er an unbiased power spectrum
t all scales. 

.2 Contaminant deprojection in galaxy clustering 

ere, w e validat e the galaxy clust ering formalism described in
ection 2.2.2 by again using simulated catalogue-based observa-
ions, with contributions from sky contaminants imposed on the
NRAS 547, 1–15 (2026) 

0 It is worth noting that the true signal power spectrum is used here to 
enerate the simulations r equir ed for deriving the transfer function (see 
ection 2.3 ). How ev er, as w e will show in Section 3.3 , this approach is 
elativ ely insensitiv e t o this choice of pow er spectrum. 

A  

t  

m  

q  

w  

i  
istribution of the sources. We assess the two possible treatments
f the mask: using the positions and weights of randoms to de-
ne it, and providing it as a continuous map. We will hereafter
efer to these as the randoms-based and mask-based approaches,
espectively. 

For each simulation, we begin by generating a Gaussian real-
zation of a map, δin 

g , from some input angular power spectrum,
 

input 
� . For this t est, w e use the best-fitting angular pow er spec-

rum for the Quaia ‘low- z’ ( 0 ≤ z < 1 . 47 ) sample, described in
. Alonso et al. ( 2025 ) and G. Fabbian et al. ( 2026 ), as the input

or our simulations. A second map, δcont 
g , is also generated from

 

input 
� and contaminated with templates f p using known linear
oefficients A p such that the value in pixel i is given by 

cont 
g,i = δin 

g,i + 

N syst ∑ 

p=1 

A p f p i . (36) 

e use the same 10 t emplat es as used in D. Alonso et al. ( 2025 )
nd G. Fabbian et al. ( 2026 ), which the authors deproject from
uaia overdensity maps using the standard formalism as out-

ined in Section 2.2 . The use of these t emplat es here is motivated
y the desire t o t est our catalogue-based formalism in a realistic
cenario for galaxy clustering. Details of these t emplat es can be
ound in Appendix A , including Mollweide projections of each
Fig. A1 ). 

We then use a mask defining the Quaia survey geometry to
onvert each of these maps into a probability map, P , whose value
n a pixel i is given by: 

 

X 
i = (1 + δX 

g,i ) w 

i , (37) 

here w is a map describing the survey mask, and X ∈ { in , cont } .
s in Section 3.1 , all maps are created using a healpix pixeliza-

ion scheme with a resolution parameter of N side = 256 . These
aps are then normalized such that max (P X ) = 1 , and subse-

uently Poisson-sampled to cr eate r ealizations of the catalogue
ith and without contamination from systematics. We note that

t is possible, when generating these probability maps, for a pixel
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o end up with a value less than zero, and cannot ther efor e be
oisson-sampled. To test whether this is likely to be an issue,
e use the prescription outlined above to generate two sets of 

0 5 probability maps, one with contamination and one without, 
nd count how many pixels in each have values below zero. We
nd that there are no such pixels in any of the maps, and thus
onclude that they are unlikely to contribute significantly to our 
nalysis. 

As highlighted in Section 2.2.2 , it is necessary in the case
f galaxy clust ering syst ematics t o truncat e at some maximum
ultipole � max the harmonic-space e xpr ession for the dot prod-

ct of two fields in order to avoid losing information about 
 eal corr elations between the g alaxy over density and the con-
aminants (see equation 27 ). The choice of � max depends on
he contaminants in question. To determine a suitable value for 
he t emplat es used here, w e rerun the suit e of simulations us-
ng several different values of � max ranging from � max = 10 to
 max = 3 N side − 1 = 767 . 11 

The results of this test are shown in Fig. 4 , wherein each
anel shows the means and standard deviations in the deprojec- 
ion coefficient ˆ A p for a given contaminant as measured using 
he randoms- and mask-based approaches (teal circles and red 

quar es, r espectively), along with the input value used when gen-
rating the simulated data. Both the randoms- and mask-based 

epr ojection methods pr oduce biased estimates of the depr ojec- 
ion coefficients for several of the contaminants evaluated here 
f one uses an � max that is either too low or too high. We find
hat the most stable and least biased estimates tend to occur at
 max ∼ 100 , and as such adopt this value going forward with our
imulations. 

The reason for this bias in the estimated 

ˆ A p is related to
he pixel window function, and is a by-product of the fact that
ur contaminant t emplat es take the form of maps. While in
he map-based formalism it is str aightforw ar d to corr ect for
he pixel window function, we can see from equation ( 27 ) that
uch a correction is not applicable here, owing to calculation 

f PCL � (a 

v , ˜ f q ) r equir ed to obtain 

ˆ A p . We r eit erat e that a 

v is
he (masked) catalogue-based field being observed, and the ˜ f q 
s a given template (also masked), the nature of which depends
n which approach is being used. In the mask-based approach, 
he t emplat e maps are used dir ectly, r esulting in a PCL cr oss-
orrelating a catalogue-based field with a map-based field, for 
hich a correction for the pixel window function is not viable. 
ne might think this is mitigated by using the randoms-based 

pproach, in which 

˜ f q is computed by sampling the template at 
he positions of the randoms, but since these values are still being
ampled from a map of finite resolution, the pixel window func-
ion will still have an effect that is not easy to remove. While this
ffect is inherent to our simulations, it is also likely in a realistic
cenario that one will be working with pixelized contaminant 
 emplat es, in which case this will still be an issue. Since system-
tics tend to affect clustering measurements at larger scales, a 
elativ ely conservativ e � max of ∼100 should be sufficient t o cap-
ure the contribution from these sytematics in most use cases, 
hile significantly mitigating the effects of the pixel window 

unction. 
Fig. 5 shows the result of applying the t emplat e deprojection
1 healpix maps generated with a resolution parameter of N side are ap- 
r o ximat ely band-limit ed t o multipoles with � � 3 N side − 1 . 

i  

w  

u
u  
r ocedur e outlined in Section 2.2.2 to the set of contaminated
atalogues from our simulations, using both the randoms-based 

t eal circles; t op panel) and mask-based (r ed squar es; middle
anel) approaches. As was seen for sampled fields in Section 3.1 ,
here is a significant loss of power at large scales, which is al-

ost entirely mitigated by accounting for the noise deprojection 

ias via equation ( 28 ), since these data are noise-dominated in
his regime. Consequently, attempts to apply the transfer func- 
ion approach outlined in Section 2.3 appear to exacerbate the 
eviations from the true power spectrum, although these shifts 
re marginal and the resulting power spectra are still consistent 
ithin the errorbars. Overall, the final C � estimates are consis- 

ent with the input power spectrum to within ∼3 σ at all scales.
ince our simulated catalogues have been sampled from maps 
f finite resolution, aliasing effects are expected to arise beyond 

 ≈ 2 N side ; this can be seen for the mask-based case in the shaded
r ey r egion of the bottom panel in Fig. 5 , while the randoms-
ased approach appears relatively unaffected. We ther efor e cau- 
ion users against using the mask-based approach to probe scales 
f � > 2 N side . Importantly, we also note that the uncertainties
n Fig. 5 correspond to the mean over 1000 simulated data sets,
nd are therefore 

√ 

1000 ∼ 30 times smaller than the actual er- 
ors for a real-world data set. The small deviations shown in
he figure should therefore be completely negligible in a realistic 
cenario. 

Given that the systematics prevalent in LSS analyses tend to 
ominate at large angular scales, it is worth discussing here 
he efficacy of our method in the context of analyses for which
hese scales are the most relevant. For example, tomographic 
lustering-based constraints on the amplitude of local primordial 
on-Gaussianity, f NL , are particularly reliant on having unbiased 

easurements of the large-scale angular power spectrum (e.g. N. 
alal et al. 2008 ; A. Slosar et al. 2008 ; J .-Q . Xia et al. 2011 ; A.
. Pullen & C. M. Hirata 2013 ; T. Giannantonio et al. 2014 ; B.
eistedt & H. V. Peiris 2014 ; B. Leistedt, H. V. Peiris & N. Roth
014 ; S. Ho et al. 2015 ; E. Castorina et al. 2019 ; A. Krolewski et al.
024 ; S. Chiarenza et al. 2025 ; G. Fabbian et al. 2026 ). We thus
ow e xplor e the r esults of this section fr om the perspective of 
onstraining f NL . 

The ‘low- z’ Quaia sample, used as the basis for the simulations
sed in this work, has also been used in G. Fabbian et al. ( 2026 ) for
xactly this purpose. A simple y et conservativ e t est of the implica-
ions of our systematics mitigation approach for constraining f NL 
an be performed as follows: using the redshift distribution for 
his QSO sample (obtained from the data products of D. Alonso
t al. 2023 ) and assuming the Planck 2018 cosmology (Planck
ollaboration VI 2020 ) with a PNG response parameter p φ = 1 ,
 e generat e theor etical pr edictions of the quasar clustering C � s

or f NL ∈ [ −100 , 100] . We then evaluate each of these theoretical
 � s at the effective � of the lowest bandpower considered here
 � eff = 2 . 5 ), and use this to estimate the dependence of f NL on the

easured value of C � at this scale. Comparing the corresponding 
alues of f NL for the final corrected C � and the input C � used
 o generat e the simulations, w e find that for the randoms-based
ppr oach this differ ence amounts to a shift of � f NL ≈ 6 . This
s larger than the pr ecision of f NL measur ements r equir ed to
istinguish between single- and multifield models of inflation 

s � f NL � 1 (e.g. P. Creminelli & M. Zaldarriaga 2004 ), how ev er
e also cannot rule out that this shift is driven by the statistical
ncertainty in our validation process. Indeed, we find that the 1 σ
ncertainty on the final corrected C � at � eff = 2 . 5 corresponds to
MNRAS 547, 1–15 (2026) 
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Figur e 4. Linear depr ojection coefficients measur ed as a function of � max from simulations using the randoms-based (teal circles) and mask-based (red 
squar es) appr oaches. The pr ocedur e is outlined in Section 3.2 , and details of the t emplat es (indicat ed at the t op of each panel) can be found in Appendix A . 
The dashed black line in each panel shows the input deprojection coefficient used to contaminate the simulated data. Small horizontal offsets have been 
applied to the data for clarity. Both methods show significant variation in the deprojection coefficients for several contaminants, particularly as one 
mov es t o the low est and highest multipoles. The dott ed orange line indicat es � max = 100 , which w e deem a suitable value for minimizing the bias in our 
measur ed depr ojection coefficients for the majority of t emplat es. 
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Figure 5. Means and standard deviations in angular power spectra from 

contaminated simulations measured at various stages of correction us- 
ing the randoms-based (top panel) and mask-based (middle panel) ap- 
pr oaches. Differ ent marker sizes and linestyles r epr esent the differ ent 
stages: after contaminant deprojection (small markers, dashed lines); af- 
ter removing the noise deprojection bias (medium-sized markers, solid 
lines); after also correcting for deprojection bias in the signal component 
using the transfer function approach (large markers, dotted lines). The 
black solid line shows the angular power spectrum used t o generat e the 
(non-contaminated) data, and as such is indicative of the ‘true’ power 
spectrum. The shaded region begins at � = 2 N side , bey ond which w e 
expect aliasing effects to arise from the fact that we have sampled the 
catalogue from a map with finite resolution. The bottom panel shows 
the residuals of the fully correct ed pow er spectra with respect to the 
input power spectrum, normalized by the error in the mean across the 
simulations. Both the randoms-based (teal circles) and mask-based (red 
squar es) appr oaches ar e able t o accurat ely r epr oduce the input power 
spectrum, with the randoms-based approach maintaining bet ter accur acy 
than the mask-based at the higher multipoles. Exacerbated deviations 
from the input power spectrum after applying the transfer function ( T � ) at 
the largest scales are due to the data being noise-dominated in this regime 
(see text). 
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f NL ≈ 4 . We ther efor e conclude that our systematics mitigation
pproach has a low risk of producing significantly biased mea- 
urements of f NL . 

.3 Comparison between debiasing methods 

e now use simulations t o validat e the transfer function ap-
roach described in Section 2.3 (see equation 33 ) as a means of 
orrecting for mode loss when deprojecting t emplat es, and com- 
are with the deprojection bias approach normally employed for 
his purpose (see equation 31 ; G. B. Rybicki & W. H. Press 1992 ; F.
lsner et al. 2017 ). In particular, w e wish t o t est how dependent

he transfer function approach is on assumptions about the true 
ower spectrum. 
As in Section 3.2 , we begin with 1000 Gaussian realizations

f the angular power spectrum obtained from the Quaia survey, 
here we have contaminated each realization with those same 
 emplat es via equation ( 36 ) and applied the Quaia mask w . We
ill refer to this as the ‘main’ suite of simulations henceforth.
sing the standard map-based PCL approach (Sections 2.1.1 and 

.1.2 ), we then deproject the templates to obtain biased estimates
f the input power spectrum, ˆ C � . The transfer function or the
eprojection bias estimates are then used to debias these angular 
ower spectra. We use the debiased power spectra as a means of 
ssessing the efficacy of the transfer function approach. 

To calculate the v arious tr ansfer functions we wish to test, we
enerat e sev eral more suit es of simulat ed maps, each produc-
ng 1000 Gaussian realizations of a different input C � . For each
ealization, we apply the same mask as for the main suite and
se the standard PCL approach to measure the angular power 
pectrum of the masked field, C 

before 
� . We then use the map-based

pproach to deproject the same t emplat es used to contaminate
he main suite and measure the angular power spectrum post- 
eprojection, C 

after 
� . The transfer function is then computed using 

quation ( 33 ), averaging the relevant quantities across all simula-
ions in the suite. 

We use the following angular power spectra as inputs for each
imulation suite: 

(i) The Quaia C � used to generate the the main suite, whose
easured angular power spectra we aim to debias. This is the

rue power spectrum and ther efor e should, by definition, produce
nbiased results after applying the transfer function. 
(ii) A guess at the true power spectrum, derived by measuring 

he PCL of one simulated Quaia -like data set and dividing by the
overed sky fraction, estimated as f sky = 〈 w 

2 〉 . 
(iii) A power spectrum with an arbitrarily chosen functional 

orm, C � = 1 / (� + 10) . 
(iv) A flat power spectrum with arbitrary amplitude, C � = K. 

In addition, we use the standar d depr ojection bias appr oach to
ebias the measured power spectra, using one of the first two C � s
escribed above as the estimate of the true power spectrum ( C 

true 
� 

n equation 32 ). 
Fig. 6 compares the deviation (normalized by the standard 

rror of the mean) of the measured angular power spectra from
he input power spectrum, after correcting for mode loss due to
eprojection using one of the methods outlined above. We find 

hat all methods perform similarly well at most scales, being 
onsistent with each other within the errorbars. Ignoring scales 
t which � � 2 N side (demar cated by the gr ey shaded r egion in
he figure) where aliasing effects are expected to arise from the
ixelization of our maps, it is only at the largest scales ( � � 3 )
hat we see any difference between the various methods. Namely, 
he transfer function approach fails to produced unbiased esti- 

ates at these scales if an unrealistic guess at the true angular
ower spectrum is used (see orange stars and cyan diamonds in
ig. 6 ). We thus conclude that the transfer function approach is
 viable alt ernativ e t o calculating the deprojection bias, so long
s one uses a reasonable guess at the true power spectrum when
enerating the r equir ed simulations. For a r ealistic scenario in
hich the truth is not known, one can derive a sufficient guess
y dividing the measured PCL by the observed sky fraction f sky ,
s has been done here (teal downward-pointing and purple right- 
ointing triangles in Fig. 6 , for the deprojection bias and transfer
unction approaches, respectively). 
MNRAS 547, 1–15 (2026) 
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M

Figure 6. Residuals of the angular power spectra measur ed fr om simu- 
lations with respect to the power spectrum used to generate the simulated 
data, having mitigated the mode loss due to deprojection using different 
appr oaches. N amely, either the standar d depr ojection bias (DB) appr oach 
or the transfer function (TF) approach is used, with the chosen guess 
at the input power spectrum indicated in the legend. Small horizontal 
shifts have been applied to the data to aid visualization, and the results 
have been partially split between two panels for ease of comparison 
between the most relevant methods. Arrows of a given colour denote 
scales at which the angular power spectrum deviates from the truth by 
more than 5 σ after debiasing with the corresponding method. Top panel : 
The DB approach using the true angular power spectrum (blue upward- 
pointing triangles) and a data-driven guess at its form (teal downward- 
pointing triangles), along with the TF approach using the same angular 
power spectra (red left-pointing and purple right-pointing triangles, re- 
spectively). The DB and TF approaches produce similarly unbiased C � 

estimates in both cases. Bottom panel : The TF approach using the four 
different angular power spectra described in the text and indicated in the 
legend. All four perform similarly well overall, although the choice of 
guess C � matters more at low � . 
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.4 Catalogue-based transfer functions 

hile we find in Section 3.3 that the approach of using map-
ased simulations to debias catalogue-based data appears to work
ufficiently well, one question that remains is whether one can
nstead use catalogue-based simulations such as the those used
n Section 3.2 to estimate a transfer function that more fairly
 epr esents the data in question. 

To test this, we again begin by generating 1000 Gaussian real-
zations of an input C � . Since we find that the transfer function
erived using a data-driven guess for the true C � performs better
han if some arbitrary C � is used (see Fig. 6 ), we opt for this as
ur input C � here. This also represents a more realistic scenario
ne would encounter when working with real data, for which the
rue power spectrum is unknown. From each of these Gaussian
NRAS 547, 1–15 (2026) 
ealizations we then draw Poisson realizations of a catalogue with
 mean of 644 786 sources per catalogue (i.e. the same number
f sources as in the Quaia ‘low- z’ sample), following the proce-
ure outlined in Section 3.2 . From these we compute the angular
ower spectra using the catalogue-based approach, both with and
ithout deprojecting the contaminant t emplat es. We do this for
oth the case where the mask is provided directly as a continuous
ap, and the case where randoms are used to define the mask,

nd compute the transfer function for each using equation ( 33 ). 
In both cases, we find that the catalogue-based simulations

roduce significantly noisier transfer functions than map-based
imulations using the same input C � , with the scatter across sim-
lations being up to ∼ 100 (1000) times greater for the randoms-
ased (mask-based) approach. This is due to the impact of shot
oise on the measured spectra before and after deprojection. We

her efor e r ecommend that the map-based appr oach of Section 3.3
e used to derive transfer functions, particularly when working
ith shot noise-dominated data sets. Note that this also has the

dvantage of being less expensive computationally in most real-
orld applications. 

.5 Application to Quaia 

aving validated our method using simulations, we now test its
pplication to real data. We again turn to the Quaia catalogue
K. Storey-Fisher et al. 2024 ), focusing in particular on the ‘low-
’ sample of 644 768 quasars with spectro-photometric redshifts
n the range z p < 1 . 47 . After removing any quasars with redshift
stimates outside of this range, we deproject the same templates
sed by D. Alonso et al. ( 2025 ) and G. Fabbian et al. ( 2026 ) (see
ppendix A for details) to mitigate the contribution of system-

tics. We do this using three approaches for the sake of com-
arison: the standard map-based approach, the catalogue-based
pproach in the case of a continuous mask, and the catalogue-
ased approach using randoms to define the mask. In the latter
wo approaches, the shot noise is calculated with equation ( 12 )
ignoring the contribution from randoms in the mask-based case)
nd subtracted from the measured power spectra. For the map-
ased approach, we assume that the shot noise is entirely Pois-
onian, in which case it can also be calculated analytically (D.
lonso et al. 2019 ; A. Nicola et al. 2020 ): the PCL of the noise

s given by 

˜ 
 � = �pix 

〈 w 〉 
〈 n 〉 , (38) 

here �pix is the pixel area in steradians ( ≈1 . 6 × 10 −5 sr for
 side = 256 ), 〈 w 〉 is the mean value of the Quaia mask across

he map, and 〈 n 〉 is the mean effective number of sources per
ixel. The power spectrum of the shot noise is then obtained by
ultiplying it by the inverse MCM calculated from the Quaia
ask. 
Fig. 7 shows the noise-subtracted angular power spectra pre-

nd post-deprojection as measured with the three different ap-
r oaches. Uncertainties ar e estimated via the computation of 
aussian (or ‘disconnected’) power spectrum covariance matri-

es. Once the noise deprojection bias has been accounted for in
he catalogue-based approaches, all three methods produce very
imilar measurements with respect to each other, both before and
ft er t emplat e deprojection has been applied. The consist ency of 
he deprojection methods themselves is exemplified in the bottom
anel, in which we show the deviation in power induced by this
tep, normalized by the uncertainties: the deviations agree within
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Figur e 7. Application of thr ee methods of depr ojection to the low- z 
sample of quasars from Quaia . The first three panels show (from top to 
bottom) the results of applying the traditional map-based approach to 
t emplat e deprojection, the catalogue-based approach in the case where 
randoms have been used to define the mask, and the catalogue-based 
appr oach wher e the mask has been pr ovided as a continuous map. In each 
case, we show the angular power spectra pre- and post-deprojection (cor- 
recting for the noise deprojection bias in the catalogue-based approaches). 
The shot noise has already been subtracted in all cases. Open symbols 
denot e negativ e pow er, for which w e plot the absolut e values. The bot- 
tom panel shows the difference between the pre- and post-deprojection 
angular power spectra, normalized by the corresponding uncertainties. 
All three methods are found to result in similar power deviations across 
all scales. 
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rrorbars for all three methods at all angular scales. This test
hus validates our implementation of template deprojection in 

he catalogue-based PCL framework when applied to real data. 

 CONCLUSIONS  

n this w ork, w e pr esent an e xt ension t o the catalogue-based
CL formalism of K. Wolz et al. ( 2025 ) that allows one to apply
 emplat e deprojection in order to mitigate the contribution from
ystematic effects. In doing so, we combine the advantages of the
xisting catalogue-based formalism – i.e. avoiding biases stem- 
ing from the pixelization of the observed fields – with system- 

tics mitigation capabilities previously only available in the map- 
ased formalism. We describe the application of this formalism 

o fields sampled at the positions of discr ete sour ces, as w ell as t o
he particular case of galaxy clustering, in which the density of 
ources is the field of int erest. Not e that while the fields consid-
r ed her e ar e all scalar, our implementation is applicable to fields
f arbitrary spin. A key part of this formalism lies in being able
o account for mode loss in the noise component, induced by the
epr ojection pr ocedur e, which w e demonstrat e can be accurat ely
omputed analytically. We also introduce an alternative method 

o account for deprojection bias in the signal component, via the
omputation of a transfer function, and demonstrate its efficacy 
sing simulations. 
For the case of discretely-sampled fields, we validate our imple- 
entation by simulating 1000 Gaussian realizations of an arbi- 

rary angular power spectrum, which are then contaminated with 

00 synthetic t emplat es and subsequently Poisson-sampled at the 
ositions of galaxies from a real data set ( Quaia ) t o creat e 1000
ealizations of a catalogue with a realistic source distribution. We 
how that our implementation can be used to obtain unbiased 

stimates of the true power spectrum, after the mode loss induced
y deprojection has been accounted for in both the noise and
ignal components. 

We then simulate 1000 Quaia -like catalogues and test the 
lustering-specific part of our formalism. We first demonstrate 
hat care must be taken when choosing a maximum multipole, 
 max , for the deprojection procedure, as choosing a scale that is
oo small or too large can result in biased estimates of the de-
rojection parameters (which in turn will bias the final angular 
ower spectrum). Having selected a suitable multipole ( � max = 

00) , we show that unbiased estimates of the true power spec-
rum can again be obtained after correcting for mode loss in
he noise component. Since these simulated catalogues are shot 
oise-dominated, the effect of the transfer function is minimal in 

omparison, but we emphasize that for denser data sets this step
ill likely be necessary t o achiev e unbiased results. We find that

ll of this is true r eg ar dless of whether the mask is defined via a
atalogue of randoms, or as a continuous map. 

To assess the efficacy of the transfer function approach to mit-
gating mode loss caused by deprojection, we derive four transfer 
unctions using different C � s as input for the simulations, and
ompare their performance with the standard deprojection bias 
pproach by applying them each to a set of 1000 simulated Quaia -
ike catalogues. All methods are found to produce similarly unbi- 
sed r esults, e x cept at scales � � 3 , wher e at least a r easonable
ppr o ximation of the true angular power spectrum is r equir ed. 

Finally, we apply our formalism to real data from Quaia and
ompare it to the standard map-based approach. After correct- 
ng for the noise deprojection bias, both the randoms-based and 

ask-based appr oaches pr oduce measur ements consistent with 

he map-based approach, pre- and post-deprojection. 
We have thus demonstrated that our formalism is a viable al-

 ernativ e t o the traditional map-based approach when w orking
ith fields sampled at discrete positions. We anticipate that the 
ethod pr esented her e will be useful in the analysis of large

ata sets incoming from Stage IV surveys such as the Vera C.
 ubin Observ at ory’s Legacy Surv ey of Space and Time (LSST),

or which systematics mitigation will be a crucial step towards 
btaining unbiased cosmological measurements, and the wealth 

f information contained at small scales will be better exploited 

y avoiding pixelization. Our implementation is made available 
ith the latest release of the public PCL package NaMaster . 
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 emplat es include: a Galactic dust extinction map ( A dust ) from Y.-
. Chiang ( 2023 ); two maps of stellar contamination from Gaia
nd unWISE ( N 

Gaia 
star and N 

unWISE 
star , respectively); the scanning pat-

erns of Gaia and unWISE ( M 10 and unWISE scan ); stellar den-
ity maps in the regions around the Large and Small Magellanic
louds measured with Gaia and unWISE ( MCs (Gaia) and MCs

unWISE) ); the three dipole moments associated with a multipole
f � = 1 ( Y 10 , Re (Y 11 ) , Im (Y 11 )). 

We show Mollw eide-project ed maps of these t emplat es in
ig. A1 . In each case, we show the residual of a given pixel with
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Figur e A1. S yst ematic t emplat es used when simulating clust ering data in Sections 3.2 and 3.3 , and when applying our catalogue-based deprojection 
formalism to Quaia data in Section 3.5 . As in G. Fabbian et al. ( 2026 ), we show for each systematic template S( ̂  n ) the quantity ( S( ̂  n ) − S̄ ) /σS , where S̄ 
and σS are the mean and rms deviation within the footprint, respectively. 
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